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Preface to ”Electric Vehicle Efficient Power and

Propulsion Systems”

Nowadays, vehicle electrification is an important field of research since it is a large umbrella of

almost all engineering activities and systems. The challenges are much more than the development of

lithium-ion batteries that were proposed in the beginning of the nineties and have been the most used

vehicle energy storages to this day, mostly in commercial electric vehicles. Technological advances

and affordability have enabled the deployment of new energy storage systems, power electronics

semiconductors, electric machines, energy management systems, and in particular, efficient systems

and intelligent systems. These new-generation systems cover a broad range of implementation for

which traditional approaches have practical limitations. As a result, new development in component

and system level related to power efficiency and computational intelligence has been expanding at a

high speed over the last two decades. Electric vehicle itself is still a current research trend. Indeed,

there are hundreds of publications on this topic that may cause even a knowledgeable person in the

subject to lose track of all novelties.

The main purpose of the book is therefore to present some recent and important developments

related to vehicle electrification, with consciousness to the efficiency of the powertrain in EVs

through state-of-the-art surveys. Future directions and research perspectives on the subject are clearly

presented. This book is designed to give to the readers a better understanding of different challenges

faced in electrified vehicles, from the power to the propulsion systems, to provide insights that enable

the development of new approaches. The reading of this book is not intended to be linear, i.e., each

chapter stands on its own. However, the chapter order follows a logical flow of ideas that may help a

novice in vehicle electrification to better understand the presented concepts. Chapter 1 is an overview

of this book that shows how it should be read to make important links between the contributions and

positions readers to the next challenges in this important field of engineering knowledge.

The following two chapters of the book introduce recent development in the sub-field of

“Energy Storage Systems”. The contributions are focused on the enhancement of the battery’s

performance based on multi-agent consensus and on effectiveness of the estimation technique by

adaptative square-root unscented Kalman filter. The fourth chapter presents the recent development

on wide-bandgap (WBG) power semiconductors. Recent research on WBG semiconductors such

as silicon carbide (SiC) and gallium nitride (GaN) have attracted significant attention, since the

increase in converter switching frequency contributes to the decrease in global power losses. The

next four chapters are related to the evolution of traction and motion control techniques and

co-design technique for vehicle transmission. The last four chapters are the demonstrations of

the effective usage of on-board stored energy. In this sub-field “Energy Management Systems”,

readers can experience methodologies such as rule-based supervisory controller, novel real-time

optimization-based torque distribution strategy, energy management strategy for an industrial

hybrid self-guided vehicle, considering the size of a fuel cell stack and the degradation of a

battery pack. To replace fossil-fueled vehicles by EVs in logistics applications, a system to manage

energy and to schedule the vehicle route has been proposed using genetic algorithm. Most of

the powertrain improvement “from energy storage to wheels” presented in this book deal with

trends, implementation difficulty and their limitations. In summary, the contributed book covers

theoretical aspects of vehicle electrification engineering along with practical applications. This book

empowers the readers to establish the appropriate research planning and methods for devoted

specific application over the next generation of efficient powertrains.
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1. Introduction

Vehicle electrification is one of the main growing trends with an identified growth
capacity of 15% until 2030. In the coming years, many internal combustion engine vehicles,
hybrid vehicles and all-electric vehicles will be on the road as consumers switch to more
efficient and environmentally friendly propulsion systems. To remain competitive in this
electrically powered future, carmakers and researchers are investing in a wide range of
propulsion technologies to increase efficiency and power capacity, developing the next
generation of powertrains. The development of more efficient pure EVs, HEVs and fuel
cell electric vehicles (FCEV) presents both a challenge and a definite solution to current
mobility issues. A reliable EV solution should therefore harness the advantages of more
efficient and powerful energy storage systems from multiple sources through their effective
management and new and improved power converters, including the new generation of
switching devices, and explore advanced configurations for electric motors, reducing the
use of rare-earth materials.

This Special Issue entitled “Electric Vehicle Efficient Power and Propulsion Systems”
was established to encourage researchers working in this field to share the latest devel-
opments on electric vehicle efficient power and propulsion systems for road, rail and air
vehicles, both manned and unmanned. Therefore, this Special Issue aims to provide recent
developments in any field of electric vehicle efficiency powertrains, covering a wide range
of scientific topics, including, but not limited to, the following:

• Energy storage systems;
• Power Electronics;
• Electric machines;
• Energy management systems.

The Guest Editors are Prof. João Pedro F. Trovão and Minh C. Ta (University of
Sherbrooke, Sherbrooke, QC, Canada). Each paper was reviewed by three independent
reviewers from countries differing from each author’s country of origin. In order to ensure
the highest quality, only 11 submissions were accepted for inclusion in this Special Issue of
Energies.

2. Special Issue Content

In total, 11 papers relating to electric vehicle efficiency powertrains have been accepted
and published in this Special Issue. This subject encompasses a wide range of topics, as
illustrated by the diversity of the accepted papers: four papers were selected on energy
management algorithms and topologies, four on wheel-drives control development, trans-
mission, and validation, two on Lithium-ion batteries and one on SiC-inverter efficiency.
All four of these topics are addressed in this Special Issue.

Energies 2022, 15, 3863. https://doi.org/10.3390/en15113863 https://www.mdpi.com/journal/energies1
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In the first sub-topic “Energy storage Systems” we received two papers. First, Barreras,
J.V. et al. [1] present novel research on the distributed multi-objective control algorithm,
which is based on a multi-agent consensus algorithm. The authors implemented and
validated the control in simulations, considering an electro-thermal lithium-ion battery
model and an electric vehicle model parameterized with experimental data. The results
show that the proposed multi-functional balancing can enhance the performance of batteries
with substantial cell-to-cell differences under the most demanding operating conditions.
The second paper in this sub-topic focuses on state-of-charge (SOC) as a fundamental
indicator of lithium-ion batteries, which has an important role in the battery’s optimized
operation. Ouyang, Q. et al. [2] propose an adaptive square-root unscented Kalman filter
(SRUKF) to estimate the battery’s SOC. The effectiveness of the estimation technique
is demonstrated by their extensive experimental results, which show higher precision
compared with other commonly used Kalman filter-based methods.

For the second subtopic “Power Electronics”, one contribution was received focusing on
wide-bandgap (WBG) power semiconductors. Recent research on WBG power semiconductor
devices such as silicon carbide (SiC) and gallium nitride (GaN) have attracted significant atten-
tion, since the increase in inverter switching frequency contributes to the decrease in switching
power loss. In paper [3], Ryu, J.-H. et al. investigate a method for switching the frequency
determination of a SiC-inverter to improve the efficiency of the railway propulsion system.
The hybrid switching method combined with the synchronous PWM and asynchronous PWM
was considered in the analysis of the SiC inverter that feeds a PMSM. The efficiency curve of
the propulsion system as a function of the switching frequency demonstrated the potential to
serve as a guideline for switching frequency selection.

For the third subtopic “Electric machines”, three papers focus on electric machines
for traction/motion control, and one paper on the co-design technique of a continuously
variable transmission (CVT) for EVs. Vo-Duy, T. et al. present an experimental platform
for the evaluation of on-board real-time motion controllers for EVs [4], providing a good
example of the hardware-in-the-loop (HiL) system, on which the most important vehicle
dynamics, including longitudinal, lateral, yaw, kinematic, and position models, have been
built and validated in various testing scenarios. The proposed HiL system can be employed
for research on various topics of EV control. Paper [5] demonstrates an alternative point
of view, using multi-agent-system theory. Nguyen, B.-M. et al. propose three different
ways of modeling in-wheel-motor (IWMs) vehicles: a nonlinear model with a hierarchical
structure for passivity-based motion control, a linearized model with a rank-1 intercon-
nection matrix for stability analysis, and a time-varying state-space model for optimal
control, using a linear quadratic regulator (LQR). The effectiveness of the three models
and their design approaches are discussed in several examples with a Matlab/Carsim
co-simulator. Additionally, paper [6] addresses the multi-motor configuration and control
of EVs. De Pinto, S. et al. provide a comparison between 2-wheel-drive (2WD) and 4WD
configurations for the same EV from the viewpoint of drivability and energy consumption.
An optimization routine is used to calculate the energy-efficient gear state and/or torque
distribution for each considered configuration. The results highlight that the single-speed
4WD layout can reduce the energy consumption during driving cycles by approximately
9% compared to the conventional 2WD layout with single-speed transmission. Finally,
Wei, C. et al. consider the co-design of a continuously variable transmission (CVT) for EVs.
In paper [7], a novel convex programming (CP)-based co-design method is proposed to
minimize the total-cost-of-ownership (TCO). The strength of the co-design is highlighted in
comparison with a sequential design, and insights into the design of a low-power EV that
is energy-efficient and cost-effective for urban driving are provided. A highly integrated
EM-CVT system, which is efficient, low-cost, and lightweight, can be expected for future
EV applications.

The effective utilization of energy storage systems is still a critical issue in electrified
vehicles. The subtopic of “Energy management systems” attracted four papers in this
Special Issue [8–11]. First, Maddumage, W. et al. propose a design methodology for a
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rule-based supervisory controller of a pre-transmission parallel hybrid three-wheeler based
on the optimal control strategy, i.e., dynamic programming (DP). The developed rule-based
strategy shows performance within 10% of the DP results on WLTC and UDC-NEDC drive
cycles and has the advantage of being near-optimal, easy-to-implement and computation-
ally less demanding. Nguyễn, B.-H. et al. propose a novel real-time optimization-based
torque distribution strategy for a parallel hybrid truck in [9]. The strategy aims to minimize
the engine fuel consumption while ensuring battery charge-sustaining by using linear
quadratic regulation in a closed-loop control scheme. By reformulating the problem, the
obtained strategy does not require the information of the engine efficiency map like the
previous studies in the literature. The proposed method has been evaluated via simu-
lation in comparison with dynamic programming as a benchmark, and experimentally
validated by using a power hardware-in-the-loop simulator. Additionally, Ghobadpour,
A. et al. present the design of an energy management strategy (EMS) for an industrial
hybrid self-guided vehicle (SGV), considering the size of a fuel cell (FC) stack and the
degradation of a battery pack [10]. In the paper, a realistic energy model of the SGV was
first proposed and validated, based on experiments. The performance of the developed
FC/battery SGV powertrain was then validated under three EMS modes. Each mode was
studied by considering four different FC sizes and three battery degradation levels. The
results showed several important remarks, such that a small FC as a range extender is
recommended to reduce system costs. Battery SOC must be kept at a high level during SGV
operation to support the FC during SGV acceleration. Finally, EVs to replace fossil-fueled
vehicles in logistics applications are studied in [11] by Wang, L. et al. The authors propose
a system to manage energy and to schedule the vehicle route, which comprises two parts:
(i) a case-based reasoning subsystem to forecast the energy consumption and travel time
for each route section, and (ii) a genetic algorithm to optimize vehicle routing with an
energy consumption situation as a new constraint. A dynamic adjustment algorithm is also
adopted to achieve a rapid response to accidents in which the vehicles might be involved.
Simulation study, validations on Solomon benchmarks, and result analysis have been
performed to show that the proposed vehicle management system is more economical than
the traditional method.

3. Closing Remarks and Future Challenges

The articles presented in this Special Issue cover important aspects of electric vehicle
efficiency powertrains. With the wide range of topics covered in the selected papers, the
contributions to this Special Issue can stimulate the EV community to undertake further
research concerning more efficient EVs. Therefore, we believe that the presented papers
will have practical importance for forthcoming developments in the automotive industries.
The contributions included in this Special Issue offer new data, information, and findings
to continue the R&D effort in the field, with the aim of stimulating the research community
to further contribute to the development of the field.

Author Contributions: Conceptualization and methodology J.P.F.T. and M.C.T.; formal analysis,
J.P.F.T. and M.C.T.; resources, J.P.F.T. and M.C.T.; writing—original draft preparation, J.P.F.T. and
M.C.T.; writing—review and editing, J.P.F.T. and M.C.T.; visualization, J.P.F.T. and M.C.T.; supervision,
J.P.F.T. and M.C.T.; project administration, J.P.F.T. and M.C.T. All authors have read and agreed to the
published version of the manuscript.

Funding: This research received no external funding.

Acknowledgments: Each paper was reviewed by at least three reviewers; therefore, the Guest Editors
would like to thank them for their work, which helped the authors to improve their manuscripts.
In addition, the Guest Editors would like to thank Sherwin Chen for his help and support in the
Editorial process of the Electric Vehicle Efficient Power and Propulsion Systems Special Issue of the
Energies journal.

Conflicts of Interest: The authors declare no conflict of interest.
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Abstract: Batteries stacks are made of cells in certain series-parallel arrangements. Unfortunately,
cell performance degrades over time in terms of capacity, internal resistance, or self-discharge
rate. In addition, degradation rates are heterogeneous, leading to cell-to-cell variations. Balancing
systems can be used to equalize those differences. Dissipative or non-dissipative systems, so-called
passive or active balancing, can be used to equalize either voltage at end-of-charge, or state-of-
charge (SOC) at all times. While passive balancing is broadly adopted by industry, active balancing
has been mostly studied in academia. Beyond that, an emerging research field is multi-functional
balancing, i.e., active balancing systems that pursue additional goals on top of SOC equalization,
such as equalization of temperature, power capability, degradation rates, or losses minimization.
Regardless of their functionality, balancing circuits are based either on centralized or decentralized
control systems. Centralized control entails difficult expandability and single point of failure issues,
while decentralized control has severe controllability limitations. As a shift in this paradigm, here
we present for the first time a distributed multi-objective control algorithm, based on a multi-agent
consensus algorithm. We implement and validate the control in simulations, considering an electro-
thermal lithium-ion battery model and an electric vehicle model parameterized with experimental
data. Our results show that our novel multi-functional balancing can enhance the performance of
batteries with substantial cell-to-cell differences under the most demanding operating conditions,
i.e., aggressive driving and DC fast charging (2C). Driving times are extended (>10%), charging times
are reduced (>20%), maximum cell temperatures are decreased (>10 ◦C), temperature differences
are lowered (~3 ◦C rms), and the occurrence of low voltage violations during driving is reduced
(>5×), minimizing the need for power derating and enhancing the user experience. The algorithm is
effective, scalable, flexible, and requires low implementation and tuning effort, resulting in an ideal
candidate for industry adoption.

Keywords: lithium-ion battery; balancing systems; electric vehicles; consensus algorithm; distributed
control; state-of-charge equalization; temperature equalization

1. Introduction

The 2015 Paris agreement has established global guidelines to tackle climate change,
including electrification of transportation [1]. Supported by policies, technological im-
provements, and falling costs, the global fleet of light-duty passenger vehicles (LDPVs)
with a higher degree of electrification, such as battery electric vehicles (BEVs) and plug-in
hybrid electric vehicles (PHEVs), have expanded from 2014–2019 by an annual average of
60%, reaching about 1% of the global fleet by 2019 [2].

In 2020 the COVID-19 pandemic has brought great uncertainty for the global electric
vehicle (EV) market and the auto market. Although, recent studies confirm that the future
remains bright for passenger EVs in the following decades, which will gain market share
supported by battery cost reductions and technological advances [3].
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Virtually all EVs in today’s market store electrical energy in batteries, an essential
technology to electrify LDPVs in the next 20 years [2,3]. EVs with a higher degree of
electrification, i.e., BEVs and PHEVs, are equipped with larger batteries that can be directly
recharged from the grid, in addition to regenerative braking, a common feature in EVs
with lower degrees of electrification. Nowadays, a BEV or PHEV battery is formed of
a combination of hundreds to thousands of lithium-ion cells connected in a certain series-
parallel arrangement.

Lithium-ion battery technology is improving, showing increased energy storage ca-
pability, and their cost is falling, mainly thanks to economies of scale. However, there
are still some significant technical barriers to overcome for EV adoption [2,3], particularly
regarding range anxiety, charging infrastructure, battery supply chain, battery safety [4],
and battery management [5].

Regarding the latter, for safety reasons, lithium-ion cell manufacturers limit their
operating window by certain voltages, currents, and temperatures. Outside that so-called
safety operating window (SOA), the degradation rate accelerates and there is a risk of
catastrophic failure [5]. In addition, original equipment manufacturers (OEMs) typically
define more restrictive operating windows to increase safety, ensure reduced degradation
rates, and/or enhance the user experience. That is implemented in the form of conventional
current or power derating algorithms, as reviewed by Barreras et al. [6] and Sun et al. [6].
Derating can be improved through degradation-aware algorithms, as recently shown by
Sowe et al. [7] and Schimpe et al. [8,9].

Indeed, battery degradation mechanisms are complex and enhanced by certain operat-
ing and storage conditions that are fundamentally related to SOC, temperature, or current
levels, as discussed by Schimpe et al. [9] orPellettier et al. [10] or For instance, extreme
temperatures are a major concern. On one hand, the degradation rates are accelerated at
high temperatures, due to rapid growth of the solid electrolyte interface (SEI) layer, existing
even the risk of thermal runaway over certain thresholds (Figure 1). On the other hand, at
low temperatures, there is accelerated aging due to lithium-plating and stripping, being
more intense at higher C-rates. There is also a risk of internal short due to the formation of
dendritic lithium (Figure 1). Even within a moderate temperature range (~10–50 ◦C), power
and energy capability are influenced by battery temperature, since lithium-ions diffusivity
in the electrodes increases with temperature. Indeed, the temperature window within
which the battery lifetime (calendar and cycle life) and power and energy performance are
balanced, is relatively small (~20–40 ◦C).

Figure 1. Overview of major thermal issues in lithium-ion batteries.

6



Energies 2021, 14, 4279

Regarding SOC, for example, in BEVs and PHEVs the minimum allowable SOC is
typically over 5–10%, since the battery power capability, and thus the vehicle acceleration
is lower at low SOC levels, and also to avoid the risk of overdischarge. Battery degradation
rate is also higher at extreme SOCs, and therefore the maximum SOC window in EV
batteries is set typically below 90–95%—although the user may occasionally select operating
modes that allow larger SOC windows for extended range operation.

To alleviate those problems, active heating and cooling strategies are implemented
in EVs, and the battery power is derated under eventual extreme SOC or temperature
conditions [11]. However, the former translates into higher auxiliary loads (i.e., lower
efficiency), more complex integration, extra costs, volume, weight, and reliability and main-
tenance issues, while the latter typically means longer charging times at low temperatures
and reduced power capability at high temperatures.

To make everything more complex, the battery pack should also be managed at
a cell level, due to the existence of cell-to-cell variations in SOC, temperatures, or power
and energy capability (Figure 2). While cell-to-cell variations may not be substantial at
the beginning-of-life (BOL), they increase cumulatively over time due to intrinsic and
system-level induced issues, such as uneven power due to parallelization, non-uniform
heating/cooling, heterogeneous mechanical stress, uneven presence of heat sources nearby,
or battery management issues. For example, in series-connected packs, lower capacity cells
charge and/or discharge faster, leading to a reduced battery operating window. In other
words, less energy is charged and discharged, since the battery pack performance is
limited by the cell(s) with the minimum voltage/SOC during discharge and the maximum
voltage/SOC during charge.

Figure 2. Schematic representation of cell-to-cell differences on SOC (left) and temperature (right), showing balanced (top)
and imbalanced modules (bottom) of 8 cells in series. As suggested on the bottom-left schematic, non-uniform cooling can
lead to temperature imbalances, but other reasons are possible.

There are two main approaches to balance these cell-to-cell differences. The first relies
on dissipative mechanisms, and it is so-called passive balancing. The idea is to dissipate
the energy of the highest-charged cell in a passive element, such as a resistor, during
the charging phase [12]. The main advantages of this approach are simplicity and low
cost but at the expense of higher energy losses. This dissipative approach also does not
fully address the balancing problem during discharge: the effective capacity and power
of the battery pack are still defined by the weakest cell(s), i.e., the cell(s) with the high-
est/lowest SOC, lowest power capability and/or maximum/minimum temperature [13].

The second approach is non-dissipative, a so-called active balancing, which aims
to continuously re-distribute the energy within the battery pack using power conver-
sion. In the literature, there is a wide range of power conversion topologies that can be
used [5,12,14,15], enabling the transfer of energy from one cell to another, a common energy
buffer (e.g., a capacitance of inductance) or from the cell to the pack. This re-distribution of
energy brings several advantages. Firstly, it provides higher energy efficiency than pure
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dissipative approaches and can be much faster. But more importantly, it opens new possi-
bilities from the point of view of the control algorithm beyond the conventional SOC-based,
OCV-based, and terminal voltage-based balancing algorithms, which are broadly used
both in passive and active balancing, as described by Fleischer et al. in [12].

As shown in pioneering works of Altaf et al. [16,17], Barreras et al. [5,18], Pinto et al. [14,19],
and de Castro et al. [20], active balancing opens the way for novel balancing functions,
including not only SOC and voltage balancing, but also thermal control, power capability
equalization, or distributed hybridization. For instance, it is well known the connection be-
tween battery current and temperature, due to self-heating effects, as illustrated in Figure 3.
This means that increase in battery temperature can be controlled, up to some extent,
through current limitation [5].

Figure 3. Temperature and voltage in time for CC discharge at various C-rates for a pristine Kokam
53 Ah cell.

All in all, active balancing can enable improved battery performance, prolonged
lifetime, and improved or additional features, as already stated by Barreras et al. in 2014 [18].
Regarding battery performance, the usable capacity of the entire pack over its lifetime can
be increased, since both the charge and discharge performance of the battery pack can be
dictated by the average characteristics of the cells, instead of the weakest cell, as is the case
with dissipative approaches [13]. On the other hand, higher costs, complexity, and volume
represent the main obstacles for the deployment of this technology in practice, especially
in automotive applications [5,12,15].

From a control architecture perspective, battery balancing functions can be performed
in the following ways: centralized; de-centralized, or distributed architectures. That can be
related to the battery management system (BMS) topology [5], as illustrated in Figure 4.

In centralized networks, control functions are concentrated in a single unit (aka agent),
which receives state information from all battery cells and centrally decides the control
actions for the balancing hardware. In decentralized networks, each cell (or module)
decides the control action locally, so the biggest reliability problem of centralized networks,
i.e., single point of failure, is solved. However, the controllability is limited because there
is no cell-to-cell communication. In distributed paradigms, the decentralization is only
partial, i.e., the cells can communicate variables of interest with their neighboring cells.
Therefore, the control intelligence is divided among a full network of control agents with
partial information about the state of the battery.
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Figure 4. Basic types of BMS topologies (top) and their corresponding control networks (bottom):
(a) centralized; (b) decentralized (modular and master-slave topologies), and (c) distributed.

In general, centralized and distributed control paradigms have the potential to achieve
optimal performance, since they access global state information; however, they are also
more complex to solve and implement, especially for large-scale systems with dozens or
hundreds of actuators. On the other hand, decentralized architectures execute the control
effort only locally, thereby requiring no information exchange and lower computational
power. However, since each agent uses local information of the battery pack, it is challeng-
ing to achieve optimal control performance.

From an algorithmic perspective, three classes of control methods have been proposed
for advanced active battery balancing, either in centralized or de-centralized architectures:

• Model-based: they rely on the mathematical model of the battery modules, often based
on equivalent electric circuits. Battery models can be just used to estimate the current
battery state, such in conventional OCV- and SOC-based balancing methods [12],
but also to predict the future behavior of the battery pack, aiming to synthesize
a control policy that fulfills the balancing goals, such as minimization of SOC or
thermal unbalances, enforcing actuation and safety constraints. Model-predictive
control [21], or linear state feedback [22] represent paradigmatic examples of this
approach.

• Machine learning: in this case, the control policy is derived based on interactions
with the real battery pack or with a simulation model. It usually decreases modeling
efforts and domain knowledge expertise but at the expense of higher data needs
and computational effort (especially during training). Reinforcement learning [23] is
a good example of this approach, which has been gaining increased attention over
the last few years.

• Fuzzy logic: in contrast with previous approaches, it relies mainly on expert knowl-
edge to derive control algorithms [24], but this also means that there is no single
systematic approach or implementation framework.

Beyond that, a novel method for battery balancing control are consensus algorithms,
a distributed architecture based on graph theory in the area of communication. Consensus
algorithms only require communication links between adjacent units, i.e., previous and next
cells in a series string in our case, featuring advantages of less information requirement,
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scalability (i.e., modularity), and robustness, while keeping the potential for optimal
performance due to global information discovery [25].

So far, only a couple of papers in the literature have implemented consensus algo-
rithms, and for a single function or objective, i.e., either cell voltage [26] or SOC equal-
ization [27]. In contrast, in this study, we propose for the first time in the literature
a multi-functional/multi-objective consensus algorithm for distributed battery balancing.
Here we show how this algorithm can simultaneously perform SOC, temperature, and volt-
age balancing, but it could be easily extended to equalize other variables. For example,
the surface concentration of electrode particles, or the rates of degradation, being able to
perform derating actions, such as the ones presented in [9], at cell or module level.

The overall framework is presented in Figure 5. The concept is evaluated in simula-
tions in the context of an e-mobility application, considering a cell-to-pack-to-cell balancing
system configuration and a series-connected battery pack.

Figure 5. Block diagram of the distributed consensus control framework for multi-function EV battery balancing.

2. System Modeling and Control Algorithm

A single module of a battery system in an e-mobility application is modeled in this
work, including 8-cells connected in series and the cell-to-pack-to-cell (CPC) balancing
system. The battery power profiles are generated considering the full-pack and different
driving conditions. The battery module electrical equivalent circuit model (EECM) is
summarized in Figure 6.

Figure 6. EECM of the 8S battery module and the DC/DC converter of the CPC balancing system.
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2.1. Electro-Thermal Battery Model

A battery module made of 8 large format Li-ion pouch cells (NMC cathode, 53 Ah)
connected in series is simulated by means of a multi-cell model. The electro-thermal model
of each cell is composed of a simple lumped EECM coupled with a simple lumped thermal
equivalent circuit model (TECM), which considers heat transfer between neighboring cells.
Apart from that, different sets of parameters are generated to create different scenarios
for cell-to-cell variations. Experimental data from single-cell characterization tests are
combined with statistical data from screening tests on more than 200 pristine cells from
Barreras et al. [28] and data from the literature to parameterize the models.

2.1.1. Electrical Model

Regarding the EECM of each cell j, the circuit implemented consists of a variable DC
voltage source, OCVj [V], in series with a constant resistor, Rj [Ω] (Figure 6). The former
represents the cell equilibrium voltage, usually referred to in this context as the open-circuit
voltage (OCV), while the latter accounts for all the cell internal resistance effects. This is
mathematically represented as:

vj(t) = OCVj
(
SOCj

)− Rjij(t), j ∈ {1, . . . , Ns} (1)

.
SOCj(T) = − 1

Qj
ij(t) (2)

where vj [V] is the terminal voltage of the cell j, Ns [–] is the number of cells in series in each
module, SOCj [–] is the cell SOC, Qj [As] is the cell actual capacity, and ij [A] is the cell
current.

The average non-linear OCV vs. SOC characteristic is obtained from step-response
tests conducted on an automated battery tester on a single cell (Figure 7). For implemen-
tation purposes, the average OCV vs. SOC relationship is linearized between 95% and
5% SOC, as illustrated in Figure 8. That is the typical SOC range of a lithium-ion battery
in a full-electric vehicle. For the interest of the reader, the electrical test system setup is
shown in Figure 9. This linear model is described as:

OCVj(t) = aj + bjSOCj(t) (3)

where
(
aj, bj

)
are constant parameters derived for the model, and equal to 3.406 V and

0.673 V, respectively.

Figure 7. Step-response test data at 0.5 and 25 ◦C.
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Figure 8. OCV vs. SOC characteristic.

Figure 9. Test setup: (a) Kokam 53 Ah SLPB pouch cell; (b) 3-D representation of one of the cells and its holder; (c) from
right to left, Maccor 4000 Series automated battery tester, FRA, and thermal chambers cabinets.

On the other hand, a statistical model of cell-to-cell variations is built to estimate
the value of the series resistance and the cell capacity for each cell in the module at different
aging states, as described in next Section 2.1.2.

2.1.2. Statistical Model of Cell-to-Cell Variations

Estimation or prediction of cell-to-cell variations over the battery life is particularly
challenging. Manufacturing tolerances and uneven temperature distributions are key
factors behind imbalances in electrical parameters such as capacity, internal resistance,
or self-discharge rate. While there is a myriad of modeling and aging studies at the single-
cell level, only a very few focus on the diversion of aging of large groups of lithium-ion
cells. Moreover, just two of them present experimental results for large-capacity cells,
as summarized in Table 1.
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Table 1. Overview of experimental studies on cell-to-cell variations in the literature.

Capacity 1 [Ah] Sample Size [–] Chemistry Format Ageing State Reference Year

70 96 C/LFP Prismatic BOL Zheng [29] 2011
53 208 C/NMC Pouch BOL Barreras [28] 2017
5.3 198 C/NCA+NMC - BOL An [30] 2016
5 216 C/NMC Prismatic BOL Rothgang [31] 2014

4.4 96 C/LFP Cylindrical BOL Paul [32] 2013
3.35 2 C/NCA Cylindrical MOL An [33] 2015

3 1100 C/LFP Cylindrical BOL Rumpf [34] 2017
3 248 - - BOL Zou [35] 2018

2.9 356 C/NCA Cylindrical BOL, EOL Baumann [36] 2018
2.8 51 C/LCO+NMC Cylindrical BOL Devie [37] 2018
2.8 112 C/NCA Cylindrical BOL, MOL Campestrini [38] 2016
1.95 2392 C/NMC Cylindrical BOL, MOL Schuster [39] 2015
1.9 10 C/LMNC+LMO Cylindrical BOL Dubarry [40] 2011
1.85 48 C/NMC Cylindrical BOL Baumhöfer [41] 2014
0.3 100 C/LCO Cylindrical BOL Dubarry [42] 2010

~0.3 60 C/LCO Cylindrical - Shin [43] 2013
1 Articles sorted in descending order of cell capacity.

In this study, statistical data obtained by Barreras et al. [28] through screening tests
conducted on 208 Kokam SLPB 53 Ah cells tested at Beginning-of-Life (BOL) is used to
parametrize the statistical model of cell-to-cell variation at BOL. The cell capacities are
derived from the discharge capacities measured during a 1C full discharge at constant
current and room temperature. The internal resistances are derived from measurements
of the so-called direct current resistance (DCR) around room temperature and 50% SOC.
The DCR parameterization is interesting in this context because it accounts for pure ohmic
plus charge-transfer polarization effects, i.e., the dominant effects in an EV battery pack
during driving [44]. The two histograms of the relative frequency of discharge capacity and
the DCR resistance at BOL are shown in Figure 10. These histograms are fitted to normal
distributions, which are the de facto statistical models of cell-to-cell variations at BOL [28].

Figure 10. Histograms and normal distributions of the relative frequency of (a) the DCR and (b) the 1C discharge capacity
for 208 Kokam SLPB 53 Ah lithium-ion pouch cells at BOL [5,14].

On the other hand, in the absence of more statistical data from large format cells at
other aging states in the literature, the Middle-of-Life (MOL) and End-of-Life (EOL) pa-
rameter distributions are calculated through certain manipulation of the BOL distributions
based on insights from the literature, following the same approach of Pinto et al. [14]. Then,
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as summarized in Figure 11, based on these statistical models of parameter distributions,
a mixed aging scenario with substantial cell-to-cell variations is generated for our model.

Figure 11. Mixed aging scenario for cell-to-cell variations considered for the 8S module in this
study [14].

Table 2 presents the resistance and capacity values derived for each cell of the 8S mod-
ule under this scenario. The values are presented in vectors of 8 elements and normalized
to the mean value of the internal resistance at the BOL (2.09 mΩ), and the nominal cell
capacity (53 Ah), respectively. Further information on the methods used to determine these
datasets in [14].

Table 2. Normalized internal resistances and capacities for the 8S module.

Normalized Rj Normalized
¯
Qj

[1.602 2.955 2.882 1.636 0.999 1.428 0.973 1.487] [0.934 0.883 0.874 0.925 0.977 0.921 0.976 0.934]

In addition, for all the BEV driving scenarios we assumed the next dataset for the initial
SOC of each cell in the 8S module: ϕ = [0.925 0.935 0.932 0.930 0.931 0.922 0.930 0.938].
The complement of this dataset is assumed for all the fast charging scenarios, i.e., (1 − ϕ).

2.1.3. Thermal Model

With respect to the thermal model, we assumed a lumped-parameter model and
considered that: (1) the heat generation is evaluated based on Joule losses; (2) the cell
heat capacity is constant; (3) the thermal resistance from cell to ambient is constant and
formulated based on heat convection; (4) there is certain conductive heat transfer from one
cell to the next/previous.

This is represented by means of a simple lumped TECM for each cell with links to
neighboring cells, as illustrated in Figure 12, where Tj [K] is the actual temperature of cell
j, Tamb [K] is the ambient temperature, Cp [J/K] is the cell heat capacity, Rcond [K/W] is
the conductive thermal resistance between adjacent cells, and Rconv [K/W] is the convective
thermal resistance between each cell and the environment. For each cell j, the TECM is
coupled with the corresponding EECM through the heat generation term,

.
Qgen,j [W], which

represents Joule losses and is expressed as:

.
Qgen,j = Rjij

2(t) (4)

Figure 12. TECM of cell j with links to neighboring cells.
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Regarding heat capacity, is assumed that CP = 1032 J/K. This value is derived from
the cell mass (1.2 kg) and the specific heat capacity (860 J/kgK)) determined by means of
flash lamp thermal characterization tests by Barreras et al. [45,46]. The tests are conducted
at room conditions on a similar cell (Kokam SLPB 40 Ah pouch cell), following ASTM
E1461 standard procedures [47].

From the same references [45,46], the in-plane thermal conductivity is obtained.
This value is used in combination with the cell dimensions, the tab dimensions, and the ther-
mal conductivity of the tabs, to estimate the cell-to-cell conductive thermal resistance from
the next equations:

Rcond = 2Rcond,cell + Rcond,tabs (5)

where Rcond,cell [K/W] is the in-plane conductive thermal resistance of a cell, and Rcond,tabs
[K/W] is the conductive thermal resistance of the cell tabs that physically connect adjacent
cells, and are derived as follows:

Rcond,cell =
d/2

k||A||
(6)

where d = 0.222 m is the height of the cell, k|| = 33 W/mK is the in-plane thermal conduc-
tivity [45,46], and A|| = 0.01908 m2 is the averaged cross-section of the cell calculated from
the datasheet.

Rcond,tabs =
L/2

ktabs Atabs
(7)

where L = 0.02 m is the distance assumed between the tabs of adjacent cells, ktabs = 237
W/mK is the thermal conductivity of the tabs, assuming that is equal to the tabulated value
of aluminum and neglecting contact resistances between tabs, and Atabs = 32·10−5 m2 is
the cross-section of two tabs superimposed, calculated from the datasheet.

These calculations result in Rcond = 6.16 K/W, Rcond,cell = 1.76 K/W, and Rcond,tabs =
2.64 K/W, suggesting that both the cell thermal resistances and the tab resistance play
an important role in cell-to-cell heat transfer through the tabs of adjacent cells. Unfortu-
nately, there is a lack of results in the literature for other cells, for example, Zhu et al. [48]
just estimated a value of 1.711 K/W for large format prismatic cells. In any case, Rcond,cell
is an intrinsic cell property, which suggests that Rcond > 3.53 K/W even assuming that
Rcond,tabs could be minimized by improved thermal design of tab-interconnection.

On the other hand, Rconv is derived from:

Rconv =
1

hA
(8)

where h [W/m2K] is the convective heat transfer coefficient, and A [m2] is the interface
surface area of the solid material. In this study, we estimated Rconv = 0.813 K/W, as-
suming h = 15 W/m2K and A = 0.082 m2. The former is a typical value for low forced
air velocities, and the latter is the sum of the areas of the larger front and rear faces of
the cell. We considered a battery module with parallel cooling/heating based on forced
air. The arrangement is sketched in Figure 13. In comparison with series cooling/heating,
a parallel arrangement provides a more even distribution of the temperatures [14].
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Figure 13. 2-D schematic of the parallel air-cooling arrangement assumed for the 8S module [5].

2.2. Balancing System Model

The overall balancing system topology proposed consists of a set of bi-directional
DC/DC converters connected in parallel with each cell, which can move energy from/to
each cell to/from the 8S battery module. This is the so-called CPC energy transfer configura-
tion. As shown in Figure 6, the balancing system is represented through a simplified EECM,
assuming that all the conduction power losses of each DC/DC converter can be lumped
together into an equivalent resistive component, assuming RB = 10 mΩ. On the other
hand, for the calculation of the overall balancing system losses, switching, magnetic,
and drivers’ energy losses are assumed to be constant and equal to PB,loss,other = 100 mW
for each converter.

2.3. Battery Power Profiles Generation

To test the algorithm under realistic demanding conditions, we have generated both
fast charging and aggressive driving power profiles considering an exemplary BEV and
the battery specifications.

2.3.1. Aggressive Driving Power Profiles

In a BEV, the battery pack supplies power and energy to the vehicle driveline, which is
composed of the electric motor(s), inverter, and mechanical transmission. This load power
(poutxi(t) = −Lx(t)) is dependent on numerous factors, including the type of driving
cycle the vehicle is operating, the energy efficiency of the driveline’s components, as well
as the inertial, rolling, and aerodynamic resistance forces that affect the vehicle (see [49]
for details). Given that our goals consist in the design and test of the balancing control
algorithm, in what follows we will assume that the load power pout is a known disturbance.
Its value is computed considering the uCar [49] as a reference vehicle. In this paper, we use
the US06 (repeated a certain number of times) as the driving cycle, since we focus on
more demanding aggressive driving scenarios, but the model framework also implements
other standard and non-standard driving cycles. The driving process is finished when
the end-of-discharge condition is detected, i.e., when min

(
SOCj

) ≤ 0.05, a common limit
in real BEVs.

With regard to low voltage violations, they take place when one or several cells show
a voltage below the lower voltage threshold set by the application. Here we used the min-
imum cell voltage stated by the manufacturer to define this limit (vj < 2.7 V), but more
restrictive windows are common for safety and reliability reasons. In real-life, the BMS
would derate the BEV battery power when a low voltage violation is detected [6,11], either
temporarily or permanently by forcing a low-power operating mode, sometimes called
“limp home” mode. However, here we decided not to implement such a derating algorithm,
to enable a fair comparison between different cases by ensuring the same power levels.
Instead, we allowed BEV operation until the aforementioned lower SOC threshold and
quantified the operation time with low voltage violations as a key performance indicator.
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2.3.2. Fast Charging Power Profiles

The DC fast charging profiles are created based on a constant power constant voltage
(CP-CV) strategy, which is common in fast charging protocols. The charging process shifts
to the CV stage when max

(
vj
) ≥ 4.2 V. The power level in the CP stage is determined by

trial-and-error aiming to charge with the maximum power that does not result in cell over-
current considering the limits defined in the manufacturer’s datasheet, i.e., max

(
ij
) ≤ 106 A.

The power level is determined considering also the maximum balancing currents, which are
below 20A for all the cases evaluated. The charging process is finished when the end-of-charge
condition is detected, i.e., when max

(
SOCj

) ≥ 0.8. This is a also common setting in fast
charging protocols.

2.4. Multi-Agent Consensus Algorithm

The coordination of distributed system with multiple agents is enabled by a protocol
known as consensus algorithms, which allows the agents to exchange information via
the communication network. In the case of the battery system, consensus algorithms can
achieve information sharing and coordination among different cells.

The coordination of distributed system with multiple agents is enabled by a protocol
known as consensus algorithms, which allows the agents to exchange information via
the communication network. In the case of a battery pack, each cell in a pack represents
one agent. An important feature of the consensus algorithm is that information exchange
occurs only between the neighboring cells and that the centralized controller does not
exist. For this reason, even if some of the communication links fail, the full informa-
tion exchange capability can be preserved, where the actual level of resiliency depends
on the communication network topology, as discussed in [50].

When every given cell knows the average of these variables, it is possible to design
local control protocols that can ensure desired behavior of both the battery pack system
and each cell totally independently of the centralized pack-level controller. In this context,
a single point of failure is avoided, while the performance can be designed per technical
requirements without any limitation.

The consensus algorithm is applied to the controller of every given cell by locally
implementing a simple difference of variables of interest (in our case cell SOCs, terminal
voltages, and temperatures) between each cell and those of other adjacent cells, which can
be expressed as [4]

.
xj(t) = ∑

k=Nj

∣∣xj(t)− xk(t)
∣∣ (9)

where xj(t) and xk(t) are the variables of interest in agent j and k. Nj represents the whole
set of neighbors of cell j.

From the equation above, it can be understood that the variables of interest change
interactively according to the values of local measurements and the receiving measurements
coming from the neighboring cells. Provided that the communication network is fully
connected, all the variable values will eventually converge to an average. Therefore, based
on the consensus algorithm that information is shared among units, each cell can compute
an exact average value of the variables of interest, i.e., cells SOCs, terminal voltages,
and temperatures, as shown in [51].

The multi-agent network of the battery pack is modeled as an undirected and con-
nected graph. And the consensus algorithm can be expressed as follows [5,6]:

.
xj(t) = −Lx(t) (10)

where L is the graph Laplacian of the network, which formally describes the network’s
topology. The elements of the matrix are defined as

Ljk =

{−1, k ∈ Nj
dj, k = j

(11)
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where dj is the number of neighbors of node j, which means the diagonal elements Ljj are
determined by the number of edges attached to the node.

In this application, x(t) includes the average estimated SOC, or temperature, or ter-
minal voltage, but other variables are also possible. Each cell (or agent) j receives the esti-
mated current average value from neighboring agents and updates its information based
on the SOC, temperature, and terminal voltage using three consensus balancing algorithms.

The estimation of SOC is updated as

SOCj(t) = SOCj(t) + σ1∑k=Nj

� [
SOCj(t)− SOCk(t)

]
dt (12)

where SOCj denotes the agent j’s average estimated SOC of all agents, SOCj is the actual
SOC of agent j, and σ1 is the SOC consensus coefficient.

Similarly, the agent j’s average temperature and terminal voltage of all agents can be
obtained based on the next consensus algorithms:

Tj(t) = Tj(t) + σ2∑k=Nj

� [
Tj(t)− Tk(t)

]
dt (13)

where Tj represents the estimation of agent j, Tj is the actual temperature of agent j, and σ2
is the temperature consensus coefficient, and

vj(t) = vj(t) + σ3∑k=Nj

� [
vj(t)− vk(t)

]
dt (14)

where vj represents the estimation of agent j, vj is the actual terminal voltage of agent j,
and σ3 is the voltage consensus coefficient.

Then, the reference balancing current for each cell j, i.e., iB,j [A] in Figure 6, is calcu-
lated with a correction term obtained from the cooperation between agents, incorporating
the SOC balancing (Equation (12)), temperature balancing (Equation (13)), and/or termi-
nal voltage balancing (Equation (14)), based on multi-agent. As a result, the multi-agent
consensus algorithm helps each local unit to converge towards the global average of SOC,
terminal voltage, and temperature.

Regarding the value of each consensus coefficient, σ1, σ2, and σ3, they could be formally
selected taking into account the topology of the communication network defined by graph
Laplacian matrix L (Equation (11)) to ensure fast and stable convergence. Indeed, these
parameters affect the second smallest eigenvalue of the L, which should be maximized to
ensure the fastest possible convergence, as explained in detail in [52]. However, formal
stability analysis falls beyond the scope of this paper, and the interested reader is referred
to the literature for more details.

In this paper, we have just followed a sub-optimal trial-and-error selection method to
determine the starting values of the consensus parameters. The selection is also supported
by sensitivity analysis in the more complex cases of multi-function control.

In addition, we took into account the following considerations: (1) the values of
the consensus coefficients determine the convergence rate of the algorithm for each variable
of interest, being faster for larger values, (2) the control actions, i.e., the balancing currents,
are larger for larger values of the coefficients and larger differences in the variables of
interest, and (3) the magnitude of the differences might be quite different for each variable
of interest, being particularly lower for the SOCs, as they are defined as dimensionless
variables with values between 0 and 1. This means that different values are expected for
each consensus parameter, being particularly larger for the SOC case.

It is also worth noting that in ordinary control theory, hardware implementation
of the controller is often not considered, and therefore in theory too large consensus
coefficients that might lead to extremely large control signals are possible. This might
result in hardware or stability issues. In practice, this situation is typically avoided by
including saturation in the actuator, as discussed in [53]. Here, we included a saturation
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block to the controller to limit the balancing currents to ±1C (53 A), but other limits could
be explored.

Finally, it is worth noting that, within this framework, static or dynamic values for
the consensus coefficients can be applied. For instance, in this paper, beyond the static coef-
ficients, we also propose a dynamic voltage consensus coefficient determined in quadratic
proportion to the battery current, iout [A]:

σ3 = k1

(
1 + k2i2out

)
(15)

where k1 and k2 [–] are constant coefficients, and typically k1 � k2 to avoid controller
saturation. This dynamic definition of the voltage consensus coefficient virtually eliminates
the widely known problem in regular balancing systems [54] of over-balancing voltages
during low current periods or under-balancing voltages during high current peaks.

3. Results

Using our simulation framework, we can easily study a myriad of scenarios with
respect to battery states, external conditions, or power demand. In this paper, due to
space constraints, we focus only on demonstrating the effectiveness of the algorithm under
more demanding scenarios. Hence, we focus on aggressive driving and fast charging
conditions (see Section 2.3), in combination with substantial differences in cell-to-cell
variations (see Section 2.1.2), and moderate parallel forced air cooling (see Section 2.1.3).
Thus, we assumed in all the scenarios analyzed the mixed aging cell-to-cell variations
scenario. As qualitatively shown in Figure 12, this is the case with a larger variation
in cell internal resistances and capacities, since it combines cells with BOL, MOL, and EOL
parameterization.

We compare side-by-side the performance of single-controllers for either SOC, voltage,
and temperature balancing, and evaluate the results in comparison with the ‘no control’ case,
which is used as a benchmark. We also evaluate multi-function dual controllers, in particular:
(1) simultaneous SOC and voltage balancing, and (2) SOC and temperature balancing.

For a detailed comparison, we present plots in time of key variables, but also provide
performance metrics in corresponding tables. In the case of multi-function balancing,
we also conduct sensitivity analysis, aiming to provide insights on the performance of
the controller depending on the tuning of the consensus gains.

The following results are displayed for the aggressive driving scenarios:

• Figure 14 and Table 3: a comparison of single controllers;
• Figure 15 and Table 4: a comparison of single and dual controllers, including voltage

balancing using the dynamic voltage consensus gain (Equation (15));
• Figure 16 and Table 5: a sensitivity analysis of dual balancing (SOC and temperature);
• On the other hand, the next results are presented for the fast charging scenarios:
• Figure 17 and Table 6: a comparison of single controllers;
• Figure 18 and Table 7: a sensitivity analysis of dual balancing (SOC and voltage);
• Figure 19: a comparison of single and dual controllers with different fast charging profiles.
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Figure 14. Single controllers result in time. End condition: min
(

SOCj

)
≤ 0.5. Scenario: aggressive driving (US06), mixed

agingg, parallel forced air cooling (h = 15 W/m2K).

Table 3. Key metrics of single controllers results shown in Figure 14.

Balancing
Scenario

Δvrms
[mV]

ΔSOCrms
[%]

ΔTrms
[◦C]

max(Tj)
[◦C]

EB,loss
[Wh]

Eloss
[Wh]

vj < 2.7 V
Time [%]

Simulation
Time [s]

No control 94 1.5 3.5 54.2 0 121.1 5.86 2813
SOC

(σ1 = 2000) 84 0.1 3.3 52.8 0.9 127.0 5.27 3092

Temperature
(σ2 = 20) 82 7.9 0.7 41.4 13.4 87.9 0.43 2306

Voltage
(σ3 = 250) 57 3.4 1.8 46.8 5.0 110.5 2.26 2781
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Figure 15. Single and dual controllers results in time. End condition: min
(

SOCj

)
≤ 0.5. Scenario: aggressive driving

(US06), mixed agingg, parallel forced air cooling (h = 15 W/m2K).

Table 4. Key metrics of single and dual controllers results shown in Figure 15.

Balancing
Scenario

Δvrms
[mV]

ΔSOCrms
[%]

ΔTrms
[◦C]

max(Tj)
[◦C]

EB,loss
[Wh]

Eloss
[Wh]

vj < 2.7 V
Time [%]

Simulation
Time [s]

No control 94 1.5 3.5 54.2 0 121.1 5.86 2813
SOC

(σ1 = 2000) 84 0.1 3.3 52.8 0.9 127.0 5.27 3092

Voltage
(σ3 = 250) 57 3.4 1.8 46.8 5.0 110.5 2.26 2781

Voltage
(σ3 = 250 + 0.025 i2

out)
49 4.0 1.2 44.3 8.7 106.8 1.17 2738

Dual
(SOC and voltage)

(σ1 = 600, σ3 = 175 + 0.0175 i2
out)

59 1.6 1.7 46.2 7.5 116.4 1.38 2973
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Figure 16. Sensitivity analysis: dual balancing (SOC and temperature): σ1 = 2000(1 − α), σ2 = 20α, σ3 = 0. End condition:

min
(

SOCj

)
≤ 0.5. Scenario: aggressive driving (US06), mixed aging, parallel forced air cooling (h = 15 W/m2K).

Table 5. Key metrics of dual balancing (SOC and temperature) results shown in Figure 16.

α
[–].

Δvrms[mV] ΔSOCrms [%] ΔTrms [◦C] max
(
Tj
)

[◦C] EB,loss [Wh] Eloss [Wh]
vj < 2.7 V
Time [%]

Simulation
Time [s]

0 84 0.1 3.3 52.8 0.9 127.0 5.27 3092
0.2 78 0.7 3.1 52.3 1.2 124.3 4.47 3063
0.5 70 2.2 2.5 51.0 2.2 117.4 3.63 2834
0.8 64 5.1 1.7 45.2 5.3 102.0 1.59 2696
1 82 7.9 0.7 41.4 13.4 87.9 0.43 2306
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Figure 17. Single controllers results in time. Scenario: fast charging, mixed aging, parallel forced air cooling (h = 15 W/m2K).
All cases using the CP-CV charge profile of the ‘no control’ case.

Table 6. Key metrics of single controllers results shown in Figure 17.

Balancing Scenario Δvrms [mV] ΔSOCrms [%] ΔTrms [◦C] max
(

Tj

)
[◦C] EB,loss [Wh] Eloss [Wh]

No control 86 1.5 3.3 47.3 0 71.5
SOC

(σ1 = 2000) 74 0.1 2.7 45.5 0.7 70.0

Voltage
(σ3 = 250) 31 3.9 0.8 38.9 4.0 65.7
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Figure 18. Sensitivity analysis: dual balancing (SOC and voltage): σ1 = 2000(1 − α), σ2 = 0, σ3 = 250α. Scenario: fast
charging, mixed aging, parallel forced air cooling (h = 15 W/m2K). All cases using the CP-CV charge profile of the ‘no
control’ case.

Table 7. Key metrics of dual balancing (SOC and voltage) results of Figure 18.

α
[–]

Δvrms [mV] ΔSOCrms [%] ΔTrms [◦C] max
(

Tj

)
[◦C] EB,loss [Wh] Eloss [Wh]

0 74 0.1 2.7 45.5 0.7 70.0
0.2 72 0.2 2.6 45.3 0.7 69.8
0.5 66 0.7 2.4 44.6 0.9 69.4
0.8 52 1.9 1.7 42.2 1.9 68.1
1 31 3.9 0.8 38.9 4.0 65.7
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Figure 19. Single and dual controllers results in time. Scenario: fast charging, mixed aging, parallel forced air cooling
(h = 15 W/m2K). Each case using its own CP-CV charge power profile optimized to reduce charging times.

3.1. Aggressive Driving Results

From Figure 14 and Table 3, we learn that near-perfect SOC balancing (ΔSOCrms < 0.1%) is
possible with relatively low currents and can also extend driving range (+10%). In practice,
it might be limited by the error in the SOC estimation, which is not considered here.
However, conventional SOC balancing cannot solve the problem of low voltage violations,
overheating, and thermal unbalance.

On the other hand, temperature and voltage balancing might induce larger SOC to
unbalance (7.9 and 3.4%, respectively), which might shorten the driving range (−18% and
−1%) but actually minimizes the occurrence of low voltage violations and thus the potential
need for derating during driving. In addition, both temperature and voltage balancing can
reduce the maximum temperatures (in 12.8 and 7.4 ◦C) and the cell-to-cell temperature
differences. The peak balancing currents are around 20 A, i.e., 50% higher than for SOC
balancing, but below 10% of the peak battery current.

The magnitude of these balancing effects is dictated by the values of the consensus
gains. To illustrate that, in Figure 15 and Table 4, we analyze the impact of implementing
a dynamic voltage consensus coefficient (Equation (15)). In this case, we can see that
the balancing action is more pronounced during high power peaks. To keep the balancing
power level within reasonable limits, we limited the balancing currents to 53A (or 1C). It is
observed that the dynamic gain boosts the performance of the voltage balancing controller,
with a minor increase in SOC unbalances and balancing losses. Moreover, when used
in combination with SOC balancing in a dual controller fashion, we can get the advantages
of both controllers while minimizing their caveats.
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As previously stated, the magnitude of the balancing effects is dictated by the values
of the consensus gains. To illustrate the importance of appropriate tuning for the consensus
gains, in Figure 16 and Table 5 we present a sensitivity analysis for a dual balancing case.
We considered SOC and temperature balancing, but similar studies can be conducted for
other scenarios. To conduct the parameter sweep we re-defined the values of the SOC
and temperature consensus gains as a function of a dimensionless variable α, which takes
values from 0 to 1. This is expressed as σ1 = 2000(1 − α) and σ2 = 20α. In extreme
cases, the dual controller behaves as a single controller, as either σ1 or σ2 are equal to zero.
As illustrated in Figure 16, different non-linear trends are observed in the metrics, including
an irregular pattern for the maximum temperatures. These results highlight the importance
of developing selection methods to balance the trade-offs of each controller.

3.2. Fast Charging Results

From Figure 17 and Table 6, we learn that the algorithm is also effective during fast
charging scenarios. The SOC balancing controller can equalize SOC smoothly, and the volt-
age balancing controller is able not only to equalize terminal voltages but also to reduce
both the maximum temperatures (>8 ◦C) and the cell-to-cell temperature differences. How-
ever, it increases the SOC unbalance.

As pointed out earlier for the aggressive driving scenarios, a balance between the pros
and cons of single controllers can be achieved by combining them in a multi-function
controller and making an appropriate selection of the consensus gains. This possibility
is investigated in the sensitivity analysis presented in Figure 18 and Table 7 for a dual
controller that performs SOC and voltage balancing.

For a fair comparison, the results displayed in Figures 17 and 18, and their correspond-
ing Tables 6 and 7, are obtained using in all cases the same fast-charging power profile.
The maximum power levels are determined considering the maximum terminal voltages
of the ‘no control’ case (Figure 17a), and the maximum balancing currents of the SOC and
voltage balancing cases (Figure 17b,c).

However, as can be observed in Figure 17b,c, and thanks to the balancing actions,
it would be possible to charge the battery at higher power levels in those cases without
violating the upper voltage limit. That is particularly true for the voltage balancing case
(Figure 17c).

This is investigated in the cases shown in Figure 19, where the battery is charged using
its own CP-CV charge profiles to optimize the charging time. In comparison with the ‘no
control’ case (Figure 19a), which requires 1811 s to bring the battery up to the end-of-charge
condition, the battery with voltage balancing (Figure 19b) and dual balancing (SOC and
voltage) (Figure 19c) can be charged up to the same condition in only 1400 s and 1655 s,
respectively. This enables a charging time reduction of 22.7% and 8.6%, respectively.

4. Discussion

Here we discuss other qualitative aspects of this work. Firstly, we would like to
acknowledge that both the EECM and the TECM proposed are relatively simple, but they
are sufficient to validate the novel balancing control algorithm proposed. This is partic-
ularly true when coupled with a rational distribution of cell-to-cell parameter variations.
Indeed, an equivalent modeling methodology has already been followed and validated
experimentally by de Castro et al. [20].

In addition, this relatively simple electro-thermal model can be formulated with
convex functions in a convex set. This means that in future work the control for the balanc-
ing system can be evaluated offline using convex optimization, following the pioneering
methodology developed by Pinto et al. [14]. This enables the comparison of the sub-optimal
online results obtained with the novel consensus algorithm, with the global optimal results
provided by convex optimization.

Apart from that, we would like to highlight the flexibility of the algorithm, which can
be easily modified to equalize other variables of interest. This can include variables related
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to battery internal states and degradation mechanisms, such as the surface concentration
of electrode particles, or the rates of degradation derived from more or less complex
degradation models. Thus, it would be possible to equalize battery lifetime at the cell
level with this framework if such variables or states can be monitored, diagnosed, and/or
predicted up to some extent, which is doable with the current state-of-the-art.

As a final remark, it is worth noting that the model framework is extremely fast—
one study case can be run in less than a second. This is very convenient when running
sensitivity analysis of key variables of interest, such as the consensus gains, and opens
the door to generate large amounts of synthetic data. This large amount of data could be
useful, for example, in combination with big data analytics to uncover hidden patterns,
correlations, and other valuable insights.

5. Conclusions

This study presents for the first time a multi-objective distributed control for balancing
systems, based on a multi-agent consensus algorithm. In our view, the algorithm’s out-
standing effectiveness, scalability, flexibility, and ease of implementation and tuning make
it an ideal candidate for industry adoption. Beyond its distributed architecture, our new
consensus algorithm offers key advantages over current centralized and de-centralized
algorithms in the literature, such as (1) model-based, since it does not demand predic-
tion of future variables and does not need a model of the system; (2) machine learning,
since it does not demand any data for training and validation, and has extremely low
memory and computational requirements; and (3) fuzzy logic, since it offers a systematic
implementation approach.

Our results show that our novel multi-functional balancing can boost the performance
of batteries with substantial cell-to-cell differences under the most demanding operating
conditions, i.e., aggressive driving and DC fast charging (2C). Indeed, it is well known
that under high power demand battery performance might be limited by overheating
and excessive unbalance in cells SOC, terminal voltages, or temperatures. However,
we demonstrate that a well-tuned consensus algorithm can generate balancing current
setpoints that virtually eliminate these limitations, achieving a good balance between
the pros and cons of single controllers.

In comparison with no control, driving times are increased (>10%), charging times
reduced (>22%), maximum cell temperatures decreased (>10 ◦C), temperature differences
lowered (~3 ◦C rms), and the occurrence of low voltage violations during driving reduced
(>5×). This minimizes the need for power derating and enhances the driver experience.
In a broader sense, it might also have an impact on the thermal management design, by
reducing the demand for intensive and uniform cooling.

The benefits of multi-functional balancing are particularly interesting in the case of
(1) EVs oriented to motorsport (e.g., Formula E), (2) any EVs that contemplate aggres-
sive driving operating modes, such as the Tesla ludicrous mode, (3) all EVs that offer
supercharging, and (4) batteries with significant cell-to-cell differences. In future work,
we would like to evaluate the impact of the control in battery lifetime and to investigate
the applicability within battery energy storage applications.
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Abstract: The state-of-charge (SOC) is a fundamental indicator representing the remaining capacity
of lithium-ion batteries, which plays an important role in the battery’s optimized operation. In this
paper, the model-based SOC estimation strategy is studied for batteries. However, the battery’s model
parameters need to be extracted through cumbersome prior experiments. To remedy such deficiency,
a recursive least squares (RLS) algorithm is utilized for model parameter online identification, and an
adaptive square-root unscented Kalman filter (SRUKF) is designed to estimate the battery’s SOC.
As demonstrated in extensive experimental results, the designed adaptive SRUKF combined with
RLS-based model identification is a promising SOC estimation approach. Compared with other
commonly used Kalman filter-based methods, the proposed algorithm has higher precision in the
SOC estimation.

Keywords: lithium-ion batteries; state-of-charge estimation; adaptive square-root unscented
Kalman filter; recursive least squares

1. Introduction

Rechargeable lithium-ion batteries have been widely used in numerous applications due to
their superior power performance, long life cycle, and so forth [1,2]. The state-of-charge (SOC) is an
important and fundamental parameter that indicates the remaining available capacity of the battery [3].
Inaccurate SOC estimation can easily lead to the battery’s overdischarge or overcharge even resulting
in an explosion. It hence calls for promising strategies to accurately estimate the SOC of the battery’s.

Two commonly utilized non-model-based SOC estimation approaches are the ampere-hour
counting algorithm and open circuit voltage (OCV) method, respectively. Ampere-hour counting
algorithm uses the time integration of the current as the indicator of the change of the SOC of the
battery. Although this method is simple to implement, measurement errors accumulate since the
SOC calculation process is open-loop based. Generally, it needs frequent calibrations to eliminate the
battery’s SOC estimation error. Derived from the identified relationship between the battery’s OCV
and SOC [4], the SOC can be obtained through measuring the OCV of the battery. However, the OCV
can only be measured by cutting the battery off from the external circuit, which could inconvenience
the battery user.

In order to get more accurate estimated SOC, model-based SOC estimation strategies attract
great research attention. Currently, the commonly used battery models can be classified into the
following three categories: electrochemical mechanism models [5,6], equivalent circuit models [7],
and neural network models [8]. Among them, the equivalent circuit models, utilizing the circuits to
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simulate the dynamic characteristics of the battery, have reasonable computational complexity and
great flexibility in battery materials and sizes, which are the most suitable to be utilized for the SOC
estimation. Extended Kalman filter (EKF) algorithms are the most widely studied model-based SOC
estimation approaches [9,10]. Adaptive EKFs are proposed in [11] and [12] to estimate the SOC with
noise covariances online update. However, the nonlinear battery model needs to be linearized in these
EKF algorithms, which will reduce the SOC estimation accuracy of the battery. The unscented Kalman
filter (UKF) [13] and adaptive UKF [14] are proposed as the improvements of the EKFs for the SOC
estimation. The first-order linearization is not required in the UKFs. Instead, they utilize a nonlinear
transformation, called unscented transform (UT), for the propagation of the battery states’ mean and
covariance. The square-root UKF (SRUKF) can be treated as an enhanced version of the UKF with the
attached advantage that the positive semi-definiteness of the state covariance can be guaranteed [15].
In addition, it needs less computational complexity for state estimation. In [16], based on a radial basis
function neural network battery model, an SRUKF is utilized for the SOC estimation. A square-root
spherical UKF is designed for SOC estimation for the battery in Nanosatellite [17]. An adaptive
SRUKF method is designed in [18] to estimate the battery’s SOC. A proportional-integral observer is
proposed for the SOC estimation of the battery in electric drive vehicles [19]. A neural network-based
SOC observer is proposed in [20] with the convergence proved utilizing Lyapunov stability analysis.
A disturbance observer-based strategy is designed in [21] to estimate the SOC, which can reduce the
computational burden without reducing the estimation accuracy.

The above SOC estimation strategies [9–14,16–20] all run on a battery model with parameters
known. However, the model parameters must be extracted by cumbersome prior experiments. It will be
more convenient if the model parameters are not necessary to be identified in advance for the designed
SOC estimation algorithm. Therefore, an interesting and important question can be investigated:
how to design a battery’s SOC estimation strategy with the model parameters treated as unknown
values. In [22], a recursive least squares (RLS) algorithm is utilized to determine the model parameters
of the battery, and a linear observer is adopted to estimate the battery’s SOC. However, the model
noise information is not considered in this method, and the SOC estimation accuracy is reduced.
The battery’s SOC and model parameters are simultaneously estimated by utilizing an iterated EKF
in [23]. A UKF algorithm is developed to estimate the SOC with another adaptive UKF utilized for the
online identification of the model parameters of the battery in [24]. Its experimental results indicate
that this UKF algorithm has higher SOC estimation accuracy compared with the EKF.

In this paper, an equivalent circuit model is utilized to describe the dynamics of the battery,
where the model parameters are considered to be unknown. An RLS algorithm is utilized for model
parameter online identification. Next, an adaptive SRUKF based on this online identified battery
model is developed to estimate the battery’s SOC, where a noise statistic estimator is utilized for the
noise information online update. The main novelties of this work are summarized in the following
two aspects.

(1) The model parameters are treated as unknown variables, and an RLS algorithm is utilized
to estimate them online. This can avoid unnecessary experiments prior to SOC estimation for
parameter extraction.

(2) Extensive experiments demonstrate the effectiveness of the proposed charging strategy
showing that the proposed adaptive SRUKF can provide higher SOC estimation accuracy compared
with other commonly used Kalman filter-based methods.

The rest of this manuscript is arranged as follows. In Section 2, the battery’s equivalent circuit model
is presented. In Section 3, an RLS algorithm is utilized for the online model parameter identification,
and an adaptive SRUKF is developed to estimate the SOC of the battery. Related experimental results
are included in Section 4, and concluding remarks are provided in Section 5.
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2. Battery Model Development

2.1. Battery Equivalent Circuit Model

A commonly used equivalent circuit model [25,26] is utilized to simulate the lithium-ion battery’s
dynamics, which can strike an excellent balance between accuracy and simplicity. As illustrated in
Figure 1, the capacitor Cb denotes the battery’s full charged capacity, and the resistor R0 represents
the battery’s energy losses during the charging and discharging process. The RC network (Rt, Ct)

characterizes the battery’s transient voltage-current response. The voltage across Cb represents the
battery’s SOC quantitatively, with 0–1 V corresponding to 0–100% of the SOC [20]. The mapping from
the SOC to the OCV of the battery is denoted as

VOC = g(SOC), (1)

where VOC and SOC are the battery’s OCV and SOC, respectively; g(·) is a nonlinear function. Based on
the Kirchhoff’s laws of current and voltage, the dynamics of the battery is obtained as

˙SOC = − η0

Cb
IB

V̇t = − 1
RtCt

Vt +
1
Ct

IB

VB = VOC − R0 IB − Vt,

(2)

where Vt, VB, and IB are, respectively, the voltage across the capacitor Ct, the terminal voltage, and the
current of the battery; η0 is the Coulomb coefficient.

Figure 1. Equivalent circuit model of the battery.

2.2. Model Discretization

With the current IB assumed to be constant during each sampling period, and the battery model (2)
can be discretized as follows:

SOC(k) = SOC(k − 1)− T
Cb

IB(k − 1)

Vt(k) = e−
T

RtCt Vt(k − 1) + (1 − e−
T

RtCt )Rt IB(k − 1)

VB(k) = g(SOC(k))− R0 IB(k)− Vt(k),

(3)

with T the sampling period. To simplify the notations, with the process and measurement noise
considered, the battery model (3) can be expressed in the following form

x(k) = A(θ)x(k − 1) + B(θ)u(k − 1) + w(k)

y(k) = h(x(k), θ, u(k)) + v(k),
(4)
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with

A(θ) =

[
1 0
0 θ2

]
, B(θ) =

[
− T

Cb

θ1 − θ1θ2

]

h(x(k), θ, u(k)) = g(x1(k))− x2(k)− θ3u(k)

where the system output is y(k) � VB ∈ R; u(k) � IB ∈ R is the system input; the states x(k) ∈ R2 and
parameters θ ∈ R3 are defined as x(k) = [x1(k), x2(k)]T � [SOC(k), Vt(k)]T and θ = [θ1, θ2, θ3]

T � [Rt,

e−
T

RtCt , R0]
T , respectively; w(k) and v(k) are the process noise and the measurement noise of the battery

model, which are usually assumed as uncorrelated zero-mean Gaussian white noises that satisfy

w(k) ∼ N(0, Q2)

v(k) ∼ N(0, R2),
(5)

with Q2 ∈ R2×2, and R2 ∈ R representing the covariances of the process and measurement noises.
In practice, the noise statistic is correlated with the operating environment of the battery, which is
generally unknown.

2.3. Observability Analysis

Referring to [27], the battery model (4) satisfies the observability condition, if the following
observability matrix

ϑ =

[
C(k)

C(k + 1)A(θ)

]
(6)

with
C(k) =

[
dg(x1(k))

dx1
−1

]
is full rank for all x.

As Cb is much larger than the value of IB(k), the SOC change is small enough in each sampling
step. Hence, dg(x1(k))

dx1
can be simplified to a constant k0 > 0 [28,29]. By substituting (4) into (6), it can

be derived that

ϑ =

[
k0 −1
k0 −θ1

]
. (7)

Since k0 is a positive constant and θ2 is less than 1 as θ2 is an exponential function, ϑ is full
rank. Hence, it can be concluded that if the model parameter vector θ is known, the battery system is
observable, therefore the battery’s SOC can be estimated.

The model parameters are assumed to be known in numerous SOC estimation algorithms in the
literature such as [9–14]. However, the RC parameters θ in the equivalent circuit model of the battery
should be identified through cumbersome and inconvenient prior experiments [30]. It motivates us
to propose an SOC estimation strategy by treating the parameters θ in (4) as unknown, and online
estimating the model parameters and the SOC of the battery simultaneously.

3. Battery SOC and Model Parameter Estimation

Based on the model developed above, an RLS algorithm is utilized for the online model parameter
identification, and an adaptive SRUKF algorithm is designed to estimate the SOC of the battery.

3.1. Model Parameter Identification with Rls Algorithm

Referring to [28,29], it can be assumed that the OCV of the battery remains constant during a short
sampling period that satisfies g(x1(k))− g(x1(k − 1)) = 0. With defining y1(k) = y(k)− y(k − 1) and
u1(k) = u(k)− u(k − 1), from (4), it yields

y1(k) = UT(k)Φ + v1(k), (8)
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with
Φ � [θ2,−θ3, θ2θ3 − (1 − θ2)θ1]

T

U(k) � [y1(k − 1), u1(k), u1(k − 1)]T ,

where v1(k) is the noise. Then, an RLS is proposed for the battery model parameters online
identification as follows:

Φ̂(k) = Φ̂(k − 1) + Γ(k)(y1(k)− UT(k)Φ(k − 1)) (9)

where Φ̂(k) = [φ̂1(k), φ̂2(k), φ̂3(k)]T ∈ R3 is the estimation of Φ; Γ(k) ∈ R3 is the designed gain vector
that can be updated as

Γ(k) = P(k−1)U(k)
λ+UT(k)Pθ(k−1)U(k)

Pθ(k) =
Pθ(k−1)−Γ(k)UT(k)Pθ(k−1)

λ ,
(10)

with λ denoting the forgetting factor that is normally chosen as a value between 0.98 and 0.995.
Based on (9) and (10), the estimated battery model parameter vector θ̂(k) is calculated that

θ̂(k) = [−φ̂1(k)φ̂2(k)−φ̂3(k)
1−φ̂1(k)

, φ̂1(k),−φ̂2(k)]T . (11)

3.2. Adaptive Square-Root Ukf Based Soc Estimation

Different from the traditional UKF, the square-root of the state covariance matrix is directly
propagated in the SRUKF method, avoiding the need to calculate the square-root of the state covariance
at each iteration step. The SRUKF is more advantageous with better numerical properties and
guaranteed positive semi-definiteness of the state covariance matrix [31]. Due to these advantages,
based on the battery model with the estimated model parameters, an adaptive SRUKF algorithm is
adopted here to estimate the battery’s SOC, where an adaptive noise statistic estimator is utilized to
update the noise statistic information at each sampling instant to get rid of its dependence on priori
noise information. The algorithmic process of the adaptive SRUKF algorithm can be divided into
four steps: initialization, prediction, measurement update, and noise statistic estimation, which are
provided as follows:

Step 1: Initialization. The initial estimated state vector is set as x̂(0) = E[x(0)] and the initial
square-root of the state covariance matrix is S(0) = cholupdate{E[(x(0) − x̂(0))(x(0) − x̂(0))T ]},
where E[·] denotes the mean and cholupdate{·} represents the Cholesky factorization [32]. The initial
estimated covariances of the process and measurement noises are set as Q̂2(0) = Q2

0 and R̂2(k) =

R2
0, respectively.

Step 2: Prediction. The UT technique is utilized for the propagation of the states’ mean and
covariance, where sigma points are chosen to approximate the mean and the covariance of the actual
distribution. A set of 2n + 1 sigma points are selected in the following way

⎧⎪⎪⎨
⎪⎪⎩

χ0(k − 1) = x̂(k − 1),

χi(k − 1) = x̂(k − 1) + (
√

n + λSi(k − 1)), i = 1, · · · , n,

χi(k − 1) = x̂(k − 1)− (
√

n + λSi−n(k − 1)), i = n + 1, · · · , 2n

(12)

where x̂(k− 1) ∈ Rn denotes the estimated state vector at time step k− 1, n represents the state vector’s
dimension , Si(k − 1) (1 ≤ i ≤ n) is the i-th column of the matrix S(k − 1) ∈ Rn×n with S(k − 1) the
square-root matrix of the state covariance, λ is a scalar that can be calculated as

λ = α2(n + σ)− n, (13)
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where α and σ are the tuning parameters determining the spread of the sigma points. With utilizing
θ̂(k − 1) to replace θ in (4), each point in (12) is updated through the battery model as

χi(k|k − 1) = A(θ̂(k − 1))χi(k − 1) + B(θ̂(k − 1))u(k − 1), (14)

for 0 ≤ i ≤ 2n. Then, the the a priori estimation of the state vector x̂(k|k − 1) is computed as follows:

x̂(k|k − 1) =
2n

∑
i=0

W(m)
i χi(k|k − 1) (15)

with the weights {
W(m)

0 = λ
λ+n ,

W(m)
i = 1

2(λ+n) i = 1, · · · , 2n.

The a priori square-root of the state covariance S(k|k − 1) is updated as:

S1(k|k − 1) = qr{[
√

W(c)
1 (χ1(k|k − 1)− x̂(k|k − 1)) · · ·√

W(c)
2n (χ2n(k|k − 1)− x̂(k|k − 1)) Q̂(k)]T}

S(k|k − 1) = cholupdate{ST
1 (k|k − 1), χ0(k|k − 1)− x̂(k|k − 1), W(c)

0 }
(16)

with the weights {
W(c)

0 = λ
λ+n + (1 − α2 + β),

W(c)
i = 1

2(λ+n) i = 1, · · · , 2n
,

where qr{·} denotes the QR decomposition [32]; Q̂(k) denotes the estimation of the square-root of
the process noise covariance matrix; β is a constant, which is usually chosen as 2 for the Gaussian

distribution of the states [33]. Note that the QR decomposition of the matrix D = [
√

W(c)
1 (χ1(k|k− 1)−

x̂(k|k − 1)) · · · Q̂(k − 1)]T ∈ R3n×n is given by D = Q1R1, where Q1 ∈ R3n×3n is an orthogonal matrix
and R1 ∈ R3n×n is an upper triangular matrix [32]. Here, qr{D} denotes the QR decomposition of the
matrix D with R̄1 ∈ Rn×n returned, where R̄1 is the upper triangular part of R1, i.e., S1(k|k − 1) = R̄1

in (16). The Cholesky factor of the rank 1 update P± νξξT is represented as S2 = cholupdate{S1, ξ,±ν},
where S1 is the original Cholesky factor of P with P = S1ST

1 . In (16), S(k|k − 1) = cholupdate{·}
denotes the Cholesky factor of ST

1 (k|k − 1)S1(k|k − 1) + W(c)
0 ξξT with ξ = χ0(k|k − 1)− x̂(k|k − 1).

Note that ST
1 (k|k − 1) is used in (16) since R̄1 denotes the transpose of the Cholesky factor of DDT with

R̄T
1 R̄1 = R̄T

1 QTQR̄1 = DDT . From (16), it yields that the corresponding priori sate covariance matrix
P(k|k − 1) is

P(k|k − 1) = S(k|k − 1)ST(k|k − 1) = DT D + W(c)
0 ξξT

=
2n

∑
i=0

W(c)
i (χi(k|k − 1)− x̂(k|k − 1))(χi(k|k − 1)− x̂(k|k − 1))T + Q̂2(k),

(17)

which is consistent with that of the UKF [24]. Note that S(k|k − 1) is utilized rather than the square-root
of P(k|k − 1) in the designed SRUKF since it is more efficient to calculate the QR decomposition and
Cholesky factorization in (16) than performing the square-root of P(k|k − 1) directly in the UKF [15].
The estimated output is computed by propagating the sigma points based on the model (4) as follows:

ŷ(k|k − 1) =
2n

∑
i=0

W(m)
i Υi(k|k − 1), (18)
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with
Υi(k|k − 1) = h(χi(k|k − 1), θ̂(k), u(k)), (19)

where ŷ(k|k − 1) is the estimated output through the SRUKF, and θ̂(k) are updated based on (9)–(11).
Step 3: Measurement update. Similarly, the square-root of the measurement covariance Sy(k)

can be calculated by

Sy(k) = cholupdate{[ST
y1(k), Υ0(k|k − 1)− ŷ(k|k − 1), W(c)

0 ]}, (20)

with
Sy1(k) = qr{[

√
W(c)

1 (Υ1(k|k − 1)− ŷ(k|k − 1)) · · ·
√

W(c)
2n (Υ2n(k|k − 1)− ŷ(k|k − 1)) R̂(k)]T}, (21)

with R̂(k) denoting the estimated square-root of the measurement noise covariance.
The cross-correlation covariance Pxy(k) are obtained as

Pxy(k) =
2n
∑

i=0
W(c)

i [χi(k|k − 1)− x̂(k|k − 1)][Υi(k|k − 1)− ŷ(k|k − 1)]. (22)

Then, the estimated state vector x̂(k) is updated as follows:

x̂(k) = x̂(k|k − 1) + L(k)(y(k)− ŷ(k|k − 1)), (23)

with the filter gain vector L(k) updated as

L(k) = Pxy(k)(S−1
y (k))TS−1

y (k), (24)

where S−1
y (k) denotes the inverse of Sy(k). Based on (20) and (24), the square-root matrix of the state

covariance is updated that

S(k) = cholupdate{S(k|k − 1), L(k)Sy(k),−1}. (25)

Step 4: Noise statistic estimation. A moving window of the output estimation error sequence
is utilized for the noise statistic estimation. Referring to [14,24], the covariances of the process and
measurement noises are updated as

Q̂2(k) = L(k)(
k
∑

j=k−L+1
(y(j)− ŷ(j|j − 1))(y(j)− ŷ(j|j − 1))T)LT(k)

R̂2(k) =
k
∑

j=k−L+1
(y(j)− ŷ(j|j − 1))(y(j)− ŷ(j|j − 1))T

+
2n
∑

i=1
W(c)

i (Υi(k|k − 1)− y(k))(Υi(k|k − 1)− y(k))T ,

(26)

where L is the size of the selected moving window used for covariance matching.

4. Experimental Results

To validate the performance of the designed adaptive SRUKF with RLS-based model parameters
online identification on battery SOC estimation, an IFP36130155-36Ah lithium-ion battery with a
nominal capacity of 36 Ah [26] was chosen for the experiment. The experiment was conducted at room
temperature. The mapping from the battery’s SOC to its OCV was as shown in Figure 2. The ITECH dc
electronics Load IT8512 was programmed to simulate the actual working condition of the battery with
the recorded signals of the current and the corresponding terminal voltage shown in Figures 3 and 4,
where the sampling rate is 1 Hz. In the RLS algorithm, the initial estimated model parameter vector
was randomly selected as θ̂0 = [0.001, 0.95, 0.02]T , λ and Pθ(0) are set as 0.99 and diag{0.1, 0.1, 0.1},
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respectively. For the proposed adaptive SRUKF algorithm, the initial estimated state vector was
randomly selected as x̂(0) = [70%, 0]T . The initial square-root state estimation covariance matrix and
the initial estimated square-root covariances of the process and measurement noises were randomly
set as S0 = diag{0.01, 0.01}, Q0 = diag{0.01, 0.01}, and R0 = 0.05, respectively. The parameters L, α,
and β were selected as 100, 0.85, and 2, respectively.

Figure 2. Open circuit voltage (OCV) versus state-of-charge (SOC) of the battery [26].

Figure 3. Applied current signal.

The experimental results in terms of the estimated model parameters θi(1 ≤ i ≤ 3) are
demonstrated in Figures 5–7. The corresponding estimated Ct is shown in Figure 8. As a comparison,
referring to [26], the parameter vector θ in the battery equivalent circuit model is calculated offline
through utilizing the least-squares method with the results of θ̂ = [0.00631, 0.9838, 0.0224]T .
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Figure 4. Terminal voltage of the battery.

Figure 5. Comparison of the estimated results of parameter θ1.

Figure 6. Comparison of the estimated results of parameter θ2.
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Figure 7. Comparison of the estimated results of parameter θ3.

Figure 8. Comparison of the estimated results of Ct.

The actual and estimated SOCs by the adaptive SRUKF with RLS-based model parameters
online identification are illustrated in Figure 9. The battery’s actual SOC is gotten with using the
ampere-hour counting method, where its initial SOC is obtained through measuring the initial OCV of
the battery [20]. The SOC estimation error of the designed approach, calculated by subtracting the
actual SOC from the estimated one, is illustrated in Figure 10. The statistic results in terms of the mean
and root mean square (RMS) of the SOC estimation error are 0.13% and 0.98%, respectively, in which
the mean and RMS errors are calculated as follows:

mean =
1
N

N

∑
k=1

|x1(k)− x̂1(k)|

RMS =

√√√√ 1
N

N

∑
k=1

(x1(k)− x̂1(k))2

(27)

with N denoting the data number. To demonstrate the superior performance of the designed adaptive
SRUKF with RLS-based model parameters online identification method, the estimation results of
the SRUKF and the adaptive EKF with model parameters identified by RLS, and the adaptive
SRUKF with off-line calculated model parameters are given as comparisons. The comparison of
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the measured and estimated terminal voltages is shown in Figure 11 and Table 1. It demonstrates that
the methods with model parameters online identification can provide a smaller voltage estimation
error compared with those with model parameter offline calculation. Their comparison results of the
SOC estimation error are listed in Figure 10 and Table 2. It shows that higher estimation accuracy
can be achieved by the proposed estimation method than other commonly used Kalman filter-based
methods, which demonstrates its promising performance in terms of the SOC estimation.

Table 1. Statistics of the terminal voltage simulation errors.

Mean RMS

Adaptive EKF + RLS 0.0108 V 0.0194 V
SRUKF + RLS 0.0082 V 0.0111 V

Adaptive SRUKF + offline calculation 0.0117 V 0.0635 V
Adaptive SRUKF + RLS 0.0081 V 0.0115 V

Table 2. Statistical results of the SOC estimation errors.

Mean RMS

Adaptive EKF + RLS 1.14% 2.22%
SRUKF + RLS 1.91% 2.38%

Adaptive SRUKF + offline calculation 1.08% 1.99%
Adaptive SRUKF + RLS 0.13% 0.98%

Figure 9. Actual and estimated SOC curves.

Figure 10. SOC estimation error of the battery.
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Figure 11. Comparison of the measured and simulated terminal voltages.

5. Conclusions

Accurate SOC estimation is important for the operation optimization of the battery. Based on
a battery equivalent circuit model with unknown parameters, an RLS algorithm is utilized for
model parameters online identification, and an adaptive SRUKF is proposed to estimate the
battery’s SOC, where a noise statistic estimator is utilized for the noise information online
update. Extensive experimental results are provided to validate the performance of the proposed
method showing that the mean and RMS of the SOC estimation error can be 0.13% and 0.98%,
respectively. Higher accuracy in the SOC estimation is demonstrated compared with other
commonly-used Kalman filter-based methods.
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Abstract: This paper suggests the reasonable switching frequency determination method for achieving
highest efficiency of the railway propulsion system consisting the silicon carbide (SiC) inverter and
permanent magnet synchronous motor (PMSM). The SiC power device allows increasing the switching
frequency of the inverter because it has the small switching power loss. The total efficiency is taken
into account for determining the switching frequency of SiC inverter in this paper. In the efficiency
analysis of SiC inverter and PMSM, the PMSM drive control is considered with the hybrid switching
method combined the synchronous PWM and asynchronous PWM. The result of the analysis shows
the efficiency curve of propulsion system depending on the switching frequency. The switching
frequency having the minimum power loss of propulsion system is selected based on the extracted
power loss curve.

Keywords: propulsion inverter; PMSM drive; efficiency analysis; SiC inverter

1. Introduction

Much research on the efficiency improvement of railway system has been performed for last
decade [1–3]. In the railway vehicle, it has been trying to apply new technologies such as the permanent
magnet synchronous motor (PMSM) and the silicon carbide (SiC) power device to the propulsion
system. The PMSMs have 5–8% efficiency higher than induction motors [1,4], and SiC power devices
reduce the switching loss to less than half loss of Silicon (Si) power device [5–7]. It is obvious that the
propulsion system consisting the SiC inverter and PMSM, which is shown in Figure 1, guarantees the
high efficiency.

 

Figure 1. Railway propulsion system consisting the silicon carbide (SiC) inverter and permanent
magnet synchronous motor (PMSM).
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In the railway industry, the induction motor has been selected as the traction motor for several
decades [1,2,8]. The main reason is that the induction motor has the high reliability and superior
maintainability beside it is inexpensive compared to PMSMs. However, since the totally enclosed
structure improves the reliability and maintainability of PMSM, the number of the cases where the
totally-enclosed PMSM is applied to the railway vehicle increases gradually [3,4,9–13]. In addition,
the PMSMs show the higher efficiency than that of induction motor. Nowadays, the PMSMs have
become attractive for railway operation company to save the operating cost. Along with the interest
in PMSMs, the research on the PMSM drive control has been introduced in many paper [11–18].
The research theme in the railway vehicle can be divided into several areas: torque control, sensorless
control, restarting control, and fault tolerant control. Nevertheless, these papers are based on the high
efficiency operation of inverter. The existing PWM method for induction motor is applied to drive
PMSM [13,14]. In the existing PWM method for induction motor, the six-step operation appears at
propulsion inverter. Although the six-step operation has the large torque ripple, it is attractive PWM
method to reduce the switching loss of power device.

Nowadays, the voltage class of SiC power module is announced to 3300 V [5,6,19]. Therefore,
the studies applying the high voltage SiC power module into various applications are introducing in
lots of papers [19–29]. The SiC power module with 1700 V class has been applied for the auxiliary
converter of railway vehicle [20,25]. The switching frequency of 50 kHz is used in the resonant
converter consisting 1700 V class SiC power module in [20]. In the catenary-free tram, the SiC power
module with 1700 V class and hybrid SiC power with 1700 V class for the DC–DC converter used in the
energy storage system are compared to Si module with 1700 V class [21]. Here, the switching frequency
of 6 kHz in hybrid SiC power module has the same power loss with the Si module with the switching
frequency of 2 kHz. The SiC power modules with various voltage classes have been considered in the
traction inverter of railway vehicle [19,22–24,26–28]. Initially, the hybrid SiC power modules where the
SiC freewheeling diode combines with silicon (Si)-IGBT were tested [19,22–24,26,27]. The mass and
volume comparison results between the inverters consisting Si-IGBT modules and SiC power modules
in the same switching frequency, which is respectively low switching frequency, 800 Hz, are shown
in [22,24,26]. The propulsion inverter consisting of the hybrid SiC power modules can decrease the
mass and volume until 60% of the conventional Si-IGBT inverter. Nonetheless, it can lead to the power
loss reduction of 35% compared to the conventional Si-IGBT inverter [24]. The full SiC power modules
enhance the efficiency improvement of propulsion inverter [28,29]. Since the SiC power module with
1200 V class is applied in [28], the switching frequency could be increased to 10 kHz. Although the SiC
power module with 3300 V class is used in [29], the number of switching pulse increases in only the
synchronous mode of PWM method. Generally, in the railway application, the SiC power module has
been used to reduce the mass and volume of inverter in keeping the switching frequency as low value.

In Figure 1, the efficiency of propulsion system is determined by each efficiency of the PMSM and
the SiC inverter. This paper focuses on the switching frequency because the switching frequency can
influence both efficiencies of PMSM and SiC inverter. The effect of switching frequency on both the
induction motor and Si-IGBT inverter is introduced in [24,29]. Ref. [29] used the triple pulse PWM
method instead of the six-step operation to increase the efficiency of induction motor. Ref. [24] has
proved that the six-step operation aggravates the efficiency of induction motor.

This paper proposes the reasonable switching frequency determination method for achieving
highest efficiency of the railway propulsion system consisting the PMSM and SiC inverter. The efficiency
analysis is implemented by considering the existing PWM strategies which are introduced in Section 2
briefly. In the efficiency analysis, the efficiencies of SiC inverter and PMSM are calculated through the
co-simulation of SiC inverter (PSIM software, Powersim Inc., Rockville, MD, USA) and PMSM (J-MAG
software, JSOL Corporation, Tokyo, Japan) to consider the interaction of them. Simulation results are
based on the determination of the switching frequency of SiC inverter [30–32]. Based on the power
loss curve of the propulsion system, the switching frequency with highest efficiency can be determined
for propulsion inverter.
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2. PWM Strategy for SiC Inverter

This paper focusses on how to maximize the efficiency of propulsion system. Therefore, the PWM
strategy for the SiC inverter is also aimed to achieve the high efficiency of the SiC inverter. The existing
PWM strategy used in the propulsion inverter guarantees maximizing the efficiency of the SiC
inverter [14]. This strategy uses not only linear voltage modulation but also over-voltage modulation
and six-step modulation. These modulations can be classified by magnitude of Vo (|Vo|) and dc-link
voltage (Vdc) [15]. Figure 2 shows the output voltage (Vo) of existing Si-IGBT inverter depending on
speed of railway vehicle. By considering that the maximum speed is 80 km/h, the six-step modulation
relatively appears at low speed. Even though the six-step modulation leads to large torque ripple with
vibration, it is enough to be ignored in railway vehicle. The six-step modulation appears over half of
whole speed range in the existing PWM strategy. It means that the switching loss of the propulsion
inverter can be minimized. The conventional PWM methods [15,16] guarantee the ideal change
between modulations as |Vo| increases or |Vo| decreases. Generally, the reference voltage without any
change is used to generate the desired |Vo| in the linear voltage modulation where the Vo is lower than
Vdc/
√

3(=0.5774 Vdc). However, in the over-voltage and six step modulations, the changed reference
voltage is used to generate the desired |Vo|. This paper applies the existing PWM strategy for the
SiC inverter.

Figure 2. The output voltage (Vo) of SiC inverter depending on the speed of railway vehicle.

The six-step modulation is not affected by the swishing frequency (fsw). The number of the
switching is determined by only the fundamental frequency of Vo in the six-step modulation.
Therefore, the inverter can show the same efficiency in six-step modulation regardless of fsw. In addition,
the fsw is defined as K(integer) x the fundamental frequency of Vo in the synchronous PWM. It means
that fsw is not changeable parameter and the efficiency is fixed as the same as that of six-step modulation
if K is fixed. On the other hand, the variation of fsw influences the efficiency of inverter during
the linear-voltage modulation in the asynchronous PWM. As fsw increases, the efficiency of inverter
decreases. Consequently, it is needed to analyze the efficiency of propulsion system during the speed
where the asynchronous PWM is applied.

3. Permanent Magnet Synchronous Motor Control

3.1. Permanent Magnet Synchronout Motor

This paper considers the 332-kW interior permanent magnet synchronous motor (IPMSM) as the
traction motor for railway vehicle. Its specifications and cross section are shown in Table 1 and Figure 3.
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The B-H curves of materials (35PN230 and NdFeB) can be identified through the material datasheets.
The lamination thickness of stator core and rotor core is 0.35 mm; the magnet is not laminated.

Table 1. PMSM specifications.

Specification Value Specification Value

Type IPMSM Pole/Slot 6/27
Rated Current (Iphase) 236 Arms Stator Core Material 35PN230

Rated Torque 1522 Nm Rotor Core Material 35PN230
Rated Speed 2080 r/m Magnet Material NdFeB

Stator an external diameter 500 mm Rotor an external diameter 280 mm
Stator an internal diameter 283 mm Rotor an internal diameter 80 mm

Air gap length 1.5 mm Laminated length (height) 235 mm

 

Figure 3. The cross section of interior permanent magnet synchronous motor (IPMSM) used in this paper.

3.2. Control Method

Maximum torque per ampere (MTPA) operation is required to control the IPMSM. Lots of
papers have suggested control methods for the MTPA operation [33–35]. This paper uses the current
table-based control method [35]. The control block diagram is shown in Figure 4.

 
Figure 4. Control block diagram for driving the IPMSM.
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The d-axis current (Id,ref) and q-axis current (Iq,ref) are determined based on the MTPA tables
according to the reference flux (λref) and reference torque (Tref), respectively. To eliminate the flux
error, the compensation of the d-axis current (Id,comp) is used. To deal with the whole speed range with
six-step modulation, the additional considerations (flux-weakening method and maximum torque
per flux) should be reflected into the control method. However, this paper applies the simple control
method of Figure 4 for the MTPA operation because the effect on the variation of fsw exists in the low
speed range where the MTPA operation is needed.

4. Loss Analysis of Propulsion System

The loss analysis of the propulsion system can be divided into two parts: SiC inverter and IPMSM.
Two parts affect each other as shown in Figure 5. The non-sinusoidal electromotive force of IPMSM
affects the current control of IPMSM; therefore, it leads the low harmonics frequency components in
the inverter currents. Finally, the low harmonics frequency components can increase the loss of IPMSM.
In addition, the current ripple generated by fsw affects the power loss of IPMSM. Therefore, this paper
conducts the loss analysis through the co-simulation between the SiC inverter (Power SIM software)
and the IPMSM (J-MAG software) to consider the interaction of them. It is obvious that the simulation
results are reliable in the comparison and analysis [30–32].

The loss analysis of propulsion system is implemented in the valid speed range (below 1200 r/m)
where the effect of fsw variation exists.

 

Figure 5. Interaction between SiC inverter and IPMSM.

4.1. SiC Inverter

The SiC inverter consists of six SiC MOSFETs. The 3300 V/800 A 2in1 SiC module where two SiC
MOSFETs are connected to configure one leg, which is MSM800FS33ALT manufactured by HITACHI,
is selected in this paper. The gate on and off resistances which decide Eon (Turn-on Loss per Pulse),
Eoff (Turn-off Loss per Pulse), and Err (Reverse Recovery Loss per Pulse) are 1 Ω and 1.5 Ω, respectively.
The additional data for power loss analysis of SiC MOSFET is shown in datasheet of MSM800FS33ALT.
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It is assumed that the SiC MOSFETs are closely connected to the DC-link capacitor to mitigate the effect
of stray inductance enough [36,37].

The operation conditions of the propulsion inverter are as follows: Vdc is 1500 V, the control period
is 1/(2xfsw), and Tref is 1522 Nm.

Figure 6 shows the three-phase current waveforms depending on fsw at 400 r/m. The |Vo| at 400 r/m
is 188 V. The currents do not seem the completed sinusoidal waveform. There are several frequency
components in currents: fundamental frequency component, low harmonics frequency components,
and fsw components. Nevertheless, it is confident that as fsw increases, the current ripple caused by fsw

is reduced.

  
(a) (b) 

  

(c) (d) 

Figure 6. Three-phase current waveforms depending on fsw at 400 r/m: (a) 750 Hz; (b) 1500 Hz;
(c) 2250 Hz; (d) 3000 Hz.

Figure 7 shows the efficiency of one SiC MOSFET depending on the fsw and speed (r/m). Since the
SiC MOSFET consists of MOSFET and Diode in one device, the loss analysis is implemented in two
parts separately. As fsw increases, only the switching losses of MOSFET and Diode increase as shown
in Figure 7a. One the other hand, the speed variation does not give enough impact on the total loss as
shown in Figure 7b. The speed variation of IPMSM leads to the change of |Vo|. As the speed increase,
|Vo| increases. The much current flows through MOSFET in the high |Vo| compared to Diode. It is
identified that conduction loss of Diode is reduced as the speed increases.

Figure 8 shows the total loss of SiC inverter depending on fsw. The inverter loss at 3000 Hz is
more than twice inverter loss at 750 Hz. In terms of SiC inverter, the low fsw is required to reduce the
power loss.
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(a) (b) 

Figure 7. Loss analysis of SiC MOSFET depending on fsw: (a) 400 r/m; (b) 750 Hz.

 

Figure 8. Total loss of SiC inverter depending on fsw.

4.2. IPMSM

The finite elements method (FEM) model of IPMSM, which is Figure 9, is developed to analyze the
power loss of IPMSM. The currents with ripple components of Figure 6 are injected to IPMSM through
the co-simulation to reveal the effect of current ripple components on the power loss. The conditions
for loss analysis are the same as those of loss analysis of SiC inverter. In the loss analysis, the electrical
resistivity of NdFeB magnet is 1.80 × 10−5 Ω·m, which is used to analyze the eddy current loss of
magnet. The phase resistance (Rcoil) of stator coil for the copper loss analysis is 0.021882 Ω. The iron
loss of stator and rotor cores is estimated by applying the loss density curve of Figure 10.

 

Figure 9. The finite elements method (FEM) model of 322 kW IPMSM considered in this paper.

To verify the estimated power loss of IPMSM from co-simulation, it is compared to the result of
the power loss calculation equation. The loss components are divided into the coil copper loss (Pcopper),
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the core iron loss (Piron), and the magnet eddy current loss (Pm,eddy). In this paper, Pcopper and Piron
are calculated and compared to estimated power loss from J-MAG software. Although Pm,eddy is not
considered in the verification, the several researches have proved its accuracy [38–40].

To calculate Pcopper, the skin effect is ignored because the stator coil consists of many thin coils
with the small dimension [41]. Therefore, Pcopper can be calculated as

Pcopper = 3I2
phaseRcoil (1)

The loss curve for Piron is often supplied by the core material manufactures [42]. The Piron is
represented as

PIron = PLoss( fB) (2)

where fB is a frequency component of the magnet flux density and PLoss is loss density curve of
Figure 10.

Figure 10. The loss density of stator and rotor core material (0.35 mm) depending on the magnetic
flux density.

Figure 11 shows accuracy of the estimated power losses of IPMSM from J-MAG software and
calculated power losses from (1) and (2). These values are expressed as per unit. Two copper losses
are similar, and its error ratio is under 2%. In addition, the error ratio is about 5% in the iron loss
comparison results.

 

Figure 11. Comparison of estimated power losses and calculated power losses.

Figures 12 and 13 show injected currents and the power loss analysis result of IPMSM at 1200 r/m.
The magnitude of current ripple is largest at fsw of 750 Hz and is smallest at fsw of 3000 Hz. The difference
between current ripples at fsw of 2250 Hz and fsw of 3000 Hz is relatively small. The fsw over 2000 Hz
has less impact on the current ripple as shown in Figure 12. The IPMSM power loss can be divided
into four losses as shown in Figure 13. The stator winding has the copper loss. The steel, which is
the material of the stator and rotor, results in the stator and rotor iron losses containing the hysteresis
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and eddy current losses. Only the eddy current loss is considered in the magnet. High fsw reduces the
magnitude of current ripple as shown in Figure 12, and it mainly influences on the three losses such as
stator iron loss, rotor iron loss, and magnet eddy current loss. Three losses decrease as the magnitude
of the ripple current decreases. However, the effect of loss reduction is not large enough since fsw is
about 2000 Hz. It can be estimated from the similar ripple currents of 2250 Hz and 3000 Hz. On the
other hand, the copper loss does not have the enough impact by the variation of fsw.

 
(a) (b) 

Figure 12. The currents injected to IPMSM at 1200 r/m: (a) injected three-phase current at 750 Hz;
(b) a-phase current depending on switching frequency.

 

Figure 13. The power loss analysis result of IPMSM at 1200 r/m depending on fsw.

Figure 14 shows the hysteresis losses of stator and rotor in the frequency domain depending on fsw

at 1200 r/m. It is identified that the low harmonics frequency components are almost same regardless
of fsw and fsw components have the different value each other. fsw of 750 Hz leads to the current ripple
of 1500 Hz and its value is larger than that of 3000 Hz. Consequently, the high fsw reduces the power
loss of IPMSM and it is opposite to the condition for the low power loss of SiC inverter.
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(a) 

 
(b) 

Figure 14. The hysteresis losses of IPMSM in frequency domain at 1200 r/m: (a) fsw is 750 Hz;
(b) fsw is 3000 Hz.

4.3. fsw Determination for Propulstion System

The power loss of propulsion system depending on the speed (r/m) of IPMSM can be represented
by considering the results of Figures 8 and 13. Figure 14 show the total power loss of the propulsion
system. As mentioned in Sections 4.1 and 4.2, the power loss of SiC inverter increases and IPMSM
decreases as fsw increases. Figure 15 shows the individual power losses and the total loss. The total
power loss curve of propulsion system has the minimum loss point between 750 Hz and 3000 Hz.
This point is 2250 Hz and guarantees maximizing the efficiency of the propulsion system.
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Figure 15. The power loss analysis result of the propulsion system as 1200 r/m.

Figure 16 shows the total power loss of propulsion system depending on speed (r/m). The fsw for
the minimum loss point at 400 r/m, 800 r/m, and 1200 r/m is 750 Hz, 1500 Hz, and 2250 Hz, respectively.
The power loss of IPMSM at the low speed is small relatively compared to the power loss of SiC
inverter. It means the power loss of SiC inverter is dominant at low speed. Therefore, as the speed
increases, fsw for the minimum loss point increases. In addition, it can be estimated that the switching
frequency upper than 3000 Hz aggravates the power efficiency of propulsions system under 1200 r/m.

 

Figure 16. The total power loss of the propulsion system depending on speed (r/m).

5. Conclusions

This paper determines the switching frequency (fsw) guaranteeing the minimum power loss of the
propulsion system consisting SiC inverter and 332 kW IPMSM. The co-simulation was implemented
and the effect of the low harmonic frequency and fsw components was reflected in the power loss
analysis. As fsw increases, the power loss of SiC inverter increases because the number of switching
increases, but the power loss of IPMSM decreases because the magnitude of current ripple caused
by fsw is reduced. In addition, it was identified that as the motor speed increases, fsw for maximum
efficiency operation of propulsion inverter, increases.

The implemented process suggests that both inverter and IPMSM should be considered in
determining fsw of inverter to maximize the efficiency of the propulsion system. If the switching device
or IPMSM specification is changed, the results of Figure 16 are not valid. However, it is important and
meaningful that fsw can be determined through the process implemented in this paper.
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Abstract: Electric vehicles are considered to be a greener and safer means of transport thanks to the
distinguished advantages of electric motors. Studies on this object require experimental platforms
for control validation purpose. Under the pressure of research, the development of these platforms
must be reliable, safe, fast, and cost effective. To practically validate the control system, the controllers
should be implemented in an on-board micro-controller platform; whereas, the vehicle model should
be realized in a real-time emulator that behaves like the real vehicle. In this paper, we propose a signal
hardware-in-the-loop simulation system for electric vehicles that are driven by four independent
electric motors installed in wheels (in-wheel motor). The system is elaborately built on the basis of
longitudinal, lateral, and yaw dynamics, as well as kinematic and position models, of which the
characteristics are complete and comprehensive. The performance of the signal hardware-in-the-loop
system is evaluated by various open-loop testing scenarios and by validation of a representative
closed-loop optimal force distribution control. The proposed system can be applied for researches on
active safety system of electric vehicles, including traction, braking control, force/torque distribution
strategy, and electronic stability program.

Keywords: electric vehicle; real-time; simulator; hardware-in-the-loop

1. Introduction

In the time of energy and environment crisis, electric vehicles (EVs) have emerged as a remarkable
solution for replacing gasoline transportation system, which mainly causes environmental issues.
Moreover, EVs also bring to users safer and more enjoyable transport means. In the energy usage
aspect, EVs have much higher efficiency than that of Internal Combustion Engine (ICE) vehicles. As in
recent statistical researches, the plug-to-wheel efficiency of EVs is 73–90% as compared to 16–37%
tank-to-wheel efficiency of ICE cars and, more interestingly, if all diesel vehicles are converted to
electric ones, the CO2 emissions will be reduced by 80% [1,2]. For those reasons, EVs have become
attractive to researchers worldwide.

Thanks to outstanding features of electric motors, EVs have opened various new research
topics. Besides traditional but prospective studies on Power Electronics [3,4] and Electric Drives [5],
there are many other subjects that are particularly oriented to EVs, for example, Motion Control [6],
Energy Management System [7], and Autonomous Driving [8]. Motion control, also called an active
safety system, has exploited the major advantages of electric motors installed on EVs very well.
With very fast response (just a few milliseconds), electric cars can achieve better driving performance
in comparison with ICE vehicles [9]. Furthermore, the compact and simple structure allow for the
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separate integration of traction motors into wheels that not only increase the flexible movement, but also
increases many interesting studies on driving force distribution for four-wheel-driven vehicles [10–13].

The common point of all research resides on the fact that the control performance must be
validated in some ways before prototyping. The best approach is to conduct experimental tests on
a real vehicle. Such experiments can deliver the most convincing results and totally evaluate the
whole system, i.e., the response of the control strategy to the internal state variations inside the
vehicle as well as external influences from real operating environment. On the contrary, its drawbacks
are also significant, namely high cost, time consuming, and even very dangerous to experimenters.
Another approach for overcoming experimental difficulties is to simulate the entire system on a
simulation software, e.g., Matlab/Simulink. Following this solution, a mathematical/numerical model
of EVs must be developed [14–16]. Testing the control system on a software seems to be reasonable,
as the model can be modified in order to adapt to various requirements and the validation can
be freely performed as many times as needed without either harm or expenditure. However, yet,
numerical simulation is still off-line test, i.e., the results are not validated in real-time, which restricts
the evaluated control system to be applicable in real vehicles.

In order to fill the gap between validating the system by real-road experiments and that by off-line
software, Hardware-In-the-Loop (HIL) Simulation System is the proper solution. HIL simulation
is the technique that uses equivalent models to replace some real parts of the system, connect to
the system-under-test, and then implement the experiment for control validation. Contrary to
software simulation, the equivalent models are executed in real-time on a hardware platform that
must be designed to be synchronously compatible with the entire studied system. For many years,
HIL simulation has been used widely because of remarkable advantages. It offers a cost-effective
solution for researches and shortens the time of control system development. Experiments on HIL
system are safe and they can be repeated with exactly the same conditions, which is impossible or
extremely difficult in real-road test.

Developing a HIL simulation system, in fact, is a challenging work. On one hand, it should
precisely represent behavior and/or distinguishing features of the studied system, in which all physical
principles must be obeyed. Moreover, the simulation system is necessarily designed in order to adapt
to research purpose and be open for future works. On the other hand, the HIL system needs to be
simple enough to feasibly implement in real-time due to limitations in computational capability of
hardware platforms. Development expenditure is also an important factor that must be compromised
with mentioned difficulties.

Currently, there are commercial simulation software that can simulate EVs and vehicle control
systems, for example, CarSim [17] and veDYNA [18]. Research on EVs can be validated in real-time by
these products, but with specific hardware that are supplied by the same company. Such solutions are
plausible, because of the compatibility of the system, but, as a result, the investment for both hardware
and software is also considerable.

In the literature, HIL systems are well worked out. There are several types of HIL simulation
systems that depend on design purpose as well as which subsystem is replaced [19].

• Signal HIL Simulation. The purpose of this type is to validate the performance of the developed
controller in actual operation. Whereas, the controlled system is simulated based on its
mathematical model and implemented on a real-time platform [20]. In order to do that,
the equivalent model must act with similar behaviors to what it simulates and, furthermore,
the model should imitate the real system to make the controller "reckon" that it is working with a
real process. On the controller side, the algorithm should be programmed and compiled in order
to run on a chosen processing hardware with all interfaces designed as a real Electronic Control
Unit (ECU).

• Power HIL Simulation consists of two types, including Full-scale and Reduced-scale power
HIL simulation.
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Full-scale power HIL system is used in order to validate a part (with control included) of the
system before bringing into the real process. In the implementation of this type, the total system is
broken down into subsystems. The subsystems-under-test are retained, while the ones are modeled by
an equivalent power emulated system [21]. Additionally, the simulated power system is controlled
in such a way that it has the same characteristics with the real part that it emulates. The Power HIL
simulation is likewise suitable for testing a new subsystem and its control that will be embedded into
the available system.

A reduced-scale power HIL system has the same principle with that of full-scale power HIL
ones, but with the lower level of simulation power [22–25]. In other words, both the subsystem to
be validated and the emulated model will be tested with reduced power in order to avoid the risk
of damage. However, the controller for the system is still designed with full-power level to quickly
transfer to real process with minimum programming effort. Accordignly, there are some gains that
must be used on the signal into/out of the controller, which is called power adaptation as well.

Among this comprehensive classification, signal HIL system exposes some advantages that can be
applied not only for vehicle simulation, but also for many other research fields, e.g process control [26],
robotics [27], and power system [28]. This kind of HIL shows its dominant features in studies that
operate at high power level and/or work in hazardous environments, with dangerous experimental
conditions and high investment cost, because it uses numerical models for real-time simulation instead
of real/power elements. For EV researches, signal HIL simulation is a proper way for representing
the vehicle effectively. In [29], an electronic stability controller for vehicle was developed and tested
on a signal HIL system, which achieved good results. Although the developed model of this work
only focuses on lateral behavior, the benefit of the real-time simulation system was fully exploited.
Some other studies aimed to build HIL system in a signal level in order to validate vehicle control units
in several applications, such as for motion control purpose [30,31], for motor control and power supply
evaluation [32], or for ECU development [33]. These works have taken into account many hardware
platforms, including DS2210 of dSPACE, NI-PXI and CompactRIO of National Instruments. However,
models in these researches are still simple, which could not highlight the complicated relationship in
motion of EVs and, more importantly, they targeted the single/dual motor drivetrain configuration.
Another study in [34] attempted to develop signal HIL system for multi-motor vehicle based on various
hardware platforms and the data fusion approach. Nevertheless, the EV in this research is a multi-axle
one and, for military purpose, not for passenger cars.

In this paper, we propose a novel experimental platform that is based on the concept of signal
HIL simulation system for validation of motion control strategies of EVs in real-time. The proposed
system has the following merits.

• The proposed system describes in details the dynamics and kinematics of four in-wheel-motors
(4-IWM) EVs in both longitudinal and lateral motions, which are the typical moving directions
used in motion control.

• The experimental platform of the paper is well fitted to the development of motion control
systems, including traction/braking control, stability control, and driving force distribution
strategy particularly for 4-IWM EVs.

• The signal HIL simulation system is built from available, common, and reasonable hardware
platforms that encourages research on EVs as safer and greener means of transportation.

The performance of the proposed signal HIL system is evaluated by various testing scenarios.
Additionally, an application example of a driving force distribution algorithm is deployed and
validated on the proposed platform. All of the evaluation results demonstrate the advantages of
the proposed approach.

The remain of the paper is organized, as follows. Section 2 describes the configuration and
hardware deployment of the proposed platform. Section 3 develops the mathematical model of the
studied EV. Section 4 presents the testing scenarios and evaluation results. Section 5 illustrates an
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application example on motion control of EVs that is implemented on the proposed signal HIL
simulation system. Finally, Section 6 provides conclusions.

2. Experimental Platform Realization

2.1. System Configuration

Generally, a non-autonomous moving vehicle consists of three main constituent entities,
i.e., the driver, the control system, and the vehicle itself. The driver intervenes in the motion of the
vehicle by giving his/her commands through the steering wheel, accelerator and brake pedals. The duty
of the control system is to control the vehicle following the driver’s commands and simultaneously keep
the vehicle and passengers in safe and comfort states. In order to carry out its job, besides receiving
driver’s commands, the controller also observes states of the vehicle in order to generate appropriate
control signals that are then sent to the traction system to make the movement.

Figure 1 illustrates the comprehensive system configuration, in which all of the entities will be
modeled and simulated, including command signals from the driver, the control system, and the EV.
Driver’s commands are represented by δdr, Tdr, Tbr for the steering angle, the driving torque, and the
braking torque, respectively, as shown in this figure. As the paper targets four-wheel independently
driven vehicles, the control system will be in charge of two tasks, i.e., (i) adjust the commands that are
received from the driver to anticipate appropriate total set-points for safety reasons of the vehicle and
(ii) distribute these set-points to the traction motor control systems and the steering system based on
a given allocation algorithm. Consequently, the outputs of the control system after the distribution
algorithm are denoted by δ∗i for distributed steering angle, T∗

di for distributed driving torque, and T∗
bi

for distributed braking torque, in which the subscript i = 1..4 with respect to wheels of the vehicle.
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Figure 1. System Configuration for Simulation.

Eventually, the vehicle model will be divided into three parts, which are the powertrain of traction
motors, the dynamic and the kinematic models. The position model that is based on longitudinal
vx and lateral vy velocities are also described. It is noted that some other parts of the vehicle may
not be mentioned in the figure, such as steering system, tire model because of the complexity in
presentation, but the sophisticated relationship among all of the parts inside the vehicle will be
described in detail later.

2.2. Hardware Realization

Based on the proposed configuration, Figure 2 illustrates the entire signal HIL simulation system
in terms of hardware implementation. The HIL system adopts two control boards as the main hardware
platforms, where each of them covers the specific tasks.

Firstly, the complete EV simulation model is adapted to run on DS1103 PPC Controller Board.
This well-known multi-purpose research platform was designed by dSPACE with powerful computing
capabilities and various I/O types. Some impressive specifications are 1GHz Central Processing Unit
(CPU), 96 MB global SDRAM, 16 ADC channels with 16-bit resolution, 16 DAC channels also with
16-bit resolution, 32 parallel digital Inputs/Outputs (I/Os), and many supported communication
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protocols. Differently from the simulation on Matlab/Simulink, it should follow some steps for
hardware implementation.

• All of the inputs and outputs of the model must be defined with proper I/Os of the DS1103.
Unlike in the simulation, where all of the control signals as well as feedback information can be
directly linked between the controller and the EV model, as illustrated in Figure 2 and referred
to Figure 1, the control signals are transferred through CAN bus communication protocol,
other states of the EV are converted into analog signals and exchanged among the platforms.
Accordingly, such information must be assigned to appropriate hardware I/Os.

• Typically, the calculated values in the model are represented in floating-point data type,
whereas the CAN bus protocol uses unsigned integer in its data field, therefore, data conversion
should be taken into account not only for DS1103, but also for all hardware platforms.

• The sample time is the fundamental factor that needs to be carefully chosen. It is the constant
iteration of time, in which all computations of the model are repeated. The smaller sample time is
used, the more precise model will be but as a trade-off, the higher computational hardware may
be required. In this paper, a sample time of 0.5 ms is used.

• After such preparation, the EV model can be complied and downloaded to deploy on the DS1103.
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Figure 2. Configuration of the proposed Hardware-in-the-loop simulation system.

Secondly, the eZdsp F28335 Control Card from Spectrum Digital is used for the realization of the
control algorithm, i.e., motion controller in this case. The core of the control card is the TMS320F28335
digital signal controller of Texas Instruments that offers the speed of 150 MHz with 32-bit floating
point unit on chip. In the proposed HIL system, the eZdsp F28335 imitates the real ECU of the vehicle,
which is responsible for the strategy of allocating command torque from driver to the separated
motor controllers. In order to do the task, the ECU is connected to the driving system, including the
steering wheel, the accelerator and brake pedals, and also collects measured physical data from the
vehicle model. The distributed torque values and other control information can be transfer to the
EV model on DS1103 through CAN bus. For that reasons, the implementation of control system
onto this hardware platform has similar steps as that of DS1103. Based on the requirements of the
control algorithm, the number of measured states may varies, so the quantity of analog-to-digital
(ADC) and digital-to-analog (DAC) channels on both hardware platforms needs to be defined and
assigned appropriately.

Because of different working voltage of the two hardware platforms, the signal interface is
designed in order to harmonize the signals exchanged in the system and filter electromagnetic
interference (EMI noise) as well. A host computer with installed Control Desk is used in order to collect
and store the experimental data. This is the software that is provided together with the DS1103 for
human-machine-interface (HMI) design and measurement data acquisition.

Eventually, the complete signal HIL simulation system is connected and described in Figure 3.

63



Energies 2020, 13, 6448

Figure 3. The Complete Hardware-in-the-loop Simulation System.

3. Mathematical Model of 4 In-Wheel-Motor Electric Vehicles

3.1. Vehicle Dynamic Model

A vehicle can be seen as a six degrees of freedom moving object. However, for reasons of simplicity,
computational-effectiveness, as well as for representing common vehicles, some assumptions can be
made, as follows.

• The vehicle adopts the two-front-wheel steering system. Therefore, both rear wheels are fixed at
rear axle as non-steering ones.

• The vehicle is considered to be moving in longitudinal, lateral and yaw directions only,
i.e., reduced to three degrees of freedom.

Figure 4 shows how forces apply to the vehicle body as well as wheels and other information
related to motion, coordinate systems, and geometric parameters of the vehicle.

 

 

 

 

 

 

 

 

 

 

 

 
 

 
 

 

 

 

  

 
 

 
 

 

 

 

 

 

 

 

  

 
 

  

  

 

Figure 4. Forces Applied on the Vehicle.
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3.1.1. Force and Torque Balance Dynamic Model

A vehicle requires appropriate forces to be applied on wheels for its movement. The combination
in amplitude of these forces decides the longitudinal behavior of the vehicle. Moreover, the coupling of
different direction forces also creates a torque, which is incorporated with steering system to make the
cornering and lateral behavior of the vehicle. Based on Figure 4 and Newton’s second law, the force
balance equations in longitudinal and lateral directions and torque balance around vertical axis are
written as in (1)

max = (Fx1 cos δ1 + Fx2 cos δ2)− (Fy1 sin δ1 + Fy2 sin δ2) + Fx3 + Fx4 − Fres

may = (Fx1 sin δ1 + Fx2 sin δ2) + (Fy1 cos δ1 + Fy2 cos δ2) + Fy3 + Fy4

Jzṙ = (l f Fx1 sin δ1 + l f Fx2 sin δ2) + (l f Fy1 cos δ1 + l f Fy2 cos δ2)− lr(Fy3 + Fy4)

− 0.5b f (Fx1 cos δ1 − Fx2 cos δ2) + 0.5b f (Fy1 sin δ1 − Fy2 sin δ2)− 0.5br(Fx3 − Fx4)

(1)

where, m is the mass of the vehicle, Jz indicates moment of inertia around z-axis, r denotes yaw rate,
Fxi, Fyi are longitudinal and lateral forces applied at wheels, the subscript i = 1 . . . 4 denotes front-left,
front-right, rear-left, and rear-right wheels respectively, ax, ay are the acceleration of the vehicle in
longitudinal and lateral directions, and parameters l f , lr, b f , br describe the geometric characteristic of
the vehicle.

Equations in (1) are the dynamic model of the vehicle that contain various unknown variables.
Therefore, the rest of this section will deliver all elements to complete the whole dynamic model,
which fundamentally contributes to the proposed HIL system.

Neglecting the effect of wind, the total resistance force Fres consists of air resistance force Fair and
rolling resistance force Froll , and can be written, as follows [35].

Fres = Fair + Froll = Cd AF
ρ

2
v2

x + crrmg (2)

in which, ρ is the air density, AF is the frontal area of the vehicle, Cd is the aerodynamic drag coefficient,
crr denotes rolling friction coefficient, and g indicates the gravitational acceleration.

3.1.2. Steering Angle Distribution

As aforementioned assumptions, there are only two front wheels steered while cornering. It is
common to convert the steering wheel position rotated by the driver to the effective steering angle of
the front axle δdr generated by the rack and pinion system. In the other words, the model takes this
effective steering angle as the driver’s command instead of steering wheel position into account.

When cornering with a given steering angle of δdr, the center of gravity (COG) of the car will draw
a circle whose radius R can be calculated by (3).

R =
√

l2
r + (l f + lr)2 cot2 δdr (3)

However, because of the width of the axle, the two front wheels will move along two circles that
have different radii from that of the CoG. If the steering angles of both wheels are assigned equally,
then the vehicle might be unstable. For that reason, a distribution rule [36] can be used, as follows.

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

if δdr > 0 → δ1 = δdr, δ2 = arctan
(R − 0.5b f ) tan δdr

R + 0.5b f

if δdr < 0 → δ2 = δdr, δ1 = arctan
(R − 0.5b f ) tan δdr

R + 0.5b f

if δdr = 0 → δ1 = δ2 = δdr

(4)

where, δ1, δ2 are the steering angles of the front-left and front-right wheels, respectively.
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3.1.3. Tire-Road Behavior Model

Tire-road model describes the tire-road contact characteristic, which is represented by adhesion
coefficient μ and its relationship to slip-ratio λ of the vehicle. In the literature, this relationship is
non-linear and it can be achieved from the famous Magic Formula [37] or other popular tire models,
e.g., the Dugoff and LuGre friction model [38].

In this paper, the Burckhardt tire-road contact friction model is taken into account, since it has
sufficient data set for various road types as compared to other mentioned ones. The μ − λ relationship
at each wheel is given by Burckhardt, as follows.

μres = (c1(1 − e−c2λres)− c3λres)e−c4λresv(1 − c5F2
z ) (5)

where, μres is the adhesion coefficient at the tire-road contact, λres is the slip-ratio of the considered
wheel, Fz denotes the normal force at a wheel of the vehicle, and c1 − c5 are the road parameter sets.
Each type of road has a specific characteristic and can be described by groups of parameters, as listed
in Table 1, for typical road conditions. With respect to these data sets, the μ − λ relationship is shown
in detail, as illustrated in Figure 5.

Table 1. Burckhard tire-road contact friction model parameter sets for typical road conditions.

Type of Road c1 c2 c3 c4 c5

Dry asphalt 1.2801 23.99 0.52

0.002–0.004 0.00015

Wet asphalt 0.857 33.822 0.347

Dry concrete 1.1973 25.168 0.5373

Dry cobblestone 1.3713 6.4565 0.6691

Wet cobblestone 0.4004 33.7080 0.12.4

Snow 0.1946 94.129 0.0646

Ice 0.05 306.39 0

Figure 5. Different μ − λ characteristics by Burckhardt tire-road model.

When cornering, the side force appears that causes the lateral motion of the vehicle. Therefore,
the adhesion coefficient at each wheel is also divided into two components, as written in (6).

μl = μres
λl

λres

μs = ksμres
λs

λres

(6)
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in which μl and μs are the adhesion coefficients in longitudinal and lateral directions, respectively,
λl and λs are the slip ratio of the wheel in both of those orientations. In (6), ks is called attenuation
factor, which has the value between 0.9 and 0.95 for low profile tires. Otherwise, ks is chosen as 1 [36].

3.1.4. Slip-Ratio Determination

Slip-ratio is a fundamental factor in motion control in order to guarantee the safety of a vehicle.
In literature, the slip-ratio is the difference between velocity of the car and that of the wheel, which can
be written in a simplified way, as follows.

λ =
ωRe f f − vx

max(ωRe f f , vx)
(7)

where, Re f f is the effective radius of the wheel.
As mentioned in (6), the slip-ratio should be in various forms, which are listed in Table 2 with

respect to the orientations and accelerating/braking states of the vehicle.

Table 2. Longitudinal and lateral slip-ratio with respect to states of the vehicle.

Slip-Ratio Braking (ωRe f f ≤ vW ) Accelerating (ωRe f f > vW )

λl
ωRe f f cos α − vW

v
ωRe f f cos α − vW

ωRe f f cos α

λs
ωRe f f sin α

vW
tan α

where, α is the side-slip angle and vW is the longitudinal velocity of the specified wheel.

Subsequently, the overall slip ratio is calculated as in (8).

λres =
√

λ2
l + λ2

s (8)

3.1.5. Wheel Longitudinal Velocity

A wheel longitudinal velocity vW is different from other velocities, e.g., vehicle velocity v,
longitudinal velocity vx, in some specific cases. When moving straight, all of the longitudinal velocities
are identically the same in terms of value and orientation. However, when moving in a curve,
depending on the tire-road contact adhesion feature, the direction of vW may not coincide with
that of longitudinal axis of the wheel.

The longitudinal velocities of the wheels depend on geometric parameters and some other states
of the car, and they can be approximated, as follows [36].

vW1 = v − r(0.5b f − l f β)

vW2 = v + r(0.5b f + l f β)

vW3 = v − r(0.5br + lrβ)

vW3 = v + r(0.5br − lrβ)

(9)

where, β is the body slip angle, as shown in Figure 4, and it can be determined as in (10).

β = arctan
vy

vx
(10)

Additionally, the actual velocity at the COG of the vehicle can be obtained, as in (11).

v =
√

v2
x + v2

y (11)
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3.1.6. Side-Slip Angle Determination

The side-slip angle at a wheel is the one that describes the difference between longitudinal
orientations of the wheel and its moving direction, as described in Figure 6. For front-wheel steering
cars, the orientations of the front wheels are identically their steering angles. (12) shows the calculation
of these slip angles based on the velocities of the vehicle.

α1 = δ1 − arctan
vy + l f r

vx − 0.5b f r

α2 = δ2 − arctan
vy + l f r

vx + 0.5b f r

α3 = − arctan
vy − lrr

vx − 0.5brr

α4 = − arctan
vy − lrr

vx + 0.5brr

(12)

 

 

 

 
 

 

 

 
 

 

 

Figure 6. Friction forces acting on a wheel. Fl and Fs are aligned with the actual movement direction of
the wheel which is indicated by the vector vW . Vector Fres is the sum of Fl and Fs. The longitudinal and
side forces Fx and Fy can be achieved by the projection of Fres on the (Oxy)W , which is in association
with the wheel coordinate.

3.1.7. Forces Acting on a Wheel

It is the difference between the actual moving direction of the wheel vW and longitudinal axis of
the wheel (Ox)W , which causes the forces Fl and Fs along the vW orientation and at the right angle to it,
respectively. Figure 6 illustrates this circumstance. Based on the adhesion coefficients in the respective
directions, these forces can be deduced for each wheel.

Fl = μl Fz

Fs = μsFz
(13)
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Transforming from direction of movement into wheel coordinate (Oxy)W , we have

Fx = Fl cos α + Fs sin α

Fy = −Fl sin α + Fs cos α
(14)

From (5), (6), (8), (14), and the slip-ratios calculated in Table 2, the friction forces acting on each
wheel in association with wheel coordinate can be written, as follows.

Fx =

(
μres

λl
λres

cos α + μresks
λs

λres
sin α

)
Fz

Fy =

(
−μres

λl
λres

sin α + μresks
λs

λres
cos α

)
Fz

(15)

3.1.8. Calculation of Normal Forces

The normal force is necessary for finalizing (5) and (15). In fact, Fz is depend not only on the mass
and geometric parameters of the vehicle, but also on the acceleration/deceleration of the car because
of the moment of inertia. In accelerating duration, the weight is put more on the rear wheels; thus,
with the same adhesion coefficient, the normal forces on these wheels increase with the increase of
acceleration. The same manner happens for the front wheels during deceleration. The normal forces
are rewritten from [39] for four wheels with consideration of lateral acceleration.

Fz1 =

(
krx − kx

ax

g

)(
1 − k f y

ay

g

)

Fz2 =

(
krx − kx

ax

g

)(
1 + k f y

ay

g

)

Fz3 =

(
k f x + kx

ax

g

)(
1 − kry

ay

g

)

Fz4 =

(
k f x + kx

ax

g

)(
1 + kry

ay

g

)
(16)

where,

krx =
1
2

mg
lr
l

; k f x =
1
2

mg
l f

l
; kx =

1
2

mg
h
l

kry = 2
h
br

; k f y =
2h
b f

; l = l f + lr

3.2. Vehicle Kinematic Model

With the second assumption, which does not deal with the suspension system, the vehicle can be
considered as a rigid body object that has its dynamics, as indicated in (17)

Mν̇ + C(ν) = τ (17)

where,

M =

⎛
⎜⎝m 0 0

0 m 0
0 0 Jz

⎞
⎟⎠ ; C(ν) =

⎛
⎜⎝ 0 −mr 0

mr 0 0
0 0 0

⎞
⎟⎠ ; τ =

⎡
⎢⎣Fx

Fy

τz

⎤
⎥⎦ ; ν =

⎡
⎢⎣vx

vy

r

⎤
⎥⎦

in which M is the inertia matrix, C(ν) is the Colioris matrix and τz in the vector, and τ denotes the
torque around the vertical axis going through the COG of the vehicle.
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Disregarding the torque-related term and taking the first two equations of (17) into account with
the consideration of the Newton’s second law of motion, we have

v̇x = ax + rvy

v̇y = ay − rvx
(18)

Equation (18) is the kinematic model that shows the relationship of accelerations, velocities,
and yaw rate of a common vehicle.

3.3. Traction Motors Modeling

EVs have taken advantage of electric motors, which feature much better performance than ICE
vehicles. Some superior benefits of using electric motors for traction system of a car can be listed here.

• Very fast response. The average response time of an electric motor is around 1–5 ms, which is
hundreds of times faster than that of the ICE. Therefore, the vehicle can react quickly to
unexpected circumstances in the safety aspect.

• Direct torsion torque control. By measuring and controlling the current of the motor, one can
apply torque precisely and very fast to the wheels. This unique characteristic would enhance the
safety of the vehicle as well as the excitement of the driver.

• Regenerative braking ability and high energy efficiency. It is only the electric motor that can
convert braking/deceleration energy into electricity and charge back to the storage system.
Moreover, the global efficiencies of EVs are much higher than that of ICE vehicle, because of
the very high efficiency of the motor itself and the absence of some mechanical parts,
e.g., gearbox and clutch.

• Distributed traction motors. At the same power range, the electric motor is smaller in volume
and simpler in structure than the ICE. This allows for every wheel of the vehicle to be driven by
independent and separated motor or even in-wheel/wheel-hub motor, which integrates all of
the power converter, brake, cooling system, and motor in one wheel. Such EVs are very flexible,
powerful, and promisingly safe.

Thanks to those advantages, the traction electric motors in this paper are simply represented by
first-order transfer function. For each wheel, this model can be written, as follows.

Td =
Km

τms + 1
T∗

d (19)

in which, Km is the motor gain from set point to real value, τm is the time constant of the motor,
Td indicates the driving torque at the motor shaft.

When running on the road, all of the friction forces as well as resistance forces applied on the
vehicle/wheel can be converted into the load of the motor; thus, the torque balance equation around
the motor shaft can be figured out by (20).

Td − Re f f Fx − kbTb = Jx
dω

dt
(20)

where, Jx is the inertial torque of the wheel and the rotor and kbTb is the braking torque applied on
the wheel shaft. In case of the wheel-hub is used, the motor is connected directly to the wheel; thus,
kb = 1. Otherwise, kb is the gain to convert braking force to the motor shaft.
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3.4. Vehicle Position Model

Let us define θ the deviation angle between the earth-fixed coordinate and the vehicle body-fixed
one, as described in Figure 7. While taking a turn, this angle varies and its value is the integral of the
yaw rate r around the vertical axis of the vehicle.

θ =
∫ t

0
rdt (21)

Based on this deviation angle, the velocities of the vehicle that are associated with earth-fixed
coordinate vtrans

x and vtrans
y can be obtained by projecting vx and vy onto the respective axes.

vtrans
x = vx cos θ − vy sin θ

vtrans
y = vx sin θ + vy cos θ

(22)

Note that the positive rotation direction in (22) is defined by counter-clockwise.
Finally, the position of the vehicle in the two-dimension earth-fixed coordinate is written,

as follows.

xpos =
∫ t

0
vtrans

x dt

ypos =
∫ t

0
vtrans

y dt
(23)

 

 

  

 

 

 
 

 

 

 

 

Figure 7. Position of the vehicle in two-dimension earth-fixed coordinate. The velocities vx and vy are
associated with vehicle body-fixed frame. Sum of the projections of these vectors on the earth-fixed
coordinate (Oxy)e are vtrans

x and vtrans
y , which are then used for the position model of the vehicle.

3.5. Mathematical Model Implementation Procedure

Figure 8 depicts the flowchart of the program that simulates the vehicle. Because of the limitation
in computing power of the simulation hardware, all of the constants should be initialized at the
beginning of the program. Additionally, in order to reduce the calculation time, lookup tables can
be used for some blocks, for example, adhesion coefficients will be calculated in advance and put
in a lookup table instead of repeating (5) in every sampling time. Following that, all of the models
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and equations are implemented with the procedure that is illustrated in the flowchart. Thereafter,
this program is complied and downloaded to run on the chosen hardware platform.

Although all of the equations that contribute to the simulation model of the EV are listed in a
given order and the program flowchart is also supplied, the computation procedure of the complete
model should be treated carefully, as there exists several recursive calculation loops. Figure 9 presents,
in detail, the running process through the equations of the EV model. The following remarks should
be noted when realizing this model.

• For each equation in Figure 9, the input vectors indicate the required information for achieving
the output vector, which is the result of that equation. Additionally, some equations that are the
derivation of the final one may be omitted, i.e., only the most fundamental ones are shown in
the flowchart.

• The calculation process is illustrated for one representative wheel, i.e., the front-left wheel, but it
is identically applicable for other wheels.

• The flowchart consists of two main blocks, including the wheel model block and vehicle chassis
one. The wheel block outputs the longitudinal and lateral forces, which are then incorporated
with those of other wheel blocks at (1) to make the accelerations of the vehicle.

• As the front-wheel steering vehicle is mentioned as the studied object, only two steering angles
at the front wheels are obtained and delivered to the vehicle chassis block. Therefore, both rear
wheel blocks only generate friction forces.

• In order to avoid algebraic loop issues that are caused by the existence of recursive computation,
the feedback signals, e.g., states of the vehicle, must be initialized.

In this paper, the simulation model is realized and validated on Matlab/Simulink, while using
common transfer functions and S-functions to implement the system on the real-time platform without
any further conversion.

Start

Constants, Parameters 
Definition and Initialization

Driving Torque and 
Steering Angle Distribution
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Slip-ratios 

Wheel Slip Angles

Friction Forces on 
Wheels

Dynamic Model
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End
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Figure 8. Program Flowchart for the Signal Hardware-In-the-Loop (HIL) Simulation System.
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Figure 9. Calculation flow for 4-wheel-driven EV simulation model. For simplification, the representative
wheel 1 is shown. The calculation procedure for other wheels is identically the same.

4. Validation Results

4.1. Testing Scenarios

Several representative scenarios are proposed in order to evaluate the performance of the HIL
simulation system. For these tests being performed successfully, the system must be properly connected
and powered. Additionally, several states or measured signals should be displayed on the screen of
the host computer, which can be done by setting up in the Control Desk software. So that the driver
(tester) will be able to manage the evaluation as this is the drive-able system.

In the first test case, which is also called Scenario 1, the vehicle moves on the normal road with a
good adhesion coefficient μ. The vehicle is accelerated by pushing the accelerator pedal. The driver
can adjust the position of the pedal in order to see the change of velocity that aims to describe the
longitudinal behavior of the studied vehicle. When the vehicle reaches an arbitrary speed, the driver
will turn the steering wheel clockwise and then counter-clockwise continuously to show the lateral
behavior of the vehicle.

Scenario 2 is carried out by letting the vehicle moving on the slippery surface with low adhesion
coefficient at the right side wheels, whereas the others on the left still run on the adhesive road.

Lastly, in Scenario 3, the vehicle will be run on a poor adhesion surface that covers the whole
vehicle’s track width.

The scenarios 2 and 3 both represent the typical circumstances in daily transport operation.
When driving in such situations, if the control performance is poor, then the vehicle can easily loose
the control and consequently the accident may happen. Figure 10 illustrates all of the proposed
evaluation scenarios.
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Figure 10. Scenarios for HIL Simulation System Evaluation.

Note that there are no control algorithm applied in these test cases. Hence, in order to ensure the
legal model implementation that requires reference torques for four motors at wheels, the command
torque of the driver will be distributed equally. In other words, in all three scenarios, the reference
torque that is supplied to each motor is one-fourth of the command torque.

T∗
di =

1
4

Tdr (24)

Additionally, the high adhesive road that is used in all the scenarios is the dry asphalt and the
snow condition is adopted for low adhesive road.

The studied EV is the i-MiEV of Mitsubishi, which has the parameters listed in Table 3.

Table 3. i-MiEV Parameters.

Parameters Value Unit

l 2550 mm

l f 1199 mm

lr 1351 mm

b f 1475 mm

br 1475 mm

h 559 mm

Re f f 300 mm

Jz 900 kgm2

Jx 2 kgm2

cW 0.29 -

A 2.49 m2

ρ 1.2041 kg/m3

4.2. Experimental Results

4.2.1. Scenario 1 Results

Figures 11 and 12 show the driving profile that is generated by the driver for the first
evaluation scenario, including accelerator, brake pedal position, and steering wheel angle, respectively.
The accelerator pedal is initially pushed to 68% for about 20 s and then released to 19%. This position
is kept for nearly 10 s, and then the driver increases the pressure again and holds it at 68% to t = 50 s.
At this moment, the steering wheel is rotated clockwise, thus the steering angle is changed from zero
to negative value. This is to imply that the car will be right cornered. After returning the wheel to zero
position, the driver continues to turn left by anti-clockwise rotating the steering wheel. Until t = 70 s,
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the driver sets the angle to zero in order to control the car going straight. Finally, at t = 85 s, the brake
pedal is pressed to slow down the vehicle.

Figure 11. Accelerator and Brake Pedal Position for Scenario 1.

Figure 12. Steering Wheel Angle for Scenario 1.

The response of the car to the driver’s command in terms of wheel and vehicle velocities, slip-ratios
at each wheel, and position are shown in Figures 13–15, respectively.

In the velocity waveforms presented in Figure 13, the good quality road is reflected by the closely
matching of wheel velocities and that of the vehicle. At the beginning of the test, the velocities rise
following the increase of accelerator pedal position. This growing trend is flattened when the driver
keeps the pedal at lower level, thus the car moves at a nearly constant speed. In the next phase of the
acceleration, the vehicle reaches to around 18 m/s (65 km/h) when the accelerator pedal is kept at
68%. The velocities at wheels precisely equal to each other and also almost equal to that of the vehicle
from the beginning to t = 52 s thanks to high adhesive coefficient of the road. From this moment,
the driver starts cornering the vehicle which causes the differences between the velocities, as shown in
two zoomed figures. The Zoom 1 shows the detailed difference at the first cornering and the Zoom 2
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illustrates that of the second turning duration. At t = 78 s, the vehicle is slowed down, because the driver
starts pushing the brake pedal. If the pedal is more pushed, the vehicle velocity is more decelerated,
as can be seen.

Figure 13. Velocities of Wheels and Vehicle for Scenario 1.

Figure 14. Slip-ratio at Wheels for Scenario 1.
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Figure 15. Position of the Vehicle for Scenario 1.

Figure 14 describes the slip-ratios λres of wheels, which is the remarkable feature of the proposed
system. In the duration of straight movement of the vehicle, the slip-ratios are very small, due to the
negligible deviation between wheel and vehicle velocities. The significant change of the slip-ratio
appears when the car is being cornered. The λres reaches to maximum of 0.062 in the first cornering
and up to 0.123 in the second one. These values are still considered in the safe region of slip-ratio
(under 0.2). However, if referring to the conventional slip-ratio calculation (7) in the previous subsection,
which only takes into account the difference between wheel velocity ωRe f f and longitudinal velocity vx,
the slip-raito cannot obtain such big values. Two zoomed figures in Figure 13 are the evidences for this
remark, as the difference among velocities exists, but is not noteworthy. Thanks to the aforementioned
calculation presented in Table 2, the total slip-ratio is composed of longitudinal and lateral values.
Hence, the significant amount of λres in Figure 14 are mainly caused by lateral slip-ratio λs. In the other
words, the vehicle seems to be drifted a bit when cornering at relatively high speed (18 m/s at the first
time and 21 m/s at the second time).

Figure 15 illustrates the position of the vehicle on two-dimensional (2-D) plane. The trajectory acts
in accordance with the driver’s command that is shown in Figures 11 and 12. The car goes straight and
then is turned right and left following the steering wheel reference and eventually continues straight
to the end of the test. Generally, running on the good road condition, the vehicle can safely obey what
the driver wants in terms of secured states of the car.

4.2.2. Scenario 2 and 3 Results

Scenarios 2 and 3 will be carried out in the same test, since they are both used for evaluation on
slippery road. In these test cases, the accelerator pedal is kept constant at value of 68% while the brake
one is free throughout the entire evaluation, as depicted in Figure 16. Additionally, the steering wheel
is held at zero in order to imply that the car is expected going straight for the whole test.

The velocities of wheels and of the vehicle increase, obeying the given accelerator pedal position,
as depicted on Figure 17. The vehicle is accelerated to about 11m/s before getting into slippery road.
From this moment, evaluation scenarios are respectively started.

Scenario 2 begins at t ≈ 22 s; when the front-right wheel enters the low adhesive surface and,
immediately, its velocity increases very fast. This wheel gets to the maximum speed of 14.3 m/s and
leaves the slippery road; following that, the rear-right wheel starts running on this surface. With the
same manner, its velocity also rises dramatically to approximated 14.7 m/s before returning to the
good road condition. For both right wheels, after leaving the sliding surface, their velocities reduce
sharply to that of other wheels and synchronously with the speed of the vehicle. On the contrary,
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both left wheels still work properly on the good road condition, showing by their velocity trend did not
nearly change during the test. The vehicle velocity also has the same behavior to these wheels when its
velocity keeps increasing all the time.

Figure 16. Accelerator and Brake Pedal Position for Scenario 2 and 3.

Figure 17. Velocity of Wheels and Vehicle for Scenario 2 and 3. The Zoom 1 is associated with Scenario
2 and the Zoom 2 is for Scenario 3.
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When the vehicle reaches to 16m/s of speed (t ≈ 32 s), once again, it gets in the sliding surface,
which is Scenario 3. Different from the previous test, in this case, the two front wheels simultaneously
enter the low adhesive road. The friction force is weakened, while motor torques are still remained,
which results in the unexpected increase of wheel velocities. The increase in the speed of wheels
only stops and reduces dramatically when they get out of the sliding surface. The same behavior
happens for both rear wheels. The maximum velocity of four wheels in the test case is nearly 20 m/s.
Interestingly, because there are still two wheel running on the high adhesion road while others are
moving on bad condition, the vehicle velocity retained its tendency. This is the remarkable advantage
of a all-wheel-driven (AWD) vehicle.

The safety aspect of the vehicle in these scenarios can be evaluated by slip-ratio, as illustrated in
Figure 18. Empirically, the secured working region of the vehicle is λres < 0.2. If the slip-ratio is larger
than this number, then the vehicle will be considered to be slipping on the road, i.e., the wheel spins
without adhesion on the road surface. This circumstance must be avoided, because the car may loose
control easily and this is the duty of all motion controllers, e.g., Traction Control System (TCS) of Toyota
or Dynamic Stability Control (DSC) of BWM. Without control, the slip-ratio of the studied vehicle gets
over the value of 0.2, as depicted in the figure. Dangerously, these ratios are in the increasing tendency
and, if the slippery surface is longer, then the slip-ratios will reach a much higher value. However,
the behavior of the slip-ratio at wheels complies with the manner of working situation, which is the
key expectation of the proposed system.

Figure 18. Slip-ratio at Wheels for Scenario 2 and 3. The Zoom 1 is associated with Scenario 2 and the
Zoom 2 is for Scenario 3.

The position trajectory of the CoG of the vehicle depicted in Figure 19 also shows the serious
situation, especially in the Scenario 2. The vehicle’s lateral position is changed suddenly when the side
wheels come over the low μ surface. Let us focus on the instant when the front-right wheel enters
the slippery surface that causes the adhesion force to be reduced at this wheel. Because the summed
force of two left wheels still remains, the difference between the forces on the right and left side of the
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vehicle generates torque in the clockwise direction. Consequently, the vehicle rotates and moves to
the right. When the front-right wheel leaves the low friction surface with high rotational speed and
returns to the adhesive road, it causes a “strike force” applied to the right side. This jerks the vehicle
to the left in a very small duration. This phenomenon is repeated when the rear-right wheel runs on
the low adhesive road. Although the side displacement is small (under 0.5 m) and the speed of the
vehicle is relatively low, this unexpected change may still cause a dangerous situation to the car and
the driver. For Scenario 3, the vehicle’s trajectory is on the straight line, because there is no lateral force
or different friction forces between the left and right sides of the vehicle.

Figure 19. Position of the Vehicle for Scenario 2 and 3.

5. Application Example Using the Proposed HIL Simulation System

5.1. Control System Configuration

An application example of control system based on optimal driving force distribution
algorithm [40] has been implemented in order to further validate the performance of the HIL simulation
system. This research work exploits the “glocal” (global-local) control scheme, in which the global
controller is responsible for generating distributed reference driving forces F∗

xi to guarantee the
coordination among the motions of wheels and of the vehicle, the local controllers create reference
motor torques T∗

di that are based on the generated force commands in order to ensure the secured
slip-ratios at the wheels of the vehicle. Figure 20 shows the configuration of the example control system.

The input of the control system is the driving force Fdr, i.e., driver’s command; thus, the accelerator
pedal signal should be redefined instead of aforementioned Tdr. As mentioned about the design
procedure earlier, the whole control system of this application will be deployed on the eZdsp F28335
Control Card. In Figure 20, one local controller for the front-left wheel is described. Other controllers
for other wheels are designed identically. The reference motor torques that are generated from the
control algorithm are multiplexed and transmitted to the vehicle through the CAN bus. Whereas,
the measured signals, including wheel rotational speeds and longitudinal acceleration of the car,
are connected to ADC ports of the control card, as they are analogous. On the vehicle model side,
instead of using sensors as real experiments do, such signals can be output from DAC ports of the
DS1103 Controller Board, which is one of the advantages of the proposed HIL simulation system.
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The detail distribution algorithm and control design can be found in [40]. For the driving force
observer as well as the slip-ratio estimator, one can find them in [41], as the development of motion
controller is not in the scope of this paper.

In this section, the example control scheme will be validated only with Scenarios 2 and 3,
because these test cases can effectively highlight the dominant features of the algorithm.

Vehicle 
Model

Wheel 
Speed 

Controller

Driving 
Force 

Controller

Driving 
Force 

Observer

Slip-ratio
Estimator

Optimal-based
Driving Force 
Distribution

 

 

 
 
 

  

 
 
 

 

 

 

 

 

 

Accelerator

Legend:
CAN bus
Analog signals

Spectrum Digital eZdsp F28335 Control Card dSPACE DS1103 Controller BoardDriver

DAC

DAC

ADC

ADC

Global Controller Local Controllers

Figure 20. Configuration of Driving Force Distribution and Control for EV with Four In-Wheel Motors,
adapted with implementation on the proposed HIL simulation system.

5.2. Results

Figures 21–24 illustrated the validation results of the example control system running on the
proposed HIL simulation system.

Let us focus on the reference motor torque that is shown in Figure 21. From the driving force
command, four torque values are generated, which are quite stable at the beginning of the test.
However, taking a closer look to the waveform within this duration, the controller distributes more
torque to the rear wheels than to the front ones. This actually makes sense, because, referring to (16),
the normal force at rear wheels increase when accelerating. Hence, more wheel torque can exploit
more friction force, leading to better acceleration, which also can be seen in Figure 22 for longitudinal
friction force.

When t ≈ 23 s, Scenario 2 is carried out, which leads to the small difference between in velocity of
the right-front wheel and the vehicle, as shown in the Zoom 1 of Figure 23. Remarkably, when traveling
on the low μ condition, the friction force decreases sharply, the control system immediately reduces
motor torque of the respective wheel, i.e., the right-front one in this case, in order to keep the slip-ratio
at a properly small value, as shown in Figure 24. Simultaneously, the torque at the rear-right wheel is
increased in order to compensate the reduction in friction force of the sliding wheel. Consequently,
the car is kept going safely in a secured state. The same control behavior is applied within the remained
Scenario 2 duration, in which the front-right wheel torque is boosted to pull the right side of the vehicle
when the rear-right one is running on low friction surface.

Scenario 3 is taken part in the test when t ≈ 33 s. When both front wheels are traveling on the
sliding road, the motor torques are decreased, following the reduction of the friction forces and, thus,
keeping the slip-ratio at a small value (around 0.02, as depicted in the Zoom 2 of the Figure 24).
The controller compensates for the loss in the total driving force by reinforcing torque at both rear
wheels. This leads to the sum of all longitudinal forces remaining the reference value. The same
response is made by the controller when the rear wheels are running on the low adhesive surface as
the final section of Scenario 3.
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For the whole validation, Figure 24 shows the advantage of the control scheme in the safety
aspect, in which the slip-ratios are kept under the maximum value of about 0.09, much smaller than
those of uncontrolled schema results. Moreover, the wheel speed is controlled very fast; therefore,
the unexpected sliding duration is significantly small and the vehicle can overcome the bad road
condition smoothly.

Figure 21. Distributed Motor Torque Generated by the Control System.

Figure 22. Longitudinal Driving Forces Acted on each Wheels.
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Figure 23. Wheel and Vehicle Velocities. The Zoom 1 is associated with Scenario 2 and the Zoom 2 is
for Scenario 3.

Figure 24. Slip-ratio at each Wheels. The Zoom 1 is associated with Scenario 2 and the Zoom 2 is
for Scenario 3.
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6. Conclusions

In this paper, an experimental platform that is based on signal HIL simulation system for 4-IWM
EVs has been proposed. The HIL system is derived from detailed dynamic models in longitudinal,
lateral, and yaw directions, which are frequently used in motion control of EVs. The term “detailed” is
shown in adhesion coefficients calculation, slip-ratio computation, and tire force models, which are
further complex than the conventional ones. Thanks to these features, the specific aspects in behavior
of the vehicle is emphasized and allow for better control performance assessment. The advantages
of the proposed signal HIL simulation system are illustrated through various evaluation plans with
several road conditions and different driving scenarios. The capability and application of the HIL
system are also confirmed by examining a representative control strategy in optimal driving force
distribution for four wheels of the studied vehicle. Being developed from DS1103 and F28335 digital
signal controllers that are very common research platforms, the proposed system is cost-effective, safe,
open, and can be used widely.

In the future, this work on signal HIL simulation system can be extended in both directions:
(i) applying this system to other vehicle control problems and (ii) expanding the system model.
Autonomous driving is an example of the former direction, in which adaptive cruise control or
automatic lane-changing can exploit the position model of this HIL platform. On the other hand,
the proposed system can be enlarged by adding models of energy storage devices or specific electric
motors. By that, the system can be used for research on energy management and electric drives that
illustrate the open and expandable features of the proposed experimental platform.
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Abstract: This paper deals with longitudinal motion control of electric vehicles (EVs) driven by
in-wheel-motors (IWMs). It shows that the IWM-EV is fundamentally a multi-agent system with
physical interaction. Three ways to model the IWM-EV are proposed, and each is applicable to
certain control objectives. Firstly, a nonlinear model with hierarchical structure is established,
and it can be used for passivity-based motion control. Secondly, a linearized model with rank-1
interconnection matrix is presented for stability analysis. Thirdly, a time-varying state-space model
is proposed for optimal control using linear quadratic regulator (LQR). The proposed modellings
contribute the new understanding of IWM-EV dynamics from the view point of multi-agent-system
theory. By choosing the suitable control theory for each model, the complexity level of system
design is maintained constant, no matter what the number of IWMs installed to the vehicle body.
The effectiveness of three models and their design approaches are discussed by several examples
with Matlab/Carsim co-simulator.

Keywords: electric vehicle; in-wheel-motor; motion control; anti-slip; slip-ratio; multi-agent-system

1. Introduction

In-wheel-motors (IWMs) have been shown a novel actuator for motion control system of electric
vehicles (EVs) [1]. A remarkable merit of IWM-EV is the ability to precisely generate the driving/braking
torques with fast response at individual wheels. Based on this merit, various motion control strategies
have been developed in three dimensions. Through literature review, motion control of electric vehicle
can be categorized by several sub-fields as follows:

(i) Lateral motion control: By differentiating the torques distributed to the left-side and right-side
wheels, a yaw-moment is generated about the vertical axis of the vehicle body. This allows us to
stabilize the lateral motion of the vehicle via direct-yaw-moment control [2]. Some important issues of
this sub-field are sides-slip angle estimation [2,3], side-slip angle and yaw-rate control [4], and the
integration of direct-yaw-moment control with active-steering control [5].

(ii) Roll motion control: By allocating the motor torques suitably, it is also possible to generate the
roll moment about the longitudinal axis. This moment can be used to control the roll angle and roll
rate for improving the comfort of the driver [6].

(iii) Pitch motion control: By distributing the different torques to the front-wheels and rear-wheels,
a pitch moment is generated about the lateral axis. This moment could be used to improve the pitch
motion, as presented in [7–9].
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(iv) Longitudinal motion control: This is the objective of this paper. Longitudinal motion control
(LMC) of EV can be summarized by three main groups in Table 1, namely, (I) slip ratio control [10–17],
(II) anti-slip control [18–22], and (III) driving force control [23–26].

Table 1. Review of longitudinal motion control methods for EVs.

Group Strategy
Consideration of

Physical Interaction
(YES/NO)

References

(I)
Slip ratio control

Sliding mode control NO [10–13]
PI control by linearizing the slip dynamics NO [14–16]

Optimal control by hierarchical LQR YES [17]

(II)
Anti-slip control

Zero-slip-model following control NO [18,19]
Maximum transmissible torque estimation NO [20,21]

Direct wheel velocity control NO [22]

(III)
Driving force control

Direct driving force control NO [23]
Driving force control based on wheel velocity

control and virtual variable control NO [24–26]

In recent years, an uptrend has been observed in the number of IWM actuators installed to the
vehicle body. For instance, France Army developed the armored vehicle DPE 6 × 6 which is driven
by six independent motors [27]. In Japan, Keio University introduced the prototype of KAZ-EV with
eight IWMs [28]. Thanks to the development of wireless IWM technology [29], powerful EVs driven
by more than ten IWMs might be soon realized. With respect to this uptrend, IWM-EV should be
treated as a multi-agent system in which each local agent is a locally controlled wheel. The local agent
cooperates with each other through the vehicle body to generate the global motion of the vehicle body
as well as its local motion.

From the above discussion, LMC of IWM-EVs becomes an actual challenge. Fortunately, it is
possible to apply the state-of-the-art of multi-agent system theories. Among them, the global
(global/local) framework proposed by Hara group has been shown an effective way to model, analyze,
and design multi-agent dynamical systems [30]. Several successful examples of glocal control are
gene-regulatory network [31], platoon car [32,33], and manufacturing systems [34]. We recently
developed a scheme in the glocal theory family, namely, hierarchical linear quadratic regulator
(H-LQR), and applied it to optimal control of slip ratio for IWM-EVs in the acceleration mode [17].
The key of H-LQR is to utilize some special features in the structure of the multi-agent system to reduce
the design cost. From the view point of glocal control framework, two critical issues still remain in the
research field of LMC for IWM-EVs.

Firstly, almost the previous studies (including the works mentioned in Table 1) neglected the
physical interaction between the wheel dynamics. For instance, in [22], Suzuki et al. introduced an
anti-slip control by directly controlling the wheel velocity. The wheel velocity controller Cw(s) is merely
designed by stable pole-placement to the closed-loop of Cw(s) and Pw(s) which represent the local
wheel dynamics. In [25], Maeda et al. proposed the driving force control system for the four-IWM-EV.
However, the system is just the combination of four decoupled wheel-velocity-based force control
loops. In [11], Nam et al. independently design for each wheel a sliding-mode slip ratio controller.
However, the design is based on the single wheel dynamics model without any relevant to the others.
Actually, the physical interaction exists as the wheels are installed to the same car body. As clarified
by a glocal control tool, namely “generalized frequency variable theory” [35], and its application to
EV [36], neglecting physical interaction might reduce the system performance. Even if each wheel’s
control loop is locally stable, this does not automatically guarantee the stability of the IWM-EV system
as a whole. Therefore, it is essential to model the IWM-EV as an interconnected system of multi-agents
to properly design the LMC.

Secondly, following the uptrend in the number of IWM actuators, analyzing and designing the
LMC systems become more and more complex. Increasing the actuator numbers means increasing the
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order of the system, and hence the implementation effort and the computational cost. Even if we can
model the LCM system with physical interactions, how should we select the suitable control theory to
reduce the burden of design and analysis?

To tackle the aforementioned issues, proper modelling is necessary. In other words, the model
should capture the essential characteristics of the plant in the physical world. Looking at the literature
of EV-related-study, this philosophy of modelling has been pointed out by several recent works on
battery management and control [37–40]. For instance, in [37], a predictive control algorithm of
charging process was proposed by utilizing a thermoelectric model which accurately captures the
battery dynamics. Recently, a Gaussian process regression models have been used to address the aging
phenomenon of batteries in [39].

To provide the proper models for LMC of IWM-EVs, this paper is based on the glocal framework.
The strategy of this paper is described in Figure 1 which includes three spaces. In the physical world,
the motion of the IWM-EV is governed by the physical equations. From the view point of multi-agent
systems, the physical model is mapped to the control world by three design models (DMs). Each DM is
suitable for a certain objective of longitudinal motion control. Moreover, each DMs is associated with
a control theory developed in the glocal framework, such that the complexity of system design and
analysis is independent of the number of IWM actuators. Three proposed DMs are briefly explained
as follows.

 
Figure 1. Discussion strategy in this paper: Design procedure of electric vehicles driven by
in-wheel-motors (IWM-EV) motion control.

DM-1 (nonlinear model with hierarchical structure): DM-1 consists of the vehicle body dynamics
V in the upper-layer, and a bunch of local wheel dynamics {Wi} in the lower-layer. The two layers
interconnect with each other through the aggregation and distribution channels. This expression
is quite useful for designing LMC by passivity theory [41]. The advantage of using DM-1 and the
passivity theory is that we can design the control system with less mathematical effort and prove the
system stability rigorously. In this paper, a passivity based anti-slip control system is proposed to
demonstrate the effectiveness of DM-1.

DM-2 (linearized model with rank-1 interconnection matrix): DM-2 is established by linearizing
the nonlinear physical equations of IWM-EV about a given operating point, and it is useful for stability
analysis. As an example, DM-2 is applied to wheel velocity control with work-load minimization.
Thanks to the rank-1 interconnection matrix and the generalized frequency variable (GFV) theory [35],
the complexity of stability analysis is considerably reduced. The stability analysis can be performed
by a limited set of inequalities established from the GFV transfer function and the eigenvalues of
the interconnection matrix. DM-2 and the GFV makes up the useful tools to design and analyze any
existing LMC methods.

DM-3 (time-varying state-space model): DM-3 is proposed for capturing the slip ratio dynamics
and driving force dynamics of IWM-EV in the state space expression. Hence, this model can be used for
applying the optimal control strategies and updating the optimal control gains in real-time operation.
In our recent study [17], DM-3 was established in the acceleration mode. To complete the state space
modelling for LMC, this paper investigates the DM-3 in the deceleration mode. We theoretically show
that global optimality can be achieved by a hierarchical LQR (H-LQR) algorithm in which we only
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need to solve the local Riccati equation. Applying the proposed H-LQR, the computational cost is
effectively reduced.

The remainder of this paper is organized as follows. Section 2 presents the physical equations
that describing the longitudinal motion of IWM-EV. To clarify the motivation of this paper, Section 3
discusses the disadvantages of the traditional LMC methods by numerical simulations. Then, DM-1,
DM-2, and DM-3 are investigated in Sections 4–6, respectively. Each of the proposed DMs is established
under reasonable assumptions, following by a motion control example. Section 7 presents the
simulation results of the motion control examples in Sections 4–6. The simulations were conducted
using a Matlab/Casim co-simulator which is based on an experimental electric vehicle developed by
our research group. Finally, the concluding remarks are given in Section 8.

2. Longitudinal Dynamics of Vehicle

This paper examines the longitudinal motion of IWM-EV illustrated in Figure 2 of which the
number N of IWMs is an even number. Let m be the vehicle mass. Under the assumption that the
wheels are homogeneous, Jw and r are the inertia and radius of the wheel, respectively. Ti, Fi, and Zi are
the motor torque, the driving force, and the vertical force acting at the ith wheel, respectively. The local
motion of the ith wheel is represented by the rotational velocity ωi. The global motion of the vehicle
body is represented by the longitudinal velocity vx. Fair is the air resistance acting on the vehicle body.
The total influence of gravity and rolling resistance is represented by Fξ.
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xvairF F+

 

r

iT

iF

iZ
iω

 

(a) (b) 

Figure 2. Longitudinal motion of IWM-EV: (a) Vehicle body; (b) Local wheel.

The motion of the vehicle body is given by

m
.
vx =

N∑
i=1

Fi − Fair − Fξ. (1)

Neglecting the wind velocity, the air resistance is expressed as

Fair = ρvx|vx|, (2)

where the coefficient ρ is calculated from the density of air, the cross-sectional area of the vehicle in the
air, and the drag coefficient which depends on the shape of the vehicle [42].

The rotational motion of the ith wheel is given as

Jw
.
ωi = Ti − rFi. (3)

Let ε be a small number to avoid division-by-zero, the slip ratio of the ith wheel is defined as

λi =
rωi − vx

max{rωi, vx, ε} . (4)
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The nonlinear relationship between the driving force and the slip ratio can be described by several
empirical functions. The most popular one is the magic formula proposed by Pacejka [43]. This formula
is given by

fi(λi) = Ai sin
{
Bi tan−1

[
Ciλi −Di

(
Ciλi − tan−1(Ciλi)

)]}
, (5)

where Ai, Bi, Ci, and Di are the shape factors, with Ai = μiZi where μi is the friction coefficient.
Note that the friction coefficient and the shape factors are all identifiable from experimental data. Now,
the driving force is expressed as

Fi(λi) =

{
fi(λi) if λi ≥ 0
− fi(−λi) if λi < 0

. (6)

The typical curve of the driving force is shown in Figure 3. The driving force gradually increases
as the slip ratio increases from 0 to an optimal value λ* which depends on the road condition. Since the
slip ratio exceeds λ*, the driving force is decreased to a minimum value as the slip ratio approach to 1.
Investigating the magic formula, we suggest the following practical remark.

F

λ∗λ
∗−λ−

 
Figure 3. Nonlinear relationship between the driving force and the slip ratio.

Remark 1: The inequality λifi(λi) ≥ 0 holds for any value of slip ratio λi in (−1, 1).

3. Motivating Example

In our recent study [17], we examined the slip ratio control method proposed in [14] by both
theoretical discussion and numerical simulations. According to [14], it is possible to linearize the
dynamics from the motor torque Ti to the slip ratio λi. Then, a PI controller can be designed by
placing the stable poles to the local subsystem. However, the performance of the overall system should
be determined by both local subsystem’s transfer function and a matrix that representing physical
interaction [35]. Due to the change of operating points, the poles of the overall system might move
towards the imaginary axis with increasing imaginary parts. This phenomenon might degrade the
system performance by several scenarios. For instance, oscillated phenomena can be observed when
the vehicle runs at high velocity. In addition, the load transfer can introduce large gap between the slip
ratios of the front-wheels and rear-wheels. Moreover, the traditional slip ratio control system is highly
sensitive to the non-flatness of the road surfaces.

This paper neglects to re-simulate the aforementioned slip ratio control method. Instead, we examine
another LMC method, namely, anti-slip control by wheel velocity control [22]. To this end, this paper
utilizes Carsim—a standard software for simulating the vehicle dynamics [44]. By using Carsim, it is
convenient to perform the control algorithms under different environmental conditions, including the
dangerous conditions. The simulation model is built based on the four-wheel experimental electric
vehicle developed from the Mitsubishi’s i-MiEV prototype. It was an outcome of our research project
KC.03.08/11-15 supported by the Ministry of Science and Technology of Vietnam. The main specification
of the vehicle is summarized in Appendix A.
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To establish the simulation model, we modify the parameters of a hatchback car provided in the
Library of Carsim. Since the Carsim only provide the vehicle of gasoline type, we constructed the
electrical drive system in Matlab/Simulink. The electrical drive system consists of the battery model,
the inverter models, the in-wheel-motor models of interior permanent magnet type, together with
the inverter control units and motor control units. To resemble the behavior of the actual drive
system, the inverter model imitates the electrical circuit of the experimental inverter. The output
torques of the drive system model in Matlab/Simulink are sent to Carsim through the imports namely
IMP_MYUSM_*. The notation * represents the IWM position (L1, L2, R1, and R2, where L denote “left”
and R denotes “right”).

3.1. Anti-Slip Control Based on Wheel Velocity Control

Following the idea of the original work [22], we generalize the block diagram of the control system
as in Figure 4. Here, 1N is the all-one column-vector of size N, and T = [T1 . . . TN]T, ω = [ω1 . . . ωN]T.
The scalar signal Tcmd is the driving command given by the driver or the upper motion control
layer. In addition, vector k = [k1 . . . kN]T is to distribute the driving command to the local wheel.
The distribution ratio ki are commonly selected such that 0< ki < 1 and k1 + k2 + . . . + kN = 1. We assume
that the vehicle operates on the acceleration mode when rωi > vx, and let λ∗ be the desired slip ratio.
From (4), the reference velocity can be calculated from the wheel velocity vx via the gain

χ =
1

r(1− λ∗) . (7)

xv
+∗

w NC s I
−

+fb

cmdT

Nχ

+

( ) ( )~

Figure 4. Motivating example: Anti-slip control by wheel velocity control. (Notice: the block diagram
is generalized from the original diagram in [22]).

Each wheel is provided a velocity controller Cw(s). Let Pw(s) = 1/(Jws) be transfer function that
characterizes the local dynamics of the wheel. To design Cw(s), the traditional way is to assign the
stable poles to the closed loop transfer function

Pcl(s) =
Pw(s)Cw(s)

1 + Pw(s)Cw(s)
. (8)

For instance, let κ1 and κ2 be the stable poles of Pcl(s), Cw(s) becomes a PI controller with the P
gain and I gain calculated as

Cw(s) =
Kps + Ki

s
, Kp = −Jw(κ1 + κ2), Ki = Jwκ1κ2. (9)
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3.2. Simulation and Discussion

To evaluate the above design strategy, a test is conducted as follows. A constant driving command
Tcmd is equally distributed to four wheels such that the EV accelerates from the initial position on the
high friction surface (μ = 0.8). It enters the low friction surface (μ = 0.2) at about 4 s. Two test cases are
performed, and their results are summarized in Figure 5.

 
(a) Case A (Locally stable & Globally stable) (b) Case B (Locally stable & Globally unstable) 

Figure 5. Motivating example: anti-slip control by wheel velocity control.

Case A: Two stable poles of Pcl(s) are placed at κ1,2 = −10± 2 j (Figure 5a). The wheel velocities
are maintained closed to the vehicle velocity. This means the anti-slip function is successfully attained
in this case.

Case B: Two stable poles of Pcl(s) are placed at κ1,2 = −100± 0 j (Figure 5b). The overall system
becomes unstable when the vehicle operates on the low-friction surface.

The simulation results in this sub-section suggest that local stabilization does not guarantee
global stability of the control system. By using only the local wheel dynamics to design the controller,
we cannot explain such performance of the vehicle in Case B. Therefore, it is necessary to model and
design the motion control system of IWM-EV as a whole. Three models that effectively capture the
physical interaction will be presented in the following three sections.

4. DM-1: Nonlinear Model with Hierarchical Structure

This section proposes a way to directly model the IWM-EV system using its nonlinear equations.
To design the control system, our strategy is based on the passivity theory which has been widely
utilized in various fields of control engineering for three decades. As an example, DM-1 is utilized
to design an anti-slip control system. Notice that, it is possible to neglect the disturbance Fξ in the
theoretical discussion.

4.1. Hierarchical Model of IWM-EV

Based on (3)–(6), the model of the local agent Wi is shown as in Figure 6a. It includes two inputs
{vx, Ti} and two outputs {Fi, ωi}. The vehicle body dynamics V is obtained from (1) and (2). V has the
input 1T

NF which is the aggregation of the local driving force, and the output vx which is distributed to
the local Wi. Combining {Wi} in the lower-layer and V in the upper-layer, the DM-1 is established as in
Figure 6b with the hierarchical structure.
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(a) Model of a single wheel dynamics. 
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(b) Hierarchical model of IWM-EV dynamics. 

Figure 6. Block diagram of the DM-1.

4.2. Passivity Theory and Its Application to DM-1

Consider a system given by a state space equation{ .
x = f (x, u)
y = h(x, u)

, (10)

with the input vector u(t) ∈ Rp, output vector y ∈ Rp, and the state vector x(t) ∈ Rn.

Definition 1 [41]: The system (10) is said to be passive from input u to output y if there exists a positive
semidefinite function S: Rn→ R+, called storage function, such that the inequality

.
S ≤ yTu holds for all x ∈ Rn

and u ∈ Rp. In addition, (10) is input strictly passive (ISP) if
.
S ≤ yTu− δu‖u‖2 for some δu > 0, and output

strictly passive (OSP) if
.
S ≤ yTu− δy‖y‖2 for some δy > 0.

Proposition 1: The IWM-EV system in Figure 6b is passive from the input T to the output ω.

Proof of Proposition 1: Define the storage function

S =
1
2

mv2
x +

N∑
i=1

(1
2

Jwω
2
i

)
, (11)

then with respect to Remark 1, it is transparent that the inequality
.
S ≤ωTT holds true. The detailed

calculation is neglected for the sake of paper length.
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Passivity-based-control (PBC) was introduced three decades ago to the adaptive control problem
of rigid robot [45]. It has been widely applied in various fields of control engineering, especially in
multi-agent systems [46]. Following the fundamental passivity theorems [41], if the plant is passive,
system stability can be guaranteed by connecting the plant with a strictly passive feedback controller.
Motivated by the Proposition 1, there exists many ways to design motion control of IWM-EV using
PBC [47]. A design example of anti-slip control will be examined in the next subsection.

4.3. Example of DM-1: Passivty Based Anti-Slip Control of IWM-EV

This sub-section demonstrates anti-slip control as an application of the DM-1 and passivity theory.
The significance and necessity of anti-slip control can be explained from two points of view as follows.

From a safety point of view: As discussed by Hori et al. in [14], not only the driving force but also
the side force strongly depends on the slip ratio. The side force becomes smaller as the slip ratio becomes
bigger. If the slip ratio increases considerably due to the change of road condition, the side force
becomes drastically smaller. This causes serious problems, including drift-out in front-wheel-drive
vehicles, spin in rear-wheel-drive vehicles, and drift-out with rotation in four-wheel-drive vehicles.
Such situations are extremely dangerous for the drivers.

From an energy point of view: For simplicity in discussion, we consider a single-wheel vehicle
model. Following the Proposition 1, its energy storage function is

S =
1
2

mv2
x +

1
2

Jwω
2, (12)

With respect to the definition of slip ratio expressed in (4), we obtain

S =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1
2

[
m + Jw

r2(1−λ)2

]
v2

x if rω > vx

1
2

[
m +

Jw(1+λ)
2

r2

]
v2

x if rω < vx

, (13)

In the acceleration mode (rω > vx), a sharp increasing of λmeans a sharp increasing of S. Thus,
to attain a given velocity pattern vx in the acceleration mode, it is required to use more electric energy
from the battery. Next, we examine the deceleration mode (rω < vx). In this case the side of λ is negative.
A drastic decreasing of λ (or increasing of −λ) results in a drastic decreasing of S. Thus, to attain a
given velocity pattern vx in the deceleration mode, only small amount of energy can be regenerated
back to the battery. In summary, the driving range of electric vehicles would be considerably reduced
if we wasted energy by neglecting anti-slip control.

The proposed control system is shown in Figure 7 where the scalar Tcmd is the driving command
given by the driver. The command distributed to each Wi is Tr,i = ki × Tcmd where the set of distribution
ratio satisfies ki > 0 for all i from 1 to N, and k1 + k2 + ... + kN = 1. Consequently, vectors Tr and k are
defined as Tr = [Tr,1 Tr,2 ... Tr,N]T and k = [k1 k2 ... kN]T, respectively. Note that vector k can be updated
in real-time to attain the additional control objective, such as yaw moment control or minimization of
energy consumption. Let Ka and Kω be the control gains. Considering the acceleration mode, a possible
option of the local anti-slip control law Cl,i is given by

Tl,i = −Ka(rωi − vx)sign(ωi)sign(rωi − vx) −Kωωi. (14)
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Figure 7. Expression of anti-slip control system of IWM-EV using DM-1.

The stability of the control system is guaranteed by the following theoretical result.

Proposition 2: Considering the acceleration mode, the anti-slip control system in Figure 7 with the local
controller Cl,i given by (14) is OSP from Tr to ω if the control gains are selected such that Ka > 0 and Kω > 0.

Proof of Proposition 2: With respect to the storage function (11), the control law (14), and the dynamics
of Wi described by (3)–(6), we have

ωTTr −
.
S =

N∑
i=1

(max{rωi, vx, ε}λi fi(λi)) + (ρ|vx|)v2
x

+
N∑

i=1
Ka((rωi − vx)sign(rωi − vx))(ωisign(ωi)) +

N∑
i=1

Kωω2
i

(15)

There exist four terms on the right-hand side of (15). It is clear from Remark 1 that the first
term is non-negative. Similarly, the second term is non-negative. With the positive control gains,

we can see that ωTTr −
.
S ≥ N∑

i=1
Kωω2

i = Kω
(
ωTω

)
holds true. In other words,

.
S ≤ωTTr −Kω

(
ωTω

)
.

Following the Definition 1, the system in Figure 7 is shown to be OSP. This completes the proof.

5. DM-2: Linearized Model with Rank-1 Interconnection Matrix

The previous section focuses on the design problem using DM-1. Thanks to the passivity theory,
we can rigorously prove the stability of the control system even if it is nonlinear and quite complex.
However, passivity theory limits the class of controllers that we can select. Therefore, it is also essential
to consider the problem of stability analysis. In other words, given a motion control system, how should
we evaluate its stability? This section introduces a design model which can reduce the complexity level
of the analysis problem. As an example, it is applied to a wheel velocity control system of IWM-EV. Note
that, the air resistance and the other disturbances are neglected in the discussion in this section. For the
sake of paper length, we only examine the vehicle motion in the acceleration mode, such that max{rωi,
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vx, ε} = rωi. We focus our stability analysis to the operating point O = {ωo,1, ωo,2, . . . , ωo,N, vxo} with
the following assumption.

Assumption 1: (i) The vehicle operates on the uniform road condition and the friction coefficients of all wheels
are the same. (ii) The slip ratio is small, and the driving force is linearized as Fi ≈ Snλi where Sn is the
nominal driving stiffness. At O, the values of max{rωo,i, vxo, ε} are almost the same. In other words, we
might approximate

κn ≈ 1

max
{
rωo,i, vxo, ε

} ∀i ∈ [1, N]. (16)

5.1. Linearized Model of IWM-EV

Under the Assumption 1, the driving force can be expressed as

Fi = S̃nηi, (17)

where S̃n ≈ κnSn, and ηi = rωi − vx. Based on (17), the linearized model of IWM-EV (DM-2) is
established as in Figure 8 where η = [η1 . . . ηN]T and

A = −1N1T
N, (18)

Pg(s) =
1

ms
, Pw(s) =

1
Jws

. (19)

w NP s I+

−

NrI

+
+

n NS I

NrI

A

g NP s I

 

Figure 8. DM-2: Linearized model of IWM-EV about an operating point.

Remark 2: The interconnection matrix A is a matrix of rank-1 with N-1 zero eigenvalues, and only one non-zero
eigenvalue which equals to -N.

5.2. Example of DM-2: Wheel Velocity Control System and Its Stability Condition

This section considers a wheel velocity control system for distributing the driving command Tcmd
with a set of distribution ratios {ki}. From (3), the reference of wheel acceleration is calculated as [48]

.
ω
∗
i =

1
Jw

kiTcmd − r
Jw

F̂i, (20)
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where F̂i is the obtained by the driving force observer (DFO) as follows

F̂i = Q(s) ·
(1

r
Ti − Jw

r
· s ·ωi

)
, (21)

where the low-pass-filter is expressed as Q(s) = 1/(τfs + 1) with the small time constant τf. From (19)–(21)
and the DM-2, block diagram of the wheel velocity control system is shown in Figure 9 where Cw(s) is
the wheel velocity controller. Notice that we neglect to discuss the algorithms to optimize in this section.
Such algorithms can be founded in several other works on range extension control of IWM-EV [48–50].
The main goal of this section is to provide a suitable model for stability analysis. About the operating
point O, the stability of the system in Figure 9 can be discussed from the system in Figure 10 where the
transfer function from y to z is diagonalized by

H(s) =
S̃n
(
1 + C̃w(s)Pw(s)

)
Pg(s)

1 + C̃w(s)Pw(s) + S̃nr2Pw(s)
, C̃w(s) =

Cw(s)(1−Q(s))
1 + Cw(s)Pw(s)Q(s)

. (22)
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−
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+
+
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Figure 9. Expression of wheel velocity control system using DM-2.

NH s I

A

+

Figure 10. Representation of wheel velocity control system using DM-2 as a multi-agent-system.

The system in Figure 10 is a multi-agent-system of N agent H(s), interconnecting via the matrix A.
The system is stable at O if and only if

νiH(s) − 1 � 0∀ s ∈ C+, (23)

for all eigenvalues νi of matrix A. We notice that the zero eigenvalues certainly satisfy (23). Following the
generalized frequency variable theory (GFV) [35] with respect to Remark 2, (23) can be checked by the
following condition.
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Stability condition 1: The wheel velocity control system is stable at the operating point O if the point (-N, 0)
is located in the stable domain Ωc

+ defined as Ω+ := φ(C+), Ωc
+ := C\Ω+ where the GFV is φ(s) = H−1(s).

5.3. Stability Test

To demonstrate the Stability condition 1, this section considers the PI controller

Cw(s) =
KPs + KI

s
. (24)

Substitute (24) to (22), the transfer function of the GFV is derived as

φ(s) =
1

H(s)
=

s4 + a3s3 + a2s2 + a1s + a0

b3s3 + b2s2 + b1s + b0
, (25)

where the set of {ai, bi} is expressed in the Appendix B. Define the polynomial

pl = s4 + a3s3 + a2s2 + a1s + a0 − (x + jy)
(
b3s3 + b2s2 + b1s + b0

)
≡ s4 +

4∑
i=1

(pi + jqi)s4−i. (26)

Following the Theorem 1 in [35], a set of {Dk > 0} that defining the stable domain is obtained as⎧⎪⎪⎪⎨⎪⎪⎪⎩
D1 = det

∣∣∣p1
∣∣∣

Dk = det
[

F(pk) −F(qk)R
UF(qk) F(pk−1)

]
(k = 2, . . . , 4)

, (27)

where
pk =

[
1 p1 p2 . . . p2k−1

]T
, qk =

[
0 0 q1 q2 . . . q2k−2

]T
,

R =

[
0
I

]
∈ Rk×(k−1), U =

[
I 0

]
∈ R(k−1)×k, F(x) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x2 x4 x6 . . . x2k

x1 x3 x5
. . .

...

0 x2 x4
. . . xk+3

...
. . . . . . . . . xk+2

0 . . . 0 xk−1 xk+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Notice: pi = qi = 0 if i > 4.
Based on the GFV theory [35], the Stability condition 1 can be tested as follows.

Stability test 1: We consider an operating point O = {ωo,1, ωo,2, . . . , ωo,N, vxo}. We establish the linearized
model DM-2 under the Assumption 1. We calculate the GFV using (25), and then establish the set of {Dk} using
(26) and (27). The wheel velocity control system in Figure 9 is stable at O if

Dk(x = −N, y = 0) > 0 ∀k ∈ {1, 2, 3, 4}. (28)

The complexity level of the Stability test 1 is independent of the number of IWM actuators. At each
operating point, the test is performed by a limited set of inequalities (28).

5.4. Discussion: Possibility of Robust Stability Test

By using Assumption 1, the LMC system of electric vehicle is finally modelled as a homogeneous
multi-agent system as in Figure 10. However, in actual operation, the friction coefficients of all wheel
might be not the same. In addition, the friction coefficients might vary due to the change of road
condition. Considering this scenario, we can express the LMC system as a multi-agent system with
perturbation as in Figure 11a. The perturbation matrix is Δ(s) = diag{Δi(s)}. We can assume that
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each local perturbation satisfies ‖Δi(s)‖∞ ≤ ξ where the volume ξ of perturbation represents the
heterogeneous level between the agents and the uncertainties due to the change of road condition.
With respect to the structure of matrix A given by (18), there exists the unitary matrix U that diagonalizes
matrix A. Thus, we can transform the system in Figure 11a to the equivalent system in Figure 11b
where {λi} is the set of eigenvalues of matrix A. The transfer function from w to z is diagonalized by N
transfer functions

Hi(s) =
λiH(s)

1− λiH(s)
. (29)

s

+
+

A

+
NH s I⋅

 
(a) Original perturbed system. 

+
++

NH s I⋅

sU Τ U

A U ΤU

s

{ }idiag λ

z w

(b) Equivalent perturbed system. 

Figure 11. Vehicle control system as a multi-agent-system with perturbation.

As ‖Δi(s)‖∞ ≤ ξ, it follows that
∣∣∣∣∣∣Δ(s)∣∣∣∣∣∣∞ ≤ ξ , and therefore

∣∣∣∣∣∣∣∣∣∣ ¯Δ(s)∣∣∣∣∣∣∣∣∣∣∞ ≤ ξ since U is a unitary

matrix. Applying the small gain theorem, the perturbed system is robust stable if

‖ λiH(s)
1− λiH(s)

‖
∞
≤ 1
ξ
∀λi ∈ σ(A). (30)

The zero eigenvalues certainly satisfy (30). With respect to Remark 2, the robust stability condition
is reduced to

‖ NHn(s)
1 + NHn(s)

‖
∞
≤ 1
ξ

. (31)

In summary, the DM-2 is still applicable to deal with the uncertainties. In this situation, we have
to design for each wheel a local controller such that a triad of conditions are satisfied: (i) the stability
condition of the nominal system given by (28); (ii) the model matching condition given by the norm
inequality ‖Δi(s)‖∞ ≤ ξ; and (iii) the robust stability condition given by (31).

Another way to deal with robust stability is to utilize “sector bounded nonlinearity” of the
tire-force characteristics (Figure 12). We can directly apply the Circle and Popov criteria which was
presented in Khalil’s famous book on nonlinear control [41]. Fortunately, the special structure of matrix
A could be utilized to reduce the complexity of “Circle and Popov criteria”. We let this discussion for
future study, as the goal of this paper is only to discuss several ways to model the vehicle dynamics
such that longitudinal motion control can be designed properly.
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F

λ

S λ S λ

Figure 12. Sector bounded nonlinearities to capture the uncertainty of tire-force characteristics.

6. DM-3: Time-Varying State-Space Model

In Section 4, the DM-1 is established based on the "physical equations" of the IWM-EV. Section 5
proposes the DM-2 expressed by "transfer functions and interconnection matrix". This section shows
that the dynamics of IWM-EV can also be captured by a "state-space model". We examine the vehicle
motion in the deceleration mode, such that max{rωi, vx, ε} = vx. Notice that it is possible to neglect the
unknown disturbances of Fair and Fξ in the expression of this model.

6.1. State-Space Model of IWM-EV in the Deceleration Mode

Calculating the derivative of the slip ratio (4) with respect to (1) and (3), we have

.
λi = − r2

Jwvx
Fi −

.
vx

vx
λi +

r
Jwvx

Ti − 1
mvx

N∑
j=1

Fj. (32)

For the sake of estimation and control design, it is possible to use the first order dynamics
model [51] of the driving force represented by

τi
.
Fi + Fi = Siλi, (33)

where τi is the relaxation time constant and Si is the driving stiffness which is a parameter for capturing
the linear region of the Pacejka model. Here, Si can be identified from IWM’s torque and on-board
sensor [52]. Selecting the slip ratio and driving force as state variables, and considering wheel velocities
as time-varying parameter, from (30) and (31), the dynamical equation of the ith agent is expressed
as follows

.
xi(t) = Al,i(t)xi(t) + Bl,iui(t) +

N∑
j=1

Ag,i j(t)x j(t), (34)

where
xi(t) =

[
Fi(t) λi(t)

]T
, ui(t) = Ti(t), (35)

Al,i(t) =

⎡⎢⎢⎢⎢⎢⎣ −1
τi

Si
τi

−r2

Jwvx

− .
vx

vx

⎤⎥⎥⎥⎥⎥⎦, Bl,i(t) =
[

0
r

Jwvx

]
, Ag,i j(t) =

[
0 0
− 1

mvx
0

]
. (36)

Define x(t) =
[

xT
1 (t) . . . xT

N(t)
]T

and u(t) =
[

uT
1 (t) . . . uT

N(t)
]T

, the DM-3 is expressed as

.
x(t) = (AL(t) + AG(t))x(t) + BL(t)u(t), (37)
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where AL(t) = diag
{
Al,i(t)

}
, BL(t) = diag

{
Bl,i(t)

}
, AG(t) =

{
Ag,i j(t)

}
. The full block matrix AG(t)

represents the physical interaction between the local agents.
The acceleration-mode-version of DM-3 when max{rωi, vx, ε} = rωi can be found in our recent

study [17]. DM-3 can be used for controlling either driving force or slip ratio. To this end, we proposed
in [17] a hierarchically decentralized LQR algorithm which was verified by real-time experiments
using an EV driven by two IWMs.

6.2. Example of DM-3: Slip Ratio Control in the Deceleration Mode

To demonstrate the practical application of DM-3, we investigate the slip ratio control in the
deceleration mode. The following assumptions are considered for the sake of simplicity in presenting
our main idea.

Assumption 2: All the state variables and time-varying parameters of the system (34) or their appropriate
estimates are available.

Assumption 3: The parameters {τi, Si} are not much different from wheel to wheel, and we can represent them
by the nominal parameters {τn, Sn}.

Assumption 2 is reasonable since the driving force can be estimated accurately using DFO
presented in the previous section. From DFO and the estimated/calculated slip ratio, the driving
stiffness can be identified off-line or on-line [52]. On the other hand, the vehicle velocity and wheel
slip ratio can be estimated using on-board sensor, such as GPS receiver, accelerometer, and wheel
encoders. Several methods for estimating slip ratio can be found in [17,53]. We neglect to focus on
state estimation and parameter identification, since it is not the main goal of this paper.

The parameters {τi, Si} depend on the road condition at each wheel and load transfer. This means
the parameters {τi, Si} are not always the same in real-time operation. The Assumption 3 is reasonable
if the wheels are symmetrically distributed in the vehicle body, and the local road conditions of the
wheels are quite uniform. Since we implement the feedback control using DM-3, the parameter
difference among the local agents can be compensated.

For controlling the slip ratios such that they follow the reference value λ∗i , the tracking errors are
introduced as the augmented states. In the following, time stamping “t” is eliminated for simplifying
the expression. The augmented dynamical model of the ith agent is given as

.
¯
xi =

¯
A1

¯
xi +

¯
B1ui +

N∑
j=1

¯
A2

¯
x j +

¯
Gλλ

∗
i , (38)

where
¯
xi =

[
Fi λi ei

]T
, ei =

∫ (
λi − λ∗i

)
dt and

¯
A1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
− 1
τn

Sn
τn

0

− r2

Jwvx
−−

.
vx

vx
0

0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, ¯
B1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0
r

Jwvx

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦, ¯
A2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0
− 1

mvx
0 0

0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦, ¯
Gλ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0
0
−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦.
State-space modelling of the total system is expressed as follows using Kronecker product ⊗:

.
¯
x =

¯
A

¯
x +

¯
Bu +

¯
Gλ∗, (39)

where
¯
x =
[

¯
x

T

1 . . .
¯
x

T

N

]T
,λ∗ =

[
λ∗1 . . . λ∗N

]T
and

¯
A = IN ⊗

¯
A1 + ΓN ⊗

¯
A2, ΓN = 1N1T

N,
¯
B = IN ⊗

¯
B1,

¯
G = IN ⊗

¯
Gλ.
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The LQR controller of the augmented system (39) can be obtained by minimizing the quadratic
cost function

� =

t f∫
to

¯
x

T
Q

¯
xdt +

t f∫
to

uTRudt + xT
f Hx f , (40)

where t0 is the initial time, tf is the finished time. Q and S are symmetric positive semidefinite matrices,
and R is strictly symmetric positive definite matrix. Q, H, and R are used to penalize the transient
state deviation, the final state, and the control effort, respectively. By solving the Riccati equation

.
P + P

¯
A +

¯
A

T
P− P

¯
BR−1 ¯

B
T

P + Q = 0, (41)

that satisfies the boundary condition
P f � P

(
t f
)
= H, (42)

the control gain is obtained as

K = −R−1 ¯
B

T
P, (43)

Equation (41) with condition (42) can be solved using the Hamiltonian established from the
system model [54]. To reduce the computational effort, especially when N is a big number, we recently
proposed in [17] that the feedback gain can be calculated as

K = IN ⊗K1 + ΓN ⊗Kg1 + ΨN ⊗Kg2, (44)

by appropriate choices of the weighting matrices. As can be seen in Figure 13, the proposed LQR
controller has the hierarchical structure. In the lower layer, the local feedback gain K1 is used to
improve the local control performance of slip ratio. The upper-layer has two term, Kg1 and Kg2. Kg1 is
to deal with the physical interconnection represented by ΓN. On the other hand, Kg2 is introduced to
improve some other global performances, such as the consensus of slip ratios. Since K1 is obtained by
solving the Riccati equation of a local system, the computation cost is independent of the number of
IWM actuators. See Appendix C for the details of the hierarchical LQR algorithm.

+

+ tt

N ⊗

N g⊗

N g⊗
+

 

Figure 13. Structure of the hierarchical decentralized LQR using DM-3.

Notice 1: Similar to Assumption 1, Assumption 3 is just to limit our discussion to homogenous multi-agent
systems. Motivated by a recent work of Nguyen and Hara [33], we will develop the H-LQR version for
heterogeneous multi-agent systems with physical interaction in our future study.
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7. Evaluation of the Proposed Design Models by Carsim/Matlab Co-Simulator

Using the Carsim/Matlab co-simulator introduced in Section 3, this section is to demonstrate the
effectiveness of the proposed design models.

7.1. Evaluation of Passivity Based Anti-Slip Control Using DM-1

To evaluate the proposed anti-slip control strategy, a test is conducted as follows. As shown in
Figure 14a, the EV accelerates from the initial position on the high friction surface (μ = 0.8). It enters the
low friction surface (μ = 0.2) at about 5.7 s. The total driving command Tcmd is expressed in Figure 14b.
The distribution vector k is updated to minimize the total workload of all wheels [55].

 

(a) Road surface of the test (b) Total driving command 

Figure 14. Simulation setting for evaluating passivity-based anti-slip control using DM-1.

Case 1 (Without anti-slip control: Figure 15): The motor torque of each wheel is only distributed
from the total driving command, i.e., Ti = kiTcmd where ki is the distribution ratio of the ith wheel.
Consequently, the slip occurs. Especially, the rear-wheel velocities increase considerably as the vehicle
enters the low friction surface.

 
(a) Motor torques (b) Velocities 

Figure 15. Simulation results of Case 1: without anti-slip control.

Case 2 (With passivity-based anti-slip control: Figure 16): The anti-slip control law is implemented
based on passivity and the DM-1. By trial-and-error, we select the control gains Ka = 100 and
Kω = 0.0001. Notice that a small positive value of Kω is enough to assure the strict passivity of the
control system. We should not select a big value of Kω which certainly degrades the acceleration
performance of the vehicle. In contrast to Case 1, the motor torques are generated properly on different
road surfaces. Thus, the wheel velocities are always closed to the vehicle velocity.
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(a) Motor torques (b) Velocities 

Figure 16. Simulation results of Case 2: with passivity-based anti-slip control.

The above test cases clarify the merit of the proposed anti-slip strategy using DM-1. Although the
physical system of the EV is quite complex and nonlinear, it can be modelled hierarchically with the
aggregation and distribution. Based on this model, we can analyze the passivity of the EV dynamics,
and design the anti-slip control law that rigorously guarantees the stability of the overall system.
Thanks to passivity theory, we design the system with less mathematical and computational effort.

Using the DM-1, the energy storage function of the EV is shown to be S = 1
2 mv2

x +
N∑

i=1

(
1
2 Jwω2

i

)
. Given a

desired velocity pattern of vx, the energy consumption of the EV can be reduced if the longitudinal
velocities of the wheels {rωi} are closed to vx. Therefore, the proposed anti-slip control is not only for
improving the safety, but also extending the use of the energy source for the EVs.

7.2. Evaluation of GFV Based Stability Analysis Using DM-2

To demonstrate the GFV based stability analysis using DM-2, we conducted wheel velocity
control using the system in Figure 9. The EV operates on the high friction surface with μ = 0.85,
as shown in Figure 17a. The total driving command Tcmd is expressed in Figure 17b. Similar to the
previous sub-section, the distribution vector k is updated to minimize the total workload of all wheels.
The driving force observer is designed with the time constant τf = 0.033 [s]. This paper examines
the operating points with vxo = 10 (m/s). Considering the high friction surface, it is reasonable to
assume that a small slip ratio of 0.05 is maintained constantly when the vehicle velocity changes
between vxo − Δv and vxo + Δv where Δv = 2 (m/s). We select the wheel velocity controller with
{Kp =52.8; Ki = 528.0}. It is transparent that this controller stabilizes the local transfer function H(s)
about the operating points. Applying the Stability test 1, the stability regions at the operating points
of vxo, vxo − Δv and vxo + Δv are plotted as the shaded regions in Figure 18a–c, respectively. It is
transparent that the points (−4, 0) and (0,0) are always placed in such shaded regions. This means the
wheel velocity control system in Figure 9 is stable at the aforementioned operating points.

 

(a) Road surface of the test (b) Total driving command 

Figure 17. Simulation setting for evaluating wheel velocity control using DM-2.
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(a) Stable domain plotted at vxo 

 
(b) Stable domain plotted at vxo  v (c) Stable domain plotted at vxo + v 

Figure 18. Stable domain given by the generalized frequency variable (GFV) (shaded region). Notice:
the curve D1(x,y) = 0 is a vertical line. It is not plotted since it exceeds the range of the figures.

The above example of stability test unveils a merit of GFV approach using DM-2. Thanks to the
rank-1 physical interaction expressed by DM-2 and the GFV theory, the complexity of the stability test is
independent of the number of IWM actuators. We can repeat the above test to assure the stability of the
control system at different operating points with the vehicle velocity from zero to vxo. This statement is
confirmed again by the simulation results summarized in Figure 19. In this simulation, the vehicle is
accelerated until 10 s. From 10 s, the total driving command becomes zero, and the vehicle is gradually
decelerated due to friction.

(a) Motor torques (b) Velocities 

Figure 19. Simulation results of wheel velocity control using DM-2.
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In Appendix D, we present several results of the real-time experiments of the wheel velocity
control system in Figure 9.

7.3. Evaluation of LQR-Based Slip-Ratio Control Using DM-3

Using the DM-3, we proposed the LQR algorithm for controlling slip-ratio of IWM-EV [17].
This algorithm is verified in the acceleration mode. We also compared the performance of the LQR
algorithm with the others, such as sliding mode algorithm and model-following algorithm in [17].
This comparison presented the merits of the proposed LQR: (i) As a hierarchically decentralized
algorithm, its computational cost is considerably reduced in comparison with the conventional
centralized LQR. (ii) Unlike the completely decentralized control algorithms, the physical interaction
between the local wheels are properly treated. This gives the degree of freedom to improve the
consensus of local wheels’ slip ratios. In addition, this can reduce the vibration of slip ratios introduced
by the non-flat surfaces. (iii) The optimal control gains can be updated at every control period by the
measurements of vehicle motion (vehicle velocity, wheel velocities, driving forces).

For the sake of paper space, we neglect to repeat the comparison between the control approaches
in this study. Instead, we only demonstrate the performance of the proposed algorithm in deceleration
mode (Figure 20a). A total driving command is given as in Figure 20b. This command is distributed to
the local wheels to minimize the total workload. The vehicle runs on high friction surface (μ = 0.8)
from the beginning until 12 s. From 12 s, the vehicle starts to decelerate on the low friction surface
(μ = 0.2). The proposed LQR algorithm is applied to maintain a slip ratio of λ* = −0.1 during the
deceleration period. To this end, we design the LQR algorithm with

Q1 = diag
{
1× 10−4, 2× 102, 4× 103

}
, R1 = 4× 10−4, Rg1 = 1× 10−1, Rg2 = 1.

 

(a) Road surface of the test (b) Total driving command 

Figure 20. Simulation setting for evaluating LQR-based slip-ratio control using DM-3.

To compensate the influence of load transfer between the front and rear wheels during the
deceleration period, we select the positive semidefinite matrix ΨN as follows with ϕfront = ϕrear = 1.

Ψ
f ront−rear
4 =

[
1 −1
−1 1

]
⊗
[
ϕ f ront 0

0 ϕrear

]
.

Simulation results of two test cases are summarized as follows.
Case 1 (without slip-ratio control: Figure 21a): The total driving command Tcmd in Figure 18b is

directly distributed to each wheel. Consequently, the vehicle suffers severe slip during the deceleration
periods. The wheel velocities are reduced too fast in comparison with the vehicle velocity. Especially,
the wheels reverse their rotation after 14 s.
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(a) Case 1: without slip-ratio control (b) Case 2: LQR-based slip-ratio control 

Figure 21. Simulation results of slip-ratio control in deceleration mode.

Case 2 (with LQR-based slip-ratio control: Figure 21b): The motor torque of each wheel is the
summary of two signals: the command distributed from Tcmd expressed in Figure 18b; and the output
of the LQR-based slip-ratio controller. Thanks to the proposed method, the wheel velocities are
slightly smaller than the vehicle velocity during the deceleration period. This means the safety and
controllability of the vehicle are successfully maintained. In addition, the efficiency of electric energy
utilization is also improved by maintaining a small slip ratio.

8. Conclusions

This paper suggests that IWM-EV should be treated as a special type of multi-agent-system with
physical interaction between the local agents or the locally controlled wheels. Three ways to model
the IWM-EV are proposed. Each is shown to be suitable for certain control objectives and certain
system design approach. From a multi-agent system point of view, the proposed design models,
namely DM-1,2,3, contribute some new understandings on IWM-EV dynamics.

Firstly, the DM-1 points out that the IWM-EV naturally has the hierarchical structure: the vehicle
body dynamics in the upper-layer, and the local wheel dynamics in the lower-layer. The two layers are
connected via the aggregation and distribution channels. Although DM-1 is nonlinear and complex,
it is quite helpful for applying passivity theory to clarify the energy storage function of IWM-EV.
Passivity theory, therefore, is a possible candidate for improving the safety and optimizing the use of
electricity in IWM-EVs.

Secondly, the DM-2 shows another interesting characteristic of IWM-EV. This is the rank-1
physical interaction. Based on DM-2, IWM-EV motion control system can be modelled by a local
transfer function H(s) and the interaction matrix. This model is quite useful for applying generalized
frequency variable to analyze the stability of the control system. The complexity of stability analysis is
independent of the number of IWM actuators.

Last but not least, the DM-3 is a state-space representation of IWM-EV. It is a suitable choice
for applying optimal control strategies, such as LQR control of the slip-ratios and driving forces.
In addition to attaining the local control objective at each wheel, DM-3 can be utilized to address the
additional global control objectives.

This paper demonstrates several control design examples using the proposed DMs.
The effectiveness of the DMs and their design approaches are evaluated using Carsim/Matlab
co-simulator. For the sake of simplicity, DM-2 and DM-3 are established under the assumptions that
the local agents are homogeneous (Assumptions 1 and 3). To overcome this real limitation, in future
study we will employ the multi-agent theories to deal with the heterogeneous of the local wheels.

This paper only focuses on the dynamical models for vehicle motion control. Therefore, we do
not consider the models of other parts of the EV systems, such as the motor model, the inverter model,
and the energy source model. Motivated by several recent works on battery modelling [37–40], we will
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also develop the full model of the EVs using Matlab-Carsim co-simulator. Such simulation models will
be utilized to integrate motion control, motor control, and optimal energy management for IWM-EVs.
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Appendix A

Table A1 summarizes some main parameters of the simulation model which is based on the
electric vehicle prototype shown in Figure A1.

Table A1. Specification of the vehicle model.

Vehicle

Vehicle mass m = 1080 (kg)
Radius of wheel r = 0.285 (m)

Wheel moment of inertia Jw = 1.25 (kg.m2)

Cross-sectional area of vehicle in
the air AF = 2.37 (m2)

Drag coefficient Cd = 0.35
Distance between front axle and

rear axle L = 2.55 (m)

Distance from center of gravity to
front axle Lf = 1.45 (m)

Distance from center of gravity to
rear axle Lr = 1.10 (m)

Height of the center of gravity Hg = 0.356 (m)
Number of wheels N = 4

 

Figure A1. Electric vehicle for establishing the simulation model.

Appendix B

The GFV φ(s) = s4+a3s3+a2s2+a1s+a0
b3s3+b2s2+b1s+b0

is calculated with

a3 =
mJw
(
Jw + τ f KP + S̃nr2τ f

)
mτ f J2

w
, a2 =

mJw
(
KP + τ f KI + S̃nr2

)
mτ f J2

w
, a1 =

m
(
JwKI + S̃nr2KP

)
mτ f J2

w
, a0 =

mS̃nr2KI

mτ f J2
w

,
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b3 =
S̃nτ f J2

w

mτ f J2
w

, b2 =
S̃nJw
(
Jw + τ f KP

)
mτ f J2

w
, b1 =

S̃nJw
(
KP + τ f KI

)
mτ f J2

w
, a0 =

S̃nJwKI

mτ f J2
w

,

Appendix C

To get an optimal feedback gain of the form (44), the weighting matrices are selected as

Q = IN ⊗Q1 + ΓN ⊗Qg1 + ΨN ⊗Qg2, R−1 = IN ⊗R−1
1 + ΓN ⊗R−1

g1 + ΨN ⊗R−1
g2 , H = IN ⊗H1, (A1)

where the matrices (Q1, R1, H1) are set for the lower layer, (Qg1, Rg1) and (Qg2, Rg2) are set for the
upper layer. The control gains are obtained by the three-step procedure as follows

Step 1 (Lower-layer):
Select the weighting matrices (Q1, R1, S1) such that Q1 and S1 are positive semidefinite, and R1 is

strictly positive definite. Then, solve the differential Riccati equation

.
P1 + P1

¯
A1 +

¯
A

T

1 P1 − P1
¯
B1R−1

1

¯
B

T

1 P1 + Q1 = 0, (A2)

with the boundary condition P1
(
t f
)
= P1 f = H1.

Step 2 (Upper-layer):
Select the positive semidefinite matrix ΨN and the positive definite matrices Rg1 and Rg2 to obtain

the weighting matrix R as in (45). Then, the two matrices Qg1 and Qg2 are set as following such that
Qg1 is positive semidefinite:

Qg1 = P1
¯
B1R−1

g1

¯
B

T

1 P1 − P1
¯

A2 −
¯

A
T

2 P1, Qg2 = P1
¯
B1R−1

g2

¯
B

T

1 P1. (A3)

Step 3 (Feedback gain):
Finally, the feedback gains are calculated as

K1 = −R−1
1

¯
B

T

1 P1, Kg1 = −R−1
g1

¯
B

T

1 P1, Kg2 = −R−1
g2

¯
B

T

1 P1. (A4)

The above procedure is a kind of partial inverse LQR method that provides the hierarchical control
structure in Figure 13, since the choices of Qg1 and Qg2 are not completely free but restricted as in (45).
The optimality of the feedback gains is shown by Proposition 1 in [17].

Appendix D

In this paper, we present the general design models for the electric vehicle driven by N IWM
actuators. All the simulations are performed by using a 4-wheel-model. We actually implemented
several motion control approaches to a real electric vehicle, such as lateral motion control in [3],
and longitudinal motion control in [17]. It is the electric vehicle COMS shown in Figure A2. It has four
wheels but only two rear wheels are driven by IWMs of IPMSM type with the maximum power of
2 kW. The motor drives and inverters are provided by Myway. The vehicle is equipped with RTK-GPS
receiver produced by Hemisphere, the gyroscopes, and the accelerometers. Through the fusion of
GPS receiver, gyroscopes, and accelerometers, the vehicle velocity can be obtained. The encoders are
installed at the wheels to measure the rotational speed. The heart of the system is a RT-Linux computer
which processes the control algorithm and stores the experimental data.

In Figure A3, we demonstrate an experimental result of the wheel velocity control system in
Figure 9. This was an autonomous driving test in which the vehicle is required to accelerate to the
velocity of 5 m/s and then, maintaining this velocity constantly. To this end, the driving command is
given by the upper-layer motion control layer. To design the PI controller for controlling the wheel
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velocity, we apply the Stability condition 8 in case N = 2. Thanks to this condition, we can stabilize the
overall system and smoothly attain both the global motion and local motions of the vehicle.

 

Figure A2. Electric vehicle COMS (Hori-Fujimoto Lab, Kashiwa Campus, The University of Tokyo).

 
(a) Global motion: vehicle velocity 

  
(b) Local motion: rear-left wheel. (c) Local motion: rear-right wheel. 

Figure A3. Experiments of wheel velocity control using electric vehicle COMS.
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Abstract: Electric vehicles (EVs) are characterized by a significant variety of possible powertrain
configurations, ranging from one to four electric machines, which can have an on-board or
in-wheel layout. Multiple models of production EVs have recently been introduced on the market,
with 4-wheel-drive (4WD) architectures based on a central motor within each axle, connected to the
wheels through a gearbox, a differential, and half-shafts. In parallel, an important body of research and
industrial demonstrations have covered the topic of 2-speed transmission systems for EVs, with the
target of enhancing longitudinal acceleration and gradeability performance, while increasing the
operating efficiency of the electric powertrain. Although several recent studies compare different
electric powertrain architectures, to the best of the authors’ knowledge the literature misses a
comparison between 2-wheel-drive (2WD) and 4WD configurations for the same EV, from the
viewpoint of drivability and energy consumption. This paper targets this gap, by assessing 2WD and
4WD powertrain layouts with central motors, for a case study light passenger car for urban mobility,
including consideration of the effect of single- and 2-speed transmission systems. An optimization
routine is used to calculate the energy-efficient gear state and/or torque distribution for each considered
configuration. For the specific EV, the results highlight the favourable trade-off of the single-speed
4WD layout, capable of reducing the energy consumption during driving cycles by approximately
9% with respect to the conventional 2WD layout with single-speed transmission, while providing
satisfactory drivability and good gradeability, especially in low tire–road friction conditions.

Keywords: Electric vehicle; 2-wheel-drive; 4-wheel-drive; single- and 2-speed transmissions; optimal
torque distribution; optimal gear selection

1. Introduction

Electric vehicles (EVs) are characterized by a variety of potential powertrain architectures,
including one to four electric motors [1]. The electric machines can have on-board [2] or in-wheel [3]
installations, depending on whether they are part of the sprung or unsprung mass of the EV. While the
in-wheel configurations imply the adoption of two motors within the same axle, the on-board
configurations can have either a single motor (central motor configuration) or two motors per axle.
In the central motor configurations, the electric machine is connected to the wheels through a mechanical
transmission, a mechanical differential and half-shafts. Production EVs usually have a 2-wheel-drive
(2WD) architecture, with a central motor configuration including a single-speed transmission system [4].

Energies 2020, 13, 3328; doi:10.3390/en13133328 www.mdpi.com/journal/energies
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The simplicity of such powertrain layout meets the performance requirements of most EVs, and results
in low cost and weight. This solution is enabled by the favourable torque characteristics of electric
machines, which, in a first approximation, have a constant torque region up to the base speed, and then
a constant power region up to the top speed. However, the automotive industry is exploring alternative
EV layouts, with a series of recent 4-wheel-drive (4WD) production EVs with one motor per axle, such as
the Tesla Model S (built in Fremont, California, USA), Audi e-tron (built in Brussels, Belgium), and Jaguar
I-PACE (built in Graz, Austria) [4]. Such 4WD architectures provide redundancy in case of powertrain
failures, and permit the implementation of advanced vehicle dynamics and traction control concepts,
through the variation of the front-to-total torque distribution [5,6]. Moreover, the 4WD layouts with
one motor per axle do not require the complex—yet achievable through engineering efforts—functional
safety analyses (see the relevant standard ISO-26262, [7]) of the configurations with two motors per
axle, either on-board or in-wheel [8,9], which can generate undesired direct yaw moments in case of
motor drive failures. Nevertheless, in medium to long term, a fair market share can be expected for the
configurations with two motors per axle, which: (i) offer the possibility of implementing continuous
direct yaw moment control, to enhance active safety [2] and energy efficiency in cornering [10];
and (ii) facilitate advanced individual wheel slip control [11], especially in case of in-wheel motors,
which are not affected by the torsional dynamics of the half-shafts. These layouts, covered with a specific
set of performance indicators for cornering conditions in the comparison in De Novellis et al. [12],
will not be considered in this study, which is focused on central motor arrangements.

In parallel, in the last 10 years, the automotive industry and academia have been evaluating
2-speed transmission systems for electric powertrains with central motor configurations, with the
purpose of enhancing the longitudinal acceleration, gradeability, top speed, and energy consumption
performance, through the appropriate design and on-line selection of the gear ratios [13–18]. The first
examples of electric powertrains with 2-speed transmissions are currently reaching the production
phase [19]. The studies on 2-speed transmission systems include gearbox configurations and algorithms
for reducing the wheel torque gap and longitudinal acceleration oscillations during gearshifts [17,18],
as well as controllers for 4WD EV configurations [20,21], in which: (i) significant operational flexibility
is available in terms of number of states and front-to-total wheel torque distributions to obtain,
in an energy efficient way, a total wheel torque demand at a given speed; and (ii) the torque-fill
effect [22] during the gearshift can be achieved through simplified 2-speed transmission system layouts,
e.g., without controlled friction clutches, by modulating the torque profile on the axle not involved in
the gearshift [21]. However, to the best of the authors’ knowledge, the production controllers for gear
selection and/or management of the front-to-total wheel torque distribution in 4WD configurations tend
to adopt relatively simple but robust algorithms, which are far from providing optimal performance,
especially in terms of energy consumption.

The EV literature includes contributions analysing and optimizing powertrain efficiency, energy
consumption along driving cycles, and operating costs, [13,23,24], as well as studies on novel
central motor configurations, with comparisons with more conventional layouts. For example,
Bottiglione et al. [25] discuss the increased operational flexibility, and thus efficiency, of the electric
motor drive, allowed by infinitely variable transmission systems. Holdstock et al. [26] present a
four-speed dual motor electric powertrain concept, in which two gears are available for each electric
machine, and compare the energy consumption of the novel powertrain with that of single motor
configurations coupled with single- and 2-speed transmissions. The dual motor layout is simplified
in Kwon et al. [23] and Ruan et al. [27], which consider one gear ratio for each electric motor.
Nguyen et al. [28] extend the four-speed dual motor powertrain concept to a case study plug-in parallel
hybrid electric bus, i.e., including an internal combustion engine in the powertrain. De Carlo et al. [29]
propose a dual motor electric powertrain layout based on an epicyclical gearset, which shows an
average ~9% energy efficiency increase along an urban driving cycle, with respect to the corresponding
single motor solution. However, the previous 2WD dual motor layouts, although requiring two electric
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machines, do not bring the traction capability benefits of a 4WD EV architecture, unless they are
replicated on both vehicle axles, which would imply the installation of four motors.

Despite the availability of studies comparing different EV powertrain architectures [30], to the
best of the authors’ knowledge, the literature misses a thorough performance comparison between
2WD and 4WD EV architectures with a single motor per axle, which are the focus of the current
industrial interest. Moreover, although on-board electric powertrains are subject to important torsional
oscillations [2], which have to be compensated by anti-jerk controllers [31], the available electric
powertrain comparisons tend to overlook the drivability implications of the considered layouts. Hence,
for a case study EV, this paper aims to address the identified gap through:

• A drivability analysis based on the frequency and time response characteristics of 2WD and 4WD
powertrain layouts, excluding and including the effect of the anti-jerk control action;

• A unified optimization routine to find the energy-efficient transmission state and front-to-total
torque distribution for each operating condition of the EV, to provide a fair comparison among
the considered architectures;

• A comparison of the resulting acceleration, gradeability and energy consumption performance.

The paper is organized as follows: Section 2 discusses the EV layouts and simulation models;
Section 3 deals with the drivability assessment; Section 4 presents the unified optimization routine
for energy-efficient gear selection and front-to-total wheel torque distribution; Section 5 includes the
acceleration, gradeability and energy consumption results, which are followed by the conclusions.

2. Electric Vehicle Layouts and Simulation Models

2.1. Electric Vehicle Layouts

The case study EV platform (Figure 1) is a light urban passenger car prototype developed by
IFEVS (Interactive Fully Electrical VehicleS) within the European project PLUS-MOBY, and enhanced
during the follow-up project TELL [32]. The considered EV layouts, reported in Figure 2, are:

• Layout L1: a 2WD configuration with a single front 28 kW (peak power value) electric motor
coupled with a single-speed transmission. The gear ratio was chosen by the involved industrial
companies as a trade-off between gradeability and top speed.

• Layout L2: a 2WD configuration, which differs from L1 for the adoption of a 2-speed transmission.
The design is a cost-driven simplification of the 2-speed transmission in [14,18], by excluding
the friction and sprag clutches, which are replaced by a dog clutch. During the gearshifts,
the synchronization is controlled through the electric motor drive [20,21], at the price, with respect
to the more sophisticated original design, of a wheel torque gap. The first gear ratio provides
the required longitudinal acceleration and gradeability performance, while the second gear ratio
ensures the desired top speed.

• Layout L3: a 4WD configuration with two 14 kW electric motors, connected to the respective axle
through single-speed transmissions.

• Layout L4: a 4WD configuration, which differs from L3 for the adoption, within each axle, of the
same 2-speed transmission system as in L2. In this EV layout, a torque-fill controller provides
seamless gearshifts at low-to-medium wheel torque demands, through the variation of the torque
on the axle not involved in the gearshift [20,21].

The EV prototype was initially implemented and experimentally tested in the L4 configuration,
see [21]. The efficiency maps of the individual single- and 2-speed powertrains used in the 4WD
layouts, based on the data provided by the motor and transmission manufacturers, are in Figure 3,
expressed as functions of the total wheel torque and vehicle speed. The maps consider the inverter,
electric machine and transmission power losses. In addition to increasing the available torque-speed
region, through appropriate gear selection the 2-speed layout significantly expands the operating region
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where the individual powertrain efficiency exceeds 90%. To provide a fair comparison between the
2WD and 4WD EV layouts, characterized by different sizes of the individual powertrains, the efficiency
maps were scaled according to the maximum motor torque.

   

(a) (b) (c) 

Figure 1. The case study 4-wheel-drive (4WD) electric vehicle platform prototype: (a) Exterior view;
(b) The EV during testing on a rolling road facility; (c) The 2-speed electric powertrain.

    
L1 L2 L3 L4 

Figure 2. The considered EV layouts, with one (L1 and L2) or two (L3 and L4) electric motors, coupled
with single-speed (L1 and L3) or 2-speed (L2 and L4) transmissions.

The main parameters of the four EV architectures are in Table 1, including indication of the EV
mass variation associated with the powertrain configurations.

(a) (b) 

Figure 3. Efficiency maps of the considered powertrains, including electric motor drive and transmission:
(a) Single-speed powertrain; (b) 2-speed powertrain (with optimal gear selection).
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Table 1. Main parameters of the considered EV layouts.

Electric Vehicle
Layouts

Vehicle
Mass
(kg)

Motor Rotor
Inertia
(kgm2)

Transmission
Mass
(kg)

Inverter
Mass
(kg)

1st Gear
Ratio

(−)

2nd Gear
Ratio

(−)

Max. Wheel
Torque *

(Nm)

L1: single-speed 2WD 820.6 0.0338 12.6 5 8.9 − 772
L2: 2-speed 2WD 831.5 0.0338 23.5 5 12.2 6.76 1060

L3: single-speed 4WD 848.2 0.0181 12.6 × 2 5 × 2 8.9 − 772
L4: 2-speed 4WD 870.0 0.0181 23.5 × 2 5 × 2 12.2 6.76 1060

* The values reported in the table do not account for transmission efficiency.

2.2. Nonlinear Model

A nonlinear forward facing Matlab-Simulink model of the longitudinal vehicle dynamics was
implemented to assess the considered EV layouts. This Section presents the main Equations describing
the dynamics of the 4WD EV configuration with 2-speed transmissions, i.e., L4 (see Figure 4), since L1-3
can be considered as its subcases. The front and rear axle models include the features responsible
for the first order torsional drivetrain dynamics: (i) the half-shafts, modeled as a torsional spring
and damper in parallel, and parametrized to include the torsional compliance of the whole driveline;
and (ii) the tires, simulated through the Pacejka magic formula (version 5.2) with a relaxation length
model [33].

Figure 4. Simplified conceptual schematic of the 2-speed 4WD EV (L4).

Each 2-speed transmission can operate in three conditions, governed by different Equations:

• Engaged first gear, i.e., with the dog clutch engaged such that the primary and secondary shafts
rotate according to the first gear ratio;

• Engaged second gear, i.e., with the dog clutch engaging the corresponding gear;
• Disengaged gear: in this condition the drivetrain is characterized by two degrees of freedom,

as the electric motor is decoupled from the secondary transmission shaft.

At the EV level, these conditions allow for a total number of eight states, as indicated in Table 2.
The Equations are reported for the front axle only, as the front and rear drivetrains are identical.
As the assessed scenarios do not include asymmetric tire-road friction conditions on the two EV
sides, for simplicity the internal dynamics of the mechanical differential are neglected, and the model
considers an equivalent half-shaft and an equivalent tire per axle.

The electric motor torque dynamics are described through the combination of a pure time delay
and first order transfer function:

T f
EM

T f
EM,des

(s) =
e−τ

f
d,EMs

1 + τ f
EM s

(1)
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The parametrization of Equation (1) considered the expected variation of the electrical system
dynamics with the motor size, i.e., larger machines are usually characterized by larger values of their
time constant. More specifically, in the following analyses, a time constant τEM = 25 ms was selected
for the larger motors of the 2WD EV configurations, and τEM = 12.5 ms was chosen for the machines
of the 4WD layouts.

Table 2. Available gear state combinations for the 2-speed 4WD EV (L4).

State Front Transmission Rear Transmission State Front Transmission Rear Transmission

1 1st gear 1st gear 5 Neutral 1st gear
2 1st gear 2nd gear 6 Neutral 2nd gear
3 2nd gear 1st gear 7 1st gear Neutral
4 2nd gear 2nd gear 8 2nd gear Neutral

In first gear, the torque balance of the powertrain is given by:

..
θ

f
di f f =

1

J f
eqg1

[
i f
g1 i f

di f fη
f
tr T f

EM −
(
β

f
HSL

+ β
f
HSR

)( .
θ

f
di f f −

.
θ

f
w

)
−
(
k f

HSL
+ k f

HSR

)(
θ

f
di f f − θ

f
w

)]
(2)

In Equation (2), the transmission efficiency, η f
tr, can be reversed depending on the direction of the

power flow through the coupling, and is expressed through a look-up table, as a function of the input
torque, speed, and operating temperature. The equivalent mass moment of inertia of the drivetrain in
first gear is:

J f
eqg1

= J f
di f f + 0.5

(
J f
HSR

+ J f
HSL

)
+
(
J f
SS + J f

g2 i f
g2

2
)
i f
di f f

2 +
(
J f
EM + J f

PS + J f
g1

)
i f
g1

2i f
di f f

2 (3)

In second gear, the system dynamics are expressed by replacing the gear ratio in Equation (2),
while the equivalent mass moment of inertia of the drivetrain is:

J f
eqg2

= J f
di f f + 0.5

(
J f
HSL

+ J f
HSR

)
+
(
J f
SS + J f

g1 i f
g1

2
)
i f
di f f

2 +
(
J f
EM + J f

PS + J f
g2

)
i f
g2

2i f
di f f

2 (4)

In conditions of disengaged gear, the primary and secondary shafts are decoupled, and the
drivetrain has two degrees of freedom, i.e., the first one for the rotating parts of the electric motor and
transmission system components rigidly connected to the primary shaft, and the second one for the
transmission components rotating together with the differential:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
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f
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where:
J f
eqdis

= J f
di f f + 0.5

(
J f
HSL

+ J f
HSR

)
+
(
J f
SS + J f

g1i f
g1

2 + J f
g2i f

g2
2
)
i f
di f f

2 (6)

The axial position of the dog clutch for gear selection is controlled though an electro-mechanical
actuator. The actuator position is modeled through a pure time delay, τ f

d , and a first order transfer

function with time constant τ f
act:

x f
act

x f
des

(s) =
e−τ

f
d s

1 + τ f
act s

(7)
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The simulation model of L4 includes the gearshift algorithm with torque-fill capability, discussed
and experimentally evaluated in De Pinto et al. [21], which modifies the torque demand on the axle not
involved in the gearshift to compensate for the torque gap on the other axle.

The wheel dynamics are described by:

..
θ

f
w = 1

2Jw+0.5
(
J f
HSL

+J f
HSR

) [(β f
HSL

+ β
f
HSR

)( .
θ

f
di f f −

.
θ

f
w

)
+
(
k f

HSL
+ k f

HSR

)(
θ

f
di f f − θ

f
w

)
− 2T f

dw − 2T f
br − 2T f

roll

]
(8)

where T f
br is the braking torque on each front corner, and T f

roll is the rolling resistance torque of the

front tires. The delayed tire torque, T f
dw, i.e., the moment corresponding to the actual longitudinal tire

forces, is calculated through a relaxation model:

T f
w =

Lrel
.
θ

f
w0Rw

.
T

f
dw + T f

dw (9)

where T f
w is the steady-state tire torque, corresponding to the longitudinal force output by the Pacejka

magic formula model. The tire relaxation length is expressed as a function of the vertical tire load.
Finally, the dynamics of the equivalent EV inertia are described by:

mR2
w

..
θv = 2T f

dw + 2Tr
dw − Taero (10)

where
..
θv is the angular acceleration of the equivalent EV inertia, and Taero is the equivalent torque

corresponding to the aerodynamic drag.

2.3. Linearized Model

On-board electric powertrains are usually characterized by a rather low first natural frequency,
because of the relatively large rotating inertias of the motor rotor and wheels, and low torsional stiffness
of the half-shafts. Given the limited damping level of the system, torsional vibrations provoked by
the electric motor torque transients are common issues that affect drivability and cause longitudinal
acceleration oscillations [34]. In this context, 4WD EV configurations and 2-speed transmissions add
complexity and can amplify the problem. Hence, a linearized version of the model in Section 2.2
was implemented to obtain the frequency response characteristics of the considered EV layouts in
conditions of engaged gear, for torque demand inputs.

The main system nonlinearity is represented by the longitudinal tire force characteristics,
which, in the linearized model, are approximated through the following linear function:

F ≈ F0 + C0(σ− σ0) = F0 + C0/
.
θw0
( .
θw

.
θv0/

.
θw0 −

.
θv
)
= F0 + C0/

.
θw0
[ .
θw(1− σ0) −

.
θv
]

(11)

where the longitudinal slip stiffness at the linearization point, C0, is calculated through the magic
formula model. Equation (11) shows that the tire behaves like a nonlinear damper between the wheel
and vehicle inertias, where the damping coefficient is a decreasing function of the wheel speed at the
linearization point,

.
θw0, i.e., the torsional drivetrain dynamics change with speed.

From the linearized model, the Bode plot of the following transfer function is considered for each
EV configuration:

Hreq( jω) =

..
θv

Treq
( jω) (12)

which expresses the EV acceleration,
..
θv, resulting from a wheel torque demand input, Treq. Hreq( jω)

characterizes the dynamic response to a driver torque request, and thus allows to evaluate the EV
drivability properties. For the 2WD layouts, Hreq( jω) and the respective Bode plot are directly derived
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from the linearized model formulation. In the 4WD layouts, Hreq( jω) results from the superposition of

the EV response to the front and rear torque demands, T f
req and Tr

req:

Treq = T f
req + Tr

req (13)

From the definition of the front-to-total wheel torque distribution ratio p, it follows that:

T f
req = p Treq

Tr
req = (1− p) Treq

(14)

By assuming a constant value of p and the presence of a phase shift φ between the front and rear
torque demands, Hreq( jω) is calculated as:

Hreq( jω) =

..
θv

Treq
( jω) = p

..
θv

Treq
( jω)

∣∣∣∣∣∣∣
f

+ (1− p)

..
θv

Treq
( jω+ φ)

∣∣∣∣∣∣∣
r

(15)

3. Drivability Analysis

3.1. Frequency Response Characteristics

Figure 5 reports the magnitude plots of Hreq( jω) for the considered EV configurations, for a
selection of gear states (see Table 2) and front-to-total wheel torque distributions, under the assumption
of using the same half-shafts for all EVs. All cases show an evident resonance peak, at a frequency
that decreases when the gear ratio increases, i.e., the resonance frequency is lower in first gear in
the 2-speed powertrains. The resonance frequency of the single-speed 4WD configuration is rather
high because of the reduced mass moment of inertia of each downsized motor. The effect of the state
selection on the resonance frequencies is significant, because of the different values of equivalent mass
moment of inertia of the powertrain. In the 4WD layouts, the front-to-total torque distribution does
not affect the frequency and magnitude of the resonance, if the two drivetrains are in the same gear
ratio. If different gears ratios are selected, the system shows two resonance frequencies, i.e., one per
drivetrain, and experiences an important variation of

∣∣∣Hreq( jω)
∣∣∣ as a function of p.

 
(a) (b) 

 
(c) (d) 

Figure 5. Cont.
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(e) (f) 

Figure 5. Examples of magnitude plots of Hreq( jω) for the different EV layouts at 20 km/h: (a) L1:
Single-speed 2WD; (b) L2: 2-speed 2WD; (c) L3: Single-speed 4WD; (d) L4: 2-speed 4WD (with states
indicated according to Table 2); (e) L4: 2-speed 4WD (second gear on front axle, first gear on rear axle);
(f) L4: 2-speed 4WD (second gear on front and rear axles).

Figure 6 is a sensitivity analysis on the effect of the phase shift between the front and rear drivetrain
torque demands. During real EV operation, input torque phase shifting is inevitable, and can be
caused by the variation of the wheel torque distribution decided by the energy management system,
the gearshift controller, as well as the interventions of the anti-jerk and traction controllers. The phase
shifts affect

∣∣∣Hreq( jω)
∣∣∣ especially when different gear ratios are selected on the two axles, in the frequency

region between the respective resonances.
The important conclusion is that the 2-speed 4WD configuration (L4) is characterized by a

significantly increased complexity of its drivability response in constant gear condition, with respect
to all the other layouts, and its frequency response is strongly dependent on the selected state,
wheel torque distribution, and torque demand phase shift. Hence, such EV architecture needs a more
careful parametrization of the anti-jerk controller, i.e., the controller compensating for the torsional
drivetrain dynamics, which must be adaptable to the variety of operating conditions of the EV.

 
(a) (b) 

Figure 6. Examples of magnitude plots of Hreq( jω) with constant p (50% in the left subplot and 80%
in the right subplot) and different phase shifts φ between the front and rear motor torque demands,
at 20 km/h, for L4 (2-speed 4WD): (a) Second gear on front axle, first gear on rear axle; (b) Second gear
on front and rear axles.

3.2. Anti-Jerk Controller

The implemented anti-jerk controller, i.e., the controller damping the torsional drivetrain
oscillations, is based on a tachometric feedback architecture [2,35], in which, in a first approximation,
the corrective anti-jerk torque, T f

EM,corr, reported for the front powertrain, is proportional to the
drivetrain torsion rate (see also Figure 7).

T f
EM,corr = K

( .
θ

f
EM −

.
θ

f
wi f

seli
f
di f f

)
(16)
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A gain scheduling approach as a function of the vehicle speed and selected gear ratio was adopted
to obtain rather uniform performance along the variety of possible operating scenarios. Appropriate
activation and deactivation conditions were defined, e.g., the anti-jerk controller is not active during
the interventions of the traction controller or during gearshift actuation.

The tuning of the anti-jerk controller was performed through simulation-based iterations, for a set of
tip-in and tip-out tests, i.e., manoeuvres characterized by abrupt positive and negative variations of the
powertrain torque. The tuning objective was to reduce the longitudinal acceleration oscillations, and in
particular the first overshoot or undershoot following the torque demand variation, without excessive
penalization of powertrain responsiveness.

 

Figure 7. Simplified block diagram of the vehicle system with the implemented anti-jerk controller.

3.3. Drivability Assessment

Figure 8 presents the effect of the anti-jerk controller on the longitudinal acceleration response of
the four EV configurations, along a tip-in test from an initial torque level required to keep a constant
EV speed of 10 km/h, to the maximum motor torque demand. No gearshift is actuated in the 2-speed
configurations. The initial gear is the first one for the layouts with 2-speed transmission systems,
which, given the larger gear ratio, show higher average values of the longitudinal vehicle acceleration.
The lowest steady-state value of the longitudinal acceleration is associated with the single-speed
4WD layout, and is caused by the smaller gear ratio and marginal mass increase due to the second
driven axle.

All configurations without anti-jerk control respond with major oscillations, which severely
degrade drivability. The 4WD layouts are more responsive and prone to oscillations, because of the
reduced time constant of their electric machines, which increases the excitation level of the torsional
drivetrain dynamics. Without anti-jerk controller, in the 2-speed 2WD EV the oscillations are attenuated
by the intervention of the traction controller, which reduces the wheel torque demand to prevent wheel
spinning. A minor intervention of the traction controller also occurs in the single-speed 2WD case.

The proposed anti-jerk control scheme brings consistent performance improvements in all EV
configurations, e.g., with a reduction of the first acceleration peak by more than 1.5 m/s2 for the 2-speed
4WD EV (L4), and a general compensation of the oscillations in less than 0.3 s after the application of
the tip-in torque.

For the test in Figure 8, Table 3 reports the values of typical drivability performance indicators
(see also the standards ISO 2631 [36] and ISO 8041 [37]):

• The fourth-power vibration dose value of the longitudinal acceleration, VDVã, evaluating the
vehicle comfort level:

VDVã =
4

√∫ t2

t1
ã4dt (17)
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where ã(t) is the difference between the actual EV acceleration profile, a(t), and the acceleration
value, ass = a(t2), computed at the time t2 = 1.5 s, in which the acceleration can be considered
stabilized to its steady-state value in all controlled configurations:

ã(t) = a(t) − ass (18)

t1 is the time in which ã crosses zero for the first time during the tip-in.
• The root-mean-square value of ã, i.e., RMSã:

RMSã =

√
1

t2 − t1

∫ t2

t1
ã2dt (19)

• The difference of the resulting EV speeds at t = t2, without and with anti-jerk controller,
i.e., VAJ−o f f (t2) and VAJ−on(t2):

ΔV = VAJ−o f f (t2) −VAJ−on(t2) (20)

which evaluates the degradation of the acceleration performance induced by the controller.
• The response time, tresp, evaluated as the difference between the times in which the longitudinal

acceleration profile crosses 90% and 10% of ass for the first time after the variation of the torque
demand request.

• The settling time, tsett, i.e., the time that is required for a to remain within a given range of
percentage (2.5%) of ass, evaluated in the interval [t1, t2].

• The peak response time, tpeak, evaluated as the difference between the time of the first acceleration
peak, and the time corresponding to the first crossing of ass after the variation of torque
demand request.

• The overshoot, OS, expressed in percentage, calculated from the difference between the peak
acceleration value and ass.

• The integral (normalized with time) of the absolute value of the anti-jerk control actions,
which evaluates the magnitude of the control effort:

IACA =
1

t2 − t1

∫ t2

t1

(∣∣∣∣T f
EM,corr

∣∣∣∣+ ∣∣∣Tr
EM,corr

∣∣∣)dt (21)

(a) (b) 

Figure 8. Longitudinal vehicle acceleration profiles for the four EV layouts, during a tip-in from an
initial speed of 10 km/h: (a) Without anti-jerk controller; (b) With anti-jerk controller.
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The indicators confirm the qualitative behaviors observed in Figure 8, with the 4WD layouts
characterized by higher responsiveness and reduced comfort with respect to the 2WD layouts, and a
major performance improvement provided by the anti-jerk controllers in all EV configurations.

Table 3. Drivability performance indicators for the tip-in test of Figure 8.

Layout Anti-jerk
Controller

VDVãx RMSãx ΔV tresp tsett tpeak OS IACA
(m/s1.75) (m/s2) (km/h) (s) (s) (s) (%) (Nm)

L1: Single-speed 2WD Off 0.491 0.341 0 0.055 0.646 0.150 33.22 0
On 0.035 0.020 −0.370 0.056 0.259 0.184 1.67 2.588

L2: 2-speed 2WD Off 0.329 0.279 0 0.096 0.789 0.505 16.29 0
On 0.056 0.039 −0.423 0.081 0.258 0.132 3.08 3.752

L3: Single-speed 4WD Off 0.799 0.528 − 0.021 NA 0.048 69.65 0
On 0.238 0.120 −0.232 0.023 0.252 0.037 16.54 1.675

L4: 2-speed 4WD Off 1.046 0.701 − 0.027 NA 0.062 68.90 −
On 0.219 0.120 −0.372 0.032 0.180 0.058 12.45 2.044

In reality, when considering the operation of the EV beyond the specific tip-in test, the simplicity
of the adopted 2-speed transmission layout, which is needed to limit the cost of the multiple-speed
EV configurations, originates drivability limitations in maneuvers involving gearshifts at high torque
demand. This is shown in the second tip-in test of Figure 9 (with a lower torque gradient than the one
in Figure 8), in which: (i) the 2-speed 2WD EV performs an upshift; and (ii) the 2-speed 4WD EV is
subject to a gearshift from the first to the second gear on the front axle, and then from the first to the
second gear on the rear axle. Each gearshift has a duration of approximately 0.8 s. In these conditions,
the gearshift torque-fill strategy of the 2-speed 4WD EV [21] is not effective, since the axle not involved
in the gearshift is already operating at its torque limit and cannot be used for filling in the torque gap
during the gearshift of the other axle. This can originate a decay of the drivability performance in real
driving conditions, which shifts the balance of the comparison toward the single-speed solutions.

Figure 9. Longitudinal vehicle acceleration profiles for the four EV layouts, during a tip-in test including
gearshift actuation for the layouts with 2-speed transmissions.

4. Routine for Selection of Optimal Gear State and Front-to-Total Wheel Torque Distribution

4.1. Structure of the Optimization Routine

With the exception of the single-speed 2WD layout (L1), the considered EV configurations are
characterized by actuation redundancy in many operating conditions, i.e., a given wheel torque
demand can be achieved through multiple transmission states and/or front-to-total wheel torque
distributions. Obviously, the selection of the state and torque distribution has an impact on the EV
energy consumption. Therefore, for fairness of comparison, an off-line optimization routine was
implemented to calculate the commands that minimize the instantaneous powertrain power loss for
each EV speed and wheel torque demand. The optimal actuations are compiled in look-up tables,
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which are used by the on-line controllers. Because of the relatively limited number of decision variables,
a brute-force search algorithm was adopted for the generation of the look-up tables.

The optimization process is summarized in Figure 10. The routine, detailed in De Pinto et al. [21]
for L4, defines a grid of operating points,

(
Vh, Tw, j

)
, in terms of EV speed and total wheel torque, each of

them identified by the indices h and j (see Figure 11a). The limits of the grid depend on the gear ratios
and motor torque characteristics of each EV architecture. In braking, the results of the optimization
routine are generated up to the maximum regenerative capability of each EV configuration, see the
‘Maximum possible regen. torque’ curves in Figure 11b. However, in the on-line implementation,
the regenerative torque area has been limited as indicated by the ‘Maximum actual regen. torque’
characteristics. In fact, after a progressive transition from regenerative braking to dissipative braking,
at very low speed it is desirable to use only the friction brakes to stop the vehicle, in accordance
with the current common practice on production EVs. Note that the case study EV is characterized
by a conventional hydraulic braking system, which does not allow the implementation of the most
advanced continuous brake blending algorithms.

 

( Vh Tw,j ) ah,j,n

Ploss,h,j,n,l

h jn*
h,j l*

h,j P*
loss,h,j

Figure 10. Simplified flow chart of the optimal state and front-to-total wheel torque distribution
search routine.

(a) (b) 

Figure 11. Features of the implemented optimization routine: (a) Examples of grid points;
(b) Regenerative braking torque limits.

After the definition of the grid, for the selected values of h and j, the optimization routine iterates
the following steps:
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• Step 1: Computation of the longitudinal vehicle acceleration, ah, j,n, for each feasible EV state,
n, under the assumption of known road gradient:

ah, j,n =
Tw, j − Faero(Vh)Rw − Froll(Vh)Rw −mgRwsinα

mapp,nRw
(22)

where the apparent vehicle mass, mapp,n, function of n, is:

mapp,n = m + 4
Jw

R2
w
+

J f
eqg1/g2/dis

R2
w

+
Jr
eqg1/g2/dis

R2
w

(23)

J f /r
eqg1/g2/dis

represents the equivalent mass moment of inertia of the rotating parts of the considered
powertrain. The feasibility of a state corresponds to its capability of generating the required wheel
torque at the assigned speed. An approximate option, available in the routine, is to neglect the
inertial effects in Steps 1–2, which simplifies the problem without significant drawbacks, especially
if the vehicle is not equipped with an on-line estimator of mass and road gradient.

• Step 2: Computation of the sum, Ploss,h, j,n,l, of the transmission, electric motor, inverter and

rolling resistance power losses at the selected grid point
(
Vh, Tw, j

)
, for each of its feasible states

and—where relevant depending on the state—along a further grid, defined by the index l, covering
the feasible range of front-to-total wheel torque distributions. The front-to-total torque distribution
corresponds to the inner loop of the routine. In the most general case, corresponding to L4,
Ploss,h, j,n,l is given by:

Ploss,h, j,n,l = P f
loss,EM+D

(
T f

EM,h, j,n,l,
.
θ

f
EM,h,n

)
+ Pr

loss,EM+D

(
Tr

EM,h, j,n,l,
.
θ

r
EM,h,n

)
+P f

loss,tr

(
T f

tr,h, j,n,l,
.
θ

f
EM,h,n

)
+ Pr

loss,tr

(
Tr

tr,h, j,n,l,
.
θ

r
EM,h,n

)
+ P f

roll

(
Vh, ah, j,n, n

)
+Pr

roll

(
Vh, ah, j,n, n

) (24)

where P f /r
loss,EM+D, P f /r

loss,tr and P f /r
roll are provided in the form of maps. The motor drive and

transmission power loss maps are functions of the respective input torque and angular speed,
calculated for the specific grid point through a backward facing rigid drivetrain model. The tire
slip power losses are neglected by the optimization routine.

• Step 3: Selection of the state, n∗h, j, and (where applicable) front-to-total torque distribution, l∗h, j,
which minimize the drivetrain power losses for the operating condition defined by h and j:{

n∗h, j, l∗h, j

}
= argminPloss,h, j,n,l (25)

n∗h, j and l∗h, j are stored in the look-up tables of the on-line implementation of the controller.

• Step 4: Selection of new values of h and j on the defined grid and repetition the process from Step 1.

4.2. Optimal State Selection for the 2-Speed 2WD Layout (L2)

In this case, the whole required traction or regenerative torque is delivered by one drivetrain,
and the undriven axle only produces a rolling resistance torque, unless the friction brakes are activated.
Equation (24) is simplified into:

Ploss,h, j,n = P f
loss,EM+D

(
T f

EM,h, j,n,
.
θ

f
EM,h,n

)
+ P f

loss,tr

(
T f

tr,h, j,n,
.
θ

f
EM,h,n

)
+ P f

roll

(
Vh, ah, j, n

)
+ Pr

roll

(
Vh, ah, j, n

)
(26)

The resulting optimal gearshift map for traction conditions is presented in Figure 12a.
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(a) (b) 

Figure 12. Optimization results: (a) Gearshift map for traction for the 2-speed 2WD layout;
(b) Front-to-total wheel torque distribution map for traction for the single-speed 4WD layout.

4.3. Single-Speed 4WD Layout (L3)

For the single-speed 4WD vehicle, the optimization variable is the front-to-total wheel torque
distribution. For the operating condition defined by the indices h, j, and l, the resulting power loss
function is:
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The optimal front-to-total torque distribution map in traction conditions is in Figure 12b,
which shows: (i) an optimal even front-to-total wheel torque distribution region, i.e., with the
same torque on the two axles, at low and high torque demands; and (ii) an optimal single axle region for
medium values of torque demand. The rear axle was selected for single axle operation for the specific
EV, given that the longitudinal load transfer in traction increases the longitudinal force capability of the
rear axle. These results are consistent with the available literature, demonstrating that, under specific
assumptions, for identical powertrains the energy-efficient torque distribution implies either single
axle operation or even wheel torque distribution [38].

4.4. 2-Speed 4WD Layout (L4)

In the 2-speed 4WD vehicle, both relevant variables, i.e., the transmission state and front-to-total
wheel torque distribution, are optimized. The optimal maps are presented in Figure 13. The results
have been post-processed and filtered to avoid irregularities, since symmetric states on the front and
rear drivetrains can provide the same optimal result while leading to frequent state switching.

The increased number of available gearbox states results in a more varied optimal state map.
The front-to-total torque distribution map shows similar characteristics to the one of the single-speed
4WD vehicle (L3). Interestingly, a significant part of the operating region is characterized by single-axle
operation, or even distribution operation. Different levels of front-to-total wheel torque distribution
occur for the states with different gear ratios on the two axles.
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(a) (b) 

Figure 13. Optimization results: (a) State selection map for traction for the 2-speed 4WD layout;
(b) Front-to-total wheel torque distribution map for traction for the 2-speed 4WD layout.

5. Acceleration, Gradeability, and Consumption Results

5.1. Acceleration and Gradeability Performance

The vehicle acceleration and top speed results for the considered EV configurations are presented
in Table 4. The top speed is 78.7 km/h for the single-speed EVs, and 103.2 km/h for the 2-speed
configurations; in all cases the top EV speed is limited by the maximum angular speed of the electric
machines, rather than by the available motor power. Because of the higher gear ratio in first gear,
the EV configurations with 2-speed transmissions show a significant improvement in the longitudinal
acceleration performance below 30 km/h; on the other hand, they have higher 0–50 km/h and 0–70 km/h
acceleration times, which are caused by the gearshifts and associated wheel torque gap, especially
evident for the L2 case, see also Figure 9. The 0–30 km/h acceleration time is lower for L4 with respect to
L2 because of the better traction capability of the 4WD layout, which does not require the intervention
of the traction controller in high tire-road friction conditions. Another factor that affects the results,
in particular in terms of 0–70 km/h acceleration time, is the mass of the different EV variants.

For each EV layout, Figure 14 reports the maximum achievable road gradient, as a function of:
(a) the tire-road friction coefficient, from standstill conditions; and (b) vehicle speed, for high tire-road
friction conditions. Although the performance of all cases is deemed adequate, the results show:
(i) the improved traction capability in low friction conditions provided by the 4WD layouts, which can
enhance active safety on critical terrains; and (ii) the enhanced gradeability in high tire-road friction
conditions, offered by the layouts equipped with 2-speed transmission systems.

Table 4. Vehicle performance for the different layouts.

Vehicle
Top Speed

(km/h)
Acc. Time

0–30 km/h (s)
Acc. Time

0–50 km/h (s)
Acc. Time

0–70 km/h (s)

L1: single-speed 2WD 78.7 3.1 5.4 9.1
L2: 2-speed 2WD 103.2 2.7 6.0 9.6

L3: single-speed 4WD 78.7 3.1 5.5 9.3
L4: 2-speed 4WD 103.2 2.4 5.7 9.4
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(a) (b) 

Figure 14. Gradeability performance characteristics: (a) Maximum achievable road gradient from
standstill as a function of the available tire-road friction coefficient; (b) Maximum achievable road
gradient as a function of vehicle speed, in high tire-road friction conditions.

5.2. Energy Consumption

This Section presents two sets of energy consumption values for L2-4, corresponding to: (i) the
normal mode, which, for the 2-speed layouts, performs the gearshifts according to a typical gear
selection map provided by the transmission manufacturer, using the current EV speed and axle torque
demand. The upshift is carried out at relatively low motor speed for low torque demands, and at
the speed limit of the first gear during operation at the maximum torque demand. In the 4WD
configuration, to provide torque-fill functionality, the gearshift maps are characterized by an offset
with respect to the EV speed, to ensure that only one gearshift is carried at a time at the vehicle level.
In normal mode, the 4WD layouts operate with a 50% front-to-total wheel torque distribution; and (ii)
the optimal mode, using the optimal gear states and front-to-total wheel torque distributions, according
to the maps obtained in Section 4. For the single-speed 2WD EV (L1), there is a single operating state,
so no optimal mode is available.

Table 5 presents the energy consumption results at constant speed, and their percentage difference
with respect to the single-speed 2WD EV; positive differences, implying higher consumption, are in
red, while negative differences are in green. The important conclusion is that, in most constant speed
conditions, the additional mass of the complex powertrain configurations, which increases the wheel
torque level to keep constant speed, is not compensated by the more efficient operation of the EV.
This is especially evident in normal mode, in which the consumption increases with the complexity
of the EV layout at all speeds, e.g., from 3.3% to 7.2% at 30 km/h, and from 0.9% to 2.8% at 70 km/h.
The optimized energy management system consistently reduces the energy consumption, especially
for the L4 EV, which is characterized by the highest level of operational flexibility. In L4, the energy
consumption reduction associated with the optimal energy management, with respect to the normal
mode for the same EV layout, is in excess of 4% at all considered speeds. In any case, at 30 km/h and
50 km/h, the most efficient configuration is the single-speed 2WD layout (L1), also in comparison with
the optimal mode of the more complex EV configurations. On the other hand, interestingly, at 70 km/h
in the optimal mode, both 4WD layouts consume less than L1, i.e., by 2.6% for L3, and 5.6% for L4.

The energy consumption performance of the EV configurations in normal and optimal modes
was assessed through the nonlinear simulation model in Section 2.2, along: (i) the urban part of the
New European Drive Cycle (NEDC), i.e., for four repetitions of the so-called ECE-15 cycle, and (ii)
the Japanese 10–15 mode test cycle (J10–15). For example, Figure 15 reports the time profiles of EV
speed, front and rear motor torque as well as gear state, during a section of the J10–15, for the two
modes of the 2-speed 4WD EV configuration. The torque-fill capability of L4 during gearshifts at
low-to-medium torque demands is evident from: (a) the regularity of the speed profile, with seamless
EV acceleration also during the gearshifts, and (b) the ripples in the electric motor torque profiles of
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the axle not involved in the gearshift, which compensate for the torque gap during the gearshifts on
the other axle. The inclusion of the gearshift dynamics in the simulation model allows to realistically
account for the motor drive power losses also during the state transition phases.

Table 5. Energy consumption results at constant speed, and their percentage difference with respect to
those of the single-speed 2WD EV (L1); positive differences, implying higher consumption, are in red,
while negative differences are in green.

Consumption 30 km/h 50 km/h 70 km/h

(Wh/km) Normal Optimal Normal Optimal Normal Optimal

L1: single-speed 2WD 36.20 − 50.53 − 72.61 −
L2: 2-speed 2WD 37.41 3.3% 37.18 2.7% 51.56 2.0% 50.92 0.8% 73.23 0.9% 73.23 0.9%

L3: single-speed 4WD 37.16 2.7% 37.16 2.7% 51.56 2.0% 51.47 1.9% 73.71 1.5% 70.70 −2.6%
L4: 2-speed 4WD 38.80 7.2% 37.31 3.1% 53.03 4.9% 51.02 1.0% 74.64 2.8% 68.53 −5.6%

Table 6 includes the complete set of energy consumption results. Along the selected driving cycles,
L2-4 show significant energy consumption reductions, compared to the single-speed 2WD vehicle
(L1); in particular, the benefit ranges from 5.7% to 8.2% in normal mode, and from 8.0% to 9.8% in
optimal mode, during the NEDC; and from 3.1% to 5.9% in normal mode, and from 5.7% to 9.0% in
optimal mode, during the J10–15. The analysis of the powertrain efficiency profiles in the time domain
highlighted that, for the specific EV parameters, the 2-speed and 4WD configurations allow a major
enhancement of the powertrain efficiency, including motor drive and mechanical transmission, for the
torque levels that are typical of the acceleration/deceleration phases of the cycles. Very interestingly,
in both driving schedules, the best energy consumption performance is achieved by the single-speed
4WD EV (L3), which, with respect to L1, provides the most effective trade-off between the efficiency
enhancement allowed by the increased operational flexibility of the electric machines, and the penalty
associated with the mass increase.

Figure 15. Time profiles of EV speed, front and rear motor torque, and gear state, for the 2-speed 4WD
EV layout (L4) during a section of the J10–15 cycle.
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Table 6. Energy consumption results along the selected driving cycles, and their percentage difference
with respect to those of the single-speed 2WD EV (L1); negative differences, implying lower consumption,
are in green.

Consumption New European Drive Cycle (NEDC)—
Urban Section (4 x ECE-15)

Japanese 10–15 Mode (J10–15)

(Wh) Normal Optimal Normal Optimal

L1: single-speed 2WD 240.1 − 418.2 −
L2: 2-speed 2WD 220.4 −8.2% 219.1 −8.7% 393.4 −5.9% 394.3 −5.7%

L3: single-speed 4WD 223.2 −7.0% 216.5 −9.8% 402.5 −3.8% 380.4 −9.0%
L4: 2-speed 4WD 226.4 −5.7% 221.0 −8.0% 405.2 −3.1% 381.5 −8.8%

6. Conclusions

The implementation of 4-wheel-drive electric vehicle configurations with a single central motor per
axle, as well as the adoption of 2-speed transmission systems, could lead to acceleration, gradeability
and energy consumption benefits, in comparison with the conventional single-speed 2-wheel-drive
electric vehicle configuration. However, the existing literature lacks analyses objectively comparing
2WD and 4WD EV layouts. To cover the gap, for a case study light passenger car prototype for urban
mobility, this study compared four powertrain layouts. An optimization routine for the energy-efficient
selection of the gear state and front-to-total wheel torque distribution was implemented to ensure
fairness of the results. Based on the analysis for the specific EV, the main conclusions are as follows:

• The fast dynamics of typical traction motors, in conjunction with the low mechanical damping of
electric drivetrains, can provoke significant resonances and torsional vibrations of the driveline.
The electrical dynamics and mass moment of inertia of the electric machine/s, together with the
transmission gear ratio and torsion stiffness of the half-shafts, are the key parameters affecting the
magnitude and frequency of the resulting vibrations.

• 2-speed transmission systems and 4WD layouts add complexity and criticalities to the drivability
response of the EV, and thus to the tuning of the anti-jerk controller. Without anti-jerk control,
typical electric powertrains with central motor excite significant oscillations of the longitudinal
acceleration of the EV during tip-in tests. The vibrations are effectively compensated by the
proposed anti-jerk control scheme in all considered EV configurations, with a more reactive
response of the 4WD layouts.

• At high torque demand, the gearshift dynamics significantly penalize the drivability and
longitudinal acceleration performance of the EV layouts with the considered 2-speed transmission
systems, as in these conditions the axle not involved in the gearshift cannot compensate for the
wheel torque gap on the other axle. Despite this inconvenience, 2-speed transmissions expand the
high efficiency operating region of the powertrain and increase top speed and gradeability.

• In terms of energy consumption, for the case study EV, during constant speed operation, i.e., at low
torque demands, the prevailing effect is the mass increase associated with the advanced powertrain
configurations. Hence, the best energy consumption performance is provided by the conventional
single-speed 2WD EV layout. On the contrary, the increased flexibility in the operating conditions
of the electric powertrains, provided by the more advanced EV architectures, reduces the
energy consumption along driving cycles, with the single-speed 4WD vehicle achieving the
lowest consumption.

• The single-speed 4WD layout does not require transmission controllers nor gearshift actuators,
and, for the case study EV, can be considered an effective configuration, achieving a good
compromise between predictable drivability, acceleration performance, gradeability for a variety
of friction conditions, and energy consumption.

Future developments will extend the analysis of this paper to a wider range of case study EVs,
with different electric motor technologies and performance characteristics of the powertrain components,
to derive general conclusions and recommendations on the convenience of the analyzed layouts.
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Nomenclature

a Longitudinal vehicle acceleration.

ã Longitudinal vehicle acceleration difference with respect to the
steady-state value (see Section 3).

C Longitudinal slip stiffness.
F Force.
g Gravitational acceleration.

h Index corresponding to the vehicle speed value within the discrete grid
(also used as a subscript).

H Transfer function from wheel torque demand to angular vehicle
acceleration.

i Transmission gear ratio.

IACA Integral (normalized with time) of the absolute value of the control
action.

j Index corresponding to the wheel torque value within the discrete grid
(also used as a subscript).

J Mass moment of inertia.
k Torsional stiffness.
K Anti-jerk controller gain.

l Index indicating the front-to-total wheel torque distribution within the
discrete grid (also used as a subscript).

L Length.
m Vehicle mass.
n Index indicating the vehicle state number (also used as a subscript).
OS Overshoot.
p Torque distribution factor.
P Power.
R Radius.
RMS Root mean square.
s, jω Laplace operator and its imaginary part.
t Time.
T Torque.
V Vehicle speed.
VDV Fourth-power vibration dose value.
x Gearbox actuator position.
α Angle defining the longitudinal road gradient.
β Torsional damping coefficient.
θ,

.
θ,

..
θ Angular position, speed, acceleration.

η Efficiency.
σ Slip ratio.
τ Time constant or pure time delay.
φ Phase angle difference between front and rear motor inputs.

The following subscripts and superscripts indices are used in this article:

act Gearbox actuator.
aero Aerodynamic drag.
app Apparent.
AJ Anti-jerk controller.
AJ − o f f Deactivated anti-jerk controller.
AJ − on Activated anti-jerk controller.
br Brake.
corr Corrective.
d Delay.
dem Demand.
des Desired (or reference) value.
di f f Differential.
EM Electric motor.
EM + D Electric motor and drive.
eq Equivalent.
f Front.
g1, g2, dis Gear 1, gear 2, disengaged gear.
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HS Half-shaft.
L Left.
loss Loss (referred to a power).
peak Peak of the response.
PS, SS Primary shaft, secondary shaft.
r Rear.
rel Tire relaxation.
req Requested.
R Right.
resp Response time.
roll Rolling resistance.
ss Steady-state.
sel Selected gear ratio (first, second or neutral).
sett Settling time of the response.
tr Transmission.
v Vehicle.
w Wheel.
w& f Windage and friction.
∗ Optimal value.
0 Initial condition or linearization point.
1 Initial point of relevant interval.
2 Final point of relevant interval.
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Abstract: For an electric vehicle (EV) with a continuously variable transmission (CVT), a novel convex
programming (CP)-based co-design method is proposed to minimize the total-cost-of-ownership
(TCO). The integration of the electric machine (EM) and the CVT is the primary focus. The optimized
system with co-design reduces the TCO by around 5.9% compared to a non-optimized CVT-based EV
(based on off-the-shelf components) and by around 2% compared to the EV equipped with a single-
speed transmission (SST). By taking advantage of the control and design freedom provided by the
CVT, the optimal CVT, EM and battery sizes are found to reduce the system cost. It simultaneously
finds the optimal CVT speed ratio and air-flow rate of the cooling system reducing the energy
consumption. The strength of co-design is highlighted by comparing to a sequential design, and
insights into the design of a low-power EV that is energy-efficient and cost-effective for urban driving
are provided. A highly integrated EM-CVT system, which is efficient, low-cost and lightweight, can
be expected for future EV applications.

Keywords: electric vehicle; co-design; continuously variable transmission; component sizing; optimal
control; convex programming; energy efficiency

1. Introduction

Growing concerns of environmental contamination and depletion of natural resources
have led to the resurgence of electric vehicles (EVs). Admittedly, the emerging EV market
is mainly dominated by single-speed transmissions (SSTs). Nevertheless, to optimize
key performance indicators (KPIs), for example, energy consumption, system cost and
performance, research on multi-speed transmissions is gaining popularity, such as two-
speed transmissions and continuously variable transmissions (CVTs) [1–4].

To date, design of EVs (including CVT-based) is largely based on off-the-shelf compo-
nents due to cost, and powertrain components are typically not optimized [5]. The compo-
nent size, for example, the electric machine (EM) size in kW and battery size in kWh, is
associated with the component cost. Finding optimal component sizes would contribute
to cost reduction. The component size also influences the vehicle performance, such as
top speed and acceleration time. Moreover, EV energy consumption is largely influenced
by the driveline efficiency. In this respect, the integration of the EM and the CVT plays
a key role [6]. The CVT could provide opportunities of optimizing the EM, thanks to
the continuous ratio adjustment functionality. The wider power availability of the EM,
in turn, could offer opportunities of optimizing the CVT. In literature, however, the EM
and the CVT are often treated independently. Standard CVT controllers developed for
conventional vehicles are used, where the speed ratio of the CVT (control) is selected to
reduce the EM power losses. The influence of the CVT efficiency, CVT and EM size (design)
are not always considered simultaneously [4]. In order to maximize system efficiency and
minimize system cost, the coupling between the EM and the CVT from design and control
perspectives has yet to be investigated. In order to address these issues, design and control
frameworks are required.
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This type of design problem can be tackled by different approaches. An overview
of design and control optimization methodologies is given in [7,8]. As presented in [7],
there are generally four approaches to solve the design (plant) and control (controller) prob-
lem. With respect to solution optimality, simultaneous and nested coordination schemes
outperform iterative and sequential ones, although depending on the coupling and how
sensitive the solution is to uncertainties in the design parameters. For instance, the opti-
mal component sizes can be found iteratively, by using rule-based control [9]. However,
these methods do not guarantee a globally optimal solution. To overcome this limitation,
dynamic programming (DP), as an optimization-based strategy, can be used to find the
optimal control inputs [10]. DP can also be utilized in combination with an evolutionary
algorithm to find component sizes, such as particle swarm optimization (PSO). In the search
space, PSO improves a candidate solution iteratively by moving particles towards the best
known positions [11,12]. It can solve complex objective functions and problems with large
design space. PSO is used in [13] to find optimal component sizes of an electrified pow-
ertrain. However, it requires tuning effort and has long computation time. Furthermore,
an optimal solution is not guaranteed. An alternative is to use convex programming (CP) as
a simultaneous approach, which is also a co-design optimization method. It finds optimal
design parameters and control trajectories simultaneously without the need of checking
optimality [14,15]. It ensures a unique optimum with a convex objective function and a
convex feasible region. It is also computationally efficient. Due to the low computation
time, CP enables optimization of problems with many dynamic states, such as thermal
states, which may not be tractable by using DP for example [16].

Moreover, employing a CVT for an EV is a novel concept. Applying advanced
optimization methods to optimize KPIs of CVT-based EVs have hardly been found [6].
Additionally, current research mainly concentrates on the energy domain to increase the
energy efficiency, taking into account the mechanical and electrical energy flows [17].
The thermal domain, however, for instance, evaluation of cooling power consumption and
temperature profile, has yet to be explored. It is also an integral part of an EV, which would
affect the total energy consumption [18].

Considering the integration of the EM and CVT, as shown in Figure 1, the CVT speed
ratio over time (γv) for a use case changes the EM and CVT operating points. Therefore, it
influences the EM (Pm,loss) and CVT (Pc,loss) power losses. Furthermore, the desired CVT
speed ratio affects the CVT size (sγ), for example, the ratio coverage of the CVT, and the EM
size (sτ) to meet the power demand for example. The CVT and EM sizes are related to their
costs. The CVT size that determines the ratio range, in turn, affects the CVT speed ratio and
the EM size. The EM size also has an effect on the CVT size and its speed ratio. In addition,
the component size affects its own efficiency. Moreover, the battery size and losses are
affected indirectly. Hence, the hypothesis is that there exists an optimal combination of the
CVT speed ratio over time, battery size, EM size and the CVT size for an application, which
results in the lowest total-cost-of-ownership (TCO). TCO consists of energy consumption
and system cost. The system cost comprises the CVT, EM (including inverter) and battery
prices. Given the interactions between these variables, this optimal solution for a use case
can best be found by means of a simultaneous approach in an efficient manner.

Figure 1. Schematic representation of the coupling between the continuously variable transmission
(CVT) and electric machine (EM), where γv represents the CVT speed ratio, sγ the CVT size, sτ the
EM size, Pc,loss the CVT power losses, and Pm,loss the EM power losses.
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Motivated by the above discussion, this study originally proposes a CP-based co-
design optimization strategy for a CVT-based EV to reduce the TCO. It identifies the
optimal CVT speed ratio over time and the desired air-flow rate of a thermal management
system (TMS) to maintain the EM temperature below its thermal limit. Furthermore, it
finds the optimal sizes of the CVT, EM and battery. The approach is as follows:

S1: An SST-based EV model including energy dynamics and thermodynamics with refer-
ence to a series production vehicle is firstly created. It is developed based on static
efficiency maps represented by lookup tables, which is validated against measure-
ment data from real-world driving. It replicates the physical behavior of the vehicle in
reality.

S2: A CVT-based EV model is then developed based on S1, where only the SST is replaced
by a CVT (an off-the-shelf component, which is not optimized). Other components,
for example, the battery and EM, are the same. The CVT model is created based on
experimental data from a test rig.

S3: Component models from S2 are convexified to fit the measurement data from real-
world driving and experimental data from the test rig. S2 is subsequently optimized
with the co-design optimization strategy.

All the systems (S1, S2 and S3) have the same maximum EM power and similar vehicle
performance (i.e., 0–100 km/h acceleration time below 11 s, top speed above 165 km/h,
gradability above 30%). Therefore, the goal of this study is to show the advantages of the co-
design approach in optimizing a CVT-based EV (e.g., sizing) and to compare TCO between
S1, S2 and S3. System cost comprising the expenses of the battery, EM and CVT are solely
given for the implementation of the co-design approach. Moreover, the strengths of the
co-design method are highlighted, by comparing with a sequential approach, where the EM
size is fixed to meet performance requirements. Additionally, for urban driving that does
not require high performance, insights into the design of a low-power EV are provided.

2. Problem Definition

The configuration of the considered EV is demonstrated in Figure 2. The integration
of the EM and the CVT is the primary focus, which are highlighted in bold. The major
components of the EV are the battery, DC (direct current)-DC converter, DC-AC (alternating
current) inverter, EM, CVT, electric oil pump (ELOP), and vehicle. If not specified, the DC-
AC inverter and EM are combined together in this study. The final drive (FD) that takes
a constant value and a fixed efficiency is lumped into the variator (VA), which together
is regarded as CVT. In order to change the CVT speed ratio, hydraulic actuation power is
required from the ELOP. The ELOP power is supplied by the DC-DC converter onboard,
which is assumed to be always charged. The EM is directly connected to the input shaft of
the CVT without a pre-reduction gear. The battery provides the power requested by the
EM. The EV model describes the longitudinal dynamics. It is backward-facing, that is, the
drive cycle is given, with a discrete time-step of one second using time index k. The vehicle
inertia is considered. The main model parameters are listed in Table A1 (Appendix D),
including vehicle parameters and validated thermal parameters.

The main design criterion to find the optimal control and design variables is the
minimization of the TCO, which consists of the consumed electricity cost Je and system
cost Js, given by

min
s,x(k),u(k)

Je(s, x(k), u(k) | w(k)) + Js(s | w(k)), (1)

s.t. x(k + 1) = x(k) + f (s, x(k), u(k), w(k)) Δt, (2)

h(s, x(k), u(k)) = 0, (3)

g(s, x(k), u(k)) ≤ 0, (4)
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where Δt is the time step. The design variables s consist of the ratio coverage of the CVT
sγ, the scaling factor sτ for scaling the maximum EM torque and the scaling factor sb for
scaling the battery cells, that is,

s = [sγ, sτ , sb]
T . (5)

The state variables x(k) are the state-of-energy of the battery and temperature states
of the TMS, which are described in Section 3.7, given by

x(k) = [Eb(k), θm(k), θc(k), θo(k), θi(k)]T . (6)

The control variables u(k) are the speed ratio of the CVT (γv) and the air-flow rate of
the TMS (φa) to keep the EM temperature below its prescribed thermal limit, that is,

u(k) = [γv(k), φa(k)]T . (7)

The power balance of the vehicle is represented by (3), and (4) represents the feasible
design space, where the design, state and control variables are bounded. Equation (4) also
represents the component limits. The disturbance vector w(k) contains vehicle speed (vv)
and acceleration (av), which are prescribed by the drive cycle, given by

w(k) = [vv(k), av(k)]T . (8)

The consumed electricity cost Je over the drive cycle represented by w(k) starting at
k = 1 and ending at k = N is obtained by

Je(s, x(k), u(k)) =
N

∑
k=1

ρe Pb(s, x(k), u(k)) Δt, (9)

where ρe is the price of electricity (e/kWh). The term Pb(s, x, u) represents the battery
output power. The system cost Js over the drive cycle is calculated by

Js(s) =
Sd
Sv

(Cc(sγ) + Cm(sτ) + Cb(sb)), (10)

where Sd is the length of the drive cycle (km) and Sv the traveled distance of the vehicle in
its lifetime. The variable Cc(sγ) represents the CVT cost, Cm(sτ) the EM cost (including
inverter) and Cb(sb) the battery cost.

{vv,av}

, ,γv,sγ,sτ 
CVTEM

Mechanical
Electrical

Thermal
Hydraulic

( )(( )

,γv,sγ,sτ 

,sb,Eb 

Figure 2. A CVT-based electric vehicle, where BA represents the battery, DC-AC the DC (direct current) to AC (alternating
current) inverter, DC-DC the DC to DC converter, ELOP the electric oil pump, FD the final drive, VA the variator, and WH
the wheel. Design, control, and state variables are highlighted in bold.
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Based on the configuration shown in Figure 2, three systems, namely S1, S2 and S3,
are developed and compared in terms of TCO as in (1). Three systems have the same
battery. Although battery aging is not the focus of this study, the methodology presented
also applies to scenarios where battery needs to be changed. S1 is developed with reference
to the series production vehicle, which is described in Appendix A. S2 is created based
on S1, where only the SST is replaced by the CVT, which is presented in Appendix B.
In S1 and S2, the component models are represented by experimentally-based lookup
tables (efficiency maps), which describe the power generation or power dissipation of each
component. The design variables are fixed. In S2, the CVT speed ratio is predetermined
by a low-level CVT controller, which is developed based on [19]. The goal of the CVT
controller is to reduce the EM power losses depending on the power demand, which is
common in literature, such as [20]. The air-flow rate of the TMS is tuned to maintain the
EM temperature below its thermal limit. In S3, convex models are developed based on
measurements. The design and control variables are to be determined by the co-design
optimization strategy.

This section formulates the co-design optimization problem of a CVT-based EV.
To solve this co-design optimization problem, the required convex EV model based on mea-
surements, especially the mathematical coupling between the CVT and EM from design
and control perspectives, is presented in more detail in the next section.

3. System Modeling

This section presents the convex EV model and cost models needed for solving the
co-design problem defined in (1). An introduction to CP is first given in Appendix C,
which serves as a guideline for developing convex models. A data-driven approach used
to derive the convex models is then provided in Section 3.1. Subsequently, given the drive
cycle in Section 3.2, the vehicle longitudinal dynamics are described in Section 3.3, which
is an input to the convex models in S3. Given the input, however, the torque input to
the CVT is not available. Because the CVT speed ratio is a control variable, which is not
known in advance and will be determined by the co-design optimization strategy. Dealing
with torque information will lead to non-convexity (Appendix C). Therefore, to preserve
convexity for the co-design optimization problem, all the relations are converted to power
level. By utilizing the data-driven approach as mentioned above, three convex models are
consequently developed, namely the CVT power loss model (Section 3.4), EM power loss
model (Section 3.5) and the EM power limitation model (Section 3.6). Equality constraints
are also relaxed with inequalities where applicable, and the equality holds at the optimum.
Notice that, this study mainly focuses on the CVT, EM and battery sizing, and the ELOP
sizing is not required at this level. Therefore, the ELOP is only considered in the calculation
of energy consumption, and no convex representation is required. The ELOP power
losses are computed offline, meaning the ELOP power losses are obtained based on the
optimal CVT speed ratio found by the optimization algorithm and then added to the energy
consumption. Furthermore, to remove the heat (power losses) generated by the EM and
CVT, the TMS and its associated thermal model are presented in Section 3.7. Eventually,
the required power is supplied by the battery, which is described in Section 3.8. The convex
battery model is developed based on physics [21]. Additionally, in Section 3.9, convex mass
and cost models related to CVT, EM and battery sizes are developed for the implementation
of the co-design approach.

3.1. Derivation of Convex Models

As mentioned in Appendix C, the component models, for example, the power loss
models, are required to be convex for the CP algorithm. The general idea to derive
the convex models based on a data-driven approach can be seen in Figure 3, where
measurements are used as inputs for the modeling. The measurement data (top) about the
CVT and EM, for example, power losses, torque, speed, and ratio over time, are first served
as inputs. Based on these measurements, a set of convex expressions capturing input and
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output relationships with sufficient accuracy is created. With different combinations of
those expressions, for example, CVT and EM power loss models, are then developed. These
parameterized models are subsequently fitted to capture the loss behaviors of components
with sufficient accuracy, which have a negligible impact on the result. Fourth, the convex
models are utilized by the co-design optimization method to find the optimal solution of
the system.

Measurement data

Fitting of coefficients

Convex models

Convex programming

Figure 3. A data-driven approach to derive convex models. In order to apply convex programming,
constraints and cost function are also required to be convex.

3.2. Drive Cycle

In this work, a realistic and representative real-world drive cycle, Worldwide Harmo-
nized Light Vehicles Test Cycles (WLTC), is chosen. It is currently widely adopted in the
automotive sector to certify energy consumption. It includes low, medium, high, and extra
high speed scenarios, which can represent, for example, urban, rural, and highway driving
conditions. In order to show the thermal effect, two repeated WLTC is used. The drive cycle
contains the vehicle speed vv(k) and acceleration av(k). Note that, although the quantity
(e.g., energy consumption) might vary, the methodology presented also applies to other
drive cycles.

3.3. Longitudinal Dynamics

Note that, in this case the total vehicle mass is a variable because of the scaling factors
for the CVT, EM and battery, which will be presented in the next sections. Considering all
the forces acting on the vehicle, the power demand for the known WLTC can be obtained by

Pd(k) =
(

1
2

ρa cd Af v2
v(k) + cr mv g sign(vv(k)) +

(
mv + 4

Jw

r2
w

)
av(k)

)
vv(k), (11)

where the total vehicle mass mv is given by

mv = mcw + mc + mm + mb + md, (12)

where mcw is the curb weight excluding the CVT (mc), EM (mm) and battery (mb) mass
(Table 1). md is the driver mass.
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Table 1. Comparison of component parameters between S1, S2 and S3.

Parameter Unit S1 S2 S3

Transmission ratio - 9.02 [4.47, 16.8] [3.5, 11.68]
EM scaling factor - 1 1 0.79

Battery cells - 264 264 253
Maximum EM torque Nm 290 (τm) 290 228

EM base speed rpm 3293 (ωm,b) 3293 4188
Maximum EM power kW 100 (Pm) 100 100

Curb weight kg 1252 (mcw) 1252 1252
Transmission mass kg 26 (ms) 56 (mc) 52

EM mass kg 74 (mm) 74 58
Battery mass kg 318 (mb) 318 303
Driver mass kg 90 (md) 90 90

3.4. Convex CVT Model

Convex modeling of the CVT is shown in Figure 4, taking into account the effect of
design (sγ,sτ) and control (γv) on the CVT power losses (Pc,loss).

Based on the measurement data, the CVT torque losses τc,loss can be expressed as
a function of its input torque τc, input speed ωp, and ratio over time γv. As shown in
Figure 2, the relationships in S3 are converted to the power domain. At given input speeds
to the CVT, the CVT torque losses τc,loss are converted to their corresponding power losses
Pc,loss, that is,

Pc,loss(k) = τc,loss(k) ωp(k). (13)

On the basis of these inputs (τc, ωp, and γv) to the CVT, the outputs (Pd and ww) of
the CVT can be determined as

Pd(k) = τc(k) ωp(k)− Pc,loss(k), (14)

ww(k) =
ωp(k)
γv(k)

. (15)

The input-output relationship of the CVT implies that the CVT power losses can also
be formulated on system level as (Figure 4a):

Pc,loss(k) = Pc,loss(Pd(k), ww(k), γv(k)). (16)

Figure 4. Convex modeling of the CVT, where τm represents the maximum EM torque and ωm,b the
EM base speed.
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Clearly, the CVT power dissipation is influenced by the control variable γv. How-
ever, while Pd and ww are known here, the CVT speed ratio γv will be decided by the
optimization algorithm. Dealing with this speed ratio alone would lead to non-convexity
(Appendix C). Hence, considering the co-design problem and in order to preserve con-
vexity, the information of γv is embedded in another variable Ec, by applying a change of
variables [22], given by

Ec(k) = γ2
v(k) ω2

w(k). (17)

Notice that there is no information loss and the optimization strategy will assess every
possible combination of γv and ωw. There are also two other reasons of selecting Ec. Firstly,
the CVT is a rotating mechanical component, and this term is closely related to its kinetic
energy. Secondly, in practice, the CVT speed ratio is often determined based on the EM
speed γv ωw and wheel speed ωw, since there is always torque loss in between, but there
is no speed loss. Therefore, the CVT power dissipation is affected by Ec(γv) (Figure 4a),
as it contains the information of speed ratio. Furthermore, the variable Ec(γv) is influenced
by the ratio coverage of the CVT sγ, which is the range that the CVT can actually shift,
as illustrated in Figure 5. In this figure, γv and γv are the overdrive ratio and underdrive
ratio of the CVT, respectively. The ratio coverage of the CVT is defined by

sγ = γv/γv. (18)

The CVT sizing is carried out on the basis of the design variable sγ, because it is one
of the most influencing factors that affect cost, efficiency, drivability, and packaging of CVT
and powertrain [6]. Note that there are other factors that affect the variator efficiency and
hence the CVT loss, such as the center distance of the pulleys and variator asymmetry.
Since this study focuses on system-level representation and there is no pre-reduction
between the EM and CVT, these factors are not considered. The underdrive ratio γv and the
overdrive ratio γv are known. In order to avoid non-convexity for the co-design problem
(Appendix C), the overdrive ratio γv is fixed in this study. Therefore, constraints on γv, Ec,
and sγ are

γv(k) ∈ [γv, sγ γv], (19)

Ec(k) ∈ [γ2
v ω2

w(k), s2
γ γ2

v ω2
w(k)], (20)

s2
γ ∈ [s2

γ, s2
γ]. (21)

The CVT power dissipation in (13) is measured based on an original CVT product
(sold on the current market) with a full ratio range of [0.38, 2.63]. Therefore, it has a
large ratio coverage, torque capacity (τc) and power capacity (Pc). In case of a CVT
with reduced ratio coverage (sγ), smaller ELOP and on-demand actuation, resulting in
a compact and small CVT (superscript “s”) with smaller power capacity (Ps

c ), a higher
CVT efficiency is expected [6,23]. This higher efficiency potential means a lower power
dissipation. Compared with the original CVT power losses Pc,loss in (16), this lower power
dissipation can be modeled by a multiplier μc, which is a function of the EM scaling factor,
giving

Ps
c,loss(k) = μc(sτ) Pc,loss(k). (22)

This multiplier is sensitive to many parameters and technological advances. For ex-
ample, as reported in [24], the maximum efficiency of the current variator could be above
98%. Notice that, the final drive does not benefit from this loss reduction. Additionally,
the current CVT and EM are designed separately, which leads to a mismatch between the
specifications. In this work, as shown in Figure 2, the EM is connected to the CVT without
a pre-reduction gear. The required CVT torque capacity is determined by the output of
the EM sτ τm, as demonstrated in Figure 4b. Here, sτ , the scaling factor for the EM, is a

144



Energies 2021, 14, 1825

design variable, which will be explained in Section 3.5. Thus, the multiplier μc(sτ) can be
obtained by [23]

μc(sτ) =0.7 + 0.3
Ps

c

Pc

=0.7 + 0.3
sτ τm ωm,b

τc ωm,b

=0.7 + 0.3
sτ τm

τc
,

(23)

where τm is the maximum EM torque when sτ = 1 and ωm,b is the EM base speed. Similar
to [23], this multiplier can be interpreted as a proportional improvement of the more
efficient variator, which typically accounts for thirty percent of the total power losses in
previous applications.

Figure 5. Ratio coverage of the CVT.

Consequently, the factors that influence the CVT power losses are Pd, ww, Ec(γv, sγ),
and sτ (Figure 4a,b). Taking into account convexity and possible combinations of expres-
sions, various models are developed to represent the CVT power losses. The models are
fitted to capture the loss behavior of the CVT. Based on the evaluated fitting accuracy,
the convex CVT model is identified as follows:

Ps
c,loss(k) = cc,0

(
Pd(k)
ww(k)

)2

+ cc,1 Ec(k) + cc,2 |Pd(k)|+ cc,3 sτ ww(k) + cc,4 sτ + cc,5, (24)

where cc,0, cc,1, cc,2, cc,3, cc,4 and cc,5 are the corresponding coefficients. Notice that the
power losses are always constrained to be equal to (i.e., vehicle velocity vv = 0) or larger
than zero. This model is convex (Appendix C) and has a fitting accuracy of around 98%. It
should be noted that, information is exchanged between the terms. For example, the infor-
mation of sτ is not only explicitly expressed in sτ and sτ ww, but also implicitly embedded
in other terms. The term sτ ww is important for CVT applications, as generally CVT does
not operate at very high speeds, yet would lead to lower friction losses of the EM. Another
design variable (sγ) and control variable (γv) are reflected in Ec. While the information of
speed and torque are conveyed already by |Pd| and sτ ww, it is further reinforced by torque
squared ( Pd

ww
)2 and speed squared Ec to capture essential CVT dynamics. An example of

γv = 0.7 and sτ = 1 is shown in Figure 6, where the CVT power dissipation is a function of
the power demand and Ec(γv, sγ). It can be seen that the developed convex CVT model
and the original model based on the measurement data resemble well. The difference
between them, which is represented by the absolute error, is small for the relevant range.
It means that the developed convex model captures the loss behavior of the CVT with

145



Energies 2021, 14, 1825

sufficient accuracy. Such correlations in data analysis can be done by clustering the data
sets for certain physical attributes. In this case, the CVT power dissipation is considered as
the attribute.

Figure 6. Convex CVT power loss model for γv = 0.7 and sτ = 1. The absolute error repre-
sents the difference in power loss between the convex model and the original model based on the
measurement data.

3.5. Convex EM Model

Convex modeling of the EM power losses (Pm,loss) is illustrated in Figure 7, taking
into consideration the interconnections between the EM and CVT from design and con-
trol perspectives.

To obtain the convex EM model, the steps in Figure 3 are followed, as it is done for the
CVT in Section 3.4. As shown in Figure 2, the EM is directly linked to the input shaft of the
CVT and provides the power requested by the CVT, referring to (22), that is,

Pm(k) = Pd(k) + Ps
c,loss(k). (25)

Based on the measurement data, the EM power losses can be expressed as a function
of its output torque τm and speed ωm. The EM power dissipation is given by

Pm,loss(k) = Pm,loss(τm(k), ωm(k)). (26)

On the basis of the output torque and speed of the EM, its output power can be
calculated by

Pm(k) = τm(k) ωm(k). (27)

Combing (26) and (27), as depicted in Figure 7, leads to

Pm,loss(k) = Pm,loss(τm(k), ωm(k), Pm(k)). (28)

Moreover, the EM power dissipation Pm,loss is influenced by its size (in torque and
speed). In this work, the maximum EM torque (τm) is scaled down by using the scaling
factor sτ , as shown in Figure 8. The base speed is increased (ωs

m,b) such that the maximum
output power is maintained, that is,

Pm = τm ωm,b = sτ τm ωs
m,b. (29)
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Figure 7. Convex modeling of the EM, where Pm represents the EM output power.

The EM sizing is performed based on the design variable sτ , because it affects the EM
efficiency, weight and cost. For example, reducing the maximum EM torque decreases
the usage of active materials of the EM. Note that because of physical limitations of the
CVT, the EM speeds above 6500 rpm are not used for the CVT application, which has a
negligible impact on the result.

Figure 8. Scaling factor of the EM including the DC-AC inverter, where the solid lines represent
the original EM, dashed lines the scaled EM while keeping the same output power, and optimal
operating line (OOL) the optimal operating line minimizing the EM losses for every power demand.

The EM scaling factor sτ influences the EM torque, optimal operating line (OOL) and
power losses, which is bounded by

sτ ∈ [sτ , sτ ]. (30)

As illustrated in Figure 4b, the scaling of EM has a direct effect on the CVT design
requirements. Furthermore, as explained before, the EM power dissipation Pm,loss is influ-
enced by another design variable sγ and control variable γv, which change its operating
point and hence the power losses. The information of sγ and γv are represented by Ec.

To sum up, the identified parameters that affect the EM power losses are Pm, sτ ,
and Ec(γv, sγ), which are shown in Figure 7. Models that contain these parameters and
their combinations, which are also potentially convex, are built. In a similar fashion as
with the convex CVT modeling (Section 3.4), the EM models are fitted to capture the loss
behavior of the EM. On the basis of fitting accuracy, the convex EM model is found as
follows:

Pm,loss(k) = cm,0
P2

m(k)
Ec(k)

+ cm,1 Ec(k) + cm,2 |Pm(k)|+ cm,3 sτ + cm,4, (31)
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where cm,0, cm,1, cm,2, cm,3 and cm,4 are the corresponding coefficients. The information
of speed and torque are conveyed already by |Pm|, and it is further reinforced by torque

squared P2
m

Ec
and speed squared Ec to capture essential EM dynamics. Based on Appendix C,

this model is convex. It has a fitting accuracy of around 95%. An example of sτ = 1 is
illustrated in Figure 9, where the EM power dissipation is a function of the EM power and
Ec(γv, sγ). A good resemblance can be seen between the developed convex EM model and
the original model on the basis of the measurement data. As represented by the absolute
error, the difference between them is small. This implies that the developed convex model
captures the loss behavior of the EM with sufficient accuracy. Notice that all the EM torque
and speed combinations are taken into consideration in constructing the model, and some
of them result in higher losses, leading to a larger discrepancy in the upper part of Figure 9.
The EM, in practice, however, will not operate at those points. These points are outside the
torque-speed envelope, which will be constrained by the EM power limitation model and
will be described next. The relatively lower correlation accuracy in the lower part is due
to the fact that both motoring and generating modes are considered. Taking into account
limited operating points in this part for a long drive cycle in practice, the impact is small.

Figure 9. Convex EM power loss model for sτ = 1. The absolute error represents the difference in
power loss between the convex model and the original model based on the measurement data.

3.6. Convex EM Power Limitation Model

As sτ varies, the EM power limits change as well, referring to (29), as shown in
Figure 10. Note that the EM power limits also consider the effect of the CVT (Ec(γv, sγ)).
Regarding the EM power limits, as can be seen from Figure 8, they mainly relate to two
parts, that is, one before the base speed and the other after the base speed (ωm,b). Hence,
the speed information is important. As speed information is mostly conveyed by Ec,
it is identified as one of the key parameters. As a result, factors that influence the EM
power limits could be, for example, sτ and Ec(γv, sγ). Based on these parameters, possible
models that preserve convexity are developed, which are fitted to represent the EM power
limitation. Based on fitting accuracy, the convex EM power limitation model including
motoring and generating modes is identified as follows:

Pm = min{(c+m,0 Ec(k) + c+m,1

√
sτ Ec(k) + c+m,2 sτ + c+m,3), sτ Pm}, (32)

Pm = max{(c−m,0 Ec(k) + c−m,1

√
sτ Ec(k) + c−m,2 sτ + c−m,3), sτ Pm}, (33)
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where c+m,0, c+m,1, c+m,2, c+m,3, c−m,0, c−m,1, c−m,2 and c−m,3 are the corresponding coefficients.
The plus sign (+) represents the motoring mode and the minus sign (-) the generating mode.
This model is convex (Appendix C) and has a fitting accuracy of around 99%. The terms
Pm and Pm represent the maximum and minimum power of the original EM, respectively,
which can be obtained from Figure 8. An example of this model for sτ = 1 in motoring
mode (Pm) is depicted in Figure 11, which can be mirrored for generating mode (Pm). It can
be observed that the developed convex EM power limitation model and the original model
based on the measurement data resemble well. It indicates that the developed convex
model replicates the power limitation of the EM in reality. It should be noted that while the
approximated convex model appears as straight lines in Figure 11 for sτ = 1, they may not
be for other scaling factors, depending on (32) and (33). Notice that, this model is mainly
used in Section 4.3.

Figure 10. Convex modeling of the EM power limits.

Figure 11. Convex EM power limitation model for sτ = 1 in motoring mode (Pm). The dash-dot lines
represent the approximated convex model before and after the base speed.

3.7. Thermal EM-CVT Model

The heat (power losses) generated by the CVT (Ps
c,loss in (24)) and EM (Pm,loss in

(31)) is removed by a TMS, as demonstrated in Figure 12. The main difference between
Figures 12 and A4 is that there is an extra small off-the-shelf heat exchanger in Figure 12.
It enables heat exchange between the CVT cooling medium and the EM cooling medium.
The EM and the CVT are physically attached. The heat from the CVT is removed directly
by its cooling medium, which exchanges that with the EM cooling medium. Furthermore,
the heat from the EM is taken away by its cooling medium driven by a pump, which is
eventually removed by the radiator with a fan providing the required air-flow rate. The EM
and CVT dissipate heat to the ambient air due to convection. The aim of the TMS is to find
the desired air-flow rate (φa) that maintains the EM temperature (θm) below its prescribed
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thermal limit (65 ◦C) dictated by the manufacturer. A lumped-parameter approach is
utilized to describe the thermal behavior of the EM and CVT. Based on first principles of
thermodynamics, referring to Appendix A.4, the thermal EM-CVT model is given by

cm mm θ̇m(k) = Pm,loss(k)− hm Am (θm(k)− θo(k))− km (θm(k)− θc(k))− ha Aa (θm(k)− θa), (34)

cf mf θ̇o(k) = hm Am (θm(k)− θo(k))− φf cf (θo(k)− θi(k)), (35)

cf mf θ̇h(k) = kh (θc(k)− θh(k))− φf cf (θh(k)− θo(k)), (36)

ch cc mc θ̇c(k) = Ps
c,loss(k) + ke (θm(k)− θc(k))− kh (θc(k)− θh(k))− hc Ac (θc(k)− θa), (37)

cf mf θ̇i(k) = φc cf (θh(k)− θi(k))− ε φa(k) ca (θh(k)− θa). (38)

The thermal variables are restricted by

θm(k) ∈ [θm, θm], (39)

θo(k) ∈ [θo, θo], (40)

θi(k) ∈ [θi, θi]. (41)

This model is validated against measurement data in terms of temperature, which is
presented in Appendix A.4. Note that since detailed pump and fan signals are not available
in the measurement data, validation of cooling power consumption is not performed.
Hence, the cooling power consumption is not added to the overall energy consumption. It
does not influence the purpose of this study, focusing on evaluation of thermal performance
(Section 4.4).

Figure 12. Thermal management configuration for the EM-CVT.

3.8. Convex Battery Model

The electric power of the EM is provided by the battery. The battery model is based
on lithium-ion technology with identical cells. The required battery power is given by

Pb(k) =Pel(k) + Pb,loss(k)

=Pm(k) + Pm,loss(k) + Pb,loss(k),
(42)

150



Energies 2021, 14, 1825

where Pb,loss represents the battery losses, which is calculated by

Pb,loss(k) =sb N0 I2
c (k) Rc

=
P2

b (k)Rc

sb N0 V2
c (k)

,
(43)

where Ic is the cell current and Rc its resistance. The battery sizing is performed based
on the scaling factor sb for scaling the battery cells, which linearly influences the battery
energy, weight and cost. N0 is the original number of battery cells when sb = 1. To preserve
convexity for the co-design problem (Appendix C), the open circuit voltage of a battery cell
(Vc) is approximated as a linear function of the state-of-charge of the battery (ξ), given by

Vc(k) =
Qc

Fc
ξ(k) + V0, (44)

where Qc is the cell capacity and Fc the capacitance. The battery energy can then be
calculated by

Eb(k) =sb N0

∫ ξ

0
Vc(k) Qcdξ

=
Fc

2
sb N0 (V2

c (k)− V2
0 ).

(45)

Taking the derivative of Eb yields

Ėb(k) = −Pb(k). (46)

In order to model the battery on a pack level instead of a cell level, which does not
require information of series-parallel connection, the cell voltage Vc is replaced by a new
variable Ub, by applying a change of variables, given by

Ub(k) = sb N0 V2
c (k) =

2
Fc

Eb(k) + sb N0 V2
0 . (47)

The battery power losses can then be expressed as

Pb,loss(k) =
P2

b (k) Rc

Ub(k)

=
P2

b (k) Rc Fc

2 Eb(k) + sb N0 Fc V2
0

.
(48)

The battery energy and power are constrained by

Eb(k) ∈ [
Fb
2

sb N0 (V2
c − V2

0 ),
Fb
2

sb N0 (V
2
c − V2

0 )], (49)

Pb(k) ∈ [Ic Vb(k), Ic Vb(k)], (50)

where Vb is given by

Vb(k) =sb N0 Vc(k)

=
√

sb N0 Ub(k).
(51)

3.9. Convex Mass and Cost Models

Apart from powertrain and thermal models, convex mass and cost models are required
for the implementation of the co-design method. This section describes the convex mass
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and cost models associated with the CVT, EM and battery sizes. The CVT mass includes the
mass of the variator and final drive. The EM mass includes the mass of the EM and inverter.

For a generic CVT, its weight can be approximated as a function of its torque capacity
τc based on existing CVTs [25]. The CVT weight mc is modeled by

mc = 0.28 τc + 23.21. (52)

The original production CVT with a full ratio range of [0.38, 2.63], implying a ratio coverage
of around 7, has a torque capacity of 250 Nm. On the basis of this CVT, assume the
ratio affects the torque capacity proportionally. For each torque capacity (ratio coverage),
the corresponding weight can be computed based on (52). Specifically for the CVT in this
study, a one-on-one mapping between the weight mc and ratio coverage sγ can thus be
expressed as

mc = 1.19 s2
γ + 39.12. (53)

Therefore, given the specific cost of CVT [23] (ac in Table A1), the CVT cost Cc (in e) is
given by

Cc = ac (1.19 s2
γ + 39.12). (54)

The prediction (54) is valid on the basis of this CVT, since the ratio coverage is
scaled down.

The EM weight is estimated as a function of its scaling factor [26], that is,

mm = sτ mm, (55)

where mm is the original EM mass when sτ = 1, which is provided in Table 1.
The EM cost Cm (in e) is estimated as a function of its scaling factor [27,28], giving

Cm = bm sτ . (56)

The battery weight is described as a function of its scaling factor, given by

mb = sb mb, (57)

where mb is the original battery mass when sb = 1, which is provided in Table 1. The battery
cost Cb (in e) is approximated by [28,29]

Cb = sb cb Eb. (58)

Note that, the price of CVT could be lowered, as some parts of the CVT for conven-
tional applications are not needed in EVs, such as torque converter and DNR (drive, neutral
and reverse). However, since part of this information is taken into account in (53) and
the exact weight is not known before optimization, it is not further addressed. Moreover,
currently, there is no consensus on the component price. The numbers used in this study
are only indicative figures (e.g., bm, cb Eb), which have no direct relation to possible market
prices. They do not affect the comparison, as the same scale is employed in all the systems
(S1, S2 and S3).

Additionally, notice that the component specifications appear large in this case.
The components are scaled down, which means that, for example, sτ > 1 and γv > 2.63,
are not necessary. The models are always valid within their feasible ranges based on the
measurement data. The right combination of the speed ratio of the CVT over time γv,
air-flow rate of the cooling system φa, ratio coverage sγ, the scaling factor for the EM sτ and
the scaling factor for the battery sb will be determined simultaneously by the optimization
algorithm, which is discussed in the next section.

This section presents a convex EV model and its associated cost models for the co-
design optimization problem. A data-driven approach is used to derive the convex CVT
and EM models. In particular, the coupling between the EM and CVT from design and
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control perspectives is described in detail. Compared to the original model based on
measurements, the convex CVT power loss model is developed with a correlation accuracy
of 98%. The convex EM power loss and power limitation models are developed with
correlation accuracies of 95% and 99%, respectively. An experimentally validated thermal
EM-CVT model is subsequently presented. A convex battery model is also developed.
Finally, convex mass and cost models that are size-dependent for the CVT, EM and battery
are created. The overall system has a large number of states, and there is a strong coupling
between the CVT and EM. By applying CP, not only will it find an optimal solution
but also it will find the solution in a computationally efficient manner. It allows for
extensive parameter variation studies and evaluation of diverse design aspects on system
and component level.

4. Optimization Results and Discussion

On the basis of the convex models developed in the last section, the objective of the
co-design optimization strategy is to minimize the TCO. It aims at generating an optimal
control trajectory of the speed ratio of the CVT (γv) and finding the desired air-flow rate of
the cooling system (φa). Furthermore, it aims to identify the optimal sizes of the CVT (sγ),
EM (sτ) and battery (sb). Based on (1), the overall co-design optimization problem in S3
can be written as follows:

min
N

∑
k=1

ρe Pb(sγ, sτ , sb, Eb(k), θm(k), θc(k), θo(k), θi(k), φa(k), γv(k) | vv(k), av(k)) Δt

+
Sd
Sv

(Cc(sγ) + Cm(sτ) + Cb(sb)),

(59)

s.t. (11)− (58). (60)

The final state of the battery energy is not constrained, considering the battery capacity
and the power demand of the drive cycle. The overall optimization problem is convex,
including convex cost function, models and constraints. Basic convex functions, for ex-
ample, linear, quadratic, quadratic-over-linear and opposite of geometric mean functions,
and operations that preserve convexity, for example, nonnegative weighted sums and
pointwise maximum, are used to verify model convexity. For example, the battery mass
model (57) is linear and the CVT cost model (54) is quadratic. A quadratic-over-linear term
is used in the EM loss model (31). The overall co-design optimization problem is solved by
using SDPT3 [30]. Specifically, the problem can be recognized as a semidefinite program. It
is then translated automatically by a tool CVX into a form required by SDPT3 [30]. This per-
mits the problem to be written in a readable form, for example, using expressions/symbols
to hold operations over variables. It solves the dual problem for improved efficiency [22].

4.1. Control and Design Freedom

The co-design optimization method tends to obtain a globally optimal solution by
simultaneously optimizing the design and control variables to minimize the TCO. Figure 13
shows the EM operating points on the WLTC for the three systems. It can be seen from
Figure 13 that the EM operation in S1 is relatively fixed, which has no control freedom
because of the fixed gear ratio (9.02 in Table 1). The EM has to operate according to the
driving conditions, which can hardly be efficient in consideration of real-world dynamic
behavior. In contrast, the EM in S2 has relatively more freedom to adjust operating points
to reduce the power dissipation. This is realized by changing the speed ratio of the CVT,
depending on the loading conditions. Yet, implementing the standard CVT controllers
developed for conventional vehicles would reduce only the EM power losses (Section 2),
regardless of the CVT efficiency. While the EM operation in S2 is efficient, which follows
its OOL (Figure 13), the system (combined EM and CVT) is not able to operate efficiently
over a dynamic cycle (WLTC). The combined EM and transmission losses are thus higher
in S2 than that in S1, as shown in Figure 14. The co-design optimization strategy, however,
takes full advantage of control freedom (continuous ratio adjustment depending on the
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driving conditions) provided by the CVT. Specifically, apart from the EM power dissipation,
the CVT power losses are also monitored in S3. The CVT speed ratio over time γv (19) is
selected to improve the overall system efficiency. Ratio variation that results in a higher
loss is penalized. Smooth ratio change improves efficiency, drivability and reduced ELOP
power losses. This effect can be seen in Figure 14, where the CVT power dissipation in S3
is significantly lower than that in S2 and the system efficiency is higher. The EM efficiency
is also high in S3, as demonstrated in Figure 13. The battery power dissipation is similar in
three systems.

Additionally, the control freedom offered by the CVT creates design flexibility, which
is not explored by S2, as the component sizes are fixed. The design space is larger in S3,
with different combinations of CVT (21) and EM (30) sizes, which bring opportunities of
optimizing the system from design perspective. The optimal component sizes, namely
the right combination of the scaling factor for the battery (so

b), scaling factor for the EM
(so

τ) and the ratio coverage of the CVT (so
γ), are eventually determined by the co-design

optimization method. The co-design optimization strategy takes into account the coupling
between the EM and CVT, cost function and the drive cycle.

Figure 13. EM operating points on the Worldwide Harmonized Light Vehicles Test Cycles (WLTC). (Top to bottom) S1, S2,
and S3.
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S₁ S₂ S₃
Figure 14. Comparison of energy consumption between S1 (with a total vehicle mass of 1670 kg),
S2 (with a total vehicle mass of 1700 kg) and S3 (with a total vehicle mass of 1666 kg) on the WLTC,
where RL represents road load. The transmission (TR) losses include the ELOP power dissipation,
which is zero in S1. The EM power losses include the effect of the DC-AC inverter.

As shown in Table 1, the maximum EM torque is reduced from sτ = 1 in S1 and S2
to sτ = 0.79 in S3. Reduced EM torque and increased base speed decrease the EM losses
(Figure 13). The optimal battery size is found and the number of battery cells is reduced
because of improved efficiency (Table 1). The EM in S3 has the same maximum power
as the other systems. Because the same EM from the SST-based EV on the market (S1) is
utilized in S2, which is not optimized for the CVT application. Even if the EM is made
smaller in S2, the overall system efficiency is not necessarily always be higher, see Figure 8
about the OOL, as the CVT efficiency is not considered.

This reduced EM size is achieved due to a variable ratio coverage. The right ratio
coverage of the CVT can also thus be determined in combination with the EM size in terms
of torque and power. It is reduced from [0.7, 2.63] with a ratio coverage of 3.76 before
optimization to [0.7, 2.34] with a ratio coverage of 3.34 after optimization (Table 1). In S2,
the CVT is oversized considering the WLTC. First, the CVT used in S2 is based on an
off-the-shelf component, which is not optimized. Second, the CVT is controlled only to
reduce the EM power dissipation, regardless of the CVT size. The system mass including
transmission, EM and battery (Table 1) is thus reduced in S3 due to the reduced component
sizes, resulting in a decrease in power demand (RL in Figure 14). The curb weight and
driver mass are the same in the three systems.

Owing to high CVT power losses in S2, the energy consumption is reduced by around
3.1% in S1. Compared with S2, because of the reduction in the system power losses
(Figure 14), the energy consumption is decreased by around 5.1% in S3. The decrease in the
CVT power dissipation contributes more to the energy saving. Given the component sizes,
the component costs are calculated based on (54), (56) and (58). As shown in Figure 15,
compared with S1, the system cost is increased by around 5.1% in S2, as the CVT cost is
higher than the SST price. Due to the reduction in the component sizes (Table 1), compared
to S1, the system cost is reduced by around 1.8% in S3. Reduced EM torque decreases
the EM mass and cost. The decrease in the battery and EM prices contributes more to the
cost saving.

155



Energies 2021, 14, 1825

S₁ S₂ S₃
Figure 15. Comparison of normalized system cost between S1, S2 and S3, where the EM cost includes
the DC-AC inverter.

Overall, as shown in Figure 16, S3 has the lowest TCO because of reduced energy
consumption and system cost, which is around 2% lower than S1. The optimization results
demonstrate that the optimized EM-CVT system can be compact, lightweight, energy-
efficient and cost-effective. It is very different from its traditional image. Additionally, it
can be suggested that automotive suppliers could greatly benefit from highly integrated
components and systems to maximize their system efficiency and minimize cost targets. It
can also be observed that reducing the maximum EM torque and increasing the base speed
while having a higher slope of OOL compared with that of SST are beneficial for CVT-based
EVs (Figure 13). Most importantly, it shows the importance of cycle-driven (Section 3.2)
and co-design (Section 2) in identifying the optimal control trajectories and component
sizes. Specifically, it finds the trade-off between CVT power losses (24), CVT size (21),
EM power losses (31), and EM size (30), based on the combined EM-CVT characteristics
(Figure 7) and cost function (1).

S₁ S₂ S₃

Figure 16. Comparison of normalized TCO between S1, S2 and S3.
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4.2. Sequential Design versus Simultaneous Design

The strength of co-design (simultaneous design in this case) lies in the fact that it finds
the optimal design and control variables simultaneously. It minimizes the cost function
for a strongly coupled problem, which is the case for the integration of the EM and CVT
(Figure 1). The CVT speed ratio (control) influences the CVT and EM sizes (design/plant),
and vice versa (e.g., (24) and (31)). The cost function, namely the minimization of the TCO
(1), consists of the energy consumption (9) and system cost (10), and both are affected by
the design and control variables. In order to demonstrate the effectiveness of the co-design
approach in S3, it is compared to a sequential design (SD) method, where the plant and
controller are determined sequentially (Section 1). Note that for purposes of comparison,
not all the plant parameters are predetermined. SD is defined as follows:

• SD: Based on S3, assuming that the EM size is fixed (i.e., sτ = 1) in order to achieve
the required performance (Section 1), the goal is to find the CVT speed ratio over time,
CVT and battery size reducing the TCO.

Referring to (1), the corresponding cost function is given by

min
N

∑
k=1

ρe Pb(sγ, sb, x(k), u(k) | sτ) Δt +
Sd
Sv

(Cc(sγ) + Cm + Cb(sb)), (61)

where Cm is a constant because of the fixed EM size. Other constraints remain the same.
The comparison between SD and S3 is shown in Figure 17.

EC SC TCO

Figure 17. Comparison of normalized EC, SC and TCO between SD (with a total vehicle mass of
1677 kg) and S3, where EC represents the energy consumption and SC the system cost.

It can be seen from Figure 17 that the energy consumption (EC) and system cost (SC)
are reduced in S3 compared with SD. Overall, the TCO is decreased by around 3.4% in S3.
The primary reason is that the control and design freedom provided by the CVT cannot
be fully exploited in SD because of the fixed EM size. Admittedly, the CVT is optimized
in SD, especially the CVT cost because of a reduced ratio coverage of around 2, which is
significantly lower than that of 3.34 in S3. Nevertheless, the EM and battery optimization
are not taken into account, leading to a higher system cost. The control trajectory identified
may not be efficient for the overall system. In SD, the problem is decoupled and the
interconnections between the CVT (24), EM (31) and battery (42) are not considered,
resulting in a higher TCO. For an inherently coupled problem (i.e., the integration of the
EM and CVT), SD creates a separation and cannot guarantee an optimal solution. This issue
is tackled by the co-design approach (S3), where the right combination of the control policy
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and component sizes reducing the TCO is identified. It considers the coupling between the
components from design and control perspectives.

4.3. Towards a Low-Power Application

As illustrated in Figure 13, the usage of the available EM torque is low considering
WLTC. It implies that powertrain components are typically oversized (considering WLTC)
to meet certain vehicle performance requirements. The selection of electric powertrain com-
ponents (e.g., EM) for future EV applications is still an ongoing question. Current selection
criteria are largely based on performance requirements, such as top speed, acceleration
time and gradability (Section 1). It usually leads to oversized components, considering
drive cycles used for efficiency indicators. Therefore, even with the co-design approach,
the downsizing potential is limited (Section 4.1). High performance, however, may not
be required in urban driving. In order to see the downsizing potential, a low-power (LP)
design is utilized as an example. Note that for purposes of comparison, the EM design is
not restricted by (29). LP is defined as follows:

• LP: Based on S3, assuming that there are no performance requirements (Section 1),
the aim is to find the optimal design and control variables reducing the TCO while
satisfying drive cycle requirements.

The objective function in this case is similar to (1). The comparison between LP and S3
is shown in Figure 18. It can be observed from Figure 18 that compared with S3, the energy
consumption (EC) and system cost (SC) are decreased in LP. Overall, in LP, the TCO is
reduced by around 4%. The main reason is that LP takes full advantage of the control
and design freedom provided by the CVT without performance constraints. Compared
to S3, all the parameters as presented in Table 1, Figures 14 and 15 are reduced in LP.
For example, the maximum EM power is reduced from 100 kW in S3 to 54 kW in LP
with a CVT ratio coverage of around 2.06. The battery size is decreased in LP as well.
The minimum required component size is found in LP. For a specific use case (WLTC) and
a given EM-CVT system (combined EM-CVT characteristics), there is a lower bound for
the system (i.e., the CVT, EM and battery) so as to complete the driving mission. The result
also demonstrates the importance of co-design optimization in determining the system
size for a representative use case, considering the coupling between the EM and CVT
(combined EM-CVT characteristics). Although reduction of peak power has a negative
effect on vehicle performance (e.g., the 0–50 km/h and 0–100 km/h acceleration times of
LP are around 6 s and 18 s, respectively), LP is energy-efficient and cost-effective. It can be
used for urban driving that does not require high performance.

EC SC TCO

Figure 18. Comparison of normalized EC, SC and TCO between LP (with a total vehicle mass of
1635 kg) and S3, where EC represents the energy consumption and SC the system cost.
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4.4. Thermal Performance

The EM is a power source. It is also a heat source, and so does the transmission.
They generate heat during operation, which needs to be taken away efficiently by a
cooling system. For purposes of comparison, S1, S2 and S3 have the same control target,
maintaining the EM temperature below its thermal limit 65 ◦C dictated by the manufacturer
at the end of the drive cycle. All the other conditions are the same, including the coolant
flow rate. For simplicity, the problem is translated to finding a constant air-flow rate
for each system over the WLTC. Assume the air-flow rate is proportional to the cooling
power consumption. They are compared in terms of cooling power consumption and
temperature profile.

It is found that φa(S2) = 0.89 φa(S1), which means that compared to S1, the cooling
power consumption is reduced in S2, as shown in Figure 19. Recall that the system losses
are higher in S2 (Figure 14). The EM power dissipation in S2 is less than that in S1 but the
transmission power dissipation is much higher. In this case, the EM is more dominant
in determining the level of the cooling power consumption. Another reason is that the
thermal mass (EM and CVT) is higher in S2 (Table 1). Moreover, because of topology
difference, the extra small off-the-shelf heat exchanger in S2 enables heat exchange between
the EM and CVT. It changes the overall thermal behavior of the cooling system. It is also
calculated that φa(S3) = 0.78 φa(S2), which implies that compared to S2, the cooling power
consumption is decreased in S3. They have the same topology. The primary reason is
that the power losses are less in S3, which requires less cooling power to remove the heat,
although the system mass is reduced in S3. The corresponding temperature profiles are
illustrated in Figure 20.

Additionally, an important finding from Figure 20 is that the EM temperature and
the CVT temperature are very similar in S3. The primary reason is that the small heat
exchanger provides extra heat exchange between the EM and the CVT. It is a crucial step
towards a thermally integrated EM and CVT, for example, using a combined cooling loop
with a dedicated cooling medium, taking into account such as corrosion, viscosity and
conductivity [31–33]. It would make the system even more compact and efficient.

S₁ S₂ S₃
Figure 19. Comparison of normalized cooling power consumption between S1, S2 and S3.
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Figure 20. Comparison of temperature profile between S1, S2 and S3.

Note that as the systems, overall, are efficient, this amount of reduction will not
significantly influence the total energy consumption, although depending on the use case.
Furthermore, the exact value of cooling power is not provided, because detailed pump and
fan signals are not available in the controller area network (CAN) data, as mentioned in
Section 3.7. However, based on physics and model validation (Appendix A.4), the result
is representative. Previously, it is shown that there is a strong coupling between the EM
and CVT, and the combined system can be lightweight, efficient and low-cost. Now, it is
demonstrated that they can also be integrated thermally, and a further reduction in weight,
energy usage and cost can be expected. In the future, a highly integrated EM-CVT system
can be anticipated for EV applications.

5. Conclusions

A co-design optimization method based on CP is proposed for a CVT-based EV to
minimize the TCO, focusing on the integration of the EM and CVT. The co-design optimiza-
tion method finds the optimal CVT speed ratio, air-flow rate of the cooling system, CVT
size, EM size and battery size simultaneously. It takes full advantage of the control and
design freedom provided by the CVT. The optimized system with the co-design approach
decreases the TCO by around 2% compared with an SST-based EV with reference to a series
production vehicle and by around 5.9% compared with a non-optimized CVT-based EV
(based on off-the-shelf components). The advantages of the co-design approach are also
highlighted by comparing to a sequential method. Moreover, for urban driving, insights
into the design of a low-power EV are given based on the co-design approach, which finds
the minimum required component size. It can be concluded that although the current EV
market is dominated by SSTs, multi-speed transmissions, for example, CVTs, are competi-
tive alternatives for EVs in terms of TCO, due to continuous ratio adjustment depending
on driving conditions and the resulting design freedom. For EV applications, a highly and
thermally integrated EM-CVT system, which is low-cost, efficient and lightweight, can
be anticipated.
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Abbreviations

The following abbreviations are used in this manuscript:

AC Alternating Current
BA Battery
CAN Controller Area Network
CP Convex Programming
CVT Continuously Variable Transmission
DC Direct Current
DNR Drive, Neutral and Reverse
DP Dynamic Programming
EC Energy Consumption
ELOP Electric Oil Pump
EM Electric Machine
EV Electric Vehicle
FD Final Drive
ICDC Intercity Drive Cycle
KPI Key Performance Indicator
LP Low Power
OOL Optimal Operating Line
PSO Particle Swarm Optimization
RL Road Load
SC System Cost
SD Sequential Design
SST Single Speed Transmission
TCO Total Cost of Ownership
TMS Thermal Management System
TR Transmission
VA Variator
VCU Vehicle Control Unit
WH Wheel
WLTC Worldwide Harmonized Light Vehicles Test Cycle

Appendix A. SST-Based EV Model

The SST-based EV model (S1) is validated by measurement data obtained from the
series production vehicle driven on a real-world drive cycle, namely intercity drive cycle
(ICDC). The measurement data are extracted from the CAN signals of the vehicle control
unit (VCU) in the series production vehicle driven on the ICDC. The sampling time is 0.01 s.
The vehicle specification is provided in Table A1.

Appendix A.1. Longitudinal Dynamics

Given the drive cycle represented by vehicle velocity vv and acceleration av and taking
into account aerodynamic drag force, rolling resistance and inertia force, the demanded
wheel torque τw and speed ww can be calculated by

τw(k) =
(

1
2

ρa cd Af v2
v(k) + cr mv g sign(vv(k)) +

(
mv + 4

Jw

r2
w

)
av(k)

)
rw, (A1)
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ωw(k) =
vv(k)

rw
, (A2)

where the total vehicle mass mv is given by

mv = mcw + ms + mm + mb + md, (A3)

where ms is the SST mass (Table 1).

Table A1. Main parameters of EV model.

Parameter Value Unit Description

ρa 1.18 kg/m3 Density of air
cd 0.27 - Aerodynamic drag coefficient
Af 2.21 m2 Frontal area
cr 0.00724 - Rolling resistance coefficient
Jw 1 kgm2 Wheel inertia
rw 0.312 m Wheel radius
ηg 0.98 - Fixed gear efficiency
ηf 0.985 - Final drive efficiency
γv 2.63 - Underdrive ratio
γv 0.7 - Overdrive ratio
cm 430 [19] J/kgK Specific heat capacity of EM
cc 630 [23] J/kgK Specific heat capacity of CVT
cs 630 [23] J/kgK Specific heat capacity of SST
cf 4090 J/kgK Specific heat capacity of EM cooling medium
ca 1000 J/kgK Specific heat capacity of air
ch 0.62 [23] - CVT heating coefficient
hm 2000 W/m2K Heat transfer coefficient between EM and its cooling medium
ha 10 W/m2K Heat transfer coefficient between EM and ambient air
hc 10 W/m2K Heat transfer coefficient between CVT and ambient air
km 111 W/K Heat transfer coefficient between EM and CVT
kh 125 W/K Heat transfer coefficient between EM cooling medium and CVT oil
Am 0.2 m2 Heat exchange area between EM and its cooling medium
Aa 0.32 m2 Heat exchange area between EM and ambient air
Ac 0.17 m2 Heat exchange area between CVT and ambient air
mf 1.5 kg Cooling medium mass
φf 0.35 kg/s Coolant flow rate
ε 0.6 [34] - Radiator effectiveness

θm 65 ◦C Maximum EM temperature
θo 65 ◦C Maximum cooling medium temperature at EM outlet
θi 65 ◦C Maximum cooling medium temperature at EM inlet
Sd 46.532 km Two repeated WLTC length
Sv 300,000 km Traveled distance of vehicle in its lifetime
ρe 0.23 e/kWh Price of electricity
ac 13 [23] e/kg Specific cost of CVT
bm 1000 e Specific cost of EM
cb 250 e/kWh Specific cost of battery
Eb 25.4 kWh Battery energy
N0 264 - Battery cells
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Appendix A.2. Single-Speed Transmission

The SST including the final drive provides a fixed speed ratio γs between the EM and
the wheel. To meet the torque and speed at the wheels given by (A1) and (A2), the required
torque and speed of the SST are obtained by

τs(k) =

⎧⎪⎨
⎪⎩

τw(k)
ηs γs

, if τw(k) > 0,

ηs τw(k)
γs

, if τw(k) ≤ 0,
(A4)

ωs(k) = γs ωw(k), (A5)

where ηs is the combined efficiency of the fixed gear ηg and the final drive ηf (Table A1).

Appendix A.3. Electric Machine

The EM is a permanent magnet synchronous machine, featuring motoring and gener-
ating modes. Its specification is provided in Table 1. The torque and speed of the EM are
computed by

τm(k) = τs(k), (A6)

ωm(k) = ωs(k). (A7)

Given the same inputs (vehicle speed and acceleration) from the ICDC, the outputs of
the EM from the developed model (simulation) are compared with the corresponding CAN
signals (measurement). These signals are the EM torque and speed, and the comparisons
are shown in Figures A1 and A2, respectively. In Figures A1 and A2, the right subplot
zooms in on the left subplot, showing the details of the comparison. It should be noted
that the measurement data are presented as they are in this study. In consideration of
noise, driving environment, data recording, and effect of CAN signals, the simulation and
measurement resemble well.

Figure A1. Validation of the EM torque for the ICDC.

163



Energies 2021, 14, 1825

Figure A2. Validation of the EM speed for the ICDC.

The mechanical power of the EM is then given by

Pm(k) = τm(k) ωm(k). (A8)

An efficiency map is used to calculate the power losses of the EM, as shown in
Figure A3. This efficiency map includes the effect of the DC-AC inverter. The EM power
dissipation is described as a function of its torque and speed, that is,

Pm,loss(k) = Pm,loss(τm(k), ωm(k)). (A9)

Therefore, the electrical power supplied to/by the EM is expressed as

Pm,el(k) = Pm(k) + Pm,loss(k). (A10)

The EM torque and speed are bounded by

τm(k) ∈ [τm(ωm(k)), τm(ωm(k))], (A11)

ωm(k) ∈ [ωm, ωm]. (A12)

Figure A3. Efficiency map of the EM including the DC-AC inverter.
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Appendix A.4. Thermal EM-SST Model

The SST (Ps,loss) and EM (Pm,loss) power losses appear as heat, which is removed by a
TMS, as demonstrated in Figure A4. The EM and the SST are physically attached. The SST
is cooled based on oil splashing, where its heat is taken away by the EM cooling medium
indirectly and the ambient air directly due to convection. The EM dissipates heat to the
ambient air. Moreover, the cooling medium driven by a pump removes heat from the EM.
When the EM temperature is higher than a predefined threshold, the EM is cooled down
with a radiator. The goal of the TMS is to maintain the EM temperature below its prescribed
thermal limit. A lumped-parameter method is used to capture the thermal behavior of the
EM and SST. On the basis of first principles, the thermal EM-SST model is described by

cm mm θ̇m(k) = Pm,loss(k)− hm Am (θm(k)− θo(k))− km (θm(k)− θs(k))− ha Aa (θm(k)− θa), (A13)

cf mf θ̇o(k) = hm Am (θm(k)− θo(k))− φf cf (θo(k)− θi(k)), (A14)

ch cs ms θ̇s(k) = Ps,loss(k) + km (θm(k)− θs(k))− hc Ac (θs(k)− θa), (A15)

cf mf θ̇i(k) = φf cf (θo(k)− θi(k))− ε φa(k) ca (θo(k)− θa). (A16)

The thermal EM-SST model is validated by measurement data. Since the SST tem-
perature is not available in the CAN data, the EM temperature is used for validation.
The measurement data are extracted from the CAN signal regarding the EM temperature
of the VCU in the series production vehicle driven on the ICDC. The estimated thermal
parameters are provided in Table A1. As shown in Figure A5, a good resemblance can be
seen between the model and measurement.

Figure A4. Thermal management architecture for the EM-SST.
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Figure A5. Validation of the EM temperature for the ICDC.

Figure A6. Validation of the battery output power for the ICDC.

Appendix A.5. Battery

The battery provides the power required by the EM, that is,

Pb(k) = Pm,el(k), (A17)

Ėb(k) = −Pb(k). (A18)

For the same inputs from the ICDC, the battery output power from the model is
compared to the corresponding CAN signal regarding the battery output power in terms
of voltage and current (measurement). The comparison can be seen in Figure A6, where
the right subplot zooms in on the left subplot. It can be observed that the model and
measurement resemble well.

In summary, the SST-based EV model represented by S1 is validated against the
measurement data, which replicates the physical behavior of the series production vehicle
in reality.

Appendix B. CVT-Based EV Model

As presented in Section 1, a CVT-based EV model (S2) is created based on S1 (Appendix A).
The main difference is that the SST model as described in Appendix A.2 is replaced by a
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CVT model. The SST mass in (A1) is replaced by mc (Table 1). The thermal model is the
same as that in Section 3.7. All the other component models remain the same as S1.

In this context, the variator of the pushbelt CVT has two pulleys, a primary pulley
(subscript “p”) and a secondary pulley (subscript “s”), which are connected by a pushbelt.
The CVT provides a continuous variable speed ratio γv between the primary pulley and
the secondary pulley. It permits the EM speed to be independent of the wheel speed to
optimize its operating point. Given the required torque τw (A1) and speed ωw (A2) at the
wheels, the torque and speed of the primary pulley are obtained by

τp(k) =

⎧⎪⎨
⎪⎩

τw(k)
ηf γv(k)

, if τw(k) > 0,

ηf τw(k)
γv(k)

, if τw(k) ≤ 0,
(A19)

ωp(k) = γv(k) ωw(k), (A20)

The total torque input to the CVT is thus given by

τc(k) = τp(k) + τc,loss(k), (A21)

where τc,loss represents the torque loss in the CVT, which is described by a lookup table,
that is,

τc,loss(k) = τc,loss(τp(k), ωp(k), γv(k)). (A22)

The power losses of the CVT can thus be calculated by

Pc,loss(k) = τc,loss(τp(k), ωp(k), γv(k)) ωp(k). (A23)

The primary torque and speed ratio are constrained by

τp(k) ∈ [τp, τp], (A24)

γv(k) ∈ [γv, γv], (A25)

where γv is the overdrive ratio and γv the underdrive ratio. Bounds on the primary speed
will be implicitly taken into consideration in the constraints on the EM speed. Additionally,
to maintain the CVT speed ratio γv, the corresponding hydraulic actuation power can
be calculated.

Appendix C. Convex Programming

CP demands all the models to be convex. A brief introduction to CP is given here,
and interested readers are referred to [22] for a rigorous treatment. A convex optimization
problem can be formulated as follows:

min f0(x),

s.t. fi(x) ≤ 0, i = 1, ..., m,

hj(x) = AT
j (x)− Bj = 0, j = 1, ..., n,

(A26)

where fi(x) are convex functions and hj(x) are affine functions. The feasible set of this
optimization problem is convex with m convex sublevel sets and n hyperplanes. A convex
function can be described as

f (β x1 + (1 − β) x2) ≤ β f (x1) + (1 − β) f (x2), (A27)

where β ∈ [0, 1], and it means that the line segment between any two points lies above
the graph. Models that are originally non-convex can be reformulated based on approxi-
mations, relaxations, and change of variables. Model convexity can be verified, by using
basic convex functions, for example, linear functions, quadratic functions, quadratic-over-
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linear functions and opposite of geometric mean functions, and operations that preserve
convexity, such as nonnegative weighted sums and pointwise maximum.

Appendix D. Main Parameters of EV Model

The main EV model parameters are provided in the following table, including ve-
hicle parameters with reference to the series production vehicle and validated thermal
parameters.
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Abstract: Millions of three-wheelers in large cities of Asia and Africa contribute to the already
increasing urban air pollutants. An emerging method to reduce adverse effects of the growing three-
wheeler fleet is hybrid-electric technology. The overall efficiency of a hybrid electric vehicle heavily
depends on the power management strategy used in controlling the main powertrain components of
the vehicle. Recent studies highlight the need for a comprehensive report on developing an easy-
to-implement and efficient control strategy for hybrid electric three-wheelers. Thus, in the present
study, a design methodology for a rule-based supervisory controller of a pre-transmission parallel
hybrid three-wheeler based on an optimal control strategy (i.e., dynamic programming) is proposed.
The optimal control problem for minimizing fuel, emissions (i.e., HC, CO and NOx) and gear shift
frequency are solved using dynamic programming (DP). Numerical issues of DP are analyzed and
trade-offs between optimizing objectives are presented. Since DP strategy cannot be implemented
as a real-time controller, useful strategies are extracted to develop the proposed rule-based strategy.
The developed rule-based strategy show performance within 10% of the DP results on WLTC and
UDC-NEDC drive cycles and has the clear advantage of being near-optimal, easy-to-implement and
computationally less demanding.

Keywords: hybrid electric vehicle; auto-rickshaw; energy management strategy; multi-objective
optimization; rule-based control; dynamic programming; fuel economy; backward-facing model;
forward-facing model

1. Introduction

The ever-increasing cost of fuel, air pollution and consumer market trends have forced
the automobile industry towards investing in greener vehicles. Currently, over 90% of
the transport sector is reliant on oil and 49% of the total oil production is consumed by
the transportation sector alone. Responsible for one-quarter of energy-related unwanted
greenhouse gas emissions in 2009, the transport sector is the fastest-growing energy-
consuming source in the world [1]. Among the transportation sector, three-wheelers show
a significant growth rate. In India alone, during 2018–2019 fiscal year, domestic sales of
three-wheelers increased by 10% and exports of manufactured three-wheelers increased
by 49%; overall sales increased from 1.017 million units to 1.269 million units [2]. Even
though considerable work is being done in four-wheel category to reduce emissions and
fuel consumption, little work is been conducted on three-wheelers. Figure 1 shows a typical
motorized three-wheeler by Bajaj Motor company.
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Figure 1. BAJAJ RE 205 cc motorized three-wheeler [3].

Three-wheelers are found in most Asian, South American and African countries [4].
In large cities of Asia and Africa, millions of auto-rickshaw three-wheelers function as
taxicabs [5]. Three-wheelers in developing countries offer a low volume, but high-frequency
service and they are efficient feeders that can connect bigger public transport systems and
provide last-mile connectivity to the doorstep. Three-wheelers can weave through dense
urban traffic conditions and a solution for the growing parking problem in urban cities due
to its small size. Even though three-wheelers are known to be highly pollutant vehicles due
to the use of two-stroke engines and small-scale diesel engines, with stringent government
regulations most of the three-wheeler fleet has moved to use four-stroke engines and fuels
such as Petrol, CNG and LPG to reduce overall emissions. However, to improve the air
quality of worlds most polluted cities such as Delhi, Mumbai and Jakarta, emission levels
of the growing three-wheeler fleet should be further reduced and Electric Vehicle (EV)
technology is an emerging solution to address this issue.

Hybrid EVs, plug-in EVs and battery EVs are common types of electric vehicles [1].
However, only the battery EVs can give potentially zero emissions. In recent years, the
battery EV three-wheelers market has grown considerably. In India alone, during 2018–
2019 fiscal year, the sale of battery EV three-wheelers was 630,000 units [2]. However,
the emission reduction from battery EVs is offset by coal-burning power plants since
these vehicles are charged using the national power grid. A case study made in West
Bengal state, India show that when the emissions from the coal-fired thermal power plants
are considered, the use of battery EV three-wheelers reduced the specific CO2 emissions
(gm/passenger-km) by only 11% compared to a diesel three-wheeler [6]. In addition, to
the carbon intensity of electricity generation, battery manufacturing and disposal must
be considered. An effective alternative option is the reuse of batteries and it is found
that the carbon emission reduction potential of reusing batteries is similar to moving
from an oil-based vehicle to an EV [7]. In the global context, high infrastructure cost,
anxiety on the resale market value, increase in demand for power generation, strong oil-
base vehicle market and unit cost are some of the resistive forces for EVs in developing
countries [8]. For instance, developing countries like Pakistan cannot transition directly
from oil-based vehicles to battery EVs due to factors like charging infrastructure, load
shedding of electricity and high cost of non-renewable energy [9]. In addition, battery
EV three-wheeler owners in developing countries face challenges such as poor drivability
characteristics [6], electricity blackouts, limited driving range and long charging times. An
interim solution that mitigates these challenges and reduces overall fuel consumption and
emissions is hybrid-electric technology.

The benefits of a fuel-efficient and eco-friendly hybrid electric three-wheeler to re-
duce adverse effects from the growing motorized three-wheeler fleet is well understood.
Thus, the design of hybrid electric three-wheelers has been extensively investigated in the
literature under different hybrid configurations. For instance, Vezzini et al. investigated
a series hybrid electric three-wheeler and developed a prototype in [10]. Developing on
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the series hybrid concept, Amjad et al. investigated plug-in series hybrid technology for
three-wheelers in [11]. Another popular hybrid configuration studied for three-wheelers is
the parallel powertrain configuration. For example, Hofman et al. in [5] studied parallel
micro-hybrid architecture for three-wheelers. Roy and Indulal in [12] extended the study
of parallel hybrid technology for three-wheelers by investigating a parallel configuration
where motor and engine power is coupled through road. Use of plug-in technology for
parallel hybrid electric three-wheelers is studied by Padmanaban et al. [13]. Comparative
analysis of hybrid configurations of three-wheelers is carried out by a recent study from
Maddumage et al. [14]. The study examines the effect of hybrid configuration on fuel and
emissions by studying conventional, parallel, series and complex powertrain designs for
hybrid electric three-wheelers. These studies indicate that the use of hybrid technology
for three-wheelers is a viable solution to reduce overall fuel consumption and exhaust
emissions of the vehicle.

Regardless of the intensive studies on developing hybrid-electric three-wheelers,
reports on parallel hybrid electric three-wheelers have not thoroughly dealt with designing
an efficient and easy-to-implement power management strategy. The power management
strategy of a parallel hybrid mainly involves in the management of power flow, namely,
the power split strategy between the motor and engine. Various methods in developing
power management strategies for hybrid electric vehicles have been proposed in the
literature. These methods can be classified into two main groups, i.e., optimal control-
based strategies and heuristic control strategies. Optimal control-based strategies use
global optimization and instantaneous optimization methods based on optimal control
tools. Limitations of optimal control-based strategies are that their solutions rely on future
unknown information [15] and require high computational power. An alternate approach is
heuristic control strategies. Heuristic power management strategies do not employ explicit
optimization; instead, power management is carried out through heuristic rules [15].
Heuristic control methods have monopolized the production vehicle market due to the low
computational power demand, natural adaptability to online-applications, good reliability
and satisfactory fuel consumption results [16]. Fuzzy logic [17] and deterministic rule-based
control belong in this category. One of the main limitations of this type of control strategies
is the sub-optimal results compared to optimal control-based strategies. Nevertheless,
by using results of a global optimization algorithm like dynamic programming (DP) as
a template to design empirical rules for the control strategy, it is possible to improve the
results of the rule-based control [18].

The possibility of deriving useful real-time control strategies from the global optimal
results of the DP algorithm has been widely investigated in literature [19–22]. For instance,
Wang and Lukic [23], applied DP to find the real-time optimal split between engine and
motor in a series-parallel powertrain. Similarly, Lin et al. [24], found that optimal control
rules can be extracted from DP results and used to design a near-optimal rule-based control
strategy for a parallel hybrid. Results show a 28% increase in fuel economy with the
near-optimal rule-based strategy, compared to a conventional vehicle. In another study by
Lin et al. [18], a simple approach (based on the power request ratio from engine and motor
to transmission speed) for extracting empirical rules for the control strategy from DP results
is investigated. Results from the study showed a 50–70% reduction in the performance
gap between the DP results. The combination of DP results and empirical rules of the
rule-based strategy for real-time charge sustaining control of hybrid vehicles is studied
by Biasini et al. in [15]. This study used a penalty function to control power split ratio in
relation to battery state of charge (SoC) level. Results show that the performance of the
improved control strategy is within 3% of the DP results. These studies show, extracting
empirical rules from the DP results (optimal controller) is a viable approach to improve
overall performance of a rule-based controller.

In spite of the research advances made, some of these power management strategies
have been found to yield selective performance, which is charge-depleting in highway
driving conditions and charge-hoarding in urban driving conditions [16]. In general, three-
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wheelers are used in urban areas. Thus, the use of DP to design a rule-based controller for
hybrid electric three-wheelers should be carried out carefully to avoid charge-hoarding. A
recent study from Asghar et al. [25] has attempted to implement a sub-optimal rule-based
power management strategy based on DP results for a parallel hybrid electric three-wheeler.
Despite the extensive methodology followed in extracting rules from the DP results; report
has not thoroughly dealt with transmission gear strategy, numerical issues of DP, exhaust
emissions and powertrain component sizing techniques in designing the control strategy
of the hybrid electric three-wheeler.

The aim of the present paper is to design a rule-based control strategy for a parallel
hybrid electric three-wheeler based on DP results to reduce fuel consumption and exhaust
emissions, i.e., HC, CO and NOx. These exhaust emissions have serious impact on the
urban air quality and public health [26]. Although HC, CO and NOx emissions can be
reduced with emission control technologies [27]; in general, motorized three-wheelers
on the market are not equipped with such measures. Three-wheelers are low-cost price-
sensitive vehicles with a high price elasticity of demand. Larger social benefits such as
harmful emissions are not relevant to the average user [28]. This is one of the factors for not
having a stringent emission control strategy in motorized three-wheelers yet. Therefore,
in the present study, reduction of HC, CO and NOx emission via hybrid technology is
investigated in addition to the fuel economy. Overall fuel consumption and emissions of
the powertrain are affected by gear shift strategy and component sizes of the hybrid power
train. Since parallel hybrid electric vehicles use a motor and an engine in harmony to
propel the vehicle, it is harder to develop an efficient gear shift strategy based on traditional
methodologies. Thus, in the present study transmission gear strategy is developed based
on DP results. In addition, a sequential design methodology [29] (sizing and control is
solved separately in a sequential manner) is used in developing the hybrid powertrain.
The power management strategy is developed in the present study for the sized parallel
hybrid powertrain from [14].

Contributions of the study is of interest due to the systematic procedure presented to
establish an easy to implement real time control strategy for parallel hybrid three-wheelers;
which can be used by a developer to implement an eco-friendly parallel hybrid three-
wheeler. The proposed control strategy uses only 2D maps and simple rules. Unlike with
control strategies such as time delay neural network (TDNN) [30] and model predictive
control (MPC) [31], proposed control law requires low computational power to operate.
Furthermore, online control approaches like adaptive equivalent consumption minimiza-
tion strategy (ECMS) [32] require predictive equipment like GPS; which add cost and
complexity to vehicle development. The proposed strategy can be implemented without
such equipment or sensors. The developed strategy is easy to implement and it does not
require specialize knowledge to install for a practical application.

Striking a good balance to optimize all the objectives is difficult in a high dimensional
objective space with more than three objectives using rule-based control law. Usually,
three or less multi-objective are considered in developing DP based heuristic control
laws [18,19,21,23,25]. The present study considers a multi-objective optimization problem
with more than three objectives; which are defined as many objective optimization prob-
lems [33]. In addition, the DP method use quantization and interpolation techniques and
these methods introduce numerical errors. Therefore, present study investigates numerical
issues of DP in implementing the optimal control strategy. Furthermore, rules extracted
from DP results does not necessarily constitute a comprehensive control law that can be
implemented in a real-life vehicle. Thus, present study considers additional rules such as
gearshift strategy in full EV mode.

The contributions of the study can be summarized as follows:

• Investigation of numerical errors of the DP algorithm in implementing an optimal
control strategy for hybrid vehicles.

• Comprehensive rule extraction from DP results to establish a near optimal rule-based
strategy for multi-objective (many objectives).
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• Establish additional rules to overcome shortcomings of the useful strategies extracted
from DP results.

• A systematic methodology to develop an easy to implement, real time, near optimal
power management strategy for parallel hybrid three-wheelers.

This paper is organized as follows: In Section 2, simulation models for the control
strategy analysis is developed. First, the main powertrain components of a parallel hybrid
are modelled. Using the modelled powertrain components two quasi-static hybrid electric
vehicle models, i.e., a backward-facing model and forward-facing model, are developed to
simulate the DP-based optimal controller and proposed rule-based controller, respectively.
In Section 3, the DP-based optimal controller is implemented. DP for the optimal control
problem of the parallel hybrid is formulated and numerical issues of the DP algorithm are
analyzed. The controller is simulated to reduce five objectives (i.e., gear shift frequency, fuel,
HC, CO and NOx) and the trade-offs between the objectives are presented. In Section 4,
results from the DP-based controller are extracted and used to develop the proposed
rule-based strategy. In addition, the performance of the proposed rule-based strategy is
analyzed and compared with DP results. Finally, conclusions are presented in Section 5.

2. Hybrid Electric Three-Wheeler Models

DP results are used to identify the empirical rules for the rule-based control strategy
proposed for the hybrid electric three-wheeler. DP algorithm requires knowledge of future
driving characteristics. Thus, the DP controller is implemented in a backward-facing
hybrid powertrain model. Based on the DP results, a sub-optimal rule-based strategy is
developed. To perform the energy analysis and the fuel consumption evaluation of the
control strategies, the simulation method is generally used and the quasi-static models are
usually selected [34,35]. Since only the energy flow is focused, the accuracy of the quasi-
static models is sufficient for the simulation time step as large as 1 s [36]. Thus, in the present
study to evaluate the proposed sub-optimal rule-based strategy a forward-facing quasi-
static model is developed (time step of the used drive cycles is 1 s). Note, the developed
quasi-static models do not consider dynamic characteristics such as response time of the
engine and motor. The operational characteristics of the powertrain components are taken
as instantaneous. Even though quasi-static models are adequate to analyze and optimize
fuel economy and performance it is not sufficient to evaluate drivability characteristics.

In this section, mathematical models for main powertrain components of a parallel
hybrid electric vehicle are modelled and based on the powertrain models two hybrid
electric vehicle models are developed, i.e., forward-facing model and backward-facing
model. [18,22,25,36,37] used a similar methodology.

2.1. Parallel Hybrid Electric Powertrain Model

Control strategy investigation is conducted for a pre-transmission parallel hybrid
powertrain with a degree of hybridization of 0.3, the powertrain configuration is shown in
Figure 2. Type of powertrain configuration is chosen by considering the volume required
and cost. The three-wheeler is a small low-power and low-cost vehicle used in developing
countries. The design of the hybrid powertrain should be carried out within the volume
constraints of the existing three-wheeler design. Thus, the volume and cost required are
major concerns in selecting the hybrid configuration.

Figure 2. Schematic of the pre-transmission parallel hybrid powertrain.
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Both hybrid and plug-in hybrid topologies have excellent fuel economy and environ-
mental benefits [38]. In addition, to the electricity generation from the motor in a hybrid,
the plug-in hybrids can externally charge the battery by connecting to the electrical grid.
Although plug-in hybrids have a high fuel economy compared to a hybrid [39], plug-in
hybrids are equipped with a large energy storage system [38]. In addition, the batteries
account for a significant amount of the initial cost of a plug-in hybrid [39,40]. Thus, in the
present study a non-plug-in hybrid topology is selected.

Out of the three traditional hybrid configurations (i.e., series, parallel and series-
parallel), the parallel hybrid configuration has the least number of powertrain components.
In general, the series-parallel configuration requires two electric motors, engine and a plan-
etary gear set, which make the powertrain complex and costly [41]. The series hybrid also
requires two motors and an engine. Even though for short trips engine can be downsized
relatively easily, sizing the motors and battery is still a challenge, making the series hybrids
expensive [41]. The parallel hybrid has the advantage of a downsized motor and drive
compared to the series configuration [42]. Since the mechanical power is shared between
the engine and motor, the parallel configuration does not require a large motor [43].

The powertrain consists of an internal combustion engine, an electric motor, a battery
pack, a clutch and an automatically controlled manual transmission. As mentioned before,
powertrain design follows a sequential design approach, component sizing and design of
power management strategy is carried out successively [29]. Powertrain component sizes
are found from previous work [14]. Basic parameters of the hybrid powertrain components
and the vehicle are summarized in Table 1.

Table 1. Basic vehicle parameters.

Powertrain Parameter Value

Engine Maximum power (kW) 6
Electric motor Maximum power (kW) 3

Battery No. of Modules 6
Capacity (Ah) 6

Nominal voltage (volt/module) 10.8
Vehicle Frontal area (m2) 1.86

Tire radius (m) 0.2
Coefficient of drag 0.44

Rolling resistance coefficient 0.015
Glider mass–without propulsion (kg) 280

Curb weight (kg) 448

As shown in Figure 2, the output of the engine is connected to a motor via a clutch
operated by the control unit. The automatically controllable clutch is used to connect
or disconnect the engine torque with the electric motor torque. The clutch between the
motor and internal combustion engine allows the powertrain to operate in full electric
mode (motor only) without the engine. When the powertrain is operating on parallel
mode (motor and engine operate in harmony) both electric motor torque and engine torque
are coupled. Furthermore, the engine, motor and battery models are developed based
on ADvanced VehIcle SimulatOR (ADVISOR) library maps/data. This approach already
known in literature, is used to develop hybrid vehicle simulation models for the present
study. Some examples where ADVISOR powertrain models are used for similar hybrid
powertrain investigations are [18,20,22–24,44].

2.1.1. Longitudinal Vehicle Model

The vehicle model is defined with the characteristics of a motorized three-wheeler,
with a glider mass of mgm (without the powertrain components). The total mass of the
vehicle is,

mveh = mgm + mice + mmot + mbatt + mgb + mcargo (1)
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where mice mass of the engine, mmot mass of the motor, mbatt mass of the battery, mgb mass
of the gearbox (transmission) and mcargo mass of three passengers including the driver.

The movement characteristics of a vehicle along its moving direction are determined
by all the forces acting in that direction. Forces acting on the vehicle are modelled as a
representation of the force balance at the tire patch. In the longitudinal direction, the main
external forces acting on the vehicle are aerodynamic drag force Fa, rolling resistance force
Fr, climbing resistance Fc, acceleration resistance force Fi and traction force at the wheel Ft.
The dynamic equation for the longitudinal hybrid electric vehicle model is expressed by,

Ft = Fa + Fr + Fc + Fi (2)

Ft =
1
2
· Cd·Aρ·vveh

2 + mvehgCr· cos α + mvehg· sin α + mveh·dv
dt

(3)

where Cd is the aerodynamic drag coefficient, A is the frontal area of the vehicle, ρ is the air
density, vveh is the linear velocity of the vehicle, g is the acceleration due to gravity, Cr is
the rolling resistance coefficient, α is the road gradient and dv

dt is the linear acceleration of
the vehicle.

For the simulation, the vehicle speed is extracted from the drive cycle at each time
interval. Traction force required to overcome driving resistance forces depend on the
current characteristics of the vehicle and driver demand at the next moment.

The vehicle simulation is a discrete-time system; therefore, the current acceleration
aveh,k is defined as a discrete function as follows,

aveh,k =
vveh,k+1 − vveh,k

tstep
(4)

where vveh,k is the current vehicle velocity. vveh,k+1 is the target velocity in the next moment
and tstep is the time step of the simulation.

By considering Equations (1) and (3), traction torque required by the powertrain at
the vehicle wheel during the current step in the discrete-time space Twh, is expressed as,

Twh = rwh

(
1
2
· Cd Aρvveh,k

2 + mvehgCr· cos αk + mvehg· sin αk + mveh·aveh,k

)
(5)

where αk is the road gradient at the particular timestamp and rwh is the vehicle’s
wheel radius. The angular velocity ωwh and angular acceleration

.
ωwh of the wheel is

expressed as,

ωwh =
vveh
rwh

(6)

.
ωwh =

aveh,k

rwh
(7)

The vehicle model assumes a constant rolling resistance coefficient and a constant tire
radius. Effect of rotational inertia in the linear direction is taken as negligible. In addition,
system vibrations and wheel slip are neglected.

2.1.2. Transmission Model

The transmission assembly is modelled as a four-gear automatically controlled manual
transmission. The gearbox efficiency is considered equal for all the gears ηgb = 0.95. The
powertrain torque on the clutch side of the gearbox Tgb, is modelled as,

Tgb =
Twh

ηgb·γ(i) , Twh ≥ 0 (8)

Tgb =
Twh·ηgb

γ(i)
, Twh < 0 (9)
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where γ(i) is the gear ratio for each gear including the final drive ratio. The angular
velocity ωc and angular acceleration

.
ωc of the crankshaft is expressed as,

ωc = γ(i)·ωwh (10)

.
ωc =γ(i)· .

ωwh (11)

The gear switching strategy for the transmission is modelled using a discrete-time dy-
namic model. The transmission gear number at k + 1 time step, Ngear(k + 1) is expressed as,

Ngear(k + 1) =

⎧⎨
⎩

4, Ngear(k + 1) + shi f t(k) > 4,
1, Ngear(k + 1) + shi f t(k) < 1,
Ngear(k) + shi f t(k), otherwise

(12)

where Ngear(k) is the transmission gear number at kth time step and shi f t(k) is the gear
shift command, defined as shi f t(k) ∈ {−1, 0, 1}.

• shi f t(k) = −1, gear downshift.
• shi f t(k) = 1, gear upshift.
• shi f t(k) = 0, maintain the current gear.

The gearbox model assumes no energy losses during gear shifting and inertia of the
gearbox and final drive (differential) is neglected.

2.1.3. Clutch Model

The clutch between the motor and internal combustion engine allows the powertrain
to operate in full electric mode without the resistive inertial torque of the engine. During
the parallel operational mode, both electric motor resistive inertial torque Tmot_0 and engine
resistive inertial torque Tice_0, are considered. The total torque demand from the electric
motor and engine Tdem, is expressed as follows,

Tdem = Tgb + Tmot_0 , clutch disengaged (13)

Tdem = Tgb + Tmot_0 + Tice_0 , clutch engaged (14)

Tice_0 = Iice· .
ωc (15)

Tmot_0 = Imot· .
ωc (16)

where Iice is the moment of inertia of the engine and Imot is the moment of inertia of the
motor. Tdem is split between the internal combustion engine and electric motor depending
on the torque ratio determined by the power management strategy. The model assumes
dynamics of the clutch are negligible.

2.1.4. Internal Combustion Engine Model

The internal combustion engine model is generated with a static fuel consumption
map, developed using experimental modelling method based on the Willians approxi-
mation. By using Willians line scaling approach, based on known steady-state efficiency
data of a reference machine, efficiency of a new machine in the same category can be esti-
mated [35]. In the present work, the engine model uses a scaled fuel consumption map of a
gasoline SI Geo Metro 1.0 L engine from the ADVISOR library. The fuel consumption map
of the engine is expressed as a relationship between engine torque, speed and brake specific
fuel consumption (BSFC) as shown in Figure 3a. BSFC is a measure of fuel efficiency: the
rate of fuel consumption divided by the power produced. Like fuel consumption of the
engine, exhaust gas emissions (i.e., HC, CO and NOx) are estimated using experimental
static gas emission maps. As shown in Figure 3b–d the emissions maps are expressed as a
relationship between engine torque, speed and brake specific exhaust gas emission.
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(a) (b) 

  
(c) (d) 

Figure 3. Engine fuel and emission maps: (a) Fuel efficiency map; (b) HC emission map; (c) CO emission map; (d) NOx
emission map.

The engine model obtains the brake specific fuel consumption OBSFC(ωe, Te) at the
engine operating point (ωe, Te), where the engine outputs torque Te and speed ωe, using
cubic spline data interpolation method,

OBSFC(ωe, Te) = f (ωe, Te) (17)

Fuel consumption rate
.

m f (g/s) is expressed as,

.
m f =

1
3600 × 1000

·ωe·Te·OBSFC(ωe, Te) (18)

The fuel power Pf uel given to the engine is calculated by,

Pf uel =
.

m f ·Qlhv (19)

Engine model considers exhaust gas emissions: HC, CO and NOx. The brake spe-
cific exhaust gas emission rate Ea(ωe, Te), “a” represent the emission gas (i.e., HC, CO
and NOx), at the engine operating point (ωe, Te) is obtained using the cubic spline data
interpolation method,

Ea(ωe, Te) = f (ωe, Te) (20)

Exhaust gas rate
.

mexh,a (g/s), “a” represent the emission gas (i.e., HC, CO and NOx),
is expressed as,

.
mexh,a =

1
3600 × 1000

·ωe·Te·Ea(ωe, Te) (21)
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Engine model assumes the effect of change of temperature on the engine and frictional
force of the engine are negligible. In addition, the dynamic characteristics of the engine are
not considered.

2.1.5. Electric Motor Model

The motor model is also developed using a static efficiency map. As shown in
Figure 4, the efficiency map is expressed as a relationship between engine torque, speed
and motor efficiency.

Figure 4. Motor efficiency map.

The electric motor efficiency ηmot(ωmot, Tmot), at the motor operating point (ωmot, Tmot),
where the motor outputs torque Tmot and speed ωmot, is obtained using the cubic spline
data interpolation method:

ηmot(ωmot, Tmot) = f (ωmot, Tmot) (22)

The electric power needed from or supplied to the battery by the electric motor
Pelec_mot, is expressed by

Pelec_mot = ηmot(ωmot, Tmot)·ωmot·Tmot, Tmot < 0 (23)

Pelec_mot =
ωmot·Tmot

ηmot(ωmot, Tmot)
, Tmot > 0 (24)

The electric motor model does not consider the dynamics of the machine. In addition,
the model assumes the frictional force of the electric motor is negligible.

2.1.6. Battery Model

The battery model is generated as multiple modules with a combination of parallel
and series cells to represent the 6 Ah Saft Li-Ion battery from the ADVISOR library. The
battery input or output power Pbatt, is expressed by,

Pbatt = Pelec_mot + Paux (25)

where Paux is a constant auxiliary power demand that represents the power consumption
of all the secondary systems of the vehicle. The battery pack is modelled as an equivalent
circuit comprising an open circuit voltage Voc in series with an internal resistance Rint as
illustrated in Figure 5. In addition, U is the terminal voltage of the battery. The model is
based on experimental data of battery charging-discharging.
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(a) (b) 

Figure 5. Battery model and electrical performance: (a) The equivalent battery circuit model; (b)
Battery module open circuit voltage with SoC at 41 ◦C.

In general, three-wheelers are widely used in countries such as India, Sri Lanka and
Pakistan. Where temperature variation over the year is not significant. Thus, in the present
study a constant temperature of 41 ◦C is considered to model the battery. The battery
open-circuit voltage Voc, which is a function of battery SoC and battery temperature Tbatt,
is shown in Figure 5b and expressed by the interpolation function,

Voc = f (SoC, Tbatt) (26)

Battery internal resistance Rint, which include Ohmic resistance Ro and polarization
resistance Rp, is expressed by the interpolation function,

Rint = f (SoC, Tbatt) (27)

Charging and discharging current of the battery, which is defined as positive during
discharging and negative during charging, is expressed by,

Ibatt =
Voc −

√
Voc2 − 4Rint·Pbatt

2Rint
(28)

The battery state of charge SoC, in the discrete system, is expressed as,

SoCk+1 = SoCk −
⎛
⎝Voc,k −

√
Voc,k

2 − 4Rint,k·Pbatt,k

2Rint,k

⎞
⎠· ηbatt

3600· Qbatt
(29)

where SoCk+1 is the battery SoC at the (k + 1) time step and SoCk, Voc,k, Rint,k and Pbatt,k
are the battery SoC, open-circuit voltage, the internal resistance of the battery and battery
power at the kth time step, respectively. In addition, Qbatt is the battery capacity and ηbatt
is the battery charging-discharging efficiency. Similar to [22] ηbatt is defined as,

ηbatt =

{
1.0 , Ibatt ≥ 0
0.9 , Ibatt < 0

(30)

Note that an alternate approach to calculate battery efficiency is using battery circuit
equivalent model data. Similar to [45] open-circuit voltage, internal resistance and output
power can be used to better approximate the battery charging-discharging efficiency.

2.2. Quasi-Static Hybrid Electric Vehicle Models

Forward-facing model and backward-facing model [46] are developed with the
above powertrain component models. The forward-facing model is developed in MAT-
LAB/Simulink environment and backward-facing model is developed in MATLAB applica-
tion. As mentioned above, the optimal controller (DP based) is simulated on the backward-
facing model and the proposed rule-based controller is simulated on the forward-facing
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model. Figure 6 shows the basic schematics of the backward-facing model and forward-
facing model.

 
(a) 

 
(b) 

Figure 6. Schematics of Quasi-static models: (a) backward-facing model; (b) forward-facing model.

As shown in Figure 6b, the forward-facing model is implemented with a driver model.
The driver model simulates the manipulation of the accelerator pedal and the brake pedal
by the driver. The model is implemented as a PI controller, which compares the actual
velocity (velocity of the model) with the desired velocity (velocity from the drive cycle) to
generate acceleration and brake commands. Acceleration and brake commands are given
to the supervisory controller which formulates the clutch command, gear shift command,
engine torque command and the motor torque command.

The backward-facing model is implemented with two control commands, i.e., gear
shift command and torque split command (torque split factor between motor and engine).
These commands are generated by the optimal controller (DP-based controller). The torque
split factor is defined as a continuous variable u ∈ [−1 1].

• u = 1, only the motor provides necessary torque or full brake energy recuperation;
• 0 < u < 1, both the motor and engine provide the necessary torque;
• u = 0, only the engine provides the necessary torque;
• −1 < u < 0, engine provides surplus torque and motor is in generator mode;
• u = −1, engine provides surplus torque and motor is in maximum generator mode

(full recharge).

To gauge the comparability of the two models, the backward-facing model and
forward-facing model is simulated with the same parameters. The cumulative error on fuel
consumption, drive cycle and battery SoC are 1.7%, 0.75% and 0.01%, respectively.

3. Global Optimal Control Strategy Based on DP

DP is a powerful numerical method for solving optimal control problems. One of the
main advantages of the DP technique is that global optimality of the found solution is guar-
anteed even for nonlinear dynamic systems with constraints [21]. The main limitations of
the technique are the in-ability to solve causal problems and the exponential computational
power requirement growth with the increase of state variables and input variables of the
analyzing dynamic problem [47].

In the present study, the dynamic program algorithm is implemented based on the
MATLAB DP function developed by Sundstrom and Guzzella in [48]. DP technique is used
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to design the control strategy of the hybrid electric three-wheeler. Using a drive cycle, DP
based optimizing algorithm can find the optimal power management strategy. Thus, the
results of the DP optimization can be used for developing less computationally demanding
online control strategies. The drive cycle used in this study, is the worldwide harmonized
light vehicles test cycle (WLTC) class 1 test cycle. In this section, firstly, the theoretical
framework of the implemented DP controller is presented. Secondly, the formulation of
the hybrid electric three-wheeler optimization problem is shown. Thirdly, the numerical
issues of the implemented DP algorithm are analyzed. Finally, results of the multi-objective
optimization are examined.

3.1. Implementation of DP

DP solves the complex optimal problem by breaking it down to a collection of sub-
problems. To solve the DP problem, the main continuous problem is discretized, i.e., hybrid
vehicle model. The discrete hybrid vehicle model is expressed as,

xk+1 = fk(xk, uk), k = 0, 1, . . . k, k + 1, . . . , N − 1 (31)

where xk and uk are the state variables (such as: vehicle speed, transmission gear position,
battery state of charge) and control variables (such as: gear shift command, motor torque,
motor speed, engine speed and engine torque) at the kth time stamp, respectively. xk+1
is the state variable at the k+1 time step. The goal of the DP algorithm is to minimize a
cost function over a given test drive cycle by varying the control variables u(k). The cost
function of the optimization problem is expressed as,

J = g(xN) + ε(xN) +
N−1

∑
k=0

hk(xk, uk) (32)

where gN(xN) + εN(xN) is the cost at the terminal timestamp of the drive cycle. gN(xN) is
the final cost and εN(xN) is the additional cost incurred due to the partially constrained
final state, x

(
t f

)
∈
(

x f ,min, x f ,max

)
. x
(

t f

)
is the state variable value at the terminal time

step of the drive cycle. x f ,min and x f ,max is the final expected state variable range, minimum
value of the final state variable and maximum value of the final state variable, respectively.
hk(xk, uk) is the instantaneous cost incurred when the control policy represented by the
control variable uk, is applied at xk, grid point. The grid points are the intersection of
discretizing lines of the state space and time space [37]. N is the time length of the
driving cycle.

DP algorithm solves the optimization problem by finding the optimal control signal
map and optimal control sequence. Based on the principles of optimality, DP algorithm
evaluates the optimal cost-to-go function J∗k(xk) at every node in the discretized state time
space by going backwards in time [49].

The final cost at the Nth time step is calculated by

J∗N(xN) = g(xN) + ε(xN) (33)

For the kth (k = N−1, N−2, . . . , 0) time step, cost-to-go function is calculated by

J∗k(xk) = minuk [hk(xk, uk) + J∗k+1( fk(xk, uk))] (34)

The optimal control is given by the argument that gives the minimum value for
Equation (34) at every grid point of the discretized state time space. By solving Equations
(33) and (34), the optimal control signal map is found. Which is used to find the optimal
control signal by a forward simulation of the model in Equation (31), starting from a given
x0, to generate the optimal state trajectory [49]. Note that principles of the implemented DP
algorithm are already reported in [22,48,49] and thus only a summary is presented here.
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3.2. Problem Formulation

To implement DP technique to the hybrid electric three-wheeler model, state and
control variables need to be found. State of the vehicle model can be expressed through
state variables such as vehicle speed, transmission gear number and SoC. The vehicle speed
is a known value at every stage of the drive cycle. Therefore, in the present study, the state
of charge of the battery and transmission gear number are defined as the state variables.

SoC of the vehicle model over its drive cycle is continuous, for the DP, the continuous
variable must be discretized. The continuous state variable SoC is discretized into finite
number of points. Where the number of grid points of the discretized state variable, SoC,
is expressed as

Sg =
SoCmax − SoCmin

ΔSoC
(35)

where SoCmax is the maximum SoC value and SoCmin is the minimum SoC value. ΔSoC is
the increment value of the discretized SoC. The state variable, transmission gear number,
Ngear(k), is defined as a discrete function with four values, to represent the gear number at
kth time step:

Ngear(k) ∈ [1, 2, 3, 4] (36)

Several control variables can be found for the vehicle model, such as gear shift com-
mand, motor torque, motor speed, engine speed and engine torque. In the present study,
gear shift command, motor torque and engine torque are considered as control variables.
The two variables, motor torque and engine torque are expressed by a single control vari-
able defined as the torque split factor. The control variable torque split factor, u ∈ [−1 1], is
the ratio between the motor torque and engine torque. Torque split factor is a continuous
variable. For the DP algorithm, it is necessary to discretize the control variable into finite
number of points. The discretization resolution for the control variable is expressed by, Δu,
which is the increment value of the discretized control variable. The number of grid points
of the discretized control variable, u, is expressed as

ug =
umax − umin

Δu
(37)

where umax is the maximum torque split factor value and umin is the minimum torque split
factor value. The control variable, gear shift command, shi f t(k), is defined as a discrete
function to represent the shift command at kth time stamp. Variable is restricted to three
values, −1, 0 and 1, to represent downshift, same gear and upshift, respectively. Table 2
summarizes the key variables of the DP optimization algorithm.

Table 2. Variables and grids of the dynamic programming (DP) problem.

Variables Grid

Stage (k) Time 0:1:1612

State (x) SoC
Gear number

0.4:0.0027:0.7
1, 2, 3, 4

Control (u) Torque split factor
Gear shift command

−1:0.028:1
−1, 0, 1

In general, in optimizing hybrid electric vehicles, only the fuel consumption is consid-
ered. In the present work, both fuel consumption and exhaust emissions are considered.
The multi-objective optimization approach results in Pareto optimal solutions instead of
one single solution. To generate the Pareto front, a scalarization method is used. The multi-
objective problem is transformed into a series of single objectives by the classic weighted
sum approach [50]. Even though the cost of each objective, i.e., Fuel consumption, HC,
CO and NOx emissions, have the same unit of measurement, i.e., grams per second, the
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range is different. Therefore, prior to the optimization process costs are normalized [51].
The normalized cost f norm

i , where i ∈ {Fuel, HC, NOx, CO}, is expressed as,

f norm
i =

fi(xk, uk)− min( fi)

max( fi)− min( fi)
(38)

where fi(xk, uk) represents the cost incurred at kth time stamp, namely instantaneous fuel
consumption rate for fuel and instantaneous exhaust emission rate for emissions, i.e.,
HC, CO, NOx. max( fi) and min( fi) is the maximum and minimum cost values of each
objective, respectively. Normalized cost f norm

i , is a non-dimensional function with upper
and lower bounds.

The gear shifting control is governed by the DP algorithm and if the gear shift control
is not restricted, DP chooses the gear position to reduce fuel consumption and emissions at
each time step resulting in a gear position map with frequent shifting. Therefore, a fifth
objective is added to restrict the gear shifting frequency.

fgear = |shi f t(xk, uk)| (39)

The cost-to-go function at kth time step is defined as

Jk(xk) = minuk

[
∑ wi· f norm

i + wgear· fgear + Jk+1(xk+1)
]

(40)

where wi > 0 for all i ∈ {Fuel, HC, NOx, CO}, wgear > 0 and ∑ wi + wgear = 1 [52]. The
Jk+1(xk+1), is the cost of the cost-to-go function at k + 1 time step.

The objective of the dynamic program is to minimize the cost-to-go function within
defined constraints by varying the control variables. During the optimization, constraints
relating to power ratings and characteristics of the powertrain components should be
guaranteed to ensure the smooth operation of components such as the engine, motor and
battery. Following are the imposed constraints,

SoCmin ≤ SoC ≤ SoCmin

ωe_min ≤ ωe ≤ ωe_max

Te_min ≤ Te ≤ Te_max

ωmot_min ≤ ωmot ≤ ωmot_max

Tmot_min ≤ Tmot ≤ Tmot_max

(41)

where ωe_min, ωe_max, Te_min and Te_max is the engine minimum speed, maximum speed,
minimum torque and maximum torque, respectively. In addition, ωmot_min, ωmot_max, Tmot_min
and Tmot_max is the motor minimum speed, maximum speed, minimum torque and maxi-
mum torque, respectively.

3.3. Numerical Issues of DP

DP is a numerical algorithm, which is generally solved using quantization and inter-
polation methods. To solve the optimization problem, continuous variables such as state,
control and time are discretized. Discretization inherently introduces numerical errors,
which degrade the accuracy of the DP results. Therefore, to avoid these numerical errors
without increasing computational effort, careful implementation of the DP algorithm is
important [47]. In this section, numerical issues of DP are investigated, i.e., the boundary
line issue and resolution of the discretized variables.

3.3.1. Boundary Issue and Resolution of the Study

One of the numerical issues resulting from the interpolation is the boundary line error.
Infeasible states and inputs are infinitely expensive. Therefore, the cost incurred at such a
point should have an infinite cost. Using an infinite cost value make it impossible to use
linear interpolation to calculate the boundary line of the infeasible region. Therefore, a
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finite cost, which is bigger than the maximum value of the cost-to-go function is used for
the infeasible points to reduce the blurring effect of the boundary line.

The resolution of the total vehicle energy demand over a drive cycle increases with
the resolution of the time space, thus increasing the resolution of the fuel consumption and
amount of emissions released. However, the minimum sampling period of the time space
is restricted by the sampling period of the drive cycle. Therefore, in the present study, the
resolution of the time space is taken as the resolution of the drive cycle.

3.3.2. Resolution of State Variable

The only continuous state variable and control variable in the present study is the
battery state of charge and torque split factor. According to the mathematical principles
of DP, the discretization resolution of the state space and the discretization resolution of
the control variables are independent [37]. Therefore, discretization resolution of the state
variable SoC can be investigated independently of the control variable torque split factor
and vice versa.

The resolution of the SoC is determined by the number of grid points Sg, the state
variable is divided. Figure 7 represents the relationship between the number of grid points
in the state space, normalized DP results and computational effort. The number of grid
points indicates the resolution of the state space. Higher the number of grid points, higher
the resolution of the state space. Normalized DP result change represents the change of the
solution of the optimization problem, namely the output of the cost function. The relative
computational effort represents the change of the computational time requirement as a
multiple of the computational time required for the minimum grid number analyzed. Note
that DP problem is solved in the present study with an Intel® Core™ i7-7700HQ CPU and
a 16 GB RAM.

Figure 7 shows that normalized DP results decrease with the increase of the number of
grid points in the state space. However, when the resolution of the state space is sufficiently
high, DP results tend to be stable. In contradiction, with increased state-space resolution,
relative computational effort increases by many folds; computational effort increased from
30 grid points: 37 s to 300 grid points: 135 s. Even though the computational effort increases
with the accuracy of the DP result, the appropriate number of grid points for the state
variable that ensures a satisfactory DP result with a minimum computational load can
be obtained. Onwards from 110 grid points, DP results change is less than 0.1, while
computational effort increases by fourfold from 110 grid points to 300 grid points. In
the present study, the number of grid points for the state space is selected as 110 points,
resulting in a ΔSoC of 0.0027, the increment value of the discretized SoC.

Figure 7. The results from DP with the number of grid points of the state variable.
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3.3.3. Resolution of Control Variable

The number of grid points of the control variable ug, indicate the resolution of the
control variable. Higher the number of grid points of the control variable, higher the
resolution. Figure 8 represents the relationship between the number of grid points of
the control variable, DP results and computational effort. Similar to the analysis on the
state space resolution, the number of grid points indicate the resolution of the control
variable. Normalized relative DP result change represents the change of the solution of
the optimization problem. The relative computational effort represents the change of the
computational time requirement as a multiple of the computational time required for the
minimum grid number analyzed.

Figure 8. DP results with the number of grid points of the control variable.

Results show that the normalized DP result is improved with the resolution and tends
to be stable after the resolution of the control variable is sufficiently high. In contradiction,
the computational effort has increased six-fold from 5 grid points: 28 s to 135 grid points:
167 s. Even though the computational effort increases with the accuracy of the DP result,
the appropriate number of grid points for the control variable that ensures a satisfactory
DP result with a minimum computational load can be obtained. Between 71 and 135 grid
points, DP result is improved by only 0.08, but computational effort doubled. In the present
study, the number of grid points for the state space is selected as 71 points, resulting in a
Δu of 0.028, the increment value of the discretized torque split factor. Note that the fuel
consumption map of the engine should be considered when selecting the discretization
resolution of the control variable [37]. The amount of fuel consumed and emissions released
are related to the characteristics of the engine. The relationship between DP results and the
number of grid points of the control variable is affected by the fuel consumption map and
emission maps of the engine.

3.4. Results of DP Based Control Strategy

The implemented DP algorithm produces Pareto optimal solutions for the cost func-
tion. Prior to running the DP algorithm weighting factors of the objective function should
be determined. The weight selection procedure assumes that the solution set of the present
work has a convex Pareto front [53]. The points of the Pareto front can be found by varying
the weighting factors of the objective function. In the present study, 896 Pareto points were
found by varying the weighting factors for the five objectives, i.e., gear shift, fuel, HC, CO
and NOx. The sizes of the weighting factors are decided by comparing the cost incurred by
each objective at each Pareto point except for the gear shift.

In the DP algorithm, gear shift command is a control variable and the optimization
procedure identify the optimal gear position to reduce fuel consumption and exhaust
emissions. However, each gear change increases the cost incurred by the gear shift objective.
Therefore, lower the weightage of the gear shift objective, higher the frequency of gear
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shifting. Since there is no cost for changing gear positions, DP algorithm changes gears to
reduce fuel consumption and emissions with no restrictions, resulting in a gear trajectory
map with frequent shifting of gears. Since such a behavior is undesirable, the gear trajectory
is observed with different weighting factors. Concurrently, the costs incurred by the
remaining four objectives are observed to select the weighting factors for the study. Figure 9
shows the gear shift trajectory with a zero-weighting factor and the gear shift map for the
selected Pareto point.

 
(a) 

 
(b) 

Figure 9. Gear shift trajectory: (a) Gear shift trajectory with zero-weighting factor; (b) Gear shift
trajectory of the selected Pareto point.

Figure 10 represents the relationship of the Pareto points with the four objectives, i.e.,
fuel, HC, CO and NOx via a parallel coordinate plot. In the parallel coordinate plot, the
“crossing lines” indicate a conflict between the two adjacent objectives. The intensity or
degree of conflict factor present can be determined by the number of crossed lines. Instead,
lines that do not cross demonstrate objectives which are in relative harmony [54]. Figure 10
shows that fuel, HC and CO aims are in harmony compared to NOx. NOx emissions have a
high degree of conflict with CO. For further investigation, the best and worst Pareto points
for fuel, CO, HC and NOx are plotted in Figure 11a,b, respectively.

Figure 10. Parallel coordinate plots for Pareto points with varied weighting factors for optimization
objectives (for clarity only 15 Pareto points are represented).
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(a) (b) 

Figure 11. Parallel coordinate plots: (a) Pareto points with the best values for the objectives; (b) Pareto points with the worst
values for the objectives.

As shown in both Figure 11a,b, the Fuel consumption, HC and CO objectives are
consistent, while NOx behaves in conflict. Fuel and HC have a low degree of conflict; the
best Pareto points overlap and worst values are observed from the same Pareto point. In
addition, both the best and worst Pareto points of CO and HC show a higher degree of
harmony. In contrast, the best Pareto point of NOx has a higher cost for fuel, HC and
CO. Similar trend can be observed with the worst Pareto point of NOx. Selected Pareto
point overlaps with the best fuel, HC and CO Pareto points. With the selected Pareto point,
compared to the best Pareto point of each objective, fuel, HC, CO and NOx increased by
3%, 32%, 15% and 37%, respectively.

4. Rule-Based Power Management Strategy

The DP algorithm is based on knowing future drive cycle characteristics, but in a
real-world implementation, the drive cycle is unknown. In addition, the DP procedure
requires higher computational power to solve the energy management problem. However,
the DP results can be used to design a power management strategy based on empirical rules.
A rule-based control strategy is computationally effective for an embedded control system
of a hybrid electric three-wheeler. However, the implemented rule-based strategy can
generate driving patterns that may not be optimal, especially when the vehicle is operated
outside the drive cycle characteristics to which the control strategy is optimized. In this
section results obtained from the DP algorithm, are used to extract rules for a sub-optimal
rule-based strategy. This approach, already known in the literature, is used to design a
computationally effective rule-based supervisory power management strategy to operate a
hybrid electric three-wheeler efficiently during real vehicle driving conditions. [15,19,24,25]
used a similar methodology.

4.1. Rule Extraction from DP Based Control Strategy
4.1.1. Power Configuration Selection Strategy

The power configuration of the powertrain determines the energy flow direction and
operating status of the main powertrain components according to the power demand from
the driver. When power demand is positive, the powertrain of a hybrid electric vehicle can
operate under two main configurations. First, motor only or EV configuration, the engine
is turned off and the vehicle is propelled by the motor alone. Secondly, parallel hybrid
configuration. Three power flow methods are present in the parallel hybrid configuration.
First, the engine assist, the engine and motor are used to meet the power demand. Secondly,
engine only, the vehicle is propelled by the engine alone. Finally, recharge, the engine is
operated at a higher point than the power demand. Excess power is stored in the battery
by operating the motor as a generator. Figure 12 shows the different power flow methods
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selected by the DP algorithm as a relationship of total power demand and transmission
output speed of the powertrain.

 

Figure 12. Operating points from DP optimization results when power demand is positive.

DP results show that a clear distinction is absent between recharging, engine only and
parallel hybrid methods. However, between motor only and parallel hybrid configurations,
a clear distinction is present. Below the power demand threshold shown by the black
dashed line, DP algorithm gives priority to EV mode or motor only configuration. Results
show a power demand threshold to select EV mode for the sub-optimal rule-based control
strategy can be found using the power demand map of DP results.

4.1.2. Gear Shift Logic

Determining the gear shift schedule of the transmission is paramount for efficient
control of the internal combustion engine. For a parallel hybrid powertrain, it is harder
to obtain an efficient gear shift map using traditional methodologies. Therefore, the
DP algorithm is used to determine the gear shift strategy. As mentioned above, in the
DP procedure gear shift command is given as a control input to the powertrain model.
Figure 13 shows the gear shift strategy from the DP optimization results as a relationship
between transmission output speed, engine power demand and gear number.

Figure 13. Transmission gear selection from DP algorithm when power demand is positive.

From the gear shift map of the DP results, four different regions can be found for
each gear position. The boundaries between the regions can be used to determine gear
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shifting thresholds. Thresholds between each gear position are used to develop a gear
shift map for the sub-optimal rule-based strategy. To avoid continuous shifting between
gears, a hysteresis function is added to the shifting thresholds. Red solid lines and blue
dashed lines show the up-shift and down-shift gear maps, respectively, for the proposed
rule-based strategy.

4.1.3. Power Split Logic

During hybrid configuration, motor and engine both operate in harmony. DP results
are studied to understand the power split strategy between the power sources. To quantify
the power flow from the powertrain components, i.e., motor and engine, a Power Split
Ratio (PSR) is defined as,

PSR = Peng/Pdem (42)

where Peng is the power demanded from the engine and Pdem is the total power demanded at
the transmission input of the powertrain. During vehicle operation, four distinct powertrain
operating modes can be found through power split ratio:

• PSR = 0, only the motor provides the demanded power (EV mode);
• PSR = 1, only the engine provides the demanded power (engine only mode);
• 0 < PSR < 1, both engine and motor provide the demanded power (engine assist mode);
• PSR > 1, the engine provides surplus power and motor acts as a generator (recharge mode).

The engine operating points from the DP results is represented in Figure 14 as a
relationship between the transmission input speed and power split ratio.

 

Figure 14. Engine operating points from DP results.

PSR map shows that engine operating points from DP results can be approximated.
The red dashed line in the above figure shows the approximated PSR curve. The approx-
imated PSR curve is used in the proposed sub-optimal rule-based strategy to determine
the power split between engine and motor. Mathematical expression for the approximated
PSR curve is defined as,

f (x) = −0.0027x3 + 0.0769x2 − 0.845x + 4.1139, T < 7.5
f (x) = 1, 7.5 ≤ T ≤ 9

f (x) = −0.0002x3 + 0.0055x2 − 0.0909x + 1.0484, T > 9
(43)

where T is the torque demand at transmission input. Note that similar to [23], PSR
approximated line can be replaced with an optimal torque map. Where the relationship
between the engine power demand is plotted with total power demand and transmission
input speed to form optimal engine power surfaces. This method uses the transmission
input speed axis for a better approximation of DP results.
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4.2. Proposed Rule-Based Strategy

The extracted results from DP data indicate that power demand map, which deter-
mines PEV (power demand boundary between EV and parallel configurations) and the gear
shift map contribute significantly to achieve an efficient power management logic in the
hybrid electric vehicle. However, the PSR map approximation method is not a universal
procedure for the power split strategy. The PSR method does not consider the battery SoC
level when deciding the power contribution and operational mode of the power sources,
i.e., motor and the engine. This could lead to a scenario where battery is depleted or
overcharged than the recommended levels. Therefore, additional empirical rules should be
determined to prevent the battery from depleting or overcharging. Note that alternative
approaches to link power split strategy with battery SoC are already known in the literature.
For example, Lin et al. [24] use a neural network approach and Biasini et al. in [15] use a
penalty function to change the motor to power demand ratio with battery SoC level.

The logic of the DP based; sub-optimal power management strategy proposed for the
hybrid electric three-wheeler is summarized in Figure 15.

 
Figure 15. Logic of the DP based sub-optimal rule-based control algorithm.

Six main control modes are used for the proposed strategy. Depending on the battery
SoC level and power demand, different modes are used to control the power flow. PSR
mode propels the vehicle using both motor and engine in harmony. The power ratio is
determined using the PSR map. For the charge sustaining policy, which assures that the
SoC level is kept within predetermined levels, two SoC bounds are defined as SoClow and
SoChigh. In addition, a third SoC level is predetermined as SoCmoderate to give priority
to PSR mode. SoC thresholds are defined with a hysteresis function to avoid frequent
shifting between different modes. Under charged and over-charged modes are used to
ensure that SoC levels are kept within defined boundaries. During under-charged mode,
priority is given to the IC engine and motor is operated as a generator. In contrast, during
over-charged mode priority is given to the motor to propel the vehicle. EV mode is only
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used if SoC level is higher than SoCmoderate and power demand is below PEV values. In EV
mode, vehicle is propelled by the motor alone. PSR mode is selected if SoC value is below
SoCmoderate but above SoClow. If the power demand is negative, regenerative braking is
applied. However, if the maximum brake torque supplied by the motor is below the torque
demanded, additional torque is supplied by the mechanical brake system. In addition, if
the SoC level is higher than SoChigh, only the mechanical brakes are used to decelerate
the vehicle.

Core design parameters from the DP results used for the rule-based strategy are power
demand map, which determines P EV, gear shift map, which determines the gear shift
strategy and PSR map, which determine power split strategy between the motor and engine.
The selection of EV/PSR mode, gear shift and PSR decisions are determined sequentially
because PSR command decision requires the knowledge of torque demand and speed at
the transmission input of the powertrain. These parameters can only be calculated after
determining the gear position. Figure 16 summarizes the logic proposed for the PSR mode.

 

Figure 16. Flowchart for the DP based power split ratio (PSR) mode control algorithm.

Gear shift strategy during vehicle operation is crucial to improve overall powertrain
efficiency. Under the proposed control strategy if the vehicle is operated by both engine
and motor or by engine alone the gear shift strategy adopted from the DP results is used.
However, this strategy cannot be used during EV mode or regenerative braking mode. The
procedure to derive an effective gearbox strategy for these modes is already known in the
literature [55]. In the present work, the heuristic method proposed by Zhu at el in [56], is
used to develop the gear shift strategy during regenerative braking and EV modes of the
vehicle. To achieve a desirable gear shift strategy, maximum torque curve of the motor and
motor efficiency characteristics are considered.

4.3. Comparison of Proposed Rule-Based and DP Based Control Strategy

The sub-optimal rule-based power management strategy developed above is inte-
grated into the implemented forward-facing quasi-static model. The results obtained from
the DP results are compared with the simulation results of the forward-facing model. For
both control strategies starting SoC is taken as 0.55. The Worldwide Harmonized Light
Vehicles Test Cycle (WLTC) class 1 cycle and the New European Drive Cycle (NEDC) is
selected for the simulation experiment. In addition, the vehicle is loaded to simulate the
weight of the driver and two passengers. Note that DP and rule-based (RB) strategies
are simulated in two different models (i.e., backward-facing and forward-facing models).
A comparison of the models is presented in Section 2.2. Since the cumulative energy
bought to the wheels in the two models are different, certain errors can be introduced to
the validation results.

Depending on the power to mass ratio and maximum speed of the testing vehicle,
the WLTC test cycle is selected. Three-wheelers fall into class 1 category established for
vehicles with the power to mass ratio below or equal to 22 W/kg. Test cycle includes
three-speed phases, i.e., low, medium and low speed. In general, three-wheelers operate at
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low speeds. For instance, the maximum legal speed limit for three-wheelers for all roads
in Sri Lanka is only 40 km/h [57] and the maximum speed of the 2019 Bajaj RE 4 s model
(IC engine three-wheeler) is only 65 km/h [58]. Since maximum speed of the test vehicle
is below the WLTC class 1 test exception limit of 70 km/h, the medium speed section of
the WLTC is replaced with a low-speed section. The used WLTC class 1 drive cycle is
represented in Figure 17.

Figure 17. Speed profile of the WLTC Class 1 drive cycle.

The WLTC test cycle has a maximum speed of 49.1 km/h and an average speed
without stops of 27.6 km/h. Overall results for the drive cycle are affected by the operating
time of each control mode, i.e., EV, PSR, under-charged, over-charge, regenerative braking
and mechanical braking. During the simulation, the rule-based strategy uses the EV mode
for 43% and PSR mode for 42% of the time. Which contributes to 85% of the complete test.
The regenerative mode was used for 15% of the time. Under-charged, over-charged, or
mechanical braking modes are not used. Table 3 summarizes fuel and emission level change
with the RB control strategy (sub-optimal rule-based strategy) compared to the DP results.

Table 3. Performance comparison of DP and rule-based strategies for the WLTC class 1 drive cycle.

Controller Fuel (l/100 km) HC (g/km) CO (g/km) NOx (g/km)

DP 1.32 0.142 1.096 0.405
Rule Based 1.38 0.145 1.151 0.408
Deviation +4.92% +2.09% +5.02% +0.68%

Figure 18 represents the SoC trajectory of the control strategies (i.e., RB and DP). Final
SoC value difference is 0.004.

Figure 18. SoC trajectory of rule-based (RB) and DP strategies over WLTC.

To gauge the performance of the proposed rule-based strategy on a never-seen-before
drive cycle, both DP and proposed RB strategies are simulated with the Urban Drive
Cycle (UDC) segments of the NEDC. Although NEDC is replaced by the WLTC, still in
countries such as Sri Lanka NEDC drive cycle is used in emission standards for petrol light-
duty vehicles [59]. In the present study, a modified NEDC is used due to the low power
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characteristics of three-wheelers. Extra urban driving cycle (EUDC) segment of the NEDC
drive cycle consists of a maximum speed of 120 km/h and average speed (without stops)
of 69 km/h; therefore, this drive cycle segment has been excluded from the simulation.
UDC-NEDC drive cycle has a maximum speed of 50 km/h and average speed (without
stops) of 26 km/h. The used UDC-NEDC drive cycle is represented in Figure 19.

Figure 19. Speed profile of the UDC-NEDC drive cycle.

During the simulation, the rule-based strategy used the PSR mode for 34% and EV
mode for 45% of the time. Regenerative mode and under-charged mode are used for
19% and 3% of the time, respectively. Remaining modes are not used. Table 4 summa-
rizes fuel and emission level change with the proposed rule-based strategy compared to
the DP results.

Table 4. Performance comparison of DP and rule-based strategies for the UDC-NEDC drive cycle.

Controller Fuel (l/100 km) HC (g/km) CO (g/km) NOx (g/km)

DP 1.53 0.162 2.264 0.438
Rule-Based 1.59 0.157 2.485 0.474
Deviation +4.01% −2.87% +9.76% +8.16%

Figure 20 represents the SoC trajectory of the control strategies (i.e., RB and DP). Final
SoC value difference is 0.003.

Figure 20. SoC trajectory of RB and DP strategies over UDC-NEDC.

To gauge the performance of the control strategy developed in real-life cycles, re-
sults are simulated in “Malabe” cycle from [14]. The “Malabe” real-life cycle is shown
in Figure 21.
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Figure 21. Speed profile of the real-life “Malabe” cycle.

During the simulation, the rule-based strategy used the PSR mode for 50% and EV
mode for 39% of the time. Regenerative mode and over-charged mode are used for 6%
and 5% of the time, respectively. Remaining modes are not used. Table 5 summarizes
fuel and emission level change with the proposed rule-based control strategy compared
to the DP results.

Table 5. Performance comparison of DP and rule-based strategies for the “Malabe” cycle.

Controller Fuel (l/100 km) HC (g/km) CO (g/km) NOx (g/km)

DP 1.15 0.124 0.801 0.309
Rule-Based 1.26 0.135 0.989 0.327
Deviation +9.61% +8.59% +23.50% +5.86%

Figure 22 represents the SoC trajectory of the control strategies (i.e., RB and DP). Final
SoC value difference is 0.003.

Figure 22. SoC trajectory of RB and DP strategies over “Malabe”.

The ADVISOR parallel hybrid three-wheeler model and conventional powertrain
model (internal combustion engine (ICE) based) developed in [14] are simulated over
“Malabe” cycle with the same parameters of the present study and fuel consumption
results of the DP and proposed rule-based strategy are compared. Findings show that
compared to the conventional (ICE-based) powertrain, fuel consumption of the parallel
hybrid power train reduced 37.4% with ADIVISOR unoptimized strategy, 52.9% with the
proposed optimized rule-base strategy and 57.0% with the DP.

The present work reveals a methodology to establish an easy-to-implement, near-
optimal and real-time control strategy for parallel hybrid electric three-wheelers. However,
additional studies are necessary to investigate the performance of the proposed strategy
in real-life conditions. The simulation models are developed with simplified models with
ADVISOR maps and data. Therefore, extensive studies on evaluating the control strategy
on detailed simulation models including dynamic characteristics of the powertrain models
and hardware-in-loop experiments should follow this study. Furthermore, the role of
uncertainty in the performance of the proposed strategy could be realized in a future study
by investigating the sensitivity of the control parameters used.
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5. Conclusions

In this article, a rule-based power management strategy that is based on an optimal
control strategy was designed for a pre-transmission parallel hybrid electric three-wheeler
through a sequential design methodology. The optimal control strategy (DP based) was
simulated in a backward-facing model to optimize fuel consumption, emissions (i.e.,
HC, CO and NOx) and gear shift frequency. Results from the DP based control strategy
were used to extract rules to develop a sub-optimal rule-based algorithm. The proposed
rule-based strategy was assessed with a forward-facing model of the hybrid electric three-
wheeler. The main conclusions are as follows:

1. Numerical issues were observed during the DP optimization procedure. Thus, the
effect of discretization resolution of the state and control variables were investigated.
Results show that computational effort and accuracy of the optimal result from the
DP optimization procedure increase with higher discretization resolutions of the state
and control variables.

2. The cost function of the optimization problem considered multiple objectives: fuel
consumption, emissions and gear shift strategy. Results showed that gear shift strategy
and remaining objectives behaved uniquely; contradictory to fuel and emission
objectives, frequency of gear shift increased with lower weighting factors and vice
versa. Moreover, within the engine model used in the present study, a higher degree of
conflict was observed between NOx and remaining objectives (i.e., fuel, HC and CO).

3. Three main useful strategies were extracted from DP results, i.e., full EV mode on/off
threshold, gear shift and power-split strategy to develop the rule-based algorithm.
The rule-based strategy-maintained fuel consumption and emissions within 10% of
the DP results for WLTC and NEDC drive cycles. The proposed control strategy is
computationally less demanding, easy-to-implement on a vehicle and near-optimal;
thus, a viable option to control a hybrid electric three-wheeler operating in densely
populated urban roads.

As future research, the proposed control strategy could be assessed on a prototype
hybrid-electric three-wheeler for performance and robustness. In addition, simulation
models could be validated with experimental testing and improved further to include
dynamic characteristics of the vehicle. With an advance simulation model, multi-objective
optimization could be extended to include vehicle dynamics and drivability characteristics.
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Abbreviations

BSFC Brake Specific Fuel Consumption
CNG Compressed Natural Gas
CPU Central Processing Unit
DC Direct Current
DP Dynamic Programming
EV Electric Vehicle
GPS Global Positioning System
IC Internal Combustion
LPG Liquefied Petroleum Gas
NEDC New European Drive Cycle
PSR Power Split Ratio
RAM Random Access Memory
RB Rule-Based
SI Spark Ignition
SoC State of Charge
UDC Urban Drive Cycle
WLTC Worldwide Harmonized Light Vehicles Test Cycle
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Abstract: Optimization-based methods are of interest for developing energy management strategies
due to their high performance for hybrid electric vehicles. However, these methods are often
complicated and may require strong computational efforts, which can prevent them from real-world
applications. This paper proposes a novel real-time optimization-based torque distribution strategy
for a parallel hybrid truck. The strategy aims to minimize the engine fuel consumption while
ensuring battery charge-sustaining by using linear quadratic regulation in a closed-loop control
scheme. Furthermore, by reformulating the problem, the obtained strategy does not require the
information of the engine efficiency map like the previous works in literature. The obtained strategy is
simple, straightforward, and therefore easy to be implemented in real-time platforms. The proposed
method is evaluated via simulation by comparison to dynamic programming as a benchmark.
Furthermore, the real-time ability of the proposed strategy is experimentally validated by using
power hardware-in-the-loop simulation.

Keywords: energy management strategy (EMS); parallel hybrid electric vehicle (HEV); energetic
macroscopic representation (EMR); hardware-in-the-loop (HIL)

1. Introduction

The world is facing critical issues of environmental pollution and scarcity of fossil fuel resources.
Meanwhile, transportation systems play an important role in environmental care and fossil fuel
consumption [1]. Hybrid electric vehicles (HEVs) are among the current promising solutions for these
problems [2–4]. HEVs can be classified as series, parallel, and series-parallel configurations [5], in which
parallel HEVs have their engines directly connected to the drivetrains. Both internal combustion
engine (ICE) and electrical machines produce torque to propel the vehicle. This torque assistance ability
makes parallel HEVs appropriate for heavy-duty vehicles such as trucks [6–8]. Since the mechanical
power can be shared between the engine and the machine, the parallel configuration does not require
bulky machines as with series HEVs. Moreover, the power coupling in the parallel configuration can
be realized by simple mechanical devices, e.g., a belt. This sort of HEVs do not need complex and large
components like its series-parallel counterpart.

However, parallel HEVs suffer from some disadvantages. Firstly, the electrical drive must ensure
most of the transient phases; hence, high peak currents are imposed to the batteries. That can notably
degrade the batteries [9,10]. To reduce the aging stress on batteries, supercapacitors (SCs) can be added
to support the transients [11–13]. With a proper power distribution strategy, SCs can significantly
reduce the batteries rms current (see, e.g., [14,15]), which is directly related to their life-time [16,17].

Energies 2020, 13, 5538; doi:10.3390/en13215538 www.mdpi.com/journal/energies
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Secondly, in the parallel configuration, the engine is mechanically connected to the drivetrain
subsystem. Thus, the engine speed is strongly related to the vehicle velocity. That causes the difficulty to
operate the ICE within its optimal region. Fuel consumption is therefore a critical issue of parallel HEVs.
An energy management strategy (EMS) is essential to improve the fuel saving by sharing the power
between the engine and the machine. In the case of parallel HEVs, it is the torque distribution strategy.

EMS development methods have been classified into rule-based and optimization-based
approaches [18], in which the latter group has attracted numerous efforts from both academic
fields and industry [19–21]. In [19], an intelligent EMS for a power-split plug-in HEV is developed
using dynamic programming (DP) and an artificial neural network (ANN). DP deduces the optimal
solutions for six standard driving cycles that are used to train the neural networks. Two ANNs are
developed with and without specific trip information. The proposed EMS is validated by simulation.
The lack of experimental results in this paper implies the difficulty to realize the ANNs in a real-time
platform. DP is computed via off-line simulation to generate data for training the ANNs. The off-line
training processes do not affect the real-time implementation but increase the complexity of the method.

In [20], an approximate Pontryagin’s minimum principle (PMP) with the restricted five Hamiltonian
candidates is proposed for energy management of a plug-in parallel HEV. A reduction of calculating
time from six hours to four minutes is reported. However, the method still required the driving cycle
known in advance. Thus, it is considered an off-line method, even though the authors claim the
feasibility of real-time implementation.

In [21], a plug-in HEV is managed using multi-objective stochastic DP with varied weighting
factors to trade-off the batteries’ life-time and fuel consumption. Electrical consumption is also taken
into account by a fixed penalty factor. Due to the essence of random-process simulated disturbances,
stochastic DP strategies are suitable to be applied for fixed-routine vehicle such as trains, buses,
and delivery trucks.

These strategies often offer high performance because they are based on optimization techniques.
Furthermore, they can be developed through organized approaches, i.e., the developer can follow
a systematic procedure to obtain the strategy. Nevertheless, optimization-based methods are often
complicated and computationally expensive. Hence, it is still difficult to use these EMSs for real-world
applications. Sub-optimal strategies are generally deduced.

The objective of this paper is to propose a novel real-time optimization-based strategy for torque
distribution of a parallel hybrid truck. A simple but efficient EMS is thus proposed for an easy real-time
implementation while ensuring a low energy consumption. In order to overcome the complexity of
the EMS development, Energetic Macroscopic Representation (EMR) is employed. This graphical
formalism allows control-oriented decompositions of the system model, so that the control scheme can
be systematically deduced [22]. The EMR of the system is a guide for model simplification in order
to develop a simple EMS. Then, linear quadratic regulation (LQR) is applied to deduce a feedback
control law of the batteries state-of-charge (SoC). This closed-loop control serves as a real-time strategy
warranting both fuel saving and batteries charge sustaining. It is noteworthy that this is the first time
LQR is employed as a real-time EMS for HEVs. LQR has been used in [23] to tune a model predictive
controller (MPC), which leads to a complex EMS. In one article [24], the authors applied LQR to deduce
an off-line EMS without proposing a real-time application. This current paper aims to use LQR to
develop a real-time EMS for torque distribution of a parallel hybrid vehicle.

The proposed EMS is of interest due to its explicit simple control law. The obtained strategy is
a single analytical equation containing fundamental system parameters and measurable variables.
Hence, the strategy is easy for real-time implementation and so realistic for real-world applications.
This helps to avoid high computational cost such as in the issue of model predictive control (MPC) [25].
Moreover, the development method is straightforward. It does not require any initial guess, iterative
simulations, or additional adaptation such as adaptive Pontryagin’s minimum principle (A-PMP,
also called λ-control) like in [15,26].

202



Energies 2020, 13, 5538

The effectiveness of the new EMS is examined by comparison to an off-line optimal benchmark
achieved by using DP [27] in term of fuel consumption, as used by many relevant works [15,28,29].
Furthermore, the real-time ability of the proposed strategy is demonstrated via experiment by using
reduced-scale power hardware-in-the-loop (HIL) simulation [30].

Section 2 presents the modeling of the studied system for developing EMS. The proposed strategy
is developed in Section 3. The comparative evaluation via simulation is given in Section 4. Section 5
addresses the experimental validation of the novel EMS.

2. Modeling for Energy Management Strategy Development

2.1. Modeling of the Studied System

The studied system is a parallel hybrid delivery truck (Figure 1). The electrical drive is mechanically
coupled with the ICE via a belt. The engine and the machine propel the truck via a gearbox. The studied
system is modeled by the equations given in Equations (1)–(10) and graphically organized by using
EMR (Figure 2). The batteries are modeled by Equation (1). The open-circuit voltage ubat OC and the
equivalent series resistance (ESR) rbat are the non-linear functions of the SoC. These functions are given
by look-up tables. The electrical drive is modeled by Equation (2). Here, a static model is used by
assuming that its torque TED perfectly follows its reference TED ref [31]. The efficiency ηED is given by
its average values in traction and regenerative modes.⎧⎪⎪⎨⎪⎪⎩ ubat = ubat OC(SoCbat) − rbat(SoCbat)ibat

SoCbat = SoCbat init − 1
3600Cbat

∫ t
0 ibatdt

(1)

⎧⎪⎪⎨⎪⎪⎩ TED = TED ref

itrac =
TEDΩED
ubatηED

(2)

u
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Figure 1. Studied system: a parallel hybrid truck.
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Figure 2. EMR and control of the studied system.

The static model of the ICE is addressed by Equation (3) with the assumed perfect torque control.
The fuel consumption rate

.
mfuel, in g/s, is given by a fuel consumption map of the engine torque

and speed (look-up table). Here, it should be noted that the fuel consumption map is only used
for modeling in order to practically examine the control and strategy. It is not required in the EMS
development step using the novel method proposed in this paper, which will be presented in the next
section. The belt is modeled by Equation (4). The engine speed ΩICE and the drive speed ΩED are fixed
due to the constant value of the belt ratio kbelt. The belt ensures the distribution of the mechanical
power between the engine and the machine.⎧⎪⎪⎨⎪⎪⎩ TICE = TICE ref

mfuel =
∫ t

0
.

mfuel(TICE, ΩICE)dt
(3)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Tbelt = TICE + TEDkbeltηbelt

ΩICE = Ωbelt

ΩED = Ωbeltkbelt

(4)

The gearbox (with clutch) is modeled by Equation (5). The clutch engagement is associated with
the gearshift. The gear ratio kgear is shifted discontinuously. The transmission and the wheel are given
by Equation (6) with a global ratio ktran. Equation (7) expresses the mechanical brake model. Here,
the assumption is no response delay of the braking force. The chassis and the braking coupling are
modeled by Equations (8) and (9), respectively. The vehicle mass Mveh includes goods and driver.
The environment, including the air and the road, is modeled by Equation (10) with three resistive
force components, in which g is the gravitational acceleration (m/s2), ρ the air drag coefficient, cxA the
aerodynamic standard (m2), and α the slope angle (rad).{

Tgear = Tbeltkgearηgear

Ωbelt = Ωgearkgear
(5)

{
Fwh = Tgearktranηtran

Ωgear = vvehktran
(6)

Fbr = Fbr ref (7)

Ftrac = Fwh + Fbr with Fbr ≤ 0 (8)
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vveh =
1

Mveh

∫ t

0
(Ftrac − Fres)dt (9)

Fres = krollMvehg + 0.5ρcxA(vveh + vwind)
2 + Mvehg sinα (10)

2.2. Local Control of the System

EMR follows the principle of inversion which allows “automatic” deduction of the control
scheme from the model organization. The control is deduced by functionally inverting the model
representation [22]. If the element contains no dynamical delay, i.e., there are only algebraic operators,
it should be directly inverted. The direct inversion is realized by algebraic manipulations. If there is
dynamical delay, i.e., the element contains differential equations reorganized by the integral causality,
it should be indirectly inverted by using a closed-loop controller.

The control of the hybrid traction subsystem with equation given in Equations (11)–(15) is deduced
as follows. The vehicle dynamics (Equation (9)) is indirectly inverted by a closed-loop velocity controller
(Equation (11)) (crossed parallelogram). Here, the IP control structure is employed to cancel the zero of
the closed-loop transfer function. Then, the braking coupling relationship (Equation (8)) is inverted by
Equation (12) (overlapped parallelogram) as a braking force distribution. The ratio kbr is imposed from
a braking strategy. Next, Equations (13) and (14) (parallelograms) are the direct inversion of Equations
(6) and (5) to calculate the Tgear ref and the Tbelt ref, respectively. Finally, the belt model (Equation (4)) is
inverted to deduce the torque distribution (Equation (15)) (overlapped parallelogram). It computes the
electrical drive torque reference TED ref from the ICE torque reference TICE ref imposed by the torque
distribution strategy.

Ftrac ref = Fres meas + kI chas

∫ t

0
(vveh ref − vveh meas)dt− kP chasvveh meas (11)

{
Fwh ref = Ftrac refkbr

Fbr ref = Ftrac ref(1− kbr)
(12)

Tgear ref =
Fwh ref

ktran
(13)

Tbelt ref =
Tgear ref

kgear
(14)

TED ref =
Tbelt ref − TICE ref

kbelt
(15)

2.3. Model Reduction for Energy Management Strategy

To develop EMS, the system model should be reduced. Firstly, the full dynamical model is
complex, which is often a multi-variable high-order model. That can make the EMS development
complicated and hard to be realized. Hierarchical schemes are therefore often of interest to organize
the strategies of complex system, such as [32]. Second, the dynamics at the higher level (strategy)
are slower than the ones at the lower level (control) [33,34]. Addressing all the fast dynamics can
cause huge computation for the EMS, which could be difficult for real-time implementation. Finally,
when the local control is properly developed, the controlled variables can be considered as perfect
response to the references.

This work focuses on developing the torque distribution strategy. In this study, the gearshift
and braking strategies are developed by using look-up tables deduced from DP for ensuring fair
comparisons. Hence, the drivetrain subsystem model can be represented as an equivalent mechanical
source that imposes the belt speed Ωbelt to the system. A reduced EMR (Figure 3) is obtained for the
development of the torque distribution strategy.
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Figure 3. Reduced EMR for torque distribution strategy development.

In EMR, the source element (oval) is the terminal of the considered model. By using a source
element to represent the drivetrain subsystem, the considered model for EMS development is reduced
to (1)–(4) (see Figure 3).

The SoC of the batteries is the state variable to be controlled at the strategy level. Thus, the batteries
are depicted as an accumulation element (crossed rectangle), which represents the considered dynamics
of the studied model.

The ICE torque reference TICE ref is imposed by the strategy block; thus, it is the control variable.
The belt torque reference Tbelt ref is imposed by the drivetrain subsystem as the disturbance to
be compensated.

A mathematical model can then be deduced from the reduced EMR of the system. By neglecting
the efficiencies, the reduced mathematical model of the system can be written as follows:

d
dt

SoCbat =
kbeltΩICE

Cbatubat
(TICE ref − Tbelt ref); (16)

where ΩICE and ubat are measurable disturbances; Tbelt ref indirectly determined by the driver request;
kbelt and Cbat the given parameter; SoCbat the state variable; and TICE ref the control variable. This is a
linear model which is convenient for applying optimal control.

3. Proposed Real-time Energy Management Strategy

3.1. Approach

3.1.1. Original Problem Statement

The energy management problem of the parallel hybrid truck can be stated as follows. Find an
optimal control law Topt

ICE ref for the model (16) to minimize the cost function J:

J =
∫ t

0

.
mfuel(TICE, ΩICE)dt. (17)

Applying directly the optimal control theory to solve this problem leads to a trivial solution in
which Topt

ICE ref = 0 [35]. This solution can be intuitively explained as: the best way to save fuel is not
to use the ICE. However, it is not an expected solution because the batteries will be fully discharged
very quickly.

To overcome this issue, two approaches are often used in literature. The first one is to add the
final constrain of the batteries SoC:

SoCbat final = SoCbat init. (18)

206



Energies 2020, 13, 5538

Then, optimal control techniques such as DP [36,37] or PMP [35,38] are applied. This approach,
however, is suitable only for off-line strategies when the driving cycles are known in advance. In act,
there is no way to ensure this final state constraint in real-time since the final time is unknown.
To develop real-time EMSs, λ-control [26,39] is often applied to adapt the PMP-based optimal solution
to real-time operations. The strategies, therefore, become sub-optimal.

The second approach is to charge the cost of SoC variation by adding to the cost function a penalty
such as [25]:

J =
∫ t

0

[
a
( .
mfuel

)2
+ b(SoC− SoCref)

2
]
dt. (19)

where a and b are weighting factors. The problem is then solved by using MPC [25] or PMP [40] with
λ-control scheme [26].

There is a common drawback of these approaches that the fuel consumption rate
.

mfuel(TICE, ΩICE)

must be considered to develop the strategies. For numerical methods such as DP, a look-up table of the
fuel consumption rate is directly used. For analytical methods such as PMP, the fuel consumption map
is approximated by polynomial functions of which derivatives can be analytically calculated, such
as [41]. This is because the PMP method requires analytical expression of the partial derivative. In both
cases, a fuel consumption map of ICE is required. This is a drawback in real-world applications since
such data are not often available.

Strategy development using these approaches is also often complicated. Moreover, methods such
as MPC require strong computational efforts that leads to difficulties to implement them in real-time.

As a consequence, the problem could be reformulated for simplification without requirement of
any data map and low computational efforts.

3.1.2. Problem Reformulation

This study proposes an alternative approach, firstly by reformulating the problem. It is known
that the fuel consumption rate is mainly proportional to the ICE power [26,42]. In other words, for a
given speed, the higher the engine torque is, the higher the fuel consumption rate

.
mfuel is. The data of

the engine (Figure 4) show an almost linear behavior of the fuel consumption rate as a function of the
torque and the speed.

Figure 4. An example of the ICE fuel consumption rate (
.

mfuel) map used in this study (Detroit Diesel
Engine 205 kW).

Hence, it can be considered that minimizing the engine torque will minimize the fuel consumption.
That means instead of using the original cost function (Equation (17)), it can be:

J =
∫ t

0
TICE refdt. (20)
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Here, Equation (20) can be considered as an approximation of the cost (Equation (17)).
This approximation offers the following advantages: (i) it does not require any data set of fuel
consumption rate of the engine; and (ii) it allows simple analytical calculations that are useful for
developing real-time strategy.

Additionally, as discussed above, a term of SoC variation should be used with penalty in order to
ensure the charge sustaining of the energy storage as follows:

J =
∫ t

0

[
T2

ICE ref + Q(SoCbat − SoCbat ref)
2
]
dt; (21)

where Q is an equivalent conversion factor to convert the SoC variation to the engine torque.
Since the reduced model (Equation (16)) is linear while the cost function (Equation (21)) is in a

quadratic form of the state and control variables, the LQR method can be employed [43]. That can
deduce a simple analytical control law that is suitable for on-board real-time implementation.

3.2. Strategy Development

3.2.1. Linear Quadratic Regulation (LQR)

The LQR control law is developed for the linear system in the following form:

d
dt

x = Ax + Bu; (22)

where x generally denotes state variables vector; u the control variables vector; A the dynamical matrix;
B the control matrix; with the cost function in the form given by:

J =
∫ ∞

0

(
xTQx + uTRu

)
dt (23)

where Q and R are weighting matrices. In real-world real-time applications, the final time of the
driving cycle is unknown. Thus, the formulation with an infinite time horizon is suitable.

By applying PMP to this linear system and quadratic cost function, the control law is obtained as
follows:

u = −R−1BTP(x− xref); (24)

where P is the solution of the algebraic Riccati equation:

PA + ATP− PBR−1BTP + Q = 0 (25)

.

3.2.2. Proposed LQR-Based Strategy

Applying the reduced mathematical model (Equation (16)) and the reformulated cost function
(Equation (21)) to their general forms (Equations (22) and (23)), respectively, the system coefficients are
defined by: ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

A = 0
B =

kbeltΩICE
Cbatubat

Q remain
R = 1

(26)

.
Replacing Equation (26) in Equation (25), it leads to:

P =

√
Q

B
. (27)
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By replacing Equation (27) in the general form (Equation (24)) of the control law, the ICE torque
reference can be deduced as follows:

TICE ref =
√

Q(SoCbat ref − SoCbat). (28)

It is seen that, eventually, the LQR-based control law has a form of a proportional (P) controller of
the batteries SoC (see Appendix A).

3.2.3. Weighting Factor Determination

The square-root of the weighting factor Q can be determined by using the well-known
pole-placement technique for the P controller. The reduced model (16) can be rewritten in Laplace
domain as follows:

SoCbat =
kbeltΩICE

Cbatubats
(TICE ref − Tbelt ref); (29)

where s is the Laplace operator. Since the belt torque reference Tbelt ref is the disturbance of the studied
control loop, it is neglected while synthesizing the controller. Thus, the closed-loop transfer function
from SoCbat ref to SoCbat is:

SoCbat =
1

Cbatubat
kbeltΩICE

√
Q

s + 1
SoCbat ref. (30)

The closed-loop system is a first-order transfer function, in which its response time (to 95% of the
step reference) is three times of the time constant, as given by:

tres = 3
Cbatubat

kbeltΩICE
√

Q
(31)

where tres is the response time of the closed-loop system. Hence, the square-root of the weighting
factor can be determined as: √

Q = 3
Cbatubat

kbeltΩICEtres
. (32)

Eventually, by replacing Equation (32) in Equation (28), the LQR-based torque distribution strategy
for the studied parallel hybrid truck is obtained as follows:

TICE ref = 3
Cbatubat

kbeltΩICEtres
(SoCbat ref − SoCbat). (33)

where the response time tres is the only parameter needed to be defined by the strategy developer.
In fact, it is a trade-off between the fuel saving (longer tres) and charge sustaining of the batteries
(shorter tres). In order to guarantee the charge-sustaining condition of the energy management problem
for parallel HEVs (see Equation (18)), the battery SoC reference SoCbat ref should be set as SoCbat init.

The proposed real-time LQR-based strategy is implemented as illustrated in Figure 5.
The limitations of the electrical drive torque and the batteries SoC are treated by using the conventional
switching method. When the system reaches its limitations, the ICE must provide all the demanded
traction power. The strategy is simple and straightforward without requiring complex data such
as an engine fuel consumption map. Thus, it is suitable for on-board real-time implementation for
real-world applications.
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Figure 5. Implementation of the proposed LQR-based EMS.

4. Comparative Evaluations by Simulation

4.1. Simulation Conditions

The studied vehicle is based on a parallel hybrid truck designed in [44] with main parameters
given in Table 1. A traditional six-level gearbox is employed. A 205-kW diesel engine is coupled
with a 58-kW permanent magnet synchronous machine (PMSM) drive via a belt with the 1:1 ratio.
The electrical drive is supplied by a 300-V 62-Ah batteries pack. The PMSM electrical drive is modeled
by using nominal efficiency in traction and regenerative modes which are given in [44]. It could be of
interest if an efficiency map is available that may compute the power consumption of the drive with
higher accuracy. However, the use of the electrical drive efficiency data only affects the comparison
between different traction models rather than between the different EMSs which is the objective of this
paper. Hence, the nominal efficiency parameters are sufficient for this study.

Table 1. Examined system parameters for simulation of the parallel hybrid truck.

Parameters Values

Vehicle (Based on the Hybrid Delivery Truck Designed in [44])
Vehicle total mass Mveh 7514 kg

Aerodynamic standard cxA 0.73 × 6.9 m2

Rolling coefficient kroll 0.008
Final drive ratio kFD 3.33

Wheel radius Rwh 0.397 m

Gearbox
Gearbox ratio kgear (7.14 4.17 2.50 1.59 1.00 0.78)

Efficiency ηgear (0.94 0.95 0.9 0.95 0.91 0.91)

Belt
Belt ratio kbelt 1
Efficiency ηbelt 0.95

ICE (Detroit Diesel Corp. Series 50 8.5 Diesel Engine)
Maximal power PICE max 205 kW
Maximal speed ΩICE max 2100 rpm

Idle speed ΩICE idle 650 rpm
Maximal torque TICE max 1100 Nm

Mass density of diesel Mvol 850 g/L

Electrical Drive (PMSM)
Maximal power PED max 58 kW
Maximal torque TED max 400 Nm
Nominal speed ΩED nom 1500 rpm
Maximal speed ΩED max 4000 rpm

Nominal efficiency in traction mode ηED trac 96%
Nominal efficiency in regenerative mode ηED regen 90%

Batteries (LiPho A123 20Ah 2010 Cells)
Battery bank capacity Cbat 62 Ah

Battery bank resistance (at 70% SoC) rbat 26 mΩ
Battery bank OCV (at 70% SoC) ubat OC 300 V
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This study examines the system with two standard driving cycles: the Urban Dynamometer
Driving Schedule (UDDS) and the New European Driving Cycle (NEDC). UDDS was developed for
testing heavy-duty vehicles, which is the case of the studied hybrid truck. Meanwhile, NEDC is
for passenger cars and light-duty trucks. However, in this study, NEDC was employed, due to its
simple profile, to better analyze the results. DP was employed to ensure the global optimal solution as
a benchmark.

4.2. Results and Discussions

The objective of the torque distribution strategies is to minimize the engine fuel consumption.
Hence, with different driving cycles, fuel consumption per 100 km is the criteria to evaluate and
compare the different EMSs. Figure 6 shows a comparative evaluation of the proposed LQR-based
strategy with the DP-based optimal solution and the conventional ICE truck. The hybrid truck can
save up to 7.8% the fuel consumption with DP in the case of driving with UDDS cycle. It should be
noted that DP is the off-line benchmark and only gives the theoretical optimal result, whereas the
proposed real-time strategy saves 6.3% without knowing the driving cycle in advance. The fuel saving
is 7.9% (DP) and 5.6% (proposed EMS) with NEDC.

Figure 6. Comparison of fuel consumptions via simulation.

To have better understanding of the system behavior with the proposed strategy, the results
with NEDC are presented here in detail. This driving cycle is simple; thus, the behavior is easier to
analyze and understand. The examined NEDC contains four repeated urban cycles and a highway
part (Figure 7). The controller acts to force the vehicle velocity to respond well to its reference without
any overshoot. The torque distribution results are given in Figure 8. During every urban cycle, the ICE
torque and the electrical drive torque perform in the same patterns. That confirms the consistency
of the proposed EMS. The strategy let the machine support the engine as much as possible during
the accelerations, then the ICE produce power to recharge the batteries. The electrical drive torque
TED is kept within the torque constraints due to the drive power limitation. The electrical drive works
to support the ICE to reduce the engine torque production as much as possible. When the machine
reaches its torque limitation, the engine has to compensate for the remaining part to follow the torque
reference needed to drive the vehicle. It should be noted that the electrical drive torque limitations
reduce when its speed is higher than the machine nominal speed. Furthermore, it is seen that the drive
torque is balanced in traction and regenerative braking mode. It indirectly shows the charge sustaining
of the battery, which is often a requirement of the non-plug-in HEVs.
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Figure 7. (Simulation) vehicle velocity following the test profile NEDC.

 

Figure 8. (Simulation) torque distribution results of belt, ICE, and ED torques with NEDC.

The batteries charge sustaining can be observed via the SoC evolutions, in a comparison with
the result from DP (Figure 9). DP strategy can anticipate that there is a huge amount of regenerative
energy at the end of the driving. Thus, it allows the batteries SoC to continuously reduce after each
urban cycle. Meanwhile the real-time EMS does not “know” the driving condition in advance. Hence,
it “tries” to ensure the charge sustaining after every urban one. The proposed LQR-based EMS perform
well in both fuel saving and batteries charge sustaining. Yet, the DP strategy can save more fuel by a
priori knowing the cycle.
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Figure 9. (Simulation) batteries SoC evolutions with NEDC.

It can be seen that the batteries SoC variation is kept within a narrow range of about 2%. This is
because the batteries are often over-sized for non-plug-in HEVs in order to ensure the charge-sustaining
condition. It is noteworthy that if the batteries are more deeply discharged, there will be a need of
more energy to recharge them to the initial SoC. Working around this SoC range is optimal for this
vehicle, as proven by the off-line optimal solution deduced by DP. The agreement between DP and
the LQR-based strategy in term of batteries SoC range confirms the close-to-optimal performance of
the proposed method. The batteries can be downsized by using advanced design methods; however,
the sizing problem is not considered here because this paper focuses on EMS development.

5. Experimental Validation of the Proposed Strategy

5.1. Experimental Setup

The experiments are carried out to validate the proposed real-time torque distribution strategy
by using reduced-scale power HIL simulation [30]. Figure 10 illustrates the experimental setup
configuration and Figure 11 shows the test bench in the laboratory.
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Figure 10. Experimental setup configuration.
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Figure 11. Experimental test bench.

The electrical drive is realized by a three-phase wound rotor induction machine (IM) and a
voltage-source inverter. The DC bus of the inverter is connected in parallel with the DC bus capacitor
of the battery emulator. The IM is connected in delta-connection scheme to increase the speed range
since the emulated batteries voltage ubat HIL is much lower than the nominal DC bus voltage of the
machine. The traction emulation is realized by using a DC machine, of which the armature is connected
to a chopper to control the armature current iDCM. That DC machine drive is supplied by a voltage
source composed by a SCs pack, an inductor, a chopper, and a DC bus capacitor. The SCs pack charges
and discharges to consume and to provide the emulated traction power, respectively. The traction
DC bus voltage udc trac is controlled to be constant. The electrical drive and the traction emulator are
mechanically connected via a single shaft with a speed sensor. The batteries emulator is realized in
the same way as described in [15], in which a controllable voltage source is composed by using a
bidirectional DC/DC converter and SCs are employed to emulate the batteries.

The model and control program are implemented in a dSPACE controller board. As there is no
full-scale machine available in the laboratory, a reduced-scale HIL testing is achieved. The mechanical
emulation of the traction subsystem is realized in a similar way to [45]. The only difference in this work
is that a SC pack, connected via a DC/DC converter, is employed to exchange the emulated traction
energy. Via the power adaptation blocks, the full-scale traction model imposes the drive speed and
torque references to the system. The DC machine is controlled by a speed controller to follow the
speed reference, whereas the IM is controlled by a torque controller to follow the torque reference.
The emulated torque is estimated from the measured currents of the IM. This torque is then imposed to
the full-scale traction model via a power adaptation block.
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5.2. Results and Discussions

During the driving cycle, the gearbox is shifted by a DP-based look-up table, which forms the
electrical drive speed, and therefore also the ICE speed, as shown in Figure 12. The rotational speed is
scaled with a ratio of 1.8 due to the limitations of the electrical machines used for the experiments.
The lower boundary is the ICE idle speed. The left axis indicates the experimental results, while the
right axis shows the simulation ones. It can be seen that the experimental speed matches well with
the simulation. These results confirm that the emulator emulates well the behaviors of the traction
subsystem. Some small differences appear when the engine is shifted too fast. This is because the
DP-based gearshift strategy is developed with the assumption that the gearbox can be shifted without
any delay.

Figure 12. (Experimental) electrical drive speed (also emulated ICE speed) with NEDC.

The results of electrical drive torque with the proposed LQR-based torque distribution strategy
are plotted in Figure 13. The torque is scaled 80 times by considering the power limitation of the
experimental IM drive. The experimental and simulated torques are kept within the boundaries of the
electrical drive torque limitations. Here, it should be noted that the electrical drive torque limitation
varies with time. It is reduced when the machine speed is higher than its rated value.
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Figure 13. (Experimental) electrical drive torque obtained by the proposed LQR-based strategy
with NEDC.

The software program of the experiments is implemented in the dSPACE DS1005 card with a
sampling time of 0.2 ms. In fact, most of the computational resource of the card is devoted for the
complex control schemes of the batteries and traction emulators and for the full-scale model of the
traction subsystem. Very little computational effort is required to perform the LQR-based strategy,
which composed of a simple Equation (33). That demonstrates the real-time capability of the proposed
EMS which is the main objective of the experiments despite the limitation of the experimental set-up in
terms of power.

6. Conclusions

In this paper, a novel real-time energy management strategy has been proposed and validated
for a parallel hybrid truck. Firstly, the truck has been modeled and controlled considering its full
dynamical behaviors. To overcome the complexity of the system, the model, represented by using
EMR, has been reduced to obtain a suitable mathematical model. Then, optimal control theory has
been applied to this reduced mathematical model to deduce the real-time EMS.

To avoid the requirement of using ICE fuel consumption data, which is hard to achieve in
real-world applications, the cost function has been reformulated. Furthermore, the variation of the
batteries SoC has been added to the function as a penalty. Eventually, the cost is in form of a quadratic
function of the control and the state variables. Since the reduced model is linear, the LQR method has
been applied to obtain the optimization-based control law of the ICE torque reference. The obtained
strategy is a closed-loop control scheme of the batteries SoC, which is suitable to be implemented in
real-time. The development procedure and the strategy implementation require only basic system
parameters such as the batteries capacity and the belt ratio. The proposed EMS is, therefore, realistic
for real-world applications.
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The new strategy has been compared to the DP-based off-line optimal solution and the case of
the conventional ICE-only truck. Simulation results have verified the performances of the LQR-based
strategy. Moreover, reduced-scale power HIL simulation has been used to validate the proposed EMS
in experiments. It has been shown that the LQR-based strategy works properly in real-time.
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Appendix A

The algebraic Riccati Equation (25) is available for the linear time-invariant (LTI) system; moreover,
the model (16) is time-varying. For that, a variable substitution can be done:

udum =
kbeltΩICE

Cbatubat
(TICE ref − Tbelt ref) (A1)

where udum is a dummy control variable. The model is now linear. The corresponding quadratic cost
function is, therefore:

Jdum =

∫ t

0

[
u2

dum + Qdum(SoCbat − SoCbat ref)
2
]
dt. (A2)

Applying the LQR method and then replacing the dummy control variable udum by the TICE ref,
the same control law as Equation (33) is eventually obtained. In this paper, these steps are neglected to
use the variables with physical meaning only.
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Abstract: This paper deals with the design of an energy management strategy (EMS) for an industrial
hybrid self-guided vehicle (SGV), considering the size of a fuel cell (FC) stack and degradation of a
battery pack. In this context, first, a realistic energy model of the SGV was proposed and validated,
based on experiments. This model provided a basis for individual components analysis, estimating
energy requirements, component sizing, and testing various EMSs, prior to practical implementation.
Second, the performance of the developed FC/battery SGV powertrain was validated under three EMS
modes. Each mode was studied by considering four different FC sizes and three battery degradation
levels. The final results showed that a small FC as a range extender is recommended, to reduce system
cost. It is also important to maintain the FC in its high efficiency zones with a minimum ON/OFF
cycle, leading to efficiency and lifetime enhancement of FC system. Battery SOC have to be kept at a
high level during SGV operation, to support the FC during SGV acceleration. In order to improve the
SGV’s overall autonomy, it is also important to minimize the stop and go and rotational SGV motion
with appropriate acceleration and deceleration rate.

Keywords: industrial self-guided vehicle; differential drive mobile robots; energy management
strategy; fuel cell

1. Introduction

In the context of industry 4.0, the issue of indoor material handling and transportation by
low-speed vehicles, such as mobile robots, is a frequently discussed topic [1]. Such vehicles can play an
important role by providing mobility and reducing the cost of production and material transport [2].
Vehicle-based transport systems using self-guided vehicles (SGVs) are widely used in facilities such as
manufacturing plants, warehouses, distribution centers, and transshipment terminals. Differential
drive mobile robots (DDMRs) are the most common and popular way to drive SGVs, due to their
simplicity and zero-radius turning [3]. In this context, the electric powertrains and especially the battery
based powertrains were proposed to replace the internal combustion engines (ICEs) in industrial vehicle
applications [4]. However, limited autonomy, as well as the time-consuming process of recharging the
batteries, are still challenging. To extend the autonomy, a primary method is to choose a bigger battery
in terms of capacity, which in turn would increase the cost and the recharge time. Another notable
drawback of the battery is its limited life cycle. For instance, the lifespan of a lithium battery varies
from 500 to 1500 charge/discharge cycles, depending on the utilization pattern [5]. Another solution is
to extend the SGV autonomy by adding a second power source like a proton exchange membrane
fuel cell (PEMFC) system. Unlike the batteries, a PEMFC can be charged in just a few minutes and
has the potential to provide power over a long period of time [6]. In addition, PEMFC has a high
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operating efficiency (around 50–70%) compared to ICEs [7]. The PEMFC has been proposed for various
robotic applications, such as unmanned underwater vehicle [6,8], humanoid robot [9], and construction
machinery [10,11]. Regarding the indoor industry hybrid vehicles, some progress has been made in
case of forklifts [12,13], however, other types of indoor vehicles have not been considered as such.

These studies showed promising results in terms of autonomy enhancement of an industrial SGV,
by employing a hybrid fuel cell/battery powertrain. However, the PEMFC has some fundamental
problems, such as slow dynamics and hydrogen storage issues, for practical robotic applications [14,15].
The slow dynamic characteristic of the PEMFC causes a problem for a DDMR application, where the
power requirements can vary considerably during a mission [6,8]. These variable power peaks might
degrade the fuel cell (FC) and reduce its efficiency [16]. Concerning the hydrogen storage problem,
it is important to note that SGVs are characterized by their mobility and compactness because of the
importance of transferability in small spaces. Thus, this can lead to a challenge in the hybridization,
due to the limited available space for components of an industrial SGV. For example, the size of the FC
stack in terms of power, and the size of the hydrogen tank in terms of capacity and volume should be
appropriate to avoid oversizing.

In this respect, when vehicle power sources are hybridized by using big batteries and small
PEMFCs as a range extender, the size of the PEMFC stack can be reduced and power transients become
negligible as they are absorbed by the battery pack. This enables both capital and volume savings
in a vehicle design process. Moreover, the less cyclic operation of the PEMFC increases its lifetime
and reduces the system control challenges [17]. Therefore, an energy management strategy (EMS) is
needed to satisfy the energy needs of the SGV, the dynamic response of the system, the state of charge
(SOC) of the battery, the level of hydrogen, and the energy efficiency of the system [18–20]. The fuel
economy and performance of a hybrid SGV can be affected by the component size, EMS, etc. [21].
Nevertheless, based on the author’s knowledge, there is no standard method for analyzing the energy
and components sizing of such applications, and it has not been discussed in the literature. Therefore,
the design process of an EMS for a hybrid SGV system is a challenging task, given the limited durability
and energy efficiency of FC and batteries, as well as the operational constraints of the SGV.

Typically, model-based design is a technique that is applied to design an embedded software
by engineers in different applications. However, there is a lack of a well-defined energy model that
can act as a real-world indoor vehicle. In [22], a simplified energy equation for a DDMR is derived
in terms of the robot’s velocity vector. In [23], various motion profiles for automatic floor cleaning
mobile robots are presented and their efficiency is discussed. However, a solid energy model is not yet
presented. The work presented in [24] is the first step towards the construction of a realistic energetic
model, but it does not include the losses within the DC motors. In addition, in [25], the design and
efficiency mapping of an electric drive are investigated for a mobile robotic container platform used in
industrial halls. However, it is based on a basic battery model that can negatively affect the accuracy of
the energetic model.

This paper proposes an EMS for an SGV, by taking the FC size and battery pack degradation
into account. In light of the above-discussed papers, modeling of energy sources (batteries and FC) is
essential for the design of a hybrid powertrain, which is not thoroughly inspected in the literature.
Therefore, a detailed model, including the vehicle dynamic, battery, FC, and motors, is developed
in the first place. An appropriate energy model is worthwhile for tuning the EMS and component
sizing, before the implementation in a real platform. By using a realistic energy model, it is possible to
calculate how much energy is needed to work in a given path or for a specific period (e.g., during an
8 h working shift). Consequently, the range-extender capacity (required power and fuel tank capacity)
can be sized by considering the available energy of the onboard battery and the EMS. Subsequently,
an EMS composed of three modes is proposed for the studied SGV. The EMS between the battery and
the secondary source (FC) might affect the battery lifespan and the overall energy efficiency of the
hybrid DDMR. Hence, the objective of this study was the evaluation of the impact of the FC sizing and
battery degradation on an industrial SGV to operate for an entire 8 h shift time.
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The rest of this paper proceeds as follows. The project background, modeling, developed method,
and EMS are described in Section 2. In Section 3, real-world tests are described; Section 4 presents the
simulation results and their experimental validation by empirical data. Finally, the conclusions are
drawn in Section 5.

2. Materials and Methods

2.1. Project Background

In this research, an industrial battery-powered SGV was considered as a case study for developing
an FC/battery hybrid electric SGV (Figure 1) for warehouse applications. The driving speed was limited
to 1.8 m s−1 to avoid dangerous collisions between the mobile vehicle and staff. The DDMR powertrain
consists of the two electric motors with single-speed gearboxes for each driven wheel. The nominal
power range of each motor was between zero and 180 W. In this context, the manufacturer neglects
the regenerative braking system due to the low-speed application. Based on the experimental tests,
the maximum operation time of the SGV without load was around 3.5 h at 1 m s−1 average speed.
The SGV is equipped with two lasers sensors, two encoders, and an inertial measurement unit (IMU)
for autonomous navigation. In addition, an onboard industrial computer was utilized to compute
localization and navigation algorithms.

Figure 1. Hybrid self-guided vehicle (SGV) schematic diagram.

Different levels of modeling such as physical models, lookup table data, and efficiency maps were
considered to model the battery pack, the FC, the electric machines, etc. Each model was based on the
manufacturer’s datasheets and the experimental test results. The methodology for each component
modeling is described in the following sections.

2.2. The DDMR Powertrain Modeling

Figure 2 shows a schematic view of DDMR with two drive wheels and four castors that were
added for balance. Each drive wheel could independently be driven either forward or backward.
Subsequently, the robot’s trajectories could be varied by applying different speeds on the drive wheels.
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Figure 2. Kinematic model of a differential drive mobile robot (DDMR).

Regarding Figure 2, ωr and ωL present the rotational velocities of the right and left wheels,
respectively, which were related to the linear v, and rotational ω velocities of the robot, by the
following equations:

v =
R(ωr + ωl)

2
(1)

ω =
R(ωr − ωl)

L
(2)

where R represents the wheel’s radius, and L symbolizes the distance between the two wheels. The total
energy consumption (ETot.) related to the DDMR motion could be formulated as the following equations:

ETot. = EKin. + Eroll + EOthers, (3)

where EKin., Eroll, and EOthers denote the energy needed to overcome the kinetic, rolling resistance losses,
and other accessories, such as sensors consumption energies, respectively. The kinetic energy equation
was obtained by [24]:

EKin. =

∫ t f

t0

1
2

mv(t)2 +
1
2

I ω(t)2 dt (4)

where v(t) and ω(t) represent the linear and angular velocities of the robot from initial time (t0) to a
final time (tf), m is the robot mass, I signifies the moment of inertia of the robot. Rolling resistance,
which is caused by the slight deformation of the ground or the wheels at the contact point with the
ground, depends on the weight of the robot (m) and the coefficient of rolling friction (μ). The Eroll is
expressed by:

ERoll =

∫ t f

t0

1
2
μ m g (rωR(t)) +

1
2
μ m g (rωL(t)) dt, (5)

In order to estimate the rolling resistance coefficient, the coast-down method is commonly used
in vehicle applications [26]. According to this technique, the DC motors are disengaged from the
wheels, then the robot is freely rolled with an initial velocity of 1 m s−1. The robot slowly comes to rest,
which takes almost five seconds.

μ =
vi
gt

(6)

where g represents gravity acceleration. Accordingly, μ is estimated to be 0.02, which makes sense,
since the robot was moved on a flat cement surface.

In order to model the DDMR movement, an equivalent total mass Mtot (mass of the vehicle and
the equivalent mass of the rotating parts) was considered. The vehicle velocity vev was obtained using
Newton’s second law of motion, with the traction and resistive forces, Ftr and Fres:
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Mtot.
d
dt

vev = Ftr − Fres (7)

Fres = CrollMtot.g cos α+ 0.5 ρ Cd A (vev + vw ) + Mtot. g sin α (8)

where Croll denotes the rolling resistance coefficient, g is the acceleration due to gravity, α is the slope
angle, Cd is the air drag coefficient, A represents the frontal area of the vehicle. However, the air drag
coefficient and wind velocity (vw) are considered to be zero due to the low-speed indoor application of
the DDMR. The main parameters of the case study DDMR are listed in Table 1. These parameters were
defined based on experimental tests and components datasheet from the manufacturer. Furthermore,
the main subsystem models of the hybrid DDMR are described in the following sections.

Table 1. The simulation parameters of the main components.

Parameter Symbol Value

Rolling resistance coefficient Croll 0.02
Drive wheel radius R 0.197 m

Wheelbase L 0.72 m
Total mass m 100 kg

Moment of inertia for motor’s rotor I 0.3 kg m2

Linear acceleration a 1 m s−2

Rotational acceleration ω 1 Rad. s−2

The total efficiency (ηtot) of the DDMR powertrain could be calculated as the ratio between the
total net kinematic energy (EKin.) from Equation (4) and the vehicle total energy (ETot.) from Equation (3).
Thus, the ηTot is expressed as follows:

ηtot =
EKin.

ETot.
× 100 (9)

2.3. Traction Subsystem

In the case of the DDMR, there are two similar motors that were independently modeled in the
current study. Considering the speed (vev) and the required traction force (Ftr), the vehicle requested
power (Pm) from the electric motor side could be expressed as:

Pm =
Ftr vev

ηmηt
, (10)

where ηm and ηt denote the motor and transmission efficiency, respectively. For simplification purposes,
a static model was considered for the traction subsystem, according to the efficiency map. The electric
machines and power electronic components, such as converters and motor drives, were modeled based
on the experimental lookup table data provided by the manufacturer. The look-up table determined
the electric motor torque, speed, and related efficiency.

Demanded current (ITS) by the traction system was related to the traction force Ftr from the wheels
speed (vwheel), which could be derived from the following expression:

ITS =
Ftr vwheel

VBatt. (ηtr)
k

With k =

{
1 i f Ptr > 0
−1 i f Ptr < 0

(11)

where VBatt. and ηtr denote battery voltage and traction system efficiency, respectively. k is the
coefficient that is influenced by traction power depending on the vehicle acceleration or deceleration.
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2.4. Energy Storage Subsystem (Battery)

SOC is one of the most important battery parameters. This parameter needs to be carefully
monitored to avoid damaging the battery pack, owing to overcharging/discharging. Several studies
were done to estimate the battery SOC level [27–29]. Among the various methods, coulomb counting
based on current integration remains one of the most commonly used methods, due to its reasonable
accuracy and implementation simplicity [28,30]. The SOC of the battery (SOCBatt.) was calculated by
the following expression:

SOCBatt = SOCInit. − 100
3600 QBatt.

∫ t

0
IBatt. dt (12)

where SOCInit. is the initial SOC of the battery, QBatt. and IBatt. denote battery capacity and
currents, respectively.

The battery was modeled using an open-circuit voltage VOC with a series resistance (RS), and a
parallel combination of resistance capacitance (Rc Cc), as presented by the following equation [31].

IBatt. =
VOC − RS.IBatt. − VBatt.

RC
+ Cc

d
dt

(VOC −RSIBatt. − VBatt.) (13)

Battery total power (PBatt.) was determined by using resistance (RBatt.) and open-circuit voltage
(VOC) from the following equation [32]:

PBatt. = VOC.IBat. − I2
Bat. . RBatt. (14)

According to a recent research on battery degradation, reported in reference [5], the SOH level of a
lithium-ion battery reached a low of 75 percent after 1500 charging and discharging cycles at standard
conditions. Therefore, a battery degradation model from [5] was considered to be a typical reference
for the battery SOH level in this study. A summary of battery specifications is listed in Table 2.

Table 2. Summary of battery specifications [33].

Parameter Value

Battery nominal voltage and capacity 25.6 V, 40 Ah
Charging Voltage 29.2 VDC
Charging Current 4–8 A

Open Circuit Voltage Range 29.2 VDC
Maximum Continuous Discharge Current 40 A

Maximum Peak Discharge 80 A (3 Sec.)
Operating Temperature −10 ◦C to 60 ◦C

2.5. Fuel Cell as Range Extender

The FC is considered to be a voltage source, using its static polarization curve, based on a
semi-empirical model that was developed by Squadrito et al. [34]. The cell voltage (Vcell) was
determined by subtracting activation (ξact.), Ohmic (ξOhm.), and concentration (ξconc.) overvoltage from
the reversible cell potential (Enernst). The detailed explanation of the PEMFC model could be found
in [35]:

VFC = Enernst − ξact − ξohm − ξconc (15)

VFC = V0 − blog
(
i f c
)
− ri f c + α

(
i f c
)k

log
(
1− βi f c

)
(16)

where V0 denotes the thermodynamic voltage of the FC. The activation overvoltage is the sum of
the cathode and anode overvoltage presented by blog (ifc). The Ohmic overvoltage, indicated by rifc,
is characterized as the resistance of the membrane and the electrodes. It mainly depends on the
resistance of the internal membrane (r) and the FC current. The concentration overvoltage occurs
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when the FC is faced with a high current density. α and k variables are the parameters related to
the diffusion process and the dimensionless number related to the phenomenon of water flooding,
respectively. β is the inverse of the limiting density current [35]. In addition, a static characteristic
represents the hydrogen (H2) mass flow versus the current linear function that describes the FC system
consumption. The hydrogen flow was determined on the basis of experimental data, by a first-order
function approximation, where a and b represent fitting parameters [36].

.
mH2 = a + bi f c (17)

In order to take into account the added onboard energy source, the SOC of the H2 tank (SOCTank)
was calculated by the following equation:

SOC Tank =
mH2−init −

∫ .
mH2i f c

mH2−init
(18)

where mH2-init is the initial mass of H2 [g],
.

mH2 is the H2 mass flow [g s−1], and ifc is the FC current.
H2 consumption is supposed to have a constant rate when the FC is turned ON. The FC system
is composed of the DC–DC converter, a smoothing inductor, and a boost chopper for its current
control [37]. Nevertheless, their energetic performances are included in the FC static characteristics.
The following equations are used for the converter unit model:

L
d
dt

I f c = V f c − Vh f c − rLI f c (19)

{
Vh f c = mh f cVbat

Ih f c = mh f cI f c ηh f c
With k =

{
1 i f P > 0
−1 i f P < 0

(20)

where L is the converter inductance, Vfc is the output voltage of FC, Vhfc is the input voltage in the
chopper, rL is the converter resistance, mhfc is the modulation ratio, and ηhfc = 95% is the average
efficiency of the converter.

The power of the FC (PFC) as a range extender could be computed from the H2 lower heating
value (LHVH2), as follows:

PFC = LHVH2 .
.

mH2 . ηFC (21)

It should be noted that the SGV system has other components such as onboard electronics, sensors,
microcontrollers, which are the accessory parts of the hybrid SGV powertrain. These components
are extremely efficient nowadays, but they still consume a portion of the battery’s current. Therefore,
the current loss due to the electronics was presented as IOthers.

The Kirchhoff’s current law used to model the parallel connection between the battery pack,
traction motors (ITS), FC (IFC), and IOthers is given by Equation (22):

IBatt. = ITS − IFC + IOthers (22)

2.6. Energy Management Strategy (EMS)

An EMS with three modes of operation is proposed in this study (Figure 3). The first mode is
known as charge-sustaining (CS), which maintains the battery SOC at the desired level such that the
FC starts to supply its maximum power when the battery SOC drops to the minimum threshold of
40%. For the second mode, called charge-depleting (CD), the battery is the main power source until
the FC starts providing its maximum power as the battery SOC reaches its minimum threshold (20%).
The third mode is called charge-blending (CB), which emphasizes the FC efficiency by turning ON
the FC when the battery SOC reaches the threshold value of 60%. For the CB mode, the FC supplies
constant power corresponding to its maximum efficiency. For the three modes, the FC is turned OFF
when the battery SOC reaches 85%. Since each strategy employs the FC within a certain range, it is
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important to size energy resources appropriately, to avoid energy shortages. The following design
considerations are established for the proposed EMS:

Figure 3. Flow chart of the proposed energy management strategy (EMS).

(a) According to [38], the minimum battery degradation can be achieved if the SOC is maintained
over 40%.

(b) When the SOCTank is less than 10%, the tank does not have enough pressure to provide H2 to
the FC.

A MATLAB Simulink (Version 2017, MathWorks company, Massachusetts, USA) model was
developed to present the mathematical models of the different SGV components. The MATLAB
Simulink model, presented in Figure 4, includes the different subsystems such as the SGV powertrain,
traction system, battery pack, fuel cell, and energy management strategies.

Figure 4. The overall Matlab Simulink model of the SGV.
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3. Experimental Tests

Figure 5 presents the studied SGV. For measuring the actual required power and energy
consumption, the SGV was moved using different velocity profiles, including the pure transition in the
X-direction, forward and backward, trapezoid speed profile, circular movement, and rotation around
the center of gravity, as demonstrated in Table 3.

Figure 5. The studied SGV.

Table 3. Experimental working cycle parameters.

Measured Parameters

Motion Type

Transition in the X-Direction Rotational

Trapezoid Backward Forward
Rotation Around

the Center
Circular
Pathway

Wheels speed profile
(Solid line: right wheel speed
Dashed line: left wheel speed)

Average speed of the right wheel
(Rad s−1) 1.4 1.5 1.5 0.57 1.3

Average speed of left wheel (Rad s−1) 1.4 1.5 1.5 −0.57 2

Average linear speed (m s−1) 0.85 0.9 0.9 0 0.32

Average linear acceleration
(m s−2) 0.7 −0.9 0.9 0 0.9

Average rotational velocity of the
vehicle (Rad s−1) 0 0 0 0.31 0.19

Each motion test was conducted for 11 s and repeated three times in the same condition at flat
cement surface. In addition, each experiment included three sections, acceleration from stationary,
constant velocities, and deceleration to stationary. For example, in the trapezoidal velocity profile
scenario, maximum linear velocity was considered to be 1.4 m s−1, to achieve the high efficiency of the
electric motors. Similarly, the average linear acceleration from rest to maximum speed and vice versa
was adjusted to 0.7 m s−2, to prevent high mechanical and electrical stresses. The maximum linear
acceleration for forward, backward, and circular pathway were fixed to 0.9 m s−2.

Moreover, in the industrial environment, the SGVs were usually employed in stop-and-go loop
working conditions. Therefore, a typical pathway was designed by considering the mixture of
transitional and rotational movements, as shown in Figure 6. Measured data from this pathway was
used to evaluate the SGV model. In this context, the battery voltage and current, motor power, and the
velocity of the wheels were recorded by the developed data logger with a 0.1 s sample rate.
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Figure 6. The real-world mixed working cycle pathways.

4. Result and Discussions

4.1. Model Validation

The proposed FC model was experimentally validated in our previous work [36,39,40].
The performance of the Squadrito model was thoroughly investigated with regards to the estimation of
the polarization curve for different FCs, under various operating temperatures [36]. A current profile
was applied to the FCs, and the measured data (current, temperature, and voltage) were transferred to
an online identification algorithm to tune the parameters of the models in real-time, by minimizing the
error between the estimated voltage and the measured one. Once the parameters of the model were
estimated, the model was used for predicting the polarization curve of the stack. The conducted study
showed that the proposed semi-empirical FC model was accurate regarding the polarization curve
prediction for different nominal power FC in the above and below zero temperature conditions [36,39].

In order to validate the dynamic battery model, a test bench was developed at the UQTR
Hydrogen Research Institute (Figure 7). The test bench was composed mainly of a 24 V Lithium battery.
The charging/discharging process and the acquisition of data (temperature, current, voltage) were
performed through an embedded computer NI CompactRIO 9022 (Version 2017, National Instruments,
Texas, USA). A charger and a programmable load were used in order to charge and discharge the
battery. The battery being tested was placed inside an environmental chamber, which was used to set
the ambient temperature.

Figure 7. Battery test bench.
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The proposed test bench was used to validate the dynamic battery model by comparing
experimental and simulation results during the charging and discharging process. Figure 8 presents
battery voltage, charging/discharging current, battery SOC, and error between experimental and
simulation data. Results showed that the proposed battery model was accurate regarding the charging
and discharging curves.

Figure 8. Battery model validation during the charging and discharging process. (a) battery voltage;
(b) battery current; (c) battery SOC; (d) calculated error between measured data and simulation.

To evaluate the overall SGV model, a comparative study was performed between the simulation
results and the extracted experimental data. In a first step, the SGV was tested without a load while
the wheels were off the ground. The experimental data and simulation results are shown in Figure 9.
Figure 9a compares the battery voltage from the real-world test and simulation, and Figure 9b compares
the consumed current by the motors. These results confirmed a good synergy between the energy
storage system model and the real battery-powered SGV performance.

Figure 9. Comparison results between experimental data and simulations: (a) Battery voltage, and (b)
current by traction motors.

Table 4 presents the experimental and simulation results for the different proposed motion
(trapezoid, backward, forward, rotation around the center, and circular pathway). Table 4 shows that
the average requested power, maximum demanded power, consumed energy, and average efficiency
calculated by the SGV energetic model agreed with the experimental results. Consequently, the highest
requested power (509.5 W) was obtained for the backward and forward movements caused by the high
acceleration rate of 0.9 m s−2. However, the lowest requested power (235.1 W) was obtained for the
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trapezoid movement scenario, which was due to the low acceleration rate. Therefore, the acceleration
rate affected the requested power and subsequently the size of the energy source.

Table 4. Average value of the experimental and simulation results of the defined scenarios.

Motions
Condition

Movement Type
Ave.

Demanded
Power (W)

Max.
Demanded
Power (W)

Energy
Consumption

(Wh)

Overall
Efficiency (%)

Transitional in
X-direction

Forward
292.7 * 508.8 * 0.322 * 34.3 *
283.5 ** 497.3 ** 0.312 ** 33.5 **

Backward
293.6 * 509.5 * 0.323 * 33.9 *
283.6 ** 498.5 ** 0.312 ** 32.4 **

Trapezoid speed
profile

256.3 * 235.1 * 0.282 * 37.4 *
246.1 ** 242.2 ** 0.271 ** 35.9 **

Rotational

Rotation around
the center

531.8 * 264.4 * 0.585 * 19.3 *
509.7 ** 274.8 ** 0.561 ** 20.2 **

Circular pathway 1053.6 * 457.7 * 1.159 * 38.07 *
1088.1 ** 450.3 ** 1.069 ** 36.9 **

* Experimental results. ** Simulation results.

On the other hand, the highest energy consumption (1.159 Wh) was related to the circular
movement, compared to the trapezoid movement scenario with the lowest energy consumption
(0.282 Wh), which might happen because of the combined transitional and rotational movements
and variation of electric motors’ efficiency in different speeds. The comparison of results between
the rotation around the center of gravity and the transitional movements showed that the rotational
movement required almost two times more average power than the transitional one. From these
results, it could be concluded that the use of the SGV in the range of the operating speed with the
maximum efficiency of the electric motors is important. It also highlights the importance of component
sizing and optimal path planning of the SGV, which can affect the overall efficiency of the energy
system. Hence, it is important to provide a practical working cycle to estimate the required energy and
power for selecting an appropriate FC range extender.

4.2. Mixed Working Cycle Analysis

In order to evaluate the performance of the SGV in a more realistic condition, the mixed working
cycle was analyzed in this section. The measured wheel speed from the experiment, which was used
as input of the SGV model, is shown in Figure 10a. In this regard, the linear velocity and the angular
speed, battery voltage, battery current, and traction power of the developed model of the vehicle
were compared to the experimental results, as shown in Figure 10b–f. Hence, the validity of the
developed model was investigated by an adequate accuracy between the measured values and the
simulation results.

Furthermore, the traction power from the experimental working cycle (Figure 10f) showed that
the power peak (+470 W) was reached during acceleration from 0 to 0.9 m s−1, while the average
requested power was around 160 W. In fact, the demanded power of the SGV to accelerate from 0 to
0.9 m s−1 mainly corresponded to the high starting currents by the electric motors. It was obvious
that due to acceleration, the maximum required current (+23 Amps) was obtained in the bingeing,
which was around five times higher than the constant speed. Moreover, in the brake mode, a reverse
current was generated (sent back to the battery), which might be wasted if it was higher than the
battery charging current (Table 2). Therefore, the movement pattern (stop and go) could affect the
powertrain efficiency of the SGV. As a result, considering the minimum stop and go situation along with
appropriate acceleration and deceleration rate, is recommended, to decrease SGV power requirement
while designing the working cycle for an industrial application.
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Figure 10. Comparison results of experimental data from physical DDMR versus the model. (a) Wheels
speed (b) linear speed, (c) angular speed, (d) battery voltage, (e) battery current, and (f) traction power.

Furthermore, Figure 11 illustrates the comparison results between the transitional and rotational
movement of the mixed work cycles. Figure 11a,b show that the amount of 0.396 Wh (94,73%) and
0.022 Wh (5.26%) were consumed for the transitional and rotational movements, respectively. It was
found that a significant portion of the vehicle’s stored energy was spent for one working cycle with only
360-degree rotational movement. The rotational movement might be increased in crowded working
environments where humans and SGVs work together. In fact, the vehicle will need more alternate
rotation and stop-and-go mode to avoid obstacles, by finding an appropriate path to reach the desired
position. It is important to note that the overall rotational efficiency was around 20% compared to
33% of transitional motion (Figure 11a). Therefore, in order to increase the system’s overall autonomy,
it was important to minimize SGV rotational motion.

Figure 11. (a) Comparison of the transitional and rotational movement using experimental data.
(b) Percentage of consumed energy for transitional and rotational movement.
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Regarding the limited autonomy of the battery-powered system, the FC was suggested as a range
extender. The selection of an appropriate FC in terms of the nominal power size and onboard hydrogen
tank capacity are important. For instance, if the FC nominal power selected was smaller than the
requirement, the system might face a lack of energy. On the other hand, a system with an oversized FC
might lead to a higher system cost and fuel consumption. Moreover, the EMS might affect the size and
lifetime of the energy sources.

4.3. Impact of FC Sizing and Battery Degradation on EMS Performance

Industrial SGVs usually work on a relatively specific path in a controlled indoor environment,
which makes energy consumption estimation possible by employing a realistic model during the
specified work hours. Therefore, by knowing the required power and energy and considering the
available energy from the battery, the requisite energy from the range extender could be calculated.
In addition, the FC system lifetime was enhanced if its load fluctuations were reduced and if frequent
starts and stops of the FC were avoided [41].

In order to evaluate the impact of FC sizing on EMS performance, the mixed working cycle was
repeated many times to reach an 8 h working shift. In this context, the measured velocity profile for
the mixed working cycle was imposed to the proposed model as an input. After this, the performance
of the proposed FC/battery SGV powertrain was validated under the three EMS modes, including the
CD, CS, and CB. Then, each EMS mode was investigated by considering four different nominal FC
power (300 W, 200 W, 160 W, and 100 W).

For instance, Figure 12a indicates the impact of different EMS modes on the SOC of the battery
with a 160 W FC as a range extender. Figure 12b,d,f show the power distribution between power
sources in the CB, CS, and CD modes (respectively) with a 160 W FC for the entire 8 h work shift under
the mixed working cycles. Furthermore, Figure 12c,e,g present the total supplied energy from each
source for the entire working shift in the CB, CS, and CD modes, respectively.

Results show that the suggested hybrid system would fail in the CD mode. As mentioned before,
in the CD mode, the battery pack supplies the required power without the assistance of the FC until
the battery SOC reaches the low battery threshold level (20%). Therefore, the system failure occurs
after 5 h in the CD mode, due to the insufficient available power of the battery and FC, which cannot
alone support the power peak requirement of the SGV (+470 W). This meant that an FC system with a
higher power (i.e., 500 W) was needed to satisfy the power peak of the SGV during the acceleration
with the CD mode, to accomplish the 8 h working shift.

On the other hand, in the CS mode, the FC was turned ON at its maximum power when the battery
SOC was around 40%, to ensure battery SOC sustenance until the end of work. Indeed, CS strategy
acted similar to the CD mode in the beginning, if the battery was fully charged. Nevertheless, due to
the higher battery SOC threshold level, the CD mode kept the battery SOC higher than the minimum
authorized SOC (20%) during the 8 h working shift, to supply the required peak power. It was
important to note that when the FC was ON, it charged the battery during low power demand periods.
Since the FC operates at its maximum power rate during the CD and CS modes, it leads to high fuel
consumption and FC degradation.

In the CB mode, when the SOC reaches the threshold value of 60%, the FC supplies a constant
power while the battery supplies the required peak power. Accordingly, the CB strategy allows turning
ON the FC stack in its maximum fuel efficiency with a minimum ON/OFF cycle, to minimize hydrogen
consumption. Moreover, it prevents the battery SOC to reach the minimum threshold before the end
of the working shift and avoids frequent power source fluctuations that could affect the FC lifespan.
Therefore, it might increase the battery and FC lifetime by reducing their degradation. It should be
noted that if a regenerative braking system is considered, up to 45 Wh of energy could be recovered
(around 3.5% of the total consumed energy).
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Figure 12. (a) Battery SOC levels with the three strategies, (b) battery and FC power in the CB strategy,
(c) provided energy by each energy sources during CB strategy, (d) battery and FC power in the CS
strategy, (e) provided energy by each energy sources during CS strategy, (f) battery and FC power in
the CD strategy, and (g) provided energy by each energy sources during the CD strategy.

As a general outcome, Table 5 lists the comparison results for each EMS with the four different
nominal FC power and three battery charge and discharge cycles (0, 750, and 1500), in terms of the
working time, H2 consumption, energy provided by sources, and final SOC of the battery. These results
showed that the system could not meet an 8 h working shift in the CD mode with different FC power
sizes, due to the insufficient power supplied by both energy sources for the power peak requirement
(+470 W). Moreover, an FC with 100 W nominal power was not able to supply the energy needed to
operate the SGV for the entire 8 h shift, with all the proposed EMSs.
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Table 5. Comparison results of energy sources with different EMS and battery lifetime.

EMS
Mode

FC Nominal
Power (Max
Power) (W)

Battery Charge
and Discharge

Cycle

Working
Time (s)

(h)

H2 Cons.
(gr.)

Provided
Energy by
FC (Wh)

Provided
Energy by

Battery (Wh)

Batt.
SOH
(%)

Batt.
Final

SOC (%)

Charge
Depleting

(CD)

100

0 a 18,411
(5.114) +0.57 16 796 100 20

750 16,040
(4.455) +0.57 16 691 90 20

1500 12,767
(3.546) +0.56 15 347 75 20

160

0 18,615
(5.120) +0.72 26 798 100 20

750 16,125
(4.459) +0.71 25 693 90 20

1500 12,753
(3.548) +0.68 24 352 75 20

200

0 18,658
(5.128) +1.03 33 802 100 20

750 16,153
(4.467) +0.98 32 697 90 20

1500 12,823
(3.555) +0.86 30 355 75 20

300

0 18,658
(5.132) +1.53 50 810 100 20

750 16,153
(4.477) +1.46 48 703 90 20

1500 12,823
(3.562) +1.29 45 359 75 20

Charge
sustaining

(CS)

100

0 25,460
(7.072) +12 330 798 100 20

750 23,088
(6.413) +12 330 693 90 20

1500 19.813
(5.505) +12 330 349 75 20

160

0 28,800 (8) +24 689 591 100 39.5

750 28,800 (8) +28 780 502 90 38.5

1500 28,800 (8) +33 925 359 75 38.3

200

0 28,800 (8) +30 844 440 100 54.7

750 28,800 (8) +35 975 310 90 56.9

1500 28,800 (8) +44 1156 132 75 60.1

300
0 28,800 (8) +42 1186 105 100 85.5

750 28,800 (8) +42 1184 106 90 75.2

1500 28,800 (8) +42 1185 104 75 60.7

Charge
Blending

(CB)

100

0 26,629
(7.396) +10 381 800 100 20

750 24,258
(6.738) +10 380 695 90 20

1500 20,986
(5.829) +10 382 551 75 20

160

0 28,800 (8) +19 683 598 100 40

750 28,800 (8) +22 845 422 90 37.6

1500 28,800 (8) +26 878 406 75 34.3

200

0 28,800 (8) +23 853 430 100 56.3

750 28,800 (8) +26 955 329 90 59.9

1500 28,800 (8) +32 942 342 75 40

300

0 28,800 (8) +28 1032 245 100 72.1

750 28,800 (8) +31.5 1192 96 90 77.1

1500 28,800 (8) +36.7 1414 −121 75 84

(a means new battery).
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For the CD strategy, the proposed FC power needs to be greater than the SGV power picks during
acceleration, to reach 8 h of working time. However, for the CS and CB strategies, an FC with a
minimum nominal power of 160 W is mandatory to attain 8 h of working time with minimum hydrogen
consumption. A lower FC nominal power could be a good choice if the objective was to reduce system
cost and energy cost because hydrogen energy is costly, compared to the battery charging station
energy. It is also important to note that FC presents a lower efficiency (around 55%) compared to
battery efficiency (around 90%) and the slow dynamic characteristics of the FC cause a problem for an
SGV application, where the power requirements can vary considerably during a mission. In order to
increase the system efficiency and to reduce hydrogen consumption, it is better to consider an EMS
that uses the FC at its maximum efficiency similar to the CB mode, instead of using the FC at its
maximum power as the CS and CD modes. As shown in Table 5, the simulation result illustrates a
difference of around 26% in hydrogen consumption for the same provided energy by the 160 W FC
system, during the typical 8 h shift working cycles between the CS and CB modes.

Furthermore, Table 5 confirms that it is necessary to consider a higher nominal power of the FC
system if the objective is to minimize the energy provided by the battery, in order to reduce battery
degradation and battery charging time. In addition, the FC system tank unlike the batteries could be
filled in a few minutes and has the potential to provide power over long periods of time, as required
for long-term missions.

The battery degradation should be considered by the EMS because it can affect the FC sizing.
Accordingly, three battery charge and discharge cycles (0, 750, and 1500) are considered, as shown in
Table 5. Results showed that battery degradation affected the capabilities of the EMS, as well as vehicle
performance, by reducing the energy storage system capacity. By comparing the results, it could be
seen that a 200 W FC system in the CB mode was able to maintain the battery SOC at the desired level
(40%), even until the end of the useful life of the battery (up to 1500 battery charge and discharge cycles).
Moreover, the results showed that battery degradation impact on the vehicle performance was more
drastic in the system with a smaller secondary power source because the final SOC was usually lower
than the desired level. However, it should also be noted that in a system with a larger range extender,
a part of the generated power by the FC system might be wasted due to the insufficient capacity of the
energy storage system at the end of its useful life. For instance, in a hybrid system with a 300 W FC
and the CB mode strategy, around 121 Wh of the generated energy might be wasted (3.14 g of H2) due
to battery aging. Therefore, a tradeoff between FC size and battery capacity, which was affected by the
degradation, must be considered on EMS design. To summarize, the FC and hydrogen tank sizing of
the hybrid SGV strongly depended on the EMS and the desired autonomy. It was also important to
consider the degradation of power sources and the maximum load that could be transported by the
SGV during the FC and hydrogen tank sizing.

5. Conclusions

This study analyzed the performance of an industrial SGV EMS for different FC sizes and battery
degradation levels. In this regard, a realistic energy model, which was the core of the proposed
analysis, was developed for the studied SGV. Different levels of modeling such as physical models,
lookup table data, and efficiency maps were considered to model the battery pack, the FC, and the
electric machines, etc. The validity of the developed model was confirmed by an adequate accuracy
between the measured values from the real-world tests and the simulation results during a specific
working cycle. The proposed model was then used to investigate the effect of three EMS modes
(CD, CS, and CB) on FC sizing, by considering different nominal FC power (300 W, 200 W, 160 W,
and 100 W) and different battery degradation levels.

In industrial environment like warehouses, the SGV execute a predefined cycle with known
velocity. Therefore, it is possible to accurately estimate the size of the FC system as a range extender,
depending on the EMS and the desired working shift. It is important that the EMS of a hybrid SGV
system considers the cost, the limited durability, and energy efficiency of FC and batteries, as well as
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the operational constraints of the SGV. In this context, it is recommended to avoid oversized sources by
considering a small FC as a range extender, to reduce system cost and to maintain the FC in its high
efficiency zones with a minimum ON/OFF cycle, leading to efficiency and lifetime enhancement of FC
system. Battery SOC have to be kept at a high level during SGV operation, to support the FC during
SGV acceleration. In order to improve the SGV’s overall autonomy, it is also important to minimize the
stop and go and rotational SGV motion with appropriate acceleration and deceleration rate.

Some prospects for extending the scope of this study remain as follows:

• Exploring the effect of FC degradation on EMS performance and FC sizing.
• Proposing an online EMS, based on the online identification of the maximum efficiency of the fuel

cell system that changes over time and an online battery management system.
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Abstract: At present, electric vehicles (EVs) are attracting increasing attention and have great po-
tential for replacing fossil-fueled vehicles, especially for logistics applications. However, energy
management for EVs is essential for them to be advantageous owing to their limitations with regard
to battery capacity and recharging times. Therefore, inefficiencies can be expected for EV-based
logistical operations without an energy management plan, which is not necessarily considered in
traditional routing exercises. In this study, for the logistics application of EVs to manage energy and
schedule the vehicle route, a system is proposed. The system comprises two parts: (1) a case-based
reasoning subsystem to forecast the energy consumption and travel time for each route section, and
(2) a genetic algorithm to optimize vehicle routing with an energy consumption situation as a new
constraint. A dynamic adjustment algorithm is also adopted to achieve a rapid response to accidents
in which the vehicles might be involved. Finally, a simulation is performed to test the system by
adjusting the data from the vehicle routing problem with time windows. Solomon benchmarks are
used for the validations. The analysis results show that the proposed vehicle management system is
more economical than the traditional method.

Keywords: electric vehicle; energy consumption; energy management; logistics; supply chain; vehicle
routing problem

1. Introduction

Fossil energy consumption by vehicles has increased significantly over the past
decades, leading to ever-worsening environmental pollution [1]. Some densely popu-
lated cities, such as Tokyo, Beijing, and Shanghai have strict policies to control the increase
in fossil-fueled vehicles. City managers are also establishing suitable policies to support
electrical vehicles (EVs) in urban freight transport [2,3]. EVs play an important role in
replacing traditional fossil-fueled vehicles worldwide, particularly in logistics applications.
For example, Amazon is procuring 100,000 EVs and plans to deploy them in their package
delivery system by 2021 [4]. Mathematical modeling has also been proposed for EVs to
explore the relationship between the delivery costs and sustainability impact [5].

Energy management is essential for EVs because of their limited battery capacity and
specific recharging times [6]. Fully charging an EV takes much longer than refueling a
traditional vehicle, and fully charged EVs cannot travel as far as fossil-fueled trucks with
full fuel tanks. Therefore, recharging stops for EVs should be incorporated into route
planning as an additional consideration [7]. Thus, it is necessary to develop a new vehicle
routing model for EVs that determines both the shortest possible route and the best energy
management strategy.

The vehicle routing problem (VRP) involves planning for vehicles to deliver and
collect goods or people. The classical VRP is defined as a single depot with route length
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constraints [8]. Several variants of this classical problem have been studied, including the
vehicle routing problem with time windows (VRPTW), because real-life cases are more
complex than theoretical problems [9]. VRPTW is a problem in which every customer must
start within a given time window (a, b), with the vehicle arriving before a and waiting
until the customer becomes available. However, arrivals after b are prohibited. In the case
of a fixed-sized fleet, finding a feasible solution to the VRPTW itself is a non-deterministic
polynomial complete (NPC) problem. As a result, research on VRPTW has focused on
heuristics [10]. The electric vehicle routing problem (EVRP) is an extension of the VRP that
considers the use of EVs in the logistics distribution. Most studies on EVRP have focused
on changes in the EV model; however, the changes brought by the new technologies should
also be considered.

New technologies make logistics more transparent. Global positioning systems (GPS),
sensors, mobile communication, and radio frequency identification (RFID) techniques can
be used to record various types of data regarding delivery vehicles. Energy consumption
can be forecasted using these technologies, albeit with some inaccuracies, and furthermore
some emergent situations can be detected. The method to optimize the vehicle schedule
also needs to be improved to ensure that vehicle schedules can be changed in real time.

The main gap in current studies is the lack of consideration of many factors that affect
energy consumption and can be monitored when building the EV energy model. In this
study, the objective is to develop a new model that considers both the optimal route and
new energy management strategies for EVs. Therefore, a new energy management system
is proposed for EVs based on the VRPTW model to solve the aforementioned challenges.
The proposed system has two functions: first, recording historical energy consumption and
forecasting future energy consumption; and second, applying a genetic algorithm (GA) to
optimize vehicle scheduling using forecast energy consumption. The proposed system also
alerts operators to emergencies in real time, helping operators make timely interventions.

This study is organized as follows: Section 2 briefly reviews previous research on
optimization algorithms for vehicle scheduling problems and systems for energy manage-
ment. In Section 3, the entire framework for the proposed system is introduced, and a
method for forecasting the vehicle energy consumption is described. A new problem model
is built for EVs using the predicted energy consumption; and a GA is used to prepare
the vehicle schedule. Section 4 discusses the simulation, results, and performance of the
proposed system. Section 4 presents the research conclusions and provides an outlook for
future work.

2. Literature Review

Vehicle schedule management is a classical VRP. Researchers VRPs have studied vari-
ous VRP. Alba and Dorronsoro solved the classical VRP using a cellular GA combined with
a specialized local search method [11]. Tarantilis and Kiranoud developed a generalized
route construction algorithm to find the optimal solution for the distribution of perishable
products and ready-mixed concrete for construction companies [12]. Hwang developed a
GA-TSP model by improving the GA to solve a typical VRPTW [13]. Ho and Haugland
presented a tabu search heuristics method for the split delivery vehicle routing problem
with time window (SDVRPTW), which considers that more than one vehicle can provide
service to a customer [14]. Cheung et al. developed a mathematical model that can be used
in monitoring systems for dynamic fleet management, which uses dynamic data such as
vehicle locations, traveling time, and incoming customer orders [15]. These methods built
a research basis for the EVRP.

Regarding EVRP research, Conrad and Figliozzi were the first to extend the traditional
VRP to EVRP. They proposed a model that assumes that EVs in a fleet are allowed to
recharge at certain customer locations [16]. Juan et al. proposed the use of metaheuristics
and heuristics as the most efficient way to deal with VRPs [17]. Zuo et al. considered a con-
cave, nonlinear charging function as a new energy consumption model for the EVRP [18].
Zhang et al. suggested an EV battery swap station (BSS) location-routing problem with
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stochastic demands to determine a minimum cost scheme. EVRP with BSSs includes the
optimal number and location of BSSs in an efficient route plan based on stochastic cus-
tomer demands [19]. Keskin et al. presented a two-stage simulation-based heuristic using
adaptive large neighborhood searches (ALNSs) for an electric vehicle routing problem
with a time window (EVRPTW) that considers whether the waiting time at the stations is
longer than expected [20]. Napoli et al. discussed the issue of the production of electricity
required for EVs to carry out daily missions [21]. Ferro et al. developed a new mixed-
integer programming model for the EVRP and used the CPLEX solver [22]. Xiao et al.
investigated an EVRPTW that included the energy and electricity consumption rates (ECR)
per unit distance traveled as a function of speed and load; this problem is referred to
as EVRPTW-ECR. A mixed-integer linear programming model was developed for the
EVRPTW-ECR [23]. Afroditi et al. developed a comprehensive mathematical formulation
with multiple constraints owing to capacity limitations, time window restrictions, and
the vehicle’s predefined charging level to model EVRP [24]. Kancharla and Ramadurai
proposed a three-index formulation for an EVRP with nonlinear charging, load-dependent
discharging, and an ALNS algorithm to solve the problem with capacitated charging sta-
tions [25]. Zhang et al. applied the ant colony algorithm to EVRP to minimize energy
consumption [26]. Lin et al. presented a general EVRP and determined an optimal routing
strategy that minimizes travel time, energy costs and the number of EVs dispatched. This
is the first EVRP model to consider the effect of vehicle load on battery consumption [27].
Soysal et al. proposed a chance-constrained mixed-integer nonlinear programming model
and a linear approximation for the pick-up and delivery problem with EVs under the
stochastic battery depletion assumption [28]. Raeesi and Zografos introduced an alterna-
tive to intra-route recharging of electric commercial vehicles used for freight distribution by
utilizing new pertinent technological developments that enable mobile battery swapping.
They further proposed a methodology for the exact evaluation of each given solution in
the context of EVRPTW [29]. Jie et al. presented a two-echelon capacitated electric vehicle
routing problem with battery swapping stations (2E-EVRP-BSS) to determine the delivery
strategy that considers battery driving range limitations for deliveries within metropolitan
areas most effectively. An integer programming formulation and a hybrid algorithm that
combines column generation and adaptive large neighborhood search (CG-ALNS) were
proposed to solve this problem [30].

In addition to the aforementioned studies that used different models to calculate
specific energy consumption values, other studies have considered energy consumption as
an uncertainty factor for the EVRP. For example, Zhang et al. used fuzzy numbers to denote
service time, battery energy consumption, and travel time inconsistencies, and applied
fuzzy theory to solve the EVRPTW [31]. Pelletier et al. proposed a robust optimization
framework to consider inconsistencies in the context of an EVRP. Furthermore, a two-phase
heuristic method based on a large neighborhood search was used to solve larger instances
of the problem. Several numerical tests were conducted to assess the effectiveness of the
proposed methodology [32]. Notably, the energy consumption and traveling time must be
considered because of the difficulties involved in predicting the energy consumption.

The main difference between the traditional VRP and EVRP is that the latter considers
energy consumption in its model. For energy management, Basso et al. proposed a method
for calculating the energy cost coefficients of a road network. These coefficients embed
information regarding road topography, vehicle speed, power train efficiency, and the
effects of acceleration and braking at traffic lights and intersections. Using this method, an
accurate energy consumption estimation can be obtained [33]. Kessler and Bogenberger
analyzed the existing energy consumption models [34]. Alqahtani and Hu developed an
integrated VR and energy scheduling decision model to adaptively dispatch vehicles to
balance temporally and spatially distributed energy requests. This model considers vehicle
mobility constraints to maximally exploit the potential of mobile prosumer networks for
cost savings and carbon emission reductions [35].
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Based on these previous studies, it is difficult to accurately predict energy consumption.
Multiple factors exist apart from the vehicle and the traveling distances that affect energy
consumption including the weather, road conditions, and driver behavior. The effects of
factors such as the number of starts and stops at intersections and traffic lights, and the
speed dropping below a certain threshold must also be considered for dynamic traffic
information. Consequently, a case-based reasoning (CBR) system is considered to forecast
the energy consumption and travel time.

For research on the CBR system, Shen et al. built an approximate CBR model that uses
neural network technology to process fuzzy inference with the dualities of fuzzy logic and
approximate reasoning [36]. The main characteristic of this system is its ability to solve
new problems by using the results of past cases, which is similar to the current models.
Sadek et al. proposed a prototype CBR system that can create routes for real-time freeway
traffic. The results of the aforementioned study indicated the successful generation of
high-quality solutions using case-bases of reasonable sizes in real time [37]. Moreover,
it could automatically update the case-bases by modifying the coefficients. For instance,
Anthony and Xun successfully dealt with planning problems in development control
using a developed CBR system. The system helped the user make decisions for new cases
by recycling similar previous cases [38]. Passone et al. incorporated an expert database
into a GA that was implemented for the CBR adaptation phase. The proposed system is
suitable for numerical modeling applications [39]. Maria and Maite proposed retention and
forgetting strategies to add and remove cases, with strategies that automatically update
the case-base of a CBR system and maintain it at a certain scale. The results showed that
the case-base was effectively maintained by the proposed strategies [40]. Castro et al.
developed a fuzzy CBR system to solve the risk problems. The fuzzy algorithm helped the
CBR system use the most suitable case in the case base instead of the most similar one [41].

3. Vehicle Management System

3.1. System Architecture
3.1.1. Vehicle Management System Architecture

With the emerging sensor and mobile communication techniques, vehicle status and
environmental factors can be immediately determined and transmitted to back-end man-
agement systems. However, it is difficult to predict accurate values of energy consumption
and travel time through mathematical formulations as many factors can affect the results.
Therefore, a CBR system can be developed to obtain a range of values and apply the static
method to obtain a conservative result for further optimization of the vehicle schedule.

Figure 1 illustrates the framework of the proposed system. This system has two
subsystems: a CBR system and an optimization system. The CBR system is used to estimate
the energy consumption and travel time for each delivery task. By combining the static
optimization, an amplification parameter is first determined; then the energy consumption
and traveling time for the calculation are obtained and output to the optimization system.
With this information, the optimization system optimizes the schedule for the vehicles and
the company then follows the schedule. The optimization system adjusts the schedule
using heuristics if the real-time monitoring system detects abnormal situations.
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Figure 1. Vehicle management system architecture.

3.1.2. CBR System Architecture

In the proposed vehicle scheduling system, a CBR system is incorporated to fore-
cast the energy consumption and travel time. The system architecture is illustrated in
Figure 2. The system is composed of two parts. The first part is the route division. It
separates the planned route into several segments. Route segmentation simplifies finding
the same route from the case base. If the exact same route does not exist in the database,
then fuzzy logic and CBR are used to select the most similar one. The second part of the
system is the calculation part. The CBR is applied to calculate the time of each route’s small
segment. Neural network theory is applied to train the weightings of the CBR; rule-based
strategies are then used to update the case base in the final step.

Compared with the traditional CBR system, the proposed system integrates fuzzy
logic and neural network techniques. Consequently, the system is much more intelligent.
The case base automatically updates itself. If the deviation between the estimated and
the actual traveling result is considerable, the weightings will be trained using the neural
network and the existing case will be replaced.

Figure 2. The sub case-based reasoning (CBR) system architecture.
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3.2. CBR System
3.2.1. Weighting Design

Weightings are used to calculate the degree to which cases match in the case-base in
the CBR system. A database is designed to save the weight coefficients of all factors that
affect the process of degeneration. The design of the database for traveling time estimation
is shown in Table 1, while the database design for energy consumption is shown in Table 2.

Different data types exhibit different weightings (wi), with the weightings satisfying
the following constraints:

n

∑
i=1

wi = 1 (1)

where 0 ≤ wi ≤ 1 (i = 1, 2 . . . . . . n).
The vehicles will provide the information listed in Tables 1 and 2 to the back-end

system when they have completed their delivery tasks. The system stores the data in the
case base and produces a new case identification number for the data.

When the system begins to estimate the traveling time and energy consumption, it
first searches in the case base. If the data of the unsolved problem matches the data of a
case in the case base, the system records the value of xi as 1 in the blank space of the match
degree. Then, it multiplies the match degree with the weighting of this type of data (wi
× xi) to produce the result. The system summates all calculation results for all types of
data belonging to the case. The sum (M) is obtained as the case degree, which matches the
problem that needs to be solved.

xi =

{
0, not match,
1, match,

(2)

i = 1, 2 . . . . . . n,

M =
n

∑
i=1

wixi, (3)

where M indicates the match degree of the case matches to the problem.
The system chooses the data with the highest match degree in the database for all cases

of the same route and then uses the case’s time or energy consumption as the predicted
result for the matching segment after calculating the results. The sum of the times or
energies needed for all segments is the time or energy consumption required for the vehicle
to arrive at the destination.

Table 1. Weighting coefficient database for traveling time/energy consumption.

Weighting (wi) Factor Match_Degree (xi)

wi Weather 1/0
wi Workday 1/0
wi Time_Period 1/0
wi Vehicle_Type/Battery_Type 1/0
wi Driver 1/0
wi Products Weight 1/0
...... . . . . . . ......
wi Energy level/Tire Pressure 1/0
wi Sum ∑ wixi

If the match degree of a case to the problem is less than c (c is a coefficient, which can
be adjusted based on real conditions by users), the deviation of the most similar existing
route segments under the conditions of the best-matched case and of the unsolved problem
will be calculated. The deviation ratio of the distance is the deviation ratio of the route
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segment of the problem and the most similar case. Then, the result can be calculated using
Equation (4): {

t = ts · L
Ls

E = Es · L
Ls

, (4)

where t is the traveling time for the route segment of the problem, ts is the traveling time
for the most similar case, E is the energy consumption for the route segment of the problem,
Es is the energy consumption for the most similar case, L is the length of the route segment
for the problem, and Ls is the length of the route for the most similar case.

Finally, the total energy consumption and the time spent for each segment are the
energy and time needed for delivery, respectively.

3.2.2. Case Update

The factors that affect logistics are constantly changing and developing. With the
development of new vehicles, changes in the transportation infrastructure, and the amount
of traffic in a city, the time needed to travel or the energy consumed between the same
starting point and destination under the same conditions will change. Thus, the results
of the cases in the database are not applicable to new cases. Consequently, the database
should be updated once the deviation becomes more pronounced. The method is as follows:
First, the system checks whether the segment in the case-base is the most similar route
to the problem; if it is, the case-base stores the actual result of the segment as a new case.
If the new case is more similar to the previous case, for which M = 1, the new case will
replace the previous case. The system trains the weighting of the case when the results are
different. If M �= 1, the case base also adds a new case. The case base is updated according
to the following rules:

Rule 1: If the segment in the case-base is the same as the actual segment then go to
Rule 2.

Rule 2: If the match degree is not less than c, go to Rule 3; otherwise, go to Rule 4.
Rule 3: If M �= 1 go to Rule 4; otherwise, go to Rule 5
Rule 4: Add the case to the case base and train the weightings using a neural network.
Rule 5: If ResultNew−ResultOld

ResultOld > a or ResultNew−ResultOld
ResultOld < −a then add the case to the

case base and train the weighting of this segment.

3.2.3. Weight Training

In the proposed CBR system, the result is calculated from the weight of each factor in
a case wi. In some cases, the weights in the database are incorrect. Therefore, it is necessary
to apply a neural network to train the weights. The details are as follows:

X = {x1, x2, . . . , xn} is a set of n vectors, where the components of each vector repre-
sent the match degree of a case with wi as the coefficient, the value of which is determined
by specific segments. The different segments have different sets of wi. A single-layer neural
network is applied to train the weightings [42].

Step 1: Initialization
Set initial weights wi and threshold θ as random numbers.
Step 2: Activation
Activate the perceptron by applying inputs xi(q) and the desired output Yd(q), which

is the actual traveling time. The actual output at iteration q = 1 is calculated.

Y(q) = step[
n

∑
i=1

xi(q)wi(q)− θ], (5)

where n is the number of perception inputs and Equation (5) is a step activation function.
Step 3: Training
Update the weights of the perceptron

wi(q + 1) = wi(q) + Δwi(q), (6)
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where Δwi(q) is the weight correction at iteration q.
The weight is corrected based on the delta rule:

Δwi(q) = α × xi(q)× e(q), (7)

e(q) = Yd(q)− Y(q), (8)

Step 4: Iteration
Increase p by 1, return to Step 2, and repeat the process until convergence.
Then, wi can be determined.

3.2.4. Amplification Coefficient

In this study, the uncertainties of the predicted time and energy consumption are
considered. Therefore, an amplification coefficient is used to ensure that the arrival time
of the product will be within an acceptable time window and to prevent the vehicle from
running out of energy while it is in use.

The CBR has two outputs: the estimated time and the match degree. An amplification
coefficient A is created by considering these two factors.

A = 1 +
c
M

(9)

where c is a coefficient that can be adjusted based on practical situations, experiments, and
simulation results. M represents the match degree of the most similar case. Figure 3 shows
the relationship between A and M.

Then, the estimated traveling time t is adjusted to t′:

t′ = A · t (10)

The estimated energy consumption E is adjusted to E′:

E′ = A · E (11)

Figure 3. The relationship between the amplification coefficient (A) and the match degree (M).

3.3. Model of Problem

The recharging of EVs in a charging station during a delivery is considered neither
in the proposed model nor in most other EVRPTWs. Therefore, the vehicle can only be
charged in the depot, in the proposed system. There are two reasons for this design. First,
in most countries, recharging stations for EVs are not common; hence, it is possible that
there are no recharging stations on the delivery route. Second, current batteries can last
longer than previous batteries owing to the improved EV designs. For example, Tesla states
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that its electric trucks can travel 800 km between successive charges. Other commercial
electrical trucks can travel as much as 400 km between charges. This distance is normally
sufficient for the daily tasks of a delivery truck. In the future, a solution will need to be
considered for the charging problem.

The schedule problem can be defined on a direct graph G = (V, A), where A is the set
of arcs and V = {1,2, . . . , v} is the set of destination locations. Furthermore, Am is the set
of arcs of vehicle m. For any i → j ∈ A , let t′ij denote the normal adjusted traveling time
from destination i to destination j, let eij denote the energy consumption from destination i
to destination j, and let dij denote the distance from destination i to destination j. All the
vehicles start from the same distribution center, called the depot. Set k as the available
vehicles, where vehicle m has the capacity Cm and full energy Em. Set pm as the cost of
vehicle m running at 1 km. Set fm as the fee for using vehicle m, which includes the driver
salary and depreciation cost of the vehicle. There are n products that must be delivered.
In this problem, a vehicle is only allowed to deliver product i in a given time window [ai,
bi], which means that the destination only handles the consignment after ai and before bi.
A vehicle is only allowed to arrive at the distribution center before ai, but the vehicle can
wait until the destination becomes available; however, but arrivals after bi are not allowed.
Set si as the service time for product i. Set w as the weight of product i. The duration for
which the destinations are open is defined as [a, b].

The objective function of the problem is stated as follows:

Minimize ∑
m∈K

(pm ∑
(i,j)∈Am

dij + fm), (12)

Each vehicle’s schedule is subject to the following constraints:

t′ + t′ij <= bj (13)

where bj denotes the latest time for product j. This means that the vehicle must arrive
before the upper time of the time window for destination j.

t′ = max(t′, aj) + sj, (14)

This formula is used to calculate the ready time that the vehicle can leave the destina-
tion j.

∑ Wk ≤ Cm, (15)

where Wk denotes the weight of product k in vehicle m. This means that the total weight of
the products must be less than the capacity of vehicle m.

∑
i,j∈Am

eij ≤ Em (16)

This means that the total energy consumption by vehicle m must be less than its
energy capacity.

A GA is applied to solve this problem. A specific method can be found in reference [43].
In the algorithm, the chromosome string is composed of the serial number of the products,
where a gene means a product and its order means an arrangement order. The initial
population was randomly selected. A selection factor was set to select the parents using
the roulette wheel. It also contains a mutation operation to prevent the population from
becoming trapped in local optimization. Subsequently, a new generation was produced.
Equation (12) is a fitness function that is used to evaluate the arrangement performance.
This process is repeated. After each iteration, the best solution is obtained. When the
number of iterations reaches the stopping number or time reaches the stopping time, the
vehicle schedule is arranged using the best result.
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3.4. Dynamic Adjustment

Three situations are considered for dynamic adjustment: traffic jams, environmental
changes, and urgent consignments.

3.4.1. Traffic Congestion and Vehicle Problem

It is difficult to forecast traffic situations and vehicle accidents. If the monitoring
system finds a truck stuck in a traffic jam or in need of maintenance, it will check whether
the current estimated delivery time will exceed the latest starting time of the delivery or
whether the remaining energy is sufficient to complete all deliveries. If the system finds
that some products cannot be delivered within their corresponding time windows or that
the vehicle’s energy will be insufficient, the system will remove the deliveries from the
original schedule of the vehicle and reassign them.

3.4.2. Environmental Effects

Some products are sensitive to certain environmental conditions. Changes in factors
such as temperature, humidity, and concentration of dangerous gases strongly affect the
quality of these products. If there are problems with environmental factors in a vehicle,
the consignments in the vehicle are removed from the original schedule by the system and
reincorporated into the schedule.

3.4.3. New Urgent Tasks

If there are any urgent products arriving after the static optimization, dynamic opti-
mization is applied to ensure that these products can be incorporated into the
original schedule.

The three aforementioned situations, as well as some other situations, can be handled
by incorporating deliveries into the original schedule, but the parameters of the problem
need to be adjusted. The methods used to handle such situations would be the same. The
method shown in Figure 4 is described in detail in reference [43]. Subsequently, a new
schedule is generated.

Figure 4. Procedure of dynamic adjustment.

3.5. Simulation

Solomon benchmark problems were employed for the simulation to test the proposed
system. The data can be obtained from http://w.cba.neu.edu/~msolomon/problems.htm
(Accessed on 7 October 2020). Because of a lack of energy data for EVs in the Solomon
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database, only time was considered in the simulation. For the CBR system, a normal
distribution was used to build the traveling time model. Because the traveling time of each
issue was independent, it obeyed a normal distribution. The model was used to simulate
the traveling time. The expected value and variance were related to the results of the case
archived from the CBR system. The model was built as follows:

The probability density function of the normal distribution is

f (x) =
1√
2πσ

e−
(x−μ)2

2σ2 ,−∞ < x < +∞, (17)

As shown in Equation (17), the normal distribution has two variables: μ and σ. In this
model, the estimated time can be set as μ, and

σ =
1

c · M
, (18)

where c represents a coefficient that can be adjusted, and M represents the match degree of
the most similar case.

Based on the 3σ rule, which states that for a normal distribution, nearly all values lie
within three standard deviations of the mean, the amplification coefficient A can be set
based on Equation (19):

A =
μ + 3σ

μ
, (19)

For this problem, the traveling time is assumed to follow a normal distribution
between the two distribution centers and between each distribution center and the depot.
The corresponding amplification coefficient is obtained from the data of the CBR system
Aij(i, j ∈ A; i �= j). Subsequently, t′ij can be calculated. With the calculated result, the GA
is used for further optimization.

Table 2 shows an example of some cases between the depot and the two distribution
centers in the case base. From the data, μ = 15.25D = σ2 = 1.337, and σ = 1.156 can be
obtained. The amplification coefficient can be calculated as follows:A02 = μ+3σ

μ = 1.227,
t′02 = A02 ·μ02 = 18.718. Then, t′02 is used as the new traveling time between the depot and
Point 2 for the Solomon benchmark problem to test the optimization method. The traveling
times between points are calculated using the same method. The calculated traveling
time replaces the original time in the Solomon benchmark problem for optimization.
Subsequently, the GA is applied.

Table 2. CBR database of distribution center and second customer.

ID Weather Workday/Holiday Time Driver Weight Travelling Time

001 Workday 8:00 A 10 15.1
002 Workday 9:00 A 10 12.5
003 Workday 8:00 A 10 16.5
004 Workday 8:30 A 10 17.2
005 Workday 8:30 B 8 13.0
006 Holiday 9:00 B 9 15.8
007 Holiday 9:00 B 8 15.0
008 Holiday 8:30 B 10 16.2
009 Workday 8:25 B 9 15.2
010 Workday 8:10 A 10 15.5
011 Workday 8:00 A 10 15.0
012 Holiday 8:10 B 9 15.1
013 Holiday 8:00 B 10 16.0
014 Workday 8:00 A 10 15.2
015 Workday 8:20 A 10 15.5
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For the GA, the population size is set as 500, pc is set as 0.8, pm is set as 0.03, and the
maximum Gen is set as 3000. The cost unit p = 1, the loading of the vehicle q = 200, the
penalty for waiting pe = 1, and the penalty for late arrival pl = 10. The running results of
R101 in the Solomon benchmarks and the optimal route are shown in Table 3 and Figure 5.

The main objective of the tests is to compare the performance for certain and uncertain
times. Table 4 shows the results of the optimized cost for the R101 problem. Then, the real
conditions are simulated. After implementing the optimal schedule, a random traveling
time is generated following the normal distribution of the cases in the case base. This may
cause schedules with a certain time to not satisfy the time requirement. Then, a penalty
is added to the cost. The results are listed in Table 5. The results show that the real cost
considering uncertain time is less than the cost that only considers a certain time.

Table 3. Operating results for 10 tests.

Test Result

1 1892.60
2 1895.06
3 1900.24
4 1906.41
5 1892.60
6 1895.06
7 1892.60
8 1902.61
9 1892.60

10 1892.60
Average 1896.78

   

Y 

X 

Figure 5. Optimal route.

As mentioned before, the Solomon benchmark has three types of problems. The serial
numbers begin with C, R, and RC respectively. For the cases that begin with C, the points
can be divided into clusters according to their locations. For the cases that begin with R,
the time windows are narrow. For the cases that begin with RC, the locations of the points
can be divided into clusters, and the time windows are narrow. Therefore, three groups
of ten tests were conducted. From the results shown in Tables 4, 6, and 7, for the original
schedule, the cost for a certain time is better than that for an uncertain time. This is because
the traveling time for a certain case uses the time for an average number of cases, which is
less than the traveling time in uncertain cases, and it can arrange fewer vehicles and incur
less cost. However, ideal cases do not occur in reality. Real conditions may cause schedules
with a certain time to not satisfy the time requirement, and a penalty will be produced.
Therefore, after the simulation, the situation is different. Regardless of the type of problem,
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the results show that the real cost considering uncertain time is less than the cost that only
considers a certain time. This can be observed from Tables 5, 8, and 9.

Table 4. Comparison of scheme costs for R101.

Test
Cost

(Certain Time)
Vehicle

(Certain Time)
Cost

(Uncertain Time)
Vehicle

(Uncertain Time)

1 1629.99 12 1892.60 12
2 1640.94 13 1895.06 12
3 1635.31 12 1900.24 13
4 1629.99 12 1906.41 13
5 1631.54 12 1892.60 12
6 1629.99 12 1895.06 12
7 1629.99 12 1892.60 12
8 1631.54 12 1902.61 13
9 1633.12 12 1892.60 12
10 1636.02 12 1892.60 12

Average 1632.84 12.1 1896.78 12.3

Table 5. Simulation results of R101.

Test Cost (Certain Time) Cost (Uncertain Time)

1 2598.56 2437.28
2 2690.75 2341.65
3 2571.67 2276.59
4 2498.63 2284.61
5 2601.43 2348.10
6 2571.62 2283.94
7 2489.61 2310.48
8 2701.46 2401.82
9 2613.20 2199.62

10 2894.02 2294.84
Average 2623.09 2317.89

The Solomon benchmark has three types of problems. Simulations are conducted
for C101 and RC 101. The results of the initial costs are presented in Tables 6 and 7.
Tables 8 and 9 present the data after the implementation of the schedule. The schedules
considering uncertain time are better for these two types of problems.

Table 6. Comparison of scheme costs for C101.

Test
Cost

(Certain Time)
Vehicle

(Certain Time)
Cost

(Uncertain Time)
Vehicle

(Uncertain Time)

1 363.25 5 458.62 5
2 370.89 6 462.06 6
3 363.25 5 458.62 5
4 369.79 6 459.36 5
5 363.25 5 458.62 5
6 363.25 5 458.62 5
7 365.62 5 462.14 6
8 363.25 5 460.84 6
9 365.62 5 459.36 5
10 368.02 5 458.62 5

Average 365.02 5.2 459.71 5.3
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Table 7. Comparison of scheme Costs for RC101.

Test
Cost

(Certain Time)
Vehicle

(Certain Time)
Cost

(Uncertain Time)
Vehicle

(Uncertain Time)

1 1023.65 9 1345.29 9
2 1038.34 9 1347.06 9
3 1034.06 9 1345.29 9
4 1023.65 9 1345.29 9
5 1034.06 9 1348.20 9
6 1023.65 9 1350.62 10
7 1023.65 9 1345.29 9
8 1040.12 10 1345.29 9
9 1034.06 9 1347.06 9
10 1023.65 9 1353.07 11

Average 1029.89 9.1 1347.25 5.3

Table 8. Simulation results of C101.

Test Cost (Certain Time) Cost (Uncertain Time)

1 583.95 495.17
2 593.41 509.46
3 602.74 521.03
4 630.15 559.46
5 573.24 496.86
6 584.36 539.16
7 591.03 529.43
8 604.53 560.14
9 640.13 499.62

10 596.70 520.94
Average 600.02 523.13

Table 9. Simulation results of RC101.

Test Cost (Certain Time) Cost (Uncertain Time)

1 1476.32 1302.68
2 1452.04 1446.92
3 1464.65 1386.34
4 1623.86 1450.46
5 1500.96 1409.62
6 1546.21 1395.26
7 1689.01. 1345.10
8 1489.62 1406.98
9 1600.45 1400.23

10 1584.23 1384.63
Average 1390.74 1275.82

Finally, the conclusions are summarized. Considering the uncertainty of the factors,
including energy consumption and travel time, will be more suitable to reality. The final
result is the most cost-saving solution.

4. Conclusions

In summary, a new EV schedule management system was presented. The system
consists of two parts.

(1) The forecasting system obtains a set of fuzzy data, in which the CBR is applied to
forecast the time and energy consumption. The proposed CBR system includes a case-base
design, weight training, and case updates. For weight training, an ANN is incorporated
into the algorithm design. Additionally, considering the development of cities, case base
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updates are also included in the system design. The main innovation of the system is that
an amplification coefficient that complies with the match degree is proposed, which will
also be used in the second part of the system. An amplification coefficient is generated to
guarantee that the vehicle can complete the tasks in the allotted time without running out
of energy.

(2) The optimization process with a GA and hybrid heuristic method is applied to
optimize the vehicle schedule. In this process, the amplification coefficient was considered;
if there are any abnormal situations, dynamic adjustment can be performed.

Finally, a simulation was conducted to prove that the consideration of uncertain
times and energy could effectively reduce delivery loss and cost. The Solomon benchmark
problem was used to test the system. The results showed that, in the beginning, the cost of
the proposed system was higher than that of a traditional system. However, the proposed
system could effectively decrease the occurrence of default issues, which would affect the
reputation of a company.

This study built a new energy management and vehicle routing model for EVs. In the
model, the energy consumption and travelling time can be forecasted by CBR system and
adjusted for further processed. With the result a more reasonable and reliable routing can
be made for EVs. With the help of the model, companies can manage EVs’ schedule more
effective in logistics.

In future work, the system would be deployed in a logistics company to collect real
data to perfect the proposed model and CBR system. For EVs, the factors that affect battery
life are limited to the theoretical part (at least for now). However, in the real world, there
may be some other factors that have not been considered previously, such as road situations
and driver behaviors.
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Abbreviations

EV Electric vehicle
VRP vehicle routing problem
VRPTW vehicle routing problem with time windows
NPC non-deterministic polynomial complete
EVRP electric vehicle routing problem
GPS Global positioning systems
RFID radio frequency identification
GA genetic algorithm
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TSP Traveling salesman problem
BSS battery swap station
SDVRPTW Split Delivery Vehicle Routing Problem with Time Window
ALNS adaptive large neighborhood search
EVRPTW electric vehicle routing problem with a time window
ECR electricity consumption rate
2E-EVRP-BSS two-echelon capacitated electric vehicle routing problem

with battery swapping station
CG-ALNS column generation and adaptive large neighborhood search
CBR case-based reasoning
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