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Preface to "Singularly Perturbed Problems:
Asymptotic Analysis and Approximate Solution”

This book collects papers which were published in the Special Issue “Singularly Perturbed
Problems: Asymptotic Analysis and Approximate Solution” of the Axioms journal. These papers
represent various aspects of singular perturbation theory and its applications.

In their contribution, Margarita Besova and Vasiliy Kachalov develop the axiomatic approach
in the analytic theory of singular perturbations in the frame of topological algebras. This allows the
authors to present the main concepts of the singular perturbation analytical theory with maximal
generality.

Dana Bibulova, Burkhan Kalimbetov and Valeriy Safonov consider a singularly perturbed
integral-differential equation with a rapidly oscillating inhomogeneity and with a rapidly decreasing
kernel of the integral operator of Fredholm type. For this equation, the authors construct and justify
the regularized (in the sense of S.A. Lomov) asymptotic solution.

The contribution by Abduhafiz Bobodzhanov, Valeriy Safonov and Vasiliy Kachalov is devoted
to the analysis of one singularly perturbed integral equation with weakly and rapidly varying kernels.
The authors study the influence of the weakly varying integral kernel on the asymptotic solution of
this equation. Additionally, using the method of holomorphic regularization, the authors consider
the problem of constructing pseudo-analytic solutions of singularly perturbed problems.

The paper by Yuli D. Chashechkin and Artem A. Ochirov applies the theory of singular
perturbation to study the propagation of two-dimensional periodic perturbations, including capillary
and gravitational surface waves, in a viscous continuously stratified fluid.

Vasile Dréagan studies a stochastic linear-quadratic optimal control problem, the dynamics of
which are described by a system of singularly perturbed It6 differential equations with two fast
time scales. The author derives the proper stabilizing asymptotic solution from the algebraic Riccati
equation associated with this problem. Using this asymptotic solution, the author designs the
suboptimal control with the gain matrices not depending upon the small parameters.

In their contribution, Alexander Eliseev and Tatjana Ratnikova consider a singularly perturbed
Cauchy problem for a two-dimensional differential equation with a “simple” turning point. Using the
regularization method of S.A. Lomoyv, the authors construct and justify the asymptotic solution to the
problem under consideration. Additionally, under proper additional conditions on the considered
problem, the authors show that the series, representing the asymptotic solution, converges and that
its sum represents the exact solution to the singularly perturbed Cauchy problem.

The contribution by Valery Y. Glizer considers a singularly perturbed linear time-dependent
controlled system with multiple point-wise delays and distributed delays in the state and control
variables. It is assumed that the delays are small, in the order of a small positive multiplier for a part
of the derivatives in the system. Both types of the considered system, standard and nonstandard,
are analyzed. For each of these types, two much simpler, parameter-free subsystems (the slow and
fast ones) are associated with the original system. The author establishes that the proper kinds of
controllability of the slow and fast subsystems yield the complete Euclidean space controllability of
the original system for all sufficiently small values of the singular perturbation parameter.

Burkhan Kalimbetov and Valeriy Safonov consider a system with rapidly oscillating coefficients.
This system includes an integral operator with an exponentially varying kernel. The authors develop
an algorithm for the regularization method (in the sense of S.A. Lomov) for this system. They also

analyze the influence of the integral term on the asymptotic behavior of the solution to the original



system.

The paper by Galina Kurina considers an initial value problem for a class of singularly perturbed
systems in the case where the matrix of the coefficients for the state variable is singular (the critical
case). The author applies the orthogonal projector method for the construction and justification the
asymptotic solution to the considered problem.

In their paper, Galina Kurina and Margarita Kalashnikova apply the direct scheme method for
the asymptotic solution of a weakly nonlinearly perturbed linear—quadratic optimal control problem
with three-tempo state variables. Asymptotic expansions for the optimal control, optimal trajectory
and optimal value of the minimized functional of the considered problem are derived and justified.
Monotonic (non-increasing) behavior is established for the asymptotic expansion of the optimal value
of the functional with respect to the order of this expansion.

Tatiana Ratnikova studies the singularly perturbed Cauchy problem for a parabolic equation in
the case of violation of stability conditions of the limit-operator spectrum. This case is due to the
presence of a “simple” turning point in the equation. Using the Lomov’s regularization method, the
author constructs a uniform asymptotic solution to the considered problem and proves the asymptotic
convergence of the regularized series.

The contribution by Olga Tsekhan is devoted to undertaking an analysis of complete
controllability of a linear time-invariant singularly perturbed system, with multiple commensurate
non-small delays in the slow state variables. An extension of the Chang-type time-scale separation
of a singularly perturbed system to the considered time delay system is carried out. Based on
this time-scale separation of the original system, sufficient conditions are obtained for its complete
controllability. These conditions are independent of the parameter of singular perturbation, while
they provide the complete controllability of the original system for all sufficiently small values of this
parameter.

Vladimir Turetsky and Valery Y. Glizer consider a finite-horizon zero-sum linear-quadratic
differential game, modeling a pursuit-evasion problem. In the game’s cost functional, the cost of
the control of the minimizing player is much smaller than the cost of the control of the maximizing
player and the cost of the state variable. This smallness is due to a positive small multiplier (a
small parameter) for the quadratic form of the minimizing player’s control in the cost functional.
Parameter-free sufficient conditions for the existence of the game’s solution, valid for all sufficiently
small values of the parameter, are presented. The boundedness with respect to the small parameter of
the time realizations of the players’ optimal state feedback controls, along the corresponding game’s
trajectory, is established. The best achievable game value from the minimizing player’s viewpoint
is derived. A relation is established between solutions of the original game and the game that is
obtained from the original one by replacing the small parameter with zero.

The paper by Robert Vrabel considers the problem of asymptotic behavior of the solutions
for one class of non-resonant, singularly perturbed linear Neumann boundary value problems.
The approach, proposed by the author for analysis of asymptotic behavior of the solution to such
problems, is based on the study of an integral equation associated with this problem.

I express my sincere gratitude to all of the authors for their contributions to this book.

Valery Y. Glizer
Editor
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Abstract: Introduced by S.A. Lomoyv, the concept of a pseudoanalytic (pseudoholomorphic) solution
laid the foundation for the development of the singular perturbation analytical theory. In order for
this concept to work in case of linear problems, an apparatus for the theory of exponential type vector
spaces was developed. When considering nonlinear singularly perturbed problems, an algebraic
approach is currently used. This approval is based on the properties of algebra homomorphisms for
holomorphic functions with various numbers of variables, as a result of which it is possible to obtain
pseudoholomorphic solutions. In this paper, formally singularly perturbed equations are considered
in topological algebras, which allows the authors to formulate the main concepts of the singular
perturbation analytical theory from the standpoint of maximal generality.

Keywords: e-regular function; invariants of equations and systems; e-pseudoregular solution;
essentially singular manifold

MSC: 34E15

1. Introduction

The basic concept of the singular perturbation analytic theory is the concept pseudoholomorphic
solution, i.e., such a solution, which can be presented as a series in powers of a small parameter that
converges in the usual sense (and not asymptotically). The nature of this convergence is determined
by the topology of the spaces in which the investigated problems are considered. As a rule, spaces of
holomorphic functions (of one or several variables) are used. In this regard, it was possible to formulate
the main principles for the theory of singularly perturbed differential equations and systems—under
fairly general assumptions that they possess holomorphics in small parameter first integrals [1,2].
Moreover, a connection between the first integrals and homomorphisms of algebras of holomorphic
functions with various numbers of variables was established. The pseudoholomorphic solutions
themselves are obtained as a result of applying the implicit function theorem. In the presented
paper, all of these constructions will be carried out in topological algebras for formally singularly
perturbed equations.

2. Algebraic and Analytic Aspects of the Theory of Singular Perturbations

Let J, be a complete topological commutative algebra with unit e and let X, Y3,...,Y},...bea
sequence of open sets J,. Let us denote by Ay, A1, ..., Ay, ... the spaces of functions continuous on
thesets X, X x Y7,..., X X Y] X ... X Y}, ... respectively with their values in 7. Let us formulate the
block I of necessary conditions:

(1°) If the sequence {x;}? is a bounded set [3] in J;, then the series xo 4 ex; + ... + exi+ ...
converges at |¢| < 1.

Axioms 2020, 9, 9; d0i:10.3390/axioms9010009 www.mdpi.com/journal /axioms



Axioms 2020, 9,9
(2°) If the sequence {h;}52, C Ay is such that the series

Sihi,k(x/y1/~-'/yk) (1)

e

0

converges on each set T x Ty X ... x Ty, where T is an arbitrary compact from X; T is an arbitrary
compact from Yj, - - -; Ty is an arbitrary compact set from Y} in some neighborhood of the value
¢ = 0, the function ® € Aj and it can be extended to all 7,, then we have

o0 o0

@ <Z slhi,k> = @(hoj) + ) €8ik
i=0 i=1

and the last row with coefficients from Ay is convergent.

Definition 1. The function f(x,y1,..., Y €) € A represented by (1), is called e-regular.

(3°)  If the system
Fi(x, 91, Yk €) = q1,

Fe(xX, 01, Yk €) = dr

with e-regular left-hand sides is uniquely solvable with respect to {y1, ..., yx} for e = 0 in some
neighborhood of the point xy € X, then it is also uniquely solvable in some neighborhood of the
same point and thus functions vy, (x, €) € Ag (m = 1,k) are e-regular.

Remark 1. The conditions of the block I are satisfied if J, = C, X, Y1,Y>, ... are simply connected regions,
Ao, A1, ... are spaces of holomorphic functions on X, X x Y1, X x Y1 X Y, ... respectively.

In order to formulate the conditions of block II, we give some definitions.

Definition 2. s-product of tuples ¢ = {@1,..., ¢k} and ¢ = {¢1,..., i} is a function P = @191 +
oo+ QY.

Definition 3. Let f € Ay, ¢;(x) € Ao, i = 1,k. The composition f and @ = {¢1,..., gy} is determined by
the formula f o = f(x, 91(x),..., pr(x)) as usual.

Block of conditions II:

(1°) Allalgebras Ag, Ay, ..., Ay, ... contain constant functions and linear functions. We consider the
embeddings Ay C A; C ... C Aj C ... together with topologies to be obvious.

(2°) Onall spaces Ay, Ay, ..., Ay, ..., alinear operation dy is defined such that dyp = 0, where p is a
constant function, dgx = e and dyf = 0if f € Ay and does not depend on x. On each space Ay
(k=1,2,...), linear operations {9;}¥_, are defined and they comply with the following laws:

(@ 9ip=0,i= 1,k, where p € Ay is a constant function;

(b) oyi=ei=1Kk

(c) if the function f € Ay does not depend on y,,, then 9;f = 0 for i # m.
(3°) The operations {9;}>, form a commutative ring.
(4°)  An operation d is introduced, and it satisfies the following rules:

(@) d=0dyon Ay

(b) d(fog)=0of: dog Vf,g € Aoi__

() if f e A, gi(x) € Ay (i = Lk), ¢ = {¢1,..., ¢}, then d(f o p) = 9f©dep, where
af = {90f,01f,...,0kf}, do@ = {€,00¢1,...,00¢,} are tuples of length (k +1).
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(5°)  For every natural number k in the algebra A, there exist a lot of tuples f = {f1(x,y1,...,vx),
oo fx(x,y1, ..., yx) } such that the operator Dlﬁ = (59, where @ = {91, ...,9,}, with a specially
defined domain D(Df) is surjective and has the inverse Jf, which has the following property:
for arbitrary compactsets T C X, Ty C Yj,..., Ty C Y there is a number C > 0 such that, for an
arbitrary function ¢(x) € Ay, the set FZ’ ={C7"(Jfoo) " p(x,y1, .., k) € T X Ty X ... x T},
is bounded in 7.

Let us consider the case k = 1. We investigate the following equation:

edy; = F(x,11), )
in which F € A; and ¢ is a small complex parameter. The function y;(x) € Ay satisfying the
initial condition

n(xe) =, ®)

where x° € X, y{ € Y3, is required to be found.

Definition 4. The invariant of Equation (2) is the function U(x,y1,¢€) € Ay, which turns into a constant on
the solution y1(x, €) of this equation.

Theorem 1. When the blocks of conditions I and II are satisfied, then Equation (2) has e-reqular invariants.

Proof of Theorem 1. If U(x,y, €) is an invariant of the Equation (2), then, as it follows from Definition 4,

we have
edoU + DU =0, 4)

where Df = Fo;.
We seek a solution of Equation (4) in the form of a series in powers of &:
U(x,y1,€) = Up(x,y1) +elly(x,y1) + ...+ Un(x,y1) + ... (5)

for the coefficients of the equation above the following series of equations holds:

Dfuo =0,
Dful = —doUp,
............... (6)

As a solution to the first equation of this series, we take an arbitrary function ¢(x) € Ay. To satisfy
the condition (5°) of block II, we assume that the domain of the surjective operator D} consists of
functions from 4, that vanish when y; = yJ Vx € X, and the inverse operator JI is such that, for any
compact sets T C X, Ty C Yj, there exists a number C > 0 such that, for an arbitrary function
¢(x) € Ag set FT ={C"(JFao)"g, (x,y1) € T x Ty}, is limited in Jj.

As a result, all equations of the series (6), starting from the second, are uniquely solvable:

U(x,y1,€) = ¢ —e(J{00)9 + ...+ (=1)"e" (J{a0) "9 + ... )

and this series converges in some neighborhood of the value ¢ = 0 on the set T x T;. Theorem 1
is proved. [
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Remark 2. As it comes out from the form of series (7), we can consider U(x, y1,€) for each fixed € as the image
of the linear operator He : Ag — A; given by the formula
He=1—¢e(Jfdo) +...+ (=1)"e"(JFao)" +...,
where 1 is the identity operator. Thus, U = H¢[¢].
Theorem 2. {H,} forms a e-regular family for homomorphisms of the algebra Ay into the algebra A;.

Proof of Theorem 2. Let U and V be invariants of the Equation (2). Obviously, then there exists a
function @ such that V = ®(U), and therefore H,[gp(x)] = ®(H[x]). If in this equality we put y; = 1/,
then ¢(x) = ®(x) Vx € X, therefore

He[p(x)] = ¢(He[x]). ®)

The equality (8) is called the commutation relation.
Now, let ¢1(x), ¢2(x) € Ap; then,

He[p192] = (@192) (He[x]) = @1(He[x]) @2 (He[x]) = He[1]He[g2],
where H; : A9 — A; is a homomorphism. Theorem 2 is proved. [

For the concepts given below, we need a definition introduced by S.A. Lomov for the notion of
the essentially singular manifold [4].

Definition 5. Let ¢(x) € Ag, ¢(xg) = 0, ® € Ay, let it allow continuation to all J,, and let Ty be some

compact from X containing the point xo. The set Q* (¢, @, Ty) = {q: ®(¢(x)/¢), x € Ty, € > 0} is called
an essentially singular variety generated by the point e = 0. Moreover, we say that it has the correct structure if

o0
Q+ = U 1Ly,
m=1

where 1Ty C Iy C ... is an increasing compact system.

We introduce the concept of e-pseudoregularity necessary for studying the analytic properties of
a solution of y(x, €).

Definition 6. The solution to the problems (2), (3) is called e-pseudoregular if yy (x,€) = Y (x, ¢(x)/e,¢€), in

which ¢(x) € Ay; the function Y (x,n,€) is e-regular for all (x,17) € Ty x G where Ty is some compact set

containing the point xo, G is some unlimited set from Jy.

Theorem 3. If the essentially singular manifold Q (¢, ®, Ty) is a bounded set in J, and the equation
(J190)¢ = 9(x)/e ©)

x)/e
contraction to the set Ty x Q of some function from Ay, then problems (2), (3) have a e-pseudoregular solution.

has a unique solution of the form y1 = Y10(x,q) |q:<I>(q>( V/e) such that the function Y1 o(x, q) coincides with the

Proof of Theorem 3. For the invariant represented by the Formula (7), we compose the equality

UJ190)9 —e(J100)* @+ ...+ (=1)" " 1 (J{a0) "9 + ... = p(x) /¢,
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which defines the solution to the problems (2), (3). We apply the function ® to its left-hand and
right-hand sides and, using the condition (2°) of block I, we obtain the following equality:

D((J{do)p) + ¥ (x,y1,6) =4, (10)

where ¥ (x, y1, €) is some e-regular function.
Let the small parameter ¢ > 0 in Equation (2) be such that the following expression holds:

{q q= CI>((P(X)/S)/ X € TO} = Iy

for some natural number m (depending on ¢). In accordance with the theorem conditions and the
condition (3°) of block I, Equation (10) is solvable in some neighborhood oy, of each point (x,q) €
To x I1,; and has a solution y; = Y;(x, g, ¢) that is e-regular in a neighborhood of || < &4, where
€xg > 0 and is determined by this neighborhood. From the cover {oy;} of the compact set To x IT,;, we
choose the finite subcover {0y} ;. Then, y; = Y;(x, g, ) will be a e-regular function in the smallest
neighborhood of the point ¢ = 0 defined by a finite subcover; the function y; = Y; (x, ®(¢(x)/¢),¢€)
will give a e-pseudoregular solution to the problem (2), (3) on the part Ty C Tp such that the set
{(x,q) :x € Ty, g = D(¢(x)/€)} C Ty x I1,. The theorem is proved. [

3. Invariants and e-Pseudoregular Solutions of Systems of Equations

We take into the consideration the system of equations

edyy = Fi(x, Y1, Vi),
..................... (11)
edyr = Fe(X,y1, .-+, k),

the right-hand sides of which belong to the algebra A;. It is required to find its solution y(x,¢) =
{y1(x,€),...,yk(x, €)} satisfying the initial conditions

(@) =w, -, n(xe) = 4. (12)
We rewrite system (11) by introducing the following denotation:
Flx,y) ={h(xy),.... F(xy)}

Thus, we have
edy =F(x,y),
( 0) (13)

to be the initial investigated problem.

Definition 7. The function U(x,y,e) € Ay is called the invariant of the system (11) if it turns into a constant
on the solution y(x,¢).

We formulate a theorem similar to Theorem 1.
Theorem 4. The system (11) has e-regular invariants.

Proof of Theorem 4. The proof is carried out according to the same scheme as in the case of a single
equation. [J
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Definition 8. The solution of the y(x, €) problem (13) is called e-pseudoregular if y(x,e) = Y (x,(x) /¢, ¢€),
in which @(x) = {@1(x),...,9c(x)}, @i(x) € Ao (i = 1,k) and the function Y (x,n,€) in which y =
(m, ..., ), is e-regular for all (x,m1,...,1x) € To X Gy X ... x Gy where Ty is some compact set from X
containing xo and G; (i = 1,k) are unbounded sets from 7.

Theorem 5. Let the following conditions be fulfilled:

(1°)  The functions ®; and ¢; are such that the essentially singular manifolds Q} (¢;, ®;, To) (i = 1,k) are
bounded sets in J,.
(2°)  The equation DFV = e has the solutions {V1(x,y), ..., Vi(x,y)} such that system

dog1- Vi(x,y)) = @1(x) /¢,

has the only solution

=Y X, ’
y=Yolxa) q=(q1---/k)
qi=®i(gi(x)/¢)
and each component Yy ;(x, q) (i = 1,k) of it coincides with the restriction to the set Ty x QF x ... x Q;
of some function from Ay.

Then, the solution y(x, €) of the problem (13) is e-pseudoregular.
Proof of Theorem 5. We write the equalities for the invariants of the system (11) in the following form:

091 Vi(x,y) —e(JF0) 21 + E(JF )2 91 — ... = ¢1(x) /¢,
................................................... 14)
0@k - Vi(x,y) — e(JF00)?or + 2(JF90) 2o — ... = re(x) /2.

In order for this system to determine the solution of the problem (11), (12) (or (13)), we assume
(see condition (5°) of block II) that D(D,](F ) consists of functions that vanish when y = y for any x € X
and Vi(x,yo) =0,i=1,k.

We apply the functions @y, ..., Dy to the equations of the system (14), respectively. Then, in
accordance with the condition (2°) of block I, we obtain the system

................................. (15)
@ (dogx - Vi(x,y)) +e¥r(x,y, €) = g

Let the small parameter ¢ > 0 in the system (13) be such that

{qi 4= cDi((P(x)/S)/ X € TO} = Hm,'r i=1k

for natural mjy,...,my. By the condition of the (2°) Theorem 5, the system (15) for ¢ = 0 has a
unique solution y = Yy (x, q) and, therefore, in accordance with the condition (3°) of block I, this
system is solvable in some neighborhood 0,4 of each point (x, q) € Tox Iy, x...x Ty, and its
solution Y(x, g, ¢) is e-regular there for |¢| < exq. After that, from the cover {oyq} of the compact
set Ty x ILy, x ... x Iy, we choose a finite subcover and Y(x, q, ¢) will be e-regular in the minimal
neighborhood from the neighborhood of ¢ = 0 corresponding to a finite subcover. As in the proof of
Theorem 3, we choose TO C Ty, a compact set on which there exists a e-regular solution
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1k)

i
i

Y e) =Y 4O o070
(i=

The theorem is proved. [

4. Concrete Implementations of the Theory

In this section of the article, we assume that J, = C, X = Py = {z € C : |z 2| < ry},
Y; =P = {w; € C: |w; —w?| < r;},i =1,k We shall use the following denotations w = {wy, ..., wy},
wl = {w?,.,.,wg}, PF=P x...x P a polycircle of Ck,

Let A be the algebra of holomorphic functions in the Py circle of the variable z; let A; be the
algebra of holomorphic functions in the Py x P; bicircle of the variables (z,wy), ...; let A be the
algebra of holomorphic functions of the variables (z,wy, . ..,wy) in the polycircle Py x P¥. Tt is clear
that, if dg = 02, 91 = 9wy, . .., I = Jdu,, then all the conditions of block I and the conditions (1°)— (4°)
of block II are satisfied. In the concepts given below, we show that the condition (5°) also holds under
fairly general assumptions.

Thus, we investigate the Cauchy problem for ¢ > 0:

d = - -
sd—‘;v =F(z,w), z€Py={z€C:|z—20 <7, 0 <7 <19}, (16)
w(z0,¢) = wl,
where F(z,w) = {Fy(z,w),...,F(z,w)}, Fi(z,w) € A fori =1,k.
From the nonlinear system (16), we come to the linear equation of its integrals (invariants):
€9, U+ DU = 0. (17)

Here, DE = F10y, + ...+ Fy, is the linear partial differential operator of the first order in partial
derivatives: U = {Ulll,..., UM}, where {Ul1}X_| is the system of independent integrals.

First of all, we present an integral method for solving inhomogeneous linear differential equations
of the first order with partial derivatives [5].

Let A be a holomorphically smooth surface in CF and we need to solve the initial problem

D}]fv:f/ fe-Akr

V| (18)

weA T 0.

Let us suppose that the surface A is given by the coordinates W = {@j, ..., Wx_1 } and, namely,
A = {w e Ck:w; = A(W), i = 1,k}, where A;(W) are functions holomorphic in some region CF~1.
Next, we compose the equation system for the characteristic equation

dw

= =TF(z,w), 19
= F(zw) 19)
in which s € C is an independent variable, and z acts as a parameter. Let w = g(z, W, s) be a solution
to the system (19) with the initial condition

W|s:0: A(W),

where A = {Aq,..., At}

The existence and uniqueness theorem guarantees the unique solvability of the system g(z, W, s) =
w relative to w and s: s = S(z, w), W = W(z, w). We denote the operator of replacing variables (s, W)
by the variable w by R(z) and the backward replacement operator is denoted by R71(z,s):
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R(2)[x(z,5,W)] = x(z,S(z,w), W(z,w)),
R7Y(z,5)[0(z,w)] = 0(z,g(z,W,s)).
Then, as you know, if the phase trajectories in the system of characteristics are transversal (not

tangent) to the surface A, then a solution to the Cauchy problem (17) exists, is unique, and is expressed
by the following formula:

S

V(z,w) = /f(Z,g(Z,‘XI,Sl))dS] =S(w), " (20)

0 w=W(z,w)

We return to Equation (18). We have
U(z,w,e) =Up(z,w) +eUs(z,w) + ...+ "Up(z, W) + ..., (21)

and, as this takes place
DI](FU(J(Z,W) =0,
D]lF.[Ul (Zr W) = 7aZ[U0 (Zr W),
........................... (22)
DFUu(z,w) = —0:Up_1(z, w).

As a solution to the first equation of this series, we take the vector function Uy =
{¢1(2),..., ¢r(2)}, @i(z) € A for i = 1, k. The solution to the second equation of the series (22) is the
vector function Uy = {—3.¢1 VI, ..., —8.¢, VK } where {VIl,..., VK} are functionally independent
solutions of the equation D,lF V = 1 and such that V[!(z,w®) = 0Vz € Py, i = 1,k. We find solutions to
other equations using Formula (20), assuming that w’ € A:

S

Us(z,w) z) [ R7Y(z,51)09. Uy (z, w)dsy,
0
s 51
Us(z,w) = R(z) [ ds1R™Y(z,51)9:R(z) [ R71(z,52)9:U; (z, w)dsy,
0 0

................................ R 3
Uy(z,w) = (=1)" 1R(z fdis (2,51)0:R(z) [ dsaR™1(z,57)0;
0

qn 2

) f R (Z/ Sp—1 )azU1 (Z/ W)dsnfl .
0

Next, to each natural n > 2, we associate (1 — 1) concentric circles C;, = {z : |z — 2| = t,;} where
LT —
tm:r0+70m, m=1n-1
n—1

and 7y < r < 19.
These circles are situated at the same distance from each other:

~ 7‘*70
=ty 1—tho=...=th—Tp= .
o n—1 n—2 2 0 n—1
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We use the equalities (23) with the Cauchy integral formula:

S
Up(z,w) = —5=R(z) OfR’l(z,sl)Cf (Zi%)zUl(zl,w)dsl,
1

H . 51 .
Us(z, W) = g R(2) [ dsiR 7 (z,81) § cELpR(z1) [ Rz 5) § 225 Ui(z2, w)dsy,
0 C 0 C

(24)
-1 n—1 S _ 1 _
Up(z,w) = ézmﬁR(z)ofdis 1(z,sl)cf (Zld%lz)zR(z]) bfdszR 1(21,52)39 (szgl)z
1 2
Sn2
< R(zg—2) [ R Nzp—2,50-1) ¢ (Z'ﬁ%z)zUl(anl,W)dsnfy
i o ez

We represent U, (z, w) in the following form:

S

(=" 1 dzq dz,_»
Un(z, d /d /d ]{ . ]{ " :
n(zw) 27T1 n- 1/ R ach St (z—z1)%" (zn—3 — 2p—2)?
n—2
) % R(z)R"!(z,51)R(z1)R ™ 1(21,52)~‘~R(anz)Rfl(anzlSnfl)[Ul(anllw)danl
(Zn72 - 2”71)2

Cn1

Let | - || be the norm in C¥; then, forallz € Py = {z € C: |z — 2| < r} and all w from some
subregion [P of the polycircle P, the following inequality takes place:

10z, )l < / ds1 / dss.. / sy Hy1 U1 (2, w)
where
|dz] ldzyq|  _
Bt =fpmap S maaap =
o 7{ Hda an ty_qdu o
T ) Ble-2nzcosa Ty B R 2ty pcosa
_ @m)" 'ttty et n-1)" !
T (=) (B-8) (B -2 ,) T 22 (R
As we have
s S1 Sn—2
s n—1
'/dsl/dsz... / dsn_l = ( 71)!,
0 0 0
then ) )
o (n—1)""
[Un(z, W)l < 0 U1 (z, w) Ik,

20277 (r —Fo) 1 (n — 1)!

and from that the convergence of the series (21) on any compact set from the set Py x Py follows.

Thus, it is proved that the components of the vector U(z, w, &) form an independent system of
integrals (invariants) and are holomorphic (e-regular) at the point ¢ = 0. It is also clear that there is a
statement similar to Theorem 5 on the existence of a pseudoholomorphic (e-pseudoregular) solution of
the Cauchy problem (16). Without loss of generality, we assume that zg = 0.
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Theorem 6. Let the entire functions {®i,...,Pr} and the functions {¢1(z),..., ¢x(z)}
which are holomorphic in the circle Py be such that the essentially singular manifolds
{Qf (91,1, To), ..., Qf (¢, Pr, To)} created by the functions described above where Ty is some segment of
the real axis, the left end of which coincides with the origin and belongs to the circle Py, are sets bounded in C;
and the system of equations

in which {Vy(z,w), ..., Vi(z,w)} are independent solutions of the equation D,](FV = 1, has a solution of
the form

w = WO (Z/ (I) ’
q={P1(g1(2)/ ), Pi(r(2) /2)}
each component Wy ;(z,q) (i = 1,k) of it is holomorphic on the set Ty x Qi x ... x Q;". Then, the solution
w(z, €) of the initial problem (16) is pseudoholomorphic at the point € = 0 (e-pseudoregular).

It should be noted [6] that this solution can be continued in a pseudoholomorphic way for a fixed
¢ > 0 from some segment [0, Ty (see the end of the proof of Theorem 5) by segment [0, Ty].

5. Conclusions

Further development of the axiomatic approach in the analytical singular perturbation theory will
allow us to consider a more general class of equations with a small parameter, in particular, an analogue
of nonlinear differential equations in partial derivatives (for example, equations of the Navier-Stokes
type, etc.). This is very urgent since the range of problems leading to singularly perturbed problems
is constantly expanding. In this sense, the “Dyson argument” that appeared in theoretical physics is
quite indicative—the solutions of the equations arising in astrophysics can depend holomorphically
on the gravitational constant only after isolating a revealing the essentially singular manifold [7].

As for the current state of the singular perturbation of theory, the asymptotic approach prevails
there. In our opinion, when solving most singularly perturbed equations, the following methods are
used: the Vasilieva-Butuzov—-Nefedov boundary function method [8,9], the Maslov method [10], the
Lomov regularization method [4,11], and the Bogolyubov-Krylov—Mitropolsky average method [12,13].
In the case of more specific situations, these methods are combined and new approaches to the
asymptotic integration are proposed [14].
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Abstract: This article investigates an equation with a rapidly oscillating inhomogeneity and with a
rapidly decreasing kernel of an integral operator of Fredholm type. Earlier, differential problems of
this type were studied in which the integral term was either absent or had the form of a Volterra-type
integral. The presence of an integral operator and its type significantly affect the development of
an algorithm for asymptotic solutions, in the implementation of which it is necessary to take into
account essential singularities generated by the rapidly decreasing kernel of the integral operator.
It is shown in tise work that when passing the structure of essentially singular singularities changes
from an integral operator of Volterra type to an operator of Fredholm type. If in the case of the
Volterra operator they change with a change in the independent variable, then the singularities
generated by the kernel of the integral Fredholm-type operators are constant and depend only on
a small parameter. All these effects, as well as the effects introduced by the rapidly oscillating
inhomogeneity, are necessary to take into account when developing an algorithm for constructing
asymptotic solutions to the original problem, which is implemented in this work.
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regularization; asymptotic convergence
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1. Introduction

Integro-differential equations

Ley(te) = e% —a(t)y— [y ei ls HOMOK (¢, 5)y(s, €)ds =
. 1)
= () +ha(De’’, y(0,6) =1, te[0,T]

with rapidly changing Volterra-type kernels (¢ = t) have been studied from various
positions in a number of works (see, for example, [1] and its bibliography). The prob-
lems were considered on the construction of a regularized asymptotics for the solution
of problem type (1) in the case of stability of the operator a(t) and the spectral value p(t)
of the kernel of the integral operator [2-7]. As for the integro-differential equations (1)
with rapidly changing kernels of the Fredholm type (a = T), it was assumed that the
results obtained for the Volterra equations are automatically extended to equations of the
Fredholm type. However, when considering the simplest case of scalar Equation (1) for
(see, for example, [8-14]) it turned out that the spectral value does not participate in the
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regularization of problem (1) (in contrast to the case « = t), and the coefficients of the
elements of the space of resonance-free solutions (in the terminology of S.A. Lomov [15-17]
depend on the exponentials

o1 = exp{} [y a(0)d0}, 02 = exp{L [) B'(0)d0}, 05 = exp{L [y u(0)do},

a3 = exp{IB(O)}, (B/() > 0 vt € [0,1])

bounded for e — +0,if a(t) < 0and pu(t) <0,p'(t) > 0 (t € [0,1]), B(t) is a real function).
Therefore, the regularization of problem (1) and the theory of normal and unique solvability
of the corresponding iterative problems do not fit into the previously developed scheme
for equations of the Volterra type and should be revised, taking into account those changes
which are introduced by the Fredholm operator. Fredholm-type integro-differential equa-
tions with slow and rapidly changing kernels have been studied in [18]. In recent years, the
main attention of researchers has been focused on the development of asymptotic solutions
for integro-differential equations with rapidly oscillating coefficients in the presence of
rapidly oscillating inhomogeneities [19]. Therefore, in this paper, an attempt is made to
create an algorithm for constructing an asymptotic solution of problem (1) at e — +0.
Without a loss of generality, we can assume that « = T = 1, and we will proceed to the
study of the problem (1).
Thus, in this paper we consider the following Cauchy problem:

Ley(te) = s‘% —a(t)y — fol et fslV(g)d"K(t,s)y(s,e)ds =
= () + ha()e ", y(0,€) = 0, t € [0,1]
with the Fredholm type of integral operator.

2. Regularization of the Problem (1)
The problem (1) will be considered under the following conditions:

(D) a(t), u(t), B(t) € C=([0,1],R), by (t), ha(t) € ([0,1],C), K(t,s) € C*({0 <s <t <1},C);

(2)a(t) # u(t), u(t) <0,a(t) <0Vt € [0,1].
Let us denote A1 (t) = a(t), A2(t) = if'(t), As(t) = p(t) and call the set {A;(t)} the
spectrum of problem (1). We introduce the regularizing variables
1 ¥;i(t)

t
r/-:g/OA,-(e)dez =12

along the points of the spectrum A; (t) and Ay (t) of the problem (1) (in this case, as will be
shown below, the variable 73 = ¢! fot A3(0)d6 does not participate in the regularization).
For the “extension” j(t, T, €) we obtain the following problem:

. 2 - 1
Lej(t, T,¢) = s%—{ + ‘21 A]-(t)g—% - M(BF— fol et Js A OO (t 5)5(s, @,g)ds = )
j=

= (t) + hz(t)6720’4, y~(0,0,£) = yo, te [0, 1]

where T = (11, 12), P = (1, 92). The function §(¢, T, €) satisfies the necessary regularization

condition: §(t, @,e) y(t,€)(y(t, €) is the exact solution to problem (1)). However,

problem (3) cannot be considered completely regularized, since the integral term

1 11
Ji= I(ﬂ(trTIS)\t:s,mp(s)/E) :/0 e s OO (1 5)j(s, @,e)ds. (4)

14
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has not been regularized in it. For its regularization, as is known, it is necessary to
introduce a class M, that is asymptotically invariant with respect to the operator | (see [15],
pp. 62-64).

Definition 1. We say that a vector function y(t, T, o) belongs to the space U, if it is represented by
a sum of the form

2
y(t,T) =yt T,0) = yo(t, o) + ‘Z%yj(t, o)el (5)
i=

where the functions y;(t, o) are polynomials in o = (01, ...,04) with coefficients from the class
C=([0,1],C), ie.,

y]»(t, 0’) — Zfﬁ\:o yj(_rnl,...,nl4)(t)0_]’"1 . 0.;"4,
" () € €((0,1),C), 0< |m| = my -+ my, Ni<oo, j=0,1,2.

We take as M, the class U| . It should be shown that the image Jy(t, T) on functions (4) can

E
be represented in the form of a series

Z (Zz (t,0)e% + 250 (¢, U))IT_wgm

k=0

converging asymptotically to Jy at € — +0 (uniformly with respect to t € [0,1]). Substituting (5)
in, we will have

1 2 1 s
Jy(t,t,0) = /0 K(trs)yo(s,o)e% [ A @06 g5y ) /o K(t,s)y;(s, a)e%fsl As(O)0+3 g A;(6)d6 g,
. p=t

We take the integrals here by parts:

Jo(t,e) = /01 et le MOBK (t,5)yo (s, 0)ds = e/ol %ﬁgﬂ)d(exp(% /51 /\3(9)d9)) =

Kt Dyo(Le)  K(,0)00(0,0) op 3 K(ts)yols, o), _
=g 7)\3((]1) — 7/\3(()0) (73]75/0 exp(E/s A3(0)d >B ( WP )ds =

= i}(—UVEVH[(IS(K(f,S)yo(S, 7)))s=1 — (5 (K(t,8)y0(s,0))) s3], (5a)

]j(t,s):/()']expC/ As(6)do + / df))K(t $)y;(s, 0)ds

. /01 expe /OS(/\/-(B) - Ag(@))d9> K(t,5)y;(s,0)ds =

Ky 1 _
= [ 3 e ([ yer - a0 ) =

e [ K(t,1)y;(1,0) g K(t,0)y;(0,0) ]
TAM =AM s (45(0) = A3(0))

1 1 /s 0 (t S)y'(S,U’)
_503/0 exp(;/O (Aj(0) — A5(0 ))d9> % (()—]A3(s)> ds =

15
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= L0 [ KUy 0)))ocacy 1 (K650 scors ] (50)
where j = 1,2 and the operators are introduced:
0_ _1 — 1 91
==l = xmah 21, (5¢)
5¢

0 1 v o 1
b =5soxmel = 5050

SN (v=1j=12).

It is easy to show (see, for example, [20], pp. 291-294) that the series (5a, b) converge asymptot-
ically (at e — +0) to the corresponding integrals J;(t, ) (uniformly with respect to t € (0,1]), and

hence the image Jy(t, T) is represented as series } - € (2 (t o)eli +zé )(t o) g)| oy

also converging asymptotically to Jy(t, T) uniformly with respect tot € [0,1]). Thus, it is shown
that the class M = ll| ) is asymptotically invariant with respect to the operator J.

Now let §(t, T, €) be an arbitrary continuous in (t,7) € [0,1] x II(TT = {7 : Re7; <0,j =
1,2} function represented by the series

7(t,T,€) = Zsyktf, Jye(t,T,0) €U (6)

converging asymptotically at ¢ — +0 (uniformly with respect to t € [0,1]). Substituting (6) into
(4) and collecting the coefficients at the same degrees of €, we obtain the series
[e+] 0 r
Jij(t,T,e) = Z sk]yk(t, T,0) = Z e Z Ry—sys(t, T,0)

k=0 r=0 s=0

converging asymptotically to [ij for € — 40 (uniformly in t € [0,1]). Here R, : U — U (the
operators of order in €) are of the following form:

Roy(t,T,0) =0,

- sosgl)
2 [K(t,Dyj(Lo) — K(t,0)y;(0,0)
+; A1) = As(1) 7 M@—M@%} (6a)
Rysy(tT,0) = (=) "[(I§ (K, s)yo(s,0)))s_q — (I§(K(t,8)yo(s,0)))_o03]+
+ Z [ K(t,s)yj(s,0))) _, — (Ij (K(t,5)y;(s, 0)))5:003] (6b)

where I]‘/ are the operators (5¢), j = 0,2,v > 0, introduced above, and y(t, T, o) is the function (5).

Definition 2. By a formal extension of an operator |, we mean an operator J, acting on any
continuous in (t,T) € [0,1] x I function §(t, T, €) of the form (6) according to the law

Ji= j(i ‘gkyk(t/’fr”)> = ig’ ;Rr,sys(t,’r,a). (7)

k=0

Equality (7) is the basis for the definition of the operator J, extended with respect to the integral
operator ]. Despite the fact that the extension | of the operator | is defined formally, it is quite
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possible to use it (see Theorem 3 below) when constructing an asymptotic solution of finite order in
e. Now we can write the problem completely reqularized with respect to the original (1):

Lej(t,1,0,6) = e3 + T A0 55 — (D)7 — i =
8)
= hy(t) + ha(t)e0u, §(t, T, €)|1=0,0=0 = ¥°

where the operator | has the form (7).

3. Iterative Problems and Their Solvability in the Space U

Substituting (6) into (8) and equating the coefficients at the same degrees of ¢, we
obtain the following iterative problems:

0,
Lyo(t,T,0) = jzzl /\j(t)alT? — M)y =

%)

= hy(t) + ha(t)e20y,y0(0,0) = y%; (

Byo
Lyl (t, T,U') 5 + Rlyo,yl(o 0) =0 (91)
8y1
Lyz(t, T, (T) 5 + Rlyl + Rzyo,yz(o O) =0; (92)
W
Lyi(t,T,0) = — at y(0,0) =0,k > 1. (%)
Each of the iterative problems (9%) has the form

y(t,7,0) Z A ar M)y = H(t,1,0),y(0,0,0) = y. (10)

]

where H(t,T,0) = Hy(t,0) + 2]2:1 Hj(t,0)e". We introduce in the space U a scalar product
(foreacht € [0,1] and 7) :

<y(t,t,0),z(tT,0) >=< 212:1 yi(t,0)eti +y0(t,0),2]2:1 zj(t, 0)efi+

+20(t,0) > T2 o (y5(t,0), 71, )
where (%, *) is the usual scalar product in C. Let us prove the following statement.

Theorem 1. Let H(t,T) € U, and conditions (1) and (2) be satisfied. Then, for the solvability of
Equation (10) in the space U , it is necessary and sufficient that

< Hj(t,7,0),e" >=0<« Hy(t,0) =0,Vt € [0,1]. (11)

Proof. Defining the solution of the Equation (10) in the form of function (5), we obtain
the identity

2

[Ai(t) = A1(1)]y;(t, 0)e — Ay (H)yo(t,0) = Ho(t,0) + Y Hj(t,0)el
j=1

(o

T
L
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Equating here separately the free terms and the coefficients at the exponentials ¢, we
will have

7/\1(t)y0(t,(7) = Ho(f,U'), (120)
[Ai(H) = A (B)]y;(t,0) = Hj(t,0),j =1,2. (12)
Since A (t) # 0Vt € [0, 1], that the Equation (12) has a unique solution

Ho(i',(T)
CM(to)

yo(t,o) = (13)
Since A4 (t) is a real function and A, (t) = if/(t) is purely imaginary, the Equation (12;) has
a unique solution in the space C*([0,1], C). For the solvability of the Equation (12;) in the
space C®([0,1], C) it is necessary and sufficient for identity (11) to hold. Thus, Theorem 1
is proved. O

Remark 1. It follows from the Equalities (120)—(13) that under conditions (1) and (2) and condition
(11), Equation (10) has the following solution in the space U:

y(t,T,0) =yo(t, o) + a1 (t,0)e™ +ya(t,0)e™ (14)

where a1 (t,0) € C*([0,1],C) is an arbitrary function,

yo(t,0) = =A7 (O Ho(t,0), y2(t,0) = (Aa(t) = M (1)) ' Ha(t,0).

Thus, the solution (14) of the Equation (10) is determined ambiguously in the space U. Let now
Y« € C be a fixed constant vector. Consider the following problem:

y(0,0,0) =y,
(15)
< f%—{ +Riy+Q(t,t,0),en >=0,Vt € [0,1]

where Q(t,t,0) = Qo(t, o) + 212:1 Qi(t, 0)e" is the well-known vector function of the space U,
and Ry is the order operator described above (see (6a)). Let us prove the following statement.

Theorem 2. Let conditions (1) and (2) be satisfied and the vector function H(t, T,0) € U satisfies
the orthogonality conditions (11). Then the problem (10) under additional conditions (15) has a
unique solution in the space U.

Proof. Since the condition (11) is satisfied, Equation (10) has a solution in the space U in the
form of the function (14), where a4 (t,0) € C*®([0,1],C) is an arbitrary function. Submitting
(14) to the condition y(0,0) = y., we have

Hz(O,lT)

%:Wm@+mm@+g@iﬂ@

HQ(O,U') o Hz(O,U')
A1(0)  A2(0) = Aq(0)

Let us now subordinate (14) to the second condition (15):

< w1(0,0) =y +

J
204 Ryyo-+ QU 7) = —0(t,0) — 0™ — ja(t,0)e™+

N K(t,l)yo(l,a)U B K(t,O)yo(O,U)} {K(t,l)al(l,a) K(t,0)a1(0,0) n

1) BT T A0 M) =AM M0 —A3(0) 7

18
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K(tDia(1,0)  K(,0)2(0,0)

Aa(1) =A3(1) "7 A2(0) — A3(0)
Considering that here the expressions in square brackets do not contain an exponent e™,
we perform scalar multiplication in the second equality (15). This gives

(73} + Q(t, 7).

Ho(0,0’ _ Hz(O,(T)
AM(0)  A2(0) — A4(0)

—p'(l(t,(?’) +Q1(t) =0& 0(1(1’,0’) = At Q1(9)d9+y* +

and hence, we construct the solution (14) of the problem (10) in the space U in a unique
way. Theorem 2 is proved. [

4. Construction of the Solution to the First Iterative Problem

Let us apply Theorem 1 to iterative problems (9). Since the right-hand side 1 (t) +
hy(t)e™0y of the Equation (9) satisfies condition (11), the solution yo(t, ) € U of the first
iterative problem (9p) has the form

hy (1)
—Aq(t)

(0) 1)
B R WORS N

yo(t, T,0) = 0y (16)

where ago) (t,0) € C*[0,1] is an arbitrary function. Submitting this solution to the initial

condition y(0,0,0) = y°, we find

h1(0) (0) h(0) _
Lot 00+ par e =y e

(17)

(0) 7 11 (0 hy (0
&7 (0,0) =¥ + 1§ ~ moto s

For the final calculation of the function “go) (t,0), it is necessary to write down conditions
(11) for the next iterative problem (91 ). Since R1yo(t, T) does not contain an exponent, then,
under the orthogonality conditions (11), it can be omitted and an equality can be obtained
aﬁ‘” (t,0) = 0, which, taking into account the initial condition (17), leads to an unambiguous
calculation of the function

h1(0) h2(0)

(0) — 0 _ =
ay ' (t,o) =y +)\1(0) Az(O)—Al(O)% const

and hence to an unambiguous calculation of the solution (16) of the first iterative problem
(90) in the space U.

Remark 2. The solution of the following problem (91) is determined from the system

2
Lyi(t,T,0) = f% + R1y0,v¥1(0,0) =0,
(18)
< =% 4 Ry + Royg,e™ >= 0Vt € [0,1].
As in the previous case, the expression Ryyy and Rayq does not contain an exponent e™, therefore,

under orthogonality conditions (18), they can be omitted, and then the solution y1(t,T) € U of the
iterative problem (91) will be determined from the system

ayo

Lyi(t,T,0) = 5

+ Ryy0,¥1(0,0) =0,

< —aaitl,eﬁ >= 0Vt € [0,1].
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The same situation takes place for all subsequent iterative problems (9y)(k > 2). Thus, the influence
of the Fredholm-type integral operator in (1) affects only the formation of particular solutions
of equations for functions Dégm(t,U), while in Volterra systems the kernel K(t,s) of the integral

operator participates in the formation of common solutions for these functions.

5. Justification of the Asymptotic Convergence of Formal Solutions to the
Exact Solutions

Applying Theorems 1 and 2 to iterative problems (9;), we can uniquely calculate their
solutions y(t, T, o) in the space U. Denote the N-th partial sum of series (6) by Sx(t, T,0),

and through y.n(t) = Sn(t Li0] €) is the restriction of this sum at T = @ It is easy to

T

prove the following assertion (see, for example, [15], pp. 37—40).

Lemma 1. Let conditions (1) and (2) be satisfied. Then the function yn (t) is a formal asymptotic
solution of the problem (1) of order N, that is, it satisfies the problem

e — a(t)yen — [y exp (L J) 1(0)40) K (t,)yen(s)ds =
(19)

ﬁ(f

=m(t)+ha(t)e s +eNTIEG(te), yen(0) = v°

where ||Fy(t,¢€)||cjo1) < F(F > 01is a constant independent of e at e € (0, eo], €0 is small enough,).
To prove the Theorem on the estimate of the remainder term, we first consider the integro-
differential equation

s% =a(t)z+ fol exp(% fsl y(G)dG)K(t,s)z(s,e)ds—l—H(t,e),z(O,s) =0 (209)

and try to estimate the norm of its solution z(t, €) in terms of the norm of the right-hand side H(t, €).
t

The function Y (t,s,€) = et Js a(0)d6 g e fundamental Cauchy solution for a homogeneous equation

ez = a(t)z. Under conditions (1) and (2) it is uniformly bounded, i.e., ||Y(t,s,¢€)|| < co = const

forall (t,s,¢) € {0 <s <t <1,e>0}. Let us convert the Equation (20y), using Y (t,s,€); we

obtain the equivalent integral equation

z(te) = £'/ eal (/0 (esf ne de)K(x s)z(s,e)ds)dx + = /et x )dGH(x €)dx.

Denoting Hi (t,¢€) f & Jxa(6)d6 py (x, €)dx and changing the order of integration in the iterated
integral, we obtain the followmg integral equation of the Fredholm type:
1 1
z(t,e) = / exp(%/ y(@)dG)G(t, s,€)z(s, €)ds + % (20)
0 s
where G(t,s,¢€) f aOOK (x,5)dx. Let us show that the kernel G(t,s, ) of this equation

is umformly boundedfor 0 g s, t <1, i.e., which the following statement holds.

Lemma 2. Let conditions (1) and (2) be satisfied. Then the kernel G(t,s, €) is uniformly bounded,
ie, |G(ts,€)| < Mforall (s,t,e) €[0,1] x [0,1] x (0, +00).

Proof. Using the operation of integration by parts, we have

G(t,s,€) = %fote%f;“(e)del((x,s)dx = Ot Ii(ﬂ\{(’;;d}te% f;u(ﬂ)dﬁ =

1, . 1
— K@) 1! (9)de|§:67j0te€f (a)deaax( <(5;>dx _
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K(t;s) _ K(0,s) %fofa(e)de} [ %f;a(e)dei(K(xrs)>
—a(t)  —a(0)° /o ¢ 53\ —a() )™

Hence, it is clear that under conditions (1) and (2) the kernel G(t,s, ¢) is uniformly
bounded, i.e., |G(t,s,€)| < Mforall0 <s,t <1,¢ > 0. The Lemma 2 is proved.
We now turn to the proof of the correct solvability of Equation (20). To do this, we will

try to estimate the norm of the resolvent R(, s, €) of the kernel K(t,s, ) = exp (% fsl ;4(9)119)
G(t,s,¢€) of integral Equation (20). Let us denote xy = n}in] Re(—u(t)) and estimate the
telo1

iterated kernels of the integral operator of this system. By Lemma 2, forall 0 < s, < 1 and

¢ > 0 we have
IKi(t,s,€)| = |K(t,s,€)| < M;

Ra(ts,€)| = |/0'112(t, x, )Ry (x,5, €)dx| =
= \/01 exp(% /xl y(@)d@)G(t, X, €) exp(% '/51 ;4(0)d9>G(x,s,£)dx| <

1 1 1 _
< Mz/ exp(l/ Rey(e)d(-}’)dx < M2/ exp<fM)dx =
0 € Jx 0 €

X(Ff))

< M%L

1 1
|K5(t,s,€)| = | / K(t,x,e)Ka(x,s,€)dx| < / |K(t,s,¢)| - |Ka(x,s,¢€)|dx <
Jo Jo

3

M2 /11 Ml x(1—x) MB¢?
§7£/0 (E/A Rey(@)d9>|G(t,x,e)|dx§78/0 exp<— . )dxg -

Suppose now that, for n = r > 1, the estimate

rar—1

r—1 7

|K:(t,s,8)| < 0<st<1e>0

holds. Let us show that this estimate is also true for n = r + 1. Indeed,

i 1 ) 1 _
|K,+1(t,s,£)\5/ |K(t,x,£)K,(x,s,£)dx|§/ R(t,x,€)| - |Re(x,5,€)|dx <
0 0

Ll;‘r) x=1 _

x=0

1 01,5 g1 o
< M IR x ) dx = Mg

o Mr+1€r _ 7% Mr+1£r
= M2 (1 e )ST' (0<s,t<1e>0).
So, forall 0 <s,t <1,e > 0 we have proved the estimate

nsnfl

|Ku(t,s,€)| < (n=1,2,3...).

n—1
But then the resolvent

Ku(t,s,€)

e

R(t,s,¢) = Ky(t,s,€) + Ka(t,s,€) + -+ Ky(t,s,€) + -+ =

n=1
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majorized by a number series

®© Mrgn=l @ Me\"TE M
Zixn—l =M}, 2 = &
n=1 n=1 X

converging absolutely for 0 < & < 4. This means that the series for the resolvent converges
absolutely and uniformly in (s,t) : 0 < 's,t < 1forall ¢ € (0, #;]. In this case, we have

the estimate

M

_ Me
X

[R(t,s,¢)| < <2M,

at (s,t,e) : 0 < s5,t < 1,0 < ¢ < g(where gg > 0 is small enough). Consequently, for
¢ € (0,¢0] Equation (20) (and hence the equivalent Equation (20p)) is uniquely solvable in
the class C1(]0,1], C) and its solution is represented in the form

1
z(t ) = %Hl(t,s) + %/ R(t,s,€)Hy(t,s,¢€)ds
0
for any right-hand side H; (t,€) = fot Y(t,x,¢)H(x, ¢)dx. From this we derive the estimate
1 1
1zt e)llcpo < EHHl(tIE)HC[O,l] + EZMHHl(t,s)H <

[IH(t €)llcpo

1
< < (I1H e +2Meol1H(E€) leoy) < o

where ¢y = ¢o(1+2M) > 0is a constant independent of ¢ € (0, ¢o]. The following statement
is proved. [

Lemma 3. Let conditions (1) and (2) be satisfied. Then, for sufficiently small €(0 < e < &), the
Equation (20q) is uniquely solvable in the class C*(]0,1], C) and its solution satisfies the estimate

o
[1z(t, €)llcpo) < :HH(trﬁ)HC[o,l]
where the constant ¢y > 0 does not depend on (0 < € < ¢o].

Remark 3. Correct solvability of the integral system (20) means that the integral operator fol
exp (% fsl y(G)dQ) G(t,s,¢€)z(s, €)ds has no eigenvalues in the space C([0,1], C) (for sufficiently
small € > 0).

We apply Lemma 3 to prove the following statement.

Theorem 3. Let conditions (1) and (2) be satisfied. Then the problem (1) is uniquely solvable in the
class C1([0,1], C) and its solution y(t,€) satisfies the estimate

[ly(t,e) = yen(llcppy < ene™, N =0,1,2,...
where yen (t) is the narrowing (for T = @), N-th partial sum of the series (6) (with coefficients

yk(t, T) € U satisfying the iterative problems (9)), and the constant ¢y > 0 does not depend on e
at € € (0,€9] (g9 > 0 is small enough).
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Proof. The problem (1) is uniquely solvable, since it is reduced to the problem (20p) by a
change y — ° = z. By Lemma 1, for the difference Ay(t,€) = y(t,€) — yen(t) , we obtain
the equation

Ay

T a(t)An(t €) +/(f exp(% /1 ;4(9)016) K(t,s)AN(s,€)ds — N Ey (L, €), An(t,€) = 0.

It has the form of the problem (20) with inhomogeneity H(t,e) = —eN+t1Fy(t ). By
Lemma 3, we have the estimate

C _ = _
AN (EE)lcpo = Hy(te) —yen (Bl < ?OsNHHFN(tfg)HC[o,l] < Gofne™ = ey e

and, therefore, for Any1(t,€) = y(t,€) — Ye,n+1(t) will have the estimate

188410l =Wk e) = yen (5) — N yna (t, 22 lepo ) < ane 1,

Hence, we obtain that
_ t
ene™*1 2 Jly(t,€) ~ yen(Dllcios) ~ M lywaa(t 2Dl

or [1y(t,€) — yen(t)llcor] < eneMH!, where ey = en + 7 > 0, [lyna (8 29 llcpa) < v,
and the constant ¢y does not depend on ¢ € (0, &), where ¢y > 0 is small enough. The
Theorem 3 is proved. [

According to this Theorem 3, the leading term of the asymptotics of the solution the
problem (1) has the form (see Formula (16))

ot it
veo(t, o) = f‘;f?t) +al0(t, 0)et Joa®d 4 7A2(f)2$)1(t)e% Jo PO, —
(21)

_ +[y0+h1(0)_&eéﬁ(o)]e%féu(ﬂ)dG_i_#(f/\)l(t)eéﬁ(t)‘

—Ai(h) A(0)  A2(0)=A1(0)
It is clearly seen here how the rapidly oscillating inhomogeneity affects the asymptotic
behavior of the solution to Equation (1), but the contribution of the integral operator
fol et HOMOK (t,5)y(s, €)ds to it is not found; therefore, we calculate the next term of the
asymptotics.
Substituting the solution to the problem in the right-hand side, we obtain the following
equation:

__9 <_ m(t) + ago)(t, o)el + hzi(t)(t)en%) +Riyo =
1

_ (BN 0 - hay(t) e
‘(Ai(t)) i (o) _<Az(t)2—?\1(t)> et

7{K(t,1)h1(1,0)0 B K(t,O)hl(O,U)] K(t,Dal"(1,0) , K(t,o)ag‘”(o,a)v
AOMD) 7T 004(0) M) = A1) A(0) = A3(0)

+

K(t,1)hy(1,0) K(t,0)h(0,0) _ hy(t) ¢ (0) .
+{[)\2(1)—Z/\3(1)]202204_ [/\2(0)—2)&3(0)]20304} = (Ai(t)) ~i (b o)en

)\ o KEOm0,0) KD (1L,0) 5 Kt Dh(1,0)
(e mm) RO A R
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- K(t,l)h1(1,a)+K(t,o)a§°>(o,a) K(t,0m(0,0) |
AOMT) T A0) = A50) T [A200) = As(0)2 T

Defining the solution of this equation as an element
o =D (1 )T
Nt =y, (o) + )y (to)el

j=1

of the space U, we arrive at the following equality:

2 (A0 = M (0)]y) (1 0)el — A (1)l (1,0) =

- () - e

K(t,0)hy (0,0)  K(t,1)a(1,0) K(tDha(1,0)
OO T D =) 7 ) — AP

Kt )i (1,0)  K(£0a(0,0)  K(t,0)h(0,0) o
AWM A0 = A30) T [A2(0) — As(0)2 T

Equating here separately the free terms and the coefficients at the exponentials %, we
will have

)\ K0 (0,0)  K(t1)al"(1,0)
1 ) " ?\3(0)/\11(0) M(l)*l/\3(1) o+

K

—

t, )h(

K(t,l)hz(l,v)az
20 Az(D)Aq

[A2(1) = A3(1)]?

1L,o)  Kt0a”0,0)  K(t,0)h(0,0)
OO OO BN O

0- 9\t 0) = =&\t 0),

Pa(t) = M (B (t,0) = — (ﬁ%) &

Since the orthogonality condition 15450) (t,0) = 0 s satisfied, these equations have solutions

in the form of functions:

1) o 1 hy (¢
Yo (bo) = A1<t>{<w)

—

* K(LOm0,0) KE1el"1,0) ,
) TR OM0) T A = A T

K(t1)hy(1,0)
all) — (DR~

K(t,l)hl(w)+K(t,o)a§°>(o,a) K(t,0ha(0,0) 1
MM A0) = A30) T [A2(0) = A3 ()2 P [
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ycl(t) =

—A1(t)

and ygl) (t,o) = zx?)(t, o) € C®[0,1] is an arbitrary function. Thus, the solution to the
problem (91 ) will be as follows:

_ W\, KEOmO0) | KE)e" (10) K(t ) (1,0)
n(tt0) = =gl { (86) + HOh0 N o+ Rt Ro3o

T
o) | KE0a"(00) | KE0)h(0,0) (1) (getam)
{M Ty A0t a0-as@ % % p e (b o) — S et

where txgl) (t,0) € C®[0,1] is an arbitrary function that is calculated in the process of
solving the next iterative problem (9 ). As a result, we obtain an asymptotic solution of the
first order:

n [yoJr hi(0)  hp(0) (0)04} oL iao)de |

_ () ipipem
M0) 2200 — Ay

Aa(t) = M(E)

Kt D) (1,0)  K(t0)el”(0,0)  K(t,0)h ()

;uwy+Kmmmmw ()E(1w2+

K(t,l)hz(l o)
NO) T ROMO T M) - ) 702%4-

A2(1) = A3(1)]

A3(1)Aq(1) A1(0) = A3(0)  [A2(0) — A3(0)]?

04

03 } +szx§l) (t, 0')6% Jyat@)de

(/\ ha(t) )'
_e O B

GETOR
from which it is seen that the kernel of the integral operator affects only the formation of
particular solutions of iterative problems (9;) and particular solutions of equations for the
functions txik) (t,0).

In conditions of solvability of the type (11), as already mentioned above, the integral
operator does not participate. This is the main difference between integro-differential
equations of Fredholm type from equations of Volterra type, where the kernel of the integral
operator significantly affects the construction of the general solution of the equations for

(k)

functions a; "’ (t, o) (see, for example, [20]).

6. Conclusions

Since the terms of order ¢ in ¥, () uniformly tend to zero, when ¢ — +0, then the
behavior of the exact solution of the problem (1) as the small parameter tends to zero
completely is determined by its main term of asymptotics (21): after leaving the point
y =y’ att =0, the exact solution y(t, &) of the problem (1) (for t > 0 and e — +0) will

perform fast oscillations around the “degenerate solution” ¥(t) = j’}\( (> ;s not tending for

any limit.
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Abstract: We consider a singularly perturbed integral equation with weakly and rapidly varying
kernels. The work is a continuation of the studies carried out previously, but these were focused
solely on rapidly changing kernels. A generalization for the case of two kernels, one of which
is weakly, and the other rapidly varying, has not previously been carried out. The aim of this
study is to investigate the effects introduced into the asymptotics of the solution of the problem
by a weakly varying integral kernel. In the second part of the work, the problem of constructing
exact (more precise, pseudo-analytic) solutions of singularly perturbed problems is considered on
the basis of the method of holomorphic regularization developed by one of the authors of this paper.
The power series obtained with the help of this method for the solutions of singularly perturbed
problems (in contrast to the asymptotic series constructed in the first part of this paper) converge in
the usual sense.

Keywords: singularly perturbed; integral equations; regularization of the integral;, weakly and
rapidly changing kernel; holomorphic integrals; family of homomorphisms; asymptotic and
pseudoholomorphic solutions

1. Introduction

In the first part of this work, we consider a singularly perturbed equation in which integral
operators contain both weakly and rapidly changing kernels. The problem of constructing a regularized
asymptotic solution for this problem, uniformly applicable over the entire time interval under
consideration, was previously solved but only for rapidly varying kernels (see, for example
References [1-4]). A generalization for the case of two kernels, one of which is weakly, and the other
rapidly varying, has not previously been carried out. The aim of the present study is to investigate
the effects introduced into the asymptotics of the solution by a weakly varying kernel. Notice that
this problem was not considered from the point of view of other methods of asymptotic integration
(for example, using the methods of References [5-7]).

The second part of our paper is devoted to the construction of approximate solutions of singularly
perturbed problems using the method of holomorphic regularization [8,9]. The analysis of asymptotic
methods for solving singularly perturbed problems shows that the solutions of such problems depend
in two ways on a small parameter: regularly and singularly. This dependence is especially vividly
demonstrated by the method of regularization of Lomov. Moreover, regularized series representing
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solutions of singularly perturbed problems can converge in the usual sense. In this connection,
it became necessary to study a special class of functions—pseudoholomorphic functions. This very
important part of the complex analysis is designed to substantiate the main provisions of the so-called
analytic theory of singular perturbations. On the other hand, the relevance of the theory is also
supported by the fact that pseudoholomorphic functions, in contrast to holomorphic functions,
are determined when the conditions of the implicit function theorem are violated.

The concept of a pseudoanalytic (pseudoholomorphic) function and the associated concept of
an essentially singular manifold are of a general mathematical nature, although they arose in the
framework of the regularization method for singular perturbations. First of all, they reflect the new
concept of a pseudoholomorphic solution of singularly perturbed problems, i.e., such a solution,
which is representable in the form of a series converging in the usual (but not asymptotic) sense in
powers of a small parameter. We must also take into account the fact that the modern mathematical
theory of the boundary layer [1], along with the Vasilyeva—-Butuzov-Nefedov boundary-function
method [5] and the method of barrier functions [10], widely uses the notion of a pseudoholomorphic
solution. The importance of considering singularly perturbed problems from the standpoint of
the method of pseudoholomorphic solutions is illustrated by applications (see, for example,
References [11,12]).

2. An Equivalent Integro-Differential System and Its Regularization
We consider the singularly perturbed equation

ey (t,€) = '/Ote% fs[V(g)dGKz(t,s)y(s,s)ds + /Ot Ky (t,s)y(s,€)ds + h(t),t € [0,T]. (1)

Differentiating Equation (1) with respect to ¢, will have

& (o) do

t Eu(0) do ;
&2 (%) = g <y(t) e T Ky (hs)y (s,e) Fee e (%Kz (t,s))y(s,s)) ds+

+8-K2(t,t)y(t,s)+s~z<%K1 (t,s))y(s,s) ds+e-Ky (b 1)y (Le)+e Sh(t),

or
d
e = (K (t6) + K (1)) ey + p (1) 2+
Eorlue)de 5 Ly d (2)
+ e L Ka(ts)ey(s,e) ds+ [ 2 Ky (t,s)ey(s,e) ds+e- Gh(t),
0 0
£ LI o N
where z(t,e) = [e 5 Ky (t,5)y (s,e)ds. By differentiating this function with respect to ¢,
0

we also obtain

t Lo
s% =p(t)z+] (”w (aath (t, s)> y(s,e>> ds+e-Ka (1. (3)
0

Finally, denoting by ey = v, rewriting Equations (2) and (3) in the form

sdf = (Ki (1) + Ko (t,t)) v+ p(t)z+

£ /sl‘( ) do 9 £ 9 i
+£e L Ky (t,s)v(s,e) ds-i-ngl(t,s)v(s,e) ds+e-h(t),

t

ez =y (1) -z+£ <3M (%Kz (t,s)) v(s,s)) ds + Ky (t,t) .

We have obtained an integro-differential system of equations
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©\ (KKt w) ) [ o
1) )

or

el = A(t)yw + fot B(t,s)w(s,e)ds+

+ fo ot Jime)og (t,s)w(s, e)ds +eH(t),w(0,e) = w’ = ( h E)O) ) , )

where w = {v,z}, matrixes A(t), A1(t), B(t,s), G(t,s), and the vector function H (t) have the form

A(t)_<K1(f/f)+K2(f/f) u(ﬂ)/ B(ts) = ( 2

(1)
ot
0
<h0

AN —(u()+K () +Ka (D)) A+ (1) Ky (£,8) =0

KZ (t/ t) M (t)
0K (t,s) 0 h
G(ts) = < oK 1) 0 > H(t) = < )
ot

The roots of the characteristic equation of matrix A (t) :

0
0
)

form the spectrum o (A(t)) = {A1(t),A2(t)} of the matrix A(tf). We assume that the
following conditions hold:

1) h(t), 1 (£) € C([0,T,C), K; (t,5) € C*(0 <5 <t < T,C),j = 1
2) u(t) #0,Reu(t) <0, A;(t) #0,ReA; (t) YVt € [0,T], j=1,2.

We denote by A3 (t) = u(t) and (according to the method [13] of Lomov) we introduce
regularizing variables

rj:%/(:Aj(e)d lﬁ]()]_123 (5)

For the extension @ = {v(t, T, ¢),z(t, T,€) }, we get the following system:

Wy2 A -()gif—A(t)w—f’B(t,s)w( ¥6) eyds—

¥(s
¢ 6
— fyet fins@ MG (1,) (s, P51 e)ds = eH(E), (1, 7,€) g e = 0, )

where T = (11,2, 3), ¥ = (1, ¢, ¥3) . However, Equation (6) cannot be considered completely
regularized, since the integral operator

J = /(: B(t,s)w(s, @,e)ds + /(:e% Fas@deg (t,s)@(s, lpis),e)ds

has not been regularized. To regularize the operator [@, we introduce a class M, = U\ _y0

asymptotically invariant with respect to the operator | (see Reference [13], p. 62). In thls case,
we take as the space U the vector-valued functions representable by the sums of the form

Zw] el 4+ wo(t), w ()eC([O,T],Cz),j:O,B. (7)
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We must show that the image Jw(t, 7) of the functions of the form of Equation (7) can be
represented in the form of a series

e

Jw(t,7) = ¥
k=0

o (e + 0l ()] _y»
1

]

converging asymptotically to Jw (as ¢ — 40) and that this convergence is uniform with respect to
t € [0, T]. Substituting Equation (7) into Jw(t, T), we obtain

Jw (t,T) fo ( 1wj(s)e%f05}‘f<9)d6 +w0(s)> ds+

+f et Ji 2a(0 dgG(t s) (Z?:l w]-(s)e%fosj‘/(gw +w0(s)> ds =

—fo (t,8) wo(s ds+f et JiAs(®) G (t,5) wo(s)ds+

+Z3 1f0 (t,s) w;(s eslo i deds—i-

DL e 0L b =

*fo (t,5) wo(s)ds + et Jo2s(®) def[G t,s) ws(s)ds+

+f fA3<9d9G(t s) wo(s) ds+Z3 lfo (t,s) wj(s eejo 100 45 4
Y2 LG (ts) wi(s Yet Jo Ax(®) d9+ L[ 2s(0)d0 45

Applying the operation of integration by parts, we find that

tot S As(0) ‘”G(t s) wo(s)ds = ot G(Z)(l:;: [ A3(0)d0 _

[ (t0)w0(0) , 1 [ 25(0)d0 _ G<tt>wo<t)
230 Aa(t
G,
T [fel i 9>deaa ( (/\53)(103)( )) ds —

= Zm:o e [(18 (G (t,5) w0 (5))) g eF 15O — (131 (G (8, 5) wo (5))) o_ )

e E

fO ts w] gs fo J( ded = f()t Bt )(Zg dec fo (0
]
_ B(”)w]( Liaj(0)de _ BEO)w;(0)]
o i d g
t ,S)w; (s 0)do
- 0%( v ) e Jo O g5 —

= o (<) (1 (B 5wy (s)) _ et BN — (1 (B (t,5)w; (s))) )

s=t s=0

fo (t,5) wi(s )es J5 Ar(@)de+L [F As(e d9d5 — ot oo def f;[Ak(G)—/\3(9)]dGG(t’s) wi(s)ds =
— ot fo A3(6)d6 ff G( fsS w (. s)d L5 (0)=A5(0))do
- 3

_ yde gt G 4t) 1 0)]do _ G(t,0)w,(0)

= ect [1510) U (R >(f o Ak) RO = e

S wi(s

_foekfo M(8 (e)wg ( e k ds} =
_ ot d £0)w 1 d

S[fo Ak WO L 3 Ax(0)do Ak((;);/\‘;(oc);(t )fo };329) 9},

As( 9 Me( 0 LS )Wy (s _
et Jys(®) foefﬂm 25(0)) ,(m)ds_

=¥ o (=) e (1 (G (t,5) wi(s )))s:te%fJAk(e)de_
_(I;?% (G (ts) wk(s)))szoes Jo Aa(® de],

where operators are introduced:

1]0:%,1}": Lol >1,j=1,23;

0 _ _ 1 J 1
19 A()M()Iig* T als m = 1Lk=1,.2.
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Consequently, for the operator Jw (¢, T) there is a decomposition

Jw(t,7) = [¢ B(t,s)wy(s)ds + et Jo 30 d"jG s) w3 (s)ds+
+zm:oe'"+l[(15" (G (t,5) o (5)))_g e+ Jo 2o (O (15;1( (t9) (5)))o]
+ Do (—1)" e z?:m(lr (B (t,5)w; (S>>)s: et o

~ (1 BEs)w ) _J+

0
+ Evmo (C1)" €T (1 (G () wi(5))) ot o O
— (B (G (t,5) wy(s) e @) .
It is not hard to show (see Reference [14]) that the series on the right-hand side of Equation (9)
converges to Jw(t, ¢) (as e — +0) uniformly with respect to t € [0, T]. We introduce operators of order
(ong)R,: U — U:

Row (t,7) = OtB(t, s) wo(s)ds + €™ fo (t,5) ws(s)ds,
Riw (t,7) = G(fﬁ)(%g(;(()) en — G(agffg](t)jt

3 [B(tbwi(t) B(£,0)w;(0)
+ L[St - T+ 10)

2 ) wy £,0)wg T
3 [ttt Gt ]
Rm+1w(t’3f) = [(I" (G (t,5) wo (5))) g™ — (1§ (G (t,5) w0 (5))) ]+
+(—1)n1]>31 [<I;" (B(t:s)w;(5))) _e" — (1" (B(t9)w; (s) ) _ ]+

0
(~1)" £ [ (6 (1)) ™ = (4 (G 1,5) 0(5)) %) g,
0}

t
€

s=t

m>1,1

Then, the image Jw(t, T) can be written in the form
Jw(t, T) = Row(t, 7) Z "Ry wl(t, T), (11)
where T = @ We now extend the operator | on the series of the form
w(t,T,e Z wy(t, T) (12)

with coefficients wy (¢, T) € U, k > 0. The formal extension | of the operator ] on the series of the form
of Equation (12) is called the operator

Jo(t,T,e Z ZRU sws(t,T). (13)

v=0 s=0

In spite of the fact that the extension in Equation (13) of the operator | is defined formally, it is
quite possible to use it (see Theorem 3 below) in constructing an asymptotic solution of a finite order
in e. Now, it is easy to write out the regularized (with respect to Equation (1)) problem:

~ 3 ~
9 +Y A () o _ A — Jo = eH(t), @(t, T,€)| =0, 0 = ©0°. (14)
ot fst aT;
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3. The Solvability of Iterative Problems and the Asymptotic Convergence of Formal Solutions to
the Exact Ones

Substituting the series of Equation (12) into Equation (14) and equating the coefficients for the
same powers of ¢, we obtain the following iteration problems:

3
Lowy(t,T) = 2 a;io A(wy — Rowgy = 0,w0(0,0) = w’; (15a)
j=1 ]
awo
Lows(t,T) = —r T Rywg + H (t),w1(0,0) = 0; (15b)
Jw;
Lowz(t, T) TS + Rywq + Rowyp; 102(0 0) =0; (15C)
Lowy(t, 7) = — au;;k[l + Ry (H)wy_1 + Roywy_o+

(15d)
+...+ Rka,wk(O, 0) = O,k 2 1,
where Row (¢, T) = Ro (2 ' wi (£)e +wo(t ) fo ) wo(s)ds + e™ fot G (t,5) w3(s)ds.
Turning to the formulation of theorems on the normal and unique solvability of the iterative
problems of Equations (15a)-(15d), we denote by

1
¢; () Aj(8) —p (b))
t=|"2 =" ,i=12,
#i 0) Kt )
the eigenvectors of the matrix A(t). As the eigenvectors x;(t) of the matrix A*(t) we take the columns
of the matrix (&~ (t)) "= (x1 (1), x2(t)), where ® (£) = (@1 (£), @2 (£)) is the matrix whose columns
are the eigenvectors of the matrix A(t). Therefore, if @; (t) is A; (t)-eigenvector of the matrix A(t),

then x;(t) is an A; (t)-eigenvector of the matrix A*(t), and the systems {¢; (t)} and {x (t)} are
biorthonormal (see Reference [14], pp. 81-83), that is,

(9 (1), xi (1) =05 = { é ;;]; (,k=1,2).

Each of the iterative systems of Equation (15d) has the form

Low(t,7) = Y A; (1) gi’ ~ A(t)yw — Row = P(t,7), (16)
=1 Tj

where P(t,7) = Z}Ll Pi(t)e' 4 Py(t) € U. We prove the following assertion.

Theorem 1. Suppose that the conditions (1) —(2) are satisfied and P(t,T) € U. Then, the system of
Equation (16) is solvable in the space U if and only if

(Pi(t), xj(t)) =0Vt € [0,T], j = 1,2. (17)

Proof. We will determine the solution of the system of Equation (16) as the sum of Equation (7).
Substituting Equation (7) into Equation (16) and equating separately the coefficients of ¢% and the free
terms, we have

(M ()T = A() wie (t) =Pe(t), k=1,2, (18a)

(s (1= A0 s ()~ [ G (ts)ws (5)ds =Py (), (18b)
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—A(t)wy (t) — ./Ot B(t,s)wp (s)ds =Py (t). (18c)

For the systems of Equation (18a) to be solvable in space C* ([0, T],C2), it is necessary and
sufficient that the identities of Equation (17) hold (see, for example, Reference [14], p. 84). Moreover,
these systems have a solution in the form of vector functions

2
wi () = a () g () + ) %

where ay (t) € C* ([0, T],C!) are arbitrary functions. Since A3 (t) ¢ o (A(t)) and 0 ¢ o (A(t)),
the systems of Equations (18b) and (18c) can also be rewritten in the form

w3 (1) = fy (A () = A() 7 G (t,5) ws (s)ds = (A (1) T— A (1)) Ps (t),

wy (£) + fy A71(E) B (t,5)wp (s)ds = —A~1 () Py (t). (19)

These Volterra integral systems have kernels belonging to the class C* ([0, T], C2*2), so they
have unique solutions in the space C* ([0, T], C?) . The theorem is proved. [

Remark 1. It follows from the proof of Theorem 1 that if the conditions of Equation (17) are satisfied, then the
system of Equation (17) has the following solution in the space U :

(t,T) = Sy [w6 (1) 9 (1) + £y o s (1) 95 (B)] €% 40 (1) e + o (1),

(pks (t) = (/\ikétt)i)ﬁx)fs((tz))/kls = 1/2) ,

(20)

where ay (t) € C* ([0, T], CY) are arbitrary functions, and vector-valued functions ws (t),wo (t) are solutions
of the integral systems of Equation (19).

We now consider the system of Equation (16) under additional conditions

ek (2)
< =% 4 Ryw+ Q(t 1), xj(t)e >=0,j=1,2,

where Q(t,7) = Z?Zl Qj(t)e + Qo(t) are known functions of class U, w* € C? is a known constant
vector, the operator R; is defined by the equality of Equation (10), and by the <, > we denote the inner
product (for each t € [0, T]) in space U :

3

07+ 00(6) > o L),

Mw

3
< p(tu),q(t,u) >=< Y pi(t)eT +po(t),
j=1 j

where () is an ordinary inner product in C2. The following assertion holds true.

Theorem 2. Suppose that the conditions (1)-(2) hold and the vector function P(t,T) € U satisfies the conditions
of Equation (17). Then, the system of Equation (16) under additional conditions of Equation (21) is uniquely
solvable in U.

Proof. Since the conditions of Equation (17) are satisfied, the system of Equation (16) has a solution for
Equation (20) in the space U, where a; (t) are arbitrary functions for now. Subordinating Equation (18)

to the initial condition w(0,0) = w*, we obtain the equality

a1 (0) @1 (0) + p12 (0) 92 (0) + a2 (0) 92 (0) + p21 (0) 91 (0) = w™,

33



Axioms 2019, 8, 27

where w* = w, — w3 (0) — wp (0) . Multiplying both sides of this equation scalarly in turn by x1(0) and
X2 (0), taking into account the biorthonormality of the eigenvector systems { ¢; (£)},{xx ()}, we have

a1 (0) = (w™, x1(0)) — p21 (0), 22 (0) = (w™, x2 (0)) — p12 (0) . (22)

We now calculate the expression — @ + Ryw + Q(t, 7). Taking into account Equation (21) and the

form of the operator Ryw (t, T) , we have (here and everywhere below, a fatty dot denotes differentiation
with respect to t.)

—% 4 Ryw+ Q) = *Ozk (@ (8) g (1) £ pis () 9 ()" e
iy ()¢5 — o (1) + SUDRO s _ Clipiont)

3 B(tHw;(t) ()()
+hj- [w) R ¥ () h

Ly [ o O ) 4 52 0017 + Qo)

When writing the conditions of Equation (21) in this expression, it is necessary to preserve only
terms containing exponentials e™ and e™, that is, Equation (21) is equivalent to the conditions

<§:<“k(t)q’k()+ r pks()fps(t)> e+

S—S

+2(

56 ) (v«k (t) g1 (1) + z i (1) 0 )) ot

575

+ Z Qj(t)e™, x;(t)e" >=0,j=1,2,
k=1

or

(= BN 1 S (@ (1) 1 () + pra (1) 92 () +

1 () 1 () + pra (1) 92 (6)° + (
+Q1 (5,11 (1) =0,
(o2 () 92 () + P (8) 1 ()" + (558 + sy ) (@2 (D) @2 (8) + pr (D) @1 (1)) +
+Q2 (1), x2 (t)) = 0.

=

Performing inner multiplication here, we obtain differential equations

a0+ (o0 - (504 F Y 00 ) m 0 =51 ),

w0+ (020~ (35 + 5 ) e ®)m b =g ),

where g; (t) are known scalar functions, j = 1,2. Adding the initial conditions of Equation (22) to
these equations, we find uniquely the functions ; (¢) in the solution of Equation (20) of the system of
Equation (16), and therefore, we construct a solution of this system in the space U in a unique way.
The theorem is proved. [

Applying Theorems 1 and 2 to iterative problems, we uniquely determine their solutions in space
U and construct the series of Equation (12). As in Reference [2], we prove the following assertion.

Theorem 3. Assume that the conditions (1)—-(2) are satisfied for the system of Equation (2). Then, for
€ (0,e0] (e0 > Ois sufficiently small) the system of Equation (2) has a unique solution w(t,¢) € C1([0, T], C2);

and here we have the estimate

Hw(t,s) — wEN(t)HC[O,T] < CNSN+1, N=0,12,..,
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where we () is the restriction (for T = @) N-partial sum of the series of Equation (12) (with coefficients
wy (t,7) € U, satisfying the iterative problems of Equation (15d)), the constant ¢y > 0 does not depend on ¢
at e € (0,¢)].

Since y (t,€) = Lo (t,¢), the series

%Ig{)vk (t,@) = %vo <t,@) + 01 <t,@) + £vp (t,@) T

is an asymptotic solution (for ¢ — +0 ) of the original problem of Equation (1), that is, the estimate

Iyt - 3 o (120 llcor < Ce*1, N = 1,01, (23)
k=-1

is correct, where the constant Cy > 0 does not depend on ¢ € (0, ¢g].

Conclusion 1. The influence of the weakly varying integral kernel Ky(t,s) on the asymptotic
of the solution of the problem of Equation (1) consists of two factors: Firstly, the kernel Ky(t,s)
participates in the formation of the matrix A(t) and its eigenvectors and eigenvalues, secondly, it
participates in the construction of the limit operator Ly, which leads to an additional integral system

t) + jof A7Y(H) B (t,5) wp (s)ds = — A~ (t) Py (t) in the solvability of conditions Equation (17) of
iterative problems.

4. The Limit Transition in the Problem of Equation (1). Solving the Initialization Problem

It follows from Equation (23) that the exact solution of the problem of Equation (1) is represented
in the form
y(te) =1Ly (t, @) + 01 (t, @) +eF (t,¢), (24)
IIF(t€)|lcn < F = const(V(t,€) € [0,T] x (0,¢0]),

therefore, in order to study the passage to the limit (for ¢ — 40) in the solution of the
problem of Equation (1), it is necessary to find the solutions of the two iteration problems of
Equation (15d) (k = 0, 1) under the conditions of Equation (18) for the solvability of the third problems
of Equation (15c). We start with the problem of Equation (15a):

3

Lowo(t,T) = ¥ A (1) % — A(Bwy — Rowg = 0,w(0,0) = w°
= j (15a)
JoB

j
(Row (t,7) = Ot (t,8) wo(s)ds + e™ fot G(ts) W3(s)ds>.
Since the right-hand side of the system of Equation (15a) P©) (t,7) = 213:1 P](O) (t) el + Péo) (t)
is identically zero, it has (according to Theorem 1) a solution
Z 0 0 0)
wo(t, ) = Y &) (1) g (D) e™ + 0¥ (1) €™ + ) (1),
k=1
where the vector functions w<30) (), w(()o) (t) satisfy the equations
w< () fo /\3 HI-A1) G (ts)wl (s)ds =0,
(t) +f0 (t,8) wo (s)ds = 0.

These equations are homogeneous, and therefore, they have the unique solutions
wéo) (t) = wéo) (t) = 0, and the solution of the system of Equation (15a) is written in the form
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2
wo(t,7) = Yo (1) g (1) (25)
k=1
Let xx (t) = { Xk 2 (t)}, k = 1,2. Subordinating Equation (24) to the initial condition
wg(0,0) = w, we find the values
a” (0) = (@, (0)) =1 (0) i} (0), k =1,2. (26)

For the final computation of the functions zx,io) (t), we pass to the next iteration problem

nglS

Lowy(t,T) = — <zx1(<0) (t) ¢ (t)). e + Rywo + H (t),w1(0,0) =0, (15b)

k=1

where 0
Riwo = Ry (T & () @i (1) %) =

5 | B Ot o B0)al” (0)g;(0)
=YLja R NN

Aj
o (hg
H)—As(t

j
o (t )ng B G(t,O)a,((O)(O)(Pk(O) T
) A(0)—A3(0 ’

+ Y { & )(

Keeping, as in Theorem 2, only the terms containing exponentials e™ and ¢, we write down
conditions of Equation (17) in the form (see Equation (26)):

o (= (B0, SEDOL )3 ) i 0,

% (0) =1 (0) %} (0),k=1,2,

from which we find that ,
ol (t) = 1 (0) b (0) el (@48 = 1,2, 27)

where it is denoted: q; (t) = (B(t//\?gl)(( )+ Ak((t;)‘f\k; t)) — ¢r (1), xk (t)) ,k = 1,2. Thus, the solution of

the problem of Equation (15a) is found in the form of Equation (25), where the functions zx,((O) (t)
are Equation (27). Similarly, we can find the solution of the problem of Equation (15b). However,

having in mind to solve the initialization problem in the future, we must put vy (t, @) = 0in
Equation (24). This identity holds if and only if a,(f)) (t) = 0 (k=1,2) & h(0) = 0 (remember
that vy (t, IPT(f) ) = ké a,EO) (Hep () ewkT(t), (p]l. () = Aj(t) = p (t), j = 1,2 and see Equation (27)),
we will therefore carry out further calculations for / (0) = 0. In this case, wy (t,T) = 0, Rjwy = 0,

and the problem of Equation (15b) takes the form

3 Jw
Lowi(t, ) = Y A () a—Tl—A() — Rowy = H (t),w,(0,0) = 0.
j=1 ]

Since here P() (t,7) = H (t) (ij (t)=0,j=1,2,3, Pél) (t)y=H (t)> ,in formula

et + wél) (t)e™ + wél) (t)
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for the solution of the problem of Equation (15b) functions p,(;) (t) =0 (k,s =1,2), functions wgl) (t)

and w(()l) (t) are solutions of the integral equations

w“ (t) fO‘ /\3 —A®) TG (ts) Wl (s)ds = 0= wl) (1) =0, 28)
)+ ffA~ t)B (t,s)w) (s)ds = —A~L(t) H (1),
therefore, the solution of the problem will be as follows:
S )
wi(t,T) =Y o (1) g () e + g (1), (29)
k=1

where zx,gl) (t), for the time being, are arbitrary functions, k = 1,2, and the vector-valued function

w(()l) (t) is a solution of the system of Equation (28). Subordinating Equation (29) to the initial condition
w1(0,0) = 0, we obtain

72V (0) g <> fwé”(mzA*lw)Hm):»
o) (0) = (A e (0)) = (H(0), A1 (0) ¢ (0)) =
= (H(0), A ( ())—M(O)(H(O),x 0)),

ie.,
1 ; -
{ /x§1> (0) = A1 (0) 2 (0) £ (0), (30)
M (0) = A2 (0) 1 (0) % (0) -
For the final calculation of the solution of Equation (29) of the problem of Equation (15b), let us
pass to the following problem (note that wy = 0):

~ %Y Riwy, wa(0,0) = 0. (15¢)

Lsz(t/T) = of

Substituting here the function of Equation (29), we obtain the system

Lows(t,7) = = Ty () (D @i () e+
G(10)w (0) Gt (1)
RO T T A

Bt (i) B(L0)!
+L 0] LT — ]

G0 (D i (t) G(t0)a
+% 1{ M GE T OR  (§

Keeping here, as in Theorem 2, only terms containing exponentials e™ and e, we write the
conditions of Equation (17) for the solvability of this system in the form

) () = (MO + S — ok (0.0 () ) (),
oV (0) = A1 (0)(0) &L (0), 5" (0) = A2 (0)71(0) %L (0),

from which we uniquely find the functions a,&l) (t):

o () = A (0) 1 (0) 7 (0) el 1O, k= 1,2,

and therefore, we uniquely construct the solution of Equation (29) of the problem of Equation (15b).
In this case, the equality holds (remember that wy (, 7) = 0)
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2 i k t
w(te)=¢ (Z Ak (0) 72 (0) %t (0) eofq (e)de(pk(t) e + ) (t)) +&F, (te) =
k=1
2 t 0)do (¢
) = YA @O R O " gl 1™ o ()t efi (19), (31)
k=1

where zv(()l> (t) = {vé1> (t) ,z[()l) (t)} is the solution of the integral system

Kq (1) ds_iKl(t,t)’

+] FKats)o) () du
0

(32a)

LKy (t atKl (t:5)) o5 () L) e ap
/ K (1 t) °
It follows from Equation (31) that when Re Ay () < 0 (Vt € [0, T], k = 1,2) there is a passage to
the limit

Hy(t,e)—vg” (t)” 0 (e— +0),

C[s,T)

where § € (0, T) is an arbitrary fixed constant, and w(()l) (t) = {v(gl) () ,zél) (t)} . However, in our case,

there can be purely imaginary eigenvalues (Re A, (f) = 0), so the indicated limit transition does not
hold. The following problem is posed: to find a class © = {h (t),K; (t,5),Ka (t,5)} of initial data of
Equation (1) for which the passage to the limit

Hy(t,s) — vé ) HC[O,T] —0 (e = +0), (%)

takes place on the whole segment [0, T], including the boundary layer zone. This task is called the
initialization problem. . It is clear from Equation (31) that the limit transition (*) occurs if and only if
B (0) = 0, therefore, the following result follows from Equation (32a).

Theorem 4. Suppose that the conditions (1)—(2) are satisfied. Then, the passage to the limit (*) holds if and
only if h(0) =7 (0) =0 (here, v(()l) (t) is the solution of the first equation of the system of Equation (32a)).

Conclusion 2. Thus, the initialization class ¥ has the form ¥ = {h (t) :h(0) = h(0) = 0} . Here,
the kernels K; (t,s) can be arbitrary, provided that conditions (1)—(2) are satisfied.

Example 1. Consider the equation

t t
ey (t,e) = /e’ #(t=s) (e =1)y(se) ds+ / (—2e7%y (s,¢)) ds+ 2. (32b)
0 0
Here, h(t) = t2, u(t) = =1, Ky (t,5) = —2¢75, Ky (t,5) = e~ — 1. The characteristic equation of
et —
the matrix A (t) = 54 - 1 - has two roots Ay (t) = =2, Ay (t) = —e~t. Using the algorithm

developed above, we find that

Kltt §= Ky (t,t) Y%

t oM
+/ atKl fs v (8) Yhty g
0
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Since h (0) = 0, the main term of the asymptotic of the solution of our Equation (32b) coincides with
vél) (t) (see Equation (31)). By Theorem 4, there is a passage to the limit:

[y (t,e) — tefHC[Oﬂ —0(e — +0).

t
We note that the function vél) (t) = te' is a solution of the integral equation [ (—2e%y (s)) ds+t> =0,
0

which is degenerative with respect to Equation (1). If only h (0) = 0, but i (0) # 0, then from Equation (31),
we would have obtained that

y(te) =1 <t, lPit)) +¢€F (t,¢),

. 1/ ,—
and the function vy (t, @) contains exponents e andet( 1_1), which prevent uniform convergence of the
solution y (t, ) on the whole interval [0, T| to the limit function. In this case, uniform convergence will occur

only outside the boundary layer [5,T] (6 € (0,T)).

The analysis of asymptotic methods for solving singularly perturbed problems shows that the
solutions of such problems depend in two ways on a small parameter: regularly and singularly.
This dependence is especially vividly demonstrated by the method of regularization of Lomov. Moreover,
regularized series representing solutions of singularly perturbed problems can converge in the usual
sense. In this connection, it became necessary to study a special class of functions—pseudoholomorphic
functions. This very important part of the complex analysis is designed to substantiate the
main provisions of the so-called analytic theory of singular perturbations. On the other hand,
the relevance of the theory is also dictated by the fact that pseudoholomorphic functions, in contrast
to holomorphic functions, are determined when the conditions of the implicit function theorem are
violated. The concept of a pseudoanalytic (pseudoholomorphic) function and the associated concept
of an essentially singular manifold are of a general mathematical nature, although they arose in the
framework of the regularization method for singular perturbations. First of all, they reflect the new
concept of a pseudoholomorphic solution of singularly perturbed problems, i.e., such a solution, which
is representable in the form of a series converging in the usual (but not asymptotic) sense in powers of
a small parameter. We must also take into account the fact that the modern mathematical theory of the
boundary layer [13], along with the Vasilyeva—Butuzov-Nefedov’s boundary-function method [5,6],
widely uses the concept of a pseudoholomorphic solution. The following sections of our work are
devoted to the construction of exactly such solutions [15].

5. Pseudoholomorphic Functions in the Theory of Singular Perturbations. Basic Concepts
and Statements

We consider the set of functions F(z, w, ¢), where w = (wy, ..., wy),F = (F,..., F), holomorphic
in a polydisc D = D5, X Dy, X Dy, in which
Dy ={z: [z—20| <Ro},Duy ={w: |wj—wqj| <R;, j=1,k},Dg={e: |e|] <eg}.
Definition 1. A function w(z, €), defined implicitly by the equation
F(z,w,e) =0, (33)

is said to be pseudoholomorphic at a point of € = 0 of rank r, if the following conditions are satisfied:
19, F(zq, wp,0) = 0;
20. 9y, F; .~ 0V(z,w) € Dzy X Dy, i =1,1,j =1k
e=
30, det Hfl]” #0 V(z,w) c DZO X Dwo, where fz/ = agwjl-} , 1= 1,}’,j =1,k; f,] = Oy,
i=r+1kj=1k
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40, w(z,€) is unbounded in any sufficiently small neighborhood of a point ¢ = 0 and there exists a set
Eo C Dy, for which the point € = 0 is a limit point and such that it is bounded on a set T, x Eo, where Ty, is
a compact that belongs D, and contains a point z.

From definition , it follows that

Fi(z,w,e) = ¢i(z) —eUjq(z,w) — ... —"Ujp(z,w) — ..., i=1,r;
i—

’ 34
Fi(z,w,e) = Ujg(z,w) + elj1 (z,w) + ...+ €Uy (z,w) + ..., r+1,k, (34)

and these series converge uniformly on any compact set D, X Dy, in some neighborhood of the point
¢ = 0 (depending on the compact).
We compose the following system of equations:

Uii(z,w) = @1(z)/¢,

U, 1 (er): (Pr(z) /¢, 35
ur+l/0(zrw) =0, (35)

Upo(z,w) =0,

which will be used in the future. We shall call Equation (35) the main system.

Suppose that the entire functions ¥, ..., ¥, of one variable with the asymptotic values ay, ..., a,
are such that the sets w; = {g; : ¢; = Yi(¢i(z)/¢)} C Cy, arebounded if z € T, and € € Eg, where T,
and E;, are sets satisfying the condition 4° of the Definitions 1. We also assume that the points a; close
these sets: @; = w; U {a;}, i = 1,7. We introduce the notations: ¥ = (¥1,...,¥,), ¢ = (¢1,...,¢r),
a=(ay,... ar).

Definition 2. The set (Y, ¢, Tz, Eg) = wy X ... xw, C Cy x ... x Cy, is called an essentially
singular manifold, generated by the functions ¥ and ¢ on the set T, x Eg; we call the set
(Y, ¢, Tz, Eo)=w1 X ... x @, an extended essentially singular manifold.

Let us formulate sufficient conditions for the existence of a pseudoholomorphic function. For this,
along with the system of Equation (35), we consider the system

Uy 1(z,w) = qq,

Ui (z,w) = qr,
’ 36
ur+1,0(zl w) =0, ( )

U o(z,w) = 0.
Theorem 5. If a functionw = Wy(z,q) that is a solution of the system of Equation (36) is holomorphic on

a compact Q = Tyy x Q(Y, ¢, Txy, Eo) and maps it to a polydisk Dy, then the function w(z, ), implicitly
defined by Equation (33), is pseudoholomorphic at the point € = 0.
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Proof. We represent the vector of Equation (33) in the form of a system as follows:

U i(z,w) +elhp(z,w) + ...+ "' Upppa(z,w) + ... = ¢1(2) /¢,

U1 (z,w) +elp(z,w) + ..o+ e"Uppi(z,w) + ... = ¢r(2) /¢, (37)
Urp0(zw) +ellip1a(zw) + .o+ &'Uppau(z,w) +... =0,

Upo(z, w) + elyq1(z,w) + ...+ €Uy y(z,w) +... =0,

and calculate the values of the functions ¥4, ..., ¥, from the left and right parts of the first r equations:
Yy (Urp(z,w) + elyp(z,w) + ...+ Uy i1 (z,w) +...) = ¥1(g1(z)/¢),
Y, (Upi(z,w) + elyo(z,w) + .. + e"Uypi1(z,w) +...) = ¥ (@r(2)/€),

and then in the left-hand sides of these equations we distinguish the main terms:

Y1(Upi(zw)) +eVi(z,w,e) = Y1(g1(z)/e),

(38)
¥ (Uri(z,w)) + eVi(z,w,€) = Yr(@r(z)/€).
Using the notations introduced earlier, we rewrite the system of Equation (36):
Y1 (Ui (zw)) +eVi(zw,e) = g1,
¥, (Up(z,w)) + eVi(z,w,€) = gy, (39)

Ury10(z,w) =0,
Ugo(z,w) = 0.

When ¢ = 0, the system of Equation (39) has a solution w = W(z,¢), holomorphic on a set
Q, that which maps to a compact, belonging to Dy, , and therefore, in accordance with the implicit
function theorem, in some neighborhood ¢z, of each point (z,q) € Q this system has a solution
w that is holomorphic at the point e = 0 : W(z,q,¢) = Y5 o€"W,(z,4q). From the covering {024}
of a compact set Q, we choose a finite subcover, then the function W(z, g,¢) will be holomorphic
uniformly on Q in a neighborhood |¢| < €1, where ¢ is the smallest number of the corresponding
finite subcoverings. The boundedness of the function w(z,€) = W(z, ¥1(¢1(2)/¢),..., Yr(pr(z)/€), €)
for e — 0 (e € Ep) follows from the fact that the point (z, ¢) belongs to an extended essentially singular
manifold Q(Y, ¢, Tz, Ep). The theorem is proved. O

Remark 2. It follows from Theorem 5 that a pseudoholomorphic function decomposes into a power series with
coefficients that depend in a singular way on &:

W(z,¢e) = Z "Wz, ¥1(g1(2)/¢), ..., ¥r(gr(2)/€)) (40)
n=0

and this series converges for |e| < &1 (¢ € Ep) uniformly on Ty,.

6. *-Pseudoholomorphic Functions

In applications, for example, in the mathematical theory of the boundary layer [3], we have to
impose less restrictive conditions on pseudomorphic functions.
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Definition 3. A *-transformation of a function F(z,w,e) = (F,.., F), defined by the equalities of
Equation (34), is a vector-valued function of (k + 3) variables:

Fi(z,w,¢e¢) = (Fa(z,w,ee4), ..., Fa(z,w,¢¢4)),

where the components with numbers i = 1,r have the form
Fi(z,w,ee:) = ¢i(2) — eli1(z,w) — ... — e Uy (z,0) — ..,

(that is, they are obtained from F;(z,w, ) by replacing " by e.e"1,n =1,2,...), and when i = r + 1,k they
remain unchanged: F,;(z,w,¢,€.) = Fi(z,w,€).

Obviously, the function F,(z, w, ¢, € ) is holomorphic in a polydisc D x Dy,, where Dy, = { ¢, :
le+ | < eo}, and the equation Fi(z,w, ¢, ¢, ) = 0 implicitly defines a functionw = w, (z, ¢, ¢,) for which
the equality w(z, €) = w+(z,¢, €, ) holds true.

Definition 4. A function w(z, €) is said to be *-pseudoholomorphic, if the function w.(z, €, €+ ) is holomorphic
with respect to the second variable at the point € = 0 uniformly with respect toz € T, for each fixed e, € Ey.

Theorem 6. If a function Wy(z,q) is holomorphic on a set Q = Ty, x Q(¥, ¢, Ty, Eg) and maps it to
a polydisk Dy, then the function w(z, €) is * -pseudoholomorphic at a point € = 0.

Proof. We fix e, € Ey, then choose arbitrarily z € T, and let q. = ¥(¢(z)/e«). Itis clear that
for the system
Y1 (U (z,w)) +eVi(z,w,€) = qus,

¥, (U (z,w)) + eVe(z,w,€) = Grae, (41)
Fi1(z,w,e) =0,

F(z,w,e) =0
the conditions of the implicit function theorem are satisfied, and since the set of all such g, compacts
(for a fixed e.and z € T), the proof is completed in the same way as in the previous theorem. [J

Corollary 1. Thus, the solution of the system of Equation (41) can be represented in the form of a series in
powers of € :
o0
w(z,e,6.) = Y €"Wa(z, Y1(p1(2)/e), ..., Yr(gr(z) /es)) (42)
n=0

which converges uniformly on Ty at || < &1, where 1 > 0 and depends on €. In addition, from the proof of
Theorem 6, it follows that if e, = € (¢ is fixed and belongs to the circle of convergence of this series), then uniform
convergence will be observed even on a narrower set T,y C Ty (zg € Tz, ).

The main question that arises in connection with the notion of *-pseudoholomorphy is the
following: when can a *-pseudoholomorphic function be extended to the whole compact T,?
The answer to this question will be given in the scalar case, i.e., when n = r = 1. Note that in this case

F(z,w,e) = ¢(z) — el (z,w) — ... — "Up(z,w) — ... (43)
and 9y U (2, w) # 0in the in bidisk Dz, X Dy, .

Furthermore, we assume that the condition (R) is fulfilled: all the functions participating in the
analysis take real values, when their arguments are real.
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Let A(Dy,) and A(Dz, X Dy, ), where Dy, = {w : |w —wp| < R} be the algebras of holomorphic
functions, respectively, in the domains D, and D, X Dy,. In connection with the condition (R),
we will assume that z( and w are real.

Theorem 7. If {H,} is a holomorphic at the point € = 0 family of homomorphisms of an algebra A(D., ) into an
algebra A(Dy, % Dy, ) such that Hy = I and the functions ¢(z), F(z,w,€) = He[@(z)] satisfy the condition
(R), and the conditions of Theorem 6 on the compact set T, = [zq, zo + A] C Dy, hold true, then the function
w(z, €), implicitly defined by the equation F(z,w,¢) = 0, admits a pseudoholomorphic extension to Ts.

We preface the proof of Theorem 7 with the following lemma.

Lemma 1. The mappings He : A(Dz) — A(Dzy X Duy,) for each sufficiently small € satisfy the
commutation relation

Help(2)] = ¢(He[z]). (44)

Proof. Indeed, since ¢(z) € Az, then ¢(z) = Y3, cx(z — 20)¥, and, therefore,

H, {ick(zzwk} = ¥ cHel(z—20)"] = ¥ cx(Helz — z0]) =
k=0 k=0 k=0
= ¥ c(Hlz) - Hilzol) = X cxlHlz) — 20 = p(HLIE)),
k=0 k=0

thus, Equation (44) is proved. [

Proof of Theorem 7. We differentiate Equation (12) with respect to z and w:

0:He[p(z)] = ¢ (He[z])d- He[2],
dwHe[p(2)] = @' (Hez])dwHe 2],

from which, it follows that
eF. + f(z,w,e) Fp =0, (45)

where f(z,w,€) = —ed,H¢[z]/ 9w He[z] is a holomorphic function at the point ¢ = 0, which differs from
zero in the domain D, X Dy, for a sufficiently small e. Equation (45) is the equation of integrals of the
differential equation

dw

e = f(z,w,¢), (46)

and we seek its solution in the form of a series in powers of ¢ , assuming the operator 9, to be
a subordinate operator fd,,. We have [8], for an arbitrary function ¢(z) € A, that

F(z,w,€) = He[g(2)] =
— w ¢’ (z)dw 9 [w ¢ (z)dw,

. d (47)
- (P(Z) —£, woy f(zw€) + €2< 'l:; (E fwo f(z,wz,s)) f(z;:,s) .

By uniqueness, the solution of the equation F(z,w, ) = 0 is the solution @ (z, ¢) of the Cauchy
problem for the differential Equation (46) with the initial condition @1 (2o, €) = wy, which, in accordance
with Theorem 7, is a *pseudoholomorphic function in a neighborhood |e| < € (see Corollary 1) and is
defined on some interval [zg, zo + A1] C [zo, zo + A] (recall that Equation (46) is considered in the real
domain). We will assume that the small parameter in Equation (46) satisfies the inequality 0 < ¢ < g1,
¢'(z) < 0Vz € [z9, zo + A]. We show how in the real case we can find A;. Thus, the series

Wi(z,¢,6.) = ios”Wn(z,‘Y((p(z)/s*)), (48)
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where ¥ is an entire function, that satisfies Theorem 6, in the scalar case, converges uniformly
on the interval T,, = [zo, zo + A] (¢« and ¢ are fixed!). Suppose also (without loss of generality)
that an essentially singular manifold is a half-open interval (p, ¥(0)), where p is the asymptotic
value of the function ¥, and hence the set Q = T, x Q(Y¥, ¢, T, Eo) is a rectangle. If ¢ > ¢,
then wy(z,e) = Wi(z,¢¢) it is defined on the entire segment T, (ie Ay = A), because the
graph of the function g = ¢(z) completely belongs to Q. If ¢ < e, then w;(z,e) = Wi(z,¢¢),
where z € [zg, zp + A1] and A is found from the equation ¢(zg + A1) /e = ¢(zo + A1) /e+. We now

consider the Cauchy problem
dw —
¢4 = f(z,w,e), (49)
w(zy,€) = vy,

where z; = zg + A1, v1 = @1 (21, €). The general integral of this equation can be represented in the form

w ¢! (z)dw, (Y (0 @ ¢ (z)dwy dw, _ ¢(z) — ¢(z1)
Al ) 7 (50

— +... .
o f(z,wy,€) 1\ 0z Jo, f(z,wy,€) Z,Ww1,€) €

The solution @;(z, ¢), obtained from it, is defined on the interval [z1, z;], where z; = z1 + A
and A, is determined from the equation "’(Z”Aze)*"’(m = w(zg:rA). If |[¢/(z)] < IVz € Ty,
then in accordance with the Lagrange theorem we have

ep(zo +4)

B2 el

Y

. (51)

Then, Equation (46) is considered with the initial condition w(zp, &) = v2, when vy = @y (23, €).
A general integral analogous to Equation (50) is constructed, and so on. Since the estimate of
Equation (51) is constant on an interval T, then in a finite number of steps the solution will be
constructed on it. The Theorem is proved.

We give two examples of constructing pseudoholomorphic solutions in the real domain.

Example 2. We consider the Cauchy problem for the scalar equation (n =r = 1)

e = ft,y), t€ o T),
{wm@—m. (52)

We assume that the function f(t,y) admits a holomorphic extension to the bidisk Dy, x Dy, where Dy, = {z:
|z—ty| < Ro, Ro>T}, Dy, ={w: |w—yo| <R}, and isnot equal to zero there. Then, the general
integral has the form:

o Yy _dy Yy (o v @ (Ody\ _dyn

9(t) —e¢'(t) -fyo fltyr) Te, Yo (3f Jyo  f(ty2) ) fltyr)

_2 v (@ i (@ 12 zp’(f)dy3> dya ) dyp
yo \ 9t Jyo \ 9t Jyo fltys) ) flty2)) ftyr) ~ " ’

Hence, we obtain a *-pseudoholomorphic solution

y(te) = i Yy (t, (P(Z)> , (53)
n=0

€

where ¢(t) € Ay, and such that the conditions of Theorem 6 are satisfied.
We write out the formulas for the first terms of the series of Equation (53):

Vi

o _ Vi1 VZ — 2V Vi Vo + Vo V2
V2 ly=vo(tp(t)/¢)

2V?

Y= , Y=

’

y=Yo(t,p(t)/¢)
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where

w2 (G /yy (51 S ) 7)) sy
o i)
RO

f2(t,y) '
We recall that y = Yo (t, ¢(t)/¢€) is the bounded solution (for e — +0 ) of the equation

Voo = —

/ v dy _M
(p(t)w flty1) e’

In particular, if f(t,y) = y*> —e*, tg = 0, yo = 0, then

1—eét

y(te) = 4 ;thz

Example 3. Consider the Cauchy problem for Tikhonov'’s system [7] (here, n = 2,r = 1)

y =glty,v),
ev' = f(t,y,v), teltT], (54)

y(tOr E) = Yo, U(tO/E) = 0o-

Denote by i(t) the solution of the limit problem f(t,y,y') =0, y(to) = 0, and by L = 9; + gy — the
first-order linear partial differential operator. Then,

(v ¢(Hdoy 2 o v1 ¢ (t)doy do _ _
{ 9(6) =2 [y, Ao o (Lfvo f(rym)Lf(tylvl)d S
i _ v Ly—y(t))doy 2 U1 y y(t))dvy v _ _
y=9O) = Joy ity TE (Lf g0 )fu,y,lvl) =0

are independent first integrals of the system of Equation (54). Hence, we obtain a *-pseudoholomorphic solution

of this system: ]
y(te) = g(t) +¢ /vo %

+...
(f)
Vo(t, o(t)/¢)
v ¢'(t)dv do
oo f<t,y,v$) Fltwon)
+on

o0 =t 000 el [ 1 ﬁ

_fv Ly—g(t))do = 2 fv ¢’ (t)dvy

v~ fleyen) oy oo fGyon | |y = g(t)

v="Vo(t, @(t)/¢)
Here, v = V(t, ¢(t)/¢) is the bounded solution (for ¢ — 40 ) of the equation

, v doq o(t)

W o Fego) ~ ¢
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Conclusion 3. The algorithms developed in this paper allow one to theoretically substantiate
two main approaches in the general theory of singular perturbations: an approach related to
approximate (asymptotic) solutions, and an approach related to pseudoholomorphic (exact) solutions
of such problems.
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Abstract: The theory of singular perturbations in a unified formulation is used, for the first time,
to study the propagation of two-dimensional periodic perturbations, including capillary and grav-
itational surface waves and accompanying ligaments in the 107* < w < 10° s7! frequency range,
in a viscous continuously stratified fluid. Dispersion relations for flow constituents are given, as
well as expressions for phase and group velocities for surface waves and ligaments in physically
observable variables. When the wave-length reaches values of the order of the stratification scale, the
liquid behaves as homogeneous. As the wave frequency approaches the buoyancy frequency, the
energy transfer rate decreases: the group velocity of surface waves tends to zero, while the phase
velocity tends to infinity. In limiting cases, the expressions obtained are transformed into known
wave dispersion expressions for an ideal stratified or actually homogeneous fluid.

Keywords: waves; ligaments; gradient flow; singular solution; stratification; viscous fluid

1. Introduction

Waves on the surface of rivers, seas and oceans became one of the main objects of
theoretical research as the first fundamental equations of continuum mechanics and closed
systems of equations were formulated [1-3]. Due to a large difference in the physical prop-
erties of the atmosphere and water [4], the theory of waves evolved with the approximation
of the homogeneity and immutability of the density of the contacting media. B. Franklin in
the 18th century observed the water—olive oil interface motion in a ship’s lighting lamp and
pointed out that the variability of density with depth should be taken into account when
analyzing the wave phenomena in a liquid [5].

The results of the analysis of the first papers, which considered the variability of
the density of the liquid in depth, were presented [6], but for some unknown reason,
mathematicians and mechanics did not pay attention to these topics. For example, such
a fundamental characteristic as the buoyancy frequency calculated in [7], which is the
limiting frequency for propagating internal waves in a continuously stratified fluid, escaped
from attention. Independently the buoyancy frequency was re-discovered as the natural
oscillation frequency of probe balls drifting in a stratified atmosphere [8] and later it was
associated with the local extreme in the spectrum of high-frequency pressure oscillations
recorded by a microbarograph [9].

Due to the practical importance of the issue, for a long time, researchers have been
concentrating their efforts on studying periodic phenomena in a liquid in the context of the
force action of waves on obstacles and the wave resistance of bodies moving in a liquid.
The scientists assumed the constancy of density and incompressibility of the liquid [10]
to be the most important qualities. Nowadays the constant density approximation is still
considered high priority in the description of wave processes [11].

In theoretical works much attention is paid to the study of nonlinear properties of
waves. The first heuristic discovery—the theory of periodic nonlinear vortex waves [12]—is

Axioms 2022, 11, 402. https:/ /doi.org/10.3390/axioms11080402 47

https:/ /www.mdpi.com/journal /axioms



Axioms 2022, 11, 402

significant in wave theory development. The approach was extended in [13,14], then
analyzed in [15] and it has recently been supplemented with new results [16,17]. Another
large cycle of studies of nonlinear waves, initiated by observations of a solitary wave in a
shipping channel [18], is successfully proceeding at the present time. The number of various
model equations [19,20] for the description of nonlinear wave properties is continuously
increasing [21].

Seminal works [22,23] occupied a special place among the first publications. In these
studies, the parameters of infinitesimal waves were determined, the waves of finite am-
plitude were calculated and showed the existence of the wave transfer of matter (Stokes
drift) using the methods of the regular perturbations theory. The mass transfer is caused
by nonlinear effects, which are distinctly revealed in the deviation of the waveform from
the ideal one, i.e., in a nonlinear wave, the crests become sharper, and the troughs become
flatter. The limiting angle between the tangents to the right and left sides of the crest is
calculated as @« = 120° in [23], and as « = 90° in [13]. It depends on the nonlinearity
parameter ¢ = w?{p/g [24] when describing the propagating potential waves of finite
amplitude by means of Lambert’s complex functions (o and w are the amplitude and
frequency of the wave, g is the gravity acceleration).

Calculations of the viscous attenuation of waves in a deep liquid and a channel of finite
depth were carried out by asymptotic methods in a linear and nonlinear
formulation [6,25,26]. Such calculations continue to be conducted at the present time
using various approximations [27-30].

The “boundary layer” ideas (i.e., a mathematical model of the flow adjacent to the
surface of the liquid, in which the influence of viscosity is considerably revealed), which
were formulated at the beginning of the 20th century, had a significant impact on the
development of the theory of waves in a liquid. The approximation of the boundary
layer, accompanied by the reformulation of the defining equations [31], stimulated the
development of the search for new analytical methods of finding their solutions [32]. The
analysis of the wave equations by the theory of regular perturbations methods showed that
in a homogeneous liquid with kinematic viscosity v, a surface gravitational wave with a
frequency w is accompanied by a boundary layer with a specific thickness d, = v2v/w.
Separate boundary layers are formed on the free surface and on the solid bottom of the
channel through which the waves propagate [33].

The boundary layer greatly influences all the parameters of fluid flows, namely pres-
sure distribution, velocity and substance transfer characteristics [34]. Corrections of the
theory formulas [33] due to the viscous attenuation of waves were later calculated in the
second order of the perturbation theory [35]. The analysis of the dispersion relation for
surface gravitational waves and accompanying boundary layers in a viscous liquid, supple-
mented by calculations of the attenuation coefficient and the scale of spatial attenuation of
the wave was carried out in [36].

A more complex model of a “double boundary layer”, inside which there is a periodic
boundary layer with a length scale 6, = v/2v/w, was proposed to describe standing
waves [37].

With the frequency increasing, the surface tension influences more the pattern of
waves on the surface of the liquid. The surface tension coefficient ¢ is a parameter that
determines the type of dispersion relation for short waves [38] and accompanying fine
constituents [39]. The surface tension changes the dependences of the group and phase
velocity, the attenuation coefficient and the velocity of matter transfer U, on frequency w,
wave vector k or wavelength A. The pattern of waves generated by a short-range localized
source in a viscous liquid, taking into account the effects of surface tension, was calculated
in [40].

The data of the first systematic experimental studies of surface waves, which were
conducted in laboratory basins at the end of the 19th century [41], generally showed
satisfactory agreement with the calculations of velocity in the liquid thickness [23]. The
visualization of the velocity profile using a “marker” (i.e., a colored wake of a submerging
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particle) showed the existence of a drift in the near-surface and bottom layers in the
direction of wave propagation and slow counterflow in the middle of the liquid layer [42].
Additional cleaning from dust and film of the target liquid surface and consideration of
viscous attenuation in the calculations of the near-surface boundary layer significantly
reduced the difference between the data of calculations and experiments in a laboratory
channel [43]. The observations of rearrangement of the distribution pattern of initially
homogeneous suspension in the field of standing gravity waves in a vertically oscillating
basin are given in [44].

In the field of propagating gravitational-capillary waves (5 < w < 50Hz), the sub-
stance of the colored drop is distributed unevenly over the surface of the primary cavity [45],
the same as in the case of a drop merging with a target liquid at rest [46]. In the evolutionary
process a slowly drifting colored primary contact area, a near-surface jet with a vortex
head and a sinking ring vortex remain in the distribution pattern of the substance. There
is a pronounced fibrous structure in the distribution of the drop substance in the target
fluid [45].

Widespread capillary waves, which are observed in various rivers, seas and oceans,
are caused by weak wind gusts in calm [47] and are certainly present on the slopes of large
gravitational waves [48] in the stormy open ocean [49] and coastal regions [50]. Capillary
waves contribute to the formation of bubbles, drops and foam [51] and participate in the
processes of generating sound packets when drops fall [52]. Drop impact sounds form rain
noise [53], which is one of the main sources determining the acoustic background of the
ocean [54].

The capillary ripples determine the roughness and the real area of the contact surface.
The estimation of their influence on the transfer of momentum, energy and matter between
the atmosphere and the hydrosphere is of scientific and practical interest. A continuously
expanding list of scientific tasks supports the interest in studying the dynamics of capillary
waves in a wide range of conditions.

The analysis of the additional dissipation of short gravitational and gravitational-
capillary waves caused by “parasitic” capillary waves on the slopes of longer waves in a
laboratory pool are given in [55]. The presence of a surfactant film dampens short capillary
waves, which in turn amplifies decimeter waves [56]. The discussion of modern optical
methods for studying capillary waves and the data of detailed experiments is carried out
in [57]. A review of papers on the nonlinear interaction of coexisting waves of different
frequencies within the framework of the theory of “wave turbulence” is presented in [58].
The basic mechanism of energy transfer in weak turbulence theory is validated experimen-
tally in the gravity (four-wave interactions) and capillary (three-wave interactions) regimes.
Advanced experiments enable the achievement of full spatiotemporal reconstruction of the
wave field in a weakly or strong nonlinear regime, to infer wave statistics as well as waves’
nonlinear dispersion relationship, to compare with theory [58]. The study in [59] discusses
the influence of attenuation on nonlinear interactions of short waves and surface waves
and the properties of “wave turbulence”. In all cases, the density of the liquid is assumed
to be homogeneous.

However, in real conditions, the influence of differences in atmospheric and hydro-
sphere temperatures, insolation, radiative heat transfer, variability in the concentration of
dissolved and suspended particles and flows ensure the heterogeneity of the density profile
throughout the depth of the liquid [60]. The same happens in a thin near-surface layer,
where temperature changes rapidly with depth and forms a “cold” or “warm” film [61].

The given study of the properties of surface waves and accompanying fine components
in a viscous stably stratified liquid is based on a complete system of fundamental equations,
which was firstly collected in [62] and later was considered in [63,64]. In this paper, a
reduced system of the fundamental equations in which the density variability is preserved
without considering variations in temperature, salinity or pressure that cause it to change
is used. This system of equations is analyzed by methods of the singular perturbations
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theory [65] taking into account the compatibility condition [66], enabling calculation of both
the waves themselves and the family of accompanying fine constituents (i.e., ligaments).

Analysis of the solutions of the fundamental equations system in a continuously
stratified fluid has shown that for periodic flows (with a frequency less than the buoyancy
frequency), regular solutions describe waves. The wave frequency w is related to the
wave number k by an algebraic dispersion relation w = w(k, Ak), which may include the
amplitude A [66,67].

Singular solutions describe ligaments perturbations—extended in some direction and
fine in others—outlining wave beams. The transverse scale of the ligaments J, is deter-
mined by the kinematic viscosity of the liquid v and the wave frequency w: 6y, = vv/w
(Stokes scale) or equivalent parameter with the buoyancy frequency N: §); = v/v/N. The
number and positions of the ligaments in space are determined by the geometry of the
source, the amplitude and frequency of its oscillations. Calculations of internal wave beams
and accompanying ligaments in stratified liquids and gases are given in [68,69].

In this paper, a dispersion equation in a linear approximation for two-dimensional pe-
riodic perturbations on the surface of a viscous exponentially stratified liquid is constructed
for the first time. The properties of its complete solutions are analyzed. Approximate solu-
tions are obtained by perturbation theory. Regular solutions describe waves in the range
from infra-low frequency to gravitational-capillary and capillary waves. The dispersion
relations continuously transform into the well-known formulas of the theory of waves in
a homogeneous viscous or ideal liquid. Singular solutions characterize ligaments—fine
constituents that complement waves. Graphs of the dependence of the wavelengths and
ligaments on the frequency, phase and group velocity of the constituents on the wavelength
are given. The results can be used to solve problems of generation and propagation of
surface waves with physically justified initial and boundary conditions and comparison
with a high-resolution experiment.

2. Periodic Flows in a Viscous Exponentially Stratified Fluid

We consider the propagation of periodic perturbations over the surface of a viscous
exponentially stratified fluid in a uniform gravity field. The undisturbed liquid filling
the lower half-space is regarded to be incompressible; meanwhile the effects of thermal
conductivity and diffusion are neglected.

We perform the study in a Cartesian coordinate system Oxyz in which the plane
Oxy coincides with the equilibrium position of a free surface of the liquid, and the axis
Oz is directed vertically upwards against the direction of the gravity acceleration g. The
undisturbed density distribution over depth is exponential py(z) = pggexp(—z/A). Itis
characterized by reference density pyy(zo) (i-e., the density value at the equilibrium level
z = z9), as well as the scale A = |dInp/ dz|71, frequency N = /g¢/A and buoyancy period
Tb = 27'[/ N.

Mostly, changes of real fluids density are usually small and produce a small impact on
the inertial properties of the flows. Nevertheless, the conservation of terms describing the
stratification effects in the governing equations set is important since gravity acceleration
is large. In this regard, it is useful to consider three types of medium: stratified fluids
when buoyancy scale A, frequency N and period T, which are included in the list of main
parameters; then very weakly stratified fluids, when the scale of buoyancy substantially
exceeds the values of other length scales of the problem (so called potentially homogeneous
fluid) and actually homogeneous liquid whose density is assumed to be constant in the
entire space [70]. Using a weak but variable density helps to save the rank of complete
non-linear set and order of the linearized set of governing equations [66,71] and analyzes
additional solutions which are lost in approximation of homogeneous fluid.

Depending on the magnitude of the density gradient created by the corresponding
temperature or salinity distributions, it is customary to distinguish strongly and weakly
stratified fluids, as well as potentially and actually homogeneous fluids. The values of the
characteristic physical quantities are given in Table 1 [70].
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Table 1. Values of characteristic physical quantities.

Fluids
Parameter Stratified (SF) Homogeneous (HF)
Strongly Weakly Potentially Actually

Buoyancy frequency N, s~1 1 0.01 0.00001 0.0
Period Ty, 6.28 s 10.5 min 7.3 days 0
Scale 9.8m 100 km 108 km 0
Viscous wave scale Lﬁjv = Ygv/N,cm 2.14 200 2.10° o0
Stokes microscale 63, = v/v/N, cm 0.1 1.0 30 o0

Strong stratification (T, ~ 10s) is created in laboratory installations. Relatively weak
stratification (T}, ~ 10 min) is observed in natural conditions. Figure 1 shows the density—
depth dependencies for exponential stratification (solid line) and for linear stratification
(dotted line) for a strongly stratified fluid N = 1s71.

d, cm
0

48 ’1]13
20 PEe

50

100

150

200

Figure 1. The density—depth dependencies for exponential stratification (solid line) and for linear
stratification (dotted line) for strongly stratified fluid (N = 1 sl v =001St 0 =72 dyn/cm,
poo = 1.0g/cm?).

To compare the properties of exponentially and linearly stratified media, we ana-

lyze the changes in the density gradient with depth. For exponential stratification, the
magnitude of the density gradient depends on the vertical coordinate z.

dp Poo —%
= _ Y00 1
dz AT @
For linear stratification, the density gradient does not depend on the depth:
dp Poo
LA 1} 2
dz A @
For small variations z < A the dependencies of the density gradient are not distin-

guishable for exponential and linear stratification. The exponent can be represented as a
Taylor series expansion over a small parameter z/ A and expression (1) will be written as

follows: ,
dp Poo = Poo z  z
“P _ _ Foo ~_P00fq_ =4 =

AT A oA @)

The numerical values for the stratification scale for a strongly stratified fluid are
A = 9.81-10%cm, and for a weakly stratified fluid A = 9.81 - 10°cm. At depths of less
than 10% of the stratification scale, it can be argued with a high degree of accuracy that
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the calculations in the model of a linearly stratified fluid and exponentially stratified fluid
coincide.

We study below two-dimensional periodic flows of the form A = Agexp i(kx — wt)
with a positive definite frequency w and a complex wave number k, the imaginary part of
which characterizes the spatial attenuation of the flow. The disturbances which are homoge-
neous in the direction of the transverse horizontal coordinate y are selected. They include
the displacement of the free surface position {(x, t). The velocity u = uyey + u e, with
horizontal and vertical velocity components iy, 1 in an incompressible fluid (divu = 0) is
represented by derivatives of the stream function :

Uy = 9, u; = =0y 4)

The expression for the density of the liquid p = pg(ro(z) + s(x, z, t)) replacing the
equation of state in [66] includes the initial distribution ry(z) and the perturbation caused
by the examined periodic flow s(x, z, t).

Taking into account these assumptions, the system of continuity and Navier-Stokes
equations is extremely simplified and takes the traditional form [62,63,69]:

p = poo(r(z) +s(x,2t))
z< g poru+p(u-V)u—pvAu = pg— VP (5)
dtp +div(pu) =0

Kinematic and dynamic boundary conditions on a perturbed surface are traditional [62]:

4(z—0)+u-V(z—7)=0
z={: T -(n-Vu)+n(t-Vu) =0
P—DPy—oV-n—2pvn(n-Vu) =0 (6)
V(z=0) _ —dlexte: o= Cxtile

VE=OI 1+ 0:02 T V14007

where P is the hydrodynamic pressure, o = yuprhoy, is the total coefficient of the surface
tension of the liquid, n and T are the vectors of the external normal and tangent to the free
surface of the liquid, respectively.

The studied problem includes the following dimensional parameters: density p and its

n=—=

gradient ‘;—E, dynamic y and density-normalized kinematic viscosity v = ¢/ p, gravity accel-
eration g, surface tension coefficient o and density-normalized surface tension coefficient
v = ¢/p, amplitude A, frequency w period Ty, = 271/ w and wavelength A. The wave is
also characterized by a wave vector k, the modulus of which is related to the wavelength
A =2m/|k|

In the transition to a mathematical description, physical quantities serve as the basis
for the introduction of characteristic scales of length, time and speed. These scales are used
in the physical interpretation of the results obtained, assessing the degree of influence of
various physical factors.

The degree of relative influence of viscosity and gravity on fluid flows is characterized
by the scale 6 = {/v2/g that appears in [71].

Traditionally, stratification is characterized by its own length scale which takes into ac-
count or neglect the effects of compressibility, the frequency N = /g/A, period T;, = 2/ N
and the inverse value of the buoyancy frequency Ty = T},/27. The stratification itself is
characterized by a combinational viscous wave scale L‘;\,v = gv)l/ 3/N [72,73], as well as
a length scale 6y, = +/v/N- a functional analogue of the dissipative Stokes microscale
0% = Vv/w.

The dualism of the nature of surface waves, whose properties depend on the gravity
acceleration g, normalized coefficients of surface tension 7y and kinematic viscosity v results
in the introduction of several scales, including the capillary length (5g = +/7/8. The
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inequality A < (Sg indicates the severity of surface force effects, and A >> 5g—indicates
the severity of gravitational effects.
The structure of near-surface flows is also characterized by a known proper velocity
scale v, = /v and an additional time scale of kinematic nature ng =v./g="7/vg.
Wave propagation is characterized by group cg = aa—ﬁf and phase velocity c,;, = ‘l‘(’—zk
Ratios of uniform scales form a set of dimensionless parameters, parts of which are
used in further calculations.

2.1. Equations of Periodic Flows and Dispersion Relations for Plane Infinitesimal Waves

To simplify expressions, we accept the initial density distribution to be exponential, as
it is customary in most models:

Po(2) = poor(z) = pooexp(—z/A) (7)

The change of variables proposed in [74] allows the transformation of the equations
of motion for an arbitrary smooth density profile into equations with constant coefficients
that determine the preferential choice of the exponential density profile.

Further calculations are carried out in the Boussinesq approximation, considering the
smallness of absolute density variations in stratified media (in particular, a small value of
the wavelength and buoyancy scale ratio C = A/A). The density variations are neglected
everywhere, except for the term with a large coefficient (i.e., the gravity acceleration g). In
this approximation, the system (5) takes the form:

g(r + S) —8— a[xll) + 3xll)alel) - azll)aqu) - Vaqu) +9.:P=0 (8)

{ Otz + 0,00 — 0,0z — VI AP + 9P =0
018 + 0:pdys — Pz (r +5) =0

In a linear approximation the system (8) reduces to:

g(r+s) —g— 0 — vorxAp +0,P =0 )

dpp — vo AP+ 9P =0
s — 9y, r =0

Cross-differentiation of spatial coordinates of the upper and middle equations of the
system (9) allows getting rid of pressure:

{ 0 — g0xs — VAAD =0 (10)

9ts — 9y pa,r =0

Subtraction of the second equation, differentiated by coordinate and multiplied by a
coefficient g from the first equation of the system (10), differentiated by time, allows getting
rid of the function s(x, z, t):

AP — VOrAAY + dxxPdr =0 (11)
Equation (11) takes the next form for an exponentially stratified fluid (7):
A — VO AMD + N2 exp(—z/ M) b =0, N =./g/A (12)

The boundary conditions (6) for all variables of the infinitesimal waves
A = Apexp(ikx —iwt) are traditionally carried away from the wave surface z = { to
the unperturbed level z = 0 and take the form

atg +0xp =0
z=04 —pgl+ pgoP +2pgVOxp + 09y =0 (13)
aZZlb - axxll) =0
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The small coefficient (kinematic viscosity v), which ensures slow attenuation of the
wave as it propagates in the liquid, allows the classification of the system (12) as a system
of singularly perturbed equations and the application of the theory of singular perturba-
tions [65] for its analysis. The compatibility condition, which requires the analysis of all
the roots of the dispersion equation and the system (12) solutions, should be taken into
account [66].

For surface waves with w > N, the solution of Equation (12) is sought in the form of
plane waves:

v = (A+eikxx—iwt + Aie—ikxx—iwt) <ekzz + Belqz) (14)

Here k, corresponds to the regular solution of the dispersion equation, and k; corre-
sponds to the singular solution of the dispersion equation.

We obtain the shape of the deviation of the free surface of the liquid, the condition
of the relationship between the amplitudes of the regular and singular component by
substituting (14) into Equation (12) and boundary conditions (13):

g — % <2A+eikxx7iwt _ Aiefikxxfiwt) (1 + B)
k

B=— 2 +k2 (15)
R
as well as the dispersion relations:
CN2K2 42/ A (12 _ g2 2y — k2 —
N<ks +e (kx kz,l) w (zkxv ikz v+ w) 0 16)

gk2 = 3ik3k. v + ko (iR v — w)w + Kby =0, 7 =0/pgg

Calculated for the first time the expressions (16) are transformed into the relations
for a viscous homogeneous fluid and for an ideal exponentially stratified fluid in limiting
transitions N — 0 and v — 0 respectively. Similar dispersion relations for internal waves
and ligaments in the thickness of a stratified fluid were presented in [75].

2.2. Solution of the Dispersion Equation

It is convenient to analyze the dispersion relations (13) in a dimensionless form. The
time scale will be the parameter, which is inverse to the buoyancy frequency N, and
the viscous wave scale L. = (vg)l/ 3/N is chosen as the length scale. The ratios of the

2
. 57 . 1/3
eigenscales of the problem § = (% = % : % and ¢ = % = I\; 75 are used to construct

new dimensionless parameters ¢, ¢ involved in further calculations. Then, expressions (16)
could be rewritten in a dimensionless form:
2
k2, e M (I, 2, ) ew. + M (I, 2, )w? =0
K2, + kb oe — 3ik2 k., je%w, + ikizrlszw* —kupjew? =0 (17)
6= Nvy/vg, e = Nv1/3/¢2/3

The upper dispersion relation in (17) has regular solutions, which we have denoted

k.-, and singular solutions, which are denoted k,;. For a large number of real liquids, the

parameter ¢ < 1 and regular solutions are found by direct decomposition over a small
parameter &:

Kuz = kaoz + etz + ehazz + (18)

Substituting (18) into the upper expression in (17) we obtain up to the terms of the

order 0(82):
2 _ o z/A 022/ N3
PEAT Lkl  : * S (19)

W 20t \/w?2 —ez/A
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Since the equations in the system (17) have the fourth degree, it is necessary to find
two more solutions, which are singular perturbed ones in the form of decomposition [65]:

kyg=¢" (k*()l + ekyyy + Ezk*y +.. ) (20)
The parameter 1 in (20) is chosen in such a way that at the highest degree the main

term of the decomposition persists. Substituting instead of k,; in the upper expression in
(17) k,; = ¢ "k,o; and equating the exponents ¢ in different terms we get:

1—4n=—-2n

1-4n=1—-2n

1-4n =0

1-2n=-2n @1)
1-2n=0

-2 =0

At the highest degree, the main term of the decomposition remains only atn = 1/2.
Substituting the valuen = 1/2 in (20) and then in (17) up to the terms of the order O (53/ 2)
we get:

(1)@,  (1+) (/2 + w?)i2,
V2e 2v2w3/?

Leaving only the main terms of ¢ in the lower dispersion relation (17), we obtain the
dispersion equation for the regular part of the solution:

Kyx + (kzxé—wm/wi—l)e:o (23)

For the singular part of the solution, leaving only the main terms of the expansion of ¢,
we obtain:

kg =+ Ve (22)

1 _ 2
(1+1)(1—2w3) 32

V2Wy

The solution of the dispersion Equation (23) for the regular wave part is:

14 K2,.6e + 0 (24)

13 ®
ki = — e 3.21/35¢

k _ 1:Ei\/§ . (];1\/§)a 05
T 0273y 6-21735¢ (25)

1/3
o« = (27523%*\/@ —1+ /108533 + 7295%b w? (w? — 1))

From the condition of the physical realization of the solution (i.e., the damping of the
flow with depth) it follows that only roots with Re(kx,) > 0 possess a physical meaning.
Decomposing the solution (25) for the regular wave part into a Taylor series, we obtain:

kiy = wiey/w2 — 1+O(£4)

. ot 26
kix = :t\/% — W€ “571 +O(55/2) 26

With consideration of (19) and the condition Re(k,;) > 0, it can be seen that we
implement only one root of (26) and finally for the regular wave solution we get:

21/3

kix = — « + 321735¢ s
io—2z/A (213 « 27
WI_c A [ /3 . e ( RS @7)
ke = YOS (“2E 4 ) +e
. 321/35¢ YO A=
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We perform similar transformations for singular ligament-solution. The solutions (24),
which are found taking into account (22) and the conditions of the physical implementation
of the roots Re(k,;) > 0 of the singular ligament, take the form:

kow = £/ (06) (1 41) (2002 — 1)/v/2w,) /2 — 1)
P )20w3+(1 + )( “ A+ w?) (((1+) (202 -1) /2w, ) e3/2-1) (28)
W= NG

Expressions (27), (28) describe new dispersion relations for surface waves (27) and
associated ligaments (28) in a viscous exponentially stratified fluid.

2.3. Low Frequency Waves
The solution for low frequency waves (w < N) is sought as the sum of the propagation

of gravitational waves (waves with wave number components k;) and fine perturbation
(with wave number component k;) as well:

b= <A+€ikxx—iwt +Aie—ikxx—iwt) (aeikzz 4 peikez +X€ksz> (29)
Substituting (26) into (9) leads to dispersion relations:

{ —NZk2 + e*/ A (K2 4+ k2) w (ik3v + ik + w) = 0 (30)
— N2 +ie*/ M (k2 — K2) w (K2v — K2V +iw) =0
Substituting solution (29) into the boundary conditions (13), we obtain an expression
for the shape of the free surface and additional relations. These additional relations
determine the relationship between the amplitudes of the various components of periodic
motion:
é- — <A+eikxx7iwt _ Aiefikxxfiwt) (DC + B +X)kx/w (31)

(a+) (B —2) +x (B +12) =0 (32)

K (g+ 7k ) (a+ B+ x) + veo (ke (o« — B) (32 + 1) + ks (2 = 3K2) ) — w?(ikz(« = B) = xks) =0 (33)

In a dimensionless form, the dispersion relations (30) take the form:

{ —k2, + e/ M (K2 — K2 )2sw + e/ M2, — k) w2 =0 34

2
—K2 +zeZ/A<k2 +k*zl) Wy +eZ/A<k§X+k*21)w$:O

The expressions for the surface component of periodic motion, up to the notation,
coincide with the dispersion equations of surface waves discussed above. For low frequency
waves, we will look for regular wave solutions in the form of expansion (18) and up to the
terms of the order O(e?):

e—z/N _ ()2 je—22/ N3
ky=tr—— Tk Fe— —L (35)
W 2w/ w2 —ez/A
Similarly to surface waves case, we find singular solutions of the dispersion equation
for low frequency waves using decomposition (20). Just as in the case of high frequency
surface waves w > N, the exponent of the degree n = 1/2 is the only one that satisfies
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the condition of the main term of the decomposition at the highest degree k;. Making a

substitution up to the terms of the order O (63/ 2) we get:

e Ao )
N 2/20%?

From the relation (32) we obtain that

kg = Ve (36)

SYPEIL. ful. 37)
= gy
K +K2
e G s (38)
From the ratio (33) follows:
e 2i (K2 + k2) kzoe (3k2v + k2v — i) w 39)
o =—
ik2 (k2 4+ k2) (g + k3y) — (ks + ikz) (—k2k% + 3k + dikskZk, + (k2 + k2)k2)vaw — (ks — ikz) (ik% + kskz) w?
In the low viscosity approximation, we obtain that
a+p=~0 x=~—(a+p)=0 (40)

The relations (40) correspond to the situation when all the energy is concentrated in
gravitational waves.

2.4. Periodic Flows on the Surface of a Viscous Exponentially Stratified Liquid

First of all, let us consider the dependence of the wavelength A on the frequency of the
wave motion w. We define the wavelength as follows:

A =27/ /Re(k2) + Im(k2) (41)

This method of determination of the wavelength is due to the fact that the imaginary
part of the wave number k, component and the real part of the wave number k, compo-
nent are responsible for the spatial attenuation of motion and are not impactful to wave
propagation. Substituting the dispersion relations (27) in (32), we can construct the desired
dependencies. Figure 2 shows the dependence of the wavelength on the frequency of wave
motion A(w).

The velocity of movement of the phase front of structures (wave and ligament) and
the rate of energy transfer are of particular interest. The phase front moves with the phase
velocity of the wave (and its analogue for the singular solution):

cpn = wk/|k[* (42)

The energy is transferred with a group velocity cgr, which is defined as follows:

A\ (k)
%{@£>,<£ﬁ } (43)
Figure 3 shows the dependencies for the phase (dashed line) and group (solid line)
velocities.
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Figure 2. The dependence of the wavelength on the frequency of wave motion in a viscous exponen-
tially stratified fluid for a periodic solution. The curves indicated by the letter (W) are constructed for
a liquid with v = 0.01 St, ¢ = 72 dyn/cm, pgy = 1g/cm?, and by the letter (GI)—for a liquid with
glycerin parameters (v = 11.746 St, pog = 1.26 g/cm?, 0 = 64.7 dyn/cm). The numbers indicate a
different degree of stratification. Index (1) corresponds to a weak pycnocline N = 0.001 s~ 1, index (2)
to a weakly stratified fluid N = 0.01 s~, and index (3) to a strongly stratified fluid N = 1 s! for
water and glycerin.

Figures 2 and 3 show that viscosity has a noticeable effect on capillary waves with
a wavelength A < §7, and the stratification influences the waves with frequencies close
to the buoyancy frequency N. With the advent of stratification, a forbidden part of the
spectrum appears for surface waves (with frequencies lower than the buoyancy frequency).
With the tending to the stratification frequency, the group velocity goes to zero, and the
phase velocity tends to infinity. A similar pattern is observed when electromagnetic waves
propagate in waveguides. The size of the waveguide sets a certain critical size, beyond
which the electromagnetic wave does not propagate in the waveguide channel. In stratified
fluids, this mechanism is not due to external geometric constraints, but is determined by
the characteristics of the medium (stratification).

Cpi, gr» CM/S
107},
)

@) ‘3)

10°

1072 107 1 10 10* 10

Figure 3. Cont.
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Figure 3. Dependences of the phase (dashed lines) and group (solid lines) velocities on the frequency
of wave motion (a) and on the wavelength (b) in a viscous exponentially stratified fluid for a periodic
solution. The curves indicated by the letter (W) are constructed for a liquid with water parameters,
and by the letter (GI)—for a liquid with glycerin parameters. The numbers indicate a different degree
of stratification. Indexes (1) and (6) correspond to a weak pycnocline N = 0.001 s~ 1, indexes (2) and
(5) correspond to a weakly stratified liquid N = 0.01 s~ and indexes (3) and (4) correspond to a
strongly stratified liquid N = 15~ 1.

3. Reduction to Approximation of Actually Homogeneous Fluid

The fine constituents of periodic flows—ligaments—are a consequence of the dissipa-
tive properties of the medium, which exist not only in stratified, but also in homogeneous
liquids. They are described by singular solutions of dispersion equations, the appearance
of which can be observed experimentally in the structure of flows in an inhomogeneous
medium. If the effects associated with buoyancy are neglected, then the density of the
liquid can be considered as actually homogeneous:

p = pgy = const (44)

and the basic equations of motion are simplified. For a viscous homogeneous liquid in a 2D
formulation in a linear approximation equations for the stream function are shortened to:

AP — vAAD =0 (45)

Equation (45) can also be obtained by performing a limiting transition N — 0 in (12).
The boundary conditions that are removed to the equilibrium surface in the case of a
homogeneous liquid are as follows:

U+ R =0
z=0 —8C+ P +2v0x b + 70xxl =0 (46)
azzll) - axx‘l’ =0

Similarly to the basic equations of motion, the boundary conditions (46) can also be
obtained from the boundary conditions (13) using a limit transition N — 0. Substitution of
the solution in the form of a propagating wave

P = Apexp(kzz + ikex —iwt) + A_exp(kzz — ikyx —iwt) (47)

in (45) leads to dispersion relations between the components of the wave number:

(-8 (+(& ) -ie) -0 @
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The relation (48) naturally decomposes into two solutions:

=K

- (49)
k= k342

Here, the reassignment of one solution k. into k; is introduced. The component k,
corresponds to the wave solution, and the component k; corresponds to the ligament
solution. Taking into account (49), the solution of the problem in the form of a propagating
wave is transformed into:

P = (A exp(ikyx —iwt) + A_exp(—ikyx —iwt))(exp(kzz) + Bexp(k;z)) (50)

Substituting (50) into the kinematic boundary condition, we obtain the relationship
between the amplitudes of the velocity field and the deviation of the free surface from the
equilibrium value:

_ ke

e " (14 B)(A— exp(—ikyx —iwt) — Ay exp(ikyx —iwt)) (51)

and substitution of (50) into the dynamic condition for tangential tensions leads to the
expression for the amplitude of the ligament component:

(B4R 2o iw) !
BRCET —2ks <2kx + 7) (52)

Getting rid of the pressure in the dynamic boundary condition and taking normal
components, we rewrite it as:

VO AP — O + gaxxll) + 2V0txzzp — YOxxxx P = 0 (53)

Substituting the solution (50) into the boundary conditions (53) taking into account
(49) leads to the dispersion relation for the wave constituent:

k3 — 2ivwk? + gk, — w?=0 (54)

and ligament constituent:

. 2 . .
'y<k,2 - %) —2ivw (klz - %)kl -‘rg(k,z - %) + wk; (ivk,z — w) =0 (55)

It can be noticed that Equations (54) and (55) are also obtained from (16) with a
limit transition N — 0. Further we will transfer the dispersion relations (54) and (55) to
dimensionless forms in the same way as it has been done in the previous paragraph. We will
choose our own viscous scale 6y = V/v2/ g as the length scale, and the ratio as the time scale

6 6
will be Tyg = 7/vg and the decomposition parameter ¢ = ¥ ((5;’ ) /(80) =V (vg) /7>
In a dimensionless form, the conventional dispersion Equation [15] for the wave
component of the solution will be rewritten taking into account (54):

Ky — 2ie?w. k2, + ekiy — w2 =0 (56)
The solution of Equation (56) is obtained by the standard method and takes the form:

. 2., . e(B+4dw? 1
kx = EIEZCU — (37[3) —+ gB (57)
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B = (7813%)*3 + Je3w*(—2i + 3w*) + 3v/3/e3(4 — 32iebw*S + 3w (4 + Jw* (—4i + 3w*)))>

A, cm

(1£iv3) e (3+4e3w?)

ky = %iazw* + %i(:l:i + \/§> B+ I

1/3 (58)

Decomposition (57) into a Taylor series by a small parameter ¢ at least up to the

summands O (59/ 2) gives the expression:

ki = 22 + o<£9/2) (59)

Decomposition of the roots (58) into a Taylor series by a small parameter ¢ at least up

to the summands O (59/ 2) gives the expression:

kys = i%iﬁ(S 46920, (24 iw,) + Ew? (4 — diw, +302) ) +0(e72)  (60)

As it follows from the condition of the physical realization of the roots Re(k;) > 0,
considering the positive definite frequency of the wave motion, only one root, which is
given by the expression (57), can be physically realized This solution describes the wave
part of a periodic motion in a liquid.

To analyze the dispersion equation for a ligament solution (55) and carry out the
nondimensionalization procedure, the characteristic scales can be selected the same as in
the wave solution. Then in a dimensionless form, the dispersion equation (55) is written as:

k‘il - Ziew*kil —w? — 3i£2k3,w* — 363k, w? + skﬁ, —i?w, + iezw*ki, — kw2 =0 (61)

*

Equation (61) has four roots. The analysis shows that the spatial attenuation condition
is satisfied for one root only. Due to the cumbersomeness of the expression, the calculated
solution is not given here.

Let us construct the dispersion dependences of the components of periodic motion
in log-log scales in dimensional variables for liquids with glycerin and water parameters.
Figure 4 shows the dependence of the wavelength A on the frequency for the wave compo-
nent (a) and the analog of the wavelength J; on the frequency for the ligament component
(b). The letter (W) indicates the dependencies for water and the letter (GI) indicates the
dependencies for glycerin.

0;, cm

107!

102
10
1 @
107!
) m
o 1072
1 1
- - 0. 5 - - 0, §
107 100 100" 0 1 0 100 10° 10° ‘
(a) (b)

Figure 4. Wavelength dependences of the wave solution (a) and the ligament solution (b) on the
frequency in a viscous homogeneous fluid. The curves indicated by the letter (W) are constructed for
a liquid with water parameters, and by the letter (GI)—for a liquid with glycerin parameters.

Figure 5 shows the dependences of the phase and group velocity on the frequency
of periodic motion for the wave component of periodic motion (a) and the ligament
associated with the wave component (b). The dependences are constructed for liquids
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with the parameters of water and glycerin. Figure 6 shows similar dependencies, but on
the wavelength. There are several remarkable velocities in a viscous homogeneous liquid.
The minimum group velocity and the velocity at which the group and phase velocities are
compared. We show that the velocities are compared when the value of the phase velocity
is minimal. The extremum condition for the phase velocity will be written as:

w 1
aw%hzaw<?)=%ﬂk7wiw)=0 62)
Cpi,gr> CM/S Cphgr- CM/S
10°
5%x10°
10
10°
5x10? 10
10
5x10 !
w. st 107! et - - w, 57!
1 10 10- 10° 10
(b)
Figure 5. Dependences of the phase (dashed lines) and group (solid lines) velocities on the frequency
of the wave solution (a) and the ligament solution (b) on the frequency in a viscous homogeneous
fluid. The curves indicated by the letter (W) are constructed for a liquid with water parameters, and
by the letter (GI) for a liquid with glycerin parameters.
Cph,gr> CM/S Cph,gr» CM/S
10°
10° 102 i
5x10° B
10
102 1
5%10 101
= = - A, cm - . - 0;, cm
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@) (b)

Figure 6. Dependences of the phase (dashed lines) and group (solid lines) velocities on the wavelength
of the wave solution (a) and the ligament solution (b) on the frequency in a viscous homogeneous
fluid. The curves indicated by the letter (W) are constructed for a liquid with water parameters, and
by the letter (GI) for a liquid with glycerin parameters.

The ratio (62) leads us to equality:
w _
%:?:@MN:% (63)

The minimum value of the group velocity for a liquid with water parameters is

C{g\;mm = 17.71 cm/s and is achieved at frequency w‘g"fmm = 40.53 s7! and wavelength
/\?)/‘min = 4.33cm. For a liquid with glycerin parameters, the corresponding values are
as follows: cgfmm = 29.39 cm/s at the frequency w?ﬂmin = 21.05 s~! and wavelength
/\gylmin = 14.88cm. The minimum phase velocity for a liquid with water parameters
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;\,’Imm = 84.82 s7! and wavelength A%min =
1.71 cm. For a liquid with glycerin parameters, the corresponding values are as follows:
c%mm = 40.85 cm/s at frequency w;\zmm = 38.96 s~! and wavelength )‘%mm = 6.59 cm.
The viscosity of the liquid affects the capillary wave motion. An increase in viscosity
leads to an increase in the wavelength at a constant frequency in the region of capillary
waves. As a consequence, the values of the phase and group velocity increase. The
characteristic values of fluid velocities for the wave component of periodic motion increase
with increasing viscosity and shift to the region of lower frequencies (longer wavelengths).
Taking into account the viscosity in the model makes it possible to calculate, in addition to

the wave component, the ligament component of periodic motion in a liquid.

is CZ\;Lmin = 23.05 cm/s at the frequency w

4. Reduction to Inviscid Fluid

In an inviscid exponentially stratified fluid, the equations of motion and boundary
conditions (12), (13) are reduced v — 0:

P =poo(r(z) +s(x,z1))
z< (R poru+p(u-V)u=pg— VP (64)
dip +div(pu) =0

2 < 0: duyAb 4+ N2exp(—2z/A)dph =0 (65)
_ 4 Jog+op=0
P { —pg{ + uprhogyP + 00§ = 0 (66)

Dispersion relations in an inviscid liquid allow us to obtain only the wave component
of periodic motion. The dispersion relations for the wave component are obtained using
the limit transition v — 0 from expressions (16) and (30) for high frequency (compared to
the buoyancy frequency) and low frequency oscillations, respectively. For high-frequency
wave disturbances of the free surface (w > N) we obtain:

—N2K2 4 /M (k2 — k2)w? = 0 ©7)
gk2 —k;w? +kiy =0

For low frequency waves (w < N):
SN2 4 /M (2 4 ) w? = 0 )
—N2k2 — /M (k2 — K3)w? = 0

Thus, the approximation of an ideal fluid enables us to find solutions that describe the
wave constituent of periodic motion in the region of gravitational waves quite well. In the
region of capillary waves, the wave constituent calculated in the model of an ideal liquid
underestimates the value of the wavelength at a given frequency. Note that in the model of
an ideal fluid, it is impossible to obtain a solution for the ligament constituent of periodic
motion along the free surface of the fluid. This makes the solution incomplete.

5. Discussion

For the first time the theory of singular perturbations was used to describe the propaga-
tion of two-dimensional periodic perturbations over the surface of a viscous exponentially
stratified incompressible fluid occupying the lower half-space. Calculations were per-
formed in a single formulation in a wide frequency range, which includes the propagation
of capillary, gravitational and internal waves. The system of equations, which includes
the equations of continuity, momentum transfer and density profile with depth, replacing
the equation of state, is solved together with physically justified kinematic and dynamic
conditions on a free surface, taking into account the effect of surface tension. The theory
of singular perturbations with respect to the compatibility condition was applied to study
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the propagation of infinitesimal harmonic flows with a positive definite frequency and a
complex wavenumber, which considers spatial attenuation.

A complete set of solutions of the obtained dispersion relation for infinitesimal periodic
perturbations includes two inseparable constituents of periodic flows. The theory of regular
perturbations determines the parameters of gravitational-capillary or infra-low-frequency
waves with a frequency lower than the buoyancy frequency.

The accompanying fine constituents that are ligaments are calculated by the methods
of the theory of singular perturbations. The dispersion equation designed for infinitesimal
periodic perturbations describes the relationship between the components of the wave
vector in periodic flows in a wide frequency range 10~* < w < 10% s~! which includes
infra-low frequency, gravitational and capillary waves. The result, represented by length-
frequency dependence, is convenient for experimental determination. The dependences of
phase and group wave velocities on frequency and wavelength have also been obtained.

The dependences of phase and group velocities of regular perturbations (i.e., waves in
water and glycerin) on frequency and wavelength have been represented in graphs. Wave
properties are significantly modified during the transition through buoyancy frequency.
The group velocity of wave propagation tends to zero and the phase one tends to infinity
with the approximation of wave and buoyancy frequencies. Viscosity has a significant
influence on short waves when their length becomes compared to or less than capillary
scale A < 5; =/7/3.

The wave parameters are calculated in an actual homogeneous liquid in the limit of the
buoyancy frequency N — 0 as well as in a constant density approximation p = const, T, =
0 taking into account the compatibility conditions. These calculations correspond to the
given results.

Singular solutions describe ligaments (i.e., thin currents accompanying waves in a
viscous stratified or homogeneous liquid). To compare them we have shown the graphs
of the dependence of the wavelength and scale of the ligaments on the wave frequency
in a viscous homogeneous liquid. The sizes of the ligaments differ by several orders of
magnitude at low frequencies. The dependences of the phase and group velocities of waves
and ligaments on the frequency and wavelength are also given.

The application of the theory of singular perturbations makes it possible to design com-
plete solutions of the dispersion equation and the system of fundamental equations without
additional hypotheses and limitations of the type of boundary layer approximation [33,34].

The evolving approach admits the extrapolation to the investigation of
three-dimensional periodic perturbations. In this case, propagating surface waves accom-
pany several types of ligaments, as well as internal waves in the thickness of a continuously
stratified liquid [68,69].

In general cases, both waves and ligaments continuously interact with each other and
generate new groups of flow constituents [75]. The influence of forcing together with the
effects of nonlinearity and dissipation causes the evolution of the wave structure, which
has different shapes at the phases of growth and attenuation.

In the low frequency range, the forcibly oscillating free surface of a stratified ocean
can be a source of internal and inertial waves that transfer energy into the ocean. Internal
waves, in turn, interact non-linearly with each other [76], generating new wave groups
and ligaments (i.e., accompanying flows that cause the observed modulation of the surface
waves) [77]).

6. Conclusions

The analysis of the linearized reduced version of the fundamental equations system
by the methods of the theory of singular perturbations has been carried out with respect
to the compatibility condition. It showed that the complete solutions describe waves
propagating over the surface of a viscous stratified incompressible fluid, and small-scale
constituents that are ligaments accompanying the waves. In extreme cases that are in limit
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of viscous homogeneous liquid, ideal stratified and ideal homogeneous liquid, the obtained
dispersion relations for waves transfer to the widely known ones.

The experimental studies of the fine structure of surface waves in a continuously
stratified liquid with high-resolution instruments that allow recording the influence of all
constituents of periodic flows are of great interest. We should pay particular attention to
the use of high-resolution optical methods for recording variations in the density gradient,
and highly sensitive temperature or electrical conductivity sensors in a liquid with salt
stratification.
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Abstract: In this paper a stochastic optimal control problem described by a quadratic performance
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1. Introduction

In the last 40 years, special attention was paid to the singular perturbation techniques applied
in both analysis and synthesis of control laws with prescribed performance specifications for the
regulation of systems whose mathematical models are described by a system of differential equations
of high dimension, and also contain a number of small parameters multiplying derivatives of a part of
the state variables of the physical phenomenon under discussion.

The large number of differential equations of the mathematical model of a physical process may
be caused by the presence of some “parasitic” parameters such as small time constants, resistances,
inductances, capacitances, moments of inertia, small masses, etc.

The presence of such small parameters is often a source of stiffness due to the simultaneous
occurrence of slow and fast phenomena. It is known that the stiffness can produce ill-conditioning of the
numerical computation involved in the process of designing the optimal control. This inconvenience
leads to the idea to simplify the mathematical model by neglecting the small parameters occurring in
the original model. Besides the stiffness, the necessity of the simplification of the mathematical model
by neglecting the small parameters is also imposed by the fact that, in many applications, the values of
these parasitic quantities are not exactly known. A fundamental problem is to check if the optimal
control design based on the reduced model provides a satisfactory behavior of the full system which
contains fast phenomena neglected during the designing process.

Remarkable results were obtained in the problem of the design of some near optimal controllers
in the case of some deterministic systems with several time scales. Such results may be found in the
monographs [1-4]. A common feature of the approaches in these works is the use of the singular
perturbations techniques, initially developed in connection with the study of qualitative properties of
the solutions of some classes of differential equations starting with the classical work of Tichonov [5].
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The interest for studying different problems regarding the singularly perturbed controlled systems is
still increasing. For the reader’s convenience, we refer to the recent papers [6-10].

Lately, the interest for studying optimal control problems for stochastic systems modeled by
singularly perturbed Itd differential equations also increased. Unlike the deterministic case, where the
reduced model is obtained by simply removing the small parameters, in the case of stochastic optimal
control problems driven by systems of singularly perturbed It6 differential equations, the definition
of the reduced model is not always intuitive and it is strongly dependent upon the intensity of the
white noise type perturbations affecting the diffusion part of the fast equations of the mathematical
model. Hence, problems related to singularly perturbed stochastic systems could not be viewed as
simple extensions of there deterministic counterparts. This makes the study of this class of systems a
challenging (and relatively not fully investigated) topic. The main results obtained in this field were
published in [11-14].

Very few results have been reported in the literature dealing with several fast time scales. We cite
here [15] for the deterministic case and [16] for the stochastic framework. Pursuing our efforts in the
study of singularly perturbed stochastic systems, we consider in this paper a stochastic optimal control
problem described by a quadratic performance criterion and a linear controlled system modeled by a
system of singularly perturbed Ito differential equations with two fast time scales.

Unlike [17] in the deterministic case or [14] in the stochastic case, where the fast time scales have
the same order of magnitude, in the present work, we consider the case in which the two fast time
scales have different order of magnitude. More precisely, if €; > 0,j = 1,2 are the small parameters
associated with the two fast time scales, the ratio i—z becomes the third small parameter which needs
to be considered in the asymptotic analysis performed here. The most part of our study is devoted
to the analysis of the asymptotic structure of the stabilizing solution of the algebraic Riccati equation
involved in the computation of the optimal control of the optimization problem under consideration.
The main tool in the derivation of the asymptotic structure of the stabilizing solution of the algebraic
Riccati equation under consideration around the origin (€1, €3, %) = (0,0,0) is the implicit functions
theorem. To this end, we first investigate the solvability of the system of reduced equations obtained
setting ¢, = 0,k = 1,2 and 2 = 0 in the original algebraic Riccati equation. Unlike the deterministic
case, in the stochastic framework considered in this paper, the system of the reduced equations is a
system of strongly interconnected Riccati type algebraic equations. For this system of interconnected
Riccati type equations we introduce the concept of stabilizing solution and provide a set of necessary
and sufficient conditions which guarantee the existence of such a solution. Further, employing the
stabilizing solution of the system of the reduced equations and the corresponding stabilizing gain
matrices we show that one may apply the implicit functions theorem to obtain the existence, as well as
the asymptotic structure of, the stabilizing solution of the algebraic Riccati equation associated with the
optimal control problem under consideration. Based on the dominant part independent of the small
parameters of the stabilizing gain matrix, we construct a near optimal control whose gain matrices can
be computed without the knowledge of the precise values of the small parameters associated with the
fast time scales.

The paper is organized as follows: Section 2 provides the model description and the problem
formulation. In Section 3 we show how the system of reduced Riccati equations, which are not
dependent upon the small parameters, can be derived. Also, we introduce the concept of the stabilizing
solution for the system of reduced algebraic Riccati equations. Then, we provide conditions which
guarantee the existence of this stabilizing solution. In Section 4, we obtain the existence and the
asymptotic structure of the stabilizing solution for the Riccati equation associated with the original
linear quadratic control problem. Finally, we show how the asymptotic structure of the stabilizing
feedback gain can be used to construct a near optimal control.
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2. The Problem

Let us consider the stochastic optimal control problem asking for the minimization of the
quadratic functional

e}

Jixoim) = B[ (

0o

]

gl

2
xT(t)Mjkxk(t) +2Y° x]T(t)Lju(t) + ul () Ru(t))dt 1)
0 =0

along with the trajectories of the controlled system having the state space representation described by
the following system of singularly perturbed It6 differential equations

dxo(t) = (Aoo(€)xo(t) + Ao (€)x1(t) + Aa(e)xa(t) + Bole)u(t))dt+
+ (Cool€)xo(t) + Co1(€)x1(t) + Coa(€)x2(t) + Do(e)u(t))dw(t)
x0(0) = xg (2)
exdxi(t) = (Axo(€)xo(t) + Axr(€)x1(t) + Aga(€)xa(t) + By(e)u(t))dt+
+  Vex(Cro(€)xo(t) + Cra(€)x1(t) + Crale)xa(t) + Dy(e)u(t))dw(t)
x%(0) = k=12

In (1) and (2) u(t) € R™ is the vector of the control parameters and x(t) =
T

(xg (t) «f(t) «F (t)) € R" is the vector of state parameters, xg =

( X7 T 3T )T,

n
In (1), My = MkT., 0 <kj<2R-= RT. In (2), ¢ > 0 are small parameters often not
exactly known.

]
In order to make more intuitive the developments in this paper we assume that the small

= no + m + ny xj(t) € R", 0 < < 2.

parameters €, k = 1,2 satisfy the assumption:

Hi) € = ¢x(17), where ¢ : [0,7*] — [0, 0) are nondecreasing functions with the properties:
(i) ¢x(y7) =0ifand onlyif y =0,k = 1,2.
Y T — 0 Tim 2201 _
(i) lim gc(r) =0; lim 55 = 0.

In the sequel, the dependence of €, upon the parameter # will be suppressed.

Remark 1. According to the terminology used in the framework of singularly perturbed differential equations,
xo(t) will be called slow state variables while x1(t), x2(t) will be named fast state variables. From the
condition imposed to the values of the ratio % in Hy), it follows that the states x, (t) are faster than x4 (t). That
is why under the assumption Hy) system (2) is a controlled system with two fast time scales.

In the deterministic framework, the asymptotic structure of the solutions of some systems with
several time fast scales was studied in [18] while in [19] were derived uniform upper bounds of the
block components of the fundamental matrix solution of the systems of linear differential equations
with several fast time scales.

In (2), {w(t) }+>0 is a 1-dimensional standard Wiener process defined on a given probability space
(Q, F, P). The consideration of the case with an 1-dimensional standard Wiener process is only to easy
the exposition. The extension to the case of a multidimensional Wiener process can be done without
difficulty.

Regarding the coefficients of system (2), we make the following assumption:

Hy) € = (e1,€2) — (Aji(e), Bj(€),Cik(€), Dj(€)) are C! matrix valued functions defined on a
neighborhood of the origin (e1,€;) = (0,0).
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With these notations (1) and (2) may be written in a compact form as:

J(xo;u) = IE[/(XT(t)Mx(t) +2xT (O Lu(t) + u” (1) Ru(t))dt] (5)
0
and
dx(t) = (A(e)x(t) +B(e)u(t))dt + (Cle)x(t) + D(e)u(t))dw(t) (6)

x(0) = xo.

One sees that for each € = (€3, €) fixed, the optimal control asking for the minimization of the
quadratic cost (5) in the class of controls that stabilizes system (6) is a standard stochastic linear
quadratic optimal control problem, which was studied starting with [20].

In [21,22] it was shown that a stochastic linear quadratic control problem, with control dependent
terms in the diffusion part of the controlled system, is still well possed even if the cost weight matrices
of the states and the control are allowed to be indefinite. The optimal control is given by:

topt(t) = —(R + DT (e) X (e)D(e)) ™ (BT (e) X (e) + DT (€)X (e)C(e) + LT)x(t) @)

where X(¢) is the unique stabilizing solution of the algebraic Riccati equation of stochastic control
(SARE):

AT(e)X + XA(e) + CT(e)XC(e) — (XB(e) + CT (e)XD(e) + L) x 8)
x(R+DT(e)XD(e)) (BT (e)X + DT (e)XC(e) +LT) +M = 0

satisfying the sign condition
R+DT(e)XD(e) > 0. )

The condition (9) supplies the absence of the information regarding the sign of the matrix R.
In [22], necessary and sufficient conditions that guarantee the existence of the stabilizing solution of a
SARE were provided as (8) satisfying the sign condition (9) and a procedure for numerical computation
of this solution using the so called semidefinite programming (SDP) was proposed. Also, an iterative
procedure for numerical computation of the constrained SARE of type (8) and (9) was proposed in
Section 5.8 from [23]. Unfortunately, the way in which the small parameters €, > 0, k = 1,2 affect the
coefficients of SARE (8) and (9) may produce ill-conditioning of the numerical computation involved
in obtaining the stabilizing solution X(¢) of the SARE under consideration. In order to avoid the

72



Axioms 2019, 8, 30

ill-conditioning of the numerical computations generated by the high difference between the order
of magnitude of the coefficients, knowledge of the asymptotic structure of the solution X(¢) in a
neighborhood of the origin € = (€7, €2) = (0,0) is useful. As a consequence of such a study, a system
of Riccati type equations not depending upon the small parameters €, k = 1,2, often named a system
of reduced algebraic Riccati equations, which allows us to compute the dominant part of the solution
X(€) can be displayed.

In the deterministic case, see for example [1-4,24], the system of reduced algebraic Riccati
equations is obtained by simply removing all of the small parameters. In the stochastic framework,
when the controlled systems are modeled by singularly perturbed Itd differential equations, the
definition of the system of reduced algebraic Riccati equations cannot be done by a simple neglection
of the small parameters. From [11] or [12,25], one sees that the definition of the system of reduced
algebraic Riccati equations is strongly dependent upon the magnitude of the white noise perturbations
affecting the equations of the fast variables in the controlled system.

In order to obtain the asymptotic structure with respect to the small parameters e, > 0,k = 1,2 of
the stabilizing solution of SARE (8), we shall use the implicit functions theorem. To this end, we need
a rigourous definition of the corresponding system of reduced algebraic Riccati equations (SRARE)
and to point out a special kind of solution of this system which helps us to apply the implicit functions
theorem. That is why in the next section we shall show how the system of reduced algebraic Riccati
equations in the case of SARE (8) and (9) can be defined. Next, we shall introduce a concept of
stabilizing solution of the obtained SRARE and we shall provide a set of conditions which guarantee
the existence of this stabilizing solution of SRARE. In Section 4, using reasoning based on the implicit
functions theorem, we shall obtain the asymptotic structure of the stabilizing solution of SARE (8)
satisfying the sign condition (9), as well as the asymptotic structure of the corresponding stabilizing
feedback gain.

3. The System of Reduced Algebraic Riccati Equations

3.1. Derivation of the System of Reduced Algebraic Riccati Equations

Setting F = —(R + DT(e)XD(e)) (BT ()X + DT (e)XC(e) + LT) one obtains that if X is a
solution of SARE (8) satisfying the sign condition (9), then (X, F) is a solution of the system:

I'(X,e)F+BT(e)X+D"(e)XC(e) +LT = 0
AT(e)X + XA(e) + CT(e)XC(e) — FIT(X,e)F +M = 0 (10)
I[(X,e) = R+DT(e)XD(e).

Conversely, if (X, F) is a solution of system (10) satisfying I'(X,€) > 0, then X is a solution of the
constrained SARE (8) and (9). To obtain the asymptotic structure of the stabilizing solution of SARE (8)
and (9), we shall analyse the asymptotic structure of the solution (X(¢), F(¢€)) of system (10) with the
additional property that the closed-loop system

dx(t) = (A(e) + B(e)E(e))x(£)dt + (C(e) + D(e)E(e))x(t)dw(t) a1

is exponentially stable in mean square (ESMS).
We are looking for the solution (X, F) of (10) having the partition:

Xoo e1Xo1 €Xo2
X= €]Xg] €1X11 €2X12 ’ F = ( Fg F1 Fz ) (12)

T T
€2X02 62X12 €2X22

where Xj € R"*™, F € R"™™,0 < j,k < 2.
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Employing the partitions (3) and (4) of the coefficients of SARE (8) we may obtain a partition of
system (10).
To ease the exposition, let us regroup the block components from (3), (4) and (12) as:

o = e () 429 ).
B(e) = Hl(e)(lg;g ) (13b)
o0 = o (G & )
D(e) = Hl(ﬁ)(ﬂglg ) (13d)
_ My My o
M = (Msz Mzz)’ (13e)
L
L ( L; > (13f)
where
I(e) = diag(lny, €1lny, €2lny), (14a)
s = (g ag )
An(e) = (2‘;28 >,A21<e>—(Azo(e) Ane) ) (140)
Bi(e) = (gi’g ) (14¢)
_ ( Coo(e) Coile)
Cule) - (cfﬁ@) cfi@)
(Clz(e) = < g?igz‘g >,C21(€) = ( Czo(e) C21(€) ) (14d)
Di(e) = (gfigg ) (14e)
Mo M, M L
o= (e () e (i) o
From (12) one obtains the following structure of X and F:
_ Ui (X,e) A(e)X
X = H(e)( 1X1T2 XZZ”) (15)
F = (]Fl F2>
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where

U(X,e) = <Xoo €1X01>

Xgl X117
Xo2
X =
12 < X >
Ale) = diag(ealny, €2/ €11n),
F, = (Po R )

We also have

-1 -1 _ [ W(Xe) AWVe)Xn
M (VeXIT(Ve) = ( XLA(Ve) X2 )

_ Xoo  veErXo r c
where UZ(Xr E) - ( \/axg‘l Xll ’ A(\/E) - dmg(\/alnor \/glnl)'

With these notations we obtain the following partition of system (10)
B (e)U1 (X, €) + B (¢)X{, + D (e)Ua(X, €)Cr1(€) + D3 (e)X[,A(/€)Cry (€)+
+D1 (€) A(v/€)X12Ca1 (€) + DJ (€) X22Co1 (€) +]LT +T(X,e)F
B (€)A(€)X12 + Bj (€) Xaz + Df (€)Ua(X, €)Cra(€) + D (€)X],A(v/€)Cra(€) +
+DT (€)A(v€)X12Car(€) + DI (€)XonCon(€) + LI +T(X, €)F>
Al (e)Ur(X,€) + U{ (X, €)Ar1(€) + Ag; (€)XT, + X12An (€)+
Cli(e)Uz(X, €)Cr(e) + C3; (€)X{,A(ve)Cra(€) + Cfy (€)A(Ve)X12Can (€) +
+CJ,(6)X22Ca1 (€) — FIT(X, €)Fy + My
ATi(e)A(€)X1z + AJy (€)Xaa + U (X, €)Arp(€) + XppAm(€)+
Cli (e)Ua(X, €)Cra(€) + C3, (€)X THA(V€)Cra(€) + Cf; (€) A(vV€)X12Caa (€) +
Cl(e)XnC(e) —FIT(X,€)F + My
AT, (€)A(e)X12 + ALy (€) Xo2 + XA (€) Az (€) + Xaa An (€) + C, (€) Un (X, €)Cra(€)+
+Ch()XA(Ve)Cra(€) + Cly(€) A(VeE)X12Caa(€) + Chp(€) Xo2Cao (€) —
—EIT(X,e)F + My
T(X,€) = R+D{ (e)Ur(X, €)Dy (€) + D; (€)X],A(Ve)Dy (€)+
+D{ (€)A(v/€)X12D2(€) + D3 (€) Xa2 D2 (€)
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(16b)

(16¢c)
(16d)

17)

(18a)
0
(18b)
0

(18¢)

(18d)

(18e)
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Setting formally €; = 0,7 = 1,2 and 2 = 0, in (18) we obtain the equations:
g Y €j ) & q

BT (0)U;(X,0) + BY (0)XE, + DI (0)Uy(X,0)C11(0)+

+DT(0)XpCp + LT +T(X,00F; = 0 (19a)
B3 (0)X22 + D{ (0)Uz (X, 0)C12(0) + D3 (0)X22C22(0) + Ly +T(X, 00, = 0 (19b)
AT (0) U (X,0) + U] (X,0)A11(0) + AT (0)X], + X12801 (0)+
+CT,(0)Ua(X,0)C11(0) + CF, (0)X00Cp:y (0) = FIT(X,0)F; +My; = 0 (19¢)
AL (0)Xpo + UT (X,0)A12(0) + X120 A2(0) + CT (0) U (X, 0)C12(0)+
+C3;(0)X22C0(0) = F{T(X, 00K+ My, = 0 (19d)
AL (0) X0 + X2 A2 (0) + CL (0)Ua (X, 0)C12(0) +
+C5(0)X0Cn(0) - HT(X,00h+ My = 0 (1%)
I(X,0) = R+ DT(0)Uy(X,0)D1(0) + DI (0)X2,D5(0). (19F)

Having in mind (15) and (16), we remark that (19) is a system of nonlinear algebraic equations with
the unknowns (Xoo, Xo1, X11, Xo2, X12, X22, Fo,Fl,Fz) € Sno x RM0*M % Sn1 x RM0%M2 5 RM %12 % Snz X
RHIXH(] X RWIXVI] X RH!X"Z‘

We recall that S; denotes the linear space of symmetric matrices of size g x 4.

Assuming that Ay (0) is invertible we obtain from (19d):

Xip = —AL(0)XA (0) — U] (X,0)A12(0) A% (0) — CT (0)Ux(X,0)C12(0)Ax' (0)  (20)
—C1(0)X22C0(0)A5,1 (0) + FTT(X,0)F, A% (0) — M1 A5, (0).

Substituting (20) in (19a) and (19¢) we obtain after algebraic calculations:

(B1(0) — A12(0) A%, (0)B2(0)) U1 (X, 0) + (D1 (0) — C12(0) Az, (0)B2(0)) " U (X, 0)
% (C11(0) = C12(0) A, (0)C21(0)) + (D2(0) — C22(0) A, (0)B2(0) " X22(C21 (0) —
—C22(0) A5, (0)421(0)) + (In + F2A%' (0)B2(0)) 'T(X, 0) (F1 — FA%' (0)A2(0)) +  (21a)
+(Lq +Mi12A%' (0)B2(0))" — (Lr — Moz Ay, (0)B2(0)) T A5, (0)An (0) = 0
(A11(0) — A12(0) A% (0)A21(0)) Ui (X, 0) + U{ (X,0) (A1 (0) — A12(0) A3, Az (0)) +
+(C11(0) — C12(0) A3, (0)A21(0)) " U2 (X, 0)(C11(0) — C12(0) A, (0) A2 (0)) +
+(C21(0) — C22(0) A%, (0)A21(0)) " X22(C21(0) — C22(0) A%, (0) A2 (0)) —
—(F1 = AR (0)A21(0))'T(X,0)(F1 — F2A%' (0)A21(0)) + My — Mia A5 (0)A21(0) = (21b)
—A3(0) A%, (0)M, + A, (0) A% (0) M Ay (0)Ag; (0) = 0

0 )
0 )
)
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Using (3) written for (e1,€;) = (0,0) we introduce the notations

( A(i)o A(in ) £ AH(O) —Alz(O)Azal(O)Azl(O) (22a)
A]O All

Co Cor ) 2 ¢y (0)— Ci(0) Ay (0)An (0) (22b)
ClO Cll

(C%o C%z) £ Cx(0) — C(0) Az, (0)A2 (0) (22¢)
1

(i‘g) £ Bi1(0) — A12(0) Ay, (0)B2(0) (22d)
1

<g?> £ Dy(0) — C12(0) A5, (0)B2(0) (22¢)

D} 2 Dy(0) — Cx(0)A5(0)B2(0) (22f)

Mg, My, N 1 T T T
( = My — MiaA,, (0)A21(0) — A5 (0) Ay, (0)Mj; +

+471(0) Az (0) M Az (0)Az (0) (229)
1
<§§) 2 Li—A7(0) A" (0) Lo~ (Miz— A3 (0) Ay' (0) Maz) Az (0)B2(0) - (22h)
R' = R—LjA3;'(0)By(0)—B] (0)A%" (0)La+
+B7(0) A%, (0) My A%, (0) B, (0). (22i)

The next result allows us to reduce the number of equations and the number of unknowns of system
(19).

Lemma 1. Assume that Ay (0) is invertible.

77



Axioms 2019, 8, 30
(i) If (Xo0, Xo1, X11, X02, X12, X022, Fo, F1, F2) is a solution of system (19) with the property that A (0) +
B,(0)F, is an invertible matrix, then (Xoo, Xo1, X11, X22, F}, Y, F2) is a solution of the following system
0 (23a)

+ (L) T+ T (Xoo, X11, X22)F,

2
(Bg)" Xoo + (B})" X5y + Z 1TX;iClo +
(B X1 + 2 NX;Ch + (L) + T (Xoo, X1, X2)F{ = 0 (23b)
j=
B3 (0) X2 + Z D[ (0)X;iCp2(0) + Ly +T(Xo0, X11, X)F2 = 0 (230)
j:
(Aoo)TXOO + (AlO) X01 + XOOAOO + XOlAlO + E CJIO TX]]CJO
=
(FHTTY (Xoo, X11, X2)Fe + Mgy = 0 (23d)
(Afp)" X1 + XooAgy + Xo1 Ay + ;} Clo) ' X;iCh—
iz
(F)TT! (Xoo, X11, X)F{ + MYy = 0 (23e)
2
(A1) X4y + XAl + Z(C}l)TX C (F)TTY (Xoo, X11, X2 )FH +MF = 0 (23f)
j:
AL (0) X2 + Xa2App(0) + Z C (0) = F, T(Xo0, X11, X2) 2 + M2z = 0 (23g)
' (Xoo, X11, X22) = R' + 2 1) X;D} (23h)
T'(Xoo, X11, X22) = R+ 2 D] (0)X;;D;(0) (230)
=0

24

where
F' £ (In + F2A3' (0)B2(0)) 7! (Fj — RA%' (0)45(0)), j=0,1
(i) If (Xoo, Xo1, X11, X22, Fol, Fll, F,) is a solution of system (23) with the property that A»(0) + B»(0)
is an invertible matrix, then (Xoo, Xo1, X11, Xoz2, X12, Fo, F1, F2) is a solution of system (19) where
F = (In + FA% (0)B2(0))F} + 245, (0)A(0), j=0,1 (25)

and
2
Xop = —[A30(0)Xa2 + XooAn2(0) + Xo1A12(0) + ) Cjo(0)X;;Ca (0) —
=0
2
—(Fp)"(R+ Y D/ (0)X;iD;(0)) + F» + Mnz] A%, (0) (26a)
j=0
2
Xip = —[A3(0) X2 + X11A12(0) + ) C}i (0)X;;Cj2(0)
=0
(26b)

2
—F[(R+ Y D/ (0)X;;D;(0))F, + M12] A5, (0)

j=0
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Proof. The result follows directly combining (21) with (19b), (19c) and taking into account
(22). It is worth noticing that if Ap»(0) and A (0) + By(0)F, are invertible, then
I + F2A5, (0) By (0) is invertible too. [

Assuming that Al, is invertible we may compute Xp; from (23e) as:

2
Xo = —[(Al) Xu + XooAby + 1 (Cl)TX;Cl -
j=0

2

—(F)" (R + Y (D))" XD} F{ + Mg ](Afy) 27)
j=0

Substituting (27) in (23a) and (23d) we obtain after some algebraic calculation the equations:

2
(Bor — Agi (Al) ' BY)  Xoo + ;}(D} — Ch (A1) "B X
=
(Clo—Chi(Al) " Alg)+(Im+Fl (Al) 7' BDT (Xoo, Xa1, X2) (Fy —F{ (A}) "' Aly)  (28a)
HLo—Mgy (A1y) "B = (R T (Afy) " Afg+(B]) T (Af) "My (A7) 'AT, = 0
2
(Ao — Ag (A1y) " Adg) " Xoo + Xoo(Agy — Agy (Al) T Alg) + Z(C]‘lo - C}l(A%l)flA%o)TX
=0
ij(c}o_c}l(A%l)flA%o) —(Fg — F{ (A1y) " Afp) T (Xoo, X11, Xao) (F§ — F{ (A]y) "' Afy)  (28b)
+Mgy— (Afp) " (AT1) T (Mgy) " =My (A1) M Afg+(Afp) T (ATy) "M (Af) A, = 0

We introduce the notations:

AYy = Ay — An(An) 1AL (29a)
By = By—Apn(Af) 'B (29b)
C;Qo = C}o - C}l(A%1)71A%0 (29¢)
D} = D} -C}(A}) 'Bj,0<j<2 (29d)

My = Mgy — (Alg)" (A1) " (Mgy)" — My (Afy) " Afp +

+(Alo) T (Afy) " TMY; (Afy) ' Al (29)
Ly = Ly—(Af)"(Al) TLi — (Mg — (Afp)"(Af)~"Miy)(Afy) "By (299)
RO = R'—(B)"(A}) " TLi = (L))" (A%y) "Bl + (B (Afy) "Miy(Af) Bl (299)

The next result allows us to reduce the number of unknowns and the number of the equations in
system (23).

Lemma 2. Assume that the matrices Ay (0) and A%l are invertible.
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(i) If (Xoo, Xo1, X11, X2o, F}, FL, F2) is a solution of system (23) such that AL, + BIF} is an invertible
matrix, then (Xoo, X11, X2, FY, F}, F2) is a solution of the following system:

2
(BSo) " Xoo + ) (D])TXjiCly + (L))" +T°(Xoo, X1, X22) F§ = 0 (30a)
j=0
T 2 INT 1 IN\NT 1 1
(B1) " Xu + }_(D})TX;;Ciy + (L) + T (Xoo, X11, Xo2)Ff =0 (30b)
j=0
2
(B3)" X2 + Z(D%)TX/jC]'zz + (LT +I?(Xoo, X11, X22)FF = 0 (30c)
j=0
2
(Ao)" Xo0 + Xoo Ao + Y (Cio) " X;;Chy — () "T°(Xoo, X11, Xa2) F§ + My = 0 (30d)
j=0
1\T 1 2 1\T 1 1\T11 1 1
(A1) Xu1 + X Aqy + ) (Cp) ' XiCh — (F) T (Xoo, Xa1, Xo2) F + My =0 (30e)
j=0
2
(A%)" Xon + X2 A% + Y (CH) " X;iCh — (B3) T2 (Xoo, X11, Xo2) F3 + M3y = 0 (306)
j=0
2
T*(Xoo, X11, X22) £ R* + Z(;)(D;?)TX]-]-D;‘,k =012 (30g)
f
where
E 2 (In+F(AL) "B (F — Fl(Afy) ' Ay) (31a)
B 4 B (31b)
and

A3 £ Ap(0), B} £ By(0), Ch £ Cp(0), DF £ Dj(0), 0<j<2,

12 = L, M;=Mpn  R*2R (32)

(i) If (Xoo, X11, X2, F),F},F3) is a solution of system (30) with the property that
Al, + B} F} is an invertible matrix, then (Xoo, Xo1, X11, X2, F}, F}, F2) is a solution of system (23),
where

Fy (In + F{ (A7) "'B)F + F (A7) ' Ay (33)
B = B

and Xy is computed via (27).

Proof. The proof may be done by direct calculation implying (23), (27), (33). The notations (32) were
adopted only for the sake of symmetry of the equations (30). [
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For the values of X jj for which the matrices Fk(Xog, X11, Xp2) are invertible, we may eliminate the
unknowns F]fk from (30) obtaining the following system of nonlinear equations with the unknown
(Xo, X1, X2) = (Xoo, X11, X22) :

2 2
(A "Xk + XAy + Y (Ch) TXCly — (X B + 2 ) TXDE + L) x

j=0
2
(T%(Xo, X1, X2)) " (B X, + Y (DHTX,C + (L)) + M, =0, (34a)
j=0
2
T"(Xo, X1, X2) = R* 4+ Y (DH)TX;Df, k=0,1,2. (34b)
j=0

Remark 2. (a) In the deterministic case, i.e., the special case of (2) when Cy(e) = 0, Dj(e) =0, j,k =0,1,2,
system (34) reduces to

(AR "Xk + XiAfy — (XeBE + L) (RY) 7H((BH) Xy + (LY)T) + Mf = 0,k = 0,1,2. (35)

System (35) is a system of three uncoupled algebraic Riccati equations of lower dimensions named the system
of reduced algebraic Riccati equations (for details see e.g., [24]). That is why, in the sequel, system (34) will
be named system of reduced algebraic Riccati equations (SRARE), associated with SARE (8). We shall
see that in this stochastic framework, system (34), plays a similar role as system (35) in the deterministic case.
Unlike the deterministic case, where the system of reduced algebraic Riccati Equation (35) is obtained by simply
removing the small parameters €y, k = 1,2 in the controlled system, in the stochastic framework SRARE (34)
cannot be obtained directly by such a procedure.

(b) When Cjk(O) =0, D]-(O) =0,j=1,2k=0,1,2, system (34) becomes the system of reduced algebraic
Riccati equations derived in [16]. In this special case (34) is:

(Afo)" Xo + XAy + (Clo) " XoCo — (XoB§ + (Coo) " XoDf + LG) x

(R®+ (DY) " XoDg) " ((BY) " Xo + (DY) XoChy + (L)) + My = 0 (36a)
(AITX + XA + (Cil)l)TXOC(ln — (X1B1 + (C31)TX0D3 +Li)x

(R + (Dg)"XoDg) M ((BY) X1 + (D) XoChy + (L)) + M}y = 0 (36b)
(A3))" X5 + X2 A%, + (Cy) TX0Chy — (X2B3 + (C3p) " XoDf + L3) x
(R*+ (D§)"XoD§) " ((B3) X2 + (D§) " XoCp + (L3)") + M3 = 0. (360)

One sees that (36a) is the SARE of type (8) associated with the stochastic reduced linear quadratic optimal control
problem described by

dxo(t) = (AQoxo(t) + BJu(t))dt + (Coxo(t) + Dgu(t))dw(t), x0(0) = x§
and

Jo(x) = B / () MBpo(8) + 2] (DLGu(t) + T (OROu (1))

The Equations (36b) and (36¢) can be interpreted as algebraic Riccati equations associated with some deterministic
reduced linear quadratic control problems described by:

i (t) = Afexe(t) + Biu(t)
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and

T u) = | (xf (5) Mixi(#) + 22 (8) L () + " (£) Ry (t)dt

where
My = M + (Ch) TxoCly

Ek = Lllz + (Cgk)TXODé
Ry = R¥ + (D) xDE, k=1,2.

The solution Xy of SARE (36a) is involved as a parameter that affects the weights matrices from the performance
criteria ]k(x}?; ).

(c) A complete decoupling of the equations from SRARE (34) may be possible in the special case when the
following conditions are simultaneously satisfied:

D;(0) =0, j=0,1,2,C¢(0) =0, k=1,2,C4(0) =0, i = 1,2, [ = 0,1,2.

In the next subsection we introduce the concept of stabilizing solution of SRARE (34) and we shall
provide a set of conditions equivalent to the existence of that solution.

3.2. The Stabilizing Solution of the SRARE

Let X be the linear space defined by X = S;;; X Sy, X Sy,. An element X lies in X if and only if
X = (Xo, X1, X2), Xk being symmetric matrices of size ny X #ny.
On X we introduce the inner product

2
<X, Y >= ) Tr[X;, Y]] (37)
j=0

forall X = (Xo,X1,X2), Y = (Yo,Y1,Y2) € X. In (37) Tr[] is the trace operator. Equipped with the
inner product (37), X becomes a finite dimensional real Hilbert space.
On X we consider the order relation = induced by the closed, solid, convex cone

X={Xex|X= (Xo,Xl,Xz),Xj >0,j=0,1,2}.

Here, X i > 0 means that Xj is a positive semidefinite matrix. In the sequel, we rewrite SRARE (34) as a
generalized Riccati equation on X as

ATX + XA + 11 [X] — (XB 4 I [X] + L) x (38)
(R+T5X)) " (XB+IL[X] +L)T +M = 0

where A = (A, Al;, A3,) € R"0>70 x RMXM x RM2X12, B = (BY, B}, B2) € RM0XM x RM XM x R12Xm,
L = (L3, L}, 13) € R s Rmxm x Rm2xm M = (MJ, M}, M2) € X, R = (R0, R, R?) € Sy x Sy %
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S, X = IH[X]: X = X, X = Ip[X] : X — RM0X7M x RM>M 5 RM2%M X — TI3[X] : X — Sy X S X S
are defined by

Il
MI\)

M [X] 0((C?O)TX]C;]01 (Ch)TXCh, (Ch)"X;XCh)
=
2

ILX] = Y ((Cp)"X;D, (Ci)"X;Dj}, (Ci)"X;D7) (39)
=0
2

_ 0\T 0 (HI\T 1 (12\T 2

I;X] = Z(:)((D) XD (D]-) Xij,(D]-) Xij).

=
Based on the operators II;, k = 1,2,3 we may define the following operator

X — M[X] = (I [X], T2 [X], TT5[X]).

A feedback gain is a triple of the form F = (Fy, F;, F,) where F, € R"™*", k = 0,1,2. For
any feedback gain F, we associate the following linear operator: X — Lg[X]| : X — X by Lg[X] =
(Lro[X], Lr1[X], LF2[X]), where for each k = 0,1,2 we have:

N

Lre[X] = (Afy + BEF) Xy + Xe (Al + BER)T Z k+Dka X; (Ck+Dka) . (40)

The next result summarizes some useful properties of the operator L.

Proposition 1. (i) The adjoint operator L of the operator Ly (with respect to the inner product (37)) is given
by LE[X] = (Lo [X], L5 [X], LE,[X]), where for each k = 0,1,2

L3[X] = (Al + BEF) X + Xi(Af + BEFe) + Z (Cl + DfFe)"X;(Cly + DY ). (41)
j=

(ii) The operator Ly generates positive evolution on the space X i.e., e*F* X, C X4 forall t > 0.
(iii) The spectrum of the linear operator Ly is located in the half plane C_ = {A € C,ReA < 0} if and
only if there exists Y = (Y, Y1, Ya) > 0 such that Lg[Y] < 0.

Proof. (i) follows by direct calculation specializing the definition of the adjoint operator to the case of
the operator defined in (40) and the inner product (37).

(ii) follows applying Corollary 2.2.6 from [23].

(iii) follows from the equivalence (iv) <+ (v) in the Corollary 2.3.9 from [23]. [

Now we are in the position to introduce the concept of stabilizing solution of SRARE (34).

Definition 1. A solution X = (Xo, X1, X2) of SRARE (34) is named stabilizing solution if the spectrum of
the linear operator Ly is located in the half plane C_, L being the linear operator of type (40) associated with
the feedback gain F = (Fy, Fy, Fy), where for each k = 0,1,2

2 2
2 —(R*+ Y- (D) TX;00) (B K+ 1 (D) TX;C + (L)) 42)
j=0 j=0

Before stating the result providing the conditions which guarantee the existence of the stabilizing
solution of SRARE (34), we introduce the concept of stabilizability of the triple (A, B, IT).
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Definition 2. We say that the triple (A, B, II) is stabilizable if there exists a feedback gain F = (Fy, F;, F2)
with the property that the spectrum of the corresponding linear operator Ly of type (40) is inclosed in the
half-plane C_.

The next result provides a set of conditions equivalent to the stabilizability of the triple (A, B, IT).

Proposition 2. The following are equivalent:

(i) the triple (A, B, II) is stabilizable,

(ii) there exist Y = (Yo, Y1,Y2), Z = (2o, Z1, Z2), Yk € Su,, Yk > 0, Z € R, k = 0,1,2, satisfying
the following system of LMIs:

( =k(Y,2) sé(m? ) 0 W)

where
EV(Y,Z) = AR Yi+ Ye(AR) " + BiZy + Z{ (BY)T
2 (Y,Z) = ( ckYo+DEzy CkYi+Dkzy CEYs+DEZ, ) k=0,1,2
EA(Y) = diag(—Yo, —Y1, —Ya2).
Furthermore, if (Y,Z) is a solution of the system of LMIs (43), then ¥ = (ZoYy ', Z1Y !, ZoYy ) s a
stabilizing feedback gain.

Proof. Following from (iii) of Proposition 3 combined with Schur complement technique. [

To obtain the asymptotic structure of the stabilizing solution of SARE (8) satisfying the sign
condition (9), we shall look for conditions under which SRARE (34) has a stabilizing solution X =
(Xo, X1, X7) satisfying the sign conditions

2
RE4+ Y (DN)TX;Df >0, k=0,1,2 (44)
j=0

Theorem 1. Assume that the matrices A3, 2 Ap(0) and Al; £ Ay1(0) — Ap(0)A5'(0) Az (0) are
invertible. Under these conditions the following are equivalent:
(i) (a) the triple (A, B, 11) is stabilizable,
(b) there exists Y = (Yo, Y1,Ya) € X satisfying the following system of LMIs

Ou(Y) + M, Oyu(Y) +LE
< (O2(Y) +L§k)kT Os(Y) + Rli ) >0 (45)

where

2
O1(Y) = (Af) Vi + YAl + Y (Ch)TY;Cly
j=0

2
Oy (Y YkBk + Z C]kk TY Dk
2
O (Y 2 (DY)TY;Df,k=10,1,2,

(ii) the SRARE (34) has a unique stabilizing solution X = (Xo, X1, Xo) satisfying the sign conditions (44).
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Proof. (hint) (i) = (ii). For each p = 0,1, ... one computes X**1 = (X(};H,Xfﬂ, Xgﬂ) as the unique
solution of the linear equation on X
42
L[ XPH) + M+ LFP + (FP)TLT 4 (FP)TRF? + mﬂ =0 (46)

where L, is the adjoint of the linear operator Lgr described by (41) with F replaced by F/, I =
(Lugs Iy, Iny) € X. In (46), F? = (E}, Ff, F}) are given by

2 2
Fl = —(RF+ Z(j)(D})TXfD]k)-l((B’;)TXf + Z;J(D})Txfcfk +(ILHY, p>1. (47)
J= J=

When p = 0 the feedback gain F = (F, FY, F)) is obtained based on the assumption of stabilizability
of the triple (A, B, II). It has the property that the spectrum of the corresponding linear operator
Lo is located in the half place C_. One shows inductively for p = 1,2, ... that the spectrum of each
operator Ly is located in the half plane C_. Hence, XP*! is well defined as the unique solution of
the linear Equation (46). Moreover, based on the assumption (i) b) from the statement, one gets that
XP = XPHL -y, Vp > 0, where Y is a solution of the LMIs (45). So, we have obtained that the sequence
{XP} >0 is convergent.

We set X = plgr;o X?. One proves that under the considered assumptions, X obtained in this way,

is just the stabilizing solution of SRARE (34). Since, Y = Y, where Y is a solution of (45), it follows
that X satisfies the sign conditions (44). The uniqueness of the stabilizing solution of SRARE (34) that
satisfies the sign condition (44) is a direct consequence of its maximality property.

The proof of the implication (i) — (i) is based on the fact that if the Riccati equation of type (38)
has a stabilizing solution X, satisfying the sign condition (44), then the algebraic Riccati type equation
obtained replacing in (38) the term M by M + 41 has a small enough solution for § < 0. The details are
omitted. [

Remark 3. The iterations described by (46) and (47) can be used for numerical computation of the stabilizing
solution (Xo, X1, X2) of SRARE (34) satisfying the sign conditions (44).

4. The Main Results

4.1. The Asymptotic Structure of the Stabilizing Solution of SARE

In this section we shall use the stabilizing solution of SRARE (34) to derive the asymptotic
structure of the stabilizing solution of SARE (8) satisfying the sign condition (9).
Let X = (Xg, X1, X») be the stabilizing solution of SRARE (34) satisfying the sign conditions (44). Let
F = (Fy, F}, i) be the corresponding stabilizing feedback gain associated via (42). We set

Fy = (In+F(Af) 'BDR + Fi(AL) ' Af (482)
Aoe g (48b)
~ A 1T & 1 2 INT ~1
X & —[(A)" X1+ XoAg + ) (Cio) ' XiCjr — (49)
=0

2
—(E)" (R + Y (D)) TX;D)) Ff + M) (Aly) ™!
j=0
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From (42), (48) and (49) we obtain via Lemma 2 (ii) that (Xo, Xo1, X1, X2, B}, E}, B>) is a solution of

system (23). To this end, we took into account that if the eigenvalues of the linear operator L are

inclosed in the half plane C_ then the matrix Ah + B}fll is a Hurwitz matrix. Hence, it is invertible.
Further, we define

Fi 2 (In+ BAR(0)B(0)F + F2A% (0)A2(0),j = 0,1 (50a)
£, 2 B (50b)
~ A T ~ ~ ~ 2 T ~
Ko 2 —[A3(0)X2 + XoAp(0) + X01412(0) + ) Cjo(0)X;C12 (0)—
j=0
2
=T - 5 _
—Fo(R+)_ D (0)X;D;(0))F2 + Mga] Ay, (0) (51a)
j=0

2
X & —[AL(0)X2 + X1 Ap(0)+ ) CjTl(O)XjCjZ(O)_
=0

- 2 -
—F1(R+ Y DT (0)%;D;(0))F2 + Mo] Az (0). (51b)
j=0

Since the eigenvalues of the linear operator L are in the half plane C_, we deduce via (50b) that the
matrix A (0) + By (0)F, is a Hurwitz matrix. Hence, it is invertible.

Applying Lemma 1 (ii), we deduce that (X, Xo1, X1, X02, X12, X2, F 0, F 1, F 2) is a solution of system
(19) constructed starting from the stabilizing solution (X, X4, X5) of SRARE (34).

Now, we are in the position to state the first main result of this paper:

Theorem 2. Assume: (a) the assumptions Hy) and Hy) are fulfilled;

(b) the matrices A (0) and A11(0) — A12(0) Ay} (0) Az (0) are invertible;

(c) conditions from (i) of Theorem 1 are fulfilled.

Under these conditions there exists yu* > 0 with the property that for any €, > 0, k = 1,2, such that
0<er+e+ % < (u*)?, the SARE (8) has a stabilizing solution X (€1, €) satisfying the sign condition (9).
Furthermore X (€1, €2) and the corresponding stabilizing feedback gain F(eq, €2) have the asymptotic structure:

i X1+ 0(n) e1(Xo1 +0(n))  e2(Xoz +O(n))
X(epe) = | eaXan+0m)" e« ) (X +0(p)) (52)
(X +0()" e(Xp+0M)" e(X+0(W)

Feve)=( Fo+0(un) Fi+0() F+o(w) ) (53)

where y = (€1 + €3 + %)%, (Xo1, Xop, X12) being computed by (49) and (51) based on the stabilizing solution

(Xo, X1, X2) of SRARE (34) satisfying the sign conditions (44) and Fyare computed by (48) and (50) starting
from the stabilizing feedback gains F;, j = 0,1,2, associated with the stabilizing solution of SRARE (34).

Proof. The existence of the stabilizing solution X (€1, €2), as well as the asymptotic structure from (52)
and (53), are obtained applying the implicit functions theorem in the case of system (18). To this end,
we regard system (18) as an equation of the form:

D(W,8) =0 54
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on the finite dimensional Banach space 20 S Spy x RM0XM xSy x RM0XM2 ¢ RMXM2
Spp X R0 S R o R In (54), W = (Xo, Xo1, X1, Xoo, X12, X2, Fo, Fi, F) and
¢ = (Ve Ve /%) From (18) one sees that W — ®(W, &) is a C*-function and from the assumption

H;) we have that ¢ — ®(W,¢) is a C'-function in a neighborhood of the origin 0 = (0,0,0).
We also remark that the reduced equation ®(W,0) = 0 coincides with system (19). So, from the
developments in the first part of this section we deduce that (W, 0) is a solution of the Equation (54)
when W = (Xo, Xo1, X1, X2, X12, Xo, ﬁo,ﬁl,ﬁz). Let @y (W,0) be the partial derivative of ®(W, &)
evaluated in (W, &) = (W, 0).

First we show that the operator W — Sy (W, 0)[W] : 20 — 20 is injective.

To this end we consider the linear equation

Dy (W, 0)[W] =0 (55)

with the unknowns W = (Xo, o1, X1, Xop, X102, X0, B0, By, 1:"2) € 20. After some algebraic manipulations
one obtains that (55) reduces to the linear equation

Li[Y]=0 (56)

with the unknowns Y = (Xo, X1, X3) € X and L; is the operator of type (40) associated with the
stabilizing feedback gain F = (Fy, F}, F,). Equation (56) only has the solution Y = (0,0,0) because the
spectrum of the linear operator L lies in the half plane C_. Finally, one obtains that Equation (55) has
only the zero solution. This means that the kernel of the linear operator W — ®yy (W, 0)[W] is the null
subspace. Since 20 is a finite dimensional vector space, we may conclude that W — @y (W, 0)[W] is
invertible. Hence, we may apply the implicit functions theorem (see [26]) in the case of Equation (54).
This allows us to deduce that there exist yg > 0 and a C'~function & — W(¢) : B(0, 9) — 20, which
satisfy ®(W(¢),&) = 0, for all & € B(0,ug) = {¢ € R3||¢| < uo}. Further, W(&) = W + O(|&]),
which yields

Xij(er,€2) = X;j+0(|g]),0<j<2
Xoi(er,€2) = Xo1 +0([g]), (57)
Xio(e1,€2) = Xpo+0(|g]),k=0,1

Fleie2) = F+o0(jg)0<i<2

Plugging (57) into (12) we obtain (52), (53). We also obtain that (X (1, €2), F(e1, €2)), constructed as
above, satisfies (10). On the other hand, from (18f) and (52) we deduce that there exists 0 < p11 < pp
with the property that X (e, €2) satisfies (9) for any €; > 0, €, > 0, such that €1 + €2 + % < p3. Thus,
we have obtained that X (e1, €) with the asymptotic structure given in (52) is a solution of SARE (8)
which satisfies (9).

By a standard argument, based on singular perturbations technique, one shows that there exists
0 < p* < g such that the closed-loop system (11), where Fi(e1,€) has the asymptotic structure (53),
is ESMS. Therefore, X (€1, €) defined by (52) is just the stabilizing solution of (8) for any €1 > 0, 5 > 0

such thate; + e + 2 < (p*)2. Thus the proof is complete. [
In the sequel, (Fy F; ) will be named dominant part of the stabilizing feedback gain.

4.2. A Near Optimal Control

In this subsection, we show that the dominant part of the optimal gain matrix F(e;, €2) can be
used to obtain a near optimal stabilizing feedback gain for the optimal control problem described by
the quadratic functional (1) and the stochastic controlled system (2).
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We consider the control
app(t) = Foxo(t) + Frxi (1) + Foxa(t) (38)

F being constructed by (48) and (50) based on the stabilizing feedback gains F; associated with the
stabilizing solution (Xo, X1, X) of SRARE (34).
Setting, Fypp = (lf"o, FyF 2) we may rewrite (58) in the following compact form:

uapp(t) = Fappx(t)~ (59)
Substituting (59) in (6) we obtain the closed-loop system
dx(t) = (A(e) +B(e)Fapp)x(t)dt + (C(e) + D () Fapp)x(t)dw(t). (60)

The next result provides an upper bound of the deviation of the value J(Xo; tgpp) from the minimal
value J(xo, Uopt).-

Theorem 3. Assume that the assumptions of Theorem 2 are fulfilled. Then there exist fi > 0 such that the
closed-loop system (60) is ESMS for any €, > 0, k = 1,2 which satisfy €1 + €2 + %f < fi%. Moreover, the loss
of the performance produced by the use of the control (59) instead of the optimal control (7) is given by

€
0 < J(xo, uupp) - ](XO/uopt) <7y(er+e+ é)|XO‘2~

Proof. This may be done following a similar technique as the one used in [12] in the case of a single

fast time scale. The details are omitted. [

5. Conclusions

The goal of the work has been the derivation of the asymptotic structure of the stabilizing solution
of an algebraic Riccati equation arising in connection with a stochastic linear quadratic optimal control
problem for a controlled system described by singularly perturbed It6 differential equations with two
fast time scales.

The main conclusion of our study is that, in the stochastic case when the controlled system
contains state multiplicative and/or control multiplicative white noise perturbations, the reduced
system of algebraic Riccati equations cannot be directly obtained by neglecting the small parameters
associated with the fast time scales of the controlled system as in the deterministic framework.

In Section 3 we have shown in detail how the system of reduced algebraic Riccati equations can
be defined in the considered stochastic framework. In the second part of Section 3, we have introduced
the concept of a stabilizing solution of SRARE, and we have provided a set of conditions equivalent to
the existence of this kind of solution of SRARE which satisfy a prescribed sign condition of type (44).
Employing the stabilizing solution of SRARE, as well as the corresponding stabilizing feedback gains,
we have obtained the asymptotic structure of the stabilizing solution of SARE and of the corresponding
stabilizing feedback gain. The dominant part of the stabilizing feedback gain was used to construct a
near optimal control whose gain matrices do not depend upon the small parameters associated with the
fast time scales. The extension of the study to the case of singularly perturbed linear stochastic systems
with N fast time scales, also including more complex systems such as jump Markov perturbations [27],
Levy noise perturbations [28] and semi-Markov switched systems [29] remains a challenge for future
research.
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Abstract: By Lomov’s S.A. regularization method, we constructed an asymptotic solution of the
singularly perturbed Cauchy problem in a two-dimensional case in the case of violation of stability
conditions of the limit-operator spectrum. In particular, the problem with a “simple” turning point
was considered, i.e., one eigenvalue vanishes for t = 0 and has the form #"/"a(t) (limit operator is
discretely irreversible). The regularization method allows us to construct an asymptotic solution that
is uniform over the entire segment [0, T], and under additional conditions on the parameters of the
singularly perturbed problem and its right-hand side, the exact solution.

Keywords: singularly perturbed Cauchy problem; regularized asymptotic solution; rational ”simple”
turning point

1. Introduction

This work consists of five parts. The first part is an introduction. The second part is nomenclature.
The third part presents the formulation of the Cauchy problem in the two-dimensional case if stability
conditions for the spectrum of the limit operator are violated (the spectrum-stability condition means
that eigenvalues of the operator A(7) satisfy conditions A1 (T) # A2(7), T € [0, T] and A; # 0,1 = 1,2).

A “simple” pivot point of a limit operator (matrix A(7)) is understood when one eigenvalue
vanishes at one point (i.e., matrix A(7) is irreversible at this point). In [1], the case was considered of
when one of the eigenvalues that had the form t"a(7), a(t) # 0, n was natural; in [2] the features of
the solution were identified and described for a rational “simple” turning point in the one-dimensional
case (when the eigenvalue had the form t/"a(t), a(t) # 0).

In this article, we consider the case with a “simple” turning point when one of the two eigenvalues
of the operator vanishes at T = 0 and has the form /"a(t), a(t) # 0.

The fourth part describes the formalism of the Lomov regularization method [1,3,4] that allows
one to construct an asymptotic solution uniform over the entire segment [0, T], under additional
conditions on the parameters of a singularly perturbed problem, and its right side is the exact solution.
The idea of this paper goes back to [1], in which methods were developed for solving a singularly
perturbed Cauchy problem in the case of a “simple” turning point of a limit operator with a natural
exponent. A lemma is given on the estimation of basic singular functions, a theorem on the point
solvability of iterative problems is proved, and the leading term of the asymptotic behavior of a
singularly perturbed Cauchy problem is written out.

In the fifth part of the paper, we prove a theorem on the asymptotic behavior of a regularized
series and a theorem on the passage to the limit as a small parameter tends to zero. For a parabolic

Axioms 2019, 8, 124; d0i:10.3390/axioms8040124 www.mdpi.com/journal /axioms

91



Axioms 2019, 8, 124

equation, an example of solving a singularly perturbed Cauchy problem with a fractional turning
point A(1) = 71/2 is given.
The sixth part is the conclusion.

2. Problem Formulation

Consider the Cauchy problem:

)

where

(1) tisavariable, T € [0,T];

(2) u(7)isa function, u(t) € C*[0,T};

(3) A(7)isamatrix of size (2 x 2), A(t) € C(0, T};

(4) h(7) is a function, h(t) € C*|0, T};

(5)  A1(7), A2(7) are eigenvalues of matrix A(T); A1 (T) # A2(T), T € [0, T]; A2(T) = "/ a(7), where
a(t) <0, 7€ [0,T],a(t) € C*[0,T;

(6) m, n are natural numbers;

(7) ReA (1) <0;

(8) A(t) € C®[0,T], where t = TV/7;

(9) &e=g/n € R thereis a small parameter of the problem.

We make the change of variables in Problem (1): t = 71/1_ Then 7"/ = " and

du  du dt 1 1
e _ g os 2 (1=n)/n — 2 4l-n
dr  dt drt u(t)nT u(t)nt ’

Equation (1) takes the form:

%u(t)tl’" = A(t")u(t) + h(t")

or

%u(t) = LAY u(E) + ().

Denote £/n = ¢, "1 A(#") = B(t). Task (1) takes the form:
()

Operator B(t) has eigenvalues Aq(t) = t""1A{(t"), Ay(t) = tPa(t"), where p = m+n —1,
and corresponding vectors &1 (t) = e1(t"), &(t) = ep(t"), where e1(7), e2(7) are eigenvectors of
operator A(T1), i.e.,

B(t)e (t) = A (Ber(t) = " A (1)er (¢7);
B(t)ey(t) = Aa(t)ex(t) = tPa(t")e ().

Methods for solving the Cauchy problem (2) are described in [1]. Basic singularities (2) have
the form:

t
e?it/e i1 0, oi(t,e) = ef2(t)/e /e""?(s)/esids, i=0,p—1; 3)
0
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t t
where ¢1(t) = /s”’l/\l(s")ds, @a(t) = /spu(s”)ds.

0 0
Singularities (3) in the source variables have the form
T
e(pl(r)/é, e(pz(r)/zl Ui(T,S) — e(pz(r)/? /87¢2(5)/Es(i+17")/"ds, i= 70,]:’ —1;
0

T T

where ¢1(7) = /M(s)ds, ¢2(1T) = /ll(s)s"’/"ds.
0 0

3. Formalism of Regularization Method

Point & = 0 for Problem (1) is special in the sense that classical existence theorems for the solution
of the Cauchy problem do not take place. Therefore, in solving this problem, essentially singular
singularities arise. When the stability condition for spectrum A(t) is satisfied, singular singularities
are described using exponentials of the form:

t
OV, gi(t) = [ A(s)ds, =T, Ma(t) £ Aalt), Ai(6) £0, t€[0,T),
0

where ¢;(t) is a smooth function (in the general case, complex) of a real variable t. To solve linear
homogeneous equations, such singularities have been described by Liouville [5-8].

If stability conditions are violated for at least one point of the spectrum of operator A(t),
then besides exponentially essentially singularities in the solution of the inhomogeneous equation,
singularities of the following form also appear:

t
o = e (t)/e /e’¢1(5>/€s"ds, i=0k—1,
0

(k is the extreme zero of Aq(t)), which, for ¢ — 0, has a power character of decreasing under the
corresponding restrictions on A (t), while it is assumed that the remaining points of the spectrum do
not vanish at t = 0.

Singularly perturbed problems arise in cases when the domain of definition of the initial operator,
depending on € with € # 0, does not coincide with the domain of definition of the limit operator with
¢ = 0. When studying problems with a “simple” turning point, additional conditions arise when
the domain of values of the original operator does not coincide with the domain of values of the
limit operator.

Further, we need estimates of functions describing the basic singularities.

Lemma 1. Let the conditions on the spectrum of operator A(t) 5) < 7) be satisfied. Then, the estimates hold:
(@) if ¥t € [0, T] ReA;(t) < 0,i=1,2, then

t -
%g/\,-(s)ds

le [<C  a(te) <C,

where C is a constant, k =0,p—1, p=m+n—1;
() ifRe Ay (t) < —a < 0,Rea(t) < —a <0, then

t -
LA (s)ds Wt L[ Xy(s)ds _ Pl [
0 ‘ 0 |[<e v, og(t,e)| < CerT, k=0,p—1, p=m+n—1.
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Proof of Lemma 1. (a) In this case, estimates are 0bv1ous

t t
1 Zl(s)ds —4 [s"1ds atft %f/-\ —& [sPds _atbtl
(b) e © |<g 0 =e o, e 0 !Se 0 =e &t
b oasbtl .
t t €(F+1)
[ L als)is k P s k [_artat) ‘ Ofe sids
|¢7k(t,s)|:/es sdsg/e s sds:/e R
i3
0 0 0 e+
i1 /€PN ap
L S akde
_ 0
- atPtl
eclp+1)
Denote T = W Consider a fraction when T — co; then, we have
T ol p+1 ‘
TpHT
f erigds g
YT — — 0, ask<p
arptl e ‘(~> ’
e r+1
K+l
Consequently, 0y (t,€) = O(er™). O
Remark 1. Estimates in the source variables have the form:
LI M) L)
< [ A(s)ds + [ Aa(s)ds _am/n+l il
!ge 0 |< eiaTt, |gE 0 |§ e em/n+1) g'k(t,g) = Q(gm/nﬂ )

According to the regularization method, we seek a solution of Problem (2) in the form

p—1
u(t,e) = x(t,e)e?1(H/e +y(t,£)e‘/’2<t)/€ + Z Z'(t,€)o;(t,€) + W(t,e), 4)
i=0
where x(t,€), y(t,€), W(t,e), Zi(t,€),i =0, p — 1 are smooth with respect to f functions that depend on
power on ¢. Substituting Problem (4) into Problem (2), we get system

(B() — a(0)x(t,€) = ex(t,c),
(B() — Aa(0)y(t,e) = ey(t,e),
(B0 = Aal0)2'0) = e (15), i =0p=1

®)
B(YW(te) = eW(t,e) — " h(t") + Zt
x(0,€) +y(0,€) + W(0,¢) = u.

Decomposing the unknown vector functions in a series in powers of ¢, we obtain a series of

iterative problems:

(B(t) = A (£))xie(t) = %1 (t),
(B(t) = A2 (1) yk(t) = Y1 (t),
(B(t) = Aa2(t))z (t,€) = 24 (1), P

BEW(E) = Wi (£) — oft" " h(t") ; 2
x(0) + yx(0) + Wi (0) = 57u’. -

(6)

To solve iterative Problems (6), we formulate a point-solvability theorem.
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Theorem 1. Let the following equation be given:
B(Hu(t) = " TA(H) = Sh(tY), 0<s<n-—1 @)

and let the following conditions are met:

(1) B(t) has eigenvalues A1 (t) = t" 1A (#"), A (t) = tPa(t") and eigenvectors &1 (t), & (t);
(2)  h(t") € C=[0,T).

Then, Problem (7) is solvable if and only if
(@) h(0)=0, s=2,n—1;

® n =0, k=0, {%H} s=0n—1,

where hy (t"), hy(t") are the components of decomposition h(t) on the basis of eigenvectors of operator B(t);
uy (1), up(t") are the components of the expansion of u(t) on the basis of eigenvectors of operator B(t).

Proof of Theorem 1. Let us prove the need. Let system

I (P ug (1) = 7Sy (1), ®)
tPa(t")uy(t) = " Shy (")
have a solution. Then,
(1) the first equation of System (8) is solvable:
n
(@) ifs=0,1,thenuy(t) = s In(t ),
M (tn) 7 (t”)
(b) ifs=2,1n—1,thenh(0) =0and uy(t) = t"+1-5 Al(t")' where hy (") = Iy (t");
1

(2) the second equation of System (8) is solvable if (k+1)n —s < p < (k+2)n —s, which is
— ha (11
equivalent to h£k> (0)=0,k=0, {%Sl} and uy(t) = t”ﬂ%r 0<j<n—-1

Sufficiency is obvious. O

Consider Problem (6) as k = —1:

(B(t) = A(£))x-(t) =0,

(B(£) = A2(t))y-1(t) =0,

(B(t) = Aa(t)z' 4(t) =0, i=0,p—1, )
B(HW_1(t) =0,

Solution (9) has the form

Functions x_1(t), y_1(t), z"_; (t) are determined at the next iteration step k = 0 from the solvability

conditions: )
(B(t) = Ax(t))xo(t) = %1 (1),
(B(t) = Aa(B))yo(t) = y-1(t),
(B(t) = Aa(8))zy(t) = Zl’lpff’ ‘i‘= 0,p-1, 10)
B(H)Wo(t) = —t"h(t") + Y #'z' 1 (¢)
i=0
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Let be
(1) = & (#") = nt"ICH(IM)ey (8) + nt"ICH (e (t), i=1,2.
Denote by C{(t) = nt”*lclj(t”), i,j=1,2. Then

&(t) = iC’{(t)é,-(t), i=1,2.
j=1

System (10) takes the form:

(B(t) = Ax(1)xo(t) = (&l 1(t) + Cl(Dal 4 (1))ar(t) + aly (HCT(Dea(t),

(B(t) = Aa(8))yo(t) = (B2, (t) + 7%0)!3271(0)52(1?) + B2, (t) 7%(15)51(0/

(B(t) — Az(t))zg(t) =(7";27(1t + G (YA )E(t) + A (e (), i=0,p—1, 1)
B(t)Wp(t) —t"h(t”)—l—p izl (1),

The condltlons for the solvability of System (11) and the initial conditions at the k = —1 step
1mply thata' | (t) = 0, %, (t) = 0. To determine z' | (t), we wrote by coordinate the equation for the
Wy (t) of System (11):

A (HWg (1) = PIA (WG () = =" Ty (1),

12
Aa(OWE(E) = tPa(tYW3(t) = —t" Ty (") +Zt’ “( (12)

i=0

n
Then, Wi (t) = — () . On the basis of the point-solvability theorem, we obtained:
0 () P Y

(k) [
" n_ . - hy” (0) —JC3(s)ds
. 112(0) h (0) (72 1 12(0) hZ(O)/ Tty 7(7kl+1)n 1/2(0) =2 ( )e 0 ’

where k = [m/n] is the integer part, so when order ord‘(ti ) is equal to order ord(tU+V"=1) in the
expansion of #*~1h(#") in Taylor-Maclaurin series, other 'y’_’zl (0) = 0. Thus, the solution is determined
atstepk = —1:

[m/n]
ua(te) = 3 AT a0 te), (13)
i=0
(i+1)n—12 1y (0) - [ G
where'yl () = 22 e 0

i! '
The solution at zero step k = 0 is written in the form

(1), yo(t) = Bj(H)ea(t),

xo(t) = ag(t)ey
Y (B)ea(t), ord(#) # ord($0HD1),
Z(t) = | A (Dea(t) — 9 () 52 L), ord() = ord (+FFImY), a4
i=0,p—1, j=0,[m/n],
_ _hl(tn) > n—s n\ s
Wo(t) = Al(t")el(t) + " Ho(t")ea(t),

where

(@) s= {% }n is the remainder of dividing m by n;
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= ]h(tn)+ Z t1+1 1,YgT1)n_1r2(t)

n—s ny — i=0
(b) t"TCHH(t") = tPu(t”)

Arbitrary functions al(t), B3(t), ( ) are determined from the conditions for the solvability of
the system at step k = 1:

(B(t) — /i\l(t))x1(t) = (éf(l)(t) + _}(t)tx(l](t))](t) +a(1)(t __%(t)'z(t),

(B(t) = Xa(D)w(t) = (B(H) + G (DBF(D)ea(t) + B (3 (Dan(h),

(B(t) = A1)z (1) = (367(1) + CH(D)75* (1)ea () + 15> (DT (B (t),
ord(#) # ord (1)1 ,

(30) = 2200240 = (350 + B 720G e+

(

BOW (1) = Wo(t) + X (1),
i=0

x1(0) +y1(0) + W1(0) = 0.
The solvability theorem of System (15) gives
t

- et -
)= (3G )e o B

(s)ds

o .
]
[N

Consider the equation for W (t). Given the expression for C{ (t) = nt"*lC{ (#"), this equation can
be written as follows:

B(H)Wy(t) = " (Wo)1 (£)er (1) + " 175 (Wo)2 )+ Z tzi( (16)

Consider Equation (16) component-wise:

3 1 1 /14 s/ (i+1)n—1,2 al
AW =10 - L 2R3
i=0

Ao (H)W2(t) = " 175 (W), t)+2t’

17)

Solution of the first equation of System (17) is written as follows:

1 _ (Wo)l(f)f[m/n] (i+1)n—12 nCh(#7)
i) = Aq(t1) ;0 T-1 (t))\l(t”)(/\l(t")ftma(t"))'

For the solvability of the second equation of System (17), it is necessary and sufficient that

) A (@) T
A1z gy (WO)ﬁ © o {m +5}/
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The other 'yé’Z(O) =0,j#(@{+1)n—1—-s,j = 0,p—1. Defining 782(0), we can write the
expression for zi)(t):

@ ifj=(i+1)n—1-si=0, {%]+{ﬂ,then

(b) ifj#(i+1)n—1—-s,j=(i+1)n—1,then

() ifj# (i+1)n—1—s,j# (i+1)n—1, then
W) =0, z5°(1) =0.
The solution of the second equation of System (17) is written as follows:
wi(t) = (- By ),

. =l
T W) — X ()
i=0

tPa(tr)
Thus, the solution is determined at the zero iterative step:

[#)+[%]
ug(t,€) = af(H)ar (e /< B(He (e )
i=0

1

where H; (") =

Z(<)i+1)n7175 (t)o-(i+1)nflfs (t, S)

ap )
+ LA W02 () - A + P H)a(0)

Similarly, according to this scheme, the solutions of subsequent iteration problems are determined.
Thus, we can get an expression for any member of a regularized series.
We write the main term of the asymptotics of Problem (2):

1
Umnain = Eufl (t,ﬁ) + uo(t, S).

4. Limit-Transition Theorem

To prove the asymptoticity of a regularized series, we prove a theorem on estimating the remainder
term for e — 0.

n
Letbe u(t,¢) = Z ekuk(t,s) + s"“Rn(t, €), where
k=1

p—1
ug(t€) = x()e? D/ 4y (e 1Y 2L (B)o(t ) + W), (18)
i=0

1
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Substituting Problem (18) into Problem (1), we obtain the Cauchy problem for the remainder
Ry (t€):

{ eRn(te) = B()Ru(t,€) + H(te), 19)

R(0,€) =0,
where
p—1 p=1
H(te) = — (xn(t)e‘““)/s+yn(t>e"’2“>“+ Y. zn(t)oi(te) + (Wn(t) +) flz;(t)>>,
i=0 i=0

in this case, it is assumed that H(t, ¢) satisfies the conditions of the solvability theorem.

Theorem 2. Let Cauchy Problem (1) be given and Conditions 1-9 be satisfied. Then, the estimate is correct

< C£ﬂ+1

u(t,e) — i i (t,e)

k=1

where C > 0 in the norm C[0, T] for any (t,€) € [0, T] x (0, &), [[x(t)llcpo,r) = n}g)T(] [x(t)].
tefo,

Proof of Theorem 2. Solution (19) is written as follows:

t
/ Ue(t,s)H(s,e)ds, (20)
0

Ru(t,e) =

™ | =

where Ug(t, s) is resolving operator (fundamental solution system) satisfying system

ele(t,s) = B(t)Ue(t,s), 1)
Ug(t,s)|s:t: I

Let S(t) be a matrix of eigenvectors & (t), &(t) of operator B(t). Then, System (21) is equivalent to

system

eVe(t,s) = A(H)Ve(t,s) — eS‘l(t)S(t)\/g(t,s), )
Vg(t,s)|szt: S71(0),
here, A(t) = </\10(t) 3 0(t)>' Ve(t,s) = Sil(t)ug(t,s). We reduce System (22) to an integral equation
2
l,ftA(sl)dsl ! %f A(s2)dsy .
Velts) =" TSI 0) < [t s Sl Ve s @)

S

Let us estimate Equation (23) at the norm C[0, T]. Using the conditions on the spectrum of operator
B(t), we obtain

t
IVe(t,s)l| < CillsTHO) +Cz/ [[Ve(s1,5)|ds1-
S

Using the Bellman-Gronuola inequality, we obtain ||U(t,s)|| < C on [0, T].
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To estimate the remaining term, it is important to take into account that operator B(t) is invertible on
vector functions that satisfy the conditions of the solvability theorem. Then, integrating over parts of
Solution (20), we obtain chain of equalities

Ru(te) = %/ U (£, $) H(s, ¢)ds — %/ U (t,5)B(s)B~ () H(s, ¢)ds —
0 0

= —Ug(t,s)B’l(s)H(s,e)|é+/Ug(t,s)%B’l(s)H(s,e)ds =
0

— B (OH(te) + ug(t,s)Bfl(s)H(s,e)|s:0+/ug(t,s)%B*I(S)H(s,e)ds.
0

Since, by virtue of Conditions 1-9, H(t,¢) admits estimate ||[H(t,¢)|| < Cy in norm C[0, T], then

remainder R, (t, ¢) satisfies estimate

[IRu(t,e)|| < Co Y(te) €[0,T] x (0,€).
Therefore, the asymptoticity of series Z ek u(t,€) is proved. [
k=-1
Theorem 3 (The limit theorem). Let Cauchy Problem (1) be given and have satisfied the conditions:

(1)  Conditions 1-9;
(2) hg’) (0) =0,i=0,[m/n], where hy(t) is the second coordinate in the expansion of h(t) = hy(t)ey (t) +
ho (t)eo (t) in eigenvectors of the original matrix.

Then,
(1) foranyé >0t € [5,T], ReAi(t) < —a <0

limu(t,e) = —A7'(t)h(t);

e—0

(2) ifReAi(t) =0, then
weak

u(t, ) — —A"YBR(t) in a weak sense.

Proof of Theorem 3. (1) Conditions hgﬂ (0) =0,i=0,[m/n] cause u_1(t,€) = 0. Then,
Umain () = ug(t, €).
By virtue of the singularity estimates described in the lemma, it follows that forany 6 > 0t € [, T]

lim ug(t,e) = —B~H(H) " Th(t"),
e—=0

equivalent in source variables lir% up(t,e) = — A1 (t)h(t).

£
(2) If ReA;(t) = 0,1 = 1,2, then singularities are rapidly oscillating exponents as ¢ — 0. From here,
according to Lebesgue’s lemma, for any ¢(t) € C(0,T)

o"\ﬂ

uo (t,e) + A" (Oh(1) p(s)dt " 0.
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Example 1. Consider the Cauchy problem for a parabolic equation
ou  ,0%u

e~ €5 = —Vtu+h(x,t),

u(x,0) = p(x), —c0 < x < oo,

where ¢(x), h(x,t) € C§°(—00,00) are smooth functions with compact support.
Using the technique of the reqularization method outlined above, we obtain the principal term of the asymptotics
of the solution:

t . t
1 $3/2 32 Ji(x,0 3/2 3/2
u(x, t) = Eh(x,O)e’%fs/2 /e23£ ds + (p(x)e’z'é‘s _hx0) a / B L

0

t

2872 232 h(x,t) —h(x,0)

+th" (x,0)e X /e 3% ds + ————— "%,
(x,0) 7

0

5. Conclusions

In this paper, the regularization method was developed into the class of singularly perturbed
Cauchy problems in the case of a simple rational turning point for the limit operator (for ¢ = 0).
The main singularities of the solution are highlighted:

t
N D/e p2(0/e ) gy 6) — eal0)/e / e O e =m g 55,
0

which allowed us to present the solution in the form:
p=1
u(t,e) = x(t,€)e /e 4 y(t,e)er2(t)/e 4 Y 2 (te)o(t,e) + W(te),
i=0

where x(t,¢€), y(t,€), W(t,e),z(t,€),i = 0,p — 1 are t smooth functions that depend on power e.

Estimates of the main singularities for ¢ — 0 were given, and theorems on the solvability of
iterative problems were proved. A theorem on the asymptotic convergence of the solution of the
problem was proved, and conditions on the right-hand side of 1i(t) were described, under which the
passage to the limit theorem is valid. An example of solving the Cauchy problem for a parabolic
equation with a fractional turning point A(7) = 712 was given.
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Nomenclature

u(t),

x(t),y(t),Z/(t),i =0,m+n—1,w(t), h(t) avector of a function of a real variable

A(t), B(t) matrices of order 2 x 2

A, Ao eigenvalues of matrix A

Ay, Ao eigenvalues of matrix B

ey, e eigenvectors of matrix A

é1, 8 eigenvectors of matrix B

€ a small task parameter

S(t) a matrix of eigenvectors &, &

A(t) a matrix of eigenvalues of matrix B

Ry the remainder term of the asymptotic series
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Abstract: A singularly perturbed linear time-dependent controlled system with multiple point-wise
delays and distributed delays in the state and control variables is considered. The delays are small,
of order of a small positive multiplier for a part of the derivatives in the system. This multiplier is a
parameter of the singular perturbation. Two types of the considered singularly perturbed system,
standard and nonstandard, are analyzed. For each type, two much simpler parameter-free subsystems
(the slow and fast ones) are associated with the original system. It is established in the paper that
proper kinds of controllability of the slow and fast subsystems yield the complete Euclidean space
controllability of the original system for all sufficiently small values of the parameter of singular
perturbation. Illustrative examples are presented.

Keywords: singularly perturbed system; multiple state and control delays; controllability
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1. Introduction

Differential systems with a small positive multiplier for a part of the highest order derivatives,
called singularly perturbed differential systems, are adequate mathematical models for real-life
processes with two-time-scale dynamics. In real-life problems, the small multiplier (a parameter
of singular perturbation) can be a time constant, a mass, a capacitance, a geotropic reaction, and
some other parameters in physics, chemistry, engineering, biology, medicine, etc (see e.g., [1-3] and
references therein). An important class of singularly perturbed differential systems represents the
systems with small time delays (of order the parameter of singular perturbation). Such systems arise in
various real-life applications, for instance, in nuclear engineering [4], in botany [5], in physiology and
medicine [6,7], in control engineering [8], and in communication engineering [9,10]. Distributed small
delays appear, for instant, in stabilizing controls of singularly perturbed systems with small delays
(either point-wise, or distributed, or point-wise and distributed) [11]. In such a case, a closed-loop
system contains a distributed small delay. The stabilizing property of a distributed small delay also is
used in the present paper (see Sections 3.3, 3.4 and 4.2).

Various topics in theory and applications of singularly perturbed controlled systems, without
and with delays in state and control variables, were extensively investigated in the literature (see
e.g., [1,12-14] and references therein).

Controllability of a system is one of its basic properties. This property means the ability to transfer
the system from any position of a given set of initial positions to any position of a given set of terminal
positions in a finite time by a proper choice of the control function. Different types of controllability
for systems without or with delays were extensively studied in the literature (see e.g., [15-18] and
references therein). To check whether a singularly perturbed system is controllable in a proper sense,

Axioms 2019, 8, 36; d0i:10.3390/axioms8010036 www.mdpi.com/journal /axioms

103



Axioms 2019, 8, 36

the corresponding controllability conditions can be directly applied for any specified value of the
small parameter ¢ > 0 of singular perturbation. However, the stiffness, as well as a possible high
dimension of the singularly perturbed system, can considerably complicate this application. Moreover,
such an application depends on the value of ¢, and it should be repeated if this parameter changes.
Furthermore, in most of real-life problems the current value of ¢ is unknown. These circumstances
are crucial in the analysis of the controllability of singularly perturbed systems. They motivate the
derivation of conditions, which being independent of ¢, guarantee the controllability of a singularly
perturbed system for all sufficiently small values of this parameter, i.e., robustly with respect to e.

Controllability of singularly perturbed systems was analyzed in a number of works. Thus,
in [19-22], the complete controllability of some linear and nonlinear undelayed systems was studied
using the separation of time scales concept (see e.g., [1]). In [23] the robust complete Euclidean space
controllability, as well as the controllability with respect to the slow state variable and with respect to
the fast state variable, were studied for a linear standard singularly perturbed time-invariant system
with a single nonsmall pointwise state delay. In [24,25], using the separation of time scales concept,
parameter free conditions of complete Euclidean space controllability were obtained for linear standard
singularly perturbed systems with pointwise and distributed small state delays. In [26], this result
was extended to nonstandard singularly perturbed systems with multiple pointwise and distributed
small delays in the state variables. In [27], parameter-free complete Euclidean space controllability
conditions, which are not based on the separation of time-scales concept, were derived for a class
of linear singularly perturbed systems with small state delays. In [28], a singularly perturbed linear
time-dependent controlled system with a single small pointwise delay in the state and control variables
was considered. Parameter-free conditions of the complete Euclidean space controllability were
established for standard and nonstandard types of this system. In [29], a singularly perturbed linear
time-dependent system with small state delays (multiple point-wise and distributed) was studied.
Along with the set of time delay differential equations describing the dynamics of this system, a set
of delay-free algebraic equations, describing the system’s output, also was considered. Based on
the separation of time-scales concept, different parameter-free sufficient conditions for the Euclidean
space output controllability of this system were established. In [30], the complete Euclidean space
controllability for one class of singularly perturbed systems with nonsmall delays (point-wise and
distributed) in the state variables was studied. In [31], the defining equations method was used for
analysis of the complete Euclidean space controllability of a linear singularly perturbed neutral type
system with a single nonsmall pointwise delay. The particular cases of the Euclidean space output
controllability, the controllability with respect to the slow state variable and the controllability with
respect to the fast state variable, also were studied.

In the present paper, we consider a singularly perturbed linear time-varying system with
multiple small point-wise delays and with small distributed delays in the state and control variables.
The complete Euclidean space controllability of this system, robust with respect to ¢, is studied.
This study is based on a transformation of the complete Euclidean space controllability of the original
system with delays in the state and the control to an equivalent output controllability of a new
singularly perturbed system with only state delays. In the new system, the original control variable
becomes an additional fast state variable. The Euclidean dimension of the slow mode equation in
the new system is the same as in the original system, while the Euclidean dimension of the fast
mode equation is larger than such a dimension in the original system. Further analysis is carried
out based on the asymptotic decomposition of the original and transformed systems. Each system
is decomposed into two much simpler e-free subsystems, slow and fast ones. Equivalence of proper
kinds of controllability of the slow subsystems, corresponding to the original and transformed systems,
is established. Also, it is established the equivalence of proper kinds of controllability of the fast
subsystems. Assuming the controllability of the slow and fast subsystems, associated with the
transformed system, the Euclidean space output controllability of the latter is established for all
sufficiently small values of ¢ > 0. Then, using the above mentioned equivalence of the controllability
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of the original and transformed systems, as well as of their slow and fast subsystems, the complete
Euclidean space controllability of the original system, robust with respect to ¢, is deduced from the
assumption on proper kinds of controllability of its slow and fast subsystems. Note that the original
system of the present paper is much more general than the original system of [28]. Moreover, in the
present paper we propose another, more general, approach to the analysis of the nonstandard case
of the original system. Also, we propose here much simpler proof of the Euclidean space output
controllability of the transformed system.

The paper is organized as follows. In the next section, the rigorous problem statement, the main
definitions and the objective of the paper are formulated. Some auxiliary results, including the
transformation of the original system, are presented in Section 3. Section 4 is devoted to main results
of the paper. An illustrative example is solved in Section 5. Conclusions are placed in Section 6.

The following main notations are applied in the paper:

E" is the n-dimensional real Euclidean space.

The Euclidean norm of either a vector or a matrix is denoted by || - ||.

The upper index T denotes the transposition either of a vector x (xT) or of a matrix A (AT).
I, denotes the identity matrix of dimension .

gk @ N

The notation Oy, xp, is used for the zero matrix of the dimension 71 x 1, excepting the cases
where the dimension of zero matrix is obvious. In such cases, we use the notation 0 for the
zero matrix.

6.  L2[t1, tp; E"] denotes the linear space of all vector-valued functions x(-) : [t;,t2] — E" square
integrable in the interval [t1, f,]; for any x(-) € L?[t1,tp; E"] and y(-) € L?[t;, tp; E"], the inner
product in this space is defined as:

(x()y())p = /: T ()y(t)dt;

the norm of any x(-) € L?[t, t; E""] is defined as:

Il = [ xT(t)x(t)dt)m.
7. L?

ioc[f, +-00; E"] denotes the linear space of all vector-valued functions x(-) : [f, +-c0) — E" square
integrable in any subinterval [, tp] C [f, +00).

8. W2t} tp; E"] denotes the corresponding Sobolev space, i.e., the linear space of all vector-valued
functions x(-) : [t1,t2] — E" square integrable in the interval [t1, ;] with the first derivatives
(generalized) square integrable in this interval.

9. col(x,y), where x € E", y € E™, denotes the column block-vector of the dimension 1 + m with
the upper block x and the lower block y, i.e., col(x,y) = (xT,yT)T.

10. ReA denotes the real part of a complex number A.

2. Problem Formulation and Main Definitions

2.1. Original System

Consider the controlled system

B = TN [Avj(te)x(t — ely) + Agi(t e)y(t — ehy)]
+ [ [Galt,me)x(t+en) + Galt,m,e)y(t + en)]dy M
+ Zjlio Byj(t, e)u(t — eh;) + f_oh Hy(t,n,e)u(t+en)dy, >0,
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et) z}VO [A3,(t €)x(t — ehj) + Agi(t, )y (t — ehj)]
+f [Gg. (t,m,e)x(t+en) + G4(t,r7,£)y(t+£11)}dr] )
+Z]-I\LO Byj(t, e)u(t — ehj) +f7h Hy(t,n,e)u(t+en)dy, >0,

where x(t) € E", y(t) € E™, u(t) € E" (u(t) is a control); ¢ > 0 is a small parameter; N > 1 is an
integer; 0 = hy < hy < hp < --- < hy = h are some given constants independent of ¢; Aij(t,s),
Gi(t,n,¢), Bkj(t,s), Hi(t,m,e), (i =1,...,4,j =0,...,N; k = 1,2) are matrix-valued functions of
corresponding dimensions, given for t > 0,7 € [~h,0] and ¢ € [0,¢%], (* > 0); the functions Ajj(t,e)
and Bkj(t,s), (i=1...,4j=0,...,N; k = 1,2) are continuous in (t,¢) € [0, +o0) X [0,€0]; the
functions G;(t,1,¢) and Hi(t,n,¢), (i = 1,...,4; k = 1,2) are piecewise continuous in 7 € [—h,0]
for any (t,) € [0,+c0) x [0,€%]; the functions G;(t,1,¢) and Hi(t,1,¢), (i = 1,...,4; k = 1,2) are
continuous with respect to (t,€) € [0, +00) x [0, %] uniformly in % € [~h,0].

Forany givene € (0,¢%) and u(-) € L2 [—eh, +oo; E"], the system (1)-(2) is a linear time-dependent
nonhomogeneous functional-differential system. It is infinite-dimensional with the state variables
(x(t), x(t+en)) and (y(t),y(t +en)), 1 € [—h,0]. Moreover, (1)-(2) is a singularly perturbed system.
The Equation (1) is the slow mode of this system, while the Equation (2) is its fast mode.

Definition 1. For a given e € (0,%], the system (1)-(2) is said to be completely Euclidean space controllable
at a given time instant t. > 0 if for any xo € E", yo € E™, uy € E', ¢x(-) € L2%[—eh,0;E"],
@y(-) € L*[—eh,0;E™], @u(-) € L*[—eh,0;E"], x. € E" and y. € E™ there exists a control function
u(-) € WY2[0, t; E'] satisfying u(0) = u, for which the system (1)-(2) with the initial and terminal conditions

x(1) = ¢x(1), y(7) = @y(7), u(t) = @u(7), TE[-h0), ®)
x(0) =xo, y(0) =yo, 4)
x(te) = xe,  ylte) = Ye, 5)

has a solution.

2.2. Asymptotic Decomposition of the Original System

For the sake of further analysis, let us decompose asymptotically the original singularly perturbed
system (1)-(2) into two much simpler e-free subsystems, the slow and fast ones. The slow subsystem is
obtained from (1)-(2) by setting formally ¢ = 0 in these controlled functional-differential equations,
which yields

) A (0s(8) + Ans(ys(0) + Brs(us(t), £ 0, ©
0= Agy(5s(8) + Ags(O)ys(6) + By (Dus(t), £20, )

where x;(t) € E" and ys(t) € E™ are state variables; u;(t) € E" is a control;

N

=Y Aji(t,0) +/ (b, 0y, i=1,...,4, @®)
=

N 0
Bie(t) = ¥ Byi(£,0) + /th(t,n,O)diy, k=12 )
= I-

The slow subsystem (6)-(7) is a descriptor (differential-algebraic) system, and it is delay-free
and e-free.
If
det Ag(t) #0, t>0, (10)
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we can eliminate the state variable y;(t) from the slow subsystem (6)-(7). Such an elimination yields
the differential equation with respect to x,(t)

dx;it) = As(t)xs(t) + Bs(t)us(t), t>0, a1
where
A(t) = Ass(t) — Axs(t) AL (1) Ass(t), Bs(t) = Brs(t) — Ans(t) AL (1) Bas(1). 12)

The differential Equation (11) also is called the slow subsystem, associated with the original
system (1)-(2).

The fast subsystem is derived from (2) in the following way: (a) the terms containing the state
variable (x(t),x(t +€)), 7 € [—h,0] are removed from (2); (b) the transformations of the variables

t=1t+¢C, y(ty +€C) 2 Yyr(8), u(ts +€g) £ us(¢) are made in the resulting system, where t; > 0 is
any fixed time instant.
Thus, we obtain the system

d N
gt + 8 ey (E— 1) +/ Galt1 + €8, 1, &)y (€ + 1)dy

Byt + €6, €)ug(€ — 1) + [ ot + e, €)ug(C + )y
Finally, setting formally £ = 0 in this system and replacing t; with t yield the fast subsystem

WHE, YN Agi(,0)y(E — hy) + [ Galt,,0)y (& + n)dy

13
+2NOBZ,<t 0)up(&—Iy) + [, Halt,0)us(E +m)dy, &>0, o

where t > 0 is a parameter; y¢(&) € E™, us(§) € E; (y5(&),ys(+ 1)), 1 € [—h,0] is a state variable,
while (us(&),us(&+1)), 1 € [~h,0] is a control variable.

The new independent variable ¢ is called the stretched time, and it is expressed by the original
time ¢ in the form § = (f — t1) /e. Thus, for any t > t;, { — +o0 as ¢ — +0.

The fast subsystem (13) is a differential equation with state and control delays. It is of a lower
Euclidean dimension than the original system (1)-(2), and it is e-free.

Definition 2. Subject to (10), the system (11) is said to be completely controllable at a given time instant t. > 0
if for any xo € E" and x. € E" there exists a control function us(-) € L?[0, t; E'], for which (11) has a solution
xs(t), t € [0,tc], satisfying the initial and terminal conditions

x5(0) = x9,  xs(tc) = xc. (14)

Definition 3. The system (6)-(7) is said to be impulse-free controllable with respect to xs(t) at a given time
instant t. > 0 if for any xo € E" and x; € E" there exists a control function us(-) € L2[0,tc; E"], for
which (6)-(7) has an impulse-free solution col(xs(t),ys(t)), t € [0, tc], satisfying the initial and terminal
conditions (14).

Definition 4. For a given t > 0, the system (13) is said to be completely Euclidean space controllable if for
any yo € E™, ug € E, ¢, ¢() € L2[—h,0; E™), Puf(c) € L%[~h,0; E"] and y. € E™ there exist a number

gc > 0, independent of yo, to, ¢yf(-), @us(-) and ye, and a control function us(-) € W'2(0,&.; E'] satisfying
us(0) = uo, for which the system (13) with the initial and terminal conditions

yr(n) = @yr(n),  up(n) = @ur(), 1 €[=h0); yr(0)=yo (15)
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yr(8e) = Ve, (16)
has a solution.
2.3. Objective of the Paper

The objective of the paper is the following: using the e-independent assumptions on the
controllability of the systems (11) and (13), as well as (6)-(7) and (13), to establish the complete
Euclidean space controllability of the original singularly perturbed system (1)-(2) for all sufficiently
small values of ¢ > 0, i.e., robustly with respect to this parameter.

3. Auxiliary Results

In this section, some properties of systems with state and control delays are studied. Based on
these results, in the next section different parameter-free conditions for the complete Euclidean space
controllability of the original singularly perturbed system are derived.

3.1. Auxiliary System with Delay-Free Control
Consider the differential system, consisting of the Equations (1), (2) and the equation

du(t)
ar

= —u(t) +o(t), t>0. 17)

In this new system, (x(t),x(t+en)), (y(t),y(t +en)), (u(t), u(t +ey)), 7 € [—h,0] are state variables,
while v(t) € E" is a control. Thus, in the system (1), (2), (17) only the state variables have delays, while
the control is delay-free. Moreover, in contrast with the original system (1)-(2), the new system contains
two fast modes, the Equations (2) and (17).

For the new system (1), (2), (17), we consider the algebraic output equation

Z(t) = Zeol (x(t),y(H),u(t)), t=>0, (18)

where the (1 +m) x (n + m + r)-matrix Z has the block form
zZ= (1n+m, o) . (19)
Let us rewrite the system (1), (2), (17), (18) in a new form, more convenient for the further analysis.

For a given ¢ € (0,¢°], let us introduce into the consideration the block vector w(t) =
col(y(t),u(t)), t > —eh, and the block matrices

Ajj(te) = Agj(te), Ay(te) = (Azj(trg)/Blj(t/€)>/ j=0,1,...,N, t>0, (20)

A3‘(t,£) .
Asj(te) = / , j=01,...,N, t>0, (21)

rxXn
Au(te) = [ Aot Bolte) ) =y s g )
Orxm 717‘
A4]‘(t,€) _ < A4j(t,€) BZj(t,S) ), j:l,...,N, £>0, (23)
rXm Or><r

Gilt,m,€) = Gu(t,n,9), Galty,) = (Galtm o), Ha(tn,0), 120, m € [-h0L  (24)
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ga(t,n,s>:<c3(“7' ) Galtn6) _<g4<t,n,s) Hz(ffﬂr€)>,

YXV[ rxXm OI’X}’ (25)
t>0, nel-h0,
Bi=O0uxr, By= < ?m” > . (26)
T

Based on the above introduced vector and matrices, we can rewrite the auxiliary system (1), (2),
(17), (18) in the equivalent form

i ]}i [ A1 — ehy) + Aoy 1ot — )
+/fh [gl(t,ﬂle)x(t-i-ﬂ]) +gz(t,17,£)a)(t+e17)]d;7, t>0, 27)
Sdaa)lgt) _Ji) {Aw(f e)x(t - j)+A4]‘(t,€)w(t—shj)]
+/i [gs(t,ﬂlf)x(t-i-eﬂ)+Q4(t,17,£)w(t+£17)]d;7+Bzv(t), £>0, 28)
Z(t) = Zeol(x(t),w(t)), t=0. (29)

Definition 5. For a given ¢ € (0,°], the system (27)-(28), (29) is said to be Euclidean space output
controllable at a given time instant t. > 0 if for any xo € E", wo € E™Y", ox(-) € L*[—eh,0;E"],
@w(-) € L2[—eh,0; E™"] and { € E"™ there exists a control function v(-) € L2[0,t; E"], for which
the solution col (x(t),w(t)), t € [0, tc] of the system (27)-(28) with the initial conditions

xX(7) = @x(7), w(T) = ¢u(T), TE [—€h,0); x(0) =x0, w(0)=wp
satisfies the terminal condition Zcol(x(tc), w(tc)) = ge.

Proposition 1. For a given e € (0,%, the system (1)-(2) is completely Euclidean space controllable at a given
time instant t. > 0, if and only if the system (27)-(28), (29) is Euclidean space output controllable at this
time instant.

Proof. The proposition is proven similarly to [28] (Lemma 1). [

Now, let us decompose asymptotically the system (27)-(28), (29) into the slow and fast subsystems.
We start with the slow subsystem. The dynamic part of this subsystem is obtained from (27)-(28) by
setting there formally ¢ = 0. The output part of the slow subsystem is obtained from (29) by removing
formally the term with the Euclidean part w(t) of the fast state variable (w(t), w(t +en)), n € [—h,0].
Thus, the slow subsystem has the form

dxs(t)

g = AsOxs(t) + Axs(ws(t), 20, (30)
0 = Ass(t)xs(t) + Ass(Hws(t) + Baws(t), t =0, (1)
G(t) =xs(t), t=0, (32)

where x5(t) € E" and ws(t) € E™'" are state variables; vs(t) € E" is a control; {s(t) € E" is an output;
ws(t) = col(ys(t), us(t)), ys € E™, us(t) € E';

109



Axioms 2019, 8, 36

N 0
A(t) = Y Ayi(1,0) +/ Git,n,0)dy, i=1,...,4 (33)
j=0 —h
or using (8)-(9), (20)—~(25)

Ars(t) = Asy(t), An(t) = (Ans(t), Bis(1)),

34
Ass(t) = ( gfi(nt) ), Ags(t) = ( éfsx(ni) fz;r(t) ) (34)

From the expression for A4, (t) we have that det Ay (t) = (—1)" det Ags(t). Thus, det Ay (t) # 0,
t > 0 if and only if det Ag(t) # 0, t > 0. Therefore, subject to (10), the differential-algebraic
system (30)-(31) can be converted to the differential equation

dx;ft) = As(t)xs(t) =+ B_S(t)vs(t)’ F> 0’ (35)

where
A(t) = Ars () = Ags () AL (D) Ass (1), Bs(t)vs(t) = —Aps (1) Ay (1) By (36)
Using the Equations (34) and (36), the Equation (35) can be rewritten as:

dx;lft) — As(t)xs(t) + Bs(t)vs(t), t>0, (37)

where the matrix-valued coefficients As(t) and Bs(t) are given in (12). Hence, subject to (10), the
slow subsystem associated with (27)-(28), (29) consists of the differential Equation (37) and the output
Equation (32).

Remark 1. Comparison of the differential Equations (37) and (11) directly yields that the former can be obtained
from the latter by replacing in it us(t) with vs(t), and vice versa. Moreover, the output in the system (37), (32)
coincides with x,(t). Hence, the output controllability of this system means its controllability with respect to
xs(t). Therefore, the output controllability of (37), (32) coincides with the complete controllability of (37) and,
thus, it is equivalent to the complete controllability of the system (11).

Remark 2. Similarly to Remark 1, since the output in the system (30)-(31), (32) coincides with x;(t), then an
output controllability of this system coincides with a proper controllability of its dynamic part (30)-(31) with
respect to x(t).

Definition 6. The system (30)-(31) is said to be impulse-free controllable with respect to xs(t) at a given time
instant t. > 0 if for any xg € E" and x. € E" there exists a control function vs(-) € L2[0, t; E], for which
(30)-(31) has an impulse-free solution col(xs(t), ws(t)), t € (0, tc], satisfying the initial and terminal conditions
x5(0) = xg and xs(tc) = xe.

Proposition 2. The system (6)-(7) is impulse-free controllable with respect to xs(t) at a given time instant
te > 0 if and only if the system (30)-(31) is impulse-free controllable with respect to x,(t) at this time instant.

Proof. Eliminating the component u(t) of the state variable ws(t) from the system (30)-(31), we convert
the latter to the equivalent system consisting of the equation u,(t) = vs(t) and the system

dxs(t)
dt

= A1s()xs(t) 4+ Aos (£)ys(t) + Bis(t)vs(t), >0, (38)
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0= Ass(t)xs(t) + Ags(H)ys(t) + Bas(t)vs(t), t>0, (39)

where Ajs(t), Bis(t), (i=1,...,4; k =1,2) are given in (8)-(9).

Therefore, the impulse-free controllability with respect to x;(t) of the system (30)-(31) is equivalent
to such a controllability of the system (38)-(39). Now, the comparison of the latter with the system (6)-(7)
directly yields the statement of the proposition. [

Proceed to the fast subsystem, associated with the system (27)-(28), (29). The dynamic part
of this subsystem is constructed similarly to the fast subsystem (13), associated with the original
system (1)-(2). The output part of the fast subsystem is obtained from (29) by removing formally the
term with the Euclidean part x(t) of the state variable (x(t),x(t +¢5)), 5 € [—h,0]. Thus the fast
subsystem, associated with the auxiliary system (27)-(28), (29), consists of the differential equation

dws(g)
g

N 0
=Y Ay(t,0)ws (& — hy) +/h94(1‘/’7/0)“’,‘(54"Y)d’7+320f(§)/ >0, (40)
i=0 -

and the output equation

gf(g) = waf(g)/ ’: >0, Qf = (Im/omxr)/ (41)

where t > 0 is a parameter; wy(&) € E™'"; (ws(E), w(E + 1)) is a state variable; v¢(Z) € E"is a
control; {¢(¢) € E™ is an output.

Note that in contrast with the system (13), in the differential system (40) only the state variable
has delays, while the control is undelayed.

Definition 7. For a given t > 0, the system (40)-(41) is said to be Euclidean space output controllable if for
any wg € EMTT, (pwf(-) € L2[~h,0; E™*'] and (e € E™ there exist a number {c > 0, independent of wy,
Peof(+) and {re, and a control function vg(-) € L?[0, &; ET], for which the solution wg(§), ¢ € [0,&c] of the
differential Equation (40) with the initial conditions

wr() = @or(n), 1 €[=h0); wr(0)=wy (42)

satisfies the terminal condition
Qrwr(8e) = e 43)

Lemma 1. For a given t > 0, the system (13) is completely Euclidean space controllable if and only if the
system (40)-(41) is Euclidean space output controllable.

Proof. Sufficiency. Let us assume that, for some given t > 0, the system (40)-(41) is Euclidean space
output controllable. Let wy € E™*", g ¢(-) € L%[—h,0; E"*"] and (fc € E™ be arbitrary given. Then,
there exists a number ¢, > 0, independent of wy, ¢ ¢(-) and {r, and a control function vf(-) €
L2[0, &:; E'], for which the differential Equation (40) with the initial (42) and terminal (43) conditions
has a solution w¢(¢), & € [0, &c]. Let us represent the vector wp and the vector-valued function w(¢)
in the block form as: wy = col(yo, o), Yo € E™, ug € E; wy(&) = col(ys(&),ur()), ys(&) € E™,
ug(¢) € E', & € [0,Gc]. Also, we represent the vector-valued function ¢, ¢(77) in the block form as:
Pwf(i1) = col(@y¢(n), pus(n)), 1 € [~h,0]. Note, that the component u¢(¢) of the above mentioned
solution w¢(¢) to the boundary-valued problem (40), (42), (43) satisfies the conditions u¢(17) = ¢,¢(17),
17 € [~h,0) and us(0) = uo. Moreover, since v(-) € L2[0,; E'], then us(¢) € W12[0, & E"]. Thus, for
the control function u¢({), the vector-valued function y¢(), ¢ € [0,¢] is a solution of the system (13)
satisfying the initial condition (15) and the terminal conditions y({c) = .. Hence, re-denoting { . as
Y and using Definition 4, we directly obtain that, for the given t > 0, the system (13) is completely
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Euclidean space controllable. This completes the proof of the sufficiency.
Necessity. The necessity is proven similarly to the sufficiency.
Thus, the lemma is proven. [

3.2. Output Controllability of the Auxiliary System and its Slow and Fast Subsystems: Necessary and
Sufficient Conditions

3.2.1. Output Controllability of the Auxiliary System

For a given ¢ € (0,€°], let us consider the block vector z(t) = col(x(t),w(t)), t > —¢h, and the
block matrices

) o Alj(t,e) .Azj(t,s) L
Ae) = ( Lagi(te) LAg(te) )7 170N @
Gi(t,i1,e)  Galt, ) By Onxr
t = B(e) = = . 45
Gitm.e) < 1G:(tn,e) LGu(tye) )’ ® 1B, 1B, #9)
Thus, the auxiliary system (27)-(29), can be rewritten in the equivalent form
N 0
diT(:) = L A1,z —ely) + Lh G(t,1,)z(t + en)dy + B(e)o(t), >0, (46)
j=
{(t) =Zz(t), t>0. 47)

It is clear that the system (46)-(47) is equivalent to the auxiliary system (27)-(29).

Definition 8. For a given ¢ € (0,€°), the system (46)-(47) is said to be Euclidean space output controllable at a
given time instant t. > 0 if for any zg € E""F7, @, (-) € L2[—eh, 0; E"*"*], and {, € E"*" there exists a
control function v(-) € L?[0, tc; E"], for which the solution z(t), t € [0, tc] of the system (46) with the initial
conditions z(t) = ¢.(1), T € [—h,0), z(0) = 2 satisfies the terminal condition Zz(t;) = (.

Let, for a given e € (0,€%], the (1 +m + 1) x (1 +m + r)-matrix-valued function ¥(c,¢), o € [0, t]
be a solution of the terminal-value problem

“’;[;"S) =- Z]-Iio (Aj(o +ehj,e)) "y (o + chj €)

— 1%, (Gt —en,n,e) ¥(o —en,e)dy, o€ 01L), (48)
‘Y(tc, 8) = Intm+rs lF(U'r 8) =0, o>t,

where it is assumed that Aj;(t, ) = Ajj(tc,€), Gi(t, 1, €) = Gilte,i,€), t > te, 1 € [=h,0], e € [0, €],
(i=1,...,4 j=1,...,N). Due to the results of [32] (Section 4.3), ¥(c, ¢) exists and is unique for
o€ 0,t], €€ (0,

Consider the following two matrices of the dimensions (n +m + ) x (n+m+r) and (n + m) x
(n+ m), respectively:

Wit €) = /0 T (0, 6)B(e)BT (¢)¥ (0, ¢)do (49)

and
Wy (te,€) = ZW(te,€)ZT. (50)

Proposition 3. For a given e € (0,€%], the auxiliary system (27)-(29) is Euclidean space output controllable at
a given time instant t. > 0 if and only if the matrix Wy (t., €) is nonsingular, i.e., det Wz (tc, €) # 0.

Proof. By virtue of the results of [29] (Corollary 1), the system (46)-(47) is Euclidean space output
controllable at the time instant ¢, if and only if det Wy (., ¢) # 0. Since this system is equivalent to the
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auxiliary system (27)-(29), then, due to Definitions 5 and 8, the auxiliary system also is Euclidean space
output controllable at . if and only if det Wz (., €) # 0. This completes the proof of the proposition. [

3.2.2. Output Controllability of the Slow and Fast Subsystems Associated with the Auxiliary System

We start with the slow subsystem (37).
Let, for a given t. > 0, the n x n-matrix-valued function ¥5(¢), ¢ € [0, t.] be the unique solution
of the terminal-value problem

d‘i:;;,g) = —(AS(U))T‘I"S(U), o e[0,t), Ys(te) = In. (51)
Consider the n X n-matrix
Wi(te) = /0 T (0)By(0) BT (0) ¥+ () do (52)

By virtue of the results of [15], we have the following proposition.

Proposition 4. Let the condition (10) be fulfilled in the interval 0, t.]. Then, the slow subsystem (37), associated
with the auxiliary system (27)-(29), is completely controllable at the time instant t., if and only if the matrix
W (tc) is nonsingular, i.e., det Ws(t.) # 0.

Proceed to the fast subsystem (40)-(41).
Let, for any given t > 0, the (m +7) x (m + r)-matrix-valued function ¥ (¢, t) be the unique
solution of the following initial-value problem:

TS 5 (y6,0) ¥ e~ )
=

0 T
+ [ (@ultn,0) @+ i, >0,

Tf(g) =0, £<0, ‘Yf(o) = Lntr-
(53)

Consider the m x m-matrix-valued function
W& 1) = Oy /Og ¥1(0,)BBYY £ (0, )dpQF, §>0, t>0. (54)
By virtue of the results of [29] (Corollary 1), we have the following assertion.
Proposition 5. For a given t > 0, the fast subsystem (40)-(41) of the auxiliary system (27)-(29) is Euclidean
space output controllable if and only if there exists a number & > 0 such that the matrix Wy (e, t) is nonsingular,

ie., det Wf((fc, t) #0.

3.3. Linear Control Transformation in the Auxiliary System

Let us transform the control v(t) in the auxiliary system (27)-(28), (29) as follows:

v(t) = Ky (Hw(t) + /;0}’ Ka(t, m)w(t +en)dny + w(t), (55)

where w(t) € E"is a new control; Ki (t) and K (¢, ) are any specified matrix-valued functions of the
dimension r x (m + r) given for t > 0, € [—h,0]; Ky (t) is continuous for t > 0; K»(t,77) is continuous

113



Axioms 2019, 8, 36

with respect to t > 0 uniformly in 5 € [—F, 0], and this function is piecewise continuous in 1 € [—F, 0]
for any t > 0.
Due to this transformation, the dynamic part (27)-(28) of the system (27)-(28), (29) becomes as:

N
d);(tt) -3 [Al,(t,s)x(t — ehj) + Ag(t €)w(t — sh]-)]

+ /il [Qﬂt,n,s)x(t +en) + Go(t,n,€)w(t + s;y)]d;y, t>0, (56)

d N

€ C;Et) = ,Z[;) [.Ag,/'(t, e)x(t —ehj) + Affj(t,s)w(t — ehj)]
=
0
+ /7h [g3(t, n,€)x(t+en) + gf(t,ry,s)w(t + sr])]drl + Byw(t), t>0, (57)
where

Ay (te) = Ago(t€) + BaKq (1), Azlfj(tlg) = Ayj(te), j=1,...,N, (58)
Gi(t,1,€) = Galt, 1, €) + BaKa(t, ). (59)

Proposition 6. For a given e € (0,%), the system (27)-(28), (29) is Euclidean space output controllable at a
given time instant t. > 0, if and only if the system (56)-(57), (29) is Euclidean space output controllable at this
time instant.

Proof. The proposition is proven similarly to [29] (Lemma 3). [

As a direct consequence of Propositions 1 and 6, we obtain the following assertion.

Corollary 1. For a given e € (0,¢%, the system (1)-(2) is completely Euclidean space controllable at a given
time instant t. > 0, if and only if the system (56)-(57), (29) is Euclidean space output controllable at this
time instant.

Now, let us decompose asymptotically the singularly perturbed system (56)-(57), (29) into the slow
and fast subsystems. This decomposition is carried out similarly to that for the system (27)-(28), (29).
Thus, the slow subsystem, associated with (56)-(57), (29), consists of the differential-algebraic system

) Ara((8) + An(Bn(t), 20, (60)
0 = Ass(H)xs() + AK (Dws (b) + Byws(t), t>0, (61)

and the output Equation (32). In (60)-(61), (32), xs(t) € E" and ws(t) € E™*" are state variables;
ws(t) € E"is a control; {s(t) € E" is an output; Aj;s(t), (I = 1,2,3) are given in (33);

N 0
AL = L Af (0 + [ gm0, (62
j=0 -
If
det AK (1) £0, t>0, (63)

the differential-algebraic system (60)-(61) can be reduced to the differential equation with respect
to xs(f)

Tl _ 2K + BEOuws(), t20, (64)
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where

AK() = Agg(£) — Ans (8) (AK (8) " Ass (1),

BX(t) = —Ax(t) (AK(1))
Thus, subject to (63), the slow subsystem associated with (56)-(57), (29) is (64), (32).

The fast subsystem, associated with (56)-(57), (29), consists of the differential equation with
state delays

B,.

dw

N ol
2 (£,0)ws (& — hy) +/ GE(t,1,0)0 (& + 1)y
+Bawp(¢), ¢ =0, (65)

and the output Equation (41). Note, that in (65), (41), t > 0 is a parameter, while ¢ is an independent
variable. Moreover, in this system, w(&) € E™*"; (wg(&),ws (& + 1)), 7 € [—h,0) is a state variable;
wg($) € E, (wy(G) is a control); {(&) € E™, ((¢(¢) is an output).

Remark 3. Since the output in the slow subsystem in both forms, (60)-(61), (32) and (64), (32), coincides with
the state variable x;(t), then an output controllability of the slow subsystem is a controllability of its dynamic
part with respect to x,(t). Namely, for the slow subsystem in the form (60)-(61), (32) such a controllability is
the impulse-free controllability of the system (60)-(61) with respect to xs(t). For the slow subsystem in the form
(64), (32), the controllability with respect to xs(t) is the complete controllability of the system (64).

Proposition 7. The system (30)-(31) is impulse-free controllable with respect to xs(t) at a given time instant
te > 0 if and only if the system (60)-(61) is impulse-free controllable with respect to x,(t) at this time instant.

Proof. The proposition is proven similarly to [26] (Lemma 3). [

Based on Propositions 2 and 7, we directly obtain the following corollary.

Corollary 2. The system (6)-(7) is impulse-free controllable with respect to x,(t) at a given time instant t. > 0
if and only if the system (60)-(61) is impulse-free controllable with respect to xs(t) at this time instant.

Proposition 8. Let the condition (63) be satisfied. Then, the system (60)-(61) is impulse-free controllable with
respect to x(t) at a given time instant t. > 0, if and only if the system (64) is completely controllable at this
time instant.

Proof. The proposition is proven similarly to [26] (Theorem 2). [
Proposition 9. Let the conditions (10) and (63) be valid. Then, the system (37) (and therefore, the system (11))
is completely controllable at a given time instant t. > 0 if and only if the system (64) is completely controllable

at this time instant.

Proof. The proposition is proven similarly to [25] (Lemma 3.6). [

By virtue of the results of [29] (Lemma 6), we have the following assertion.

Proposition 10. For a given t > 0, the system (40)-(41) is Euclidean space output controllable if and only if
the system (65), (41) is Euclidean space output controllable.

Based on Lemma 1 and Propositions 10, we directly have the following corollary.
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Corollary 3. For a given t > 0, the system (13) is completely Euclidean space controllable if and only if the
system (65), (41) is Euclidean space output controllable.

3.4. Hybrid Set of Riccati-Type Matrix Equations

Let us denote o
S = ByBI. (66)

Consider the following set, consisting of one algebraic and two differential equations (ordinary
and partial) for matrices P, Q, and R:

P (1) As(t,0) + Ao (£, 0)P () — P()S2P(t) + Q(t,0) + Q" (£,0) + Lusr = 0, (67)

19 — (ARy(1,0) = P(H)Sz2) QL) + P ()G (t,1,0)

N-1 (68)
+ N P () Ay (1, 0)5(7 + hy) + R(1,0,17),
O L 9 \rt =Gl (t,1,0)0(t
(3 + 55 ) R(t.20 = 6E,1,0Q0,)
N-1
+QT(Em)Ga(t, x,0) + Y. AL(£0)Q(t, X)8(7 + ) (69)
j=1
N-1
+ Y QT (k) Ayi(£,0)5(x + k) — QT (t,17)Sx(t,0)Q(t, x),
j=1

where t > 0 is a parameter; 7 € [—h,0] and x € [—h,0] are independent variables; 4(-) is the Dirac
delta-function.
The set of the Equations (67)-(69) is subject to the boundary conditions

Q(t, —h) = P(t)Asn(t,0),
R(t,—h, 1) = Al (E0)Q(L7),  R(ty,—h) = QT (t, ) Asn(t,0).
(70)

Let t. > 0 be a given time instant.
In what follows of this subsection, we assume:

(I) The matrix-valued functions .A4j(t,0), (j =0,1,...,N) are continuously differentiable in the
interval [0, t.].

(I) The matrix-valued function G4(t,7,0) is continuously differentiable with respect to t € [0, t]
uniformly in 5 € [—h,0].

(III) The matrix-valued function G4(t,7,0) is piece-wise continuous with respect to 7 € [—h,0] for
each t € [0, f].

For the sake of the further analysis of the set (67)-(70), we introduce the following definition.
For a given t € [0, t], consider the state-feedback control in the fast subsystem (40)

~ 0
op(wre) = Ka(Ows (@) + [ Koyt meoy(@ + ), 71)

where wye = {wp(&+n),y € [-h0]}, Klf(t) and Kzf(t,r]) are an r X m-matrix and an r X
m-matrix-valued function of 1, respectively; K, £(t,17) is piece-wise continuous in the interval [, 0].

Definition 9. For a given t € [0,t.], the fast subsystem (40) is called L2-stabilizable if there exists the
state-feedback control (71) such that for any given wy € E™*", ¢ ,¢(+) € L?[—h,0; E"*7], the solution @ (%)
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of (40) with v;(§) = 0y (wyg) and subject to the initial conditions (42) satisfies the inclusion wy(g) €
L2[0, +o0; E™7].

The following proposition is a direct consequence of the results of [33] (Theorems 5.9 and 6.1).

Proposition 11. Let the assumption (III) be valid. Let, for any t € [0, t], the fast subsystem (40) be
L?-stabilizable. Then, for any t € [0, tc], the set of the Equations (67)-(69) subject to the boundary conditions
(70) has the unique solution {P(t), Q(t,n), R(t,1,x), (n,x) € [=h,0] x [—h,0]} such that:

(@) PT(t)="P(t);

(b)  the matrix-valued function Q(t,n) is piece-wise absolutely continuous in yj € [—h, 0] with the bounded
jumpsaty = —h;, (j=1,...,N—1);

(c)  the matrix-valued function R(t,1,x) is piece-wise absolutely continuous in n € [—h,0] and in x €
[—h, O] with the bounded jumps at § = —hj and x = —hj,, (1 =1,...,N-1, p=1,... N—-1),
moreover, RT(t, 1,x) =R« x, 1)

(d)  all roots A(t) of the equation

det |:/\Im - <A4o(t,0) - ngp(t)) — Z]-I\Ll Agj(t,0) exp(—Ahj)
(72)

- f—oh <Q4(t, 17,0) — 522Q(b?7)> exp(/\ry)dq} =0

satisfy the inequality
ReA(t) < =29(t), te€[0,¢t], (73)

where y(t) > 0 is some function of t.
By virtue of the results of [34] (Lemmas 4.1, 4.2 and 3.2), we directly have the following three assertions.

Proposition 12. Let the assumptions (I)-(III) be valid. Let, for any t € [0, t.], the fast subsystem (40) be
L?-stabilizable. Then, the matrices P(t), Q(t,17), R(t,n, x) are continuous functions of t € [0, t.] uniformly
in(n,x) € [—h,0] x [—h,0].

Proposition 13. Let the assumptions (I)-(III) be valid. Let, for any t € [0,t.], the fast subsystem (40)
be L2-stabilizable. Then, the derivatives dP(t)/dt, 0Q(t,n)/dt, OR(t, 1, x)/ 0t exist and are continuous
functions of t € [0, ) uniformly in (n,x) € [—h,0] x [—h,0].

Proposition 14. Let the assumptions (I)-(III) be valid. Let, for any t € [0,tc|, the fast subsystem (40) be
L2-stabilizable. Then, there exists a positive number % such that all roots A(t) of the Equation (72) satisfy the
inequality A(t) < =27, t € [0, t].

4. Parameter-Free Controllability Conditions

In this section, we derive e-free sufficient conditions for the Euclidean space output controllability
of the auxiliary system (27)-(28), (29) and e-free sufficient conditions for the complete Euclidean space
controllability of the original system (1)-(2).

Let t. > 0 be a given time instant independent of «.

4.1. Case of the Standard System (1)-(2)

In this subsection, we assume that the condition (10) holds for all t € [0,t.]. In the literature,
singularly perturbed systems with such a feature are called standard (see e.g., [1,12]).
In what follows, we also assume:

117



Axioms 2019, 8, 36

(AI) The matrix-valued functions A,-j(t,s), Bkj(t,s), (i=1,...,4j=01,...,N;, k =1,2), are
continuously differentiable with respect to (t,¢) € [0, ] x [0, ).

(AIl)  The matrix-valued functions G;(t,7,¢), (i = 1,...,4) are piece-wise continuous with respect
to 17 € [~h,0] for each (t, ) € [0,tc] x [0,¢"], and they are continuously differentiable with
respect to (t,&) € [0,tc] x [0,&°] uniformly in 7 € [—1,0].

(AIIl) The matrix-valued functions Hi(t,7,¢), (k = 1,2) are piece-wise continuous with respect
to 7 € [~h,0] for each (t, ) € [0,tc] x [0,¢"], and they are continuously differentiable with
respect to (t,€) € [0,tc] x [0,€°] uniformly in 5 € [~h,0].

(AIV) Allroots A(t) of the equation

N 0
det [ Al — Y Ag(t,0) exp(—Ah) f/} Ga(t,1,0) exp(Aq)dn | =0 (74)
= ~h

satisfy the inequality ReA(t) < —2p for all t € [0, t.|, where B > 0 is some constant.

Lemma 2. (Main Lemma) Let the assumptions (AI)-(AIV) be valid. Let the system (37) be completely
controllable at the time instant t.. Let, for t = t., the system (40)-(41) be Euclidean space output controllable.
Then, there exists a positive number e1, (€1 < €°), such that for all ¢ € (0, e1], the singularly perturbed system
(27)-(28), (29) is Euclidean space output controllable at the time instant t..

Proof of the lemma is presented in Section 4.3.

Remark 4. Note that the Euclidean space output controllability for singularly perturbed systems with small
state delays was studied in [29]. In this paper, the case of the standard original system was treated in Theorems
1-3 where different e-free sufficient conditions for the Euclidean space output controllability of the original
system were formulated. These conditions depend considerably on relations between the Euclidean dimensions of
the state and output variables of the system. However, due to the specific form (19) of the matrix of the coefficients
Z in the output equation of the system (27)-(28), (29), only Theorem 1 of [29] and only in the very specific
case n < r is applicable to this system. Therefore, in Section 4.3, we present the proof of Lemma 2 which is not
based on the results of [29]. In particular, this proof is uniformly valid for all relations between the Euclidean
dimensions of the state and output variables of the system (27)-(28), (29).

Theorem 1. Let the assumptions (AI)-(AIV) be valid. Let the system (11) be completely controllable at the time
instant tc. Let, for t = t, the system (13) be completely Euclidean space controllable. Then, for all ¢ € (0,¢1],
the singularly perturbed system (1)-(2) is completely Euclidean space controllable at the time instant t..

Proof. Based on Proposition 1, Remark 1 and Lemma 1, the theorem directly follows from
Lemma?2. O

4.2. Case of the Nonstandard System (1)-(2)

In this subsection, in contrast with the previous one, we consider the case where the condition
(10) does not hold at least for one value of t € [0, t.]. In the literature, singularly perturbed systems with
such a feature are called nonstandard (see e.g., [1,12]). Since the condition (10) is not satisfied for some
F € [0, ], then det Ags(F) = 0. The latter, along with the Equation (8), means that one of the roots A(F)
of the Equation (74) equals zero. Thus, in the case of the nonstandard system (1)-(2) the assumption
(AIV) is not valid. Therefore, in this subsection, we replace this assumption as follows.

We assume:

(AV) Forallt € [0,t.] and any complex number A with ReA > 0, the following equality is valid:

rank [PA(t,A) ALy, FB(t,A)} —m, 75)
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where 0
Fa(t,A) = Z]-I\LO A4j(t,0) exp(—Ahj) + ffh Gu(t,17,0) exp(An)dy,

(76)
Fy(t,A) = LN Baj(£,0) exp(—Aly) + [} Ha(t,17,0) exp(An)dy.

Lemma 3. Let the assumption (AV) be valid. Then, for all t € (0, tc] and any complex number A with ReA > 0,
the following equality is valid:

rank |:Zj[\i(] Ayj(t,0) exp(—Ah;)
77)
+ ffh Ga(t,1,0) exp(An)dy — ALytr , Bz} =m+r.

Proof. Using the block form of the matrices A4j(t,s), (j = 0,1,...,N), Ga(t,n,€), By (see the
Equations (22), (23), (25), (26)), we can rewrite the block matrix in the left-hand side of (77) as follows:
(ZJNO Ayj(t,0) exp(—Ah;) + f?h Ga(t,17,0) exp(An)dy — ALy , Bz> =

Fa(t,A) — ALy Fg(t,A) Omxr
Orxm _()\+1)Ir Iy '

(78)

The Equation (78), along with the Equation (75), directly yields the Equation (77), which completes the
proof of the lemma. [

Corollary 4. Let the assumption (AV) be valid. Then, for any t € [0,t.], the fast subsystem (40) is
L?-stabilizable.

Proof. The corollary is a direct consequence of Lemma 3 and the results of [35] (Theorem 3.5). O

Theorem 2. Let the assumptions (Al)-(AIll),(AV) be valid. Let the system (6)-(7) be impulse-free controllable
with respect to x,(t) at the time instant t.. Let, for t = t., the system (13) be completely Euclidean space
controllable. Then, there exists a positive number €, (g5 < &), such that for all ¢ € (0, €3], the singularly
perturbed system (1)-(2) is completely Euclidean space controllable at the time instant t..

Proof. Let us start with the auxiliary system (27)-(28), (29). Due to the assumptions (AI)-(AIll) and the
Equations (20)-(26), the matrix-valued coefficients of this system satisfy the conditions similar to the
assumptions (AI) and (AII) on the matrix-valued functions A;;(t,¢) and G;(t,13,¢), (i=1,...,4; j =
0,1,...,N).

Foragivene € (0, 80] in the auxiliary system (27)-(28), (29), let us make the control transformation
(55), where

Ki(t) = =BiP(t), Ka(t,g) =-BiQ(Ly), te0,t], y€[-h0], (79)

and P(t) and Q(t,7) are the components of the solution to the problem (67)-(69), (70) mentioned in
Proposition 11. As a result of this transformation, we obtain the system (56)-(57), (29). By virtue of
Corollary 4 and Propositions 11, 13, the matrix-valued coefficients of this system satisfy the conditions
similar to the assumptions (AI) and (AIl) on the matrix-valued functions Aj;;(t,e) and G;(t,7,¢€),
(i=1,...,4j=0,1,...,N).

The slow and fast subsystems, associated with (56)-(57), (29), are (60)-(61) and (65), (41),
respectively. Since the system (6)-(7) is impulse-free controllable with respect to x,(t) at the time
instant f, then due to Corollary 2, the system (60)-(61) is impulse-free controllable with respect to
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xs(t) at the time instant f.. Furthermore, since, for t = f, the system (13) is completely Euclidean
space controllable, then due to Corollary 3, the system (65), (41) for t = t. is Euclidean space output
controllable. By virtue of Corollary 4 and Propositions 11, 14, the value A = 0 is not a root of the
Equation (72) for all t € [0,tc]. Hence, the matrix AK (t), given by (62), (79), is invertible for all
t € [0,tc]. Thus, the slow subsystem (60)-(61) is reduced to the differential Equation (64). Therefore,
due to Proposition 8, the above mentioned impulse-free controllability of the system (60)-(61) yields
the complete controllability of the system (64) at the time instant .. Now, by application of Lemma 2
to the system (56)-(57), (29), we directly obtain the existence of a positive number ¢;, (e2 < €9), such
that for all € € (0, €2], this system is Euclidean space output controllable at the time instant t.. Finally,
using Corollary 1 yields the complete Euclidean space controllability of the system (1)-(2) at the time
instant ¢, for all € € (0, &3], which completes the proof of the theorem. [

4.3. Proof of Main Lemma (Lemma 2)

In the proof of Main Lemma, the following two auxiliary proposition are used.

4.3.1. Auxiliary Propositions

For any given t € [0, f] and any complex number y, let us consider the matrix

N -0
Wt ) = Y- Ayt 0) exp(—piy) + [ Galt,0) explun)dy, (50)
j=0 -

where .A4]-(t, €),(j=0,1,...,N) and G4(t, 7, ¢) are given in (22)-(23) and (25), respectively.
Proposition 15. Let the assumption (AIV) be valid. Then, all roots u(t) of the equation
det [plnsr —W(t,u)] =0 (81)
satisfy the inequality Rep(t) < —2v forall t € [0, tc], where v = min{B,1/4}.
Proof. Using (22)-(23), (25) and (80), we obtain for all t € [0, t]:
det [plnsr —W(t )] =

N 0
det |ply — Y Aq(t,0) exp(—Ahj) — /hG4(tﬂ7,0)eXp(w1)di7 (n+1),
j=0 /-

meaning that for any ¢ € [0, ] the set of all roots () of the Equation (81) consists of all roots of the
Equation (74) and the root y(t) = —1 of the multiplicity r. This observation, along with the assumption
(AIV), directly yields the statement of the proposition. [

Let us partition the matrix-valued function ¥(c, ¢), given by the terminal-value problem (48), into
blocks as:

_{ ¥ailoe) ¥alore)
¥(o,e) = ( alere) Walore) ) h

where the blocks ¥y (c,¢), ¥2(0,¢), ¥3(0,¢) and ¥4(0, €) are of the dimensions n x n, n x (m +7r),
(m+r)xnand (m+r) x (m+r), respectively.

Proposition 16. Let the assumptions (Al)-(AIV) be valid. Then, there exists a positive number €g, (gg <

&%), such that for all ¢ € (0,0 the matrix-valued functions ¥1(c,¢), ¥2(0,€), ¥3(c,€), Ya(o,¢) satisfy
the inequalities:
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H‘I’rl(tT,S) _‘PIS(U)H < ag, HIIIZ(UIS)” <a o€ [0, tC}/ (83)
[[¥3(0,€) — €¥35(0)|| < aele +exp(—v(t. —0)/€)], o €[0,tc], (84)
[[¥alo,e) — ‘I’4f((tc —0)/e)|| <ae, o0t (85)

where

-1
¥1,(0) = ¥5(0), ¥as(0) = —(AL(0)) AL(0)¥s(0), o€ [08d],
Yir() = ¥y (@ k), €20

the matrix-valued functions Ys(o) and ¥¢(C,t) are given by the terminal-value problem (51) and the
initial-value problem (53), respectively; a > 0 is some constant independent of e.

Proof. Based on Proposition 15, the validity of the inequalities (83)-(85) is proven similarly to [25]
(Lemma 3.2). O

Remark 5. By virtue of Proposition 15 and the results of [36], we have the inequality

[¥ar(@)]| < aexp(—2vE), &>0, (86)
where a > 0 is some constant.

4.3.2. Main Part of the Proof
Due to Proposition 3, in order to prove Main Lemma, it is necessary and sufficient to show the
existence of a positive number ¢; such that

det Wy (te, ) #0 Ve € (0,¢], (87)

where the (1 +m) x (n + m)-matrix Wy (t, €) is defined by the Equations (49)-(50).

Let, for a given ¢ € (0,¢p], the matrix Wi (t, ¢) of the dimension n x n, the matrix Wy (f, ¢) of
the dimension n x (m + r) and the matrix Ws(f, €) of the dimension (m +r) x (m + r) be the upper
left-hand, upper right-hand and lower right-hand blocks, respectively, of the symmetric matrix W (¢, €),
given by the Equation (49). Thus,

_( Wiltee) Waltee)
W(tc,S) = < W;T(tclg) Wi(fcrﬁ) > (88)

Using (49), and the block representations of the matrices B(¢) and ¥ (0, €) (see the Equations (45)
and (82)), we obtain
Wi (te,€) = fo¢ [‘FlT(U,s)SH‘Yl(U,s) +(1/€)¥ (0,6)SL¥1 (0, €)

89
+(1/e)¥7(0,€)S1,¥3 (0, €) + (1 /52)\1/3?(0,8)522?3(0,8)] do, ®9)

Wlte,€) = [if M (0,6)Sn¥a(0,€) + (1/¢)¥1 (0, 6) SL¥, (0, €)

90
+(1/e)¥T (0,6)S1 ¥4 (0, ¢) + (1/62)¥] (U,S)SZZ‘Y4(U,£)] do, 0
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Ws(te,€) = [ [‘I’ZT(U,S)SH‘YZ(U,S) + (1/e)¥1 (0, e)SL¥2(0, €)

1)
+(1/e)¥3 (0, e)S12¥4 (0, €) + (1/82)‘YI(U,8)522T4(U,8)] do,
where, due to (45),
811 = BlBT = Opxn, 812 = 8185 = Onx{n1+r)/
o} o} 92)
S — B BT — mxXm mxr .
2o ( Opxm Iy
The latter, along with (89)-(91), yields
te
Wi (te €) = (1/2) /0 Y1 (0,6)Spn¥s (0, €)dor, 93)
te
Walte.e) = (1/2) [ ¥ (0,0)Sn¥s(0,e)do, 04)
te
Ws(te,€) = (1/2) /0 Y1 (0,€)Sn¥a(0,€)do. (95)

Let us estimate the matrices Wy (., €), Wa(#, €) and Ws(t,, €). We start with Wy (#, ). Denote
A
AY3(0,e) = ¥3(0,e) — e¥3s(0). (96)
Using this notation, we can rewrite the expression (93) for Wy (t, €) as:
te
Wi(te€) = (1/€2) /0 [P¥L(0)820¥54(0) + ], (0)S2A ¥ 0 )
T T
+e(A¥3(0,6)) Sp¥as (o) + (A¥3(0,€)) " SpA¥3 (0, s)]da. 97)
Due to Proposition 16 (see the Equation (84)) and the Equation (96), we have ||AY3(0,¢)| < aele +

exp(—v(te — 0)/¢)], o € [0,t], € € (0,€). Applying this inequality to the expression (97) for the
matrix Wy (£, ¢), we obtain the inequality

te
le(tc,%?) _/o Y1 (0)SnYas(0)do|| < ae, &€ (0,0, (98)

where a > 0 is some constant independent of e.
Now, let us treat the integral in the left-hand side of (98). Using the Equation (86), we have

A
Wis = Otc YI(0)Sn¥as(0)do

= o ¥ (0) Aos (0) A (0)S20 (AL (0) ) AL (0) ¥, (0)do *9

Taking into account the block form of the matrices B;, Aps(0) and Ay;(0) (see the Equations (26), (34))
and the expression for Bs(c) (see the Equation (12)), we obtain
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Ass jg)Agj (0)By =

(i) (50 50 ) () -
(425(0), B1s(@)) ( giia) 7AI€;(U)BZS(U) ) ? _ (100

(A25(0) A1 (@), Ans(0) AL (0)Bas(0) — Brs(@)) imw _

—(B1s(0) — Ans(0) AL (7)Bas(7)) = —Bs(0).

Finally, using the expression for Sy, (see the Equations (92)), as well as the Equations (52), (99) and
(100), we obtain that Wi = W;(#.). The latter, along with (98), yields

(Wi (te,€) — Wi(te)|| < ae, €€ (0,¢0), (101)

where a > 0 is some constant independent of e.
Similarly to (101), we obtain the existence of a positive number &y < gj such that the following
inequalities are satisfied:

[Walte,e)|| < a, ||eWs(te,€) — Was(te)|| < ae, &€ (0,8, (102)

where a > 0 is some constant independent of ¢;

~+oo
War(te) = /O %7 (0, 1) BB Y £ p, ) dp. (103)

By virtue of the inequality (86), the integral in the expression for Wy¢(fc) converges.
Now, let us proceed to analysis of the matrix Wz (t, ¢). Using the Equations (19), (50) and (88),
we obtains the following block representation of the matrix Wz (¢, €):

[ Wilte,e) Wo(tee)
WZ(tc,E) - ( szi(tclg) W31(tc,£) )’ (104)

where Wy (tc, €) is the left-hand block of the dimension n x m of the matrix Wy (t, €), while Wy (£, €)
is the upper left-hand block of the dimension m x m of the matrix Ws(t, €).
By virtue of (102), we immediately have that

HWZl(tC,S)H < a, HSW:;l(tC,S) - W3f,1(tc)H S ag, €¢c (0,50], (105)

where W1 (tc) is the upper left-hand block of the dimension m x m of the matrix Wa(tc).
Let us show that
det W1 (t) > b, (106)

where b > 0 is some number.
Note that Wsy,1 () can be represented as:

Wag(te) = QpWag(t)Qf, (107)
where () is given in (41).
Comparison of the expressions for W(¢,t) and Wag(tc) (see the Equations (54) and (107)),
and use of expression for Wj f(tc) (see the Equation (103)) yield that

Wasq(te) = ggffw We(E, ko). (108)
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Let us observe that, for any ¢ > 0 and t € [0, t¢], the matrix Wy (&, t) is positive semi-definite.
Moreover, since the system (40)-(41) is Euclidean space output controllable for t = f., then by virtue
of Proposition 5, det W (&, tc) # 0 with some ¢ > 0. Therefore, det Wy (&, tc) > 0 and We(Z, tc) is a
positive definite matrix.

For any ¢ > ¢, we have

89
Wi (8, te) = Wy(e, te) + Q /ér ¥F (o, 1)B2B3 ¥ 5 (p, t)dpQf,

and the second addend in the right-hand side of this equation is a positive semi-definite matrix. Hence,
by use of the results of [37], we obtain that

det Wr(Z,tc) > det Wi (&, tc) >0, &> &

The latter, along with the equality (108), directly yields the inequality (106), where b = det Wy (., tc).
Now, we proceed to the proof of the inequality (87). Let us introduce into the consideration
the matrix

Iﬂ Onxm
L(e) = .
( ) ( Omxn \/Elm )
For any € > 0, detL(¢) > 0.

Using the Equation (104), we obtain

Wit e) VEW (te, €)
L(e)Wz(tc,e)L(e) =

\/5W2T1 (te,e)  eWsi(te,€)

Calculating the limit of the determinant of this matrix as ¢ — +0, and using the inequalities (101),
(105), (106) and Proposition 4, we obtain

e—>+0 0 W3f,1(tc)
= det W_.;(tc) det W3f,1(tc) 75 0.

tim_det (L(e) Wyt 6)L(e) ) = det( Wi(te) 0 )

This inequality, along with the inequality det L(¢) > 0, ¢ > 0, implies the existence of a positive number
€1 such that the inequality (87) is valid. This completes the proof of Main Lemma.

5. Examples
5.1. Example 1
Consider the following system, a particular case of (1)-(2),

B — () —ay) + 5yt -0+ [+ ey

+(t—=5)u(t) —tu(t—e), t>0,

MW o (t) 4 (= B)y(t) — x(t— ) — x(t—2¢) +y(t—e) (109)

dt
+(t—=2)u(t) +tu(t—e), t>0,

where x(t), y(t) and u(t) are scalars,i.e, n =m=r=1h =1, =h=2.
We study the complete Euclidean space controllability of the system (109) at the time instant
t. = 2 for all sufficiently small ¢ > 0. For this purpose, let us write down the slow and fast subsystems
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associated with (109). Begin with the slow subsystem. For the system (109), the matrix A4 (t), given
in (8), becomes a scalar and has the form Ay (t) = t — 4. Thus, the condition (10) is satisfied for all
t € [0,2], meaning that the slow subsystem associated with (109) can be reduced to the differential
Equation (11), i.e.,

dxs(t) t-3 7t —22
Fran 4_txs(t)—i- yp— us(t), tel0,2]. (110)
Due to (13), the fast subsystem associated with the system (109) is
W) _ s 1)+ (t—2 t 1), >0 111
T_( =5)y(8) +yr(E —1) + (t=2)us(d) +tur(E—1), §=0, (111)

where t € [0,2] is a parameter. It should be noted the following. Although the delay in the original
system (109) is 2¢, the delay in the fast subsystem is 1 (but not 2), meaning that in this subsystem the
coefficients for the terms with the delay 2 equal zero. Therefore, in what follows, it is sufficient to
analyze the fast subsystem with the delay 1.

It is seen directly that the assumptions (AI)-(Alll) are satisfied for the system (109). Let us show
the fulfillment of the assumption (AIV) for this system. Indeed, the Equation (74) becomes as:

A—t+5—exp(—A) =0. (112)
For ReA > —0.5, one obtains the following:
Re(A—t+5—exp(—A)) >285—t>0 Vte[0,2],

meaning that all roots A(t) of the Equation (112) satisfy the inequality ReA(t) < —0.5, t € [0,2]. Thus,
for the system (109) and f. = 2, the assumption (AIV) is satisfied with p = 0.25. Since the assumptions
(AI)-(AIII) also are satisfied for the system (109) and t, = 2, one can try to use Theorem 1 in order to
find out whether the system (109) is completely Euclidean space controllable at ¢, = 2 for all sufficiently
small values of ¢ > 0. For this purpose, proper kinds of controllability of the systems (110) and (111)
should be analyzed. Let us start with the system (110). Since the coefficient for u,(t) in (110) differs
from zero for t € [0,2], this system is completely controllable at the time instant ¢, = 2.

Proceed to the system (111). Due to Lemma 1, for the given t = . = 2, this system is completely
Euclidean space controllable if for this value of t the auxiliary system (40)-(41) with the scalar control
v¢(¢) is Euclidean space output controllable. For ¢ = 2, this system becomes

WO = Awp(g) + Hos(§ — 1) + Bog(£),

75(8) = Zws(8), ¢>0,

~ 30 ~ 12 = 0 =
A—<01>, H(OO)’ B<1>, Z=(1,0).

Note that the Euclidean dimension of the state variable in (113) is ny =2, while such dimensions
of the control and the output are ry = 1 and q; = 1, respectively. To verify the Euclidean space
output controllability of the system (113), we apply the algebraic criterion for such a controllability
of a time-invariant differential-difference system (see [38,39]). Using this criterion, we are going to
show that the system (113) is Euclidean space output controllable at any given instant ¢ € (1,2] of the
stretched time ¢. For this purpose, we construct the following matrices:

113)

where
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3 0 0 0
o 30 - Ay Onyo 0-1 0 0
Ag=A=— A = -
0 (01)’ 1 (HAO 1 2 -3 0|’
0 0 0 -1

Eo=1, E = (0aabh), Zo=2, Zy=ZE =(0,0,1,0),
Co=h, By=B, By =GB,

where
1 0
- L 0 1
C = o~ =
exp (Ag)Co exp(—3) 0
0 exp(—1)
Hence,
0
< 1
B, =
! 0
exp(—1)

Due to the results of [38,39], the system (113) is Euclidean space output controllable at a given
value & € (1,2] of the independent variable ¢, if and only if the rank of the following matrix
equals to g

D = (ZoBo,...,ZoAy 'Bo, Z1B,..., 1 AT T By).

Since each block of the matrix D is scalar and ¢ ¢ = 1, then it is sufficient to show that at least one
block in this matrix differs from zero. Remember that n F =2 Therefore, Z; /Tl By is a block of D.
Calculating this block, we obtain Zlgl El = 2 # 0, meaning that rankD = gf = 1. Thus, the system
(113) is Euclidean space output controllable with any given value ¢, € (1,2] mentioned in Definition 7.
Hence, the system (111) is completely Euclidean space controllable. Therefore, by virtue of Theorem 1,
the system (109) is completely Euclidean space controllable at t. = 2 robustly with respect to ¢ > 0 for
all its sufficiently small values.

5.2. Example 2

Consider the following particular case of the system (1)-(2):

d’;(:) =2(t—1)x(t) +4y(t) —2tx(t —e) —y(t —¢)
sault) ~u(t =)+ [ amutevendy, 120 e
ed%T(tt) =4x(t) —y(t) = 2x(t —e) +y(t — &) +2u(t) —u(t —¢), t=0,

where x(t), y(t) and u(t) are scalars,ie, n =m=r=1h=1.

In this example, like in the previous one, we study the complete Euclidean space controllability
of the considered system. We study this controllability at the time instant ¢, = 2 for all sufficiently
small e > 0.

The asymptotic decomposition of the system (114) yields the slow and fast subsystems, respectively,

) — 2x,(t) + 3ys(t) —us(t), >0,

0=2xs(t)+us(t), t>0,

(115)
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and

dys(¢) N
@ = —yr(8) +yr(C—1) +2up(g) —up(f—1), ¢>0. (116)
It is seen that the assumptions (AI)-(Alll) are satisfied for the system (114). The condition (10) is
not satisfied for this system, meaning that (114) is a nonstandard system, and it does not satisfy the
assumption (AIV). Indeed, for the system (114), the Equation (74) becomes as:

A+1—exp(—A)=0. (117)

For this equation, A = 0 is a single root with the nonnegative real part.
Let us show the fulfillment of the assumption (AV) for the system (114). The matrix in the
Equation (75) becomes as:

[—1+exp(—A) —A,2—exp(—A)]. (118)

For A = 0, the rank of this matrix equals to the Euclidean dimension of the fast subsystem m = 1.
Since A = 0 is a single root with the nonnegative real part of the Equation (117), then the rank of the
matrix (118) equals m = 1 for all complex A with ReA > 0. Thus, the assumption (AV) is fulfilled for
the system (114).

Now, let us find out whether the systems (115) and (116) are controllable in the sense mentioned
in Theorem 2. We start with (115). Let x¢ and x. be any given numbers. Let ¢ = (x. — x()/6. One can
verify immediately that for the numbers x( and x,, there exists a control u,(t) € L2 [0,2; El}, namely,

us(t) = —2xg — 302,

such that the system (115), subject to the initial x;(0) = x( and terminal x5(2) = x, conditions, has an
impulse-free solution, namely,

xs(t) = xo + 1.50t%,  ys(t) = Ot.

Thus, the system (115) is impulse-free controllable with respect to xs(t) at the time instant f. = 2.
Proceed to (116). The complete Euclidean space controllability of this system is shown similarly to
such a kind of controllability of the system (111) in the previous example. Now, using Theorem 2,
we obtain the complete Euclidean space controllability of the system (114) at the time instant {, = 2
robustly with respect to e > 0 for all its sufficiently small values.

6. Conclusions

In this paper, a singularly perturbed linear time-dependent controlled differential system with
time delays (multiple point-wise and distributed) in the state and control variables was analyzed. The
case where the delays are small of the order of a small positive multiplier ¢ for a part of the derivatives
in the differential equations was treated. The complete Euclidean space controllability of the considered
system, robust with respect to the small parameter ¢, was studied. This study uses the asymptotic
decomposition of the original system into two lower dimensions e-free subsystems, the slow and fast
ones. The slow subsystem is a differential-algebraic delay-free system. This subsystem, subject to a
proper assumption, can be converted to a differential equation. The fast subsystem is a differential
system with multiple point-wise delays and distributed delays in the state and the control. It was
shown that proper kinds of controllability of the slow and fast subsystems yield the complete Euclidean
space controllability of the original system valid for all sufficiently small values of e.
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1. Introduction

In the study of various issues related to dynamic stability, with the properties of media with a
periodic structure, in the study of other applied problems, one has to deal with differential equations
with rapidly oscillating coefficients. Equations of this kind can describe some mechanical or electrical
systems that are under the influence of high-frequency external forces, automatic control systems
with a linear adjustable object, etc. As an example, we can cite the principle of operation of an
oscillator with a small mass and a nonlinear restoring force, in which a high-frequency periodic force
with a large amplitude acts. The presence of high-frequency terms creates serious problems for their
direct numerical solutions. Therefore, asymptotic methods are usually applied to such equations
first, the most famous of which are the Feshchenko-Shkil-Nikolenko splitting method [1-5] and the
Lomov’s regularization method [6-8]. It should also be noted that singularly perturbed equations are
the object of study by several Russian researchers, as well as other scientists (see, for example [9-22]).

In this paper, the Lomov’s regularization method is generalized to previously unexplored
integro-differential equations with rapidly oscillating coefficients and with rapidly decreasing kernels
of the form

s% —a(t)z — eg(t) cos @z - /te% L mOBK (1 5)z2(s,e)ds = h(t), z(to,e) = 2, € [to, T] (1)
to

where z = z(t,€), h(t), B'(t) > 0, a(t) > 0,u(t) < 0, a(t) # u(t) (Vt € [ty, T]), g(t) are scalar
functions, z° is a constant, & > 0 is a small parameter. In the case § (t) = 2y (#),, and of the absence of
an integral term, such a system was considered in [6-8].
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The limit operator a(t) has a spectrum Aq (f) = a(t), functions A (#) = —if' (t) and
A3 (t) = +ip’ (t) are associated with the presence in Equation (1) of a rapidly oscillating cos @,
and the function A4 (t) = u(t) characterizes the rapid change in the kernel of the integral operator.

We introduce the following notations:

A(t) = (A (), Mg (1)),

m= (ml, ,my) is multi-index with non-negative components m;, j = 1,4,

|m| = ] 1 m;j is multi-index height m,

(1, A () = g miA; ().

Assume that the following conditions are met:

(1) a(t), p(1), p(t) € € ([to, T}, R), g(t), h(t) € C= ([to, T], C),
K(t,s) e C®{ty <s <t <T,C};

(2) the relations (m,A(t)) =0, (m,A(t)) =A;(t),j € {1,..,4} for all multi-indices m with
|m| > 2 or are not fulfilled for any t € [t, T], or are fulfilled identically on the whole segment
te [to, T] .

In other words, resonant multi-indices are exhausted by the following sets

To={m: (mA(t)) =0, |m| >2,Vte [ty T]},
Tj={m: (m,A(t)) = A; (), |m| > 2,Vt € [to,T]}, j=1,4.

Under these conditions, we will develop an algorithm for constructing a regularized [6] asymptotic
solution of the problem (1).

2. Regularization of the Problem (1)

Denote by 0; = 0j (¢) independent of the ¢ quantities 01 = e~ tht0) | gy = et tP(0) and rewrite
the Equation (1) in the form

irtopr it
Lz(t,e)—e%—a(t)z S(Tt) eiZI’Oﬁ(emm+e+§f’0/j(9>d902> z—

(2)
— fm et Ji n(®) VK (t,5)z(s,€)ds = h(t), z(to,e) =20, t€ [ty T].
We introduce regularizing variables
1t Pi(t)
P=— i = =14
7 s/to Aloyo = 2=, =1, 3)
and instead of problem (2) we consider the problem

LZ(t7,e) = e + T (05 — M)z — e85 (o + ePon) 2 W

— J} et EMOK 1)z ( M,s) ds = h(t), 2(t,7,€)|imty im0 = 2°, t€ [to, T]

for the function Z = Z (¢, 7,¢) , where it is indicated (according to (3)): T = (11,..., 1), ¥ = ({1, ..., Y1) .
)
€

It is clear that if Z = Z (¢, T, €) is the solution of the problem (4), then the function z = Z ( ¢, ¢(€ ,e) is an

exact solution of the problem (2), therefore, the problem (4) is an extension of the problem (2).
However, (4) cannot be considered completely regularized, since the integral term

Jz = / et lMOMK (1,5) 2 ( M) *

has not been regularized in it. To regularize ], we introduce a class M, asymptotically invariant with
respect to the operator JZ (see [6]; p. 62).
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We first consider the space U of functions z (¢, T) , representable by sums

2(t7,0) =20 (4,0) + Ty 2 (£,0) €% + Dj 2" (£,0) D), -
2o (t,0),zi (t,0), 2" (t,0) € C®([tp, T], C), i=1,4, 2 < |m| <N,

where the asterisk * above the sum sign indicates that in it the summation for || > 2 occurs only over
nonresonant multi-indices m = (my, ...,my4), i.e., over m ¢ U;l:o T;.

Note that in (5) the degree N; of the polynomial z (¢, T,0) to exponentials ¢% depends on the
element z. The elements of the space U depend on bounded in ¢ > 0 constants 07 = 03 (¢) and
0, = 0y (¢), which do not affect the development of the algorithm described below, therefore in the
notation of element (5) of this space U we omit the dependence on ¢ = (03, 0») for brevity. We show
that the class Me = U|_ys) /e is asymptotically invariant with respect to the operator J.

The image of the operator | on the element (5) of the space U has the form:

to

t . 4 t . s
Jz (t,7) :/ et M@k (1 ) 7 (s)ds+2/ et L0 (1 6) 7 () of I Ni®)8 4
i=1"to

* t s
" Z / e%‘/:: M(")d"K(t,s)z'” (s) e% f:o(m,}\(ﬂ))deds _
2<|m|<N; “fo

t . t
_ eﬂnmwK@@m@wk+é%M@”/Kﬁ»nuwk+

Jtg to

4 1t t 1S (y.(0)_
+ Y e?f’OA“(e)dg/ K (t,5)z (s) et Jo MO~ MO0 5o
i=1,i#4 fo

* ot t 'S
+ Y erOM(e)dg/ K (t,s)z" (s) e% Jig(m=es MODM0 4

2<|m[<N; fo

Integrating in parts, we have

t s t s
Jo(te) = / K(t;s)zo(s) e% Jig 4O _ e/ Kits)20(s) (s)de% Jig Ma(O)0 _

to to Ay (S)
_ K(t,s)zo(s) L gz asenan| ft (9 K(ts)zo(s) ) L f auerde
T e e A € T I
_ {K(t,t) 20 (t)e% Ji Aoy K(t to) zo (to)] . /t <3K(t,s)zo (s)) ot Jig 14(6)d6 4
Ag (1) A4 (to) to \0s  Ag(s) '

Continuing this process further, we obtained the decomposition

JMu@:ZﬁafnwwﬂM%wu»nmanﬁm%QM@”f<%m05nuw»ﬁJr

1 1
L =

(s3]

Y-l >
e aSIO (v>1)|

Next, apply the same operation to the integrals:
1t 105 (A (0)—
Jo () = et 02O (1 6) 2, (5) ot Ty MO MO0

L[EAy(0)d6 pt K(1s)z L[ (Ai(6)—A4(0))de
= ot T MO g1 R e o =
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=t

= ge‘ ffo A4(6)d8 M H fto —Ayq 9))d9

A (5) = Aa(s)°

s=tp
B (t,s)zi (s) ) L J3 (Ai(6) =24 (6))d0 ] _
£/<asA<> ()” )=
K(t, %[ K(tto)zi(to) L Ji Ay(0)do
= | R me - R >D)ZA4(<?3>€ o }7
—eet o240 gt (aiikfst)szif(s))egﬂ‘] O s =

=¥ (1) v4+1 {(Ilv (K (t,5)zi (S)))s:re%ﬂo Ai(0)de (I,V (K (t,5) z; (s)))s:to e% ftt[) Ay(0)dO

0 _ 1 LoV 1 2 v—1 > P
PR AE TR A EV IR
Denote bay ¢4 = (0,0,0,1). Then
o (1,€) = e T MO [ (1,5) 2 ) o Rl A OO
to
_ o Ay /' K(t,5)2" (s) ,t Ji(meash(0)do _
- b (m—ea, 1 ()"
et I A4(G)de[ K (t,5) 2" (s) o i (mea A(6))d0 =t B
(m—eq,A(s)) s=to
7/f 9 K(ts)z" (s) e%f; (m—e4,A(9))d9ds] _
Jtg \0s (m —eq, A (s))
oo 1 ot
- ;J( e (I (K (1,5) 2" (5))) e T A
14(0)d0
(I - m (S)))s tOEtf 4(0) }
1 , 1 .
= — . - >
= e ) o~ e Ay s 2 1
2 <|m|] <N

Here it is taken into account that (1 —es, A (s)) # 0, since by the definition of the space U
multi-indices m ¢ I'y. The image of the operator | on the space U element (5) is represented as a series

Jz (t,T) = e* f’oM dG/ (t,5) 24 (s) ds + Z Jrevtl { (I§ (K (t,5) 20 (S)))S:,E%L[U Ag(0)do
to

+

[\1*

Z 1/ evtl |: I4 " (K (t,S) e (s)))S:t C% ];i](m,)t((i’))de_

2<|m| <N, v=0

(I (K(5)27(5))) _y e o ““”""} =) /e
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It is easy to show (see, for example, [23], pp. 291-294) that this series converges asymptotically for
¢ — 40 (uniformly in ¢ € [fo, T]). This means that the class M is asymptotically invariant (for ¢ — +0)
with respect to the operator J.

Let as introduce the operators R,: U — U, acting on each element z (t,7) € U of the form (5)
according to the law:

Roz (t,T) = ™ /t K (t,s)z4(s)ds, (60)

to

Riz(7) = |(BKED26) e - (BKED2 ), |+

s=

ol <10 (K (t,s) z; (5)))

s=t s=ty

+ {(1,0 (K(t,5)z (s))> eﬂ + (61)

i=1

s=t

) [(12,m<1<(t,s>z'"<s>>) e("”)—(Iz,m(K(t,s>zm<s>>)szt0em},

2<|m|<N;
Rysnz (t,7) = [(I§ (K ()20 () €% = (B (K (t,5) 20 (5)))s—yy | +

3
LD [0 (K (05) 2 0)emy € = (0 (K (032 (6))icyy 7] + (61+1)

Y [ K927 6) o™ — (1 (K (52" (5)),_, €] v 2 1

2<|m[<N; a

Letnow £ (t, 7, ) be an arbitrary continuous function in (£, T) € [to, T] x {7 : Ret; < 0,j = 1,4}
with the asymptotic expansion

Z(t,1,¢) Zszk (t,71), z (t,7) € U, (7)

converging as ¢ — +0 (uniformly in (t,7) € [to, T] X {T: Retj <0,j =1,4}). Then the image
JZ (t,7,¢€) of this function is expanded in the asymptotic series
JZ(t,T,€) = Zs Jzi (t,T) Z ZR, 525 (6, lr—p(n)/

k=0

This equality is the basis for introducing the extension of the operator | on the series type (7):

H\“

00 T
JZ(tt,e) =] <Z£zktr> Z erzs
Although the operator f is formally defined, its usefulness is obvious, since in practice they
usually construct the N-th approximation of the asymptotic solution of problem (2), in which only the
N-th partial sums of the series (7) will take part, which do not have a formal but true meaning. Now we
can write down a problem that is completely regularized with respect to the original problem (2):

LZ(tTe) = €% + L, A (1) f] — M)z —e8Y (enoy + emay) 2 — T2 = h(1),
Z(t,T,€) |t=ty,r=0 = 20, t€ty, T].

(8)
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3. Iterative Problems and Their Solvability in the Space U

Substituting series (7) into (8) and equating the coefficients for the same powers ¢, we obtain the
following iterative problems:

Lzo(t,7) = jjl/\j (t) o M(t)zo — Rozo = h (t), 2o (to,0) = 2°; (%)

Lz (t,7T) = —% + @ (01 +eBop) zg + Ryzo, z1 (t,0) =0; (91)

Lz (t7) = —aaitl + % (€201 +eB0p) 21 + Riz1 + Rozo, 2o (to,0) = 0; (92)
0z

t
5 + % (e?0y + €T30'2) Zk—1 + Rizo + ... + Ryzg_1, 2z (£0,0) =0,k > 1. (%)

Each of the iterative problems can be written as

Lz (t, 1) =

Aj(t) s—i —M(#)z—Roz=H(t, 1), z(t,0) =27, (10)
]

M-

Lz(t,1) =
1

]

where H (t,T) = Ho (t) + i, H; (t) €% + Z;S\HI\ENH H"™ (1) ™) is the known function of the space
U, z* is the known number of complex the space C, and the operator R has the form (see (6¢))

2<|m|<N: fo

4 * t
Roz = Ry (zo O+Yzmei+ Y 2" e(m’T)) d;fe“/ K (t,5)z4 (s)ds.
i=1

We introduce the scalar product (for each t € [ty, T]) in the space U :
4 *

<zw>=<zo(H)+ Y zi(H)eT+ Y. Z"(t) e,
i=1 2<|m|<N:

4 *
d
wo () + Y wi(t)e+ Y w"(t) elmo) 5 &

i=1 2<[m|<Ny
def 4 - m m
= (20 (1), wo (1) + ) (2 (1) wi (1) + )y (" (), w" (1),

i=1 2<|m|<min(Nz,Ny)
where (*, *) we denote the ordinary scalar product in the complex space C: (u,v) = u - 5. We prove

the following statement.

Theorem 1. Suppose that conditions (1) and (2) are satisfied and the right-hand side H (t,7) = Hy (t) +
+Y4  Hi(H) el + Z;S\m\SNH H™ (1)) of the Equation (10) belongs to the space U. Then for the
solvability of the Equation (10) in U it is necessary and sufficient that the identities

<H(tT),e" >=0, Vte [t,T] (11)

hold true.
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Proof. We will determine the solution of the Equation (10) in the form of an element (5) of the space U:
z(tT) =2 () + Zz, i+ Y 2 () elmT, (12)
2<|m|<Npy
Substituting (12) into the Equation (10), we have

A1 (E)zo (1) + Y [Ai (8) — A (8)] zi () €% + 2 [(m, A (£)) = Aq (£)] 2" (£) e(™T) —

i=1 2<|m|<Ny

t 4 *
7er4/ K(ts)z4(s)ds = Ho () + Y Hi (e + Y H" () e,
fo i=1

2<[m|<Ny

Equating here separately the free terms and coefficients at the same exponents, we obtained the
following equations:

=M (t)zo (t) = Ho (), (130)

[Ai(t) =M (B)]zi(t) =H;(t), i=13; (13;)

[)\4 (f) — )\1 (t)] Z4 (f) — ./tt K (t,S) Z4 (S) ds = H4 (f) ; (134)
[(m A (1) = A1 (D] 2" (1) = H" (t), m ¢ Ty, 2 < |m| < Ng. (13m)

Since the function Aq (f) # 0Vt € [t T], the Equation (13p) has a unique solution
zo(t) = —A7 () Ho(t). Since Ag (£) — Ay (t) # 0 ¥Vt € [to, T], then the Equation (134) can be written as

24 (t) = / (e (t) = Ax (0] K (t5)) 24 () ds = [Aa () = M (] Ha (1), (14)

Due to the smoothness of the kernel ([/\4(1!) -\ (t)}_lK(t,s)) and heterogeneity

—[As(£) = A ()] ' Hy(f), this Volterra integral equation has a unique solution
24 (t) € C*® ([to, T], C) . The Equations (13;) and (133) also have unique solutions

2 (1) = [A; (8) = Ay ()] Y H; () € € ([to, T), C), i =2,3,

since A; (t) # A1 (t),i = 2,3. The Equation (131) is solvable in the space C* ([to, T], C) if and only
if identities (Hy (t), e™) = 0Vt € [ty, T] hold. It is easy to see that this identity coincides with
identity (11).

Further, since (m, A (t)) # A1 (t), 2 < |m| < Ny (Vm ¢ T7), then the Equation (13,,) has a
unique solution

2" (1) = [(m A () I—A®)] TH™ (t) € C ([to, T], C), 2 < |m| < Ng.

Thus, condition (11) is necessary and sufficient for the solvability of the Equation (10) in the space
U. The Theorem 1 is proved. [

Remark 1. If identity (11) holds, then under conditions (1) and (2), the Equation (10) has the following solution
in the space U :

z(t,7) =20 (1) + Tl 21 (1) €7 + Do ey, 2" (1) €0 = 20 (1) + oy (1) e+
),

h ()€™ + hat ()™ + 24 (1) €% + L5y <y, P () ™7 (12)
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where ay (t) € C* ([ty, T], C) are arbitrary function, zo (t) = —A7(t)Ho(t), z4 (t) is the solution of the
integral Equation (14), and introduced notations

Hj (t)

)= IORYAOK

h31(t) = P (#) = [(m, A (1)) — Ay ()] L H™ (1)

4. The Remainder Term Theorem

Along with problem (10), we consider the equation

Lw(t71)= % + == g(®)

Py > (e20 +eBo)z+ Riz+Q (4 T), (16)

where z = z (t, T) is the solution (15) of Equation (10), Q (¢, T) € U is the known function of the space U
(this form will have problems (9;1) after calculating the solution of the problem (9y) in U). The right
side of this equation:

)
G(tt)=- ai + gé) (€201 +eBm)z+Riz+Q (4 T) =

%

4
2o () + Zzi (t)efi 4+ Z z™ (t) e('"’T):| +
i=1

2<|m| <Ny

*

4
)+ Y z(tei+ Y Z"() e('"'T)} +Riz+Q(47),
i=1

2<|m|<Npg

+g;t) (eT20'1 +eT30.2)

may not belong to the space U, if z = z (t, 7) € U. Indeed, taking into account the form (15) of function
z =2z (t,7) € U, we consider in G (£, T) , for example, the terms

%

Z(tT) = g0 (e201 +eBo) {z (1) + §4 zi(tei+ ), Z"(b) e(’“)} =
’ = 1 2 0 i
i=1

2 2<|m[ <Ny

4
_ ggt) 20 (t) (€T20'1 +eT30.2) + 2 gét) z; (t) (eTi+T20.] 4 eTi+T30.2) +
i=1
t *
+g—§ ) (e20y +eBoy) Y. P"(t) (),
2<|m| <Ny
Function Z(t,71) ¢ U, since it contains resonant exponentials

et = elmd)| (0,1,1,0)€ et 0T) (my +1 = m3) , B0 (m3 41 = my), and, therefore,
the right-hand side G (t, ) = Z (¢, T) of the Equation (16) also does not belong to the U. Then, according
to the well-known theory (see [6], p. 234), we need to embed A: G (f,T) — G (¢, 7) the right-hand side
G (t, T) of the Equation (16) into the space U. This operation is defined as follows.
Let the function G (t,7) = Z‘I\fn‘zo w™ (t) el"™7) contain resonant exponentials, i.e., G (t, T), it has
the form

4 N . . N
G(t1)=wo(t)+ Z wi (e +Y Y w(b) e(m') 4 Y. w™ () e,
j=0 ‘mf|:2:miel"]- |m|=2,m#ml j=04
Then
4 N i N
G (t,7) = wp (t) + Z wi(t)ei+) Y W (el + Y w™ (t) (™),
j=0 ‘mf|:2: mfel"i |m|=2,m#m/,j=04
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Therefore, the embedding operation acts only on the resonant exponentials and replaces them
with a unit or exponents % of the first dimension according to the rule:

A A
<e(m'T)|m€l"q) = 60 =1, (e(m,'r)|m€rj) = eTj/ j: 1,4.

Therefore, the right-hand sides of iterative problems (9) (if they solve sequentially) may not
belong to the space U. Then, according to [6] (p. 234), the right-hand sides of these problems must be
embedded in U according to the above rule. As a result, we obtained the following problems:

4 9z _
Lzo (t,T) = ) Aj (1) 670 — A(t)zg — Rozo = h (t),z0 (f,0) = 2°; (%)
=1 j
aZO g(t) T T " 1e)
Lz (t,T) = o T2 (e®oy +ePop)zo| + Ryzo,z1 (ty,0) = 0; (91)
aZ] g(t) T T " 0.
Lz (tr T) = _ﬁ + T (e 201 +e 30’2) Z1 + Riz1 + Razg, 29 (to,O) =0; (92)

A
Lzy (t,7) = 7325;1 + [# (e20y + €Boy) zk,l] + Rezo + -+ Rizi_1, )
Zje (to,o) = O,k Z 1

(images of linear operators % and R, do not need to be embedded in the space U, since these operators
act from U to U). Such a replacement will not affect the construction of an asymptotic solution to
the original problem (1) (or its equivalent problem (2)), since the narrowing T = @ of the series of
problems (9;) will coincide with the series of problems (9) (see [6], pp. 234-235).

It is easy to show that applying Theorem 1 to iterative problems (9), we can find their solutions
uniquely in the space U. As a result, we can construct series (7) with coefficients z; (¢, T) € U. Asin [23]
(pp- 303-308), we proved the following statement.

Theorem 2. Suppose that conditions (1)—(2) are satisfied for the Equation (2). Then, when € € (0,¢](eg > 0
is sufficiently small) the Equation (2) has a unique solution z(t,&) € C!([to, T], C); at the same time there is
the estimate

[|z(t, €) — ZEN(t)”C[to,T] <cyeVt, YN =0,1,2,...,

where zgN (t) is the narrowing (for T = @) N-th partial sum of the series (7) (with coefficients zy (t,7) € U
satisfying the iterative problems (9y)), and the constant cy > 0 does not depend ¢ on € € (0, &)

5. Construction of the Solution of the First Iteration Problem in the Space U

Using Theorem 1, we will tried to find a solution to the first iterative problem (§0)~ Since the
right-hand side i (t) of the equation (9) satisfies condition (11), this equation has (according to (15)) a
solution in the space U in the form

20 (t7) =20 (1) +al” (1) e, (17)

where ocg(]) (t) € C®([to, T], C) are arbitrary function, zé(]) (t) = f/\hl(—(tt)). Subordinating (17) to the

initial condition zg (tg, 0) = z°, we have

20 (t0) + 2l (1) =2° & ¥ (t) = 22+ A7 (ko) ki (to) -
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To fully calculate the function ago) (t), we pass to the next iterative problem (9, ). Substituting the

solution (17) of the equation (%) , into it, we arrived at the following equation:

(0)
Lz (67) = — (o0 (0) = 4 (al? () en o K20 O

dt dt Ag (1)
K(t 1) 2
_Kitto)z_(to) /t\i)(zt?)) (fo) + % (€0 +eBoy) (zéO> (t) + ago) (t) eTl) + (18)

K (1 . K to) " (to)

el — ,
Ax () A (to)
(here we used the expression (61) for Rz (t, T) and took into account that when z (¢, 7) = 2o (£, T) in
the sum (61) only terms with ¢™ and remain ¢™). Let us calculate

M = [@ (e?01 +ePoy) (Z(()O) B +a” (1) eﬁ)} A N

1 A
= 28() [l () e 4 oal”) (1) e + o1zl (1) + oz (1) €]
Let us analyze the exponents of the second dimension included here for their resonance:

ot s nl ot sl
ot |T=¢(t)/€ _ E% iy (B (6)+a(9))dﬂ/ T ‘T:W)/S _ e% Jig (+iB'(0)+a(0))d0

7

0, 0,
a, a,
—iffa=| —if, & +ip' +a=| —ip/, <.
+ip!, +ip/,
H H

Thus, exponents e ang ¢+ 7 are not resonant. Then, for solvability the Equation (18) it is
necessary and sufficient that the condition

,i (0((0) (t)) K (t/ t) ag()) (t)

M (1) =0

is satisfied. Attaching the initial condition ago) (to) =2+ A7 L (to) 1 (o), to this equation, we found
uniquely the function
©) (5 — 4© " K(s,5) }
o ) =a to) ex: ds ¢,
00 =al” (e { [ 552
and therefore, we uniquely calculate the solution (17) of the problem (9) in the space U. In this case,
the leading term of the asymptotics of the solution to the problem (2) has the form

_ .0 (0) FK (s5) } Lty (0)do
Ze0 (t) - Z[) (t) +IX1 (tO) exp {/t[) /\1 (S) ds p et o s

where %) (t) = 20+ A=1 (ko) h (t0) , 2 (£) = =AY (o) B (1)

Example. Consider a model problem

2 t ogs
s% = —z—gcos? :r z— / e t-s-z(s,e)ds + h(t), z(to,e) = 2°, t € [to, T](to > 0), (19)
to
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were a(t) = 1,u(t) = —2,B(t) = > +t,K(t,s) = t -s. The main term of the asymptotic solution of this
problem has the form

3_43 _
2 (1) = h(0) + [~ h(to)] exp [0 expl 2

] (20)

For € — +0 the function z () tends to the solution of the degenerate equation —z + h(t) = 0
uniformly on any interval [tg + 6, T|(0 < 6 < T — tp) and at the point t = ¢t takes on the value
ze (tg) = 2°. It is seen from (20) that the leading term of the asymptotics of the solution to problem (19)

24t

does not depend on cos == and spectral value yi(t) = —2, but depends on the kernel K(¢,s) =t -s.

Further calculations show that already the asymptotic solution z,q () = z¢ () + €21 (t, @) of the first
order will depend on both p(t) = —2, and the frequency p'(t) = 2t + 1 of the rapidly oscillating cosine.

6. Conclusions

The function z () shows that when passing from a differential equation of type (1) (K(t,s) = 0)
to an integro-differential one (K(t,s) # 0 ), the main term of the asymptotic is influenced by the
kernel K(t,s) of the integral operator. However, the main term of the asymptotics is not affected by
the spectral values of the integral operator y(t) and rapidly oscillating coefficients. Their effects are
detected when constructing the next approximation z¢; (t).
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Abstract: Under some conditions, an asymptotic solution containing boundary functions was
constructed in a paper by Vasil'eva and Butuzov (Differ. Uravn. 1970, 6(4), 650-664 (in Russian);
English transl.: Differential Equations 1971, 6, 499-510) for an initial value problem for weakly
non-linear differential equations with a small parameter standing before the derivative, in the case of
a singular matrix A(t) standing in front of the unknown function. In the present paper, the orthogonal
projectors onto ker A(t) and kerA(t)’ (the prime denotes the transposition) are used for asymptotics
construction. This approach essentially simplifies understanding of the algorithm of asymptotics
construction.

Keywords: singular perturbations; initial value problems; asymptotics; critical case; projector approach

1. Introduction

The bibliography of publications devoted to singularly perturbed problems is very extensive.
Most of them deal with problems in which a degenerate equation, following from the original
one where a small parameter is equal to zero, is resolvable with respect to a fast component of an
unknown variable. If it is not so, then this more complicated case is known as critical [1], singular [2],
nonstandard [3], or as a case where the unperturbed (degenerate) system is situated on the spectrum [4].
Numerous applications of singularly perturbed systems in the critical case have been listed in [5].

Vasil’eva and Butuzov were the first to study initial value problems for singularly perturbed
differential and difference systems in the critical case. Asymptotic solutions of boundary value
problems for such systems have been obtained in [1,2,6]. Numerical methods for singularly perturbed
systems in the critical case have been researched in [7] for initial value problems, and in [8] for
boundary value problems.

An asymptotic solution containing boundary functions for the initial value problem of the weakly
non-linear differential equation in a real m-dimensional space X:

e— = A()x +ef(x,t,e), t€]0,T], 1

x(0,¢) = «°, 2)

where x = x(t,¢) € X and the matrix A(t) is singular, has been constructed in [4]. A discrete analogue
of problem (1)-(2) was also considered. The results from this paper are also presented in [1,9]. In these

Axioms 2019, 8, 56; d0i:10.3390/axioms8020056 www.mdpi.com/journal /axioms
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publications, the purpose of studying equations of the last form is also explained. Here and further
€ > 0 means a small parameter, and the m x m matrix A(t) and the m-dimensional vector-function
f(x,t,€) are sufficiently smooth with respect to their arguments.

In contrast [4], the projector approach will be used in this paper for constructing an asymptotic
solution of problem (1)-(2). It allows us to represent the algorithm of the boundary functions method
for constructing an asymptotic solution of initial-value singularly perturbed problems in the critical
case more clearly than in [4].

Note that the projector approach has been used in [10] for constructing the zero-order asymptotic
solution for a singularly perturbed linear-quadratic control problem in the critical case.

We will assume the same assumptions as in [4] that the matrix A(t) has for each t € [0,T] m
eigenvalues A (t), A2 (f), ..., Aw(t), and that they satisfy the conditions:

Assumption 1. A;(t) =0forj=1,2,...k k <m.

Assumption 2. All k eigenvectors vy(t),va(t), ..., vi(t) of the matrix A(t), corresponding to A;(t) = 0,
j=1,2,..,k, are linearly independent.

Following [4], we will here use eigenvectors having the same smoothness as the matrix A(t).
The existence of such eigenvectors has been proved in [11].
Furthermore, some assumptions will be yet added.
The transposition will be denoted by the prime. By I, as usual, we mean the identity operator.
For the expansion of a function w(¢) into the series with respect to integer non-negative powers of ¢
w(te) = '§o 8fw/(t), we introduce the notation [w(e)]; = w;.
]

The p_aper is organized as follows. In Section 2, we present the standard decomposition of the
original system (1) into systems with respect to functions from the asymptotic solution, depending on £,
and with respect to so-called boundary functions, depending on the argument ¢/¢. In the next section,
we introduce orthogonal projectors of the space X onto ker A(t) and ker A(t)’. Based on these projectors,
the algorithm of constructing the zero-order asymptotic approximation of a solution of problem (1)-(2)
is given in Section 4, and the algorithm of constructing the n-th order asymptotic approximation, n > 1,
is developed in Section 5. Tables 1 and 2 in these two sections show the sequence of actions for finding
asymptotics terms. In the sixth section, we present an example illustrating the projector approach for
constructing the first-order asymptotic approximation. The last section presents our conclusions.

2. Problem Decomposition
In view of [4], we will seek the asymptotic solution of problem (1)-(2) in the form:
x(t,€) = x(t,e) + Ix(7,€), (3)

where X(t, &) = ¥j>o sffj(t), ITx(7,e) = Lj>o sijx(T), T = t/e. Functions IT;x(7) will be found as
in [4] with the help of the additional condition

Ix(t) = 0as T — +oo. 4)

Following tradition (see, for instance, [1], p. 8), a series } ;> sffj(t) with terms depending on the
original argument # is called regular series, in contrast with boundary series }_;> ¢/T1;x(7) consisting
of so-called boundary functions depending on the argument T > 0, which are essential only for
arguments in some vicinities of points where additional conditions are prescribed (in a vicinity of zero
in the considered case).

As usual in the theory of singular perturbations, the following representation will be used

f(x(t,€) +TIx(t,¢€),t,€) = f +11f,
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where f = f(X(t,€),t,€) = Lj>o sffj(t) and TIf = f(x(et,e) + Ix(7,¢),eT,¢) — f(X(eT,€), T, €) =
Y0 @ILf(T).

Substituting expansion (3) into (1) and equating terms of the same order of ¢ separately depending
on t and T, we obtain the following equations for the terms of series (3):

dx;_ _
10 A0 +7,40), ®

diTx(7)
dt

= A(O)ILx(7) + 111 f(7) + [(A(eT) — A(0))T1x(7, €)];, (6)

where j=0,1,..,

j—1 i—k
(AGer) = AODTIX(x0); = T (= gy e OTex(o)

In order to write equations (5) and (6) in the same forms for the cases j = 0 and j > 0, we suppose
that terms of expansions with negative indices are equal to zero.
Substituting expansion (3) into (2) and equating terms of the same order of ¢, we obtain
the equalities:
To(0) + Ipx(0) = x°, %)

%;(0) +ILx(0) =0, j > 0. ®)

3. Space Decomposition

Further, we will use the decompositions of the space X in the orthogonal sums (see, for
instance, [12], p. 38)
X = kerA(t) @ imA(t)" = kerA(t)' @ imA(t).

Orthogonal projectors P(t) and Q(t) of the space X onto the subspaces kerA(t) and kerA(t)’,
respectively, corresponding to the decompositions of the space X into two last orthogonal sums, will
be applied. We can write the explicit form of these projectors. Namely, let V (t) = (v1(t), ..., v(t)) and
S(t) = (s1(t), ..., s(t)), where s1(t), ..., s(t) are the eigenvectors of the matrix A(t)" corresponding
to eigenvalues A;(t) = 0, j = 1,..., k. Following [9], we believe that the eigenvectors s;(¢) have been
chosen in such a way that V(#)'S(t) is the k x k identity matrix. We explain that this is possible.
The invertibility of the matrix V(¢)'S(t) is proved in [1]. If V(t)'S(t) = B(t) # I, then we take the
columns of the matrix S(t)B(t) ! as 51 (t), ..., s (t).

It easily follows from Assumption 2 that the k x k matrices V(¢)'V(¢) and S(t)'S(
It is not difficult to see that P(t) = V(t)(V(t)'V(t))"1V(t)' and Q(t) = S(t)(S
are orthogonal projectors of the space X onto the subspaces kerA(t) and kerA(t
corresponding to the decompositions of the space X into the orthogonal sums.

The operator

) are 1nvert1ble

t
(t)'S(t)~'s(t)’
)

respectively,

A(t) = (I1—Q(1)A(t)(I—P(t)) : imA(t) — imA(t)

has the inverse operator. It will be denoted as A(#)* = (I — P(¢))A()* (I — Q(¢)).
The following condition is assumed.

Assumption 3. For each t € [0,T] the operator (I — P(t))A(t)(I — P(t)) : imA(t)" — imA(t) is
stable—that is, all eigenvalues of this operator have negative real parts.

A(t) is invertible. Let us

ca(t), -, cx(t))" and ¢(t),

It is not difficult to prove that the operator Q(t)P(t) : kerA(t) —
= )¢
x = 0. It follows from this

take a vector x from kerA(t). Then, x = V(t)c(t), where c(t) (1
i=1,2,..,k, are some scalar functions. Consider the equation Q(t)P(t

ker
(t
)
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that V(£)'S(£)(S(t)'S(t))~1S(+)'V(t)c(t) = 0. Since V(t)'S(t) is a k x k identity matrix, then c(t) = 0,
which gives the provable invertibility.

4. Zero-Order Asymptotic Solution

From (5), we have the equation for X (t):
A(t)Xo(t) = 0.

Hence,
(I—=P(t))xo(t) = 0. ©)

Using (9), we find from (7) the initial value
(I—P(0))ITox(0) = (I — P(0))x°. (10)

From (6), we have the equation for ITox(T)

dngii(h[) = A(0)Ipx(7).
This equation is equivalent to two ones:
M= POITNE) _ (1 p(0))4(0)(1 ~ P(O)Tx(x), )
w — P(0)A(0)(I — P(0))TTyx(7). (12)

In view of Assumption 3, we obtain a unique solution of initial problem (10)-(11) satisfying
the inequality
| (I = P(0))TTox(7) || < cexp (—at), T >0,

with some positive constants ¢ and « independent of T (see, for instance, [13], p. 106). In this estimate,
any norm may be used, since all norms in a finite dimensional space are equivalent. Functions
satisfying the last inequality are called exponential-type boundary functions.
T
From (12), we get the equality P(0)ITpx(t) = P(0)ITox(0) + [ P(0)A(0)(I — P(0))ITpx(s) ds.
0
Since P(0)ITpx(t) — 0 as T — o0, then P(0)IIjx(0) = — 0+°° P(0)A(0)(I — P(0))IIpx(s)ds. Using
the exponential estimate for (I — P(0))IIpx(s), we uniquely define the exponential-type boundary
function P(0)ITyx(7), namely,
400
P(0)ITpx(T) = —/ P(0)A(0)(I — P(0))ITpx(s) ds. (13)
T
Hence, the exponential-type boundary function ITyx(7) has been found. Then, we can get the
initial value from (7):
P(0)%(0) = P(0)(x" — Ipx(0)). (14)

In view of (5), the equation for X (t) has the form

AW () = —Fo() + T,

Taking into account (9), we can write the solvability condition for the last equation in the form

™IRO _ o) f(p(tymo(0), 1,0).
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Since

APWX(B) _ dPO(0) _ dPO) o py APO) )

PRI = (Q(1P(1)) Q) (5 PTo(t) + FP(R0(8).10)) »

If operator A(t) is constant, then projectors P(t) = P and Q(t) = Q are constant too, and the last

equation has the form
@ — (QP) ' Qf (PXo(t),t,0). W)

We will yet assume the condition.
Assumption 4. Problem (14)—(16) has a unique solution on the segment [0, T|.

A similar assumption regarding the solvability of some initial-value problem for a non-linear
equation of the smaller dimension than the original one was presented in [1] (Assumption IV, p. 13).

Thus, the function X(t) is defined. Hence, the zero-order asymptotics for a solution of
problem (1)-(2) is found.

The following Table 1 shows the sequence of finding zero-order asymptotics terms.

Table 1. The algorithm for finding the zero-order asymptotics terms.

Asymptotics Terms Formulas

(I=P(t)xo(t) =0 ©)
(I-P(0)Ilox(t)  (10), (11)
P(0)Ipx(1) (13)

P(H)xo(t) (14), (16)

5. Higher-Order Asymptotic Solutions

Suppose that the terms fj(t) and Hjx('r) of expansion (3), j = 0,1,..,n—1,n > 1, have
been found.
From equation (5) with j = n, we obtain the relation

A = T10 7 ),

where the right-hand side is known. Applying the operator I-Q(t) to this equation, we have

dx, 1 (t)

(1= QUNAW(I = P(1)Ea() = (1 - Q)AL — 7,y ().
From here, we find:
(1 PO)(t) = AW (- (1D 7). as)
Then, we can find from (8) with j = n the initial value
(I~ P(0)IT,x(0) = —(I — P(0))%(0). 19

147



Axioms 2019, 8, 56

The equation (6) with j = n has the form

dll,x(t)

) = AO)TL(T) + 1 £(7) + [(A(er) = AQ)TTX(T,0).

This equation is equivalent to two ones.

A= PONTLAT _ (1 p(0)) A(0)(1 — P(O)TLyx(x) + (1~ P(O)) Ty 1f(0)+

+(I = P(0))[(A(er) — A(0)T1x(T,€)]n,

(20)

PO — p(0)(A(0) (1~ PO hax(x) + Ty 1f(0)+
H(A(er) ~ AO)Tx(r0)l).

The sum of two last summands in the right-hand side in (20) is a known exponential-type
boundary function. Therefore, in view of Assumption 3, we can find from (19) and (20) the
exponential-type boundary function (I — P(0))IT,x(7). Note that the proof of exponential estimates
for boundary functions is given in detail in monograph [14].

@1

As the function in the braces on the right-hand side in (21) is a known exponential-type boundary
function, we can get from (21) the exponential-type boundary function P(0)IT,x(7), namely

P(0)ITyx(7) = — [ P(0)(A(0)(I — P(0))ITnx(s) + L1 £(s)

T

+[(A(es) — A(0))ITx(s, €)]n) ds. (2)

Hence, the exponential-type boundary function I'Tl,x(7) is defined. Then, we can find from (8)
with j = n the initial value
P(0)x,(0) = —P(0)IL,x(0). (23)

Writing out equation (5) with j = n + 1, we get

T AT () + 7,0

The solvability condition for this equation has the form

d(P(t)xn(t)) d((I = P(£))%u(t))

o= = o) (7, (0 - S ),

In view of (15), we obtain from here the equation

PO — (@up() Q) F(0) + T PleTa(0)- o
d((1 = P(£))%u(t)) dP(t) by
e e R DKl (GEA0)
If operator A(t) is constant, then this equation has the form:
dPxu(t) _ opy-10(7 d((I = P)xa(t))
S (or)o(, n - R, 25)

It should be noted that equation (24) is linear with respect to P()X,(t). As (I — P(t))X,(t) has
been found (see (18)), we can define the function P(#)X, () from (23) and (24).

Hence, we have found the terms of the n-th order in expansion (3).

The following Table 2 shows the sequence of finding the 1-th order terms in expansion (3).
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Table 2. The algorithm for finding the n-th order asymptotics terms, n > 1

Asymptotics Terms Formulas

(I=P(t))xn(t) (18)
(I=P(O)IT,x(t)  (19),(20)
P(0)IT,x(T) (22)

P(t)x,(t) (23),(24)

The previous arguments have, as a consequence, the following assertion.

Theorem 1. Under Assumptions 1-4, the asymptotic solution of problem (1)-(2) in form (3) can be constructed
with the help of orthogonal projectors onto ker A(t) and ker A(t)'. The order of finding the asymptotics terms is
the following: (I — P(t))x;(t), (I — P(0))I1;x(7), P(0)IT;x(T), P(t)X;(t),j > O.

6. Illustrative Example
Consider the following initial value problem of form (1)-(2) on the segment [0, T]:
dy _ 2
SE = —y+ez-,

sdﬁ B (26)
a Y

y(0,e) =1, z(0,e) =1.

27)
Here, t € [0,0.3], x(t, &) = (y(t,€),z(t,€));y = y(t,€), z = z(t,e) € R;x° = (1,1,

Hence,

M =0, Ay =—1kerA={(0,a)},V =(0,1),kerA" = {(a,a)'},
S=(1,1),imA ={(—a,a)'},imA" = {(a,0)'},

(00 (10 (172 1/2

P_<0 1>’IP_<0 0>’Q_<1/2 1/2)’
-1 0 VY.

(IP)A(IP):( 0 0>:lmA — imA’,

(Qp)~t = 0 0V kera’ — kerA, AT = V2 2 A s imal,
0 2 0 0
We will construct the first-order approximation for the asymptotic solution of problem (26)-(27)
using projectors P and Q.

Relation (9), in this case, has the form:

Therefore, (t) = 0.
From (10), we get IToy(0) = 1.
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Equation (11) has the form:

4 ( oy(7) ) _ ( —Tloy(7) >
dt 0 0 '

Taking into account the initial value ITyy(0) = 1 found from (10), we obtain from the last equation

Moy(t) =€ ™.
From (13), we find TTpz(T [ oy (s)ds = —e™ .
From (14) and (17) we derlve, respectlvely,

o )~ (o) - (8 J(6)-())-6)
et = 0 5) 6 3 (597 = ()

In view of the last two relations, we have zy(t) = 1/(0.5 — ).
It is easy to verify that conditions 1-4 are satisfied for problem (26)-(27).
Thus, we have found the zero-order asymptotic solution of form (3) Xy(t, ¢) for the solution of
problems (26)-(27). Namely, we have
Jo(t,e) =e 7,
Zo(t,e)=1/(05—t)—e 7, T=t/e.

Now, we will seek for the first-order asymptotics.
Equation (18) for n = 1 has the form:

y () [(-1/2 172\ [ 1/2 -1/2 0 (zo()?\\ _ [1/(05—1)
o) \ o 0 -1/2 1/2 Zo(t) 0 - 0 :

Therefore, 7, (t) = 1/(0.5 — t)2.
From (19) with n = 1, we get IT;y(0) = —4.
Equation (20) for n = 1 has the form:

d <H1y(f)> _ (—nly(r) + 4Tz (1) + (HOZ(T))2>
dr 0 0 '

From the last two relations, we obtain ITjy(7) = —(3+4t+¢ T)e
From (22) with n = 1, we find ITjz(7) = — f:m Ihy(s)ds = (74+4t+e 7 /2)e "
From (23) and (25) with n = 1, we derive, respectively,

; ( 0 ) B (0 0> (1/2 1/2) <<220(t)z1(t)> o (yl(t))> B ( 0 )
a\zy)  \o 2)\172 172 0 0 T\ 220Dz (1) —dyy (1) /dt )’
0\ 0
71(0))  \-I1z(0) )

In view of the last two relations, we have z; (t) = (In(0.5 — )2 — 15/8 + In4) /(0.5 — t)2.
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Thus, we have found for problems (26)-(27) the first-order asymptotic solution of form (3) X7 (¢, €).
Namely, we have

Tt e) =o(t e) +e(y, (1) +Thy(1)),
Z1(t,€) = Zo(t, €) + e(z1 (t) + T1z(71)).

Of course, these results can be obtained using the algorithm from [4], but we would like to
demonstrate here the use of projectors for finding asymptotics terms. The results obtained by Maple 13
are given in Figures 1 and 2. They have been presented for the completeness of the paper. The solid
line represents the exact solution; the dash-dotted line—the solution of the degenerate problem, the
line consisting of squares represents the zero-order approximation; and the dash line represents the
the first-order approximation. These graphs show that an asymptotic solution is closer to the exact one
if we use higher-order asymptotics. If we use the smaller value of ¢, then it will result in an asymptotic
solution more similar to the exact one. The graphs of the solution of the degenerate problem and the
zero-order approximation illustrate the known property of boundary functions that are essential only
for arguments in some vicinities of points where additional conditions are prescribed.

1
0,3
0,6
0,4

0,2

59 o

/
.
/
L4
41 .y/ 4
//
o
/”/ g
z
3 R .//
/‘/ ~
] /./v’
24 -ot"’
1 T T 1
0,1 02 03
H

Figure 2. Trajectory z(t,€) with ¢ = 0.01 and its approximations.
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7. Conclusions

This paper dealt with a new approach to the algorithm of the method of boundary functions
from [4] for asymptotic solving initial value problem of form (1)-(2) in the critical case. Namely, the
algorithm was formulated with the help of orthogonal projectors of the space X onto kerA(t) and
ker A(t)’. Such an approach clearly shows the structure of the algorithm for finding asymptotics terms,
given in Tables 1 and 2 of the paper.
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Abstract: The paper deals with an application of the direct scheme method, consisting of immediately
substituting a postulated asymptotic solution into a problem condition and determining a series of
control problems for finding asymptotics terms, for asymptotics construction of a solution of a weakly
nonlinearly perturbed linear-quadratic optimal control problem with three-tempo state variables. For
the first time, explicit formulas for linear-quadratic optimal control problems, from which all terms of
the asymptotic expansion are found, are justified, and the estimates of the proximity between the
asymptotic and exact solutions are proved for the control, state trajectory, and minimized functional.
Non-increasing of the minimized functional, if a next approximation to the optimal control is used,
following from the proposed algorithm of the asymptotics construction, is also established.

Keywords: optimal control problems; weak nonlinear perturbations; three-tempo variables; asymptotic
solutions; the direct scheme method; estimates of asymptotic solution

MSC: 34H05; 34E13

1. Introduction

Systems with two-tempo variables are the main object in the study of singularly
perturbed control problems (see, for instance, the reviews [1-3]). However, many practical
problems contain multi-tempo fast variables. For instance, such variables arise in models
of chain chemical reactions [4], fuel cells with a proton membrane [5], electrical chains [6],
electromechanical processes in a synchronous machine [7], power systems [8], nuclear
reactors [9], aircraft [10], ocean currents [11], rolling mills [12], two-wheeled carriages [13],
forest pests [14], and epidemics [15].

Various asymptotic and numerical (see, for instance, [16]) methods are used for study-
ing singularly perturbed systems with many small parameters standing before derivatives.
Basic methods of asymptotic analysis are boundary functions method [17] and integral
manifolds method ([18], ch. 7-10), which reduce the considered problem to a problem
of simpler structure. The limit passage of an initial problem solution of a system with
many small parameters at derivatives, when these parameters tend to zero, was studied for
the first time by A.N. Tikhonov [19] and I.S. Gradstein [20]. Asymptotic solution of such
problems was first constructed by A.B. Vasil’'eva [21].

There are two approaches to constructing asymptotic solutions of optimal control
problems. The traditional one is based on an asymptotic solution of a system following
from control optimality conditions. Another approach, called the direct scheme method,
consists of immediately substituting a postulated asymptotic expansion of a solution into
the problem condition and receiving a series of problems for finding asymptotic terms.
For two-tempo systems, it is presented, for example, in [22,23]. This method allows for
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establishing non-increasing of values of the minimized functional if a next optimal control
approximation is used. Moreover, standard programs for solving optimal control problems
can be applied for finding asymptotics terms. The direct scheme method has been, for
instance, used in [24] to obtain any order asymptotic solution of a linear-quadratic optimal
control problem with cheap controls of different costs.

The present paper deals with an asymptotic solution construction for the problem P
with weak nonlinear perturbations in a quadratic performance index and in a linear state
equation. Namely, the following functional

Je(u) = /OT(l/Z(w(t,s)’W(t)w(t,s) +u(te) R(t)u(t,e)) +eF(w(t,e),u(te),te))dt (1)

is minimized on trajectories of three-tempo singularly perturbed system

5(5)"’“’5?@ = A(tyw(t,e) + B(t)u(t,e) +ef (w(te),ult,e), te), t€[0,T], ()

with the initial condition
w(0,e) = w’. 3

Here, ¢ is a non-negative small parameter, T > 0 is fixed, the prime means transpo-
sition; w(t,e) = (x(t ), y(te),z(te)), x(t,e) € RM, y(t,e) € R™, z(t,e) € R,
u(te) € R"™ E(e) = diag(ly,, eln,, 1y,), Iy, is the identity matrix of order n;,
1) 6 ) Mm@ G G o
f=f,f), f e R,B=(B,B,B), B:R" - R% i =1,3; all functions in
(1), (2) are sufficiently smooth with respect to their arguments; for all ¢ € [0, T| matrices
W(t), R(t) are symmetric, moreover, W(t), R(t) and S(t) = B(t)R(t)"'B(t)’ are positive
definite.

It is assumed that the stability of the matrices A3z and Ay — A23A3’31A32 takes place.
Here, and further A; s i,j = 1,3, mean matrices from a block representation of a matrix A
with number of rows and columns n1, 1, n3.

In contrast to [25], where optimal control problems for finding some zero order asymp-
totics terms for a solution of a nonlinear singularly perturbed problem with three-tempo
state variables were formulated, here, explicit expressions of problems for receiving all
asymptotic terms are obtained. Note that explicit formulas are very useful for research
applying asymptotic methods for solving practical problems.

It should be noted that some results concerning the algorithm of asymptotic solving
problem (1)—(3) have been presented in [26], but rigorous proofs and estimates are absent
there. Note that [26] deal with matrices in (1), (2) depending on e. However, expanding
these matrices with respect to non-negative integer powers of ¢ and including terms
depending on ¢ into the small nonlinearities, we obtain the problem P; in our statement.

It is well known that, if a linear-quadratic problem is nonsingular, then its solving is
reduced to solving a system of linear differential equations resolved with respect to derivatives.
Under studying nonlinear singularly perturbed optimal control problems, it is ordinarily
assumed that the control problem is nonsingular, i.e., an optimal control is presented as an
explicit function with respect to state and costate variables. See e.g., [27], where, apparently
for the first time, singular perturbations methods were used for optimal control problems. In
the present paper, unlike these cases, we do not assume the non-singularity of the considered
problem for all £ and, for obtaining asymptotic estimates, we analyze a nonlinear singularly
perturbed differential-algebraic system.

The essential new results obtained in this paper for problem (1)—(3) are the following;:

1. The rigorous justification of explicit forms of linear-quadratic optimal control prob-
lems, solutions of which are used under constructing an asymptotic solution of
nonlinear problem (1)—(3);
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2. The proof of estimates of the proximity between the exact solution and asymptotic
one obtained by the direct scheme method for the control, state trajectory of system
(2), (3), and functional (1);

3. The proof of non-increasing values of functional (1) under using new asymptotic
approximations to the optimal control and constructing minimized sequences.

Throughout the paper, the coefficient with ¢ in an expansion of a function w = w(e)
in a series in powers of ¢ will be denoted by w; or [w];. The k-th partial sum of a series
will be denoted by upper wave and the low index k or by braces with the low index k, i.e.,
W ={w} = Z?:o ¢/ wj. The functions with negative indices will be considered equal to
zero. Positive constants in estimates will be denoted as c and ee.

The paper is organized as follows: in Section 2, we present a formalism of asymp-
totics construction. Optimal control problems for finding asymptotic terms are given in
Section 3. Section 4 is devoted to justification of such a choice of control problems. Namely,
transformations of coefficients of expansion of minimized functional with respect to powers
of ¢ with even and odd indices are considered. Asymptotic estimates of the proximity
between the asymptotic and exact solutions are proved in Section 5. Non-increasing of the
minimized functional, if a next optimal control approximation is used, is also discussed in
this section. The last Section 6 contains conclusions.

2. Formalism of Asymptotics Construction

Following the boundary function method by A.B. Vasil’eva (see, for instance, [28]), we
will seek a solution of problem (1)-(3) in the form

1
9(t,e) = B(t,e) + ) (Iid(1;,€) + Q;d (07, €)).- @)
i=0
Here, 9(t,¢) = (w(t,e),u(t,e)'), 9(t,€) = L0 &/0;(t), T1;9(1;, €) = L0 &T138(7;), Qid (o3,
€) = L& Qiid(0i), 7 = t/e™, 0y = (t=T)/e, i = 0,1, ;(t) are regular functions,
IT;0(7;) and Q;;0(0;) are boundary functions of exponential type in neighborhoods t = 0
and t = T, respectively, i.e.,

T5;9(t) || < cexp (=), 1 >0, |Q;0(0;)|| < cexp (ar;), 07 <O,

where c and ae are positive constants independent of the arguments of functions under study.
For any sufficiently smooth function G(w(t,¢),u(t, ¢),t,€), we will use the notation
G(9(t,¢),t,¢) and the asymptotic representation

G(0,t¢) =E(t,8)+i(HiG(Tu ) +QiGl(oi, ), ®)
i=0

G(t,e) = G(O(t,e), t,e) = LYizo ejéj(t), I1pG(t0,€) = G(9(et0,€) + [P0, €), €70, €)
— G(d(ew, €), €70,€) = Ljo0 €/TojG(10), 1 G(T1,€) = G((e1y, €) + [oB(eTy  €)
+1L0(1, ), €211, €) — G(9(e?11, €) + ToB(eTy, €), €211, €) = Y €114,G (1),

QQG(G’(),S) = G(@(T + €0y, € ) + QQ&(U(), ), T+ 8(70,8) — G(E(T + €0y, S), T+ £0’0,£)

= ¥>08Q0jG(00), Q1G(01,€) = G(H(T + €201, €) + QoB(ecn, &) + Qi (01, €), T + €20, )
— G(H(T + 801,¢€) + Qob(ecn, €), T+ €201, €) = L0 € QujG(01).

Substitute (4) in (1) and present the integrand in the form of sum (4). Passing in
the integrals from the expressions depending on 7, 0;, i = 0,1, to integrals over the
corresponding intervals [0, +o0) and (—oo, 0], we obtain the following expansion of the

functional (1) _
= Z ] (6)
j>0
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Substituting expansion (4) into system (2) and initial value (3), using (5), then equating
terms of the same powers of ¢, separately depending on regular and different boundary
functions, we obtain relations for defining asymptotics terms.

Introducing the notation Ey = diag(I,,,0,0), E; = diag(0, I,,,0), E3 = diag(0,0, I,,),
and ¢(8,t,e) = A(t)w(t, &) + B(t)u(t,e) +ef (w(t, e),u(t, ), t,€), we obtain the following

equations:
£ BB L ) A o ”
g TR thB g = ltel
dlly; dlTy i yw (T
(Ey + E2) oélrf;(To) L E o(fd;; () _ Eq [Tog (7o, €)]j-1 ®
+(E2 + E3) [Tog (10, €)];,
dQojw(0v) dQo(j—1)w(00)
(E1 + Ep) Oéao O tEs Owd(lr)o = E1[Qo¢ (00, €)]j-1 9
+(E2 + E3)[Qo¢ (00, €)1},
dlly;
ZZ(T]*) = E[Ih¢(T1,€)]j2 + E2[Thi¢(T1,€)]j-1 + E3[Thi¢(T1, €)]}, (10)
d .
Ql;;(m) = E1[Qi¢(01,€)]j-2 + E2[Quop(01,€)]j-1 + E3[Q1p(0n,€)];- (11)

From Equations (8)—(11) at j = 0, (10) and (11) at j = 1, we found the corresponding
boundary functions

EqTlgow(T) = 0, EqlTjow(t1) = EIlj1w(m) = 0, EyQoow(cp) = 0, 1)

E1Quow(01) = E1Quw(ey) = 0, ExITjgw(ty) = 0, E2Qqow(oy) = 0.

In view of the last equalities, from (3), we obtain relations for initial values
E10(0) = Eyw”, E1(w1(0) + Iy (0)) =0, (13)
Eq (WJ(O) + Hojw(O) + Hllw(O)) =0, ] >2, (14)
Ey(@o(0) + Tgpw(0)) = Epu”, (15)
Ez(w](o) + Hojw(O) + Hllw(O)) =0, ] >1, (16)
_ Esu®, =0,

E3(w;(0) + Ipjw(0) + Iyw(0)) = {03]. N ]l 17)

Remark 1. If boundary functions 11w, Q;w, i = 0,1, j = 0,n — 1 have been found, then,
from Equations (8)—(11), it follows the corollary that functions EqI1;,w(T;), E1Qiw(c;), i = 0,1,
ExIly,w(m), E2Qintw(01), and EqTly(, 1yw(T1), E1Qq (4 1)w(0) are known.

3. Optimal Control Problems for Finding Asymptotics Terms

In this section, forms of control problems for finding asymptotics terms will be given.
In contrast to [26], the justification of these relations will be presented.
With the help of the notations,

0(8,9,t,¢) = W(Hw(t,e) — A(t) p(t ) + e(Fu(8,t,8) — fu(9,te)p(te)),
x(8,9,t,e) = R(t)u(t,e) — B(t)'p(t,e) +e(Fu(,t,e) — fu(B,1,) 9(t,€)),
five optimal control problems F]-, Hz-]-P, Qz-]-P, i = 0,1, for determining asymptotics terms in

expansion (4) will be written. Costate variables in these problems will be denoted as E]v(t),
Hi]'l,li(T,'), Q,‘jl[J(Ui), i = 0,1, respectively.
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Furthermore, the hat and the low index k in a function notation will mean that the
function is calculated with the functional argument equal to the k-th partial sum of the
corresponding expansion, e.g., f,(t,€) = f(Ok(t,€),t,¢).

In the following expressions with p and x in the performance indices of the formulated
optimal control problems, we take y(t,e) = Y52 ¢ @](t) + (eE1 + E2 + E3) (Tgjip(10) +
Qojtp(00)) + (£2E1 + eEp + E3)(Iyj9p (1) + Quj9p(e1)))-

Regular functions 9;(t), t € [0, T, are determined as solutions of problems F]-, which
consist of minimizing the functional

T
Ji () = @;(T) E1(Qo(j—1)¥(0) + Q1(j—2)%(0)) +/(Wj(f)'(%w(f)wj(f)
0

N dy. . (t dp._,(t N
+[j_1(te)]j— Ea ”’fdj( )k, ”’fdf( )) +a,-<t>'<§R<t>n,-<t> + Xy (t2)]))) dt

on trajectories of system (7) with initial conditions from (13) or (14) in dependence on j.
The boundary functions ITo;8(7), To € [0, +00) are determined from optimal control
problems Iy;P consisting of minimizing the functional

e N ATy
T (T = [ (Tyo(w) (WO (1) + [T 1)p(,)); — Ea(’“di;;‘”m))
0
FTy() (3 RO) () + o110, €)})

on trajectories of system (8) with the conditions ITp;x(4-c0) = 0 and (15) or (16) in depen-
dence on j.

The boundary functions Qo;9¥(cp), 0o € (—09,0], are determined from optimal control
problems Qo; P consisting of minimizing the functional

QojJ (Qojtt) = Qojw(0)'Ea(9;(T) + Q1(j-1)¥(0))

0 1 dQo(i_1)¥(00)
+7/ (Qojw(e0)" (5 W(T)Qujw (@) + [Qoj-1)p (00, €)]; ES%)

+Quju(e0)' (R(T)Qoju(en) + [Qogy-1yx(00, 1)) e

on trajectories of system (9) with the condition (E; + E2)Qpjw(—00) = 0.
The boundary functions I'ly;#(71), 71 € [0, +c0), are determined from optimal control
problems IT; jP consisting of minimizing the functional

“+oo
Iy (TIyju) = / (Hljw(Tl)/(%W(O)Hljw(ﬁ) + [Ty j_qyp(T1, €)]f)
0

() GRO)u(a) + [y x(m,0)) da

on trajectories of system (10) with the conditions (E; + E2)ITj;w(+00) = 0 and (17).
The boundary functions Q1;9(c1), 01 € (—09,0], are determined from optimal control
problems Q1P consisting of minimizing the functional

0
Qul(Qu0) = Qu(0) Ex(F,(T) + Quip(0)) + [ (Quw(en) GW(T)Queo(en)
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+[Q1(j—1)P((71/€)]j) + Qlju(o'l),(%R(T)Ql;’u(Ul) + [Ql(j—l)?((‘flfgﬂj)) doy

on trajectories of system (11) with the condition Q1jw(—00) = 0.

Remark 2. Though the original problem (1)—(3) is nonlinear, the considered optimal control
problems ?]—, Hi]-P, Q,-]-P, i = 0,1, are linear-quadratic.

Solutions of the formulated optimal control problems can be found from the control
optimality conditions in the Pontryagin maximum principle form. Namely, a solution of
the problem Fj can be found from (7), (13), or (14) in dependence on j, and the relations

B0~ ROT() ~ [ 149 =0, )

dy,(t _ dy, . (t dy. ,(t
B im0 - ACYR0) + (o) - Bt - T
Eyyp;(T) = —E1(Qo(j-1)%(0) + Qi(j—2)%(0))- (20)

A solution of the problem Il P with E1H0jw(+oo) = 0 can be found from (8), (12)
and (15) or (16) in dependence on j, and the relations

B(0)'(Ez + E3)To;pp — R(0)ITgjue — [[Tg(j_1)x(10,€)]j = 0, (21)

Al

(E1 + Ez) pEs

W(O)Hojw - A(O)I(Ez + Eg)nojlp

1 Ay
+[p(j-1)p(T0,€)]; — Ea#})’

(22)

(E1 + E2)TTgjip(+00) = 0.

A solution of the problem Qq;P with (E; + E2)Qpjw(—00) = 0 can be found from (9),
(12) and the relations

B(T)'(Ez + E3)Quojp — R(T)Qoju — [Qo(j—1)x(00,€)]; = 0,

d .
(E1+E) 5;;1/1 = W(T)Qojw — A(T)'(E2 + E3) Qo9
~ dQq(i_
+HOuy (e ol — B Y,
E1Qojp(—o0) =0, E2Qoj9(0) = —E2(9;(T) + Qu(j—1)¥(0))- (23)

A solution of the problem I'Ty;P with (E; 4 E3)TTjw(+4-c0) = 0 can be found from (10),
(12), (17) in dependence on j, and the relations

B(0)'EslTyjyp — R(0)Tyju — [TTy;_1)x(71,)]; =0, (24)
driy; _
2% W)y — A BTy + [Ty o)), 25)
ITyj1p(+00) = 0.

A solution of the problem Q1P with Qljw(—oo) = 0 can be found from (11), (12) in
dependence on j, and the relations

B(T)'EsQujtp — R(T)Qujtt — [Q1(j_1)x(01,)]; =0,

dQiy

dUl

W(T)Qijw — A(T)' EsQujyp + [Qyj-1)p(01,€)];,
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(E1 + E2)Qujpp(—c0) =0, E3Qu9(0) = —E3(p;(T) + Qo9 (0)). (26)

In view of the control optimality condition in the Pontryagin maximum principle, a
solution of the problem (1)—(3) satisfies (2), (3) and the following relations, including the
costate variable ¢(t, &) = ({(t,¢),5(t,e),0(t, )",

B(t)'¢ — R(t)u —e(Fu(9,t,€)" — fu(9,t,€)'9) =0, @
£0)% = Wty — A1) g+ e(Fo(8,,6) ~ fuo(8,1,)p), (28)
¢(T,e) = 0. @9)

An asymptotic solution of problems (2), (3), (27)—(29) can be constructed in the form (4),
i.e., in addition, we set

1

o(te) =gt e) + Y (Iig(T, €) + Qip(0y, €)), (30)

i=0

where all terms have the properties of the corresponding terms in (4).

Substitute asymptotic expansions (4), (30) into (27)—(29) and use presentation (5).
Introducing the notation (9, ¢,t,€) = p(8, ¢, t,¢), h(9, ¢, t,€) = x(8, ¢, t,€) and equating
terms of the same power of ¢ separately depending on ¢, 7;, 0;, i = 0,1, we obtain the
relations

B(1)9; — R(T; ~ (hy1(1,6)]; = 0,

d@ d(P]'—Z _ — =~
T T W(t)w; — A(t)'9; + [8;_1(t,€)];,

B(O) HIJ(P - R(O)Hl]u - [H i(j—1) I’l(Tl, )}] = O,

de;

Ei—L+E
1dt+2

dll;; il il e
E iP +E, (G-1) +E; (=2) :W(O)Hi(j—i—l)w

dT; dT; dT; (31)
—A0) i1y + [T i—2)8(Ti,€)ji-1,
B(T)'Qijp — R(T)Qjtt — [Qy(j_1)h (e, 8)]; = 0,
E, d?{z((’ VE dQ,‘;;l)q’ VEs dQ,-;];iz)(P — W(T)Qu i1y o
—A(T) Qi(j—i—ty® + [Qi(j—i—2)8(0i, €)]j—i1,
9;(T) + Qoje(0) + Qi1j9(0) = 0. (33)

It follows from (31), (32) with j = 0and i = j = 1 that

EITgop(t0) = 0, EIlio¢(T1) = E1llj19(11) = 0, E1Qoo¢(00) = O,
E1Qio@(01) = E1Qu(or) =0, ExlTipp(t1) = 0, E2Q1o¢(c1) = 0.

4. Justification of Formalism of Asymptotics Construction

This section deals with the establishment of a relation between the forms of coefficients
in the expansion (6) of the minimized functional with respect to powers of ¢ and the
expressions of the performance indices in optimal control problems formulated in the
previous section. The following theorem, which was given in [26] without any rigorous
proof, will be further justified.

Theorem 1. The sum 7]' + Ly 1)) + Qu(j—1)] of the performance indices in problems Fj, I q)P,
Ql( j—l)P is obtained by transforming the coefficient Joj in expansion (6) and dropping terms, which
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are known after solving problems Py, TP, QukP, k = 0,j — 1, I113 P, QxP, k = 0,k — 2. The
sum To;] + Qoj] of the performance indices in problems Io;P, Qo;P is obtained by transforming
the coefficient ], 1 in expansion (6) and dropping terms, which are known after solving problems
P, k=0,j, 1P, QuP,i=0,1,k=0,j — 1.

Proof. Denote the integrand in (1) by means F(9, t,¢). In view of (5), we can present J; in
the form
T +co
i = / Fy(t) dt +/ HO(kfl)]F(TO) dT
0 0
0 +oo 0 (54)
+ Lon(kq)F(%)dUo-F/o o) F(r1)dn +_/7le(1<—2)1“‘71) doy.

It is clear that the last expression contains the asymptotics terms with numbers more

than it is necessary in this theorem, for instance, Fy, () = [F(82,(t, €),t,€)]2,. In order to
prove the theorem, we will use control optimality conditions for formulated previously
control problems.

It is evident that the coefficient Jy in (6) is the performance index in problem Py.

We will analyze the coefficient [;. In view of (34) with k = 1, we have

T r+0o 0
I :/o Fy(t) dt—i—/o HOOF(TQ)dT0+/7°O QooF (e9) dog

- / @ (1) W (@0 t) + T (8 R0 (1) + [Folt €)]1) b

+ / Hoow (7o) W (0)TTgw (7o) + Moot (7o)’ R (0)TTootu (o))
+H00w(ro) W(0)0(0) + Toou (1) R(0)(0)) d1o
+ [ (3 (Qulen) W(T) Qoo () + Qoo R(T) Qo)
+Q00W(Uo) W(T)@o(T) + Qoott(00)'R(T)io(T)) dog.
Transforming the following expression from J; with the help of control optimality

conditions for the problem Py (see (18)—(20) with j = 0), the integration by parts, and
also (12), (7) with j = 1, (8), (9) with j = 0 and j = 1, and (15), we have

/OT(Wl(t)'W(t)Wo(f) +i () R(t)(t)) dt + O+m(n00w(r0)’W(o)w0(0)

oot (9)'R(0)770 (0)) d1o + /0 (Qoow ()W (T)@0(T) + Qoo (c0)' R(T)iHo(T) ) dy
= [[ @y & 4 Ayg,0) + 10 BO Fow) a
/ (Moow ()’ (Ex ZO(O)+A(O)’$O(O))+Hogu(ro)’B(0)’¢0(O))dTO
/ (Quo(eo)(Ex f;m+A<T>’¢0<T>>+Qoou<oo>'B(T)'%<T>>dao
OO B + [ Folt) (~Er A () + A (1) + BOm (1)) i
+ [T F0) (A0 Tooto() + BOou(10) g
+ [ 0T (ACT) Quowoen) + B(T) Qooe(ow)) e

= Tloy(0) Ero(0) + / Folt) (252 (1) — ol o))
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e dH01w(T0)+E2dHoow(To)

+ 0(0)'(E4 pES i )dTo
+/ B(T on;zJ(Uo) +E2onsz;(Vo))dUO

= o ) E1fo0) + || Folt) (2 () — o))

—10(0)' (EqITpyw(0) + ExITogw(0)) + 1o (T)' E2Quow(0)
dwo

= Ful TV E2Qu(0) + [ T (B2 02 1) — [y (1,001t — Fo(0) Ex(a ~ T (0)).

Taking into account this relation and the previous expression for J;, and also drop-
ping terms, which are known after solving the problem Py, we see that the transformed
expression for [; is the sum ITyg] + QqoJ.

Assuming that the problems Py, ITpoP, Qoo P have been solved, we transform by similar
way the coefficient [, in (6). According to (34), ], has the form:

T__ +00 0
/0 Fa(t) dH‘/O HOIF(TO)dTO+/7m Qo1F(0o) dog
+00 -0
+/0 IoF (1) dmy + /700 Q10 (01) doy.

Write down the unknown terms in Iy (#)

Wo(t)' W(H)Wo(t) + T2 (t) R(H)1ho (t) + W1 () (1/2W( )1 () + Fuy (1)')
+11 (1) (1/2R(£)11 () + Fug (£)').

Transforming fOT (W, Wy + ,Rilp) dt with the help of optimality conditions (18),
(19) at j = 0, integrating by parts, (7) at j = 2, (20) at j = 0, and dropping known terms,
we obtain —(0)"(E1@2(0) + E®1(0)) + ,(T)' Egwy (T fo 1 Exdipy/dt + %(fwﬁl +
f lloﬁl )) dt.

The unknown expression in Iy F(1p) is

To0(70) "W (0) (@ (0) + Tloow (7o) ) + oot (7o) W(0)m1(0)
+1To11(70)'R(0) (#0(0) + IMor(1o)) + Toou(70) R(0)711(0).

The integral of this expression will be transformed using control optimality conditions
for problems Py and Iy P, Equations (7) atj = 1, (8) at j = 1,2, the formula of integration
by parts and Remark 1. Dropping known terms, we have —ITpyp(0)'((Eq + Ep)w(0) +
E2H01w(0)) — IIJO (0)’(E2H01w(0) + Eln[)zw(o)).

Similarly, we transform the third integral in J,, depending on an unknown expression

[ (Quioloo) W(T) @o(T) + Quoro(e0)) + Quuro) W(T ) (T)

+Qo114(0)'R(T) (o (T) + Qoott(00)) + Qoo (00)' Ro(T) w1 (T)) dorg
= Qoo (0)'((Ex + E2)w1(T) + E2Qu1w(0)) + 9 (T)’ E2Qo1w(0).

The unknown expression in I'TjgF (1) is

Iiow (1) W(0) (@0 (0) + Ioow(0)) + IMigu(1) ' R(0) (10 (0) + ITgou(0))
+1/2(H10ZU(T1),W(O)Hloa)(’ﬁ) + Hlou(Tl)/R(O)Hlou(Tl)).
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Transform the integral
/(:m(nmw(-(l)’w(o)(wo(o) + Hoow(0)) + Myou(71)"'R(0) (1 (0) + Ioou(0))) d7y

with the help of optimality conditions for problems Py, ITpP, (10) at j = 0,1,2, (12) and
integration by parts. Dropping known terms, we have —p,(0)’ (E1IT1ow(0) + ExIT13w(0) +
EsITjpw(0)) — Hooyp(0)' (E2lT11w(0) + E3ITyow(0)).

Transforming in a similar way the fifth integral in J,, depending on unknown terms,
we obtain

/ij(Qlow(Ul)/W(T)(Wo(T) + Qoow(0)) + Quout(e1)'R(T) (o (T) + Qoou(0))

+1/2(Quow(e1) W(T)Qiow(e) + Quou(e1) R(T) Quout(01))) doy
= 9o (T) (E2Q11w(0) + E3Q10w(0)) + Qoo (0)' (E2Q11w(0) + E3Q1ow(0))

172 [ (Quo(er) W) Quoolon) + Quote(or) R(T) Qugu(cr)) der.

Substituting the transformed relations into /5, taking into account the second equality
in (13), (14) atj = 2, (16) at j = 1, (17) and (23) at j = 0, and also Remark 1, and finally
dropping known terms, we obtain the theorem statement for the coefficient J;.

Introduce the notation

1
l9(f, S) — ﬁj,l(t,s) = A,‘ﬁ(t, 8) + Z(A]‘Hiﬁ("{i, 8) + A]-Qﬂ?(o,-, 8)), (35)
i=0
where Ajd(t,e) = O(te) — 0j_q(te) = &0;(t) + a(d), ATLd(,e) = TLd(t,€) —
-1y 8(t,€) = &1;0(n) + a(dt), A;Qid (05, €) = Qid (T €) — Qi(j—1)0(0i, €) = €/ Qy9
(07) +a(¢dt1),i = 0,1, a(¢/*1) is a sum of the expansion terms of order ¢/*! and higher.
Assuming that the problems Fj, HojP, QOjP and Hl(]-,l)P, Ql(j,l)P,j =0,n —1have
been solved, we will transform each term in the coefficient J,,, having the presentation (34)
with k = 2n.
Using the notation (35), we can see that the unknown terms in [F,,, (¢) are the following:

@i () (1/2W (£ () + [Fap(u_1) () In—1)
+i (1) (1/2R (1) (1) + [f4( (tfs)/]n—l)
,( ( )wn—l(t 8) + {EFw(n—l)(trs),}n—l)]Zn

+Au 1B (L €)
A1t (t,€) (R(Tn-1(t,€) + {eFuiu_1)(£6) Fa1)]an

Multiplying the Equations (18), (19) by ¢/, j = 0,k, and summing up the obtained
equations, we obtain the following relations

{R(t)iig(t, ) + sfu(k_l)(t,e)/}k = (B Pt ) + ef ) (£,0) Py (1) i,
DWOBr(E€) + P (6) b = {0 Py, G0

-1)
AR it s>+s? (e () P () i
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Substituting 9(t, ¢) from (35) with j = n + 1 into (2) and equating terms depending on
t, we obtain the equation

(0 (M) | T, 415, 1,0) + 100,

+B(t) (Wt €) + Ap17(t,€)) + sf(ﬁn (te) + Dur10(t,€), te).

(37)

We will use the next easily proved formula from [29], which is valid for any sufficiently
smooth vector functions a(t,¢), b(t, ¢) and a matrix D(t, ¢) of the corresponding size,

k= [{b(t,e)D(t €)a(t, )]k

—[{b(t, &)} D(t, ) {a(t,e) ey 1l k1€ IN, k> 1. (38)

Using (36) with k = n — 1, (37), (38) with | = n — 1, k = 2n, we can rewrite

/OT( [An+1w(t/ S)/(W(t)%nfl (t,g) + {‘S?w(nfl) (t, S)/}’n—l)]Zn
ATt ) (R(Tn—1(t,€) + {eFugu) () Fu1)]on) dt

in the following way

P O = s N M NS L PYO T

+B(t)An+lﬁ(t1 ‘5)1271 + [A,7+]W(t, ‘g)/{g?w(n—l) (t, s),in—] (t' ‘g) }n,1 ]2n

BT (1 €) {F 1) (£€) o (£,) a1 o) dt

= [((anrey e D)yt (10 (0B
‘m';(:'e)) — AW Bt €) — B()Tin(t,€) — ef (Fu(t,€) + Dus1B(t€), ,€))]an

+ Wn—l (tl g)l({gfw(n—]) (t/ E) }ﬂflAVH’lw(t/ S) + {gfu(n—l) (t/ S) }T’l*lAVH’lH(t/ S) )]2”) dt.
Integrating by parts in the first term of the last expression, taking into account the
equality A,H_l@(t,f) = £y 0(t,€) — "0, (t), decomposing f (0 (t, €) + Ay 10(t ), L €) in the
neighborhood of 9,_1(t€), and omitting known terms, we obtain

(A 1@(t €)' E(€) Py, 1 (t,)]anld + (B, () EaWn(t) + 9, o (t) Eswn(£))[]

T dﬁ di ~ = —
[ @B~ B [ (4 eF gty () b€ + 1800,

@1 (46 (F gy (€ b1 Dsa®(t ) + {eF 1) (b €) b1 Bnsaii(t €))an)
- [Anw(t,e)’(%El + By +€E3) 9, 1 (t,€)]an_1ld

T di dﬁ = ~
— [ @iy et B e, )

[T () (Fn1) () By (8 0)]) .

Taking into account the last relation, omitting known terms, we obtain the following
expression for the first term of J5,:

T_ ~ _
/0 Fo, () dt = [AqT(t, 8)'(%51 + B2+ ¢E3), 1 (t,€))an-1lg +Tn
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~@n(T)"E1(Qon—1)¥(0) + Qu(n—2)¥(0))-
The next step is the transformation of the unknown parts of Ily,,_1)F(70), which,
after substituting (35) and some transformations, is given below
[AaTTow (T, e) ((W(eT0) -1 (e70,€) hnt + {eF 1) (€70,€) Y 1)lan 1
+[ATTon(v0, €)' ({R(e70) 1 (70,€) ot + {eFun1)(€70,€) Y1)
+[(DnT(e10, €) + AnTTow(T, €)' ({W (e70) (1) W (T0, €) b1
+{£ﬁ0<n,1)Fw(TO, &) u1)]2no1 + [(Anti(eo, €)
+AnTTou(to,€)) ({R(e70) g (1) 24(To, ) Y1 + {ello(n—1) Fu(T0,€) }u-1)]2n-1-

Substituting 9(,¢) from (35) into (2) and considering terms depending on 1y, we
obtain the equation

1 dﬁo(n—l)w(TOIE) AN, Tyw(To, €)
(EE1+E2+€E3)( a1 i1 )
= Aleto) (Tg(u—1)w (10, €) + BuTTow(1o, €)) + B(eTo) (TTg(u—1)u(T0,€) (39)

+AuTTou(To,€)) + e(f (0,1 (et0,€) + ﬁO(n—l)ﬂ(TOI €)

+A,0(e1p, €) + AuITo0(10,€), €10, €) — f(0y—1(€T0,€) + An(eTp, €), €T, €))-

Using (36) with k = n — 1, (39) and (38), we transform the following expression:

7 Tt € (W €)1 0001 + (Pt (670,€) Yo 1) an
+[AnTTou (1o, €)' ({R(e70) -1 (eT0,€) }n1 + {sfu(n—l) (e10,€)"}u-1)]20-1) dT0.

Omitting known terms, we have

teo ’ dinfl s
| (aTowo (0,0 (€(0) ™27 (e, €)1 + {Aler) B, (60,00

{1 (€70, 8) By (£70,€) bt an1 + [AnTTou (7o, €)' ({B(70) By 1 (£70,€) by

= ~ +oo dy
+{szl(n71)(STOfE)IIPn—l(STUfS)}nfl)bnfl)dTO:/O (HOnw’El%(O)

1 dp
+[AnH0w(T0,€)/{(EE1 + Ez +¢E3) 4;; 2 (e70,) }n—2lon—2
~ 1 dA, ITgw
[Py (€T0,€)/(5151 + E; + ¢E3) ZTOO (10,8)]20-1

[P (€70, 2) (Tl fo (T0,€) ArB(eT0,€) + efo (81 (70, €)
+ﬁ0(n71)l9(T0/ E)/ €70, g)AWHOl?(TOI 8))]21171 + [iﬂ*l (ST(), 8),(8?20(14—1) (‘C'TOI S)AHHOW(TO/ E)
+ef u(n-1) (€0, €) Bnllou(t0, €))]2n-1) d0.

From here, applying the formula of integrating by parts and Remark 1, omitting
known terms, we obtain

1 ~
{AnHOw(O,s)’(gEl + Ez + 8E3)1/J’171 (O, 8)}2,1_1

- /O“O([inq (70, €)' (elTg(n—1) fo (AnDB (T, &) + AuTTg8(To, €))]20—1) dT0.
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Multiplying the Equations (21), (22) by ¢, j = 0,k, and summing up the obtained
equations, we obtain the equalities

{R(eto) Mgk b + {elloge—1) Fu(T0,8) 1
= {B(ew)' (¢E1 + Ep + E3)Tloxp i + {ellou 1) fu(10,€)/ ¥y (eT0,€) 1

+efu(@ (et e) + o1y 8(10,€), €70, €)' (¢E1 + Ez + E3) 1) ¥},
AT (40)
{W(eo)Tlogw ¢ + {elTog—1)Fo(to,€) b = {(E1 + Ex + eE3) — i e

+{A(em0)"(€E1 + Ea + Es) o b + {elo1) fuo(70,€) Py (e70,€) i
+{efw(Or_1(eT0,€) + ﬁo(k,l)l‘)(’ro,s),sTo,s)’(sEl +E+ E3)ﬁ0(k71)1/1}k.

We transform

7 ateno o) + Ao, ) (W) Togu1y(10,€) b
+{5ﬁ0(n71)Fw(T0/ &) Yne1)lon—1 + [(Anii(eT0, €)
+AaTTou(1o,€)) ({R(e70) g (1) 14(T0,€) Y1 + {ellg(n—1) Fu(T0,€) }u-1)]2n-1) dT0-

Using (40) and (38), as a result, we obtain
e _ ; My, 1)
(@l ) + AT, €) {(Ex + B2 + B5) —=2%) il
+[1:[0(n,1>1p/(sE] + Ep + E3) (A(ey) Aww(eto, €) + B(eto) Anti(e70,€))]2n—1
+[Mg(u—1)¥' (¢E1 + Ez + E3) (A(e10) AnTlow(To, €) + B(eT0) AnTTowt (T, €))]2n—1
+ (1 (e70,) ({eTlogn 1) fao(T0, ) b1 (Bn(eT0,€) + AuTlow (7o, )
+{5ﬁ0 n—1)fu(70,€) fn1(Bnii(eTo, €) + Anllou(70,€)))]20—1
+ o) (eEr + E2 + Es)({efuw(@n1(eT0,€) + o(u—1)%, €70,€) }n—1(DnT(eT0, €)
+AuTTgw(T0,€)) + {efu(By-1(eT0, ) + Hon-1)8,€70,€) }n1 (AnTi(eT0, €)
+A8nTTou (7o, €)))]2n-1) d 0.

In view of (37) and (39), we obtain from the last expression, omitting known terms,
the following:

o dlly,_ ,
/0+ ([(Anw(eTo, € )+AnHow(ro,s))/{(E1+Ez+sEs)%¢(Tm}H]zﬁ

dw,_1 (e, €)

+ou-1)$(10,€)' (eBr + Ea + Es) ((Ex +eEa + €2 Es) (—— -

W) — A(ew)n_1(eT0,€) — B(eto)iin_1(eT0,€)

—{F 1) (€70,€) b1 808(eT0,€)) a1

dﬁO(nfl)w(TO/ 8) dAnH()w(To, S)
dTo dTO

*A(STO)ﬁo(n—l)w(TO/S) - B(ETO)ﬁo(n—l)”(TO/E) - {Sﬁo(n—l)fﬁ(TO/E)}n—lAnE(sTOIE)
—{efo(On1(e70,€) + Tg(—1)8(T0, €), €70, €) 1 8nTT08(T0, €) ) J2n—1
1 (e70,8) ({eTTgu—1) fo (10, €) b1 (BT (70, €) + AuTTow (T, €))

[Pl (50, €) (6Es + Ea + E) (L Ex + Ea + €E3)( )
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AH{elTo(u_1) fu(T0,€) bn1 (Buti(eTo, €) + AuTTout(10,€))) J2n—1
g1y (T0,€ ) (¢E1 + Ea + E3) ({efu (Buo1(e10, )
+ﬁo(n71)l9(T0/5)/€T0/€)}n71(AnW(ST0/£)+AnH0w(T0/€))+{€fu( n-1(e70, €)
+Tg(-1)8(10,€), €70, €) b1 (AnTi(eT0, €) + AaTTouu(T0, €)))]20-1) dT0.

Integrating by parts in the last expression and dropping known terms, we obtain

—[(Ax(0, ) + AuTTow(0,)) (Ey + Ep + €E3) g (1) (0, ) ]20—1
oo

o (1 (e70, €)' {eTTg (1) fo (10, €) }—1(BnB (€0, €) + AuTTo8(T0, €))]2n 1 d 0.

Summing up the results, obtained from the transformed terms of the integral
fo My(2n—1)F d1o, after dropping known terms, we have

—[AnITow(0, €)' ( Ey + Ex +€E3)$,_1(0,€)]n1
—[(Aw(0,¢) + Annow(O/S)) (E1+ Ea + €E3) T, 1)1 (0, €)]2n1.

Performing similar transformations for [ Ew Qo(21—1)F doy, we obtain the following
result:

(80 Qo0(0,) (- By + Ea + €E3), (T, €)lan
+[(Aw(T, €) + A Qow (0, €)' (Ex + Ez + eE3) Qo 1) ¥ (0, €)J2n1.

Furthermore, we apply the analogous transformations for the forth term of J»,. The
integral over the interval [0, +00) of unknown terms of I1; (5, 5 F(71) is presented as the
sum

4 +oc0
Yosit [ Mhpyom) (WER (11,01 + Foo2) (71,0 )-2)
i=1

T o1y (7) (R0 )in-1 (271, €) a1 + [Fun_a) (€11,) In-2)) dy
+ [, n,nw(m’([W(én)ﬁom,nw(en,s>1n,1 + [Py Folen, ))2)
ATy qy (1) ([R(E 7)o (1) (671, €)1n -1 + [Togu—2) Fu(et1,€) |n—2)) d1a
+ +°°<nl<,.,1>w<n)’(1/zvv<0)nl<nfl>w<m + V() 2y0(T, Ol
+ [0 (1—2) Fo(11,€)'Tn-2) + Ty gy (1)’ (1/2R(0) Ty g (1)
+[R(E )Ty (o) u(11, €)1 + [y u_n) Fu(m1,€)']a—2)) dy,

where the expressions for s;, i = 1,4, will be written later when they will be transformed.
Substituting 9(¢,¢) from (35) into (2) and considering terms depending on j, we
obtain the equation

dﬁl(n—nw(fllﬁ) " dAnl'Ilw(Tl,e))
d'L’l dT]
= A1) (M u_yw(n,€) + Mdliw(,€)) + B(eP) (T (_1yu(Ti, €)
+AuTTyu(t €)) + e(f (Baot (11 e ) + To(u_1)8(eT1, ) + Ty 1) 8(T1, €)
+A0(2Ty,€) + ApTTgd(eTy, €) + AT 0(1y, €), €271, )
—f(B,_1(P1y,€) + ﬁo(n,l)ﬂ(srl, €) + AuO(21, €) + Anllg0(eTy, €), €271, €) ).

1 1
(8751 + Bt E3)(

(42)
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Using (36) with k = n — 2 and t = €217 in the expression

§1 = / ([ATTw (T, ) ({W (211 )02 (271, €) b + {EF w(n— 2)(521'1, Y 2)]an—2
+[AThu(n, e) ({R(€2T1)itn2(*T1,€) }n2 + {Efum—z) (&11,€)' }n-2))2n—2) dui,

we obtain

+oo d
/0 ([AnTTyw(Ty, €)' (Ey + €Es + €2E3) wdt 2 (%11, €))]2n—2
A (t, ) (A1) $,_p(E211,8) bz + {efw(”72>(szr1, ) P2 (271,8) bu2)lan -2
+[A»IH1M(T1/S)'({B(Szﬁ)’infz(éﬁ/S)}nfz+ {Sil(y,fz)(ﬁzﬁrg) P2 (271,€) }u2)|2n—2) dTi.

Then, applying (38) with k = 2n — 2,1 = n — 2, and (42), we have

./OM([A71H1W(T1,€)'(E1 +eEy + €2E3)%(£2T1,€)]2n,2
[z/:n L1, e) (A(*T) AT Tyw(Ty, €) + B(e2Ty ) ATl u(Ty, €))2n—2
+[@n72(s T,¢) (8fw (n-2) (211, ) AT (Ty, € )+sfu (n-2) (€211, ) AnTTu(Ty, €)))2n—2) dTy

tee 2 lnbn 2
7/ [A le T, € ) (E1 +¢eEy +¢€ E3) T (8 71/5)1211—2

dHl(n—l) w(t,e)  dATTw(T,e)
+ )
dT] dT]
—A(E )T _yyw(n,€) = BE ) _1yu(ti,€) — e(f(Ea1(en1,€) + o) B(eT, )
+ﬁ1 n-1)0(T1,€) + And 8(e?1y, ¢ )+A oo (e1y, €) + AnTT10(11, €), €211, €)

2@ (Fr+ B+ Ea)

f(l?,, 181y, e )+H0 (n=1) O(eTy, €) + A O(e2Ty, € )+A,,Hoz?(erl,e),ezfl,e)))]Zn_z
+[, (8T8 gfl9<nfz)(E 71, €) Al 118(7, €)]2n—2) dTi.

Integrating by parts in the last relation, using Remark 1, dropping known terms, we
obtain

1 1 ~
—[AnITw(0, s)’(—zEl + EEZ +E3)9,_5(0,€)]2n—2

1 dlly(,_yyw (T, €)

+
[T o) (B + Bt E) O

{1}
+[in72(€2711 )8f19n 2) (211, €) AnT 11 8(T, ) 202
— [P (271, 8) (el ) fo (71, 8) (AnB(2T1, €) + A TToB(eTy, €))
(ft?n 2 (&1, €) + Tl _a) fo(eTr, €) +T11(, ) fa(T1, €) )™ Ty 1) 8(71) 43)
{1} {2}
tefo(@aa(Pn, &) + T2y B(eTr, €) + Ty (08, 211, €) AuT 11 8(1, €)) |20 2
— Iy nyw(n) [A(E2T) §, (€71,
{1}
— Ty t(1) [B(E211) B, (E271,€)]u1) dTa.
{1}
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Consider together the first integral in (41) and some terms with Iy, _1)9(7, ¢) in the
transformed last expression for s;, marked by {1}, namely, the expression of the form

/O+Oo(Hl(n—l)w(Tl)l([W(EZTl)%n—l(8271/ Jn1+ [fu(n72) (&11,€)']u2
(AT Py 2T, ]n1 — Faopn) (70, By _o(271,)]u2)
T oy (1) (R0t 1 (70,1 + [Fugra) (271,€) T2
~[BET) Py 211,61 — Fugr 2718 Py 2(E70,6)u2)

dH1(n_d1le(T1, ¢ Jon—2) dTy.

~ 1 1
+[zpn72(82T1,s)’(£—2E1 + EEZ + E3)

Transforming this expression with the help of (36) with k = n — 1 and (10) at j
n —1,n,n + 1 and omitting some known terms, we have

too ~ d:
AU @9+ B2 o) 4 1y Toos 2,

dt
_ drt w(1y) dTly,w(T a1y —qyw(m)
5, (0)(Ex 1<n;;i v E 12r1( 1) (U Hw

~ 1 1 ATy, (T, €)
+[l/’n72(€2T1,€)'(;2E1 + Bt Es)%)]mz) dry.

n—1

d T

From here, using Remark 1, integrating by parts and omitting known terms, we obtain

~1,,-1(0) (EalTy (y1yw(0) + Eoll1,,w(0) + EsITy(,_1)w(0))

Further changes concern the expression

527/ ([Aallw (T, &) ({W(E27) Ty w(eTt, €) b2

+{SHOn z)Fw €t1,€) fn-2)]an—2 + [BnlTu(Ty, € )({R(S T, € )Ho(n 2)U (et1,€) n—2
+{£HO(W,2)FM(STl,S)}n,z)]zn,z) dTl.

It will be transformed using (40) with k = n — 2 and (38) in the following way

o0 ATy, Ty, €
/ ([Annlw(n,e)’(El +Ez+€E3)%(l)]zn,z
0 T0
[HO(H 2)1[)(€T1,S),(8E1 + Ez -+ E3)(A(82T])A,1H1H)(T1, ) + B(Sle)A Hlu(’rl, ))}271 2

[AnTTyw(Ty, €)' ({ellg (o) fu(eTr, € &) Py _o(E271,€) bu2
+{efu(Baa(T,e ) + Tg(u_2)8(eT1,€), €271, €)' (eE1 + Ep + E3) Ty, 2)#’(”1/ ) tn—2)]on—2
+ATTu(ty, €) (o) fulens, &) Py (71, bn2 + {efu(Ba_a(e?T1,€)
+Tg(u—2)0(eT1, €), €71, €)' (eE1 + Ea + E3) Mooy (e71,€) }u2)]on—2) dT1

From here, using (42) and omitting some known terms, we have

oo ATy, oy (eTy, €) -
/0 ([Anle(Tl,s)’(El + Ey + 8E3)%]2n,2 + [Ho(n_2)¢(€T],€)/(£E1

1 1 dlly,_ w(t,e)  dATw(T, e
+E2+E3)((£7El+gEz+E3)( 1 ;il + (.9)

d T )
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—A(&21) Ty (u_yyw(T1, €) — B(2T) Ty 1y u(T1, €) — elly o) fo (T2, €) (" Bu1 (P71, )
+¢" 'y (1) 8(eT1, €) + AnB(e2T1, €) + AnTToB (eTy, €)) — efo(Fn_a(ET€)
g0y B (71, €) + Ty 0y B (71, €), €271, €) bn2) (6" Ty (1) B(T21)

+ A1 8(71,€))) 22 + [AuTTy0(71, €)' ({ello o) fur(eT, €) o (€271, €) bz
+Hefo(@na(Pn,e) + o(u_0)0(eT1, €), €271, €) (€E1 + Ex + E3) o) $(eT1,€) }u2)]2n 2
AT u(ty, €)' ({ellg(n) fu(eT1, &) P, (€271,€) buz + {efi (Bn_2(11,€)
10y, _2) 8 (eT1, €), €211, €)' (€E1 + Eo + E3)Tlg(y_0)(eT1,€) bn—2)]on—2) dT1.

Integrating by parts the first term in the last expression and dropping known terms, we
obtain

~ 1 1
_[Ho(nfz)lp(OrS)I(EEl + 2B+ E3) ATl w(0,€) 22

+oo 1 1 drly,, w(t, )
+ / ([Ho(n—z)w(ETl,s)'(gEl +oE+ ES)%]anz

{2}
f[ﬁo(n,z)lp(e‘q,e)’(eEl +Er + E3)(€ﬁ1<n,2)f,9(1'1,e)(A,ﬂ(szrl,s) + AuTTpd(eTy, €))
+e(ITy(_) folT1,€) + f&(gnfz(gzﬁlg) + o0y 8(eTy, €), €211, €) )" T, _1)8(1)
{2}
+efo(Bua(Ti,e) + o) 8(eT1, €) + Ty 0y 8(11, ), €271, €) ATl 8(11, ) ) 202
— Ty _1yw (1) [A(e211) (¢Ey + Ep + E3) Ty (o) (€71, €)] 1
{2}
— Ty, 1yu(11)'[B(e?11)' (¢Ey + Ez + E3)g (o) (€71, €)1
{2}
+[AT8(11, €) ({el (o) foleTn €)' G2 (E71,€) bz + {efs (Bua(ET1€)
+Tg(y—2)8(eT1, €), €71, 8)' (¢E1 + Ea + Ea) g0y ¥ (671, €) }i2)]2n2) dTa.

(44)

Consider together the second integral in (41) and some terms with IT;(,_1)8(7i, )
from (43) and (44), marked by {2}, namely the expression of the form

400 _ .
| 0 eym) (W) Ty ywen, o) + Mooz Foen €) -z
—[A(€11) (¢E1 + E + E3)Tg(_o) (€71, €)] 1 — [Sﬁo(nfz)fw(ﬁflf8)'%72(8271/8)]»171
~[efo(@ua(STi,€) + o2 8(eT1,€), €11, 8)' (eE1 + Ea + E3)lg, o) (€71, €)]n-1)
T (1) (1) ([R(270) g 1y (€71, €) |n—1 + [To—o)Fu(eT1, €)' Ju—z
—[B(&11)' (¢Ey + Ea + E3) g2y 9 (e71,€)]n-1 — [ellg(n_o) fuleTs, &) ¥, o(2T1,8)]u1
—[efu(@ua(P, &) + Hy(u_p)8(eT1, €), %11, €)' (¢E1 + Eg + E3) g (o) (€71, ) ]—1)

AL 1y (T, )

i lon—2)d7.

~ 1 1
+[H0(n—2)lp(£T1rS)/(gEl + B+ Es)
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We will transform this expression with the help of (40) with k = n — 1 and (10) with
j = n —1,n. Omitting known terms, we obtain

oo~ 1 1 dﬁl(nfl)w(Tl/S)
/0 ([HO(W—Z)‘l’(STl/S)I(EEl + gEz + ES)T

ATy 110
0(n-1)
i (ety,€) + E3

1Ty, w(T) ATy, _yw(T1)
+ E3
dT] dTl

l2n—2

11y —1yw(71)"[(Eq + E2)

ATy (o)W
%{)2)(51‘1,8)%71

+y (1) §(0)' (E2 )) dty.

Integrating by parts, using Remark 1 and omitting known terms, we have
—y (1) §(0)' (E2T1,w(0) + E3lTy,_1)w(0)).

Multiplying Equations (24), (25) by ¢/, j = 0,n — 2 and summing up the obtained
results, we obtain the equalities
{R(ngl)ﬁl(n—Z)“(Tll V-2 + {‘“-Hl (n-3)Fu(Ti, e ) }n—2
= {B(®1y)"(2E1 + ¢ + E3)H1(n 2Y(11,8) bn2
+{elly 3 fu(T1,€) Py s (€2T1,€) bz
+{el () ful(T1,8)' (eEr + Ez + E3)Tlg(_3)P(eT1,€) o2
Hefu(Bus(E e &) + g3 8(en, €) + Tl _3)8(1, €), €11,8) (€ Fy
+8E2+E3)ﬁ1< (T1,€) b2,

(45)

ATl o) (11, €)

{W(&t)TT ()@ (T1,€) Y2 + {elly(y_3) Fo(Tr,€) }u2 = i

+{A(¢?1) (E1 + €E2 + E3)TLy (o) (11, €) a2
+{£ﬁl(n73)fw(rll )l/’n 3(811,8) ta2 (46)
+{€ﬁ1 n—3)fu(T1,€) (€E1 + Ez + E3)y (3¢ (71, €) b2
+{efo(Bn_s(1y, ¢ )+1'I0(n 3)0(eTy, €) +ﬁl(n,g,)ﬂ(rl,s),szrl,s)’(ezEl
+eEs + E3)TTy _3)9(T1,€) a2

We will transform the expression

5= [ (@l 0 + BuTlow(en, ) (W) 2yl )2
+{elly(y_2)Fu(T1,€) bn2)]2n—2 + [(Anﬁ(ﬁzﬁr&)
+0aTTou(ety, €)) ({R(270) Ty () 1t(T1,€) b2 + {elly o) Fu(T1,€) }u2)]2u—2) da.
Using (45), (46), (38) with k =2n — 2,1 = n — 2,(37), (39) and omitting known terms,

we have

Foo _ ATy oy (T1,€)
[ (@@, 0 + AuTgu(en, o 2P0y,
0 T
= 12 2 dﬁn—](gzﬁ,s)
H o)t e) (e°Er +eEa + Es) ((Ev +eEp + e°Es) (———
AN, (e, €

—&fg(n2)(ET1,€) (" 81 (P, €) + DuB(2T1,€))) 202

- A(sz’rl)%n,l(szrl,s) — B(szrl)ﬁn,l(szrl,g)
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dﬁO(n—l)w(ngfg)

~ 1
+[My o) (11 ) (€°E1 + B + E3)((ZE1+ Bz + ¢Es)( i

AN ITyw(eny, € ~ ~
+$) - A(Ele)Ho(n,l)w(STllﬁ) - B(Sle)HO(n—l)u(ngze)

—ellg(u) fo(eTi, €) (" 1 8u1 (11, €) + AuB(ePT1, €))
—Sfﬂ( w_o(e?1y, € )+H0<n 2)19(871,5),821'1,&)(e"ilﬂo(n,l)ﬂ(al,e) + Apllpd(ety, €)))]on—2
(BB (&1, €) + AaTToB(eni, €)' ({1 (2 fo(T1,€) Yo (€71, €) b2

+{elly(y_2) fo(T1,€) (eE1 + Ea + E3)Tlg(, o) (eT1,€) b2 + {efo(Bu_2(T1,¢)
+ﬁ0(n—2)0(£1——1r8) + ﬁl(nfz)ﬂ(ﬁ/ e),€11,¢) (€1 + ¢Ey
+E3)TTy ()9 (71,8) }u2)]2n2) 4T3

From here, applying the formula of integrating by parts, and omitting known terms,
we obtain the unknown part from s3

—[(A,(0,€) + A TTgw(0,€)) TT1 (5 $(0,€) |22

— /(:w([ﬁl(n,z)lp(ﬁ,e)’(ezEl +eEy + E3)(ei9 1172)(82T1,8)An§(82‘(1,8)
+elly(u2) fo(eT1, €) AnB(2T1, €)
+sf,9(§n,2(821'1,s) +F~I0(n_2>19(srl,s),s 11, €)AnlTod(eT1, €))]on—2
~[(AnB(11,€) + Aullgd(eT, €)' ({1 (o) fo(T1,€)/ Do (271, €) a2
{Snl(wz)f&(Tl,S)'(EEl + By + E3) o) (€71, €) }u2
Hefs(Ona(PT, &) + Tly(y_o) B (e, €)
+11y(, 0y 8(11,€), €271, €)' (2E + €E + E3)TLy(y0)9(11,€) bu—2)]2n—2) dT1.

Furthermore, applying the same algorithm, we will transform the expression

+oo ~ N
Sy = /0 ([AnThw(n, &) ({W(E )Ty _ayw(T1,€) a2 + {elly(y—2) Fo(T1,€) Fa2)]2n -2
AT u(n, €)' ({R(E0) T gy (71, €) bna + {elly -2y Fu(T1, €)' }u2)]20-2) dTa.

Using (45), (46), (38) with k = 2n — 2,1 = n — 2, (42) and omitting known terms, we
obtain

+oo dﬁ n— (Tlrg) ~ 1
(AnTTyo(a, e T2 T By (1, €)' (REs + €Ea + Es) (S Ex
0 dT] ( ) &

dﬁl(n—l)w('rlre) dA TTw(Ty, €) e
an in ) — Ale Tl)nl(n—l)w(’rllg)

fB(ezrl)ﬁl(n_l)u(Tl,s) fsﬁl(n_z)fly(rl, V(AO(e2Ty, €) + ApTTgB(eTy, €))
—efy (s, &) + Tg(y_2) B (11, €) + Ty ) (11, €), €711, ) (" Ty 1) B(11)
ORI 8(11,)))]an—2 + [ A1y 0(t1, €)' ({1 (4o fo(T1,€) $y o (271,€) b

+{elly(y_2) fo(T1,€)' (eE1 + Ep + E3)Tlg(,_oyp(eT1, &) Yo + {efo(Bua(eTi,€)
+I~To(n,2)19(srl,s) + ﬁl(n,z)l‘}(rl,s),ngl,g)/(s,zEl +¢eEp
+E3) Tl (y—2) (71, €) Yu—2)]2n—2) 4T3

1
+EE2 + E3)(
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Due to formula of integrating by parts, after omitting known terms, we obtain the
following;:

—[AThw(0,€) Tl () (0, €) 202
+ (T uenyw(r1)' (—[A(71) (€21 + €Ea + E3) Ty (o) (11, )]0
[€fw( n—2(6271,€) + Moy 8(emy, €) + Ty y_0) B(T1, 8), €271, €)' (€2Eq + €Ey
+53)H1(n-2)1/i(T1/8)] —1) = Iy _qyu(n1) ([B(€211) (€°Eq + €Ep + E3) Ty ) (71, €)1
~[efu(Ba_z(Ti,€) + o2y 8(en, €) + Ty 0y 8(11, ), €71, 8) (F
+eEa + E3) Ty (o) (71, 6)]1) — [Ty n2) (11, ) (€E1 + €Ea
+E3)(8ﬁ1 n—2)fo (T, €) (A 0(e%Ty, &) + AnTTpd(eTy, €))
+efs(On2(ET1, &) + (- 2)6(€T1/£)+H1(n72)19(1-1/ ), 71, 8) AnT 11 8(11, €)) |20 —2
AT 8(Ty,€) ({el Ty (o) fo(Ta,8) P a(E71,6) b2
+{5ﬁ1(n72)f0(T1/€)/(851 +E + ES)ﬁO(n72)lP(€T1/S)}n—2 + {Sfd(ﬂnfz(szﬁfs)
+I~To(n,2)19(sr1,s) + ﬁl(n,Z)ﬂ(Tl,s),ngl,&')/(szE] +¢Ep
FE3) 0y (T1,€) }2)]2n-2) dTa.

Summing up the obtained terms of transformed expressions and considering sepa-
rately four groups of terms, depending on A, ¢, A, 11y, A, 119, and without these variables,
we can write out the transformed forth term of J,, in the following form:

1 ~ _
—[Annlw(orﬁ)'(gEl + Ex +¢E3)p,, 1(0,€)]20—1 — Iy (;_1)w(0)'E3(¥,,_1(0)
+TTg(—1)$(0)) — [AaTTyw(0, €)' (Ey + Ez + €E3)g(_1)% (0, €) 201
—[(85(0, &) + AnTTow(0, €) + AuTTyw(0,€)) Ty () (0, €) |22 + Ty 1) -

Transforming the fifth term in [, in the same way, we write the final result as

[Aanw(OrE)/(%El + By +€E3)P, 1 (T,€)]2u1
+[AnQ1w(0,€)' (E1 + Ea + €E3) Qon—1)%(0, &) l2u—1
+H{(85®(T, &) + 82 Qo (0,€) + A, Q10 (0,)) Quu-2)¥(0, ) 2n-2 + Qiu-1))-
Substituting w(t, &) from (35) in (3), we obtain the relation

1
w] 1(0,¢) + Aw(0,€) + Z w(0,¢) + AjITw(0, €) @)

+Qi(]v,1)w(—T/£’+1 €) + Ajin(—T/£’+1,£)) =
Summing up (20) and the second relations in (23), (26), we obtain the equality
$;(T) + E1(Qo(j—1)¥(0) + Qu(j—2)¥(0))
+E2(Qoit(0) + Q1 j—1y¥(0)) + E3(Qoj¢(0) + Q1;4(0)) = 0

Multiplying this equation by ¢, j= 0,n —1, and summing up the obtained results,
we have

G 1(T) +E1(Qopu_2)$(0) + Q1 _3)%(0))

~ - - _ (48)
+E2(Qo(n—1)%(0) + Q1 (4—2)$(0)) + E3(Qo(u—1)9(0) + Qu(u—1y%(0)) =0
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Summing up the remaining parts of the transformed terms for J»,, applying (47), (48)
to the non-integrand terms, taking into account Remark 1 and omitting known terms, we
finally have J,, + Iy (4—1)] + Qi(n—1)], which proves Theorem 1 for Jo,.

In addition to the previous assumption on solvability of the problems P}, I1y;P, Qo;P
and ITy; )P, Qy;j-1)P, j = 0,n—1, we will assume that the problems Py, Iyu-1)P,
Q1(n—1)P have been solved.

Let us consider the coefficient J5,+1 having the form (34) with k = 2n 4 1.

We transform separately the terms of J5,1 using the previous algorithm for trans-
forming similar terms in J,. Summing up the obtained expressions for five terms and
dropping known terms, we obtain the sum of the performance indices Iy, ] + Qo /.

Thus, Theorem 1 is completely proved. [

5. Asymptotic Estimates

Suppose that the problems Fj, I1;;P, Q;jP,i=10,1,j = 0, 1, have been solved. We will
prove asymptotic estimates of the proximity between the asymptotic solution obtained
by the direct scheme method 8,(t,€) = Lo ¢/ (9;(t) + Yo ;0(%) + Qij(c;)) and the
exact solution of the problem P,.

We will use here the notation for asymptotics remainder terms

~ / ! "N ~ Y / AV
raw =w — Wy = (rpX, 10y, 102") 1t = 0 — 1y, 10 = 0 — 8, = (rpw’, ruu’),

e =@ — @n= (”ng//"nﬂlﬂ’ne,),r Xy = (? >, (49)
n

o gn 5 %n _ [ TuX _ ([ TnYy _ [ ™z
n= () 2= (5 ) = () o= () = (72)

In comparison with the notation in the previous section, we have, e.g., r,u = A, qu
and so on.
Since the matrix R(t) is positive definite, we obtain from (27) the following relation

u(t,e) = R(t)"IB(t) @ + eR(£) "L (fu(8,t,€) ¢ — Fu(8,t,¢)).

Taking into account this equality and substituting the expressions for 9(t, ), ¢(t, €)
from (49) into (2), (27) and (28), we obtain the equations for the remainders

(1) (1) 1) )
Tp = A(f)?’nx + B(i’)l’nY +C (t)rnz +g (ynﬂ, @, t,S), (50)
(2) 2) )
d;’f{ = AWB)rX+ B(t)r,Y + C (H)raZ + (?(rnﬂ, ru@, t,€), 1)
dr,Y ) ®3) (3) 3)
at = .A(t)?’nX"r B(t)rnY+ C (t)rnZ + g (rnﬁ,rnq), t,g), (52)
(4) (4) (4)
ezd;”tz = At)rn X+ B(t)raY + C (t)raZ + ?(rng, @, t€), (53)

where

W23 *Algz
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(A)7<ASI Sis )%)7(/132 Shs )%)7(1‘133 S33 )
Wis _A§3 ’ Wﬁ3 _Al23 ’ Wa3 _Aéa ’

Bt 1, 1,6) = R() B G +
+eR(8) " (ful B + b, £,6) (G + 1up) — Fu(Bn + a0, t6)),

() 2 - @ _ @ _
S (rn®, e, te) = A()Xn + B(t)Yn+ C (1) Zy

- @
—dX,/dt+¢eh (19;1 + 1,0, @n +rug,t, €),

3) () B ) U )
g (rd,rne, te) = A Xy + B(H)Y, + C (H)Zy

. ®G)
—edYy,/dt +eh (8p + 10, Pn +1ug, t,€),

@) @ W W
g (rnd, e, te) = A()Xn+ B(t)Yn + C (H)Zy
- 4) _
—2dZy, /dt +eh (O + 100, pr + 10, t,€),

@ _ () ~ .
h (8n + 108, ¢n +rne,t,e) = ((B (t)R(t)*l(fu(ﬁn + 120, t,€) (¢ + rng) — Fu(On

1 - a
+7r,0,t, 5)/) + f (19n + 1,0, t, S))lr (Fx(ﬂn +rad, tlg)/ - fx(ﬁn +r,0,t, S)/(an + i‘n(P))/)/,

@) - ) ~ -
h (lgn + 1,0, an + i’n(p,t,S) = (( B (t)R(t)il(fu(ﬁn + rnﬂ,t,g)/(fﬁn + rn(P) - Fu(ﬂn

2 _ ~ @)
+71,0, tls)/) + f (1911 + 1, tlg))// (Fy(ﬂn + 1,0, t, E)/ - fy (19;1 + 1, tzs)l(an + rn{”))/)//

(4) _ ®) ~ ~
h (lgn + 1,0, an + rn(P/t/S) = (( B (t)R(t)il(fu(ﬂn + rnﬂ,t,g)/(('ﬁn + Vn(P) - Fu(ﬂn
@) . - ®G)
+r,0,t, g)/) + f (19;1 + 1,0, t, S))', (Fz(l911 +ratt, 5)/ - fz(ﬂn + 1,0, t, E)/(an + rn?))/)/~

For brevity, the arguments ¢, ¢ are dropped in some of the last relations.
In view of the algorithm of asymptotics construction, namely Equalities (12)-(17)
and (33), we obtain the boundary conditions

raw(0,€) = —QOnw(—T/s,e) — anw(—T/ez,s),

" ~ ) (54)
ra@(T, €) = —Tlon@(T /e, €) — 1, (T /€%, ¢).
Using variables’ changes,
onw(t, €) = rpw(t,e) — raw(0,€), pup(t,€) = rn(t,e) — rae(T,e) (55)
and the notation p,v(t, €) = (rat/, paw’, pn¢’)’, system (50)—(54) can be written as
(1) (1) (1) 1)
ratt = A()pnX + B (t)pnY + C (H)pnZ + X (onv, t,€), (56)
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donX @ @ @) @)
Fr AB)pnX + B (t)pnY + C (H)pnZ + X (pnv, t,€), (57)
(3) (3) (3) 3
P A(onX + B (DpaY + C (pnZ + X (pwo, 1), (58)
doyz 4 (4) 4) (4)
2 Zt = A()puX + B(t)pnY + C (H)onZ + X (ouv, t,€), (59)
pnw(0,€) =0, pnp(T,€) =0, (60)

where
PnX ony onz
nX = ’ nY = ’ Z = ’
P (Pn§>p (an)p’” (M)
i)

X (onv,,e) = S (ruta(t,€), puto(t,) + 1a0(0,€), pugp(t,€) + ragp(T,€), b €) +
(i) rx(0,€) (i) ruy(0,€) () r12(0,€) .
““”( (T, ¢) ) 5 ‘”( ran (T, €) ) y Cm( rb(Tc) > =l

Taking into account the algorithm of the asymptotics construction and the form of the

functions ()l(), i = 1,4, we obtain two important properties, namely:
(1) for t € [0, T], 0 < ¢ < g, the following inequalities take place

i 3
||%)(0, te)| < cel, i=1,4, H(X)(O,t,e)H <c(e"t! et exp(—aet/ez)

+eexp(ee(t— T)/2)), [ R(0, 6)]| < (e + ¢ exp(—aet/e) (61)

+eexp(a(t — T)/e) + &' Lexp(—aet/e?) + " Lexp(a(t — T)/e?)),
where c and @ are positive constants independent of ¢, ¢,

(2) for any g > 0, there exist such constants § = 6(g) and ¢y = ¢o(q) that, for ||v; HC[O,T] <
5,i=1,20<e<¢g

i

(i) (i) .
X (v1,t,€) = X (v2,1,€)l|cpyy < qllor —v2llc s i = 1,4 (62)

4
It follows from the form of the matrix C (t) that the boundary value problem

z‘LZ _ @ _ I 7N _ _ (63)
&= C(Z Z=(2,2)', Z1(0) =0, Zo(T) =0,

)
is uniquely solvable [30]. Therefore, there exists a matrix Green function G (t,s, ¢) for this
problem.
(4)
For eigenvalues of the matrix C (t), we suppose the condition:
LAi(t) # Aj(t) fori # j, t € [0, T].
Then, in the matrix B = < B B >, consisting of eigenvectors of the matrix
By B
4)
C (t), the matrices B;;, i = 1,2, are nondegenerate. Hence, the condition 49 from ([28],

¢.125) is valid and therefore due to ([28], n. 9) for sufficiently small ¢ > 0 the matrix Green
(4)
function G (t,s, €) satisfies the inequality

@
G (t,5,€)|| < cexp(—zl|t —s|/€2), t,5 € [0, T). (64)
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Furthermore, we need the following three lemmas.

Lemma 1. If G(t,s) is a matrix Green function of the boundary value problem

dx

i A(t)x+ f(t),t € [0,T], Px(0) =0, (I —P)x(T) =0,

where the matrix A(t) is continuous with respect to t and invertible for all t € [0, T], and P is a
projector, then

aG(t,s)
ot

acéz's)A(s)_l, t#s.

= —A()

The proof of this lemma is given in [24]. It follows from the explicit form for the matrix
Green function

—V t 0 Y((I—P)V(T,0)(I—-P))~"(I-P)V(T,
{ V(t (t,0)((I — P)V(T,0)(I — P))~(I - P)

where V(t,s) = V(t)V(s)™, dV(t,s)/dt = A(t)V(t,s), V(s,s) = L

Lemma 2. The boundary value problem

g(o)‘% =A(H)w+S(t)g,
£(0) df W(t@ — A1),

£(0)w(0) =0, £(0)9(T) =0,
wherew = (¥,7,2), ¢ = (&,7,0), is uniquely solvable.

Proof. Multiply scalarly the first equation of the considered system by @ and the second
equation in this system by ¥. Adding the obtained results, we have d/dt(¢'£(0)w) =
9'S(t)p + W' W(t)w. Integrating this equality over the interval [0, T], in view of the bound-
ary values, we obtain fOT (¢'S(t)p + WW(t)w) dt = 0. Taking into account the positive
definiteness of S(t) and W(t), we obtain w(t) = ¢(t) = 0, i.e., the unique solvability is
proved. [

Lemma 3. If G is a contractive mapping in a Banach space X, xg = 0, xp = G(x¢ 1), k =1,2,...,
and ||x1|| < a, then ||xi|| < a/(1—q).

See the proof of this lemma in [24].

Theorem 2. Solution 9.(t,¢€) of problem P for sufficiently small ¢ > 0, t € [0, T], satisfy the
inequality B
18:(t,€) = Bu(t, &) < ce™!

Proof. The proof of this theorem is based on transforming systems (56)—(59) with boundary
values (60) to a system of integral equations, using estimates for matrix Green functions
and applying to the obtained system the principle of contractive mappings.

4
Using Green function G (t, s, ¢), we have from (59) the integral equation

1 T() 0)
78—2/ (t,s,€)( s)anJrB() )ds+g(pnl9ts) (66)
0
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#) @ (4)
where G (pnv,t,€) =1/ [ G(t,5,€) X (pnv, s, €) ds.
(4)
In view of (61), (62), and (64), the function G (p,9, ¢, €) satisfies the properties (2) and

(3) g (0,t,€) < cet1.
Furthermore, we will denote functions, appearmg under transformations of the problems

(56)—(60) with the properties (2) and (3), by g (8,t,¢), j = 1,4. Specific forms of these
functions are omitted since they are insignificant for the proof.
In transforming (66), we will use the formula following from (63) and Lemma 1

4) ,9 & @ ,® d @
G(t,s,e) = —¢ g(G(t,s,s)C(s) )+e G(t,s,s)%(C(s) ), t #s. (67)
We present the integral in (66), containing the first term on the right side in (67) as the

sum of integrals over the intervals [0, f] and [#, T| and integrate by parts. Taking into account
(4) (4) (4)

the jump of function G (t,s,¢) ats = t, i.e., the equality G (¢,t+0,e) — G(t,t —0,¢) =

— Iy, following from (65), and estimate (64), we obtain

@ @ @
pnZ(te) = = C () (A(DpuX(t ) + B (HpnY (t6))

@) @ <4> @ (68)
+G(£0,6)C(0)" (A(0)0nX(0,¢) + B(0)ouY(0,¢))

(4) (4> 4 (4) (4)
=G (t,T,e)C(T) " (A(T)puX(T,€) + B(T)puY(T,e)) + Q(anrtrs)-

3 )
Substitute (68) into (58). Introducing the notation A(t) = B(t) — C(t) C (£)"1 B (t),
we write the obtained equation in the following way:

&
=
=

dory _ @ @ @@
e = (A1) = C()C ()T AR)paX(te) + Alt)puY (te)
TN PR I @) (69)

C(H)(G(1,0,€)C(0) ' (A(0)onX(0,€) + B (0)onY(0,¢))

(4) (4) (4) (4) 3)
~G(t,T,e) C(T) " (A(T)puX(T,) + B(T)puY(T,€)) + G (put, Le).

Let us study the structure of the matrix A = A(t).
For brevity, we will sometimes omit the argument ¢. Due to our assumption, it follows

(4)
from [30] that the Hamiltonian matrix C (t) is invertible and its inverse has the form
4
(DD
D; -Dj
the non-negative definiteness of the matrices D, and Dy, it is proved that, in view of the
positive definiteness of S33 and W33, the matrices D, and Dj are also positive definite.

Aq(t) Aoft) .
A;(f) Az(t) ) Write out the

>, where D, and D3 are symmetric. Similarly to the proof in [30] of

Let the matrix A(t) have the block presentation <

explicit expressions for A;(t),i = 1,4:
A1 = Apy — Ap(D1 Az + DaWy3) — Sa3(D3 Az — D1Wg),
Ay = Sy — A23(D153_3 - D2A§3) - 523(D3Sf7_3 + DiAlB),
Az = Wy — Wo3(D1 Az + DaWy3) 4 A%y (D3Asz — D1Wa3),
Ay = —Apy — Was(D1Sy3 — DyAds) + Ay (D3Sh3 + D} Apg).
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Comparing A1 (t) with A4(#), it is not difficult to see that A4(t) = —A4(t)". It also
follows from the form of the matrices A,(t) and A3(t) that these matrices are symmetric.
Introducing for an arbitrary b € IR"2 the notation

b

by = Ayb, by = Sy3b, by = ( —(Djby + Dsbs) )
b

by = Aspb, bs = WﬁSb’ bs = ( 7(D1b4 + D2b5) >’

we obtain
V' Asb = bé( g/zz gzs >b3 + (D1by — Daby) ' Wa3(D1by — Daby)
23 33
401 (D2 — D;W33Dy — Dy S33D' )by + 201 (D2 W33 Dy — D1S33D3)by
+b5(D3 — D] W33D1 — D3S33D3)bs,
Wy Wos
Wy Was
+b:1(D3 — D3S533D3 — D1W33D1)b4 + 2b&(D3S33D1 — DiW33D2)b5
+b5(Dz — D1S33D} — D2Wa3D2)bs.

b//\3b = bé( >b6 + (D3b4 — Dib5),533(D3b4 — Dib5)

Taking into account the equalities

As3D1 + S33D3 = Iy, AzzDy — S33Dp =0,
WisDy — AbyD3 = 0, Wiz Dy + A4 D} = I,

we obtain that three last summands in the expressions for b’ Ayb and b’ Asb are equal to
zero.
In view of positive definiteness of matrices S(t) and W(t), the matrices ( S%Z 52 >,
Sy 53
S33, < x%z VSVZS ), W33 are positive definite too. Then, the positive definiteness of matri-
23 933
ces A (t) and Az(t) follows from the obtained forms for b’ A, (t)b and b’ Azb.
Thus, the matrix A(t) has the form < M) Aq(h) , >, where A, (t) and Az(t) are
As(t) —M(t)
positive definite.
We will suppose yet one condition
11. Eigenvalues of the matrix A(t) satisfy the condition I.
Then, the boundary value problem

s% =AY, Y=(Y],Y}), Y1(0) =0, Yo(T) =0 (70)

®)
has a unique solution and, for the corresponding matrix Green function G (t,s,¢), the
following inequality is valid

®3)
|G (ts,e)| < cexp(-a|t —s|/¢),t,s €[0,T]. (71)

3)
With the help of the Green function G (t,s,¢), using (64), (71), we obtain from (69)
the following

[

@) N BRCENC ©)
enY(te) = / G(t,s,e)(A(s)— C(s)C(s) " A(s))pnX(s,€)ds + G (on9, t,€). (72)
0
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The following formula follows from Lemma 1 and (70)

®3) 2 . ®3) d .
G(t,s,¢) = fsa—( G(t,s,e)A(s) ") +eG(t,s, s)%(A(s) ), t #s. (73)
Using this formula, we present the integral in (72), containing the first term from the

right side (73), as a sum of integrals over the intervals [0, ¢] and [f, T| and integrate by parts.
®)
In view of the jump of function G (t,s,¢€) ats = t and estimate (71), we have

(3) (3 (4)
oY (t,e) =~ (A = C - A( DouX(te)
+E00a0 (U0 - Co )(?:)< 0)14(0))p X0 74)
3) (3) (3) (4)
_@u a1 U - O EmAmnpx (e + & put e,

Taking into account (68), (74), we obtain from (57) the following equation:

WXL oot + (B - 0B )
«(@t,0.0980 (A0 - €0)¢ 0 T A0)px0,0
) ORI )

&1 anm 1 Adm - 1 Ao
2 @ @ @ (4)

¢ 6(E10,0¢ 01 (A 0px0,0 + B0 0,0)

) @ @ )
=G(tT,e)C(T) (A(T)puX (T£)+B() Y(T,¢))

(75)

(2)
+ X (on0,t,€) + g (ond, t,€),

@) @ @ @ @ - -
Q) = A(t) = C () C () A() — (B(H) = C(HC () B(B)A() T (A(H)
G @ @
—C(HC(H)TTAWD).

It follows from Lemma 2 that the boundary value problem

£(1)-on(1) s-oi-

(2)
is uniquely solvable. Hence, there exists the matrix Green function G (t,s) of the last
boundary value problem, which is bounded, i.e.,

=
E
C
C

@)
IG(t9)|l <c t,se€]0,T]. (76)

Due to (61), (62), (64), (71), and (76) from the expression of the solution p,X(t,¢€)
of Equation (75) with the boundary values from (60), written by the help of the matrix

() (3]
Green function G (t,s), it follows that p,X(t,€) = G (pn9,t,¢). Furthermore, from (74),

()
(68), and (56), and properties (1), (2), we successively obtain p,Y(t,e) = G (pn9,t,¢),
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(4) 1)
0nZ(t,€) = G (pnt,t,€), rau(t,e) = G (pnd,t,€). Thus, for determining p, &, we have in the
space of continuous functions with values in R” x R x IR" x IR" the equation

on® = G(ou®, t,€), (77)

where the function G for sufficiently small e > 0, t € [0, T satisfies properties (2), (3). If we
will take in condition (2) g < 1, then G is a contraction mapping in Cjy 77. According to the
contractive mappings principle, Equation (77) has a unique solution, and this solution can
be found by the method of successive approximations.

According to (3) and Lemma 3, all successive approximations are not more than ce
Hence, a solution of the Equation (77) will have the same estimate. Due to (49) and (55), it
proves the theorem statement. [J

n+1

Theorem 3. Under conditions of Theorem 2, for sufficiently small € > 0, the following inequality
for the performance index is valid

Je(iin) = Je(us) < ce*2.

Proof. Denoting by s a solution of the problem (2)—(3) at u = ii;;, we present the solution
of the problem P, in the form w, = 5+ éw, ux = 1, + Au, then dw satisfies the system

E(s)ds—:{} = A(t)0w + B(t)Au + e(f(ws, s, t,€) — f(wy — dw, usx — Au, t,€)),
Sw(0,¢) = 0.
In view of Theorem 2,
80| = [lrau| < ce"*. (78)

Using this estimate and the condition of stability of the matrices A3z and Ay —
A23A;31A32, we can prove the estimate

|6w(t,e)|| < ce™™. (79)

Introducing the notation A] = J¢(ii,,) — J¢(u+), we present it in the form

T
A] = /((5w’W(t)§w + AW'R(H)Au) dt
0

N =

T
+ / (—6w' W (t)ws — A R(H)us + e(F(@, iy, t,€) — F(ws, s, t,€)) dt.
0

Using control optimality condition (27), (28) for the problem (1)—(3), after integrating
by parts and taking into account the equation for dw and the boundary values dw(0, €),
¢(T,¢), we have

T T
/(Jw’W(t)éw  AWR(E)Au)dt + ¢ /(q)'(f(w*, s, b, €)
0 0
—f(ws — 6w, s — A, t,€) — fro(Ws, s, t,€)0W — fiy (W, s, t,€) A1t)
+F(ws — 6w, uy — Au, t,€) — F(wy, uy, t,€) + Fy(ws, uty, t,€)0w + Fy (ws, us, t,€)Au) dt.

A] =

N =

From here, in view of (78) and (79), we obtain the theorem assertion. [J

Denote by ii;, the i-th order approximation for an optimal control constructed by the
direct scheme method.
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Theorem 4. For sufficiently small € > 0, the following inequalities are valid

]S( (n— 1) ]E( (n—1) +e u*n)

. _ (80)
> Is(u*(n—l) + & (tan + Mot + Qontis)) = Je(thun), 12 1.

If an addition to iL,(,_y) is non-zero, then the corresponding inequality is strict.

Proof. The proof of this theorem is based on Theorem 1.

Asymptotic solution of the form (4) can be constructed for a solution of problem
(2), (3) at control u = iy, for each n. Moreover, the terms of these asymptotic solution
coincide with corresponding terms of asymptotic expansion of optimal trajectory to n-th
order inclusively.

Substitute expansions for i, (,_1)(t,€), iLin(t,€) and corresponding trajectories into
Je(u). After applying the expansion (6) and Theorem 1, we see that the first 21 coefficients
from (6) coincided and a difference between J, (i, (n—1)) and Je(iln) appears for the first
time in the coefficient J,,,.

Taking into account the equality i, = il (y_1) + €" (Hhun + Yo (Tt + Qintte)),
consider the expressions for the coefficients [5,,, [2,4+1 and Jo,42 separately.

If we omit the terms known after solving problems P], y;P, QoiP, j = 0,n—1,TL P,
Qi;P, j = 0,n — 2, we obtain from J, the sum of the performance indices J,, + Iy +
Qi(n—1yJ- For Je(isn), we have J,, = J,, (i) and, for Je(i,(,_1)), we have ], =, (O) Since
Uy is found from the problem of minimizing the functional J,,, we obtain the first inequality
in (80).

By a similar way, we obtain from the form J,;, 11 the sum Iy, ] + QoyJ. For J(ilsy), we
have Tlp,J = TlouJ(TToutts), Qou] = QonJ(Qonttx). For Je(il, (n—1) ), we have
Ion] = o, J(0), Qon] = QonJ(0). Since Ip,uy and Qo are found by means of minimiz-
ing the functionals I, ] and Qy, ], respectively, we obtain the second inequality in (80).

Analogously, the third inequality in (80) follows from the form J5;42.

The assertion concerning non-zero additions to iz, _1) follows from the unique solv-
ability of linear-quadratic control problems. [

Remark 3. From Theorems 3 and 4, it follows that the sequences {il,(,_1y}, {ly(4—1) + €"Win},
{i (n—1) + €" (Wen + Tontts + Qontts) } are minimizing.

6. Conclusions

In this paper, unlike the previous one [26], devoted to a similar problem, detailed
proofs of linear-quadratic optimal control problems forms, from which terms of asymptotic
solution of given nonlinear optimal control problem are found, are presented in Theorem 1.
Note that all problems for finding asymptotic terms are obtained in an explicit form. It is
very comfortable for research applying asymptotic methods for solving practical problems.

For the first time, asymptotic estimates of the proximity between the exact and asymp-
totic solutions are established for the control, state trajectory in Theorem 2 and for the
minimized functional in Theorem 3.

It should be noted that, in view of Theorem 4, values of the minimized functional with
a control, which is an asymptotic approximation to the optimal control u, respectively of
the form il (,, 1, iy (y—1) + € Usn, Uy (y_1) + €" (Wen + outts + Qonits ), sn, do not increase.
It follows from Theorem 3 that the corresponding sequences of the controls are minimizing.

In the future, it is useful to give a program realization of applying the direct scheme
method for problems of type (1)—~(3). The results obtained in the paper can be used for
constructing asymptotic solutions of practical optimal control problems with three-tempo
state variables and weak nonlinear perturbations in a linear state equation and a quadratic
performance index.

The advantage of applying a direct scheme method is the possibility to use standard
software packages for solving optimal control problems in order to find terms of asymptotic
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solution. As it is proved in this paper, for problems with three-tempo state variables, the
found sequence of approximations to the optimal control {i,, } is minimizing.
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Abstract: The aim of the research is to develop the regularization method. By Lomov’s regularization
method, we constructed a uniform asymptotic solution of the singularly perturbed Cauchy problem
for a parabolic equation in the case of violation of stability conditions of the limit-operator spectrum.
The problem with a “simple” turning point is considered in the case, when the eigenvalue vanishes
at t = 0 and has the form t"/"a(t). The asymptotic convergence of the regularized series is proved.

Keywords: singularly perturbed Cauchy problem; parabolic equation; asymptotic solution;
rational “simple” turning point

1. Introduction

Singularly perturbed problems with an unstable spectrum of the limit operator for ordinary partial
differential equations and partial differential equations have been studied by many authors [1-8].
The most difficult of them are problems with point instability, namely turning points.

For the first time, these problems arose, in particular, in quantum mechanics. One of the first
methods of solution was the WKB method, a method of semiclassical calculation, which was developed
in 1926 by G. Wentzel, H.A. Kramers, and L. Brillouin. At the same time, H. Jeffreys generalized the
method of approximate solution of linear differential equations of the second order, including the
solution of the Schrodinger equation. Methods for solving problems with spectral features were and are
being developed by: the school of V.P. Maslov, the school of A.B. Vasilieva - V.F. Butuzov —N.N. Nefedov,
and the school of S.A. Lomov, among others.

The regularization method defines three groups of turning points.

1. “Simple” turning point: The eigenvalues of the limit operator are isolated from each other,
and one eigenvalue at separate points of ¢ vanishes.

2. “Weak” turning point: At least one pair of eigenvalues intersect at separate points of ¢, but the
limit operator preserves the diagonal structure up to the intersection points. The eigenvector basis
remains smooth in t.

3. “Strong” turning point: At least one pair of eigenvalues intersect at separate points of ¢, but the
limit operator changes the diagonal structure to Jordan at the intersection points. The basis at the
intersection points loses its smoothness in ¢.

Classic turning points are of the third type. A feature of the problem with a “simple” turning
point presented in the article is the pointwise irreversibility of the limit operator /™.

In the present paper, using the Lomov’s regularization method [1], a regularized asymptotic
solution of the singularly perturbed Cauchy problem on the entire segment [0, T] for a parabolic
equation is constructed in the presence of a “simple” rational turning point of the limit operator.

The point ¢ = 0 for the singularly perturbed Cauchy problem is singular in the sense that the
classical existence theorems for the solution of the Cauchy problem do not hold at this point. Therefore,
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in the solution of singularly perturbed problems, essentially special singularities arise that describe the
irregular dependence of the solution on ¢ [9].

One of the advantages of the regularization method is that it makes it possible to construct a
global asymptotic solution over the entire domain of integration, and, under certain conditions on the
coefficients of the equation, it gives an exact solution.

The fractional turning point of order 1/2 for an ordinary differential equation of the first order
was considered by the method of boundary functions by [6].

In this article, we continue on the “simple” rational turning point work carried out in [10,11].

2. Formulation of the Problem and Construction of an Asymptotic Solution

Consider the Cauchy problem

u(x,0) = f(x), —o0<x < oo,

M

where 1 = u(x,t,¢) is a function depending on variables x and t and real parameters ¢, ¢ > 0 and
e << L
Let the following conditions be satisfied:

(1) h(x,t) € C®°(R x [0,T]), the function h(x, t) and all its derivatives are bounded
on {R x [0,T]};

2) k(x) € C*(R), k(x) >ko>0;

2)

2
(3) f(x) € C®°(R), the function f(x) and all its derivatives are bounded to R; @
(4) a(t) e C*([0,T]), a(t) > 0;and
(5) mneN, p=m+n—1, m/n=risa fractional number.

These conditions ensure the existence and uniqueness of the bounded solution and the possibility
of constructing the asymptotic series of the problem (1) [12].

Singularly perturbed problems arise when the domain of definition of the initial operator
depending on € at ¢ # 0 does not coincide with the domain of definition of the limit operator at
e=0.

Under the stability condition for the spectrum of the limiting operator, essentially singular

¢
singularities are described using exponentials of the form e?()/¢, ¢;(t) = [Ai(s)ds, i = 1,1,
0

where A;(t) are the eigenvalues of the limit operator and ¢;(t) are smooth (in general, complex)
functions of a real variable .

If the stability conditions for the limit operator are violated for at least one point of the spectrum
of the limit operator, then new singularities arise in the solution of the inhomogeneous equation.
When studying problems with a “simple” turning point, we are faced with a problem when the range
of values of the original operator does not coincide with the range of values of the limit operator.

Special singularities of the problem (1) have the form:

t t
e?ilt)/e, o(t) = /sm/”a(s)ds, o; = e 00/e /e"’(s>/£s("+1’”)/”d5, i=0(p—1).
0 0
We look for a solution u(x, t, €) in the form [1,9]:
p—1

u(x,t,e) = e ?O/EX(x, t¢) + Y Zi(x,t,e)0; + W(x, te). (3)
i=0
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We denote differentiation with respect to t by “ - ” and differentiation with respect to x by “’ " or
%. Substituting (3) into (1) we get the equation

€

p—1
e et)/ex 4 Z (t(”l*")/"Zi-&-(riZ’i) W
i=0

9 ax\ 1o azZ! 9 oW
_ 2| —et)/e O 92 9 94 .9 o _m/n
€ |:e pp (k(x) 8x> + ,':z o (k(x) E > o+ p (k(x) B >} " a ()W + h(x, t).

By identifying the coefficients in the linear combination of et/ ¢, 07 and 1, we obtain the system

. d 0X
X= €5y (k(x)g> ,

" o) 9zZ! e
VA =t <k(x)¥>, i=0,(p—1),

(4)
, 9 oW =l ,
m/n _ 29 oy (i+1—n)/n i
" a ()W eW + ¢ gy (k(x) Y > € i;()t Z'+ h(x,t),
X(x,0) + W(x,0) = f(x).
We look for a solution (4) in the form of power series in &:
X(x,t ) = Z eka(x,t),
k=-1
Zi(x,te)= Y &zZi(xt), i=0,(p—1), )
k=—1
W(x,te)= Y éWe(xt).
k=-1
Substituting (5) into (4) we get a series of iterative tasks:
L, 0 0Xy_1
Xk = g (k(x) P ),
;0 oZi S
i _ Y P —
Zp = Py <k(x) Franll ML 0,(p—1),
3 W, = ©
" a() Wy = —Wiq + e <k(x) a§72> — Y gy k(1)
i=0
Xi(x,0) + Wi(x,0) = 0k f(x), k = —1,00; if the index (k— 1) < -2,
(k —2) < —2, then the term is by definition 0.
To solve iterative problems, the solvability theorem is used (see Section 4).
Consider the system (6) with k = —1:
X.1=0,
7i i=0 (p—1)
Z71 =0,i=0,(p-1), @)
MM (HyW_1 =0,
X,] (x,O) + W,] (X,O) =0.
From (7) it follows that
X_1(x,t) = X_1(x,0) =0,
Z' (x,t) =2Z"1(x,0), i=0,(p—1), (8)
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The functions Zil (x,0) are found from the solvability condition for the system (6) for k = 0:

Xo =0,

4=2 (k(x)azi;ff'o)> =0T,

dx
p-1 .
e (W = — Y HHFI/MZE (3,0) + hi(x, ),
i=0
Xo(x,0) + Wo(x,0) = f(x).

©)

Let us expand h(x, t) by Maclaurin’s formula in ¢:
h(x,t) = h(x,0) + th(x,0) + ...+t AR/ (x,0) 4 e/ 0 (1, 1),

From the condition of solvability of the equation for Wy at t = 0, it follows that, if ’HT’” =j
i=0,(p—1),0<j<[%], then
; ()
Z0" (,0) = w (10)

where [] is the whole part of m/n; if 1= £ j i =0,(p —1),0 < j < [2], then
7t (x,0) = 0.

As a result, we get the solution at the (—1) iteration step:

1 [m/n] a1 1 [m/n] h<]> x,O
ua(xte) = e ZYT " (x,0)0(j1)n-1(Ee) = N %U(H—l)n—l(trg)- (11)
j=0 j=0
Considering (10) we can write the system (9) as:
Xo =0,
Zé =0, when i # (j+1)n—1, 0<j <[m/n],
T 9zl (x,0)\ . ,
i_ 9 1 — — < i<
Zh 3 (k(x) o ,i=0G+n—1, 0<j<[m/n], )
A
tna(Wo = — Y HZYT" T (x,0) + h(x, t),
j=0
Xo(x,0) + Wo(x,0) = f(x).

The right-hand side of the equation with respect to Wy of the system (12), due to the choice of Zil (x,0),
satisfies the solvability theorem (see Section 4):

[m/n] .
hix,t)— . #2070 (x,0)
=0
Wo(x, t) = ]tm/nu(t) =t"ho(x,t), 1<s<n—1 (13)

(s is an integer). Notice, that Wp(x,0) = 0.
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Solving (12) we get

XQ(x,t) = XQ(x,O) = f(x),
Zy(x,t) = Zy(x,0), i # (j+1n—1, 0<j<[m/n],
Zé(x,t) = t;—x (k(x)azgixlo)> +Z(i)(x,0), i=(G+)n-1,i=0,(p—1),

Wo(x, t) = t5/"ho(x, 1),

(14)

where Z! | (x,0) are determined from (10).
Zi(x,0) at the iteration step k = 0 are unknown. The functions Z}(x,0) are found from the
condition of solvability for t = 0 of the iterative problem for k = 1:

X1 (x,t) = f(x), A
Zit) = (k(x)azg(;"”) L i=0(p- 1),

p-1 .
t’"/”a(t)Wl(x,t) _ _WO _ Z t(1+17n)/nz(1)(x,t)’
i=0

(15)

Xl(x,O) +W1(x,0) =0
. S s_q s s_1[s .
Wo(ix,t) = ~ 45 (1) + o (x, 1) = [Eho(x,t)—&—h(x,t)t] -

_ t%—lhl(x,t) — tf{%}hl(xrt)/

where {%} is the fractional part of m /n.
To determine Wi (x, t), we subordinate the right side of the equation to the conditions of point
solvability. To do this, we expand h; (x, t) by Maclaurin’s formula in ¢:

H*(x,0)
!

Wo(x, t) = Ui iy (x,0) + = Ui b0y (2,0) . ¢ L3 + U (0, a6)

where k = [Z 4 {2}] {#} =5 1 <5 <pn—1. Then,
()
_ _ , 1 (x,0
@ifj— {2} =51 jei=n(j+1)—s—1,j=0k thenZé(x,O):f%;
(b)ifi# (j+1)n—s—1, j =0,k then Zi(x,0) = 0.

Using this scheme, you can find a solution at any iteration step.
For ug(x,t,€), we get
/] 10 (x,0)
I h(x,t)— % —n

— —o(t)/e _Zi j=0
ug(x,te) =e fx)+ L';o 0iZh(x, t) + P Ta D)

) (18)

where Z{(x, ) are determined from (14) and (17).
Thus, the main term of the asymptotics of the solution is written in the form

1 [m/n) h(j) x,0 B . p—1 .
Upain(X,t,€) = - Y 75' )a(]ﬂ)n,l(t,s) + e/ F(x) + Y oi(t, &) Zy(x, 1)+
=0 : i=0
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m/n) Gy
h(x,t)— ¥ 7’1(”;!*'0%1
j=0
tm/ng(t)

+

3. Remainder Estimate

Let (N + 1) iterative problems be solved. Then, the solution to the Cauchy problem can be
represented in the form

N
u(x,te) = Y w(x,te)ef + N Ry(x, te). (19)
k=—1

Substituting (19) into (1) and taking into account that uy(x, t, €) are solutions to iterative problems,
we obtain the Cauchy problem for determining the remainder Ry (x, £, €):

dx dx
Rn(x,0,e) =0, —oco < x < 409,

{ L(Ry) = eRy — 29 (k(x)aR—N> + "/ "a(t)Ry = H(x, L e), 0)

where
H(x,t,e) = Hy(x,t) 4+ eHa(x,t,¢),

. ) AWy = ;
Hi(x,t) = ~Wy + o (k(x) az 1) — Y Rz (% 1),
i=0

) 0X ] oW, =9 9Zi
— _o(B)/e L N)_ 2 N)_y 2 N |
Hy(x,t,¢) e Y (k(x) py ) gy (k(x) p ) E Y (k(x) g )LT,(t,S).

i=0

The remainder estimate is based on the maximum principle for parabolic problems [12].
This principle is used in the form of generality that we need to estimate the remainder. The classical
solution to the problem (1) is a function R(x,t,¢), continuous in Qr = (—co, +o0) x [0, T] x (0,¢],
having continuous %—If, %—f, 327[; in Qr, and satisfies Equation (1) and the initial conditions at t = 0 at all

points of Qr.

Theorem 1 (remainder estimate). Let the conditions be satisfied:

(1)  Conditions (1)—(5) of the Cauchy problem (1);

(2) |H(x,t,e)| < M V(x,t) € (—oo,400) x [0, T] Ve € (0,e0], My > 0;
(3) k(x) < M(x2+1), |K'(x)] < MVxZ+1, M > 0; and

(4) Ry > —m,m>0.

Then, |Rn(x,t,€)| < My V(x,t) € (—o0,400) x [0,T] Ve € (0,0, Mp > 0.

Proof of Theorem 1. We denote #"/"a(t) = q(t). We prove the theorem in two stages.
Stage 1. Consider the homogeneous Cauchy problem in the domain Dy, = {[—L, L] x [0, T]}:

_ou 20 ou _
L(u) = TR (k(x)ax) +q(Hu=0, 1)
u(x,0,e) = 0.
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In the proof of this theorem, ideas from [12] are used to estimate the solution. We introduce the
function w = u + e"‘t/e%(x2 + pt). Then,

L(w) = L(u) + L (e"‘t/gg(xz n pt)) -

= [(a + q)(x% + pt) +ep — e22xK/ (x) — 522k(x)]e"‘f/£% >
> e"‘t“%[(u + ) (2% + pt) +ep — 22Mxv/ 22 + 1 — e22M(x% +1)).
(1) For |x| > 1,
L(w) > e‘”/gg[(a +q) (22 4 pt) + ep — €28Mx?] > e"‘t“%[a — e28M]x2%.

Take & > 38M, then L(w) > 0.
(2) For |x| <1,

L(w) > e‘”“%[(a +q) (2 + pt) +ep — 28M] > e"‘t/f%[p — e8M]e.

Take p > €y8M, then L(w) > 0.
Besides, "

sza

w‘t:OZ u‘t:0+

at/e M
L2
Hence, by the maximum theorem in a bounded domain, we have w > 0in Dy, i.e.

w|, = ul,, +e (L2 4+ pt) > —m+m = 0.

u+ e”‘t/s%(x2 + pt) > 0.

Letting L — +oc0, we get u > 0.
Stage 2. Consider the inhomogeneous Cauchy problem

L(RNy) = H(x,t,¢), )
Ry(x,0,¢) =0.
We introduce the function
Mt

Then,
Mt
L(w) = £H + M; +q(t) —+tm) =0 wl|,_y=m>0.

From the result of Stage 1, it follows that w > 0in D = (—oo,40c0) x [0,T] Ve € (0,¢], i.e.
+Ry + @ + m > 0. Consequently, |[Ry| < @ +m < %, M;3 > 0. We write the remainder

RN :uN+£RN+1.
Then, |RN| < ‘MN‘ +S% < My, My >0.> O

4. Appendix

Lemma 1 (on the solvability of iterative problems). Let the equation be given

£ 7(x,t) = F(x,t) (23)

191



Axioms 2020, 9, 138

and conditions are met
F(x,t) € C*(R x [0,T]).

Then, Equation (23) is solvable in the class of smooth functions if and only if

9F(x,0)

0 g 4-a 2]

n
Proof of Lemma 1. We expand F(x, t) by Maclaurin’s formula in ¢:
F(x,t) = F(x,0) 4 E(x,0)t 4 ...+ F"/m (x, 0)¢lm/m) o lm/ml+1 £ (x4,

Then, Equation (23) has the form

/17 (x,t) = F(x,0) + E(x,0)t + ... 4 FI/n (x, 0)tlm/nl o glm/ml+1 £y 4.

Necessity, Let Equation (23) have a solution. For t = 0, we have 0 = F(x,0):
/M7 (x,t) = F(x,t) — F(x,0).

Dividing the equation by ¢t if [2] > 1:

tn1Z(x,t) = Fxt) —F(x0) _t F(x0),
For t = 0, we get 0 = F(x,0).
Continuing this process to step [, we get F¥(x,0) = 0 Vk =0, [Z].
Adequacy: Let be F(x,0) = F(x,0) = ... = FI"/"(x,0) = 0. Then, Equation (23) has the form:

tm/nz(x’ £) = t[m/n]+1f(x, t),

hence the decision Z(x, t) = tl_{%}f(x, f). O

5. Conclusions

The novelty of the article lies in the construction by the regularization method of an asymptotic
solution of a singularly perturbed Cauchy problem for a parabolic equation in the presence of a “simple
rational turning point of the limit operator. The nature of this “simple” turning point affects the
structure of the functions describing the singular dependence of the solution on the parameter .
The asymptotic expansion of the constructed solution is justified using the maximum principle.
This approach can be applied both in the study of applied problems containing turning points and in
the construction of numerical algorithms for solving problems with spectral features.
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Abstract: The problem of complete controllability of a linear time-invariant singularly-perturbed
system with multiple commensurate non-small delays in the slow state variables is considered.
An approach to the time-scale separation of the original singularly-perturbed system by means of
Chang-type non-degenerate transformation, generalized for the system with delay, is used. Sufficient
conditions for complete controllability of the singularly-perturbed system with delay are obtained.
The conditions do not depend on a singularity parameter and are valid for all its sufficiently small
values. The conditions have a parametric rank form and are expressed in terms of the controllability
conditions of two systems of a lower dimension than the original one: the degenerate system and the
boundary layer system.

Keywords: time delay system; multiple commensurate delays; singular perturbation; decomposition;
Chang transformation; complete controllability; robust sufficient condition

1. Introduction

We consider a singularly-perturbed linear time-invariant system with a small multiplier for the
derivatives and with non-small commensurate delays in the slow state variables (SPLTISD).

Singularly-perturbed controlled systems (SPS) occur as models in automatic control theory,
nonlinear oscillation theory, quantum mechanics, gas dynamics, biology, chemical kinetics, and others
(see, e.g., the references in [1-3]). Time-delay systems arise from inherent time delays in the components
of the systems or from the deliberate introduction of time delays into the systems for control purposes.
Time delays occur often in systems in engineering, biology, chemistry, physics, ecology, economics,
technology, the social sphere, etc. (see, e.g., the references in [4,5]).

Controllability is one of the basic properties of controlled systems. This property is well known
from the mathematical theory of systems (Kalman) as the concept of the reachability of terminal states.
This means that it is possible to control a dynamic system from an arbitrary initial state to an arbitrary
final state using a set of admissible controls.

Time-delay systems can be represented by delay differential equations, which belong to the
class of functional differential equations and are infinite-dimensional systems [6,7]. Due to this
fact, the controllability concepts for systems with delay are more diverse, and their analysis is
significantly more complicated than for systems without delay. Different types of controllability
for infinite-dimensional systems were studied in the literature (see, e.g., [8-10] and the references
therein). There are several concepts of time delay system controllability that are a direct generalization
of the concept of controllability in the Kalman theory of systems: relative controllability (equivalently,
R" or Euclidean-space controllability) (rank criterion [11]), complete controllability (formulation of the
problem: Krasovsky N.N., 1963; condition [12]), and pointwise controllability [13,14]).

Axioms 2019, 8, 71; d0i:10.3390/ axioms8020071 www.mdpi.com/journal /axioms
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Controllability in the full state space (approximate, functional controllability [15,16]) is quite
a restrictive concept [16]. For instance, many delay systems do not satisfy one of the necessary
conditions of approximate controllability, even though they often possess other good properties such
as stabilizability and spectral controllability. This suggests that from the controllability point of view,
the full state space is “too big”, and in the above-mentioned cases of controllability, the state (unlike
the classical works of Kalman) is not based on the concept of minimality. Therefore, one should search
for a “smaller space” in which a controllability would be characterized by less restrictive conditions
and would be related to stabilizability and spectral controllability. The concept of F-controllability,
weaker than the approximate controllability in the state space, has been introduced (see [16] and the
references therein). Works on the study of systems with delay on the basis of an approach of the space
of minimal states also appeared (see [17] and the references therein).

The functional controllability of systems with delay according to the approach, based on the notion
of time delay systems’ state minimality [17], turns out to be equivalent to the complete controllability,
which solves one of the most difficult problems of controllability for systems with delay: the problem
of complete damping of such systems in a finite time (total quieting, controllability to null function,
null controllability). The spectral criterion of complete controllability for a system with delay (without
parameter) was proven in [12,16,18] (see also the references in [17]). In [12,15,19] and a number of
other papers, these conditions were associated with parametric rank Kalman-type conditions.

Studying the controllability of SPS without delay is well known (see, e.g., the reviews of [1,20] and
the references therein). The controllability of SPS with delay has been studied much less (see [21-27],
reviews [1,20], and the references therein).

To check a proper type of controllability for a given SPS, corresponding controllability conditions
can be directly applied for any specified value of a small parameter of singular perturbation. However,
the stiffness, as well as a possible high dimension of the SPS, can considerably complicate this
application. Therefore, for example, with the direct use of rank controllability criteria [12,16,18],
the controllability matrix of such systems has a large dimension and is ill-conditioned. Correct
checking of the rank of such matrices can be complicated. Moreover, such an application depends on
the value of the parameter, i.e., it is not robust with respect to this parameter, while in most of real-life
problems, this value is unknown [28].

One of the approaches independent of the singular perturbation parameter controllability analysis
of SPS is based on the time scale separation concept (see, e.g., [29]). Using this concept, the complete
controllability of SPS without delays was analyzed in the works [29-31]. Parameter-free conditions of
complete Euclidean space controllability, robust with respect to the small parameter, were obtained for
linear singularly-perturbed time-invariant system with a single pointwise non-small delay in the state
variables in [21], for linear SPS with point-wise and distributed small delays (of the order of the small
parameter) in the state variables in [25-27,32,33], and for a linear singularly-perturbed neutral-type
system with a single non-small point-wise delay in [34].

The problem of functional controllability for SPS with delay has been investigated much less.
In [28], a singularly-perturbed linear time-dependent controlled system with multiple point-wise and
distributed state delays was considered (the delays were small in the fast state variable and non-small
in the slow state variable). It has been established that the approximate state-space controllability of
two parameter-free subsystems (the slow and fast ones), associated with the original system, yields the
approximate state-space controllability of the original system robustly with respect to the parameter
of singular perturbation for all its sufficiently small values. In [35], the conditions of controllability
in the L3[t; — I, 1] x R? space for linear stationary SPS with delay was obtained on the basis of the
state-space method.

One of the realizations of the time scale separation concept is Chang’s transformation with a
nondegenerate change of variables (for linear singularly-perturbed continuous-time varying systems
without delay, introduced in [36]). Generalizations of Chang-type transformation for linear SPS slowly
varying in time were proposed in [37,38] and on systems with many time scales in [39]. For SPS
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with delay, Chang-type transformations were constructed in [21,23,40,41]. In [40], the existence of a
continuous function on the small parameter linear transformation for partial decomposition of SPS
with distributed and concentrated non-small delays in slow and fast variables was proven. As a
result, in the transformed system, there is a connection between fast and slow variables only through
variables with delay. Constructed in [21,23], Chang-type transformation for a linear stationary SPS
with a constant (non-small) delay in the state was performed by a linear operator with a finite number
of delay operators and resulted in the original SPS with one delay in the state and without delay in
the control to split the subsystems: slow with many delays in the state and control and heterogeneity
depending on the initial conditions and fast with one delay in the state variable and with heterogeneity.
In [41], the change of variables for linear time-invariant SPS of functional-differential equations with
small concentrated and distributed delay in fast variables was constructed. The transformation in [42]
generalizes the transformation in [36] to linear stationary SPS with concentrated delay in the slow
variable. Unlike [21,23], this transformation was constructed in the form of an asymptotic series,
and the obtained slow and fast subsystems did not contain inhomogeneities with the exception of
control components.

In [29,43] and other papers, Chang’s transformation was applied to split the original system with
fast and slow variables into two independent subsystems and to obtain controllability conditions for
SPS without delay. The result of the non-degenerate transformation [21,23] was used to study the
relative controllability of the original SPS with delay. In [44], the sufficient conditions for complete
controllability based on Chang’s transformation [42] of linear stationary SPS with the single delay
were obtained (without detailed proof).

In this paper, the problem of complete controllability of a linear time-invariant singularly-
perturbed system with multiple commensurate non-small delays in the slow state variables on
the basis of the time scale separation concept is considered. The main differences of this work
from [28] are in the property under investigation (complete controllability) and in the method used
for the investigation (the method of non-degenerate variable transformation is evolved in this work).
The non-degenerate change of variables was developed in [42], where decoupling transformation in
the form of asymptotic series was constructed for a singular perturbed system with single non-small
delay. The exact separation is performed by means of non-degenerate transformation of the original
system. Two much simpler subsystems than the original SPS parameter-free ones are associated with
the original system. They are O (1), close to the decoupled subsystems, the slow and fast ones. It is
established that the complete controllability of the slow and fast subsystems yields the complete
controllability of the original system.

Parameter-free sufficient conditions of complete controllability of the singularly-perturbed system
with non-small delay are obtained. The conditions are valid for all sufficiently small values of the
parameter of singular perturbation, i.e., robustly with respect to this parameter, and have a rank form.

The paper is organized as follows. In the second section, the problem is formulated, the main
definitions dependent on the parameter criterion of complete controllability of the considered system
are presented. Criteria of complete controllability for the fast and slow subsystems, associated with the
original one, are presented in Section 3. Section 4 is devoted to Chang-type decoupling transformation
in the form of asymptotic series for singular perturbed systems with non-small delay. Section 5 is
devoted to the main result. An illustrative example is presented in Section 6. The discussion and
conclusions are placed in Sections 7 and 8, respectively.

The following main notations and notions are applied in the paper:

e ' means the transposition;

o I, denotes the identity matrix of dimension #;
. C is the set of complex numbers;

. R is the set of real numbers;

A g . . .
o = % is a differential operator;
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e ¢ Ptisadelay operator: e P'z(t) A z(t —h).

2. Singularly-Perturbed Linear Time-Invariant System with Delays and Its Complete
Controllability: Definitions

2.1. Singularly-Perturbed Linear Time-Invariant System with Delays

Consider the singularly-perturbed linear time-invariant system with multiple commensurate
delays in the slow state variables (SPLTISD):

!
x(t) = Aqjx(t — jh) + Agy(t) + Biu(t), x € R", y € R"™2, 1)
j=0
1
uy(t) = Y Asjx(t—jh) + Agy(t) + Bou(t), u e R', t >0, (2)
j=0

with the initial conditions:
x(0) = xo, ¥(0) =0, xo € R™, yo € R"™, x(0) = ¢(0),0 € [-1h,0). 3)

Here, 0 < h is a given constant, x is a slow variable, y is a fast variable, u is a control, u(t) € U,
U is a set of piecewise continuous ¢ > 0 vector functions, y is a small parameter, u € (0, 4°], u® <
1, A,-j,i =13 =01LA,k =24, B]-, j = 1,2, are constant matrices of appropriate dimensions,
and ¢(0), 0 € [—1h,0), is a piecewise continuous 17 vector function. Assume that det A4 # 0.

For a given p > 0, using the notations p 2 %, a differential operator, e """, and a delay operator,

e Phz(t) 2 z(t — h), introduce the following matrix-valued operators that depend on the parameter:

)= (AE0) ) sw=(8) e

i p "
where:

!
Ai (Eiph> é ZA,‘jE‘ijph, i= 1,3 (5)
j=0

Introduce also the vector z = (x/, )/. Using the above notations, we can rewrite SPLTISD (1)—(2)
in the equivalent operator form:

pz(t) = A (y, e*p”) z(t)+ B (u)u(t), ue R, t >0. (6)
From (6), we obtain the characteristic equation of the system (1)-(2):
w (y, A, e*“') A det [/\I,,1+n2 ~A (y,e*Ahﬂ —o. %)
For any fixed p € (0, u°], by:
o(p) = {A (myeC:w (y,A,e’M‘) = O} 8)
denote the spectrum (set of the eigenvalues) of the SPLTISD (1).
From the known properties of the delay system spectrum [6,7] follows the characterization of the

SPLTISD spectrum (8) for any given u € (0, u0].

Characterization 1. For a given p € (0, u°], the following statements are true:
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(a)  the spectrum o (p) of the SPLTISD (1)—(2) consists of a finite or countable set of complex numbers;
(b)  the real part of all SPLTISD (1)-(2) eigenvalues is bounded above by some real value <y;
(c)  any vertical strip of the complex plane with a < Rez < b contains a finite number of SPLTISD eigenvalues;
(d) any two subsets of the set o (i) are separated on the complex plane by a vertical strip of nonzero width.
2.2. Definition and Dependent on the u Criterion of Split Complete Controllability

Similar to [12], let us introduce the following definition.
Definition 1. For a given u € (0, u°], the SPLTISD (1)~(2) is said to be completely controllable if for any
fixed initial conditions (3), there exist a time moment t; < +oco (t1 > (n1 + np)h) and a piecewise continuous

control u(t), t € [0, 1), such that for this control and the corresponding solution (x(t, u),y(t, 1)), t > 0, of the
system (1)—(2) with the initial conditions (3), the following identities are valid:

(x(t, 1), y(t,1) =0, u(t) =0, t > #.

Definition 2. If there exists a number p* > 0 for which SPLTISD (1)—~(2) is completely controllable for any
u € (0, u*], we say that complete controllability is robust with respect to y € (0, p*].

For > 0,A € C, we introduce the following matrix-valued function:

N (P‘f)\/e%h) = [Mm+ﬂz —A (Vrei)‘h> /B (I/‘)} . ©)

The following criterion of the SPLTISD complete controllability for a fixed u € (0, u°]
follows from [12].

Theorem 1. For a given u € (0, u°], the SPLTISD (1)~(2) is completely controllable if and only if:
rank N (y, /\,e*/\h> =n+n, YAeco(u). (10)

2.3. Objective of the Paper

Our objective in this paper is the following. On the basis of a non-degenerate change of variables
in the original system, we prove the approximation of the original SPLTISD (1)-(2) by two independent
small parameter subsystems of lower dimension and obtain parametric rank-type sufficient conditions
for complete controllability of the original singularly-perturbed system in terms of the complete
controllability of these subsystems. The conditions do not depend on the parameter and are robust
with respect to u for all its sufficiently small values.

3. Subsystems of SPLTISD

3.1. Slow and Fast Subsystems of SPLTISD

With the n; + np-dimensional system (1)—(3) is associated two independent i subsystems: the
slow and the fast ones. The slow subsystem, the degenerate system (DS), has the form:

i
% (t) = Y Agxs(t—jh) + Bsus (t), xs € R™, t >0, 1n
j=0
% (0) = x0,x5(0) = ¢(0),0 € [—1h,0), (12)
where:
A 1 . o7 A 1
Asj = A1] - A2A4 A3]‘, ] = O,Z, Bs = Bl — A2A4 Bz, (13)
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and us(t) € R” (us is a control). Introducing the following matrix-valued operator:
As (e—Ph) A (ﬂh) — A AT A (e‘ph> , (14)
we can rewrite the degenerate system (11) in the operator form:

pro(t) = As (7)o (1) + Baus (1), x € R™, £ >0, (15)
x5 (0) = x0,x5(0) = ¢(0),0 € [—1h,0). (16)
The degenerate system (11) is a linear stationary n;-dimensional system with multiple
commensurate delays. It is obtained from (1)—(2) by setting there formally u = 0, expressing
ys () = AL [A3 <e*"’h) x5 () + Bzus(t)] from (2) and substituting it into (1).
The characteristic equation for the DS (11) is:

ws (A,e*Ah) A det {Aznl ~ As (ﬂhﬂ -0, 17)
the spectrum of the DS (11):
o = {A €C:ws (A,e—“') = 0} (18)
is a finite or countable set of complex numbers.
Since the DS (11) is a system with delay, properties similar to the properties from the

characterization 1 are valid for the spectrum (18).
The fast subsystem, the boundary layer system (BLS), has the form:

d
y;lfi‘l’) — A4yf(T) + Bzuf(T), yr € R"™, T = i >0, (19)
yr0) = yo— A7 [As () 9(0) + Bous(0)] - 20)

Here, yy (1) = y (u7) — s (u7), g (1) = u (ut) — us (7).

The boundary layer system (19) is a linear stationary n,-dimensional system without delay
and is derived from Equation (2) for the fast state variable y in the following way: (i) the terms
containing the slow state variable x are removed from Equation (2); (ii) the transformation of variables
t = ut, y(ut) = y£(1), u(pt) = up(7) is done in the resulting equation, where 7,y and u are new
independent variables (the stretched time), state and control, respectively.

The characteristic equation for the BLS (19) is:

ws (1) 2 det [Ay, — Ag] = 0. @1)
The spectrum of the BLS (19) is the finite set of complex numbers:
af:{/\GC:wf(A):O}. (22)
Similar to [12,45], we introduce the following definitions.
Definition 3. The DS (11) is said to be completely controllable if for any fixed initial conditions (16), there exists
a time moment t; < o0 and a piecewise continuous control us(t), t € [0, t1] such that for this control and

corresponding solution xs(t), t > 0, of the system (11) with the initial conditions (16), the following identities
are true:
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Definition 4. The BLS (19) is said to be completely controllable if for any fixed initial conditions (20), there exist
a time moment T < oo and a piecewise continuous control us(t), T € [0,71| such that for this control and
corresponding solution y¢(t), T > 0, of the system (14) with the initial conditions (20), the following equality
is true:

ys(m) = 0.

Note that the subsystems (11) and (19) have smaller dimensions than the original SPLTISD (1)—(2)
and do not depend on a small parameter y.

The main objective of the article is to obtain the conditions of complete controllability of the
SPLTISD (1)—(2) (Definition 1) in terms of complete controllability of its subsystems (11) and (19)
(Definitions 3 and 4), robust with respect to y for all its sufficiently small values (Definition 2).

3.2. Controllability of Subsystems

Define the matrix-valued functions:

Nq (A,e”\h> 2 [/\Inl — A (ﬂh) ,BS] ,AEC, (23)

>3

Nf(A) £ [Aly,—AyBy), AeC. (24)

Applying the conditions of complete controllability from [12] to DS (11) and BLS (19), we obtain
that the following theorems are valid.

Theorem 2. The DS (11) is completely controllable if and only if the following condition is valid:
rank Ng (/\, G*M’> =ny VA E ;. (25)
Theorem 3. The BLS (19) is completely controllable if and only if the following condition is valid:
rank Ny (A) = ny VA € 0. (26)

Along with Conditions (25) and (26), we formulate some more applicable conditions for the
complete controllability of the subsystems, which simplify the procedure for checking this property.
To do this, we define the matrix-valued function:

P (z) 2 [BS,AS (z) Bs, .., AS L (2) BS] ,z€C, 27)

and the matrix:
Ps e [Bz, A4B, ..., A4n27132:| . (28)

The following theorem follows from the application to the subsystems (11) and (19) of the results
from [19] about the connection of the ranks of matrices (27) and (23).

Theorem 4. Let for some A € C:
rank Pg (e*}‘h> =nq. (29)

Then, for this A:
rank N ()\,e*}‘h> =nq. (30)

If we apply the well-known criterion of the controllability of a linear stationary system [45] to the
BLS (19), we obtain the following theorem:
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Theorem 5. The following equality:
rankNg (A) =ny VA € C (31)

holds if and only if:
rank Pf = nyp. (32)

In order to formulate the conditions of subsystems’ controllability, that do not require the
computation of all eigenvalues from (18) and (22), let us define the following set of complex numbers:

Zs ={z € C: rank Ps (z) < ny} (33)

the set of numbers for which the matrix Ps (z) does not have full rank by rows.

Let 715 (z) be the greatest common divisor of all minors of order #; of the function matrix Ps (z)
(27). Taking into account (5), (14), (13), and (27), we have that 775 (z) is a polynomial of degree 5 no
higher than 17 and can be represented as:

Is
s (z) = Y _kiz, ki, #0. (34)
i=0

Since the set Z; (33) coincides with the set of all roots of the polynomial 7z, (z), then:
Zs={ze€C:m(z) =0}

and the set of Z¢ contains the finite numbers of elements.
Along with (33), let us define the set of complex numbers:

&:{AGC:EM:LZEZ*, (35)
associated with Z;. The elements z € Z;, A € A;, are connected by the relation:
hAy=1In|z|+i(argz+27k),z € Zs, i =V —1,k=0,£1,£2,.... (36)

Since the set Z; consists of a finite number of elements, from the connection (36) between the sets
As and Z;, the validity follows:

Characterization 2. There are real numbers a,7y, & < 7y, such that x < ReA < ¢ VA € As.

Define also the set:
Qs 2 0N A

By virtue of the connection (36) between the elements of the sets (35) and (33) from Theorem 4, it
follows that the conditions (25) of complete controllability of DS (11) are sufficient to check only for
A € Q, and the following theorem holds [19].

Theorem 6. Let:

(1)  there exists z € C that:
rank Ps (z) = ny; (37)

(2)
rankNg (A, z) =ny VA € Qg, z € Zs. (38)

Then, the DS (11) is completely controllable.
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From [45] follows:
Theorem 7. The BLS (19) is completely controllable if and only if the following condition is satisfied:
rank Pg = ny. 39)

4. Decoupling Transformation for the SPLTISD

Similar to [42] for asymptotic decomposition of the SPLTISD, we introduce the change of variables:

X(t) = - é(t) ny ny
(y(t)>G(H'e ph)< >’ S(t)eR™M, n(t) eR™, teT, (40)

. L, pH (et
& (me) = ( ~L(pe ™) I, (uL (;4,>er’h) H (e ") ) ’ v

where H (y, e*ph) and L (y,e*ph> are the matrix-valued operators, depending on the parameter .
They are the solutions of the following matrix-valued functional equations (in order to reduce the

records, where this does not lead to ambiguous understanding, we omit the arguments ( U, e_/\h) of

the matrix-valued operators H (‘u,e*ph>, L (‘u,e*ph> ):

As (efﬁh) — AL+ LA (e,,,h> — UL AL =0,

U (Al (e—Ph) - A2L> H—H(As+pLAy) + Ay =0. “2)
Notice that:
det G (y,e*ph> =1, G! (y,e*ph> = < i"] —pHL I_,:H > . (43)

By O(y), we denote any vector function f (¢, ), t € [, 1], with the following property: there
exist positive constants y* and ¢ such that the Euclidean norm |f (¢, )| satisfies the inequality
[f ()] <cuforall e (0,p*] and all t € [ty, tp).

Lemma 1. Suppose that det Ay # 0. Then, there exists a y* > 0 such that for all y € [0, u*], there is a
continuous function depending on the u solution L (],t,e_ph>, H (y,e‘ph> of Equation (42) that could be
represented in asymptotic series form:

) = B () o 7). w
(o) - £ () +0(0),
where:
L0 (e#) = AglAg (e77h), L (") = A% (e7) Ag (7)), (45)

Ao (Efph> = A (Efph) — A2A21A3 (efph> , HY = AzA;l.

Proof. Itiseasy to prove the decomposition (44) according to the scheme of the proof of [29]. Continuity
is proven as in [40]. For the SPLTISD with a simple delay, see [42]. [

The next corollary follows from Lemma 1 if we substitute (44) into (42) and equate the coefficients
of equal powers of ;i in the resulting equations.
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Corollary 1. Let det Ay # 0. A solution of matrix equations (42) can be found with any degree of accuracy
in the form of (44), where terms of the asymptotic series (44) can be found according to the following iterative

scheme (in order to reduce the records, we omit the arquments e M of the matrix-valued operators LK (e*”h> ,

Hk (e’ph>):

k X .
Lkl = A1 (LkA1 (efph) -r L"JA2L1> ,LO <e””h) — A;'As (e*r’h),
= (46)
k. . k . .
HEH = A1 (Al (7Y HE— A L LiHk=i — :OH’L""A2> , HO = ApAL

1

By using the SPLTISD (1)—(2) matrix parameters and the matrix-valued functions L (y, e’Ph>,

H ( U, efph) , we introduce the matrix-valued functions:

Az (y,efl”h) A Aq (e*”h> — AsL (y,e’ph) ,

B¢ (‘u,e*ph> e B —H (y,e*”h> By —uH (y,e*ph) L (y,e’ph> By,
Ay (;4, e’F’h) £} Ag+pl <;4, 6*7’”> As,

By (y, e*”h> 2 By +uL (y, efph) B.

(47)

Note here that due to Lemma 1, similar to [40], it is easy to prove that matrices from (47)
continuously depend on y for [0, *].
From (14), (13), (44), and (45), we have:

As Ey, e P = A (e”\h) +0(n),
Be (1, e ) = Bs+0 (),
Ay (e ™) = Ay +0(n),
By Ey,e”h =By + 0O (p).

(48)

As a result of the application to the system (1)-(2) of the transformation (40), taking into account
(43) and (47), the SPLTISD (1)-(2) goes into the equivalent system with separated motions:

E(5) = Ag (me ) (5 + B (we ) u(t), £ (1) € R™, (49)

() = Ay (e ) (6) 4+ By (e ) u (), (1) € R, £ 0. (50)

Due to (48), the decoupled system (49) and (50) is O (y)-close to the DS (11) and the BLS (19).
The decomposition (49) and (50) allows us to prove the separation (at sufficiently small y) of the
SPLTISD spectrum ¢ (u) (8) into two disjoint parts with “slow” and “fast” eigenvalues, as well as the
approximation of the SPLTISD spectrum ¢ () (8) elements by the eigenvalues of o5 (18) and o (22).
Let us define:

wg (;4,/\,@’)”1) 4 [Mm — A (y,e*”’)] . 1)
Due to (48) and (17), we have:
we <;4, /\,e_/\h) = Ws (/\,E_/\h> +0(n). (52)

Theorem 8. For sufficiently small u € (0, u°], the spectrum o () (8) of the SPLTISD (1)~(2) is separated
into two disjoint parts:

o(p) =ox(p)Uoy (), ox(p)Noy(u) =02. (53)
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The “slow” part:
ox () = {1 € C: det ALy, —A¢ (we )] =0} (54)

consists of elements that for sufficiently small y are the functions A(p) that continuously depend on y and tend
to the elements of the DS (11) spectrum (18) as p — 0:

;EILI}J A (}l) = Agi € 05. (55)
The fast part:
oy (1) = {A € C:det [an — A, (y,e’}‘h)] - o} (56)
consists of n elements that tend to infinity, with the rate u=', and are of the form %, where:
Jimy Ay (1) = Asi € op. (57)

If in the spectrum o5 (18) of the DS (11), there are not multiple values and in the spectrum oy (22) of
BLS (19) there are not multiple values (it is allowed s N 0 # @), then the eigenvalues of the SPLTISD (1)(2)
are approximated as:

Ai(p) = Asi + O (1), Asi € 05, VA; () € 0%, (58)
Asi+0
A (p) = f’T(”) Asi € 05, YA () € 0y (59)

Proof. The separation (53) and the representation (58) and (59) of the SPLTISD spectrum can be proven
according to the scheme from [29]. The continuity of A (4) € o (1) follows from the continuous
dependence of the roots of a quasi-polynomial with respect to its coefficients and Lemma 1. [

Note that from Theorem 8 follows the continuity and, therefore, boundedness on i € [0, %] the
functions A () € ox ().
Let us define:

Ne (y, /\,e*/\h) Y [ Al — Ag (y,e*/\h) , Bg (y,e*/\h) ] . (60)
Due to (48) and (23), the following equality is true:
N: (y, /\,3’”’) - N, ()\,e”\h> +0 (), (61)

For u > 0,z € C, we introduce the following matrix function:

A _
P (1,2) £ [Be(1), Az (1,2) Be (i), AT 2" (11,2) Be ()] ©
For a given y > 0, define the following set of complex numbers:
Ze (n) = {z € C: rank Pg (u,z) <mny}. (63)

Let 7tz (1, z) be the greatest common divisor of all minors of the order 1 of the function matrix
Pz (p,z). Taking into account (48), (27), (62), and (34), 7tz (1, z) can be represented as:

Is

e (1,2) = ;}ki (1) 2 ki (n) =ki + O (p). (64)
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Since the set Z¢ (63) coincides with the set of roots of the polynomial 7tz (i, z) (64), then:
Zg={zeC:ms(pu,z) =0}.

By virtue of the continuous dependence of the roots of a polynomial with respect to its coefficients
for sufficiently small u > 0, the elements z (1) € Zg () are continuous and, therefore, bounded
functions of y.

For a given y € [0, u°], define the set of complex numbers:

Ag (1) = {Aec:ﬂh =zz¢€ zg(y)},
associated with Z (). The elements z (1) € Zg (1), Ax € Ag (1), are connected by:
WA (u) =1In|z (p)| +i(argz (p) +27tk), z € Zz (), i = V=1, k=0,£1,£2,.... (65)

By virtue of the connection (65) and the continuity of the functions z (i) € Z¢ (1), the functions
ReAy () = }1In|z ()| are also continuous for sufficiently small y > 0.

5. Complete Controllability of a Singularly-Perturbed Linear Time-Invariant System with Delays

5.1. Auxiliary Results

Lemma 2. Let 6 and « be two real numbers, 6 < w, and:
ws (A,f”’) £0VA€C: 6<Reh < a. (66)
Then, there exists a positive number y*, such that for all yu € [0, u*|, the following inequalities hold:
we <y,)\,e’}‘h) #0VAeC: 6 <ReA <. (67)

Proof. (By contradiction) Let the statement of the lemma be wrong. Then, two sequences {y;} and
{Ai},i=1,2,... exist such that:
@mu>0,i=12,...;
(b) hmiaﬂx? Hi = 0;
()0 <ReA;<wa,i=1,2,...
(d)
wg (yi, A,»,e’/\fh) —0,i=12,... (68)

Two cases can be distinguished: (i) the sequence {A;},i =1,2,... is bounded; (ii) the sequence

{Ai},i=1,2,... isunbounded. Begin with Case (i). In this case, there exists a convergent subsequence
of {A;}. For the sake of simplicity (but without loss of generality), we assume that this subsequence

coincides with {A;}. Let A B lim;_, +o A;. Due to Assumption (c),
5 < Reh <. (69)

Calculating the limit of (68) for i — co, we obtain that wj <7\, e’;\h) = 0. The latter along with (69)
contradicts the assumption (66) of the lemma.

Proceed to Case (ii). In this case, there exists a subsequence of A;, which tends to infinity. For the
sake of simplicity (but without loss of generality), we assume that this subsequence coincides with A;.
Then, lim;_, ;oo A; = Fco.

Using (51) and (48), Equation (68) can be rewritten in the form:

(“D)MAP A AT (A )+ fu (A ) =0, (70)
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where f;(A;, i), j = 1,...,n1 are some functions of (A;, u;). The functions f;(A;, y;) are bounded
uniformly with respect to i; for all sufficiently large i.

Dividing Equation (70) by A!"" and calculating the limit of the resulting one for i — +oo yield the
contradiction (—1)™ = 0. This contradiction and the contradiction obtained in Case (i) imply that the
statement of the lemma holds. [

Lemma 3. Let « € R such that VA € Ag : ReA > a. Then, there exists a positive number fi such that
ReA(u) >, VA (u) € Az (), forall p e (0, fi].

Proof. Let the statement of the lemma be wrong. Then, three sequences {y;}, {A;}, and {z;}, exist
such that:

@mu>0,i=12,...;

(b) lim; 4o pti = 0;

(©Ai € Ag (mi),

(d)ReAj <a,i=1,2,...,

() ReA; =Inlz],i=1,2,...

®

7z (pi zi) = 0. 1)

Since the sequence {z;} is bounded, there exists a convergent subsequence of {z;}. For the sake
of simplicity (but without loss of generality), we assume that this subsequence coincides with {z;}.
Letz 2 lim; 10 2;, ReA = In|z|, Z € Zs. Due to Assumptions (c) and (d), in view of the continuous
dependence of ReA(pt) € Az on p for p € [0, 4], the following inequalities are satisfied:

Red <a, A € As. (72)

Calculating the limit of (71) for i — oo, we obtain that 775 (2) = 0. The latter along with (72)
contradicts the assumption VA € Ag : ReA > & of the lemma. This contradiction implies that the
statement of the lemma holds. [

Lemma 4. Let « € R such that VA € o5 : ReA > w. Then, there exists a positive number fi such that
ReA (u) > o, VA (i) € ox (), forall p € (0, fi].

Proof. Let the statement of the lemma be wrong. Then, two sequences {y;}, {A;} exist such that:

@mu;>0,i=12,...;

(b) lim; , y oo i = 0;

@ A € ox (i),

(d)ReA; <a,i=1,2,...

Let us note that the sequence {ReA;},i =1,2,... is bounded. Therefore, there exists a convergent
subsequence of {ReA;}. For the sake of simplicity (but without loss of generality), we assume that
this corresponding subsequence coincides with {A;}. Let ReA £} lim;_, 1 ReA;,A € 5. Due to
Assumptions (c) and (d), in view of the continuous dependence of A(y) € oy on u for i € [0, u]:

Red <a, A€ As. (73)

Calculating the limit of (71) for i — oo, we obtain that rankPs (z) < ny. The latter along with (69)
contradicts the assumption (66) of the lemma. [J

Lemma 5. Let:
rank Ny (/\,E’M) =n; YAEos, (74)
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Then, there exists a positive number p*, such that for all p € (0, u*|:
rank Ng (;4, )\,e*M’) =n VAeox(n). (75)

Proof. From the fact that o5 is a countable set, the characterizations 2, it follows that there exist real
numbers §,a,7y, 6 < a < 7, such that:

(@) ReA <y VA € o;

(b)x < ReA <y VA € As;

(©) ws (A,ﬂh) £0VAEC:6<Reh <a.

By US<5 , 0%, denote the following subset of :

o8 ={A€os: ReA <6}, 00%={A€os: a <ReA<7q}.

Therefore,
o= 0 Uar”,

In view of Theorem 4, (33) and (35), the condition (74) can be violated only for A € As,. Similarly,
we can prove that for a given y > 0, the condition (75) can be violated only for A € Az. Due to Lemmas 4
and 3 for all sufficiently small p > 0, it is true that ReA (p) > &, VA (i) € o7* (), and VA (i) € Ag (p) -
Due to Lemma 2 for all sufficiently small y > 0, itis true that ReA (4) < &, YA () € 0% () . Therefore,
0 (1) U Az (1) = @, and the condition (75) is true VA € 0% () for all sufficiently small p > 0.

Then, similar to [29] (p. 75), it is proven that if for some A, the condition (74) is true, then for the
same A, the condition (75) is true for all sufficiently small s > 0.

Due to the above-mentioned property (a), the characterization 1 (c), and the continuity of the
functions A (i) € oz (1), it is possible to choose such *, such that (74) follows (75). [

5.2. Split Controllability: Parameter-Free Sufficient Conditions

Theorem 9. Let the DS (11) be completely controllable, i.e., the conditions (37) and (38) are fulfilled, and the
BLS is completely controllable, i.e., the condition (39) is fulfilled. Then, there exists a y* € (0, u°] such that the
SPLTISD (1)-(2) is completely controllable for all y € (0, pu*].

Proof. For a given u € (0, u°], the SPLTISD (1)—(2) is completely controllable if and only if:
rank N (y,/\,e*/\h) =n+ny, VYAeco(u). (76)
Consider the matrix-valued function:

Ney (1A e ™) £ 67IN (4,67 diag {6, E }, (77)

that by virtue of continuity with y of the matrices (48), (9) for sufficiently small # > 0 can be extended
by continuity at y = 0.
By using (9), (43), and (47), it is easy to make sure that for y > 0:

ALy = Az (we™™) 0 Be (e
o) (00 o ) e

Due to the invariance of the spectrum and preserving the matrix rank under nondegenerate
transformations, it is determined from (76) that the SPLTISD (1)—(2) is completely controllable at a
fixed y > 0 if and only if:

rank Nenp (y, A,e*’\h) =ni+ny, VAe€o(u). (79)
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Due to (48) and (78), the condition (79) has a view: VA € o (u):

mnk( Ay = As (€M) 40 (1) Oy By +0 ()

> = ny + np. (80)
0"2><"1 H)‘Inz 7A4+O(V) BZ+O(V)

Let us show that the condition (80) is fulfilled for all sufficiently small z > 0if DS (11) and BLS (19)
are completely controllable.
Let DS (11) be completely controllable, i.e., (25) is true. Then, by Lemma 5, the following condition:

rank Ng (y,)x,e*}‘h> =ny, VA€o (p) (81)

is true for all sufficiently small > 0.
Since for all sufficiently small u > 0, the sets oy (1) (54) and oy (1) (56) have no elements in
common, then:

rank (AL, — Ay (1) | = o, YA = A (1) € 02 (1) = o (1) \ oy () (82)

for all sufficiently small # > 0. From the conditions (81) and (82), it follows that (80) is true for all
A € 0y () for all sufficiently small > 0.
Let BLS (19) is completely controllable, i.e., (26) is true. Then, since forall A (1) = %)\i (n) € oy (1),
it is true that A; () —)0 Afi € oy (see Theorem 8), and due to the finiteness of the set 0y (22) in view
}l*)
of the preservation of the full rank of a matrix under small regular perturbation, we have that the
condition:

mnk( WALy, — Ag+0O (n) B +0O(n) ) =ny, VA (u) €0y (p)

is true for all sufficiently small y > 0. Since for all sufficiently small p > 0, the sets oy (1) and o (i)
have no elements in common, then:

rank [Alm —As (]4, ef)‘h)] =ny, VA=A(p) € oy (1) =0 (u) \ox (1)

for all sufficiently small yz > 0. From the last conditions, it follows that the condition (80) is true for all
sufficiently small y > 0 for all A (1) € oy (i)

Combining the above results, we have that if DS (11) is completely controllable and BLS (19)
is completely controllable, then the condition (80) is fulfilled for all sufficiently small > 0 for all

Ap) €0 (p).
Applying Theorems 6 and 7, we are convinced of the validity of the statement of Theorem 9. [

According to the proven theorem, the complete controllability of the slow and fast subsystems
yields the complete controllability of the original system for all sufficiently small values of the
parameter of singular perturbation.

Note that the conditions (37)—-(39) do not depend on the small parameter; they have a ranked form;
they are expressed through the matrix parameters of the SPLTISD and guarantee the preservation of
its complete controllability for all sufficiently small values of the parameter u > 0. A similar statement
for SPS without delay was proven in [29] and with a single delay in [44].

It is not difficult to verify the condition (37). In addition, for a given u € (0, 4°], the condition (38)
may be violated only for A that also are the roots of the DS (11) characteristic Equation (18), so the
verification of this condition (38) is necessary only for the A, view of (36) that comprise the roots of the
polynomial w;s (A, z) for z € Zs.
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6. Example

In this section, we consider an illustrative example. Consider the following system, a particular
case of the SPLTISD (1)-(2),

Xl (i) = —X1 (i’) +ZJC2 (i’) — X2 (t—l) —y(t),

X)) =—x1 () +2x0 () +x1(t—1)—x2(t—1), (83)
py () =—x1(t=1) =y () +u(t),

with the parameters n; =2, n, =r =1, [ =1, h = 1 and matrices:
-1 2 0 -1 -1 0
A = A = Ay = By =
(e (P D) ( ) (D)
An=(00), An=(-10), As=(-1), B=(1).
The characteristic Equation (7) for the system (83) is:
1
A\ _ 1 _ _ A oA _
w(y,A,e )= . (/\(A 1) (14 pA) — phe (2 e /\)) 0
and for sufficient small yz > 0 has the roots (8):
1
o(p) = 0,1+O(H),—ﬁ+0(14) :

The DS (11) for SPLTISD (83) has the form:

a1 (8) = —xs1 (B) + %61 (F = 1) +2x2 (F) = x5 (= 1) —us (£),

. 85
Xs2 (t) = —Xq1 (i’) + Xg1 (t — 1) + 2x5 (t) — X2 (i’ — 1) , ( )
and the matrix parameters (13) for DS (85) have the form:
-1 2 1 -1 -1
ASO—<_12>rAsl—<l _1>rBs—<0 )
The BLS (19) for SPLTISD (83) has the form:
dy(7)
= —ys(1) +up(). (86)

The characteristic Equation (17) for the DS (85) is:
ws=A2—A+2M1—eM) =0,
and the characteristic Equation (21) for the BLS (86) is:
wr=A+1=0.

The spectra (18) of the DS (85) and the BLS (86) for (83): 05 = {0,1}, 0y = {—1}.
Since the matrices (23) and (24) for (1)—-(2) and (84):

Atl—e? —1—e* -1

Ns (A'e_Ah): 2_—e¢ A A=24¢* 0

, Ny(A) = [A+11]
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have a full rank for all A € 0, all A € 0y, respectively, then according to Theorem 2, the DS for (83) is
completely controllable and the BLS for (1)-(2) and (84) is completely controllable.

Then, with according to Theorem 9, there exists a u* > 0 such that the SPLTISD (1)—(2) and (84) is
completely controllable for all u € (0, u*].

Let us show the validity of the conditions (37)-(39) for (1)-(2) and (84). We have:

Ps(z)—{o_l 1‘2} s (z) = —1+z Zo={1}, Pr=1[1, 1.

It is obvious that (37) and (39) for SPLTISD (83) are valid. Since among the roots of the
polynomial ws (A, 1) = A (A — 1), there are no numbers of the form Ay = In|1| +i- 27k, i = /-1, k =
0,+1,42,...,s0 Qs = @, then we conclude that (38) is also fulfilled.

Thus, all the conditions of Theorem 9 are fulfilled for the system (83). This confirms the above
conclusion about the complete robust controllability of the SPLTISD (83) with respect to yz > 0 for all
sufficiently small values of this parameter.

7. Discussion

The rank condition of complete controllability [12] is also known as a condition of spectral
controllability and observability [46], and related to various structural properties of the system,
for example realization, modal control, completeness, etc. Therefore, the results of this work can be
used to obtain the conditions of similar properties for a singularly-perturbed system (1)-(2), robust
with respect to a small parameter and expressed in the form of rank parametric conditions for systems
of lower dimensions than the original system.

For complete controllable systems with delay, we can design static feedback controllers, providing
an arbitrary finite spectrum of a closed system [47,48]. In particular, by choosing a spectrum, a closed
system can be made asymptotically stable. Based on the decoupling transformation for the original
singularly-perturbed system, it is possible to construct a stabilizing feedback in the form of a composite
regulator that combines the stabilizing regulators of its slow and fast subsystems of lower dimensions
(see, e.g., [49]).

8. Conclusions

In this paper, a singularly-perturbed linear time-invariant controlled system with multiple
commensurate time delays in the slow state variables was considered. For this system, the complete
controllability, robust with respect to a small parameter y, was studied. This study is based on the
Chang-type transformation of the original system, which decouples the original singularly-perturbed
system into two O (p)-close to ji-free subsystems, slow and fast subsystems of smaller dimensions
than the original.

Based on the above-mentioned Chang-type transformation of the original singularly-perturbed
system, i-free verifiable parametric rank-type sufficient conditions for the complete controllability
of this system were established. These conditions, being ji-free, provide the complete controllability
of the original singularly-perturbed system with delay for all sufficiently small values of 1 > 0, i.e.,
robustly with respect to this parameter of singular perturbation.
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Abstract: In this work, a finite-horizon zero-sum linear-quadratic differential game, modeling a
pursuit-evasion problem, was considered. In the game’s cost function, the cost of the control of the
minimizing player (the minimizer/the pursuer) was much smaller than the cost of the control of
the maximizing player (the maximizer/the evader) and the cost of the state variable. This smallness
was expressed by a positive small multiplier (a small parameter) of the square of the Ly-norm of
the minimizer’s control in the cost function. Parameter-free sufficient conditions for the existence of
the game’s solution (the players’ optimal state-feedback controls and the game value), valid for all
sufficiently small values of the parameter, were presented. The boundedness (with respect to the small
parameter) of the time realizations of the optimal state-feedback controls along the corresponding
game’s trajectory was established. The best achievable game value from the minimizer’s viewpoint
was derived. A relation between solutions of the original cheap control game and the game that
was obtained from the original one by replacing the small minimizer’s control cost with zero, was
established. An illustrative real-life example is presented.

Keywords: linear-quadratic differential game; cheap control; singular (degenerate) differential game;
pursuit-evasion game

1. Introduction

A cheap control problem is an extremal control problem where a control cost of at least
one of the decision makers is much smaller than a state cost in at least one cost function
of the problem. Cheap control problems appear in many topics of optimal control and
differential game theories. For example, such problems appear in the following topics:
(1) regularization of singular optimal controls (see, e.g., [1-4]); (2) limitation analysis for
optimal regulators and filters (see, e.g., [5-7]); (3) extremal control problems with high gain
control in dynamics (see, e.g., [8,9]); (4) inverse optimal control problems (see, e.g., [10]);
(5) robust optimal control of systems with uncertainties/disturbances (see, e.g., [11,12]);
(6) guidance problems (see, e.g., [13,14]).

The Hamilton boundary-value problem and the Hamilton-Jacobi-Bellman-Isaacs
equation, associated with the cheap control problem by solvability (control optimality)
conditions, are singularly perturbed because of the smallness of the control cost.

In the present paper, we considered one class of cheap control pursuit-evasion differ-
ential games. Cheap control differential games have been studied in a number of works
in the literature (see, e.g., [4,11,12,15,16] and references therein). In most of these studies,
the case where a state cost appeared in the integral part of the cost function was treated.
This feature allowed (subject to some additional condition on the state cost) the use of the
boundary function method [17] for an asymptotic analysis of the corresponding singularly
perturbed Hamilton-Jacobi-Bellman-Isaacs equation. Moreover, the time realization of the
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optimal state-feedback control with the small cost had an impulse-like behaviour, meaning
it was unbounded as the control cost tended to zero. To the best of our knowledge, cheap
control games, where the time realization of the state-feedback optimal control with the
small cost remains bounded as this cost tends to zero, were considered only in a few works
and only for specific problem settings. Thus in [13], a pursuit-evasion problem, modeled
by a linear-quadratic zero-sum differential game with time-invariant four-dimensional
dynamics and scalar controls of the players, was considered. In this game, the control cost
of the pursuer was assumed to be small. Moreover, the integral part of the game’s cost
function did not contain the state cost. By a linear state transformation, this cheap control
game was converted to a scalar linear-quadratic cheap control game. In this scalar game,
the time realization of the optimal state-feedback pursuer’s control against a bang-bang
evader’s control was analyzed. Sufficient conditions for the boundedness of this time real-
ization for all sufficiently small values of the pursuer’s control cost were derived. In [14],
a similar problem was solved in the case where the control costs of both the pursuer and
evader were small and had the same order of smallness. In [11], a more general pursuit-
evasion problem was studied. This problem was modeled by a linear-quadratic zero-sum
differential game with time-dependent six-dimensional dynamics. The controls of both
the pursuer and evader were scalar. The costs of these controls were small and had the
same order of smallness. The state cost was absent in the integral part of the game’s cost
function. This game also allowed a transformation to a scalar linear-quadratic cheap control
game. In this scalar game, the time realization of the optimal state-feedback pursuer’s
control against an open-loop bounded evader’s control was analyzed. Sufficient conditions,
guaranteeing that the time realization satisfied given constraints for all sufficiently small
values of the controls’ costs, were obtained. In [12], a robust tracking problem, modeled by
a linear-quadratic zero-sum differential game with time-dependent n-dimensional (1 > 1)
dynamics, was analyzed. The controls of both minimizing and maximizing players were
vector-valued. The costs of these controls were small and had the same order of smallness.
For this game, the limit behaviour of the state-dependent part of the cost function, gener-
ated by the optimal state-feedback control of the minimizing player (the minimizer) and
any Ly-bounded open-loop control of the maximizing player (the maximizer), was studied.
Sufficient conditions, providing the tendency to zero of this part of the cost function as the
small controls’ costs approached zero (the exact tracking), were derived. Subject to these
conditions, necessary conditions for the boundedness of the time realization of the optimal
state-feedback minimizer’s control for all sufficiently small values of the controls’ costs
were obtained.

In the present work, we studied a much more general cheap control linear-quadratic
zero-sum differential game than those in [11,13,14]. For this game, an asymptotic analysis
of its solution was carried out in the case where the small control’s cost of the minimizer
tended to zero. In particular, the asymptotic behavior of the time realizations of both
players’ optimal state-feedback controls along the corresponding (optimal) trajectory of
the game was analyzed. The boundedness of these time realizations was established for
all sufficiently small values of the minimizer’s control cost. Moreover, in contrast to the
results of the work [12], the conditions for such boundedness were sufficient and they were
not restricted by any other specific conditions, such as the exact tracking in [12].

Also in the present work, we considered one more linear-quadratic zero-sum differ-
ential game. This game was obtained from the original cheap control game by replacing
the small control cost of the minimizer with zero. This new game was called a degenerate
game and was similar to the continuous/discrete time system obtained from a singularly
perturbed system by replacing a small parameter of singular perturbation with zero. The
relation between the original cheap control game and the degenerate game was established.

This paper is organised as follows. In Section 2, the problems of the paper (the cheap
control differential game and the degenerate differential game) are rigorously formulated,
main definitions and some preliminary results are presented and the objectives of the paper
are stated. In Section 3, the solution of the cheap control differential game is obtained and
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the asymptotic analysis of this solution is carried out. Section 4 is devoted to deriving
the solution of the degenerate differential game. In addition, some relations between the
solution of the cheap control differential game and the degenerate differential game are
established in this section. In Section 5, based on the theoretical results of the paper, one
interception problem in 3D space was studied. Conclusions of the paper are presented in
Section 6.

2. Preliminaries and Problem Statement

Consider the controlled system
* = A(t)x + B(t)u + C(t)v, x(to) = xo, t € [to, ], 1)

where x € R", u € R" and v € R® are the state, the pursuer’s control and the evader’s
control, respectively; ¢ is an initial time moment; ¢ risa final time moment; the matrix-
valued functions A(t), B(t) and C(t) of appropriate dimensions are continuous for ¢ €
[to, tf]. The controls u(t) and v(t) are assumed to be measurable bounded functions for
te [to, i’f]

The target set is a linear manifold

T, = {xeR": Dx+d =0}, @)

where D is a prescribed m x n-matrix (m < n) and d € R" is a prescribed vector. The
objective of the pursuer is to steer the system onto a target set at t = t;, whereas the evader
desires to avoid hitting the target set by exploiting feedback strategies u(t, x) and v(t, x),
respectively.

Let us consider the set Uy of all functions u = u(t,x) : [0,t¢] x R" — R', which are
measurable w.r.t. t € [0,¢f] for any fixed x € R" and satisfy the local Lipschitz condition
wrt. x € R" uniformly in t € [0,ts]. Similarly, we consider the set Vs of all functions
v="0(tx):[0,tf] x R" — R, which are measurable w.r.t. t € [0, t] for any fixed x € R"
and satisfy the local Lipschitz condition w.r.t. x € R" uniformly in t € [0, £].

Definition 1. Let us denote by Uy the set of all functions u(t, x) € Uy satisfying the following con-
ditions: (1ux) the initial-value problem (1) for u(t) = u(t, x) and any fixed v(t) € Lo ([0, t£], R?)
has the unique absolutely continuous solution x,,(t), t € [0, t¢]; (2ux) u(t, xu(t)) € La([0, 7], R").

Also, let us denote by Vi the set of all functions v(t, x) € Vy satisfying the following conditions:
(1ox) the initial-value problem (1) for v(t) = o(t, x) and any fixed u(t) € Ly([0, tf], R") has the
unique absolutely continuous solution x,(t), t € [0,tf]; (20x) v(t, x0(t)) € Lo ([0, £f], R?).

In what follows, the set U, is called the set of all admissible state-feedback controls (strategies)
of the pursuer, while the set Vy is called the set of all admissible state-feedback controls (strategies)
of the evader.

Below, two differential games modeling this conflict situation are formulated.

2.1. Cheap Control Differential Game

The first is the Cheap Control Differential Game (CCDG) with the dynamics (1) and
the cost function

b b
Jup(1,0) = |Dx(t) +dP +a [ Ju(t) Pt~ p [ Jo(e) P, @)
fo fo

where |x| denotes the Euclidean norm of the vector x; «, > 0 are the penalty coefficients
for the players’ control expenditure, and « is assumed to be small. The objectives of
the pursuer and the evader were to minimize and to maximize the cost function (3) by
u(-) € Uy and v(-) € Vg, respectively.
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The CCDG (1), (3) is a zero-sum linear-quadratic differential game (see, e.g., [18-22]).

Definition 2. Let u(t, x), (t,x) € [to, tf] x R", be any given admissible pursuer strategy, i.c.,
u(-) € Uy. Then, the value

Jap(u(-);to, x0) = sup Jap (u(-),0(8)), @
o(t)eLy([totf] RS)

calculated along the corresponding trajectories of the system (1), is called the quaranteed result of
the strategy u(-) in the CCDG.
The value

Jag(to,x0) = inf Jig(u(-); o, %) ®)

is called the upper value of the CCDG.
If the infimum value (5) is attained for ﬁgﬁ(t, x) € Uy, ie.,

inf Jig(u(-);to,x0) = min Jis(u(-); fo, Xo)

u(-)ely u(-)ely
and N
p(t, ) = arg min, Jig(u(-)st0, %), ®)

the strategy ﬁgﬁ(t, x) is called the optimal strategy of the pursuer in the CCDG.

Definition 3. Let v(t,x), (t,x) € [to, tf] x R", be any given admissible evader strategy, i.e.,
v(-) € Vy. Then, the value

v s to, = inf T ,o(4)), 7
Jap(@(+); to, Xo) u(t)ELzl(r[lto,tf],]R')I p(u(t),v(-)) 7)

calculated along the corresponding trajectories of the system (1), is called the quaranteed result of
the strategy v(-) in the CCDG.
The value

Jup(to,x0) = sup Jig(o(-);to, xo) ®)
o(-)eVy

is called the lower value of the CCDG.
If the supremum value (8) is attained for 7725(t, x) € Vy, ie.,

U(S;lepv Tep(0(-);to, x0) = max, Jep(0(-); to, o)
and _

Top(t,x) = arg max, Jap(0(-); to, x0), )
the strategy z“)gﬁ(t, x) is called the optimal strategy of the evader in the CCDG.
Definition 4. If

Tus (o, x0) = Jua(to, x0) = Jg(to, x0), (10)

then it is said that the CCDG has the game value Eﬁ.
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2.2. Singular (Degenerate) Differential Game

In this game the dynamics were the same as in the CCDG, i.e., (1), while the cost
function of this game was obtained from (3) by replacing « with zero:

'
Jo(u,0) = |Dx(ty) +df = B [ [o(t) Pt an
0

The differential game (1), (11) is called the Singular Differential Game (SDG).

Remark 1. The sets of all admissible state-feedback controls (strategies) of the pursuer and the
evader in the SDG are the same as in the CCDG, i.e., Uy and Vy, respectively. The guaranteed
results fg(u(), to, xo) and Tg(v(~);t0, Xo) of any given strategies u(-) € Uy and v(-) € Vy in the
SDG are defined similarly to (4) and (7), respectively. Namely,

Ti(u(-);to,x0) = sup T (u(-),0(t)), (12)
o(t)eLy([to tf]R?)

T5(0(-); = inf ).
Jg(v(-); to, xo) weLal ) (u(t),v(-)) (13)

The upper Tg*(to, xo) and lower ]Ng*(to, xo) values of the SDG are defined similarly to (5)
and (8), respectively. Namely,

Jg" (to, x0) = ll(?ﬁfux TE(“(');tOIXO)r (14)
J§ (to, x0) = sup J§(v(-); to, x0)- (15)
U(’)EVX
If N _ _
Jg" (to, x0) = Jg" (fo, x0) £ J5(to, x0), (16)

then TE (to, x0) is called the value of the SDG.

Definition 5. The sequence of state-feedback controls {iigi(-)}, tUpx(-) € Uy, (k =1,2,...), is
called minimizing in the SDG if

klglo'lo Tg(ﬁﬁrk()/ fo, xO) = TE*(tOI XO)' 17

If there exists ﬁzg(t,x) € Uy, for which the upper value of the SDG is attained, this state-
feedback control is called an optimal state-feedback control of the pursuer in the SDG:

Tt x) = argu(r;;ier;,j;;(u(-);to,xo). (18)

Definition 6. The sequence of state-feedback controls {Dgx ()}, Tpx(-) € Vi, (k = 1,2,...), is
called maximizing in the SDG if

Jim T3 @p(-);to, x0) = T (fo, x0)- (19)

If there exists 5E(t, x) € Vy, for which the lower value of the SDG is attained, this state-
feedback control is called an optimal state-feedback control of the evader in the SDG:

op(t x) = argv?;?‘(& ~Z(U(');to,xo)~ (20)
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Remark 2. Since the cost function (11) of the SDG does not contain a quadratic control cost of
u, its solution (if it exists) cannot be obtained either by the Isaacs’s MinMax principle or by the
Bellman—Isaacs equation method (see [23]). This justified calling this game singular. The CCDG
could be considered as a singularly perturbed SDG, whereas the SDG was a degenerate CCDG.

2.3. Reduction of the Games

Let ®(t, 7) be the transition matrix of the homogeneous system ¥ = A(t)x. By
applying the state transformation

z=D®(ts, t)x +d, (21)
the system (1) is reduced to
z = Hy(t)u+ Ha(t)v, z(to) =z, t€ [to, tf], (22)
where m x r and m x s matrices Hj (t) and Hy(t) are
Hy(t) = DO(ts, t)B(t), Ha(t) = D®(ts,t)C(t), (23)

Zp = D‘D(ff, to)Xo +d. (24)

Due to (21), for the reduced system (22), the cost functions (3) and (11) of the CCDG
and SDG become

tr tr
Jop = |20+ [ u(t) Pt = p [ [o(t) Pt 25)
to to
and
'
Jo = () =B [ 1o, 26)
to
respectively.

The games (22), (25) and (22), (26) are called the Reduced Cheap Control Differential
Game (RCCDG) and the Reduced Singular Differential Game (RSDG), respectively.

Let us consider the set U; of all functions u = u(t,z) : [0,¢¢] x R" — R, which are
measurable w.r.t. t € [0, ] for any fixed z € R" and satisfy the local Lipschitz condition
wrt. z € R™ uniformly in t € [0,#7]. Similarly, we consider the set V; of all functions
v =0(t,z): [0,t] x R™ — R?, which are measurable w.r.t. t € [0,tf] for any fixed z € R™
and satisfy the local Lipschitz condition w.r.t. z € R™ uniformly in t € [0, £].

Definition 7. Let us denote by U the set of all functions u(t,z) € U, satisfying the following con-
ditions: (1,z) the initial-value problem (22) for u(t) = u(t, z) and any fixed v(t) € Ly ([0, t£], R?)
has the unique absolutely continuous solution z,(t), t € [0,¢]; (2uz) u(t, zu(t)) € La([0, t¢], R).

In addition, let us denote by V; the set of all functions v(t,z) € V, satisfying the following con-
ditions: (1yz) the initial-value problem (22) for v(t) = v(t,z) and any fixed u(t) € Ly ([0, ], R")
has the unique absolutely continuous solution z,(t), t € [0, tf}; (20x) v(t, Zy (t)) €L, ([0, tf], ]Rs).

In what follows, the set U, is called the set of all admissible state-feedback controls (strategies)
of the pursuer in both games RCCDG and RSDG, while the set V., is called the set of all admissible
state-feedback controls (strategies) of the evader in both games RCCDG and RSDG.

Remark 3. Based on Definition 7, the guaranteed results ];!ﬁ(u(~); to, zo) and Zﬁ(v(~); to,zo) of
any given strategies u(-) € U, and v(-) € V; in the RCCDG are defined similarly to (4) and (7),
respectively. The upper i‘g (to,zo) and lower IZE(tO' z0) values of the RCCDG are defined similarly

to (5) and (8), respectively. The optimal state-feedback controls of the pursuer ugﬁ(t,z) and the
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evader vgﬁ(t,z), (t,2) € [0,t¢] x R™, are defined similarly to (6) and (9), respectively. The value
of the RCCDG ]Sﬁ(tg, 20) is defined similarly to (10).

Remark 4. Based on Definition 7, the guaranteed results ]g(u(-); to, zo) and ]E(v(-); to, zo) of
any given strategies u(-) € U, and v(-) € V; in the RSDG are defined similarly to (12) and (13),
respectively. The upper Jg* (to, zo) and lower ]g*(to, z0) values of the RSDG are defined similarly
to (14) and (15), respectively. The minimizing sequence {ug(-)}, ugi(-) € Uz, (k = 1,2,...),
and the optimal state-feedback control u:;(t, z) of the pursuer in the RSDG are defined similarly
to (17) and (18), respectively. The maximizing sequence {vgy(-)}, vgi(-) € Vz, (k=1,2,...), and
the optimal state-feedback control U;g(t, z) of the evader in the RSDG are defined similarly to (19)
and (20), respectively. The value of the RSDG ]g(to, 20) is defined similarly to (16).

Remark 5. If u0 ﬁ(t, z) and v9 ﬂ(t, z) are the optimal strategies of the pursuer and the evader in the
RCCDG, then the strategies

ul (t, D®(ts, t)x + d) and {, (t, DOty )x + d), @7)

are optimal stmtegies of the pursuer and the evader in the CCDG.
If {u5 k(6 2) 15 and {vg(t,2) } 125 are the minimizing sequence and the maximizing se-
quence in the RSDG, then the sequences

o5}

{uﬁrk (t, D®(ts t)x + d) }::1

are minimizing and maximizing sequences in the SDG. Moreover, ifu/’g(t,z) and vz(t,z) are the
optimal strategies of the pursuer and the evader in the RSDG, then the strategies

and {vﬁ,k<t, DdD(tf,t)erd) }:: (28)

s (t, D<1>(tf,t)x+d> and o} (t, Dd>(tf,t)x+d>, (29)
are optimal strategies of the pursuer and the evader in the SDG.

2.4. Objectives of the Paper

In this paper, we investigated the asymptotic behaviour of the solution to the RCCDG
and the relation between the RCCDG and the RSDG solutions. In particular, the objectives
of the paper were:

(1) to establish the boundedness of the time realizations 19 ﬁ(t) = 1’ 5 <t,zg ﬁ(t)),
o ﬁ(t) =10 5 (t, 20 ;;(t)) of the RCCDG optimal strategies along the corresponding
trajectory z0 ﬁ(t) of (22) fora — 0;

(2)  to establish the best achievable RCCDG value from the pursuer’s point of view:

A
= inf Jas(fo,20), (30)

0
to, z
]best( 0. O) ae(O,sz]

where a® > 0 is some sufficiently small number;
(3) to obtain the RSDG value, and establish the limiting relation between the values of
the RCCDG and the RSDG:

hm] ﬁ(tO/ ZO) - ]ﬁ(tOI ZO) (31)

+oo
(4) to construct the RSDG pursuer’s minimizing sequence {u (- }k—l and the evader’s
optimal state-feedback control v;}() based on the RCCDG solution.
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3. The RCCDG Solution and Its Asymptotic Properties
By virtue of [19-22], we obtained the RCCDG solution:

Jap (to, 20) = 2{ Rap(t0)20, (32)
1
ugg(t 2) = —EHlT(t)R,x/g,(t)z, (33)
1

WQp(tz) = EHZT(t)R,X,g(t)z, (34)
where the matrix-valued function R,4(t) is the solution of the Riccati matrix differential

equation '
R= RQaﬁ(t)R, R(tf) =1In te€ [to,tf}, (35)

1 1

Qup(t) = - Ha(t)HY () - BHz(f)HzT(t), (36)

HT denotes a transposed matrix and I, is the unit m x m-matrix.
The solution of (35) is readily obtained:

Rop(t) = S5 (1), t € [to,tf], 37)
if and only if the matrix
b
Sup(t) = I + / Qup(T)dT (38)
t

is invertible for all t € [to, ).
Thus, the RCCDG is solvable if and only if

det(Saﬁ(t)) #0, te [to, tf] (39)

Condition S. The system (22) is controllable with respect to u(t) at any interval [t, ],
te [fo, t f)

Remark 6. By using the t-dependent controllability gramians
ty
Gi(t) = / Hy(0)H] (T)dt, t€ [toty), (40)
t
Condition S can be rewritten [18] as
detGy(t) >0, t € [ty, tf) (41)
The following statement is a direct consequence of (Theorem 3.1 [24]).

Proposition 1. Let Condition S hold. Then, for any B > 0 there exists & = &(p) such that the
condition (39) holds for all & > 0 satisfying

a < @& (42)
Let zgﬁ(t) denote the optimal motion of (22) for u = ugﬁ(t,z), v = vgﬂ(t, z).
Proposition 2. Let Condition S hold. Then, there exists the bounded limit function

2(t) = lim z05(#), t € [to, t], (43)

a—0
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which is independent of B. Moreover
vl(ig})zgﬁ(tf) =£(t) =0. (44)

Proof. Let & > 0 satisfy (42). By substituting the optimal strategies (33) and (34) into the
system (22), due to (36), (37) and (38), the dynamics become

£ = —Qup(DRus(H) 49)
Define
s -1
y2 R0z = | It [Qu(idr| = (46)
t
Then,
s -1 t -1

tr Ly

It [Qudr | (~Qup() [ In+ [Qumdr| z=0, @)
t t
yielding
y(t) = c = const, t€ [to, ty]. (48)
Fort = ty,
te -1

yit) =c= | L+ [ Qu@idr | z. (49)

-1

t tr
20500 = | I+ / Qup(r)dr | | In + / Qup()dt | 2. (50)
¢ to
Due to (36) and (40),
tr b !
204(t) = (zm+icl(t) —;/HZ(T)HZT(T)dT) (1,,,+ic1<t0) —;/Hz(T)HZT(T)dT) 2. (51)
t fo

1
By factoring X out of both matrices, (51) becomes

tr te =
05(t) = (M,,, - % / HZ(T)HZT(T)dTJrG](t)) (,xz,,, - % /HZ(T)HZT(T)dTJr G1(to)) . (52)
t t

Since the gramian G () is non-singular, the limit (43) is readily calculated for
te [to, i’f]i

[1>

lim 235() = G1(+) Gy (to)z0 = 2(b)- (53)
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Fort =tg, (51)is

-1

b
Bp(ty) = | i~ [ mEOH @i+ G0 | = (54
iy
and
lim 20, (t7) = 0. (55)
Since Gy (tf) = 0, (53) yields
z(ts) = 0. (56)

Equations (55) and (56) prove (44). This completes the proof of the proposition. [J

Proposition 3. Let Condition S hold. Then the time realizations ugﬁ(t) = ugﬂ(t, zgﬁ(t)),
vgﬁ(t) = vgﬁ(t, zgﬁ(t)) of the optimal strategies (33)—(34) are bounded for & — 0.

1
Proof. By substituting (50) into (33), by using (36) and (40), and by factoring " out of the
matrix, the time realization of the RCCDG optimal minimizer’s strategy is
tr -1
it
tp(t) = —H{ (1) | alyn + Ga(to) — 5 [ i@ @) @i | 0 (57)
o

Thus, for any 8 > 0, there exists the bounded limit function

lim 40, (t) = —Hy (£)G; ' (fo)z0 £ (1), t € [to, t]. (58)

a—0
Similarly, the time realization the RCCDG optimal maximizer’s strategy is

-1

tr
oa(t) = %HzT(t) why + Gi(fo) — %/HZ(T)HZT(T)(T)dT %. (59)
to
yielding
lim Wp(H) =02 3(t), t€ [t tg]. (60)
0

Proposition 4. Let Condition S hold. Then the feedback strategies (33) and (34) are well defined
fora =0 forall (t,z) € [to, tf) x R™.

Proof. Similarly to (57), by factoring % from the gain of the strategy (33),
t -1

Wy(t,2) = —HI (1) | al + Gy (1) - %/HZ(T)HZT(T)(T)dT z, 1)

-

which is well defined for a = 0, (t,z) € [to, tf) x R™:

lim ugﬁ(t,z) =K(t)z = i(t,z), (62)

a—0
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where
R(t) = —H{ (G (1) (63)
Similarly to (59),
tf -1
0 ARy @ T
Rp(t2) = GHE(D) |l +Gi(1) — 5 / Hy(0)H! (1) (n)dt | 2, (64)
t
yielding
lim 00, (t,z) = 02 3(t,2), (65)
a—0 “p

forall (f,2z) € [to, t7) x R™. [
Remark 7. Due to (40), the gain (63) of the limit feedback #i(t, z) is infinite for t — t:

lim [|R(1)|| = oo, (66)
*}[f

where || - || is the Euclidean norm of a matrix.
Remark 8. The limit motion Z(t) given in (53) is generated by the limit feedback strategies i (t, z)
and 9(t,z)) given in (62) and (65), respectively. Moreover, their time realizations along Z(t) are
equal to 1i(t) and (t) given in (58) and (60), respectively:

a(t,2(t) = a(t), o(t,Z(t)) = o(t). (67)
Proposition 5. Let Condition S hold. Then for any p > 0, the RCCDG game value satisfies

: 0 —
tim J% (t0,20) = 0. (68)

Moreover, all the terms of the optimal cost function (25) tend to zero for & — 0:

: 0 2 _
tim |20t = 0, (®9)
t
lim a/\uo ()t | =0 (70)
a—0 “p !
to
i
; 10 (124 | —
tim | B [ [035(6) P | =o. 1)
to
Proof. By factoring % from the matrix Rg(t),
tr -1
«
Jop(to, 20) = azq | al + Gi(to) — B /Hz(T)HzT(T)(T)dT 2. (72)
fo

Since the matrix Gy (t) is non-singular, (72) directly leads to (68).

The limiting Equation (69) is the consequence of (55); (70) holds, because, due to
Proposition 3, the limit time realization of the minimizer’s optimal strategy is bounded; (71)
follows from (60). [
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Corollary 1. Let Condition S hold. Then,
Joest (to,20) = 0. (73)

Proof. First of all, let us note that, due to Remark 6, the matrix G (tp) is positive definite.
Therefore, using (72), we can conclude the following. There exists a positive number a® < &
such that, for all & € (0,4],

J9(to,20) > 0. (74)

This inequality, along with the equality (68), directly yields the statement of the
corollary. [

4. RSDG Solution

Lemma 1. Let Condition S hold. Then, there exists a positive number g < &, such that for all
a € (0,ap] the guaranteed result ]g(ugﬂ(); to, zo) of the pursuer’s state-feedback control ugﬁ(t, z)
in the RSDG satisfies the inequality

0< ]/g’(ugﬁ(~);t0,zo) <aa, (75)
where a > 0 is some value independent of a.

Proof. First of all, let us remember that 10 ﬁ(t,z) is the optimal pursuer’s control in the
RCCDG, and this control is given by Equation (33). Taking into account Remark 4 and
Equation (26), the guaranteed result of this control in the RSDG is calculated as follows:

B toz0) = sup Jp(uds(-),0())
v(t)eLy ([t R?)

= sup <|z tf|2f/3/ ] dt) (76)

o(t)eLy ([to,tf] RS
along trajectories of the system
z= Hl(t)ugﬁ(t,z) + Hy(t)o(t), te€[to,ts], 2(0) =z (77)

For any v(t) € Ly([to, tf], R®), we have the inequality

z(tg)| —/3/ 2dt<\z(tf\2+a/ [u aﬁtz|dt—ﬁ/ (H)2dt  (78)
along trajectories of the system (77). Therefore,
0< sup <\z te|* — ﬁ/ t)\zdt>
o(t)eLs ([fot ], R?)

sup (|z(tf\2+(x/ {uaﬁ (t,z | dt — ,B/ 2dt> (79)

v(t)eLy ([t R?)

Since u? ap (t,z) is the optimal state-feedback control in the RCCDG, then using the form
of the cost function in this game (see Equation (25)) and the definition of the value in this
game (see Remark 3), we directly have

sup <|z(tf|2+a/ ‘“aﬁ (t,2) } dt — ‘B/ |2dt) —]Bﬁ(to,zo) (80)

o(t)eLy ([to,tf] RS
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Remember that ]2/5(1?0, zp) is the RCCDG value given by Equation (32).
Further, using Equations (76), (80) and the inequality (79), we obtain immediately

0 < Jh(uds(-); to, 20) < Jog(to, 20)- ®1)

Now, the statement of the lemma directly follows from Equation (72) and the inequal-
ity (81). O

Consider the following admissible state-feedback control of the maximizing player
(the evader) in the RSDG:

o(t,z) =0, (tz) € [to, tf] x R™. (82)

Lemma 2. Let Condition S hold. Then, the guaranteed result ]g(ﬁo(-);to,zo) of 3°(t,z) in the
RSDG is
J(2°(-);to, 20) = 0. (83)

Proof. Substituting v(t) = °(¢,z) into the system (22) and the cost function (26) yields the
following system and cost function:

z= Hl(t)u, Z(to) =z, tE€ [to, tf]/ (84)

J(u(-)) = Jp(u(-),8°() = |a(tf) % (85)

Therefore, J°(3°(+); ty, zo) is the infimum value with respect to u(t) € Ly ([to, tel, R’)
of the cost function (85) along trajectories of the system (84), i.e.,

JP(@(-);to, 20) = inf J(u(-)). (86)
u(»)ELZ([[O,tf],]R')

The optimal control problem (84) and (85) is singular (see, e.g., [3]), and the value
(86) can be derived similarly to this work. To do this, first, we replaced approximately the
singular problem (84) and (85) with the regular optimal control problem consisting of the
system (84) and the new cost function

= A
=z

't
Ju(w()) = ()P +a [ jue)Pat )
0
to be minimized by u(-) € L, ([to, t f],]R,’) along trajectories of the system (84). In (87),
« > 0 is a small parameter of the regularization.

For any given & > 0, the problem in (84), (87) is a linear-quadratic optimal control
problem. By virtue of the results of [25], we directly have that the solution (the optimal
control) of this problem is #(t) = —(1/a)H] (t)Ra(t)Z4(t), and the optimal value of its
function has the form

I8 = Tu(#(-)) = 25 Ra(to)20, (88)

where the m x m-matrix-valued function Ry (#) is the solution of the terminal-value problem
- 1. _ _
Ry = &R,le(t)HlT(t)R,x, t € [to,tf], Ra(ty) = Im, (89)
the vector-valued function Z, (t) is the solution of the initial-value problem

8, = %Hl(t)H{(t)Ra(t)za, teltotf], 2(to) = 2. (90)
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Using Remark 6, we obtain the unique solution of the problem (89) as follows:

-1
Ry(t) = (Im + %Gl(t)> , tE [ty ], (91)

where the m x m-matrix-valued function G (#) is given in Remark 6 (see (40) for t € [to, t]).
Substituting (91) into (88), we obtain after some rearrangement

0= azg(alm + Gi(to) 7120, (92)
yielding the following inequality for all sufficiently small & > 0:
0<T0<ca, (93)

where ¢ > 0 is some value independent of .
Using Equation (88) and inequality (93), we obtain for all sufficiently small & > 0:

0< inf Ju(-)) < J(@(-) < Ja(@Q() = T3 < ca,

u(-)eLa([to tg]RY)
yielding

0< inf J(u(+)) < ca.
u(-)€La ([to,t| R")

The latter implies immediately

inf J(u(-)) =0
u(-)€Ly([to k) R7)

which, along with Equation (86), proves the statement of the lemma. [
Theorem 1. Let Condition S hold. Then, the RSDG value ]g (to, zo) exists and
Jj(to,z0) = 0. (94

Proof. Let ]E*(to,zo) and ]E* (to,zo) be the upper and lower values of the RSDG, respec-
tively. Then, due to the definitions of these values (see Remark 4), we have

]g*(fofzo) < ]E(ugﬁ(');to,zo), a € (0,a0], (95)
JE(@();to, 20) < Jg* (to, 20), %6)
I (t0,20) < J4* (fo,20). ©7)

Now, using the equality (83) and the inequalities (75), (95)—(97) yield

0= J§(@(-);to,20) < J§" (0, 20) < J§" (to,20)
< J§(up(-)ito,20) < aw, € (0,a0]. (98)
The latter implies

0 < Jg"(to,z0) < Jg"(to,20) < an, a € (0, a). 99)

From (99), for « — 0, we directly have ]g*(to,zo) = ]E*(to/zo) = 0, which proves the
theorem. [
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Corollary 2. Let Condition S hold. Then,

Jpest(f0,20) = J5(to, 20)- (100)
Proof. The statement of the corollary directly follows from Theorem 1 and Equation (73). [
Corollary 3. Let Condition S hold. Then, the limit Equality (31) is valid.

Proof. The statement of the corollary is a direct consequence of Equations (68) and (94). [

By {a;};=3, we denote a sequence of numbers, satisfying the following conditions: (I)
K € (0, 060}, (k = 1,2,...); (H) limkﬁ_,_oo K = 0.

Theorem 2. Let Condition S hold. Then, the sequence of the pursuer’s state-feedback controls
{ugkﬁ(t,z) }kti is the minimizing sequence in the RSDG. The state-feedback control 3°(t,z), given
by (82), is the optimal evader’s strategy in the RSDG.

Proof. From the chain of the equality and the inequalities (98) we obtain

Jim g (G (-)ito 20) = Jj (to,20), (101)
meaning the validity of the first statement of the theorem.
Similarly, we have
TR (@°(-);to, 20) = T§* (to, 20), (102)

which implies the validity of the second statement of the theorem. [

Remark 9. It should be noted that the optimal evader’s strateqy 8° (t, z) in the RSDG coincides with
the limit (as & — 0) of the optimal evader’s strategy in the RCCDG for all (t,z) € [to, tf) x R™
(see Proposition 4 and Equation (65)). Also, it should be noted that the limit (as k — +c0) of the
minimizing sequence {ugkﬁ(t,z) ::; in the RSDG is ii(t,z) for all (t,z) € [to,tf) x R™ (see
Proposition 4 and Equations (62) and (63)). However, the function ii(t,z) does not belong to the
set U,. Therefore, this function does not belong to the set U, i.e., it is not an admissible pursuer’s
state-feedback control in the RSDG.

5. Example: Interception Problem in Three-Dimensional Space
5.1. Engagement Model and Its Reduction

Consider the engagement in 3D space of two flying vehicles (the interceptor or the
pursuer and the target or the evader), which has similar geometry to that considered
in [26,27]. In contrast to [26,27], we assumed that both the pursuer and the evader have
first-order dynamics controllers. Two mutually perpendicular control channels could have
different time constants: 7, , Tp, for the pursuer’s controller and 7, , T, for the evader’s one.

The equations of motion were written down in the line-of-sight coordinate system
where the axis X was the initial line-of-sight, the plane XY was the collision plane deter-
mined by the initial line-of-sight and the target’s velocity vectors and the plane XZ was
normal to XY.

Let (Xp, Yy, Zp) and (X,, Y, Z¢) be the coordinates of the interceptor (the pursuer) and
the target (the evader), respectively. The relative separations in the Y and Z-directions were
Y=Y, —Yeand Z = Z, — Z,. By linearization along the initial line-of-sight, the equations
of motion were written down in the form (1) where the state vector was

x=(Y, Y, Yp/ Y, 2,2, Zp/ Z(’)Tr (103)
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the players’ control vectors (lateral acceleration commands) were u = (uy,uy)7 (for the
pursuer) and v = (v, Uz)T (for the evader); the final time f¢ was the time of achieving the
zero distance between the players along the axis X. The matrices in (1) were

01 0 0 00 0 0
00 1 1 00 0 0
00 -1/, 0 00 0 0
oo o -1/m, 00 0 0
ABD=10 0 o 0 01 0 o |’ (104)
00 0 0o 00 1 1
00 0 0 00 -1/7, 0
Loo o 0 00 0 —1/z,
© 0 0 7 S0 0 T
0 0 0o 0
1/7tp, 0 0 0
0 0 /% 0
B =| o |cw=] Y8 (105)
0 0 0o 0
0 1/, 0o 0
L O 0 L O 1/Te2 i

In the pursuit problem, the target set was x; = Y = 0, x5 = Z = 0, meaning that in (2),
1000 0O0O0TO 0
Di{O 000100 O}’ 7{0}' (106)

Thus, in this example, n =8, r =s =m = 2.
The transition matrix of the homogeneous system was readily obtained as

(Dl(tf/tr'fp ) Tey) Oy :|
D(ts, t) = oA 107
( f ) { O4 (bl(tf,t,rpz,rgz) ( )
where Oy is the zero 4 x 4 matrix,
1 tp—t —h(t, 1) h(t, )
0 1 —7(1—e W) g(1—e 00w
_ r e
q>1(tf/ £, Tps TE) - 0 0 (e*t}(tr'fp) ) ( 0 ) ’ (108)
0 0 0 e 0(tT)
tr—t
o) 2 L—, (109)
h(t,7) 2 2 <e"9(t'7) Lot T) — 1). (110)

Then, by applying the transformation (21) with D and d as in (106), the original system
was reduced to the two-dimensional system of the form (22), where

_ [ =kt ) 0 _ [ At ) 0
Hl(t) B 0 ’ 7h(t'TP2) }’ HZ(t) B { 0 h(t'Tt’z) } (a1

Explicitly, the system (22) became

21 —h(t, Ty, )ur +h(t, 7 )v1, z1(to) = z0,, t € [to,tf],
Zy = *h(t,sz)uz +h(t, ng)?]z Zz(to) = Z0,, te [fo, tf]

(112)
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5.2. Reduced Cheap Control Game
In this example, the RCCDG cost function (25) is

b by
Jup = 23(tf) + 23 (1) +¢x/{u%(t) +u3 ()] dt — p /[v%(t) +o3(0]ar 13)
i fo

Due to (111), the gramian (40) is calculated as

tf
/h2(17, Ty, )dn 0
G(y=|" I , (114)
0 / 12 (17, Ty )by
t
and

tr tr

detGy() = | [ 1201,y | | [ 1201, 5)dn | (115)
t t

For all T > 0, we have that h(t,T) > 0,t € [to, tf), and h(tf, 7) = 0. Therefore, the
condition (41), and, consequently, Condition S hold.
Due to the symmetry of the matrices (111), the matrix (37) is also symmetric:

rop. (£) 0
Rop(t) = | 1 } 116
oc/S( ) { 0 raﬂz(t) ( )
where 1
rop,(t) = ; ” , i=1,2. (117)
1 1 7
1+— /hz(ﬂrfpi)dﬂ -2 /h2(17,rei)d17
“ P i
Thus, the RCCDG is solvable if
tr te
1 +% /hz(ﬂ,Tpi)d - % /hz(n,rei)dq >0, te€ltytf], i=12 (118)
t t
Similarly to [24], it is proved that the solvability condition (118) yields the value &
in (42) as
&= min{ﬁq,ﬁcz}, (119)
where

tr
ui(B)B, B < / W (1, t;)dy,
to

15(,' = 5(,‘([3) = , i= 112/ (120)
f
+oo, B> /hz(ry,re,)dr],
fo
1 .
1i(B) = m EEg T2 (121)
tE[fo,t,]
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i

i(B)
/ hz U’Tex
ot

E(t,p) = ,i=12, (122)

h2 17’ sz

«F\q

the moments f;(B) € (to, tf), i =1,2, satisfy

t
/ W2 (1, T,)dny = B, i=1,2. (123)
£(B)

By using (32)—(34) and (116), the solution of the game (112) and (113) is

Jop(to, 20) = r1(to)zd, + r2(to)z,, (124)
T
uls(t,2) = f%(h(t,rp])rl(t)zl,h(t,rpz)rz(t)zz) , (125)
T
oBp(t2) = 5 (ke )z bt T )ra()2) (126)

Let us consider the numerical example for fp = 0's, ¢ = 3s,=01,1, =15, =015,
T, = 0.155, T, = 0.2 5. For these parameters,

t
f
B=01< /h 1T )y = /h2(17,0 15)dy = 01737, (127)
to
tr 3
B=01< /hz(iy,'rgz)diy = /hz(q, 0.2)dy = 0.293. (128)
fo 0
In this example, the moments, defined by (123), are f; = 0.4792's, I, = 0.8443 s (see
Figure 1).
03
023 B
02 [ )an
0.15-
0.1
0.05 -
0 tl:‘
0 0.5

Figure 1. Moments ;(B).

In Figure 2, the functions F;(t, B), given by (122), are shown for t € [to, F],i = 1,2. Itis
seen that these functions were decreasing. Therefore,

1 1
;= = 1.1035, =
M= R0, B) 2= F0,p)

= 0.4214. (129)
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Due to (119) and (120), & = Bmin{p1, u2} = 0.04214.

25 ‘ :
Fi(t,8) | ™
2 o
—F(t,B)
---Fy(t, 8)
1.5F 1
] Jee 4
0.5
0 ‘ ‘ ‘ ‘

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 + 09
Figure 2. Functions F;(t, B).

0
ap
decreasing values of & < &, along with the components of the corresponding limiting
function (). It is clearly seen that the optimal trajectories tended to Z(t) for « — 0, and
20 ﬁ(t ) tended to zero.

In Figures 3 and 4, the components of the optimal trajectories z) . (t) are shown for

10 % ‘

0

22

Figure 4. Trajectories z{ 5, (t) and limiting function Z;(t).

The respective components of time realizations of the optimal strategies ug ,5() and

o9 13(')’ along with the components of the corresponding limiting functions #(t) and 3(t),
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are depicted in Figures 5-8, respectively. It is seen that the time realizations of the optimal
strategies tended to the corresponding limiting functions for « — 0, remaining bounded.

0 . . . .
0 0.5 1 1.5 2 2.5 t 3

2200 . . .
0 0.5 1 1.5 2 235 t 3

Figure 6. Time realizations 10 5 (t) and limiting function i (t).
2

25 T T
U1
20 —v0s, () 1= 0.03
"'”2/?v<t) ca=0.02
00, (1) : o0 = 0.002
sE S~ - Ti(t) 1
101 T
5L 1
= ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 2.5 t 3

Figure 7. Time realizations vg 5, (t) and limiting function @ ().
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L e e
20~ |
_ag— |
~60 —0, (0 :a=003
---Ug@z(t) o =0.02
—80 - W, (1) : o = 0,002 |
_____ ah)
~100
-120 ‘ | | ‘
0 0.5 1 1.5 2 25 5

Figure 8. Time realizations vg 5 (t) and limiting function @ (#).

The game value ]2/; (t0,z0) is depicted in Figure 9 as a function of a. It is seen that it
tended to zero for « — 0.

120 :
Tag(to, 20) 40

80

60

40

20 -

0
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0 0.005 0.01 0.015 0.02 0.025 , 0.03

Figure 9. The game value.
The respective terminal and integral terms of the cost function are shown in

Figures 10 and 11, respectively. It is seen that all components of the optimal cost tended to
zero for @ — 0.
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Figure 10. The terminal term of the cost function.
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Figure 11. Integral terms of the cost function.

Remark 10. From Equation (125), it was seen that the small control cost of the interceptor yielded
the high gain in its optimal state-feedback control. This important feature of the interceptor’s optimal
state-feedback control increased considerably the ability of the interceptor to capture the target.
One more important feature of the interceptor’s optimal state-feedback control was that the time
realization of this control along the optimal interception’s trajectory and, especially, the trajectory
itself, were bounded while the small parameter « tended to zero. Both aforementioned features
of the interceptor’s state-feedback control, obtained by solution of the cheap control game, were
extremely important in various real-life situations of a capture of a maneuverable flying target by a
maneuverable flying interceptor. It should be noted that if the small control cost of the interceptor
tended to zero, the ability of the interceptor to capture the target increased tending to the best
achievable result, which was the zero-miss distance at the end of the interception.

6. Conclusions

In this paper, a pursuit-evasion problem, modeled by a finite-horizon linear-quadratic
zero-sum differential game, was considered. In the game’s cost function, the penalty
coefficient for the minimizing player’s control expenditure was a small value « > 0.
Thus, the considered game was a zero-sum differential game with a cheap control of the
minimizing player. By the proper state transformation, the initially formulated game
was converted to a smaller Euclidean dimension differential game, called the reduced
game. This game, also was a cheap control game and it was treated in the sequel of
the paper. Due to the game’s solvability conditions, the solution of the reduced cheap
control game was converted to the solution of the terminal-value problem for the matrix
Riccati differential equation. Sufficient condition for the existence of the solution to this
terminal-value problem in the entire interval of the game’s duration was presented, and
the solution of this terminal-value problem was obtained. Using this solution, the value
of the reduced cheap control game, as well as the optimal state-feedback controls of the
minimizing player (the pursuer) and the maximizing player (the evader), were derived.
The trajectory of the game, generated by the optimal players’ state-feedback controls, (the
optimal trajectory), was obtained. The limits of the optimal trajectory, as well as of the time
realizations of the players” optimal state-feedback controls along the optimal trajectory,
for & — 0 were calculated. By this calculation, the boundedness of the optimal trajectory
and the corresponding time realizations of the players’ optimal state-feedback controls for
« — 0 were shown. The limit of the game value for « — 0 also was calculated, yielding the
best achievable game value from the pursuer’s viewpoint. Along with the cheap control
game, its degenerate version was considered. This version was obtained from the cheap
control game by setting there formally & = 0, yielding the new zero-sum linear-quadratic
pursuit-evasion game. This new game was singular, because it could not be solved either
by the Isaacs’s MinMax principle or by the Bellman-Isaacs equation method. For this
singular game, the notion of the pursuer’s minimizing sequence of state-feedback controls
(instead of the pursuer’s optimal state-feedback control) was proposed. It was established
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that the a-dependent pursuer’s optimal state-feedback control in the cheap control game
constituted the pursuer’s minimizing sequence of state-feedback controls (as « — 0) in
the singular game. It was shown that the limit of this minimizing sequence was not an
admissible pursuer’s state-feedback control in the singular game. However, the evader’s
optimal state-feedback control and the value of the singular game coincided with the limits
(for « — 0) of the evader’s optimal state-feedback control and the value, respectively, of the
cheap control game. Based on the theoretical results of the paper, the interception problem
in 3D space, modeled by a zero-sum linear-quadratic game with the eight-dimensional
dynamics, was studied. Similarly to the theoretical part of the paper, the case of the small
penalty coefficient & > 0 for the pursuer’s (interceptor’s) control expenditure in the cost
function was considered. By proper linear state transformation, the original cheap control
game was reduced to the new cheap control game with the two-dimensional dynamics.
The asymptotic behaviour of the solution to this new game for « — 0 was analyzed.
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1. Introduction

In this paper, we are dealing with the singularly perturbed linear problem
ey +ky=f(t), k>0, 0<e<1, feC[ab]), 1)
with the Neumann boundary condition
y'(b)=0. @

The analysis of the differential equations under consideration is complicated by the
fact that all roots of characteristic equations of this differential equation are located on
the imaginary axis; that is, the differential equation is not hyperbolic. For the singularly
perturbed dynamical systems, the dynamics near a normally hyperbolic critical manifold
are well-known; see [1-5] for a geometric approach to the singular perturbation theory,
Refs. [6-9] for the lower and upper solution method and [10] for applications in control
theory. However, if the condition of normal hyperbolicity of a critical manifold is not
fulfilled, then the problem of existence and asymptotic behavior (as ¢ — 0) of solutions
is hard to solve in general, and leads to the principal technical difficulties in nonlinear
cases; see, for example [11]. Thus, the considerations below may be instructive and helpful
for the analyses of this class of problems. The calculations that will follow (and thus, the
main result formulated in Theorem 1 below) can also be applied to nonlinear differential
equations, where the right-hand side of (1), (2) will have the function f(t,y) instead of f(t),
but in this case it will be necessary to guarantee that the set of solutions y.(t), e — 0%, of
such problems also belong to the space C3([a, b]), and are uniformly bounded together
with their second and third derivatives on the interval [a,b] (Remark 2). The uniform
boundedness of the first derivatives follows from the boundary conditions imposed on the
solutions (2), and uniform boundedness of the second derivatives.

Despite these difficulties, we will prove that there are an infinite number of sequences
{en} oo, €n — 0T, such that y¢, (t) converge uniformly to u(t) on [a, b] for e, — 0T, where
Ve, is a solution of the Problem (1), (2) with ¢ = ¢, and u represents the critical manifold for
our system, that is, a solution of the reduced problem ky = f(t) obtained from Equation (1)
fore = 0.

Axioms 2022, 11, 394. https:/ /doi.org/10.3390/axioms11080394 239

https:/ /www.mdpi.com/journal /axioms



Axioms 2022, 11, 394

Henceforth, in this paper, for the values of parameter ¢, we consider the closed intervals
Ju only, defined as

2 2
Jn = |k b—a K b—a
(m+1)m—A nmw+ A
where A > 0 is an arbitrarily small but fixed constant (A < 71/2), which guarantees the
existence and uniqueness to the solutions of (1), (2); that is, a non-resonant case.

, n=0,12,...,

Example 1. As an academic example, let us consider the linear problem

ey +ky=¢', tcab], k>0, 0<e<]1,

and its solution

—e" cos {\/g(b - t)} +eb cos[\/g(t - ”)} ot
\/g(kﬂ)sin{\/g(bfa)} Trre

Hence, for every sequence {ey Y5, €n € Jn, the solution of the problem under consideration satisfies

ye(t) =

T k+4e,

+0(Vey)

Ye, (1)

and thus, the solutions converge uniformly on the interval [a, ] to the solution u(t) = e'/k of the
reduced problem for n — oo. The second term on the right-hand side denotes the convenient Big—O
notation. For better illustration, Figure 1 graphically shows the solutions for different values of the
parameter . The MATLAB code for Figure 1 is below, in Listing 1.

Figure 1. Solutions of the Neumann boundary value problem from Example 1 on the interval [0, 1]
for k = 2 and &€ = 0.001 (left) and ¢ = 0.0002 (right). A dashed line is used to draw the function
u(t) = ¢! /k, the solution of the reduced problem.
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Listing 1. MATLAB code for Figure 1.

%bvp5cNeumann.m
format long;

a = 0;
b=1;
k = 2;
eps = 0.0002;

ode = @(x,y) [y(2) ; (-k*xy(1) + exp(x))/eps];
bc = @(ya,yb) [ya(2); yb(2)]; %Neumann BC
solinit = bvpinit(linspace(a,b,50),[1 0]);
sol = bvpbc(ode,bc,solinit);

x = linspace(a,b);

y = deval(sol,x);

X=x’; Y=y(1,:)7;

%X Y]

plot(x,Y,’linewidth’,1.5);

hold on

plot(x,exp(x)/k, ’--7);

hold on

grid on

xlabel (*$t$’, ’interpreter’,’latex’);

ylabel (’$y_{\varepsilon}(t)$’,’interpreter’,’latex’);
%print (*figurel’,’-deps’)

The main result of this note is the following theorem generalizing the Example 1 to all
right-hand sides f(t).
2. Main Result
Theorem 1. Forall f € C3([a, b)) and for every sequence {e, } 5y, €n € Jn there exists a unique

sequence of the solutions {ye, } o of the Problem (1), (2) satisfying

Ye, — u uniformly on [a, b] for n — oo.

More precisely,

Ve, (t) = % + O(+/e,) on [a, b]

forn — oo (=&, — 0") and, if f'(a) = f'(b) = 0, then on [a, b], the following asymptotics for
n — oo hold:

v =T 1 0(e) ana o, (= "1 4 o(vm)

Proof. First, we show that the function

cos {\/g(t - a)} afbcos {\/E(b - s)} @ds
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is a solution of (1), (2). Differentiating (3) twice, taking into consideration the relation

t t
%/ H(frs)f(s)ds=/aHa(:'S)f(s)ds+H(t,t)f(t),

a

we obtain that

NP T | B T

v = - Esin|\Eo -]
t \/Ecos{\/g(t—s)- fi—b)
+ ds, @)
I~
o (el o
ye ()=~ a
k

ds +

t (\/g)zsm{\/g(tfs)}@ &
k I3

From (5) and (3), after a little algebraic rearrangement, we get

v =y + 1Y,

that is, , is a solution of differential Equation (1), and from (4), it is easy to verify that this
solution of (1) satisfies the boundary condition (2).
Let ty € [a, b] be arbitrary, but fixed. Let us denote by I; and I, the integrals

and

Then

cos {\/g(to - a):i

\/gsin {\/g(b — a)}

Integrating I; and I, by parts we obtain that
11:\/}111[\/?( } +/\[ w }f/()

t

if(to) a (s
L= ks 0 \/icos[\/f(toa)}f(e)a \/icos{\/f(tos)}fi)ds

ve(to) =
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Thus,

Now, we estimate the difference y, (o) — @ We have

b
yelto) - L) < 2| f sian(b - s>} £(s)ds
fo
+% /cos{\/g(to—s)}f’(s)ds. ©)

The integrals in (6) converge to zero for ¢ = ¢, € |, as n — co. Indeed, with respect to the
assumption imposed on f we may integrate by parts in (6). Thus,

b

/sin{\/f(b—s)}f’(s)ds - {\/icos{\/f(b—s)}f’(s)r
—/b\/icos|:\/?(b—s)
<\ (lf’(a) FIFo)+ /b {\/f(b —S)}f”(s)ds )

<@ o Lur@r o om ) o

f"(s)ds

and

<@l i+ 1@l 0w ), ®

where yy = max |f”(t)| and pp = max|f"'(t)|.
te(a,b) tela,b)
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Substituting (7) and (8) into (6), we obtain the a priori estimate of solutions of the
problem (1), (2) for all ty € [a, b] in the form

ye(to) - LU0

k
< e H @1+ £ O+ 207 @]+ - o)}
+E\/;{\f |+\/7V1+|f” )|+(b—’1)l42)}~ ©)

Because the right-hand side of the inequality (9) is independent of t(, the convergence is
uniform on [a, b].
Analogously, using (4), for y.(t), we obtain for all ¢y € [, b] the estimate

yé(to)—@
< rat LF@ 1)+ £ @]+ - ape) )
+ %{|f’(a)| + \/%(If”(a)\ + (b~ a)uz)}, (10)

where the constant on the right-hand side does not depend on ¢y € [a,]]. Theorem 1
is proved. O

Remark 1. We conclude that in the case when f'(a) = f'(b) = 0,—that is, the solution u =
f(t)/k of a reduced problem satisfies the prescribed boundary conditions (2)—the convergence rate
of the solutions of (1), (2) to the function u on the interval [a, b] is even faster; namely, O(ey) for
€y € Jn, as follows from (9).

For example, the Neumann boundary value problem ey” + ky = cost, t € [0, 7], (2) k > 0,
e=¢y € Jo,n=0,1,2,..., has solution y,(t) = cost/(k — €) satisfying

wlty) - <=0 A _ o

forall ty € [0, t] as e — OT. Note here that ¢ € J, = k/e # 1.

Remark 2. As follows from the proof of Theorem 1, the boundedness of the set

///

{1e, (O] + |ye, (D] + e, ()] + |yer(t)

b]/ En e]nr”:O,l,Z...}

implies |ye, (t) — u(t)| = O(\/e,) for n — oo uniformly on [a,b] for the solutions ye, of the
nonlinear Neumann problem

eny" +ky=f(ty), k>0, feCablxR), €€

where u is a solution of the reduced problem ky = f(t,y) defined on [a,b]. In the proof we just
replace f'(s) with % gjy(yé( ), and so on.

3. Conclusions

In this paper, we dealt with a standard problem in the field of singular perturbations,
namely the asymptotic behavior of the solutions when the parameter ¢ reaches zero, and
the relation of this limit to the solution of the reduced problem (e = 0).

The problem, namely (1), (2) which we analyze in the paper looks seemingly simple,
but our approach represents a possible way of analyzing singularly perturbed problems
when the critical manifold (solution of the reduced problem) is not normally hyperbolic (the
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roots of the characteristic equation are located on the imaginary axis). The investigation of
this type of problem is still far from complete, and this article represents a small contribution
(perhaps rather an attempt) towards grasping it.
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