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1. Introduction

This Special Issue aims to highlight the latest developments in the research concerning
complex-valued functions from the perspective of geometric function theory. Contributions
were sought regarding any aspect of subordination and superordination, different types of
operators specific to the research in this field, and special functions involved in univalent
function theory with the hope that new approaches would emerge regarding the introduc-
tion and study of special classes of univalent functions using operators and the classical
theories of differential subordination and superordination, as well as the newer adapted
theories of strong differential subordination and superordination and fuzzy differential
subordination and superordination. Authors were invited to submit their latest results
related to analytic functions in all their variety and also related to their applications in other
fields of research. Quantum calculus and its applications related to geometric function
theory were also expected to provide interesting outcomes. The presentation of the results
obtained by using any other technique that can be applied in the field of complex analysis
and its applications was also encouraged.

This Special Issue is devoted especially to complex analysis and was proposed as a
means to find new approaches using geometric function theory, to inspire further develop-
ment in this field.

2. Overview of the Published Papers

The present Special Issue contains 14 papers accepted for publication after a rigorous
reviewing process.

In the study [1], Richard D. Carmichael considers vector-valued analytic functions and
distributions with values in Banach or Hilbert space. It is proved that certain vector-valued
measurable functions generate the analytic functions using the Fourier-Laplace transform,
and conversely, measurable functions are generated from the analytic functions, and it
is shown that the analytic functions are representable through the generated measurable
functions. Certain specific properties are obtained for the analytic functions and measur-
able functions, and it is proved that, under specified conditions, the analytic functions
considered are in fact vector-valued Hardy functions, which immediately result in Cauchy
and Poisson integral representations. The existence of boundary values of the analytic
functions on the topological boundary is investigated, and problems to consider in future
research are suggested. Notably, the author is convinced that future studies can focus on
the integral representation, boundary values, and applications of the functions defined in
this paper.

In another study [2], Hatun Ozlem Giiney, Georgia Irina Oros, and Shigeyoshi Owa
provide an application of the well-known Salagean differential operator for defining a
new operator, through which a new class of functions is defined, which has the classes
of starlike and convex functions of order x as special cases. The renowned Jack-Miller—
Mocanu lemma is applied for obtaining interesting properties for the newly defined class
of functions. The new operator defined in this paper can be used to introduce other specific



Axioms 2023, 12,59

subclasses of analytic functions, and quantum calculus can be also investigated in future
studies.

The research of Gangadharan Murugusundaramoorthy and Teodor Bulboaca pre-
sented in reference [3] involves the new subclasses of bi-univalent functions defined in
the open-unit disk, which are associated with the Gegenbauer polynomials and satisfy
subordination conditions. Coefficient estimates are established for the defined classes,
and the remarkable Fekete-Szeg6 problem is also considered. For particular values of
the parameters involved in the definition of the classes, the results obtained in this paper
provide new insights into the Yamakawa family of bi-starlike functions associated with the
Chebyshev and Legendre polynomials, which are left as an exercise to interested readers.

The authors of reference [4], Alaa H. El-Qadeem and Ibrahim S. Elshazly, study the
Hadamard product features of certain subclasses of p-valent meromorphic functions defined
in the punctured open-unit disc using the g-difference operator. Convolution properties
and coefficient estimates are also established regarding the new subclasses defined in this
study. The authors suggest that future researchers focus on the use of these subclasses in
studies involving the theories of differential subordination and superordination and also
the investigation of the Fekete-Szeg6 problem.

In the research presented in reference [5], Georgia Irina Oros, Gheorghe Oros, and
Ancuta Maria Rus use the confluent hypergeometric function embedded in the theory of
strong differential superordinations. The form of the confluent hypergeometric function
and that of the previously defined Kummer-Bernardi and Kummer-Libera operators
are adopted by considering certain classes of analytic functions depending on an extra
parameter previously introduced related to the theory of strong differential subordination
and superordination. Strong differential superordinations are investigated, and the best
subordinates are given. The applications of the established theoretical results are illustrated
through two examples. As potential future studies, the authors suggest the use of the
dual notion of strong differential subordination for investigations concerning the confluent
hypergeometric function and the two operators used in the present study, which could
yield sandwich-type results if combined with the results contained in this paper.

The topic of introducing new subclasses of bi-starlike and bi-convex functions of a
complex order associated with the Erdély—Kober-type integral operator in the open-unit
disc is considered by Alhanouf Alburaikan, Gangadharan Murugusundaramoorthy, and
Sheza M. El-Deeb [6]. The estimates of initial coefficients are given, and Fekete-Szegd
inequalities are investigated for the functions in those classes. Several consequences of the
results are also highlighted as examples.

For the study presented in reference [7], Feras Yousef, Ala Amourah, Basem Aref
Frasin, and Teodor Bulboaca again consider certain new subclasses of bi-univalent func-
tions by exploiting the zero-truncated Poisson distribution probabilities and involving
Gegenbauer polynomials and the concept of subordination. Coefficient-related problems
are investigated, and the Fekete-Szeg6 functional problem is solved for those classes. The
authors suggest that the results offered in this paper would lead to other different new
results involving Legendre and Chebyshev polynomials.

Considering the importance of the logarithmic coefficients, in reference [8], Sevtap
Stimer Eker, Bilal Seker, Bilal Cekig, and Mugur Acu obtain the sharp bounds for the second
Hankel determinant concerning the logarithmic coefficients of strongly starlike functions
and strongly convex functions. The results presented here could inspire further studies that
focus on other subclasses of univalent functions and obtain the boundaries for higher-order
Hankel determinants.

New results on the radius of uniform convexity of two kinds of normalization of the
Bessel function J, in the case of v € (-2, —1) are presented by Luminita-Ioana Cotirla,
Pal Aurel Kupén, and Rébert Szasz in reference [9]. This study provides alternative proof
regarding the radius of convexity of order alpha. The authors also provide alternative
proof regarding the radius of convexity of order alpha and derive an interesting correlation
between convexity and uniform convexity.
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The research presented by Richard D. Carmichael in reference [10] is connected to
the results obtained in reference [1]. A boundary value result concerning vector-valued
tempered distributions as the boundary values of vector-valued analytic functions is given
under the general norm growth on the analytic function, which is equivalent to the growth
of Tillmann. The second goal of this paper was to obtain a Cauchy integral representation
of the analytic functions by using the generally known structure of the spectral function
and the structure of the tempered distributional boundary value. The analytic function
used to obtain the boundary value was equated to the product of a polynomial and the
constructed Cauchy integral. This paper concerns theoretical mathematics; however, the
considered topics find applications in mathematical physics and the field of mathematics
involving physical problems.

New results are obtained concerning fuzzy differential subordination theory and are
highlighted by Alina Alb Lupas [11]. A previously introduced operator defined by apply-
ing the Riemann-Liouville fractional integral to the convex combination of well-known
Ruscheweyh and Salagean differential operators is used for defining a new fuzzy subclass.
The convex property of this class is proved, and certain fuzzy differential subordinations
involving the functions from this class and the operator mentioned earlier are obtained.
The best fuzzy dominants are given for the considered fuzzy differential subordinations
in theorems, and interesting corollaries emerge when specific functions with remarkable
geometric properties are used as the best fuzzy dominants. Inspired by the research pre-
sented here, researchers can apply the operator used in this paper in future studies for the
introduction of other subclasses of analytic functions. The dual theory of fuzzy differential
superordination can also be used for obtaining similar results involving the operator and
the class defined in this paper.

Using beta-negative binomial distribution series and Laguerre polynomials, Isra Al-
Shbeil, Abbas Kareem Wanas, Afis Saliu, and Adriana Catas [12] investigate a new family
of normalized holomorphic and bi-univalent functions associated with Ozaki close-to-
convex functions. They provide estimates on the initial Taylor-Maclaurin coefficients and
discuss Fekete-Szeg6 type inequality for the functions in this family in the special case of
generalized Laguerre polynomials.

A symmetric—convex differential formula of normalized Airy functions in the open-
unit disk is developed by Samir B. Hadid and Rabha W. Ibrahim in reference [13]. The
equation is taken into account as a differential operator in the development of a class of
normalized analytic functions. Two-dimensional wave propagation in the earth-ionosphere
wave path using k-symbol Airy functions is used for the investigation. It is shown that the
standard wave-mode working formula may be determined by orthogonality considerations
without the use of intricate justifications of the complex plane.

The applications of fractional differential operators in the field of geometric function
theory are obtained by Mohammad Faisal Khan, Shahid Khan, Saqib Hussain, Maslina
Darus, and Khaled Matarneh in reference [14]. The fractional differential operator and the
Mittag-Leffler functions are combined to formulate and arrange a new operator of fractional
calculus. A new class of normalized analytic functions is introduced using the newly defined
fractional operator, and some of its interesting geometric properties are discussed in the
open-unit disk. The authors suggest that the operator introduced here can be utilized to
define other classes of analytic functions or to generalize other types of differential operators.

3. Conclusions

The 14 papers published as part of this Special Issue entitled “New Developments in
Geometric Function Theory” concern a broad range of subjects. Researchers interested in
different aspects of geometric function theory and its related topics would find interesting
insights and inspiring results, leading to increased reference to these contributions and the
propagation of this Special Issue to a large audience.

Acknowledgments: The guest editor of this Special Issue would like to thank all the authors who
decided to submit their works and have contributed to the success of this Special Issue, as well as
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Abstract: We consider analytic functions in tubes R" 4+ /B C C”" with values in Banach space or
Hilbert space. The base of the tube B will be a proper open connected subset of R", an open connected
cone in R”, an open convex cone in R”, and a regular cone in R”, with this latter cone being an
open convex cone which does not contain any entire straight lines. The analytic functions satisfy
several different growth conditions in L? norm, and all of the resulting spaces of analytic functions
generalize the vector valued Hardy space H” in C". The analytic functions are represented as the
Fourier-Laplace transform of certain vector valued L? functions which are characterized in the
analysis. We give a characterization of the spaces of analytic functions in which the spaces are in fact
subsets of the Hardy functions H”. We obtain boundary value results on the distinguished boundary
R" 4 i{0} and on the topological boundary R" + idB of the tube for the analytic functions in the
L? and vector valued tempered distribution topologies. Suggestions for associated future research

are given.
Keywords: analytic functions; vector valued Hardy functions; boundary values

MSC: 32A26; 32A35; 32A40; 42B30

1. Introduction

In [1] and related work, we defined and analyzed vector-valued Hardy H” (TB ,X)
functions on tubes T? = R" 4 iB C C" with values in Banach space X'. We showed that any
Banach space X' vector-valued analytic function on T2 which obtained a X vector-valued
distributional boundary value was a HP(TB, X), 1 < p < oo, function with values in
Banach space X if the X vector-valued boundary value was a LF(R", X), 1 < p < oo,
function. We showed that the H? (TB ,X), 1 < p < oo, functions admitted a representation
by the Poisson integral of LF(R", X'), 1 < p < oo, functions if the values of the analytic
functions were in a certain type of Banach space and then obtained a pointwise growth
estimate for the HP(T®, X) functions for this Banach space. In additional analysis, we
have obtained many general results concerning H? (T?, X) functions with values in Banach
space including representations as Fourier-Laplace, Cauchy, and Poisson integrals and the
existence of boundary values.

Previously, we defined generalizations of HP (T®) functions in the scalar-valued case
by using several more general growth conditions on the LP norm of the analytic functions.
Some of these scalar-valued results are contained in [2] (Chapter 5); other such results
in the scalar-valued case are contained in papers listed under the author’s name in the
references in [1,2]. In this paper, we build upon these scalar-valued generalizations of
HP(T®) functions by considering the vector-valued case of functions and distributions
with values in Banach or Hilbert space. The generalizations of the vector-valued analytic
functions in H? (TB ,X), X being a Banach space, which we consider here are defined in
Section 4 of this paper. Our results are obtained for the base B of the tube T? successively
being a proper open connected subset of R”, an open connected cone in R”, an open
convex cone in R”, and a regular cone in R”, with this latter cone being an open convex
cone which does not contain any entire straight lines; as the base B of the tube T? is
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specialized, increasingly precise results are obtained in the analysis. For B being a proper
open connected subset of R"” we show, for example, that the growth condition that defines
the functions which generalize the Hardy functions can, in certain circumstances, be
extended to the boundary of the base B of the tube T?. At the open convex cone stage in
our analysis we are able to show the equivalence of two types of vector-valued functions
which generate H? (T®, X') functions. In the cone setting for base B we show that certain
elements of the defined analytic functions are in fact H? (T®) functions which leads to the
representation of these functions as Fourier-Laplace, Cauchy, and Poisson integrals. In the
case that B is a regular cone we study the boundary values on the topological boundary
of the tube defined by the cone as points in B approach a point on its boundary through
circular bands within B. In general, our goal in this paper is to obtain results for the
functions defined in Section 4 treated as generalizations of H(T?, X) functions and as
generalizations of the scalar-valued functions noted in [2] (Chapter 5) and in some of our
papers referenced in [2] and hence to generalize results concerning HP (T2, X') spaces and
concerning the scalar-valued functions noted in [2] (Chapter 5) and in certain references
of [2] to these new spaces of analytic functions. Additionally, our goal is to obtain additional
new results for the analytic functions of Section 4 which we accomplish.

As noted above, the vector-valued analytic functions considered in this paper are
defined in Section 4. In Section 5, we show that certain vector-valued measurable functions
generate the analytic functions by the Fourier-Laplace transform; conversely, in Section 6,
we generate the measurable functions from the analytic functions and show that the analytic
functions are representable through the generated measurable functions. As the base B of
the tube T® is made more specific the analytic functions and measurable functions obtain
more specific properties. In Section 7, we show that under specified conditions the analytic
functions considered are in fact vector-valued Hardy H? functions which immediately
results in Cauchy and Poisson integral representations. Section 8 concerns the existence
of boundary values of the analytic functions in vector-valued L? and in vector-valued &’
topologies on both the distinguished boundary and the topological boundary of the tube.
Problems for future research are considered in Section 9, and conclusions are provided in
Section 10.

2. Definitions and Notation

Throughout, X will denote a Banach space,  will denote a Hilbert space, N will
denote the norm of the specified Banach or Hilbert space, and © will denote the zero vector
of the specified Banach or Hilbert space. We reference Dunford and Schwartz [3] for integra-
tion of vector-valued functions and for vector-valued analytic functions. For foundational
information concerning vector-valued distributions we refer to Schwartz ([4,5]).

The n-dimensional notation used in this paper will be the same as that in [1,2]. The
information concerning cones in R” needed here is contained in [2] (Chapter 1). We recall
some very important notation and concepts of cones here that are necessary for this paper.
C C R" is a cone (with vertex at 0 = (0,0,...,0) € R") if y € C implies Ay € C for all
positive scalars A. The intersection of C with the unit sphere |y| = 1 is called the projection
of C and is denoted pr(C). A cone C’ such that pr(C’) C pr(C) is a compact subcone of C
which we will denote as C’ CC C. The function

uc(t) = sup (—(ty)), teR",
yepr(C)

is the indicatrix of C. The dual cone C* of C is defined as
C*={teR":(t,y) >0forally € C}

and satisfies C* = {t € R" : uc(t) < 0}. An open convex cone which does not contain any
entire straight lines will be called a regular cone. See [2] (Section 1.2) for examples of cones
in R". In this paper, we will be concerned with the distance from a point in a cone to the
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boundary of the cone; for C being an open connected cone in R", the distance from y € C
to the topological boundary dC of C is

d(y) = inf{|ly —y1| : y1 € IC}.
For an open connected cone C C R”, we know from [2] (p. 6, (1.14)) that

dly) = inf (t,y), y€C,
(v) teﬁf}c*>< vy

and 0 < d(y) < |y|, y € C. Additionally, d(Ay) = Ad(y), A > 0.

The LP(R", X') functions, 1 < p < oo, with values in X" and their norm |h|, are noted
in [3] (Chapter III). The Fourier transform on L!(R") or L} (R", X) is given in [2] (p. 3). All
Fourier (inverse Fourier) transforms on scalar or vector-valued functions will be denoted
¢ = Flp(t);x] (F[¢(t);x]). As stated in [6] the Plancherel theory is not true for vector-
valued functions except when & = H, a Hilbert space. The Plancherel theory is complete
in the L2(R", ) setting in that the inverse Fourier transform is the inverse mapping of the
Fourier transform with 717 = I = FF ! with I being the identity mapping.

As usual, we denote S(IR") as the tempered functions with associated distributions
being S’(R") or associated vector-valued distributions being S’(R”, X'). The Fourier
transform on S’(R") and on §’(R”, X') is the usual such definition and is given in [4]
(p- 73).

Let B be an open subset of R” and & be a Banach space. The Hardy space H?(T?, X),
0 < p < oo, consists of those analytic functions f(z) on the tube T? = R" +iB C C" with
values in the Banach space X" such that for some constant M > 0 and every y € B

L WG+ i) < M

the usual modification is made for the case p = co.

3. Cauchy and Poisson Kernels and Integrals

Let C be a regular cone in R". C* is the dual cone of C. The Cauchy kernel correspond-
ing to T = R" +iC is

K(z—1t) = / ezm<z_t"7>d17, teR", ze TC.

The Poisson kernel corresponding to TC is

K(z—t)K(z—t) _ |K(z— t)|?

n C
K(Ziy) K(Ziy) ,teR", ze T-.

Qzt) =

Referring to [2] (Chapters 1 and 4) for details, we know for z € TC that K(z — -) €
D(x,LP) C Drp, 1 < p < o0;and Q(z;-) € D(x,LP) C Drp, 1 < p < oo, where x is
Beurling (M) or Roumieu { M, }. These ultradifferentiable functions are contained in the
Schwartz space D;p = D(LF,R"). Because of the combined properties of the Cauchy and
Poisson kernels from [2], we know that the Cauchy and Poisson integrals

/ h(H)K(z — t)dt, z € TC,

and

/n h(t)Q(z; t)dt, z € TC,

are well defined for h € LF(R",X), 1 < p < oo,and h € LP(R", X), 1 < p < oo,
respectively, for X’ being a Banach space.
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We conclude this section with a boundary value calculation concerning the integral
which defines the Cauchy kernel. Our calculations here provide motivation and guidance
for boundary value results concerning the analytic functions considered in this paper which
we obtain subsequently. Let C be a regular cone and put

K(z) = / et g, 7 e TC.

We know that K(z) is analytic in T and is a bounded function of x € R" for y € C.
Thus, K(x +iy) € S’'(R") as a function of x € R" fory € C. Let Ic+(t) denote the
characteristic function of C*. We have the following result concerning points on the
boundary of C, oC.

Theorem 1. Let y, € 9C. We have
lim  K(x+iy) = FlIc-(t)e 27 Wot)]
y—yo,yeC
in the strong topology of S'(R™").

Proof. For y, € dC, choose a sequence of points {ym}, m =1,2,...,in C which converges
to y,. We have

(Yo, t) = y}lliny()(ym,ﬂ >0,teC".

Thus, e~ 27D [ () € S'(R") and Fle~ 2 Wot) [o. (£)] € S'(R™). Let ¢ € S(R") and
yeC.

(K(x + ) = Fe 2 e () 9()
= (Fl(e2) — e 210 e, (1), g(x)

= ((e7 2t — =2l [ (1), §(1)).

Now
(e 27 0) — o2 e () (1) < (20 42T Lo ()] (1) < 21(0)]

By the Lebesgue dominated convergence theorem, we have
lim  K(x +iy) = Fllc-(t)e 27 Wot)]
y—yo,yeC
in the weak topology of S’(R"). Since S(R") is a Montel space we have this convergence

in the strong topology of S’'(R") also. O

In Theorem 1, notice that 0 is on the boundary of C. Thus, for y, = 0,

lim K(x+iy) = F[lc+ ()]
y—0,yeC

in the strong topology of S’(R") in the conclusion of Theorem 1.

4. The Analytic Functions

As previously noted, we have studied vector-valued Hardy spaces in [1]; previous to
this analysis we had generalized scalar-valued Hardy spaces by placing a more general
bound on the L” norm of the scalar-valued analytic function. These main scalar-valued
generalizations are contained in [2] with other related work referenced in [2]. In the
scalar-valued generalizations, we obtained Fourier-Laplace transform representation of
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the analytic functions and characterized the measurable function which generated this
representation along with related results.

Given our recent work in studying vector-valued Hardy spaces, we now desire to
study vector-valued generalizations of vector-valued Hardy spaces.

In this section, we introduce and define the vector-valued analytic functions that we
study here. Throughout this section, B will denote a proper open connected subset of R"
unless stated otherwise; and, as previously stated, X will denote a Banach space with
norm N.

Definition 1. H (T8, X), 1 < p < oo, is the set of analytic functions f(z) on T® with values in
X such that

flx+iy)|p = (/Rn(/\/(f(iﬂr iy)))Pdx)t/P < M(1+ (d(y)) ") >, y € B,
wherer > 0,5 >0,A >0,and M = M(f,p, A,r,s) > 0.

Definition 2. R/ (T8, X), 1 < p < oo, is the set of analytic functions f(z) on T8 with values in
X such that
[flx +iy)lp < M(1+ ly| 7)™, y € B,

wherer > 0,5 > 0,A > 0,and M = M(f,p, A, r,s) > 0.

Definition 3. V/(T?, X), 1 < p < oo, is the set of analytic functions f(z) on T with values in
X such that
flx+iy)|, < M4,y e B,

were A > 0and M = M(f,p,A) > 0.

We consider situations and examples which help emphasize containment of these
spaces although the definitions of these sets of functions show the containment in many
cases. If B is an open connected cone we know from Section 2 that d(y) < |y|, y € B; thus,
RY(TB,X) C HY(TB, X) in general in this case. For specific examples which help show
proper containment let us just consider scalar-valued analytic functions in half planes in
CL. Let B = (0,c0); thus, T(0®) = R +i(0,00). We have

e 2miz o o
f@& =g © R3(T0),Ct) nHY(T*®),CY), y = Im(z) € (0,),

as
1f(x iyl gy < 7721 +y 1™, y = Im(z) > 0;

but this f(z) is not in VZ(T(>),C!). We have

o) = S € VRO, )
itz ! ’

but is not in H2(T(®*),C"). Of course f(z) = 1/(i+z) € H*(T®*),C') and hence is
in all of Vlz(T(O"”),(Cl),R%(T(O""’),(Cl), and H%(T(O'“’),(Cl). These examples help to see
the containment of the defined spaces and the Hardy functions for most of the specified
conditions on the base B of the tube T? in our analysis in this paper.

For our next set of analytic functions, we must remember properties of sequences
My, p = 0,1,2,..., with which ultradifferentiable functions and ultradistributions are
defined. These sequences and properties are discussed in [2] (Section 2.1). In this pa-
per, we are principally concerned with the properties (M.1) and (M.3') and with the
associated function
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M*(p) = suplog(p"p!My/My), 0 < p < oo.
p

With these facts in mind we define additional vector-valued analytic functions.

Definition 4. For B, being a proper open connected subset of R" which does not contain 0,
HY(TB, X), 1 < p < oo, is the set of analytic functions f(z) on T® with values in X such that

f(x +iy)|, < K(1+ (d(y)) ") eM @/ WD, y e B,
wherer > 0,5 > 0,w > 0,and K = K(f, p,r,s,w) > 0.

With Definition 4 in place, we can now state definitions for RY (T8, X') and V/' (T8, X)
from Definition 4 similarly as we did for RY (T8, X) and V} (T8, X) from Definition 1.
In the scalar-valued case, we have proved that the Cauchy integral of ultradistributions
U € D'(x,LP), where  is Beurling (M) or Roumieu {M, }, is analytic in T and satisfies
the growth of Definition 4 where C is a regular cone in R"; see [2] (Section 4.2). Addition-
ally, we have obtained boundary value results for scalar-valued functions of the type in
Definition 4 in [2] (Chapter 5).

Throughout this paper, results concerning H (T8, X') and its subsets and associated
norm growth bounds are obtained under the assumption that the sequence of positive
numbers My, p = 0,1,2,..., from which the associated function M*(p) is defined, will
always be assumed to satisfy properties (M.1) and (M.3') in [2] (p. 13).

5. Measurable Functions Generating Analytic Functions

The results which we will prove in this paper are obtained for functions in H Z (TB, X)
of Definition 1 and for functions in H (T8, X') of Definition 4 by very similar methods.
The results corresponding to H Z (TB, X) however are somewhat more general in nature
than the corresponding ones for H. (T8, X'). Thus, we will concentrate our proofs on the
results corresponding to H Z(TB , X') and subsequently state the corresponding results for
HY (T8, X) which will be denoted by a * next to the result number.

We begin by obtaining properties on measurable functions which we will use to
generate analytic functions in H (T2, X). Let B be a proper open connected subset of R"
and let X be a Banach space. Let 1 < p < o0 and g(t) be a X valued measurable function
on R" such that

o2 g ()] < M(1+ (d(y) ")™Y, y € B, @
wherer > 0,5 > 0,A > 0,and M = M(g, p, A,1,s) > 0donotdepend ony € B.

Theorem 2. For B, being a proper open connected subset of R" and X being a Banach space let
g(t) be a X valued measurable function on R" such that (1) holds for y € Band for 1 < p < oo.
We have

flz) = / g(t)ezm<z't>dt, z=x+1iy € TB, 2)
is a X valued analytic function of z € T5.

Proof. Let y, € B. Choose an open neighborhood N (yo ;7), ¥ >0,and a compact subset
S C Bsuch thaty, € N(y,;7) C S C B. Decompose R" into a union of a finite number of
non-overlapping cones Cy, Cy, ..., C each having vertex at 0 and such that whenever two
points y1 and y, belong to one of these cones the angle between the rays from 0 to y; and
from 0 to y5 is less than 7r/4 radians; and hence (y1,2) = |y1||y2|cos(6) > |y1||y2]2'/%/2
where 6 is the angle between the two rays. Thereisa J > 0such that 0 < § < r and
{y: |y —1vo| =3} C N(yo;7). Pute = 27tpd/21/? > 0. For each j = 1,2, ..., k choose a fixed
y; such thaty, —y; € Cjand |y; — y,| = 0. Foreach j = 1,2,.., klet t € Cj; we have

10
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(Yo —y]',t> > |yo —y]'||t|/21/2, teCj, j=12,..,k
Thus, for t € Gy, j=12 ok,
elt] = (2mps /212 |t] = 27ply, — yjl [t /2% < 27p(yo — yj t) = —271p (Y} — Yo, t).

Hence, for each j = 1,2,..., k, using (1) we have

el g )

IN

/ =P t) o= 2P Yo, >(/\/(g(t)))"dt=/C.6‘2"”<yf’t>(/\/(g(f)))’°dt

'g(1)))Pdt < MP(1+ (d(y;)) ") P rAlil

IN

and

/1Re—2np<yo,t>ee\t\(/\/ ))Pdt = Z/ e 2rlntlecltl (N (g(1))) at

k
< MP Y (1 (d(yy) ) Perr AN ()
=1
for arbitrary y, € B. For p = 1 and the fact that (e[t|/2) < e|t|, t € R", we have from

(3) that
/. - g|t\/2N i )5627'[A|_1/]'|' @)

For 1 < p < oo, Holder’s inequality, the identity eI!l/2P = e€ltl/Pe=€ltl/2p and (3) yield

e 2 A (g 1)t < [l o2 e g )

k 1/p
< M||e*€\t|/2p||M(Rn) (Z(l + (d(yj))r)spEZmJij> 5)

where1/p+1/q=1.1f |y — yo| < €/4mp, y=Im(z), 1 < p < oo, then for z = x + iy

N (g(t)e™ 1)) = e 2T WO N (g(1)) —6’2” Yol =2 o) A (1))
< T Wolltl =2 yo ) NF (g (1)) < e~ 2 o) e€lH1/20 \f (g (1)) (6)

for all t € R". (4) and (5) now show that the right side of (6) is a L!(R") function which
is independent of y = Im(z) such that |y — y,| < €/4mp for all cases 1 < p < oo. Since
Yo € B is arbitrary we conclude from (6) that f(z) defined by (2) is a X’ valued analytic
function of z € TP, Further, (6) proves that e 2™t g(t) € L'(R", X), y € B, for all cases
1 < p < oo in addition to the fact that e=2"Wtg(t) € LP(R", X), y € B, for each of the
specific cases for p, 1 < p < oo, because of the assumption (1). The proof is complete. [

The exact same method of proof used for Theorem 2 yields the following result
corresponding to the growth for HY (TB, ).

Theorem 3. Let B be a proper open connected subset of R" which does not contain 0 € R", and let
X be a Banach space. Let 1 < p < oo and g(t) be a X valued measurable function on R" such that

e 2 W g(b)]p < M(1+ (d(y)) 7)™ /W), y € B,

11
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wherer > 0,5 > 0,w > 0, and M = M(g, p,r,s,w) > 0 are independent of y € B. We have
fz) = [ ghe™ar, z e T8,
is a X valued analytic function of z € TE.

The Fourier transform of vector-valued functions L” (R", X') with the Plancherel theory
and Parseval identity holding occurs only if p = 2 and X = H, a Hilbert space. For
p = 2 in order to have an isomorphism of the Fourier transform of L?(R", X) onto itself
with the Parseval identity holding it is necessary and sufficient that X = #, a Hilbert
space [6] (pp. 45, 61). We use the Fourier transform considerably in this paper, and its use
is the reason we sometimes restrict the result to p = 2 and X = H. We obtain a corollary to
Theorem 2.

Corollary 1. Let B be a proper open connected subset of R™ and H be a Hilbert space. Let g(t) be a
H valued measurable function on R such that (1) holds for p = 2. We have f(z) € H%(TB, 1)
for f(z) defined in (2).

Proof. f(z) is analytic in T? by Theorem 2. By the assumption (1) for p = 2 and the
proof of Theorem 2, e=2"Wtlg(t) € LY(R",H) N L*(R",H) for y € B. Thus, f(x +iy) =
Fle=2™Whtg(t);x], y € B, with the Fourier transform being in the L'(R",H) and the
L2(R",H) cases. By the Parseval equality |f(x + iy)|, = |e" 2" Wt g(t)|, for y € B. From (1)
the desired growth on f(x + iy) of Definition 1 is obtained, and f(z) € H3(T?, H). O

Under certain circumstances, the growth on the L2(R", #) function e 2"l g(t), y €
B, in Corollary 1 can be extended to hold for y € B.

Corollary 2. Assume the hypotheses of Corollary 1 with the addition that (1) holds for p = 2 with
r=0o0rs=0. We have f(z) € VA(T®, H) for f(z) defined in (2) and

le= 2 W g(t)], < M2V, y € B.
Further if O € OB then g € L*(R", H).

Proof. From the proof of Corollary 1 and Definition 3, we have f(z) € V4(T?, H) forr =0
ors = 01in (1). Lety, € 9B and let {y,, } be a sequence of points in B which converges to y,.
By Fatou’s lemma we have

e e (W (1))t < limsup [0 (N (g(e)) P

m—o0

< limsup M2eATAlym| — pf2e4T Aol
m—s00

and
o2l (b)]y < Ml

Thus, (1) holds with r = 0 or s = 0 for y € B. If 0 € 9B then g(t) € L?>(R",H) from
the above inequality fory, = 0. O

For B being a proper open connected subset of R” and X’ being a Banach space, assume
(1) holds for 1 < p < cowithr = 0 or s = 0 and for g having values in X. The proof of
Corollary 2 shows that (1) will hold for y € B in this situation.

We study the extension of f(z) or e 2"t g(t), y € B, in norm to the 9B in greater
detail later in this paper in section 8.

The proof of the following result is the same as that of Corollary 1 using Theorem 3.

12
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Corollary 3. Let B be a proper open connected subset of R" which does not contain 0 € R", and let
H be a Hilbert space such that the growth of Theorem 3 holds for p = 2. We have f(z) € H2(T2, H)
for f(z) defined in (2).

In several following results, we restrict the base B of the tube TB to cones and obtain
additional properties of the function g(t) in the results. Throughout supp(g) denotes the
support of g.

Theorem 4. Let C be an open connected cone in R" and 1 < p < oo. Let g(t) be a Banach space
X valued measurable function on R" such that (1) holds for y € C. We have supp(g) C {t € R" :
uc(t) < A} almost everywhere (a.e.).

Proof. Assume g(t) # © on a set of positive measure in {t € R" : uc(t) > A}, there
isapoint t, € {t € R" : uc(t) > A} such that g(t) # O on a set of positive measure
in the neighborhoods N(t,,7) = {t € R" : |t —t,| < n} for arbitrary # > 0. Since
to € {t € R" 1 uc(t) > A} thereis a point y, € pr(C) C C such that (—(to, o)) > A > 0.
Using the continuity of (—(t,y,)) at t, as a function of ¢, there is a fixed ¢ > 0 and a fixed
neighborhood N(t,;7") such that —(t,y,)) > A+ ¢ > 0forall t € N(ty;%"). Choose 7
above to be ;y’. For any A > 0 we have

— (AYo,t) = —A{yo, t) > AA+ Ao >0, t € N(to;1'), A > 0. 7)

Yo € pr(C) C C and C being a cone imply Ay, € C,A > 0. From (7) and (1) with y = Ay,
we have for all A > 0 that

2OAD) [ (g < [ e ) (v gle))

N(toin'") N(toin'")
< [ e (N (g(1))Pdt < MP(1+ (d(Ay)) )PP AS
= MP(1+ A7 (d(yo)) )P ®)

since y, € pr(C) and d(Ay,) = Ad(y,). The integral on the left of (8) is finite. From (8)
we have
(1A @) 1) S [ (W glt)de < P ©)
0/77/
for all A > 0 with o > 0 being fixed and independent of A. Recall that i, depends only
on t,. The constants d(y,),7,s,p,o,n’, and M are all independent of A > 0. We have
(T+A7"(d(yy)) ") P =1ifr=00rs =0,and (1 + A" (d(y,)) ") P — las A — oo if
r>0ands > 0. Welet A — o0 in (9) and conclude that g(t) = ® almost everywhere in
N(to;%") which contradicts the fact that g(f) # © on a set of positive measure in N(t,,7’).
Thus, g(t) = @ ae. in {t € R" : uc(t) > A}, and supp(g) C {t € R" : uc(t) < A} ae.
since {t € R" : uc(t) < A} is a closed setin R". [

The proof of the corresponding result for the growth of Theorem 3 can be obtained by
similar techniques as in Theorem 4.

Theorem 5. Let C be an open connected cone in R" and 1 < p < oo. Let g(t) be a Banach space
X valued measurable function on R" such that the growth of Theorem 3 holds for y € C. We have
supp(g) C C* aee.

In [7,8], Vladimirov introduced a space of measurable functions on R", denoted S;,
which when multiplied by a polynomial raised to a suitable negative power become L?(R")
functions. Analysis concerning the space Sj can also be found in [9,10]. We now extend this
space to the vector-valued case and for p such that 1 < p < co. We then show that these
new spaces of functions become equivalent to the measurable functions g of the preceding
results in this section for each p and for the base of the tube being open convex cones in R".

13
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Definition 5. Let X be a Banach space. S,(R",X), 1 < p < oo, is the set of all measurable
functions g(t), t € R", with values in X such that there exists a real number m > 0 for which
(1+t|P)~"g(t) € LP(R", X).

First note that S;,(R", &) C S'(R", X'), 1 < p < oo. In our first result concerning the
spaces S, (R", X) the base of the tube TC will be an open connected cone.

Theorem 6. Let C be an open connected cone in R" and 1 < p < co. Let g(t) be a measurable func-
tion on R™ with values in a Banach space X such that (1) holds for y € C. We have g € SI’U(R”, X)
and supp(g) C {t € R" : uc(t) < A} ae.

Proof. The support property of g has been proved in Theorem 4. We now prove that
g€ S,(R", X).Choosea fixed point y, € pr(C)andputY = {y:y = Ay,, 0 <A <1} CC;
choose a fixed compact subcone C' CC C such thaty, € C'. Wehave Y C C' CcC C. Let
y € Y be arbitrary; using (1) we have

[ 2 (g(t))Pdt < MP(1+ (d(y)) " PemeA, y e C,
and hence

(d(}/))rs”/n e TP (N (g(1)))Pdt < MP(1+ (d(y)) )P4V, yeC. (10)
(10) holds in particular for y € Y for which |y| = Aly,| = A, 0 < A <1, since y, € pr(C);
and (y, t) < |y||t|, t € R", implies (—|y||t|) < —(y,t),t € R". Corresponding to C' CC C
we use [7] (p. 6, (1.14)) and obtain § = §(C’) > 0 depending only on C’ and notony € C’
such that

0<dlyl <d(y)<lyl, yeC ccC. (11)

Using (11) and (10), we have

(M)“p/ e 2P (N (g(1))Pdt < (d(y))“”/ e 2P (N (g(1)))Pdt

RH RYI
< MP(L+ (d(y)) PPV < MP(1 4 A7) A4 (12)
fory = Ay, € Y C C" CC C, 0 < A < 1, with é being independent of C' and hence
independent of y € Y and independent of A, 0 < A < 1. Let € > 1 be fixed. Multiply both

sides of (12) by A~1*€ and integrate the result from (12) over 0 < A < 1 with respect to A
to obtain

| Lt (aaye e (g(e)radr < M | AT ATy Ay,
Now multiply this inequality by 7" and use Fubini’s theorem on the left to obtain
/ (V(g(1)" /0 b arsp-Leep-2mpAlilga gy < MPSTSP /O L ATLe(1 £ AT, (13)
We note that all constants M, J,7,s, p,€, and A are independent of y = Ay, € Y and
hence independent of A, 0 < A < 1. Using the change of variable u = 27tpA|t| in the inner

integral on the left of (13) and considering the cases 0 < |t| < 1/27p and |t| > 1/27p
we obtain

1 2mplt
/ /\rspflJreeonp/\\t\d/\ _ (an‘t‘)frspfe/ plt] yrsp=1te—u g, > (14)
0 0

14
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(ersp +ee) (1 + |t|P)~"5=¢/P for 0 < |t| <1/2mp
(27tp)—Tp—¢ fol ursPIteem gy (1 4 |¢|P)~"5=¢/P for |t| > 1/2mp ’

Put
K = min {(ersp +ee) 1, (27tp) 7P —€ fol ursP—1tee—ugyl > 0.

From (14), we have
1
/ )Lrspfleeefb'[p/\\t\d}L > K(l + Mp)frsfe/p’ |t| >0, (15)
0

with this inequality holding also at = 0 by adjusting the constant K if needed. Putting
(15), which holds for all t € R" now, into (13) and recalling € > 1, we have

1
K/ (1+ ‘t|p)*’5*€/p(j\/'(g(t)))pdt < MP&*rsp/ A71+e(1+/\r)pseznp)\Ad/\
R" 0

< Mp(s—rspzpseanA

with the right side being a fixed constant. Thus, (1 + |t|P)~Ts/P=€/P’g(t) € LP(R", X'), and
g € Sp(R", X) since (rs/p+e€/p*) > 0. O

We similarly obtain the following result from Theorem 5.

Theorem 7. Let C be an open connected cone in R" and 1 < p < oo. Let g(t) be a Banach space
X valued measurable function on R" such that the growth of Theorem 3 holds for y € C. We have
g € S,(R", X) and supp(g) C C* a.e.

In order for the converse implication of Theorem 6 to hold we need the cone C to be
convex as well as open.

Theorem 8. Let C be an open convex cone in R", 1 < p < co,and A > 0. Let g € S,(R", X)
with supp(g) C {t € R" 1 uc(t) < A} a.e. where X is a Banach space. We have g is a measurable
function with values in X such that (1) holds for all y € C.

Proof. From [9] (p. 74, Lemma 3), {t € R" : uc(t) < A} = C*+ N(0; A),N(0; A) = {t €
R" : |t| < A}, since the cone C is open and convex here. Thus, t € {t € R" : uc(t) < A}
yieldst =t| +1t,, t € C*, t; € N(0; A). Since g € S;,(R”,X), g is measurable on R” and
(14 |t|P)"™g(t) € LP(R", X) for some m > 0; thus

/R (1+[¢7) " (N (g(t)))Pdt < K < o0
for a constant K > 0. Let y € C be arbitrary. We have

[, e (g(e))) at

_ &P (14 £]P)" (14 [HP) P (N (g(1)))dt

 JorEN(@A)

< sup ((1+|f|”)"’”€*2"”<y't>)/ (L+[t[P)"P(N (g(t)))Pdt

teC*+ N(0A) R

<K sup (14 |t|P)mpe2mplut) (16)
teC*+N(0;A)

<K sup (1+ (|t1] + 2] )P ) Pe— 2P luhit2)
151 GC*,tzeN(ﬁ;A)

15
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For t; € N(0; A), we have || < A and
e 2mpr{uk) < g2mplballyl < eZ”PAM, t» e N(0;A), y € C. (17)
For t; € C*, we have t; = A1t} where Ay > 0 and #] € pr(C*). From Section 2 we have

dly)= inf (wy)=- sup (—(uwy)), yeC. (18)
uepr(C*) uepr(C*)

For y € C, using (17) and (18) we continue (16) as

[, e (gt

< Ke2PAlYl sup ((1+ (A +A)p)mpe—2ﬂp?\1<fi‘,y>)
M 2>0,t5epr(C)
< Ke2pAlyl sup ((1+ (Ay + A)P)"Pe=2mPhd(y)) (19)
A1>0
< K(1+ (14 A)P)mpe2mpAlyl sup ((1 +)\§’)mpe—27rp/\1d(y))
A1>0

< K(1+ (14 A)P)mP2PAl sup (14 Aq)" e 2mPhad(v)y
A1>0

The supremum in the last line of (19) is a maximum which can be obtained using
the first derivative test. If (mp? — 27tpd(y)) > 0 then m > 0 and the supremum occurs at
A = (mp* —27tpd(y))/27pd(y), and in this case

2
2 2mpd(y)\""
sup (14 Ay )P e=2mphd(y)y < (H'ﬂpp)
Alzp()(( 1) ) Zﬂpd(]/)

2\ mp? mp? mp?
s<1+’”P ) = (2 ”<2”+1)
2mtpd(y) 27 mp  d(y)
2

< max{1, (52)" 31+ (@) )

If (mp? — 2mtpd(y)) < 0, the supremum in the last line of (19) occurs at A; = 0 and

sup (14 A1) e 2PhdW)) =1 < (1+ (d(y)) )"
A1>0

Combining (19) with the above two estimates on the supremum over A; > 0 we have
fory e C

[ e (v (g(6)))ae

< K(1+ (14 A)P)"max{1, (%)m” V(1 + (d(y)) Yy 2mpAlyl,
Taking the pth root of this inequality, we obtain (1) holding for ally € C withr =1
ands =mp. O

For C being an open convex cone in R” Theorems 6 and 8 show that g being a Banach
space X valued measurable function with (1) holding fory € C, A > 0,and1 < p < o0is
an equivalent statement to g € S, (R", X') with supp(g) C {t € R" : uc(t) < A} a.e. for
A >0and 1 < p < co. Thus, for any future result concerning open convex cones C, these
two statements are interchangeable in hypotheses.

16
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If A=0, {t € R": uc(t) <0} = C*. In this case we have the following corollary to
Theorem 8.

Corollary 4. Let C be an open convex cone in R" and 1 < p < oo. Let g € S;,(R”, X) for X
being a Banach space and supp(g) C C* a.e. We have

e 2 g(b)], < M(L+ (d(y) )™, y € C,
for constants M > 0 and m > 0.

6. Analytic Functions Generating Measurable Functions

In this section, we consider generalized vector-valued Hardy functions and construct
measurable functions which yield Fourier-Laplace transform representations. This material
is followed in Section 7 by representing the analytic functions, in particular cases, by Cauchy
and Poisson integrals.

We use the Fourier transform on L?(IR”, H) considerably in this section and in Section 7.
This causes us to restrict the results to p = 2 and functions having values in Hilbert space
*H as previously discussed in Section 2 in relation to the function Fourier transform.

To prove the Fourier-Laplace representation of functions in H3 (T?, H) in terms of a
constructed measurable function we first need the following lemma.

Lemma 1. Let B be a proper open connected subset of R". Let f(z) € H3 (T8, H)),where H is
Hilbert space, and be bounded for x = Re(z) € R" and y = Im(z) in any compact subset of B. Let
€ > 0. Put

Zey() = [ & H I fx - iype 2ictinilax, y e , 20)

and
8,(t) = F "W f(x +iy);t], y € B, t € R, 1)

in L2(R", ). We have 8e,y(t) is independent of y € B for any € > 0;

eg%:_ |ge,y(t) _gy(t)|2 =0,y€eB; (22)

and g, (t) is independent of y € B.

Proof. Fory € Band t € R", f(x +iy) € L2(R",H) and 2™ f(x + iy) € L2(R",H)

as functions of x € R". Further, (e2™{/! e * -1 Zfzf(x +iy)) € LY(R",H) N L2(R", H) for
y € Band t € R". Thus, both g (t) and g, (t) are well defined for y € B and both are in

L%(R",H). We assume here that 0 < € < 1 since we are letting € — 0+ in (22). We have for
y€B

|ge,y(t) - gy(t) ‘2 = |‘7:_1 [627T<y,t> (6*6 7:1 Z]Z - 1)f(x + Z]/), t] |2
= |627T<y,t> (eie -1 Z]2 — 1)f(x + 1y) |2_ (23)
For0<e<1
W (T8 (515 1)f(x + iy)))?
= e HT 1P (N (£ + i)

< (le™ A5 + 1)U (N (£(x + iy)))?
< (eMZ + 1)2647r<y,t) (N(f(x + iy)))z,

17
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and the right side of this inequality is independent of 0 < € < 1 and is integrable as
a function of x € R". By the Lebesgue dominated convergence theorem (22) follows
from (23).

To show that ge,y(t) is independent of y € B let S be any compact subset of B, and let
y €S C B. We have

—_eyn 2 2 2
|€ eZ]:1Z]| < gena e—e\x\ ,x €R", y € S,

where a = max,cs{|y1], [y2|, .., [yn|}. Fory € SC Band t € R"
/SJ\/'(ff6 = zfzf(x+iy)e_2”i<x+"y't>dy
= [T Bt e i)y
< Aseenazefe\ﬂz /S 27yt gy (24)

where Ag is a bound on NV (f(x + iy)) for x € R" and y € S; and the right side of (24)
approaches 0 as |x| — oo. An application of the Caucyh-Poincare theorem yields 8cy 18
independent of y € S for any € > 0 and hence independent of y € B for any € > 0 since S
is any arbitrary compact subset of B. In the future we refer to g,y € B, as g, since this
function is independent of y € B for any € > 0.

Now to prove that g, (t) € L%(R",H) is independent of y € B let y; and y, both be
points of B. Since g, = g, is independent of y € B, for any € > 0 we have

18y, (1) = 8y, ()2 = I8y, () — 8y, (F) + 8ey, (1) — 8y, ()2
< |gy1(t) — 8¢,y (t)|2 + |gy2(t) - ge,yz(t)|2' (25)

Letting e — 0+ in (25) and using (22), the right side of (25) approaches 0 while the left
side is independent of € > 0. Thus, g, (t) =g, (t)ae, t € R", and g, (t) defined in (21) is
independent of y € B. We write g, (t) defined in (21) as g(t), y € B, t € R", in the future;
and recall that g(t) € L2(R",H). O

We obtain a Fourier-Laplace representation of elements in H3 (T8, H) now.
Theorem 9. Let B be a proper open connected subset of R". Let f(z) € H5(T®, 1), where H is
Hilbert space, and be bounded for x = Re(z) € R" and y = Im(z) in any compact subset of B.
There is a measurable function g(t) € L*>(R",H) for which

|72 Whg(1)]2 < M(1+ (d(y)) )™M, y € B, (26)
wherer >0, s >0, A>0,and M = M(g,r,s,A) > 0 are independent of y € B; and
fz) = [ gt Ndt, z e 7. 27)

Proof. From Lemma 1 the function g(t) = g, (t) defined in (21) is independent of y € B
and is in L2(R", H). From (21)

e MWl g (1) = Flf(x +iy);t], vy € B, (28)
and by the Parseval equality

|e—2n(y,t>g(t)‘2 = |f(x +iy)[2, y € B,

18
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where e=2"Wig(t) € L2(R",H), y € B. Thus, (26) holds from the norm growth on
f(z) € H5(T®, H). Using the now obtained Equation (26), by the proof of Theorem 2 for
p =2 wehave e "W g(t) € LY(R",H) N L2(R",H), y € B, and

[ (0@ 0t = Fle 2 g )2, 2 = x+iy € TV,
is analytic in TB with the Fourier transform being the L! (R",H) transform. Thus, from (28),

f(z) = Fle 2" hg(1);x] = /R ()N gt 2 = x iy e TF,

with the Fourier transform being in both the L' (R", ) and L?*(R",H) sense, and (27) is
obtained. [

The structure of the proofs of Lemma 1 and Theorem 9 can be used to prove a result
like Theorem 9 for functions in H2(T2, H); we state this result now.

Theorem 10. Let B be an open connected subset of R" which does not contain 0 € R". Let
f(z) € H2(TB,H), where H is Hilbert space, and be bounded for x = Re(z) € R" and y = Im(z)
in any compact subset of B. There is a measurable function g(t) € L*(R", H) for which

e 2 W g(b)]2 < M(1+ (d(y) 7)™ @/, y € B,

wherer > 0,5 > 0,w > 0, andM = M(g,r,s,w) > 0 are independent of y € B; and

fz) = [ g(Hedt, z e 7.
By restricting the base B in Theorem 9, further information is obtained.

Corollary 5. Let C be an open connected cone in R". Let f(z) € H3 (TS, H), where H is Hilbert
space, and be bounded for x = Re(z) € R" and y = Im(z) in any compact subset of C. There is
a measurable function g € L2(R", 1) N Sh,(R", H) with supp(g) C {t € R" 1 uc(t) < A} ae.
such that (26) and (27) hold. Further, if C is an open convex cone in R" we have

lim |f(x +iy) — Fg(t);x]]2 =0, (29)
y—0,yeC
and
lim flx+iy) = Flg(t); x] (30)
y—0,yeC

in the strong topology of S’(R", H).

Proof. The existence of g € L?(R", H) such that (26) and (27) hold follow from Theorem 9.
The facts that g € S)(R"”, ) with supp(g) C {t € R" : uc(t) < A} a.e. now follow by
Theorem 6. Let us further assume that the cone C is open and convex. From the proof
of Theorem 8 we know that {t € R" : uc(t) < A} = C* + N(0; A) where C* is the dual
cone of Cand N(0; A) = {t € R" : |t| < A} since C is assumed to be convex now. Thus,
te{teR":uc(t) < A}yieldst = t; +1t,, t; € C*, t, € N(0;A) as in the proof of
Theorem 8. Returning to the proof of Theorem 9 we have for y € C

|£(x + iy) — Flg(t); x]]2 = | Fle ™! g(t);x] — Flg(t); ]2
= |Fl(e7 WD — D)g(t);x][2 = (e 2" —1)g(t)]2. (31)
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In (29) and (30), we prove limit properties as y — 0, y € C; so we assume that
ly] <1, y € C, in the remainder of this proof. For t = t; + t; € C* + N(0; A) we have

(N (e —1)g(t)))? = [e 2" —12(N (g(1)))? (32)
< (e 112 (N (g(1)))7 = (72 W 2 1 1)2(N (g(1)) )
< (1+)2 (N (g(1))?

for ly] <1,y € C, where (y,t1) >0, y € Cand t; € C*, and |t| < A for t, € N(0; A).
Since g € L?(R",H) and supp(g) C C* + N(0; A), (32) and the Lebesgue dominated
convergence theorem combined with (31) prove (29). For (30), let ¢ € S(R"). Using the
Holder inequality we have

N({E(x +1y), (x)) — (Flg(t); 2], 9(x))

<, N((f(x +iy) — Flg(t); x])p(x))dx

< [f(x+iy) — Flg(t); ]2l ]| 2 ey

and the use of (29) now shows (30) in the weak topology of S'(R"”,H). But S(R") is a
Montel space; thus, (30) also holds in the strong topology of S'(R", H). O

We now desire a converse result to Corollary 5 in the setting of tubes T¢ where C is an
open connected cone in R".

Corollary 6. Let C be an open connected cone in R" and H be a Hilbert space. Let g(t) be
a H valued measurable function on R" such that (26) holds. We have g € S)(R", ) with
supp(g) C {t € R" : uc(t) < A} ae., and f(z) € H4(TC, H) for f(z)defined as in (27) for
z € TC. Further, if C is an open convex cone in R" we have (30) holding in the strong topology of
S'(R", H).

Proof. We apply Theorem 6 and Corollary 1 to obtain g € S}(R", H) with supp(g) C
{t € R" : uc(t) < A} ae. and to obtain that f(z) defined as in (27) for z € T is an
element of H3(T¢,H). Now assume that C is an open convex cone in the remainder of
this proof to obtain (30) here. Since g € S;(R", 1) C S'(R",H), the Fourier transform
F|g] is well defined in S’(R",H). From the proof of Corollary 1 we have e=2" W) g(t) €
LY(R",H) N L3(R",H) for y € C. Thus, f(x 4 iy) = Fle 2" Whg(t);x], y € C, with
the Fourier transform being in the L'(R",H), the L>(R",H), and the S'(R",H) cases.
Recalling that supp(g) C {t € R" : uc(t) < A} a.e. and referring to [9] (p. 119), we
choose a function A(t) € C%, t € R", such that for any n-tuple « of nonnegative integers
ID*A(t)] < My, t € R", where M, is a constant which depends only on «; and for
€ > 0, A(t) = 1 for t on an € neighborhood of {t € R" : uc(t) < A}, and A(t) = 0 for
t € R" but not on a 2¢ neighborhood of {t € R" : uc(t) < A}. For ¢ € S(R") we have for
yecC

(E(x+ iy), ¢(x)) = (Fle g (t);x], ¢(x)) = (A(t)e "W g(t), Flgp(x); 1))

For C being convex we apply [9] (p. 74, Lemma 3) as in our proof of Theorem 8 to
obtin {t € R" : uc(t) < A} = C* + N(0; A). The result (30) in this corollary now follows
from the above equality, ¢ € S(R"), by the same analysis in [9] (p. 119, lines 2-22) in the
weak topology of S'(R",H) asy — 0,y € C; and the weak topology implies the strong
topology of S'(R", H) as in the proof of (30) in Corollary 5. The proof is complete. [

Note that we can not say that g € L?(R", 1) in Corollary 6 and hence can not obtain
the convergence (29) in this converse of Corollary 5.

For B being a proper open connected subset of R* and X being a Banach space,
the spaces V/ (T8, X) follow as subspaces of H, (T®, X') (or appropriately of R’ (T?, X))
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by letting either r = 0 or s = 0 in the norm growth defining these other spaces. Thus,
Theorem 9 holds for f(z) € V3(T?, 1); and by the proof of Theorem 9, (26) will hold for
the obtained function g in the form

e 2wl g ()], < 7AW, y € B.

Using the same proof as in Corollary 2 we then can extend the norm growth on
e~2mWg(t) to hold for y € B. This is stated in the following corollary to Theorem 9.

Corollary 7. Let B be a proper open connected subset of R". Let f(z) € V3 (T?,H), where H is
Hilbert space, and be bounded for x = Re(z) € R" and y = Im(z) in any compact subset of B.
There is a measurable function g(t) € L*>(R",H) for which

e g (t)], < MM, y € B,

where A > 0and M = M(g, A) > 0 are independent of y € B; and

fz) = / g(t@ENdr, 2 e TP,

For the base of the tube being an open connected cone in R"” we have the following
corollary of Theorem 10 by combining Theorems 7 and 10. The limit properties in the
following corollary will hold for C being an open connected cone in R” by similar techniques
as in the proof of Corollary 5; C does not need to be convex here for these limit properties
to hold because the support of g is in C*.

Corollary 8. Let C be an open connected cone in R". Let f(z) € H2(TC, H), where H is Hilbert
space, and be bounded for x = Re(z) € R" and y = Im(z) in any compact subset of C. There is a
measurable function g(t) € L>(R", H) N Sy(R", H) with supp(g) C C* a.e. such that the norm

inequality for e=2™Y) g(t) and the representation of f(z) hold as in the conclusions of Theorem 10.
Further we have

lim [f(x+iy) — Fg(t);x][2 =0
y—0,yeC

and
Uim  flx +iy) = Flg(t); ]
y—0,yeC

in the strong topology of S’ (R", H).

7. Subsets of H?(TC, )

Let C be an open connected cone in R”, and 1 < p < oo. Let g(t) be a measurable
function on R” with values in a Banach space X such that

e 2™ g()], < M(1+ (d(y)) ") ™M, y e C, (33)
where A >0, r >0, s > 0,and M = M(g,p,7,s,A) >0, or

e g (1)), < M(1+ (d(y)) 7)™ /1), y e C, (34)

where w > 0, r > 0, s > 0,and M = M(g,p,w,r,s) > 0 with all constants being
independent of y € C. We have from Theorems 4 and 5 that supp(g) C {t € R" : uc(t) <
A} ae. and supp(g) € C* a.e. respectively. Restricting to p = 2 and letting X = H, a
Hilbert space, now we have from Corollarys 1 and 3 that the function

f(z) = / g(H)e2™ =N dt, 7 e TC,
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is an element of HZ (TS, H) or H2(TC, 1), respectively. Conversely, we have proved in
Corollary 5 or Corollary 8 that if f(z) € HZ (T, ) or f(z) € H2(T, H) and in each case
f(z) is bounded for x = Re(z) and y = Im(z) in any compact subset of C then in each case
there exists a measurable function g € L2(R", H) N S}(R", H) with supp(g) C {t € R":
uc(t) < A}a.e. and (33) holds for p = 2 or supp(g) C C* a.e. and (34) holds for p = 2 with

fz) = [ g™ at, z e T,

in each case.

We will now show from these results that both spaces Hg(TC,”H), A = 0, and
H?(T¢,#H) are subsets of the Hardy space H?(T®, H) and obtain immediate results from
these subset properties.

Theorem 11. Let C be an open connected cone in R" and H be a Hilbert space. Let f(z) €
H2(TC,H) or f(z) € H2(TC,H) and in cither case be bounded for x = Re(z) € R" and y =
Im(z) in any compact subset of C. In either case there is a measurable function g(t) € L*(R",H) N
S5 (R", H) with supp(g) C C* a.e. such that

fz) = [ g e, z e T

sup [f(x + iy) |2 = sup [e " g(t)]2 = |gla;
yeC yeC

and f(z) € H?(TC, H).

Proof. Asnoted previously in this section a function g € L?(R", H) N S}(R", H ) is obtained
from previous results such that

f(z) = / g(H)e?™ =M dt, 2 e TC,

Further from the analysis leading to Corollarys 5 and 8 we know e 2™t g(t) €
Ll(R",’H) N LZ(R”,H), y € C,inboth cases. If A =0, {t € R" : uc(t) <0} = C*; thus, in
both cases supp(g) C C* a.e. In both cases we have

[f(x +iy)lo = e 2™ g(t)]2, y € C.

In both cases

L e 2 tg(e))2de = [ (4T (W(g(0)Pat < [ (N (g(0)))%dt = [g

* C*

for ally € C. We thus have forally € C

f(x +iy)| = e 2" Wg(t)| < |gl2, ¥y € C,

which yields f(x + iy) € H*(T¢,H). Further,

sup [£(x +iy) |2 = sup e "W g(1)]2 < ( / (N (g(1))%dt)'? = gl (35)
yeC yeC

But0 € C* = {t € R" : (t,y) > 0 forally € C}. Hence, the inequality in (35) is
an equality. [

Because of this result we have immediate consequences for f(x + iy) in either space
in Theorem 11 from previously proven results. If C is an open convex cone in R” which
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contains an entire straight line then f(z) = ©, z € T, for both cases of f(z) in Theorem 11.
If C is a regular cone in R” then

f(z) = / Flg(u); {)K(z — t)dt = /R Flg(u); )Q(z; t)dt, z € TC,
for the function g(t) in Theorem 11 and for both cases of f(z) in Theorem 11. Further, we
note that Vindas has proved using functional analysis techniques in [1] that for C being a reg-
ular cone in R” and X being a dual Banach space having the Radon-Nikodym property, any
f(z) € HP(TC,X), 1 < p < o0, is the Poisson integral of some h € LP(R", X), 1 < p < oo.
We say more about the use of functional analysis techniques in obtaining results corre-
sponding to those of this paper and those of [1] in Section 9 below.

8. Boundary Values on the Topological Boundary

In Corollary 5 we obtained boundary value properties of H3(TC, H) functions on
the distinguished boundary of the tube T where C is an open convex cone in R". The
boundary values were obtained in the L?(R", ) and S’(R", H) topologies. We now inves-
tigate boundary value properties of a subset of H3 (TC, ) on the topological boundary of
the tube.

Our basic result in this section depends on the cone C being regular. We consider the
subset R% (T, 1) of H3(TC, H) consisting of analytic functions f(z) in T with values in
H such that

[£(x +iy)l2 < M(1+ |y 7)™V, y e C, (36)

where A >0, r>0,s >0, and M = M(f, A,r,s) > 0 are all independent of y € C.
We prove that Ri(Tc, ) functions have boundary values on the topological boundary
of T® again in the L2(R", H) and S’ (R", H) topologies. We have R? (TS, H) C H3 (T, H)
since 0 < d(y) < |y| for y in any open connected cone in R" from [2] (p. 6, (1.14)); recall
Section 2 above.

Before proving our main result in this section we focus on the growth bound as in
(36). If we had used this growth bound of (36) in the inequality (1) for 6_2”<W>g(t) and
in the inequality for |f(x + iy)|, which defines H, (T?, X), that is if we replace d(y) by |y|
in the growth bound, then the results, proofs, and conclusions from Theorem 2 through
Theorem 11 in Sections 5-7 will all hold as before. In any conclusion in these results that
contains the growth bound, the growth bound in the conclusion will be that of (36). We
state this to emphasize the content of our proofs in this section which deal with R (T¢, H)
instead of HA (TS, H).

Theorem 12. Let C be a regular cone in R". Let f(z) € R%(T“,H) and be bounded for
x = Re(z) € R" and y = Im(z) in any compact subset of C. Let y, € 9C, yo, # 0. There
exists a function F(x + iy,) € L2(R", H) such that

Jim [f(x +iy) — F(x +yo)]2 =0 (37)
forye{yeC:0<a< |yl <b}whereaandb areany constants such that 0 < a < |y,| < b; and

y11_>ny1 f(x +iy) = F(x + iy,) (38)

in the strong topology of S'(R", H) withy € {y € C: 0 < a < |y| < b} again where a and b are
any constants such that 0 < a < |y,| < b.

Proof. As noted previously the growth (36) for R% (TC, 1) functions is a special case of the
growth for H2 (TC, H) functions since 0 < d(y) < |y|, y € C. Thus, f(z), z € TS, in this
theorem satisfies the hypotheses of Corollary 5; and the conclusions of Corollary 5 follow
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for the f(z), z € TC, here. In fact the construction of proofs above leading to Corollary 5 for
the growth bound of type

M(1+ (d(y) 7)™, y e C,

would be the same for the growth of type (36) with d(y) replaced by |y| in the analysis of
the proofs as noted before. Thus, there is a measurable function g € L2(R", H) N S;(R", H)
with supp(g) C {t € R" : uc(t) < A} a.e. such that (26) and (27) hold with d(y) replaced
by |y| in (26), and z = x + iy € TC. From the construction of g in Lemma 1 and the proof of
Theorem 2, e~ 2" Wi g(t) € LY(R",H) N L2(R",H), y € C. Let y, € dC, the boundary of C,
Yo # 0. Since |y,| > 0 choose constants a and b such that 0 < a < |y,| < b and consider the
band {y € C:0<a < |y| <b} C C. Let{yn}, m =1,2,..., be a sequence of points in this
band which converges to y,. For each y,,,m = 1,2, ..., in this band

/ (N(E—ZTE(ym,t)g(t)))Zdt < M2(1+ |ym|—r)25647tA|ym\ < M2(1+a—r)25647'(bA.
Using Fatou’s lemma we have

/ V(e 2 g(1)))2dt < limsup / (W (e 2 g (1)) e

Ym—Yo
< M2(1 +a—r)25647'(bA.
and e~ 2ol g(t) € L2(R", H) for y, € aC; further e~ 27Wotig(t) € L2(R", H) even if y, =

0since g € L2(R",H). Recall g € L2(R",H) N S}(R", H) and e~ 2" g(t) € LY(R", H) N
L?(R",H), y € C. Form

F(x +iy,) = .F[e*zn(yw”g(t);x}, Yo €9C, yo #0;

thus, F(x + iy,) € L2(R",H), y, € 9C, y, # 0. From the definition of F(x + iy,) and
Corollary 5 we have

£(x + iy) — F(x + iyo) 2 = | Fl(e 2790 — 2700 )g(1); ],
= |(e72m ) — 2o g(1)]y, (39)

fory € Cand y, € 9C, y, # 0. We consider
L W (e 2etet) - e2nluotyg ) 2t

and want to show that this integral approaches Oasy — o, y € {y € C: 0 < a < |y| < b}.
We have supp(g) C {t € R" : uc(t) < A} = C* + N(0; A) since C is open and convex as
noted before in the proof of Theorem 8; thus, t € {t € R" : uc(t) < A} impliest = t; + t,
where t; € C* and t, € N(0,A). Forye {y € C:0<a < |y| < b} with0 <a < |y,| <b
by definition of @ and b we have for almost all t € R”

(N((efzn(y,& o efzn(yg,t>)g(t)))2 _ |6727T<y,t1+t2) _ 6727T<ya,t1+t2> |2(N(g(t)))2

Since t; € C*, (y,t1) > 0 for all y € C which implies (y,, t1) > 0 also. Continuing the
preceding inequality we have fort; € C*,t, € N(0,A),andally € {y € C: 0 <a < |y| < b}

(N (e 1) — 727ty (1)))? < (e727WH2) 4 7272 )2 (N (g(1)) )2
< (2l 4 rlvelll)2 (A (g(1)))? < 4e*™A (N (g(1)) )

with the bound being independent of y € {y € C:0 < a < |y| < b} and being in L!(R")
since g € L2(R", ). Since (e 2Wt) — ¢=21Wot))g(t) — @asy — y,, y € {y € C: 0 <
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a < |y| <b}with0 < a < |y,| < b, the Lebesgue dominated convergence theorem and (39)
yield (37).

To prove (38) let ¢ € S(R™) and y, € 9C, y, # 0. As before choose constants a and b
such that0 < a < |yo| <b.Fory e {y € C: 0 < a < |y| < b} we have

N(<f(x +iy), ¢(x)) — (F(x +iyo), ¢(x)))
< /Rn N ((£(x + iy) — F(x + i) )p(x) )dx
< [f(x +iy) — F(x + iyo) [2|[¢]] 12y

Using (37) we obtain (38) in the weak topology of 8'(R", H) asy — y,, y € {y € C:
0<a<lyl <b}with0 <a < |y,| < b. Now (38) is obtained in the strong topology of
S'(R", H) since S(R") is a Montel space. The proof is complete. []

Since both R% (T, H) and V3(TC, H) are subsets of H2 (T, 1), functions in both
of these subset spaces satisfy (29) and (30) on the distinguished boundary of T¢ with C
being a regular cone. Also V3 (TC,H) functions will have the results of Theorem 12 since
VZ(TC,H) C R (TS, H).

Boundary value results for the analytic functions on the topological boundary of the
tube may be able to be obtained for various types of base sets C of the tube TC. For example
one could consider C to be an open polyhedron in R” as defined in [11] and [12] (p. 97).
One could follow this situation by considering an open convex subset B of R"” with v,
being a point on its boundary; consideration could be given then to constructing an open
polyhedron in B with y, as boundary point and approaching y, within the open polyhedron
as Stein and Weiss have done in [12] (p. 98) for functions in H?(T?). Clearly the types of
boundary values available will depend on the specifics of the analytic functions and on the
base of the tube if boundary values exist at all. More will be stated in Section 9 concerning
boundary values.

We have previously obtained boundary value results on the distinguished boundary
of the tube for functions of type vF (TC), 1 < p <2, in the scalar-valued ultradistribution
sense where C is a regular cone in R". That is, the norm growth on the analytic functions
on TC is

[€Cx + i)l oy < KeM @9, y e C,

where w > 0 and K = K(f, p,w) are independent of y € C. We have proved that such
functions obtain a boundary value at 0 in the ultradistribution space D’((M,,), L' (R")). We
refer to [2] (p. 106, Theorem 5.2.1) and the preceding analysis in [2] (Section 5.2).

9. Suggested Research

In this section, we suggest problems to consider in future research which are associated
with the analysis of this paper.

Let B be an open connected subset of R". Stein and Weiss use a bound condition on
HP(T®) obtained in [12] (p. 99, Lemma 2.12) to prove [12] (p. 93, Theorem 2.3), the represen-
tation theorem for functions in H(T?). The bound condition holds for z in a tube whose
base is restricted uniformly away from the complement of B. We have used a similarly
needed growth condition, obtained in [2] (p. 87, Lemma 5.1.3), on the analytic functions
studied in [2] (Chapter 5) in relation to boundary values in ultradistribution spaces.

Starting with Lemma 1 in Section 6 of this paper we have used the following assump-
tion on f(z) € H3(T?, 1) to obtain several results; the assumption on f(z) is that it "be
bounded for x = Re(z) € R" and y =Im(z) in any compact subset of B". We conjecture
that a bound condition like [12] (p. 99, Lemma 2.12) holds for f(z) € H/ (T?, X); such a
result will allow us to delete the above quoted assumption used in Sections 6-8.

Additionally we suggest research to obtain a bound condition like [12] (p. 99, Lemma 2.12)
for functions in H? (T8, X).
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Throughout this paper we have obtained boundary value results both on the distin-
guished boundary of the tube and on the topological boundary of the tube. In every case a
question that had to be considered was the method to approach a point on the boundary by
points in the base in order to obtain a desired result. Our results before Section 8 concerned
tubes with base being a regular cone, an open connected cone in R", or a proper open
connected subset of R". In these cases we could approach a considered boundary point y,
on the boundary of the base by a sequence of points within the base. Because of the nature
of the analytic functions considered in Section 8 we needed to approach any boundary
point yo, yo # 0, on the boundary of the base, a regular cone, by a sequence of points inside
a band contained in the cone in order to obtain the desired result. Indications of other
boundary point approaches for consideration were stated at the end of Section 8.

Stein and Weiss [12] (pp. 94-98) discuss situations in which boundary values on the
boundary of tubes can not be obtained as points within the base arbitrarily approach the
point y, on the boundary of the base. In the first case a specific type of analytic function was
constructed in order to show the non-existence of a boundary value for arbitrary approach
to a point on the boundary by points within the base. In the second case a H?(T?) function
was constructed for which no limit in the L? norm existed for arbitrary approach to 0 within
B; but if the base B was suitably restricted, any function in H?(T?) for the restricted base B
was shown to have a boundary value at any point on dB. Considerations of the approach
to the boundary by points within bases B of other types than those of this paper could be
made concerning the types of analytic functions defined in this paper. Are there base sets B
in which an analytic function will not have a boundary value at a specified point y, € 0B
or such that there could be a boundary value if the base B is specialized?

The basic results of Section 5, Theorems 2, 4, 6 and 8, have all been proved for the most
general appropriate situation. B was an open connected subset of R" or open (or convex)
connected cone in R"; values were in Banach space &X’; results held forall p, 1 < p < 0, in
Section 5. In Sections 6-8, the base B of the tube remained an open connected subset of R"
or a cone in R" as appropriate; but all of the main results of these sections were proved for
values in Hilbert space H with p = 2.

Of course the reason for the restrictions in these sections to p = 2 and values in H is
that the primary tool in our proofs was the Fourier transform which, as previously noted,
is available in its desired completeness to the specific cases of p = 2 and values in H. We
desire to extend the results of Sections 6-8 to 1 < p < co and values in Banach space X
as appropriate by using different techniques. This has been done by Vindas in [1] where
functional analysis techniques have been used to extend the Poisson integral representation
of functions in HP(T¢,H) from p = 2 with values in H to 1 < p < oo with values in
X. See [1] (Theorem 2); similarly see also [1] (Theorem 1). Use of functional analysis
techniques and accumulated knowledge related to vector-valued fuctions to obtain the
desired extensions of the results noted in this paragraph should be considered. Extensions
of results from p = 2to 1 < p < oo could possibly also be obtained here for Hilbert space
‘H by applying limit processes using the p = 2 case. We believe that the basic results of
Sections 6-8 can be extended to 1 < p < co and values in Banach space X as appropriate.
We suggest consideration of this extension in future research.

For p = 2 we have proved in previous work that the S’(R") Fourier transform maps
/

[2(Rn
Fourier transform maps D/LP(R")' 1 < p < 2, one-one and into S, (1/p) +(1/9) = 1.
The proofs are obtained using the characterization results for the form of elements in

D’LP(R,,), 1 < p < 2. With knowledge of a characterization of elements in the vector-valued

distribution space equivalent to D’L2 (R")

maps this vector-valued distribution space one-one and onto Sé(]R”, ). Of course the
values of the vector-valued distributions would need to be in Hilbert space H because of
the probable use of the function Fourier transform on L?(R", 1) functions.

the distribution space D ) one-one and onto Sé ; further we have proved that the S’ (R")

we conjecture that the S’ (R", H ) Fourier transform
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Results similar to those of this paper may be in order concerning the functions defined
as H(C) in [7]. We leave this for future research.

10. Conclusions

As stated in Section 1 our goal in this paper was to obtain results for the analytic
functions defined in Section 4 treated as generalizations of H”(T®, X') functions and as
generalizations of the scalar-valued functions noted in [2] (Chapter 5) and in some of
our papers referenced in [2] and hence to generalize results concerning H? (T?, X') spaces
and concerning the functions of [2] (Chapter 5) to these new spaces of analytic functions.
Additionally, we stated that our goal also was to obtain additional new results for the
analytic fuctions of Section 4.

We were successful in our goals in Section 5 for all of the results there that had as
assumption that g(¢) was a X valued measurable function for which the growth (1) held
and for all of the results that had as assumption that g € S,(R", X'); these results held for
A& being a Banach space and for all p,1 < p < co.

We were partially successful in our goals in Section 6 where the results depended
on hypotheses on the analytic function concerning & and p. Because our proofs of these
results depended on the Fourier transform we had to restrict X to H, a Hilbert space,
and p = 2 as described previously. But under these restrictions in Section 6 we were
able to obtain Fourier-Laplace integral representation and boundary value results on the
distinguished boundary of the tube for the analytic functions. In Section 7, we were able to
prove containment of certain analytic functions from Definitions 14 in the Hardy space
H?(TC,H). In Section 8, we were able to obtain boundary value results on the topological
boundary of the tube domain for the functions considered there. We desire to have the
results of Sections 6-8 holding as well for A being a Banach space and for 1 < p < oo.

In our previous work concerning scalar-valued generalizations of H? (T?) functions
we have been able to obtain results under the assumption on the analytic functions of
the type in Sections 6-8 for all p, 1 < p < co. That is we have obtained Fourier-Laplace
integral representation and boundary value results for all p, 1 < p < oo, on the assumed
scalar-valued analytic function. Additionally, we have obtained Cauchy and Poisson
integral representations as appropriate. Because of the existence of these results for all p
in the scalar-valued case we have emphasized in Section 9 our belief that the basic results
of Sections 6-8 can be extended to 1 < p < oo and to values in Banach space X under
assumption on the analytic function in the results. We believe that new techniques apart
from the Fourier transform will be used to obtained these desired results as described in
Section 9. We pursue the analysis of these topics for the generalized setting in the future.

The author believes that there is considerable additional interesting analysis in the
generalized format of the results in this paper that can be obtained in regards to integral
representation, boundary values, and applications for the functions of Definitions 1-4.
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Abstract: As an application of the well-known Saldgean differential operator, a new operator is
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1. Introduction and Preliminaries

Many operators have been used since the beginning of the study of analytic functions.
The most interesting of these are the differential and integral operators. Since the beginning
of the 20th century, many mathematicians, especially ].W. Alexander [1], S.D. Bernardi [2]
and RJ. Libera [3], have worked on integral operators. It has become easier to introduce
new classes of univalent functions with the use of operators. In his article, published in
1983, Salagean introduced differential and integral operators, which bear his name. Those
operators were very inspiring and many mathematicians have obtained new, interesting
results using these operators. In particular, researchers have introduced many new opera-
tors, examined their properties, and further used the newly defined operators to introduce
classes of univalent functions with remarkable properties. At the same time, some mathe-
maticians obtained interesting results in different lines of research by combining differential
and integral operators, where Sildgean differential operator was involved, as is seen, for
example, in very recent papers [4-6]. The topic of strong differential subordination was
also approached recently using Séldgean differential operator in [7], and new operators
were introduced using a fractional integral of Sdldgean and Ruscheweyh operators in [8].
The operators introduced using the Saldgean differential operator were also recently used
to obtain results related to the celebrated Fekete-Szeg6 inequality [9].

In this work, we introduce a new class as an application of the Sdldgean operator and
discuss some interesting problems with this class.

Let A be the class of functions f of the form

f@) =2+ Y ot M
k=2
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which are analytic in the open unit disc U = {z € C: |z] < 1} and & be the subclass of A
consisting of univalent functions. Also,

S*(a) = {feA:Re(Z]{;iz))) >u,zeU,0<a< 1}

is the class of starlike functions of order « and

1
K(a) = {f €A: Re(l—l— Z;’(i?) >a,zelU0<ua< 1}
is the class of convex functions of order «.
Let us start by recalling the well-known definitions for the Sdldgean differential and
integral operators.

Definition 1 (Sildgean [10]). For f € A, the Siligean differential operator D" is defined by
D":A— A,

Df(z) = f(z) =z + ki a2, @)
=2
D'f(z) = Df(2) = 2f'(2) =2+ Y kapd, 3
k=2
D"f(z) = D(D" 'f(z)) =z + i K'agzk (n=1,2,3,---), (4)
k=2

and Siligean integral operator D™" is defined by

- _ ) 1k
D 1f(z) 7/0 Tdt = z+k;2Eakz 5)
and -
D"f(z) =D ' (D ""f(z)) =z+ ) klnakzk (n=1,23,---). (6)
k=2

In view of Definition 1, the following new operator is introduced:

Definition 2. For f € A

Dif(z)=z+ Y Waz* (j=--,-2,-1,0,1,2,-). @)
k=2

With the above operator D/ f, we introduce the subclass S, ().

Definition 3. The subclass S, () of A consists of functions f, which satisfy

AP i
R(D”f(z) )> (n=--,-2,-1,0,1,2,--) 8)

forz e U, where0 < a < 1.

Remark 1. Since D°f(z) = f(z), D'f(z) = zf'(z) and D?*f(z) = zf'(z) +2°f"(2), f €

So(w) satisfies
zf'(z)
Re( e ) >a (zel), )
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and f € Sy () satisfies

Zf”(Z)>
Re( 1+ >a (zel). (10)
(157 ) > @<v
Therefore, f € So(a) = S*(«) is starlike of order « in U, and f € Sq(a) = K(w) is convex of order
w in U (cf. Robertson [11]). Since D~ f is Alexander integral operator, D~"f (n = 1,2,3,--- ) is
the generalization for Alexander integral operator (cf. Alexander [1]).

For a function f € A, we introduce

1
(& J&1f e Pd8)" (0 < p < o0)

My(r, f) = (11)
max, < |f (2)| . (p=o).
For the above M, (7, f), we define
HY = {f € At|fll, = lim s My(r, f) < oo}. (12)
To discuss our problems, we have to introduce the following lemmas.
Lemma 1 (Wilken and Feng [12]). If f € Si(«), then f € So(B), where
% s (“ 7'{ %)
B=p)= 1 1 (13)
The result is sharp.
Lemma 2 (Eenigenburg and Keogh [13]). If f € So(«) and
z
4 14
FC) # 1)
1
then there exists § = 5(f) > 0 such that %Z) ey,
Lemma 3 (Nunokawa [14]). Let a function p be analytic in U with p(0) = 1. If p satisfies
/ 1—2log2
Re(p(z) +zp'(2)) > 20— log2) 0.629... (z€U) (15)

then Rep(z) > 0 (z € U).

Lemma 4 (Duren [15]). If a function p is analytic in U and Rep(z) > 0 (z € U), then p € H?
0<p<1).

Lemma 5 (Kim, Lee and Srivastava [16]). If f € A satisfies z7 f(z) € HP (0 < p < o0) for
some real vy, then f € HP (0 < p < o).

Lemma 6 (Duren [15]). If f € A satisfies f' € HF (0 < p < 1), then f € H%

Discussing our problems for Sidldgean operator, we need to introduce the following
lemma due to Miller and Mocanu [17,18] (also, by Jack [19]).

Lemma 7 (Miller and Mocanu [17,18]). Let the function w given by

w(z) = bpz" + b1 2" + by 02"+, , neN (16)
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be analytic in U with w(0) = 0. If |w(z)| attains its maximum value on the circle |z| = r at a point
zo € U, then a real number k > n exists, such that

Zowl (ZO) —k

w(z0) W
and " z0)
Zow (20

The original results obtained by the authors and presented in this paper are contained
in the next section. A new operator is introduced with Sildgean differential operator as
the inspiration. Using this newly introduced operator, a new class of functions denoted
by S («) is defined, with known classes as particular cases. Certain properties involving
the applications of Sdldgean differential operator related to class S, («) are discussed in
the theorems and corollaries. Examples are also included to prove the applications of the
proved results.

2. Main Results

Now, we derive the following result.

Theorem 1. If f € Sy(«), then f € S,,_(a;), wheren > j > 0 and

aj = 2(12_“;;;71) oy (19)
ﬁ =07213... , (j=3).
Further, if
D" f(z) # (1_26;)2(1%) (20)
then there exists § > 0, such that D"~/ f € HMZ“%”‘J‘).
Proof. We note thatif f € S, (), then
Re(%) >wp (zel), (21)
where ay = a. Since
D" f(z) = 2(D"f(z))' = 2(D" ' f(2)) +22(D" "' f(2))" (22)
" D"f(z) =z(D""'f(2)), (23)
we see that " o
Re<m> _Re(l+m> S (zeD). (24)
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Applying Lemma 1, we say that

=4 Dn_jf S S()((X]',l)
= D"f € Sy(a)).

This implies that

2(D"If(R)\ . (D)
Re( D £(2) )‘Re( D" (2)

that is, that f € S,,_;(a;). Further, applying Lemma 2, we see that if

=
(1 _ Zeie)z(l—“j) !

D' if(z) #

. o+
then there exists § > 0, such that D" /f ¢ # *'"%. O

>>oc]- (z e ),

(25)

(26)

(27)

Example 1. Let us consider a function f belonging to the class S3(«). Then f € Sp(aq) with

(19), where
Moo (e #3)
N =
1 _ _1
g = 07213, (a=}).

Further, f € S1(ay), where

2011
m , (0 # %)
Ny —
1 _ _1
Also, f € So(az), where
2051
m , (0 # %)
N3 =
1 1
If we consider the case of & = }I, then we have
1
np = ——=—— = 0.60355,
YT a2
—2v2
ny = 3-2v2 = 0.77436,

V2

4(vV2-1)(1-272%)
and
a3 = 0.8672.
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Further, if we consider the case of & = %, then

3
0 = ——— = 0.55002,
T s(vE-1)
and A
ap = 7-4V8 . = 0.60607.
45/8-7

8(V/8—1)(1 —24Vs-1)
Remark 2. For some positive integer j, we know that

ZD(j—l

1
Wi = , (o # 5
If we consider
200 —1
] 1
Nj) =wjy — o= -, (0 #5),
8(aj) = ajiq —a; 21—l 2y (aj # 3)

(34)

(35)

(36)

(37)

§(0) = 3 and g(1) = 0. From this fact, we know that a; < ajyq for 0 < aj < 1. This implies that

O<a<a<ap<---<aj<--- <L
Letting j = n in Theorem 1, we see

Corollary 1. If f € Sj(a), then f € So(«;). If

I
(1 — zei0)20-%)’

fz) #

) (s+ﬁ
then there exists § > 0, such that f € ‘H i,
Next we have

Theorem 2. If f € A satisfies

D" f(z)\  1-—2log2
Re( . >_2(1—log2)__0'629“' (zeU)

for some n € N, then there exists pj, such that D"—i+1 f € HPi, where

1 .
and j <n+1.
Proof. If we define p by

D"f(z

pz) = 2B,

then p is analytic in U with p(0) = 1. Since
D'1lf(~
p(a) +2p'(x) = L)
we see that
D"1f(z) , 1—2log2
Re(z> = Re(p(Z) +Zp (Z)) > W (Z S U)
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Applying Lemma 3, we have that
n
mm@:&{D£@)>o (z € D),

Using Lemma 4, we know that

n
%(Z)E’le (0<p1<}),

that is, that (D"~ f(z))’ € HP1. By Lemma 6, we have that

1
D1 P2 SR 4 S
feHr? (0<py 1—p1<j—1)

Noting that

D"f(z) = 2(D""*f(2)),

we obtain that

n—2 P3 _ p2 1
D" “f e HP (0<p3 1_]02<],_2).

Repeating the above, we have that

. , 1
D" T2 f e HPIL (0 < pjg < 5)-

Finally, we get '
D"t feH (0<pj<1).

O

Making j = n 4 1 in Theorem 2, we have

Corollary 2. If f € A satisfies

D"1f(z) 1 —2log2
Re( . ) >2(1—log2) =-0.629... (zeU),

then, there exists 11 such that f € HPr+1 (0 < pp1 < 1).
Next, we derive

Theorem 3. If f € A satisfies

‘D"Hf(z) _1‘ - 5a —2a% — 1

BTG = (z € ), (n€N)

for some real « (% <a< %),or

’UH%Q)’<“_Z¥+1 (zeU),(neN)

Drtlf(z) 20

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

for some real o (3 < & < 1), then D"f € Sy(«), that is, D" f is starlike of order a in U. Further, if

I
(1- Zei0)2(1*'xj) ’

D" f(z) #
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. o+
then, there exists 6 > 0 such that D"~/ f € ‘H 202%) wohere

20(]‘,171
2(172172:1'-

= , (@1 # %)
5 = (56)
=07213... , (aj_1=13)

NI—

1
2l0g2
and j < n.
Proof. Define a function w by

D" f(z) 1+ (1—2x)w(z)

D)~ d—wE | w@FL (57)

It follows from the above that

D"2f(z) D"tf(z) _ (1=2a)zw'(z) N zw' (z)
Drtlf(z) D"f(z) 1+ (1-20)w(z) 1-—w(z)

(58)

Therefore, we have that

D) [ w() w/(2) (. (1 20)(1—w(z))
DHV@>‘1‘<1—w@J{”1‘”*'w@)(“%1+u—aww@>>}' ®9)

Suppose that there exists a point zg € U, such that
max; <z |w(2)] = [w(zo0)| =1 (w(z0) #1). (60)

Then, Lemma 7 say that w(z) = ¢/ and zow'(z9) = kw(zp) (k > 1). This implies that

if

D" (z) e (1 - 20) (1 — )
—— — 1| = —[12(1 — k(1 .
oty 1| =[S -0 v+ S )|
2(1—wo) +k  k[1—2af 61)
|1 —ei?| |14 (1 —2a)ei|
2(1—ap) +k k|1 —2af
- 2 20
If% <a< %,then
n—+2 _ 2
D" "= f(zp) EPIES S5a — 20" — 1 62)
D1 f(zo) 2
andif 1 <a <1, then
n+2 _ 2
‘D f(zo)_1‘>zx 20 +1' 63)

Dmtl£(zg) 20

This contradicts our condition of the theorem. Thus we say that |w(z)| < 1 forall z € U.
From the definition (57) for w, we obtain that

D”Jrlf(z)
Re(D”f(z) ) >a (zel). (64)

This means that D"f € So(«). Letting « = ap and using Lemma 1, we obtain D"/ f €
So(wj), where a; is given by (56). Applying Lemma 2, we know that if

Z

(1 — zei®)2(1-%)" (¢5)

D" If(z) #
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. o+
then, there exists § > 0 such that D" /f € H =) 4

Making j = n in Theorem 3, we have

Corollary 3. If f € A satisfies

D"2f(z) 5a — 242 — 1
’DnJrlf(Z) - 1’ < w (zeU), (66)
for some real « (% <a< %),or
D"2f(z) o —20%+1
for some real & (3 < a < 1), then D" f € So(«). If
; (68)

f(z) # m,

N 1
then, there exists 6 > 0, such that f € HOH 2w

3. Conclusions

Inspired by the classic and well-known Saldgean differential operator, a new operator
is introduced in Definition 2. By applying this operator, a new class of functions is defined,
denoted by S, («). It is shown that classes of starlike and convex functions of the order «
are obtained for specific values of n. Some interesting problems concerning the class S, («)
are discussed in the theorems and corollaries. One example is given as an application for
special cases of n for the class S, («). The new operator defined in this paper can be used
to introduce other certain subclasses of analytic functions. Quantum calculus can be also
associated for future studies, as can be seen in paper [20] regarding the Saldgean differential
operator and involving symmetric Saldgean differential operator in paper [21]. Symmetry
properties can be investigated for this operator, taking the symmetric Sdldgean derivative
investigated in [22] as inspiration.
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Abstract: In this paper, we introduce and investigate new subclasses (Yamakawa-type bi-starlike
functions and another class of Lashin, both mentioned in the reference list) of bi-univalent functions
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1. Introduction and Preliminaries

In geometric function theory, there have been numerous interesting and fruitful us-
ages of a wide variety of special functions, g-calculus and special polynomials; for ex-
ample, the Fibonacci polynomials, the Faber polynomials, the Lucas polynomials, the
Pell polynomials, the Pell-Lucas polynomials, and the Chebyshev polynomials of the
second kind. The Horadam polynomials are potentially important in a variety of disci-
plines in the mathematical, physical, statistical, and engineering sciences. Gegenbauer
polynomials or ultra spherical polynomials & can be obtained using the Gram-Schmidt
orthogonalization process for polynomials in the domain (—1,1) with the weight factor

1 A
(1- 42))\ 2,A > —%. Also, &) (/) is defined as )lgr}) 6”}\(6)
polynomial R, (¢) is multiplied by a number which makes the value at / = 1 equal to
(2A)n/n! = 2A(2A +1)(2A +2)...(2A+n—1)/n!. For A = 0 and n # 0, the value at
l=1is % while &J(¢) = 1.
The Gegenbauer polynomials (for details, see Kim et al. [1] and references cited

T

, and for A # 0 the resulting

therein) are given in terms of the Jacobi polynomials P,EV’U), withv=v=A—

A # o), defined by
F<A+ %)r(n+2)\)
rEAT(n+2+4)

_ <n+2n/\—1> ké) (ZEE\Z_);-;)T()}( <g;1>k, o

(1) = p* 1) (g
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where (a), :=a(a+1)(a+2)...(a+n—1),and (a) := 1.
From (1), it follows that &7 (¢) is a polynomial of degree 1 with real coefficients, and

Bp(1) = <n + zn)\ B 1> , while the leading coefficient of & (¢) is 2" <n * 2 a 1). By the

theory of Jacobi polynomials, for y = v = A — %, with A > — %, and A # 0, we get

& (—0) = (=1)"&5(0).
It is easy to show that &7 (/) is a solution of the Gegenbauer differential equation
(1= )" — @\t +n(n+2\)y =0,
with £ = 0 an ordinary point; this means that we can express the solution in the form of a
power series y = Y a,{", and the Rodrigues formula for the Gegenbauer polynomials is
n=
(see [2,3]) as follows:

(1 —62)?\—7@2\(5) = m<é) (1 _gZ)nM—j’

and the above relation can be easily derived from the properties of Jacobi polynomials.
The generating function of Gegenbauer polynomials is given by (see [1,4])

1
2/\7% _ ()L_z)nqj)\(g)tn
20), "

()
A—1
(1—2£t+t2)%(1—£t+\/1—2£t+t2) 2

and this equality can be derived from the generating function of Jacobi polynomials.
From the above relation (2), we note that

1 o A 1
—————— =Y & (O, teC, |t| <1, Le[-11], A€ ,+c>o> 0;, @
(1—20t+12)" = ) g e ( 2 MO ©

and the proof is given in [4] and Kim et al. [1] (also, see [5]) where the authors extensively
studied many results from different perspectives. For A = 1, the relation (3) gives the

ordinary generating function for the Chebyshev polynomials, and for A = -, we obtain the

ordinary generating function for the Legendre polynomials (see also [6]).
In 1935, Robertson [7] proved an integral representation for the typically real-valued
function class Tr having the form

f(z):z+ianz”,zeA::{ze(C:|z|<1}, 4)
n=2

which is holomorphic in the open unit disc A, real for z € (—1, 1), and satisfies the condition
Imf(z)Imz >0, z€ A\(-1,1).

Namely, f € Ty if and only if it has the representation

1 z
f(z):/f11—2£z+z2dy' ZEB,

where 1 is a probability measure on [—1,1]. The class T has been extended in [8] to the
class Tr(A), A > 0, which was defined by
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flz) = /1 N 2)du(l), z€ A, —1<0<1, ®)

where
z

dz) = ——
¢(@) (1—20z +22)

/ZGA/_lggglr (6)

and y is a probability measure on [—1,1]. The function ®}(z) has the following Taylor—
Maclaurin series expansion:

D} (z) =z + &0 + &) ()22 + () -+ &L (D" + ..., (7)

where &7 (¢) denotes the Gegenbauer (or ultra spherical) polynomials of order A and degree
n in £, which are generated by

© —A
D) (z) = Y & (0)z" = z(l — 20z —i—zz) )
n=0
In particular,
G0 =1, &1(0) =2M0, &5(0) =2 (A +1)2 — A =2(A)f2 — A 8)

Of course, we have Tr(1) = Ty, and if f given by (5) is written in the power expansion
series (4), then we have

0= [ & 00,

One can easily see that the class Tg(A), A > 0, is a compact and convex set in the linear
space of holomorphic functions f(z) = z+ Y. a, z" which are holomorphic in A, endowed
n=2

with the topology of local uniform convergence on compact subsets of A. The importance
of the class Tr(A), A > 0, follows as well from the paper of Hallenbeck [9], who studied the
extreme points of some families of univalent functions and proved that

z
c0S3(1—-A)=Tr(A), and extcoSp(l1—-A)={ ————— 0 c[-1;1]},
r( ) =Tr(A) R( ) {(1_2£2+22)A [ ]}

where “co A” denotes the closed convex hull of A, “ext A” represents the set of the extremal
points of A, while S () denotes the class of holomorphic functions given by (5), which
are univalent and starlike of order 8, ¢ € [0,1), in A, and have real coefficients.

Let A represents the class of functions whose members are of the form

flz)=z+ i a,z", z € A, 9)
n=2

which are analytic in A, and let S be the subclass of A whose members are univalent in
A. The Koebe one quarter theorem [10] ensures that the image of A under every univalent

function f € A contains a disk of radius T Thus every univalent function f has an inverse

f~! satisfying
FUE) == ) and £(£@)) = (Il <rolf), n(h) 2 §):

A function f € A is said to be bi-univalent in A if both f and f~! are univalent in A,
and let £ denote the class of bi-univalent functions defined in the unit disk A. Since f € &
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has the Maclaurin series given by (9), a computation shows that its inverse ¢ = f~! has
the expansion

g(w) = fH(w) = w—aw?® + (Za%—a3>w3+.... (10)
We notice that the class X is not empty. For instance, the functions

D) =15, fle) = slog 1z, fo(z) = ~log(1~2)

V4 V4

with their corresponding inverses

| 1 e’ —1

-1 w _ _
7e2w+1’ f3 (w)* oW

fi(w) = T+ £y H(w)

are elements of X. However, the Koebe function is not a member of £. Lately,
Srivastava et al. [11] have essentially revived the study of analytic and bi-univalent
functions; this was followed by such works as those of [12-17]. Several authors have
introduced and examined subclasses of bi-univalent functions and obtained bounds for the
initial coefficients (see [11-13,15]), bi-close-to-convex functions [18,19], and bi-prestarlike
functions by Jahangiri and Hamidi [20].

Orthogonal polynomials have been broadly considered in recent years from vari-
ous perceptions due to their importance in mathematical physics, mathematical statistics,
engineering, and probability theory. Orthogonal polynomials that appear most often in
applications are the classical orthogonal polynomials (Hermite polynomials, Laguerre poly-
nomials, and Jacobi polynomials). The previously mentioned Fibonacci polynomials, Faber
polynomials, the Lucas polynomials, the Pell polynomials, the Pell-Lucas polynomials, the
Chebyshev polynomials of the second kind, and Horadam polynomials have been studied
in several papers from a theoretical point of view and recently in the case of bi-univalent
functions (see [21-28] also the references cited therein).

Here, in this article, we associate certain bi-univalent functions with Gegenbauer
polynomials and then explore some properties of the class of bi-starlike functions based on
earlier work of Srivastava et al. (also, see [11]). In addition, motivated by recent works by
Murugusundaramoorthy et al. [29], Wannas [30] and Amourah et al. [31], we introduce
a new subclass of the Yamakawa-type bi-starlike function class (see [32]) associated with
Gegenbauer polynomials, obtain upper bounds of the initial Taylor coefficients |a;| and
|az| for the functions f € GYy (®}) defined by subordination, and consider the remarkable
Fekete-Szeg® problem. We also provide relevant connections of our results with those of
some earlier investigations.

First, we define a new subclass Yamakawa-type bi-starlike in the open unit disk,
associated with Gegenbauer polynomials as below.

1 1
Unless otherwise stated, welet0 < 9 <1, A > > and ¢ € (2, 1} .

Definition 1. For0 < ¢ <1land{ € (;, 1} , a function f € X of the form (9) is said to be in the
class GV (8, @} ) if the following subordinations hold:

f(z)
T 0zt 0z ) an

and

g(w)
(1—98)w + dwg' (w) = @ (w) (12)

where z,w € A, CD? is given by (6), and g = f~1 is given by (10).
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By specializing the parameter ¢, we state a new subclass of Yamakawa-type bi-starlike
in the open unit disk, associated with Gegenbauer polynomials as below:

Remark 1. For 8 =1, we get YSy. (®}) := GYV5 (1, P}), thus f € VS5 (P}) if f € L and the
following subordinations hold:

f(z) g(w)
() < ®)(z) and 09/ () < @) (w)

where z,w € A, and ¢ = f~ is given by (10).

Remark 2. For 8 = 0, we get N3 (®}) := GV5(0,®}), thus f € N5 (®}) if f € L and the
following subordinations hold:

@ =< CD?(Z) and g’ng) =< CD?(ZU)

where z,w € Aand g = f~1 is given by (10).

Note that if in the above Remarks 1 and 2, we choose A = 1 or A = %, then we can

state the new subclasses of Y Sy, (®}) and N5 (®}) related with Chebyshev polynomials
and Legendre polynomials, respectively.

2. Initial Taylor Coefficients Estimates for the Functions of GY'5 (0, <I>?)

To obtain our first results, we need the following lemma:
o
Lemma 1 ([33], p. 172). Assume that w(z) = Y, wnz", z € U, is an analytic function in U such
n=1
that |w(z)| < 1 forall z € U. Then,
w1 <1, |wn| <1-— |w1|2, n=273,....

In the next result, we obtain the upper bounds for the modules of the first two
coefficients for the functions that belong to the class Gy, (19, @2\)

Theorem 1. Let f given by (9) be in the class GYx (8, ®}). Then,

o] < 2MN2M8
2

< ’ (13)
\/| (1— 60 + 682)4A202 —2(2(A)2f2 — A) (1 — 26)?|

and
2(A0)2(1 — 20 — 20%) 204

<
9] < SA 3ga—207] T T30’

(14)
1
where & # 3

Proof. Let f € GV (9, q)}\) and ¢ = f~!. From the definition in Formulas (11) and (12),
we have

(1— ﬂ)]z'r(—lz—)ﬂzf’(z) = @?(u(z)) (15)

and

(1— ﬁ)i(fiwg’(w) = @} (v(w)), (16)
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where the functions u and v are of the form
u(z) =ciz+c2? +..., (17)

and
o(w) = diw +dow? + ..., (18)

are analytic in A with 4(0) = 0 = v(0), and |u(z)| < 1, |v(w)| < 1, for all z,w € A. From
Lemma 1 it follows that

ci| <1 and |d;| <1, forallj € N. (19)
j j J

Replacing (17) and (18) in (15) and (16), respectively, we have

1- 19)Jz((42—)192f’(z) =1+67(Ou(z) + 63 (O)u*(z) +..., (20)

and

(1- ﬂ)j(j—ugw(g’(w) =1+ QS{L(QU(ZU) + 6%@)02(30) +.... (21)

In view of (9) and (10), from (20) and (21), we obtain

14 (1-20)arz + [(1 — 39)a3 — 20(1 — Zﬁ)ag] 24
=14 6101z + [6%(€)cz + eﬁé(f)cﬂ Z+...,
and
1= (1-20)(@)aw+ { (1-40+26%)a} — (1-3A)as fu? + ..
=1+ 6} (Odiw+ [6} (O + 63 (OB |w? + ..,

which yields the following relations:

(1-28)ay = &7 (L)cy, (22)
(1—38)az —28(1 — 20)a3 = &7 (0)cy + &5 (£)c, (23)

and
—(1—28)ay = &1 (0)dy, (24)
—(1—30)as + (1 49+ 2192) a3 = &) (0)dy + &) (0)d2. (25)

From (22) and (24), it follows that

c1 = —dy, (26)

and

2(1 - 26)%a7 = [87 (O)]*(cf + ),
(&1 ()

2, 2
m(cl +d7) (27)

3 =

Adding (23) and (25), using (27), we obtain

(67 (0)]3(c2 + da)

% = (1— 60+ 602)[&] ()2 — 2(1 — 20)28}(¢)

(28)
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Applying (19) for the coefficients ¢, and d, and using (8), we obtain the
Inequality (13).
By subtracting (25) from (23), using (26) and (27), we get

_ ol —d)  (1-20-2°) B} (O ,

= o0 - 30) 2(1—39) %2 29)
~ (1=20-20%)[61 (O)*(cf +4d7) | &1(0)(ca —dy)
2(1—30)(1— 2672 R TR T

Using (8) and once again applying (19) for the coefficients c;, ¢, d1, and d», we deduce
the required Inequality (14). O

By taking @ = 0 or ¢ = 1 and ¢ € (0,1), one can easily state the upper bounds for
|a5| and |as] for the function classes GY5 (0, ®) =: N3 (®}) and V5 (1, @) =: VS5 (P}),
respectively, as follows:

Remark 3. Let f given by (9) be in the class N, (®}). Then,

2A0\2A0

aa| < ,
V14222 —22(1)2 - 1)

and
las| < 2(AL)% 4 2AL.

Remark 4. Let f given by (9) be in the class Y Sy (®}). Then,

2MN2M8

|ag| < ,
V14222 —2(2(0)p2 - 1)

and
las| < 3(AL)% 4 AL

Remark 5. Let f given by (9) be in the class GVx. (8, ®}). Then,

2020

|ﬂ2| S ’
V11— 69+ 602)402 — 2(402 — 1) (1 — 2012

and
202(1— 208 — 26?) 20

(1-36)(1-20)2 [1-30]’

las| < ‘
1
where & # 3

Remark 6. Let f given by (9) be in the class G)s. (19, q)},/ 2). Then, for { # \1@’

jaa] < Al
\/1(1 — 68+ 662)(2 — (302 — 1)(1 — 20)?]

7

and
2(1—20 —26%) 4

2/(1—38)(1-20)2] T 130’

laz| <
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where & # %

we obtain the new estimates

1) related with Chebyshev

In the above Remarks 3 and 4, by fixing A = 1and A =

of [a,| and |as] for the function classes YSy (®}) and Ny
polynomials and Legendre polynomials, respectively.

1
2’
(®

3. Fekete-Szegt Inequality for the Function Class GYx, (19, <I>§>

Due to the result of Zaprawa [34], in this section, we obtain the Fekete-Szeg6 inequality
for the function classes G (9, CD?) )

Theorem 2. Let f given by (9) be in the class Gy, (19, CD?), and u € R. Then, we have

200 1
Tag U MW < S
AMIh(p)|, if |[h(p)] > m/
where
W) = A2 [2A%0%(1 — 20 — 28°) — (1 —39)]
P A= 30) [2A2(1— 69 + 66%) — (1 —20)22(A + 1)(2 — 1]}’
1
and ¢ # 3

Proof. If f € G)5, (19 CID)‘) is given by (9), from (28) and (29), we have

— _ 2 2
AL —d (1-20— 202[ 1(O)?
T 20— ) +< 2(1— 39) _”>
(61 () (c2 + d2)
X
(1—60+602)[67(£)]2 —2(1 —20)265(¢)
=30 (400 + 5757 )2+ (00~ 372357 )2
where
h() = (120 —26%)[67 ()] —2p(1 - 39))[67 ()

2(1-38){(1 — 68+ 682)[®7(£)]2 —2(1 —28)285(0)}
Now, by using (8)

a3 — paz ZZAEKPI(#) + M)Cz + (h(#) Ui?n’ﬁ)dz}

where

2A202[2A202(1 — 28 — 26°) — pu(1 — 39)]
(1—38){2A202(1 — 20 + 202) — A(1 — 28)2[2(A + 1)¢2 — 1]}
B A2 [2A%0% (1 — 20 — 26%) — (1 — 39)]
C(1-30){2A02(1 — 68 + 602) — (1 — 20)2[2(A + 1)£2 — 1]}

h(p) =

Therefore, in view of (8) and (19), we conclude that the required inequality holds. O
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4. The Subclass My, (‘r, CD?) of Bi-Univalent Functions

In [35] Obradovi¢ et al. gave some criteria for univalence expressed by Re f'(z) > 0
for the linear combination

Zf”(Z)) 1
1+ +(1-71)——,
( f'(z) f(z)
Based on the above definitions, recently, Lashin [36] introduced and studied new
subclasses of the bi-univalent function. In our further discussions, unless otherwise stated,
1 1
weletrzl,)x>§,and£€ 5’1 .

T>1,z€A.

Definition 2. A function f € X given by (9) is said to be in the class My, (t, P} ) if it satisfies
the conditions

1) -ty o
and 1
(1458 -0 <) 61

where T > 1,z,w € A, q’? is given by (6), and the function g = f~1 is given by (10).

Remark 7. For the particular case T = 1, a function f € X. given by (9) is said to be in the class
My (D)) =: Ry (P}) if it satisfies the subordination relations

1+ Z]f;’;g L oMz) and 14 ng( ;;;> < ®}(w),

z,w €A, CIDQ is given by (6), and g = f~1 is given by (10).

Theorem 3. Let f be given by (9) and f € My (T, D)), with T > 1. Then,

jaz] < min{ A MV } 32
22T =1", /(1 + 1)A22 — 420 — 1)222(2), - A|
and
200 A24?
93] < mi“{3(3r —1) " ar 12
A, 2A3(3 }
3Bt —1)  |(A+71)A20)3— (21 —1)2[202(A), — A]| |

Proof. f € My (7, P}), from (30) and (31) it follows that

T<1 + J{((Z)>) L(1-1) f,}z) = @) (u(z), (33)
and ,, 1
T(l + ij;’)) H1=7) s = @ (e(w), (34)

where the functions u and v are analytic in A with #(0) = 0 = v(0), such that |u(z)| < 1,
|v(w)| <1, forall z,w € A, and are of the form (17) and (18), respectively.
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From (33) and (34), we have
142021 — D)z + [3(31 —1)az +4(1 — 21’)2{1%} 4.
=1+ 6} (Oaz+ [0} (e + &} (O3] 2+,
and
1-2(21 - Daw + [2(5r —1)a —3(31—1)a }w -
=1+ 6} (O)dyw + [Qﬁf(é)dz + e} (OBt + ..,

and equating the coefficients of the above two relations, we get

2(21 — 1)ay = &1 (£)cy, (35)
331 — 1)az +4(1 — 27)a3 = &7 ()ca + &5 (£)3, (36)
and
—2(21 — 1)ay = &1 (£)dy, (37)
2(51 —1)a3 — 3(31 — 1)az = &7 (£)d + &4 (£)d2. (38)
From (35) and (37), we get
p1=—m (39)
From (35), by using the Inequality (19) for the coefficients ¢; and d;, from (8), we have
aa] < &) M
2=202r-1)  (2t—-1)
Furthermore,
2
82t —1)%3 = (61(0)) (3 +42),
that is,
A2 (2 1 32
2 (81(0)"(cf +47)
278212 )
Thus, from the Inequality (19) and using (8), we obtain
& (0) A
<1 = :
921 < Tr =) T 3= 1) 1)
Now, from (36), (38) and using (40), we get
2 3
201+7)(81(0)" =821 1283 (0)]a3 = (&1(0)) (2 + da). (42)
Thus, according to (42), we obtain
2 (2(0)>(c2 + o)
221+ 1)(8M(0) - 82t — 1)28) (1)
hence,
MA2AL
laa| < ; (43)

2\/| (14 T)A22 — 427 — 1)2[202(A); — A

and the Inequality (32) is proved.
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From (36), (38) and using (39), we get

& (O)(ca—da)

as = W az, (44)
which implies
2)\5 2

From this inequality, using (41), we obtain

204 N A202
33t —1) 4271 —1)2°

|as| <

Combining (45) and (43), it follows that

200 N 22343
33t —1) ' [(1+71)A20)2 — (2T —1)2[202(A), — Al

|ag| <

O

Motivated by the result of Zaprawa [34], we discuss the Fekete-Szeg6 inequality [37]
for the functions f € My (T, D}).

Theorem 4. Forv € R, let f € My (7, P}) be given by (9). Then,

2A0 . 1

‘as_mg‘ _ 3Gr=1) Zf [h(v)] < @,
4lh(v)l,  if ()] = 6B 1)’
where X
") = Ao - gr_j)l?f[zﬁmﬂ) IS (#6)
Proof. If f € My (7, ®)) be given by (9), from (44) we have
az —vaj = %1 (0)(c2 — ) + (1 —v)ai. (47)

6(3T—1)

By substituting (42) in (47), we obtain

4 —1/{12 _ @{\(5)@2—612) (1—1/ (@i\ ) C2—|—d2)
TR 6Bt (110 (6h(0) — 82T — 1283 (1)

=610 [(h(v) + 6(3"[1—1)>C2 + (h(v) — 6(3;_1))112},

where
(1-v) (i)’ |
214 7)(6}(0))” - 8(27 — 1283 (¢)

h(v) =

From (8), it follows

a3 —va3 = ZAEKh(v) + 6(31_1_1))62 + (h(v) - 6(311—1)>d2] , (48)

where the function h is given by (46). Hence, by using the triangle inequality for the
modulus of (48) together with (19), we get our result. [
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For v = 1 the above theorem reduces to the following special case:

Remark 8. If f € My (T, D}) is given by (9), then

2M/0
| a—

‘”3 ”2‘ =33Br-1)
5. Conclusions

Yamakawa-type bi-starlike functions related with the Gegenbauer polynomials are
defined for the first time, and initial Taylor coefficients and Fekete-Szeg6 inequality are

1

obtained. Further, by fixing A = 1or A = 5 the Gegenbauer polynomials lead to the

Chebyshev polynomials and the Legendre polynomials, respectively. Hence, our results
represent a new study of the Yamakawa family of bi-starlike functions associated with
Chebyshev and Legendre polynomials, which are also not considered in the literature. We
have left this as an exercise to interested readers.
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1. Introduction
Let /\/lp stand for the class of functions of the form:

f=z7+ Y ad, M

k=—p+1

which are analytic in the perforated unit disc U* = U\{0} = {z:z2€ C:0 < |z| < 1}. The
class M, refers to the a class of p-valent meromorphic functions. It is worth noting that
M1 = M, which is the class of univalent meromorphic functions. If the function ¢ € M,
is given by

g(z)y=z"P+ 2 bkzk,
k=—p+1

then the Hadamard product (or convolution) of f and g is provided by

Fre)@=zP+ Y ahd = (g% 1))

k=—p+1

Interesting traits such as coefficient estimates, subordination relations and univalence
features related some subclasses of p-valent functions were obtained in [1-3] (see also, [4]).
With the help of the g-differential operator, a new subclass of meromorphic multivalent
functions in the Janowski domain were introduced by Bakhtiar et al. in [5] (see also, [6]).
Moreover, new subclasses of meromorphically p-valent functions were defined using
g-derivative operator and investigations related to geometric properties of the class are
conducted in [7-9].

If f and g are analytic in the open unit disc U, we say that f is subordinate to g, written
as f < ginU or f(z) < g(z)(z € U), if there exists a Schwarz function w(z), which (by
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definition) is analytic in U with w(0) = 0 and |w(z)| < 1, (z € U) such that f(z) = g(w(z))
(z € U) [10].

For 0 < g < 1, the g-difference operator, which was introduced by Jackson [11], is
characterised with

(q2)—f(z)
e, ko

£(0), z=0.
The Jackson g-difference operator is another name for the g-difference operator. Addi-
tionally, for f given by (1), one can write

9yf(z) =

9f(z) = —q Plplaz P + 2 akz (zeu"), ()
k*7p+1
where [k], = (1 - qk) /(1—q) is the well-known q-bracket, lim, ,;-[k], = k and

lim, ;- 94f(2) = f'(2).
Now, for n € Nog = NU {0}, we define the operator ®j , : M), — M, with the help
of the g-difference operator, as follows:

D00f(2) = (2),
@%ﬂmzzﬂ%@HVQ»,
Dpof(2) =29y (210} () (nEN),

then

i)zqu()—z p+k21k+p+1 akz (n € Np), (3)

which satisfies the following recurrence relation:
977120, (Dpof(2)) = Dy F(z) — [p+ 1], f(2). 4

Definition 1. Utilising the q-derivative d, f(z), the subclassesMSy, ,(A, B) and MKpq4(A, B)
are introduced as follows:

—qP29,f(z) 1+ Az } )

MS; . (AB) = {f € M,: VLG <178

(0<g<L,-1<B<A<ILzel),

and

Pl9if(z)  1+Bz” (6)

(0<g<L,-1<B<A<ILzel).

MEpq(A, B) = {f € M,: —qP9,(204f(2)) 1+ Az . U},

Using (5) and (6), we have the following equivalence relation:

f(z) € MK, (A, B) <= "pz[a;j]fq(z) € MS;,(A,B). @)

Remark 1. We list the following subclasses by specialising the parameters p, q, A and B:

) * _ * _ . 77294 f (z) .
(i) MS; (1 —2a,—1) = MS, ,(a) = {f € M,: Re( [p]qj‘(Z) ) >u;0<a<1l,zel}
the subclass of p-valent meromorphic g-starlike functions, and MK, (1 —2a, —1) = MKy 4(a) =
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{f e My: Re(—W) > ;0 <« <1,z € U} the subclass of p-valent meromorphic
q

g-convex functions;
(i) MS] (1 — 20, ~1) = MS;(a) = {f € M: Re(—qzjaﬂ(f;)(z)) >a0<a<lze Ul
the subclass of meromorphic q-starlike functions, and MKq4(1 —2a, —1) = MK4(a) = {f €

M: Re(—qaq(zaqﬂz))) > a; 0 < o < 1,z € U} the subclass of meromorphic g-convex

99f(z)
functions;
(i) limy 1~ MS}, (A, B) = MS;(A,B) = {f e My: =38 <142 1<B< A<
1,z € U}, and limy_;- MKp4(A,B) = MK,(A,B) = {f € Mp: — %(1+ Zf,(iﬁ)) <

111‘3; ; —1 < B < A <1,z € U}, were introduced and studied by Ali and Ravichandran [12];

(iv) limy - MS;,(1—20,-1) = MS*(a) = {f € M: Re(Jﬁg)) >0 <a<

1,z € U}, and lim,_,;- MKpg(1 —2a,—1) = MK(a) = {f € M: Re(—l - ZJ{;E?) >
0 <a <1,z € U}, were introduced and studied by Kaczmarski [13];

(v) limq_ﬂf MSiq(l, -1) = MS*, and limq_ﬂf ./\/llCllq(l,—l) = MK, which are well-
known function classes of meromorphic starlike and meromorphic convex functions, respectively; see
Pommerenke [14], Clunie [15] and Miller [16] for more details.

Definition 2. For n € Ny and 0 < q < 1, we define the following subclasses:
MS;4(n;A,B) = { f € My 9}y, f(z) € MS},(A,B)}, ®
meNpy0d<g<l,-1<B<A<ILzel),

and

MK p,(n; A, B) = {f € My: 0}, f(z) € MICW(A,B)}, )
(meNp;0<g<l,-1<B<A<ILzel).

It is easy to show that

B qPz0, f (2)

f(z) € MKpy(n; A B) <
[pl,

€ MS5, (1; A, B). (10)

There is extensive literature dealing with convolution properties of different fami-
lies of analytic and meromorphic functions; for details, see [17-23]. More recently, the
quantum derivative was utilised by Seoudy and Aouf [24] (see also [25]) to introduce the
convolution features for certain classes of analytic functions. Here, we use the quantum
derivative to obtain some convolution properties of the meromorphic functions. For this
purpose, we defined the new classes MS;, ,(A, B) and MK 4(A, B). The convolution
results are followed by some consequences such as necessary and sufficient conditions, the
estimates of coefficients and inclusion characteristics of the subclasses MS), ,(11; A, B) and

MEp,(n; A, B).

2. Convolution Properties
Theorem 1. The function f given by (1) is in the class MS}, ,(A, B), if and only if

1+(C—9g)z
ZP | f(z) * FA—2)1 -7 #0(zel), (11)
for all
—i6
c= Bre 6 [0,270), (12)

A—1pl,B—qlp—1] e
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and also for C = 0.

Proof. It is simple to check the following two equalities

1

f&) =g = /@) (13)

and
fz)+ ( e Tt q;a ﬁ]qZ)) = 20, (2) (1)
In view of (5), f € MS;,(A,B), if and only if (1.4) holds. Since the function 142

is analytic function on U, it follows that f(z) # 0,z € U*; thatis zP f(z) # 0,z € U, and
using the first identity of (13). That is the same as saying that the relation (11) is satisfied
for C = 0. According to the concept of subordination of two functions in (14), there exists
an analytic function w(z) in U with w(0) = 0, |w(z)| < 1 in such a way that

—qPzd,f (z) 1+ Aw(z)
Pl,fE  1+Bu()

(zel),

which leads to

—qPz0,f(z) , 1+ Ae®
Pl f(z) " 1+ Be?

(f(z) #0,z € U;0 < 6 < 27),

or
zF {(quaqf(z)) (l + Beie) + [Pl f(2) (1 + Aeie)} #0 (15)
We may now deduce the following from (13)—(15):

(1 ) 0+ ) 10 e

) (1= 1+ pl, +a1+ pl,z) (1+ Be®®) +9(1 — g2) (1 + Ae?)
7 (-9~ 2)

but 1 —[1+ p], = —q[p],; then, the condition became

a([1+plyz = [p],) (14 Be) +9(1 — g2) (1 + Ae®)
’ [f(z> * ( " sz —2)(1—qz) #0

or,

z— et — gz et
Zp[f(z)*((um,, [ply) (1+Be) + (1—gz) (1+ A )) .

Z(1-2)(1—2)

or, equivalent to

3 _ o0 — - )z
L

or,

2P {f(z) * <_q[p_1]q+ (A—1p);B)e+ ([1+p), —g+ ([1+p]qB—qA)ei9>Z)] »

Z(1-2)(1-g2)
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or,

14 ([1+p}q—q+ <[1+p]qB—qA>ei9)z
—qlp—1],+(A—[p];B) e

1) O (A= WB)e —alp=1),) || #0

by dividing both sides by the non-zero quantity (A —[p] qB) e —glp —1] ;- then we have

14 ([l+p]qfq+([1+p]qB7qA)ei9>z
—qlp—1],+(A~[p],B)e?
p q q
Z f(Z) * Zp(l_z)(l_qz) #0/

which is the same as

~qlp—1);+(A~[plyB)e"

[1ply—a+ (1471 B=qA) e +q(—qlp=1],+ (A=[p],B)e?) q> 5
zP(1—2z)(1 —gz) %0

a
2P| f(z) *

7

or,

[1+p]q_q_q2[p_1]q+([l+p]q_q[p]q)Bei9 - q) .
£0

) 1 ( ~qlp—1];+(A~[pl;B)e"
2P| f(z) * 2P (1—2)(1 - g2)

7

but [1 + p}q —q—q*[p— 1, =[1+pl, - q[p]q = 1, then the convolution condition became

1+ (A Ll =i ‘1>Z
—[plyB—alp—1],e™
P q q
z f(Z)* Zp(l_z)(l_qz) #O/

This leads to (11), proving the first part of Theorem 1.
In contrast, because (11) holds for C = 0, it follows that z” f(z) # 0 for all z € U, and
hence the function.
_ —qPz04f(2)

T @

is analytic in U (i.e., it is regular at zy = 0, with ¢(0) = 1). We obtain that because the
assumption (11) is equivalent to (15), as shown in the first section of the proof.

¢(z)

—qPz0,f(z) , 14 Ae®

[pl.f(z) 7 1+ Bei® (6 €[0,27m), f(z) # 0,z € U), (16)
q

if we denote
_ 1+ Az

(2) = 1+ Bz’
therefore ¢(U) N ¢(o0U) = ¢, with the help of the relation (16). Thus, the simply con-
nected domain ¢(U) is included in a connected component of C\¢(dU). As a result,
a connected component of C\y(dU) includes the simply connected domain ¢(U). The
fact that ¢(0) = ¥(0) and the univalence of the function ¢ lead to the conclusion that

(17)
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¢(z) < (z). This completes the proof of the second item of Theorem 1 by representing the
subordination (5), i.e., f € MS;‘W(A,B). O

Remark 2. (i) We obtain the results obtained in the paper of Aouf et al. in [17] (Theorem 4, with
A =0and b =1) by putting p = 1 and q — 1~ in Theorem 1. See also, Bulboacd et al. [20]
(Theorem 1, with b = 1) and El-Ashwah [21] (Theorem 1, with p = 1);

(ii) Puttingp = 1,q — 17, A = 1 and B = —1 in Theorem 1, we obtain the result of
Aoufet al. [18] (Theorem 1, with b = m = 1).

In Theorem 1, we have the following corollary if A =1 —2x and B = —1.
Corollary 1. The function f defined by (1) is in the class MS,, (), if and only if

1 (1+q2[p—l]q)e_[e—q(l—2a+[p]q)
+ —
1-2a+[plg—qlp—1]ge

ZP | f(z) % P =5) ) #0(zel),

Takingq — 17, A =1—2a and B = —1 in Theorem 1, we obtain the following corollary.
Corollary 2. The function f expressed in (1) belongs to MS,(«), if and only if

2(1-a)+p(e 1)
1—2a+p—(p—1)e 1

2P(1—2)?

1+ z

2P | f(2) % #0(zel),

Theorem 2. The function f of the form (1) is a member of the class MK, ;(A, B), if and only if

1 (=) —g(-g")(C=q)  _ q(1=g"")(C=0) »
1,qp 17ql7

2P (1=2)(1 —gz)(1 - ¢%2)

zP | f(z) = #0(zeU), (18)

for all C defined by (12), and also for C = 0.

Proof. If 11 (C—q)
— +(C—9)z
g(Z) - Zp<1 _ Z)(l _ qz)/ (19)
then P2dng(2) )
_qzqu__qz{ 1 Z_Z}
v, B, L0z s
which leads to
1 (O=?)-a(-g")(C=g)\ _ (a(=a"T)(C=q) ) -
3 quaqg(z) B 1—qP T—q” 20)
[Pl 2P(1-2)(1-42)(1 - 4%2)
The following identity remains true for two functions, f and g, which belong to M.
Pz0,f(z Pz044(z
(—’1 il )) +5(2) = f(2) (—" e )>. @
q q

Now, by using equivalence relation (7) and Theorem 1, the proof can be achieved by
applying (20) and (21). O
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Remark 3. (i) Putting p = 1and q — 1~ in Theorem 2, we arrive at the results of Aouf et al. [17]
(Theorem 6, with A = 0 and b = 1) and Bulboacd et al. [20] (Theorem 2, with b = 1), and
El-Ashwah [21] (Theorem 2, with p = 1);

(ii) Putting p = 1,9 — 17, A = 1and B = —1 in Theorem 2, we reach the conclusion of
Aouf et al. [18] (Theorem 3, withb = m = 1).

As a result, we have the following corollary by taking A = 1 —2x and B = —1in
Theorem 2.

Corollary 3. The function f € MICpq(a), if and only if

1— Dz — Ez?
P
z f(z)*Zp(l_z)(l_qz)(l_qzz>:| #O(Zéu)/
where ( )
, 12 [p—1], e —q(1-2a+[ply)
(1 — qurz) - q(l —qf 1) < 1—2&&7’]11*@[7’71]4849
D= 1—gq? ’
and ‘
G ((1+ap = 11y)e™ —q(1 — 20+ [pl) )

(1= g7) (1 =20+ [ply — qlp — 1],e )

As a result, we have the following corollary by takingg —+ 17, A =1—-2aand B = —1
in Theorem 2.

Corollary 4. The function f € MK, (a), if and only if

1_ 2p(1720¢+p)7(2;727;771)‘6”‘9Z B (p+2)(pe*it(kzwp));lz
2P | f(z) * p(1-2a+p)—p(p—1)e " p(1—2a+p)—p(p—1)e £0(z € U).

2P(1—2z)°

Theorem 3. The following are necessary and sufficient requirements for the function f € M, to
be in the class MSy, ,(n; A, B):

1+ 2 [k+p+ 1 a2 #£0(z € U), (22)
k=—p+1
or
1+ ¥ (lk+pl,C+1) [+ p+1Jjat*? #£0 (z € ), (23)
k=—p+1
where C is defined by (12).

Proof. Let f € M,, then, by using Theorem 1 and (8) we have f € MS;‘,/q(n; A, B),if and
only if

14+ (C—9q)z
p n
z {(qu)(z)*ziﬂ(l—z)(l—qz)} #0(zel), @)
forall C = AT, g+;[r:9 e —, 0 € [0,27), and also for C = 0. Since

-z, & ”
zP(1 —2)(1 — gz) z +k:§+1z, (25)

by using (3) and (25) in (24) in case of C = 0, then we can obtain (22).
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Similarly, it can be shown that

1+ (C—g)z
21 —2)(1 - ¢2)

=z7P 4 i ([k—i—p]qC—l—l)zk, (26)
k=—p+1

then using (3) and (26) in (24), we can obtain (23). The proof is complete. [

The next theorem can be established using the same method, and the proof is eliminated.

Theorem 4. The following are necessary and sufficient requirements for the function f € M, to
be in the class MICp4(n; A, B):

1-— i qlk] [k +p+ 1}Zakzk+p #0(ze U, (27)
k=—p+1
or o
1- Y q[k]q([k+ plC+ 1) k+p+1)la P £0 (z € U). (28)
k=—p+1

3. Estimates of Coefficients and Inclusion Characteristics

In this section, as an application of Theorems 3 and 4, we introduce some estimates of
the coefficients a;(k > —p + 1) of functions of the form (1) which belong to the two main
classes MS ;;,q(”/' A,B) and MK 4(n; A, B), respectively. Moreover, we give the inclusion
relationships of the two classes.

Theorem 5. If the function f € M, fulfills the inequalities

(o)

Y., k+p+1glal <1, (29)
k=—p+1
and -
Y (K+pllc+1) e+ p+ 10l <1, (30)
k=—p+1

then f € MS,, ,(n; A, B).

Proof. According to (29), a simple calculation shows that

[e¢]
1+ Y, [k+p+1]jaz?
k=—p+1

o
Yo ket p+ 1]ty
k=—p+1

>1-

>1— Y e+ p 1] a 27
k=—p+1

>1- ), [k+p+1]la] >0
k=—p+1

60



Axioms 2022,11,172

which leads to satisfaction of (22), then f € MSy, . (n; A, B). Similarly, using the assumption
(30), we conclude that

1+ Z (k+p C+1)[k+p+1]gakzk+r’
k=—p+1

y (k—i—p C+1)k+p+1 " a5
k=—p+1
>1- Y (k+pllcl+1

k=—p+1 )
)

>1-

k4 p+1] |akuz|k+r’

[e9)

>1- ) (k+p IC|+1
k=—p+1

k—l—p+1 |llk‘ > 0,

which shows that (23) holds true and f € MS ;‘,,q(n; A, B); the proof is finished. [

Similarly, results regarding MK, ;(n; A, B) can be introduced as follows:

Theorem 6. If the function f € M, fulfills the inequalities

Z qglk k+p+1] la| < 1, (31)
k=—p+1
and -
> alkly (Ik+ plyICl+1) K+ p+1la] < 1, (32)

k=—p+1
then f € MK, 4(n; A, B).

Now, using the appropriate technique due to Ahuja [26], we introduce the inclusion
relationships of MS;, ,(n; A, B) and MK 4(1; A, B), respectively.

Theorem 7. Ifn € N,, then
MS’;,Iq(n+1;A,B) - MS;‘,,q(n;A,B). (33)

Proof. If f € MS;‘W (n+1; A, B), then using Theorem 3, we can write

1+ 2 k+p+1”+1azk+i’7é0(zeu) (34)
k=—p+1
or o
" Z+1([k +pl,CH1) k+p+1 £ 0 (ze ), (35)
=-Fr

but (34) and (35) can be written as follows:

<1+ Z k+p+1],2 ) <1+ Z [k+p+1]; a2k P);AO, (36)

k=—p+1 k=—p+1

and

<1+ i [k+P+1]qz"+”> <1+ Z (k+p c+1)[k+p+1]gakzk+r’>7éo. (37)

k=—p+1 k=—p+1
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Let us really define the function

h(z) =1+ Z [k+p +1],27. (38)
k=—p+1

We note that the assumption that /11(z) = 0 leads to |z| > 1, Thus, we deduce that
h1(z) # 0. Using the property that if h; % g # 0 and b1 # 0, then g # 0. Thus from (36) and
(37) and using the function /4 (z) # 0, we obtain

1+ Z k+p+ ;a2 £ 0, (39)
k=—p+1
and -
1+ Y (k+pl,C+1)[k+p+1pmzr 20, (40)
k=—p+1

then Theorem 3 tells us that f € MS,, ,(n;A,B). O

The following theorem gives the inclusion relationship regarding My ;(1; A, B).

Theorem 8. For n € Ny, we have
MK q(n+1;A,B) C MKp4(n; A, B). (41)

Our results in Theorems 7 and 8 above can be utilised to introduce the following consequences.

Corollary 5. Suppose thatm =n+1,n+2,...(n € Ny). Then
feMS,,(mAB)= feMS,, (nAB).
Equivalently, if
D, f(z) € MS, ,(A,B),
then
feMs,,(nAB).

Corollary 6. Suppose thatm =n+1,n+2,...(n € Ny). Then

Equivalently, if
D, f(z) € MKy4(A,B),

then
fe ./\/lle,q(n; A, B).

4. Conclusions

We have defined a new operator on the set of meromorphically multivalent functions.
With the help of this operator, we introduced the new subclasses MK, (1; A, B) and
MS;, (n; A, B). The study was concentrated on convolution conditions. Our suggestions
for future studies on these subclasses is to use them in studies involving the theories of
differential subordination and superordination. Additionally, one can define the results
concerning the calculation of the bounds of coefficients of the bi-univalent functions, also
obtaining the Fekete-Szego functionals.

Author Contributions: Formal analysis and methodology, A.H.E.-Q.; resources, I.S.E. All authors
have read and agreed to the published version of the manuscript.
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Abstract: In the research presented in this paper, confluent hypergeometric function is embedded
in the theory of strong differential superordinations. In order to proceed with the study, the form
of the confluent hypergeometric function is adapted taking into consideration certain classes of
analytic functions depending on an extra parameter previously introduced related to the theory of
strong differential subordination and superordination. Operators previously defined using confluent
hypergeometric function, namely Kummer-Bernardi and Kummer-Libera integral operators, are
also adapted to those classes and strong differential superordinations are obtained for which they are
the best subordinants. Similar results are obtained regarding the derivatives of the operators. The
examples presented at the end of the study are proof of the applicability of the original results.

Keywords: analytic function; starlike function; convex function; strong differential superordination;
best subordinant; confluent (Kummer) hypergeometric function

1. Introduction

The theory of strong differential subordination was initiated by Antonino and Roma-
guera [1] as a generalization of the classical concept of differential subordination introduced
by Miller and Mocanu [2,3]. The results obtained by Antonino and Romaguera for the
case of strong Briot-Bouquet differential subordinations inspired the development of the
general theory related to strong differential subordination as seen for the classical case of
differential subordination which is synthetized in [4]. The main aspects of strong differen-
tial subordination theory were established in a paper published in 2009 [5] by stating the
three problems on which the theory is based on and by defining the notions of solution of a
strong differential subordination and dominant of the solutions of the strong differential
subordination. The class of admissible functions, a basic tool in the study of strong differ-
ential subordinations, was also introduced in this paper. The theory developed rapidly
especially through studies associated to different operators like Liu-Srivastava operator [6],
a generalized operator [7], multiplier transformation [8,9], Komatu integral operator [10],
Salagean operator and Ruscheweyh derivative [11] or a certain differential operator [12].
The topic is still interesting for researchers as it is obvious from the numerous publications
in the last two years when multiplier transformation and Ruscheweyh derivative [13] or
integral operators [14] were used for obtaining new strong subordination results. We can
refer to [15,16] for applications of differential operators in the analyses of phenomena from
mathematical biology.

The dual notion of strong differential superordination was introduced also in 2009 [17]
following the pattern set by Miller and Mocanu for the classical notion of differential
superordination [18]. The special case of first order strong differential superordinations
was next investigated [19]. Strong differential superodinations were applied to a general
equation [20] and they were also related to different operators such as generalized Salagean
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Aly

and Ruscheweyh operators [21], new generalized derivative operator [22], or certain general
operators [23]. This notion is still popular as it can be proved by listing a few more papers
than already shown, published recently [24-26].

In 2012 [27], some interesting new classes were introduced related to the theory
of strong differential subordination and superordination. They are intensely used for
obtaining new results ever since they were connected to the studies.

The study presented in this paper uses those classes which we list as follows:

For U = {z € C: |z| < 1} the unit disc of the complex plane, there are some notations
used: U = {z€C: |z] <1} and 0U = {z € C: |z| =1}. H(U) denotes the class of
holomorphic functions in the unit disc.

Let H(U x U) denote the class of analytic functions in U x U.

The following subclasses of H(U x U) are defined in [27]:

Hgla,n] = {fe HUxU): f(z,0) =a+an(Q)z" + a1 ()" +...,z € U, g € U}

with a;({) holomorphic functionsin U, k > n, a € C, n € N.

HZy(U) = {f € Hg[a,n] : f(-,¢) univalentin U forall{ € U}

{feH(UxU) Lz =zt a8 .z € UL € U}, with Ay = AZ

and a;({) holomorphic functionsin U, k > n+1, n € N.

S*C = {feAg:Re 2£:(2,8) >0,z € UlelU }

f(z,0)
denotes the class of starlike functions in U x U.
2f5(2,Q) —
K{ = €Al:Re | =——-+1|>0z€ Ulec U
{f ( =0)

denotes the class of convex functions in U x U.
For obtaining the original results of this paper, the following definitions and notations
introduced in [27] are necessary:

Definition 1 ([27)). Let h(z, {)and f(z,{) be analytic functions in U x U. The function f(z,{) is
said to be strongly subordinate to h(z, (), or h(z, () is said to be strongly superordinate to f(z,() if
there exists a function w analytic in U with w(0) = 0, |w(z)| < 1such that f(z,{) = h(w(z), (),
forall € U, z € U. In such a case, we write

f(z,0) << h(z,0),ze U, € U.

Remark 1 (27)). (a) If f(z,Q) is analytic in U x U and univalent in U for { € U, then
Definition 1 is equivalent to:

£(0,0) =h(0,2), forallf € Uand f(U x U) C k(U x U).
W If f(z,0) = f(z),h(z,C) = h(z), then the strong superordination becomes the usual superordination.

Definition 2 ([27]). We denote by Q; the set of functions q(-,{) that are analytic and injective, as
function of z, on U\E(q(z,{)) where

E(1(z,0)) = {& € 0Us tima(z,0) = o}

and are such that q.,(&,{) # 0 for & € 9U\E(q(z,2)), L € U.
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The subclass of Qg for which q(0,{) = a is denoted by Q¢ (a).

Definition 3 ([27]). Let Q; be a set in C, q(-,{) € Qg, and n a positive integer. The class of
admissible functions @y [z, q(-,{)] consists of those functions ¢ : C* x U x U — C that satisfy
the admissibility condition

¢(r,s,¢,0) € (O (A)

wheneverr = q(z,7), s = Zq;(%g), Re(t+1) <1 ZZZZ(Z? + 1], zel, ¢eU\E(q(-0))
and m > n > 1. When n = 1 we write ®1[Q,q(-, )] as ©[Qz,q(-, )]

In the special case when h(-, () is an analytic mapping of U x U onto 2y # C we denote the class
©u[h(Ux ) ,4(z,8)] by ulh(z,0) ,q(z, ).

If :C?x U x U — C, then the admissibility condition (A) reduces to

.

o(120, 20 ) e o, @)
wherez € U,{ € U, ¢ € U\E(q(-,0)) andm >n > 1.

Miller—Mocanu lemma given in [18] was rewritten in [27] for functions p(z, {) and
q9(z, ¢) as follows:

Lemma 1 ([17,27)). Let p(z,{) € Q(a) and let (z,) = a+ a,(0)z" + a,+1(0)z" ' + ... with
ar () holomorphic functions in U, k > n,q(z,{) # aand n > 1. If q(z,{) is not subordinate
to p(z,{), then there exist points zg = roe'® € U and & € dOU\E(p(z,{)) andanm > n > 1
for which q(U x Uy,) C p(U x U) and

(l) q(ZOI g) = p(g()/ g)/

(ii) z0q% (20, §) = mGopZ(So, §) and

. 04 > (20, 0) Gov2s (G0, €)
(iii) Re<(0g) + 1) > mRe(p;(éo,g) + 1>.

This lemma will be used in the next section for proving the theorems which contain
the original results. Another helpful result which will be used is the next lemma proved
in [28].

Lemma 2 ([28]). Let h(z,{) be convex in U forall { € U with h(0,{) =a, v # 0, Rey >0
and p € Hrla, 11N Q. If p(2,0) + sz &) is univalent in Uforall € U,

bz 0)<<p(z,g) + EE
and
%/ (t, )7 Ldt,
0
then

q(z,0)=<p(z,0), ze U, € U.

The function q is convex and is the best subordinant.

The connection between univalent function theory and hypergeometric functions was
established in 1985 when de Branges used the generalized hypergeometric function for
proving Bieberbach’s conjecture [29]. Once hypergeometric functions were considered
in studies regarding univalent functions, confluent hypergeometric function was used in
many investigations. One of the first papers which investigated confluent hypergeometric
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function and gave conditions for its univalence was published in 1990 [30]. Ever since
then, aspects of its univalence were further investigated [31,32], it was considered in
connection with other important functions [33-37] and it was used in the definition of
new operators [38]. This prolific function is used in the present paper for obtaining results
related to another topic, strong differential superordinations. The function is considered
as follows:

Definition 4 ([30]). Let a and ¢ be complex numbers with ¢ # 0,—1,—2, ... and consider

az ala+1) 22

) =14 - A

$(a,c;z) =1+ TR et 1) 2

This function is called confluent (Kummer) hypergeometric function, is analytic in C, and satisfies
Kummer’s differential equation:

+...,zel )

zw'(z) + [c — z]-w'(z) — a-w(z) = 0.

If we let
(d)kzr(lﬁi(;)k):d(d+1)(d+2)...(d+k—1) and (d), =1,
then (1) can be written in the form
= (@) 2T Ttk 2
Plac;z) ;c k_F(a)k;’)T(c+k) k! @

In the study conducted for obtaining the original results presented in the next section
of this paper, the operators introduced in [38] are adapted to the subclasses of H(U x U)
defined in [27] as follows:

Definition 5 ([38]). Let ¢(a,c;z) be given by (1) and let v > 0. The integral operator
B: H[1,1] — H;[1,1],

Bp(a(),c(0);z,0)] = Bla({).c /¢ ool )

z € U, { € U, is called Kummer—Bernardi integral operator.
For oy = 1 the integral operator L : Hg[1,1] — H¢[1,1] is defined as

Lip(a(§),c(§);2,)] = L(a(g), ¢ /¢ LOd, @

z € U,{ € U, which is called Kummer-Libera integral operator.

The form of the confluent hypergeometric function adapted to the new classes de-
pending on the extra parameter { needed in the studies related to strong differential
superordination theory is given in the next section. Strong differential superordinations are
proved in the theorems for which the operators given by (3) and (4) and their derivatives
with respect to z are the best subordinants considering <y in relation (3) both a real number,
v > 0, and a complex number with Re v > 0. Examples are constructed as proof of the
applicability of the new results.
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2. Main Results

Considering confluent hypergeometric function defined by (1) or (2), if coefficients a
and ¢ complex numbers are replaced by holomorphic functions a({), ¢({) depending on
the parameter { € U, the function changes its form into the following:

@z @@+, oy ©

@) 1 e(@)fe(d)+1] 2!

$(a(0),c(0);z,0) =1+ Z

where ({) #0, ¢(0) #0,—-1,-2,....

In [32], Corollary 4 the convexity in the unit disc of the function ¢(a, c; z) given by (1)
was proved. This property extends to the new form of the function (a((),c({);z, (), as seen
in (5).

The first original theorem presented in this paper uses the convexity of the function
¢(a(2),c(0);z,¢) and the methods related to strong differential superordination theory
in order to find necessary conditions for Kummer-Bernardi integral operator presented
in Definition 5 to be the best subordinant of a certain strong differential superordination
involving confluent hypergeometric function ¢(a(g),c({);z, ).

Theorem 1. Consider the confluent hypergeometric function ¢p(a({),c(C);z, {) defined by (5) and
Kummer—Bernardi integral operator B(a({),c({);z,{) given by (3). Let ¢ : C2 x U x U — C be
an admissible function with the properties seen in Definition 3. Suppose that ¢p(a({),c({);z, Q) isa
univalent solution of the equation

¢(a(0),c(2);2,0) = ¢(B(a(0),c(£);z,0), z-BL(a(0), c(£);2,0);2.0).- (6)

Ifo € @, [h(U xU),q(z7)], p(z¢) € Q:(1) and ¢(p(2,{),2-p4(2,{); 2, {) are univalent in
U forall { € U, then strong superordination

¢(a(2),c(2);z,0)=<e(p(z,0), 2 p:(2,0); Q) @)
implies

B(a(0),c(0);z,0)=<p(z,0), zeU, (€ U
The function q(z,{) = B(a({),c({);z,C) is the best subordinant.

Proof. Using relation (3) we obtain

z

2-B(a(8),¢(0)z,8) =7 [ $la(d), (@it )t . ®)

0

Differentiating (8) with respect to z, following a simple calculation, the next equation
is obtained:

Mﬂ@w@%za+%z%@@%daﬂé%z©:¢W@%daﬂ£) )

Using relation (9), strong superordination (7) becomes:
B(a(¢),¢(8);2,¢) + %Z'Bé(ﬂ(é)w(@);z, 0);20) < ¢(p(z,0),2p.(z0);z ). (10)

Let ¢ : C> x U x U — C be an admissible function, ¢(r,s;z,{) € ®, [h(U x U),q(z,0)],
defined by:

1
cp(r,s;z,g):r—i-;s, r,s€C, v >0. (11)

Taking » = B(a({),¢({);z,C), s = z:BL(a({),c({); z,{); z, ) relation (11) becomes:
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¢(B(a(g),c(0);2,),2-B.(a(0), ¢(0);2,0);2,0) )
= B(a(0),¢(£);2,¢) + 52-BL(a(0),¢(8);2,0)i2,0).

Using relation (12) in (10) we get:
¢ (B(a(g),c(2);z,0),2-B.(a(£),¢c(2);2,0)iz, )< (p(z,0), 2-p(2,0); 2, {).

Using Definition 1 and Remark 1, a), considering strong differential subordination (7)
we get:

(12)

¢(a(2),c(2);0,2) = ¢(p(0,7),0;0,)

and
p(UxU) CcoUxU). (13)

Interpreting relation (13) we conclude that
e(p(&,0),¢ra(5,0):¢0) ¢ p(UxU),ieal, ;e U (14)
For & = & € oU, relation (14) becomes:
¢(p(60,2),GoPL(20,0)i 60, ¢ ) £ 9(Ux U), ¢ € U (15)
Using relation (6) we get:
¢(B(a(g),c(8);z,¢),z-BL(a(),c({);z,0)iz,0) € p(Ux U),ze U, g€ U (16)
For z = zq € U, (16) is written as:
¢(B(a(Z),c(2);z0,¢),z0-BL(a(),c(0);20,0);20.C) € (U x U),zo € U, L € U.  (17)

In order to finalize the proof, Lemma 1 and admissibility condition (A") will be applied.

Suppose that q(z,¢) = B(a(Z),c({);z, ) is not subordinate to p(z,{) forz € U,{ € U.
Then, using Lemma 1, we know that there are points zg = re’® € Uand & € dU\E(p(z,{))
and an m > n > 1such that

(z0,8) = B(a(),c(§);z0,8) = p(Go, ¢) and
20-q%(20,{) = z0-BL(a({), ¢(0); 20, ) = mopZ (8o, {)-

Using those conditions with » = g(zg, () and s = % for { = ¢ in Definition 3
and taking into consideration the admissibility condition (A’), we obtain:

0(p(20,0), €0P4 (80, 2):80,0) = @(B(a(2), e(£);z0,8), 2B, )
ep(UxU).

Using m = 1 in the previous relation, we get

¢(p(Go, &), S0P (8o, ); S0, C) = @(B(a(8), ¢(8);20,8), 20-Bz(a(Z), e(8); 20,); 20, C)
e ¢(U xU)

and using (17) we write

@(p(20,2),Cop,(20,0);C0,0) e p(U x U),ze U, € U,

which contradicts the result obtained in relation (15). Hence, the assumption made is false
and we must have:

B(a({),c(0);2,{)=<p(z,{) forz € U, € U.
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Since q(z,{) = B(a({),c({);z, C) satisfies the differential Equation (6), we conclude
that g(z,{) = B(a({),c();z, Q) is the best subordinant. [J

Remark 2. For v = 1, instead of Kummer—Bernardi integral operator, Kummer-Libera integral
operator defined in (4) is used in Theorem 1 and the following corollary can be written:

Corollary 1. Consider the confluent hypergeometric function ¢(a({),c(C);z, {) defined by (5) and
Kummer—Libera integral operator L(a(7),c(0);z,{) given by (4). Let ¢ : C> x U x U — C be
an admissible function with the properties seen in Definition 3. Suppose that ¢p(a({),c(0);z,0) isa
univalent solution of the equation

$(a(2),c(0);z,8) = (L(a(2),¢(0)iz,0),z-Li(a(Z),¢(£);2,8); 2, §)-

Ifp e ®,[h(UxU),q(z10)], p(zC) € Qr(1) and ¢(p(2,7),2p4(2,);2,{) are univalent in
U for alll € U, then strong superordination

¢(a(2),c(2);2,0) < 9(p(z,0),2p(z,0)izC)
implies
L(a(2),c(0);z,0) < p(z,0), zc U, ¢ € U.

The function q(z,{) = L(a({),c(0); z, Q) is the best subordinant.

Theorem 2. Let q(z, () be a convex function in the unit disc for all { € U, consider the confluent
hypergeometric function ¢(a({),c(C); z, {) defined by (5) and Kummer—Bernardi integral operator
B(a(g),c(0);z Q) given by (3). Let ¢ : C*x U x U — C be an admissible function with the
properties seen in Definition 3 and define the analytic function

h(z,o:(l i)( 20)+ Tzl 0)z e U, e T

If¢(a(0),c(¢);2,¢) and B, (a(7),c({);z,¢) € Hr[1,1] N Qg (1) are univalent functions in U for
all ¢ € U, then strong differential superordination

h(z,0) << ¢-(a(Z),c(2);20) (18)

implies
9(2,0) =< B(a(0),c(0);z Q) z€ U, (€ U

Proof. Using relation (9) from the proof of Theorem 1 and differentiating it with respect to
z, we obtain:

¢;<a<§>,c<@>;z,@>=(1%)32@1(@ @iz )+ 2B, @z )z U g T 19)

Using (19), strong differential superordination (18) becomes:

1 "
e 0) << (142 ) B0, @iz 0) + 2 Bala@), e@iz ). Q0
For the proof of this theorem to be complete, Lemma 1 and the admissibility condition
(A") will be applied.

In order to do that, we define the admissible function ¢: C?xUxU—C,
¢(r,5,2,0) € @, [h(U x U),q(z,{)], given by:

o(r,82,0) = (1—|—i>r—|—is, r,s€C, v>0. (21)
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Taking r = BL(a({),c({);z,¢), s = z-B",(a(7),c(Q); z,{) relation (21) becomes:

z

#(BL(a(2),¢(2);2,2), 2B (a(8), c(£);2,£)i2, )

22
— (14 1) B0 (@i D) + Lo B @iz D)

Using relation (22) in (20) we get:
h(z Q) < ¢ (BL(a(0), €(0)%,0), 2BLa(a(D),¢(0):2,0)72,0)-
Using Definition 1 and Remark 1, a) for this strong differential superordination, we get:

h(0,2) = ¢(B.(a(),c(£);0,2),0;0,7)

and
h(UxU) C o(U xU). (23)

Interpreting relation (23) we conclude that
o(BL(a(2),(2);8,0), &-B(a(),e(0):6,0:50) 2 h(UxT), feau e T (4
For ¢ = &y € dU, relation (24) becomes:

?(BQ(”(é)rC(C)}ﬁor g)/ §O'B;,2 (ﬂ(g),C(g),’ gO/ g);€0/ g) ¢ h(u X U)/é € u. (25)

Suppose that g(z, {) is not subordinate to B (a({), ¢({); z,¢) forz € U, { € U. Then, using
Lemma 1, we know that there are points zg = rge'® € U and & € dU\E(B.(a({),c({);z,7))
and an m > n > 1 such that

q(z0,¢) = BL(a(£),c(£);z0,8) = p(&o,) and

209+ (20, §) = m&oB.2(a(Z),¢(£); 20, &) = m&op=(So, )-

Using those conditions with r = B.(a({),¢({);z0,¢) and s = ffoB;/z (a(0),c(8);20,0C)
for = ¢y in Definition 3 and taking into consideration the admissibility condition (A"),
we obtain:

SoB (a(6) (@)% %)
¢(49(20, ), 200%(20,8); 20,8) = @ (Bé(ﬂ(g)/C(C);Zo/ §), A, C)
e h(U xU).
Using m = 1 in the previous relation, we get

o (BL(a(0), <(0)i20,0), 80Ba(a(2), c(2)iz0, 0)iz0,T) € (U x U), L € T,

which contradicts the result obtained in relation (25). Hence, the assumption made is false
and we must have:

q(z,0)=<<BL(a(Q),c(0);z,{) forz e U, € U.

O

Remark 3. For v = 1, instead of Kummer—Bernardi integral operator, Kummer-Libera integral
operator defined in (4) is used in Theorem 2 and the following corollary can be written:

Corollary 2. Let q(z,{) be a convex function in the unit disc for all { € U, consider the confluent
hypergeometric function ¢(a(Q),c(C);z,C) defined by (5) and Kummer—Libera integral operator
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L(a(Q),c(Z);z,) given by (4). Let ¢ : C> x U x U — C be an admissible function with the
properties seen in Definition 3 and define the analytic function:

h(z,0) = (1+ i)q(z,g) + %z-qg(z,g),z ceu, e U.

If¢L(a(0),c(C);z,¢) and L (a(7),c({); 2, ) € Hg[1,1] N Qg (1) are univalent functions in U for
all ¢ € U, then strong differential superordination

h(z,0) < ¢(a(2),c(2);2,€)

implies

q(z,0) < Li(a(Z),c(0);2,0), z€ U, L € U.

In Theorems 1 and 2, parameter <y is a real number, v > 0. In the next theorem,
a necessary and sufficient condition is determined such that Kummer-Bernardi integral
operator is the best subordinant for a certain strong differential superordination considering
v a complex number with Re y > 0.

Theorem 3. Let h(z, ) with h(0,{) = a be a convex function in the unit disc for all { € U and
let -y be a complex number with Re v > 0. Consider the confluent hypergeometric function
¢(a(0),c(0);z, Q) defined by (5) and Kummer—Bernardi integral operator B(a((),c((); z,C) given
by (3). Let p(z,{) € Hela, 1] N Qz(a).

Ifp(z,0) + 2P CE) s ynivalent in U for all ¢ € U and the following strong differential superordi-

ST
nation is satisfied

B(a(2), ¢(0)i2,0) + Z'Bff(“(g);f@;z' ) <o)+ w 26)

then

q(z,0) = B(a(g),c(0);z,¢) < p(z,0),ze U, € U
Function q(z,{) = B(a(Q),c(0);z,C) is convex and is the best subordinant.

Proof. Lemma 2 will be used for the proof of this theorem. Using the definition of Kummer—
Bernardi operator given by (3) and differentiating this relation with respect to z, we obtain:

'y-z7’1~B(a(€),C(§);Z,€) +27-B;(a(§),c(§);z,g) = ry.h(z,g).zvfl, zel, Ce u.
After a simple calculation, we get:

B(a(0),¢c(0);2,0) + Z.B'/Z(a(g):;(g);z’@ =h(z,0),zeU, [ U (27)

Using (27), the strong differential subordination (26) becomes

h(z,0) < p(z,Q) + Z'p;fyz’é),z el e U

Z'p,,z (Z,g)
Y

Since h(z,{) is a convex function and p(z,{) + is univalent in U for all

{ € U, by applying Lemma 2 we obtain:

q9(z,¢) = B(a(0),c(0);2,0) < p(z.0),ze U, { € U.

Since function q(z, {) = B(a({),c({); z, {) satisfies Equation (27) and is analytic in U
forall { € U, we conclude that g(z,{) = B(a({),c({); z {) is the best subordinant. [J

Example 1. Leta = —1, ¢ = i, zlf #0,-1,-2,..., 0 #0, v€C, Rey > 0. We evaluate:
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i 1 z 20z .

2€
Further, we use this expression to obtain Kummer—Bernardi integral operator’s expression:

Bo(-1420)) = & Jo(-1 geg)rrtar =3 J 2zt
=2 (2+2gEs) =1+2ig 2

Functions p(z,{) =1+ z¢ and p(z,{) + wé# =1+ z(€ + %) are univalent in U for

all € U.
Using Theorem 3, we get:
If the following strong differential superordination is satisfied

2iC-z g)
Z+ <1l+4+z(J+ 2],
T+l (5 v

G
14 2i
é'“H-l

then

1420 7 szRl4zgzel, (e U

Function q(z,{) =1+ 21§ 7'z is convex and is the best subordinant.

Example 2. Let a = —1, c:zi ZL#O 2,...,0#0,vy=14i€C, Rey=1>0.
We evaluate:

¢(—1,21g;z,5> = 1+Tl % =1- ZCi'Z =1+2iz

27
Further, we use this expression to obtain Kummer—Bernardi integral operator’s expression:

B(rp(—l,i;z,g)) = %f ( 1,52t g)ﬂ ldt = 1 sz(1+21§t)t7 Ldt
)

l+l l+l+1

+1 .
- letl (1+z +2i €1+1+1) =1 +2I€Z(zl+2 =1+ 3(-1+3i)z(.

Functions p(z,{) = 1+ 2z and p(z,{) + Z’”{Z% =1+ 32{(3 — i) are univalent in U for all

e u
Using Theorem 3, we get:

If1+ %zé (3 — i) is univalent in U for all { € U and the following strong differential superordina-
tion is satisfied

142i0t<< 1+ 225(3 — 1),
then
2 . 77
14+ 2(-1+38)2f <1+2{,ze U, € U

Function q(z,{) = 1+ %(—1+ 3i)z{ is convex and is the best subordinant.

3. Discussion

The study presented in this paper is inspired by the nice results published which
involve confluent hypergeometric function and certain operators defined by using this
interesting function. For this research, the environment of the theory of strong differential
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superordination is considered. Confluent hypergeometric function and Kummer—Bernardi
and Kummer-Libera operators defined in [38] are used in order to obtain certain strong
differential superordinations. Their best subordinants are given in the three theorems
proved in the main results part. Theorems 1 and 2 use the convexity of confluent hy-
pergeometric function ¢(a({),c({); z, {) given in (5) where it is adapted to certain classes
of analytic functions specific for the theory of strong differential superordination. The
methods related to strong differential superordination theory are applied in order to find
necessary conditions for Kummer—Bernardi integral operator presented in Definition 5,
relation (3), to be the best subordinant of a certain strong differential superordination
involving confluent hypergeometric function ¢(a({),c({);z,¢). As corollary, the similar
result is given for Kummer—Libera operator. For those two theorems, the parameter v is
a real number, ¥ > 0. In Theorem 3, v € C, with Re v > 0 is considered and a necessary
and sufficient condition is determined such that Kummer—Bernardi integral operator to be
the best subordinant for a certain strong differential superordination. Two examples are
constructed for the case when v € C, with Re y > 0.

4. Conclusions

In this paper, new strong differential superordinations are investigated using a special
form of confluent hypergeometric function given in (5) and two operators previously
introduced in [38]. In the three theorems proved as a result of the study, the two operators
called Kummer-Bernardi and Kummer-Libera integral operators are the best subordinants
of the strong differential superordinations.

The novelty of the study resides in the forms of the confluent hypergeometric function
and of the two operators considered by adaptation to the new classes depending on the
extra parameter { introduced in the theory of strong differential subordination in [27].

As future studies, the dual notion of strong differential subordination can be con-
sidered for investigations concerning confluent hypergeometric function and the two
operators used in the present study. Sandwich-type results could be obtained as seen in
recent papers [13,39,40].

New subclasses of univalent functions could be introduced in the context of strong
differential subordination and superordination theories using the operators presented in
this paper as seen in [41].

It might also be interesting to consider other hypergeometric functions and operators
defined with them following the ideas presented in this paper.
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1. Introduction and Preliminaries

Let 2 signify the class of functions of the following form:

@)=+ Y ad 1)
n=2

which are analytic in the open unit disc &l = {¢ : |¢| < 1} and normalized as f(0) = 0 and
£/(0) = 1. Furthermore, let & represent the class of all functions in 2 that are univalent in
4. Some of the imperative and well-investigated subclasses of the univalent function class
G include (for example) the class &*(J) of starlike functions of order § in i and the class
£(0) of convex functions of order § (0 < 6 < 1) in 4L It is known that if f € &, then there
exists inverse function f~! because normalization is defined in some neighborhood of the
origin. In some cases, f ~!can be defined in the entire $(. Clearly, f~! is also univalent. For
this reason, class X is defined as follows.

It is well known that every function f € & has an inverse f ! defined by the following:

@) =¢ (Eew
and f(f () = w (Jw| < ro(f)iro(f) = 1/4)

where the following is the case.

F(w) = g(w) = w— ayw? + (243 — a3)w® — (5a5 — 5a2a3 + ag)w* + - - - . )
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A function f(&) € 2 is said to be bi-univalent in i if both f(&) and f~!(¢&) are
univalent in . Let X denote the class of bi-univalent functions in {{ given by (1). Note that
the following functions:

1.1
A =157 RO =zl A= —log-0)
with their corresponding inverses
2w 1 w_ 1
=0 hl@="mg  fl@="3

are elements of X (see [1-3]). Certain subclasses of ¥ are explicitly bi-starlike functions
of order 6(0 < 6 < 1) denoted by &5 (4) and bi-convex function of order J designated by
85 (9) familiarized by Brannan and Taha [1]. For each f € &5 (6) and f € £5(J), non-sharp
estimates on the first two Taylor-Maclaurin coefficients |a;| and |a3| were established [1,2],
but the problem to find the general coefficient bounds on the following Taylor-Maclaurin
coefficients:

|an| (ne N\{1,2}; N:={1,2,3,---})

is still an open problem (see [1-5]). Several researchers (see [6-11]) have introduced and
explored some inspiring subclasses X and they have initiated non-sharp estimates |a;| and
|a]. For two functions f; and f, € 2, we say that function f is subordinate to f; if there
exists a Schwarz function w that is holomorphic in ¢ with property w(0) = 0; |w(¢)| < 1
and satisfying f1(¢) = f2(w(¢)) This subordination is symbolically written as f;(&) <
f2(&). Lately, Ma and Minda [12]-unified subclasses of starlike and convex functions are
subordinate to a general superordinate function. For this purpose, they considered an
analytic function 2J with positive real parts in the unit disk 4,23(0) = 1,27/(0) > 0, and
20 maps 4l onto a region starlike with respect to 1 and is symmetric with respect to the real
axis. In the consequence, it is assumed that 20 is an analytic function with positive real part
in the unit disk 4, with 20(0) = 1,20°(0) > 0, and 20() is symmetric with respect to the
real axis. Such functions are of the following form.

W(E) =1+mé+muf4+maE+---, (m; >0). (3)

The study of operators plays a central role in geometric function theory and its cor-
related fields. In the recent years, there has been an collective importance in problems
concerning the evaluations of various differential and integral operators. For our study,
we recall the Erdély—Kober type ([13] Ch. 5; also see [14-17]) for the integral operator
definition, which shall be used throughout the paper as stated below.

Erdély—Kober Fractional-Order Derivative
Letx > 0,¢, T € Cbesuch that 3(t — ¢) > 0, an Erdély—Kober type integral operator:

A=A

be defined for R(t — ¢) > 0 and 9i(g) > —« by the following.

1
~C,T N + %) 1 14— «
IF(E) = Tt =0 0/(1_t) L@yt x > 0. 4)
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Forx > 0,R(7 —¢) > 0, R(9) > —«x and f € A of the form (1), we have the following:

ey B (t+x)T(¢+nx) .,
W) = §+ng+KrT+nK)ané ew ©)
= ¢+ ZY“ nang" (¢ € 4) (6)
where the following is the case.
7oy LT+ o)l + nx)
Y& () = ST (e ) @

andT'(n+1) =nl
Note that the following is the case.

() = £(©0)

Remark 1. By fixing the parameters ¢, T, ® as mentioned below, the operator 33" includes various
operators studied in the literature as cited below:

1. Forg=p;T=a+pandx =1, we obtain the operator Qg f(&)(a > 0;p > 1) studied by
Jung et al. [18];

2. Forg=a—1t=p—1andx =1, we obtain the operator £, 5f ({)(a; B € C € Zy; Zg =
{0; =1; —2; - - - } studied by Carlson and Shafer [19];

3. Forg=p—1,T = land x = 1, we obtain the operator 3, (o > 0;1 > 1) studied by
Choi et al. [20];

4.  For¢=wa;T = 0and x = 1, we obtain the operator D*(a > 1) studied by Ruscheweyh [21];

5. Forg=1;T =nand y =1, we obtain the operator J,,(n > Ny) studied in [22,23];

6. For¢ = p;t =P+ 1andx = 1; we obtain the integral operator Jg 1 which studied by
Bernardi [24];

7. Forg=1,7T =2and x = 1, we obtain the integral operator J1 1 = J studied by Libera [25]
and Livingston [26].

The motivation of our present investigation stems from (by Silverman and Silvia [27]
(also see [28])) the seminal paper on bi-univalent functions by Srivastava et al. [8] and
by the recent works by many authors (for example Deniz [7], Huo Tang et al. [6], EI-
Deeb et al. [29-31], and Murugusundaramoorthy and Janani [32]). In the present paper,
we introduce two new subclasses of the function class £ of complex order ¢ € C\{0},
involving the linear operator 33" given in Definition 1. We find estimates on the coefficients
|az| and |a3| for functions f € &%, (8, ). Several related classes are also considered, and
connections to earlier known results are provided Moreover we obtain the Fekete-Szeg6
inequalities for f € ('5 (9, 0) and f € ﬁ o (9, 0).

Definition 1. Let f € X beassumed by (1) and f € Gg’gn(ﬁ,é),z'f the subsequent conditions holds:

L(EOVF©) | (1) 2OV F©)"
”ﬂ( %AE) +< 2 ) W) 1>”U@ v
and G il 2(~6
1(wOFTs@) | (1+67) 205 s
5 (B T 1) < ©
]

where 8 € C\{0}; ¢ € (—m, 7t]; §,w € Yand g is given by (2).

Definition 2. Let f € X be assumed by (1) and f € ﬁ%’;n(ﬁ,é), if the subsequent conditions
are satisfied:
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L1 ([C(ff%‘f((;‘))’ (e 1) e w0
0 ()
and ,
il ( (3% g(w))’ ?j§i2;2<siffg(zv>>"1’ ) 1) ) an

where 8 € C\{0};¢ € (—m, m]; &, w € hand g is given by (2).

Remark 2. For a function f(&) € X specified by (1) and for { = 7, interpret that &% 5 (8,0) =
G%Tm](ﬁ) satisfies the ensuing conditions :

i) (@(3%7(«:»' .

1
where 9 € C\{0}; ¢, w € Uand g is given by (2).

Remark 3. A function f(§) € X specified by (1) and for ¢ = 7, we interpret that ﬁ%’fm(ﬂ,ﬂ) =
R%fm(l?) satisfies the ensuing conditions correspondingly:

S )
where 9 € C\{0}; ¢, w € Uand g is given by (2).

Remark 4. For a function f(¢) € X given by (1) and for ¢ = 1, we note that G%En(ﬁ,é) =
G%ZD(Z) and satisfies the following conditions, respectively:

(é(ﬁi”f(é))’ . (1 + eff) PO ()"
HE) . '

and the following is the case.

(w(ﬁi‘g(w))’ . (1 + ew) w (3 g (w))"

I g(w)

Moreover, R 5, (8,€) = 8§ 4, (£) and it satisfies the following conditions:

( EEFTF@) + (55 ) 2T FE)T

CHB) ) e

and the following is the case:

([w<s%Tg<w>>’ + (5 w0k (w”"]/) <anw),

where { € (—m, 7t]; ¢, w € Yand g is given by (2).
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2. Coefficient Estimates for f € &3 5,.(9,£) and f € ﬁgfm(ﬂ £)

For notational simplicity, in the sequel we let the following be the case:

k>0,R(t—¢) >0, %R(c)>-« and Iy f(&)

and it is provided by (5):
2k)
Y, = Y& (2) = TP OT(e - 28) 12
2 =Y ) = (e 20 (12)
ot (g - LT+ KT (6 +3K)
Ya =Y (8) = I'(¢+x)I'(T+ 3k) 13
and the following.
e (—m, m.

For deriving our main results, we need the following lemma.

Lemma 1. Ref. [33] states that if h € B, then |ci| < 2 for each k, where B is the family of all
functions h analytic in U for which R(h(&)) > 0 and the following is the case.

W(E) =148+ f+ - for &€l

Define the functions p(&) and q(¢) by the following:

p(g) = T_rzgg =1+ 18+ 28 +
and the following.
e ( )‘_1—1—70(10)_1+ F w4
g(w) := T—o(w) Pw T+ qaw

It follows that the following is the case:

=2t (o)
and 2 ;
o 2w (- e |

Then, p(¢) and g(w) are analytic in $ with p(0) = 1 = g(0).
Since u,v : 4 — 4, the functions p(¢) and g(w) have a positive real part in 4, and
lpi| <2and |q;| < 2 foreachi.

Theorem 1. Let f given by (1) be in the class &% (8, €), 8 € C\{0} and { € (-7, 7). Then,
we have the following:

|612| S 4 |l'9|ml\/ml : (14)
\/ |9[(5 +3e'*) Y5 — (2 + e*)Y3m] + (2 + )% (m; — m) Y]

and the following.
|8*m? |8]my

; . 15
- |2+el€|2Y2 |5+3616|Y3 (15)

las| <
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Proof. It follows from (8) and (9) that we have the following:

14l (6(3%’7(6))’ . (1 + eff) POFE)

) = W(u(g)) (16)

CAN A (9 2 IETF(E)
and i ) -
1 (w0 gw) (146w’ (07 gw)” .\ _
v ﬁ( gw) ( : ) 35 (w) 1) =We@w). a9
where
2 _ 1 1 o1, 1 2\ 2 18
(u(‘:)) = §m1p1§+ §m1<p2_7)+1mzpl E e (18)
and
20 _ ! 1 q% 1 2\ 2 19
(U<w)) = 5mlq1w+ Eml(qz—?)—ﬁ—imqu wr (19)

For a given f(z) of form (1), a computation shows the following:

zf'(2)
f(2)

=1+ ElezZ + (2Y3a3 — Q%Y%)Zz + (3Q4Y4 + Engg — 303&2Y2Y3)23 + e

and

1"
ZJ{/(S) - 2{12Y%Z + (6a3Y3 — 4,1%\(%)22 e

Using these in the left hand side of (16) and (17), a simple computation produces
the following:

1205 F@) (146 2OFFE)”
”ﬂ( Q) +< 2 ) )

- 1) =1+ %(2 + e)Yqasc

1 , 4
ty [(5 +3¢'')Yza3 — (2 + em)Y%a%} ¢t
and
1 (w0Fg@) (146" 220 g(w)" Ly
14+ = + —1|=1-=(2+¢")Yonw
19< j%Tg(W) 2 j%,’['g(w> 19( ) 202

1 1 i) .
ty ([2(5 +3e")Ys — (2+¢")Y3]a3 — (5+ 3e15)y3a3)w2 —

Thus, by equating the coefficients of ¢ and ¢? in (16) and (17), we obtain the following:

1 ; 1
(24 ") Yo = ~mypy, (20)
% 2
1 it B inv22] 1 T T
9 [(5+3€ WYza3 — (2+e )Yzaz] = Zml(pz > )+ 1 M261 (21)
- 1(2—1—3’[)\{ ay = 1m q (22)
r 202 = 5Mqy,
and
1 - : , 1 @, 1
5 (254+36)Ys — 2+ ¢")Y3la3 - (5+3¢)Yans) = T (a2 — ) + ymagt.  (23)
From (20) and (22), we obtain the following:
P1=—0m (24)
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and
8(2+e")*Y3a3 = *mi(pi +a7)
g - Cmiler+a) (25)
2 8(2 + eif)2Y2

Now, by adding (21) and (23) and then using (25), we obtain the following.

2 82m3 (2 + q2) (26)
2 (4{8[(5+3¢1) Y3 — (2 +¢i)YZm? + (2 + €i)2(m; — my)Y3})'

Applying Lemma (1) to the coefficients ©; and gy, we have the following.

|l9|m1,/m1
\/yﬂ[(5 +3ei0) Y3 — (2 + i) Y3]mZ 4 (2 4 ¢i)2(m; — my) Y3|

laz| <

Next, in order to find the bound on |a3|, by subtracting (21) from (23) and using (24),
we obtain the following.

4 (54 3¢ m
@7< > )Y3(03—ﬂ%):*21(@2—l12)
Omy (2 — q2)
2 1 2 2
- ymilga — d2) 27
B=RF Y51 3d0)Y, @7)

Substituting the value of a3 given by (25), we obtain the following.

. ¥’mi(pf +ai) | dmy(p2 — )
T B2 +e0)2Y2 T 45 +3e0)Y;

Applying Lemma 1 once again to the coefficients g1, 5, q; and q2, we obtain the
following.
|8[*m] |9my
12+ et12Y2 |5+ 3ei|Y5

laz| <
O

Theorem 2. Let f given by (1) be in the following class: ﬁ%;mw' 0),0 € C\{0}and ¢ € (—m, mt].
Then, we have the following:

|a2| < ' |l9l|ml\/ mj : (28)
V183(5 4+ 3¢11) X5 — 4(2 + e Y3Jm? + 4(2 + )2 (my — mg) V3|
and
|9m7 |¢|my
412 +¢i)2Y3 - 3|54 3e’|Y3’

laz| < (29)

Proof. By Definition 2,the argument inequalities in (10) and (11) can be equivalently
written as follows:

|1 (e + ()RR
(FF(@)

; = W(u(?)) (30)
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and

= W(o(w)), (31)

'y G55 (@))

1%
and proceeding as in the proof of Theorem 1, we can arrive at the following relations:

| ([w(ﬁi’fg(w))’ + () w208 )" 1)

1 ([5(3%7(@))’ + (M) 2@

1+ ) - 1) =1+ 5(2+¢)Yaang
+53(5+3¢) Y55 — 42 + ¢ )V3aB]? + -
and
L ([w(JiTg(w))’ + (%)wZ(JiTg(w))”]/ 1) . 3(2+ei4)Yza2w
v (3 g(w))’ 0

1 " )
+5BG+ 3e')(2a3 — a3)Y3 — 4(2 + ) Y3a3]w? + - - -

From (30) and (31), equating the coefficients of ¢ and ¢2, we obtain the following:

2 : 1
(246 Yaay = smypy, (32)
9 2
1 it itny2 21 1 pr, 1 2
@[3(5 +3¢"")Yza3 — 4(2 4 ¢"*)Y3a5] = Eml(m — 7) + 1261 (33)
and
2 1
— (24" )Yoa = ~myqy, (34)
9 2
1 i (52 itny2.21 1 G, 1 5
SB(5-+3¢") (263 — a)Ys — 42 + V3] = s~ ) 4 Jmacd. (39)

From (32) and (34), we obtain the following:

£1 = —q0 (36)

and
32(2+€")*Y305 = 0*m3 (7 + a7).- (37)

If we add (33) and (35) and substitute value ga% + q%, we obtain the following.

82m3 (2 + q2)
4[8[3(5+ 3eil) Y3 — 4(2 + ¢i')Y2]m? + 4(2 + €!)2(m; — mp)Y3]’

2 = (39)

Applying Lemma 1 to the coefficients g, and q,, we have the desired inequality given
in (28).
Next, if we subtract (33) from (35), we easily observe the following.

12 (5 + 3¢t m;
g%(ﬂa —m;)Y; = 7(@2 —q2)
o Omy(po—q) 5
BT B 1ad)yY, 2
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Upon relieving the value of a3 given in (37), the above equation leads to the following.

_ Omy(pr — o) #*m3 (o1 + qf)
T 12(543e)Ys | 32(2+eil)2Y2

Applying Lemma (1) once again to the coefficients 1, 02, q1, and g2, we obtain the
preferred coefficient provided in (29). O

Fixing ¢ = 7 in Theorems (1) and (2), we can state the coefficient estimates for the
functions in subclasses &% o, (8) and 85 5,;(9), defined in Remark (2).

Corollary 1. Let f assumed as (1) be in the class 6%%(19) Then, the following is the case.

2] < |9|my /my d |as] < 8> m3 4 [9lm
2= 2\ m?2 ; 9 Iml="y 2Y;
V18123 — Y3)m? + (mg —m;)Y3 2 3

Corollary 2. Let f assumed as (1) be in class ﬁ%;n(ﬂ) Then, we have the following.

|a2| < |l9‘m1\/m1 and ‘113‘ < |l9|2m% + |l9|m1
= = 2
\/218(3Ya — 2Y3)m3 + 4(m; — m3)Y3 4Y;  6Ys

Fixing & = 1 in Theorems (1) and (2), we can state the coefficient estimates for the
functions in the subclasses &35/ (¢) and 85 4y, (¢) defined in Remark (4).

Corollary 3. Let f supposed by (1) be in class 6%';3(5 ). Then, we have the following:

jaa] < e
V(5 +3€)Ys — (2 -+ eif)Y3]m? + (2 -+ ¢i)2 (my — mg) Y|

and the following is the case.

2
ml m;

- + - .
124 6f2Y3 |54 3eif|Y;3

laz| <

Corollary 4. Let f supposed by (1) be in class ﬁgzgn(ﬁ) Then, we have the following:

jaa]| < -
V/IB(5 +3€1)Ys — 4(2 + ei€) Y3]m? + 4(2 + ei*)2 (my — mg) Y|

and

m% mq

- + — .
412 +¢)2YZ - 3|54 3e’|Y3

lag| <

3. Fekete-Szeg6 Inequality

In this section, we discuss the Fekete-Szeg6 results [34] due toZaprawa [35] for func-
tions f € G%’;n(ﬁ,é) and f € ﬁgz’;n(l?,é).

Theorem 3. Let f assumed by (1) be in class 6%’;)3(19,5) and ¢ € R. Then, we have the following:

Im om
| a3 — 02 |< Braely;” O <l ¢(e) |Sl9 4\5+3e’1‘\Y3.
~ | 4l¢(a)l, lp(0)] > m
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where the following is obtained.

(1—0)8°m3

‘P(Q) = 4{19[(5 ¥ 3ei£)Y3 _ (2 + ei/,)Y%]m% + (2 + eif)z(ml — mz)Y%} .

Proof. From (26) and (27), we have the following:

(1—0)9*m3(p2 + q2) dmy (p2 — q2)

o2
v (4{0[(5+3¢")Y5 — (2 +€)Y3Im] + (2+ €)2(my —m)Y3}) — 4(5+3¢)Ys

ﬁml 19m1
$(0) + m] P2 + {4’(@) T 45+30)Ys a2

where the following is the case.

(1—0)#*m]

¢(e) = 4{8[(5+3¢") Y3 — (2 +¢*)Y2m2 + (2 + €i?)2(m; — my)Y3}

Thus, by applying Lemma 1, we obtain the following.

dm dm
iy — o | < | B3 O =1 QIS iy
@) 190 > gsim

In particular, by fixing ¢ = 1, we obtain the following.

19m1

2
a3 —ay |< —————.
| 3 2|_ |5—|—36’£|Y3

O

Theorem 4. Let f given by (1) be in class ﬁ%;n(ﬂ/ 0) and X € R. Then, we have the following:
_ Omy _ dmy
| a3 — Na% |< 3[5+3eil|Y5” 0 <[ p(R) |§§3§|5+3e[[‘y3 .
4], e =z
where

(1—N)8’m3
[8(3(5 + 3eil) Y3 — 4(2 + eif)Y5|m? + 4(2 + ¢i)2(my — mp)Y3]

P00 =

Proof. From (27) and (38), we have the following.

(1 = W)8*m}(p2 + q2) Omy (2 — q2)

-Na = . : . :
fom A[8[3(5 + 3¢)Ys — 4(2 + ) Y2 m? + 4(2 + e )2(my — my)Y2] | 12(5+ 3eil) Y5

Um; Om;
PN) + 12(5+3eif)Y3] P2+ {"’(N) T 125+ 3¢0)Y; |

where the following is the case.

(1—N)8’m3
[813(5 + 3ei!) Y3 — 4(2 + €!)Y3]m? + 4(2 + ¢i/)2(my — my) Y3]

N) =
oY) =
Thus, by Lemma 1, we obtain the following.

_ omy  dmy
2y — Na2 |< { 53TV 0<[¢p(R) |§012|5Jr3)e,¢,|\{3
el 1) > mEtamys-
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In particular, by taking X = 1, we obtain the following.

o
a3 — a2 |<
3[5 + 3¢t Y3

O

4. Conclusions

By fixing 20({) as listed below, one can determine new results as in Theorems 14 for
the subclasses introduced in this paper by suitably fixing m; and m;:

1. For the class of strongly starlike functions, function 20 is given by 20(&) = (%) "o
1+2af +2a2F2 + .-+ (0 < a < 1), which gives m; = 2x and mp = 242, (see [36]);
2. On the other hand, if we take 20({) = % =1+2(1-B)¢+2(1-B)&+
(0< B <1),thenm; =my =2(1— ), (see[36]);

3. ForW(¢) = % (=1 < B < A <1),we obtain class G*(A, B) (see [37]);

2
For2(¢) =1+ % (log ifé) , which was considered and studied in [38];

For 25(¢) = /1 + ¢, the class is denoted by &7, , which was considered and studied
in [39] further in discussed [40];

6. For20(¢) =G+ \/1+ &2, the class is denoted by &; ( see [41]);

7. HWE) =1+ %@’ + %CZ, then such class denoted by &~ was introduced in [42] and
further studied by [43];

8. For(¢) = %, class S was defined and studied in [44,45];

9. For W(¢) = cosh({), the class is denoted by &7, (see [46]);

10. For 20(¢) = 1 +sin({), the class is denoted by &7, (see [47]); for details and further
investigation, (see [48]).

In the current paper, we mainly obtain the upper bounds of the initial Taylors coeffi-
cients of bi-starlike and bi-convex functions of complex order involving Erdély—Kober-type
integral operators in the open unit. Furthermore, we find the Fekete-Szeg6 inequalities
for the function in these classes. Several consequences of the results are also pointed out
as examples. Moreover, we note that by assuming 20 with some particular functions as
illustrated above, one can determine new results for the subclasses introduced in this
paper. Moreover, by fixing £ = 0 and ¢ = 7t in the above Theorems, we can easily state
the results for various subclasses of X illustrated in Remarks 2—4. By appropriately fixing
the parameters in Theorems 3 and 4, we can deduce the Fekete-Szegé functional for these
function classes. Moreover, motivating further research on the subject-matter of this, we
have chosen to draw the attention of the concerned readers toward a significantly large
number of interrelated publications(see [49-52]) and developments in the area of Geometric
Function Theory of Complex Analysis. In conclusion, we choose to reiterate an important
observation, which was offered in the recently published survey-cum-expository article by
Srivastava ([49], p. 340), who pointed out the fact that the results for the above-mentioned
or new g— analogues can easily (and possibly or unimportantly) be interpreted into the
equivalent results for the so-called (p; ) — analogues (with 0 < |g| < p < 1) by smearing
some recognizable parametric and argument variations with the additional parameter p
being redundant.
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Abstract: The zero-truncated Poisson distribution is an important and appropriate model for many
real-world applications. Here, we exploit the zero-truncated Poisson distribution probabilities to
construct a new subclass of analytic bi-univalent functions involving Gegenbauer polynomials. For
functions in the constructed class, we explore estimates of Taylor-Maclaurin coefficients |a;| and |a3],
and next, we solve the Fekete-Szeg® functional problem. A number of new interesting results are
presented to follow upon specializing the parameters involved in our main results.

Keywords: analytic bi-univalent functions; zero-truncated Poisson distribution; Gegenbauer polyno-
mials; Fekete-Szeg6 functional problem

MSC: 30C45; 33C45; 60E05

1. Introduction

In discrete probability distributions, the Poisson distribution has found an extensive
and varied application in formulating probability models for a wide variety of real-life
phenomena dealing with counts of rare events, such as reliability theory, queueing systems,
epidemiology, medicine, industry, and many others. In some practical situations, only
positive counts would be available and the zero count is ignored or is impossible to be
observed at all. For instance: the length of stay in a hospital is recorded as a minimum of at
least one day, the number of journal articles published in different disciplines, the number
of occupants in passenger cars, etc. An appropriate Poisson distribution that applies to
such a case is called a zero-truncated Poisson distribution.

The probability density function of a discrete random variable X that follows a zero-
truncated Poisson distribution can be written as

=1,23,...,

where the parameter mean m > 0.
Now, we introduce a novel power series whose coefficients are probabilities of the
zero-truncated Poisson distribution
© n—1

- m n
P(m,z) .—z—l-ngzz (em—l)(n—l)!z ,z€U,

where m > 0and U := {z € C: |z| < 1} is the open unit disk. By ratio test, it is clear that
the radius of convergence of the above series is infinity.
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Orthogonal polynomials have been extensively studied in recent years from various
perspectives due to their importance in mathematical statistics, probability theory, math-
ematical physics, approximation theory, and engineering. From a mathematical point
of view, orthogonal polynomials often arise from solutions of ordinary differential equa-
tions under certain conditions imposed by certain model. Orthogonal polynomials that
appear most commonly in applications are the classical orthogonal polynomials (Hermite
polynomials, Laguerre polynomials, and Jacobi polynomials). The general subclass of
Jacobi polynomials is the set of Gegenbauer polynomials, this class includes Legendre
polynomials and Chebyshev polynomials as subclasses. To study the basic definitions
and the most important properties of the classical orthogonal polynomials, we refer the
reader to [1-4]. For a recent connection between the classical orthogonal polynomials and
geometric function theory, we mention [5-10].

Gegenbauer polynomials C(x) forn = 2,3,..., and & > —% are defined by the
following three-term recurrence formula

Co(x)=1;
Cf(x) = 2uax; (1)
Ch(x) = 1 [2x(n-+ & = )Gy () = (n+ 22 = 2)Ch o(¥)].

It is worth mentioning that by setting & = 1 and « = 1 in Equation (1), we immediately

1
obtain Legendre polynomials P,(x) = C?(x) and Chebyshev polynomials of the second
kind Uy, (x) = C}(x), respectively.

The generating function of Gegenbauer polynomials is given as

1

Hy(x,2) = —eeeoeoeer
«(x2) (1—2xz+22)"

where x € [—1,1] and z € U. For fixed x, the function H, is analytic in U, so it can be
expanded in a Taylor-Maclaurin series, as follows:

Hu(x,z) = ) Ci(x)z", z € U. (2)

2. Preliminaries and Definitions

Let A denote the class of all normalized analytic functions f written as
fz)=z+ ) anz", z€U. ©)]
n=2

Differential subordination of analytic functions provides excellent tools for study in
geometric function theory. The earliest problem in differential subordination was intro-
duced by Miller and Mocanu [11], see also [12]. The book of Miller and Mocanu [13] sums
up most of the advancement in the field and the references to the date of its publication.

Definition 1. Let f and g be two analytic functions in U. The function f is said to be subordinate
to g, written as f(z) < g(z), if there is an analytic function w in U with the properties

w(0)=0 and |w(z)] <1, z€T,

such that
f(z) = g(w(z)), z€ U.

Definition 2. A single-valued one-to-one function f defined in a simply connected domain is said
to be a univalent function.
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Let S denote the class of all functions f € A, given by (3), that are univalent in U.
Hence, every function f € S has an inverse given by

FHw) = w— ayw? + (211% — a3>w3 — (511% — 5aaz + a4)w4 +.... 4)

Definition 3. A univalent function f is said to be bi-univalent in U if its inverse function f~1(w)
has an analytic univalent extension in U.

Let £ denote the class of all functions f € A that are bi-univalent in U given by (3).
For interesting subclasses of functions in the class X, see [14-24].
The coefficient functional

Ay (f) =a3—naj = é(f’”(o)_?(f//(()))z) )

of the analytic function f given by (3) is very important in the theory of analytic and univa-
lent functions. Thus, it is quite natural to ask about inequalities for A, (f) corresponding to
subclasses of bi-univalent functions in the open unit disk U. The problem of maximizing
the absolute value of the functional A (f) is called the Fekete-Szegd problem [25]. There
are now several results of this type in the literature, each of them dealing with |a3 — 43|
for various classes of functions defined in terms of subordination (see, e.g., [26-31]).

Now, let us define the linear operator

x: A=A

by ©0 n—1
Xmf(z) :=P(m,z)* f(z) =z+ Emanz", z e[,

where the symbol “+” denotes the Hadamard product of the two series.
To obtain our results we need the following lemma:

Lemma 1 ([32], p. 172). Assume that w(z) = Y. wnz",z € U, is an analytic function in U such
n=1

that |w(z)| < 1forall z € U. Then, |wi| <1, |wap| <1—|wi]?, n=2,3,....

Motivated essentially by the earlier work of Amourah et al. [33], we construct, in
the next section, a new subclass of bi-univalent functions governed by the zero-truncated
Poisson distribution series and Gegenbauer polynomials. Then, we investigate the optimal
bounds for the Taylor-Maclaurin coefficients |a;| and |a3| and solve the Fekete-Szeg6
functional problem for functions in our new subclass.

3. The Class {5 (x, &, 6, 1)

Consider the function f € ¥ given by (3), the function ¢ = f~! given by (4), and H,
is the generating function of Gegenbauer polynomials given by (2). Now, we are ready to
define our new subclass of bi-univalent functions {x (x, &, d, 1) as follows.

Definition 4. A function f is said to be in the class {x(x,a, 6, ), if the following subordinations
are fulfilled:
Xmf(2)

(1= )=+ p(onf () + 62(xmf (2))" < Ha(x,2),

and

(1= 028 g (0)) + 0 () < el w),

where w >0, 1,6 > 0, and x € (%,1]
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Upon allocating the parameters y and ¢, one can obtain several new subclasses of Z,
as illustrated in the following two examples.

Example 1. A function f is said to be in the class (x,(x,a, i) := {x(x,a,0, 1), if the following
subordinations are fulfilled:

xmf(2)

B u(unf(2))' < Halx,2),

(1—p)

and

(1= 28 | g(w) < Hy(xw),

where w > 0, > 0, and x € (%,1]

Example 2. A function f is said to be in the class {x(x,a) = {x(x,a,0,1), if the following
subordinations are fulfilled:

(xmf(2))" < Ha(x,2),
and

(Xmg(w))/ =< Hq (xr w)r

where « > 0and x € (%,1]

4. Main Results
Theorem 1. If the function f belongs to the class {x(x,a,d, jt), then

2ux(e™ — 1)@

laz| <
m\/’ [2«(1 +2u+68)(em — 1) —2(1+a)(1+y+25)2]x2+ (1+ p +25)?

. (6)

and

las] < 402x2 (" —1)? dax(e™ —1)
N+ p 26 M2+ 2p+60)

Proof. If f € {x(x,a,d, 1), from the Definition 4 there exist two analytic functions in U that
are w and v, such that w(0) = v(0) = 0 and |w(z)| < 1, |[v(w)| < 1forall z,w € U, and

102 E @) + o) = Hxw@), z€ U, )

and

(1 X8 4 g (@) + Sw(mg () = Halxo(@), wel, @

From the equalities (7) and (8), we obtain

xmf(z)

A—p)=—+ p(xmf (2)) + 62(xmf(2)"
=1+Cf(x)1z + [C{‘(x)cz + CQ‘(x)cﬂz2 +...,z€0, )
and
(1 - w2y Gg@) + s ()"
=1+ CHx)dyw + {Cﬁ‘(x)dz + cg(x)dﬂ W +..., wel, (10)
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where
(o] o0

w(z) = chzj, z€U, and o(w)= Zdjwf, weU. (11)
j=1 j=1

According to Lemma 1, if the above function w and v has the form (11), then
lcjfl <1 and [d;[ <1 forall jeN. (12)

Thus, upon comparing and equating the corresponding coefficients in (9) and (10),
we have

14 u+26)m
(e’Z——l)az = C{(x)cq, (13)
1+ 2u + 65)m?
(2(::”_1))“3 = Ci(x)ea + G5 (x)e3, (14)
14+pu+26)m
—(e’nf—_l)az = C(x)dy, (15)
and )
14+2u+66)m
(2(;;_1)) [zag - a3} = C¥(x)dy + C&(x)d2. (16)
It follows from (13) and (15) that
¢ = —dy, (17)
and ) s
214+ u+20)"m
T = P (4 ). (19)
If we add (14) and (16), we get
1+ 2 + 65)m?
((emy_l))a% = C(x)(c2 +d2) + C3(x) (C% + d%) (19)

Substituting the value of (C% + d%) from (18) in the right hand side of (19), we deduce that

21+ u+26)% Ci(x)

(1420 460) = == P
1

m2 2 o
] (em — 1){12 = Cl (x) (Cz + dz). (20)

Now, using (1), (12) and (20), we find that (6) holds.
Moreover, if we subtract (16) from (14), we obtain

(14 2p + 66)m?

) (1 B) =Gl (e~ d) + G5 (F - ). 1)

Then, in view of (17) and (18), Equation (21) becomes

(e 1)2[C%<x>]2( y )+ DAW

— ) ).
T 2o AT T ) 2 T

Thus, applying (1), we conclude that

las] < 40252 (em —1)? dax(e™ —1)
N+ p 202 m2(1+2pu+60)

and the proof of the theorem is complete. [J
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The following result addresses the Fekete-Szeg6 functional problem for functions in
the class {x(x, &, 6, jt).

Theorem 2. If the function f belongs to the class {x.(x,a, 6, i), then

dnx(e™—1)

wzres <M,
2
as —nas| <
‘ 3 2‘ - 8a2x3 (" —1)%|1—1| , 1f |77 B 1| > M,
mZ{ [za(1+zy+65)(em—1)—2(1+a)(1+y+25)2]x2+(1+y+25)2}
where

(14 p+26)*[2(1 + a)x® — 1]
20x2(e™ — 1) (1 + 2u + 60)

M:—|1—

Proof. If f € {x(x,«,6,u), from (20) and (21) we get

("~ 1?[CH()] (c2 + )

m2[(em —1)(1+ 24 +66) [} (x)]* = 2(1+ p +26)°C3 (v)
(e" — DG (%)

m?(1+ 2p + 60)

o ("~ 1) (e —1)
=Ci(x) {h(’?) + mZ(1+2y+65)} e+ {h(q) - m2(1+2;4+65)}d2'

a3 — a3 = (1-1)

(c2 —da)

where )
(e —1)*[CH(x)]"(1—1n)

. .
) m? [(6’” —1)(1+ 2 +68) [CH(x)]* = 2(1 + u + 25)2C§‘(x>}

Then, in view of (1), we conclude that

dax(e™—1)

. (e"—1)
weare 4 0= |h(n)| < 52

) (1+2p-+60)”
as —nas| <
s = e e

dax|h(n)], it |h(y)] = 2 (15 20+63)

which completes the proof of Theorem 2. [

5. Corollaries and Consequences

Corresponding essentially to the Example 1 (setting § = 0) and Example 2 (setting
6 = 0and p = 1), from Theorems 1 and 2 we get the following consequences, respectively.

Corollary 1. If the function f belongs to the class {x(x, «, ), then
20x(e™ — 1)J27c
m\/‘ [26(142) (" = 1) =201+ &) (14 )| 32 + (14 )’

402x2(e™ — 1) dax(e™ —1)
m2(1 4 p)? m?(1+2u)’

las] <

7

laz| <
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and
Wt i In=1<N,
’a;; B W%‘ = 8223 (e —1)%|1—| . if ly—1| >N,
mz{[2a(1+2,u)(e”171)72(1+a)(1+]4)2]x2+(1+]1)2}
where

a2+ a)x? - 1]
N= ‘1 © 2ax2(em —1)(1+2u)

Corollary 2. If the function f belongs to the class {5 (x,«), then

2ux(e™ —1)v/2x
my/|[6a(em —1) — 8(1 + a)]x% + 4|
a2x2(em — 1) n dax(e™ —1)

las| <

laz| <

m?2 3m2
and dax(em—1)
i Im—1 <L,
‘“3 - ’7“%’ = 8a2? (¢~ 11| if -1 >1
mz{[604(6”’71)78(1+¢x)]x2+4} ’ -
where

2[2(1 + a)x? —1]
Bax?(e™ — 1)

L:=11-

6. Concluding Remarks

In the present work we have constructed a new subclass 5. (x, &, 4, it) of normalized
analytic and bi-univalent functions governed with the zero-truncated Poisson distribution
series and Gegenbauer polynomials. For functions belonging to this class, we have made
estimates of Taylor-Maclaurin coefficients, |a| and |a3|, and solved the Fekete-Szeg6
functional problem. Furthermore, by suitably specializing the parameters  and y, one can
deduce the results for the subclasses {x (x, &, i) and 5 (x, &) which are defined, respectively,
in Examples 1 and 2.

The results offered in this paper would lead to other different new results for the classes
{x(x,1/2,6, 1) for Legendre polynomials and {x(x, 1,6, u) for Chebyshev polynomials.

It remains an open problem to derive estimates on the bounds of |a,| forn > 4,n € N,
for the subclasses that have been introduced here.

Author Contributions: Conceptualization, FY. and A.A.; methodology, A.A.; validation, EY., A.A,,
B.AF. and T.B.; formal analysis, A.A.; investigation, Y., B.A.F. and T.B.; writing—original draft
preparation, FY. and A.A.; writing—review and editing, EY., T.B.; supervision, B.A.F. All authors
have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: No data were used to support this study.

Conflicts of Interest: The authors declare no conflict of interest.

99



Axioms 2022,11, 267

References

1. Agarwal, P,; Agarwal, R.P; Ruzhansky, M. Special Functions and Analysis of Differential Equations; CRC Press: Boca Raton, FL, USA, 2020.

2. Doman, B. The Classical Orthogonal Polynomials; World Scientific: Singapore, 2015.

3. Chihara, T.S. An Introduction to Orthogonal Polynomials; Courier Corporation: Mineola, NY, USA, 2011.

4. Ismail, M.; Ismail, M.E.; van Assche, W. Classical and Quantum Orthogonal Polynomials in One Variable; Cambridge University Press:
Cambridge, UK, 2005.

5. Wanas, A.K. New Families of Bi-univalent Functions Governed by Gegenbauer Polynomials. Ear. |. Math. Sci. 2021, 7, 403—427.
[CrossRef]

6.  Frasin, B.A; Yousef, F; Al-Hawary, T.; Aldawish, I. Application of Generalized Bessel Functions to Classes of Analytic Functions.
Afr. Mat. 2021, 32, 431-439. [CrossRef]

7.  Frasin, B.A.; Al-Hawary, T.; Yousef, F.; Aldawish, I. On Subclasses of Analytic Functions Associated with Struve Functions.
Nonlinear Func. Anal. Appl. 2022, 27, 99-110. [CrossRef]

8.  Altinkaya, S.; Yalgin, S. Estimates on Coefficients of a General Subclass of Bi-univalent Functions Associated with Symmetric
g-Derivative Operator by Means of the Chebyshev Polynomials. Asia Pac. J. Math. 2017, 8, 90-99.

9. Bulut, S.; Magesh, N.; Balaji, V.K. Initial Bounds for Analytic and Bi-Univalent Functions by Means of Chebyshev Polynomials. J.
Class. Anal. 2017, 11, 83-89. [CrossRef]

10. Amourah, A.; Frasin, B.A.; Abdeljawad, T. Fekete-Szeg® Inequality for Analytic and Bi-univalent Functions Subordinate to
Gegenbauer Polynomials. J. Funct. Spaces 2021, 2021, 5574673.

11. Miller, S.S.; Mocanu, P.T. Second Order Differential Inequalities in the Complex Plane. |. Math. Anal. Appl. 1978, 65, 289-305.
[CrossRef]

12. Miller, S.S.; Mocanu, P.T. Differential Subordinations and Univalent Functions. Mich. Math. ]. 1981, 28, 157172 [CrossRef]

13. Miller, S.S.; Mocanu, P.T. Differential Subordinations. Theory and Applications; Marcel Dekker, Inc.: New York, N, USA, 2000.

14. Ahmad, I; Ali Shah, S.G.; Hussain, S.; Darus, M.; Ahmad, B. Fekete-Szeg® Functional for Bi-univalent Functions Related with
Gegenbauer Polynomials. ]. Math. 2022, 2022, 2705203. [CrossRef]

15.  Murugusundaramoorthy, G.; Bulboacd, T. Subclasses of Yamakawa-Type Bi-Starlike Functions Associated with Gegenbauer
Polynomials. Axioms 2022, 11, 92. [CrossRef]

16. Sakar, EM.; Dogan, E. Problem on Coefficients of Bi-Univalent Function Class Using Chebyshev Polynomials. In Mathematical,
Computational Intelligence and Engineering Approaches for Tourism, Agriculture and Healthcare; Lecture Notes in Networks and Systems;
Srivastava, P.,, Thakur, S.S., Oros, G.I,, AlJarrah, A.A., Laohakosol, V., Eds.; Springer: Singapore, 2022; Volume 214. [CrossRef]

17. Wanas, A.K,; Cotirla, L.-I. Applications of (M,N)-Lucas Polynomials on a Certain Family of Bi-Univalent Functions. Mathematics
2022, 10, 595. [CrossRef]

18.  Frasin, B.A.; Swamy, S.R.; Nirmala, ]. Some Special Families of Holomorphic and Al-Oboudi Type Bi-Univalent Functions Rrelated
to k-Fibonacci Numbers Involving Modified Sigmoid Activation Function. Afr. Mat. 2021, 32, 631-643. [CrossRef]

19. Srivastava, H.M.; Wanas, A K.; Srivastava, R. Applications of the g-Srivastava-Attiya Operator Involving a Certain Family of
Bi-univalent Functions Associated with the Horadam Polynomials. Symmetry 2021, 13, 1230. [CrossRef]

20. Kanas, S.; Sivasankari, P.V.; Karthiyayini, R.; Sivasubramanian, S. Second Hankel Determinant for a Certain Subclass of Bi-Close
to Convex Functions Defined by Kaplan. Symmetry 2021, 13, 567. [CrossRef]

21. Atshan, W.G,; Rahman, .LA.R.;; Lupas, A.A. Some Results of New Subclasses for Bi-Univalent Functions Using Quasi-
Subordination. Symmetry 2021, 13, 1653. [CrossRef]

22.  Yousef, E; Alroud, S.; Illafe, M. New Subclasses of Analytic and Bi-univalent Functions Endowed with Coefficient Estimate
Problems. Anal. Math. Phys. 2021, 11, 58. [CrossRef]

23.  Bulut, S. Coefficient Estimates for a Class of Analytic and Bi-univalent Functions. Novi. Sad. J. Math. 2013, 43, 59-65.

24. Murugusundaramoorthy, G.; Magesh, N.; Prameela, V. Coefficient Bounds for Certain Subclasses of Bi-univalent Function. Abstr.
Appl. Anal. 2013, 2013, 573017. [CrossRef]

25. Fekete, M.; Szeg6, G. Eine Bemerkung tiber ungerade schlichte funktionen. J. Lond. Math. Soc. 1933, 1, 85-89. [CrossRef]

26. Illafe, M.; Amourah, A.; Haji Mohd, M. Coefficient Estimates and Fekete-Szeg® Functional Inequalities for a Certain Subclass of
Analytic and Bi-Univalent Functions. Axioms 2022, 11, 147. [CrossRef]

27. Wanas, A.K; Yal¢in, S. Coefficient Estimates and Fekete-Szeg6 Inequality for Family of Bi-Univalent Functions Defined by the
Second Kind Chebyshev Polynomial. Int. ]. Open Problems Compt. Math 2020, 13, 25-33.

28. Karthikeyan, K.R.; Murugusundaramoorthy, G. Unified Solution of Initial Coefficients and Fekete-Szeg6 Problem for Subclasses
of Analytic Functions Related to a Conic Region. Afr. Mat. 2022, 33, 44. [CrossRef]

29. Swamy, S.R.; Altinkaya, $. Fekete-Szeg6 Functional for Regular Functions Based on Quasi-Subordination. Int. |. Nonlinear Anal.
Appl. 2022, 14, 1-11.

30. Swamy, S.R; Sailaja, Y. On the Fekete-Szeg6 Coefficient Functional for Quasi-Subordination Class. Palas. . Math. 2021, 10, 666—672.

31. Bulut, S. Fekete-Szeg® Problem for Starlike Functions Connected with k-Fibonacci Numbers. Math. Slov. 2021, 71, 823-830.
[CrossRef]

32.  Nehari, Z. Conformal Mapping; McGraw-Hill: New York, NY, USA, 1952.

33. Amourah, A,; Frasin, B.A.; Ahmad, M.; Yousef, F. Exploiting the Pascal Distribution Series and Gegenbauer Polynomials to

Construct and Study a New Subclass of Analytic Bi-Univalent Functions. Symmetry 2022, 14, 147. [CrossRef]

100



@ axioms

Article

Sharp Bounds for the Second Hankel Determinant of
Logarithmic Coefficients for Strongly Starlike and Strongly
Convex Functions

Sevtap Siimer Eker *(, Bilal Seker 1, Bilal Cekig !

Citation: Stimer Eker, S.; Seker, B.;
Cekig, B.; Acu, M. Sharp Bounds for
the Second Hankel Determinant of
Logarithmic Coefficients for Strongly
Starlike and Strongly Convex
Functions. Axioms 2022, 11, 369.
https://doi.org/10.3390/
axioms11080369

Academic Editor: Georgia Irina Oros

Received: 17 May 2022
Accepted: 7 June 2022
Published: 28 July 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Mugur Acu 2

Department of Mathematics, Faculty of Science, Dicle University, 21280 Diyarbakir, Turkey;
bilal.seker@dicle.edu.tr (B.S.); bilalc@dicle.edu.tr (B.C.)

Department of Mathematics and Informatics, Faculty of Science, Lucian Blaga University of Sibiu, Street Dr. L.
Ratiu 5-7, 550012 Sibiu, Romania; mugur.acu@ulbsibiu.ro

*  Correspondence: sevtaps@dicle.edu.tr

Abstract: The logarithmic coefficients are very essential in the problems of univalent functions theory.
The importance of the logarithmic coefficients is due to the fact that the bounds on logarithmic
coefficients of f can transfer to the Taylor coefficients of univalent functions themselves or to their
powers, via the Lebedev-Milin inequalities; therefore, it is interesting to investigate the Hankel
determinant whose entries are logarithmic coefficients. The main purpose of this paper is to obtain
the sharp bounds for the second Hankel determinant of logarithmic coefficients of strongly starlike
functions and strongly convex functions.
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1. Introduction

Let A stand for the standard class of analytic functions of the form
flz)=z+Y azF, zeU={zeC:|z|<1}, )
k=2

and let S be the class of functions in A, which are univalent in U.
A function f of the form (1) is said to be starlike of order a in U if

%{zf’(z)} > (z € U).

f(z)

The set of all such functions is denoted by S*(«).
Next, by K(«), we denote the class of convex functions of order « in U that satisfy the

following inequality:
2" (2)
RI1+ >« ze ).
{ f/ (Z) ( )

A function f of the form (1) is said to be strongly starlike of order a, (0 < & < 1),in U if

zf'(2)
f(2)

T

2

arg

(zel). 2)
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The set of all such functions is denoted by S («). Moreover, a function f of the form (1)
is said to be strongly convex of order o, (0 < & < 1), in U if

arg (1 n Z]{,,;(ZZ))) ’ < % (z € V). 3)

The set of all such functions is denoted by K¢ («).

The class S)(«) was independently introduced by Brannan and Kirwan [1] and
Stankiewicz [2] (see also [3]). Clearly, S (1) = S* is the class of starlike functions and
K%(1) = K is the class of convex functions in U. We should observe that as « increases
the sets S*(a) and K (a) become smaller; however as « increases the sets SF (a) and K. («)
become larger. Furthermore, although the sharp coefficient bounds of the functions in the
classes S*(«) and K(a) are known, sharp coefficient bounds for the functions in the sets
S («) and K¢ (a) are much harder to obtain, and only partial results are known [1,4].

Let P denote the class of analytic functions p(z) in U satisfying p(0) = 1 and
R(p(z)) > 0. Thus, if p € P, then have the following form:

p(z) =1+ Y 2", zel. (4)
k=1

Functions in ‘P are called Carathedory functions.
Associated with each f € S, is a well-defined logarithmic function

Fr:=log @ =2 Z vz, z e U. ®)
k=1

The numbers -y are called the logarithmic coefficients of f. The logarithmic coefficients
are very essential in the problems of univalent functions coefficients. The importance of the
logarithmic coefficients is due to the fact that the bounds on logarithmic coefficients of f
can transfer to the Taylor coefficients of univalent functions themselves or to their powers,
via the Lebedev-Milin inequalities.

Relatively little exact information is known about the logarithmic coefficients of f
when f € S. The logarithmic coefficients of the Koebe function K(z) = z(1 — z) 2 are
Yk = 1/k. Because of the extremal properties of the Koebe function, one could expect that
Yx < 1/k, for each f € S; however, this conjecture is false even in the case k = 2. For the
whole class S, the sharp estimates of single logarithmic coefficients are known only for

1 1
71/ <1 and |72|§§+e—2=0.6353...

and are unknown for k > 3. Recently, logarithmic coefficients have been studied by various

authors and upper bounds of logarithmic coefficients of functions in some important

subclasses of S have been obtained (e.g., [5-10]). For a summary of some of the significant

results concerning the logarithmic coefficients for univalent functions, we refer to [11].
For q,n € N, the Hankel determinant H ,(f) of f € A of form (1) is defined as

an An+1  Apyg-1
an+1 Ap+2 - An+q
Hq,n(f) = . . .
Aptg—1 ntq - Apg2(g-1)

The Hankel determinant Hp 1 (f) = a3 — a% is the well-known Fekete-Szego functional.
The second Hankel determinant Hp»(f) is given by Hao(f) = apas — a3.
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The problem of computing the upper bound of H,, over various subfamilies of A
is interesting and widely studied in the literature on the geometric function theory of
complex analysis. The upper bounds of H; >, H3 1 and higher-order Hankel determinants
for subclasses of analytic functions were obtained by various authors [12-24].

Very recently, Kowalczyk and Lecko [25] introduced the Hankel determinant Hy , (Ff/2),
which are logarithmic coefficients of f, i.e.,

Tn Yn+1 0 Tntg-1
Yo+l Tn+2 Yn+q
Hyn (Ff/Z) = . .
Tn+g—1 Yntq 0 Vn42(g-1)

For a function f € S given in (1), by differentiating (5) one can obtain the following;:

1 1 1, 1 13
M= 502, 2= 5(”3 - 5‘12), Y3 = 5(04 — 203 + 5”2)~ ©®)

Therefore, the second Hankel determinant of F/2 can be obtained by

1 1
Hoa(Ff/2) =My =13 = § (aza4 — a3+ na‘é). @)

Furthermore, if f € S, then for

foz) = e f(%2)  (BER),

F , F
(1) ()

Kowalczyk and Lecko [26] obtained sharp bounds for Hy1(Fs/2) for the classes of
starlike and convex functions of order «. The problem of computing the sharp bounds of
H, 1 (Ff/2) for starlike and convex functions with respect to symmetric points in the open
unit disk has been considered by Allu and Arora [27].

In this paper, we calculate the sharp bounds for H; ; (Ff /2) =713 — 7% for the classes
Sf(a) and e (a).

To establish our main results, we will require the following Lemmas:

we find that (see [26])

Lemma 1 ([28] (see also [26])). If p € P is of the form (4) with c; > 0, then

1 — Zdl,
¢y =242 +2(1 — d?)dy, )
c3 =243 +4(1 — d3)dydy — 2(1 — d2)dyd3 + 2(1 — d3) (1 — |d2|?)d3

for some dy € [0,1] and dp,d3 € U= {z € C:|z| < 1}.
Fordy € Uand dy € 0U = {z € C : |z| = 1}, there is a unique function p € P with c¢1 and

cp as in (8), namely

o 1+ (adz + dl)Z + d222

= — , z e U.
1+ (dldz — dl)Z — dpz?

p(z)

Lemma 2 ([29]). Given real numbers A, B, C, let

Y(A,B,C) =max {|A+Bz+Cz*| +1—|z]*: z € U}.
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LIfAC >0, then

| Al +[B] +[C], |B] > 2(1—[C]),
Y(A,B,C) =
L+ |Al+ gy, 1Bl <201 -]
IL If AC <0, then
— A + 5 1 \C\) —4AC(C™2—-1) < B? A|B| <2(1-C)),
— 2 . _
Y(AB,C) =9\ 1+|Al+ gihey, B <min{4(1+]|C|)%, —4AC(C2-1)},
R(A,B,C), otherwise.
where
| Al +[B] = [C], ICI(IB] +4|A]) < |AB,
R(A,B,C)={ —|A[+[B[+]C|, |AB| < |CI(|B| — 4l|A]),

(\A|+\C\)\/1—%, otherwise.

2. Second Hankel Determinant of Logarithmic Coefficients for the Class S; ()
Theorem 1. Let « € (0,1]. If f € S5 (w), then

2

v =3 < T ©)
This inequality is sharp. Equality holds for the function
f(z) = zexp/z(l_uz)u_za_l du, zelU. (10)
0
Proof. Leta € (0,1] and f € S;(«) be of the form (1). Then by (2) we have
2f'(z) = (p(2))", zeT, (11)

f(z)

for some function p € P of the form (4). Since the class P and the functional |H; 1 (Ff/2)|
are rotationally invariant, we may assume that c; € [0,2] (i.e., in view of (8) thatd; € [0,1]).
Equating the coefficients, we obtain

ay = KC1
asz = g <C2 — 13“C%)

2 2 (12)
b=t <C3 Loe=2 170 — 150 +4C_;,>'

3 2 12
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Hence by using (6)—(8) we obtain

1 1
Y173 — ’Y% =1 <azﬂ4 - a% + 1211%)

_ 2
"~ 576

2

[(7 +a)(1 —a)ct —12(1 — a)cdey + 48cic3 — 36¢3

(13)
[44

=% {(4 —a?)d} +6a(1—d3)d3dy — (1 —d?)[12d3 +9(1 — d3)] d3

+12(1 —d*)(1 - d2|2)d1d3].

Now, we may have the following cases on d;:
Case 1. Suppose that d; = 1. Then by (13) we obtain

= a—2(4—rx2)

Y173 — 7% =36

Case 2. Suppose that d; = 0. Then by (13) we obtain

2 2
L4 o
= —|d* < —.
4‘2| 4

Y173 — ’Y%

Case 3. Suppose that d; € (0,1). By the fact that |d3| < 1, applying the triangle
inequality to (13) we can write

2 2 2 2 2
of |ef(l—d])[ 4—u PR AN 12d7 +9(1—4d7) ,» ’
MY 72| = 3 12(1_d%)d1+§d1d2— B d5 + (1 — |d2|*)drds
a?dq (1 —d?) 4 —a? o 1242 +9(1 — d?)
< 1 3, % _ 1 1) 12 a2
< 3 ‘12(1—d%)d1+2d1d2 124, dy| +1— |dy] (14)
2d (1 —d?
:% ‘A+Bd2+Cd§‘+1—|d2|2]
where . 42 p e . d%+3
S 12(1-d2) ! 2! T 4dy

Since AC < 0, we apply Lemma 2 only for the case II.
We consider the following sub-cases.
3 (a) Since

—4Ac(

1 ,  (4—a®)d?(d2+3), 1647 a2d?
c? 1)_3 B (( _1)_ 4

_ 21 <
C? 12(1—d?) d? + 3)2 -

equivalent to (1 — a?)d? < 9, which evidently holds for d; € (0,1). Further, the inequality
|B| < 2(1—|CJ) is equivalent to 3 + (1 + a)d — 4d; < 0 which is false for d; € (0,1).

3 (b) Since

(d2 + 4d, +3)?

414C)P=1— "= >0
(1+1Ch) 42
e (4~ )B(d} — 9)
1 4 —a?)d?(d2 -9
—4AC(—= —1) = 11 <0,
<C2 ) 12(d? +3)
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we see that the inequality

a’d3 , 2 1
—; < min {4(1 +|C])7, —4AC(§ - 1)}

is false for d; € (0,1).
3 (c) The inequality

CI(1BI+414]) - |4B| = <0,

(d2+3) (ad;  (4—a?)d3 w(4 —a?)di
2 S 24(1-2) ©

4d, 2 3(1-d?)
is equivalent to
d*(8 4 a® — 2042 — 70) 4+ d?(24 — 682 — 61) + 9a < 0.
It is easy to verify that
d*(8 + a3 —2a% — 7a) +d*(24 — 6a% — 61) + 9

> d*(32 4 a® — 84 — 13a) + 9a > 0.

for d; € (0,1). Thus, the inequality |C| (\B| +4|A|) < |AB| does not hold for « € (0,1]

and d; € (0,1).
3 (d) We can write

a(4—a?)dd (42 43) <le (4— a2)d§>

AB| —|C|(|B| — 4|A]) = — —
|AB| ||(|‘ ||) 24(1—d?) 4d; 2 3(1-43)

2
0D (Kit? + Lyt + My)

where t = d2 € (0,1) and

Ky=—-a®—20%+70+8
Ly =6(4+a—a?)
M1:*91X.

It is easy to see that K; > 0, L; > 0and M; < 0, fora € (0,1].

For the equation Kyt? + L1t + My, we have A = 144(4 + 4a — a®) > 0. Since K; > 0,
%1 < O0and Ky + Ly + My = 32 — a3 — 8a% + 4a > 0, for a € (0,1], the equation K;t> +
Lit + M; has positive unique root such that

—L A
L\/»<1

0<t = 2K, ,

Therefore, for dj = /13, it follows that |AB| = |C| (|B| 74|A|).

Moreover, |AB| < |C|<\B| —4|A|),when dy € (0,d], and |AB| > |C|(|B| —4\A|),

when d; € [df, 1).
Then for d; € (0,d;], we can write from (14) and Lemma 2, we obtain

Uézdl(l — d%)
3

13— < (= 1Al+ 1Bl +cl) = @(d)

where
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2
(dy) = \,‘;‘76(7 (4 — a?)d* +3(1 +20)d2(1 — d?) +9(1 —d%)).
Since )
' (dy) = 2~ G [(7+6a —a?)d? +3(1 - a)} <0,

for d; € [0,d7], @ is a decreasing function on [0, dj]. This implies that

Y173 — 73| < @(0) = —.

3 (e) Next consider the case d; € [d], 1]. Using the last case of Lemma 2,

< W(“m + |C|)m) = ¥(d)

(1—a2)d?+3
=)@ +3)

Y13 — ’Y%_

where

¥(dr) = 5[0+ (1 —a?)di - 6d§]\/

To find the maximum of the function ¥(d;) on the interval d; € [d], 1], let us investi-

gate the derivative of ¥ (d;):

, —d3a? (4—a?)(d?+3)
Yi(d) = 2\ (72 2 232
18(4 — a?)(d} + 3) (1—a2)d;+3
X (43— (1—a®)d2)(d? +3)((1—a®)d? +3) +3a%(9+ (1 — a?)d} — 642))| <0,
since
43— (1 —a?)d? > 8+4a*> >0
and

9+ (1—a®)d} —6d7 >9—d3(6— (1—a?)d}) =3+ (1 —a?)d? >0
fora € (0,1] and d; € [d],1]. Thus ¥ is a decreasing function on [d7, 1].
Furthermore, ®(dj) = ¥ (dj). This implies that

< ¥(d) < ¥(d}) = D)) < B(0) = &

Y173 — ’Y%

Summarizing parts from Cases 1-3, it follows the desired inequality.

In order to show that the inequality is sharp, let us set c; = 0 and d = 1 into (8). Then,
we obtain ¢ = 2 and c3 = 0. Hence by (12) we have a; = a4 = 0 and a3 = a. This shows

that equality is attained for the function given in (10).
This completes the proof of the theorem. [J

For « = 1 we obtain the bounds for the class $* of starlike functions given in [25].

Corollary 1. Let f(z) € S*. Then

1

2
— < .
”Yﬂa T2 = 1

The inequality is sharp.
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3. Second Hankel Determinant of Logarithmic Coefficients for the Class /()
Theorem 2. Let a € (0,1]. If f € Kc(), then

2

1% 1
, 367 0<u S 3
‘71’73 - ’Yz‘ < (15)
a2 (1302 4-18a+17) o<1
144(a2+6a+4) ’ 3

The inequalities in (15) are sharp.

Proof. Leta € (0,1] and f € K. («) be of the form (1). Then, by (3), we have

zf"(z) _ w
1+ ) (p(2))", zel, (16)

for some function p € P of the form (4). As in the proof of Theorem 1, we may assume that
c1 € [0,2] (i.e., in view of (8) that d; € [0,1]). Equating the coefficients, we obtain

o
ap; = Ecl
o5 — (X(cz 1 —3occ2>
6 2 1 (17)

ay = 77 ((17tx —15a 4 4)c3 +6(5a—2)c1cz+1ZC3).

Hence, by using (6)-(8) we obtain

—zflaa a+1
Y173 72—4 204 — a3 12

a2

~ 2304
2

1%
T 144

[(vc —6a +4)ct +4(8a — 2)c3cy + 24cic3 — 16c§}
(18)
[(z +a?)d} + 6a(1 —d3)didy — (1 —d?)[6dF +4(1 — d3)]d3

+6(1—d)(1- |d22>d1d3]

Now, we may have the following cases on d;:
Case 1. Suppose that d; = 1. Then, by (18) we obtain

22
—(2+a?)

7173-7% 144

Case 2. Suppose that d; = 0. Then, by (18) we obtain

2

1173 — 73| = | dy|? < %

Case 3. Suppose that d; € (0,1). By the fact that |d3| < 1, applying the triangle
inequality to (18) we can write

108



Axioms 2022, 11, 369

o
144

1= = | g | @+ 9+ 601~ By

(1= d?)[62 +4(1 — d2)] 3 + 6(1 — d2)(1 — |d2|2>d1d3]

< G (214_ 4) ‘()(ét"f% a3 + adydy — 4“6Ld21d% A3 +1- |d2|2} (19)
:w ‘A+Bd2+Cd§‘+1—|d2|2}

where y 2 p 2
A= 76(1_@11? B=ad; C=-— 3d11'

Since AC < 0, we apply Lemma 2 only for the case II.
We consider the following sub-cases.

3 (a) Note that
—d?[d?(7a* — 4) +26a% + 16
44C( 5 1) - B = 1[d5(7a” — 4) + 2607 4 16]
C2 9(d? +2)
_ —di[e?(7dE +26) +4(4—dD)] _
9(d? +2) -

ford; € (0,1) and « € (0,1]. On the other hand, we have

B(3a+2) — 6y +4

B|—2(1—|C|) =
B —2(1 - |c]) -

Since A = 4(1 — 12a) < 0 for % < a < 1, we have
d2(3a+2) —6d, +4 > 0.
Further, since A = 4(1 — 12a) > 0 for 0 < & < {5, the equation
d2(3a+2) —6d; +4 =0
has the roots

3+ v1—-12«

S12= 30 +2

which are greater than 1. So
A2(3a+2) —6d +4>0

ford; € (0,1) and « € (0,1].
Consequently |B| < 2(1 — |C|) does not hold for d; € (0,1) and « € (0,1] .

3 (b) Since
4(d? +3dy +2)?
41+C)P = —L—f
and ) o o
4AC<1 _ 1) _ 72d1(4 —dy)(a”+2) <0,
C2 9(d? + 2)

we see that the inequality

. 1
2} < min {4(1 + [C|)?, —4AC(C2 _ 1) !
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is false for d; € (0,1).
3 (c) We can write

Cl(1BI+4/Al) - |AB| = (Ko} + Lod? + My)

18(1 —d?)
where

Ky = —3a® + 40> — 120 + 8
L, =8x>—6a+16
M2 = 12a.

It is easy to see that L, > 0 and M, > 0, for a € (0,1].
There are two cases according to the sign of Kj:

(i) IfKp; >0, then we have

CI(1BI +4/Al) - |AB| = (Kad$ + Lod? + My) > 0.

18(1 — d2)

(i) If Kp < 0, then using the fact that « € (0,1] and d; € (0,1), we can write

CI(1BI+4lA]) — |AB| = (Kot} + Lod? + Mp)

_
(1—d})
1
18(1 —d?)
1
= (Lpd? — 3a% + 4a% + 8
18(1 —d%)( ! )
1
>
~18(1 —d%)(

> (Ko + Lod? + Mp)

Lod} + 5+ 4a?) > 0.

Therefore, the inequality |C| (|B| +4|A|) < |AB| doesnothold fora € (0,1] and d; € (0,1).
3 (d) We can write

a(a®+2) 4 d%+2< a?+2 3>
AB| —|C|(|B| —4]A|) = df — ady —4————d
[AB| | |(| =4 |) 6(1—d2) ' 3d; \' ' e(1—d3) !

K3f2 + Lat + Mg)

18(1—¢t) (

where t = d2 € (0,1) and

Kz = 3a° +4a% + 120 + 8
Ly = 8a% 4 6a + 16
M; = —12a.
It is easy to see that K3 > 0, L3 > 0 and M3 < 0, for a € (0,1].

For the equation K3t? + L3t + M3 = 0, we have A > 0. Since %3 <0Oand K3 + L3 +
M3 > 0, for « € (0,1], the equation K3t? + Lzt + M3 = 0 has a unique positive root t; < 1.
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Thus, the inequality |AB| — |C| (|B| - 4|A\) < 0 holds for (0,d;*], where d* = \/t;. So we

can write from (19) and Lemma 2,

2 2
A2 a”dy (1 —dy) _
Ny = 23| < =L~ 1Al + Bl +cl)
2
24
—mfbl(dl)
where
@, (dy) = (Dd‘l1 +Ed? +4),
and

D= —(a®+6x+4)
E =6a—2.

If &) (dy) = 241 (2Dd2 + E) = 0, then d? = — 5. Soif E=6a —2 > 0,ie., § <a <1,

then we have a critical point:
30 —1
20
¢= \/ \/ocz +6a+4 20)

Since

2
30 —1 3a—1
K3(§4+L3§2+M3 :K3<a20¢) +L3(a> + M3

+60+4 a2 +6a+4
~39a® +28a* — 24343 — 29642 — 156a — 56
B (a? + 6o+ 4)2
—24343 — 2964% — 89a — 56
<
- (a2 + 6o + 4)2
<0,

we have 0 < ¢ < d7*; therefore, we obtain

2
_ A2 < L
MY = 72| < 77 P10)
_ a?(13a42 4+ 18a + 17)
 144(a? +6a+4) 7
for % <wa<l.
Furthermore, if 0 < & < 1, then the function ®;(d;) is decreasing on (0,d;*]. Thus
we have
S | o
173 = 73| < 7 P1ld
<&
— 36

3 (e) Next consider the case d; € [d}*,1]. Using the last case of the Lemma 2,
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2d1 (1 —d?) B2
_ 2l —ay) _ b
nr =) < — (1Al +IChy1- o)

2

4

—m‘lﬁ(dl)
where
9a2(1 — d?)

Y, (dy) = (a?d* —24% +4), /1 LA
l( 1) (0‘ 1 1+ )\/ +2(0C2—|—2)(d%+2)

To find the maximum of the function ¥;(d;) on the interval d; € [d}*,1], let us
investigate the derivative of ¥ (d;):

—d (@ +2)(df+2)
(a2 42)(d2+2)2\ (4 —7a2)d? + 1322 + 8

Y (dy) =

{4(d% +2)(1— o2} ) [ (4 - 702) & + 1302+ 8] + (a2} — 27 + 4) 27&2}.

Since for dq € [d}*,1]
(4 - 7a2)d% +130% +8 = a2(13 — 7d?) + 4(d% +2) > 0

and
(a2} -2 +4) =4 - 32— aB}) > 4 — (2— ®F) =2+ o2& >0,

fora € (0,1] and dq € [d}*,1]. Thus ¥1(d;) is a decreasing function on the interval [d}*, 1].
This implies that

2 2 a2

42 44 ok *k
< Yi(d1) < m‘yl(dl )= m‘bl(d1 )-

Y173 —75 144

Summarizing parts from Cases 1-3, it follows the desired inequalities.
To show the sharpness for the case 0 < o < %, consider the function

122
p1(z) = 1122 (z e U).
It is obvious that the function p; is in P with ¢c; = ¢3 = 0 and c; = —2. The

corresponding function f; can be obtained from (16). Hence, by (17) we have ap = a4 =0
and a3 = — 5. From (18) we obtain

a2

_Aa2 =t

T1Y3 — "2 36’

for0 < a < %
For the case % < & < 1, consider the function
1— 22

=, ceU
P =12 €U

where ¢ is given in (20). From Lemma 1, it is obvious that the function p, is in P. The
corresponding function f, can be obtained from (16), having the following coefficients:
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a, = ag,
1 2
a3 = 50(((1 +3a)¢° — 1),
1
ay = 1—80<§((17042 + 150 +4)&2 — 150 — 3).
Hence from (18) we obtain

a?(13a2 + 18 + 17)
144 (a2 + 6a + 4)

713 — 7%

This completes the proof.
O

For @ = 1 we obtain the bounds for the class K of convex functions given in [25].

Corollary 2. Let f(z) € K. Then

1
N
‘71’73 72’ =33
The inequality is sharp.

4. Discussion

In this work, we have obtained the sharp bounds for the second Hankel determinant
of logarithmic coefficients of strongly starlike functions and strongly convex functions.
Because of the importance of the logarithmic coefficients of univalent functions, our results
provide a basis for research on the Hankel determinant of the logarithmic coefficients of
the class of strongly starlike and strongly convex functions and other classes associated
with these classes. Furthermore, our results could also inspire further studies taking
other subclasses of S into consideration and/or obtaining the bounds for higher-order
Hankel determinants.
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convexity and uniform convexity of the considered functions and determine interesting connections
between them.

Keywords: Bessel function; convex function; uniformly convex functions; radius of convexity

MSC: 33C10

1. Introduction

Let U(r) = {z € C: |z| < r} be the disk, centered at zero, of radius r, where r > 0.
We denote by U(r) = U(0,r).
We say that a function f of the form

f(z) =z+az*+... 1)

is convex on U(r) if and only if f(U(r)) is a convex domain in the set C and the function f
is univalent.
We know that the function f is convex on U(r) if and only if

zf"(z)
e ) >0,z e U(r).

We say that f is a convex function of order a on U(r) if

Re (1+

Re (1 + ZJJ:’,;S)) >a, zeU(r).

The radius of convexity of order « for f is defined by the equality

2f"(2)
() = sup {r € (0,00) : Re (1+ e ) >w zeu}. )

We say that f is uniformly convex in the disk U(r) if the function f has the form in (1),
it is a convex function, and it has the property that the arc f(-y) is convex for every circular
arc -y contained in the disk U(r) with center {, also in U(r). The function f is uniformly
convex in the disk U(r) if and only if

(i) - RS

, zeU(r).
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We know that the radius of uniform convexity is defined by

ey : zf"(z) zf"(z)
r¥ () = sup {1’ € (0,00) : Re (1 + ) ) > i) I zZ € u(r)} ©)]
The Bessel function of the first kind is defined by
ad (*1)11 2n+v
=Yy T (z/2)",
Ju(z) EO nT(n+v+1) (2/2)
Consider the following normalized forms:
1
g(z) =2'T(A+ 1)z, (2) =z — mZS +..., 4)
and
y(2) = 2T(1 4+ v)2 /2], (23) = 2 — 4(1/11)22 +.o 5)

where v is a real number and —2 < v < —1, and g, and &, are entire functions.

This article can be considered a continuation of previous papers [1,2] which dealt with
geometric properties of Bessel functions.

For more details about the geometric properties of Bessel functions, interested readers
are referred to the following papers: [1,3-13].

The aim of this work is to determine the radius of convexity of order «, rjc(zx) for
f = gvand f = h, and the radius of uniform convexity r?c(a) for the case v € (—2,—1)
and to derive an interesting connection between the convexity and uniform convexity.

In the next section, we provide several results which are necessary later in this work.

2. Preliminaries

Lemma 1 ([14], p. 483, Hurwitz). Ifv € (—2,—1), then ], (z) has exactly two purely imaginary
conjugate complex zeros, and all the other zeros are real.

The zeros z7V],(z) are taken to be =j,,, where n € N* = {1,2,3,...}. We may
suppose, without restricting the generality, that j, 1 =ia, a > 0,and 0 <a <j,» <j, 3 <
"'<j1/,n<"'

Lemma 2 ([14], p. 502). The following equality holds

© 1 1
- = 6
,;_11'5,” 4(v+1) ©)

Lemma 3 ([8]). In the notations of Lemma 2, we have

gz . o 2

o il @
and h’( ) -

y4 v ya - . y4

WG ®

The series are uniformly convergent on every compact subset of C\ {£j,n : n € N*}.
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Lemma4 ([9]). Ifv € C, 6 e R, and 6 > p > |v|, then

v o v 0
< .
75155 [l < o
Proof. The following implications hold
1 1 1 1
-0l >0— < < .
o-elzimp= g <5~ ol < Gy

If the last two inequalities are multiplied by the inequality |v| < p, we obtain the
desired results. [

Lemmab5. Ifv € C, 6,y € R, v >3 > p > |v], then
2 2

0
< ) )
(6—p)(v+p)

'(5+v;)(7—0)

Proof. We can prove the second inequality of the following equivalence:

1 1
< & (60— +p) < |[(6+0)(y—0)|, (10)
e IR e e R UARE LG
where y > 6 > p > |v].
We prove the inequality (10) in two steps.
Let v = x + iy; then, it is obvious that
(6+0)(r—0)| = /[0 + 22 +2)[(+2 +7 =02 2 [(y =)@ +x)], ()
where y > 6 > p > /x2 + %
On the other hand, a simple calculation results in
(G+x)(y—x) =2 (6=p)(v+p), x € [-p,p] (12)

It is easily seen that (11) and (12) imply the second inequality of (10). Finally, multi-
plying the inequality p? > |0|2 by the first inequality of (10), we obtain (9) and the proof is
complete. [

Lemmaé6. Ifv € C, 6,y € Randy > 6 > p > |v|, then

202298 + (7 — 8)v]

g ) 2r2[296 — (v — 6)p]
(v —0)*(6+0) '

(7 +p)2(0 = p)?
Proof. The inequality obviously holds provided that v = ¢ (see (10)), thus, we have to

prove it in the case that y > 4.
We can then prove the following inequality:

296 — (y—9d)p
~ (6-p)(r+p)

We define z = x 4 iy and define the mapping

(13)

‘275—1— (y—06)v
(6+0)(y—0)

, ¥=6>p2> v (14)

(w4 x)% 4 y? 2948

e il (R (e (e
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Then, we have

[(6+ )2+ )[(r =) + ¥ = [(6+2)* + (v — x)* + 20| [(w + x)* + 1]
[0+ x)2 + 122 (7 — x)? + y?]?

¢'(y) =2y

As¢'(y) <0,y € (0,p) and ¢'(y) >0, y € (—p,0), it follows that

_ (w+ x)2
P(y) < ¢(0) = FOLICEDE A [—p. p]- (15)
We can determine the maximum of the function
) _ w+x
¢:[-ppl =R, o(x)= m

We have
x% 4+ 2wx — 6

7= el

The derivative ¢'(x) = 0 has one positive root, x1 = \/w? + 6 — w, and one negative
root, x = —y/w? + y6 — w. As xp < —rand x1 € (—p,p), it follows the inequality

w+Xx

Gt x)(r—7) {16)

= ¢(x) < max{p(-p), ¢(0)} = ¢(—p) = %

for every x € [—p, p]. From (15) and (16), we have (14). Finally, multiplying the inequalities
(14), |v?| < p? and the first inequality of (10), we infer (13). [

Lemma 7. If the functions g, and h, are defined by (4) and (5), respectively, then

zgy(2) _ _zJv12(2) —3Ju41(2)
@ @) —2ealz) (17)

2h(z) _ zlyea(z?) — 422y (22) as)

m(z)  ag,(z2) - 222,41 (22)

Proof. We differentiate the equality (4), and at the second time we differentiate it logarith-
mically. After multiplying by z, we obtain the following equality:

28y(2) _ Z2J(2) +22(1 =) i (2) + v(v = D)]u(2)
8u(2) 2y (z) + (1 =v)]u(2) '

The function J, is a solution of the Bessel differential equation; thus, we can replace
the function z2J!/ using the equality z2]!/(z) = (v* — z2)],(z) — zJ/,(z), and it follows that

28y(2) _ z(1=20)Jy(2) + (2* —v —2%)](2)

8u(2) zi(2) + (1 =v)]u(2)

In the second step, we use the following well-known equality: zJ,(z) = v],(z) —
zJ,4+1(z), and infer

2gl(z) _ 220 = 1]y (2) — 2u(2)
8 W@ -2l

Finally, we replace z],(z) in the numerator by zJ,(z) = 2(v+1)J,4+1(2) — zJy4+2(2),
and obtain (17).
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We differentiate equality (5) twice, similarly to the case of the function g,, and obtain

1

2hy(z) _ v(v—2)Ju(z) + (3 — 20)22])(22) + 2] (22)
m(2) 2(2—v)Jy(22) + 222 ](22) '

We use the equality z]J;/ (z%) = (v - z)],,(z%) - z%]{, (z% ), and obtain

zh)(z) (v —2v— 2)Jy(z2) + (2 — 2v)

_ 1y(zh)
h,(z) 2(2 = )], (z2) + 222 ] (z

Now, using the equality 21 Iy (z%) =v]y (z%) - Z%]V+1 (z% ), we infer

zh}) (z) _ (ZV—Z)Z%]qul(Z%) _Z]V(Z%)
() 4f(z3) = 223], 0 (z8)

and combining this with the equality z2,(z2) = 2(v + 1)],11(22) — 22 J,42(22), (18)
follows. O

3. Main Results

Theorem 1. If & € [0,1) and v € (—2,—1), then the radius of convexity of order w for the
mapping gy is 5 (a) = ry, where rq is the unique root of the equation

Lyio(r) +3L41(r) _

1+7r 19
RIOEAG )
in the interval (0, a).
Proof. According to the proof of Theorem 1 [2], the equalities
ng( ) =1 1
=1-2 , —_—= .
SE R W Wb b s
imply
zgy(z) o a2 z2 B i a?+ jﬁn z*
8v(2) 20+v)a+22 ~ = i, (@ +2)(.—27)
The logarithmic differentation of this equality leads to
28y (2)
1+ =
&(2)
2 2 =) a2 i2 4
15 zz 2 Z 'erjm 2 2Z 2) (20)
2(1+1/)11 +z n=2 ]1/71 (ll +z )(]vn_z>
a? a272 a? +]L n 224[2” ]1 n+z (]vnfaz)]

@2y 2= Tt e, ey

1— @ 2 oy @i 2
2(1+v) a2+22 n=2 "2, (2+22)(2.—72)

It is proven in Theorem 1 [2] that the radius of starlikeness, r;;v, for the function g, is
the smallest root of the equation

aZ 7.2
1+ 2(14+v) a2 —72
a?+j2, rt . g (ir)
-2 - =ir — =0,
,E o P ) R
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in the interval (0, a). Thus, we have
0<ry, <a<jup<juz<- ' <jun<- . (21)

Taking into account that v + 1 < 0, the equality (20) implies the following inequality:

R(1+ gv())2

&v(2)
a? z? a* +j z4
1+ | E * Jun |- (22)
)@ 2 2 h R, @D
2 2,2 a2+jv,»1 2z*[2a v,n+z (’12/”17”2
“th ﬁ Paxi, e P )
2 a4z, 4
1+ (1+V) azi_zz —2) . (u2+z2)z(]-%/n_22)
for every z € U(ry).
Using 6 = a?, p = r? and v = z? in Lemma 4, we obtain
2 2 2 2 2 2
a ’ z ‘ a " oad® ’ z ‘ > (23)
20+v)la2 4221 = 2(14v) a2 —12 2(14+v) I (a2 4 22)2
22 )
(a2 —7r2)22(1+v)
In a similar manner, Lemma 5 and Lemma 6 imply that
4 4
2 22'2 | S 72 2r-2 2 (24)
(a +Z)(]1/,n_z) (61 _r)(]v,n+r)
| 220%5, + 22 (i — %)) < 0%, — (i — a°)]
e L G A
Now, inequalities (22)—-(24) imply the following inequality:
Re (1+ L )) >
8v(2)
a? r? >, a® + ]1/ n rt
1+ 77— -2 - — (25)
T R Y R T
a2 a%r? a? +]vn 274[2” ]v,nfr (]v,nfgz)}
T (aZ—rZ 2 2000 Za (=2, +1r2)2 irgy (ir)
, a +]1/n 7‘4, =1 + gl (lr) - q>(r),
1+ 2( v) uz rz 2211 =2 ]En (aZ_,Z)( nt72) v

provided thata > ry > |z|, where rg verifies the inequalities (21).
The following equalities hold: ®(0) = 1 and lim, »,; ®(r) = —oco. Consequently,

equation 1 + lrgl( (r)) = a has a real root in the interval (0,3, ). The smallest positive real

root of the equation 1 + % = a is denoted by rg, («), and this root is the radius of
convexity of order a of the function g,. The first equality of Lemma 7 and the equality
Ju(iz) = i"I,(z) imply that the equation 1 + "g"((’;) = w is equivalent to (19).

O

We determine the radius of uniform convexity of the mapping g, in the next theorem.
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Theorem 2. Ifv € (-2, —1), then the radius of uniform convexity for the mapping g, is v (a) =
1o, where 1y is the smallest positive root of the equation

1 La(r) +3L4a(r) _

2 T () 1L (r) (26)
in the interval (0,r}).
Proof. Equality (20) implies the following inequality:
‘Zg’v’ (2) ‘ <
p . ) gu(z) 17
2(1+v ‘az—l—zz‘_'_ Zz ]_:,]lvn a2+22)z(j5/n—zz)‘+ 27)
i e T |
1+ i |2z | - 20 ;ﬂ * | @

We can again use inequalities (22) and (23), and in combination with (27), we have

’Mk a? o ia +Jvn rt .
gl//(z) B 2(1 + V) 7’2 n=2 ]1/ n - rz)(]%,n + 72)
2 2 2 a +]1/,n 2?’4 [2’12]1%/1_ (]12/,71_”2)]
1111/ (’12_72 2+ 22” 2 ]%,n (a2—r2)2 (jv11+”2)2 — _ l?’g{,’(ll’)
2 ”2+]vn 4 ! (ir )
1+ 2(1+v) uzz 12 —25n2 jon (azfrz)r(] nt+1?) gv< )

Inequalities (25) and (27) imply

28, (2)\ _|28/(2) irgy (ir) ]
— > .
Re (1+ e )| e |>1+2 o 2 Eu0) (28)
The smallest positive root of the equation 1 + Zi;g,/v;l(,:;) = 0in the interval (0,7}) is

denoted by r{°. According to (28), the value 7}/ is the biggest with the property that

/

Re(1+ 280 (2 ) ‘ng ‘>0zeu(“f)

Lemma 7 and the equality ], (iz) = i"I,(z) imply that the equation 1 + 2”g”(l(r)) =0is

equivalent to (26), completing the proof. O

Theorems 1 and 2 imply the following result.

Corollary 1. The mapping g, is uniformly convex in the disk U (r) if and only if it is convex of
order }.

Theorem 3. If « € [0,1) and v € (—2,—1), then the radius of convexity of order w for the
mapping hy is 1y (a) = r3, where r3 is the smallest real root of the equation

= (29)

in the interval (0,7}, ).
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Proof. According to the proof of Theorem 2 [2], the equalities

zh),(z) Xz > 1 1
=1-) - , 5 =
Wo B BB, ATD
imply
zhy(z) _ 1 @z i a+j2, . z2
hy(z) 4v+1) ®+z = 2, (@@+2)(2,—2)

where z € U(0, 7).
The logarithmic differentiation of the equality leads to

1+ hy(z) . @ z i @ +ji 2? _
h,(z) 4v+1) a’4+z = 2, (a2 +2)(j2, —z)
. a% + Zoo +jk, . a [Z”ZJ%,WFZ(J%M *ﬂz)]
A1) (a242)? n=2 "z, (j%l,l—z)z(aZ—&-z)z

_ ) 30
@ .z ye Ao 22 (30)
424z " v+ =272, (Fu—z)(@+z)

It is proven in [2] that the radius of starlikeness, r,’;v, for function h, is the smallest root
of the equation

—rh,(—r) 5
(=) 0, re (0,a ), z € U(0,r).
However,
—rhy,(—r) 14 a2 r
hy(—r) 4v+1) a?2—r
© g2 4 2 2 )
_2 2 v 5 > :0,1’6(0,11 )

= e @@= tr)

Taking into the account that v+ 1 < 0, we obtain from relation (30)

zh)) (z) a?
Re(” I (2) ) it

7 2

a’ 4z

(az + Z) (ji%,n - Z)

B i &+ fou

i2
n=2 ]V,Yl

2
2 tun X
2
Jun

—q? .
4(v+1)

a~z
(22+z)°

2
Y,

22 [2’12]%,11 +z (jlz/,n _u2 )] ‘

a24z)? .%n722
(2+2)* (jon—2) (31)

0o 1%+ ]En .
n 2
]V,n

72
(a2+z) (]%,n _Z)

_Z
a2z

2
I+ g

andz € U(0,7),7 € (O, rZV> . We obtain from Lemmas 4 and 5 the following inequality:

zh”(z)> 2 2aRtR, 2
Re( 1+ =~ >14 : — 5 -
( h(z) )~ 4(v+1) a®—r n;z ]5/,1 (a2 —r)(a%2+7)
S S S S P42, P20 (5]
B e s e e (32)
1 a2 r o0 ﬂ2+]%,n r2 o
tmen A L 7, @ ()
rhll(—r)
=1- h’v(—r) =y(r), a>r, >z,
v
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similarly to the proof of Theorem 1. The mapping

' (—
g:(0r,) 2R () =1+ Z,V(Vfr)r),

is strictly decreasing, and a > r > |z|.
We then have l/i‘m P(r) = —co, (0) = 1, and the equation
"

—rhl)(—7)
14 70
AT

has at least one real root in the interval (0, rZV).
"e_
The smallest positive real root of the equation 1 — 7:5’((_:)) = « is denoted by 7}, («),

and this root is the radius of convexity of order « of the function #,. The second equality

rhy(—r) _ .
h{/(—r) = K 1S

of Lemma 7 and the equality J,(iz) = i'I,(z) imply that the equation 1 —
equivalent to (29). O

Theorem 4. If « € [0,1) and v € (—2,—1), then the radius of uniform convexity of h, is
hy () = ry, where ry is the smallest positive root of the equation

1 1 1
rlo(r2) +4r21,1(r2) _ 1 33)
AL (r2) +2r2 1, 4 (r

r
5y 2
in the interval (0,7}, ).

Proof. Equality (30) implies the following inequality:

72 2
< _ .
— 4w+1)

z
a2 4z

(az + Z) (ji%,n - Z)

2!(2)
e

2 2
o 3t o

Y

+

LZZZ

(a24z)°

242
‘v .
2
Jun

—a? .
4(v+1)

Y,

220, +2(j,0—4%)]
(u2+z)2 (j%,n 72)2

z2
(a2+2) (jlzl/l/l _Z)

We obtain the following from the relation (31), Lemma 4, and the relation (34):

(34)

_Z
aZ+z

_ Zoo a2 +]%,n .
n=2 ]'2
vn

2
1+ 4(vu+1) '

zh}) (z)
hy,(z)

__r +ia2+j3’”' s +
- 4(V+1) a’—r n—2 ]1%71 (az_r)(jlz/,n+r)

Jr/%,n . r [2‘12]%,7177(]%,71*”2)]
fon (uz—r)z(jan—i-r)z _ rhg(—r)

@ v yoo @4 r2 G
1 v+1 anZ ]'12/,H (112—7)(]'5,”4-7)

Inequalities (32) and (34) imply

(RS-

2
ﬁ . (azufrr)2 L

,\z|§r<a2.

zh](z)

2rhy) (—r)
>1 v
I, (2)

ST

,z € U(ry,). (35)

"
The smallest positive root of the equation 1 — 2;1%,11,(4) = 0 in the interval (0,7} ) is
u(fr) hy

denoted by r}°.
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According to (35), the value r;* is the biggest with the property that

zhy(2)\ _ |zhy(2) ue
Re(l + i ) e >0,z € U(r)-
The equation 1 — ZZ’Z/V(/S;; )~ 0is equivalent to (33), completing the proof. Lemma 7 and
the equality J, (iz) = iVI,(z) imply that the equation 1 — Zzlfv((:r; ) = 0is equivalent to (33). [J

From Theorems 3 and 4, we obtain the following corollary.

Corollary 2. The function hy is uniformly convex in the disk U(r) if and only if it is convex of
order %
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to have a one-one and onto relationship with a set of vector-valued distributions, which generalize
the Schwartz space D}, (R"); the tempered distribution Fourier transform defines the relationship
between these two sets. By combining the previously stated results, we obtain a Cauchy integral
representation of the vector-valued analytic functions in terms of the boundary value.
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1. Introduction

Tillmann [1] introduced the analysis of analytic functions, which obtain tempered
distributional boundary values in §’(R"). In [1], Tillmann worked with scalar-valued
analytic functions in tubes T = R" + iC,,, where the C, = {y € R" : (-DHy; >0, j=
1,...,n} with u = (p1, 42, ..., 4n) being any of the 2" n-tuples, whose components are
either 0 or 1 and characterize the growth conditions on the analytic functions, which obtain
the S’(R") boundary values. This analysis by Tillmann was motivated by the work by
Kdéthe in [2,3].

Using a more restrictive growth on the analytic functions, we showed in [4] that vector-
valued analytic functions in tubes T = R" + iC, where C is an open convex cone, having
this more restrictive growth obtain vector-valued tempered distributions in S'(R", X),
with X being a specified topological vector space. In this paper, our first objective is to
generalize this result of [4] to the general growth form of Tillmann for the vector-valued
analytic functions. We obtain this boundary value generalization in Section 4 of this paper.

Moreover, in Section 4, we study the structure of this boundary value in §’'(R", X). To
do this, we first restrict the topological vector space & by imposing certain conditions on it
to ensure that the boundary value is the Fourier transform of a distributional derivative of
a continuous vector-valued function g, which has polynomial growth in the norm of the
space X. By further restricting & to be a Hilbert space, we show that function g is in a set
that has a one-one and onto relationship with a set of vector-valued distributions, which
generalize the D}, (R") distributions of Schwartz. The relationship between these two sets
is obtained using the tempered distribution Fourier transform; the proof of this relationship
is proved in Section 3 of this paper. Using the relationships of these noted two sets, we are
able to obtain an additional structure of the tempered distribution boundary value of the
analytic functions in Section 4.

A few papers have been written concerning the construction of a Cauchy integral
for tempered distributions. All of these papers concern scalar-valued analytic functions
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and scalar-valued tempered distributions. The first paper known to this author was by
J. Sebastido e Silva [5] (Section 5) and concerned scalar-valued analytic functions and
tempered distributions in one dimension. An associated analysis by Sebastido e Silva is
contained in [6]. Carmichael [7] defined a Cauchy integral for tempered distributions in the
C" setting corresponding to analytic functions in each of the 2" quadrant tubes T C C"
and showed that the analytic functions with growth, such as that of Tillmann in (C — R)"
could be recovered as the defined Cauchy integral of the tempered distribution boundary
value; the results of [7] can be extended to the vector-valued analytic functions in TS and
the tempered distribution setting considered in this paper by the same techniques as those
of [7]. The Cauchy integrals introduced by Sebastido e Silva in [5] and by Carmichael in [7]
are in fact equivalence classes of analytic functions defined by an integral involving the
Cauchy kernel.

Vladimirov [8-10] defined a Cauchy integral for tempered distributions associated
with analytic functions in general tubes T¢ = R" +iC C C" corresponding to open con-
vex cones C with the functions satisfying a growth condition similar to that of Tillmann.
Vladimirov has shown that the analytic functions that he has considered can be recovered
by a Cauchy integral involving the tempered distribution boundary values of the analytic
functions. An associated analysis by Vladimirov is contained in [11,12]. The works men-
tioned in this paragraph and the previous paragraph all concern scalar-valued analytic
functions and scalar-valued tempered distributions.

In Section 5 of this paper, we build on our analysis of Sections 3 and 4 to obtain a
Cauchy integral representation of the vector-valued analytic functions, which are shown
to have tempered vector-valued distributions as the boundary values in Section 4. The
proof of our result here and the form of the Cauchy integral representation are substantially
different from any of the previous results concerning Cauchy integral representation of the
analytic functions having tempered distribution boundary values.

2. Definitions and Notation

Throughout, X will denote a topological vector space with the stated appropriate
properties corresponding to the results that we wish to prove. For X being a normed space,
we denote the norm by N. ® will denote the zero element of X'; and if X is a Hilbert space,
we denote the space by H. For integration of the vector-valued functions and vector-valued
analytic functions, we refer to Dunford and Schwartz [13]. For foundational information
concerning vector-valued distributions, we refer to Schwartz [14,15].

The n-dimensional notation to be used in this paper will be the same as in [16,17].
Note 0 = (0,0,...,0) is the origin in R". The information concerning cones C C R" needed
is explicitly stated in [16] (Section 2) and [17] (Chapter 1). We do not repeat the definitions
and notations concerning cones as stated in [16] (Section 2), and we ask the reader to refer
to this reference.

The LP(R", X') functions, 1 < p < oo, with values in a Banach space X’ and their
norm |h|, [13] (p. 119) are noted in [13] (Chapter III). The Fourier transform on LY(R") or
LY(R", X) is given in [17] (p. 3). All Fourier (inverse Fourier) transforms on scalar or vector-
valued functions will be denoted ¢(x) = F[¢p(t); x] (F~[¢(t); x]). As stated in [18,19], the
Plancherel theory is not true for vector-valued functions, except when X = H, a Hilbert
space. The Plancherel theory is complete in the L?(R", ) setting in that the inverse Fourier
transform is the inverse mapping of the Fourier transform with F 1 F = [ = FF 1 with |
being the identity mapping.

We denote S(R") as the tempered functions with associated distributions being S’ (R")
or associated vector-valued distributions being S’ (R", X'). The Fourier (inverse Fourier)
transform on §'(R") and S’ (R", X') is the usual definition and is given in [14] (p. 73).
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3. Fourier and Inverse Fourier Transform on a Function Subset of S’ (R", H)

Let X' be a Banach space. We defined the space S,(R", X'),1 < p < o, in [16]. We
repeat the definition here because of the importance of these functions for our results in
this paper.

Definition 1. For a Banach space X, S;’?(]R",X),l < p < oo, is the set of all measurable
functions g(t),t € R", with values in X such that there exists a real number m > 0 for which
(1+[t[P)~™"g(t) € LP(R", X).

Note that m can be taken as a nonnegative integer in Definition 1. As noted in [16],

S,(R", X) C §'(R", X), 1 < p < co. The spaces Sp,(R", &) will be important in this paper.
Throughout this paper, the differential operator D;, t € R" will take the form

=Af(fo 9 9
Dy =7 (atl’ oty atn)'

Thus, for « being any n-tuple of nonnegative integers,

D% = ( -1 ) Jad ( "1 9™ 9*n )
; x1 7 LOWALAY4 Iy .
t 27 Btll at22 oty

The goal of this section is to show a one-one and onto relationship between the set
of functions S} (R", H) and another subset of S’'(R", ), where # is a Hilbert space. This
relationship is obtained by both the Fourier and inverse Fourier transforms in S’ (R", H).
We define the space that has this stated relationship to S;(R", 1), as follows.

Definition 2. Let m be any nonnegative integer. The set of Hilbert space H-valued generalized
functions in S'(R", H) of the form

Vi = 2 Dltxgtx(t)

|a| <m
where g, € L2(R",H), |a| < m, will be denoted as L2(R", H).

We emphasize that L2(R", H) C S'(R", H). When H = C!, note that L2(R",C!) =
D},(R"), the Schwartz space of distributions contained in S'(R") of the form of finite sums
of distributional derivatives of L?(R") functions. For ¢ € D;»(R"), the Schwartz space
that is the set of test functions for D},(R"), the application (V,¢), V € D}, (R"), yields
a complex number. In exactly the same way, for V € L2(R",H) and ¢ € D;2(R"), the
application (V, ¢) yields an element of 7{; and the algebraic and differentiation calculations
on the form (V, ¢) hold for V € L2(R",H), as usual, just as these calculations hold on the
form (V, ) for Ve §'(R",H) and ¢ € S(R"). This is an important note in relation to our
construction of the Cauchy integral (later in this paper).

We now obtain the relationship between S}(R", H) and L2(R", ) for any Hilbert
space H.

Lemma 1. The S'(R", 1) Fourier transform maps S5 (R", 1) one-one and onto L2(R", H ). The
S’ (R", 1) inverse Fourier transform maps L2(R", H) one-one and onto S;(R", H).

Proof. Let the function g € S}(R", ). From Definition 1, there is a real number m > 0
for which (1 + [t]?)~™g(t) € L2(R",H), and m can be taken as a nonnegative integer.
Since g € S;(R",H) C S’(R", ), the Fourier transform of g in S’(R", 1) is an element of
S'(R",H); we put Vi = Flglx. Let ¢ € S(R"), and let A denote the Laplace operator in
the variable x € R". Using integration by parts, we have
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(Va, ¢(x)) = (g(t), Flg(x); 1])

_ g(t> m 27i(x,t

= (e g fon PO+ )"0 ) M)
_ ., 8t —L AN,

- <(1 ¥ |t|2)ml‘F[(l - (47-[2) lA) (I)(x)/ t]>

_ s(t) . —1 pm
—<f[7(1+|t|2>m,ﬂ,(l—(4ﬂ2) TA)"¢(x)).

Since (1+ [t|2)~™g(t) € L>(R",H), then h(x) = F[(1+ |t[*)""g(t); x] € L>(R",H). From
(1), we have
(Ve, ¢(x)) = (1= (47)"1A)"h(x), ¢ (x)),

and Vy = Flgly = (1 — (47%)"'A)"h(x) € L2(R",H). Thus, the S’(R",#H) Fourier
transform maps S}(R", ) to L2(R", H ).

We now desire to prove that any element of L2(R", H) is the S’(R", ) Fourier trans-
form of an element in S} (R", ). Let V € L2(R",H) and ¢ € S(R"). By Definition 2, there
is a nonnegative integer m, such that

Z Dtgzx

la|<m

with g, (t) € L*2(R",H), |a| < m. Since L2(R",H) C S'(R",H), F'[V]y exists in
S’(R",H), and we have for the nonnegative integer m

(F7H V], ¢(x)) =||Z (Digy (1), F~Hp(x); ])

= FWW%WWAMMfMWw>

= (— ) < (1), (=1/2mi) W/ —27i) laf o 2m<xt)dx>

= «AWmmﬂxw>hmw>
= ¥ (-1)lg (1), F [t (x); 1)
= ¥ (F () g, (1)1, ().

Foreacha, |a| < m, puthy(x) = F~1(=1)llg, (t);x]. We have hy(x) € L2(R", H), |a| <
m, since each g, (t) € L*(R", H); moreover, ¥, <, ha(x) € L*(R", H). Thus, we have

(FH VI, ¢(x)) = | |Z (h(x), x*¢(x))
= () 2"he(x),¢(x)),

|a|<m

@

and F 1 V]y = ¥jyj<m X" ha(x) in S’ (R", H). For the L*(R", H) norm | - |; and the order
m of the summation defining V, we consider

[+ 2772 3 x*ha(x)2. ®G)

|| <m
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For |a| < m, note that |x*| < |x|l®l < (1 + [x|)l*] < (14 |x])™. Since (1 + |x|)™ < 2™ if
|x| <1and (1+ |x|)™ < (14 |x|?)™if |x| > 1, then

(1 [T < (U ) (1 (22T
< max{2", (1+ |x[%)"}(1 + ) "2

xeR"
< max{2",1} =2"

for |a| < m since m > 0 is a nonnegative integer. Thus, for the LZ(]R”,H) norm in (3),
we have

(L1772 ) x*ha(x)l2 <27] 30 ha(x)| < oo @

la|<m la|<m 2

since )| o < ha(x) € L%(R",H). Recalling (2), we have by (4) that 7~ [V], = Lja|<m X*ha(x) €
S(R",H) forany V € L2(R",H); and V; = F[¥|4<pm x"ha(x)]; in S’ (R", H). Thus, the
S’(R", ) Fourier transform maps S} (R", H) onto L2(R", H); the fact that this mapping is
one—one follows directly from the fact that the Fourier transform is a one-one mapping
on §’(R", ). The same statements and proofs as in this proof of Lemma 1 for the Fourier
transform hold in exactly the same way for the inverse Fourier transform on S’ (R", H);
and we have that the §’(R", ) inverse Fourier transform maps L2(R", H) one-one and
onto S5 (R", ). The proof of Lemma 1 is complete. [

Let C be a regular cone in R”; that is, C is an open convex cone in R", which does not
contain any entire straight line. C* = {t € R" : (t,y) > 0 for ally € C} is the dual cone of
C. We consider now the Cauchy kernel

K(z—t) = / it gy 2 e TC = R" 4 iC, t € R™.

The ultradistributional test function spaces D(*,LP) C Drp(R"),1 < p < oo, where * is
Beurling (M) or Roumieu {M) }, defined in [17] (Section 2.3, p. 21). For C being a regular
cone, we proved in [17] (Section 4.1, Theorem 4.1.1) that K(z — -) € D(x,LP) C Dpp(R")
forz € T¢,1 < p < o, under specified conditions on the sequence M, of positive
numbers, which we assume here. (See [17] (pp. 13-14, Theorem 4.1.1) for assumptions on
the sequence M.) The Schwartz space D}, (R") consists of finite sums of distributional
derivatives of L?(IR") functions; thus, the space L2(R", #|) is the extension of D, (R") to
vector-valued distributions with values in H. Thus, for p = 2, we emphasize that the form
(Vi,K(z —t)), z € TS, is well defined for V € L2(R",H), and yields an element of H; the
algebraic and differentiation calculations on the form (V, ¢) hold for V € L2(R", H) and
¢ € D;2(R"), as usual, just as these calculations hold for the form (V, ¢) for V € S'(R", H)
and ¢ € S(R"). We use this information in Section 5 of this paper.

4. Boundary Values in 8’ (R", X)

Let C be an open convex cone in R”. In [4] (Theorem 8), we proved that an analytic
function f(z), z € TC, with values in a specified topological vector space X' and satisfying
a certain norm growth obtained a vector-value-tempered distributional boundary value,
asy — 0, y € C" cC C, for any compact subcone C’ of C. The norm growth used
in [4] (Theorem 8) was not as general as the growth of Tillmann [1] in which the original
tempered distributional boundary value results in the scalar-valued case were obtained.
In this section, we extend the result [4] (Theorem 8) by assuming a norm growth on the
analytic function equivalent to that of Tillmann [1]; our result here also contains new
information concerning the boundary value. As a corollary of our result, we obtain a
precise representation of the boundary value when the conditions on the topological vector
space X are restricted.

Following Vladimirov [11] (p. 230), we shall use the term “spectral function” but
will extend the definition of this term to the vector-valued case. For an analytic function
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f(z), z € T® = R" +iC C C", with values in a topological vector space X, the spectral
function of f(z) is that vector-valued distribution V € D'(R", X), such that e 271 V; €
S'(R", X), y € C;and f(x + iy) = Fle~ 2" ¥V, in S'(R", X) for z = x +iy € TC.

We begin by assuming that the topological vector space X is locally convex, separable,
and quasi-complete where quasi-complete is in the sense of Schwartz [15] (p. 198). We
further assume that X is a normed space with norm A. These stated assumptions on X
were the assumptions under which we obtained [4] (Theorem 8) and are the assumptions
on the topological vector space X under which we obtain Theorem 1 below.

Throughout the paper, by y — 0, y € C, we mean thaty — 0, y € C' CC C for every
compact subcone C' CC C.

The following theorem generalizes and extends [4] (Theorem 8) for X, satisfying the
properties noted above.

Theorem 1. Let C be an open convex cone. Let f(z) be analytic in TC and have values in X. Let
N(f(x +iy)) < M(1+|z|)y| ™", z = x +iy € TS, (5)

where M > 0 is a real constant, q is a nonnegative integer, r > 1 is an integer, and M, q, and r are
independent of z = x + iy € T. There exists an element U € S'(R", X), such that

lim f(x+iy) =U ©)
y—0,yeC

in the weak and strong topologies of S'(R", X'). Further, U = F|V] with V € S8'(R", X) being
the spectral function of f(z), z € TC, , such that supp(V) C C*.

Proof. We apply the proofs of [4] (Theorems 3 and 8). Note that in the second sentence of
the proof of [4] (Theorem 8) that the value of # > 1 is arbitrary but fixed; in the present
proof, we simply take # = 1, where it is appropriate to use # = 1. Let A > 0; put
p = 0o +iA, ¢ € RY; and define ' (p; x,y) = f(x + py), y € pr(C), where pr(C) denotes the
projection of C, which is the intersection of C with the unit sphere in R”. (Thus, |y| = 1
if y € pr(C).) f(p;x,y) is an analytic function of p in the half plane A = Im(p) > 0 and
has values in X. We have f'(p; x,y) = f(x + py) = f((x + oy) +idy), A >0, forz = x + iy
with y € pr(C); and note that Ay € C for A > 0 and y € pr(C). Now for y = Im(z) € pr(C)
and0 < A < y =1wehave

N (0;x,y)) < M(1+ |(x + ay) +iry])T|Ay| ™

=M1+ (A% +|x + oy| )1/2)”’A r

<M1+ (14 (x| + [o])?) V2747 7)
<M+ (14 |x| + |e)2)V/2)IA~"

=MQ2+ |x|+ o)A

which is of the form, with norm A replacing the absolute value, of [4] (15), which is used
in exactly the same way in the proof of [4] (Theorem 8) as in the proof of [4] (Theorem 3).
Thus, for y = Im(z) € pr(C) and 0 < A < 5 = 1 the bound on N (f (p; x,y)) is in the
proper form to proceed with the proof of this present Theorem 1 exactly as in the form
of the proofs of [4] (Theorems 3 and 8). We obtain the structured function of the form
AN (p; x,), y € pr(C), which satisfies the growth (similar to [4] (37))

N(ADE (p;x,y)) < M) (@2 + (2] + [0])7(2 + o)

for0 < A < 57 = 1 where M1 is a positive constant, and obtains the representation
(similar to [4] (38))

ar+1 A(frfl)f/ S X,
f(x+py) =f(p;x,y) = ( aar“(p y)),a:Re(p)-
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Now, we proceed in our proof of Theorem 1 in exactly the same way as in [4] (Theorem 8)
(p. 328) to obtain the desired boundedness properties leading to the existence of an element
V € D'(R", X), such that e 2" W1V, € S'(R", X), y € C,and f(z) = Fle 2" WHV],, z =
x+iy € TC ,in §'(R", X) from the results of Schwartz [14] (Prop. 22, p. 76). (These results
of Schwartz [14] (Prop. 22, p. 76) were obtained in their original scalar-valued case in [20];
the related results were then obtained by Lions [21]). Thus, V € D/(R", X) is the spectral
function of f(z), z € T¢ . The remainder of the proof of [4] (Theorem 8, pp. 329-330) and
the succeeding discussion after the conclusion of the proof of [4] (Theorem 8) can be applied
to the present proof of Theorem 1 in the same way to yield that, in fact, V € S'(R", X)
and that

lim f(x+iy)= lim Fle Wy =F[V]=U ®)

y—0,yeC y—0,yeC

in the weak topology of §'(R", X). However, S(R") is a Montel space; thus, the con-
vergence in (8) is in the strong topology of S’(R”, X') as well. We emphasize that V €
S'(R", X) and that U = F[V] € §'(R", X) is the desired boundary value in (6) as obtained
in (8).

We now prove that supp(V) C C*. Lett, € C. = R"\ C*; C, is an open set
in R" since C* is a closed set. From the definition of C*, for t, € C,, there is a point
Yo € C, such that (yo,t,) < 0. Using the fact that C, is open and the continuity of
(t,y0) at t, € Cx as a function of t, there is a fixed T > 0 and a fixed neighborhood
N(to;y) = {t € R" : |t —to| < 7, v > 0} C Cs, such that (t,y,) < —7 < 0 for all
t € N(to;77). Let ¢ € D(R"), such that supp(¢) C N(t,,y). Recall that V € S'(R", X),
such that e 270V, € S'(R", X), y € C,and f(x + iy) = Fle 2"WhV,],, z=x +iy € T,
in S'(R", X). Thus e 2"WHV, = FUf(x +iy)ls, x+iy € TS, in S'(R", X); or V; =
2D F1(x +iy))s, x +iy € TS, in S'(R", X). Lety = Byo, Yo € C, B > 0, now. We
havey = By, € C and

(V,¢) = (¥ Prot) F=Y[£(x + iByols, p(t))
= (F Y (x + iByols, &Pt (1)) )
= (£(x +iByo), F [T Probl g (1); x])

— f 1 0 27T</8yl)lt> t 727n<x't>dtd
J fotibyo) [ @mientg(e x

for the function ¢ € D(R") chosen above. Using integration by parts and letting A denote
the Laplacian in the t € R" variable, we have for any positive integer m

N(/H.{n f(x +iByo) /supp(¢) 82n<ﬂyo,t>(P(t)e—zm(x,t)dtdx) (10)
f(x 4+ 1By, i

_ f(X+1,Byo) _ A m (270 (Byort) —omi(xf)
_N</R”(1+|x|2)m/supp(¢)(1 H) (e gp(t))e dtdx .

(For the present, the positive integer m is arbitrary; later, we explicitly choose m to obtain the
desired convergence of all integrals through Equation (15) below). For the interior integral
over supp(¢) in (10), we note that by applying (1 — (A/472))™ to the product e2™F¥o:t) p(t)
and then bounding the terms in the resulting sum, including the terms involving 27t or it
powers, we obtain a finite sum of terms involving powers of 5(v,) s j=1,...,n, multiplied
by 627T<ﬁy”’t>, where (1) j is the jth component of yo, j = 1, ...,n, and multiplied by bounds
on ¢(t) or one of its partial derivatives with 2" (f%) in each term of the sum. Of course,
the boundedness of ¢(t) and any of its partial derivatives are valid because of the compact
support of ¢(t). Moreover, note that [B(y,);| < Blyol, j =1,...,n. Thus, since the interior
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integral in (10) is over supp(¢) C N(to;y), we obtain the following bound on this interior
integral:

| . -
Loy (1 ) €O pl0)e 2

A
< 1— —\m 271(BYo,t) O dt 1
= Syt [0 22" 00) a)
< Taupp(e) (14 Blyo )Y sup 27 (Fyel)

tesupp(¢)

where Ty, ,,,(4) i a positive constant depending only on supp(¢). Using (11) in (10), we have

. w _A m ¢ ,27t(BYo,t) —27i(x,t) )
N<'/Rn A+ x])" /supp(¢)(1 2 e o(t))e dtdx

N (£(x +iBy,))
<T 1+ 4(m+1) su 327T</33/0/t> T T RJ0)) gy (12)
suppie) (1 + Pl sup fe (14 [x2)™

where y, € C, B > 0is arbitrary, and supp(¢) C N(t,;7v) C Cs, to € Cy, v > 0 and fixed.
As noted before, since (y,,t,) < 0 and C, is open, by the continuity of (t,y,) att, € C, asa
function of t € R”, the fixed T > 0 is chosen and the fixed N(t,;y) C Cs is chosen, such
that (t,y,) < —t < 0forallt € N(t,;77) C Cs. Since supp(¢) C N(to;7), we have

sup lef(ﬁyg,t> < 8727'(1'[%,
tesupp(p)
which yields from (12)

f(x+i‘8y0) _ A m ( ,27t{BYo,t) —271i{x,t)
N (e T oy )02

- m N(E(x+i
< Toppiye P (1 + Blyol) ™ H)/ N(Ex +iByo)) 5

A ) (1)

wherey, € C, T >0, and 7 > 0 are fixed and are independent of the arbitrary g > 0. We
now bound the integral on the right of the inequality in (13) using the assumed growth (5)
on f(z), z € T%; (13) holds for all 8 > 0. To obtain the supp(V) containment result, we are
going to let B — oo in (13); thus, we may assume that § > 1 in the remainder of this proof.
By simple calculations and for 8 > 1, we have

1,

L+ [x+iyol = (5 + <<?>2 +[yoH)?) < B+ (x> + |y0|)?)

and
1+ |x +iByol)T < BT+ (|x* + |yo*)/2)T < BIA+ yol + [x]).

Hence, from (5),
N (£(x +iByo)) < MBI(1+ [yo| + [x[)7|Byo| "

and

N(f(x + i‘ByO)) —r —r (1 + |]/o| + \x\)q
/n W’j" < MBT "y, /Rn de. (14)

Combining (10), (12), (13), and (14) yields
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; . 271(BYo,t) —27ti(x,t)
N(/Rn f(x+iByo,) /Supp(¢) e P(t)e dtdx) (15)

I L+ [yo + |x[)
SMTsupp(¢)<1+/3|y0|)4(m+1):3q "lyol™"e zmﬁ/n((1|-]i{0||x|2)m)

The positive integer m in (15) was introduced in (10), and at that point in the proof, m
was arbitrary. We now choose m, such that m > 2(q +n + 1). With this choice of m, the
integral in (15) converges where y, € C is a fixed point in C; further, with this choice of
m, all calculations from (10) leading to (15) are valid and the integrals converge. Because
of the exponential term e=2""#, where T > 0 is fixed and now B > 1 is arbitrary, the
right side of (15) has limit 0 as § — oo. Thus, from (9) (V,¢) = O for ¢ € D(R"),
such that supp(¢) C N(t,,7v) C C. for t, being an arbitrary but fixed point in the open
set C, = R"\ C*. That is, for each fixed point, t, € C, = R"\ C*, with C, being an
open set, there is a neighborhood N(t,;y) C C; of t,, such that for all ¢ € D(R") with
supp(¢) C N(to;y), we have (V,¢) = ©. Thus, V vanishes on a neighborhood of each
point of Cy; this proves that V vanishes on the open set C,, = R" \ C*. Thus, supp(V) C C¥,
which is a closed set in R". The proof of Theorem 1 is complete. [J

Yoshinaga [22] (Proposition 3) provides a representation of the tempered vector-
valued distributions in the case of the topological vector space X being a complete space
of type (DF). Yoshinaga’s result is as follows for &, being a complete space of type (DF):
V € §'(R", X), if and only if there exists a continuous function g on R" with values in
X, an integer k > 0, and a n-tuple a of nonnegative integers, such that V = D%g and
{g(t)/(1+ [t|>)*";t € R"} is a bounded subset of X (In fact, in Yoshinaga’s symbolism,
a= (kk,..,k).)

The functions S} (R”, X') of Definition 1 are an integral part of the following corollary
to Theorem 1; recall that these functions are defined by the necessity for X’ being a Banach
space. We know that a Banach space satisfies all of the conditions on X stated prior to
Theorem 1 and also is a complete norm space of type (DF); since a Hilbert space is a Banach
space, a Hilbert space also satisfies all of these stated conditions on &X'. Thus, the above-
stated result of Yoshinaga and Theorem 1 of this paper both hold for X’ being a Banach or
Hilbert space.

We obtain a corollary of Theorem 1 now in which more precise information is obtained
concerning the spectral function V and the boundary value U of Theorem 1.

Corollary 1. Let C be an open convex cone and X be a Banach space. Let f(z) be analytic in
TC = R" +iC, have values in X, and satisfy (5). There is a continuous function g € Sy(R", X)
with supp(g) € C* a.e. and an n-tuple  of nonnegative integers, such that the spectral function
V € §'(R", X) of Theorem 1 has the form V; = D{g(t), and thereis U = F[V] € S'(R", X)
such that
lim f(x+iy)=U
y—0,yeC

in the weak and strong topologies of S'(R", X). Further, for X = H being a Hilbert space, we
have F[g] € L2(R", H); and the boundary value U € S'(R", H) has the form

Uy = x* Flglx = x*(1 — %)mh(x) (16)

in 8'(R", H) where h € L2(R", X), a is an n-tuple of nonnegative integers, and m > 0 is a real
number that can be taken to be a nonnegative integer.

Proof. We apply the results of Theorem 1 and consider the spectral function V € S'(R", X)
obtained in Theorem 1 where X is a Banach space in this corollary. As per the result
of Yoshinaga [22] (Proposition 3) stated above, there is a continuous function g on R”
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with values in &, an n tuple « of nonnegative integers, and an integer k > 0, such that
Vi = Dig(t) and { £
« is the n-tuple with all components being k.) Thus, there is a real constant R > 0, such that

B() \_ N(g(t) n
N i) = G e <R R

| (B ;t € R"} is a bounded subset of X'. (In Yoshinaga’s symbolism,

For the integer k > 0, we have

fo (iesss )

_ 1 2 g(t)
= Rﬂ(ﬁf%vPV")<A/(O~+HPV")ydt
1

which proves that g € S} (R", X'). Further, supp(g) C C* a.e. since supp(V) € C*. From
Theorem 1, the boundary value U € §'(R", X) in (6) is U = F[V], the Fourier transform
of the spectral function V € S§'(R", X) in §'(R", X'). Moreover, from Theorem 1, the
boundary value U is obtained in both the weak and strong topologies of S'(R", X').

Now, let X = #, a Hilbert space, in this Corollary 1. Since g € Sj(R", %), then
Flg| € L2(R", H) in S8'(R", H) by Lemma 1. We know from the above that the boundary
value U € S'(R",H)is U = F[V], and V € S'(R",H) has the form V; = D{g(t) in
S'(R",H). Let ¢ € S(R"). We have

<U<P> ]<P> {

v,
1)l /
¢ (x)(—1/27i) ¥ (2700) 1l 2D Gyt

— (=1l
= (-1) Waw@ﬂ<

= (8(t), Flx*¢(x);t]) = (Flglx, x"¢(x)) = (¥ Flglx, ¢(x))-
Thus, Uy = x*F[g] in S’ (R", 1) with g € S}(R", H). Since g € S;(R", ), by definition
there is a real number m > 0, such that g(t)/(1 + [t|?)" € L?>(R",H), and m can be
taken to be a nonnegative integer. We have—by the proof of Lemma 1—that F[g], =
(1—(47%) 7 'A)"h(x) € L2(R",H) in S’ (R",H), where h € L?(R", 1) and A is the Laplace
operator in the x € R" variable. Combining equalities, we have

¢) = (Dig(t), $(t))
$(x )e2ni<x't>dxdt

Uy = x* Flgle = x*(1 — ;o5)"h(x)

in S’(R",H) with h € L?(R", H), which is (16). The proof is complete. [J

5. Cauchy Integral

A Cauchy integral of tempered distributions S’ (R") has been defined in one and many
dimensions. Of course, the main problem in making such a definition is that the Cauchy
kernel is not a tempered function in S(R"); an arbitrary element of S’(R") applied to the
Cauchy kernel is not well defined.

Let C be a regular cone in R”; that is, C is an open convex cone that does not contain
an entirely straight line. With C* being the dual cone of C, the Cauchy kernel function is

K(z—1t) = / M qy, 2 € TC, t € R”,

as defined in Section 3. For the tube TC being the upper or lower half-planes in C! or the
tube defined by one of the 2" quadrant cones C;, = {y € R" : (-1)"y; >0, j=1,...,n}
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where 1 is any of the 2" n-tuples whose components are either 0 or 1, the Cauchy kernel
takes the usual form. In order to generate an element of S(R") from the Cauchy kernel
in the half plane setting in C! and the tube defined by a quadrant cone, one divides the
Cauchy kernel by a certain specifically chosen polynomial.

Sebastido e Silva [5] introduced a Cauchy integral for tempered distributions in the
half-plane setting. Carmichael [7] defined a Cauchy integral for tempered distributions in
the C" setting corresponding to analytic functions in the quadrant cone setting T in C"
and showed that the analytic functions in (C — R)", which have distributional boundary
values in S'(R"), can be recovered as the Cauchy integral of the boundary value; the
results of [7] can be extended to the vector-valued tempered distributions considered in
this paper by the same techniques as those in [7]. The Cauchy integrals introduced by both
Sebastido e Silva and Carmichael are in fact equivalence classes of analytic functions defined
by an integral involving the Cauchy kernel. Vladimirov [8-10] has defined a Cauchy
integral for tempered distributions associated with analytic functions in general tubes
TC = R" 4+ iC C C" corresponding to regular cones C similar to the analytic functions we
considered in this paper. Vladimirov showed that the analytic functions that he considered
can be recovered by a Cauchy integral involving the tempered distributional boundary
values of the analytic functions. The papers mentioned in this paragraph all concern
scalar-valued analytic functions and distributions.

In this section, we build on our analyses of Sections 3 and 4 to obtain a Cauchy integral
representation of the vector-valued analytic functions, which we considered in Theorem
1 and in Corollary 1. The proof of our results here—and the forms of our results—are
different from any of the previous results concerning the Cauchy integral of the tempered
distribution representation of the analytic functions. By our technique here, we do not
need to divide the Cauchy kernel or the boundary value in (16) by a specified form of the
polynomial and do not need to apply other special features of proof previously used by the
authors in order to obtain that our Cauchy integral is well defined and that the analytic
function considered is represented by a Cauchy integral involving the boundary value.

The Cauchy integral representation of the analytic functions that we considered in this
paper follows. Note that cone C in the following result is assumed to be a regular cone. In
Theorem 1 and Corollary 1, we assumed that cone C was an open convex cone. However,
an open convex cone could contain an entirely straight line; in this case, the dual cone has
measure 0 and K(z —t) = 0, z € TS, t € R". To avoid this triviality, we assume that cone
C in the following Cauchy integral representation is a regular cone.

Theorem 2. Let C be a regular cone in R" and H be a Hilbert space. Let f(z) be analytic in
TC = R" +iC, have values in H, and satisfy (5). There is a continuous function g € Sy(R", H)
with supp(g) C C* a.e. and an n-tuple « of nonnegative integers, such that

f(z) = 2%(F[gly, K(z —v)), z € T, (17)
in S'(R", H). Further,

(Flgl,K(z—v)) =0, ze T°F, (18)
in S'(R", H).

Proof. From Theorem 1, there is an element V € S'(R",H), the spectral function of
f(z), z € TS, such that e 27UV, € S'(R",H), y € G supp(V) C C*; and f(z) =
F [e‘zn(y't> Vilx, y € C, in S'(R",H). Further, by Corollary 1, there is a continuous
function g € S} (R", H) with supp(g) € C* a.e. and an n-tuple « of nonnegative integers,
such that V; = Di*g(t), t € R". Now, let ¢ € S(R") and z = x + iy € TC. Recall that we
have defined the differential operator D to be D; = (—1/ Zni)(%, ey, %). We have
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(E(x+iy), (x)) = (Fle 7 WIV]x, ¢(x))
= (WL G(10) = (V, [ p(x)e ™ a)
= (Dig(t), [, p(x)e?™x) 19)
Rl’l
= (=)l [ g(t) / o (x)(—1/27i) 1% (2700) 1l 222720 Gy
c* R”
= g(t) / ¢(x)z"‘e_2”<y't>62"i<x't> dxdt
C* R”
= | e Whg(t) Fz*p(x); t]dt
C*
= (" Fllc- (e > g(1)]x, p(x))
where Ic-(t) is the characteristic function of C*. We have proven in [17] (Lemma 4.2.1,
p. 62) that Ic«(t)e 2™ € LP, y € C, forall p, 1 < p < co. Since g € S)(R",H), then
Flglx € L2(R",H) in §’(R", H) by Lemma 1. Recall also from Section 3 that the Cauchy
kernel K(z — ) € D(x,LP) C Dpp(R"), 1 < p < 0, for z € TC with C being a regular cone

and that an element of L2(R", ) applied to K(z — -), z € TS, is a well-defined function of
z € T¢. Continuing (19) and using convolution, we now have

(£(x + iy), ¢(x)) = (2" (Fg] * Flle- (e 1)), ()

<Z“(f[g} S Flle- (e 2] (), ¢(x))

= ((Flglw, |, #Edt), o)) (20)
<Z“<}'[g} K(Z—V)> $(x))

where Ic«(t) is the characteristic function of C*. Since g € S;(R",H), then Fg] €
L2(R",H) by Lemma 1; and as previously noted, F|[g] applied to the Cauchy kernel

is a well-defined function of z € TC and is an analytic function of z € T® with values in H.
Thus, from (20) we have obtained

f(z) = z*(F[gl,, K(z = v)), z € T,
in §’(R",H), and (17) is obtained.

To prove (18), first note that for a regular cone, C, —C is also a regular cone; and (—C)*
= —C*. Thus, forz € T-C and ¢ € S(R"),

(Flglv K(z — ), ¢(x)) = (Flelu, [ . e NIV dE), g (x))
= ((Flgl, FlIc (£)e W0 >,¢(x)> (21)
= (((Flgl * FlI-c+ (1)e ™ ¥P])), ¢ (x))

= (FlLc: (e W g(1)]x, ¢(x)).

Now I _¢«(t) = 0if t ¢ —C* and, hence, if t € C*. This fact coupled with the fact
that supp(g) C C* a.e. yields I_c«(t)e —2m{yt) g(t) = ®ae. fort € R"andy € —C.
Hence F[I_c«(t)e 2”<y't>g(t)]x =0, x e R", y € —C, in (21). Thus, from (21), we have
(Flglv,K(z—v)) =0, z€ T7C,in §'(R", H); and (18) is obtained. [

6. Conclusions

Tillmann [1] obtained the original analysis concerning the scalar-valued tempered
distributions S’ (R") as boundary values of analytic functions. We proved a boundary value
result concerning vector-valued tempered distributions S’ (R", X') as boundary values of
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vector-valued analytic functions in [4] (Theorem 8) but used a norm growth condition on
the analytic functions, which was a special case for the growth of Tillmann. We desired
to obtain a result, such as [4] (Theorem 8), but under the general norm growth on the
analytic function, which was equivalent to the growth of Tillmann. We achieved this
first goal of this paper in Theorem 1 for vector-valued analytic functions f(z) on tubes
TC = R" 4 iC with C being an open convex cone. The values of the analytic functions
and the tempered distributions were in a very general type of topological vector space.
We achieved additional information in Theorem 1 concerning the spectral function of the
analytic function.

We asked if additional information concerning the spectral function and the boundary
value could be obtained if the topological vector space X was restricted somewhat. We
obtained the desired information in Corollary 1 by restricting X’ to be a Banach space and
then a Hilbert space; we showed the structure of the spectral function and the boundary
value in these cases for &X'. Integral to this analysis was the Lemma 1 result, which proved
the relation under the Fourier transform between two important subsets of S’ (R", H) for
our results in Corollary 1. It is important to note that the reason to restrict to Hilbert space
‘H (which we do in our results) is that the Plancherel theory for the Fourier transform of the
functions holds if and only if the functions have value in the Hilbert space.

The second principal goal of this paper was to obtain a Cauchy integral representation
of the analytic functions considered in Theorem 1 and Corollary 1. Sebastido e Silva,
Carmichael, and Vladimirov have obtained and studied the Cauchy integral of tempered
distributions S’ (R") in the scalar-valued case and in one and several dimensions; see the
papers of these authors in the references. Their analyses basically concerned dividing the
Cauchy kernel or the boundary value by a suitable polynomial whose order was large
enough to make the quotient when evaluated by the tempered distribution to be well
defined, or used other special features of proof that we do not use here.

In Section 5 of this paper, we constructed our Cauchy integral used in the representa-
tion of the assumed analytic function in a different manner by using the general known
structure of the spectral function and our proven structure of the tempered distributional
boundary value in S’(R", H) for H being a Hilbert space. The analytic function obtaining
the boundary value in §’'(R", H) was shown to be equated to the product of a polynomial
and the constructed Cauchy integral.

This paper concerns theoretical mathematics, yet the topics considered find applica-
tions in mathematical physics and in mathematics that are applied to physical problems.
We survey historically some areas of application in the scalar-valued case. We recall the
work of Streater and Wightman [23] in studying quantum field theory. In a field theory, the
“vacuum expectation values” are tempered distributions, which are boundary values in
the tempered distribution topology of analytic functions with the analytic functions being
Fourier-Laplace transforms. In addition, a field theory can be recovered from its “vacuum
expectation values”; see [23] (Chapter 3). A similar field theory analysis using boundary
values of analytic functions is contained in the work by Simon [24]. We also reference
Raina [25] concerning “form factor bounds” in particle physics in which tempered distribu-
tional boundary values, which are of a special form, imply that the analytic functions that
obtain these boundary values are Hardy H? functions; this fact is then used in the analysis
of the “form factor bounds”. See also the associated papers listed in the references of [25].

As noted in Vladimirov [8], scalar-valued analytic functions of the type that we con-
sidered in this paper can arise in applying the Fourier—Laplace transform to convolution
equations, which describe linear homogeneous processes with causality that find applica-
tion in the quantum field theory, theory of electrical circuits, scattering of electromagnetic
waves, and linear thermodynamic systems; refer to the list of references in [8]. We also
note paper [26] by Vladimirov, concerning the linear conjugacy of scalar-valued analytic
functions of several complex variables, which are again of the type that we considered in
this paper with respect to growth. The linear conjugacy analysis involves scalar-valued
tempered distributional boundary values of analytic functions represented as Fourier—
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Laplace integrals. Vladimirov [26] (p. 207) states that many problems arising in mathemati-
cal physics reduce to the problem of linear conjugacy involving tempered distributions;
Vladimirov [26] provides examples of such problems.

The survey of applications above (concerning the type of analysis used in this paper)
involve scalar-valued functions and distributions. Yet, a close consideration of the linear
conjugacy problem of [26], together with the vector-valued analysis of this paper, leads
one to believe that the linear conjugacy problem can be extended to the vector-valued
case. Further, in an analysis of the stated applications above, one must sometimes obtain a
distributional solution of a partial differential equation; such calculations can be extended
to the vector-valued case. We suggest that the considerable related analyses to the results
of this paper and the results of related references in this paper can be achieved in the
vector-valued case and will work toward this end in the future.
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1. Introduction

The concept of fuzzy set, introduced by Lotfi A. Zadeh in 1965 [1], has opened the
way for a new theory called fuzzy set theory. It has developed intensely, nowadays having
applications in many branches of science and technology.

The fuzzy set concept was applied for developing new directions of study in many
mathematical theories. In geometric function theory, it was used for introducing the new
concepts of fuzzy subordination [2] and fuzzy differential subordinations [3] as generaliza-
tions of the classical notion of differential subordination due to Miller and Mocanu [4,5].
The main aspects regarding the theory of differential subordination can be found in [6].
Steps in the evolution of the theory of fuzzy differential subordination can be followed
in [7].

The general context of the study presented in this paper contains notions familiar to
geometric function theory merged with fuzzy set theory. We first present the main classes of
analytic functions involved and the definitions regarding fuzzy differential subordination
theory.

U = {z € C: |z| < 1} represents the unit disc of the complex plane and H(U) the
space of holomorphic functions in U.

Consider A = {f € H(U) : f(z) = z+az®>+..., z € U}, and H[a,m] = {f €
HU): f(z) =a+amz™ +ay1z" N +...,ze U}, forac Cand m € N.

We remember the usual definitions needed for fuzzy differential subordination:

Definition 1 ([8]). A fuzzy subset of X is a pair (M, F4), with M = {x € X : 0 < Fy(x) <1}
the support of the fuzzy set and Fyy : X — [0,1] the membership function of the fuzzy set. It is
denoted M = supp(M, Fy;).

1ifxeM,

Remark 1. When M C X, we have Fyt(x) = { 0ifx ¢ M
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Evidently Fp(x) =0, x € X, and Fx(x) =1, x € X.

Definition 2 ([2]). Let D C Cand let zy € D be a fixed point. We take the functions f,g € H(D).
The function f is said to be fuzzy subordinate to g and we write f < r g, if there exists a function
F:C — [0,1] such that f(zo) = g(z0) and Ffp) f(z) < Fyp)§(2z), z € D.

Remark 2. (1) If g is univalent, then f <x g if and only if f(z9) = g(z )andf( ) C g(D).
(2) Such a function F : C — [0, 1] can be consider F(z) = 1+|‘z F(z) = 1+\z

(3) If D = U the conditions become f(0) = g(0) and f(U) C g(U), which is equivalent to
the classical definition of subordination.

Definition 3 ([3]). Consider h an univalent function in U and  : C3 x U — C, such that
h(0) = (a,0;0) = a. When the fuzzy differential subordination

Fy(cotny$(p(2), 20/ (2), 2p"(2);2) < Byuph(z), z €, M
is satisfied for an analytic function p in U, such that p(0) = a, then p is called a fuzzy solution
of the fuzzy differential subordination. A fuzzy dominant of the fuzzy solutions of the fuzzy
differential subordination is an univalent function q for which F, ) p(z) < F,a)q(z), z € U, for
all p satisfying (1). The fuzzy best dominant of (1) is a fuzzy dominant g, such that Fg1y4(z) <
Fon4(2), z € U, for all fuzzy dominants q of (1).

Lemma 1 ([6]). Consider h € A. IfRe(Z;l,N(g) + 1) > — 2, ze U, then 1 fo t)dt is a convex
function, z € U.

Lemma 2 ([9]). Consider a convex function h with h(0) = a, and v € C* such that Re -y > 0.
When p € Hla,m], ¢ : C2 x U — C, ¥(p(z),zp'(2);z) = %zp’(z) + p(z) is an analytic
function in U and

1
Fyc2xu) (7219’(2) + P(Z)) < Fuh(z), ze U,
then
F (U)P(Z) <F (ll)g(z) < Fyuyhlz), zel,

with the convex function g(z t’_ldt, z € U as the fuzzy best dominant.

Lemma 3 ([9]). Consider a convex function g in U and define h(z) = mazg'(z) + g(z),z € U,
withm € Nand o > 0.
Ifp(z) = g(0) + pmz™ + pi1z2™ L + ..., z € U, is a holomorphic function in U and

Fyuy (p(2) +azp'(2)) < Byuph(z), zel,

then we obtain the sharp result
Foanp(z) < Fyu8(z),z € U.

The original results exposed in this paper are obtained using the well-known
Ruscheweyh and Saldgean differential operators combined with Riemann-Liouville frac-
tional integral. The resulting operator was introduced in [10], where it was used for obtain-
ing results involving classical differential subordination theory. The necessary definitions
are reminded:
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Definition 4 (Ruscheweyh [11]). The Ruscheweyh operator R™ is introduced by R" : A — A,
Rf(z) = f(a),
Rif(z) = zf'(2),
(n+DR™f(z) = nR"f(z) +z(R"f(2)),
forfe AneN,zel.

Remark 3. For a function f(z) = z + E}” 5 a]zf € A, the Ruscheweyh operator can be written

using the following form R" f(z) = z + Y 5° [(n+])

-2 ma]z] z € U, where I denotes the gamma

function.

Definition 5 (Saldgean [12]). The Saligean operator S™ is introduced by S™ : A — A,
$°f(z) = fl2),
S'f(z) = zf'(2),
S"f(z) = 2(8"f(2)),
forfe AneN, zelU.

Remark 4. For a function f(z) =z + 2}” 2 a7 € A, the Siliigean operator can be written using
the following form S" f(z) = z + 1232, j"a; 2,z e U.

Definition 6 ([13]). Define the linear operator L]} : A — A, given by
Lif(z) =aS"f(z) + (1 —a)R"f(2), z€ U,
where x > 0, n € N.
Remark 5. For a function f(z) =z + Z S ]z] € A, the defined operator can be written using
the following form L' f(z) = z + L [a] +(1—w) (n(ffgj)(])} 2,z e U.

We also remind the definition of Riemann-Liouville fractional integral:

Definition 7 ([14]). The Riemann—Liouville fractional integral of order A applied to an analytic

function f is defined by 1 2 f(1)
D f(z) = A /0 (z— t)l”dt/

with A > 0.

In [10] we defined the Riemann-Liouville fractional integral applied to the operator
L1 as follows:

Definition 8 ([10]). The Riemann—Liouville fractional integral applied to the differential operator

L f is introduced b
f ! )\Ln 1 z LZf(t) Jf —
&) =t / =
L[ ! . IRACES) N
b o B 0 )
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wherew > 0, A > 0andn € N,

Remark 6. For a function f(z) =z + Yits ajzf € A, the Riemann—Liouville fractional integral
of LI f has the following form

gy L o [T+ (I—a)iT(m+j) 1 i
D-"Luf () = paay? Jg TGrA+D) T Tmi)IGratD)%

and DML f(z) € H[0,A +1].

The results exposed in this paper follow a line of research concerned with fuzzy
differential subordinations which is popular nowadays, namely introducing new operators
and using them for defining and studying new fuzzy classes of functions.

Fuzzy differential subordinations involving Ruscheweyh and Sildgean differential
operators were obtained in many studies, such as [15]. New operators introduced using
fractional integral and applied in fuzzy differential subordination theory were studied
in [16] where Riemann-Liouville fractional integral is applied for Gaussian hypergeometric
function and in [17] where Riemann-Liouville fractional integral is combined with confluent
hypergeometric function.

Motivated by the nice results obtained in fuzzy differential subordination theory using
Ruscheweyh and Sildgean differential operators and fractional integral applied to different
known operators, the study presented in this paper uses the previously defined operator
D; AL given in Definition 8 applied for obtaining new fuzzy differential subordinations.
In the next section, a new fuzzy class will be defined and studied in order to obtain fuzzy
differential subordinations inspired by recently published studies concerned with the same
topic seen in [18-20].

The main results contained in Section 2 of the paper, begin with the definition of a new
fuzzy class DL;; (6,«,A) for which the operator D;*L” given in Definition 8 is used. The
property of this class to be convex is proved and certain fuzzy differential subordinations
involving functions from the class and the operator D; *L! are obtained. The fuzzy best
dominants are given for the considered fuzzy differential subordinations in theorems
which generate interesting corollaries when specific functions with remarkable geometric
properties are used as fuzzy best dominants. An example is also shown in order to prove
the applicability of the new results.

2. Main Results

The usage of the operator D; *L! seen in Definition 8 defines a new fuzzy subclass of
analytic functions as follows:

Definition 9. The class DL} (5, &, A) is composed of all functions f € A with the property

Foousyw) (p:*L2f@) >0, zeu,
wheren € N,6 € [0,1),« >0, A > 0.
We begin studying this subclass of functions:
Theorem 1. DL (6,a, A) is a convex set.

Proof. Taking the functions

fi(z) =z + Zajsz, k=12, zel,
=2
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belonging to the class DL (6,a, 1), we have to prove that the function

h(z) = 11f1(z) + 12/2(2)
belongs to the class DL;; (6,a,A) with 71,72 > 0,91 +72 = 1.

We have Ii'(z) = (71f1 + 12/2)'(2) = Mfi(2) + 12f3(2), 2 € U, and

(D7 LiR(z)) = (D7 ALE (11t +72£2)(2)) = 1 (D7 LEA(2)) + 72 (D L fa(2))
and we can write

Arn / Arn /
ooy wy (D= L3h(z) = oo ) @ )P Li(nfit mf)(@) =

—Arn ! —Arn
F o) @ (N (PALAE) + 72D 1iAa(2)') =
Vi (MOPBAGY)4E oy (2(P ARG
2 pr—
F(D;ALZh),(U) (D=L (Z))/+F(D;ALE’fz),(u> (D Lif(2))
2

Having f1, fo € DL} (5,0, A) we get 6 < F( S1n) W (

F
(b LA

AL (2 ))/ <landé <
DML f(2)) <1,z €U

F, ooy (DiMLEfi(2)) +F pA Y (D L2 fo(2))
In these conditions § < (ot ) W 5 (o Mitn) W < 1and

D,Athy(u)(D;’\Lgh(z))/ < 1, equivalently with h € DL (6,a,A) and

DL] (5,a,)) is a convex set. []

F(D;Aszz)’(m (

we get § < F<

We give fuzzy differential subordinations obtained for the operator D; L.

Theorem 2. Considering a convex function g in U and defining h(z) = g(z) + 528’ (z), with

¢>0,z € U, when f € DL (5,a,\) and G(z) :;:ﬁfotcf t)dt, z € U, then
F DMLY < Fyuph eu 2
(D;)‘Lf{f) (u) f( ) h(U) (Z)/ z ’ ()

implies the sharp result
—Arn !
P(D;)‘L,’}G)/(Ll) (DZ L,XG(Z)) < Fyug(z), zeU.
Proof. Differentiating relation
z
211G(z) = (c+2) [ (0t
0
considering z as variable, we get (¢ + 1)G(z) +zG/(z) = (¢ +2)f(z) and
/
(c+ 1D 14G(z) +2(DLAG()) = (c+2)D Lif(z), z €U,

and differentiating it again with respect to z, we obtain

(D;ALQG(z))' + Cizz(D;ALZG(z))” = (D;)‘Lg‘f(z))/, zel.

and the inequality (2) representing the fuzzy differential subordination can be written

1 Arn 7 Arn ! 1
- (sz(DZ )\LNG(Z)) + (Dz ALIXG(z)> ) < Fyu <C+Zzg/(z) +g(z)>.
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Denoted
—Arn !
p(z) = (D'L1G()), z €U,

where p € H[1, n], we obtain

1 1
Applying Lemma 3, we get

F DZ‘ALZG(z))/ < Fyug(z), z€l,

(D:*L2G) () ( g

and g is the best dominant. [

We give an inclusion result for the class DL (5, &, A):

Theorem 3. Tuking h(z) = % and G(z) = ‘fct% Jo tf(Hdt, z € U, with § € [0,1),
c>0neN,a>0A>0,then

G[DL{ o, rx,/\)} C DLY (5%, a,A), 3)
where §* =26 —1+2(2+¢)(1—06) [y ©dt.

Proof. Making the same steps such as in the proof of Theorem 2, taking account the
hypothesis of Theorem 3 and that /i(z) = LH2-1)z

1+z
1
B (c +2

with p(z) = (D; *L!G(z)), z € U
Applying Lemma 2, we get

is a convex function, we obtain

2 (2) + p(z)) < fuwh(2),

!/
Foooapneyn (D2 LEG(2)) < Fyug(2) < Fyuh(z),
(DzLEG) (U)

where
2+4c
240 (%2 1+ (261, 2(c+2)(1-6) /Ztnl
g(Z)_nz%/t e dt = (20 —1) + a2 I t+1dt-

Since the function g is convex and g(U) is symmetric with respect to the real axis, we
can write

Fppgean (D LG ()| > minFeun () = Fang(1) 4)

2t
and 6* = g(1) =26 -1+ 2(2+C7)1(175) 01 L “dt, that give the inclusion (3). [

Theorem 4. Tuking a convex function g with the property g(0) = 0, define h(z) = g(z) +zg'(z),
zeU. When f € A,n e N,a>0,A >0, and the fuzzy differential subordination holds

!
Fpea ) (D*Lif(2)) < Bquh(z), zeU, 5)
then we get the sharp result

D Lif(2) _
FDZ—ALgf( ) Z g(u)g(z), zZ e u
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Proof. Considering p(z) = L‘J(Z) € H[0,A], we can write zp(z) = D7 ML f(z), z € U,

and differentiating it we get zp ( )+ p(z) = (DAL (2)), z € UL
The inequality (5) can be written as following

Fyu) (27" (2) + p(2)) < Fyuyh(z) = Fu) (28'(2) +8(2)), z €U,

and applying Lemma 3, we get the sharp result

DALif(z) _
Py 2 = fwgl@), zel
O
Example 1. Consider
—2z

8(z) = 1+z

a convex function in U and we obtain that g(0) =0, ¢'(z) = (112)2. Define
-2z 2z —27%2 — 4z

h(z) = g(z) +28'(2) = 1+z (1+2z) N (1+2)

Take a = 2, n =1, f(z) = z + 2, z € U, and after a short computation we obtain

Lif(z) = z +27°

d
" DI MLYf(z) = — /z CIONF /Z 20,
2 - T(A) Jo (z—t)™ - T(A) Jo (z—t)™
S S 5 S S F5Y
T+ TTara)”
and differentiating it
A7l (S S 4
(D=*13/(2) T+ Tt

Applying Theorem 4 we get the following fuzzy differential subordination

1 A 4 —272 — 4z
z 27 <y —————, z¢cl,
T+ TR+ F 112y
induce the following fuzzy differential subordination
1 4 -2
N+ A 2 zell

r2+A)° "Te+A°  Fitz

Theorem 5. Tuking a holomorphic function h, such that h(0) = 0 and Re (1 + ZZ;&?) > -1,

ze U, when f € A,neN,a >0, > 0,and the fuzzy differential subordination holds

F( pLif) (u )(D;Asz(Z)), < Fuh(z), zel, ©)
then I )
Foorigpu )f Fwd(z), zel,
where the fuzzy best dominant q(z) = 1 fo t)dt is convex.
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Proof. Considering Re <1 + ZZ,,;S)) > —%, z € U, and using Lemma 1, we deduce that

g(z) = 1 Jo h(t)dt is a convex function and it is a solution of the differential equation
defining the fuzzy differential subordination (6) zq'(z) + q(z) = h(z), therefore it is the
fuzzy best dominant.

Differentiating zp(z) = D;*L!'f(z), we get (D;"Lﬁf(z))/ = zp'(z) + p(z),z € U,

and (6) can be written

Eyu)(zp'(2) + p(2)) < Fyuwyh(z), zelU.

Applying Lemma 3, we get

D 'Lif(2) _ p

FD;/\Lﬁf(U)f < q(u)Q(Z), z e U.

O

Corollary 1. Taking the convex function in U, h(z) = W, with 6 € [0,1), when f € A
and the fuzzy differential subordination holds

/
Fpsigsy ) (DZ_ALZf(z)) < Fyuh(z), z € U, @)

then

D, *Lif(z)
o= <hwa@zel,
In(z+1)

z 7

where the fuzzy best dominant q(z) =26 — 1+ 2(1 —9)

z € U, is convex.

Proof. Taking h(z) = 14H20-1)z \ve obtain h(0) =1, K (z) = —20-9) and W'(z) = 4-9)

Tz (142) © (1+2)
zh" (z) _ 1-z\ _ 1—pcosf—ipsin®) __ 1—p? 1
therefore Re( W (z) + 1) - Re(sz = Re T+pcosO+ipsin® ) — 142p cos6+p? >0>—3.

Following the same steps like in the proof of Theorem 5 with p(z) = %, the
fuzzy differential subordination (7) can be written

Fp-rmnf (zp'(2) + p(2)) < Fyuyh(z), zeU.

Applying Lemma 2 for m = 1 and y = 1, we obtain

D; Ly f(2)
Foopan = = R,

where

_1 A e Gt YL
q(z)*z/oh(t)dt*z/o fr1 1T

2(1-9) = 1
26 —1 =25—1+2(1—
-1+ . /oH—ldt 0—14+2(1-9)

1 1
@, ZEU.

O

Example 2. Consider
—2z

:1—{—2

) _ 1oy — =2 Ny) — 4
and we obtain that h(0) =0, h'(z) = (127 and h'" (z) = 1427

h(z)

Tnking account that

zh"(z)\ 1-z\ 1—pcos® —ipsin@
Re<l+ W (z) ) _Re<1+z> _R€<1 +pcos€+ipsin9)
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1—p?

= - - 0 —
14 2pcosf + p? e

5/
h is a convex function in U.
Taking « = 2,n =1, f(z) = z + 2%,z € U, as in Example 1, we have

Lif(z) = z +27°

and
1 4
A7l _ 1+A 247
D:-"LfG) = tory®  trata)”
and differentiating it
—A71 (S 4
(D) = TA+D)” " Tht2)”
Additionally, we get

1z -2t 2In(1+2)
100 =2 Tt = T

Applying Theorem 5 we get the following fuzzy differential subordination

1
T(1+2)

4 2z
A 1+A
z +1“(2—|—)L)Z <;1+Z,z€ll,

induce the following fuzzy differential subordination

LR T S S 25 <5 2In(1 +2)

T2+ A) TB+A)- -2 zell

Theorem 6. Tuking a convex function g with the property ¢(0) = 0 and defining h(z) = z¢'(z) +
g(z),ze U, when f € A,n e N,a >0,A >0, and the fuzzy differential subordination

DL f(z) )

holds, then we obtain the sharp result

2D, "Ly f(2)
FD;/\LZf(u)W < Fyuglz), zel.

DAL f(2)
D LEf(z)

(sz“f(z) " With thi o , ,
LTFz) ) . With this notation, inequality (8) can be written as

Proof. Considering p(z) = and differentiating it we get zp/(z) + p(z) =

Fyw (29'(2) + p(2)) < By h(z) = Fyuy (28'(2) +8(2)), z € U.
Applying Lemma 3, we get

DALt f(2)

FDZALgf(U) Dz_/\Lgf(Z) = Fg(u)g(z)’ ze U
O
Example 3. Consider
—2z
8(z) = 1+z
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and
—272 _ 4z

he) = g(2) +20) =~

as given in Example 1.
Tukingow =2,n=1, f(z) =z + 722,z € U, as in Example 1, we get

LYf(z) =z + 222

and
L3f(z) = z+22%

and applying Riemann—Liouville fractional integral of order A we have

DILFE) = gt g - DB,

Applying Theorem 6 we get the following fuzzy differential subordination

—2z2 -4
1<p ———Z ze,
(1+2z2)

induce the following fuzzy differential subordination

z
Z{fm, z e U.

Theorem 7. Tuking a convex function ¢ with the property ¢(0) = 0 and defining h(z) =
Azg'(z) + g(z),z € U, & > 0,A,8 > 0, when f € A and the fuzzy differential subordina-

tion
DAL (N
Foonn ( (P2E2) (0us@) ) < ), zeu. o)

holds, then we obtain the sharp result

DLIf(2)
5y%ﬂm<z> < Fang(@), ze U

- s
Proof. Considering p(z) = (M) € 1[0, Ad], and differentiating it we obtain

(0= szu) (b2 <ZALnf<>>

=s(°2 Wf”) (D) e,

and 12p'(2) + p(z) = (22512) " (DA (2)) 2 c 0

Inequality (9) can be written
1
o (572 +7(2) ) < Fuuht) = Fyu (425'2) +9(2)), 2 € U,

Applying Lemma 3 for « = } and m = A6, we get

DMLy f(z)
FDZALﬁf(u) (zz) < Fyuglz), zel.
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O
Example 4. Consider
(z) = —2z
8 14z
and )
—2z° — 4z
h(z) = ¢(z) +z¢'(z) = —— =
(z) = g(z) +2¢'(2) 112

as given in Example 1.
Takingaw =2,n =1, f(z) =z + 22, 7€ U, asin Example 1, we obtain

Lif(z) =z 4272

and

1 4
A7l _ 1+A 2+A
D:"LfE) = o T ra+s)”

and differentiating it

) / 1 4
(D=*137(2)) = ot Tt

Applying Theorem 7 we get the following fuzzy differential subordination

1 4 L\ 1 4 1 272 — 4z
<F(A+2)Z TTirae)” a+n” Ttern” )T aagr P

induce the following fuzzy differential subordination

1, 4 5\ -2
(F(A+2)Z T r3)” AT

Theorem 8. Considering a holomorphic function h, such that h(0) = 0 and Re (1 + %) >
—%, z e U, when f € A,a > 0,A,0 > 0, and the fuzzy differential subordination

D, "Lif(z)
Foogran\\——

holds, then

o—1 ,
(DZ—ALZ f(z)) ) < Fyuh(z), zel, (10)

D Lf(2))
FDZALZf(U)<Zza> < Bupq(), ze,

where the fuzzy best dominant q(z) = 1 Jo h(t)dt is convex.

. DAL f(2)\? . . .
Proof. Considering p(z) = (%) € H[0,Ad], after differentiating it and making an
easy computation, we get

520 (2) 4 p(z) = (W>M (p-112@). zeu,

z

and inequality (10) can be written

1
B (55/6)+p() < uhta), z e U
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Applying Lemma 2, we obtain

DI Lif(2)
FDZAszw)(z) < gl zed

Taking into account that Re (1 + Z:,”((Z))> > — l ,z € U, applying Lemma 1 we obtain

that g(z) = 1 1 [o h(t)dt is a convex function and it is a solution of the differential equation
of the fuzzy dlfferentlal subordination (10) zq'(z) + q(z) = h(z), thus it is the fuzzy best
dominant. [J

Example 5. Considering
-2z
h(z) = ——
@) 1+z’

as in Example 2, a convex function which satisfy conditions from Theorem 8, and taking o = 2,
n=1,f(z) =z+z2% z € U, we obtain

Lf(z) = z+22%

and
1 4
A7l _ 1+A 24+A
D:"LfE) = torp® T rasa)”
and differentiating it
~A71 (S S 4
(D-"13f(2)) = TA+D” "TAtr2)® -
Additionally, we get

12 =2t 2In(1+2)
q(z)ff/o 1+tdtf . 2.

Applying Theorem 8 we get the following fuzzy differential subordination

LA 4\ L 4 4 2z
(F(A+2)Z IO AN Tt ) Fige feY

induce the following fuzzy differential subordination

1, 4 15\ 2In(1+42)
T2 .
<F(/\+2)Z +F(A+3)Z <r - ,zel

Theorem 9. Considering a convex function g with the property g(0) = %H and defining h(z) =
28 (z) + g(z),z€ U, A > 0,a > 0,n € N, when f € A and the fuzzy differential subordination

| DL () (DzALﬁf(;))”
(o) ]

holds, then we obtain the sharp result

D;)‘Lgf(u) S Fh(u)h(Z), VA U,

D, 'Lif(2)
o tasw) z(p AL”f(z)) -
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D Lif(z)

. / _ _
B EEITTE we obtain zp'(z) + p(z) 1

Proof. Differentiating p(z) =

—Arn —Arn "
D; Laf(z)(Dz szfgz)) = U.

(D Ler(2)']

Using this notation, the fuzzy differential subordination can be written

Fyy (21 (2) + p(2)) < Fyuyh(z) = Fyu) (28'(2) +8(2)), z€ U,

and applying Lemma 3, we obtain the sharp result

D, Lif(z)

& 2(D 3£ (2))

ML)

O

3. Conclusions

Applying the theory of fuzzy differential subordination, we studied a subclass of
analytic function DL (,a, A) newly introduced regarding the operator D;*L!. Several
interesting properties are obtained for the defining subclass DL} (5,a,A). New fuzzy
differential subordinations are obtained for D;*L”. To show how the results would be
applied it is give an example. The operator D;*L! introduced in Definition 8 and the
subclass DL (,a, ) introduced in Definition 9 can be objects in other future studies.
Other subclasses of analytic functions can be introduced regarding this operator and some
properties for these subclasses can be investigated regarding coefficient estimates, closure
theorems, distortion theorems, neighborhoods, and the radii of starlikeness, convexity, or
close-to-convexity.

The dual theory of fuzzy differential superordination introduced in [21] could be used
for obtaining similar results involving the operator D; *L! and the class L; (,a, A) which
could be combined with the results presented here for sandwich-type theorems, as seen
in [17].
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1. Introduction

Consider the set A of functions f which are holomorphic in the unit disk D = {|z| < 1}
in the complex plane C, of the form:

flz)=z+ i a,z", z€D. (1)
n=2

Let S be the subset of .4 which contains univalent functions in D having the form (1).
As we can see in [1], due to the Koebe one-quarter theorem, every function f € S has an
inverse f 1 such that f1(f(z)) =z, (z € D) and f(f Y (w)) = w, (Jw| < ro(f),r0(f) > 1).
With f on the form (1), we have

FHw) = w— ayw® + (211% —ag,)w3 - (Sag — 5aga3 +a4)w4 +o, < ro(f). (2

We called a function f € A as bi-univalent in D, if both f and f~! are univalent in D.
The set of bi-univalent functions in D is denoted by .

In recent years, Srivastava et al. [2] reconsidered the study of holomorphic and bi-
univalent functions. In this sense, we pursued a kind of surveys represented by those of
Ali et al. [3], Bulut et al. [4], Srivastava et al. [5] and others (see, for example, [6-18]).

The polynomial solution ¢(7) of the differential equation (see [19])

" +(1+y—1)¢ +np =0,

consists on the generalized Laguerre polynomial L} (t), where 4 > —1 and n is non-
negative integers.
We defined by

Hy(t,2) = i Ly(7)z" = ——— (©)]
n=0
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the generating function of generalized Laguerre polynomial L;) (7), where T € R and z € D.
Similarly, the generalized Laguerre polynomials is given by the following recurrence relations:

2n+1+'y—TL7 n+'yL7

v
L, (7)= a1 n(T) — w1 e () (n>1),
with the initial conditions
2
Li(t)=1, L{(r)=14+y—-1 and gm):%~47+@r+tﬁj%liﬁ.m)

Obviously, if ¥ = 0 the generalized Laguerre polynomial implies the simple Laguerre
polynomial, i.e., L(T) = L,(7).

Consider two functions f and g holomorphic in D. We say that the function f is
subordinate to g, if there exists a function w, holomorphic in D with w(0) = 0, and |w(z)| <
1, (z € D) such that f(z) = g(w(z)). We denote this relation by f < gor f(z) < g(z) (z €
D). In addition, if the function g is univalent in D, then we get the following equivalence
(see [20]), f(z) < g(z) <= £(0) = g(0) and f(D) C g(D).

From a theoretical standpoint, the Poisson, Pascal, logarithmic, binomial and Borel
distributions have all been examined in some depth in geometric function theory (see for
example [21-26]).

For a discrete random variable x, we say that it has a beta negative binomial distribu-
tion if it takes the values 0,1, 2,3, - - - with the probabilities

B(n+6,A) B(n+6,A+1) 1 B(n+6,A+2)
, 8 , 200+ 1)——F =, -,
B(1,7) B(1,7) 200+ B(1,7)

respectively, where 7, and A are the parameters.

o (0H+T-1\B(n+6,A+T1)
Prob(x = 1) = ( . )B(’%/\)

CTO+1) T(n+0O)T(A+T)I(n+A)
Tir'(0) T(n+0+A+7)I(n)T(A)
_ @e(®)e
(n+A)g(0+7+ M)tV

where («), is the Pochhammer symbol defined by

_Tla+n) 1 (n=0),
(&) = I'(a) {oc(a—i—l)...(uc—i—n—l) (n € N).

Wanas and Al-Ziadi [27] developed the following power series whose coefficients are
beta negative binomial distribution probabilities:

a (G)n 1(/\)71 1
3€ Z 17+A 9+17+)»)n 1(n—1)!

z" (zeD; ,A,0>0).

By the well-known ratio test, we deduce that the radius of convergence of the above
power series is infinity.
We recall the linear operator ‘Bz, ) A— A, as can be found in (see [27])

%Z’/\f(z) _ xz/ ( ) =z Z (9)71 1(A)n

1 n
c D,
17+A 9+17+)»)n 1(n— )aZ z

where () represents the Hadamard product (or convolution) of two series.
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2. Main Results
We open the main section by introducing the family Fx(J,7, A, 0; h) as follows:

Definition 1. Suppose that 1 <5 <1,1,A,0 > 0and h is analytic in D, h(0) = 1. We say that
the function f € X is in the family Fx.(5,1, A, 0; h) if the following subordinations hold:

20-1, 2 [, F (%%f (Z)) ’

+ =< h(z)
21 20+1 '
o (%8 ,f(2))
and "
26-1 2 (B, f(w))
w1 w1t . | <),
(851 (w)

where f~1 is given by (2).

For 6 = % in Definition 1, the family Fx (4,7, A, 0; h) reduces to the family Sy (1, A, 6; h)
of bi-starlike functions such that the following subordinations hold:

2(0, ()

1 /
’ (%Z,/\f(z))

=< h(z)

and

@ (B @)
(3051 w))

< h(w).

Theorem 1. Suppose that % <6< 1landn,A6 > 0. If f € X of the form (1) is in the family
Fs(8,1,A,6;h), with h(z) = 1+ e;z + epz* + - - -, then

o] < 26+ DT+ 0+ A+ DTTA)let|  er
A=A+ OT (A DT (+A) Y

|as| Smin{max{‘g },max{‘g

Y =— 49F(7]+9)1"(/\+1)1"(7]+/\)
= @I (+0+AT DI ()T (A

©)

) -

and
er  Ye?

ey (20 —Y)e?
Y2

o Y2P

7 7

where

D — 69(9+1)1"(17+9)1“(A+2)1"(;7+A) 7
= D6+ A T2 @)

86212 (7 +0)T2(A+1)T2(+A)

T = (204 D)T2(7+0+A+1)I2Z()T2(A)

Proof. Assume that f € F5(d,1,A,6;h). Then, there exist two holomorphic functions
¢, : D — D given by

p(z) =rz+n+r+-- (zeD) (8)

and
P(w) = syw +sw® + 53w+ (weD), ©)
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with ¢(0) = ¢(0) =0, |¢(2)| < 1, |[¢(w)| <1,z w € D such that

2 Z(%z,Af(Z))”

1+ —=1+e1¢(z) +eap?(z) +- - (10)
26+1 (%gAf(Z))
and "
w( B fF1(w)
1—i—25i_1 ( W'Af ), =1+ e1p(w) + exyp?(w) + -+ - . (11)
(B8 1 f 1 (w)
Using (8)—(11), one obtains
%9 1
1+ 251 1 Z( W\f(Z)), =1+eriz+ [617‘2 + ezrﬂ 224 (12)
(%f],)\f(z))
and "
%9 -1
1+ 25%}_ 7 w( W\f (W)), =1+e51w+ {elsz +ezsﬂ w? - (13)
(B4 1f (@)
Since [¢(z)| < 1and |[p(w)| < 1,z,w € D, we deduce
ri| <1 and |[sj| <1 (j €N). (14)
In view of (12) and (13), after simplifying, we obtain
4T (n +0)T(A+1)I(n+A) B
@5+ DI+ 0+ A+ DI(L(A) 2~ v (15)
60(0+1)I(n +0)T(A+2)T(n+A) . 80°T2(n + 0)T2(A + 1)I2( + A) 2 (16)
20+ DL +0+A+2)T()(A) > (20+ DI2(5+0+ A+ 1)I2(5)T2(A) 2
=er + ezr%,
40T (57 + 0)T(A + 1)T (5 + A) B
RS R S O 17)
and
66(6 +1)T (1 +6)T(A +2)C (57 +A) (2a2 3 ) _ 8PP+ OTPA+ DI +A) 5 18)
26+ DI +0+A+2)L()TA) \72 ) 7 20+ D)I2(p+ 6+ A + 1)T2(5)T2(A) 2

=152 + ezs%.

From (15) and (17), we derive inequality (5). Applying (7), then (15) and (16) become

Ya, = eyry, ®az — Va3 = eyro + epr? (19)
which yields
o e Yer\ o
— = — A 2
er as 1 + <€1 + Yz >1’1, ( 0)

and on using the known sharp result ([28], p. 10):

|2 — pri] < max{1, |u[} (21)
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for all u € C, we obtain

o € ‘I’el
Similarly, (17) and (18) become
—Ya, = €151, (243 —az) — ¥a3 = egs; + ers7. (23)
These equalities provide
D e (20 —Yer )\ »
_aa3252+ (el_Yz Sl. (24)

Ak L0 } (25)

Furthermore, we use the generating function (3) of the generalized Laguerre poly-
nomials L) (T) as h(z). As a consequence, from (4), we obtain ¢; = 1+ — T and

Inequality (6) follows from (22) and (25). O

ey = %2 —(r+2)t+ ('YH)ZM, and then, Theorem 1 is reduced to the following corollary.

Corollary 1. If f € X of the form (1) is in the class Fx.(6,1,A,6; Hy(T,2)), then

_ @4 DT(+ 0+ A+ DITA L +y =7 _ [1+7—7]
jaz| < 40T(y + T (A + 1) (p + A) Y

and

1 _
las] < min{max{‘ Ll i

)
1+vy—71
max{‘ o

5 - (r+ 2T+ THTR ¥4y —1)?
> Y20

7

! /

T —(r+2)r+ I 09 _w)(1 49— 1)

o Y2P

7

I

forall 6,1, A, 0 such that % <6< 1landn,A,0 >0 whereY, DY are defined by (7) and H(7,z)
is given by (3).

In the following theorem, we develop “the Fekete-Szeg6 Problem” for the family
Fs(6,1,A,0;h).

lea ]

Theorem 2. If f € X of the form (1) is in the class Fx.(5,1,A,0; h), then
‘ﬂ3—7711%’ < qimin{max{l, e 2P —Y — yP)ey

},max{l, 2 - }} 26)

forall 5,1, A, 0 such that % <é6<1landn,A,0 >0, whereY,®,Y are defined by (7).

e (Y+nd)e
e1 Y

Proof. According to the notations from the proof of Theorem 1 and from (19) and (20),

we obtain (¥ ®)
e1 e +nP)eq
a3 — a3 = cD(VZ‘f' (el‘l‘w)”%)- (27)

Applying the well-known sharp result |r, — ur?| < max{1, |u|}, one obtains
e (Y+7P)e } (28)

2 le1]
lag — nas| < q)max{l, o + 12
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Similarly, from (23) and (24), we derive

e e 20— —nd)e
a3—17a%:—qi(52—|-<€j—( Y2 1 )1)S%> (29)

and in view of [sy — pus?| < max{1, |u|}, we get

le1] e (20 —-Y—yP)e
|ﬂ3 —ﬂa%| S Kmax ]., a - Yz

}. (30)

Corollary 2. If f € X of the form (1) is in the class Fx.(6,1,A,6; Hy(T,2)), then

Inequality (26) follows from (28) and (30). O

=13
2 1) (y+2
B e PR RN (B ) S 0 [€ et )
- d ! 1+y—-1 Y2 ’

2 (y+2)r+ O o) ¥ @) (14— 1)

1+y—7 Y2

mos{ t

forall 6,1, A, 0 such that % <6< landn, A0 >0, whereY,®,Y are given by (7) and Hy(7,z)
is given by (3).

3. Conclusions

In the present survey, we considered a certain class of bi-univalent functions, denoted
by Fx(d,1,A,0;h), representable in the form of a Hadamard product of two power series.
The coefficients of the first one, developed by Wanas and Al-Ziadi in [27], are beta negative
binomial distribution probabilities. Furthermore, the Fekete-5zeg6 Problem was developed,
by making use of the newly introduced family. Consequently, inequalities of Fekete-Szeg6
type were obtained in the special case of generalized Laguerre polynomials.

Author Contributions: Conceptualization, I.A.-S., A K.W. and A.C.; Formal analysis, .A.-S., AK.W.,
A.C.and A.S,; Investigation, .A.-S.,, AK.W., A.C. and A.S.; Methodology, .A.-S., AKW. and A.C,;
Validation, I.A.-S., AK.W. and A.C.; Writing—original draft, . A.-S., A K.W.; Writing—review and
editing, I.A.-S., A KW. and A.C. All authors have read and agreed to the published version of
the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Duren, PL. Univalent Functions; Grundlehren der Mathematischen Wissenschaften, Band 259; Springer: New York, NY, USA;
Berlin/Heidelberg, Germany; Tokyo, Japan, 1983.

2. Srivastava, H.M.; Mishra, A K.; Gochhayat, P. Certain subclasses of analytic and bi-univalent functions. Appl. Math. Lett. 2010, 23,
1188-1192. [CrossRef]

3. Ali, RM,; Lee, S K,; Ravichandran, V.; Supramaniam, S. Coefficient estimates for bi-univalent Ma-Minda starlike and convex
functions. Appl. Math. Lett. 2012, 25, 344-351. [CrossRef]

4. Bulut, S;; Magesh, N.; Abirami, C. A comprehensive class of analytic bi-univalent functions by means of Chebyshev polynomials.
J. Fract. Calc. Appl. 2017, 8, 32-39.

158



Axioms 2022, 11,451

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Srivastava, H.M.; Wanas, A.K; Srivastava, R. Applications of the g-Srivastava-Attiya operator involving a certain family of
bi-univalent functions associated with the Horadam polynomials. Symmetry 2021, 13, 1230. [CrossRef]

Akgiil, A. (PQ)-Lucas polynomial coefficient inequalities of the bi-univalent function class. Turkish |. Math. 2019, 43, 2170-2176.
[CrossRef]

Al-Amoush, A.G. Coefficient estimates for a new subclasses of A-pseudo biunivalent functions with respect to symmetrical points
associated with the Horadam Polynomials. Turk. |. Math. 2019, 43, 2865-2875. [CrossRef]

Altinkaya, $. Inclusion properties of Lucas polynomials for bi-univalent functions introduced through the g-analogue of the Noor
integral operator. Turkish J. Math. 2019, 43, 620-629. [CrossRef]

Cotirla, L.I. New classes of analytic and bi-univalent functions. AIMS Math. 2021, 6, 10642-10651. [CrossRef]

Gliney, HO,; Murugusundaramoorthy, G.; Sokél, ]. Subclasses of bi-univalent functions related to shell-like curves connected
with Fibonacci numbers. Acta Univ. Sapient. Math. 2018, 10, 70-84. [CrossRef]

Khan, B.; Srivastava, H.M.; Tahir, M.; Darus, M.; Ahmad, Q.Z.; Khan, N. Applications of a certain g-integral operator to the
subclasses of analytic and bi-univalent functions. AIMS Math. 2021, 6, 1024-1039. [CrossRef]

Srivastava, H.M.; Motamednezhad, A.; Adegani, E.A. Faber polynomial coefficient estimates for bi-univalent functions defined
by using differential subordination and a certain fractional derivative operator. Mathematics 2020, 8, 172. [CrossRef]

Wanas, A.K. Applications of (M,N)-Lucas polynomials for holomorphic and bi-univalent functions. Filomat 2020, 34, 3361-3368.
[CrossRef]

Wanas, A K,; Cotirla, L.-I. Initial coefficient estimates and Fekete-Szego inequalities for new families of bi-univalent functions
governed by (p — q)-Wanas operator. Symmetry 2021, 13, 2118. [CrossRef]

Wanas, A.K,; Cotirld, L.-I. Applications of (M — N)-Lucas polynomials on a certain family of bi-univalent functions. Mathematics
2022, 10, 595. [CrossRef]

Wanas, A K.; Lupas, A.A. Applications of Laguerre polynomials on a new family of bi-prestarlike functions. Symmetry 2022,
14, 645. [CrossRef]

Péll-Szabo, A.O.; Wanas, A K. Coefficient estimates for some new classes of bi- Bazilevic functions of Ma-Minda type involving
the Salagean integro-differential operator. Quaest. Math. 2021, 44, 495-502.

Amourah, A.; Frasin, B.A.; Murugusundaramoorthy, G.; Al-Hawary, T. Bi-Bazilevi¢ functions of order ¢ + i associated with
(p,q)-Lucas polynomials. AIMS Math. 2021, 6, 4296—4305. [CrossRef]

Lebedev, N.N. Special Functions and Their Applications; Translated from the revised Russian edition (Moscow, 1963) by Richard A.
Silverman; Prentice-Hall: Englewood Cliffs, NJ, USA, 1965.

Miller, S.S.; Mocanu, P.T. Differential Subordinations: Theory and Applications; Series on Monographs and Textbooks in Pure and
Applied Mathematics; Marcel Dekker Inc.: New York, NY, USA, 2000; Volume 225.

Altinkaya, S.; Yalgin, S. Poisson distribution series for certain subclasses of starlike functions with negative coefficients. Ann.
Oradea Univ. Math. Fasc. 2017, 24, 5-8.

El-Deeb, S.M.; Bulboaca, T.; Dziok, J. Pascal distribution series connected with certain subclasses of univalent functions. Kyungpook
Math. J. 2019, 59, 301-314.

Nazeer, W.; Mehmood, Q.; Kang, S.M.; Haq, A.U. An application of Binomial distribution series on certain analytic functions.
J. Comput. Anal. Appl. 2019, 26, 11-17.

Porwal, S. An application of a Poisson distribution series on certain analytic functions. J. Complex Anal. 2014, 2014, 984135.
[CrossRef]

Porwal, S.; Kumar, M. A unified study on starlike and convex functions associated with Poisson distribution series. Afr. Mat.
2016, 27, 10-21. [CrossRef]

Wanas, A K.; Khuttar, ].A. Applications of Borel distribution series on analytic functions. Earthline ]. Math. Sci. 2020, 4, 71-82.
[CrossRef]

Wanas, A K.; Al-Ziadi, N.A. Applications of Beta negative binomial distribution series on holomorphic functions. Earthline ].
Math. Sci. 2021, 6, 271-292. [CrossRef]

Keogh, ER.; Merkes, E.P. A coefficient inequality for certain classes of analytic functions. Proc. Am. Math. Soc. 1969, 20, 8-12.
[CrossRef]

159






@ axioms

Article

Geometric Study of 2D-Wave Equations in View of K-Symbol

Airy Functions

Samir B. Hadid V> and Rabha W. Ibrahim 3*

Citation: Hadid, S.B.; Ibrahim, R.W.
Geometric Study of 2D-Wave
Equations in View of K-Symbol Airy
Functions. Axioms 2022, 11, 590.
https://doi.org/10.3390/
axioms11110590

Academic Editor: Georgia Irina Oros

Received: 3 October 2022
Accepted: 17 October 2022
Published: 26 October 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics and Sciences, College of Humanities and Sciences, Ajman University,
Ajman P.O. Box 346 00000, United Arab Emirates

Nonlinear Dynamics Research Center (NDRC), Ajman University,

Ajman P.O. Box 346 00000, United Arab Emirates

Mathematics Research Center, Department of Mathematics, Near East University, Near East Boulevard,
TRNC Mersin 10, Nicosia 99138, Turkey

*  Correspondence: rabhawaell.ibrahim@neu.edu.tr

t These authors contributed equally to this work.

Abstract: The notion of k-symbol special functions has recently been introduced. This new concept
offers many interesting geometric properties for these special functions including logarithmic con-
vexity. The aim of the present paper is to exploit essentially two-dimensional wave propagation
in the earth-ionosphere wave path using k-symbol Airy functions (KAFs) in the open unit disk.
It is shown that the standard wave-mode working formula may be determined by orthogonality
considerations without the use of intricate justifications of the complex plane. By taking into account
the symmetry-convex depiction of the KAFs, the formula combination is derived.

Keywords: analytic function; inequalities; univalent function; open unit disk; symmetric differential

operator; airy functions; normalization; complex wave equation; k-symbol calculus

MSC: 30C45; 30C15; 33C10

1. Introduction

When Diaz and Pariguan [1] were assessing Feynman integrals, they introduced and
researched k-gamma functions. Because they provide a generic integral representation of the
relevant functions, these integrals are fundamentally important in high-energy physics [2].
K-gamma functions have since been developed which have a variety of consequences for
mathematics and applications. In light of significant applications in quantum chemistry,
Karwowski and Witek [3] employed k-special functions for determining the solution of the
complex Schrodinger equation for the harmonium and similar designs. In their collected
papers, there is a great deal of attention to the theory of measurement and combination
versions for the k-maximizing factorial numbers that are used as examples as well as to the
combinatorics of the Pochhammer k-symbol.

K-gamma functions were employed for combination analysis by Lackner and Lack-
ner [4] in light of significant applications in statistics. Applications of various k-gamma
function types have eliminated the major concerns, and, as a result, multiple publications
analyzing k-gamma functions have been made available. Fractional calculus plays a vital
role in simulating real-world issues [5]. It is perhaps surprising that k-gamma functions and
associated k-Pochhammer symbols are also used in the field of fractional calculus functions.
Fractional kinetic equations, including k-Mittag—Leffler functions, have been solved by
Agarwal et al. [6]. In [7], Set et al. employed the k-calculus equivalent of the Riemann-—
Liouville singular kernel. More in-depth discussion can be found in [8,9]. Review of the
literature on k-gamma functions has led us to conclude that, on the one hand, k-gamma
functions have stimulated the study of mathematical ideas using novel methods, and on
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the other hand, that the application of these functions in diverse situations is fundamental.
The k-symbol calculus has recently been proposed as a tool for modifying, generalizing,
and analyzing classes of analytic functions, such as differential, integral, and convolution
operators in the open unit disk [10-13].

Airy functions (AFs), which are the solutions of X" (&) — ¢X(¢) = 0, and Legendre
functions, are frequently used in place of the propagating wave functions in the approxi-
mate solution due to their asymptotic expansions. In their investigation on the optics of a
raindrop, Olivier and Soares provided a thorough justification for the Airy hypothesis [14].
The theory of electromagnetic diffraction, the propagation of radio waves, the propagation
of light, and physical optics are all fields in which AFs play a vital role. Additionally, they
are often employed in research, as described in [15]. Applications of AFs are discussed
in relation to the two characteristics of symmetry and convexity. Studies using radiation
exploit the symmetry characteristic (see [16-18]). The convexity feature is used in lens
research (see [19-21]).

To solve a complex k-symbol wave equation on the open unit disk, we use the char-
acteristics of k-symbol Airy functions. We first give the k-symbol Airy functions in the
normalized form in order to describe how the solution of the wave equation behaves.
Investigation of the geometric characteristics is made easier by this. We establish that the
normalized formula has several interesting special functions. We then locate the symmetry-
convex representation of the KAFs to investigate the propagation of two-dimensional
waves in a complicated domain. To acquire the univalent solution, which is crucial for
solving the complex wave equation, we seek to demonstrate a set of necessary conditions.
It is demonstrated that the fundamental working formula for the wave theory may be
derived from orthogonality considerations without the need for a thorough explanation in
the complex plane. The formula is coupled with consideration of the symmetry-convex
representation of the KAFs. The approach is presented in Section 2, the findings are detailed
and discussed in Section 3, and conclusions are drawn in Section 4.

2. Approaches

Different ideas that are considered in the conclusion are covered below.

2.1. Normalized Airy Function
The Airy functions are formulated by the integral structure

NE) = [ explilgt + £ /3])a

achieving the power series

. 3”/3F(”1)sin(2(n+1)n>
1 3 3 .
Milé) = <32/3n) EO T(n+1) 3

1
3
1 0 in — 3 )
+ (32/37r> 22( RCES) ¢

S S SN - ¢ o)
(32T(2/3))  (BAT(1/3)) ' (6 x 32/3T(2/3)) _ (12(3'/3T(1/3)))
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and

1
3
i g 2(n+ 1)
e

1 31/6¢ &3 &
= 3176T(2/3) + r(1/3) T 31/61(2/3) Tax 35/6T(1/3)

+0(&).

By setting ¢(0) = 0 and ¢’(0) = 1, we aim to normalize Airy functions. We can
examine the geometrical structure of these functions using this technique. The normalized
power series are as follows:

1
Ri(8) - ((32/3r(2/3)))

(_ <3l/3r<1/3>>>

&)
~ 7 (6(317°1(2/3)))

=7+ Z yng",
n=2

where

3(n-1)/3p(1£1) sin<2(n Jg 1);1)
r<§>sin(43”)r<n+1>

2x3"32sin(2/3n(n+1))I((n +1)/3))
(T(2/3)(n+1)) '

Yn =

and

&r(1/3))
(6 x 31/31(2/3))

=G+ Zz lyn|C"

=Z+

+...
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2.2. K-Symbol Calculus

The k-symbol gamma function I, often known as the motivate gamma function, is
formulated as follows [1]:

¢
k" (nk)E1
Tx(§) = lim ((g) )k ,
n,
where

()i :=CE+K)(E+2k)...(E+ (n—1)k)

and
(g)n,k = rk(ri?é;qk) .

Based on the definition of I';,, we present the normalized k-symbole functions as follows:

°re(1/3))
(6(31/°T(2/3)))

=0+ 2 [yn]kgn/

n=2

[Y1](8) = ¢ -

where
2 x 3"3/2sin(2/37(n +1))T((n+1)/3))

(Tx(2/3)Tk(n+1)) '

[Ynlk := —
and

23T (1/3))
(6 x 31/3T(2/3))

=i+ ;|[yn]k|§n~

[Y2]x(8) = ¢+

The following outcomes demonstrate some characteristics of the k—symbol Airy
functions (see Figure 1).

Proposition 1. The following outcomes are accurate for k-special functions

~ Gi(4/3)3Y3/Gr(1/3)
[Yl]k(ér) - G:(5/3)32/3/G]]z(2/3)
1/3 3/2 3/2
- G423/ G/ <[1_1/3]k(2c3 V(@215 6[11/3122(/22;/3)/3)))

where Gy, is the k-Barnes function satisfying Gy(n) = % (x is the x function) and
[I]k () is the k-modified Bessel function.

[wk@):f(l 31J-1/3k(2/3(=8)2)((=2)*'%)1/2 ) (Gr(4/3)3/2/ Gy (1/3)

G(4/3)3'2/Gi(1/3) _ ¢lJiyslk (2/3( £)%/2)(Gi(4/3)3/3) /G, (1/3)
Gi(5/3)32/3/Gr(2/3) 3((=¢)3/2)1/3 ,

where [J,]x (&) indicates the k-Bessel function.
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EoRlG4/3:88/93Ye 1 Rk (:2/3;8/9)
[Yali(8) = [(1/3) [,(2/3)3/6 | T,(2/3)31/6
2k B 31/6/rk(1/3) ,

where [ oFy | represents the k-hypergeometric function.

Figure 1. The graph of the normalized Airy functions Y1, Y;, respectively.
2.3. K-Airy Differential Operator

Using the normalized k-Airy functions, we then define the symmetric-convex differential
operator. For an analytic function normalized in the open unit disk A := {¢ € C: || < 1},
we have the following structure:

U((:f) = g + Z ﬂngn,
n=2

The following power series is produced using the convoluted operator (*) and the
normalized Airy function [Y1];(¢)

(05 [YD(@) = (Y1) * 0) (&) = &+ iz anlyaled”, EE A

By considering the above convoluted product, we define the following normalized
k-Airy symmetric-convex differential operator (KASCO):

Q1) = (1= B)E(0* Y1) (&) — pE(v * (Y1l (~0)
—(1-p) <a+ iz nan[yn]k«:"> - ﬁ(—¢+ i‘z [yn1k<—1>"¢">
—ay iz nanlyle[(1— ) + B(—1)" 1)

=t Y nanlyali@n(B)E € €A,

n=2
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where
@u(B) = [(1—B) +B(=1)""].
The m-dimensional KASCO is illustrated as follows:
[Q1:() = (0] (1Q]6) (§)
= (1-B)¢([Qplr) (&) — BE([Qp]K)" (—C)

=(1-p) <€‘+ i n’ay [yn]k@n(ﬁ)6”> —p <—§+ inzan[yn]kwn(ﬁ)(—l)”6”>

n=2

—c+ i nanlylion(B)[(1 - B) + B(~1)"1]¢"
—¢t nénzan kR (B)E" & € A
Generally, the m-formula is given by (see Figure 2)
Q@) = ¢+ iz nagly k@ ()" € € A M

Note that, under the consideration data k = 1, = 0 and [yx]x =~ 1,, this implies the
Salagean differential operator [22].

Figure 2. The graph of KASCO, whenm =k =1, =1/2,1/4,3/4 accordingly.

2.4. Univalent Solution of the k-Wave Equation

In an effort to develop the wave equation, we suggest utilizing the parametric Koebe
function. The Koebe function is an extreme function that belongs to the family of convex
univalent functions. The Koebe function o(¢) = &/ (1 — &)? maps the unit disk conformally
onto the complex plane C with a slit along the disk || < 1/4. We utilize the rotate Koebe
function of the structure

01(¢) = ﬁ = C+n;2nei("‘1)t§", ¢ e AN
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The operator QF acts on ¢(¢), producing the following expansion

Q] (&) = &+ Y nt =Dty Lo (B)E" ¢ € A. @)

n=2

Using the operator (2), we proceed to formulate the complex wave equation. The
complex wave equation is considered in the formula

2,
(atz + €Za§z> (O] (6:1) = Z(8), ®)

where [Qg]}*(¢; t) indicates the m-iterative wave amplitude in A with the convex parameter
B € [0,1] and X is known as the non-linear functional of the wave under consideration
owing £(0) = 0 and X'(0) = 1 (normalized function in A). A unique instance is examined
in [23], when X(¢) = 0 and [Qg]'(¢;t) = [Qp]™ (S 1)-

We provide a univalent outcome to the wave equation. The univalent result is signif-
icant in wave equations (see [24-27]). The wave peaks necessarily travel faster than the
troughs and ultimately reach these levels since the solutions to the wave equations are
known to be erroneous for infinite layers as they are not univalent functions. The primary
requirement to achieve an analytic univalent solution fulfilling the inequality is covered
in the next section R([Qp]}"(¢;t)") > 0 where " = d/d¢). Alternatively, the answer is a
complex domain A with a limited rotation function. In this instance, the gradients continue
to increase, but eventually these effects start to occur, slowing this expansion. The precise
behavior of the solution in A, which cannot be predicted from the wave equation, depends
on the form of the dissipation components that are taken into account.

3. Results and Discussion

This section describes our findings for the univalent solution of Equation (3) for
various hypotheses concerning ..

Proposition 2. Consider Equation (3). If the operator [Q]} (E; t) fulfils the symmetrical inequality

S[Qgly (S; 1)
8%<[Q/s];’{‘(<§; t) — [Q,;],’("(_g;t)> >0 (4)

then [Qp]}'(¢; 1) is a univalent outcome for Equation (3).

Proof. The normalization formula of [Qg]}(¢; t) yields [[Q4]}(0;t) = 0 and [Qg]'(0;¢)" =
1. Replacing —¢ by ¢ in the inequality (4), we get

[0l (~Gt)'
%<[Qﬁ}km(§;f) - [Q,aw(—g;n) >0 5)

Combining inequalities (4) and (5), we receive

SOl (=&:1) — (Ol (=E;1))
éﬁ( QWP @ — QP (5D >>°' ©
This shows that [Qg]}"(¢; ) — [} (—¢; t) is univalent in A. In view of the Kaplan The-

orem of wuni-valency [28], we obtain [Qgli*(¢;t) is a wunivalent outcome
of Equation (3). O

Different conditions for [()4]}"(Z; t) to be univalently solvable are shown in the following
outcomes.
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Proposition 3. For Equation (3), assume that the operator [Qg]i" (G; t) violates the relation

R([Qpl¥ (6 1) + Al (5:1)") > 0 @)

where A() is an analytic function in A with a non-negative real part. Then [Qg]i*(E;t) is a
univalent outcome for Equation (3).

Proof. Assume that (7) is a true inequality. Formulate an admissible function A : C2 — C,
as follows:

Ap,g) = p(&) +AE)s(S)-
In view of the assumption (7), and by letting
p(Z) == [ (&), ¢(D) =gl (&),
we have that
R(A([Q]F (&), E[Qp]{ (5:1)")) > 0.
According to Theorem 5 of [29], we conclude that
ROl (&) >0,

which leads to [Qg]}'(¢;t) is a univalent solution of Equation (3). [

Extra conditions on [Qg]}"({; t) to be univalent. The following outcome is a relation
between [(4]{(S;t) and £(&) in Equation (3).

Proposition 4. Assume that Equation (3), where (&) is a bounded function in A, with

mf( M=) 0, e

61— 082
If
[ 2(81) — X(82)
: ¢ <sz( )
[Qplf(&t)  Z(6)| ~  [supzea(Z(E))* 7

which leads to [Qg]} (&; t) is a univalent solution for Equation (3).

Proof. Let [Qp]}(8;t) = &+ Loy 9" and X(§) = ¢+ L52s ¢l Formulate the function
F: A — A, as follows:
¢ e

FO=lamEn 2@

Clearly, F(¢) is analytic in A. Integrating both sides, we get

6 & v _ ;
[[Qﬁ]km(gft) _Z(c:)] = @2 192+/0 F(‘L’)d'{,

Consequently, we have

¢ ¢ o . ¢ s s .
arEn ~ s~ (e e [ ds [ FCoe

Therefore, a calculation gives that

m . — Z )
1K (&) = T = nE) r RO O/
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where

¢ s
= / ds / F(t)dt
0 0
A calculation yields that

By virtue of the assumption, we have

S AR

2inf (81) —2(52) B
: b&&imgm> (szQ'

where {1 # {>. The next step is to prove that [Qg]["(G1;t) # [Qp]} (G2;t) or

Q] (E15t) — [l (G2st)| >0, &1 #

|[Qp] (E1;1) — (O]} (&2 1)
‘Z(Cl) —2(82) + Z(82) (& )<f(§i2) _ f(;ll))‘
+ (2 — 02)2(&1) + 2(&1) <f(€1)>

¢1 ‘
|ﬂa%&@m—m(“%zg@”)@—a>

+ (¢2 — 82)2(61) + £(61) (ﬂél)> ‘1 + (92 — 92)5(&) + (&) <f(§22)>

(@2 — 02)2(G2) +Z(&2) <f(§22>>

> 0.

Consequently, we obtain that [Qg]}"({;t) is a univalent solution of Equation (3)
inA. O

Some unique examples of Proposition 4 are as follows:

g "
[Qglf(Ei)

then [Q]}' (&5 t) is a univalent solution.

Corollary 1. If

<2,

Proof. By putting (&) = ¢ in Proposition 4, we have the result. Note that this result is
sharp when

m g
[Q.B]k (gl t) = (1 _'_6)24-(/
where Y
4 ¢

= E é ’ f .

|<[ ]?(gt)> 24+014+0)(1+9) >0

O
By Corollary 1, we have
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Corollary 2. If

[Qﬁ]lrcn(g;t) -1 +Z;§_l bt

where .
Z n(n—1)|by| <2,
n=2

then [Qp]}'(¢;t) is a univalent solution.
The concluding remarks are presented below.

Remark 1.

*  Solutions that are periodic exist because n — 1 is an integer with Keobe function. Since
individual modes do not necessarily have to be periodic, this restriction is not required. Instead,
the value of t will be determined by the boundary conditions. Furthermore, it is asserted that
R(t) > 0 without sacrificing generality, and special emphasis is given to solutions that behave
as exp(it). The waves in the direction of positive t are attenuated in this way. The form of the
waves traveling in the direction of negative t is the same (symmetric sense).

*  The way in which the concept is developed here readily lends itself to many generalizations.
This represents an intriguing situation when the height of the top border varies along the
direction of propagation. The normalized analytic function is seen as a function of ¢ € A to
obtain the normalized univalent solution in the complex model under study.

e [t may be anticipated that a waveguide with slowly changing characteristics will not differ
greatly from a waveguide with a constant cross-section based on fundamental principles. The
structure of the modes may be used to identify a normalized waveguide with a univalent
function. The ideal ground conductivity is now standardized to a value that is very near
to unity.

4. Conclusions

A symmetric-convex differential formula of normalized Airy functions in the open
unit disk was developed. This equation was taken into account as a differential operator
working on a class of normalized analytic functions. The proposed operator (KASCO)
was shown to be a solution to a wave equation in the following phase of this inquiry.
We provided the necessary requirements for KASCO to be a univalent solution because
we sought to analyze the geometric shape of the solution (symmetry and convexity).
Based on the theory of the wave equation of a complex variable, the univalent solution is a
particularly delicate property. Based on the theory of geometric functions, this characteristic
leads to several geometric presentations for the solution.
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Abstract: Fractional calculus has a number of applications in the field of science, specially in mathe-
matics. In this paper, we discuss some applications of fractional differential operators in the field
of geometric function theory. Here, we combine the fractional differential operator and the Mittag-
Leffler functions to formulate and arrange a new operator of fractional calculus. We define a new
class of normalized analytic functions by means of a newly defined fractional operator and discuss
some of its interesting geometric properties in open unit disk.
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1. Introduction and Definitions

Let A denote the class of functions # of the form
n(z) =z+ ) 2", )
n=2

which are analytic in the open unit disk
U={zeC:|z| <1}

and satisfy the normalization condition

Furthermore, we denote by S the subclass of A consisting of functions of the form (1),
which are also univalent in U.
For two functions 7,y € A, we say that # subordinated to y, written as

1(z) < y(z),

or equivalently
1(z) = y(k(z)),

where, k(z) is the Schwarz function in U along with the condition, (see [1])

k(0) =0 and |k(z)| < 1.
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If y is univalent in U, then
1(2) < y(z) <= 1(0) = y(0) and (U) C y(U).
The majorization of two analytic function (1 < y) if and only if
n(z) =k(2)y(z), ze U,
and also the coefficient inequality is satisfied
|an| < [bnl.

There exists a wide formation between the subordination and majorization [2] in U for
established different classes including the the class of starlike functions (S*):

Re(Z" (Z)> >0, zel

1(z)

and convex functions (C):

1'(z)

Related to classes S* and C, we define the class P of analytic functions m € P, which are
normalized by

1+Re<z’7 (Z>> >0, ze U

m(z) =1+ ) cu2",
n=1

such that
Rem(z) > 0in U and m(0) = 1.

The convolution (x) of 7 and y, defined by

(n#)(z) = io b,

where,
y(z) =) b2",  (zel).
n=0

Srivastava et al. [3] geometrically explored the class of complex fractional operators
(differential and integral) and Ibrahim [4] provided the generality for a class of analytic
functions into two-dimensional fractional parameters in U. Number of authors used these
operators to illustrate various subclasses of analytic functions, fractional analytic functions
and differential equations of complex variable [5-7].

Definition 1. Pochhammer symbol («),, can be defined as:
(@) =a(a+1)...(a+n—1) if n #0

and
() =1 if n=0.

Definition 2. The (), can be expressed in terms of the Gamma function as:

(@) = W (n €N).
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In [8], Mittag-Leffler introduced Mittag-Leffler functions H,(z) as:

Ha(z) = i I’@cnl—l-l)zn' (€ € C, Re(w)) > 0,

and its generalization H, g(z) introduced by Wiman [9] as:

Hop(z) = fjo WZ”, (&, B € C, Re(a), Re(B)) > 0. @

Now we define the normalization of Mittag-Leffler function M, 4(z) as follows:

Mg (z) = ZF(,B)Huc,,B (z)

3 ()
Mup(z) = 2+ ), sy 2 ®)
8l LT 1) 7P
where, z € U, Rex >0, p € C\{0,—1,-2,... }).

A function f € Ais called bounded turning if it satisfies the condition

Re (17/ (z)) > 0.

For 0 < v < 1, let B(v) denote the class of functions 7 of the form (1), so that Re (17,) >0

in U. The functions in B(v) are called functions of bounded turning (c.f. [1], Vol. II).
Nashiro-Warschowski Theorem (see, e.g., [1], Vol. I) stated that the functions in B(v) are
univalent and also close-to-convex in U. Now recall the definition of class R of bounded
turning functions and can be defined as:

' 1
R:{;yE.A:iy(z) <£, ZEU}.
In [3], Srivastava and Owa gave definitions for fractional derivative operator and fractional
integral operator in the complex z-plane C as follows:
The fractional integral of order ¢ is defined for a function 7(z), by

zZ

Ey2) = L) = g5 [ (2= 0" (04, (6> 0).

0

The fractional derivative operator D, of order ¢ is defined by

Din(z) = D:I} °n(z)

_ 1 0
B F(l—(S)DZO (z—t)'5d(t)’ (0<s<1).

where, the function #(z) is analytic in the simply-connected region of the complex z-plane
C containing the origin, and the multiplicity of (z — t)° is removed by requiring log(z — t)
to be real when (z —t) > 0.

Let 6 > 0 and m be the smallest integer, and the extended fractional derivative of #(z)
of order ¢ is defined as:

Déy(z) = D" y(z), 0< 6, n > —1, )

175



Axioms 2022, 11, 655

provided that it exists. We find from (4) that is

I'(n+1)

Dén:
z I'(n+1-9)

"0, (0<5<1, n>—1)

and F(n+1)
n—+
15 n o__ n+o 5 —1).
“Trios o 0<on>-1
Owa and Srivastava [10], defined the differential integral operator Q% : A — A in the term
of series:

On(z) = r(ﬁ(;f)z%in(z) ®)
_ XUV
= z+2r n+175>anz,

where,
(6 <2,and z € U).

Here, D?7(z) represents the fractional integral of 77(z) of order § when —co < § < 0 and a
fractional derivative of #(z) of order d when 0 < ¢ < 2.
Now, by using the definition of convolution on (3) and (5), we define fractional

differential integral operator @i’“’ﬂ : A — A, associated with normalized Mittag-Leffler
function M, g(z) as follows:

o) ==+ X (e g ) (a1 )

(6 <2, Rea >0, fcC\{0,-1,-2,...}), z€ U.

where,

It is noted that
D99 (2) = 5(2).

Again, by using fractional differential integral operator @i'“’ﬁ , we also define a linear

multiplier fractional differential integral operator gAi’m as follows:

Sy () = 3 (585" 0(2)), (6)
where,
585%(z) = n(2),

and

5a51(2) = (1 - NIy (z) + 22D (92 Fy (2) ).
It is seen from 7(z) given by (1) and from (6), we have

BAY () =2+ 1 AN S0 Bm m)and”, 4
n=2

where,

A fmn) = [Gg)}(&nﬁﬁ - (155) <r<a<nr_(ﬁ1)> P ) (1-A+ "M] m

and
(0<2,meN, A>0 Reax >0, pcC\{0,-1,-2,...}), ze U.
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Remark 1. When, 6 = 0, « = 0, and B = 1, in (7) then it is reduced to the operator given by
Al-Oboudi [11].

Remark 2. For,d =0,A =1,a =0,and § = 1in (7) then it is reduced to the operator given by
Salagean [12].
Definition 3. A function yj € A, is in the class SX‘S"" (0) if and only if
B oxd,m _ .
xS M) =9 e A:
Definition 4. A function y € A, is in the class g ]i’m (L, M, ) if and only if

o,m
o - 1 (A n(z )) 1+ Lz
sIy (L’M’b)_{WEA‘1+b<aA5m,7() "‘A‘)mﬂ( 2) “TEMz(

The following lemmas will be use to prove our main results.

Lemma 1 ([13]). For ¢ € C and a positive integer n, the class of analytic functions is given by

Hipn) = {n:n() = o+ euz" + 0z +.. ).

(i) Let I € R. Then ,
Re(q(z) +Izn (z)) >0 — Re(y(z)) > 0.

Moreover, 1 > 0and n € H(1,n), then there is constant § > 0 and k > 0, such that
k=k(l,6,n)

and

s < (122) =< (122)

z

(ii) For 1 € H(1,n), and for fixed real number 1 > 0 and let ¢ € [0,1), so that
Re(;y2(z) + 277(2)(21)17(2))) >c —> Re(n(z)) > L.
(iii) Let n € H(n,n), with Re() > 0, then
Re (17(2) +z1 (z) + 227 (z)) >0,

or for N: U — R, such that

Then

2. Main Results
To make use of Lemma 1, first of all, we illustrate differential integral operator
"‘A‘s $"'1(z) is also bounded turning function.
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Theorem 1. Let 5 € A, and

(1) gAf\’mn(z) is of bounded turning function.

/ 1 k
(i) (gAif’"n(zD < <1+§> , k>0,zeU.

, [ a AOm
(iif) Re((gAimn(z)) (AZW())> > % ce0,1).
(iv) Re(z( A (z ))H ( A"y (z )),+2(?§A§IZU())) > 0.

(v) Re(<z(gA5m (z )) /58"y (2 )) ) ( A"(2) /2 )) > 1.

a AO,m
(An()> € P(A), forsome A € [0,1).

Then
z

Proof. Define a function m(z) as follows:

AT ()

m(z) = %, z e U. (8)

Then computation implies that

2! (2) + m(z) = (585"(2))

From the first inequality (i), we have gAi'miy (z) is bounding turning function, and this give
us
Re (zm’(z) + m(z)) > 0.

Thus, Lemma 1, part (i) implies that
Re(m(z)) > 0.

Hence (i) is proved. Accordingly, part (ii) is confirmed.
By the virtue of Lemma 1 and part (i), let I > 0, such that k = k(I) and

50" (2) <1+z)l
= .

z 1-2z
This indicates that 5
4N (z)
Re (MZU() >, Aelo1).
Suppose that
Re (m2 (z) + Zm(z).zml (z))

)
505" (2) EAY"(2)
— 2Re % (gAj"";y(z)) —ﬁT >¢ cel01). )
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From the Lemma 1 and part (ii), there exists a fixed real number [ > 0 and satisfying the
condition
Re(m(z)) > 1
and
503" (2)

m(z) = f € P(A).

It follows from (9) that ,
Re ( (%Af\’miy(z)) ) > 0.

Taking the derivative (8), we then obtain

Re (m(z) +zm (z) + 22m’ (z))

” , a A0 M
— Re ( (ﬁA"mq( )) - (gAi’mq(z)) +2(ﬁAZ’7(>>) >0,

Hence, Lemma 1 (ii) implies that
505"1(2)
Re (z > 0.

The logarithmic differentiation of (8) yields

Re <m(z) + me(iz)) + 22w (z))

x AOm Z ' & A0,
~ Re (ﬁAé 1) TPy i )
%A A’?(Z) z

Hence, Lemma 1 (iii) implies, where N(z) =1,

Re (%AMZU()) > 0.

o

Now we find the upper bounds of the operator ﬁAf\’mq(z) by using the exponential
integral in U, which provided 17 € (5 Spom (a)).

O

Theorem 2. Let 17 € (58;‘5""((7)), where 0 (z) is convex in U. Then,

ﬂAA 7(z) < zexp/ dw, (10)
where, ¢(z) is analytic in U having condition

$(0) =0and |p(z)| < 1.
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Furthermore, for |z| = ¢, we have

m&
>
>.m

1 —&)) —
exp/O %d@ < < exp/ gT.

Proof. By the hypothesis we received the following conclusion:

aAtS,m '
W =< (T(Z)
50" 1(2)
(385" (2))
M)~ sgpz) zel
50V (2)
and )
(383"12) 1 _ o) -1 a
5A§)\'m’7<z> z z
Consequently, integrating (11), we obtain
505"1(2) : ~1
log (ﬁz) :/0 %dw. (12)

By the definition of subordination we attain

ﬁA/\ 1(z -<zexp/

Hence (10) is proved.
Note that the function o (z) convex and symmetric with respect to real axis. That is

o(=Glz]) < Re{o(¥(G2)} <v(Glz]) (0<&<1,zel)
then we have the inequalities

o(=¢) < o(=¢lz]), o(glz]) <o (Q).

Consequently, we obtain

Lo(¥(=¢lz])) — 1 Lo(¥(¢)) -1 Lo(¥(¢]z]) — 1
/0 dggRe/O fdgg/o a\TeZ)) = L ge.

¢ ¢
In the sight of Equation (12), we obtain
Lo (¥(=gfzD) -1 B 1) (¥(lzD)
J e e e
which implies that
zxAtS,m
exp / ¢|z Lie< |8 AZ'?<Z> <o [ <‘f<¢|§|>> Lae
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Hence, we have

exp

O

Now we investigate the sufficient condition of # to be in the class gS:{’&’m (o), where &
is convex univalent satisfying c(0) = 1.

Theorem 3. If 7 € A, satisfies the inequality

! " !

2(587"n(2)) - 2(587"(2)) 2(587"(2)) o
~ | - o(z),
gAi’mW(Z) (%Ai’mﬂ(Z)> gAi’mrl(Z)
then, 17 €§ S ().
Proof. Let ,
2(583"0(2))
m(z) = —
ﬁAA 1(z)
and m(z) = 1 in the inequality
m(z) +m(z) (zrr/(z)) < 0(z),
then, we obtain
m(z) + m(z) (zml (z))
B z(gAf\’mn(zD Z(%Af\’mly(z)) z(%Ai”%(z))
aAé,m X |2+ 5 T IXA&m =< U'(Z).
B=A H(Z) (EA/\'mn(z)) B=A 77(2)
This implies that
z(585"n(2))
m(z) = — g o(z),
lgAA 1(2)
that is
*,0,
ne (581°(@)).
O
Corollary 1. Let the assumption of Theorem 3. Then,
2(587"n(2)) 2(587"n(2)) 2(587"n(2)) /
(xA§,m X 1 + 5 7 - 0(A5/m L0 (Z)
BN 1(z) (EAXW’?(ZD BN 1(z)
Proof. Let )
2(587"n(2))
m(z) = — T
gAY 1(2)
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In the view of Theorem 3, we have

(385" (2))

IXA(S m’?(z) = U(Z)’

where, o € C. Then, by [2] (Theorem 3), we obtain

!

m(z) < 0',(2)

for some z € U, where

o Gme) (1 (ate) | (Gatmie)
5OV 1(2) (35" (= ))/ 503" (2)

O

It is well known that the function ¢(z) = e%?,1 < |0] < Z is not convex in U, where the
domain ¢ (U) is lima-bean (see [13], p. 123). Now, we can ﬁnd the same result of Theorem 3
as follows:

Theorem 4. Ify € A, it satisfies the inequality
2(587"n(2))
+ VARG
(3a3"n())

Then,
ne (51 (e™).
Proof. Let ,
z(587"n(2))
m(z) = — —i——
ﬁA 1(z)
After some simple computation implies that
zm’ (2)
m(z) + e
, (=) | (7 268m@) (=)
z(gAjmq(z)) X ST (2) (388" 2)) SAT (2)
gAimﬂ(z) 2(585"n(2))
$AY"n(2)
b "
— 1+Z<ﬁAA U(ZD < .
(sa3mn())
This implies that (see [13], p. 123)
® 5,1’!’! '
m(z) = (ﬁA)\ U(Z)) < e
503" (2)
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that is
e (gsz,é,m(eez» .
O

Theorem 5. Ifyj € (%]f\’m(L, M, b)), then

satisfies
5,
. z(§A7"B(2)) L1+l
b (“A‘S’mB(Z)> 1+ Mz’
BN

2B (z) 1—0?
R > = 1.
e( B(z) ) Z e PFl=8<
Proof. Lety € (g ]ﬁ;’m (L, M, b)) , then there occurs a function J(z) such that

!/

Zz(gAf\’mq(z))
b(J(z) —1 ,
PO T e A

2z (2 A™ (—z) l

-1y = D)

5, 5, ’
EAN T (=2) =5 A (2)
This confirm that

1(2(64790) ) _j@+ien

However, | satisfies

which is univalent, then we get

. 2(§A3"9(2) RIS~
b gAi,mg(Z) 1+ Mz

Additionally, G(z) is starlike in z, and which implies that

B 2G(z)’ 5 1—2?
G(z)  1+42%

h(z)

Hence, their exist a Schwarz function w(z), such that |w(z)| < |z| < 1, k(0) = 0, we get

1—w(z)?

h(z) < m,

which leads to
1-h(0)

w(@)z = Th(@)

, €z |l=r<l.

183



Axioms 2022, 11, 655

A simple calculation yields

1-h
| = R < i
Therefore, we get the following inequalities:
2
1+ 41¢*
h(Z) - —
| 1-ef* (1-1214)°
1+ ¢ 20¢ P
h(l) - — 71 VE—
‘ L-lelfl T (1)

Thus, we have

’ 192
Re<zg(g)> > g ll=e<t

This completes the proof of Theorem 5. [

Example 1. Let

!/

/ 5,
ae) _ ()
1(z) %Af\'mn(z) '
BN (Z) = — 2 pe A
gAY 1(2) a7
Then the solution of ZZ(S) = 122 is formulated as follows:
SV (z) = ——, nE A
(1-2)
Moreover, the solution of the equation
2 (2) _1+z
U(Z) + U(Z) - 1—2z
is approximated to
z
7’](2) - 1—2

3. Conclusions

Many researchers have discussed some applications of fractional differential operator
in different areas of mathematics. In this paper, we combined fractional differential operator
and the Mittag-Leffler functions and formulated a new operator of fractional calculus for
a class of normalized functions in the open unit disk. We considered this operator on the
two classes of analytic functions and investigated some of its applications in the field of
geometric function theory. The suggested operator can be utilized to define some more
classes of analytic functions or to generalize other types of differential operators.
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