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Preface to ”Innovative Target Tracking Techniques for

Modern Radar and Sonar Systems”

Due to rapid advances in wireless communication and sensor technology, modern monitor

systems, including modern radar and sonar systems, play important roles in both civil and defence

applications. An important example is target tracking. Nowadays, radar and sonar systems

constantly encounter a large number of targets of many different types, such as extended targets

and low signal-to-noise ratio targets. These types of targets bring new challenges to target-tracking

techniques. To cope with these challenges, conventional target tracking methods need to be

significantly upgraded. There are several theoretical and practical problems, such as multi-sensor

fusion architecture, track-before-detect methods, classification and identification methods, and other

open problems yet to be addressed. The corresponding applications of machine learning in this field

are also interesting and meaningful topics of investigation.

The aim of this Special Issue is to gather recent advances and development in target tracking

techniques to determine how they can be adapted for modern radar and sonar systems. After peer

review, 17 articles in related areas have been accepted for publishing in this Special Issue. The

published articles cover a range of topics and applications central to target tracking, such as extended

target tracking, resource management, and multi-target smoother. Although this Special Issue has

been closed, the need for future research and development related to innovative target-tracking

techniques for modern radar and sonar systems remains. We hope that this Special Issue and the

published papers can inspire many more innovative theoretical and practical efforts in the field of

target tracking.

Alfonso Farina, Wei Yi

Editors

ix





sensors

Article
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Abstract: We consider measures of nonlinearity (MoNs) of a polynomial curve in two-dimensions
(2D), as previously studied in our Fusion 2010 and 2019 ICCAIS papers. Our previous work
calculated curvature measures of nonlinearity (MoNs) using (i) extrinsic curvature, (ii) Bates and Watts
parameter-effects curvature, and (iii) direct parameter-effects curvature. In this paper, we have
introduced the computation and analysis of a number of new MoNs, including Beale’s MoN,
Linssen’s MoN, Li’s MoN, and the MoN of Straka, Duník, and S̆imandl. Our results show that
all of the MoNs studied follow the same type of variation as a function of the independent variable
and the power of the polynomial. Secondly, theoretical analysis and numerical results show that
the logarithm of the mean square error (MSE) is an affine function of the logarithm of the MoN for each
type of MoN. This implies that, when the MoN increases, the MSE increases. We have presented an
up-to-date review of various MoNs in the context of non-linear parameter estimation and non-linear
filtering. The MoNs studied here can be used to compute MoN in non-linear filtering problems.

Keywords: polynomial curve in 2D; measures of nonlinearity (MoNs); extrinsic curvature;
Beale’s MoN; Linssen’s MoN; Bates and Watts parameter-effects curvature; direct parameter-effects
curvature; Li’s MoN; MoN of Straka, Duník, and S̆imandl; maximum likelihood estimator (MLE);
Cramér-Rao lower bound (CRLB)

1. Introduction

The Kalman filter (KF) [1–4] is an optimal estimator (in the minimum mean square error (MMSE)
sense) for a filtering problem with linear dynamic and measurement models with additive Gaussian
noise. However, many real-world filtering problems are non-linear due to nonlinearity in the dynamic
and measurement models. Common real-world non-linear filtering (NLF) problems are bearing-only
filtering [5–8], ground moving target indicator (GMTI) filtering [9], passive angle-only filtering
in three-dimensions (3D) using an infrared search and track sensor [10–12], etc.

In the early stages of NLF, the extended Kalman filter (EKF) [1–4] was widely used. It was
observed in some problems, e.g., falling of a body in earth’s atmosphere with high velocity [13,14]
and bearing-only filtering [5,7,8] that the EKF performs poorly due to linearization. The high degree
of nonlinearity in these problems was the attributed cause for the poor performance of the problem
without a quantitative measure of nonlinearity (MoN). To overcome the poor accuracy and convergence
problems of the EKF, a number of improved approximate non-linear filters, such as the unscented

Sensors 2020, 20, 3426; doi:10.3390/s20123426 www.mdpi.com/journal/sensors1
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Kalman filter (UKF) [14,15], cubature KF (CKF) [16], and particle filter (PF) [8,17] have been proposed
during the last two decades.

It is important to address the following questions for NLF problems:

1. Is it possible to find a quantitative MoN for a nonlinear filtering problem?
2. Can we establish a correspondence between the MoN of a NLF problem and the performance of

a filtering algorithm?
3. Can we show that the UKF, CKF, or PF gives better results than the EKF, when the degree of

nonlinearity (DoN) is high?

Remark 1. In this paper we consider a parameter estimation problem with polynomial nonlinearity. We hope that
insights and results from this analysis would encourage further study of MoN in NLF problems. Next, we describe
some historical developments in the field of parameter estimation and NLF.

Beale in his pioneering work [18] proposed four MoNs for the static non-random parameter estimation
problem. Two MoNs were empirical and two were theoretical. Guttman and Meeter [19] and Linssen [20]
observed that Beale’s method gives lower MoN for highly non-linear problems and proposed a
modified MoN. Using differential geometry based curvature measures, Bates and Watts [21,22]
and Goldberg et al. [23] extended Beale’s work and developed curvature measures of nonlinearity
(CMoN) for the static non-random parameter estimation problem. Bates and Watts formulated two
CMoN, the parameter-effects curvature and intrinsic curvature [21,24–26].

In [27], we first extended the method of Bates and Watts to the non-linear filtering problem
with unattended ground sensor (UGS) to calculate CMoN. Next, we computed the parameter-effects
curvature and intrinsic curvature for the bearing-only filtering (BOF) problem [28–31], GMTI filtering
problem [30,32,33], video tracking problem [34], and polynomial nonlinearity [35].

In our previous work [35], we considered a polynomial curve in two-dimensions (2D)
and calculated CMoN using differential geometry (e.g., extrinsic curvature) [36–38], Bates and Watts
parameter-effects curvature [21,25,26], and direct parameter-effects curvature [29]. The computation
of these curvatures requires the Jacobian and Hessian of the measurement function [2] evaluated at
the true or estimated parameter. The extrinsic curvature uses the true parameter, whereas the other
two CMoN use the estimated parameter.

In [35], we obtained the maximum likelihood (ML) estimate [2,39] of the parameter x while using
a vector measurement by numerical minimization. In [40], we derived analytic expressions for the ML
estimator (MLE) [2,39] and associated variance using a vector measurement. This approach is simple
and efficient, since it does not require numerical minimization. We also showed through Monte Carlo
simulations in [40] that the variance of the MLE and the Cramér-Rao lower bound (CRLB) [2,41] are
nearly the same for different powers of x. We also found that the bias error was small and the mean
square error (MSE) [2] was close to the CRLB and variance of the MLE. Our numerical results showed
that the average normalized estimation error squared (ANEES) [42] was within the 99% confidence
interval most of the time. Hence, the variance of the MLE was in agreement with the estimation error.

Li constructed a combined non-linear function while using the non-linear time evolution function
and measurement function in a discrete-time nonlinear filtering problem, and he proposed a global
MoN at each measurement time [43]. This MoN minimizes the mean square distance between
the combined non-linear function and the set of all affine functions with the same dimension at
each measurement time. An un-normalized MoN and a normalized MoN were proposed in [43].
These MoNs can also be unconditional or conditional. The normalized MoN lies in the interval [0, 1].
A journal version of the paper with enhancements was published in [44].

The normalized MoN that was proposed in [43] was calculated for non-linear filtering problems,
including one with the nearly constant turn motion and a non-linear measurement model [45],
a video tracking problem using PF [46], and a hypersonic entry vehicle state estimation problem [47].
In these cases, the normalized MoN were rather low. In [33], we compared the normalized MoN for
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the BOF and GMTI filtering problems. Contrary to our expectation, we found that the GMTI filtering
problem had a higher conditional normalized MoN than that of the BOF problem in the examples that
we investigated.

Using the current mean (e.g., predicted mean) and associated covariance, Duník et al. [48] generate
a number of sample points (e.g., sigma points using unscented transform [14]) and transform these
points using a non-linear function (e.g., non-linear measurement function or time evolution function).
Subsequently, they try to predict the transformed points using a linear transformation and estimate
the parameter of the transformation using linear weighted least squares (WLS) [39]. They use the cost
function of the WLS evaluated at the estimated parameter as a local MoN.

In [35], we showed analytically and through Monte Carlo simulations that affine mappings with
positive slopes exist among the logarithm of the extrinsic curvature, Bates and Watts parameter-effects
curvature, direct parameter-effects curvature, MSE, and CRLB. For completeness, we have included
these key results from [35] in Section 4. New contributions in this paper include the computation
and analysis of following MoNs:

• Beale’s MoN [18],
• Least squares based Beale’s MoN,
• Linssen’s MoN [20],
• Least squares based Linssen’s MoN,
• Li’s MoN [43,44], and
• MoN of Straka, Duník, and S̆imandl [48,49].

It is not possible to derive a mapping analytically between the logarithm of Beale’s MoN,
Linssen’s MoN, Li’s MoN, MoN of Straka, Duník, and S̆imandl, and the logarithm of the MSE.
The numerical results from Monte Carlo simulations also show that affine mappings with positive
slopes exist among the logarithm of the MSE and the logarithm of two of these MoNs.

The paper is organized, as follows. Section 2.1 describes the measurement model for polynomial
nonlinearity. The MLE for parameter estimation and CRLB using polynomial nonlinearity and a
vector measurement is presented in Section 2. Section 3 presents different types of MoN, such as
extrinsic curvature based on differential geometry, Beale’s MoN, Linssen’s MoN, Bates and Watts
parameter-effects curvature, direct parameter-effects curvature, Li’s MoN, and MoN of Straka, et al.
Section 4 discusses mappings among logarithms of extrinsic curvature, parameter-effects curvature,
CRLB, and MSE. Section 5 presents the numerical simulation and results. Finally, Section 6 summarizes
our contribution and concludes with future work.

Notation Convention: For clarity, we use italics to denote scalar quantities and boldface for vectors
and matrices. A lower or upper case Roman letter represents a name (e.g., “s” for “sensor”, “RMS” for
“root mean square”, etc.). We use “:=” to define a quantity and A′ denotes the transpose of the vector
or matrix A. The n−dimensional identity matrix, m−dimensional null matrix, and m × n null matrix
are denoted by In, 0m, and 0m×n, respectively.

2. MLE Parameter Estimation and CRLB

2.1. Measurement Model

We studied CMoN of a polynomial smooth scalar function h of a non-random variable x
in [35], where

h(x) = axn, (1)

and a is a non-zero scalar. In scenarios considered, x > 0 and n = 2, 3, 4, 5.

Remark 2. For MoN of other forms of nonlinearity, such as the bearing-only [27], GMTI [32], and video
filtering [34] problems in radar communities, we shall discuss in detail in the end of Section 3.

3
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The measurement model for the polynomial function is given by

zi = h(x) + vi, i = 1, . . . , N, (2)

where vi is a zero-mean white Gaussian measurement noise with variance σ2,

vi ∼ N (0, σ2). (3)

We assume that the measurement noises are independent.
The measurement model can be written in the vector form

z = h(x) + v, (4)

where
z :=
[

z1 z2 . . . zN

]′
, (5)

v :=
[

v1 v2 . . . vN

]′
, (6)

h(x) := h(x)d, (7)

d :=
[

1 1 . . . 1
]′

, (8)

v ∼ N (0, R), R = INσ2. (9)

2.2. ML Estimate of Parameter

The likelihood function of x is [2,50,51]

Λ(x; z) = p(z|x) = [(2π)N |R|]−1/2 exp{−(1/2)[z − h(x)]′R−1[z − h(x)]}. (10)

The maximization of the likelihood in (10) is equivalent to the minimization of the cost function [2,51]

J(x) = [z − h(x)]′R−1[z − h(x)] = [z − h(x)]′[z − h(x)]/σ2. (11)

The maximum likelihood (ML) estimate x̂ of x is obtained by setting the derivative of J(x) to
zero [2,51],

dJ(x)
dx

= 0. (12)

From (11) and (12), we obtain

[z − h(x̂)]′ dh(x̂)
dx

= 0. (13)

Because the derivative of h(x) with respect to x is not zero, we obtain

z − h(x̂) = 0N×1. (14)

Hence, the ML estimate satisfies,
h(x̂)d = z. (15)

Left-multiplying both sides of (15) by d′, we obtain

h(x̂)d′d = d′z =
N

∑
i=1

zi. (16)

4
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We note that
d′d = N. (17)

Using (1) and (17) in (16) we get
ax̂n = z̄, (18)

where z̄ is the sample mean of z,

z̄ =
1
N

N

∑
i=1

zi. (19)

Thus, from (18), the ML estimate of x is given by

x̂ = (z̄/a)1/n, n = 2, 3, . . . . (20)

Remark 3. In general, the MLE for a nonlinear measurement model is biased [51]. We can calculate the variance
of x̂ under the small error assumption using the linearization approximation. To guarantee the validity of
the variance, the bias in the MLE must be calculated. The bias can be numerically calculated using Monte
Carlo simulation.

The bias in the MLE is defined by [2,51]

b(x) := x − x̂. (21)

Remark 4. The ML estimate of x in [35] was obtained by minimizing the cost function in (11) numerically.
The estimator in (20) provides simple and efficient way of estimating x using a vector measurement z without
numerical optimization.

2.3. Variance of the MLE

The variance of x̂ is given by [51]

σ2
x = (Ḣ′R−1Ḣ)−1, (22)

where

Ḣ =
dh(x)

dx

∣∣∣
x=x̂

. (23)

Using the special form of R from (9) in (22), we get

σ2
x = σ2(Ḣ′Ḣ)−1. (24)

Using (7) in (23), we get

Ḣ =
dh(x)

dx

∣∣∣
x=x̂

d. (25)

Differentiating (1) with respect to x, we obtain

dh(x)
dx

= anxn−1. (26)

Using (26) in (25), we get
Ḣ = anx̂n−1d. (27)

From (27), we obtain
Ḣ′Ḣ = (anx̂n−1)2 d′d, (28)

5
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Using (28) and (17) in (24), we obtain

σ2
x = σ2(Ḣ′Ḣ)−1 =

σ2

N(anx̂n−1)2 , (29)

σx =
σ√

Nanx̂n−1
. (30)

2.4. Cramér-Rao Lower Bound

The CRLB [2,41] for the MSE in the current problem is given by

CRLBx =

[
dh′(x)

dx
R−1 dh(x)

dx

]−1

. (31)

Remark 5. Calculation of the variance σ2
x and CRLBx are similar. For σ2

x , we use the estimate x̂ while
calculating the Jacobian of the measurement function, whereas, for CRLBx, we use the true x while calculating
the Jacobian of the measurement function.

Using similar procedure, we obtain

CRLBx =
σ2

N(anxn−1)2 , (32)

√
CRLBx =

σ√
Nanxn−1

. (33)

From (30) and (33), we find that, for a given x, the standard deviation (SD) and square root
of CRLB are inversely proportional to the power n. Secondly (33) shows that, for a given power,
the square root of CRLB decreases as x increases.

3. Measures of Nonlinearity

To explain the key concepts of nonlinearity, consider the scalar function h(x) = 5 sin (4x)/x
shown in Figure 1. We observe in Figure 1 that the function is nearly linear at A and E. If we draw
a tangent to the curve at A and E, then the curve is close to the tangent in the neighborhood of A
and E. However, tangents to the curve at points B, C, and D differ by large amounts from the curve
in the neighborhood of these points. The tangent represents an affine approximation to the curve at
a point. We observe that, among points B, C, and D, the curve bends the most at B and the least at
point D. If we draw a circle (called the osculating circle) at these points, then the radius of the circle
can be used to judge nonlinearity. The rate of bending is high when the radius of the circle is small.
In differential geometry [37,38], the curvature κ is inverse of the radius of the osculating circle and,
hence, curvature can be viewed as a measure of nonlinearity. The radii of the osculating circles at A
and E are nearly infinity and, hence, the curvatures are nearly zero. From Figure 1, we observe that,
in general, the nonlinearity of a function can vary with x. Hence, the nonlinearity is a local measure.
If the second derivative of a function is non-zero, then the function is non-linear.

In [35,40], we analyzed the CMoN of a polynomial scalar function h of a non-random variable
x, as described in Section 2.1. The CMoN were based on the extrinsic curvature using differential
geometry, Bates and Watts parameter-effects curvature, and direct parameter-effects curvature. In this
paper, we study the following MoNs:

• extrinsic curvature using differential geometry [36–38],
• Beale’s MoN [18],
• least squares based Beale’s MoN,
• Linssen’s MoN [20],

6
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• Least squares based Linssen’s MoN,
• parameter-effects curvatures [21,25,29],
• Li’s MoN [43,44], and
• MoN of Straka, Duník, and S̆imandl [48,49].

Figure 1. y = 5 sin(4x)/x versus x.

If a MoN has a high value, then the nonlinearity is high and if it has a low value, then the Therefore,
it is impossible to compare them based on numerical values. We can only study their variations.

Consider the m-dimensional vector non-linear function h of the non-random n−dimensional
parameter x. Let x̂ be a known estimate of x. Using the Taylor series expansion of h(x) about x̂

and keeping the first order term gives

h(x) ≈ T(x) = h(x̂) + Ḣ(x − x̂), (34)

where T(x) represents the tangent plane approximation (an affine mapping) to h(x) and

Ḣ =
dh(x)

dx

∣∣∣
x=x̂

. (35)

If m > n, then h is an n−dimensional manifold embedded in an m−dimensional space [37,38].
The tangent plane is tangent to the surface h at x̂. The concept of tangent plane is used in Beale’s MoN,
Linssen’s MoN, Bates and Watts parameter-effects curvatures [21,25], and direct parameter-effects
curvature [44].

For polynomial nonlinearity, the CMoN using differential geometry is calculated at the true value x
and, hence, it is non-random. The Bates and Watts parameter-effects curvature, direct parameter-effects
curvature, Beale’s MoN, Li’s MoN, and the MoN of Straka et al. are calculated while using an estimate
x̂ of x. The estimate x̂ is obtained from a measurement model involving the measurement function
h. Since x is a scalar, we need one or more scalar measurements to estimate x. Table 1 summarizes
features of various MoNs.

7
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Table 1. Features of Various MoNs

MoN Parameters Used Local/Global
Need?

Basic Idea Random?
Measurements Jacobian/Hessian Covariances

Extrinsic
Curvature

True Local No
Jacobian and Hessian
at true value No Differential

Geometry
Non-random

Beale’s MoN True & estimated Local Yes Jacobian No
Scaled sum
square distance Random

Linssen’s MoN True & estimated Local Yes Jacobian No
Root scaled sum
square distance Random

Parameter-effects
Curvature True & estimated Local Yes

Jacobian and Hessian
at estimated value No Differential

Geometry
Random

Li’s MoN True Global Yes No Yes
min. mean
square distance Random

MoN by
Straka et al. True & estimated Local Yes No No WLS cost function Random

The CMoN using differential geometry [36–38] is calculated at the true value x, whereas the Bates
and Watts parameter-effects curvature [21,25,26], direct parameter-effects curvature [29], Beale’s MoN,
Li’s MoN, and the MoN of Straka et al. are calculated while using an estimate x̂ of x. The estimate
x̂ is obtained from a measurement model involving the measurement function h. Since x is a scalar,
we need one or more scalar measurements to estimate x. Next, we describe various MoN.

3.1. Extrinsic Curvature Using Differential Geometry

The curvature of a circle at every point on the circumference is equal to the inverse of the radius
of the circle. Thus, the curvature of a circle is a constant. A circle with a smaller radius bends more
sharply and, therefore, has a higher curvature.

We assume that the first and second derivatives of the nonlinear smooth scalar function h exist.
The curvature of the curve y = h(x) at a point x is equal to the curvature of the osculating circle at that
point. The extrinsic curvature at the point x is defined by [36–38],

κ(x) :=

∣∣∣ d2h(x)
dx2

∣∣∣
[1 + ( dh(x)

dx )2]3/2
=

∣∣ḧ(x)
∣∣

[1 + ḣ(x)2]3/2
. (36)

The first derivative of h at a point x is given in (26). The second derivative of h with respect to x is
given by

ḧ(x) =
d2h(x)

dx2 = an(n − 1)xn−2, n = 2, 3, . . . . (37)

Thus, using ḣ(x) and ḧ(x) in (36), we can calculate the extrinsic curvature κ(x) at any point x by

κ(x) =
an(n − 1)xn−2

[1 + (an)2x2(n−1)]3/2
. (38)

3.2. Beale’s MoN

Consider the nonlinear measurement model for the non-random n-dimensional parameter x

z = h(x) + v, (39)

where z, h, and v are the measurement, non-linear measurement function, and measurement noise,
respectively. Let x̂ be an estimate of x. Subsequently, a Taylor series expansion of h(x) about

8
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x̂ and keeping the first order term is as (34). Suppose we choose m vectors xi, i = 1, 2, . . . , m
in the neighborhood of x. Then Beale’s first empirical MoN [18] is given by

N̂x = ρ2 ∑m
i=1 ‖h(xi)− T(xi)‖2

∑m
i=1 ‖h(xi)− h(x̂)‖4 , (40)

where ρ is the standard radius and it is defined by

ρ2 := ‖z − h(x̂)‖2/(n(N − n)). (41)

Guttman and Meeter [19] observed that the empirical MoN underestimates severe nonlinearity.
When m approaches infinity, the empirical MoN N̂x approaches the theoretical MoN Nx.

3.3. Least Squares Based Beale’s MoN

Consider the scalar function h for polynomial nonlinearity, as described in (1). As described
in Beale’s MoN, we choose m points xi, i = 1, 2, . . . , m in th neighborhood of x. Let

yi = axn
i , i = 1, 2, . . . , m. (42)

An affine mapping as approximation to yi is given by

L(xi) = A + Bxi, i = 1, 2, . . . , m. (43)

We compute A and B by minimizing the cost function

J(A, B) :=
m

∑
i=1

(yi − A − Bxi)
2 (44)

by the method of least squares (LS) [2,39]. The LS minimization of the cost function yields [52]

B̂ = (Cxy − x̄ ȳ)/(Cxx − x̄2), (45)

Â = ȳ − B̂x̄, (46)

where

x̄ =
1
m

m

∑
i=1

xi, ȳ =
1
m

m

∑
i=1

yi, (47)

Cxx =
1
m

m

∑
i=1

x2
i , Cxy =

1
m

m

∑
i=1

xiyi. (48)

Then we can use the affine mapping with Â and B̂ in Beale’s MoN.

3.4. Linssen’s MoN

In order the correct the deficiency in Beale’s MoN, Linssen proposed a modification to
obtain the following MoN [20]

M∗ =

√
ρ2 ∑m

i=1 ‖h(xi)− T(xi)‖2

∑m
i=1 ‖h(x̂)− T(xi)‖4 . (49)

3.5. Least Squares Based Linssen’s MoN

Using the same procedure as in Section 3.3, we can use an affine mapping with Â and B̂ as an
approximation to yi in computing Linssen’s MoN.

9
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3.6. Parameter-Effects Curvatures

The parameter-effects curvature and intrinsic curvature defined by Bates and Watts [21,25,26] are
associated with a non-linear parameter estimation problem and are defined at the estimated parameter.
We note that in (1), h : R → R. Since h is a scalar function, the intrinsic curvature of Bates and Watts
KN(x̂) [21] or the direct intrinsic curvature βN

δ (x̂) [29] is zero. Thus, only the parameter-effects
curvature of Bates and Watts KT(x̂) and the direct parameter-effects curvature βT

δ (x̂) are non-zero.
Since the intrinsic curvature is zero, for simplicity in notation, we drop the superscript “T” from
the parameter-effects curvature and they are given by

K(x̂) :=
||Ḧδ2||
||Ḣδ||2 =

||Ḧ||
||Ḣ||2 , (50)

βδ(x̂) :=
||Ḧδ2||
||Ḣδ|| =

|Ḧ||δ|
||Ḣ|| , (51)

where

Ḧ =
d2h(x)

dx2

∣∣∣
x=x̂

, (52)

δ := x − x̂. (53)

From (26), we get
Ḧ = an(n − 1)x̂n−2d. (54)

Hence, from (27) and (52), we obtain

||Ḣ|| = anx̂n−1
√

N. (55)

||Ḧ|| = an(n − 1)x̂n−2
√

N. (56)

Substitution of results from (55) and (56) in (50) and (51) gives

K(x̂) =
n − 1

na
√

N
1
x̂n , (57)

βδ(x̂) =
(n − 1)|δ|

x̂
. (58)

We note that the extrinsic curvature in (36) is evaluated at the true x, while the parameter-effects
curvatures K(x̂) in (50) and βδ(x̂) in (51) are evaluated at the estimate x̂. Because x̂ is a random variable,
K(x̂) and βδ(x̂) are random variables. When we perform Monte Carlo simulations and estimate x from
measurements, x̂ varies among Monte Carlo runs. Therefore, K(x̂) and the set of all linear βδ(x̂) vary
with Monte Carlo runs.

3.7. Li’s MoN

For a scalar random variable x, the un-normalized MoN proposed by Li [43,44] represents the
square root of the minimum mean square distance between the nonlinear measurement function h and
the set of all affine functions L,

J = min(E{(L(x)− h(x))2})1/2, (59)
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where L(x) = Ax + B. The scalar parameters A and B are determined in the minimization process. For
the current problem, where x is non-random, the un-normalized MoN J and normalized MoN ν ar
given, respectively, by

J = σh

√
1 − c2

hx
σ2

h σ2
x

. (60)

ν = J/σh =

√
1 − c2

hx
σ2

h σ2
x

. (61)

Given x̂ and σx (30), the unscented transformation (UT) [14,15], cubature transformation (CT) [16],
or Monte Carlo method [8] can be used to compute σ2

h and chx. We find that the UT gives good results
in calculating the two MoNs. Next we dscribe computing J and ν using the UT. We use κUT = 2 [14].
The three weights and sigma points are given, respectively, by

w0 = 2/3, w1 = 1/6, w2 = 1/6, (62)

χ0 = x̂, χ1 = x̂ +
√

3σx, χ2 = x̂ −
√

3σx. (63)

The measurement transformed points are

hi = a χn
i , i = 0, 1, 2. (64)

Then the mean and variance of h a given by

h̄ =
2

∑
i=0

wihi, (65)

σ2
h =

2

∑
i=0

wi(hi − h̄)2, (66)

The cross-covariance chx is computed by

chx =
2

∑
i=0

wi(hi − h̄)(χi − x̂). (67)

3.8. MoN of Straka, Duník, and S̆imandl

Straka, Duník, and S̆imandl presented two local MoNs in [48,49]. Given the estimate x̂
and variance σ2

x , these MoNs use a number of points χi, i = 1, 2, . . . , m in the neighborhood of x̂.
We analyze the first MoN proposed by the authors. The transformed points by the non-linear function
h are given by

zi = h(χi), i = 1, 2, . . . , m. (68)

Define
Z :=

[
z1 z2 . . . zm

]′
, (69)

X :=
[

χ1 χ2 . . . χm

]′
. (70)

A linear approximation to Z is Xθ, where θ is a scalar parameter to be estimated. The cost function
that is proposed in [48,49] to determine θ is given by

J1(θ) := (Z − Xθ)′W(Z − Xθ), (71)
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where the weight-matrix W is given by

W = diag(d1, d2, . . . , dm), (72)

di = (χi − x̂)2, i = 1, 2, . . . , m. (73)

The LS estimate [39] that minimizes the cost function is given by

θ̂LS = (X′WX)−1X′WZ. (74)

For this problem, the LS estimate in (74) reduces to

θ̂LS =

(
m

∑
i=1

diχ
2
i

)−1 m

∑
i=1

diχizi. (75)

The cost function J1 evaluated at θ̂LS is treated as a local MoN η, given by

η = J1(θ̂LS). (76)

Remark 6. We have calculated the average MoN for the bearing-only filtering [27], GMTI [32], and video
filtering [34] problems. The MoN is presented in the table below (Table 2). From this table we find that the degree
of nonlinearity of the bearing-only filtering problem is about two orders of magnitude higher than that of
the GMTI or video filtering problem. This implies that a simple filter, such as the EKF or UKF, is sufficient for
the GMTI or video filtering problem, but an advanced filter, such as the PF, is needed for the BOF [17] problem.

Table 2. MoNs for the bearing-only, GMTI, and video filtering problems.

Curvature Type Bearing-Only GMTI Video

Parameter-effects (300–1200) × 10−4 (0.8–1.2) × 10−4 0.245 × 10−4

Intrinsic (69–149) × 10−4 0.2 × 10−4 0.066 × 10−4

Total (369–1349) × 10−4 (1.0–1.4) × 10−4 0.312 × 10−4

4. Mapping between CMoN and MSE in Polynomial NonLinearity

The nonlinearity of the problem imposes challenges in parameter estimation. We analyze
the CMoN and MSE of the non-linear estimation problem to discover relationships among them.
For the current problem, CMoN are measured by the parameter-effects curvature in (57) and the direct
parameter-effects curvature in (58). In general, CMoN depend on the first and second derivatives of
the non-linear function calculated at the parameter estimate and on the norm of the estimation error
for βδ(x̂). Therefore, the CMoN will depend the type of estimator (e.g., ML) used to obtain parameter
estimate. The extrinsic curvature (38) depends on the first and second derivatives of the non-linear
function evaluated at the true x.

4.1. MSE and Sample MSE

We estimate the x coordinate using noisy measurements at a discrete set {xk}Nx
k=1 of values. Let x̂k,m

denote the estimate of xk in the mth Monte Carlo run. Subsequently, the error x̃k,m in x̂k,m is defined by

x̃k,m := xk − x̂k,m, k = 1, 2, . . . , Nx, m = 1, 2, . . . , M, (77)

where M is the number of Monte Carlo runs. The MSE at xk is given by

MSEk = E[(x̃k,m)
2], k = 1, 2, . . . , Nx. (78)
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The sample MSE (SMSE) at xk is defined by

SMSEk :=
1
M

M

∑
m=1

(x̃k,m)
2, k = 1, 2, . . . , Nx. (79)

Let LCRLB(x) denote the log10 of the CRLB,

LCRLB(x) := log10 CRLBx. (80)

Taking the log of CRLBx in (32) we get

LCRLB(x) = log10

(
σ2

Nn2a2

)
− 2(n − 1) log10 x. (81)

4.2. MSE and Parameter-Effects Curvature

Let LK(x) denote the log of the expected value of K(x̂) in (57). Then

LK(x) := log10 {E[K(x̂)]} . (82)

In order to compute LK(x), we first approximate the expectation in (82) by assuming σx̂ 	 x,
which holds for the case investigated in our paper,

E{K(x̂)} =
(n − 1)

na
E
(

1
x̂n

)
≈ (n − 1)

na
1

[E(x̂)]n
≈ (n − 1)

na
1
xn . (83)

The last step of the above equation follows from an assumption that the estimator is nearly
unbiased. Now, taking the logarithm, we have

LK(x) = log10

(
n − 1

na

)
− n log10 x. (84)

Now, from Equations (84) and (81), we can see that there is an affine mapping between LCRLB(x)
and LK(x). That is,

LCRLB(x) = αK
1 LK(x) + αK

0 , (85)

where

αK
1 =

2(n − 1)
n

,

αK
0 = log10

(
σ2

Nn2a2

)
− 2(n − 1)

n
log10

(
n − 1

na

)
.

(86)

We observe that αK
1 is positive and, hence, LK(x) and LCRLB(x) have the same sign of the non-zero

slopes. As a result, K(x̂) and CRLB have the same sign of the non-zero slopes.

4.3. MSE and Direct Parameter-Effects Curvature

The expression for the direct parameter-effects curvature βδ(x̂) [29,30] is given by (58).
Similar to the previous section, we define

Lβ(x) := log10 (E{βδ(x̂)}) . (87)

Now, taking the expected value of β, we have

E{β(x̂)} ≈ (n − 1)
x

E{|δ|} =
(n − 1)

x
E{|x̂ − x|}. (88)
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The RHS of (88) can be simplified by assuming that x̂ is unbiased and that it achieves the CRLB.
Additionally, we approximate this error to be Gaussian and the variance of x̂ is given in (29). Then,

E{|x̂ − x|} =
√

CRLBx

√
2
π

. (89)

Substituting (89) into (88) and using (32) for CRLBx we have

E[β(x̂)] ≈ (n − 1)
na

σ

√
2

Nπ
x−n. (90)

Thus,

Lβ(x) ≈ log10

⎡⎣ (n − 1)σ
√

2
Nπ

na

⎤⎦− n log10 x. (91)

From (91) and (81) we can write the affine mapping

LCRLB(x) = α
β
1 Lβ(x) + α

β
0 , (92)

where

α
β
1 =

2(n − 1)
n

,

α
β
0 = log10

(
σ2

Nn2a2

)
− 2n − 2

n
log10

[
(n − 1)σ

√
2

na
√

Nπ

]
.

(93)

We also observe that α
β
1 is positive and, hence, Lβ(x) and LCRLB(x) have the same sign of

the non-zero slopes. As a result, βδ(x̂) and CRLB have the same sign of the non-zero slopes.

4.4. Extrinsic Curvature

The expression for extrinsic curvature for our problem is given in (38). Similar to previous sections,
we define

Lκ(x) := log10(κ(x)). (94)

Taking the log of (94), we have

Lκ(x) = log10(κ(x))

= log10

[
an(n − 1)xn−2

]
− 3

2
log10

[
1 + (anxn−1)2

]
≈ log10

[
an(n − 1)xn−2

]
− 3

2
log10

[
(anxn−1)2

]
= log10

[
n − 1
(an)2

]
− (2n − 1) log10 x. (95)

Note that the second last expression is a valid approximation for x > 2. From (95) and (84) it is
easy to establish the affine mapping

LK(x) = γK
1 Lκ(x) + γK

0 , (96)
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where

γK
1 =

n
2n − 1

,

γK
0 = log10

(
n − 1

na

)
− n

2n − 1
log10

[
n − 1
(an)2

] (97)

Similarly, from (95) and (91) we can establish the affine relationship

Lβ(x) = γ
β
1 Lκ(x) + γ

β
0 , (98)

where

γ
β
1 =

n
2n − 1

,

γ
β
0 = log10

[
(n − 1)σ

√
2

na
√

Nπ

]
− n

2n − 1
log10

[
n − 1
(an)2

]
.

(99)

Using similar arguments used in previous sections, we infer that the extrinsic curvature
and parameter-effects curvature have the same sign of the non-zero slopes. Similarly, the extrinsic
curvature and direct parameter-effects curvature have the same non-zero slopes.

4.5. Estimation of CMoN and SMSE by Monte-Carlo Simulations

Let K(x̂k) and βδ(x̂k) denote the sample means of the Bates and Watts and direct parameter-effects
curvatures calculated from M Monte Carlo runs. Subsequently,

K(x̂k) :=
1
M

M

∑
m=1

K(x̂k,m), k = 1, 2, . . . , Nx, (100)

βδ(x̂k) :=
1
M

M

∑
m=1

βδ(x̂k,m), k = 1, 2, . . . , Nx. (101)

Correspondingly, we define

bk := log10 SMSEk, k = 1, 2, . . . , Nx, (102)

ck := log10 K(x̂k), k = 1, 2, . . . , Nx, (103)

dk := log10 βδ(x̂k), k = 1, 2, . . . , Nx. (104)

Define
b :=

[
b1 b2 . . . bNx

]′
, (105)

c :=
[

c1 c2 . . . cNx

]′
, (106)

d :=
[

d1 d2 . . . dNx

]′
. (107)

Suppose that an affine mapping exists between b and c. Subsequently,

bk = α̂K
1 ck + α̂K

0 + ek, k = 1, 2, . . . , Nx, (108)

where ek is a random noise. Afterwards, we can write (108) in the matrix-vector form by

b = Hcα + e, (109)
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where
α :=

[
α̂K

1 α̂K
0

]′
, (110)

e :=
[

e1 e2 . . . eNx

]′
, (111)

Hc :=

⎡⎢⎢⎢⎣
c1 1
c2 1
. . . . . .
cNx 1

⎤⎥⎥⎥⎦ . (112)

Given b and Hc, we can estimate α using the linear least squares (LLS).
We can similarly define the affine mapping between other variable pairs. Altogether, we consider

the following four:

1. between b (log10(SMSEk)) and c (log10(K(x̂k)) for each power of the polynomial function,
as in (85),

2. between c (log10(K(x̂k)) and log10(κ(xk)) (94) for each power of the polynomial function,
as in (96), and

3. between d (log10(βδ(x̂k)) and log10(κ(xk)) (94) for each power of the polynomial function,
as in (98).

5. Numerical Simulation and Results

We follow the same simulation scenario as used in our previous work [35]. We use a = 0.6
and n = 2, 3, 4, 5 and a number of uniformly spaced x coordinates with the spacing of 0.1 in the interval
[2, 7]. The measurement noise standard deviation (σ) is 0.5. The dimension of the measurement vector
is 10 or 20. The results are based on 1000 Monte Carlo runs. Figure 2 shows log10(h(x)) versus x.

Figure 2. log10(h(x)) versus x.

To assess the accuracy of the MLE, we compute the sample bias, sample MSE, ANEES [42],
and CRLB [2,41,51]. Let xk,i = xk, x̂k,i, and σ2

k,i denote the true parameter, ML estimate, and associated
variance, respectively, at the kth point in the ith Monte Carlo run. The sample bias in the estimate at
the kth point is defined by [9]

b̂k :=
1
M

M

∑
i=1

(xk,i − x̂k,i), (113)

where M is the number of Monte Carlo runs. The sample root MSE (RMSE) [9] and ANEES [2,9,42] at
the kth point are defined, respectively, by

RMSEk :=

[
1
M

M

∑
i=1

(xk,i − x̂k,i)
2)

]1/2

, (114)
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ANEESk :=
1
M

M

∑
i=1

(xk,i − x̂k,i)
2/σ2

k,i. (115)

Figure 3 presents the sample bias for different powers of x. We observe from Figure 3 that the bias
is small when compared with the true value of x and the bias decreases with increase in the power
of x. In Figure 4, we have plotted the

√
CRLB and the average of σx over Monte Carlo runs. Figure 4

shows that, for each power of x, the
√

CRLB and the average of σx are on top of each other and it is not
possible to distinguish them in the figure.

Figure 3. (a) Sample bias vs. x using 10 scalar measurements and (b) sample bias vs. x using 20 scalar
measurements.

Figure 4. (a)
√

CRLB or (Avg. σx) vs. x using 10 scalar measurements and (b)
√

CRLB or (Avg. σx) vs.
x using 20 scalar measurements.

Figure 5 presents
√

CRLB and RMSE for each power of x. Solid and dashed lines in Figure 5
represent the

√
CRLB and RMSE, respectively, for each power of x. We see from Figure 5 that

corresponding values of
√

CRLB and RMSE are close to each other for each power of x. In Figures 3–5,
the bias,

√
CRLB, σx, and RMSE for 20 measurements are smaller than corresponding values for

10 measurements.
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Figure 5. (a)
√

CRLB or RMSE vs. x using 10 scalar measurements and (b)
√

CRLB or RMSE vs. x
using 20 scalar measurements.

We present the ANEES [42] in Figure 6 for different powers of x with 99% confidence bounds.
We see from Figure 6 that the ANEES lies within the 99% confidence bounds. This shows that
the variance σ2

x calculated using the MLE is consistent with the estimation error.

Figure 6. (a) ANEES vs. x using 10 scalar measurements and (b) ANEES vs. x using 20 scalar
measurements.

Figure 7 presents the logarithm of the extrinsic curvature log10(κ(x)) versus x. The extrinsic
curvature is completely determined by the first and second derivatives of the non-linear function h
and it is evaluated while using the true x.

In Figures 8–18, we present results using 10 scalar measurements. We have also generated results
using 20 scalar measurements. In order to limit the number of figures, we have not presented figures
with 20 scalar measurements. The CRLB, variance of estimation error, all MoNs, and MSE follow
the same trend. However, the corresponding values compared with 20 measurements are reduced due
to improved estimation accuracy.
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Figure 7. Logarithm of the extrinsic curvature log10(κ(x)) versus x.

Figure 8. (a) Logarithm of Beale’s MoN (log10(Avg. Beale’s MoN)) vs. x and (b) logarithm of Beale’s
MoN using LS (log10(Avg. Beale’s-LS MoN)) vs. x with 10 scalar measurements.

Figure 9. (a) Logarithm of Linssen’s MoN (log10(Avg. Linssen’s MoN)) vs. x and (b) logarithm of
Linssen’s MoN using LS (log10(Avg. Linssen’s-LS MoN) vs. x with 10 scalar measurements.
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Figure 10. (a) Logarithm of Bates and Watts parameter-effects curvature (log10(Avg. K)) vs. x and (b)
logarithm of direct parameter-effect curvature (log10(Avg. β)) vs. x using 10 scalar measurements.

Figure 11. (a) Logarithm of Li’s un-normalized MoN (log10(Avg. J)) vs. x and (b) logarithm of
Li’s normalized MoN (log10(Avg. ν)) vs. x using 10 scalar measurements.

Figure 12. (a) Logarithm of MoN of Straka et al. (log10(Avg. η)) vs. x and (b) logarithm of MoN of
Straka et al. with UT (log10(Avg. η-UT)) vs. x using 10 scalar measurements.
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Figure 13. log10(MSE) vs. logarithm of extrinsic curvature (log10 (κ)) using 10 scalar measurements.

Figure 14. (a) log10(MSE) vs. log10(Avg. Beale’s MoN) and (b) log10(MSE) vs. log10 (Avg. Beale’s MoN
using LS) using 10 scalar measurements.

Figure 15. (a) log10(MSE) vs. log10(Linssen’s MoN) and (b) log10(MSE) vs. log10 (Linssen’s-LS) using
10 scalar measurements.
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Figure 16. log10(MSE) vs. logarithm of parameter-effects curvatures. (a) log10(MSE) vs. log10(Avg. K)
and (b) log10(MSE) vs. log10 (Avg. β) using 10 scalar measurements.

Figure 17. log10(MSE) vs. logarithm of Li’s MoN. (a) log10(MSE) vs. log10(Avg. J) and (b) log10(MSE)
vs. log10 (Avg. ν) using 10 scalar measurements.

Figure 18. log10(MSE) vs. logarithm of MoN of Straka et al. (a) log10(MSE) vs. log10(Avg. η) and (b)
log10(MSE) vs. log10 (Avg. η-UT) using 10 scalar measurements.
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In [35], we had shown analytically, and through Monte Carlo simulation, that affine mappings
exist among log10(MSE), log10 (κ), log10(Avg. K), and log10 (Avg. β). In Figures 13–18, we have plotted
the log10(MSE) versus log10 of various MoNs using 10 scalar measurements. These figures show
that the log10(MSE) varies with log10 (MoN) according to an affine mapping with a positive slope.
This implies that the MSE increases as an MoN increases. We obtain similar results for the case of
20 scalar measurements.

The above results demonstrate that, for the polynomial nonlinearity problem analyzed, any of
the seven MoNs analyzed is suitable metrics to quantify the MSE, which represents the complexity of
a parameter estimation problem. Further research is needed to study the applicability of these MoNs
in real-world non-linear filtering problems.

6. Conclusions

We considered a polynomial curve in 2D and derived analytic expressions for the ML estimate
and associated variance of the independent variable x using a vector measurement. The ML estimate is
used to evaluate the Jacobian and Hessian of the measurement function appearing in the computation
of Bates and Watts and direct parameter-effects curvatures, Beale′s MoN, and Linssen′s MoN.
Our numerical results show that the variance of the estimated parameter and the Cramér-Rao lower
bound (CRLB) are nearly the same for different powers of x. The average normalized estimation error
squared (ANEES) lies within the 99% confidence interval, which indicates that the ML based variance
is consistent with the estimation error.

We used seven MoNs, including the extrinsic curvature using differential geometry, Beale’s MoN
(and its least squares variant), Linssen’s MoN (and its least squares variant), Bates and Watts
parameter-effects curvature, direct parameter-effects curvature, Li’s MoN, and the MoN of Straka,
Duník, and S̆imandl. If a MoN has a high value, then the nonlinearity is high. All of the MoNs show
the same type of variation with x and the power of of the polynomial. Secondly, as the logarithm of a
MoN increases, the logarithm of the MSE also increases linearly for each MoN. This implies that, as a
MoN increases, and then the MSE increases. These results are quite surprising, given the fact that these
MoNs are derived based on completely different theoretical considerations. The second feature of our
analysis is useful in establishing that a MoN in our study can be considered as a candidate metric for
quantifying the MSE that represents the complexity of a parameter estimation problem. Our future
work will study other practical parameter estimation and non-linear filtering problems.
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Abstract: Linear frequency modulation (LFM) waveforms have high Doppler-shift endurance because
of the relative wide modulation bandwidth to the Doppler variation. The Doppler shift of the moving
objects, nevertheless, constantly introduces obscure detection range offsets despite the exceptional
Doppler tolerance in detection energy loss from LFM. An up-down-chirped LFM waveform is
an efficient scheme to resolve the true target location and velocity by averaging the detection
offset of two detection pairs from each single chirp LFM in opposite slopes. However, in multiple
velocity-vary-target scenarios, without an efficient grouping scheme to find the detection pair of each
moving target, the ambiguous detection results confine the applicability of precise target estimation
by using these Doppler-tolerated waveforms. A succinct, three-multi-Doppler-shift-compensation
(MDSC) scheme is applied to resolve the range and velocity of two moving objects by sorting the
correct LFM detection pair of each target, even though the unresolvable scenarios of two close-by
targets imply a fatal disability of detecting objects under a cluttered background. An innovative
clutter-suppressed multi-Doppler-shift compensation (CS-MDSC) scheme is introduced in this
research to compensate for the critical insufficient of resolving two overlapping objects with different
velocities by solely MDSC. The CS-MDSC has been shown to successfully overcome this ambiguous
scenario by integrating Doppler-selective moving target indication (MTI) filters to mitigate the
distorting of near-zero-Doppler objects.

Keywords: linear frequency modulation; pulse compression; matched filter; Doppler shift
compensation; Pulse-Doppler radar; moving target indication; comb filter; clutter suppression

1. Introduction

During the targets searching stage, velocity and location information of the potential targets are
unknown to radar systems. The unknown velocity can significantly degrade the target acquisition
capability of the systems due to the Doppler shift distortion introduced by the object’s movement.
Thus, a Doppler shift tolerated scheme is appreciative to deal with a variety of velocity object scenarios.
In [1], a novel approach is proposed to integrated a linear frequency modulation pulse compression
radar system with a time compression overlap-add technique to increase the signal-to-noise ratio.
The transmitter divides a discrete linear frequency modulation chirp signal into overlapping segments
and provides a significant processing gain. In [2], a new design of fast measurement to a linear frequency
modulation is presented based on a linear amplitude comparison function that can ensure the accuracy
of the measurement of multiple parameters. A study [3] verified the design of moving objects utilizing
pulse compression technique and matched filter algorithm in linear frequency modulation in tracking
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the launch vehicle to follow the predetermined path or not. In [4], an 8 mm-range Gunn-diode oscillator
was used in the experiment when the autodyne signal period duration was much longer than the
delay time. The results of an autodyne short-range radar system with LFM in detecting moving
reflecting objects were investigated. In [5], a new eigen-waveform design scheme was proposed to
combine with the Range-Doppler map to identify moving targets where the detection performance
was significantly improved over the wideband waveform and rectangular waveform. [6] announced a
novel method to boost the detection probability of a radar system integrating eigen-waveform and
pulse compression scheme. The hardware limitations were discussed under the scenarios of various
waveforms. In [7], a new Doppler estimation method using space-variant synthetic aperture radar
(SAR) imaging to enhance the performance of ship images was purposed and verified with GF-3
satellite SAR data. In [8], a new estimation method exploited moving target’s two-dimensional velocity
parameters from SAR imaging for velocity compensation. The 2D motion parameters can be effectively
computed by the matched compression. In [9], sea surface velocity estimation with the SAR technique
is presented based on environmental satellite and an interferometric airborne SAR data-set.

In modern Pulse-Doppler radar systems, the coherent pulse train is commonly applied for power
accumulation under the limitation of the maximum instantaneous power in the transmitters’ end.
The ambiguity function

∣∣∣χ(τ, ν)∣∣∣ is widely used to exhibit the waveform characteristics in terms of the
object time delay τ (location) vs. the Doppler frequency (fd) created by the velocity ν in the following
section. In this paper, the ambiguity function of the LFM waveform is investigated and it shows a
robust velocity tolerance of the LFM after the matched filtering (MF) in Section 2. The sidelobe level of
LFM waveform after MF is high due to the rectangular modulation waveform. Nonlinear frequency
modulation (NLFM) applies waveform smoothing techniques such as cosine spectrum shape [10] or
Tayler windows [11] to mitigate the discontinuous transition region of the LFM. MLFM has advantages
on lower side lobe level over LFM, but sacrifices wider main beam width and shaping power loss.
However, this study focuses on the relationship between the target velocity and the detection range
offset after MF of LFM and it is presented in Section 3. A novel MDSC method of sorting LFM detection
pair out of multiple targets for overcoming the unknown range offset and its false estimation scenarios
are shown in Sections 4 and 5, respectively. Section 6 discusses an efficient Doppler frequency selective
scheme, moving target indication (MTI), for pulse radar systems in order to overcome the MDSC’s
disability in heavy clutter background scenarios. Section 7 presents case studies to an innovative
CS-MDSC scheme and show how the MDSC can be improved and be functional under heavy clutter
background scenarios. The comprehensive discussion is summarized in the conclusion section.

2. Ambiguity Function of LFM Waveform

Linear frequency modulation (LFM) waveforms have wide modulation bandwidth compared
with the relative narrow Doppler frequency (fd) variation of moving targets. It withstands Doppler
interference by only sacrificing minimal energy loss in MF operation and it is also called pulse
compression (PC) in the study.

Figure 1 shows the ambiguity plot at the zero-time delay of an LFM waveform with bandwidth= 1 MHz,
pulse width = 1 s. In this chart, the frequency domain is normalized by the signal bandwidth for
studying the relationship between the Doppler shift and the modulation bandwidth. The energy loss
by the Doppler shift of the LFM wave is computed as follows

Loss = |ν|/BW. (1)

where ν is the Doppler frequency shift from the moving target. The sign is positive when the target is
moving toward the observation point and the sign is negative otherwise.

The PC amplitude vs. fd /BW is defined as follows [12]

Amp = 1− |ν|/BW. (2)
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The Doppler frequency fd caused by a moving target from a stationary observation point is
calculated by

fd = 2× f c×Vel/speed of light. (3)

where the carrier frequency is fc and the object velocity is in the shorthand of Vel.
For covering object velocity up to 20 Mach, from Equations (1) and (2), the Doppler frequency is

calculated as fd = 136 kHz with the carrier frequency fc= 3GHz and the fd/BW = 0.136. The energy
under this velocity is

Amp = 10× log10(0.868) = −0.6148(dB). (4)

Unlike single tone pulse train waveform, the amplitude coverage of LFM has a linear decay
without a vicious variation.

Figure 1. Normalized zero-time-delay ambiguity plot of linear frequency modulation (LFM) pulse.
The vertical line marks the Doppler to bandwidth ratio of a moving target at fd/BW = 0.13.

Despite the robustly Doppler-shift endurance of the LFM waveform, however, the time delay
response also contains a linear offset along with the Doppler-frequency shift. The time delay offset can
be observed in Figure 2, the contour plot of the LFM ambiguity function. The layout of the time delay
diagonally corresponds to the Doppler shift. This offset results in the range error to Pulse-Doppler
radars processing non-stationary moving target detection by matched filter detectors.

Figure 2. The contour plot of the LFM ambiguity function.
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3. Range, Velocity Estimation by Offset of LFM Waveform

A single-chirped LFM waveform is defined as [12]

x1(t) = Rect(
t
τ0

)ej2π( f0+
μ
2 t2) (5)

where the pulse duration is τ0, the center frequency is f 0, and the frequency chirping slope is μ. The sign
of the slope μ indicates descending or ascending of the frequency increment. The steeper the slope,
the more frequency difference in a fixed time period.

Figure 3 illustrates the phenomena of the range offset caused by the convolution of a reference
simulated LFM waveform with a Doppler-shifted returning signal. The range offset is proportional to
the amount of the Doppler shift (Δfd).

Figure 3. The linearity between target velocity and convolution range offset of a single chirped LFM
waveform. The orange-squared line is the steeper chirping slope signal with pulse width (PW) = 2τ
while the shows the flatter chirping slope signal with PW = τ in blue-circle line.

The range offset of convolution is linearly proportional to the moving object Δfd or Δν, which can
be converted by Equation (3). The range offset changing rate is higher with the steeper chirping slope
(pulse width (PW) = τ, orange-squared line) than the flatter chirping slope, PW = 2τ, LFM waveform
(blue circle) under the same Δfd. Due to the linearity of a single chirp, the target velocity and detection
range offset can be resolved from one another by the leaner ratio between fd/BW versus range offset
Roft/μ. The equation is set up as follow [13]

(PW×C/2)
BW

=
Rofst

fd
(6)

where the pulse width is PW, speed of light is C, bandwidth is BW, the detection range offset is Rofst

due to the Doppler shift fd.
Derived from Equation (6)

Rofst =
fd× (PW×C/2)

BW
(7)

Rofst is proportional to fd in a single chirped LFM waveform. With a stationary target, the detecting
range offset is zero, which is shown as the blue dot in the origin in Figure 3.

However, in the target searching stage, without further target information, it is difficult to resolve
the true moving target location by a single chirped LFM waveform. Therefore, a two chirped LFM
scheme is introduced for resolving the true location of a non-stationary moving target.
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Extended from Equation (5), a two chirped LFM waveform with two opposite slopes is derived as
follows [14]

x2chirp(t)

= Rect( t−0.25τ0
0.5τ0

)ej2π[ f0(t−0.25τ0)+
μ
2 (t−0.25τ0)

2]

+Rect( t+0.25τ0
0.5τ0

)ej2π[ f0(t+0.25τ0)+
μ
2 (t+0.25τ0)

2]

(8)

where the waveform is composed of half of positive slope μ and a half of negative slope −μ LFM
within a PW = τ0.

In Figure 4, the example illustrates the phenomena of a detection pair of two equal range offset
along with the true target position in the opposite direction after the matched filter detectors of a
moving target with Δfd. When an up-down chirp referenced LFM signal (blue line) is shifted up by Δfd

(red line), the matched filter detector has two correlation points at ±ΔR locations offset. The up-chirp
signal matches the reference signal at the yellow dotted line position on the left while the down-chirp
one has a matched point at the purple dotted line on the right. With the detection pair of two chirps,
the true location of the target, which is zero, can be resolved unambiguously by the mean of two
locations of the detection pair [14].

Figure 4. An up-down LFM waveform resolves two detection peaks from a non-stationary target by
matched filter detectors.

Nevertheless, applying a two-chirped LFM waveform in multiple non-stationary targets scenarios,
how to find the right pairs of the targets can be obscure without correct pairing information. There are
three cases of ambiguous detection pair scenarios of two non-stationary moving targets.

Case 1 in Figure 5 demonstrates the detection pairs of two targets with the same velocity are
right next to each other and the detection pairs are without crossover. Target one is at position zero,
while target two is at position 3.3.

Case 2 in Figure 6 shows the detections of each target have one crossover with each other.
Target one is at position zero, while target two is at position 0.86.

In Case 3 in Figure 7, the target one pair is enclosed by the target two detection pairs. The two
targets are overlapped at position zero.
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Figure 5. Case 1, an up-down chirp LFM waveform resolves four detection peaks by two moving targets.
The detection pair of each target has no crossover.

Figure 6. Case 2, an up-down chirp LFM waveform resolves four detection peaks by two moving
targets. The detection pair of each target has one side crossover.

Figure 7. Case 3, an up-down chirp LFM waveform resolves four detection peaks by two moving
targets. The detection pair of target 1 is enclosed by the pair of target 2.
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Observing from the examples in Figures 5–7, how to determine the right detection pair resolve
the true location of each target is vague without the illustrative target-location marks. Thus, Doppler
shift compensation (DSC) is applied to distinguish moving targets pair.

The DSC operation is computed as follows

Soffset(t) = S0(t)
∗ exp(j2π× fdoffset × t) (9)

where the complex signal before DSC is S0(t), the DSC frequency step is fd_offset I, and the signal after
DSC is Soffset(t).

Figures 8 and 9 demonstrate the behavior of a detection pair after a series of DSC operations.
The detection of up-chirp LFM moves toward a positive direction by ΔR in each DSC, while the
up-chirp LFM moves toward left each time with the same amount of ΔR. Even if the pair position has
crossover in the Figure 9 scenario, the ΔR movement rule for each detection in this DSC operation is
still valid.

Figure 8. The range offset of a two-chirp detection pair of a moving target is processed by one fd_offset
DSC. Two detections both have ΔR offset, but in the opposite direction.

Figure 9. The range offset of a two-chirp detection pair of a moving target is processed by two fd_offset
DSC. Two detection lines crossover each other from one fd_offset DSC (blue-dotted line) to two fd_offset
DSC (red line) with the same ΔR offset in opposite direction.
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4. Multiple-Doppler-Shift-Compensation (MDSC) Scheme for Sorting LFM Detection Pair of
a Target

Following the movement regulation of up-down chirp pair in DSC operations,
a multiple-Doppler-shift-compensation (MDSC) scheme is applied to sort the detection pair out
of multiple objects. In a two-moving-target scenario, one DSC operation flowchart is presented in
Figure 10. There are five procession steps of one DSC operation:

Step 1.: An LFM signal containing two non-stationary targets after the correlation process yields four
detection peaks located at Det1_fi to Det4_fi at the initial stage (left blue box) and an illustrative
example is shown in Figure 11 as the blue-dash line.

Step 2.: An i-time fd_offset DSC operation is applied to the two-target LFM signal, indicated as the
yellow bold arrow in Figure 10.

Step 3.: Four detection peaks locate at Det1_fi+1 to Det4_fi+1 (right blue box) after the DSC operation,
and a consequential example is shown in Figure 11 red line.

Step 4.: The red boxed arrow is the moving trend finding procedures, which associate Det1_fi to Det4_fi
with Det1_fi+1 to Det4_fi+1 by finding the range offset matches the ±ΔR. Since the DSC operation
only introduces a fix ΔR to each detection peak in the direction along with the LFM chirping slope.
The ΔR directions after a DSC operation can be observed clearly in Figure 11. Those detection
peaks with a positive ΔR offset are from up-chirped LFM, while the down-chirped ones introduce
negative direction ΔR offsets.

Step 5.: Detection peak grouping (the green-dotted box) by finding: (1) these two peaks have opposite
ΔR offset due to the up-down chirped LFM waveform being used; (2) the minimum distance
between these presumed peaks. Figure 11 shows two possible detection pairs screened by rule (1),
but the ΔRmin1 is accounted as the result in this DSC process because of the shortest distance
selection assumption in the grouping procedure.

 
Figure 10. The processing flowchart of one Doppler filter in the multi-Doppler-shift-compensation
(MDSC) scheme.

The overall flowchart of three-MDSC is presented in Figure 12. There are three identical DSC
operations with one to three times fd_offset applied respectively to estimate the pairing indexes of
two objects, as shown in the green dash-line box scheme. During each DSC operation, the location
of DetX_fi+1 can only be found by a specific DetX_fi ΔR, each DetX always has one possible match
location at the next DSC (red box), and the grouping index is chosen by the condition of ΔRmin1 <
ΔRmin2 (green-dotted box).
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Figure 11. Two moving target MDSC of Figure 5 Case 1 scenario. The signal is traced from one fd_offset
Hz DSC (blue-dotted line) to two fd_offset Hz DSC (red line).

Figure 12. The decision flowchart of the multi-Doppler-shift-compensation (MDSC) scheme. A succinct
three-Doppler-filter scenario is applied in this research.

The three-MDSC operation yields three presumed detection pairs of these two targets from each
DSC operation. The final target grouping pairs are determined by the majority grouping presumed
results out of three DSC trials (green bold arrow). The true target location now can be resolved firmly
by the mean of the detection pair, which is processed in the red box in the three-MDSC scheme.

The illustrative scenario of Case 1 in Figure 5 has three out of three trials correct detection peak
estimation in three-MDSC operation.

The Case 2 scenario in Figure 5, on the other hand, has one false pairing estimating result out
of three DSC operations in three-MDSC when the detection pairs have crossover in a DSC shown
in Figure 13. Nevertheless, the correct pairing index count is two out of three processes. The final
decision is eventually correct (green arrow in Figure 10).
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Figure 13. Two moving target MDSC of Figure 6 Case 2 scenario. The signal is traced from one fd_offset
Hz DSC (blue-dotted line) to two fd_offset Hz DSC (red line). It is the special case, which the grouping
rule finds a wrong pair out of three determining processes.

In prior research, five Doppler filters were used in the MDSC to resolve two target locations,
respectively [14]. Since the pairing decision making is based on the majority grouping results of
MDSC, a three-Doppler-filter MDSC yields three grouping pairs while the five-MDSC provides five
grouping results. Both cases provide an odd number of pairing results, which means there is no
ambiguity to make a majority decision out of the grouping results. Figure 14 shows the estimation
accuracy comparison between three-MDSC and five-MDSC. Both MDSC schemes have accurate
estimation results, as the SNR is above −15 dB while the PC ratio is 30 dB. As SNR < −15 dB, the
detections are just too random for the MDSC scheme to have a correct matching pair to process, so the
estimation cannot resolve targets’ location without corresponding information. The overall results
prove that the succinct three-Doppler-filter MDSC has an equally-likely estimation capability as the
original five-Doppler-filter MDSC scheme with less computational complexity by reduction in the DSC
by two in each calculation cycle.

Figure 14. The 3-MDSC and 5-MDSC scheme evaluation error vs. SNR. The estimation error of
target-one is marked as blue asterisk line and target-two is the red-circled line. The signal is with 30 dB
matched filter pulse compression gain.
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5. False Estimation Scenarios in MDSC

The MDSC scheme has a deficiency of correctly estimating the locations when the distance between
two targets is smaller than the LFM range offset difference of two moving targets, as shown in Figure 15.
In this case, the grouping results are never able to generate the correction pairing information.

Figure 15. Two moving target MDSC of Figure 7 Case 3. The signal is traced by minus two fd_offset Hz
DSC (blue-dotted line) and minus one fd_offset Hz DSC (red line). Since the target 1 pair is always
enclosed by target 2 in such scenarios, the grouping rule always pairs the target 2 left detection with
target 1 right detection at each DSC.

The ambiguous estimation scenarios of MDSC are grandly evaluated in Figure 16 with the targets
velocity sweep from zero up to Mach 15 and distance is between zero and 80 km for a comprehensive
analysis of unambiguous range estimation and possible false scenarios. The MDSC demonstrates
a robust and accurate range estimation with zero root-mean-square error (RMSE) in unambiguous
scenarios in Figures 5 and 6. These two cases have a grand-coverage of most of the two-moving-target
scenarios in terms of relative distances and velocities variation. However, the ambiguous Case 3 scenario
in Figure 7 introduces the high RMSE in the range estimation due to the constantly miss-matching
pairing results of two targets in MDSC, which is shown in the left of Figure 16. The Case 3 scenario
indicates that the space between targets is insufficient to prevent one target detection pair to enclosure
the other target detection pair, such as the distance (x label) < 22.74 km and the velocity difference =
Mach 14.06 (y label) or distance = 14.2 km and the velocity difference >Mach 0.93. The higher the
velocity difference, the longer the distance required to avoid these misleading scenarios [14].

These misleading results are introduced by the false pairing outcomes in MDSC processes in the
Figure 7 Case 3 condition. These ambiguous conditions can be classified as two real-life scenarios:

(1) Two targets with a high-velocity difference are in a relatively close range. It resembles two
high-velocity aircraft coming across each other at that specific detection timing. The estimation
offset only results in a short-term discontinuity within a long-term detection trace which can be
mitigated by simple smoothing and predicting schemes.

(2) A moving target is close by a near-stationary target, such as a target traveling through a
cluster of low-velocity clutter. The slow-moving clutter creates a vast nearly-zero Doppler
clutter background and gives MDSC a constant false estimating result under such conditions.
These clutter distortion scenarios cause long duration and non-negligible misleading results for
MDSC and need to be eliminated for a more practical application.

37



Sensors 2020, 20, 2446

Figure 16. The range estimation error chart. Applying multi-Doppler-shift-compensation (MDSC)
scheme estimates two non-stationary targets. The target distance is swept from 0 to 80 km while the
velocity difference is swept from 0 to 15 Mach.

6. Low Velocity Target Suppression: Moving Target Indication (MTI)

To adapt the scheme to be practicable in the case (2) scenarios above, which resemble a crucially
tactical scenario in which targets are blended into a heavy clutter background, integrating efficient
clutter suppression schemes into MDSC is a substantial improvement to resolve this ambiguous
scene. The techniques for implementing clutter filtering are the basis of the moving-target indication
(MTI) scheme, which removes near-zero Doppler clutter spectrum and depth, and the width of the
cut-off frequency of the filter is the factor of the number of pulses integrated and weighting coefficients
of delay line applied on the pulse train.

Since this study is dealing with pulses transmitted at a pulse repetition frequency (PRF) fr,
the received signal, from a given range, consists of one PRI = 1/fr apart. The spectrum of such a signal
is folded around fr/2 and centered around zero Doppler repeating every ±n*fr, n = 0, 1, 2 . . . With this
zero-Doppler canceling response, the nearly stationary clutters are the subject to be removed out of the
non-stationary targets the periodicity in the filter response. The periodic frequency response of the
filter resembles a comb; hence it is a so-called comb filter [15].

The two-pulse MIT filter is also called a single delay line canceler which can be implemented as
shown in Figure 17. It requires two distinct input pulse to yield out output. These sequential pulse
trains are merged into a single pulse by feedback loops of the delay lines with specific coefficients
weighing applying on each echo pulse. The output y(t) is defined as follows [16]

y(t) = C1x(t) + C2x(t− T) (10)

where the input x(t) is an n-pulse pulse train, delay T = PRI = (1/fr), and C1, C2 the weighting coefficients
of each delay-line pulse summation operation.
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Figure 17. Single delay line canceler for two-pulse moving target indication (MTI).

The impulse response of the canceler is given by

h(t) = C1δ(t) + C2δ(t− T) (11)

The double-delay-line cancelers are shown in Figure 18 and it is also called the three-pulse MTI
filter. There are three consecutive pulse train the impulse response is given by

h(t) = C1δ(t) + C2δ(t− T) + C3δ(t− 2T) (12)

Figure 18. Double delay line canceler for three-pulse moving target indication (MTI).

The output signal of a three-pulse input signal processed by a double-delay-line canceler is
calculated as follows

y(t) = C1x(t) + C2x(t− T) + C3x(t− 2T) (13)

An MTI filter could be implemented using as little as two pulses and the filter high-pass response
is determined by the number of pulses applied and weighting coefficients of the impulse response.
Binomial coefficients are applied in the MIT filter frequency responses and a three-pulse delay line
canceller is integrated with MDSC schemes to suppress the stationary object distortion to compensate
for the ambiguous estimation in this study.

The binomial coefficients of multi-pulse MIT filters are given by

Cn =

(
n
k

)
× (−1)k =

n!
k!(n− k)!

× (−1)k, 0 ≤ k ≤ n, (14)

where the number of pulse n and the sign of the coefficient is toggled by every kth index.
The formula is also called Pascal’s rule or Pascal’s triangle [17]. The frequency response of the MIT

filter with two to four pulses is shown in Figure 19. The zero-Doppler has a deep null point response
repeated in multiples of fr = PRF, by which the ambiguous low-velocity target factors are eliminated
in the original MDSC. The cut-off bandwidth of near-zero-Doppler in MIT filter frequency response
is proportional to the number of canceling line tabs, i.e., the more identical pulse trains integrated,
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the wider and deeper the cut-off bandwidth. Figure 19 shows the cut-off bandwidth of 2-tab MTI
(blue-dash line) < 3-tab MTI (red line) < 4-tab MTI (yellow-dotted-dash line).

Figure 19. Frequency response of MTI comb filters applied binomial coefficients with the number of
integrating pulses from two to four. The cut-off bandwidths are proportional to the number of delay
lines applied.

7. Two-Target, Clutter-Suppressed Multi-Doppler-Shift-Compensation (CS-MDSC)

The ambiguous scenario with one near-stationary target has been discussed in Section 5 case (2).
Figure 20 shows a typical unresolvable scenario to MDSC, which contains two targets at the same
range cell with extremely velocity difference the target-one is stationary with zero-Doppler offset at the
center, whereas the target-two velocity difference is at 15 Mach, which introduces a 102 kHz Doppler
shift at S-band. The pulse compressed echo of up-down chirp LFM waveform has two peak values
due to the Doppler shift at range cell ±6.25.

Figure 20. Pulse compressed echo of two overlapped targets. Target-one is zero Doppler, while
target-two velocity is at Mach 15.
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For an MIT comb filter application, Figure 21 demonstrates a three-pulse LFM echo with two
targets with such extreme location and velocity conditions described above with fd/PRF = 0 and 0.32,
respectively. The frequency response of three-pulse MTI filter is shown in Figure 19; the target-1 echo
with fd1/PRF = 0 gets suppressed significantly while that of target-2, fd2/PRF = 0.32, is in the passband
of the filter.

Figure 21. A 3-pulse LFM echo of two overlapped targets. Target-one is zero Doppler, while target-two
velocity is at Mach 15.

Figure 22 displays the MTI processed echo of Figure 20, the zero-Doppler clutter is eliminated while
the Mach 15 moving target echo remains, which leaves no ambiguity of the correctly pairing estimation.

Figure 22. A 3-pulse MTI filtered echo of two overlapped targets. Target one is zero Doppler, while
target two is at fd2/PRIL = 0.32.

Another case study of a slow-moving target overlapping with a high-velocity target, which
is also an ambiguous scenario for MDSC, is shown in Figure 23. Both moving targets introduce a
pair of detection peaks with range offset after PC of the LFM waveform. The slow-moving target
resembles a near-zero-Doppler clutter, such as cloud or sea with the fd1/PRF = 0.072, while the
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second target resembles a high-velocity target, fd2/PRF = 0.32, travelling across this strong clutter
background. Figure 19 shows that the near-zero-Doppler clutter also suffers significant attenuation at
fd1/PRF = 0.072 for about 26 dB, whereas the second target with high velocity retains a strong response
level at fd2/PRF = 0.32.

Figure 23. Pulse compressed echo of two overlapped targets. Target-one is Near-zero-Doppler,
while target-two velocity is at 15 Mach.

Figure 24 shows the three-pulse MTI filtered echo of Figure 23. The −26 dB frequency response
substantially drops down the target-one energy at fd1/PRF = 0.072. Since the outcome energy of
target-one, which is implied as a low velocity clutter at range cell = ±0.037, has been significantly
deteriorated and leaves 16 dB power difference between the detection pairs of two targets, this artifact
signal can be removed completely by setting up a reasonable detection threshold, such as a constant
false alarm rate threshold. Therefore, with the prior state of a properly designed clutter suppression
scheme, the remaining detection pair at range cell ±6.2 can resolve the target-two range and velocity
information unambiguously.

Figure 24. A 3-pulse MTI filtered echo of two overlapped targets. Target one is near-zero-Doppler,
while the target-two velocity is at Mach 15.
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To compensate the inapplicable scenarios of MDSC, a two-target, clutter suppression
multi-Doppler-shift-compensation (CS-MDSC) workflow is illustrated in Figure 25. The process
procedures begin with:

(1) An n-pulse LFM echo under a proper cut-off near-zero Doppler response MTI filter.
(2) Pulse compression and detection process.
(3) Number of detection count determination.

i. If the detection count is greater than two, then process MDSC to find the correct detection
pair of LFM waveform for resolving these two targets’ locations and velocity.

ii. If the number of detection is less than and equal to two due to the clutter suppression
process, then there is no ambiguity on finding the right pair of the target. The location
and velocity information of the moving target can be resolved by the remaining two or
one detected signals.

Figure 25. Clutter-suppression, multi-Doppler-shift-compensation (CS-MDSC) workflow.

8. Conclusions

The computational complexity and possible ambiguous estimation scenarios of two targets close
by are the two noticeable drawbacks of the prior MDSC, which may create unwilling latency in the
real-time system and false range/velocity estimation in inevitable heavy clutter background detection
scenarios. There are two significant achievements in this study:

(1) Three-Doppler-offset MDSC operation has been proven as already providing sufficient range
pairing information to have equally likely reliability as five-Doppler-offset MDSC, which was
presented in the prior study. This succinct three-Doppler-offset MDSC workflow reduces the
computational complexity by 40% as compared to five-Doppler-offset MDSC.

(2) The MTI comb filter clutter suppression scheme has been successfully integrated to
prior MDSC by its pulsed Doppler periodic characteristics to eliminate the misleading
pairing peaks from unwanted clutter-like signals. An innovative clutter-suppression
multi-Doppler-shift-compensation (CS-MDSC) scheme has been introduced in this study and
demonstrates the capability not only of maintaining the precise range and velocity estimation in
most two moving targets scenarios as the original MDSC, but extract the moving target out of a
clutter background, which is a magnificent improvement to adapt the MDSC scheme to broader
and more realistic application scenarios.

Despite these advantages of CS-MDSC, further study of cognitive threshold selection algorithms
and different coefficients applied on MIT comb filter should improve the scheme to adapt to more
complex scenarios with more efficient processing algorithms. Also, the high sidelobe introduced
by LFM rectangle waveform after MF leads out unresolvable detection pair of targets as the peaks
are close. The shortage is more obvious, especially in dissimilar amplitude target scenarios. Thus,
the future work is to look deep into the study of algorithm performance in presence of targets with
dissimilar amplitudes and explore means to mitigate small target capture from larger target response.
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Abstract: This paper deals with joint tracking and classification (JTC) of multiple targets based on
scattering center model (SCM) and wideband radar observations. We first introduce an SCM-based
JTC method, where the SCM is used to generate the predicted high range resolution profile (HRRP)
with the information of the target aspect angle, and target classification is implemented through
the data correlation of observed HRRP with predicted HRRPs. To solve the problem of multi-target
JTC in the presence of clutter and detection uncertainty, we then integrate the SCM-based JTC
method into the CBMeMBer filter framework, and derive a novel SCM-JTC-CBMeMBer filter with
Bayesian theory. To further tackle the complex integrals’ calculation involved in targets state and class
estimation, we finally provide the sequential Monte Carlo (SMC) implementation of the proposed
SCM-JTC-CBMeMBer filter. The effectiveness of the presented multi-target JTC method is validated
by simulation results under the application scenario of maritime ship surveillance.

Keywords: joint tracking and classification; scattering center model; high range resolution profile;
CBMeMBer filter; sequential Monte Carlo

1. Introduction

Traditionally, target tracking and target classification are treated as two independent problems,
and they are usually solved separately. However, these two problems are closely related. For example,
tracking affects classification by providing flight envelope information for different air target classes,
while classification affects tracking via selecting appropriate class-dependent kinematic models.
Therefore, a good classification may benefit tracking and vice versa. For this reason, the joint tracking
and classification (JTC) method is receiving more and more attention.

By now, many JTC methods have been proposed [1–10], and these methods can roughly be divided
into three categories. The first category is the most popular one and is dedicated to point targets. In this
case, the resolution of the tracking sensor is very limited, and realization of target classification has to
exploit attribute/identity sensor (such as electronic support measure) information or target dynamics
(such as class-dependent maneuverability) [1–5].

The second category treats the target as an extended target, and the measurement of the target
is modeled as the extent in down-range direction (length of the target) or both in down-range and
lateral-range directions (i.e., size of the observed target contour), based on the assumption that the
target has an ellipsoidal shape [6–8]. Targets are classified with the feature information of different
length or size.
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The third category treats the target as a rigid body, and the measurements are the target geometric
shapes, which correspond to the projection of the target computer-aided design (CAD) models on the
charge-coupled device (CCD) sensor [9,10]. Target classification is realized by image features.

For the wideband radar, the high range resolution profile (HRRP) serves as an important signature
(feature) for target classification. However, as is known to all, the HRRP is very sensitive to target
pose and the length (down-range extent) is not a stable feature in the dynamic environment, especially
when the relative state between target and sensor changes rapidly. Moreover, the constraint of ideal
ellipsoidal shape assumption imposed on the target limits the real application of the extent-based JTC
methods. In view of the fact that the 3D scattering center model (3D-SCM) [11–13] is very convenient
to create a classification feature according to the pose and sensor parameters, we proposed a novel
SCM-based single-target JTC method in the conference paper [14]. The presented method exploited
the 3D-SCM to predict the pose-dependent HRRP classification feature, together with the observation
data of target’s bearing, range and HRRP, to jointly infer the target state and class.

This paper is an extension of the SCM-based JTC method in [14] to the multi-target scenario,
where targets with different classes may appear or disappear in the surveillance area, and false
alarm/missed detection may exist. For the treatment of multi-target tracking, there are generally two
main methods, i.e., the data-association-based method [15–17] and the random finite set (RFS)-based
method [18,19]. The data-association-based method involves explicit associations. For example,
the joint probabilistic data association (JPDA) algorithm [15] weights all the observations by association
probabilities, and the multiple hypotheses tracking (MHT) algorithm [17] propagates association
hypothesis. However, with the increase of the considered target number, the data-association-based
method will suffer from a large computational burden. The RFS-based method models the multi-target
state and the observations as RFSs and can avoid the explicit data association. Compared with
the data-association-based method, the RFS-based method propagates the posterior density of the
multi-target state recursively by means of the multi-target Bayes filter, and can be implemented through
approximation approaches with a lower computational load. Therefore, the RFS-based method can
serve as a good alternative to implement multi-target JTC.

Due to the intractability of Bayesian multi-target filter, two main approximation approaches,
i.e., moment approximation (such as the probability hypothesis density (PHD) filter [20] and the
cardinalized PHD (CPHD) filter [21]) and posterior density approximation (such as the multi-target
multi-Bernoulli (MeMBer) filter, the cardinality balanced CBMeMBer filter [22] and the labeled
multi-Bernoulli filter [23], etc.) are proposed, and have been widely used to various fields such as
image processing [24,25] and multi-sensor fusion [26–28]. These approximation filters involve multiple
integrals, and the implementation of the filters mainly depends on the characteristic of the system
model. Generally, the Gaussian mixture (GM) implementation is suitable for the Gaussian linear system.
However, for the non-Gaussian nonlinear system, sequential Monte Carlo (SMC) implementation has
to be considered [29–32].

To deal with the problem of multi-target JTC, the SCM-based JTC method is integrated into the
CBMeMBer filter framework in this paper, and the resulting filter is called SCM-JTC-CBMeMBer.
Additionally, consider the high nonlinearity of the kinematic (range and bearing) and feature (HRRP)
observation models, the proposed filter is implemented via the SMC technique.

The rest of this paper is organized as follows. The system model and a brief review of the CBMeMBer
filter are provided in Section 2. The SCM-based JTC method and the proposed SCM-JTC-CBMeMBer
filter are described in Section 3. The details on SMC implementation of the SCM-JTC-CBMeMBer filter
are given in Section 4, followed by the simulation results in Section 5. A conclusion closes the paper.

2. Background

In this section, the system model (including state model and sensor observation model) will first
be introduced. Then, a brief review of the CBMeMBer filter is given.
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2.1. System Model

2.1.1. Target Motion Model

Without loss of generality, the considered target moves on the 2D plane with a nearly constant
velocity, and the evolvement process of the target state is given as

xk = Fxk−1 + wk (1)

where xk = [xk yk
.
xk

.
yk]

T represents target state including position component posk = [xk yk]
T and

velocity component velk = [
.
xk

.
yk]

T. The subscript k denotes sampling time and T is the sign for
vector transpose. F is the state transition matrix. wk ∼ N(w; 0, Q) represents the multi-dimensional
Gaussian process noise vector, whereN(ζ;μ, Σ) denotes Gaussian function with variable ζ, mean μ
and covariance matrix Σ. F and Q can be further written as

F =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 t 0
0 1 0 t
0 0 1 0
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, Q = q2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
t4/4 0 t3/2 0

0 t4/4 0 t3/2
t3/2 0 t2 0

0 t3/2 0 t2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (2)

where t is the sampling interval and q is the acceleration variance.

2.1.2. Sensor Observation Model

The radar can provide range and bearing measurements of the target’s centroid, and the observation
model of kinematic (position) measurement can be described by

zk =

[
rk
βk

]
=

⎡⎢⎢⎢⎢⎢⎣
√

x2
k + y2

k + v1,k

tan−1(yk/xk) + v2,k

⎤⎥⎥⎥⎥⎥⎦ = h(xk) + vk (3)

where h(·) is the kinematic observation function and rk and βk represent noisy measurements of target

range and bearing at time k, respectively. vk =
[
v1,k v2,k

]T
denotes the corresponding zero-mean

observation noise with covariance matrix R = E[vkvT
k ] = diag[σ2

r , σ2
β].

As shown in Figure 1, for the low-speed maritime target, the heading is almost aligned with
the axial direction of the target body because of its limited maneuverability. Under this condition,
the aspect angle φk of the target can be obtained as

φk = θk − βk (4)

where θk = tan−1(
.
yk/

.
xk) is the heading angle.

Σ
Σ

Figure 1. Illustration of target aspect angle.
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An equivalent expression of aspect angle is in the form of

φk = cos−1
( 〈

posk, velk
〉

‖posk‖ · ‖velk‖
)
= cos−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ xk
.
xk + yk

.
yk√

x2
k + y2

k

√
.
x2

k +
.
y2

k

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ (5)

The 3D-SCM is an equivalent of the target in geometry space to the radar response in the
electromagnetic field. It provides a concise and physically relevant description of the target’s scattering
through a set of representative scattering parts, and thus a more effective way to characterize the
target’s electromagnetic scattering behavior. The 3D-SCM consists of a set of scattering center with
a specific position, amplitude and type parameters, and it can be represented by

S =
{
an,αn, xn, yn, zn

}N
n=1 (6)

where an is the amplitude of nth scattering center, αn is a frequency-dependent factor, (xn, yn, zn) is
the corresponding 3D spatial position in the target body coordinates and N is the number of scatters
involved in the model. For a specific target class c, the associated 3D-SCM can be denoted as Sc.

The whole target’s backscattering with respect to radar instantaneous frequency f , viewing angles
(i.e., azimuth angle φ and elevation angle γ) can be expressed as [13]

E( f ,φ,γ, S) =
N∑

n=1

(j f / fc)
αnan(φ,γ) · exp(−j4π(xn cosγ cosφ+ yn cosγ sinφ+ zn sinγ)/λ) (7)

where λ is the wavelength, fc is the central frequency of signal, j =
√−1 is the imaginary unit and

an(φ,γ) represents the amplitude of nth scattering center which may change with φ and γ.
At a specific viewing angle of (φ,γ), the corresponding projection position of the nth scattering

center at the down-range direction is

rn(φ,γ) = xn cosγ cosφ+ yn cosγ sinφ+ zn sinγ (8)

Assuming that the bandwidth of the radar signal is B and the ith discrete frequency point is

fi = fc − B/2 + i · ΔF, i = 0, 1, · · · , I (9)

where ΔF is the frequency interval and I + 1 is the total number of frequency points.
Then, the frequency response of the ith frequency point can be written as Ei = E( fi,φ,γ, S).

After a direct operation of inverse discrete Fourier transform (IDFT) on frequency response sequence
E = [E0, E1, · · · , EI], the desired HRRP can be immediately obtained.

When the target’s motion is restricted on the 2D plane, the observation model of HRRP is
represented as

d = g(φ, S) + n
= IDFT[Ei = E( fi,φ,γ, S), i = 0, 1, · · · , I] + n
= IDFT(E) + n

(10)

where d denotes the (I+1)-dimensional measurement of the HRRP and each component of d corresponds
to one range resolution cell, g(φ, S) � IDFT(E) denotes the compact form of observation function,
fi and S are known parameters, γ ≈ 0, φ can be obtained through Equations (4) or (5) and n is the
observation noise vector.
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2.2. CBMeMBer Filter

The CBMeMBer filter is outlined as follows and the details can be found in [18,21]. It approximates
the posterior multi-target density by a multi-Bernoulli RFS. The multi-Bernoulli RFS consists of M
independent Bernoulli RFSs X(i), that is, X = ∪M

i=1X(i). The probability density of Bernoulli RFS X(i) is

π(X(i)) =

{
1− r(i), X(i) = ∅

r(i)p(i)(x), X(i) = {x} (11)

where r(i) ∈ [0, 1] is the target existence probability and p(i)(·) is a spatial distribution. Therefore,
the probability density of multi-Bernoulli RFS X is given by

π(X) =
M∏

i=1

(1− r(i))
∑

1≤i1�···�in≤M

n∏
j=1

r(i j)p(i j)(x j)

1− r(i j)
(12)

where n is the number of targets.
The multi-Bernoulli RFS X is completely described by the multi-Bernoulli parameter set{

(r(i), p(i)(x))
}M

i=1
, and the probability density of the multi-Bernoulli RFSs X can be abbreviated

by
{
(r(i), p(i)(x))

}M

i=1
. The CBMeMBer filter consists of a prediction step and an update step.

2.2.1. Prediction Step

If the posterior probability density at time k − 1 is πk−1(X) = {(r(i)k−1, p(i)k−1(xk−1))}
Mk−1

i=1
, then the

predicted multi-target density is also a multi-Bernoulli formed by the union of the multi-Bernoulli for
the surviving targets and target births

πk|k−1 =
{
(r(i)P,k|k−1, p(i)P,k|k−1(xk))

}Mk−1

i=1
∪
{
(r(i)Γ,k|k−1, p(i)Γ,k|k−1(xk))

}MΓ,k

i=1
(13)

where
{
(r(i)Γ,k|k−1, p(i)Γ,k|k−1(xk))

}MΓ,k

i=1
is the predicted multi-Bernoulli for the target births and it is usually

assumed to be known.
{
(r(i)P,k|k−1, p(i)P,k|k−1(xk))

}Mk−1

i=1
is the predicted multi-Bernoulli for the surviving

targets and it is given by

r(i)P,k|k−1 = r(i)k−1

〈
p(i)k−1(xk−1), pS,k(xk−1)

〉
(14)

p(i)P,k|k−1(xk) =

〈
fk|k−1(xk|xk−1), p(i)k−1(xk−1)pS,k(xk−1)

〉
〈
p(i)k−1(xk−1), pS,k(xk−1)

〉 (15)

where
〈

f , g
〉
=

∫
f (x)g(x)dx denotes the inner product operation, pS,k(xk−1) is the survival probability

of the surviving targets, fk|k−1(xk|xk−1) is the single-target transition density. There are Mk|k−1 =

Mk−1 + MΓ,k−1 predicted hypothesized tracks.

2.2.2. Update Step

Assuming that nk,z measurements are collected as Zk =
{
zk,1, · · · , zk,nk,z

}
and the predicted

probability density is πk|k−1(X) = {(r(i)k|k−1, p(i)k|k−1(xk))}
Mk|k−1

i=1
, then the posterior multi-target density at

time k can be approximated by a multi-Bernoulli as

πk ≈
{
(r(i)L,k, p(i)L,k(xk))

}Mk|k−1

i=1
∪
{
(r∗U,k(z), p∗U,k(xk; z))

}
z∈Zk

(16)
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The first term in Equation (16) corresponds to the multi-Bernoulli density for the legacy tracks
and it can be given by

r(i)L,k = r(i)k|k−1

1−
〈
p(i)k|k−1(xk), pD,k(xk)

〉
1− r(i)k|k−1

〈
p(i)k|k−1(xk), pD,k(xk)

〉 (17)

p(i)L,k(xk) = p(i)k|k−1(xk)
1− pD,k(xk)

1−
〈
p(i)k|k−1(xk), pD,k(xk)

〉 (18)

where pD,k(xk) is the detection probability.
The second term in Equation (16) corresponds to the multi-Bernoulli density for

measurement-corrected tracks and it can be given as

r∗U,k(z) =

∑Mk|k−1
i=1

r(i)k|k−1(1−r(i)k|k−1)
〈
p(i)k|k−1(xk),gk(z|xk)pD,k(xk)

〉
(
1−r(i)k|k−1

〈
p(i)k|k−1(xk),pD,k(xk)

〉)2

κ(z) +
∑Mk|k−1

i=1

r(i)k|k−1

〈
p(i)k|k−1(xk),gk(z|xk)pD,k(xk)

〉
1−r(i)k|k−1

〈
p(i)k|k−1(xk),pD,k(xk)

〉
(19)

p∗U,k(xk; z) =

Mk|k−1∑
i=1

r(i)k|k−1p(i)k|k−1(xk)pD,k gk(z|xk)

1−r(i)k|k−1

Mk|k−1∑
i=1

r(i)k|k−1

1−r(i)k|k−1

〈
p(i)k|k−1(xk), pD,k(xk)gk(z|xk)

〉 (20)

where gk(z|xk) is the likelihood function, κ(z) is the clutter intensity function. There are Mk =

Mk|k−1 + nk,z updated hypothesized tracks.

3. JTC Method Based on SCM and CBMeMBer Filter

In this section, the SCM-based JTC method is first presented by using the HRRP as the feature for
target classification. Then, the SCM-JTC-CBMeMBer filter is derived for multi-target JTC.

3.1. SCM-Based JTC Method: Single-Target Case

The joint target state can be modeled as ξk−1 � (xk−1, c), where xk−1 is the kinematic state and c is
the class label that can be taken from the set of the target classes C = {c1, c2, · · · , cnc }. nc and cm represent
the total number of the target class and the mth target class, respectively. In the SCM-based JTC method,
the available measurement at time k consists of kinematic (position) measurement zp

k = [r,θ]T and
signature (HRRP) measurement zc

k = d, and the joint measurement is denoted as z̃k � (zp
k , zc

k). The

measurement set up to time k is represented by Z̃
k
=

{̃
zτ

}k
τ=0.

The purpose of Bayesian JTC is to estimate the target state and class simultaneously at time k,

under the condition that the distribution p(xk−1, c|Z̃k−1
) at time k− 1 and the measurement z̃k at time k

are available. That is, to obtain the posterior probability-mass distribution

p(xk, c|Z̃k
) = p(xk|c, Z̃

k
)p(c|Z̃k

) (21)

For target tracking, the class-dependent probability density function (PDF) for a specific target
class cm can be represented as

p(xk|cm, Z̃
k
) =

p(Z̃k|xk, cm)p(xk|cm, Z̃
k−1

)

p(̃zk|cm, Z̃
k−1

)
(22)
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where p(̃zk|cm, Z̃
k−1

) =
∫

p(̃zk|xk, cm)p(xk|cm, Z̃
k−1

)dxk is the normalized factor.
Accordingly, for target classification, the probability function can be obtained by

μm
k � p(cm|Z̃k

) =
p(̃zk|cm, Z̃

k−1
)p(cm|Z̃k−1

)

p(̃zk|Z̃k−1
)

(23)

where p(̃zk|Z̃k−1
) =

∑nc
m=1 p(̃zk|cm, Z̃

k−1
)p(cm|Z̃k−1

) is the normalized factor.
To obtain the recursive equations of the SCM-based JTC method, two assumptions should

be followed.

Assumption 1. All the targets have the same motion model, i.e., the single state transition function
fk|k−1(xk, cj|xk−1, cm) is

fk|k−1(xk, cj|xk−1, cm) = f k
k|k−1(xk|xk−1) f c

k|k−1(c
j|cm) (24)

where f k
k|k−1(xk|xk−1) is the kinematic state transition function and is decided by the system model and f c

k|k−1(c
j|cm)

is the class state transition function and can be represented by the Dirac function δ(·) as

f c
k|k−1(c

j|cm) = δm( j) =
{

1, if j = m
0, if j � m

(25)

Assumption 2. The kinematic measurement and HRRP measurement are independent of each other, and the
kinematic measurement is independent of the target class, so the measurement likelihood can be written as

p(̃zk|xk, cm, Z̃
k−1

) = p(zp
k |xk)p(zc

k|xk, cm) (26)

where p(zp
k |xk) � gk

k (xk) = N(zk; h(xk), R) is the likelihood function of kinematic measurement. p(zc
k|xk, cm) �

gc
k(xk, cm) =

〈
dk, g(φk, Scm)

〉
/(‖dk‖ · ‖g(φk, Scm)‖) is the likelihood function of HRRP measurement, and is

defined as normalized correlation coefficient of observed HRRP with model-predicted HRRP. Scm is the SCM
corresponding to target class cm.

Therefore, the SCM-based JTC method can be constructed through the following two steps.
The prediction steps of the target state and class are given by

p(xk|cm, Z̃
k−1

) =

∫
f k
k|k−1(xk|xk−1)p(xk−1|cm, Z̃

k−1
)dxk−1 (27)

μm
k|k−1 = μm

k−1 (28)

Similarly, the update steps of target state and class are

p(xk|cm, Z̃
k
) =

gk
k (xk)gc

k(xk, cm)p(xk|cm, Z̃
k−1

)

p(̃zk|cm, Z̃
k−1

)
(29)

μm
k = p(cm|Z̃k

) =
p(̃zk|cm, Z̃

k−1
)p(cm|Z̃k−1

)

p(̃zk|Z̃k−1
)

(30)

with

p(̃zk|cm, Zk−1) =

∫
gk

k (xk)gc
k(xk, cm)p(xk|cm, Zk−1)dxk (31)

p(̃zk|Z̃k−1
) =

nc∑
m=1

p(̃zk|cm, Z̃
k−1

)p(cm|Z̃k−1
) (32)
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Because of the complexity and high nonlinearity of the observation model, there is no analytic form
to obtain the recursive estimation of target state and class, so we have to resort to the SMC technique

(also known as particle filter, PF). Given the particle set
{
wj

k−1, x j
k−1, l j

}nk−1,p

j=1
, where the superscript j

denotes the index of the particles, l j ∈ C represents the class label corresponding to the jth particle and
nk−1,p is the number of particles at time k− 1. The posterior target state and associated class probability
can be represented by

p(xk−1|cm, Z̃
k−1

) =

nk−1,p∑
j=1

wm, j
k−1δxm, j

k−1
(xk−1) (33)

p(cm|Zk−1) =

nk−1,p∑
j=1

wj
k−1δl j(cm)/

nk−1,p∑
j=1

wj
k−1 (34)

with

wm, j
k−1 = wj

k−1δl j(cm)/
nk−1,p∑
j=1

wj
k−1δl j(cm) (35)

xm, j
k−1 = x j

k−1δl j(cm) (36)

Then, a complete recursive procedure from time k− 1 to k can be summarized as Algorithm 1.

Algorithm 1 Single-time step recursion of the scattering center model (SCM)-based joint tracking and
classification (JTC) method

Step 1. Model prediction

1) Target state prediction: x j
k = Fx j

k−1 + w j
k−1

2) Kinematic observation prediction: ẑ j
k = h(x j

k)

3) Aspect angle prediction: φ j
k = cos−1

⎛⎜⎜⎜⎜⎜⎝ xj
k

.
xj

k+yj
k

.
yj

k√
(xj

k)
2
+(yj

k)
2
√
(

.
xj

k)
2
+(

.
yj

k)
2

⎞⎟⎟⎟⎟⎟⎠
4) HRRP prediction: d̂

j
k = g(φ j

k, Slj ) where Slj represents the 3D-SCM corresponding to target class l j.

Step 2. Likelihood evaluation

1) Kinematic observation likelihood: gk
k (x

j
k) = N(zk; h(x j

k), R)

2) HRRP correlation coefficient: gc
k(x

j
k, l j) =

〈
dk, d̂

j
k

〉
/
(
‖dk‖ · ‖d̂ j

k‖
)

Step 3. Particle weight evaluation

1) Joint weight calculation: wj
k = wj

k−1 · gk
k (x

j
k) · gc

k(x
j
k, l j)

2) Normalization of weights: w̃j
k = wj

k/
∑nk−1,p

j=1 wj
k

The posterior target state estimation x̂k and class probabilities p(cm|Z̃k
) at time k can be obtained by

x̂k =

nc∑
m=1

p(cm|Z̃k
)x̂m

k (37)

p(cm|Z̃k
) =

nk−1,p∑
j=1

w̃j
kδl j(cm)/

nk−1,p∑
j=1

w̃j
k (38)
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with

x̂m
k =

nk−1,p∑
j=1

w̃m, j
k δxm, j

k
(xk) (39)

w̃m, j
k = w̃j

kδl j(cm)/
nk−1,p∑
j=1

w̃j
kδl j(cm) (40)

xm, j
k = x j

kδl j(cm) (41)

To reduce the effect of particle degeneracy, the resampling operation [33] should be considered in
method implementation. Specifically, the class-dependent resampling strategy is adopted to avoid
particle degeneracy caused by an incorrect target classification. In this strategy, the maximum number
of particles for the SCM-based JTC method is set as Lmax, while the minimum number of particles for
each target class is set as Lmin. In this paper, the standard resampling operation is used to resample

each class, that is, for the particle with l j = cm,
{
x j′

k , 1/nk,p,m, l j′
}nk,p,m

j′=1
= resample

{
x j

k, w̃j
k, l j

}
l j=cm ,

nk,p,m � max(Lmin, nk−1,p · p(cm|Z̃k
)).

3.2. SCM-JTC-CBMeMBer Filter: Multi-Target Case

For the JTC of multi-target, the available measurement set at time k is denoted asZk =
{̃
zk,l

}nk,z

l=0
and the measurement set up to time k isZk = {Zl}kl=1. The posterior multi-target density at time k− 1
is modeled as a multi-Bernoulli

πk−1 =
{(

r(i)k−1, p(i)k−1(xk−1|Zk−1)
)}Mk−1

i=1

=

{(
r(i)k−1,

nc∑
m=1

p(i)k−1(xk−1|cm,Zk−1)p(i)k−1(c
m|Zk−1)

)}Mk−1

i=1

(42)

In addition to Assumption 1 and Assumption 2, the following assumptions should also be followed
to obtain the SCM-JTC-CBMeMBer filter.

Assumption 3. Each target evolves motion and generates measurements independently.

Assumption 4. The clutter is modeled as Poisson RFS with Poisson average rate λc, and it is independent of
target-originated measurements. The spatial distribution of the clutter is a uniform distribution, denoted by
C(̃z). The clutter intensity function is κ(̃z) = λcC(̃z).
Assumption 5. The survival and detection probabilities are state-independent, i.e., pS,k(x, c) = pS,k,
pD,k(x, c) = pD,k.

Assumption 6. The PDF of birth targets at time k− 1 is also a multi-Bernoulli, namely

πB,k−1 =
{(

r(i)B,k−1, p(i)B,k−1(xk−1|Zk−1)
)}MB,k−1

i=1

=

{(
r(i)B,k−1,

nc∑
m=1

p(i)B,k−1(xk−1|cm,Zk−1)p(i)B,k−1(c
m|Zk−1)

)}MB,k−1

i=1

(43)

Proposition 1. If the posterior multi-target density at time k− 1 is a multi-Bernoulli, as shown in Equation (42),
then the predicted multi-target density is also a multi-Bernoulli and is given by

πk|k−1 =
{(

r(i)P,k|k−1, p(i)P,k|k−1(xk|Zk−1)
)}Mk−1

i=1
∪
{(

r(i)Γ,k|k−1, p(i)Γ,k|k−1(xk|Zk−1)
)}MΓ,k

i=1

=

{(
r(i)P,k|k−1,

nc∑
m=1

p(i)P,k|k−1(xk|cm,Zk−1)p(i)P,k|k−1(c
m|Zk−1)

)}Mk−1

i=1
∪
{(

r(i)Γ,k|k−1, p(i)Γ,k|k−1(xk|Zk−1)
)}MΓ,k

i=1

(44)
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with

r(i)P,k|k−1 = r(i)k−1

nc∑
m=1

p(i)k−1(c
m|Zk−1)

〈
p(i)k−1(xk−1|cm,Zk−1), pS,k

〉
(45)

p(i)P,k|k−1(c
m|Zk−1) = p(i)k−1(c

m|Zk−1) (46)

p(i)P,k|k−1(xk|cm,Zk−1) =

〈
f k
k|k−1(xk|xk−1), p(i)k−1(xk−1|cm,Zk−1)pS,k

〉
nc∑

m=1
p(i)k−1(c

m|Zk−1)
〈
p(i)k−1(xk−1|cm,Zk−1), pS,k

〉 (47)

r(i)Γ,k|k−1 = r(i)B,k−1 (48)

p(i)Γ,k|k−1(xk|Zk−1) =

nc∑
m=1

p(i)B,k−1(xk−1|cm,Zk−1)p(i)B,k−1(c
m|Zk−1) (49)

The proof of Proposition 1 is given in Appendix A.

Proposition 2. If the predicted multi-target density at time k is a multi-Bernoulli

πk|k−1 =
{(

r(i)k|k−1, p(i)k|k−1(xk|Zk−1)
)}Mk|k−1

i=1

=

{(
r(i)k|k−1,

nc∑
m=1

p(i)k|k−1(xk|cm,Zk−1)p(i)k|k−1(c
m|Zk−1)

)}Mk|k−1

i=1

(50)

Then, the posterior multi-target density can be approximated by a multi-Bernoulli as

πk ≈
{(

r(i)L,k, p(i)L,k(xk|Zk)
)}Mk|k−1

i=1
∪
{(

r∗U,k (̃z), p∗U,k (̃z)
)}̃

z∈Zk

=

{(
r(i)L,k,

nc∑
m=1

p(i)L,k(xk|cm,Zk)p(i)L,k(c
m|Zk)

)}Mk|k−1

i=1
∪
{(

r∗U,k (̃z),
nc∑

m=1
p(i)U,k(xk|cm,Zk)p(i)U,k(c

m|Zk)

)}
z̃∈Zk

(51)

with

r(i)L,k = r(i)k|k−1

1−
nc∑

m=1
p(i)k|k−1(c

m|Zk−1)
〈
p(i)k|k−1(xk|cm,Zk−1), pD,k

〉
1− r(i)k|k−1

nc∑
m=1

p(i)k|k−1(c
m|Zk−1)

〈
p(i)k|k−1(xk|cm,Zk−1), pD,k

〉 (52)

p(i)L,k(xk|cm,Zk) =
(1− pD,k)p

(i)
k|k−1(xk|cm,Zk−1)

1−
nc∑

m=1
p(i)k|k−1(c

m|Zk−1)
〈
p(i)k|k−1(xk|cm,Zk−1), pD,k

〉 (53)

p(i)L,k(c
m|Zk) = p(i)k|k−1(c

m|Zk−1) (54)

r∗U,k (̃z) =

∑Mk|k−1
i=1

r(i)k|k−1(1−r(i)k|k−1)
nc∑

m=1
p(i)k|k−1(c

m |Zk−1)
〈
p(i)k|k−1(xk |cm,Zk−1),gk

k (xk)gc
k(xk,cm)pD,k

〉
(
1−r(i)k|k−1

nc∑
m=1

p(i)k|k−1(c
m |Zk−1)

〈
p(i)k|k−1(xk |cm,Zk−1),pD,k

〉)2

κ(̃z) +
∑Mk|k−1

i=1

r(i)k|k−1

nc∑
m=1

p(i)k|k−1(c
m |Zk−1)

〈
p(i)k|k−1(xk |cm,Zk−1),gk

k (xk)gc
k(xk,cm)pD,k

〉
1−r(i)k|k−1

nc∑
m=1

p(i)k|k−1(c
m |Zk−1)

〈
p(i)k|k−1(xk |cm,Zk−1),pD,k

〉
(55)
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p(i)U,k(xk|cm,Zk) =

Mk|k−1∑
i=1

r(i)k|k−1p(i)k|k−1(xk |cm,Zk−1)p(i)k|k−1(c
m |Zk−1)pD,k gk

k (xk)gc
k(xk,cm)

1−r(i)k|k−1

Mk|k−1∑
i=1

r(i)k|k−1p(i)k|k−1(c
m |Zk−1)

〈
p(i)k|k−1(xk |cm,Zk−1),pD,k gk

k (xk)gc
k(xk,cm)

〉
1−r(i)k|k−1

(56)

p(i)U,k(c
m|Zk) =

Mk|k−1∑
i=1

r(i)k|k−1p(i)k|k−1(c
m |Zk−1)

〈
p(i)k|k−1(xk |cm,Zk−1),pD,k gk

k (xk)gc
k(xk,cm)

〉
1−r(i)k|k−1

Mk|k−1∑
i=1

r(i)k|k−1

1−r(i)k|k−1

nc∑
m=1

p(i)k|k−1(c
m|Zk−1)

〈
p(i)k|k−1(xk|cm,Zk−1), pD,kgk

k (xk)gc
k(xk, cm)

〉 (57)

The proof of Proposition 2 is shown in Appendix B.
The state extraction step is similar to the CBMeMBer filter, and the details can be found in [22].

4. SMC Implementation of the SCM-JTC-CBMeMBer Filter

In what follows, SMC implementation of the SCM-JTC-CBMeMBer filter recursion will
be presented.

Supposing that the posterior multi-target density πk−1 =
{(

r(i)k−1, p(i)k−1(xk−1|Zk−1)
)}Mk−1

i=1
is given,

and each component p(i)k−1(xk−1|Zk−1) is comprised of ni
k−1 weighted particles

{
wi, j

k−1, xi, j
k−1, li, j

}ni
k−1

j=1
, that is

p(i)k−1(xk−1|Zk−1) =

ni
k−1∑

j=1

wi, j
k−1δxi, j

k−1
(xk−1) (58)

Then the class probability p(i)k−1(c
m|Zk−1) and the kinematic state distribution conditioned on

classification p(i)k−1(xk−1|cm,Zk−1) can be obtained by

p(i)k−1(c
m|Zk−1) =

ni
k−1∑

j=1

wi, j
k−1δli, j(c

m)/

ni
k−1∑

j=1

wi, j
k−1 (59)

p(i)k−1(xk−1|cm,Zk−1) =

ni
k−1∑

j=1

wi,m, j
k−1 δxi,m, j

k−1
(xk−1) (60)

with

wi,m, j
k−1 = wi, j

k−1δli, j(c
m)/

ni
k−1∑

j=1

wi, j
k−1δli, j(c

m) (61)

xi,m, j
k−1 = xi, j

k−1δli, j(c
m) (62)

Proposition 3. Given the importance density q(i)k (·|xk−1,Zk) of the posterior distribution and

importance densities b(i)k (·|xk−1,Zk) of the birth targets, according to Proposition 1, if the prior

distribution is multi-Bernoulli πk−1 =

{(
r(i)k−1,

nc∑
m=1

p(i)k−1(xk−1|cm,Zk−1)p(i)k−1(c
m|Zk−1)

)}Mk−1

i=1
and each

55



Sensors 2020, 20, 1679

p(i)k−1 =
nc∑

m=1
p(i)k−1(xk−1|cm,Zk−1)p(i)k−1(c

m|Zk−1) is comprised of ni
k−1 weighted particles

{
wi, j

k−1, xi, j
k−1, li, j

}ni
k−1

j=1
,

then the predicted multi-target density is also multi-Bernoulli and the SMC implementation is calculated as

r(i)P,k|k−1 = r(i)k−1

ni
k−1∑

j=1

wi, j
k−1pS,k (63)

p(i)P,k|k−1(c
m|Zk−1) =

ni
k−1∑

j=1

wi, j
P,k|k−1δli, j(c

m)/

ni
k−1∑

j=1

wi, j
P,k|k−1 (64)

p(i)P,k|k−1(xk|cm,Zk−1) =

ni
k−1∑

j=1

wi,m, j
P,k−1δxi,m, j

P,k|k−1
(xk) (65)

r(i)Γ,k|k−1 = r(i)B,k−1 (66)

p(i)Γ,k|k−1(xk|cm,Zk−1) =

ni
k−1∑

j=1

wi,m, j
B,k|k−1δxi,m, j

B,k|k−1
(xk) (67)

p(i)Γ,k|k−1(c
m|Zk−1) =

ni
k−1∑

j=1

wi, j
B,k|k−1δli, j(c

m)/

ni
k−1∑

j=1

wi, j
B,k|k−1 (68)

with
xi, j

P,k|k−1 ∼ q(i)k (·|xk−1,Zk) (69)

xi, j
B,k|k−1 ∼ b(i)k (·|xk−1,Zk) (70)

w̃i, j
P,k|k−1 = wi, j

k−1pS,k (71)

wi, j
P,k−1 = w̃i, j

P,k|k−1/

ni
k−1∑

j=1

w̃i, j
P,k|k−1 (72)

wi,m, j
P,k|k−1 = wi, j

P,k|k−1δli, j(c
m)/

ni
k−1∑

j=1

wi, j
P,k|k−1δli, j(c

m) (73)

xi,m, j
P,k|k−1 = xi, j

P,k|k−1δli, j(c
m) (74)

wi, j
B,k|k−1 = wi, j

B,k−1 (75)

wi,m, j
B,k|k−1 = wi, j

B,k|k−1δli, j(c
m)/

ni
k−1∑

j=1

wi, j
B,k|k−1δli, j(c

m) (76)

xi,m, j
B,k|k−1 = xi, j

B,k|k−1δli, j(c
m) (77)

The proof of Proposition 3 is given in Appendix C.
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Proposition 4. If the predicted multi-target density is the multi-Bernoulli πk|k−1 ={(
r(i)k|k−1,

nc∑
m=1

p(i)k|k−1(xk|cm,Zk−1)p(i)k|k−1(c
m|Zk−1)

)}Mk|k−1

i=1
, then the updated multi-target density is also

a multi-Bernoulli, and the SMC implementation can be computed by

r(i)L,k = r(i)k|k−1

1− ρi
L,k

1− r(i)k|k−1ρ
i
L,k

(78)

p(i)L,k(c
m|Zk) =

ni
k−1∑

j=1

wi, j
k|k−1δli, j(c

m)/

ni
k−1∑

j=1

wi, j
k|k−1 (79)

p(i)L,k(xk|cm,Zk) =

ni
k−1∑

j=1

wi,m, j
L,k δxi,m, j

k|k−1
(xk) (80)

r∗U,k (̃z) =

∑Mk|k−1
i=1

r(i)k|k−1(1−r(i)k|k−1)ρ
i
U,k(

1−r(i)k|k−1ρ
i
L,k

)2

κ(̃z) +
∑Mk|k−1

i=1

r(i)k|k−1ρ
i
U,k

1−r(i)k|k−1ρ
i
L,k

(81)

p(i)U,k(xk|cm,Zk) =

Mk|k−1∑
i=1

ni
k−1∑

j=1

wi,m, j
U,k δxi,m, j

k|k−1
(xk) (82)

p(i)U,k(c
m|Zk) =

Mk|k−1∑
i=1

ni
k−1∑

j=1

wi, j
U,kδli, j(c

m)/
Mk|k−1∑

i=1

ni
k−1∑

j=1

wi, j
U,k (83)

with

ρi
L,k =

ni
k−1∑

j=1

wi, j
k|k−1pD,k (84)

ρi
U,k =

ni
k−1∑

j=1

wi, j
k|k−1gk

k (xk)gc
k(xk, cm)pD,k (85)

w̃i, j
L,k = (1− pD,k)w

i, j
k|k−1 (86)

wi, j
L,k = w̃i, j

L,k/

ni
k−1∑

j=1

w̃i, j
L,k (87)

wi,m, j
L,k = wi, j

L,kδli, j(c
m)/

ni
k−1∑

j=1

wi, j
L,kδli, j(c

m) (88)

xi,m, j
L,k = xi, j

L,kδli, j(c
m) (89)

w̃i, j
U,k =

r(i)k|k−1

1− r(i)k|k−1

pD,kwi, j
k|k−1gk

k (xk)gc
k(xk, cm) (90)
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wi, j
U,k = w̃i, j

U,k/

ni
k−1∑

j=1

w̃i, j
U,k (91)

wi,m, j
U,k =

wi, j
U,kδli, j(c

m)

Mk|k−1∑
i=1

ni
k−1∑

j=1
wi, j

U,kδli, j(cm)

(92)

The proof of Proposition 4 is detailed in Appendix D.
Particle resampling is also needed for SMC implementation of the SCM-JTC-CBMeMBer filter,

and the same resampling strategy as introduced in Section 3.1 is used. Similar to the CBMeMBer
filter, in the proposed SCM-JTC-CBMeMBer filter, the pruning and merge strategy (refer to [22] for the
details) should be adopted to reduce the computational burden.

5. Simulation Results

The effectiveness of the proposed SCM-based JTC method and SMC-JTC-CBMeMBer filter is
evaluated by simulations. The observation precisions of range and bearing are σr = 1 m and σβ = 0.3◦,
respectively. The radar is located at the origin of the coordinates with center frequency fc = 35 GHz,
bandwidth B = 150 MHz, frequency interval ΔF = 1 MHz. In this paper, three (nc = 3) different
ship target classes are considered. The maximum and minimum number of particles used in all the
simulations are Lmax = 2000 and Lmin= 300, respectively. The CAD models and the corresponding
3D-SCMs (denoted by a red asterisk “*”) are shown in Figure 2.

  
(a) (b) (c) 

Figure 2. Target CAD models and the corresponding 3D scattering center models (3D-SCMs): (a) Target
Class A; (b) Target Class B; (c) Target Class C.

5.1. SCM-Based JTC Method

In this simulation, the SCM-based JTC method will be evaluated under the scenario of single-target
measurement without clutter. The process noise of the target motion state is characterized by
q = 0.5 m/s2. The three ship targets have the same motion model, and the initial state is x0 =

[1.2 km 1.5 km − 7.5 m/s 5.0 m/s]T. The sampling interval is t = 1s and the total duration is 40 s.
At a certain time, only one ship target is present, and the JTC performance of different target is
analyzed separately.

The trajectory tracking (for a single run) and target classification (averaged by 20 Monte Carlo
runs) results are shown in Figures 3–5. As can be seen from the figures, the proposed method can not
only accurately estimate the state of the target but also correctly classify the target simultaneously.
It is also seen that the classification probability curve, which matches with the true target class,
increases rapidly, and can approach one (100%) within 30 s under all the tested conditions. Conversely,
the classification probability curves mismatching the true target class decrease gradually and reach
0 after about 10–30 estimate cycles, meaning that a high confidence classification result is obtained.
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However, it does not mean that we have to wait for a period of 10–30 estimate cycles to obtain a reliable
decision on target class, since the classification probability matching the true target class is obviously
higher than others within only a few cycles.

  
(a) (b) 

Figure 3. Result of JTC when Target Class A is present: (a) estimated target trajectory; (b) estimated
target class probability.

  
(a) (b) 

Figure 4. Result of JTC when Target Class B is present: (a) estimated target trajectory; (b) estimated
target class probability.

(a) (b) 

Figure 5. Result of JTC when Target Class C is present: (a) estimated target trajectory; (b) estimated
target class probability.

As a comparison, the simulation also considers the target classification result directly obtained
from the HRRP correlation method, where the HRRP templates (training data) are generated from the
CAD model with electromagnetic simulation tool, and the test data are predicted from the 3D-SCM.
In the simulation, for each target, 360 HRRP training samples (which cover 0–360◦ in azimuth angle
space) are generated with 1◦ interval. Accordingly, 1440 test samples are generated from each 3D-SCM
at the same viewing angle with azimuth angle interval 0.2◦. The classification results are shown in
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Table 1. The corresponding probabilities of correct classification (PCC) for Target Classes A, B and C
are 0.8986, 0.8993 and 0.8417, respectively. The over-all PCC (OA-PCC) for all the test samples is 0.8799.
The metric index PCC and OA-PCC are defined as

PCC(m) = Ncorrect(m)/Ntotal(m), m = 1, 2, 3. (93)

OA− PCC =
3∑

m=1

Ncorrect(m)/
3∑

m=1

Ntotal(m) (94)

where Ntotal(m) denotes the total test samples for the mth target class, Ncorrect(m) represents the correctly
classified test samples for the mth target class.

Table 1. Classification results of the ship targets.

True Target Class Classified Results PCC

Ship A Ship B Ship C
Ship A 1294 58 99 0.8986
Ship B 77 1295 129 0.8993
Ship C 69 87 1212 0.8417

OA-PCC 0.8799

Compared the classification results in Table 1 (no tracking process involved) with those shown in
Figures 3–5 (with JTC processing), it is seen that the SCM-based JTC method achieves a performance
improvement of more than 0.1 (10%) in PCC after the tracking filter is stable, indicating the advantage
of the proposed method in classification accuracy.

5.2. SCM-JTC-CBMeMBer Filter

In this simulation, all three classes of ship targets will appear in the surveillance area.
Target A appears at time k = 5 and disappears at time k = 55 with initial state x(1)0 =

[1000m 1000m − 9.82m/s − 9.82m/s]T. Target B appears at time k = 15 and disappears at time
k = 65 with initial state x(2)0 = [1000m − 1000m − 9.82m/s 9.82m/s]T. Target C appears at time k = 25

and disappears at time k = 75 with initial state x(3)0 = [−1000m − 1000m 9.82m/s 9.82m/s]T. The
Poisson average clutter rate is λc = 3. The surveillance area is [−2000m, 2000m] × [−2000m, 2000m].
Target surviving probability and detection probability are pS,k = pD,k = 0.99. The sampling interval t is
1 s and the total simulation time is 100 s. The target births are modeled as multi-Bernoulli RFS with

πB =
{(

r(i)B , p(i)B (x|Z)
)}4

i=1
, where

r(1)B = r(2)B = r(3)B = r(4)B = 0.02

p(i)B (c1|Z) = p(i)B (c2|Z) = p(i)B (c3|Z) = 1/3

p(i)B (x|Z) = N(x; m(i), P(i))

P(1) = P(2) = P(3) = P(4) = diag([100 m2 100 m2 10 m2/s2 10 m2/s2])

m(1) = [1000 m 1000 m − 10 m/s − 10 m/s]T

m(2) = [1000 m − 1000 m − 10 m/s 10 m/s]T

m(3) = [−1000 m − 1000 m 10 m/s 10 m/s]T

m(4) = [−1000 m 1000 m 10 m/s − 10 m/s]T

(95)

The trajectory tracking results for a single run are shown in Figure 6. As can be clearly seen from
Figure 6, under the clutter environments, the proposed SCM-JTC-CBMeMBer filter can estimate target
number and state correctly, and it can also obtain correct target classification, which will be further
validated by the repeated Monte Carlo trials.
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(a) (b) 

Figure 6. Multi-target tracking results for a single run: (a) the true target trajectories and received
measurements; (b) estimated target trajectories.

To further test the performance of the proposed SCM-JTC-CBMeBer filter, 50 Monte Carlo runs are
carried out under the same scenario as above. Specifically, the metric of Optimal Subpattern Assignment
(OSPA) distance [34] is used to evaluate the multi-target tracking results, and the CBMeMBer filter is
also considered as a comparison.

The OSPA distance and cardinality estimation are shown in Figure 7, and the target classification
results are plotted in Figure 8.

From Figure 7, we can see that the SCM-JTC-CBMeMBer filter can effectively estimate the target
state and target number. At the instant when the target appears and disappears, a slight degradation
in estimation performance is observed, which is the normal phenomenon confronted in multi-target
tracking. Compared with the conventional CBMeMBer filter (which can only be used for multi-target
tracking purposes rather than targets classification), the SCM-JTC-CBMeMBer filter has almost the
same performance in target tracking.

As can be seen from Figure 8, the SCM-JTC-CBMeMBer filter can also correctly classify multiple
targets, and the classification probability of each target is very high (almost reaches one).

(a) (b) 

Figure 7. Estimated target state: (a) Optimal Subpattern Assignment (OSPA) distance; (b) the
estimated cardinality.
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 (a)                                          (b) 

  (c) 

Figure 8. Results of targets classification: (a) Ship Target A; (b) Ship Target B; (c) Ship Target C.

6. Conclusions

In this paper, an SCM-based JTC method is first introduced. The presented method can implement
target tracking and classification simultaneously by using a model based on HRRP prediction, target
kinematic and HRRP measurements, and thus to alleviate the dependence of target classification on the
requirements of target maneuvers or other support information (such as target attribute/identity) in the
conventional methods. The SCM-based JTC is then integrated into the framework of the CBMeMBer
filter, and the resulting SCM-JTC-CBMeMBer filter for multi-target JTC is derived under the condition
with detection uncertainty. Finally, the SMC technique is adopted to implement the proposed filter
in view of the complex calculation in multi-target state recursion. Simulations are carried out under
the typical scenario with three different ship targets, and the results show that the developed method
can not only effectively estimate the target state, but also obtain reliable target classification decision.
Additionally, the proposed joint processing method can achieve better performance than separate
HRRP classification without involving target tracking.
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Appendix A

According to Equations (14), (15) and (42), we can obtain

r(i)P,k|k−1 = r(i)k−1

〈
p(i)k−1(xk−1), pS,k

〉
= r(i)k−1

〈
nc∑

m=1
p(i)k−1(xk−1|cm,Zk−1)p(i)k−1(c

m|Zk−1), pS,k

〉
= r(i)k−1

nc∑
m=1

p(i)k−1(c
m|Zk−1)

〈
p(i)k−1(xk−1|cm,Zk−1), pS,k

〉 (A1)

p(i)P,k|k−1(xk|Zk−1) =

〈
fk|k−1(xk |xk−1),p

(i)
k−1(xk−1)pS,k

〉
〈
p(i)k−1(xk−1),pS,k

〉

=

〈
f k
k|k−1(xk |xk−1),

nc∑
m=1

p(i)k−1(xk−1 |cm,Zk−1)p(i)k−1(c
m |Zk−1)pS,k

〉
〈

nc∑
m=1

p(i)k−1(xk−1 |cm,Zk−1)p(i)k−1(c
m |Zk−1),pS,k

〉

=

nc∑
m=1

p(i)k−1(c
m |Zk−1)

〈
f k
k|k−1(xk |xk−1),p

(i)
k−1(xk−1 |cm,Zk−1)pS,k

〉
nc∑

m=1
p(i)k−1(c

m |Zk−1)
〈
p(i)k−1(xk−1 |cm,Zk−1),pS,k

〉
(A2)

Appendix B

According to Equations (17)–(20) and Equation (50), we have

r(i)L,k = r(i)k|k−1

1−
〈
p(i)k|k−1(xk),pD,k

〉
1−r(i)k|k−1

〈
p(i)k|k−1(xk),pD,k

〉

= r(i)k|k−1

1−
〈

nc∑
m=1

p(i)k|k−1(xk |cm,Zk−1)p(i)k|k−1(c
m |Zk−1),pD,k

〉
1−r(i)k|k−1

〈
nc∑

m=1
p(i)k|k−1(xk |cm,Zk−1)p(i)k|k−1(c

m |Zk−1),pD,k

〉

= r(i)k|k−1

1−
nc∑

m=1
p(i)k|k−1(c

m |Zk−1)
〈
p(i)k|k−1(xk |cm,Zk−1),pD,k

〉
1−r(i)k|k−1

nc∑
m=1

p(i)k|k−1(c
m |Zk−1)

〈
p(i)k|k−1(xk |cm,Zk−1),pD,k

〉
(A3)

p(i)L,k(xk |Zk) = p(i)k|k−1(xk|Zk−1)
1−pD,k

1−
〈
p(i)k|k−1(xk |Zk−1),pD,k

〉
=

nc∑
m=1

p(i)k|k−1(xk|cm,Zk−1)p(i)k|k−1(c
m|Zk−1)

1−pD,k

1−
〈

nc∑
m=1

p(i)k|k−1(xk |cm,Zk−1)p(i)k|k−1(c
m |Zk−1),pD,k

〉
=

nc∑
m=1

p(i)k|k−1(c
m|Zk−1)

1−pD,k

1−
nc∑

m=1
p(i)k|k−1(c

m |Zk−1)
〈
p(i)k|k−1(xk |cm,Zk−1),pD,k

〉p(i)k|k−1(xk|cm,Zk−1)

(A4)
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r∗U,k (̃z) =

∑Mk|k−1
i=1

r(i)k|k−1
(1−r(i)k|k−1

)
〈
p(i)k|k−1

(xk |Zk−1),gk (̃z|xk)pD,k

〉
(
1−r(i)k|k−1

〈
p(i)k|k−1

(xk |Zk−1),pD,k

〉)2
κ(̃z)+

∑Mk|k−1
i=1

r(i)k|k−1

〈
p(i)k|k−1

(xk |Zk−1),gk (̃z|xk)pD,k

〉
1−r(i)k|k−1

〈
p(i)k|k−1

(xk |Zk−1),pD,k

〉

=

∑Mk|k−1
i=1

r(i)k|k−1
(1−r(i)k|k−1

)

〈
nc∑

m=1
p(i)k|k−1

(xk |cm ,Zk−1)p(i)k|k−1
(cm |Zk−1),gk

k (xk)gc
k(xk ,cm)pD,k

〉
⎛⎜⎜⎜⎜⎜⎝1−r(i)k|k−1

〈
nc∑

m=1
p(i)k|k−1

(xk |cm ,Zk−1)p(i)k|k−1
(cm |Zk−1),pD,k

〉⎞⎟⎟⎟⎟⎟⎠2

κ(̃z)+
∑Mk|k−1

i=1

r(i)k|k−1

〈
nc∑

m=1
p(i)k|k−1

(xk |cm ,Zk−1)p(i)k|k−1
(cm |Zk−1),gk

k (xk)gc
k(xk ,cm)pD,k

〉
1−r(i)k|k−1

〈
nc∑

m=1
p(i)k|k−1

(xk |cm ,Zk−1)p(i)k|k−1
(cm |Zk−1),pD,k

〉

=

∑Mk|k−1
i=1

r(i)k|k−1
(1−r(i)k|k−1

)
nc∑

m=1
p(i)k|k−1

(cm |Zk−1)
〈
pk,(i)

k|k−1
(xk |cm ,Zk−1),gk

k (xk)gc
k(xk ,cm)pD,k

〉
⎛⎜⎜⎜⎜⎝1−r(i)k|k−1

nc∑
m=1

p(i)k|k−1
(cm |Zk−1)

〈
p(i)k|k−1

(xk |cm ,Zk−1),pD,k

〉⎞⎟⎟⎟⎟⎠2

κ(̃z)+
∑Mk|k−1

i=1

r(i)k|k−1

nc∑
m=1

p(i)k|k−1
(cm |Zk−1)

〈
p(i)k|k−1

(xk |cm ,Zk−1),gk
k (xk)gc

k(xk ,cm)pD,k

〉
1−r(i)k|k−1

nc∑
m=1

p(i)k|k−1
(cm |Zk−1)

〈
pk,(i)

k|k−1
(xk |cm ,Zk−1),pD,k

〉

(A5)

p∗U,k(xk; z̃) =

Mk|k−1∑
i=1

r(i)k|k−1
p(i)k|k−1

(xk |Zk−1)pD,k gk
k (xk)gc

k(xk ,cm)

1−r(i)k|k−1
Mk|k−1∑

i=1

r(i)k|k−1

1−r(i)k|k−1

〈
p(i)k|k−1(xk |Zk−1),pD,k gk

k (xk)gc
k(xk,cm)

〉

=

Mk|k−1∑
i=1

r(i)k|k−1

nc∑
m=1

p(i)k|k−1
(xk |cm ,Zk−1)p(i)k|k−1

(cm |Zk−1)pD,k gk
k (xk)gc

k(xk ,cm)

1−r(i)k|k−1
Mk|k−1∑

i=1

r(i)k|k−1

1−r(i)k|k−1

〈
nc∑

m=1
p(i)k|k−1(xk |cm,Zk−1)p(i)k|k−1(c

m |Zk−1),pD,k gk
k (xk)gc

k(xk,cm)

〉

=

nc∑
m=1

Mk|k−1∑
i=1

r(i)k|k−1
p(i)k|k−1

(xk |cm ,Zk−1)p(i)k|k−1
(cm |Zk−1)pD,k gk

k (xk)gc
k(xk ,cm)

1−r(i)k|k−1
Mk|k−1∑

i=1

r(i)k|k−1

1−r(i)k|k−1

〈
nc∑

m=1
p(i)k|k−1(xk |cm,Zk−1)p(i)k|k−1(c

m |Zk−1),pD,k gk
k (xk)gc

k(xk,cm)

〉

(A6)

Appendix C

According to Equations (44)–(49) and Equation (58), we can obtain

r(i)P,k|k−1 = r(i)k−1

nc∑
m=1

p(i)k−1(c
m|Zk−1)

〈
p(i)k−1(xk−1|cm,Zk−1), pS,k

〉

= r(i)k−1

nc∑
m=1

ni
k−1∑
j=1

wi, j
k−1δli, j

(cm)

ni
k−1∑
j=1

wi, j
k−1

〈ni
k−1∑

j=1
wi,m, j

k−1 δxi,m, j
k−1

(xk−1), pS,k

〉

= r(i)k−1

nc∑
m=1

ni
k−1∑
j=1

wi, j
k−1δci, j (m)

ni
k−1∑
j=1

wi, j
k−1

〈ni
k−1∑

j=1

wi, j
k−1δci, j (m)

ni
k−1∑
j=1

wi, j
k−1δci, j (m)

δ
xi,m, j

k−1
(x), pS,k

〉

= r(i)k−1

nc∑
m=1

ni
k−1∑

j=1

ni
k−1∑
j=1

wi, j
k−1δli, j

(cm)

ni
k−1∑
j=1

wi, j
k−1δli, j

(cm)

wi, j
k−1δli, j(c

m)pS,k(x
i,m, j
k−1 )

= r(i)k−1

ni
k−1∑

j=1
wi, j

k−1pS,k

(A7)

64



Sensors 2020, 20, 1679

p(i)P,k|k−1(c
m|Z) = p(i)k−1(c

m|Zk−1) =

ni
k−1∑

j=1
wi, j

P,k|k−1δli, j(c
m)

ni
k−1∑

j=1
wi, j

P,k|k−1

(A8)

p(i)P,k|k−1(xk |cm,Zk−1)

=

〈
f k
k|k−1(xk |xk−1),p

(i)
k−1(xk−1 |cm,Zk−1)pS,k

〉
nc∑

m=1
p(i)k−1(c

m |Zk−1)
〈
p(i)k−1(xk−1 |cm,Zk−1),pS,k

〉

=

〈
f k
k|k−1(xk |xk−1),

ni
k−1∑
j=1

wi,m, j
k−1 δx

i,m, j
k−1

(xk−1)pS,k

〉
nc∑

m=1

ni
k−1∑
j=1

w
i, j
k−1
δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k−1

〈
ni

k−1∑
j=1

wi,m, j
k−1 δx

i,m, j
k−1

(x),pS,k

〉

=

ni
k−1∑
j=1

wi,m, j
k−1 pS,k(x

i,m, j
k−1 )δ

x
i,m, j
P,k|k−1

(xk)

nc∑
m=1

ni
k−1∑
j=1

w
i, j
k−1
δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k−1

ni
k−1∑
j=1

wi,m, j
k−1 pS,k(x

i,m, j
k−1 )

=

ni
k−1∑
j=1

wi,m, j
k−1 pS,kδx

i,m, j
P,k|k−1

(x)

ni
k−1∑
j=1

wi, j
k−1pS,k

(A9)

Appendix D

According to Equations (52)–(57), we have

r(i)L,k = r(i)k|k−1

1−
nc∑

m=1
p(i)k|k−1(c

m |Zk−1)
〈
p(i)k|k−1(xk |cm,Zk−1),pD,k

〉
1−r(i)k|k−1

nc∑
m=1

p(i)k|k−1(c
m |Zk−1)

〈
p(i)k|k−1(xk |cm,Zk−1),pD,k

〉

= r(i)k|k−1

1−
nc∑

m=1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

〈
ni

k−1∑
j=1

wi,m, j
k|k−1δx

i,m, j
k|k−1

(xk),pD,k

〉

1−r(i)k|k−1

nc∑
m=1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

〈
ni

k−1∑
j=1

wi,m, j
k|k−1δx

i,m, j
k|k−1

(xk),pD,k

〉

= r(i)k|k−1

1−
ni

k−1∑
j=1

wi, j
k|k−1pD,k

1−r(i)k|k−1

ni
k−1∑
j=1

wi, j
k|k−1pD,k

(A10)
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p(i)L,k(xk|cm,Zk) =
1−pD,k

1−
nc∑

m=1
p(i)k|k−1(c

m |Zk−1)
〈
p(i)k|k−1(xk |cm,Zk−1),pD,k

〉p(i)k|k−1(xk|cm,Zk−1)

=
1−pD,k

1−
nc∑

m=1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

〈
ni

k−1∑
j=1

wi,m, j
k|k−1δx

i,m, j
k|k−1

(xk),pD,k

〉
ni

k−1∑
j=1

wi,m, j
k|k−1δxi,m, j

k|k−1
(xk)

=
1−pD,k

1−
nc∑

m=1

ni
k−1∑
j=1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

pD,k(x
i,m, j
k|k−1)

ni
k−1∑

j=1
wi,m, j

k|k−1δxi,m, j
k|k−1

(xk)

=
1−pD,k

1−
ni

k−1∑
j=1

wi, j
k|k−1pD,k

ni
k−1∑

j=1
wi,m, j

k|k−1δxi,m, j
k|k−1

(xk)

(A11)

r∗U,k (̃z) =

∑Mk|k−1
i=1

r(i)k|k−1
(1−r(i)k|k−1

)
nc∑

m=1
p(i)k|k−1

(cm |Zk−1)
〈
p(i)k|k−1

(xk |cm ,Zk−1),gk
k (xk)gc

k(xk ,cm)pD,k

〉
⎛⎜⎜⎜⎜⎝1−r(i)k|k−1

nc∑
m=1

p(i)k|k−1
(cm |Zk−1)

〈
p(i)k|k−1

(xk |cm ,Zk−1),pD,k

〉⎞⎟⎟⎟⎟⎠2

κk (̃z)+
∑Mk|k−1

i=1

r(i)k|k−1

nc∑
m=1

p(i)k|k−1
(cm |Zk−1)

〈
p(i)k|k−1

(xk |cm ,Zk−1),gk
k (xk)gc

k(xk ,cm)pD,k

〉
1−r(i)k|k−1

nc∑
m=1

p(i)k|k−1
(cm |Zk−1)

〈
p(i)k|k−1

(xk |cm ,Zk−1),pD,k

〉

=

∑Mk|k−1
i=1

r(i)k|k−1
(1−r(i)k|k−1

)
nc∑

m=1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

〈
ni

k−1∑
j=1

w
i,m, j
k|k−1

δ
x

i,m, j
k|k−1

(xk),g
k
k (xk)gc

k(xk ,cm)pD,k

〉
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1−r(i)k|k−1

nc∑
m=1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

〈
ni

k−1∑
j=1

w
i,m, j
k|k−1

δ
x

i,m, j
k|k−1

(x),pD,k

〉⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

2

κ(̃z)+
∑Mk|k−1

i=1

r(i)k|k−1

nc∑
m=1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

〈
ni

k−1∑
j=1

w
i,m, j
k|k−1

δ
x

i,m, j
k|k−1

(xk),g
k
k (xk)gc

k(xk ,cm)pD,k

〉

1−r(i)k|k−1

nc∑
m=1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

〈
ni

k−1∑
j=1

w
i,m, j
k|k−1

δ
x

i,m, j
k|k−1

(xk),pD,k

〉

=

∑Mk|k−1
i=1

r(i)k|k−1
(1−r(i)k|k−1

)

ni
k−1∑
j=1

w
i, j
k|k−1

gk
k (x

i, j
k|k−1

)gc
k(x

i, j
k|k−1

,cm)pD,k⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝1−r(i)k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

pD,k

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
2

κ(̃z)+
∑Mk|k−1

i=1

r(i)k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

gk
k (x

i, j
k|k−1

)gc
k(x

i, j
k|k−1

,cm)pD,k

1−r(i)k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

pD,k

=

∑Mk|k−1
i=1

r(i)k|k−1
(1−r(i)k|k−1

)

ni
k−1∑
j=1

w
i, j
k|k−1

gk
k (x

i, j
k|k−1

)gc
k(x

i, j
k|k−1

)pD,k⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝1−r(i)k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

pD,k

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
2

κ(̃z)+
∑Mk|k−1

i=1

r(i)k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

gk
k (x

i, j
k|k−1

)gc
k(x

i, j
k|k−1

)pD,k

1−r(i)k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

pD,k

(A12)
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p(i)U,k(xk|cm,Zk) =

Mk|k−1∑
i=1

r(i)k|k−1
p(i)k|k−1

(xk |cm ,Zk−1)p(i)k|k−1
(cm |Zk−1)pD,k gk

k (xk)gc
k(xk ,cm)

1−r(i)k|k−1
Mk|k−1∑

i=1

r(i)k|k−1
p(i)k|k−1

(cm |Zk−1)
〈
p(i)k|k−1

(xk |cm ,Zk−1),pD,k gk
k (xk)gc

k(xk ,cm)
〉

1−r(i)k|k−1

=

Mk|k−1∑
i=1

r(i)k|k−1

ni
k−1∑
j=1

w
i,m, j
k|k−1

δ
x

i,m, j
k|k−1

(xk)

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

pD,k gk
k (xk)gc

k(xk ,cm)

1−r(i)k|k−1

Mk|k−1∑
i=1

r(i)k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

〈
ni

k−1∑
j=1

w
i,m, j
k|k−1

δ
x

i,m, j
k|k−1

(xk),pD,k gk
k (xk)gc

k(xk ,cm)

〉
1−r(i)k|k−1

=

Mk|k−1∑
i=1

r(i)k|k−1

ni
k−1∑
j=1

w
i,m, j
k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

pD,k gk
k (xk)gc

k(xk ,cm)δ
x

i,m, j
k|k−1

(xk)

1−r(i)k|k−1

Mk|k−1∑
i=1

r(i)k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

ni
k−1∑
j=1

w
i,m, j
k|k−1

pD,k gk(x
i,m, j
k|k−1

)gk(x
i,m, j
k|k−1

)

1−r(i)k|k−1

=

Mk|k−1∑
i=1

ni
k−1∑
j=1

r(i)k|k−1
w

i, j
k|k−1

δ
li, j

(cm)pD,k gk
k (xk)gc

k(xk ,cm)δ
x
i,m, j
k|k−1

(xk)

1−r(i)k|k−1

Mk|k−1∑
i=1

ni
k−1∑
j=1

r(i)k|k−1
w

i, j
k|k−1

δ
li, j

(cm)pD,k gk(x
i,m, j
k|k−1

)gk(x
i,m, j
k|k−1

)

1−r(i)k|k−1

(A13)

p(i)U,k(c
m|Zk) =

Mk|k−1∑
i=1

r(i)k|k−1
p(i)k|k−1

(cm |Zk−1)
〈
p(i)k|k−1

(xk |cm ,Zk−1),pD,k gk
k (xk)gc

k(xk ,cm)
〉

1−r(i)k|k−1
Mk|k−1∑

i=1

r(i)k|k−1

1−r(i)k|k−1

nc∑
m=1

p(i)k|k−1(c
m |Zk−1)

〈
p(i)k|k−1(xk |cm,Zk−1),pD,k gk

k (xk)gc
k(xk,cm)

〉

=

Mk|k−1∑
i=1

r(i)k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

〈
ni

k−1∑
j=1

w
i,m, j
k|k−1

δ
x

i,m, j
k|k−1

(xk),pD,k gk
k (xk)gc

k(xk ,cm)

〉
1−r(i)k|k−1

Mk|k−1∑
i=1

r(i)k|k−1

1−r(i)k|k−1

nc∑
m=1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)

ni
k−1∑
j=1

w
i, j
k|k−1

〈
ni

k−1∑
j=1

wi,m, j
k|k−1δx

i,m, j
k|k−1

(xk),pD,k gk
k (xk)gc

k(xk,cm)

〉

=

Mk|k−1∑
i=1

r(i)k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)pD,k gk
k (x

i,m, j
k|k−1

)gc
k(x

i,m, j
k|k−1

)

1−r(i)k|k−1

Mk|k−1∑
i=1

r(i)k|k−1

1−r(i)k|k−1

nc∑
m=1

ni
k−1∑
j=1

wi, j
k|k−1δci, j (m)pD,k gk

k (x
i,m, j
k|k−1)gc

k(x
i,m, j
k|k−1)

=

Mk|k−1∑
i=1

r(i)k|k−1

ni
k−1∑
j=1

w
i, j
k|k−1

δ
li, j

(cm)pD,k gk
k (x

i,m, j
k|k−1

)gc
k(x

i,m, j
k|k−1

)

1−r(i)k|k−1

Mk|k−1∑
i=1

r(i)k|k−1

1−r(i)k|k−1

ni
k−1∑
j=1

wi, j
k|k−1pD,k gk

k (x
i, j
k|k−1)gc

k(x
i, j
k|k−1)

(A14)

67



Sensors 2020, 20, 1679

References

1. Ristic, B.; Smets, P. Target classification approach based on the belief function theory. IEEE Trans. Aerosp.
Electron. Syst. 2005, 41, 574–583. [CrossRef]

2. Challa, S.; Pulford, G.W. Joint target tracking and classification using radar and ESM sensors. IEEE Trans.
Aerosp. Electron. Syst. 2001, 37, 1039–1055. [CrossRef]

3. Maskell, S. Joint tracking of manoeuring targets and classification of their manoeurability. EURASIP J. Appl.
Signal Process. 2014, 15, 2339–2350.

4. Farina, A.; Lombardo, P.; Marsella, M. Joint tracking and identification algorithms for multisensor data.
IEE Pro.-Radar Sonar Navig. 2002, 149, 271–280. [CrossRef]

5. Donka, A.; Lyudmila, M. Joint target tracking and classification with particle filtering and mixture Kalman
filtering using kinematic radar. Digit. Signal Process. 2006, 16, 180–204.

6. Magnant, C.; Giremus, A.; Grivel, E.; Ratton, L.; Joseph, B. Joint tracking and classification based on kinematic
and target extent measurements. In Proceedings of the 18th International Conference on Information Fusion,
Washington, DC, USA, 6–9 July 2015; pp. 1748–1755.

7. Magnant, C.; Kemkemian, S.; Zimmer, L. Joint tracking and classification for extended targets in maritime
surveillance. In Proceedings of the IEEE Radar Conference, Oklahoma City, OK, USA, 23–27 April 2018;
pp. 1117–1122.

8. Lan, J.; Li, X.R. Joint tracking and classification of extended object using random matrix. In Proceedings of
the 16th International Conference on Information Fusion, Istanbul, Turkey, 9–12 July 2013; pp. 1550–1557.

9. Minvielle, P.; Doucet, A.; Marrs, A.; Maskell, S. A Bayesian approach to joint tracking and identification of
geometric shapes in video sequences. Image Vis. Comput. 2010, 28, 111–123. [CrossRef]

10. Gong, J.L.; Fan, G.L.; Yu, L.J.; Havlicek, J.P.; Chen, D.R.; Fan, N.J. Joint view-identity manifold for infrared
target tracking and recognition. Comput. Vis. Image Underst. 2014, 118, 211–224. [CrossRef]

11. Ma, C.H.; Wen, G.J.; Ding, B.Y.; Zhong, J.R.; Yang, X.L. Three-dimensional electromagnetic model–based
scattering center matching method for synthetic aperture radar automatic target recognition by combining
spatial and attributed information. J. Appl. Remote Sens. 2016, 10, 016025. [CrossRef]

12. Ding, B.Y.; Wen, G.J. Target reconstruction based on 3-D scattering center model for robust SAR ATR. IEEE
Trans on Geosci. Remote. 2018, 56, 3772–3785. [CrossRef]

13. Hu, J.M.; Wang, W.; Zhai, Q.L.; Ou, J.P.; Zhan, R.H.; Zhang, J. Global scattering center extraction for radar
targets using a modified RANSAC method. IEEE Trans. Antenn. Propag. 2016, 64, 3573–3586. [CrossRef]

14. Zhan, R.H.; Wang, L.P.; Zhang, J. Joint target tracking and classification with scattering center model for
radar sensor. In Proceedings of the 2019 International Conference on Control Automation and Information
Sciences (ICCAIS), Chengdu, China, 23–26 October 2019; pp. 1–5.

15. Barshalom, Y. Multitarget-Multisensor Tracking: Applications and Advances; Artech House: Norwood,
MA, USA, 1992.

16. Musicki, D.; Evans, R. Joint integrated probabilistic data association: JIPDA. IEEE Trans. Aerosp. Electron.
Syst. 2004, 40, 1093–1099. [CrossRef]

17. Reid, D. An algorithm for tracking multiple targets. IEEE Trans. Autom. Control 1979, 24, 843–854. [CrossRef]
18. Mahler, R. Statiscal Multisource-Multitarget Information Fusion; Artech House: Norwood, MA, USA, 2007.
19. Mahler, R. Advances in Statiscal Multisource-Multitarget Information Fusion; Artech House: Norwood, MA,

USA, 2014.
20. Mahler, R. Multitarget Bayes filtering via first-order multitarget moments. IEEE Trans. Aerosp. Electron. Syst.

2003, 39, 1152–1178. [CrossRef]
21. Mahler, R. PHD filters of higher order in target number. IEEE Trans. Aerosp. Electron. Syst. 2007, 43,

1523–1543. [CrossRef]
22. Vo, B.T.; Vo, B.N.; Cantoni, A. The cardinality balanced multitarget multi-Bernoulli filter and its

implementations. IEEE Trans. Signal Proces. 2009, 57, 409–423.
23. Reuter, S.; Vo, B.-T.; Vo, B.-N.; Dietmayer, K. The labeled multi-Bernoulli filter. IEEE Trans. Signal Process.

2014, 62, 3246–3260.
24. Vo, B.N.; Vo, B.T.; Pham, N.T.; Suter, D. Joint detection and estimation of multiple objects from image

observations. IEEE Trans. Signal Process. 2010, 58, 5129–5141. [CrossRef]

68



Sensors 2020, 20, 1679

25. Fu, Z.Y.; Angelini, F.; Chambers, J.; Naqvi, S.M. Multi-level cooperative fusion of GM-PHD filters for online
multiple human tracking. IEEE Trans. Multimedia. 2019, 21, 2277–2291. [CrossRef]

26. LI, T.C.; Juan, M.C.; Sun, S.D. Partial consensus and conservative fusion of Gaussian mixtures for distributed
PHD fusion. IEEE Trans. Aerosp. Electron. Syst. 2019, 55, 2150–2163. [CrossRef]

27. Vo, B.N.; Vo, B.T.; Beard, M. Multi-sensor multi-object tracking with the generalized labeled multi-Bernoulli
filter. IEEE Trans. Signal Process. 2019, 67, 5952–5967. [CrossRef]

28. Yi, W.; Li, S.Q.; Wang, B.L.; Hoseinnezhad, R.; Kong, L.J. Computationally efficient distributed multi-sensor
fusion with multi-Bernoulli filter. IEEE Trans. Signal Process. 2020, 68, 241–256. [CrossRef]

29. Vo, B.N.; Singh, S.; Doucet, A. Sequential Monte Carlo methods for Bayesian multi-target filtering with
random finite sets. IEEE Trans. Aerosp. Electron. Syst. 2005, 41, 1224–1245.

30. Vo, B.N.; Ma, W.K. The Gaussian mixture probability hypothesis density filter. IEEE Trans. Signal Proces.
2006, 54, 4091–4104. [CrossRef]

31. Vo, B.T.; Vo, B.N.; Cantoni, A. Analytic implementations of the cardinalized probability hypothesis density
filter. IEEE Trans. Signal Proces. 2007, 55, 3553–3567. [CrossRef]

32. Ristic, B.; Vo, B.T.; Vo, B.N.; Farina, A. A tutorial on Bernoulli filters: theory, implementation and applications.
IEEE Trans. Signal Proces. 2013, 61, 3406–3430. [CrossRef]

33. Arulampalam, S.; Maskell, S.; Gordan, N.; Gordon, N.; Clapp, T. A tutorial on particle filter for on-line
nonlinear/non-Gaussian Bayesian tracking. IEEE Trans. Signal Process. 2002, 50, 174–188. [CrossRef]

34. Schuhmacher, D.; Vo, B.T.; Vo, B.N. A consistent metric for performance evaluation of multi-object filters.
IEEE Trans. Signal Process. 2008, 56, 3447–3457. [CrossRef]

© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

69





sensors

Article

Joint Dwell Time and Bandwidth Optimization for
Multi-Target Tracking in Radar Network Based on
Low Probability of Intercept

Lintao Ding 1, Chenguang Shi 1,2,*, Wei Qiu 1 and Jianjiang Zhou 1

1 Key Laboratory of Radar Imaging and Microwave Photonics, Ministry of Education, Nanjing University of
Aeronautics and Astronautics, Nanjing 210016, China; dltnuaa@163.com (L.D.);
15250956004@163.com (W.Q.); zjjee@nuaa.edu.cn (J.Z.)

2 Science and Technology on Electro-Optic Control Laboratory, Luoyang 471009, China
* Correspondence: scg_space@163.com; Tel.: +86-151-9589-5178

Received: 6 January 2020; Accepted: 25 February 2020; Published: 26 February 2020

Abstract: Radar network systems have been demonstrated to offer numerous advantages for target
tracking. In this paper, a low probability of intercept (LPI)-based joint dwell time and bandwidth
optimization strategy is proposed for multi-target tracking in a radar network. Since the Bayesian
Cramer–Rao lower bound (BCRLB) provides a lower bound on parameter estimation, it can be utilized
as the accuracy metric for target tracking. In this strategy, in order to improve the LPI performance
of the radar network, the total dwell time consumption of the underlying system is minimized,
while guaranteeing a predetermined tracking accuracy. There are two adaptable parameters in the
optimization problem: one for dwell time, and the other for bandwidth allocation. Since the nonlinear
programming-based genetic algorithm (NPGA) can solve the nonlinear problem well, we develop
a method based upon NPGA to solve the resulting problem. The simulation results demonstrate
that the proposed strategy has superiority over traditional algorithms, and can achieve a better LPI
performance of this radar network.

Keywords: low probability of intercept (LPI); Bayesian Cramer–Rao lower bound (BCRLB);
multi-target tracking; radar network

1. Introduction

Recently, radar network systems, such as multiple-input multiple-output (MIMO) radar, have
attracted great attention from academic researchers [1–5]. It has been shown that a radar network system
has numerous potential advantages over traditional monostatic and bistatic radar, such as waveform
diversity [1], multiplexing gain [2], enhanced target tracking, localization performance [6,7], etc. As far
as multi-target tracking in a radar network, in order to best utilize the system potential under the
limited system resources, the resource allocation is of great importance, and receives more and more
attention in recent years [8–21].

An effective radar resource allocation strategy can efficiently optimize system parameters, leading
to performance enhancements. Therefore, it is necessary to allocate the total launch resources in the
radar networks reasonably. As we all know, power allocation is one crucial factor in the resource
management of any radar network [8–11]. Godrich et al. (2011) [9] proposed a power allocation
strategy for target localization in distributed MIMO radar systems, whose objective can be divided into
two parts. In the first part, the total transmission power is minimized for a given accuracy requirement,
while in the latter part, the tracking accuracy is maximized under the constraint of a given power
budget. As an extension, Xie et al. [10] extended this work to a more general case of unknown previous
position information, which promotes the real-time applications.
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A performance-driven power allocation algorithm is proposed by maximizing the achievable
tracking accuracy with a given total power budget [11]. The algorithm can be regarded as the response
of the cognitive transmitter to the environment, which is observed by the receiver in the radar network.

In addition, the time resource allocation is also critical, such as revisit time and dwell time
allocation [12–14]. The concept of radar dwell time optimization for target tracking is studied
for the first time [12], under the premise of meeting the predetermined target tracking accuracy
requirements, and the total dwell time of the phased array radars is minimized. Narykov et al. [13]
employed the Markov decision to manage the time resource for target tracking. Specifically, the dwell
time and revisit time are adjusted adaptively to increase the maximum number of tracking targets.
Wang et al. [14] proposed a joint revisit and dwell time management strategy for single target tracking,
which aims to minimize the total time resource used for target tracking, while meeting a desired
tracking accuracy requirement.

However, most of the above researches only focus on the single parameter optimization. On the
basis of the research mentioned above, many joint resource management optimization algorithms are
proposed. Yan et al. [15] proposed a joint beam selection and power allocation strategy for multiple
targets tracking, whose basis is to allocate the limited beam and power resource of the radar network for
the purpose of achieving an accurate target state estimation. Xie et al. [16] take two variable parameters
into consideration: The number of radar nodes and the transmitted power of radar network, and then
propose a joint node selection and power allocation strategy with the objective of tracking multiple
targets. A cooperative nodes and transmit waveform scheduling scheme is proposed for multiple
targets tracking in a distributed radar network [17], where this scheme aims at minimizing the cost of
the allocation of waveforms, while guaranteeing a predefined target tracking accuracy.

Although the above works provide us an opportunity to deal with resource management, they
have little regard of the low probability of intercept (LPI) performance in radar network systems.
With the development of passive detectors, such as the radar warning receiver (RWR), electronic warfare
support (ES), anti-radiation missile (ARM), and so on, a serious threat is posed to the radar network.
As a result, the study of LPI optimization for radar network systems has attracted significant interest
in recent years [18–23]. She et al. [21] proposed a sensor selection and power allocation algorithm for
multi-target tracking, whose basis is to reduce the total transmitted power under the constraint of target
tracking accuracy, with the purpose of improving the LPI performance of the radar network. A joint
transmitter selection and resource management strategy based upon LPI is proposed by controlling
transmitting resources while meeting a specified target-tracking accuracy requirement [22]. Generally,
the above literature have put forward the idea of joint resource management for LPI performance in
radar network systems, which lays a foundation for future study.

For multi-target tracking in a radar network, the information from each monostatic component
must be gathered to the fusion center for fusion and processing. However, the data processing rate is
commonly limited. Therefore, in order to process all the measurement data before the next observation
time and feed back to the radar transmitter in time, it is necessary to strictly control the total amount of
data, which is related to the bandwidth of transmitted waveform. Furthermore, the target tracking
accuracy is also related to the bandwidth of the radar-transmitted signal. Garcia et al. [24] take the signal
bandwidth into account for the first time, and propose a joint power and bandwidth allocation (JPBA)
method, with the purpose of maximizing the localization accuracy of a single target. Yan et al. [25]
extend the JPBA strategy to the target tracking scenario, where signal bandwidth is allocated to meet
the real-time processing requirements. To conclude, bandwidth allocation is also one of the critical
factors which needs to be considered in the resource management of radar transmission.

However, to the best of our knowledge, the problem of dwell time allocation and bandwidth
allocation to realize the LPI performance optimization for multi-target tracking in a radar network,
which has never been taken into consideration, needs to be analyzed in detail.

In this paper, an LPI-based joint dwell time and bandwidth allocation optimization strategy in a
radar network is proposed. The strategy can adaptively adjust the radar selection, dwell time and
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signal bandwidth allocation according to the target motion characteristics at each observation moment.
As the Bayesian Cramer–Rao lower bound (BCRLB) combines the revisit time, dwell time, target RCS,
transmission signal bandwidth and some other variables, it offers insight effect into the parameters on
the tracking performance. Consequently, we utilized BCRLB as the accuracy metric for target tracking.
For a predefined target tracking accuracy threshold, the resulting problem is minimizing the total dwell
time by optimizing the radar selection, dwell time and transmit signal bandwidth. Then, an efficient
two-step method is proposed to solve this problem. Finally, two different RCS cases is considered in
this paper to verify the superiority of the proposed strategy.

The remainder of this paper is organized as follows. The system model is introduced in Section 2.
Section 3 presents the joint dwell time and bandwidth optimization strategy. In Section 3.1 we derive
the BCRLB as the performance metric of the target tracking accuracy. Then, the LPI performance
optimization problem based on BCRLB is formulated in Section 3.2. A nonlinear programming-based
genetic algorithm (NPGA)-based method is proposed to solve this problem in Section 3.3. Simulation
results are provided in Section 4. Finally, conclusions are given in Section 5.

2. System Model

2.1. Target Dynamic Model

Suppose there are Q scattered targets in a two dimensional space. The qth(q = 1, 2, . . . , Q) target
is initially located at

(
xq

0, yq
0

)
, with initial velocity

( .
xq

0,
.
yq

0

)
. Assuming that all of the targets move in a

uniform linear line, the dynamic model of the target can be described as:

X
q
k = FX

q
k−1 + Wq (1)

in (1), X
q
k =

[
xq

k, yq
k,

.
xq

k,
.
yq

k

]T
is the state vector of target q at time index k, where

(
xq

k, yq
k

)
and

( .
xq

k,
.
yq

k

)
are

the position and velocity of target q at time index k, respectively. F is the target state transition matrix,
which can be expressed as:

F =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 T 0
0 1 0 T
0 0 1 0
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (2)

where T denotes the revisit time. The term Wq is the process noise of target q, which can be assumed as
zero-mean Gaussian noise with a known covariance Qq,

Qq = σ2
q,w

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
T3

3 0 T2

2 0
0 T3

3 0 T2

2
T2

2 0 T 0
0 T2

2 0 T

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (3)

where σ2
q,w denotes the process noise intensity of target q.

2.2. Observation Model

Consider a radar network with N two-dimensional phased array radars (PARs) working in
space, time and frequency synchronization. In order to simplify the problem, we give some
moderate assumptions:

(1) Each radar can only receive its own echo signals;
(2) A single radar tracks at most one target in a revisit period.

The traditional radar network system requires all of the radars in the system to radiate a target at
all times. Due to the limitation of spectrum resources, communication resources, energy resources etc.,
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multi-target tracking in a traditional radar network is inefficient. As a result, it is not necessary for all
radars to work in a revisit period. Thus, we define a set of binary variables uq

i,k ∈ {0, 1} to represent the
radar selection index:

uq
i,k =

{
1, if the qth target is tracked by the ith radar at time index k
0, otherwise

(4)

Assuming that all PARs in the radar network are able to extract the distance and angle information
from the echo signal, then the measurement equation can be written as:

Z
q
i,k =

⎧⎪⎪⎨⎪⎪⎩ hi
(
X

q
k

)
+ V

q
i,k, if uq

i,k = 1
0 , if uq

i,k = 0
(5)

where Z
q
i,k represents the measured value, and hi

(
X

q
k

)
is a nonlinear transfer function with the

following expression:
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here, (xi, yi) denotes the ith radar’s position, Rq
i,k and θq

i,k are the qth target’s distance and azimuth to

radar i. In (5), V
q
i,k is the measurement noise and can be written as V

q
i,k =

[
ΔRq

i,k, Δθq
i,k

]T
, where ΔRq

i,k
and Δθq

i,k are the measurement errors of distance and azimuth, respectively. Assuming that V
q
i,k is

zero-mean Gaussian noise with covariance G
q
i,k, which can given by:

G
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herein, σ2
Rq

i,k

and σ2
θ

q
i,k

are the mean square estimation error of distance and azimuth, respectively. Both

of them are related to the signal-to-noise ratio (SNR) of the echo at the current moment and can be
calculated as [26]: ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

σRq
i,k
= c

4πβi,k,q

√
SNRq

i,k

σθq
i,k
=

√
3λ

πγ
√

SNRq
i,k

(8)

where SNRq
i,k denotes the ith radar’ SNR to target q at time index k. The term c = 3× 108 m/s is the

speed of light, λ and γ are the transmitted wavelength and antenna aperture, respectively. βi,q,k is the
effective bandwidth of the ith radar’s transmitted waveform to target q.

It can be seen that under the same conditions of other parameters, the higher the βi,q,k in (8), the
smaller the measurement error of distance. In addition, the amount of radar data samples from the
illuminated targets is also related to the transmitted signal bandwidth. Given the oversampling ratio
ρ ≥ 1, the ith radar’s sampling frequency on the qth target at time index k is f s

i,k = ρβi,q,k [25]. Then,
given the observation area V of radar network, the number of the qth target’s from ith radar can be
calculated as:

Ni,q,k = uq
i,k

ρβi,q,k

c
VM (9)

From Equation (8), we can conclude that the measurement error of distance and azimuth is
inversely proportional to the SNR of the echo. According to the radar equation, if the beams are
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unbiased with target when the ith radar irradiate target q at time index k, the echo SNR of a single
pulse, can be expressed as:

SNRs
i,q,k =

PtGtGrσqλ2GRP

(4π)3kToBrFr
(
Rq

i

)4
(10)

where Pt denotes the transmitted power of radar; Gt is the transmit antenna gain; Gr is the receive
antenna gain; σq is the radar cross section (RCS) of the target q; GRP, To and Fr are the processing gain,
noise temperature and noise coefficient of the radar receiver, respectively; k is the Boltzmann constant;
Br is the bandwidth of the radar receiver-matched filter, and Rq

i is the distance from the ith radar to
target q.

During the dwell time of a single irradiation to the target, the radar can receive several reflection
pulses from the target. Since the radar has known its own emission parameters, all of the target
reflections can be accumulated by coherent accumulation technology to improve the SNR of the echo.
Suppose Td

i,q,k represents the dwell time of the ith radar’s irradiation on target q at time index k, and Tr

represents the pulse repetition period of radar, then the number of coherent accumulated pulses can be
given by:

ni,q,k =
Td

i,q,k

Tr
(11)

Assuming that coherent accumulation is ideal, the SNR obtained after ni,q,k pulses can be written
as:

SNRCI
i,q,k = ni,q,kSNRs

i,q,k (12)

When there is an angle difference α̃q
i between the true azimuth of target q and the beam pointing

of the ith radar, the echo SNR after coherent accumulation can be expressed as:

SNRq
i,k = SNRCI

i,q,k exp

⎛⎜⎜⎜⎜⎜⎜⎜⎝−4 ln(2)

(
α̃

q
i

)2

θ2
3dB

⎞⎟⎟⎟⎟⎟⎟⎟⎠ (13)

where θ3dB denotes 3dB antenna beam width. Substitute Equations (10)–(12) into Equation (13), then
we can obtain:

SNRq
i,k =

Td
i,q,k

Tr

PtGtGrσqλ2GRP

(4π)3kToBrFr
(
Rq

i

)4
exp

⎛⎜⎜⎜⎜⎜⎜⎜⎝−4 ln(2)

(
α̃

q
i

)2

θ2
3dB

⎞⎟⎟⎟⎟⎟⎟⎟⎠ (14)

2.3. Fusion Center

We assume that the radar network adopts an indirect centralized fusion method. Specifically, each
radar illuminates the assigned target, extracts the measurement information from the echo signal, and
transmits the distance and azimuth information to the fusion center through a radio frequency (RF)
stealth data link for processing. In this system, suppose that the fusion center can make full use of the
original measurement data without any loss of information, and thus the fusion results are the optimal.
Therefore, the measurement information about the target q at time index k can be formulated as:

Z
q
k =

[
[1, 1]T ⊗ u

q
k

]
�
[[(

R
q
k

)T
,
(
θ

q
k

)T
]T

+
[(

ΔR
q
k

)T
,
(
Δθ

q
k

)T
]T
]

(15)

where R
q
k =

[
Rq

1,k, Rq
2,k, . . . , Rq

N,k

]T
and θ

q
k =

[
θ

q
1,k,θq

2,k, . . . ,θq
N,k

]T
denotes the sets of the distance

and azimuth measurement parameters of target q at time index k, respectively, ΔR
q
k =[

ΔRq
1,k, ΔRq

2,k, . . . , ΔRq
N,k

]T
and Δθ

q
k =

[
Δθq

1,k, Δθq
2,k, . . . , Δθq

N,k

]T
are the sets of the distance and azimuth
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measurement parameter errors, respectively. In (15), the term u
q
k represents the radar allocation index

set of target q at time index k, ⊗ is the matrix direct product operation, and � is the matrix dot product.
It is assumed that the measurement errors of each radar are independent of each other’s, so the

qth target’s measurement noise covariance matrix G
q
k can be given by:

G
q
k = diag

{
uq

1,kσ
2
Rq

i,k
, uq

2,kσ
2
Rq

i,k
, . . . , uq

N,kσ
2
Rq

i,k
, uq

1,kσ
2
θ

q
i,k

, uq
2,kσ

2
θ

q
i,k

, . . . , uq
N,kσ

2
θ

q
i,k

}
(16)

where diag{·} denotes diagonal matrix.
Since the fusion center receives the measurement information from all of the radars in the network

on each target, the total number of samples that need to be processed can be calculated as follows:

Nk =

Q∑
q=1

N∑
i=1

Ni,q,k (17)

3. Joint Dwell Time and Bandwidth Optimization Strategy

Dwell time allocation is one of the critical problems to address for LPI performance in a radar
network. Under the assumption that the radiation interval is fixed, in order to improve the RF stealth
performance, we should minimize the total dwell time in the radar network. However, according to
the statement in Section 2.2 and (8), we can get: the reduction of the dwell time will reduce the echo
SNR, which will lead to the decrease of detection probability and tracking accuracy. As a result, the
purpose of our work is to minimize the total dwell time of the radar network, which is constrained by
a predefined accuracy requirement for target tracking. Furthermore, when it comes to the bandwidth
of the transmitted waveform, transmitting a larger bandwidth signal means that the system has a
higher accuracy of target distance. However, it will increase the workload of the fusion center at the
same time, and even make the fusion center unable to process all of the target information within the
effective time. Therefore, under the premise of meeting the constraints of target tracking accuracy, data
processing capacity and the limited radar resources, we propose a joint dwell time and bandwidth
optimization strategy for multi-target tracking with the objective of improving the LPI performance in
the radar network.

3.1. Performance Metric

The BCRLB provides a lower bound on the mean square error (MSE) of parameter unbiased
estimation, and compares to the posterior Cramer–Rao lower bound (PCRLB) [27,28]. In this paper,
BCRLB is derived and used as an optimization criterion for the joint dwell time and bandwidth
optimization strategy. At time index k, we use the observation vector Z

q
k to estimate the state of qth

target, which can be defined as
^
X

q

k

(
Z

q
k

)
, then the MSE of

^
X

q

k

(
Z

q
k

)
satisfies the following equation:

E

⎧⎪⎪⎨⎪⎪⎩
(

^
X

q

k

(
Z

q
k

)
−X

q
k

)
−
(

^
X

q

k

(
Z

q
k

)
−X

q
k

)T
⎫⎪⎪⎬⎪⎪⎭ = C

q
k ≥ J−1

(
X

q
k

)
(18)

where E{•} denotes mathematical expectation, C
q
k is the qth target’s BCRLB at time index k, and J

(
X

q
k

)
is the Bayesian information matrix (BIM), which can be written as:

J
(
X

q
k

)
= −EX

q
k ,Zq

k

{
Δ

X
q
k

X
q
k

log p
(
Z

q
k, X

q
k

)}
(19)
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where Δ
X

q
k

X
q
k

= ∇X
q
k
∇T

X
q
k

, here ∇X
q
k

denotes the first-order partial derivative vectors. In (19),

p
(
Z

q
k, X

q
k

)
= p

(
X

q
k

)
p
(
Z

q
k

∣∣∣Xq
k

)
(20)

is the joint probability density function (PDF) [11].
The BIM J

(
X

q
k

)
can be expressed as the sum of two matrices:

J
(
X

q
k

)
= JP

(
X

q
k

)
+ JD

(
X

q
k

)
(21)

where JP

(
X

q
k

)
and JD

(
X

q
k

)
are the Fisher information matrix (FIM) of the priori information and the

data, respectively.

JP

(
X

q
k

)
= EX

q
k

{
−Δ

X
q
k

X
q
k

log p
(
X

q
k

)}
(22)

JD

(
X

q
k

)
= EX

q
k ,Zq

k

{
−Δ

X
q
k

X
q
k

log p
(
Z

q
k

∣∣∣Xq
k

)}
(23)

Combined with the system model in Section 2, the qth target is tracked by a fixed number of
radars at the time index k. Since the radar independently observes the target at the same moment, the
BIM of the target state can be simply expressed as:

J
(
X

q
k

)
= JP

(
X

q
k

)
+

N∑
i=1

uq
i,kJ

(i)
D

(
X

q
k

)
(24)

where J
(i)
D

(
X

q
k

)
is the FIM of the ith radar’s measurement on qth target. In (24), the term JP

(
X

q
k

)
can be

calculated iteratively through the following formula:

JP

(
X

q
k

)
= D22

k−1 −D21
k−1

(
J
(
X

q
k−1

)
+ D11

k−1

)−1
D12

k−1 (25)

where,

D11
k−1 = EX

q
k−1X

q
k

{
−Δ

X
q
k−1

X
q
k−1

log p
(
X

q
k

∣∣∣Xq
k−1

)}
(26)

D12
k−1 = D21

k−1 = EX
q
k−1X

q
k

{
−Δ

X
q
k−1

X
q
k

log p
(
X

q
k

∣∣∣Xq
k−1

)}
(27)

D22
k−1 = EX

q
k−1X

q
k

{
−Δ

X
q
k

X
q
k

log p
(
X

q
k

∣∣∣Xq
k−1

)}
(28)

Combined with the target dynamic model in Section 2.1, JP

(
X

q
k

)
can be written as:

JP

(
X

q
k

)
=

[
Qq + FJ−1

(
X

q
k−1

)
FT

]−1
(29)

For the ith radar, the FIM of the data can be given by:

J
(i)
D

(
X

q
k

)
= EX

q
k ,Zq

i,k

{
−Δ

X
q
k

X
q
k

log p
(
Z

q
i,k

∣∣∣Xq
k

)}
= EX

q
k

{
EZ

q
i,k |X

q
k

{
−Δ

X
q
k

X
q
k

log p
(
Z

q
i,k

∣∣∣Xq
k

)}}
(30)

According to [15], we can get:

J
(i)
D

(
X

q
k

)
= EX

q
k

{(
H

q
i,k

)T(
G

q
i,k

)−1
H

q
i,k

}
(31)
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where H
q
i,k is the Jacobi matrix of hi

(
X

q
k

)
and can be expressed as:

H
q
i,k =

[
∇X

q
k

(
hi
(
X

q
k

))T
]T

=
[
∇X

q
k
Rq

i,k,∇X
q
k
θ

q
i,k

]
(32)

where

∇X
q
k
Rq

i,k =
[
∇xq

k
Rq

i,k,∇ .
xq

k
Rq

i,k,∇yq
k
Rq

i,k,∇ .
yq

k
Rq

i,k

]T
(33)

∇X
q
k
θ

q
i,k =

[
∇xq

k
θ

q
i,k,∇ .

xq
k
θ

q
i,k,∇yq

k
θ

q
i,k,∇ .

yq
k
θ

q
i,k

]T
(34)

are the first-order partial derivatives of the target distance and azimuth to the position and velocity,
respectively.

Substitute (29) and (31) into (24), we can get the BIM of the target state X
q
k:

J
(
X

q
k

)
=

[
Qq + FJ−1

(
X

q
k−1

)
FT

]−1
+

N∑
i=1

uq
i,kEX

q
k

{(
H

q
i,k

)T(
G

q
i,k

)−1
H

q
i,k

}
(35)

The first prior information FIM of J
(
X

q
k

)
is only related to the BIM of the target state at the time

index k− 1 and the target dynamic model in Section 2.1. According to (7) and (8), the G
q
i,k in the second

item is related to the ith radar’s bandwidth on the qth target and the radar echo SNR at time index k.
Meanwhile, SNR is a function of the dwell time. As a result, J

(
X

q
k

)
is related to the bandwidth and

the dwell time at time index k, thus laying the foundation for the joint dwell time and the bandwidth
optimization strategy. Furthermore, in order to satisfy the demand of real-time, we can approximate
(35) as:

J
(
X

q
k

)
=

[
Qq + FJ−1

(
X

q
k−1

)
FT

]−1
+

N∑
i=1

uq
i,k

(
H

q
i,k

)T(
G

q
i,k

)−1
H

q
i,k (36)

According to (18), the corresponding BCRLB matrix of the target state estimation error can be
calculated as:

C
q
BCRLB,k = J−1

(
X

q
k

)
=

⎡⎢⎢⎢⎢⎢⎣[Qq + FJ−1
(
X

q
k−1

)
FT

]−1
+

N∑
i=1

uq
i,k

(
H

q
i,k

)T(
G

q
i,k

)−1
H

q
i,k

⎤⎥⎥⎥⎥⎥⎦
−1

(37)

3.2. Problem Formulation

This part our main task is to formulate the optimization problem, whose objective is minimizing
the total dwell time of the radar network with the tracking performance meeting a predefined threshold.

In Section 3.1, we derived the BCRLB of the target tracking error, which can be used to measure
the target tracking accuracy. Moreover, given the updated BIM J

(
X

q
k−1

)
at the time index k− 1 and the

radar radiation parameters, we can now determine the predictive BCRLB of the target q at time index k
according to the formula (37):

C
q
BCRLB,k|k−1 =

⎡⎢⎢⎢⎢⎢⎣[Qq + FJ−1
(
X

q
k−1

)
FT

]−1
+

N∑
i=1

uq
i,k

(
H

q
i,k|k−1

)T(
G

q
i,k|k−1

)−1
H

q
i,k|k−1

⎤⎥⎥⎥⎥⎥⎦
−1

(38)

where G
q
i,k|k−1 and H

q
i,k|k−1 are the predicted values of G

q
i,k and H

q
i,k, respectively. The diagonal element

of C
q
BCRLB,k|k−1 is the lower bound of the estimated MMSE of the target state estimation, which can be

extracted as a measurement metric of target tracking accuracy:

Fq
k|k−1 =

√
C

q
k|k−1(1, 1) + C

q
k|k−1(3, 3) (39)
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where C
q
k|k−1(1, 1) and C

q
k|k−1(3, 3) are the first variable and the third variable on the diagonal

C
q
k|k−1, respectively.

Since the tracking accuracy meets a predefined threshold Fmax, the constraint on the accuracy is:

Fq
k|k−1 ≤ Fmax, ∀q = 1, 2, . . . , Q (40)

Then, with respect to the total bandwidth budget, if uq
i,k = 1, the bandwidth of the ith radar’s

illumination on the qth target at time index k should satisfy an upper bound βmax and a lower
bound βmin: ⎧⎪⎪⎨⎪⎪⎩ βi,q,k = 0, uq

i,k = 0
βmin ≤ βi,q,k ≤ βmax, uq

i,k = 1
(41)

Similarly, the dwell time constraints can be denoted as:⎧⎪⎪⎨⎪⎪⎩ Td
i,q,k = 0, uq

i,k = 0

Td
min ≤ Td

i,q,k ≤ Td
max, uq

i,k = 1
(42)

We define the data processing rate of fusion center as ε, and the total number of samples in the
radar network should satisfy the following constraints:

Q∑
q=1

Nk =
1
ε

(43)

By fusing (40), (41), (42) and (43) together, we can formulate the optimization problem for the
joint dwell time and bandwidth optimization strategy:

min
Td

m,q,kβi,k,q

Q∑
q=1

N∑
i=1

Td
m,q,k

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Fq
k|k−1 ≤ Fmax, ∀q = 1, 2, . . . , Q⎧⎪⎪⎨⎪⎪⎩ βi,q,k = 0, uq

i,k = 0
βmin ≤ βi,q,k ≤ βmax, uq

i,k = 1⎧⎪⎪⎨⎪⎪⎩ Td
i,q,k = 0, uq

i,k = 0

Td
min ≤ Td

i,q,k ≤ Td
max, uq

i,k = 1
Q∑

q=1
Nk =

1
ε ,

Q∑
q=1

uq
i,k ≤ 1,

N∑
m=1

uq
i,k = M

(44)

where
Q∑

q=1
uq

i,k ≤ 1 represents that a single radar tracks at most one target in a revisit period. The term

N∑
m=1

uq
i,k = M represents that each radar is tracked by M radars at time index k.

Since uq
i,k ∈ {0, 1} is a binary variable, the optimization problem described in (44) is a non-convex

problem with three parameters: radar selection, dwell time and the transmitted signal’s bandwidth.
However, for a given u

q
k, assuming that the radar i is assigned to qth target, the unique radar node

selection scheme for the qth can be determined. Furthermore, in order to ensure that all targets have
enough information, assuming that each target has the same amount of samples which needs to be
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sent to the fusion center, then the optimization problem can be converted to the following formula,
which only has the variables Td

m,q,k and βm,q,k (1 ≤ m ≤M):

min
Td

m,q,kβi,k,q

M∑
m=1

Td
m,q,k

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Fq
k|k−1 ≤ Fmax
M∑

m=1
βm,q,k =

c
QρεV = βtotal

βmin ≤ βi,q,k ≤ βmax

Td
min ≤ Td

i,q,k ≤ Td
max

(45)

where βtotal is the total bandwidth of the transmitted waveform of all radars that are assigned to the
same target.

3.3. Joint Dwell Time and Bandwidth Optimization Problem Solution

The optimization problem proposed in Equation (45) is non-convex, containing two parameters
Td

m,q,k and βm,q,k. We can use the exhaustive method to solve it, which is simple but too inefficient.
The genetic algorithm uses selection, cross and mutation operators for searching, which has a great
global search ability. However, the local search ability of this genetic algorithm is weak. In contrast,
most of the classical nonlinear algorithms adopt the means of the gradient method, which has a strong
local search ability, while also possessing a weak global search ability. As a result, we will solve the
problem in (45) by NPGA [29], which combines the global search ability of the genetic algorithm and
the local search ability of the classical nonlinear programming algorithms. The flowchart of NPGA is
shown in Figure 1:

Figure 1. The nonlinear programming-based genetic algorithm (NPGA) flowchart.

By working out the problem (45) for Q ·CM
N times, we can get all the optimal solutions of the dwell

time with respect to different target and radar combinations in the constraint of
N∑

i=1
uq

i,k = M. Then we

can use the exhaustive method to obtain the optimal results of the dwell time and radar allocation

index in the constraints of
Q∑

q=1
uq

i,k ≤ 1. However, the exhaustive method is complex and inefficient. As

a result, we propose a radar node selection algorithm with lower computation complexity.
Assuming M = 2, which means that each target is fixed to be tracked by two radars at each

moment. We define Rl = {a, b}(l = 1, 2, . . . , L) as the combinations of the two radars in the radar
network, where L = C2

N = N!
(N−2)!2! . When the target q is illuminated by the Rl index radars, suppose

Sl,k,q,min =
(
Td

a,q,k,min

)(l)
+

(
Td

b,q,k,min

)(l)
denotes the minimum dwell time which is solved in (45) through

80



Sensors 2020, 20, 1269

NPGA, where
(
Td

a,q,k,min

)(l)
and

(
Td

b,q,k,min

)(l)
denotes the dwell times of radar a and radar b, respectively.

The minimum dwell time matrix Sk,min which is composed of Sl,k,q,min, is shown in Table 1.

Table 1. Minimum dwell time matrix for the fixed radar combination (M = 2).

The Minimum Dwell Time of
Different Radar Combination

Target

1 2 . . . Q

Radar
Combination

R1 = {1, 2} S1,1,k,min S1,2,k,min . . . S1,Q,k,min

R2 = {1, 3} S2,1,k,min S2,2,k,min . . . S2,Q,k,min

...
...

...
...

...

RL = {N − 1, N} SL,1,k,min SL,2,k,min . . . SL,Q,k,min

Similar to the term uq
i,k, we define a set of binary variables Uq

l,k ∈ {0, 1} to represent the radar
combination selection index.

Uq
l,k =

{
1, if the qth radar is tracked by the lth radar combination at time index k
0, otherwise

(46)

Then the optimization model of the radar combination allocation index can be described as:

min
Q∑

q=1

L∑
l=1

Uq
l,kSl,q,k,min

s.t.

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
L∑

l=1
Uq

l,k = 1(
L∪

l=1
Ur

l,kRl

)
∩
(

L∪
l=1

Um
l,kRl

)
= ∅,∀r � m, r, m = 1, 2, . . . , Q

(47)

where the first constraints imply that each target is tracked by a fixed radar combination at time index
k, while the second one suggests that a single radar tracks at most one target at k. The solution method
of (47) can be shown in Algorithm 1.

Algorithm 1. Radar allocation method

Step (1): Working out the problem in (47) Q · N!
(N−2)!2! times, then we can get the minimum dwell time matrix

Sk,min in the constraint of
N∑

i=1
uq

i,k = 2.

Step (2): Sort the columns of matrix Sk,min in ascending order and assign the target corresponding to the
smallest element in the first row to the corresponding radar combination.
Step (3): Remove the column vectors corresponding to the target assigned in Step (2). Remove all the row
vectors of the radar which is contained in the radar combination assigned in Step (2).
Step (4): Repeat Step (2) and Step (3) until all the targets are assigned in order to obtain the optimal allocation
matrix Uk,opt.

By using the above algorithm, we can obtain the optimal radar allocation results Uk,opt, where

Uk,opt =
[
U1

k,opt, U2
k,opt, . . . , U

Q
k,opt

]
, U

q
k,opt =

[
Uq

1,k,opt, Uq
2,k,opt, . . . , Uq

L,k,opt

]T
. When Uq

l,k,opt = 1, uq
a,k,opt =

uq
b,k,opt = 1, Td

a,q,k,opt =
(
Td

a,q,k,min

)(l)
, Td

b,q,k,opt =
(
Td

b,q,k,min

)(l)
. When Uq

l,k,opt = 0, uq
a,k,opt = uq

b,k,opt = 0,

Td
a,q,k,opt = Td

b,q,k,opt = 0. Then we can get uk,opt and Td
k,opt at time index k, which are the radar allocation

index and dwell time optimization results, respectively.
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The computational complexity of 0 is O
(

Q2

2 × N!
(N−2)!2! log2

(
N!

(N−2)!2!

))
, while the computational

complexity of the exhaustive method is O
((

N!
(N−2)!2!

)Q
)
. Compared with the enumeration method, 0

can greatly reduce the computational complexity and improve the real-time performance.

4. Simulation Results

In this section, some numerical results are provided to illustrate the performance of the proposed
LPI-based joint dwell time and bandwidth optimization strategy for multi-target tracking in a radar
network. A multi-target tracking scenario with six radars and two targets is considered. In order to
simplify the problem, we assume that all the radars in the network systems have the same system
parameters. Then we can utilize the default values for the system parameters, as given in Table 2.

Table 2. Radar network system parameters.

Parameter Value Parameter Value

Pt 500 W σq 1 m2

λ 0.03 m Tr 5× 10−4 s

βtotal 2 MHz Fmax 30 m

βmin 0.1 MHz βmax 1.9 MHz

θ3dB 2o γ 1 m2

Td
min 5× 10−4 s Td

max 0.1 s

The velocities of target 1 and target 2 are: (1300, 530)m/s and (−1300,−530)m/s, respectively. It
is also assumed that the tracking process lasts 150 s.

Figure 2 depicts the distribution of the radar network, the true trajectories of the two targets and
the estimated trajectories of the targets according to the proposed strategy.

Figure 2. Target trajectory and radar network deployment.

This part first gives the simulation results under the non-undulating RCS model. Assuming that
the reflection coefficients of all targets is 1 at any observation time, we define this situation as RCS case
1. In this case, the radar selection and dwell time allocation are only related to the distance and relative
position of the target to the radar.

Figure 3 shows the radar selection and bandwidth allocation results of the two targets, while
Figure 4 gives the dwell time allocation results. In each figure, on the left side is the radar index, on the
right side is the different intensity of the bandwidth and dwell time, which is depicted in different
colors. Moreover, the blue areas in each figure indicate that the radar selection variable uq

i,k = 0, while

the lines in different colors mean that uq
i,k = 1, with different colors representing the intensity of the
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transmitted bandwidth and dwell time. We can conclude that the radar network tends to assign
the two radars closest to a specified target for tracking tasks, and more dwell time and bandwidth
resources will be allocated to the selected radar, which is farther from the target.

Figure 3. Radar selection and bandwidth allocation in radar cross section (RCS) case 1.

Figure 4. Radar selection and dwell time allocation in RCS case 1.

To show the superiority of the proposed joint dwell time and bandwidth optimization strategy,
the optimization algorithm without considering the bandwidth allocation is compared to a benchmark.
Figure 5 shows the comparison of total dwell time for two different algorithms. From the result we can
see that the proposed strategy can reduce the total dwell time of the radar network compared with
the benchmark.
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Figure 5. Comparison of total dwell time for different algorithms in RCS case 1.

Define the root mean square error (RMSE) for the tracking accuracy of all targets at time index k as:

RMSE(k) =
Q∑

q=1

√√√
1

NMC

NMC∑
n=1

{[
xq

k − x̂q
n,k|k

]2
+

[
yq

k − ŷq
n,k|k

]2
}

(48)

where NMC = 100 represents the Monte Carlo experiment number, and
(
x̂q

n,k|k, ŷq
n,k|k

)
is the location

estimate at the nth trial.
The RMSE of the proposed strategy and the benchmark are evaluated in Figure 6, respectively.

The results prove that the tracking accuracy has not been sacrificed too much after allocating the
bandwidth, which is acceptable to our tracking tasks.

Figure 6. Root mean squared error (RMSE) in two algorithms for target tracking in RCS case 1.

In order to further analyze the impact of the target RCS on radar selection and radar resource
allocation results, a second RCS model is also considered, which can be defined as RCS case 2, where it
is depicted in Figure 7. In this case, the reflection coefficient of the two targets to radar 3 and radar
4 change with time, while the RCS of the two targets to the other radars remain unchanged at any
observation time. In Figure 7, the red and black lines represent the RCS values of target 1 to radar 3
and target 2 to radar 4 at each moment, respectively, which fluctuate around 10.3 m2. Similarly, the
green and blue lines represent the RCS values of target 1 to radar 4 and target 2 to radar 3, respectively,
which fluctuate around 2.3 m2.
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Figure 7. RCS case 2.

Figures 8 and 9 illustrate the optimization results of target 1 and target 2 with the proposed
strategy in RCS case 2 at every time index, respectively.

Figure 8. Radar selection and bandwidth allocation in RCS case 2.

Figure 9. Radar selection and bandwidth allocation in RCS case 2.

Compared with Figures 3 and 4, we can draw the following conclusions. During the whole
tracking process, the number of times that radar 3 irradiated target 1 and radar 4 irradiated target 2
increase significantly. In addition, during the period in which radar 2 and radar 3 irradiate target 1
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together, radar 2, which is closer to the target, but has a lower reflection coefficient, is allocated more
bandwidth and dwell time resources. Similarly, this phenomenon also exists in the resource allocation
of target 2. In summary, it can be concluded that the reflection coefficient of the target also affects the
radar selection and radar resource allocation results. The radar network system will preferentially
select the radar with higher reflection coefficient to irradiate the target. Furthermore, the system tends
to allocate more resources to the radar with lower reflection coefficient to the target.

Figures 10 and 11 show the performance comparison of the two algorithms in RCS case 2.
Obviously, it is consistent with the conclusions of RCS case 1, thus verifying the stability of the
proposed strategy.

Figure 10. Comparison of total dwell time for different algorithms in RCS case 2.

Figure 11. RMSE in two algorithms for target tracking in RCS case 2.

Define the target tracking average root mean square error (ARMSE) as:

ARMSE(k) =
Q∑

q=1

√√√√√
1

NMC

NMC∑
n=1

1

Nq
k(n)

Nq
k(n)∑

k=1

{[
xq

k − x̂q
n,k|k

]2
+

[
yq

k − ŷq
n,k|k

]2
}

(49)

where Nq
k(n) denotes the number of times that the radar network radiated qth target at time index k.

Figure 12 shows the ARMSE comparison between the proposed strategy and the benchmark in the two
RCS cases. With respect to the target tracking accuracy, the latter is slightly better than the former, but
the gap is not large, and is within an acceptable range. In conclusion, the proposed strategy effectively
improves the LPI performance of the radar network without sacrificing too much accuracy.
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Figure 12. Average root mean square error (ARMSE) comparison of two algorithms for target tracking.

5. Conclusions

An LPI-based joint dwell time and bandwidth allocation strategy is proposed in this paper.
The basis of this strategy is to use the optimization technique to control the radars’ illumination
in the radar network for the purpose of improving the LPI performance. Meanwhile, the tracking
accuracy of each target must be guaranteed, which means that the BCRLB meets a predefined threshold.
The physical explanation of this strategy can be described as: (1) For each target, select a suitable radar
group to complete tracking tasks; (2) Under the premise of tracking tasks requirements, minimize
the total dwell time of radar network. The resulting optimization problem contains two adaptable
vectors, one for dwell time and the other for bandwidth allocation, which is solved by NPGA, and
then a proposed algorithm. Simulation results demonstrate that the proposed strategy can achieve a
better LPI performance compared with the benchmark.

In future work, more illumination resources, such as the transmitted power of each radar, will be
taken into consideration. Furthermore, the cases of detection probability less than 1 and false alarm
probability greater than 0 are of practical importance, which should be taken into account [27,28].
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Abstract: A target angular information in 3-dimensional space consists of an elevation angle and
azimuth angle. Acoustic signals propagating along multiple paths in underwater environments
usually have different elevation angles. Target motion analysis (TMA) uses the underwater acoustic
signals received by a passive horizontal line array to track an underwater target. The target angle
measured by the horizontal line array is, in fact, a conical angle that indicates the direction of the signal
arriving at the line array sonar system. Accordingly, bottom bounce paths produce inaccurate target
locations if they are interpreted as azimuth angles in the horizontal plane, as is commonly assumed
in existing TMA technologies. Therefore, it is necessary to consider the effect of the conical angle
on bearings-only TMA (BO-TMA). In this paper, a target conical angle causing angular ambiguity
will be simulated using a ray tracing method in an underwater environment. A BO-TMA method
using particle swarm optimization (PSO) is proposed for batch processing to solve the angular
ambiguity problem.

Keywords: target motion analysis; bottom bounce path; ray tracing; particle swarm optimization

1. Introduction

Acoustic signals are used to indirectly obtain information about objects located underwater. Most
passive sonar systems use multiple hydrophones in an array for enhanced performance. A horizontal
line array (HLA), used for detecting the azimuth angle of an underwater target, receives acoustic
signals with a high signal to noise ratio from designated directions using a beamforming technique.
If the target signal intensity is high enough in a designated direction, the target direction is detected.
The estimated target direction is represented as a conical angle that indicates the direction of the
incoming signal measured by the HLA. Unfortunately, it is impossible to distinguish between up and
down or right and left from the conical angle. This is called the cone of ambiguity [1].

Sequential processing and batch processing algorithms are used to estimate the target’s state,
including position and velocity, through bearings-only target motion analysis (BO-TMA). There exist
several conventional sequential processing algorithms, including the extended Kalman filter [2], the
pseudo-measurement filter [3], and the modified gain extended Kalman filter [4]. In addition to
these filters, particle filter approaches [5] and random finite set approaches [6–8] have been recently
introduced. If sufficient computational performance is achieved, sequential processing is suitable
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for implementation in real time systems. However, good sequential estimation results require small
errors in the initial state estimates, and a batch processing algorithm is used for this purpose. Batch
processing delivers stable initial values, even though it is not designed to operate in real time because
it requires a batch of stored measurements. Robust target localization performance is expected if both
types of algorithms are employed properly [9].

In most of the previous studies on sonar systems [2,3,6–9], it is assumed that the received signal
arrives at the HLA through the horizontal plane when the distance between the observer and target
is large, or when the observer and the target are located at equal depths. Therefore, the cone of
ambiguity of the HLA is simplified to left/right ambiguity, which can be easily addressed through
a ship maneuver. However, eigenray tracing results show that the received signal can arrive at the
HLA with a high elevation angle, especially along a bottom bounce path [10]. The studies in [11,12]
consider the elevation angles in BO-TMA for different sensor depths between the observer and the
target. They treat only direct paths without considering the reflection of the ray from the waveguide
boundaries (i.e., sea surface and bottom) or the refraction of the ray from the vertical sound speed
profile. However, bottom bounce paths, which are generated from the reflection of acoustic waves at
the ocean bottom, can produce inaccurate target bearings [13] that affect BO-TMA results.

The ray tracing method [14] is used to calculate the elevation angle due to the refraction and
reflection of sound waves in underwater waveguides. This method describes the path of each ray as
sound waves propagating through the underwater waveguide. In particular, it is possible to calculate
the eigenray [15], which represents the path of a ray that propagates from the source to the receiver.
The elevation angle of the target signal can be simulated through eigenray tracing, and the conical
angle can be calculated using the azimuth angle and the elevation angle.

In this paper, a study is based on the published conference paper [16] and it is conducted to confirm
the observability of TMA using the conical angle including the elevation angle of the path reflected
from the bottom interface for a given scenario. A discrete target dynamic equation is established with
the target state vector, and the conical angle measurement is obtained from the relative geometry of
the observer and the target using the ray tracing method in Section 2. Section 3 presents a method
of converting the conical angle into a bearing line in Cartesian coordinates using knowledge of the
ocean environment (i.e., bottom bathymetry and a sound speed profile). Additionally, a BO-TMA
using the particle swarm optimization (PSO) algorithm is proposed. In Section 4, simulation results for
the BO-TMA are analyzed using ray tracing. Finally, a summary and conclusion are given in Section 5.

2. Problem Formulation

2.1. Dynamic Model

The target state vector at the discrete time instance k, 1 ≤ k ≤ K, is defined as:

Xs(k) =
[
pxs(k), pys(k), vxs(k), vys(k)

]
, (1)

Us(k) =
[
uxs(k), uys(k)

]
, (2)

where pxs(k) and pys(k) are the target locations in Cartesian coordinates. Here, the x-axis indicates
East and the y-axis indicates North. Additionally, vxs(k) and vys(k) are the target velocities for each
direction, and uxs(k) and uys(k) are the target accelerations. The observer state vector is similarly
defined as:

Xo(k) =
[
pxo(k), pyo(k), vxo(k), vyo(k)

]
, (3)

Uo(k) =
[
uxo(k), uyo(k)

]
, (4)

where the subscript o indicates the observer. Then, the discrete-time system state equation can be
described by:

Xi(k + 1) = FXT
i (k) + GUT

i (k), (5)
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where Xi and Ui are the state vectors of the target (when i = s) and the observer (when i = o), and
control input, respectively. The superscript T denotes a transpose. The state transition matrix F and
input coefficient matrix G are defined, respectively, as:

F =

[
I2 ΔtI2

02 I2

]
, G =

⎡⎢⎢⎢⎢⎣ Δt2
/
2 I2

ΔtI2

⎤⎥⎥⎥⎥⎦, (6)

where I2 is the 2-dimensional identity matrix, 02 is the 2× 2 zero matrix, and Δt is the time interval. For
system observability, we assume that the sensor outmaneuvers the target while the target is moving
with a constant velocity [17].

The horizontal plane trajectories of the target and the observer located at equal depths of 200 m
are shown in Figure 1. The total simulation time is 580 s with a sampling period of 20 s so that the total
number of scans is 30. The initial state vector of the target, Xs(1), is [0 m, 2500 m, 0 m/s, −3 m/s]
with zero acceleration over the simulation time. The initial state vector of the observer, Xo(1), is
[2000 m, −7000 m, 2.6 m/s, 1.5 m/s]. To ensure system observability, the course of the observer is
changed once from 60 to 0◦ via lateral acceleration starting at 200 s. The bearing change rate is 0.6◦ per
second. The distance between the observer and the target is decreased from a maximum distance of
9.7 km to a minimum distance of 6.9 km.

 

(a) (b) 

Figure 1. Trajectories of (a) the target and (b) the observer in the horizontal plane.

2.2. Measurement Model

Conventional TMA assumes that the target information obtained from passive line array sonar
consists of only the azimuth angle in the horizontal plane, neglecting bottom bounce signals to avoid
conical angle ambiguity. In this case, the azimuth angle measured from the north axis, ϕn(k), is
expressed as:

ϕn(k) = atan2
(
pxs(k) − pxo(k), pys(k) − pyo(k)

)
, (7)

where atan2(x, y) denotes a four-quadrant arctangent function that describes the angle between the
position of the target and the north axis (positive y-axis). The azimuth angle from the north axis, ϕn(k),
is converted to the azimuth angle from the direction of the HLA, ϕl(k), by subtracting the heading
angle of the HLA, co(k), at each scan time k:

ϕl(k) = ϕn(k) − co(k). (8)

In this paper, BO-TMA along with a ray tracing method is used to achieve accurate estimation
of target localization in environments with conical angle ambiguity. The conical angle, θ(k), is
expressed as:

θ(k) = cos−1(cos(ϕl(k)) × cos(μ(k))) + v(k), (9)

93



Sensors 2020, 20, 1234

where μ(k) is the elevation angle in the vertical plane, and v(k) is the measurement noise modeled as
zero mean Gaussian noise with standard deviation σm. The sign of θ(k) is unknown from Equation (9),
and the conical angle indicates the magnitude of the angle measured from the heading direction of the
line array. Thus, the inability to know the exact direction of the arriving signal is known as left/right
ambiguity. Various angles used in this paper are shown in Figure 2. ϕl and ϕn are the azimuth angles
from due north and the direction of the HLA, respectively. co, θ, and μ are heading angle of the HLA,
conical angle, and elevation angle in the vertical plane, respectively.

Figure 2. Geometry between observer and target. ϕl and ϕn are the azimuth angles from due north
and the direction of the HLA, respectively. co, θ, and μ are heading angle of the HLA, conical angle,
and elevation angle in the vertical plane, respectively.

A ray tracing method is used to estimate the elevation angle of the target signal in Equation (9).
In the ocean, propagation paths of acoustic rays are strongly affected by sound speed profile and bottom
bathymetry. These environmental data can be obtained through measurements, from a database,
or from an ocean prediction model. In this study, a scenario is constructed that assumes a simple
environment. The bathymetry is assumed to be flat with a depth of 2000 m. The sound speed profile
C(z) in water is assumed to follow Munk’s sound speed profile and is given by [18]:

C(z) = C0[1.0 + ε
{
e−η − (1− η)}], (10)

where z is depth, and C0 is a reference sound speed equal to 1500 m/s as the sound speed at the depth
of channel axis zC (zC = 400 m), η = 2(z− zC)/zC is a dimensionless depth relative to the channel axis,
and the perturbation coefficient ε is equal to 7.4× 10−3.

The ray paths predicted by the ray tracing method using Munk’s sound speed profile are shown
in Figure 3. Although ray tracing was conducted based on observer position, the ray tracing results
obtained for opposite directions are the same due to the reciprocity of ray diagrams [14]. In addition,
the ray tracing results for all azimuth angles are the same because it is assumed that acoustical ocean
parameters are independent of azimuth angle. It is shown in this scenario that only bottom reflected
paths exist between the target and the observer, and a direct path from the target does not exist. The
elevation angle of the bottom bounce path was calculated by ray tracing to be between 23 and 29◦ at a
target distance of 9.7—6.9 km.
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(a) (b) 

Figure 3. (a) Ray paths predicted by ray tracing method based on (b) Munk’s sound speed profile.
Direct and bottom bounce paths are plotted with magenta and blue lines, respectively.

Figure 4 shows the simulation results of the bearing measurements from 30 scans over same
time period, which is known as BTR (Bearing-Time Record). The red dashed line that represents
the azimuth angle from the north axis ϕn(k) was plotted as additional information for assessing the
bearing error compared to the conical angle of the bottom bounce path. The bearing error is defined
as the difference between ϕl(k) and +θ(k) or its mirror angle −θ(k) due to conical angle ambiguity.
Figure 4 contains the time histories of co(k) (the observer heading angle), ϕn(k) (the true target azimuth
angle), co(k) +

∣∣∣θ(k)∣∣∣, and co(k)−
∣∣∣θ(k)∣∣∣ (two possible bearing angles for TMA that stem from the bottom

bounce path). The right/left ambiguity in the horizontal plane is shown in Figure 4 and can be resolved
by comparing the histories of co(k) +

∣∣∣θ(k)∣∣∣ and co(k) −
∣∣∣θ(k)∣∣∣. The history of co(k) −

∣∣∣θ(k)∣∣∣ has smaller
variations than that of co(k) +

∣∣∣θ(k)∣∣∣. Note that these two angle histories correspond to the history of
the true azimuth angle ϕn(k). The history of ϕn(k) in Figure 4 shows small variations for the entire
period that includes the times before and after the observer maneuver, which implies that co(k)−

∣∣∣θ(k)∣∣∣
rather than co(k) +

∣∣∣θ(k)∣∣∣ should be applied as the bearing history for this scenario in TMA. From the
selection process, the correct sign of θ(k) in Equation (9) for this scenario is negative. However, even
after choosing the bearing history with the correct sign of θ(k), co(k)−

∣∣∣θ(k)∣∣∣ still contains bearing error
when compared to the true azimuth angle history ϕn(k). Figure 4 shows that this error is ~1◦ before
the observer maneuver and ~13◦ after the maneuver. This discrepancy is due to μ(k), the elevation
angle of the bottom bounce path. Conventional TMA methods for target localization cannot avoid
localization errors resulting from bearing errors. Therefore, a new TMA method that accounts for the
bottom bounce path is needed.
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Figure 4. Bearing-time records (BTRs) of the scenario.

3. Target Motion Analysis with Bottom Bounce Path

3.1. Bearing Lines of Bottom Bounce Path

Bearing error is due to the elevation angle μ(k) of the bottom bounce path, which is unknown
even after selection of the correct sign of θ(k). In this study, the bearing line in Cartesian coordinates is
introduced. Define the i-th expected azimuth angle ϕ̂l(k, i) for 1 ≤ i ≤ I, which represents a possible
target azimuth angle relative to the heading direction of the HLA. According to Equation (9), ϕ̂l(k, i)
must lie within the range between zero and the conical angle θ(k), and then the elevation angle μ̂(k, i)
can be estimated as:

μ̂(k, i) = cos−1
(

cos(θ(k))
cos(ϕ̂l(k, i))

)
. (11)

The sign of ϕ̂l(k, i) is equal to the sign of θ(k). For each ϕ̂l(k, i), ray tracing for the ray launched
at an angle of μ̂(k, i) from the observer position is conducted to find the range r̂(k, i) of target location
if it exists in the direction of ϕ̂l(k, i) (Figure 5a). Since the target depth was assumed to be 200 m,
the distance at which the ray arrives at a water depth of 200 m after bottom reflection becomes the
target range in the ϕ̂l(k, i) direction. This process is repeated i = I times (Figure 5b). In this study,
the expected azimuth angle was varied every 0.5◦. Accordingly,

∣∣∣θ(k)∣∣∣ divided by 0.5◦ was used to
determine the value of I for each scan k.

For the k-th scan, I possible target positions in the horizontal plane corresponding to every ϕ̂l(k, i)
are connected in a line, which is defined as a bearing line in this paper. The possible target position
vector in Cartesian coordinates with ϕ̂l(k, i) and r̂(k, i) is denoted as:

L̂(k, i) =
[
p̂xl(k, i), p̂yl(k, i)

]
. (12)

Figure 6 is drawn in the horizontal plane and it shows the bearing lines corresponding to k = 1
and k = K. The lines (denoted by line of conical angle) indicating the measured conical angle θ(k)
in the horizontal plane for k = 1 and k = K. If the elevation angle is not considered, as in previous
studies, the bearing line is displayed as a straight line. However, the bearing line L̂(k, i) is displayed
as a curved line when the elevation angle is considered. Conventional batch estimation methods for
TMA utilize the conical angles to determine the initial target states, while the proposed TMA method
utilizes the bearing lines. The objective of the proposed TMA method is to find the optimal initial
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position and velocity of the target based on the bearing lines in Cartesian coordinates using the PSO
algorithm to minimize the objective function.

 

(a) 

 

(b) 

Figure 5. (a) Eigenray tracing result conducted to determine the expected target range. The distance at
which the ray arrives at an expected target depth after bottom reflection becomes the estimated target
range in ϕ̂l(k, i) direction. (b) Top-view illustration showing the line of conical angle and bearing line.
For k-th scan, the line connecting I possible target positions estimated using the eigenray tracing is a
bearing line (red line in figure).

Figure 6. Bearing lines (solid lines) and lines of conical angles (dashed lines) at k = 1 and k = K.

3.2. Particle Swarm Optimization

The PSO algorithm is a stochastic optimization algorithm used to find the optimal positions of
particles and is based on the social behavior of animals moving in flocks [19,20]. In BO-TMA studies,
each particle representing an estimated initial target state vector consists of four elements: the positions
and velocities in the x and y directions. First, at k = 1, the particles are uniform, randomly spread along
the bearing line within the target-observer distance from 1 to 30 km. A specific velocity vector, which
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is randomly selected in the range of 0|v̂| 10 m/s, where |v̂| =
√
|v̂x|2 +

∣∣∣v̂y
∣∣∣2, is assigned to each particle.

Then, the position of each particle at the next scan time (k = 2) is calculated using the dynamic model
shown in Section 2.1 from the position at k = 1. In this manner, a total of K positions are determined for
each particle, which forms a particle trajectory. After that, the shortest distance between each particle
position and the bearing line corresponding to the same scan time number is calculated. This distance
is then normalized by the distance between the observer and particle position at each scan time to
avoid excessive convergence to local optima, which happens because distance error increases as the
distance between the observer and the particle increases. Finally, the normalized distance errors for
all K particle positions are summed to obtain an objective function Jm for the m-th particle, which is
expressed as:

Jm =
K∑

k=1

min
i

√
(p̂xm(k) − p̂xl(k, i))2 +

(
p̂ym(k) − p̂yl(k, i)

)2

√
(p̂xm(k) − pxo(k))

2 +
(
p̂ym(k) − pyo(k)

)2
, (13)

where p̂xm(k) and p̂ym(k), respectively, are the positions in the x and y directions of the m-th particle at
scan time k; and pxo(k) and pyo(k) are the observer positions in the x and y directions at scan time k.
The total particle number used here was 200 (Table 1). Since each particle is considered a candidate for
the target, the next step is to find the initial state vector of the particle that produces the minimum
value of Jm. In this study, the PSO algorithm was used as an optimization technique to find the optimal
target trajectory. In each generation, the best values for the state vectors consisting of the positions
and velocities of the particles are evaluated by comparison with state vectors selected during previous
generations, and the state change rates of the particles are adjusted based on the experiences of the
particles and their companions. The state vectors in the next generation are updated with the sum
of the present state vectors and the adjusted state change rates of the particles [20]. The process is
expressed as [19]:

vp(n + 1, m, d) = c1vp(n, m, d) + vl(n, m, d) + vs(n, m, d), (14)

vl(n, m, d) = c2r1
{
xpl(m, d) − xp(n, m, d)

}
, (15)

vs(n, m, d) = c3r2
{
xps(d) − xp(n, m, d)

}
, (16)

and xp(n + 1, m, d) = xp(n, m, d) + vp(n + 1, m, d), (17)

where xp(n, m, d) represents the state vector of the m-th particle for the n-th generation with dimension
d. Dimension d is one of 1, 2, 3, and 4 corresponding to the positions and velocities of the particles
at k = 1, that is, p̂xm(1), p̂ym(1), v̂xm(1), and v̂ym(1), respectively. In addition, vp(n, m, d) represents
the state change rates of the particles for xp(n, m, d). Finally, vl(n, m, d) and vs(n, m, d) are the local
state change rate and the social state change rate for the m-th particle, respectively. The local state
vector xpl(m, d) is the best state vector of the m-th particle obtained from the first generation to the n-th
generation, and the social state vector xps(d) is the best state vector of the particle with the smallest
Jm of all particles up to the n-th generation. In the above equations, c1, c2, and c3 are acceleration
weight constants determined empirically through many trial runs to be 0.73, 0.1, and 0.2, respectively.
Random numbers r1 and r2 are selected in the range between 0 and 1. The process is iterated until
the state vector of each particle converges to the best state vector that satisfies the minimum position
errors. In our case, the generation is terminated when the standard deviations of the positions, σp, and
velocities, σv, of 200 particles converge to values less than 100 m and 0.2 m/s, respectively. Finally, the
trajectory of the particle with the best state vector is selected as the target trajectory.
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Table 1. Particle swarm optimization parameters used to find the optimal initial position and velocity
of target.

Parameter Symbol Value

Number of particles m 200
Number of dimensions d 4
Number of generations n σp < 100 m and σv < 0.2 m/s

Acceleration weight constants c1 c1 0.73
Acceleration weight constants c2 c2 0.1
Acceleration weight constants c3 c3 0.2

Random number r1 r1 0—1
Random number r1 r2 0—1

4. Simulation Result

For the observability test, it was assumed that the water depth was 2000 m and the bottom
topography was flat. The conical angle was calculated using the azimuth and elevation angle of the
acoustic ray path between the target and the observer. Munk’s sound speed profile was used for ray
tracing to calculate the elevation angle. To test the applicability of batch processing using the PSO
algorithm proposed in this paper, it was assumed that Gaussian noise with zero mean and standard
deviation σm was included in the conical angle measurements. Three values of σm (0.2, 0.4, and 0.6◦)
were considered for comparison purposes. For this scenario, the conical angle was estimated to change
at a rate of approximately 0.5◦/scan except during the period in which the observer heading changed.
Figure 7 shows the histories of conical angles with measurement errors corresponding to three different
standard deviations.

 

(a) 

 

(b) (c) 

Figure 7. The BTRs for conical angle measurements including Gaussian measurement error with zero
mean and standard deviation of (a) 0.2, (b) 0.4, and (c) 0.6◦.

One thousand random runs were generated for each of the three standard deviations of the conical
angle measurement errors, and TMA was carried out for each run. The results are shown in Figure 8,
in which the left column shows the scatter plots for the estimates of initial target position for the
1000 runs, and the right column shows the scatter plots of target velocity. For the different standard
deviations, the mean values of the estimated initial state vectors and their variances are listed in Table 2.
The results show that, as the standard deviation of the measurement error increases, the distribution
of the initial state vector obtained from the proposed BO-TMA becomes wider. In particular, as the
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measurement error increases, the estimated positions of the target tend to spread wider along the
bearing line at k = 1, which is reasonable because the particles were spread along the bearing line at
k = 1. The mean value of the initial state vector estimated for the standard deviation of 0.2◦ (marked by
a yellow triangle in the figure) has the best agreement with the true initial target state vector (marked
by red circle), and as the standard deviation increases, the difference increases slightly. However, the
mean values for the three cases are still in good agreement with the true values.

Table 2. The means and variances of the estimated initial state vector [p̂xm(1), p̂ym(1), v̂xm(1), v̂ym(1) ]
for three values of standard deviation of measurement error.

Standard Deviation of
Measurement Noise, σm

Mean of Initial Target State
Vector, X̂s,

[m, m, m/s, m/s]

Variance of Initial Target State
Vector, σ̂s

2,
[m2, m2, m/s2, m/s2]

0.2◦ [18, 2524, −0.2, −2.8]
[
712, 1782, 0.52, 0.52

]
0.4◦ [5, 2607, −0.4, −2.9]

[
1052, 3402, 0.62, 0.72

]
0.6◦ [−6, 2693, −0.5, −2.8]

[
1382, 4732, 0.72, 0.92

]
 

(a) 

(b) 

Figure 8. Cont.
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(c) 

Figure 8. The distribution of initial states estimated using TMA for 1000 random runs for standard
deviations of zero mean Gaussian measurement errors of (a) 0.2, (b) 0.4, and (c) 0.6◦. The true initial
state vector of the target is [0 m, 2500 m, 0 m/s, −3 m/s]. The left column shows the initial target
position estimates, and the right shows target velocity estimates. The true initial state vector of the target
and the mean of estimated state vectors are indicated by red circles and yellow triangles, respectively.
The regions within one standard deviation of the mean are indicated by black ellipses.

To investigate the accuracy of the TMA results with increasing the number of scans k, the processes
were repeated with the scan numbers of 15, 30, and 60 which correspond to the sampling periods of 40,
20, and 10 s, respectively. The standard deviation of the conical angle measurements were assumed to
be 0.4◦. The estimation results of the initial target state vector with the three scan numbers are shown
in Figure 9, and the resulting mean values and variances are listed in Table 3. Figure 9 and Table 3
indicate that more frequent collection of conical angle measurements achieves more accurate TMA
results with increased expense of computational resources.

Table 3. The means and variances of the estimated initial state vector [p̂xm(1), p̂ym(1), v̂xm(1), v̂ym(1)]
for three different measurement numbers.

Number of
Measurements, k

Mean of Initial Target State
Vector, X̂s,

[m, m, m/s, m/s]

Variance of Initial Target State
Vector, σ̂s

2,
[m2, m2, m/s2, m/s2]

15 [−18, 2655, −0.2, −3.0]
[
1382, 5092, 0.62, 0.92

]
30 [5, 2607, −0.4, −2.9]

[
1052, 3402, 0.62, 0.72

]
60 [11, 2590, −0.4, −2.9]

[
822, 2362, 0.52, 0.62

]
As shown in Figure 7, the bearing errors due to elevation angle after the observer maneuver

are larger than 10◦. Conventional TMA methods produce large localization errors in environments
dominated by acoustic rays being strongly reflected or refracted up and down. However, the proposed
BO-TMA method using ray tracing shows good localization performance in such environments, which
implies that the proposed TMA method is a more effective tool for increasing solution accuracy in
real underwater applications, especially in waveguide environments where bottom bounce paths
are dominant.
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(a) 

(b) 

(c) 

Figure 9. The distribution of initial states estimated using TMA for 1000 random runs with standard
deviations of zero mean Gaussian measurement error of 0.4◦ with the measurement numbers of (a) 15,
(b) 30, and (c) 60.
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5. Summary and Conclusion

In this paper, a BO-TMA algorithm using a ray tracing method is proposed to accurately consider
the conical angles generated by bottom bounce paths. The 3-dimensional conical angle information
was converted to bearing lines in a 2-dimensional plane using a ray tracing method. Then, the PSO
algorithm was carried out based on the constructed bearing lines to find optimal target state vectors.

The BO-TMA method using ray tracing and the PSO algorithm proposed in this paper is
summarized below.

(1) Convert the conical angles of the bottom bounce path to a bearing line using the ray tracing
technique. Set the generation number n = 1.

(2) Initialize particles with the bearing line at k = 1. Uniform, randomly spread particles on the
bearing line and assign velocities randomly selected in the range 0 ≤ |v̂| ≤ 10 m/s.

(3) For each particle with a four-element state vector, calculate the objective function Jm using the
particle trajectories and the bearing lines corresponding to k = 1, · · · , K.

(4) Find the particle that produces the minimum value of Jm.
(5) Generate the next generation particle group by applying the PSO algorithm.
(6) Go to Step (3), and then iterate the process.
(7) Terminate the iteration when the state vectors of the particles reach the termination condition.
In this paper, a ray tracing technique was used to calculate the elevation angle. The conical

angle of the target was then calculated based on the estimated elevation angle. Characteristics of
the oceanic environment are known, allowing for accurate estimation of elevation angles. However,
since the oceanic environment fluctuates temporally and spatially, errors can arise from uncertainty
in environmental information. In addition, we assumed that target depth is the same as observer
depth. Uncertainty in target depth may also result in target distance errors. Therefore, further research
into various target-observer geometries and various ocean environments is required to generalize the
results shown in this paper.
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Abstract: The point detections obtained from radars or sonars in surveillance environments include
clutter measurements, as well as target measurements. Target tracking with these data requires data
association, which distinguishes the detections from targets and clutter. Various algorithms have been
proposed for clutter measurement density estimation to achieve accurate and robust target tracking
with the point detections. Among them, the spatial clutter measurement density estimator (SCMDE)
computes the sparsity of clutter measurement, which is the reciprocal of the clutter measurement
density. The SCMDE considers all adjacent measurements only as clutter, so the estimated clutter
measurement density is biased for multi-target tracking applications, which may result in degraded
target tracking performance. Through the study in this paper, a major source of tracking performance
degradation with the existing SCMDE for multi-target tracking is analyzed, and the use of the
clutter measurement probability is proposed as a remedy. It is also found that the expansion of the
volume of the hyper-sphere for each sparsity order reduces the bias of clutter measurement density
estimates. Based on the analysis, we propose a new adaptive clutter measurement density estimation
method called SCMDE for multi-target tracking (MTT-SCMDE). The proposed method is applied to
multi-target tracking, and the improvement of multi-target tracking performance is shown by a series
of Monte Carlo simulation runs and a real radar data test. The clutter measurement density estimation
performance and target tracking performance are also analyzed for various sparsity orders.

Keywords: data association; clutter measurement density; spatial clutter measurement density
estimator; multi-target tracking

1. Introduction

Signals with strength higher than the detection threshold of the sensor are used as measurements
for track initiation and track state update of target tracking. These measurements include not only the
target measurements, but also clutter measurements due to environmental factors. Since the source
of the measurements in the tracking system is not known in advance, target tracking performance
may be significantly degraded if measurements generated by clutter are used when the track state
is updated. It is essential to use a tracking algorithm based on data association that can statistically
distinguish target and clutter measurements in a cluttered environment [1–4].

Since the number of targets existing in the surveillance region and information on the appearance
and disappearance of the target cannot be known in advance, it is important to have a means for
determining whether the target is being tracked by a tracking algorithm. For target tracking with
track management, integrated probabilistic data association (IPDA) [5,6] and integrated track splitting
(ITS) [7–9] have been proposed as data association algorithms for single target tracking, which include
a track management method that utilizes the target existence probability of each track for controlling
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the track status and track number or track label. Linear multitarget-IPDA (LM-IPDA) [10], joint IPDA
(JIPDA) [11], and iterative JIPDA (iJIPDA) [12] have been proposed for multiple target tracking by
extending IPDA and ITS.

In the aforementioned data association algorithms, it is assumed that the number of clutter
measurements is Poisson distributed with a parameter called the clutter measurement density, and the
clutter measurements are assumed to be uniformly distributed in the surveillance space. The clutter
measurement density is defined as the mean number of clutter measurements per unit volume of the
surveillance space. The clutter measurement density is an important parameter used to calculate the
data association probability and the target existence probability in the data association algorithms.

If the clutter measurement density is fixed to a design value for target tracking in heterogeneous
clutter environments, the error in the clutter measurement density deteriorates not only the target
state estimation performance, but also the false track discrimination (FTD) performance because
prior information about the clutter measurement is unknown in actual target tracking environments.
For accurate and robust target tracking in these environments, it is required to estimate the clutter
measurement density adaptively. Clutter measurement density estimation methods are divided into
track based estimation methods and measurement based estimation methods. In addition, they are
divided into single scan estimation methods and multiple scan estimation methods depending on
whether the memory is used in the calculation.

The clutter map method [13,14] is a multi-scan estimation method that uses the measurements
from previous scans to calculate the clutter measurement density in the current scan. It divides
the surveillance region into a finite number of cells and then estimates the clutter measurement
density in each cell by statistically counting the number of existing measurements in the cell during
a pre-determined multiple scan period. The clutter map can reduce the influence of bias caused by
the target measurements, but estimation performance is sensitive to the parameters such as the cell
size and the length of multiple scan period. It is difficult to apply the clutter map when the number of
measurements and the spatial probability distribution are time varying.

In [15,16], the clutter measurement density estimation method based on the probability hypothesis
density (PHD) filter [17] was handled in conjunction with a target tracking algorithm based on data
association. It was designed as a feedback structure that used the intensity of clutter estimated through
PHD. However, since the clutter generator is assumed to be a Gaussian function with unknown mean
and unknown covariance, it is difficult to use in practical implementations due to heavy computational
loads. The work in [18] proposed an interactive clutter measurement density estimator (ICMDE)
based on a Gaussian mixture PHD (GM-PHD) filter [19] to estimate the clutter measurement density
adaptively in environments where the clutter measurement densities are nonuniform and time varying.
In [18], the Gaussian model for the clutter generator was assumed to have a known covariance for
reducing the computational loads required to calculate the updated state PHD. By dividing the entire
surveillance area, the clutter generator for each partition is represented as a component with the
Gaussian model. These processes are performed for multiple scans to generate a reliable clutter map of
the surveillance area. In [20], a method of forming a clutter map as proposed by using the histogram
probabilistic multi-hypothesis tracker (H-PMHT) based on expectation maximization for image target
tracking with each scene composed of millions of pixels. This method forms a clutter map through
many iterations until local convergence is guaranteed.

The track based and the measurement based clutter measurement density estimation methods
are classified as single scan estimation methods in which the clutter measurement density of the
previous scan does not affect the clutter measurement density of the current scan. The track based
clutter measurement density estimation method uses the validation gate of the track and the validated
measurements existing in this gate. There exist several methods such as the conditional mean estimator
based on the target perceivability [21] and the maximum likelihood estimator based on the assumption
of unknown, but non-random clutter measurement density [22]. The conditional mean estimator [22]
requires prior knowledge of clutter measurement density so that the maximum likelihood estimator
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may be used as an auxiliary estimator. For the track based clutter measurement density estimation
methods, different clutter measurement densities are produced for the same measurement shared by
the two tracks as the size of the validation gate of each track is different. This is a drawback of the
track based clutter measurement density estimators.

The spatial clutter measurement density estimator (SCMDE) [23] is a measurement based clutter
measurement density estimation method that calculates the sparsity as the reciprocal of the clutter
measurement density by evaluating the volume of the hyper-sphere centered at the measurement of
interest and counting the number of measurements inside the volume. The number of measurements
and the hyper-sphere volume are determined by the sparsity order. Unlike the track based clutter
measurement density estimation methods, it produces a unique sparsity for each measurement
regardless of the validation gate size of the track involved.

It was pointed out in [23] that the existing SCMDE generates the unbiased estimates of clutter
measurement density when the point of interest is the target detection for single target tracking
environments. It produces biased and bigger clutter measurement density estimates than the actual
ones when the point of interest is a clutter detection, which results in improved target tracking
performance as the data association probabilities become smaller for the clutter detection. However,
when the existing SCMDE is used for multi-target tracking environments, biased clutter measurement
density estimation is expected from the nature of SCMDE that all the adjacent measurements to the
point of interest are considered to be clutter detections. Through the study in this paper, a major
source of biased clutter measurement density estimation of the existing SCMDE for multi-target
tracking environments is analyzed, and remedies to reduce the biases are proposed. The new adaptive
SCMDE for multi-target tracking (MTT-SCMDE) utilizes the clutter measurement probability to take
into account only the clutter measurements for improved accuracy by reducing the biases in the
clutter measurement density estimation. Through the analysis, an expansion of the volume of the
hyper-sphere corresponding to each sparsity order from that of the existing SCMDE is proposed for
more accurate clutter measurement density estimation.

A method that takes into account clutter-originated measurements in the clutter measurement
density calculation was proposed in [24]. The performance of the SCMDE algorithm for multi-target
tracking was presented in [24]. In this paper, we elaborated the theoretical development by analyzing
the source of biases in the MTT-SCMDE algorithm for multi-target tracking, and refined its performance
by increasing the hyper-sphere volume for the measurement of interest. The improvement was
based on strict analysis presented in this paper. To verify the performance of the proposed clutter
measurement density estimation method, a series of simulation runs was executed in heterogeneous
clutter environments, and the results were analyzed by performance comparison to check how closely
the estimated clutter measurement densities followed the true clutter measurement densities for
multiple targets. In addition, the clutter measurement density estimation performance and the target
tracking performance were tested for various sparsity orders and various numbers of targets involved.
The proposed MTT-SCMDE was also applied to a set of real radar data for performance evaluation.

The remainder of this paper is organized as follows. The stochastic models in the target tracking
algorithm are described in Section 2. Section 3 derives the LM-IPDA algorithm for multi-target tracking
in a cluttered environment. The SCMDE method is briefly described in Section 4. Section 5 describes
the proposed clutter measurement density estimation method in detail. The clutter measurement
density estimation performance and multiple target tracking performance of the proposed method are
analyzed through a series of Monte Carlo simulation runs in various tracking environments, as well as
a set of real radar data in Section 6, followed by the Conclusions. Performance analysis of the existing
SCMDE used in multi-target tracking environments is presented in the Appendix A.

2. Models

The following assumptions are applied for using multi-target tracking algorithms in a
cluttered environment.
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• The sensor has infinite resolution; each measurement is generated only from one source; and its
the origin can be either a target or clutter.

• Each target generates at most one measurement at each scan according to the target detection
probability PD.

Superscript τ denotes a target, or the index of a track that follows the target. Target τ’s trajectory
state xτ

k is an nx × 1 state vector. In this paper, the dynamics of the targets from scan k to scan k + 1 are
assumed to follow a linear dynamic model in a two-dimensional (2D) plane, such as:

xτ
k+1 = Φkxτ

k + Γkwk, (1)

where xk is a 6 × 1 state vector consisting of the target position, velocity, and acceleration in a 2D plane,
Φk is the state propagation matrix, and Γk is the coefficient matrix of wk, which is a white Gaussian
process noise with zero-mean and covariance matrix diag(q, q). The last term of (1) is white Gaussian
with zero-mean and covariance matrix Qk = qΓk(Γk)


, and its distribution is denoted by N(0, Qk).
The state propagation matrix Φk and the coefficient matrix for the process noise Γk follow a nearly
constant velocity (NCV) model or constant turn rate (CTR) model [25].

For the NCV model, the state propagation matrix and the coefficient matrix for the process noise
in (1) become:

ΦNCV
k =

⎡⎢⎣ I2 TI2 O2

O2 I2 O2

O2 O2 O2

⎤⎥⎦ , (2)

ΓNCV
k =

⎡⎢⎣ T2

2 I2

TI2

O2

⎤⎥⎦ , (3)

where T is the sampling time of a discrete time interval, I2 is a 2 × 2 identity matrix, O2 is a 2 × 2
null matrix, and the variance of wk is set to be σ2

a I2 such that wk of the NCV model represents the
acceleration uncertainty; this implies QNCV

k = σ2
a ΓNCV

k (ΓNCV
k )
. For the NCV model, the acceleration

components of xk are set to be zero.
For the CTR model, the state propagation matrix and the coefficient matrix for the process noise

in (1) become:

ΦCTR
k =

⎡⎢⎢⎣
I2

sin(ΩkT)
Ωk

I2
1−cos(ΩkT)

Ω2
k

I2

O2 cos(ΩkT)I2
sin(ΩkT)

Ωk
I2

O2 −Ωk sin(ΩkT)I2 cos(ΩkT)I2

⎤⎥⎥⎦ , (4)

ΓCTR
k =

⎡⎢⎢⎢⎣
ΩkT−sin(ΩkT)

Ω3
k

I2

1−cos(ΩkT)
Ω2

k
I2

sin(ΩkT)
Ωk

I2

⎤⎥⎥⎥⎦ . (5)

wk of the CTR model represents the uncertainty in target jerk, and its variance is σ2
j I2; this implies

QCTR
k = σ2

j ΓCTR
k (ΓCTR

k )
. The turn rate Ωk is adaptively estimated using the target acceleration and
velocity estimates while tracking.

Target measurement model zk is an nz × 1 vector, and it is expressed as:

zk = Hxk + vk, (6)
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where H is the measurement matrix denoted by:

H =
[
I2 O2 O2

]
. (7)

In (6), vk is a white Gaussian measurement noise of the sensor with zero-mean and covariance
matrix Rk.

The sensor obtains a set of measurements Zk at each scan k. zk,i is the ith measurement of Zk, and
the measurement vector of zk,i can be expressed by:

zk,i =
[
zx

k,i zy
k,i

]

, (8)

where zx
k,i and zy

k,i represent the x and y positions in the 2D Cartesian coordinate system, respectively.

3. LM-IPDA Algorithm for Multi-Target Tracking

In a cluttered environment, multi-target tracking algorithms with data association such as global
nearest neighbor (GNN) [26,27] and joint probabilistic data association (JPDA) [28–30] have been
widely used. However, these algorithms in general do not include an FTD procedure that can
distinguish the true tracks generated by the target measurements from the false tracks generated
by the clutter measurements. JIPDA and LM-IPDA are multi-target tracking algorithms with FTD
functions for autonomous track management. JIPDA has optimal target tracking performance for
single scan data association since it probabilistically takes into account all possible events between
measurements and tracks in the cluster for each scan. However, it has heavy computational loads
as the number of feasible joint events to be considered increases combinatorially depending on the
number of measurements and the number of tracks. In this paper, LM-IPDA instead of JIPDA is used
for multi-target tracking as the computation time increases linearly commensurate with the number
of targets. In LM-IPDA, the state of track τ is represented as a hybrid state that consists of the target
existence event (discrete event) and the trajectory state (continuous variable) such as:

p[xτ
k−1, χτ

k−1|Zk−1] = P
{

χτ
k−1|Zk−1

}
p(xτ

k−1|χτ
k−1, Zk−1), (9)

where χτ
k−1 represents the existence event of target τ at scan k − 1, and the probability density function

of the target state at scan k satisfies:

p(xτ
k−1|χτ

k−1, Zk−1) = N(xτ
k−1; x̂τ

k−1|k−1, Pτ
k−1|k−1). (10)

The track recursion is composed of the following steps:

• prediction of track state and existence probability,
• selection of validated measurements,
• calculation of modulated clutter measurement density,
• update of track state and existence probability.

3.1. Prediction of Track State and Existence Probability

The existence event of a target in the surveillance region at scan k is denoted by χτ
k as a random

event, and χ̄τ
k is the complement of χτ

k . The existence of a target propagates by the Markov chain one
model [5,6]:

P
{

χτ
k−1|Zk

}
= p11P

{
χτ

k−1|Zk−1
}

, (11)

where p11 is the transition probability of target existence.
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The trajectory state of each track τ is propagated using the prediction step of the Kalman filter:

x̂τ
k|k−1 = Φk x̂τ

k−1|k−1 (12)

Pτ
k|k−1 = ΦkP̂τ

k−1|k−1(Φk)

 + Qk. (13)

3.2. Selection of Validated Measurements

Since it is computationally inefficient to use all measurements in the entire surveillance region,
the validation gate [2,3] is generated around the track predicted position, and the track is updated
using only the measurements that exist inside the gate. If the measurement zk,i satisfies the following
equation for track τ, zk,i is regarded as a validated measurement. Otherwise, it is not used for updating
the states of track τ.

(zk,i − Hx̂τ
k|k−1)


(Sτ
k|k−1)

−1(zk,i − Hx̂τ
k|k−1) < τG, (14)

with:

Sτ
k|k−1 = HPτ

k|k−1H
 + Rk, (15)

where
√

τG is the size of the validation gate. The set of validated measurements selected by track τ

and the number of validated measurements are denoted by Zτ
k and mτ

k , respectively.

3.3. Calculation of Modulated Clutter Measurement Density

The calculating process of the modulated clutter measurement density is a crucial part of the LM
approach, which can significantly reduce the amount of computation of JIPDA, which evaluates the
probabilities of all the feasible joint events that can occur in multiple target tracking for each scan.

The modulated clutter measurement density of measurement zk,i can be obtained by adding the
influence of other tracks to zk,i by utilizing the probability that measurement zk,i is generated from
other targets to the pure clutter measurement density ρk,i at the position of measurement zk,i. Let ρ̃τ

k,i
denote the modulated clutter measurement density, then:

ρ̃τ
k,i = ρk,i + ∑

σ∈Tk
σ �=τ

Pσ
k,i

1 − Pσ
k,i

pσ
k,i, (16)

where Pσ
k,i is a measure of the influence of track σ on zk,i, and it is represented by the prior probability

that zk,i is generated from target σ such as:

Pσ
k,i = PDPGP

{
χτ

k |Zk−1
} pσ

k,i

ρk,i
/

mσ
k

∑
l=1

pσ
k,l

ρk,l
, (17)

where pσ
k,i is a likelihood function of measurement zk,i with respect to track σ such that:

pσ
k,i =

1
PG

N(zk,i; Hx̂σ
k|k−1, Sσ

k|k−1), (18)

where PG is the gate probability [2].
The modulated clutter measurement density of measurement ρ̃k,i is used for calculating the data

association probabilities in the update step of track trajectory state, as well as the update step of the
target existence probability.
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3.4. Update of Track State and Existence Probability

Using the validated measurements selected by track τ, the posterior trajectory state of track τ and
the posterior target existence probability are calculated.

Let βτ
k,i denote the data association probability that is conditioned on the target existence event

χτ
k . The data association probability βτ

k,i is expressed for the event χτ
k,i, which indicates that the ith

validated measurement of track τ is a target measurement, and the event χτ
k,0, which indicates that all

the validated measurements of track τ are regarded as clutter measurements.

βτ
k,i = P

{
χτ

k,i|χτ
k , Zk
}
=

PDPG
Λτ

k

pτ
k,i

ρ̃τ
k,i

, (19)

βτ
k,0 = P

{
χτ

k,0|χτ
k , Zk
}
=

1 − PDPG
Λτ

k
, (20)

where Λτ
k is the measurement likelihood ratio of track τ such that:

Λτ
k = 1 − PDPG + PDPG

mτ
k

∑
i=1

pτ
k,i

ρ̃τ
k,i

. (21)

The posterior trajectory state of track τ is calculated by the total probability theorem [31] such as:

p(xτ
k |χτ

k , Zk) =
mτ

k

∑
i=0

p(xτ
k |χτ

k , χτ
k,i, Zk)P

{
χτ

k,i|χτ
k , Zk
}

, (22)

where p(xτ
k |χτ

k , χτ
k,i, Zk) is a single Gaussian distribution as a posterior probability density function for

the target trajectory state conditioned on the facts that target τ exists and zk,i is the target measurement.

p(xτ
k |χτ

k , χτ
k,i, Zk) = N(xτ

k ; x̂τ
k|k,i, Pτ

k|k,i), (23)

where the conditional mean x̂τ
k|k,i and covariance Pτ

k|k,i satisfy:

x̂τ
k|k,i =

⎧⎨⎩x̂τ
k|k−1 + Kτ

k|k−1(zk,i − Hx̂τ
k|k−1) i > 0

x̂τ
k|k−1 i = 0

(24)

Pτ
k|k,i =

⎧⎨⎩(I6 − Kτ
k|k−1H)Pτ

k|k−1 i > 0

Pτ
k|k−1 i = 0.

(25)

where In denote an n × n identity matrix, and the Kalman gain Kτ
k|k−1 is expressed by:

Kτ
k|k−1 = Pτ

k|k−1H
(Sτ
k|k−1)

−1. (26)

Using the data association probabilities for the validated measurements, the updated track state
estimates are obtained in the form of a Gaussian mixture such as:

x̂τ
k|k =

mτ
k

∑
i=0

βτ
k,i x̂

τ
k|k,i (27)
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Pτ
k|k =

mτ
k

∑
i=0

βτ
k,i

(
Pτ

k|k,i + x̂τ
k|k,i(x̂

τ
k|k,i)



)
− x̂τ

k|k(x̂
τ
k|k)


. (28)

The posterior target existence probability is used as a track score for track management including
confirmation and termination. It is obtained by using the prior target existence probability and the
measurement likelihood ratio such as [10]:

P
{

χτ
k |Zk
}
=

P
{

χτ
k |Zk−1

}
Λτ

k

1 − (1 − Λτ
k )P
{

χτ
k |Zk−1

} . (29)

4. The Existing Spatial Clutter Measurement Density Estimator for Single Target Tracking

The clutter measurement density is an important parameter to calculate the data association
probability and the posterior target existence probability for track maintenance. In particular, when
the LM approach is used in a situation where multiple targets are located in the vicinity, the merging
and switching phenomena of the tracks are reduced by utilizing the modulated clutter density with
moderate computational loads [10]. Therefore, it is crucial to estimate the clutter measurement
density properly.

The clutter measurement density is defined as the average number of measurements that exist
within a unit volume. For calculating the sparsity of zk,i, the measurements are aligned in the ascending
order of distance from zk,i. If Yi

k denotes the set of the aligned measurements such as:

Yi
k =
⋃
l=1

z
(l)
k,i , (30)

where z
(l)
k,i is the lth nearest measurement from zk,i. Let r(n)k,i denote the distance from zk,i to the nth

nearest measurement, z
(n)
k,i in Yi

k. Then, r(n)k,i becomes:

r(n)k,i =
∥∥∥z(n)k,i − zk,i

∥∥∥ . (31)

The SCMDE estimates the sparsity of the measurements, which is the reciprocal of the clutter
measurement density. The sparsity of zk,i is obtained from:

γ̂
(n)
k,i =

1

ρ
(n)
k,i

=
V
(

r(n)k,i

)
n

, (32)

where n and V
(

r(n)k,i

)
denote the sparsity order and the volume of the hyper-sphere with radius r(n)k,i

for zk,i, respectively. V
(

r(n)k,i

)
is expressed by:

V
(

r(n)k,i

)
= Cnz

(
r(n)k,i

)nz
, (33)

where nz represents the dimension of the measurement space and Cn1 = 2, Cn2 = π, and Cn3 = 4π
3 .

Figure 1 schematically illustrates the hyper-spheres with various sparsity orders for zk,i in a 2D
measurement space.
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Figure 1. Hyper-spheres for the existing spatial clutter measurement density estimator (SCMDE) in a
2D space.

In the process of deriving the sparsity, track information is not used. A measurement shared by
two or more tracks has a unique clutter measurement density regardless of the track states.

5. SCMDE for Multi-Target Tracking Environments

5.1. Drawbacks of the Existing SCMDE for Multi-Target Tracking

It was introduced in [23] that the SCMDE for single target tracking environments yields an
accurate clutter measurement density when the point of interest is the target detection. When the point
of interest is a clutter detection, the SCMDE generates a biased and smaller sparsity than the actual
value, which implies a bigger clutter measurement density. This phenomenon gives benefits to single
target tracking as the bigger clutter measurement density decreases the data association probability
for the clutter detection in the probabilistic data association (PDA) algorithm. It was also introduced
in [23] that these benefits are reduced as the sparsity order increases. Therefore, the existing SCMDE
improves target tracking performance for single target tracking.

In this subsection, the performance of the existing SCMDE is analyzed for multi-target tracking in
homogeneous clutter environments. The detailed derivations are given in Appendix A of this paper.
When the point of interest is a target detection for a two-target case, the average value of the sparsity
estimate for the point of interest zk,i becomes:

E
{

γ̂
(n)
k,i

}
=

⎧⎪⎨⎪⎩
1
ρ (1 − 1−e−ρV(1)

ρV(1) ), n = 1

1
ρ (1 − 1−e−ρV(2)

ρV(2) + e−ρV(2)

2 ), n = 2
(34)

where n is the sparsity order, ρ is the clutter measurement density of the homogeneous clutter
environment, and V(n) is the volume of the hyper-sphere used for the sparsity estimation. If (34) is
compared to the true sparsity, 1

ρ , which can be obtained from the existing SCMDE for single target
tracking as shown in (35) of [23], the sparsity estimates are smaller than the true ones and biased.
The bias becomes reduced as n increases and V(n) becomes bigger. In contrast to single target tracking
environments, the SCMDE generates bigger clutter measurement density estimates when the point
of interest is a target detection, which results in a reduced data association probability for the target
detection and deteriorated target tracking performance for multi-target tracking environments.
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When the point of interest is a clutter detection for two-target cases, the average value of the
sparsity estimates for the point of interest, zk,i, becomes:

E
{

γ̂
(n)
k,i

}
=

⎧⎨⎩
1
ρ − 1

ρ2V(1) (1 − e−ρV(1)
), n = 1

1
ρ − 1

2ρ2V(2) (1 − e−ρV(2)
), n = 2

(35)

The average sparsity estimates in (35) are smaller than the actual 1
ρ , and this fact results in bigger

clutter measurement density estimates. The average sparsity estimate for n = 1 in (35) is the same as
n = 1 for single target tracking environments specified in (23) of [23]. When n = 2, the average sparsity
estimate becomes bigger than n = 1, and this indicates that the clutter measurement density estimates
become less biased for n = 2. This indicates that more accurate clutter measurement density estimation
is possible with the PDA algorithm as n increases. From the above analysis, the existing SCMDE has
two incompatible aspects in tracking performance for multi-target tracking environments. One aspect
is that tracking performance becomes deteriorated as it generates smaller data association probabilities
than the actual ones for true target detections. Another aspect is that tracking performance is improved
as it generates smaller data association probabilities than the actual one for clutter measurements.
These incompatible aspects are due to the biased and reduced sparsity estimates described in (34)
and (35).

In order to improve tracking performance for multi-target tracking environments, it is more
important to have the improved data association results with less biased clutter measurement density
estimates. This can be done by evaluating the clutter measurement probability of each validated
measurement for counting only the number of clutter measurements (excluding the number of
target measurements), inside the volume of the hyper-sphere V(r(n)k,i ) specified in (33). The clutter
measurement probability is the probability that the measurement is a clutter detection not from a
target. If the clutter measurement probability is used for the sparsity estimates, enhanced tracking
is expected due to less biased clutter measurement density estimates. This has a more significant
effect in performance improvement when the point of interest is a target detection rather than a clutter
detection. From the analysis in this section, the magnitude of bias of the sparsity estimate of (34) and
(35) becomes smaller as n increases and the volume of the hyper-sphere V(n) increases. In the next
subsection, the adaptive SCMDE algorithm for multi-target tracking (MTT-SCMDE) is proposed to
take into account the clutter measurement probability and increased hyper-sphere volume for each
sparsity order n to achieve enhanced tracking performances.

5.2. MTT-SCMDE

To estimate the clutter measurement density accurately for these multi-target tracking
environments, we propose a method to calculate the probability that adjacent measurements are
generated from clutter and use this probability to estimate the clutter measurement density.

To derive the clutter measurement probability, two events are defined.

1. χ0
k,j: an event that the measurement zk,j is not a target measurement for any of the tracks at scan k.

2. χτ
k,j: an event that the measurement zk,j is a target measurement originated from the target τ at

scan k

Let Tk denote the set of the cluster targets at scan k, and Hk represent the event that Tk exists at
scan k such as:

Hk =
⋃

σ∈Tk

χσ
k . (36)
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The probability that zk,j is generated from clutter under Hk, the mutual exclusiveness of zk,j
sources, becomes:

P(χ0
k,j|Zk−1, Hk) = αk ∏

σ∈Tk

(
1 − Pσ

k,j

)
, (37)

where Pσ
k,j is the prior probability that zk,j is generated from target σ introduced in (17) and where αk is

a normalization constant.
The probability that zk,j is generated from target τ ∈ Tk becomes:

P(χτ
k,j|Zk−1, Hk) = αkPτ

k,j ∏
η∈Tk
η �=τ

(
1 − Pη

k,j

)
(38)

= αk
Pτ

k,j

1 − Pτ
k,j

∏
η∈Tk

(
1 − Pη

k,j

)
. (39)

From (37) and (39), αk can be obtained from the mutual exclusiveness of zk,j sources such as:

P(χ0
k,j|Zk−1, Hk) + ∑

τ∈Tk

P(χτ
k,j|Zk−1, Hk) = 1. (40)

Then, αk is obtained as:

αk =
1

∏σ∈Tk

(
1 − Pσ

k,j

)(
1 + ∑η∈Tk

Pη
k,j

1−Pη
k,j

) . (41)

Therefore, the clutter measurement probability P(χ0
k,j|Zk−1, Hk) in (37) can be expressed as:

P(χ0
k,j|Zk−1, Hk) =

1

1 + ∑η∈Tk

(
Pη

k,j

1−Pη
k,j

) . (42)

The proposed MTT-SCMDE utilizes the clutter measurement probabilities of the element of Yi
k

defined in (30). Let C(l)
k,i be the clutter measurement probability of z

(l)
k,i , the lth nearest measurement

from zk,i. If the cumulative sum C(l)
k,i from l = 1 is bigger than the predetermined sparsity order n,

which is the expected number of clutter measurements, the summation is stopped for the sparsity
calculation. If:

m−1

∑
l=1

C(l)
k,i < n ≤

m

∑
l=1

C(l)
k,i , (43)

then the radius r(n)k,i for the hyper-sphere volume calculation becomes:

r(n)k,i =
∥∥∥z(m+1)

k,i − zk,i

∥∥∥ , (44)

where z
(m+1)
k,i ∈ Yi

k.

In this paper, z
(n+1)
k,i is used to calculate r(n)k,i instead of z

(n)
k,i used in [23] for single target

tracking to produce less biased estimates of the clutter measurement density for multi-target
tracking environments.
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The estimated sparsity of order n becomes:

γ̂
(n)
k,i =

V
(

r(n)k,i

)
∑m

l=1 C(l)
k,i

, (45)

where V
(

r(n)k,i

)
is the volume of the hyper-sphere with radius r(n)k,i defined in (44).

When estimating the sparsity, the existing SCMDE utilizes the number of measurements in the
hyper-sphere, while the proposed MTT-clutter measurement density estimation method utilizes the
mean number of clutter measurements with the clutter measurement probability to reduce biases in
the clutter measurement density estimates in multi-target tracking applications.

Figure 2 shows an expansion of the volume of the hyper-sphere of the MTT-SCMDE if it is used for
data association in single target environments. Compared to Figure 1, the volume of the hyper-sphere
for each sparsity order is increased.

Figure 2. Hyper-spheres for the multi-target tracking (MTT)-SCMDE used for single target tracking in
a 2D space.

6. Performance Tests

6.1. Simulation Experiments

The performance test was done to compare the results with respect to FTD performance and the
accuracy of estimated clutter measurement density for the cases, which utilized:

• True clutter measurement density (true CMD),
• SCMDE with various sparsity orders,
• MTT-SCMDE with various sparsity orders.

The sets of simulation experiments are presented for multi-target tracking in a heterogeneous
environment with varying the number of targets.

The sampling time of sensor T was 1 s, and the measurement noise covariance was Rk = 25I2m2.
The target detection probability PD and the gate probability PG were 0.8 and 0.99, respectively. One
simulation run consisted of 50 scans, and the total number of Monte Carlo simulation runs was 500.
To initialize the track, the two point differencing method [14] was employed if the calculated velocity
obtained from two consecutive scans was smaller than the predetermined maximum velocity constraint
Vmax = 25 m/s.

In these simulations, the following four evaluation indices were calculated:
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• confirmed true track rate (CTTR) [1],
• position root mean squared error (RMSE),
• track retention test statistics [10],
• clutter measurement density estimation performance.

The confirmed track was defined as one whose posterior target existence probability calculated
by (29) was bigger than a predetermined confirmed threshold. Among confirmed tracks, the tracks
satisfying the following equation were classified as the confirmed true tracks for tracking performance
evaluation purposes:

(xk − x̂τ
k|k)


(Pτ
0|0)

−1(xk − x̂τ
k|k) < γtrue, (46)

where xk and Pτ
0|0 are the state vector of the true target and the initial error covariance matrix of the

confirmed track τ, respectively. Conversely, each confirmed track met the following test, and it became
a confirmed false track.

(xk − x̂τ
k|k)


(Pτ
0|0)

−1(xk − x̂τ
k|k) > γ f alse, (47)

The confirmed true track rate (CTTR) is an evaluation index showing the statistical ratio of
confirmed true tracks over time. The position root mean squared error is the distance error between the
confirmed true track and the true target, and it was obtained only for the confirmed true tracks over
time. The track retention test statistic is an evaluation index of the multi-target tracking algorithms and
accumulates statistics on how much the confirmed true tracks are retained or lost between retention test
start time (RST) and retention test end time (RET). In these simulations, RST and RET were designated
to be 15 and 35, respectively. The retention test was to check the following items, and they were used
to indicate the statistical ratio representing the robustness of each algorithm for the period in which
the targets were located in the immediate vicinity:

• nCase: the total number of CTTs at RST,
• nOk: the percentage of nCase CTTs that still followed the original target at RET,
• nSwitch: the percentage of nCase CTTs that did not follow the original target at RET,
• nMerge: the percentage of merging two or more nCase CTTs during the retention test,
• nLost: the percentage of nCase CTTs that were terminated during the retention test.

The clutter measurement density estimation performance is an evaluation index of how closely
the estimated clutter measurement density follows the true clutter measurement density using the
clutter measurement density estimation method. The performance of the proposed algorithm was
tested in comparison with the existing SCMDE algorithm for multi-target tracking by varying the
number of targets in a heterogeneous clutter environment. Simulations were performed for 3, 5, and
7 targets in three scenarios, and the performance of clutter measurement density estimation was
analyzed as the number of targets increased. In addition, the effectiveness and the robustness of the
tracking performance were verified through a test with real radar data.

6.1.1. The Number of Targets: 3

The simulation considered the 2D surveillance region depicted in Figure 3. The targets
maneuvered slightly to form curved trajectories within the surveillance region. To track
maneuvering targets, the LM-IPDA-interacting multiple model (LM-IPDA-IMM) [32] was employed.
The LM-IPDA-IMM algorithm used in this study utilized the NCV model and the CTR model
introduced in Section 2. The targets were located apart at the beginning of the scenario, then they were
located in the immediate vicinity at Scan 25, and then moved away from each other.
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Figure 3. Simulation scenario with three targets.

The base clutter measurement density was 1 × 10−4 scans/m2, and it increased to
3 × 10−4 scans/m2 in the high clutter measurement density region; clutter measurements were
spatially distributed with a uniform distribution inside each cluttered region for every scan. In Figure 3,
the squares represent the measurements of each target. The gray symbols represent the clutter
measurements generated during a single simulation run.

Figure 4 represents the CTTR for three targets in 500 Monte Carlo runs, and the position RMSE for
Target 1 and the estimated clutter measurement density for Target 1 over time are listed in Figures 5
and 6, respectively. For fair comparisons, the number of confirmed false tracks of each case was made to
be almost 40 for all 500 Monte Carlo simulation runs by adjusting the initial target existence probability
while the confirmation threshold was equal for all the algorithms in comparison. Using the true clutter
measurement density showed that the CTTR had the fastest build-up. Even if the same sparsity order
was applied, the proposed clutter measurement density estimation method provided better tracking
results than the SCMDE. The closer to the true clutter measurement density the estimated clutter
measurement density was, the better the performance was. At around Scan 25, when the targets were
located in the immediate vicinity, the SCMDE estimated the clutter measurement density of the target
measurement, which appeared to be bigger than the actual. This resulted in a slow build-up of the
CTTR. By comparing the CTTR results for the sparsity order of n = 1 and n = 5 for the same clutter
measurement density estimation methods, one could find that higher sparsity order resulted in better
tracking performance because the higher the sparsity order was, the more accurate the estimated
clutter measurement density was, as shown in Figure 6. The position RMSEs shown in Figure 5 were
calculated for only the confirmed true tracks, which satisfied (46) such that the RMSEs looked similar
in the order of magnitudes for all the algorithms in comparison as the confirmed true tracks passed
the condition of (46). However, the number of samples involved in the RMSE calculation was quite
different for each algorithms, as shown by the CTTR of Figure 4, which implied high reliability in
RMSE for the algorithms with high CTTR and low reliability in RMSE for the algorithms with low
CTTR. Figure 7 shows the true states and the estimated states of Target 1 over time for the position,
velocity, and acceleration elements of each coordinate axis. Only the averaged state estimates of
the confirmed tracks are shown in Figure 7. The existing SCMDE with the sparsity order of n = 1
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showed the worst estimation performance among the algorithms in comparison. The target tracking
algorithm using the proposed MTT-SCMDE with the sparsity order of n = 5 showed similar estimation
performance to the one using the true clutter measurement density, and its state estimates were close
to the true target states. This implied that the proposed MTT-SCMDE produced more reliable and
accurate estimates for multi-target tracking than the existing SCMDE.

Figure 4. Confirmed true track rate. CMD, clutter measurement density.

Figure 5. Position RMSE.
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Figure 6. True clutter measurement density and estimated clutter measurement density.

(a) x-axis position (b) y-axis position

(c) x-axis velocity (d) y-axis velocity

Figure 7. Cont.
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(e) x-axis acceleration (f) y-axis acceleration

Figure 7. The true states and the estimated states of Target 1 over time.

Although the clutter measurement density was estimated close to the actual for the proposed
method with sparsity order of n = 5, the tracking performance was slightly worse than using the
true clutter measurement density. It produced the best tracking performance among the methods in
comparison. Therefore, the proposed method with a high sparsity order was a viable solution for
this environment.

Table 1 shows the statistics of the track retention test. The proposed clutter measurement density
estimation method had a higher track maintenance performance in terms of true track confirmation
and track losses including switch and merge than the SCMDE method with the same sparsity order.

Table 1. Track retention statistics for Monte Carlo simulation.

True CMD
SCMDE SCMDE MTT-SCMDE MTT-SCMDE

with n = 1 with n = 5 with n = 1 with n = 5

nCase 1199 446 1053 673 1056
nOk (%) 95.91 93.05 95.35 94.11 95.45

nSwitch (%) 1.08 2.91 1.33 2.03 1.42
nMerge (%) 0.59 0.67 0.85 1.10 0.76
nLost (%) 2.42 3.37 2.47 2.76 2.37

6.1.2. The Number of Targets: 5

In this scenario, we analyzed the clutter measurement density estimation performance by
increasing the number of targets to five, as shown in Figure 8. The parameters except the number of
targets were the same as in the previous scenario. The number of confirmed false tracks was made
almost equal as in the previous scenario by adjusting the initial target existence probability.

Figures 9–11 represent CTTR, position RMSE for Target 1, and the estimated clutter measurement
density for Target 1 over time for the scenario, respectively. All the algorithms had the same trend
in estimation performance as in the previous scenario. The proposed clutter measurement density
estimation method with the sparsity order of n = 5 showed the best tracking performance among the
methods in comparison because it estimated the clutter measurement density similar to the true clutter
measurement density even if the number of closely located targets increased. As shown in Table 2,
nCase and nOk for the MTT-SCMDE with n = 5 represented the best tracking performance among the
adaptive estimation methods in comparison.
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Figure 8. Simulation scenario with five targets.

Figure 9. Confirmed true track rate.
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Figure 10. Position RMSE.

Figure 11. True clutter measurement density and estimated clutter measurement density.

Table 2. Track retention statistics for Monte Carlo simulation.

True CMD
SCMDE SCMDE MTT-SCMDE MTT-SCMDE

with n = 1 with n = 5 with n = 1 with n = 5

nCase 1581 485 1324 825 1354
nOk (%) 87.86 74.64 86.25 81.94 87.59

nSwitch (%) 5.76 13.20 6.42 7.52 6.28
nMerge (%) 4.87 8.45 5.66 6.91 4.36
nLost (%) 1.51 3.71 1.67 3.63 1.77

6.1.3. The Number of Targets: 7

The measurement histories of the seven closely located targets are shown in Figure 12. In this
scenario, considering that the number of targets was seven, the simulation was performed by extending
the sparsity order to 7 in addition to the 1 and 5 used in the previous scenarios. As in the previous
scenarios, multiple targets were gathered in the high density clutter region.
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Figure 12. Simulation scenario with seven targets.

Figure 13 shows the CTTR over time. As shown in Figure 14, the estimation errors of with the
sparsity order n = 7 were similar to the result using the true clutter measurement density. As the
number of targets increased, increasing the sparsity order implied that better tracking results could be
obtained, and the proposed MTT-SCMDE had better tracking performance compared to the existing
SCMDE with the same sparsity order. Figure 15 represents the estimated clutter measurement density
over time and shows that even with a large number of closely located targets, the proposed method
had the best performance of estimating the clutter measurement density. In Table 3, the MTT-SCMDE
with n = 7 showed more than 80% track retention performance, similar to the case with true clutter
measurement density. It showed the best tracking performance among the adaptive estimation
algorithms in comparison.

Figure 13. Confirmed true track rate.
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Figure 14. Position RMSE.

Figure 15. True clutter measurement density and estimated clutter measurement density.

Table 3. Track retention statistics for Monte Carlo simulation.

True CMD
SCMDE SCMDE SCMDE MTT-SCMDE MTT-SCMDE MTT-SCMDE

with n = 1 with n = 5 with n = 7 with n = 1 with n = 5 with n = 7

nCase 2291 398 1876 1881 457 1894 1900
nOk (%) 83.72 64.57 79.26 80.33 67.83 81.73 82.32

nSwitch (%) 8.07 18.59 10.13 10.10 19.26 10.09 9.74
nMerge (%) 7.03 13.82 9.22 7.55 8.97 6.02 5.84
nLost (%) 1.18 3.02 1.39 2.02 3.94 2.16 2.10

6.2. Test with Real Radar Data

In this section, a set of measurements obtained from a surveillance radar system is utilized for
performance analysis of the proposed algorithm. The main focus of the analysis was to verify the
robustness of the algorithm for tracking in clutter without track loss and switching, especially in the
region where the multiple targets were located in the vicinity. For this data gathering experiment,
there were no other reference sensors to measure the exact locations of the target. Therefore, it was not
possible to analyze the accuracy of the target tracking, so we focused on the maintenance performance
for the confirmed tracks and the discrimination performance for the false tracks caused by clutter.

The radar acquired measurements every one second. The 2D radar measurements consisted of
distance and azimuth information. The measurements of the distance and azimuth information were
converted to the x, y positions in the Cartesian coordinate system for the tracking algorithms. LM-IPDA
with the NCV model in Section 2 was used for tracking in this performance test, and the results of
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target tracking were compared for three cases, which employed a fixed value (1 × 10−7 scan/m2) for
the clutter measurement density, adaptive clutter measurement density estimation with the existing
SCMDE, and the proposed MTT-SCMDE.

The initial target existence probability of the track was set to be 0.1. When the target existence
probability of track was smaller than 1

10 of the initial value, the track would be terminated, and if the
target existence probability was bigger than 0.95, it was classified as a confirmed track.

Figure 16 contains the measurement dataset for the entire period of 92 s. As shown in Figure 16,
the radar detection range was 90 km, and the radar measurements were used from −90◦ to 0◦ from the
north. The gray symbols represent the measurements obtained from the radar.

Figure 16. Real radar measurements within the surveillance region.

Figures 17–19 show the trajectories of the confirmed tracks estimated by the LM-IPDA algorithm
with the NCV model, which utilized fixed clutter measurement density, the SCMDE, and the
MTT-SCMDE, respectively. The sparsity order n = 5 was used for the SCMDE and the MTT-SCMDE.
The main difference in the tracking results of the three cases was shown for the two targets in a
formation flight in the high clutter measurement density region, which was specified by a green
circle of each figure. In the case of using the fixed clutter measurement density, no confirmed track
was generated for the left of the two targets in a formation flight. When the SCDME was used, the
tracks for both targets were confirmed in the beginning, but one of the confirmed tracks was lost as
the distance between the two targets became smaller. As the SCMDE did not distinguish the nature
of adjacent measurements when estimating the clutter measurement density, a bias in the clutter
measurement density estimates was included for the closely located targets, and this bias decreased the
data association probability of the true target measurement. This resulted in the loss of the confirmed
track. However, in the case of the proposed MTT-SCMDE, it can be seen from Figure 19 that the
tracks for both targets were confirmed without loss of tracks. This demonstrated the robustness of the
proposed MTT-SCMDE algorithm in practical applications.
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Figure 17. The trajectories of the confirmed tracks by using the fixed clutter measurement density.

Figure 18. The trajectories of the confirmed tracks by using the SCMDE.
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Figure 19. The trajectories of the confirmed tracks by using the proposed MTT-SCMDE.

7. Conclusions

The clutter measurement density is a parameter required to calculate the data association
probability of the measurement and target existence probability of a track and has a large impact on
target tracking performance even with small changes. This paper presented the SCMDE with clutter
measurement probability to estimate the clutter measurement density adaptively for non-parametric
multi-target tracking in environments where there is no prior information about clutter distribution.
The algorithm was developed by analyzing the causes of estimation performance deterioration of
the existing SCMDE. The proposed clutter measurement density estimation method calculated the
sparsity of the measurements by probabilistically classifying adjacent measurements as a target
measurement or as a clutter measurement. We demonstrated the effectiveness of the proposed clutter
measurement density estimation method, which was designed to achieve more accurate and robust
clutter measurement density estimation by showing the performance improvement for multi-target
tracking through simulation studies in various environments and a test with real radar data.
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Appendix A. Performance Analysis of the Existing SCMDE Used in Multi-Target
Tracking Environments

In this analysis, clutter is distributed with a Gamma probability density function (pdf) with the
number of clutter measurements, n, inside the hyper-sphere volume of Vn as [23],

p(Vn) =
ρ

(n − 1)!
(ρVn)

n−1e−ρVn , (A1)
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where ρ is the clutter measurement density. In this case, the number of clutter measurements is Poisson
distributed inside the volume of a hyper-sphere, V, such as:

P(m) =
(ρV)m

m!
e−ρV . (A2)

When the point of interest zk,i is a target detection, the sparsity estimate that the existing SCMDE
generates is described in (30) of Section 4.

For the target cardinality |T| = 2 case under the assumption that the position of another target is
known, the conditional pdf of the sparsity estimates for n = 1 becomes:

p
(

γ̂
(1)
k,i |D

)
= e−ρDδ

(
γ̂
(1)
k,i − D

)
+ ρe−ργ̂

(1)
k,i h
(

γ̂
(1)
k,i − D

)
, (A3)

where D = V (rD) in (31) with rD is the distance to the position of another target detection from the
point of interest for |T| = 2. In (A3), δ is the delta function, and h is the Heaviside unit step function.
For n = 2, the sparsity estimate of the existing SCMDE satisfies the following conditional pdf.

p
(

γ̂
(2)
k,i |D

)
= ρDe−ρDδ

(
γ̂
(2)
k,i − D

2

)
+ 2ρe−2ργ̂

(2)
k,i h
(

γ̂
(2)
k,i − D

2

)
+4ρ2γ̂

(2)
k,i e−2ργ̂

(2)
k,i

(
h
(

γ̂
(2)
k,i

)
− h
(

γ̂
(2)
k,i − D

2

))
. (A4)

The conditional sparsity can be calculated from (A3) and (A4), and it becomes:

E
{

γ̂
(n)
k,i |D

}
=

⎧⎨⎩
1
ρ (1 − e−ρD), n = 1
1
ρ − 1

ρ
(1+ρD)

2 , n = 2
. (A5)

As the target detection in (A3) and (A4) can be uniformly distributed in a hyper-sphere volume of
V(n) with 0 ≤ D ≤ V(n), the pdf of D becomes:

p(D) =
1

V(n)
. (A6)

Then, the average sparsity estimate is calculated, and it results in:

E
{

γ̂
(n)
k,i

}
=
∫

V
E
{

γ̂
(n)
k,i

}
p(D)dD =

⎧⎪⎨⎪⎩
1
ρ (1 − 1−e−ρV(1)

ρV(1) ), n = 1

1
ρ (1 − 1−e−ρV(2)

ρV(2) + e−ρV(2)

2 ), n = 2
. (A7)

Note that when the point of interest is the target detection for single target tracking environments,
the original SCMDE generates the average sparsity such as:

E
[
γ̂
(n)
k,i

]
=

1
ρ

f or all n. (A8)

Similarly, the conditional pdf of the sparsity estimate under the known D assumption when the
point of interest is a clutter detection for |T| = 2 can be derived as:

p
(

γ̂
(1)
k,i |D

)
= e−ρDδ

(
γ̂
(1)
k,i − D

)
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(1)
k,i
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h
(
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(
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(1)
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f or n = 1, (A9)
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and:
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Then, the average sparsity estimate for (A9) and (A10) can be obtained as:

E
[
γ̂
(n)
k,i

]
=

⎧⎨⎩
1
ρ − 1

ρ2V(1) (1 − e−ρV(1)
) n = 1

1
ρ − 1

2ρ2V(2) (1 − e−ρV(2)
) n = 2

. (A11)

Note that for n = 1 in (A11), the average sparsity estimate for |T| = 2 is the same as the one for
single target tracking as shown in (23) of [23]. As the sparsity order n increases, the bias in the sparsity
estimate reduces.
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Abstract: This paper deals with mobile multi-target detection and tracking. In the traditional method,
there are uncertainties such as misdetection and false alarm in the measurement data, and it will be
inevitable having to deal with the data association. To solve the target trajectory and state estimation
problem under a cluttered environment, this paper proposes a non-concurrent multi-target acoustic
localization tracking method based on the Gibbs-generalized labelled multi-Bernoulli (Gibbs-GLMB)
filter and considers an acoustic array of a fixed arrangement for the tracking of targets by joint time
difference of arrival (TDOA) and angle of arrival (AOA) measurements. Firstly, the TDOAs are
calculated by using the generalized cross-correlation algorithm (GCC) and the AOAs are derived
from the received signal directions. Secondly, we assume the independence of the targets and fuse
the measurements which are used to track the multiple targets via the Gibbs-GLMB filter. Finally, the
effectiveness of the method is verified by Monte Carlo simulation experiments.

Keywords: passive localization; time difference of arrival; angle of arrival; random finite sets; Gibbs
sampling; GLMB filter; multi-target tracking

1. Introduction

Passive detection, such as multi-sensor array localization of acoustic sources, plays an important
role in the field of target tracking [1]. Localization through acoustic signals has broad applications in
both civil and military fields, for example, the detection of unknown objects in the airport, detection
of illegal traffic whistles/horns, localization of submarines or marine animals and the localization of
explosion sources. Existing passive localization and tracking techniques include Time Difference of
Arrival (TDOA) [2], and Angle of arrival (AOA) [3]. TDOA requires multiple observation devices to
be used at the same time to ensure that the clock time of the sensor is consistent among the multiple
groups of sensors [4].

In multi-target scenarios, it is difficult to determine the number and states of targets due
to clutter effects, miss detection and data association uncertainty. Reference [5] proposed the
route-based dynamic modeling to improve data association performance. For the complex and
non-linear acoustic signals, traditional signal processing techniques such as the Fang algorithm,
the music algorithm and the Taylor series expansion method are used [2]. To address the nonlinearity
of the measurement process, the extended Kalman filter, one of the common methods in target
tracking, can be used to provide better information for multi-sensor information fusion. In Reference
[6], they performed data fusion that combines the active detection and the passive interception using
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Maximum Likelihood Estimation (MLE). In Reference [7], MLE based on compressed sensing is
proposed for the TDOA method. In Reference [8], the authors developed MLE for the proposed
model through the Gauss-Newton iteration and semidefinite relaxation. An extended Kalman particle
filtering (EKPF) approach for non-concurrent multiple acoustic tracking (NMAT) has been studied in
Reference [9]; however, this paper only considers single scan tracking.

Currently, The Joint Probabilistic Data Association Filter (JPDAF), Multiple Hypothesis Tracking
(MHT) and Random Finite Set (RFS) [10] are three mainstream methods for multi-target tracking.
Traditional approaches such as JPDAF and MHT are extended to solve multi-target tracking based on
single-target tracking, mostly in an ad-hoc manner. As the number of targets increases, the calculation
amount of these methods will increase exponentially. The RFS approach pioneered by Mahler [11–14]
provides a top-down state-space model formulation for multiple object system based on fundamental
concepts in estimation theory, such as multi-target estimation error [15] and Bayes optimality [13,14].
Due to its mathematically rigorous foundation, the RFS theory has received worldwide attention in
recent years and is considered to be a way to solve multi-target tracking.

Many well-known multi-target filters have been developed from the RFS framework, for example,
the Probability Hypothesis Density filter [11,16,17], cardinality-banlance multi-target multi-Bernoulli
filter [18], Cardinalized PHD filter [12,19]. However, these filters can only obtain the scatter set
estimation of the target but cannot form the target trajectories, though several heuristics have been
proposed to join state estimates from different times steps to form trajectories. In spite of this,
these filters have been widely used in many fields, for example, computer vision [20–22]; sensor
scheduling [23,24]; multi-sensor fusion [25]. Reference [26] propose to solve the multi-target sensor
management by using the random set method in the POMDP ] framework; References [27–29] use
Cauchy-Schwarz divergence and Rényi divergence as information gains, respectively, provide a new
sensor scheduling; robotics [30,31] and group target tracking [32].

The RFS multi-target trackers are formulated via labeled RFS [13,14,33]. In Reference [33],
Mahler has shown that labeled RFS is the only principled approach that can provide target trajectories
from the filtering density. The recent breakthrough in multi-target tracking is a filter labeled RFS
called the Generalized Labeled Multi-Bernoulli (GLMB) or the Vo-Vo filter [34,35]. This filter is the first
analytic method to Bayes filter with the multi-target, which provides estimates of target trajectories with
linear complexity, and can be efficiently implemented by jointing the update step and the prediction
step, for more effective multi-target tracking [36]. GLMB filtering has been demonstrated to track more
than one million targets in heavy clutter, misdetections and data association uncertainty [37]. Another
advantage of labeled RFS over unlabeled RFS is that it can provide ancestry or lineage information in
problems that involve spawning targets [38]. Such capability is not possible without labels.

GLMB RFS has been applied in many fields, such as tracking with merged measurements [39],
extended targets [40], computer vision [41–43], cell tracking [44,45], track-before-detect [46,47],
sensor scheduling [48,49], field robotics [50–52], distributed tracking [53,54] and cell microscopy [55].
The GLMB solution has also been applied to the multi-sensor case [56] and the multi-scan case [57].
The multi-sensor GLMB filter [56] is the first multi-sensor solution with linear complexity in the sum of
number of measurements. The multi-scan GLMB filter [57] is the first solution that is demonstrated to
handle as much as 100 scans as well as providing posterior statistics about the set of target trajectories.

The work in this paper is based on Reference [1] and the published conference papers [58].
The measurement data is calculated from the real sound source signal, and the positioning and tracking
of multiple target states via the GLMB filter under the RFS framework. To implement the GLMB filter
more effectively, Vo et al. proposed joint the update step and the prediction step, eliminating the
inefficiency caused by the primal two process redundancy and adopting the Gibbs sampling method
in the truncation process [36], which provide a more effective solution for the ranked assignment
problem(the data association problems). The Gibbs-GLMB has been proven to provide faster and more
accurate results based on the GLMB filter.
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Multi-acoustic array localization is typical of multi-sensor, passive localization and nonlinear
problems. In the case of traditional algorithms dealing with multi-sensor measurement uncertainty
and target uncertainty, the target tracking is based on the method of associating data and there is
no effective way to estimate the number of targets. The Gibbs-GLMB filtering can effectively solve
these problems. We change from the original active tracking to passive tracking based on the original
Gibbs-GLMB filter [36]. TDOA and AOA measurements are generated by calculating the true signal
correlation, which is a nonlinear estimation problem. The TDOAs and the AOAs are computed by the
generalized cross-correlation (GCC) [4] and receiving direction of acoustic signal, respectively.

For the reasons above, we use the Gibbs-GLMB filter. First, we assume that the target obeys a cv
motion model and the observation information includes TDOA and AOA. Secondly, target tracking
in a multi-sensor array is done using the Gibbs sampling implementation of the GLMB filter
(Gibbs-GLMB filter), to reduce the computational complexity of the algorithm without sacrificing
accuracy. The effectiveness of the algorithm is verified by three pairs of acoustic array sensors are
deployed to track three targets.

2. Background

2.1. NOTATION

• Single-target state is expressed by a small letter, (e.g., x).
• Multi-target states are represented by an italic capital letter, (e.g., X).
• The labeled states and distribution are bolded, (e.g., x, X, π).
• The spaces are represented by blackboard bold (e.g., the state space X and measurement space Z).
• F (X) is the all finite subsets of X.
• The inner product symbol is abbreviated as:〈 f , g〉 � ∫ f (x) g (x) dx.
• The following multi-target exponential notation hX � ∏

x∈X
h (x), where h is a real-valued function,

with h∅ = 1.
• The generalization of the Kronecker delta for sets, vectors and integers:

δY (X) =

{
1, i f X = Y

0, otherwise,

where inclusion function is denoted as:

1Y (X) =

{
1, i f X ⊆ Y

0, otherwise.

• Xm:n is shorthand for the list of variables Xm, Xm+1, · · · , Xn.

2.2. Random Finite Set

In the multi-target environment based on RFS framework in time k, the states of multiple targets
can be denoted by a set as Xk =

{
xk,1, · · · , xk,N(k)

}
∈ F (X ) [13], where F (X ) is the all of finite

subsets of state space and N (k) is the number of surviving targets. In the similar way, the observation
about TDOAs and AOAs of the qth sensor pair can be described as Z[q]

k =
{

z[q]k,1, · · · , z[q]k,Mq(k)

}
∈

F (Z), where F (Z) is the space of finite subsets of observation space Z and Mq (k) is the number of
observed measurement.

In the location tracking area, there are many uncertainties in the number and measurement of the
detection process, such as birth, death, derivation, false alarm and missed detection. Consequently,
The multiple targets state in time k can be defined as [59,60]:
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Xk =

⎡⎣ ⋃
x∈Xk−1

Sk|k−1 (x)

⎤⎦ ∪
⎡⎣ ⋃

x∈Xk−1

Bk|k−1 (x)

⎤⎦⋃ Γk, (1)

where Sk|k−1 (x), Bk|k−1 (x) and Γk are the RFS of survival target at time k − 1, the RFS of the target
spawn at time k from the survival target at time k − 1 and the RFS of target new-born, respectively.
There are clutter or false alarms in the tracking area, which can be expressed as:

Z[q]
k =

⎡⎣ ⋃
x∈Xk

Θ[q]
k (x)

⎤⎦⋃K[q]
k , (2)

where Θ[q]
k (x) is the measurements with the RFS which produced by targets in the tracking area:

Θ[q]
k (xk) =

⎧⎨⎩φ, Hmiss{
z[q]k

}
, H̄miss

(3)

here, the H̄miss and Hmiss are the hypotheses of detection and miss detection, more generally, whether
the sensor has received the signal generated by targets. Moreover, K[q]

k is the measurement set of alarms
or clutter false which follows a poisson distribution with a uniform density U (z) on the observation
area and is given by:

Kk (zk) =
λc∫ U (z) dz

U (z) . (4)

In RFS framework, the probability density function that the state of multi-target makes a transition
from state Xk−1 to Xk can be described as:

fk|k−1 (Xk |Xk−1 ) = ∑
W∈Xk

πT,k|k−1 (W |Xk−1 )× πΓ,k (Xk − W), (5)

where πT,k|k−1 (· |· ) is the probability density of spontaneous target birth and πΓ,k (·) is the probability
density of target new-born.

2.3. Multi-Bernoulli RFS

The state of the target and the measurements are random variables. The Bernoulli distribution can
be used to describe a single target X ∈ X. Hence, a singleton target probability X is r which satisfies
the spatial distribution of a probability density p (x) and the probability that the target does not exist
is 1 − r. The probability density distribution of the Bernoulli RFS is written as follows:

π (x) =

⎧⎪⎪⎨⎪⎪⎩
1 − r X = ∅

r · p (x) X = {x}
0 otherwise.

(6)

The Multi-Bernoulli RFS is given by combining of the M independent Bernoulli RFS X(i) ∈
X, i = 1, · · · , M(satisfying X =

M⋃
i=1

X(i)) with existence probability r(i) ∈ (0, 1), which is described by{(
r(i), p(i)

)}M

i=1
. ∑M

i = 1 r(i) is the mean cardinality of the Multi-Bernoulli RFS. Therefore, the probability
density distribution of multi-Bernoulli is expressed by [12,18]:

π ({x1, . . . , xn}) = ∏M
j=1

(
1 − r(j)

)
∑

1�i1 �=···�=in�M

n

∏
j=1

r(ij)p(ij)
(

xj
)

1 − r(ij)
. (7)
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2.4. Labeled Multi-Bernoulli RFS

A labeled-random finite set (L-RFS) [34,35] means that each state of the RFS has a unique tag.
This means we attach a unique label l ∈ L = {αi : i ∈ N} to each state x ∈ X where L is discrete
countable space and N is the positive integer set space. The single target state is expressed as:

xk,N(k) =
(

xk,N(k), lk,N(k)

)
∈ X×L. (8)

The labels of the set X ⊂ X×L can be represented by L (X) = {L (x) : x ∈ X}, where L : X×L →
L is defined by L ((x, l)) = l. The distinct label indicator is defined by Δ (X) = δ|X| (|L (X)|).

The parameter of a labeled multi-Bernoulli(LMB) RFS can be described as a set {(r(ζ), p(ζ)) : ζ ∈
Ψ} with index set Ψ. We extend the problem on spaceX to spaceX×L, thus, the probability density
distribution of labeled LMB-RFS is given by [34]:

π ({(x1, l1) , . . . (xn, ln)}) = δn (|{l1, . . . ln}|) ∏
ζ∈Ψ

(
1 − r(ζ)

) n

∏
j=1

1α(Ψ)

(
lj
)

r(α−1(lj))p(α−1(lj))
(
xj
)

1 − r(α−1(lj).)
(9)

The following simplified alternative form of the LMB can be simplified as:

π (X) = Δ (X) 1α(Ψ) (L (X)) [p (·)]X (10)

2.5. GLMB RFS

A generalized label multi-Bernoulli RFS under the state space X and the label space L has the
following distribution [34]:

π (X) =Δ (X) ∑
ξ∈Ξ

ω(ξ) (L (X))
[

p(ξ)
]X

, (11)

where ξ= (θ1:k) ∈ Θ is a historical association maps. The non-negative ω(ξ) (L) and a probability
density p(ξ) satisfy:

∑
L∈L

∑
ξ∈Ξ

ω(ξ) (L) = 1 (12)

∫
p(ξ) (x, l) dx = 1. (13)

3. Problem Formulation

3.1. Model Environment

There are multiple sets of acoustic sensor arrays in the detection range, denoted as
S1:Q =

{
s1, · · · , sq, · · · , sQ

}
, q ∈ {1, 2, · · · , Q}, where sq =

{
sq,1, · · · , sq,j, · · · , sq,N

}
, j ∈ {1, · · · , N}.

Each sq,j can be defined as sq,j =
(

xq,j, yq,j
)
, in 2-dimensional space.

Assuming a single target state of position is xi = (xi, yi), each set of sensors consists of two
acoustic sensors.

3.1.1. Time Difference of Arrival

The time difference τ is expressed as:

TDOAq =

∣∣∣∣∣
∥∥xi − sq,1

∥∥− ∥∥xi − sq,2
∥∥

v

∣∣∣∣∣ , (14)

where both xi and sq,j are in Cartesian coordinates, ‖·‖ is the Euclidean-norm and v is the velocity
of sound.
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3.1.2. Angle of Arrival

For sensor 1, AOA can be expressed as:

AOAq,1 = arctan

(
yi − yq,1

xi − xq,1

)
. (15)

For ease of understanding, the TDOA and AOA are illustrated in the positioning system of
Figure 1, where: TDOA=

∣∣∣ MN
velocity o f sound

∣∣∣, AOA=α.

Figure 1. A pair of sensor array model diagrams.

3.2. Measurement

3.2.1. TDOA Measurement

The signals observed by a pair of sensors can be mathematically described as:

z1 (t) = α1s (t) + n1 (t) (16)

z2 (t) = α2s (t − τ1:2) + n2 (t) , (17)

where z1 (t) and z2 (t) are the signals received by the pair of sensor array, s (t) is the true signal, n1 (t)
and n2 (t) are noise signals, τ1:2 is the time difference between two sensors detecting the signal, α1 and
α2 are signal amplitudes [8].

The time difference can be estimated by the generalized cross correlation (GCC) method [4]:

RGCC
(
τq
)

=
∫ ∞

−∞
ψ12 (ω) Z1 (ω) Z∗

2 (ω) e−jωτq dω (18)

τ̂q = arg max RGCC
(
τq
)

(19)

ψ1,2 (ω) =
1

|Gx1x2 (ω)| =
1∣∣Z1 (ω) Z∗

2 (ω)
∣∣ . (20)

Here, RGCC
(
τq
)

is the GCC, where Z1 (ω) is the Fourier transforms of z1 (t) and Z∗
2 (ω) is the

Fourier transform conjugate of z2 (t). ψ1,2 (ω) is the weight function of GCC. To reduce environmental
noise and reverberation interference, we choose the phase transform (PHAT) as our weight function,
the formula is given by ψ1,2 (ω) = 1

|Gx1x2 (ω)| .

3.2.2. AOA Measurement

The AOA is calculated by the positional relationship between the sensor and the target position.
The difference in the AOAs of the sensor array is calculated by combining the measurements of the
two sensors:
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δq =

∣∣∣∣∣arctan

(
yi − yq,1

xi − xq,1

)
− arctan

(
yi − yq,2

xi − xq,2

)∣∣∣∣∣ . (21)

3.3. Motion Model

We take the CV model as an example of a linear model, also known as a non-maneuver model:[
ẋ
ẍ

]
=

[
0 1
0 0

] [
x
ẋ

]
+

[
0
1

]
w (t) , (22)

where x is the location of the target, ẋ is the velocity of the target, ẍ is the acceleration of the target,
w (t) is zero mean white noise. Let T denotes the sampling interval, then the discrete-time model is
given by: [

xk+1
ẋk+1

]
=

[
1 T
0 1

] [
xk
ẋk

]
+

[
T2/2

T

]
w (t) . (23)

4. TDOA Localization Algorithm Based on SMC-GLMB Filtering

4.1. Target State Estimation

The purpose of multi-target tracking is to jointly estimate the target cardinality and target states
based on the observations. Multi-target tracking can be transformed into the recursive Bayesian
estimation problem by modeling the state and measurement of multi-target using RFS. The RFS
approach can effectively deal with the uncertainty of data association between the target and the
measurement and the state probability density function of the set of targets. We use πk ( ·| Z1:k)

to indicate the RFS posterior probability density of multi-target state; fk|k−1 (· |· ) to represent
the multi-target transition density; gk (· |· ) to represent the likelihood function. The posterior
probability density of multiple targets is recursively calculated by the following prediction and
update steps [11–14]:

πk|k−1 (Xk |Z1:k−1 ) =
∫

fk|k−1 (Xk |Xk−1 )πk−1 (Xk−1 |Z1:k−1 ) δXk−1

πk (Xk |Z1:k ) =
gk (Zk |Xk )πk|k−1 (Xk |Z1:k−1 )∫

gk (Zk |Xk )πk|k−1 (Xk |Z1:k−1 )δXk
,

where the set integral on F (X×L) → R is defined as:

∫
f (X)δX =

∞

∑
i=0

1
i!

∫
f ({x1, · · · , xi})d (x1, · · · , xi) .

All information about the multiple targets states are included in the multi-target posterior,
for example, the number and state of the target at the current time.

We experience with q pairs of sensors, therefore the above update step and prediction step can be
rewritten as [59–61]:

πk|k−1

(
Xk

∣∣∣Z[1:Q]
1:k−1

)
=
∫

fk|k−1 (Xk |Xk−1 )πk−1

(
Xk−1

∣∣∣Z[1:Q]
1:k−1

)
δXk−1 (24)

πk

(
Xk

∣∣∣Z[1:Q]
1:k−1

)
=

Q
∏

q=1
gk

(
Z[q]

k |Xk

)
πk|k−1

(
Xk

∣∣∣Z[1:Q]
1:k−1

)
∫ Q

∏
q=1

gk

(
Z[q]

k |Xk

)
πk|k−1

(
Xk

∣∣∣Z[1:Q]
1:k−1

)
δXk

. (25)
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The recursive process is not easy to deal with exactly due to the non-linear of the observation
equation. The sequential Monte Carlo(SMC) methods are a viable approach to approximate the
integrals of interest using random samples.

4.2. Particle Filter Implementation

Since the multi-target posterior probability density recursion requires the calculation of multi-set
integral (24) and (25), its computational complexity is much larger than that of the single-target
filtering process [16,61,62]. By the SMC method, the weighted particles can be estimated by recursive
approximation to estimate the posterior probability density.

At the current time k, the particles are sampled by SMC, obtained from the spatial distribution of
the target.

X̃(i)
k ∼ p

(
·
∣∣∣X(i)

k−1, Zk

)
(26){

ω
(i)
k−1, X(i)

k−1

}N

i=1
represents the set of importance weighted particles at time k − 1 and the

multi-target posterior probability density can be expressed as:

πk−1|k−1 (Xk |Z1:k−1 ) ≈
N

∑
i=1

ω
(i)
k−1δ

X(i)
k−1

(Xk−1) (27)

Algorithm 1 Particle Filter

1: for k = 1, · · · , T do

2: for i = 1, · · · , N do

3: Sample X̃(i)
k ∼ p

(
·
∣∣∣X(i)

k−1, Zk

)
;

4: Set ω̃
(i)
k = ω

(i)
k−1

gk

(
Zk

∣∣∣X̃(i)
k

)
fk|k−1

(
X̃(i)

k

∣∣∣X(i)
k−1

)
pk|k−1

(
X̃(i)

k

∣∣∣X(i)
1:k−1,Z1:k

) ;

5: Normalise weights ω
(i)
k =

ω̃
(i)
k

N
∑

j=1
ω̃
(j)
k

, here
N
∑

i=1
ω
(i)
k = 1;

6: end for

7: end for

8: Resample
{

ω
(i)
k , X(i)

k

}N

i=1
and get

{
ω̃
(i)
k , X̃(i)

k

}N

i=1
;

9: Set π̂k =
N
∑

i=1
ω
(i)
k δ

X(i)
k

as the estimated posterior probability density;

4.3. The Multi-Sensor Likelihood

Given the multi-target state X, each (x, l) ∈ X is either detected with probability pD,m (x, l)
and generates observation z with likelihood function g (z |x, l ). For S sensors, the multi-sensor
and multi-target mapping [56] is defined by θ(m) : L →

{
0, 1 · · · ,

∣∣∣Z(m)
∣∣∣}, m = 1, ..., S. The set Θ

represents the space of vector maps θ = (θ(1), ..., θ(S)). Assuming that the target and clutter generation
are independent and the multi-sensor likelihood function is given by [34]:

g (Z|X) ∝ ∑
θ∈Θ(L(X))

[
ψZ1

(
·; θ(1)

)]X · · ·
[
ψZm

(
·; θ(S)

)]X
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ψZm (x, l; θ) =

⎧⎨⎩
pD,m(x,l)g(zθ(l,m) |x,l)

Km(zθ(l,m))
, if θ (l, m) > 0

1 − pD,m (x, l) , if θ (l, m) = 0
,

where pD,m (x, l) is the probability detection, Km is Poisson clutter, for sensor m.

4.4. GLMB Filter

The GLMB filter is a Bayesian recursion from the multi-Bernoulli distribution, which satisfies the
following formula [34]:

C = F (L)× Ξ

ω(c) (L) = ω(I,ξ) (L) = ω(I,ξ)δI (L)

p(c) = p(I,ξ) = p(ξ).

(28)

The forward propagation expression of GLMB Filter is as follows:

π (X) = Δ (X) ∑
(I,ξ)∈F (L)×Ξ

ω(I,ξ)δI (L (X))
[

p(ξ)
]X

. (29)

The distribution of multi-target prior probability is given by the Equation (29), thus, the multi-target
prediction is still the multi-Bernoulli distribution and the prediction step can be expressed as:

π+ (X+)=Δ (X + ) ∑
(I + ,ξ)∈F (L)×Ξ

ω +
(I + ,ξ)δI + (L (X + ))

[
p +

(ξ)
]X +

(30)

where
ω+

(I+ ,ξ) = ωs
(ξ) (I+ ∩L)ωB (I+ ∩B) (31)

p+(ξ) (x, l) = 1L (l) p(ξ)s (x, l) + (1 − 1L (l)) pB (x, l) (32)

p(ξ)s (x, l) =

〈
ps (·, l) f (x|·, l) , p(ξ) (·, l)

〉
η
(ξ)
s (l)

(33)

η
(ξ)
s (l) =

∫ 〈
ps (·, l) f (x|·, l) , p(ξ) (·, l)

〉
dx (34)

ωs
(ξ) (L) =

[
η
(ξ)
s

]L
∑
I∈L

1I (L)
[
qs

(ξ)
]I−L

ω(I,ξ) (35)

qs
(ξ) (l) =

〈
qs (·, l) , p(ξ)s (·, l)

〉
(36)

Here, the ωB (I+ ∩B) and ωs
(ξ) (I+ ∩L) are weights of the birth labels (I+ ∩B) and surviving

labels (I+ ∩L), respectively. pB (x, l) is density of a new-born target, p(ξ)s (x, l) is the probability
density of the surviving target obtained from the prior probability p(ξ) (·, l). f (x|·, l) means density
weighted by the probability of survival ps (·, l).

Given the predicted density as Equation (29), the update step can be expressed in the form of a
truncated estimate:

π (X |Z ) ≈ Δ (X) ∑
(I,ξ)∈F (L)×Ξ

∑
θ∈Θ(M)

ω̃(I,ξ,θ) (Z)δI (L (X))
[

p(ξ,θ) ( ·| Z)
]X

, (37)

where (I, ξ) is fixed parameter. For M elements set Θ(M) =
{

ξ(1), · · · , ξ(M)
}

there is the highest weight

ω(I,ξ,θ), ω̃(I,ξ,θ) is the re-normalized weight after truncation and
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ω̃(I,ξ,θ) (Z) =
δθ−1({0:|Z }) (I)ω(I,ξ)

[
η
(ξ,θ)
Z

]I

∑
(I,ξ)∈F (L)×Ξ

∑
θ∈Θ

δθ−1({0:|Z }) (I)ω(I,ξ)
[
η
(ξ,θ)
Z

]I (38)

p(ξ,θ) (x, l |Z ) =
p(ξ) (x, l)ψZ (x, l; θ)

η
(ξ,θ)
Z (l)

(39)

η
(ξ,θ)
Z (l) =

〈
p(ξ) (·, l)ψZ (·, l; θ)

〉
(40)

ψZ (x, l; θ) = δ0 (θ (l)) qD (x, l) + (1 − δ0 (θ (l)))
pD (x, l) g

(
zθ(l)|x, l

)
K
(

zθ(l)

) . (41)

4.5. Gibbs-GLMB Filter

Gibbs sampling is a special case of continuous Markov Chain Monte Carlo (MCMC), which can
transform sampling from high-dimensional space to low-dimensional one [63]. Assuming that the
target state is Xk =

{
xk,1, · · · , xk,N(k)

}
, which obeys the probability distribution π, the probability

distribution of the target state is π
({

xk,1, · · · , xk,N(k)

})
.

Algorithm 2 Gibbs sampling

1: for k = 1 : T do

2: for n = 1 : N(k) do

3: xk,n ∼ πn

(
·
∣∣∣xk,1:n−1, xk−1,n+1:N(k)

)
;

4: end for

5: Xk =
{

xk,1, · · · , xk,N(k)

}
;

6: end for

In Algorithm 2, xk,1:n−1 is the samples xk,1, · · · , xk,n1 that have generated at current time,
xk−1,n+1:N(k) is associations xk,n+1, · · · , xk,N(k) at previous time. The Gibbs sampling algorithm reduces
the joint density estimation problem to conditional probability to reduce the sampling difficulty and
finally updates all parameters by the iterative process of each parameter.

In the calculation process of the update step and the prediction step of the GLMB filter, the number
of weights and data quantities of the update and the prediction step are exponentially increasing.
By using optimal assignment implementation and the kth shortest path, the complexity of the
measurement quantity is cubic [35]. The GLMB filter is truncated by Gibbs sampling, thereby joint
prediction and update reduce the complexity of the measurements to linear.

Given the GLMB distribution (11) at the current time, the GLMB distribution at the next time
is [36]:

πZ + (X) ∝ Δ (X) ∑
I,ξ,I+ ,θ+

ω(I,ξ)ω
(I,ξ,I+ ,θ+)
Z +

δI+ (L (X))
[

p(ξ,θ+)
Z +

]X
(42)

where I ∈ F (L), ξ ∈ Ξ, I + ∈ F (L + ), θ + ∈ Θ+ and

ω
(I,ξ,I+ ,θ+)
Z +

= 1Θ+(I+) (θ+)
[
1 − P̄(ξ)

S

]I−I+[
P̄(ξ)

S

]I∩I+
[1 − rB,+]

B+−I+rB+∩I+
B,+

[
ψ̄
(ξ,θ+)
Z+

]I+
(43)

P̄(ξ)
S (l) =

〈
p(ξ) (·, l) , PS (·, l)

〉
(44)
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ψ̄
(ξ,θ+)
Z+

(l+) =
〈

p̄(ξ)+ (·, l+) , ψ
(θ+(l+))
Z+

(·, l+)
〉

(45)

p̄(ξ)+ (x+, l+) = 1L (l+)

〈
PS (·, l+) f+ (x+ |· , l+) , p(ξ) (·, l+)

〉
P̄(ξ)

S (l+)
+ 1B + (l+) pB,+ (x+, l+) (46)

p(ξ,θ+)
Z+

(x+, l+) =
p̄(ξ)+ (x+, l+)ψ

(θ+(l+))
Z+

(x+, l+)

ψ̄
(ξ,θ+)
Z+

(l+)
. (47)

Note that rB,+ (l+) is the birth probability of the target with label l+, pB,+ (x+, l+) is its kinematic
state distribution and f+ (x+ |· , l+) is the Markov state transition function.

5. Experiment

5.1. Simulation Environment Settings

We use six sensors consisted of three arrays to observe three acoustic targets as shown in Figure 2.
The sensors are at (100 m, 95 m), (95 m, 100 m), (5 m, 100 m), (0 m, 95 m), (0 m, 5 m) and (5 m, 0 m), in
[0, 100] × [0, 100] m2.

Three pairs of sensors track the target, each sensor’s observation distance is 150 m, the simulated
sound velocity is 344 m/s, the surviving probability is PS = 0.99 and the clutter intensity of Poisson
distribution is λc = 2. The scenario last 100 s, maximum number of targets is 3. The motion model is a
linear state space equation(CV motion model) and the state of target is expressed as:

Xk = AXk−1 + Bωk (48)

A =

⎡⎢⎢⎢⎣
1 T 0 0
0 1 0 0
0 0 1 T
0 0 0 1

⎤⎥⎥⎥⎦ B =

⎡⎢⎢⎢⎣
T2/2 0

T 0
0 T2/2
0 T

⎤⎥⎥⎥⎦ωk (t) , (49)

where A is the target state transition matrix, B is the noise matrix and ωk is process noise and follows a
standard Gaussian distribution. The sampling period is T = 1.

(a) scenarios 1 (b) scenarios 2

Figure 2. Detection model diagram.

In Figure 2, the sensors are displayed by the blue circle, the black circle represents the starting
point and the triangle represents the end position. The target location is unknown and two scenarios
were compared in this section. The position and velocity vector of target and sensor are represented as
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xk =
[

pk,x, ṗk,x, pk,y, ṗk,y

]T
and si

k =
[
qi

k,x, q̇i
k,x, qi

k,y, q̇i
k,y

]T
, respectively. The range dependent detection

probability is defined as:

PD,i (xk) = PD,max exp

(
−
[
xk − si

k
]TCTΣ−1

D C
[
xk − si

k
]

2

)
, (50)

where PD,max = 0.98, ΣD = diag(500, 500)2 and C =

[
1 0 0 0
0 0 1 0

]
.

In the scenario 1, We build a parallel model and the survival period of three targets
are 1 s–100 s, 10 s–90 s and 20 s–80 s, respectively. The initial states of the three targets are
an LMB-RFS with parameters

{
rB,k (li) , pB,k (li)

}3
i=1, where li = (k, i), rB,k (li) = 0.02 and

pB (x0,i, li) = N
(

x0,i; μ
(i)
B ; PB

)
with:

μ
(1)
B = [0 m, 1 m/s, 90 m, −1 m/s]T

μ
(2)
B = [0 m, 1 m/s, 80 m, −1 m/s]T

μ
(3)
B = [0 m, 1 m/s, 70 m, −1 m/s]T

PB = diag
(
[0.2, 0.08, 0.2, 0.1]T

)2
.

(51)

In the scenario 2, the survival period of three targets are 1 s–90 s, 1 s–80 s and 30 s–100 s,
respectively. Target 1 and target 2 are born in the same position at the same time. The initial parameters{

rB,k (li) , pB,k (li)
}2

i=1, rB,k (li) = 0.02 and pB (x0,i, li) = N
(

x0,i; μ
(i)
B ; PB

)
with:

μ
(1)
B = [0 m, 1 m/s, 50 m, 0 m/s]T

μ
(2)
B = [0 m, 0.8 m/s, 95 m, −0.5 m/s]T

PB = diag
(
[0.2, 0.08, 0.2, 0.1]T

)2
.

(52)

The experiment uses the three Matlab audio files sample1.wav, sample2.wav and sample3.wav as
the acoustic signals of the three targets in the Figure 3.

Figure 3. Acoustic signals of the three experimental targets

Taking the acoustic time difference as τ = 0.02 s as an example, the simulation results of the three
signals through the cross-correlation algorithm are as shown in the Figure 4.
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Figure 4. Cross-correlation waveform with a time difference of 0.02 s.

The time difference of the received signals of sensor arrays are calculated according to the GCC
function and the angle difference of each group of sensors is calculated according to the signal receiving
direction. The observation equation of the target is defined as:

z[q]k =

[
τ̂q

δq

]
+

[
στ

σδ

]
, q = 1, . . . , Q (53)

τ̂q = arg max
∫ +∞

−∞
ψ12 (ω) Z1 (ω) Z∗

2
(ω)e−jωτq dω (54)

δq =

∣∣∣∣∣arctan

(
pk,y − q1

k,y

pk,x − q1
k,x

)
− arctan

(
pk,y − q2

k,y

pk,x − q2
k,x

)∣∣∣∣∣ , (55)

where, z[q]k is nonlinear. At time k, τ̂q is the time difference observed by a pair of sensors, δq is the
angle difference between a pair of sensors receiving signals, στ = 0.001 s and σδ = (π/720) rad are the
standard deviations of the Gaussian distributed measurement noise. In the scenario 1, three pairs of
sensor arrays detected the measurements data of target 1 as show in the Figure 5.

(a) AOA (b) TDOA

Figure 5. Measurement data.
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5.2. Algorithm Estimation Analysis

5.2.1. Scenario 1

The simulation time is 100 s. The black line in the Figure 6 is the real trajectory of the target
and the Red circle and the Color points are the estimated target location. It can be seen from the two
pictures that the target tracks obtained from the Gibbs-GLMB filtering and the GLMB filtering are
basically consistent with the true trajectory of the targets.

(a) Gibbs-GLMB (b) GLMB

Figure 6. Track estimation.

From the simulation results in Figures 6–8, it can be seen that the tracking performance of both
algorithms is better. In Figures 7 and 8, the cross points are all measurements in the simulation of 1
s–100 s and the points generated outside the target track are false alarms caused by clutter interference.
When a target is born, the random clutter may cause false alarms at the position. Nevtheless, in the
subsequent tracking and localization, most of these false alarms will be eliminated. Through 100 times
Monte Carlo(MC) simulations, the number of targets is estimated as shown in the Figure 9. The red
line is algorithm Gibbs-GLMB and the black dotted line is algorithm GLMB. We can see from the
comparison of the two algorithms that the number of Gibbs-GLMB estimates is more accurate overall
but the estimated number of targets has a large deviation when the actual number of targets changes.
The cardinality estimates of targets based on GLMB Filter is always a slightly higher than the true
comparison.

Figure 7. Track result on x and y coordinates by Gibbs-GLMB.
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Figure 8. Track result on x and y coordinates by GLMB.

Figure 9. The cardinality estimates (100 times MC).

We use the Optimal Subpattern Assignment (OSPA) distance [64] (c = 100, p = 1) to analyze
tracking performance. Figure 10 shows the simulation result over 100 MC runs. We can see that
OSPA-Loc of two algorithms are very small in the whole process, indicating good estimation
performance of the tracker. As shown in the results, the number of targets increases in 0 s, 10 s
and 20 s, the OSPA of the GLMB fluctuated, however, the Gibbs-GLMB fluctuated more strongly
than GLMB. When the number of targets decreases in 80 s and 90 s, the Gibbs-GLMB results have a
large fluctuation, because the three parallel targets are relatively close, the target 3 is false detection;
In 87 s–90 s, false cardinality estimates occurs due to the symmetrical geometric relationship between
the sensors and the targets. while the GLMB stays a little high but remains relatively stable.
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Figure 10. OSPA distance (100 times MC).

5.2.2. Scenario 2

The target simulation time is 100 s in the Figure 11. The legend in the pictures is the same as
that in scenario 1. It also can be seen from the two pictures that the target tracks obtained from the
Gibbs-GLMB filtering and the GLMB filtering are basically consistent with true trajectory of the targets.

(a) Gibbs-GLMB (b) GLMB

Figure 11. Track estimation.

In the Figure 12, the blue box and the red circle are the estimated position of the particle point and
the true position of the target point, respectively. We can see that the targets can be effectively detected
through the particles after some steps even the two targets overlap in the same position at beginning.

From the simulation results in Figures 11–14, it can be seen that Gibbs-GLMB and GLMB
are able to track the target by acoustic and quickly detect the new-born target. But target
3(x3 = [0 m, 0.8 m/s, 95 m, −0.5 m/s]T) with a special starting position which on a sensor position
(0 m, 95 m), there will be a measurement error and the tracking will be missing detection.
Through 100 times Monte Carlo(MC) simulations, the cardinality of targets is estimated as shown
in Figure 15. Both algorithms can accurately estimate the cardinality of targets but the cardinality
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estimates has a large error at the beginning of Gibbs-GLMB. In this scenario, there is no fluctuation
when the cardinality of targets changes.

Figure 12. The estimated position of the particle point.

Figure 13. Track result on x and y coordinates by Gibbs-GLMB.

Figure 14. Track result on x and y coordinates by GLMB.
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Figure 15. The cardinality estimates (100 times MC).

Figure 16 is the OSPA distance over 100 MC runs. The statistical results can further illustrate that
the proposed Gibbs-GLMB is more accurate than the GLMB throughout the tracking process, although
the error is larger at the beginning of the experiment.

Figure 16. OSPA distance (100 times MC).

5.3. Performance

The filtering algorithms are run in the same PC. The configuration is as follows: CPU: Inter
Core MLi5-4200H@2.80 GHz, RAM: 8 GB, using the software matlab2017b, the computation load and
accuracy is as described in the following table:

As shown in Table 1, the proposed Gibbs-GLMB filtering is significantly reduced in
time-consuming and the cardinality estimates is more accurate compared to the GLMB filtering.
The Gibbs-GLMB filtering improves the speed of operation greatly and reduces the complexity of the
procedure by integrating updating and prediction of the GLMB filter into one step and by combining
the Gibbs sampling algorithm to evaluate the updated target combination, eliminating the target
combination with smaller possibility and retaining the target combination with larger weight so the
tracking accuracy will be better, and the computational complexity is also significantly reduced due to
the reduction of the target combination.
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Table 1. Performance comparison.

Method
Scenario 1 Scenario 2

Running Time
The Cardinality Accuracy

Running Time
The Cardinality Accuracy

(s/step) (s/step)

Gibbs-GLMB 0.5790 76.86% 0.5950 88.61%
GLMB 1.4188 67.64% 2.1950 61.60%

6. Conclusions

By introducing the multi-sensor acoustic array and signal detection model, we proposes to use
TDOA and AOA measurements, combined with the Gibbs-GLMB filter to track multiple acoustic
sources. In this paper, we use RFS theory which can solve the loss of correspondence between set
elements with labels and use PHAT combined with the GCC algorithm which improves the result of
TDOA calculation through real acoustic signals. The feasibility of the method is verified by tracking
multiple nonlinear moving targets. The experimental simulation results show that the Gibbs-GLMB
filter can effectively track multi-target but the sensor position will affect the results of the tracking.
Compared with the GLMB filter, Gibbs-GLMB filter runs faster and the results are more accurate.
The method proposed in this paper is only implemented under ideal simulation conditions. In the
future, we will consider applying it to real audio experiments and design an effective sensor array
distribution.
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Abstract: The extended target Gaussian inverse Wishart probability hypothesis density
(ET-GIW-PHD) filter overestimates the number of targets under high clutter density. The reason
for this is that the source of measurements cannot be determined correctly if only the number
of measurements is used. To address this problem, we proposed an anti-clutter filter with
hypothesis testing, we take into account the number of measurements in cells, the target state
and spatial distribution of clutter to decide whether the measurements in cell are clutter. Specifically,
the hypothesis testing method is adopted to determine the origination of the measurements. Then,
the likelihood functions of targets and clutter are deduced based on the information mentioned above,
resulting in the likelihood ratio test statistic. Next, the likelihood ratio test statistic is proved to be
subject to a chi-square distribution and a threshold corresponding to the confidence coefficient is
introduced and the measurements below this threshold are considered as clutter. Then the correction
step of ET-GIW-PHD is revised based on hypothesis testing results. Extensive experiments have
demonstrated the significant performance improvement of our proposed method.

Keywords: extended target; target tracking; PHD filter; high clutter density

1. Introduction

Extended target tracking (ETT) draws lots of attention in recent years because of its wide range
of applications in traffic control [1], autonomous driving [2–4], person tracking [5,6] and etc. [7–11].
Since one extended target generates more than one measurement per time step, its shape information
can be obtained. Using this information, the kinematic state and extent of the target can be estimated
simultaneously. The extent of the target including the size, shape, and orientation can be further used
for target identification.

The difference between point target tracking and extended target tracking lies in the measurement
model and hypotheses. Point target generates at most one measurement per time step, while the
extended target generates multiple measurements. Many algorithms were proposed to track point
target based on point target hypothesis, such as probability hypothesis density (PHD) filter [12]
and cardinalized PHD (CPHD) filter [13]. Since the extended target violates one measurement
hypothesis, the number of targets will be overestimated if point target tracking algorithms are directly
used for tracking extended targets. To address this problem, Mahler proposed an extended target
tracking algorithm based on the inhomogeneous Poisson Point Process model (PPP model) [14] in
random finite sets (RFSs) frame, namely extended target probability hypothesis density (ET-PHD) [15],
Jiang et al. [16] proposed a novel time-matching ET-PHD filter, a Gaussian mixture implementation
of the ET-PHD, called the extended target Gaussian inverse Wishart probability hypothesis density
(ET-GIW-PHD) filter, has been presented in [17]. However, ET-PHD only estimates the kinematic state
of the target (such as position, velocity) and does not estimate the extent of the target. Therefore, this
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method cannot extract the shape of the target. Nevertheless, the estimation of the target extent is
important because it can be used to classify target and improve tracking accuracy [18–20].

Measurement partition is an important step in ETT. In ETT, measurements are partitioned into
several non-empty subsets, each subset contains measurements that are all from the same source, either
a single target or a clutter source, the subset is defined as cell. In ETT, the increase of measurements
gives rise to the quick increase of the set partitions, thus the partition algorithm should be designed to
achieve tractable computational complexity. Distance partition [17] is the most widely used method.
Modified Bayesian adaptive resonance theory (MB-ART) [21] can also achieve good performance.
For more details about other partition algorithms, please see [22–24].

One of the most important works in extended target tracking is how to model the target extent.
To address this problem, the stick model is used for bicycle and pedestrian tracking [25,26]. The object
extension is represented by a symmetric positive definite (SPD) random matrix [27], namely a
random matrix (RM) model. Feldmann et al. [28] adapted the RM model for the case when the
sensor error cannot be ignored. Lan et al. [29] took into account time variation and distortion
of target extension in RM frame. In order to handle irregular shapes, a random hypersurface
model (RHM) is introduced in [30–32]. Gaussian Processes (GP) was used to represent the target
shape and achieved good performance [33–36]. Since shape estimation is similar to curving fitting,
Kaulbersch et al. [37] applied a curve fitting method for shape estimation. Granström et al. [38]
proposed an extension model for specific sensor. Granström et al. [39] proposed extended target
Gaussian inverse Wishart PHD (ET-GIW-PHD) filter to incorporate widely used RM model into PHD
filter and approximate the estimated PHD with an unnormalized mixture of Gaussian inverse Wishart
(GIW) distributions. Later, Granström et al. [40] proposed extended target Gamma Gaussian inverse
Wishart PHD (ET-GGIW-PHD) filter to estimate the measurement rate and target state simultaneously.
The combination of several RM model was used to model nonelliptic targets in [41,42]. As mentioned
in [39], more experiments that test ET-GIW-PHD filters are needed, e.g., for data that contains more
clutter than typical laser data does, this provides the general motivation for this paper. We found
that the number of targets will be overestimated which degrades the final performance when severe
clutters are partitioned into one cell in ET-GIW-PHD. More analyses are presented in Section 3. In this
paper, we proposed an anti-clutter ET-GIW-PHD filter for better cardinality estimation performance.

The main contributions of this paper are twofold. First, the reason why ET-GIW-PHD
overestimates the number of targets is discussed detailedly, and the probability of the measurement
generated by clutter against different scenario parameters is presented. Second, in order to deal with
the cardinality overestimation in ET-GIW-PHD, we proposed an anti-clutter ET-GIW-PHD filter which
revises the correction step of ET-GIW-PHD with hypothesis testing. Hypothesis testing is introduced
to determine the source of measurements in the cell, hypothesis testing results are integrated into
the correction step in ET-GIW-PHD. In order to deal with the source of measurements correctly,
the essential differences between the measurements of targets and clutter should be recognized. Since
the variation of target state over time follows certain rules (motion model and shape transition model),
the state of targets could be predicted while clutter could not. Then, the likelihood functions of
targets and clutter are deduced. The likelihood functions are built based on not only the number of
measurements but also the target state and spatial distribution of clutter. Since the likelihood ratio test
statistic is proved to be subject to chi-square distribution, a threshold corresponding to the confidence
coefficient is introduced, this threshold is used to determine the source of measurements in the cell.
It worth note that the perfect sensor resolution is advocated as a theoretical hypothesis in this paper.
In reality, the results in the Section 5 will be affected by the limited sensor resolution. Future work will
tackle the sensor’s limited resolution.

The rest of the paper is outlined as follows. Section 2 reviews the ET-GIW-PHD filter. Section 3
discusses the reason why ET-GIW-PHD overestimates the number of targets. Our anti-clutter
ET-GIW-PHD is presented detailedly in Section 4. We conduct experiments in different simulation
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scenarios to demonstrate the effectiveness of our proposed approach in Section 5; Conclusion is drawn
in Section 6.

2. ET-GIW-PHD Review

In ET-GIW-PHD, both predicted PHD and corrected PHD can be approximated as an
unnormalized mixture of Gaussian inverse Wishart distributions. Let ζk = {xk, Xk} be the sufficient
statistics of the GIW components at time which contains kinematical state xk and extension state Xk
which is mathematically described by a symmetric and positively definite (SPD) random matrix. The
iterative formulae for ξk are obtained in [39]. More implementation details, such as pruning and
merging, can also be found in [39].

Prediction:

Dk+1|k(ξk+1) =
∫

ps(ξk)pk+1|k(ξk+1|ξk)× Dk|k(ξk)dξk + Db
k+1(ξk+1), (1)

where ps(·) is the probability of survival, pk+1|k(ξk+1|ξk) is the state transition density, Db
k+1(·) is the

birth PHD, new target spawning is omitted [39].
Correction:
The corrected PHD Dk|k(ξk) can be summarized as:

Dk|k(ξk) = DND
k|k (ξk) + ∑

p∠Zk

∑
W∈p

DD
k|k(ξk, W), (2)

where p∠Zk means that the measurement sets Zk are partitioned into non-empty cells, W ∈ p means
that the cell W is in the partition p.

DND
k|k (ξk) handles the undetected target case, because Dk+1|k(ξk+1) is approximated as an

unnormalized mixture of Gaussian inverse Wishart distributions, it is given by

DND
k|k (ξk) =

Jk|k−1

∑
j=1

wj
k|kN (xk; m(j)

k|k, P
(j)
k|k ⊗ Xk)IW(Xk; v(j)

k|k, V
(j)
k|k), (3)

where Jk|k−1 is the number of components of predicted PHD, w(j)
k|k is the weight of GIW component.

N (x; m, P) means that a vector x is subject to Gaussian distribution with mean m and covariance P,
IW(X; v, V) means that a matrix is subject to inverse Wishart distribution with degree of freedom v
and inverse scale matrix V. ⊗ is the Kronecker product.

DD
k|k(ξk, W) handles the detected target case, which is given by

DD
k|k(ξk, W) =

Jk|k−1

∑
j=1

w(j,W)
k|k N (xk; m(j,W)

k|k , P
(j,W)
k|k ⊗ Xk)IW(Xk; v(j,W)

k|k , V
(j,W)
k|k ). (4)

w(j,W)
k|k can be obtained by

w(j,W)
k|k =

ωp

dW
e−γ(j)

(
γ(j)

λcck

)|W|
p(j)

D Λ(j,W)
k w(j)

k|k−1, (5)

where

dW = δ|W|,1 +
Jk|k−1

∑
j=1

e−γ(j)

(
γ(j)

λcck

)|W|
p(j)

D Λ(j,W)
k w(j)

k|k−1 (6)
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Λ(j,W)
k =

1

(π|W||W|S(j,W)
k|k−1)

d
2

|V(j)
k|k−1|

v(j)
k|k−1

2 Γd(
v(j,W)

k|k
2 )

|V(j,W)
k|k−1|

v(j,W)
k|k

2 Γd(
v(j)

k|k−1
2 )

(7)

ωp =
∏W∈PdW

∑P′∠Zk ∏W ′∈P′dW ′
. (8)

Λ(j,W)
k presents the likelihood of the jth GIW component given the measurements of the Wth

cell, ωp is the weight of pth partition, p(j)
D is the detection probability of jth GIW component, γ(j) is

the expected number of measurements generated by jth GIW component, λc is the mean number of
clutter measurements, ck is the spatial distribution of the clutter over the surveillance volume, δi,j is

the Kronecker delta, |W| is the the number of measurements in the Wth cell, S
(j,W)
k|k−1 is innovation factor,

Γd(·) is the multivariate Gamma function.

3. Analysis of ET-GIW-PHD

In ET-GIW-PHD, the calculation of w(j,W)
k|k is important. If the measurements in Wth cell are

generated by clutter, w(j,W)
k|k is expected to be smaller than the pruning threshold, then the corresponding

component will be eliminated and the clutter will be eliminated.
In Equation (5), w(j,W)

k|k contains two parts, one is the weight of the pth partition, denoted by
ωp, the other is the weight of Wth cell in partition. Without loss of generality, only one partition is
considered for clarity, therefore ωp = 1. Substituting Equation (6) into Equation (5), we arrive at

w(j,W)
k|k =

e−γ(j)
(

γ(j)

λcck

)|W|
p(j)

D Λ(j,W)
k w(j)

k|k−1

δ|W|,1 +
Jk|k−1

∑
l=1

e−γ(l)
(

γ(l)

λcck

)|W|
p(l)D Λ(l,W)

k w(l)
k|k−1

. (9)

From Equation (9), the numerator is a part of denominator, the measurements of Wth cell is used
to correct each GIW component, then Λ(j,W)

k can be obtained, w(j,W)
k|k can be given based on some prior

parameters, such as pD, γ, λc and ck (for brevity, the subscript and superscript are omitted here).
If the measurements in the cell are generated by clutter, the likelihood Λ(j,W)

k of each GIW
component will be very small since clutter does not obey the kinematic and extent model of target.
If the number of clutter measurements in the cell is equal to one, then |W| = 1, δ|W|,1 = 1,
Jk|k−1

∑
l=1

e−γ(l)
(

γ(l)

λcck

)|W|
p(l)D Λ(l,W)

k w(l)
k|k−1 will be much smaller than 1 because the likelihood Λ(j,W)

k achieves

a small value mentioned above and other parameters can be considered as constants, the value of
w(j,W)

k|k will be close to 0 and is smaller than the pruning threshold, then the corresponding component
will be eliminated and the clutter is eliminated. However, if the number of clutter measurements in
the cell is more than one, then |W| �= 1, δ|W|,1 = 0, Equation (9) is the normalization process. Although

Λ(j,W)
k is close to zero, w(j,W)

k|k can still take a large value. In this case, ghost targets will emerge and the
number of targets will be overestimated. Further details on numerical implementation can be found in
Section 5.

According to the analysis above, if the measurement in the cell is clutter,
Jk|k−1

∑
l=1

e−γ(l)
(

γ(l)

λcck

)|W|
p(l)D Λ(l,W)

k w(l)
k|k−1 (denoted by

Jk|k−1

∑
l=1

ψl,W) in Equation (9) should be added by

1. Otherwise, it should be added by 0 and the clutter can be eliminated. However, from Equation (9), if

the cell contains only one measurement,
Jk|k−1

∑
l=1

ψl,W is added by 1, it means that the cell contains only

one measurement is considered as clutter in ET-GIW-PHD. Otherwise, it is considered as a target if the

158



Sensors 2019, 19, 5140

cell contains more than one measurement. In fact, this assumption can be violated under strong clutter.
The criterion whether measurements in the cell are generated by clutter based on only the number
of measurements can be erroneous. A simple numerical calculation is shown below to illustrate
this point.

In ET-GIW-PHD, the probability of the measurements of the cell generated by clutter is obtained
based on the Bayesian theorem, see Equation (10). Note that, only the number of measurement is
considered in this calculation.

P(ZW ⊂ C|nW = 1) = 1 − P(ZW ⊂ T|nW = 1)

=
P(nW = 1|ZW ⊂ C)P(ZW ⊂ C)

P(nW = 1|ZW ⊂ T)P(ZW ⊂ T) + P(nW = 1|ZW ⊂ C)P(ZW ⊂ C)
,

(10)

where ZW presents the measurements in cell, nW is the number of measurements in cell, C and T mean
clutter and target respectively, P(ZW ⊂ C) and P(ZW ⊂ T) are the prior information.

The number of measurements generated by the target is subject to Poisson distribution with
Poisson rate γ, the detection probability is pd, then

P(nW = 1|Zw ⊂ T) =
∞

∑
i=1

pd(1 − pd)
i−1C1

i
γi

i!
e−γ

=
∞

∑
j=0

pd(1 − pd)
j(j + 1)

γj+1

(j + 1)!
e−γ

= pdγe−pdγ
∞

∑
j=0

((1 − pd)γ)
j

j!
e−(1−Pd)γ

= pdγe−pdγ.

(11)

where Cn
m = n!

m!(m−n)! denotes the combinatorial number of the events that m out of n.
Remark: pd is not equal to pD in Equation (6). pd is the probability that one measurement

generated by target or clutter is detected, while pD is the probability that an extended target will
generate a measurement set [15]. pD can be derived if pd is already known.

The clutter measurements are assumed to be uniformly distributed over the surveillance area,
and the number of clutter is subject to Poisson distribution with Poisson rate λc. So we have

P(nW = 1|Zw ⊂ C) =
∞

∑
i=1

pd(1 − pd)
i−1C1

i
λc

i

i!
e−λc

= pdλce−pdλc .

(12)

When the number of measurements is 1, the probability of the measurement in the cell generated
by clutter is shown in Table 1 with different γ and λc. In this simulation, the prior information is set to
0.5, then P(ZW ⊂ C) = P(ZW ⊂ T) = 0.5.

Table 1. The probability of the measurement generated by clutter.

λc = 5 λc = 5 λc = 25 λc = 35
γ = 5 γ = 10 γ = 10 γ = 10

pd = 0.6 1 1 0.944 0.055
pd = 0.7 1 1 0.965 0.034
pd = 0.8 1 1 0.979 0.021
pd = 0.9 1 1 0.987 0.013
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From Table 1 we can see that when γ = 10, λc = 35 and pd = 0.9, P(ZW ⊂ C|nW = 1) = 0.013.
Although the cell contains only one measurement, the probability of the measurement in the cell
generated by clutter is close to 0. Consequently, the criterion of ET-GIW-PHD does not work well
in this case. when γ = 10 and λc = 5, P(ZW ⊂ C|nW = 1) = 1. In this case, the clutter is
distinguished correctly based on the criterion of ET-GIW-PHD. In summary, the determination whether
measurements are generated by clutter based on only the number of measurements can be erroneous.

4. Anti-Clutter ET-GIW-PHD

The difference between ET-GIW-PHD and anti-clutter ET-GIW-PHD is how to determine the
source of measurements in the cell, specifically, the difference is how to obtain dW in Equation (6).
Using only the number of measurements in ET-GIW-PHD to determine whether the measurements in
the cell is the target or not may be erroneous. In contrast, our anti-clutter ET-GIW-PHD uses hypothesis
testing to deal with this problem. The number of measurements, the kinematic state and extent state of
target and clutter spatial distribution are taken into account to obtain the likelihood ratio test statistic.

There are two hypotheses:
H0 : ZW ⊂ C, (13)

H1 : ZW ⊂ T, (14)

where ZW = {z1, z2, ..., znW} is the measurements of Wth cell, nW is the number of the measurements,
C and T represent clutter and target respectively.

The likelihood ratio test statistic for hypothese is given by

η =
L(ZW |T)
L(ZW |C)

, (15)

where L(ZW |T) and L(ZW |C) are the likelihood to measure the set ZW given ZW ⊂ T and ZW ⊂ C
respectively and L(ZW |T) and L(ZW |C) will be presented later.

If log(·) is applied to Equation (15), log(η) can be obtained.

log η = log L(ZW |T)− log L(ZW |C). (16)

Because log(·) is monotony increase, log(η) is also the test statistic for hypothesis H0 versus H1.
If these measurements are generated by the target, L(ZW |T) will achieve a large value and L(ZW |C)

will be small. Consequently, the statistics log(η) will grow to a large value. Using a threshold,
we can distinguish between targets and clutter. Specifically, if log(η) is greater than the threshold,
the measurements in the cell is considered to be generated by targets. Otherwise, these measurements
are considered to be clutter. The expression of L(ZW |T) and L(ZW |C) are given below, the setting of
the threshold is discussed.

If the measurements are generated by a target, different extent models lead to a different expression
of L(ZW |T). In this paper, L(ZW |T) is deduced based on the model in [27],

L(ZW |T) =
∞

∑
j=nW

pnW
d (1 − pd)

j−nW CnW
j

γj

j!
e−γ ·

nW

∏
i=1

N (zi; (Hk ⊗ Id)xk, Xk)

=
∞

∑
j=nW

pnW
d (1 − pd)

j−nW j!
nW !(j − nW)!

γj

j!
e−γ ·

nW

∏
i=1

N (zi; (Hk ⊗ Id)xk, Xk)

=
pnW

d γnW

nW !
e−pdγ

∞

∑
j=nW

((1 − pd)γ)
j−nW

(j − nW)!
e−(1−pd)γ ·

nW

∏
i=1

N (zi; (Hk ⊗ Id)xk, Xk)

=
pnW

d γnW

nW !
e−pdγ

nW

∏
i=1

N (zi; (Hk ⊗ Id)xk, Xk),

(17)
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where Id is an unit matrix with d dimension, Xk is the extension of target at time k, Hk is the 1D
observation matrix.

The clutters are assumed to be uniformly distributed over the surveillance area [27], then

L(ZW |C) = β
nW
FA

∞

∑
j=nW

λ
j
c

j!
e−λc CnW

j pnW
d (1 − pd)

j−nW

= β
nW
FA

∞

∑
j=nW

λ
j
c

j!
e−λc

j!
nW !(j − nW)!

pnW
d (1 − pd)

j−nW

= β
nW
FA pnW

d
λnW

nW !
e−pdλc

∞

∑
j=nW

((1 − pd)λc)
j−nW

(j − nW)!
e−(1−pd)λc

= β
nW
FA pnW

d
λ

nW
c

nW !
e−pdλc

∞

∑
i=0

((1 − pd)λc)
i

i!
e−(1−pd)λc

= β
nW
FA

pnW
d λ

nW
c

nW !
e−pdλc ,

(18)

where βFA = λcck, λc is the mean number of clutter measurements, ck is the spatial distribution of the
clutter over the surveillance volume.

Substitute Equations (17) and (18) into Equation (16), we have

log(η) = log L(ZW |T)− log L(ZW |C)

=
nW

∑
j=1

log(N (zj; (Hk ⊗ Id)xk, Xk))+ log(
pnW

d γnW

nW !
e−pdγ)− log(β

nW
FA

pnW
d λ

nW
c

nW !
e−pdλc)

=
nW

∑
j=1

{−0.5 log 2π − 0.5 log |Xk|} −
nW

∑
j=1

{0.5(zj − (Hk ⊗ Id)xk)X
−1
k (zj − (Hk ⊗ Id)xk)

T}

+ (−pdγ + nW log pdγ −
nW

∑
i=1

log i)− (−pdλc + nW log pdλc −
nW

∑
i=1

log i)− nW log βFA

= −0.5
nW

∑
j=1

{(zj − (Hk ⊗ Id)xk)X
−1
k (zj − (Hk ⊗ Id)xk)

T} − 0.5nW log 2π − 0.5nW log |Xk|

− pd(γ − λc) + nW log(
γ

λc
)− nW log βFA

= −0.5G + D,

(19)

where

G =
nW

∑
j=1

(zj − (Hk ⊗ Id)xk)X
−1
k (zj − (Hk ⊗ Id)xk)

T (20)

D = −0.5nW log 2π − 0.5nW log |Xk| − pd(γ − λc)

+ nW log(
γ

λc
)− nW log βFA.

(21)

Because zj is subject to Gaussian distribution with mean (Hk ⊗ Id)xk and covariance Xk, zj ∝
N ((Hk ⊗ Id)xk, Xk), thus

G =
nW

∑
j=1

(zj − (Hk ⊗ Id)xk)X
−1
k (zj − (Hk ⊗ Id)xk)

T ∝ X 2(nW), (22)
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where G is subject to chi-square distribution with degree of freedom nW . In Equation (21), γ, λc and
βFA are priori known, the volume of the target extension is proportional to |Xk|, the size of the target
could be assumed to be unchanged, then D could be considered as a constant.

The confidence coefficient is set to α and a threshold is introduced (denoted by g), suppose
hypothesi H1 is true, then

P(log η > g) = P(−0.5G + D > g) = P{G < 2(D − g)} = α, (23)

then
2(D − g) = X 2

1−α (24)

g = D − 0.5X 2
1−α, (25)

where
α =
∫ ∞

X 2
α (nW )

X 2(nW)dx. (26)

From Equation (23), the probability of log(η) < g is 1 − α. Generally, α is set to be a value close
to 1 and log(η) < g is a small probability event. If log(η) < g is satisfied, hypothesi H1 should be
rejected. Finally, we have

If log(η) < g, the measurements are generated by clutter, then

dW = 1 +
Jk|k−1

∑
l=1

e−γ(l)

(
γ(l)

βFA

)|W|
p(l)D Λ(l,W)

k w(l)
k|k−1. (27)

If log η ≥ g,the measurements are generated by targets, then

dW =

Jk|k−1

∑
l=1

e−γ(l)

(
γ(l)

βFA

)|W|
p(l)D Λ(l,W)

k w(l)
k|k−1. (28)

The pseudo-code for anti-clutter ET-GIW-PHD is illustrated in Table 2.

Table 2. Pseudo-code for anti-clutter extended target Gaussian inverse Wishart probability hypothesis
density (ET-GIW-PHD) filter.

1: Input: Sequence of measurement sets
2: Initialize: parameter initialization
3: for k = 1 : K (K is totally time steps)
4: Measurements partition
5: Prediction
6: Correction, see Table 3.
7: Prune and merge
8: Extract target state
9: end for
10: Output: Sequence of estimated targets.

The difference between ET-GIW-PHD and anti-clutter ET-GIW-PHD lies in correction step.
Pseudo-code for anti-clutter ET-GIW-PHD filter correction is shown in Table 3, pseudo-code for
other steps (prediction, prune and merge etc) can be found in [39].
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Table 3. Pseudo-code for anti-clutter ET-GIW-PHD filter correction.

1: Input: GIW components {wj
k|k−1, ξ

j
k|k−1}

Jk|k−1

j=1 , measurements partitions {pρ}n
ρ=1

2: Undetected target case:
3: for j = 1 : Jk|k−1

4: wj
k|k ← (1 − (1 − e−γ)pD

)
wj

k|k−1 ξ
j
k|k ← ξ

j
k|k−1

5: end for
6: Detected target case:
7:l = 0
8: for ρ = 1 : n
9: for W = 1 : |pρ|
10: l = l + 1
11: for j = 1 : Jk|k−1

12: update ξ
j
k|k−1 using Kalman filter, see details in [39], ξ

j+l·Jk|k−1

k|k
update←−−− ξ

j
k|k−1

13: w
(j+l·Jk|k−1,W)

k|k ← e−γ(j)
(

γ(j)

λcck

)|W|
p(j)

D Λ(j,W)
k w(j)

k|k−1

14: Gj =
nw

∑
j=1

(zj − (Hk ⊗ Id)xj
k|k−1)(X

j
k|k−1)

−1
(zj − (Hk ⊗ Id)xj

k|k−1)
T

15: end for
16: D = −0.5nW log 2π − 0.5nW log |Xk|k−1| − pd(γ − λc) + nW log( γ

λc
)− nW log βFA.

17: log(η) = −0.5 arg min
j

Gj + D

18: g = D − 0.5X 2
1−α,

19: d(ρ,W)
W =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 +

Jk|k−1

∑
l=1

e−γ(l)
(

γ(l)

βFA,k

)|W|
p(l)D Λ(l,W)

k w(l)
k|k−1 log η < g

Jk|k−1

∑
l=1

e−γ(l)
(

γ(l)

βFA,k

)|W|
p(l)D Λ(l,W)

k w(l)
k|k−1 log η ≥ g

20: w
(j+l·Jk|k−1,W)

k|k ← w
(j+l·Jk|k−1,W)

k|k
dW

21: end for

22: ωpρ ← Π|pρ |
W=1d(ρ,W)

W
23: end for

24: ωpρ ← ωpρ
n
∑

ρ=1
ωpρ

for ρ = 1 : n

25:Jk|k ← Jk|k−1(l + 1) Jtmp = Jk|k−1
26: for ρ = 1 : n
27: for j = 1 : Jk|k−1|pρ|
28: w(j+Jtmp)

k|k ← w(j+Jtmp)

k|k ωpρ

29: end for
30: Jtmp ← Jtmp + Jk|k−1|pρ|
31: end for

32: Output: GIW components {wj
k|k, ξ

j
k|k}

Jk|k
j=1

5. Simulation

In this section, the effectiveness of ET-GIW-PHD and anti-clutter ET-GIW-PHD were tested. Two
scenarios with multiple targets were established. The surveillance area was set as [−1000 m, 1000 m]×
[−1000 m, 1000 m], then ck is 2.5 × 10−7 under the assumption that clutter is uniformly distributed
over the surveillance area. We set totally 100 time steps and the sampling time is 1 s.
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In the first scenario, four targets moving along different lines were generated:

x(1)0 = [−1000 m, 1000 m, 25 m/s,−25 m/s], t(1)s = 5 s, t(1)e = 45 s;

x(2)0 = [−1000 m,−1000 m, 25 m/s, 25 m/s], t(2)s = 15 s, t(2)e = 55 s;

x(3)0 = [1000 m,−1000 m,−25 m/s, 25 m/s], t(3)s = 25 s, t(3)e = 65 s;

x(4)0 = [1000 m, 1000 m,−25 m/s,−25 m/s], t(4)s = 35 s, t(4)e = 75 s;

(29)

where x(j)
0 is the initial state of jth target, t(j)

s is the born time of jth target, t(j)
e is the end time of jth

target. The birth intensity in the first scenario is

Db(ξ) =
4

∑
j=1

wbN (x; x(j)
0 , Pb ⊗ Xk)IW(Xk; vb, Vb), (30)

where wb = 0.03, Pb = diag([100, 100]), vb = 10, Vb = diag([100, 100]).
In the second scenario, two targets were born at (−1000 m, 300 m) and (−1000 m, −300 m),

respectively at k = 0 (k is time step). Next, they moved close gradually and then moved in parallel
before separating. The birth intensity in the second scenario is

Db(ξ) =
2

∑
j=1

wbN (x; mj, Pb ⊗ Xk)IW(Xk; vb, Vb), (31)

where m1 = [−1000, 300, 25,−25], m2 = [−1000,−300, 25, 25], wb = 0.03, Pb = diag([100, 100]),
vb = 10, Vb = diag([100, 100]). The true trajectories of two scenario are shown in Figure 1.

(a) scenario 1 (b) scenario 2

Figure 1. True trajectories of two scenarios: (a) four targets move along different lines in scenario 1.
(b) Two targets move closeer gradually and then move in parallel before separating in scenario 2.

The dynamic and measurement model are shown below. The target kinematic state is denoted as
x = [rx, ry, ṙx, ṙy], where rx and ṙx is the position and velocity in the x direction, likewise of y direction.
The time evolution of kinematic state given by

x(j)
k = F

(j)
k x(j)

k−1 + w(j)
k , (32)
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where x(j)
k is the target state of jth target at time k, wk is the process noise of jth target and is the

Gaussian white noise with zero mean and covariance Q
(j)
k , F

(j)
k is the kinematic state transition matrix

of jth target, given by

Fk
(j) =

⎡⎢⎢⎢⎣
1 0 t 0
0 1 0 t
0 0 1 0
0 0 0 1

⎤⎥⎥⎥⎦ , Qk
(j) = Ω2

[
t2

2
t

] [
t2

2 t
]

, (33)

where t is the sampling time and Ω represents the acceleration error, t = 1 s and Ω = 5 m/s2 in
this simulation.

In this simulation, the major and minor axes are 20 m and 15 m respectively for all targets.
The major axis was aligned with the direction of motion of the target and the extent of these targets
remained unchanged.

The measurement model can be expressed as

z(j)
k = (Hk ⊗ Id)x(j)

k + qk, (34)

where z(j)
k is the measurements generated by the jth target at time k, qk is the measurement noise and

is the Gaussian white noise with zero mean and covariance Rk, Hk ⊗ Id is the observation matrix,
given by

Hk ⊗ Id =

[
1
0

0
1

0
0

0
0

]
, Rk =

[
1 0
0 1

]
. (35)

where Hk = [1, 0], Id =

[
1 0
0 1

]
.

In our experiment, the confidence coefficient α of anti-clutter ET-GIW-PHD is set to 0.99.
A distance partition algorithm [17] is used for both filters, a measurement partition that contains
several cells can be obtained for a given distance threshold. Clutter Poisson rate λc is set to 35, then
clutter density λcck is 8.75 × 10−6 (the clutter density in this paper is higher than that of related
references, such as [18,21]). The expected number of measurements generated by targets γ is set to 15.
The probability of survival ps and the detection probability pD are assumed to be state independent
and set to 0.99 and 0.98, respectively. The probability pd is set to 0.99.

Tracking results are evaluated using the optimal subpattern assignment metric (OSPA) [43], which
is widely used to evaluate multiple-target tracking performance [39–42].

The OSPA distance is defined by

dc
p(κk, κ̂k) =

(
1
n

(
min
π∈Πn

m

∑
i=1

dc(xi, x̂π(i))
p + Cp(n − m)

))1/p

, (36)

where m < n, κk = {x(1)k , x(2)k , ..., x(m)
k }is the true RFS at time k, κ̂ = {x̂(1)k , x̂(2)k , ..., x̂(n)k } is the estimated

RFS, ∏n is the assignment results which assign κ to κ̂, p means p − norm, c is the penalty cost for
cardinality mismatch. In this simulation, c = 60 and p = 2.

ET-GIW-PHD and anti-clutter ET-GIW-PHD are applied to two scenarios mentioned above
for performance evaluation. The trajectories generated by these two methods are presented in
Figures 2 and 3.
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(a) ET-GIW-PHD (b) Anti-clutter ET-GIW-PHD

Figure 2. The obtained trajectories of ET-GIW-PHD and anti-clutter ET-GIW-PHD in scenario 1:
(a) ET-GIW-PHD. (b) Anti-clutter ET-GIW-PHD.

(a) ET-GIW-PHD (b) Anti-clutter ET-GIW-PHD

Figure 3. The obtained trajectories of ET-GIW-PHD and anti-clutter ET-GIW-PHD in scenario 2:
(a) ET-GIW-PHD. (b) Anti-clutter ET-GIW-PHD.

From Figures 2 and 3 we can see that the trajectories of anti-clutter ET-GIW-PHD are almost
identical to the true trajectories. Note that, in the results of ET-GIW-PHD, some peices of clutter are
incorrectly considered as targets. However, our anti-clutter ET-GIW-PHD can deal with the clutter
more correctly and achieves better performance.

To further verify the analysis in Section 3, the calculation of w(j,W)
k|k in Equation (9) at k = 40

(k is time step) in scenario 1 is shown below. The partition result at k = 40 is given firstly in Figure 4.

Figure 4. The partition result at k = 40 in scenario 1.

From Figure 4 we can see that the measurements of four targets are correctly clustered, and two
clutter (marked with arrows in Figure 4) are incorrectly partitioned into one cell.
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e−γ(j)
(

γ(j)

βFA,k

)|W|
p(j)

D Λ(j,W)
k w(j)

k|k−1 is denoted as ψj,W for jth GIW component in the Wth cell, then

w(j,W)
k|k =

ψj,W

δ|W|,1 +
Jk|k−1

∑
l=1

ψl,W

. (37)

From simulation results, the number of components of predicted PHD is 14 at k = 40, then
Jk|k−1 = 14, ψj,W of the clutter cell (marked with arrows in Figure 4) is obtained and shown in Table 4.

The likelihood Λ(j,W)
k of each GIW component in this cell is very small since clutter does not obey

the kinematic and extent model of target, therefore ψj,W achieve small value as shown in Table 4.

Table 4. The ψj,W of the clutter cell.

j 1 2 3 4 5 6 7
ψj,W 4.7 × 10−21 2.5 × 10−24 1.4 × 10−19 2.7 × 10−15 2.9 × 10−10 3.7 × 10−19 3.5 × 10−70

j 8 9 10 11 12 13 14
ψj,W 3.8 × 10−50 4.4 × 10−57 6.7 × 10−8 2.6 × 10−30 2.9 × 10−17 4.7 × 10−14 1.1 × 10−55

Because the number of measurement in this cell is two, Equation (37) is represent as

w(j,W)
k|k =

ψj,W
Jk|k−1

∑
l=1

ψl,W

. (38)

Equation (38) is a normalization process, w(j,W)
k|k of the clutter cell is shown in Table 5.

Table 5. w(j,W)
k|k of the clutter cell.

j 1 2 3 4 5 6 7

w(j,W)
k|k 6.9 × 10−14 3.7 × 10−17 2.1 × 10−12 4.1 × 10−8 4.3 × 10−3 5.5 × 10−12 5.1 × 10−63

j 8 9 10 11 12 13 14

w(j,W)
k|k 5.6 × 10−43 6.5 × 10−50 0.99 3.9 × 10−23 4.3 × 10−10 6.9 × 10−7 1.7 × 10−48

Although ψj,W is small, w(j,W)
k|k may achieve a large value (w(10,W)

k|k = 0.99) and results in a ghost
target. At k = 40, the estimated number of targets was 5 while true number is 4. That is, the number of
targets was overestimated.

To test the influence of the clutter density on tracking performance, ET-GIW-PHD and anti-clutter
ET-GIW-PHD were tested under different numbers of clutter modeled as Poisson distribution with
Poisson rate λc. The clutter measurements are assumed to be uniformly distributed over the
surveillance area. The OSPA distance of these two filters under different Poisson rate λc is shown in
Figures 5 and 6.

As we can see from Figures 5 and 6, when λc is small, ET-GIW-PHD achieves good performance.
However, as λc increases, the performance of ET-GIW-PHD degrades significantly. In contrast, our
anti-clutter ET-GIW-PHD achieves superior performance with varying λc, which demonstrates that
anti-clutter ET-GIW-PHD is more robust to clutter than ET-GIW-PHD. The results of cardinality
estimation are shown in Figures 7 and 8.
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(a) λc = 5 (b) λc = 20

(c) λc = 35 (d) λc = 50

Figure 5. The optimal subpattern assignment metric (OSPA) distance of ET-GIW-PHD and anti-clutter
ET-GIW-PHD under different Poisson rate of clutter in scenario 1: (a) Poisson rate λc = 5. (b) Poisson
rate λc = 20. (c) Poisson rate λc = 35. (d) Poisson rate λc = 50.

(a) λc = 5 (b) λc = 20

(c) λc = 35 (d) λc = 50

Figure 6. The OSPA distance of ET-GIW-PHD and anti-clutter ET-GIW-PHD under different Poisson
rate of clutter in scenario 2: (a) Poisson rate λc = 5. (b) Poisson rate λc = 20. (c) Poisson rate λc = 35.
(d) Poisson rate λc = 50.
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(a) λc = 5 (b) λc = 20

(c) λc = 35 (d) λc = 50

Figure 7. The cardinality estimation of ET-GIW-PHD and anti-clutter ET-GIW-PHD under different
Poisson rate of clutter in scenario 1: (a) Poisson rate λc = 5. (b) Poisson rate λc = 20. (c) Poisson rate
λc = 35. (d) Poisson rate λc = 50.

(a) λc = 5 (b) λc = 20

(c) λc = 35 (d) λc = 50

Figure 8. The cardinality estimation of ET-GIW-PHD and anti-clutter ET-GIW-PHD under different
Poisson rate of clutter in scenario 2: (a) Poisson rate λc = 5. (b) Poisson rate λc = 20. (c) Poisson rate
λc = 35. (d) Poisson rate λc = 50.

169



Sensors 2019, 19, 5140

From Figures 7 and 8 we can see that the cardinality estimation error of ET-GIW-PHD increases as
the λc grows. That is, ET-GIW-PHD cannot avoid the overestimation of cardinality under high clutter
density. When clutter density is small, the clutter spreads apart. Thus, it is unlikely to partition more
than one clutter into one cell. In the presence of severe clutter, the probability that multiple clutter being
partitioned into one cell increases, and thus ET-GIW-PHD could overestimate the cardinality. However,
our anti-clutter ET-GIW-PHD uses not only the number of measurement, but also target state and
spatial distribution of clutter for better cardinality estimation performance. Using hypothesis testing,
the measurements can be distinguished more correctly. Therefore, a better tracking performance can
be achieved. Extensive experiments have demonstrated the effectiveness of anti-clutter ET-GIW-PHD.

6. Conclusions

In this paper, we propose an anti-clutter ET-GIW-PHD filter which revises the correction step
of ET-GIW-PHD with hypothesis testing for better tracking performance under severe clutter. Our
anti-clutter ET-GIW-PHD adopts a hypothesis testing method to distinguish between measurements
from targets and clutter, hypothesis testing results are incorporated into the correction step. Specifically,
likelihood functions are built to incorporate the number of measurements, the target state, and
clutter spatial distribution in anti-clutter ET-GIW-PHD, the source of measurements in the cell is
determined more correctly. Compared with ET-GIW-PHD, our method improves the cardinality
estimation accuracy and achieves better tracking performance. The effectiveness of our method has
been demonstrated by extensive experiments.
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Abstract: In multitarget tracking, knowledge of the backgrounds plays a crucial role in the accuracy
of the tracker. Clutter and detection probability are the two essential background parameters
which are usually assumed to be known constants although they are, in fact, unknown and time
varying. Incorrect values of these parameters lead to a degraded or biased performance of the
tracking algorithms. This paper proposes a method for online tracking multiple targets using
multiple sensors which jointly adapts to the unknown clutter rate and the probability of detection.
An effective filter is developed from parallel estimation of these parameters and then feeding them
into the state-of-the-art generalized labeled multi-Bernoulli filter. Provided that the fluctuation of
these unknown backgrounds is slowly-varying in comparison to the rate of measurement-update
data, the validity of the proposed method is demonstrated via numerical study using multistatic
Doppler data.

Keywords: random finite sets; unknown background; bootstrapping method; GLMB filter;
multisensor multitarget tracking; Murty’s algorithm

1. Introduction

In a multitarget scenario, the targets set cardinality and their dynamic states randomly vary
with time. The objective of tracking multiple targets is to estimate the number of targets and their
trajectories using the data collected from sensor(s) in a joint manner [1–4]. Currently, there are three
major paradigms for this field of study, namely Joint Probability Data Association (JPDA) [1], Multiple
Hypotheses Tracking (MHT) [2] and Random Finite Set (RFS) [3,4]. While the first two formers involve
modifying single target tracking filters to accommodate the problem of multitarget tracking, the latter
applies estimation theory focusing on Bayesian optimality and provide a top-down formulation for
solving the multitarget estimation problem [3,4].

Using RFS leads to the development of a series of multitarget estimation algorithms. Several
RFS-based filters has been proposed in both the literature and practical applications, such as the
Probability Hypothesis Density (PHD) [5], Cardinalized PHD (CPHD) [6,7], and the multi-Bernoulli
filters [8]. While these filters and their extensions can give good estimates of the current target states,
they do not produce target trajectories without using heuristics [9,10]. A theoretically rigorous and
systematic consideration of the multitarget trajectory estimation based on RFS approach was proposed
in [11]. This work also derives an exact closed-form solution to the multitarget tracking problem,
known as Generalized Labeled multi-Bernoulli (GLMB) filter. This filter can estimate not only the
number of the targets but also their trajectories, simultaneously [12]. It has been applied to several
problems as tracking with merged measurements [13], track-before-detect [14,15], extended targets [16],
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cell biology [17,18], sensor scheduling [19], spawning targets [20], distributed data fusion [21], field
robotics [22,23] and computer vision [24]. The GLMB filter for multitarget tracking with two sensors
has been developed in [25,26]. An efficient implementation of the GLMB filter based on Gibbs sampling
whose complexity depends linearly on the total number of measurements and quadratically on the
number of hypothesized targets has been presented in [27]. This method has been extended to the
multi-scan GLMB filter [28] and the multi-sensor GLMB filter [9].

In the multitarget tracking problem, clutter and detection profile are notable sources of
uncertainty [29]. Clutter is the set of false measurements that do not originate from any true target and
detection profile models the ability of the sensor to detect targets. Knowledge of these parameters are
essential in Bayesian multitarget estimation. Mismatches in parameters of clutter and detection models
lead to poor performance of filtering algorithms. While these parameters are unknown and randomly
time-varying, they are normally assumed to be known in advance. This assumption is unrealistic in
most practical applications and these parameters need to be estimated from training data or manually
tuned [29].

Since the adaptability of the tracker to these unknown parameters are important in practice, several
RFS filters have been proposed in the literature to perform multitarget tracking with mismatches in
clutter and detection probability. Some of the proposed methods that accommodate the unknown
clutter rate are given in [30–33]. A filter which bootstraps the clutter estimator of [29] into the CPHD
filter [6] has been proposed in [34]. Several approaches for dealing with unknown detection probability
have been presented in the literature, such as [29,35,36]. However, none of these filters can output
target tracks. While the GLMB filter can output tracks, and has been applied to several problems
without prior knowledge of clutter rate, as in [37–39], it is still computationally expensive. A low
computational cost bootstrapping method using GLMB filter has been given in [40] for multisensor
multitarget tracking with unknown detection probability.

Multisensor multitarget tracking with jointly unknown clutter rate and detection profile is far
more complicated than those with a single unknown parameter. The use of multiple sensors leads
to multidimensional ranked assignment problem which is the main hurdle in the implementation
of the GLMB filter [9]. Furthermore, exploiting background information from training data for the
multitarget estimation at each time frame is insufficient due to the time-varying nature of the two
mentioned unknown parameters.

This work is aimed to contribute an efficient method for multitarget tracking that not only
produces target trajectories but also estimates the jointly unknown clutter rate and detection profile
online with low computational cost. By using a simple combination of the two well-known filters,
the CPHD and GLMB filters, this method is not only fast in estimating the unknown parameters but
also producing trajectories of the targets. Specifically, these two mentioned unknown parameters
would be estimated separately by using the λ−CPHD and pD−CPHD filters before feeding to the
GLMB filter for the purpose of tracking trajectories. The preliminary results of this work are reported
in [40]. Particularly, in [40], the unknown detection probability is treated by the pD−CPHD filter
before boostraped into the GLMB filter with known clutter rate. The soundness and effectiveness of
the proposed solution are demonstrated in Section 4 via a multiple marine ships tracking application.

The remainder of this work is presented as follows. The backgrounds on GLMB filtering will be
given in Section 2. The proposed bootstrapping method will be introduced in Section 3 followed by
numerical studies in Section 4. Some concluding marks in Section 5.

2. Background

Some fundamentals on multitarget state-space model, the CPHD filter, and GLMB filter will be
summarized in this section. Following the convention in [11], single target states are denoted with
lower-case letters (i.e., x) while upper-case letters denote multitarget states (i.e., X). The corresponding
spaces are denoted by blackboard bold letters (X,L,Z, etc). The sequence of variable Xi, Xi+1, ..., Xj is
abbreviated by Xi:j. In this work the inner product

∫
f (x)g(x)dx is rewritten as 〈 f , g〉. Given a set S,
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the finite subsets of S is written as F (S), and 1S(·) denotes the indicator function of S. For a finite set X,
|X| represents its the number of elements, and the product ∏x∈X f (x) for some real-valued function f
is denoted by the multitarget exponential f X , with f ∅ = 1. Further, the generalized Kronecker-delta
function δY whose arguments can be arbitrary sets, vectors, integers, etc., is defined as follows

δY[X] =

{
1 i f X = Y

0 otherwise.
(1)

2.1. Multitarget States

As mentioned in Section 1, algorithms using non-labeled RFS cannot produce trajectories without
using heuristic techniques [10]. The Labeled RFS framework, introduced in [11,41], is a principled
approach to produce target tracks. Moreover, it is the only method that can produce trajectories from
the filtering density [10]. In the labeled RFS frame work, a labeled target at time k is represented by a
kinematic target state vector xk in state space X and its unique label �k in the (discrete) label space L,
and hence x = (x, �) ∈ X× L. This unique label is characterized by two parameters: time of target
birth τ and the index of individual targets born at the same time ρ, i.e., �k = (τ, ρ) ∈ L [11]. Hence,
formally, a trajectory of each target is a sequence of consecutive labeled states with the same label [11].
Note that the label space for all targets born up to time k is the disjoint union Lk = Lk−1

⊎
Bk where Bk

is the label space for targets born at time k, and Lk−1 is the label space of the targets born prior to time
k. To distinguish the unlabeled states from labeled ones, the normal and bold letters (e.g., x, X, x, X) are
used, respectively. Suppose that at time k, there are N targets with corresponding states xk,1, . . . , xk,N ,
then the multitarget state can be represented as follows:

Xk =
{

xk,1, . . . , xk,N
} ∈ F (X×Lk) (2)

Definition 1. [11] Let L : X×L → L be the projection L(x; �) = �, and hence L(X) = {L (x) : x ∈ X} is
the set of labels of X. A labeled RFS with space X and (discrete) label space L is an RFS on X×L such that each
realization X has distinct labels, i.e., |L(X)| = |X|.

Since each target in a multitarget state has a distict label, δ|X|(|L(X)|) = 1, the distinct label
indicator can be defined as follows [11]

Δ(X) � δ|X|(|L(X)|). (3)

2.2. Standard Multitarget Dynamic Model

Given a multitarget state Xk at time k, each state (xk, �k) ∈ Xk can either exist with probability
PS,k+1|k (xk) and evolve to a new state xk+1 at next time step k + 1 with probability density
fk+1|k (xk+1|xk, �k) δ�k

(�k+1) or disappear with probability 1− PS,k+1|k (xk). Let Sk+1|k(x) be the labeled
Bernoulli RFS of the surviving target with state x from time k to time k + 1 and Bk+1 be the labeled
multi-Bernoulli RFS of the new-born targets at time k + 1, then the multitarget state Xk+1 is the union
of the surviving targets and the new-born ones,

Xk+1 =
⋃

xk∈Xk

Sk+1|k (xk) ∪ Bk+1, (4)

Following the convention in [9], in this work, the set Bk+1 is distributed according to the labeled
multi-Bernoulli (LMB) density. Furthermore, for simplicity, the subscript k for the current time is
omitted, and the next time step k + 1 is indicated by the subscript ′+′.
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Assuming that the appearance, disappearance, and movement of each target are independent
of the others, the multitarget transition density (The Mahler’s Finite Set Statistics (FISST) notion of
density is used in this paper for consistency with the probability density [42]) is [11,41]

f (X+|X) = fS(X+ ∩ (X×L)|X) fB,+(X+ − (X×L)) (5)

in which the distribution of new-born targets is given by

fB,+ (B+) = Δ (B+)
[
1B+

rB,+
]L(B+) [1 − rB,+]

B+−L(B+) pB+
B,+, (6)

where rB,+(�) is the birth probability of new target with new-born label �, and pB,+(·; �) is the
distribution of its kinematic state [11]. The distribution of the survival targets is

fS,+ (S|X) =Δ (S)Δ (X) 1L(X) (L (S)) [Υ(S; ·)]X (7)

Υ(S; x, �) = ∑
(x+ ,�+)∈S

δ�(�+)PS(x, �) f+(x+|x, �) + (1 − 1L(S)(�)(1 − PS(x, �)).

2.3. Standard Multitarget Observation Model

Assuming that there are M sensors, each state (x, �) ∈ X can be either detected by sensor
s, s = 1, . . . M with probability of detection P(s)

D (x, �) and generate an observation z(s) ∈ Z(s) with

likelihood g(s)D

(
z(s)|x, �

)
, or being miss detected with probability 1 − P(s)

D (x, �). The set of multitarget

observations collected by the sth-sensor at time k is Z(s)
k =

{
z(s)1 , . . . , z(s)M

}
∈ F (Z), with Z being the

observation space. Note that, the sth−sensor can also receive spurious measurements or false alarms
at each time step. Let D(s)(x) be the set of measurements generated by target with state x at time k,
the multitarget observation at the current time k is the superposition of all observations of detected
targets modeled by multi-Bernoulli RFS, i.e., D(s) (X) =

⋃
x∈X D(s) (x) and the clutter modeled by

either Poisson or i.i.d. clutter RFS C(s).

Z(s) = D(s) (X) ∪ C(s) (8)

The likelihood function of a multitarget state X for sensor s is given as follows [9],

g(s)(Z(s)|X)∝ ∑
θ(s)∈Θ(s)

1Θ(s)(L(X))

(
θ(s)
) [

Υ(
s,θ(s)(L(x)))

Z(s) (x)
]X

(9)

where Θ(s) is the set of positive association map θ(s) at time k, θ(s) : L → {0, 1, . . . , |Z(s)|}, such that[
θ(s) (i) = θ(s) (j)

]
⇒ [i = j] (i.e., each observation in Z(s) is assigned to at most one target, then each

target has a distinct label), Θ(s) (J) is the subset of Θ(s)with domain J, and

Υ(s,j)
Z(s) (x) =

⎧⎪⎨⎪⎩
P(s)

D (x)g(s)(z(s)j |x)
κ(s)(z(s)j )

, j = 1 : M(s)

1 − P(s)
D (x) j = 0.

(10)

Using the assumption that the sensors are conditionally independent (More concisely, the sensors
do not interfere or influence each other while taking measurements or detections. The measurement
noise, missed detections and clutter from each sensor in a multitarget scenario are, therefore,
independent from the others), and let us define the following abbreviations
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Z � (Z(1), . . . , Z(M)), (11)

Θ � Θ(1) × · · · × Θ(M), (12)

Θ (J) � Θ(1) (J)× · · · × Θ(M) (J) , (13)

θ � (θ(1), . . . , θ(M)), (14)

1Θ(I) (θ) �
M

∏
s=1

1Θ(s)(I)(θ
(s)), (15)

Υ(
j(1) ,...,j(M))

Z (x, �) �
M

∏
s=1

Υ(s,j(s))
Z(s) (x, �) , (16)

then, the multi-sensor likelihood is written as

g (Z|X) =
M

∏
s=1

g(s)(Z(s)|X)

∝ ∑
θ∈Θ

1Θ(L(X)) (θ)
[
Υ(θ(L(x)))

Z (x)
]X

.
(17)

Obviously, the form of the multi-sensor likelihood g (Z|X) in (17) and that of it its single-sensor
counterpart in (9) are identical.

2.4. Multitarget Bayesian Recursion

Let πk−1 (·|Z1:k−1) denotes the multitarget density of the multitarget state at time k − 1,
where Z1:k−1 = (Z1, . . . , Zk−1) is the set of all observation history up to time k − 1. For simplicity,
we obmit the dependence on past measurements, i.e, we use πk−1 (·|Zk−1) instead of πk−1 (·|Z1:k−1).
The multitarget Bayes filter use the Chapman-Kolmogorov equation to predict the multitarget state to
time k given posterior at time k − 1 as follows [3]

πk|k−1 (Xk|Zk−1) =
∫

fk|k−1 (Xk|X)πk−1 (X|Zk−1) dX, (18)

where fk|k−1 (Xk|X) is defined as the multitarget transition kernel from time k − 1 to time k, and the
integral in Equation (18) is the set integral defined for any function f : F (X×L) → R,

∫
f (X) δX =

∞

∑
i=0

1
i!

∫
f ({x1, . . . , xi}) d (x1, . . . , xi) . (19)

The multitarget state Xk is partially observed at time k, and the RFS Zk is modeled by the
multitarget likelihood function gk (Zk|Xk), thus the multitarget posterior at this time is given by
Bayes rule:

πk (Xk|Zk) =
gk (Zk|Xk)πk|k−1 (Xk|Zk−1)∫
gk (Zk|X)πk|k−1 (X|Zk−1) dX

. (20)

3. GLMB Recursion with Bootstrapping Method

In this section, the generalized labeled multi-Bernoulli (GLMB) filter with its recursion is
summarized. The proposed method for estimating unknown backgrounds before bootstrapping
them into this filter is also introduced.

3.1. GLMB Filter

Definition 2. A GLMB density is a labeled multitarget density given as follows [11]
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π (X) = Δ (X)∑ ∑
�∈Ξ,J⊆L

ω(J,�)δJ [L (X)]
[

p(�)
]X

, (21)

where the discrete space Ξ is the space of association map histories Θ0:k � Θ0 × . . . × Θk , each � = (θ1:k) ∈ Ξ
represents a history of the (multisensor) positive 1-1 map, the weight ω(J,�) and multitarget exponential[

p(�)
]X

satisfy

∑
�∈Ξ

∑
J∈L

ω(J,�)δJ [L (X)] = 1, (22)

∫
p(�) (x, �) dx = 1. (23)

Noting that, in Equation (21), while ω(J,�) (L (X)) is a function of only the labels of the multitarget

state X, whereas
[

p(�)
]X

depends on entire set X.
The cardinality distribution Pr (|X| = n), existence probability r (�) and probability density

p (x, �) of a track � ∈ L are given as follows [11]:

Pr (|X| = n) = ∑
�∈Ξ

∑
J∈L

δn [|J|]ω(J,�) (24)

r (�) = ∑
�∈Ξ

∑
J∈L

1J (�)ω(J,�) (25)

p (x, �) =
1

r (�) ∑
�∈Ξ

∑
J∈L

1J (�)ω(J,�)p(�) (x, �) (26)

3.1.1. The GLMB Recursion

Since the GLMB filter is an exact closed-form multitarget Bayes filter under the standard
multitarget dynamic and observation models [12], and the form of the likelihood function in a single
sensor and multisensor cases are identical, the GLMB filter can be implemented via two separate steps
(update and prediction) or the combined step (joint-predict-update process). In this work, for the
convenience of proposed method, the two step GLMB recursion will be presented.

a. GLMB update

Given the standard multitarget observation likelihood function (9), the posterior multitarget
density is calculated as follows [11]

π(s)(X|Z(s)) = Δ(X) ∑
(J,�)∈F (L)×Ξ

∑
θ(s)∈Θ

ω
(s,J,�,θ(s))
(Z(s))

(L(X))
[

p(s,�,θ(s))(·|Z(s))
]X

, (27)

where

ω
(s,J,�,θ(s))
Z(s) (L) =

Γ(s,J,�,θ(s))
Z(s)

∑(J,�)∈F (L)×Ξ ∑θ(s)∈Θ Γ(s,J,�,θ(s))
Z(s)

(28)
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Γ(s,J,�,θ(s))
Z(s) = ω

(s,J,�)
Z(s) (L)

[
p̄(s,�,θ(s))

Z(s)

]J
(29)

p(s,�,θ(s))(x, �|Z(s)) =
p(s,�)(x, �)Υ(s)

Z(s) (x, �; θ(s))

p̄(s,�,θ(s))
Z(s) (�)

(30)

p̄(s,�,θ(s))
Z(s) (�) = 〈p(s,�)(·, �), Υ(s)

Z(s) (·, �; θ(s))〉 (31)

and Υ(s)
Z(s) (x, �; θ(s)) is given in (10).

b. Prediction

Given the posterior multitarget density at current time is a GLMB filtering density with the form
of (21), the predicted multitarget density at next time step is calculated under the standard multitarget
dynamic model (4) as follows [11]:

π
(s)
+ (X+) = Δ(X+) ∑

(J+ ,�)∈F (L+)×Ξ
ω
(s,J+ ,�)
+ (L(X+))

[
p(s,�)
+

]X+
(32)

where

ω
(s,J+ ,�)
+ (L) =ω

(s)
B (J+ ∩B)ω

(s,�)
S (J+ ∩L), (33)

p(s,�)
+ (x, �) =1L(�)p(s,�)

S (x, �) + (1 − 1L(�)) p(s)B (x, �) (34)

p(s,�)
S (x, �) =

〈P(s)
S (·, �) f (x|·, �), p(s,�)(·, �)〉

p̄(s,�)
S (�)

, (35)

p̄(s,�)
S (�) =

∫
〈P(s)

S (·, �) f (x|·, �), p(s,�)(·, �)〉dx (36)

ω
(s,�)
S (L) =[ p̄(s,�)

S ]L ∑
J⊆L

1J(L)
[

Q(s,�)
S (�)

]J−L
ω(s,J,�) (37)

Q(s,�)
S (�) =〈1 − P(s)

S (·, �), p(s,�)(·, �)〉. (38)

3.2. Adaptive to Unknown Backgrounds

In practice, the both the clutter rate and detection profile are unknown and unpredictably vary
with time. Prior knowledge of background models, therefore, are typically unavailable. Mismatch in
background models results in degradation of tracker performance [4]. In this section, based on the
suite of methods for tackling the unknown clutter rate and detection probability introduced in [4],
the bootstrapping method will be proposed.

A technique that accommodates the jointly unknown clutter rate λ and the unknown probability
of detection pD has been introduced in [29]. This technique considers clutter as an RFS of "generator
targets” or “false targets”, and incorporates the non-homogeneous and unknown detection probability
into each target state. Each real target state x ∈ X is corresponded to an augmented state xa = (x, a),
in which a ∈ Xd = [0, 1] is the variable on the probability detecting x. The augmented multitarget state
now can be described as follows

Xa = (xa,1, . . . , xa,n) = {(x1, a1) , . . . , (xn, an)} (39)

Similarly, the augmented generator target state is xc = [x̄, ac] with x̄ ∈ Xc be the generator target
state, and ac ∈ Xd = [0, 1]. The augmented generator multitarget state is

Xc = (xc,1, . . . , xc,m) = {(x̄1, ac1) , . . . , (x̄n, acm)} (40)
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Then the probability of detection is replaced by a and ac, respectively.

p(s)D,a (xa) = p(s)D,a (x, a) � a (41)

p(s)D,c (xc) = p(s)D,c (x̄, ac) � ac (42)

Assuming that the false and true targets are statistically independent, then each of the
augmented generator targets can be modeled for their characteristics as appearances, disappearances,
and transitions, together with likelihood, detection and missed detection. The multitarget state is then
a combination of (augmented) actual targets and clutter generators. Meaning that, the augmented
hybrid space Xh involving the multitarget state can be defined as follows [29]

X
(h) =

(
X×X

(d)
)
�
(
X
(c) ×X

(d)
)
� X

(d)
a �X

(d)
c (43)

where ” � ” denotes the disjoint union, and ” × ” denotes the Cartesian product.
The multitarget state (4) and multitarget observation (8)) at time k now become the hybrid ones:

Xh = Xa � Xc (44)

Zh = Za � Zc (45)

with Za and Zc be the augmented multitarget and augmented generator observations, respectively.
The integral of a function f (h) : X(h) → R is given by [29]∫

X(h)
f (h) (Xh) dxh =

∫
X
(d)
a

f (d)a (Xa) δXa +
∫
Xc

a

f (c)a (Xc) δXc (46)

Here, the set integral (19) has been applied to both augmented multitarget state and augmented
generator multitarget state terms, i.e, [4]∫

f (d)a (Xa) δXa = ∑
n≥0

1
n!

fa ({xa,1, . . . , xa,n}) dxa,1, . . . , dxa,n (47)

∫
f (d)c (Xc) δXc = ∑

m≥0

1
m!

f c
a ({xc,1, . . . , xc,n}) dxc,1, . . . , dxc,m (48)

Noting that the the measurement likelihood is kept unchanged

g (xa) = g(s)a (x, a) � g(s) (x) (49)

g (xc) = g(s)c (x̄, ac) � g(s) (x̄) (50)

While the method proposed in [29] results in good estimates of targets, it do not produce the
trajectories of the targets. Moreover, although this method is a closed-form solution of the CPHD
recursion with jointly unknown clutter rate and detection profile, it is proposed for single-sensor
multiple targets estimation solely. In this paper, we propose a method of using the technique introduced
in [29] to estimate the mentioned unknown parameters then bootstrapping them into the GLMB filter
for tracking on-the-fly. The structure of the proposed method is given in Figure 1.
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Figure 1. The proposed structure of the B-GLMB filter.

3.3. Implementation

Since after each filtering iteration, the number of components in the GLMB density grows at
an exponential rate, the low weight terms should be truncated for tractability. In this work, we use
Murty’s ranked assignment algorithm to sample a given number of hypotheses of the multitarget
density with the highest probability to be the correct ones. Then these components are propagated
through the filtering recursion only. Although the use of Murty’s algorithm leads to a cubic complexity
in the product of the number of Doppler measurements, its implementation is reasonable because
there are maximum 10 targets in this work.

4. Numerical Study

The advantages of multi-static Doppler radar such as lightweight, wide range of surveillance with
high accuracy, and low power consumption lead to its broad applications in both civilian and military
applications [43–45]. However,the number of the sensors in conjunction with the non-linear nature and
and low observability of the Doppler type measurement leads to many numerical difficulties [44,45].
The use of multistatic Doppler-only measurements in a scenario of 10 receivers and one cooperative
transmitter has been proposed in [46] and its extended version [47] for joint detection and tracking of
one target.

This numerical study based on the model mentioned in [40] with 10 marine ships. Each ship
at time k is represented by a 5 − D state vector xk in the surveillance of interest xk =

[
pT

k , νT
k , αk
]T ,

where pk = [μk, λk]
T and νk =

[
μ̇k, λ̇k

]T denote the position and velocity in the longitude and latitude,
respectively; αk is the course of the target, and T denotes the transpose operation. The target dynamic
model can be given as follows:

xk = Fk|k−1 (xk−1) + Gnk (51)

where

F (xk−1) =

⎡⎢⎢⎢⎢⎢⎣
1 sin(αt)

α 0 (cos(αt)−1)
α 0

0 cos(αt) 0 − sin(αt) 0
0 − (cos(αt)−1)

α 1 − sin(αt)
α 0

0 sin(αt) 0 cos(αt) 0
0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎦ xk−1; G =

⎡⎢⎢⎢⎢⎢⎣
t2

2 0 0
t 0 0
0 t2

2 0
0 t 0
0 0 t

⎤⎥⎥⎥⎥⎥⎦ , (52)

and t is sample period, nk is a Gaussian noise vector of velocity and course noise components with
zero-mean. Note that latitudinal and longitudinal measurements are in degrees (◦), the distance,
speed and time are given in nautical miles (M), knots (kn), and hours (h), respectively.

Remark 1. Equation (52) is resulted from the assumption that the surveillance region is not very far from
the Equator.
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The new births are assumed to be distributed with labeled multi-Bernoulli RFS distributions of
parameters fB (x) =

{
r(i)B , p(i)B

}4

i=1
where r(i)B is the ith common existence probability , and p(i)B (x) =

N
(

x, x̂(i)B , PB

)
with

x̂(1)B = [15.6◦N, 0, 113◦E, 0, 0]T ;

x̂(2)B = [13.2◦N, 0, 107.5◦E, 0, 0]T

x̂(3)B = [18.2◦N, 0, 110.7◦E, 0, 0]T ;

x̂(4)B = [22.3◦N, 0, 118.8◦E, 0, 0]T ;

PB = diag
([

2′N, 30 (kn) , 2′E, 30 (kn) , 6π/180
(

rads−1
)])

Table 1 lists out the initial state of ten targets with random time of appearance and disappearance,
and the average course is ᾱ = 2π/180(rad/s).

The parameters of the dynamic model are given in Table 2.

Table 1. Target initial states.

Target μk λk μ̇k λ̇k αk (rad/s) Time of Birth (h) Time of Beath (h)

1 18◦12′15′′ 110◦42′06′′ 32 −5 −5ᾱ/8 1 100
2 15◦37′52′′ 113◦57′14′′ 13 −9 −ᾱ/2 5 80
3 18◦11′40′′ 110◦41′43′′ −18 0 2ᾱ 10 90
4 13◦13′52′′ 107◦29′31′′ 2 32 −ᾱ/4 20 100
5 22◦17′11′′ 118◦49′24′′ 6 −20 −5ᾱ/6 20 100
6 22◦17′58′′ 118◦48′05′′ −22 6 3ᾱ/4 30 70
7 18◦12′15′′ 110◦42′06′′ 15 −30 ᾱ/8 30 70
8 15◦35′57′′ 113◦01′06′′ −30 32 3ᾱ/5 45 85
9 13◦11′44′′ 107◦30′19′′ 28 −30 5ᾱ/3 55 100
10 15◦36′04′′ 112◦53′30′′ 30 5 7ᾱ/4 55 100

Table 2. Parameters of the Dynamic model.

Parameter Symbol Value

Sample period t 0.15 (h)
Std. of speed noise σν 2 (kn)
Std. of course noise σα π/180 (rads−1)

Common existence prob. r(1,2)
B , r(3,4)

B (0.04; 0.02)
Survival prob. PS 0.95

Number of targets N 10

Consider the configuration of multiple Doppler sensors system including two spatially distributed
receivers and one cooperative transmitter located as in Figure 2. Based on Doppler effect, this system
can measure the speed of a target at a distance by calculating the altered frequency of the returned
signals which originate from the emitting pulses of radio signals and being reflected to radar after
reaching target [48].
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Figure 2. Configuration of multitarget tracking using MRS.

The observation of a target state xk at the sth receiver using Doppler measurement is given by

z(s)k = −νT
k

⎛⎝ pk − p(s)r∥∥∥pk − p(s)r

∥∥∥ + pk − pt

‖pk − pt‖

⎞⎠ ft

c
+ wk, (53)

in which pk and νk have been defined above the Equation (51), pt = [μt, λt]T is the position of the
transmitter, and p(s)r = [μ

(s)
r , λ

(s)
r ]T is the location of the sth−receiver ; wk is zero-mean Gaussian noise,

wk ∼ N (0, Qk), with covariance Qk = diag
(
[1Hz2]

)
; and ft is the signal frequency emitted from the

transmitter, and c is the light speed.
Since the targets are dynamic in different directions, the value of observation z(s)k in (53) can

be negative or positive in the known interval [− f0,+ f0] of the Doppler sensor. In this work,
the measurement space for two receivers have the same measurement space of [−200Hz, 200Hz] .
The parameters of the observation model are given in Table 3. It can be seen that, not only the state
equation but also the measurement one are highly nonlinear.

Table 3. Parameters of observation model.

Name Symbol Value

Transmitter pt [16◦58′16′ ′N,107.02′48′ ′E]
Receiver 1 p(1)r [12◦22′43′′N, 116◦28′25′E]
Receiver 2 p(2)r [25◦22′47′′N, 115◦07′19′′E]

Transmit freq. ft 300 (Mhz)
Light speed c 3 × 108 (m/s)

Detection prob. pD [0.75; 0.98]
Clutter rate range λc [28; 60]

Surveil. area Sr [10◦ − 30◦N, 100◦ − 125◦E]

By using the proposed B−GLMB filter, the configuration of multiple marine ships tracking using
multiple Doppler radars with ground truths and their tracking results are illustrated in Figure 2.
For better visualization of multiple targets, each target is assigned to a distinct color. The results of
longitudinal-latitudinal co-ordinate target trajectories are demonstrated in Figure 3.
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Figure 3. Tracking in longitudinal-latitudinal coordinates.

For evaluating the effectiveness of the proposed method comparing to the fixed-GLMB filter and
the Joint-CPHD, 100 Monte - Carlo run has been used, and the distance, location and cardinality errors
are calculated via Optimal Sub-Pattern Assignment, OSPA, [49] and shown in Figure 4a. By using
this metric, the distance between the set of true multitarget states and that of estimated target states is
calculated at each time step. For measuring the error between two set of tracks, the use of OSPA is
insufficient, and OSPA(2) is needed. The OSPA(2)errors [50] of the B-GLMB and fixed-GLMB filters are
compared and plotted against time in Figure 4b, respectively.

Figure 4. Evaluation of tracking errors using (a) OSPA, and (b) OSPA(2).

For the B−GLMB filter and joint-CPHD filter, the clutter rate fluctuates in the range of λc = [28, 70],
and the detection probability changes from 0.75 to 0.98, i.e., pD = [0.75, 0.98]. The fixed-GLMB filter is
used with fixed pD of 0.75 and 0.98 and fixed λ of 28 and 70, respectively. The window length used in
OSPA(2) to obtain the differences between the true and estimate sets of trajectories in Figure 4b is set at
wl = 10. Both the OSPA and OSPA(2) are used with cut-off parameter c0 = 0 and p = 1.

Obviously from Figure 4a, the errors in distance and location between the set of true targets and
the estimated ones using B−GLMB filter is the smallest values comparing to those of the fixed-GLMB
and joint-CPHD filters. In addition, the errors in cardinality statistics using fixed-GLMB and B−GLMB
are almost identical and better than error measured by joint-CPHD filter. The results of measuring
errors between the set of true target tracks and that of the estimated tracks are given in Figure 4b. Once
again, the effectiveness of the proposed method in reducing the errors in distances and locations of
the target tracks is validated. The cardinality statistics for the B−GLMB filter, fixed-GLMB filter and
joint-CPHD over 100 Monte Carlo run are given in Figure 5.
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Figure 5. Cardinality tracking results.

5. Conclusions

This paper presented an efficient solution to the problem of tracking an unknown and time-varying
number of marine ships from multiple sensors with unknown clutter rate and probability of detection.
Particularly, these two unknown parameters are parallel estimated based on the λ−CPHD and the
pD−CPHD filters, then bootstrapped into the cutting-edge GLMB filter. By using the bootstrapping
method, the proposed filter utilizes the advantages of the two former estimators in accommodating the
unknown backgrounds and reduces the computational cost from tracking algorithm of the latter filter.
The effectiveness and correctness of the proposed method are demonstrated in Section 4. From our
best knowledge, this is the first principled online algorithm for tracking marine ships via multiple
sensors with unknown backgrounds in Doppler measurements. For future work, one of the forcuses
would be investigating the combination of multi-scan GLMB [28] and multisensor GLMB [9] filters for
multisensor multitarget tracking.
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Abstract: This paper proposes a binary linear programming formulation for multiple target
assignment of a radar network and demonstrates its applicability to obtain optimal solutions using an
off-the-shelf mixed-integer linear programming solver. The goal of radar resource scheduling in this
paper is to assign the maximum number of targets by handing over targets between networked radar
systems to overcome physical limitations such as the detection range and simultaneous tracking
capability of each radar. To achieve this, time windows are generated considering the relation
between each radar and target considering incoming target information. Numerical experiments
using a local-scale simulation were performed to verify the functionality of the formulation and
a sensitivity analysis was conducted to identify the trend of the results with respect to several
parameters. Additional experiments performed for a large-scale (battlefield) scenario confirmed that
the proposed formulation is valid and applicable for hundreds of targets and corresponding radar
network systems composed of five distributed radars. The performance of the scheduling solutions
using the proposed formulation was better than that of the general greedy algorithm as a heuristic
approach in terms of objective value as well as the number of handovers.

Keywords: target handover; seamless multi-target tracking; radar network systems; optimal
scheduling; situational awareness

1. Introduction

The rapid development of computer and communications technologies since the 1980s led to a
new doctrine in the military field of the United States under the name of Network-Centric Warfare
(NCW) between the late 1990s and early 2000s [1,2]. The introduction of this concept enabled faster
and better decision making on the battlefield, based on integrated situational awareness through the
convergence and processing of information gathered by the networked sensors. Platforms in charge of
attack or defense became able to respond quickly to enemy threats, using the integrated sensors and
shooters, according to these decisions. The typical example of these networked systems-of-systems in
the military field is the ballistic missile defense system [3]. The ballistic missile defense systems consist
of precise surveillance radar networks with various types of platforms such as early warning radar
and local air defense radar, and their combined intercept weapon systems [4].

One of the most dangerous enemy provocations that can be expected is simultaneous multiple
ballistic missile attacks. To protect against such a situation in a timely manner, and to minimize damage,
a very strictly constructed air defense system is necessary, one that can take into account precise
information (missile type, trajectory, aim point, etc.) about the enemy missiles. In order for such an air
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defense system to perform properly, all sensing and intercept systems of the entire battlefield must
systemically exchange information, and efficient decision-making should be performed based on that
information. The typical processes for eliminating the ballistic missile threat are the target detection and
identification, tracking and trajectory estimation, target evaluation, weapon–target assignment (WTA),
and effective decision making, considering the flight phase of the ballistic missiles [5].

This paper proposes a novel sensor scheduling method to integrate heterogeneous sensor systems
for a future battlefield where various type of sensors and intercept systems with diverse capabilities
coexist. In particular, the main contribution of this paper is to provide the concept of seamless tracking
that utilizes target handover between radars to have better situational awareness by using binary Mixed
Integer Linear Programming (MILP) formulation. For simulations similar to real-world situations,
it is assumed that early warning radar (EWR) catches and disseminates the entire battlefield situation,
including target information. The time windows are generated considering the relative positions
and velocities between radars and incoming targets. The time window thus generated represents the
time period in which each radar can detect and track a target. Seamless tracking is a concept that
allows continuous tracking by handing over targets to different radars that have not been assigned
yet when encountering the limits of individual radars. In this study, a binary linear programming
formulation was mainly used as a scheduling method to assign the tracking period to the appropriate
time windows. To verify the effectiveness of the solution performed by off-the-shelf MILP solver,
an additional heuristic approach was also implemented in the simulation experiment. For heuristic
approach, we used and named First-In First-Out (FIFO) greedy algorithm that can implement a target
handover situation. Many different MILP scheduling studies use the greedy algorithm together to
compare performance [6,7]. Conversely, MILP formulations can sometimes be used to compare the
performance of specially designed greedy algorithms [8–10].

The concept of how to operate multiple radar resources in a networked fashion is well documented
in a paper by Green et al. [11]. Narykov et al. developed a sensor management algorithm for
target tracking that uses multiple phased array radars to minimize the sensor system load [12].
Lian proposed a sensor selection optimization algorithm that can track multiple targets using a
decentralized large-scale network within a labeled random finite set (RFS) framework [13]. Closer
to the topic of this paper, Fu et al. proposed distributed sensor allocation for tracking multiple
targets in wirelessly connected sensor networks; to improve the tracking performance, they solved
the sensor fusion problem and the allocation optimization problem for the sensor and the whole
target [14]. Yan introduced a method to optimize radar assignment for multiple targets, taking into
account the limited time resources of each radar in the situation of detecting/tracking multiple targets
with multiple networked multi-function phased array radars. This was a way to maintain the detection
performance of the entire radar network even in overload situations that exceeded the tracking
capability of individual radars [15]. Sherwani and Griffiths proposed a method to control the tracking
parameters in order to construct an information sharing system that integrates multi-function radar
networks, which are inherently limited in resource management, into one system [16]. Severson and
Paley optimized radar resource management for ballistic missile reconnaissance and tracking through
a decentralized consensus-based approach. Through this approach, each radar could determine their
preferred radar–target allocation by balancing the radar load and minimizing the use of total radar [17].
They later solved the problem of optimal sensor coordination and tracking allocation so that multiple
shipboard radars could integrate so to expand their search area and the number of tracking targets [18].
Regarding the radar scheduling using the concept of time windows, Chaolong et al. [19], Jang and
Choi [20], Duan et al. [21], and Qiang et al. [22] introduced time window into the multi function
phased array radar’s task scheduling problems.

However, still the aforementioned studies do not contain a methodology for mathematical
optimization considering the handover. The research most closely related to target handover for
seamless tracking are studies on track to track correlation between the radar track and onboard IR track
picture [23]. According to Lewis and Tabaczynski [24], handover technology was first achieved in 2003
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between radars, and RF-to-RF and RF-to-IR handover was achieved in 2005. As the data association
and sensor fusion technology developed, target handover technique is also evolving. On this basis,
we are dealing with the long time-frame seamless tracking for multiple targets.

The rest of the paper is organized as follows. Section 2 introduces concepts for this study and
describes the problem in detail. In Section 3, the problem is formally stated and explained in detail.
Numerical simulation results are provided and discussed in Section 4. Finally, Section 5 discusses the
conclusions of this study.

2. Preliminaries

2.1. Mission Overview

The problem of radar network resource management for ballistic missile defense is to deal with the
schedule assignments of individual radars to precisely track the target. In this paper, we concentrate on
the resource management problem of local radars that can perform precise target tracking, assuming
that there is an EWR systems that can observe the whole battlefield situation. The objective function of
radar resource assignment in a multi-target multi-radar situation should consider: (1) target priority
for each radar; (2) continuity of target tracking; and (3) maximization of the number of tracked targets
for the entire networked radar systems.

The decision maker in Figure 1 performs local radar resource management. Prior knowledge
(predicted target trajectory) for resource management can be obtained through the EWRs in sensor
systems, which can observe a relatively large area compared to local radar.

Figure 1. Schematic of system related to scheduling problem.

2.2. Key Notions in Scheduling

2.2.1. Radar

The radar parameters reflected in the resource management algorithm are the maximum number
of targets that can be tracked simultaneously and the coverage of the radar. Radars are limited in
the number of targets that can be tracked to the maximum according to the characteristics of each
radar, and the maximum number of targets being tracked can be estimated according to the minimum
tracking performance requirement. In this paper, to deal with large scale problems, the maximum
number of targets per radar is arbitrarily assumed. If multiple radars with limited coverage are placed
in different locations with different azimuth angles, they will have different time windows for the
same target. For multiple target situations, the time window becomes more complex, and this makes
the multiple target multiple radar resource management problem difficult. In this paper, the radar
coverage is determined by radar position, tilt angle, azimuth direction range, altitude angular range,
and distance direction range.

191



Sensors 2019, 19, 4555

2.2.2. Target Priority

The target importance needs to be assessed using a priority-based metric that reflects the relative
distance and remaining time between the radar and the target. Therefore, even if the same target is
tracked by two or more radars, the target importance is different for each radar.

In this paper, since it is difficult to quantify the degree of threat according to the type of target,
the target importance is calculated using the time remaining until the target hits the surface and the
distance between the radar and the target. Here, the impact time of the target reflects the urgency
to engage the target. Thus, it sets a higher priority when the remaining time becomes smaller. For a
fast target, the remaining time will decrease very quickly, and thus the increasing rate of the tracking
value over time will be higher than those of other targets. The distance between the target and
the radar is a factor that reflects the Signal-to-Noise Ratio (SNR) and hence the expected tracking
performance. Therefore, the target priority used in this study reflects the expected performance and
urgency. The tracking value (vt), determined by remaining time to impact (τ) and the distance from
the radar (dist), is calculated as follows [25].

vt =

(
1 − 1

1 + e−(τ−τ0)/ατ

)
+

(
1 − βdist

1 + e−(dist−dist0)/αdist

)
(1)

where τ0, ατ , dist0, αdist, and βdist are parameters to determine the shape of the sigmoid function.
τ0 = 100, ατ = 15, dist0 = 500, αdist = 100, and βdist = 0.8 are used in this work.

Equation (1) decreases non-linearly (sigmoid) as the distance increases and reflects the change in
average tracking performance according to SNR when the target is tracked in a single radar with a
fixed resource.

2.2.3. Ballistic Target

The ballistic missile model is simulated including phases of boost, free-flight, and reentry as
described in [26]. The acceleration acting on the ballistic target in each phase is expressed as follows.

Boost phase : a = athrust + adrag + agravity

Free − flight phase : a = agravity

reentry phase : a = adrag + agravity

(2)

where

athrust = − T

m
uT

agravity = − μ

‖ x ‖3 x

adrag = −ρ(h) ‖ v ‖
2β

v

(3)

Here, acceleration regarding Coriolis force can be added according to the coordinate system [26].
In Equation (3), T stands for the thrust magnitude, m stands for target mass, uT stands for the unit
vector which indicates thrust direction, μ stands for the Earth’s gravitational constant, x stands for the
vector from the Earth center to the target, ρ stands for the air density, h denotes target altitude, β stands
for the ballistic coefficient, and v denotes the target velocity vector. Based on this, the trajectories of the
ballistic targets in the Earth-Centered Earth-Fixed (ECEF) coordinate systems were generated, as can
be seen in Figure 2.
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Figure 2. Randomly generated sample trajectories of ballistic targets.

2.2.4. Time Window

Each radar has a time window if the target trajectory for each target is within the coverage of the
radar. The time window consists of the release (start) time and the due (end) time; the times at which
the target enters and leaves the coverage of the radar are set as the release time and the due time of
the time window, respectively. If Radar r has a time window for Target t and tracking is performed,
the observation start time and the observation progress time are determined, and the constraint of the
problem is specified so that tracking is performed only within the corresponding time window.

2.2.5. Handover

To update the state of the target for as long as possible, target needs to be tracked through multiple
radars. Suppose Radar r1 and r2 are close to each other and lie in the same direction. In the scenario in
which Target t enters coverage of r1, enters coverage of r2, leaves coverage of r1 first, and then leaves
coverage of r2, the scheduling that r1 observes first and that r2 then observes can be thought proper.
We define “Radar r1 hand over target to Radar r2” for the situation in which Radar r1 tracks the target
with Radar r2 until stable measurement can be obtained after Radar r2 starts target tracking.

2.3. Toy Model Implementation

A toy version of the scheduling problem with three targets and two radars is shown in Figure 3.
Given knowledge about each target’s trajectory and a set of radars, time windows for each target–radar
pair can be calculated to ensure the maximum radar coverage. The time windows can be calculated
simply by checking whether a target is inside the coverage of the radar or not; the coverage and
assignments of each radar are colored differently depending on the radar. Suppose that each radar
can track only a single target at a given time (ncapa = 1), and the quality of measurement from a
single radar is sufficiently high that simultaneous tracking by multiple radars is not needed in the
given instance. The assignment results for the situation in Figure 3a are obtained as in Figure 3b.
For Target t1, since Time Window TW1,2 includes Time Window TW1,1, only Radar r2 tracks the target.
For Target t2, r2 tracks it because the time window exists only for r1. For t3, r1 tracks t3 first because
Time Window TW3,1 starts before Time Window TW3,2, and then r1 hands over the target to r2 at
Interval 7. For stable tracking, both radars r1 and r2 simultaneously measure the target during the
handover period in Interval 7. The planning horizon is divided into intervals of equal length for
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checking tracking status. Let us look at the results for Intervals 5 and 6 in Figure 3b. Because, from the
assumption of the problem, each radar can track only a single target, the assignment in Time Window
TW3,1 starts from the release time of Interval 6, γInt

6 , rather than the release time of TW3,1, γTW
3,1 , and the

time interval corresponding to Interval 5 of Time Window TW3,1 is excluded. The assignment to Time
Window TW3,1 continues until δTW

3,1 . After the handover from r1 to r2, r2 tracks t3 until Time Window
TW3,2 is finished.

(a)

(b)

Figure 3. Conceptual diagram for sensor assignment considering target handover (refer to Table 1 for
definitions of the symbols). (a) Physical circumstance description. (b) Description of time windows
and handover procedure for seamless tracking.

2.4. Assumptions

Before embodying the problem, several assumptions must be made in order to implement
seamless handover between multiple radars for multiple targets.

• First, communication between the radars is fast enough to ensure appropriate information sharing.
Communication connections using satellites or terrestrial optical cables should be a prerequisite.

• Second, since numerous researches have been conducted on sensor fusion and data association
techniques for the handover of ballistic target information [23,24,27–30], it is regarded that the
targets are handed over smoothly, and filtering problems related to target processing and sensor
fusion that occurs are not covered in this study. The methodological and technical problems
that may arise in the process of handing over targets between radars are not discussed. Please
note that there is an early warning radar (EWR) featuring handover capability has recently been
introduced in the market [31].

• Third, it is assumed that ballistic missile information is provided by EWR so that the time
window for each missile is within the entire mission planning horizon. In addition, the EWR
is equipped with a target separation and data association capability in the ground-to-air-level
clutter environment.
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3. Problem Formulation

Scheduling for the general multi-target and multi-radar model is formulated as the following
equations. The parameters and decision variables for the objective function and for the constraints are
described in Tables 1 and 2.

Table 1. List of parameters.

Notation Physical Meaning

γTW
t,r Start time of time window

δTW
t,r End time of time window

γInt
i Start time of Interval i

δInt
i End time of Interval i

τp,min Minimum tracking assignment time
τHO Target handover time
ωt Target priority(importance of target)
nR Number of radars
nT Number of targets
ncapa Simultaneous tracking capability of each radar

Table 2. List of decision variables.

Notation Value Physical Meaning

τs
t,r ∈ R+ Start time of tracking

τ
p
t,r ∈ R+ Tracking duration time

xt ∈ {0, 1} Whether Target t is being allocated (tracked) or not
xt,r ∈ {0, 1} Whether Radar r tracks the target t or not
yt,r1,r2 ∈ {0, 1} Whether Radar r1 and r2 handover the target t or not
y′t,r1,r2

∈ {0, 1} Support variable for yt,r1,r2

θt,r,i ∈ {0, 1} Whether Radar r tracks the Target t in interval i or not

The objective function is the sum of target–radar–interval assignment θt,r,i, tracking duration
τ

p
t,r, and target assignment xt minus target–radar assignment xt,r with appropriate weight values for

each term in the above formulation. The terms of the objective function have the following roles: the
first term identifies the importance of the target–radar pair over time, the second term maximizes the
tracking duration of the whole assignment, the third maximizes the number of targets to track, and the
last one minimizes the number of handovers between different radars.

Maximize

c1 ∑
θ∈Θ

wt,r,iθt,r,i + c2 ∑
t∈T,r∈R

wtτ
p
t,r + c3 ∑

t∈T
wtxt − c4 ∑

t∈T,r∈R
wtxt,r (4)

subject to
xt = max{xt,1, ..., xt,nR} ∀t ∈ T (5)

τ
p
t,r ≤ Mxt,r ∀t ∈ T, r ∈ R (6a)

τp,minxt,r ≤ τ
p
t,r ∀t ∈ T, r ∈ R (6b)

γTW
t,r ≤ τs

t,r ∀t ∈ T, r ∈ R (7a)

τs
t,r + τ

p
t,r ≤ δTW

t,r ∀t ∈ T, r ∈ R (7b)
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δInt
i − τs

t,r ≤ Mθstart
t,r,i ∀t ∈ T, r ∈ R, i ∈ I (8a)

τs
t,r + τ

p
t,r − γInt

i ≤ Mθend
t,r,i ∀t ∈ T, r ∈ R, i ∈ I (8b)

θt,r,i ≤ xt,r ∀t ∈ T, r ∈ R, i ∈ I (8c)

θt,r,i ≤ θstart
t,r,i ∀t ∈ T, r ∈ R, i ∈ I (8d)

θt,r,i ≤ θend
t,r,i ∀t ∈ T, r ∈ R, i ∈ I (8e)(

xt,r + θstart
t,r,i + θend

t,r,i − 2
)
≤ θt,r,i ∀t ∈ T, r ∈ R, i ∈ I (8f)

∑
r∈R

θt,r,i ≤ 2 ∀t ∈ T, i ∈ I (9)

∑
t∈T

θt,r,i ≤ ncapa ∀r ∈ R, i ∈ I (10)

(τs
t,r1

+ τ
p
t,r1

)− (τs
t,r2

+ τHO) ≤ My′t,r1,r2
(11a)

yt,r1,r2 ≤ xt,r1 (11b)

yt,r1,r2 ≤ xt,r2 (11c)

yt,r1,r2 ≤ y′t,r1,r2
(11d)

xt,r1 + xt,r2 + y′t,r1,r2
− 2 ≤ yt,r1,r2 (11e)

(τs
t,r2

+ τHO)− (τs
t,r1

+ τ
p
t,r1

) = M(1 − yt,r1,r2) (11f)

∀t ∈ T, r1, r2 ∈ R, δTW
t,r1

< δTW
t,r2

for (11a)-(11f)

yt,r1,r2 + xt,r ≤ 1 (11g)

∀t ∈ T, r1, r, r2 ∈ R, γTW
t,r1

< γTW
t,r < γTW

t,r2
, δTW

t,r1
< δTW

t,r < δTW
t,r2

for (11g)

The constraints in Equation (5) bind target–radar assignment indicators to a single variable with
an OR operator.

The constraints in Equation (6) represent the lower bound of the tracking duration for each
target–radar pair if the corresponding binary indicator variable xt,r equals 1. M in the equations is
a very large positive number and used to effectively activate the constraint only when the variables
multiplied to this M take zero [32]. Briefly, τp,minxt,r ≤ τ

p
t,r if xt,r = 1, otherwise τ

p
t,r becomes 0.

The constraints in Equation (7) ensure the lower and upper bounds of the start and end time for
each target–radar pair; the assignment should be inside the corresponding time window.

Let us call the constraints in Equation (8) the occupying constraints. For target–radar pair (t, r),
θt,r,i indicates whether an assignment exists or not in Interval i. Briefly, θt,r,i equals 1 if the following
conditions are met simultaneously: yt,r = 1, τs

t,r ≤ δInt
i , and γInt

i ≤ τs
t,r + τ

p
t,r.

The constraints in Equation (9) limit the maximum number of radars used for tracking a single
target to two; two radars are assigned when the handover occurs, otherwise a single radar tracks the
target. Simply, the handover of a single target will only occur between two radars. The constraints in
Equation (10) limit the capability of simultaneous tracking for each radar.

The constraints in Equation (11) are for the handover. To decide the handover indicator variable
yt,r1,r2 , we define the support variable y′t,r1,r2

as in Equation (11a); y′t,r1,r2
is 1 if the end time of Radar r1

tracking Target t is equal to or higher than the sum of start time and handover duration for Radar r2. The
reason for using the support variable is that both target–radar pairs (t, r1) and (t, r2) must be assigned
the schedule simultaneously as well as satisfying the handover time constraint (Equation (11b)–(11f)).
The constraints in Equation (11g) ensure that radars with duplicating and smaller time windows are
excluded from the assignment.
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4. Results and Discussion

In this section, computational results for test instances of the multiple radar resource scheduling
problem described in Section 3 are reported. The optimization for the mixed-integer linear problem
was solved by Gurobi 8.0.1 based on Python 3.6.2 and the optimization for the heuristic problem was
solved with the same Python environment. The computation was conducted by a desktop with an
Intel CoreTM i7-6700K, 4.00 GHz CPU and 16 GB of RAM.

Two experimental models were tested to verify the effectiveness of the algorithm, as shown in
Figure 4. The first scenario verified the effectiveness of the exact algorithm using a local-scale model for
easy parameter modification. The second scenario verified the practical applicability of the algorithm
by introducing two approaches for the large-scale (battlefield) scenario, which considered far more
virtual targets and radars than were used in the local-scale model.

Figure 4. Overview of the numerical experiment.

4.1. Local Scale Scenario Experiment

4.1.1. Algorithm Verification

We verified the algorithm using a local-scale model to confirm that the objective function and
constraints work well. The local-scale model allowed us to arbitrarily set the number of targets and
radars. Among the four objective function terms, the first one “target importance” was assumed to
be constant for this simple simulation. To check for changes according to the number of available
radars, we first tested two different cases of 10 radars for a single target, and 20 radars for two targets.
Figure 5a shows the tracking results for a single target using 10 radars with different time windows.
The size of each time window was set to be randomly generated within a maximum of 60 s and a
minimum of 30 s. Other parameters used here are shown in Table 3.

Table 3. Parameter set for local-scale model simulation.

Planning horizon 160 s
Minimum tracking assignment time 7 s
Target handover time 3 s
Simultaneous tracking capability of each radar (ncapa) 2
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(a) (b)

Figure 5. Optimal scheduling assignment results obtained using simple local-scale model. (a) One
target and 10 radars. (b) Two targets and 20 radars.

As can be seen in Figure 5a, among the 10 radars, six radars were involved in target tracking,
because the probability that each radar can participate in tracking the target was set as equal to or
less than 60%. Two target handovers occurred in the relevant sections of (iv)–(vi) at 60 s and (vi)–(vii)
at 97 s, and the time window was selected to keep track of the target for as long as possible while
maintaining the minimum takeover time as designed in the objective function. What is unique here is
that, although Time Window (ii) is longer than any of the others, the solver assigned targets to Time
Windows (vi) and (vii) to track the target as long as possible and at the same time to meet the constraint
of the minimum tracking assignment time. On top of the conditions given in the results shown in
Figure 5a, Figure 5b shows the results of the tracking assignment of 20 radars for two targets, as well
as results for adding one more target and 10 more radars. These results also show that radar resources
were well assigned to reflect the designed objective function and the constraints, such that the first
target required two handovers and the second target required three handovers to achieve maximum
tracking of each target.

Thus far, we verified two of the four terms of the objective function in Equation (4), namely
maximization of target tracking time and minimization of the number of target handovers, as well as
the constraints, are working well. In the above test model, since the target number was set too small,
the third term of the objective function, that is, the test result required to maximize the number of
targets to track, could not be confirmed. Therefore, in the following experiment, to see how all the
terms of the objective function can be demonstrated, we increased the number of targets and limited
the number of radar. This involved one of the key parameters in Table 1, ncapa, the simultaneous
tracking capability of each radar.

Using the parameters in Table 3, Figure 6a depicts the optimal scheduling results for tracking
10 targets with three radars. For each target, depending on the detection probability of 60% mentioned
above, we can confirm that 1–3 radars were assigned to all targets except for the fourth target, which
could not be detected and tracked in this simulation condition. Figure 6b depicts what happens when
the radar’s simultaneous tracking capability (ncapa) is adjusted to 3. The most noticeable thing is that
the tracking durations of the fourth, sixth and seventh targets increased dramatically, as shown by
the red colored arrows in Figure 6. Especially, it was possible to track the fourth target only in the
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time window of the first radar, as shown in Figure 6a; however, as ncapa increased, the target could
be tracked in all available time window sections of the first and second radar, as shown in Figure 6b.
In addition, considering the number of targets being tracked at 70 s in Figure 6, it can be seen in
Figure 6b that seven targets could be tracked, while six targets could be tracked in Figure 6a. Thus,
although there is a difference in degree, as the tracking ability improved, the tracking time for the
entire target generally improved, as shown in Table 4.

(a) (b)

Figure 6. Optimal scheduling assignment result for 10 targets and three radars with different
simultaneous tracking capability. (a) When the radars can track two targets simultaneously (ncapa = 2).
(b) When the radars can track three targets simultaneously (ncapa = 3).

Table 4. Tracking duration time according to simultaneous tracking capability.

Target Number
Total Tracking Duration (s)

ncapa = 2 ncapa = 3 increments

Target 1 56.8 56.8 0
Target 2 71.1 74.3 +3.2
Target 3 26.7 21.8 −4.9
Target 4 53.4 79.2 +25.8
Target 5 0 0 0
Target 6 70.2 81 +10.8
Target 7 48.8 70.1 +21.3
Target 8 67.9 67.9 0
Target 9 40.2 40.2 0

Target 10 85.4 85.4 0

This is the result, for certain targets, of slightly increasing or decreasing that tracking time
according to the terms of the objective function in Equation (4) and the constraint “simultaneous
tracking capability of radar (ncapa)”, written in Equation (10). The values in this table are the time
taken from the moment the target was first detected by one radar to the moment it was lost after
being handed over to another radar. One more noticeable point in Figure 6 is that, in the case of the
10th target, the minimum time required for the handover was not met because of the limitation of
the simultaneous tracking capability, as shown in Figure 6a, while the target handover can be seen to
have been smoothly accomplished in Figure 6b due to the increase in the tracking duration time of the
third radar.

Figure 7 shows how the tracking of a target actually changed in the time window of each radar as
the simultaneous tracking capability (ncapa) changed.
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(a) (b)

(c) (d)

Figure 7. Optimal scheduling assignment result of each radar site according to the change of
simultaneous tracking capability. (a) Assignment result of first radar when ncapa = 2. (b) Assignment
result of first radar when ncapa = 3. (c) Assignment result of second radar when ncapa = 2.
(d) Assignment result of second radar when ncapa = 3.

In Figure 7a,b, which are the assignment results for Radar 1, it is confirmed that the number
of targets to be tracked throughout the whole planning horizon did not exceed a maximum of 2,
in Figure 7a, and 3, in Figure 7b. Looking more closely at Figure 7b, we can observe that three targets
were being tracked at the same time only between about 60 and 80 s as the tracking duration time of
the seventh target expanded. Similarly, in Figure 7c,d, the tracking duration for the fourth and sixth
targets expanded with increased simultaneous tracking capability, and thus three targets were being
tracked simultaneously between about 15 and 60 s.

4.1.2. Parameter Sensitivity Analysis

As explained in the previous case, the objective value of the optimal scheduling problem depends
on changes in the value of a particular parameter. Therefore, we performed a sensitivity analysis to
determine how the parameters affect the outcome of the objective function. Three parameters were
determined to affect the results. Sensitivity analysis was performed by fixing the remaining parameters
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while adjusting one target parameter, as shown in Table 5. The target parameter for the first sensitivity
analysis was the simultaneous tracking capability (ncapa) of the radar, as shown in Table 5.

Table 5. Parameter setting for sensitivity analysis.

Parameters Case 1 Case 2 Case 3

Simultaneous tracking capability 1 to 10 5 5
Minimum tracking assignment time 10 1 to 10 10
Handover time 10 10 1 to 10

Figure 8 shows how the results varied with the simultaneous tracking capability. As shown in
Table 4, the result of the objective function initially increased when ncapa increased. However, it can
be seen that, after a certain level, the result of the objective function was not significantly affected.
This tendency was only the result of a given condition, and, when the condition changed, a point that
was not affected by the change of ncapa could be changed. Specifically, if the simultaneous tracking
capability of the radar covered the number of targets, the influence of ncapa would be insignificant.
If the number of targets to be tracked were greater than the simultaneous tracking capability of the
radar, when the value of ncapa is high, the objective value would also rise, as shown in Figure 8, until
the radars can cover all the targets.

Figure 8. Objective value with respect to number of simultaneous tracking capability.

The second parameter that affects the value of the objective function is the minimum tracking
assignment time. This parameter is the minimum time required for a radar to track a target, and
physically refers to the time it takes for the radar filter system to stabilize the target tracking. Figure 9
shows the objective value according to the change of the minimum tracking assignment time. As can
be seen in the figure, smaller minimum tracking assignment times led to higher levels of assignment,
but the assignment was not affected after a certain level of minimum tracking assignment time.
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Figure 9. Objective value with respect to minimum tracking assignment time.

The third parameter for the sensitivity analysis was the time required to hand over the target
between networked radars. In fact, this is a simulation parameter, and in a real environment it is very
likely to be affected by the physical state of the network and filtering system. However, since it is a
parameter that has an important influence on the simulation results, it was selected as a parameter in
the sensitivity analysis to grasp its influence and overall tendency. As shown in Figure 10, the objective
value decreased linearly as the handover time increased. This result shows that longer handover
times led to less efficient overall target tracking. Therefore, a shorter handover time is better. In other
words, the network system actually should be constructed so as to minimize the time required for
target transmission, as well as the time required for convergence between a transmitted target and a
self-detected target.

Figure 10. Objective value with respect to handover time.

4.2. Battlefield Scenario Experiment

In this experiment, scheduling optimization was performed assuming a situation in which
100 enemy ballistic missiles of four different types from four different launch sites flocked toward five
friendly radar sites distributed appropriately. This is a much worse situation than that of local-scale
model problem. Through this experiment, we verified the effectiveness and practical applicability
of the optimal scheduling technique that employs the seamless handover method proposed in this
study. Table 6 and Figure 11 show the parameters and conceptual diagram for this experiment,
respectively. Compared to the local-scale model, the optimization planning horizon was increased to
1000 s and the number of targets and radars increased to 100 and 5, respectively. The most important
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parameter—the simultaneous tracking capability—was increased to 20 so that five radars could cover
all the 100 targets.

Figure 11. Conceptual diagram for the battlefield scenario.

Table 6. Parameter set for battlefield scenario experiment.

Number of target (nT) 100
Number of radar (nR) 5
Planning horizon 1000 s
Minimum tracking assignment time 7 s
Target handover time 3 s
Simultaneous tracking capability of each radar (ncapa) 20

One of the most different aspects compared to the local-scale model is the importance of target,
which is the first term of Equation (4). It is reflected in the objective function for this scenario unlike
the previous experiment. The problem was solved with the assumption that the importance of target
is uniform in the previous experiment. However, in this scenario, the target distance from radar and
the response time available for the target were taken into consideration, as written in Equation (1),
as in a real situation. Another difference related to the time window creation. In the local-scale model,
a random function was used to generate a time window between arbitrary times selected by the user.
However, in this experiment, it was assumed that the early warning radar provides the trajectory
information of the ballistic missiles, so that the time windows could be created for radars located in
various regions.

4.2.1. Weights of Objective Function Sensitivity Analysis

The objective function used in Equation (2) can be said to have some form of weighted sum.
To check the dominance of each term of the objective function, the optimum value of individual
objective was checked, as shown in Table 7.

Table 7. Solution ranges of each term of objective function and proposed coefficient setting.

Term Opt. of Ind. Objective Coeff. Value for Normalization

Target priority 18,610.8 c1 = 1
Maximization of tracking time 7621.6 c2 = 2.44

Maximization of the number of tracked target 98.0 c3 = 189.9

As shown in Table 7, the first term, the priority of the target, was the dominant term that had
the greatest influence on the objective function value. The third, the maximization number of tracked
target, was found to have very little effect compared to the others. The fourth term, the minimization
of the number of handover, is not included in this table because it acted as a penalty term. To analyze
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properly, the objective function needed to be normalized. In this study, considering the penalty terms,
instead of dividing the objective by those optimum values, the most influential objective’s coefficient
(c1) was set to 1 and the remaining coefficients were normalized accordingly.

Based on the coefficients determined above, a sensitivity analysis was conducted according to
the penalty term, the minimization of the number of handover, as shown in Figure 12. It is trivial that
the objective function value decreased with increasing c4. One interesting point is that the number of
handover decreased step-wise. These results indicate that, if c4 is smaller than necessary, the overall
objective function value can be high, but there are many unnecessary handovers. Therefore, choosing
c4 at which it starts to no longer decrease is the best decision to maximize the objective function value
and reduce the number of handovers. Thus, c4 of 35 was chosen for this case.

Figure 12. Sensitivity with respect to the penalty term.

4.2.2. Complexity Analysis

In general, the Mixed Integer Linear Program (MILP) problem is known as NP-hard or
NP-complete problem. It is also known that NP-hard problem has exponential computational
complexity [33]. Therefore, in this section, we look at how the complexity changes according to
the parameters that affect the computational complexity, and to what extent we can use this algorithm
using MILP formulation. To achieve that, we confirmed how the complexity appeared according to
the number of targets, the number of radars, and the number of targets that can be simultaneously
detected by radars (ncapa).

First, the most prominent in Figure 13 is the exponentially increasing computation time,
as previously predicted. The most important parameter for analyzing here is the ncapa. The greater
is the radar’s ability to track simultaneously, the shorter id the calculation time due to the less load,
in which case a gentle exponential curve is drawn. On the contrary, when the radar’s simultaneous
tracking capability is low, the calculation time explodes, and it is confirmed that the calculation is very
slow in an overload situation exceeding a certain number of targets. On the other hand, the calculation
time increase is more sensitive to the number of targets than to the number of radars. Based on this,
it can be concluded that, when designing a radar network, it is very advantageous for the target
and sensor assignment of multiple targets if we increase the simultaneous tracking capability of each
radar. Based on these data, we can also establish the algorithm re-planning cycle that is envisioned in
the future.
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(a) (b)

(c) (d)

Figure 13. MILP formulation complexity as of computation time according to the change of
simultaneous tracking capability. (a) Computation time when ncapa = 10. (b) Computation time
when ncapa = 15. (c) Computation time when ncapa = 20. (d) Computation time when ncapa = 25.

4.2.3. Numerical Simulations for Comparison

In this scenario, the proposed MILP solution was compared with a heuristic technique, termed
the First-in First-out (FIFO) greedy algorithm (Appendix A). This greedy heuristic is an extension
of a sequential greedy algorithm for assignment [34] to take into account the handover requirement.
Note that the greedy scheme can be a good reference algorithm as it works very well in many domains
and also guarantees some optimality gap when the objective function satisfies certain conditions [34,35].
Detailed theoretical analysis of the greedy heuristic is omitted as it is out of the focus of this paper.

The overall procedure is well described in Figure 4.
Figure 14 shows the number of targets being simultaneously tracked by each radar over the

planning horizon for the exact and heuristic algorithms. As can be seen in the figure, the simultaneous
tracking load of each radar clearly increased between 400 and 650 s because targets were the most
frequent and concentrated at that time. In terms of an objective value, the result of the proposed
formulation solved by Gurobi commercial MILP solver returned 48861.9, while the heuristic algorithm
gave a value of 45,332.4, an approximately 8% difference in performance. This was noticeably exhibited
mainly in the simultaneous tracking loads of Radars 4 and 5, as shown in Figure 14. The reason for this
is that the heuristic approach to solving this problem is to maximize the time that each radar tracks in
a greedy manner. This phenomenon is explained by the local optima convergence, which is a typical
disadvantage of the heuristic approach, and therefore shows an assignment result that is not properly
distributed. Meanwhile, 48 handovers took place between the radars in the case of exact algorithm
while 53 handovers occurred in the case of heuristic algorithm. When we compared performance with
these results, we considered two main things: the number of handovers that act as the the penalty
function in the objective function and the objective value obtained. The simulation results are more
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than simply comparing the objective values and having a low number of handovers. The absence of
unnecessary handovers is much more advantageous in terms of radar operation. Although there are
differences in the number of handovers depending on how to solve the problem, the target can be
tracked for a much longer period of time than in the case without handovers between radars, and the
resulting time margin would provide valuable time for the preparation of the next battle for each
interceptor. The computation time of exact algorithm case was approximately 4.27 s longer because the
solution using the Gurobi solver investigated as many cases as possible to find the optimal solution.

Figure 14. Simulation result comparison in the sense of the Number of simultaneously tracked target
for each radar.

5. Conclusions

Using a local-scale model and real world example, we experimented with optimal scheduling of
multiple radars for multiple targets and derived appropriate results. Simulation results show that the
objective function of the proposed formulation is valid and effective for the real world situation by
using target handover. The experiment results show that the proposed exact algorithm solved using
Gurobi exhibited better results than that of the heuristic method in terms of performance, number of
handovers and tracking load for entire systems. This paper opens the possibility of solving the problem
of seamless multi-target tracking of multiple radar network against a large number of missile attacks.
The results are especially helpful in preventing situations in which radars with limited detection area
are unnecessarily tracking multiple targets at the same time. The resulting margin of tracking capability
will increase the survivability in such situations. For future work, first, we will try to find adaptive
parameters that may not be confined to a specific situation for each coefficient of objectives constituting
the objective function. Second, we will expand and connect this sensor assignment problem into the
weapon target assignment problem for an anti-air defense system which is composed of multiple
radars and multiple interceptor systems. Third, we will continue to study the methodology to apply
the Reinforcement Learning (RL) technique to this problem.
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Appendix A. Pseudo-Code of FIFO Greedy Algorithm

Algorithm A1 FIFO greedy algorithm

Input: Target information, Time windows information, Radar tracking capability
Output: Target tracking schedules for each radar

1: procedure SCHEDULE FIFO
2: TW data ← array with start and end time elements
3: � TW data : Set of time windows generated based on targets’ movement and radar’s location
4: t ← number of target
5: r ← number of radar
6: τ ← τo, τf
7: v ← 0,1 � v : Indicator that tells whether it is the release time(0) or the due time(1) of TW
8: for t, r, τ, v in TW data do
9: t, r, τ, v ← φ

10: for each TW data in the scenario do
11: [t, r] ← target and radar pair of TW
12: τo ← release time of TW
13: v ← 0
14: TW data ← TW data

⋃
(t, r, τ0, v)

15: τf ← due time of TW
16: v ← 1
17: TW data ← TW data

⋃
(t, r, τf , v)

18: end for
19: end for
20:
21: Sort TW data based on ascending time order
22:
23: for t, r, τo, v in TW data do
24: if v is 0 then � v = 0 : τ is release time
25: if target t is not on tracking then
26: τo, τf ← TWo[t, r], TWf [t, r]
27: if radar’s resource available from τo to τf then
28: Assign Radar r to Target t between τo and τf
29: end if
30: else rlast ← last radar on target
31: if Target t is on tracking but not reached the end of TWf [t, r] then
32: Do not handover yet
33: if the correlated TW of the two radars satisfies enough handover time then
34: Perform handover
35: else Do not handover
36: end if
37: end if
38: end if
39: else � v = 1 : τ is due time
40: Terminate Radar r’s tracking
41: end if
42: end for
43: end procedure
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Abstract: In this paper, we introduce a tracking algorithm based on labeled Random Finite Sets
(RFS) and Rauch–Tung–Striebel (RTS) smoother via a Generalized Labeled Multi-Bernoulli (GLMB)
multi-scan estimator to track multiple objects in a wide range of tracking scenarios. In the forward
filtering stage, we use the GLMB filter to generate a set of labels and the association history between
labels and the measurements. In the trajectory-estimating stage, we apply a track management
strategy to eliminate tracks with short lifespan compared to a threshold value. Subsequently, we apply
the information of trajectories captured from the forward GLMB filtering stage to carry out standard
forward filtering and RTS backward smoothing on each estimated trajectory. For the experiment,
we implement the tracker with standard GLMB filter, the hybrid track-before-detect (TBD) GLMB
filter, and the GLMB filter with objects spawning. The results show improvements in tracking
performance for all implemented trackers given negligible extra computational effort compared to
standard GLMB filters.

Keywords: labeled RFS; RTS smoother; GLMB filter

1. Introduction

While single-object tracking algorithms have been studied extensively for more than half a century,
multi-object tracking is currently a trending topic in signal processing society due to its extensive
applications. The challenges of the multi-object tracking problem arise in the context of miss-detection,
false alarms, object thinning, and appearing processes. To tackle these problems, several frameworks
have been put forward in the literature such as the Joint Probabilistic Data Association (JPDA) [1],
multiple hypotheses tracking [2], and recently, Random Finite Sets (RFS) [2]. In particular, RFS forms
the mathematical basis of many modern multi-object filters such as Probability Hypothesis Density
(PHD) filter [3–7], cardinalized PHD (CPHD) filter [8–10], multi-Bernoulli filter [11,12], the Generalized
Labeled Multi-Bernoulli (GLMB) filter [13–19], and its approximation the Labeled Multi-Bernoulli
(LMB) filter [20,21]. In many applications, tracking algorithms rely on the standard point measurements
to update the object states; in contrast, TBD [22–25] is an alternative approach that bypasses the
detection module to directly exploit the observed spatial data. This technique is introduced under the
RFS framework in Reference [26] with the development of the so-called separable likelihood model
and, recently, in a hybrid (combination of standard observation and separable observation models)
approach in Reference [27]. In terms of system modelling, in many multi-object tracking scenarios, it is
sufficient to consider object thinning and appearing processes via survivals, deaths, and instantaneous
birth models. However, in many practical applications, new objects are also generated from a set or
a subset of existing objects. In the context of RFS-based filtering techniques, such spawning models
have been proposed for CPHD filter in References [28,29] and for GLMB filter in Reference [30].
Because these spawning models correctly reflect the physical state of the systems with spawning
objects, the accuracy of the estimate is improved.
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The early works on practical smoothing algorithms for single-object tracking were introduced
by Bryson and Frazier [31]; by Rauch, Tung, and Striebel [32]; and subsequently by Fraser and
Potter [33]. Later on, many alternative smoothing algorithms for a nonlinear dynamic model were
proposed in References [34–39]. Recently, the closed-form solution for the Gaussian Mixture (GM)
forward-backward smoother was derived in Reference [3]. Furthermore, the smoother for the
multi-sensor tracking problem is addressed in Reference [40], while the smoothing solution for
maneuvering-object tracking is presented in Reference [41]. In Reference [42], a method for joint
tracking smoothing of object trajectory based on function fitting is also proposed. In a multi-object
tracking context, several smoothing techniques have been put forward in the literature despite the
challenge of the large smoothing state space. In particular, smoothing for PHD filter is introduced in
References [43–45], while smoothing for CPHD filter and Multi-Bernoulli filter are given respectively
in References [46,47]. Multiple objects can also be tracked with a fixed-lag smoother via Interacting
Multiple Model (IMM) in Reference [48]. Closed-form solution for forward-backward smoothing
based on GLMB RFS is introduced in Reference [49], and recently, multi-scan smoothing technique
was proposed in Reference [50] with an efficient implementation based on Gibbs sampling, which can
easily handle 100 scans. This is an unprecedented advance over traditional multi-scan solutions, which
can only handle about 10 scans.

The labeled RFS approach has several theoretical and practical advantages over unlabeled
approaches. The first is that labeled RFS filters can provide trajectory estimates naturally without
heuristics, whereas this is not possible with unlabeled RFS filters; see Reference [51]. The second is that
labeled RFS can provide ancestry information in a principled manner, whereas unlabeled RFS does
not have the mechanism to do this (even with smoothing) [30]. The third is that labeled RFS admits
analytical solutions such as the GLMB densities that are still valid RFS densities after any truncation,
whereas unlabeled RFS cannot; see [51]. The fourth is that the truncation error (or error bound) for
labeled RFS, such as GLMB, is available analytically, whereas this is not available for unlabeled RFS [13].
Consequently, truncation-based unlabeled RFS algorithms are heuristics [51]. Numerically, labeled
RFS filters such as the GLMB have been demonstrated to be scalable in the number of objects [52],
number of scans [50], and number of sensors [53]. Hence, the GLMB is a versatile class of models for
multi-sensor multi-object problems.

In this paper, we introduce a tracker based on the GLMB filters and a modification of the
multi-scan estimator proposed in Reference [50]. After the forward GLMB filtering stage, a pre-smooth
stage is implemented to eliminate short-term tracks, which are usually initiated by false births or
spawns. The threshold to prune these tracks varies depending on the tracking scenario. Subsequently,
a multi-scan estimator which consists of a standard single-object filter and an Rauch–Tung–Striebel
(RTS) smoother is applied on each estimated trajectory to produce smoothed estimates. As the proposed
multi-scan estimator operates only on the estimated trajectories, the complexity is much lower than the
full smoothing solution proposed in Reference [50]. Especially, this proposed tracker can completely
eliminate track fragmentation as the multi-scan estimator estimates the entire trajectories but not
single-scan multi-object states as in standard GLMB filters [13,15,16]. We demonstrate the application
of the proposed tracker on both a standard measurement model and a TBD measurement model as
well as tracking scenario with object spawning.

The structure of this paper is as follows. In Section 2, we provide background information
on labeled RFSs, the multi-object transition kernel, the observation models, and the single-object
RTS smoother for linear and nonlinear dynamic models. In Section 3, we propose the tracker based
on the GLMB filters and the multi-scan estimator. In Section 4, we first show the experimental
results for tracking with the standard observation model in linear and nonlinear tracking scenarios.
We then show the tracking results of the proposed algorithm with a hybrid observation model. Finally,
we demonstrate the performance of the algorithm on tracking biological cells in an image sequence
where spawning process occurs.

212



Sensors 2019, 19, 4419

2. Background

2.1. The Labeled RFS

Throughout this article, we adhere to the following notations. The set exponential is denoted
as [h(·)]X = ∏x∈X h(x) while the inner product notation is denoted as 〈 f , g〉 =

∫
f (x)g(x)dx.

The generalization of the Kronecker delta is denoted as follows:

δY(X) =

{
1 X = Y

0 X �= Y

The set inclusion function is written as follows:

1Y(X) =

{
1 X ⊆ Y

0 otherwise

X denotes the labeled set of objects, while x = (x, l) denotes a single labeled object, specifically,
x ∈ X and l ∈ L, where X and L are respectively the kinematic state space and the discrete labels space
at the current time step. L is a label extraction function, i.e., L(x) = l and F (X) denote sets of finite
subsets of X. The “+” sign is used to indicate the next time step when applicable.

The Finite-Set Statistics (FISST) integration is defined as follows [54]:

f (X)δX =
∞

∑
i=0

1
i!

∫
Xi

f ({x1, ..., xi})d(x1, ..., xi)

In multi-object tracking problem, the cardinality of object sets varies when objects enter or leave
the surveillance region. As RFS is a random set of points in the sense that the number of points in
the set is random and the points themselves are also random and unordered [54], a set of random
objects can be naturally characterized as a RFS. Being introduced systematically for the first time in
Reference [13], the labeled RFS incorporates the identities of elements into the unlabeled counterpart.
Precisely, with the state space X and marks space L, the labeled RFS is a marked simple point process
whereas each realization has a distinct label [13,15]. The distinct label property is satisfied when X has the
same cardinality as its labels L(X). Given this, the distinct label indicator can be written as follows [16]:

Δ(X) = δ|X|(|L(X)|) (1)

The introduction of labeled RFS to the multi-object tracking problem allows direct estimation
of trajectories which cannot be done previously with conventional RFS without a separate
labeling scheme.

2.2. The Multi-Object Transition Kernel

In standard tracking scenario, an existing object can either survive or die in the next time
step. The surviving objects are modeled as an LMB RFS with a survival probability of pS(x, l),
a disappearance probability of qS(x, l) = 1 − pS(x, l), and a spatial distribution of fS+(x+|x, l).
The model for such surviving objects is given as follows [13,15,16]:

fS+(XS+|X) = Δ(X)Δ(XS+)1L(X)(L(XS+))[ΦS+(XS+|·)]X (2)

where

ΦS+(XS+|x, l) = ∑
(x+ ,l+)∈XS+

δl(l+)pS(x, l) fS+(x+|x, l) + [1 − 1L(XS+)
(l)]qS(x, l)
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In addition, the new birth objects can instantaneously appear at each time steps and they are
modeled with LMB RFS as follows [13,15,16]:

fB+(XB+) = Δ(XB+)wB(L(XB+))[pB+]
XB+ (3)

wB(L(XB+)) = 1B+(L(XB+))[1 − rB+]
B+−L(XB+)[rB+]

L(XB+)

Furthermore, in certain scenarios, new objects can also be generated from existing objects, which
leads to the need of a spawning model in order to correctly predict the state of the system at the
next time step. Recently, a spawning model for GLMB filter has been proposed in Reference [30]; we
introduce this model again here as follows for the sake of completeness.

For spawned objects, the naming convention is given as follows: if at time step k the label of
an object is l, then the spawned labels from l at the next time step is lspawn = (l, k + 1, i), where i is
the index to distinguish between different spawned objects from the same parent. Following this
convention, the set of all spawned labels in the next time step is S+ = L× {k + 1} ×N, where N is the
set of positive natural numbers [30].

For each spawned object with the label lspawn ∈ S+(L(x)), it will either exist with the probability
pT(x; lspawn) and a spatial distribution fT+(x+|x; lspawn) or not with the probability qT(x; lspawn) =

1 − pT(x; lspawn).
The density of the set P of new spawned objects from x is formulated as follows [30]:

fT+(P|x, lspawn) = Δ(P)1S+(L(x))(L(P))[ΦT+(P|x; ·)]S+(L(x)) (4)

where

ΦT+(P|x; lspawn) = ∑
(x+ ,l+)

δlspawn(l+)pT(x, lspawn) fT+(x+|x, lspawn) + [1 − 1L(P)(lspawn)]qT(x, lspawn)

Let Q be a labeled set of objects spawned from X with L(Q) ⊆ S+(L(X)). As all labels sets are
disjoint, the FISST convolution theorem [54] can be applied.

fT+(Q|X) = Δ(Q)1S+(L(X))(L(Q))[ΦT+(Q|·)]X (5)

where

ΦT+(Q|x) = [ΦT+(Q ∩ (X× S+(L(x))|x; ·)]S+(L(x))

As new birth objects (given in Equation (3)) are independent of the previous time step objects,
the overall transition model is given as follows:

f(X+|X) = fS+(XS+|X)fT+(Q|X)fB+(XB+) (6)

As the spawned objects depend upon the objects from previous time steps, the prediction step of
the filtering stage needs to be done in a joint manner to capture the objects’ dependency. As a result,
approximation is needed to convert the joint object distribution to a standard GLMB density for each
time step in order to keep the algorithm tractable.

In the scenario where the spawning process is not present, the multi-object transition kernel is
reduced to the following:

f(X+|X) = fS+(XS+|X)fB+(XB+) (7)
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2.3. The Multi-Object Observation Models

In the RFS multi-object tracking framework, given a set of measurements Z = {z1:|Z|}, we have
a standard observation model of the following form: [54]

g(Z|X) ∝ ∑
θ∈Θ(L(X))

∏
(x,l)∈X

ψ
(θ(l))
Z (x, l) (8)

where

ψ
(θ(l))
Z (x, l) = δ0(θ(l))qD(x, l) + (1 − δ0(θ(l)))

pD(x, l)g(zθ(l)|x, l)
κ(zθ(l))

κ(·) is the clutter intensity, pD(·) and qD(·) are respectively the detection and miss-detection
probabilities, g(z|x, l) is the likelihood that (x, l) generates measurement z, θ : L → {0 : |Z|} is
a positive 1-1 map, and Θ is the entire set of such mappings.

For image observation, with the assumption that object template T(·) is not overlapped,
i.e., T(x1) �= T(x2) given x1 �= x2, the separable likelihood is given by the following [26]:

g(y|X) = fB(y) ∏
x∈X

gy(x) (9)

where y denotes the observed image, fB denotes the likelihood of the entire set of X, and gy(x) denotes
the likelihood of a single object in the observed image. The designs of fB and gy vary according to the
applications, characteristics of observed image, and object appearances.

First introduced in Reference [27], the concept of a hybrid TBD observation model takes advantage
of both standard and separable likelihood models. Intuitively, while detected objects can be updated
by the associated point measurements, the miss-detected objects can be updated directly from the
image observation. This intuition can be described mathematically by defining the following:

σT(T(y)|x, l) � gT(T(y)|x, l)
gT(T(y)|∅)

(10)

The hybrid likelihood can then be written as follows [27]:

g(y|X) ∝ ∑
θ∈Θ(L(X))

∏
(x,l)∈X

ϕ
(θ(l))
y (x, l) (11)

where

ϕ
(θ(l))
y (x, l) = ψ(θ(l))(x, l|Z)[σT(T(y)|x, l)]δ0θ(l)

2.4. The Single Object RTS Smoother

Given a set single object observation {z1:N}, where N ≤ K with K is the total number of tracking
time steps, the smoothed density of an object state at time k ≤ N, p(xk|z1:N), is obtained as follows [36].

Initially, let the joint distribution of xk and xk+1 be rewritten as follows:

p(xk, xk+1|z1:k) = p(xk+1|xk)p(xk|z1:k) (12)

Then, the distribution of xk given xk+1 and z1:k is given as follows:

p(xk|xk+1, z1:k) =
p(xk, xk+1|z1:k)

p(xk+1|z1:k)
(13)

where p(xk+1|z1:k) =
∫

p(xk+1|xk)p(xk|z1:k)dxk
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From the Markov state-space model, we have the following property: p(xk|xk+1, z1:N) =

p(xk|xk+1, z1:k). Hence, we have the following:

p(xk|xk+1, z1:N) =
p(xk, xk+1|z1:k)

p(xk+1|z1:k)
(14)

Then, the joint distribution of xk and xk+1 given the measurements set z1:N is given as follows:

p(xk, xk+1|z1:N) = p(xk|xk+1, z1:N)p(xk+1|z1:N) (15)

Finally, the smoothed density of state xk can then be obtained via the marginalization step
as follows:

p(xk|z1:N) =
∫

p(xk|xk+1, z1:N)p(xk+1|z1:N)dxk+1 (16)

3. The Proposed Tracker

3.1. The Filtering Stage

For this tracker, we assume Gaussian distribution for the dynamic state of each object. At this first
stage, the tracker carries out a standard multi-object filtering process to obtain the forward estimated
labels and the measurements to label association history. In this subsection, we provide the forward
filtering steps for both the GLMB filter (with standard measurements and hybrid measurements
observations) and GLMB filter with object spawning.

3.1.1. GLMB Filter without Objects Spawning

The procedure to estimate the state of a set of objects with the standard GLMB filter without
including the spawning model in the transition kernel is given as follows.

Given a GLMB prior [16]

π(X) = Δ(X) ∑
(I,ξ)∈F (L)×Ξ

ω(I,ξ)δI(L(X))[p(ξ)]X (17)

and the standard observation model as in Equation (8), the filtering density in the next time step is
given by the following [16]:

πZ+(X) ∝ Δ(X) ∑
I,ξ,I+ ,θ+

ω(I,ξ)ω
(I,ξ,I+ ,θ+)
Z+

δI+(L(X))[p(ξ,θ+)
Z+

]X (18)

where I ∈ F (L), ξ ∈ Ξ, I+ ∈ F (L+), θ+ ∈ Θ+ where ξ is the tracks to measurement association
history and Ξ is the entire space of ξ.

ω
(I,ξ,I+ ,θ+)
Z+

= 1Θ+(I+)(θ+)[1 − P̄(ξ)
S ]I−I+ [P̄(ξ)

S ]I
⋂

I+ [1 − rB+]
B+−I+ [rB+]

B+∩I+ [ψ̄
(ξ,θ+)
Z+

]I+

P̄(ξ)
S (l) = 〈p(ξ)(·, l), pS(·, l)〉

ψ̄
(ξ,θ+)
Z+

(l+) = 〈 p̄(ξ)+ (·, l+), ψ
(θ+(l+))
Z+

(·, l+)〉

p(ξ,θ+)
Z+

(x+, l+) =
p̄(ξ)+ (x+, l+)ψ

(θ+(l+))
Z+

(x+, l+)

ψ̄
(ξ,θ+)
Z+

(l+)
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p̄(ξ)+ (x+, l+) = 1L({l+}) 〈pS(·, l+) fS+(x+|·, l+), p(ξ)(·, l+)〉
P̄(ξ)

S (l+)
+ 1B+

({l+})pB+(x+, l+)

In tracking scenarios where raw spatial detection are also available, the hybrid model in
Equation (11) can be used to replace the standard observation model with the probability of
miss-detection being scaled by the spatial observation likelihood, i.e., given the GLMB prior as
in Equation (17). The filtering density is then given as follows [27]:

πy+(X) ∝ Δ(X) ∑
I,ξ,I+ ,θ+

ω(I,ξ)ω
(I,ξ,I+ ,θ+)
y+ δI+(L(X))[p(ξ,θ+)

y+ ]X (19)

where

ω
(I,ξ,I+ ,θ+)
y+ = 1Θ+(I+)(θ+)[1 − P̄(ξ)

S ]I−I+ [P̄(ξ)
S ]I

⋂
I+ [1 − rB+]

B+−I+ [rB+]
B+∩I+ [ϕ̄

(ξ,θ+)
y+ ]I+

ϕ̄
(ξ,θ+)
y+ (l+) = 〈 p̄(ξ)+ (·, l+), ϕ

(θ+(l+))
y+ (·, l+)〉

p(ξ,θ+)
y+ (x+, l+) =

p̄(ξ)+ (x+, l+)ϕ
(θ+(l+))
y+ (x+, l+)

ϕ̄
(ξ,θ+)
y+ (l+)

3.1.2. GLMB Filter with Objects Spawning

For the prior density which is a GLMB density as in Equation (17) and the transition kernel
defined in Equation (6), by applying the joint predict–update approach, a proposal density can be
written as follows [30]:

π̃+(X+|Z+) ∝ Δ(X+) ∑
I,ξ,I+ ,θ+

ω(I,ξ)ω̃
(I,ξ,I+ ,θ+)
Z+

δI+(L(X+))[ p̃
(ξ,θ+)
Z+

]X+ (20)

ω̃
(I,ξ,I+ ,θ+)
Z+

= [rB+]
B+∩I+ [1 − rB+]

B+−I+ [ p̄S]
I∩I+ [1 − p̄S]

I−I+ [ p̄T ]
S+∩I+ [1 − p̄T ]

S+−I+ ,

p̃(ξ,θ+)
Z+

(x+, l+) =
p̃(ξ)+ (x+, l+)ψ

(θ+(l+))
Z+

(x+, l+)

ψ̃
(ξ,θ+)
Z+

(l+)
,

p̃(ξ)+ (x+, l+) = 1B+
({l+})pB+(x+, l+) + 1L({l+}) p̃(ξ)S (x+, l+) + 1S({l+}) p̃(ξ)T (x+, l+),

p̃(ξ)S =
〈pS(·, l+) fS+(x+|·, l), p(ξ)(·, l+)〉

p̄(ξ)S (l+)
,

p̃(ξ)T =
〈pT(l+) fT+(x+|·, l), p(ξ)(·, l)〉

p̄(ξ)T (l+)

p̄(ξ)S = 〈p(ξ)(·, l), pS(l+)〉,
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p̄(ξ)T = 〈p(ξ)(·, l), pT(l+)〉,

ψ̃
(ξ,θ+)
Z+

(l+) = 〈 p̃(ξ)+ (·, l+), ψ
(θ+(l+))
Z+

(·, l+)〉.

From this proposal density, Gibbs’ sampler is applied to select high weight hypotheses.
These hypotheses are subsequently used to form a standard GLMB density [30]:

π̂(X+|Z+) = Δ(X+)∑I,ξ,I+ ,θ+ δI+(L(X+))ω̂
(I,ξ,I+ ,θ+)
+ (Z+)[pB+ψ

(θ+)
+ (·|Z+)]XB+

[ p̂(I,ξ,I+ ,θ+)
+ (·|Z+)]

XS+∪XT+

[ p̄(I,ξ,I+ ,θ+)
+ (·|Z+)]

I+
(21)

ω̂
(I,ξ,I+ ,θ+)
+ (Z+) =

ω
(I,ξ)
+ (I+)[ p̄

(I,ξ,I+ ,θ+)
+ (·|Z+)]I+

∑I,ξ,I+ ,θ+ ω
(I,ξ)
+ (I+)[ p̄

(I,ξ,I+ ,θ+)
+ (·|Z+)]I+

p̂(I,ξ,I+ ,θ+)(x+, l+|Z+) � 1I+({l+})
∫

p(I,ξ,θ+)
+ ({(x+, l+), (x1,+, l1,+), ..., (xn,+, ln,+)}|Z+)d(x1,+, ..., xn,+)

p̄(I,ξ,I+ ,θ+)(x+, l+|Z+) � 1B+
({l+})〈pB+(·, l+), ψ

(θ+)
+ (·|Z+)〉+ (1 − 1B+

({l+}))〈 p̂(I,ξ,I+ ,θ+)
Z+

(x+, l+), 1〉

3.2. GLMB Multi-Scan Estimator

The concept of a multi-scan estimator is introduced in Reference [50]. Given a multi-scan GLMB
from time step j to k, the cardinality distribution of the number of trajectories is given as follows:

Pr(|L(Xj:k)| = n) = ∑
ξ,Ij:k

δn[|Ij:k|]w(ξ)
j:k (Ij:k) (22)

One possible form of a multi-scan estimator is to determine the component with the highest weight
w(ξ)

j:k (Ij:k) given that it has the most probable cardinality by maximizing Equation (22). The expected

trajectory estimate can then be computed from p(ξ)j:k (·, l) for each l ∈ Ij:k.
In this work, we proposed modifications to the multi-scan estimator in Reference [50], which

can eliminate track fragmentation and improve localization performance. The set of all estimated
trajectories is updated at each time step via the most significant hypothesis with the most probable
cardinality in the GLMB density. At the time step when state estimation is required, the information
of estimated trajectories is passed into the estimator. At this stage, trajectories pruning is applied
to eliminate short-term tracks. Subsequently, standard filtering and RTS smoothing techniques are
applied on each trajectory to produce smoothed state estimates. The significance of this estimator
is that it allows the application of smoothing techniques to improve the tracking accuracy while
completely eliminates track fragmentation as the entire trajectory is estimated as a whole. In addition,
as the complexity of the estimator depends only on the number of estimated tracks, the additional
computational effort of the estimator is negligible compared to GLMB filtering. The detailed
implementation of the estimator is given as in following subsections.

3.2.1. Estimating the Trajectories

Given the GLMB density at the end of each filtering cycle, the GLMB filter estimate is the
result of the maximum posteriori estimate of the cardinality with the means of the object states being
conditioned on the estimated cardinality [15]. Given that the possible highest number of tracked objects
is Nmax, the cardinality distribution of the the objects set over a finite set of hypotheses {(I, ξ)h}h=1:H
is written as follows:
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ρ(n)|n=0:Nmax = ∑
H∈{(I,ξ)h}h=1:H

ω(H)δn(|I(H)|) (23)

The estimated cardinality is given as follows:

N̂ = argmax(ρ) (24)

The estimated hypothesis is as follows:

Ĥ = argmax(H)ω
(H)δN̂(|I(H)|) (25)

The information from the filtering stage needs to be captured to facilitate the multi-scan estimator.
At this stage, we represent a set of estimated trajectories at time k with a set of tuples defined as
T̂k � {(l̂k

1, b̂l̂k
1
, ξ̂ l̂k

1
), ..., (l̂k

N̂
, b̂l̂k

N̂
, ξ̂ l̂k

N̂
)}, where l̂k

n̂ is the label of estimated trajectory n at time k, b̂l̂k
n̂

is its

corresponding initial birth state (including the time of birth and initial kinematic state), and ξ̂ l̂k
n̂

is the
corresponding association history. In addition, we also have set of tuples for all estimated trajectories
T̂ from time step 1 to current time step k. This set of tuples is updated at the end of each filtering
time step via updating the association history and initial birth state of existing trajectories and adding
new tuples to the set if the trajectories are new. The procedure to update the tuples set is given in
Algorithm 1.

Algorithm 1 Updating trajectories tuples

Input: T̂k = {(l̂k
1, b̂l̂k

1
, ξ̂ l̂k

1
), ..., (l̂k

N̂
, b̂l̂k

N̂
, ξ̂ l̂k

N̂
)}, T̂ = {(l̂1, b̂l̂1

, ξ̂ l̂1
), ..., (l̂N , b̂l̂N

, ξ̂ l̂N
)}

Output: The updated trajectories tuples set T̂

for n = 1 to N̂
if l̂k

n ∈ {l̂1, ..., l̂N}
Replace the tuple of label l̂k

n in T̂ with (l̂k
n, b̂l̂k

n
, ξ̂ l̂k

n
)

else
T̂ = T̂∪ (l̂k

n, b̂l̂k
n
, ξ̂ l̂k

n
)

end
end

3.2.2. Trajectories Pruning

For a set of estimated trajectories tuples from filtering stage T̂ = {(l̂1, b̂l̂1
, ξ̂ l̂1

), ..., (l̂N , b̂l̂N
, ξ̂ l̂N

)} the

lifetime of a trajectory with label l̂n is the length of the corresponding association history, which is
given as follows:

τ(ln) = flength(ξ̂ l̂n
) (26)

where flength(·) is the function that determines the length of the vector in its argument. If the length of
a track is shorter than the threshold value τt, i.e., τ(ln) < τt, this trajectory will be removed from the
set of estimated trajectories.

3.2.3. Numerical Implementation of Single-Object Smoother

For completeness, we outline here the detailed numerical implementation of the single-object RTS
smoother for both linear and nonlinear dynamic models with Gaussian assumption on the distribution
of the states.
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Given a linear dynamic model of the form

x+ = Fx + q, z = Hx + r

where x is the system state, F is the linear transformation matrix, H is the linear observation matrix,
q and r are respectively the process and observation Gaussian noise, and z is the current time step
measurement, the backward smoothing step over an interval N ≤ K (where K is the total number of
tracking time steps) can be implemented with the standard RTS Smoother [32]. The details of the RTS
smoother is given in Algorithm 2, where the superscript s denotes the smoothed results.

Algorithm 2 Single-object Rauch–Tung–Striebel (RTS) smoother

Input: The filtered mean and covariance {xk, Pk}k=1:N , F, Q
Output: The smoothed mean and covariance {xs

k, Ps
k}k=1:N

Initialization: xs
N = xN and Ps

N = PN
for k = N − 1 down to 1

x̄k+1 = Fxk
P̄k+1 = FPkFT + Q
D = Pk+1F(P̄k+1)

−1

xs
k = xk + D(xs

k+1 − x̄k+1)

Ps
k = Pk + D(Ps

k+1 − P̄k+1)DT

end

For a nonlinear dynamic model, the RTS smoother can also be applied via the unscented
transformation [39]. Given the dynamic model

x+ = f (x, q), y = h(x, r)

where f is the nonlinear state transition function and h is the nonlinear observation function, other
variables are interpreted the same as in the linear model; the smoothed results can be inferred via the
Unscented RTS (URTS) smoother [36]. The smoothing procedure is presented in Algorithm 3, and the
readers are referred to Reference [39] for the detailed implementation of the unscented transform.
Compared to the Sequential Monte Carlo method, unscented transform is less computationally
expensive as the number of sigma points to approximate a Gaussian distribution is much lower
than the number of particles to represent the entire density.

3.2.4. Forward Filtering-Backward Smoothing of Trajectories

In this step, by using the measurement association history, the initial birth information (the state
and the time at birth) in the estimated trajectories tuples set, and the measurements set, we apply
standard single-object filtering and backward RTS smoothing techniques to produce a set of smoothed
distributions of the trajectories. In this work, spatial distributions of tracks are assumed to be Gaussian
distributed; hence, the estimated spatial distribution of track labeled l at time k is represented by
the mean ml

k and the covariance Pl
k. The details of the procedure to produce the tracks distributions

are given in Algorithm 4. The SingleObjectPrediction and SingleObjectUpdate functions are chosen
according to the dynamic model, which can be Kalman prediction and Kalman update or their
nonlinear variances. The linearity of the system also determines the SingleObjectSmoothing function,
which takes the form of either Algorithm 2 or Algorithm 3 to smooth each individual trajectory.
The output of the algorithm is the smoothed spatial distributions of all estimated trajectories, which

is {ml̂n
k , Pl̂n

k }
kl̂n

i :kl̂n
e

. From this set of distributions, the mean values can be extracted to be used as the

estimated states of the trajectories.
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Algorithm 3 Single-object Unscented RTS (URTS) smoother

Input: The filtered mean and covariance {xk, Pk}k=1:N , f (x+|x) , Q
Output: The smoothed mean and covariance {xs

k, Ps
k}k=1:N

Initialization: xs
N = xN and Ps

N = PN
for k = N − 1 down to 1

{W(m)
i−1 , W(c)

i−1, [X̃x
i ; X̃q

i ]} = UnscentedTransform (xk, Pk, Q)

X̃i+ = f (X̃x
i , X̃q

i )

x̄k+1 = ∑i W(m)
i−1 X̃i+

P̄k+1 = ∑i W(c)
i−1(X̃i+ − x̄k+1)(X̃i+ − x̄k+1)

T

C̄k+1 = ∑i W(c)
i−1(X̃x

i − xk)(X̃i+ − x̄k+1)
T

D = C̄k+1 (P̄k+1)
−1

xs
k = xk + D

(
xs

k+1 − x̄k+1

)
Ps

k = Pk + D
(

Ps
k+1 − P̄k+1

)
DT

end

While the advantages are mentioned previously, this estimator is also subjected to certain
drawbacks in challenging tracking scenarios. First, depending on the nature of the problem, the user
needs to set an appropriate pruning threshold τl to prevent the estimator from deleting correct
trajectories, especially when track identity switching is severe. Second, as the estimator relies on the
latest hypothesis to produce estimates, the more this hypothesis deviates from the truth, the more
inaccurate the entire estimation. In addition, in the case that wrong new tracks keep appearing in
the set of trajectory estimates, overestimating of the number of tracks is also possible. However,
the benefit from track fragmentation reduction and improvement of tracking accuracy given negligible
computational effort is much more than the risk of incorrectly estimating the number of tracks, and the
following simulation results are a strong demonstration of the benefits of our proposed tracker.

Algorithm 4 Trajectory forward filtering-backward smoothing

Input: T̂ = {(l̂1, b̂l̂1
, ξ̂ l̂1

), ..., (l̂N , b̂l̂N
, ξ̂ l̂N

)}, {Z1, ..., ZK}
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k }
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e
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e
}
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} from the initial birth b̂l̂n
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} = SingleObjectUpdate (m̄ln
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i
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, z
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ξ̂
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)

for k from kl̂n
i + 1 to kl̂n

e

{m̄ln
k , P̄ln

k } = SingleObjectPrediction (m̃ln
k−1, P̃ln

k−1)

if ξ̂k
l̂n
= 0

{m̃ln
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k } = {m̄ln
k , P̄ln

k }
else

{m̃ln
k , P̃ln

k } = SingleObjectUpdate (m̄ln
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k , zk
ξ̂k

l̂n

)

end
end
{ml̂n
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e
= SingleObjectSmoothing ({m̃l̂n
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e
)
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4. Experimental Results

4.1. Simulation Results

4.1.1. Linear Dynamic Model

In this experiment, we use a constant velocity model for the dynamic of the system. The state
vector consists of information regarding the planar position and the velocity of the objects, which
is xk =

[
px, py, ṗx, ṗy

]T ; while the measurement vector contains the position of the object, which is
zk = [zx, zy]T . The transition and observation models are given respectively as follows:

f+(x+|x) = N (x+; Fx, Q)

h(z|x) = N (z; Hx, R)

where F =

[
I2 ΔI2

02 I2

]
, Q = σ2

v

[
Δ4

4 I2
Δ3

2 I2
Δ3

2 I2 Δ2 I2

]
, H =

[
I2 02

]
, R = σ2

ε I2. Particularly, in this

experiment, we set σv = 5 m/s and σε = 15 m.
The surveillance region is the [−1000, 1000]m× [−1000, 1000]m area, the total time step is K = 100,

and Δ = 1. The ground truth plot for this experiment is given in Figure 1. The surviving probability is
set to pS = 0.99, and the detection probability is pD = 0.95. Clutter rate is set to 66 false alarms per
scan. The birth probability is set to rB = 0.03. The states of expected births are m(1)

B = [0.1, 0, 0.1, 0]T ,

m(2)
B = [400, 0,−600, 0]T , m(3)

B = [−800, 0,−200, 0]T , and m(4)
B = [−200, 0, 800, 0]T . The covariance

matrix at birth is PB = diag([10, 10, 10, 10]). The number of hypotheses for GLMB filter is capped at
20, 000 components. In this experiment, we smooth the entire tracking interval from k = 1 to k = K.
The threshold for the smoother to prune the track is set to τt = 3 time steps.

We conduct the experiment over 100 Monte Carlo runs. The means of the estimated Optimal
Subpattern Assignment (OSPA) error [55] and OSPA2 error [52,56] are given respectively in Figures 2
and 3. Figure 4 shows the GLMB filter and proposed tracker-estimated cardinality of objects set for
each time step along with the true values.

Figure 1. Ground truth for linear dynamic scenario (circle: track start position, triangle: track end position).
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Figure 2. OSPA error for linear dynamic scenario.

Figure 3. OSPA2 error for linear dynamic scenario.
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Figure 4. Estimated cardinality for linear dynamic scenario.

4.1.2. Nonlinear Dynamic Model

For the demonstration of the nonlinear tracking scenario, we use a constant turn model with 5-D
state vector xk =

[
px, py, ṗx, ṗy, ω

]T , where ω is the object’s turn rate. The transition density is given
as follows:

f+(x+|x) = N (x+; F(ω)x, Q)

where F

⎛⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎣
px

ṗx

py

ṗy

ω

⎤⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎠ =

⎡⎢⎢⎢⎢⎢⎣
1 sin(ωΔ)

ω 0 −1−cos(ωΔ)
ω 0

0 cos(ωΔ) 0 − sin(ωΔ) 0
0 1−cos(ωΔ)

ω 1 sin(ωΔ)
ω 0

0 sin(ωΔ) 0 cos(ωΔ) 0
0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎦, Qζ=

[
σ2

ωGGT 0
0 σ2

v

]
and G =

⎡⎢⎢⎢⎣
Δ2/2 0

Δ 0
0 Δ2/2
0 Δ

⎤⎥⎥⎥⎦.

In this experiment, we set σω = π/180 rad/s and σv = 5 m/s. The observation model is given as
the bearing and range detection of the 2D vector zk = [θ, r]T with σθ = π/90 rad and σr = 5 m.

The surveillance region is the half disc of the radius 2000 m with K = 100 time steps and
Δ = 1. The ground truth for this experiment is given in Figure 5. The surviving probability is set to
pS = 0.99 and the detection probability is pD = 0.95. Clutter rate is set to 66 false alarms per scan.
The expected birth states are m(1)

B = [−1500, 0, 250, 0, π/180]T , m(2)
B = [−250, 0, 1000, 0, π/180]T ,

m(3)
B = [250, 0, 750, 0, π/180]T , and m(4)

B = [1000, 0, 1500, 0, π/180]T with rB = 0.02, and the
birth covariance is PB = diag([50, 50, 50, 50, π/30]). The number of hypotheses is also capped at
20, 000 components. The smoothing interval is the entire tracking sequence from k = 1 to k = K.
We also set the track pruning threshold for the smoother to 3 time steps in this experiment.

For this scenario, we also test the performance of the tracker over 100 Monte Carlo runs. The means
of OSPA error and OSPA2 error of the estimates are plotted in Figures 6 and 7, respectively, while the
set cardinality is shown in Figure 8.
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Figure 5. Ground truth for nonlinear dynamic scenario (circle: track start position, triangle: track
end position).

Figure 6. OSPA error for nonlinear dynamic scenario.

4.1.3. Hybrid TBD Observation Model

In this simulation, we use the hybrid measurement model to track objects following a linear
dynamic motion model. The surveillance region is 100 × 100 pixels with image cell size of 1, total
time step of K = 100, and Δ = 1. The observation are the raw images, which are arrays of pixels.
In particular, for a pixel i at the image coordinate (a(i), b(i)), the array value is given as follows [26,27]:

y(i) =

[
∑
x∈X

Ik
2πσh

exp

(
− (a(i) − px)2 + (b(i) − py)2

2σ2
h

)]
+ w(i) (27)

where w(i) � N (0, σy) is Gaussian noise. In this experiment, we set σh = 4 and σy = 1. We choose the
value of Ik such that the signal to noise ratio (SNR) varies over the range 7 to 10 dB. For the observation
model from the perspective of the filter, we fix its SNR value to 10 dB. From the raw images, we then
use hard-shareholding to extract the points measurements at each frame.
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Figure 7. OSPA2 error for nonlinear dynamic scenario.

Figure 8. Estimated cardinality for nonlinear dynamic scenario.

The dynamic model and standard observation model are similar to the ones in Section 4.1.1
with σv = 1 pixel/s, pS = 0.98, and σε = 4 pixels with a clutter rate of 10. The expected new
births states are m(1)

B = [5, 0, 25, 0]T , m(2)
B = [5, 0, 90, 0]T , m(3)

B = [80, 0, 90, 0]T , m(4)
B = [5, 0, 5, 0]T ,

and m(5)
B = [90, 0, 30, 0]T with the covariance of PB = diag([3, 2, 3, 2]) and the probability rB of 0.03.

The ground truth location of objects is shown in Figure 9 while Figure 10 shows samples of raw image
observation along with points detection. The implementation of the filtering phase is as the same
as in Reference [27]. The smoothing interval is set to the entire tracking time with the track pruning
threshold of the smoother set to 3 time steps.

This experiment is run over 100 Monte Carlo trials. The means of OSPA error and OSPA2 error
are shown respectively in Figures 11 and 12. The estimated cardinality is plotted in Figure 13.
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Figure 9. Ground truth for a hybrid track-before-detect (TBD) scenario (circle: track start position,
triangle: track end position).

Figure 10. Samples of raw images and point observations for a hybrid TBD scenario (red asterisk:
ground truth position, green circle: point detection).
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Figure 11. OSPA error for a hybrid TBD scenario.

Figure 12. OSPA2 error for a hybrid TBD scenario.
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Figure 13. Estimated cardinality for a hybrid TBD scenario.

4.1.4. Discussion on the Simulation Results

For all simulated experiments, we observe lower OSPA and OSPA2 errors for the proposed tracker
compared to the GLMB filter results. In the first two experiments with the standard observation
model, as the clutter rate is high, the filtered-only trajectories jiggle around the true paths due to
false measurements. In Figures 2 and 6 as well as in Figures 3 and 7, the overall errors of the GLMB
filter estimates are higher than of the proposed tracker estimates. The reduction of localization error
contribute mainly to the improvement of the tracking performance. From the cardinality plots in
Figures 4 and 8, on average, the proposed tracker slightly improves estimate cardinality performance
as it is able to eliminate track fragmentation while eliminating incorrect tracks at some time steps.

In the hybrid TBD tracking experiment, as tracks are miss-detected due to low SNR, the proposed
tracker improves tracking performance by eliminating track fragmentation. Not much localization
error is reduced by the smoother step as the GLMB filter produces relatively good tracking results.
The OSPA and OSPA2 results presented in Figures 11 and 12 show slight improvement of the proposed
tracker results compared to GLMB filter tracking results. However, the cardinality plot in Figure 13
clearly indicates that the proposed tracker is able to improve the estimated cardinality between time
step 30 and 40.

The run time for all simulated scenario is given in Figure 14 in terms of the percentage of extra
computational time of the proposed tracker over the computational time of the filtering step only.
It is shown that the extra computational time is negligible in all three tracking scenarios with the
extra computational time of the proposed tracker less than 0.5% of the filtering computational time.
However, the main disadvantage is that the tracker needs to wait until the end of the smoothing
interval to be able to produce tracking results.

4.2. Application to Cell Microscopy

In this experiment, we attempt to track biological cells from a sequence of images containing
90 frames by using the proposed tracker. A snapshot of the sequence is shown in Figure 15. In this
application, we use the constant turn rate for the dynamic model as in Section 4.1.2 and the standard
observation model as in Section 4.1.1. We also implement the measurement driven model as described
in Reference [20]. For the first time step, the birth rate is set to a very high value (≈1) to initialize
objects. Subsequently, the birth rate is capped at 10−7. The standard deviation of the turn rate noise
is π/90 rad/s, and the standard deviation of the velocity noise is 5 pixels/frame. The number of
hypotheses is capped at 10,000. The detection rate is set to 0.88, and the surviving rate and the
spawning rate are 0.999 and 0.035, respectively. The clutter rate is set to 0.05. The cell spawning
model is the same as described in Reference [57] with the covariance of the spawning model given
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as QT =

⎡⎢⎢⎢⎢⎢⎣
40 0 0 0 0
0 5 0 0 0
0 0 40 0 0
0 0 0 5 0
0 0 0 0 π/90

⎤⎥⎥⎥⎥⎥⎦ and the smoothing interval set to the entire image sequence. In this

application, we set the track pruning threshold of the estimator to 3 time steps.

Figure 14. Percentage of smoothing time over filtering time.

Figure 15. Snapshot of biological cell sequence.

From the tracking results, significant improvement is observed as the proposed tracker is able to
eliminate incorrect spawned tracks. While the OSPA error in Figure 16 shows similar performance for
the GLMB filter and the proposed tracker, the improvement is clearly reflected in the OSPA2 cardinality
error plots in Figure 17. From the cardinality plot in Figure 18, the estimated cardinality from our
tracker is much closer to the true values as fewer incorrect spawned tracks are estimated. In this
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experiment, there is not much difference between the GLMB filter and the proposed tracker estimates
localization error due to the mismatch between the dynamic model and actual motion of the cells.
Finally, in Figure 19, we illustrate the improved tracking results in terms of tracking sequence for
several time steps at a selected region where the cell splitting process occurs.

Figure 16. OSPA error for tracking biological cells.

Figure 17. OSPA2 error for tracking biological cells.
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Figure 18. Estimated cardinality for tracking biological cells.

Figure 19. The tracked image sequences of biological cells with blue asterisks denoting points detection.
Top row: Generalized Labeled Multi-Bernoulli (GLMB) filter tracking results. Bottom: Proposed tracker
tracking results.

5. Conclusions

In this paper, we detailed the implementation of a new tracker based on GLMB filter and
a modified multi-scan estimator. In addition to lowering the localization error by performing RTS
smoother on each individual estimated trajectory, the proposed tracker can also reduce cardinality
errors by deleting the short-term tracks via track management and by completely eliminating track
fragmentation. The computation time is shown to contribute to less than 0.5% of the total tracking
time, although a fixed delay time is needed before the tracker can produce the estimate. Therefore,
in applications when real-time updates are not required, the proposed tracker can be used to improve
the tracking results given negligible extra computation time. However, as the smoothing results
strongly depend on the quality of the estimates obtained from the forward filtering step, if the filtered
estimate experiences strong distortion, the performance of the proposed tracker degrades significantly.
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Abstract: Aiming at the problem of multiple-source direction of arrival (DOA) tracking in impulse
noise, this paper models the impulse noise by using the symmetric α stable (SαS) distribution, and
proposes a DOA tracking algorithm based on the Unscented Transform Multi-target Multi-Bernoulli
(UT-MeMBer) filter framework. In order to overcome the problem of particle decay in particle
filtering, UT is adopted to select a group of sigma points with different weights to make them
close to the posterior probability density of the state. Since the α stable distribution does not have
finite covariance, the Fractional Lower Order Moment (FLOM) matrix of the received array data is
employed to replace the covariance matrix to formulate a MUSIC spatial spectra in the MeMBer
filter. Further exponential weighting is used to enhance the weight of particles at high likelihood area
and obtain a better resampling. Compared with the PASTD algorithm and the MeMBer DOA filter
algorithm, the simulation results show that the proposed algorithm can more effectively solve the
issue that the DOA and number of target are time-varying. In addition, we present the Sequential
Monte Carlo (SMC) implementation of the UT-MeMBer algorithm.

Keywords: direction-of-arrival (DOA) tracking; impulse noise; Multi-Bernoulli filter; particle filtering

1. Introduction

Multi-target Direction of Arrival (DOA) estimation is an essential issue in array processing and has
a wide range of applications in source location, radar, sonar, and wireless communications [1,2]. Sparse
representation and compressive sensing methods are used for DOA estimation of coprime array [3–6],
while these methods are only applied in the case where the sources are stationary. In addition,
difficulties also arise from the uncertainties of the source dynamics: the source may be moving or
static. Thus, it is significant to extend the static DOA estimation algorithm to the dynamic DOA
tracking algorithm.

The representative dynamic DOA tracking algorithms include the subspace tracking algorithm and
the particle filter (PF) algorithm. The subspace tracking algorithm includes Projection Approximation
Subspace Tracking (PAST) [7] and the Projection Approximation Subspace Tracking with Deflation
(PASTD) [8]. In essence, these algorithms transform the determination of the eigensubspace into
solving an unconstrained optimization problem, and combine the recursive least squares (RLS) theory
to achieve effective tracking of the eigensubspace of time-varying sources. However, the RLS method
is very sensitive to impulse noise, and the PAST algorithm’s subspace tracking performance will
degrade sharply in the impulse noise environment [9–11]. In an army of acoustic applications, such as
underwater and room acoustic signal processing, the noise environment is non-Gaussian and is
impulsive in nature [12,13]. Under investigation, it was found that α stable distribution (0 < α ≤ 2) is a
suitable noise model to describe this type of noise [14]. In recent years, DOA estimation technology

Sensors 2019, 19, 4031; doi:10.3390/s19184031 www.mdpi.com/journal/sensors237
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in impulse noise environment has developed rapidly [15–17]. The PF algorithm based on Bayesian
recursive estimation can solve the target tracking problem by utilizing a priori DOA and current
measurement information [18]. In [19], the author considers the particle filtering method to estimate
the single target DOA by using the spatial spectral function based on FLOM matrix as the likelihood
function in the impulse noise environment. However, those algorithms needs to know the number of
targets in advance and cannot deal with the estimation problem of the time-varying sources DOA.

In practical applications, such as submarine tracking and sonar positioning, the number of the
sources are dynamic. Mahler introduced the concept of random finite set (RFS) in [20]. A tutorial
on Bernoulli filters is introduced in [21]. A track-before-detect (TBD) Bernoulli filter based on RFS is
proposed for DOA tracking in single dynamic system in [22], but it cannot solve the DOA tracking
in multiple target dynamic system. The Multi-target Multi-Bernoulli (MeMBer) filtering [23] is a
filter developed under the RFS framework. The advantage is that it operates on the dimensions of a
single target space, thus avoiding the computational complexity and data association problems of the
joint filter. Choppala P B et al. studied the Bayesian multi-target tracking problem based on phased
array sensor, and proposed the MUSIC spatial spectral as a pseudo-likelihood in the Multi-Bernoulli
filter in [24]. However, the shortcoming of this algorithm is that impulse noise is not considered,
and Gaussian noise model is not appropriate in practical applications.

Based on the above analysis, a particle filter algorithm of DOA tracking for Unscented Transform
MeMBer (UT-MeMBer) in an impulse noise environment is proposed. UT is used to construct a
new important density function, which makes the estimation accuracy higher when the particle
degenerates. Since particles close to the real state are more likely to output a larger spatial spectral
response, the magnitude of the spatial spectral response is used as a feature of pseudo-likelihood.
Based on the FLOM matrix, this paper uses FLOM matrix to substitute the covariance matrix to obtain
the corresponding MUSIC spatial spectrum as the particle likelihood function. Further exponential
weighting can increase the weight of the particles, making resampling more efficient. The main
advantage of the tracking algorithm is that the number and state of the target can be accurately tracked
when the number and state of the sources are unknown in impulse noise environment.

The rest of the paper is organized as follows. In Section 2, the problem of the DOA tracking in
impulsive noise environment is described. In Section 3, we outline the Multi-Bernoulli’s Bayesian
theory of DOA tracking. An improved algorithm for likelihood functions is introduced in Section 4.
The UT-MeMBer DOA particle filter tracking algorithm is given in Section 5. We then show our
simulation results in Section 6 and conclusion in Section 7.

2. Problem Formulation

2.1. Array Signal Model

Consider the case of P narrow farfield signals sp(t), p = 1, 2, · · ·P with different DOA θ1,θ2, . . . ,θP

arriving at a uniform linear array (ULA) with M sensors at discrete time t. The DOA of the pth source
can be written as θp. The received signal of the arrays can be expressed as

Z(t) = A(θ)S(t) + N(t) (1)

where NM×1(t) = [n1(t), n2(t), . . . , nM(t)]T represents the impulsive noise vector which is not
correlated with signals. ZM×1(t) = [z1(t), z2(t), . . . , zM(t)]T is the measurement at time t, AM×P(t) =
[a(θ1), a(θ2), . . . , a(θP)]

T is array manifold, SP×1(t) = [s1(t), s2(t), . . . , sP(t)]
T denotes the acoustic

sources matrix, and

a
(
θp

)
=

[
1, e− j 2π

λ d sinθp , . . . , e− j 2π
λ (M−1)d sinθp

]
(2)

is the steering vector with λ denoting the wavelength of the carrier, and d is the array space.
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2.2. α Stable Distribution

Most of the traditional research methods estimating the DOA are based on Gaussian noise models.
In practical situations, such as radar echo and low-frequency atmospheric noise, they consist of
impulse noise with a short duration and large amplitude. The performance of the algorithm will
drop significantly when the Gaussian noise model is still modeled in an impulse noise environment.
The α stable distribution is a good example of such a type with significant spike noise and a Gaussian
distribution. The α stable distribution’s probability function does not have the closed form, which can
be conveniently described by its characteristic function as

φ(t) = e{ jat−γ|t|α[1+ jβsgn(t)�(t,α)]} (3)

where

� =

{
tan απ2 ,α � 1
2
π log|t|,α = 1

(4)

sgn(t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, t > 0
0, t = 0
−1, t < 0

(5)

α is the characteristic exponent, whose size can affect the degree of impulse and the range is
0 < α ≤ 2. γ is a dispersion parameter whose mean is consistent with the variance of the Gaussian
distribution. β is a symmetric parameter, and the distribution at β = 0 is a symmetric α stable (SαS)
distribution. a is the positional parameter. When α = 2, β = 0, it is a Gaussian distribution model.
When α = 1, β = 0, it is the Cauchy distribution model. When α = 1/2, β = −1, it is the Pearson
distribution model. A crucial difference between the Gaussian distribution and the α stable distribution
is that the latter does not have second-order statistics so that its covariance is inaccurate.

3. MeMBer Bayesian Theory of DOA Tracking

3.1. Multi-Target Bayesian Theory

Assume that the state of the sources at time k is xk =
[
θk,

.
θk

]T
, where θk is the DOA and moves at

a speed of
.
θk rad/s. The state and number of sources are changing at time k + 1, which can be described

by RFS. From [20], the sources state set in multiple sources tracking can be regarded as an RFS, namely

Xk =
{
xk,1, · · · , xk,P(k)

}
(6)

where Xk represents a set of sources at time k, and the element of the set may be one or more or null.
Zk denotes the measurement set generated by all sources received time k, and the element is only one.

Single-target Bayesian filtering can be extended to multi-target tracking by modeling the above
source states and measured values. The single target posterior probability density function (pdf)
pk|k(xk|Z1:k) is replaced by the joint multi-target posterior pk|k(Xk|Z1:k). The Bayes joint filter recursion
includes two stages: prediction and update. The prediction and update at time k in [24] are

pk|k−1(Xk|Z1:k−1) =

∫
fk|k−1(Xk|Xk−1)pk−1|k−1(Xk−1|Z1:k−1)δXk−1 (7)

and

pk|k(Xk|Z1:k) =
g(Zk|Xk)pk|k−1(Xk|Z1:k−1)∫

g(Zk|Xk)pk|k−1(Xk|Z1:k−1)δXk
(8)

where δ is the set integral and Z1:k−1 represents all the measurement sets up to time k− 1. g(Zk|Xk) is a
multi-target joint likelihood function and fk|k−1(Xk|Xk−1) is a multi-target state transition probability
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density function. pk|k−1(Xk|Z1:k−1) represents the multi-target joint prediction probability density and
pk|k(Xk|Z1:k) is the multi-target joint posterior probability density function.

3.2. Multi-Target Multi-Bernoulli Filter

A Bernoulli set X has a probability 1− r of being a null set, and has a probability r of containing a
single element x that is distributed via a pdf s(·). The probability of a Bernoulli RFS can be expressed
in [21] as

π(X) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1− r, X = ∅

rs(X), X = {x}
0, other

(9)

A Multi-Bernoulli RFS X can be considered as union of a fixed number of independent Bernoulli
sets that have existence probability r( j) ∈ (0, 1), j = 1, . . . J and the pdf s( j), such that

X =
J∪

j=1
X( j) (10)

where the j th Bernoulli set is described by its two parameters: the existence probability r( j) and the pdf

s
(
X( j)

)
. So a Multi-Bernoulli RFS can be characterized by a posterior parameter set

{(
r( j)

k|k , sk|k
(
X( j)

k

))}Jk

j=1
,

where Jk|k indicates the number of sources. Zk =
[
z1,k, z2,k, . . . , zM,k

]T
denotes the sensor measurement

data and Zk ∈ Z, in whichZ is the measurement space of the sensor. Target birth and survival are
determined by birth probabilities pb,k(Xk) and survival probabilities ps,k(Xk), respectively. The source
motion model is represented by the transition probability density fk|k−1(Xk|Xk−1), and the prior
probability of Multi-Bernoulli is described as

p(Xk−1|Z1:k−1) ≈
{
r( j)

k−1|k−1, sk−1|k−1

(
X( j)

k−1

)}Jk−1

j=1
(11)

According to Equation (7), the prediction part can be described as

p(Xk|Z1:k−1) ≈
{
r̂( j)

k|k−1, ŝk|k−1

(
X( j)

k

)}Jk|k−1

j=1

=
{
r( j)

P,k|k−1, sP,k|k−1

(
X( j)

k|k−1

)}JP,k|k−1

j=1
∪
{
r( j)

B,k, sB,k

(
X( j)

k

)}JB,k

j=1

(12)

where
r̂( j)

k|k−1 =
(
1− r( j)

k−1|k−1

)
· ∫ pb,k

(
X( j)

k

)
sk−1|k−1

(
X( j)

k−1

)
dX( j)

k−1

+ r( j)
k−1|k−1 ·

∫
ps,k

(
X( j)

k−1

)
sk−1|k−1

(
X( j)

k−1

)
dX( j)

k−1

(13)

ŝk|k−1

(
X( j)

k|k−1

)
=

ps,k

(
X( j)

k−1

)
r( j)
k−1|k−1·

∫
fk|k−1

(
X( j)

k

∣∣∣∣X( j)
k−1

)
Sk−1|k−1

(
X( j)

k−1

)
dX( j)

k−1

r( j)
k|k−1

+
pb,k

(
X( j)

k

)
·
(
1−r( j)

k−1|k−1

)
·bk|k−1

(
X( j)

k

)
r( j)
k|k−1

(14)

where Jk|k−1 = JP,k|k−1 + JB,k, JP,k|k−1 = Jk−1. The number of Multi-Bernoulli parameter sets for survival
sources and newborn sources are represented by JP,k|k−1 and JB,k, respectively. According to Equation (8),

if the predicted Multi-Bernoulli parameter set can be expressed as
{
r̂( j)

k|k−1, ŝk|k−1

(
X( j)

k

)}Jk|k−1

j=1
, then the

update process can be expressed as

p(Xk|Z1:k) ≈
{
r( j)

k|k , sk|k
(
X( j)

k|k−1

)}Jk

j=1
(15)
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where

r( j)
k|k =

r̂( j)
k|k−1

∫
g
(
Zk

∣∣∣∣X( j)
k

)
ŝk|k−1

(
X( j)

k

)
dX( j)

k

1− r̂( j)
k|k−1 + r̂( j)

k|k−1

∫
g
(
Zk

∣∣∣∣X( j)
k

)
ŝk|k−1

(
X( j)

k

)
dX( j)

k

(16)

sk|k
(
X( j)

k

)
=

g
(
Zk

∣∣∣∣X( j)
k

)
ŝk|k−1

(
X( j)

k

)
∫

g
(
Zk

∣∣∣∣X( j)
k

)
ŝk|k−1

(
X( j)

k

)
dX( j)

k

(17)

where g(Zk|Xk) denotes the likelihood function. If the covariance of the general sensor array at time k
in Gaussian noise environment is Rk, the likelihood function can be expressed as

g(Zk|Xk) =
1

πMdet(Rk)
exp

(
−(Zk −A(Xk)Sk)

HR−1
k (Zk −A(Xk)Sk)

)
(18)

The frame of Formula (18) is not held in impulse noise, so we propose to replace the likelihood
function with a spatial spectrum method.

4. Improved Algorithm for Likelihood Function

In the practical engineering application, to guarantee the real-time and effectiveness of the
estimation, the observation matrix of the array is obtained with a limited number of snapshots.
Assuming L observations at time k, the array covariance matrix is calculated as R̂k = X(tk)X(tk)

H/L.
We assume that the noise vector N(t) is independent to the target signal and has a SαS distribution
with a characteristic exponent of α. From [25], if the array observation matrix Zk at time k is obtained,
the FLOM matrix is defined as

ψi, j = E

{
Zi, j(k)

∣∣∣Z j,i(k)
∣∣∣p−2

Z∗ j,i(k)
}

1 < p < α ≤ 2 (19)

where ψi, j represents the (i, j)th element of Ψk, and (·)∗ represents conjugate operation. The dimension
of matrix Ψk is M×M. In [25], the authors derived the form of the FLOM matrix as

Ψk = a(θk)RsaH(θk) + rIM (20)

where Rs and r represent the source and additive noise of the FLOM matrix, respectively. As can be
seen from Equation (20), the (i, j)th FLOM matrix element is defined as

ψi, j =

L∑
l=1

Zi(k)
∣∣∣Z j(k)

∣∣∣p−2
Z j
∗(k)

L
(21)

Fractional moment p must satisfy 1 < p < α ≤ 2. The FLOM is used to replace the covariance
matrix of the signal in impulse noise, and then the eigendecomposition is performed on Ψk in the
MUSIC algorithm to obtain the noise subspace Un. The form of the FLOM-MUSIC spatial spectrum
estimation function is

g(Zk|Xk) = PFLOM−MUSIC(Xk) =

∣∣∣∣∣∣ 1
aH(CXk)UnUnHa(CXk)

∣∣∣∣∣∣ζ (22)

where C = [1, 0], and the CXk represents source azimuth information. a(·) is a space vector, and
ζ ∈ R+ represents an exponential weighting of the spatial spectrum. The response of the traditional
MUSIC spatial spectral beamformer in an impulse noise environment is distorted, which can result in a
significant degradation in the performance of the resampling step. After being weighted, the particles
can be moved to the high likelihood region to the resampling performance.

241



Sensors 2019, 19, 4031

5. UT-MeMBer DOA Particle Filter Tracking Algorithm

In this section, we describe the particle filter implementation of the UT-MeMBer algorithm.

From [22], if the multi-target probability density parameter set at time k− 1 is
{(

rj
k−1|k−1, sj

k−1|k−1

)}Jk−1

j=1
,

then the spatial posterior probability density at time k− 1 and can be expressed as:

s( j)
k−1|k−1(x) =

Nk−1∑
i=1

ω
(i, j)
k−1 x(i, j)k−1 , j = 1, . . . , Jk−1 (23)

where sj
k−1|k−1 is the spatial posterior probability density, which can be approximated as the weighted

particle set
{
ω
(i)
k−1, x(i)k−1

}Nk−1

i=1
. Nk−1 is the total number of particles, where x(i)k−1 represents the state of

the i th particle, including angle and speed, i.e., x(i)k−1 =
[
θk−1,

.
θk−1

]T
. ω(i)k−1 denotes the weight, usually

satisfying
∑Nk−1

i=1 ω
(i)
k−1 = 1.

According to (12), the spatial posterior probability density of the prediction step consists of two
items and can be written as

s( j)
k|k−1(x) =

Nk|k−1∑
i=1

ω
(i, j)
k|k−1x(i, j)k|k−1, j = 1, . . . , Jk|k−1 (24)

where Nk|k−1 = Nk−1 + NB,k and Jk|k−1 = Jp,k|k−1 + JB,k represent the number of predicted particles and
predicted MeMBer parameter sets, respectively. All particles can be sampled from two parts:

x(i, j)k|k−1 =

⎧⎪⎪⎨⎪⎪⎩ x(i, j)k−1,UT, i = 1, . . . , Nk−1

βk(xk|Zk−1), i = Nk−1 + 1, . . . , Nk−1 + NB,k
(25)

Among them, NB,k denotes the number of newborn particles at time k, x(i, j)k−1,UT is obtained by

UT of x(i, j)k|k−1 [13]. Particle filtering suffers from missing sample diversity, resulting in depletion of
the sampled particles. In order to solve this problem, the surviving particles will be subjected to UT
operations. A set of sigma points with different weights are selected by UT operation, and then the
posterior probability density of the state is approximated by these sigma points. The weight is

ω
(i, j)
k|k−1 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
psr( j)

k−1|k−1

r( j)
k|k−1

· fk|k−1

(
x(i, j)k|k−1

∣∣∣∣x(i, j)k−1|k−1

)
ρk

(
x(i, j)k|k−1

∣∣∣∣x(i, j)k−1|k−1,Zk

) ·ω(i, j)k−1 , i = 1, . . .Nk−1

pb

(
1−r( j)

k−1|k−1

)
r( j)
k|k−1

· bk|k−1

(
x(i, j)k|k−1

)
βk(x(i, j) ,Zk−1)

· 1
B , i = Nk−1 + 1, . . . , Nk−1 + B

(26)

where ps and pb represent the survival probability of particles and the newborn probability of particles,
respectively. Nk−1 is the number of surviving particles sampled from the transition probability density
fk|k−1, and B is the number of newborn particles from the proposal probability density βk. If the

prediction MeMBer parameter sets can be expressed as
{

rj
k|k−1,

{
ω
(i, j)
k|k−1, x(i, j)k|k−1

}Nk|k−1

i=1

}Jk|k−1

j=1
at time k,

then the update MeMBer parameter sets can be written as
{

rj
k|k,

{
ω
(i, j)
k , x(i, j)k

}Nk

i=1

}Jk

j=1
. The weight is

ω
(i, j)
k = pD,k

(
x(i, j)k|k−1

)
· g

(
Zk

∣∣∣∣x(i, j)k|k−1

)
·ω(i, j)k|k−1 (27)
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where pD,k is the detection probability, and the likelihood function g
(
Zk

∣∣∣∣x(i, j)k|k−1

)
calculated by the MUSIC

algorithm can be expressed as

g
(
Zk

∣∣∣∣x(i, j)k|k−1

)
= PFLOM−MUSIC

(
Cx(i, j)k|k−1

)
=

∣∣∣∣∣∣∣∣∣∣
1

a
(
Cx(i, j)k|k−1

)H
UnUH

n a
(
Cx(i, j)k|k−1

)
∣∣∣∣∣∣∣∣∣∣
ζ

(28)

where C = [1,0], and Cx(i, j)k|k−1 represents the azimuth angle information, ζ is the exponential weighting
factor. Un represents the noise subspace obtained by the MUSIC algorithm. The steps of the UT-MeMBer
DOA particle filter tracking algorithm are shown in Algorithm 1.

Algorithm 1 UT-MeMBer DOA particle filter tracking algorithm

Input:

⎡⎢⎢⎢⎢⎣{r( j)
k−1|k−1,

{
ω
(i, j)
k−1 , x(i, j)k−1

}Nk−1

i=1

}Jk−1

j=1
, Zk

⎤⎥⎥⎥⎥⎦
Time Update

1. Predict the existence probability: rj
k|k−1 = rj

P,k|k−1 + rj
B,k.

where rj
P,k|k−1 = rj

k−1 ·
∑Nk−1

i=1 ω
(i, j)
k−1 · ps,k

(
x(i, j)k−1

)
denotes the existence probability of survival model,

rj
B,k =

(
1− rj

k−1

)
·∑NB,k

i=1 ω
(i, j)
k−1 · pb,k

(
x(i, j)k−1

)
represents the existence probability of newborn model.

2. Calculate the predicted state of surviving particles:
[{

x(i, j)k|k−1

}Nk−1

i=1

]
= UT

[{
x(i, j)k−1

}Nk−1

i=1

]
.

-Calculate the array flow matrix A
(
Cx(i, j)k−1

)
;

-Calculate the amplitude of the signal S =
[
A(θ)HA(θ)

]−1
A(θ)HZk;

-Calculate the noise variance σ2 = 1
P

P∑
p=1

∣∣∣Zk −A(θ)S
∣∣∣2;

-Select a weighted sample point of 2nx + 1 for each particle x(i, j)k−1 , where

χ0 = x(i, j)k−1 , W0 = κ/(nx + κ)s= 0

χs = x(i, j)k−1 +
(√

(nx + κ)σ2
)
, Ws = κ/2(nx + κ)s= 1, . . . , nx

χs = x(i, j)k−1 −
(√

(nx + κ)σ2
)
, Ws = κ/2(nx + κ)s = nx + 1, . . . , 2nx

,

κ = 5 is a secondary scaling parameter, nx = 2.
-Each sigma point propagates through a nonlinear function: γs = fk|k−1(χs), s = 1, . . . , 2nx;

-Compute the mean and covariance of γs: ψ =
2nx∑
s=0

Wsγs, P =
2nx∑
s=0

Ws
(
γs −ψ

)(
γs −ψ

)T
;

-Obtain: x(i, j)k|k−1 ∼ N
(
ψ, P

)
;

3. Construct a newborn target weighted particle: x(i, j)k|k−1 ∼ βk(xk|Zk−1), i = Nk−1 + 1, . . . , Nk−1 + NB,k.

4. Calculate the prediction weight ω(i, j)k|k−1, i = 1, . . . , Nk|k−1 according to (26).

5. Unite weighted particle set:{(
x(i, j)k|k−1,ω(i, j)k|k−1

)Nk|k−1

i=1

}Jk|k−1

j=1
=

{(
x(i, j)p,k−1,ω(i, j)p,k−1

)Nk−1

i=1

}Jk−1

j=1
∪
{(

x(i, j)B,k ,ω(i, j)B,k

)NB,k

i=1

}JB,k

j=1
where Jk|k−1 = Jk−1 + JB,k, Nk|k−1 = Nk−1 + NB,k.

Measurements Update

6. For each particle x(i, j)k|k−1, Calculate the likelihood function g
(
Zk

∣∣∣∣x(i, j)k|k−1

)
according to (28).

7. Update existence probability:

rj
k|k =

rj
k|k−1·

Nk|k−1∑
i=1

g
(
Zk

∣∣∣∣x(i, j)k|k−1

)
ω
(i, j)
k|k−1pD,k

(
x(i, j)k|k−1

)
1−rj

k|k−1+rj
k|k−1·

Nk|k−1∑
i=1

g
(
Zk

∣∣∣∣x(i, j)k|k−1

)
ω
(i, j)
k|k−1pD,k

(
x(i, j)k|k−1

) . where j = 1, · · · , Jk|k−1.

8. The updated weight is calculated by (27) and normalized ω(i, j)k = ω̃
(i, j)
k /

(∑Jk|k−1

j=1
∑Nk|k−1

i=1 ω̃
(i, j)
k

)
.

Resample Step

9.
{(

x(i, j)k|k−1,ω(i, j)k|k−1

)Nk|k−1

i=1

}Jk|k−1

j=1
→

{(
x(i, j)k ,ω(i, j)k

)Nk

i=1

}Jk

j=1
.

Output:
{

rj
k,
(
x(i, j)k ,ω(i, j)k

)Nk

i=1

}Jk

j=1
.
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Algorithm 1 gives the pseudo-code of UT-MeMBer DOA particle filter tracking algorithm.
The prediction is made in steps 1–5. Step 6 calculates each predicted particle likelihood function which
is replaced by the MUSIC spatial spectral function. The update existence probability is calculated in
step 7. Step 8 calculates the normalized weight. Particle resampling is performed in step 9. The particle

set
{{
ω
(i, j)
k , x(i, j)k

}Nk

i=1

}Jk

j=1
approximates the spatial probability density function sj

k|k, and the estimation

of updated source can be expressed as xk =
∑N

i=1 ω
(i, j)
k · x(i, j)k .

6. Simulation Results

Since the traditional MUSIC algorithm cannot solve the multi-source tracking problem when
target number is varying, this paper uses FLOM matrix to substitute the covariance matrix to
obtain the corresponding MUSIC spatial spectrum, which can be as the particle likelihood function.
We proposed a UT-MeMBer DOA tracking algorithm under RFS framework, which can be named as
UT-MB-FLOM-MUSIC algorithm. The Generalized Signal to Noise Ratio (GSNR) is defined as

GSNR = 10 log
(
E

{ ∣∣∣s(k)∣∣∣2}/γ
)

(29)

where γ represents the noise dispersion parameter, and GSNR represents the ratio of signal intensity
and noise dispersion. In the simulation, different characteristic indices α describe the degree of impact
of different noises.

In the following simulation experiments, the estimated performance is evaluated by the root mean
square error (RMSE), which is defined as

RMSE =
1
P

P∑
p=1

1
MC

MC∑
j=1

⎛⎜⎜⎜⎜⎜⎜⎜⎝
√√√

1
K

K∑
i=1

(
xi j − xi j

)2

⎞⎟⎟⎟⎟⎟⎟⎟⎠ (30)

where xi j and xi j represent the estimated values and real values of the azimuth angle in the jth Monte
Carlo (MC) simulation experiment at time i, respectively, and P indicates the number of sources at time
i.

Assuming that the sources xk =
[
θk(t),

.
θk(t)

]T
move with a constant velocity

.
θk(t) rad/s,

the constant velocity (CV) model is given as

xk = Fkxk−1 + Gvk (31)

where the transfer matrix Fk and G are defined by

Fk =

[
1 ΔT
0 1

]
; G =

[
ΔT2/2

ΔT

]
(32)

respectively, where ΔT = 1s denotes the time step, and vk is a zero-mean real Gaussian process used to
model the disturbance on the source velocity, i.e., vk ∼ N(0, Σk) with Σk = 1.

Experimental conditions are as follows: The number of array elements is M = 10, d = λ/2,
the observation time is K = 50 s , L = 100, GSNR = 10 dB, MC = 100, and ξ = 5. The source
survival probability ps,k(xk) = 0.99, and the source detection probability pD,k(xk) = 0.98. In the
UT-MB-FLOM-MUSIC algorithm prediction step, we assume that there are six new sources at each
time, i.e., JB,k = 6, all obeying a uniform distribution on [−π/2 , π/2] and each new source produces
300 particles, i.e., NB,k = 300. In the update step, the MUSIC spatial spectral function is used to replace
the likelihood function and is exponentially weighted, which improves the feasibility of the algorithm.
In the impulse noise model, the noise is Gaussian noise when α = 2. The DOA estimation method
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based on the MeMBer can be named as MB-MUSIC algorithm, and the DOA estimation method based
on the MeMBer of FLOM vector can be named as MB-FLOM-MUSIC algorithm.

6.1. Scenario 1: The Number of Targets Is Not Time-Varying

Consider a linear multi-source scenario with two sources. Since the PASTD algorithm cannot
track the time-varying target, all the target survival time are 1–50 s. The initial source state are
x1 = [−30;−0.5], and x2 = [5; 0.5].

Figure 1a shows the RMSE of angles for four algorithms when running 100 MC at α = 2,
GSNR = 10 dB, and Figure 1b shows two source trajectories for a single MC. It can be seen from
Figure 1a that the UT-MB-FLOM-MUSIC algorithm proposed in this paper is obviously better than the
traditional PASTD and has the highest accuracy when the number of targets is constant. It can be seen
in Figure 1b that the algorithm can effectively track the target trajectory, while the PASTD algorithm
deviates from the real trajectory at several times.

  
(a) (b) 

Figure 1. Root mean square error (RMSE) of angle under α = 2, L = 100 and Generalized Signal to
Noise Ratio (GSNR) = 10 dB: (a) The RMSE of 100 MC; (b) source trajectory of Single MC.

We show the RMSE for tracking the multi-source motion when α = 1.3, GSNR = 10 dB, MC = 100,
and L = 100 in Figure 2a. It can be seen from Figure 2a that the RMSE of the UT-MB-FLOM-MUSIC
algorithm is smaller than that of the other three algorithms. The accuracy of the MB-MUSIC algorithm
is significantly reduced in impulse noise, and the PAST algorithm is more accurate than MB-MUSIC.
It can be seen from Figure 2b that the MB-MUSIC algorithm cannot effectively track the target
trajectory in impulse noise, and the PASTD algorithm also has the problem of inaccurate target tracking.
Based on the fact that the above target numbers are unchanged, we will analyze the target time-varying
DOA tracking.

6.2. Scenario 2: The Number of Targets Is Time-Varying

Consider a linear multi-source scenario with three sources. The number of sources is time-varying
due to births and deaths, the survival time of the four sources is 1–50 s, 10–50 s, 20–45 s, and the initial
source states are x1 = [−30;−0.5], x2 = [5; 1.0], and x3 = [60;−2.0].

Figure 3a shows the RMSE of angles for three algorithms for running 100 MC at α = 2, L = 100
and GSNR = 10 dB, and Figure 3b shows three sources trajectory for a single MC. It can be seen from
Figure 3 that the likelihood function of the MUSIC spatial spectrum instead of the Multi-Bernoulli
particle filter update stage can effectively estimate the target number and motion state, and also verify
the feasibility of the literature [14] in the Gaussian noise environment. Although the error is large
at time 35, the overall error is below 2 degrees. It can also be seen from Figure 3a that the RMSE
of the UT-MB-FLOM-MUSIC algorithm is also smaller than other algorithms even in the Gaussian
noise environment.
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(a) (b) 

Figure 2. RMSE of angle under α = 1.3, L = 100 and GSNR = 10 dB: (a) The RMSE of 100 MC; (b) source
trajectory of Single MC.

 
(a) (b) 

Figure 3. RMSE of angle under α = 2, L = 100 and GSNR = 10 dB: (a) The RMSE of 100 MC; (b) source
trajectory of Single MC.

Since Gaussian noise does not reflect true signal interference, the α stable distribution can reflect
the impact of impulse noise. Figure 4 shows the RMSE and cardinality estimation error plots for
three algorithms running 100 MC when the characteristic index α is different and the GSNR = 10 dB,
L = 100. It can be seen from Figure 4a that, in α = 1.1 ∼ 1.9, the RMSE error of the three estimation
algorithms first decreases, and finally tends to be flat. It also can be seen that the RMSE of the
UT-MB-FLOM-MUSIC algorithm is significantly smaller than the MB-FLOM-MUSIC and MB-MUSIC
algorithms when α = 1.1 or α = 1.2, so that the UT-MB-FLOM-MUSIC algorithm has a better effect
when handling the impulse noise environment. Since the characteristic index is close to 2 when α = 1.8
or α = 1.9, Figure 4b shows that the cardinality estimation error of the three algorithms approaches 0.
It also shows that it is feasible to use the MUSIC spatial spectrum as a substitute for the likelihood
function when the noise environment is close to Gaussian noise while the MUSIC algorithm cannot
effectively estimate the number of targets in an impulse noise environment.

In Figure 5, we show the RMSE and cardinality estimation for tracking the multi-source motion
when α = 1.3 and GSNR = 10 dB, MC = 100. It can be seen from Figure 5 that the RMSE of the
UT-MB-FLOM-MUSIC algorithm is smaller than that of the other two algorithms. Although the RMSE
will increase when the new target appears or disappears, it will decrease rapidly at the next time step.
This phenomenon shows that the Multi-Bernoulli filter has a large recognition performance for the
target and can quickly track the state of the target. Table 1 shows the RMSE and computing performance
of the MB-MUSIC algorithm, MB-FLOM-MUSIC algorithm and the UT-MB-FLOM-MUSIC algorithm
at one MC.
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(a) (b) 

Figure 4. RMSE and cardinality error of angle under different α, L = 100, MC = 100 and GSNR = 10 dB:
(a) The RMSE under different α; (b) cardinality error under different α.

 
(a) (b) 

Figure 5. RMSE and Cardinality estimation of angle under α = 1.3 and GSNR = 10 dB, MC = 100:
(a) RMSE of angle; (b) Cardinality estimation of angle.

Table 1. Running Time (CV model).

Algorithm RMSE Running Time/s

MB-MUSIC 7.6012 2.94
MB-FLOM-MUSIC 1.1396 9.59

UT-MB-FLOM-MUSIC 0.2698 114.67

The operating environment includes an Intel (R) Core (TM) i5-8500 CPU @ 3.00 GHz processor and
a 64-bit operating system MATLAB 2014. It can be seen from Table 1 that the UT-MB-FLOM-MUSIC
algorithm RMSE is smaller than other algorithms when the running time is too long.

Figure 6 analyzes the RMSE and probability of convergence (PROC) for three algorithms running
100 MC when α = 1.3 and GSNR = 0–16 dB. where PROC = 1

K
∑K

i=1
∑MC

j=1 1i j/MC× 100%, and 1i j is

defined as 1i j =

{
1,
∣∣∣xi j − xi j

∣∣∣ < ε
0, otherwise

. let ε = 1. It can be seen from Figure 6a that the MB-FLOM-MUSIC

and UT-MB-FLOM-MUSIC algorithms have higher accuracy than the MB-MUSIC in an impulse noise
environment, and the UT-MB-FLOM-MUSIC algorithm has higher accuracy under the high GSNR.
It can be seen form Figure 6b that as the SNR increases, the PROC increases. And at the same GSNR,
the performance of the MB-FLOM-MUSIC algorithm is more significant.
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(a) (b) 

Figure 6. RMSE and probability of convergence (PROC) of the angle under different GSNR, α = 1.3
MC = 100 and L = 100: (a) RMSE of angle; (b) PROC at different GSNR.

Figure 7 shows the RMSE of three algorithms running 100 MC when α = 1.3 and the snapshot
number L = 50, 100, 150. It can be seen that the UT-MB-FLOM-MUSIC algorithm has the smallest
RMSE and it works best when the snapshot number is L = 150.

Figure 7. RMSE for source tracking under different snapshots, α = 1.3 MC = 100 and GSNR = 10 dB.

6.3. Scenario 3: The Number of Targets Is Time-Varying and Maneuvering

Consider a nonlinear multi-source scenario with three sources. The number of sources is
time-varying due to births and deaths, and the survival time of the three sources is 1–50 s, 10–50 s,
20–45 s, and the initial source state are x1 = [−30;−0.5], x2 = [5; 1.8], and x3 = [60;−2.0]. The state
transition matrix of the collaborative turning (CT) model is

Fk =

[
1 sin(Tω)/ω
0 cos(Tω)

]
(33)

where ω = 0.25 rad and other experimental conditions are the same as scenario 1.
Figure 8 shows the maneuvering target trajectory of three algorithms running one MC when

α = 1.3, L = 100, and GSNR = 10 dB. It can be clearly seen from Figure 8 that the three methods
lose the target when the target crosses at time 33, but after time 36, the MB-FLOM-MUSIC algorithm
and the UT-MB-FLOM-MUSIC algorithm can still capture the target state. Compared with the
MB-FLOM-MUSIC algorithm, the target state estimation value of the UT-MB-FLOM-MUSIC algorithm
is closer to the true value.
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Figure 8. Target trajectory, α = 1.3, L = 100, and GSNR = 10 dB.

In Figure 9, we show the RMSE and cardinality estimation for tracking the multi-source motion
when α = 1.3 and GSNR = 10 dB, MC = 100. It can be seen from Figure 9a that the RMSE of the
UT-MB-FLOM-MUSIC algorithm is smaller than that of the other two algorithms. As can be seen from
Figure 9b, when the target is maneuvering, the target is not captured by the three algorithms from time
33, but after time 36, the MB-FLOM-MUSIC algorithm and UT-MB-FLOM-MUSIC algorithm can still
estimate the number of targets in time. Compared with the result of Figure 5b, the performance to
capture targets of the UT-MB-FLOM-MUSIC algorithm is significantly weakened.

 
(a) (b) 

Figure 9. RMSE and cardinality estimation of angle under α = 1.3 and GSNR = 10 dB, MC = 100:
(a) RMSE of angle; (b) cardinality estimation of angle.

Table 2 shows the RMSE and computing performance of the MB-MUSIC algorithm,
MB-FLOM-MUSIC algorithm and the UT-MB-FLOM-MUSIC algorithm. Compared with the results
in Table 1, the RMSE and running time of the three algorithms are increased when the target is
maneuvered. The RMSE of UT-MB-FLOM-MUSIC algorithm is smaller than other two algorithms
when the running time is long.

Table 2. Running Time (CT model).

Algorithm RMSE Running Time/s

MB-MUSIC 8.7728 3.67
MB-FLOM-MUSIC 1.3198 10.73
UT-MB-FLOM-MUSIC 0.6102 135.30
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7. Conclusions

A DOA tracking algorithm based on the UT-MeMBer particle filter in an impulse noise environment
is proposed in this paper. Since the FLOM matrix is used instead of the covariance matrix, the spatial
spectrum based on FLOM can well reflect the real DOA in impulse noise environment. For the
persistent surviving particles, the sigma point is selected by UT to approximate the posterior density
of the state to improve the performance of the particle. Then, the MUSIC spatial spectral function
of the FLOM matrix is used to represent the likelihood function of the particle. And the weighting
of the likelihood function can further increase the weight of the particles in the high likelihood
region. The results show that the UT-MB-FLOM-MUSIC algorithm is more effective than the PASTD,
MB-MUSIC, and MB-FLOM-MUSIC algorithms in an impulse noise environment. The advantage of
this algorithm is that the MeMBer filter can operate the array data more directly, and can effectively
track the target number of time-varying DOA. The shortcoming of this algorithm is that it takes a long
time. Our future work will focus on how to improve the efficiency of the algorithm, maneuvering
target tracking in other noisy environments, etc.
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Abstract: Transmitter and receiver position errors have been known to significantly deteriorate
target localization accuracy in a multi-static passive radar (MPR) system. This paper explores the
use of calibration targets, whose positions are known to the MPR system, to counter the loss in
target localization accuracy arising from transmitter/receiver position errors. This paper firstly
evaluates the Cramér–Rao lower bound (CRLB) for bistatic range (BR)-based target localization
with calibration targets, which analytically indicates the potential of calibration targets in enhancing
localization accuracy. After that, this paper proposes a novel closed-form solution, which includes
two steps: calibration step and localization step. Firstly, the calibration step is devoted to refine
the inaccurate transmitter and receiver locations using the BR measurements from the calibration
targets, and then in the calibration step, the target localization can be accurately achieved by using the
refined transmitter/receiver positions and the BR measurements from the unknown target. Theoretical
analysis and simulation results indicate that the proposed method can attain the CRLB at moderate
measurement noise level, and exhibits the superiority of localization accuracy over existing algorithms.

Keywords: multi-static passive radar; target localization; calibration target; bistatic range; transmitter
and receiver position error; Cramér–Rao lower bound

1. Introduction

Passive radar technology, which allows operators to detect and localize potential targets using
already existing transmitters such as commercial frequency modulation (FM) broadcast/digital
audio broadcast (DAB)/terrestrial digital video broadcast (DVB-T) [1,2] and non-cooperative radar
transmission [3,4], has been interesting to both civilian and military fields in the last few decades [5].
This sort of radar, compared to active radar technology, offers numerous advantages including lower
cost, lower power usage and more covert surveillance capability, which suggests the possibility of
employing passive radars on a wide range of concerned applications such as homeland security, costal
surveillance and early warning system for vehicles detection, etc.

One of the remarkable characters of passive radar is the deployment of two receiving channels,
with one for capturing the direct path signal from the transmitter and the other for collecting the
potential target echoes [6]. By performing a cross-correlation operation between the direct path signal
and the target echoes, the time delay (TD) could be measured, which holds information about the
unknown target position. By multiplying with the signal propagation speed, the TD can be directly
converted into the bistatic range (BR) [7]. Each BR measurement traces out an ellipsoid equation,
with its foci located at the transmitter and the receiver positions. Theoretically, for multi-static passive
radar (MPR), if enough BR measurements with respect to multiple transmitter-receiver pairs are
available, the target position can be determined by solving the set of nonlinear ellipsoid equations.
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However, due to the high nonlinearity implied in the BR measurement equations, determining the
target position from the BR measurements obtained at a single time instant is not a trivial topic.

In recent years, numerous algorithms have been developed to address this challenging topic, mainly
including iterative methods [8,9] and closed-form solution methods [10–14]. Iterative methods [8,9]
rely on an initial position guess close to the true solution but such a good guess may not always be
available in reality. By contrast, closed-form solution methods [10–14] have always been more attractive
to researchers due to their computational efficiency, independence on initial guess and absence of
divergence problem. Illuminated by Ho and Xu’s two-step weighted least squares (2WLS) idea [15],
these closed-form solution methods [10–14] generally follow the basic two-step framework below:
in the first step, the non-linear BR equations are linearized into pseudo-linear ones by introducing
some proper nuisance parameters and a coarse estimate of target position can be obtained from the
pseudo-linear equation set via weighted least squares (WLS) minimization; then in the second step,
the function relation between the target position and the introduced nuisance parameters is explored
to refine the initial estimate.

Nevertheless, all the aforementioned methods are designed based on the assumption that the
positions of the transmitters and receivers are exactly known, but such exact priori knowledge may not
be available in reality. In fact, the positions of the transmitters and receivers are inevitably perturbed by
errors to some extent, and these errors (also referred to as position uncertainties) are often non-negligible,
especially when the antennas are mounted on moving platforms [16,17] or the exploited transmitters are
highly non-cooperative (such as the hostile radar radiation whose position could usually only roughly
determined by electronic reconnaissance technique [18,19]). On the other hand, Rui and Ho [20]
quantitatively analyze the influence of the transmitter and receiver position error on the localization
accuracy, indicating that the target localization accuracy can be very sensitive to the transmitter/receiver
position error and a slight error in transmitter/receiver position could remarkably deteriorate the
localization accuracy. More recently, some novel methods [21,22] that take the statistical distributions
of transmitter/receiver position error into consideration are developed to reduce the target localization
error, and they are shown to attain the Cramér–Rao lower bound (CRLB) under small measurement
noise and transmitter/receiver position error assumption. Nevertheless, these methods [21,22] only
present the solutions when the transmitter/receiver position errors exist, but cannot fundamentally
compensate the localization performance loss arising from transmitter/receiver position error at the
CRLB level.

The use of calibration sensors has been a common technique in wireless sensor network
self-localization, where each sensor broadcasts signals and receives signals from other sensors so as to
determine their positions collaboratively [23,24]. Syldatk [25,26] considers the calibration of ground
sensor networks where an accurate calibration of sensor positions and orientations is required for
target tracking. For source localization problem, Hasan first considered in [27] utilizing calibration
sensors to improve the angle-based source localization performance. Ho [28], Yang [29] as well as
Li [30] et al. further expanded and applied the calibration technique to range difference (RD)-based
source localization problem, where additional RD measurements from the calibration sensors were
incorporated to reduce the receivers’ position error and thus improve the source localization accuracy.
The successful use of calibration techniques in these fields inspires us the possibility of employing
calibration technique in the target localization for multi-static passive radar. When it comes to BR-based
target localization in multi-static passive radar, using a ‘calibration target’ with known position may also
be able to mitigate the target localization performance loss arising from the transmitter/receiver position
error. In theory, any target appearing in the radar coverage area and meanwhile broadcasting its position
can be taken as a calibration target. Typically, for example, to avoid potential accidents and collisions,
the commercial aircrafts will report their positions and other information to the ground stations and
other aircraft by using the automatic dependent surveillance broadcast (ADS-B) system [31]. Hence,
the commercial aircraft broadcasting ADS-B signal can be regarded as an off-the-shelf calibration target.
If no such off-the-shelf calibration targets are available in the radar coverage area, we can manually
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launch some strong scatterers with known positions as calibration targets. However, despite that, up to
now there exists no publication in the open literature that addresses refining inaccurate transmitter
and receiver positions using calibration targets for target localization in multi-static passive radar.

Motivated by these facts, in this paper, taking the transmitter and receiver position error into
consideration, we explore using calibration targets to counter the loss in BR-based target localization
accuracy arising from the transmitter/receiver position error. We begin our work by deriving the
CRLB for BR-based target position estimation when the BR measurements from the calibration
targets are available. The interpretation on the CRLB demonstrates that the use of calibration targets
can significantly mitigate the influence of the transmitter/receiver position error and dramatically
enhance the localization accuracy, at least in the sense of CRLB. We then proceed to develop a novel
localization method to alleviate the transmitter and receiver position error and enhance the localization
accuracy using calibration targets. It mainly includes two processing stages, referred to as calibration
stage and localization stage respectively. In the calibration stage, the BR measurements from the
calibration targets are exploited to refine the inaccurate transmitter and receiver positions; in the
localization stage, the refined transmitter and receiver positions and BR measurements corresponding
to the unknown target are exploited to determine the target position. Both processing stages are
closed-form, which brings the proposed method computational efficiency and high robustness.
Furthermore, the accuracy of the proposed solution is shown analytically to reach the CRLB when
the transmitters’/receivers’/calibration targets’ position errors and the BR measurement noises are
sufficiently small. Simulations will be conducted to verify the effectiveness and superiority of the
proposed solution over existing methods.

Notations: There will be a lot of notations throughout this paper. Without exception, vectors
(matrices) are denoted by bold lower (upper) case letters, respectively. Also, notations (·)◦ , (·)T, ‖ ·‖ ,
(·)−1, E(·), Op×q, Ip×p, 0p×1, diag(·) and tr(·), represent the true value of a noisy or an estimated variable,
transpose operation, Euclidean norm, inverse of matrix, statistical expectation, a p-by-q zero matrix,
an identity matrix of size p, a p-by-1 zero vector, diagonal matrix and the trace of a matrix, respectively.

The remainder of this paper is organized as follows. Section 2 is about the localization
scenario in the presence of transmitter/receiver position error and calibration targets. In Section 3,
the corresponding CRLB is evaluated, indicating the potential of calibration targets in improve
localization accuracy. In Section 4, a closed-form solution is developed for target localization in the
presence of transmitter/receiver position error and calibration targets, and theoretical performance
analysis is also given. Section 5 describes the results of Monte Carlo simulations that compare the
proposed solution with existing methods. Section 6 is the conclusion.

2. Problem Formulation

Address a typical multi-static passive radar localization scenario as presented in Figure 1, where
M non-cooperative transmitters located at so

t,m = [xo
t,m, yo

t,m, zo
t,m]

T (m = 1, 2, . . . , M) are employed to

illuminate the surveillance area, and N receivers located at so
r,n = [xo

r,n, yo
r,n, zo

r,n]
T (n = 1, 2, . . . , N) are

deployed to determine a single target’s position denoted by uo = [xo, yo, zo]T. In fact, the exact positions
of the transmitters and receivers might not be known, and only the inaccurate measured versions,
i.e., st,m = [xt,m, yt,m, zt,m]

T and sr,n = [xr,n, yr,n, zr,n]
T, are available for processing. Formulaically, we

arrive at
st,m = so

t,m + Δst,m (1)

sr,n = so
r,n + Δsr,n (2)

where Δst,m and Δsr,n are the position error of the mth transmitter and the nth receiver respectively
and also referred to as position uncertainty. Stacking (1) and (2) with respect to all the transmitters and
receivers, yields a 3(M + N)-by-1 transmitter and receiver position vector as

s = so + Δs (3)
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where s = [sT
t , sT

r ]
T with st = [sT

t,1, sT
t,2, . . . , sT

t,M]
T and sr = [sT

r,1, sT
r,2, . . . , sT

r,N]
T is the noisy

transmitter and receiver position vector, so = [(so
t )

T, (so
r )

T]
T

with so
t = [(so

t,1)
T, (so

t,2)
T, . . . , (so

t,M)T]
T

and so
r = [(so

r,1)
T, (so

r,2)
T, . . . , (so

r,N)
T]

T
is the true transmitter and receiver position vector, and

Δs = [ΔsT
t , ΔsT

r ]
T with Δst = [ΔsT

t,1, ΔsT
t,2, . . . , ΔsT

t,M]
T and Δsr = [ΔsT

r,1, ΔsT
r,2, . . . , ΔsT

r,N]
T is the

transmitter and receiver position error vector that can be assumed zero-mean Gaussian with covariance
Qs without loss of generality.

Nominal, known

Actual, unknown

mth transmitter nth receiver

Unknown target

Nominal, known

Actual, unknown

Calibration target

t ,ms

o
r ,ns

r ,ns

o
t ,ms

o
t ,mR o

r ,nR

o
c, ,t ,k mR o

c, ,r ,k nR

Figure 1. Practical scenario geometry of multi-static passive radar in the presence of transmitter/receiver
position error and calibration targets.

Using the above notations, the distance from the mth transmitter to the target of interest is equal to

Ro
t,m = ‖uo − so

t,m‖ (4)

the distance from the target of interest to the nth receiver is equal to

Ro
r,n = ‖uo − so

r,n‖ (5)

and the baseline distance with respect to the mth transmitter and nth receiver is

Ro
t,m,r,n = ‖so

t,m − so
r,n‖ (6)

According to this, the BR measurement with respect to the mth transmitter and nth receiver, i.e.,
the sum of the distances from the mth transmitter to the target and the target to the nth receiver, can be
formulized as

rm,n = ro
m,n + Δrm,n

= Ro
t,m + Ro

r,n −Ro
t,m,r,n + Δrm,n

= ‖uo − so
t,m‖+ ‖uo − so

r,n‖ − ‖so
t,m − so

r,n‖+ Δrm,n

(7)

where ro
m,n = Ro

t,m + Ro
r,n −Ro

t,m,r,n represents the true BR with respect to the mth transmitter and nth
receiver, Δrm,n is the BR measurement noise. Herein, it is important to emphasize that the time delay
measurement comes from the cross correlation operation between the target signal and the direct path
reference signal [7], and its error characteristics are not affected by the transmitter/receiver position
error since the transmitter/receiver position error is not involved in the estimation of time delay. Thus,
the BR measurement noise is only related to the time delay measurement noise, and not related to the
transmitter/receiver position error. Obviously, there will be MN BR measurements to be produced
with respect to the M transmitters and N receivers, which can be recast into a MN-by-1 vector as

r = ro + Δr (8)
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where r = [rT
1 , rT

2 , . . . , rT
M]

T with rm = [rm,1, rm,2, . . . , rm,N]
T is the BR measurement vector,

ro = [(ro
1)

T, (ro
2)

T, . . . , (ro
M)T]

T
with ro

m = [ro
m,1, ro

m,2, . . . , ro
m,N]

T is the true BR vector, and

Δr = [ΔrT
1 , ΔrT

2 , . . . , ΔrT
M]

T with Δrm = [Δrm,1, Δrm,2, . . . , Δrm,N]
T is the BR measurement noise vector,

which is usually assumed follow a Gaussian distribution with zero-mean and covariance Qr.
As presented in Figure 1, to alleviate the transmitter/receiver position error and enhance localization

accuracy, K calibration targets located at co
k = [xo

c,k, yo
c,k, zo

c,k]
T (k = 1, 2, . . . , K) are employed, and the

BRs among the calibration targets and the transmitter-receiver pairs are also measured. Similarly,
the exact positions of the calibration targets are not known to us, and the nominal versions denoted by
ck = [xc,k, yc,k, zc,k]

T (k = 1, 2, . . . , K) are given as

ck = co
k + Δck (9)

where Δck is the position error of the kth calibration target. Collecting (9) for all the K calibration targets
forms a 3K-by-1 calibration target position vector as

c = co + Δc (10)

where c = [cT
1 , cT

2 , . . . , cT
K]

T is the nominal calibration target position vector, co =

[(co
1)

T, (co
2)

T, . . . , (co
K)

T]
T

is the true calibration target position vector, and Δc = [ΔcT
1 , ΔcT

2 , . . . , ΔcT
K]

T is
the calibration target position error vector that is usually supposed to obey Gaussian distribution with
zero-mean and covariance Qc. Herein, it should be pointed out that, the positions of calibration targets
are generally considered to be more precise compared with those of the transmitters and receivers,
although they are also contaminated by errors.

Then, the distance from the mth transmitter to the kth calibration target is given by

Ro
c,k,t,m = ‖co

k − so
t,m‖ (11)

and the distance from the kth calibration target to the nth receiver is given by

Ro
c,k,r,n = ‖co

k − so
r,n‖ (12)

Based on this, the BR measurement corresponding to the kth calibration target, mth transmitter
and nth receiver can be modeled as

rc,k,m,n = ro
c,k,m,n + Δrc,k,m,n

= Ro
c,k,t,m + Ro

c,k,r,n −Ro
t,m,r,n + Δrc,k,m,n

= ‖co
k − so

t,m‖+ ‖co
k − so

r,n‖ − ‖so
t,m − so

r,n‖+ Δrc,k,m,n

(13)

where Δrc,k,m,n represents measurement noise in rc,k,m,n, ro
c,k,m,n = Ro

c,k,t,m + Ro
c,k,r,n −Ro

t,m,r,n represents
the true BR with respect to the kth calibration target, mth transmitter and nth receiver. Collecting (13)
for the set of K calibration targets, M transmitters and N receivers, results in a KMN-by-1 vector as

rc = ro
c + Δrc (14)

where rc = [rT
c,1, rT

c,2, . . . , rT
c,K]

T with rc,k = [rT
c,k,1, rT

c,k,2, . . . , rT
c,k,M]

T and rc,k,m =

[rc,k,m,1, rc,k,m,2, . . . , rc,k,m,N]
T denotes the BR measurement vector from the calibration targets,

ro
c = [(ro

c,1)
T, (ro

c,2)
T, . . . , (ro

c,K)
T]

T
with ro

c,k = [(ro
c,k,1)

T, (ro
c,k,2)

T, . . . , (ro
c,k,M)T]

T
and ro

c,k,m =

[ro
c,k,m,1, ro

c,k,m,2, . . . , ro
c,k,m,N]

T denotes the corresponding true value vector, Δrc = [ΔrT
c,1, ΔrT

c,2, . . . , ΔrT
c,K]

T

with Δrc,k = [ΔrT
c,k,1, ΔrT

c,k,2, . . . , ΔrT
c,k,M]

T and Δrc,k,m = [Δrc,k,m,1, Δrc,k,m,2, . . . , Δrc,k,m,N]
T denotes the
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corresponding error vector, which is presumed to be a Gaussian random vector with zero mean and
covariance Qrc.

Now, the purpose of this work is to determine the target position from the noisy BR measurements
and the inaccurate transmitter/receiver positions. In particular, the calibration targets with known
position and the corresponding BR measurements are also available to reduce the transmitter/receiver
position error and improve localization accuracy.

3. Evaluation of the CRLB with Calibration Targets

The CRLB does not address the specific estimators employed, but simply reflects minimum
possible variance that an unbiased estimator can achieve with existing observations. In this section,
in order to justify the necessity of refining the inaccurate transmitter and receiver positions using
calibration targets, we shall first set up the CRLB for the target localization problem described
above. Besides the BR measurement noise, the position errors of transmitter, receivers and calibration
targets are also included. From the localization scenario presented in Section 2, the deterministic
but unknown parameters for the CRLB evaluation, collected into a 3(M + N + K + 1)-by-1 vector

ϕ = [(uo)T, (so)T, (co)T]
T

, include the target position vector uo, the transmitter and receiver position
vector so, and the calibration target position vector co; the observations, collected into a (MN + KMN +
3M + 3N + 3K)-by-1 vector z = [rT, rT

c , sT, cT]
T, include the BR measurement vector r from the unknown

target, the BR measurement vector rc from the calibration targets, the inaccurate measured transmitter
and receiver position vector s, and the nominal calibration target position vector c, which are Gaussian
distributed and independent with one another. Based on this, the joint probability density function
(pdf) of the observations parameterized by the unknown parameter vector is readily shown to be

p(z
∣∣∣ϕ) = p(r

∣∣∣uo, so) · p(rc
∣∣∣so, co) · p(s

∣∣∣so) · p(c
∣∣∣co)

= κ · exp
[
− 1

2 (r− ro)TQ−1
r (r− ro) − 1

2 (rc − ro
c )

TQ−1
rc (rc − ro

c )

− 1
2 (s− so)TQ−1

s (s− so) − 1
2 (c− co)TQ−1

c (c− co)
] (15)

where κ is a constant with respect to the unknown parameters. By taking the logarithm of (15), partial
derivatives with respect to the unknown parameters twice, and then expectation, the Fisher information
matrix (FIM) can be calculated as

FIM(ϕ) = E
[
∂ ln p(z|ϕ)
∂ϕ

(
∂ ln p(z|ϕ)
∂ϕ

)]
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
X Y O3×3

YT Z RT

O3×3 R P

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ (16)

where the blocks X, Y, Z, R and P are respectively given by

X =

(
∂ro

∂uo

)T

Q−1
r

(
∂ro

∂uo

)
(17)

Y =

(
∂ro

∂uo

)T

Q−1
r

(
∂ro

∂so

)
(18)

Z = Q−1
s +

(
∂ro

∂so

)T

Q−1
r

(
∂ro

∂so

)
+

(
∂ro

c

∂so

)T

Q−1
rc

(
∂ro

c

∂so

)
(19)

R =

(
∂ro

c

∂co

)T

Q−1
rc

(
∂ro

c

∂so

)
(20)
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P = Q−1
c +

(
∂ro

c

∂co

)T

Q−1
rc

(
∂ro

c

∂co

)
(21)

Denote im,n = (m− 1)N + n, and ik,m,n = (k− 1)MN + (m− 1)N + n. From the formulations of (7) and
(13), the elements of the partial derivatives ∂ro/∂uo, ∂ro/∂so, ∂ro

c /∂co and ∂ro
c /∂so in (17)–(21), can be

determined as
∂ro

∂uo (im,n, 1 : 3) =
(uo − so

t,m)
T

Ro
t,m

+
(uo − so

r,n)
T

Ro
r,n

(22)

∂ro

∂so =
[
∂ro

∂so
t

∂ro

∂so
r

]
(23)

∂ro

∂so
t
(im,n, 3m− 2 : 3m) =

(so
t,m − uo)T

Ro
t,m

− (so
t,m − so

r,n)
T

Ro
t,m,r,n

(24)

∂ro

∂so
r
(im,n, 3n− 2 : 3n) =

(so
r,n − uo)T

Ro
r,n

− (so
r,n − so

t,m)
T

Ro
t,m,r,n

(25)

∂ro
c

∂co (ik,m,n, 3k− 2 : 3k) =
(co

k − so
t,m)

T

Ro
c,k,t,m

+
(co

k − so
r,n)

T

Ro
c,k,r,n

(26)

∂ro
c

∂so =
[
∂ro

c
∂so

t

∂ro
c
∂so

r

]
(27)

∂ro
c

∂so
t
(ik,m,n, 3m− 2 : 3m) =

(so
t,m − co

k )
T

Ro
c,k,t,m

− (so
t,m − so

r,n)
T

Ro
t,m,r,n

(28)

∂ro
c

∂so
r
(ik,m,n, 3n− 2 : 3n) =

(so
r,n − co

k )
T

Ro
c,k,r,n

− (so
r,n − so

t,m)
T

Ro
t,m,r,n

(29)

for k = 1, 2, . . . , K, m = 1, 2, . . . , M and n = 1, 2, . . . , N, and zeros elsewhere.
By definition, the CRLB of ϕ, denoted by CRLBc(ϕ), is given as FIM(ϕ)−1, where only the upper

left 3-by-3 block is for the target position uo. Invoking the partitioned matrix inversion formula as well
as the matrix inversion lemma [32] twice on (16), leads to the CRLB of uo as

CRLBc(u
o) = X−1 + X−1Y(Z−YTX−1Y−RTP−1R)

−1
YTX−1 (30)

For comparison purposes, the CRLB of uo with transmitter/receiver position error but without
calibration derived in [22], denoted by CRLBs(uo), is also given below

CRLBs(u
o) = X−1 + X−1Y(

�
Z −YTX−1Y)

−1
YTX−1 (31)

where
�
Z = Q−1

s + (∂ro/∂so)TQ−1
r (∂ro/∂so). For the sake of comparison, we proceed to construct

an equivalent form of CRLBc(uo) by denoting
�
Z as

�
Z = Z − RTP−1R. After invoking the matrix

inversion lemma [32] to (∂ro
c /∂so)TQ−1

rc (∂r
o
c /∂so) −RTP−1R and some algebraic manipulations, we

further represent
�
Z as

�
Z = Q−1

s +

(
∂ro

∂so

)T

Q−1
r

(
∂ro

∂so

)
+

(
∂ro

c

∂so

)T⎛⎜⎜⎜⎜⎝Qrc +

(
∂ro

c

∂co

)
Qc

(
∂ro

c

∂co

)T⎞⎟⎟⎟⎟⎠−1(
∂ro

c

∂so

)
(32)

Using (32), we obtain an equivalent expression of CRLBc(uo) as

CRLBc(u
o) = X−1 + X−1Y(

�
Z −YTX−1Y)

−1
YTX−1 (33)
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Through the comparison of (31) and (33), it is readily to observe that the two CRLBs are identical in

structure, except that
�
Z is substituted by

�
Z. More specifically, the use of calibration targets introduces

an additional component into the bracketed matrix expression to be inverted as

~
Z =

�
Z −�Z

= (∂ro
c /∂so)TQ−1

rc (∂r
o
c /∂so) −RTP−1R

= (∂ro
c /∂so)T

(
Qrc + (∂ro

c /∂co)Qc(∂r
o
c /∂co)T

)−1
(∂ro

c /∂so)

(34)

Using (34), we can rewrite (
�
Z −YTX−1Y)

−1
in (33) as ((

�
Z −YTX−1Y) +

~
Z)
−1

. Invoking the matrix inversion

lemma [32] to the term ((
�
Z −YTX−1Y) +

~
Z)
−1

in (33), we obtain after some algebraic manipulations,

CRLBc(u
o) −CRLBs(u

o) = X−1YΓYTX−1 (35)

where
Γ = H−1Υ(I + ΥTH−1Υ)

−1
ΥTH−1 (36)

H = (
~
Z−YTX−1Y) (37)

Υ =

(
∂ro

c

∂so

)T

Lrc (38)

and Lrc is the Cholesky decomposition of (Qrc + (∂ro
c /∂co)Qc(∂r

o
c /∂co)T)

−1
, i.e., LrcLT

rc =

(Qrc + (∂ro
c /∂co)Qc(∂r

o
c /∂co)T)

−1
. In form, the right side of (35) is just the performance enhancement

because of the use of calibration targets. It is positive semi-definite (PSD) since it has a symmetric
structure and ΥT is not full column rank. Even if the nominal positions of calibration targets and
the corresponding BR measurements are very noisy, (35) can still remain PSD. In theory, only in

the edge case when (Qrc + (∂ro
c /∂co)Q−1

c (∂ro
c /∂co)T)

−1
tends to zero and then Lrc → O and Υ→ O ,

the performance enhancement in (34) would tend to zero. However, this edge case hardly exists in
reality. Thus, mathematically, we can arrive at

CRLBs(u
o) ≥ CRLBc(u

o) (39)

The matrix inequality A ≥ B means that A−B is PSD. It can be further deduced from (39) that
tr(CRLBs(uo)) ≥ tr(CRLBc(uo)). The trace of CRLBc(uo) and CRLBs(uo) respectively represents
minimum possible variance of target position estimation with and without using calibration targets.
Therefore, we can conclude that using calibration targets brings potential enhancement to the target
localization accuracy, at least at the CRLB level.

Example 1. To substantiate the evaluation on the CRLB presented above, a numerical example
using a typical multi-static passive radar localization scenario was conducted, as presented in Figure 2.
There are M = 3 transmitters, N = 4 receivers and K = 3 calibration targets in the scenario, and their
true positions are listed in Table 1. The noise covariance matrix of the BR measurements from the
unknown target are given by Qr = σ

2
r Vr, where σr reflects BR measurement noise level and Vr is set

to 1 in the diagonal elements and 0.5 elsewhere. The covariance matrix of the transmitter/receiver
position error is given as Qs = σ

2
sVs where σs reflects the transmitter/receiver position error level and

Vs = diag(5I3M×3M, I3N×3N). The covariance matrix of calibration target position error is Qc = σ
2
cVc

where σc reflects the calibration target position error level and Vc = I3K×3K, and the covariance matrix of
the corresponding calibration BR measurement noise is Qrc = σ

2
rcVrc where σrc = σr reflects calibration

BR measurement noise level and Vrc is set to 1 in the diagonal elements and 0.5 elsewhere. The target
of interest is located at position uo = [50000, 15000, 5000]Tm. The effect of the calibration targets on the
target localization accuracy, in the sense of CRLB, is presented in Figure 3.
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ϒ

Figure 2. Localization scenario geometry for simulation.

Table 1. Positions (in meters) of the transmitters, receivers and calibration targets.

TX xo
t,m yo

t,m zo
t,m RX xo

r,n yo
r,n zo

r,n
Calibration
Targets

xo
c,k yo

c,k zo
c,k

1 20,000 0 100 1 2000 2000 0 1 10,000 10,000 2500

2 15,000 5000 1000 2 2000 −2000 500 2 15,000 30,000 3000

3 15,000 −5000 2000 3 5000 5000 1000 3 20,000 −10,000 3500

– – – – 4 5000 −5000 1500 – – – –

Figure 3. Comparison of the CRLBs with and without using calibration targets: (a) for different BR
measurement noise level σr; (b) for different transmitter/receiver position error level σs; (c) for different
calibration target position error level σc.

Figure 3a compares the CRLB curves with and without using calibration targets when the BR
measurement noise level σr is varied from 10−2 m to 103 m while the transmitter/receiver position
error level and calibration target position error level are fixed at σs = 20 m and σc = 10 m respectively.
It can be observed from Figure 3a that the CRLB with calibration targets is generally below the one
without, this coincides with the analytical conclusion given in (39). However, in the edge case where
the BR measurement noise is very large, two CRLBs would tend to be the same. This is because in
this case, the BR measurement noise dominates and effect of transmitter/receiver position error on the
localization accuracy is relatively small. The CRLB curves versus the transmitter/receiver position
error level σs are plotted in Figure 3b where the BR measurement noise level and calibration target
position error level are fixed at σr = 10 m and σc = 10 m respectively. A similar trend, i.e., two CRLBs
would tend to be the same, appears in Figure 3b, when the transmitter/receiver position error is
sufficiently small. A reasonable explanation is that, in this case, the transmitter/receiver positions are
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known very accurately and their influence on the localization accuracy can be ignored compared to
the BR measurement noise. The CRLB comparison versus calibration target position error level σc is
provided in Figure 3c where σr = 10 m and σs = 20 m. Interestingly, the trend of CRLB curves implies
that, even when the calibration target position error is extremely large, the CRLB with utilization of
calibration targets are still remarkably below the one without. This justifies again the analysis under
(35), and similar results have also been presented in previous studies [23–30] on source localization
and sensor network localization issues. Generally, from Figure 3, the use of calibration targets brings a
significant improvement in the localization accuracy in the normal case, at least at the CRLB level.

4. Proposed Localization Method

The evaluation of the CRLB in Section 3 has demonstrated the potential of calibration targets in
improving localization accuracy. In what follows, we will proceed to develop a novel closed-form
solution for the aforementioned practical localization scenario where the positions of transmitters and
receivers are inaccurate but calibration targets are used to refine the transmitter/receiver position and
enhance the localization accuracy. After that, a theoretical analysis will be performed to show that the
proposed solution achieves the CRLB when satisfying some mild conditions.

4.1. Algorithm Development

The proposed solution mainly includes two processing stages, referred to as calibration stage and
localization stage, respectively. The calibration stage is devoted to refining the inaccurate transmitter
and receiver positions, and then the localization stage is devoted to determining the target position on
the basis of the refined transmitter and receiver positions.

4.1.1. Calibration Stage

To make use of the BR measurements from the calibration targets, the calibration stage begins by
reorganizing (13) as

rc,k,m,n − ‖co
k − so

t,m‖ − ‖co
k − so

r,n‖+ ‖so
t,m − so

r,n‖ = Δrc,k,m,n (40)

Since only the erroneous versions of co
k , so

t,m and so
r,n are available, we put co

k = ck−Δck, so
t,m = st,m−Δst,m

and so
r,n = sr,n − Δsr,n into (40), and then expand it around erroneous values ck, st,m and sr,n to the

linear error terms as

rc,k,m,n − ‖ck − st,m ‖ − ‖ck − sr,n ‖+ ‖st,m − sr,n‖ − (ρT
c,k,t,m + ρT

t,m,r,n)Δst,m − (ρT
c,k,r,n − ρT

t,m,r,n)Δsr,n

= −(ρc,k,t,m + ρc,k,r,n)
T

Δck + Δrc,k,m,n
(41)

where
ρc,k,t,m =

ck − st,m

‖ck − st,m‖ (42)

ρc,k,r,n =
ck − sr,n

‖ck − sr,n‖ (43)

ρt,m,r,n =
st,m − sr,n

‖st,m − sr,n‖ (44)

Stacking (41) for all the k, m and n, we can formulate them in matrix form as

h0 −G0Δs = Δh0 (45)

The elements of h0, G0 and Δh0 are given by

h0(ik,m,n, 1) = rc,k,m,n − ‖ck − st,m‖ − ‖ck − sr,n‖+ ‖st,m − sr,n‖ (46)
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G0 =
[

G0,t G0,r

]
, G0,t(ik,m,n, 3m− 2 : 3m) = ρT

c,k,t,m + ρT
t,m,r,n, G0,r(ik,m,n, 3n− 2 : 3n) = ρT

c,k,r,n − ρT
t,m,r,n (47)

Gc(ik,m,n, 3k− 2 : 3k) = −(ρc,k,t,m + ρc,k,r,n)
T (48)

Δh0(ik,m,n, 1) = −(ρc,k,t,m + ρc,k,r,n)
T

Δck + Δrc,k,m,n (49)

for ik,m,n = (k − 1)MN + (m − 1)N + n, k = 0, 1, . . . , K − 1, m = 0, 1, . . . , M − 1, n = 0, 1, . . . , N − 1,
and zeros elsewhere. Furthermore, the error vector Δh0 can be recast using a compact representation
as follows

Δh0 = GcΔc + Δrc (50)

from which we have the mean E(Δh0) = 0KMN×1 and the covariance cov(Δh0) = GcQcGT
c + Qrc.

In (45), Δs represents the difference between the true and the nominal transmitter/receiver positions.
In order to refine the transmitter and receiver positions, Δs shall be estimated as accurately as

possible. Recall that Δs is a Gaussian distributed random vector with mean E(Δs) = 03(M+N)×1 and
covariance matrix cov(Δs) = Qs, and it is independent of the error vector Δh0. Thus according to the
Bayesian Gauss–Markov theorem [33], the linear minimum mean square error (LMMSE) estimate of
Δs can be obtained from (45) as

Δŝ = E(Δs) +
(
cov(Δs)−1 + GT

0 cov(Δh0)
−1Gs

)−1
GT

0 cov(Δh0)
−1(h0 −G0E(Δs))

=
(
Q−1

s + GT
0 (GcQcGT

c + Qrc)
−1

G0

)−1
GT

0 (GcQcGT
c + Qrc)

−1
h0

(51)

Under the assumption that the noise in Gc and G0 is sufficiently small to be ignored, the covariance
matrix of Δŝ can be given as

cov(Δs− Δŝ) =
(
Q−1

s + GT
0 (GcQcGT

c + Qrc)
−1

G0

)−1
(52)

Using the estimate of transmitter and receiver position error in (51), we can refine the transmitter
and receiver positions as

ŝ = s− Δŝ (53)

Utilizing the fact s = so + Δs, we can rewrite ŝ in (53) as ŝ = so + Δs − Δŝ. Hence, the
refined estimate of transmitter/receiver positions ŝ has a covariance matrix identical with (52).
Forming the inverse of cov(Δs − Δŝ) and then comparing it to Q−1

s results in cov(Δs− Δŝ)−1 −
Q−1

s = GT
0 (GcQcGT

c + Qrc)
−1

G0. It is natural to deduce that cov(Δs− Δŝ)−1 ≥ Q−1
s is PSD since

GT
0 (GcQcGT

c + Qrc)
−1

G0 has a symmetric structure and Gc is not full column rank. According to the
PSD matrix property [34], cov(Δs− Δŝ)−1 ≥ Q−1

s is equivalent to Qs ≥ cov(Δs−Δŝ). That is to say, the
refined positions of transmitters and receivers performs leastwise as well as, if not better than, the
original ones, in terms of target localization accuracy.

4.1.2. Localization Stage

The localization stage starts by linearizing the BR equations from the unknown target. Firstly,
reorganize (7) as

(rm,n + Ro
t,m,r,n) −Ro

t,m = Ro
r,n + Δrm,n (54)

Since we have obtained the refined estimate of so
t,m and so

r,n from calibration stage, we plug
so

t,m = ŝt,m − (Δst,m − Δŝt,m) and so
r,n = ŝr,n − (Δsr,n −Δŝr,n) into (54) and ignoring the second and higher

error terms as
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2(ŝt,m − ŝr,n)
Tuo + 2(rm,n + Rt,m,r,n)Ro

t,m = (rm,n + Rt,m,r,n)
2 + ŝT

t,mŝt,m − ŝT
r,nŝr,n − 2Ro

r,nΔrm,n

+2(uo − ŝt,m −Ro
r,nρt,m,r,n)

T(Δst,m − Δŝt,m) − 2(uo − ŝr,n −Ro
r,nρt,m,r,n)

T(Δsr,n − Δŝr,n)
(55)

By forming an auxiliary vector as θo = [(uo)T, Ro
t,1, Ro

t,2, . . . , Ro
t,M]

T
, we can collect (55) for all the

m and n into a matrix form as
G1θ

o = h1 + Δh1 (56)

where
G1 =

[
G1,s G1,r

]
(57)

G1,s = 2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
ŝ1

ŝ2
...

ŝM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, sm =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(ŝt,m − ŝr,1)

T

(ŝt,m − ŝr,2)
T

...
(ŝt,m − ŝr,N)

T

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (58)

G1,r = 2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
r1 0N×1 · · · 0N×1

0N×1 r2 · · · 0N×1
...

...
. . .

...
0N×1 0N×1 · · · rM

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, rm =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
rm,1

rm,2
...

rm,N

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (59)

h1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
h1,1

h1,2
...

h1,M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, h1,m =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(rm,1 + Rt,m,r,1)

2 + ŝT
t,mŝt,m − ŝT

r,1ŝr,1

(rm,2 + Rt,m,r,2)
2 + ŝT

t,mŝt,m − ŝT
r,2ŝr,2

...
(rm,N + Rt,m,r,N)

2 + ŝT
t,mŝt,m − ŝT

r,N ŝr,N

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(60)

and the error vector Δh1 is related to the target position as

Δh1 = B1Δr + D1(Δs− Δŝ) (61)

where

B1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
B1,1 ON×N · · · ON×N

ON×N B1,2 · · · ON×N
...

...
. . .

...
ON×N ON×N · · · B1,M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (62)

D1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
D1,t,1 ON×3 · · · ON×3 D1,r,1

ON×3 D1,t,2 · · · ON×3 D1,r,2
...

...
. . .

...
...

ON×3 ON×3 · · · D1,t,M D1,r,M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (63)

with
B1,m = −2diag

(
Ro

r,1, Ro
r,2, . . . , Ro

r,N

)
(64)

D1,t,m = 2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(uo − ŝt,m −Ro

r,1ρt,m,r,1)
T

(uo − ŝt,m −Ro
r,2ρt,m,r,2)

T

...
(uo − ŝt,m −Ro

r,Nρt,m,r,N)
T

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(65)
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D1,r,m = −2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(uo − ŝr,1 −Ro

r,1ρt,m,r,1)
T 0T

3×1 · · · 0T
3×1

0T
3×1 (uo − ŝr,2 −Ro

r,2ρt,m,r,2)
T · · · 0T

3×1
...

...
. . .

...
0T

3×1 0T
3×1 · · · (uo − ŝr,N −Ro

r,Nρt,m,r,N)
T

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(66)

From the set of linear equations in (56), the WLS estimate of θo, denoted by θ, which minimizes
ΔhT

1 W1Δh1 can be produced as

θ = (GT
1 W1G1)

−1
GT

1 W1h1 (67)

where W1 represents the weighting matrix and it can be computed by

W1 =
[
E(Δh1ΔhT

1 )
]−1

=
[
B1QαBT

1 + D1cov(Δs− Δŝ)DT
1

]−1 (68)

However, to compute W1, the unknown target position has to be acquired in advance. To resolve
this contradiction, we preliminarily let W1 = IMN×MN and use (67) to compute a least squares estimate
of θo, and then use the estimated θo to update W1 for another repetition.

Based on the WLS theorem, it can be deduced that the estimate θ is approximately unbiased and
the corresponding covariance matrix can be obtained, given sufficiently small BR measurement noise
and transmitter/receiver position error, as

cov(θ) = (GT
1 W1G1)

−1
(69)

Next, the functional relation between the target position uo and the introduced nuisance parameters
Ro

t,1, Ro
t,2, . . . , Ro

t,M, is explored to compute the final estimate of target position. To this end, reorganize
the functional relation in (4) as

2(so
t,m)

Tuo = (uo)Tuo + (so
t,m)

Tso
t,m − (Ro

t,m)
2 (70)

Denoting the estimation error of θ by Δθ, mathematically we arrive at

uo = θ(1 : 3) − Δθ(1 : 3) (71)

Ro
t,m = θ(3 + m) − Δθ(3 + m) (72)

Putting (71), (72) into the right side of (70) and so
t,m = ŝt,m − (Δst,m − Δŝt,m) into the both sides, we

have after ignoring second-order error terms,

2ŝT
t,muo = θ(1 : 3)T

θ(1 : 3) −θ(m + 3)2 + ŝT
t,mŝt,m

− 2θ(1 : 3)Δθ(1 : 3) + 2θ(m + 3)Δθ(m + 3) + 2(uo − ŝt,m)
T(Δst,m − Δŝt,m)

(73)

The final estimate of target position should satisfy (73) and meanwhile retain as close as possible
to the estimated values of target position in θ. In line with this principle, one has the following set
of equations

G2uo = h2 + Δh2 (74)
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where

G2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I3×3

2sT
t,1

2sT
t,2
...

2sT
t,M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(75)

h2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

θ(1 : 3)
θ(1 : 3)T

θ(1 : 3) −θ(1 + 3)2 + ŝT
t,1ŝt,1

θ(1 : 3)T
θ(1 : 3) −θ(2 + 3)2 + ŝT

t,2ŝt,2
...

θ(1 : 3)T
θ(1 : 3) −θ(M + 3)2 + ŝT

t,Mŝt,M

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(76)

Δh2 = B2Δθ+ D2(Δs− Δŝ) (77)

B2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−I3×3 03×1 03×1 · · · 03×1

−2θ(1 : 3) 2θ(1 + 3) 0 · · · 0
−2θ(1 : 3) 0 2θ(2 + 3) · · · 0

...
...

...
. . .

...
−2θ(1 : 3) 0 0 · · · 2θ(M + 3)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(78)

D2 =

⎡⎢⎢⎢⎢⎣ O3×3M O3×3N

2diag
{
(uo − ŝt,1)

T, (uo − ŝt,2)
T, . . . , (uo − ŝt,M)T

}
O3M×3N

⎤⎥⎥⎥⎥⎦ (79)

Invoking the WLS theorem again, one has the solution of target position, denoted by u, from (74) as

u = (GT
2 W2G2)

−1
GT

2 W2h2 (80)

where W2 is the weighting matrix and it is determined by

W2 =
[
E(Δh2ΔhT

2 )
]−1

=
[
B2cov(θ)BT

2 + D2cov(Δs− Δŝ)DT
2 + B2(G

T
1 W1G1)

−1
GT

1 W1D1cov(Δs− Δŝ)DT
2

+D2cov(Δs− Δŝ)DT
1 W1G1(G

T
1 W1G1)

−1
BT

2

]−1
(81)

But as presented in (81), the unknown target position is required in the computation of W2. Herein,
to circumvent this dilemma, we preliminarily exploit the target position estimate contained in θ to
form W2 and use (80) to estimate target position. After that we can utilize the estimated target position
to update W2 for another repetition.

From the WLS theorem, the covariance matrix of u can be approximated, given sufficiently small
BR measurement noise and transmitter/receiver position error, as

cov(u) = (GT
2 W2G2)

−1
(82)

4.2. Performance Analysis

As mentioned above, the CRLB traces out a lower bound for minimum possible variance that
an unbiased estimator can achieve. Next, we will analyze the efficiency of the proposed solution by
comparing its covariance matrix with the benchmark, i.e., CRLB. For derivation simplicity, we would
compare their inverse, rather than directly compare the two separately. The CRLB has been presented
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in (33). By invoking the matrix inversion lemma [32] to (33) and using the definitions of X and Y, we
have after mathematical simplifications,

CRLBc(u
o)−1 =

(
∂ro

∂uo

)T

Q−1
r

(
∂ro

∂uo

)
−
(
∂ro

∂uo

)T

Q−1
r

(
∂ro

∂so

)
�
Z
−1

(
∂ro

∂so

)T

Q−1
r

(
∂ro

∂uo

)
(83)

where the expression of
�
Z has been given in (32).

On the other hand, using (82), (81), (69), (68) and (52) successively, we can reformulate the inverse
of cov(u) as

cov(u)−1 = GT
3 Q−1

r G3 −GT
3 Q−1

r G4
¯
Z
−1

GT
4 Q−1

r G3 (84)

where G3 = B−1
1 G1B−1

2 G2, G4 = B−1
1 D1, and

¯
Z = Q−1

s + GT
4 Q−1

r G4 + GT
0 (GcQcGT

c + Qrc)
−1

G0.
Comparing (83) with (84), we observe that CRLBc(uo)−1 and cov(u)−1 are identical in structure.

Next, we proceed to prove their equivalency under the following conditions:
(C1) ‖Δst,m‖ � ‖co

k − so
t,m‖, ‖Δst,m‖ � ‖so

t,m − so
r,n‖, ‖Δsr,n‖ � ‖co

k − so
r,n‖, ‖Δsr,n‖ � ‖so

t,m − so
r,n‖, and

‖Δck‖ � ‖co
k − so

t,m‖, ‖Δck‖ � ‖co
k − so

r,n‖, for k = 1, 2, . . . , K, m = 1, 2, . . . , M and n = 1, 2, . . . , N;
(C2) ‖Δrm,n‖ � ‖uo − so

t,m‖, ‖Δrm,n‖ � ‖uo − so
r,n‖, ‖Δrm,n‖ � ‖so

t,m − so
r,n‖, and ‖Δst,m − Δŝt,m‖ �

‖uo − so
t,m‖, ‖Δsr,n − Δŝr,n‖ � ‖uo − so

r,n‖ for m = 1, 2, . . . , M and n = 1, 2, . . . , N;
The condition C1 implies the transmitter/receiver position error and the calibration target

position error are negligibly small compared with the range between the calibration target and the
transmitter/receiver. The condition C2 implies the BR measurement noise and the error in the refined
transmitter/receiver position are negligibly small compared to the range between the calibration target
and the transmitter/receiver. Using the conditions C1 and C2, we obtain, after some involved algebraic
manipulations, that

G3 =
∂ro

∂uo , G4 = −∂r
o

∂so , G0 = −
(
∂ro

c

∂so

)
, Gc = −

(
∂ro

c

∂co

)
(85)

By this point, we can draw the conclusion that

cov(u)−1 = CRLBc(u
o)−1 (86)

That is, the proposed solution accomplishes the CRLB accuracy if the two conditions C1 and C2
are satisfied. In reality, localization scenarios, which satisfy the conditions C1 and C2, are not rare.
These two conditions can be satisfied if the unknown target and the calibration targets are far from the
transmitters and receivers, if not these conditions can still be satisfied if the BR measurement noise and
the transmitter/receiver/calibration target position errors are sufficiently small.

5. Simulation Results

In this section, the efficiency and superiority of the proposed solution will be corroborated through
Monte Carlo simulations. Amiri’s method presented in [14], which does not consider the transmitter
and receiver position error and Zhao’s method proposed in [22], which considers the statistical
distributions of transmitter/receiver position error but does not use any calibration targets, are chosen
as references for comparison. The exact positions of transmitters/receivers/calibration targets are the
same as those in Table 1. Localization accuracy is quantitatively evaluated using root mean squares
error (RMSE), which comes from 1000 independent Monte Carlo runs. In each run, the zero-mean
Gaussian random errors with covariance matrices Qr = σ

2
r Vr, Qrc = σ

2
rcVrc, Qs = σ

2
sVs and Qc = σ

2
cVc

are added to the BRs from unknown target, BRs from calibration targets, actual transmitter and receiver
positions, and actual calibration target positions, respectively, in order to simulate a real localization
scenario. The setting of Vr, Vrc, Vs and Vc are also the same as that in Example 1.
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First of all, in order to intuitively show the difference between target localization with and without
the use of calibration targets, we plot in Figure 4 the estimated target positions from each Monte Carlo
run, which forms a scatter plot for target position estimation. For comparison, the scatterplots of
Amiri’s method and Zhao’s method are also plotted. The transmitter/receiver position error level is
set to σs = 20 m, the noise level of BR measurements from unknown target and calibration targets is
set as σr = σrc = 10 m, and the calibration target position error level is set to be σc = 10 m. The true
position of the unknown target is uo = [50000, 15000, 5000]Tm, which is marked with red pentagram
in Figure 4 for comparison. By comparing the scatterplots of the methods, we find that with the use of
calibration targets, the scattered dots of target position estimation are more closely around the target’s
true position, which intuitively illustrates the performance gain from the use of calibration targets.
Without the use of calibration targets, considering the statistical distributions of transmitter/receiver
position error can also reduce dispersion of estimated target position dots to some extent, but compared
to using calibration targets, this degree of reduction in dispersion is not sufficiently impressive.

Figure 4. Scatter plots of estimated positions from different methods.

Now, in order to quantitatively evaluate the localization accuracy of the methods, we calculate the
RMSE of the proposed solution under different error or noise conditions, and compare it with Amiri’s
method, Zhao’s method, as well as the CRLB. As mentioned in Section 4.2, the localization accuracy of
the proposed solution is related to the distance between the target and MPR system. Hence, in order to
achieve a more comprehensive insight on the performance of the proposed solution, we consider two
cases, i.e., the near-field case where the target is close to the MPR system, and the far-field case where
the target is far away from the MPR system. The exact positions of transmitters/receivers/calibration
targets remain the same as before. We first address the far-field target, whose position is set to
uo = [120000, 120000, 12000]Tm. The results are presented in Figure 5.
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Figure 5. Comparison of the RMSEs among different localization methods in the far-field case: (a) with
different BR measurement noise level σr and σs = 20 m, σc = 10 m; (b) with different transmitter/receiver
position error level σs and σr = 10 m, σc = 10 m; (c) with different calibration target position error level
σc and σr = 10 m, σs = 20 m.

Figure 5a plots the RMSE curves of the methods versus the BR measurement noise level. It shows
that the localization RMSE of the proposed solution matches the CRLB very well and is about an
order of magnitude lower than that of Amiri’s method and Zhao’s method at a low-to-moderate BR
measurement noise level. Although it deviates from the CRLB when the BR measurement noise level
is large, it is still much smaller than that of other two methods. The deviation from the CRLB, known
as the thresholding phenomenon, is due to the ignored second order error terms in the design of the
solution, which is invalid for large error levels. Owing to considering the statistical distributions of the
transmitter/receiver position error, the RMSEs produced by Zhao’s method is generally lower than that
by Amiri’s method. But compared with the use of the calibration targets in the proposed solution,
the localization accuracy improvement brought by the consideration of transmitter/receiver position
error in Zhao’s method is not so significant. Figure 5b gives the RMSE curves of the methods versus the
transmitter/receiver position error level. It can be seen that, the superiority of the proposed solution
in localization accuracy is mainly reflected at moderate to high transmitter/receiver position error
level. When the transmitter/receiver position error is small, the localization accuracy of the proposed
solution and the other two methods is comparable. This again agrees very well with the theoretical
performance in Section 3. Figure 5c compares the RMSEs from the methods with respect to different
calibration target position error levels. As is illustrated in Figure 5c, the proposed solution always
offers a remarkable advantage over the other two methods at different calibration target position error
level, even when the calibration target position error is extremely large. This is in agreement with the
previous simulation results for the CRLB in Section 3.

Next, the same set of simulations was repeated for a near-field target, whose position is set to
be uo = [12000, 1200, 1200]Tm. The results are provided in Figure 6, from which we observe that the
proposed solution still performs much better than the other methods. However, comparing with the
corresponding results in Figure 5, we find the localization accuracy for near-field target is generally
better than a far-field target, given the same noise and error levels. One reason may be that, when
the target is close to the MPR system, the transmitters/receivers are far apart relative to the distance
between the target and the MPR system. Thus, the localization geometry would become more regular
and the corresponding geometric dilution of precision (GDOP) value would be smaller compared
to the far-field case. However, on the other hand, comparing the thresholding values in Figures 5
and 6 indicates that the RMSE curves for the near-field target deviate from the CRLB at smaller values
than those for the far-field target. This phenomenon is consistent with the analysis under (83) that the
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equivalency between the estimate variance and the CRLB is more affected by the BR measurement
noises when the target is close to the MPR system.

Figure 6. Comparison of the RMSEs among different localization methods in the near-field case:
(a) with different BR measurement noise level σr and σs = 20 m, σc = 10 m; (b) with different
transmitter/receiver position error level σs and σr = 10 m, σc = 10 m; (c) with different calibration
target position error level σc and σr = 10 m, σs = 20 m.

At an intuitive level, the more calibration targets are used, the better the localization accuracy
is. In what follows, we will quantitatively analyze the effect of number of calibration targets on the
localization accuracy by varying the number of calibration targets from 1 to 10. The positions of
the transmitters and receivers remain the same as before. The positions of calibration targets and
unknown target are chosen randomly from the 50 km × 40 km × 5 km volume as presented in Figure 2.
The simulation results are depicted in Figure 7.

Figure 7. Localization accuracy versus the number of calibration targets.

Figure 7 shows the RMSE, as well as the CRLB, versus the number of calibration targets.
As expected, when the number of calibration targets is small, the localization accuracy improves
significantly as the number of calibration targets increases. However, it is seen that there is no obvious
dependence on the number of calibration targets as soon as the number of calibration targets is larger
than 3. This indicates that when the number of calibration targets reaches 3, the use of more calibration
targets would only increase the computational expense and not remarkably enhance the localization
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accuracy. Therefore, in the absence of any other consideration, it is reasonable to set the number of
calibration targets as 3.

6. Conclusions

This paper explores the use of calibration targets with known positions to refine the inaccurate
transmitter/receiver positions and thus enhance target localization accuracy in MPR systems. We start
our research by evaluating target localization CRLB in the presence of calibration targets, which justifies
the potential of calibration targets in enhancing localization accuracy. Then, in order to fulfill this
potential, a novel closed-form solution was designed for target localization using BR measurements
from the unknown target as well as the calibration targets. The proposed solution was shown both
analytically and numerically to attain the CRLB under some mild conditions, and verified to outperform
existing methods in terms of localization accuracy. Furthermore, from the view of engineering practice,
if the employed calibration targets are off-the-shelf, such as the commercial aircrafts broadcasting an
ADS-B signal, the use of calibration targets would bring little added cost or complexity to the MPR
system, but could bring a significant enhancement to target localization accuracy.
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Abstract: Radar target detection probability will decrease as the target echo signal-to-noise ratio (SNR)
decreases, which has an adverse influence on the result of multi-target tracking. The performances
of standard multi-target tracking algorithms degrade significantly under low detection probability
in practice, especially when continuous miss detection occurs. Based on sequential Monte Carlo
implementation of Probability Hypothesis Density (PHD) filter, this paper proposes a heuristic
method called the Refined PHD (R-PHD) filter to improve multi-target tracking performance under
low detection probability. In detail, this paper defines a survival probability which is dependent
on target state, and labels individual extracted targets and corresponding particles. When miss
detection occurs due to low detection probability, posterior particle weights will be revised according
to the prediction step. Finally, we transform the target confirmation problem into a hypothesis test
problem, and utilize sequential probability ratio test to distinguish real targets and false alarms in
real time. Computer simulations with respect to different detection probabilities, average numbers of
false alarms and continuous miss detection durations are provided to corroborate the superiority
of the proposed method, compared with standard PHD filter, Cardinalized PHD (CPHD) filter and
Cardinality Balanced Multi-target Multi-Bernoulli (CBMeMBer) filter.

Keywords: refined PHD filter; low detection probability; continuous miss detection; radar multi-target
tracking; survival probability; target labels; posterior weight revision; sequential probability ratio test;
hypothesis test

1. Introduction

The objective of Multi-Target Tracking (MTT) is to jointly estimate the number of targets and
their individual states, and to provide target tracks or trajectories, from a sequence of measurements
provided by sensing devices such as radar [1], sonar [2], or cameras [3]. Traditional MTT algorithms,
including Joint Probabilistic Data Association Filter (JPDAF) [4] and Multiple Hypothesis Tracking
(MHT) [5], always transform the multi-target tracking problem into multiple independent single-target
tracking problems by data association processing according to a certain distance criterion. Association
error resulting from complex scene deteriorates the tracking performance of JPDAF and MHT.

In recent years, multi-source multi-target information fusion theory based on Random Finite
Sets (RFS) provides a unified and scientific mathematical basis for multi-sensor multi-target tracking
problem [6,7]. Different from traditional heuristic methods, multi-target tracking methods based on
RFS strictly describe target birth, death, spawning, miss detection and clutters in multi-target tracking
process, directly estimate number and state of targets, and even provide target tracks or trajectories
by modeling multi-target states and sensor measurements as RFS or labeled RFS, which has the best
performance in Bayesian sense.
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The multi-target Bayes filter is difficult to implement. Fortunately, some advanced approximations
have been proposed, such as the Probability Hypothesis Density (PHD) filter [8–10], the Cardinalized
PHD (CPHD) filter [11,12], the Multi-target Multi-Bernoulli (MeMBer) filter [13] and the Cardinality
Balanced MeMBer (CBMeMBer) filter [14]. More recently, multi-target tracking algorithms based on
labeled random finite sets have been proposed [15–23], and it can obtain track-valued estimates of
individual targets without the need for post-processing, such as the Generalized Labeled Multi-Bernoulli
(GLMB) filter [15] and Labeled Multi-Bernoulli (LMB) filter [16].

Since Sequential Monte Carlo (SMC) implementation and Gaussian Mixture (GM) implementation
of PHD filter were proposed, the PHD filter has attracted significant attention in multi-target tracking
research. To reduce the computational complexity of the PHD filter, several gating strategies were
introduced to exclude clutter observation participating in filter updating [24,25]. To obtain target states
from posterior PHD, several multi-target state extraction algorithms have been proposed, such as
clustering [26,27] and data-driven methods [28–31]. To fuse information from multiple observation
system, multi-sensor multi-target tracking filters based on PHD were proposed [32–34]. To track
maneuvering targets, traditional multi-model method was introduced to PHD filter [35]. Faced with
unknown backgrounds, such as unknown detection probability, unknown clutter parameter, several
improved PHD filters can estimate background parameters while tracking [36,37]. In non-standard
target observation model, several improved PHD filters were proposed to track extended target [38,39].

The standard PHD filter has considered the influence of the detection probability on multi-target
tracking, but its performance degrades significantly under low detection probability in practice,
especially when continuous miss detection occurs. For example, the posterior particle weights of
a SMC-PHD filter will become small under continuous miss detection, and corresponding particles
may be eliminated from the particle pool and then the undetected target will be lost.

Several recent works have made some attempts [40,41]. Based on the GM-PHD filter, the Refined
GM-PHD (RGM-PHD) filter [40] was proposed to improve the performance of the GM-PHD filter
under continuous miss detection. This method is effective in terms of various detection probabilities,
false alarm rates and continuous miss detection rates. However, some key parameters of the RGM-PHD
filter, including the penalty coefficient and the reward coefficient, are determined without explicit
formula, which is difficult to be generalized to other applications. Also based on GM implementation
of PHD filter, a novel target state estimate method was integrated into three improved GM-PHD
filters [41], which results in better tracking performance in imperfect detection probability scenarios.
However, lower bound of detection probability in simulations is set as 0.8, which can’t sufficiently
illustrate the effectiveness of the method under low detection probability.

In this paper, based on SMC implementation of PHD filter, we propose a heuristic method
called Refined PHD (R-PHD) filter to improve multi-target tracking performance under low detection
probability. First, survival probability dependent on target state is defined, which is based on the
hypothesis that target enter and exit sensor Fields of View (FoV) usually occur at the boundary.
Then, individual target and particle are assigned a unique label, which is utilized to confirm if miss
detection occurs for each target and identify particles representing the undetected target. When miss
detection occurs, posterior weights will be revised according to the prediction step. The key of the
proposed method is to distinguish real targets and false alarms. This paper binarizes the likelihood
function of individual extracted target, which is approximated as a random variable obeying two-point
distribution. When extracted target is a real target, success probability of the two-point distribution
is approximatively the detection probability. When extracted target is a false alarm, the success
probability is approximatively a very small value. Then this paper transforms target confirmation
problem into a hypothesis test problem, and utilizes Sequential Probability Ratio Test (SPRT) [42] to
confirm real targets in real time. After target extraction at each time, we mark each extracted target as
a real target or a false alarm, or make no decision according to test statistic.

The rest of the paper is organized as follows. Section 2 reviews probability hypothesis density
filter and corresponding SMC implementation. Section 3 proposes the refined PHD filter in detail.
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Computer simulations illustrating the effectiveness and the performance of the proposed method are
provided in Section 4. Finally, Section 5 presents the conclusion.

2. Background

This section will introduce the probability hypothesis density filter. Furthermore, SMC implementation
of the PHD filter will also be reviewed.

2.1. PHD Filter

The probability hypothesis density is defined as the first-order statistical moment of multiple-target
posterior distribution. Similar to the constant-gain Kalman filter in single-target filtering, the PHD
filter is the first-order moment approximation of the multi-target Bayes filter, which only recursively
propagates first-order multi-target moments by time prediction and data-update steps. Suppose
Dk−1|k−1(x) is the PHD at time k− 1, the predictor equation of the PHD filter can be expressed as

Dk|k−1(x) = bk|k−1(x) +
∫ [

pS(x′) · fk|k−1(x
∣∣∣x′) + bk|k−1(x

∣∣∣x′)] ·Dk−1|k−1(x′)dx′, (1)

where fk|k−1(x
∣∣∣x′) is the single-target Markov transition density, pS(x′) is the probability that a target

with state x′ at time k− 1 will survive at time k, bk|k−1(x
∣∣∣x′) is the PHD of targets at time k spawned by

a single target x′ at time k− 1, and bk|k−1(x) is the PHD of new targets entering the scene at time k.
At time k the sensor collects a new multi-target measurement set Zk = {z1, · · · , zm}, if we assume

that the predicted multi-target distribution is approximately Poisson, the closed-form formula of
corrector equation of the PHD filter can be derived as

Dk|k(x) ≈
⎡⎢⎢⎢⎢⎢⎢⎣1− pD(x) + pD(x)

∑
z∈Zk

Lz(x)

λ · c(z) + ∫
pD(x)Lz(x)Dk|k−1(x)dx

⎤⎥⎥⎥⎥⎥⎥⎦ ·Dk|k−1(x), (2)

where Lz(x) is the single-target likelihood function, pD(x) is the probability that a target with state
x at time k will be detected, λ is the average number of Poisson-distributed false alarms, the spatial
distribution of which is governed by the probability density c(z).

The expected number of targets can be estimated by rounding the integral of the PHD over the
entire state space, and then the state-estimates of the targets can be obtained from the local maxima of
the PHD.

2.2. SMC-PHD Filter

Up to now, PHD filters can be realized by SMC approximation or GM approximation. Compared
with the GM-PHD filter, the SMC-PHD filter is suitable for problems involving non-linear non-Gaussian
dynamics. Regardless of spawned targets, the following sequentially describes each of the SMC-PHD
filter processing steps: initialization, prediction, correction, and state estimation.

Initialization: Suppose prior PHD at time 0 is

D0|0(x) ≈
v0|0∑
i=1

wi
0|0δ(x− xi

0|0), (3)

where δ(x) is Dirac delta function, v0|0 is the number of particles, xi
0|0 is the ith particle and wi

0|0 is the
corresponding weight.

Prediction: Suppose PHD at time k− 1 can be approximated using a group of particles

Dk−1|k−1(x) ≈
vk−1|k−1∑

i=1

wi
k−1|k−1δ(x− xi

k−1|k−1). (4)
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The meaning of the variables in the above formula is similar to that of Equation (3). Then the predicted
PHD at time k is

Dk|k−1(x) ≈
vk|k−1∑
i=1

wi
k|k−1δ(x− xi

k|k−1), (5)

where vk|k−1 = vk−1|k−1 + vbirth
k|k−1 is the number of predicted particles, vbirth

k|k−1 is the number of appearing

particles, xi
k|k−1, i = 1, · · · , vk−1|k−1 is obtained by the single-target Markov transition density, xi

k|k−1, i =
vk−1|k−1 + 1, · · · , vk|k−1 is sampled from the probability density of the spontaneously appearing targets,
wi

k|k−1 = pS(xi
k−1|k−1) ·wi

k−1|k−1, i = 1, · · · , vk−1|k−1 is the weight corresponding to persisting particles,

wi
k|k−1 = 1/ρ, i = vk−1|k−1 + 1, · · · , vk|k−1 is the weight corresponding to appearing particles, and the

PHD filter requires ρ particles to adequately maintain track on any individual target.
Correction: After receiving the multi-target measurement set, the posterior PHD at time k can be

approximated as

Dk|k(x) ≈
vk|k∑
i=1

wi
k|kδ(x− xi

k|k), (6)

where vk|k = vk|k−1 and xi
k|k = xi

k|k−1, i = 1, · · · , vk|k are the same as those of the predicted PHD, and ith
particle weight can be calculated by

wi
k|k = wi

k|k−1pD(xi
k|k−1)

∑
z∈Zk

Lz(xi
k|k−1)

λc(z) +
vk|k−1∑
e=1

we
k|k−1pD(xe

k|k−1)Lz(xe
k|k−1)

+ wi
k|k−1

[
1− pD(xi

k|k−1)
]
. (7)

The above particle weights are not equal, and the resampling technique can be utilized to replace them
with new, equal weights.

State estimation: The expected number of targets at time k is N̂k|k ≈ round
(vk|k∑

i=1
wi

k|k

)
, and the

state-estimates of the targets can be obtained by clustering [26,27], data-driven methods [28–31],
and so on.

3. Refined PHD Filter

The standard SMC-PHD filter has considered the influence of the detection probability on
multi-target tracking. It is indicated from Equation (7) that particle weight of the posterior PHD is
a weighted sum of two terms [28–31]. The first term updates predicted particle weight according to
the likelihood function, while the second term directly propagates predicted weight to the posterior
PHD considering possible miss detection. Furthermore, the weights of these two terms are detection
probability and probability of miss detection, respectively. However, the performance of the standard
SMC-PHD filter degrades significantly under low detection probability in practice, especially when
continuous miss detection occurs. This is because, continuous miss detection of a target makes the
posterior weights small, which may eliminate corresponding particles from the particle pool and
then lose the target. This paper proposes a heuristic method called Refined PHD (R-PHD) filter
aiming to improve the performance of the SMC-PHD filter under low detection probability. In the
proposed method, survival probability dependent on target state is defined, and each target is assigned
a label. When miss detection occurs, posterior weights will be revised according to the prediction step.
After state estimation of each step, target confirmation is conducted based on sequential probability
ratio test.

3.1. Survival Probability Dependent on Target State

Measurement of a specific target is not collected due to either miss detection or death of the target.
Multi-target tracking algorithms should take some compensation measures for the former reason,
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while do nothing for the latter. The way to distinguish between the two reasons is to consider the
survival probability of the target. If this survival probability is larger than a threshold, algorithms can
confirm the target is persisting and compensate miss detection. The earlier versions of the SMC-PHD
filter consider the survival probability as a constant which is independent of target state and can’t be
used to judge whether the target survives. This paper defines a new survival probability dependent on
target state, which is used as one of the conditions to revise posterior particle weights.

Intuitively, targets usually enter sensor FoV from the boundary and exit also from the boundary.
The survival probability of a specific target can be very high when it is located in the middle of FoV.
On the contrary, the survival probability of a specific target drops rapidly when it is located near the
boundary of FoV and moves outwards. Without the loss of generality from an algorithmic viewpoint,
this paper considers a rectangular FoV which possesses four boundaries, up and down, left and right,
and then the survival probability of a target at time k is

pk
S = min

{
pk

S,up, pk
S,down, pk

S,le f t, pk
S,right

}
, (8)

where pk
S,up, pk

S,down, pk
S,le f t, pk

S,right are the survival probabilities of the target with respect to the four
boundaries, respectively.

Suppose the particles representing the target at time k are xi
k|k, i = 1, · · · , vk|k, where each particle

is a four-dimensional vector xi
k|k =

[
pi

x, vi
x, pi

y, vi
y

]T
, representing the target position and velocity

along the x-axis and y-axis, respectively, and then the target state and corresponding variance can
be estimated as mean

(
xi

k|k
)

and var
(
xi

k|k
)
. If the particles follow Gaussian distribution and the four

variables in particles are independent of each other, the state of this target follows Gaussian distribution

N
([

px, vx, py, vy
]T

, diag
[
σ2

px, σ2
vx, σ2

py, σ2
vy

])
, where vx = mean

(
vi

x

)
, σ2

vx = var
(
vi

x

)
and so on. Based on the

above discussion, the survival probability of the target with respect to the right boundary is

pk
S,right = Pr

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝u ≤ bright − px − vxT√
σ2

px + σ
2
vxT2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, (9)

where u ∼ N(0, 1), bright is the position of the right boundary, and T is the sampling period. Meanwhile,
the survival probabilities of the target with respect to the other three boundaries have similar results.

It should be mentioned that a specific target and corresponding particles share the identical
survival probability, which is used for the predictor equation and revising posterior particle weights.

3.2. Labeling Target and Particle

In order to confirm if miss detection occurs for each target and identify particles representing
the undetected target, every target and particle has its own unique label. On the other hand,
the standard SMC-PHD filter can only provide the point-valued estimates of the target states at
each time, not track-valued estimates of individual targets due to no record of the target identities.
Some principled solutions such as labeled RFS [15,16] were proposed, and produce track-valued
estimate without post processing. This paper attaches a unique label to individual targets and particles,
which can be used not only for trajectory extraction, but can also compensate miss detection. It should
be pointed out that the particles representing a target can have several different labels, and particles
with identical labels can also belong to different targets. Labels are assigned to individual targets and
individual particles, considering the following principles:

Principles for labeling targets:

1. The label of one target is determined by the label with the largest number of particles belonging
to this target.

2. If the label of one target is zero, a new positive number will be assigned to it as its label.
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3. When there are multiple targets with the same label at time k, the optimal successor will be selected
and keep its label unchanged while others will be assigned a new positive number sequentially.

Principles for labeling particles:

4. The label of appearing particles is initialized as zero.
5. Particles remain their labels unchanged when surviving.
6. The resampling technique doesn’t change the labels of particles.
7. If the label of one target is zero, the corresponding particles with label zero will be also assigned

a new label corresponding to the target’s new label.
8. When there are multiple targets with the same label at time k, the label of the particles representing

optimal successor will remain unchanged, while others will be changed with their targets.

It should be mentioned that principle 7 is consistent with principle 2, and principle 8 is consistent
with principle 3. False alarm may have the same label as a real target. Consequently, the optimal
successor should be selected from all the targets with the same label to inherit the label. Suppose the
state of the only target with label l at time k − 1 is xl,k−1, the states of targets with the same label at

time k are x(n)l,k , n = 1, 2, · · · , then the optimal successor can be selected by comparing the single-target
Markov transition density

argmax
n

fk|k−1(x
(n)
l,k

∣∣∣∣xl,k−1), (10)

The detailed Algorithm 1 of labelling particles and targets at each time is provided as below:

Algorithm 1 Labelling Particles and Targets

Initialization: the initialization particles are labelled with zeros, and maximum label is set to r = 0.
Prediction: labels of the prediction particles are lik|k−1, i = 1, · · · , vk|k−1, where lik|k−1 = lik−1|k−1, i = 1, · · · , vk−1|k−1

and lik|k−1 = 0, i = vk−1|k−1 + 1, · · · , vk|k−1.

Correction: labels of the posterior particles are lik|k = lik|k−1, i = 1, · · · , vk|k, and the resampling technique doesn’t
change the labels of particles.

Trajectory extraction: N̂k|k targets are extracted from the posterior PHD. The label of target x(n)k can be

determined by argmax
l

∣∣∣∣∣{lik|k
∣∣∣∣lik|k = l, xi

k|k ∈ x(n)k , i = 1, · · · , vk|k
}∣∣∣∣∣, n = 1, · · · , N̂k|k, where |X| represents the

cardinality of set X.

For each target x(n)k , if its label is zero, then r = r + 1, set its label to r, and set

lik|k
∣∣∣∣lik|k = 0, xi

k|k ∈ x(n)k , i = 1, · · · , vk|k to r.

If there are multiple targets with the same label l, the optimal successor can be selected by Equation (10),
and for other target similar operation will be performed like the scene that the label of target is zero.

3.3. Revision of Posterior Weights

The posterior particle weights of a specific target will become small if continuous miss detection
occurs to it, which may eliminate corresponding particles from the particle pool and then lose the target.
In order to maintain the target that is not detected due to low detection probability, this paper replaces
the posterior weights with corresponding prediction weights. That is to say, Equation (7) is modified to
wi

k|k = wi
k|k−1. However, a target can’t be detected when it disappears from FoV. Therefore, this paper

only considers the target whose survival probability is above a threshold pth
S . Furthermore, only when

the sum of posterior weights is less than half of the sum of corresponding prediction weights will this
paper conduct revision operations. Revisions of posterior weights are performed after the correction
step, and the detailed Algorithm 2 at each time is provided as below:
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Algorithm 2 Revision of Posterior Weights

For each target x(n)k−1, n = 1, · · · , N̂k−1|k−1 at previous time

If the survival probability of x(n)k−1 is above the threshold: pk−1,(n)
S > pth

S , then

Find the prediction weights and posterior weights corresponding to target x(n)k−1:

wi
k|k−1, wi

k|k, i ∈ I(n), where I(n) is the set of the index representing target x(n)k−1.

If sum
(
wi

k|k
)
< 1

2 sum
(
wi

k|k−1

)
, i ∈ I(n), do

wi
k|k = wi

k|k−1, i ∈ I(n)

End
End

End

3.4. Target Confirmation Based on Sequential Probability Ratio Test

Revisions of posterior weights will bring a new problem: once Poisson-distributed false alarms
are captured by the probability density of the spontaneously appearing targets, the proposed algorithm
will regard them as targets and maintain corresponding particles and weights by prediction step
although no measurement available afterwards. In order to distinguish real targets from false alarms
captured by the probability density of newborn targets, the measurement of each target extracted
from posterior PHD should be recorded. Suppose x(n)l,k , n = 1, · · · , N̂k|k is the target with label l at time
k extracted from the posterior PHD, and the measurement set at time k collected by the sensor is
Zk = {z1, · · · , zm}, then the likelihood function of Zk with respect to x(n)l,k is defined as

Ll,k = max
z∈Zk

Lz(x
(n)
l,k ). (11)

Obviously, the parameter Ll,k, k = 1, 2, · · · can tell us whether the target with label l is a real target.
For simplification, the proposed algorithm binarizes the above likelihood function as

L′l,k =
{

1, Ll,k ≥ Lth

0, Ll,k < Lth , (12)

where Lth is the threshold judging if there is a measurement of one target. The probability that there
exists corresponding measurement of target x(n)l,k is

Pr
(
L′l,k = 1

)
= Pr

(
max
z∈Zk

Lz(x
(n)
l,k ) ≥ Lth

)
= 1− Pr

(
Lz(x

(n)
l,k ) < Lth,∀z ∈ Zk

) (13)

Furthermore, the bigger the cumulative sum sum
k

L′l,k, the more we can confirm that the target with

label l is a real target.
In order to confirm targets in real time, this paper proposes the method based on sequential

probability ratio test. Without loss of generality, suppose the single-target likelihood function
is Gaussian

Lz(x) =

√
1

(2π)2det(C)
exp

(
−1

2
(z−H(x))TC−1(z−H(x))

)
, (14)

where z = [z1, z2]
T, C = diag

[
σ2

1, σ2
2

]
is the covariance matrix of observation noises, H(x) is the

deterministic state-to-measurement transform model, and target x is located at the coordinate origin,
the probability that the likelihood function of single measurement is above the threshold is
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Pr
(
Lz(x) > Lth

)
= Pr

⎛⎜⎜⎜⎜⎝ z2
1

σ2
1

+
z2

2

σ2
2

< −2 ln
(
2πLth

√
σ2

1σ
2
2

)⎞⎟⎟⎟⎟⎠ = �
z2
1
σ21

+
z2
2
σ22
<−2 ln (2πLth

√
σ2

1σ
2
2)

f (z1, z2)dz1dz2, (15)

which indicates the measurement z lies inside the ellipse z2
1/σ2

1 + z2
2/σ2

2 = −2 ln
(
2πLth

√
σ2

1σ
2
2

)
and

where f (z1, z2) is the spatial distribution of z. Suppose false alarms obey uniform distribution spatially,
then the probability that the likelihood function of single clutter is above the threshold is p0 = Se/SFOV ,
where Se is the area of the above ellipse and SFOV is the area of the whole FoV. If a real target is
detected, the probability that the likelihood function of target measurement is above the threshold is
q0 =

�
z2
1
σ21

+
z2
2
σ22
<−2 ln (2πLth

√
σ2

1σ
2
2)

Lz(x)dz1dz2. Suppose σ2 = σ2
1 = σ2

2, then the probability q0 with respect to

observation noise variance σ2 under different thresholds is depicted in Figure 1, which indicates that q0

is close to 1 under a suitable threshold.

Figure 1. Probability that the likelihood function of target measurement is above the threshold.

Next, we consider the situation of multiple measurements. When the target x(n)l,k is a false alarm,
the measurement set Zk can be organized as the union of measurements from targets and clutter.
The likelihood function of Zk with respect to x(n)l,k is

Ll,k = max
{

max
z∈Zk\Kk

Lz(x
(n)
l,k ), max

z∈Kk
Lz(x

(n)
l,k )

}
, (16)

Therefore, Equation (13) is

Pr
(
L′l,k = 1

)
= 1− Pr

(
Lz(x

(n)
l,k ) < Lth,∀z ∈ Zk\Kk

)
Pr

(
Lz(x

(n)
l,k ) < Lth,∀z ∈ Kk

)
≈ 1− Pr

(
Lz(x

(n)
l,k ) < Lth,∀z ∈ Kk

)
= 1−

(
Pr

(
Lz(x

(n)
l,k ) < Lth, z ∈ Kk

))D

= 1− (1− p0)
D

(17)

where D is the number of clutters, following Pr(D = d) = λde−λ/d!, d = 0, 1, · · · . The approximation
is reasonable, because the false alarm always appears before or after corresponding real target,
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which results that it can neither be associated with the measurement of its corresponding real target
nor that of other real targets. Considering D is a random variable, the expectation of Equation (17) is

E
[
1− (1− p0)

D
]
= 1−

∞∑
d=0

(1− p0)
dλde−λ

d!
= 1− e−p0λ. (18)

On the other hand, when the target x(n)l,k is a real target, the measurement set Zk can be divided

into three parts: the measurement generated from target x(n)l,k , measurements generated from other

targets and clutters. The likelihood function of Zk with respect to x(n)l,k is

Ll,k = max

⎧⎪⎪⎪⎨⎪⎪⎪⎩L
Θk(x

(n)
l,k )

(x(n)l,k ), max
z∈Kk

Lz(x
(n)
l,k ), max

z∈Zk\Kk\Θk(x
(n)
l,k )

Lz(x
(n)
l,k )

⎫⎪⎪⎪⎬⎪⎪⎪⎭. (19)

Therefore, Equation (13) is

Pr
(
L′l,k = 1

)
= pD(x

(n)
l,k )

[
1− (1− q0)(1− p0)

DPr
(
Lz(x

(n)
l,k ) < Lth,∀z ∈ Zk\Kk\Θk(x

(n)
l,k )

)]
+
(
1− pD(x

(n)
l,k )

)[
1− (1− p0)

DPr
(
Lz(x

(n)
l,k ) < Lth,∀z ∈ Zk\Kk

)]
≈ pD(x

(n)
l,k )

[
1− (1− q0)(1− p0)

D
]
+

(
1− pD(x

(n)
l,k )

)[
1− (1− p0)

D
]

≈ pD(x
(n)
l,k ) +

(
1− pD(x

(n)
l,k )

)[
1− (1− p0)

D
]

≈ pD(x
(n)
l,k )

(20)

in which we consider if the real target x(n)l,k is detected. Three approximations are reasonable when all

real targets are far from each other, q0 is close to 1, and pD(x
(n)
l,k ) >> 1− e−p0λ, respectively.

In summary, random variable L′l,k obeys two-point distribution

Pr
(
L′l,k = 1

)
= p, Pr

(
L′l,k = 0

)
= 1− p, (21)

where success probability p = p1 = 1− e−p0λ when the target with label l is a false alarm, and p = p2 =

pD(x
(n)
l,k ) when the target with label l is a real target. Then, target confirmation can be represented as

a hypothesis test problem
H : p = p1 ↔ K : p = p2. (22)

SPRT tells us: when sum
k

L′l,k ≤ An is true, to accept H, mark x(n)l,k as a false alarm and eliminate

corresponding particles; when sum
k

L′l,k ≥ Bn is true, to reject H and mark x(n)l,k as a real target; otherwise,

to make no decision and maintain particles of x(n)l,k . The parameters An and Bn are

An =
( β

1−α − n ln 1−p2
1−p1

)
/ln p2(1−p1)

p1(1−p2)

Bn =
( 1−β
α − n ln 1−p2

1−p1

)
/ln p2(1−p1)

p1(1−p2)

(23)

where α, β are Type I error rate and Type II error rate, respectively, and n is the cumulative time of the
target with label l from emerging to current step.

It should be mentioned that confirmation of a real target always lags behind its emerging.
Fortunately, we can make up point-valued estimates of the target at previous times.
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3.5. Refined PHD Filter

The key modules of the refined PHD filter were explained in the previous subsections. Here,
we summarize the overall steps of the proposed method in Algorithm 3.

Algorithm 3 Refined PHD Filter

Initialization: suppose prior PHD at time 0 is Equation (3), li0|0 = 0, i = 1, · · · , v0|0, and r = 0.

Prediction: the predicted PHD at time k is Equation (5), and labels of the prediction particles are
lik|k−1 = lik−1|k−1, i = 1, · · · , vk−1|k−1 and lik|k−1 = 0, i = vk−1|k−1 + 1, · · · , vk|k−1.

Correction: the posterior particle weights at time k are calculated by Equation (7), and
lik|k = lik|k−1, i = 1, · · · , vk|k.

Revision of Posterior Weights: execute revision of posterior weights introduced in Section 3.3, the revised
weights are still represented as wi

k|k, and the posterior PHD at time k is Equation (6).

State estimation: N̂k|k ≈ round
(vk|k∑

i=1
wi

k|k

)
, resample with no change of particle labels, and N̂k|k targets are

extracted by k-means clustering: x(n)k , n = 1, · · · , N̂k|k.

Trajectory extraction: determine the label of target x(n)k and corresponding particles according to Section 3.2.
Survival Probability Calculation: calculate survival probability of individual target according to Section 3.1.
Target Confirmation: calculate test statistic sum

k
L′l,k, and for individual target, add it to the confirmation set,

discard it, or make no decision according to Section 3.4.

4. Simulation

4.1. Simulation Scenery

In this section, we use computer simulations to demonstrate the effectiveness and performance of
the proposed method. Suppose FoV is a two-dimensional region [−50, 50] × [0, 100] in which multiple
targets appear or disappear at any time. The state equation and the measurement equation of single
target can be represented as follows:

xk =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 T 0 0
0 1 0 0
0 0 1 T
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦xk−1 +

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
T2/2 0

T 0
0 T2/2
0 T

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
[

n1

n2

]
, (24)

zk =

[
1 0 0 0
0 0 1 0

]
xk +

[
w1

w2

]
, (25)

where target state xk =
[
pxk, vxk, pyk, vyk

]T
consists of the target position and velocity along the x-axis and

y-axis, only target position is measured represented as zk, sampling period T = 1, and the process noise
and the measurement noise are both zero mean Gaussian noises: [n1, n2]

T ∼ N
(
[0, 0]T, diag[0.01, 0.01]

)
,

[w1, w2]
T ∼ N

(
[0, 0]T, diag[0.09, 0.09]

)
. This paper considers five targets with motion parameters showed

in Table 1, and the total time of simulation is Ttotal = 100. Figure 2 depicts the simulation scenery in x-y
coordinate system.
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Table 1. Motion parameters of targets

Target Initial State Birth Time Death Time

1 [−50, 1.65, 100,−1.65]T 1 60
2 [−50, 1.65, 0, 1.65]T 11 70
3 [−50, 0.875, 30, 0.875]T 11 90
4 [50,−1.16, 70,−1.16]T 31 90
5 [50,−1.65, 50, 0]T 41 100

Figure 2. Simulation scenery in x-y coordinate system.

Cardinality and Optimal Sub-Pattern Assignment (OSPA) distance [43] between real set of target
states and estimated set of target states are employed as performance evaluation criterions, and the
cut-off factor and the order used in OSPA are c = 10, p = 2, respectively. The performance of the
proposed Refined PHD (R-PHD) filter is evaluated in comparison with the standard PHD filter, CPHD
filter, and CBMeMBer filter, and the filters here are all implemented with SMC implementations.
Survival probability is set as 0.99 in PHD, CPHD and CBMeMBer. In R-PHD, the threshold Lth and pth

S
are set as 0.1 and 0.5 respectively, and Type I and II error rates are set as α = 0.1 and β = 0.1, respectively.
In all four filters, 1000 particles are used for per target, and the probability density of newborn targets
is modeled as Gaussian mixture of target initial states with the covariance of diag[1, 0.1, 1, 0.1].

4.2. Evaluation of Different Detection Probabilities

Figure 3 depicts the mean OSPA and cardinality versus time over P = 200 Monte-Carlo runs,
where the detection probability is set as pD = 0.85, independent of target state, and the average number
of Poisson-distributed false alarms is set as λ = 10. Mean OSPA is depicted in Figure 3a, and each data
point is calculated as

1
P

P∑
p=1

OSPAp,k, (26)

where OSPAp,k is OSPA distance at time k in pth Monte-Carlo trial. Mean cardinality is depicted in
Figure 3b, and each data point is calculated as

1
P

P∑
p=1

N̂p,k|k, (27)

where N̂p,k|k is the estimated number of targets at time k in pth Monte-Carlo trial. Due to low detection
probability, the measurements from targets are intermittent, and the PHD filter, CPHD filter and
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CBMeMBer filter can’t obtain excellent results. The mean OSPA of the R-PHD filter is usually smaller
than that of the competing methods, and the mean cardinality of the R-PHD filter is closer to the
ground truth. It is worth noting that OSPA distances at time 11 and 91 are apparently large in all filters,
due to simultaneous birth or death of two targets. Figure 3 illustrates that the proposed method can
effectively track multiple targets under low detection probability.

 
(a) (b) 

Figure 3. OSPA and cardinality performances of different methods versus time (pD = 0.85, λ = 10):
(a) mean OSPA; (b) mean cardinality.

Then, we compare multi-target tracking performances of different methods with respect to
different detection probabilities from pD = 0.7 to pD = 1. Figure 4 illustrates the multi-target tracking
results, where the average number of false alarms is set as λ = 10 for all simulations. Mean OSPA with
respect to different detection probabilities is depicted in Figure 4a, and each data point is calculated as

1
PTtotal

P∑
p=1

Ttotal∑
k=1

OSPAp,k, (28)

where OSPAp,k is OSPA distance at time k in pth Monte-Carlo trial. Mean Root Mean Square Error
(RMSE) of cardinality with respect to different detection probabilities is depicted in Figure 4b, and each
data point is calculated as

1
Ttotal

Ttotal∑
k=1

√√√√
1
P

P∑
p=1

(Nk − N̂p,k|k)
2, (29)

where N̂p,k|k is the estimated number of targets at time k in pth Monte-Carlo trial, and Nk is real number
of targets at time k. Figure 4 shows that mean OSPA and mean RMSE of cardinality both decrease
monotonically as detection probability increases in the PHD filter, CPHD filter and CBMeMBer filter.
In addition, the performance of the R-PHD filter is relatively stable, and the proposed method presents
better performance than baselines when detection probability is no more than 0.95. It should be
mentioned that when detection probability is 1, that is to say, there is no miss detection, the R-PHD
filter has inferior performance than the other three methods, which can be explained by the Type I
error rate in SPRT.
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(a) (b) 

Figure 4. OSPA and cardinality performances of different methods with respect to different detection
probabilities from pD = 0.7 to pD = 1 (λ = 10): (a) mean OSPA; (b) mean RMSE of cardinality.

4.3. Evaluation of Different Average Numbers of False Alarms

Figure 5 depicts the mean OSPA and cardinality versus time over P = 200 Monte-Carlo runs,
where the detection probability is set as pD = 0.95, independent of target state, and the average number
of Poisson-distributed false alarms is set as λ = 20. Mean OSPA is depicted in Figure 5a, and each data
point is calculated using Equation (26). Mean cardinality is depicted in Figure 5b, and each data point
is calculated using Equation (27). Showed in Figure 5a, the mean OSPA of the R-PHD filter is usually
smaller than that of the PHD filter and CBMeMBer filter, while it is bigger than that of the CPHD filter
at most steps. Figure 5b illustrates that the number of targets estimation of the CPHD filter always lags
behind the ground truth when target birth or target death occurs.

 
(a) (b) 

Figure 5. OSPA and cardinality performances of different methods versus time (pD = 0.95, λ = 20):
(a) mean OSPA; (b) mean cardinality.

Figure 6 illustrates multi-target tracking performances of different methods with respect to
different average numbers of false alarms from λ = 10 to λ = 30, where the detection probability is
set as pD = 0.95. Mean OSPA with respect to different average numbers of false alarms is depicted
in Figure 6a, and each data point is calculated using Equation (28). Mean RMSE of cardinality with
respect to different average numbers of false alarms is depicted in Figure 6b, and each data point is
calculated using Equation (29). Figure 6 shows that multi-target tracking performances of different
methods deteriorate slightly as average number of false alarms increases. Furthermore, the R-PHD
filter outperforms the other three methods at λ = 10, while it has inferior OSPA performance compared
to the PHD filter and CPHD filter and inferior cardinality performance compared to the CPHD filter at
λ = 30. That is because the hypothesis pD >> 1− e−p0λ is no longer valid when the number of clutters
is considerable. Generally, the proposed method can provide a satisfactory result under high average
numbers of false alarms.
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(a) (b) 

Figure 6. OSPA and cardinality performances of different methods with respect to different average
numbers of false alarms from λ = 10 to λ = 30 (pD = 0.95): (a) mean OSPA; (b) mean RMSE
of cardinality.

4.4. Evaluation of Different Continuous Miss detection Durations

Next, we consider the scenario that targets are undetected for continuous steps. Figure 7 shows the
multi-target tracking results of different methods under continuous miss detection during 45 ≤ k ≤ 51,
detection probability in other steps is set as pD = 0.9 and average number of false alarms is set as
λ = 10 in simulations. Mean OSPA in Figure 7a is obtained by averaging 200 trials of Monte-Carlo
simulation using Equation (26), and mean cardinality in Figure 7b is obtained using Equation (27).
Figure 7 demonstrates that the PHD filter and CBMeMBer filter lose all targets when continuous miss
detection during 45 ≤ k ≤ 51 occurs, which results that mean OSPA is up to the cut-off factor and mean
cardinality is close to 0 from k = 45 to k = 100. The CPHD filter loses four targets when continuous
miss detection occurs, while it can maintain one target after k = 51. Evidently, the proposed R-PHD
filter can maintain all targets and its performance is almost immune to continuous miss detection.

(a) (b) 

Figure 7. OSPA and cardinality performances of different methods versus time under continuous miss
detection during 45 ≤ k ≤ 51 (pD = 0.9, λ = 10): (a) mean OSPA; (b) mean cardinality.

Figure 8 illustrates multi-target tracking performances of different methods with respect to
different continuous miss detection durations from s = 3 to s = 11, where the detection probability is
set as pD = 0.9, average number of false alarms is set as λ = 10. Continuous miss detection duration
is represented as s, and it always begins at time k = 45. That is to say, s = 3 indicates that targets
are missed during 45 ≤ k ≤ 47. The mean OSPA with respect to different continuous miss detection
durations is depicted in Figure 8a, and each data point is calculated using Equation (28). Mean RMSE
of cardinality with respect to different continuous miss detection durations is depicted in Figure 8b,
and each data point is calculated using Equation (29). The performances of the PHD filter, CPHD
filter and CBMeMBer filter deteriorate as continuous miss detection duration increases, while that
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of the proposed R-PHD filter is relatively stable and always superior than the other three methods.
In conclusion, the proposed R-PHD filter can effectively track multiple targets when continuous miss
detection occurs.

 
(a) (b) 

Figure 8. OSPA and cardinality performances of different methods with respect to different continuous
miss detection durations from s = 3 to s = 11 (pD = 0.9, λ = 10): (a) mean OSPA; (b) mean RMSE
of cardinality.

5. Conclusions

In this paper, a heuristic method called the refined PHD filter is proposed to improve the
multi-target tracking performance of the PHD filter under low detection probability in practice. First,
survival probability dependent on target state is defined, which is one of the conditions of performing
posterior weights revision. Then, we label individual targets and particles, which can be utilized to
confirm if miss detection occurs for each target and identify particles representing the undetected
target. In addition, it can provide track-valued estimates of individual targets. When miss detection
occurs due to low detection probability, posterior particle weights will be revised according to the
prediction step. In order to distinguish real targets and false alarms in real time, we regard the target
confirmation problem as a hypothesis test problem and introduce sequential probability ratio test to
judge the success probability of the two-point distribution. Simulation results with respect to various
detection probabilities, average numbers of false alarms and continuous miss detection durations are
provided, which indicates that the multi-target tracking performance of the R-PHD filter outperforms
the competing methods.

Author Contributions: Conceptualization, S.W.; Data curation, S.W.; Methodology, Q.B.; Project administration, Z.C.;
Software, Q.B.; Validation, S.W.; Visualization, S.W.; Writing—original draft, S.W.; Writing—review & editing, Q.B.

Funding: This research received no external funding and the APC was funded by National Key Laboratory of
Science and Technology on ATR.

Acknowledgments: The authors would like to thank the Editor and the anonymous reviewers for their valuable
comments and suggestions.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Jiang, D.; Liu, M.; Gao, Y.; Gao, Y.; Fu, W.; Han, Y. Time-matching random finite set-based filter for radar
multi-target tracking. Sensors 2018, 18, 4416. [CrossRef] [PubMed]

2. Zhang, Q.; Xie, Y.; Song, T.L. Distributed multi-target tracking in clutter for passive linear array sonar
systems. In Proceedings of the 2017 20th International Conference on Information Fusion (Fusion), Xi’an,
China, 10–13 July 2017; pp. 1–8.

3. Scheidegger, S.; Benjaminsson, J.; Rosenberg, E.; Krishnan, A.; Granström, K. Mono-camera 3D multi-object
tracking using deep learning detections and PMBM filtering. In Proceedings of the 2018 IEEE Intelligent
Vehicles Symposium (IV), Changshu, China, 26–30 June 2018; pp. 433–440.

287



Sensors 2019, 19, 2842

4. Bar-Shalom, Y. Extension of the probabilistic data association filter in multi-target tracking. In Proceedings
of the 5th Symposium on Nonlinear Estimation, San Diego, CA, USA, 23–25 September 1974; pp. 16–21.

5. Reid, D.B. An algorithm for tracking multiple targets. In Proceedings of the 1978 IEEE Conference on Decision
and Control including the 17th Symposium on Adaptive Processes, San Diego, CA, USA, 10–12 January 1979;
pp. 1202–1211.

6. Mahler, R.P. Random-set approach to data fusion. In Proceedings of the Automatic Object Recognition IV,
Orlando, FL, USA, 6–7 April 1994; pp. 287–296.

7. Goodman, I.R.; Mahler, R.P.; Nguyen, H.T. Mathematics of Data Fusion; Springer Science & Business Media:
Heidelberg, Germany, 2013; Volume 37.

8. Mahler, R.P.S. Multitarget Bayes filtering via first-order multitarget moments. IEEE Trans. Aerosp. Electron.
Syst. 2003, 39, 1152–1178. [CrossRef]

9. Vo, B.N.; Singh, S.; Doucet, A. Sequential Monte Carlo methods for multi-target filtering with random finite
sets. IEEE Trans. Aerosp. Electron. Syst. 2005, 41, 1224–1245.

10. Vo, B.; Ma, W. The gaussian mixture probability hypothesis density filter. IEEE Trans. Signal Process. 2006,
54, 4091–4104. [CrossRef]

11. Mahler, R. PHD filters of higher order in target number. IEEE Trans. Aerosp. Electron. Syst. 2007, 43, 1523–1543.
[CrossRef]

12. Vo, B.-T.; Vo, B.-N.; Cantoni, A. Analytic implementations of the cardinalized probability hypothesis density
filter. IEEE Trans. Signal Process. 2007, 55, 3553–3567. [CrossRef]

13. Mahler, R.P.S. Statistical Multisource-Multitarget Information Fusion; Artech House: London, UK, 2007.
14. Vo, B.-T.; Vo, B.-N.; Cantoni, A. The cardinality balanced multi-target multi-bernoulli filter and its

implementations. IEEE Trans. Signal Process. 2009, 57, 409–423. [CrossRef]
15. Papi, F.; Vo, B.N.; Vo, B.T.; Fantacci, C.; Beard, M. Generalized labeled multi-bernoulli approximation of

multi-object densities. IEEE Trans. Signal Process. 2015, 63, 5487–5497. [CrossRef]
16. Reuter, S.; Vo, B.N.; Vo, B.T.; Dietmayer, K. The labeled multi-bernoulli filter. IEEE Trans. Signal Process. 2014,

62, 3246–3260. [CrossRef]
17. Vo, B.T.; Vo, B.N. Labeled random finite sets and multi-object conjugate priors. IEEE Trans. Signal Process.

2013, 61, 3460–3475. [CrossRef]
18. Vo, B.T.; Vo, B.N.; Phung, D. Labeled random finite sets and the bayes multi-target tracking filter. IEEE Trans.

Signal Process. 2014, 62, 6554–6567. [CrossRef]
19. Vo, B.T.; Vo, B.N. Multi-scan generalized labeled multi-bernoulli filter. In Proceedings of the 2018 21st

International Conference on Information Fusion (FUSION), Cambridge, UK, 10–13 July 2018; pp. 195–202.
20. Vo, B.T.; Vo, B.N. A multi-scan labeled random finite set model for multi-object state estimation. arXiv 2018,

arXiv:1805.10038.
21. Vo, B.T.; Vo, B.N.; Hoang, H.G. An efficient implementation of the generalized labeled multi-bernoulli filter.

IEEE Trans. Signal Process. 2017, 65, 1975–1987. [CrossRef]
22. Beard, M.; Vo, B.T.; Vo, B.N. A solution for large-scale multi-object tracking. arXiv 2018, arXiv:1804.06622.
23. Punchihewa, Y.G.; Vo, B.T.; Vo, B.N.; Kim, D.Y. Multiple object tracking in unknown backgrounds with

labeled random finite sets. IEEE Trans. Signal Process. 2018, 66, 3040–3055. [CrossRef]
24. Zheng, Y.; Shi, Z.; Lu, R.; Hong, S.; Shen, X. An efficient data-driven particle PHD filter for multitarget

tracking. IEEE Trans. Ind. Inform. 2013, 9, 2318–2326. [CrossRef]
25. Macagnano, D.; Abreu, G.T.F.D. Adaptive gating for multitarget tracking with gaussian mixture filters.

IEEE Trans. Signal Process. 2012, 60, 1533–1538. [CrossRef]
26. Kanungo, T.; Mount, D.M.; Netanyahu, N.S.; Piatko, C.D.; Silverman, R.; Wu, A.Y.J.C.G. A local search

approximation algorithm for k-means clustering. Comput. Geom. 2004, 28, 89–112. [CrossRef]
27. Everitt, B.S.; Dunn, G. Applied Multivariate Data Analysis; Arnold Wiley: London, UK, 2001; Volume 2.
28. Zhao, L.; Ma, P.; Su, X.; Zhang, H. A new multi-target state estimation algorithm for PHD particle

filter. In Proceedings of the 2010 13th International Conference on Information Fusion, Edinburgh, UK,
26–29 July 2010; pp. 1–8.

29. Li, T.; Corchado, J.M.; Sun, S.; Fan, H.J.C.J.O.A. Multi-EAP: Extended EAP for multi-estimate extraction for
SMC-PHD filter. Chin. J. Aeronaut. 2016, 30, 368–379. [CrossRef]

30. Schikora, M.; Koch, W.; Streit, R.; Cremers, D. A Sequential Monte Carlo Method for Multi-target Tracking with
the Intensity Filter; Springer: Berlin, Germany, 2012.

288



Sensors 2019, 19, 2842
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Abstract: In many wireless sensors, the target kinematic states include location and Doppler
information that can be observed from a time series of range and velocity measurements. In this
work, we present a tracking strategy for comprising target velocity components as part of the
measurement supplement procedure and evaluate the advantages of the proposed scheme. Data
association capability can be considered as the key performance for multi-target tracking in an active
sonar system. Then, we proposed an enhanced Doppler data association (DDA) scheme which
exploits target range and target velocity components for linear multi-target tracking. If the target
velocity measurements are not incorporated into target kinematic state tracking, the linear filter
bank for the combination of target velocity components can be implemented. Finally, a significant
enhancement in the multi-target tracking capability provided by the proposed DDA scheme with
the linear multi-target combined probabilistic data association method is demonstrated in a sonar
underwater scenario.

Keywords: Doppler data association (DDA); Doppler measurement; kinematic state estimation;
multi-target tracking; tracking performance

1. Introduction

Besides position measurements, Doppler measurement can offer supplementary statistics about
target state, which would enhance tracking performance [1]. The problem of multi-radar tracking
using both position and radial velocity measurements was discussed in References [2,3]. The authors
presented the track-while-scan algorithm of maneuvering targets in a clutter environment. The filtering
algorithm was nonlinear and adaptive. The measurement of two or more different radial velocity
components allows the calculation of rectangular velocity components [4]. The main problem for
multi-target tracking is distinguishing between measured values resulted from a specific target and
measured values caused by other radar target echoes or interference [5,6].

The Doppler measurements are employed in a couple with the target range information
as supplementary state information, which is used to overcome this problem of recognizing
range-overlapped targets. Literature [7] put forward an advanced joint probabilistic data association
scheme, which utilizes Doppler measurements along with range measurements via a nonlinear
programming method. Compared with the traditional joint probabilistic data association method,
the tracking performance of the modified joint probabilistic data association algorithm is obviously
improved for multi-target tracking in noisy jamming environment. Reference [8] developed a method
by using an interacting multiple model estimator including several extended Kalman filter elements
to deal with Doppler measurements. Several kinds of particle filters were used to deal with the
component of target velocity measurements [9]. Similar methods have been presented in [2,8] as well
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(and references therein). The authors proposed that they have to employ nonlinear filters at the receiver
to process the additional Doppler measurements.

From References [10,11], the error cross-correlation between transformed range measurements
and Doppler measurements has been addressed. The two-step optimal estimator is another kind of
sequential filtering technique, which was employed for multi-target tracking which comprises a Doppler
measurements procedure [12]. Reference [13] presented a sequential filtering algorithm to improve
the performance of multi-target tracking. However, the approach was heavily dependent on the use
of extended Kalman filters for calculating the target estimated and predicted state. If target velocity
measurements are involved as part of the target state vectors, the interacting multiple model estimators
must be employed to deal with the nonlinearity distortion between range and velocity measurement.
The error of observation between location and velocity is correlated. The error is a key problem when the
velocity component is to be integrated in the sensor system to enhance multi-target tracking capability.
Reference [14] developed other types of nonlinear filters, for example the particle filters or unscented
Kalman filters, which are employed to replace the extended Kalman filters for an improved performance.
References [15,16] discussed the problem of joint detection and tracking of a target using multi-static
Doppler-only measurements. The authors developed for this application of a multi-sensor Bernoulli
particle filter with information gain-driven receiver selection. A consensus dual-stage nonlinear filter
algorithm was presented to solve the Doppler-only target tracking problem in a distributed and
scalable way [17]. Based on such a decomposition, a novel dual-stage filter for centralized multi-sensor
Doppler-only tracking was proposed [18]. Reference [19] developed a consensus Gaussian mixture
cardinalized probability hypothesis density filter to distributed multi-target tracking with range and
Doppler sensors.

However, the supplementary computational load is a challenging problem. One of many thorny
issues for multi-target tracking is distinguishing between observations achieved by a target of interest
and observations derived from the jamming targets or interference noise. Reference [20] presented
the data association problem for the multi-target tracking. Then, the target velocity measurements
were employed in alliance with the range component as a supplementary discriminant of observation
derived from overcoming the issue of discriminating dense objects [21]. Actually, among all the
currently existing methods stated above, a remarkable attainment is the enhanced performance in
measurement supplement profited from the combination of velocity observations.

Reference [22] developed hierarchical cognitive radar processing by applying the fully adaptive
radar framework for cognition to a distributed radar network engaged in single target tracking.
Two monostatic radar nodes are connected through a fusion center, and transmitted waveforms are
adapted in real-time. However, the hardware requires the two radars to operate at the same pulse
repetition frequency, limiting the degrees of freedom and affecting the velocity tracking accuracy. While
previous research [23] has resulted in similar adaptive systems, this work presents a new approach to
adaptive radar networks, treating each node as an independent instance of the framework for cognition.
The authors in [24] formalized the work in [25,26] and presented a cognitive radar framework for
a system engaged in target tracking. The model includes the higher-level tracking processor and
specifies the feedback mechanism and optimization criterion used to obtain the next set of sensor data.
The authors in [27] determined an optimal range for angle tracking radars based on evaluating the
standard deviation of all kinds of errors in a tracking system. As the method increases in complexity,
the usage of nonlinear filters might lead to system stability and capability problems.

In this paper, in order to improve the performance of multiple extended target tracking, we analyze
the advantage of combining target velocity measurements into the target state vectors, then present
an advanced Doppler data association (DDA) scheme which employs target range and velocity
components for improving target tracking performance. The principal difference between the proposed
DDA scheme and existing methods is that in the former, the target velocity component is utilized
only for data association. A joint likelihood for target velocity and range observations is used for
the measurement supplement while potential influences on the multi-target tracking from the target
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velocity component might not be overlooked. However, the proposed scheme offers a robust usage of
velocity observations that would realize significant performance enhancements to those stated in the
literature without the supplementary computational burden due to the use of nonlinear filters [28].

A linear framework is utilized for multi-target tracking, which results in the application of an
advanced linear multi-target (LM) integrated probabilistic data association (IPDA) technique [29–33].
By comparing the LM tracking algorithm and the advanced LM integrated Doppler measurements
association algorithm, the superiority of the Doppler measurements association method is verified in a
sea environment and the multi-target tracking capability of approaches using and without using the
proposed method are compared. Both theoretical analysis and simulation results demonstrate that the
proposed system based on the Doppler measurements association method has a great performance
enhancement and less operation processing burden compared with the traditional method.

The contributions of this paper can be summarized as follows:

(1) We present a tracking strategy for comprising target velocity components as part of the
measurement supplement procedure and evaluate the advantages of the proposed method.

(2) We introduce a feasible scheme for multiple range-extended target tracking, which results in the
development of an optimized LMIPDA algorithm.

(3) We analyze the tracking performance of the proposed algorithm in a sonar underwater scenario.

Our work is organized as follows. In Section 2, a system model for multi-target tracking in noisy
jamming environment is discussed. In Section 3, we propose an advanced Doppler measurements
association method and extend to the LMIPDA-Doppler measurements association scheme for
multi-target tracking in the linear suboptimal framework. In Section 4, the tracking performance of the
DDA method is analyzed. The simulation results demonstrating the proposed schemes are presented
in Section 5, and conclusions are drawn in Section 6.

2. Multiple Target Models

2.1. Multiple Target Measurements

The trace of the k-th target can be expressed as

xk
p+1 = Fpxk

p + vk
p (1)

where xk
p is the k-th target kinematic state at time p, Fp denotes the transition matrix of target state and

vk
p describes the vector of additive white Gaussian noise (AWGN) with zero mean and covariance

Qk
p. In the Cartesian coordinate system [1], the target kinematic state can be denoted by a vector

of six components including position and velocity for each axis xk
p =

[
xp

.
xp yp

.
yp zp

.
zp

]′
.

During the p-th scan, a set of mp sonar observations Zp =
{
zp,1, zp,2, . . . , zp,mp

}
are chosen from the

system detections. Each observation’s zp,i, i = 1, 2, . . . , mp is a vector of four observed values which

comprise both range and velocity components from the i-th target zp,i =
{
yc

p,i, yd
p,i

}
. The accumulated

measurement sequence up to the p-th scan can be denoted as

Zp =
{
Z1, Z2, . . . , Zp

}
=

{
Y

p
c , Y

p
d

}
. (2)

The target position observation has a linear correlation with the target kinematic state. The k-th
target position observation during the p-th scan is denoted as:

yc
p = Hc

pxk
p +ω

k
p. (3)

293



Sensors 2019, 19, 2003

In Equation (3), Hc
p =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ denotes the system transition matrix. ωk
p describes the

vector of AWGN with zero mean and covariance Rc,k
p . The target velocity measurement from the k-th

target is denoted as
yd

p = h
(
xk

p

)
+nk

p. (4)

The measurement error nk
p denotes AWGN with zero mean and covariance Rd,k

p . According

to the Reference [34], the term h
(
xk

p

)
in Equation (4) can be expressed by h

(
xk

p

)
=

(xp−xs
p)(

.
xp− .

xs
p)+(yp−ys

p)
( .
yp−

.
ys

p

)
+(zp−zs

p)(
.
zp− .

zs
p)√

(xp−xs
p)

2
+(yp−ys

p)
2
+(zp−zs

p)
2

, here xs
p =

[
xs

p,
.
xs

p, ys
p,

.
ys

p, zs
p,

.
zs

p

]′
describes the given state

vector including sonar position and sonar velocity during the p-th scan. We assume that the system
process noise vk

j and measurement noises wk
k and nk

i are independent of each other for all j, p, i and k.
From position and Doppler measurement models Equations (3) and (4), the conditional probability
density functions (PDFs) can be written as

p
(

yc
p

∣∣∣∣xk
p

)
∼ N

(
yc

p; Hc
pxk

p, Rc,k
p

)
p
(

yd
p

∣∣∣xk
p

)
∼ N

(
yd

p; h
(
xk

p

)
, Rd,k

p

)
p
(

yc
p, yd

p

∣∣∣∣xk
p

)
= p

(
yc

p

∣∣∣∣xk
p

)
p
(

yd
p

∣∣∣xk
p

)
∼ N

⎛⎜⎜⎜⎜⎝⎡⎢⎢⎢⎢⎣ yc
p

yd
p

⎤⎥⎥⎥⎥⎦; ⎡⎢⎢⎢⎢⎣ Hc
pxk

p

h
(
xk

p

) ⎤⎥⎥⎥⎥⎦, ⎡⎢⎢⎢⎢⎣ Rc,k
p 0
0 Rd,k

p

⎤⎥⎥⎥⎥⎦⎞⎟⎟⎟⎟⎠
. (5)

2.2. Clutter Measurements

During the p-th scan, the number of clutter measurements can be considered as an inhomogeneous
Poisson distribution. Each clutter component is related to a range measurement and a velocity
measurement pair. It is assumed that the target range and velocity measurements of each clutter
measurement are independent of each other. The density of each clutter component can be denoted as
a product of the PDF of spatial clutter ρc

p,i and the PDF of clutter Doppler ρd
p,i [34]

ρp,i � ρ
(
zp,i

)
= ρ

(
yc

p,i

)
ρ
(
yd

p,i

)
. (6)

It is worth noting that we consider ρ
(
yc

p,i

)
and ρ

(
yd

p,i

)
as known a priori in this paper.

3. Doppler Measurement Association

Based on the LM procedure [31], we develop the DDA method in a joint model for LM tracking for
IPDA. To solve the LM tracking problem, we need to estimate the joint posterior density of individual
target state xk

p conditioned on measurement sequences up to the p-th scan Zp as follows

p
(
xk

p,χk
p

∣∣∣Zp
)
, k = 1, . . . , K. (7)

In Equation (7), χk
p denotes the existence of the k-th target at the p-th scan. K describes the total number

of tracks. We can express the joint posterior density of the track state as follows:

p
(
xp,χp

∣∣∣Zl
)
= p

(
χp

∣∣∣Zp
)
p
(
xp,

∣∣∣χp, Zl
)
. (8)

When l = p, the above formula can be considered as an estimation model. And l = p− 1, the above
formula is a prediction model. Based on the Bayesian theory, p

(
xp,χp

∣∣∣Zl
)

can be calculated recursively.
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At time p, given prior density P
(
χp−1

∣∣∣∣Zp−1
)

and prior density of the target state p
(

xp−1,
∣∣∣∣χp−1, Zp−1

)
, the

iterative procedure can be expressed by the following stages.

(1) Calculate the predicted prior density P
(
χp

∣∣∣Zp−1
)

and the predicted prior density of the target

state p
(
xp

∣∣∣χp, Zp−1
)
.

(2) Measurement selection Zp =
{
zp,1, zp,2, . . . , zp,mp

}
via gating for the underlying track.

(3) Calculate the predicted density of the i-th target state measurement p
(

xp,i,
∣∣∣∣χp, Zp−1

)
.

(4) Update the posterior density P
(
χp

∣∣∣Zp
)

and the posterior density p
(
xp,

∣∣∣χp, Zp
)
.

An illustrative diagram for an iteration process of the above four stages is presented in Figure 1.

β
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Figure 1. An illustrative diagram for an iteration process of synthetic tracking.

Step 1: Prediction

Based on the Gaussian hypothesis, every target measurement can be considered as a single
Gaussian density function, which is expressed as:

p
(
xp
∣∣∣ξp(c),χp, Zp−1

)
∼ N

(
xp; x̂p|p−1

(
ξp(c)

)
, Pp|p−1

(
ξp(c)

))
(9)

where ξp(c) denotes event that the c-th out of Cp track components is true at the k-th sonar scan.

x̂p|p−1

(
ξp(c)

)
and Pp|p−1

(
ξp(c)

)
describes the mean and covariance of predictive prior density of the

target track state, respectively.

Step 2: Measurement Selection

The Zp =
{
zp,1, zp,2, . . . , zp,mp

}
measurement selection procedure is implemented at a component

level. During the p-th scan, the c-th of Cp components chooses its measurements using a range
measurement confirmation gate, which is concentrated at the expected range measurement ŷc

p

(
ξp(c)

)
as follows (

yc
p,i − ŷc

p

(
ξp(c)

))′[
Sc

p

(
ξp(c)

)]−1(
yc

p,i − ŷc
p

(
ξp(c)

))
≤ γ, (10)

where γ denotes a fixed threshold, yc
p,i, i = 1, . . . , mp describes the i-th confirmed measurement and

Sc
p

(
ξp(c)

)2
describes the innovation covariance of the c-th of Cp components. In the gating process,
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only the range measurements can be utilized to produce a tracking gate for choosing a set of confirmed
observations.

Step 3: Predictive Measurement PDF

p
(
xp,

∣∣∣χp, Zp−1
)

is assumed to be a sum of Cp mutually exclusive components
Cp∑

c=1
p
(
ξp(c)

∣∣∣χp, Zp−1
)
p
(
xp

∣∣∣ξp(c),χp, Zp−1
)
. Consequently, the predicted measurement PDF Λp,i under

the assumption of each measurement’s zp,i can be expressed as

Λp,i � p
(

xp,i,
∣∣∣∣χp, Zp−1

)
=

Cp∑
c=1

p
(
ξp(c)

∣∣∣χp, Zp−1
)
p
(

yc
p,i, yd

p,i

∣∣∣∣ξp(c),χp, Zp−1
) . (11)

In Equation (11), the term p
(

yc
p,i, yd

p,i

∣∣∣∣ξp(c),χp, Zp−1
)
≈ p

(
yc

p,i

∣∣∣∣ξp(c),χp, Zp−1
)
p
(

yd
p,i

∣∣∣∣ξp(c),χp, Zp−1
)
,

which is the measurement likelihood function conditioned on the event ξp(c). The joint likelihood can
be expressed as a product of target range likelihood and target velocity likelihood.

Step 4: The Probability of Target Existence Update

From the Reference [30], the data association factor can be written as:

δp = PdPg

⎛⎜⎜⎜⎜⎜⎝1− mp∑
i=1

Λp,i

ρp,i

⎞⎟⎟⎟⎟⎟⎠ (12)

where Pd and Pg denote the probability of detection and the probability of the tracking gate, respectively.
ρp,i denotes the clutter density of a measurement in Equation (6). Then, we can write the probability of
target existence as follows:

P
{
χp

∣∣∣Zp
}
=

(
1− δp

)
P
{
χp

∣∣∣Zp−1
}

1− δpP
{
χp

∣∣∣Zp−1
} (13)

and the data association probabilities can be expressed as:

βp,i �
1

1− δp

⎧⎪⎪⎪⎨⎪⎪⎪⎩1− PdPg, i= 0

PdPg
Λp,i
ρp,i

, i> 0
. (14)

It needs to be emphasized that the contribution of target Doppler information is embodied in the factor
of data association Equation (12), the probability of target existence Equation (13), and the probabilities
of data association Equation (14).

Step 5: Tracking Update

From the Reference [30], the prior density of the target state is updated as follows:

p
(
xp,

∣∣∣χp, Zp
)

=
mk∑
i=0

Cp∑
c=1

P
{
ξp(c)

∣∣∣χp, Zp−1
}
βp,i

Λp,i(ξp(c))
Λp,i

p
(
xp,

∣∣∣ξp(c),χp, zp,i, Zp
)

=
Cp+1∑
c=1

p
(
ξp+1(c)

∣∣∣χp, Zp
)
p
(
xp,

∣∣∣ξp+1(c),χp, Zp
) . (15)

296



Sensors 2019, 19, 2003

The term p
(
xp,

∣∣∣ξp(c),χp, zp,i, Zp
)

in (15) is the conditional posterior density, which can be denoted as

p
(
xp,

∣∣∣ξp(c),χp, zp,i, Zp
)
=

p
(

yc
p,i

∣∣∣∣xp

)
p
(

yd
p,i

∣∣∣∣xp

)
p
(
xp
∣∣∣ξp(c),χp, Zp−1

)
p
(

yc
p,i

∣∣∣∣ξp(c),χp, Zp−1
)
p
(

yd
p,i

∣∣∣∣ξp(c),χp, Zp−1
) . (16)

Because of the nonlinear relationship between target state and target Doppler h
(
xk

p

)
, we have to

employ a nonlinear filter for solving Equation (16). In our work, in order to simplify the discussion,

we choose not to use the Doppler measurements track state updates. The term p
(

yd
p,i

∣∣∣∣xp

)
can be

approximated as p
(

yd
p,i

∣∣∣∣ξp(c),χp, Zp−1
)
. Therefore, the conditional posterior density can be rewritten as

p
(
xp,

∣∣∣ξp(c),χp, zp,i, Zp
)
= N

(
xp

(
ξp(c)

)
; x

c, j
p|p, P

c, j
p|p

)
. (17)

It is worth noting that the conditional posterior density becomes the standard Kalman filter form. That
is to say, p

(
xp,

∣∣∣ξp(c),χp, zp,i, Zp
)

represents the output of a standard Kalman filter with predicted target

state x̂p|p−1

(
ξp(c)

)
and covariance Pp|p−1

(
ξp(c)

)
as stated in step 1.

Considering the problem of multi-target tracking, the LM scheme views all observations from
other targets as clutter. Therefore, the density of clutter can be modulated by contributions from other
targets. During the p-th scan, the LM scheme estimates a revised density of clutter for all tracking
gates, which is employed to compute the data association factor, the target existence probability and
measurement association probabilities for all K targets. As a result, the probability Pk

i that the i-th
measurement related to the k-th target can be expressed as

Pk
i = P

(
θk

p,i,χ
k
p

∣∣∣∣Zp−1
)

= Pk
dPk

gP
(
χk

p

∣∣∣Zp−1
) Λk

p,i
mp∑
i=1

Λk
p,i

. (18)

In Equation (18), θk
p,i denotes the event that the i-th measurement is resulted from the k-th track at

time p. Λk
p,i is presented in Equation (11). P

(
χk

p

∣∣∣Zp−1
)

describes the predicted prior probability of the

k-th target. Owing to the presence of multi-target, the modified clutter density Ωk
p,i in the gate of the

k-th track can be expressed as:

Ωk
p,i = ρp,i +

K∑
δ=1,δ�k

Λδp,i

Pδi
1− Pδi

. (19)

Hence, relying on a linear multi-target scheme, we can obtain the data association factor of the
k-th target at time p as follows:

δk
p = Pk

dPk
g

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝1−
mk

p∑
i=1

Λk
p,i

Ωk
p,i

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠. (20)

The measurement association probability of the k-th target at time p can be expressed as

βk
p,i =

1
1− δk

p

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1− Pk

dPk
g, i= 0

Pk
dPk

g
Λk

p,i

Ωk
p,i

, i> 0
. (21)

Therefore, LM-IPDA scheme with DDA can be acquired. The DDA method can be used in the
joint IPDA algorithm for target tracking in clutter. The joint IPDA algorithm recursively updates both
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the probability of target existence and target state estimate. The probability of target existence is used
as a track quality measure for false track discrimination. It is worth noting that the contribution of
multi-target Doppler information is also embodied in the factor of data association Equation (20), the
probability of target existence Equation (18), and the probabilities of data association Equation (21).

4. Performance Evaluation

During the p-th scan, the current tracks, which can be described by mean x̂p|p and covariance pp|p,
are updated by using the current observations. All observations, which lie outside the validation gates(
yc

p,i − ŷc
p

)′[
Sc

p

]−1
(
yc

p,i − ŷc
p

)
> γ, are considered as irrelevant observations. Any irrelevant observation is

processed by the track initiation module, where tentative tracks are formed based on the observations
from two successive scans, that is, a window spanned by the maximum expected target velocity over a
scan period selects all possible pairs of observations from two successive scans. Consequently, the
observation pairs form tentative tracks by using the two-point initiation technique [35].

An initial target existence probability P
{
χp

∣∣∣Zp
}

will be assigned to all new tracks. All tracks can
be updated recursively by using a new measurement set, the corresponding probabilities of target
existence are updated too. During the tracking procedure, the probabilities of target existence are
evaluated against specific thresholds for track confirmation and termination. A track exists if its
probability of target existence is greater than the predefined threshold of track confirmation. A track
disappears if its probability of target existence is below the predefined threshold of track termination.
Multiple tracks, which are close to each other, would be combined into a single track. Only the
confirmed tracks are displayed to the observer. We evaluate multi-target tracking performance based
on the three criteria as follows:

A. Number of confirmed true tracks (NCTT) and Number of confirmed false tracks (NCFT)

A track in correspondence of the true state of a target can be considered as a true track. The j-th
track denoted by mean x̂

j
p|p and covariance p

j
p|p has relation with the j-th target state x

j
p, a constant

threshold ψ is employed to satisfy
(
x̂

j
p|p − xi

p

)′(
p

j
p|p

)−1(
x̂

j
p|p − xi

p

)
≤ ψ. On the contrary, a track that does

not associate with any true target state can be viewed as a false track. NCTT and NCFT are important
measures for the multi-target tracking performance.

B. Target resolution

A possible issue with target state measure is that a track related to closely spaced targets would be
viewed as one true track. Assuming the sampling frequency fs, the carrier frequency fc and the speed
of electromagnetic wave c, the range resolution is ΔR � c

2 fs
and the velocity resolution is Δv � cΔ fd

2 fc
,

where Δ fd denotes the Doppler shift resolution. We use mean square error (MSE) performance to
define target resolution.

C. The ability to capture the target

The measure calculates the frequency that a confirmed track associates with an observable true
target state. We use MSE performance to define the ability of capturing the target.

5. Simulation

The performance enhancement of multi-target tracking provided by the proposed DDA scheme
with respect to different criteria is demonstrated in this section. We compare the tracking performance
of the LMIPDA algorithm using the DDA scheme with nonlinear filtering method mentioned in [12] in
a sonar underwater target tracking scenario.

298



Sensors 2019, 19, 2003

5.1. Sonar Underwater Tracking

We propose the underwater scenario as follows: A warm water surrounding with depth (120 m)
and acoustic velocity (1460 m/s) was employed for the simulated experiment. Sound transmission was
represented by using multipath expansions with propagation properties for instance water refraction,
attenuation and spreading as presented in [36]. The proposed system was denoted by an active sonar
array, which was appropriate for transmitting and receiving short wave sound signals. The signal
transferred 1/3 second pulses, each 5 s over an 8 min period. Transmit signals were composed of either
continuous wave (CW) or phase modulated pulse waveforms that signified two diverse location and
velocity resolutions. Generally, the continuous waveform had improved velocity resolution and worse
location resolution than the phase modulated pulse waveforms. In theory, the CW waveforms have a
location resolution (220 m) and velocity resolution (0.1 m/s) while the phase modulated pulses have
location resolution (0.6 m) and velocity resolution (10 m/s). We considered that the target Doppler was
limited to the interval [−20, +20] m/s to make allowances for the target speeds up to 30 knots. The
proposed sonar systems were able to detect multiple targets and ranges in the interval [220, 4200] m.

There are ten targets in following scenario, including four range-spread targets and six point
targets. The range-spread target is considered as a linear time-invariant filter with random impulse
response, where the amplitude of each range cell is a zero-mean Gaussian variable. Target kinematic
state and target position state are modeled by Equations (1) and (3), respectively. The transition matrix
of target kinematic state Fp and the covariance of the noise Qp can be described as follows

Fp = diag(F1, F1, F1), F1 =

[
1 T
0 1

]
(22)

and

QP = diag(Q1, Q1, Q1), Q1 =

[
T3/3 T2/2
T2/2 T

]
(23)

where T denotes data sampling interval for tracking. The sampling interval of transmit impulse was
5 s. The parameter T varied owing to a limited acoustic transmission period and time-variant ranges
of multiple targets. We considered the noise parameter of the proposed system process was q = 0.1.
The initial parameters of all targets are presented in Table 1.

Table 1. The initial parameters of all targets.

Target Category Location Velocity Acceleration Azimuth

1 Submarine [−400, 200, −30] 8.6 m/s 4.5 m/s2 51.3 deg
2 Submarine [−600, 300, −50] 11.6 m/s 5.3 m/s2 200.3 deg
3 Surface ship [−1200, 1300, 0] 7.6 m/s 3.2 m/s2 150.2 deg
4 Small boat [−650, 450, 0] 9.6 m/s 3.4 m/s2

5 Point buoy [−150, 800, −20] 3.6 m/s 0
6 Point buoy [−890, 1400, −20] 3.6 m/s 0
7 Point buoy [−90, 30, −100] 3.6 m/s 0
8 Point bottom [−920, 890, −100] 6.1 m/s 0
9 Point bottom [−1920, 1890, −100] 6.1 m/s 0
10 Point bottom [−80, 90, −100] 6.1 m/s 0

We considered the targets 5–10 had constant velocity and the targets 1–4 were in accelerated
motion. The range-spread submarine was characterized by a cluster of ten scattering points organized
in a given form of length 60 m that was corresponding to the heading of the object. Similarly, the
range-spread larger ship was characterized by a cluster of thirteen scattering points organized in a
given form of length 100 m. The three-dimensional (3D) track trajectory of all targets is shown in
Figure 2.
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Figure 2. The 3D trajectory of ten targets diagram.

The transmit waveform illuminated sonar targets, which was reflected by certain targets. The
backscattering signals were received by the proposed system. A cluster of transmission pathways
comprising three bounces, which were calculated in every direction gave rise to 185 paths for every
scattering point. We modeled all objects as a point scatter or a series of point-like targets.

A sonar signal processing method, which changes with waveform mode, can be utilized to
calculate the response of the proposed transceiver to the whole set of sonar echoes. With the approach,
a clustering procedure integrates all sonar echoes that fall within the similar sonar resolution cell
into a particular cluster of sonar echoes. The approximation errors for the clustered sonar echoes can
be calculated from the target scattering signal power, the interference noise characteristics and the
measurement resolution, and are much smaller than the related measurement resolution. In our work,
the approximation errors of the range and Doppler for both CW and phase modulated pulse mode are
presented in Table 2.

Table 2. Measurement error.

Transmit Types Range Error Doppler Error

CW 95.3 m 0.025 m/s
Phase modulated pulse 0.85 m 8.5 m/s

The measurement errors of the bearing and elevation were about 2 deg for the two transmit
types. It is worth noting that the clustering procedure increased the measuring errors on the basis of
the number of the clustered sonar echoes and spread in measurement space. It influenced the range
measurements the most because of signal echoes received at the sonar system along a multipath with a
similar the frequency domain but a relative spread in the time domain.

The measured values of range, bearing and elevation can be mapped into Cartesian location
values [37]. The clustering procedure integrated sets of multiple target detections at a distance of 12 m
from each other into a clustered detection. The multipath from a range-spread target to the proposed
system gave rise to false images looking like a cluster of reproductions below the water bottom or
above the water surface. For the aims of multi-target tracking research, every clustered observation
which size is larger than 15 m below water bottom can be excluded to eliminate the numerous images
of the sonar target. We used the additional target-clustering procedures in combination with the
filtering of detections to solve the problem of multiple target detections. However, multiple target
images were still produced for a point target or the spatially spread scattering points corresponding to
a range-spread target because of the multipath from the sonar system to the target.

The detection threshold can be deduced from the corresponding false alarm probability, which
relates to the clutter quantitative value. For a given false alarm probability p f a = 0.0001, the expected
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value of clutter measurements varied with the number of measuring resolution cells. There were
120 clutter detections per scan.

The target position measurements are shown in Figure 3. Figure 4 presents Doppler measurements
versus range for CW mode. The multiple target detections in a sea clutter environment were observed
by the sonar system over 100 scans for a single simulated experiment. There were two possibilities.
The first was that the target lay outside the proposed system’s field of view. The second was that the
received signal strength was lesser than the given detection threshold. Not all targets were clearly
observed during each sonar scan. Multiple target detections were not perceived for targets 1 and 2
during certain parts of the simulated experiment. The range-spread larger target 3 approached the dim
point target 4 during the 38th–44th sonar scan and approached two stationary point targets 5 and 6 to
offer a sonar sea multi-target tracking environment.

Figure 3. The target position measurements.

Figure 4. Doppler measurements versus range for continuous wave (CW) mode.

5.2. Performance Evaluation

The simulation parameters associated with the proposed schemes, comprising the initial target
existence probability, track confirmation threshold and track termination threshold were assumed to
obtain the greatest capability. These experiment parameters are shown in Table 3.

The results were obtained from 600 Monte Carlo simulations for both transmit modes. During
each simulation run, three trackers (the extended Kalman filtering technique, LMIPDA, LMIPDA-DDA)
were applied to the same measurement data employing three schemes: (1) Updating tracks via target
range measurements based on extended Kalman filtering as presented in [12], (2) updating tracks
via target range measurements based on the regular trackers LMIPDA, and (3) updating tracks via
both target range measurements and the supplementary target velocity measurements based on the
advanced trackers LMIPDA-DDA.
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Table 3. Tracker parameter settings.

Simulation Parameters Extended Kalman Filtering LMIPDA LMIPDA-DDA

Thresholds for track confirmation 0.95 0.95 0.95
Thresholds for track termination 0.005 0.005 0.005

Merge threshold 4 4 4
Initial probability of target existence 0.08 0.08 0.08

Detection probability 0.98 0.98 0.98
System process noise 0.1 0.1 0.1

Process noise for Doppler state 1 m/s 1 m/s 1 m/s
Target speed 800 m/s 800 m/s 800 m/s

The comparisons of NCTT across three methods are illustrated in Figure 5a,b. The average
computation time is presented in Table 4.

 
(a) (b) 

Figure 5. The performance of the number of confirmed true tracks (NCTT): (a) CW mode; (b)
pulse mode.

Table 4. The average computation times in CW and pulse transmission methods.

Method NCTT CPU Peak CPU

CW mode
LMIPDA 1.245 1.545 5.142

LMIPDA-DDA 0.0041 1.301 3.978
Extended Kalman filtering 4.643 8.183 9.112

Pulse mode
LMIPDA 1.345 1.312 4.265

LMIPDA-DDA 0.001 1.532 3.532
Extended Kalman filtering 3.053 6.423 9.023

As shown in Figure 5 and Table 4, the LMIPDA-DDA algorithm had an enhanced confirmation
response to multi-target observations. Meanwhile, the accuracy of NCTT provided by the LMIPDA-
DDA algorithm was obviously superior to the LMIPDA algorithm. The LMIPDA method played
an important part on single scan tracking but was not robust enough for abrupt changes in target
tracking, while the LMIPDA-DDA method played an important part on multiple scan tracking.
The extended Kalman filtering method as stated in [12] was slightly better than the proposed DDA
scheme. The nonlinear filtering technique was optimal in this case.

As shown in Table 4, a faster calculating speed can be obtained. With Doppler data association,
the average operation times of the LMIPDA-DDA algorithm were lower. Furthermore, the top operation
times of the LMIPDA-DDA algorithm were also lower than other methods due to data association.
Faster termination of false tracks can be observed. As can be expected, the nonlinear filtering technique
spent the most time to implement iterated operation. However, if the distribution of target velocity
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component is hard to distinguish from the distribution of false target velocity component, the tracking
capability of data association method would reduce to that of the traditional method. It is worth noting
that if the proposed system switched between CW and phase modulated pulse transmission modes,
the measurement errors of target range and Doppler would vary as presented in Table 2. The errors
would undoubtedly impact the multi-target tracking performance under consideration. To simplify
the discussion, the problem has been ignored in this paper.

The comparison of NCFT across methods is shown in Figure 6. As can be seen from Figure 6,
a remarkable reduction in NCFT was seen for both CW and pulse modes. The presence of confirmed
false tracks can severely limit confidence level and usage of trackers; better discrimination of false
tracks allows for reduction of track confirmation threshold, which leads to better response to target
measurements. When the transmitter was switched to pulse mode, target Doppler measurements
got larger errors as present in Table 2. As can be expected, a remarkable reduction in NCFT was still
obtained from Figure 6b. That is because the distribution of target Doppler measurements could be
discriminated from that of false Doppler measurements.

 
(a) (b) 

Figure 6. The performance of the number of confirmed false tracks (NCFT): (a) CW mode; (b) pulse mode.

The comparison of the ability of capturing the target across methods is presented in Figures 7
and 8. Performance difference for targets 1–3 is given in this section. The rest of targets show a similar
trend. The proposed DDA method had a better confirmation response to target measurements in
most cases.

 
(a) (b) 

Figure 7. Cont.
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(c) 

Figure 7. The capabilities of capturing targets 1–3 in CW mode; (a) target 1; (b) target 2; (c) target 3.

 
(a) (b) 

 

 

(c)  

Figure 8. The capabilities of capturing targets 1–3 in pulse mode; (a) target 1; (b) target 2; (c) target 3.

As can be seen from Figure 7c, during the first 10 scans, only the proposed DDA method
had captured the underlying target 3. We can explain the phenomenon by understanding that the
LMIPDA-DDA algorithm works on single scan measurements, while the extended Kalman filtering
technique stated in [12] works on multiple scan measurements. Hence, the former will be more
adaptable to abrupt changes in target measurements.

Furthermore, as shown in Figure 8, the proposed DDA method and the extended Kalman filtering
technique suffered from a longer true track confirmation delay compared with the CW mode case, as
presented in Figure 7, because target information flow rate from the target measurements was lower. It
is easy to see that, if the distribution of target Doppler measurements is indistinguishable from the
distribution of false Doppler measurements, the performance of the trackers with DDA method would
reduce to that of the trackers without DDA method.

The comparisons of target resolution capability across methods are given in Figure 9a,b.
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(a) (b) 

Figure 9. The comparisons of mean square error (MSE) performance across methods: (a) MSE in
X-axial; (b) MSE in Y-axial.

As can be seen from Figure 9a,b, the target resolution capability offered by the LMIPDA-DDA
algorithm was better than the LMIPDA algorithm at each scan. However, as can be expected, the
performance provided by the nonlinear filtering technique was slightly better than the proposed DDA
scheme. The simulation result demonstrated that, compared with the traditional tracking algorithm
without DDA, the resolution capability of the sensor system provided by the LMIPDA-DDA algorithm
was obviously improved. The key difference between the Doppler measurement association scheme
and traditional methods without DDA was that in the Doppler measurement association scheme, the
target velocity observed values were used for measurement association. The sonar sensor system
improved by Doppler data association scheme had little influence on its operations in terms of system
robustness and filter complexity but offered a significant decrease in the amount of false observations.
The computational complexity was also greatly reduced. Therefore, if we make a trade-off between
complication and performance gain, the proposed DDA scheme was superior to nonlinear filtering
technique in this case.

6. Conclusions

In this paper, a sonar sensor system provided by a Doppler measurement association method was
proposed for enhancing the performance of multi-target tracking in a noisy jamming environment. In the
Doppler measurement association scheme, the target velocity measurements are utilized for calculating
the observation likelihood, which are an important part for distinguishing true measurements from
phony targets or clutter measurements. The sonar system improved by the proposed scheme has a tiny
influence on system stability but offers a significant decrease in the amount of confirmed false targets.
Meanwhile, the target resolution capability of the system provided by the LMIPDA-DDA algorithm is
obviously improved, which can be realized without equipping a nonlinear filter bank. In the clutter
environment, the traditional method that uses location-only component obtain a substantial NCTT,
while the proposed method that combine target velocity components do not. The usefulness of the
enhanced DDA scheme has been verified in a sea clutter environment.
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Abstract: The traditional passive azimuth estimation algorithm using two hydrophones, such as
cross-correlation time-delay estimation and cross-spectral phase estimation, requires a high
signal-to-noise ratio (SNR) to ensure the clarity of the estimated target trajectory. This paper
proposes an algorithm to apply the frequency diversity technique to passive azimuth estimation.
The algorithm also uses two hydrophones but can obtain clear trajectories at a lower SNR. Firstly,
the initial phase of the signal at different frequencies is removed by calculating the cross-spectral
density matrix. Then, phase information between frequencies is used for beamforming. In this way,
the frequency dimension information is used to improve the signal processing gain. This paper
theoretically analyzes the resolution and processing gain of the algorithm. The simulation results show
that the proposed algorithm can estimate the target azimuth robustly under the conditions of a single
target (SNR = −16 dB) and multiple targets (SNR = −10 dB), while the cross-correlation algorithm
cannot. Finally, the algorithm is tested by the swell96 data and the South Sea experimental data. When
dealing with rich frequency signals, the performance of the algorithm using two hydrophones is even
better than that of the conventional broadband beamforming of the 64-element array. This further
validates the effectiveness and advantages of the algorithm.

Keywords: direction of arrival estimation; frequency diversity; passive sonar

1. Introduction

Azimuth estimation is an important research area in passive sonar applications. Since two
hydrophones are easy to deploy and throwing buoys is also easy in actual combat, azimuth estimation
algorithms, based on the cross-correlation time-delay estimation of two hydrophones are often applied
to buoys and autonomous underwater vehicles (AUVs) [1]. However, the cross-correlation algorithm
requires a high signal-to-noise ratio (SNR) and can only estimate one target. Using only two sensors to
estimate more targets and obtain more accurate estimation results has always been the focus of the
research on passive sonar applications.

In passive detection research, many array processing algorithms can improve the performance
of azimuth estimation, such as the split aperture method, which can obtain an extremely small size
and spacing of the array elements, while avoiding the formation of grating lobes [2], and can also
modify the beamforming process, according to the linear phase relationship between two subarrays,
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to obtain high-precision azimuth estimation results [3]. In addition, the co-prime array algorithm can
achieve a higher degree of freedom, with a limited number of elements, thus increasing the number
of estimable sources [4]. However, such algorithms need a special array structure first. For example,
the split aperture method requires two sub-arrays, with element spacing of (p − 1)λ/2 and pλ/2,
and co-prime arrays, needing two sub-arrays, have M and N sensors, where M and N are co-prime with
the appropriate inter-element spacing [5]. For two hydrophones, it is difficult to obtain such spatial
information. Therefore, in order to improve the azimuth estimation performance of two hydrophones,
only additional information from other dimensions or equivalent spatial information from other
dimensions can be added.

In the application of a multiple-input multiple-output (MIMO) radar, there is a frequency diversity
array (FDA) technique [6], the idea of which is to combine the spatial information and the frequency
information. In 2006, Antonik et al. first proposed the concept of FDA at the International Radar
Conference [7]. The algorithm introduces a frequency difference between each array element at the
transmitting terminal and combines the distance and the scanning angle to improve the anti-interference
ability [8]. In recent years, scholars from various countries have done a great deal of research on FDA,
such as improving the practicality of FDA [9], reducing the array cost [10], extending FDA to distance
dimensions [11], and applying FDA to the bistatic joint estimation of the distance and azimuth [12].
The application of the FDA algorithm in radars has matured. Researchers have made a comprehensive
analysis of the algorithm’s performance [10,11,13]. Whatever the improvement of the algorithm, it
is always the case that the phase difference changes, caused by the sound path and the frequency,
are used to relate the distance and the angle change.

In passive sonar applications, the target is often a broadband source. However, the conventional
towed array processing only divides the frequency band into many sub-bands. Then, the azimuth
estimation results are calculated and added together. Both the wideband processing method [14]
and the time domain beamforming algorithm [15] do not take advantage of the relationship between
the frequency, target azimuth and signal phase. Inspired by the FDA technique in radars, this paper
applies the idea of frequency diversity to the azimuth estimation of two hydrophones in a passive
sonar. The information dimension of the dual-element output signal is improved by the frequency
information, thereby realizing a high performance of the azimuth estimation. However, the passive
algorithm of the two hydrophones has an important difference from the commonly used algorithm
in the MIMO radar. That is, the received signal of the passive sonar is unpredictable, and the initial
phase of each frequency point is unknown. Therefore, the algorithm first removes the initial phase on
each frequency component of the signal by conjugate processing, which calculates the cross-spectral
density between the two elements. A frequency domain vector that can be used for beamforming is
constructed using a cross-spectrum, the phase of which changes with the target azimuth and the sensor
interval between the different frequency. The corresponding weighted vector is designed to obtain the
azimuth estimation result.

The remainder of this paper is organized as follows: In Section 2, we first briefly introduce
the cross-correlation method, cross-spectral method and FDA. Then the passive azimuth estimation
algorithm of two hydrophones, based on the FDA technique, is proposed, and the processing gain and
resolution of the algorithm are analyzed. In Section 3, the algorithm and the traditional algorithm
are compared by simulation experiments, and the effectiveness and advantages of the algorithm are
verified. Section 4, experimental data processing further proves that the proposed two-hydrophone
passive azimuth estimation algorithm using the FDA technique is better than the cross-correlation
method and can obtain a clear azimuth history diagram. In addition, the influence of the energy
spectrum distribution of the signal on the estimation result is analyzed. The final conclusion is given
in Section 5.
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2. Theoretical Derivation

This paper is based on the idea of FDA technology and proposes a passive azimuth estimation
algorithm applied to two hydrophones. First, in Section 2.1, we briefly review the passive azimuth
estimation algorithms commonly used in two hydrophones and the frequency diversity techniques
used in radar. The algorithm proposed in this paper is introduced in Section 2.2. The resolution and
processing gain of the algorithm are analyzed, and the algorithm is extended.

2.1. Conventional Algorithm

Section 2.1.1 briefly introduces two commonly used azimuth estimation algorithms on two
hydrophones: The cross-correlation method and cross-spectrum method. In Section 2.1.2, the FDA
algorithm in a MIMO radar is briefly introduced.

2.1.1. Cross-Correlation Method and Cross-Spectral Method

First, the cross-correlation method is introduced [16]: the two-hydrophone receiver model is
shown in Figure 1, where d is the array element spacing and θ is the signal incoming wave direction.

Figure 1. Received signal model using two hydrophones.

x1(t), x2(t) are the received signals of hydrophone 1 and hydrophone 2, respectively, and their
cross-correlation functions can be expressed as:

Rx1x2(τ) = E[x1(t)x2(t− τ)] (1)

where E[•] is a mathematical expectation. When the noise and the signals are independent of each
other, and the SNR is high enough, after calculating the delay τ0, corresponding to the correlation peak,
the direction of arrival (DOA) estimation can be acquired, according to Equation (2):

τ0 = d cosθ/c (2)

where c is the speed of sound in water. In addition to the cross-correlation delay estimation algorithm,
the commonly used algorithm also has a cross-spectral method [17]. Let the Fourier transform of x1(t)
be X1( f ), and the Fourier transform of x2(t) can be obtained as X1( f )ej2π fτ0 , according to the delay
characteristic of the Fourier transform. Then, the cross-spectrum of hydrophone 1 and the hydrophone
2 can be obtained as follows:

ZX( f ) = X1
∗( f )X2( f ) =

∣∣∣X1( f )
∣∣∣2ej2π fτ (3)

It can be found, from Equation (3) that the time delay τ0 is included in the phase information of
the cross-spectrum, namely:

2π f d cosθ/c = arctan
{

Im[Z( f )]
Re[Z( f )]

}
(4)

The DOA can be estimated according to Equation (4). However, such algorithms first have
requirements on SNR concerning the received array signals. Secondly, for wideband signals, when
using cross-correlation time delay estimation, the cross-correlation function graph shows many periodic
peaks [18], which further increases the difficulty of peak finding. Therefore, implementing DOA
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estimation based on two hydrophones at a low SNR is very important. We found that neither of these
algorithms effectively utilized the phase relationship between the frequencies. The FDA technique
in a MIMO radar will be described below, which effectively utilizes the phase relationship between
the frequencies.

2.1.2. FDA Technique

As shown in the Figure 2, the frequency of the waveform radiated from each sensor was
incremented by Δ f from element to element.

Figure 2. Schematic diagram of an FDA space structure.

By means of quadrature modulation or matched filtering, only the corresponding frequency signal
is received. It is easy to obtain the phase difference between the adjacent elements (mth and m+1th),
which can be written as:

Δϕ = 2π f0d sinθ/c− 2πRmΔ f /c + 2πΔ f d sinθ/c. (5)

where Rm is the distance from the sound source to the mth sensor. When the far field condition is met,
Rm can be recorded as:

Rm = R1 − d sinθ. (6)

According to the beamforming principle [19], it can be calculated that the phase shift of Equation (5)
cause the beam at some apparent angle θ′ [20]:

θ′ = arcsin
{

sinθ− R1Δ f
d f0

+
Δ f sinθ

f0

}
. (7)

Equation (7) associates the scan angle θ′, the target azimuth θ and the target distance. Therefore,
FDA can estimate the DOA and distance and can also suppress clutter interference.

It should be noted that the DOA estimation of the MIMO radar and two passive hydrophones
have two important differences: (1) When FDA is applied in the MIMO radar, it is used for multiple
array elements, and the frequency of the transmitted signal varies with the number of elements. In the
algorithm of this paper, only two array elements are used, and the received signal is sampled in
the frequency domain. (2) In the MIMO radar, the waveform of each transmitted signal is known.
Therefore, the initial phase of the received signal for each element at each frequency is controllable.
In the algorithm of this paper, since it is applied to a passive sonar, the initial phase of each frequency
is unknown. Therefore, the application of the idea of FDA to the DOA estimation of two passive
hydrophones has to be greatly changed.
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2.2. FDA Technique of Two Hydrophones

2.2.1. Theory

According to the model in Figure 1, the frequency domain expressions of the received signals of
the two hydrophones are:

S1( f ) =
∣∣∣X1( f )

∣∣∣ej[2π f r/c+φ( f )] + N1( f )
S2( f ) =

∣∣∣X1( f )
∣∣∣ej[2π f d cosθ/c+2π f r/c+φ( f )] + N2( f )

(8)

where N1( f ) and N2( f ) are the ambient noise received by hydrophone 1 and hydrophone 2, respectively.
φ( f ) is the random, frequency-dependent phase of the source. It can be observed, from the above
equation, that in the phase information of S2( f ), the first item contains the azimuth information of the
target, the second term relates to the propagation distance, and the third term is the initial phase of the
frequency. Since, in the application condition of the passive sonar, the target distance and the initial
phase of the sound source signal are unknown, we first calculate the cross-spectrum of the two sensor
signals to remove the phase in the second and third terms:

Z( f ) = S1
∗( f )S2( f ) = ZX( f ) + ZN( f ) (9)

where ZX( f ) is the cross-spectrum of the signal, and ZN( f ) is the component related to environmental
noise. ZX( f ) and ZN( f ) are denoted as:

ZX( f ) =
∣∣∣X1( f )

∣∣∣2ej2π f d cosθ/c

ZN( f ) = X1
∗( f )N2( f ) + N1

∗( f )X2( f ) + N1
∗( f )N2( f )

(10)

After obtaining the cross-spectrum Z( f ), Z( fm) is obtained by sampling Z( f ) in the frequency
domain. According to the idea of the frequency diversity technique, the frequency of the sampling
point is fm, and the frequency increment is Δ f . Vector [Z( f1), Z( f2), . . . , Z( fM)] can be generated as:

Z( fm) =
∣∣∣X1( fm)

∣∣∣2ej2π fmd cosθ/c + ZN( f ), fm = f1 + (m− 1)Δ f . (11)

It can be found, from Equation (11), that the phase difference of ZX( fm) between the adjacent
sampling points is j2πΔ f d cosθ/c. There is no phase relationship between the various frequencies of
ambient noise. Array manifolds are generated by the phase relationship in Equation (12):

A fm = e− j2πmΔ f d cosθ/c. (12)

The beamforming output can be obtained according to the principle of in-phase superposition:

Beam(θ) =
M∑

m=1

Z( fm)A fm (13)

2.2.2. Performance Analysis

According to the above analysis, it is easy to obtain the directivity function of the passive
two-hydrophone algorithm based on FDA technology:

R(θ) =

∣∣∣∣∣∣∣ sin
(
πMΔ f d sinθ

c

)
M sin

(
πΔ f d sinθ

c

) ∣∣∣∣∣∣∣. (14)
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The azimuth resolution, based on half the width of the main lobe, is defined as in Equation (14):

θr = arcsin(
c

NΔ f d
). (15)

In order not to obtain a grating lobe, the scanning angle θ needs to satisfy sin(θ) ≤ c
2Δ f d . In general,

the scanning angle is −90◦ to 90◦, so when frequency domain sampling is performed on the signal, the
frequency interval Δ f ≤ c

2d should be satisfied.
According to the beamforming of Equation (13), the output SNR is:

SNRout = 10 log

M∑
m=1

∣∣∣X1( fm)
∣∣∣2

M∑
m=1

A fm ZN( fm)
. (16)

It can be seen from Equation (16) that the less related the ambient noise between the frequencies,
the higher the output SNR.

2.2.3. Algorithm Extension: Three Hydrophones

From the above theoretical derivation, we can find that the passive two-hydrophone algorithm
based on FDA technology is similar to the single-frequency signal processing algorithm of a conventional
towed-line array. Similarly, the algorithm can be extended to higher dimensions, for instance, using a
wideband signal to obtain a performance similar to the single-frequency processing of a circular array.
The specific process is as follows:

Assume that the three hydrophones, a, b, and c, have a radius of R. The angle with the reference
abscissa are θa, θb and θc, respectively. The incident angle of the far-field sound source is θ0. According
to the spatial structure of the three hydrophones, as shown in Figure 3, the frequency domain model of
the received signals can be obtained as follows:

Sa( f ) = ej2π f (−R cos(θa−θ0)+r)/c+ϕ( f )

Sb( f ) = ej2π f (−R cos(θb−θ0)+r)/c+ϕ( f )

Sc( f ) = ej2π f (−R cos(θc−θ0)+r)/c+ϕ( f )
(17)

where r is the propagation distance. Similarly, we also calculate the cross-spectrum to remove the
initial phase:

Zab( f1) = Sa( f1) · Sb
∗( f1)

Zac( fm) = Sa( fm) · Sc
∗( fm), m = 1, 2, 3, . . . , M

(18)

where f 1 is the starting frequency, and fm is the frequency of the sampling point. Bring Equation (17)
into Equation (18) and expand the cosine term to obtain:

Zab( f1) = ej2π f1R((cos(θb)−cos(θa)) cos(θ0)+(sin(θb)−cos(θa)) sin(θ0))/c

Zac( fm) = ej2π fmR((cos(θc)−cos(θa)) cos(θ0)+(sin(θc)−cos(θa)) sin(θ0))/c (19)

Let A1 = cos(θb) − cos(θa) and B1 = sin(θb) − sin(θa), and then take the conjugate of two
cross-spectra and multiply:

Ym = Zab( f1) ·Zac
∗( fm) (20)

Let γ = arccos A3√
A32+B32

, A3 = f1A1 − fmA2, B3 = f1B1 − fmB2, and Equation (20) be

transformed into:
Yr = ej2πR

√
A32+B32 cos(γ−θ0))/c (21)
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In order to construct a circular array manifold, i.e., ej2πR cos(mθs−θ0))/c, where θs = 2π/M.
Let γ = mθs, Equation (21) can be obtained:

cos mθs =
A3√

A32 + B32
(22)

According to Equation (23), fm can be solved:

fm =
B1 cos(mθs) −A1

√
1− cos2(mθs)

B2 cos(mθs) −A2
√

1− cos2(mθs)
f1 (23)

Therefore, it is only necessary to know the coordinates of the three array elements, and it is easy
to obtain R, θa, θb, θc according to the geometric relationship. The target position can be estimated.
Beamforming is shown in Equation (24):

Beam(θ) =
M∑

m=1

Zab( f1)Zac
∗( fm)ej2πR

√
A32+B32 cos(mθs−θ0))/c (24)

In this way, we have implemented a wideband signal based on the azimuth estimates of the
three hydrophones. Because the algorithm is designed with reference to the circular array, there is no
problem with port and starboard ambiguity.

 

a

aθ
bθ

cθ

θ

c

b

x

y

Figure 3. Schematic diagram of the spatial structure of the three hydrophone.

3. Simulation

3.1. Comparison of the Cross-Correlation Algorithm and Frequency Diversity Algorithm

The cross-correlation method and cross-spectrum method have a similar performance under the
same signal-to-noise ratio. Moreover, the conventional cross-spectral method is based on the discrete
spectrum of the received signal to directly estimate the azimuth. In practical applications, the relative
frequency deviation of signals and the leakage of spectrum will lead to an azimuth estimation error.
Thus, here, we only compare the proposed algorithm with the cross-correlation method. Assuming that
the two hydrophones are 128m apart, the signal is Gaussian white noise, with 100–200 Hz bandpass
filtering. First, consider a single target with an incident angle of 40◦. The sampling frequency is
4 kHz, and the number of samples is 4096. According to the relevant algorithm processing time length,
set Δ f= 1 Hz in the frequency diversity algorithm. The sampling bandwidth MΔ f is set to 100 Hz
according to the signal bandwidth. When the in-band SNR of the received hydrophone signal is set to
0 dB, where the noise is Gaussian white noise, the simulation result is shown in Figure 4.
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(a) (b) 

Figure 4. DOA of two hydrophones, SNR = 0 dB: (a) the cross-correlation method and (b) frequency
diversity algorithm.

When the in-band SNR is set to −16 dB, the simulation results are shown in Figure 5:

 

(a) (b) 

Figure 5. DOA of two hydrophones, SNR = −16 dB: (a) The cross-correlation method and (b) frequency
diversity algorithm.

It can be seen, from Figures 4 and 5, that the DOA estimation performance of the frequency
diversity algorithm is superior to the cross-correlation method under different SNR. When the SNR
is reduced to −16 dB, the cross-correlation method can no longer estimate the azimuth of the target,
while using the frequency diversity algorithm, and a robust estimation of the target azimuth can still
be achieved. Change the number of sound sources to two, and the bearing angles are 30◦ and 50◦.
The in-band SNR is set to −10 dB. The simulation results are shown in Figure 6.

When the number of sound sources is changed to two, it can be seen from Figure 6, that when the
in-band SNR is reduced to −10 dB, the cross-correlation method can no longer estimate the azimuth
of the target. This is because the source signal has a wideband, and the two target signals are not
completely independent. Therefore, there are many periodic pseudo peaks in the cross-correlation.
Therefore, when the number of targets changes from 1 to 2, the SNR used to compare the performance of
the two algorithms is increased from −16 dB to −10 dB. When frequency diversity techniques are used,
the target azimuth can still be estimated robustly. The reason is that the frequency diversity technique
uses the phase relationship in the signal frequency dimension, so the processing gain is improved,
compared to the cross-correlation method, and the resolution is not affected by the correlation between
signals. Since the simulated two target signals are band-limited white Gauss noise, whose spectrum is
random, in the latter analysis, it can be found that the beamformed output amplitude obtained by the
proposed algorithm, is related to the energy distribution in the frequency domain, so the amplitudes of
the two sources are different.
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(a) (b) 

Figure 6. DOA of two hydrophones, SNR = −10 dB, two targets: (a) the cross-correlation method and
(b) frequency diversity algorithm.

3.2. Resolution of the Frequency Diversity Algorithm

According to Equation (15), increasing the signal processing bandwidth MΔ f and the sensor
interval d can improve the resolution of the algorithm. Figure 7 is a simulation verification of this
property. The sampling frequency is 4 kHz, the number of samples is 4096, Δ f = 1 Hz, and the starting
frequency f0 = 100 Hz.

 

(a) (b) 

Figure 7. Azimuth resolution of the proposed algorithm, with different d and MΔ f . (a) Sensor interval
d and (b) processing bandwidth MΔ f .

In Figure 7a, there is only one target at 50◦. When the processing bandwidth MΔ f is set to
400 Hz, as the sensor interval decreases, the width of the main lobe becomes wider, so the resolution
decreases. The two targets in Figure 7b have an incoming wave direction of 50◦ and 52◦. When d is
set to 128 m, as the processing bandwidth MΔ f increases, the main lobe width becomes narrower,
and the resolution increases. In addition, when MΔ f = 100 Hz, the algorithm cannot separate two
targets. When MΔ f = 300 Hz, the algorithm can separate the two targets, but the peaks do not appear
exactly at 50◦ and 52◦, but at 48◦ and 53◦. When MΔ f = 700 Hz, the two peaks appear at exactly 50◦
and 52◦, so the azimuth estimation is accurate. In summary, the larger the sensor interval, the wider
the processing bandwidth MΔ f , the higher the resolution of the algorithm, and the more accurate the
azimuth estimation.

3.3. Simulation of Frequency Diversity Based on Three Hydrophones

Assuming three hydrophones, the positions of which are not in a straight line, the coordinates are:
(0,0), (−325 m, 141 m), (−253 m, −213 m). The radius of the circle is determined to be 202 m, according
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to the position of the three points. The target signal is 50–1000 Hz band-limited white noise, and the
incident angle is 40◦. Using Equation (23) to calculate f m according to f 1, wherein the sampling point
M is set to 512, the azimuth estimate can be obtained according to Equation (24). The result is shown in
Figure 8.

 

(a) (b) 

Figure 8. DOA estimation results under different SNR: (a) SNR = 0 dB (b) SNR = −10 dB.

From Figure 8, it can be seen that, when three hydrophones are used, an azimuth estimation
result of −180◦ to 180◦ can be obtained, and there is no problem with port and starboard ambiguity.
When the position of the three hydrophones changes, the radius of the virtual circle changes. The
simulations compared the azimuth estimation results under the three apertures, with radii of 20 m, 202
m, and 2019 m, as can be seen in Figure 9:

Figure 9. The relationship between the azimuth resolution and the virtual radii of three hydrophones.

As can be seen, in Figure 9, the increase in the radius of the virtual circle is beneficial to the
resolution. The farther the distance is placed in the three hydrophones, the better the azimuth
estimation performance.

4. Experimental Data Verification

The algorithm is first verified with Swell 96 horizontal south array data [21], using the 14th
to 28th array elements. The SWellEx-96 Experiment was conducted between May 10 and 18, 1996,
approximately 12 km from the tip of Point Loma near San Diego, California. Acoustic sources, towed
from the R/V Sproul, transmitted various broadband and multi-tone signals at frequencies between 50
and 400 Hz.

In order to further compare the performance of the two hydrophone algorithms, conventional
array processing is used to obtain the azimuth estimation result as a reference, because the array gain
of the processing of multiple array elements leads to a clear trajectory. The processing frequency
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bandwidth is 20–1000 Hz. The azimuth history diagram is shown in Figure 10a. It can be seen, from
the figure, that within this time period (1–3500 s), there are mainly two targets, one with a large span in
the azimuth, and one mainly at around 40◦.

 

(a) (b) 

Figure 10. (a) Azimuth history diagram of Swell 96 data. (b) Signal spectrum of the 14th and
28th sensors.

The 14th array element and the 28th array element are selected as the two hydrophones, and the
distance between them is 106 m. Figure 10b is the signal spectrum of the 14th and 28th elements, and
the Fourier transform time is from 1000 s to 1001 s. The results of the cross-correlation method and
the frequency diversity algorithm are shown in Figure 11. The sampling frequency f s is 3277 Hz, the
number of samples is 3277, and Δ f= 1 Hz. The processing bandwidth MΔ f is set to 980 Hz, according
to the processing bandwidth of 20–1000 Hz.

 

(a) (b) 

Figure 11. Azimuth history diagram of the two hydrophones: (a) The cross–correlation method and
(b) frequency diversity algorithm.

From the comparison in Figure 11, it can be found that, using the same processing time, the same
hydrophone, the target trajectory, estimated by the frequency diversity algorithm, is obviously clearer
than that obtained by the cross-correlation algorithm. The algorithm is further verified by the South
Sea data. Similarly, the conventional array processing is performed first, and a relatively accurate
orientation estimation result is obtained. Then, we compare the cross-correlation method based on
the passive two-hydrophone and the frequency diversity algorithm. In the array processing, 64 array
elements are selected, with an interval of 4 m, and the processing method uses CBF. The processing
frequency band is 20–400 Hz, and the sampling frequency is 2048 Hz. The azimuth estimation results
are in Figure 12.
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Figure 12. Azimuth history diagram of the 64-element array.

The data are processed using two hydrophones, as shown in Figure 13, and the number of samples
is 2048, Δ f= 1 Hz, and MΔ f is set to 380 Hz.

 

(a) (b) 

Figure 13. Azimuth history diagram of the two hydrophones: (a) the cross-correlation method and
(b) frequency diversity algorithm.

In Figure 13a, only a little blurred outline can be seen, and the trajectory of the target can
hardly be observed. In Figure 13b, the trajectories of target 1, target 2, and target 3 can be clearly
observed. The trajectory of target 4 is not clear. It can be explained that the performance of the
two-hydrophone algorithm based on frequency diversity technology is significantly higher than that
of the cross-correlation algorithm. Moreover, we found, in the experiment, that the frequency diversity
algorithm has a higher processing gain, which is easily seen before taking the beam energy by 10 lg.
Before taking 10 lg, the beam energy is shown in Figure 14.
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(a) 

 

(b) (c) 

Figure 14. Azimuth history diagram of the two hydrophones: (a) The conventional 64-element
processing; (b) two hydrophones, cross-correlation algorithm; and (c) two hydrophones, frequency
diversity algorithm.

Comparing Figure 14b with Figure 14c, it is found that the frequency diversity algorithm is
better than the cross-correlation algorithm, regardless of whether the log is taken or not. Furthermore,
comparing Figure 14c with Figure 14a, it can be found the energy of target 2 and target 3 is significantly
improved when the frequency diversity algorithm is used. To further reflect this feature, we take the
azimuth estimation result at 4500 s as an example. At this time, target 2 and target 3 are located at 3◦
and −17◦, respectively, and it is apparent, from the comparison of Figure 15, that the energy of target 2
and target 3 is enhanced.

Figure 15. DOA results at 4500s: (top): 64-element array processing, and (bottom): the two-hydrophone
frequency diversity algorithm.
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The reason for this phenomenon is that the frequency diversity algorithm of the two hydrophones
mainly uses the frequency domain information of the signal. Therefore, rich frequency domain
information and uniform frequency domain energy distribution are beneficial for the energy of the
beamforming output. The spectrums of Target 1 and Target 4 are shown in Figure 16a, and the spectra
of target 2 and target 3 are shown in Figure 16b. From the comparison of Figure 16a,b, the spectrums
of target 2 and target 3 are significantly richer than that of target 1 and target 4, and the energy
distributions are more uniform. Therefore, in the estimation results of the two hydrophones, the energy
of targets 2 and 3 is strengthened. Among them, the spectrum energy distribution of target 4 is the
most concentrated so, in the two-hydrophone azimuth estimation, target 4 can hardly be observed.

 

(a) (b) 

Figure 16. Frequency spectrum of the four targets. (a) The upper picture is target 1, and the lower
picture is target 4; and (b) the upper picture is target 2, and the lower picture is target 3.

5. Conclusions

This paper proposes a frequency diversity algorithm to achieve passive azimuth estimation using
two hydrophones. Compared with the traditional cross-correlation method, the algorithm has a high
processing gain and can obtain a clear target trajectory. When the energy of the target signal is evenly
distributed in the frequency domain, the processing gain of the algorithm using two hydrophones
may even exceed the CBF processing gain of multiple array elements. In addition, in the theoretical
derivation, the relationship between the resolution, the sensor interval and the processing bandwidth
is analyzed. In the simulation and experiment, the feasibility of the algorithm and the advantages,
compared with the cross-correlation method, are verified.

The algorithm proposed in this paper can obtain a clear target trajectory using the wideband
signals received by only two hydrophones. This is significant for the application of target estimation in
the field of buoy and AUV collaborative operations. The idea of using frequency domain information
to virtualize array element domain information has important academic value for passive sonar
azimuth estimation.
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Abstract: Target tracking and interception in a dynamic world proves to be a fundamental challenge
faced by both animals and artificial systems. To track moving objects under natural conditions, agents
must employ strategies to mitigate interference and conditions of uncertainty. Animal studies of prey
tracking and capture reveal biological solutions, which can inspire new technologies, particularly
for operations in complex and noisy environments. By reviewing research on target tracking and
interception by echolocating bats, we aim to highlight biological solutions that could inform new
approaches to artificial sonar tracking and navigation systems. Most bat species use wideband
echolocation signals to navigate dense forests and hunt for evasive insects in the dark. Importantly,
bats exhibit rapid adaptations in flight trajectory, sonar beam aim, and echolocation signal design,
which appear to be key to the success of these animals in a variety of tasks. The rich suite of adaptive
behaviors of echolocating bats could be leveraged in new sonar tracking technologies by implementing
dynamic sensorimotor feedback control of wideband sonar signal design, head, and ear movements.

Keywords: biosonar; predictive tracking; tracking algorithms

1. Introduction

Tracking moving targets in noisy and complex environments is a challenge that must be solved by
biological organisms and artificial systems alike. Autonomous machines, such as self-driving cars or
motorized wheelchairs, make use of iterative algorithms to navigate and map new environments [1].
Sonar offers valuable advantages for environmental mapping and target tracking, particularly in dark
environments, and biological solutions can inspire innovation in this technology arena [2].

Diverse animal groups have evolved strategies for tracking moving targets by generating estimates
of target motion. Much of the biological research that informs current understanding of target tracking
in animals focuses on visually dominant species. Some organisms use a constant target-bearing strategy,
such as linear optical trajectory (LOT) strategy, to maintain a fixed relationship between heading angle
and a selected target, to eventually intercept a prey item [3,4], while other organisms use predictive
internal models to anticipate the motion of erratically moving prey [5,6]. Biological models have served
to inspire optimization and tracking algorithms, including cuckoo birds [7], ants [8], and fireflies [9].
Auditory-specialists, like the echolocating bat, provide a powerful biological model for target tracking
by sonar. Bats are the only mammals capable of powered flight [10] and can dynamically modify
both path planning and echolocation signal design as they track and approach target [11,12]. They
also display differences in flight and echolocation behaviors in open and cluttered environments [13].
The rich suite of adaptive behaviors exhibited by echolocating bats operating in different environments
can serve to inspire technological advances in sonar tracking and localization algorithms.
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Here, we review the bat’s dynamic sonar and flight behaviors as they perform natural tasks, with
a focus on tracking and pursuit strategies across ecological niches. Our goal is to highlight the dazzling
display of bat adaptive behaviors, which engineers could implement in new technological applications
and innovations.

2. Echolocation in Bats

Over 1000 species of bats echolocate [14]. The majority of echolocating bats produce signals with
the larynx, emitting ultrasonic calls through the mouth or nose. There are some exceptions, such as
Rousettus aegyptiacus, which emits ultrasonic clicks with the tongue. The discrete sonar signals emitted
by echolocating bats reflect from objects in the path of the sound beam and return to the bat in the form
of echoes. Laryngeal echolocating bats can emit pulses as short as 0.5 milliseconds, with frequencies
that typically range from 25 to 150 kHz, though some bats produce sonar calls at frequencies outside
that range [15–17]. Bats use the features of returning echoes to generate 3D representations of their
surroundings [18–20].

The anatomical structure of the bat’s outer ears functions as two receivers with a specialized skin
flap, known as the tragus (see Figure 1). The tragus introduces elevation-dependent spectral changes
in echoes, which bats can use for vertical localization [21,22]. Inter-aural differences are used by the
bat to estimate the horizontal location of objects with accuracy of ~1.5 deg [23]. Bats can enhance
cues for sound localization by moving their head and pinna independently, to amplify interaural
differences used to localize sonar targets [24,25]. Finally, bats rely on the time delay between each
sonar call and echo return to gauge the distance to a target, showing distance-difference discrimination
thresholds of approximately 1 to 3 cm [18,26], depending on the species. Importantly, bats dynamically
modify the spectro-temporal features of sonar calls with respect to task (e.g., search, approach,
and interception phases of foraging) and the environment (e.g., dense vegetation or open space) [27].
These adaptations rely on a robust audio-motor feedback system that supports advanced navigation
and tracking behaviors.

Figure 1. Eptesicus fuscus bat. Left panel: Bats are trained to perch on a platform and produce
echolocation calls to track and intercept approaching targets (mealworms). This experimental setup
allows us to study bat sonar tracking behavior while maintaining careful control of the target motion.
Right panel: Closeup of the head of the bat, showing details of the external ear anatomy. A green
dashed line delineates the left pinna, which acts as a receiver and can be independently moved to
control inter-aural differences, necessary for azimuthal localization of targets [24]. The red dashed line
delineates the enlarged tragus, which contributes to target elevation estimation. Photos courtesy of
Dr. Brock Fenton.
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Different species of bats have evolved specialized sonar signal designs. Call types can broadly
be broken into two different categories: frequency modulated (FM) signals and constant frequency
(CF) signals. FM signals sweep across a broad range of frequencies and are well suited for target
localization, whereas CF signals are narrowband tones that are typically longer in duration than FM
signals, and they tend to be used by bats that hunt for fluttering targets in dense vegetation [17,28,29].
CF sonar signals are often combined with FM components (CF-FM), whose bandwidth increases when
animals must estimate target distance [18]. Sonar call structures depend on the environment and
preferred prey of a bat. FM sweeps alone are employed by most echolocating bats and can vary in
bandwidth, according to the task at hand. FM bats that forage in open fields tend to emit narrowband
FM search calls with low duty-cycle, to detect prey, and shift to broadband FM signals to intercept
and capture evasive insects. Bats that forage in or near clutter emit short, very broadband FM calls, to
reduce masking effects by the echoes returning from nearby foliage [30]. CF–FM bats rely on Doppler
Shift Compensation (DSC), compensating for the Doppler shift introduced by their own movement by
lowering the frequency of emitted calls to stabilize the frequency of returning echoes to a band that
they hear best (i.e., detection and frequency discrimination thresholds are lowest) [31–33].

While the call structures described above can aid in tracking targets in cluttered conditions, bats
still must contend with masking effects when target echoes are obscured by other sounds. Forward
masking occurs when the interfering signals precede the target signal, backward masking occurs when
the interfering signals follow the target signal, and simultaneous masking occurs when interfering
signals return at the same time as the target signal [17]. To reduce interference from signals in their
environment, bats may adjust the duration of their sonar emissions, to reduce overlap of target echoes
with their own echolocation broadcasts and clutter echoes [34]. Some species of bats avoid dense clutter
conditions altogether [35]. In laryngeal FM echolocators, echoes that return from objects off-axis from
the sonar beam axis are weaker and low-pass filtered, allowing the bat to separate clutter echoes from
on-axis target echoes [36]. In conditions with multiple objects that return a cascade of echoes for each
sonar emission, bats may change flight velocity and path planning, to reduce clutter interference [13,37].

Echolocating bats show additional adaptive sonar behaviors to track objects and avoid obstacles.
For example, bats adjust the directional aim of sonar signals to detect and localize objects in the
environment [38–40]. Some bats alternate between emitting sounds in groups at short inter-pulse
intervals (20–40 ms) and longer inter-pulse intervals (>50 ms) in cluttered environments [37,41–43].
They may also make frequency adjustments in successive echolocation calls, possibly to facilitate
pulse-echo assignment when multiple echoes return at different delays from clutter objects extended
along the range axis [44].

Along with acoustic interference in reverberant, cluttered habitats, bats must also operate in a
cocktail-party-like environment, where they must parse echoes from their own calls and the sonar
signals from other bats, to select and track sonar targets, while also listening in on social calls produced
by nearby conspecifics [11,45,46]. In acoustically complex environments, bats employ a vast array of
behavioral strategies to maximize target information and minimize interference [47]. In the presence
of conspecifics, bats may adjust frequencies of signals or cease calling entirely, to reduce sonar
jamming [46], or some species, such as Tadarida brasiliensis, produce sinusoidal FM calls to jam the
echolocation of competing bats for food [48]. Bats have also been shown to eavesdrop on the sounds
produced by bats foraging nearby [49]. The ability to quickly modify behavior to counter masking and
potential jamming signals is a key adaptation bats exhibit, to minimize signal interference.

Bats are auditory specialists that have evolved a high-resolution active sensing system to represent
objects in their surroundings, for the purpose of target tracking and obstacle avoidance. The adaptations
of bats from their engagement in natural tasks have inspired sonar technology, but the full suite of
strategies used by bats remains to be exploited in the advance of artificial sonar systems.
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3. Target Tracking by Echolocating Bats

Many predatory bats track moving insect prey while navigating through cluttered environments.
This creates an added cognitive challenge: Not only must the bats use intermittent echo returns
from stationary objects, such as foliage and buildings, to steer around obstacles, but they must also
process echoes from moving prey items to track target trajectories and plan successful interception.
As described above, bats use the time delay between each call and echo to estimate target range [18].
However, when tracking prey, the bat’s estimate of a moving target’s position is obsolete by the time
the bat receives information carried by the most recent echo. Delays accumulate from the time it takes
for (1) a sonar broadcast to travel to the object, (2) the echo to return to the bat’s ears, (3) the brain to
process information from the returning echo, and (4) the generation of an appropriate motor response.
These delays collectively can add up to as much as 100 ms following each sonar transmission [27].
To accommodate these delays, bats have evolved sophisticated tracking strategies, adapted both to
movement patterns of prey and features of the environment.

3.1. Sonar Tracking Behaviors

Sonar tracking strategies in FM-calling aerial hawking insectivores like Eptesicus fuscus reveal the
fast-dynamic modifications in sonar behavior as the bat approaches a target. In open environments,
bats emit long (8–25 ms), low frequency (<30 kHz), narrowband search signals. The shallow FM search
signals are produced at a low repetition rate, as infrequently as every-other wingbeat (interpulse
intervals ~200 ms). Approach calls are usually broadband signals (duration 2–6 ms), sweeping over
30–120 kHz. As FM bats approach a target, they lock their sonar beam on the prey item and reduce their
signal duration and pulse intervals, until they prepare to intercept their target by emitting 0.5–1 ms
signals at a high repetition rate (150–200 Hz) [17,50,51]. A similar trend seen in CF–FM bats, with
the duration of the CF component and the bandwidth of the FM component of calls modified as the
animal approaches a target [52,53]. Environmental conditions, clutter, and prey identity all contribute
to further specializations of this insect-pursuit sequence (Figure 2).

3.2. Tracking Evasive Prey

When targets move in linear trajectories, many different organisms, including falcons [54], dogs [3],
and fish [55], track moving targets by approaching along a straight trajectory, while keeping constant
the angle between the animal’s heading and the selected target, as the distance between the two
decreases. This strategy is known as a constant bearing (CB) strategy, which is effective for intercepting
a target moving along a straight and predictable path. However, the pursuer of an erratically moving
target would never converge to the optimum bearing by using the CB strategy.

Many insectivorous bats must contend with prey that can actively maneuver to avoid capture
and even jam echolocation. The predator–prey dynamics between bats and insects have revealed an
evolutionary arms race that produces extremely specialized behaviors through selective pressures.
Many different insects have evolved hearing sensitivities in the ultrasound frequency ranges of the
echolocation signals used by predatory bats [56–59]. Some insects have also evolved various evasive
flight maneuvers in response to bat signals, from highly stereotyped linear movement away from the
bat, demonstrated by Coleopterans (beetles) [56,60,61], to erratic flight trajectories in Lepidopterans
(butterflies and moths). Praying mantids have a cyclopean ear to detect bat ultrasound and drop
to the ground in response to sonar signals [56]; lacewing moths also cease flying and suddenly
plummet downward when they detect the hunting echolocation calls of their main predator, Pipistrellus
pipistrellus, [57]. This plummeting strategy significantly decreases capture success by the bats [62–64].
Additionally, some insects, such as the tiger moth Bertholdia trigona, have developed ultrasonic clicks,
which disrupt the bat’s ability to successfully track prey by using echolocation [65]. When bats hear
tiger moth ultrasonic clicks, they reverse their insect-capture-sequence pattern by elongating call
durations and pulse intervals, likely to contend with multiple sound streams [66]. Bats must not only
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employ their own tracking strategies for capturing moving targets in midair, but also contend with
counter strategies that insects have developed specifically to evade capture.

Figure 2. Classic insect-pursuit sequence of an FM bat. The top panel shows a depiction of a bat
pursuing an insect. The grayscale fans illustrate the directional aim of the bat’s sonar beam, with
the darkest regions illustrating the beam axis containing greatest sound energy. In the search phase,
bats orient their beam aim to scan the environment in different directions and emit narrowband,
long-duration sonar calls. The approach phase commences when echo information about a target
returns to the bat; it is characterized by an increase in FM bandwidth, the bat locking its sonar beam
aim onto the selected target, and the bat increasing its rate of sonar calls. Finally, when the bat moves to
capture the insect, it emits a quick succession of calls, further decreasing the inter-pulse interval, until it
intercepts the target. The center panel depicts spectrograms (time frequency representations) of natural
echolocation calls from a target tracking sequence of a big brown bat, Eptesicus fuscus, in the lab, and
shows the approach and capture phases of insect pursuit (low signal-to-noise ratio may have affected
the quality of the spectrograms of some signals). The lower panel shows the waveform of the above
sequence. Increases in signal amplitude with decreasing target distance are an artifact of the recording
conditions. These panels illustrate the change in sonar-call repetition rate in a bat approaching and
intercepting a target.

The challenges echolocating bats face in capturing erratically flying insect prey means that a
CB strategy would not incorporate the flexibility needed for successful capture. By extension, it has
been proposed that bats maintain an optimal bearing by minimizing changes in the absolute direction
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relative to the target, termed a constant absolute target direction (CATD) strategy [67]. The CATD
model posits that an animal generates and updates internal estimations of the distance and direction
of the target relative to itself (in the bat through echolocation), to compute a time-optimal strategy
for intercepting erratically moving targets (Figure 3). The CATD strategy, analogous to parallel
navigation [68], has been demonstrated in predatory robber flies [69] and interpreted as a strategy for
motion camouflage in dragonflies [70]. It has also been implemented in models with a sensorimotor
feedback system that relies on delays, which may have application for unmanned vehicle control [71].

Figure 3. Modified from Ghose et al. 2006 [67]. (a) Constant bearing strategy (CB). Target (insect) moves
in a straight line, at a constant velocity (blue line), and is pursued by bat that holds a fixed target bearing
(green line), aiming where it will intercept the target (interception point Z). An alternative nonlinear
path (pink) can be adopted by the bat when pursuing a target with constant linear velocity, resulting in
a shorter intercept time at point Y (see Ghose et al. 2006 for further description). (b) Constant Absolute
Target Direction strategy (CATD). Target (insect) moves erratically, by changing both direction and
speed along path (blue). True erratic target motion cannot have a global time-minimum intercept, but
can be approximated by infinite constant velocity segments. The bat’s path (green) can follow a locally
time-optimal path by adjusting its flight trajectory to minimize changes in the absolute direction of the
target. This strategy relies on the target position update acquired from returning echoes.

Although the CATD strategy suggests that bats build an internal model of target motion,
the echolocating bat’s implementation of predictive strategies for target tracking has been a controversial
topic. Masters and colleagues previously reported that the big brown bat Eptesicus fuscus uses a
non-predictive strategy when tracking a moving target, orienting head aim to the location of the last
returning echo, rather than the target’s actual location [72]. Further studies in bats, however, indicate
that a non-predictive model cannot account for the success of bats tracking occluded or evasive targets.
Behavioral studies of the fishing bat Noctilio leporinus demonstrated that this species could use the
movement of an artificial fish before it disappeared under water from the acoustic view of the bat,
to accurately plan target interception [73]. Computational modeling of the trajectories of foraging bats
have shown that anticipatory motor planning reflects realistic capture performance [74], and that bats
attend to the future location of prey items in a sequence, to guide flight-path selection and improve
capture rates [75]. Recently, we conclusively demonstrated that E. fuscus relies on predictive models of
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target trajectories when tracking moving targets [76]. Specifically, we have empirical evidence to refute
the Masters et al. [72] claim of non-predictive tracking, and show that bats rely on a predictive model
to track moving objects and even continue to track targets when echoes are blocked by an occluder
during a portion of the target’s trajectory. This suggests a strategy bats may employ to contend with
insect prey that disappear momentarily behind clutter in the environment. Furthermore, we found
that when internal models of target motion were violated by unpredictable changes in velocity, bats
quickly modified echolocation behavior, to probe the environment for additional information, in order
to update internal models and resume tracking the target. Our behavioral data align with a model in
which bats estimate target velocity based on the echo arrival time differences between past sampled
locations and further advance head aim by a fixed angle. Bats are able to track evasive or occluded
targets by building predictive models of target trajectory and use this information to successfully
intercept erratic prey. Future studies will investigate constraints on sonar tracking models that bats
use to navigate in complex environments.

4. Adaptive Bat Echolocation Behaviors Inspire Artificial Sonar Tracking Systems

The echolocation and flight behavior of bats have been a source of inspiration for many
technological advances, however, many key features of bat sonar tracking have yet to be realized in
artificial systems. As described above, bats rapidly modify the spectro-temporal features of echolocation
calls, and these adaptive sonar behaviors are fundamental to their performance in navigating complex
environments while tracking and intercepting targets. Full implementation of these adaptive sonar
behaviors, coupled with the use of wideband sonar signals, offers great potential for future technology
applications. In this section, we present some examples in which bats have inspired technology thus far.

In 2010, a standard bat algorithm (BA) was proposed as a metaheuristic algorithm that uses similar
processes of echolocating bats for global optimization [77]. The standard BA uses idealized behaviors
of echolocating bats, which draws from a limited subset of parameters. These idealized behaviors or
rules are as follows:

1. Bats use echolocation to sense distance and can identify and categorize targets relative to
background barriers.

2. Bats fly randomly, varying the frequency and intensity of narrowband echolocation signals to
detect prey, and can adjust the parameters of their sonar sounds relative to their distance to
the target.

3. Call intensity varies, from a large positive value to a minimum constant value.

This algorithm iteratively updates the position and velocity of a virtual bat, using these three
idealized rules. This updating allows for a more dynamic and efficient method for optimizing
the processing of sensory information, allowing the BA to solve constrained and unconstrained
optimization problems better than similar biologically inspired algorithms [78,79]. However, these
idealized rules greatly simplify the components of adaptive echolocation, e.g., assuming that bats use a
single sonar frequency, which changes with distance. The algorithm does not consider the bat’s use of
wideband FM signals or task-dependent behavioral measures at a given distance, such as preparing to
intercept a target vs. flying by that target. The standard BA has been further developed to incorporate
a directional bat algorithm (dBA), which improves performance in different types of environments
and conditions, including premature convergence due to low exploration [80]. More recent advances
in a binary bat algorithm (bBA) address traffic network determination problems [81] and parameter
initialization to improve convergence velocity and accuracy [82]. Further integration of a more complete
repertoire of adaptive behaviors of bats would continue to improve this optimization algorithm.

Robotic navigation has employed the Simultaneous Localization and Mapping (SLAM), which
constructs and updates a spatial map of a novel, fixed environment, from both allocentric and egocentric
perspectives, thus allowing an agent to navigate without a priori knowledge of the surroundings.
In the last decade, there have been significant strides in creating reliable SLAM algorithms, however,
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there are still limitations to these approaches. Sensor uncertainty, the processing demands of complex
computations, and challenges of dynamic environments contribute to the current limitations of SLAM
algorithms [83]. One approach to this problem is RatSLAM, which uses the computational models of
the hippocampus in rodents to inform navigation in novel environments with ambiguous landmark
information [84]. This biologically inspired approach to SLAM has yielded promising results, with
increased place-recognition performance and recovery from path integration errors. Expanding on
this biological model, Steckel and Peremans have proposed the use of the echolocating bat for a
sonar-based model of SLAM [2], which can operate under conditions where optical information
is reduced or unavailable. Previous SLAM systems with sonar capabilities required impractically
large numbers of sonar measurement to converge on a functional map [2], but BatSLAM offers a
new way to use sonar information more efficiently, to allow autonomous sonar-guided robots to
navigate an environment. Like Yang’s Bat Algorithm, BatSLAM draws inspiration from the bat’s
biosonar, to localize the positions of obstacles to generate an experience map and modify motor
commands for path integration. Additionally, they use the physical structure of the bat’s external ears
to allow binaural sound localization, though they do not incorporate adaptive sonar signal design,
head movements, or the ability of the bat to dynamically move each pinna independently, to amplify
interaural differences (Figure 1). Combining directionality of sonar emissions and binaural echo
reception of bats, Steckel and Peremans developed the Echolocation Related Transfer Function (ERTF)
for spectro-spatial filtering, realizing a biomimetic sonar system that localizes multiple acoustic objects
with wideband sonar [2]. It creates consistent maps of large environments that can converge over time,
to relatively accurate metric maps, to support navigation. More recently, there have been advances
to BatSLAM, which include odometric information and an acoustic flow model, which allows for a
novel 3D sonar sensor [85], as well new optimization of 2D-experience mapping through the addition
of an audio-aware perceptual hash with a closed-loop detection algorithm, using fixed CF and FM
sonar signals [86]. These new enhancements to BatSLAM enable richer representations of complex
environments, however, dynamic bat sonar adjustments offer many additional features that could be
incorporated in future versions, for operation in more complex and dynamic environments.

Tracking algorithms have a myriad of uses, from surveillance [87] to biomedical applications [88].
While the accuracy of tracking algorithms has improved significantly in the last decade, they often fail
to contend with background noise and clutter, which interferes with localization of a selected target.
Kalman filters operate with iterative processes that aid in estimating the position and motion of a
target and have been a standard for addressing the challenge of noisy target data. The addition of
Kalman filters to tracking algorithms dramatically improves tracking fidelity and reduces interference
by local maxima [89], particularly in linear systems. In nonlinear systems, extended Kalman filters
also perform an iterative process with increased success [90], but concerns have been raised about
inconsistent mapping and a penchant for underestimating covariance [91], particularly in handling
sonar and vision data for the bearing of a target [92,93]. Improvements to complex tracking-condition
algorithms have proven promising, such as application of multiple Kalman filters, which allows precise
tracking of dynamically moving targets [94]. However, target tracking by artificial systems remains a
challenge, and target interception success is still low.

Finally, biologically inspired approaches to sonar tracking algorithms have hailed some success,
with iterative predictive algorithms approaching performance levels comparable to biological
systems [95]. Both for biological and artificial systems, real-world tracking requires sensory input,
which is then processed to output accurate pursuit of moving targets (Figure 4). Some models
have implemented rudimentary behavioral features of bat flight trajectories and putative predictive
tracking [74]. Behavioral research on bat sonar target tracking has provided valuable insights into
the strategies these animals employ to perform complex tasks, including differential adaptation of
their echolocation behavior with respect to moving targets and stationary obstacles [96], as well as
Doppler shift compensation and discrimination [31], all while contending with different environmental
constraints and conditions [27,30]. Empirical studies of adaptive and predictive sonar tracking
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behaviors of bats [76], in conjunction with neurophysiological experiments, will provide insights to the
computations employed by echolocating animals to carry out tasks under real-world conditions, and
in turn provide further inspiration for new algorithms and neural networks that will improve artificial
tracking systems.

Figure 4. Bats as a biological model to inspire tracking algorithms. Tracking moving targets requires
sensory information that can be in the form of echoes (left/center panels) or visual stimuli (right panel).
This information must then be processed by computations that allow for the prediction of future states
(shown in gray). Man-made systems like Autonomous Underwater Vehicles (AUV) use sonar to track
different moving targets, such as marine life and wildlife (left panel). Bats acquire discrete sensory
information in the form of echo returns from adaptive sonar emissions; echo snapshots are integrated,
to enable the prediction of the future position of a moving insect (center panel). These predictive
tracking algorithms can be implemented in technologies that use sonar or other sensory modalities,
such as drone videography of a bicycle race (right panel).

5. Conclusions

Our review aims to highlight the richness of adaptive sonar behavior and performance exhibited
by diverse bat species, which collectively can inspire exciting advances in sonar tracking technology.
Bats rely on a highly developed audio-vocal feedback system that supports computation of the distance
and direction of objects in their surroundings. Most bats make use of wideband sonar signals and
dynamically modify the spectro-temporal features of echolocation sounds in response to sensory
information about the location of targets and obstacles. Bats navigate highly complex environments,
identify targets relative to surrounding clutter, and are able to anticipate target motion, in order to
intercept and capture moving targets in flight. Bat echolocation has inspired sonar technology advances
for decades, however, artificial systems have yet to incorporate the full richness of adaptive sonar
behaviors for target tracking and interception.
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