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Article

Performance Evaluation of an Axial Flux Machine with a
Hybrid Excitation Design

Pawel Prajzendanc * and Piotr Paplicki

Faculty of Electrical Engineering, West Pomeranian University of Technology, 70-313 Szczecin, Poland;
piotr.paplicki@zut.edu.pl
* Correspondence: pawel.prajzendanc@zut.edu.pl

Abstract: Variable speed, permanent magnet synchronous machines with hybrid excitation have
attracted much attention due to their flux-control potential. In this paper, a design of permanent
magnet axial flux machines with iron poles in the rotor and an additional electrically controlled
source of excitation fixed on the stator is presented. This paper shows results pertaining to air-gap
flux control, electromagnetic losses, electromagnetic torque, back emf and efficiency maps obtained
through field-strengthening and weakening operations and investigated by 3D finite element analysis.
Moreover, the temperature distribution of the machine was analyzed according to the fluid–thermal
coupling method. The presented machine was prototyped and experimentally tested to validate the
effectiveness of numerical models and achieved results.

Keywords: permanent magnet machines; axial flux machine; hybrid excitation; variable speed
machines

1. Introduction

Nowadays, electrical machines with high efficiency and good reliability are required.
Although permanent magnet machines are suitable and have excellent efficiency, they
have some flux-control limitations, especially in the field-weakening region at high rotor
speed [1]. Permanent magnet (PM) machines with flux-weakening features are desirable in
drives with a wide range of rotational speeds (e.g., in electrical vehicles or in wind turbine
generators operated under different weather conditions).

Alternative design solutions for permanent magnet machines with hybrid excitation
(HE) have been proposed, in which there is an additional source of field excitation, usually
in the form of an additional coil electrically controlled by DC current and fixed on the
machine stator [2,3]. The air-gap magnetic flux density is created by PMs and an additional
magnetic field excited by the DC coil. In contrast to a parallel HE system, a serial one has an
additional magnetic flux that directly affects the PM and changes the operating point of the
magnet. Hence, the parallel system is more suitable for magnets from a demagnetization
point of view.

Significant progress in hybrid excitation machines can also be observed in reluctance or
synRM machines [4–7] and permanent magnet synchronous machines [8–12]. An additional
excitation coil can be fixed on the stator [13,14] or in the rotor [15,16], which depends on
the concept. In the literature, axial flux machines with hybrid excitation concepts [15–23]
can be found where an additional coil is most often fixed on the stator.

In this paper, a concept of axial flux machines with permanent magnets, iron poles
and an additional DC coil for magnetic flux control fixed in the middle on the stator is
presented. The advantages of the proposed machine design solution are: a good range of
magnetic flux regulation, brushless supplying stator windings and an additional coil, no
demagnetization risk for the magnets, low cost and volume of the magnets compared to
conventional machines and a high efficiency of up to 95%. The main drawbacks are: extra
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space needed to place the additional coil, additional losses from the supply DC coil and
increased cooling requirements.

2. Dual-Disc Axial Flux Machine Design with Hybrid Excitation Concept

Figure 1 presents a design of a 3-phase, 12-pole dual-disc axial flux machine with
a hybrid excitation parallel system using an additional DC coil. The presented machine
concept has been partially analyzed in [24,25]. An additional DC coil with the number
of turns NDC = 500 allows control of the air-gap magnetic flux density. The stator is built
from the toroidal core with armature windings. Every core’s side has 36 half-opened slots,
in which three-phase windings are placed. The DC coil creates a magnetomotive force
(MMF) of 2500 AT by a DC coil current of 5 A. The rotor is built from two steel discs with
permanent magnets of type N38H with a remanence of 1.23 T and coercivity of 947.8 kA/m.
The iron poles are made from solid steel. The rotor discs are connected together with
ferromagnetic bushing. The stator’s core is built from two similar, one-side-slotted toroids
based on grain-oriented electrical steel wound cores.

Figure 1. Field-Controlled Axial Flux Permanent Magnet Machine (FCAFPMM) design.

Figure 2a shows that the main parts of the rotor were made of two steel discs connected
with ferromagnetic bushing, which form the yoke of the machine. On each rotor’s disc, six
neodymium magnets with uniform polarization are placed with iron poles (IP), which do
not have polarity on their own. The solid magnet’s shape is square and the IP’s shape is
trapezoidal; the IP’s size is given in Figure 2b.

Figure 2. FCAFPMM’s rotor (a), dimensions of rotor’s disc with magnets and iron poles (b).
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3. Principle of Flux Control

Since the rotor poles of the machine are different shapes, as can be seen in Figure 2,
and they have dissimilar magnetic properties, the air-gap flux φg of the machine will be
strongly dependent on the difference between the air-gap flux of the PM pole φgPM and
the air-gap flux of the iron pole φgIP. Moreover, the influence of an additional field DC coil
excited by DC current IDC on the air-gap flux density distribution is different for the PM
pole and the iron pole. The magnetic pole fluxes, φgPM and φgIP, can be calculated:

φgPM =
αPM

τ
BmgPM

π

p

(
R2

2 − R2
1

)
(1)

φgIP =
αIP

τ
BmgIP

π

p

(
R2

2 − R2
1

)
(2)

where αPM, αIP are the PM pole and iron pole arc length, R1, R2 are the rotor inner and
outer radius, τ is the pitch of the pole, p is the pole-pair number and BmgPM, BmgIP are the
maximum magnetic flux density in the air gap of the PM pole and the iron pole, respectively.

Neglecting flux leakage, a no-load magnetic flux component generated by PMs
(φgPM/PM) crosses an air gap over the PM pole in the axial direction and flows through the
stator core (Figure 3a). A significant part of the flux φgPM/PM crosses the second air gap of
the PM, but some part of the flux is returned through an air gap over the iron pole in the
form of a flux φgIP/PM. The effect of the no-load air-gap magnetic flux density of the iron
pole excited by the PM can clearly be observed in Figure 4a in the iron pole section (pitch
of the iron pole).

Figure 3. Idealized magnetic flux distribution in FCAFPMM at DC coil current IDC = 0 (a), IDC −5 A (b)
and IDC +5 A (c).

When an additional magnetomotive force (mmf) is excited by the current IDC, an
additional DC flux (ADCF) of the control coil φADCF is increased (Figure 3b,c). Depending
on the direction of the DC coil current, air gap fluxes will strengthen or weaken. In the case
of coil current IDC < 0, there will be air-gap flux strengthening for the iron pole φgIP and
air-gap flux weakening for the pole with a magnet φgPM. In the case of IDC > 0, there will
be gap flux extenuation for the iron pole φgIP and gap flux amplification for the pole with a
magnet φgPM. The flux φADCF is conducted by a ferromagnetic bushing, the rotor’s yokes
and the stator core of the machine; it passes through the air gap where it is divided into
two components: flux φgPM/ADCF crosses the air gap of the magnet pole and flux φgIP/ADCF
crosses the air gap of the iron pole. The flux φADCF can be expressed as:

φADCF = φgPM/ADCF + φgIP/ADCF

Neglecting saturation, flux leakage and armature effects, the magnetic air-gap flux of
the PM pole φgPM in the linear model can be calculated as:

φgPM = φgPM/PM + φgPM/ADCF

3
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The magnetic air-gap flux of the iron pole φgIP can be expressed as:

φgIP = φgIP/ADCF − φgIP/PM

The magnetic flux passing through the DC coil φDCF can be expressed as:

φDCF = p(φPM/PM − φIP/PM + φADCF)

Figure 4. Air-gap magnetic flux density at the different magnetic field distributions IDC = 0, Is = 0 (a),
IDC = ±5 A, Is = 0 (b) and IDC = −5 A, Isd = 70.7 A (c).

Based on the 3D FEA results presented in Figure 4b, it can be seen that the ADCF
excited by IDC = −5 A changes the amplitude of the magnetic flux density more effectively
than that excited by IDC = +5 A, and the influence of the ADCF on the magnetic air-gap
flux distribution is greater in the air gap of the iron pole than in the air gap of the PM pole.
In order to show the effect more clearly, Figure 5 shows the air-gap magnetic flux density
distribution achieved at different DC load conditions: at IDC = +5 A (Figure 5a) and at
IDC = −5 A (Figure 5b) as a special case of study where PMs of the machine were replaced
with air boxes.

Figure 5. Air-gap magnetic flux density at the different magnetic field distributions in the model
without PMs at DC coil current IDC+ (a) and IDC− (b).

4
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Moreover, in order to evaluate the demagnetization risk of magnets, the air-gap
magnetic flux density distribution is performed at the most unfavorable load conditions (at
Isd = 70.7A and Isq = 0, where Isd is the d-axis stator current and Isq is the q-axis stator current).
From the results shown in Figure 4c, it can be concluded that at operation conditions, there
is no demagnetization risk of magnets in high current overload.

4. Magnetic Flux Density Distribution and Back EMF Analysis

In order to perform an analysis of the magnetic field distribution of the machine
under different additional DC coil current excitations, a 3D model of the FCAFPMM in
Ansys Electronics Desktop was developed considering symmetry conditions with respect
to 1/6 part of the machine. For three cases of DC coil current excitations, magnetic field
distribution results are shown in Figure 6a. Additionally, for these cases, the air-gap
magnetic flux density distributions (in the middle of the gap for one pole-pair) are also
shown in Figure 6b.

Figure 6. Magnetic flux density distribution on the 3-D FEA model (a) and in the middle of the air
gap of the machine (b).

In the presented figures, it is clearly possible to see the strengthening effect of a current
load of IDC < 0 and significant magnetic flux of the iron pole section. Moreover, in this
case, there is a slight but not significant decrease in flux in the air gap for the PM pole
section. In the second case, where the DC coil current changed direction (IDC > 0), there
is a slight decrease in flux in the iron pole section due to the saturation effect. The effect
can also clearly be seen on the rotor bushing, even in the no-load case (IDC = 0), where the
maximum magnetic flux density is approximately 1.5 T. This means that the dimensions
of the rotor bushing should also be optimized. The presented results also show that the
additional DC field excited by the DC coil current is mostly passing through the iron pole
section, and it does not significantly change the value of the air-gap flux of the PM pole,
which is a desirable effect.

Finally, in order to investigate the effect of the additional DC field on the magnetic
flux linked with the stator windings, initial experiments were conducted. Figure 7 shows
characteristics of the no-load-induced phase voltage in the stator windings, which were
obtained for three cases of the additional DC coil current excitation.

5
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Figure 7. No-load phase voltage characteristics for three cases of IDC current load.

In the presented Figure 7, one can clearly observe the effect of increasing phase terminal
voltages with a DC coil current of IDC = −5 A, which causes an increased rms voltage
of approximately 50% from 172 V to 253 V. When the current is flowing in the opposite
direction, it means at IDC = +5 A, the induced voltage is decreased by approximately 10%.
It should be noted that the experimental results were similar to 3D FEA predictions.

5. Electromagnetic Torque

The flux created by the DC coil affects the electromagnetic torque and torque-ripple
characteristics of the machine. The influence of an additional DC field on the static torque
characteristics is presented in Figure 8. The results show that, although maximum electro-
magnetic torque is increased two-fold with a load current of IDC = −5 A (Figure 8a), the
pulsation of the torque, which is directly related to air-gap flux density, is also increased.
In other cases, the torque pulsations are comparable and relatively small (Figure 8b,c). It
is worth observing that the no-load cogging torque with field-strengthening is rapidly
increased. Publication [21] discussed a method of cogging torque reduction by optimizing
the geometry of the rotor pole pieces.

Figure 8. Electromagnetic torque waveforms versus rotor position under different stator currents for
three IDC current excitations IDC −5 A (a), IDC = 0 A (b) and IDC +5 A (c).
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Figure 9 shows the characteristics of maximum electromagnetic static torque obtained
at three different currents of the DC coil versus stator current Is.

Figure 9. Maximum electromagnetic stator torque characteristics at the different control coil currents.

6. Performance of FCAFPMM

Based on the 3D FEA results, efficiency maps (Figure 10a–c) and total losses of the
machine (Figure 10d–f) are calculated based on the mapping of core and windings losses,
flux-linkage and torque as a function of the d- and q-axis currents and speed. The effect of
additional field losses on the shape of the efficiency map is explored in specified conditions
and limits: voltage power supply U = 200 Vrms; stator current Is ≤ 50 Arms; MTPA
(maximum torque per ampere) control strategy; windings star connection; phase resistance
Rf = 0.37 Ω.

Figure 10. Maps of machine efficiency (a–c) and total losses (d–f) for three IDC current excitations.

7



Energies 2022, 15, 2733

It should be noted that, although the field-strengthening and weakening effect can be
seen in Figure 10, additional sources of excitation increase additional losses. The consequent
power loss density is high, and heat transfer is considered a challenge. This is particularly
the case for high-speed operations in field-weakening regions when an additional source of
excitation is activated.

Attention was also paid to the influence of additional DC field excitation on a startup
torque and speed limit. Presented results show that magnetic field-strengthening with
a DC coil current of IDC = −5 A increased startup torque by approximately 10%, and a
value of electromagnetic torque of 320 Nm was reached. In field-weakening operations
with a current of IDC = +5 A, the limit of speed was increased from 2500 rpm to 3500 rpm.
In Figure 11, torque–speed curves of the machine calculated under DC coil currents of
IDC = ±5 A are shown.

Figure 11. Torque–speed envelopes compared under different DC coil currents, at DC coil current
IDC = −5 A (black line—field-strengthening operation region) and IDC = +5 A (orange line—field-
weakening operation region).

7. Thermal Analysis

Developing PM motors within a particular temperature limit is a key factor affecting
the efficiency of the overall design. Based on the 3D thermal model of the machine without
the cooling system presented in Figure 12a, steady-state and transient thermal analyses
were carried out to evaluate the distribution of temperature in various parts of the stator.
The model was mainly applied to predict the temperature rise in the stator (Figure 12b)
of the machine. The temperature distribution was determined by considering convection
from the back of stator core surfaces, air gaps, stator windings and epoxy resin surfaces.
The heat sources, such as copper loss and stator core loss, were calculated using the 3D FEA
transient method. In the first case study, the copper losses of 218 W in armature windings at
an initial temperature of 40 ◦C were obtained through FE analysis. The losses were sent to
CFD fluid–thermal analysis as heat sources, which correspond to copper losses of armature
windings generated with a current density of J = 5 A/mm2. The thermal conductivity of
copper windings and insulation, both with epoxy resin, were taken together in the slot for
simplification of calculation.

Figure 12b presents the CFD calculation results of the stator at the rated load condition.
As can be seen, the hottest spot at the highest temperature of 66.25 ◦C occurs in the middle
of the stator core near the air gap of the machine. In the same current loading conditions, the
experimental tests were performed mainly to verify simulation results, where a maximum
temperature of 65.6 ◦C (Figure 12c) was clearly observed. During the test, the rotor was
fixed and a thermal steady state of armature windings at the rated DC load conditions
was reached.

8
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Figure 12. Three-dimensional thermal model of FCAFPMM (a); 3D FEA results of thermal distribution
on the stator (b); thermal imaging result (c).

It should be noted that the stator of the machine under transient conditions was
designed to maintain all temperatures below class B insulation limits of a 120 ◦C hot spot.
Hence, thermal transient curves for all parts of the stator were calculated and shown
in Figure 13. In this case, total power losses of approximately 430 W were obtained at
the rated operating point of the machine; this means that n = 750 r/min, Is = 12 A and
IDC = 5 A (without a cooling system) were adopted for the calculation of the curves. The
rated operating point as the starting point for the thermal analysis (pT1) is depicted in
Figure 10c,f. The total losses consist of the copper losses in the armature AC windings
218.1 W, core losses in the stator 90.5 W and copper losses in the DC coil 121.2 W.

Figure 13. Heat characteristics.

The results show that under the rated load conditions, all stator components will not
be overheated. The maximal temperature of 97.8 ◦C was observed in the DC coil, and it
was much below the limit.

8. Conclusions

In this paper, a design of a permanent magnet axial flux machine with iron poles and
an additional DC coil was analyzed with detailed electromagnetic and thermal performance.
Three-dimensional FEA results showed that flux control of the proposed machine in the
range of approximately 50% was successfully obtained.

The paper evaluated torque and speed loops at a current of 50 A and a voltage of 200 V
limits, where the maximum efficiency of 95% and the increased rotational speed control
range of 0–3000 RPM were reached.

The temperature distribution of the presented machine model under the rated con-
ditions was calculated based on fluid–thermal coupling analysis by CFD. The air cooling
effectiveness of the CFD models was verified by experimental measurements on a pro-
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totype machine. Full thermal analyses and tests will be performed and presented in
further publications.

Further scientific studies on the FCAFPMM machine will also be focused on optimizing
the rotor pole geometry to reduce the cogging torque, which is particularly disadvantageous
in the low-speed region while the magnetic flux is increased.
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Abstract: Fault-tolerant control (FTC) of a star-connected Five-phase Permanent Magnet Synchronous
Motor (5Φ-PMSM) under open-circuit faults has been extensively studied, among which the de-
coupled control is attractive and finds a broad application in many fields. Pentacle- and pentagon-
connected (generally known as “Penta-connected”) 5Φ-PMSMs are popular due to their low voltage
and high-power density, and especially, the demanded DC voltage level for the pentacle-connection
mode accounting for merely 1/1.9021 of the star-connection mode, which is very appealing today.
On the other hand, as one of the recent advances, the fault-tolerant decoupling control for penta-
connections is still yet to be reviewed, and so this study investigates this issue and attempts to find
the similarities and dissimilarities between star- and penta-connections under either single-line or
single-phase open faults. Torque behavior analysis under, respectively, the fault-tolerant MPPT and
id = 0 is conducted to confirm the validity of the presented FTC, and it is expected to provide a
reference for selecting a 5Φ-PMSM for practical use.

Keywords: field-oriented control; five-phase permanent magnet synchronous motor; fault-tolerant
control; open-circuited fault; pentagon and pentacle connections

1. Introduction

Reliability is a constant topic in electrified transportation [1]. To improve the reliability
of electric drives, a dual-motor system, where the two motors are coupled on the same
shaft, was once popular in some safe-crucial applications [2]. Due to it being costly and
bulky, this dual-motor system has been gradually substituted with the latest advances. The
rapid progress in semiconductor techniques has stimulated the development of multi-phase
windings within one motor to gain enhanced reliability [3]. As such, the multi-phase motor
drive has been at the heart of engineering practice and successfully finds its use in more
electric aircrafts, electric vehicles, wind energy conversion systems, and ship propulsion [4].
A five-phase permanent magnet synchronous motor (5Φ-PMSM) can be an outstanding
candidate for using decent numbers of power switches [5], in addition to its high torque
density and small torque ripples [6]. It is well known that a 3Φ-PMSM can be wired
into star-connection, delta-connection, and star–delta connection modes, as well as open-
end winding, regardless of whether the windings are series- or parallel-connected [7,8].
However, regarding a 5Φ-PMSM, except for star-connection and open-end winding modes,
it can also be wired into the star-, pentagon-, and pentacle-connection (known as penta-
connection) modes, as well as the combination of two of them [9]. Overall, the demanded
DC link voltage for a pentacle-connected PMSM is merely 1/1.9021 of its star-connected
counterpart [10]. Given this, the penta-connection mode is very attractive and may find a
broad future in many high-power and low-voltage applications.
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An open circuit fault is one of the most common types of fault in an electric drive [9]. To
cope with this fault, the remaining winding phases of a 5Φ-PMSM have to be re-energized
properly in the post-fault operation [10]. Regarding an open-winding five-phase machine,
Pengye Wang, in [11], introduces a new inverter topology reconfiguration method along
with a fault-tolerant control (FTC) strategy, which utilizes the bidirectional switching de-
vices to respond to the open-circuit event on different phases. Zuosheng Yin [12] proposes
a short-circuited FTC also for an open winding machine, and it features an equal current
amplitude and sinusoidal waveform current, as well as maximum average torque. Con-
cerning the torque ripple reduction, Qian Chen in [13] proposes a third harmonic injection
method to reduce the torque ripple caused by the shorted phase for the star-connection
mode. Li Zhang in [14] comes up with a generalized FTC scheme for both field-oriented
control (FOC) and direct torque control (DTC) under open-line faults, avoiding the use of
different transforming matrices under different fault conditions. Recently, model predictive
fault-tolerant control has attracted much attention, however, most of them are dedicated to
a star-connected motor. For instance, reference [15] proposes a multi-vector-based model
predictive control with voltage error-tracking short-circuit faults, including a single-phase
short-circuit fault and inter-phase short-circuit fault. Reference [16] proposes a virtual
voltage vector-based model predictive control for an open line fault, which claims to reduce
the computational burden.

On the other hand, reference [17] provides a comprehensive comparison of the post-
fault torque capability for 5Φ-PMSMs under all connection conditions with open-circuit
phase and line faults. The mirror symmetry theory in combination with the balance of
power theory is used, however, the reluctance torque is not considered. Reference [18]
states that some stator winding configurations other than star-connection yield a small
copper loss and increased torque capacity under the same torque command for a dual
three-phase drive. Among star-, pentagon-, and combined Star/Pentagon-connection
modes, reference [19] suggests that the star-connection mode produces the lowest average
torque and highest ripple torque, whereas the pentagon connection mode gives the highest
average torque and minimum ripple torque, and the star/pentagon-connection mode
mediates between both. Reference [20] concludes the maximum available torque that a
five-phase induction motor (5Φ-IM) can deliver under open-circuit phase faults, where all
connection conditions are tested using a unified balanced power source. Reference [21] also
investigates the torque ripple-free operation of all connection modes under an open-circuit
phase and line fault, and it confirms that a penta-connection mode outputs a higher torque
than a star-connection mode. Reference [22] put forward an open line FTC to maximize the
average torque and minimize the ripple torque for a combined star/pentagon-connected
SynRM fed from a matrix converter. Reference [10] concludes that the performance of
a pentagon-connection mode with a single-line open fault under open-loop control is
advantageous over the star-connection mode. For optimal current control, although the
star-connection mode results in a better current waveform, the copper loss can be less using
a pentagon-connection mode. Regarding a pentacle-connected induction motor under one
phase supply failure, Reference [23] proves that a 5Φ-PMSM can switch to a three-phase
operation state without an electromagnetic torque ripple. Reference [24] investigates the
phase transposition on the five-phase induction machine with different stator connection
modes, namely, star, pentagon, and pentacle. Owing to the lower derating factor of the
pentacle-connection mode under the open phase, Reference [25] proposes a fault-tolerant
motor using a combined star/pentacle-connection.

Given the previous achievements, specifically, those under penta-connection modes,
the optimal current references are usually solved under the natural coordinate frame,
and the hysteresis current controller or resonant current controller is therefore adopted.
However, the line/phase voltage modulation does not take care of the zero-sequence
component, and this constitutes a huge disturbance to the closed-loop current regulation.
On the other hand, the decoupled control, which relies on decoupled modeling, plays an
important role in today’s variable-speed drive and has become a standard technique in
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the industry sector [13,26,27]. To enable the continuous use of a decoupled FTC under
penta-connection modes, this work firstly explores the similarity and dissimilarity between
star-connection and penta-connection, and then raises a unified FTC under, respectively,
the single open-line fault and the single open-phase fault, and also elaborated are the key
technique details to unlock this decoupled FTC. To be specific, for a single open-line fault,
the transformation of resistance, inductance, and back-EMF from the penta-connection to
the star-connection is conducted, along with the angular of vectorial control properly fixed.
Regarding the single open-phase fault, voltage and current transformation from a line-to-
line frame to a winding-oriented frame is proposed by incorporating the zero-sequence
voltage and current. Finally, experimental results on id = 0 and Maximum Torque Per
Ampere (MTPA) are carried out, which confirms the validity of the presented decoupled
FTC for all connection modes.

2. Single Line Open FTC

The 5Φ-PMSM’s stator windings can be wired into either star-, pentagon-, or pentacle-
connection modes, as revealed by Figure 1, and among them, the pentagon-connection
features a series connection of two adjacent sets of windings, while the pentacle-connection
features a series connection of two non-adjacent sets of windings. Since the pentagon can
be viewed as a convex polygon and the pentacle is a kind of concave polygon, the latter
two connection modes in Figure 1 can be unified, which is termed a penta-connection in
this paper. Since one cannot differentiate a motor’s connection mode from the outside,
from the inverter’s perspective, a generalized control scheme for all connection modes is
therefore possible.

Figure 1. Stator winding connection modes.

On the other hand, the withstanding voltage of one winding phase is different from
the star- to penta-connection modes, even when powered by the same DC power source.
Overall, the winding phase voltage for a pentagon-connection mode is 1/1.1172 of that
under a star-connection mode, and this ratio reduces to 1/1.902 for a pentacle-connection
mode. Therefore, a penta-connection mode is more suitable for low-voltage and high-power
applications, such as electrified transportation, and this property resembles a conventional
delta-connected three-phase motor.

2.1. Star-Connection

The open-circuit fault accounts for one of the most common faults in an electric drive.
The open-circuit fault comprises an open-line fault and an open-phase fault, and to avoid
confusion, they are illustrated in Figures 2 and 3, respectively.

Figure 2. Graphical illustration for a single open-line fault.
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Figure 3. Graphical illustration for a single-phase open fault.

For a star-connection mode, the open-line fault and open-phase fault create the same
effect since the phase and line are the same. Thus, their fault-tolerant decoupling controls
are the same, and hereby termed “star-control”. Readers may refer to Figure 4 for an
overview of the star-control under a single-line open fault, where the adopted Clarke
transformation is no longer a unitary matrix to offer unbalanced voltages even with a
balanced ud and uq. Notice that superscript * indicates the reference value.
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Figure 4. Block diagram of unified open-line fault-tolerant control for all connections.

In this way, the post-fault torque performance can be maintained as stable enough by
merely using open-loop voltage control. The involved matrices for this decoupled FTC are
referred to in (1)–(3) [28]. In addition, in the figure, eA/2 is introduced to compensate for
the oscillating neutral voltage post fault, which must be used in combination with Tscalar
to ensure the line voltage modulation work as anticipated [29]. It has to be emphasized
that eA corresponds to the line-to-neutral back-EMF, and it is easy to acquire/estimate with
merely rotor flux linkage parameters. The acquisition of eA under penta-connection modes
is detailed in the section below.

Tscalar =
2
5

⎡
⎢⎢⎣

cos δ + 1
4 cos 2δ + 1

4 cos 3δ + 1
4 cos 4δ + 1

4
sin δ sin 2δ sin 3δ sin 4δ
sin 3δ sin 6δ sin 9δ sin 12δ

1 1 1 1

⎤
⎥⎥⎦ (1)
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TClarke =
2
5

⎡
⎢⎢⎣

cos δ − 1 cos 2δ − 1 cos 3δ − 1 cos 4δ − 1
sin δ sin 2δ sin 3δ sin 4δ

sin 3δ sin 6δ sin 9δ sin 12δ
1 1 1 1

⎤
⎥⎥⎦ (2)

TPark =

⎡
⎢⎢⎣

cos θ sin θ 0 0
− sin θ cos θ 0 0

0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ (3)

2.2. Pentagon-Connection

The mathematical model of each connection mode can be equivalent to each other
as long as the motor is not damaged from the inside. From the inverter’s perspective,
the fault-tolerant current for all connection modes has the potential to be unified. This
means the star-control can be also available to the penta-connection mode under the open
line fault. It must be mentioned that the use of star-control is conditional, and several
important control parameters have to be transformed from the penta-connection mode into
the star-connection mode. A total of four paramount parameters need rectification.

Take the pentagon-connection mode as an example. According to Figure 1a,b, the
line-to-neutral resistance of a pentacle-connected motor is calculated by

2R =
4RφRφ

4Rφ + Rφ
(4)

where R herein indicates the line-to-neutral resistance of an equivalent star-connection, and
Rφ is the winding phase resistance.

The simplification of the above equation yields

R = 0.4Rφ (5)

Similarly, the relationship of inductance between the line-to-neutral frame and a
winding-oriented frame is shown below

L = 0.4Lφ (6)

where L herein indicates the self- or mutual-inductance (instantaneous value) measured
between one of the motor’s five terminals and the neutral point, and Lφ is the winding
phase inductance (also an instantaneous value).

The line-to-neutral back-EMF is manifested as the line-to-neutral voltage under no-
load conditions, and thanks to the matrix that transforms the line voltages to line-to-neutral
voltages of the health condition, one can obtain the detailed representation of the back-EMFs
in the sense of a star-connection, as below⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

eA = −ωλr1−φ sin(θ−0.3π)
1.1172 +

3ωλr3−φ sin(3(θ−0.3π))
1.9021

eB = −ωλr1−φ sin(θ−0.3π+δ)
1.1172 +

3ωλr3−φ sin(3(θ−0.3π+δ))
1.9021

eC = −ωλr1−φ sin(θ−0.3π+2δ)
1.1172 +

3ωλr3−φ sin(3(θ−0.3π+2δ))
1.9021

eD = −ωλr1−φ sin(θ−0.3π+3δ)
1.1172 +

3ωλr3−φ sin(3(θ−0.3π+3δ))
1.9021

eE = −ωλr1−φ sin(θ−0.3π+4δ)
1.1172 +

3ωλr3−φ sin(3(θ−0.3π+4δ))
1.9021

(7)

where λr1−φ and λr3−φ are the magnitudes of, respectively, the 1st and 3rd rotor flux
linkages that are measured under the winding-oriented frame. From (7), the ratio of the 3rd
to 1st harmonic back-EMFs shrinks to 0.587, i.e., 1.1172/1.9021, of that under the real star-
connection mode, which means the 3rd rotor flux is dampened with a pentagon-connection,
while comparing the star-connection mode with the base value per unit.
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Finally, to correctly use FTC, the position angle for FOC also needs modification, which
can be adjusted by biasing the existing position with a constant value of −0.3π (this angular
can be inferred from the line-to-neutral back-EMF’s representation). The above manipulation
enables us to continually use a star-control even under the pentagon-connection.

The post-fault torque can be given by the following equation on the premise that all
parameters have been transformed into the star-connection.

Te =
5p
2
[
idiq(Ld − Lq) + iqλr1

]
+

5pλr3
2

[
3iq3 +

3(id sin 2θ + id sin 4θ − iq cos 2θ + iq cos 4θ)

2

]
(8)

Here, Ld, Lq, Lq3 are the inductances under a fault-tolerant synchronously rotating
frame, and they shrink to 0.4 of those under a star-connection mode as per (6). λr1 and
λr3 are the magnitudes of, respectively, the 1st and 3rd rotor flux linkages under the line-
to-neutral frame which shrinks to, respectively, 1/1.1172, and 1/1.9021 of those under a
star-connection mode, as per (7).

Notice also that the impact of the magnetic saturation and cross saturation on the
d-q-q3 frame inductances are not considered in FTC currently, and this may affect the torque
ripple to some extent while evaluating the decoupled FTC experimentally. However, this
effect is within a controllable range as FTC is usually not targeting a precise torque control.

2.3. Pentacle-Connection

As a summary, parameters from the pentacle-connection sense to the star-connection
sense are also derived as below

R = 0.6Rφ (9)

L = 0.6Lφ (10)

Likewise, under the pentagon-connection mode, the line-to-neutral back-EMF is de-
rived as below ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

eA = −ωλr1−φ sin(θ−0.1π)
1.9021 − 3ωλr3−φ sin(3(θ−0.1π))

1.1172

eB = −ωλr1−φ sin(θ−0.1π+δ)
1.9021 − 3ωλr3−φ sin(3(θ−0.1π+δ))

1.1172

eC = −ωλr1−φ sin(θ−0.1π+2δ)
1.9021 − 3ωλr3−φ sin(3(θ−0.1π+2δ))

1.1172

eD = −ωλr1−φ sin(θ−0.1π+3δ)
1.9021 − 3ωλr3−φ sin(3(θ−0.1π+3δ))

1.1172

eE = −ωλr1−φ sin(θ−0.1π+4δ)
1.9021 − 3ωλr3−φ sin(3(θ−0.1π+4δ))

1.1172

(11)

From (11), the ratio of the 3rd to 1st harmonic back-EMFs increases to 1.703, i.e.,
1.9021/1.1172, compared with the base value 1 set by the star-connection mode.

Moreover, the adjustment angle for using a star-control is supposed −0.1π under the
pentacle-connection mode (this bias angle can also be inferred from the line-to-neutral
back-EMF). Furthermore, the Ld, Lq, Lq3, and λr1, as well as λr3 also need calibration for the
torque control, and the scaling factor can be deduced from (10) and (11).

An experiment will be carried out to demonstrate the validity of the FTC using the
same star-control for all connection modes.

3. Single Phase Open FTC

3.1. Pentagon-Connection

The FTC of a star-connection mode under an open-phase fault maintains the same as the
previous open-line fault. However, regarding the penta-connection mode, an open-phase fault
and open-line fault make a big difference; this is because the equivalent conversion between
motor models does not hold under this condition. To achieve a unified open-phase FTC for all
connection modes, the FTC should be built onto a winding-oriented frame.

To this end, the difference between a star-connected motor and a penta-connected
motor should be firstly figured out. For all connection modes, should we observe the
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motor from the winding-oriented frame, the models under all connections, even with an
open-phase fault, are no different from each other, and this lays a theoretical foundation
for achieving a unified FTC. To this end, one has to change the control feedbacks, i.e., the
sampled currents, from a line-to-line frame to a winding-oriented frame, as well as the
control outputs, i.e., voltage, from the line-to-line frame to a pole-voltage frame. In this way,
the fault-tolerant decoupling control, which is originally derived from a star-connected
motor, still has a chance to be applied under the penta-connection mode.

Without a loss of generality, assume the stator is pentagon-connected, and let iAL, iBL, iCL,
iDL, and iEL denote the line-to-line currents, and iA, iB, iC, iD, and iE the winding phase currents.

By applying Kirchhoff’s Current Law to Figure 3b, one can obtain⎡
⎢⎢⎢⎢⎣

iAL
iBL
iCL
iDL
iEL

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 −1
0 1 0 0 0
0 −1 1 0 0
0 0 −1 1 0
0 0 0 −1 1

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

iA
iB
iC
iD
iE

⎤
⎥⎥⎥⎥⎦, iA = 0 (12)

The above formula involves a singular matrix, and this means that the solutions for iB,
iC, iD, and iE can be multiple under an already known iAL, iBL, iCL, iDL, and iEL. To obtain a
unique solution, some extra constraints have to be imposed.

A zero-sequence circulating current (ZSCC) can be the next dimension to decide the
winding phase currents. A ZSCC is common in a delta-wired, as well as penta-wired drive.
Usually, a ZSCC is harmful as it generates heat and makes the torque fluctuate. Therefore,
a ZSCC is not desired in most situations.

This faulty drive also expects a null ZSCC, which means

iB + iC + iD + iE = 0, iA = 0 (13)

It has to be emphasized that the winding phase currents estimated from the measured
line currents contain no ZSCC now. However, in reality, a ZSCC still appears in the actual
winding phase currents even with winding-A open-circuited. Rather than circulating
among five balanced winding phases under the health condition, the circulating path of
a ZSCC includes the inverter’s active legs in fault mode. A ZSCC is difficult to suppress
without further knowledge of the winding phase current in a penta-wired system.

Combining (13) with (12), one can estimate the winding phase currents without a
ZSCC, and the analytical solutions are shown below.

[
iB iC iD iE

]T
= CL2Φ

[
iAL iBL iCL iDL iEL

]T (14)

where

CL2Φ =

⎡
⎢⎢⎣

0 −1
3 −1 −2

3
−1
3

0 −1
3 0 −2

3
−1
3

0 −1
3 0 1

3
−1
3

0 −1
3 0 1

3
2
3

⎤
⎥⎥⎦ (15)

In this way, the winding phase currents, which are not easy to measure in a pentagon-
wired drive, can be acquired now, and they will be sent to the current controller for
monitoring the torque behavior.

Simultaneously, the modulation of the pole voltage (relative to the midpoint of the
DC bus) also needs rectification to correctly generate the wanted line-to-line voltages. The
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relationship between the line-to-line voltage and the pole voltage can be always represented,
as below, under either healthy or fault conditions,⎡

⎢⎢⎢⎢⎣
uA
uB
uC
uD
uE

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1
−1 0 0 0 1

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

uAO
uBO
uCO
uDO
uEO

⎤
⎥⎥⎥⎥⎦ (16)

where ux, with x = A, B, C, D, and E represents the line-to-line voltage. The above matrix is
also singular, and to obtain a unique solution for the demanded pole voltage, one needs to
raise some additional constraints.

Likewise, the common-mode voltage (averaged value) can be used as another di-
mension to decide the pole voltage solutions. The common-mode voltage often takes
a switching pattern in an inverter-driven system, however, it is often averaged to zero
concerning the fundamental components of the pole voltages, and hereby the ‘pole’ point
refers to the midpoint of the DC-bus. It is also expected that this property could still hold,
and thus the following constraint is imposed

uAO + uBO + uCO + uDO + uEO = 0 (17)

By incorporating (17) into (16), and then applying the inverse operation, one can have

[
uAO uBO uCO uDO uEO

]T
= VL2P

[
uA uB uC uD uE

]T (18)

VL2P =

⎡
⎢⎢⎢⎢⎢⎣

2
5

1
5 0 −1

5
−2
5−2

5
2
5

1
5 0 −1

5−1
5

−2
5

2
5

1
5 0

0 −1
5

−2
5

2
5

1
5

1
5 0 −1

5
−2
5

2
5

⎤
⎥⎥⎥⎥⎥⎦ (19)

where uB, uC, uD, and uE can be obtained by⎡
⎢⎢⎣

uB
uC
uD
uE

⎤
⎥⎥⎦ = [TClarke]

−1[TPark]
−1

⎡
⎢⎢⎣

ud
uq
uq3
0

⎤
⎥⎥⎦ (20)

where ud, uq, and uq3 are the output actions of the current PI controller and denote the line-
to-line voltage references under a fault-tolerant synchronously rotating frame. Evidently,
with the presented line-to-phase/pole matrices, i.e., CL2Φ and VL2P, the current feedback
and pole voltage modulation can be rectified to perfectly match the decoupled model that
was originally developed for a star-connected motor.

From (18), uA is pivotal while solving the pole voltage solutions. As aforementioned
in the star-connection case, uA can be replaced by the back-EMF of winding-A because of
there being no current flowing through the open-circuited phase. Up to this point, it may
remain questionable whether the same approximation applies to a penta-wired drive. As
another contribution, this paper proves that the above hypothesis can still find its use in
this context.

In response to the missing representation of uA, its definition has to be clarified first.
As uA represents the line-to-line voltage between motor terminals-A and -B, it is no longer
identical to winding-A’s phase voltage when phase-A is open-circuited.

Figure 5 depicts the details of a pentagon-wired drive with phase-A being open-
circuited. From the figure, the winding-A’s phase voltage, i.e., uAa, is not equal to the
corresponding line-to-line voltage, i.e., uA, any longer, and the difference lies in ΔuA which
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is supposed to vary along with the ZSCC. As per Figure 5, the relationship between uAa
and uA can be represented by

uA = uAa + ΔuA (21)

Figure 5. Single open-phase fault in pentagon-connection mode.

The zero-sequence voltage is defined as

uo = uAa + uB + uC + uD + uE (22)

where uo is the phase zero-sequence voltage in the context of winding-A open-circuited,
and it is calculated by summing all five winding phase voltages.

By substituting (21) into (22), it can be proved that

uo = uAa + uB + uC + uD + uE = uA − ΔuA + uB + uC + uD + uE = −ΔuA (23)

As per the Appendix A, uo, or rather ΔuA, usually comes in a pair with the ZSCC, and
the actual ZSCC depends on the zero-sequence impendence in this unbalanced system.

In engineering practice, uo is unmeasurable, and thus it is overlooked in this work.
On the other hand, by substituting uA with its back-EMF because of there being no current
circulating through the open-circuited winding, one can have

uA ≈ uAa ≈ eA (24)

The proposed fault-tolerant decoupling control of a pentagon-connected drive is
illustrated in the next section, which is based on a star-connection drive by including two
matrices in connection with the feedback and output rectification.

3.2. Pentacle-Connection

Similarly, in the context of pentacle-connection, both line-to-line currents and the
line-to-pole voltage need rectification.

Regarding the line-to-line currents, one can have⎡
⎢⎢⎢⎢⎣

iAL
iBL
iCL
iDL
iEL

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

0 0 0 −1 0
0 1 0 0 −1
0 0 1 0 0
0 −1 0 1 0
0 0 −1 0 1

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

iA
iB
iC
iD
iE

⎤
⎥⎥⎥⎥⎦, iA = 0 (25)

By imposing zero ZSCC constraints, as below

iB + iC + iD + iE = 0, iA = 0 (26)

one can obtain the phase currents

[
iB iC iD iE

]T
= CL2Φ

[
iAL iBL iCL iDL iEL

]T (27)
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where CL2Φ is represented by

CL2Φ =

⎡
⎢⎢⎣

0 1
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3 0
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3 −1

0 1
3

−1
3

2
3 0
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−1
3 0

⎤
⎥⎥⎦ (28)

With regard to the line-to-pole voltage transformation, one can always have⎡
⎢⎢⎢⎢⎣

uA
uB
uC
uD
uE

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

1 0 −1 0 0
0 1 0 −1 0
0 0 1 0 −1
−1 0 0 1 0
0 −1 0 0 1

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

uAO
uBO
uCO
uDO
uEO

⎤
⎥⎥⎥⎥⎦ (29)

Additionally, imposing a zero common-mode voltage constraint as below

uAO + uBO + uCO + uDO + uEO = 0 (30)

can yield

[
uAO uBO uCO uDO uEO

]T
= VL2P

[
uA uB uC uD uE

]T (31)

where VL2P can be calculated by

VL2P =

⎡
⎢⎢⎢⎢⎢⎣
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⎤
⎥⎥⎥⎥⎥⎦ (32)

Figure 6 shows the graphical relationship between uA and uAa under a pentacle-
connection, where uAa is the winding phase voltage and can be approximated as a back-
EMF component when the corresponding phase winding is open-circuited. By neglecting
ΔuA, which is usually not measured in practice, uA is finally substituted by eA.

Figure 6. Single open-phase fault in a pentacle-connection mode.

Figure 7 refers to a unified open phase fault-tolerant decoupling control for all connec-
tions, where one only has to change CL2ϕ and VL2P to enable the FTC under the preferred
connection. Notice that all five IGBT bridges are still available in this context, whereas only
four bridges are controllable in an open-phase fault, as revealed in Figure 4. Therefore, the
torque derating will be less under single-phase open FTC, and it is not possible to merge
the two control schemes into one.
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Figure 7. Block diagram of unified open-phase fault-tolerant control for all connection modes.

4. Experimental Results

A laboratory-scale 5Φ-PMSM, having its shaft coupled to a three-phase PM syn-
chronous generator, has been developed to validate the presented fault-tolerant decoupling
control for all connection modes under a single-line/phase open fault. The investigated
5Φ-PMSM is fed by an IGBT-based five-phase half-bridge inverter, with its parameters
referred to Table 1. The 1st and 3rd harmonics of the rotor flux are measured by letting the
5Φ-PMSM work in generation mode, and deduced from its winding phase back-EMFs.

Table 1. Prototype motor parameters.

Symbol Description Value

λr1−φ 1st order rotor flux 0.17 Wb
λr3−φ 3rd order rotor flux 0.0062 Wb

R Resistance per phase 0.4 Ω
p Pole Pairs 2

Ld d-inductance of 1st subspace 20.66 mH
Lq q-inductance of 1st subspace 25.18 mH
Ir Rated phase current (rms) 10 A
J Rotor inertia 0.1 kg·m2

nr Rated speed 1500 rpm

Two control schemes, i.e., id = 0 to minimize the torque ripples and MTPA to maximize
the torque capacity, are evaluated in the experiment, where the speed is regulated to a
constant 750 rpm with a single PI controller. The output action of the speed PI, i.e., a torque
command, is fed to a q-axis current regulator, and iq3 is subject to open-loop voltage control,
which helps to reduce the torque ripples. The FTC for all connection modes under an
open-line fault is conducted firstly, and then the open-phase FTC comes after. As phase-A
and line-A are the same for the star-connection, the torque and current behaviors of the
FTC under an open-phase fault are referred to in the case of an open-line fault. In addition,
the torque and current performance post-fault under a star-connection also serves as a
benchmark for comparing with a penta-connection mode under the same fault conditions.

4.1. Single-Line Open Fault

Figure 8 refers to the behavior of d-q-q3 frame currents with line-A open-circuited.
From Figure 8a–c, which are evaluated under the control of id = 0, the optimal value of iq to
achieve a constant speed of 750 rpm differentiates under different connection modes, and it
decreases from a pentacle-connection to pentagon-connection, and is then followed by a
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star-connection mode. This is because their respective line-to-neutral back-EMFs increase
and this phenomenon can be explained by (7) and (11). On the other hand, the feedbacks,
id and iq, are DCs, and evidently, the star-control philosophy works well for all connection
modes under a single open-line fault.

i

i

i

i
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i

i

i

i

i
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i
i
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i

i
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Figure 8. Waveforms of d-q-q3 frame current as well as the rotor speed under a single open-line fault.

Figure 8d–f show the same currents under an MTPA control, and the value of iq
decreases to preserve the motor at a constant 750 rpm, compared with their counterparts
under the control of id = 0. This is because reluctance torque is utilized in this case which
boosts the torque capacity to some extent. Under either id = 0 or MTPA control, the speed
profile is smooth, and it proves the capability of the star-control for all connection modes
under a single open-line fault.

Figure 9 shows the waveforms of the torque, ΔuA, and ZSCC, where io denotes the
sum of all five winding phase currents, and herein is calculated by sampling four line-
currents together with one winding phase current. Figure 9a–c corresponds to the control of
id = 0, and from the sub-figures, amounts of the ZSCC are visible under a penta-connection,
whereas the ZSCC under a star-connection remains null. The ZSCC primarily fluctuates
at the 5th frequency, and this is due to the imbalanced properties of this faulty drive. In a
summary, ZSCC takes responsibility for part of the torque ripples, whereas 3rd harmonics
of rotor fluxes account for the most. This explains why the torque ripple is smallest under a
pentagon-connection. The torque ripple worsens under a pentacle-connection as the ratio
between the 3rd and 1st harmonic rotor flux is greatest among all connection modes.

Figure 9d–f illustrate the same quantities under MTPA control. Although the use of
the reluctance torque contributes to the average torque, it also increases the torque ripples
slightly when compared with their counterparts of id = 0 control.
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From the figure, ΔuA can be considerable, and it is compensated for by using eA/2
together with a scalar matrix, which is a completely different way from the penta-connection
mode with an open-phase fault.

Figure 9. Waveforms of ΔuA, io, Te, and θ under a single open-line fault.

Figure 10 shows the waveforms of the actual winding phase currents. It should be
noted that the line currents and winding phase currents are two different quantities for
pentacle- and pentagon-connection modes. From Figure 10a–c, which correspond to the
results under the control of id = 0, the peak current to achieve the identical average torque
is largest for the pentagon-connection mode, however, they decrease under the pentagon-
and star-connection modes and are very close to each other.

Figure 10d–f reveal the peak currents under the control of MTPA, however, the
peak current under the pentagon-connection mode tends to be smallest under the same
torque command, which indicates that the pentagon-connection mode prevails at a low
torque derating. On the other hand, the phase current magnitude is more balanced un-
der a star-connection, thus a pentagon-connection mode can be promising in terms of
fault-tolerant capability.
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Figure 10. Actual winding phase currents under a single open-line fault.

4.2. Open-Phase Fault

Figure 11 shows the waveforms of the winding phase currents under a single open-
phase fault. For a penta-connection mode, a different control philosophy is used, rather
than the previous star-control. From Figure 11a,b, both id and iq are well regulated, which
confirms the effectiveness of the presented control scheme. On the other hand, iq3 under
a pentagon-connection is rather small when the voltage of the q3-axis is subject to an
open-loop control, and this implies iq3 can be well regulated without consuming too much
harmonic power.

Figure 11. Waveforms of d-q-q3 frame currents and rotor speed under a single open-phase fault.
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The control of MTPA contributes to the average torque, as evident in Figure 11c,d;
however, iq3 increases a bit because of MTPA. When comparing with the d-q-q3 frame
currents under a star-connection, as shown in Figure 8c, iq3 under a pentagon-connection is
the smallest, which means a pentagon-connection mode can be a good choice for FTC.

Figure 12 refers to the profiles of the torque, ΔuA, and ZSCC under a single open-
phase fault. From Figure 12a,b, the ZSCC can be remarkable for both pentacle- and
pentagon-connection modes, and it interacts with the zero-sequence voltage, introducing
additional torque ripples, which is one of the drawbacks of a penta-connection mode. From
Figure 12c,d, the use of MTPA increases the torque ripple at the expense of maximizing
the torque capacity. The ZSCC also increases in this procedure under pentacle-connection.
On the contrary, the power spectrum of the ZSCC disperses to a high frequency under a
pentagon-connection because of MTPA, and this implies the zero sequence components
can be indirectly controlled with the use of line currents. On the other hand, ΔuA can be
small relative to the case under a single-line open fault, and it illustrates that the omission
of ΔuA, while modulating the line voltages, is in line with the expectation.

Figure 12. Waveforms of ΔuA, io, Te, and θ under a single open-phase fault.

Figure 13 shows the waveforms of the actual winding phase currents under a single
open-phase fault. Attributed to a considerable ZSCC, the remaining healthy phase currents
are seriously imbalanced under a pentacle-connection, and a pentagon-connection mode
necessitates a larger phase current to produce an identical average torque, which means the
torque derating of the pentagon-connection mode is inferior to the pentacle-connection mode.

Figure 13. Actual winding phase currents under a single open-phase fault.
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From Figure 13, even though the actual winding phase currents are seriously distorted
with the ZSCC, they still manifest themselves as DCs under the presented transformation,
and this enables the continuous use of the linear controller and paves its way to engineering
practices. This also constitutes one of the main contributions of this work.

5. Conclusions

This work presents a unified fault-tolerant decoupling control for the star-, pentagon-,
and pentacle-connected 5Φ-PMSMs. Single-line and -phase open faults are investigated,
and key techniques to continuously use a previous decoupled model are elaborated. For
a single open-line fault, the transformation of resistance, inductance, and the back-EMF
from a penta-connection mode to a star-connection mode is desired, with the angular of
vectorial control properly fixed. Concerning a single-phase open fault, voltage and current
transformation from a line-to-neutral frame to a winding-oriented frame is suggested by
taking care of the zero-sequence voltage and current.

Two FTC schemes, i.e., id = 0 to minimize the torque ripples and MTPA to maximize
the torque capacity, are evaluated under all connection modes. The experimental results
confirm the validity of the proposed unified control schemes, and simultaneously suggest
that a pentagon-connection mode prevails under a single open-line fault for its small torque
ripple and lower torque derating, and the star-connection mode takes the second place.
However, with respect to the torque derating under an open-phase fault, the pentacle-
connection mode performs best. Overall, under either an open-line fault or open-phase
fault, the performance of a pentagon-connection mode is more balanced in terms of the
harmonic current’s controllability; the ZSCC, torque derating, and torque ripple, and,
therefore, this type of connection can find a bright future in engineering practices.

The saturation effect was not considered while performing the FTC, which may have
affected the torque performance to some extent. For the practice of some more advanced
controls, e.g., model predictive control and position sensorless control, this phenomenon
should be incorporated. However, concerning fault-tolerant control, the saturation effect
can be secondary to the zero-sequence circulating current. In the future, how to attenuate
the zero-sequence current by regulating the remaining healthy phase currents deserves
more investigation and will be addressed in our next phase.
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Appendix A

In this paper, suppose the stator is undamaged under an open-phase/line fault, and
simultaneously, the iron core is unsaturated. Given this, the motor model in Figure 1 can
still be presented by
⎡
⎢⎢⎢⎢⎣

uAa
uB
uC
uD
uE

⎤
⎥⎥⎥⎥⎦ = R

⎡
⎢⎢⎢⎢⎣

iA
iB
iC
iD
iE

⎤
⎥⎥⎥⎥⎦+

d
dt

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣

LAA LAB LAC LAD LAE
LBA LBB LBC LBD LBE
LCA LCB LCC LCD LCE
LDA LDB LDC LDD LDE
LEA LEB LEC LED LEE

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

iA
iB
iC
iD
iE

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠+

⎡
⎢⎢⎢⎢⎣

eA
eB
eC
eD
eE

⎤
⎥⎥⎥⎥⎦ (A1)
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where Lxy, x = y = A, B, C, D, E, denotes the self- or mutual-inductance which possesses
the following properties

LAA + LBA + LCA + LDA + LEA = Lsum
LAB + LBB + LCB + LDB + LEB = Lsum
LAC + LBC + LCC + LDC + LEC = Lsum
LAD + LBD + LCD + LDD + LED = Lsum
LAE + LBE + LCE + LDE + LEE = Lsum

(A2)

with Lsum as an instantaneous quantity which is the function of the rotor position.
Regarding the back-EMFs, one can have

eA + eB + eC + eD + eE = 0 (A3)

The actual phase currents obey following the rule

iA= 0, iB + iC + iD + iE = io (A4)

Note that herein iA, iB, iC, iD, and iE stand for the actual winding phase currents, rather
than the observed ones, and io indicates the actual ZSCC.

Combining (A2)–(A4) with (A1) yields

uo = uAa + uB + uC + uD + uE = Rio+d(Lsumio) (A5)

From (A5), the zero-sequence voltage is associated with the ZSCC and is non-zero in a
penta-wired system. The zero-sequence voltage reduces to the minimum while io is minimal.
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Abstract: In this paper, an axial slot-less permanent magnet synchronous motor (ASFPMSM) was
designed to increase the power density. The iron core of the stator was replaced with block coils,
and the stator back yoke was removed because 3D printing can provide a wide range of structures
of the stator. The proposed model also significantly impacts efficiency because it can reduce iron
loss. To meet size and performance requirements, coil thickness and number of winding layers in the
block, the total amount of magnet, and pole/slot combinations were considered. The validity of the
proposed model was proved via finite elements analysis (FEA).

Keywords: axial flux permanent magnet synchronous motor; SPMSM; slot-less; block-coil; collabora-
tive robot (cobot); robot joint; 3D-print; Somaloy Core; torque density; output power density

1. Introduction

Many studies on radial flux permanent magnet synchronous motor (RFPMSM),
applied in collaborative robots (cobots) and which can physically interact and share a
workspace with humans, have been conducted [1–3]. However, the RFPMSM should be
developed with consideration of material developments to meet high-performance require-
ments in industry because the performance and efficiency of the RFPMSM are saturated
due to pioneer studies [4,5]. Furthermore, since there is an unfavorable structural problem
of multi-joint motors applied in cobots, bilateral axial slot-less flux permanent magnet
synchronous motor (ASFPMSM) with high power density has been addressed as a new
motor model [6–8].

Theoretically, there is a limitation that it is hard to manufacture with a slot-less struc-
ture because the press die manufacturing method can provide only conventional struc-
ture [9]. Therefore, a new structure of the motor can be developed when the motor is
manufactured using 3D printing technology with the core powder as Somaloy material.
However, when the core powder is used, the B-H characteristics are lower than that of
laminated electrical steel sheets, and iron loss, which influences the efficiency of the motor,
is higher than that of laminated electrical steel sheets.

To compensate for the drawbacks of the 3D printing technology, a block coil, which
can remove the slot of the stator where the coil is wound, and mold the coil with plastic,
can be used to reduce iron loss. In addition, it is possible to reduce iron loss with a shape
without the back yoke of the stator because of the closed magnetic flux loop made by facing
the same permanent magnet poles during operation of the motor [10–13]. In addition, the
output power and torque density of ASFPMSM manufactured by 3D printing can be higher
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compared to RFPMSM [14–16]. In short, the advantages of eliminating the slot and the
back yoke of the stator have a significant impact on the efficiency of the motor [17,18].

In this paper, improved output power density and torque density of an ASFPMSM
applied in cobots were proposed via optimization design.

2. Target Model Specification

Among the permanent magnet synchronous motor types for collaborative robots,
the radial flux type SPMSM (surface permanent magnet synchronous motors) motors are
commonly used. Since the magnetic flux density distribution in the air gap is uniform in the
SPMSM, the control is accurate. These advantages have a significant impact on minimizing
the size of the motor. In addition, it is much easier to obtain more spaces for winding
and weight reduction than in the case of the internal permanent magnet synchronous
motor (IPMSM).

The general cobots used in a narrower working space should be considered their size
requirements during machine design. Therefore, an optimization design process is required
to maximize performance with limited requirements.

RFPMSM applied in actual cooperative robots was selected as the target model, as
shown in Figure 1, to meet the performance and size requirements when a new model
is designed.

 

Figure 1. Radial Flux Permanent Magnet Synchronous Motor target model of cobots [1].

To ensure equal performance between the target model and an ASFPMSM, torque, no-
load back EMF, and efficiency were considered. Based on the specifications, the ASFPMSM
with 52.2 mm of outer rotor diameter was proposed with 0.55 Nm torque at 3500 rpm
and 89.6% efficiency, as shown in Tables 1 and 2. The torque curve of the target model is
presented in Figure 2. More detailed information related to the dimensions is presented
later in the manuscript.

Table 1. The specifications of the target model.

Parameter Value (mm)

Stator Outer Diameter 82

Stator Inner Diameter 54

Stator Teeth Width 3.3

Rotor Outer Diameter 52.2

Rotor Inner Diameter 44.8

Magnet Thickness 5

Air Gap 1

Stator Stack Length 10

Rotor Stack Length 13

Magnet Thickness 2
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Table 2. Performance and materials of the target model.

Parameter Value Unit

Performance

Pole/Slot 20/18 -

Rated Speed 3500 RPM

Torque @3500 Rotating Per Minutes 0.55 Nm

Current 5.1 Arms

No-load L-L Back Electric Motive Force
@3500 Rotating Per Minutes 26.28 Vrms

Copper Loss 11.1 W

Iron Core Loss 12.5 W

Efficiency 89.6 %

Direct Current Link 48 V

Winding

Material Copper -

Diameter 0.85 mm

Series Turns Per Phase 96 Turns

Magnet

Material N42SH -

Br 1.33 T

Hc 1592 kA/m

Figure 2. Torque-Nominal Speed curve of the target model.

3. ASFPMSM Proposal Model Concept

3.1. Proposed ASFPMSM Concept

ASFPMSM applied in cobots should provide high output power density because their
thin and small structures are needed to meet space limitations in cobots. Therefore, a
new model of ASFPMSM is proposed in this paper. As mentioned above, since there are
requirements related to size and power density in cobots, it is hard to meet the requirements
with the existing winding method. A type of block coil using 3D printing technology can
overcome the limitations. The block coil can be manufactured by molding the coil part
with plastic using 3D printing technology, as shown in Figure 3. The winding part of the
motor can be designed because the 3D printing technology provides the freedom to create
the desired model, as shown in Figure 3a,b.
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(a) (b) 

Figure 3. (a) Part where the coil is wound; (b) shape of assembling block coil.

Furthermore, when the rotor N and S poles are designed to face each other in both
directions, the facing permanent magnet and the rotor back yoke form a closed loop of
magnetic flux. This structure can eliminate the stator back yoke. Finally, multi-poles and
multi-slot structure were selected to design a thin motor.

An amount of magnetic flux per pole, which influences the performance of the motor,
can be presented as shown in Equation (1). This equation provides some facts that magnetic
flux is proportional to the difference between the square of the inner diameter and the
square of the outer diameter of the ASFPMSM. Furthermore, the magnetic flux per pole
can be reduced as the number of poles increases. This correlation proved that the width
of the back yoke of the rotor of ASFPMSM could be decreased as thin as possible when a
big number of pole-slot combination is applied in the motor because the magnetic flux per
pole can be reduced.

Φf =
∫ Rout

Rin

aiBmg
2π
2p

r dr = aiBmg
π

2p
(R 2

out−R2
in) (1)

3.2. Analysis of Proposed ASFPMSM

To make a comparative analysis based on the same criteria as the target model, the total
laminated length of ASFPMSM was set to 13 mm. The rotor radius was adjusted according
to the stator radius of RFPMSM, and the same winding specifications were designed. In
addition, since the ASFPMSM does not have a stator shoe and teeth, the laminated length,
excluding the air gap length (block coil height) and core back yoke thickness, is designed
to be the same length as the magnet thickness to increase the back electromotive force
(back EMF). The ASFPMSM is presented with the same laminated length and winding
specifications as the target model in Figure 4a,b.

 
(a) (b) 

Figure 4. (a) Same laminated length model as the target model; (b) a same number of turns model as
the target model.
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A comparative analysis of the vector plot of the target model under no load and the
proposed ASFPMSM model under no-load was performed at a rated speed of 3500 rpm, as
shown in Figure 5.

 

(a) (b) 

Figure 5. (a) Flux line in the same laminated length model as the target model, (b) flux line of the
same turn number model as the target model.

The vector diagram confirmed that the low back EMF is due to the air gap length
increasing as the coil height increases. The magnetic flux of the permanent magnet did not
reach the back yoke of the stator and leaked to the next magnet. As a result, it is necessary
to find the minimum air gap length for the magnetic flux to reach the back yoke of the
stator and to make the magnetic flux closed-loop possible, and to design a design with the
maximum number of turns within the air gap length while minimizing the use of magnets.

3.3. ASFPMSM Optimal Coil Height Analysis

In ASFPMSM, the airgap length value is increased by the height of the block coil
because there are no stator teeth and shoes. Therefore, airgap length has a significant
influence on the performance of the motor compared to other types of motors. Thus, flux
paths were analyzed at various block coil heights (1~6 mm), respectively, to increase the
performance, as shown in Figure 6.

In Figure 6, the coils are located in the empty space between the rotor and the stator,
and the coils are molded with plastic material using 3D printing. Therefore, since the coil
part becomes an air gap, after removing the coil part, the vector diagram of the magnetic
flux was checked to make it easier to check the flow of the magnetic flux.

The results of analyzing the magnetic flux vector diagram for each coil height are as
follows. When the block coil height is 1~2 mm, the leakage flux is minimized, and the
magnetic flux path forms a closed loop with the back yoke of the stator. Models with a
block coil height of 3 mm or more could not produce the desired performance due to large
magnetic flux leakage, as shown in Figure 6. Therefore, since the winding height of the
target model is 0.85 mm, a value between 1 mm and 2 mm, a height of 1.7 mm block coil,
which is a multiple of 0.85 mm, was selected as the optimal height.

Since 0.85 mm is close to 1 mm, even though it is not within the optimal height
range (1~2 mm), both 0.85 mm and 1.7 mm of the block coil height were selected for
1-layer winding and 2-layer winding to conduct accurate performance analysis, as shown
in Figure 7a–d. Both models have their pros and cons. Although the 1-layer winding model
has a short airgap length, when winding four turns per coil side, the number of serial turns
is 24 turns, so it is difficult to expect a good performance. The 2-layer model has better
performance because it can wind up to 48 turns, despite the longer airgap length compared
to the 1-layer model. No-load back EMFs are presented to validate that the 2-layer model,
which has 1.7 coil height, has a better performance compared to the 1-layer model, as
shown in Figure 8. As a result, it was found that 1.7 mm is the most optimal value for
coil height.
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 6. Flux line analysis according to block coil height. (a) Block-Coil Thickness 1 mm, (b) Block-
Coil Thickness 2 mm, (c) Block-Coil Thickness 3 mm, (d) Block-Coil Thickness 4 mm, (e) Block-Coil
Thickness 5 mm, (f) Block-Coil Thickness 6 mm.

  
(a) (b) 

 
(c) (d) 

Figure 7. (a) Shape of coil width, (b) coil height, (c) coil area of coil height 1.7 mm, (d) coil area of coil
height 0.85 mm.
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Figure 8. No load phase back-EMF compared to coil height 0.85 mm (Blue) and coil height
1.7 mm (Red).

3.4. ASFPMSM Optimal Magnet Size Analysis

In order to select a reasonable amount of magnet while minimizing leakage flux
from the optimal block coil thickness analyzed previously, the performance analysis was
conducted by changing the amount of magnet in the axial direction. Back EMFs were
compared and analyzed between models with the total magnet thickness from 2 mm to
10 mm, as shown in Figure 9.

 
(a) (b) 

Figure 9. Analysis of no load phase back EMF according to magnet thickness. (a) Magnet Thickness,
(b) No load phase Back EMF according to Magnet Thickness.

As a result of the analysis of no-load back EMF according to various amounts of
magnet, it was confirmed that back EMF increases as magnet thickness increases until
6 mm. However, the performance was saturated when the total magnet thickness is larger
than 6 mm. It is possible that back EMF does not increase because of saturation of the core.
Therefore, whether no-load back EMF saturation is from core saturation or not should be
checked from simulation results with various core thicknesses, as shown in Figure 10.

From the result presented in Figure 10, the fact that no-load back EMF does not increase
as magnet thickness increases is not from the saturation of the core. There is a correlation
between the core thickness and the total amount of magnet. Since the laminated length
was fixed to 13 mm, after determining the thickness of the coil, the remaining laminated
length is used as the core thickness and the magnet thickness. Therefore, the thinner the
core, the greater the amount of magnet can be used. Considering that the stacking length
of the target model is 13 mm, the optimal core thickness was selected as 2 mm to minimize
the size of the proposed motor.
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 10. Core saturation analysis according to core thickness: (a) core thickness 1 mm, (b) core
thickness 2 mm, (c) core thickness 3 mm, (d) core thickness 4 mm, (e) core thickness 5 mm, and
(f) core thickness 6 mm.

3.5. ASFPMSM Optimal Pole Slot Combination Analysis

Based on the above analysis, it was confirmed that the back EMF of the ASFPMSM was
significantly lower than that of the target model. As a result of analyzing the reasons, the
motor of the ASFPMSM generally adopts a 2:3 structure or a 4:3 structure of pole number
and slot number combination to use the concentrated winding to reduce the bulk of end
turns. Furthermore, multi-pole and multi-slot combinations are applied to the motor to
make the back yoke of the core thinner. Therefore, it is essential to analyze the combination
of poles and the number of slots. The analysis of the number of poles and the number
of slot combinations were performed based on the proposed model explained above, as
shown in Table 3 and Figure 11.

Table 3. Analysis of poles/slots combination (2:3 structure).

Poles/Slots
No-Load Phase

Back EMF
Number of Serial

Turns
Magnet Volume

24p/36s 14.87 Vrms 48 Turn 19,739 mm3

28p/42s 16.62 Vrms 56 Turn 19,739 mm3

32p/48s 9.11 Vrms 32 Turn 19,739 mm3

36p/54s 7.74 Vrms 36 Turn 19,739 mm3

48p/72s 5.93 Vrms 48 Turn 19,739 mm3
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(a) (b) 

Figure 11. Comparative analysis of target RFPMSM and ASFPMSM pole/slot combination.
(a) RFPMSM No load phase Back EMF, (b) ASFPMSM No load phase Back EMF according to
Poles/Slots Combinations.

In cases of the block coil models, it is difficult to analyze the models while keeping the
same number of turns in series per pole because there is no slot, and the area of the block
on which the coil is wound varies according to the number of slots. Therefore, the size of
the winding used in the target model was used according to the number of slots, and the
number of windings according to the number of slots was used, as shown in Figure 12.
Therefore, when the 0.85 mm winding is used, it is advantageous to minimize the gap by
applying the (c) and (d) pole/slot combination in Figure 12.

 

(a) (b) 

 
(c) (d) 

 
(e) (f) 

Figure 12. Coil area by pole/slot combination: (a) 24p/36s coil shape, (b) 24p/36s coil area,
(c) 28p/42s coil shape, (d) 28p/42s coil area, (e) 32p/48s coil shape, and (f) 32p/48s coil area.
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However, in the case of 28 poles/42 slots, there are spaces between the winding and
the outline of the block when 0.85 mm thickness winding is used, as shown in Figure 13.
Therefore, 0.9 mm thickness winding was checked as an optimistic design. Then, 0.9 mm
thickness was shown to deliver 12% more current with the same current density (Table 4).
Finally, the final model of the ASFPMSM of 28p/42s was selected based on the previously
analyzed optimal design and used to comparatively analyze the performance of the existing
RFPMSM load.

 
(a) (b) 

Figure 13. Coil empty space comparison: (a) 0.85 m, (b) 0.9 mm.

Table 4. Current density comparison.

Parameter Coil 0.85 Coil 0.9 Unit

Current 5.1 5.7 Arms

Coil Diameter 0.85 0.9 mm

Coil Area 0.57 0.64 mm2

Current Density 8.98 8.98 A/mm2

4. Optimal Designed Model Comparison Analysis

In this chapter, the final ASFPMSM model was proposed based on the above optimum
design and analysis, and this was compared and analyzed with the target model, as shown
in Figure 14.

 
 

(a) (b) 

  
(c) (d) 

Figure 14. (a) Optimal design analysis model; (b) optimal design model exploded view; (c) optimally
designed rotor shape; (d) optimally designed block coil shape.
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The optimal model was proposed with the same stacking length as the target model
RFPMSM with a core thickness of 2 mm, a magnet thickness of 3.3 mm, a coil thickness of
1.8 mm, and an air gap length of 0.3 mm, as shown in Table 5. More details are presented
in Table 6.

Table 5. Specification of optimally designed ASFPMSM.

Parameter Value (mm)

Rotor Outer Diameter 52.2

Rotor Inner Diameter 44.8

Magnet Length 7.4

Air Gap 0.3

Motor Stack Length 13

Magnet Thickness 3.3

Table 6. Materials of optimally designed ASFPMSM.

Parameter Value Unit

Performance

Poles/Slots 28/42 -

Rated Speed 3500 RPM

DC Link 48 V

Winding

Material Copper -

Diameter 0.9 mm

Series Turns Per Phase 56 Turns

Phase Resistance 0.032 Ω

Magnet

Material N42SH -

Br 1.33 T

Hc 1592 KA/m

For comparative analysis, the no-load back EMF of the target model and the no-load
back EMF of the ASFPMSM are shown in the Figure 15, and both were analyzed at the
rated speed of 3500 Rpm.

(a) (b) 

Figure 15. No load phase back EMF comparison: (a) no load phase back EMF of RFPMSM; (b) no-load
phase back EMF of ASFPMSM.
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As shown in Figure 15, Table 7 it was confirmed that the back EMF of the proposed
model is 10% larger than that of the target model. It is validated that the performance of
the proposed model is 10% higher than that of the target model at the same current density.

Table 7. Performance and materials of optimally designed ASFPMSM.

Parameter RFPMSM ASFPMSM Unit

RPM 3500 r/min

DC Link 48 V

Current Density 8.98 8.98 A/mm2

Torque 0.55 0.63 N·m
Input 226.2 235.4 W

Copper Loss 11.1 4.48 W

Iron Core Loss 12.5 0.5 W

Output 202.0 230.4 W

Efficiency 89.6 97.9 %

From load torque comparison, as shown in Figure 16, the torque of the proposed
model is 20% higher than that of the target model. It was confirmed that the output power
and the efficiency increased by 15% and 8.3%, respectively. In addition, it can be seen that
the iron loss is very low because only iron loss from the rotor remains at no back yoke of
the stator structure. Therefore, it is possible to reduce the total iron loss significantly. In the
case of an axial flux motor, it is possible to reduce the surface magnetic flux density per
pole by using a multi-pole structure to increase the output density in a thin structure, and
design a thin rotor back yoke. However, as the back yoke becomes thinner, the rotor back
yoke is saturated, and torque ripple may occur.

Figure 16. Load torque comparison between RFPMSM and ASFPMSM.

In the case of an axial flux motor, the main requirements are small size, lightweight,
high torque density, and high power density. Therefore, torque ripple is not a main
characteristic. Vibration and noise caused by torque ripple are commonly buried in external
noise or other structural device noise in the applications. Even considering that the current
torque ripple is 10% to 20%, it is not a high level, and there is no problem with the motor
performance.

To verify the validity of the design, the magnetic flux line and magnetic flux density
saturation of ASFPMSM were checked via FEA as shown in Figures 17 and 18.
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Figure 17. Vector plot of optimally designed ASFPMSM.

Figure 18. The magnetic flux density of optimally designed ASFPMSM.

As a result of analyzing the vector diagram in Figure 17, it is confirmed that mag-
netic flux is formed as a closed-loop without a leakage flux problem. In addition, it is
also confirmed that there was no problem with the saturation of the core at the rating
power. Therefore, it was confirmed that the torque density and output power density were
improved compared to the same size of the target model at the rated 3500 RPM.

5. Conclusions

In this paper, the high torque density of ASFPMSM using 3D printing technology
for collaborative robots was proposed to replace the RFPMSM used in collaborative robot
joints. For accurate performance comparison, the same inner diameter, outer diameter size,
volume, winding size, and current density as the target model were used. The back EMF of
the ASFPMSM may be smaller compared to the RFPMSM because the block coil increases
the airgap. Therefore, it was necessary to analyze the design parameters to increase the
performance while minimizing the leakage flux. The block winding thickness, and the
total amount of magnet and pole/slot combinations were considered for optimization
design. Then, the model with a core thickness of 2 mm, a magnet thickness of 3.3 mm,
a coil thickness of 1.8 mm, and an air gap length of 0.3 mm was proposed. The model’s
12% higher torque, 15% higher output power, and 8.3% higher efficiency than that of the
RFPMSM were proved via FEA.
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Abstract: The conventional permanent magnet torque motor (PMTM) is slotted on the inner surface
of the stator core. When the size of the stator core is small, the winding coils are difficult to embed
into the slots. To solve the problem, a novel PMTM is presented, which is slotted on the outer surface
of the stator core. As a result, the winding coils can be conveniently embedded into the slots from the
outer surface of the stator core. The novel structure of the PMTM with back winding (BWPMTM) is
introduced, and the advantage of the novel structure is analyzed. Furthermore, this paper proposes
a limit analytical method to solve the optimal parameters of the motor which comprehensively
considers four constraints: no-load back electromotive force (EMF), torque, temperature and slot
space factor. The optimal parameters of the motor are directly solved to maximize torque density
within the constrained range. This method avoids repeated iterative processes and greatly reduces
the amount of calculation for PMTM design. Electromagnetic performance and thermal performance
are analyzed based on the finite element model (FEM). Finally, the building of a prototype and the
experimental results obtained with it are discussed. The rationality of the novel structure and the
limit analytical method are verified.

Keywords: PMTM; back-winding structure; limit analytical method; FEM

1. Introduction

The PMTM can be directly connected to a load without a gearbox and can operate
stably at low-speed or in locked-rotor conditions [1–3]. It has the merits of low-speed,
high torque density, fast response speed, high precision control and small torque ripple
and is widely used in many fields, such as aerospace, micro electric platforms and micro-
robot joint and weapon equipment of artillery follow-up systems [4–6]. Therefore, many
researchers have conducted in-depth studies on low-speed and large torque PMTMs.

With the development of industry, the demand for high-performance PMTMs has
increased rapidly [7]. Research on low-speed and large-torque PMTMs focuses on torque
ripple and torque density. Cogging torque is the important part of torque ripple. Due
to the interaction between the permanent magnet and the stator teeth, cogging torque
is inevitably present which can affect the running performance of a PMTM. At present,
researchers have carried out a lot of work on weakening cogging torque, mainly including
the following measures: magnet skewing [8,9], slot skewing [10], asymmetric windings [11],
magnetic wedges filling stator slots, etc. Cogging torque reduction by optimizing the shape
of permanent magnets was presented in [12,13]. The study reported in [14] applied 1J22
soft magnetic alloy to a PMTM and proposed a multi-objective optimization method based
on a non-dominant sorting genetic algorithm II to improve motor performance, which was
applied to the optimal design of surface mount permanent magnet synchronous motors.
The simulation results showed the effectiveness of this method. In [15], a low-speed
and high-torque dual-stator permanent magnet direct drive motor was proposed, which
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could improve the torque density at the same the motor volume. In [16], various cogging
torque suppression methods were proposed, the relationship between cogging torque
and structural parameters was derived by formulas and the torque distortion caused by
armature reaction force was predicted. In [17], a permanent magnet slotting machine with a
special tooth tip structure was introduced, which could effectively reduce magnetic leakage
and armature reaction to improve motor performance, while [18] proposed a technique to
increase torque density by changing the shape of the permanent magnet with the minimum
magnet volume. Increasing the PM thickness more than the width increased torque density.
In [19], a multi-objective optimization method to determine the optimization target by
analyzing the factors that affect torque ripple was proposed. The existing analysis methods
improve torque based on the baseline motor or by determining motor size. The design
process for the size of the prototype was not described. Hence, this paper proposes a limit
analytical method to maximize the torque density of the motor by the stack length based
on the torque and other indicators. The design process for solving motor parameters is
given in this paper.

In this study, a PMTM is proposed which is slotted on the outer surface of the stator
core. It solves the problem of embedding winding when the stator inner diameter is small.
In addition, this paper proposes a limit analysis method which can quickly find the optimal
parameters that meet all the constraints. Finite element software was used to build the
model. The simulation results verify the rationality of the novel structure and the limit
analysis method.

2. Structure and Advantage Analysis of the BWPMTM

2.1. Motor Structure

There are two common embedding winding methods: automatic embedding by an
embedded robot and artificial embedding. The conventional PMTM is slotted on the inner
surface of the stator core, as shown in Figure 1a. It is difficult to pass the embedded robot
through the inner hole of the stator when the stator inner diameter is less than 40 mm.
Artificial embedding is also extremely difficult. In view of this problem, a novel structure
of PMTM is proposed, which is slotted on the outer surface of the stator core. With the
novel structure, winding coils can be simply embedded into the slot from the outer surface
of the stator core by the above two methods, with high productivity and efficiency and low
production cost. The main magnetic flux path of the conventional PMTM is: permanent
magnet, air gap, stator tooth, stator yoke. On account of slotting on the outer surface of
stator, the novel stator structure has no yoke. In order to close the magnetic flux lines to
form a loop, the shell is made of a high-permeability material as a part of the magnetic
circuit. So, the main magnetic flow path of the BWPMTM is permanent magnet, air gap,
stator tooth, shell. The eddy loss in the shell is tiny and can be ignored under low-speed or
locked-rotor conditions. Therefore, the novel structure is suitable for micro PMTM, with an
inner diameter for the stator less than 40 mm, working under low-speed or rocked-rotor
conditions. Fractional slot concentrated winding was used in this study because of its
advantages of high torque density and high slot filling coefficient [20].

   
(a) (b) (c) 

Figure 1. Cross-sectional view: (a) the conventional PMTM; (b) the novel BWPMTM; (c) the local
structure.
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The slot type of the BWPMTM is equivalent to the closed slot, which can effectively
reduce the torque ripple and improve the running performance [21,22]. As shown in
Figure 1c, there is a magnetic barrier (the connection between the bottom of the slot and the
inner surface of the stator) to maintain the integrity of the stator. The magnetic barrier will
increase the magnetic leakage. Therefore, the mechanical strength of the magnetic barrier
and the electromagnetic performance of the motor should be comprehensively considered
for the magnetic barrier thickness h in the design.

2.2. Fractional Slot Concentrated Winding

The slot number of per phase per pole of fractional slot concentrated winding is a
fractional number. Compared with the integer slot permanent magnet motor, the fractional
slot concentrated winding permanent magnet motor has the following advantages: greatly
shortened end length, effectively reduced copper weight and copper loss, improved ef-
ficiency and power density and the winding coefficient of the fundamental wave of the
magnetomotive force is high. The winding coefficient can be more than 0.93 by selecting
the appropriate pole–slot combination; improvement of the slot space factor helps improve
the power density; and the cogging torque can be effectively restrained by selecting a
reasonable pole–slot combination [23,24]. Based on the above advantages, the pole–slot
combination of 20 poles and 22 slots is adopted in this paper. The spatial distribution
diagram of the three-phase winding motor is shown in Figure 2:

 
Figure 2. Spatial distribution diagram of the three−phase winding motor.

As can be seen from the figure above, the three phases of the motor are distributed
centrally in space with differences of 120 degrees. Since the pitch of the motor is 1, there is
no need to consider the starting position when winding. In addition, there is no part for
the three-phase winding to cross, so the winding can be made into a type in advance and
directly embedded in the stator slot.

2.3. Advantage in Torque Density

The general equation of AC motor electromagnetic torque can be expressed as:

Te =
π
2 p2FΦ

F =
√

2mNaKw
πp I

(1)

where p is the number of pole pairs; F is the amplitude of magnetomotive force; Φ is air
gap flux, Φ = 2BτL/π; B is the amplitude of air gap flux density; τ is pole pitch; L is the
stack length; Na is the number of series turns per phase; Kw is the winding factor; and I is
the phase current.

The number of ampere conductors per unit of the armature circumference is called the
electric load, A.

A =
2mNa I

πD
(2)
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where D is the stator inner diameter.
Substitution of I of Equation (2) in Equation (1) yields the torque equation, shown as:

Te =
πKw ABD2L

2
√

2
(3)

It can be seen that the torque is proportional to the product of the stator inner diameter
squared and the stack length. The BWPMTM is slotted on the outer surface of the stator
without the stator yoke. A larger stator inner diameter can be obtained in the novel
structure. Based on the same shell outer diameter, the larger the stator inner diameter,
the shorter the stack length, the lighter the weight of the motor and the higher the torque
density. Hence, a higher torque density can be obtained theoretically.

3. Limit Analytical Method

The design flow chart of the traditional analytical method is shown in Figure 3a. Firstly,
the traditional design of the motor determines the number of pole pairs p and number
of slots Q and prefetches the stator inner diameter D and the stack length L according
to experience. Then, the number of series turns per phase are obtained according to the
no-load back EMF as well as the section area of single wire according to the slot space factor.
Finally, the motor parameters are obtained by judging whether the torque and temperature
constraints are met, otherwise the parameters should be re-calculated. However, the motor
parameters obtained by the traditional method may not be optimal to satisfy all constraints.
The traditional design method requires multiple iteration calculations, which take a large
amount of calculation and consume a lot of manpower and time. This paper proposes a
limit analytical method, as shown in Figure 3b, which can locate the optimal parameters
accurately and avoid iterative calculation. The design is divided into four steps. In the
first step, the minimum number of the number of series turns per phase Na1min is obtained
according to the no-load back EMF. In the second step, the minimum number of the
number of series turns per phase Na2min is obtained according to the maximum permissible
temperature. In the third step, the minimum number of the section area of single wire Smin
is obtained according to the locked-rotor torque. In the last step, the optimal parameters of
the motor are obtained by integrating the relationship between constraints and judging by
the slot space factor. This design method avoids the iterative calculation of parameters and
models, which is beneficial in terms of saving labor and time costs.

The limit analytical method proposed in this paper is used to obtain the maximum
torque density of the motor under the design specifications. The specifications of the
BWPMTM are listed in Table 1.

Table 1. The specifications of the BWPMTM.

Parameter Value

Maximum stack length 25 mm
Shell outer diameter 40 mm

Number of pole pairs 10
Number of slots 21

Maximum no-load speed 1200 rpm
Continuous locked-rotor voltage 14 V

Peak locked-rotor voltage 28 V
Continuous locked-rotor torque 0.3 Nm

Peak locked-rotor torque 0.6 Nm
Slot space factor 0.3

Maximum working temperature 180 ◦C
Initial temperature 20 ◦C
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(a) (b) 

Figure 3. Design flow chart: (a) the traditional analytical method; (b) the proposed limit analytical
method.

According to the theory of electromechanics, the magnetic field energy mainly exists
in the air gap, and the electromechanical energy conversion is mainly carried out through
the air gap. Practice shows that the stator inner diameter and the stack length near the air
gap are the main parameters of the motor. The product of the square of the stator inner
diameter and the stack length can be determined using Equation (4):

D2L =
2
√

2Te

πKw AB
(4)

The maximum torque density can be obtained at the minimum axial length based on
constant shell outer diameter. As a result, taking the minimum stack length as the objective
function to solve the optimal parameters of the motor is an effective method.

3.1. The Control Circuit of the Motor

Space vector pulse width modulation (SVPWM) technology is applied to the control
system of the PMSM. Based on flux linkage tracking, SVPWM technology combines invert-
ers and the PMSM [25]. The actual voltage space vector is synthesized by using different
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combinations of six bridge arms switching signals to generate eight basic space voltage
vectors, and the rotation trajectory of the resultant vector forms the basic flux circle. Based
on SVPWM technology, direct current Udc can be converted to alternating current UAN,
UBN and UCN and applied to the three-phase winding motor. The control circuit of motor
is shown in Figure 4.

Figure 4. The control circuit of the motor.

3.2. Constraint of No-Load Back EMF

Assuming that the magnetic field is sinusoidally distributed in the air gap, the phase
EMF can be expressed as:

E =
√

2πkσKw f NaΦ (5)

where f is the electric frequency, which is proportional to the speed.
It can be seen from Equation (5) that the EMF is proportional to the air gap magnetic

flux. From the above, the magnetic barrier will increase the magnetic flux leakage, resulting
in a decrease in air gap flux, which leads to a decrease in the EMF. Thus, it is necessary
to multiply the coefficient kσ(kσ < 1) in the process of calculating the EMF to reflect the
influence of the magnetic flux leakage on the magnetic bridge.

The voltage balance equation of the motor on no-load can be written as:
UPN = E + RI (6)

where UPN is the rated phase voltage, E is the phase EMF and R is the phase resistance.
When the motor is running under no-load condition, the current is nearly 0 A, so the

no-load back EMF is approximately equal to the rated phase voltage. If the running speed
reaches the maximum no-load speed and the no-load back EMF is less than the rated phase
voltage, the motor speed will continue to increase until the two are equal. Meanwhile,
the motor running speed exceeds the specified maximum speed, which will cause a great
burden to the motor operation and even cause damage. Therefore, the no-load speed of the
no-load back EMF at the rated phase voltage must be lower than the maximum allowable
speed, i.e., n ≤ nmax. Incorporating the inequality into Equation (5), the constraint of the
number of series turns per phase can be expressed as:

Na ≥ Na1min =
60E√

2πkσKwBDLnmax
(7)

3.3. Constraint of Slot Space Factor

The slot space factor is the ratio of the section area of bare copper of the winding wire
to the stator slot section area, and a reasonable slot space factor is one of the specifications of
the motor design. Generally, the slot space factor of the PMTM is less than 0.3, considering
the manufacturing process. For the BWPMTM, the winding coil is embedded in the slot
from the outer surface of the stator, simplifying the manufacturing process. Therefore, the
slot space factor can be improved.
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In this paper, in the stator with parallel teeth, the section area of the stator slot can be
approximately expressed as:

Sslot =
π
(

D2
2 − D1

2)
4

− Qbt(D2 − D1) (8)

where Sslot is the slot section area, D2 is the stator outer diameter, D1 is the slot bottom
diameter and bt the width of the stator teeth.

The slot space factor is used to judge whether the area of winding wire is adequate.
The section area of winding wire needs to meet the constraint:

Sw ≤ λSslot
Sw = 2mNaS

(9)

where, λ is the slot space factor, Sw is the section area of bare copper of all winding wires
and S is the section area of bare copper of a single wire.

3.4. Constraint of Temperature

To improving the utilization of motor material, higher electromagnetic load is often
adopted, but most motors adopt natural cooling, which leads to poor heat dissipation con-
ditions and makes the temperature rise problem for the motor more prominent. Excessive
temperature of the motor can reduce the performance of motor material, e.g., leading to a
decline in the magnetic properties of silicon steel sheets as well as the electrical conductivity
of the winding. Hence, the temperature analysis is a significant part of motor design.

The instantaneous value of the three-phase current before the rotor of the motor is
locked is as follows:

IA/B/C = Im cos(θ + α) (10)

where θ is the electrical angle; α is the initial position angle, corresponding to the A-phase,
B-phase and C-phase, which are 0◦, −120◦ and 120◦, respectively; and Im is the amplitude
of the phase current.

According to the voltage balance equation, the back EMF is 0 under the locked-rotor
condition. Therefore, the winding current is the largest, the greater the loss of the motor,
and the highest temperature of the motor. In addition, the motor designed in this study
has the longest time under the locked-rotor condition, so this paper takes the locked-rotor
condition as an example to design.

When the motor works under the locked-rotor condition, the speed is 0 rpm. Mean-
while, the motor has no core loss, only the winding copper loss.

Pcu = ∑ PcuA/B/C
= IA

2R + IB
2R + IC

2R
= Im

2R(cos (θ)2 + cos (θ − 2π
3 )

2
+ cos (θ + 2π

3 )
2
)

= 3
2 Im

2R

(11)

The total copper loss is a constant value, which is independent of the locked-rotor
position. However, the distribution of the copper loss is not constant. With the change
of the locked-rotor position, the distribution of the copper loss is different, resulting in a
difference in the temperature distribution and in the maximum temperature. The maximum
temperature caused by the same copper loss is basically the same given that the stator
outer diameter is constant, the stack length does not change much and the heat dissipation
conditions are the same.

It can be seen form Figure 5 that the copper loss in the three-phase windings is
a function of the square of the sine. The copper loss of the A-phase winding reaches
the maximum value at θ = 0◦, and the copper loss of the B-phase winding reaches the
maximum value at θ = 60◦. At these two positions, the winding copper loss distribution
regularity is the same and only differs by 120◦ in the space position. In consequence,
the maximum temperature of the motor is the same. The maximum temperature occurs
cyclically with an electrical angle of 60◦. According to the symmetry of the loss distribution,
the copper loss can be calculated using electromagnetic field simulation software at the
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four locked-rotor positions θ = 0◦, θ = 10◦, θ = 20◦ and θ = 30◦ and loaded into the
temperature field as a heat source. As can be seen form the results of temperature field
simulation, the motor has a maximum temperature in the A-phase winding at the locked-
rotor position θ = 0◦, that is, the copper loss of the A-phase winding is the maximum. The
temperature of the B-phase and the C-phase are the same according to symmetry when the
temperature of the A-phase winding is the highest. The copper loss of the A-phase winding
is four times that of the B-phase winding or the C-phase winding. According to Figure 2,
when the A-phase winding loss is the largest, the heat source is mainly distributed on the
A-phase winding in the temperature field simulation. Due to the concentrated distribution
of the A-phase winding in space, the temperature of the motor at the position of the A-phase
winding is higher than that of the B-phase winding and the C-phase winding. At this point,
it is the maximum blocking position of the motor operation. As long as the maximum
temperature meets the requirement at the locked-rotor position θ = 0◦, the maximum
temperature meets the requirement, regardless of the locked rotor at any position.

Figure 5. Copper loss curves of the three-phase winding motor.

At this point, switching tubes SA, Sb and Sc are normally on. The voltage source acts
directly on the three-phase winding motor. Therefore, this paper studies the limit design
under the condition of the locked-rotor position θ = 0◦, which is not affected by the control
method. The current flow path is shown in Figure 6.

 

Figure 6. Circuit diagram at maximum A-phase current.

Ignoring the pressure drop on the switching tube, the winding current can be expressed as:

Im =
2Udc
3R

(12)

where Udc is the bus voltage; R is the phase resistance, which includes the winding resis-
tance within the core, Re f , and the end winding resistance, Rend.
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R = Re f + Rend =
2ρNaL

S
+

ρNaLend
S

(13)

where ρ is the copper resistivity and Lend is the end winding length, which can be approx-
imated by the tooth pitch when the motor size is small and the concentrated winding
is adopted.

Calculate the maximum copper loss at the locked-rotor position θ = 0◦ with the
continuous locked-rotor voltage for 10 min and the peak locked-rotor voltage for 1 min
while the motor reaches the maximum allowable temperature. That the copper loss is less
than the maximum loss calculated above can ensure that the maximum temperature is
within the allowable range.

Pmax ≥ 3
2

Im
2R (14)

Substitution of Equations (12) and (13) in Equation (15) yields the constraint of the
number of series turns per phase:

Na ≥ Na2min =
2U2S

3ρ(2L + Lend)Pmax
(15)

3.5. Constraint of Torque

When the motor runs under the locked-rotor condition, the back EMF is zero, the
winding inductance is zero and the armature current is a direct current. Hence, the bus
voltage acts entirely on the winding resistance, resulting in an increase in copper loss and
severe heating of the winding coil. As the resistance tends to increase as temperature
increases and the torque tends to decrease as the resistance increases, the influence of
temperature on the torque should be considered in the design process. It is necessary to
ensure that the torque meets the design requirement at the maximum temperature. From
the above analysis, the motor has the maximum temperature as the current of the A-phase
winding reaches the maximum value (a case of the A-phase). Phases B and C have the
same temperature distribution. Considering the effect of temperature, the phase resistance
can be expressed as:

RA = TA+235
T0+235 R = k1R

RB/C = TB+235
T0+235 R = k2R

(16)

where T0 is the initial temperature and TA and TB are the temperatures of the A-phase
winding and the B-phase (C-phase) windings, respectively.

Substitution of Equation (17) in Equation (1) yields the torque considering the temperature:

Te =
mKwBDLUS

ρ(2k1 + k2)(2L + Lend)
(17)

The torque considering the temperature should be greater than the rated torque,
TeN . The torque is proportional to the section area of wire. It can be determined that the
cross-section of the wire needs to meet the following constraint:

S ≥ Smin =
ρ(2k1 + k2)(2L + Lend)

mKwBDLU
TeN (18)

3.6. Design of the Magnetic Barrier

When the motor works under the locked-rotor condition for a long time, the frequency
of the motor is zero, so the influence of silicon steel sheet thickness on core loss can
be negligible. A silicon steel sheet thickness with a specification of 0.5 mm was selected
considering the cost. The design of the magnetic barrier must not only meet the requirement
of mechanical strength but also consider electromagnetic performance.

1. The magnetic barrier should be as small as possible so that the magnetic flux at the slot
bottom is in a state of oversaturation. This allows magnetic flux to pass through the
stator teeth to the greatest extent possible, reducing magnetic leakage and improving
the efficiency of the permanent magnet.
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2. The thickness of the stator stamping die is generally larger than 0.15 mm–0.2 mm in
the manufacturing process. In view of the wear of the die on the stamping die and the
service life of the stamping die, h = 0.2 mm is selected. The maximum force that the
slot bottom bears can be expressed as Fmax = PLsh, where P is the yield strength and
Ls is the thickness of the silicon steel sheet. To ensure the safe operation of the motor,
it is taken to be 50% of the yield strength of the silicon steel sheet for the purpose
of calculation. The force that the magnetic barrier bears during processing is less
than Fmax.

3.7. The Solution of Optimal Parameters

From the above, the constraints of the no-load back EMF, temperature and torque are
transformed into the constraints of the number of series turns per phase and the cross-
section of the wire. According to the minimum number of series turns per phase and the
minimum cross-section of the wire, the minimum section area of all winding wires can
be obtained.

Sw1 = 2mNa1minSmin

= 2m 60E√
2πkσKwBDLnmax

ρ(2k1+k2)(2L+Lend)
mKwBDLU TeN

=
60
√

2ρETeN(2k1+k2)(2L+ πD
Q )

πkσKw2B2D2L2Unmax

(19)

Sw2 = 2mNa2minSmin

= 2m 2U2

3ρPmax(2L+Lend)
Smin

2

= 4ρTeN
2(2k1+k2)

2(2L+Lend)
3mPmaxKw2B2D2L2

(20)

where Sw1 is the section area of all winding wires satisfying the constraints of the no-
load back EMF and temperature increase and Sw2 is the winding section satisfying the
constraints of the torque and temperature increase.

Then, the optimal parameters of the motor can be obtained by judging whether the
winding wires can be reasonably placed in the stator slot under the constant of shell outer
diameter Ds = 40mm.

λSslot − Sw1 ≥ 0 (21)

λSslot − Sw2 ≥ 0 (22)

As can be seen from Figure 7, both λSslot − Sw1 and λSslot − Sw2 increase with increase
in L, which first increases then decreases with increase in D. The minimum value of L
that satisfies the Equation (22) is 17.1 mm, and D ranges from 23.2 mm to 24.7 mm. The
minimum value of L that satisfies Equation (23) is 17.6 mm, and D ranges from 23.2 mm
to 24.8 mm. Leaving a certain margin for the stator inner diameter considering the wire
size, take D = 24.6mm and L = 18mm. The value range of N and S can be obtained by
Equations (7), (16) and (19). Within the range, the maximum resistance is preferred to
minimize the temperature increase.

 
(a) (b) 

Figure 7. (a) Solutions of Equation (20). (b) Solutions of Equation (21).
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The parameters of the BWPMTM are shown in Table 2.

Table 2. Main parameters of the BWPMTM.

Parameters Value Unit

Stack length 18 mm
Shell outer diameter 40 mm
Stator outer diameter 37 mm
Stator inner diameter 24.6 mm
Rotor outer diameter 22 mm

Permanent magnet thickness 2 mm
Air gap length 0.2 mm

Magnetic barrier thickness 0.2 mm
Section area of single wire 0.056 mm2

Number of series turns per phase 322 -
Phase resistance 4.8 Ω

Continuous locked-rotor current 2 A
Peak locked-rotor current 4 A

4. Simulation Results and Discussion

4.1. Finite Element Model

The finite element numerical calculation of the electromagnetic field has the advan-
tages of accurate calculation, flexible meshing and can better deal with nonlinear problems,
which make it suitable for solving the problem of complex geometric shapes, such as a
motor has. It is widely used in the analysis of and calculations for various motors.

The process of using finite element software to establish a motor model can be divided
into the following steps: according to the size of the motor, draw the motor model; deter-
mine the material properties of the motor; determine the boundary conditions; determine
the meshing; then set the load and solve the matrix.

Firstly, with the parameters in Table 2, the model of the BWPMTM was drawn based
on the finite element software. Secondly, the default boundary condition was automatically
added to the outer boundary of the object during the solution process. With two objects
in contact, the tangential component of the magnetic field intensity H and the normal
component of the magnetic induction intensity B remain continuous at the contact surface.
The vector potential boundary condition is mainly applied to the edge of the solution
domain or the calculation model, and all points on the edge can be defined to satisfy the
following two formulas:

Az = Const or rAθ = Const (23)

where the former applies to the Cartesian coordinate system and the latter to the cylindrical
coordinate system, Const is a given constant, and Az and Aθ are the vector magnetic
potential in the Z direction in the Cartesian coordinate system and the vector magnetic
potential in the θ direction in the cylindrical coordinate system, respectively.

Thirdly, the material in the finite element software can be divided into air, magnetic
material, conductive material and permanent magnet material. In modeling, corresponding
materials are added to the different parts. They can be selected from the material library
or according to the material properties of their own inputs. The material properties of the
stator rotor are shown in Table 3 and added to the corresponding motor parts. The stator
core and rotor core are added with silicon steel sheet material. The shell is added with
Steel c101.

In addition, the meshing is the basis of finite element solution. Manual division is
needed to ensure the accuracy of the calculation. The mesh is finer in the part where the
magnetic field is strong or the magnetic field varies greatly. The mesh within a pitch is
copied and rotated to ensure that the stator under different poles has the same mesh. The
finite element mesh generation result within one pitch is shown in Figure 8.
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Table 3. The material properties.

Permanent Magnet Silicon Steel Sheet Steel C101

Density/kg·m−3 7400 Density/kg·m−3 7650 Density/kg·m−3 7900

Remanence/T 1.05 Thickness/mm 0.5 Resistivity/Ωm 6.098 × 10−7

Coercive
force/kA·m−1 764 Saturation flux

density/T 2.2 Saturation flux
density/T 1.8

Figure 8. Result of mesh generation.

Finally, according to the design requirements, to set different excitations and loads,
solve the matrix and solve the analysis.

4.2. Electromagnetic Characteristic

With the parameters in Table 2, the model of the BWPMTM was established based
on finite element software. According to the simulation results, the no-load air gap flux
density, no-load back EMF, temperature and torque were analyzed. Figure 9 presents the
magnetic flux density distribution diagram of the BWPMT on no-load. It is easy to see that
the magnetic flux lines are closed by the permanent magnet, air gap, stator teeth and shell
to form a loop. The maximum magnetic flux density was 1.85 T in the magnetic barrier,
as shown in Figure 9b, which is in an oversaturation state. The maximum magnetic flux
density of the stator tooth is 1.2 T.

 
(a) (b) 

Figure 9. The magnetic flux density distributions on no-load: (a) the motor; (b) the magnetic barrier.

The air gap flux density waveform and the corresponding harmonics of the BWPMTM
in the no-load condition are shown in Figure 10. Figure 10a shows the air gap flux density
waveform. Figure 10b depicts the spectral analysis of the air gap flux density. The amplitude
of the air gap flux density is 0.95 T, and the amplitude of the fundamental component is
1.14 T.
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(a) (b) 

Figure 10. (a) Air gap flux density waveform. (b) Harmonics of air gap flux density.

The no-load back EMF waveform and the corresponding harmonics are shown in
Figure 11 at a rotation speed of 1200 rpm. The phase back EMF waveform approximates
the sinusoidal waveform and is symmetric. Therefore, there are no even harmonics in the
back EMF waveform. The third harmonic content is small, and the remaining harmonics
are almost zero. The amplitude of no-load phase back EMF is 17.2 V. The amplitude of the
fundamental component is 18 V. The back EMF coefficient is defined as:

k =
Ep−p

f
(24)

where Ep−p is the peak-to-peak value of back EMF.

  
(a) (b) 

Figure 11. (a) The phase back EMF under the no-load condition. (b) Harmonics of phase back EMF.

It can be inferred from the above equation that the phase back EMF coefficient is
0.172 V/Hz. According to the relationship between line EMF and phase EMF, the line back
EMF coefficient is 0.298 V/Hz.

Figure 12 shows the cogging torque waveforms of the conventional PMTM and the
BWPMTM. It can be observed that the BWPMTM can effectively reduce the cogging torque
compared with the conventional PMTM. The maximum cogging torques of the BWPMTM
and the conventional PMTM are 14 μNm and 31 μNm, respectively. The closed slot is an
effective measure for weakening the cogging torque. Due to the characteristics of the slots
on the outer surface of the stator of the BWPMTM, no slotting of the inner surface of the
stator will not result in variation in air-gap reluctance. So, the structure of the BWPMTM
can effectively reduce the cogging torque.
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Figure 12. The cogging torque waveforms for two different configurations.

4.3. Temperature Distribution

The core loss is small and can be ignored when the motor works under the locked-
rotor condition. Therefore, the winding copper loss is only considered in the temperature
field analysis. The model of the BWPMTM was established by three-dimensional finite
element temperature field simulation software, with the initial temperature set at 20 ◦C.
The influence of heat radiation on the temperature must be considered when the motor
adopts the natural cooling method. As copper loss decreases with the increase in resistance
and resistance increases with the increase in temperature, copper loss decreases with
the increase in temperature. In this section, the temperature distribution of the motor is
analyzed under the two working conditions of the continuous locked-rotor condition for
10 min and the peak locked-rotor condition for 1 min.

Figure 13 shows a diagram of the temperature field and the maximum temperature
curves of the winding, shell and permanent magnet when the motor works under the
continuous locked-rotor condition for 10 min at the locked-rotor position θ = 0◦. As the
heat source is generated by the winding, the winding temperature rises rapidly at the
beginning, and after about 1 min, the increase drops off slightly. With the effect of heat
conduction and radiation, the temperature of the shell and permanent magnet increases
rapidly with the temperature of the winding. At 10 min, the maximum temperature of
the motor is 136.2 ◦C at the A-phase winding. The maximum temperature of the B-phase
winding is equal to that of the C-phase winding and is 127.3 ◦C. This is consistent with the
above theoretical analysis. The maximum temperature of the shell is slightly lower than
that of the winding at 130.5 ◦C, and the maximum temperature of the permanent magnet is
94.8 ◦C.

Figure 14 shows a diagram of the temperature field and the maximum temperature
curves when the motor works under the peak locked-rotor condition for 1 min at the
locked-rotor position θ = 0◦. The temperature distribution of the motor and the maximum
temperature curves of the winding and shell are similar to that of the motor under the
continuous locked-rotor condition. The temperature difference of each part is greater. At
1 min, the maximum temperature of the motor is 160.8 ◦C at the A-phase winding. The
maximum temperature of the B-phase winding is equal to that of the C-phase winding and
is 124.2 ◦C. The maximum temperature of the shell is 127.9 ◦C. As the inner surface of the
stator and the outer surface of the rotor dissipate and absorb heat through thermal radiation,
less heat is transferred to the rotor through the air gap per minute. The temperature of
the rotor is lower. The maximum temperature of the permanent magnet is 48.6 ◦C, which
is lower than the maximum temperature of the permanent magnet under the continuous
locked-rotor condition for 10 min. It can be seen that the temperature has not reached
a steady state under the two locked-rotor conditions, that is, the motor is at the highest
temperature for only a short time, which is conducive to its safe operation. Meanwhile, the
maximum temperatures under the two conditions all meet the design requirements and
retain a certain safety margin.
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(a) (b) 

Figure 13. Temperature under the continuous locked-rotor condition for 10 min: (a) diagram of the
temperature field; (b) maximum temperature curves of winding, shell and permanent magnet.

 

 

(a) (b) 

Figure 14. The temperature under the peak locked-rotor condition for 1 min: (a) diagram of the
temperature field; (b) maximum temperature curves of winding, shell and permanent magnet.

4.4. Impact of Temperature on Torque

From the simulation results for the temperature field, the temperature of the mo-
tor increases rapidly, which increases the winding resistance and decreases the torque.
Therefore, the torque calculation considering temperature is necessary. It can be seen from
Figures 13 and 14 that the temperature difference between the different slots is large, but
the temperature difference in a slot is small. To simplify the calculation, it is reasonable to
take the average temperature in the slot as the winding temperature. Figure 15 shows the
torque curves considering temperature corresponding to the conditions of the continuous
locked-rotor condition for 10 min and the peak locked-rotor condition for 1 min. As the
motor has the highest temperature and the largest resistance at the last moment, the locked-
rotor torque is the smallest. At the last moment, the continuous locked-rotor torque is
0.3 Nm. The peak locked-rotor torque is 0.6 Nm. The torques meet the design specifications
under the two working conditions. The continuous locked-rotor torque density is 2 Nm/kg,
wherein the weight is 0.151 kg. The torque density is increased by 30% compared with
the maxon motor of specification 758031 with torque density of 1.54 Nm/kg, wherein
continuous locked-rotor torque is 0.416 Nm and its weight is 0.27 kg.
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Figure 15. The torque curves: (a) continuous locked-rotor condition for 10 min; (b) peak locked-rotor
condition for 1 min considering temperature.

5. Prototype Motor and Experiments

The manufacture of the prototype and the experimental results for the proposed
BEPMTM are presented in this section. The designed motor and the experiment bench are
presented in Figure 16. In order to verify the performance of the BWPMTM, no-load and
lock-load experiments were carried out. All the performances of the BWPMTM prototype
were verified successfully.

 

Figure 16. Prototype and experiment platform of the BWPMTM prototype.

5.1. No-Load Experiment

Figure 17 shows the back EMF measurement of the BWPMTM under the no-load
condition. The experimental line back EMF coefficient was 0.318 V/Hz. By comparing
this with the simulated line back EMF coefficient of 0.298 V/Hz, it was found that the
experimental result fits well with the FEM result. A small difference was observed due
to the accuracy of the experimental system. The FEM result is slightly lower than the
experimental ones, with a maximum error of 6.3%, showing the general agreement between
the FEM and experiment.
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Figure 17. No-load back EMF.

5.2. Temperature Experiment

The temperature of the prototype under the two experimental locked-rotor conditions
was measured using a noncontact infrared thermometer. The measured temperature curves
versus time are shown in Figures 18 and 19, respectively. The initial temperature was
22.1 ◦C. As shown, the experimental temperature distribution of the BWPMTM model
shows great agreement with the FEM. The maximum temperature of the shell was 123.7 ◦C
under the continuous locked-rotor condition after 1 min. The maximum error rate between
the experiment and the FEM was less than 6%. The maximum temperature was 136.9 ◦C
under the peak locked-rotor condition after 10 min. The maximum error rate between the
experiment and the FEM was less than 7%. From an engineering perspective, these errors
are acceptable.

 

Figure 18. Temperature for the experiment under the continuous locked-rotor condition and the
maximum temperature curve of the shell.
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Figure 19. The temperature experiment under the peak locked-rotor condition and the maximum
temperature curve of the shell.

6. Discussion

In the BWPMTM proposed in this paper, the outer surface of the stator is slotted.
From the point of view of processing technics, the winding coils are embedded in the
slots from the outer diameter of the stator, which makes processing more convenient and
simpler. From the point of view of performance, the novel structure does not have the stator
yoke and the size of the motor can be made smaller, which could increase motor power.
Moreover, due to the simpler process, the slot space factor can be improved to a certain
extent, making the motor performance superior. This paper proposes a limit analytical
method, which takes minimum stack length as the objective function to determine the
optimal parameters of the motor, considering four constraints of no-load back EMF, torque,
temperature and slot space factor. In this design method, the optimal parameters of the
motor are solved directly by known constraints, avoiding the calculation of large-scale
searches through scanning and iteration. With this design method, the temperature and
the slot space factor have reached the limit. This indicates that the motor parameters have
been minimized and that motor materials have been fully used.

The electromagnetic performance was investigated with finite element electromagnetic
simulation. Finally, experimental tests on the BWPMTM prototype were undertaken. The
experimental results were in good agreement with the results of the FEM, which successfully
verified the performance of the motor.
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The FEM and experimental results verified the feasibility of the proposed structure
and the rationality of the design scheme. The proposed limit analytical method can also
serve as a reference for the design of other types of motor.
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Abstract: Low resolution Hall-effect sensors have been commonly applied in PMSM drives for the
reason of cost and volume. Generally, rotor speed and position are estimated inaccurately due to the
installation error of the sensors. The inaccurate position degrades the performance of current control
and also increases torque ripples, which aggravates mechanical vibration and noise. An improved
dual observer is proposed in this paper to suppress the impact of misplaced Hall-effect sensors and
improve estimation accuracy. By a cascading dual Luenberger observer and combining feedback
decoupling control, the low-order noises produced by the deviation of Hall signals are effectively
suppressed. The effectiveness of the proposed method is verified by experimental results.

Keywords: permanent magnet synchronous motor; Hall-effect sensors; speed and position estimation;
dual observer

1. Introduction

The permanent magnet synchronous motor (PMSM) has the advantages of high- power
density, compact volume and excellent dynamic performance. It is increasingly used in
various high-performance applications, such as aerospace, military, automotive, industrial
and household products. An accurate rotor position is necessary for the field-oriented
control (FOC) which is the main control algorithm for PMSM. It is usually measured by
high-precision sensors such as a rotary transformer or encoder. However, the use of such
sensors will increase the cost, weight and volume of the system, which is in conflict with
the high-power density of the motor system. In order to improve the power density, the
ultimate goal is to realize the high performance sensorless control of PMSM. However,
there are still some disadvantages in the high dynamic motor drive systems. The sensorless
control scheme is used in pump or fan systems, or as a redundant alternative in case of
position sensor failure in some high reliability motor systems.

The Hall-effect sensor has the advantages of small size, low cost and strong anti-
interference ability, which can also provide the speed and position information. In some
cost sensitive fields, low resolution Hall-effect sensors have been widely used. It is a good
choice that enables both the high-power density and the high reliability to be considered.
The Hall-effect sensor- based speed and position measurements can be used in field-oriented
controlled PMSM drives, which is a sinusoidal current drive scheme of PMSM with low
resolution sensors. As the position directly provided by the low-resolution Hall-effect
sensors cannot meet the accuracy requirement in the FOC, it is necessary to estimate the
rotor position accurately according to the Hall signals. Due to processing and installation
errors of the Hall sensors, the asymmetric output signals will lead to increasement of
speed and position estimation errors and affect the performance of the system. It is equally
important to weaken the impact of misplaced Hall-effect sensors.

Generally, the PMSM integrates three Hall-effect sensors, which can only provide six
different states in an electrical cycle. The six states can be used to calculate or observe
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rotor speed and position. At present, the interpolation method, the filter method and
the observer method, which are reviewed in [1], are usually employed to estimate the
rotor speed and position based on low resolution position sensors. In [2–4], estimation
strategies based on average speed, average acceleration and least squares method were
proposed, respectively. The interpolation algorithm is employed in these strategies, which
requires the use of multiple different pieces of Hall state information. A filter designed
in the synchronous rotating coordinate system of the motor was proposed in [5], which
has a better frequency selection characteristic under the variable frequency [6,7]. However,
when the rotor speed changes greatly or the Hall signals deviate from the ideal ones, the
filtering effect will decrease obviously. As non-model methods, the interpolation method
and the filter one have advantages of simple algorithm and easy implementation, but the
estimation results have serious delays. In [8], an extended Kalman filter was used to extract
the fundamental frequency component of Hall signals. However, the algorithm is complex
and not practical in low-cost motor systems. In [9], an observer combined with Hall signals
was proposed to obtain the back electromotive force (EMF) by using the stator voltages
and currents, and then the high-precision position can be achieved. On the basis of [9],
some improvements were made in [10–14] to enhance performance of the observers. In [15],
a vector-tracking observer was presented, and detailed analyses were made and some
improvement measures were presented in [16–19]. In [20], a dual observer was proposed
to suppress the low-order harmonics introduced by the misplaced Hall-effect sensors. The
first employed observer is used for the speed estimation and the second one is for the
rotor position. In [21], a design scheme of the Hall signal processing module using an
FPGA was proposed, which provided a new solution for the low-cost motor drive with
sinusoidal currents. In [22,23], a Hall-effect sensor-based fault diagnosis and protection
strategy were also considered. In [24], a position observer combined with non-smooth
feedback phase locked loop was employed to obtain continuous rotor position and speed.
An angle representation method with the Hall-effect sensors based on the first-order Taylor
series approximation was proposed in [25]. In [26], available techniques for motion control,
monitoring and diagnosis of PMSM using Hall-effect sensors were summarized. In [27,28],
the rotor position estimation error caused by misplaced Hall sensors was analyzed, and the
least square estimation method (LSM) as well as back EMF vector tracking method were
compared in the steady and dynamic situations, respectively.

In this paper, an improved dual Luenberger observer is proposed for PMSM drive sys-
tem based on the low-resolution Hall-effect sensors. The 5th, 7th, 11th and 13th harmonics
are used in the first observer by means of feedback and then can be eliminated, and the
obtained result is directly input into the second observer. By the feedback decoupling and
the dual observer, the low-order harmonics introduced by the misplaced Hall-effect sensors
are suppressed effectively, and the position estimation accuracy is improved. Finally, the
estimation method is verified by the simulations and experiments.

2. Field-Oriented Control of SPMSM Based on Hall-Effect Sensors

In the field-oriented control of PMSM, the direct and quadrature axis currents can be
obtained and controlled independently by using the measured three-phase currents and
coordinate transformation, and excellent control performance can be achieved. The surface
mounted PMSM (SPMSM) has the characteristic of equal d and q axis inductances due to
the symmetrical magnetic circuit. When the id = 0 control is adopted, all the current can be
controlled to generate electromagnetic torque by controlling the d-axis current to zero, and
the maximum torque per ampere control of SPMSM can be realized. In this control scheme,
it is necessary to have a precise angle of rotor flux, which can be obtained by detecting
the position of the rotor. Generally, the position sensors are a rotary transformer and a
photoelectric encoder. In volume-limited systems, the Hall-effect sensors are commonly
used to detect the rotor position and speed, and the field-oriented control of the PMSM
drive based on the Hall-effect sensors is shown in Figure 1.
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Figure 1. Block diagram of PMSM FOC based on Hall-effect sensors.

Inside the PMSM, three Hall-effect sensors are placed on the stator at intervals of
120 electrical degrees. When the rotor rotates, the Hall-effect sensors output three square
wave signals along with the change of magnetic field, and the frequency of Hall signals
is positively correlated with the speed. With the help of certain estimation methods, the
rotor position and speed can be obtained according to the Hall signals and used in the
FOC consequently.

3. Conventional Rotor Position Estimation Methods

3.1. Average Speed Method

The interpolation is a common method in the function fitting of discrete data points. All
the data for the whole interval can be obtained through the known data points. According
to the different fitting functions, the interpolation methods used for Hall signal processing
are usually divided into average speed method, average acceleration method and least
squares method. In practical applications, the most widely used one is the average speed
method for easy implementation, in which the motor speed is assumed to be a constant
during one Hall state.

As mentioned above, three Hall-effect sensors are usually installed inside the stator
at intervals of 120 electrical degrees. The sensors output square wave signals according
to the polarity of the rotating magnets, and these signals are recorded as Ha, Hb and Hc,
as shown in Figure 2, respectively. When the south magnet pole approaches, the output
signal switches to low level, and otherwise it turns to high level.

Figure 2. The waveforms of three Hall signals.

Due to the inertia of the rotor, the speed usually cannot change violently during a Hall
state. Therefore, in the average speed method, the speed is assumed to be constant in one
Hall state, and the average speed of the previous Hall state is used to calculate the rotor
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position inside the current Hall state by interpolation. The average speed in one Hall state
can be calculated by

ωn =
π

3Tn
(1)

where ωn is the average speed, and Tn is the time interval of one Hall state.
The edge of each Hall signal corresponds to an exact position. According to the

average speed, Hall edge position, the rotor position at Tr can be calculated by

θ(t) = θn + ω(n−1) × Tr (2)

where θn is the position on the edge, and Tr is the running time from the Hall edge.
The position estimation strategy based on the average speed performs well in the high-

speed range. However, under low-speed or dynamic situations, delay of the calculated
speed will reduce accuracy of the position estimation.

3.2. Luenberger Observer

The Luenberger observer has superior dynamic characteristics and high accuracy in
estimation, and also has an intrinsic zero-delay tracking capability. The structure of the
Luenberger observer is shown in Figure 3, and it constructs an observed model by using
the known or measured system parameters. The output error between the observed model
and the real system can converge to zero by the feedback matrix, and then model can track
the real system.

Figure 3. Luenberger Observer.

The mechanical equation of PMSM can be given by{
Te − TL = J dωm

dt + Bωm
dθm
dt = ωm = θ/Pn

(3)

where Te and TL are the electromagnetic and load torque, respectively. J and B are the
inertia and friction coefficient of the motor, respectively. ωm and θm are the mechanical
rotor speed and position, respectively. θ is the electrical position, and Pn is the pole pairs.

Generally, B is very small and can be ignored. Thus, the mechanical equation can be
rewritten as ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

d
dt

⎡
⎣ θ

ωm
TL

⎤
⎦ =

⎡
⎣ 0 Pn 0

0 0 −1/J
0 0 0

⎤
⎦
⎡
⎣ θ

ωm
TL

⎤
⎦+
⎡
⎣ 0

1/J
0

⎤
⎦Te

θ = [ 1 0 0 ]

⎡
⎣ θ

ωm
TL

⎤
⎦

(4)
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By replacing the J of the actual system with the off-line measured value Ĵ, the observer
equation can be obtained as⎡

⎢⎢⎣
.
θ̂

.
ω̂m.
T̂L

⎤
⎥⎥⎦ =

⎡
⎣0 Pn 0

0 0 −1/ Ĵ
0 0 0

⎤
⎦
⎡
⎣ θ̂

ω̂m
T̂L

⎤
⎦+
⎡
⎣ 0

1/ Ĵ
0

⎤
⎦Te +

⎡
⎣ l1

l2
l3

⎤
⎦(θ − θ̂

)
(5)

where L =
[
l1 l2 l3

]T is the state feedback gain matrix, and ˆ stands for the estimated
values of these variables.

The characteristic equation of the observer system matrix is

s3 + l1s2 + l2Pns − l3Pn/ Ĵ = 0 (6)

In order to ensure that the observed state variables can converge to the real value, it
is necessary to let the roots of the characteristic equation be located on the left half plane.
Supposing the expected poles are α, β, γ, respectively, which are located on the negative
real axis, they meet α < 0, β < 0, γ < 0. Then the expected characteristic equation can be
rewritten as

s3 − (α + β + γ)s2 + (αβ + βγ + γα)s − αβγ = 0 (7)

The expression of state feedback gain matrix L is⎧⎨
⎩

l1 = −(α + β + γ)
l2 = (αβ + βγ + γα)/Pn
l3 = αβγ Ĵ/Pn

(8)

For convenience of calculation and analysis, α is set as a triple root (α = β = γ < 0), and
the matrix L can be rewritten as ⎧⎨

⎩
l1 = −3α
l2 = 3α2/Pn
l3 = Ĵα3/Pn

(9)

Thus, expression of the state observer is⎧⎨
⎩

dθ̂/dt = Pnω̂m + l1
(
θ − θ̂

)
dω̂m/dt =

(
Te − T̂L

)
/ Ĵ + l2

(
θ − θ̂

)
dT̂L/dt = l3

(
θ − θ̂

) (10)

According to Equation (10), the block diagram of the Luenberger observer can be
obtained, as shown in Figure 4.

Figure 4. Block diagram of Luenberger observer.

The θ̂ and ω̂m can be written as Equations (11) and (12).

θ̂ =
Ĵl1s2 + ĴPnl2s − Pnl3

Ĵs3 + Ĵl1s2 + ĴPnl2s − Pnl3
θ +

Pns
Ĵs3 + Ĵl1s2 + ĴPnl2s − Pnl3

Te (11)
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ω̂m =
Ĵ l̂2s2 − l3s

Ĵs3 + Ĵl1s2 + ĴPnl2s − Pnl3
θ +

s2 + l1s
Ĵs3 + Ĵ1s2 + ĴPnl2s − Pnl3

Te (12)

when J ≈ Ĵ, the gain matrix L is taken according to Equations (10)–(12) can be rewritten as

θ̂ =
−3αs2 + 3α2s − α3

(s − α)3 θ +
Pns

Ĵ(s − α)3 Te (13)

ω̂m =
3α2s − α3

Pn(s − α)3 ωm +
s2 − 3αs

Ĵ(s − α)3 Te (14)

where, α can be used to adjust the observer gain. When α takes value of 50, 100 and 150,
respectively, the Bode diagram of the observer are shown in Figure 5. It can be seen from the
Bode diagram that the observer has the function of low-pass filtering, which can suppress
the high-order harmonics in the input signal. The bandwidth increases with the increasing
of α, and the dynamic response of the system improves as well. However, the ability
to suppress high-frequency noises will decline. The bandwidth of the observer changes
with α accordingly. In practical applications, α can be reasonably selected according to
the speed range. When the bandwidth of the observer is 2 to 5 times the input signal
frequency, the system can achieve both good tracking performance and suppression ability
to high-frequency noises.

Figure 5. (a) Bode diagram of the observed position with different gain α; (b) Bode diagram of the
observed speed with different gain α.

3.3. Luenberger Observer with Feedback Decoupling

Hall position and torque are required as the inputs in the Luenberger observer in order
to obtain the position and speed of the motor. The torque can be calculated according to the
three-phase currents, but the discrete Hall position as the input will lead to the fluctuation
of observation.

The Hall position signals can be regarded as a discrete position vector rotating in space
with an electrical angle increment of 60 degrees, as shown in Figure 6. If the Hall position
vector is decomposed into two orthogonal components, it can be written as follows:

→
H = ejΔθ = Hα + jHβ(Δθ = kπ/3, k = 0, 1, 2 . . .) (15)

where
→
H is the hall position vector, Hα and Hβ are two orthogonal components. The Hall

vector transformation is implemented by

[
Hα

Hβ

]
=

[
1 − 1

2 − 1
2

0 −
√

3
2

√
3

2

]⎡⎣Ha
Hb
Hc

⎤
⎦ (16)
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Figure 6. (a) Discrete Hall position vector; (b) Two orthogonal components.

The Fourier transform of Hα and Hβ can be expressed as

Hα =
∞
∑

n=1

1
nπ

[
1 + cos

( nπ
3
)− cos

( 2nπ
3
)− cos(nπ)

]
sin(nωt)

= 3
π sin(ωt) + 3

5π sin(5ωt) + 3
7π sin(7ωt) + 3

11π sin(11ωt) + . . .
(17)

Hβ =
∞
∑

n=1

√
3

nπ

[
sin
( nπ

3
)
+ sin

( 2nπ
3
)]

cos(nωt)

= 3
π cos(ωt)− 3

5π cos(5ωt) + 3
7π cos(7ωt)− 3

11π cos(11ωt) + . . .
(18)

Thus, their fundamental components can be regarded as two-phase orthogonal sine
and cosine signals, as shown in Figure 7.

Figure 7. (a) The Hall position vector decomposition; (b) The fundamental components of Hα, Hβ.

When the components of the input are known, the low-order harmonics can be reduced
by using harmonic feedback decoupling. The improved observer structure is shown in
Figure 8. According to the phase angle at the moment, the 5th, 7th, 11th and 13th harmonics
are directly calculated and fed back to the input. The low-order harmonics are subtracted
from the input, and the remaining high-order harmonics can be well suppressed by the
low-pass filtering characteristic of the observer. The function of feedback decoupling
is to further increase the gain of the observer, reduce the low-frequency noises of the
input, and obtain a better dynamic performance while reducing the error of rotor position
estimation [29].
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Figure 8. Block diagram of Luenberger observer with feedback decoupling.

4. Improved Dual Observer

4.1. Misplaced Position Sensors

Due to the mechanical errors either in the manufacturing or assembling process,
each Hall-effect sensor may be misplaced by a certain mechanical angle regarding its
corresponding phase winding. There is often a certain deviation between the output signal
of Hall-effect sensors and the ideal signal.

Figure 9 shows the output signals of three Hall-effect sensors when considering the
deviation. In this case, the Hall states are no longer a 60◦ electrical angle, which will
produce position and speed estimation errors. Especially when the rotor position deviates,
the sinusoidity of the motor current will be seriously damaged, which will aggravate the
speed fluctuation and reduce the dynamic performance.

Figure 9. (a) Ideal Hall signals; (b) Hall signals with deviation.

4.2. The Proposed Dual Observer

The observer with low-pass filtering property can suppress noises of the input rotor
position angle. When there is a deviation in the Hall signal, the harmonics feedback
decoupling can not effectively suppress the low harmonics, resulting in an error of rotor
position estimation. To solve this problem, a novel position estimation method with a
cascaded dual observer is proposed. By taking the rotor position obtained by the first
observer as the input of the second observer, the low-order harmonics can be further
suppressed, and the influence of deviation will be reduced significantly. The block diagram
of the dual observer is shown in Figure 10, where F =

[
f1 f2 f3

]T is the state feedback
gain matrix of the second observer.
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Figure 10. Block diagram of the proposed dual observer.

In the first observer, the 5th, 7th, 11th and 13th harmonics are fed back to the input,
and the obtained position is used as input of the second observer. Through the feedback
decoupling and double observers, the noises and observation errors can be reduced. The
two observers have similar structure, and the same principle can be followed in parameter
selection. When L = F, the dual observer can improve the observation accuracy of speed
and rotor position, rather than affecting the anti-disturbance performance of the system
since the same gain is chosen in the two observers.

In order to evaluate the performance of the improved observer, the observer in Figure 8
and the proposed dual observer are compared by the simulation, in which the parameters
are shown as Table 1.

Table 1. Parameters of the simulation.

Parameters Value (Unit)

Polar pairs PN 5
Flux ψf 0.022 (Wb)

Stator resistance R 0.18 (Ω)
Stator inductance L 0.35 (mH)

Rated speed nN 2000 (rpm)
Rated current iN 7 (A)

Inertia J 0.0001 (kg.m2)
Hall average deviation 2 (deg)

Figure 11 shows the estimated waveforms of rotor speed and position of the conven-
tional Luenberger observer with feedback decoupling and the improved dual observer,
respectively, when the motor runs at 1200 rpm. From Figure 11a,b, it can be seen that the
observation accuracy of the Luenberger observer is affected by the Hall signal deviation.
The speed estimation error is 28 rpm, and the maximum error of rotor position is 5.5◦ of
electrical angle. The waveforms of the dual observer (α = 250) are shown in Figure 11c,d.
The error in the estimated speed is significantly reduced, to about 12 rpm, and the rotor
position error is reduced to within 3◦.
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Figure 11. (a) Speed waveforms of Luenberger observer; (b) Position waveforms of Luenberger
observer; (c) Speed waveforms of the dual observer; (d) Position waveforms of the dual observer.

5. Experimental Verification

Experimental platform of the PMSM drive with Hall-effect sensors is shown in
Figure 12. It consists of the power part, the control part and the measurement part. The
power drive module is realized by a three-phase half bridge circuit composed of Infineon
power MOSFET. The motor control algorithm is carried out in the TMS320F28375D chip of
TI. In order to realize the accurate measurement of speed and rotor position, a 2500-line
encoder and a FPGA-based measurement board are used.

Figure 12. The PMSM drive experimental platform.

Firstly, the deviation of the Hall signals of the motor is tested. When the motor rotates
at an approximately constant speed and the states of Hall signals are measured as shown in
Figure 13. Theoretically, the phase angle of each Hall state is 60◦ electrical angle, but they
are unequal obviously for the test motor.
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Figure 13. The deviation of the Hall signal state.

The position and motor current waveforms of the average speed method are shown
in Figure 14. It can be clearly seen from Figure 14a that the estimated rotor position is
unsmooth due to the misplaced Hall-effect sensors. The fluctuant rotor position will cause
current distortion and increase lower harmonic components, as shown in Figure 14b.

Figure 14. Experimental results of the average speed method. (a) Rotor position; (b) Phase current.

Figure 15 shows the estimated rotor position, one phase current and its FFT analysis
obtained by using the Luenberger observer with feedback decoupling and the dual observer,
respectively. According to Figure 15a, when the motor runs at 750 rpm, the error of rotor
position is obvious, and the current is distorted due to the error. From the FFT analysis in
Figure 15b, it can be seen that the phase current contains low-order harmonics. The results
obtained by the dual observer are shown in Figure 15c,d. The phase current is effectively
improved and the current THD is decreased significantly.

To evaluate the dynamic performance of the proposed observer, speed step and load
step responses are tested respectively. In the acceleration and deceleration experiments,
the motor speed steps from 750 rpm to 1500 rpm with the 0.5 N·m load, and then steps
back to 750 rpm after 0.5 s. The actual, estimated speed and their error obtained by the
average speed method and the dual observer are shown in Figure 16, respectively. It can be
seen that the estimated speed of the dual observer has better steady-state performance and
dynamic response compared with the average speed method.

Figure 17 shows the speed and current waveforms with the load step changes. When
the motor runs at 1500 rpm, the load torque suddenly decreases from 0.5 N·m to zero and
then back to 0.5 N·m again. During the load step changes, the estimated speed of dual
observer closely follows the measured speed. Therefore, the improved dual observer does
not affect the dynamic performance of the system and can well improve accuracy of the
position and speed estimations.
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Figure 15. (a) Position and current with Luenberger observer; (b) FFT analysis of phase current
with Luenberger observer; (c) Position and current with the dual observer; (d) FFT analysis of phase
current with the dual observer.

Figure 16. The experimental results under step speed. (a) Average speed method; (b) Dual ob-
server method.

Figure 17. The experimental results under step load. (a) Average speed method; (b) Dual ob-
server method.
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6. Conclusions

This paper analyzes the PMSM rotor position estimation strategy and implementation
method based on the low-resolution Hall-effect sensors. In order to improve rotor position
estimation accuracy, an improved dual observer scheme is proposed in this paper. By
cascading two observers, the proposed scheme can effectively suppress the low-order
noises introduced by the deviation of Hall signal, and consequently the estimation errors
of speed and position can be reduced significantly. The experimental results show that
the rotor position estimation and the current sinusoidal characteristic can be improved
by the proposed scheme compared with the conventional average speed method and
the Luenberger observer with feedback decoupling, and also the proposed scheme has
an unattenuated dynamic performance. Along with decrease of the speed, bandwidth
of the two observers can be adjusted in order to suppress lower noises and improve
estimation performance.

The rotor position estimation technology based on low-resolution Hall-effect sensors is
a low-cost and high-reliability drive scheme for PMSMs. The observer method with closed-
loop characteristic has better tolerance to Hall sensor installation errors. It is necessary to
consider how to improve estimation performance under low speed and/or speed dynamics
in the following research.
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Abstract: In the field of permanent magnet synchronous motor (PMSM) control, the sliding mode
observer (SMO)-based sensorless control is widely used; however, the actual control input of the
current observation function is asymmetric. It can lead to different velocities of the estimated currents
approaching to the actual currents and will make the current and back EMF fluctuations more severe,
and result in more skewed angle and speed estimates, especially at a lower carrier ratio. In response
to the above problems, this paper proposes a variable weighting coefficient of an EMF-based sliding
mode observer (VWC-SMO). Unlike the traditional sliding mode observers, the weighted sliding
mode switching variables and their bandpass-filtered values are used as the input of the current
observer in the VWC-SMO. Thereby, the asymmetry of the control input in the current observation
function can be well-suppressed, and almost the same approaching velocity on the two sides of the
sliding surface can be obtained. Therefore, chattering near the sliding surface can also be suppressed.
The method is verified on a motor controller experimental platform, and the comparative results
shows that the VWC-SMO can reduce chattering of the observed currents and mitigate back EMFs
fluctuations and improve the dynamic and steady-state performance.

Keywords: permanent magnet synchronous motor (PMSM); sensorless control; sliding mode
observer (SMO); approaching velocity; low carrier ratio

1. Introduction

Due to the continuous progress and perfection of the utilization of electric energy, the
permanent magnet synchronous motors (PMSMs) with many excellent properties have
been widely applied in many areas. With more application scenarios and higher demands,
much time and effort has been devoted to research in the field of sensorless control since the
1980s [1,2]. Mainstream sensorless control approaches can be divided into two categories:
high-frequency injection methods based on detecting the response to this signal [3–5] and
back electromotive force (EMF) methods based on various machine models [6–29].

The first method can only work well in a low-speed range, especially for the inte-
rior PMSM (IPMSM), but it has degraded performance for non-salient surface-mounted
PMSM (SPMSM). On the contrary, the back EMF method is mainly applied for angle es-
timation in the technologies of high-speed motor control. At present, the most widely
used back EMF methods mainly include the following: model reference adaptive sys-
tem (MRAS) [6,7], Luenberger observer [8], sliding mode observer (SMO) [9–22], linear
extended state observer (LESO) [23], disturbance observer [24], high-order sliding mode
approach and nonlinear observer [25], extended Kalman filter (EKF) [26,27], etc. Among
the above methods, the sliding mode observer is widely used in the field of sensorless
control due to its good dynamic and static characteristics, good anti-disturbance, and
other advantages.

In [9,10], the death compensation strategy is raised to reduce the harm of the inverter
nonlinearity, so that the error of position estimation can be decreased. In addition, the
flux spatial harmonics also affect the accuracy of position estimates [11–17]. The fifth
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and seventh harmonics are generally included in the back EMF observation, so that there
will be sixth harmonics in the speed and angle estimates. Therefore, the adaptive notch
filter (ANF) [11], the second-order generalized integrator (SOGI) [12], the recursive-least-
square (RLS) adaptive filter [13], the bilinear recursive least squares (BRLS) adaptive
filter [14], the adaptive hybrid generalized integrator (AHGI) [15], the adaptive synchronous
filter (ASF) [16], and the frequency-adaptive complex-coefficient filter (FACCF) [17] are
proposed, respectively, to extract the back EMF and enhance the accuracy of angle and
speed estimation at high speed. For the sensorless control of interior PMSMs, an extended
back EMF model is raised in [18], and the SMO is used to calculate the speed and angle in
IPMSM drives [18,19].

In addition, the system performance will degrade because of the inherent charac-
teristics of high-frequency vibration of the SMO; therefore, it is indispensable to reduce
chattering to enhance the speed estimation accuracy. In order to improve the vibration of
the traditional SMO, the saturation and sigmoid function are applied and compared in [20],
as well as the super twisting algorithm in [21], which are proposed as the sliding mode
switching functions to take the place of the conventional switching function. Additionally,
an adaptive adjusting method for the sliding mode gain is proposed in [22]. The chattering
can be improved by using such strategies to a certain degree. In recent years, the SMO has
been applied in high-power and high-speed occasions, and because of the lower carrier
ratio and greater delay of control, the chattering becomes severe and the current harmonics
are more intense. A quasi-proportional resonant (QPR) controller-based adaptive observer
is proposed in [28], and the discrete-time domain design is proposed in [29] which can
enhance the accuracy of angle and speed estimation at a lower carrier ratio.

To suppress the chattering of the traditional sliding mode observer and improve the
accuracy of the angle and velocity estimations in the sensorless PMSM drive at a lower
carrier ratio, this paper proposes a variable weighting coefficient of an EMF-based sliding
mode observer (VWC-SMO). The proposed observer can reduce the asymmetry of the
control input in the current observation function by weighting the sliding mode switching
variables and their bandpass-filtered values and can obtain almost the same approaching
velocity on the two sides of the sliding surface. In this way, the chattering amplitude near
the sliding surface can be effectively reduced. Comparative experiments of the proposed
VWC-SMO and the traditional SMO under different PWM carrier ratios were carried out
in a motor control experimental platform, and the results showed that the VWC-SMO can
reduce chattering of the observed currents and back EMFs, so that it can improve the static
and dynamic properties. Moreover, the simulation and experimental results showed good
dynamic and steady-state performance of the VVC-SMO. In addition, compared with the
methods mentioned in [20], the VVC-SMO method is easier to implement and has more
advantages in the application of sensorless control.

2. SMO-Based Sensorless Control of PMSM

2.1. Field-Oriented Control of Position of Sensorless SPMSM

Figure 1 shows the control structure of sensorless motor control. The VWC-SMO
replaces the traditional SMO in this system and uses the same inputs with the traditional
SMO. The angle and speed are acquired by the normalized phase locked loop (PLL) based
on the back EMFs observed by the VWC-SMO.

2.2. SMO-Based Position Estimation

Based on the theory of sliding mode variable structure control, the state of a control
system as described in (1) can track the sliding surface as shown in (2) when the control
input meets the condition of (3).

.
x = f (x, u, t) (1)

s(x) = 0 (2)
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u(x, t) =
{

u+(x, t) s(x) > 0
u–(x, t) s(x) < 0

(3)

where x and u are the system state variable and the control variable, respectively. The
symbol “·” means derivative of the variables. u+ and u− indicate the control functions of
both sides of the sliding surface, respectively. Under the action of the two control functions,
the system can approach the sliding surface from both sides. That is to say, the system
reaches the sliding mode control surface as:

sT .
s < 0 (4)

 

Figure 1. Position of sensorless field-oriented control of PMSM drive.

As for a SPMSM, the current state function in the α-β frame can be written as:

.
i = −R

L
i +

1
L
(u − e) (5)

where i = [iα iβ]T is current, u = [uα uβ]T is voltage, e = [eα eβ]T are EMF vectors, and, iα,
iβ are currents of α- and β-axis, uα, uβ are voltages, and eα, eβ are back EMFs. R is the
stator resistance and L is the inductance.

The back EMFs can be expressed as:

e =

[
eα
eβ

]
= ωψ f

[− sin θ
cos θ

]
(6)

where ω is the electric angular speed, ψf is the flux linkage, and θ is the rotor angle.
Based on (5), the SMO can be written as:

.
î = −R

L
î +

1
L
(u − uc) (7)

where the sign “ˆ” represents the estimated current values. uc = [ucα ucβ]T, and ucα, ucβ
are the functions of sliding mode control of α and β axes, respectively.

According to (5) and (7), the error function can be acquired as:

Δ
.
i = −R

L
Δi +

1
L
(e − uc) (8)

where Δi = î − i = [îα − iα îβ − iβ]
T
= [Δiα Δiβ]

T indicates the current error, and it is
usually chosen to be the sliding surface function, i.e.,

s = î − i =
[

îα − iα
îβ − iβ

]
= 0 (9)
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The sliding mode control function can have various control laws. Typically, the sign
function as shown below is used as the sliding mode control function:

uc = z =

[
zα
zβ

]
= k1

[
sgn(îα − iα)
sgn(îβ − iβ)

]
(10)

where sgn() stands for the sign function. k1 is the ratio, and there is k1 > max{|eα|, |eβ|} ac-
cording to the sliding mode arrival condition as in (11) based on Lyapunov stability theory:

sT .
s = ΔiαΔ

.
iα + ΔiβΔ

.
iβ < 0, ∀t > 0 (11)

Under the action of the control variables, i.e., zα and zβ, the current errors could
approach to zero, and there are position and speed information in zα and zβ. Once the
system states achieve the sliding surface, it used to be that the current errors were zero, so
zα and zβ can be applied to obtain the value of the back EMFS through a low-pass filter, as:{

êα = LPF(zα) = ωc
s+ωc

zα
êβ = LPF(zβ) = ωc

s+ωc
zβ

(12)

where ωc is the cutoff frequency of the LPF. The angle and position information can then
be obtained from the back EMFs using the normalized PLL, as shown in Figure 2.

Current 
observer
Eqn. (7) +

+

i i

î

î

u
u

LPF

PI1 s · · 

cos

sin

ˆ n

z

z ê

ê

ˆ

Normalized PLL

1 pn
ˆr

2 2ˆ ˆe e

cu
cu

SMO

Figure 2. SMO and normalized PLL-based angle and speed estimation.

2.3. Asymmetric Approaching Velocity of SMO

According to (8), the sliding surface function can be written as:

s = Δi =
e − uc

R + pL
= 0 (13)

where p stands for the differential operator. The current error is with a first-order inertia of
the difference between back EMF and the switching function. Therefore, the actual control
input is:

u(x, t) = e − uc = e − k1sgn(î − i) (14)

The sliding mode control function uc has two symmetric values, k1 or −k1, but the
actual control variable u(x, t) has asymmetric values since the back EMF varies when the
motor runs. Therefore, the effects on the current evolution are different, which leads to
the asymmetric approaching velocity on two sides of the sliding surface. As shown in
Figure 3, due to the discrete sampling and control in the actual digital system, the control
variable uc will remain constant for the whole period. Thus, when the back EMF has a large
positive amplitude, the positive control input (eα,β + k1) is much larger than the negative
one (eα,β − k1). Then, the current error could increase in the control period of (eα,β + k1)
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much more than the decrease in the period of (eα,β − k1); that is, the current error could
deviate even further from the sliding surface. Moreover, the difference of approaching
velocity is even greater near the peak point of back EMF, since the actual control variable is
severely asymmetric, which leads to more serious chattering at that time.

 
Figure 3. Asymmetric approaching velocity on both sides of the sliding surface in the
traditional SMO.

Figure 4 presents the simulation analysis results of the actual currents, the ob-
served currents, and the practical sliding control variable under 5 and 1 kHz switching
frequencies, respectively.
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Figure 4. Simulation analysis results of SMO at switching frequencies of (a) 5 and (b) 1 kHz.

The speed is 600 r/m in Figure 4a. The fundamental frequency is 40 Hz, and the carrier
ratio is 125 at this time. The speed is also 600 r/m in Figure 4b. The fundamental frequency
is 40 Hz, and the carrier ratio is 25 at this time.

Near the peak of back EMF, the actual control input is far from zero at one side of the
sliding surface, so the observed current can cross the actual current in one control cycle,
but it cannot recover in a couple of coming control cycles since the control input is near
zero at the other side of the sliding surface. The asymmetric approaching velocity increases
the chattering of the observed current, and it is more deteriorating when the carrier ratio is
reduced, as shown in Figure 4b. Then, the observed current chattering can lead to increased
position and speed estimation errors.

3. Improved SMO Based on Variable Weighting Coefficient of Back EMFS

3.1. VWC-SMO

For improving the observed current chattering, the approaching velocity asymmetry
on two sides of the sliding surface should be improved. Therefore, the actual control
variable u(x, t) is assumed to be another symmetric sign function with gain k2. Thus, the
sliding switching function can be written as (15) according to (14):

uc = e − u(x, t) = e + k2sgn(î − i) (15)
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In (15), the actual back EMF is unknown, and it can be replaced by the estimated
value. To reduce the phase shift and amplitude attenuation of the estimated back EMF, a
bandpass filter (BPF) as in (17) was employed instead of the LPF. Thus, the sliding mode
switching function can be written as the weighted sum of the expected u(x, t) and the
bandpass-filtered z; that is,

uc = k2sgn(î − i) + BPF
[
k1sgn(î − i)

]
=

k2

k1
z + zF (16)

where zF stands for the bandpass-filtered z. The control model of VWC-SMO is presented
in Figure 5. The BPF can be written as:

GBPF(s) =
2kBPFω0s

s2 + 2kBPFω0s + ω2
0

(17)

where KBPF is the adjustable coefficient of bandwidth and ω0 is the center frequency.

k2/k1

Current 
observer
Eqn. (7)

+

BPF

i i
u
u

z

z

uc

uc

zF

zF

BPF PLL

++
++

k1î

î

ê
ê

+

ˆ
ˆ

Figure 5. Block diagram of the proposed VWC-SMO.

3.2. Parameter Design

In the steady-state condition, the fundamental value can be considered constant before
and after filtering, and the control variable uc is equal to the back EMF. According to (16)
and Figure 5, there is:

zF =
k1

k1 + k2
e (18)

Combining (14), (16), and (18), the actual sliding mode control function and the arrival
condition are described as (19) and (20), respectively.

u(x, t) = e − uc =
k2

k1 + k2
e − k2sgn(î − i) (19)

∣∣∣∣ 1
k1 + k2

max{|eα|, |eβ|}
∣∣∣∣ < 1 (20)

Under dynamic conditions, considering that there is a back EMF error eerr, (18) can be
rewritten as (21) and the sliding arrival condition can be expressed as (22):

zF =
k1

k1 + k2
e + eerr (21)

∣∣∣∣ 1
k1 + k2

max{|eα|, |eβ|}+ 1
k2

max{|eerrα|, |eerrβ|}
∣∣∣∣ < 1 (22)
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The same as the traditional SMO, k1 is generally a constant bigger than the maximum
of the back EMF. Similarly, k2 is designed as:

k2 = ksmoω̂ψ f (23)

where ksmo is an adjustable coefficient. Along with the increase of ksmo, the robustness
can be improved, but the chattering increases. To reduce the chattering, ksmo should be
properly chosen.

The back EMF error is mainly caused by the BPF. When there is an error on the center
frequency of the BPF, the back EMF error can be expressed as:

eerr = ωψ f [sin θ − ABPF sin(θ − ϕBPF)] (24)

where ABPF and ϕBPF are the filter gain and phase shift at the real speed, respectively.
If the maximum back EMF error coefficient is defined as:

kerr =
max(eerrα, eerrβ)

ωψ f
(25)

the relationship between the back EMF error coefficient Kerr and the BPF bandwidth
coefficient KBPF, and speed error ratio η, can be presented in Figure 6. The diagram clearly
shows that the error coefficient kerr is 0.707 if kBPF is selected the same as the speed error
η. Therefore, kBPF should be selected as larger than the speed error η. Assuming that the
speed error is ±2% and kBPF is 0.1, the back EMF error coefficient kerr is 0.198 according to
Figure 6, and the parameter ksmo should be selected as 0.3.

Figure 6. The relationship between kerr and η, and kBPF.

The simulation results of the VWC-SMO are shown in Figure 7, and parameters of the
SMO are set as above. In the proposed SMO system, the actual control input of axis α state
observation function is (eα − zFα ± k2) instead of (eα ± k1), and its asymmetry is reduced.
Therefore, the observed current chattering can be suppressed.

 

Figure 7. Simulation results of the VWC-SMO at a 5 kHz switching frequency.
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4. Experimental Results

The test platform of the proposed VWC-SMO is shown in Figure 8. The specific
parameters of the motor applied in the experimental platform are presented in Table 1.
The currents were sampled using the current sensor on the driver, and the rotor angle and
speed information was sampled by the resolver installed on the motor and decoded by
the decoding chip. The proposed VWC-SMO and the traditional SMO have carried out
comparative experiments under high and low carrier ratios, and the dynamic and static
performance of the VWC-SMO was also validated by the experiments.

PMSM Hysteresis 
dynamometerDrive

 

Figure 8. Test platform.

Table 1. Specific parameters of the experimental platform.

Parameter Symbol Value

Rated power PN (kW) 3.0
Rated current IN (A) 17.8
Rated torque TeN (N·m) 14.3
Rated speed nN (r/min) 2000

Winding resistance R (Ω) 0.1
d-axis inductance Ld (mH) 1.5
q-axis inductance Lq (mH) 1.5
PM flux linkage ψf (Wb) 0.11

Number of pole pairs np 4
Rotor inertia J (kg·m2) 0.00223

DC link voltage Udc (V) 300
Dead time Td (μs) 3

4.1. Steady-State Performance Comparison

Comparative experiments of the VWC-SMO with the traditional SMO were conducted
when the speed of the motor was 600 r/min and the torque was 2 N·m. The switching
frequencies are set to 5 kHz and 600 Hz, respectively, and the corresponding carrier ratios
are 125 and 15, respectively. The actual effects of the traditional SMO are presented in
Figures 9 and 10, and the cutoff frequency of the low-pass filter was set to 2 times the motor
angular speed. The results of the VWC-SMO are presented in Figures 11 and 12.

The experiment of the traditional SMO at a 5 kHz switching frequency is presented in
Figure 9. At this time, the base frequency was 40 Hz, and the carrier ratio was 25 at 600 rpm.
Although the currents shown in Figure 9a have harmonics, the rotor information can be
well-resolved from the back EMFs in the αβ frame, as shown in Figure 9b. The maximum
error between the actual rotor angle and the estimated one was 6.1◦ and the maximum
error of the speed value of the motor was 5.6 r/min, and all the waveforms can be seen
in Figure 9c.

The experimental effects of the traditional SMO at a 600 Hz switching frequency are
presented in Figure 10. At this time, the carrier ratio was 15. It can be seen from Figure 10a,b
that the currents and back EMFs have more severe chattering and harmonics because of the
lower carrier ratio. The maximum errors of the rotor angle and the speed reached 12.1◦and
32 r/min, respectively, which can be seen in Figure 10c. This larger angle error and speed
error have a serious adverse impact during the operation of the motor servo system, which
will affect the system performance.
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(a) (b) (c) 

Figure 9. Experimental waveforms of the traditional SMO under a 5 kHz switching frequency.
(a) Currents. (b) Estimated back EMFs and angle. (c) Speed and angle.

   
(a) (b) (c) 

Figure 10. Experimental waveforms of the traditional SMO under a 600 Hz switching
frequency. (a) Currents. (b) Estimated back EMFs and angle. (c) Speed and angle.

   
(a) (b) (c) 

Figure 11. Experimental waveforms of the VWC-SMO under a 5 kHz switching frequency.
(a) Currents. (b) Estimated back EMFs and angle. (c) Speed and angle.

The experiment of the VWC-SMO proposed in this paper with a 5 kHz switching
frequency is shown in Figure 11, and the VWC-SMO had an improved performance
compared with the traditional SMO. The maximum angle and speed errors of the rotor
reached 3.2◦ and 5.2 r/min, respectively.
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(a) (b) (c) 

Figure 12. Experimental waveforms of the VWC-SMO at a 600 Hz switching frequency. (a) Currents.
(b) Estimated back EMFs and angle. (c) Speed and angle.

The experimental results in Figure 12 show the VWC-SMO under a 600 Hz switching
frequency. The chattering of estimated currents and back EMFs was reduced by using the
VWC-SMO, as shown in Figure 12a,b. From Figure 12c, because of the lower carrier ratio,
the maximum errors of the angle and speed expanded to 6.4◦ and 11.2 r/min, respectively.
From 5 kHz to 600 Hz, it can be seen that although the experiments showed that the lower
the carrier ratio, the larger the deviation of the observer estimate, the proposed observer
still had good performance.

Figure 13 shows, in detail, the measured and observed currents with the traditional
SMO and the VWC-SMO, respectively. In the traditional SMO, the observed current ripples
severely near the peak of the current, which is caused by the different approaching velocity
on the two sides of the sliding surface. However, the asymmetry of the sliding mode control
variables can be reduced by the VWC-SMO and the current ripple can be mitigated, as
shown in Figure 13b.

  
(a) (b) 

Figure 13. Actual and observed currents at a 5 kHz switching frequency. (a) The traditional SMO.
(b) The VWC-SMO.

4.2. Dynamic Performance of the Proposed VWC-SMO

To verify the dynamic effect of the proposed VWC-SMO for angle and speed estima-
tions, acceleration, deceleration, and changing load experiments in various states were
conducted. Figure 14 shows the results. At a 5 kHz switching frequency, the motor speed
was ramped up from 200 to 2000 r/min and then back down to 200 r/min. Figure 14a
shows the real speed, estimated speed, and the errors of speed and angle. Obviously,
VVC-SMO can track the real-time angle and speed very well when the motor is running.
The speed error was less than 10 r/min, and the angle error was no more than 9◦.
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(a) (b) (c) 

Figure 14. Dynamic experimental waveforms. (a) Speed up and down under a 5 kHz switching
frequency. (b) Speed and angle errors in addition and subtraction load under a 5 kHz switch-
ing frequency. (c) Speed and angle errors in addition and subtraction load under a 600 Hz
switching frequency.

Figure 14b,c present the results of adding and subtracting the load experiment of the
VWC-SMO under 5 kHz and 600 Hz switching frequencies, respectively. The motor first ran
smoothly at 600 r/min, and then the load of the motor suddenly changed from 0 to 6 N·m;
them, 3 s later, the load was back to 0 N·m again. When the motor was operating with
sudden load changes, the speed and angle errors were, respectively, 9.6 r/min and 17◦
under a 5 kHz switching frequency. Under a 600 Hz switching frequency, the estimated
speed and angle were 18 r/min and 22◦, respectively. The experimental results for the
sudden load of the motor during operation showed that the proposed VWC-SMO can
effectively resist torque disturbance.

5. Conclusions

In applications with lower carrier ratios, the performance degradation of SMO makes
it impossible to meet engineering needs. For improving the performance of SMO and
reducing the estimation errors of angle and speed, this paper proposed a VWC-SMO. The
new VWC-SMO can suppress the asymmetry of the sliding mode control variable on the
two sides of the sliding surface, and then reduce distortion of the observed current. The
experimental results on the experimental platform showed that the proposed method can
effectively improve the angle and position estimation accuracy, especially under a low
carrier ratio, and can virtually enhance the performance of the PMSM drives.
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Abstract: High-precision rotor position information is usually needed in permanent-magnet syn-
chronous motors, which are critical to high-performance motor control based on vector algorithm.
Therefore, inductosyn is the best choice for the permanent-magnet synchronous motor position sensor.
Capacitive potential is an important component of the ineffective potential in the inductosyn angle
measuring system. When the effective potential of the inductosyn approaches zero, the proportion of
capacitive potential in the output potential will be greatly amplified. As a result, the zero-position
accuracy will be seriously affected. Error potential and effective potential always exist at the same
time, so it is difficult to measure and study quantitatively. In this paper, the capacitance network
model of inductosyn was established and the analytical calculation method was proposed. The factors
affecting the capacitive potential and the suppression strategy were studied through the combination
of theoretical analysis and the finite element method. In addition, the error separation method of
capacitive potential was also proposed in this paper, which realized the accurate measurement of this
part of error. The accuracy of the theoretical calculation and finite element analysis was verified by
the experimental results.

Keywords: inductosyn; capacitive potential; error separation; suppression strategy

1. Introduction

High-precision rotor position information is the basis of high-precision vector control
of the permanent-magnet synchronous motor. As the key component of the angle measure-
ment system, the performance of the angular position sensor directly affects the working
stability, conversion speed and measurement accuracy of the whole angle measurement
system [1–3]. Rotary inductosyn is a multipole electromagnetic induction angular position
sensor, which has the characteristics of resistance to harsh environment, low installation
accuracy requirements, high accuracy, fast operation speed, strong anti-electromagnetic in-
terference ability and low cost [4–6]. The special multipole structure enables the inductosyn
to achieve a precision much higher than that of other electromagnetic measuring elements,
such as rotary transformer and hall position sensor [7,8]. Compared with other optical
sensors, inductosyn has stronger adaptability and reliability in extreme environments [9,10].

With the continuous development of space technology, the accuracy of an angle
measurement system is of increasing necessity in various fields [11–13]. Therefore, how to
improve the measurement accuracy is the main problem that inductosyn currently faces.
The measurement accuracy of the inductosyn is mainly determined by the zero-position
accuracy [14,15]. In addition to external factors such as installation error, conductor marking
deviation, coupling potential of non-effective conductor and capacitive potential are the
main factors which determine the zero-position error of inductosyn [16]. Among them, the
conductor marking deviation is mainly determined by the manufacturing process, and the
coupling of non-effective conductors is difficult to avoid in any structure. Therefore, the
most effective method to improve the accuracy of the inductosyn system is to reduce the
capacitive potential [17].
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The capacitive potential is generated by the coupling capacitance between the stator
and the rotor, and the current forms a loop through the coupling capacitance, generating
an error potential at the output end [18,19]. The phase of the error potential and the
effective potential is almost the same, which is harmful to the zero-position accuracy
of the inductosyn and difficult to separate. As early as the initial stage of inductosyn
research, scholars paid attention to this error factor and proposed many measures to reduce
capacitive coupling [20]. These measures were based on the connection of conductors
in different ways, which complicated the ends of windings and inevitably affected the
electromagnetic coupling of primary and secondary windings [21].

In this study, the generation principle and influencing factors of the capacitive po-
tential of inductosyn were analyzed. The capacitance network model of inductosyn was
constructed, and the measures to suppress capacitive potential were studied by combining
theoretical calculation with the finite element method. Finally, the experimental measure-
ment was carried out by capacitive potential error separation technology, which verified
the accuracy of the theoretical calculation and finite element analysis.

2. Generation Mechanism of Capacitive Potential of the Inductosyn

The rotating inductosyn is spread along the circumference, and the sine and cosine
windings of the stator differ by half-pole distance in space. When the position of the
sinusoidal winding and the rotor conductor completely coincide, the cosine winding is
located in the center of the rotor conductor, as shown in Figure 1. When the sinusoidal
excitation current is applied to the rotor winding, the two-phase windings of the stator will
generate mutually orthogonal induced potentials.⎧⎨

⎩
U1 = Um sin ωt
U2s = U0 cos ωt sin θ
U2c = U0 cos ωt cos θ

(1)

Equation (1) shows the output effective potential of the inductosyn. However, due to
the formation of a plate-like capacitor structure between the stator and rotor windings, a
small part of the current flows through the distributed capacitance between the stator and
rotor conductor, and generates an ineffective potential on the stator winding, as shown in
Figure 1.

Figure 1. Generation principle of capacitive potential in the inductosyn.

Generally speaking, the amplitude of the effective potential in the inductosyn is much
higher than that of the non-effective potential generated by the distributed capacitance.
However, every time the rotor rotates an angle of the pole distance, the effective potential
of stator winding will pass through the zero position, while the capacitive potential is
not so sensitive to the angle change. Therefore, when the induced potential of the stator
winding approaches zero, the proportion of capacitive ineffective potential in the output
potential increases significantly. It can be seen that the capacitive potential will increase
the zero-position error of the inductosyn, which may seriously affect the accuracy of the
inductosyn angle measurement system.
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3. Capacitance Network Model and Analytical Calculation of the Inductosyn

The inductosyn has the characteristic that XC >> R >> XL. Therefore, the inductance
parameter can be ignored in the analysis process, and the impedance network model of the
capacitor and resistance can be directly established in the inductosyn.

3.1. Model of Stator and Rotor with Common Grounding Point

When the stator and rotor have a common grounding point, the capacitive current
only passes through the air gap once to form a loop. At this time, each conductor of the
rotor can be equivalent to a voltage source. The equivalent model is shown in Figure 2. The
path of capacitive current is relatively simple, and it is refluxed by the grounding point of
stator winding.

Figure 2. Network model of stator and rotor with common grounding point.

From the i branch on the right, the following formula can be obtained:

Ui = (N − X + i)U0(i ≤ X)

Ui = (i − X)U0(i > X)
(2)

Ri = iR (3)

Z1 = Z2 = . . . . . . = ZN =
1

−jωc
(4)

E =
N
∑

i=1

Ui
Zi

Ri =
U0R

Z

X
∑

i=1
(N − X + i)i +

N
∑

i=X+1
(i − x)i

= −jωcU0RN(X2

2 − N
2 X + N2

3 )

(5)

As can be seen from Equation (5), when the stator and rotor of inductosyn have a
common grounding point, the generated capacitive potential grows in quadratic form, and
has a large DC component. Moreover, the capacitive potential shows high order growth
with the increase in the pole number.

3.2. Model of Stator and Rotor without Common Grounding Point

If one end of the stator and rotor in the inductosyn floats to the ground, the capacitive
current passes through the air gap twice to form a loop. For this network, it can be divided
into two impedance networks, where Q is of order X-1 and P is of order N-X-1, as shown in
Figure 3.
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Figure 3. Network model of stator and rotor without common grounding point.

For the unit network shown in Figure 4, the following formulas can be obtained.

Ik−1Xc + I′k−1R − IkXc − ik−1R = 0 (6)

IkXc + I′k+1R − Ik+1Xc − ikR = 0 (7)

Ik = I′k − I′k−1 = −(ik − ik−1) (8)

Figure 4. Network unit.

By combining Equations (6)–(8), we obtain Equation (9):

Ik+1 = (2 + 2jλ)Ik − Ik−1

λ = Rωc
(9)

The result of Equation (9) is as follows:

Ik =
1

α−β [(I2 − βI1)α
k−1 − (I2 − αI1)βk−1](1 ≤ k ≤ X)

Ik =
1

α−β [(Ix+2 − βIx+1)α
k−x−1 − (Ix+2 − αIx+1)βk−x−1](X + 1 ≤ k ≤ N)

(10)

α = 1 + jλ +
√

2jλ − λ2

β = 1 + jλ −√2jλ − λ2

By combining Equations (8) and (10), the following equation is obtained:

I
′
k =

1
α−β [(I2 − βI1)

1−αk

1−α − (I2 − αI1)
1−βk

1−β ]− IR(1 ≤ k ≤ X)

I
′
k =

1
α−β [(Ix+2 − βIx+1)

1−αk−x

1−α − (I2 − αI1)
1−βk−x

1−β ](X + 1 ≤ k ≤ N)

(11)

The boundary conditions of the network in area Q are as follows:

I′x =
1

α − β
[(I2 − βI1)

1 − αx

1 − α
− (I2 − αI1)

1 − βx

1 − β
]− IR = 0 (12)
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I1Xc + I′1R − I2Xc − i1R = 0 (13)

According to the current continuity theorem, Equation (14) can be obtained:

I = IL + IR (14)

By combining Equations (12) and (13), Equation (15) is obtained:

I1 =
1
2

I(1 − α − β + αx−1 − βx−1

αx − βx ) +
1
2

IR(1 +
α − β − (αx−1 − βx−1)

αx − βx ) (15)

The boundary conditions of the network in area P are as follows:

I′N =
1

α − β
[(Ix+2 − βIx+1)

1 − αN−x

1 − α
− (I2 − αI1)

1 − βN−x

1 − β
] = −IR (16)

Ix+1Xc + I′x+1R − Ix+2Xc − ix+1R = 0 (17)

By combining Equations (14), (16) and (17), we obtain Equation (18):

Ix+1 =
1
2

I(1 − α − β + αx−1 − βx−1

αx − βx )− 1
2

IR(1 +
α − β − (αx−1 − βx−1)

αx − βx ) (18)

In the following equations, UAB is solved according to the network shown in Figure 3.
By the loops i1, i2, . . . , IL, ix+1, ix+2, . . . , iN and loops I1, I1

′
, I2

′
, . . . , Ix−1

′
, Ix, IL, Ix+1, Ix+1

′
,

Ix+2
′
, . . . , IN−1

′
, IN. It can be obtained by integrating them separately:

UAB = (i1 + i2 + . . . + ix−1 + IL + ix+1 + ix+2 + . . . + iN−1)R

= (I′1 + I′2 + . . . + I′x−1 + IL + I′x+1 + I′x+2 + . . . + I′N−1)R + (I1 − Ix + Ix+1 − IN)Xc

(19)

Another form of UAB can be obtained from Equation (20):

UAB = 1
2 (i1 + i2 + . . . + ix−1 + IL + ix+1 + ix+2 + . . . + iN−1+

I′1 + I′2 + . . . + I′x−1 + IL + I′x+1 + I′x+2 + . . . + I′N−1)R + 1
2 (I1 − Ix + Ix+1 − IN)Xc

(20)

At the same time, it can be also obtained by solving UAB along the loop I1, IR, IN:

UAB = (I1 − IN)XC − IRR (21)

From the above equation, we can find the expression of IR:

IR = N(α−β)(α+β−2)(αx−βx)(αN−x−βN−x)
F I

F = (α + β − 2)[(N + 2)(α − β)− (αN−x−1 − βN−x−1)− (αx−1 − βx−1)](αx − βx)(αN−x − βN−x)

+[α − β + αN−x − βN−x − (αN−x−1 − βN−x−1)]2(αx − βx)

+[αx−1 − βx−1 − (α − β)− (αx − βx)]2(αN−x − βN−x)

(22)

97



Energies 2022, 15, 6910

Through Equation (22), the electric potential expression of UCD at the output end can
be obtained:

UCD =
X−1
∑

j=1
I′j R − IRR +

N−1
∑

j=X+1
I′j R

= 1
α−β [

I2−βI1
1−α [X − 1 − α(1−αX−1)

1−α ]− I2−αI1
1−β [X − 1 − β(1−βX−1)

1−β ]]− IRR

+ 1
α−β [

Ix+2−βIx+1
1−α [N − X − 1 − α(1−αN−X−1)

1−α ]− Ix+2−αIx+1
1−β [N − X − 1 − β(1−βN−X−1)

1−β ]]

(23)

The distribution law of capacitive potential of induction synchronizer under different
grounding modes is shown in Figure 5. It can be seen that the relationship between
capacitive potential of induction synchronizer and rotor position is sinusoidal. When there
is a common ground point, the capacitive potential has a large DC component, which
disappears when the rotor ends float to the ground. Therefore, in practical application, it is
necessary to ensure that at least one end of the induction synchronizer is floating or that an
isolation transformer is used.

Figure 5. Capacitive potential of inductosyn.

4. Influencing Factors and Restraining Measures of Capacitive Potential

The analysis above is based on some assumptions. In practical application, the capac-
itive potential of inductosyn is much more complex than that in the analytical model. If
the capacitive potential cannot be effectively suppressed, the accuracy of the inductosyn
will be greatly reduced. According to the above analysis, we have established that the
capacitive potential can be effectively suppressed by isolation transformer. When the
capacitive current passes through the air gap twice, the ineffective potential generated
by it will be greatly reduced. In addition, we also need other methods to suppress the
capacitive potential.

4.1. Aluminum Substrate of Stator

With the continuous development of PCB (Printed Circuit Board) technology, the cost
and manufacturing cycle of inductosyn can be greatly reduced. However, organic materials
are used as substrates in conventional PCB processes, and these have a certain impact
on the capacitive ineffective potential. The analysis in the third section is based on the
absence of any metal substrate. When the aluminum substrate is used on the stator side,
the capacitance between the stator conductor and the substrate is connected in series with
the capacitance between the stator and rotor, which reduces the capacitive potential on the
stator conductor. The effect is related to the thickness of the stator insulation layer and the
resistance of the stator substrate to the ground.

The relationship between stator substrate and capacitive potential was analyzed in
this paper by the joint simulation of ANSYS Maxwell and Simplorer. The conductor
structure of inductosyn is too complex; therefore, we established a simplified model with
two effective conductors as shown in Figure 6, which ignored the weak coupling with
other surrounding conductors, to study the influence of stator substrate on capacitive
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potential. Stator aluminum substrate, the distance between stator winding and substrate
and the resistance of stator aluminum substrate to ground were studied as variables In
this simulation, the results are shown in Figure 7. It can be seen that using aluminum
substrate can effectively reduce the capacitive potential, and the smaller the distance
between the effective conductor plane of the stator and the aluminum substrate, the
smaller the capacitive potential. In addition, on the basis of ensuring good insulation
of stator winding, the smaller the resistance of stator substrate to ground, the lower the
capacitive potential.

Figure 6. Simplified simulation model of inductosyn.

Figure 7. Influence of stator substrate on capacitive potential.

From the above analysis, it can be seen that the aluminum substrate structure needs
to be adopted in the stator of inductosyn, and the insulation layer should be as thin as
possible to effectively suppress the capacitive potential. This also verifies that the angle
measurement accuracy of inductosyn made by traditional PCB process is very low. The
organic substrate is too thick, so the capacitive potential is difficult to fully suppress. In
order to solve these problems, we should use aluminum-based PCB processes or flexible
PCB processes to produce inductosyn.

4.2. Aluminum Shielding Film

Aluminum shielding film, which covers the inductosyn conductor, is another method
to suppress capacitive potential. The distributed capacitance between the stator and rotor
of the inductosyn will change with the angle. However, it will become a constant value
after using an aluminum shielding film. Moreover, part of the capacitive current will flow
back through the shielding film when the aluminum shielding film is grounded, which will
weaken the capacitive potential on the stator winding. The capacitor network model of
inductosyn with shielding film is shown in Figure 8.
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Figure 8. Capacitance network model with shielding film.

The capacitance between the shielding film and the exciting winding can be expressed
as follows:

CAl =
K1S
D

(24)

Therefore, the impedance of capacitive current flowing back through the shielding
film can be obtained:

Xc =
K2D
jωS

+ Rg3 (25)

In order to make more capacitive current return from the aluminum shielding film, the
impedance shown in Equation (25) should be as small as possible. Therefore, Rg3 should be
zero, which means the shielding film needs to be well grounded. Moreover, the distance
D between the shielding film and the exciting winding should be as small as possible.
Therefore, the aluminum shielding film should cover the side of the excitation winding.

5. Capacitive Potential Extraction and Separation Technology of the Inductosyn

5.1. Capacitive Potential Extraction

The induced potential and capacitive potential always exist at the same time, so it has
been impossible to measure the size of the capacitive potential and related factors alone.
Yongping Lu and others of Harbin Institute of technology estimated the capacitive potential
by connecting the two ports of excitation to both ends of the stator and rotor wingdings,
respectively, in early years [22]. However, the whole rotor is in a high potential state at this
time, which is different from the distribution from 0 to power supply voltage in actual work.
Therefore, the measurement results are not only larger, but also irrelevant to the relative
position of stator and rotor. A special rotor that can separate the capacitive potential of the
inductosyn was designed in this paper, and its principle is shown in Figure 9.

Figure 9. Extraction of capacitive potential in the inductosyn.

In the special rotor designed in this paper, the current mainly flows through the outer
resistance, and the resistance value of each resistance is the same as that of each conductor
of the inductosyn rotor. As long as the safe distance between the outer resistance and the
inner conductor is ensured, the stator will not generate any induced potential. The potential
on the stator side will be all capacitive potential at this time. Therefore, the capacitive non-
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effective potential of the inductosyn can be separated and accurately measured through
this special rotor, which is shown in Figure 10.

Figure 10. Special rotor for Extracting capacitive potential.

5.2. Experimental Results of Capacitive Potential SEPARATION

The test platform of inductosyn is shown in Figure 11. In the experiment, the accuracy
of the precision optical turntable is 0.5 arcsec. The capacitive potential can be measured
directly with the low-noise amplification module and oscilloscope. The zero-position error
of the inductosyn can be measured by rotating the fine-adjustment knob with a resolution
of 0.05 arcsec of the turntable. When the angle were adjusted to make the amplified signal
reach the minimum value, the difference between the displayed angle and the standard
position was the zero-position error. Firstly, the capacitive potential generated by different
grounding methods of stator and rotor was measured. The stator adopts a 1.6 mm thick
PCB board and was fixed on the aluminum substrate. The results are shown in Figure 12. It
can be seen that when the inductosyn stator and rotor have a common grounding point,
a large capacitive voltage drop will be generated. Therefore, in practical application, at
least one side of the stator or rotor needs to be floating to the ground, so as to significantly
reduce the capacitive potential.

Figure 11. Test platform of inductosyn.

In the experiment of the 360 poles of inductosyn made by PCB processes, 1.6 mm
PCB stator without aluminum substrate, 1.6 mm PCB stator with aluminum substrate and
0.1 mm flexible PCB stator with aluminum substrate were selected as the experimental
objects, respectively, and ensure that at least one side of the stator and rotor was floating on
the ground. The relationship between stator capacitive non-effective potential and air gap
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is shown in Figure 13. The experimental results are in good agreement with the simulation
results. The capacitive potential decreases significantly after using the aluminum substrate.
The smaller the distance between the stator conductor and the aluminum substrate, the
smaller the capacitive potential, and the faster the attenuation with the increase in air gap.
Therefore, the stator winding of the inductosyn should be made directly on the aluminum
substrate as far as possible. If the PCB process is to be adopted, the aluminum-based PCB
process or flexible PCB process fixed on the aluminum substrate are the appropriate choices.

Figure 12. Influence of grounding mode.

Figure 13. Influence of substrate.

In this paper, on the premise of using a flexible aluminum substrate PCB and en-
suring that at least one end of stator and rotor is floating, the influence of grounding
aluminum shielding film on the capacitive potential of inductosyn was measured, as shown
in Figure 14. The capacitive potential of inductosyn with a shielding film was significantly
reduced, and did not change with the relative position of stator and rotor.

The accuracy of the inductosyn mainly depends on the zero-position accuracy, and
non-effective potential will make the zero-position error of the inductosyn jump in parity.
Under the above conditions, the zero-parity errors of the inductosyn before and after the
use of the shielding film were measured, as shown in Figure 15. The zero-parity error of
the inductosyn before using the shielding film was very serious, and it changed greatly
with the angle. After using the shielding film, the parity error decreased from about 1′ to
10” and remains stable.
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Figure 14. Influence of aluminum shielding film.

Figure 15. Parity error of inductosyn.

6. Conclusions

In this paper, the formation mechanism of capacitive potential and its harm to the
accuracy of inductosyn were analyzed. Furthermore, the capacitance network model of
inductosyn was established and the analytical calculation method was proposed, which
reflected the distribution law of capacitive potential. This laid a foundation for the suppres-
sion of capacitive potential of inductosyn.

When the stator and rotor of inductosyn have a common grounding point, a large
capacitive voltage drop is generated, which makes the inductosyn difficult to work with
with high accuracy. Therefore, an isolation transformer is required to ensure that one end
of the stator and rotor is floating on the ground. In addition, the capacitive potential error
extraction technology was also proposed in this paper. The influence of various factors on
the capacitive potential was accurately measured, which provided guidance for the error
separation.

Capacitive potential was effectively suppressed by stator aluminum substrate and
rotor aluminum shielding film. By using both of them at the same time and ensuring
the good floating of stator and rotor, we could control the capacitive potential in a very
small range. The experimental results were consistent with the theoretical calculation and
simulation analysis, which verified the above argument.
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Abstract: This paper presents a triple rotating coordinate transformed vector control method for dual
three-phase permanent magnet (PM) machines. In the proposed scheme, the control variables are
converted to three sets of αβ components directly, which are 120◦ electric degrees different from each
other. It omits the complicated six-dimensional transformed matrix and reduces the computation
greatly. The relationship with vector space (VSD) control was mathematically analyzed. By ensuring
the consistency of control variables in the three stationary reference frames, the suggested method can
not only achieve the same fundamental control performance as VSD but compensate for the imbalance
current caused by the harmonics in the back electromotive force. In addition, the proposed method
belongs to multi redundancy control in theory, which is maybe a good solution for fault-tolerant
operation. Finally, a prototype dual three-phase PM machine was tested. The experimental results
are in good agreement with the theoretical analysis.

Keywords: mechanical antenna; PM machine; vector control; triple rotating reference frame; imbalance
current

1. Introduction

The ability to penetrate seawater has long been a major problem in wireless commu-
nication [1]. Though low-frequency electromagnetic waves have great potentiality in the
underwater covert communication field, the most widely studied low-frequency transmit-
ting antenna belongs to electrically small antennas (ESA) with the features of bulky size,
low radiation efficiency, high transmitting power, and energy consumption. It becomes
an important bottleneck to the further development of low-frequency electromagnetic
communication [2].

Mechanical Antenna (MA) was initially developed to achieve the miniaturization
and low power consumption of low-frequency transmitting systems by the US Defense
Advanced Research Projects Agency (DARPA) [3]. MA directly generates a strong static
electric or magnetic field with the mechanical movement of special, exciting materials,
eliminating the matching tuning network and its corresponding additional losses. It is
expected to break through the physical scale limit of traditional low-frequency ESA [4].
Depending on different exciting materials and mechanical movement modes, MA can
be broadly divided into four classes: vibrating-electret based MA (VEBMA), vibrating-
magnet based MA (VMBMA), rotating-electret based MA (REBMA), and rotating-magnet
based MA (RMBMA). Among them, RMBMA attracts domestic and foreign attention that
benefits from the mature application of rare earth permanent magnetic materials and servo
control [5–7]. Typical RMBMA architecture consists of a permanent spinning magnet
and a rotating servo drive system, as shown in Figure 1. Obviously, the transmission
characteristics of RMBMA are closely related to the performance of PMSM. For example,
the transmission capacity will be proportional to Tem/J. Hence, increasing the output torque
can improve MA efficiency.
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Figure 1. Typical RMBMA architecture.

Multiphase electric machines have numerous advantages over traditional three-phase
machines, such as torque enhancement, high efficiency, and low torque ripple. They are
obtained in wide applications; one of the most common multiphase machine structures is
the dual three-phase machine [8–10]. It consists of two isolated three-phase winding sets
shifted by 30◦ electric degrees. The special structure determines the diversity of its control
methods. An effective control scheme is an essential part of dual three-phase PMSM drives,
which are closely related to the performance and the whole application. However, control
of dual three-phase PMSM is more challenging than other machines due to the coupling
and asymmetry between two windings [11].

The vector space decomposition (VSD) method is the most widely used multiphase
modeling and control approach [12,13]. However, the original VSD control suffers from
imbalanced currents between two winding sets. Some improvements were suggested to
solve imbalance currents [14,15]. While the solutions are overcomplicated, they have not
achieved the desired effect in practice. Double d-q current control is another alternative
approach for this particular winding type, which is capable of balancing currents. However,
it is generally known that this alternative approach has the disadvantage of cross-coupling
that induces current harmonics. Additionally, it was criticized for reducing winding
utilization in fault-tolerant control [16–19].

The previous review of control strategies for dual three-phase PMSMs indicates that
further improvements and better control solutions are needed for balance current, harmonic
current suppression, simplicity, and high winding availability for fault-tolerant operation.
Therefore, this paper aimed to develop a control scheme for dual three-phase PMSM
based on a triple rotating reference frame. A simplified model to analyze the triple dq
transformation was established. The comparison between VSD and triple dq transformation
was analytically derived. The novelty of the proposed method was to perform the current
control in a new reference frame, which solves the problems of balanced current sharing
and current harmonics. It can also provide a practical means for improving the performance
of dual three-phase PMSMs with redundant fault-tolerant control.

2. Mathematical Model of Dual Three-phase Machines Based on Triple Stationary
Reference Frame

Due to the special structure, the dual three-phase machine can be regarded as three
sets of orthogonal two-phase winding, i.e., A&Z, B&X, and C&Y, as shown in Figure 2a,
even if with two isolated neutral points. Hence, the variables in the original six-dimensional
system can be mapped into three virtual stationary coordinates, shifted 120◦ from each
other. The three stationary coordinates are designated as α1-β1, α2-β2, and α3-β3.

The variables in each αβ frame can be converted to dq components directly by the
modified Park transformation:

P3dq(θe) =

[
cos θe − sin θe

− sin θe − cos θe

]
(1)
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Figure 2. Decoupled three d-q coordinates, (a) dual three-phase windings, (b) d1-q1 reference frame;
(c) d2-q2 reference frame; (d) d3-q3 reference frame.

Thus, the total transformation can be expressed as:[
fd1 fq1 fd2 fq2 fd3 fq3

]T

= T3dq
[

fA fB fC fX fY fZ
]T (2)

T3dq =

⎡
⎣P3dq(θ1)

P3dq(θ2)
P3dq(θ3)

⎤
⎦ (3)

where θ1 = θe, θ2 = θe − 120◦, and θ1 = θe + 120◦; Symbol f is the machine variable, which
can represent voltage, current, or flux.

The voltage, flux, and electrical torque equations in the original six-dimensional
coordinate system can be mapped into a triple stationary reference frame by both sides
multiplied T3dq. By simplifying and omitting higher harmonic inductance components, the
voltage equations in the new reference frame can be rewritten as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ud1 = Rid1 +
.
ψd1 − ωeψq1

uq1 = Riq1 +
.
ψq1 + ωeψd1

ud2 = Rid2 +
.
ψd2 − ωeψq2

uq2 = Riq2 +
.
ψq2 + ωeψd2

ud3 = Rid3 +
.
ψd3 − ωeψq3

uq3 = Riq3 +
.
ψq3 + ωeψd3

(4)

Additionally, the flux equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψd1 = (Laad + Laal)id1 + Laad(id2 + id3) + ψ f d

ψq1 =
(

Laaq + Laal
)
iq1 + Laaq

(
iq2 + iq3

)
ψd2 = (Laad + Laal)id2 + Laad(id1 + id3) + ψ f d

ψq2 =
(

Laaq + Laal
)
iq2 + Laaq

(
iq1 + iq3

)
ψd3 = (Laad + Laal)id3 + Laad(id1 + id2) + ψ f d

ψq3 =
(

Laaq + Laal
)
iq3 + Laaq

(
iq1 + iq2

)
(5)
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Based on the electrical machinery theory with Virtual Displacement, the electromag-
netic torque Te can be represented as the derivative of magnetic co-energy Wc with respect
to mechanical position θm:

Te =
∂Wc

∂θm
= pn

(
1
2

IT
s

∂Ls

∂θe
Is + IT

s
∂ψs

∂θe

)
(6)

The electromagnetic torque in the new reference frame is obtained by substituting
(3)–(5) into (6):

Te = pn

[ (
Laad − Laaq

)
(id1 + id2 + id3)(iq1 + iq2 + iq3)

+ψ f d(iq1 + iq2 + iq3)

]
(7)

From the flux Equation (5), it can be seen that there are complex cross couplings
among the three d-q reference frames. It is therefore desirable to thoroughly understand
the variables in the new model by relating them with variables in the conventional double
d-q model, which is able to interpret physically. This can easily be performed by comparing
the transformation matrices between the two models.

The Clark–Park transformation of the conventional double d-q model is given as:{ [
fD1 fQ1

]T
= TDQ1

[
fA fB fC

]T[
fD2 fQ2

]T
= TDQ2

[
fX fY fZ

]T (8)

With

TDQ1 =
2
3

⎡
⎣ cos θe − sin θe

cos(θe − 120◦) − sin(θe − 120◦)
cos(θe + 120◦) − sin(θe + 120◦)

⎤
⎦T

(9)

TDQ2 =
2
3

⎡
⎣ cos(θe − 30◦) − sin(θe − 30◦)

cos(θe − 150◦) − sin(θe − 150◦)
cos(θe + 90◦) − sin(θe + 90◦)

⎤
⎦T

(10)

Then, the variables in the two models can be associated with the original six-dimen-
sional space:

[
fA fB fC fX fY fZ

]T
= T−1

dq3

[
fd1 fq1 fd2 fq2 fd3 fq3

]T (11)

{ [
fA fB fC

]T
= T−1

DQ1
[

fD1 fQ1
]T[

fX fY fZ
]T

= T−2
DQ1
[

fD2 fQ2
]T (12)

By substituting (3), (8), and (9) into (10) and (11), the relationship can be obtained as{
fD1 = fd1 = fd2 = fd3

fQ1 = fq1 = fq2 = fq3{
fD2 = fd1 = fd2 = fd3

fQ2 = fq1 = fq2 = fq3

(13)

It indicates that the variables in three d-q reference frames are always balanced,
even if there is no careful regulation for current control or distribution. In addition, the
same conclusion can be drawn by observing Figure 2a. The three rectangular coordinate
systems consist of phase windings from two different sets. Each axis is only related to
one phase winding, α-axes being coincident with phases of A, B, and C, and β-axes being
opposite to phases of X, Y, and Z. Variables in the αβ reference frame can be represented
by their equivalence in the d-q reference frame by Park transformation, such as the q-axis
components are consistent with amplitudes of αβ-axis components. Hence, the components
in the three d-q reference frames should be symmetric.
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By comparing (12) with (5), the flux can be rewritten as{
ψd1 = Ldid1 + ψ f d

ψq1 = Lqiq1{
ψd2 = Ldid2 + ψ f d

ψq2 = Lqiq2{
ψd3 = Ldid3 + ψ f d

ψq3 = Lqiq3

(14)

where Ld = 3Laad + Laal and Lq = 3Laaq + Laal. It can be observed that the three d-q reference
frames are totally decoupled with respect to each other, which yields a very simple form
for the machine equations, as shown in Figure 2b–d.

Therefore, the voltage equations are rewritten as:⎧⎨
⎩

ud1 = Rid1 + Ld
did1
dt − ωeLqiq1

uq1 = Riq1 + Lq
diq1
dt + ωeLdid1 + ωeψ f d⎧⎨

⎩
ud2 = Rid2 + Ld

did2
dt − ωeLqiq2

uq2 = Riq2 + Lq
diq2
dt + ωeLdid2 + ωeψ f d⎧⎨

⎩ ud3 = Rid3 + Ld
did3
dt − ωeLqiq3

uq3 = Riq3 + Lq
diq3
dt + ωeLdid3 + ωeψ f d

(15)

The electromagnetic torque can be rewritten as:

Te = pn

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

iq1

[(
Ld − Lq

)
id1 + ψ f d

]
+iq2

[(
Ld − Lq

)
id2 + ψ f d

]
+iq3

[(
Ld − Lq

)
id3 + ψ f d

]
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(16)

It can be seen that the total output torque is the sum of torque generated by the
three sets of two orthogonal windings. Thus, the dual three-phase machine can be regarded
as three separate sets of orthogonal two-phase winding. It is assumed that the machine is
surfaced mounted, Laad ≈ Laaq, Te can be simplified as

Te = pnψ f d
(
iq1 + iq2 + iq3

)
= 3pnψ f d IT (17)

where IT is designated as torque current to be referred to torque capacity.

3. Interpretation of Phase Currents Using VSD and Triple Stationary Transformation
Modeling Approaches

In the early research of multiphase machines, VSD is widely regarded as the most
effective motor vector control approach [20]. It is, therefore, desirable to provide a better
theoretical interpretation of the proposed method by relating it with the VSD control model.
The VSD current transformed matrix is expressed as:

⎡
⎢⎢⎣

iα

iβ

iz1
iz2

⎤
⎥⎥⎦ =

1
3

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 − 1
2 − 1

2

√
3

2 −
√

3
2 0

0
√

3
2 −

√
3

2
1
2

1
2 −1

1 − 1
2 − 1

2 −
√

3
2

√
3

2 0

0 −
√

3
2

√
3

2
1
2

1
2 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

iA
iB
iC
iX
iY
iZ

⎤
⎥⎥⎥⎥⎥⎥⎦ (18)

It is obvious that each phase current component involves five phase currents, which
presents great complexity compared with the triple stationary transformation.
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By substituting (17) into (2), the VSD variables can be mapped to a triple stationary
reference frame: ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩
iα = 1

3 (iα1 − 1
2 iα2 − 1

2 iα3 −
√

3
2 iβ2 − 1

2 iβ3)

iβ = 1
3 (

√
3

2 iα2 −
√

3
2 iα3 + iβ1 − 1

2 iβ2 − 1
2 iβ3)

iz1 = 1
3 (iα1 − 1

2 iα2 − 1
2 iα3 +

√
3

2 iβ2 −
√

3
2 iβ3)

iz2 = 1
3 (−

√
3

2 iα2 +
√

3
2 iα3 + iβ1 − 1

2 iβ2 − 1
2 iβ3)

(19)

In order to comprehend the relation intuitively and thoroughly, these variables are
converted to dq reference frame:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

id = 1
3 (id1 + id2 + id3)

iq = 1
3 (iq1 + iq2 + iq3)

iz1 =
(

1
3 id1 − 1

6 id2 − 1
6 id3 −

√
3

6 iq2 +
√

3
6 iq3

)
cos θ

+
(
− 1

3 iq1 +
1
6 iq2 +

1
6 iq3 −

√
3

6 id2 +
√

3
6 id3

)
sin θ

iz2 =
(

1
3 iq1 − 1

6 iq2 − 1
6 iq3 +

√
3

6 id2 −
√

3
6 id3

)
cos θ

+
(

1
3 id1 − 1

6 id2 − 1
6 id3 −

√
3

6 iq2 +
√

3
6 iq3

)
sin θ

(20)

The dq current components in VSD are proportional to the sum of the d1, d2, d3, and
q1, q2, and q3 components in the triple stationary reference frame. On the other hand, z1z2
current harmonic components are associated not only with the triple stationery transformed
variables but also with the rotor position. It can be shown that if the sum of d1, d2, d3 and
q1, q2, q3 components are three times that in VSD, then the triple stationary control could
have the same fundamental control performance as the VSD control without the stability
issues. For restraining the harmonic components, iz1 and iz2 need to be zero, which is
equivalent as: ⎧⎨

⎩
1
3 id1 − 1

6 id2 − 1
6 id3 −

√
3

6 iq2 +
√

3
6 iq3 = 0

1
3 iq1 − 1

6 iq2 − 1
6 iq3 +

√
3

6 id2 −
√

3
6 id3 = 0

(21)

Considering the sum current of the neutral point is zero, we have{
iA + iB + iC = 0

iX + iY + iZ = 0
(22)

Converted to the d-q axis by Park transformation, the neutral currents can be rewritten as:

(id1 − 1
2 id2 − 1

2 id3 +
√

3
2 iq2 −

√
3

2 iq3) cos θ

−(iq1 − 1
2 iq2 − 1

2 iq3 −
√

3
2 id2 +

√
3

2 id3) sin θ = 0
(23)

Thus, the relationship between currents in the d1q1, d2q2, and d3q3 axes can be written as:⎧⎨
⎩ id1 − 1

2 id2 − 1
2 id3 +

√
3

2 iq2 −
√

3
2 iq3 = 0

iq1 − 1
2 iq2 − 1

2 iq3 −
√

3
2 id2 +

√
3

2 id3 = 0
(24)

By solving Equations (11) and (14), the following can be obtained:{
id1 = id2 = id3

iq1 = iq2 = iq3
(25)

Therefore, it can be concluded that as long as the components in the three stationary
reference frames are balanced, the control performance is the same as the VSD, and the
harmonics can be removed. The suggested control scheme guarantees balanced current
sharing between the winding sets.
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4. Control Scheme of Triple Stationary Reference Frame

The suggested control scheme is illustrated in Figure 3. These three α-β reference
frames are independent of each other. It converts the feedback currents to three sets
of dq components via Park transformation. As mentioned, the d1, d2, d3 and q1, q2, q3
components are dc variables. The cross-coupling between d- and q-axis can be elimi-
nated by the decoupling voltage terms feed-forward compensation for the output of the
current controllers: ⎧⎨

⎩
Δud1 = −ωeLqiq1

Δuq1 = ωe

(
Ldid1 + ψ f d

)
⎧⎨
⎩

Δud2 = −ωeLqiq2

Δuq2 = ωe

(
Ldid2 + ψ f d

)
⎧⎨
⎩

Δud3 = −ωeLqiq3

Δuq3 = ωe

(
Ldid3 + ψ f d

)
(26)

Figure 3. Control scheme of triple stationary frame.

Hence, the dq-currents can be effectively regulated without static errors by simple
PI controllers. For surface-mounted PM machines, the reference currents of d1,2,3-axes
set to zero are equivalent to maximum torque per ampere (MTPA), and the output of
the speed regulator is as the common reference currents of q1,2,3-axes. It is obvious that
the current PI controllers output phase voltages directly. The conventional stationary
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coordinate transformations between current PI controllers and phase voltages are avoided,
which reduces the computation complexity. For synthesizing the required reference voltage
vectors in the three d-q reference frames by a VSI, a carried-based PWM strategy was
adopted since six different voltage vector components (ud1, uq1, ud2, uq2, ud3, uq3) are
modulated in three decoupled parts simultaneously. Hence, each αβ reference frame can
be seen as a control unit, which contains a speed regulator, current controllers, PWM,
and two-phase inverter, respectively. It realizes the triple-redundancy control of dual
three-phase machines.

Compared with conventional double-redundancy control, the proposed scheme has
many advantageous properties. More redundancies mean better post-fault control perfor-
mance. Hence, the most obvious one is the ease of implementation of high-performance
fault-tolerant control. Furthermore, both neutrals can be preserved under open-phase
faults. The current constraints can especially be released by changing the neutral connec-
tion. It provides the possibility of improving the post-fault control performance, which
conventional double d-q control has lacked.

5. Experimental Results

5.1. Experimental Setup

In order to verify the effectiveness of the proposed fault-tolerant control, an experiment
platform was developed, which consists of two three-phase VSIs with a common dc link,
a dual three-phase PM machine, and a dynamometer acting as the system load. Table 1
presents the parameters of the dual three-phase PM machine. Carrier-based PWM strategies
are employed to generate PWM duties for each set. The VSIs operate at a switching
frequency of 10 kHz. The setup includes an encoder for the rotor angle and speed feedback.
The hardware platform based on dSPACE-1007 is shown in Figure 4.

Table 1. Parameters of dual three-phase PM machine.

Parameter Value

Resistance (Ω) 0.48
Leakage inductance (mH) 0.262

d-axis self-inductance (mH) 0.28
q-axis self-inductance (mH) 0.28

PM flux linkage (Wb) 0.07
Pole pairs 5

DC link voltage (V) 50

5.2. Dynamic Performance Observation

The dynamic preference was tested by step response of given speed. During this test,
the reference speed was changed from 0 to 250 r/min, rising to 500 r/min, then falling to 0.
At last, the prototype runs the continuous speed transient state (500 r/min, 1 Hz) without
load. Figure 5 shows the experimental results. Obviously, the proposed method achieves
high-speed tracking accuracy, and even the distinction cannot be seen in Figure 5.

In order to showcase the rise time of speed step response, the given speed was
increased from 0 to 500 r/min directly, without load. The speed response curve and q-axis
currents are shown in Figure 6. The rise time was 0.028 s, and the currents changed rapidly
and consistently. This control strategy presents good dynamic performance.

5.3. Compensation of Imbalance Currents

Previous studies show that asymmetric phase resistance and back EMF harmonics
may induce currents in the z1z2 sub-plane, which results in imbalanced currents between
two winding sets and additional copper loss [21]. However, the conventional VSD is incom-
petent to eliminate currents in the z1z2 sub-plane. The prototype possesses nonsinusoidal
back EMFs, which are suited to verify the balance control.
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During this test, the machine runs with a rated speed (500 r/min) and rated load
(3.5 N.m). The conventional VSD experimental results are shown in Figure 7a. The currents
between two winding sets present asymmetry. One peak current is 3.4A, while the other is
about 4.1A. The phase currents are not purely sinusoidal, as shown in Figure 7b; there is
a fifth harmonic in the spectrum. It is evident that the conventional VSD is not capable of
regulating currents in the z1z2 sub-plane effectively.

Figure 4. Experiment setup for dual three-phase PMSM drive testing.

Figure 5. Continuous speed transient state: Channel 1: actual speed, Channel 2: reference speed
(250 rpm/div), Horizontal: Time (2 s/div).

As a comparison, Figure 8a,b also shows the phase currents where the prototype was
operated with the suggested control method in this paper. The phase peak currents of A and
Z are both 3.7A. There are no current harmonics in the spectrum. It was concluded that the
imbalance currents could be corrected with the triple stationary frame control scheme.
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Figure 6. Step response of given speed, (a) speed: Channel 1: actual speed, Channel 2: reference
speed (250 rpm/div), Horizontal: Time (0.02 s/div); (b) q-axis currents: Channel 1: q1, Channel 2: q2,
Channel 3: q3, (5A/div), Horizontal: Time (0.02 s/div). (PS: “预览 ” means preview, “噪声滤波器 ”
means Noise Filter).

Figure 7. Cont.
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Figure 7. Experimental results with conventional VSD, (a) currents: Channel 1: phase of A, Channel
2: phase of X (2A/div), Horizontal: Time (0.02 s/div); (b) corresponding harmonics analysis. (PS: “停
止 ” means stop, “噪声滤波器 ” means Noise Filter).

Figure 8. Experimental results with triple stationary control, (a) currents: Channel 1: phase of A,
Channel 2: phase of X (2A/div), Horizontal: Time (0.02 s/div); (b) corresponding harmonics analysis.
(PS: “预览 ” means preview, “噪声滤波器 ” means Noise Filter).
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6. Conclusions

This paper proposes a vector control method for dual three-phase PM machines
based on a triple stationary reference frame. The novel coordinate transformation and
mathematical model were discussed. The fast dynamic response and imbalance of current
inhibition were demonstrated by experiments. Compared with previous studies, the
proposed method adopted three Park transformations to obtain the feedback of currents
directly, omitting the complicated six dimensions transformed matrix. The vector control
algorithm was simplified without sacrificing performance. The imbalanced currents caused
by harmonic EMFs were suppressed effectively. Additionally, this suggested scheme
theoretically achieves triple-redundancy control for dual three-phase machines. Although
there is a lack of experimental verification, it is still a good solution for fault tolerance.
Therefore, the proposed control scheme is suitable for high-speed machine applications,
especially for the RMBMA system.
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Nomenclature

u Voltage Laaq Q-axis self-inductance
i Current Te Torque
ψ Flux pn Pole pairs
R Resistance θe Rotor position
Wc magnetic co energy θm Mechanical position
Ls inductance matrix ωe Electric angular frequency
Laal Leakage inductance Is Current matrix
Laad D-axis self-inductance ψs Flux matrix
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Abstract: This article presents selected methods of limiting the bearing voltages of synchronous
machines with permanent magnets supplied from power electronic converters. The authors analyzed
methods based on the use of various shielding windings placed in slot wedges and mounted in
the stator end-winding region. The values of the parasitic capacitances of the machine, on which
the levels of bearing voltages depend, were determined using the finite element method. Three-
dimensional simulation models were used for the calculations. The analysis of the influence of the
shielding windings on the bearing voltage waveforms was conducted on the basis of circuit models
with two- and three-level converters. The obtained calculation results indicate a high potential in
limiting bearing voltages.

Keywords: bearing voltages; PMSM; parasitic capacitances; FEM 3D; shielding winding

1. Introduction

Electric machines have been among the largest consumers of electricity for many years.
They are used in many industries as key elements of many drive systems. It is also difficult
to imagine everyday life without the possibility of using basic appliances with electric
motors in households. The market of electric vehicles [1] has been developing rapidly
for several years now—not only passenger cars but also public transport vehicles (e.g.,
buses [2]) and inland waterway boats [3]. This development was possible owing to, among
other things, the development of highly efficient electric motors, particularly synchronous
motors with permanent magnets, which are characterized by a high power-to-weight
ratio, a high efficiency and good dynamic parameters [4]. Modern drive systems often
operate at high rotational speeds, which means that the stator windings must be supplied
with high-frequency voltage. In modern drive systems, in order to supply permanent
magnet motors, power electronic converters are used, which enable the implementation of
complex control strategies. The most frequently used converter systems are those based
on PWM modulation, in which the regulation of output parameters (voltage, current
and frequency) is performed by modulating the pulse width and changing the switching
frequency of power electronic transistors. This control enables the smooth regulation of
the frequency and amplitude of the first harmonic of the voltage supplying the electric
machine. Undoubtedly, the advantages of using converters have led to their widespread
use in electric drives. Unfortunately, these converters introduce higher harmonics into the
voltage supplying the motor, which, in turn, triggers a number of unfavorable phenomena.
The use of converters contributes to, among other things, an increase in the generated noise
and an increase in the amplitudes of forces causing vibrations of the motor [5], leading
to a higher risk of bearing damage. Another negative result caused by converter usage
is the appearance of bearing voltages and currents [6]. There is a small layer of oil film
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between the raceways and rolling elements of the bearings. The bearing voltage can break
the oil film, causing the current flow in the circuit consisting of the bearings, the frame and
the machine shaft. Due to the small contact area between raceways and rolling elements,
the current flow can reach densities that can damage the raceway surfaces. This current
causes local pitting on the raceway surfaces and on the rolling elements of the bearings.
An example of damage to the rolling element of a bearing resulting from the flow of the
bearing current is shown in Figure 1. The bearing voltage is the main source of bearing
currents. On the contact surfaces, that is, where rolling elements touch the raceways, an
effect similar to electrical arc welding occurs. The current flowing through the bearing often
causes local heating of the bearing, even to the melting point. In places where the metal has
been melted, traces of discoloration or pitting of various shapes and sizes are formed [7].
The further flow of bearing currents in the presence of precipitated metal filings results in a
deepening of the bearing damage process. The intensity of the damage largely depends on
the intensity of the current, the time of its flow, the rotational speed, the mechanical load
and the type of lubricant used [8].

Figure 1. Example of damage to a rolling element of a bearing due to the flow of the bearing current.

The available publications provide comprehensive information on bearing failures by
categorizing the causes of their occurrence and present photographs of the consequences
of bearing current flow [7,9–11]. Bearing current density Jb is defined as the ratio of the
bearing current amplitude Ib(peak) to the Hertzian contact area AHz (1):

Jb =
Ib(peak)

AHz
. (1)

The available literature provides different values of the permissible bearing current
densities, but in general, it can be assumed that values below Jb < 0.1 A/mm2 do not
threaten the bearing service life, while the bearing current with a density of Jb > 1 A/mm2

significantly reduces the failure-free time of its operation [12]. For this reason, sliding
bearings, which are used in high-power machines, are less sensitive to the phenomenon of
bearing currents due to the much larger contact area between the bearing elements [12].

It is worth emphasizing here that bearing currents may appear not only when mo-
tors are supplied from power electronic converters but also when the supply voltage is
sinusoidal [13]. The mechanisms for the generation of bearing currents are different for
each case. When the machine is supplied with sinusoidal voltage, bearing currents are
characterized by a low frequency (f < 1 kHz) and occur in machines with asymmetry in the
electromagnetic circuit [14]. This asymmetry may be caused by, among other things, the
asymmetry of the air gap (static or dynamic), damage to the magnets placed in the rotor, the
asymmetrical connection of windings, the short-circuit of the stator sheets, the anisotropy
of the magnetic circuit or the segmentation of the stator core, which occurs in large-sized
electrical machines. Another reason for the formation of magnetic circuit asymmetry may
be the asymmetrical arrangement of ventilation ducts or stator core mounting welds on the
magnetic circuit. In such cases, a circular flux appears in the stator yoke, surrounding the
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machine shaft [15]. It induces a potential difference between the ends of the shaft, under
the influence of which current flows in a closed circuit consisting of the frame, bearings
and shaft [16]. For a symmetrical electromagnetic circuit of the machine, the distribution of
the magnetic field across the cross-section is the same within each polar pitch, so circular
flux does not occur.

In the case of machines powered by power electronic converters, the main role is
played by the interaction of the fast-changing common-mode voltage occurring at the
winding star point with the system of parasitic capacitances of the machine. In both cases,
the bearing currents can cause severe damage to the raceways and rolling elements. The
damage intensity depends mainly on the bearing current, its duration, its bearing load
and its rotational speed. Therefore, methods of limiting bearing voltages in electrical
machines are still being developed. Considering that the vast majority of permanent
magnet synchronous machines work with power electronic converters, this article focuses
on methods of limiting bearing voltages and currents under such power supply. More
detailed information related to the discussed issues is described in the second chapter of
this article.

The aim of the article is to present the idea of limiting bearing voltages in electric
machines, particularly in synchronous machines with permanent magnets placed inside
the rotor. The research presented in the article is a continuation of the publication [17], in
which the authors conducted a detailed analysis of the impact of machine design solutions
on parasitic capacitances. It was limited to the simulation of two-dimensional models,
and the subject of the research was the comparison of, among other things, the shape of
the stator slot opening, the number of shielding wires used in the slot opening space and
the demonstration of their influence on parasitic capacitances and bearing voltages. The
conclusions were used to conduct research aimed at determining the internal capacitances
of the machine on the basis of a three-dimensional model of an electric machine with an
IPM rotor.

2. Bearing Voltages and Currents in Electric Machines Powered by Power
Electronic Converters

The vast majority of currently used power electronic converters work with PWM
(Pulse Width Modulation), for which the SVM (Space Vector Modulation) method is most
frequently used. It consists in forming the output voltage of the converter using vector
relationships. In the case of a two-level power electronic converter, the diagram of which is
shown in Figure 2a, each of the operating states of the system is represented by voltage
vectors: six active vectors and two zero vectors. In the SVM algorithm, the vector of the set
converter output voltage is generated for each transistor switching period as a combination
of zero vectors and two adjacent active vectors. The transistor switching combinations
corresponding to each control vector are shown in Figure 2b.

Figure 2. Diagram of a two-level DC-AC converter (a) and transistor switching combinations (b).
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The sequence and switching times of the individual transistors are controlled by a
vector modulator in the control system. The examples of the output voltages of a two-level
converter, uu, uv and uw, are shown in Figure 3. The voltages on the individual phases of
the winding assume values that depend on the voltage in the DC-link circuit UDC: UDC/2
or −UDC/2. The result of the voltages at the output of the converter formed in such a
way is the presence of a non-zero voltage at the neutral point of the winding called the
common-mode voltage uCM, the value of which is equal to the average value of the voltages
in the individual phases according to formula (2) [18]:

uCM =
uU + uV + uW

3
. (2)

Figure 3. Examples of waveforms of phase voltages at the output terminals of a two-level DC/AC
converter and the common-mode voltage uCM.

The turn-on times of transistors depend on the amplitude of the voltage vector and the
sector in which it is located. The construction of the voltage vector Vref can be described by
Equation (3) [19]:

→
Vref =

T0
TS

→
V0 +

T1
TS

→
V1 +

T2
TS

→
V2,

TS = T0 + T1 + T2,
(3)

where:
V0—zero vector;
V1, V2—active vectors;
Ts—switching period of transistors (1/f s);
T0—duration of the zero vector;
T1, T2—durations of active vectors V1 and V2.
The common-mode voltage when the machine is fed from a two-level converter has

the shape of a stepped curve, with a frequency equal to the switching frequency of the
transistors and a steepness resulting from the switching rate. The uCM voltage assumes
values of −UDC/2, −UDC/6, UDC/6 and UDC/2, with amplitudes falling on zero vectors,
as shown in Figure 3.

As shown above, powering the motor from a power electronic converter contributes
to the occurrence of a non-zero common-mode voltage uCM in the stator winding. The
presence of this voltage can contribute to capacitive or discharge-bearing current (EDM) [15].
Capacitive current refers to the case where the bearing current ib = (dub/dt) · Cb flows
through the oil film of the bearing. Due to the small capacitance of the bearing Cb, capacitive
currents are usually harmless to the bearing. The second type of bearing current (EDM)
occurs when the oil film is punctured, and it appears as a point short-circuit arc that

122



Energies 2022, 15, 8001

destructively affects the bearing raceway surfaces. The main elements through which the
bearing current flows are the metal structural parts of the machine. Since the resistances
of the shaft, bearing and frame are very small, the oil film has a decisive influence on the
value of the bearing current. Its thickness decreases with increasing temperature. If its
electrical strength is exceeded, then a short-term current pulse flows through the bearing,
which is the main cause of pitting on the bearing raceways and rolling elements. Both types
of currents occur when there is a stepped, rapidly changing common-mode voltage in the
machine winding that affects the parasitic capacitances of the machine.

2.1. Parasitic Capacitances of the Machine and Their Equivalent Diagram

As described above, the power supply of a machine from a power electronic converter
involves the occurrence of common-mode voltage uCM, whose rapid changes duCM/dt
reaching up to several kV/μs stimulate the capacitive couplings present in an electric
machine and play an important role in the mechanism of generating bearing currents.
These capacitances occur between three characteristic elements (frame, winding and rotor)
isolated from each other. In order to analyze the equivalent circuit that takes into account
the parasitic capacitances of the machine, it is necessary to distinguish its following design
elements:

• Stator iron core, placed in the grounded frame of the machine;
• Stator winding, isolated from the inner surface of the stator slots and supplied from

an external voltage source;
• Rotor installed inside the frame by bearings, isolated from the structure due to the

presence of an oil film.

Bearing in mind the insulation between the stator winding and the ferromagnetic
circuit, as well as the isolation of the rotor from the other structural components of the
machine (due to the presence of an oil film in the bearings), one can formulate its equivalent
circuit diagram that consists of parasitic capacitances [20]. In a simplified model of an
electric machine, capacitances can be distinguished: Cws—the capacitance between the
stator winding and the grounded stator, Cwr—the capacitance between the stator winding
and the rotor, Csr—the capacitance between the rotor and the grounded stator, Cb1 and Cb2—
the capacitances of the bearings on the drive and non-drive sides [21]. It is worth noting
that the capacitance Cwr occurs both along the active length of the stator iron core and in the
end-windings region. Thus, it is possible to distinguish two components of Cwr capacitance
connected in parallel: Cwr(ew) and Cwr(slot), which correspond to the capacitance between
the windings located in the stator slots and the end-winding capacitance, respectively [22].
The location of the above-mentioned parasitic capacitances is illustrated in a cross-sectional
view of the electric machine in Figure 4, whereas the equivalent diagram with lumped
parameters is shown in Figure 5. It is worth noting here that, in the case of supplying the
stator windings with a sinusoidal voltage at the frequency of f = 50 Hz, these capacitances
do not play any role in generating bearing voltages due to the large value of reactance
Xc = 1/(2πfC).

Figure 4. Distribution of parasitic capacitances in an electric machine.
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Figure 5. Equivalent diagram of parasitic capacitance with a specification of common-mode voltage
uCM and bearing voltage ub.

The value of the Cws capacitance depends on, among other things, the geometrical
dimensions of the machine and the configuration of the windings, as well as on the dielectric
parameters of the stator slot insulation used. The Cwr value depends on the shape and
dimensions of the electromagnetic circuit. The article omits the bearing resistances, limiting
it to the equivalent diagram that consists only of parasitic capacitances.

The equivalent circuit diagram shown in Figure 5 explains that the source of the voltage
ub that occurs between the raceways of the bearing is the common-mode voltage uCM. The
ratio of these voltages (BVR—Bearing Voltage Ratio) is given by the equation [23,24]:

BVR =
ub

uCM
=

Cwr

Cb1 + Cb2 + Csr + Cwr
=

Cwr(ew) + Cwr(slot)

Cb1 + Cb2 + Csr + Cwr(ew) + Cwr(slot)
. (4)

The above equation shows the relationship between the bearing voltage and the
common-mode voltage, ignoring the stator-to-ground resistance. The higher the BVR
coefficient, the greater the observed values of the bearing voltages, which are the main
sources of currents flowing through the bearings. Various methods are used to limit the
bearing voltages. They are described in the next chapter of the article.

3. Methods of Limiting Bearing Voltages

The dynamic development of electric machines and drives has contributed to the
development of various methods of counteracting and reducing the effects of bearing
current flow. Generally, two groups of methods can be distinguished:

• Methods based on limiting the source of bearing voltages and currents;
• Methods based on the introduction of high impedance into the potential flow path of

bearing currents.

The first group of methods includes methods based on modifications to the power
supply systems of the electric machine (the use of multi-level converters, the modification
of control algorithms [25], the use of additional passive filters [26] or active filters [24,27])
as well as modifications to the machine structure (the use of shielding windings, the
use of an oblique opening of the stator slots [28], etc.). The second group of methods
is restricted to the use of insulated bearings—fully ceramic or hybrid [29]. The use of
appropriate countermeasures depends primarily on the type of supply and the applicability
of individual methods. Both groups of methods can be combined and applied in drive
systems in order to provide protection against the destructive phenomenon of bearing
voltages and currents.

As was shown in the previous chapter, the value of the bearing voltage depends
on the parasitic capacitances, particularly on the capacitance between the stator winding
and the rotor. Different solutions aimed at limiting the Cwr capacitance are presented in
existing publications on the subject. One of them is to increase the distance between the
stator windings located in the slots and the rotor surface [30]. Solutions based on the
introduction of a grounded shield into the slot opening space [31,32] and around the stator
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end-winding [33–35] are highly effective. These shields are implemented in the form of,
among other things, tapes of conductive material or copper wires.

The concept suggested by the authors is based on the use of special wedges closing
the stator slots, in which there are copper wires along the entire length. These wires can be
connected, for example, in series, thus creating a special shielding winding, one terminal of
which is connected to the grounded frame. Such a solution is characterized, among other
things, by the following advantages: the wires are evenly distributed in the wedges along
the entire slot opening length of the stator core and are also prevented from accidentally
touching the stator winding. The concept and an exemplary connection of the wires in the
slot wedges are shown in Figures 6 and 7.

Figure 6. The concept of using the shielding winding located in the stator slot wedges.

Figure 7. An example of a connection of shielding wires (1) placed in slot wedges (2).

4. Analysis of the Influence of Shielding Windings on the Parasitic Capacitances of a
Permanent Magnet Synchronous Machine

In order to determine the parasitic capacitances of an electric machine, a three-
dimensional simulation model of a synchronous machine with permanent magnets placed
inside the rotor (IPM) was developed. The choice of such a machine model is due to the
numerous advantages of such design. These include, first of all, the presence of a reluctance
torque, which interacts with the torque produced by the permanent magnets [36]. The
reason for the presence of the reluctance torque is the magnetic asymmetry of the rotor,
since the reluctances for the armature interaction fluxes in the direct and quadrature axes
are not equal. Compared to machines with SPM rotors, IPM rotors have a higher torque
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overload and also do not require additional protection against the effects of centrifugal
force on the magnets.

Traditional methods for the analytical determination of parasitic capacitances are
being replaced by modern numerical methods more and more often. Nowadays, among
the increasingly used numerical methods intended, among other things, for calculating
the parameters of electrical machines is the finite element method. With this method, it
is possible to develop models of electrical machines that take into account multivariate
design changes without the need to build costly prototypes [37]. A certain limitation in
determining parameters in this way is the relatively long calculation time, especially in
cases where three-dimensional models of electrical machines are investigated.

In order to analyze the effect of shielding windings on parasitic capacitances and
bearing voltages in the machine, it was decided to conduct a series of analyses based on
simulations of three-dimensional FEM models. First, a reference model without shielding
windings was developed. Using such a model, the values of the parasitic capacitances of
the machine were determined, which was the starting point for the analysis of the effect
of different shielding winding designs on the parasitic capacitances and BVR coefficients.
The purpose of such a comparative analysis is to try to answer the question “which of the
analyzed variants has the greatest effectiveness in reducing dangerous bearing voltages”.

4.1. Calculation of Parasitic Capacitances for the Reference Machine Model

The developed reference model lacks solutions that would limit the value of capac-
itance Cwr, and it is treated as a starting model for further analysis. The model was
developed based on the design data of the actual machine shown in Table 1. The basic
dimensions of the machine are shown in Figure 8. The stator winding was modeled as a
single geometric solid, which significantly simplified the model and made it possible to
reduce the number of mesh elements. It is practically impossible to model all the wires
of the stator winding with their mutual alignment in a three-dimensional model. The
construction of the model and calculations to determine the parasitic capacitances of the
machine were performed in the Ansys Maxwell environment using an electrostatic solver.
The calculations presented in the paper were carried out using a workstation equipped
with a 32-core processor (Threadripper 3970×) supporting a 256 GB quad-channel DDR4
memory controller.

Table 1. List of parameters of the considered electric machine.

Parameter Value/Type

Frame size 132 mm
Rated power 7 kVA
Rated voltage 400 V

Number of phases 3
Type of winding Single-layer, arranged in stator slots
Number of poles 4

Air gap width 1.5 mm
Number of stator slots 36

In order to ensure reliable results of the simulation model calculations, the finite
element mesh was parameterized in a way that ensures a high density of finite elements in
the key spaces of the model, particularly in the space between the stator and the rotor. The
generated mesh is shown in Figure 9. The number of mesh elements was approximately
8.9 million tets.
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Figure 8. Reference model of a PMSM machine with an IPM rotor, with the most important geometri-
cal dimensions marked: (a) side view, (b) front view.

Figure 9. Finite element mesh of the reference model.

The presented model is a reference model that was used to determine the parasitic
capacitances of the machine: Cwr(ref) = 33.84 pF, Cws(ref) = 4921 pF, Csr(ref) = 324 pF. Such
values of capacitances determine the contribution of the bearing voltage in the common-
mode voltage defined by the parameter BVR = 6.07%. These values define the starting
point for the analysis of the effectiveness of the solutions discussed in the subsequent
chapters of the article. The obtained values may differ from the capacitances of the real
model, particularly due to the simplification of the winding shape. However, in further
simulations, this shape remains unchanged, so the obtained changes in the capacitances
values will reflect the actual yield and effectiveness of the analyzed solutions. Since the
article provides, among other things, an analysis of the influence of the shielding winding
located in the end-windings region, it becomes reasonable to modify the reference model,

127



Energies 2022, 15, 8001

by means of which it will be possible to calculate the capacitance between the end-windings
and the rotor Cwr(ew). The next subsection of the article is dedicated to this issue.

Modified Reference Model

In order to determine the contribution of the Cwr(slot_ref) and Cwr(ew_ref) components
to the total capacitance Cwr(ref) between the stator winding and the rotor of the machine
under consideration, the simulation model was modified by depriving it of end-windings,
as shown in Figure 10. Using the modified model created in this way made it possible to
determine the capacitance Cwr(slot_ref) of the reference model. The difference in values for
the full and modified reference model determines the value of the capacitance that exists
between the stator end-windings and the rotor Cwr(ew_ref):

Cwr(ew_ref) = Cwr(ref) − Cwr(slot_ref). (5)

Figure 10. Reference model without the stator end-windings.

All model dimensions, except for the end-windings, remained unchanged. The values
of the components of the capacitance (Cwr(ref), Cwr(slot_ref), Cwr(ew_ref)) determined for the
reference model are presented in Table 2. The presented values show that the contribution
of capacitance in the slot part Cwr(slot_ref) in relation to the total capacitance Cwr(ref) amounts
to approximately 69%. In view of the above, it is reasonable to shield this machine space,
which fits well with the concept of using slot wedges with a shielding winding proposed by
the authors, the effectiveness of which is the subject of the studies described in an upcoming
part of the article. The ratio of the capacitance components Cwr(ew) and Cwr(slot) depends
on the geometrical dimensions of the machine’s electromagnetic circuit, particularly on the
length of the iron core and the length of the end-winding overhang [38]. Thus, the ratio
will be different for high-speed and low-speed machines.

Table 2. Summary of the values of the components of Cwr(ref) capacitance: Cwr(slot_ref) and Cwr(ew_ref).

Cwr(ref) Cwr(slot_ref) Cwr(ew_ref)

33.84 pF 23.48 pF 10.36 pF

Next, the modified reference model was supplemented with shielding winding wires
placed in slot wedges. Similar to the case above, the model lacked the end-windings.
Simulation studies allowed us to determine the effect of using such a shielding winding on
the value of capacitance Cwr(slot). In this case, the value of capacitance Cwr(slot) = 3.17 pF
was obtained. It means a reduction of this component by 86.5% with respect to the model
without shielding windings, which shows the high effectiveness of the suggested solution
in reducing the capacitance of Cwr(slot).

128



Energies 2022, 15, 8001

4.2. Analysis of the Influence of the Shielding Winding Placed in the Stator Slots on the Parasitic
Capacitances of the Machine

According to the previously described concept, the shielding winding was added to
the reference model from Section 4.1, located in the wedges closing the stator slots. This
winding consists of 72 copper wires, with 2 wires placed in each wedge, connected in series,
as shown in Figure 11.

Figure 11. A 3D model of the machine with a visualized shielding winding for lew = 5 mm.

The analysis of the effect of the shielding winding was carried out in two variants. The
first variant involved studying the effect of the diameter of the wire forming the shielding
winding on the parasitic capacitances of the machine. The range of these changes was from
0.45 to 0.6 mm. Figure 12 shows the characteristics of the changes in these capacitances.
The second variant of calculations concerned the analysis of the effect of the length of
end-windings overhang in range from 2.5 to 15 mm. The results of these calculations are
shown in Figure 13. For each of the analyzed cases, the number of mesh elements slightly
differed and ranged from 22 to 28 million tets. Such a large number of elements resulted
from, among other thing, the small diameters of the shielding wires used.

Figure 12. The results of the calculations of parasitic capacitances: Cwr (a) and Cws, Csr (b) for
different diameters of the shielding wire and the length of the end-winding overhang lew = 2.5 mm
compared to the capacitance values of the reference model.
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Figure 13. The results of the calculations of parasitic capacitances: Cwr (a) and Cws, Csr (b) for
different overhang lengths of the shielding winding and the wire diameter dw = 0.5 mm compared to
the capacitance values of the reference model.

On the basis of the performed calculations, it can be concluded that the use of the
shielding winding located in the stator slot wedges reduces the value of the capacitance
Cwr compared to the same capacitance determined for the reference model. The reduction
in this capacitance in relation to the reference model ranges from 65.0 to 69.3%, depending
on the analyzed calculation variants. The values of the remaining capacitances Cws and
Csr are practically insensitive to changes in the parameters lew and dw. The reduction in
the Cwr capacitance along with the increase in the diameter of the shielding wires result
from the increasing filling of the slot opening space by the grounded shielding winding.
The connections of the shielding winding are located under the stator end-windings; hence,
with the increase in the lew parameter, a non-significant reduction in the capacitance Cwr
can be observed.

4.3. Analysis of the Effect of a Shielding Winding Placed in the End-Winding Region on the
Parasitic Capacitances of the Machine

The solution based on the shielding winding placed in the slot wedges, due to its
location, noticeably reduces the value of the capacitance component Cwr(slot) and only
slightly reduces the value of the component Cwr(ew). As previously shown, the Cwr(ew)
capacitance is approximately 30% of the total Cwr capacitance. In view of the above, it
is reasonable to study the impact of the effect of an additional winding, placed at the
end-windings. For this purpose, the reference model was supplemented with an additional
helix winding made of copper wires located on both sides of the stator iron core, as shown
in Figure 14. The diameter of the helix shielding winding is dw = 0.5 mm. This helix was
placed at a distance of h1 = 4.0 mm from the stator iron core, and its pitch is yhelix = 2 mm.
The simulations were carried out for a different number of helix turns: nhelix = 3 ÷ 6, and
the results of the obtained parasitic capacitances of the machine are shown in Figure 15a,b.

Due to the location of the helix shielding winding (directly under the end-winding, at
a distance of h1 = 4.0 mm from the stator iron core), its contribution to the reduction in the
capacitance component Cwr(slot) is negligible. The change in capacitance Cwr caused by this
winding refers to a reduction in the capacitance component of Cwr(ew) by 5.62 pF (54%) for
nhelix = 3 and by 7.70 pF (74%) for nhelix = 6.
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Figure 14. A 3D model with a shielding winding in the form of a helix placed under the stator
end-winding.

Figure 15. Results of parasitic capacitances calculations: Cwr (a) and Cws, Csr (b) depending on the
number of turns of the helix shielding winding nhelix compared to the capacitance values of the
reference model.

4.4. Determination of Parasitic Capacitances for the Final Machine Model

The last studied variant is the solution that uses both shielding windings described in
the previous sections. In the case of the winding placed in the slot wedges, it was decided
to have a minimum overhang length of the shielding winding lew = 2.5 mm (in order to
provide space for the placement of the winding in the form of a helix), and the value of the
diameter of the shielding wire dw = 0.5 mm. In the case of the shielding winding, it was
limited to a helix with the number of turns nhelix = 4. The model developed in this way is
shown in Figure 16. Due to the presence of a large number of objects and small geometric
dimensions, the model is characterized by a large number of mesh elements—more than
33 million tets. Since the number of finite elements is so high, the calculation time is very
long; for the presented variant, the calculations lasted almost 8.5 days. The values of the
obtained parasitic capacitances are shown in Table 3.

Table 3. Parasitic capacitances of the model with two shielding windings compared to the capacitance
values of the reference model.

Cwr Cwr(ref) Cws Cws(ref) Csr Csr(ref)

8.05 pF 33.84 pF 4860 pF 4921 pF 277.3 pF 324.0 pF
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Figure 16. A 3D model with shielding windings: in the stator slot wedges and in the form of a helix
under the stator end-winding.

4.5. Summary

In summary, the obtained results were limited to four variants:

• Ref.—reference model without any solutions reducing the Cwr capacitance;
• Var. A—model with shielding windings in stator slots, dw = 0.5 mm, lew = 2.5 mm;
• Var. B—model with helix shielding winding, nhelix = 4;
• Var. C—model with shielding winding in stator slots, dw = 0.5 mm, lew = 2.5 mm, and

with helix shielding winding, nhelix = 4 (Var. A + Var. B).

The values of capacitance Cwr and BVR coefficients for the mentioned design variants are
compared graphically in Figure 17a,b. They show that the effective solution is the shielding
winding located in the stator slots. It makes it possible to significantly reduce the capacitance
Cwr and, consequently, the BVR coefficient. Its effectiveness can be further improved by
adding a helix winding placed from the inside of the stator end-windings. If only the helix
winding is used, the effect is unsatisfactory. It is also worth noting that the overall impact on
the reduction in Cwr for variants A and B is greater than that for variant C. To determine the
value of the BVR coefficient, the bearing capacitances Cb1 = Cb2 = 100 pF were used.

Figure 17. Comparison of capacitances Cwr (a) and BVR coefficients (b) for selected solution variants.

5. Analysis of the Effect of Machine Shielding Windings on Bearing Voltage Levels

As shown in Section 2.1, the bearing voltage ub depends on the value of the common-
mode voltage uCM and the values of the machine’s parasitic capacitances Cwr, Csr and Cws.

132



Energies 2022, 15, 8001

The calculations presented in following subsections of the paper are aimed at answering
the question: what is the effect of the machine shielding windings suggested in the article
on the bearing voltage levels when fed from a PWM converter? In order to answer this
question, circuit models of two-level and three-level DC/AC converters were developed.
The converters, along with the machine winding system and parasitic capacitances, were
developed in the Matlab/Simulink environment. The following assumptions were made:

• The switching on of IGBT transistors occurs without delay;
• The switched-off transistor does not conduct current;
• The diode present in the structure of the transistor in the conducting state is replaced

by an ideal diode;
• Voltages in the DC-link circuits have the same values.

5.1. Results of the Calculations of Bearing Voltages When the Machine Is Powered by a
Two-Level Converter

The basic and most widely used converter for powering permanent magnet syn-
chronous machines is a two-level converter. It consists of six transistors connected in
three branches. In the developed model shown in Figure 18, the output of the converter is
connected to the three-phase stator winding of the machine represented by three RL series
circuits. A voltage divider consisting of capacitances Cwr, Cws, Csr and Cb is connected to
the Artificial Neutral Point, which was used to determine the bearing voltage ub. The value
of the voltage in the DC-link circuit UDC is 565 V. The bearing voltage waveforms obtained
by simulation for the selected variants are shown in Figure 19.

Figure 18. Simulation model with the two-level DC/AC converter.

Figure 19. Bearing voltage waveforms for the two-level converter model for selected solution variants.
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The bearing voltage waveforms shown in Figure 19 indicate that, for the reference
variant, the bearing voltage amplitude is 17.2 V. The application of the proposed solutions
based on the shielding windings contributes to lowering the bearing voltage amplitudes to
6.8 V for variant A and 4.7 V for variant C, respectively.

5.2. Results of the Calculations of Bearing Voltages When the Machine Is Powered by a
Three-Level Converter

In order to complement the studies presented in the previous section, calculations
of the bearing voltage were carried out when the machine was powered by a three-level
converter containing neutral-point clamped (NPC) diodes [39]. This type of converter is the
most common group of multilevel converters. The converter consists of 12 IGBT transistors
and 6 leveling diodes. One way to limit the common-mode voltage is to eliminate the
zero vectors from the control strategy, which are the source of the maximum amplitude of
the common-mode voltage uCM [40]. The model of such a three-level converter is shown
in Figure 20. The results of model calculations for selected variants of machine design
solutions are shown in Figure 21. From the presented results, a reduction in the amplitude
of the bearing voltage ub by 1/3 compared to a 2-level converter can be observed. In this
case, the amplitude of the bearing voltage for the reference model is 11.4 V. The use of
shielding windings in the machine contributes to reducing the amplitude of the bearing
voltage to 4.5 V for variant A and to 3.1 V for variant C.

Figure 20. Simulation model with the three-level DC/AC converter.

Figure 21. Bearing voltage waveforms for the three-level converter model for selected solution variants.

6. Conclusions

The source of the bearing voltage is primarily the asymmetrical nature of the voltage
that occurs when the machine is powered from a power electronic converter. In order to
reduce the negative effects associated with it, the authors suggest the use of two additional
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shielding windings in the machine. The main advantage of the suggested solutions is that
there is no need to redesign the magnetic core of the machine.

The only fundamental change is to equip the machine with stator slot wedges in which
the wires are placed, which, from the technological point of view, is a relatively easy task
to perform. This solution is also supported by technical reasons—the grounded shielding
winding is protected from short-circuiting to the main winding located in the stator slots.

From the presented calculations of bearing voltages, it can be seen that the use of a
shielding winding placed in the stator slot wedges causes a reduction in the value of the
capacitance Cwr, resulting in a decrease in the amplitude of the bearing voltage from 17.2 V
to 6.8 V.

Simulation research has shown that the overhang length of the shielding winding does
not significantly reduce the resultant capacitance Cwr. Therefore, for technological reasons,
it is reasonable to use the shortest possible connections between wedges. It reduces the
problems of ensuring the electrical insulation of these connections and also has a beneficial
effect on their stiffness.

If the above solution turns out to be insufficient from the point of view of bearing
voltage levels, equipping the machine with a helix-shaped shielding winding located in
stator end-winding region may be considered. This solution, together with the shielding
winding in wedges, increases the effectiveness of the bearing voltage limitation. Compared
to the reference model, the bearing voltage amplitudes were reduced from 17.2 V to 4.7 V
(when the machine is powered from a conventional two-level converter).

The calculations obtained using converter circuit models showed that the method of
limiting bearing voltages can additionally be successfully combined with other available
methods. For example, when the levels of bearing voltages cause their accelerated wear, it
is possible to additionally consider the use of a three-level converter to power the machine.
For this supply type, the bearing voltage amplitudes of the machine under consideration
were reduced to about 3.1 V.

Due to the nature of the 3D FEM models used, capacitance calculations are time-
consuming. The most time-consuming variant turned out to be the model with two
shielding windings—for this model, calculations took more than 8 days. For the other cases,
the calculations were correspondingly shorter.

The presented results of the simulations justify the desirability of using shielding
windings in machines powered by converters, particularly where the high operational
reliability of drive systems is required.
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Abstract: The world is experiencing an accelerated energy transition that is driven by the climate
goals to be met and that has driven the growth of different potential sectors such as electric mobility
powered by electric motors, which continue to be the largest load globally. However, new needs in
relation to power density, weight, and efficiency have led manufacturers to experiment with new
technologies, such as rare earth elements (REEs). The permanent magnet motor is a candidate to be the
substitute for the conventional induction motor considering the new editions of the IEC 60034-30-1,
for which study and evaluation continue to be focused on identifying the weaknesses and benefits of
its application on a large scale in industry and electric mobility. This work presents a FEM model
to assess the line-start permanent magnet motor (LSPMM), aiming to simulate the behavior of the
LSPMM under supply conditions with distorted voltages (harmonic content) and evaluate its thermal
and magnetic performance. The model created in the FEM software is then validated by bench tests
in order to constitute an alternative analysis tool that can be used for studies in previous project
phases and even to implement predictive maintenance schemes in industries.

Keywords: line-start permanent magnet motor; voltage harmonics; FEMM; temperature model;
computational simulations

1. Introduction

The electric motor market has become more competitive in recent years, as the growth
of new areas such as electric vehicles requires more efficient motors with higher power
density, which has led manufacturers to introduce new technologies that have lower
energy consumption for the same power output. This technological evolution in motor
drive systems has also allowed many countries to implement policies and incentives
for the substitution of old/non-efficient motors with higher efficiency motors, which
brings a benefit both to end-users through savings in consumption and to the country’s
energy matrix through reductions in energy consumption and demand. Within current
technologies, permanent magnets have gained a greater field of use among manufacturers
despite being a recent and immature technology. Its use extends not only to the residential,
commercial, and industrial sectors but also to electric vehicles and boats given the great
benefits it brings in terms of economy, weight, power density, etc.

Different works analyzing the construction, rotor topologies, operating principles,
benefits, and challenges of the line-start permanent magnet motor (LSPMM) have been
presented in [1–6], highlighting the main trends in the development of these technologies.
Furthermore, since electric motors are subjected to different disturbances in electrical
systems, different authors have presented experimental results on the LSPMM performance
in the presence of disturbances such as harmonics, subharmonics, voltage unbalance,
and voltage variation. Upon comparison with its predecessors, as shown in [6–13], in
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ideal conditions, the LSPMM presents lower consumption, temperatures, and quieter
operations when compared to the squirrel cage induction motor (SCIM). However, these
conditions change in the presence of voltage harmonics and voltage unbalance, with lower
performances and higher temperatures, which may be attributed to the harmonic distortion
of the magnets as well as to greater harmonic losses. Another fact related to the high-
efficiency motors and the LSPMM is the smaller leakage and magnetization impedance
as a product of its constructive improvements in relation to the old/non-efficient motors
but with less ability to filter the harmonics present in the power supply compared to
previous technologies.

Concerning temperature, thermography has been one of the most used methods
in the industry for the identification of faults in electric motors as well as predictive
maintenance. The works presented in [7,14–18] show theoretical and practical studies of
electric motor monitoring techniques, including statistical and computational intelligence
analysis, with useful results for the identification of faults of different natures, such as
electrical, mechanical, thermal, and environmental.

In the literature, many works have focused on evaluating motors’ performances
and losses using techniques based on numerical-computation-based models. The works
presented in [19,20] use the same LSPMM technology used in this work to model and
validate the LSPMM model through experimental tests. The studies use the parameters of
the LSPMM equivalent circuit calculated empirically as well as numerical methods that are
later validated by means of experimental measurements without, however, considering
harmonics in the motor supply.

The demand for higher efficiencies in electric motors is increasing considering the
new categories such as electric vehicles and that, in this sense, both manufacturers and
researchers are constantly searching and updating for better operational projects from the
design phase. In this line, different works analyzing the design and optimization of electric
motors were presented in [21–24]. The work in [22] presented a complete evaluation of
permanent magnet synchronous hub motors (PMSHMs) from optimization to experimen-
tal validation. With this goal, a multi-objective optimization strategy was proposed in
combination with a multi-objective genetic optimization algorithm (nondominated sorting
genetic algorithm, NSGA III) to improve the operation of the PMSHMs in relation to torque
ripple and higher maximum torque, all at a lower computational cost, starting from a
sequential subspace optimization strategy; the results are validated using the FEM software
that is also used in this work. The study was finally validated from measurements on the
prototype built from the optimized model, constituting it a tool for engine optimization at
low computational cost. Other works using numerical method models and software such
as the finite element method (FEM) of the LSPMM were presented in [7,25–29].

However, despite the accomplished evaluation carried out by the authors in the
aforementioned works, there are few works that analyze the modeling and validation of
the LSPMM in the presence of voltage harmonics and that, given their different impact on
motors according to the order and percentage, should be considered in the optimization
aiming to increase the manufacturing tolerances in the face of these disturbances.

Considering that permanent magnet electric motors are emerging as a good candidate
to replace induction electric motors, their operation must be evaluated in real electrical
power conditions as well as from the computational point of view, which aims to find
improvement opportunities through experimental validation. Given this scenario, the
present work evaluates a 0.75 kW line-start permanent magnet motor in the presence of
2nd- and 5th-order voltage harmonics through numerical-computation-based models and
then validates it through experimental tests in the CEAMAZON laboratory. To this end,
the following goals have been defined:

• Model the LSPMM in the FEM software based on its physical dimensions;
• Apply the harmonic waveforms to the electric motor through the FEM software;
• Validate the results obtained from measurement campaigns in CEAMAZON with an

LSPMM of 0.75 kW.
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The selected harmonics for this study (2nd and 5th) are called negative sequence
harmonics, known to result in greater negative impacts on IMs when compared to zero and
positive sequence harmonics [8] and due to which their consequences should be evaluated
by manufacturers and end-users aiming to propose solutions from the project phase or
even as preventive and predictive maintenance schemes in industries, constituting it as an
alternative analysis tool.

2. Induction Motors

2.1. Minimum Energy Performance Standards

The next edition of the IEC 60034-30-1 [30] will define the IE5 efficiency class although
there are already commercial proposals from manufacturers for this efficiency class; globally,
the maximum established efficiency class is the IE3 class, which has not yet been achieved
by all countries, as presented in Figure 1. Europe has taken a step forward by defining
the month of July 2023 as the date for the introduction of the IE4 class for motors between
75 kW and 200 kW [31,32].

Figure 1. Countries with MEPS for electric motors [33,34].

The adoption of MEPS in the countries translates into great advantages at energy,
economic, and ecological levels due to the savings with the substitution of old/inefficient
motors for more efficient ones mainly in those cases in which the lack of knowledge leads
users to be guided by the initial cost of the motor at the time of purchase and not by the
nominal efficiency, which is more related to operating costs that represent more than 95%
of the total costs of the motor throughout its useful life as compared to 2% that represents
the initial cost [35].

Considering the new editions of IEC 60034-30-1, higher efficiencies will be required for
the IE5 class, for which new technologies such as permanent magnet motors will take on
greater importance as substitutes for conventional induction motors given their technical
and economic benefits. The presence of permanent magnet motors is increasingly present
in electric mobility and is growing in the industry as well. The magnetic field of permanent
magnets contributes to the reduction of the magnetization current, which is necessary
to create the magnetic fields in the machine core and whose value can reach 50% of the
nominal motor current in low-power motors operating with no load [36]. The motor’s
input current is the sum of two components: the magnetizing current and the current
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due to the load. The reduction in the magnetizing current due to the magnets contributes
to these motors, presenting lower nominal currents and lower temperatures as well as
higher efficiencies.

Constructively, the main difference between a SCIM and an LSPMM is the presence
of permanent magnets in the rotor, which can be on the surface or internal to the rotor.
Figure 2 presents the individual magnetic fields generated in the rotor, stator, and in a
combined way.

  
(a) (b) (c) 

Figure 2. Line-start permanent magnet motor magnetic fields [7]: (a) stator winding fields;
(b) permanent magnets fields; (c) stator and rotor magnetic fields.

2.2. Finite Elements Formulation for Time-Harmonic Magnetic Problems

The finite element method (FEM) is a numerical method used to solve boundary
value problems in engineering. For convenience, the FEM procedure permits the domain
to be discretized into a finite number of parts (or elements) and emphasizes that the
characteristics of the continuous domain may be estimated by assembling similar properties
of discretized elements per node [8].

In order to solve for the unknow vector within the global matrix of the domain,
boundary conditions need to be imposed on the solution domain. The two most important
boundary conditions in finite element analysis are the Dirichlet and the periodical boundary
conditions. The governing field and motion equations are listed below.

The field equation is derived from Maxwell’s equations as follows in (1)–(3):

∇× H = J0 + Je (1)

∇× E = −
(

∂B
∂t

)
, (2)

∇·B = 0. (3)

with the constitutive relationship in (4):

J = σE. (4)

and the magnetic flux density (B) in (5),

B = μH + μ0Mr, (5)

where Mr is the remanent magnetization of the permanent magnets, J0 is the magnetization
current density, E is the electric field intensity, H is the magnetic field intensity, B is the
magnetic field density and σ is the specific electric conductivity.
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Combining Equations (2) and (4) and the magnetic vector potential A yields the
following current density vector equation (Je):

B = ∇× A, (6)

Je = −σ
∂A
∂t

+ σ
Vtz

l
, (7)

where Vtz is electric scalar potential, and l is the conductor length.
The current density in Equation (7) includes two parts: one is the induced quantity

produced by electromagnetic induction in squirrel cage bars, and the other one is caused
by the effect of charge buildup at the conductor end. Observe that the moving frame is
considered as the reference frame.

Permanent magnets, which are represented by (5), can yield the following field equation:

∇× H = ∇× (v ∇× A)−∇× (vμ0Mr), (8)

where v = 1
μ is the magnetic reluctivity.

Combining (1), (7), and (8) yields the governing equation for permanent magnet:

∇× (v∇× A) = J0 + Je +∇× (vμ0Mr). (9)

Equation (9) is the fundamental governing equation for modeling various field prob-
lems. In the analysis of electric machines, it is common to evaluate the field solution in two
dimensions, considering that the current density J and the magnetic vector potential A have
only z-directed invariant components. Below is the differential form of Equation (9).

∂

∂x

(
v

∂A
∂x

)
+

∂

∂y

(
v

∂A
∂y

)
= σ

∂A
∂y

− σ(v × B)− σ
Vts

l
−∇× (vμ0Mr). (10)

The stator phase equation is presented in (11):

Vs = Rs Is + Le
dIs

dt
+

l
ms

(
� .

Ω+

∂A
∂t

dxdy −
� .

Ω−
∂A
∂t

dxdy, (11)

Vs is the applied stator phase voltage, Is, the stator phase current, Rs is the total
equivalent resistance per phase, Le is the total equivalent inductance of end winding, l is
the length of stator windings in z-direction and usually uses the same value as the axial
length of stator iron core, m is the number of stator winding branches in parallel connection,
and s is the equivalent cross-section area of one turn of stator windings. The equation for
the squirrel cage bars is presented in (12):

Vbk = Rbk Ibk +
Ibk
sbk

� .

sbk

∂A
∂t

dxdy, (12)

where lbk is the length of the kth bar in z-direction, and sbk is the bar cross-section area.
For the mechanical motion, the equations presented in (13) and (14) were used:

Jr
dωm

dt
= Tem − Tf − Df ωm (13)

dθm

dt
= ωm (14)

where Jr = the rotor moment of inertia, θm = the rotor position, ωm= the mechanical
motor speed, Tem = the electromagnetic torque, Tf = the applied load torque, and Df = the
coefficient of friction.
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2.3. Finite Elements Formulation for Thermal Analysis

The heat flow static problems addressed by FEM are heat-conduction problems. These
problems are represented by a temperature gradient, G, and heat flux density, F [37]. The
heat flux density must obey Gauss’ law, which says that the heat flux out of any closed
volume is equal to the heat generation within the volume; this law is represented in
differential form as

∇·F = q, (15)

where q represents volume heat generation.
Temperature gradient and heat flux density are also related to one another via the

constitutive relationship:
F = kG, (16)

where k is the coefficient of thermal conductivity.
FEM allows for the variation of conductivity as an arbitrary function of tempera-

ture. Usually, the goal is to find the temperature, T, rather than the heat flux density or
temperature gradient. Temperature is related to the temperature gradient by

G = −∇T. (17)

Substituting (17) into Gauss’ law and applying the constitutive relationship yields the
fifth-order partial differential Equation (18):

−∇·(k∇T) = q. (18)

Thus, to perform the motor thermal analysis, FEMM solves the problem around the
Biot–Fourier equation [37], and Equation (19) is used to obtain the temperature and gradient
values of the model:

pcp
dT
dt

−∇·(k∇T) = q (19)

where pcp is the volumetric heat capacity, with p being the mass density and cp the specific
heat capacity. FEMM employs Euler´s implicit discretizing scheme to solve Equation (19),
mentioned above.

Having calculated the temperature values at all finite elements of the specific do-
main by numerically solving Equation (19), the software updates the values of electric
conductivity using the equation in (20) [38].

σ(T) =
1

po(1 + α(T − T0)
(20)

where po is the electrical resistivity at 0 ◦C and α the coefficient of thermal conductivity; T0 is
the initial room temperature, and T is the temperature at each time step of the simulation.

3. Methodology

Aiming to validate the model as well as to identify the operational characteristics
of the LSPMM, the methodology was separated into two parts: an experimental one
and a computational one, as presented in Figure 3. Initially, experimental measurement
campaigns were carried out with the LSPMM under ideal conditions until reaching thermal
equilibrium according to IEC 60034-2-1 [39], and then, in the presence of voltage harmonics,
it increased by 2% every 10 min and then up to 25%. Under these conditions, the motor
input parameters as well as thermographic images were recorded for subsequent processing
and results.
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Figure 3. Methodology Flowchart.

At the same time, the motor dimensions were modeled in the Finite Elements Method
Magnetics (FEMM) software [40] and the materials defined from the motor manufacturer
information. After modeling and inserting the voltage harmonics, computational simu-
lations were carried out to verify the performance of this technology in the presence of
harmonics, and then, the experimental results were validated.

The experimental measurements were carried out using the test bench shown in
Figure 4. The test bench is composed of a programmable source (1) in which the harmonics
under study were generated. The LSPMM input parameters were measured using a power
quality analyzer (2), while the load on the output was controlled by an eddy current
brake (3), and finally, the motor data (4) are presented in Table 1. The thermographic
measurements were made using a model T620 thermographic camera from the FLIRTM

manufacturer with an emissivity of 0.94, which corresponds to the ink of the LSPMM. The
images were captured at the two angles presented in Figure 5, every two minutes from
thermal equilibrium and then processed in the camera software.

 
Figure 4. General test setup [8].
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Table 1. Line-start Permanent Magnet Motor Parameters.

Induction Motor Class IE4 Class

Technology LSPMM
Power 0.75 kW
Voltage 220 V/380 V

Speed (rpm) 1800
Torque (Nm) 3.96
Current (A) 3.08/1.78

Efficiency (%) 87.4
Power Factor 0.73

  
(a) (b) 

Figure 5. Thermographic images of the line-start permanent magnet motor in presence of voltage
harmonics [8]: (a) lateral view; (b) front view.

The simulation was performed by considering the strong coupling between the thermal
and magnetic effects. The Multiphysics coupling was achieved through FEM, and it was
built in the Lua console component, where the calculations were performed interactively
over increasing harmonic distortion percentages.

Each iteration is composed of a magnetic simulation and sequentially a thermal
simulation; the result of each simulation was used as input to the next, thus achieving
strong coupling. At the start of every iteration, the magnetic simulation was realized;
Equation (10) was numerically solved to calculate the magnetic vector potential A at all
elements that form the analysis region. The resistive losses at the copper strands were
also calculated. The next step was the thermal simulation. Equation (19) was numerically
solved at all finite elements using the resistive losses calculated in the previous magnetic
simulation as heat sources. Electric conductivities were updated to the new temperatures
according to (20) and were reinserted into the magnetic simulation of the next time step.
This process was repeated iteratively until the simulated timespan was completed, and it is
presented in Figure 6.

Figure 6. Flowchart for numerical simulations with strong thermo-magnetic coupling.
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4. Results

4.1. Experimental Results

The second- and fifth-order voltage harmonics are classified as negative sequence
harmonics and are characterized by generating a magnetic field opposite to the resulting
magnetic field in the motor due to the fundamental frequency. This opposite torque
produces vibrations and caused a decrease in speed as well as an increase in consumption
and motor temperature. In Figures 7 and 8, the input line currents (a) and the active,
reactive, and total power (b) are presented for the LSPMM in the presence of 2nd- and
5th-order voltage harmonics.

 
(a) (b) 

Figure 7. LSPMM in the presence of second voltage harmonic: (a) input line currents; (b) active,
reactive, and total Power.

 
(a) (b) 

Figure 8. LSPMM in the presence of fifth voltage harmonic: (a) input line currents; (b) active, reactive
and total Power.

It can be seen how the total current increases as a result of the negative sequence order
voltage harmonics being increased every 10 min, and the same happens for the active,
reactive, and total power. However, it is important to clarify that these increases are not
due to the rise in the output load of the motor, which maintains a constant load, but due to
harmonics since only the fundamental frequency can provide real power at the output [41].
Additionally, this is also verified with the increase in the reactive power of the motor due to
the increase in distortion harmonic percentage. In the figures below, it can be observed how
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the 2nd-order voltage harmonic results in higher increases in the reactive power, mainly
due to magnetic losses, as will be presented in Figure 8.

As it was observed in Figures 7 and 8, harmonics result in increases in the LSPMM
input power, and this increase translates into losses due to overloads that can reduce the
motor’s useful life as well as reduce efficiency and increase consumption, which translate
into higher operating costs for users. Figures 9 and 10 present these losses, as observed
in the LSPMM thermography images, for the thermal equilibrium condition without the
presence of harmonics (thermograms (a) and (c)) and the same angles in the presence of 25%
of 2nd- and 5th-order voltage harmonic distortions. The deviation produced by the negative
sequence voltage harmonic disturbance is considerable and not recommended since it can
degrade the insulation in the motor windings and produce internal short circuits.

  
(a) (b) 

  
(c) (d) 

Figure 9. Thermographic images of the line-start permanent magnet motor in presence of 2nd-order
voltage harmonics in frontal and lateral view: (a) thermal equilibrium frontal view; (b) 25% of 2nd-
order voltage harmonic in frontal view; (c) thermal equilibrium lateral view; (d) 25% of 2nd-order
voltage harmonic in lateral view.

In the measurements analysis, it was observed that for this motor, in the presence
of only the 2nd- and 5th-order voltage harmonics, new current harmonics appeared, as
shown in Figure 11, mainly due to the motor being in the saturation zone. The additional
harmonics observed in the analysis for the 2nd-order voltage harmonic are (Figure 11a) 5th-
order harmonics of negative sequence as well as 4th- and 7th-order harmonics of positive
sequence. These harmonics result in higher oscillations and harmonic losses in the motor,
which increase consumption and temperature, two important parameters for the end-user
concerning with economic and useful life terms.
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(a) (b) 

  
(c) (d) 

Figure 10. Thermographic images of the line-start permanent magnet motor in presence of 5th-order
voltage harmonics in frontal and lateral view: (a) thermal equilibrium frontal view; (b) 25% of
5th-order voltage harmonic in frontal view; (c) thermal equilibrium lateral view; (d) 25% of 5th-order
voltage harmonic in lateral view.

 
(a) (b) 

Figure 11. Harmonic currents present in LSPMM in the presence of (a) 2nd-order voltage harmonic
and (b) 5th-order voltage harmonic [13].

For the 5th-order sequence harmonic, a 7th-order harmonic of positive sequence
appears, as presented in Figure 11b. This harmonic produces a positive magnetic field that,
in combination with the 5th-order magnetic field, results in higher oscillations, vibrations,
and noise in the LSPMM for higher harmonic percentages. This fact was considered during
the LSPMM modeling in the FEMM software, aiming at a more exact representation of it,
as will be presented in the next sections.
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4.2. Finite Elements Analysis Results

For the LSPMM modelling and simulation, initially, the problem was defined in the
software FEMM with information such as frequency and depth since the software presents
a 2D visualization; however, the problem solution is based on the 3D dimension. After
defining the problem, the geometry was inserted, created from the physical dimensions
of the motor (rotor diameter, number of slots, air gap distance, etc.). For this study, the
complete motor was considered to better visualize the paths of flux lines in each harmonic
distortion condition. The materials were inserted based on the materials obtained from
manufacturer information for the engine analyzed (Figure 12a).

  
(a) (b) 

Figure 12. Line-start permanent magnet motor simulation on FEMM: (a) LSPMM geometry and
materials and (b) LSPMM mesh.

The boundary conditions, which are useful to help direct the motor response in the
simulation (magnetic flux response, current response, etc.), were also defined during the
motor modelling step, and then the mesh was created and refined until a constant response
was obtained (Figure 12b); finally, the simulation was performed, from which the results
presented in this section were obtained.

The presence of voltage harmonics results in additional harmonic currents, which
induce harmonic voltages in the rotor bars that produce harmonic currents circulating
in the rotor squirrel cage. These additional harmonic components produce additional
magnetic fields that result in opposite torques, which are translated into a reduction in
speed for asynchronous electric motors.

Figure 13 presents the magnetic field lines in the LSPMM in nominal conditions
(Figure 13a), 2nd-order voltage harmonic (Figure 13b), and 5th-order voltage harmonic
(Figure 13c). It can be seen how the harmonics result in a larger number of flux lines,
observed through the magnetic field density, but it is also important to note how the
trajectory of the flux lines changes with the presence of harmonics, with special focus on
the 2nd-order harmonic flux lines that present longer trajectories, which in turn translates
into higher reluctance and consequently higher magnetic losses.
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(a) (b) (c) 

Figure 13. Density flux plot for (a) nominal conditions; (b) 2nd-order voltage harmonics and
(c) 5th-order voltage harmonics.

However, the LSPMM speed does not vary for any of the analyzed harmonics, which
does not mean that the harmonics do not impact other variables such as consumption,
temperature, and power factor.

The objective of using the finite element analysis is to conduct a thorough diagnosis
of the motor electromagnetic behavior using a method that is non-invasive and has no
interference with the operation of the motor being analyzed. Using this method, it was
possible to extract the resistive losses in the stator armature as well as the torque via the
weighted stress tensor method [42]. These simulations were performed considering that
the motor is operating at no load and with only the fault brakes, which in this case are
neglected. To perform the thermal analysis, FEMM solves the problem around the transient
temperature model using (19). From that, it is possible to obtain the temperature and
gradient values of the temperature model.

In order to account for temperature exchange with the air, we applied the convection
boundary condition. Here, we define the thermal transfer coefficient for the inner parts
as well as the exterior part of the motor from the parameters used in reference [43] and
adjusted based on the motor output power given that the one considered in this study
presented a lower power (0.75 kW). For the exterior part of the frame, the coefficient was
30 W/m2 ◦C. As for the inner parts of the motor, the air gap, and cooling air vents, the
coefficient is higher, at 65 W/m2 ◦C in this case, and the gaps between the stator/rotor
armature and coil ends were not considered, as their value is negligible. Figure 14 illustrates
the areas where these boundary conditions were applied.

 

Figure 14. Quarter section of motor illustrating the areas with convection boundary conditions.
The temperature distribution in the motor at full load for each voltage harmonic is presented in
Figure 15. For the second-order voltage harmonic (Figure 15a), it is observed how the rotor presents
the higher temperatures, which, despite the synchronism (zero slip), can be justified by the second-
order harmonic component configured at the motor input as well as the new harmonics that appear
as a result of the saturation in the ferromagnetic core. Regarding the fifth-order harmonic (Figure 15b),
a similar pattern is observed, however, with lower temperatures, which shows that this harmonic is
less detrimental to the LSPMM.
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(a) (b) 

Figure 15. Temperature distribution (in Kelvin) in the motor from the FEMM thermal simulation for:
(a) second-order voltage harmonic and (b) fifth-order voltage harmonic.

Analogous to the experiment results, the harmonic analysis was carried out for the
simulation. Figure 16 shows the LSPMM lateral temperature as simulated in FEMM,
with 25% of the voltage harmonic, and its comparison with the experimentally measured
temperature in the lateral view of Figure 5a. It should, however, be noted that there is a
large discrepancy due to the number of elements in the mesh and also due to not having
considered the influence of the permanent magnets-magnetization being affected.

Figure 16. Comparison between the model and measured temperature for 25% voltage harmonic
distortion of 2nd- and 5th-order harmonics.

Based on the results obtained from the computational simulation as well as from the
experimental measurements, errors of 6.3% and 2.8% for the 2nd- and 5th-order harmonics,
respectively, were found, which validates the model proposed on the line-start permanent
magnet motor in this work.

5. Conclusions

The present study aimed to analyze the line-start permanent magnet motor experi-
mentally and through computational simulations using FEMM in the presence of second-
and fifth-order voltage harmonics. With this objective, measurement campaigns were
carried out on a 0.75 kW permanent magnet motor and simulations based on the physical
dimensions and construction characteristics of the machine.

From the experimental results, it was possible to observe the considerable impact that
the 2nd- and 5th-order harmonics of the negative sequence have on the LSPMM. Concerning
currents, increases were observed mainly due to the reactive power increases as a product
of the high harmonic frequencies in the leakage reactance and the magnetization branch
reactance, while the active power presents small increments, which will result in lower
power factors for each harmonic and higher temperatures. This impact can be justified in
the construction of more efficient motors, in which the magnetization and leakage reactance
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present lower values, which will decrease losses but also reduce the filtering of external
harmonics in the motor. The computational simulation, on the other hand, showed that the
created model reliably represents the performance of the motor in non-ideal conditions,
such as in the presence of the negative sequence voltage harmonic, showing its considerable
effect on the internal thermal distribution of the motor.

The simulations in the FEMM software also allowed a better evaluation of the magnetic
losses in the presence of voltage harmonics. From the magnetic flux paths changes in the
presence of harmonics that produce additional temperatures in the motor, observed in the
experimental measures and validated from the model built based on the motor geometry,
and that can be certainly useful to determine the main effects of these disturbances on com-
ponents such as motor bearings or insulation degradation, aiming to program predictive
maintenance with adequate frequencies to the disturbances present in the motor.

The creation and validation of the LSPMM model allow evaluating the state of the
motors from the experimental data using numerical methods that will certainly give a
clearer scenario of the thermal-magnetic behavior of the motor, which can be easily extended
to a predictive maintenance product with wide application in the industry and in electric
mobility in general.
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Abstract: This review of the state of the art aims to collect the description and main research results
in the field of development and validation of control algorithms with the main purpose to solve the
problem of cogging torque and main sources of electromagnetic torque ripple. In particular, we focus
on electric drives for advanced and modern mechatronic applications such as industrial automation,
robotics, and automotive applications, with special emphasis on work that exploits model-based
design. A great added value of this paper is to explicitly show the operational steps required for the
model-based design design of optimized control algorithms for electric drives where it is necessary
to make up for electromagnetic torque oscillations due to the main sources of ripple, particularly
cogging torque. The ultimate goal of this paper is to provide researchers approaching this particular
problem with a comprehensive collection of the most effective solutions reported in the state of the
art and also a summary for effectively applying the model-based design methodology.

Keywords: model-based design; simulation; mechatronics; dynamic systems; modeling; control
theory; brushless motors; electric drives

1. Introduction

1.1. Brief Introduction to MBD for Mechatronics

This state-of-the-art review focuses on a very specific topic such as the development
of advanced algorithms for reducing cogging torque and major sources of electromagnetic
torque disturbance in which MBD is exploited as a design paradigm.

As is well known, the use of MBD enables superior results to be achieved in the project
phases, in which various aspects need to be evaluated upstream of the realization of a
prototype, on which it will later be possible to concretize and refine the results.

The MBD approach has become particularly popular in the design of control algorithms
for the automation of processes and dynamic systems of particular industrial interest [1,2].

Through the MBD approach, the risks associated with testing under critical operating con-
ditions can be reduced, decreasing validation time and optimizing implementation steps [3].

So, MBD can be exploited to evaluate the choice of control techniques, numerical
optimization criteria, operational approximations, modeling of phenomena at different
levels of detail, computational complexity, cost-benefit ratio, preliminary evaluation of the
required embedded platform, final integration on micro-controller/processor, etc. [4–6].

In addition, there are advanced tools implementing the MBD paradigm that make it
easy to use for design and subsequent integration on electronic systems of interest, greatly
speeding up implementation time.

Figure 1 schematically recalls the stages of the MBD paradigm.
Model-in-the-Loop (MIL) is the first step in the modeling-based development chain,

in which both the control and monitoring algorithms and the physical plant or process are
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implemented through a set of mathematical equations and/or formalisms, in a simulation
environment, such as MATLAB/Simulink.

Figure 1. Example of MBD steps for algorithms validation.

It is an essential step, as it allows us to make an exhaustive study of the system and of
the interaction with the blocks that implement the algorithms, especially from the point of
view of the operating space, verifying the functioning in various operating conditions and
the consequences in their variations [7].

Software-in-the-Loop (SIL) is a process in which the actual Production Software Code,
which in general can derive from developments prior to the adoption of MBD techniques,
and therefore not necessarily self-generated code, is incorporated into a simulation envi-
ronment that contains the mathematical models of the physical system.

This is done to allow for the inclusion of software features for which no templates exist
or to allow for faster simulation runs, as part of the functional blocks are already written in
low-level C / C ++ code. Therefore, SIL is defined as the inclusion of compiled production
software code in a simulation model [8].

Processor-in-the-Loop (PIL) is the process in which the control and monitoring system
is compiled and downloaded into an integrated target processor, ergo an embedded plat-
form with micro-controller/processor with specifications consistent with that selected for
the final mechatronic system and communicates directly with the model of the plant via
standard communications such as Ethernet.

In this phase of the MBD validation process, hardware toolboxes are referred to as SW
infrastructures that allow interaction between the simulation environment and the low-
level environment, such as micro-controller or micro-processor. Among the most widely
used in automotive and industrial automation is support for NXP’s evaluation boards [9].
This allows designers to validate their control algorithm even in the absence of the physical
process, by exploiting the simulated model, which interacts with the embedded code on
the embedded system.

In this case, I/O devices are not used for communication, so unlike the RCP phase
there is no verification of the interactions between the Embedded system and the physical
process or part of it being tested [10].
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Hardware-in-the-Loop (HIL) indicates the testing technique of electronic control units
by connecting them to special benches that reproduce in a more or less complete way the
electro-mechanical and electronic system of the process.

The purpose of the HIL tests is to use the benches to anticipate the checks on compo-
nents, subsystems and systems already in the design and prototyping phase, without wait-
ing for the availability of the final product for which they are intended.

In fact, the real components installed respond to the simulated signals as if they were
operating in a real environment, since they are not able to distinguish signals coming from
a physical environment from those produced by software models.

In this way, the HIL method makes it possible to reproduce the most diverse oper-
ating conditions with the benches and observing the behavior of the system and of the
individual elements [11].

In this phase of validating control algorithms, one often has to deal with the problem of
only having part of the physical process to be controlled. To increase the degree of validation
with respect to the PIL phase, hardware emulators are often used. These devices, such as
the widely used Speedgoat systems [12], are able to provide HW interfaces for system and
process models, supplying currents and voltages instead of sensors and actuators of the
final process. This allows designers to further test the validity of the algorithms by “getting
closer” to the physical process with respect to PIL testing (as schematically reported in
Figure 2).g )

Figure 2. MBD workflow in the specific case of design of control algorithms to reduce the cog-
ging torque.

1.2. Contributions

Many reviews of the state of the art regarding the reduction of Cogging Torque in
Synchronous/Brushless motors by physical modification techniques can be found in the
literature, but there are none regarding control techniques.

In this review, we focus on works that propose advanced control techniques for
reducing cogging torque and major sources of torque disturbance. The development of the
control techniques proposed in this work takes advantage of the MBD approach, which,
as discussed above, is the most efficient and flexible. Compared with the reviews in the
literature, our most relevant contributions are:

• Focus on the problem of cogging torque reduction by advanced control technique
validated through MBD approach;

• Collect the most recent state-of-the-art work on this topic;
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• Critical analysis of the control techniques proposed by various authors, with the aim
of providing suggestions for implementation and improvement of the reported results.

1.3. Paper Organization

The rest of the manuscript is organized into the following Sections: Section II explains
the cogging torque problem in detail by reporting the main approaches and methods used
for mathematical modeling in the context of control algorithm design; Section III gives
details of mathematical modeling and integration in a simulation environment of the main
components of electric drives in modern mechatronic systems; Section IV describes the
most commonly used control techniques for solving the cogging torque problem by listing
their advantages and disadvantages; and Section V gives final conclusions and a discussion
of possible future developments.

2. Cogging Torque’s Details and Modeling

2.1. Reasons for Control Design in Cogging Torque Reduction

Given the enormous potential of this methodology, MBD is increasingly being used to
increase the efficiency of individual components of an entire mechatronic process.

It can safely be said that the mechatronic processes of strongest industrial interest
are physical electro-mechanical in nature, so among the most decisive components for
maximum efficiency of the entire process are definitely electrical drives.

It can certainly be said that, by now, modern drives for advanced mechatronic
applications mostly exploit Permanent Magnet Synchronous Motors (PMSM) and Brush-
less motors.

They have the most advantageous inertia/torque ratio, high efficiencies, physically
robust characteristics, and are the most versatile for use at both very low and high speeds.

As is well known, among the inherent problems of using Synchronous/Brushless
motors is torque ripple due to cogging torque, which causes undesirable oscillations,
lowering performance both for low-speed applications where high accuracy in positioning
control is required, and in speed control applications where unwelcome noise is generated.

There are some papers in the literature in which a very specific design is proposed with
the aim of mitigating the effect of oscillations due to this physical phenomenon, but these
have met with little success in practice [13–15].

This is mainly due to the fact that such solutions are based on physical modifications
applicable only in some specific configurations, relating to Synchronous motors suitable
mainly for applications in which moderate electromagnetic torque is required, since the
underlying concept is to limit the amount of permanent magnets, arranging them so that the
stator–rotor magnetic interaction is reduced, but effectively reducing the torque deliverable
by the machine (see Figure 3).

Figure 3. Example of changing the arrangement of permanent magnets, valid only for surface
magnets, called ”rotor skewing”.

The most promising results have been achieved by design of control algorithms, which
are capable of compensating for cogging torque, which for all intents and purposes is an
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additive disturbance signal with respect to electromagnetic torque, so control techniques
are effective in compensating for it.

MBD being the best among advanced algorithm development and validation ap-
proaches, research in recent years sees the application of this paradigm for efficient resolu-
tion of this type of problem as well.

2.2. Cogging Torque Modeling Approaches

As anticipated, cogging torque is an intrinsic phenomenon of permanent magnet syn-
chronous motors and Brushless motors, both radial and axial flux, related to the magnetic
interaction between the main parts of the electrical machine, such as stator and rotor.

The phenomenon is present in both synchronous motor configurations, with magnets
superficial to the rotor and internal to the rotor iron, and Brushless, causing the same effect,
i.e., electromagnetic torque disturbance.

The problem is intrinsic, as it depends on the unavoidable variation of the equivalent
reluctance of the enclosing magnetic path of the magnetic flux concatenated with the stator
iron through the air gap and produced by the permanent magnets themselves.

By manually rotating the rotor axis, it is possible to perceive this phenomenon as
preferential angular positioning, at some angular positions “attractive” and at some an-
gles ”repulsive”.

The phenomenon occurs even in the absence of power supply to the electrical machine,
so it is interpreted as an additive disturbance with respect to the electromagnetic torque,
due to the phase currents (and from the angular position).

In addition, due to the total symmetry of the ferromagnetic structure of electric
machines, the alternation of the ”repulsive” effect and the ”attractive” effect due to the
variation of the air gap, i.e., the magnetic reluctance, compensate each other along the entire
round angle. This allows the intuition that cogging torque is a zero mean phenomenon.

In Figure 4, the concept of alternating “attractive” and “repulsive” phase is shown
for a surface magnet synchronous motor configuration; the concept is the same for
all configurations.

Figure 4. Schematizing of the concept of alternating between “attractive” (a) and “repulsive”
(b) phases.

It represents the behavior in the proximity of the preferential angular position, i.e., the
position where naturally the concatenated magnetic flux tends to align the teeth of the
stator slots with the magnets arranged on the rotor.

In the direction of rotation, the force generated by the concatenated magnetic flux
(in the direction tangential to the rotor surface) alternates between positive and negative
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signs depending on whether the angular position is less or greater than the preferential
position itself.

Obviously, the magnetic force is composed of a tangential component, which is the
actual cause of cogging torque, and a normal component, which, however, is absorbed by
the structure without any effect on the relative rotation between stator and rotor.

The application of advanced control techniques to reduce this inherent effect appears
to be the best approach. Following the MBD design standard, a first step is certainly to
make an estimate of the cogging torque by means of a mathematical model.

In the literature, the most widely used approaches that have been shown to be usable
in the context of control algorithms, with the best results being closed form modeling and
the online estimation.

Works in the literature that focus on mathematical modeling of cogging torque in
closed form start from the equivalent energy representation of the machine, via an equiv-
alent magnetic circuit. This highlights the angular position dependence of the stored
magnetic power budget.

This relationship is further highlighted in the dependence of magnetic reluctance, due
to the fact (described intuitively above) that the air gap varies its amplitude during relative
rotation between stator and rotor [16–21].

Referring to Figure 5, it is possible to quantify the magnetic energy stored by the
ferromagnetic structure as given in Equation (1).

Wm =
1
2

Leq I2 +
1
2

Req(θm)φ
2

rs + NIφrg (1)

Figure 5. Equivalent magnetic circuit for permanent magnet synchronous motors.

Wm denotes the magnetic energy stored by the electrical machine, both under en-
ergized and not energized conditions. With Leq we denote the stator inductance of the
equivalent circuit of the internal windings, I the phase current; Req the equivalent magnetic
reluctance associated with the magnetic induction circuit at the mechanical air gap; and
with N we denote the number of windings per stator phase. Finally, φrs and φrg denote
the components of the magnetic flux concatenated through the air gap between the stator
and rotor.

It follows that the cogging torque is defined as the derivative of magnetic energy with
respect to angular position, in the absence of power, that is, at zero electric current in the
machine windings. In Equation (2), the relationship between magnetic energy and cogging
torque is given.
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Tcog = −∂Wm(I = 0)
∂θm

= −1
2

φ2
rs

∂Req(θm)

∂θm
(2)

In Equation (2), the term ∂Wm(I=0)
∂θm

denotes the partial derivative of the magnetization
energy with respect to the angular position of the rotor, calculated under the condition that
the electrical machine is not powered by any energy source.

The exact expression of the cogging torque depends on the square of the magnetic flux
intensity concatenated with the air gap φrs, and the derivative of the equivalent magnetic
reluctance, a function of angular position.

Note that φrs depends on the physical characteristics of the permanent magnets, i.e., the
magnetic material used, while Req depends substantially on geometrical factors, thus on
the shape of the stator slots as well as on the arrangement of the permanent magnets
themselves. Since this is all known information, this is an analytical representation in
closed form.

This is the most widely used approach by researchers focusing on control algorithms
because of the simplicity of integrating the cogging torque model, being precisely in closed
form it can be integrated into the mechanical balance of rotor rotation.

Moreover, it is easy to validate through dedicated SW tools for finite element analysis
that do not require the presence of the machine but only design information, which is often
the case in advanced design activities typical of innovative companies exploiting R&D.

Another widely used approach, especially in the presence of the prototype electrical
machine, is to use a test pod for direct measurement [22]. A typical test bench for cogging
torque measurement is shown in Figure 6.

Figure 6. Typical cogging torque measurement test bench.

The typical measuring bench basically consists of two electric motors and a torque
sensor (normally a torque transducer).

Through the first motor, which is called MASTER, we impose the motion of the second
motor, called SLAVE, of which we are interested in recording the data inherent in the torque
at the shaft by means of the torque transducer.

Since the Slave is “dragged” by the Master, its stator windings will not be current
flowing, and this means that the torque measured by the torque transducer coincides with
the Cogging Torque.

The important thing about this measurement is that it is made in the steady state
of speed since the contribution of inertial actions due to acceleration transients must
be avoided.

In fact, the measurement made in this way is the simplest procedure for obtaining a
cogging torque profile that can be exploited in eventual modeling with a greater degree of
accuracy describing the dynamic behavior of the machine and the design of a feedback law
to compensate for such disturbance.
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The result of the measurement is usually a set of data representing the measured
cogging torque at different angular positions. This allows a closed-form model to be derived
by approximation procedure, by harmonic analysis [23] or polynomial [24], as reported in
Equation (3).

Tcog =
Nh

∑
i=0

Akcos
(

k
θm

θcog
+ ak

)
+ Bksin

(
k

θm

θcog
+ bk

)
(3)

where Ak, Bk, ak and bk are harmonic development parameters, while θcog is the angular
period of the cogging pair, which depends on geometrical and construction factors, such as
the number of stator slots and teeth, the number of permanent magnets and type of rotor
iron arrangement (information known a priori).

Other works base the estimation of cogging torque on artificial intelligence models,
neural networks and machine learning [25,26]. Few works, however, combine artificial
intelligence models with control algorithms.

The main reason is certainly to reduce the overall computational complexity of the
automatic cogging pair reduction system, and of course to reduce the storage space, which
is usually the weak point of AI models compared to other approaches.

3. Synchronous Motor and Advanced Electric Power Drives Modeling

3.1. Fundamental Components of Electric Power Drives in Mechatronics

Another key step in the MBD approach is certainly accurate modeling of the elec-
trical machine and drive components, including inverter, modulation system and imple-
mented load.

A block diagram for the architecture of an electric drive for mechatronic applications
is shown in Figure 7. The fundamental components of the system and their function are
shown below.

• Static power converters: these are used to convert the electrical power regime to that
which is useful for driving the electrical machine through the inverter. Configurations
typically found in mechatronic systems of industrial interest are AC/DC converters to
handle direct power from the mains or DC/DC converters to handle the DC bus level
provided by a constant source, such as a Li-ion battery.

• Modulation system: conceptually separate from the system that integrates the control
algorithm, but often implemented on the same embedded platform, it is the union of
algorithm and HW interface for direct management of the inverter mosfets. The control
algorithm typically provides a duty-cycle equivalent signal, which is converted into
switching logic by the switching system, to manage the state of the inverter and power
the electrical machine accordingly.

• Inverter: the electronic circuit that physically manages the (bidirectional) power
transfer from the power source (DC side) to the electrical machine (AC side). The state
of the inverter is decided by the modulation system. Conceptually, the inverter is a
combinatorial logic network with 23 combinations (in the three-phase case).

• Control system: the embedded platform on which the logic related to the feedback
control algorithm is integrated. In modern embedded systems it coexists with the
modulation system and cooperates via SW drivers. In the sensorless configuration,
such a system also integrates the angular position/velocity estimation algorithm by
exploiting direct measurement of electric current (from inverter or motor phase).

• Transduction system: the set of devices for measuring the physical quantities of
primary interest for managing the electric drive. Typically it consists of:

– Temperature sensors, placed at “critical” points, such as the electrical machine
and static converters, which are subject to high currents and therefore need to be
monitored for losses due to the Joule effect.

– Position and angular velocity sensors: placed on the rotor axis if we are talking
about encoders/resolvers or placed inside the structure if we are talking about
hall effect sensors.
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– Voltage/current sensors: typically placed on the inverter, since motor phases and
inverter branches are necessarily traversed by the same current.

Figure 7. Typical electric drive architecture for mechatronic systems.

3.2. Synchronous Motor Modeling including Cogging Torque

The mathematical model of the synchronous motor is typically derived by applying the
unified theory of electrical machines, which states that any electrical machine is dynamically
describable by an equivalent electrical and magnetic circuit [27].

Permanent-magnet synchronous motors of interest in mechatronic applications, where
it is required to solve the cogging torque problem, are to date three-phase motors, so the
following are the fundamental points of modeling for three-phase machines [28,29]. Note
that the dynamic model is formally unchanged whether the machines have radial magnetic
flux or axial magnetic flux.

In Equation (4), the dynamic balance of phase voltages of the electrical machine is
given. The vector �U represents the triad of supply voltages, referred to the neutral of the
equivalent circuit, the term Rs�I represents the losses in the stator circuit, and the term
d �Psi

dt represents the voltage drop due to the phenomena of self and mute induction and
the electromechanical energy conversion phenomenon, mainly due to the presence of the
permanent magnets.

�U =

⎡
⎣Ua

Ub
Uc

⎤
⎦ = Rs

⎡
⎣Ia

Ib
Ic

⎤
⎦+ d

dt

⎡
⎣Ψa

Ψb
Ψc

⎤
⎦ = Rs�I +

d�Ψ
dt

(4)

In Equation (5) are given the main components of the concatenated magnetic flux,
denoted by the vector �Ψ. The vectors �ΨAI and �ΨMI denote the magnetic flux vectors
generated by the phenomena of self and mutual induction, respectively, and the vector
�ΨPM denotes the magnetic flux vector produced by the magnets concatenated at the air gap.

Ia, Ib and Ic denote the components of the current vector (three-phase reference);
Ua, Ub and Uc denote the components of the phase voltage vector (three-phase axes); and
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Ψa, Ψb and Ψc are the components of the concatenated magnetic flux vector, taking into
account both self and mutual induction at the mechanical air gap. Rs is the stator circuit
electrical resistance.

�Ψ = �ΨAI + �ΨMI + �ΨPM = Leq�I + kΨ

⎡
⎢⎣ cos(pθ)

cos
(

pθ − 2π
3
)

cos
(

pθ − 4π
3

)
⎤
⎥⎦ = Leq�I + kΨ�C(θ) (5)

Note that the magnetic flux vectors of self and mutual induction can be grouped
in the term Leq�I, where Leq appropriately integrates the inductive coefficients of self and
mutual induction.

In addition, the flux vector of permanent magnets �ΨPM depends on the coefficient
kΨ, indicating its intensity, which is a function of the ferromagnetic material used and the
geometric arrangement, and depends formally on the angular position, as discussed above.

Combining Equation (4) and Equation (5), we derive the dynamical equilibrium of
currents in the explicit form, in which the link between electrical (�U and�I) and mechanical
(θ and ω) variables is evident. Equation (6) is the equation in vector form of the electrical
dynamics of the Synchronous machine.

�U = Rs�I + Leq
d�I
dt

+
d�ΨPM

dt
= Rs�I + Leq

d�I
dt

+ kΨ p
dθ

dt
∂�C(θ)

∂θ
= Rs�I + Leq

d�I
dt

+ ω�E(θ) (6)

Equation (7) represents the balance of power terms, the meaning of which is ex-
plained below.

• The term Pin denotes the power absorbed by the machine and is formally defined as
the scalar product between voltage vector �U and current vector�I.

• The term Pjoule denotes the heating losses of the windings, which, as is known from
physics, depend on the resistance of the circuit and the square of the modulus of the
current, formally Rs <�I,�I >= Rs|�I|2.

• The term Pmagnetic represents the magnetic power stored in the equivalent circuit and

due exclusively to self and mutual induction phenomena; formally Leq < d�I
dt ,�I >.

• The term Pmechanical represents the mechanical power delivered by the machine,
against electromechanical conversion (Lentz’s law). For Synchronous motors, it
depends on the angular position, via the counter-electro motion force �E(θ) (more
precisely its gradient), the electric current, and of course the angular speed.

Pin =< �U,�I >= Rs <�I,�I > +Leq <
d�I
dt

,�I > +ω < �E(θ),�I >= Pjoule + Pmagnetic + Pmechanic (7)

The most relevant term for dynamic modeling purposes is the contribution of the
mechanical power output, which as we know is the product of electro-magnetic torque
and rotor angular speed. Equation (8) shows the expression of the electro-magnetic torque,
in the three-phase reference system.

Tem =< �E(θ),�I >= −pkΨ

3

∑
k=1

sin
(

pθ − 2(1 − k)π
3

)
Ik (8)

Equation (9) represents the dynamic rotational equilibrium for the rotor axis. Note
that the second member of the equation represents the superposition of the contributions
of electromagnetic torque Tem, Cogging torque Tcog and resistant torque associated with
the mechanical load Tload. The parameters Jr and br represent the rotor moment of inertia
and the coefficient of friction, respectively.

Jr
dω

dt
+ brω = Jr

d2θ

dt2 + br
dθ

dt
= Tem + Tcog − Tload (9)
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An example of integration with block diagrams is shown in Figure 8, of the interaction
between the set of differential equation representing the electrical balance of the phases of
the electric motor and the differential equation representing the dynamic rotational balance
of the rotor.

Figure 8. Implementation in Simulink environment of the dynamic interaction between electrical
and mechanical subsystem.

Note how the output of one dynamic subsystem turns out to be the input for the
other, defining a ”recursive” dependence. Specifically, the electrical subsystem has the
components of the voltage vector, position and angular velocity as inputs. The mechanical
subsystem has as inputs, derived from the electrical subsystem, the currents (which in fact
define the electromagnetic torque).

Figures 9 and 10 show the block diagrams, realized in the Simulink environment,
of the dynamic subsystems describing the behavior of the electric motor. In Figure 9, note
how the current dynamics of each phase is excited by the relative electro-motor control
force component, which is a function of angular velocity and angular position.

Figure 10 shows that the mechanical equilibrium is activated from the electromagnetic
torque, a function of phase currents and angular position. Note how the cogging torque
model (red box in Figure 10) is inserted as an additive disturbance with respect to the
electromagnetic torque.

To avoid the direct dependence of the electromagnetic torque expression on the angu-
lar position, the coordinate transformations are defined in Equation (10). The matrix Bαβ

defines the Blondel transformation, while the matrix Pdq(θ) formalizes the Park transfor-
mation.

Bαβ =
2
3

⎡
⎢⎣1 − 1

2 − 1
2

0
√

3
2 −

√
3

2
1
2

1
2

1
2

⎤
⎥⎦ Pdq(θ) =

⎡
⎣cos(θ) −sin(θ) 0

sin(θ) cos(θ) 0
0 0 1

⎤
⎦ (10)

Note that the Blondel transformation is basically the matrix form of the coordinate
change due to the definition of space vector [30], which defines the decomposition of the
three-phase vector �Xabc = [Xa, Xb, Xc]T in the Gauss plane, as given in Equation (11).

Xαβ =
2
3

(
Xa + Xbej 2π

3 + Xcej 4π
3

)
= Xα + jXβ (11)

Combining the previous equation with the definition of homopolar component (typi-
cally used in electrical engineering) Xom = Xa+Xb+Xc

3 , we obtain perfect equivalence with
the Blondel transformation. Note that Xom = 0 for symmetric and balanced systems (such
as electric motors), defining a formally passive transformation.
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Figure 9. Example realization in MATLAB/Simulink environment of the subsystem related to
mechanical equilibrium.

Figure 10. Example realization in MATLAB/Simulink environment of the subsystem related to
mechanical equilibrium.

Through the introduced coordinate transformations, we obtain the mathematical
model that is exploited for the design of the control algorithms, given in Equation (12).⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Ud = Rs Id + Leq
dId
dt − pωLeq Iq

Uq = Rs Iq + Leq
dIq
dt + pω(Leq Id + kΨ)

dθ
dt = ω

Jr
dω
dt + brω = Tdq

em + Tcog − Tload

Tdq
em = 3

2 pkΨ Iq

(12)
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3.3. Modulation System in Advanced Power Drives

SVM (Space-Vector-Modulation) modulation is now the most widely used modulation
technique, as it provides better performance than classical PWM (Pulse-Width-Modulation)
based techniques.

As shown in Figure 11, reference is made to a classical configuration of an inverter
with impressed voltage, connected to a three-phase load, which represents the equivalent
circuit of the electrical machine in this specific case.

In the figure, Vds has been used to denote the DC voltage, which is managed to
modulate the inverter legs so as to energize the motor phases appropriately. The phase
currents, which obviously coincide with those of the inverter branches, are referred to as
Ia, Ib and Ic.

Figure 11. Topology of a two-level inverter with 3-phase load.

Note that the drive voltages of the inverter, denoted by Vleg,a, Vleg,b and Vleg,c, are
referred to the ground reference of the inverter circuit, unlike the phase voltages, denoted
by Va, Vb and Vc, which are obviously referred to the star center of the stator windings.

Calling Vno the potential difference between the star-center reference n and the ground
reference o, it is possible to find the expressions of the phase voltages of the electrical
machine as a function of the inverter leg voltages, as expressed in Equations (13) and (14).

Vleg,a + Vleg,b + Vleg,c = Va + Vb + Vc + 3Vno −→ Vno =
Vleg,a + Vleg,b + Vleg,c

3
(13)

Va =
2
3

Vleg,a − 1
3
(Vleg,b + Vleg,c)

Vb =
2
3

Vleg,b − 1
3
(Vleg,a + Vleg,c)

Vc =
2
3

Vleg,c − 1
3
(Vleg,a + Vleg,b)

(14)

From these equations, the phase voltages corresponding to the possible state combi-
nations of the inverter, resulting from modulation, are derived. Table 1 shows for each
combination of inverter modulation signals the corresponding trio of phase voltages. Each
triad actually corresponds to a sector of the SVM modulation.

Note that applying the definition of space vector to the eight triads corresponding to
the possible eight states of the inverter, we obtain the vectors V0, ..., V7, which are positioned
on the vertices of a hexagon in the Gauss complex plane.

These vectors, as shown in Figure 12, delimit the sectors with which the SVM modula-
tion algorithm selects the most suitable state of the inverter, so that the desired voltage is
averaged over the switching period Tsw.

From the control system, a vector of voltages (referenced to the star center) is generated
typically in the Park dq reference system. After the inverse transformation to obtain the
control triad in three-phase axes, the definition of space vector is applied via the Blondel
transformation, the result of which is the vector V∗

αβ.
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Table 1. Summary of the possible space vectors for three-phase inverter.

Space Vector State Leg A State Leg B State Leg C Va Vb Vc

V0 0 0 0 0 0 0
V1 1 0 0 2Vdc

3 −Vdc
3 −Vdc

3
V2 1 1 0 Vdc

3
Vdc
3 − 2Vdc

3
V3 0 1 0 Vdc

3
2Vdc

3 −Vdc
3

V4 0 1 1 − 2Vdc
3

Vdc
3

Vdc
3

V5 0 0 1 −Vdc
3 −Vdc

3
2Vdc

3
V6 1 0 1 Vdc

3 − 2Vdc
3

Vdc
3

V7 1 1 1 0 0 0

As shown in Figure 13, the control vector is instantaneously placed in one of the
sectors of the modulation hexagon. The objective of SVM modulation is to reproduce
the vector calculated by the control system, in mean value within the switching period,
by partitioning the modulation vectors, as expressed in Equation (15).

�V∗
αβ =

1
Tsw

(
T1�V1 + T2�V2 + T0�V0 + T7�V7

)
(15)

By T1, T2, T0, T7, we have indicated the portions of the switching period in which the
inverter is brought into a certain state by modulation. Note that the terms Ti

Tsw
have the

same meaning as the duty-cycle for the PWM technique.
Note, as schematized in Figure 14, that in order to integrate the SVM modulation,

the triplet Uabc is transformed so that the vector V∗
αβ can be calculated. The modulus and

angle are then extrapolated so that we can work out which sector is in the modulation
hexagon. The selection of the sector and the calculation of the distribution times is done
(for example) by a state machine.

Figure 15 shows the Simulink diagram of a possible implementation of an SVM
algorithm for an ideal inverter (with instantaneous switching) in a simulation environment.
In particular, it is shown how to realize the selection of each sector and the allocation of
modulation states by means of a state machine realized with STATEFLOW.

Figure 12. Representation of the active and zero space vectors in the αβ plane, and its division in the
modulation sectors (numbered by Roman numerals).
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Figure 13. Synthesis of a reference space vector V∗
αβ (see Equation (15)) with the active vectors V1 and

V2, and the zero vectors V0 and V7.

Figure 14. Simulink environment implementation of the SVM modulation technique.

3.4. Complete Dynamics Modeling including Cogging Torque

The last (but not least) fundamental component to be mathematically modeled
is the electrical machine load. Mechatronic systems of industrial interest are mostly
physical–electromechanical in nature. This allows the dynamics of the system im-
plemented by permanent-magnet synchronous motors to be represented through the
Lagrangian formalism [31].

L(q, q̇) = K(q, q̇)− U(q) = ∑
i

Ki(q, q̇)− ∑
j

Uj(q)

= ∑
i

1
2

(
Mi|�v(q, q̇)|2 + �ωT

i (q, q̇)Ji(q)�ωi(q, q̇)
)
− ∑

j
Mi < �g, �Pi >

(16)

Equation (16) reports the definition of the Lagrangian function L as the difference
between the total kinetic energy of the system K and the potential energy U. The vector
q = [q1, ..., qn]T is composed of the Lagrangian variables, ergo the variables needed to
describe the dynamics of the system.

The dynamics of the system can be derived by application of the variations method,
from which the following equation is derived.
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d
dt

∂L(q, q̇)
∂q̇i

− ∂L(q, q̇)
∂q

= QT
i = ∑

i
< �Fext,i,

∂�Pi(q)
∂qi

> +∑
j
< �Text,j,

∂�αi(q)
∂qi

> (17)

The term Qi represents the superposition of the non-conservative external effects; �Fext,i
and �Text,j are external, non-conservative forces and torques, respectively, applied to the
system; �Pi is the point of application of the force, and αi is the angle subject to change under
the action of the torque.

M(�q)�̈q + C(�q,�̇q)�̇q + G(�q) = Γ(�q)�Fact − JT(�q)�Fenv (18)

Compactly, it is possible to rewrite the set of dynamic equations as in Equation (18),
where M(�q) is the inertia matrix, C(�q) is the matrix of Coriolis terms, G(�q) is the vector of
gravitational and potential terms, Γ(�q) is the matrix that maps the action of the actuators
�Fact into the dynamics of the variables �q, J(�q) is the analytic Jacobian, and finally �Fenv
represents the effect of non-conservative external forces.

Figure 15. State machine representing the SVM modulation technique, integrated with STATEFLOW
in Simulink environment.

Note that combining the model of the implemented system in Equation (18) with
the mathematical model of the electrical machine in Equation (12) we obtain the final
mathematical model, which allows us to design control algorithms for electro-mechanical
systems that inherently takes into account the presence of the cogging torque.

4. Most Used Algorithms for Cogging Torque Reduction

The latest work in the literature, concerning the design of algorithms and control
systems capable of compensating for cogging torque in Permanent Magnet Synchronous
Motors dedicated to advanced mechatronic applications, has shown that the most effective
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techniques are precisely those in which the mathematical model of cogging torque can be
handled as an internal detail in the overall model.

4.1. Model Predictive Control

In the MPC approach, the current control action is computed online rather than using
a pre-computed, online, control law. A model predictive controller uses, at each sampling
instant, the plant’s current input and output measurements, the plant’s current state,
and the plant’s model to:

• Calculate, over a finite horizon, a future control sequence that optimizes a given
performance index and satisfies constraints on the control action;

• Use the first control in the sequence as the plant’s input.

The MPC strategy is illustrated in Figure 16, where Np is the prediction horizon,
u(t + k | t) is the predicted control action at t + k given u(t). Similarly, y(t + k | t) is the
predicted output at t + k given y(t).

Figure 16. Controller action construction using model-based predictive control (MPC) approach.

We consider a discretized model of a dynamic system of the form of Equation (19).

x(k + 1) = Φx(k) + Γu(k)

y(k) = Cx(k)
(19)

where Φ ∈ R
n×n, Γ ∈ R

n×m, and C ∈ R
p×n. Applying the backward difference operator,

Δx(k + 1) = x(k + 1)− x(k) is derived Equation (20).

Δx(k + 1) = ΦΔx(k) + ΓΔu(k)

Δy(k + 1) = y(k + 1)− y(k)

= Cx(k + 1)− Cx(k)

= CΔx(k + 1)

(20)

where Δu(k + 1) = u(k + 1)− u(k). With further algebraic manipulation it is obtained the
matrix form of augmented state form dynamics in Equation (21).
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xa(k + 1)
[

Δx(k + 1)
y(k + 1)

]
=

[
Φ O

CΦ Ip

][
Δx(k)
y(k)

]
+

[
Γ

CΓ

]
Δu(k) = Φaxa(k) + ΓaΔu(k)

y(k) =
[

O Ip
][ Δx(k)

y(k)

]
= Caxa(k)

(21)

Suppose now that the state vector xa at each sampling time, k, is available to us. Our
control objective is to construct a control sequence as the follows.

Δu(k), Δu(k + 1), . . . , Δu
(
k + Np − 1

)
(22)

where Np is the prediction horizon, such that a given cost function and constraints are
satisfied. The above control sequence will result in a predicted sequence of the augmented
state vectors.

xa(k + 1 | k), xa(k + 2 | k), . . . , xa
(
k + Np | k

)
(23)

which can then be used to compute predicted sequence of the plant’s outputs.

y(k + 1 | k), y(k + 2 | k), . . . , y
(
k + Np | k

)
(24)

Using the above information it is possible to compute the control sequence of Equation (22)
and then apply u(k) to the plant to generate x(k + 1). Repeating the process again, using
x(k + 1) as an initial condition to compute u(k + 1), and so on.

Most of the work in which MPC is used to reduce cogging torque, the approach of
constructing the control sequence assuming known linearized model parameters is used
Since the linearized model is derived by approximation from Equations (12) and (18), it
contains the information about the extrapolated cogging model.

In the following, it is reported the approach to construct u(k) given x(k). Figure 17
represents schematically the MPC architecture. Using the plant model parameters and the
measurement of xa(k) is evaluated the augmented states over the prediction horizon suc-
cessively applying the recursion formula, obtaining the set of equations in Equations (25).

xa(k + 1 | k) =Φaxa(k) + ΓaΔu(k)

xa(k + 2 | k) =Φaxa(k + 1 | k) + ΓaΔu(k + 1)

= Φ2
axa(k) + ΦaΓaΔu(k) + ΓaΔu(k + 1)

...

xa
(
k + Np | k

)
=Φ

Np
a xa(k) + Φ

Np−1
a ΓaΔu(k) + · · ·+ ΓaΔu

(
k + Np − 1

)
(25)
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Figure 17. State feedback model predictive controller.

In matrix form, it is possible to compact as in Equation (26).

⎡
⎢⎢⎢⎣

xa(k + 1 | k)
xa(k + 2 | k)

...
xa
(
k + Np | k

)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

Φa
Φ2

a
...

Φ
Np
a

⎤
⎥⎥⎥⎥⎦xa(k) +

⎡
⎢⎢⎢⎢⎣

Γa
ΦaΓa Γa

...
. . .

Φ
Np−1
a Γa · · · Γa

⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

Δu(k)
Δu(k + 1)

...
Δu
(
k + Np − 1

)

⎤
⎥⎥⎥⎦ (26)

Y =

⎡
⎢⎢⎢⎣

y(k + 1 | k)
y(k + 2 | k)

...
y
(
k + Np | k

)

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

Caxa(k + 1 | k)
Caxa(k + 2 | k)

...
Caxa

(
k + Np | k

)

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

CaΦa
CaΦ2

a
...

CaΦ
Np
a

⎤
⎥⎥⎥⎥⎦xa(k)

+

⎡
⎢⎢⎢⎢⎣

CaΓa
CaΦaΓa CaΓa

...
. . .

CaΦ
Np−1
a Γa · · · CaΓa

⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

Δu(k)
Δu(k + 1)

...
Δu
(
k + Np − 1

)

⎤
⎥⎥⎥⎦

= Wxa(k) + ZΔu(k)

(27)

Equation (27) describes the dependence of the sequence of future output vectors, in the
prediction horizon, as a function of the increased state vectors, in that prediction horizon,
and as a function of the change in the control vector. This equation is decisive in solving
the optimization problem, which is formalized in the following.

J(ΔU) = 1
2
(
rp − Y

)Q
(
rp − Y

)
+ 1

2 ΔURΔU
Ymin ≤ Y ≤ Ymax

Umin ≤ U ≤ Umax
(28)
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Equation (28) represents the cost functional that is minimized to derive the predictive
sequence of optimal control, according to the criterion defined precisely by J(Δu).

Δu(k) =

Np block matrices︷ ︸︸ ︷[
Im O · · · O

](
R + ZQZ

)−1
ZQ

(
rp − Wxa

)
= Krrp − KxΔx(k)− Kyy(k)

(29)

For the control vector to be optimal and meet all operational constraints on the control
and output variables, minimization of the functional is associated with an optimizer based,
for example, on gradient descent algorithm or Newtonian methods.

As can be understood from the procedure for constructing the control vector, MPC
actually acts as a LQR (Linear-Quadratic-Regulator) controller in which it is possible to
explicitly insert operational constraints on the controlled and control variables.

This represents an enormous advantage over the classical optimal control approach,
as the control system solution can take into account the realistic constraints of the physical
system to be controlled, and furthermore, there is the certainty that the control vector
provides (sub-)optimal action in each of its components, being the result of evaluation over
successive time windows.

On the other hand, MPC requires a very high computational effort, which is not always
suitable for micro-controller-based embedded systems.

This is because at each step of the algorithm, an internal simulation is run, which
exploits the mathematical model of the physical process to predict behavior and to be able
to calculate a control vector, which will be optimal over that simulated time window.

Thus, the system on which the algorithm is integrated must be able to simulate Np
steps of the process model, within a single numerical integration step.

Another small disadvantage is that MPC is still an optimal control technique based on
the mathematical model, so it is very sensitive to model uncertainties.

It is, however, very much used in the context of cogging torque reduction, as the
ability to correctly model the electrical machine and the cogging phenomenon is quite
optimized, leaving little room for model uncertainties that the feedback control may not be
able to handle [32–35].

4.2. Feedback Linearization Control

Another widely used control technique is Feedback Linearization Control (FLC), which
takes advantage of differential geometry theory to directly handle model dynamics in a
nonlinear form.

In order to apply the control vector design technique by Feedback Linearization, it is
necessary that the mathematical model of the mechatronic system of interest be in the state
form called ”similar in control”, as given in Equation (30), where the vector field f (x) is
called drift vector, while the gk(x) is the control vectors field.

dx
dt = F(x, u) = f (x) + ∑k gk(x)uk ; x0 = x(t0)

yl = Hl(x, u) = hl(x)
(30)

Being able to handle the inherent non-linearities of the mathematical model in the
generic state form of Equation (30), the resulting control law by definition contains infor-
mation about the cogging pair, via the model chosen to represent it.

dhi
dt = ∂hi

∂x
∂x
∂t = ∂hi

∂x

(
�f + ∑nu

k=1�gkuk

)
= ∂hi

∂x
�f = L f hi

...
dμi hi
dtμi = d

dt

(
L f

μi−1
)
= ∂

∂x

(
L f

μi−1
)(

�f + ∑nu
k=1�gkuk

)
= L f

μi hi + ∑nu
k=1 Lgk L f

μi−1hiuk

(31)

The operative procedure for applying feedback linearization involves deriving the
control outputs as many times as necessary to obtain expressions in which the contributions
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of the control variables appear. In Equation (31), the expression of the derivative μith for
the ith control output is given in general form. We denote the relative degree for the output
ith by μi, with the condition that ∑ μi ≤ nx.

⎡
⎢⎢⎣

L f
μ1 h1

L f
μ2 h2
...

L f
μl hl

⎤
⎥⎥⎦+
⎡
⎢⎢⎢⎣

Lg1 L f
μ1−1h1 ... Lgm L f

μ1−1h1
Lg1 L f

μ2−1h2 ... Lgm L f
μ2−1h2

... ... ...
Lg1 L f

μl−1hl ... Lgm L f
μ1−lhl

⎤
⎥⎥⎥⎦�u = �v = �Γ(�x) + Σ(�x)�u

�u = Σ+(�x)
(
�v −�Γ(�x)

)
+ (I − Σ+(�x)Σ(�x))λ

(32)

Proceeding with the derivation of each control output, in general we obtain the matrix

expression given in Equation (32), where with Lgi L f hj(�x) = ∂
∂�x

(
∂hj
∂�x�f
)
�gi is the Lie derivative

of the function hj in the directions of the vector fields �f and �gi, respectively.

�̇z =

⎡
⎢⎢⎣

A1 0 0 ... 0
0 A2 0 ... 0
... ... ... ... ...
0 0 0 ... Al

⎤
⎥⎥⎦�z +

⎡
⎢⎢⎣

B1 0 ... 0
0 B2 ... 0
... ... ... ...
0 0 ... Bl

⎤
⎥⎥⎦�v

�z =

⎡
⎢⎢⎣
�z1
�z2
...
�zl

⎤
⎥⎥⎦ ; �zi =

⎡
⎢⎢⎣

hi
L f hi

...
L f

μi−1

⎤
⎥⎥⎦ ; Ai =

⎡
⎢⎢⎢⎢⎣

0 1 0 0 ... 0
0 0 1 0 ... 0
... ... ... ... ... ...
0 0 0 0 ... 1
0 0 0 0 ... 0

⎤
⎥⎥⎥⎥⎦ ; Bi =

⎡
⎢⎢⎢⎢⎣

0
0
...
0
1

⎤
⎥⎥⎥⎥⎦

(33)

The feedback linearization procedure results in a change of coordinates in which the
dynamics of the new state vector is linear, as shown in Equations (33). Note that the state
representation in addition to being linear represents a chain of integrators, consequently
the pair (Ai, Bi) turns out to be completely reachable/controllable ∀i.

�̃z =

[
�z

�σ(�x)

]
with �σ(�x) s.t

∂�̃z
∂�x

�= 0 (34)

In general, a change of basis with reduction of the cardinality of the state space is
obtained. Formally, this requires that certain mathematical conditions are fulfilled, which
define the criterion of zero dynamics [36]. The first condition is given in Equation (34),
where we impose that the Jacobian of the base change is formally lawful (invertible). This
means that the completion�σ(�x) ∈ Rnx−∑ μi will have to be constructed appropriately to
satisfy the condition.

�̇σ(�x) = �γ(�z,�σ) +�ξ(�z,�σ)v (35)

The completion vector �σ(�x) will in general have a non-linear state representation,
dependent on both the new and old state variables and also on the new control vector,
as given in Equation (35).

Lgk σi = 0 ∀i, k → �̇σ(�x) = �γ(�z,�σ) → �̇σ(�x) = �γ(0,�σ) A.S. (36)

The second condition, given in Equation (36), serves to eliminate the contribution
of the new control vector v from the dynamics of the vector�σ. In this way, it is possible
to implement the zero-dynamics criterion, which guarantees us that even in the case of
a reduction of the cardinality of the state space, the vector v constructed by means of a
feedback linearization technique is able to asymptotically stabilize even the state variables
that serve only to make the base change formally lawful. In the above equation, “A.S”
means asymptotically stable.
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The FLC-based control synthesis approach is schematized in Figure 18. Note that
two control “loops” can be identified, one external and one internal. The inner one
consists of the nonlinear terms based on the Lie derivative calculus, shown earlier, which
is intended to map the control action of the outer loop into the representation space
of the nonlinear dynamical system. The outer loop exploits the change of coordinates
to the linear representation domain. In fact, the outer loop is dedicated to reducing
the error between the reference and the output of the system, and is realized by linear
control techniques.

Figure 18. Schematic representation of the internal structure of FLC controller.

As can be seen from the operating procedure for constructing the control vector using
the FLC technique, the greatest advantage of this method is that it can handle highly
non-linear dynamic models, being able to include very realistic details in the model itself,
such as the cogging torque in this particular case.

Some inconvenience arises when the relative degree of the system is much less than
the cardinality of the state space associated with the starting model. In this case, one must
choose a base change completion that is invertible, so as to make it formally acceptable.

However, it can be said that in practical cases it is always possible to construct perfor-
mance outputs such that they return a relative degree equal to (or slightly less than) the
dimension of the state vector of the initial non-linear model.

For electro-mechanical systems of industrial interest, such as in robotics and industrial
automation, dynamic system models are also found to have suitable formal properties for
the application of this control methodology, which is why it is one of the most widely used
control techniques by designers of algorithms and control systems [37–42].

4.3. Resonant Control

Control techniques based on the concept of resonance are often used by designers to
resolve and attenuate the presence of periodic disturbances, whose pulsation/frequency
can be measured or estimated with reasonable accuracy. In fact, resonant type controllers
are well suited to the rejection of additive disturbances in sinusoidal form, as is the case
with cogging torque.

This is the reason why some works in the literature are based on the use of resonant
techniques, such as PR (Proportional Resonant) and PIR (Proportional Integral Resonant).
Since cogging torque is an additive disturbance compared to electro-magnetic disturbance
with periodic comparing often analyzed by harmonic models, it proves to be a rather
efficient technique under certain types of conditions.

The transfer function shown in Equation (37) represents the Laplace transform domain
implementation (for SISO = Single-Input-Single-Output systems) of a PR (Proportional-
Resonant) type controller.

GC(s) = Kp +
2Kis

s2 + ω2
0

(37)
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Kp denotes the proportional gain, Ki denotes the gain obtained when the additive
disturbance on the output has exactly the pole pulsation of the transfer function ω0, known
as the resonance pulsation or maximum feedback gain.

In Equation (38) is shown the version that is most often taken into account for integra-
tion convenience. Since the previous equation contains complex conjugate poles, in order
to facilitate discretization and thus implementation in low-level code, a damping factor is
often inserted, which also improves the controller’s response, making it less abrupt and
consequently requiring less control effort.

GC(s) = GCp(s) + GCr(s) = Kp +
2Kiωcs

s2 + 2ωcs + ω2
0

(38)

The pulse ωc is called the cut-off pulse and differs from ω0 obviously, in practice
ωc < ω0. Having inserted a damping factor, the disturbance pulse and the resonant filter
within the control now differ, so the feedback gain will not be maximum at the same time
as the disturbance pulse. Theoretically, disturbance rejection is less efficient than the ideal
PR case, but in practice we find that performance is virtually equivalent, also benefiting
from smoother control action.

Equation (39) represents a possible implementation of the resonant PR controller by
discretization. In particular, by simply using a bi-linear transformation, one obtains a
discrete system that is not strictly proper (which in the discrete domain continues to make
physical sense).

GCr(z) =
Y(z)
E(z)

=
a1
(
1 − z−2)

b0 + b1z−1 + b2z−2 with

a1 = 4KiTsωc

b0 = T2
s ω2

0 + 4Tsωc + 4

b1 = 2T2
s ω2

0 − 8

b2 = T2
s ω2

0 − 4Tsωc + 4

(39)

Applying the inverse Z-transform yields the finite difference equation (or recursive
equation) shown in Equation (40). The implementation on a microcontroller therefore
requires memory to be kept of two steps prior to the current one.

y(k) =
1
b0
[a1 · e(k)− a1 · e(k − 2)− b1 · y(k − 1)− b2 · y(k − 2)] (40)

Figure 19 shows how to realize a block diagram equivalent to the PR controller in
the form of a Z-transformed transfer function, Simulink environment, using only ’na-
tive’ blocks.

The tuning of resonant controller parameters is quite easy to achieve in practice,
which is why it is among the most frequently used techniques by control algorithm
designers for this type of problem. The most commonly used technique is that of forced
oscillations, often accompanied by the classic Ziegler–Nichols table [43–48]. Due to the
ease of development and integration on an embedded platform, it is also one of the most
widely used control techniques in power and control electronics in general [49–51], not
only in electrical drives.

4.4. Others Control Techniques

Few other works in the literature exploit adaptive control techniques for cogging
torque reduction in servo drives for mechatronic systems [52–55].

Adaptive control in general can be divided into direct approach and indirect ap-
proaches:

• Direct Adaptive Control: in this case, the mathematical model of the physical sys-
tem is taken as known and the control action is adapted by going to change its
online parameters;
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• Indirect Adaptive Control: in this case, a simplified model, such as a linearized
version, is used as a basis, going to modify its parameters based on the error between
the actual measurements and the model’s prediction, also modifying a posterior the
controller parameters that must be adapted accordingly.

Figure 19. Proportional resonant controller implementation example.

Figure 20 shows the principle diagrams of both approaches of adaptive control. In both
cases, it is possible to derive a control law that incorporates cogging torque information,
reason why it was deemed appropriate to include this approach among the techniques that
can be practically used.

Figure 20. A schematic representation of direct vs. indirect adaptive control.

In the case of direct adaptive control, one of the cogging pair models previously
discussed can be exploited. To exploit online adaptive paradigms usually use error-corrector
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learning algorithms such as gradient descent, which work best on linear models. So in the
case of indirect adaptive control, if the estimation of cogging torque-related parameters is
based on the linearized model, the compensation may not be as efficient as in the direct case.

Very few works in the literature exploit the Sliding Mode control technique instead,
which is classified as variable structure control [56,57]. It is based on the mathematical
concept of region of attraction so as to derive a control law that typically depends on the
sign of the hyperplane describing that region of attraction.

The main problem with this control technique is that it works well when the system
model has slight non-linearities and a relative degree (the number of times the output
must be derived to obtain an expression containing the control variables) of unity. It is
used side-by-side with other types of controllers because, in any case, it is based on a
mathematical model of the motor in which it is actually possible to incorporate the cogging
torque information to be compensated by the resulting control action.

4.5. Final Considerations
4.5.1. Model Predictive Control

Main advantages:

• Easy way of dealing with constraints on controls and states;
• High performance controllers and accurate;
• No need to generate solutions for the whole time-horizon;
• Flexibility: managing any model, any optimal objective function;
• Includes cogging torque information directly in the control law.

Main disadvantages:

• High computational complexity (poorly suited to typical embedded systems);
• Problems of robustness with respect to uncertainties in the reference mathematical model;
• Strict dependence on the dynamic model.

4.5.2. Feedback Linearization Control

Main advantages:

• Management of highly non-linear models;
• Joint use of other highly effective techniques on stationary linear systems;
• Fully algebraic control law (no on-line recursion required);
• Includes information on cogging torque through the most accurate model possible

(optimizing compensation);
• Relative simplicity of implementation;
• Robust respect to the model parameters uncertainty.

Main disadvantages:

• Strict dependence on the mathematical modeling;
• Does not inherently manage operational constraints on dynamic variables.

4.5.3. Resonant Controller

Main advantages:

• Good ability to handle sinusoidal disturbances (as the cogging torque);
• Relative easy to tune;
• Simple to implement in embedded system.

Main disadvantages:

• Strongly dependent on the operating condition under which the control coefficients
are chosen;

• Does not exploit completely the cogging torque modeling.
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4.5.4. Adaptive and Sliding Mode Controllers

The main advantage is related to a relatively small computational complexity (more
about the sliding mode technique).

The main disadvantages are:

• Inherent problems of convergence and numerical stability;
• Partial or ineffective use of the cogging torque model.

5. Conclusions

This paper proposed a discussion of how to apply the MBD approach in the context of
the design of control systems and algorithms for cogging torque reduction, a rather hot
topic for advanced mechatronic applications where high efficiency and performance is
required, and especially a topic of current research on the control of permanent magnet
electric machines.

During this review of the state of the art, the problem of torque cogging was analyzed
in detail justifying the importance of addressing this issue through control algorithms
in order to realize flexible and scalable solutions for various mechatronic applications
and systems.

Popular mathematical modeling methodologies were presented with a view to being
able to exploit cogging torque information directly in the design of control algorithms.

It was shown how to carry out mathematical modeling and in a simulated environment,
of the components of the mechatronic system: the electric motor, presenting an overview
of the dynamic model that integrates the cogging torque into the mechanical equilibrium;
the modulation system, now based almost exclusively on SVM technique, presenting the
theoretical principles and a possible integration in a simulated environment, with a view to
successfully apply MBD validation of the control algorithms, in the most realistic simulation
possible; the mechanical load part and the connection with the dynamics of the machine to
derive the most complete mathematical model possible.

The most popular control techniques for this type of problem were then analyzed,
in particular to those presented in the most recent literature articles and which showed the
most promising results. The purpose is to give an overview of the algorithms by discussing
their advantages and disadvantages, which were summarized in a table.

The analysis led to the statement that MPC and FLC are certainly the most efficient
control algorithms. On the one hand, MPC incorporates the ability to handle the operational
constraints of the problem, ensuring that the control action is physically achievable by
the system components, and on the other hand, FLC’s ability to handle inherently non-
linear systems, the complete information about the cogging pair and to have an inherent
robustness to parametric uncertainties.

It is expected that future work will exploit the strengths of these two control techniques,
taking advantage of FLC’s architecture characterized by a linear outer loop and nonlinear
inner loop. Since MPC works excellently with discretized linear systems, an innovative idea
could be to transform the mathematical model representation that includes the cogging
pair, with nonlinear dynamics, into an equivalently linear model, and to apply MPC in the
outer loop, further ensuring that the final control action respects the physical constraints of
the drive.
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