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Preface to ”Quantum Information Concepts in Open

Quantum Systems”

It has long been recognized that a key feature in determining the behavior of a quantum

system is the interaction with the other surrounding quantum degrees of freedom. This aspect is

crucial in foundational studies of quantum mechanics aimed at describing the quantum measurement

process. At the same time, it plays a decisive role in the exploitation of quantum effects, especially

in view of the implementation of quantum information schemes, quantum thermodynamic devices,

and quantum technology applications. The theory of open quantum systems addresses all these

challenges. Recent developments in the field have, however, shifted the activity toward considering

and understanding the relevance of correlations, both of classical and quantum nature, in the

description of the dynamics and measurement of open quantum systems. Indeed, duly keeping

correlations into account both at the initial time and during evolution is a crucial requirement to

pave the way for experimental advancements in the field of open quantum systems.

Bassano Vacchini, Andrea Smirne, and Nina Megier
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Abstract: The quantum speed limit (QSL) is the theoretical lower limit of the time for a quantum
system to evolve from a given state to another one. Interestingly, it has been shown that non-
Markovianity can be used to speed-up the dynamics and to lower the QSL time, although this
behaviour is not universal. In this paper, we further carry on the investigation on the connection
between QSL and non-Markovianity by looking at the effects of P- and CP-divisibility of the dynami-
cal map to the quantum speed limit. We show that the speed-up can also be observed under P- and
CP-divisible dynamics, and that the speed-up is not necessarily tied to the transition from P-divisible
to non-P-divisible dynamics.

Keywords: quantum speed limit; open quantum system; dynamical map

1. Introduction

The quantum speed limit (QSL) is the theoretical lower bound to the time that is
needed for a state to be transformed into another. The concept of QSL was first introduced
in [1] as a lower time limit of the evolution between two orthogonal pure states for the
harmonic oscillator and it ss shown to be bounded by the variance of energy τMT ≥ h/4ΔE.
This initial perspective was then further developed and connected to the maximal rates
of computations for a quantum computer in [2]. In that paper, it was concluded that the
minimum interaction time is bounded by the average energy as τML ≥ h/4E. It can be
shown that the two bounds are not ordered and the actual QSL should be the maximum of
the two bounds. Since then, the study of QSL has been extended to include mixed states [3]
and more general dynamics [4–8].

More recently, the study of the quantum speed limit has gained renewed interest
after discovering that it can be lowered by means of memory effects, thus theoretically
speeding up the process. Specifically, in [4], it was shown that the quantum speed limit
is lowered under certain non-Markovian dynamics in an open qubit system. This result
was then experimentally confirmed in [9]. A more thorough analysis on the role of non-
Markovianity was performed in [10], where it was shown that its connection with QSL
is not as straightforward and the speed-up can be present, even when the dynamics
is Markovian.

In this paper, we deepen our investigation by considering other aspects of non-
Markovianity, specifically the lack of P-divisibility and CP-divisibility of dynamics. We
show that the speed-up, which was previously widely credited to information backflow,
as defined in [11], can also be observed with P-divisible and even with CP-divisible
dynamics. As a paradigmatic example of dynamics, we consider the phase-covariant
master equation, since it includes well-known maps, such as amplitude damping and pure
dephasing. The conditions for P-divisibility of the phase-covariant master equation were

Entropy 2021, 23, 331. https://doi.org/10.3390/e23030331 https://www.mdpi.com/journal/entropy1
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recently studied in [12]. We consider a specific phase-covariant model that can describe the
crossover between P-divisible and non-P-divisible dynamics by tuning a certain parameter.

The paper is structured, as follows. In Section 2, we recall the basic definitions and
concepts that were used in this paper, and present the dynamics of the example systems
that we used. In Sections 3 and 4, we present the results for the QSL of CP- and P-divisible
dynamics. Finally, Section 5 summarises the results and presents conclusions.

2. Open Quantum Systems, Dynamical Maps, Divisibility, and QSL

In textbooks, many elementary examples of a quantum system are of idealised closed
system. However, in reality, every quantum system is interacting with its environment,
whick makes it an open quantum system. When we study an open quantum system, we
are usually interested in the reduced dynamics of the smaller system, for example, a qubit,
rather than the environment.

A quantum dynamical map Φt is a map describing the time evolution of a quantum
system, which is ρ(t) = Φt(ρ(0)), where ρ(t) is a time dependent density matrix. In an
open quantum system with the system of interest (S) and the environment (E), the reduced
dynamics of the system is given by ρS(t) = Φt(ρs(0)) = trE[U†

SEρS(t)⊗ ρE(0)USE], where
USE is a unitary operator describing the time evolution of the total system, with ρS(0) and
ρE(0) being the system and environment states at t = 0, respectively.

A dynamical map Φt is said to be k-positive if the the map Φt ⊗ Ik, where Ik is the
identity operator for a k-dimensional ancillary Hilbert space, is positive. If a map is positive
for all k, it is called completely positive (CP) and, if a map is 1-positive, it is called positive
(P). A dynamical map is called P- or CP- divisible, if the map can be written using a positive
or completely positive intermediate map Vs,t, s.t. Φt = Vs,tΦs, for 0 ≥ s ≥ t.

The explicit dynamics that are considered in this paper arise from a class of master
equations in the time-local GKSL form:

dρS(t)
dt

= Lt(ρS(t)) =
i
h̄
[ρS(t), H(t)] + ∑

i
γi(t)

(
Aiρs(t)A†

i −
1
2

{
A†

i Ai, ρS(t)
})

, (1)

where H is the system Hamiltonian, γi(t) the time-dependent decay rates, and Ai the
Lindblad operators. The GKSL-theorem implies that, for master equations in the form of
Equation (1), with γi(t) ≥ 0, the resulting dynamics is always completely positive and
trace preserving (CPTP) and, thus, always physical [13–15]. One should keep in mind
that, in the framework of a microscopic description of system plus environment, the GKSL
master equation is the result of a number of approximations. When these approximations
do not hold, this master equation fails to grasp some—possibly relevant—features of the
studied dynamics. Our examples come from the family of so-called phase-covariant master
equations [16–19]:

Lt(ρ(t)) = iω(t)[ρ(t), σ3] +
γ1(t)

2

(
σ+ρ(t)σ− − 1

2
{σ−σ+, ρ(t)}

)
+

γ2(t)
2

(
σ−ρ(t)σ+ − 1

2
{σ+σ−, ρ(t)}

)
+

γ3(t)
2

(σ3ρ(t)σ3 − ρt) ,
(2)

where σ1, σ2 and σ3 are the Pauli x, y, and z matrices, respectively, with σ± = 1
2 (σ1 ± iσ2),

and γ1(t), γ2(t), and γ3(t) being the heating, dissipation, and dephasing rates, respectively.
This class of master equations contains some widely used models, such as amplitude
damping and pure dephasing [16,18,19].

In this paper, we use the definitions of the QSL for open quantum systems, as defined
in [4]:

τQSL =
1

Λop
τ

sin2(L(ρ(0), ρ(τ))) , (3)

2
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where L(ρ(0), ρ(τ)) is the Bures angle between the initial pure state ρ(0) = |Φ0〉〈Φ0| and
the time evolved state ρ(t), defined as

L(ρ(0), ρ(τ)) = arccos(
√
〈Φ0|ρ(t)|Φ0〉) , (4)

and
Λop

τ =
1
τ

∫ τ

0
||Lt(ρ(t))||op dt , (5)

where
||Lt(ρ(t))||op = max

i
{si} , (6)

is the operator norm, with si being the singular values of Lt(ρ(t)).
In [4], it was shown that, for an amplitude damping system, as given by master

Equation (2) with γ1(t) = γ3(t) = 0 and γ2(t) = γ(t), the QSL is directly dependent on
the information backflow as

τQSL/τ =
1 − |b(τ)|2

1 − |b(τ)|+N , (7)

where Φt(|1〉〈1|) = |b(t)|2|1〉〈1| and N is the Breuer–Laine–Piilo (BLP) non-Markovianity
measure, as given by

N (Φ) =
∫

∂t |b(t)|2>0
∂t|b(t)|2dt . (8)

This connection was later studied in more detail, and it was found that the speed-up is not
always dependent on the information backflow and can sometimes be present without any
non-Markovian effects [10]. In this case, the presence of information backflow coincides
with the loss of P-divisibility.

3. QSL for the Non-Monotonic Populations

In [12], the authors introduce an always-CP-divisible model with oscillations in the
populations. This model can be written in the form of a master Equation (2), with

γ1(t) = ν +
ν√

4ν2 + ω2

(
2ν sin(ωt) + ω cos(ωt)

)
, (9)

γ2(t) = ν − ν√
4ν2 + ω2

(
2ν sin(ωt) + ω cos(ωt)

)
, (10)

γ3(t) = 0 , (11)

where ν, ω ≥ 0. For simplicity, we use a general pure qubit state and parametrize our
initial state as

ρ(0) =
(

a
√

a
√

1 − a√
a
√

1 − a 1 − a

)
, (12)

where a ∈ [0, 1]. We omit the phase parameter, since it does not affect the results in the
phase-covariant case. The time-evolved density matrix is

ρ(t) =
(

1 − evt(1 − a + ν
16 f (ν, ω, t)

) √
a(a − 1)e−νt/2√

a(a − 1)e−νt/2 evt(1 − a + ν
16 f (ν, ω, t)

) ) , (13)

where

f (ν, ω, t) = −1 + e8t +
−16(ν − 4)ω + 8e8t(2(ν − 4)ω cos(ωt)− (16ν + ω2) sin(ωt)

)
(64 + ω2)

√
4ν2 + ω2

. (14)

As an example, in Figure 1 we show the QSL as a function of the interaction time
τ and of a, for some exemplary values of the parameters ν and ω. We see that the QSL
oscillates wildly and it is almost always below τQSL/τ = 1. Figure 2 shows the state
dynamics of this model, as well as the fidelity between ρ(0) and ρ(t) and the QSL for a = 1.

3
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Note that the oscillations and the speed-up in QSL are connected to the oscillations of

the fidelity (defined as F(ρ(0), ρ(t)) = Tr
[√√

ρ(t)ρ(0)
√

ρ(t)
]2

), even in the absence of

non-Markovian effects. Indeed, this example shows that, when fidelity increases, the QSL
also decreases.

Figure 1. The quantum speed limit (QSL) for the phase-covariant system defined in Equations (9)–(11)
for ν = 8 and ω = 5. This system is completely positive (CP)-divisible at all times, but clearly there is
significant change in τQSL/τ for all pure initial states of the form of Equation (12).

(a) (b) (c)

0 1 2 3 4
0.0
0.2
0.4
0.6
0.8
1.0

t

P
1(t)

0 1 2 3 4
0.0
0.2
0.4
0.6
0.8
1.0

t

F((0
),(t)

)

0 1 2 3 4
0.0
0.2
0.4
0.6
0.8
1.0

Q
SL

/

Figure 2. (a) The probability for the qubit to be in the excited state of the model used in Figure 1 for initial ground state
(a = 1), (b) the fidelity between ρ(0) and ρ(t), and (c) the QSL. The populations undergo oscillations, which results in
oscillations in fidelity as well as in QSL. The coherences always remain equal to their initial zero value.

4. P-Divisibility of the Phase-Covariant System

The P-divisibility of this system was studied in [12]. The requirement for P-divisibility is

γ1,2(t) ≥ 0 , (15)√
γ1(t)γ2(t) + 2γ3(t) > 0 , (16)

where γ1,2,3(t) are the decay rates from the master Equation (2). For unital phase-covariant dy-
namics, which is when γ1(t) = γ2(t), these are equivalent to the BLP non-Markovianity [16].
In the borderline case

√
γ1(t)γ2(t) + 2γ3(t) = 0, a stricter rule

4
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dγ3(t)
dt

> γ3(t)
(
γ1(t) + γ2(t)

)
, (17)

can be used to determine P-divisibility [12].
As an example, we can use the master Equation (2), with:

γ1(t) = e−t/2 , (18)

γ2(t) = e−t/4 , (19)

γ3(t) =
κ

2
e−3t/8 cos(2t) (k ≥ 0) , (20)

which is P-divisible according to Equations (15) and (16) when κ < 1 and non-P-divisible
when κ ≥ 1, whcih is ∃t ≥ 0 such that

√
γ1(t)γ2(t) + 2γ3(t) > 0. Figure 3 shows the

ratio τQSL/τ as a function of the initial state parameter a and the total interaction time τ
for the P-divisible model of Equations (18)–(20) for κ = 0.5. When the ratio drops below
τQSL/τ = 1, we know that the theoretical lower limit is lower than the chosen τ and it is
possible to speed-up the evolution.

κ = 0.5, P-divisible

Figure 3. The QSL values for the initial states of (12) with a ∈ [0, 1] and dynamics described by
Equations (18)–(20), with κ = 0.5. Despite being P-divisible according to Equations (15) and (16), we
see that the evolution is sped up from the so-called optimal τQSL/τ = 1 case for most values of a,
similar to the results presented in [4] for non-Markovian dynamics. For a = 1, we have τQSL/τ = 1
for all values of τ.

Figure 4 shows the same plot with κ = 1, i.e., when the map is not P-divisible. We see
a similar speedup as in Figure 3, with some amplified oscillations. However, the regions
where τQSL/τ = 1 remains the same in both cases.

We can also break the P-divisibility by choosing γ1(t) and γ2(t), such that Equation (15)
is violated, for example:

γ1(t) = γ2(t) = e−t/2(κ + cos(2t)
)

(21)

γ3(t) = e−3/8t . (22)

In this case, when κ < 1, ∃t > 0, such that γ1,2(t) < 0, which implies non-P-divisible
dynamics because of the violation of (15). However, in this case, the dynamics is non-
Markovian and the previous results regarding non-Markovianity and quantum speed-up
hold [4,16].

5
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κ = 1.0, non-P-divisible

Figure 4. A similar plot as in Figure 3, but with κ = 1, making the model non-P-divisible. For a = 1
the ratio τQSL/τ = 1 for all τ, but for other values we can see similar speed-up effects as in Figure 3.
All of the areas where τQSL/τ = 1 coincide with Figure 3, and changes can only be found when
τQSL/τ < 1.

In general, for the model that is described by Equations (18)–(20), there is no significant
connection between the P-divisbility or non-P-divisible dynamics and the optimality,
or non-optimality of the evolution (see Figures 3 and 4 for reference). In both cases, there
exists regions where τQSL/τ = 1 coincide, as well as the regions where τQSL/τ < 1.
However, we can numerically find a slight difference between κ = 1/2 and κ = 1 for
a = 0.3, where, for the P-divisible case τQSL/τ = 1, and for the non-P-divisible τQSL/τ < 1.

In the case of Equations (21) and (22), we see the speedup when κ is greater than the
critical value. In Figure 5, we see the QSL as a function of a and τ for κ = 0.5 and κ = 1.0.
For a = 1, we can clearly see that τQSL/τ = 1 in the κ = 1 case, while, for κ < 1, we have
τQSL/τ = 1. In this case, the results are consistent with the previous result in [16], since,
in this case, γ(t) < 0 implies BLP non-Markovian dynamics that has been studied and
proved to speed up the evolution.

κ = 0.5 κ = 1.0

Figure 5. QSL for the dynamics given by Equations (21)–(22). We can see a clear difference for both a = 0 and a = 1.
However, in this case we can explain this using the previous results, since the dynamics is clearly BLP non-Markovian in
the left plot, which is when κ = 0.5, according to [16].

5. Discussion

In this paper, we have studied the quantum speed limit under different phase-
covariant dynamics, with both P-divisible and non-P-divisible examples. We have ob-
served that the speed-up effect, which is indicated by τQSL/τ < 1, can be seen with
non-P-divisible, P-divisible, and even CP-divisible dynamics, further concluding that the

6
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speed-up is not simply linked to non-Markovian dynamics. Based on our results, the speed-
up is not necessarily connected to non-P- or non-CP-divisible dynamics, and it is possibly
linked to oscillations in the populations of a two-level system, which are often present in
non-Markovian dynamics.

For the examples that are considered here, there seems to be no difference between
P-divisible or non-P-divisible dynamics when considering optimal evolution, which is
when τQSL/τ = 1. The value of the ratio τQSL/τ for the regions where τQSL/τ < 1 varies,
depending on the choice of κ in our examples, but the regions with τQSL/τ = 1 are the
same. Concluding, we have presented evidence that the speed-up is not generally the
result of non-P-divisible dynamics. Moreover, for the model studied, the transition from
P-divisible to non-P-divisible dynamics causes speed-up when the transition coincides
with the transition between BLP Markovian and non-Markovian.
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Abstract: Recent years have seen the flourishing of research devoted to quantum effects on meso-
scopic and macroscopic scales. In this context, in Entropy 2019, 21, 705, a formalism aiming at
describing macroscopic quantum fields, dubbed Reduced State of the Field (RSF), was envisaged.
While, in the original work, a proper notion of entropy for macroscopic fields, together with their
dynamical equations, was derived, here, we expand thermodynamic analysis of the RSF, discussing
the notion of heat, solving dynamical equations in various regimes of interest, and showing the
thermodynamic implications of these solutions.

Keywords: reduced state of the field; quantum thermodynamics; macroscopic fields; quantum optics

1. Introduction

In recent years, a considerable attention has been given to the study of quantum
phenomena on mesoscopic scale, as many physical systems that are nowadays fundamental
for physical applications fall into this regime [1,2]. The main characteristic of mesoscopic
systems is that, while they are still large enough not to be considered purely quantum, they
are neither small enough to ignore quantum effects.

Furthermore, while the behavior of macroscopic fields is well described by classical
wave equations with coherent sources, incorporation of thermal and random sources into
the field equations still represents an open problem [3]. As a matter of fact, the most
common description of such a situation relies on the introduction of phenomenological
terms, for example, terms describing the damping. This solution is not fully satisfactory
from a theoretical point of view, as these extra terms do not give a correct thermodynamic
description of such systems. On this basis, and on drawing from the fact that the ultimate
description of any physical system should be given by quantum mechanics, the Reduced
State of the Field (RSF) formalism was conceived [4].

Since a completely quantum picture is generally too complex and, consequently, not
convenient to treat macroscopic fields, the RSF aims at describing macroscopic waves using
a coarse-grained version of the quantum formalism. Such a description allows one to retain
the most important quantum features that would even emanate at macroscopic scale [4],
while, at the same time, mitigating the complexity that would have no effect beyond the
microscopic realm. Interestingly, in the same spirit, one can answer the question being a
sort of opposite to the former one, namely which features of the quantum evolution can be
classified as classical [5].

On the other hand, recent years have seen the flourishing of quantum thermodynam-
ics [6], namely the study of thermodynamic phenomena on the quantum scale. This interest
has been fostered by progressive miniaturization of electronic and optical devices, at the
level where quantum phenomena cannot be ignored [7]. We, therefore, observe a huge
development of the field of quantum thermodynamics, where a wide range of topics is
being covered, e.g., thermalization and heat transfer [8–11], quantum heat engines and
refrigerators [12–18], and quantum batteries [19–21].

Entropy 2021, 23, 1198. https://doi.org/10.3390/e23091198 https://www.mdpi.com/journal/entropy9
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The biggest advantage of the RSF formalism is that it provides both a suitable defini-
tion of entropy for radiation fields and dynamical equations describing the field which are
in a closed form (do not depend on other degrees of freedom). It is, thus, of interest to see
how thermodynamics intersects with the description of mesoscopic and macroscopic fields
since, especially on the mesoscopic scale, one typically does not have full control over the
system, yet quantum effects need to be taken into account in order to describe the system
appropriately [22].

In this paper, we want to explore how thermodynamic phenomena, such as heat
exchange, fit the RSF formalism. Moreover, we want to analyze the behavior of the entropy
of RSF [4], as its definition differs from the one usually found in the classical or quantum
realms. The paper is organized as follows. In Section 2, we briefly review the RSF formalism,
pointing out its main features. In Section 3, starting from the evolution equations of RSF,
we consistently define the main thermodynamic quantities, such as internal energy, heat,
and work. Then, in Section 4, we solve the equations of motion in some simple but relevant
situations, highlighting the thermodynamic meaning of the different terms present therein.
Finally, in Section 5, we give our conclusions and some outlooks for future works.

2. The RSF Formalism

This section mostly follows Reference [4], since we summarize here the most important
background and ingredients of the RSF formalism. In particular, all formulas appearing in
this section are taken from Reference [4].

We start with classical electromagnetic field which, in a finite volume, is described by
a set of modes fk(x; t) = e−iωkt fk(x), where x is the position, k is a discrete index, and ωk is
the frequency at which the mode oscillates. In the first quantization picture, these modes
represent eigenstates of the single-particle Hamiltonian of quasi-particles associated with
the field. Under a proper normalization, these modes form an orthonormal basis of the
single-particle Hilbert space, where the energy of each mode is equal to h̄ωk.

In the second quantization picture, a pair of operators âk, â†
k is associated to each mode

fk. Standard bosonic commutation relations hold:[
âk, â†

k′

]
= δkk′ [âk, âk′ ] =

[
â†

k , â†
k′

]
= 0, (1)

so that the action of the annihilation and creation operators, on the vectors in the corre-
sponding Fock space spanned by the orthonormal set {|n〉k}, is

âk|nk〉 =
√

nk|nk − 1〉 â†
k |nk〉 =

√
nk + 1|nk + 1〉. (2)

The RSF formalism relies on a correspondence between operators acting on the single-
particle Hilbert space and additive operators acting on the Fock space. The former can be
written as:

b̂ = ∑
k,k′

bkk′
∣∣k〉〈k′∣∣, (3)

where |k〉 ≡ | fk〉, while the corresponding additive observable in the Fock space is (We
follow the convention introduced in Reference [4], according to which operators in the
Fock space are denoted by capital letters (with the density operator ρ̂ being an exception),
while operators acting on a single-particle Hilbert space are denoted by small letters.):

B̂ = ∑
k,k′

bkk′ â
†
k âk′ . (4)

Consequently, unitary operators û acting on the single-particle Hilbert space are in corre-
spondence with multiplicative operators on the Fock space via:

û = eib̂ → Û = eiB̂. (5)
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From now on, we also use “Tr” for trace operations in the Fock space and “tr” for traces
applied to the level of the RSF, i.e., on a single-particle Hilbert space.

The RSF description of the state of a macroscopic field is based on the couple (r̂, |α〉),
defined from the full quantum state of the field ρ̂ in the Fock space as:

r̂ = ∑
k,k′

Tr
[
ρ̂ â†

k′ âk

]∣∣k〉〈k′∣∣ := ∑
k,k′

rkk′
∣∣k〉〈k′∣∣, (6a)

|α〉 = ∑
k

Tr[ρ̂ âk]|k〉 := ∑
k

αk|k〉. (6b)

The matrix r̂ is a single-particle density operator, while the vector |α〉 contains the informa-
tion about the phase of the macroscopic field.

It is important to observe that the single-particle density operator is not normalized to
unity but, rather, to the total number of particles in the state, i.e.,

tr{r̂} = N = Tr
{

ρ̂N̂
}

, N̂ = ∑
k

â†
k âk. (7)

In fact, the same expectation-value identification holds for any additive observable

tr
{

r̂b̂
}
= Tr

{
ρ̂B̂
}

. (8)

Furthermore, it turned out beneficial to define an another object, the correlation matrix

r̂α = r̂ − |α〉〈α|, where |α〉〈α| = ∑
k,k′

αkα∗k′
∣∣k〉〈k′∣∣, (9)

which is a positive semi-definite operator being zero if and only if the state is coherent. Us-
ing this operator, it is then possible to give a suitable definition of entropy for macroscopic
fields, which is

S[r̂α] = kB tr[(r̂α + 1) ln(r̂α + 1)− r̂α ln r̂α]. (10)

This definition of entropy has an appealing feature of being always greater than or equal to
zero, and being zero only when the RSF is coherent. This also highlights the fact that the
coherent states are the only pure states in this formalism.

To shortly summarize the above, the RSF formalism is particularly suited to deal with
situation where one does not have full quantum control of the system (we just control first
and second moments, so to speak), as is in the case of macroscopic fields, but quantum
effects are still visible. Having revised the RSF formalism and its main features, we are
now ready to start thermodynamic considerations.

3. Thermodynamics of the RSF

In a usual scenario described by thermodynamics, one deals with a system S, often
called the working fluid, interacting with one or more thermal baths, i.e., much larger
systems with infinite heat capacity that are typically assumed to have a well-defined
temperature. By changing the Hamiltonian, i.e., the energy, of the working fluid S and
letting it interact appropriately with the thermal baths, it is possible to extract work from
the system (i.e., we have a heat engine) or to use work to transfer heat from a cold to a hot
bath (i.e., we implement a refrigerator).

As in what follows, we will not be interested in a description of the thermal baths but,
rather, in their action on the working fluid S. Therefore, we want to define heat and work
only in terms of the state S, in the current context sufficiently well described by the couple
(r̂, |α〉). In order to study the thermodynamics of a macroscopic field described under the
RSF formalism, we first need to recall the dynamical equations describing the behavior of
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the field when it interacts with an external bath. This was already done in Reference [4],
where the system of equation for the RSF was derived from the standard expression for a
map belonging to a so-called quasi-free dynamical semigroup [23,24], thus extending this
concept to RSF formalism. The set of equations [4] describing the dynamics of the couple
(r̂, |α〉) can be derived from the equations describing the temporal evolution of the full
state in Fock space ρ̂ through:

d
dt

rkk′ = Tr
{

â†
k′ âk

dρ̂

dt

}
,

d
dt

αk = Tr
{

âk
dρ̂

dt

}
. (11)

Considering a generic model of dynamics for ρ̂, given by the evolution equation [4]

d
dt

ρ̂ =− i
h̄
[
Ĥ, ρ̂

]
+

N

∑
k=1

[
ζk â†

k − ζ∗k âk, ρ̂
]
+

N

∑
k,k′=1

Γk′k
↓

(
âk ρ̂ â†

k′ −
1
2
{

â†
k′ âk, ρ̂

})

+
N

∑
k,k′=1

Γk′k
↑

(
â†

k′ ρ̂ âk −
1
2
{

âk â†
k′ , ρ̂
})

+
∫

μ(du)
(

Ûρ̂ Û† − ρ̂
)

,

(12)

which includes the presence of a coherent source, a thermal bath, and random scattering,
one can write the following equations for the couple (r̂, |α〉) (Note that the anticommutator
terms, in comparison with Reference [4], have been divided by 2. See Reference [5] for
details.):

d
dt

r̂ = − i
h̄
[ĥ, r̂] + (|ζ〉〈α|+ |α〉〈ζ|) + 1

2
{
(γ̂↑ − γ̂↓), r̂

}
+ γ̂↑

+
∫

μ(du)(ûr̂û† − r̂), (13a)

d
dt
|α〉 = − i

h̄
ĥ|α〉+ |ζ〉+ 1

2
(γ̂↑ − γ̂↓)|α〉+

∫
μ(du)(û − 1)|α〉. (13b)

Let us start by explaining the meaning of each term in (12) viz. Equations (13a) and (13b).
In the dynamical equation for r̂, we first find the commutator of r̂ with the single-particle
Hamiltonian ĥ = h̄ ∑k ωk|k〉〈k| stemming from Ĥ = h̄ ∑k ωk â†

k âk, and this term describes
nothing but the standard unitary dynamics induced by the free Hamiltonian. Next, we find
the term |ζ〉〈α|, which describes the effect of a coherent source, and, thus, also depends on
the phase of the system |α〉. Then, we can see the anticommutator term with the operators

γ̂� = ∑
k,k′

Γkk′
�
∣∣k〉〈k′∣∣, (14)

describing stimulated absorption and emission processes, while the isolated term γ̂↑
describes spontaneous emission processes. The coefficients Γkk′

� encode the information
about the state of the thermal bath and its interaction with the system. Finally, the integral
term describes the effect of random scattering phenomena, where the operators û are
unitary. Similar considerations apply to the dynamical equation for |α〉. Note also that,
although the usual single particle approach is one where recursive systems of equations
are truncated through appropriate approximations or boundary conditions, in the RSF
approach, one deals with a closed system of equation, a feature that greatly simplifies the
study of the dynamics of a macroscopic field.
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As the entropy is defined in terms of the correlation matrix r̂(α), it is also useful to
derive the dynamical equation for this quantity. Since r̂(α) = r̂ − |α〉〈α|, we only need to
compute the time derivative of |α〉〈α| using Equation (13b):

d
dt
|α〉〈α| =

(
d
dt
|α〉
)
〈α|+ |α〉

(
d
dt
〈α|
)

=− i
h̄

[
ĥ, |α〉〈α|

]
+ (|α〉〈ζ|+ |ζ〉〈α|) + 1

2
{
(γ̂↑ − γ̂↓), |α〉〈α|

}
+
∫

μ(du)(û|α〉〈α|+ |α〉〈α|û†)− 2|α〉〈α|), (15)

from which we can write the dynamical evolution for the correlation matrix r̂(α) as

d
dt

r̂(α) = − i
h̄
[ĥ, r̂(α)] +

1
2

{
(γ̂↑ − γ̂↓), r̂(α)

}
+ γ̂↑

+
∫

μ(du)
(

ûr̂(α)û† − r̂(α)
)
+
∫

μ(du)(û − 1)|α〉〈α|(û† − 1). (16)

From this equation, we can see that the dynamics of the correlation matrix are not influenced
by the presence of coherent sources. Consequently, the entropy S[r̂(α)] is also invariant
with respect to coherent evolution. This feature of the theory is associated with the fact
that we are dealing with a mesoscopic or macroscopic system, where, in fact, we do not
have access to all degrees of freedom [4]. In particular, the single-particle Hamiltonian ĥ
does not carry the whole content of the Hamiltonian in the Fock space which also contains
contributions due to the displacement. In view of this, we define the internal energy as

U = tr
[

ĥr̂(α)
]
≡ tr

[
ĥr̂
]
− 〈α|ĥ|α〉. (17)

This definition is motivated by the form of the entropy in Equation (10) and from the
related discussion in Reference [4]: as the definition of entropy relies on the effective degree
of control that one has over the physical system under examination, the same should apply
to other quantities of interest. Since, in the RSF formalism, the entropy is invariant under
the application of the Weyl displacement operator, one could expect the internal energy
to follow the same behavior. In particular, if, for instance, we were to define the internal
energy in the “intuitive” way as tr

[
ĥr̂
]
, then displacement would be a process implying

heat absorption from the system, with no change of entropy. In Section 4, we are going to
show that this issue is resolved by Equation (17), and that, thanks to this definition, we are
able to define properly the free energy of the system. Last but not least, let us emphasize
that the internal energy of the system is a notion which depends on an arbitrary choice in
which degrees of freedom describe the system and which belong to its environment.

Using the notion of internal energy in Equation (17), one has a natural decomposition

dU = tr

[
dĥ
dt

r̂(α)
]

dt + tr

[
ĥ

dr̂(α)

dt

]
dt = dW + δQ. (18)

Two observations are in place here. First of all, the single particle Hamiltonian is time
independent by construction. This is because the frequencies, as well as the eigenmode
basis, of the Hamiltonian, are not under control and do not vary over time due to the
dynamics of the sole field. Therefore, for generic macroscopic fields, there is no work, just
the heat. Work would require an engineered variant of time evolution, i.e., one can perform
(extract) work on (from) the system only by changing the frequencies ωk.

Second of all, only the scattering term couples r̂(α) with |α〉 in Equation (16). This
feature in a salient way distinguishes the scattering processes from the other processes
subsumed in the dynamical equations. Within a thermodynamic description, which is
solely based here on the correlation matrix, the scattering belongs to a different (more

13



Entropy 2021, 23, 1198

complex) class of (likely non-equilibrium) processes. The latter property, however, would
strongly depend on the measure μ(du) chosen. Perhaps, for the invariant Haar measure,
the situation would simplify, still, the aforementioned coupling will be there.

Therefore, we believe that the scattering processes deserve a separate and detailed
treatment. Consequently, here, we shall neglect random scattering terms, with the goal of
delineating the heat exchange and entropy production due to other processes. Under this
simplifying assumption, the heat exchanged is equal to

δQ = tr

[
ĥ

dr̂(α)

dt

]
dt =

1
2

tr
[
r̂(α)
{

γ̂↑ − γ̂↓, ĥ
}]

dt + tr
[

ĥγ̂↑
]
dt

= h̄ ∑
k,k′

ωk + ωk′

2
r(α)kk′

(
Γk′k
↑ − Γk′k

↓
)

dt + h̄ωkΓkk
↑ dt, (19)

that is, it only depends on interactions with the thermal bath. In particular, the second
term on the right-hand side of Equation (19) is responsible for the equilibration process
towards the equilibrium populations dictated by the bath structure, while the first term
describes heat exchanges due to changes in the modes’ occupations happening because of
the interaction with the bath.

The variation of the entropy in time is also found to be

d
dt

S[r̂(α)] = kB tr

[
dr̂(α)

dt
ln

(
r̂(α) + 1

r̂(α)

)]
. (20)

We use the notation in which the fraction of non-negative operators needs to be under-
stood in terms of their eigenvalues. This is possible because, whenever some eigenvalue
approaches 0, the time derivative also vanishes, killing the potential singularities [25].

Note that the trace of r̂(α) does not need to be constant in time. For a quasi-static
process, in which the state ρ̂ is always in thermal equilibrium, the correlation matrix is
always of the form

r̂(α) =
1

eβĥ − 1
. (21)

Since, in this case,

ln

(
r̂(α) + 1

r̂(α)

)
= βĥ, (22)

we recover the equality from standard thermodynamics

dS = kBβδQ. (23)

This observation further strengthens our definition of work and heat. Moreover, for a
non-quasi-static process, one has that r̂(α) is not of the form in Equation (22); thus, one has
also entropy production.

4. Some Examples of RSF Thermodynamics

In the following subsections, we want to solve the dynamical Equations (13a) and
(13b) under various circumstances where some of the terms are absent or can be simplified,
thus highlighting their thermodynamic meaning.

4.1. Free Dynamics of the RSF

The simplest, and almost trivial, case that one can analyze is the one where no
interaction with either a coherent source or a thermal bath is present, so that the dynamics
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of the RSF is fully described by the Hamiltonian term alone. Assuming the Hamiltonian in
the Fock space to be:

Ĥ = ∑
k

h̄ωk â†
k âk → ĥ = ∑

k
h̄ωk|k〉〈k|, (24)

we can explicitly write down the equations governing the matrix elements rkk′(t) and the
vector components αk(t) as:

d
dt

rkk′(t) = −i(ωk − ωk′)rkk′(t),
d
dt

αk(t) = −iωkαk(t). (25)

The solutions to these equations are easily found:

rkk(t) = rkk(0); rkk′ = e−i(ωk−ωk′ )trkk′(0); αk(t) = e−iωktαk(0). (26)

These solutions imply that, under purely free dynamics, the populations stay constant,
while the coherences among them rotate at a frequency equal to the detuning between
the modes. Finally, the components of the phase vector |α〉 rotate at the corresponding
frequency. In accordance with Equation (19), there is no heat exchange, as there is no
thermal bath. An important fact to be noted is that, as in Equation (16), the correlation
matrix depends on the Hamiltonian ĥ only through the commutator term, and the en-
tropy is unchanged under purely Hamiltonian dynamics, since the eigenvalues of r̂(α) are
left unchanged.

4.2. RSF Dynamics in Presence of a Coherent Source

We now want to solve Equations (13a) and (13b) subject to a coherent source, but still
without a thermal bath, so that we get:

d
dt

r̂ = − i
h̄
[ĥ, r̂] + (|α〉〈ζ|+ |ζ〉〈α|), (27)

d
dt
|α〉 = − i

h̄
ĥ|α〉+ |ζ〉, (28)

where |ζ〉 = ∑k ζk|k〉. We can easily get the dynamical equations for the matrix elements:

d
dt

rkk′ = −i(ωk − ωk′)rkk′ + (αkζ∗k′ + α∗k′ζk), (29)

d
dt

αk = −iωkαk + ζk. (30)

Solving the second equation first, we get

αk(t) = e−iωktαk(0)− i
ζk
ωk

(1 − e−iωkt), (31)

so that the r̂ matrix elements are

rkk′(t) = e−i(ωk−ωk′ )t
[

rkk′(0) +
∫ t

0
ds ei(ωk−ωk′ )s

(
αk(s)ζ∗k′ + α∗k′(s)ζk

)]
. (32)

After we perform the integral, we get

rkk′(t) = e−i(ωk−ωk′ )t
(

rkk′(0) +
ζkζk′

ωkωk′

)
+

ζkζ∗k′
ωkωk′

(
1 − e−iωkt − eiωk′ t

)
+ i

(
αk(0)ζ∗k′

ωk′
e−iωkt − α∗k′(0)ζk

ωk
eiωk′ t

)
. (33)
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Let us consider the case where the initial phase vector |α〉 is null, i.e., αk(0) = 0, for all
k. In this case, the solution for the phase and the matrix elements of r̂ reads:

αk(t) = −i
ζk
ωk

(1 − e−iωkt), (34)

rkk′(t) = e−i(ωk−ωk′ )t
(

rkk′(0) +
ζkζ∗k′

ωkωk′

)
+

ζkζ∗k′
ωkωk′

(
1 − e−iωkt − eiωk′ t

)
. (35)

The latter result, for the diagonal elements rkk(t), reduces to

rkk(t) = rkk(0) + 2
|ζk|2
ω2

k
(1 − cos ωkt). (36)

This implies that the populations oscillate around the average values rkk(0) + |ζk|2/ω2
k .

Of course, the correlation matrix remains constant (also if initial |α〉 is not null), so does
the entropy.

4.3. Dynamics of the RSF in Presence of a Coherent Source and a Thermal Bath

Let us now consider the case where also a dissipation term is present, i.e., we want to
analyze the case where the system interacts with both a coherent source and a heat bath. In
this case, the dynamical equations for r̂ and |α〉 are:

dr̂
dt

= − i
h̄
[ĥ, r̂] + (|α〉〈ζ|+ |ζ〉〈α|) + 1

2
{(γ̂↑ − γ̂↓), r̂}+ γ̂↑, (37)

d
dt
|α〉 = − i

h̄
ĥ|α〉+ |ζ〉+ 1

2
(γ̂↑ − γ̂↓)|α〉, (38)

where the operators γ̂� have already been defined as

γ̂� = ∑
k,k′

Γkk′
�
∣∣k〉〈k′∣∣. (39)

Let us remind that the matrix elements Γkk′
� are the particle creation and decay rates that

can be derived using the Fermi golden rule. Under the typical Born, Markov, and secular
approximations, the operators γ̂� become diagonal

γ̂� = ∑
k

Γk
�|k〉〈k|, (40)

where the rates Γk
�, due to the thermal character of the bath, are related via

Γk
↑

Γk
↓
= e−

h̄ωk
kBT , (41)

with kB being the Boltzmann constant, and T being the temperature of the heat bath.
In this case, the dynamical equations for the RSF become:

drkk′

dt
= −i(ωκ − ωk′)rkk′ −

1
2

(
Γk
↓

Zk
+

Γk′
↓

Zk′

)
rkk′ + δkk′Γ

k
↑ + (αkζ∗k′ + α∗k′ζk), (42)

dαk
dt

= −iωkαk −
Γk
↓

2Zk
αk + ζk, (43)
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where we have defined Zk =
(

1 − e−βh̄ωk
)−1

. These equations are of the same form
as Equations (29) and (30). This can be noted by defining complex frequencies ω̃k =
ωk − iΓk

↓/2Zk. In this notation, we get:

drkk′

dt
= −i(ω̃k − ω̃∗

k′)rkk′ + δkk′Γ
k
↑ + (αkζ∗k′ + α∗k′ζk), (44)

dαk
dt

= −iω̃kαk + ζk, (45)

so that one can immediately write down the solution to the second equation as:

αk(t) = e−iω̃ktαk(0)− i
ζk
ω̃k

(
1 − e−iω̃kt

)
, (46)

which implies that the phases αk are driven towards their steady-state values

α
steady
k = −i

ζk
ω̃k

. (47)

As for the matrix elements rkk′ , one finds:

rkk′(t) = e−i(ω̃k−ω̃∗
k′ )t
[

rkk′(0) +
∫ t

0
ds ei(ω̃k−ω̃∗

k′ )s
(

αk(s)ζ∗k′ + α∗k′(s)ζk + δkk′Γ
k
↑
)]

,

and, consequently,

rkk′(t) = e−i(ω̃k−ω̃∗
k′ )t
(

rkk′(0) +
ζkζk′

ω̃kω̃∗
k′

)
+

ζkζ∗k′
ω̃kω̃∗

k′

(
1 − e−iω̃kt − eiω̃∗

k′ t
)

+ i
(

αk(0)ζ∗k′
ω̃∗

k′
e−iω̃kt − α∗k′(0)ζk

ω̃k
eiω̃∗

k′ t
)
+ δkk′ e

−βh̄ωk Zk

⎛⎝1 − e−
Γk
↓

Zk
t

⎞⎠. (48)

It is of particular interest to see the steady values of the matrix elements rkk′ ,

rsteady
kk′ =

ζkζ∗k′
ω̃kω̃∗

k′
+ δkk′ e

−βh̄ωk Zk. (49)

From this steady-state solution, together with Equation (47), we can compute the associated
correlation matrix r̂(α), for which one simply obtains:

r(α)steady
kk′ = rsteady

kk′ −
∣∣∣αsteady

〉〈
αsteady

∣∣∣
kk′

= δkk′ e
−βh̄ωk Zk =

1

eβĥ − 1
. (50)

From this result, one can see clearly what was already noted in Reference [4], namely that,
in presence of random scattering (which is absent in this case) or a thermal environment
with temperature different from zero, it is impossible to obtain a coherent state, and that
only an initial pure state remains pure when the above conditions are met.

Next, we express the entropy of the steady state as a function of β (we set kB = 1):

S[r̂(α)steady](β) = tr
[
(r̂(α)steady + 1) ln

(
r̂(α)steady + 1

)
− r̂(α)steady ln r̂(α)steady

]
= tr

[
βĥr̂(α)steady

]
+ tr

[
ln
(

r̂(α)steady + 1
)]

= βU + tr
[
ln
(

r̂(α)steady + 1
)]

, (51)

as it can be found using Equation (50) and going through some algebra. One can immedi-
ately see that the entropy depends on the temperature, both through the partition functions
and the occupation numbers of the modes. We plot in Figure 1 the entropy as a function of
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the temperature β for different values of the frequency. From the plot, it can be seen that
lower frequency modes have a greater entropy than the modes with higher frequency.

S[r(α)steady]

ω0

ω0

ω0

ω0/

ω0/

β

�ω0

Figure 1. In this plot, the entropy as a function of temperature β is shown. The various lines are
plotted using different frequency, so that one can see that the low frequency modes contribute more
to the entropy, especially at low temperatures.

The Equation (51) can also be rearranged as:

U − β−1S = − 1
β

tr
[
ln
(

r̂(α)steady + 1
)]

, (52)

so that, in this way, we are driven to define the equilibrium-free energy Feq

Feq = − 1
β

tr
[
ln
(

r̂(α)steady + 1
)]

= − 1
β ∑

k
ln Zk. (53)

This is exactly the sum of the equilibrium-free energies of each mode. We can then define
the free energy as:

F = U − β−1S = tr
[
r̂(α) ĥ

]
− 1

β
tr
[
(r̂(α + 1) ln

(
r̂(α + 1

)
− r̂(α) ln r̂(α)

]
= tr

[
r̂(α)
(

ĥ − 1
β

ln

(
r̂(α) + 1

r̂α

))]
− 1

β
tr
[
ln
(

r̂(α) + 1
)]

(54)

= Fneq + Feq, (55)

where we have introduced the non-equilibrium-free energy

Fneq = tr

[
r̂(α)
(

ĥ − 1
β

ln

(
r̂(α) + 1

r̂α

))]
. (56)

Thus, we see how, in the presence of a thermal bath, and using the definition of internal
energy of Equation (17), we are able to define in a reasonable way the free energy, both “in
and out” of equilibrium. Clearly, the proposed notion of free energy is somehow attached
to the specific case of macroscopic fields. This is to be expected since, in the RSF formalism,
one assumes the lack of control over certain (actually, many) degrees of freedom. Therefore,
in its spirit, our approach does not differ from descriptions of other physical situations, such
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as the modeling of magnetic [26,27] and molecular [28,29] systems, where adjustments are
necessary in order to account for the specific properties of the system under examination.

5. Conclusions

In this paper, we explored how to define thermodynamic quantities in the RSF formal-
ism, given its definition of entropy. We also showed some examples of dynamical regimes
that allowed us to explicitly compute the quantities of our interest, such as energy, heat,
work, and other thermodynamic functionals.

Starting from the definition of entropy given in Reference [4], we gave a reasonable
definition of internal energy, heat, and work. We were able to show that, in a quasi-static
equilibrium process, our definition of heat gave the proper increase of entropy, and then
we defined the equilibrium and non-equilibrium-free energy.

It would be interesting in the future to further explore how to describe other thermo-
dynamic phenomena under this formalism, such as work extraction from heat engines and
work storage in batteries. This would surely help to further clarify how thermodynamics
should be described at mesoscopic scales, as well as to individuate possible issues to
be solved in this regime. Last but not least, scattering terms deserve a careful, separate
consideration.
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Abstract: In this paper, we analyze the classical capacity of the generalized Pauli channels generated
via memory kernel master equations. For suitable engineering of the kernel parameters, evolution
with non-local noise effects can produce dynamical maps with a higher capacity than a purely
Markovian evolution. We provide instructive examples for qubit and qutrit evolution. Interestingly,
similar behavior is not observed when analyzing time-local master equations.

Keywords: classical capacity; generalized Pauli channels; non-Markovian evolution; memory kernels

1. Introduction

In quantum information processing, it is crucial to understand how to transmit, manip-
ulate, and preserve quantum information sent through a noisy quantum channel [1,2]. Due
to scientific and technological advancements, logic gates and other electronic devices are
approaching atomic scales. Therefore, it is becoming increasingly hard to reliably transfer
information. This can be remedied if one can minimize the detrimental effects of noise
through error correction, error mitigation, or error suppression techniques [3,4].

However, removing errors is only one way to deal with undesirable effects of envi-
ronmental noise on quantum systems. Another approach to the problem is, instead of
reducing the noise, using it to one’s advantage. This perception of the role of environ-
mental noise was popularized by the observation that dissipation can be used to enhance
quantum information processing [5]. In this way, dissipation has become a quantum re-
source that is exploited to manipulate quantum systems and engineer specific properties of
quantum channels [6–8]. In particular, the memory effects caused by environmental noise
have been used for performing quantum information processing tasks, such as improving
channel fidelity or preserving quantum entanglement [9]. A decrease in error accumula-
tion was achieved for dissipative Markovian processes and their generalizations [10,11],
where adding noises to the Markovian evolution slows down the rate at which the system
approaches a steady state.

The goal of this paper is to show how to engineer quantum noise to improve the
channel capacity, which is a very important measure in quantum computation and quantum
information theory. Through the channel capacity, one can determine the amount of
information transmitted coherently through a quantum channel. However, in contrast to the
classical channels, which have a unique (Shannon) capacity, the concept of quantum channel
capacity is more complex, giving rise to a whole range of informational characteristics. If
quantum information is transferred through a noisy channel, then one must consider the
quantum capacity, whose lower and upper estimations were determined by Lloyd [12],
Shor [13], and Devetak [14]. In quantum cryptography, communication tasks often require
the use of private classical capacity [14]. Additionally, quantum correlations are essential
to the entanglement-assisted capacity [15], which is the highest rate of classical information
transition. The problem of simultaneously transferring classical and quantum information
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was investigated by Devetak and Shor [16]. More information about channel capacities is
available in review works, see e.g., [17,18].

The capacity that directly generalizes the notion of Shannon capacity for classical chan-
nels to the quantum scenario is classical capacity [19,20]. In this case, classical information
is sent through a quantum channel using separable input states and joint measurements of
the outputs. Recently, there has been significant interest in calculating the classical capacity
of quantum channels. Rehman et al. used the majorization procedure to provide lower
and upper estimations of the Holevo capacity of the Weyl channels [21,22]. Amosov calcu-
lated the classical capacity for deformations of classical-quantum Weyl channels [23] and
channels generated by irreducible projective unitary representations of finite groups [24].

In this paper, we analyze the time evolution of the classical capacity for the generalized
Pauli channels [25,26]. In particular, we compare the capacity for the dynamical maps
governed by the memory kernel

K(t) = Lδ(t) +K(t) (1)

with that of the Markovian generator L alone. In the above formula, K(t) is the part of
the kernel that does not include the local part with the Dirac delta function δ(t). With the
proper choice of parameters, we propose a number of cases where the classical capacity of
the map generated by K(t) is better than that of the Markovian semigroup ΛM(t) = etL.
Hence, it is shown that non-local memory effects can be effectively used to decrease the
error rate of a quantum channel. We also present a class of quantum evolution where the
generator L(t) is time-local. This implies that improving the channel capacity is possible
not only for the Markovian semigroup but for general Markovian dynamics.

2. Generalized Pauli Channels

An important class of quantum channels consists of mixed unitary channels, where
a unitary evolution is disrupted by classical errors [27,28]. The channel noise can be
corrected with the classical information obtained by measuring the environment [29]. For
qubit systems, one considers the Pauli channel [30,31]

Λ[ρ] =
3

∑
α=0

pασαρσα, (2)

where pα is a probability distribution and σ0 = I2, σ1, σ2, σ3 are the Pauli matrices. As
the Kraus representation of a quantum map is not unique, it is often more convenient to
work with its spectrum. One can find the eigenvalues of the Pauli channel through its
eigenvalue equations

Λ[σα] = λασα, λ0 = 1. (3)

An important property of σα, where α = 1, 2, 3, is that their eigenvectors {ψ
(α)
0 , ψ

(α)
1 } form

three mutually unbiased bases (MUBs). Recall that two orthonormal bases are mutually
unbiased if and only if ∣∣〈ψ(α)

k

∣∣ψ(β)
l
〉∣∣2 =

1
d

(4)

for α �= β and k, l = 0, . . . , d − 1, where d is the dimension of the underlying Hilbert space
(d = 2 for qubits).

The Pauli channels can be generalized in multiple ways [32–35], but only one general-
ization ensures that the MUB property of its eigenvectors carries over to d > 2. Consider
the d-dimensional Hilbert space H that admits the maximal number of d + 1 mutually
unbiased bases [36]. Using the rank-1 projectors P(α)

k = |ψ(α)
k 〉〈ψ(α)

k |, one can define d2 − 1
unitary operators

Uk
α =

d−1

∑
l=0

ωkl P(α)
l , ω = e2πi/d. (5)
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The generalized Pauli channel is constructed as follows [25,26],

Λ[ρ] = p0ρ +
1

d − 1

d+1

∑
α=1

pα

d−1

∑
k=1

Uk
αρUk†

α , (6)

where the Pauli channel in Equation (2) is reproduced after setting d = 2. The eigenvalues
λα of Λ are real and (d − 1)-times degenerated. They satisfy the eigenvalue equations

Λ[Uk
α] = λαUk

α, k = 1, . . . , d − 1, (7)

and Λ[Id] = Id. In terms of the probability distribution pα,

λα =
1

d − 1
[d(p0 + pα)− 1], (8)

whereas the inverse relation reads

p0 =
1
d2

(
1 + (d − 1)

d+1

∑
α=1

λα

)
,

pα =
d − 1

d2

(
1 + dλα −

d+1

∑
β=1

λβ

)
.

(9)

The complete positivity of the generalized Pauli channel is fully controlled by its eigenval-
ues. Indeed, Λ is completely positive if and only if λα satisfies the generalized Fujiwara–
Algoet conditions [25,37,38]

− 1
d − 1

≤
d+1

∑
β=1

λβ ≤ 1 + d min
β>0

λβ. (10)

3. Classical Capacity of Generalized Pauli Channels

In the classical theory of information, there exists a unique measure for the amount
of information that can be reliably transmitted through a noisy channel. This measure
is known as the Shannon capacity, and it is a maximization of the mutual information
between the input and output states over all random variable probability distributions [39].
In quantum information theory, however, information can be transmitted in a number
of ways. Therefore, there exist many types of channel capacities, such as the quantum
capacity [12–14], private classical capacity [14], and entanglement-assisted capacity [15]. A
direct analogue of the Shannon capacity in the quantum scenario is the Holevo capacity. It
determines the maximal amount of classical information that can be reliably transferred,
provided that the input state is separable and the output state is measured via joint
measurements [17,40]. The Holevo capacity χ(Λ) is defined as the maximal value of an
entropic expression [19,20],

χ(Λ) = max
{pk ,ρk}

[
S

(
∑
k

pkΛ[ρk]

)
− ∑

k
pkS(Λ[ρk])

]
, (11)

where Λ is a quantum channel and S(ρ) = −Tr(ρ ln ρ) denotes the von Neumann entropy.
Note that the maximum is calculated over the ensembles of separable states ρk with the
probability of occurrence pk. The optimal transition rate under infinitely many uses of a
channel is given by the classical capacity

C(Λ) = lim
n→∞

1
n

χ(Λ⊗n). (12)
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In general, C(Λ) ≥ χ(Λ). However, for a channel Λ with a weakly additive Holevo
capacity (χ(Λ ⊗ Λ) = 2χ(Λ)), one has C(Λ) = χ(Λ) [20].

In Reference [41], exact values of the classical capacity were found for certain families
of the generalized Pauli channels. Namely, if all λα ≤ 0 and moreover λ1 = . . . = λd ≡
λmax, λd+1 = λmin, then

C(Λ) =
1 + (d − 1)λmin

d
ln[1 + (d − 1)λmin] + (d − 1)

1 − λmin

d
ln(1 − λmin). (13)

In contrast, if all λα ≥ 0 and also λ1 = λmax, λ2 = . . . = λd+1 ≡ λmin, then

C(Λ) =
1 + (d − 1)λmax

d
ln[1 + (d − 1)λmax] + (d − 1)

1 − λmax

d
ln(1 − λmax). (14)

In addition, if all of the eigenvalues are equal to one another, meaning that λ1 = . . . =
λd+1 ≡ λ, then one recovers the capacity of the depolarizing channel [42]. For any other
combination of eigenvalues, one finds only the lower bound of the classical capacity [41],

Clow(Λ) = max
α>0

cα, cα =
1 + (d − 1)λα

d
ln[1 + (d − 1)λα] +

d − 1
d

(1 − λα) ln(1 − λα). (15)

In the special case of d = 2 (the Pauli channels), the above formula gives the exact value of
the capacity [21], meaning that C(Λ) = Clow(Λ).

Generators vs. Memory Kernels

The evolution ρ �−→ ρ(t) = Λ(t)[ρ] of an open quantum system is described by a
family of time-parameterized quantum channels Λ(t), t ≥ 0, with the initial condition
Λ(0) = 1l. Such maps can be obtained as solutions to the master equations. In the simplest
scenario, the evolution equation Λ̇(t) = LΛ(t), where L is the Gorini–Kossakowski–
Sudarshan–Landblad (GKSL) generator [43,44]. The solution to this equation is the Marko-
vian semigroup Λ(t) = exp(tL). For the generalized Pauli channels, one has [26]

L =
d+1

∑
α=1

γαLα (16)

with the decoherence rates γα ≥ 0 and

Lα[ρ] =
1
d

[
d−1

∑
k=1

Uk
αρUk†

α − (d − 1)ρ

]
. (17)

Generators that are constant in time are sufficient for open system dynamics with a
weak coupling to the environment. When this coupling is relatively strong, however, it
becomes essential to consider the master equations that take non-Markovian memory effects
into account. One generalization of the semigroup master equation is Λ̇(t) = L(t)Λ(t),
where the constant generator is replaced with the time-local generator L(t). In the case of
the generalized Pauli channels, one simply has

L(t) =
d+1

∑
α=1

γα(t)Lα. (18)

The condition on the decoherence rates is relaxed, as they no longer have to be positive for
the dynamics to be legitimate. This time, γα(t) ≥ 0 is the necessary and sufficient condition
for the corresponding (invertible) Λ(t) to be Markovian in terms of divisibility [45,46]. A
dynamical map is CP-divisible if and only if it is decomposable into Λ(t) = V(t, s)Λ(s) for
any t ≥ s ≥ 0. The propagator V(t, s) is then a completely positive, trace-preserving map,
and the corresponding evolution is Markovian.
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By solving the evolution equation with the time-local generator, we find that the
eigenvalues of the associated dynamical map read [26]

λα(t) = exp[Γα(t)− Γ0(t)], (19)

where Γα(t) =
∫ t

0 γα(τ)dτ for α = 0, . . . , d + 1 and γ0(t) = ∑d+1
α=1 γα(t). Note that the

complete positivity conditions from Equation (10) reduce to

d+1

∑
α=1

eΓα(t) ≤ eΓ(t) + d min
β

eΓβ(t). (20)

Another generalization of the Markovian semigroup master equation is realized
using memory kernels. In this approach, the GKSL generator is replaced with an integral
expression. Now, the evolution of the system is governed by the Nakajima–Zwanzig
equation [47,48]

Λ̇(t) =
∫ t

0
K(t − τ)Λ(τ)dτ, (21)

where K(t) is the memory kernel. Observe that this is an integro-differential equation;
therefore, the evolved state ρ(t) depends on every earlier state ρ(τ), τ < t. The memory
kernel that corresponds to the generalized Pauli channels has a relatively simple form,

K(t) =
d+1

∑
α=1

kα(t)Lα. (22)

Note that K(t) and Λ(t) have common eigenvectors,

K(t)[Uk
α] = κα(t)Uk

α, K(t)[I] = 0, (23)

where
κα(t) = kα(t)− k0(t) (24)

with k0(t) = ∑d+1
β=1 kβ(t) are the eigenvalues of the kernel. Hence, one can rewrite the

Nakajima–Zwanzig equation as

λ̇α(t) =
∫ t

0
κα(t − τ)λα(τ)dτ. (25)

In the Laplace transform domain, the solution reads

λ̃α(s) =
1

s − κ̃α(s)
, (26)

where f̃ (s) =
∫ ∞

0 f (t)e−stdt is the Laplace transform of the function f (t).
The necessary and sufficient conditions for legitimate memory kernels are provided

in Reference [49]. First, one parameterizes the eigenvalues λα(t) of the dynamical map by
the real function �α(t) in such a way that

λα(t) = 1 −
∫ t

0
�α(τ)dτ. (27)

Now, the associated kernel is legitimate if and only if its eigenvalues

κ̃α(s) = − s�̃α(s)
1 − �̃α(s)

, (28)
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where �α(t) satisfies the additional conditions∫ t

0
�α(τ)dτ ≥ 0, (29)

d
∫ t

0
�α(τ)dτ ≤

d+1

∑
β=1

∫ t

0
�β(τ)dτ ≤ d2

d − 1
, (30)

for α = 1, 2, . . . , d + 1.

4. Engineering Capacity through Kernel Manipulations

In this section, we analyze how the classical capacity of the generalized Pauli channels
changes in time for the evolution generated by Equation (21) with the memory kernel

K(t) = δ(t)L+K(t). (31)

Notably, in the formula above, L is a legitimate Markovian semigroup generator from
Equation (18) and K(t) is a legitimate, purely non-local memory kernel (i.e., it does not
involve the Dirac delta function δ(t)). It is shown that, by adding a non-local part K(t),
one can improve the classical capacity of the associated dynamical map Λ(t). The addi-
tion of purely local and non-local kernels has already been considered in [9,50], where
it was proven that the channel fidelity can be temporarily increased by the appropriate
engineering of the kernel parameters. In the following, we consider three types of dynam-
ical maps: the Markovian semigroup ΛM(t) = etL, the non-Markovian noise ΛN(t) that
solves Λ̇N(t) =

∫ t
0 K(t − τ)ΛN(τ)dτ, and finally the map Λ(t) that satisfies the Nakajima–

Zwanzig equation with K(t) = δ(t)L+K(t). The eigenvalues of the corresponding maps
are denoted by λM

α (t), λN
α (t), and λα(t), respectively. Interestingly, there is no simple

relation between the map eigenvalues, as in the Laplace transform domain

λ̃α(s) =
λ̃M

α (s)λ̃N
α (s)

λ̃M
α (s) + λ̃N

α (s)− sλ̃M
α (s)λ̃N

α (s)
. (32)

In the following examples, the map that describes the noise part is always non-
invertible and not kernel non-decreasing–that is,

∃0 ≤ τ ≤ t : kerΛN(τ) � kerΛN(t). (33)

In other words, there exists at least one eigenvalue λN
α (t) that reaches zero at some

finite time t∗ but does not remain zero for some t > t∗. Such dynamical maps are indivisible,
and hence the corresponding evolution is non-Markovian [51].

4.1. Constant Kernel

First, consider the qubit evolutions (d = 2) provided by the isotropic Markovian generator

L =
γ

2

3

∑
α=1

Lα (34)

with a positive decoherence rate γ and the memory kernel K(t) with constant eigenvalues

κN
1 (t) = κN

2 (t) = −ω2, κN
3 (t) = 0, (35)

where ω > 0. The corresponding solutions read

λM
1 (t) = λM

2 (t) = λM
3 (t) = e−γt, (36)

and
λN

1 (t) = λN
2 (t) = cos ωt, λN

3 (t) = 1, (37)
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respectively. Observe that the dynamical maps characterized via λM
α (t) and λN

α (t) are
always legitimate.

The Pauli dynamical map generated by K(t) = δ(t)L+K(t) is characterized by the
following eigenvalues,

λ1(t) = λ2(t) =
2ω

P
e−γt/2 cos

(
Pt
2

+ arctan
γ

P

)
, λ3(t) = e−γt, (38)

where P =
√

4ω2 − γ2. The eigenvalues λ1(t) and λ2(t) oscillate if and only if γ < 2ω.
Additionally, for Λ(t) to describe a legitimate evolution, it is sufficient that

2ω

P
≤ cosh

γt∗
2

, (39)

where
t∗ =

2
P

(
π − arctan

γ

P

)
(40)

is the time corresponding to the first local minimum of the cosine function. This is a direct
consequence of the Fujiwara–Algoet conditions from Equation (10). Hence, a combination
of two legitimate memory kernels does not necessary yield a physical dynamics. Now,
using Equation (15), we can calculate the classical capacity of Λ(t),

C[Λ(t)] = max
{

c1(t), c3(t)
}

, (41)

where c1(t) = c2(t) and c3(t) = C[ΛM(t)]. Therefore, whenever c1(t) > c3(t), one observes
an increase in capacity for the system with additional noise. An exemplary choice of
parameters is shown in Figure 1.
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Figure 1. The functions c1(t) = c2(t) and c3(t) are for the qubit evolution with γ = 1/s and ω = 2/s.
The classical capacity of Λ(t) is greater than that of ΛM(t) whenever c1(t) > c3(t), or when the solid
line lies above the dashed line. The maximal increase in capacity that can be observed for this choice
of parameters is around 0.1.

4.2. Exponential Decay

Let us take the Markovian semigroup generated by

L =
γ

d

d+1

∑
α=1

Lα (42)
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and the exponentially decaying memory kernelK(t), similar to the one analyzed in [9,50], with

κN
α (t) = −ω2e−Zt; κN

α∗(t) = 0, α �= α∗. (43)

Assume that the constants γ, Z, and ω are positive. By solving the master equations, one
can find the associated dynamical maps ΛM(t) and ΛN(t), whose eigenvalues are given by

λM
α (t) = e−γt (44)

and λN
α∗(t) = 1,

λN
α (t) =

2ω

P
e−Zt/2 cos

(
Pt
2

− arctan
Z
P

)
(45)

for α �= α∗, where P =
√

4ω2 − Z2. Note that for Z = γ, Equation (45) is very similar to
λ1(t) from Equation (38) but differs in the sign before the arcus tangent. The map ΛM(t) is
always legitimate, whereas ΛN(t) describes a physical dynamics if

eZt∗/2 ≥ 2(d − 1)ω
P

, (46)

where

t∗ =
2
P

(
π + arctan

Z
P

)
(47)

corresponds to the first local minimum of the cosine function.
Now, we analyze the behavior of the dynamical map obtained using K(t) = δ(t)L+

K(t). Namely, after adding the non-Markovian noise to the semigroup, the eigenvalue
λα∗(t) = e−γt remains unchanged. On the other hand,

λα(t) =
2ω

R
e−(γ+Z)t/2 cos

(
Rt
2

+ arctan
γ − Z

R

)
, (48)

for α �= α∗, where R =
√

4ω2 − (γ − Z)2. Note that Equation (48) is not a simple shift of
Equation (45) by Z �−→ γ − Z, as there are two additional sign differences. For d = 2, a
sufficient condition for Λ(t) to produce a legitimate evolution is

2ω

R
≤ eZt∗/2 cosh

γt∗
2

, (49)

where this time

t∗ =
2
R

(
π − arctan

γ − Z
R

)
. (50)

Unfortunately, the complete positivity conditions for d ≥ 3 cannot be simplified in a similar
manner. Assuming that Λ(t) describes a qudit evolution, Equation (15) gives the following
formula for the lower bound of the classical capacity of Λ(t),

C[Λ(t)] = max
{

cα(t), cα∗(t)
}

. (51)

Observe that cα∗(t) = C[ΛM(t)]; hence, the channel capacity for Λ(t) is greater than for the
Markovian evolution if cα(t) > cα∗(t). Two examples of appropriate parameter engineering
are presented in Figure 2.
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Figure 2. For the functions cα∗ (t) and cα(t), α �= α∗ for the qubit evolution with γ = 1/s, Z = 1/(3 s),
and ω = 2/ s (top), as well as for the qutrit evolution with γ = 3/(5 s), Z = 1/(5 s), and
ω = 9/(10 s) (bottom). The introduction of noise into the Markovian evolution results in an
increased classical capacity for the time intervals in which cα(t) > cα∗ (t). This corresponds to the
situations when the solid line is above the dashed line. A greater enhancement is observed for the
lower-dimensional system.

4.3. Beyond the Semigroup

The classical capacity can also be enhanced in a more general case. Let us consider
the Markovian evolution characterized by a dynamical map ΛM(t) that is not a semi-
group. Instead, it is generated via the time-local generator LM(t) from Equation (18) with
γM

α (t) ≥ 0. Now, the most natural way to introduce noise is to add the generator LN(t) of
a non-Markovian evolution, where at least one decoherence rate γN

α (t) � 0. The resulting
dynamical map Λ(t) is provided via

L(t) = LM(t) + LN(t). (52)
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From a physical point of view, one can add two legitimate generators when the environ-
mental cross-correlations can be ignored [52]. Now, the eigenvalues of the generalized
Pauli map Λ(t) read

λα(t) = λM
α (t)λN

α (t), (53)

which means that Λ(t) = ΛM(t)ΛN(t) is a composition of two (commutative) generalized
Pauli dynamical maps. However, due to the fact that λα(t) ≥ 0 for any Λ(t) that arises
from a legitimate time-local generator, λα(t) ≤ λM

α (t). Therefore, there can be no increase
in the classical capacity. Hence, let us instead consider a more general form of the memory
kernel K(t). Namely, we can replace the semigroup generator L in Equation (31) with the
memory kernel K(t) that describes the same evolution as the time-local generator L(t).
Then, one has

K(t) = K(t) +K(t), (54)

where K(t) and K(t) correspond to a Markovian and non-Markovian dynamics, respectively.
As a case study, we analyze the evolution where the Markovian part is given by

the generator

LM(t) =
r

d + ert

d+1

∑
α=1

Lα (55)

with r > 0. The solution reads

λM
α (t) =

1 + de−rt

d + 1
, (56)

and ΛM(t) is always completely positive. One finds that the corresponding kernel has
the eigenvalues

κM
α (t) = − dr

d + 1

(
δ(t)− r

d + 1
e−

rt
d+1

)
. (57)

Therefore, from the kernel point of view, our generalization means that the Markovian part
of the kernel not only has terms proportional to the Dirac delta but also has some purely
non-local parts. The environmental noise is realized with κN

α (t) from Equation (43) for a
fixed Z = r

d+1 . The associated solution is λN
α∗(t) = 1 and

λN
α (t) =

2ω

P
e−

rt
2(d+1) cos

(
Pt
2

− arctan
r

P(d + 1)

)
(58)

for α �= α∗, where P =
√

4ω2 − r2/(d + 1)2. For the complete positivity condition, see
Equation (46). Finally, the dynamical map generated by K(t) = K(t) +K(t) is characterized
by λα∗(t) = λM

α (t) and

λα(t) =
2X

(d + 1)Y
e−

rt
2 cos

(
Yt
2

+ arctan
r(d − 1)
Y(d + 1)

)
, (59)

where α �= α∗, Y =
√

4ω2 − r2, and X =
√
(d + 1)2ω2 − dr2. For this map to describe a

physical evolution in d = 2 and d = 3, it is sufficient that

X
Y

≤ 1
d − 1

ert/2 +
1
2

e−rt/2 (60)

with the first minimum of the cosine function corresponding to

t∗ =
2
Y

(
π − arctan

(d − 1)r
(d + 1)Y

)
. (61)

Analogically to the previous example, the lower bound for the classical capacity of Λ(t) is
given by

C[Λ(t)] = max
{

cα(t), cα∗(t)
}

, (62)
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for cα(t) defined in Equation (15), where C[ΛM(t)] = cα∗(t) is the capacity of the Markovian
evolution. Again, we observe a temporary increase in the channel capacity for a certain set
of kernel parameters (see Figure 3 for the qubit evolution).
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t
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cα(t)

C

t
Figure 3. For the functions cα∗ (t) and cα(t), α �= α∗, for the qubit evolution with r = 1/(10 s), and
ω = 2/s. Observe that C[Λ(t)] > C[ΛM(t)] when cα(t) > cα∗ (t), or, in other words, when the dashed
line lies below the solid line. Contrary to the semigroup examples, the maximal capacity increase
does not occur during the first time range when the classical capacity is enhanced.

5. Conclusions

We analyzed the classical capacity of generalized Pauli channels generated via memory
kernel master equations. We compared the evolution of channel capacity for the Markovian
semigroup and for the dynamical map generated via a memory kernel that is a sum of the
Markovian part and the noise part. Note that the local part is legitimate and identical for
both maps. The non-local part, which corresponds to environmental noise, was chosen in
such a way that the dynamical map that solves the associated Nakajima–Zwanzig equation
describes a valid physical evolution. It was found that the introduction of noise into the
master equation could lead to a temporary increase in the classical capacity. In other
words, noise effects can be beneficial in quantum information processing, as they result
in the enhanced ability of a quantum channel to reliably transmit classical information.
Similar results were obtained after a generalization of the Markovian semigroup to a
Markovian evolution provided by a time-local generator. However, we showed that
analogical observations cannot be made for time-local master equations. A dynamical map
generated via the sum of two time-local generators never produces a classical capacity that
is higher than that of a map that arises from a single generator.

It would be interesting to further analyze this topic by considering the kernels for
noninvertible Markovian dynamical maps mixed with the noise kernels. Another open
question concerns the relation between quantum maps that increase classical capacity
and maps that increase the channel fidelity. One could expect that capacity enhancement
means higher fidelity, but not the other way around. A comparative analysis could also be
performed for other important measures, such as output purity, concurrence, logarithmic
negativity, and von Neumann entropy.
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50. Siudzińska, K.; Chruściński, D. Engineering fidelity of the generalized Pauli channels via legitimate memory kernels. Phys. Rev. A

2019, 100, 012303. [CrossRef]
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52. Kołodyński, J.; Brask, J.B.; Perarnau-Llobet, M.; Bylicka, B. Adding dynamical generators in quantum master equations.

Phys. Rev. A 2018, 97, 062124. [CrossRef]

33





Citation: Megier, N.; Smirne, A.;

Campbell, S.; Vacchini, B.

Correlations, Information Backflow,

and Objectivity in a Class of Pure

Dephasing Models. Entropy 2022, 24,

304. https://doi.org/10.3390/

e24020304

Academic Editor: Rosario Lo

Franco

Received: 23 January 2022

Accepted: 14 February 2022

Published: 21 February 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

entropy

Article

Correlations, Information Backflow, and Objectivity in a Class
of Pure Dephasing Models

Nina Megier 1,2,3,*, Andrea Smirne 1,2, Steve Campbell 4,5,* and Bassano Vacchini 1,2

1 Dipartimento di Fisica “Aldo Pontremoli”, Università degli Studi di Milano, Via Celoria 16, 20133 Milan, Italy;
andrea.smirne@unimi.it (A.S.); bassano.vacchini@mi.infn.it (B.V.)

2 Istituto Nazionale di Fisica Nucleare, Sezione di Milano, Via Celoria 16, 20133 Milan, Italy
3 International Centre for Theory of Quantum Technologies (ICTQT), University of Gdansk,

80-308 Gdansk, Poland
4 School of Physics, University College Dublin, Belfield, D04 Dublin, Ireland
5 Centre for Quantum Engineering, Science, and Technology, University College Dublin, Belfield,

D04 Dublin, Ireland
* Correspondence: nina.megier@mi.infn.it (N.M.); steve.campbell@ucd.ie (S.C.)

Abstract: We critically examine the role that correlations established between a system and fragments
of its environment play in characterising the ensuing dynamics. We employ a dephasing model with
different initial conditions, where the state of the initial environment represents a tunable degree of
freedom that qualitatively and quantitatively affects the correlation profiles, but nevertheless results in
the same reduced dynamics for the system. We apply recently developed tools for the characterisation
of non-Markovianity to carefully assess the role that correlations, as quantified by the (quantum)
Jensen–Shannon divergence and relative entropy, as well as changes in the environmental state,
play in whether the conditions for classical objectivity within the quantum Darwinism paradigm
are met. We demonstrate that for precisely the same non-Markovian reduced dynamics of the
system arising from different microscopic models, some exhibit quantum Darwinistic features, while
others show that no meaningful notion of classical objectivity is present. Furthermore, our results
highlight that the non-Markovian nature of an environment does not a priori prevent a system from
redundantly proliferating relevant information, but rather it is the system’s ability to establish the
requisite correlations that is the crucial factor in the manifestation of classical objectivity.

Keywords: non-Markovianity; quantum Darwinism; dephasing; correlations; Jensen–Shannon
divergence

1. Introduction

The necessity for effective means to describe how a quantum system interacts with
its surrounding environment has precipitated a burgeoning area of research. In many
instances, one is solely focused on the dynamics of the system of interest, and therefore,
environmental effects can be phenomenologically modelled, rendering the complex system
dynamics tractable [1,2]. While highly effective, such an approach neglects to account
for the root cause of the ensuing dynamics of the system. Reverting to a full microscopic
description, where the system and environment interact and evolve according to an overall
unitary dynamics, reveals that the correlations established between the system and the
environment during their interaction play an important role in the resulting open dynamics
of the system [1,2]. These correlations are the basis for notions of classical objectivity [3–7]
and are also known to play a key role in the characterisation of the dynamics, in particular,
if the system undergoes a Markovian (memoryless) or non-Markovian evolution [8,9].
Both notions of classical objectivity and non-Markovian evolution have been the object of
experimental investigations; see, for example, [10–13] and [14–20], respectively.
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However, a given open system dynamics does not arise from a unique microscopic
system–environment model, and rather, there are infinitely many system–environment
models that result in the same system evolution [21]. Such an insight calls for a more careful
analysis of the information exchanges between the system and its environment, allowing
to more precisely pin down the relevant contributions which give rise to, for example,
Markovian vs. non-Markovian dynamics [22], or establish the conditions for classical
objectivity [23–25]. This becomes particularly subtle since under such a microscopic picture,
the environment is typically composed of many constituent subsystems, and therefore it
is relevant to assess the complementary role that global correlations established between
the system and the whole environment play compared to correlations shared between
the system and smaller environmental fragments. With regards to the former, it was
recently demonstrated that without the creation of strong global correlations in the form of
entanglement, reasonable conditions for objectivity are not satisfied [24,25], while for the
latter, it appears that only the correlations shared between the system and a small subset of
the environmental degrees of freedom are relevant for the characterisation of the system
dynamics [22,26].

In this work, we attempt to unravel the contribution that various correlations play
in the characterisation of an open system dynamics. To that end, we consider a spin-
star dephasing model, where several different initial environmental states, which in turn
lead to significantly different correlation profiles, nevertheless produce the same reduced
dynamics for the system [21]. We employ recently developed tools for understanding
the emergence of non-Markovianity in terms of the correlations established between the
system and environment, as well as changes in the environmental state [22,27], to put into
evidence the quite different role that these features play when characterising the dynamics,
either in terms of its non-Markovian character or its ability to establish the conditions
necessary for classical objectivity. We show that two different microscopic descriptions of
the evolution that lead to the same reduced dynamics of the system can exhibit significant
differences with regards to classical objectivity within the quantum Darwinism framework.
Our work therefore demonstrates that the non-Markovian character of an evolution does
not necessarily affect a system’s ability to redundantly proliferate information to the
environment, thus contributing to the ongoing efforts to unravel their relation [28–31] or
possible lack thereof [32,33]; note, in particular, the recent analysis in [34] complementary
to ours.

The remainder of the paper is organised as follows. In Section 2, we introduce the
spin-star model with different initial conditions that is our focus. Section 3 introduces the
correlation measures that are our key figures of merit and examines how they spread in the
dependence on the initial condition. We analyse various information fluxes in Section 4 and
their dual role characterising the non-Markovian nature of the dynamics and the redundant
spreading of relevant system information to environmental constituents. Finally, we draw
our conclusions in Section 5.

2. Dephasing Models

Let us introduce the models for which we want to study the role of correlations in
determining important features of the overall and reduced dynamics. We recall that in
being interested in the reduced dynamics of the system in a system–environment setting,
the full specification of a model includes the choice of the initial environmental state. We
therefore consider a set of N two-level systems with frequency ωE, interacting with a
two-level system with frequency ωS, via the microscopic Hamiltonian

H =
h̄ωS

2
σz ⊗ �2N +

N

∑
k=1

gkσz ⊗ σk
z +

N

∑
k=1

h̄ωE
2

�2 ⊗ σk
z . (1)

With σk
z , we denote the operator �2(k−1) ⊗ σz ⊗ �2(N−k) , where the Pauli matrix σz

acts on the k-th environmental qubit, while �d indicates the identity operator in a space
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of dimension d, and the gk’s are the system environment coupling constants. Such an
interaction corresponds to a so-called spin-star setting, in which a central spin is coupled to
neighbouring environmental degrees of freedom, which can be described by a collection
of non-interacting spins. In particular, the considered coupling term is such that it only
affects the coherences of the system since σz ⊗ �2N is a constant of motion, thus describing a
dephasing dynamics. We investigate the time evolution of these degrees of freedom in the
hypothesis of the existence of a closed reduced dynamics for the central spin system, that
is to say, assuming the initial overall state factorised according to ρSE(0) = ρS(0)⊗ ρE(0).
We consider models in which the initial environmental state is given by a tensor product of
identical states, namely

ρE(0) =
N⊗

k=1

�E, (2)

with

�E =

(
p c
c 1 − p

)
, (3)

where p ∈ [0, 1] and without loss of generality, we can take c real in the range |c| �
√

p(1 − p).
This initial environmental state allows us to explore not only the total correlations, but also
their establishment as a function of the fraction of environmental degrees of freedom we
are taking into consideration.

Starting from the fact that the total unitary evolution operator in the interaction picture
can be written in the form

U(s) = ∑
{mk}

e−iσz(∑N
k=1 gkmk)s ⊗ |{mk}〉〈{mk}|, (4)

where the vectors {|{mk}〉 = |m1〉 ⊗ . . . ⊗ |mN〉}, such that σk
z |mk〉 = mk|mk〉 with

mk ∈ {−1, 1}, denote the basis of eigenvectors of the operator
⊗N

k=1 σk
z in the environ-

mental space, we obtain for the evolved state of system and environment the expression

ρSE(s) =

(
ρ11(0)

⊗N
k=1 ρk(s) ρ10(0)

⊗N
k=1 σk(s)

ρ01(0)
⊗N

k=1 σ∗
k (s) ρ00(0)

⊗N
k=1 ρ∗k (s)

)
, (5)

where

ρk(s) =

(
p ce−i2gks

cei2gks 1 − p

)
(6)

and

σk(s) =

(
pe−i2gks c

c (1 − p)ei2gks

)
. (7)

An important feature of the considered class of evolutions appears when considering
the associated reduced dynamics. Indeed, taking the partial trace with respect to the
environmental degrees of freedom, one immediately obtains

ρS(s) =

(
ρ11(0) ρ10(0)χ(s)

ρ01(0)χ∗(s) ρ00(0)

)
(8)

with

χ(s) =
N

∏
k=1

[cos(2gks)− i(2p − 1) sin(2gks)], (9)
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where we have used the identity

∑
{mk}

e−i2(∑N
k=1 gkmk)s〈{mk}|ρE(0)|{mk}〉 =

N

∏
k=1

[cos(2gks)− i〈σk
z 〉�E sin(2gks)], (10)

and 〈. . .〉�E denotes the expectation value with respect to the state �E given in Equation (3),
so that the reduced dynamics is exactly the same for all initial environmental states with
the same diagonal matrix elements. Therefore, we have a whole class of dephasing models,
parametrised by the coherence, c, of the environmental state given by Equation (3), leading
to exactly the same reduced dynamics. The existence of different environments equally
affecting a given system has been studied in different contexts, with the purpose of allowing
for more convenient numerical treatments [35–38]. The occurrence of the very same reduced
evolution starting from different microscopic dynamics in a controlled setting was recently
considered also in [21], in order to investigate the physical mechanism behind memory
effects in quantum dynamics.

For the sake of simplicity, and in order to allow for analytical results, we consider the
case in which all coupling constants are taken to be equal to a reference value g, so that all
environmental units evolve in the same way throughout the dynamics, as well as a uniform
distribution of the populations in the initial environmental components, namely p = 1/2. In
particular, we address situations in which �E in Equation (3) ranges from pure, for c = ±1/2,
to maximally mixed for c = 0. The maximally mixed state corresponds in particular to a
situation in which the reduced environmental state is unaffected by the interaction with
the system. This choice has the advantage of providing a simple parameter characterizing
the different considered initial conditions, while, as can be inferred from [33,39], the results
are expected to be robust with respect to noise in the initial preparation.

We now consider possible physical manifestations of the difference in the microscopic
dynamics and related correlations studying the onset of Darwinistic behaviour and non-
Markovianity in various environmental scenarios.

3. Spreading of Correlations

Let us first study the establishment and spread of correlations in the considered
scenarios. As discussed in detail in many publications [6,23–25,40–44], this feature might
have an impact on the notion of objectivity for a quantum state, in the spirit of so-called
quantum Darwinism [3] (see, for example, ref. [7] for a recent review and references
therein). We see that it also provides us with interesting insights in the study of quantum
non-Markovianity [8,9].

As is clear from Equations (8) and (9), for a uniform coupling, the reduced dynamics
has a period of π/2 in the variable gs, so that we will consider times up to π/(2g). In
particular, the system is fully decohered for gs = π/4. This decoherence is connected to the
establishment of correlations with the environmental qubits; however, as shown in Figure 1,
these correlations (as quantified by the quantum Jensen–Shannon divergence defined in
the following subsection) are greater the more environmental qubits we take into account.
In particular, for c = 0, the reduced system is only correlated at this point of time with the
environment as a whole. The overall state according to Equation (5) then reads

ρSE(s) =
1

2N

⎛⎜⎜⎝ρ11(0)
⊗N

k=1

(
1 ce−i2gs

cei2gs 1

)
ρ10(0)

⊗N
k=1

(
e−i2gs c

c ei2gs

)
ρ01(0)

⊗N
k=1

(
ei2gs c

c e−i2gs

)
ρ00(0)

⊗N
k=1

(
1 cei2gs

ce−i2gs 1

)
⎞⎟⎟⎠. (11)

Given that we are considering a dephasing dynamics, a natural choice for the ini-
tial condition for the system is a pure state of the form ρS(0) = |+〉〈+|, with |+〉 =(

1/
√

2
)
(|1〉+ |0〉), exhibiting the maximum amount of coherence so that ρij(0) = 1/2 for

i, j = 0, 1. Starting from this expression one can consider marginals in which less and less
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environmental units are involved. In particular, we will denote as ρSEfN the state obtained
by tracing over all environmental units not contained in a fraction f of the environment.
For the extreme cases f = 0 and f = 1, we recover the reduced and total states, respectively.

(a) (b) (c)

Figure 1. (a) Amount of correlations shared between the system initially in the plus state |+〉 =

(1/
√

2)(|0〉+ |1〉) and one of the environmental qubits, evaluated by considering the QJSD1/2, com-
paring this bipartite state with the product of its marginal as a function of time (in inverse units of the
coupling parameter) and of the value c of initial coherence in the environmental states. The quantity
is renormalised to the value corresponding to a maximally entangled state. Here and in the following
figures, the environment is composed of N = 8 units. The black and red lines correspond to c = 0 and
c = 1/2. (b) Distance between total state and product of its marginals at the reference time gs = π/4 as
quantified by the QJSD1/2, expressed as a function of the fraction of considered environmental qubits
and of the value, c, of coherences in the environmental states. The total state includes the system and
a fraction, f, of the environmental qubits. (c) The same quantity obtained considering as the quantifier
the relative entropy, thus recovering the mutual information, still keeping the normalisation to the
value corresponding to the maximally entangled state. In both figures, we see the emergence of a
plateau for c = 1/2, which is gradually washed out for smaller values of c, namely when moving from
a model in which the environmental units have coherences to a fully diagonal state.

3.1. Quantifiers of Correlations

In order to understand the spreading of correlations in the different models, we are,
therefore, interested in their dependence on the considered fraction. In general, given a
distinguishability quantifier between quantum states, say D, which is a quantity defined
on pairs of quantum states such that D(ρ, σ) � 0 with equality if the states coincide, one
can use it as a quantifier of correlations in a bipartite state considering the expression
D(ρSE, ρS ⊗ ρE). For the sake of this study, we consider the square root of the quantum
Jensen–Shannon divergence (QJSD1/2) and the relative entropy. We use both as quantifiers
of bipartite correlations by renormalizing to the value assumed for the case of a maximally
entangled state. The choice of the QJSD1/2 is motivated by its use in the framework of
non-Markovianity [45,46], while the relative entropy is typically used in the framework of
quantum Darwinism [7] due to its connection with the mutual information.

The QJSD1/2 is defined in terms of the Jensen–Shannon divergence [47] according to

√
J(ρ, σ) =

√
S
(

ρ + σ

2

)
− 1

2
S(ρ)− 1

2
S(σ), (12)

where S(ρ) = −Tr ρ log ρ denotes the von Neumann entropy and logarithms are considered
in base 2. This quantity, besides being a well-known distinguishability quantifier, was
recently shown to be a distance [48,49]. In particular, when used to evaluate correlations, it
takes the form

√
J(ρSE, ρS ⊗ ρE) =

√
S
(

ρSE + ρS ⊗ ρE
2

)
− 1

2
S(ρSE)−

1
2

S(ρS)−
1
2

S(ρE),
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taking the value
√

2 − (5/8) log 5 ≈ 0.74 when ρSE corresponds to the maximally entangled
state in �2 ⊗�2N . We denote as

√
J the quantity rescaled by this factor, thus assuming

unity for maximally entangled states.
The relative entropy is defined according to [47]

S(ρ, σ) = Tr ρ log ρ − Tr ρ log σ, (13)

so that when used to quantify correlations, it leads to the mutual information

S(ρSE, ρS ⊗ ρE) = S(ρS) + S(ρE)− S(ρSE), (14)

providing a natural quantifier of both classical and quantum correlations. Considering
again logarithms in base 2, it takes the value 2 for the maximally entangled state in �2 ⊗
�2N , so we denote as S the quantity rescaled by a factor 2.

3.2. Model Dependence of Correlation Formation

The key quantities to be considered in the study of the establishment of correlations
between the system and different parts of the environment in the different considered

models are, therefore,
√

J(ρSEfN , ρS ⊗ ρEfN ) and S(ρSEfN , ρS ⊗ ρEfN ). Their behaviour is
shown in Figure 1b,c, respectively, as a function of the parameter c, which fixes the initial
environmental state and therefore the model. As follows from their expressions given in
Equations (12) and (14), their determination relies on knowledge of the eigenvalues of
ρSEfN , ρS ⊗ ρEfN and their average. In turn, these operators depend on the chosen initial
state for the system that we have taken to be the pure state ρS(0) = |+〉〈+|, initially
exhibiting the maximum amount of coherence so as to better put into evidence the role of
the environment.

For the case c = 0, one immediately sees from Equation (11) that the environment is
left unchanged so that it remains in the maximally mixed state. The eigenvalues of the
relevant states can be shown to be

ρSEfN (s) → 1
2fN+1 (1 ± cosN−fN(2gs))

ρS(s) → 1
2
(1 ± cosN(2gs)) (15)

ρEfN (s) → 1
2fN

ρSEfN (s) + ρS(s)⊗ ρEfN (s)
2

→ 1
2fN+1

(
1 ± 1

2

∣∣∣cosN(2gs) + cos(1−f)N(2gs)ei2g(∑fN
k=1 mk)s

∣∣∣)
where the eigenvalues for ρSEfN (s) and ρEfN (s) are 2fN degenerate, while the numbers
{mk} belong to {−1, 1} and their value is determined by the associated eigenvector. In
terms of these expressions, exploiting the fact that the von Neumann entropy of a state
only depends on its eigenvalues,

S(ρ) = −∑
i

ρi log ρi, (16)

one can analytically determine the relevant expressions for the correlations.
An arbitrary value of the coherences in the initial environmental state calls for a

numerical evaluation, whose results are shown in Figure 1b,c at time gs = π/4, when the
system has fully decohered, as can be seen from Equations (8) and (9), thus losing its initial
information content. It immediately appears, independently of the chosen correlation
quantifier, that for c = 1/2, i.e., initially pure environmental units, the system shares an
equal amount of correlations with any small fraction of the environment, corresponding
to a plateau in the fraction dependence of the correlation quantifiers. This feature is
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interpreted in the literature as quantum Darwinism [3], namely, a redundant storing of
information about the system in different portions of the environment, allowing for a notion
of objectivity, in the sense that the same information can be retrieved by different observers
accessing distinct parts of the environment. It is to be stressed that the mutual information
provides the standard choice of a correlation quantifier in this framework, though others
were also considered [40,44]. This notion of objectivity is not uncontroversial; see [7] for a
critical discussion and further developments. The formation of the plateau is slowed down
with decreasing c, while for c = 0, such that the environmental units are maximally mixed,
correlations are only established between the system and the environment as a whole. This
behaviour, namely, the gradual washing out of Darwinism in the dependence on the state
of the environmental units, was already observed in [50], where the von Neumann entropy
of the units was used as the figure of merit, which is a monotonic function of the coherence;
see also [39,51].

To exemplify the distribution of correlations for the case c = 0, let us write the overall
state Equation (11) for the case of two environmental qubits, thus obtaining

ρSE(s) =
1
8

(
1 e−i4gs

ei4gs 1

)
⊗

⎛⎜⎜⎝
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎠+
1
8

(
1 1
1 1

)
⊗

⎛⎜⎜⎝
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎞⎟⎟⎠

+
1
8

(
1 ei4gs

e−i4gs 1

)
⊗

⎛⎜⎜⎝
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

⎞⎟⎟⎠, (17)

namely, a classically correlated state, apart from multiples of gs = π/2, when the factorised
initial state is recovered due to periodicity. Tracing out all but one of the environmental
qubits, we obtain

ρSE1(s) =
1
8

(
2 1 + e−i4gs

1 + ei4gs 2

)
⊗
(

1 0
0 0

)
+

1
8

(
2 1 + ei4gs

1 + e−i4gs 2

)
⊗
(

0 0
0 1

)
, (18)

which is immediately seen to be factorized for gs = π/4, i.e., when the system has fully
decohered. Accordingly, the information about the reduced system is stored then solely in
the global correlations between the system and the environment, and all partial fractions of
the environment are not correlated with the reduced system (note that the reduced density
matrix of the environment is always maximally mixed). This is exactly the behaviour
appearing in Figure 1b,c.

4. Information Backflow

We now want to analyse the features of the different models in the framework of
non-Markovianity, which is the study of memory effects in a quantum setting. In this
respect, we will make reference to an approach to quantum non-Markovianity focusing
on features of the reduced dynamics [8,9], at variance with viewpoints which more closely
mimic the classical definition of a non-Markovian process, referring to joint probability
distributions [52], thus involving information on intermediate steps necessary in order
to extract information from a quantum system [53]. Given that the considered definition
of non-Markovian dynamics only involves the reduced dynamics, the whole class of
considered initial conditions performs in exactly the same way. Nevertheless, the definition
to be considered relies on the information exchange between the system and environment,
which manifests differently in the various models.

Let us first briefly formalise the pioneering approach to the non-Markovianity of a
quantum dynamics introduced in [54,55]. The basic idea is to consider the evolution in time
of the distinguishability between two system states, associating to a non-monotonicity in
the time of this quantity the definition of non-Markovian dynamics. The motivation behind
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this definition is that revivals of distinguishability can be unambiguously associated to
information backflow from external degrees of freedom to the system. This approach was
initially formulated in terms of the trace distance [9], but is actually amenable to the use of
other distinguishability quantifiers, in particular, entropic ones, which come closer to the
present treatment focused on the spreading of correlations, as shown in [45,46].

The key quantity to be considered is therefore the distinguishability of two system
states evolved from two distinct initial conditions, namely√

J(ρ1
S(s), ρ2

S(s)), (19)

where, as discussed, we used as the distinguishability quantifier the QJSD1/2 as defined
in Equation (12). The QJSD1/2 is a contraction with respect to the action of any positive

trace-preserving map so that
√

J(ρ1
S(s), ρ2

S(s)) is monotonically decreasing in the case of a
positive divisible evolution. For more general dynamics, this quantity can show revivals in
time, pointing to the existence of memory effects. In particular, the revivals from the value
at a time s to a value at a later time t can be upper bounded according to√

J(ρ1
S(t), ρ2

S(t))−
√

J(ρ1
S(s), ρ2

S(s))

�
√

J(ρ1
E(s), ρ2

E(s)) +
√

J(ρ1
SE(s), ρ1

S(s)⊗ ρ1
E(s)) +

√
J(ρ2

SE(s), ρ2
S(s)⊗ ρ2

E(s)), (20)

where ρ1,2
E (s) denote the time-evolved environmental states corresponding to the initial

condition ρ1,2
S (0), while ρ1

E(0) = ρ2
E(0) is determined as above by fixing the model of

interest. Given that all three contributions at the r.h.s. are zero if and only if their arguments
are equal, this bound has a clear physical meaning: non-Markovianity as described by
revivals in the distinguishability of system states can only take place if correlations have
been established between the system and environment, which is captured by the last two
terms on the r.h.s of Equation (20) and/or different initial system states have affected, in
a different way, the state of the environment, captured by the first term on the r.h.s. of
Equation (20). In both cases, some information is stored in degrees of freedom external with
respect to the system. The revivals do depend, in general, on the choice of initial system
states so that it is natural to consider initial pairs that can be perfectly distinguished, namely,
orthogonal states. In our case, given the previously considered choice ρ1

S(0) = |+〉〈+|, this
would amount to considering ρ2

S(0) = |−〉〈−|. However, one immediately realises that
in analogy to the fact that the reduced system dynamics is only affected by the diagonal
matrix elements of the environmental qubits, also the dynamics of the environmental states
only depends on the diagonal elements of ρ1,2

S (0) in the σz basis. This would automatically
imply the vanishing of the first term at the r.h.s. of Equation (20). We therefore consider
a more general pair of initial states, namely ρ1

S(0) = |+〉〈+| and ρ2
S(0) = |θ〉〈θ|, with

|θ〉 = cos(θ/2)|1〉 − sin(θ/2)|0〉, as depicted in Figure 2.
We now want to explore the behaviour of these bounds for the different considered mi-

croscopic models, investigating, in particular, what happens when only partial information
on the environment can be obtained.

4.1. Model Dependence of Bounds on Distinguishability Revivals

We first analyse the behaviour in time of the bounds, exploring their dependence
on the considered model. In particular, we investigate the models arising for the choices
c = 0 and c = 1/2. We recall that the non-Markovianity only depends on the behaviour
of the reduced state of the system so that it is exactly the same for all values of c. The
revivals of distinguishability for the whole class of initial conditions, expressed by means
of the QJSD1/2, namely the l.h.s. of Equation (20), are shown in Figure 3 as a function of
the rescaled time and the choice of initial system states. As expected, the highest revivals
take place for orthogonal initial states, corresponding to θ = π/2. The periodicity of
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the dynamics, due to the uniform coupling, is also apparent. In Figure 4, we show the
behaviour of the contributions at the r.h.s. of the bound, which provide information on
degrees of freedom, external with respect to the system, so that they are indeed model
dependent. We plot the contributions due to established correlations, starting from the
initial conditions ρ1

S(0) and ρ2
S(0), respectively, together with the distinguishability of the

correspondingly evolved environmental states ρ1
E(s) and ρ2

E(s), as well as the sum of the
three terms, which determines the overall tightness of the bound, Equation (20). The first
row shows the result for the model corresponding to c = 1/2, in which Darwinism appears,
the second for c = 0. We see that in the first case, the upper bound is significantly less tight.
The main reason is that for c = 0, the environmental state does not evolve so that one of
the contributions is always zero, while in the other model, changes of the environmental
dynamics take place for all choices of the θ parameter different from π/2, corresponding as
discussed above to ρ2

S(0) = |−〉〈−|. The correlations between the second reduced system
state and its environment, the only θ-dependent ones, are strongly affected by the parameter
fixing this second initial system state but in the opposite manner with larger θ leading to
more pronounced correlations. As a result, the upper bound is only weakly θ dependent.
Interestingly, the maximum of the upper bound as a function of θ does not correspond
to the maximum of the bounded quantity, namely the l.h.s. of Equation (20), shown in
Figure 3. In all cases, the dominant contribution is given by the established correlations.

θ

|1⟩

1

2
( |1⟩ − |0⟩)

Figure 2. Bloch sphere representation of the considered pair of initial system states. One state is
fixed to be the equatorial plus state |+〉 = (1/

√
2)(|0〉+ |1〉) (black dot), while the other element of

the pair belongs to the maximum circle and is characterised by the angle θ (red dot). For θ = π/2
it becomes the minus state |−〉 = (1/

√
2)(|0〉 − |1〉) and one recovers an orthogonal pair of initial

states. For θ = 0, it corresponds to the up state |1〉.

Figure 3. Plot of the l.h.s. of Equation (20) showing the revivals of the QJSD1/2 as a function of
time and choice of initial system states. The reference time gt is fixed to be π/2, i.e., after one
full period of the evolution, while gs sweeps from 0 to π/2. The initial pair of system states is
given by ρ1

S(0) = |+〉〈+| and ρ2
S(0) = |θ〉〈θ|, as shown in Figure 2, with θ ranging from 0 to π/2,

corresponding to the case of an orthogonal pair and maximizing the revivals.
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c = 1/2

c = 0

Figure 4. Plot of the different contributions at the r.h.s. of Equation (20), together with their sum,
all quantified via the QJSD1/2. They are considered as a function of running time gs and initial pair
of states fixed by the angle θ. The first row corresponds, as indicated, to the model determined by
c = 1/2, the second to c = 0. For c = 1/2, the environmental units have the maximum amount of
coherence, while for c = 0, they start in a maximally mixed state and the reduced environmental state
remains unchanged, so that one of the contributions is equal to zero.

4.2. Fraction Dependence of Bounds on Distinguishability Revivals

In order to understand the role of the spreading of information for the description
of non-Markovianity in the different models, we study the behaviour of the quantities at
the r.h.s. of Equation (20) when replacing the environment with a smaller one, given by
a fraction of the original set of degrees of freedom. To this aim, we fix a reference time
taken to be gs = π/4, corresponding to full decoherence of the reduced system, when
quantum Darwinism is typically observed. Since the partial trace is a completely positive
trace preserving map, each contribution gets smaller due to contractivity of the QJSD1/2

under such maps, a feature shared by all distinguishability quantifiers considered for
the description of memory effects. The inequality in Equation (20) is therefore no longer
required to hold true since we are lowering the r.h.s. without affecting the l.h.s. The model
corresponding to c = 0, see last row of Figure 5, is very special in this respect, as no
information whatsoever is stored in any fraction of the environment smaller than the total
environment so that the bound is immediately violated. For all choices of initial reduced
states, correlations are built solely with the total environmental state, while by tracing
out any number of environmental qubits, one obtains a factorised state. Additionally, the
maximally mixed environmental state is invariant during the evolution for all choices
of reduced initial state, a property which is obviously preserved by taking into account
only some fraction of environmental degrees of freedom. On the other hand, in the model
obtained for c = 1/2, such that the initial environmental states are pure, as shown in the
first row of Figure 5, the difference in environmental states does not depend on the fraction
of the environment we are taking into account. To see the origin of this behaviour, we
come back to Equation (11) evaluated at time gs = π/4 for c = 1/2, which, upon taking the
partial trace with respect to system and a fraction f of the environment, leads to the state

ρEfN (π/(4g)) = ρ11(0)
1

2fN

fN⊗
k=1

(
1 −i
i 1

)
+ ρ00(0)

1
2fN

fN⊗
k=1

(
1 i
−i 1

)
, (21)

whose only non-zero eigenvalues are ρ11(0) and ρ00(0) so that the difference in environ-
mental states is not influenced by the number of environmental units taken into account.
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We stress that this is only true for gs = π/4, the point in time most relevant for the study
of quantum Darwinism. This can be seen considering both the dependence on time and
fraction as in Figure 6, where both environmental changes and correlations are consid-
ered. Remarkably, for this particular model, the occurrence of a plateau as a function
of the environmental fraction is not only true for the changes in the environment, but
also in the correlations and, consequently, in the sum of these three quantities providing
the overall bound. In other words, the information exchange relevant for the onset of
non-Markovianity only involves a small portion of the environment, so that the bound
holds for any considered fraction. The appearance of these plateaus makes the dynamics
indeed compatible with quantum Darwinism, even though it only provides a sufficient
condition for the redundant spreading of information.

c = 1/2

c = 1/3

c = 0

Figure 5. Plot of the different contributions at the r.h.s. of Equation (20), together with their sum,
evaluated for the case in which the total state is replaced by a marginal obtained by tracing out some
environmental qubits, so that only a fraction f is considered. Additionally, in this case, all quantities
are expressed via the QJSD1/2. They are considered a function of fraction f and initial pair of states
determined by the angle θ for a fixed time gs = π/4 . The first row corresponds, as indicated, to the
model determined by c = 1/2, the second to c = 1/3 and the third to c = 0. For c = 1/2, plateaus as a
function of f are clearly observed, replaced for c = 1/3 by a weak dependence. For c = 0, a non-zero
value is only obtained when including the whole environment since tracing over any environmental
units leads to a factorised state.

The occurrence of a very weak dependence with respect to the stepwise inclusions of
environmental degrees of freedom is not new; it was indeed already observed in a collisional
framework [22]. It reflects the fact that given the size of the system, the correlation with a
small portion of the environment is already sufficient to store the information necessary to
lead to a revival in distinguishability of the system states. In the present framework, for
c = 1/2, we are faced with a true plateau, which reflects the pure Darwinistic behaviour
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exhibited by this model. To better clarify this behaviour, we have also plotted the same
quantities for an intermediate choice of the mixing parameter c = 1/3; see middle row of
Figure 5. In this case, corresponding to a model in which Darwinism is partially washed
out [50], a weak dependence on the size of the fraction can be observed, so that a larger
part of the environment is necessary to recover the relevant information. For this model,
the failure of the upper bound upon tracing out part of the environment can be observed
for a small enough fraction and large values of the parameter θ; see Figure 7. While the
amount of information flowing back to the open system does not depend on the fraction
of the environment taken into account, the capability to trace it back to the established
correlations between the system and a portion of the environment, as well as to the changes
of the latter, requires now that a large enough portion is considered.

Figure 6. Behaviour of environmental changes and correlations for the model with c = 1/2 plotted as
a function of both fraction f and time gs. It immediately appears that a plateau as a function of f only
takes place for the time gs = π/4, corresponding to full decoherence of the system.

Figure 7. (Left) Plot of the l.h.s. of Equation (20) showing the revivals of the QJSD1/2 as a function of
choice of initial system states for the fixed times gt = π/2 and gs = π/4, the latter corresponding
to maximal decoherence of the system. The quantity inherently does not depend on f. (Right) The
difference of the l.h.s. and sum of quantities on the r.h.s. of the inequality given by Equation (20)
when taking into account only a fraction f of the environment, for c = 1/3 (see Figure 5, last figure
of the second row). For the values of environmental fraction f and angle θ (which determines
the pair of initial system states) for which the difference is negative (red), the corresponding sum
of environmental changes and correlations is no longer an upper bound for the revivals in the
reduced dynamics.

5. Conclusions

We have investigated the subtle role that system–environment correlations play in
the characterisation of a given dynamics. Through a paradigmatic dephasing model with
different initial conditions, which are particularly relevant in exploring the quantum Dar-
winism framework, we employed tools from the study of non-Markovianity to critically
assess the role that these correlations play, revealing that while only a small amount of such
correlations are needed for the onset of non-Markovianity, establishing the conditions for
classical objectivity necessitates significantly more. Our results indicate that for most mi-
croscopical realisations of the reduced dynamics, one can fully capture the non-Markovian
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characteristics of a given evolution with access to only a small subset of the environmental
degrees of freedom, while also revealing that whether the conditions for classical objectivity
are satisfied or not is crucially dependent on the precise details of the microscopic model in
question, rather than its non-Markovian nature.
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47. Bengtsson, I.; Życzkowski, K. Geometry of Quantum States: An Introduction to Quantum Entanglement, 2nd ed.; Cambridge

University Press: Cambridge, UK, 2017.
48. Sra, S. Metrics induced by Jensen-Shannon and related divergences on positive definite matrices. Linear Algebra Its Appl. 2021,

616, 125–138. [CrossRef]
49. Virosztek, D. The metric property of the quantum Jensen-Shannon divergence. Adv. Math. 2021, 380, 107595. [CrossRef]
50. Zwolak, M.; Quan, H.T.; Zurek, W.H. Quantum Darwinism in a Mixed Environment. Phys. Rev. Lett. 2009, 103, 110402. [CrossRef]
51. Korbicz, J.K.; Horodecki, P.; Horodecki, R. Objectivity in a Noisy Photonic Environment through Quantum State Information

Broadcasting. Phys. Rev. Lett. 2014, 112, 120402. [CrossRef]
52. Pollock, F.A.; Rodriguez-Rosario, C.; Frauenheim, T.; Paternostro, M.; Modi, K. Operational Markov Condition for Quantum

Processes. Phys. Rev. Lett. 2018, 120, 040405. [CrossRef]

48



Entropy 2022, 24, 304

53. Vacchini, B.; Smirne, A.; Laine, E.M.; Piilo, J.; Breuer, H.P. Markovianity and non-Markovianity in quantum and classical systems.
New J. Phys. 2011, 13, 093004. [CrossRef]

54. Breuer, H.P.; Laine, E.M.; Piilo, J. Measure for the Degree of Non-Markovian Behavior of Quantum Processes in Open Systems.
Phys. Rev. Lett. 2009, 103, 210401. [CrossRef] [PubMed]

55. Laine, E.M.; Piilo, J.; Breuer, H.P. Measure for the non-Markovianity of quantum processes. Phys. Rev. A 2010, 81, 062115.
[CrossRef]

49





Citation: Link, V.; Strunz, W. T.;

Luoma, K. Non-Markovian Quantum

Dynamics in a Squeezed Reservoir.

Entropy 2022, 24, 352. https://

10.3390/e24030352

Academic Editor: Bassano Vacchini,

Andrea Smirne and Nina Megier

Received: 15 February 2022

Accepted: 22 February 2022

Published: 28 February 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

entropy

Article

Non-Markovian Quantum Dynamics in a Squeezed Reservoir

Valentin Link 1,†, Walter T. Strunz 1 and Kimmo Luoma 1,2,*,†

1 Institut für Theoretische Physik, Technische Universität Dresden, D-01062 Dresden, Germany;
valentin.link@tu-dresden.de (V.L.); walter.strunz@tu-dresden.de (W.T.S.)

2 Laboratory of Quantum Optics, Department of Physics and Astronomy, University of Turku,
FI-20014 Turun Yliopisto, Finland

* Correspondence: ktluom@utu.fi
† These authors contributed equally to this work.

Abstract: We study non-Markovian dynamics of an open quantum system system interacting with
a nonstationary squeezed bosonic reservoir. We derive exact and approximate descriptions for
the open system dynamics. Focusing on the spin boson model, we compare exact dynamics with
Redfield theory and a quantum optical master equation for both short and long time dynamics and
in non-Markovian and Markov regimes. The squeezing of the bath results in asymptotic oscillations
in the stationary state, which are captured faithfully by the Redfield master equation in the case
of weak coupling. Furthermore, we find that the bath squeezing direction modifies the effective
system–environment coupling strength and, thus, the strength of the dissipation.

Keywords: open quantum systems; squeezed states; non-Markovian dynamics

1. Introduction

In 1926 and 1927, two families of quantum states for the quantum harmonic oscillator
were proposed by Schrödinger [1] and Kennard [2], respectively. The first family of states
included coherent states [3–5] and the second family included squeezed states [6]. These
can be distinguished by considering the Heisenberg uncertainty principle:

Δx2Δp2 ≥ h̄2

4
,

which was discovered also in 1927 [7]. The coherent states saturate this uncertainty prin-
ciple with equal variances Δx2 = Δp2 = h̄/2 in both quadratures. This makes them the
closest to points in phase space; therefore, coherent states are often considered the most
classical quantum states. In contrast, for a squeezed state, the variances of one of the
quadratures can be smaller that h̄/2. The state is, thus, squeezed along a certain direction
in phase space. According to the Heisenberg uncertainty principle, the variance of the other
quadrature must then be larger than h̄/2. Often, squeezed states are regarded as nonclassi-
cal states [8,9]. In fact, so-called two mode squeezing generates entanglement between two
oscillators [10]. In contrast to coherent states, squeezed states are not stationary states of
the harmonic oscillator.

Ensembles of harmonic oscillators are commonly considered as quantum environ-
ments of open quantum systems. In most applications, these environments are stationary,
meaning that the initial state of the reservoir oscillators is a stationary state, for instance, a
thermal state (which becomes a coherent state for zero temperature). In a large thermal
bath, the system is expected to reach thermal equilibrium [11]. If instead the bath can be
prepared in a squeezed state, one directly violates stationarity, resulting in a a breakdown
of equilibration.

This can have a drastic impact on the dissipation induced by the bath. In 1986, it
was proposed that a nonstationary reservoir consisting of harmonic oscillators prepared in
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squeezed states can lead to an inhibition of phase decay of an atom [12]. Only in 2013, this
prediction was experimentally verified using superconducting qubits [13].

Previous theoretical works on squeezed reservoirs were based on quantum master
equations with constant coefficients [14–19]. The validity of these equations requires severe
assumptions on the system and bath coupling strength and possibly also a separation of
time scales such that a rotating wave approximation can be performed. For this reason, such
master equations are unable to capture certain phenomena in an exact manner. For instance,
they can predict that the very short time dynamics of an observable is linear in time,
whereas the Schrödinger equation actually yields quadratic short time dynamics [20,21].

In this article, we investigate open quantum system dynamics in a non-stationary
reservoir consisting of oscillators prepared in two-mode squeezed states (broad band
squeezed reservoir) [18]. We derive an exact description of the reduced state dynamics
using non-Markovian quantum state diffusion (NMQSD) [22–24]. Then, using NMQSD as
a starting point, we derive a Hierarchy of Equations of Motion [25] (HEOM) for the density
matrix of the open system based on the Hierarchy of stochastic Pure States (HOPS) [26]. For
the example of a single two level system, we compare the short and long time dynamics of
the numerically exact HEOM theory with a weak coupling perturbation theory, so-called
Redfield theory, and the commonly used standard master equation with time independent
coefficients. Our main findings are that, in a parameter regime where a quantum optical
master equation would work fine for stationary reservoirs, it can not capture accurately
short and long time dynamics. Remarkably, if the bath memory time is short the Redfield
theory performs extremely well, matching with exact dynamics and predicting accurate
long time dynamics.

2. Model

We consider the following commonly used model for open quantum systems:

H = HS + L ∑
λ

gλ(aλ + a†
λ) + ∑

λ

ωλa†
λaλ, (1)

where the environment consists of independent harmonic oscillators (bosonic modes)
[aλ, a†

μ] = δλμ [19]. The system Hamiltonian HS and the system coupling operator are left
arbitrary, except that we demand L = L†. Moving to an interaction representation with
respect to the free bath Hamiltonian, one obtains the following.

H(t) = HS + LB(t), B(t) = ∑
λ

gλ(e−iωλtaλ + eiωλta†
λ) (2)

If the bath’s initial state is Gaussian and the coupling of the system to the bath is linear,
the response of the bath to the system is fully characterized by the first and second moment
of the bath response operator B(t). Typically, and without loss of generality, one considers
〈B(t)〉 = 0. Then, the so-called bath correlation function (BCF) is the only relevant quantity
describing the influence of the bath [27]:

α(t, s) = 〈B(t)B(s)〉, (3)

where the expectation value is with respect to the bath initial state. As an initial condition,
for the bath, usually a stationary state of the free bath Hamiltonian is considered. For
example, a zero temperature bath is described by vacuum state |0〉, which is a Gaussian
state; hence, it is fully characterized by the following correlations.

〈0|aλ|0〉 = 0,

〈0|aλa†
μ|0〉 = δλμ,

〈0|a†
λaμ|0〉 = 0,

〈0|aλaμ|0〉 = 0

(4)
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This results in a stationary BCF that depends on the time difference only.

α(t, s) ≡ α0(t − s) = ∑
λ

g2
λe−iωλ(t−s) (5)

An alternative characterization of a stationary bath is given in terms of spectral density:

J(ω) =
1
π ∑

λ

g2
λδ(ω − ωλ), (6)

which is the Fourier transform of the stationary BCF.
In this article, we are interested in the situation where the initial state of the bath is

a squeezed vacuum. In particular, we consider two-mode squeezing which is symmetric
around a reference frequency ω0. We denote our squeezed vacuum state by |φ〉 = S|0〉,
where S is a unitary squeezing operator. If we order the bath modes according to ω2λ0−λ =
2ω0 − ωλ, the state |φ〉 is characterized by the following correlations.

〈φ|aλ|φ〉 = 0,

〈φ|aλa†
μ|φ〉 = u2 δλμ,

〈φ|a†
λaμ|φ〉 = |v|2 δλμ,

〈φ|aλaμ|φ〉 = −vu δμ,2λ0−λ

(7)

Because S is a unitary operator, the squeezing parameters u ∈ R and v ∈ C satisfy
u2 − |v|2 = 1. We also have assumed that the two mode squeezing is homogeneous, i.e., u
and v are the same for all modes λ. This is often called broadband squeezing. In order to
parametrize the squeezing, we introduce real variables r and ϕ and write

u = cosh(r), v = cosh(r)eiϕ, (8)

where r is squeezing strength, and φ is the squeezing direction in phase space. φ = 0
corresponds to squeezing the p-quadrature, whereas φ = π corresponds to squeezing
the x-quadrature. In case of no squeezing r = 0, we recover the vacuum correlations (4).
To continue, we further assume that coupling constants gλ have a symmetry property
g2λ0−λ = gλ, which implies that the spectral density is symmetric around ω0. From this,
we obtain that the bath correlation function has the following structure:

α(t, s) =α0(t − s)(u2 − vue−2iω0s − v∗ue2iω0t) + α∗0(t − s)|v|2, (9)

where α0(t − s) is the zero temperature bath correlation function from Equation (5). It is
easy to check that this is a valid BCF obeying α(t, s) = α∗(s, t). Note that this function does
depend explicitly on both t and s and not only on their difference. This is because the bath
initial state is not stationary with respect to the bath Hamiltonian. We assume the following
model for the vacuum BCF:

α0(t − s) =
γΓ
2

e−Γ|t−s|−iωB(t−s), (10)

which corresponds to a continuous bath with Lorentzian spectral density.

J(ω) =
γ

2
Γ2

Γ2 + (ωB − ω)2 (11)

This bath satisfies the required symmetry if ωB = ω0, which we assume in the
following. Notably, for such a bath, the white noise limit α0(t − s) → γδ(t − s) exits when
Γ → ∞.
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The non-Markovian open system dynamics of this model can be described with
non-Markovian quantum state diffusion (NMQSD) [22,24,28]. NMQSD is a stochastic
unraveling of reduced open system dynamics in terms of a Gaussian colored noise process
z(t) with statistics E[z(t)z∗(s)] = α(t, s) and E[z(t)] = E[z(t)z(s)] = 0. The system state is
obtained as the ensemble average of stochastic pure states |ψ(z∗, t)〉, which depend on this
noise process.

ρ(t) = E[|ψ(z∗, t)〉〈ψ(z∗, t)|] (12)

The stochastic states obey the NMQSD evolution equation.

∂t|ψ(z∗, t)〉 =(−iHS + Lz∗(t))|ψ(z∗, t)〉 − L
∫ t

0
ds α(t, s)

δ

δz∗(s)
|ψ(z∗, t)〉 (13)

Different solution strategies for this equation exits, notably the O-operator method [23,29]
and the exact HOPS method [26,30,31]. Here, we use NMQSD as a tool to derive perturba-
tive and exact master equations for the squeezed bath problem (9).

Although most results are very general, an example we will consider is the spin boson
model. For this model, the system is a simple two level system with the following operators

HS =
Ω
2

σz, L = σx. (14)

3. Perturbative Master Equations

If the coupling to the bath is weak and/or the BCF decays rapidly, we can make a
perturbative approximation to NMQSD. The lowest order perturbative equation is given
by the following. ∫ t

0
ds α(t, s)

δ

δz∗(s)
|ψ(z∗, t)〉 = Ō(z∗, t)|ψ(z∗, t)〉,

Ō(z∗, t) ≈
∫ t

0
ds α(t, s)e−iHS(t−s)LeiHS(t−s).

(15)

Because in this approximation the operator Ō does not depend on the stochastic
process, a master equation can be directly derived from NMQSD as follows [23].

∂tρ(t) = −i[HS, ρ(t)] + [L, ρ(t)Ō†(t)] + [Ō(t)ρ(t), L]

:= LR
t (ρ(t)) (16)

This is the well known Redfield master equation [32].
Under certain conditions and in a frame rotating with the frequency ω0, one can

derive a master equation with constant coefficients starting from the Redfield equation. The
resulting equation is well known from quantum optics textbooks [17,18]. For a derivation,
we assume the spin boson model with L = σx and HS = ωσz/2. In particular, we consider
the case where Ω = ω0 + δ and ω0 defines the fastest timescale ω0 � Γ � δ and ω0 � γ.
The state in the rotating frame is given by the following.

ρ̃(t) = R(t)ρ(t)R†(t), R(t) = exp
(

iω0
σz

2
t
)

(17)

To obtain a master equation with constant coefficients, analogous to the standard
quantum optical master equation [32], one explicitly computes the integral in (15) and
neglects exponentially decaying terms as well as terms of order δ/Γ. Plugging the result
into the Redfield Equation (16) in the rotating frame, one can identify counter-rotating
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terms that oscillate at frequency 2ω0. Under the above assumptions, these terms can be
neglected and one obtains a master equation with time-independent coefficients.

∂tρ̃(t) =− i
δ

2
[σz, ρ̃(t)]

+ γu2
(

σ−ρ̃(t)σ+ − 1
2
{σ+, σ−, ρ̃(t)}

)
+ γ|v|2

(
σ+ρ̃(t)σ− − 1

2
{σ−, σ+, ρ̃(t)}

)
+ γuvσ−ρ̃(t)σ− + γuv∗σ+ρ̃(t)σ+

:=LM(ρ̃(t)) (18)

Note that the coefficients of the last two terms become time dependent if one moves
back to the laboratory frame.

In order to assess the validity of these perturbative master equations, we have to
compare their predictions with exact results. We discuss in the following how the exact
reduced dynamics can be computed using non-Markovian open system methods.

4. Exact Method

We can utilize non-Markovian open system methods to compute the exact reduced
dynamics in the squeezed reservoir. In particular, due to the exponential form of the bath
correlation function, we can easily generalize hierarchical methods for the squeezed bath.
To this aim, we decompose the BCF in the following manner:

α(t, s) = α1(t, s) + α2(t, s) (19)

α1(t, s) =
γΓ
2
(u2 − vue−2iω0s)e−iω0(t−s)−Γ|t−s| (20)

α2(t, s) =
γΓ
2
(|v|2 − v∗ue2iω0s)eiω0(t−s)−Γ|t−s| (21)

To solve the linear NMQSD Equation (13), we further define the corresponding func-
tional differential operators:

Dj =
∫ t

0
ds αj(t, s)

δ

δz∗s
, j = 1, 2, (22)

so that (13) becomes the following.

∂t|ψ〉 = −iH|ψ〉+ Lz∗t |ψ〉 − L ∑
j=1,2

Dj|ψ〉 (23)

Because of the exponential form of the kernels (20), we can compute the time derivative
of the functional differential operators.

∂tDj = −WjDj + αj(t, t)
δ

δz∗t
, W1 = W∗

2 = iω0 + Γ (24)

This allows employing the hierarchy of pure states (HOPS) scheme to solve NMQSD.
In particular, one defines an ’auxiliary state’ for every double-index n ∈ N2

0.

|ψn〉 = (D1)
n1(D2)

n2 |ψ〉 (25)
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These states obey the hierarchy of pure states equation of motion.

∂t|ψn〉 =
(
−iHS + Lz∗t − ∑

j=1,2
njWj

)
|ψn〉 − L ∑

j=1,2
|ψn+ej〉+ L ∑

j=1,2
αj(t, t)nj|ψn−ej〉 (26)

In this equation, we set (ej)i = δij. The exact NMQSD solution is simply the ’root’
state of the hierarchy |ψ〉 = |ψ(0)〉. Truncating the hierarchy at a finite depth yields a closed
set of equations, which can be numerically integrated. Typically, for a weak coupling, only
a few auxiliary states have to be taken into account to achieve convergence. There also
exists a hierarchy of operators complementary to HOPS, which is known as the hierarchy of
equations of motions (HEOM) [25,30]. We define auxilliary operators with two multiindices
(n, m) as follows.

ρ(n,m) = E
[
|ψ(n)〉〈ψ(m)|

]
(27)

Upon employing the HOPS Equation (26) with relation E[zt . . .] = E
[
∑j Dj . . .

]
, we

find the hierarchical equations of motion:

∂tρ
(n,m) =− i[H, ρ(n,m)]− ∑

j=1,2
(njWj + mjW∗

j )ρ
(n,m)

+ ∑
j=1,2

(
njαj(t, t)Lρ(n−ej ,m) + mjα

∗
j (t, t)ρ(n,m−ej)L

)
+ ∑

j=1,2

(
[ρ(n+ej ,m), L] + [L, ρ(n,m+ej)]

)
,

(28)

where the reduced state of the system is simply given by ρ(t) = ρ(0,0)(t). We can use a
truncated hierarchy to accurately describe the non-Markovian open system dynamics of
the model, even for strong coupling (large γ) and long memory time (small Γ).

5. Dynamics

The fidelity Ft = |〈ψ0|ρ(t)|ψ0〉|2 of time-evolved state ρ(t) with an initial pure system
state |ψ0〉 can be used to investigate how master equations capture short time dynamics. In
general, the fidelity behaves for short times as [20]:

FF
t = 1 − (ΔH2

S + ΓF)t2, (29)

where ΓF = 2α(0, 0) and ΔX2 = 〈X2〉 − 〈X〉2 are the variances of operator X.
A quantum optical master equation that has constant coefficients, such as Equation (18),

instead, leads to a linear short time behavior for the fidelity of the state of the system alone [21]:

FM
t = 1 − ΓMt +O(t2), (30)

where ΓM = ∑μ cμ(〈RμLμ〉 − 〈Rμ〉〈Lμ〉). Here, operators Lμ, Rμ are the operators, which
act on the left or on the right, respectively, in the sandwich term of the master equation.

The quadratic short time behavior is captured exactly by the Redfield theory, which is
the lowest order perturbation theory.

FR
t = 1 − (ΔH2

S + ΓF)t2 (31)

In Figure 1, we compare the short time linear rate ΓM computed for master Equation (18)
and the quadratic rate ΓF for the full system. We observe that the full rate has a maximum
at ϕ = π, which corresponds to squeezing along the x-direction. The two-level system
is coupled to the x-quadrature of the bath, and squeezing in this direction increases the
coupling strength which should lead to faster decay. In contrast, the master equation
predicts a minimum for φ = π, which is not in line with the microscopic theory.
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Figure 1. (Left): Linear rate ΓM for short time dynamics due to the Markov master equation divided
by the overall coupling strength γ. (Right): Quadratic rate for short time dynamics for the total
system ΓF divided by γΓ, where Γ is the inverse bath correlation time scale. ΓF is proportional to
|u − v|2, which has a maximum when ϕ = π. ΓM is proportional to u(v + v∗), which has a minimum
at ϕ = π. Here, we consider the spin boson model (14) in a squeezed bath (9) with u = cosh(r) and
v = sinh(r)eiϕ and initial state |ψ0〉 = |+〉 := 1√

2
(|0〉+ |1〉), where |0〉 and |1〉 are the eigenstates of

σz. We have chosen the following parameters: r = 1/2, Γ = 5γ, and Ω = ωB = ω0 = γ

In Figure 2, we compare the logarithm of the fidelity computed using the HEOM (28),
the Redfield theory (16), and the master equation (18) with quadratic short time esti-
mates (29), (31) and the linear estimate (30).

Figure 2. Short time dynamics of the spin boson model (14) in the squeezed bath (9) with Γ = 5γ,
Ω = ωB = ω0 = γ, r = 0.5, and |ψ0〉 = |+〉. The logarithm of the fidelity Ft is displayed for short
times within different approximate and exact descriptions. The quadratic short time dynamics holds
up to γt = 0.002 for ϕ = π as the HEOM and the Redfield theory start to deviate from the short time
expansion. For ϕ = 0, the quadratic short time dynamics, HEOM, and the Redfield agree well in the
range of the plot. This is explained by the effectively strong system environment coupling for ϕ = π,
which sets a different regime of validity for the short time expansion. The parameters are chosen as in
Figure 1.
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The quadratic estimates; the HEOM and the Redfield curves are in line with each
other for both squeezing directions ϕ = 0 and ϕ = π. The linear prediction and the master
equation curves also are on top of each other but show a different behavior for different φ.
For ϕ = 0, the decay of the fidelity is faster than for ϕ = π, as expected from Figure 1.

For longer times, the fidelity is still captured correctly by the Redfield equation, while
the Markovian equation becomes valid only asymptoically, as seen in Figure 3.

Figure 3. Dynamics of the fidelity as in Figure 2 but for long times and for two squeezing directions
ϕ = 0 (top) and for ϕ = π (bottom). The decay of the fidelity is faster for ϕ = π for HEOM and Red-
field as expected from the microscopic model. Predictions from the quantum optical master equation
(Markov) show an opposite behavior and the fidelity even has a positive slope at intermediate times.

We now turn to the long time dynamics, which reveals the steady state properties.
In Figure 4, we compare the time evolution computed from HEOM, Redfield, and master
equation for ϕ = 0. We do the same for ϕ = π in Figure 5. The same conclusions hold
as before: For ϕ = π, the decay is faster, as can be observed from HEOM and Redfield
curves. The steady state prediction of the master equation is far-off from the Refield and
HEOM computations, which both agree exptremely well for the choosen parameters. This
is because the memory time of the bath 1/Γ is chosen to be very short. As expected for
a spin boson model, the steady state reaches a finite 〈σz〉 value. However, due to the
non-stationary bath, some residual oscillations remain indefinitely in long time dynamics.
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Figure 4. Long time dynamics of the spin boson model (14) in the squeezed bath (9) as in Figure 2
with ϕ = 0. Both approximate methods describe correctly that the x and y Bloch sphere components
decay to zero. The σz expectation value asymptotically acquires a finite value modulated by weak
oscillations which are captured properly in the Redfield theory.

Figure 5. Long time dynamics as in Figure 4, except ϕ = π.

Next, we investigate the Markov limit where we expect the master Equation (18) to be
applicable. We chose Ω = ω0 = 10γ, Γ = 3γ, which is in a regime where the assumptions
for the rotating wave approximation are satisfied. Moreover, since Γ/γ = 3, the BCF decays
faster than the time scale set for system bath interaction by γ. As we can observe from
Figure 6, the master equation, the Redfield theory, and HEOM are in good qualitative
agreement. The rapid oscillations present in HEOM and Redfield solutions are removed by
the secular approximation behind the Markovian master equation.
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Figure 6. Dynamics of the spin boson model (14) in the squeezed bath (9) with Γ = 3γ, Ω = 10γ,
ω0 = Ω, r = 0.5, ϕ = 0, and initial state |ψ0〉 = |+〉. The Markovian master Equation (18) agrees well
with the exact dynamics but does not capture small asymptotic oscillations.

When we change the direction of the squeezing to ϕ = π, hence effectively coupling
the system and the environment more strongly, the agreement is not as good, as shown in
Figure 7. This in particularly visible for the expectation value 〈σy〉. The asymptotic values
are, however, captured accurately.

Figure 7. Dynamics of the spin boson model as in Figure 6, except ϕ = π.

Lastly, we investigate a regime for non-Markovian dynamics. The Redfield theory is a
weak system–environment coupling theory. We expect it to fail when the bath correlation
function decays on a slower time scale than the system environment interactions; that is,
when Γ < γ. For short times, the Redfield theory agrees with the exact results. We confirm
these statements in Figure 8, where one observes that the Redfield and the quantum optical
master equation are both far-off from the exact solution. In fact, in this regime, the solution
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of the Redfield equation ceases to be positive, as can be observed from 〈σz〉 < −1. To
compute the exact dynamics, we have estimated convergence of HEOM by increasing the
hierarchy depth until the relative change in the solution is less than 10−2.

Figure 8. Highly non-Markovian dynamics in the spin boson model. We have chosen |ψ0〉 = |+〉,
Γ = γ/2, Ω = ωB = ω0 = γ/2, and ϕ = 0. We are in the strong system–envinronment coupling
regime since γ > Γ. This means that system–environment dynamics occurs on a faster time scale than
the bath correlation function decay time. The failure of weak coupling master equations is expected.

6. Conclusions

In this article, we have revisited an old quantum optical model, namely, the decay to
a squeezed reservoir [12]. This model has been realized experimentally using supercon-
ducting qubits [13] and is an interesting example of non-stationary open system dynamics.
We investigated the short and long time dynamics of the model using textbook master
equations [17–19], perturbative Redfield theory [32], and exact hierarchical methods [25,26],
which we generalize to treat our non-Markovian squeezed bath model. Assuming broad-
band two mode squeezing, a model for the bath correlation function can be proposed where
the bath memory time can be easily controlled by a single parameter Γ. This corresponds to
a Lorentzian spectral density, which yields an exponentially decaying bath correlation func-
tion. We showed how in the limit where Γ � γ, where γ is the overall system environment
coupling, the Redfield theory performs extremely well. However, the dynamics is far from
a regime where a usual “quantum optical master equation” is valid. This is due to the fact
that there are other time scales involved which need to satisfy a strict hierarchical order so
that the Markov approximation can be justified. These timescales are determined by the free
system evolution (Ω) and the bath resonance (ω0). The quantum optical master equation
is valid only in a regime where ω0 is by far the fastest time-scale. All in all, the Redfield
theory, which is based on weak coupling approximation only, produces the correct short
and long time dynamics in a wide parameter range and is conceptually and numerically
much simpler then more advanced methods such as HEOM. To those concerned about
the possible positivity violations when using the Redfield theory, we would like to point
out that this should be seen merely as a symptom of the breakdown of the weak coupling
perturbation theory [32].
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Abstract: A witness of non-Markovianity based on the Hilbert–Schmidt speed (HSS), a special type of
quantum statistical speed, has been recently introduced for low-dimensional quantum systems. Such
a non-Markovianity witness is particularly useful, being easily computable since no diagonalization
of the system density matrix is required. We investigate the sensitivity of this HSS-based witness
to detect non-Markovianity in various high-dimensional and multipartite open quantum systems
with finite Hilbert spaces. We find that the time behaviors of the HSS-based witness are always in
agreement with those of quantum negativity or quantum correlation measure. These results show
that the HSS-based witness is a faithful identifier of the memory effects appearing in the quantum
evolution of a high-dimensional system with a finite Hilbert space.

Keywords: non-Markovianity; Hilbert–Schmidt speed; high-dimensional system; multipartite open
quantum systems; memory effects

1. Introduction

The unavoidable interaction of quantum systems with their environments induces
decoherence and dissipation of energy. Recently, because of important developments
in both theoretical and experimental branches of quantum information theory, studies
of memory effects (non-Markovianity) during the evolution of quantum systems have
attracted much attention (see Refs. [1–3] for some reviews). Some approaches used for a
quantitative description of non-Markovian processes are either related to the presence of
information backflows [4] or to the indivisibility of the dynamical map [5]. However, while
well-defined for classical evolution, the notion of non-Markovianity appears to still lack a
unique definition in the quantum scenario [6].

Non-Markovian processes, exhibiting quantum memory effects, have been charac-
terized and observed in various realistic systems such as quantum optical systems [7–12],
superconducting qubits [13,14], photonic crystals [15–17], light-harvesting complexes [18],
and chemical compounds [19,20]. Moreover, it is known that non-Markovianity can be
a resource for quantum information tasks [21–25]. Accordingly, various witnesses have
been proposed to identify non-Markovianity based on, for example, distinguishability
between evolved quantum states of the system [4], fidelity [26–28], quantum relative
entropies [29,30], quantum Fisher information [31], capacity measure [32–34] and Bloch
volume measure [35–37].

It has been shown that the nonmonotonic behavior of quantum resources such as
entanglement [5], quantum coherence [38–41] and quantum mutual information [42] can
be interpreted as a witness of quantum non-Markovianity. Using entanglement to witness
non-Markovianity was first proposed in Ref. [5]. This proposal has been theoretically
investigated for qubits coupled to bosonic environments [43–45], for a damped harmonic
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oscillator [46], and for random unitary dynamics and classical noise models [47–49]. It is
also shown that entanglement cannot capture all the quantumness of correlations because
there are some separable mixed states with vanishing entanglement, which can nevertheless
have have nonzero quantum correlations [50]. Therefore, quantum correlations are more
robust than entanglement [51–54], while entanglement may suffer sudden death [55,56].
Consequently, many methods to quantify quantum correlations have been provided, among
which quantum discord [57,58] and measurement-induced disturbance [59] are proper for
any bipartite state.

Recently, Hilbert–Schmidt speed (HSS) [60], a measure of quantum statistical speed
which has the advantage of avoiding diagonalization of the evolved density matrix, has
been proposed and employed as a faithful witness of non-Markovianity in Hermitian
systems [61–64] and an efficient tool in quantum metrology [65,66]. These studies are so
far especially limited to low-dimensional systems, while high-dimensional ones have not
been investigated in detail. We know that high-dimensional systems play a crucial role in
increasing the security in quantum cryptography [67,68], as well as in enhancing quantum
logic gates, fault-tolerant quantum computation and quantum error correction [69]. This
motivates us to check the sensitivity of HSS-based witness to detect non-Markovianity in
high-dimensional and multipartite open quantum systems.

In this work, we analyze the validity of our HSS-based witness in various examples of
high-dimensional open quantum systems with finite Hilbert spaces, such as qudits and
hybrid qubit–qutrit systems. In particular, we consider a single qudit (spin-S systems)
subject to a squeezed vacuum reservoir [70], and hybrid qubit–qutrit system coupled
to quantum as well as classical noises [71]. We observe that the HSS-based witness is
consistent with established non-Markovianity quantifiers based on dynamical breakdown
of monotonicity for the quantum information resources.

The paper is organized as follows: In Section 2, we briefly review the definition of
quantifiers. In Section 3, the sensitivity of HSS-based witness in high-dimensional and
multipartite open quantum systems with finite Hilbert spaces through various examples is
studied. Finally, Section 4 summarizes the main results and prospects.

2. Preliminaries

In this section, we briefly review the relevant quantifiers and concepts employed in
this paper.

2.1. Non-Markovinity Definition

A classical Markov process is described by a family of random variables {X(t), t ∈ I ⊂
R}, for which the probability that X takes a value xn at any arbitrary time tn ∈ I, provided
that it took value xn−1 at some previous time tn−1 < tn, can be determined uniquely
and may not be influenced by the possible values of X at times prior to tn−1. It can be
formulated in terms of conditional probabilities as follows: P(xn, tn|xn−1, tn−1; . . . ; x0, t0) =
P(xn, tn|xn−1, tn−1) for all {tn ≥ tn−1 ≥ ... ≥ t0} ⊂ I. Roughly speaking, its concept is
connected with the memorylessness of the process and informally encapsulated by the
statement that “a Markov process has no memory of the history of past values of X, i.e., the
future of the process is independent of its history”.

To achieve a similar formulation in the quantum scenario we should find a way to
define P(xn, tn|xn−1, tn−1; . . . ; x0, t0) for quantum systems. In the classical realm, we may
sample a stochastic variable without affecting its posterior statistics. However, ’sampling’ a
quantum system requires measuring process, and hence disturbs the state of the system,
affecting the subsequent outcomes. Therefore, P(xn, tn|xn−1, tn−1; . . . ; x0, t0) depends on
not only the dynamics but also the measurement process. Since in such a case the Markovian
character of a quantum dynamical system is dependent on the the measurement scheme,
chosen to obtain P(xn, tn|xn−1, tn−1; . . . ; x0, t0), a definition of quantum Markovianity in
terms of which is a challenging task. In fact, a reliable definition of quantum Markovianity
should be independent of what is required to verify it.
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The aforesaid problem may be solved by adopting a different approach focusing
on studying one-time probabilities P(x, t). For these, in linear quantum evolutions, the
definition of Markovianity reduces to the concept of divisibility defined without any ex-
plicit reference to measurement processes in the quantum scenario [1]. To introduce the
divisibility concept, let us assume that the inverse of a quantum dynamical map Et exists
for all times t ≥ 0. Then it is possible to define a two-parameter family of maps by means
of Et,s = EtE−1

s (t ≥ s ≥ 0) such that Et,0 = Et and Et,0 = Et,sEs,0. It should be noted that
the existence of the inverse for all positive times guarantees the possibility of introducing
the notion of divisibility, while Et,0 and Es,0 are required to be completely positive by
construction, the map Et,s need not be completely positive and not even positive. It stems
from the fact that the inverse E−1

s of a completely positive map Es need not be positive. The
family of dynamical maps is called (C)P divisible when Et,s is (completely) positive for all
t ≥ s ≥ 0.

The trace norm given by ‖ ρ ‖= Tr
√

ρ†ρ = ∑
k

√
ak, in which ak’s represent the eigen-

values of ρ†ρ, leads to an important measure called trace distance, D(ρ1, ρ2) = 1
2 ‖ ρ1 − ρ2 ‖,

for the distance between two quantum states ρ1 and ρ2. The trace distance D(ρ1, ρ2) is
interpreted as the distinguishability between states ρ1 and ρ2. Moreover, it is contractive
for any completely positive and trace preserving (CPTP) map E affecting two arbitrary
quantum states ρ1,2, i.e., D

(
E(ρ1), E(ρ2)

)
≤ D(ρ1, ρ2) [3]. Because the dynamics of an open

quantum system is described by a CPTP map Et, the trace distance between the initial
states is always larger than the trace distance between the time-evolved quantum states.
Nevertheless, this fact does not mean that D

(
ρ1(t), ρ2(t)

)
, in which ρ1,2(t) ≡ Et(ρ1,2(0)),

exhibits a monotonically decreasing function versus time [72].
There are various ways to define and detect non-Markovianity or memory effects in

quantum mechanics (see [1] for a review). In Refs. [4,29], Breuer–Laine–Piilo (BLP) pro-
posed one of the most well-known approaches, based on the variation in distinguishability
of quantum states, to characterize the non-Markovian feature of the system dynamics. This
is the non-Markovianity definition which we mention in our paper. According to BLP
measure, for a Markovian process, the distinguishability between any two initial states of
the open system, continuously diminishes over time. In other words, a quantum evolution,
mathematically described by a quantum dynamical map Et, is called Markovian if, for
any arbitrary pair of initial quantum states ρ1(0) and ρ2(0), the evolved trace distance
D
(
ρ1(t), ρ2(t)

)
monotonically decreases with time. Hence, quantum Markovian dynamics

exhibits a continuous loss of information from the open system to the environment. Con-
sequently, a non-Markovian evolution is defined as a process in which, for certain time
intervals, dD

(
ρ1(t), ρ2(t)

)
/dt > 0, usually interpreted as the information flowing back

into the system temporarily. Provided that Et is invertible, one can show that the quantum
process is BLP Markovian if and only if Et is P-divisible [3,73].

2.2. HSS-Based Witness of Non-Markovianity

Considering the distance measure [60]

[d(p, q)]2 =
1
2 ∑

x
|px − qx|2, (1)

where p = {px}x and q = {qx}x denote the probability distributions, one can quantify the
distance between infinitesimally close distributions taken from a one-parameter family
px(φ) and then define the classical statistical speed as

s
[
p(φ0)

]
=

d
dφ

d
(

p(φ0 + φ), p(φ0)
)
. (2)

These classical notions can be generalized to the quantum case by taking a pair of
quantum states ρ and σ, and writing px = Tr{Exρ} and qx = Tr{Exσ} which represent the
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measurement probabilities corresponding to the positive-operator-valued measure (POVM)
defined by {Ex ≥ 0} satisfying ∑

x
Ex = I.

The associated quantum distance, which is called Hilbert–Schmidt distance [74], can
be achieved by maximizing the classical distance over all possible choices of POVMs [75]

D(ρ, σ) ≡ max
{Ex}

d(p, q) =

√
1
2

Tr
[
(ρ − σ)2

]
. (3)

Consequently the HSS, i.e. the corresponding quantum statistical speed, is defined
as follows:

HSS
(
ρφ

)
≡ HSSφ ≡ max

{Ex}
s
[
p(φ)

]
=

√√√√1
2

Tr

[(
dρφ

dφ

)2
]

, (4)

which can be easily computed without the diagonalization of dρφ/dφ.
The recently proposed protocol, completely consistent with the BLP witness and used

to detect non-Markovianity based on the HSS, is now briefly recalled [61]. We consider an
n-dimensional quantum system whose initial state is given by

|ψ0〉 =
1√
n
(
eiφ|ψ1〉+ . . . + |ψn〉

)
, (5)

where φ is an unknown phase shift and {|ψ1〉, . . . , |ψn〉} denotes a complete and orthonor-
mal set (basis) for the corresponding Hilbert space H. Given this initial state, the HSS-based
witness of non-Markovianity is defined by

Non-Markovianity Witness : χ(t) ≡ dHSS
(
ρφ(t)

)
dt

> 0, (6)

in which ρφ(t) is the evolved state of the system.

2.3. Quantum Entanglement Measure

Quantum entanglement is a kind of quantum correlations which, from an operational
point of view, can be defined as those correlations between different subsystems which
cannot be generated by local operations and classical communication (LOCC) procedures.
We use negativity [76] to quantify the quantum entanglement of the state, which is a reliable
measure of entanglement in the case of qubit–qubit and qubit–qutrit systems [77].

For any bipartite state, ρAB, the negativity is defined as

N (ρAB) = ∑
i
|λi|, (7)

where λi is the negative eigenvalue of ρTk , with ρTk denoting the partial transpose of the
density matrix ρAB with respect to subsystem k = A, B. Negativity can also be computed
by the formula [78]

N (ρAB) =
1
2

(∥∥∥ρTk
∥∥∥− 1

)
, (8)

in which the trace norm of ρTk is equal to the sum of the absolute values of its eigenval-
ues [79], that is ∥∥∥ρTk

∥∥∥ = ∑
i
|μi|, (9)

where the spectral decomposition of ρTk is given by ∑i μi |i〉 〈i|.

2.4. Quantum Correlation Quantifier: Measurement-Induced Disturbance

We use measurement-induced disturbance MID [59] as an alternative nonclassicality
indicator for quantifying the quantum correlations of the bipartite quantum systems. It is
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defined as the minimum disturbance caused by local projective measurements leaving the
reduced states invariant.

Considering the spectral resolutions of the reduced density states ρA = ∑i pA
i ΠA

i and
ρB = ∑j pB

j ΠB
i , one can compute the MID as follows:

M(ρAB) = IρAB − I(Π(ρAB)), (10)

where I is the mutual quantum information given by

I(ρAB) = S(ρA) + S(ρB)− S(ρAB), (11)

in which S(ρ) = −trρ log (ρ) denotes the von Neumann entropy and

Π(ρAB) = ∑
i,j

(
ΠA

i ⊗ ΠB
j

)
ρAB

(
ΠA

i ⊗ ΠB
j

)
. (12)

3. Analyzing the Efficiency of the HSS Witness in High-Dimensional Systems with
Finite Hilbert Spaces

In this section, we check the sanity of HSS-based witness through several paradigmatic
high-dimensional quantum systems with finite Hilbert spaces. The analyses are based on
the fact that for systems in which the corresponding subsystems are coupled to independent
environments, the oscillations of quantum correlations with time are associated with the
non-Markovian evolution of the system [12,47,80], resulting in the transfer of correlations
back and forth among the various parts of the total system. Moreover, by comparing
the results presented in Refs. [10,61,81,82], we can demonstrate that the BLP measure of
non-Markovianity can be used as a valid definition of non-Markovianity, when we intend
to detect non-Markovianity by revivals of quantum correlations.

In particular, we consider a single qudit subject to a quantum environment, and a
hybrid qubit-qutrit system coupled to independent as well as common quantum and
classical noises. We show that the oscillation of the HSS-based witness is in qualitative
agreement with nonmonotonic variations of the quantum resources, and hence it can be
introduced as a faithful identifier of non-Markovianity in such high-dimensional systems
with finite Hilbert spaces.

It should be noted that the efficiency of the HSS-based witness in detecting the non-
Markovian nature of the dynamics directly depends on adopting the correct parametriza-
tion of the initial state of Equation (5), as discussed in Ref. [61]. However, often choosing the
computational basis as the complete orthonormal set {|ψ1〉, . . . , |ψn〉} is enough to capture
the non-Markovianity, as shown in this paper. In all examples discussed below, the HSS is
computed for the pure initial states while the quantum correlations may be calculated for
mixed ones to illustrate the general efficiency off the HSS-based witness.

3.1. Single-Qudit Interacting with a Quantum Environment
3.1.1. Coupling to a Thermal Reservoir

Let consider the spin-S systems interacting with a thermal reservoir modeled by an
infinite chain of quantum harmonic oscillators with ωk, bk, and b†

k being, respectively, the
frequency, annihilation, and creation operators for the k-th oscillator. The total Hamiltonian
of the system is given by

H = ω0Sz + ∑
k

ωkb†
k bk + ∑ Sz(gkb†

k + g∗k bk), (13)

in which ω0 denote the transition frequency between any neighboring energy states of the
spin, and Sz, the z component of spin operator, can be represented by a diagonal matrix
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Sz = diag[s, s − 1, . . . ,−s] in the eigen-basis {|i〉, i = s, . . . ,−s}. In the interaction picture
Equation (13) into is expressed as

HI = ∑ Sz(gkb†
k eiωkt + g∗k bke−iωkt), (14)

where gk denotes the coupling strength between the spin and the environment through the
dephasing interaction. Up to an overall phase factor, the corresponding unitary propagator
is obtained as

V(t) = exp

[
1
2

Sz∑
k

(
αkb†

k − α∗bk

)]
, (15)

where αk = 2gk
(
1 − eiωkt)/ωk.

It is assumed that the initial state of the spin-bath system is in a product state
ρT(0) = ρ(0)⊗ ρB in which ρ(0) denotes the initial state of spin, and

ρB =
1

ZB
e−β ∑k ωKb†

k bk (16)

represents the thermal equilibrium state of the bath with partition function ZB and inverse
temperature β = 1

kBT . The evolved state of the system can be calculated by [83]

ρnm(t) = ρnm(0) exp [−(n − m)2Γ(t)], (17)

where n, m = −s,−s + 1, . . . , 0, . . . , s − 1, s and, in the continuum-mode limit, the decoher-
ence function is given by

Γ(t) =
∫ ∞

0
J(ω) coth

(
ω

2kbT

)
1 − cos(ωt)

ω2 dω, (18)

with spectral density J(ω) = ∑k |gk|2δ(ω − ωk).
The Γ(t) behavior closely depends on the characteristics of the environment. Here we

consider the Ohmic-like reservoirs with spectral density

J(ω) = α
ωs

ωs−1
c

exp
(−ω

ωc

)
, (19)

where α represents a dimensionless coupling strength, and ωc denotes the cutoff frequency
of the bath. Changing the Ohmic parameter s, one can obtain sub-Ohmic (0 < s < 1),
Ohmic (s = 1) and super-Ohmic (s > 1) reservoirs.

3.1.2. Coupling to a Squeezed Vacuum Reservoir

In the case that the spin system is coupled to a squeezed vacuum reservoir, the
reduced density-matrix elements are similar to the ones presented in Equation (17) when
the decoherence function Γ(t) is replaced by

γ(t) =
∫ ∞

0
J(ω)

(1 − cos (ωt))
ω2 [cosh (2r)− sinh (2r) cos (ωt − θ)]dω, (20)

where r is the squeezed amplitude parameter, and θ denotes the squeezed angle.
Because the structures of the density matrices are the same in both scenarios (coupling

to thermal and squeezed vacuum reservoirs), we only focus on the interaction of the system
with the squeezed vacuum reservoir, noting that the general results also holds for the
thermal reservoir.

We take the qudit in the pure initial state

|ψ〉 = 1√
2s + 1

(eiφ|s〉+ |s − 1〉+ |s − 2〉+ · · ·+ | − s〉), (21)
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which leads to the evolved state ρ(t) given by

ρ(t) =
1

2s + 1

⎛⎜⎜⎜⎜⎜⎜⎝
1 e−γ(t)eiφ · · · e−(2s)2γ(t)eiφ

e−γ(t)e−iφ 1 · · · e−(2s−1)2γ(t)

e−4γ(t)e−iφ e−γ(t) · · · e−(2s−2)2γ(t)

... 1
. . .

e−(2s)2γ(t)e−iφ e−(2s−1)2γ(t) · · · 1

⎞⎟⎟⎟⎟⎟⎟⎠. (22)

Therefore, the time derivative of the HSS-based witness is obtained as

χ(t) = − 1
2s + 1

∂γ(t)
∂t

∑2s
k=1 k2e−2k2γ(t)

∑2s
k=1 e−2k2γ(t)

. (23)

The HSS-based witness χ(t) > 0 tells us that the process is non-Markovian whenever
∂γ(t)

∂t < 0, which corresponds to time intervals in which the decoherence function decreases,
leading to the re-coherence phenomenon. As known, in this system the non-Markovian
effects, originating from the non-divisible maps, appear when the decoherence function
temporarily decays with time [84]. Therefore, our witness correctly predicts the intervals
at which the memory effects arise in this single-qudit system. Moreover, when γ(t) is a
monotonous increasing function of time, the dynamics is Markovian because the coherence
decays monotonously with time.

3.2. Hybrid Qubit–Qutrit System Interacting with Various Quantum and Classical Environments

The composite hybrid qubit(A)–qutrit(B) system consists of a spin– 1
2 subsystem

(qubit A) and a spin-1 subsystem (qutrit B). In the following, we study the interaction
of this composite system with local non-Markovian environments A and B, or with a
common environment C modeling quantum or classical noises. The theoretical schematic
of this system is depicted in Figure 1.

3.2.1. Coupling to Independent Squeezed Vacuum Reservoirs

Now we investigate the scenario in which each of the subsystems, i.e., the qubit A
(sA = 1

2 ) and qutrit B (sB = 1), interacts independently with its local squeezed vacuum
reservoir. For simplicity we assume that the characteristics of the reservoirs are similar.
Equation (17), with the decoherence factor introduced in Equation (20), gives the reduced
density matrices of the subsystems. Computing them and applying the method presented
in [81], one can obtain the elements of the evolved density matrix of the composite system
as [85]

ρABnm(t) = ρABnm(0) exp [−(nA − mA)
2 − (nB − mB)

2]γ(t), (24)

BA

Figure 1. Illustration of the composite qubit(A)-qutrit(B) system; Blue dashed lines represent entan-
glement between the subsystems. The bipartite system can interact either with independent local
environments EA, EB or with a common environment EC.
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where nA, mA = −sA, . . . , sA and nB, mB = −sB, . . . , sB.
Pure initial state. We take the hybrid qubit–qutrit system initially in a pure state given

by [61]

|ψ〉 = 1√
6

(
eiφ|00〉+ |01〉+ |02〉+ |10〉+ |11〉+ |12〉

)
, (25)

which leads to a dynamics of the system described by the evolved reduced density matrix
ρ(t) whose elements are presented in Appendix A.1. Then, the HSS is obtained as

HSS =
1
6

√
2e−2γ(t) + e−4γ(t) + e−8γ(t) + e−10γ(t). (26)

The dynamics of negativity, MID and HSS computed by the evolved state of the system
are plotted in Figure 2. We find that each of the measures initially decreases with time, then
starts to increase, and finally remains approximately constant over time, a behavior known
as the freezing phenomenon [86–92]. As discussed, the revival of the quantum correlation
measures can be attributed to the non-Markovian evolution of the system [47]. We see
that the behaviors of the HSS, negativity and quantum correlation exhibit an excellent
qualitative agreement. Consequently, the HSS-based witness can precisely capture the
non-Markovian dynamics of the composite system.

Figure 2. Evolution of the negativity, MID and HSS as a function of dimensionless time τ = ω0t when
each subsystem of the hybrid qubit–qutrit system, starting from the initial pure state, is independently
subject to a squeezed vacuum reservoir. The values of the other parameters are α = 0.1, ωc = 20ω0,
r = 0.3, φ = π and s = 3.

Mixed initial state. The non-Markovianity of the system, as faithfully individuated
by quantum correlation measures, may in general depend on the initial state. It is thus
important to investigate whether the HSS witness, obtained from the initial pure state
of Equation (25) by definition, is capable to identify the non-Markovian character of the
system dynamics also when the system starts from a mixed state. We shall study this aspect
here and in all the other environmental conditions considered hereafter (see sections below
devoted to a mixed initial state).
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We consider the one-parameter mixed entangled state as the initial state of the hybrid
qubit–qutrit system [93]

ρ0(p) =
p
2
(|01〉〈01|+ |11〉〈11|) + p|ψ+〉〈ψ+|+ (1 − 2p)|ψ−〉〈ψ−|, (27)

where

|ψ+〉 = 1√
2
(|00〉+ |12〉),

|ψ−〉 = 1√
2
(|02〉+ |10〉),

(28)

in which the entanglement parameter p varies from 0 to 1 such that ρ(p) is entangled except
for p = 1

3 . We point out that such a state is taken as the initial state of the system for the
dynamics of the quantum correlation quantifiers, namely negativity and MID. We find that
Equation (27) leads to the evolved state of the system

ρ(t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

p
2 0 0 0 0 p

2F
0 p

2 0 0 0 0
0 0 1−2p

2
1−2p

2 F 0 0
0 0 1−2p

2 F 1−2p
2 0 0

0 0 0 0 p
2 0

p
2F 0 0 0 0 p

2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (29)

where F = e−5γ(t). Then, the negativity is given by [71]

N =
(p − 1)

2
+

1
4
|p + (1 − p)F|+ 1

4
|p − (1 − p)F|+ 1

4
|p − (1 − 2p)F|+

1
4
|p + (1 − 2p)F|.

(30)

Moreover, using Equation (10) we can compute the MID as

M =
(1 − p)

2
[(1 +F ) log (1 +F ) + (1 −F ) log (1 −F )]. (31)

In Figure 3, we compare the evolution of HSS, obtained from the initial pure state of
Equation (25), with the dynamics of negativity and MID, computed for the mixed initial
state of Equation (15), for different values of p. The dynamics of the HSS is again in perfect
agreement with that observed for the entanglement and quantum correlations as quantified
by the negativity and MID, respectively. Therefore, the HSS-based witness, computed
versus the phase parameter encoded into an initial pure state of the system, can efficiently
detect the non-Markovian dynamics even in the case when the initial state of our high-
dimensional system is not pure. It should be noted that in the presence of sudden death of
entanglement, which occurs for some values of the entanglement parameter (for example,
for p = 0.4), only the HSS and MID show the same dynamics. Hence, the negativity
cannot be used as a faithful witness of non-Markovianity when it exhibits the sudden
death phenomenon.

In the case of initially entangled noninteracting qubits in independent non-Markovian
quantum environments, entanglement or quantum correlation revivals can be explained in
terms of transfer of correlations back and forth from the composite system to the various
parts of the total system. This is due to the back-action via the environment on the system,
which creates correlations between qubits and environments and between the environments
themselves. Accordingly, in this case the non-Markovianity is defined as backflow of
information from the environment(s) to the system(s).
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Figure 3. Comparing the evolution of negativity and MID computed for the initial mixed state of the
hybrid qubit–qutrit system, when each subsystem is independently coupled to a squeezed vacuum
reservoir, with HSS (obtained from the initial pure state) for different values of the entanglement
parameter p. In all plots the remaining parameters are α = 0.1, s = 3, ωc = 20 ω0, r = 0.3.

3.2.2. Coupling to Classical Environments

Here we assume that the hybrid qubit-qutrit system is affected by a classical environ-
ment implemented by random telegraph noise (RTN) with a Lorentzian spectrum. It is
a famous class of non-Gaussian noises used to generate the low-frequency 1

f α noise both
theoretically and experimentally. It is also responsible for coherent dynamics in quantum
solid-state nanodevices [94–96]. Physically, the RTN may result from one of the following
scenarios: (i) charges flipping between two locations in space (charge noise); (ii) electrons
trapping in shallow subgap formed at the boundary between a superconductor and an
insulator (noise of critical current); and (iii) spin diffusion on a superconductor surface
generated by the exchange mediated by the conduction electrons (flux noise) [97,98]. The
Hamiltonian of the qubit–qutrit system under the RTN is given by

H(t) =H0 +HI

H0 = ∑
k=A,B

εkSZ
k ,HI = ∑

k=A,B
[JkLk(t) + JcC(t)]Sk

z, (32)

where εk denote the energy of an isolated qubit (qutrit), SA
z = σz and SB

z represent the spin
operators of, respectively, the qubit and the qutrit in the z-direction. Moreover, Jk and Jc
represent the coupling strengths of each marginal system to the local and non-local RTN,
such that we consider two types of system-environment interactions, namely

(1) Local or independent environments (ie): Jk = ν �= 0 and Jc = 0;
(2) Non-local or common environments (ce): Jk = 0 and Jc = ν �= 0.

Furthermore, Lk(t) and C(t) denote the random variables used to introduce the
stochastic processes. They are used to describe the different conditions under which
the subsystems undergo decoherence due to the environment. Here, they represent clas-
sical random fluctuating fields such as bistable fluctuators flipping between two fixed
values ±m at rates γk and γ, respectively. For simplicity, we assume that γk = γ.
For the autocorrelation function of the random variable η(t) = {Lk(t); C(t)} we have
〈δη(t)δη(t′)〉 = exp[−2γ|t − t′|] with a Lorentzian power spectrum S(ω) = 4γ

ω2+γ2 . Defin-
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ing the parameter q = γ
ν , we can identify two regimes for the dynamics of quantum

correlations: the Markovian regime (q � 1: fast RTN), and the non-Markovian regime
(q � 1: slow RTN). The time-evolving state of the system under the influence of the RTN is
given by

ρ({η}, t) = U({η}, t)ρ(0)U†({η}, t). (33)

in which the time-evolution operator U({η}, t) called the stochastic unitary operator in the
interaction picture is given by

U({η}, t) = exp
[
−i
∫ t

0
HI
(
t′
)
dt′
]

. (34)

where η(t) = {Lk(t); C(t)} stands for the different realizations of the stochastic process.
Because U({η}, t) depends on the noise, we should perform the ensemble average over the
noise fields to obtain the reduced density matrix of the open system, i.e.,

ρie(ce) = 〈ρ({η}, t)〉η(t). (35)

The evolved state of the system in the presence of independent environments (ie) and
collective environments (ce) is obtained as

ρie(t) = 〈〈ρ(θA(t), θB(t), t)〉θA〉θB

ρce(t) = 〈ρ(θ(t), t)〉θ ,
(36)

where θk(t) = ν
∫ t

0 Lk(t′)dt′ (k = A, B) and θ(t) = ν
∫ t

0 C(t′)dt. Calculation of the above
terms requires the computation of averaged terms of the type 〈e±inθ〉 (n ∈ N) given by [99]

〈einθ〉 = Dn(τ) = 〈cos (nθ)〉 ± i〈sin (nθ)〉,
〈sin (nθ)〉 = 0,

(37)

〈cos (nθ)〉 =

⎧⎨⎩e−qτ
[
cosh

(
ξqnτ

)
+ q

ξqn
sinh

(
ξqnτ

)]
, q > n

e−qτ
[
cos
(
ξnqτ

)
+ q

ξnq
sin
(
ξnqτ

)]
, q < n

where ξab =
√

a2 − b2 ((a, b) = n, q), and τ = νt denotes the scaled (dimensionless)
time [71].

Pure initial state in the presence of independent classical environments. Here, we
assume that each of the qubits and qutrits interact locally with local RTN, while the
composite system starts with the pure initial state in Equation (25). For this case, the
elements of evolved density matrix are given in Appendix A.2. Then the HSS is obtained as

HSS =
1
6

√
D2

1(τ) + 2D2
2(τ) + D2

2(τ)D2
1(τ) + D4

2(τ). (38)

In Figure 4, we illustrate the time behaviors of the negativity, MID and HSS in the
non-Markovian regime as a function of the dimensionless time. It is clear that when the
entanglement sudden death occurs, the HSS and MID synchronously oscillate with time as
they are suppressed to the minimum value and then rise. Moreover, at the first revival of
the measures, the minimum point of the HSS exactly coincides with that of the negativity.
After that moment we see that maximum (minimum) points of the HSS are in complete
coincidence with maximum (minimum) points of the negativity as well as the MID. This
perfect qualitative agreement between HSS and entanglement or quantum correlations is
evidence that the HSS-based witness can precisely detect non-Markovianity in the presence
of classical noises.
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Figure 4. Evolution of negativity, MID and HSS as a function of dimensionless time τ = νt when each
subsystem of the hybrid qubit–qutrit system, starting from the initial pure state, is independently
subject to a random telegraph noise in non-Markovian regime q = 0.1.

Mixed initial state in the presence of independent classical environments. Now we
compare the dynamics of the HSS, obtained from the initial pure state of Equation (25),
with the evolution of the negativity and quantum correlation computed for the initial
mixed state of Equation (27). The evolved density matrix, the corresponding negativity and
quantum correlation are obtained from, respectively, Equations (29)–(31) replacing F with
D2(τ)

2.
Figure 5 exhibits this comparison for different values of the entanglement parameter p.

Not considering the periods when the sudden death of the entanglement occurs, we observe
that the maximum and minimum points of the measures are very close to each other and
small deviations originate from the fact that the initial state, used for computation of the
HSS-based measure, should be optimized over all possible parametrizations. Therefore,
the HSS-based measure remains as a valid non-Markovianity identifier in the presence of
the classical noises.

Mixed initial state in the presence of a common classical environment. Let us now
compare the dynamics of the HSS, obtained as usual from the initial pure state of Equa-
tion (25) by definition, with the evolution of the negativity and quantum correlation
computed for the initial mixed state of Equation (27), when both the qubit and the qutrit
are embedded into a common RTN source in the non-Markovian regime. The elements
of the evolved dynamical density matrix are given in Appendix A.3. Then, one can easily
determine the HSS as

HSS =
1
6

√
D1(τ)

2 + 2D2(τ)
2 + D3(τ)

2 + D4(τ)
2. (39)
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Figure 5. Comparing the evolution of negativity and MID computed for the initial mixed state of the
hybrid qubit–qutrit system, when each subsystem is independently coupled to a random telegraph
noise, with HSS (obtained from the initial pure state) for different values of the entanglement
parameter p in the non-Markovian regime: q = 0.1.

Moreover, the evolved density matrix of the hybrid qubit–qutrit system for the initial
mixed state of Equation (27) is obtained as

ρ(t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

p
2 0 0 0 0 p

2F eiφ

0 p
2 0 0 0 0

0 0 1−2p
2

1−2p
2 0 0

0 0 1−2p
2

1−2p
2 0 0

0 0 0 0 p
2 0

p
2F e−iφ 0 0 0 0 p

2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (40)

where F = D4(τ).
As a consequence, we find that the negativity and MID are, respectively,

N =
1
4
[(p − 1) + |3p − 1|+ |(1 − 2p)− pF|+ |(1 − 2p) + pF|], (41)

M =(1 − 2p) +
p
2
(1 +F ) log (1 +F ) +

p
2
(1 −F ) log (1 −F ). (42)

For common environments, we know that mutual interaction between subsystems,
induced by the common environment, may lead to the preservation of correlations or even
result in creation of quantum correlations between the subsystems [82,100–102]. Therefore,
revivals of the quantum correlations cannot be necessarily linked to pure non-Markovianity
effects and hence we do not expect complete consistency between the HSS and quantum
correlations behaviors (see Figure 6 demonstrating this feature of common environments
causing the MID to fail in detecting non-Markovianity). Except for these situations, we see
that the maximum (minimum) points of the HSS computed for the initial pure state are
very close to those of the MID calculated for the initial mixed state.

It should be noted that the classical environments cannot store any quantum correla-
tions on their own, and hence they do not become entangled with their respective quantum
systems. Accordingly, common interpretation of non-Markovianity in accordance with
inflow (outflow) of information to (from) the system may be problematic in the presence of
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the RTN and other similar classical noises [47,103]. In other words, it is somewhat mislead-
ing to talk about information flow from the system(s) to the environment(s) or information
backflow from the environment(s) to the system(s). The better interpretation is to say that
the quantum system has a recording memory of the events affecting its dynamics. When
the quantum memory starts remembering, the information about the past events becomes
accessible, leading to revival of the quantum correlations and hence to the appearance of
quantum non-Markovianity [104].

Figure 6. Comparing the evolution of negativity and MID computed for the initial mixed state of
the hybrid qubit–qutrit system, when its subsystems are subject to a common RTN source, with HSS
(obtained from the initial pure state) for different values of the entanglement parameter p in the
non-Markovian regime: q = 0.1.

3.2.3. Composite Classical-Quantum Environments

Here we investigate a hybrid system formed by a qubit subjected to a random tele-
graph noise and a qutrit independently subjected to a squeezed vacuum reservoir. The
Hamiltonian of such a system can be written as

H = Hqb(t)⊗ Iqt + Iqb ⊗Hqt(t). (43)

where Iqb(qt) denotes the identity operator acting on the subspace of the qubit (qutrit).
Moreover, the Hamiltonians of the local interaction of the qubit and qutrit, Hqb(t) and
Hqt(t), as well as their corresponding evolution operators, Uqb(θ, t) and Uqt(θ, t) can be
extracted from Sections 3.2.2 and 3.1. In addition, one can consider the unitary evolution
operator of the system as U = Uqb(θ, t)⊗ Uqt(t). Then, the evolved density matrix of the
this system can then be obtained by averaging the unitary evolved density matrix over the
stochastic process induced by the RTN.

Pure initial state. The elements of the evolved density matrix when starting from the
pure state of Equation (25) are given in Appendix A.4, leading to the following expression
for the HSS:

HSS =
1
6

√(
e−2γ(t) + e−8γ(t)

)(
1 + D2(τ)

2
)
+ D2(τ)

2. (44)

The time behaviors of negativity, MID and HSS are shown in Figure 7 illustrating that
all measures exhibit simultaneous oscillations with time such that their maximum and
minimum points exactly coincide. This excellent agreement confirms the faithfulness of the
HSS-based measure to detect memory effects.
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Figure 7. Evolution of negativity, MID and HSS as a function of dimensionless time τ when the
subsystems of the hybrid qubit–qutrit system, starting from the initial pure state, are independently
subject to composite classical-quantum environments. The values of the other parameters are given
by α = 0.1, ωc = 20 ω0, r = 0.3, and ν = 100.

Mixed initial state. Using Equation (27) as the initial state and computing the evolved
state of the system (see Appendix B.4), we find that the the negativity and MID, respectively,
are in the form of Equations (30) and (31) with F = D2(τ)e−4γ(t). In Figure 8, the dynamics
of negativity and MID, obtained for the initial mixed state, has been compared with that of
the HSS (computed for the initial pure state) in the non-Markovian regime.

Figure 8. Comparing the evolution of the negativity and MID, computed for the initial mixed state
of the hybrid qubit–qutrit system, when the subsystems are independently subject to composite
classical-quantum environments, with the HSS obtained from the initial pure state for different values
of the entanglement parameter p in the non-Markovian regime: q = 0.1. The values of the other
parameters are given by α = 0.1, s = 3, ωc = 20 ω0, p = 0 and v = 100.
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The related analyses are similar to those in the above discussed scenarios, showing
that the HSS-based witness may be a proper non-Markovianity identifier even if the initial
state of high-dimensional systems is not pure.

4. Conclusions

Recently, the HSS-based witness, a quantifier of quantum statistical speed which has
the advantage of avoiding the diagonalization of the evolved density matrix, has been
introduced as a trustful witness of non-Markovianity in low-dimensional systems [61]. In
this work, we have generalized this result showing that the proposed witness is a bona-
fide identifier of non-Markovianity for high-dimensional and multipartite open quantum
systems with finite Hilbert spaces. This result stems from the observation that the HSS-
based witness is in perfect agreement with established non-Markovianity identifiers based
on the dynamical breakdown of monotonicity for quantum information resources, such
as negativity and measurement-induced disturbance. We have found that, despite the
common interpretation of non-Markovianity in terms of backflow of information from the
environment to the system may be problematic [6], the HSS-based witness is capable to
detect memory effects of the evolved quantum system.

In order to construct a non-Markovianity measure on the basis of a geometric distance
between two quantum states, one of desirable properties is that the distance is contractive,
i.e., nonincreasing under any completely positive trace preserving (CPTP) map. It has
been shown that the HSS is contractive under CPTP maps in low-dimensional Hermitian
systems [61]. Checking all of the dynamical cases presented here, we have found that the
contractivity of the HSS holds not only in low dimensional systems but also in finite high-
dimensional ones. Recently, an HSS-like measure has been used to analyze the quantum
speed limit for continuous-variable systems following Gaussian preserving dynamics [105].
Therefore, our results also motivate further studies about HSS applications in detecting
non-Markovianity in continuous variable systems.

By definition, the HSS-based witness of memory effects is obtained by maximizing
the speed of a classical distance measure between the probability distributions, over all
quantum measurements. This, as a prospect, may induce the idea of the the possibility to
use classical-like description of density matrix properties in probability representation of
quantum mechanics.

Recently, K. Goswami et al. [106] have reported a quantum-optics experimental setup
to implement a non-Markovian process—specifically, a process with initial classical correla-
tions between system and environment. It should be noted that in all systems investigated
in this paper we have adopted the usual assumption that the system and its environment
are initially uncorrelated. It would be interesting to generalize the application of the HSS-
based non-Markovianity witness to scenarios in which initial correlations between the
system and environment rise. This will be studied in detail in our future work.
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Appendix A. Pure Hybrid Qubit–Qutrit Evolved Density Matrix

This appendix presents the elements of the evolved density matrix of hybrid qubit–
qutrit system, starting from the initial pure state of Equation (25), in the presence of quantum
and classical noises. This evolved state is required for the assessment of non-Markovianity
via the HSS-based witness.

Appendix A.1. Squeezed Vacuum Reservoirs

The elements of the evolved density matrix, when each subsystem of the hybrid qubit–
qutrit system is independently subject to a squeezed vacuum reservoir, in the computational
basis |00〉 , |01〉 , |02〉 , |10〉 , |11〉 , |12〉 are given by

ρ11(t) = ρ22(t) = ρ33(t) = ρ44(t) = ρ55(t) = ρ66(t) =
1
6

,

ρ12(t) = ρ14(t) = ρ∗21(t) = ρ∗41(t) =
1
6

eiφe−γ(t),

ρ13(t) = ρ∗31(t) =
1
6

eiφe−4γ(t), ρ15(t) = ρ∗51(t) =
1
6

e−2γ(t),

ρ16(t) = ρ∗61(t) = eiφe−5γ(t),

ρ23(t) = ρ25(t) = ρ32(t) = ρ36(t) = ρ45(t) = ρ52(t) = ρ54(t) = ρ56(t) (A1)

= ρ63(t) = ρ65(t) =
1
6

e−γ(t),

ρ46(t) = ρ64(t) =
1
6

e−4γ(t),

ρ24(t) = ρ26(t) = ρ35(t) = ρ42(t) = ρ53(t) = ρ62(t) =
1
6

e−2γ(t),

ρ34(t) = ρ43(t) =
1
6

e−5γ(t).

Appendix A.2. Independent Random Telegraph Noise

The elements of the evolved density matrix, when each subsystem of the hybrid
qubit–qutrit system is independently subject to the classical random telegraph noise, can
be obtained as

ρ11(t) = ρ22(t) = ρ33(t) = ρ44(t) = ρ55(t) = ρ66(t) =
1
6

ρ12(t) = ρ∗21(t) =
1
6

eiφD1(τ)

ρ23(t) = ρ32(t) = ρ45(t) = ρ54(t) = ρ56(t) = ρ65(t) =
1
6

D1(τ)

ρ13(t) = ρ14(t) = ρ∗31(t) = ρ∗41(t) =
1
6

eiφD2(τ)

ρ25(t) = ρ36(t) = ρ46(t) = ρ52(t) = ρ63(t) = ρ64(t) =
1
6

D2(τ) (A2)

ρ15(t) = ρ∗51(t) =
1
6

eiφD2(τ)D1(τ)

ρ24(t) = ρ26(t) = ρ35(t) = ρ42(t) = ρ53(t) = ρ62(t) =
1
6

D2(τ)D1(τ)

ρ16(t) = ρ∗61(t) =
1
6

eiφD2
2(τ)

ρ34(t) = ρ43(t) =
1
6

D2
2(τ).
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Appendix A.3. Common Random Telegraph Noise

The elements of the evolved density matrix, when the qubit and qutrit are subject to a
common RTN source, are given by

ρ11(t) = ρ22(t) = ρ33(t) = ρ44(t) = ρ55(t) = ρ66(t) =
1
6

ρ12(t) = ρ∗21(t) =
1
6

eiφD1(τ)

ρ23(t) = ρ32(t) = ρ24(t) = ρ42(t) = ρ35(t) = ρ53(t) =

ρ45(t) = ρ54(t) = ρ56(t) = ρ65(t) =
1
6

D1(τ)

ρ13(t) = ρ14(t) = ρ∗31(t) = ρ∗41(t) =
1
6

eiφD2(τ)

ρ25(t) = ρ36(t) = ρ46(t) = ρ52(t) = ρ63(t) = ρ64(t) =
1
6

D2(τ) (A3)

ρ15(t) = ρ∗51(t) =
1
6

eiφD3(τ)

ρ24(t) = ρ26(t) = ρ35(t) = ρ42(t) = ρ53(t) = ρ62(t) =
1
6

D2(τ)D1(τ)

ρ16(t) = ρ∗61(t) =
1
6

eiφD4(τ)

ρ34(t) = ρ43(t) =
1
6

.

Appendix A.4. Composite Classical-Quantum Environments

The elements of the evolved density matrix, when the qubit and qutrit are indepen-
dently subject to, respectively, random telegraph noise channel and squeezed vacuum
reservoirs, can be obtained as

ρ11(t) = ρ22(t) = ρ33(t) = ρ44(t) = ρ55(t) = ρ66(t) =
1
6

ρ12 = ρ∗21 =
1
6

eiφe−γ(t)

ρ23(t) = ρ32(t) = ρ45(t) = ρ54(t) = ρ56(t) = ρ65(t) =
1
6

e−γ(t)

ρ13(t) = ρ∗31(t) =
1
6

eiφe−4γ(t)

ρ14(t) = ρ∗41(t) =
1
6

eiφD2(τ)

ρ15(t) = ρ∗51(t) =
1
6

eiφD2(τ)e−γ(t) (A4)

ρ16(t) = ρ∗61(t) =
1
6

eiφD2(τ)e−4γ(t)

ρ25(t) = ρ36(t) = ρ52(t) = ρ63(t) =
1
6

D2(τ)

ρ24(t) = ρ26(t) = ρ35(t) = ρ42(t) = ρ53(t) = ρ62(t) =
1
6

D2(τ)e−γ(t)

ρ34(t) = ρ43(t) =
1
6

D2(τ)e−4γ(t)

ρ46(t) = ρ64(t) =
1
6

e−4γ(t).
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Appendix B. Mixed Hybrid Qubit–Qutrit Evolved Density Matrix

This appendix presents the elements of the evolved density matrix of hybrid qubit–
qutrit system, starting from the initial mixed state of Equation (27), in the presence of
quantum and classical noises.

Appendix B.1. Squeezed Vacuum Reservoirs

The elements of the evolved density matrix, when each subsystem of the hybrid
qubit–qutrit system is independently subject to a squeezed vacuum reservoir, are given by

ρ(t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

p
2 0 0 0 0 p

2F
0 p

2 0 0 0 0
0 0 1−2p

2
1−2p

2 F 0 0
0 0 1−2p

2 F 1−2p
2 0 0

0 0 0 0 p
2 0

p
2F 0 0 0 0 p

2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (A5)

and the partial transpose with respect to the subsystem A is

(
ρ(t)AB

)TA
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

p
2 0 0 0 0 1−2p

2 F
0 p

2 0 0 0 0
0 0 1−2p

2
p
2F 0 0

0 0 p
2F

1−2p
2 0 0

0 0 0 0 p
2 0

1−2p
2 F 0 0 0 0 p

2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (A6)

where the F = e−5γ((t)).

Appendix B.2. Independent Random Telegraph Noise

The elements of the evolved density matrix, when each subsystem of the hybrid qubit–
qutrit system is independently subject to the classical random telegraph noise, are given by
Equation (A5) with F = D2(τ)

2.

Appendix B.3. Common Random Telegraph Noise

The evolved density matrix, when the qubit and qutrit are subject to a common RTN
source, is given by

ρ(t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

p
2 0 0 0 0 p

2F
0 p

2 0 0 0 0
0 0 1−2p

2
1−2p

2 0 0
0 0 1−2p

2
1−2p

2 0 0
0 0 0 0 p

2 0
p
2F 0 0 0 0 p

2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (A7)

where F = D4(τ).

Appendix B.4. Composite Classical-Quantum Environments

The elements of the evolved density matrix, when the qubit and qutrit are indepen-
dently subject to, respectively, random telegraph noise channel and squeezed vacuum
reservoirs, are given by Equation (A5) with F = D2(τ)e−4γ(t).
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Abstract: Landauer’s principle provides a fundamental lower bound for energy dissipation occur-
ring with information erasure in the quantum regime. While most studies have related the entropy
reduction incorporated with the erasure to the lower bound (entropic bound), recent efforts have also
provided another lower bound associated with the thermal fluctuation of the dissipated energy (ther-
modynamic bound). The coexistence of the two bounds has stimulated comparative studies of their
properties; however, these studies were performed for systems where the time-evolution of diagonal
(population) and off-diagonal (coherence) elements of the density matrix are decoupled. In this paper,
we aimed to broaden the comparative study to include the influence of quantum coherence induced
by the tilted system–reservoir interaction direction. By examining their dependence on the initial
state of the information-bearing system, we find that the following properties of the bounds are
generically held regardless of whether the influence of the coherence is present or not: the entropic
bound serves as the tighter bound for a sufficiently mixed initial state, while the thermodynamic
bound is tighter when the purity of the initial state is sufficiently high. The exception is the case
where the system dynamics involve only phase relaxation; in this case, the two bounds coincide when
the initial coherence is zero; otherwise, the thermodynamic bound serves the tighter bound. We also
find the quantum information erasure inevitably accompanies constant energy dissipation caused by
the creation of system–reservoir correlation, which may cause an additional source of energetic cost
for the erasure.

Keywords: Landauer’s principle; quantum coherence; energy dissipation

1. Introduction

Information processing accompanies inevitable energy dissipation. According to
Landauer’s principle [1], the ultimate source of energy dissipation is information erasure,
and it is bounded from below by the corresponding reduction in informational entropy.
The principle establishes a fundamental link between information theory and thermody-
namics [2–5]. In the classical regime, its validity has been proven for a wide range of
systems, both theoretically [6,7] and experimentally [8–11]. In recent years, rapid develop-
ments in quantum technologies stimulate generalizations of the principle to the quantum
regime [7,12,13]. Remarkably, in Ref. [13], Reeb and Wolf provided a clear framework for
quantum information erasure and successfully derived a quantum version of Landauer’s
principle, which states that the energy dissipation occurred with the quantum information
erasure is lower-bounded by the corresponding reduction of the von Neumann entropy
of the information-bearing system. Since energy dissipation is ubiquitous in quantum
operations, its clear understanding is intrinsically important both from fundamental and
practical viewpoints. In this regard, several studies have examined the lower bound for the
energy dissipation in quantum information processing [14–19] or operation of quantum
heat engine [20,21].

Despite the conventional Landauer’s principle being rooted in the information theory,
recent studies in quantum thermodynamics provide another lower bound related to the
thermal fluctuation of the dissipated energy [22,23]. Because of its completely different
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physical origin from the entropic lower bound, subsequent comparative studies on the
relative tightness of the two bounds have been stimulated [22–25]. In these studies, the two
bounds are compared for systems where a single two-level system transversally contacts
with finite [22–24] or infinite [25] reservoirs. For the transversal interaction, the dynamics
of the population and the coherence are decoupled. Under the assumption, they clarified
the following generic features: for the systematically changed initial state of the system, the
thermodynamic bound depends only on the initial population, whereas the entropic bound
is relevant to the initial coherence. Since the interplay between the population and the
coherence is one of the most significant aspects of quantum operations, it is highly desirable
to extend the studies to a more generic system–reservoir interaction. Indeed, a number of
recent studies [26,27] address the influence of quantum coherence on energy dissipation by
evaluating the entropic bound in the presence of longitudinal system–reservoir interaction.
Our main aim in the present paper is to proceed in this direction to the comparative study
of the two bounds.

In this paper, we provide a systematic study of the relative tightness of the bounds
for the spin–boson model consisting of a single spin-1/2 and an infinitely large bosonic
reservoir with a tilted system–reservoir interaction direction. By adjusting the angle of the
interaction direction, we control the coupling between the population and the coherence.
Our analysis is based on the full-counting statistics (FCS) formalism of the bounds [23]
with the time-convolutionless type quantum master equation, which is time-local even
beyond the Markov approximation [25,28–30]. With this formalism, we show that the
above-summarized trends of the bounds reported in Ref. [25] hold even under the influence
of quantum coherence. We also point out that Reeb and Wolf’s quantum information
erasure protocol inevitably accompanies constant energy dissipation caused by the creation
of system–reservoir correlation, which may cause an additional source of energetic cost for
the erasure.

2. Thermal Quantum Information Erasure

In the original work Ref. [1], R. Landauer argued to “erase” or “reset” a classical
bit by interacting it with a “thermal reservoir” or “energy sink”, and bringing it to a
“definite” state. In the quantum regime, a general framework of the information erasure
was formulated in Ref. [13], which satisfies the following prerequisites:

1. the protocol involves an information-bearing system S and a thermal reservoir R, both
described by certain Hamiltonians, denoted HS and HR, respectively,

2. the reservoir R is initially in the thermal equilibrium with a certain inverse temperature
β, ρR(0) = ρ

eq
R ≡ exp(−βHR)/ TrR[exp(−βHR)], where ρR(t) is the reduced density

operator of R,
3. the system S and the reservoir R are initially uncorrelated, ρtot(0) = ρS(0) ⊗ ρ

eq
R ,

where ρtot(0) is the total density operator of S+R and ρS(t) is the reduced density
operator of S,

4. the erasure process itself proceeds by a unitary evolution generated by the total
Hamiltonian H = HS + HR + HSR, where HSR is an interaction between S and R.

Following the above framework, we consider a specific protocol of a quantum infor-
mation erasure: we erase an information content of a spin S by interacting it with an infinite
bosonic reservoir R until it reaches a steady-state satisfying dρS(t)/dt = 0.

3. Lower Bounds for the Energy Dissipation

The above-formulated information erasure accompanies unavoidable energy exchange,
or “energy dissipation”, between the system and the reservoir. The actual amount of the
dissipated energy can be evaluated as

〈ΔQ〉 = TrR[HR(ρR(t)− ρR(0))]. (1)
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Landauer’s principle claims that the dissipated energy has a lower bound, meaning
that the information erasure requires a specific energetic cost, and it may not be zero. In
the present paper, we systematically compare two lower bounds with different physical
origins: (a) the entropic bound defined by the entropy change during the erasure process
and (b) the thermodynamic bound defined by the thermal fluctuation of the dissipated
energy. Let us briefly review each bound in the rest of the present section.

3.1. Entropic Bound

In Ref. [13,31], an equality for the dissipated energy 〈ΔQ〉 was derived

β〈ΔQ〉 = ΔS + I(S′; R′) + D(ρR(t)||ρR(0)), (2)

where ΔS ≡ S(ρS(0))− S(ρS(t)), with von Neumann entropy S(ρS) ≡ −TrS[ρ ln ρS], is
the entropy decrease in the system, I(S′; R′) ≡ S(ρS(t)) + S(ρR(t)) − S(ρtot(t)) is the
mutual information between S and R, quantifying the correlation building up between
S and R, and D(ρR(t)||ρR(0)) ≡ TrE[ρR(t) ln ρR(t)] − TrR[ρR(t) ln ρR(0)] is the relative
entropy in R representing the increase in free energy in the environment [31]. Because any
deviation from the initial preparation of the total system, the second and third prerequisites,
creates a system–reservoir correlation or free energy in the environment, both I(S′; R′)
and D(ρR(t)||ρE(0)) are positive in the quantum information erasure process [13,31]. The
equality thus provides the quantum version of Landauer’s inequality

β〈ΔQ〉 ≥ ΔS, (3)

which states that the dissipated energy (Equation (1)) is bounded from below by the
corresponding reduction of the von Neumann entropy

BE ≡ 1
β

ΔS, (4)

We thus refer to (4) as the entropic bound.

3.2. Thermodynamic Bound

Recently, growing interest in the thermodynamics of quantum systems has induced
a closer examination of the relation between the dissipated energy and its fluctuation in
the quantum information erasure process [22]. By considering the probability distribution
function (pdf) P(ΔQ) for the net energy dissipation during the erasure process, the pos-
itiveness of the pdf and the convexity of the Boltzmann factor for the dissipated energy,
∂2e−βΔQ/∂(ΔQ)2 ≥ 0, allow using the well-known Jensen’s inequality to have the relation

β〈ΔQ〉 ≥ − ln〈e−βΔQ〉, (5)

where the statistical average is taken over the pdf as 〈e−βΔQ〉 =
∫ ∞
−∞ dΔQe−βΔQP(ΔQ).

The inequality implies that the dissipated energy is bounded from below by the quantity

BT ≡ − 1
β

ln〈e−βΔQ〉. (6)

We thus refer to (6) as the thermodynamic bound.

4. Full-Counting Statistics Formalism

The dissipated energy 〈ΔQ〉 and the thermodynamic bound BT can be evaluated by
using the full counting statistics (FCS) based on a two-point projective measurement of the
reservoir energy HR [23,30,32]. The measurement scheme is summarized as follows: first,
at τ = 0, we measure HR to obtain an outcome E0, secondly, during 0 ≤ τ ≤ t, the system
undergoes a time evolution brought by the system–reservoir coupling, finally, at τ = t, we
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measure HR once again to obtain another outcome Et. The net amount of dissipated energy
during the time interval t is therefore given by ΔQ = Et − E0, where its sign is chosen to be
positive when the energy is transferred from the system to the environment. The statistics
of ΔQ are summarized in its probability distribution function

P(ΔQ, t) ≡ ∑
Et ,E0

δ[ΔQ − (Et − E0)]P[Et, E0], (7)

with the joint probabilities obtainning the measurement outcomes

P[Et, E0] ≡ Tr[PEt U(t, 0)PE0W(0)PE0U†(t, 0)PEt ], (8)

where PEτ represents the eigenprojector of HR associated with the eigenvalue Eτ , U(t, 0)
represents the unitary time evolution of the total system, and W(0) is the initial state of the
total system. Cumulants of ΔQ are provided by the cumulant generating function (cgf)

Θ(χ, t) ≡ ln
∫ ∞

−∞
dΔQP(ΔQ, t)e−χΔQ, (9)

where χ is the counting field associated with ΔQ, e.g., the mean value is given by the first
derivative of cgf as

〈ΔQ〉 = ∂Θ(χ, t)
∂(−χ)

∣∣∣∣
χ=0

. (10)

Despite the usual definition of the cgf employing the mean value of eiχΔQ [32], here
we employ e−χΔQ. This change enables us to make a direct connection between the cgf and
the mean value of the Boltzmann factor in Equation (6) as

Θ(β, t) = ln
∫ ∞

−∞
dΔQP(ΔQ, t)e−βΔQ = ln〈e−βΔQ〉. (11)

Thus, the thermodynamic bound is directly obtained from the cgf as

BT(t) = − 1
β

Θ(β, t). (12)

The full-counting statistics provides a systematic procedure to evaluate the cgf [32].
By using Equations (7) and (8), and introducing the evolution operator modified to include
the counting field χ by U(χ)(t, 0) ≡ e−χHR/2U(t, 0)e+χHR/2 with W̄(0) ≡ ∑E0

PE0W(0)PE0 ,
we have

Θ(χ, t) = ln TrS[ρ
(χ)(t)], (13)

where ρ(χ)(t) ≡ TrR[U(χ)(t, 0)W̄(0)U(−χ)−1(t, 0)] is the density operator including the
counting field. Note that for χ = 0, ρ(χ)(t) reduces to the usual reduced density operator
for the system S as ρ(0)(t) = TrR[W(t)]. Under the factorized intial condition assumed
in the quantum information erasure, the time evolution of the density operator can be
described by the time-convolutionless type quantum master equation [28,33–41]

d
dt

ρ(χ)(t) = ξ(χ)(t)ρ(χ)(t). (14)

The superoperator ξ(χ)(t) generates time evolution of ρ(χ)(t). Taking up to the second
order in its cumulant expansion with respect to the system–reservoir interaction HSR [40],
the superoperator is given by

ξ(χ)(t)ρS = − i
h̄
[HS, ρS] + K(χ)

2 (t)ρS, (15)
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with

K(χ)
2 (t)ρS ≡ − 1

h̄2

∫ t

0
dτ TrR[HSR, [HSR(−τ), ρS ⊗ ρ

eq
R ]χ]χ, (16)

where HSR(t) ≡ ei(HS+HR)t/h̄ HSRe−i(HS+HR)t/h̄, and [X, Y]χ ≡ X(χ)Y−YX(−χ) with X(χ) ≡
e−χHR/2Xe+χHR/2. We note that the familiar master equation describing the time evolution
of the usual density operator is recovered by taking χ = 0 on Equation (14).

With these formalisms, the mean value of the dissipated energy 〈ΔQ〉, the entropic
bound BE, and the thermodynamic bound BT are respectively expressed as

〈ΔQ〉 =
∫ t

0
TrS

[
∂ξ(χ)(τ)

∂(−χ)

∣∣∣∣
χ=0

ρ
(0)
S (τ)

]
dτ, (17)

(see Ref. [28] for details)

BE(t) =
1
β
(S(ρ(0)S (0))− S(ρ(0)S (t))), (18)

and
BT(t) = − 1

β
Θ(β, t) = − 1

β
ln TrS[ρ

(β)
S (t)]. (19)

5. Spin—Boson Model

5.1. Model

For simplicity, we hereafter use units with h̄ = 1. As a working model, we consider a spin–
boson model consisting of a single spin-1/2 system (S) and an infinitely large bosonic reservoir
(R). The Hamiltonian for the system consists of three terms H = HS + HR + HSR, with

HS =
ω0

2
σz, HR = ∑

k
ωkb†

k bk (20)

where σz,x denote the Pauli matrices, ω0 denotes the energy difference between the excited
state and the ground state of the spin, ωk is energy of the k-th bosonic mode of the reservoir
and bk (b†

k ) annihilation (creation) operator for the boson. The bosonic reservoir is bilinearly
coupled to the spin, and the interaction direction is tilted θ ∈ [0, π] from the x-axis

HSR = (cos θσx + sin θσz)⊗ BR, (21)

with BR ≡ ∑k(gkb†
k + g∗k bk), where gk is the coupling strength between the system and

the k-th bosonic mode. By adjusting the parameter θ, we can control the direction of the
system–reservoir interaction. For θ = 0, π, the system–reservoir interaction is transversal,
thus the dynamics of the population and the coherence is decoupled as in the case of
the previous study [25]. For θ = π/2, the system Hamiltonian HS commutes with the
interaction Hamiltonian HSR, thus the system energy is invariant. In the sense that the
dynamics include only phase relaxation, this case corresponds to pure dephasing.

We note that the above-presented model is equivalent to a system consisting of a single
spin subjected to a tilted magnetic field and the bosonic reservoir as shown in Appendix B.
Even adjusting the system–reservoir interaction is challenging to realize experimentally,
applying the tilted magnetic field to the spin may be much easier.

5.2. The Bloch Vector Representation

By assuming a sufficiently weak system–reservoir coupling, we employ the second-
order TCL master equation (Equations (14)–(16)) to describe the thermalization process
of the system. In this paper, we focus on the interplay between the dynamics of the
population and the coherence. For this purpose, it is convenient to introduce the Bloch
vector representation of the density operator because its x, y- and z-components respectively
represent coherence and population.
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In the presence of the counting field, the density operator of the spin ρ
(χ)
S (t) is represented

by the Bloch vector including the counting field v(χ)(t) = (v(χ)x (t), v(χ)y (t), v(χ)z (t), v(χ)0 (t))T

with v(χ)μ (t) ≡ TrS[σμρ
(χ)
S (t)] (μ = x, y, z, 0), where σ0 ≡ I is the identity operator. The

fourth component is required because the unity of the trace of ρ
(χ)
S (t) is not held for

χ �= 0. Because the density operator ρ
(χ)
S (t) is reduced to the ordinary density operator

for χ = 0, the Bloch vector is also reduced to the ordinary Bloch vector as v(0)(t) =

(v(0)x (t), v(0)y (t), v(0)z (t), 1)T.
Using the Bloch vector representation, the master equation (Equation (14)) is cast into

the form as
d
dt

v(χ)(t) = G(t)v(χ)(t), (22)

with the 4 × 4 matrix

G(χ)(t) =

(
A(χ)

11 (t) A(χ)
12 (t)

A(χ)
21 (t) A(χ)

22 (t)

)
, (23)

where A(χ)
ij (t) (i, j = 1, 2) are 2 × 2 block matrices, whose lengthy expressions are sum-

marized in Appendix A. Among the four blocks, the diagonal blocks A(χ)
11 (t) and A(χ)

22 (t)
describe time-evolution of coherence and population, respectively. The off-diagonal blocks
A(χ)

12 (t) and A(χ)
21 (t) describe coupling between the coherence and the population. Impor-

tantly, the off-diagonal blocks A(χ)
12 and A(χ)

21 (Equations (A2) and (A3)) are proportional to
sin 2θ, thus they vanish for θ = 0, π as well as for θ = π/2. In this case, the time evolutions
of the population and the coherence are decoupled. Otherwise, for θ �= 0, π/2, π, the
quantum coherence influences the population dynamics. We also note that, for θ = π/2,
the diagonal block A(χ)

22 (t) vanishes for χ = 0, β indicating invariance of v(0)z (t), v(β)
z (t) and

v(β)
0 (t), (see Equations (A11) and (A12) in Appendix A). Physically, the dynamics involve

only dephasing but no population (energy) relaxation.
In terms of the Bloch vector, the bounds are formally expressed as

BE(t) = − ln
√

1 − |v(0)|2 − |v(0)|artanh|v(0)|
+ ln

√
1 − |v(t)|2 + |v(t)|artanh|v(t)|, (24)

with |v(t)| ≡
√
(v(0)x (t))2 + (v(0)y (t))2 + (v(0)z (t))2, and

BT(t) = − ln(v(β)
0 (t)). (25)

Since the cumulant generating function is expressed as Θ(η, t) = ln v(η)0 (t), the mean
dissipated energy, Equation (17), is rewritten as

〈ΔQ〉 = ∂v(χ)0 (t)
∂(−χ)

∣∣∣∣
χ=0

. (26)

From these formal expressions, we find that both the thermodynamic bound BT(t)
and the mean dissipated energy 〈ΔQ〉 are associated with v(χ)0 (t). In contrast, the entropic

bound depends on the components v(χ)x,y,z(t).

6. Relative Tightness of the Bounds

We examine the relative tightness of the bound BT,E against the dissipated energy
〈ΔQ〉 in the presence of quantum coherence. Here, we regard a bound as tighter if the
bound takes a closer value to the dissipated energy. For this purpose, we numerically
evaluate the bounds and the dissipated energy using the expressions Equations (24)–(26).

94



Entropy 2022, 24, 548

In the following numerical calculations, the time interval t was taken sufficiently long
as the system reached the steady-state. To describe the system–reservoir coupling, we
use the Ohmic spectral density with the exponential cutoff J(ω) ≡ ∑k |gk|2δ(ω − ωk) =
λω exp[−ω/Ω], where λ is the coupling strength and Ω is the cutoff frequency. We choose
ω0 as the frequency unit for the numerical calculations.

6.1. Dependence on Initial State

Let us first examine the initial state dependence of the relative tightness in the case
where the time evolutions of the population and the coherence are coupled. In Figure 1,
we set θ = π/4 and plot values of the bounds and the dissipated energy for systematically
changed initial states. In panel (a), we show a 3D plot of the dissipated energy 〈ΔQ〉
(orange surface), the thermodynamic bound BT (blue surface), and the entropic bound BE

(red surface) with respect to v(0)z (0) and v(0)x (0) while setting v(0)y (0) = 0. Panels (b) and (c)

show cross-sections of the panel (a) at v(0)x (0) = 0 and at v(0)z (0) = 0, respectively. The
figures show that both bounds are always located below the dissipated energy, meaning
that both quantities properly bind from below the dissipated energy.

v(0)x ( ) v(0)z ( ) v(0)x ( )v(0)z ( )

〈 Q〉

BE

BT

〈 Q〉

BE

〈 Q〉

BE

BT BT

(a) (b) (c)

Figure 1. Dependences of the energy 〈ΔQ〉 and the bounds BT,E on the initial state of the system

for θ = π/4. The initial condition is chosen by changing v(0)x (0) and v(0)z (0) while fixing vy(0) = 0.
(a) 3D plot of 〈ΔQ〉 (orange surface), BT (blue surface) and BE (red surface) with respect to vx(0) and

vz(0). The purple circle indicates the surface of Bloch sphere with v(0)y (0) = 0. (b) cross-section of

the 3D plot at v(0)x (0) = 0 plotted with respect to v(0)z (0). (c) cross-section at v(0)z (0) = 0 plotted with

respect to v(0)x (0). For the numerical calculations, we set the parameters to λ = 0.01, Ω = 1, and
β = 1.

In the figures, we see the following difference: the dissipated energy 〈ΔQ〉 and the
thermodynamic bound BT monotonically decrease as vz(0) decreases but they are inde-
pendent of v(0)x (0), while the entropic bound BE depends isotropically on both v(0)x (0) and
v(0)z (0) and decreases for growing |v(0)|. Because of the difference, the relative tightness of
the bounds exhibits a clear boundary where the tightness switches; see the region where
the red surface intersects with the blue surface. As a consequence, the entropic bound
serves as the tighter bound if the initial state is sufficiently mixed as it is located near the
center of the Bloch sphere; in contrast, the thermodynamic bound is tighter if the purity
of the initial state is sufficiently high as it is located near the surface of the Bloch sphere.
These qualitative features of the bounds are in agreement with the case for θ = 0, where the
time evolutions of the population and the coherence are decoupled, studied in the previous
study in Ref. [25], indicating that the above-summarized dependencies of the bounds on
the initial state generically hold regardless of whether the dynamics are influenced by the
quantum coherence or not.

The only exception is the pure-dephasing case, θ = π/2, presented in Figure 2. In this
case, both of the dissipated energy 〈ΔQ〉 and the thermodynamic bound BT are constant
for arbitrary v(0)x (0) and v(0)z (0), while the entropic bound BE coincides with BT on v(0)z (0)
axis and it decreases as |v(0)x (0)| increases. We also see that the dissipated energy takes a
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non-zero (≈0.02) positive value, indicating that a certain amount of energy dissipation to
the reservoir occurs regardless of the initial state.

v(0)x ( ) v(0)z ( ) v(0)x ( )v(0)z ( )

〈 Q〉

BE

BT

〈 Q〉

BE

BT

〈 Q〉

BEBT

(a) (b) (c)

Figure 2. Dependences of the energy 〈ΔQ〉 and the bounds BT,E on the initial state of the system for
θ = π/2. (a) 3D plot of 〈ΔQ〉 (orange surface), BT (blue surface), and BE (red surface) with respect

to vx(0) and vz(0). (b) cross-section of the 3D plot at v(0)x (0) = 0 plotted with respect to v(0)z (0) = 0.

(c) cross-section at v(0)z (0) = 0 plotted with respect to v(0)x (0) = 0. For the numerical calculations, we
set the parameters to λ = 0.01, Ω = 1, and β = 1 (same as in Figure 1).

The constant energy dissipation can be understood from the uncorrelated initial
state ρtot(0) = ρS(0)⊗ ρ

eq
R (see the third prerequisite of the quantum information erasure

protocol in Section 2) and the invariance of the system energy. Since the total system is
prepared in the uncorrelated state, the exchange of energy driven by the interaction HSR
creates a system–reservoir correlation, which results in an attractive force. The creation
of the attractive force corresponds to the withdrawal of certain energy from the system–
reservoir interaction, and the energy dissipates to the reservoir because the system energy
is invariant in the pure-dephasing case.

The thermodynamics bound is constantly zero. It is a direct consequence of the
invariance of the trace v(β)

0 (t); because the density operator initially coincides with the

ordinary density operator ρ
(β)
S (0) = ρ

(0)
S (0), unity of the trace hold for arbitrary t > 0. The

behavior of the entropic bound can be understood from the pure-dephasing character of
the system dynamics; since the dynamic involves only dephasing, the states located on
the v(0)z (0) axis are invariant over time, and the states with v(0)x (0) �= 0 suffer dephasing.
Regarding the relative tightness, both bounds coincide for initial states with v(0)x (0) = 0,
while the thermodynamic bound serves as a tighter bound for arbitrary initial states with
v(0)x (0) �= 0.

6.2. Dependence on Quantum Coherence

Let us now examine the dependences of the bounds on the strength of the coherence–
population coupling, controlled by the parameter θ. In Figure 3, we plot values of the
bounds and the dissipated energy for systematically changed coherence parameter θ and
the initial population v(0)z (0) with setting v(0)x (0) = v(0)y (0) = 0. In panel (a), we provide
a 3D plot of the dissipated energy 〈ΔQ〉 (orange surface), the thermodynamic bound
BT (blue surface) and the entropic bound BE (red surface) with respect to θ and v(0)z (0).
Panels (b)–(e) show cross-sections of the 3D plot for two pure states with (b) v(0)z = 1 and
(c) v(0)z = −1 as well as for two thermal mixed states, whose population is represented
by v(0)z (0) = (exp[−βSω0/2] − exp[+βSω0/2])/(exp[−βSω0/2] + exp[+βSω0/2]) with
an effective inverse temperature βS, with (d) βS = 0 and (e) βS = 1(= β).
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Figure 3. Dependences of the energy 〈ΔQ〉 and the bounds BT,E on the coherence parameter θ and

the initial population v(0)z (0) with setting v(0)x (0) = v(0)y (0) = 0. Panel (a) shows a 3D plot of 〈ΔQ〉
(orange surface), BT (blue surface) and BE (red surface). Panels (b) and (c): cross-sections of the 3D

plot for two pure initial states (b) v(0)z (0) = 1 and (c) v(0)z (0) = −1. Panels (d) and (e): cross-sections

of the 3D plot corresponding to thermal initial states ρ
(0)
S (0) = exp[−βS HS]/TrS[exp[−βS HS]] with

(d) βS = 0 (high temperature limit) and (e) βS = 1(= β). For the numerical calculations, we set the
parameters to λ = 0.01, Ω = 1, and β = 1 (same as in Figure 1).

From the figures, we find that the dissipated energy and the bounds are insensitive to
θ except for θ ≈ π/2. Regarding the relative tightness of the bounds, the entropic bound
serves as a tighter bound for most thermal initial states with positive effective temperatures,
corresponding to the region with v(0)z (0) < 0, while the thermodynamic bound is tighter for
pure initial states, v(0)z (0) = +1 (panel (b)) and v(0)z (0) = −1 (panel (c)), or most states with
negative temperatures βS < 0, corresponding to the region with v(0)z (0) > 0. The drastic
changes in the quantities in the vicinity of θ = π/2 are caused by the pure-dephasing
character of the system dynamics. In the region, the system dynamics are dominated
by dephasing and the population relaxation only gives a minor contribution, thus the
quantities rapidly change to recover their behavior at θ = π/2 presented in Figure 2.

7. Conclusions and Discussions

In the present paper, we have examined the properties of two lower bounds for
energy dissipation associated with Reeb and Wolf’s quantum information erasure under
the influence of quantum coherence. As a working model, we considered a single spin-1/2
and a bosonic reservoir with a tilted system–reservoir interaction direction, where we
could control the coupling between the dynamics of the population and the coherence by
adjusting the angle of the interaction direction θ.

By setting the angle to be switching on the population–coherence coupling, we found
that the bounds show the following trends: the entropic bound serves as the tighter bound
if the initial state is sufficiently mixed; while, if the purity of the initial state is sufficiently
high, the thermodynamic bound is tighter. These trends are in agreement with the case
in which the population and the coherence are decoupled [25]. It indicates that these
dependencies of the bounds on the initial state generically hold regardless of whether the
influence of the quantum coherence is present or not. Indeed, we showed that the bounds
and the dissipated energy are insensitive to changing the angle for most values of θ.

The only exception is the case where the angle of the interaction direction is set to
θ = π/2. In this case, the dynamics involve only dephasing, but no energy relaxation
occurs. As a result, both dissipated energy and the thermodynamic bound are independent
of the initial state, while the entropic bound decreases as the initial coherence increases.
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Regarding the relative tightness, the two bounds coincide when the initial coherence is
zero; otherwise, the thermodynamic bound serves as the tighter bound.

Apart from the quantum coherence between the ground state and the excited state
of the spin, the constant energy dissipation caused by the system–reservoir interaction
(see Figure 2 and its explanations in the main text) indicates that the coherence between
the system and the reservoir is also a non-negligible source of energetic cost in quantum
information erasure. Even it clearly appears in the pure-dephasing case, the energy dis-
sipation due to the system–reservoir interaction always occurs within Reeb and Wolf’s
framework of erasure. This is because the creation of the system–reservoir correlation in
the course of the erasure process is inevitable for the factorized initial state assumed in
its third prerequisite. Indeed, in Ref. [42], the authors showed that the system–reservoir
interaction gives a non-negligible influence on the performance of a quantum Otto engine,
especially in the non-Markovian scenario. The inclusion of the energetic cost for erasure
caused by the interaction needs further investigation.

In this paper, we have studied the quantum information erasure stored in the single
spin system by contacting a bosonic reservoir and bringing the spin to its steady state. Even
though such a setup is universally found in energy dissipation in open systems, it is rather
minor as the information erasure protocol in quantum information processing. Indeed,
recent studies [26,27] focus on the erasure by externally controlling the spin and bringing it
to the ground state. Particularly, in Ref. [27], it is shown that the external driving creates
quantum coherence and it inevitably causes additional energetic cost, thus it may affect
the relative performance of the bounds. Extension of this work to include the effect of the
external driving is also left for future investigations.

While we have considered in this paper the spin-1/2 interacting with the infinite
bosonic reservoir describing the surrounding radiation field or phonon field, another
important source of dissipation is the coupling with surrounding spins [43–47]. Indeed,
in actual implementations of the qubit, such as the semiconductor quantum dot [48–50]
or the nitrogen-vacancy center in diamond [51,52], coupling with surrounding nuclear
spins causes energy dissipation and decoherence. In some studies [49,50], it is pointed
out that an electron spin interacting with the collective spin reservoir shows a strong non-
Markovian feature and long-lived quantum coherence. Since these features of the spin
reservoir affect the quantum information erasure, there are several efforts to study the
erasure via a finite spin reservoir [53,54]. Thus, it is worthwhile to extend the present study
to the spin reservoir case.

Appendix A. The Bloch Equation Including the Counting Field

The block matrixes A(χ)
ij (t) in the Bloch vector representation of the master equation,

Equation (22), are expressed as

A(χ)
11 (t) =

(
a+(χ)
− (t) cos2 θ + c+(χ)

+ sin2 θ −ω0 + b+(χ)
− (t) cos2 θ

ω0 − b+(χ)
+ (t) cos2 θ a+(χ)

+ (t) cos2 θ + c+(χ)
+ (t) sin2 θ

)
, (A1)

A(χ)
12 (t) =

1
2

sin 2θ

(
c+(χ)
− (t)− a−(χ)

+ (t)) −ib−(χ)
+ (t)

−b+(χ)
+ (t) i(a−(χ)

+ (t)− c−(χ)
+ (t))

)
, (A2)

A(χ)
21 (t) =

1
2

sin 2θ

(
a+(χ)
− (t)− c+(χ)

+ (t) b+(χ)
− (t)

−ib−(χ)
− (t) i(a−(χ)

− (t)− c−(χ)
− (t))

)
, (A3)

and

A(χ)
22 (t) =

(
a+(χ)
+ (t) cos2 θ + c+(χ)

− (t) sin2 θ ib−(χ)
+ (t) cos2 θ

ib−(χ)
− (t) cos2 θ a+(χ)

− (t) cos2 θ + c+(χ)
− (t) sin2 θ

)
. (A4)
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The matrix elements involve the autocorrelation function of a reservoir operator

〈B(χ)
R B(χ)

R (−τ)〉 ≡ TrR[B
(χ)
R B(χ)

R (−τ)ρ
eq
R ], (A5)

where B(χ)
R ≡ e−χHR/2BRe+χHR/2 and B(χ)

R (−τ) ≡ e−iHRτ B(χ)
R e+iHRτ , as

a±(χ)
+(−)

(t) ≡ −
∫ t

0
dτ[h(χ)

+(−)
(τ)± h(−χ)∗

+(−)
(τ)] cos(ω0τ), (A6)

b±(χ)
+(−)

(t) ≡ −
∫ t

0
dτ[h(χ)

+(−)
(τ)± h(−χ)∗

+(−)
(τ)] sin(ω0τ), (A7)

c±(χ)
+(−)

(t) ≡ −
∫ t

0
dτ[h(χ)

+(−)
(τ)± h(−χ)∗

+(−)
(τ)], (A8)

with
h(η)± (τ) ≡ 〈B(χ)

R B(χ)
R (−τ)〉 ± 〈B(−χ)

R B(χ)
R (−τ)〉. (A9)

By setting θ = π/2, the diagonal block Aχ
22(t) becomes

A(χ)
22 (t) =

(
c+(χ)
− (t) 0

0 c+(χ)
− (t)

)
. (A10)

For χ = 0, we have h(0)− (τ) = 0 leading to c+(0)
− (t) = 0, thus the block vanishes as

A(0)
22 (t) =

(
0 0
0 0

)
. (A11)

For χ = β, we have the equality TrR[b†
k bkρ

eq
R ]eβωk = TrR[bkb†

k ρ
eq
R ] leading to the

relations 〈B(−β)
R (−τ)B(β)

R 〉 = 〈B(β)
R B(β)

R (−τ)〉 and 〈B(−β)
R B(β)

R (−τ)〉 = 〈B(−β)
R (−τ)B(−β)

R 〉.
These relations leads to c+(0)

− (t) = 0, thus the block vanishes as

A(β)
22 (t) =

(
0 0
0 0

)
. (A12)

Appendix B. A Single Spin Subjected to a Tilted Magnetic Field

The working model described by Equations (20) and (21) is equivalent to the system
consisting of a single spin subjected to a tilted magnetic field and the bosonic reservoir. The
equivalence can be shown by applying the unitary transformation

US ≡
(

cos θ
2 sin θ

2
− sin θ

2 cos θ
2

)
, (A13)

to HS and HSR as

H̃S =
ω0

2

(
cos θ sin θ
sin θ − cos θ

)
≡ ω0

2
(cos θσ̃z + sin θσ̃x), (A14)

and
H̃SR = σ̃x ⊗ BR. (A15)

In this view, ω0 represents energy splitting due to the magnetic field, and θ represents
the angle of the magnetic field with respect to the z-axis.
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Abstract: Quantum memory effects can be qualitatively understood as a consequence of an
environment-to-system backflow of information. Here, we analyze and compare how this con-
cept is interpreted and implemented in different approaches to quantum non-Markovianity. We study
a nonoperational approach, defined by the distinguishability between two system states character-
ized by different initial conditions, and an operational approach, which is defined by the correlation
between different outcomes associated to successive measurement processes performed over the
system of interest. The differences, limitations, and vantages of each approach are characterized in
detail by considering diverse system–environment models and dynamics. As a specific example, we
study a non-Markovian depolarizing map induced by the interaction of the system of interest with
an environment characterized by incoherent and coherent self-dynamics.

Keywords: open quantum systems; quantum non-Markovianity

1. Introduction

The time-evolution of both classical and quantum systems may develop memory
effects [1–4]. Nevertheless, the characterization and definition of these effects is quite
different in both regimes [5–7]. As is well known, in a classical regime memory effects can
be rigorously defined in a probabilistic approach. The independence or dependence of con-
ditional probabilities on the previous system history define, respectively, the (memoryless)
Markovian and non-Markovian regimes [1].

In a quantum regime, one is immediately confronted with an extra aspect. In fact, the
state of a quantum system (and consequently its history) can only be determined by per-
forming a measurement process, which intrinsically implies a perturbation to its (originally
unperturbed) dynamics. Therefore, the definition of memory effects and quantum non-
Markovianity can be tackled from two intrinsically different approaches. In nonoperational
approaches, memory effects are defined by taking solely into account the properties of the
unperturbed open system dynamics (its propagator). In operational approaches, memory
effects are defined by the statistical properties of different outcomes associated to system
measurement processes and transformations (such as unitary ones).

A wide variety of measures and memory witnesses have been utilized in the context of
nonoperational approaches (see reviews [5–7]). The first proposals correspond to deviations
of the system propagator from divisibility [8,9] and a nonmonotonous behavior of the trace
distance (TD) between two distinct system states [10,11]. In this context, memory effects
were associated to an environment-to-system backflow of information: information stored in the
initial system state is transferred to the environmental degrees of freedom; their influence
on the system at later times implies a backflow of information that leads to memory effects.
In spite of this clear and well-motivated interpretation [12–14], the precise assessment of
this concept is still under debate [15–23].

The basic idea of operational approaches is to appeal to the standard definition of
memory effects in terms of probabilities [1]. Hence, the (quantum) system must be subjected
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to a set of measurement processes such that their statistical properties determine the
presence or absence of memory effects [24–27]. The study and understanding of this
approach was performed in the recent literature [28–34], including alternative definitions
and analysis of information flows [35,36].

The main goal of this paper is to analyze and to compare how the concept of environment-
to-system backflow of information is interpreted and implemented in operational and
nonoperational approaches. As a nonoperational memory witness, we take the TD between
two different systems’ initial states [10,11], also taking into account the bounds on its revival
behavior that have been characterized recently [22,23]. As an operational memory witness,
we consider a conditional past–future (CPF) correlation [26,27], both in deterministic and
random schemes [36]. The comparison is performed by considering different system–
environment models and analyzing in each case the information flows from the two
perspectives. We consider statistical mixtures of Markovian system evolutions and systems
coupled to incoherent [16] and coherent casual bystander environments [37], which are
characterized by a self-dynamics that is independent of the system degrees of freedom. In
addition, we consider (standard) unitary system–environment models [2]. As a specific
model, we study a depolarizing map induced by the interaction of a system with a finite
set of incoherent degrees of freedom. In this regime, as well as in a quantum coherent
one, we explain how and why both approaches lead to different notions of quantum
non-Markovianity and environment-to-system backflows of information.

The paper is outlined as follows. In Section 2 we review the definition and main prop-
erties of the considered nonoperational [10,11,22,23] and operational [26,27,36] approaches.
In Section 3 we study both approaches by considering different system–environment mod-
els. In Section 4, we study the depolarizing map. In Section 5, we provide the conclusions.

2. Quantum Non-Markovianity

Here, we briefly review the main characteristics of the different approaches to quantum
non-Markovianity.

2.1. Nonoperational Approach

If the open system is not affected or perturbed during its evolution, the unique
object that allows defining the presence or absence of memory effects is its (unperturbed)
density matrix propagator. The rigorous theory of quantum dynamical semigroups [38]
motivate associating the (memoryless) quantum Markovian regime with propagators whose
time-evolution obey a Lindblad equation (or Gorini–Kossakowski–Sudarshan–Lindblad
equation). Consequently, any (scalar) measure or property that quantifies departures of
the system propagator from a Lindblad equation can be taken as a witness of quantum
memory effects.

Lindblad equations lead to completely positive propagators between two arbitrary
times [38]. As is well known, completely positive transformations lead to very specific con-
tractive properties for different distance measures and entropic quantities [39]. For example,
the TD between two arbitrary density matrixes ρ and σ, defined as D(ρ, σ) ≡ (1/2)Tr|ρ− σ|,
under a completely positive transformation Φ, fulfills the inequality D(Φ[ρ], Φ[σ]) ≤ D(ρ, σ).
Consequently, it is possible to define quantum Markovianity by the condition [10,11]

D(ρs
t+τ , σs

t+τ) ≤ D(ρs
t , σs

t ), (1)

where ρs
t and σs

t are two arbitrary evolved system states that differ in their initial conditions,
ρs

0 �= σs
0. Alternatively, one can interpret that quantum memory effects are present whenever

this inequality is not fulfilled for a set of two arbitrary time intervals t ≥ 0 and τ > 0.
In spite of the simplicity and efficacy of the previous theoretical frame, in general, it is

not possible to know or infer which physical processes are involved when the contractive
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condition (1) is not fulfilled. A remarkable advance in this direction was recently obtained
in Refs. [22,23] by establishing the inequality

D(ρs
t+τ , σs

t+τ) ≤ D(ρs
t , σs

t ) + D(ρe
t , σe

t ) (2)

+D(ρse
t , ρs

t ⊗ ρe
t) + D(σse

t , σs
t ⊗ σe

t ).

Here, ρse
t and σse

t are the evolved system–environment states with initial conditions ρse
0 =

ρs
0 ⊗ ρe

0 and σse
0 = σs

0 ⊗ σe
0. As usual, the system and bath states follow from partial trace op-

erations, ρs
t = Tre[ρse

t ] and ρe
t = Trs[ρse

t ]. The asymmetry between system and environment
(s � e) is introduced by taking in both cases the same initial environmental state, ρe

0 = σe
0.

The result (2) only relies on the triangle inequality fulfilled by the TD. Thus, it is valid
for arbitrary system–environment models. In addition, this expression allows to bounding
the environment-to-system backflow of information defined by the “revivals”

D(ρs
t+τ , σs

t+τ)− D(ρs
t , σs

t ) > 0. (3)

The remaining (bounding) contributions in the rhs of Equation (2) have a clear physical
interpretation. One can relate the contribution D(ρe

t , σe
t ) to changes in the environmental

state, while the terms D(ρse
t , ρs

t ⊗ ρe
t) + D(σse

t , σs
t ⊗ σe

t ) measure the correlations established
between the system and the environment [22,23]. Nevertheless, it is important to realize
that these physical processes do not guarantee the developing of revivals. The right
conclusion is that given that there exists revivals, their origin can related to changes in the
environmental state or to the establishing of system–environment correlations.

It was also proven that the inequality (2) remains valid when the TD is replaced by
a telescopic relative entropy and the square root of a quantum Jensen–Shannon diver-
gence [22,23]. Thus, the interpretation of the bounds remains the same when using these
entropic quantities.

2.2. Operational Approach

In a probabilistic frame, given a sequence of system states x → y → z with joint
probability P(z, y, x), Markovianity is defined by the condition

P(z, y, x) = P(z|y)P(y|x)P(x), (4)

where P(b|a) denotes in general the conditional probability of b given a. By Bayes rule,
the equality (4) implies the (memoryless) condition P(z|y, x) = P(z|y). Similar constraints
emerge when considering higher joint probabilities involving an arbitrary number of
events [1].

For quantum systems, the definition of Markovianity in terms of probabilities unavoid-
ably implies performing a set of system measurement processes. In Refs. [24,25], by means
of a process tensor formalism, the Markovian condition is taken into account for arbitrary
(higher order) joint probabilities. Nevertheless, for quantum systems coupled to standard
environment models (standard classical noises and/or unitary system–environment in-
teraction models), only three measurement events are enough for detecting departures
from a (probabilistic) Markovian regime [26,27]. In such a case, the condition (4) can be
conveniently rewritten as a CPF independence,

P(z, x|y) = P(z|y)P(x|y). (5)

This result follows straightforwardly by using P(z, x|y) = P(z, y, x)/P(y), where P(y) =
∑z,x P(z, y, x).

The CPF independence (5) implies that any (conditional) correlation between past and
future events witnesses memory effects. Correspondingly, a CPF correlation is defined
as [26,27]

Cp f (t, τ)|y̆ d/r
= ∑

z,x
zx[P(z, x|y̆)− P(z|y̆)P(x|y̆)], (6)
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where {x} and {z} are the (past and future) measurement outcomes. The time dependence
(t, τ) emerges because the past, present, and future measurements are performed at the
initial time t = 0, at time t, and t + τ, respectively. Evidently, Cp f (t, τ)|y̆ vanishes in a
(probabilistic) Markovian regime (Equation (5)).

In Equation (6), the change y → y̆ was introduced, which is stretchy related with
the definition of memory effects and information flows in this approach. Two different
measurement schemes are necessary [36]. In a deterministic scheme (denoted with the
supra d), after the intermediate measurement (whose outcome defines the conditional
property) no change is introduced. Hence, y̆ = y. In a random scheme (denoted with the
supra r), after the intermediate measurement, the system state is randomly chosen (y → y̆)
over the set of possible states associated to the outcomes {y}. The CPF correlation is defined
with this renewed conditional state.

In the deterministic scheme, the CPF correlation [Cp f (t, τ)|y̆
d
�= 0] detects memory

effects (departures with respect to Equation (4), or equivalently, Equation (5)) independently
of the specific system–environment model. In the random scheme, a nonvanishing CPF

correlation [Cp f (t, τ)|y̆
r
�= 0], by definition, detects the presence of environment-to-system

backflows of information (or bidirectional system–environment information flows). This
relation is motivated by the complementary case Cp f (t, τ)|y̆ r

= 0 that applies when the

environment (which induces the memory effects Cp f (t, τ)|y̆
d
�= 0) is unperturbed by its

coupling with the system [36].
The previous characteristics of the deterministic and random schemes can be easily

understood from the properties of projective measurements performed over bipartite
systems [37]. Interestingly, the formalism remains the same and is also valid for purely
(classically) incoherent system–environment arrangements.

2.3. Bipartite Propagator vs. Single Propagator

Before comparing both approaches (next section), here, we clarify which dynamical
objects determine each one. In the nonoperational approach, the presence of memory
effects (TD revivals defined by Equation (3)) can be determined after knowing solely the
system (single) propagator. In contrast, for determining the bound defined by Equation (2),
it is necessary to know the bipartite system–environment propagator specified for a given
initial bath state.

In contrast, the operational approach can only be characterized by knowing (exact or
approximate) the bipartite propagator for different initial bath states (the initial one and the
bath state after the intermediate measurement). As a matter of fact, the CPF correlation (6)
can be written as a function of the joint probability P(z, y̆, x). Assuming that the three
measurements are projective ones, in the deterministic scheme it reads [36]

P(z, y̆, x)
P(x)

d
= Trse(EzGse

t+τ,t[ρy̆ ⊗ Trs(Ey̆Gse
t,0[ρ

se
x ])]), (7)

while in the random scheme it is [36]

P(z, y̆, x)
P(x)

r
= Trse(EzGse

t+τ,t[ρy̆ ⊗ Trs(Gse
t,0[ρ

se
x ])])℘(y̆|x). (8)

In these expressions, Gse
t+τ,t is the bipartite propagator between t and t + τ. In addition,

Em ≡ |m〉〈m| and ρm ≡ |m〉〈m| [m = z, y̆, x] represent the (positive) effect measurement
operators and postmeasurement states, respectively. The sets {|m〉} [m = z, y̆, x] are the
eigenstates of each measured observable. Furthermore, ρse

x ≡ ρx ⊗ ρe
0 and P(x) = 〈x|ρs

0|x〉.
The random scheme is parameterized by an arbitrary conditional probability ℘(y̆|x) that
defines the change in the system state (y → y̆) after the intermediate measurement.
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The different dependence of both approaches on the bipartite propagator leads to
strong different conclusions about memory effects and information flows, which are ana-
lyzed in the next section.

3. Comparing Both Approaches

In order to perform a systematic comparison we consider different system–environment
models and approximations. In general, we assume that the bipartite system–environment
state ρse

t evolves as
d
dt

ρse
t = (Ls + Le + Lse)[ρ

se
t ], (9)

where Ls and Le define the self-dynamics of the system and the environment, respectively,
while Lse defines their mutual interaction. This interaction term may be unitary or include
dissipative couplings.

3.1. Born–Markov Approximation

For systems weakly coupled to their environments, the Born–Markov approximation [2]
allows to write the bipartite state as

ρse
t � ρs

t ⊗ ρe
0, (10)

where ρs
t is the system state, while ρe

0 is the (almost) unperturbed environment state.
When this approximation is valid, in the nonoperational approach, it is simple to

check that Equation (2) reduces to Equation (1). In fact, D(ρe
t , σe

t ) = D(ρse
t , ρs

t ⊗ ρe
t) =

D(σse
t , σs

t ⊗ σe
t ) = 0. Furthermore, ρs

t can be well approximated by a Lindblad equation,
which guarantees the absence of any revival in D(ρs

t , σs
t ). Thus, the dynamics is Markovian.

In the operational approach, by introducing the approximation (10) into Equations (7) and (8)

straightforwardly, it follows that Cp f (t, τ)|y̆ d/r
= 0 (Equation (6)). These results are indepen-

dent of which observables are measured. Thus, the dynamics is Markovian.
In this case (Equation (10)), both approaches coincide. Strong differences appear in the

cases studied below.

3.2. Casual Bystander Environments

A wide class of “non-Markovian” dynamics can be derived by assuming that the
system interacts with a “casual bystander” environment. These baths are defined by the
independence of their marginal states ρe

t = Trs[ρse
t ] of any degree of freedom of the system.

Alternatively, the time evolution of ρe
t can be written in the environment Hilbert space

without involving any operator or state of the system. These properties must be valid for
arbitrary system and environment (separable) initial conditions.

For fulfilling the previous properties, the interaction term Lse in the general evolution (9)
must be restricted such that

Trs(Lse[ρ
se
t ]) = A[ρe

t ], (11)

where A is an arbitrary superoperator acting on ρe
t that does not have any dependence

on the system degrees of freedom. In general, this constraint can only be satisfied by
dissipative (nonunitary) system–environment couplings. On the other hand, the bath
dynamics can be quantum [37] or a classical (incoherent) one [16].

In the nonoperational approach, the independence of the environment state on the
system degrees of freedom cannot be translated to any restriction on the inequality defined
by Equation (2). In fact, under the constraint (11), the TD may or not present revivals,
property that can only be cheeked for each specific model. Thus, some dynamics are classified as
Markovian and other as non-Markovian. The unique simplification that can be introduced
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is to assume that the environment state does not evolve in time, ρe
t = ρe

0, that is, the
environment begins in its stationary state. In this case, Equation (2) reduces to

D(ρs
t+τ , σs

t+τ)− D(ρs
t , σs

t ) ≤ D(ρse
t , ρs

t ⊗ ρe
0)

+D(σse
t , σs

t ⊗ ρe
0). (12)

Even in this case (ρe
t = ρe

0), the TD may or may not present revivals, that is, depending on
the model, the system may be classified as Markovian or non-Markovian.

In Equation (12), any environment-to-system backflow of information can be related to
the establishing of the correlations D(ρse

t , ρs
t ⊗ ρe

0) + D(σse
t , σs

t ⊗ ρe
0). Certainly, the system–

environment correlations (always) changes in time. Nevertheless, even when there are no
revivals in the TD system–environment, correlations are established. This feature represents
a central problem for the interpretation of this approach. In addition, here, the environment
state is completely independent of the system (and even of time). Thus, the revivals of the
TD must be taken as a (mathematical) model-dependent property whose origin cannot
be related to any physical process that implies a physical transfer of information from the
environment to the system.

A different perspective emerges in the operational approach. By using the independence
of the environment state [ρe

t = Trs(ρse
t )] of any degree of freedom of the system, it is possible

to check that the joint probability (7) of the deterministic scheme does not fulfill the Markov
property (4). In contrast, it is simple to check that the joint probability (8) of the random
scheme fulfills the Markov property (4). Consequently, a casual bystander environment
leads to the CPF correlations (Equation (6))

Cp f (t, τ)|y̆
d
�= 0, Cp f (t, τ)|y̆ r

= 0. (13)

In this approach, the property Cp f (t, τ)|y̆
d
�= 0, valid for any model under the con-

straint (11), implies that the system dynamics is non-Markovian. Its origin can be related to
the establishing of (arbitrary) system–environment correlations. On the other hand, the
property Cp f (t, τ)|y̆ r

= 0, which is valid for arbitrary measurement processes and specific
models, is read as the absence of bidirectional system–environment information flows. In
fact, given that the environment is characterized by a self-dynamics that is completely
independent of the system, any environment-to-system backflow of information (as de-
tected in the nonoperational approach) does not rely on any physical process that affects
the environment state or its dynamics.

The meaning of the previous analysis is clarified by specifying different bipartite
models that fulfill the evolution (9) and the constraint (11).

3.2.1. Classical Mixture of Quantum Markovian Dynamics

Given a set of different system Lindblad superoperators {Lc
s}, which may include

both unitary and dissipative contributions, and given a set of normalized positive weights
{pc}, ∑c pc = 1, a classical statistical mixture of Markovian dynamics is defined by the
bipartite state

ρse
t = ∑

c
exp(tLc

s)[ρ
s
0]⊗ pc|c〉〈c|. (14)

Here, {|c〉〈c|} is a set of projectors associated to the environment space. The marginal
system and environment states read

ρs
t = ∑

c
pc exp(tLc

s)[ρ
s
0], ρe

t = ∑
c

pc|c〉〈c|. (15)

Memory effects in this kind of non-Markovian system dynamics have been explored in
the literature [40–44]. Notice that the environment does not have any dynamics. Even more,
the system dynamics can be performed by mixing in a random way (with weight pc) each of
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the evolved Markovian system states exp(tLc
s)[ρ

s
0]. Thus, the detection of an environment-

to-system backflow of information via Equation (3) seems to have a formal mathematical
interpretation rather than a physical one. On the other hand, in the operational approach,
this case is characterized by Equation (13), which guaranties the presence of memory effects

Cp f (t, τ)|y̆
d
�= 0 but not any bidirectional information flow, Cp f (t, τ)|y̆ r

= 0.

3.2.2. Interaction with Stochastic Classical Degrees of Freedom

When the system interacts with stochastic classical degrees of freedom, the bipartite
state can be written as

ρse
t = ∑

c
ρc

t ⊗ pc(t)|c〉〈c|. (16)

In contrast to the previous case (Equation (14)), the weights {pc(t)} are time-dependent
and the evolution of the states {ρc

t} may involve coupling between all of them. In fact,
under the constraint (11), the more general evolution can be written as [16]

dρ̃c
t

dt
= Lc

s[ρ̃
c
t ]− ∑

c′
γc′cρ̃c

t + ∑
c′

γcc′Scc′ [ρ̃
c′
t ]. (17)

Here, ρ̃c
t ≡ pc(t)ρc

t . Thus, pc(t) = Trs(ρ̃c
t ). Furthermore, {Scc′ } are arbitrarily completely

positive system transformations, which are trace preserving Trs(Scc′ [ρ]) = Trs(ρ). Conse-
quently, the environment probabilities {pc(t)} obey a classical master equation

dpc(t)
dt

= −∑
c′

γc′c pc(t) + ∑
c′

γcc′ pc′(t), (18)

which in turn shows the role played by the coupling rates {γc′c}. In contrast, the system
dynamics depart from a Markovian (Lindblad) evolution. From some specific models, it
is possible to recover some phenomenological non-Markovian master equations (see, for
example, [45–47]).

In the nonoperational approach, it is very difficult to predict if a given dynamics
(Equation (16)) leads or not to revivals in the TD. If the incoherent degrees of freedom
begin in their stationary state, pc(0) = limt→∞ pc(t), one is confronted with the bounds
defined by Equation (12). Even in this case, one cannot predict when there exists or not an
environment-to-system backflow of information.

Interestingly, the origin of the contributions D(ρse
t , ρs

t ⊗ ρe
0) + D(σse

t , σs
t ⊗ ρe

0) in
Equation (12) (or in general in Equation (2)) can be easily read from the evolution (17). In
fact, this equation shows that the system evolution is totally conditioned to the environment
dynamics. The contributions Lc

s are “active” whenever the environment is in the state
|c〉〈c|. Furthermore, the system suffers the transformation ρ → Sc′c[ρ] whenever the envi-
ronment “jumps” between the states c → c′. This is the physical mechanism that leads to
the system–environment correlations, which in turn does not imply any system-dependent
change in the environment state or dynamics. Thus, the interpretation of revivals in the TD
as environment-to-system backflow of information is again controversial.

Independently of the Lindblad contributions {Lc
s}, the superoperators {Scc′ }, and rates

{γc′c}, the operational approach is characterized by Equation (13), that is, the dynamics

is non-Markovian [Cp f (t, τ)|y̆
d
�= 0] without the development of any bidirectional system–

environment information flow [Cp f (t, τ)|y̆ r
= 0].

3.2.3. Environmental Quantum Degrees of Freedom

The condition Equation (11) can be satisfied even when the environment is a quantum
one, that is, it develops coherent behaviors. In this case, the bipartite state can be written as

ρse
t = ∑ ρc

t ⊗ pc(t)|ct〉〈ct|. (19)
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In contrast to Equation (16), due to the quantum nature of the environment, the projectors
{|ct〉〈ct|} are time-dependent. In fact, they define the base in which the environment density
matrix ρe

t is diagonal. The more general bipartite evolution (9) under the constraint (11), in
its diagonal representation, is given by [37]

d
dt

ρse
t = (Ls + Le)[ρ

se
t ] + ∑

α

Γα BαSα[ρ
se
t ]B

†
α

−1
2 ∑

α

Γα{B†
αBα, ρse

t }+, (20)

where {·, ·}+ is an anticommutator operation. Furthermore, {Bα} are arbitrary environment
operators, while Sα are completely positive trace-preserving system superoperators. The
rates {Γα} set the environment dynamics. In fact,

d
dt

ρe
t = Le[ρ

e
t ] + ∑

α

Γα (Bαρe
t B†

α −
1
2
{B†

αBα, ρe
t}+), (21)

which is a Lindblad dynamics completely independent of the system degrees of freedom.
These evolutions recover, as particular cases, some phenomenological collisional models
introduced in the literature (see, for example, [48–50]).

The physical interpretation of the evolution (20) is quite similar to that of Equation (17).
In fact, here, the application of the system superoperators Sα occurs whenever the environ-
ment suffers a transition associated to the operators Bα. This (unidirectional) mechanism
defines how the system–environment correlations are built up.

In the nonoperational approach, even when the environment begins in its stationary
state ρe

0 = limt→∞ ρe
t (where ρe

t obeys Equation (21)), it is not possible to infer for an
arbitrary model the presence or absence of revivals in the TD (Equation (3)). In contrast,
the operational approach is still characterized by Equation (13).

3.3. Unitary System–Environment Interactions

Independently of the specific models, the correlation between the system and the
casual bystander environments introduced previously does not involve quantum entangle-
ment [51] (see the separable states Equations (14), (16) and (19)). In contrast, quantum entan-
glement may emerge when considering Hamiltonian (time-reversible) system–environment
interactions. In fact, solely for special system–environment initial conditions, a bipartite
unitary dynamics does not induce quantum entanglement [52–54].

The total Hamiltonian is written as

HT = Hs + He + HI . (22)

Each contribution corresponds to the system, environment, and interaction Hamiltonians,
respectively. The bipartite propagator is

Gse
t,t0

[•] = exp[−i(t − t0)HT ] • exp[+i(t − t0)HT ]. (23)

In the nonoperational approach, each contribution in the rhs of Equation (2) makes
complete sense in this context. In fact, almost all unitary interactions lead to a change in
the environment state and also induce the development of (arbitrary) system–environment
correlations. When revivals in the TD develop, Equation (2) defines a bound with a
clear physical meaning. Nevertheless, in general, it is not possible to infer which kind of
dynamics develop or do not develop revivals in the TD. Even for a given (Hamiltonian)
model, depending on the underlying parameters, the system dynamics may be Markovian
or not. Consequently, it is not clear which physical property defines the boundary between
Markovian and non-Markovian dynamics.
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In the operational approach, given that the state and dynamics of the environment are in
general modified by a unitary interaction, instead of Equation (13), here, it follows

Cp f (t, τ)|y̆
d
�= 0, Cp f (t, τ)|y̆

r
�= 0. (24)

Both inequalities can be supported by performing a perturbation theory based on projector
techniques [31]. Consistently, it has been shown that even close to the validity of a Born–
Markov approximation, the operational approach can detect memory effects [34].

The inequality Cp f (t, τ)|y̆
d
�= 0 implies that the system dynamics is non-Markovian

(system–environment correlations are developed during the evolution), while Cp f (t, τ)|y̆
r
�=

0 detects the presence of bidirectional information flows. In fact, here, the environment
state and evolution always depend on the system degrees of freedom.

There exists a unique exception to Equation (24), which reduces to Equation (13).
Hence, even when the environment state is modified, for any system observables, one
obtains Cp f (t, τ)|y̆ r

= 0. While this property is certainly undesirable, this case has a clear
physical interpretation. It emerges when, in a given environmental base {|e〉}, the diagonal
part of the bipartite propagator (23) can be written as

〈e|Gse
t,0[•]|e〉 = T (e)

t,0 〈e| • |e〉, (25)

where T (e)
t,0 is a system (density matrix) propagator that parametrically depends on each

environmental state {|e〉}. The condition (25) is fulfilled, for example, when the environment
and interaction Hamiltonians commutate

[He, HI ] = 0. (26)

Introducing the condition (25) into Equations (7) and (8), it is possible to check that

Cp f (t, τ)|y̆
d
�= 0, and Cp f (t, τ)|y̆ r

= 0. This last equality does not imply that the environment
in not affected. It emerges because the system state assumes the structure

ρs
t = Tre(Gse

t,0[ρ
s
0 ⊗ ρe

0]) = ∑
e
〈e|ρe

0|e〉T
(e)

t,0 [ρs
0]. (27)

Therefore, the system evolution can be written as a statistical superposition of unitary
maps, quite similar to Equation (15). Consequently, for unitary system–environment
models, the condition Cp f (t, τ)|y̆ r

= 0 allows to detect when the system dynamics (even
between measurements) can be represented by a Hamiltonian ensemble, a property that has
been of interest in the recent literature [55].

4. Example

In this section, we consider an explicit example of the dynamics discussed previously.
The quantum system (s), taken for simplicity as a two-level system, interacts with an
incoherent environment (e) (see Section 3.2.2), which here is defined by four discrete states,
denoted as {|1〉, |2〉, |3〉, |4〉}. Correspondingly, the bipartite system–environment state is
written as

ρse
t = ∑

k=1,2,3,4
ρ̃k(t)⊗ |k〉〈k|. (28)

The system and environment states then read

ρs
t = ∑

k=1,2,3,4
ρ̃k(t), ρe

t = ∑
k=1,2,3,4

pk(t)|k〉〈k|, (29)
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where pk(t) = Trs[ρ̃k(t)]. The evolution of the unnormalized system states {ρ̃k(t)}k=4
k=1 is

taken as

dρ̃4(t)
dt

= −γρ̃4(t) + φ ∑
k=1,2,3

σk ρ̃k(t)σk, (30a)

dρ̃k(t)
dt

= −φρ̃k(t) +
(γ

3

)
σk ρ̃4(t)σk, k = 1, 2, 3. (30b)

In this expression, γ and φ are characteristic coupling rates. Furthermore, the set of Pauli
matrixes is denoted as (σx, σy, σz, I) ↔ (σ1, σ2, σ3, σ4), where I is the identity matrix in the
two-dimensional system Hilbert space. From Equations (30a) and (30b), the evolution of
the environment populations is defined by the following classical master equation

dp4(t)
dt

= −γp4(t) + φ ∑
k=1,2,3

pk(t), (31a)

dpk(t)
dt

= −φpk(t) +
(γ

3

)
p4(t), k = 1, 2, 3. (31b)

This equation is completely independent of the system degrees of freedom. Thus, the
evolution ((30a) and (30b)) has a simple interpretation. When the environment suffers the

transition |4〉 γ/3→ |k〉 or the transition |k〉 φ→ |4〉 (k = 1, 2, 3), the transformation σk • σk is
conditionally applied over the open quantum system.

Equations (30a) and (30b) can be solved after specifying the bipartite initial conditions.
We consider a separable state, ρse

0 = ρs
0 ⊗ ρe

0, which implies ρ̃k(0) = ρs
0 pk(0). In general,

each auxiliary state ρ̃k(t) can be written as a superposition of the Pauli channels acting on
the initial system state ρs

0, that is,

ρ̃k(t) = ∑
j=1,2,3,4

gj
k(t)σjρ

s
0σj, (32)

where {gj
k(t)} are (sixteen) scalar functions that depend on time. Their initial conditions are

g4
k(0) = pk(0) and gj

k(0) = 0, with j = 1, 2, 3, and k = 1, 2, 3, 4. The evolution of the set

{gj
k(t)} follows after inserting the previous expression for ρ̃k(t) into Equations (30a) and (30b).

Consistent with their definition, pk(t) = Trs[ρ̃k(t)], the environment populations are recov-
ered as

pk(t) = ∑
j=1,2,3,4

gj
k(t). (33)

4.1. Depolarizing Dynamics

The evolution of the auxiliary states Equations (30a) and (30b) is (structurally) the same
for the states {ρ̃1(t), ρ̃2(t), ρ̃3(t)}. Thus, if we consider environment initial conditions where
p1(0) = p2(0) = p3(0), from Equations (29) and (32), it follows that the solution map ρs

0 → ρs
t

must be a depolarizing channel [39], that is,

ρs
t = w(t)ρs

0 +
1 − w(t)

3 ∑
k=1,2,3

σkρs
0σk, (34)

where the positive weight w(t), from Equation (32), follows as

w(t) = ∑
k=1,2,3,4

g4
k(t). (35)

Consistently, [1 − w(t)]/3 = ∑k=1,2,3,4 gj
k(t), with j = 1, 2, 3.
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The more natural initial conditions for the environment are their stationary populations
p∞

k ≡ limt→∞ pk(t), where pk(t) is defined by Equations (31a) and (31b). Straightforwardly,
we obtain

p∞
4 =

φ

γ + φ
, p∞

k =
1
3

γ

γ + φ
(k = 1, 2, 3). (36)

Under the assumption pk(0) = p∞
k , after obtaining the set {gj

k(t)} in an explicit analytical way,
the function w(t) that characterizes the depolarizing channel Equation (34) can be written as

w(t) =
(γ2 + 3φ2)

3(γ + φ)2 +
4γφ

3(γ + φ)2 e−(γ+φ)t +
2γ

3(γ + φ)
e−φt, (37)

which consistently satisfies w(0) = 1. Furthermore, lim t→∞w(t) �= 0. On the hand, the
environment dynamics is stationary, that is, pk(t) = pk(0) = p∞

k (Equation (36)).

4.2. Operational vs. Nonoperational Quantum Non-Markovianity

In the nonoperational approach, quantum non-Markovianity is defined by the re-
vivals in the trace distance between two different initial states, Equation (3). By using
that (I/2) = (ρ + ∑k=1,2,3 σkρσk)/4 [39], the depolarizing map (34) can be rewritten as
ρs

t = w(t)ρs
0 + (1/3)[1 − w(t)](2I − ρs

0). Thus, the trace distance straightforwardly can be
written as

D[ρs
t , σs

t ] =

∣∣∣∣4w(t)− 1
3

∣∣∣∣D[ρs
0, σs

0] ≡ d(t)D[ρs
0, σs

0] (38)

where D[ρs
0, σs

0] is the trace distance between the two initial states ρs
0 and σs

0. Notice that the
decay of the trace distance does not depend on the initial states, being dictated by the function
d(t).

In Figure 1a, we plot the function d(t) for different values of the characteristic parameter
φ/γ. As expected from Equation (37), D[ρs

t , σs
t ] decays in a monotonous way without developing

any revival. Thus, under the trace distance criteria, the dynamics is Markovian, and there is not
any environment-to-system backflow of information. Nevertheless, notice that for any value of
φ/γ, system–environment correlations are built up during the dynamics [see Equation (28)].
This feature, which is irrelevant for the TD decay behavior, is relevant for the CPF correlation.
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Figure 1. (a) Decay of the trace distance d(t) (Equation (38)) corresponding to the model ((31a) and (31b)).
(b) Time dependence of the CPF correlation Cp f (t, t)|y̆ in the deterministic scheme [56] corresponding to
the same model. The value of the quotient φ/γ is indicated in each plot.

In the operational approach, the presence of memory effects is witnessed by the CPF correla-
tion (Equation (6)) in the deterministic scheme. We assume that the three measurements are
projective ones, all of them being performed in the z-direction of the Bloch sphere. Furthermore,
the initial condition of the system is taken as ρs

0 = |ψ〉〈ψ|, where |ψ〉 is an eigenstate of the
x-Pauli matrix. Explicit general expression for Cp f (t, τ)|y̆ in terms of the coefficients {gj

k(t)} can
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be found in Ref. [57] (see corresponding Appendix D). Under the previous assumptions, the CPF
correlation can be obtained in an analytical way, which is written in [56]. Simple expressions are
obtained for specific values of the decay rates. For example, for φ = γ, it follows

Cp f (t, τ)|y̆ d
=

4
81

(1− e−γt)(1− e−γτ) (39)

×(2+ e−γt + e−γτ + 5e−γ(t+τ)).

Due to the symmetry of the problem, in all cases Cp f (t, τ)|y̆ does not depend on the value of the
conditional y̆ = ±1.

In Figure 1b, we plot the CPF correlation at equal times Cp f (t, t)|y̆ for different values of
φ/γ. In contrast to the nonoperational approach, here, for all possible values of the characteristic

parameter φ/γ it is fulfilled Cp f (t, τ)|y̆
d
�= 0, which indicates a non-Markovian regime. In fact,

the system is strongly correlated with the environment (Equation (28)).
The system–environment correlations emerge due to a unidirectional dependence of the

system dynamics on the environment transitions (Equations (30a) and (30b)). In fact, the
environment populations do not depend on the system degrees of freedom (see Equations (31a)
and (31b)). These properties are relevant in the random scheme and imply that Cp f (t, τ)|y̆ r

= 0
(Equation (13)). This result is valid for arbitrary measurement processes, indicating in the
operational approach the absence of any environment-to-system backflow of information.

4.3. Environment-to-System Backflow of Information

In the previous section, we concluded that both approaches differ in the classification of the
dynamics (Markovian vs. non-Markovian), but (due to different reasons) agree in the absence
of any environment-to-system backflow of information. Here, we show that in general, both
approaches also differ in this last aspect. Different mechanisms can be proposed for obtaining a
revival in the trace distance Equation (38).

4.3.1. Slow Modulation of the Stationary Environment State

First, we consider the same model (Equations (30a) and (30b)), but in addition, it is assumed
that the characteristic rates are time-dependent, γ → γ(t), φ → φ(t), with

γ(t) = γ[1+ b(t)] > 0, φ(t) = φ[1− b(t)] > 0. (40)

Here, b(t) is an arbitrary function of time that fulfills the constraint −1 < b(t) < 1. The previous
structure is chosen for simplifying the argument and calculus. Nevertheless, we remark that
similar dependences can be implemented in different experimental situations (see for example
Ref. [58]). The more relevant aspect is that the assumption (40) can be implemented by affecting
solely the environmental degrees of freedom (see Equations (31a) and (31b)).

In addition, in Equation (40), it is assumed that∣∣∣∣ d
dt

b(t)
∣∣∣∣� γ,

∣∣∣∣ d
dt

b(t)
∣∣∣∣� φ. (41)

Hence, the time dependence of b(t) can be considered slow with respect to the decay times (1/γ)
and (1/φ). Consequently, the full dynamics can be described in an adiabatic approximation,
where the full bipartite system in the long time regime (γt � 1, φt � 1) rapidly adjusts to the
instantaneous values of γ(t) and φ(t). In particular, in this regime, the environment populations
from Equation (36) can be written as

p∞
4 (t) � φ

γ + φ
[1− b(t)], p∞

k (t) �
1
3

γ

γ + φ
[1+ b(t)], (42)

where k = 1, 2, 3. For simplicity, we assumed that (γ − φ) � (γ + φ), which allows to approxi-
mate γ(t) + φ(t) = (γ + φ) + b(t)(γ − φ) � (γ + φ).
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In the long time regime, the nonoperational approach is characterized by the value
limt→∞ w(t) �= 0 (see Equations (37) and (38)). For time-independent rates, this quan-
tity can be written in terms of the stationary populations {p∞

k }k=4
k=1 (Equation (36)) as

limt→∞ w(t) = [p∞
4 ]2 + ∑k=1,2,3[p∞

k ]
2. Given that in the slow modulation regime

(Equation (41)) these values become time dependent, p∞
k −→ p∞

k (t) (Equation (42)), it
follows that

w(t)
slow� [p∞

4 (t)]2 + ∑
k=1,2,3

[p∞
k (t)]

2, γt � 1, φt � 1. (43)

Therefore, under the previous hypothesis, the stationary values of the TD in Figure 1a [d(t) =
|4w(t)− 1|/3] become proportional to the arbitrary function b(t). This result implies that one
can obtain arbitrary revivals in the trace distance (Equation (38)) by choosing different time
dependences of the function b(t). Alternatively, an arbitrary environment-to-system backflow of
information can be produced by changing solely in a slow way the (“stationary”) environment
populations. Nevertheless, we remark that the full dynamics is essentially the same as in the
static-rate case. While one can associate the revivals in the TD to the system–environment
correlations, these correlations have the same origin and structure as in the absence of revivals,
such as in Figure 1a (static case) and when b(t) does not lead to revivals.

In the deterministic scheme, the operational approach is characterized by the stationary
value [56]

lim
t→∞
τ→∞

Cp f (t, τ)|y̆ d
=

8γ(γ − 3φ)2(γ + 3φ)

81(γ + φ)4 , (44)

which can also be written in terms of {p∞
k }k=4

k=1 (Equation (36)). Thus, under the same conditions
that guarantee the slow modulation regime (Equations (41) and (42)), the stationary values of
Cp f (t, t)|y̆ plotted in Figure 1b also become proportional to the function b(t). Nevertheless, in
this approach, this property does not imply the presence of any backflow of information. In
fact, given that the environment state does not depend at all on the system degrees of freedom,
even in the slow modulation regime, it follows that Cp f (t, τ)|y̆ r

= 0 (Equation (13)). In this way,
it is clear that both the nonoperational and operational approaches also strongly disagree in this
aspect.

4.3.2. Quantum Coherent Contributions in the Environment Dynamics

The system–environment dynamics associated to the depolarizing channel
(Equations (30a) and (30b)) can alternatively be represented through a Lindblad equation.
In fact, the evolution of the bipartite state ρse

t can be written as

dρse
t

dt
= +

γ

3 ∑
k=1,2,3

(Bkσk[ρ
se
t ]σkB†

k −
1
2
{B†

k Bk, ρse
t }+)

+φ ∑
k=1,2,3

(B†
k σk[ρ

se
t ]σkBk −

1
2
{BkB†

k , ρse
t }+)

−i[He, ρse
t ], (45)

where the bath operators are Bk ≡ |k〉〈4|, k = 1, 2, 3. As before, {|1〉, |2〉, |3〉, |4〉} are the environ-
ment base. Defining the states ρ̃k ≡ 〈k|ρse

t |k〉, it is simple to check that the first two lines of the
previous Lindblad dynamics recover the time evolution introduced in Equations (30a) and (30b).

From Equation (45), it is simple to check that the bath state (ρe
t = Trs[ρse

t ]) obeys a Lindblad
equation that, even with the extra contribution −i[He, ρse

t ], is independent of the system degrees
of freedom. Thus, the environment is still a casual bystander one (see Equations (20) and (21)).
In order to obtain a (system) depolarizing channel (Equation (34)), the symmetry between the
bath states {|1〉, |2〉, |3〉} must be granted. For example, the Hamiltonian

He =
Ω
2 ∑

k=1,2,3
(|k〉〈4|+ |4〉〈k|) (46)
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fulfills this property.
In consistence with the solution defined by Equations (28) and (32), here, the bipartite state

is written as
ρse

t = ∑
k=1,2,3,4

(σkρs
0σk)⊗ �k

t , (47)

where {�k
t} are states in the environment Hilbert space. In order to obtain analytically treatable

solutions, we assume the bipartite initial condition

ρse
0 = ρs

0 ⊗ ρe
0 = ρs

0 ⊗ |4〉〈4|. (48)

Under this assumption (ρe
0 = |4〉〈4|), given that the underlying system stochastic dynamics

associated to Equation (45) is the same as in the incoherent case (Equation (30)), it follows that
the system state goes back to the initial condition ρs

0 whenever the environment goes back
to the state |4〉. This property straightforwardly follows from σ2

k = I. Therefore, under the
assumption (48), here, the depolarizing map Equation (34) is defined with the function

w(t) = Tre[�
4
t ] = 〈4|ρe

t |4〉, (49)

where ρe
t is the density matrix of the environment. Consistently, [1 − w(t)]/3 = Tre[�k

t ] =
〈k|ρe

t |k〉, with k = 1, 2, 3. Consequently, the decay of the trace distance is proportional to the bath
population 〈4|ρe

t |4〉. Its explicit analytical expression is rather complex and noninformative [59].
In this alternative situation, it is clear that He induces intrinsic quantum coherent oscillations

in the environment dynamics, which in turn may lead to oscillations in the trace distance
(Equation (38)). In Figure 2, we plot the TD decay d(t) = |4w(t)− 1|/3 taking φ = γ and for
different values of Ω/γ. When Ω/γ < 1, a monotonous decay is observed. Nevertheless, for
Ω/γ > 1, revivals in the TD are observed.

Figure 2. Decay of the trace distance d(t) (Equations (38) and (49)) corresponding to the model (45) with
φ = γ for different values of the Hamiltonian frequency Ω/γ.

The CPF correlation in the deterministic scheme cannot be calculated in an analytical
way. Nevertheless, given that the system dynamics is still controlled by the environment (self)

transitions, it follows that Cp f (t, τ)|y̆
d
�= 0. Thus, the dynamics become non-Markovian in both

approaches (Ω/γ > 1). Nevertheless, given that the environment is a casual bystander one,
in the random scheme it is valid that Cp f (t, τ)|y̆ r

= 0 (Equation (13)) for any value of Ω/γ.
Consequently, in the same way as in the previous model (Equation (40)), the nonoperational
and operational approaches give different results about the presence of environment-to-system
backflows of information.
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5. Summary and Conclusions

The interpretation of quantum memory effects in terms of an environment-to-system
backflow of information is still under vivid debate. In this contribution, we presented a
partial view of this problem by comparing how this concept is introduced and interpreted
in nonoperational and operational approaches to quantum non-Markovianity.

Our main contribution is a comparison between both formalisms for different environ-
ment models. We considered casual bystander environments, which are characterized by a
density matrix that does not depend on the system degrees of freedom. This class covers
classical statistical mixtures of Markovian dynamics (Equation (14)), interactions with
stochastic classical degrees of freedom (Equation (16)), and environmental quantum de-
grees of freedom (Equation (19)). In addition, we considered unitary system–environment
models (Equation (22)).

As a nonoperational approach, we used the TD between two system states with differ-
ent initial conditions. This formalism is characterized by the bound Equation (2). We have
argued that, in general, it is not possible to predict if for a given model the TD presents or
does not present revivals in its time behavior. This property is valid for all environmental
models. In the case of casual bystander ones, the previous feature represents an obstacle for
giving a consistent physical interpretation of any environment-to-system backflow of infor-
mation defined as revivals in the TD (Equation (3)). In fact, for these dynamics, the system–
environment correlations emerge due to the unidirectional dependence of the system
dynamics in the state of the environment and its transitions. In particular, for stationary en-
vironments, it is not possible to know when the system–environment correlations lead to the
presence or absence of backflows of information. The possibility of obtaining monotonous
decay behaviors of the TD for unitary interaction models also represents an undesirable
property because, in general, the environment state is modified by its interaction with
the system.

As an operational approach, we used a CPF correlation (Equation (6)), which is defined
by three consecutive system measurement processes. Both deterministic and random
schemes were considered (with associated joint probabilities Equations (7) and (8)). In the
case of casual bystander environments, the CPF correlation in the deterministic scheme does
not vanish, while in the random scheme it vanishes identically for any chosen measurement
observables (Equation (13)). Thus, in this approach, any casual bystander environment
leads to a non-Markovian system dynamics but not any bidirectional information flow
is detected. In the case of Hamiltonian models, in general, in both schemes the CPF
correlation does not vanish, indicating non-Markovian system dynamics and the presence
of bidirectional information flows (Equation (24)). An undesirable exception to this last
property emerges when the system dynamics can equivalently be represented by a random
unitary map (Equations (25) and (27)).

As a specific example, we considered a system coupled to an environment able to
induce depolarizing dynamics (Equations (30a), (30b), (40) and (45)). We found that both
approaches differ in the Markovian and non-Markovian regimes, as well in the presence or
absence of environment-to-system backflows of information.

In general, both operational and nonoperational approaches to quantum non-Markovi-
anity provide necessary and complementary points of view for defining and understanding
memory effects in open quantum systems. The present results shed light on some con-
ceptual differences and properties of these approaches. They may be useful for extending
the application of these formalisms for the understanding of memory effects induced by
structured or spatially extended environments.
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Abstract: We theoretically study the non-Markovian disentanglement dynamics of a two-qubit
system coupled to nonequilibrium environments with nonstationary and non-Markovian random
telegraph noise statistical properties. The reduced density matrix of the two-qubit system can be
expressed as the Kraus representation in terms of the tensor products of the single qubit Kraus opera-
tors. We derive the relation between the entanglement and nonlocality of the two-qubit system which
are both closely associated with the decoherence function. We identify the threshold values of the
decoherence function to ensure the existences of the concurrence and nonlocal quantum correlations
for an arbitrary evolution time when the two-qubit system is initially prepared in the composite Bell
states and the Werner states, respectively. It is shown that the environmental nonequilibrium feature
can suppress the disentanglement dynamics and reduce the entanglement revivals in non-Markovian
dynamics regime. In addition, the environmental nonequilibrium feature can enhance the nonlocality
of the two-qubit system. Moreover, the entanglement sudden death and rebirth phenomena and
the transition between quantum and classical nonlocalities closely depend on the parameters of the
initial states and the environmental parameters in nonequilibrium environments.

Keywords: open quantum system; decoherence; disentanglement

1. Introduction

Coherence and entanglement are two basic quantum features of nonclassical systems,
which play vital roles in quantum mechanical community as specific resources ranging
from fundamental questions to wide applications in quantum computing, quantum metrol-
ogy and quantum information science [1–6]. It is known that any quantum system loses
quantum features during time evolution resulting from the unavoidable couplings be-
tween the system and the environments. The loss of quantum features induced by the
environments is considered as a fundamental obstacle to the construction of quantum
information processors and the realization of ultrafast quantum computation. The study of
decoherence and disentanglement dynamics of open quantum systems can help us further
expand the understanding of the environmental effects on the dynamical evolution of the
quantum systems and the real origins of the loss of quantum features and quantum-classical
transition, which has potential applications in preserving quantum features against the
environmental noise and in realizing quantum manipulation and control and quantum
measurement [7–22].

During the last few decades, the dynamics of open quantum systems is usually in-
vestigated within Markov approximation, i.e., when we neglect the memory effect of the
dynamical evolution and the higher-order environmental correlations, described by a for-
mally solvable Lindblad type master equation. With the development of the experimental
technique, it has been observed accurately that the dynamical evolution of open quan-
tum systems is closely associated with a flow of information from the environments back
into the system. For instance, the electronic energy transfer processes in photosynthesis
and the dynamical decoherence in quantum bit systems exhibit strong non-Markovian
behavior [23–28]. In recent decades, increasing attention has been attracted to theoretically
studying the dynamics of open quantum systems beyond the framework of Markovian
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approximation [29–38], and there have been well established theoretical approaches to
study the non-Markovian dynamics of open quantum systems within the framework of
classical and quantum treatments [39–63]. Meanwhile, the coherence and entanglement
revivals and entanglement sudden death and rebirth phenomena have been extensively
studied theoretically and observed experimentally in the presence of the non-Markovian
behavior in the quantum dynamics [64–70].

Recently, the nonequilibrium feature of the environments in many crucial dynamical
processes has been experimentally observed. In these processes, the environmental initial
states caused by the interaction with the quantum systems cannot become stationary in time,
which corresponds to the environments around the quantum systems being out of equilib-
rium [71–74]. Random telegraph noise (RTN) is an important classical non-Gaussian noise,
which has theoretically simulated the environmental influences on open quantum systems,
such as single molecule fluorescence [75,76], disentanglement, decoherence and frequency
modulation processes in the presence of low-frequency 1/ f α noise [77–83]. Furthermore,
the quantum dynamics that are stochastically driven by the classical fluctuating field dis-
playing random telegraph fluctuations have been investigated experimentally [84,85]. The
previous investigations usually assumed that the RTN displays stationary and Marko-
vian properties. As a matter of fact, the stationary and Markovian assumption is only
an idealization of both real internal fluctuations and external disturbances, and the real
properties of the fluctuations and disturbances induced by the environments are neither
stationary nor Markovian. Based on this fact, the stationary non-Markovian RTN and
the nonstationary non-Markovian RTN with an exponential memory kernel have been
successively put forward and discussed [86,87], and the latter has been widely used to
study the relevant issues on the dynamics of open quantum systems in nonequilibrium
environments [87–93]. Studying the environmental nonequilibrium effects on quantum
coherence due to the significant role in the dynamical evolution of the open quantum
systems has increasingly drawn much attention, and the theoretical results demonstrate
that nonequilibrium environments cause the energy levels shift of the quantum system and
delay the transition critical time of decoherence from classical to quantum [87,88,92,93].
To the best of our knowledge, the disentanglement dynamics in nonequilibrium environ-
ments has not been studied yet. Meanwhile, some other important physical questions arise
naturally and should be further addressed: Can we find the close relations between the
local decoherence and nonlocal entanglement and quantum nonlocality of open quantum
systems in nonequilibrium environments? How do the environmental nonequilibrium
feature influence the disentanglement dynamics and quantum nonlocality of open quan-
tum systems? Are there the entanglement sudden death and rebirth phenomena or the
transition between quantum and classical nonlocalities in nonequilibrium environments?

In this paper, we theoretically study the non-Markovian dynamics of a two-qubit
system interacting with nonequilibrium environments, which display nonstationary and
non-Markovian RTN statistical properties. The two-qubit system consists of two non-
coupling identical single qubits independently interacting with its local nonequilibrium
environment, of which the reduced density matrix can be expressed as the Kraus represen-
tation in terms of the tensor products of the single qubit Kraus operators. We derive the
relations between the decoherence function and the entanglement quantified by the con-
currence and the nonlocality characterized by the Bell function. We identify the threshold
values of the decoherence function to ensure the existences of the concurrence and nonlocal
quantum correlations at an arbitrary evolution time for the two-qubit system prepared
initially in the composite Bell states and the Werner states, respectively. It is demonstrated
that the environmental nonequilibrium feature can suppress both the decoherence and
disentanglement dynamics and that it can reduce the coherence and entanglement revivals
in non-Markovian dynamics regime. In addition, the environmental nonequilibrium fea-
ture can enhance the nonlocality of the two-qubit system. Moreover, the phenomena of
entanglement sudden death and rebirth and the transition between quantum and classical
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nonlocalities are closely dependent on the parameters of the initial states in nonequilib-
rium environments.

This paper is organized as follows. In Section 2, we introduce the theoretical frame-
work of non-Markovian disentanglement dynamics in nonequilibrium environments. We
employ the non-Markovianity, concurrence and Bell function to describe the non-Markovian
two-qubit disentanglement dynamics in nonequilibrium environments. In Section 3, we
discuss the numerical results of the non-Markovian two noninteracting qubit disentangle-
ment dynamics in nonequilibrium environments with nonstationary and non-Markovian
RTN statistical properties. In Section 4, we present the conclusions from the present study.

2. Theoretical Framework

2.1. Non-Markovian Disentanglement Dynamics of a Two-Qubit System

We consider a two-qubit system T consisting of two noninteracting identical single
qubits A and B independently interacting with its nonequilibrium environment exhibiting
nonstationary and non-Markovian RTN statistical properties, respectively. The single qubit
S (S = A, B) can be characterized as a two-level system with the states |1〉 and |0〉. The
environmental effects lead to the stochastic fluctuations in the Hamiltonian of the two-qubit
system as

HT(t) = HS(t)⊗ I + I ⊗ HS(t), (1)

where I denotes the identity matrix and HS(t) is the stochastic Hamiltonian of the single
qubit system S coupled to its local nonequilibrium environment E, written as

HS(t) =
h̄
2
[ω0 + ξ(t)]σz, (2)

with ω0 denoting the frequency difference of the single qubit system, σz = |1〉〈1| − |0〉〈0|
being the Pauli matrix in the single qubit basis BS = {|1〉, |0〉} and the environmental noise
ξ(t) subject to a generalized RTN stochastic process.

Due to the fact that the two single qubits of the system do not interact with each
other initially, the dynamics of the two-qubit system can be obtained from that of a singe
qubit system by means of the Kraus representation [40,94]. Thus, to derive the dynamics
of the two-qubit system, we first consider that of the single qubit system. Because the
environmental effects lead to the stochastic fluctuations in the frequency difference between
the states |1〉 and |0〉, the single qubit system undergoes pure decoherence during its
dynamical evolution. By taking an average over the environmental noise ξ(t), we can
express the reduced density matrix of the single qubit system in the Kraus representation as

ρS(t) =
2

∑
μ=1

KSμ(t)ρS(0)K†
Sμ(t), (3)

with the single qubit Kraus operators KSμ

KS1(t) =
(

1 0
0 eiω0tF(t)

)
, KS2(t) =

(
0 0
0
√

1 − |F(t)|2
)

, (4)

where F(t) =
〈

exp
[
i
∫ t

0 dt′ξ(t′)
]〉

denotes the decoherence function with 〈· · · 〉 being the
average taken over the environmental noise ξ(t). The diagonal elements of the reduced
density matrix of the single qubit system are time independent and the off diagonal
elements evolve with time

ρ00(t) = ρ00(0),

ρ11(t) = 1 − ρ00(t),

ρ01(t) = ρ∗10(t) = ρ01(0)eiω0tF(t).

(5)
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Because of the nonstationary statistical property of the environmental noise, the decoher-
ence function is complex. The dynamical evolution of the single qubit system is closely
associated with the decoherence rate γ(t) = −Re[(d/dt)F(t)/F(t)] and the frequency shift
s(t) = −Im[(d/dt)F(t)/F(t)] [87,88].

In the presence of the standard RTN, the amplitude of the environmental noise jumps
randomly with the switching rate λ between the values ±ν. The ratio ν/λ describes the
environmental coupling and there are two important dynamic regimes identified: the
weak coupling regime ν/λ < 1 and the strong coupling regime ν/λ > 1. The statistical
properties of the standard RTN is time-homogeneous, Markovian and stationary. Physically,
the statistical properties of the generalized RTN can be extracted from that of the standard
RTN based on classical probability theory [95]. In the following, we introduce a class of
time-homogeneous, non-Markovian and nonstationary RTN (see Appendix A).

For the time-homogeneous generalized RTN process, the environmental non-Markovian
property is described by a generalized master equation for the time evolution of the conditional
probability [86]

∂

∂t
P(ξ, t|ξ ′, t′) =

∫ t

t′
K(t − τ)λTP(ξ, τ|ξ ′, t′)dτ, (6)

where K(t − τ) is the memory kernel of the environmental noise, and the conditional
probability P(ξ, t|ξ ′, t′) and transition matrix T are respectively expressed as

P(ξ, t|ξ ′, t′) =
(

P(+ν, t|ξ ′, t′)
P(−ν, t|ξ ′, t′)

)
,T =

( −1 1
1 −1

)
. (7)

Physically, the extraction of a subensemble non-Markovian processes with the memory
effect taken into account means that the statistical properties of the environmental noise
depend on previous history. When the environmental noise is memoryless, i.e., K(t − τ) =
δ(t − τ), the non-Markovian RTN recovers the Markovian one and its memory effect
vanishes. By means of the Laplace transformation P̃(ξ, s|ξ ′, t′) =

∫ ∞
0 P(ξ, t|ξ ′, t′)e−stdt, the

conditional probability in Equation (6) can be analytically expressed as

P(ξ, t|ξ ′, t′) =
[

I +
1 −P(t − t′)

2
T
]
P(ξ, t′|ξ ′, t′), (8)

where the auxiliary probability function P(t − t′) = L −1[e−st′ P̃(s)] with P̃(s) = 1/[s +
2λK̃(s)] and L −1 denotes the inverse Laplace transform. Due to the fact that the memory
kernel in the conditional probability depends on the time difference, the environmental
noise is subject to an homogeneous stochastic process.

The environmental nonstationary property arises from the initial distribution

P(ξ0, 0) =
1
2
(1 + a)δξ0,ν +

1
2
(1 − a)δξ0,−ν, (9)

where a is the nonstationary parameter and −1 ≤ a ≤ 1. Correspondingly, the nonstation-
ary one-point probability distribution satisfies

P(ξ, t) = ∑
ξ0

P(ξ, t|ξ0, 0)P(ξ0, 0) =
1
2
[1 + aP(t)]δξ,ν +

1
2
[1 − aP(t)]δξ,−ν. (10)

Physically, the extraction of a subensemble nonstatioanry processes with initial nonsta-
tionary distribution means that the statistical property of the environmental noise is time
dependent initially, which corresponds to the environment being in a certain initial nonequi-
librum state [95]. For the case a = 0, the environmental noise only displays stationary
property corresponding to that the environment is in equilibrium [87,88].
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According to the non-Markovian and nonstationary properties described above, the
statistical characteristics of the environmental noise ξ(t) are described by the first and
second-order moments

〈ξ(t)〉 = aνP(t),

〈ξ(t)ξ(t′)〉 = ν2P(t − t′).
(11)

where L −1 denotes the inverse Laplace transform. According to the Bayes’ theorem, the
environmental higher odd- and even-order moments satisfy the factorization

〈ξ(t1)ξ(t2) · · · ξ(t2n−1)〉 = 〈ξ(t1)ξ(t2)〉〈ξ(t3)ξ(t4)〉 · · · 〈ξ(t2n−1)〉
= av2n−1P(t1 − t2) · · · P(t2n−1),

〈ξ(t1)ξ(t2) · · · ξ(t2n)〉 = 〈ξ(t1)ξ(t2)〉〈ξ(t3)ξ(t4)〉 · · · 〈ξ(t2n−1)ξ(t2n)〉
= v2nP(t1 − t2) · · · P(t2n−1 − t2n),

(12)

for the order of the time instants t1 > · · · > t2n (n ≥ 2). This factorization relation for
the higher-order correlation functions recovers to the case that the RTN process exhibits
only stationary property due to the vanishing of the odd moments of the environmental
noise [86,96]. It is worth mentioning that nonstationary property of the environmental noise
only influences the odd-order moments due to our extraction of the subensemble time-
homogeneous nonstatioanry processes made above. If the environmental noise ξ(t) exhibits
stationary statistical property, namely, a = 0, the odd-order moments in its statistical
characteristics will vanish [86,96].

We consider the case that the environmental memory kernel is of an exponential form
as K(t − τ) = κe−κ(t−τ) with κ denoting the memory decay rate. The smaller is the decay
rate κ, the stronger is the environmental non-Markovian property. For the case κ → +∞,
namely, the memoryless case K(t − τ) = δ(t − τ), the environmental noise only exhibits
Markovian property. Based on the exponential form of the memory kernel, each order
moment of the environmental noise obeys the closed second-order differential relation

d2

dt2 〈ξ(t) · · · ξ(tn)〉+ κ
d
dt
〈ξ(t) · · · ξ(tn)〉+ 2κλ〈ξ(t) · · · ξ(tn)〉 = 0. (13)

In terms of Equation (13) and the generalized Dyson expansion for the decoherence function

F(t) = 1 +
∞

∑
n=1

in
∫ t

0
dt1 · · ·

∫ tn−1

0
dtn〈ξ(t1) · · · ξ(tn)〉, (14)

for all the time instants t > t1 > · · · > tn > 0, we obtain a closed third-order differential
equation for the decoherence function in the single qubit system

d3

dt3 F(t) + κ
d2

dt2 F(t) + (2κλ + ν2)
d
dt

F(t) + κν2F(t) = 0, (15)

with the initial conditions F(0) = 1, (d/dt)F(0) = iaν and (d2/dt2)F(0) = −ν2. Corre-
spondingly, the decoherence function for the single qubit system can be exactly expressed
as [88]

F(t) = L −1[F (s)], F (s) =
s2 + κs + 2κλ + iaν(s + κ)

s3 + κs2 + (2κλ + ν2)s + κν2 . (16)

We now construct the reduced density matrix of the two-qubit system in the standard
product basis BT = {|1〉 = |11〉, |2〉 = |10〉, |3〉 = |01〉, |4〉 = |00〉}. Based on the two-qubit
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basis and by taking an average over the environmental noise, we express the reduced
density matrix of the two-qubit system in the Kraus representation as

ρT(t) =
4

∑
μ=1

KTμ(t)ρT(0)K†
Tμ(t), (17)

where the two-qubit Kraus operators KTμ(t) = KSν(t)⊗ KSυ(t)(ν, υ = 1, 2) are the tensor
products of the single qubit Kraus operators

KT1(t) =
(

1 0
0 eiω0tF(t)

)
⊗
(

1 0
0 eiω0tF(t)

)
,

KT2(t) =
(

1 0
0 eiω0tF(t)

)
⊗
(

1 0
0
√

1 − |F(t)|2
)

,

KT3(t) =
(

0 0
0
√

1 − |F(t)|2
)
⊗
(

1 0
0 eiω0tF(t)

)
,

KT4(t) =
(

0 0
0
√

1 − |F(t)|2
)
⊗
(

0 0
0
√

1 − |F(t)|2
)

.

(18)

Due to the pure decoherence, the diagonal elements of the reduced density matrix are time-
independent and the off-diagonal elements decay with time monotonously (Markovian
behavior) or non-monotonously (non-Markovian behavior). According to the two-qubit
Kraus operators expression for the reduced density matrix in Equation (17), the diagonal
elements do not evolve with time

ρ11(t) = ρ11(0),

ρ22(t) = ρ22(0),

ρ33(t) = ρ33(0),

ρ44(t) = 1 − [ρ11(0) + ρ22(0) + ρ33(0)],

(19)

and time-dependent off diagonal elements can be written as

ρ21(t) = ρ∗12(t) = ρ21(0)eiω0tF(t),

ρ31(t) = ρ∗13(t) = ρ31(0)eiω0tF(t),

ρ32(t) = ρ∗23(t) = ρ32(0)|F(t)|2,

ρ41(t) = ρ∗14(t) = ρ41(0)ei(2ω0)tF2(t),

ρ42(t) = ρ∗24(t) = ρ42(0)eiω0tF(t),

ρ43(t) = ρ∗34(t) = ρ43(0)eiω0tF(t).

(20)

By taking the optimization over all pairs of initial states, the non-Markovianity quanti-
fying the flow of information exchange between the two-qubit system and environment
can be expressed as [30,97]

NT = max
ρ1,2

T (0)

∫
dD
dt >0

d
dt
D(ρ1

T(t), ρ2
T(t))dt = −2

∫
γ(t)<0

γ(t)|F(t)|2dt, (21)

where D(ρ1
T , ρ2

T) =
1
2 tr|ρ1

T − ρ2
T | denotes the trace distance between the two-qubit states ρ1

T
and ρ2

T and the optimal pair of initial states can be chosen as the maximally entangled states
of super-decoherent Bell states |ψ±(0)〉 = (|00〉 ± |11〉)/

√
2 or sub-decoherent Bell states

|ϕ±(0)〉 = (|01〉 ± |10〉)/
√

2 [98,99]. The two-qubit dynamics display non-Markovian
behavior if the decoherence rate γ(t) takes negative values in some time intervals.

126



Entropy 2022, 24, 1330

2.2. Relations between Local Decoherence and Nonlocal Entanglement and Quantum Nonlocality

Due to the environmental effects on its evolution, the two-qubit system undergoes
dynamical disentanglement. Since the two single qubits of the system do not interact
with each other, the dynamics of the two-qubit system can be obtained from that of a
singe qubit system, as we derived above. Thus, the local decoherence described by the
decoherence function F(t) plays an important role in the dynamics of the two-qubit system
as that in a single qubit system [100,101]. Can we find the close relations between the
local decoherence and nonlocal entanglement and quantum nonlocality of the two-qubit
sytem in nonequilibrium environments? Are there the entanglement sudden death and
rebirth phenomena or the transition between quantum and classical nonlocalities of the
two-qubit system in nonequilibrium environments? To further study the effects of the
local decoherence on the nonlocal entanglement and quantum nonlocality of the two-qubit
sytem, we use the concurrence C(t) and the Clauser-Horne-Shimony-Holt (CHSH) form of
Bell function B(t) to quantify the entanglement and quantum nonlocality of the two-qubit
system (see Appendix B), respectively [94,102,103].

In the following, we derive the relations between the decoherence function and the
entanglement quantified by the concurrence and the nonlocality characterized by the
Bell function for the two-qubit system initially prepared in the composite Bell states and
Werner states with an X structure density matrix, respectively [104,105]. In contrast to
the previous investigations [82,100] that only discussed the threshold values of the initial
state parameters for the existences of the concurrence and quantum nonlocality initially,
we not only discuss the initial threshold values of the state parameters but also discuss
the threshold values of the decoherence function for the existences of the concurrence and
quantum nonlocality at an arbitrary time t.

We first focus on the initial states of the system in the composite Bell states of the
form [106]

ρ(0) =
1 + c

2
|ψ±(0)〉〈ψ±(0)|+

1 − c
2

|ϕ±(0)〉〈ϕ±(0)|, (22)

where the initial state parameter c is real and satisfies −1 ≤ c ≤ 1. It has, by studying the
quantum mutual information, quantum discord and classical correlations of the dynamics,
which demonstrates that for the initial states in Equation (22) there is a sudden transition
from classical to quantum decoherence for the two-qubit system coupled to a nonequilib-
rium environment exhibiting generalized RTN property, and the nonequilibrium feature of
the environment can delay the critical time of the transition of decoherence from classical
to quantum [92]. The concurrence at time t for the two-qubit system prepared in the initial
states of Equation (22) can be reduced to

C(t) = max
{

0,
1 + |c|

2
|F(t)|2 − 1 − |c|

2

}
. (23)

The initial concurrence of the two-qubit system prepared in the composite Bell states in
Equation (22) can be expressed as C(0) = |c|, since the initial value of the decoherence
function satisfies F(0) = 1. Therefore, the entanglement of the two-qubit system exists
except for the special case c = 0. For the case −1 ≤ c < 0, the concurrence at time t exists if
the threshold value of the decoherence function satisfies |F(t)| > |FC

th| =
√
(1 + c)/(1 − c),

whereas if it exists at time t for the case 0 < c ≤ 1, the threshold value of the deco-
herence function satisfies |F(t)| > |FC

th| =
√
(1 − c)/(1 + c). In both Markovian and

non-Markovian dynamics regimes, there are no entanglement sudden death and rebirth
phenomena for the case |c| = 1, whereas for the case 0 < |c| < 1, the entanglement sudden
death phenomenon occurs, and in the non-Markovian dynamics regime, the entanglement
rebirth phenomenon can occur if the secondary maximum of the decoherence function is
larger than the threshold value |FC

th|.
The time dependent maximum CHSH-Bell function B(t) for the initial states of the

two-qubit system of Equation (22) can be reduced to
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B(t) = 2
√
|F(t)|4 + c2. (24)

The presence of entanglement C(t) > 0, namely, c �= 0, is a necessary condition to achieve
nonlocality. The initial CHSH-Bell function B(0) = 2

√
1 + c2 > 2 corresponds to the fact

that the two-qubit system always initially displays the quantum nonlocality. In a long
time limit t → +∞, for the case |c| = 1, B(+∞) = 2, and thus the two-qubit system
always displays quantum nonlocality. For the case 0 < |c| < 1 the threshold value of the
decoherence function should satisfy |F(t)| > |FB

th| =
4
√

1 − c2 to ensure that the CHSH-Bell
function B(t) is larger than the classical threshold Bth and the nolocality of the two-qubit
system undergoes the transition from quantum to classical.

The close relation between B(t) and C(t) for the two-qubit system prepared in the
initial composite Bell states of Equation (22) can be expressed as

B(t) =

⎧⎨⎩ 2
1−c

√[
2C(t) + 1 + c

]2
+ c2(1 − c)2, −1 ≤ c < 0,

2
1+c

√[
2C(t) + 1 − c

]2
+ c2(1 + c)2, 0 < c ≤ 1.

(25)

For the case −1 ≤ c < 0, the classical threshold Cth, which corresponds to the Bell
function B(t) > Bth = 2 only exists for −1 < c < 0 and can be expressed as Cth =
(1 − c)

√
1 − c2/2 − (1 + c)/2, whereas for c = −1, the maximum CHSH-Bell function B(t)

is always larger than the threshold Bth = 2. Similarly, for the case 0 < c ≤ 1, the threshold
Cth for the Bell function larger than the threshold Bth = 2 exists for 0 < c < 1 and can be
expressed as Cth = (1 + c)

√
1 − c2/2 − (1 − c)/2, while the maximum CHSH-Bell function

B(t) is always larger than the threshold Bth = 2 for c = 1.
We now focus on the case that the two-qubit system is prepared for in a subclass of

Bell-diagonal states, namely, the Werner states [1,107]

ρψ(0) = r|ψ±(0)〉〈ψ±(0)|+
1 − r

4
I4,

ρϕ(0) = r|ϕ±(0)〉〈ϕ±(0)|+
1 − r

4
I4,

(26)

where 0 ≤ r ≤ 1 denotes the purity parameter of the initial states, and I4 is the 4× 4 identity
matrix. The concurrence for the two-qubit system prepared in the Werner states initially of
Equation (26) can be reduced to

Cψ(t) = Cϕ(t) = max
{

0, r|F(t)|2 − 1
2
(1 − r)

}
. (27)

The entanglement of the two-qubit system exists if the initial value of concurrence C(0)
in the Werner states is larger than zero, correspondingly 1/3 < r ≤ 1. The concurrence
exists at time t if the threshold value of the decoherence function satisfies |F(t)| > |FC

th| =√
(1 − r)/(2r). The entanglement sudden death and rebirth phenomena only occur in

non-Markovian dynamics regimes for the case r = 1, whereas for the case 1/3 < r < 1, the
entanglement sudden death phenomenon occurs in both Markovian and non-Markovian
dynamics regimes. The entanglement rebirth phenomenon can occur if the secondary
maximum of the decoherence function is larger than the threshold value |FC

th| in the non-
Markovian dynamics regime.

The time dependent maximum CHSH-Bell function B(t) for the initial Werner states
of Equation (26) can be reduced to

B(t) = 2r
√
|F(t)|4 + 1. (28)

In the presence of entanglement C(t) > 0, namely 1/3 < r| ≤ 1, if the initial CHSH-Bell
function B(0) = 2

√
2r > 2, namely

√
2/2 < r ≤ 1, the two-qubit system displays quantum

128



Entropy 2022, 24, 1330

nonlocality initially. For the case r = 1, B(+∞) = 2 in long time limit t → +∞, and the
two-qubit system always displays quantum nonlocality, whereas the two-qubit system
exhibits the transition from quantum to classical nolocalities for the case

√
2/2 < r < 1,

and the threshold value of the decoherence function satisfies |F(t)| > |FB
th| =

4
√

1/r2 − 1,
provided that the CHSH-Bell function B(t) is larger than the classical threshold Bth. The
initial CHSH-Bell function B(0) ≤ 2 and the two-qubit system always displays classical
nonlocality for the case 1/3 < r ≤

√
2/2.

For the two-qubit system prepared initially in the Werner states of Equation (26), the
close relation between B(t) and C(t) can be expressed as

B(t) = 2

√[
C(t) + 1

2
(1 − r)

]2
+ r2. (29)

The classical threshold Cth corresponding to the Bell function B(t) ≥ Bth = 2 can be
expressed as Cth =

√
1 − r2 − (1 − r)/2 which depends only on the purity parameter r of

the initial states of Equation (26), and it is a decreasing function of the purity parameter r;
for the presence of entanglement 1/3 < r ≤ 1, it satisfies 0 ≤ Cth < (2

√
2 − 1)/3.

3. Discussion

In this section, we demonstrate the numerical results of the non-Markovian disentan-
glement dynamics of a two-qubit system consisting of two noninteracting identical single
qubits independently coupled to its local nonequilibrium environment. We mainly focus
on how the environmental nonstationary and non-Markovian properties influence the
non-Markovianity NT , the entanglement quantified by the concurrence and the nonlocality
characterized by the Bell function. The comparisons with the environmental stationary and
memoryless cases are also discussed.

Figure 1 shows the non-Markovianity NT of a two-qubit system interacting with
nonequilibrium environments as a function of the environmental memory decay rate κ
and the nonstationary parameter a. Similar to the case of a single qubit system coupled
to nonequilibrium environments, for a given value of the environmental memory decay
rate κ, the non-Markovianity NT shows symmetrical behavior for positive and negative
environmental nonstationary parameter a in both weak and strong coupling regimes. As
the environmental nonstationary parameter a deviates from zero for a given environmental
memory decay rate κ, the non-Markovianity NS decreases due to the suppression in the
dynamical decoherence induced by the environmental nonequilibrium feature. In both
weak and strong coupling regimes, for a given value of the environmental nonstationary
parameter a, the non-Markovianity NT increases with the decrease in the environmental
memory decay rate κ. The non-Markovianity NT decreases to zero as the environmental
memory decay rate κ increases in the weak coupling regime, as shown in Figure 1a, whereas
it does not decrease to zero in the strong coupling regime as displayed in Figure 1b.

Figure 2 displays the time evolution of the concurrence C(t) and the Bell function
B(t) for different values of the environmental nonstationary parameter a for the two-
qubit system prepared initially in the composite Bell states. As shown in Figure 2a, the
concurrence C(t) decays monotonically and there is an entanglement of the sudden death
phenomenon in the weak coupling regime for both the nonstationary a �= 0 and stationary
a = 0 cases. In the strong coupling regime, as the nonstationary parameter |a| increases,
the concurrence C(t) undergoes a transition from monotonical decay to nonmonotonical
decay with nonzero entanglement revivals. When the nonstationary parameter |a| is
smaller than a certain threshold value |ath| = 0.95, the entanglement only displays sudden
death phenomenon and the rebirth phenomenon disappears. In both the weak and strong
coupling regimes, the concurrence C(t) increases as the environmental nonstationary
parameter a departs from zero. This indicates that the environmental nonequilibrium
feature can suppress the disentanglement dynamics. As displayed in Figure 2b, in the
weak coupling regime, the Bell function B(t) decays monotonically, whereas it shows
nonmonotonical decays in the strong coupling regime. In both the weak and strong
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coupling regimes, the nolocality undergoes a transition from quantum to classical and it
increases as the environmental nonstationary parameter a departs from zero. This reflects
that the environmental nonequilibrium feature can enhance the quantum nonlocality. In
addition, the environmental nonequilibrium feature does not influence the initial values of
the concurrence C(0) and Bell function B(0) in both the weak and strong coupling regimes
for the system prepared in the composite Bell states initially.

Figure 1. (Color online) Non-Markovianity NT of a two-qubit system in nonequilibrium environ-
ments as a function of the environmental memory decay rate κ and the nonstationary parameter a in
(a) the weak coupling regime with ν/λ = 0.8 and (b) the strong coupling regime with ν/λ = 2. The
bottom panel of (b) is for the memoryless case κ → +∞.

Figure 3 displays the time evolution of the concurrence C(t) and the Bell function B(t)
for different values of the environmental memory decay rate κ for the two-qubit system
prepared initially in the composite Bell states. As shown in Figure 3a, the concurrence
C(t) undergoes a transition from nonmonotonical decay to monotonical decay as the
environmental memory decay rate κ increases in both the weak and strong coupling
regimes. The entanglement only displays sudden death phenomenon, and the rebirth
phenomenon disappears when the environmental memory decay rate κ is larger than the
threshold value κth = 0.27λ and κth = 0.87λ in the weak and strong coupling regimes,
respectively. In the presence of entanglement rebirth phenomenon, the entanglement
revivals in the concurrence C(t) become obvious as the environmental memory decay
rate κ decreases in both the weak and strong coupling regimes. This indicates that the
environmental non-Markovian feature can enhance the entanglement revivals and suppress
the disentanglement dynamics. As displayed in Figure 3b, the Bell function B(t) undergoes
a transition from nonmonotonical decay to monotonical decay in the weak coupling regime,
whereas in the strong coupling regime, it decays nonmonotonically and it increases as
the environmental memory decay rate κ decreases. This reflects that the environmental
non-Markovian feature can enhance the quantum nonlocality in the strong coupling regime.
In contrast, the decay of the Bell function B(t) exhibits a transition from nonmonotonical
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decay to monotonical decay with the increase in the environmental memory decay rate κ in
the weak coupling regime.
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Figure 2. (Color online) Time evolution of (a) the concurrence C(t) and (b) the Bell function B(t) for
different values of the environmental nonstationary parameter a for the two-qubit system prepared
initially in the composite Bell states with the initial state parameter |c| = 0.5. Left panel: the weak
coupling regime with ν/λ = 0.8. Right panel: the strong coupling regime with ν/λ = 2. The
environmental memory decay rate is given by κ/λ = 1. The threshold value corresponding to
the entanglement rebirth phenomenon in the strong coupling regime in the right panel of (a) is
|ath| = 0.95.
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Figure 3. (Color online) Time evolution of (a) the concurrence C(t) and (b) the Bell function B(t)
for different values of the environmental memory decay rate κ for the two-qubit system prepared
initially in the composite Bell states with the initial state parameter |c| = 0.5. Left panel: the weak
coupling regime with ν/λ = 0.8. Right panel: the strong coupling regime with ν/λ = 2. The
environmental nonstationary parameter is given by |a| = 0.5. The threshold values corresponding
to the entanglement rebirth phenomenon in the weak and strong coupling regimes in left and right
panel of (a) are κth = 0.27λ and κth = 0.87λ, respectively.
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Figure 4 displays the time evolution of the concurrence C(t) and the Bell function
B(t) for different values of the initial state parameter c for the two-qubit system prepared
initially in the composite Bell states. As shown in Figure 4a, the entanglement displays
sudden death phenomenon in the weak couping regime, whereas it displays a transition
from sudden death to rebirth for different initial state parameter |c| in the strong coupling
regime; as the initial state parameter |c| is smaller than the threshold value |cth| = 0.57, the
entanglement only displays the sudden death phenomenon, and the rebirth phenomenon
disappears. As the initial state parameter |c| increases, the concurrence C(t) increases
in both the weak and strong coupling regimes, and the entanglement revivals in the
concurrence C(t) become obvious in the strong coupling regime. This indicates that the
initial state parameter can enhance quantum entanglement. As shown in Figure 4b, the
nolocality undergoes a transition from quantum to classical as the initial state parameter
|c| decreases from the threshold value |cth| = 1 in both the weak and strong coupling
regimes. Due to the non-Markovian behavior in the disentanglement dynamics, the Bell
function B(t) decays nonmonotonically. In both the weak and strong coupling regimes,
the Bell function B(t) increases as the initial state parameter |c| increases. This reflects
that the initial state parameter can enhance nonlocality. Different from the fact that the
environmental nonequilibrium feature does not influence the concurrence and Bell function
initially, the initial values of the concurrence C(0) and Bell function B(0) depend closely
on the initial state parameter |c| and they increase with the increase in the initial state
parameter |c| in both the weak and strong coupling regimes. In both the weak and strong
coupling regimes, the initial Bell function B(0) is always larger than the threshold Bth = 2
for an arbitrary initial state parameter |c| corresponding to the fact that the two-qubit
system always displays quantum nonlocality initially for the two-qubit system prepared in
the composite Bell states.
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Figure 4. (Color online) Time evolution of (a) the concurrence C(t) and (b) the Bell function B(t) for
the two-qubit system prepared initially in the composite Bell states for different values of the initial
state parameter c. Left panel: the weak coupling regime with ν/λ = 0.8. Right panel: the strong
coupling regime with ν/λ = 2. The environmental nonstationary parameter is given by |a| = 0.5 and
the environmental memory decay rate is given by κ/λ = 1. The threshold value corresponding to the
entanglement rebirth phenomenon in the strong coupling regime in right panel of (a) is |cth| = 0.57.

Figure 5 shows the time evolution of the concurrence C(t) and the Bell function B(t)
for different values of the environmental nonstationary parameter a for the two-qubit
system prepared initially in the Werner states. Similar to the case that the two-qubit system
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initially prepared in the composite Bell states, as displayed in Figure 5a, the concurrence
C(t) decays monotonically, and it exhibits entanglement sudden death phenomenon for
both the nonstationary a �= 0 and stationary a = 0 cases in the weak coupling regime,
whereas there are obvious entanglement sudden death and rebirth phenomena in the strong
coupling regime. As shown in Figure 5b, the Bell function B(t) decays monotonically in
the weak coupling regime, while it decays nonmonotonically in the strong coupling regime.
It undergoes a transition between quantum and classical nonlocalities in both the weak
and strong coupling regimes. As the environmental nonstationary parameter a derivates
from zero, the concurrence C(t) and Bell function B(t) increase, whereas the initial values
of the concurrence C(0) and Bell function B(0) do not change in both the weak and
strong coupling regimes. This indicates that the environmental nonequilibrium feature
can suppress the disentanglement dynamics and enhance the quantum nonlocality but
it does not influence the initial concurrence C(0) and Bell function B(0). In addition, the
influence of the environmental nonequilibrium feature on disentanglement dynamics and
quantum nonlocality in the weak coupling regime is more obvious than that in the strong
coupling regime.
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Figure 5. (Color online) Time evolution of (a) the concurrence C(t) and (b) the Bell function B(t) for
different values of the environmental nonstationary parameter a for the two-qubit system prepared
initially in the Werner states with the initial purity parameter r = 0.8. Left panel: the weak coupling
regime with ν/λ = 0.8. Right panel: the strong coupling regime with ν/λ = 2. The environmental
memory decay rate is given by κ/λ = 1.

Figure 6 displays the time evolution of the concurrence C(t) and the Bell function
B(t) for different values of the environmental memory decay rate κ for the two-qubit
system prepared initially in the extended Werner states. As displayed in Figure 6a, similar
to the case that the two-qubit system initially prepared in the composite Bell states, the
concurrence C(t) exhibits a transition from nonmonotonical decay to monotonical decay
in both the weak and strong coupling regimes as the environmental memory decay rate
κ increases. The entanglement only displays sudden death phenomenon and the rebirth
phenomenon disappears when the environmental memory decay rate κ is larger than the
threshold value κth = 0.66λ and κth = 1.50λ in the weak and strong coupling regimes,
respectively. In the strong coupling regime, the entanglement revivals in the concurrence
C(t) enhances as the environmental memory decay rate κ decreases. As shown in Figure 6b,
the Bell function B(t) decays nonmonotonically, and for a given time t it decreases with
the increase in the environmental memory decay rate κ in the strong coupling regime. In
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contrast, in the weak coupling regime, the Bell function B(t) exhibits a transition from
nonmonotonical decay to monotonical decay as the environmental memory decay rate κ
decreases and the Bell function B(t) decreases in some time intervals and increases in some
other time intervals as the environmental memory decay rate κ decreases.
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Figure 6. (Color online) Time evolution of (a) the concurrence C(t) and (b) the Bell function B(t)
for different values of the environmental memory decay rate κ for the two-qubit system prepared
initially in the extended Werner states with the initial purity parameter r = 0.8. Left panel: the
weak coupling regime with ν/λ = 0.8. Right panel: the strong coupling regime with ν/λ = 2. The
environmental nonstationary parameter is given by |a| = 0.5. The threshold values corresponding
to the entanglement rebirth phenomenon in the weak and strong coupling regimes in left and right
panel of (a) are κth = 0.66λ and κth = 1.50λ, respectively.

Figure 7 displays the time evolution of the concurrence C(t) and Bell function B(t)
for different values of initial purity state parameter r for the two-qubit system prepared
initially in the Werner states. As shown in Figure 7a, similar to the case that the two-
qubit system initially prepared in the composite Bell states, as the initial purity state
parameter r decreases from the threshold value rth = 1, the entanglement sudden death
phenomenon occurs in the weak coupling regime. In the strong coupling regime, the
entanglement displays sudden death and rebirth phenomena, and it only shows sudden
death phenomenon; the rebirth phenomenon disappears as the initial purity state parameter
r is smaller than the threshold value rth = 0.65. With the increase in the initial purity state
parameter r, the concurrence C(t) increases in both the weak and strong coupling regimes
and the entanglement revivals in the concurrence C(t) become obvious in the strong
coupling regime. This reflects the fact that the initial purity state parameter r can enhance
quantum entanglement. As shown in Figure 7b, the Bell function B(t) decays monotonically
and nonmonotonically in the weak and strong coupling regimes, respectively. In both the
weak and strong coupling regimes, the Bell function B(t) increases as the initial purity state
parameter r increases. This indicates that the initial state parameter can enhance nonlocality.
As the initial purity state parameter r decreases from the threshold value rth = 1, it first
undergoes a transition from quantum nonlocality to classical nonlocality and then it only
displays classical nonlocality when the initial purity state parameter r is smaller than the
threshold value rth =

√
2/2 due to the fact that the initial Bell function B(0) is not always

larger than the threshold Bth = 2 for the two-qubit system prepared initially in the Werner
states. This is quite different from the case that the two-qubit system prepared initially in
the composite Bell states.
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Figure 7. (Color online) Time evolution of (a) the concurrence C(t) and (b) the Bell function B(t) for
the two-qubit system prepared initially in the Werner states for different values of the initial purity
parameter r. Left panel: the weak coupling regime with ν/λ = 0.8. Right panel: the strong coupling
regime with ν/λ = 2. The environmental nonstationary parameter is given by |a| = 0.5 and the
environmental memory decay rate is given by κ/λ = 1. The threshold value corresponding to the
entanglement rebirth phenomenon in the strong coupling regime in right panel of (a) is rth = 0.65.

Figure 8 shows the time evolution of the concurrence C(t) and Bell function B(t) for
different values of the coupling strength ν for the two-qubit system prepared initially in
the composite Bell states and Werner states, respectively. As displayed in Figure 8a, for
the weak coupling case (small ν), the entanglement shows sudden death phenomenon; as
the coupling strength ν increases, the entanglement rebirth phenomenon occurs for the
two-qubit system initially prepared in the composite Bell states and Werner states. The
threshold values corresponding to the entanglement rebirth phenomenon in the composite
Bell states and in the Werner states are νth = 2.2λ and νth = 1.47λ, respectively. In addition,
as the coupling strength ν increases, the entanglement revivals in the concurrence C(t)
become more obvious. This indicates that the coupling strength can enhance quantum
entanglement. As shown in Figure 8b, the Bell function B(t) undergoes a transition from
quantum nonlocality to classical nonlocality for the two-qubit system initially prepared in
both the composite Bell states and Werner states. Furthermore, the Bell function B(t) decays
monotonically and nonmonotonically for small and large values of the coupling strength
ν, respectively. The Bell function B(t) decreases as the coupling strength ν increases. This
reflects that the coupling strength can suppress nonlocality.
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Figure 8. (Color online) Time evolution of (a) the concurrence C(t) and (b) the Bell function B(t)
different values of the coupling strength ν. Left panel: for the two-qubit system prepared initially
in the composite Bell states with the initial state parameter |c| = 0.5. Right panel: for the two-qubit
system prepared initially in the Werner states with the initial purity parameter r = 0.8. The environ-
mental nonstationary parameter is given by |a| = 0.5 and the environmental memory decay rate is
given by κ/λ = 1. The threshold values corresponding to the entanglement rebirth phenomenon
in the composite Bell states and in the Werner states in left and right panel of (a) are νth = 2.2λ and
νth = 1.47λ, respectively.

4. Conclusions

We have theoretically studied the disentanglement dynamics of a two-qubit system
in the presence of nonequilibrium environments with nonstationary and non-Markovian
RTN statistical properties. The reduced density matrix of the two-qubit system can be
expressed in terms of the Kraus representation by means of the tensor products of the single
qubit Kraus operators. We have derived the relations between the decoherence function
and the entanglement characterized by the concurrence and the nonlocality quantified by
the Bell function of the two-qubit system. We have identified the threshold values of the
decoherence function to ensure the existences of the concurrence and nonlocal quantum
correlations for a given evolution time when the two-qubit system is initially prepared
in the composite Bell states and the Werner states, respectively. The results demonstrate
that the environmental nonequilibrium feature can suppress the disentanglement of the
two-qubit system and reduce the entanglement revivals in the two-qubit disentanglement
dynamics. In addition, the environmental nonequilibrium feature can enhance the nonlo-
cality in the two-qubit system. Moreover, the phenomena of entanglement sudden death
and rebirth and the transition between quantum and classical nonlocalities closely depend
on the parameters of the initial states and the environmental parameters, such as the
nonstationary parameter, the memory decay rate and the coupling strength of the environ-
mental noise. Our results are helpful for further understanding the quantum dynamics in
nonequilibrium environments.
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Appendix A. Generalized RTN Process Based on Classical Probability Theory

Based on the classical probability theory [95], a stochastic process ξ(t) is completely
determined by an infinity hierarchy of the multi-point probability distribution

Pn = P(ξ1, t1; · · · ; ξn, tn) = 〈δ(ξ1 − ξ(t1)) · · · δ(ξn − ξ(tn))〉, (A1)

which represents that the stochastic process ξ(t) takes the valve ξ1 at time t1, · · · , and the
value ξn at time tn for all ordered sets of time t1 > · · · > tn (n ≥ 1). The n-point joint
probability Pn obeys the following four Kolmogorov consistency conditions:

(1) Nonnegative— i.e., Pn ≥ 0;
(2) Normalization—i.e., ∑ξ1

P1 = 1;
(3) Symmetry—i.e., Pn does not change by interchanging arbitrary pairs (ξk, tk) and

(ξl , tl);
(4) Relation between Pn and Pn−1—i.e., ∑ξn Pn = Pn−1.

In general, the initial one-point probability distribution P(ξ0, 0) is given and if we
want to obtain Pn, we should also know the conditional probability

P1|n−1 = P(ξ1, t1|ξ2, t2; · · · ; ξn, tn) = 〈δ(ξ1 − ξ(t1))〉ξ(t2)=ξ2,··· ,ξ(tn)=ξn , (A2)

which is the probability that the stochastic process ξ(t) at time t1 has the valve ξ1 under the
condition that the stochastic process ξ(t) takes the valve ξ2 at time t2, · · · , and the value ξn
at time tn. The conditions of nonnegativity and normalization are satisfied

P1|n−1 ≥ 0, ∑
ξ1

P1|1 = 1. (A3)

A stochastic process ξ(t) is considered to be stationary if all Pn depend only on the
time difference

P(ξ1, t1 + τ; · · · ; ξn, tn + τ) = P(ξ1, t1; · · · ; ξn, tn). (A4)

A necessary but not sufficient condition is that P1 is independent of time. Equivalently, if
there is at least one joint probability, Pi satisfies

P(ξ1, t1 + τ; · · · ; ξi, ti + τ) �= P(ξ1, t1; · · · ; ξi, ti), (A5)

the stochastic process ξ(t) is nonstationary. A sufficient but not necessary condition is that
P1 is time-dependent.

A stochastic process ξ(t) is regarded to be Markovian if all P1|n−1 satisfy

P(ξ1, t1|ξ2, t2; · · · ; ξn, tn) = P(ξ1, t1|ξ2, t2). (A6)

That is the probability for the stochastic process ξ(t) at time t1 to take the valve ξ1 under
the condition that the stochastic process ξ(t) has the valve ξ2 at time t2, · · · , and the value
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ξn at time tn depends only on the last previous value ξ2 at time t2. P1|1 is also called
the conditional transition probability. It is remarkable that for a Markovian process, we
can reconstruct an arbitrary multi-point probability distribution by means of the initial
one-point distribution P(ξ0, 0) and conditional transition probability P1|1 as

P(ξ1, t1; · · · ; ξn, tn) =
n−1

∏
i

P(ξi, ti|ξi+1, ti+1)P(ξn, tn), (A7)

where the one-point probability distribution satisfies

P(ξ1, t1) = P(ξ1, t1|ξ0, 0)P(ξ0, 0). (A8)

A necessary but not sufficient condition for a Markov process is that the conditional
transition probability obeys the Chapman-Kolmogorov (CK) equation

P(ξ1, t1|ξ3, t3) = ∑
ξ2

P(ξ1, t1|ξ2, t2)P(ξ2, t2|ξ3, t3). (A9)

A stochastic process ξ(t) is non-Markovian if there is at least one conditional probability.
P1|i−1 depends not only on the last previous value ξi−1 at time ti−1 but on one or more
previous values ξ j at earlier time tj (j < i − 1). A sufficient but not necessary condition is
that the CK equation (A9) fails.

The subensemble of non-Markovian and nonstationary homogeneous stochastic pro-
cesses can be extracted from subensembles of Markovian and stationary stochastic pro-
cesses [95]. A simple assumption is that P1 is time-dependent

P(ξ, t) =
∫

P(ξ, t|ξ0, 0)P(ξ0, 0)dξ0, (A10)

with the initial nonstationary distribution P(ξ0, 0) and the conditional probability P1|1
depends on its previous history

∂

∂t
P(ξ, t|ξ ′, t′) =

∫ t

t′
K(t − τ)Mξ P(ξ, τ|ξ ′, t′)dτ, (A11)

where the initial condition is given by P(ξ, t′|ξ ′, t′) = δ(ξ − ξ ′), K(t − τ) denotes the
memory kernel composite environmental noise ξ(t) and Mξ is a differential operator
only involving derivatives with respect to ξ. Physically, the extraction of a subensemble
nonstationary and non-Markovian stochastic processes with memory effect and initial
nonstationary distribution taken into account means that the environment is in a certain
nonequilibrum state initially and the statistical properties of the environmental noise
depend on previous history. For the case a = 0, the environmental noise only displays
stationary property and the environment is in equilibrium [87,88]. When the environmental
noise is memoryless, i.e., K(t − τ) = δ(t − τ), the non-Markovian RTN recovers the
Markovian one and its memory effect vanishes.

Appendix B. Entanglement and Quantum Nonlocality of a Two-Qubit System

In this appendix, we introduce the most commonly used measures of the entanglement
and quantum nonlocality of a two-qubit system.

For a two-qubit system, all the entanglement measures are compatible, and we can
use the concurrence to quantify the entanglement defined as [94,102]

C(t) = max
{

0,
√

λ1(t)−
√

λ2(t)−
√

λ3(t)−
√

λ4(t)
}

, (A12)

where λi(t) are the eigenvalues of the matrix ζ(t) = ρ(t)(σy ⊗ σy)ρ∗(t)(σy ⊗ σy) arranged in
decreasing order with ρ∗(t) denoting the complex conjugation of the two-qubit reduced den-

138



Entropy 2022, 24, 1330

sity matrix ρ(t) in the two-qubit basis BT . The concurrence C(t) varies from the maximum
1 for a maximally entangled state to the minimum 0 for a completely disentangled state.

For pure quantum state, the entanglement corresponds to nonlocal correlations,
whereas it is not the general case for mixed states due to the fact that the environmental
noise gives rise to the decay of nonlocal correlations. The nonlocality can be identified
by the violation of the Bell inequalities in the presence of entanglement (C(t) > 0). The
Clauser-Horne-Shimony-Holt (CHSH) form of Bell function has been widely used to deter-
mine whether there are nonlocal correlations of the entangled system. The maximum Bell
function B(t) for an entangled two-qubit system can be, based on the Horodecki criterion,
expressed as [103]

B(t) = 2
√

max
j>k

[μj(t) + μk(t)], (A13)

where the subscripts j, k = 1, 2, 3 and μj(t) and μk(t) are functions in terms of the elements
of the two-qubit reduced density matrix. If the Bell function B(t) is larger than the classical
threshold Bth = 2, the quantum correlations of the entangled two-qubit system cannot be
reproduced by any classical local model.

It is known that the Bell states and Werner mixed states of a two-qubit system play
an essential role in quantum computation and quantum information [6]. The two-qubit
reduced density matrix expressed in Equation (17) for initial composite Bell states and
Werner states has an X structure both initially and during the dynamical evolution. The
concurrence C(t) for an initial X structure reduced density matrix of a two-qubit system
can be computed in a particular form as [104]

CX(t) = max{0, C1(t), C2(t)}, (A14)

where

C1(t) = 2
[
|ρ23(t)| −

√
ρ11(t)ρ44(t)

]
,

C2(t) = 2
[
|ρ14(t)| −

√
ρ22(t)ρ33(t)

]
.

(A15)

The time dependent maximum CHSH-Bell function B(t) for an X structure two-qubit
density matrix can be expressed analytically as [105]

BX(t) = max{B1(t),B2(t)}, (A16)

where B1(t) = 2
√

μ1(t) + μ2(t) and B2(t) = 2
√

μ1(t) + μ3(t) with

μ1(t) = 4[|ρ14(t)|+ |ρ23(t)|]2,

μ2(t) = [ρ11(t) + ρ44(t)− ρ22(t)− ρ33(t)]
2,

μ3(t) = 4[|ρ14(t)| − |ρ23(t)|]2.

(A17)
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Abstract: We investigate the time-dependent behaviour of the energy current between a quantum
spin chain and its surrounding non-Markovian and finite temperature baths, together with its
relationship to the coherence dynamics of the system. To be specific, both the system and the baths
are assumed to be initially in thermal equilibrium at temperature Ts and Tb, respectively. This model
plays a fundamental role in study of quantum system evolution towards thermal equilibrium in an
open system. The non-Markovian quantum state diffusion (NMQSD) equation approach is used to
calculate the dynamics of the spin chain. The effects of non-Markovianity, temperature difference
and system-bath interaction strength on the energy current and the corresponding coherence in
cold and warm baths are analyzed, respectively. We show that the strong non-Markovianity, weak
system-bath interaction and low temperature difference will help to maintain the system coherence
and correspond to a weaker energy current. Interestingly, the warm baths destroy the coherence
while the cold baths help to build coherence. Furthermore, the effects of the Dzyaloshinskii–Moriya
(DM) interaction and the external magnetic field on the energy current and coherence are analyzed.
Both energy current and coherence will change due to the increase of the system energy induced
by the DM interaction and magnetic field. Significantly, the minimal coherence corresponds to the
critical magnetic field which causes the first order phase transition.

Keywords: quantum coherence; energy current; non-Markovian dynamics

1. Introduction

Decoherence and dissipation of a quantum system are a consequence of the inter-
action between the system and its surrounding environment and have been extensively
studied in quantum optics, quantum information, or quantum many-body system. Open
systems are difficult to deal with due to the complexity of the reservoirs. Born-Markovian
approximation has been used to describe the system dynamics, which assumes that the
large reservoir is not altered significantly. In this case, the system loses its information
into the bath, and these lost information does not play any further role on the system
dynamics. At short and intermediate time scales, considering the memory effects of the
environment, it may fails to give a correct description of the dynamics. A non-Markovian
quantum master equation is therefore required to faithfully reproduce the system dynamics,
especially in this era quantum technology in short-time and/or low temperature has been
developed thoroughly [1]. In the non-Markovian case, the lost information can flow back
to the system from environment within a certain time [2–5]. The key feature of environ-
mental non-Markovianity is the distinguishability between any two states, i.e., strong
non-Markovianity corresponds to larger information backflow [6]. The lost information can
flow back to the system within a certain time The bath-to-system backflow of information
will affect the system dynamics and has been investigated from different perspectives such
as regeneration of the coherence [7], energy [8,9], and heat [10,11]. And these phenomena
have been observed in different experimental setups [12–14].
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Recently, significant efforts have been devoted to non-Markovian dynamics in various
aspects of physics, such as quantum chemistry [15], solid state physics [16], and topological
physics [17]. Several methods have also been suggested to formally define and quantify the
degree of non-Markovianity of the baths [6,18,19]. Global correlation and local information
flows in controllable non-Markovian quantum dynamics is recently studied and the quan-
tum Fisher information and quantum mutual information are demonstrated to be capable
of measuring the non-Markovianity for a multi-channel open quantum dynamics [20]. Fur-
thermore, in superohmic environment the non-Markovian recovery of the system dynamics
and different initial state trace distance non-monotonicity are found using real-time path
integral [21]. Nowadays non-Markovianity has been exploited as resource to improve
the quantum state transfer fidelity through a spin chain [22], the adiabatic fidelity [23],
or quantum communication protocols [24]. Non-Markovian effects from the point view of
information backflow is investigated [11], exchange of information and heat in a spin-boson
model with a cold reservoir is examined.

In most of these studies, the system is assumed to be initially in a pure state. How-
ever the assumption may not be true because of inevitably inaccurate physical opera-
tions, environmental temperature and lingering noises. Furthermore, in a multi-qubit
quantum system such as nuclear magnetic resonance, it is difficult to manipulate or de-
tect single qubits and prepare pure states [25]. Thus it is of practical significance and
necessary to consider initial mixed states in a quantum process in particular qauntum
computation [26–28]. In this paper, we consider a general case that the system and the
baths are both initially in thermal equilibrium at a certain temperature. We focus on the
time evolution of the energy current and coherence of the system in an open system. We
use NMQSD approach to investigate the non-Markovian dynamics of the system [29–32]. It
determines the quantum dynamics of open systems by solving the non-Markovian diffusive
stochastic Schrödinger equation [33,34]. The effects of the environmental (temperature
Tb, non-Markovianity γ, interaction strength Γ) and system (DM interaction strength Dz,
magnetic field intensity Bz) parameters are analyzed in warm and cold baths, respectively.

2. Formalism

In this section, we review the non-Markovian quantum state diffusion approach
(Section 2.1) which will be used in the calculation. We then introduce the spin chain model,
the energy current and quantum coherence in Sections 2.2–2.4.

2.1. Non-Markovian Quantum State Diffusion

In open systems, the total Hamiltonian can be written as

Htot = Hs + Hb + Hint, (1)

where Hs, Hb denote the system and bath Hamiltonian, respectively. Hint is the interaction
Hamiltonian between the system and bath. Suppose the system consists of many qubits. It
is reasonable to assume that each qubit is coupled to its own environment. We are thus led
to a more complicated model in which the system couples to a collection of independent
baths. The Hamiltonian of the bath reads Hb = ∑N

j=1 Hj
b. Hj

b = ∑k ω
j
kbj†

k bj
k (setting h̄ = 1) is

the Hamiltonian of the jth baths with bj†
k , bj

k being the bosonic creation and annihilation

operators of the kth mode with frequency ω
j
k. The system-bath interaction Hamiltonian

Hint is given by
Hint = ∑

j,k

(
f j∗
k L†

j bj
k + f j

k Ljb
j†
k

)
, (2)
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where Lj is the Lindblad operator and it characterizes the couplings between the system

and the jth bath. f j
k is the coupling strength between the system and the kth mode of the jth

bath. Assume that the jth bath is initially in a thermal equilibrium state at temperature Tj

ρj(0) = e−βHj
b /Zj. (3)

Here Zj = Tr[e−βHj
b ] is the partition function with β j = 1/Tj (setting KB = 1).

The open system in the bosonic heat bath satisfies the following NMQSD
equation [31,33,35]

∂

∂t
|ψ(t)〉 = [−iHs + ∑

j
(Ljz∗j (t) + L†

j w∗
j (t)− L†

j Oj†
z∗(t)− LjO

j
w∗(t))]|ψ(t)〉, (4)

where z∗(t), w∗(t) are the stochastic environmental noises, and Oj
η(t) =

∫ t
0 α

j
η(t, s)Oj

η(t, s,

z∗j , w∗
j ). The O operator is an operator defined by an ansatz Oj

η(t, s, z∗j , w∗
j )|ψ(t)〉 = δ

δη(s) |ψ(t)〉
(for details, see [33]). It has memory kernel and depends on the nature of noise as well as
the form of the coupling between the system and the baths. αη(t, s) is the bath correlation
function. The density operator of the system can be recovered from the average of the solu-
tions to the NMQSD equation over all the environmental noises. When the environmental
noise strength is weak, the non-Markovian master equation can be written as [36]

∂

∂t
ρs = −i[Hs, ρs] + ∑

j
{[Lj, ρsO

j†
z (t)]− [L†

j , Oj
z(t)ρs] + [L†

j , ρsO
j†
w (t)]− [Lj, Oj

w(t)ρs]}. (5)

The first term on the right-hand side of Equation (5) accounts for the coherent unitary
evolution, which is ruled by the system Hamiltonian Hs. The other terms on the right-hand
side describe the couplings to the environment. For the bath correlation function α

j
η(t, s),

we choose the ohmic type with a Lorentz-Drude cutoff [37–39], whose spectral density is

given by Jj(ωj) =
Γj
π

ωj

1+(
ωj
γj
)2

. Here Γj, γj are dimensionless real parameters. Γj describes the

overall environmental noise strength to the system dynamical evolution process, and 1/γj
represents the memory time of the environment. When γj approaches to zero, the bosonic
bath bandwidth is narrow, which corresponds to colored noise, then the environment
manifests a strong non-Markovianity. On the contrary, for a large γj, the distribution of
the Lorentzian spectrum represents a white noise, which corresponds to Markovian limit.

Oj
η(t) can be numerically calculated by the following equations [40,41]

∂Oj
z

∂t
= (

ΓjTjγj

2
−

iΓjγ
2
j

2
)Lj − γjO

j
z + [−iHs − ∑

j
(L†

j Oj
z + LjO

j
w), Oj

z], (6)

∂Oj
w

∂t
=

ΓjTjγj

2
L†

j − γjO
j
w + [−iHs − ∑

j
(L†

j Oj
z + LjO

j
w), Oj

w]. (7)

2.2. Spin Chain

The NMQSD approach provides a general theory to deal with the non-Markovian
dynamics of an open quantum system. The system Hamiltonian can be taken as different
forms for different physical systems. The spin chain model has attracted much attention in
experimental and theoretical studies due to its rich and exquisite mathematical structure. It
is not just an abstract theoretical model but in fact accurately describe the dominant physical
phenomena of metals and crystals like ferromagnetism and antiferromagnetism [42–45].
Here in this paper, we take a one-dimensional XY spin chain with DM interaction and
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external magnetic field. For the individual bath model, each spin is immersed in its own
baths (see Figure 1). The Hamiltonian reads

Figure 1. (Color on line) The sketch of the spin chain. Each spin is immersed in its own non-Markovian
and finite temperature heat bath.

Hs =
N

∑
j=1

[
J(σx

j σx
j+1 + σ

y
j σ

y
j+1) + Dz(σ

x
j σ

y
j+1 − σ

y
j σx

j+1) + Bzσz
j

]
, (8)

where σα
j (α = x, y, z) represents the α component of the Pauli matrix for spins and J is the

coupling constant between the nearest-neighbour sites. N is the number of site and we
assume the periodic boundary conditions σα

N+1 = σα
1 . The parameters Dz and Bz are DM

interaction and uniform magnetic field strength. Note here we consider z-component DM
interaction Dz and uniform magnetic field Bz along z direction. Antiferromagnetic spin
chain have gained increasing attention in spin technology owing to their advantages over
their ferromagnetic counterpart in considerable spin orbit, achieving ultrafast dynamics,
and large magnetoresistance transport [46–48]. For this model, we take antiferromagnetic
coupling J = 1 throughout and 0 ≤ Dz ≤ 1.

Now we assume that initially the spin chain is also at thermal equilibrium, with the
density matrix ρs(0) = e−βs Hs /tr

(
e−βs Hs

)
. βs = 1/Ts is the inverse temperature. The high-

temperature approximation can be taken when ‖Hs‖ � Ts

(
‖Hs‖ = tr

√
H†

s Hs

)
. In this

case, ρs(0) can be aprroximately expressed by the first two terms of the Taylor expan-
sion [25]

ρs(0) =
1

2N

(
I − Hs

Ts

)
, (9)

where I is the identity matrix of dimension 2N . Although the thermal equilibrium state
is highly mixed, experimental and theoretical studies have shown that this state can be
transformed into a pseudo-pure state [49,50]

ρs(0) =
1

2N (1 − ε)I + ε|ϕ0〉〈ϕ0|. (10)

Pseudo-pure state is still a mixed state ( tr(ρ2
s ) < 1), but in the whole evolution the

state |ϕ0〉 appears with probability (1 − ε)/2N + ε and it can carry out some manipulations
and quantum algorithms designed for pure states [51]. All of the states orthogonal to
state |ϕ0〉 appear with equal probabilities of (1 − ε)/2N , where the coefficient ε is usually
small. This pseudo-pure state technique provides a convenient starting point for quantum
information processing with less than 10 qubits [52].

For the initial density operator of the system, according Equation (10) throughout the
paper we take N = 4, and assume

|ϕ0〉 = (|1000〉+ |0100〉+ |0010〉+ |0001〉), ε = −3βs. (11)
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Note that the temperature-dependent parameter ε → 0 in the high-temperature limit
and the initial density matrix is more inclined to be a mixed state ρs(0) → 1

2N I.

2.3. Energy Current

The energy transfer between the system and the environment is important in the
study of thermodyanmic properties of an open system. The exchange energy between the
open system and environment is accompanied by the exchange of entropy, which is one of
the important criteria to evaluate the amount of information stored in a quantum system.
Therefore, energy current can indirectly describe the information storage capacity of the
environment. Recently, an exactly solvable model was proposed to investigate the quantum
energy current between a nonlinearly coupled bosonic bath and a fermionic chain [53].
The adiabatic speedup and the associated heat current with and without pulse control is
investigated, where the heat current is defined as the difference of the energy current and
the power [10,54]. The energy current can be defined as the derivative of the expectation
value of Hs [55,56]

E(t) =
∂

∂t
tr[ρs Hs]. (12)

The above definitions has been proved to be valid for a non-equilibrium spin—boson
model and a three-level heat engine model in the case of non-perturbative and non-
Markovian conditions [57], where the reduced hierarchal equations of motion approach
is used.

2.4. Quantum Coherence

Quantum coherence or quantum superposition lies at the hotspot of quantum theory,
and it is a very valuable resource for quantum information processing [58,59]. It is also of
equal importance as entanglement in the studies of both bipartite and multipartite quantum
systems [60]. Based on the framework of consistent resource theory, the commonly used
coherence measure is the l1 norm coherence, which is a sum of all off-diagonal elements of
the density matrix [61]

C(ρ) = ∑
a �=b

∣∣ρa,b
∣∣. (13)

3. Numerical Results and Discussions

Based on the definition of energy current and quantum coherence in
Equations (12) and (13), we next numerically calculate the non-Markovian dynamics of the
energy current and quantum coherence. Now the model is that each spin is immersed in
its individual bath [22]. However, due to the neighbor spins are close to each other, we
assume the same environmental parameters Γ = Γj, γ = γj, Tb = Tj

b for all these jth baths.
We also assume there is no initial system-bath correlations, ρ(0) = ρs(0)

⊗
ρb(0). ρs(0)

is often taken as pure state, and ρb(0) is in a vacuum state [22], or thermal equilibrium
state [62,63]. As an example, throughout the paper we consider the quantum dissipation
model, in this case the Lindblad operator Lj = σ−

j . σ−
j = (σx

j − iσy
j )/2. In this case,

the number of excitations is not conserved, and transitions between different subspaces
with certain number of excitations occur [64]. We will study the behavior in time of the
energy exchange between the system and the baths and the quantum coherence of the
system under the influence of the baths.

We first explore the effects of non-Markovianity, environmental temperature and
noise strength on the system dynamics when the system couples to warm baths (Tb > Ts).
In Figure 2, we plot the energy current as a function of time t for different parameter γ
(Figure 2a), Tb (Figure 2b) and Γ (Figure 2c), respectively. In the inset of Figure 2 we also plot
the corresponding coherence dynamics. In Figure 2, we take Ts = 10 and the weak coupling
limit Γ = 0.003, Tb = 80 for Figure 2a, γ = 5, Γ = 0.003 for Figure 2b, Tb = 80, γ = 5 for
Figure 2c. From Figure 2, we can see that the energy current between the system and baths
increases with increasing parameters γ, Γ and |Ts − Tb|. That is to say, more Markovian
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baths, stronger system-baths interactions and higher temperature difference correspond
to bigger energy current, which is in accordance with the case that the initial states of
the system is in a pure state [54]. Correspondingly, coherence decreases with increasing
parameters γ, Γ and |Ts − Tb|. As expected, non-Markovian baths, weak system-bath
interactions and low temperature difference will be helpful to maintain the coherence
of the system. Note that in most cases the energy current is positive, which indicates
the energy transfer from environment to the system. At time t = 0, the energy current
is 0. In a short time region, the energy starts to increase and reach a peak value. Then
it decreases in long time region. For a relatively strong non-Markovian bath (Figure 2a
γ = 0.5), the energy current exhibits a oscillation pattern before it reaches steady state,
which has negative values (from system to bath). In this case, the coherence also shows
an osillation, i.e., the energy backflow from sytem to baths affects the coherence of
the system.
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Figure 2. (Color on line) The energy current and quantum coherence as a function of time t in warm
baths (Ts < Tb) for different values of bath parameters: (a) γ, Tb = 80, Γ = 0.003; (b) Tb, γ = 5,
Γ = 0.003; (c) Γ, Tb = 80, γ = 5. Other parameters are take as Ts = 10, J = 1, Dz = 0 and Bz = 0.

Next we discuss a contrary case that the system is immersed in cold baths (Ts > Tb).
Figure 3 again plots the effects of the parameters γ, Tb and Γ on the energy current and
coherence. Here we take a high system temperature Ts = 100, clearly the coefficient ε in
Equation (11) becomes smaller, pseudo-pure state purity decreases, thus weakening the
quantum coherence in the initial state (the initial coherence is now 0.09 from Figure 3).
Compared with Figure 2, we find that the same conclusion is obtained that the energy
current increases with increasing parameters γ, Γ and temperature difference |Ts − Tb|.
But a negative energy corresponds to the energy transfer from a warm system to the cold
baths. During the calculation, we find that initially positive energy current occurs in a
very short time, these initial currents reflect the response of the system to instantaneous
coupling to the baths at time t = 0. For the coherence, the conclution in Figure 2 also holds:
non-Markovian baths, weak system-bath interactions and low temperature difference
will be helpful to maintain the coherence of the system. But surprisingly, the cohercence
increases with increasing parameter γ and Γ but decreases with increasing Tb. That is to
say, for warm system in cold baths, more Markovian, lower temperature, and stronger
interaction strengths helps the system to be a more pure state. This phenomenon can
be explained as follows: when a small warm system is surrounded by large cold baths,
the system energy dissipates into the bath quickly and the system gets cool down, thus the
coherence starts to increase due to low system temperature.

The DM interaction is an antisymmetric exchange interaction between nearest site
spins, arising from spin-orbit coupling. It emerges in Heisenberg model lacking inversion
symmetry and promotes noncollinear alignment of magnetic moments and induces chiral
magnetic order [65,66]. Although this interaction is weak, it has many spectacular features,
for example, chiral Néel domain walls [67,68], skyrmions [69], etc, implying that a study of
spin models with DM interaction could have realistic applications. In antiferromagnetic
materials, DM interaction will break the antiparallelism of the spin chain spatial structure.
This change enriches the physical properties of antiferromagnetic materials [70,71], such as
in coupled quantum dots in GaAs [72]. Next we will discuss the effects of DM interaction
on the energy current and coherence. Figure 4 plots the quantum coherence and energy
current dynamics for different DM interaction strength Dz in the warm baths (Tb = 80,
Ts = 20) and cold baths (Tb = 20, Ts = 80), respectively. Other parameters are taken as
Γ = 0.005, γ = 2, J = 1, Bz = J. From Figure 4a, for warm baths the negative energy current
is obtained by the introduction of DM interaction. Strong DM interaction strength Dz
restrains the positive energy current and enlarges the negative energy current. This is due to,
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as the DM interaction strength increases, strong spin-orbit couplings cause the neighboring
spins inverse antiparallel structures to intersect and the system energy is enhanced, as a
result it restrains the energy current from the bath to system and enlarges the reversed
current. For the cold baths plotted in Figure 4b, the negative energy current always exists
and clearly the energy current increases with increasing Dz, which is also caused by the
increasement of the system energy. From the inset of Figure 4a,b, the coherence of the
system decreases with increasing Dz. Stronger DM interaction will destroy more coherence
of the system, i.e., the system energy increase is not conductive to the preservation of
quantum coherence, whether in warm or cold baths. In addition, we find that after the
evolution time t > 4, the quantum coherence in warm bath and cold bath has a significant
recovery, which is caused by the non-markovianity of the environment.
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Figure 3. (Color on line) The energy current and quantum coherence as a function of time t in cold
baths (Ts > Tb): (a) γ, Γ = 0.005, Tb = 10; (b) Tb, γ = 10, Γ = 0.005; (c) Γ, γ = 10, Tb = 10. Other
parameters are Ts = 100, J = 1, Dz = 0, and Bz = 0.
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Figure 4. (Color on line) The dynamics of the energy current and quantum coherence with different
DM interaction strength Dz in (a) warm baths (Ts = 20, Tb = 80) and (b) cold baths (Ts = 80, Tb = 20).
Other parameters are Bz = J, γ = 2, Γ = 0.005, J = 1.
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At last, we consider the effects of the external magnetic field, which can also affect
the spatial structure of spin chain and show a positive aspect in the study of quantum
entanglement and quantum state transport in a spin chain [73–75]. In Figure 5, we plot the
energy current and coherence dynamics for different external magnetic field intensity Bz in
warm baths and cold baths, respectively. The parameters are the same as in Figure 4 except
that Dz = 0.3. First from Figure 5a for the warm bath case, the positive energy current
decreases with increasing Bz for a weak magnetic field (Bz = J). When Bz = 2J, the energy
current starts to reverse and it increases with increasing Bz. The coherence in the inset of
Figure 5a also shows this decrease-increase behavior. Bz = 2J corresponds to the lowest
coherence. Why strong field can cause the reverse of the energy current? From Figure 5a
the energy transfer from the low temperature system to the high temperature baths always
occurs in a strong external field (e.g., Bz = 5J). The spin chain is more inclined to be
at antiferromagnetic order in thermal equilibrium, but the introduction of magnetic field
reduce the antiferromagnetic order. When the external magnetic field increases to the critical
field point (Bz = 2J), the spin chain polarization flips into the direction perpendicular to the
field, and the phase transition characteristics are immediately captured by the evolutionary
properties of coherence or the energy current. The spin-flip transition of antiferromagnetic
materials under the external magnetic is a first-order quantum phase transition, and can
be observed experimentally [76,77]. Strong field causes the spin parallel to the direction
of the field and corresponds to a high potential energy, thus the energy current from the
low temperature system to high temperature baths occurs. Strong field also corresponds
to high coherence and weakens the decoherence of the system. The increase of the energy
caused by the field can also fairly explain the results in Figure 5b. The negative energy
current always increases with increasing Bz for cold baths. The energy difference between
system and baths enlarges the energy current. In this case, the phase transition (Bz = 2J)
can not be characterized by the energy current reverse, but it can still be characterized by
the coherence.
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Figure 5. (Color on line) The dynamics of energy current and quantum coherence for different Bz

in (a) warm baths (Ts = 20, Tb = 80); (b) cold baths (Ts = 80, Tb = 20). Other parameters are N = 4,
γ = 2, Γ = 0.005, J = 1, Dz = 0.3.

4. Conclusions

We have investigated the energy current and coherence dynamics in open systems.
The system is a one dimensional spin chain with periodic boundary conditions. We
have considered the independent bath model, i.e., each spin is immersed in its own non-
Markovian bath. Specifically, the spin chain is initially at thermal equilibrium at finite
temperature, or equivalently at pseudo-pure state. By using the NMQSD approach, we
calculate the energy current between the system and baths and the coherence dynamics in
warm baths and in cold baths, respectively. The effects of the bath non-Markovianity, bath
temperature and system-bath coupling strength on the energy current and coherence are
analyzed. We find that non-Markovianity, low temperature difference and weak coupling
correspond to weaker energy current and are in favour of the coherence for both warm and
cold baths. However, the coherence will be damaged by the warm baths but in cold baths it
can be significantly enlarged. Cold environment will help to boost the coherence. We also
consider the influences of the DM interaction on the energy current and coherence. The DM
interaction will increase the system energy for antiferromagnetic chain. Then it shows
different behaviours for warm and cold baths. For warm baths, strong DM interactions
restrain the positive energy current and enlarge negative energy current. For cold baths, it
only exists negative energy current, and strong DM interactions also enlarge the negative
energy current. The coherence will always decreases with the DM interaction strength Dz.
Finally we have also studied the magnetic field effects, where Bz = 2J is a critical value
which corresponds to the first a quantum phase transition. The magnetic field can also
increase the system energy, then similar as the DM interaction case, for warm baths, strong
magnetic fields restrain the positive energy current and enlarge negative energy. For cold
baths, strong magnetic fields also enlarge the negative energy currents. It is interesting to
note that for both types of baths the coherence demonstrates decrease-increase behaviour
with increasing Bz, and the lowest coherence corresponds to the critical value Bz = 2J.
These investigations, based on microscopic understanding, elucidates the relation of energy
current and quantum coherence, which might potentially be a good reference in context
of quantum thermodynamics of non-Markovian open quantum systems [78], as well as in
study of environment-induced quantum coherence [79–81].
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