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Preface to ”Symmetry in Many-Body Physics”

Symmetry plays a crucial role in many-body physics. However, �nding an exact solution to

the problem of interacting particles very often presents a fundamental problem. Nevertheless, the

knowledge of basic symmetries plays an important role in �nding the approximate solutions and

determines the accuracy of the used approximations. The purpose of this issue is to demonstrate

the principal role of exact and approximate symmetries in solving various problems of many-particle

physics, as well as in �nding approximate solutions for the systems typical of condensed matter,

trapped Fermi and Bose gases, nuclear matter, and �eld theory.
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Symmetry in Many-Body Physics

Vanderlei S. Bagnato 1 , Rashid G. Nazmitdinov 2 and Vyacheslav I. Yukalov 1,2,*

1 Instituto de Fisica de S¢o Carlos, Universidade de S¢o Paulo, S¢o Carlos 13560-970, Brazil
2 Bogolubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980 Dubna, Russia
* Correspondence: yukalov@theor.jinr.ru

The harmony of nature is expressed through the implementation of symmetry provid-
ing optimal structures for complex systems from snow�akes to graphene lattices. However,
sometimes nature breaks symmetry, for example: in sugar molecules, the predominance
of people with the heart on the left side, or in various phase transitions. Symmetry plays
a crucial role in many-body physics. For instance, chiral symmetry is important in the
unusual properties of graphene and the theory of strong interactions. Symmetry breaking
and restoration constantly occurs in the world around us. Usually, �nding exact solution to
the problem of interacting particles presents a fundamental challenge. Therefore, we have
to restrict ourselves to approximate solutions that re�ect the essential features of the entire
problem as a whole and contain an indication of the range of applicability of these solutions.
An important role in �nding the approximate solutions is played by the knowledge of basic
symmetries that determine the accuracy of the used approximations. The purpose of this
issue is to demonstrate the principal role of exact and approximate symmetries in solving
various problems in many-particle physics, as well as �nding approximate solutions for the
systems typical of condensed matter, trapped Fermi and Bose gases, nuclear matter, and
�eld theory [1–14].

The review article “Non-Thermal Fixed Points in Bose Gas Experiments”, by L. Madeira
and V.S. Bagnato, considers one of the most challenging tasks in physics for understanding
the route of an out-of-equilibrium system to its thermalized state. This problem can be
particularly overwhelming when one considers a many-body quantum system. Several
recent theoretical and experimental studies have indicated that some far-from-equilibrium
systems display universal dynamics close to the so-called non-thermal �xed point (NTFP),
following a rescaling of both space and time. This opens up the possibility of a general
framework for studying and categorizing out-of-equilibrium phenomena into well-de�ned
universality classes. This paper reviews the recent advances in observing NTFPs in exper-
iments involving Bose gases. A brief introduction is provided to the theory behind this
universal scaling, focusing on the experimental observations of NTFPs. The bene�ts of the
NTFP universality classes are presented, using the analogy with renormalization group
theory in equilibrium critical phenomena.

The review article “A Review of Many-Body Interactions in Linear and Nonlinear Plas-
monic Nanohybrids”, by M.R. Singh, discusses the many-body interactions in plasmonic
nanohybrids made from an ensemble of quantum emitters and metallic nanoparticles. A
theory of the linear and nonlinear optical emission intensity is developed by using the
many-body quantum-mechanical density matrix method. The ensemble of quantum emit-
ters and metallic nanoparticles interact with each other via the dipole–dipole interaction.
Surface plasmon polaritons are located near to the surface of the metallic nanoparticles. It is
shown that the nonlinear Kerr intensity enhances due to the weak dipole–dipole coupling
limits. On the other hand, in the strong dipole–dipole coupling limit, the single peak in the
Kerr intensity splits into two peaks. The splitting of the Kerr spectrum is due to the creation
of dressed states in the plasmonic nanohybrids within the strong dipole–dipole interaction.
Further, it is found that the Kerr nonlinearity is enhanced due to the interaction between
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the surface plasmon polaritons and excitons of the quantum emitters. Next, the effect
of the spontaneous decay-rate enhancement is predicted due to dipole–dipole coupling.
The enhancement of the Kerr intensity due to the surface plasmon polaritons can be used
to fabricate nanosensors. The splitting of one peak into two peaks can be used for the
fabrication of nanoswitches for nanotechnology and nanomedical applications.

In the paper “Spin Interference Effects in a Ring with Rashba Spin-Orbit Interaction
Subject to Strong Light-Matter Coupling in Magnetic Field”, by M. Pudlak and R. Nazmit-
dinov, the authors studied electron transport through a one-dimensional quantum ring,
subject to Rashba spin–orbit interaction and connected with two external leads in the
presence of external �elds. They include optical radiation, produced by an off-resonant
high-frequency electric �eld, and a perpendicular magnetic �eld. By means of the Floquet
theory of periodically driven quantum systems the interference effects under these �elds
are described in detail. Speci�c analytic conditions are found for reaching the spin-�ltering
effect, caused by the interplay of the external �elds and Rashba spin–orbit interactions.

The paper “Long-Time Bit Storage and Retrieval without Cold Atom Technology”,
by R. Friedberg and J.T. Manassah, reports computer investigations showing how the
duration of memory for storage and retrieval of a classical bit can be increased to 100 times
the decay time of an isolated atom, with no use of high-tech cold-atom preparations
recently developed in the light-matter �eld. This low-tech procedure can greatly enlarge
the number of experimenters able to enter this �eld. The role of symmetry in this procedure
arises in a careful interplay of incoherent and coherent excitations of a large collection of
two-level atoms, the level separation being matched by the dominant frequency of the
electromagnetic �elds (short pulses and continuing �eld) applied to the system.

In the paper “Formation of Matter-Wave Droplet Lattices in Multi-Color Periodic
Con�nements”, by M.R. Pathak and A. Nath, a new model is introduced that addresses the
generation of quantum droplets (QDs) in binary Bose–Einstein condensate (BEC) mixtures
with mutually symmetric spinor components, loaded in multi-color optical lattices (MOLs)
of commensurate wavelengths and tunable intensities. The considered MOL con�nement
is the combination of the four-color optical lattice with an exponential periodic trap, which
includes the complete set of the Fourier harmonics. Employing the one-dimensional
(1D) extended nonlinear Schrodinger equation (eGPE), the exact analytical form of the
wavefunction, mean �eld/beyond mean �eld nonlinearities, and MOL trap parameters are
described. Utilizing the exact solutions, the formation of supersolid-like spatially periodic
matter-wave droplet lattices and superlattices are illustrated under the space-periodic
nonlinearity management. The precise positioning of the density maxima/minima of
the droplet patterns at the center of the trap and tunable Anderson-like localization are
observed by tuning the symmetry and amplitude of the considered MOL trap. The stability
of the obtained solution is con�rmed using the Vakhitov–Kolokolov criterion.

The paper “Josephson-like Oscillations in Toroidal Spinor Bose-Einstein Condensates:
A Prospective Symmetry Probe”, by M.H. Figlioli Donato and S.R. Muniz, studies Josephson
junctions that are essential ingredients in the superconducting circuits used in many existing
quantum technologies. Additionally, ultra-cold atomic quantum gases have also become
essential platforms to study super�uidity. The analogy between superconductivity and
super�uidity is discussed concentrating on an intriguing effect caused by a thin �nite
barrier in a quasi-one-dimensional toroidal spinor Bose–Einstein condensate (BEC). In this
system, the atomic current density �owing through the edges of the barrier oscillates similar
to the electrical current through a Josephson junction in a superconductor, but in that case
there is no current circulation through the barrier. It is also shown how the nontrivial
broken-symmetry states of spinor BECs change the structure of this Josephson-like current,
creating the possibility to probe the spinor symmetry, solely using measurements of this
super�uid current.

In the paper “Spontaneous Symmetry Breaking: The Case of Crazy Clock and Beyond”,
by M.C. Pagnacco, J.P. Maksimovic0, M. Dakovic 0, B. Bokic, S.R. Mouchet, T. Verbiest, Y.
Caudano and Branko Kolaric, the authors describe the crazy-clock phenomenon involving
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the state I (low iodide and iodine concentration) to state II (high iodide and iodine concen-
tration with new iodine phase) transition after a Briggs–Rauscher (BR) oscillatory process.
While the BR crazy-clock phenomenon is known, this is the �rst time that crazy-clock
behavior has been linked and explained with the symmetry-breaking phenomenon, high-
lighting the entire process in a novel way. The presented phenomenon has been thoroughly
investigated by running more than 60 experiments, and evaluated by using statistical clus-
ter K-means analysis. The mixing rate, as well as the magnetic bar shape and dimensions,
have a strong in�uence on transition appearance. Although the transition for both mixing
and non-mixing conditions take place completely randomly, by using statistical cluster
analysis the authors obtain a different number of clusters (showing the time-domains
where the transition is most likely to occur). In the case of stirring, clusters are more
compact and separated, revealing new hidden details regarding the chemical dynamics of
nonlinear processes. The signi�cance of the presented results is beyond oscillatory reaction
kinetics since the described example belongs to the small class of chemical systems that
show intrinsic randomness in their response and it may be considered a real example of a
classical liquid random number generation.

Interesting results are reported in the paper “Exact Solutions for Solitary Waves in a
Bose-Einstein Condensate under the Action of a Four-Color Optical Lattice”, by B. Halder, S.
Ghosh, P. Basu, J. Bera, B. Malomed and U. Roy who address the dynamics of Bose–Einstein
condensates (BECs) loaded into a one-dimensional four-color optical lattice (FOL) potential
with commensurate wavelengths and tunable intensities. This con�guration lends system-
speci�c symmetry properties. The analysis identi�es speci�c multi-parameter forms of
the FOL potential which admits exact solitary-wave solutions. This newly found class of
potentials includes more particular species, such as frustrated double-well superlattices
and bichromatic and three-color lattices, which are subject to respective symmetry con-
straints. The exact solutions provide options for the controllable positioning of density
maxima of the localized patterns, and tunable Anderson-like localization in the frustrated
potential. A numerical analysis is performed to establish dynamic and structural stability
of the obtained solutions, making them relevant for experimental realization. The newly
found solutions offer applications to the design of schemes for quantum simulations and
processing quantum information.

In the paper “Zeroth-Order Nucleation Transition under Nanoscale Phase Separation”,
by V.I. Yukalov and E.P. Yukalova, materials with nanoscale phase separation are consid-
ered. A system representing a heterophase mixture of ferromagnetic and paramagnetic
phases was studied. After averaging the over phase con�gurations, a renormalized Hamil-
tonian is derived describing the coexisting phases. The system is characterized by direct
and exchange interactions and an external magnetic �eld. The properties of the system
are studied numerically. The stability conditions de�ne the stable state of the system. At
a temperature of zero, the system is in a pure ferromagnetic state. However, at a �nite
temperature, for some interaction parameters, the system exhibits a zeroth-order nucleation
transition between the pure ferromagnetic phase and the mixed state with coexisting ferro-
magnetic and paramagnetic phases. At the nucleation transition, the �nite concentration of
the paramagnetic phase appears via a jump.

The paper “Small-Angle Scattering from Fractional Brownian Surfaces”, by E.M.
Anitas, investigates materials with fractal-like geometry. Recent developments in nan-
otechnology have allowed the fabrication of a new generation of advanced materials with
various fractal-like geometries. Fractional Brownian surfaces (fBs) are often used as models
to simulate and characterize these complex geometries, such as the surfaces of particles
in dilute particulate systems (e.g., colloids) or the interfaces in non-particulate two-phase
systems (e.g., semicrystalline polymers with crystalline and amorphous phases). However,
for such systems, a realistic simulation involves parameters averaged over a macroscopic
volume. The author proposes a method, based on small-angle scattering technique, to
extract the main structural parameters of surfaces/interfaces from experimental data. The
method involves the analysis of scattering intensities and the corresponding pair distance

3
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distribution functions. This allows the extraction of information with respect to the overall
size, fractal dimension, Hurst and spectral exponents. The method is applied to several
classes of fBs, and it is demonstrated that the obtained numerical values of the structural
parameters are in good agreement with the theoretical ones.

The paper “Characteristic Length Scale during the Time Evolution of a Turbulent
Bose-Einstein Condensate”, by L. Madeira, A.D. Garci'a-Orozco, M.A. Moreno-Armijos,
F.E. Alves dos Santos and V.S. Bagnato, addresses the topic of quantum turbulence that is
currently highly studied. Quantum turbulence is characterized by many degrees of freedom
interacting non-linearly to produce disordered states, both in space and time. In this work,
the decaying regime of quantum turbulence in a trapped Bose–Einstein condensate was
investigated. An alternative way of exploring this phenomenon is presented, by de�ning
and computing a characteristic length scale, which possesses the relevant characteristics
to study the establishment of the quantum turbulent regime. To reconstruct the three-
dimensional momentum distributions, the inverse Abel transform was employed, as has
been successfully done in other works. The analysis is presented for both two- and three-
dimensional momentum distributions, discussing their similarities and differences. It is
argued that the characteristic length allows us to intuitively visualize the time evolution of
the turbulent state.

In the paper “Probing Many-Body Systems near Spectral Degeneracies”, K. Ziegler
discusses how the employment of the diagonal elements of the time correlation matrix can
be used to probe closed quantum systems that are measured at random times. This enables
one to extract two distinct parts of the quantum evolution, a recurrent part and an exponen-
tially decaying part. This separation is strongly affected when spectral degeneracies occur,
for instance, in the presence of spontaneous symmetry breaking. Moreover, the slowest
decay rate is determined by the smallest energy level spacing, and this decay rate diverges
at the spectral degeneracies. Probing of the quantum evolution with the diagonal elements
of the time correlation matrix is discussed as a general concept and tested in the case of
a bosonic Josephson junction. This reveals for the latter, characteristic properties at the
transition to Hilbert-space localization.

The paper “Morphology of an Interacting Three-Dimensional Trapped Bose-Einstein
Condensate from Many-Particle Variance Anisotropy”, by O.E. Alon, analyzes the charac-
teristic properties of a Bose–Einstein condensate (BEC) through the variances of observable
quantities. The variance of the position operator is associated with how wide or narrow
a wave-packet is, the momentum variance is similarly correlated with the size of a wave-
packet in momentum space, and the angular-momentum variance quanti�es to what extent
a wave-packet is non-spherically symmetrical. The interacting three-dimensional trapped
BEC in the limit of an in�nite number of particles was investigated, and its position, mo-
mentum, and angular-momentum anisotropies are described. Computing the variances
of the three Cartesian components of the position, momentum, and angular-momentum
operators, it is shown that there exist scenarios where the anisotropy of a BEC is different
at the many-body and mean-�eld levels of theory, despite having the same many-body
and mean-�eld densities per particle. This suggests a way to classify correlations via
the morphology of 100%-condensed bosons in a three-dimensional trap in the limit of an
in�nite number of particles. Implications are brie�y discussed.

The paper “Acoustic Plasmons in Graphene Sandwiched between Two Metallic Slabs”,
by L. Salasnich, studied the effect of two metallic slabs on the collective dynamics of
electrons in graphene positioned between the two slabs. It is shown that, if the slabs are
perfect conductors, the plasmons of graphene display a linear dispersion relationship. The
velocity of these acoustic plasmons crucially depends on the distance between the two metal
gates and the graphene sheet. In the case of generic slabs, the dispersion relationship of the
graphene plasmons is much more complicated, but it was found that acoustic plasmons
can still be obtained under speci�c conditions.

We hope that the papers of this Issue hold useful information and new ideas for the readers.
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Abstract: We report computer studies showing how the duration of memory for storage and retrieval

of a classical bit can be increased to 100 times the decay time of an isolated atom, with no use of

high-tech cold-atom preparations recently developed in the light-matter �eld. We suggest that our

low-tech procedure can greatly enlarge the number of experimenters able to enter this �eld. The role

of symmetry in this procedure arises in a careful interplay of incoherent and coherent excitations of a

large collection of “two-level” atoms, the level separation being matched by the dominant frequency

of the electromagnetic �elds (short pulses and continuing �eld) applied to the system.

Keywords: bit retrieval; long-time memory; Nyxion; continuous pump; coalescence; Aurora

1. Introduction

The subradiant regime of an ensemble of two-level atoms has been studied in [ 1–5],
and the use of this system as an optical memory device has been explored inter alia in [ 6–10].
We study in this paper the state of this ensemble after excitation by a short pulse up to the
edge of the subradiant regime; we call this dark state a “Nyxion” (Nyx was the goddess of
the night in Greek mythology).

We emphasize that we are not trying to compete with the startling achievements in
this �eld made possible by the controlled positioning of individual atoms in a cold-atom
trap. In particular, our system does not aim at storage and retrieval of quantuminformation.
We deal only with classicalbit storage and retrieval. The value of our calculations depends
on their applicability to a system under quite ordinary conditions. We hope that the results
will stimulate signi�cant work by experimenters who do not have access to the high-tech
methods of cold-atom trapping and manipulation.

In a system under ordinary conditions, without cold-atom technology, a single Nyxion
is stable only for a duration comparable to the longitudinal decay time G� 1

1 of an isolated
atom. If a second Nyxion is produced by a new pulse within this duration, it can coalesce
with the �rst to produce a �ash of light; without such coalescence the system remains dark.
This system can be used as an optical memory device in which the �rst Nyxion stores a
(classical) bit and the second Nyxion reads it. However, the device as described above
yields a memory lasting only for a time O( G� 1

1 ).
We �nd, however, that the lifetime of the memory can be increased 100-fold by

supplementing the Nyxion producing pulses with a pump of well-chosen constant strength
(a “dc pump”).

The role of symmetry in this procedure arises in a careful interplay of incoherent
and coherent excitations of a large collection of “two-level” atoms, the level separation
being matched by the dominant frequency of the electromagnetic �elds (short pulses and
continuing �eld) applied to the system.

This is a theoretical paper. Our �ndings are based on quasinumerical simulations.
Our calculations use the complete basis formed by the eigenfunctions of the Liénard–
Wiechert one-dimensional Green function, details of which can be found in [ 11–13]. These
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eigenfunctions are found analytically; the sums over many eigenstates constitute the
numerical calculation. The numerical part is by far the more computer intensive, as it must
be done independently for each value of the time T during a simulation.

2. Theoretical Model (Methods)

Consider a sample of two-level atoms arranged in the so-called slab geometry, inter-
acting with a classical electromagnetic �eld (see [ 11]). The atoms are taken as uniformly
distributed in the “long” dimension (thickness of the slab) from Z = � 1 to Z = 1. The
evolution in time T is given [11] by

¶c(Z, T)
¶T

= � [G2 � iWLn(Z, T)]c (Z, T) +
i
2

n(Z, T)y (Z, T) (1)

¶n(Z, T)
¶T

= � i [c � (Z, T)y (Z, T) � c (Z, T)y � (Z, T)] + G1(1 � n(Z, T))

�
R(T)

2
(1 + n(Z, T)) , (2)

y (Z, T) = iu0

Z 1

� 1
dZ0c (Z0, T) exp( iu0jZ � Z0j), (3)

where c (complex) and n (real) are, respectively, the active medium polarization and the
degree of excitation of the matter (n = 1 if the atoms are all in the ground state and n = � 1
if all in the excited state), and y represents the normalized complex electric �eld.

2.1. Notation

All symbols in Equations (1)–(3) and their origin are detailed in [ 11]. However, in
order to make this exposition as self-contained as possible, we summarize as follows the
relations between the “normalized” (dimensionless) variables appearing in (1)–(3) and the
physical quantities they represent:

The physical thickness of the slab is L = 2z0, and the position variable z has the range
� z0 � z � z0. The dimensionless variable corresponding to z is Z = z/ z0, which has the
range � Z0 � Z � Z0. (Similarly, z0, Z0.)

The physical resonant wavelength is l 0, and the corresponding wavenumber is
k0 = 2p c/ l 0 where c is the speed of light in vacuo. The dimensionless partner of k0
is u0 = k0z0, so that exp( iu0Z) = exp( ik0z).

Physical time variables t, t0, etc., are converted to dimensionless times T, T0, etc.,
by multiplication with the inverse time C = 4p P 2r /¯h where P is the reduced density
matrix of the transition and r is the number of atoms per volume, assumed to be constant
throughout the slab.

Physical angular frequencies w, w0 have dimensionless partners W = w/ C, W0 =
w0/ C, so that exp(� iWT) = exp(� iwt), etc. Likewise, the longitudinal and transverse
isolated-atom decay rates g1, g2 have dimensionless partners G1 = g1/ C, G2 = g2/ C.

The Lorentz shift in our units is wL = ( 4p / 3)P 2r /¯h = C/ 3 so that its dimensionless
partner is WL = wL/ C = 1/3.

2.2. Skeleton Formulas

A “skeleton” version of (1) and (2) is

¶c(Z, T)
¶T

= +
i
2

n(Z, T)y (Z, T)

¶n(Z, T)
¶T

= � i [c � (Z, T)y (Z, T) � c (Z, T)y � (Z, T)] (4)

8
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which resembles the familiar magnetic precession equation �~B = ~H � ~B if we regard
< c, = c, n/ 2 as the x, y, z components of the Bloch vector [14] and < y , = y as the x, y
components of a transverse applied magnetic �eld.

The skeletal version of (3) would be the same as the original:

y (Z, T) = iu0

Z 1

� 1
dZ0c (Z0, T) exp( iu0jZ � Z0j). (5)

in which y (Z, T) is displayed as an instantaneousfunction of c at other positions, neglecting
retardation so that we write c (Z0, T) instead of c (Z0, T0). This can be justi�ed only if
the propagation time L/ c is too short to allow any signi�cant evolution to take place in
accordance with (1) and (2) while the light signal is traveling through the thickness of
the slab. All our calculations throughout the paper are consequently contingent on this
assumption.

It should be understood that the quantities c, y in (1)–(3) have the rapid temporal
oscillation exp(� iW0T) = exp(� iw0t) factored out. (This is equivalent to writing Bloch's
Equation [14] in the rotating coordinate system.) On the other hand, the rapid spatial
oscillation is retained and appears in (3) and (5) through the prefactor u0 = k0z0 and the
exponential factor exp ( iu0jZ � Z0j) = exp( ik0jz � z0j).

2.3. Limits on n

The reader may wonder how it is certain, from (1) and (2), that n always remains
within the interval from � 1 to 1. This can be reasoned out as follows.

Resolvec = c1 + ic2 and y = y 1 + iy 2. De�ne the “Bloch vector” ~B to be (c1, c2, n/ 2).

Consider the skeletal forms (4). We wish to interpret them as �~B = ~H � ~B. Multiplying out
the expression for dn/ dT, we �nd

(d/ dT)
n
2

= c1y 2 � c2y 1 (6)

which is exactly in the desired form, with ~H = ( y 1, y 2) (the fact that ~H changes with
time makes no difference to the argument). Turning to the skeletal expression for dc / dT,
we have

(d/ dT)c1 = �
n
2

y 2

(d/ dT)c2 = +
n
2

y 1 (7)

which is good as far as it goes, but the full analogue to Bloch's equation would be

(d/ dT)c1 = �
n
2

y 2 + c2y 3

(d/ dT)c2 = +
n
2

y 1 � c1y 3 (8)

and so far, we have introduced no quantity y 3. What should we do?
The missing component y 3 is in fact the large frequency W that has not appeared

becauseexp(� iWT) has been factored out of c , and hence out of y 1, y 2, as remarked

above. If we restore it, we obtain exactly the desired form (8). This shows that �~B = ~H � ~B
is instantaneously satis�ed and the skeletal forms (4) will not cause (c, n) to grow in
magnitude. Since n starts out between � 1 and 1, it will remain so. This conclusion about n
remains true if the fast precession of c and of y 1, y 2 is factored out as in (7).

The third component of H in NMR is usually a very strong unchanging magnetic �eld
which creates an energy difference between the “up” and “down” states of the dipole. The
corresponding quantity y 3 = W is likewise (apart from the factor h̄) the energy difference
between the two resonant levels. (Physically, it is the incorporation of the frequency W into
all of the exciting pulses that selects the resonant levels 1 and 2 and renders all other atomic

9
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levels insigni�cant [ 15,16] except for the r ôle of level 3 in realizing the incoherent pump,
see Section 2.4 below).

Now, we must consider the effect of the “nonskeletal” terms. In (1), we have the terms
in G2 and WL. The �rst of these simply causes the real decay of c1 and c2 independently.
The second is just a correction to the frequency W that was factored out. Being imaginary, it
does not change the magnitude of c .

Finally, we look at the terms in G1 and R appearing in (2). The term in G1 drives n
toward the ground state n = 1. However, the ground state is never quite reached under the
in�uence of this term, because G1 is multiplied by the factor 1 � n, which vanishes at that
point. Hence, this term can cause only exponential decay toward n= 1, not beyond it.

Likewise, we study the term in R. R is never negative because it always consists of
a sum of positive quantities a (see below). Hence, it can only drive n toward the totally
inverted state n = � 1. However, this state is not reached becauseR is multiplied by
1 + n. Hence, at most, n can only approach the inverted state exponentially. (Actually,
such an approach would trigger superradiance, which also would drive n away from total
inversion; however, the foregoing argument shows independently that the inverted limit
cannot be reached).

2.4. Pump

The pump (by which we mean the two pulses as well as the continuous (dc) pump) is
described by the last term in (2), in which R is a real function of T to be chosen at the start
of each simulation. This term creates only an incoherent excitation of the two-level system,
since n carries no phase. The incoherent pump may be achieved by adding a third level,
higher than the �rst two, which is driven by a resonant interaction from the �rst (ground)
level, but which decays with an extremely fast time constant to the second (middle) level,
much faster than any other time parameter in the problem. This rapid decay destroys the
initial 1–3 coherence, leaving the system in an incoherent mixture of levels 1 and 2. The
mixture is parametrized by the population difference n (n = 1 for all atoms in level 1,
n = � 1 for all in level 2).

If the incoherence is perfect, the system is left in a state with c = 0, from which (1)–(3)
provide no escape. This standstill, however, is unstable, and it requires only a minuscule
extra pulse at the 1–2 resonance frequency to activate a positive-feedback loop between the
polarization and the internal �eld, which stabilizes at a magnitude determined by n. We
do not give the stabilized value of c analytically, as its calculation requires the nonlinear
methods of [11]. Thus, the only effect of level 3 is to produce the incoherent pumping
effect modulated by R(T); the Equations (1)–(3) are written only in terms of levels 1 and 2
(however, see the issues raised in our Conclusion).

In Equation (1), the transverse decay rateG2 (called GT in [11]) has beencalculated [12,13,17]
to be 2.33/ 4 + G1/ 2, where the first (large) term is the normalized resonance w idth in a gas;
this is its value for the ( J = 1) ! ( J = 0) transition in Helium-like atoms, in the statistical
approximation [ 13]. This value must be adjusted by the individual experimente r depending
on the multiplicities in the atomic transition under study. For the much smaller longitudinal
decay rate G1 appearing in G2 and in Equation (2), we take a convenient multiple .002 of G2
that lies in the range often studied by experimenters on gas l asers at ordinary conditions. Thus,
G2 = 1.001� 2.33/ 4. In this paper, we fix the physical slab thickness to be L = 2.25l 0 where
l 0 is the resonance wavelength between levels 1 and 2.

The function R(T) is parametrized by six quantities a0, a1, a2, b, R0 and d. The a's are
each either 1 or 0 to indicate whether the corresponding input is to be applied or not. The
parameter b determines the delay between the time T0 = 5 when the dc pump, if a0 = 1,
and the �rst Nyxion, if a1 = 1, are turned on, and the time bT0 when the second Nyxion, if
a2 = 1, is turned on. (This means that the actual delay is only (b � 1)T0, but in this paper,
we shall always have b >> 1.) The reason for making T0 > 0 is only to show the rapid
excitation from the ground state in our graphs, for a1 = 1. The parameter d controls the
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strength of the dc pump, when a0 = 1. (The purpose of the tanh function multiplying d is
explained in Section 3 below).

We take for the complete form of the R-function

R(T) = R0[a1 sech2(( T � T0)/ Ts) + a2 sech2(( T � bT0)/ Ts) + a0dtanh(2T/ T0)]. (9)

The values T0 = 5 and Ts = 2 are �xed throughout the whole paper. Besides these,
there are four parameters that remain �xed during a simulation as T increases from T0 to its
value at the end: the three a's and the overall coef�cient R0 controlling the pump strength
R(T). To this we may add a �fth constant b, which controls the delay of the second Nyxion
pulse if a2 = 1, and a sixth, d, which gives the relativestrength of the dc pump if a0 = 1.

For our slab thickness 2.25l 0, we �nd a pump strength R0 = 3.6G2 to be suitable. It
is small enough so that the system remains dark after a single Nyxion generating pulse
(a1 = 1, a2 = a0 = 0) but large enough so that the noise coming from machine rounding
for a 32-bit word can be disregarded.

For our main results, we set the relative pump strength at d = 0.001686. This choice
will be explained in Section 3.

3. Physics (Preliminary Results)

Suppose (a1 = 1, a2 = a0 = 0) that a single pulse is applied at T = T0 with no
continuous (dc) pump. With R0 = 3.6, the system is rapidly excited (Figure 1a) from the
ground state n = 1 to the superradiant threshold n = � 0.2. (The reason that the threshold
is not at n = 0 is that when n becomes negative the transverse decay rateG2 must be
overcome to keep the system on the Bloch sphere; the laser ampli�cation for a thin slab
such as we are studying is not strong enough to do this easily.) Afterward, the system
relaxes to ground (Figure 1b) at the rate G1. (Figure 1c shows the tiny emission coming
from the dark state shortly after reaching threshold).

 a  b  

 c 

Figure 1. a1 = 1,a2 = a0 = 0. Creation (a) and later decay (b) at rate G1 of single Nyxion with no
continuous (dc) pump; early subradiant emission ( c) from “dark” state.

By adding a second Nyxion pulse, also of subradiant strength in itself (Figure 2a,b)
within this time ( a1 = a2 = 1, a0 = 0, 5b < 1000), we can cause the second pulse to “read”
the bit that has been “stored” by the �rst pulse. The reading produces a superradiant �ash
shown in Figure 2c.
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 a     b 

 c 

Figure 2. a1 = a2 = 1,a0 = 0 and 5b = 400. A bit “stored” at T = 5 (creation not shown here, similar
to Figure 1a) is “read” by a second pulse at T = 400 (a,b), and a superradiant �ash ( c) is produced.

However, suppose that instead of the first pulse, we apply th e dc pump at T = T0
(a0 = 1, a2 = a1 = 0). The dc pump is much weaker (d << 1) than the pulse would have
been, but it continues to operate. (The tanh function multip lying d in (9) serves only the
purpose of softening the discontinuity which might generat e irregularities in the calculations.
For practical purposes, we may think of it as a step function. ) Under this continuous influence,
n decreases exponentially (Figure 3a) at the rateG1 toward the threshold level � 0.2, at which
the dc pump is just strong enough to prevent the decay toward g round. By maintaining the
dc pump, one can prolong the excited state indefinitely in th e ideal slab environment.

 a   b 

  c 

Figure 3. a1 = 0,a2 = a0 = 1, 5b = 100,000 andd = 0.001687. The dc pump is turned on
at T = 5, without an accompanying pulse, but with the relative continuous (dc) pump strength
slightly greater than dcrit . Excitation grows ( a) with time constant G1 toward steady-state value
n = � 0.2. At T =100,000 = 100G� 1

1 , a “reading pulse” is applied. An “Aurora” results, shown as a
temporary superexcitation of n (b) and an immediately following superradiant emission ( c) in the
forward direction.
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The parameter d has a peculiar in�uence on what happens if, after using the dc pump
alone as in the preceding paragraph to reach the state with n = � 0.2, we apply a “second”
pulse at 5b, which now may be be taken as O(100G� 1

1 ) (a0 = a2 = 1, a1 = 0, 5b = 100,000).
If d is suf�ciently high, the second pulse may produce a �ash (the “Aurora”, Figure 3b,c)
although there was no input pulse at T = T0.

We have found by changing d in steps of 10� 7 that the Aurora never takes place when
d < dcrit = 0.0016866. Therefore, we have setd = 0.0016860 in our main calculations, so as
not to provoke an Aurora when a1 = 0. (See Figure 4:a0 = a2 = 1,a1 = 0, 5b = 100,000
and d = 0.0016860).

 a   b 

  c 

Figure 4. (a–c) a1 = 0,a2 = a0 = 1, 5b = 100,000 andd = 0.001686. Same parameters as in Figure 3
except that d has been set slightly lowerthan dcrit . The Aurora following the “reading pulse” does not
take place (b,c).

4. Delayed Bit Retrieval (Final Results and Discussion)

For our main calculation, we set all three a0 = a1 = a2 = 1 and b = 20,000,d =
0.0016860. The �rst input pulse at T = T0 rapidly excites the system (Figure 5a) to n = � 0.2.
Meanwhile, the continuous (dc) pump has started to operate and maintainsthe excitation at
this level, which is its equilibrium point. At T = 5b = 100,000, a second Nyxion pulse is
applied (Figure 5b), and a �ash is observed (Figure 5c), qualitatively resembling the Aurora
seen (Figure 3) without an input pulse when d is set too high.

During the long delay while the dc is maintaining the excitation at n = � 0.2, there
is no sign that the �rst pulse has had any effect. Everything looks just as though we had
set a1 = 0 as in Figure 4. However, there is a hidden effect, revealed (Figure 5) when the
second pulse is applied. Thus, we may consider the �rst pulse as the “input” of a bit which
is “read” by the second pulse. In the presence of the dc pump, the delay between storing
and reading is 100 times the isolated atom decay time G� 1

1 , and the output signal ( Figure 5c)
is 4–5 orders of magnitude greater than that produced (too small to see in Figure 4c but
shown by the underlying data from the simulation) in the absence of an input.

Thus, the simulations indicate that by including a dc pump in the function R(T), a bit of
information (pulse or no pulse at T = T0) can be read with essentially no error after a delay
as long as 100 times the isolated atom decay rate. What is more, the multiple 100 has been
chosen arbitrarily; there is no reason, within the framework of our calculations, that it could
not be made arbitrarily large. Perhaps the practical limit will have to do with the possibility
of experimentally achieving the ideal slab picture, or with the assumption (“pressure
broadening”) that G2 is so large that all broadening can be regarded as homogeneous.
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 a   b 

  c 

Figure 5. a1 = a2 = a0 = 1, 5b = 100,000 andd = 0.0016860. Both continuous (dc) pump and
“storage” pulse are turned on together at T = 5. The initial reaction ( a) is dominated by the initial
pulse. (Slight overshoot of n = � 0.2 is corrected atT = 70.) After reaching n = � 0.2, the system
does not decay as shown in Figure 1a,b, but is maintainedby the dc pump at n = � 0.2 until it is
discharged (b,c) by the “reading” pulse. The relative dc pump strength has been set belowdcrit so that
the discharge would not have taken place in the absence of the initial storage pulse (compare with
Figure 4b,c).

5. Conclusions

We repeat that these theoretical predictions can in principle be tested experimentally
without cold-atom technology, and do not bear on the storage of quantum bits. We hope that
the present paper will encourage research in classical bit storage and retrieval on the part
of experimental scientists who seek to achieve a signi�cant result with low-tech methods.

At the same time, we warn that the realization of an incoherent pump as described
in Section 2 may pose challenging problems in practice. Although �rst observed [ 4] in
1985, the production of subradiant states has always gained far less attention than that of
superradiant states.

Perhaps the most troubling possibility is the production of local pockets of quasi-
superradiance inherited from the initial 1 ! 3 excitation. If such pockets are distributed
unevenly through the lateral extent of the slab, they will de stroy the crucial assumption of
Section 2, that the value of c at any time depends spatially only on Z. Perhaps this could be
prevented by selecting a substance for which the 3 ! 2 transition is strongly inhomogeneously
broadened (in contrast to the 2 ! 1 transition which is assumed essentially homogeneous).

On the other hand, a slight deviation from total incoherence in noninteracting atoms
is probably harmless—in fact, it may obviate the requirement of a 1 ! 2 micropulse to kick
c out of the null state.

It must be admitted that our scheme appears quite naive in comparison with some
recent studies of incoherent pumping [ 18,19]. On the other hand, we aim for less. We
are not trying to use subradiant pumping to target a particular sublevel of level 2. On
the contrary, we assume that G2 is large enough so that any such sublevels will merge
effectively into a single spectral line.

One can also hope that experimenters interested in our proposal will think of improve-
ments that would never have occurred to the present authors. We can only claim that if
the con�guration described in (1)–(3) can be produced, our calculations indicate that some
interesting long-life advances in classical bit storage and retrieval will be possible.
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Abstract: Electron transport through a one-dimensional quantum ring, subjected to Rashba spin–

orbit interaction and connected with two external leads, is studied in the presence of external �elds.

They include the optical radiation, produced by an off-resonant high-frequency electric �eld, and

a perpendicular magnetic �eld. By means of the Floquet theory of periodically driven quantum

systems the interference effects under these �elds are described in detail. It is found analytically the

speci�c conditions to reach the spin-�ltering effect, caused by the interplay of the external �elds and

Rashba spin-orbit interaction.

Keywords: Rashba spin–orbit interaction; semiconductor quantum ring; Floquet theory; light–matter

coupling; magnetic �eld

1. Introduction

Progress in nanotechnology raised a tremendous activity in the �eld of quantum
electronics. In particular, a special attention is paid to the possibility to use spin–orbit
interaction (SOI) for the design of nanoelectronic devices, based on control of electron spin
without application of the magnetic �eld. In semiconductors there are two mechanisms of
SOI: the Dresselhaus SOI [1], caused by the inversion asymmetry of the crystal lattice; the
Rashba SOI [2], produced by the inversion asymmetry of a heterostructure. It is important
to note that the strength of the Dresselhaus SOI is determined exclusively by the material,
while the strength of the Rashba SOI can be by altered externally, for example, by means
of a gate voltage. Therefore, the vast majority of literature, devoted to spin-dependent
transport in nanostructures, is focused on materials with spin–orbit interaction of Rashba
type (e.g., Refs. [3,4]).

It was recently proposed to use a strong off-resonant optical �eld to manipulate spin-
orbit coupling [ 5]. In this case there is no real absorption of the wave. This is so-called
regime of strong light–matter interaction, when quantum nature of light can drastically
modify the properties of the matter itself. In fact, recent progress in laser physics provides
the possibility to use optical high-frequency �elds to control various atomic and condensed–
mater structures, based on the Floquet theory of periodically driven quantum systems
(e.g., Refs. [6–8]). The concept of radiation-dressed states in atom [9] is the fundamental
background for this consideration. In this case, the hybrid electron-�eld object (dressed
electron) represents an elementary quasiparticle, which physical properties can differ
suf�ciently from the “bare” electron.

Thanks to new generation of high-ef�cient lasers, this phenomenon may render pos-
sible its wide application in semiconductor physics. In particular, physical properties of
dressed electrons have been studied in quantum wells [ 10], quantum rings [ 11,12], and
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topological insulators [ 13,14]. Evidently, this phenomenon becomes quite attractive for
spintronics as well, since the spin of individual carriers can be controlled by optical means
with or without application of the magnetic �eld, indeed. From this point of view semi-
conductor quantum rings with the Rashba SOI represent a fertile ground in the regime of
strong light–matter coupling for applied physics, as well as for study of effects of different
geometric phases [15]. The control of electron spin by means of the optical method and by
a weak external magnetic �eld, and its consequences for transport properties in the above
system have been escaped in previous studies (see, e.g., Refs. [3,16–20] and references
therein). The main goal of this paper is to �ll this gap in the case of the ring with the Rashba
SOI for dressed electrons in magnetic �eld.

2. Model
2.1. The Hamiltonian

To analyse the regime of strong light–matter interaction, we consider the
two-dimensional (2D) Hamiltonian describing ballistic electrons of charge � e(e > 0)
and the effective massm, in the presence of the Rashba SOI, a magnetic �eld and a high-
frequency electric �eld:

Ĥ =
1

2m
PPP 2 + a(sss � PPP )z + gmsssBBB + V (rrr) . (1)

Here sss is the vector of the Pauli spin matrices, PPP = ppp+ eAAA, a is the strength of the Rashba
SOI. The vector potential of a linear polarised electromagn etic wave AAA = ([ E0/ w] cos(wt) �
By/ 2,Bx/ 2, 0) includes the magnetic field BBB, pointing in the z direction (perpendicular to
the plane). The electric field is characterised by the ampli tude E0 and by the wave frequency
w. We consider a narrow ring, characterised by a steep confining potential V (rrr). If the field
is time-independent and E0 = 0, in such a ring geometry the electron energy spectrum is
determined by the 1D Hamiltonian in polar coordinates (see a lso [17,21]):

Ĥ (0)
R =

h̄2

2mR2

�
� i

¶
¶j

+
F
F 0

� 2

+
h̄wB

2
sz + h̄wRsx( j )

�
� i

¶
¶j

+
F
F 0

�
� i

h̄wR

2
sy( j ) . (2)

Here, wB = 2mB/¯h, wR = a/ R, sx( j ) = cosjs x + sin js y, sy( j ) = cosjs y � sin js x,
j is the polar angle of the electron on the ring, F = p BR2 is the magnetic �ux through the
ring, and the magnetic �ux quantum F 0 = h/ e. Once we add a time-dependent electric
�eld the Hamiltonian of an irradiated ring takes the following form

Ĥ1D = ĤR +

"
2

å
n= 1

V̂neinwt + H.c

#

, (3)

where the stationary term is complemented by a �eld-induced constant energy shift

ĤR = Ĥ (0)
R + E(0)

shift , E(0)
shift =

e2E2
0

4mw2 . (4)

The periodic term consists of two harmonics, raised by the irradiation,

V̂1 = �
eE0

2mRw

�
sin j l̂z,F � i h̄

cosj
2

i
�

aeE0

2w
sy , (5)

V̂2 =
e2E2

0

8mw2 , (6)

and we introduce the notation l̂z,F = � i h̄¶j + h̄F / F 0.
In the following we employ the high-frequency approximation for a periodically

driven quantum system (for a review see, e.g., Ref. [22]). Such the approach provides a
systematic high-frequency expansion for the effective Hamiltonian. In our analysis, we
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consider only the leading terms in the high-frequency limit. As a result, we can reduce the
time-dependent Hamiltonian (3) to the effective time-independent one (see also [19]):

Ĥ = ĤR +
2

å
n= 1

[V̂n, V̂†
n ]

nh̄w
+

2

å
n= 1

[V̂n, ĤR], V̂†
n ] + H.c.

2(nh̄w)2 = Ĥ 0 + V̂ , (7)

where

Ĥ 0 =
l̂2z,F

2m� R2 + wR

�
sx( j ) l̂z,F � i h̄

sy( j )
2

�
�

�
eE0a
Rw2

� 2 l̂z,F

mh̄
sz (8)

+
h̄wB

2
sz + E(0)

shift + E(1)
shift , E(1)

shift =
1

2m

�
h̄eE0

4mR2w2

� 2

V̂ =
h̄2

2mR2

"

V̂a + V̂b +

 
g1l̂z,F

2h̄

! 2

cos 2j

#

, (9)

V̂a =
�

3
16

g2
1 cos 2j � ig2

1g2

�
g2

2 �
1
4

�
sx sin j

�
, (10)

V̂b =
�

i
2

g2
1 sin 2j � 2g2

1g2

�
g2

2 �
1
4

�
sx cosj

�
l̂z,F

h̄
. (11)

Here, we introduce the following notations:

g1 = eE0/ (mRw2) , g2 = mRa/¯h , m� =
m

1 + 3(g1/2 )2 . (12)

The irradiation leads to the mass renormalization, i.e., m ! m� . It yields as well the

energy shift to the zero energy DE = E(0)
shift + E(1)

shift, and introduces the coupling between
the strength of the Rashba SOI and the ring radius by means of the parameter g2.

2.2. The Eigenvalue Problem

The Hamiltonian (7) possess the azimuthal symmetry. The operator Ĵz = I 
 (� i h̄¶j ) +
h̄sz/ 2, de�ned in the laboratory frame, is an integral of motion [H , Ĵz] = 0. Let us anal-
yse, �rst, the eigenvalue problem for the Hamiltonian (8). It is convenient to trans-
form this Hamiltonian in the rotating frame by means of the unitary transformation
R = exp[i(sz/2 ) j ]. As a result, we obtain

ˆ̃H = RH 0R+ =
X̂2

z,F

2m� R2 +
a
R

h
sxX̂z,F � i h̄

sy

2

i
�

�
eE0a
Rw2

� 2 X̂z,F

mh̄
sz +

h̄wB

2
sz + DE. (13)

X̂z,F = � i h̄¶j + h̄F / F 0 � h̄
sz

2
. (14)

In the rotating frame the operator Ĵz takes the following form

ˆ̃Jz = RĴzR+ = I 
 (� i h̄¶j ) . (15)

Consequently, we search the eigenfunctions of the Hamiltonian (13) in a general form

F s
j ( j ) = ei j j c s

j , c s
j =

�
c s

1
c s

2

�
. (16)

Evidently, the eigenvalues of the operator Ĵ are expected to be half-integers in the
laboratory frame, that should be hold in the rotating frame as well ( RR� 1 = 1)

ˆ̃JzF s
j ( j ) = h̄jF s

j ( j ), j = l n + 1/2, n = 1, 2, 3, . . . . (17)
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Here, the orbital quantum number n corresponds to the electron rotation either in the
counterclockwise direction l = + 1, or in the clockwise one l = � 1. The solution of the
Schrödinger equation by means of the probe functions (16) yields the eigenenergies

Es
j = h̄w0

2

4
�

j +
F
F 0

� 2

+
1
4

+ s

s

W2 +
�

m�

m

� 2

Q2
R

�
j +

F
F 0

� 2
3

5 + DE; s = � 1 , (18)

where

W =
wB

2w0
�

�
1 + 2Q2

E
m�

m

��
j +

F
F 0

�
. (19)

Here, we introduce the following de�nitions: w0 = h̄/ (2m� R2), QE = eE0a/ ( h̄w2),
and QR = 2maR/¯h. For the eigenfunctions we obtain two sets

c (s= 1)
j =

�
sin g

2
cos g

2

�
, c (s= � 1)

j =
�

cos g
2

� sin g
2

�
, (20)

where

tan g =
ah̄/ R

�
j + F

F 0

�

W
=

QRm� / m
1 + 2Q2

Em� / m � wB/ [2w0( j + F / F 0)]
, (21)

g is the angle between the local spin quantization axis and the z-axis. The high-
frequency (dressing) �eld decreases this angle relative to its value tan g = QR, obtained
in Ref. [20] without the external electric �eld ( E0 = 0) and Zeeman interaction. Evidently,
a proper choice of the Rashba coupling and parameters of the external high-frequency
electric �eld may lead to new features of the considered system (see below).

The eigenstates of the Hamiltonian (8) are de�ned in the laboratory frame as

Ys
j ( j ) = e� i sz

2 j F s
j ( j ) = ei j j e� i sz

2 j c s
j . (22)

Before proceeding further, there are a few comments required. The total effective
Hamiltonian (7) consists of the discussed Hamiltonian (8) and the term V̂. Theterms (9)–(11)
are of order � g2

1. In the high-frequency approximation, considered in our paper, g1 � 1.
Consequently, we neglect the contribution of the above terms, and will analyse the trans-
port properties of semiconductor quantum rings with the reduced Hamiltonian (8) (see
also the discussion in Ref. [19]). For a typical semiconductor (for example, GaAs) the
magnetic orbital effect is much enhanced in comparison with the magnetic spin effect
(see, e.g., Ref. [23]). Moreover, we will consider the effect of the weak magnetic �eld (see
below). Consequently, without loss of generality, we can neglect the Zeeman effect in
Equations (19) and (21) and obtain

Es
l ,n = h̄w0

" �
l n +

1
2

+
F
F 0

� 2

+
1
4

+ s

�
�
�
� l n +

1
2

+
F
F 0

�
�
�
� � (23)

�

s �
1 + 2Q2

E
m�

m

� 2

+
�

m�

m

� 2

Q2
R

#

,

where the energy shift DE is omitted, since it is the same constant for the electron dressed
levels. In the case: (i)E0 = 0; (ii) BBB = 0, the reduced energies Equation (23) are equivalent
to the energies obtained in Ref. [17]. These energies are maximised for the up spin states
j "i , i.e., for s = 1; and the factor QR plays the important role in transport properties. The
external high-frequency electric �eld gives rise to the additional factor QE. As we will see
below, its interplay with the factor QR leads to novel phenomena in transport properties of
the semiconductor rings.

20



Symmetry2022, 14, 1194

3. Transport Properties

In this section, we investigate the effect of two factors, QR and QE, on the conductance
and the polarization of the ballistic current in our 1D model. To model realistic transport, it
is desirable to take into account the effects of disorder. Since we consider the high-frequency
limit (a semiclassical regime), there are different classical paths connecting the entrance
and exit attached leads. It seems reasonable to assume that only pairs with the same length
could contribute essentially to the conductance. In our consideration we assume a perfect
coupling between leads and ring, neglecting the backscattering effects. In other words, in
our model the interference effects arising from counterclockwise and clockwise waves.

Thus, the wave function of an incoming electron from the left lead, attached to the
ring, is split at the ring entrance into four partial waves. In particular, we consider that
electrons with Fermi energy EF move from the entrance to the exit with four different wave
numbers n ) l ns

l . In this case the eigenstates (22) can be written as (see also the discussion
in Ref. [17])

Y1
+ n( j ) = ein+ 1

+ j
�

sin g
2

cos g
2 ei j

�
, (24)

Y � 1
+ n( j ) = ein� 1

+ j
�

cos g
2

� sin g
2 ei j

�
, (25)

Y1
� n( j ) = e� in+ 1

� j
�

cos g
2

� sin g
2 ei j

�
, (26)

Y � 1
� n( j ) = e� in� 1

� j
�

sin g
2

cos g
2 ei j

�
. (27)

They meet at the exit (a right attached lead), exactly opposite to the entrance. The
wave, propagating clockwise, travels the angle � p from the entrance to the exit. The wave,
propagating counterclockwise, travels the angle p from the entrance to the exit.

3.1. Conductance

In order to analyse the conductance we use the Landauer–Büttiker formalism. In this
case the conductance at zero temperature has the following form (see, e.g., Ref. [24])

G =
e2

h å
s,s0

Ts,s0 . (28)

Here, Ts,s0 = jts,s0j2 is the quantum probability of transmission between incoming
state with spin s0 and outgoing state with spin s; ts,s0 is the corresponding transmission
amplitude. Using the results from Appendix A, we arrive to the expression

G =
e2

h

�
1 +

1
2

[cosp (n� 1
� � n+ 1

+ ) + cosp (n+ 1
� � n� 1

+ )]
�

. (29)

The quantities ns
l can be obtained from the solution of Equation (18) at the condition

Es
l ,n = EF for different spin orientation s = � 1.

n� 1
� � n+ 1

+ = 1 + 2
F
F 0

+

s �
1 + 2Q2

E
m�

m

� 2

+
�

m�

m

� 2

Q2
R , (30)

n+ 1
� � n� 1

+ = 1 + 2
F
F 0

�

s �
1 + 2Q2

E
m�

m

� 2

+
�

m�

m

� 2

Q2
R . (31)
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Taking into account Equations (30) and (31), we arrive to the �nal expression for
the conductance

G =
e2

h

2

41 � cos
�

2p
F
F 0

�
cosp

s �
1 + 2Q2

E
m�

m

� 2

+
�

m�

m

� 2

Q2
R

3

5 . (32)

Now we are ready to trace the conductance behaviour as a function of the following
variables: (i) the strength of the Rashba interaction a; (ii) the electric �eld E0; and (iii)
the magnetic �eld. As a typical example, we consider InGaAs-based quantum rings with
the following parameters: the effective mass m = 0.045me, radius R � 200 nm, and the
strength of the Rashba SOIa � 104 m/s. The effective mass and the radius determine the
energy scaleh̄w0 � h̄2/ (2mR2) � 2.16� 10� 5 eV at m� = m. Assuming the maximal �ux
F = 0.5F 0 through the ring in our consideration, we obtain

mB =
ēh

2me
�

h̄
e

1
R2 � h̄w0 . (33)

Our approximation (neglecting the Zeeman term) is quite satisfactory, indeed.
At zero magnetic and electric �elds the conductance is modulated by the strength QR

alone [17]. Taking into account that the amplitude

E0 =

s
2I
#0c

, (34)

where I is the irradiance intensity, #0 is the vacuum permittivity, we can enrich the inter-
ference of the conductance from the destructive to constructive and vice versa by altering
the intensity at a �xed value of the Rashba SOI a (see Figure 1). Once we switch on the
magnetic �eld, the conductance modulations are reversed (see Figure 2). Moreover, the
oscillations are removed with a proper choice of of the Rashba SOI strength.
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Figure 1. Conductance versus irradiation intensity I. Electron effective mass m = 0.045me, the Rashba
coupling constant a = 5 � 104 ms� 1, and the ring radius is R = 200 nm. The dressing �eld has the
frequency w = 1.6� 1012 s� 1, the magnetic �ux F = 0.

Thus, the magnetic �eld provides the additional key element of possible ring-shaped
spintronic devices operated by light.
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Figure 2. Conductance versus irradiation intensity I for different Rashba coupling constant a. Electron
effective massm = 0.045me and the ring radius is R = 200 nm. The dressing �eld has the frequency
w = 1.6� 1012 s� 1, the magnetic �ux F = 0.5F 0.

To get deeper inside let us consider the minimum of the conductance at m� = m. At
zero magnetic �eld, we have the condition

cosp

s �
1 + 2Q2

E
m�

m

� 2

+
�

m�

m

� 2

Q2
R = 1 , (35)

which is subject to the equation

q �
1 + 2Q2

E

� 2 + Q2
R = 2n, n = 1, 2, . . . . (36)

By introducing the variables

sin g =
QR

2n
, cosg =

1 + 2Q2
E

2n
, (37)

we arrive to Equation (21) at wB = 0. Thus, the single-valuedness of the eigenfunctions (20)
determines the character of the conduction modulations (35).

3.2. Spin-Filtering Effect

The question we address in this section is could we control the polarization of the
electron beam by means of our quantum ring with the aid of the intensity of the external
electric �eld and with the strength of the vertical magnetic �eld?

The spin polarization P, determined as

P =
T"" + T"# � T#" � T##

T"" + T#" + T"# + T##
, (38)

in virtue of the results for transmission probabilities Tss 0 (see Appendix A), yields

P = cos 2g
sin

�
2p F

F 0

�
sin p

q �
1 + 2Q2

E
m�

m

� 2
+

� m�

m

� 2
Q2

R

1 � cos
�

2p F
F 0

�
cosp

q �
1 + 2Q2

E
m�

m

� 2
+

� m�

m

� 2
Q2

R

. (39)

From Equation (39) it follows that the presence of the magnetic �eld is the basic
condition for the polarization process, since P = 0 at F = nF 0/ 2,n = 0, 1, 2,. . .. On the
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other hand, once the magnetic �eld takes, for example, the value F / F 0 = 1/ 4, we can
require that

sin p

s �
1 + 2Q2

E
m�

m

� 2

+
�

m�

m

� 2

Q2
R = 1 . (40)

Without loss of generality we consider the case m� = m and obtain

sin g =
QR

k
, cosg =

(1 + 2Q2
E)

k
, k = 2n + 1/2, n = 0, 1, 2, . . . (41)

In this case the polarization is de�ned as

P = cos 2g = [( 1 + 2Q2
E)2 � Q2

R]/ k2 . (42)

At a �xed value of the strength of the Rashba SOI, we can de�ne the value of the
intensity of the electric �eld that could provide the maximal polarization P = 1 (see
Figure 3).
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Figure 3. Spin polarization P versus the irradiation intensity I . The calculations are performed at the
magnetic �ux F = 0.25F 0; the dressing �eld frequency is w = 0.8� 1012 s� 1. The solid (blue) line
corresponds to the strength a = 2 � 104 m/s, while the dashed (red) line corresponds to a = 104 m/s.

For example, taking into account the definition of QE = eE0a/ (h̄w2) and the intensity (34),
we have at k = 1/2

2Q2
E =

r

Q2
R +

1
4

� 1 =
4I
#0c

�
h̄w2

ea

� 2

. (43)

From Equation (43) it follows evidently that QE > 0 if the following relation takes
place (taking into account the de�nition QR = ( 2mR/¯h)a)

a >

p
3

2
Rw0 . (44)

Once this condition is ful�lled, the minimal value of the intensity is

I =
#0c
4

�
h̄w2

ea

� � 2
" r

Q2
R +

1
4

� 1

#

, (45)

that allows to observe the spin-�ltering effect in our system. Altering the value of the
magnetic �eld, we can decrease, as well, the dynamic threshold intensity �eld at a �xed
value of the strength of the Rashba SOI (see Figure 4).

24



Symmetry2022, 14, 1194

0 500 1000 1500 2000
- 1.0

- 0.5

0.0

0.5

1.0

IHW•cm2L

P

a=104m s- 1

a=2´ 104m s- 1

Figure 4. Similar to Figure 3 at the magnetic �ux F = 0.2F 0.

4. Conclusions

The effect of a high-frequency optical �eld and an external magnetic �eld on quantum
transport through the one-dimensional quantum ring subject to Rashba SOI is manifested in
a rich variety of phenomena. To carry on our analysis of the external �elds, we employed the
Floquet theory of periodically driven quantum system. In our consideration we assumed a
perfect coupling between leads and ring, neglecting the backscattering effects. In this limit,
several mechanisms, responsible for quantum interference effects have been proposed. In
particular, it shown that the conductance oscillations, produced by the ring irradiated by
the dressing �eld, can be reversed by the application of the weak magnetic �eld (compare
Figures 1 and 2). In other words, our system behaves like a diode, operating at a certain
intensity of the dressing �eld, that allows the current �ow only at a certain value of the
external magnetic �eld. Finally, we formulated analytically the requirements to reach the
spin- �ltering effects under the external �elds (see Section 3.2). Our �ndings may provide
new capabilities for spintronics devices, exploiting the combined effect of optical and
magnetic �elds.
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Appendix A. Transmission Probabilities

Let us consider the case of the incoming electron with spin " (s = + 1) [seeEquation (20)]
entering the ring at j = 0

j "i =
�

sin g
2

cos g
2

�
. (A1)
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Evidently, states of a particular spin split equally into the clockwise path ( l = � 1)
and the counterclockwise path ( l = 1) in the ring

jY (" , j )i =
1
2

exp[in+ 1
+ j ]

�
sin g

2
cos g

2 ei j

�
+

1
2

exp[� in� 1
� j ]

�
sin g

2
cos g

2 ei j

�
(A2)

Additionally, in particular, we have at the exit of the ring

jY (" , p )i =
1
2

exp[in+ 1
+ p ]

�
sin g

2
cos g

2 eip

�
+

1
2

exp[� in� 1
� (� p )]

�
sin g

2
cos g

2 e� ip

�
(A3)

Consequently, the probability amplitude without the spin �ip for the incoming electron
with spin " is

t"" = h" jY (" , p )i , (A4)

which determines the corresponding transmission probability as

T"" = jt"" j2 =
1
2

cos2 g
h
1 + cosp (n� 1

� � n+ 1
+ )

i
. (A5)

The amplitude of probability that the incoming electron with spin " is outgoing with
the spin # [see Equation (20)] is

t#" = h# jY (" , p )i , j #i =
�

cos g
2

� sin g
2

�
, (A6)

which yields the following result

T#" = jt#" j2 =
1
2

sin2 g
h
1 + cosp (n� 1

� � n+ 1
+ )

i
. (A7)

Let us consider the case of the incoming electron with spin # (s = � 1) [seeEquation (20)]
entering the ring at j = 0. In this case electron traverses the ring, and its wave function
[see Equations (25) and (26)] is

jY (#, j )i =
1
2

exp[in� 1
+ j ]

�
cos g

2
� sin g

2 ei j

�
+

1
2

exp[� in+ 1
� j ]

�
cos g

2
� sin g

2 ei j

�
. (A8)

It takes the following form at the exit of the ring

jY (#, j )i =
1
2

exp[in � 1
+ p ]

�
cos g

2
� sin g

2 eip

�
+

1
2

exp[� in+ 1
� (� p )]

�
cos g

2
� sin g

2 ei(� p )

�
. (A9)

For the amplitude of probability that the incoming electron with spin # is outgoing
with spin # we have

t## = h# jY (#, p )i . (A10)

Consequently, the corresponding transmission probability is

T## = jt##j2 =
1
2

cos2 g
h
1 + cosp (n+ 1

� � n� 1
+ )

i
. (A11)

The amplitude of probability that the incoming electron with spin # is outgoing with
spin " is

t"# = h" jY (#, p )i . (A12)

It results in the following transmission probability

T"# = jt"# j2 =
1
2

sin2 g
h
1 + cosp (n+ 1

� � n� 1
+ )

i
. (A13)
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Abstract: In the paper, we introduce a new model that addresses the generation of quantum droplets

(QDs) in the binary Bose–Einstein condensate (BEC) mixture with mutually symmetric spinor com-

ponents loaded in multi-color optical lattices (MOLs) of commensurate wavelengths and tunable

intensities. The considered MOL con�nement is the combination of the four-color optical lattice with

an exponential periodic trap, which includes the complete set of the Fourier harmonics. Employing

the one-dimensional (1D) extended Gross–Pitäevskii equation (eGPE), we calculate the exact analyti-

cal form of the wavefunction, MF/BMF nonlinearities, and MOL trap parameters. Utilizing the exact

solutions, the formation of supersolid-like spatially periodic matter-wave droplet lattices and superlat-

tices is illustrated under the space-periodic nonlinearity management. The precise positioning of the

density maxima/minima of the droplet patterns at the center of the trap and tunable Anderson-like

localization are observed by tuning the symmetry and amplitude of the considered MOL trap. The

stability of the obtained solution is con�rmed using the Vakhitov–Kolokolov (VK) criterion.

Keywords: quantum droplets; multi-color periodic con�nement; Bose–Einstein condensate

1. Introduction

Bose–Einstein condensates (BECs) and ultracold atoms con�ned in an optical lat-
tice (OL) trap constitute an ideal experimental platform for the quantum simulations of
emerging quantum many-body phenomena [ 1–5]. The experimental observation of the
zero-temperature quantum phase transition in a strongly interacting Mott insulator [ 6] and
weakly interacting Bose gas [7] utilizing the OL con�nement provides a signi�cant example
for the same. Further, the OL is widely used to investigate the fundamental physics prob-
lems: Anderson localization [ 8], negative temperature [ 9–11], supersolid phase [12], etc.,
and it also provides the basis for the development of quantum technologies: quantum mem-
ory [ 13], registers [14], optical lattice clocks [ 15], and entanglement [16]. Experimentally, the
OL trap is formed by the superposition of two counter propagating laser beams, resulting
in the generation of an arti�cial crystal of light with spatially periodic polarization patterns,
which is tunable through the power and period of the overlapping lasers [ 1,11]. Different
engineered forms of OL geometries such as bi-periodic, kagome, hexagonal, double-well
superlattices, etc., are regularly experimentally realized by interfering different sets of
laser beams [17]. A number of interesting physical phenomena have been reported in
the presence of the above-mentioned geometrically frustrated OLs, including frustrated
quantum magnetism at negative absolute temperature [ 18], many-body localization [ 19],
the exploration of the ionic Hubbard model with ultracold fermions [ 20], and Hund's metal
in multicomponent Fermi systems [21].

Currently, a new class of quantum liquids, ultradilute quantum droplets (QDs), has
aroused a great deal of attention in the �eld of BECs [ 22–24]. Usually, the BEC dynamics is
studied in the presence of an external trap, since it is commonly known to exist in a gaseous
phase, and in the absence of a container (i.e., external trap), it expands. However, Petrov, in
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a pioneering theoretical proposal, pointed out that liquid-like QDs can be stabilized in a
weakly interacting binary BEC mixture in free space by realizing a subtle balance between
the attractive cubic mean-�eld (MF) interaction and quadratic repulsive beyond mean-�eld
(BMF) interaction generated due to the quantum �uctuations [ 25]. Like solitons, these
dilute QDs are a self-bound many-body state; however, bright solitons collapse under the
in�uence of the attractive cubic MF interaction. Different from that, QDs can be stabilized in
3D by counter balancing MF and BMF interactions. Based on this stabilization mechanism,
QDs are observed in Bose–Bose mixtures [26,27] and dipolar gases [28,29]. The idea of
droplet formation without any external trapping is not new, and this is studied in classical
liquid or liquid helium systems [ 30]. However, in comparison to classical liquids in which
droplets are generated due to a balance of repulsive interactions (generated due to high
density) with attractive van der Waals interactions [ 30], the formation of QDs is a quantum
phenomena with its formation dependent on the balance of the Lee–Huang–Yang (LHY)
interaction (due to quantum �uctuations), i.e., the BMF interaction with two-body MF
interactions. Further, the observed equilibrium density of QDs is 10 8 orders smaller than
liquid helium, and due to the realization in ultracold atoms, this provides versatile control
of the tunability of MF/BMF interactions and the geometry of the system.

In this work, we address the dynamics of QDs in a two-component binary BEC mixture
in the presence of external multi-color optical lattice (MOL) con�nement through the spatial
periodic management of MF and BMF nonlinearities in 1D geometry. The QD dynamics is
extensively explored in the absence of any con�nement, i.e., free space [31,32], and some of
us have recently reported the exact theoretical model for QDs in harmonic con�nement [ 33].
However, the study of QDs in the presence of the OL or MOL has received less attention
in the current literature. In condensed matter physics, the periodic lattice is considered as
one of the fundamental problems, and even in the ultracold atoms domain, a variety of
solitonic structures have been investigated in OL traps, both analytically and numerically.
The study of QDs' behavior in the presence of OL or MOL traps acts as a quantum test
bed for exploring advanced solid-state physics concepts, such as topological quantum
states, discrete systems, etc. Recently, Morera et al. illustrated the generation of QDs,
dimerized QDs, and a variety of phases in OL con�nement [ 34,35], whereas the supersolid-
like crystallization of QDs was investigated in 1D [ 36] and on a periodic lattice in a quasi-2D
trapped dipolar BEC [ 37,38]. Further, the stability of QDs is also studied in OL, and the
existence of stable dipole QDs has been proposed [39]. The motivation for studying a
two-component BEC in the presence of the MOL is twofold: (i) constructing a family of OL
traps: the precise control of the intensity and period of overlapping laser beams results in
the formation of the OL, bi-color OL (BOL), frustrated bi-color double-well superlattice,
tri-color OL (TOL), and four-color OL (FOL); and (ii) a test bed for quantum simulation:
optical superlattice con�nements comprise a clean controllable many-body test bed, and
a variety of physical phenomena [ 8,9,16] is observed in this trap. In principle, the multi-
color beams can be used to design a variety of optical superlattice potentials necessary
for supporting the existence of non-trivial QD patterns [ 40,41]. Therefore, theoretically,
it would be important to investigate the behavior of QDs in the presence of the MOL.
In this paper, we solve the 1D eGPE for the considered con�nement and calculate the
non-trivial exact analytical form of the wavefunction, phase, MF/BMF nonlinearities, and
trap parameters. This reveals the speci�c form of the MOL and its correlation with the
MF/BMF nonlinearities, which provide tunability for the generation of various QDs density
pro�les. As an illustration, we show the generation of supersolid-like density schemes in
QDs: periodic lattice, bi-periodic superlattice, and bi-periodic double-well superlattice. For
each of these patterns, we write the analytical solutions and identify the speci�c form of the
multi-color OL and its parameter domain. The controllable positioning of density maxima
at the center of the trap, compression, fragmentation, and Anderson-like localization of the
droplet patterns are also observed by tuning the symmetry of the considered trap.

In the following section, we present the analytical framework for solving the 1D eGPE
for a weakly interacting Bose–Bose mixture with equal masses and an equal number of

30



Symmetry2022, 14, 963

atoms in the components under the MOL. The model for the calculated system variables is
explained by �nding the MOL potential parameters, i.e., the amplitudes and periodicity,
the wavefunction, and the form of MF/BMF interactions. It is shown that with a suitable
choice of the laser intensity, one can construct the following experimentally relevant forms
of con�nements: single-color OL, BOL, TOL, double-well superlattice BOL, and FOL.
Next, we study the characteristics of QDs under the in�uence of the above-mentioned
traps and illustrate the interesting supersolid-like periodic lattice and superlattice density
patterns in QDs. Finally, the stability of the obtained solutions is con�rmed using the
Vakhitov–Kolokolov (VK) criterion.

2. The Model and Analytical Framework

We start by considering the two-component mass-balanced binary BEC under the
in�uence of the BMF (LHY corrections for quantum �uctuations) in the presence of spatially
varying MOL con�nement. The choice of equal masses and an equal number of atoms in
the BEC mixture makes the result analysis clearer and easier. In the 1D con�guration, the
QDs are observed under the subtle balance of the slightly repulsive MF interaction with the
attractive BMF. In this geometry, the MF and BMF interactions' contribution to the energy
per particle is proportional to n and

p
n, where n is the density of the gas [31], and the

system is described by the following equations, the 1D eGPE [25,39]:

i h̄
¶y1

¶t
= �

h̄2

2m
¶2y 1

¶x2 + ( L s(x)jy 1j2 + L c(x)jy 2j2)y 1 � G(x)( jy 1j2 + jy 2j2)1/2 y 1 + v(x)y 1, (1)

i h̄
¶y2

¶t
= �

h̄2

2m
¶2y 2

¶x2 + ( L c(x)jy 1j2 + L s(x)jy 2j2)y 2 � G(x)( jy 1j2 + jy 2j2)1/2 y 2 + v(x)y 2. (2)

Here, v(x) is the external MOL confinement present in the considered sy stem with y 1
(y 2) representing the wavefunctions of binary mixture compone nts. In Equations (1) and (2),
we take the interaction strengths controlling the repulsion between the atoms in each
components to be equal: g11 = g22 � g = 2h̄2as(x)/ (ma2

? ) and gc = g12. Here, L s(x) =
(gc + 3g)/ 2 represents the self-interaction coef�cients, whereas L c(x) = ( gc � g)/ 2 is the
cross interaction coef�cients along with G(x) =

p
mg3/2 / (p h̄) [39]. as(x) represent the

space-dependent inter- and intra-components' atomic scattering lengths, which are tunable
through the Feshbach resonance technique [42]. Thus, the sign and strength of both (inter-
and intra-) components' atomic scattering length, i.e., MF and BMF interactions, can be
experimentally modulated. Here, m is the mass of the BEC atoms andh̄ is the scaled
Planck's constant.

Next, we reduce the dynamics of the considered system to the space-dependent
dimensionless single eGPE by assumingy 1 = y 2 = y 0y , i.e., mutually symmetric spinor
components in the binary mixture [25,31]:

i
¶y
¶t

= �
1
2

¶2y
¶x2 � g1(x)jy jy + g2(x)jy j2y + V (x)y . (3)

Equation (3) is the extended form of the Gross–Piteäevskii equation (GPE) with the
external con�nement added. For the case, V (x) = 0, it becomes the 1D eGPE in free space,
which is extensively explored to investigate the QDs' dynamics [ 23,24]. In the equation,
y (x, t) is the condensate wave function of the QDs having mass m, and g1(x) = G(x),
g2(x) = L s(x) + L c(x) are the magnitude coupling strengths of the two-component Bose–

Bose mixture representing BMF and MF interactions, respectively. Here, h̄g1(x)
G(x)

q
L s+ L c
2mg2(x) ,

h̄(L s+ L c)g2
1(x)

2g2(x)G2(x) ,
p

2g2(x)G(x)
(L s+ L c)g1(x) are the magnitudes of the scaling parameters x0, t0, y 0, respec-
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tively [ 31]. To investigate the structure and dynamics of QDs in the presence of MOL, we
consider the form of the external trap:

V (x) =
4

å
j= 1

Vj cos2( jkx) + V5 exp[2(p1 cos2(kx) + p2 cos2(2kx))] , (4)

which is a combination of the FOL with commensurate lattice periods and an exponential
periodic trap. The combination results in the generation of an MOL potential trap, which
becomes an FOL for V5 ! 0. The choice of the exponential periodic trap ensures the
presence of the complete set of the Fourier harmonics in the considered trap combination.
Here, p1 and p2 are real constants. In Equation (4), k = 2p a? / l is the scaled lattice
wave vector, which is commensurate for the four-color laser beams ( k, 2k, 3k, 4k) with
a? =

p
h̄/ mw? , and w? is the transverse oscillator frequency. Here, Vj (j = 1, 2, 3, 4, 5)

represents the potential depths of each OL and is connected to the recoil energy: ER = 2p 2h̄2

ml 2

for the laser of wavelength (color) l and mass m of BEC atoms [40]. Recently, ultracold
atoms were investigated in the FOL potential to obtain eightfold rotationally symmetric
OLs [43] and solitonic solutions [ 41]. In this paper, we considered the cigar-shaped Li7

BEC atoms trapped with transverse frequency w? = 2p � 710 Hz, atomic scattering length
as = � 0.21 nm, and a CO2 laser of wavelength l = 10.62� m [44]. In the experiments,
various forms of OLs can be realized by tuning the applied magnetic �eld, the magnitude
of k, and the angle between superimposing laser beams [45].

In order to construct the analytical solution form of y for Equation (3), based on the
general similarity transformation scheme used for constructing matter-wave solitons in 1D
geometry [46,47], we start with following ansatz solution:

y (x, t) = A(x, t)U [h(x, t)]ei f (x,t) , (5)

where A(x, t), f (x, t), and U [h(x, t)], being real functions, are the space- and time-modulated
amplitude, phase, and similarity variables, respectively. Using the ansatz solution, our goal
is to connect Equation (3) to the solvable differential equation:

�
¶2U
¶h2 � G1 j U (h) j U + G2 j U (h) j2 U = EU, (6)

such that we obtain the following consistency conditions on the amplitude and MF and
BMF nonlinearities for the chosen potential of Equation (4) (see Appendix A):

[A2(x, t)hx(x, t)]x = 0, ht (x, t) + hx(x, t)f x(x, t) = 0, (7)

G1h2
x(x, t) � 2A(x, t)g1(x, t) = 0, G2h2

x(x, t) � 2A2(x, t)g2(x, t) = 0, (8)

A t (x, t)
A(x, t)

+
1

2A2(x, t)
[A2(x, t)f x(x, t)]x = 0, (9)

Axx(x, t)
2A(x, t)

�
f 2

x(x, t)
2

� f t (x, t) �
1
2

Eh2
x(x, t) � V (x) = 0. (10)

In Equation (6), E is the eigenvalue of the equation, G1, G2 denote the constantBMF/MF
interactions, which can take a positive or negative magnitude depending on the sign of the
inter- and intra-component atomic scattering length. Here, the function with the subscript
implies the partial differentiation of the function with respect to the subscripted variable.
The above set of consistency conditions are simultaneously solved to obtain the amplitude,
phase, and MF/BMF:

hx(x, t) =
b(t)

A2(x, t)
, f z = �

ht (x, t)
hx(x, t)

, g1(x, t) = G1
h2

x(x, t)
2A(x, t)

, g2(x, t) = G2
h2

x(x, t)
2A2(x, t)

, (11)
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where b(t) is an integration constant. It is evident from Equation (11) that the form of
MF/BMF nonlinearities and the phase is directly dependent on the amplitude, which will
be determined by solving the consistency Equation (11). For that purpose, we substitute
the trap expression from Equation (4) into the set of consistency Equations (7) and (11) and
chooseh(x, t) = g

Rz
0 exp[p1 cos2(kx) + p2 cos2(2kx)]¶x, to obtain the exact analytical form

of the amplitude, phase, and nonlinearities:

A(x, t) =

s
b(t)

g � exp[p1 cos2(kx) + p2 cos2(2kx)]
, (12)

q(x, t) = [ 2p2
1k2 + 8p2

2k2 � 8k2(p1 + 4p2)]t, (13)

g1(x, t) =
G1g3/2

2b(t)
exp[p1 cos2(kx) + p2 cos2(2kx)]

3
2 , (14)

g2(x, t) =
G2g3

2b(t)
exp[p1 cos2(kx) + p2 cos2(2kx)]3, (15)

with the potential depths of each overlapping OL connected in the following manner:

V1 = p1k2
h
1 +

p2

2

i
, V2 = k2

"
p2

1
8

+ 4p2

#

V3 = �
p1p2k2

2
V4 = �

p2
2k2

2
V5 =

Eg2

2
. (16)

Equation (16) reveals a non-trivial correlation in between trap parameters p1 and p2,
and this is one of the important results of the article. In principle, by the suitable tuning of
these parameters, one can realize various forms ofV (x): OL (Figure 1c), BOL (Figure 1d),
double-well superlattice (Figure 1e), frustrated double-well optical superlattice (Figure 1f),
bi-periodic frustrated double-well optical superlattice (Figure 1g), etc., and study the QDs'
pro�les with precise knowledge of the MF/BMF interactions. In Equation (12), b(t) = b
(constant) = g2.

The solution of Equation (6) can be given as: U [h] = 3(E/ G1)

1+
r

1� E
m0

G2
G2

1
cosh(

p
-Eh)

with

m0 = � 2/ 9, E < 0, G1 < 0, and G2 > 0 [25,31]. Thus, the complete solution of Equation (3)
can be written as:

y (x, t) =

s
b

g � exp[p1 cos2(kx) + p2 cos2(2kx)]
� exp

h
i(2p2

1k2 + 8p2
2k2 � 8k2(p1 + 4p2)t)

i

3E
G1

1 +
q

1 � E
m0

G2
G2

1
cosh(

p
-E(g

Rx
0 exp[p1 cos2(kx) + p2 cos2(2kx)]))

. (17)

Further, one can choose the solution of Equation (6) in terms of the Jacobi elliptic

function ( cn) as: U (h) = B cn[b h, q] + D, with B =
q

2
(2q2� 1) D > 0, D = G1

3G2
< 0,

b2 = � ( 6G2
(2q2� 1) ) D2, and q2 > 1/ 2 [48]. For this case, the complete wavefunction form of

Equation (3) becomes:

y (x, t) =

s
b

g � exp[p1 cos2(kx) + p2 cos2(2kx)]
� exp

h
i(2p2

1k2 + 8p2
2k2 � 8k2(p1 + 4p2)t)

i

�
B cn(b (g

Z x

0
exp[p1 cos2(kx) + p2 cos2(2kx)]) , q) + D

�
, (18)

where q is the modulus parameter for the Jacobi elliptic function cn. In principle, the cn
function can also possess a family of solutions for the range of the modulus parameter,
0 � q � 1/ 2, and at q = 0 will signify a periodic QD pro�le. Thus, it is worth indicating
that we constructed a large family of exact analytical solutions of the 1D eGPE for the
considered MOL trap con�guration.

33



Symmetry2022, 14, 963

Figure 1. Various potential pro�les of the MOL by tuning parameters p1 and p2 of Equation (4)
for g = 0.05,k = 0.84,E = � 2/ 9 in the interval [� 2p / k, 2p / k]: (a) for �xed p2 = 1, p1 varying
from � 5 to + 5; (b) for �xed p1 = 1, p2 varying from � 5 to + 5; (c) �ipping of the OL phase by
the half-wavelength: p1 = 0, p2 = 0.1 (black solid line) and p1 = 0, p2 = � 0.1 (dashed blue line);
(d) BOL: p1 = 0, p2 = 3.5 (black line); (e) triple-well optical superlattice: p1 = � 5, p2 = 1 (red solid
line); (f ) frustrated double-well optical superlattice: p1 = 1, p2 = � 5 (blue solid line); ( g) bi-periodic
frustrated double-well optical superlattice: p1 = 1, p2 = 4 (red solid line). The spatial co-ordinate is
scaled by the oscillator length.

3. Results

The exact expressions of the distributed con�nement parameters are already solved in
Equation (16) where the parameters (p1, p2) can be widely tuned. We are now in a position
to analyze the relevant QDs' pro�les along with the corresponding con�nement form. In
the following, we would like to perform a detailed study of the tuning of the trap under
consideration and of the density patterns of the QDs.

3.1. Potential Pro�les and Corresponding Trap Parameters

From the constructed model, the general form of the potential can be written as:

V (x) = p1k2
h
1 +

p2

2

i
cos2(kx) + k2

"
p2

1
8

+ 4p2

#

cos2(2kx) �
p1p2k2

2
cos2(3kx)

�
p2

2k2

2
cos2(4kx) +

Eg2

2
exp[2(p1 cos2(kx) + p2 cos2(2kx))] , (19)

where � 2/ 9 < E < 0 and g > 0. With suitable tuning of the physical parameters p1 and
p2, one can construct various potential pro�les and obtain the exact analytical expression
of the wavefunction. Physically, p1 and p2 are connected to the power of overlapping laser
intensities. Figure 1 illustrates the various trap patterns by tuning of the trap parameters ( p1,
p2). In Figure 1a,b, the variation of the potential pro�le is depicted for g = 0.05,k = 0.84,
E = � 2/ 9 in the interval [� 2p / k, 2p / k]: (a) for �xed p2 = 1, with p1 varying from � 5 to
+ 5; and in (b) for �xed p1 = 1, p2 varying from � 5 to + 5. This clearly indicates the various
shapes of the resultant potential by changing the magnitude of p1 and p2. For p1 = p2 = 0,
V (x) becomes constant, representing the free space scenario. Further, the trap takes the
form of the two-color BOL with periodicity ( k, 2k) for p1 > 0 and p2 = 0, whereas if p2 6= 0,
then the MOL becomes a disordered double-well superlattice with frustration present both
in the inter- and intra-well separations [ 41]. Additionally, we observe interesting trap forms
for p1, p2 < 0. For p1 < 0 with p2 positive constant, this leads to the formation of the
triple-well superlattice, which is evident from Figure 1a.

34



Symmetry2022, 14, 963

Similarly, we illustrate a half-wavelength shift of this double-well superlattice by
tuning p2 < 0 with p1 positive constant. For better insight into the tunability of the
generated MOL trap form, we plot the shape of the trap at some speci�c points and
illustrate the experimentally realizable trap con�guration: (a) OL: for p1 = 0, p2 = 0.1
(black solid line) and the �ipping of this OL by the half-wavelength for p1 = 0, p2 = � 0.1
(dashed blue line) (Figure 1c); (b) BOL: overlapping of two OLs of frequency 3 k and 4k
for p1 = 0, p2 = 3.5 (black solid line) (Figure 1d); (c) triple-well optical superlattice:
p1 = � 5, p2 = 1 (red solid line) (Figure 1e); (d) frustrated double-well optical superlattice:
p1 = 1, p2 = � 5 (blue solid line) (Figure 1f); (e) bi-periodic frustrated double-well optical
superlattice: p1 = 1, p2 = 4 (red line) (Figure 1g). Thus, potential Equation (19) consists
of the family of OLs, and in principle, the complete set of the Fourier harmonics can be
generated from it.

For g2 < 1 or p1, p2 < 0, the higher-order terms of the exponential trap tend towards
zero, and the trap behaves as an FOL con�nement. Utilizing Equation (19), we identify the
points in Table 1 at which the shape of the MOL becomes the OL, BOL, or TOL in the (p1, p2)
space for m= 0 [41]. On the contrary, the FOL is obtained in the entire space, excluding the
points indicated in the table. It needs to be emphasized here that the constructed MOL trap
con�guration provides a large variety of experimentally useful potential pro�les with exact
analytical solutions, which may �nd applications for quantum information processing and
simulations [ 5,16,17]. We further illustrate the results by displaying various QD patterns in
the presence of the above-mentioned trap con�gurations.

Table 1. Various shapes of the MOL potential by tuning the magnitude of the power of the laser
beam, i.e.,p1 and p2.

Multi-Color OL (for m= 0)

p1 p2 Trap form

0 0 Free space

<1 0 OL (k)

0 6= 0 BOL (2k, 4k)

>1 0 BOL (k, 2k)

8 � 2 BOL (3k, 4k)
8 2 BOL (3k, 4k)

6= 8 � 2 TOL (2k, 3k, 4k)
6= 8 2 TOL (2k, 3k, 4k)

Other points Other points FOL ( k, 2k, 3k, 4k)

3.2. Periodic Lattice Density Patterns in QDs

In this section, we correlate the above-mentioned understanding of the con�nement
engineering with the atomic condensate density for a variety of experimentally relevant
forms of the MOL con�nement to investigate the droplet characteristics in it. As discussed
earlier, a family of OL traps can be constructed from (19), but we begin by investigat-
ing the generation of QDs in the presence of the two-color BOL( k, 2k) with competing
MF and BMF nonlinearities. The superposition of two-color OLs results in the forma-
tion of quasi-periodic optical superlattice con�nement, which is used to study various
interesting physical phenomena: Anderson localization, frustrated quantum magnetism,
negative absolute temperature, etc. [10,18,19]. Motivated by that, we construct the BOL
with commensurate period (k, 2k) from potential Equation (20) by taking p2 = 0. Further,
the form of the MF and BMF nonlinearities is: g2(x) = ( G2g3/ 2b)exp[p1 cos2(kx)]3 and
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g1(x) = ( G1g3/2 / 2b)exp[p1 cos2(kx)]
3
2 , respectively, with b(t) = b (constant). Thus, the

resulting form of the potential from Equation (19) takes the form:

V (x) = p1k2 cos2(kx) +
(p1k)2

8
cos2(2kx) +

Eg2

2
exp[2(p1 cos2(kx))] , (20)

for which the wavefunction solution of Equation (3) can be given as:

y (x) =

s
b

g � exp[p1 cos2(kx)]

3E
G1

1 +
r

1 � E
m0

G2
G2

1
cosh(

p
-E(g

Rx
0 exp[p1 cos2(kx)))

� exp
h
i(2p2

1k2 � 8k2p1)t)
i
. (21)

Using the above wavefunction, we illustrate the density pro�les of QDs for � p1 for
the BOL potential Equation (20) in Figures 2 and 3, respectively. In these �gures, each plot
(a–d) has two panels: the upper panel shows the density plot, and the lower panel consists
of a 2D plot of the density. In Figure 2a, initially, we take p1 = 0, making V (x) = constant,
i.e., the free space potential and with the MF interaction ( G2 = 0.999999999) and the BMF
interaction ( G1 = � 1). As there is a subtle balance between MF and BMF, thus we observe
the �at top density pro�le, which is the signature feature of QDs.

Figure 2. Condensate density patterns for two-color BOL traps with p1 < 0 and p2 = 0: (a) p1 = 0
(free space); (b) p1 = � 0.5; (c) p1 = � 1; and (d) p1 = � 1.50. Each plot of (a–d) has three panels:
the upper panel shows the density plot; the middle panel consists of a 2D plot of the density; the
lower panel indicates the corresponding trap pro�le. Here, the magnitude of the physical parameters:
b = 1, g = 1, k = 0.84,G1 = � 1, G2 = 0.999999999,E = � 2/ 9. The spatial co-ordinate is scaled by
the oscillator length.

Similarly, condensate density has previously been illustrated in the free space potential,
and the observed pattern is in conformity with the physical situations reported in the
literature [ 32]. Here, the magnitude of other physical parameters: b = 1, g = 1, k = 0.84,
E = � 2/ 9. Next, we investigate the impact of p1 < 0 on the droplet density pro�le for the
same physical parameters. We took p1 = � 0.5, � 1, � 1.5 and depict their corresponding
condensate density patterns in Figure 2b–d. It is evident from the �gure that with p1
tending from 0 ! � 1.5, this leads to the expansion of the QDs, and due to the increase
in the lattice depth of the trap, it forms the lattice patterns in the QDs. Importantly, the
signature of the potential is superimposed over the �at density pro�le, and correspondingly,
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we observe periodic lattice density pattern on the QDs. We observe that for p1 < 0, the
density periodic lattice maxima are located at x = 0. However, to establish supersolidity in
the system, we need to show the spontaneous breaking of the translational symmetry and
the spontaneous breaking of the gauge symmetry in the considered system. However, in
absence of that, we term this supersolid-like periodic density patterns, as done in previous
studies on spinor BECs [38,49]. Further, we note that the decreasing magnitude of p1 also
results in the increase of the width of the QDs, i.e., leading to its expansion. Thus, in
principle, the depth and width of these formed periodic lattice density patterns in QDs are
connected to the magnitude of p1, and from the constructed analytical model, we reveal a
non-trivial correlation in between them.

Figure 3. Condensate density patterns for two-color BOL traps with p1 > 0 and p2 = 0 are depicted:
(a) p1 = 0 (free space); (b) p1 = 0.5; (c) p1 = 1; and (d) p1 = 1.5. Each plot (a–d) has three panels: the
upper panel shows the density plot; the middle panel consists of a 2D plot of the density; the last
panel represents the corresponding trap pro�le. Here, the magnitude of the physical parameters:
b = 1, g = 1, k = 0.84,G1 = � 1, G2 = 0.999999999,E = � 2/ 9. The spatial co-ordinate is scaled by
the oscillator length.

In Figure 3, we illustrate the density variation of the wavefunction solution (21) for
p1 > 0 with its magnitude changing from 0 ! 1.5 for the identical physical parameter as
taken in the case of p1 < 0. Here, we take the parameter values: b = 1, g = 1, k = 0.84,
E = � 2/ 9, G2 = 0.999999999,G1 = � 1. We begin with p1 = 0 in Figure 3a, i.e., the free
space situation. Next, the magnitude of p1 increased to 0.5, resulting in the formation
of multiple peaks in the density pro�le, which are due to the presence of the OL trap
(Figure 3b). However, in comparison to p1 = � 0.5 shown in Figure 2b, here, the number
of droplet lattice peaks is less and the width is compressed. Subsequently, we observe
a reduction in the width of the droplet and the number of density lattice wells with the
increase of p1 (Figure 3c,d). The condensate atomic density illustrates an Anderson-like
localization with the increasing magnitude of the laser intensity p1. This behavior was
con�rmed by comparing the maximum amplitude of the density for � p1. In comparison to
p1 < 0, in which the maximum amplitude remains the same (Figure 2), here, its magnitude
increases with p1 tending from 0 to 1.5, showing the localization of condensate atoms.
Further, in comparison to p1 < 0, we note here that the density periodic lattice minima are
located at x = 0 for p1 > 0.

In order to physically understand the reasons for the observation of the QDs' density
patterns in Figures 2 and 3, we plot the pro�le of MF/BMF nonlinearities with respect to
the variation of the MOL trap parameters with p2 = 0 and p1 varying from � 1.5 to + 1.5
in Figure 4a. It is evident from the �gure that the magnitude of MF and BMF interactions
remains comparable till p1 changes in the interval [ � 1.5, 0]. This is due to the negative
magnitude of p1, which is present in the exponential term of both interactions, and it
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ensures the observation of the �at top density pro�le in Figure 2a–d. Furthermore, the
increase in the depth of the QDs' periodic lattice patterns is due to the potential depth of
the trap with changing the value of p1 from 0 to � 1.5, which leads to the expansion of the
droplet pro�le. For p1 > 0 and its increase from 0 to + 1.5, this leads to the ampli�cation of
both MF/BMF amplitudes (due to the presence of the exponential factor); however, in this
region, the MF term dominates the BMF due to the exp[p1 cos2(kx)]3 term in it. This leads
to an imbalance of the MF and BMF interaction strengths, as is evident from Figure 4a, and
simultaneously, the system tends towards the soliton region with a dominant repulsive
MF. Since the balance of these nonlinearities is essential for the observation of the droplet
pro�le, the increase of p1 results in the gradual decrease of the �at top density pro�le
(see Figure 3) and the phenomena of the Anderson-like localization observed, which is a
characteristic feature of disordered optical lattices [ 40]. Thus, we illustrate an interesting
and non-trivial tunability of QDs' density patterns by changing the sign (i.e., symmetry)
and potential depth of the BOL ( k, 2k) con�nement.

Figure 4. The pro�le of MF and BMF nonlinearities is plotted with respect to varying ( a) p1 in the
interval [ � 1.5, 1.5] atx = 0 for p2 = 0 and (b) p2 in the interval [ � 1.5, 1.5] atx = 0 with p1 = 0.5.
Each inset plot depicts the variation of g1(x) (BMF, red line) and g2(x) (MF, blue line) for the indicated
magnitude of p1 and p2, respectively. Here, the magnitude of the physical parameters: b = 1, g = 1,
k = 0.84,G1 = � 1, G2 = 0.999999999,E = � 2/9.

3.3. Double-Well Superlattice Density Patterns in QDs

In this section, we illustrate the formation, expansion, and compression of double-
well superlattice density patterns in QDs under the MOL con�nement. For that purpose,
we take p2 6= 0 in the potential Equation (20) with g = 1 and k = 0.84. Utilizing the
corresponding wavefunction solution from Equation (20), we plot the atomic condensate
density in Figure 5a–d for p2 = 0; p2 = � 0.5, p2 = � 1, and p2 = � 1.5, respectively, for
p1 = 0.5, G1 = � 1, G2 = 0.999999999,E = � 2/ 9. It is evident from Figure 5a that the
periodic lattice density patterns are formed for p2 = 0 and p1 = 0.5. However, as p2
changes from 0 ! � 0.5, the double-well superlattice density patterns become visible in the
QDs' pro�le (Figure 5b). The decreasing magnitude of p2 from � 0.5 ! � 1.5 results in the
expansion of the QDs along with the increase in the depths of these double-well superlattice
density patterns. Further, in Figure 6, we depict the impact of p2 > 0 and p1 = 0.5 on
the QDs' pro�le for the same physical parameter values. Here, we plot for (a) p2 = 0,
(b) p2 = 0.5, (c)p2 = 1, and (d) p2 = 1.5, respectively. In comparison to the double-well
superlattice density pattern of QDs for p2 = � 0.5, we observe the formation of a bi-periodic
density lattice for the case of p2 = 0.5 (Figure 6b). The depth of this bi-periodic density
pattern increases, and the width of the droplet decreases with the increasing magnitude of
p2 from 0.5 ! 1.5 (Figure 6c,d).
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Figure 5. Condensate density patterns for four-color BOL traps with p1 = 0.5 and: (a) p2 = 0
(BOL); (b) p2 = � 0.5; (c) p2 = � 1; and (d) p2 = � 1.5. Each plot (a–d) has three panels: the upper
panel shows the density plot; the middle panel consists of a 2D plot of the density; the lower panel
indicates the corresponding trap pro�le. Here, the magnitude of the physical parameters: b = 1,
g = 1, k = 0.84,G1 = � 1, G2 = 0.999999999,E = � 2/ 9. The spatial co-ordinate is scaled by the
oscillator length.

Figure 6. Condensate density patterns for four-color BOL traps with p1 = 0.5 and: (a) p2 = 0;
(b) p2 = 0.5; (c) p2 = 1; and (d) p2 = 1.5. Each plot (a–d) has three panels: the upper panel shows
the density plot; the middle panel consists of a 2D plot of the density; the lower panel indicates the
corresponding trap pro�le. Here, the magnitude of the physical parameters: b = 1, g = 1, k = 0.84,
G1 = � 1, G2 = 0.999999999,E = � 2/9. The spatial co-ordinate is scaled by the oscillator length.

In order to physically understand the reasons for the observation of the QDs' density
superlattice patterns in Figures 5 and 6, we plot the pro�le of MF/BMF nonlinearities with
respect to the variation of the MOL trap parameters with p1 = 0.5 and p2 varying from � 1.5
to + 1.5 in Figure 4b. In comparison to Figure 4a, in which p2 = 0, here, the double-well
superlattice trap is formed due to p2 6= 0. As discussed earlier, in this regime also, the
magnitude of MF and BMF interactions remains comparable till p2 changes from [� 1.5, 0]
(shown in Figure 4b). This results in the observation of the �at top density pro�le as shown
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in Figure 6a–d. The superlattice QDs' density patterns are due to the superlattice periodicity
of MF/BMF interactions and the corresponding resulting trap. For p2 > 0 and tending from
0 to + 1.5, then the MF term dominates the BMF due to the exp[p1 cos2(kx) + p2 cos2(2kx)]3

factor. Similar to the previous regime, we observe a decrease in the �at top density pro�le
with the increasing magnitude of p2. However, different from the previous case, here,
the droplet density patterns are bi-periodic. Therefore, we observe that the compression
and expansion of the droplet density patterns are due to the spatial periodic management

of MF and BMF nonlinearities: g1(x, t) = [ G1g3/2 / 2b(t)]exp[p1 cos2(kx) + p2 cos2(2kx)]
3
2

and g2(x, t) = [ G2g3/ 2b(t)]exp[p1 cos2(kx) + p2 cos2(2kx)]3, respectively, with respect to
the changing sign of � p2. Thus, we illustrate an interesting transition of the supersolid-like
double-well superlattice and bi-periodic density patterns in droplets from the starting
periodic density pro�le by changing the magnitude of p2 and MF/BMF nonlinearities.

3.4. Stability of QDs in MOL Con�nement

In the above sections, we illustrated the generation of a variety of droplet density
patterns in the MOL con�nement by tuning the magnitude of ( p1, p2) in Equation (17). In
this section, we evaluate the stability of the obtained wavefunction solution (17), and for
that purpose, we employed the VK criterion, which is extensively utilized to determine the
stability of nonlinear Schrödinger equation solutions [ 50]. According to the VK criterion,
a solution is found to be stable if the slope of the number of atoms with respect to the
chemical potential, i.e., NE = dN/ dE, is positive. Here, N is the normalization, and E
is the chemical potential of the system. For the case NE < 0, the solution is unstable,
whereas NE = 0 provides the instability threshold of the obtained solution. Now, using
Equation (17) and N =

R+ ¥
� ¥ jy j2¶x, one can estimate the correlation between normalization

N and E as:

N =
4
3

2

4 ln

0

@
1 +

q
E
m0q

1 � E
m0

1

A �

s
E
m0

3

5, (22)

where G2
G2

1
� 1 and G1 = � 1. Equation (22) estimates the magnitude of N in the presence

of the MOL and is equal to the N reported for the free space [31,32]. Thus, even in the
presence of the MOL con�nement, N is conserved, and the considered system shows a
continuous symmetry property according to Noether's theorem [ 51]. In Figure 7, using
Equation (22), we plot NE with respect to E, where G1 = � 1. It is evident from Figure 7a
that the magnitude of NE is positive with respect to its variation E, which indicates the
stable nature of the obtained solution.

Figure 7. (Color online) ( a) For the VK stability criterion, the slope of normalization with the chemical
potential ( NE) is plotted with respect to a varying chemical potential ( E); (b) Im(W) is depicted as
a function of p1 and the wavenumber ( l ) keeping p2 = 0; (c) with p1 = 0.5, Im(W) is depicted as
a function of p2 and the wavenumber ( l ). Here, the magnitude of the physical parameters: b = 1,
g = 0.05,k = 0.84,G1 = � 1, G2 = 0.999999999,E = � 2/9 with l varying from 0 to 3.

The small-scale �uctuations in the droplet under the MOL con�nement can be esti-
mated by linearizing the 1D eGPE (3) around the ground state given by Equation (17) [32].
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We take y (x, t) = y 0(x) + dy(x, t), where y 0(x) is the stationary solution (17) and dy(x, t) =�
dyR
dy I

�
<< 1 is the small perturbation with dyR; dy I are the real and imaginary parts of dy.

With the substitution of dy in Equation (3), this leads to the well-known Bogoliubov–de
Gennes (BdG) equation:

�
0 1

� 1 0

�
¶
¶t

�
dyR
dy I

�
=

�
T 0
0 T0

��
dyR
dy I

�
, (23)

with T = � 1
2

¶2

¶x2 + 3ng2(x) � 1
2g1(x)n1/2 + v(x), T0 = � 1

2
¶2

¶x2 + g2(x)n � 1
2g1(x)n1/2 +

v(x), and n = jy 0(x)j2. Here, we consider dy = exp[i( lx � wt)], and applying it in
Equation (23), then this yields the perturbation eigenmodes, where l denotes the wave
number and W stands for the frequency. The resulting dispersion relation can be given as:

W2 =
l4

4
+ l2

�
2V (x) � 4g1(x)n1/2 + 4ng2(x)

�
, (24)

by neglecting the l independent terms. From Equation (24), Wis imaginary for 4 g1(x)n1/2 >
2v(x) + 4ng2(x) + l2/ 4, and these are the instability region. In Figure 7b, Im(W) is depicted
as a function of p1 and the wavenumber ( l ), keeping p2 = 0, representing the two-color BOL
((k, 2k)) case, whereas in Figure 7c, we locateIm(W) with respect to the changing magnitude
of p2 and the wavenumber ( l ) with p1 = 0.5 for the MOL con�nement. The magnitudes
of the other physical parameters: b = 1, g = 0.05,k = 0.84,G1 = � 1, G2 = 0.999999999,
E = � 2/9.

4. Conclusions

In conclusion, we obtained a family of exact analytical solutions of the 1D eGPE for the
generation of QDs in the binary BEC mixture with mutually symmetric spinor components
in the presence of the MOL con�nement. In the constructed model, the choice of the MOL
con�nement, which is a combination of the FOL and exponential periodic trap, results
in the generation of various experimentally relevant trap pro�les: OL, BOL, TOL, FOL,
symmetric and asymmetric double-well superlattice, etc., and the corresponding exact
wavefunction solution. From the constructed model, we identi�ed the two parameters p1
and p2 for tuning the shape of the MOL con�nement and revealed interesting potential
symmetry with its tuning. Further, by taking the spatial periodic variation of the competing
repulsive cubic MF and attractive quadratic BMF interactions, we illustrated the generation
of interesting supersolid-like periodic, bi-periodic, and double-well superlattice density
patterns in QDs under the BOL and MOL con�nements. By tuning the symmetry of the BOL
trap, we demonstrated two possible types of periodic lattice density patterns of the droplets:
(a) at the central potential site (i.e., at x = 0), the maxima of the periodic density lattice
for p1 < 0 and p2 = 0 and (b) for p1 > 0 and p2 = 0, its minima x = 0. Interestingly, the
strength of ( p1, p2) was identi�ed as a key parameter for the fragmentation, compression,
and inter-well transport of droplets. We observed an Anderson-like localization for p1,
p2 > 0, i.e., the compression of the droplet, whereas the expansion of the droplet width
was noted for p1 > 0, p2 < 0, forming the MOL, as well as in two-color ( p2 = 0) OL
con�nements. This can be attributed to the change in the subtle balance of the MF and
BMF interactions, leading to a decrease in the �at top density pro�le and the observation of
localization. Finally, the stability of the obtained droplet solutions was con�rmed using the
VK criterion and by the linear stability analysis.

The results of this paper can be tested experimentally by taking binary Bose gases with
mass-balanced two-mixture components under the in�uence of BMF interactions in the
presence of spatially varying MOL con�nement with the present know-how. The shape of
the MOL con�nement is dependent on the power of the laser intensity and the wavelength
of the laser light, which were connected with ( p1, p2) in the present work. In particular, for

41



Symmetry2022, 14, 963

typical values of the physical parameters, one can estimate the potential depths: ER = 2p 2h̄2

ml 2 .
As the constructed model is based on a 1D geometry, it may be interesting to explore the
impact in a 2D/3D con�nement setup and droplet crossover to the 2D/3D con�guration as
future extensions of the present work.
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Appendix A

We begin with the reduced one-component eGPE:

i
¶y
¶t

= �
¶2y
¶x2 � g1(x, t)jy jy + g2(x, t)jy j2y + V (x)y (A1)

and our goal is to connect it to the solvable differential equation:

�
¶2U
¶h2 � G1 j U (h) j U + G2 j U (h) j2 U = EU. (A2)

which has the solution form: U [h] = 3(E/ G1)

1+
r

1� E
m0

G2
G2

1
cosh(

p
-Eh)

with m0 = � 2/ 9, E < 0, G1 < 0,

and G2 > 0 [25,31]. It is a standard mathematical technique to obtain solutions of nonlinear
differential equation [47,52].

For that purpose, we substitute an ansatz solution in (A1):

y (x, t) = A(x, t)U [h(x, t)]ei f (x,t) . (A3)

and separate out the imaginary and real parts of the equation:

¶A
¶t
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¶U
¶t

A + 2U
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¶x

¶f
¶x

+ 2A
¶U
¶x

¶f
¶x

+ AU
¶2f
¶x2 = 0, (A4)
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¶2U
¶x2 � AU

�
¶f
¶x

� 2

+ g1(x, t)A2jU jU + g2(x, t)A3jU j2U + V (x)UA = 0. (A5)

We obtain the following consistency conditions on the ampli tude and MF and BMF
nonlinearities:

[A2(x, t)hx(x, t)]x = 0, ht (x, t) + hx(x, t)f x(x, t) = 0, (A6)

G1h2
x(x, t) � 2A(x, t)g1(x, t) = 0, G2h2

x(x, t) � 2A2(x, t)g2(x, t) = 0, (A7)

A t (x, t)
A(x, t)

+
1

2A2(x, t)
[A2(x, t)f x(x, t)]x = 0, (A8)

Axx(x, t)
2A(x, t)

�
f 2

x(x, t)
2

� f t (x, t) �
1
2

Eh2
x(x, t) � V (x) = 0. (A9)
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Further, with a little algebra, we obtain the amplitude, phase, and MF/BMF:

A(x, t) =

s
b(t)

hx(x, t)
, f z = �

ht (x, t)
hx(x, t)

, g1(x, t) = G1
h2

x(x, t)
2A(x, t)

, g2(x, t) = G2
h2

x(x, t)
2A2(x, t)

, (A10)

where b(t) is an integration constant.
Next, we take h(x, t) = g

Rz
0 exp[p1 cos2(kx) + p2 cos2(2kx)]¶x and calculate the exact

analytical form of the amplitude, phase, and nonlinearities:

A(x, t) =

s
b(t)

g � exp[p1 cos2(kx) + p2 cos2(2kx)]
, q(x, t) = [ 2p2

1k2 + 8p2
2k2 � 8k2(p1 + 4p2)]t, (A11)

g1(x, t) =
G1g3/2

2b(t)
exp[p1 cos2(kx) + p2 cos2(2kx)]

3
2 , g2(x, t) =

G2g3

2b(t)
exp[p1 cos2(kx) + p2 cos2(2kx)]3. (A12)

Thus, the complete solution of Equation (3) can be written as:

y (x, t) =

s
b

g � exp[p1 cos2(kx) + p2 cos2(2kx)]
� exp

h
i(2p2

1k2 + 8p2
2k2 � 8k2(p1 + 4p2)t)

i

3E
G1

1 +
q

1 � E
m0

G2
G2

1
cosh(

p
-E(g

Rx
0 exp[p1 cos2(kx) + p2 cos2(2kx)]))

. (A13)
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Abstract: Josephson junctions are essential ingredients in the superconducting circuits used in many

existing quantum technologies. Additionally, ultracold atomic quantum gases have also become

essential platforms to study super�uidity. Here, we explore the analogy between superconductivity

and super�uidity to present an intriguing effect caused by a thin �nite barrier in a quasi-one-

dimensional toroidal spinor Bose–Einstein condensate (BEC). In this system, the atomic current

density �owing through the edges of the barrier oscillates, such as the electrical current through

a Josephson junction in a superconductor, but in our case, there is no current circulation through

the barrier. We also show how the nontrivial broken-symmetry states of spinor BECs change the

structure of this Josephson-like current, creating the possibility to probe the spinor symmetry, solely

using measurements of this super�uid current.

Keywords: Josephson effect; Bose–Einstein condensate; spinor BEC; toroidal super�uid

1. Introduction

The Josephson effect [1,2] is one of the most relevant phenomena in superconductivity;
for his theoretical predictions, Brian D. Josephson received the Nobel Prize in Physics in
1973. In a superconductor, the phenomenon is characterized by the tunneling of Cooper pairs
through a junction, or a weak link, represented by a potential energy barrier between two
superconductor regions [ 3–5]. When a voltage V is applied to these regions, the electrical
current in the junction, I j , oscillates according to the expression:

I j = I0 sin(f ); with
df
dt

=
2eV

h̄
, (1)

where I0 is the current amplitude and f is the angle representing the phase difference of the
order parameter between each superconducting region [ 4]. There is a conceptual analogy
between superconductivity and super�uidity [ 6], given by the lack of resistance in the �ow
of the electrical current, or, equivalently, the lack of viscosity in the �ow of a super�uid. In
fact, since super�uidity emerges naturally in Bose–Einstein condensates (BECs) produced
in dilute ultracold Bose gases [7–15], the analogue of the Josephson effect has already been
studied in experiments [16–19].

For scalarBECs [7,8] (i.e., condensates with a scalar order parameter: y =
p

neiq),
the super�uid velocity is always proportional to the global phase gradient ( r q), and it
represents the completestructural symmetryof the system. On the other hand, for spinor
BECs [9–11] (i.e., condensates with multi-component order parameter: [y ]m = y m), the
super�uid �ow is related to the properties of their symmetry and topology, which can
generate nontrivial spatial spin textures and current distributions not found in scalar BEC
systems. In fact, there are many topological states in spinor BECs analogous to particles
and structures studied across several areas of physics, such asskyrmions, Dirac monopoles,
knot solitons, vortices, half-vortices[9,20–24], to name a few.
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with arti�cial gauge �eldsrelated to z. These �elds emerge naturally from the description,
and are analogous to the scalar and vector electromagnetic potentials [9,34]:

F = � iz† ¶
¶t

z, (3)

~A = iz†~r z. (4)

In particular, the super�uid number current density, ~J = n~v, depends linearly on the
vector potential ~A , as the super�uid velocity ~v of a spinor BEC is given by:

~v =
h̄
M

(~r q � ~A ). (5)

Note that the action of the arti�cial vector potential is analogous to the electromagnetic
vector potential on the expression of the electrical current in a superconductor [ 4]. In
addition, some of the topological properties of the condensate are determined by the
circulationof ~v (i.e.,

H
~v � ~dl), and, therefore, they may depend on arti�cial magnetic �uxes,

given by a synthetic magnetic �eld ~B � h̄~r � ~A [9].
In general, the current density of a spinor BEC is de�ned in the usual manner, replacing

the scalar order parameter by its vector form

~J =
h̄
M

�
y †~r y � (~r y †) y

�
=

h̄
M

Im f y †~r y g, (6)

therefore,

~J =
h̄
M

f

å
m= � f

Im f y �
m(~r, t)~r y m(~r, t)g (7)

=
f

å
m= � f

~Jm(~r, t) (8)

Alternatively, using the spin components y m(~r, t), one could write

~Jm =
h̄
M

nm(~r, t)~r qm(~r, t) = nm(~r, t) ~vm(~r, t), (9)

where the velocity spin components are ~vm(~r, t) = h̄
M

~r qm(~r, t).

3. Modeling the Potential Barrier and De�ning Some Approximations

This section explains in detail how we de�ne the potential barrier, UB, and its general
properties. Because we will use the quasi-one-dimensional (quasi-1D) limit for the geometry
of the condensate later, we consider the barrier UB( j ) is written in terms of a normalized
angular distribution f ( j ), not depending on other spatial variables ( r, z):

UB( j ) = U0 f ( j ), with
Z p

� p
f ( j )dj = 1. (10)

We consider that the barrier is effectively restricted to an angular range j 2 [� d, d],
such that: Z p

� p
f ( j )dj �

Z d

� d
f ( j )dj � 1. (11)

Integrating the GPE (2) along the arc j 2 [� d, d], with �xed (r, z) in the thin barrier
condition ( d � p ), leads to two dominant terms:

h̄2

2Mr 2

�
¶j y (d) � ¶j y (� d)

�
�

Z d

� d
UB( j )y ( j ) dj , (12)
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where the left-hand side follows directly from the fundamental theorem of calculus, and
it is related to the momentum along the ĵ direction ( pj ĵ = � ĵ ( i h̄¶j )/ r). Note that we
simpli�ed the notation y (r, j , z) ! y ( j ), given that we consider ( r, z) �xed parameters.

The remaining terms not computed in the last equation were neglected because for
small d they are proportional to d (i.e., these terms areO(d) while the dominant terms are
proportional to the unit), and can be neglected as one takes the limit of d ! 0.

Additionally, in the limit of small d, the integration of the barrier potential resembles
the integration of a Dirac's delta (normalized) function, such that

lim
d! 0

� Z d

� d
UB( j )y dj

�
= U0 lim

d! 0

� Z d

� d
f ( j )y dj

�
� U0 y (0). (13)

Here, it is important to emphasize that, in practice, the derivative of the potential
barrier must not exceed a limit given by the Landau critical velocity, otherwise, the �ow is
dissipated and the system loses its super�uid properties [ 30,35]. To avoid such situations,
one may always choose a larger radius R (see Figure 1) so that the barrierUB( j ) is spatially
“smooth” enough. We discuss this condition in Section 6.

Finally, we consider one last approximation. If the number of atoms in the condensate
is kept the same, it is expected that the average cross-section area ofT (at �xed j ) becomes
smaller when R is larger. So, for R big enough, the condensate would be trapped in small
Dr and Dz ranges, and the number density would become approximately a function of only
one variable (quasi-1D approximation):

n(r, j , z) !
�

n( j ), if (r, j , z) 2 T ;
0, otherwise.

(14)

Moreover, these conditions also restrict the direction of ~J, such that:

~J � Jj ĵ =
h̄

Mr
Im f y †¶j y gĵ . (15)

In the next section, we discuss how the barrier potential, UB, acts on the current density
and the consequences of choosing an order parameter with de�ned parity.

4. Current Density and the Parity of the Order Parameter

Based on the discussion in the last section, we expect that, for relatively large R,
a toroidal condensate under the presented conditions, will behave similar to a quasi-1D
BEC with the current density effectively restricted to the ĵ direction. Now, we are interested
in �nding an expression for the current density Jj (d) at the edges of the barrier UB (i.e., at
j = � d). To help us �nd such an expression, we de�ne the following quantity:

DJ(d) := Jj (d) � Jj (� d). (16)

Its interpretation is quite simple: if we multiply it by the area, Ac, of the cross-section
of the condensate, it returns the rate of change in the number of atoms NB located inside
the barrier region:

DJ(d) � Ac = �
d
dt

NB. (17)

Using (15) and (16), one �nds the following expression for DJ(d):

DJ(d) �
h̄

MR
Im

n
y †(d)¶j y (d) � y †(� d)¶j y (� d)

o
. (18)

To simplify it, we use symmetry arguments observing the parity of the order parameter
y . It is noticeable that, in general, the GPE (2) admits both evenand oddsolutions (with
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respect to the variable j ), and if we choose an even distribution f (� j ) = f ( j ), the order
parameter follows �

y (� j ) = y ( j ) ! even,
y (� j ) = � y ( j ) ! odd.

(19)

Moreover, it is easy to show that Jj is always an oddfunction if the parity of y is well
de�ned. This way, it is clear that DJ(d) allows us to calculate Jj (d) directly:

DJ(d) = 2Jj (d). (20)

In particular, if we choose y ( j ) to be even, one �nds that:

y †(d)¶j y (d) � y †(� d)¶j y (� d) = y †(d)
�
¶j y (d) � ¶j y (� d)

�
, (21)

and, using the Equations (12) and (13), we �nally obtain:

Jj (d) �
U0R

h̄
Im f y †(d)y (0)g. (22)

Note that making y an even function is not the only way of �nding such an approx-
imation for the current difference DJ(d). For instance, choosing RU0 big enough in the
complete expression for DJ(d),

DJ(d) �
h̄

MR
Im

� h
y †(d) � y †(� d)

i
¶j y (d) +

2MR2

h̄2 U0y †(� d)y (0)
�

, (23)

should effectively return the same DJ(d) value from the even case, regardless of whether
the parity of y is de�ned or not. However, choosing the even parity case for y leads
to a symmetrical constraint of the BEC global phase, as we show in the next section (see
Equations (31) and (38)).

Recalling what we mentioned before, it is always possible to factorize the order
parameter y = y z, and the scalar term can be written as y =

p
n eiq. Applying such

factorization in (22), we �nd:

Jj (d) �
U0R

h̄

q
n(d)n(0) Im

n
z†(d)z(0)ei [q(0)� q(d)]

o
. (24)

According to reference [9], z is highly dependent on the symmetrical and topological
properties of the condensate. Therefore, we expect that Jj will also depend on such
properties. Nevertheless, for now, to keep the analogy between the Josephson current (1)
and Jj (d) as simple as possible, we consider the case of a scalar BEC (i.e.,z � 1):

Jj (d) �
�

U0R
h̄

q
n(d)n(0)

�
� sin[q(0) � q(d)] (25)

Note that the current density Jj at the edges of the barrier (j = � d) is proportional to
the sineof the phase difference between thebarrier region(j � 0) and the remaining region
(j & d or j . � d), and the analogy to the Josephson current is (mathematically) clear.

It is also possible to derive the time-evolution equation for the global phase difference
Dq = q(0) � q(d), similarly to the second equation in (1). Here, we use the following
relation between ¶tq and the local average energy per particle dE/ dn(~r) [7]:

� h̄
¶
¶t

q =
dE

dn(~r)
, (26)
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where dE/ dn(~r) is the functional derivative of the average energy of the condensate, E,
with respect to the number density [7], n(~r),

E =
Z

y �

"

�
h̄2r 2

2M
+ Utotal

#

y +
c0n2

2
d3r . (27)

If we consider the phase difference Dq = q(0) � q(d),

¶
¶t

[Dq] =
1
h̄

dE
dn

�
�
�
�

j = d

j = 0
, (28)

we �nd that the difference of the local energy per particle (right-hand side of (28)) has the
same role to Jj (d) as 2eV has to I j in Equation (1).

5. The Broken-Symmetry Spinor BEC Case

This section discusses the current Jj (d) beyond the scalar BEC case. For that, it
is convenient to de�ne the function C(d) as the quantity that characterizes such current
according to the spinor nature of the condensate:

C(d) := Im
n

z†(d)z(0)ei [q(0)� q(d)]
o

. (29)

Note that, in general,
C(d) 6= sin(Dq), (30)

because thespinorpart z may not be trivial (i.e., z 6� 1). Before discussing speci�c cases, we
recall some useful properties of spinor BECs applied to the system analyzed here.

Firstly, due to the de�ned parity of y , it is simple to show that the super�uid velocity
in the ĵ direction ( v j ) is an odd function. Therefore, its circulation must always be zero
and the global phase circulationis proportional to the arti�cial magnetic �ux :

I
dq =

I
~A � ~dl =

1
h̄

ZZ
~B � ~dS, (31)

which, in several situations [9], might be proportional to integer multiples of 2 p .
In addition, the time-evolution equation for Dq in the spinor BEC case is given by:

¶
¶t

[Dq] =
�

1
h̄

dE
dn

+ F
� �

�
�
�

j = d

j = 0
, (32)

where the average energy E is (for atomic spin f = 1):

E =
Z

y †

"

�
h̄2r 2

2M
+ Utotal � pf z + qf 2

z

#

y +
c0n2

2
+

c1~F2

2
d3r , (33)

and it implicitly depends on the gauge �eld ~A .
Moreover, according to reference [9], spinor BECs are naturally described by broken-

symmetrystates in the long-wavelength limit (i.e., when the characteristic dimensions of the
condensate are much larger than its healing length). Furthermore, the spinor part of these
states is characterized by the following type of expansion:

z = e� iaf ze� ibf y e� igf zz0, (34)
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where the parameters (a, b, g) are functions of time and space, and represent an arbitrary
unitary transformation �= SO(3) (i.e., they are Euler angles). For f = 1 condensates, such
transformation is equivalent to the following matrix:

e� iaf ze� ibf y e� igf z =

0

B
B
@

e� i(a+ g)cos2 b
2 � e� ia

p
2

sinb e� i(a� g)sin2 b
2

e� ig
p

2
sinb cosb � eig

p
2
sinb

ei(a� g)sin2 b
2

eia
p

2
sinb ei(a+ g)cos2 b

2

1

C
C
A . (35)

The constant generatorof the spinor part z0 is directly related to the order parameter of
a uniform condensate, whose possible states (ferromagnetic, polar, anti-ferromagnetic, and
others) have been studied and classi�ed [ 9,10,36]. For generators with average spin in the ẑ
direction ( z†

0
~f z0 = z†

0f zz0ẑ = f0ẑ), the arti�cial electromagnetic potentials are [9]:

~A = f0
�

cos(b)~r a + ~r g
�

, (36)

F = � f0

�
cos(b)

¶
¶t

a +
¶
¶t

g
�

. (37)

So, we can rewrite (31) as:
I

dq = f0
I

(cos(b)da + dg), (38)

which is a constrain between q and the Euler angles (given that the parity of y is de�ned).
Now, we will show two examples of how such broken-symmetry states affect the

current Jj (d)and how it differs from the scalar BEC case.

5.1. Ferromagnetic States

There are two families of ferromagneticstates in spinor ( f = 1) BECs, calledpositiveand
negative, generated by zferro+

0 = ( 1, 0, 0)T and zferro �
0 = ( 0, 0, 1)T, respectively. Using (35),

one derives [9] the following spinor parts of the ferromagnetic states zferro � :

zferro+ = e� ig

0

B
@

e� iacos2 b
2

1p
2
sinb

eiasin2 b
2

1

C
A and zferro � = eig

0

B
@

e� iasin2 b
2

� 1p
2
sinb

eiacos2 b
2

1

C
A , (39)

from which one can compute all the symmetricaland topologicalproperties. With these
expressions, we directly �nd how the parameters ( a, b, g) act on C(d):

Cferro � (d) = cos2 b(0)
2

cos2 b(d)
2

sin[Dq � (Dg + Da)] +
1
2

sinb(0)sinb(d)sin[Dq � Dg]

+ sin2 b(0)
2

sin2 b(d)
2

sin[Dq � (Dg � Da)], (40)

for DG := G(0) � G(d), when G = q, a or g.
Note that Cferro � (d) is not equal to sin [Dq] in general. This shows that the current

Jj (d) in BECs is sensitive to their nontrivial structural spinor properties. However, we
are still able to access the scalar limit, becauseCferro � (d) = sin[Dq], if (a, b, g) are constant
parameters. This situation corresponds to spinor BECs with trivial spinor parts (for instance,
in the ferromagnetic case, z = ( 1, 0, 0)T or (0, 0, 1)T), representing an effective scalar BEC
in a rotated reference frame.
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5.2. Polar State

The polarstates are generated byzpolar
0 = ( 0, 1, 0)T. Such a family of states is unique

because they are closely related to scalar BECs (given thatf0 = 0 and ~F = 0), while their
symmetrical and topological properties might be nontrivial [ 9]. Using (35), one �nds the
spinor part of the polar states:

zpolar =

0

B
B
@

� e� ia
p

2
sinb

cosb
eia
p

2
sinb

1

C
C
A . (41)

Applying this expression in (29), we obtain Cpolar (d):

Cpolar (d) =
1
2

sinb(0)sinb(d)sin[Dq � Da] + cosb(0)cosb(d)sin[Dq]

+
1
2

sinb(0)sinb(d)sin[Dq+ Da]. (42)

With a little algebraic work, we �nd that Cpolar (d) µ sin[Dq] in general. In this sense,
we might interpret such a relation as a signature of the partial analogybetween polar states
and scalarBECs, because the current densityJj (d) can be written in the following way:

Jj (d) = Jmax(a, b) sin[Dq], (43)

where the parameters (a, b) modulate the maximum value of Jj (d).

6. Landau Critical Velocity, Lower Bound for R, and Experimental Protocol

This section discusses the effects of the Landau critical velocity on the parameters
of our model and shows that it de�nes a lower bound for R. We also introduce a simple
experimental scheme to test the theory, proposing an upper limit to how fast the barrier
height, U0(t), can be turned on. In addition, we discuss some relevant considerations and
practical suggestions for the experiments, particularly related to time-lapsed measurements
of the BEC density distribution, using specialized imaging techniques, from which the
analysis of the time evolution would lead to C(d).

The Landau critical velocity is an upper limit for the velocity of particles in a super�uid,
before the appearance of dissipation (viscosity) [7,8,13,35]. It is set by the energy gap
between the ground state and the lowest elementary excitation leading to dissipation in the
�uid. In BECs, this critical velocity is typically in the same order of magnitude as the sound
velocity, being identical to it for a weakly-interacting homogeneous (uniform) scalar BEC.
According to the Bogoliubov theory for spin-1 spinor BECs [ 9], similarly to the scalar case,
this velocity vc is

vc �
r

gn
M

, (44)

where here g is usually a linear combination of the constants c0 and c1 from Equation (2), and
it depends on the broken-symmetry state of the condensate. For example, in a ferromagnetic
state, according to Sec. 5.2.1 in Ref. [9],g = c0 + c1.

BecauseJj ( j ) is an odd (anti-symmetrical) function in our formulation, from sym-
metry arguments alone, we expect Jj (0) = Jj (p ) = Jj (� p ) = 0, with the maximum
amplitudes symmetrically occurring in the interval j j j 2 [0,p ]. Therefore, assuming that
the dominant contribution to the current occurs at j = � d, because we are interested in the
super�uid regime, we impose j~v(d)j < vc(d) =

p
gn(d)/ M , where n(d) is the total (local)

density at j = � d. Moreover, we use Equation (5) to estimate j~v(d)j:

j~v(d)j �
h̄

MR
j¶j q(d) � iz†(d)¶j z(d)j �

h̄
MR

1
d

. (45)
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Considering d is a given angle (i.e., we chosed in an experiment), we can estimate a
lower bound for R, such that the condensate is in the super�uid regime:

R >
p

2
h̄

p
2Mgn(d)

1
d

=
p

2
x
d

; with x �
q

h̄2/ (2Mgn(d)) . (46)

Or, more intuitively:

R �
(Healing Length)

d
(47)

if one wants the system to be far from the critical velocity.
As indicated previously in Equation (17), the currents Jj (� d) are helpful to model the

rate of change in the number of atoms NB leaving the region inside the barrier. Conversely,
measuring this rate of change, i.e., monitoring NB(t), is a way to measure C(d) as a function
of time. In principle, one could use non-destructive imaging techniques [ 37,38] to take
multiple snapshots of the condensate density distribution at different times. Depending
on the experimental parameters, such as the number of atoms and the radius R, the cross-
section Ac could be so small that the optical density of the atoms would make dispersive
(phase contrast) imaging [37] dif�cult, but this is exactly the conditions for which partial-
transfer absorption imaging (PTAI) [ 38] was developed. Therefore, in principle, one can
make these measurements even in the deep quasi-1D limit (i.e., extending the radius R as
necessary to ful�ll the condition in Section 4).

According to Section 5, different types of spinor BECs (ferromagnetic, polar, and scalar,
with equivalent initial conditions for the density and velocity) should respond differently to
the application of the same potential barrier UB( j ). The details will depend on the speci�c
case, as well as the external magnetic �eld. Therefore, further theoretical, numerical, and
experimental studies are necessary, but they may unveil new ways of sensing the symmetry
of spinor BEC states, solely using measurements ofC(d).

As a simple example, we can imagine an experimental protocol starting initially with
the barrier turned off and a homogeneous condensate in equilibrium ( n(0) = n(d) and
¶tn( j ) = 0). At t = 0, the barrier is turned on and ramped up following a suf�ciently fast
time protocol U0 = U0(t). The barrier causes a perturbation on the densities (and also on
NB and C(d)), and, after a time t = t , the system reaches a new equilibrium (¶t NB = 0 and
C(d) = 0, 8t > t ). For scalar BECs, the equilibrium is described by C(d) = sin(Dq) = 0,
with Dq = constant, which (as expected) simply implies in:

m=
�

dE
dn

�

j = d
=

�
dE
dn

�

j = 0
. (48)

Finally, we brie�y show here that the time protocol U0(t) must always have an up-
per limit that depends on the density's perturbation and C(d) at any given time so that
the condensate does not lose its super�uid properties. This upper limit is found using
Equation (24) to estimate j~v(d)j and it corresponds to

U0(t) < vc(d, t)
h̄
R

s
n(d, t)
n(0,t)

1
jC(d, t)j

. (49)

7. Conclusions

In this manuscript, we used the parallel between superconductors and super�uids
to present a curious new effect in a super�uid, similar to the current oscillations in the
Josephson effect, but it happens without current �owing through the barrier. The result
was derived for BECs in toroidal traps with a thin �nite repulsive barrier, and it works both
for scalar and spinor BECs.

Using a thin barrier approximation, in Equations (12) and (13), and assuming a de�ned
parity for the order parameter, we derived analytical expressions for the current density.
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We showed that the current at the edges of the barrier oscillates in a similar fashion to the
current �owing through a Josephson junction (1), but in our case, it happens without a
net circulation of the super�uid current. We also showed how the nontrivial symmetry
properties of spinor BECs could generate other current structures, beyond the typical
C(d) = sin[Dq] case, indicating that such current is sensitive to these properties, suggesting
that it could be used to probe spinor symmetry or, perhaps, provide precision measurements
related to the super�uid �ow.

Throughout this work, we assumed the parity of y was de�ned, which is a strong
mathematical imposition to guarantee that Equation (24) is a reasonable approximation for
the current density. Moreover, this imposition implies that the circulation of the condensates
considered here is always zero, excluding several (q, a, b, g) con�gurations with nontrivial
symmetry and topology. However, as we discussed in Section 4, ensuring that the last
term in (23) is dominant should keep the structure of DJ(d) unchanged, regardless of the
parity of y . Therefore, it might be possible to derive a similar expression (24) for BECs
with nonzero circulation, such as the ones shown in experiments [ 30–33,39], and for spinor
BECs with nontrivial structure or topology [9,40–48].

Here, we also neglected the effects of �uctuations, either classical or quantum, which
can be relevant in the quasi-1D limit [ 49–51]. However, as we have shown previously
in Ref. [52], one can always play with the number of atoms and the aspect ratio of the
trapping potential to place oneself within the best range of parameters for the experiments.
Exercising this ability deliberately allows one to control the in�uence of thermal phase
�uctuations at �nite temperatures. Therefore, interesting future directions would be to
explore the effects of �nite temperature and thermal �uctuations, and the non-equilibrium
effects caused by quickly turning on the repulsive barrier in our proposed experimental
scheme. In Section 6, we discussed some considerations for an idealized protocol, but the
general spinor case is more complex and deserves a detailed analysis. For instance, our
simple estimate for the Landau critical velocity does not take into account other relevant
mechanisms of decay [33,39,53], especially at �nite temperatures [54].

Therefore, further numerical, experimental, and theoretical studies are necessary and
may improve, expand, and, perhaps, help to classify (maybe in symmetry terms) the formu-
lation of this intriguing Josephson-like effect in toroidal spinor Bose–Einstein condensates.
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to investigate intrinsic properties of these systems or even classify them according to their
pattern of time evolution.

The production of an out-of-equilibrium BEC can be achieved experimentally in sev-
eral ways, one of them being via so-called “quantum quenching”. The system, initially in
equilibrium, is represented by a Hamiltonian H (a0), where a0 is a set of system parameters.
Then, an abrupt change is made to a new situation described by a Hamiltonian H (a1),
where a1 is a new collection of parameters. In this case, the system leaves the equilibrium
condition, having its previous state determined by H (a0) as its initial condition. Its tem-
poral evolution is unitary and governed by the new Hamiltonian H (a1). The operator
U = exp[� iH (a1)t/¯h] determines what happens until the system can decay to a new state
of H (a1). One example corresponds to abrupt potential changes, when only a few degrees
of freedom are present, allowing a simpli�ed system evolution. This simplicity can change
when dealing with a system with many degrees of freedom, which is the case in a many-
body quantum system. Each subsystem can see the rest as a reservoir, and the �nal time
evolution can take quite complicated routes. There are many open questions, including the
fundamental question of how the system evolves temporally toward equilibrium, or even
how to quantify the out-of-equilibrium state and identify which system components are
determinant in the typical relaxation time for a new state of equilibrium.

Since there are many quench protocols that can be employed to produce out-of-
equilibrium BECs, some even preserving symmetries present in the equilibrium state,
the question of whether a system can approach a NTFP arises. In general, this depends
strongly on the chosen initial conditions, which should correspond to extreme out-of-
equilibrium con�gurations [ 24]. For example, in the case of a dilute Bose gas, this could
be achieved by populating only modes below a certain momentum scale Q. The initial
state, a constant momentum distribution for k < Q that drops abruptly at k = Q, is
strongly overpopulated at low momenta (compared to the �nal equilibrium distribution).
Hence, the subsequent dynamics is of particle transport toward lower momenta and
energy migration to high momenta. If the spatio-temporal scaling presented in Section 2 is
observed, then this is a “smoking gun” indicating a nearby NTFP [24].

In experiments, preparing and maintaining a closed system can be very challenging.
Cold-atom systems are, in this sense, very close to the ideal. Isolation allows experimental
access by external agents in a controlled manner. The isolation of trapped condensates and
the excellent control of quantum states are fundamental elements required to achieve long
coherence times, an essential feature in out-of-equilibrium studies since the coherence time
must be of at least the same order as the temporal scale of the dynamics involved.

Some clari�cation about the scope of this review is in order. We chose to focus our
attention on experiments involving Bose gases [18–21]. Although this corresponds only to
a small part of all research being conducted on NTFPs, we consider these examples to be
illustrative of the �eld. Notably, it is possible to present straightforward applications of the
theory without exploring its inner workings. For readers that wish to do so, we provide
references that may be helpful [17,24,25]. One of the motivations is to use cold-atom setups
to simulate the dynamics of currently inaccessible systems; for example, the in�ation of the
early Universe. This is counter-intuitive because cold-atom systems are in the low-energy
regime, whereas the early Universe is at the other end of the energy spectrum. It is only
possible through the universal scaling due to the presence of NTFPs.

This paper is organized as follows. In Section 2, we introduce the universal scaling
provided by NTFPs and related quantities of interest. Section 3 presents four experiments
dealing with NTFPs in Bose gas systems: a quasi-one-dimensional Bose gas in Section 3.1;
a spin-1 condensate in Section 3.2; a homogeneous condensate in three-dimensions in
Section 3.3; and a turbulent harmonically trapped BEC in Section 3.4. Finally, a summary is
given in Section 4.
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2. Universal Scaling and NTFPs

Our goal in this section is to present the universal scaling function and its associated
exponents. The motivations, details, and derivations regarding the NTFP theory can be
found in [ 17,24,25] and the references therein. The theory developed for NTFPs is inspired
by equilibrium renormalization group theory where, in the vicinity of a phase transition,
the correlations are self-similar (independent of the resolution). Thus, scaling the spatial
resolution by a parameter s creates a correlation function that depends on the distance x
between two points behave according to C(x; s) = sz f (x/ s). In this way, the correlation
is characterized exclusively by a universal exponent z and a function f . A �xed point in
equilibrium critical phenomena corresponds to a situation where varying sdoes not change
C(x; s), meaning that the universal function is a power law, f (x) µ x� z. In physical systems,
this behavior is approximate, and information may be retained about characteristic scales.

Non-thermal �xed points in the dynamics of far-from-equilibrium systems are anal-
ogous to �xed points in critical equilibrium phenomena, with the distinction that the
former uses the time t as the scale parameter. Near NTFPs, the correlations take the form
C(x, t) = ta f (t � bx), now with two universal exponents. Universality classes, in this con-
text, correspond to the same exponentsa and b and a scaling function f . Figure 1 shows a
schematic time evolution for a system that encounters an NTFP.

Initial conditions

Non-thermal �xed point

Equilibrium

No �ne-tuning

Universal scalingT
im

e
ev

ol
ut

io
n

Figure 1. Illustration of the dynamics of a system passing near an NTFP. For several initial conditions
(the key idea being that no �ne-tuning is needed), the system can pass near a non-thermal �xed point.
The correlation functions show a spatio-temporal scaling with a universal function when that occurs.
After some time, the system leaves the vicinity of the NTFP and reaches equilibrium.

In the case of cold bosonic gases, the momentum distribution can be used to character-
ize the time evolution of the system. Consider an isotropic momentum distribution, i.e., a
distribution that is only a function of k = jk j and time, n(k, t). The total number of particles
N (t) is obtained by integrating the momentum distribution,

N (t) =
Z

ddk n(k, t). (1)

We provide the d-dimensional expression, since we cover the casesd = 1, 2, and 3
in this review. The �uctuations in the total number of particles in cold-gas experiments
are relatively small due to the low temperatures involved and the high levels of control
that one can exert over these systems. However, unwanted losses occur mainly due
to the heating of the sample. For this reason, several experimental studies report the
momentum distribution normalized by the total number of particles at a given time,
n̄(k, t) � n(k, t)/ N (t). In theoretical and numerical investigations, N is a �xed number
and this distinction is irrelevant.
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The universal scaling displayed by a system in the vicinity of an NTFP is given by

n̄(k, t) =
�

t
t0

� a

f

" �
t
t0

� b

k

#

. (2)

where a and b are scaling exponents, f is a universal scaling function, and t0 is an arbitrary
reference time within the time interval where the scaling takes place. From this de�nition
of the scaling exponents, it is possible to see that the sign of a is related to the direction of
the particle transport. Positive values indicate particles migrating toward lower momenta,
whereas negative values increase the population of the high-momentum components.

Global Observables

Besides the important result of Equation (2), there are also global observables of
interest when dealing with systems that display universal scaling due to the presence of
nearby NTFPs. The main difference is that these quantities are computed in the infrared
(IR) scaling region, kD 6 (t/ t0)bk 6 kc, where kD is the smallest wave vector that can be
measured (inversely proportional to the largest length scale of the system D, typically its
size) and kc de�nes the cut-off where the universal scaling takes place.

One of the observables is the number of particles in the scaling region,

N̄ (t) =
Z

k6
�

t
t0

� � b
kc

ddk n̄(k, t) µ
�

t
t0

� a� db

. (3)

A necessary condition for Equation (2) to hold is that N̄ (t) is constant during the time
interval where the universal scaling is observed. The time dependence N̄ (t) µ ta� db can
be derived straightforwardly by inserting Equation (2) into Equation (3) and changing the
variables of integration.

The moments of the momentum distribution can also be computed in the region of the
universal scaling. The second moment has the physical interpretation of the mean kinetic
energy per particle in the scaling region,

M̄2(t) =
Z

k6
�

t
t0

� � b
kc

ddk
k2n̄(k, t)

N̄ (t)
µ

�
t
t0

� � 2b

. (4)

Its time dependence, M̄2 µ t � 2b, can also be derived using Equations (2) and (3).
Hence, the sign of b is related to the direction of the energy transport. For b > 0, the energy
leaves the scaling region and migrates to higher momenta, whereas a negative sign indicates
an energy increase in the IR scaling interval.

These are not the only global observables that can be de�ned. For example, in Section 3.2
we encounter another quantity, relevant in the context of a s pinor condensate.

3. Experiments
3.1. One-Dimensional Bose gas

The authors in [ 18] produced a one-dimensional Bose gas by strongly quenching a
three-dimensional one. They reported a universal scaling in the time-dependent momentum
distribution due to the presence of an NTFP.

These authors employed 87Rb atoms, which correspond to a repulsively interacting
Bose gas in a very elongated (quasi-1D) harmonic trap. At the beginning of the experiment,
the thermal gas was just above the critical temperature. During the quench, the trap depth
was ramped linearly, such that its �nal value was below the �rst radially excited state. This
causes the evaporation of atoms occupying higher energy states. Finally, the depth of the
trap was raised to close the trap. The resulting Bose gas was in a far-from-equilibrium
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various systems. This would allow, for example, cold-atom experiments to be employed to
simulate different systems of the same universality class.
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highlight the importance of symmetry breaking, in non-equilibrium and pattern formation
processes, which is of vital meaning to the understanding of the morphogenesis process
and for applications in several areas of biomimetics and nanoscience.

The Briggs–Rauscher (BR) [3] reaction is a hybrid oscillating reaction formed by
coupling two chemical oscillators, Bray–Liebhafsky [ 4,5] and Belousov–Zhabotinskii [ 6].
Since its discovery in 1973, the Briggs–Rauscher oscillating reaction has been one of the
most investigated oscillatory systems. It is probably due to its simplicity and exciting colour
alternation caused by changes in reaction kinetics (when starch is used as an indicator) [7].

BR reaction typically occurs within mixtures of H 2O2, H2SO4, and KIO3. Additionally,
Mn(II) ions are added as a metal catalyst and malonic acid (H 2MA) as an organic substrate.
Substitutions of chemicals are possible; different acids, organic substrates, and ions, such as
Ce(III) instead of Mn(II) catalyst, can be used to generate BR oscillations [7–10]. However,
the oscillatory behavior is not the only one that attracted the attention of non-linear scientists
in the Briggs–Rauscher reaction [11–15].

Indeed, as described elsewhere [16], after the well-controlled initial oscillatory behav-
ior, the reaction becomes chaotic. Depending on the initial conditions, particularly on the
ratio [H 2MA] 0/[IO 3

� ]0 [16,17], the reaction exhibits a sudden and unpredictable phase
transition. This transition, from state I (low concentration of iodide and iodine) to state II
(high concentration of iodide and iodine), happens randomly in practice, as the time spent
by the system in the state I is irreproducible (see Figure 1). The transition is characterized
by a “sharp and sudden” increase of iodine and iodide concentration, followed by the
formation of solid iodine. The observed stochastic feature, called a crazy clock (due to
the unpredictable time needed to provoke the transition), is linked to imperfect mixing
that affects convection and diffusion dynamics. The imperfect mixing results in extremely
complicated phenomena, which occur on multiple length and time scales [ 18]. Possible
kinetical consequences are the appearance of bifurcation, chaos, intermittent behavior, and
symmetry-breaking [ 18,19]. In the experiments of our previous paper [ 16], the mixing was
stopped after an intensive homogenization (stirring at 900 rpm) of the Briggs–Rauscher
solution in the oscillatory period. Herein, the experiments carried out with or without
speci�c mixing were maintained all the time. Additionally, we apply the statistical cluster
K-means analysis for the �rst time, by processing more than 60 experiments. Therefore, this
paper further studies the mixing effects in connection to the crazy-clock phenomenon in
the Briggs–Rauscher oscillatory reaction. It compares and processes statistically more than
#60 experiments obtained under identical initial concentrations of all reactants. Although
the BR crazy-clock phenomenon was previously detected [16], this behavior is linked
for the �rst time to symmetry-breaking, highlighting the entire process in a novel way.
Furthermore, the investigated crazy clock exhibits a truly random behavior that might be
considered as an example of a classical, liquid random number generator. Additionally,
the investigated system also belongs to the particular class of classical systems that shows
intrinsic randomness in their response (as also observed in colloid particles placed on an
oscillating surface) [20,21].
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Figure 1. Two independent measurements (a,b) of iodide potential vs. time obtained for BR reac-
tion under experimental conditions: [H 2MA] 0 = 0.0789 mol/dm 3, [MnSO4]0 = 0.00752 mol/dm 3,
[HClO 4]0 = 0.03 mol/dm 3, [KIO 3]0 = 0.0752 mol/dm 3, [H 2O2]0 = 1.176 mol/dm 3, T = 37.0� C. The
experiments were performed without stirring and without protection from light. t * denotes the time
from the end of the oscillatory mode to the occurrence of state I ! state II transition.

2. Materials and Methods
2.1. Briggs–Rauscher Experimental Setup

Since the time of the transition between state I and II is unpredictable, great attention
must be paid to the experimental procedure. Only analytically graded reagents without
further puri�cation were used for preparing the solutions. Malonic acid was obtained from
Acr ōs Organics (Geel, Belgium), manganese sulphate from Fluka (Buchs, Switzerland),
perchloric acid, potassium iodate, and hydrogen peroxide from Merck (Darmstadt, Ger-
many). The solutions were prepared in deionized water with speci�c resistance 18 M W/cm
(Milli-Q, Millipore, Bedford, MA, USA).

All experiments were done in a container not protected from light. Reactions were
monitored electrochemically (unless speci�ed in the text). An I-ion-sensitive electrode
(Metrohm 6.0502.160) was used as the working electrode and an Ag/AgCl electrode
(Metrohm 6.0726.100), as the reference. During the experiments, the temperature of the
reaction container was regulated by a circulating thermostat (JULABO GmbH, Seelbach,
Germany) and maintained constant at 37 � C. The reaction mixture was stirred by magnetic
stirrer (Ingenieurbüro, M. Zipperrer GmbH, Cat-ECM5, Staufen, Denmark).

Five independent series of measurements were carried (they differed in stirring bar size
and shape, as well as mixing rate) with the identical solution composition
[H 2MA] 0 = 0.0789 mol/dm 3, [MnSO4]0 = 0.00752 mol/dm 3, [HClO 4]0 = 0.03 mol/dm 3,
[KIO 3]0 = 0.0752 mol/dm 3 and [H 2O2]0 = 1.176 mol/dm 3 in 25 mL volume:
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(1) without mixing (number of conducted experiments #30);
(2) with mixing 100 rpm using cylindrical stirring bar 10 mm length, 4 mm diameter

(BRAND magnetic stirring bar, PTFE-coated cylindrical), (number of conducted ex-
periments #30);

(3) with mixing 300 rpm using cylindrical stirring bar 10 mm length, 4 mm diameter
(BRAND magnetic stirring bar, PTFE-coated cylindrical), (in triplicate);

(4) with mixing 100 rpm using cylindrical stirring bar 20 mm length, 6 mm diameter
(BRAND magnetic stirring bar, PTFE-coated cylindrical) (in triplicate);

(5) with mixing 100 rpm using triangular stirring bar 12 mm length, 6 mm diameter
(BRAND magnetic stirring bar, PTFE-coated triangular) (in triplicate).

2.2. Statistical Processing and Cluster Analysis

The obtained experimental results were analyzed in the open-source statistic software
“R” using “hclust” algorithm for the hierarchical cluster analysis (HCA) [22,23].

3. Results and Discussion
3.1. Effects of the Stirring Bar Shape and Dimensions on the State I! State II Transition

The BR oscillatory period is strongly reproducible, while the transition from state
I to state II occurred practically randomly (Figure 1), as previously reported by our
research group [16].

It is imperative to emphasize that in our measurements (Figure 1), unlike in other
crazy-clock reactions found in the literature [ 18,19,24], large time �uctuations (the order of
magnitude could be more than two hours) occur after a highly reproducible oscillatory pe-
riod. Two independent measurements and consequently obtained BR oscillograms exhibit
identical trends in oscillation amplitude and time between two neighboring oscillation
maxima t n� (n� 1) = tn � tn� 1, as it can be observed in Figures 1 and 2a,b. Conversion from
higher to lower potential of iodine electrode (or from low to high iodide concentration)
marks the transition from state I to state II (state I ! state II). Furthermore, the choice of the
working electrode affects only the transition shape. However, the transition itself is very
noticeable due to the intense color change of the system from colorless to yellow accompa-
nied by solid iodine formation. This allows monitoring the state I ! state II transition with
the naked eye.
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Figure 2. Briggs–Rauscher oscillation amplitude ( a) and time between two neighboring oscillation
maxima t n� (n� 1) = tn � tn� 1 (b) in the two independent measurements presented at Figure 1. The
resulting BR oscillograms have the same number of oscillations (Nosc = 33) and identical oscilla-
tion period, however the time of state I ! state II transition differs more than 10 times (as shown
at Figure 1).

The cause of this unexpected transition is still unknown. Previous work highlighted
the signi�cance of mixing conditions for the appearance of state I ! state II transition and
crazy-clock behavior [ 13,16]. Therefore, we want to reveal in detail the effect of mixing on
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the transition, by using stirring bars of different sizes and shapes and applying various
mixing rates (Figure 3).
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Figure 3. Typical measurements with iodide-sensing and reference electrodes with different mixing
rates and different shapes of magnetic bar: (a) 100 rpm with magnetic stirring bar, PTFE-coated cylin-
drical, 10 mm length, 4 mm diameter (in inset), ( b) 300 rpm with magnetic stirring bar, PTFE-coated
cylindrical, 10 mm length, 4 mm diameter (in inset), ( c) 100 rpm with magnetic stirring bar, PTFE-
coated cylindrical, 20 mm length, 6 mm diameter (in inset), and ( d) 100 rpm with magnetic stirring
bar, PTFE-coated triangular, 12 mm length, 6 mm diameter (in inset). The reactant concentrations are
identical as in Figure 1.

The transition from the state I to state II occurs only with a low stirring rate and a
stirring bar of small dimensions (namely, 100 rpm and a magnetic stirring bar made of PTFE-
coated cylindrical with a length of 10 mm and a diameter of 4 mm, Figure 3a). The results
also underline the importance of the particular magnetic bar shape and mixing rate that was
used (Figure 3a–d). Even with a low stirring rate (100 rpm), the transition does not occur
with a bar exhibiting a triangular section (bar 12 mm length, 6 mm diameter) (Figure 3d).
This result implies that the transition is strongly connected a particular diffusion conditions
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and vortex type behavior created by using speci�c stirring rods. Furthermore, we perform
a detailed statistical analysis to reveal the connection between the state I! state II transition
and the mixing rate (using the 10-mm long and 4-mm large cylindrical stirring bar). A set
of 60 experiments were performed without stirring and with stirring at a 100-rpm mixing
rate (30 experiments, each). The results (t osc and t *) are tabulated (Tables S1 and S2) and
presented in Supplementary Materials. The t * mean value with 95% con�dence limit is for
no-mixing t *no mix = (12 � 4) min and for mixing conditions, t *mix = (17 � 5) min.

3.2. Statistical Analysis of Experimental Results and Evidence of Clustering

Is there a connection between the time that the system spends in the oscillatory regime
(t osc) and the time when the state I to state II transition occurs ( t *)? Or, in other words, are
the minor differences in oscillatory period duration responsible for a signi�cant deviation
in transition appearance? The detailed exploration of the relation between BR oscillatory
time, t osc, and the time t * of the occurrence of the state I! state II transition (Figure 1), with
and without stirring of the solutions, was performed by statistical cluster analysis (CA).
Cluster analysis performs subdivision of datasets based on the relationships among their
members (in our case datasets oft osc and t *). The application of CA allows the separation
of data in clusters (namely, in groups) based on mutual distances, which re�ect a degree of
similarity among data [ 25]. The greater the similarity in the cluster, the higher the distance
between the clusters, and hence the better the clustering. Our results combine a total of
60 experiments, obtained with no-mixing conditions (30 experiments) and with a mixing
rate of 100 rpm (30 experiments). They were analyzed in the open-source statistic software
“R” using “hclust” algorithm for the hierarchical cluster analysis (HCA) [ 22,23]. The HCA
divided the ratios t osc/ t * into three clusters for both mixing and no-mixing measurements
(Figure 4a,b). It can be noticed that the number of members of a particular cluster slightly
changes upon alteration of experimental conditions (Table 1).

It appears that the stirring effect causes an increase in the members of Cluster 1 and
Cluster 3, as well as decreasing in members in Cluster 2. The increase of members in Cluster
3 suggested that stirring has prolonged time for the state I ! state II transition taking place
(Figure 4b.). It can be also seen from the� * mean value for no-mixing t *no mix = (12 � 4) min
and mixing conditions, t *mix = (17 � 5) min. Furthermore, all clusters are more compact
and separated, in the case of stirring (if compared with those obtained without stirring).

The results presented in Table 1 clearly indicate that the investigated crazy-clock
exhibits a truly random behavior. The shift (Figure 4a,b, Table 1) in the position of the
cluster centroids towards higher t * values (i.e., a delaying time to transition to happen)
can be observed for the case of applied stirring conditions. Due to a small number of
members, the centroid of Cluster 3, in both cases, was not calculated. Furthermore, there is
no signi�cant change in the cluster's centroid position regarding t osc oscillatory coordinate
for clusters. That leads to the conclusion that the transition from state I to state II is
independent of oscillatory time duration or, in other words, that the minor differences
in oscillatory period duration are not responsible for a signi�cant deviation in transition
appearance. Therefore, we calculated the optimal number of clusters by a one parameter
(by parameter t *) K-means analysis, for no-mixing and mixing conditions (Figure 5a,b,
respectively). The determination of optimal numbers of clusters was performed using
gap method in fviz_nbclust alghoritm [ 26]. In brief, the gap statistic compares the total
within intra-cluster variation for different values of k with their expected values under null
reference distribution of the data. The estimate of the optimal clusters will be value that
maximizes the gap statistic (i.e., that yields the largest gap statistic) [27].

As it can be seen from the Figure 5 the optimal number of clusters obtained by us-
ing one parameter K-means analysis is changed. The BR system which is not stirred
has one cluster (Figure 5a), while the stirring induces differentiation of two clusters
(see Figures 5b and 6).The dimensions refer to the �rst two components. The �tviz_cluster
function has been used to analyze the main components, after which the cluster is repre-
sented in the dimensions of the �rst two Principal Component Analysis (PCA) components.
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The clusters are well separated. This indicates that mixing introduced additional effects
responsible for a signi�cant cluster separation revealing the existence of time domains
where the state I to state II transition is more likely to occur.
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Figure 4. Clusters obtained for thirty experiments run without stirring of the reaction mixture ( a) and
clusters obtained for thirty experiments run with stirring of reaction mixture in the vessel, stirring
rate was 100 rpm (b). t osc is the BR oscillatory time, while t * denotes the time from the end of the
oscillatory mode to the occurrence of state I! state II transition (see Figure 1).
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Table 1. Clusters and Cluster centroids.

Exp. Condition Cluster
Number of

Cluster Members
Cluster Centroids in Minute

t osc t *

1 15 1.686 3.036
without stirring 2 13 1.691 16.672

3 2 / /

1 16 1.681 5.893
with stirring 2 10 1.658 26.536

3 4 / /

3.3. The State I! State II Phenomenon and Its Relation to (Spontaneous) Symmetry Breaking

The appearance of clusters indicates the existence of time domains where the state I to
state II transition is more likely to occur. The stirring of the reaction mixture has a strong
indirect in�uence on the state I ! state II transition, delaying the crazy-clock behavior,
shifting cluster centroids toward higher t * values, and increasing the cluster separation
(i.e., time domain separation), as well. The existence of clusters could be connected to
different nucleation and growth mechanisms of iodine crystals in the case of mixing [ 28],
and further examination of solid iodine products would be the subject of future work.
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Figure 5. The optimal number of clusters for one parameter analysis by parameter t * (time when
state I to state II transition occurs) for non-mixing conditions ( a) and mixing conditions 100 rpm ( b).
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However, if we assumed that state I (low iodide and iodine concentration) is the
symmetric state, which under some conditions becomes absolutely unstable, then, reaching
the state II (high iodide and iodine concentration, with a new I 2 solid phase) could be
considered as spontaneous symmetry breaking [29], see Figure 7. Such an observation of
state I to state II transition could also explain the persistence of the BR system “inde�nitely”
in the state I, as obtained for strong mixing condition (see Figure 3).
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Figure 6. The evidence of two clusters for state I! state II transition obtained for mixing condition in
BR system. Clusters are plotted in two dimensions (Dim1 and Dim2).

Namely, in the case of the symmetry-breaking process, the system must overcome
a suf�ciently large energy barrier (as shown in Figure 7). Therefore, the system's state
(state I, low iodide and iodine concentration) will remain unchanged until a suf�ciently
large perturbation throws it over the energy barrier, DV, which separates the states. We
assume that DV corresponds to the energy threshold of the formation of solid iodine from
chemical reactions that principally occur in the BR solution after the oscillatory period.
It is well-known that the post-oscillatory period could be excitable [ 30,31], meaning that
a nonlinear system can be shifted (perturbed) from one state to another. It is usually
achieved by the addition of some stable intermediate or reactants, playing the role of an
external perturbation, to the reaction mixture [ 32]. Since, in our case, there is no external
perturbants/stimulus (all experiments are conducted under identical conditions, and the
system remained under constant temperature), the BR system should �nd an internal
stimulus to overcome the energy barrier. The mixing itself should not in�uence activation
energies of chemical reactions responsible for state I to state II transition. In other words, the
energy threshold (DV) should be identical for mixing and no-mixing condition. However,
the system has behaved differently, and the state I to state II transition strongly depends
on the mixing conditions. Therefore, some phenomena related to mixing are accountable
for the obtained behavior. Figure 7 is a cartoon view that links thermodynamics (far from
equilibrium) with kinetic processes driven by the gradient of diffusion/concentration.
The changes in time of these local gradients are probably a source of �uctuations. When
�uctuations reach a certain threshold (such as a critical number of interacted dissipative
structures), a new order/phase spontaneously appears. Cluster analysis (Figures 4–6)
allows us to group different dissipation architectures as a function of time.
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Figure 7. Possible symmetry breaking during the transition from the state I (low iodide and iodine
concentration) to state II (high iodide and iodine, with segregation of solid iodine) in Briggs–Rauscher
oscillatory reaction after an oscillatory period. Energetic consideration and symmetry breaking
depending on control parameter, � and ordering parameter, � . DV corresponds to the energy
threshold of the formation of solid iodine from chemical reactions that occur in the BR solution after
oscillatory period.

The diffusion-driven instability combined with nonlinear chemical reactions (with
autocatalytic steps and radical reactions) is a broad concept and it could be responsible
for the “internal stimulus” necessary for passing the energy barrier. The diffusion-driven
instability is intensi�ed by gaseous oxygen and carbon dioxide/carbon monoxide, which
are released in the BR solution during the oscillatory period [ 33]. Additionally, the possible
energetic coupling between physical and chemical processes, such as the nucleation of
gaseous phase (O2 and/or CO 2), nucleation of solid iodine and particular chemical reac-
tions, could also be considered as an “internal stimulus” necessary for overcoming the
energy barrier and breaking symmetry [34–36].

This proposal is actually a reformulated original idea of Turing [ 37], where the inter-
play of chemical reactions and diffusion are responsible for pattern formation in living
systems. As suggested by Prigogine, the spontaneous appearance of a spatial organization
via diffusion-driven instability can be considered as a spontaneous symmetry-breaking
transition [ 38]. In the presented work, we deal with a bulk solution and there is no visible
spatial organization, but the spatial organization (spatiotemporal patterns) of the identical
process (state I! state II transition in Briggs–Rauscher reaction) in a thin layer, is very
recently found by Li and coworkers [ 15]. Therefore, this work indirectly links spontaneous
symmetry breaking and crazy-clock behavior (stochastic nature) in the bulk. The stochastic
nature of state I to state II transition and its relation to symmetry breaking (and pattern
formation), introduced a new approach in the investigation of crazy-clock behavior. On
the other hand, the investigation of chemical systems with stochastic nature and symme-
try breaking could improve our understanding of more complex phenomena in living
organisms, such as morphogenesis.

Additionally, this paper nominates state I ! state II transition as an easily available
chemical system for intrinsic random number generator and thus, expands the potential
application of this crazy-clock reaction.
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4. Conclusions

In this work, we further investigated the crazy-clock phenomenon (state I to state II
transition) which occurs after a strongly reproducible Briggs–Rauscher oscillatory reaction.
The mixing rate, as well as the magnetic bar shape and dimensions, have a strong in�u-
ence on the transition appearance. In order to better understand the stochasticity of the
mentioned process, we ran more than 60 experiments (30 experiments with mixing and
30 experiments with no-mixing conditions), and we applied the statistical cluster K-means
analysis. Although the transition for both mixing and no-mixing conditions are taking
place completely randomly, by using statistical cluster analysis, we obtained different
number of clusters pointing to different time-domains where the transition is more likely
to occur. Two-parameter analysis (by oscillatory time duration, t osc and by the moment
when the transition occurs, t *) suggests that the state I! state II is independent of the
oscillatory time duration. Therefore, we performed a one parameter analysis (by t *). In
the case of no-mixing, we found one cluster, while the statistical analysis of the results
for mixing conditions revealed two compact and well-separated clusters. The clustering
method reveals new hidden details regarding the chemical dynamics of nonlinear processes.
The state I to state II transition could be explained through a symmetry breaking approach,
and the necessity of the BR system to overcome a suf�ciently large energy barrier. This
is the �rst link of the crazy-clock behavior to the symmetry breaking phenomenon. The
investigation of chemical systems with stochastic nature and symmetry breaking could
improve our understanding of more complex phenomena in living organisms and therefore
the scope of the presented results goes beyond oscillatory reaction kinetics. Furthermore,
the described example belongs to the small class of chemical systems that shows intrinsic
randomness in their response and it might be considered as a real example of a classical
liquid random number generator.
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optimize the creation of the self-trapped patterns. Thus, multi-color beams can be used to
design potentials necessary for holding complex soliton patterns.

The aim of this work is to introduce a four-color OL (FOL) with commensurate
wavelengths, which acts on a cigar-shaped (quasi-one-dimensional) BEC with the cubic
nonlinearity. The corresponding Gross-Pitaevskii equation (GPE) is used to �nd appropriate
relations between the nonlinearity and the potential parameters which help to support
solitons. We produce analytical solutions which identify the speci�c form of the FOL and
its parameter domain which provide tunability of the soliton-building scheme. Many
exact condensate wave functions are obtained, and the results are illustrated by several
characteristic examples. These solutions may be used for applications similar to those
proposed in previous works [ 27–32]. Stability of the exact wave functions is addressed
by means of direct simulations, adding random perturbations either to the underlying
stationary solution, or to the external trap (the latter implies the consideration of the
structural stability of the exact solutions). We thus �nd that our solutions are fully stable,
both dynamically and structurally.

2. Exact Analytical Model for Obtaining the Solitary Excitations under the Novel
FOL Trap

The FOL potential is produced by the combinations of four OLs with commensurate
wave numbers, l , 2l , 3l , and 4l, while the corresponding intensities of the laser beams,
V1,2,3,4, are treated as free parameters, with the intention to �nd appropriate relations
between them. The corresponding effective potential acting on atoms is

V (z) =
4

å
j= 1

Vj cos( jlz). (1)

The lattice depth may be compared to the recoil energy, ER = 2p 2h̄2/
�
M l 2

�
, and

the scaled lattice wave-vector is given by l = 2p a? / l , where l is the wavelength, M
is the mass of the BEC atom,a? = ( h̄/ (M w? ))1/2 and w? is the transverse frequency.
The dimensionless 1D-GPE has the form

�
i

¶
¶t

+
1
2

¶2

¶z2 � g(z, t)jy (z, t)j2 � V (z) � i t (z, t)
�
y (z, t) = 0. (2)

Here, g(z, t) is the nonlinearity coef�cient, which may be made space- and time-
modulated, while t (z, t) represents the space- and time-modulated loss or gain of the con-
densate atoms. For illustration, we have exploited experimentally feasible parameters of Li 7

BEC in the quasi-1D trapping con�guration with transverse frequency w? = 2p � 710 Hz,
OL wavelength l = 10.62� m, and scattering length as = � 0.21 nm corresponding to
attractive interactions between atoms [33]. By varying the applied magnetic �eld and angle
between the overlapping laser beams, it is possible to engineer the shape of the external
potential [34,35].

To produce a spatially localized solution of Equation (2), following the general scheme
used for engineering matter-wave con�gurations [36,37], we choose an ansatz,

y (z, t) = A(z, t)F(B(z, t))eiq(z,t) , (3)

such that the external potential is supposed to be found by precisely solving B(z, t), am-
plitude A(z, t), phaseq(z, t), and the condensate form factor F[B(z, t)]. We substitute this
ansatz into the GPE (2) and separate out the real and imaginary parts. To establish relations
between the physically relevant quantities like nonlinearity, amplitude, phase and external
trap for a solitary wave solution, the real part can be mapped to the following nonlinear
differential equation,

¶2F[B(z, t)]
¶B(z, t)2 � GF3[B(z, t)] = 0, (4)
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which introduces a constant G = 2g(z, t)A2(z, t)/ B2
z(z, t) in the case of solitary wave

excitations. G is � 1 for attractive and 1 for repulsive inter-atomic interactions. The last
consistency condition in Equation (4) is nothing but the elliptic equation, whose exact
solutions are well-known in the form of 12 Jacobian elliptic functions ( cn[z, m], sn[z, m], etc.),
where m is the modulus parameter with 0 � m � 1 [38]. One can choose various shapes
of the elliptic functions from periodic ( m = 0) to localized (m = 1), by varying the value
of its modulus parameter. Here, we will focus only on the localized forms of the elliptic
functions, that is, cn[z, 1] = sech[z], for the bright soliton case with attractive nonlinearity
and sn[z, 1] = tanh[z] for the dark soliton case with repulsive nonlinearity. In addition to
solving the above-mentioned equation, we also obtain the following consistency relations:

GB2
z(z, t) � 2A2(z, t)g(z, t) = 0,

Bt (z, t) + Bz(z, t)qz(z, t) = 0, [A2(z, t)Bz(z, t)]z = 0

2A(z, t)A t (z, t) + [ A2(z, t)qz(z, t)]z (5)

� 2t (z, t)A2(z, t) = 0

Azz(z, t)
2A(z, t)

�
q2

z(z, t)
2

� qt (z, t) � V (z) = 0,

where the subscripts stand, as usual, for partial derivatives. The above set of equations is
solved simultaneously to produce

B(z, t) =
c(t)

A2(z, t)
, qz(z, t) = �

A t (z, t)
Az(z, t)

, (6)

g(z, t) = GB2
z(z, t)/2 A2(z, t),

where c(t) is an arbitrary positive de�nite function of time. These equations indicate a
direct dependence of phase and nonlinearity on the amplitude of the system which will be
determined by the trapping potential through the last equation of the system (5).

We substitute the expression of the external potential from Equation (4) into the set of
Equations (5) and (6) and obtain the amplitude, phase and nonlinearity in the following
exact forms:

A(z, t) =

s
c(t)

g exp(b1 cos( lz) + b2 cos(2lz))
,

q(z, t) =
1
16

( l2b2
1 + l2b2

2)t, t (z, t) =
1
2

c0(t)
c(t)

, (7)

g(z, t) =
Gg4

2c2(t)
exp(4b1 cos( lz) + 4b2 cos(2lz)).

We here introduce two real constants, b1 and b2, which help us to de�ne the �nal form
of the FOL amplitudes:

V1 = ( 1 + b2)
l2b1

4
, V2 =

 
� b2

1
16

+ b2

!

l2, (8)

V3 = �
l2b1b2

4
, V4 = �

l2b2
2

4
.

This is one of the essential results of the present work. Constants b1 and b2 are thus
identi�ed as the prime tuning parameters for controlling the trapping potential and conden-
sate density. For the attractive and repulsive interactions, assuming the commonly known
bright- or dark-soliton solutions of the elliptic equation (Equation (4)), the condensate wave
functions take, severally, the following form:
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y (z, t) =

s
c(t)

g exp[b1 cos( lz) + b2 cos(2lz)]

� sech

"

g
Z z

0
exp(b1 cos( lz) + b2 cos(2lz))dz0

#

exp( iq(z, t)) ,

y (z, t) =

s
c(t)

g exp(b1 cos( lz) + b2 cos(2lz))
(9)

� tanh

"

g
Z z

0
exp(b1 cos( lz) + b2 cos(2lz))dz0

#

exp( iq(z, t)) .

We are now in a position to analyze the relevant potential pro�les and the correspond-
ing condensate densities. Potential pro�les are explained in Figures 1 and 2. Condensate
densities will be delineated in Figures 3 and 4 for some parameter domains of b1 and b2
with c = 0.1,g = 0.1, and l = 0.84.

Figure 1. Curves and points for l = 0.84 where the potential is not a FOL, but a TOL or a BOL. `� '
signi�es no potential for b1 = b2 = 0. All other points in the (b1, b2) plane correspond to FOLs.

Figure 2. The variation of the FOL potential following the change of the tuning parameters for
l = 0.84: (a) for �xed b2 = 2, b1 varies from � 4 to + 4; (b) for �xed b1 = 2, b2 varies from � 4 to + 4.
Here and in the �gures following below, the results are displayed in interval � 14 < z < + 14.
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Figure 3. Condensate density patterns for b1 > 0 and b2 > 0: (a) b1 = 1; b2 = 2, (b) b1 = 1; b2 = 3.5,
(c) b1 = 2; b2 = 1, and (d) b1 = 3.5;b2 = 1. Each plot of (a–d) has two panels: the upper panel shows
the contour plot of the density and the lower panel consists of a 2D plot of the density combined with
the corresponding potential pro�le.

Figure 4. Condensate density patterns for b1 < 0 or b2 < 0 or both: (a) b1 = � 1; b2 = 1, (b) b1 = � 3;
b2 = 1, (c) b1 = 1; b2 = � 3, and (d) b1 = � 1; b2 = � 3. Each plot of (a–d) has two panels: the upper
panel shows the contour plot of the density and the lower panel consists of a 2D plot of the density
combined with the corresponding potential pro�le.

3. The Parameter Domain and Shape of the Tunable FOL

Figure 1 depicts the structure in the (b1, b2) space, produced by Equation (9), where
one obtains, as particular cases, a tri-color optical lattice (TOL), or a BOL. On the contrary,
FOL is obtained in the entire space, excluding the curves and points indicated in the �gure.

The respective FOL potential, drawn in Figure 2, seems interesting enough. For b1 > 0
and b2 > 0, the FOL is a disordered double-well superlattice, featuring frustrations in terms
of both inter- and intra-well separations. Figure 2a,b reduces to a BOL at b1 = b2 = 0.
However, the transition to the domain of b1 < 0 or b2 < 0 makes the potential shapes quite
different. In the former case, a triple-well superlattice gradually appears at b1 < 0, whereas
in the latter case, a translational shift of the double-wells in the superlattice by half a period
is observed. The presently engineered FOL may be the most advanced trapping potential
for BEC, derived as an ingredient of exact solutions. It may �nd applications to the design
of quantum simulation, information and computation schemes [ 28–31]. We will further
illustrate the results by displaying density patterns.

4. Density Patterns Supported by the Engineered FOL

The density patterns in the domain of b1,2 > 0 are displayed in Figure 3, along with
the respective trapping pro�le, which help to understand the formation mechanism for the
patterns. The presence of the inter- and intra-well potential frustration helps one to realize
well-distinguished quantum clouds that may be employed for the design of enhanced atom-
interferometry (Figure 3a–c). When the intra-well frustration disappears, the previously
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V (z). To observe the stability of the stationary state, we computed deviation of the evolving
condensate density (DW). In the latter case, we monitored the evolution of the input wave
function ( y (z, t = 0)) under the action of the potentials Vnoisy (z) and V (z), to observe
the structural deformation in the condensate density ( DP). We simulated the evolution
for 10,000 time iterations with properly chosen space and time steps, dz = 0.277� m and
dt = 0.22� s, respectively. The deviation (maximum relative error) of the evolved noisy
data from their noise-free counterparts is shown for both kinds of the stability analyses in
Figure 6 by the upper curve ( � ) and lower one,

L
. Observing the noisy density pro�le after

10,000 iterations, we conclude that the density patterns retain their shapes with minimal
deformation, which implies that the analytical solutions are indeed stable against both
kinds of the random perturbations (Figure 6). The observed relative perturbation in the
�nal con�gurations is near to 1% when the noise is initially added to the wave function,
and near to 2% when it is added to the trapping potential. Thus, the presented model and
its analytical solutions are physically relevant ones.

Figure 6. The numerical stability analysis of one of the obtained solutions with b1 = 2 and b2 = 1.
The condensate density is depicted by the dotted line, and the trap pro�le, V (z) (not in scale), is
superimposed on it (the solid line). The deviation of the noisy data from their noise-free counterparts
is shown for both kinds of the analyses: the dynamical stability, DW (the upper curve, composed of
symbols � ), and the structural stability, DP (the lower curve, composed of symbols

L
).

6. Conclusions

In this paper, we reported the exact form of the four-color optical lattice (FOL) trap
for the BEC in one dimension, which makes it possible to produce exact solutions for
the trapped condensate. A variety of experimentally relevant trap pro�les are reported,
including one-, two-, three-, and four-color OLs with tunable shapes. It is worthy to stress
that there are only two FOL-tuning parameters, b1 and b2, instead of four, making the
detailed analysis of the exact solutions feasible. For chosen trap parameters, the exact
condensate density is illustrated, and its variations after evolving in time are also shown.
By means of systematic simulations, we have established dynamical and structural stability
of the exact solutions. The stability against structural perturbations is especially important,
as the solutions are valid only for the specially designed form of the FOL potentials. This
class of FOL trapping potentials offers straightforward potential for use in applications,
such as quantum simulation and other quantum technologies [13,28–31,39–41].
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heterophase or mesoscopic, since the linear size of inclusions of one phase inside the matrix
of the other is larger than the interparticle distance but much smaller than the system
linear size. The appearance of mesoscopic heterophase mixtures under nanoscale phase
separation is a very widespread phenomenon arising around many phase transitions that
can be of �rst or second order. Numerous examples of materials exhibiting the existence
of such mixtures are given in the review articles [ 24–27]. Recently, the possibility of
super�uid dislocations inside quantum crystals has been discussed [ 28–30]. Different types
of nanoscale phase separation occur in electrolytes [31–35].

Here we shall concentrate on a heterophase mixture of ferromagnetic and param-
agnetic phases. There exist numerous examples of materials exhibiting the coexistence
of magnetic (ferromagnetic or antiferromagnetic) and paramagnetic phases. Thus, using
the Mössbauer effect, the coexistence of antiferromagnetic and paramagnetic phases is
observed in FeF3 [36], in CaFe2O4 [37], and in a number of orthoferrites, such as LaFeO3,
PrFeO3, NdFeO3, SmFeO3, EuFeO3, GdFeO3, TbFeO3, DyFeO3, YFeO3, HoFeO3, ErFeO3,
TmFeO3, and YbFeO3 [38,39]. Ferromagnetic cluster �uctuations, called ferrons or �uc-
tuons, can arise inside a paramagnetic matrix of some semiconductors [40–45]. In some
materials, magnetic cluster excitations can occur in the paramagnetic region above Tc or
above TN [46–52], causing the appearance of spin waves in the paramagnetic phase, for
instance, in Ni, Fe, EuO, EuS, Pd3Fe, and Gd [53–58]. The coexistence of ferromagnetic and
nonmagnetic phases was also observed in Y2Co7, YCo3, Co(SxSe1� x)2, Co(TixAl 1� x)2, and
Lu(Co1� xAl x)2 [59,60]. In colossal magnetoresistance materials, such as La1� xCaxMnO 3
and La1� xSrxCoO3, one observes the coexistence of a paramagnetic insulating, or semicon-
ducting, phase and a ferromagnetic metallic phase [61–63], while in La 0.67� xBixCa0.33MnO 3,
paramagnetic and antiferromagnetic phases coexist [64]. Nanoscale phase separation into
ferromagnetic and paramagnetic regions has been observed in the colossal magnetore-
sistence compound, EuB5.99C0.01 [65]. Many more examples can be found in the review
articles [24–27].

In the present paper, we consider a heterophase system with random phase separation,
where the regions of different phases are randomly distributed in space. By averaging
the phase con�gurations, we derive a renormalized, effective Hamiltonian of the mixture.
Keeping in mind a spin system, we pass to the quasi-spin representation. Speci�cally, we
consider a mixture of ferromagnetic and paramagnetic phases. Long-range interactions are
assumed, such that the mean-�eld approximation becomes, in the thermodynamic limit,
asymptotically exact. The existence of the ferromagnetic–paramagnetic mixture is due to the
competition between direct and exchange interactions. We treat the case when the system
is placed in an external magnetic �eld. We show that for some system parameters, there
occurs the following situation: at low temperatures, the system is a pure ferromagnet that,
when rising in temperature, can transfer into a mixture of ferromagnetic and paramagnetic
phases at a nucleation point. For some system parameters, this nucleation transition
happens to be a zeroth-order transition.

The plan of the paper is as follows. In Section 2, we recall the Gibbs method of
equimolecular surfaces that are used for describing the spatial phase separation. Section 3
explains how the statistical operator of the mixture with phase separation can be de�ned
by minimizing the functional information.The random spatial distribution of competing
phases requires the averaging over phase con�gurations. The results of this averaging are
summarized in Section 4. In Section 5, we pass from the �eld-operator representation to
spin representation. Although this conversion is based on the known Bogolubov canonical
transformation, it is necessary to recall it in order to elucidate the importance of taking
account of direct particle interactions, in addition to exchange interactions. Keeping in mind
long-range interactions, in Section 6, we derive the free energy of the mixture. Section 7
formulates the stability conditions that make it straightforward to separate stable states
from unstable ones. In Section 8, we present the results of the numerical calculations and
accompany them with discussions and conclusions.
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2. Spatial Phase Separation

The description of a two-phase system with spatial phase separation starts with the
Gibbs method [66] of equimolecular separating surfaces, where the system of volume V
and number of particles N is considered to be separated into two parts, with the total
volumes Vf and the particle numbers N f , so that

V = V1 + V2 , N = N1 + N2 . (1)

The regions V f occupied by different phases are assumed to be randomly distributed
in space. Their spatial locations are described by the manifold indicator functions

x f (r) =
�

1 , r 2 V f
0 , r 62V f

, (2)

where
Vf � mes V f ( f = 1, 2) .

The Hilbert space of microscopic states of the system is the tensor product

H = H 1
O

H 2 (3)

of the weighted Hilbert spaces [ 24–26] corresponding to the phases f = 1, 2. The algebra of
observables in this space is given by the direct sum of the algebra representations on the
corresponding subspaces

A (x) = A 1(x1)
M

A 2(x2) . (4)

For instance, the system energy Hamiltonian reads as

Ĥ (x) = Ĥ1(x1)
M

Ĥ2(x2) , (5)

with the general form of the phase replica Hamiltonians

Ĥ f (x f ) =
Z

x f (r)y †
f (r)

�
�

r 2

2m
+ U (r)

�
y f (r) dr+

+
1
2

Z
x f (r) x f (r0) y †

f (r) y †
f (r0) F (r � r0) y f (r0) y f (r) drdr0 , (6)

where F (r) is an interaction potential, U (r) is an external potential, and the �eld operators
y f (r) are columns with respect to internal degrees of freedom, such as spin. The number-
of-particle operator is

N̂ (x) = N̂1(x1) + N̂2(x2) , (7)

with the number-of-particle operators of each phase

N̂ f (x f ) =
Z

x(r) y †
f (r) y f (r) dr . (8)

Here and below, we set the Planck and Boltzmann constants to one.

3. System Statistical Operator

The general procedure of de�ning the statistical operator for a system is by minimizing
the information functional, taking account of the prescribed constraints. The latter is the
normalization condition

Tr
Z

r̂ (x) Dx = 1 , (9)

the de�nition of the system energy

Tr
Z

r̂ (x) Ĥ (x) Dx = E , (10)
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and of the total number of particles in the system

Tr
Z

r̂ (x) N̂ (x) Dx = N . (11)

Here and in what follows, the trace operation is taken over the whole Hilbert space (3),
and Dx implies the averaging over phase con�gurations describing the random locations
and shapes of separated phases.

The information functional in the Kullback–Leibler form [67,68] reads as

I [ r̂ ] = Tr
Z

r̂ (x) ln
r̂ (x)
r̂ 0(x)

Dx + a
�

Tr
Z

r̂ (x) Dx � 1
�

+

+ b
�

Tr
Z

r̂ (x) Ĥ (x) Dx � E
�

+ g
�

Tr
Z

r̂ (x) N̂ (x) Dx � N
�

, (12)

with the Lagrange multipliers a, b = 1/ T, and g = � bm, and with a trial statistical
operator r̂ 0(x) characterizing some a priori information if any. If no a priori information is
available, r̂ 0(x) is a constant. Then minimizing the information functional over r̂ (x) yields
the statistical operator

r̂ (x) =
1
Z

expf� bH (x)g , (13)

with the grand Hamiltonian
H (x) = Ĥ (x) � mN̂ (x) (14)

and the partition function

Z = Tr
Z

expf� bH (x)g Dx . (15)

Introducing the effective renormalized Hamiltonian by the relation

expf� b eHg =
Z

expf� bH (x)g Dx (16)

gives the partition function
Z = Tr expf� b eHg . (17)

Then we get the grand thermodynamic potential

W = � T ln Z . (18)

This picture describes a heterophase system where the phase-separated regions are
random in the sense that they are randomly located in space and can move and change
their shapes. In that sense, strictly speaking, the system is in quasi-equilibrium. However,
the averaging over phase con�gurations reduces the consideration to an effective system
equilibrium on average [24–26].

4. Averaging over Phase Con�gurations

In order to explicitly accomplish the averaging over phase con�gurations, it is nec-
essary to de�ne the functional integration over the manifold indicator functions (2). This
functional integration has been de�ned and explicitly realized in papers [ 24,69–73]. Here
we formulate the main results of this functional integration over the manifold indica-
tor functions with the differential measure Dx, which realizes the averaging over phase
con�gurations.

Theorem 1. Let us consider the functional
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A f (x f ) =
¥

å
n= 0

Z
x f (r1) x f (r2) . . .x f (rn) A f (r1, r2, . . . ,rn) dr1dr2 . . .drn . (19)

The integration of this function over the manifold indicator functions gives
Z

A f (x f ) Dx = A f (w f ) , (20)

where

A f (w f ) =
¥

å
n= 0

wn
f

Z
A f (r1, r2, . . . ,rn) dr1dr2 . . .drn , (21)

while

w f =
1
V

Z
x f (r) dr =

Vf

V
(22)

de�nes the geometric probability of an f -th phase.

Theorem 2. The thermodynamic potential

W = � T ln Tr
Z

expf� bH (x)g Dx , (23)

after the averaging over phase con�gurations, becomes

W = � T ln Tr f� b eHg = å
f

Wf � W(w) , (24)

where
Wf = � T ln Tr H f

f� bH f (w f )g � Wf (w f ) , (25)

and the renormalized Hamiltonian is

eH =
M

f

H f (w f ) � eH (w) , (26)

with the phase probabilities wf being the minimizers of the thermodynamic potential,

W = abs min
f w f g

W(w) , (27)

under the normalization condition

å
f

w f = 1 , 0 � w f � 1 . (28)

Theorem 3. The observable quantities, given by the averages

h Â i = Tr
Z

r̂ (x) Â(x) Dx (29)

of the operators from the algebra of observables (4),

Â(x) =
M

f

Â f (x f ) , (30)

with Â f (x f ) de�ned as in (19), after the averaging over phase con�gurations, reduce to the form

h Â i = Tr r̂ (w) Â(w) , (31)

99



Symmetry2021, 13, 2379

where the renormalized operator of an observable is

Â(w) =
M

f

Â f (w f ) , (32)

with Â f (w f ) de�ned as in (21), and the renormalized statistical operator is

r̂ (w) =
1
Z

expf� b eH (w)g , (33)

with the partition function (17).

The proofs of these theorems are given in the papers [24,69–73].

5. Hamiltonian in Spin Representation

Since we aim to study the magnetic properties of a system with phase separation, it is
useful to transform Hamiltonian (6) into spin representation. For this purpose, we assume
that the system is periodic over a lattice with the lattice sites r j , where j = 1, 2, . . . ,N, and
we expand the �eld operators over Wannier functions:

y f (r) = å
j

cj f j f (r � r j ) . (34)

Keeping in mind well-localized Wannier functions [ 74], we retain in the Hamiltonian
only the terms expressed through the matrix elements over Wannier functions containing
not more than two lattice sites, since the overlap of Wannier functions located at three or
four different lattice sites is negligibly small.

The remaining matrix elements are: the tunneling term

Ti j f = �
Z

j �
f (r � r i )

�
�

r 2

2m
+ U (r)

�
j f (r � r j ) dr , (35)

the term of direct interactions

F i j f =
Z

j j f (r � r i ) j2 F (r � r0) j j f (r0� r j ) j2 drdr0 , (36)

and the term of exchange interactions

Ji j f = �
Z

j �
f (r � r i ) j �

f (r0� r j ) F (r � r0) j f (r0� r i ) j f (r � r j ) drdr0 . (37)

Then the Hamiltonian (6) transforms into the form

H f = � w f å
i j

(Ti j f + mdi j )c†
i f cj f +

+
1
2

w2
f å

i j

�
F i j f c†

i f c†
j f cj f ci f � Ji j f c†

i f c†
j f ci f cj f

�
. (38)

To exclude self-interactions, one sets

F jj f � Jjj f = 0 . (39)
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Then we introduce spin operators following the method of canonical
transformations [ 75–77], generalized in the case of heterophase systems [78–80]. Keeping
in mind the particles with spin one-half, the operators cj f are to be treated as spinors

cj f =

2

4
cj f (" )

cj f (#)

3

5 (40)

of two components, one with spin up and the other with spin down. When each lattice site
is occupied by a single particle, the unipolarity condition is valid

c†
j f (" ) cj f (" ) + c†

j f (#) cj f (#) = 1 . (41)

The canonical transformations introducing spin operators Sj f , acting on the spaceH f ,
read as

c†
j f (" ) cj f (" ) =

1
2

+ Sz
j f , c†

j f (" ) cj f (#) = Sx
j f + i Sy

j f

c†
j f (#) cj f (#) =

1
2

� Sz
j f . (42)

Employing these canonical transformations and wishing to write the Hamiltonian in a
compact form, we de�ne the average direct interactions

F f �
1
N å

i6= j
F i j f , (43)

the average exchange interactions

Jf �
1
N å

i6= j
Ji j f , (44)

and the effective chemical potentials

mf � m+
1
N å

i j
Ti j f . (45)

Then Hamiltonian (38) becomes

H f =
1
2

w2
f U f N � w2

f å
i6= j

Ji j f Si f � Sj f � w f mf N , (46)

where

U f � F f �
1
2

Jf . (47)

For localized particles, the tunneling term Ti j f is small and can be neglected. Hence,
as is seen from expression (45),mf = m. Then the last term in Hamiltonian (46) be-
comes � w f mN. Such linear scalar terms in w f can be omitted since they enter the
Hamiltonian (26) as w1m+ w2m = m, which is as a constant shift. The value (47) char-
acterizes an average potential acting on each particle in the system and is mainly due
to direct interactions that are usually much larger than the exchange interactions. It is
reasonable to assume that this average potential does not depend on the kind of magnetic
phases, so thatU f = U. For generality, it is also necessary to take into account an external
magnetic �eld B0. As a result, we come to the Hamiltonian

H f =
1
2

w2
f UN � w2

f å
i6= j

Ji j f Si f � Sj f � w f å
j

m0B0 � Sj f . (48)
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The main feature of the paramagnetic phase is, clearly, the absence of long-range
order. The direct way of taking this into account on the microscopic level is to notice that
the term of exchange interactions (37) essentially depends on the localization of Wanier
functions. From expression (37), it is evident that the better Wannier functions are localized,
the smaller the exchange term. Therefore, accepting that the paramagnetic exchange term
is very small, automatically degrades the long-range order. Keeping this in mind, we set to
zero the paramagnetic exchange interactions, Ji j 2 = 0. Then the Hamiltonian (48) yields for
the ferromagnetic phase

H1 =
1
2

w2
1UN � w2

1 å
i6= j

Ji j 1Si1 � Sj1 � w1 å
j

m0B0 � Sj1 , (49)

and for the paramagnetic phase

H2 =
1
2

w2
2UN � w2 å

j
m0B0 � Sj2 . (50)

The external magnetic �eld is assumed to be directed along the z-axis

B0 = B0ez (B0 � 0) . (51)

Recall that the total system Hamiltonian, according to (26), reads as

eH = H1
M

H2 . (52)

The order parameters can be de�ned by the averages

sf �

*
2
N å

j
Sz

j f

+

, (53)

which lie in the interval
0 � sf � 1 ( f = 1, 2) . (54)

For the ferromagnetic phase, there exist such low temperatures where

lim
B0! 0

s1 > 0 (T ! 0) , (55)

while for the paramagnetic phase at all temperatures, one has

lim
B0! 0

s2 = 0 . (56)

Accepting that interparticle interactions are of a long-range order, Hamiltonian (49)
can be simpli�ed by resorting to the mean-�eld approximation

Sz
i1Sz

j1 = Sz
i1 hSz

j1 i + hSz
i1 i Sz

j1 � h Sz
i1 ih Sz

j1 i , (57)

where i 6= j. This reduces that Hamiltonian to the form

H1 =
1
2

w2
1

�
U +

1
2

Js21

�
N �

�
w2

1Js1 + w1m0B0

�
å

j
Sz

j1 . (58)

6. Free Energy of Mixture

De�ning the reduced free-energy in the standard way

F = �
T
N

ln Tr e� b eH , (59)
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introducing the dimensionless parameters

u �
U
J

, h �
m0B0

J
, (60)

where

J � J1 =
1
N å

i6= j
Ji j 1 , (61)

and measuring temperature in units of J, we come to the mixture free energy

F = F1 + F2 . (62)

Here the free energy of the magnetic component is

F1 =
1
2

w2
1

�
u +

1
2

s2
1

�
� T ln

"

2 cosh

 
w1h + w2

1s1

2T

! #

, (63)

with the order parameter

s1 = tanh

 
w1h + w2

1s1

2T

!

, (64)

and the free energy of the paramagnetic component is

F2 =
1
2

w2
2 u � T ln

�
2 cosh

�
w2h
2T

� �
, (65)

with the order parameter

s2 = tanh
�

w2h
2T

�
. (66)

Studying the properties of the free energy, it is convenient to represent it in the form
symmetric with respect to both phase components, introducing the quantity

gf �
1
N å

i6= j

Ji j f
J

. (67)

By de�nition, g1 = 1, while g2 ! 0. Then the partial free energy

Ff = �
T
N

ln Tr e� bH f (68)

becomes

Ff =
1
2

w2
f

�
u +

1
2

gf s
2
f

�
� T ln

"

2 cosh

 
w f h + w2

f gf sf

2T

! #

, (69)

with the order parameter

sf = tanh

 
w f h + w2

f gf sf

2T

!

. (70)

7. Stability Conditions

The statistical system is stable when it is in the state of the absolute minimum of the
thermodynamic potential, which in the present case is the free energy. The system is in the
mixed state, provided the free energy (62) corresponds to a minimum with respect to the
variables w1, s1, and s2. The variable w2 is expressed through the relation w2 = 1 � w1. For
convenience, it is possible to use the notation

w1 � w , w2 = 1 � w (71)
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and consider only the variable w, instead of w1 and w2 connected by the normalization
condition. The conditions of the extremum are

¶F
¶s1

= 0 ,
¶F
¶s2

= 0 ,
¶F
¶w

= 0 . (72)

The �rst and second conditions give the expressions (64) and (66) for the order param-
eters s1 and s2. The third equation, due to the normalization condition, can be written as

¶F
¶w1

=
¶F
¶w2

.

Using the derivative

¶F
¶w f

= w f

�
u �

1
2

gf s
2
f

�
�

1
2

hsf

results in the probability of the ferromagnetic component

w =
2u + h(s1 � s2)

4u � s2
1

. (73)

The extremum is a minimum provided the principal minors of the Hessian matrix are
positive. The Hessian matrix is expressed through the second derivatives

¶2Ff

¶w2
f

= u �
1
2

gf s
2
f �

1 � s2
f

4T

�
h + 2w f gf sf

� 2
,

¶2Ff

¶w f ¶sf
= �

1 � s2
f

4T
w2

f gf

�
h + 2w f gf sf

�
,

¶2Ff

¶s2
f

=
1
2

w2
f gf

 

1 �
1 � s2

f

4T
w2

f gf

!

.

For the considered system, we have

¶2F
¶w2 = 2u �

1
2

s2
1 �

1 � s2
1

4T
(h + 2ws1)2 �

1 � s2
2

4T
h2 ,

¶2F
¶w¶s1

= �
1 � s2

1
4T

w2 (h + 2ws1) ,

¶2F
¶w¶s2

=
¶2F

¶s1¶s2
=

¶2F
¶s2

2
= 0 ,

¶2F
¶s2

1

=
1
2

w2

 

1 �
1 � s2

1
2T

w2

!

.

The minimum of the free energy implies the stability conditions that for the present
case become

¶2F
¶w2 > 0 ,

¶2F
¶s2

1

> 0 ,

¶2F
¶w2

¶2F
¶s2

1

�
�

¶2F
¶w¶s1

� 2

> 0 . (74)

We need to solve the system of equations for the order parameter s1, given
in (64) and satisfying condition (55), for the order parameter s2, given in (66) and sat-
isfying condition (56), and for the probability of ferromagnetic phase w, de�ned in (73) and
satisfying conditions (28). If there occur several solutions, it is necessary to choose the solu-
tion that corresponds to the minimal free energy and satis�es the stability conditions (74).
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Furthermore, it is necessary to choose the state with the minimal free energy between
the free energy F of the mixture, free energy Ff er of the pure ferromagnetic phase

Ff er =
1
2

�
u +

1
2

s2
f er

�
� T ln

�
2 cosh

�
h + sf er

2T

��
, (75)

with the order parameter

sf er = tanh
�

h + sf er

2T

�
, (76)

and the free energy of the pure paramagnetic phase

Fpar =
1
2

u � T ln
�
2 cosh

�
h

2T

��
, (77)

with the order parameter

spar = tanh
�

h
2T

�
. (78)

8. Results and Discussion

We have derived the model of a mixed system describing the coexistence of different
phases when at least one of the phases represents nanoscale regions of a competing phase
inside a host phase. The spatial distribution of the phases is random. This picture is often
termed nanoscale phase separation. As a concrete example, we have studied the mixture
of ferromagnetic and paramagnetic phases, modeling a ferromagnet with paramagnetic
�uctuations. The choice of this example is dictated by the fact that spin models serve as
typical illustrations of phase transitions of different nature.

After averaging over phase con�gurations, we obtain a renormalized Hamiltonian,
taking into account the coexistence of mesoscopic phases. In the resulting effective picture,
thermodynamic potentials are represented as the sums of replicas characterizing different
phases. This, however, is not a simple sum of the terms corresponding to pure phases, as
in the case of the Gibbs macroscopic mixture, where, for instance, free energy is a linear
combination, in our case

FG = w1Ff er + w2Fpar . (79)

The separation of phases is connected with the existence of surface free energy. The
latter is not a microscopic notion and is not de�ned at the level of operators and microscopic
states. The surface free energy is a thermodynamic notion de�ned by the difference
between the actual free energy of the system and the free energy of the Gibbs macroscopic
mixture [81–83]. That is, the surface free energy is de�ned by the difference

Fsur = F � FG . (80)

In our case, this is
Fsur = F1 + F2 � w1Ff er � w2Fpar . (81)

Contrary to a pure phase needing a one-order parameter (that can be a vector or a
tensor), the mixed state requires, for its correct description, a larger number of parameters.
Thus, compared to the pure ferromagnetic phase, described by a single order parameter sf er,
the mixed ferromagnetic–paramagnetic state needs three parameters: the order parameter
(reduced magnetization) of the ferromagnetic component, s1, the order parameter (reduced
magnetization) of the paramagnetic component, s2, and the probability of one of the phases,
say w, with the probability of the other phase given by 1 � w.

In Figures 1–8, we present the results of the numerical investigation for different
parameters u and h. Only stable solutions are shown. The absence ofF in a �gure implies
that F is unstable. Depending on the values of the parameters, there can exist two types
of behavior.
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(i) At low temperatures, the system is a pure ferromagnet described by the free energy
Ff er and the order parameter sf er � s1, with w � 1. When increasing temperature,
Ff er gradually approaches Fpar corresponding to a paramagnet. The order parameter
sf er � s1 has the form typical of the ferromagnetic magnetization. This behavior, for
instance, happens for u < 0.25 and all h > 0.

(ii) For u > 0.25, at low temperatures, below the nucleation temperature Tn, the system
is a pure ferromagnet, with the free energy Ff er, the order parameter sf er � s1, and
w � 1. At the nucleation temperature Tn, there appears a solution for the mixed
state with the free energy F and the order parameters s1 and s2. The free energy F is
lower than Ff er, but does not intersect it so that the nucleation is to be classi�ed as a
zeroth-order transition.
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Figure 1. Free energies of the mixed state,F (solid line), ferromagnetic state, Ff er (dash–dotted line), and of the paramagnetic
state, Fpar (dashed line), for u = 0.3 and different magnetic �elds: ( a) h = 0.1; (b) h = 0.5.
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Figure 2. Order parameters s1 (a), s2 (b), and w as functions of dimensionless temperature T (c), for u = 0.3 and different
�elds: (1) h = 0.01; (2)h = 0.1; (3)h = 0.2; (4)h = 0.3; (5)h = 0.5; (6)h = 1. The corresponding nucleation temperatures are:
(1) Tn = 0.15; (2)Tn = 0.24; (3)Tn = 0.34; (4)Tn = 0.44; (5)Tn = 0.66; (6)Tn = 1.42.
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Figure 3. Free energies of the mixed state,F (solid line), ferromagnetic state, Ff er (dash-dotted line), and of the paramagnetic
state, Fpar (dashed line), for u = 0.6 and different magnetic �elds: ( a) h = 0.1; (b) h = 0.5.
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Figure 4. Order parameters s1 (a), s2 (b), and w as functions of dimensionless temperature T (c), for u = 0.6 and different
�elds: (1) h = 0.01; (2)h = 0.1; (3)h = 0.2; (4)h = 0.3; (5)h = 0.5; (6)h = 1. The corresponding nucleation temperatures are:
(1) Tn = 0.14; (2)Tn = 0.20; (3)Tn = 0.26; (4)Tn = 0.33; (5)Tn = 0.46; (6)Tn = 0.89.
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Figure 5. Free energies of the mixed state,F (solid line), ferromagnetic state, Ff er (dash–dotted line), and of the paramagnetic
state, Fpar (dashed line), for u = 0.8 and different magnetic �elds: ( a) h = 0.3; (b) h = 1. For h = 0.3, the mixed state is not
stable. For h = 1, the zeroth-order nucleation transition occurs at the nucleation temperature Tn = 0.72.
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Figure 6. Order parameters s1, s2, and w as functions of dimensionless temperature T, for u = 0.8 and different �elds:
(a) h = 0.1 (solid line), h = 0.2 (dashed line);h = 0.3 (dash–dotted line); h = 0.5 (dotted line); (b) h = 0.01;h = 1; h = 2. The
corresponding nucleation temperatures are Tn = 0.14,Tn = 0.72, andTn = 1.77; (c) h = 0.01;h = 1; h = 2; (d) h = 0.01;
h = 1; h = 2.

In this way, the nucleation transition is the transition of a system from a pure phase
into a mixed phase. In the considered case, this is the transition between the pure fer-
romagnetic phase and a mixed state, where ferromagnetic regions start coexisting with
paramagnetic �uctuations.

As follows from the �gures, the zeroth-order nucleation transition is accompanied by
the abrupt appearance inside the ferromagnetic phase of a �nite concentration of nanoscale
paramagnetic regions. Hence, when the concentration of the paramagnetic admixture
does not continuously grow from zero but increases by a jump, this suggests the possible
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occurrence of a zeroth-order nucleation transition. The appearance of paramagnetic regions
can be noticed by means of Mössbauer experiments.
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Figure 7. Free energies of the mixed state,F (solid line), ferromagnetic state, Ff er (dash–dotted line), and of the paramagnetic
state, Fpar (dashed line), for u = 1.5 and different magnetic �elds: ( a) h = 1; (b) h = 5. For h = 1, the mixed state is not
stable. For h = 5, the zeroth-order nucleation transition occurs at the nucleation temperature Tn = 4.55.

0 2 4 6 8 10T
0

0.2

0.4

0.6

0.8

1

s
1

1

2

3

4

5
6

(a)

0 2 4 6 8 10T
0

0.05

0.1

0.15

0.2

s
2 (b)

5 6

0 2 4 6 8 10T
0.5

0.6

0.7

0.8

0.9

1

w
(c)5 6

Figure 8. Order parameters s1 (a), s2 (b), and w as functions of dimensionless temperature T (c), for u = 1.5 and different
�elds: (1) h = 0.01; (2)h = 0.5; (3)h = 1; (4)h = 2; (5)h = 5; (6)h = 6. The nucleation temperatures are Tn = 4.55 for h = 5
and Tn = 6.4 for h = 6.

We show, numerically, that the nucleation transition can be of zeroth order. From one
side, this could be a consequence of approximations involved in the process of calculations.
From the other side, strictly speaking, nucleation is not a typical phase transition, because
of which, it is not compulsorily required to be classi�ed as either �rst or second order.
Although, as is discussed in the Introduction, there are works showing that even classical
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phase transitions could be of zeroth order. Even more so is allowed for such a non-classical
transition as a nucleation transition.
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used, such as the wavelet based multifractal analysis [19], the root mean square method [20],
the variogram method [ 21], the structure function method [ 22] or the variation method [ 23].

However, for macroscopic volumes consisting of a large number of randomly dis-
tributed surfaces/interfaces, such real-space methods are not appropriate since the under-
lying microscopy techniques may introduce artefacts in sample preparation and can be
used to provide only information for small surface areas. To overcome this issue, one can
describe the average of the correlations among atoms positions by using an appropriate
statistical or ensemble average of the electron density distribution within the particle [ 24].

In this paper, small-angle scattering (SAS) technique is used to estimate the overall
shape, size and fractal dimension of 2D disordered fBs. This involves an analysis of scat-
tering intensity I (q) and its Fourier transform and the pair distance distribution function
(pddf; p(r)). Depending on the parameters sought, either I (q) or p(r) may be more conve-
nient for detailed analysis [ 25]. While symmetry and self-similarity characteristics provide
more pronounced effects in the reciprocal space, the determination of the shape and size
is more intuitive by using p(r). As such, in this work, the advantages provided by both
analyses are exploited.

In order to illustrate the general applicability of employi ng SAS technique in reveal-
ing structural properties of naturally occuring (i.e., sta tistically self-similar/affine) fractal
surfaces/interfaces, in this work, several classes of fBs observed on a regular grid are inves-
tigated. It is shown that the obtained fractal dimensions provide values for the Hurst and
spectral exponents in very good agreement with theoretical ones. The main steps on how
I (q) (and p(r)) can be employed to differentiate between various fBs are described in detail,
and similarities with SAS from exact self-similar surface fractals [26–28] are highlighted.

2. Theoretical Background

SASs of X-rays (SAXS) or neutrons (SANS) are experimental techniques used for
the investigation of structures with dimensions from 1 nm up to several hundreds of
nanometers [29]. In the case of SAXS, the incoming wave induce dipole oscillations
in the atoms, and the electrons are excited due to the high energy of X-rays. In turn,
the accelerated charges generate secondary waves, which then add up at large distances
and provide the scattering amplitude. This is related to the electron density distribution of
the scattering object by a Fourier transform. However, in a scattering experiment, due to
the high frequency, only the square of the amplitudes (scattering intensities) are recorded
as a function of the scattering angle [30].

In SANS, neutrons interact with the nuclei of the atoms and with unpaired electrons,
and they are sensitive to the isotopic composition of the sample. Neutrons can be used as a
magnetic probe (since they posses a magnetic moment), and this allows us to investigate
bulk properties of matter (due to their weak interaction with matter) [ 30]. In contrast
to SAXS, where scattering amplitudes increase regularly with atomic number, in SANS,
neutron-coherent amplitudes vary irregularly and are related by a Fourier transform to the
scattering length density distribution [31].

Therefore, SAXS and SANS have their own advantages depending on the sample
investigated. In particular, SANS is often used in combination with contrast-variation
to probe the structure of multicomponent macromolecular complexes. In the following,
the theoretical background is focused on SAXS but it applies to SANS as well when electron
density is replaced by a scattering length density distribution.

2.1. Small-Angle Scattering Technique

In SAS, the differential elastic cross-section per unit angle, i.e., the scattering inten-
sity, is obtained as the product between the scattering amplitude A(q) of the irradiated
volume and its complex conjugate A(q) � . Here, q is the scattering vector with length
q = 4pl � 1 sin q, l is the radiation wavelength and 2 q is the scattering angle. Furthermore,
one considers a scattering process that involves a two-phase system consisting of a large
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number of disordered particles with rough surfaces described by fBs (see below) embedded
in a homogeneous matrix/solution.

Let us denote r (r) as the electron density for a particle of volume V in a �xed ori-
entation, i.e., the number of electrons per unit volume at position r. Then, the scattered
amplitude can be written as follows: A(q) =

R R R
r (r) exp(� iq � r)dV, where dV is a

small volume element situated at position r and which contains r (r)dV electrons. Therefore,
the scattering intensity becomes the following [30]:

I (q) � A(q)A(q) � =
Z Z Z

er 2(r) exp(� iq � r)dV, (1)

where er 2(r) =
R R R

r (r1)r (r1 � r)dV is the convolution square [30,32].
In order to take into account the contribution of the matrix/solvent, the electron

density in Equation (1) shall be replaced by the difference between electron densities of
the particle and that of the matrix/solvent ( r 0), i.e., by Dr = r � r 0. This is also known in
the literature as the contrast. The random orientations of the particles over orientations are
taken into account such that hexp(� iqr)i = sin qr/ qr. This results in the following [30]:

I (q) = 4p
Z ¥

0
p(r)

sin qr
qr

dr, (2)

where p(r) = r2Der 2(r) is the pair distance distribution function (pddf) and provides
the number of different electron pairs found in the range (r, r + dr) within the particle.
Geometrically, p(r) is the distance histogram of the particle and has the property that
p(r) = 0 at r = 0 and at r > Dmax, where Dmax is the maximum dimension of the particle.
For a �nite number N of point-like scatterers, Equation (2) can be approximated by the
following [33]:

I (q) = N + 2
Nbin

å
i

p(r i )
sin qri

qri
, (3)

where Nbin is the number of bins, and p(r i ) is the population at pair distance r i . This ap-
proach brings an important computational advantage since it can handle systems consisting
of a large number of scatterers in reasonable timescales [33].

2.2. Small-Angle Scattering from Fractal Surfaces

Within the class of fractal surfaces, one distinguishes three main subclasses of fractals.
Figure 1 provides a schematic illustration for 2D case for each subclass. The �rst subclass
(Figure 1 left) consists of a dense object with a fractal surface. The corresponding fractal
dimension of the mass is Dm = 2, the fractal dimension of the surface is 1 < Ds < 2 and the
fractal dimension of the pores (i.e., the surrounding) is Dp = 2 as for the mass. When
Ds ! 1, the surface is perfectly smooth, while for Ds ! 2, the surface is so folded that it
almost completely �lls the plane. They are known in the literature as surface fractals. Such
surfaces are speci�c to erosion surfaces (materials or mountains), chemically dissolved
surfaces, thin �lms, corrosion surfaces, fractures, etc. [34].

The second subclass (Figure 1 middle) is a fractal resembling a branched cluster
or network and for which its surface is also a fractal. For this con�guration, we have
Dm = Ds < 2 and Dp = 2. The higher the value of Dm , the more close the structure is,
while for Dm ! 1, the object becomes a line. They are known as mass fractals, and they are
speci�c to polymer chains or various types of aggregates (carbon, soils, etc.).

The third class (Figure 1 right) is also a dense object but within which there exists a
distribution of pores or holes with a fractal structure. This is called a pore fractal, and it has
the properties that Dm = 2 and Ds = Dp < 2. The higher the value of Dp , the more porous
the structure becomes. As the name implies, they are speci�c to various porous structures,
such as carbon nanopores, bituminous coals, etc.
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Figure 1. Schematic representation of the three main classes of fractals that can be described in a SAS experiment.
(Left ) Surface fractal (Dm = Dp = d and Ds < d). (Middle ) Mass fractal (Ds = Dm < d and Dp = d). (Right ) Pore/volume
fractal (Ds = Dp < d and Dm = d). Here, d = 2, and it represents the Euclidean dimension of the embedding space. See
main text for details.

The fractal dimension of the fractal surface is related to the power-law behaviour of
the scattering intensity (Equations (1)–(3)) by [35,36].

I (q) µ q� a, (4)

Here, a is the scattering exponent and carries out information about the fractal dimen-
sion: a = Dm for mass fractals [37], a = 4 � Ds [38] for surface fractals and a = Dp for
pore fractals [39]. These relations allow inferring the type of fractal from SAS data: if the
measured scattering exponent of I (q) vs. q is smaller than two, then we deal with a mass
fractal, while if it is higher than two (but smaller than three), we have scattering from a
surface fractal [35,36].

2.3. Fractional Brownian Surfaces

Let us consider a two dimensional Euclidean space. A fBs VH on R2 is a function for
which its increments have a Gaussian distribution with the variance of the following [40]:

D
jVH (x) � VH (y)j2

E
µ jx � y j2H , (5)

where h� � � i denotes an ensemble average over many samples ofVH , 0 < H < 1 is a
parameter known as a Hurst exponent and x, y 2 R2. The parameter H controls the
roughness of the surface: the larger its value, the smoother the surface. It is related,
together with the spectral exponent b (1 < b < 3), to the fractal dimension of the surface
by the following [40].

D = 3 � H = 2 +
3 � b

2
. (6)

Here, b is useful for the determination of the spectral density or the two point autocor-
relation function of VH , which provides information about the correlations in the surface in
turn.

3. Methodology for Generating the Fractional Brownian Surfaces and for Calculating
the Pair Distance Distribution Function

In the present paper, fractional Brownian surfaces (fBss) are generated at different
values of H (and implicitly of b) based on Equation (5) and by using the Fourier �ltering
method suggested in Reference [41] (Figure 2). The obtained surfaces are discretized on a
rectangular grid and are recorded as elevation data relative to a plane at z = 0 (Figure 3).
The smallest distance between grid points is denoted by lmin . The length of the surface in
either x or y direction is denoted by a (Figure 3). In this approach, the resulting structure
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is a point-like distribution similar to the one shown in the middle of Figure 1 but with
“branches” not limited to a single plane. Instead, they are con�ned into a limited range
zmin < z < zmax, where zmin is the lowest elevation point, and zmax is the highest one (see
Figure 3, middle). Therefore, the model considers the space between the elevation planes
(through the heights of each point relative to the z = 0 plane), and fBs divides this space
into two non-fractal regions. This is similar to the division of the plane into two non-fractal
regions by the boundary of the disk in Figure 1 (Left). This separation gives rise to surface
fractals, and the parameter D in Equation (6) is related the surface fractal dimension Ds

described in Section 2.2. Note that although the resulting structure is embedded in the 3D
Euclidean space, the self-similarity properties are manifested only along two directions ( x
and y).

Figure 2. Fractional Brownian surfaces on a square grid with dimensions x = y at various values of Hurst exponent H.
(a–c) 3D representation. (d–f ) Density plot. ( a,d,g) H = 0.9. (b,e,h) H = 0.6. (c,f ,i ) H = 0.3. The peaks and bottoms are
represented by light and dark regions along Oz-axis, respectively. ( g–i ) are the same as (d–f ) but are represented in a single
color for better visualization of the variation of density plot roughness. ( a) x _ y = 2.31z. (b) x _ y = 1.78z. (c) x _ y = 1.19z.
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2p a/ d, where d =
p

2jzmax + zmin j/ b is a measure of the size of the cross-sectional area.
Here, zmax and zmin are given in the legends of Figure 1. However, since the dominant
contribution comes from equaldimensions x and y in this con�guration, the overall size
changes insigni�cantly. Therefore, the corresponding scattering intensities in Guinier and
I (q) µ q� 2 power-law decay are very similar. Since 2 p / d ' 35.9 here is well beyond
the investigated q-range, one expects that to observe more pronounced differences for
qa& 35.9 (see Figure 5c), which would allow revealing the fractal dimension of each fBs.
This would require more extensive hardware resources than only a desktop computer.

For class CIII fBss, the Guinier region is followed �rst by a power-law decay I (q) µ q� 1

in the range 2p . qa. 2p a/ d, where d =
p

2jzmax + zmin j is a measure of the cross-section
size. This is subsequently followed by a second power-law decay, which is similar to those
from class I fBss. The succession of these types of power-law decays is a signature of an
elongated structure with rough surfaces. Similar to the classes CI fBss, here the roughness
also increases with decreasingH and is re�ected in the value of the scattering exponent.

Note that for fractal surfaces with exact self-similarity, the power-law decay corre-
sponding to the fractal region has an exponent equal to the fractal dimension of the surface.
However, the simple power-law decay observed here is replaced by a succession of maxima
and minima superimposed on a simple power-law decay. For such systems, the periodicity
and number of these minima can be used to extract additional structural information such
as the fractal iteration number or the value of the scaling factor [26–28].

5. Conclusions

The main structural properties of fBss at nano-scales and micro-scales are studied in
both real and reciprocal space by exploiting the behaviour of pddfs and, respectively, of the
associated small-angle scattering intensities.

The proposed approach allows us to reveal the dependence of fractal dimension
and the overall size and shape of fBss on the Hurst (and implicitly, spectral) exponent.
The obtained values of these structural parameters (obtained from analysis of data in
Figures 4 and 5)are in a good agreement with the simulated ones (obtained from analysis
of Figure 1). In particular, the simulated fractal dimensions resulting from the slope of SAS
intensity at high q regions (see Figure 5) are in very good agreement with theoretical ones
(given by Equation (6)).

It is shown how the SAS technique can distinguish between fBss embedded in Eu-
clidean dimensions of different dimensionalities. The distinction is based on the presence
(for �at-like and rod-like fBss) or absence (for globular-like fBss) of a succession of two
power law-decays with different scattering exponents. The scattering exponent a of the �rst
power-law is an integer re�ecting the Euclidean dimensionality ( a = 1 for 1D and a = 2 for
2D), while the scattering exponent for the second power-law is a = 3 � H, re�ecting the
fractal dimension. For both power-law regions, their lower bounds allow us to determine
the overall size and, respectively the cross-section size of fBs, as described in Section 4.2
Scattering intensities. Therefore, such a succession allows a structural characterization of
fBss at various scales.

The results shown here could be a starting point for a multi-scale analysis of more
complex structures involving fBss, such as mass fractals (see Figure 1 Middle) in which the
branches themselves are rod-like fBss. In this case, one should expect that the �rst power-
law decay will be replaced by a decay of the type I (q) µ q� Dm , where Dm is the fractal
dimension of the mass fractal. Other complex geometries can be modeled by considering
that the fBss form a closed surface over a domain with a given shape (i.e., ball, ellipsoid,
torus, etc.).
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exponent of the power law depends on the mechanism behind the turbulence, and different
theoretical models predict exponents to be close together. Unfortunately, experiments do
not have the necessary precision to distinguish between them. Hence, strategies other
than the power law identi�cation have been employed to identify and characterize QT.
Energy and particle �uxes have been used in simulations [ 8,9] and experiments [ 10,11] to
overcome some of these dif�culties. Since turbulence and disorder are intimately related,
an approach based on the entropy of turbulent BECs has also been successfully applied [12]
as an alternative method to investigate and characterize quantum turbulence.

A typical scale used to study turbulence in liquid helium is the vortex line density. Its
time dependence provides evidence of the mechanism behind the turbulent regime [ 13]. In
some 4He experiments, where visualization techniques are well-developed, the geometry
and interactions of vortices can be directly observed [ 14]. In trapped BECs, where the
range of length scales available is much smaller, the visualization techniques have not yet
reached the same level of detail.

In this work, we employed a length scale associated with the momentum distribution
n(k) to study the onset of turbulence and the turbulent state. It is inspired by the integral
length scale, which is a quantity commonly used in classical turbulence. If we assume
isotropic �ow, then the integral length scale LE can be written in terms of the incompressible
kinetic energy spectrum E(k) [13,15,16],

LE(t) µ

R¥
0 dk E(k, t)/ k
R¥

0 dk E(k, t)
. (2)

Casting Equation (2) in this form also illustrates that it is the length scale that contains
most of the energy of the system.

It is known from numerical simulations that in some cases turbulence is mainly in
the form of waves, and in sother cases mainly in the form of vortices, depending on the
excitation protocol and boundary conditions of the system. Since moving vortices radiate
waves and strong waves can create vortices, the relative proportion of waves and vortices
depends on the particular experiment. In numerical simulations, one has access to the phase
of the wave function [ 17]. Thus, the circulation can be computed to distinguish vortices
from waves. Moreover, in the simulations, one can formally identify the compressible
kinetic energy, which comes from waves, and the incompressible kinetic energy related
to vortices. Unlike in the simulations, in the experiments, we cannot separate waves and
vortices so easily.

However, with current experimental techniques, we can measure the momentum
distribution n(k) independently of its origin: waves, vortices, or a combination of both.
Hence, with Equation (2) in mind, we de�ne the following length scale,

L(t) =

R¥
0 dk n(k, t)/ k
R¥

0 dk n(k, t)
. (3)

Intuitively, L is associated with the scale where most of the particles reside. In this
work, we investigated the behavior of this quantity, and we showed that it is possible to
use it to study a turbulent BEC.

Besides the dif�culties mentioned above, there is also an experimental challenge when
studying QT in trapped BECs. The momentum distribution of the cloud is obtained using a
two-dimensional (2D) projection of the three-dimensional (3D) condensate. We employed
the inverse Abel transform, an integral transform that connects the 2D projection of an
axially or spherically symmetric function to its 3D value, to reconstruct the momentum
distribution of the three-dimensional cloud. We showed that the results for the characteristic
length scale are qualitatively the same if calculated using the two-dimensional projection.
This indicates that it is possible to study some aspects of the turbulent states using the
experimental data directly, without reconstructing the three-dimensional cloud.
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to obtain the 3D momentum distribution from its two-dimensional projection. It is an
integral transform given by

n3D(k, t) = �
1
p

Z ¥

k

dn2D(k0, t)
dk0

dk0
p

k02 � k2
. (5)

We normalized the distributions according to

4p
Z

dk k2 n3D(k, t) = 1. (6)

The signature of a particle cascade is a power law, n(k) µ k� d. Equations (4) and (6),
together with dimensional analysis, suggest that if we observe a power law both in the
two-dimensional momentum distribution, n2D(k) µ k� d2D , and in the three-dimensional
one, n3D(k) µ k� d3D , then their exponents differ by one, d3D � d2D = 1. To go beyond
simple dimension analysis, in Appendix A, we derive this relation analytically for the
case where a power law is present over the whole k-range. Although this toy-model is
nonphysical, it sheds light on how we can reconstruct the three-dimensional momentum
distribution based on symmetry arguments.

In our system, the low-momenta region of n(k) is dominated by the presence of the
condensate, which corresponds to a Gaussian distribution. We show in Appendix A that the
inverse Abel transform of a Gaussian function is also a Gaussian with the same width. This
symmetry is extremely useful because we can work with the two-dimensional projections
for quantities related to the Gaussian shape without the need for 3D reconstruction. This is
the case of the temperature, which is related to the width of the Gaussian.

All the arguments presented above indicate that the power-law exponents in an ideal
situation would be related through d3D � d2D � 1. However, the fact that we have the
power-law behavior superimposed with the condensate at the low-momenta region of the
momentum distribution alters this relation. Hence, we need to verify the exponents with
the experimental data.

A power law is simply a line in a log–log plot of the momentum distribution as
a function of k. We then look for a time window when, in a certain k-range, n(k) is
proportional to k� d, the particle cascade characteristic of a turbulent cloud. We performed
the experiment described in Section 2 employing six different excitation amplitudes. For
only the three highest ones, A = 1.8, 2.0, and 2.2m0, we observed the appearance of a
power-law, around t � 35 ms and in the region 10� m � 16 k 6 15� m � 1. We found the
exponents d2D = 3.1(1) and d3D = 3.8(2), which lead to d3D � d2D = 0.7(3). It is interesting
to see that even in our �nite-sized non-homogeneous system inside an anisotropic trap, we
still have d3D � d2D close to one.

In Figure 3, we present the time evolution of both the two- and three-dimensional
momentum distributions for an excitation amplitude of A = 1.8 m0 (which is qualitatively
the same for A = 2.0 and 2.2m0). As we wait after the external excitation has been turned off,
the distribution evolves, promoting the population from low to high momentum values, as
can be seen in Figure 3.

Some words regarding the values of the exponents we found are in order. To the best
of our knowledge, there is no theoretical work that describes all aspects of the experiments
we performed, mainly for two reasons. First, our condensate is produced in an anisotropic
trap. From the theoretical perspective, it is much easier to implement periodic boundary
conditions and describe, or simulate, bulk systems. Second, the route we take is the
inverse of most experiments. We begin with a BEC in equilibrium and then excite it,
while, for example, quench experiments usually start with a thermal gas and produce a
condensate [23,24]. However, after these considerations, we can compare the momentum
distributions and exponent we obtained with other works that share similarities with
our experiment.

One of the �rst predictions for the time evolution of the momentum distribution
describing Bose-Einstein condensation in a far-from-equilibrium system is given in Ref-
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erence [25]. The authors �nd a plateau in the lower momenta region and a power law at
higher momenta, akin to what we observe in our experiments; see Figure 3. Since then,
much progress has been made in characterizing turbulent �ows in BECs. The advances and
state of the art concerning this topic can be found in Reference [26], for example. Here, we
will discuss two references that capture the essential physical aspects of our experiment.
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Figure 3. Time evolution of the momentum distributions for an excitation amplitude of A = 1.8 m0.
We present the results obtained with both ( a) the angular average of the absorption image and (b) the
three-dimensional reconstruction of the cloud using the inverse Abel transform. In both plots, we
include the curve corresponding to the power-law behavior characteristic of the turbulent states as a
guide to the eye.

The authors of [27] address the topic of turbulence in ultracold Bose gases under the
light of the so-called non-thermal �xed points [ 28]. They consider a variety of scenarios
and analyze each region of the momentum distributions. For strong turbulence and a freely
(without external energy input or dissipation) decaying initial state, scaling arguments
lead to d3D = 5 prediction, which was con�rmed by accompanying numerical simulations.
We did not expect quantitative agreement with their results, since we have dissipation
in our system, and there are no indications that we are in the strong turbulent regime.
Nonetheless, this is one of the few references that address the decay of turbulence.

Another interesting study that allows comparison, to some extent, to our work is
presented in Reference [29]. The authors performed numerical simulations employing the
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forced-dissipated Gross–Pitaevskii equation to study Bose-Einstein condensation under
non-equilibrium conditions. They observed that the momentum distribution for the late
time dynamics, that is, after the kinetic stage is over, displays an approximately constant
value at low-momenta, in accordance with our �ndings, and a power law in a higher
momentum region with the exponent d3D = 4.4 (for some values of the nonlinear term).
This value is relatively close to what we observed in this work, d3D = 3.8(2). We should
remark that the boundary conditions in their simulations and our experiments are different
and that we are exciting a BEC while they are looking at the inverse process. However, the
agreement warrants further investigations.

4. The Characteristic Length Scale

We computed the characteristic length scale given by Equation (3) using the experi-
mental data available,

L2D(t) =

Rkd
kD

dk n2D(k, t)
Rkd

kD
dk k n2D(k, t)

= 2p
Z kd

kD

dk n2D(k, t),

L3D(t) =

Rkd
kD

dk k n3D(k, t)
Rkd

kD
dk k2 n3D(k, t)

= 4p
Z kd

kD

dk k n3D(k, t), (7)

where kD � 0.05� m � 1 and kd� 30� m � 1 are the smallest and largest wave vectors we can
measure, respectively. It is worth noting that although our de�nition relies on n(k)/ k, the
singular behavior when k ! 0 will never be reached. The lower limit of the integrals,
kD , is inversely proportional to the largest length scale of the system, which can be large
concerning other scales, but always �nite.

Using the momentum distributions obtained with different excitation amplitudes
and holding times, we can study the time evolution of the BEC, ranging from a slightly
perturbed cloud up to a turbulent state. In Figure 4, we present our results for the charac-
teristic length scale computed with both the two-dimensional projection of the cloud and
its three-dimensional reconstruction. Although they differ quantitatively, their qualitative
behavior is remarkably the same.

The L(t) value can be interpreted as the evolution of the length scale where most of
the particles are located. If we think of 1 / k as being a weight in Equation (3), then L(t) is
related to the inverse of the momentum value for which n(k)/ k is peaked. Nucleation of
excitations occurs during the excitation, whether in the form of vortices or waves. Then
the interaction of these excitations takes place, leading to different stages of deviation
from equilibrium.

For small excitation amplitudes, A = 0.8m0, the system is only slightly disturbed and
removed from equilibrium, but it does not have enough energy to reach what is considered
a disordered state. In this case, it evolves differently from the others, and the value of L is
approximately constant with time.

For intermediate perturbations, A = 1.4 and 1.6m0, there is a separation between
these results and the smallest amplitude, besides a clear dependence with time. For these
excitation amplitudes, we are in a regime best characterized as the onset of turbulence.
The characteristic length scale decreases on time, indicating the particle transfer to higher-
momenta, but slower than the higher excitation amplitudes.

In this work and previous investigations [ 12], we identi�ed the highest excitation
amplitudes with turbulent clouds, A = 1.8, 2.0, and 2.2m0. The value of L(t) at the end of
the processes seems to depend on the amplitude and, more importantly, if we deal with a
moderate perturbation, the onset of turbulence, or a state with turbulent characteristics. It
is interesting to observe that the turbulent states quickly reach lengths comparable to the
healing length ( x = 0.15(2)� m), where dissipation processes are expected to occur.
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Figure 4. Time evolution of the characteristic length scale for different excitation amplitudes com-
puted with ( a) the two-dimensional projection of the cloud and ( b) its three-dimensional reconstruc-
tion using the inverse Abel transform. Although the values computed with two-dimensional pro�les
are higher, their qualitative behavior is the same.

The behavior of the characteristic length scale can be described by an exponential decay,

L(t) = L0 exp(� t/ t0), (8)

where L0 is the extrapolation of the characteristic length scale to the instant when the
excitation was introduced, and t0 is its characteristic time.

In Figure 5, we present the values of L0 and t0 �tted to the functional form of
Equation (8) for different excitation amplitudes. We did not include the results for A = 0.8m0,
since we obtain a value of t0 � 750 ms, of the same order as the lifetime of the condensate.
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Figure 5. (a) Extrapolation of the characteristic length scale to the instant when the excitation is
turned on, L0, and (b) the characteristic time of the particle transfer, t0, as a function of the excitation
amplitude. The results were obtained �tting the data to the functional form of Equation (8). Although
the analysis employing two- or three-dimensional momentum distributions produces different values
of L0, both approaches yield the same values for the characteristic time.

Figure 5a shows that the length containing most particles of the system is approxi-
mately the same with respect to the excitation amplitudes. However, if we perform the
analysis employing the two- or three-dimensional momentum distributions, we arrive
at different values for L0. A possible reason for this is that the inverse Abel transform
slightly shifts the n(k) pro�les toward higher-momena—see Figure 3—which then implies
a smaller value of L0.

In Figure 5b, we present the characteristic time that the particle transfer takes as a
function of the excitation amplitude. It is observed that t0 decreases with amplitude, as
expected, since larger amplitudes lead to a faster formation of excitations and, therefore,
speed up the decay. It is possible to see that the results obtained in 2D and 3D are in
remarkable agreement. This opens the possibility of studying dynamical processes in 2D
without the need to reconstruct the three-dimensional cloud, depending on the quantity
of interest.

5. Discussion and Final Remarks

In this work, we de�ned and computed a characteristic length scale related to the
momentum distribution of a trapped BEC, which allowed us to identify distinct out-of-
equilibrium stages: a slightly perturbed cloud, the onset of turbulence, and the turbulent
state. This quantity complements the formal analysis of identifying a power-law in the
momentum distribution as a hallmark of turbulence.

We also focused our efforts on calculating this characteristic length scale using both
two- and three-dimensional momentum distributions. The former is obtained straightfor-
wardly from the experimental data, and the latter is reconstructed based on the symmetry
of the cloud. From a technical point of view, it is preferable to work only with the two-
dimensional distributions, since no assumptions about the symmetry of the cloud have
to be made. Although the length scales are affected by the inverse Abel transform, which
shifts the momentum distributions to higher momenta, the qualitative behavior calculated
in 2D and 3D is remarkably similar. The excellent agreement in the characteristic time of
the particle transfer indicates that the two-dimensional analysis may be appropriate to
investigate dynamical aspects of these systems.

One important remark is that isotropy is assumed through Equation (3) only for the
kinetically dominated regions in Fourier space. Such an assumption can be made even
for inhomogeneous cigar-shaped clouds. This is because such large-scale inhomogeneities
affect only regions in Fourier space up to the order of k � 2p / Lmin , where Lmin is the
smaller linear size of the cigar-shaped cloud. In a previous work [ 11], we studied the
impact of anisotropy in the energy transfer during the evolution of turbulence in a trapped
BEC. Like the integral length scale, the energy �ux can also be computed from the kinetic
energy spectrum. We found that the turbulent state can be identi�ed and characterized
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in terms of the energy �ux regardless of whether we employ the whole cloud or just a
region close to the major axis of the expanded cloud. We should note that the axial trapping
frequencies of this work and of Reference [11] are very close; however, in this work, we
employ a radial trapping frequency that is � 0.7 smaller than the one used in Reference [11].
Thus, the BECs in this work are much less elongated and closer to a spherical shape than
the ones in Reference [11]. Therefore the range of validity for Equation (3) is even larger
than in previous works.

In future works, we intend to vary the excitation protocol to investigate the changes
in the characteristic length. Since there is a compromise between the excitation amplitude
and time [ 18], it may prove insightful to investigate situations where the same amount of
energy is introduced in the system but varying the time it takes to be injected from very
slow inputs up to abrupt changes.
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Abbreviations

The following abbreviations are used in this manuscript:

QT Quantum turbulence
BEC Bose-Einstein condensate
QUIC Quadrupole–Ioffe con�guration
ToF Time-of-�ight

Appendix A. The Abel Transform

We used the inverse Abel transform to reconstruct a three-dimensional momentum
distribution from its two-dimensional projection in the main text. It is insightful to take the
inverse route to see what the two-dimensional projection is of a known three-dimensional
n3D(k). In this appendix, we considered two relevant cases for our physical system that
possess analytical solutions.

The Abel transform is given by

n2D(k) = 2
Z ¥

k
dk0n3D(k0)k0

p
k02 � k2

. (A1)
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The �rst case we considered is a Gaussian normalized according to Equation (6),

nG;3D(k) =

p
2

p
ps 3

e� k2/ (2s2) . (A2)

Using Equation (A1), the normalized two-dimensional projection is

nG;2D(k) =
1
s2 e� k2/ (2s2) . (A3)

Hence, the Abel transform of a Gaussian is a Gaussian of the same width. This is very
convenient in the case of the temperature of the cloud, for example, since it is estimated
through the width of the Gaussian pro�le of the momentum distribution.

The second case we considered is a power-law with exponent d3D,

nP;3D(k) = Ak� d3D , (A4)

with A constant. The standard normalization procedure, Equation (6), is going to fail
because this momentum distribution is not valid in the entire domain. In reality, the
power-law would be observed over a certain k-range, ki 6 k 6 k f with ki 6= 0. How-
ever, this simpli�ed example will have an interesting result as we will see. The Abel
transformation yields

nP;2D(k) =

p
p G

�
d3D� 1

2

�

G
�

d3D
2

� Ak� (d3D� 1) � A0k� d2D , (A5)

where Gis the gamma function, A0 is another constant, and d2D = d3D � 1. The conclusion
is that the bidimensional projection of a power-law with an exponent of d3D in three
dimensions is also a power-law, but with the exponent increased by one.

Clearly, the momentum distributions we presented in the main text cannot be fully
described by these two simple examples. However, they provide indications of the expected
behavior of the projection procedure.
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is chosen, which describes the generic features of a class of quantum systems. The class
is characterized by the invariance of the random ensemble with respect to symmetry
transformations. These are typically orthogonal, unitary or symplectic transformations.
Another application of RMT has been recently proposed for the description of random
measurements. It is based on Dyson's circular matrix ensemble [3,6,8,9]), which represents
random unitary matrices and has been used as a tool to determine the trace of powers of
the density matrix and the related Rényi entropy [10–14].

In contrast to these RMT approaches, we consider in the following a dynamical
approach in which only the time of a measurement is random, whereas the energy levels
f Ejg of the Hamiltonian H and the overlaps hEj jY0i , hEj jY i of the energy eigenstates
fj Ej ig with a given initial state jY0i and a measured statejY i are not random. This leads
to the time correlation matrix (TCM) as the central tool for the de�nition of the statistical
model, instead of the random ensemble of Hamiltonians in RMT. We employ this approach,
which was previously described in [ 15] to analyze the evolution of the return and transition
probabilities. In more concrete terms, for a given time tk we evaluate (in a calculation or in
a real experiment) the probability pk that the system is in a certain state. Then we evaluate
the probabilities f p1, p2, ...g at different discrete and randomly chosen times f t1, t2, ...g.
This can be translated into practical observations, for which it was assumed that each
experiment was prepared in the same initial state and all measurements were performed
for the same �nal state of the evolution at different times. These experiments provide an
ensemble of probabilities f p1, p2, ...g with the corresponding times f t1, t2, ...g.

For given overlaps hEj jY0i , hEj jY i we can immediately predict some restrictions
for the evolution of the probability pk in the N-dimensional Hilbert space. When the
overlaps vanish for some of the eigenstates jEn i , the evolution cannot reach those states
and the accessible Hilbert space is restricted to the statesjEj i with j 6= n. This reduction
of the Hilbert space can be interpreted as Hilbert-space localization [ 16] or Hilbert-space
fragmentation [ 17]. This effect can be associated with spontaneous symmetry breaking,
induced by the choice of the initial and measured states. In the case that the overlaps with
some states are not strictly zero but very small, the access to those states may be negligible
and can be ignored. This corresponds to complex dynamical behavior and requires a
careful analysis. It is addressed brie�y for the example of a bosonic Josephson junction in
Section 3, where the mirror symmetry of the junction is spontaneously broken.

This paper is organized as follows. After the de�nition of the TCM in Section 2 we
focus on the properties of its diagonal elements (Section 2.1). Then the effect of spectral
degeneracies on the diagonal TCM elements are discussed in Section 2.2. In Section 3, we
analyze the diagonal TCM elements in the speci�c example of a bosonic Josephson junction.

2. Time Correlation Matrix

We consider the transition amplitude from jY0i to jY i

uk = hY je� iHt k jY0i , (1)

which is based on the unitary evolution with the Hamiltonian H from the initial state jY0i .
The probability of measuring the state jy i at time tk is given by jhY je� iHt k jY0ij 2. In other
words, pk = jukj2 is the probability of �nding the quantum system in the state jY i after the
unitary evolution from the initial state jY0i over the time tk. Since the evolution is de�ned
by the Hamiltonian H, we consider its eigenstates fj Ej ig j= 1,...,N and its corresponding
eigenvalues f Ejgj= 1,...,N and write the amplitude in spectral representation as

uk =
N

å
j= 1

hY jEj ihEj jY0i e� iEj tk �
N

å
j= 1

qje
� iEj tk . (2)
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Although the phases are not directly experimentally observable, their effects can be
detected through the interference of different quantum states. For instance, the product of
amplitudes at different times with probabilities of interfering amplitudes reads

u�
kuk0 + u�

k0uk = 1
2

�
juk + uk0j2 � j uk � uk0j2

�
,

i(u�
kuk0 � u�

k0uk) = 1
2

�
juk + iuk0j2 � j uk � iuk0j2

�
,

(3)

where the probabilities can be detected in interferometric measurements. These relations
suggest considering the correlation of the amplitudes uk and uk0 at different times through
the TCM hu�

kuk0i t , where the average h...i t is taken from the distribution of times f tkg
as a result of inaccurate clocks: The time is measured by a clock in each laboratory by
counting time steps f t ng. These clocks have a limited accuracy, such that the time steps
vary randomly. This implies a sequence of measurements in each laboratory, where the
clocks indicate k time steps and a total evolution time tk = t 1 + � � � + t k for different values
of k. Now we can compare the measured sequences of different laboratories. This provides
a distribution of results for u�

kuk0 due to different inaccurate clocks, where we assume that
the �uctuations of the time steps f t ng are independently and equally distributed. Then the
TCM is, as a spectral representation,

hu�
kuk0i t = å

j,j0
q�

j qj0heiEj (t 1+ ���+ t k)e� iEj0(t 1+ ���+ t k0) i t (4)

= å
j,j0

q�
j qj0

8
>><

>>:

hei(Ej � Ej0)( t 1+ ���+ t k) i t he� iEj0(t k+ 1+ ���+ t k0) i t k0 > k

hei(Ej � Ej0)( t 1+ ���+ t k0) i t heiEj0(t k0+ 1+ ���+ t k) i t k0 < k

hei(Ej � Ej0)( t 1+ ���+ t k) i t k0 = k

. (5)

When l j = heiEj t i t and l jj 0 = hei(Ej � Ej0)t i t the TCM elements become

hu�
kuk0i t = å

j,j0
q�

j qj0

(
l k

jj 0l k0� k
j0 k0 � k

l k0

jj 0l �
j

k� k0
k0 < k

. (6)

The TCM decays exponentially with jk � k0j, provided that j l j j < 1. Moreover, for
�xed jk � k0j the TCM is constant for the diagonal elements l jj = 1. This re�ects the fact
that a unitary evolution between the same energy eigenstates gives just a phase factor
e� iEj t (cf. Equation (2)). For different energy states, on the other hand, these phase factors
lead to a decay due to interference effects after the time average.

2.1. Diagonal Elements of the TCM

The diagonal TCM element hjukj2i t is the probability of measuring the state jY i at
time tk. Before time averaging, the expression jukj2 is a diagonal element of the density
matrix r (tk) with respect to the state jY i . The trace of jukj2 with respect to all states jY i of
the underlying Hilbert space is the spectral form factor, often used for the characterization
of many-body quantum chaos [ 18–20]. We only mention this, but do not study it here.
In comparison with the spectral form factor, the diagonal elements of the TCM refer to
a speci�c measured state and to the time index k of the measurement. Thus, hjukj2i t

might be useful when we analyze a large set of experimental data for a speci�c state at
different times.

According to Equation (6) the average transition probability hjukj2i t reads

hjukj
2i t = PN +

N

å
j,j0= 1;j06= j

q�
j qj0l

k
jj 0 , PN =

N

å
j= 1

jqj j
2 . (7)
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The term PN describes the recurrent behavior, which does not depend on time. It is
the asymptotic transition probability for k ! ¥

PN = lim
k! ¥

hjukj
2i t , (8)

provided that the energy levels are not degenerated. The case of degenerate energy levels
is discussed in the next section. The second term in Equation (7) decays exponentially with
time due to j l jj 0j < 1, and only this term describes a change of the transition probability
during the evolution of the quantum system. This result provides a separation of the
diagonal elements of the TCM into a static recurrent term PN and a dynamic term that
decays quickly.

The recurrent term PN provides important information regarding the properties of the
quantum system. Since jqj j2 = jhY jEj ij 2jhY0jEj ij 2 is a product of the overlaps between the
energy eigenstate jEj i with the initial state and with the measured state, it is a measure
of how much this energy eigenstate contributes to the transition jY0i ! j Y i during
the unitary evolution. This can be used, for instance, to describe localization with the
asymptotic behavior of the return probability to the initial state jY0i ! j Y0i : With the
dimensionality N of the underlying Hilbert space, we get localization when lim N ! ¥ PN >
0, whereas the absence of localization is characterized bylim N ! ¥ PN = 0 [16]. This can be
understood by noting that the normalization of quantum states implies å N

j= 1 jhY0jEj ij 2 = 1,
and that for a localized state, only a few energy eigenstates have nonzero overlaps with
jY0i . For a delocalized state, on the other hand, the overlaps are nonzero for a number
of order N of energy eigenstates. A special case is when all these overlaps are equal. In
that case we havejhY0jEj ij 2 = 1/ N due to the normalization, which implies PN = 1/ N.
Anderson localization is associated with a random Hamiltonian [ 21]. According to the
above described picture, we can also consider Hilbert-space localization for a deterministic
Hamiltonian, which depends strongly on the initial state. For an energy eigenstate, the
system will always remain in the latter under unitary evolution. More generally, if the
initial state is a superposition of m energy eigenstates, the system will always remain
inside the m–dimensional Hilbert space, spanned by these energy eigenstates. In the
case, where the initial state is the eigenstate of H0 of the Hamiltonian H = H0 + hH1.
h is a small parameter. hH1 is a small perturbation. In that case, it is possible that this
perturbation provides an exponentially decaying evolution away the initial state. This
would be considered as exponential Hilbert-space localization.

In the subsequent discussion we focus on the diagonal elements of the TCM, since the
off-diagonal TCM elements decay exponentially with jk � k0j according to Equation (6).

2.2. Effect of Spectral Degeneracies

Assuming that there is a spectral degeneracy E1 = E2, we have l 12 = l 21 = 1, and
the diagonal TCM elements in Equation (7) read in this case

hjukj
2i t =

N

å
j,j0= 1

q�
j qj0l

k
jj 0 = PN + q�

1q2 + q�
2q1 +

N

å
j,j0= 1;j06= j;( j,j0)6=( 1,2),(2,1)

q�
j qj0l

k
jj 0 , (9)

such that the recurrent part of the transition probability becomes

lim
k! ¥

hjukj
2i t = PN + q�

1q2 + q�
2q1 = jq1 + q2j2 +

N

å
j= 3

jqj j
2 . (10)

Thus, the effect of a spectral degeneracy is a change of the recurrent and the decaying
behavior, where the recurrent term changes by jq1 + q2j2 � j q1j2 � j q2j2. This means that
the diagonal elements of the TCM are very sensitive in terms of spectral degeneracies.
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After applying a discrete Fourier transformation to the decaying part of hjukj2i t , we
obtain the function

Ũd(eiw) = å
k� 1

eiwk
N
å

j,j0= 1;k06= k;( j,j0)6=( 1,2),(2,1)
q�

j qj0l
k
jj 0

=
N
å

j,j0= 1;j06= j;( j,j0)6=( 1,2),(2,1)
q�

j qj0
l jj0

e� iw � l jj0
,

(11)

which is a function of w on the interval [0, 2p ). In other words, Ũd(z) is a sum of poles
inside the unit circle due to j l jj 0j < 1. The poles l nn0 and l n0n approach the unit circle
when we get closer to a degeneracy of En and En0. This should be visible in Ũd(eiw). The
corresponding decay time Td = � 1/ log j l nn0j diverges due to j l nn0j � 1. Therefore, the
decay time Td is a measure of the distance from a spectral degeneracy; it diverges when we
approach the degeneracy. In general, we can de�ne

Tm = max
j,j0= 1,...,N

�
1

log j l jj 0j
(12)

as the largest decay time as a measure of level degeneracy.

3. Example: Bosonic Josephson Junction

In this section, we study the diagonal TCM elements of a bosonic Josephson junction
(BJJ) with N bosons as a closed quantum system. The motivation for choosing this example
is at least threefold: The model is (i) simple enough but not trivial, with interesting features
based on tunneling and boson–boson interaction; (ii) it can be solved exactly; and (iii)
it has been realized experimentally [ 22,23] with applications for commercial quantum
computers [24]. The BJJ consists of two identical wells �lled with interacting bosons and
a tunneling junction between them. More formally, it is de�ned by the Bose–Hubbard
Hamiltonian [25]:

H = �
J
2

(a†
l ar + a†

r al ) + U (n2
l + n2

r ), nl ,r = a†
l,r al ,r , (13)

where a†
l,r (al ,r ) are the creation (annihilation) operators in the left and right wells, respec-

tively. The �rst term of H describes tunneling of atoms between the wells, and for U > 0
the second term represents a repulsive particle–particle interaction that favors energetically
a symmetric distribution of bosons in the double well. Without tunneling (i.e., for J = 0)
there are two-fold degenerate energy levels Ek = U [(N � k)2 + k2]/ 2 with eigenstates that
are superpositions of the product Fock state jk, N � ki (� j ki 
 j N � ki ) and its mirror
image jN � k, ki . This two-fold degeneracy is similar to the two-fold degeneracy of the
Ising model, mentioned in the Introduction. In contrast to the Z2 symmetry of the Ising
model, the BJJ Hamiltonian has mirror-type symmetry due to the double well structure.
Individual tunneling of bosons between the wells plays the role of the symmetry-breaking
term, similarly to a local spin �ip in the Ising model. Thus, an arbitrarily small tunneling
parameter Jwill lift the two-fold degeneracy of the Fock states. A difference between the
Ising model and the BJJ is that without tunneling in the latter, all energy levels are two-fold
degenerate. Therefore, the initial state can be prepared in any of these energy levels to
follow the evolution due to tunneling in the vicinity of degenerate levels. This is important
because the degenerate ground state may not be reached due to the energy conservation in
the closed quantum system.

For the following we use jY0i = j0,N i as the initial state and jY i = jN, 0i as the
measured state. Then we de�ne the return probability (RP) and the transition probability
(TP) as

jur,kj
2 = jh0,N je� iHt k j0,N ij 2 , jut,kj

2 = jhN, 0je� iHt k j0,N ij 2 . (14)
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Since both statesjY0i , jY i are eigenstates ofH in the absence of tunneling (J = 0),
we get

jur,kj
2 = 1 , jut,kj

2 = 0 (15)

for any k due to orthogonality. This re�ects the fact that this pair of states breaks the
mirror symmetry of the double well. The opposite extreme is the BJJ without boson–boson
interaction ( U = 0), which is more complex and will be discussed in the next subsection.
As we will see, this case can be described by simple functions for jur,kj2, jut,kj2. For
the interplay of tunneling and boson–boson interaction ( J,U 6= 0), the behavior is more
complex and we rely on the time averaged expressions hjur,kj2i t , hjut,kj2i t with t k = t̄ + t 0

k
and an exponential distribution for t 0

k:

h...i t =
Z ¥

0
... Õ

n� 1
e� t 0

n dt 0
n , (16)

where the time is measured in units of ¯h/ J.

3.1. Non-Interacting Bosons

For U = 0 the spectrum of H consists of equidistant energy levels Ej = � J(N/ 2 � j)
(j = 0, 1, ...,N) and eigenstates

jEj i =
2� N/2

p
j!(N � j)!

(a†
l + a†

r ) j (a†
l � a†

r )N � j j0, 0i .

Then the RP and the TP at time tk for N bosons read

jur,kj2 = jh0,N je� iHt k j0,N ij 2 = j cosN ( Jtk/2 )j2 ,
jut,kj2 = jhN, 0je� iHt k j0,N ij 2 = j sinN ( Jtk/2 )j2 .

(17)

For the average TP we gettk = kt̄ + t 0
1 + � � � + t 0

k and the exponential distribution of
Equation (16):

hjut,kj
2i t = 2� 2N

N

å
l ,l0= 0

�
N
l

��
N
l0

�
(� 1) l+ l0

"
e� iJt̄ ( l � l0)

1 � iJ( l � l0)

#k

= 2� 2N
N

å
l= 0

�
N
l

� 2

+ 2� 2N
N

å
l ,l0= 0;l06= l

�
N
l

��
N
l0

�
(� 1) l+ l0

"
e� iJt̄ ( l � l0)

1 � iJ( l � l0)

#k

, (18)

whereas the average RP is the same without the factor (� 1) l+ l0. From these results we get
for the asymptotic value at k � ¥ for both probabilities

PN � hj ur,kj
2i t � hj ut,kj

2i t � 2� 2N
N

å
l= 0

�
N
l

� 2

, (19)

which re�ects the mirror symmetry of the BJJ.

3.2. Interacting Bosons

Exact solutions exist for this model also for J,U 6= 0, but in contrast to the non-
interacting case they are complex and dif�cult to present in general. For instance, the
resolvent is a meromorphic function with polynomials of orders N and N + 1 [16,26].
Therefore, we only plot the results for the RP and the TP and their averaged counterparts
here. For transparency, we chose for all subsequent plots N = 20 bosons.

First, the evolutions of the RP and the TP are presented in Figure 1 for two values
(u = 1, 2) of the interaction parameter u = NU / J. This clearly reveals that the RP
dominates over the TP for increasing u, as we expected from the results of the two limits
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J = 0 and U = 0. It is interesting to note that in a mean-�eld (classical) approximation
of the BJJ there is a sharp phase transition in terms of the interaction parameter, where
the mean-�eld TP is completely suppressed when u � uc = 2 [27]. The strong interaction
phase is also called the self-trapping phase. The analogue of the latter in the quantum BJJ
is Hilbert-space localization, re�ected by the scaling behavior of the inverse participation
ratio [16]. This also indicates the existence of a critical uc.
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Figure 1. Signatures of a qualitative change in the evolution of a bosonic Josephson junction upon
increasing interaction strength u. The plots represent the dynamics of 20 bosons for u = 1, 2, where
the top panel gives the return probability jur,kj2 and the bottom panel the transition probability jut,kj2.

In Figure 2, the effect of time averaging on jur,kj2 and jut,kj2 for u = 1 is visualized. It
re�ects the smoothing of the strongly �uctuating dynamics with a recurrent and a decaying
contribution according to Equations (7) and (9). It is obvious that the separation of the
recurrent and the decaying behavior is not feasible without time averaging.

The existence of a critical interaction strength uc � 1.89... is demonstrated inFigure 3,
where the hjur,kj2i t jumps upon increasing u at uc. Moreover, hjut,kj2i t develops a charac-
teristic peak at uc. This behavior re�ects the appearance of nearly degenerate energy levels,
as described in Section 2.2.

Finally, in Figure 4 the change of the time scales for the decay of the average TP
hjut,kj2i t is visualized for u = 1.7, ..., 2.2. The decay is reduced by increasing interaction
strength u. This re�ects the fact that the splitting of the energy levels is reduced by the
interaction, as we expected.
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Figure 2. A comparison of the return probability jur,kj2 and the average return probability hjur,kj2i t

(top panel) and of the corresponding transition probabilities (bottom panel). The average was taken
with respect to the exponential distribution of Equation (16). The interaction parameter is u = 1, and
t̄ = 1/10.
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Figure 3. The critical regime of the Hilbert-space localization with uc � 1.89 is visualized with
hjur,kj2i t and hjut,kj2i t at k = 70.

144



Symmetry2021, 13, 1796

 0

 0.0002

 0.0004

 0.0006

 0.0008

 0.001

 0.0012

 0.0014

 15  20  25  30  35  40  45  50

u=1.7
u=1.8
u=2.0
u=2.2

Figure 4. Decay of hjut,kj2i t for different interaction parameters u = 1.7, . . . , 2.2.

4. Discussion and Conclusions

Our analysis of the quantum unitary evolution was strictly focused on the result of
a single measurement in each of many identical experiments, which were subject of a
unitary evolution. Averaging with respect to the statistical outcome due to measurements
at randomly distributed times led to the TCM. We focused on the diagonal TCM elements to
study the evolution of the quantum system. The analysis of the off-diagonal TCM elements
was the subject of a previous work [ 15]. Similarly to the off-diagonal TCM elements, the
diagonal TCM elements revealed separation of the evolution into a static recurrent part and
a dynamic decaying part. We found that the decay rate of the latter is related to the spacing
between energy levels, which diverges when the spacing vanishes near a degeneracy. Thus,
the decay rate is a quantity that can be used to detect symmetry changes or the appearance
of spontaneous symmetry breaking. This was observed in the example of the BJJ: In this
model the energy levels were two-fold degenerate in the limit u ! ¥ . This is re�ected in
Figure 4, where the decay decreases with increasingu.

Another interesting aspect of the BJJ is the transition to Hi lbert-space localization [16].
This transition was also detected with the help of the averag e RP and average TP in Figure 3,
where the average RP experiences a jump to a higher value for u > uc. On the other hand,
the average TP has only a sharp peak nearuc but has the same value away from uc.

We can conclude that time averaging over an ensemble of measurements is crucial
for extracting the (static) recurrent behavior and the (dynamic) decaying behavior. This
can be formulated in terms of the TCM. The separation of static and dynamic behavior is
generic for the unitary quantum evolution. The TCM provides a tool to analyze properties
of the quantum system, which are associated with spectral degeneracy in the case of phase
transitions. It can be applied to theoretical calculations and to experimental data, collected
from many experiments in identical quantum systems. We have demonstrated in the case
of the BJJ that the TCM approach delivers interesting generic information. The BJJ can be
considered as a building block of the Bose–Hubbard model on a lattice. Therefore, the
TCM approach should be applicable to more complex quantum models, including bosonic
and fermionic Hubbard models and quantum spin systems.
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smaller than one [8]. In evaluating the variances of many-particle observables two-body
operators emerge whose combination with the elements of the reduced two-body density
matrix can pick up even the tiniest depletion, which always exist due to the inter-particle
interaction [ 6,7]. Here, the quantitative difference between the many-body and mean-�eld
variances is a useful tool to benchmark many-body numerical approaches [ 15,16], whereas
the qualitative differences serve to de�ne and characterize the nature of correlations in
100% condensed bosons at the in�nite-particle-number limit.

Qualitative differences between the many-body and mean-�eld variances per particle
depend on both the system and observable under investigation and emerge because the
100% condensed bosons are interacting. In the ground-state of a one-dimensional double-
well potential, the mean-�eld position variance per particle increases monotonously with
the interaction parameter whereas, once about a single particle is excited outside the
condensed mode, the many-body position variance per particle starts to decrease [6]. In the
analogous time-dependent setup of a bosonic Josephson junction, the mean-�eld variance
is oscillating and bound by the size of the junction, whereas the many-body variance
increases to `sizes' several times larger [7]. In two spatial dimensions additional features
come out. The position variance per particle in a thin annulus can exhibit a different
dimensionality [ 17] and both the position and momentum variances can exhibit opposite
anisotropies [18] when computed at the many-body and mean-�eld levels of theory in an
out-of-equilibrium quench dynamics. In two spatial dimensions the many-particle variance
of the L̂Z component of the angular-momentum operator becomes available, and used to
analyze the lack of conservation of symmetries in the mean-�eld dynamics [19].

In the present work we analyze the many-particle position, momentum, and angular-
momentum variances of a three-dimensional anisotropic trapped Bose–Einstein condensate
at the limit of an in�nite number of particles, focusing on three-dimensional scenarios
that do not have (one-dimensional and) two-dimensional analogs. Mainly, the available
permutations between the three Cartesian components of a many-particle operator, such
as the position and momentum operators, allow one for various different anisotropies of
the respective mean-�eld and many-body variances than in two spatial dimensions [ 18].
Furthermore, anisotropy of the angular-momentum variance can only be investigated when
there is more than one component, and this occurs with the three Cartesian components of
the angular-momentum operator in three spatial dimensions.

The structure of the paper is as follows. In Section 2 theory and de�nitions are
developed. In Section 3 we present two applications where a common methodological line
of investigation is that the variances at the many-body level of theory can be computed
analytically. In Section 3.1, the anisotropy of the position and momentum variances
in the out-of-equilibrium breathing dynamics of a Bose–Einstein condensate in a three-
dimensional anisotropic harmonic potential are analyzed, and in Section 3.2, a solvable
model is devised which allows one to analyze the anisotropy of the angular-momentum
variances in the ground state of interacting bosons in a three-dimensional anisotropic
harmonic potential. All quantities are computed at the in�nite-particle-number limit.
Finally, we summarize in Section 4.

2. Theory

The variances per particle of a many-particle observable Ô = å N
j= 1 ôj computed at the

many-body (MB) and mean-�eld, Gross–Pitaevskii (GP) levels of theory are connected at
the limit of an in�nite number of particles by the following relation [6]:

Var jMB (Ô) = Var jGP(Ô) + Var jcorrelations(Ô). (1)

Here, Var jMB (Ô) = lim N ! ¥

h
1
N (hY jÔ2jY i � h Y jÔjY i 2)

i
, where Y is the solution of

the many-particle Schrödinger equation, and Var jGP(Ô) = hy GPjô2jy GPi � h y GPjôjy GPi 2,
where y GP is the solution of the corresponding Gross–Pitaevskii equation. Recall that
the in�nite-particle-number limit is de�ned such that the interaction parameter, i.e., the
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product of the number of bosons times the interaction strength, is kept �xed. Furthermore,
only in the in�nite-particle-number limit the density per particle is identical at the many-
body and mean-�eld levels of theory, and thus (1) compares the variances per particle of
the same density per particle. The correlations term, Var jcorrelations(Ô), quantifying the
difference between the mean-�eld and many-body variances, depends on the elements
of the reduced two-body density matrix where at least one of the indexes corresponds
to a natural orbital higher than the condensed mode [ 6]. For non-interacting bosons the
correlations term obviously vanishes. As stated above, one is interested in qualitative
differences between VarjGP(Ô) and Var jMB (Ô) and their origin.

Consider a Bose–Einstein condensate for which the many-body variances of the three
Cartesian components of, say, the position operator are different and satisfy, without loss
of generality, the anisotropy

Var jMB (X̂) > Var jMB (Ŷ) > Var jMB ( Ẑ). (2a)

We de�ne the following classi�cation with respect to the possible different anisotropies
of the respective mean-�eld position variances:

f 1g :
n

Var jGP(X̂) > Var jGP(Ŷ) > Var jGP( Ẑ)
o

,

f 1, 2g :
n

Var jGP(Ŷ) > Var jGP(X̂) > Var jGP( Ẑ);

Var jGP(X̂) > Var jGP( Ẑ) > Var jGP(Ŷ);

Var jGP( Ẑ) > Var jGP(Ŷ) > Var jGP(X̂)
o

,

f 1, 2, 3g :
n

Var jGP(Ŷ) > Var jGP( Ẑ) > Var jGP(X̂);

Var jGP( Ẑ) > Var jGP(X̂) > Var jGP(Ŷ)
o

. (2b)

Naturally, the classi�cation (2b) follows the classes of the S3 permutation group de-
noted by f 1g, f 1, 2g, and f 1, 2, 3g. If the mean-�eld variances exhibit anisotropy other than
the anisotropy of the respective many-body variances, i.e., the ordering of the former does
not belong to the class f 1g, we may interpret that the mean-�eld and many-body morpholo-
gies of the Bose–Einstein condensate with respect to the operators under investigation are
distinct. This implies that the correlations term in (1) becomes dominate for the variances
of these operators. In the present work we investigate manifestations of de�nition (2) utiliz-
ing the many-particle position ( X̂, Ŷ, Ẑ), momentum ( P̂X , P̂Y, P̂Z ), and angular-momentum
(L̂X , L̂Y, L̂Z ) operators for classifying the morphology of 100% condensed trapped bosons
at the limit of an in�nite number of particles.

3. Applications
3.1. Position and Momentum Variances in an Out-of-Equilibrium Dynamics of a
Three-Dimensional Trapped Bose–Einstein Condensate

Consider N structureless bosons trapped in a three-dimensional anisotropic harmonic
potential and interacting by a general two-body interaction Ŵ(r � r0). The frequencies of
the trap satisfy, without loss of generality, wx < wy < wz. We work with dimensionless
quantities, h̄ = m = 1. Using Jacobi coordinates,Qk = 1p

k(k+ 1)
å k

j= 1(rk+ 1 � r j ), k =

1,. . . , N � 1, QN = 1p
N

å N
j= 1 r j , where r1, . . . , rN are the coordinates in the laboratory

frame, the Hamiltonian can be written as:

Ĥ (Q1, . . . ,QN ) = �
1
2

¶2

¶Q2
N

+
1
2

�
w2

xQ2
N,x + w2

yQ2
N,y + w2

zQ2
N,z

�
+ Ĥrel(Q1, . . . ,QN � 1). (3)

The `relative' Hamiltonian Ĥrel collects all terms depending on the relative coordinates
Q1, . . . , QN � 1, and Qk = ( Qk,x, Qk,y, Qk,z). Suppose now that the bosons are prepared in the
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ground state of the non-interacting system. The ground-state is separable in the Jacoby co-

ordinates and reads F (Q1, . . . , QN ) =
� wx

p

� N
4

�
wy
p

� N
4 � wz

p

� N
4 e

� 1
2 å N

k= 1

�
wxQ2

k,x+ wyQ2
k,y+ wzQ2

k,z

�

,

where the relation å N
j= 1 r2

j = å N
k= 1 Q2

k connecting the laboratory and Jacoby coordinates

is used. The solution of the time-dependent many-boson Schrödinger equation, ĤY (t) =
i ¶Y (t)

¶t , where F is the initial condition, reads Y (t) = e� i Ĥt F . Consequently, because of
the center-of-mass separability of the Hamiltonian Ĥ and of F , the position and momen-
tum variances per particle of the time-dependent state Y (t), for a general inter-particle
interaction Ŵ(r � r0), are those of the static, non-interacting system:

Var jMB (X̂) =
1

2wx
, VarjMB (Ŷ) =

1
2wy

, VarjMB ( Ẑ) =
1

2wz
,

Var jMB ( P̂X ) =
wx

2
, VarjMB ( P̂Y) =

wy

2
, VarjMB ( P̂Z ) =

wz

2
. (4)

In other words, the anisotropies Var jMB (X̂) > Var jMB (Ŷ) > Var jMB ( Ẑ) of the position
operator and Var jMB ( P̂Z ) > Var jMB ( P̂Y) > Var jMB ( P̂X ) of the momentum operator, when
computed at the many-body level of theory, hold for all times during the out-of-equilibrium
dynamics, see the constant-value (dashed) curves in Figures 1 and 2. We note that the
variances per particle (4) hold for any number of bosons due to the separability of the
center-of-mass. However, only at the limit of an in�nite number of particles the density
per particle coincides within many-body and mean-�eld levels of theory and can thus be
exactly computed from the Gross–Pitaevskii equation.

What happens at the Gross–Pitaevskii level of theory? Can the mean-�eld variances
have different orderings than the many-body variances, i.e., belong to other anisotropy
classes based on theS3 permutation group, see (2b), than to f 1g? If yes, then why and how?
The Gross–Pitaevskii or non-linear Schrödinger equation is given byh
� 1

2
¶2

¶r2 + 1
2

�
w2

xx2 + w2
yy2 + w2

zz2
�

+ gjy GP(r, t)j2
i
y GP(r, t) = i ¶yGP(r,t)

¶t , where g = 4p Nas

is the coupling constant and as the s-wave scattering length of the above two-body interac-
tion Ŵ(r � r0). The initial condition, as above, is the ground state of the non-interacting

system, y GP(r, 0) =
� wx

p

� 1
4
�

wy
p

� 1
4 � wz

p

� 1
4 e� 1

2(wxx2+ wyy2+ wzz2) . The Gross–Pitaevskii equa-

tion does not maintain the center-of-mass separability of the initial condition because of its
non-linear term, which, therefore, can lead to variations of the position and momentum
variances when computed at the mean-�eld level of theory.

Figures 1 and 2 display the Gross–Pitaevskii dynamics of the position and momentum
variances per particle, respectively, for four coupling constants, g = 0.18, 9.0, 18.0, and
27.0. To integrate the three-dimensional Gross–Pitaevskii equation we use a box of size
[� 10, 10) � [� 10, 10) � [� 10, 10), a Fourier-discrete-variable-representation with 128 3 grid
points and periodic boundary conditions, and the numerical implementation embedded
in [ 20]. The dynamics are computed for the four coupling constants g and depicted by the
oscillating (solid) curves in Figures 1 and 2. The left columns are for a 10% anisotropy of
the harmonic trap, i.e., wx = 0.9,wy = 1.0, andwz = 1.1, and the right columns are for a
20% anisotropy of the harmonic trap, namely, wx = 0.8,wy = 1.0, andwz = 1.2. We remark
that the expectation values per particle of the position ( X̂, Ŷ, Ẑ) and momentum ( P̂X , P̂Y, P̂Z )
operators computed at the mean-�eld and many-body levels of theory coincide at the limit
of an in�nite number of particles and are all equal to zero in the present scenario.

For the smallest coupling constant, g = 0.18, we see that the mean-�eld variances os-
cillate with very small amplitudes around the respective constant values of the many-body
variances. This means that the mean-�eld anisotropy of the position variance, Var jGP(X̂) >
Var jGP(Ŷ) > Var jGP( Ẑ), and its many-body anisotropy, Var jMB (X̂) > Var jMB (Ŷ) >
Var jMB ( Ẑ), are alike. A similar situation is found for the momentum variance, namely,
that the mean-�eld momentum anisotropy, Var jGP( P̂Z ) > Var jGP( P̂Y) > Var jGP( P̂X ), and
the many-body anisotropy, Var jMB ( P̂Z ) > Var jMB ( P̂Y) > Var jMB ( P̂X ), are the same. Con-
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sequently, we may conclude that for small coupling constants the anisotropy class of the
position operator is f 1g and, likewise, the anisotropy class of the momentum operator is
f 1g, see (2). In other words, the contribution of the correlations term in (1) is marginal.
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Figure 1. Many-particle position ( X̂, Ŷ, and Ẑ; in red, green, and blue) variance per particle as a
function of time computed at the limit of an in�nite number of particles within many-body (dashed
lines) and mean-�eld (solid lines) levels of theory in an interaction-quench scenario. The harmonic
trap is 10% anisotropic in panels (a,c,e,g) and 20% anisotropic in panels (b,d,f ,h). The coupling
constant g is indicated in each panel. Different anisotropy classes of the position variance emerge
with time. See the text for more details. The quantities shown are dimensionless.
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Figure 2. Many-particle momentum ( P̂X , P̂Y, and P̂Z ; in red, green, and blue) variance per particle as
a function of time computed at the in�nite-particle-number limit within many-body (dashed lines)
and mean-�eld (solid lines) levels of theory in an interaction-quench scenario. The harmonic trap is
10% anisotropic in panels (a,c,e,g) and 20% anisotropic in panels (b,d,f ,h). The coupling constant g is
indicated in each panel. Different anisotropy classes of the momentum variance emerge with time.
See the text for more details. The quantities shown are dimensionless.

The situation becomes more interesting for the larger coupling constants, g = 9.0, 18.0,
and 27.0. We begin with the position variances, Figure 1. The variances are found to
oscillate prominently, with much larger amplitudes than for g = 0.18, and, subsequently, to
cross each other. There are three ingredients that enable and govern this crossing dynamics.
The �rst, is that the amplitudes of oscillations of Var jGP(X̂), Var jGP(Ŷ), and Var jGP( Ẑ) are
slightly different already at short times, with the former being the larger and the latter

152



Symmetry2021, 13, 1237

being the smaller (more prominent for 20% than for 10% trap anisotropy). The second, is
that the respective frequencies of oscillations are also slightly different at short times, with
the former being the smaller and the latter being the larger. Both features correlate with
the ordering of the frequencies of the trap, wx < wy < wz. The third ingredient is that the
three Cartesian components are coupled to each other during the dynamics, what impacts
the oscillatory pattern at intermediate and later times (more prominent for 10% than for
20% trap anisotropy, see Figure 1).

Combing the above, we find for the 10% trap anisotropy that ar ound t = 4.0Var jGP( Ẑ)
> Var jGP(Ŷ) > Var jGP(X̂) takes place, around t = 6.0 Var jGP(X̂) > Var jGP(Ŷ) >

Var jGP( Ẑ) holds (again), and around t = 7.0 Var jGP( Ẑ) > Var jGP(Ŷ) > Var jGP(X̂) oc-
curs. In other words, the anisotropy class of the position va riance starts as f 1g for t = 0,
changes tof 1, 2g around t = 4, is back to f 1g around t = 6, and becomesf 1, 2, 3g around
t = 7. Furthermore, this pattern is found to be robust for different, increasing coupling
constants, see Figure 1. For 20% trap anisotropy we �nd a different crossing patten of
the position variances. The anisotropy class begins asf 1g for t = 0, changes at around
t = 3.0 to f 1, 2g, and immediately after, at around t = 3.75, it is f 1, 2, 3g. Now, around
t = 7.0 there is a broad regime of anisotropy class f 1, 2g. Another difference of a geomet-
rical origin between the dynamics in the 20% and 10% trap anisotropies can be seen for
g = 9, see Figure 1c,d. Here, the coupling constant is suf�ciently large to lead to crossing
of all position variances for the 10% anisotropy trap, and, consequently, to the position
anisotropy class f 1, 2, 3g (at around t = 7). On the other hand, for the 20% anisotropy trap
the coupling constant is just short of allowing all position variances to cross each other
and, clearly, the anisotropy class f 1, 2, 3g cannot occur (as it happens at around t = 3.75
for the further larger coupling constants, g = 18 and 27). All in all, we have demonstrated
in a rather common (out-of-equilibrium quench) scenario the emergence of anisotropy
classes other thanf 1g, i.e., f 1, 2g and f 1, 2, 3g, for the position operator of a Bose–Einstein
condensate at the in�nite-particle-number limit. Hence, the correlations term in (1) for the
position variance becomes dominant in the dynamics.

The results for the momentum variances per particle, see Figure 2, follow similar
and corresponding trends as those for the position operator, albeit the crossings of the
respective momentum curves take place during slightly narrower time windows than for
the position operator for the parameters used. Thus, for the 10% trap anisotropy we have
Var jGP( P̂X ) > Var jGP( P̂Y) > Var jGP( P̂Z ) around t = 4.25,Var jGP( P̂Z ) > Var jGP( P̂Y) >
Var jGP( P̂X ) in the vicinity of t = 6.0, andVar jGP( P̂Y) > Var jGP( P̂X ) > Var jGP( P̂Z ) around
t = 7.25. Therefore, the anisotropy class of the momentum variance starts atf 1g for t = 0,
turns to f 1, 2g around t = 4.25, returns to f 1g for a wider time window around t = 6.0,
and changes to f 1, 2, 3g around t = 7.25. For the 20% trap anisotropy we �nd, starting
from the anisotropy class f 1g for t = 0, the classf 1, 2, 3g at around t = 4.0, the classf 1, 2g
at around t = 4.75, again the classf 1g at around t = 6, and once more the classf 1, 2, 3g at
around t = 9.5. As for the position variance, we �nd the pattern to be robust for different,
increasing coupling constants, see Figure 2. Furthermore, the above-discussed difference
of a geometrical origin between the position-variance dynamics in the 20% and 10% trap
anisotropies for g = 9 emerges also for the momentum variance, see Figure 2c,d. Here,
the coupling constant is suf�ciently large to lead to crossing of all momentum variances
for the 10% trap anisotropy, but not for the 20% trap anisotropy. As a result, the former
system exhibits also the anisotropy class f 1, 2, 3g for the momentum variance, whereas the
latter only the f 1, 2g anisotropy class. Summarizing, we have demonstrated in a simple
scenario, of an out-of-equilibrium breathing dynamics, the emergence of anisotropy classes
other than f 1g, namely, f 1, 2g and f 1, 2, 3g, for the many-particle position as well as many-
particle momentum operators of a trapped Bose–Einstein condensate at the limit of an
in�nite number of particles. When these latter anisotropy classes describe the morphology
of the Bose–Einstein condensate, it implies that the correlations term in (1) governs the
position and momentum variance dynamics at the in�nite-particle-number limit.
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3.2. Angular-Momentum Variance in the Ground State of a Three-Dimensional Trapped
Bose–Einstein Condensate

The possibility to learn on the relations governing correlations and variance anisotropy
between the different components of the angular-momentum operator opens up only in
three spatial dimensions. Here, in the context of the present work, the challenge is to �nd a
many-particle model where angular-momentum properties can be treated analytically at
the many-body level of theory and in the limit of an in�nite number of particles. Such a
model is the three-dimensional anisotropic harmonic-interaction model, and the results
presented below build on and clearly extends the investigation of the two-dimensional
anisotropic harmonic-interaction model reported in [ 21]. The harmonic-interaction model
has been used quite extensively including to model Bose–Einstein condensates [22–36].
Finally, and as a bonus, we mention that the three-dimensional anisotropic harmonic-
interaction model can also be solved analytically at the mean-�eld level of theory, which is
useful for the analysis.

In the laboratory frame the three-dimensional anisotropic harmonic-interaction model

reads: Ĥ (r1, . . . , rN ) = å N
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it is obtained from the Hamiltonian (3) when the two-body interaction is Ŵ(r � r0) =
l 0(r � r0)2. Then, the `relative' Hamiltonian is given explicitly by
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The many-body ground state of Ĥ is readily obtained and given by
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As states above, it is also possible to solve analytically the three-dimensional anisotropic
harmonic-interaction model at the mean-�eld level of theory by generalizing [ 21,25]. The
�nal result for the mean-�eld solution of the ground state reads
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where L = l 0(N � 1) is the interaction parameter. For reference, y GP(r) solves the Gross–

Pitaevskii equation
h
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R

dr0jy GP(r0)j2(r � r0)2
i
y GP(r)

= myGP(r), where mis the chemical potential. Note that both many-body and mean-�eld
solutions can be written as products of the respective solutions in one dimension along the
x, y, and z directions.

Before we arrive at the angular-momentum variances and for our needs, see below,
we make a stopover and compute the position and momentum variances per particle in the
model. At the many-body level we obviously have the result (4), since for the interacting
ground-state the center-of-mass is separable and, hence, the position and momentum
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variances are independent of the two-body interaction. At the mean-�eld level we readily
�nd from (7) the result
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, VarjGP(Ŷ) =
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q
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2
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.

The mean-�eld variances (8) depend on the interaction parameter L , unlike the
respective many-body variances (4). It turns out that this property would be instrumental
when analyzing the anisotropy of the angular-momentum variance below. We brie�y
comment on the anisotropies of the position and momentum variances in the model.
Comparing the mean-�eld (8) and many-body (4) variances per particle we �nd that the
former belong to the anisotropy class f 1g independently of the interaction parameter L
both for the position and momentum operators. For the mean-�eld variance of the ground
state at the in�nite-particle-number limit to belong to an anisotropy class other than f 1g,
one would have to go beyond the simple single-well geometry, see the anisotropy of the
position variance in a double-well potential in two spatial dimensions [37].

We can now move to the expressions for the angular-momentum variances at the
limit of an in�nite number of particles, by generalizing results obtained in two spatial
dimensions [21] to three spatial dimensions. The calculation at the mean-�eld level using ( 7)
readily gives
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In the absence of interaction these expressions boil down, respectively, to 1
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, and 1
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, the angular-momentum variances of a single particle in a three-

dimensional anisotropic harmonic potential. We see that for non-interacting particles
and at the mean-�eld level the angular-momentum variances per particle depend on the
ratios of frequencies, not on their absolute magnitudes. In the �rst case these are the bare
frequencies of the harmonic trap whereas in the second case these are the interaction-
dressed frequencies (7) resulting from the non-linear term.

The computation of the many-body variances is lengthier. It amounts to computing
the angular-momentum variances for �nite systems which exhibit an explicit dependence
on the number of bosons N, and then performing the in�nite-particle-number limit where
several terms fall. Using [21] the �nal expressions for the correlations terms (1) are
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Hence, adding (9) and (10) we readily have from (1) the many-body variances per
particle at the in�nite-particle-number limit, Var jMB ( L̂X ), VarjMB ( L̂Y), and Var jMB ( L̂Z ).

We remark that the expectation values per particle of the angular-momentum operator
(L̂X , L̂Y, L̂Z ), as well as the respective expectation values of the position and momentum
operators, computed at the mean-�eld and many-body levels of theory coincide at the limit
of an in�nite number of particles and are all equal to zero in the ground state.

We investigate and discuss an example. Let the frequencies of the three-dimensional
anisotropic harmonic trap be wx = 0.7,wy = 5.0, andwz = 10.5. Their ratios from large to
small are: wz

wx
= 15,

wy
wx

= 71
7, and wz

wy
= 2 1

10. Then, the values of the angular-momentum

variances per particle at zero interaction parameter, L = 0, are given from large to small by

Var jGP( L̂Y) = Var jMB ( L̂Y) = 72

15 � 3.267,Var jGP( L̂Z ) = Var jMB ( L̂Z ) = 432

1400 � 1.321, and

Var jGP( L̂X ) = Var jMB ( L̂X ) = 112

840 � 0.144. Indeed, as the ratio of frequencies with respect
to two axes is bigger, the corresponding angular-momentum variance per particle with
respect to the third axis is larger, and vise versa.

What happens as the interaction sets in? Figure 3a depicts the many-body and mean-
�eld angular-momentum variances as a function of the interaction parameter L . We
examine positive values of L which correspond to the attractive sector of the harmonic-
interaction model, see, e.g., [21,25,29]. Let us analyze the observations. With increasing
interaction parameter the density narrows, along the x, y, and z directions. This is clear be-
cause the interaction between particles is attractive, and is manifested by the monotonously
decreasing values of the position variances per particle (8). Furthermore, the density be-

comes less anisotropic, because the ratios of the dressed frequencies
p

w2
z+ 2Lp

w2
x+ 2L

,

q
w2

y+ 2L
p

w2
x+ 2L

, and
p

w2
z+ 2Lq

w2
y+ 2L

monotonously decrease with increasing L . Consequently, the angular-momentum

variances per particle decrease with the interaction parameter as well, see Figure 3a. The
mean-�eld angular-momentum variances (9) are monotonously decreasing because of
the just-described decreasing ratios of the dressed frequencies. The many-body angular-
momentum variances are decreasing, at least for the values of interaction parameters
studied here, because the positive-value correlations terms (10) grow slower than the
mean-�eld angular-momentum variances decrease with L .

All in all, the anisotropy of the angular-momentum variance can now be determined.
We �nd the anisotropy Var jMB ( L̂Y) > Var jMB ( L̂Z ) > Var jMB ( L̂X ) to hold for all interaction
parameters at the many-body level of theory. At the mean-�eld level of theory we �nd the
same anisotropy, namely, Var jGP( L̂Y) > Var jGP( L̂Z ) > Var jGP( L̂X ), to hold for small inter-
action parameters. However, then, at just about L = 5.0 the mean-�eld anisotropy changes
to Var jGP( L̂Y) > Var jGP( L̂X ) > Var jGP( L̂Z ), and this anisotropy continues for larger inter-
action parameters. Hence, we have found that the anisotropy of the angular-momentum
operator in the ground state of the three-dimensional anisotropic harmonic-interaction
model at the in�nite-particle-number limit changes as a function of the interaction param-
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eter from the anisotropy class f 1g to f 1, 2g, see Figure 3a. In terms of the correlations
term (1), the anisotropy of the variance is governed then by many-body effects.
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Figure 3. Many-particle angular-momentum ( L̂X , L̂Y, and L̂Z ; in red, green, and blue) variance per
particle as a function of the interaction parameter L computed at the limit of an in�nite number
of particles within many-body (dashed lines) and mean-�eld (solid lines) levels of theory for the
ground state of the three-dimensional anisotropic harmonic-interaction model. The frequencies of
the trap are wx = 0.7, wy = 5.0, and wz = 10.5. Results at several translationsr0 of the center
of the trap are shown in the panels: ( a) r0 = ( 0, 0, 0); (b) r0 = ( 0.25, 0, 0); (c) r0 = ( 0, 0.25, 0);
(d) r0 = ( 0.25, 0.25, 0). Different anisotropy classes of the angular-momentum variance emerge with
the interaction parameter. See the text for more details. The quantities shown are dimensionless.

Still, can the above-found picture of angular-momentum variance anisotropy be made
richer? The answer is positive and requires one to dive deeper into the properties of angular-
momentum variances under translations. To this end, we employ and extend prior work in
two spatial dimensions [ 21]. Suppose now that the harmonic trap is located not in the origin
but translated to a general point r0 = ( x0, y0, z0). The expectation values per particle of the
momentum and angular-momentum operators are still zero, whereas the expectation value
of the position operator is, of course, r0. Whereas the position and momentum variances are
invariant to translations, the angular-momentum variances are not, which open up another
degree of freedom to investigate the anisotropy class of the angular-momentum variances
in three spatial dimensions. Mathematically, the transformation properties of the angular-
momentum operator and its square combine in a non-trivial form those of the position and
momentum operators. Physically, in a similar manner that angular momentum is de�ned
with respect to a reference point, and it is different with respect to another reference point,
so does the variance of the angular-momentum operator which changes with respect to
distinct reference points.

Using the transformation properties of the angular-momentum operator ( L̂X , L̂Y, L̂Z )
under translations, see Appendix A and [ 21], the �nal expressions for the translated
angular-momentum variances per particle read explicitly
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at the mean-�eld level of theory. Let us examine expressions (11) and (12) more closely. The
terms added to the translated angular-momentum variances at the many-body level depend
on the corresponding components of the translation vector but not on the interaction
parameter, whereas the added terms at the mean-�eld level of theory depend on and
increase with L , see Appendix A for more details. The combined effects can be seen in
Figure 3, compare panels Figure 3b–d with panel Figure 3a.

For the translation by r0 = ( 0.25, 0, 0), the angular-momentum variances Var jMB ( L̂X ; r0)
and Var jGP( L̂X ; r0) are invariant quantities, Var jMB ( L̂Y; r0) and Var jMB ( L̂Z ; r0) are shifted
by interaction-independent values, and Var jGP( L̂Y; r0) and Var jGP( L̂Z ; r0) increase by
interaction-dependent values, see (11) and (12), and compare Figure 3a,b. The com-
bined effect is that now both Var jMB ( L̂Y; r0) > Var jMB ( L̂Z ; r0) > Var jMB ( L̂X ; r0) and
Var jGP( L̂Y; r0) > Var jGP( L̂Z ; r0) > Var jGP( L̂X ; r0) hold for all interaction parameters L
in the range studied. Consequently, the anisotropy class of the angular-momentum vari-
ance per particle for r0 = ( 0.25, 0, 0) is f 1g only.

Next, for r0 = ( 0, 0.25, 0), the angular-momentum variances Var jMB ( L̂Y; r0) and
Var jGP( L̂Y; r0) are invariant quantities, Var jMB ( L̂X ; r0) and Var jMB ( L̂Z ; r0) are shifted by
interaction-independent values, and Var jGP( L̂X ; r0) and Var jGP( L̂Z ; r0) grow by interaction-
dependent values, contrast Figure 3a,c. The combined effect is, of course, different than
with r0 = ( 0.25, 0, 0), and we discuss its main features, focusing on the regime of interaction
parameters larger than about L = 6, for which the two many-body curves Var jMB ( L̂X ; r0)
and Var jMB ( L̂Y; r0) cross, see Figure 3c. The many-body angular-momentum variances
satisfy Var jMB ( L̂X ; r0) > Var jMB ( L̂Y; r0) > Var jMB ( L̂Z ; r0) for all studied interaction param-
eters. So, the effect of this translation is to alter the order of the many-body variances, i.e., to
change the many-body anisotropy. Now, at the mean-�eld level, we �nd Var jGP( L̂X ; r0) >
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Var jGP( L̂Y; r0) > Var jGP( L̂Z ; r0) up to about L = 12 andVar jGP( L̂X ; r0) > Var jGP( L̂Z ; r0) >
Var jGP( L̂Y; r0) for the interaction parameters larger than about L = 12. All in all, for the
translation by r0 = ( 0.25, 0, 0) the above-described relations correspond, respectively, to
the anisotropy classesf 1g and f 1, 2g of the angular-momentum variances per particle.

Finally, for the translation by r0 = ( 0.25, 0.25, 0) non of the angular-momentum
variances is invariant, see (11) and (12). The many-body angular-momentum variances
Var jMB ( L̂X ; r0), VarjMB ( L̂Y; r0), and Var jMB ( L̂Z ; r0) are shifted by interaction-independent
values and the mean-�eld angular-momentum quantities Var jGP( L̂X ; r0), Var jGP( L̂Y; r0),
and Var jGP( L̂Z ; r0) increase by interaction-dependent values, see Figure 3d. We exam-
ine the overall effect, concentrating on the regime of interaction parameters larger than
about L = 2.5, where the two many-body curves Var jMB ( L̂X ; r0) and Var jMB ( L̂Z ; r0) cross,
see Figure 3d. The many-body angular-momentum variances satisfy Var jMB ( L̂Y; r0) >
Var jMB ( L̂X ; r0) > Var jMB ( L̂Z ; r0) for all interaction parameters in the range studied. Once
again, the effect of the translation is to change the order of the many-body variances,
thereby altering the many-body anisotropy, compare panels Figure 3a,c,d. At the mean-�eld
level one �nds Var jGP( L̂Y; r0) > Var jGP( L̂X ; r0) > Var jGP( L̂Z ; r0) up to about L = 15, then
Var jGP( L̂Y; r0) > Var jGP( L̂Z ; r0) > Var jGP( L̂X ; r0) till about L = 22.5, andVar jGP( L̂Z ; r0) >
Var jGP( L̂Y; r0) > Var jGP( L̂X ; r0) for all the interaction parameters larger than about L =
22.5 studied, see Figure 3d. Therefore, forr0 = ( 0.25, 0.25, 0) the above-discussed �ndings
imply that all anisotropy classes can be attained by the angular-momentum variances
per particle in the three-dimensional harmonic-interaction model at the in�nite-particle-
number limit. These are, respectively, f 1g, f 1, 2g, and f 1, 2, 3g. In other words, we have
shown that the correlations term (1) can dominate the angular-momentum properties of
a trapped Bose–Einstein condensate at the limit of an in�nite number of particles, which
rounds off the present work.

4. Summary

The present work deals with a connection between anisotropy of and correlations in a
three-dimensional trapped Bose–Einstein condensate. The merit of treating the limit of an
in�nite number of bosons is appealing, since the system is known to be 100% condensed in
this limit, and some of its properties, notably the density per particle, are identical at the
many-body and mean-�eld levels of theory.

We have analyzed the variances per particle of the three Cartesian components of the
position ( X̂, Ŷ, Ẑ), momentum ( P̂X , P̂Y, P̂Z ), and angular-momentum ( L̂X , L̂Y, L̂Z ) operators
at the many-body and mean-�eld levels of theory. In general, for small interaction param-
eters the differences between the many-body and mean-�eld quantities are quantitative
whereas for larger interaction parameters qualitative differences emerge. We de�ne the
anisotropy class of the variance according to the different orderings from large to small, or
permutations, of the three respective many-body and mean-�eld quantities. The anisotropy
classf 1g implies the same ordering, the class f 1, 2g implies that two of the components are
permuted, and the anisotropy class f 1, 2, 3g means that the three components are permuted.

Two relatively transparent applications are presented, the �rst is the breathing of
an anisotropic three-dimensional trapped Bose–Einstein condensate, and the second is
the ground state of the anisotropic three-dimensional harmonic-interaction model. The
former exhibits different anisotropy classes of the position and momentum variances per
particle, because at the many-body level the variances are constant, while at the mean-�eld
level the variance of each component oscillates with a different amplitude and frequency,
and consequently different anisotropy classes occur in time. The latter application shows
different anisotropy classes of the angular-momentum variance per particle, owing to the
intricate transformation properties of the angular-momentum variance when the wave-
packet is translated from the origin. The challenge, which obviously goes beyond the
scope of the present work, would be the experimental observation of such anisotropies and
correlations. To access many-particle variances one would need to measure explicitly the
positions, momenta, or angular-momenta of, in principle, all particles in the Bose–Einstein
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condensate, rather than just the total density from which the expectation values of these
observables can be deduced.

To sum up, the anisotropy or morphology of a three-dimensional trapped Bose–
Einstein condensate can look quite different when examined through the `glasses' of
many-body and mean-�eld theories, even for 100% condensed bosons at the limit of an
in�nite number of particles. It would be interesting to conduct the investigation presented
here and analyze the results in more complicated numerical many-particle scenarios. Last
but not least, it is possible to envision classifying the morphology of a Bose–Einstein
condensate beyond that emanating from the variances of the position, momentum, and
angular-momentum operators. Furthermore, in four spatial dimensions one could expect
an additional richness of the variance [38].
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Appendix A. Translated Angular-Momentum Variances in Three Spatial Dimensions
at the Limit of an In�nite Number of Particles

Consider interacting bosons at the limit of an in�nite number of particles trapped in
the ground state of the three-dimensional anisotropic harmonic potential (or any other
potential which is re�ection symmetric in the x, y, and z directions) centered at the origin.
The expectation values per particle of the position, momentum, and angular-momentum
operators vanish. Suppose now that the harmonic trap is translated to the location r0 =
(x0, y0, z0). The translated and untranslated angular-momentum variances at the many-
body and mean-�eld levels of theory can, respectively, be related as follows:

Var jMB ( L̂X ; r0) = Var jMB ( L̂X ) + y2
0Var jMB ( P̂Z ) + z2

0Var jMB ( P̂Y),

Var jMB ( L̂Y; r0) = Var jMB ( L̂Y) + z2
0Var jMB ( P̂X ) + x2

0Var jMB ( P̂Z ), (A1a)

Var jMB ( L̂Z ; r0) = Var jMB ( L̂Z ) + x2
0Var jMB ( P̂Y) + y2

0Var jMB ( P̂X )

and

Var jGP( L̂X ; r0) = Var jGP( L̂X ) + y2
0Var jGP( P̂Z ) + z2

0Var jGP( P̂Y),

Var jGP( L̂Y; r0) = Var jGP( L̂Y) + z2
0Var jGP( P̂X ) + x2

0Var jGP( P̂Z ), (A1b)

Var jGP( L̂Z ; r0) = Var jGP( L̂Z ) + x2
0Var jGP( P̂Y) + y2

0Var jGP( P̂X ).

The explicit expressions at the many-body and mean-�eld levels of theory are given
in the main text, see (11) and (12), respectively. We remind for reference that the position
and momentum variances are invariant to translations. Consequently, by subtracting the
Gross-Piteavskii (A1b) from the many-body (A1a) results, see (1), we readily �nd for the
translated correlations terms:

Var jcorrelations( L̂X ; r0) = Var jcorrelations( L̂X ) + y2
0Var jcorrelations( P̂Z ) + z2

0Var jcorrelations( P̂Y),

Var jcorrelations( L̂Y; r0) = Var jcorrelations( L̂Y) + z2
0Var jcorrelations( P̂X ) + x2

0Var jcorrelations( P̂Z ), (A2)

Var jcorrelations( L̂Z ; r0) = Var jcorrelations( L̂Z ) + x2
0Var jcorrelations( P̂Y) + y2

0Var jcorrelations( P̂X ).
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The meaning of result (A2) is that the correlations terms of the translated angular-
momentum variances depend on the respective correlations terms of the momentum
variances and components of the translation vector r0. Consequently, the translated angular-
momentum correlations terms (A2) generally depend more strongly on the interaction
parameter than the untranslated ones. Indeed, Figure 3 plots some examples of angular-
momentum variances for different r0, and shows that, once translations of the trap are
included, the angular-momentum variances of a trapped Bose–Einstein condensate at the
limit of an in�nite number of particles can belong to any of the anisotropy classes, f 1g,
f 1, 2g, or f 1, 2, 3g.
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the lower slab and the graphene sheet. The Coulomb potential of charges in graphene is
in�uenced by the the two slabs. We choose the z axis perpendicular to the graphene sheet,
such that z = 0 �xes the position of graphene sheet. It follows that the lower slab is located
at z = � d and the upper slab at z = L � d.

Within the Random Phase Approximation (RPA) [ 10], the relative dielectric function
of graphene is given by

eg(q, w) = 1 � Ṽ (q, w) P 0(q, w) , (2)

where Ṽ (q, w) is the Fourier transform of the screened (by the presence of the two slabs)
Coulomb potential between quasiparticles of graphene and P 0(q, w) is the �rst-order
dynamical polarization of non-interacting quasiparticles in graphene. Note that, for a very

small wavenumber, q =
q

q2
x + q2

y and a frequency w, such that vFq � w � 2m/¯h the

dynamical polarization reads [11,12]

P 0(q, w) =
m

p h̄2
q2

w2 . (3)

The collective mode of plasmons in graphene is then obtained from the resonance
condition [10]

eg(q, w) = 0 . (4)

3. Perfect Conductors

Let us suppose that the two slabs are perfect conductors. A straightforward application
of the method of image charges [13] gives the screened Coulomb potential between two
particles, with electric charge elocated in the plane z = 0 at distance x2 + y2 as

V (x, y) = e2
+ ¥

å
j= � ¥

h 1
p

(x2 + y2) + ( 2jL)2
�

1
p

(x2 + y2) + ( 2d � 2jL)2

i
, (5)

where x and y are Cartesian coordinates in the plane of graphene. Performing the Fourier
transform, we obtain

Ṽ (q) =
2p e2

q

+ ¥

å
j= � ¥

h
e� 2qj j jL � e� 2qjd� jL j

i
(6)

with q =
q

q2
x + q2

y. The series can be calculated explicity because is the sum of geometric

series. After straightforward calculations, we obtain

Ṽ (q) =
2p e2

q

 

1 �
e� 2qd � 2e� 2qL + e� 2q(L� d)

1 � e� 2qL

!

. (7)

From Equations (2)–(4) the dispersion relation of plasmons in graphene can be
written as

w2 =
m

p h̄2 q2Ṽ (q) , (8)

or explicitly

w =

s
2me2

h̄2 q1/2

 

1 �
e� 2qd � 2e� 2qL + e� 2q(L� d)

1 � e� 2qL

! 1/2

. (9)

Thus, we have found an analytical formula for the dispersion relation of plasmons in
the graphene sheet.

It is important to observe that, for small q, one obtains

Ṽ (q) = 4p e2d
�

1 �
d
L

�
�

4p e2

3
d2L

�
1 � 2

d
L

+
d2

L2

�
q2 + ... (10)
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Consequently, taking into account Equations (8) and (10), we �nally obtain, for small
q, the linear dispersion relation

w = cp q , (11)

where

cp =

s
4me2d

h̄2

�
1 �

d
L

�
(12)

is the speed of sound of acustic plasmons in graphene sandwiched between two ideal
metal gates. Equation (12) is the main result of this brief paper. The velocity cp can be
controlled by varying the chemical potential mbut also the two distances d and L. In the
limit L ! + ¥ from Equation (12), one �nds

cp =

s
4me2d

h̄2 (13)

which is the result of Reference [7], namely, the velocity of acustic plasmons in graphene
coupled to a single ideal metal gate.

4. Real Materials

For a generic material, the relative dielectric function em depends on frequency w and
wavevector q. We setem,1(q, w) and em,2(q, w) as the relative dielectric functions of lower
and upper materials, respectively. In this case, the derivation of the screened Coulomb
potential is slightly more complicated but still analytically possible [13,14]. We obtain

Ṽ (q, w) = 2p e2

q

�
1 � r1(q,w) e� 2qd+ r2(q,w) e� 2q(L� d)

1� r1(q,w) r2(q,w) e� 2qL

+ 2 r1(q,w) r2(q,w) e� 2qL

1� r1(q,w) r2(q,w) e� 2qL

�
,

(14)

where

r1(q, w) =
em,1(q, w) � 1
em,1(q, w) + 1

and r2(q, w) =
em,2(qw) � 1
em,2(q, w) + 1

. (15)

Note that for two perfect metal gates, where r1 = r2 = 1, Equation (14) exactly
becomes Equation (7).

4.1. Materials Sticked to Graphene

Setting L = 2d, in the limit d ! 0 Equation (14) gives

Ṽ (q, w) =
2p e2

em(q, w) q
, (16)

where

em(q, w) =
1
2

(em,1(q, w) + em,2(q, w)) . (17)

Equation (16) is the screened Coulomb potential in a graphene sheet between two
materials stuck onto it.

We adopt Equation (3) again, which is valid for q ! 0 and vFq � w � 2m/¯h [11,12],
and Equation (4). Then, for small q and assuming that em is constant, we obtain

w =

s
2e2m

h̄2em

p
q , (18)

which is the typical dispersion relation of plasmons in graphene exposed to two polar
substrates [8].
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4.2. Single Material Slab

In the absence of the upper slab, i.e., settingr2 = 0, from Equation (14), we �nd

Ṽ (q, w) =
2p e2

q

�
1 � r(q, w) e� 2qd

�
(19)

removing the subindex 1 from r1(q, w). Then, for small q and assuming that r is constant,
we obtain

Ṽ (q, w) =
2p e2(1 � r)

q
+ 4p e2rd � 8p e2rd2 q+ . . . (20)

Clearly, only if r = 1 (perfect conductor), the 1/ q term drops out and one again �nds
acoustic plasmons with the speed of sound given by Equation (13). More generally, the
small-q dispersion relation of plasmons reads

w =

s
2me2(1 � r)

h̄2 q+
4me2rd

h̄2 q2 , (21)

which becomes acoustic-like under the condition

q �
(1 � r)

2dr
. (22)

For a real metal gate, the functional dependence of r(q, w) is crucial. In this case, the
relative dielectric function em can be approximated as [15]

em(q, w) = 1 +
q2

TF
q2 �

w2
p

w2 + iGw
, (23)

where qTF is the Thomas–Fermi wavenumber, wp is the plasma frequency, and G the
damping constant. Notice that the relative dielectric constant of a perfect conductor is
em = � ¥ .

5. Conclusions

We have derived a simple formula for the speed of sound of the acustic modes of
electrons in a graphene sheet. The existence of these hydrodynamic effects is due to the
presence of metallic slabs, which induce a screening the Coulomb potential of electrons
in graphene. Our formula for the graphene sandwiched between two metallic slabs
generalizes the one obtained in Reference [7] in the case of graphene coupled to a single
metallic slab. In conclusion, it is important to stress that, very recently, acoustic plasmons
have been observed, with a real-space imaging, in single graphene sheet over a dielectric-
metal slab [14]. This graphene-dielectric-metal con�guration is quite different with respect
to the one considered in the present paper. However, for the sake of completeness, in the
last section of our paper, we have also considered the effect of two generic slabs of the
screened Coulomb potential of two electrons in graphene.
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in PNHs can create a revolutionary change in electronic and photonic nontechnology
and nanomedicine.

In this review article, we outline a theory we have developed of the linear and
nonlinear light emissions for PNHs by using the many-body quantum mechanical density
matrix method. A schematic diagram of a nanohybrid containing interacting metallic
nanoparticles (MNPs) and quantum emitters (QEs) is shown in Figure 1. In Section 1,
we surveyed the literature for the Kerr nonlinearity. In Section 2, a theory of the surface
plasmon polaritons due to the photon-plasmon interaction is discussed. In Section 3, the
dipole-dipole interaction in the ensemble of QEs and MNPs is explained. In Section 4, a
theory for the linear and nonlinear optical absorption intensity using the density matrix
method is outlined. In Section 5, we derive the expressions of the spontaneous decay rates
due to the dipole-dipole interaction. In Section 6, we show how we derived the expressions
of dressed states in the strong exciton-DDI coupling limit. In Section 7, we discuss the
simulation we performed on the nonlinear optical absorption intensity. Finally, in the last
Section 8, we have summarized the �ndings of the review article.

 

�ñ�Þ

�G
�ñ�ã

� ¦ � ¦ � ¦�=

�?�Þ
�> �?�Þ

�$�Þ
�> �$�Þ

�)�Þ

Figure 1. Schematic diagram of a nanohybrid which consists of a noninteracting metallic nanoparti-
cles (MNPs) and interacting quantum emitters (QEs).

2. Surface Plasmon Polaritons

Let us consider a situation where a probe with a frequency wk and wave wavevector k
is applied to study the PL in the PNH. We know that the surface plasmons are present on
the surface of the MNP. The surface plasmons oscillate with a frequency wp. The probe
photons interact with surface plasmons and this interaction creates new quasi-particles
called surface plasmon polaritons. Let us calculate the surface plasmon polaritons due to
the interaction of photon and surface plasmons interaction as follows.

The Hamiltonian of the surface plasmon and photons, and interactions between them
can be written as

HE = å
k

} wkc+
k ck + å

k

wpB+
k Bk + � å

k

Gk
�
B+

k ck + Bkc+
k

�
(1)

where c+
k and ck are the photon creation and annihilation operators, respectively. Here

B+
k and Bk are the surface plasmon creation and annihilation operators, respectively. The

constant Gk is the coupling constant between the photons and plasmons. The �rst and
second terms are for noninteracting photon and plasmon Hamilton. The last term is
photon-plasmon interaction Hamiltonian.
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Plasmons and photons operators satisfy the following commutation relation.

�
Bk, B+

k

�
= dk, k0�

ck, c+
k

�
= dk, k0

(2)

Note that in the interaction, the Hamiltonian has a mixture of photon and plasmon
operators. We aimed to diagonalize the Hamiltonian. The diagonalization of an interacting
Hamiltonian is a standard method in the many-body theory. We de�ned new quasi-particle
creation and annihilation operators p+

ik and p�
ik with i = 1, 2 We express the plasmon and

photon operators in terms of these quasi-particle operators as

Bk = u11p1k + u12p2k
B+

k = u�
11p+

1k + u�
12p+

2k
ck = u21p1k + u22p2k
c+

k = u�
21p+

1k + u�
22p+

2k

(3)

New quasi-particle operators p+
ik and p�

ik with i = 1,2 are called surface plasmon
polariton operators, which have the combined effect of plasmons and photons.

The Hamiltonian in Equation (1) can be written in the simpler form for diagonalization.
It can be expressed as

H = å
k

Hk,

Hk = } wkc+
k ck + wpB+

k Bk � Gk
�
B+

k ck + Bkc+
k

� (4)

We aimed to write the Hk in terms of SPP operators p+
ik and p�

ik . Replacing the plasmon
and exciton operators in terms of the SPP operators from Equation (3) into Equation (4) and
performing extensive mathematical manipulation, we obtained the following expression as

Hk = } w+
k p+

1kp1k + } w �
k p+

2kp2k (5)

where w+
k and w �

k are the energy of SPPs for the upper and lower branches, respec-
tively. Note that coupling between photons and plasmon splits the SPP spectrum into two
branches. The SPP spectrum is given by

w �
k =

1
2

�
(ck+ wp) �

q
(ck� wp)2 + 4g2

k

�
(6)

where we replaced wk = ck. Finally, we obtained the expression for the expansion coef�-
cients as

u11 =
r

g2
k

(wp� w+
k )2+ g2

k,

u21 =

s
(wp� w+

k )2

(wp� w+
k )2+ g2

k

u22 =
r

g2
k

(wp� w �
k )2+ g2

k,

u12 =

r
(wp� w �

k )2

wp� w �
k )2+ g2

k

(7)

We then calculated the density of states (DOS) for SPPs. Later in the paper, we discuss
how the DOS was used for the calculation of the SPP decay rates. When summation over
wavevectors was converted into the integration, we needed to use the idea of the DOS

å
k

=
R

Dk(#k)d#k,

Dk(#k) = W
3p 2 k2 dk

d#k

(8)
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where W is the volume of the PNH. Here Dk is called the DOS. The expression of the DOS
can be expressed in term of the form factor Zk as

D(#k) = D0(#k)Zk(#k) ,

D0(#k) = W
3p 2

#2
k

(} c)3,

Zk(#k) = (} c) dk
d#k

(9)

where D0 is the DOS of photons in free space.
Inserting Equation (6) into Equation (9) and after some mathematical manipulation,

the expression of the form factor Zk could be found as

Zk(w �
k ) =

 
(wp � w �

k ) + jgkj
2

(wp � w �
k )2

!

. (10)

We found that the form factor has a very large value when the surface plasmon
frequency is the resonance with the SPP frequency, which is an interesting �nding.

3. Dipole-Dipole Interactions

When the probe �eld falls on the PNH, induced dipoles are created in the QEs and
MNPs. The dipole of one QE interacts with the dipoles of other QEs. This is called
dipole-dipole interaction (DDI). Following reference [ 10], the DDI Hamiltonian can be
written as

HQE
DDI =

1
2

N

å
i i j

Ji j pi .pj (11)

where Jij is the DDI coupling constant and is found as

Ji j =
1

2 b2 0 r3
ij

(12)

where pi and pj are the induced dipole moments in the ith-QE and jth-QE, respectively. Here
r i j is the distance between theith and the jth QEs. In the mean-field approximation [10,44–49],
the DDI Hamiltonian can be rewritten as

HQE
DDI = å

i
pi E

QE
DDI (13)

where EQE
DDI is called the DDI electric �eld and is written as

EQE
DDI =

*
1
2 å

j6= i
Ji j pj

+

. (14)

Here, the DDI �eld EQE
DDI is the average dipole electric �eld created by all QEs on

the ith-QE and that EDDI has the effect of the long-range DDI (i.e., r � 3). The average in
EDDI has been evaluated in references [30–36] by using the method of Lorentz [ 49], The
expression of the DDI �eld is found as and is written as

EQE
DDI =

l QDhpi i
3� 4p 202 b,



pi

�
= PQE

4p R3
QE

(15)

where � QD is the DDI constant and


pi

�
is the average polarization of the ith-QE. Here PQE

is the polarization of the QE and RQE is the radius of the quantum emitter.
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The probe electric �eld includes polarizations in the QE and MNP. They are denoted
as PQE and PMNP . Due to these polarizations, the MNP produces the SPP �eld ESPP and
the QE produces an electric �eld denoted as EQE. Solving Maxwell's equations in the quasi-
static approximation [50,51], one can �nd the following expressions for polarizations as

PQE = 4p 2 02 b R3
QEzQE

�
EP + ESPP

�

VQE =
h

eq� eb
eq+ 2eb

i

PMNP = 4p 2 02 b R3
MNP zMNP

�
EP + EQE

�
,

VMNP =
h

em� eb
em+ 2eb

i

(16)

Here em, eq, and eb are the dielectric constant of the MNS, QE and background material,
respectively. The electric �elds produced by these polarizations were found as

ESPP = PMNP
4p 202 br3,

EQE = PQE

4p 202 br3

(17)

Putting Equation (16) into Equation (17), we obtained

ESPP = P SPP(EP + EQE)

P SPP = R3
MNP gl zMNP

r3

EQE = P QE(EP + ESPP)

P QE =
R3

QEgl zQE

r3

(18)

The constant gl is called the polarization parameter and it has values gl = 1 and gl = � 2
for PMNP k r and PMNP ? r. Note that both electric �elds depend on r � 3. Putting Equation
(18) into Equation (14), we obtained the expression of the DDI as

EQE
DDI = F QE

DDI EP,

F QE
CDDI = l QD gl VMNP

3

F QE
DDI = F QE

CDDI + F QE
ADDI

F QE
ADDI = F QE

CDDI P SPP

(19)

Similarly, following the above method, we could also calculate the dipole-dipole
interaction between MNPs as

EMNP
DDI = F MNP

DDI EP

F MNP
CDDI = l MNP gl VMNP

3

F MNP
DDI = F MNP

CDDI + F MNP
ADDI

F MNP
ADDI = F MNP

CDDI P QE

(20)

Note that the P -term and the F -term depend on r � 3. The higher-order terms r � 6 were
neglected because they are weak.

4. Linear and Nonlinear Plasmonics and Density Matrix Method

For this section, we calculated the plasmonic Kerr intensity. We considered that QD
has four energy levels. They are denoted as |1>, |2>, |3> and |4>. The energy difference
between levels |i> and |j> is expressed as " ij . To study the Kerr nonlinearity, we applied
the probe �eld between j1i and j2i . A schematic diagram of the four-level quantum emitter
is shown in Figure 2.
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Figure 2. A schematic diagram of a four-level quantum dots (QDs) is plotted. Energy levels are
denoted as |1>, |2>, |3> and |4>. The probe �eld and SPP �eld are applied in the transition j 1i $ j2i .
The DDI-MNP and DDI-QD �elds are acting in the transitions j2i $ j3i and j 3i $ j4i , respectively.

Following the method of reference [ 52,53], the expression of the polarization was
found as PQE

PQE
�
wp

�
= P(1)

QE

�
wp

�
+ P(2)

QE

�
wp, wp

�
+ P(3)

QE

�
wp, wp, wp

�
(21)

P(1)
QE

�
wp

�
= 2 0 c (1)

QE

�
wp

�
Ep

�
wp

�

P(2)
QE

�
wp, wp

�
= 2 0 c (2)

QE

�
wp, wp

�
Ep

�
wp

�
Ep

�
wp

�

P(3)
QE

�
wp, wp, wp

�
= 2 0 c (3)

QE

�
wp, wp, wp

�
Ep

�
wp

�
Ep

�
wp

�
Ep

�
wp

�
.

(22)

Here � (1)
QE, � (2)

QE, and � (3)
QE are the �rst, second the third-order expressions of the sus-

ceptibility. We know that the �rst-order susceptibility is responsible for the one-photon
phenomena, whereas second-order susceptibility is responsible for the two-photon phe-
nomena. Finally, the third-order susceptibility is responsible for the Kerr nonlinearity.

Fowling the method of references [ 52–55], the polarization of the QE can also be
expressed in terms of the quantum density matrix operator ( � ) as follows

PQE
�
wp

�
= 2m21

�
r 21

�
wp

�
+ h.c.

�
(23)

where m21 is the matrix elements of the dipole moment between transition j 1i $ j2i and
r 21 is the nonlinear density matrix operator ( � ) between transition j 1i $ j2i . Expressing
the nonlinear density matrix as follows

r 21 = r (1)
21

�
wp

�
+ r (2)

21

�
wp, wp

�
+ r (3)

21

�
wp, wp, wp

�
. (24)

Putting Equation (24) into Equation (23), we obtained

PQE
�
wp

�
= 2m21

h
r (1)

21

�
wp

�
+ r (2)

21

�
wp, wp

�
+ r (3)

21

�
wp, wp, wp

�
+ h.c.

i
. (25)
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We compared Equations (21) and (25) and we found the relation between the suscepti-
bility and the density matrix elements to be as follows

c (1) � wp
�

=
2m21r (1)

21 (wp)+ hc

20Ep(wp)

c (2) � wp, wp
�

=
2m21r (2)

21 (wp,wp)+ hc

20Ep(wp)Ep(wp)

c (3) � wp, wp, wp
�

=
2m21r (3)

21 (wp,wp,wp)+ hc

20Ep(wp)Ep(wp)Ep(wp)

(26)

The above expression can be expressed in terms of the Rabi frequency as

c (1) � wp
�

=
2m2

21r (1)
21 (wp)+ hc
20} Wp,

c (2) � wp, wp
�

=
2m3

21r (2)
21 (wp,wp)+ hc

20} 2W2
p

,

c (3) � wp, wp, wp
�

=
2m4

21r (3)
21 (wp,wp,wp)+ hc

20} 3W3
p

(27)

Following the method reference [ 52], the intensity of the �uorescence (light emission
intensity) from the QE could be calculated in terms of the susceptibility as follows

I1ph =
�

wp

2c20
p

2 b

�
�
�c

(1)
pp

�
wp

�
Ep

�
wp

� �
�
�
2
�

I2ph =
�

w2
p

2c220
p

2 b

�
�
�c

(1)
pp

�
wp, wp

�
Ep

�
wp

�
Ep

�
wp

� �
�
�
2
�

Ikerr =
�

w3
p

2c320
p

2 b

�
�
�c

(1)
pp

�
wp, wp, wp

�
Ep

�
wp

�
Ep

�
wp

�
Ep

�
wp

� �
�
�
2
�
.

(28)

The expression of the intensity of the �uorescence is given in Equation (28) can be ex-
pressed in terms of the density matrix elements by putting Equation (26) into Equation (28)
as follows

I1ph = 4wpwpm2
21

2c2022
0
p

2 b

�
�
� r

(1)
21

�
wp

� �
�
�
2

I2ph = 4wpwpm2
21

2c2022
0
p

2 b

�
�
� r

(2)
21

�
wp, wp

� �
�
�
2

Ikerr = 4wpwpm2
21

2c2022
0
p

2 b

�
�
� r

(3)
21

�
wp, wp, wp

� �
�
�
2

(29)

Note that the susceptibility (Equation (27)) and the �uorescence (Equation (29)) depend
on the density matrix elements. Next using the quantum density matrix method, we

evaluated the density matrix elements r (1)
21 , r (2)

21 , and r (3)
21 for the �rst, second, and third-

order in the probe �eld, respectively.
We know that the probe electric �eld can be denoted in terms of the Rabi frequency

WP = m21EP/ h acting between transition j 1i $ j2i . We consider that the SPP �eld repre-
sented in term of the SPP coupling constant P SPP is acting between transition j 1i $ j2i .
Similarly, the DDI-MNP �eld F MNP

DDI is acting between transition j 2i $ j3i and the DDI-QD

�eld F QE
DDI is acting between transition j 3i $ j4i . To make the calculation simple, we

considered F DDI = F QE
DDI = F MNP

DDI . The physics of the problem do not change due to
this approximation.

Three electric �elds are falling on the QE: ET = EP + EMNP
DDI + EQE

DDI . These �led interact
with the exciton of the QE. Using the dipole and rotating wave approximation [52–55], the
interaction Hamiltonian between QE was found as

Hin = } WPs21 + } WSPPs21 + } WMNP
DDI s23 + } WQE

DDI s43 + h.c. (30)
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where
WP = m21EP

} , WSPP = WPP SPP,

WMNP
DDI = WPF MNP

DDI , WQE
DDI = WPF QE

DDI

(31)

Here h.c. stands for the Hermitian conjugate. Here s ij = | i><j| is the exciton creation
operators for j i i $ j j i . Parameter Wp is called the Rabi frequency. The �rst term in Hint
is the exciton-probe �eld interaction. The second term is exciton-SPP �eld interaction.
The third term is exciton-DDI-MNP interaction. The last term is exciton-DDI-QE �eld
interaction.

With the help of Equation (30) and following the method of references [ 53–55] equa-
tions of motion for density matrix elements were found as follows

dr 11
dt = 2g23r 22 � iWP(r 12 � r 21)

dr 22
dt = � 2g21r 22 + iWP(r 12 � r 21) + iP SPP(r 32 � r 23)

dr 33
dt = 2g31r 22 + iP SPP(r 23 � r 32) + iF DDI (r 43 � r 34)�

dr 12
dt = � d21r 12 � iP SPPr 13 + i(r 22 � r 11)WP

dr 13
dt = � d13r 13 � i r 12P SPP+ i r 23WP � i r 14F DDI

dr 23
dt = � d23r 23 + i(r 33 � r 22)P SPP+ i r 13WP � i r 24F DDI

dr 14
dt = � d14r 14 � i r 13F DDI + i r 24WP

dr 24
dt = � d24r 24 + i r 34P SPP � i r 23F DDI + i r 13WP

dr 34
dt = � d34r 34 + i r 24P SPP+ iF DDI (r 44 � r 33)

(32)

where the parameters appearing in Equation (32) were found as

d21 = d21 + ig21, d23 = d23 + ig23, d34 = d34 + ig43,

d41 = d41 + ig41, d42 = d42 + ig42, d31 = d31 + ig31

d21 = w21 � wp, d34 = w34 � wd, d23 = w23 � ws

d42 = d23 + d34, d14 = d21 � d23 � d34, d13 = d21 � d23

(33)

Here di j is called the �eld detuning. Physical quantity 
 ij is the exciton decay rates.
We solved Equation (32) in a steady state. We know that density matrix elements

satisfy the condition r 11 + r 22 + r 33 + r 44 = 0. We tried to �nd the analytical expression of
the density matrix elements in the steady-state. We considered that initially the ground

state is �lled and all excited states are empty: r (0)
11 = 1 and r (0)

22 + r (0)
33 + r (0)

44 = 0.
In the �rst order in the probe �eld, WP, we solved Equation (32) using the above initial

condition. After some mathematical manipulations, we obtained the following analytical

expression of one-photon density matrix element r (1)
12 , as

r (1)
12 = �

iWp
�
d13d14 � F 2

DDI

�

d21
�
d13d14 � F 2

DDI

�
+ d14P 2

SPP

. (34)

The second-order two-photon density matrix element r (2)
12 was calculated in the sec-

ond order in the probe �eld, W2
P by solving Equation (32). After some mathematical

manipulations, we obtained the following analytical expression of the element r (2)
12 ,
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r (2)
12 = +

r (1)
23 P SPPWpd14 � r (1)

24 P SPPWpF DDI

d21
�
d13d14 � d21F 2

DDI

�
+ P 2

SPPd14
+

i
�

r (1)
22 � r (1)

11

�
Wp

�
d13d14 � d21F 2

DDI

�

d21
�
d13d14 � d21F 2

DDI

�
+ P 2

SPPd14
(35)

r (1)
24 = � i r (1)

23 F DDI d34

d24d34+ P 2
SPP

,

r (1)
24 = � i r (1)

23 F DDI d34

d24d34+ P 2
SPP

,

r (1)
22 = 2P SPPIma23

2g21+ 4P SPPIma23

r (1)
23 =

+ iP SPP(d24d34+ P 2
SPP)(r (1)

33 � r (1)
22 )

d23(d24d34+ P 2
SPP)+ F 2

DDI d34

,

a23 =
+ iP SPP(d24d34+ P 2

SPP)
d23(d24d34+ P 2

SPP)+ F 2
DDI d34

(36)

The third order Kerr density matrix element r (3)
12 was calculated in the third order in the

probe �eld E3
P and E3

SPP by solving Equation (32). After some mathematical manipulations,

we obtained the following analytical expression of the element r (3)
12 as

r (3)
12 =

r (2)
23 WpP SPPd14 + i r (2)

24 WpF DDI L SPP

d21
�
d13d14 � d21F 2

DDI

�
+ P 2

SPPd14
+

i(r (2)
22 � r (2)

11 )Wp
�
d13d14 � d21P 2

SPP

�

d21
�
d13d14 � d21F 2

DDI

�
+ P 2

SPPd14
(37)

r (1)
13 = �

�
d14F DDI Wp

d21(d13d14� P 2
SPP)+ d14F 2

DDI

�
,

r (2)
24 = � i r (2)

23 P SPPd34

d24d34+ F 2
DDI

r (2)
23 =

�
i r (2)

33 F DDI � i r (2)
22 F DDI + i r (1)

13 WP

�
(d24d34+ F 2

DDI )
(d24d34+ F 2

DDI )+ P 2
SPPd34

,

r (2)
22 =

WpIm
�

r (1)
12

�

g21

(38)

Note that the r (1)
12 , r (2)

12 , and r (3)
12 depend on the SPP and DDI couplings.

We then calculated the linear �uorescence intensity due to the emission of one photon.
Inserting Equation (34) into Equation (29) we obtained linear �uorescence intensity as

I1ph =
4wpwpm2

21

2c 2 02 2
0

p
2 b

�
�
�
�
�

iWp
�
d13d14 � F 2

DDI

�

d21
�
d13d14 � F 2

DDI

�
+ d14P 2

SPP

�
�
�
�
�

2

. (39)

Similarly, we calculated the nonlinear �uorescence intensity due to the emission of
two photons. Inserting Equation (35) into Equation (29) we obtained the two-photon
�uorescence intensity as

I2ph = 4wpwpm2
21

2c2022
0
p

2 b

�
�
� r

(2)
A

�
wp, wp

�
+ r (2)

B

�
wp, wp

� �
�
�
2

r (2)
A

�
wp, wp

�
= +

r (1)
23 P SPPWpd14� r (1)

24 P SPPWpF DDI

d21(d13d14� d21F 2
DDI )+ P 2

SPPd14

r (2)
B

�
wp, wp

�
=

i
�

r (1)
22 � r (1)

11

�
Wp(d13d14� d21F 2

DDI )
d21(d13d14� d21F 2

DDI )+ P 2
SPPd14

.

(40)
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Finally, we evaluated the nonlinear �uorescence intensity due to the emission of three
photons. Inserting Equation (37) into Equation (29), we obtained three-photon �uorescence
intensity (i.e., Kerr intensity) as

Ikerr = I0

�
�
�
�
�

�
r (3)

A + r (3)
A

�

d21(d13d14� d21L 2
DDI )+ L 2

SPPd14

�
�
�
�
�

2

r (3)
A = r (2)

23 WpP SPPd14 + i r (2)
24 WpF DDI P SPP,

I0 = 4w21w21m2
21

2c2022
0
p

2 b

r (3)
B = i(r (2)

22 � r (2)
11 )WP

�
d13d14 � d21P 2

SPP

�
.

(41)

We found that the one-photon, two-photon, and three-photon �uorescence intensity
depends on the SPP coupling and DDI couplings.

5. Exciton Decay Rates Due to Dipole-Dipole Interaction

The radiative decay rates 
 i j appear in Equations (27)–(35). The radiative decay rate

 21 is due to the spontaneous emission of exciton transition from j2i to j1i . The decay rate

 23 is due to the exciton decay from j2i to j3i because of the exciton-DDI-MNP interaction.
Similarly, the decay rate 
 34 is also due to the exciton decay from j3i to j4i because of the
exciton-DDI-QD interaction.

The SPP dispersion relation w �
k was evaluated in Equation (6) for the upper (+) and

lower ( � ) SPP spectrum. The lower mode of the SPP is responsible for the enhancement of
the SPP �eld. Hence, we consider the lower branch for the decay calculation. The spectrum
of the lower branch was denoted as ws

k = w �
k . Henceforth, we take out superscript ( � ) for

all terms.
The exciton interaction Hamiltonian with the probe, SPP, and DDI �elds can be written

in the dipole and rotating wave approximation as

Hint = H0 + Hex� PP + Hex� SPP+ H MNP
ex� DDI + HQD

ex� DDI (42)

where the �rst term is the Hamiltonian for the noninteracting excitons and SPPs. The
second term is due to the spontaneous emission coupling term due to the exciton-probe
�eld interaction. The third term is due to the exciton-SPP �eld interaction. Finally, the
fourth and �fth terms are due to the exciton-DDI �eld interaction. Their expressions were
found as

H0 = å
i= 1,3

} wi1si1 + å
k

} ws
kp†

k pk

Hex� PP = å
k

VPP

�
pks†

21 + p†
ks21

�
,

Hex� SPP = å
k

VSPP

�
pks†

21 + p†
ks21

�

H MNP
ex� DDI = å

k
V MNP

DDI

�
pks†

23 + p†
ks23

�
,

HQE
ex� DDI = å

k
V QE

DDI

�
pks†

34 + p†
ks34

�

(43)

where s ij = | i><j| is the exciton creation operator for transition j i i $ j j i where i and j
stand for 1, 2, 3, and 4. Meanwhile, the operators p†

nm,kz
pnm,kz

are the photon creation and
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annihilation operators, respectively. The coupling constant appearing in Equation (43) was
found as

VPP = i
�

m2
21} ws

k
2202 bVQE

� 1/2

VSPP = i
�

m2
21} ws

k
2202 bVQE

� 1/2 �
P SPP

�

V MNP
DDI = i

�
m2

23} ws
k

2202 bVQD

� 1/2 �
F MNP

DDI

� ,

V QE
DDI = i

�
m2

34} ws
k

2202 bVQE

� 1/2 h
P QE

DDI

i

(44)

where VQE is the volume of the QE.
The Golden rule method of the quantum mechanical perturbation theory was used to

calculate the decay rates. It is written as

Gi j = 2p } å
k

Z
dws

kDk(ws
k)jVint (ws

k)j
2d

�
ws

k � #i j
�

(45)

where V int is the interaction term given in Equation (44) and Dk is the DOS which has been
calculated in Equation (8).

Putting Equations (44) and (8) into Equation (45) and doing extensive mathematical
manipulations, we obtained the decay rates for exciton as

GP = g0Zk(w21) = g0

 
(wp � w21) + jgkj

2

(wp � w21)
2

!

, g0 =

 
} 3m2

21w
3
21

p 2 02 b } 4c3

!

(46)

GSPP = g0
�
�P SPP

�
�2Zk(w21)

GMNP
DDI = g0

�
�L MNP

DDI

�
�Zk(w23)

GQD
DDI = g0

�
�
�L QD

DDI

�
�
�
2
Zk(w34)

(47)

Here g0 is the radiative decay rate when QD is in the vacuum. Please note the
following relationship g21 = GP + GSPP, g23 = GMNP

DDI and g34 = GQE
DDI . Note that the

radiative and nonradiative decay rates can have large values when exciton energies #12, #23,
and #34 are close to#nm. This is an interesting �nding of the paper.

6. Dressed States: Exciton-DDI Coupling

We show in the next section that in the strong coupling between the exciton and DDI
polaritons, the single peak in the Kerr absorption splits into two peaks. This phenomenon
can be easily explained by the physics of the dressed state. We calculated the energies and
eigenfunctions for exciton-DDI polariton Hamiltonian in the strong coupling. Note that
the DDI �eld is acting between states |2> and |3>. For simplicity we denoted |3> and |2>
as |a> and |b>, respectively. Here |a> and |b> are the ground state and the excited state
of the exciton.

The polariton energy of the kth mode was denoted as #k = #d and it was considered
that the energy of the DDI polariton is very close to exciton energy i.e., #k � #ba. This
means that only one mode of the polariton was acting with an exciton and we denoted
#k = #DDI . The interaction Hamiltonian between exciton and the DDI polaritons was
written as in the dipole and rotating wave approximation can be written as

HT = #asaa+ #bsbb+ #dp+
k pk � } WDDI

�
s+

bapk + s �
bap

+
k

�
. (48)

Here p+
k and pk are the DDI polariton creation and annihilation operators, respectively.

Here ja >< aj and jb >< bj are called the number operators for states |a> and | b>, respec-
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tively. The �rst two terms are the noninteracting Hamilton for the exciton and kth mode
DDI polariton. The last term is the exciton-polariton interaction Hamiltonian. The constant
WDDI is called the Rabi frequency for the DDI �eld.

We then calculated the eigenvalues and eigenfunctions of the total Hamiltonian as

HT j j ki = #T j j ki (49)

where are #T and j j ki are the eigenvalue and eigenket of the total Hamiltonian Hint . We
considered two states which have the same number of particles, i.e., nk. Therefore, we
chooseja, nki and jb, nk � 1i states. The �rst has nk polaritons and zero excitons and the
second has one exciton and(nk � 1) polaritons. Note that both states form ja, nki and
jb, nk � 1i form an orthonormal set and they satisfy the orthonormal conditions as follows

ha, nkja, nki = 1, hb, nk � 1jb, nk � 1i = 1, ha, nkjb, nk � 1i = 0. (50)

The eigenket j j ki can be expressed as a linear combination of the orthonormal set
ja, nki and jb, nk � 1i as

j j ki = aaja, nki + abjb, nk � 1i (51)

where aa and ab are expansion constants. Inserting Equation (51) into Equation (49)
and using Equation (50), we obtained the following equations after some mathematical
manipulations as

� �
#T � (#a + #nk)

	 �
} Wa

p
nk

�

�
�
} Wa

p
nk

�
aa

�
#T � (#b + #nk� 1)

	
��

aa

ab

�
= 0. (52)

The determinant of the above equation gives the eigenvalues of energy #T as

�
�
�
�

�
#T � (#a + #nk)

	 �
} Wa

p
nk

�

�
�
} Wa

p
nk

�
aa

�
#T � (#b + #nk� 1)

	
�
�
�
� = 0. (53)

The above expression reduces to the following equation as

#�
T =

�
#b + #nk� 1 + #b + #nk

2

�
�

1
2

q
(#d � #ba)

2 + 4nk} 2jWddij
2. (54)

The #+
T and #�

T are eigenvalues for eigenkets
�
� j +

T

�
and

�
� j �

T

�
and they are called dressed

states. Putting, #nk = nk#d and #ba = #b � #a into the above expression, we obtained

#�
T =

�
#ba

2
+

�
nk �

1
2

�
#d

�
�

1
2

q
(#d � #ba)

2 + 4nk} 2jWddij
2. (55)

We then calculated the eigenkets
�
� j +

T

�
and

�
� j �

T

�
from Equation (48) for eigenvalues

#+
T and #�

T . The expansion coef�cients a�
a and a�

b are provided in Equations (56) and (57).
Using orthonormalization properties given in Equation (50) and after some mathematical
manipulation, we obtained

a�
b =

 �
#�

T � (#a + #nk)
	 2

�
#�

T � (#a + #nk)
	 2 +

�
} Wddi

p
nk

� 2

! 2

(56)

�
a�

a
� 2 =

 
} Wddi

p
nk

�
#�

T � (#a + #nk)
	 2 +

�
} Wddi

p
nk

� 2

! 1/2

. (57)
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In most of the experiments, only one polariton was required to excite transition from
ground state | ai to the excited state | bi . Therefore, we added nk = 1 in the above equations.
For this case, we obtained the following expression for the eigenvalues

#�
T =

�
dba

2
+ #ba

�
�

1
2

q
(dba)

2 + 4} 2jWddij
2 (58)

Here dba = #ba � #d is called the detuning parameter in quantum optics. When the DDI
polariton energy is in resonance with the exciton transition energy (i.e., dba = #ba � #d = 0),
the above expression reduces to a simple form

#�
T = #ab � } 2jWddij

2. (59)

We found that when the polariton energy is in resonance with the exciton energy, the
excited state splits into two dressed states

�
� j +

T

�
and

�
� j �

T

�
. The energy difference between

the two dressed state was proportional to the DDI coupling Wddi = WPF ddi.

7. Results and Discussion

In this section, we discuss the numerical simulations performed on the SPP dispersion
relation, DOS of SPPs, and Kerr absorption intensity. The effect of the SPP and DDI cou-
plings on the Kerr absorption intensity are also investigated. In our numerical simulations,
we measured all physical qualities related to energy (frequency) are measured with respect
to the decay rate 
 2. Some of the examples for the energy (frequency) physical quantities
are Rabi frequency (WP), exciton frequencies, probe detuning, and decay rates. In our
numerical simulations, we used 
 23/ 
 21 = 
 34/ 
 21=1 and WP / 
 21 = 1. The probe detuning
(dp) and DDI detuning ( � d) were measured with respect to the decay rate 
 21.

We �rst calculated the dispersion relation for the SPPs and the density of states
for the SPPs. Here the dispersion relation means the relation between the energy and
wavevector of polaritons. The dispersion relation is calculated in Equation (6) and the DOS
is calculated in Equation (9). The results are presented in Figure 3a,b. The normalized SPP
energy (w �

k / wp) is plotted in Figure 3a as a function of a normalized wave vector (k/ kp).
One can see that the SPP dispersion relation has a bandgap. The upper band does not
participate in the enhancements of the Kerr intensity because its properties are similar to
photons. On the other hand, the lower band plays an important role in plasmonics. The
behavior of this band is a mixture of plasmons and photons (i.e., SPPs). These materials
can be called the polaritonic bandgap materials, since they have a polaritonic bandgap in
their band structure. They are similar to photonic bandgap materials that have a bandgap
in their photonic dispersion relations.

The results for DOS are plotted in Figure 3b as a function of the normalized energy
(w �

k / wp). We found that the DOS has large values near the band edges. This means that
a large number of SPPs are located near the band edges. When a QE lies near the MNP,
excitons of the QE interact with the SPPs of MNPs. However, if the energy of the excitons
lies near the band edges, there will be huge exciton-SPP coupling since there are the huge
number of polaritons are located near the band edges.

Next, we studied the effect of the SPP �eld on the Kerr absorption intensity ( Ikerr/ I0).
The results are plotted in Figure 4a as a function of normalized detuning ( dp/ 
 21 = d21/ 
 21)
for different values of the SPP coupling ( P SPP). For Figure 4a, we have considered that DDI
coupling is absent. The solid, dash, and dash-dotted lines were plotted for the detuning
parameter P SPP = 0.1, P SPP = 0.7, and P SPP = 1.5, respectively. Note that the SPP
coupling is unitless. Other parameters are taken as F DDI = 0.0. Her the DDI coupling is
also unitless. Note that at zero detuning (i.e., dp/ 
 21 = 0), the Kerr intensity has a peak.
The zero detuning means that the probe �eld frequency is in resonance with the exciton
frequency w21 (i.e., wp = w21).
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Figure 3. (a) (left): The band structure of the SPPs is plotted as a function of the normalized energy and wavevectors.
(b) (right): The DOS of the SPPs is plotted as a function of the normalized energy.
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Figure 4. (a) (left): The Kerr absorption intensity ( Ikerr/ I0) is plotted as a function of the normalized probe detuning
dp = d21. The solid, dash, and dash-dotted lines are plotted for P SPP = 0.1, P SPP = 0.7, and P SPP = 0.7, respectively.
(b) (right): The Kerr absorption intensity ( Ikerr/ I0) is plotted as a function of the SPP coupling P SPP(normalized unit) and
the probe detuning (normalized unit).

We found in Figure 4a that as the SPP coupling increases, the Kerr intensity also
increases. See the dotted and dash-dotted lines in the �gure. This means that there is a large
enhancement in the Kerr intensity due to the presence of SPPs. The enhancement occurred
because the SPP coupling appears in the numerator of the Kerr intensity expression. See
Equation (41). Further, we predicted that the enhancement has smaller values when the
probe �eld is not in resonance with the exciton energy.

We also plotted a three-dimensional �gure for the Kerr intensity ( Ikerr/ I0) as a function
of the SPP coupling (P SPP) and the probe detuning

�
dp/ 
 21

�
. The results are shown in

Figure 4b. Note that as the SPP coupling increases, the Kerr effect also increases. There is a
huge enhancement in the Kerr intensity due to the nonreality of the system.

The enhancement in both Figure 4a,b in the Kerr absorption intensity can be explained
as follows. When the SPP �eld (i.e., MNS) is absent (i.e., P SPP = 0 ), the Kerr intensity is
due to the contribution from three probe photons. However, the Kerr intensity has an extra
contribution due to the SSP coupling. The extra contribution to the Kerr intensity is due to
the three polaritons produced by the SPP �eld. The SPP contributions to the Kerr intensity
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are many times larger than the probe photons. In summary, we can say that the present
�nding can be used to fabricate nanosensor devices for nanotechnology and nanomedical
applications by measuring the enhancement of the Kerr intensity.

Next, we investigated the effect of the DDI coupling ( F DDI ) on the Kerr intensity
(Ikerr/ I0). The results are plotted in Figure 5a as a function of the probe detuning

�
dp/ 
 21

�
.

The solid, dash, and dash-dotted lines were plotted for the detuning parameter F DDI = 0.1,
F DDI = 0.5, and F DDI = 2.0 respectively. The SPP coupling parameter was taken as
P SPP = 0.1. The SPP and DDI coupling parameters were unitless. One can see from the
�gure that for the DDI coupling F DDI = 0.5, the Kerr intensity was enhanced. When the
DDI coupling was further increased to F DDI = 2.0, the Kerr intensity decreased, and one
peak split into two peaks.
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Figure 5. (a) (left): The Kerr intensity ( Ikerr/ I0) plotted as a function of the probe detuning
�
dp = d21

�
. The solid, dash and

dash-dotted lines are plotted for the detuning parameter F DDI = 0.1,F DDI = 0.5, andF DDI = 2.0, respectively. (b) (right):
The Kerr intensity ( Ikerr/ I0) plotted as a function of the probe detuning

�
dp = d21

�
and the DDI coupling F DDI .

To make the effect of the DDI coupling on the Kerr intensity clearer, we plotted a
three-dimensional �gure of the Ker nonlinearity in Figure 5b. Note that when the DDI
coupling is in the weak coupling limit, the Kerr intensity increases with the DDI coupling.
It reaches a maximum value at a certain value of the DDI (i.e., F DDI = 0.4). When the DDI
coupling increases further, the peak of the Kerr intensity splits into two-peaks. In summary,
we can say that when F DDI < 1.

The Kerr intensity has one peak. On the other hand, when F DDI > 1, the Kerr
intensity splits from one peak to two peaks. The condition F DDI < 1 is called the weak
coupling limit, whereas the condition F DDI > 1 is called the strong coupling limit. This is
an interesting �nding of the paper.

We then de�ned the weak and strong DDI coupling limits. In the literature, the
weak coupling limit is de�ned when the Rabi frequency of the DDI electric �eld ( WDDI )
is smaller than the decay rate (i.e., WDDI < g21). Here the DDI Rabi frequency is de�ned
as WDDI = F DDI WP. In this case, the DDI coupling F DDI is in the weak coupling limit.
On the other hand, the strong coupling limits are de�ned when the DDI Rabi frequency
is larger than the decay rate (WDDI < g21). In this case, the DDI coupling is in the strong
coupling limit. The above de�nitions are the approximate de�nition and are not applied in
all problems. Note that in Figure 5b, the DDI coupling approximately satis�es the weak
and strong coupling limit criteria for the enhancement and the splitting of the peak.

The splitting from one peak to two peaks due to the strong DDI coupling limit is
explained by using the physics of dressed states, as discussed in Section 5. In the absence
of the DDI coupling, the Kerr intensity is due to the three photons emission from the
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transition j 2i $ j1i . On the other hand, in the strong DDI coupling limit the excited state
j 2i $ j3i splits into two dressed states j 2� i $ j3i and j 2+ i $ j3i . Therefore, the Kerr
intensity emissions have two peaks due to transitions j 2� i $ j1i and j 2+ i $ j1i . We have
also found that the distance between the peaks increases as the DDI coupling increases.
This is because the energy splitting is directly related to the DDI coupling. See Equation
(59) for further details. In summary, we can say that the splitting of one peak (ON) into
two peaks (OFF) can be used to fabricate nanoswitching devices for nanotechnology and
nanomedical applications.

Finally, we provide comments on the giant nonlinearity found due to the Kerr effect
in the present work. We have shown that there is a huge (giant) enhancement in Kerr
nonlinearity due to the presence of SPPs. We have also found the due to the weak DDI
coupling, there is also an enhancement in the Kerr nonlinearity. The giant Kerr nonlinearity
found in plasmonic nanohybrids is of great importance in the context of quantum informa-
tion theory and its applications. In particular, the photon/phonon blockade can appear in
systems involving high Kerr-type nonlinearities [ 56,57]. Moreover, such systems can be
applied in the maximally entangled state's generation [ 58] and as the source of quantum
steering [59]. Quite recently, the model involving Kerr nonlinearities was considered in the
context of the PT-symmetry breaking [ 60]. The present study can also be used for optical
pumping [61] and photon transparency [62].

8. Conclusions

A theory of the Kerr nonlinear tensity was developed by using the many-body quan-
tum mechanical density matrix method for plasmonic nanohybrids. We showed that the
Kerr intensity enhances in the weak dipole-dipole coupling limits. On the other hand,
in the strong dipole-dipole coupling limit, the single peak in the Kerr intensity splits
into two peaks. Further, we found that the Kerr nonlinearity is also enhanced due to
the SPP coupling. Next, we determined the spontaneous decay rates are enhanced due
to the dipole-dipole coupling. The enhancement of the Kerr intensity due to the sur-
face plasmon polaritons can be used to fabricate nanosensors. The splitting of one peak
(ON) two peaks (OFF) can be used to fabricate the nanoswitches for nanotechnology and
nanomedical applications.
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3. Tame, M.S.; McEnery, K.R.; Özdemir, Ş.K.; Lee, J.; Maier, S.A.; Kim, M.S. Quantum plasmonics.Nat. Phys. 2013, 9, 329–340.
[CrossRef]

4. Törmä, P.; Barnes, W.L. Strong coupling between surface plasmon polaritons and emitters: A review. Rep. Prog. Phys.2015, 78,
013901. [CrossRef] [PubMed]

5. Achermann, M. Exciton � Plasmon Interactions in Metal � Semiconductor Nanostructures. J. Phys. Chem. Lett.2010, 1, 2837.
[CrossRef]

6. Singh, M.R.; Guo, J.; Fanizza, E.; Dubey, M. Anomalous photoluminescence quenching in metallic nanohybrids. J. Phys. Chem. C
2019, 123, 10013–10020. [CrossRef]

184



Symmetry2021, 13, 445

7. Balakrishnan, S.; Najiminaini, M.; Singh, M.R.; Carson, J.J.L. A study of angle dependent surface plasmon polaritons in nano-hole
array structures. J. Appl. Phys.2016, 120, 034302. [CrossRef]

8. Ant ân, M.A.; Carreño, F.; Melle, S.; Calderon, O.G.; Granado, E.C.; Singh, M.R. Optical pumping of a single hole spin in ap-doped
quantum dot coupled to a metallic nanoparticle. Phys. Rev. B2013, 87, 195303. [CrossRef]

9. Racknor, C.; Singh, M.R.; Zhang, Y.; Birch, D.J.S.; Chen, Y. Energy transfer between a biological labelling dye and gold nanorods.
Methods Appl. Fluoresc.2013, 2, 015002. [CrossRef]

10. Singh, M.R.; Black, K. Anomalous dipole-dipole interaction between ensemble of quantum emitters in metallic nanoparticle
hybrids. J. Phys. Chem. C2018, 122, 26584–26591. [CrossRef]

11. Yudson, V.I.; Singh, M.R. Lattice-gas model for electron-hole coupling in disordered media. Phys. Rev. B1998, 58, 16202.
[CrossRef]

12. Singh, M.R.; Guo, J.; Chen, J. A Theoretical Study of Fluorescence Spectroscopy of Quantum Emitters Coupled with Plasmonic
Dimer and Trimer. J. Phys. Chem. C2019, 123, 17483–17490. [CrossRef]

13. Singh, M.R. The effect of the dipole–dipole interaction in electromagnetically induced transparency in polaritonic band gap
materials. J. Mod. Opt.2007, 54, 1739–1757. [CrossRef]

14. Singh, M.R. Dipole-Dipole Interaction in Photonic-Band-Gap Materials Doped with Nanoparticles. Phys. Rev. A2007, 75, 043809.
[CrossRef]

15. Schmidt, H.; Imamoglu, A. Giant Kerr nonlinearities obtained by electromagnetically induced transparency. Opt. Lett. 1996, 21,
1936–1938. [CrossRef] [PubMed]

16. Wang, H.; Goorskey, D.; Xiao, M. Enhanced Kerr Nonlinearity via Atomic Coherence in a Three-Level Atomic System. Phys. Rev.
Lett. 2001, 87, 073601. [CrossRef] [PubMed]

17. Yan, X.-A.; Wang, L.-Q.; Yin, B.-Y.; Jiang, W.-J.; Zheng, H.-B.; Song, J.-P.; Zhang, Y.-P. Effect of spontaneously generated coherence
on Kerr nonlinearity in a four-level atomic system. Phys. Lett. A2008, 372, 6456–6460. [CrossRef]

18. Khoa, D.X.; Van Doai, L.; Son, D.H.; Bang, N.H. Enhancement of self-Kerr nonlinearity via electromagnetically induced
transparency in a �ve-level cascade system: An analytical approach. J. Opt. Soc. Am. B2014, 31, 1330–1334. [CrossRef]

19. Ren, J.; Chen, H.; Gu, Y.; Zhao, D.; Zhou, H.; Zhang, J.; Gong, Q. Plasmon-enhanced Kerr nonlinearity via subwavelength-con�ned
anisotropic Purcell factors. Nanotechnology2016, 27, 425205. [CrossRef] [PubMed]

20. Doai, L.V.; Khoa, D.X.; Bang, N.H. EIT enhanced self-Kerr nonlinearity in the three-level lambda system under Doppler
broadening. Phys. Scr.2015, 90, 45502. [CrossRef]

21. Sheng, J.; Yang, X.; Wu, H.; Xiao, M. Modi�ed self-Kerr-nonlinearity in a four-level N-type atomic system. Phys. Rev. A2011,
84, 053820. [CrossRef]

22. Singh, M.R. Two-photon absorption in photonic nanowires made from photonic crystals. J. Opt. Soc. Am. B2009, 26, 1801–1807.
[CrossRef]

23. Berland, K.; So, P.; Gratton, E. Two-photon �uorescence correlation spectroscopy: Method and application to the intracellular
environment. Biophys. J.1995, 68, 694–701. [CrossRef]

24. Jung, J.-M.; Yoo, H.-W.; Stellacci, F.; Jung, H.-T. Two-Photon Excited Fluorescence Enhancement for Ultrasensitive DNA Detection
on Large-Area Gold Nanopatterns. Adv. Mater. 2010, 22, 2542–2546. [CrossRef]

25. Li, X.; Kao, F.-J.; Chuang, C.-C.; He, S. Enhancing �uorescence of quantum dots by silica-coated gold nanorods under one- and
two-photon excitation. Opt. Express2010, 18, 11335–11346. [CrossRef] [PubMed]

26. Gao, D.; Agayan, R.R.; Xu, H.; Philbert, M.A.; Kopelman, R. Nanoparticles for Two-Photon Photodynamic Therapy in Living
Cells. Nano Lett.2006, 6, 2383–2386. [CrossRef]

27. Yuan, H.; Khoury, C.G.; Hwang, H.; Wilson, C.M.; A Grant, G.; Vo-Dinh, T. Gold nanostars: Surfactant-free synthesis, 3D
modelling, and two-photon photoluminescence imaging. Nanotechnology2012, 23, 075102. [CrossRef]

28. Albota, M.; Beljonne, D.; Br² das, J.L.; Ehrlich, J.E.; Fu, J.Y.; Heikal, A.A.; Hess, S.E.; Kogej, T.; Levin, M.D.; Marder, S.R.; et al.
Design of Organic Molecules with Large Two-Photon Absorption Cross Sections. Science1998, 281, 1653–1656. [CrossRef]

29. Singh, M.R.; Persaud, P.D. Dipole� dipole Interaction in two-photon spectroscopy of metallic nanohybrids. J. Phys. Chem. C.2020,
124, 6311–6320. [CrossRef]

30. Singh, M.R.; Persaud, P.D.; Yastrebov, S. A study of two-photon �orescence in metallic nanoshells. Nanotechnology2020, 31, 265203.
[CrossRef] [PubMed]

31. Fejer, M.M. Nonlinear Optical Frequency Conversion. Phys. Today1994, 47, 25–32. [CrossRef]
32. Cerullo, G.; De Silvestri, S. Ultrafast optical parametric ampli�ers. Rev. Sci. Instrum.2003, 74, 1–18. [CrossRef]
33. Sugioka, K. Progress in ultrafast laser processing and future prospects.Nanophotonics2017, 6, 393–413. [CrossRef]
34. Potma, E.O.; De Boeij, W.P.; Wiersma, D.A. Nonlinear coherent four-wave mixing in optical microscopy. J. Opt. Soc. Am. B2000,

17, 1678–1684. [CrossRef]
35. Yannopapas, V.; Paspalakis, E. Optical properties of hybrid spherical nanoclusters containing quantum emitters and metallic

nanoparticles. Phys. Rev. B2018, 97, 205433. [CrossRef]
36. Tohari, M.M.; Lyras, A.; AlSalhi, M.S. Giant Self-Kerr Nonlinearity in the Metal Nanoparticles-Graphene Nanodisks-Quantum

Dots Hybrid Systems Under Low-Intensity Light Irradiance. Nanomaterials2018, 8, 521. [CrossRef] [PubMed]
37. Terzis, A.; Kosionis, S.; Boviatsis, J.; Paspalakis, E. Nonlinear optical susceptibilities of semiconductor quantum dot—Metal

nanoparticle hybrids. J. Mod. Opt.2015, 63, 451–461. [CrossRef]

185



Symmetry2021, 13, 445

38. Liu, Q.; He, X.; Zhao, X.; Ren, F.; Xiao, X.; Jiang, C.; Zhou, X.; Lu, L.; Zhou, H.; Qian, S.; et al. Enhancement of third-order
nonlinearity in Ag-nanoparticles-contained chalcohalide glasses. J. Nanoparticle Res.2011, 13, 3693–3697. [CrossRef]

39. Kelly, K.L.; Coronado, E.; Zhao, L.L.; Schatz, G.C. The Optical Properties of Metal Nanoparticles: The In�uence of Size, Shape,
and Dielectric Environment. J. Phys. Chem. B2003, 107, 668–677. [CrossRef]

40. Singh, M.R. Enhancement of the second-harmonic generation in a quantum dot–metallic nanoparticle hybrid system. Nanotech-
nolgy2013, 24, 125701. [CrossRef] [PubMed]

41. Cox, J.D.; Singh, M.R.; Von Bilderling, C.; Bragas, A.V. A Nonlinear Switching Mechanism in Quantum Dot and Metallic
Nanoparticle Hybrid Systems. Adv. Opt. Mater. 2013, 1, 460–467. [CrossRef]

42. Singh, M.R. Theory of all-optical switching based on the Kerr nonlinearity in metallic nanohybrids. Phys. Rev. A2020, 102, 013708.
[CrossRef]

43. Singh, M.R.; Yastrebov, S. Switching and Sensing Using Kerr Nonlinearity in Quantum Dots Doped in Metallic Nanoshells. J. Phys.
Chem. C2020, 124, 12065–12074. [CrossRef]

44. Mazenko, G.F.Quantum Statisitcal Mechanics; John Wiley and Sons Inc.: New York, NY, USA, 2000; Section 5.8.
45. Kittel, C. Introduction to Solid State Physics, 6th ed.; John Wiley and Sons Inc.: New York, NY, USA, 1996; Chapter 13.
46. Ali Omar, M. Elementary Solid State Physics; Addison-Wesley: New York, NY, USA, 1993; Section 8.11.
47. Gerstein, J.L.; Smith, F.W.The Physics and Chemistry of Materials; John Wiley and Sons Inc.: New York, NY, USA, 2001; Chapter 15.
48. Eyring, H. Statistical Mechanics and Dynamics; Dover: New York, NY, USA, 1952.
49. Lorentz, H. The Theory of Electrons; Dover: New York, NY, USA, 1952.
50. Novotny, L.; Hecht, B. Principle of Nano-Optics; Cambridge University Press: Cambridge, UK, 2006.
51. Sarid, D.; Challener, W.A. Modern Introduction to Surface Plasmons: Theory, Mathematica Modeling, and Applications; Cambridge

University Press: Cambridge, UK, 2010.
52. Hanamura, E.; Kawabe, Y.; Yamanaka, A.Quantum Nonlinear Optics; Springer: Tokyo, Japan, 2007.
53. Boyd, R.W.Nonlinear Optics, 3rd ed.; Academic Press: New York, NY, USA, 2008.
54. Singh, M.R.Electronic, Photonic, Polaritonic and Plasmonic Materials; Wiley Custom: Toronto, ON, Canada, 2014.
55. Scully, M.O.; Zubairy, M.S. Quantum Optics; Cambridge University Press: London, UK, 1997.
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