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Preface to ”Advances of Machine Design in Italy

2022”

This book contains a Special Issue of the MDPI journal Machines on Italian advances in

mechanism and machine science through a collection of selected papers from the Fourth International

Conference of IFToMM Italy, IFIT 2022, that was held in Naples on 7–9 September 2022.

The peer-reviewed papers are extended, revised versions of those presented at IFIT 2022, with

the aim of giving an overview of the variety of activities and achievements from the Italian IFToMM

community, even with international collaborations. The authors are mainly from universities from all

around Italy.

IFToMM Italy is one of the founding member organizations of the IFToMM, the International

Federation for the Promotion of Mechanism and Machine Science, which was founded in 1969.

Since then, the community of IFToMM Italy has been active with contributions at the national and

international levels. In 2014, IFToMM Italy was legally established as the Italian IFToMM society,

with research and development activity in mechanism and machine science (MMS) in addition to a

biennial conference as the core conference event.

This book includes papers belonging to a broad range of disciplines in MMS, with research

and design results that can be of interest not only to scholars in the field of MMS and mechanical

engineering but also to professionals and even students, broadening their understanding of the

problems and solutions under development, mainly, but not only, from the Italian community.

The Guest Editors wish to thank the authors for their efforts and time spent on their valuable

scientific contributions in addition to the MDPI editorial staff for their support and assistance in

preparing the Special Issue and then this book.

Marco Ceccarelli, Giuseppe Carbone, and Alessandro Gasparetto

Editors
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Editorial

Advances of Machine Design in Italy 2022

Marco Ceccarelli 1,*, Giuseppe Carbone 2,* and Alessandro Gasparetto 3,*

1 Department of Industrial Engineering, University of Rome Tor Vergata, 00133 Rome, Italy
2 Department of Mechanical Engineering, Energy Engineering and Management, University of Calabria,

87036 Rende, Italy
3 Polytechnic Department of Engineering and Architecture, University of Udine, 33100 Udine, Italy
* Correspondence: marco.ceccarelli@uniroma2.it (M.C.); giuseppe.carbone@unical.it (G.C.);

alessandro.gasparetto@uniud.it (A.G.)

This Special Issue is aimed to promote and circulate recent developments and achieve-
ments in the field of Mechanism and Machine Science coming from the Italian community
with international collaborations and ranging from theoretical contributions to experimental
and practical applications. It contains selected contributions that were accepted for presen-
tation at the Fourth International Conference of IFToMM Italy, IFIT 2022, that has been held
in Naples on 7–9 September 2022 [1]. This IFIT2022 conference is the fourth event of a series
that was started in 2016 by IFToMM Italy in Vicenza, and continued with IFIT 2018 in Cassino,
and with IFIT 2022 in Naples but held online. The IFIT conferences were established to bring
together researchers, industry professionals and students, from the Italian community with
international participation in an intimate, collegial, and stimulating environment.

IFToMM Italy is one of the founding member organizations of IFToMM, the Inter-
national Federation for the Promotion of Mechanism and Machine Science, which was
founded in 1969. Since then, the member organization IFToMM Italy has been active with
contributions at national and international levels. In 2014, IFToMM Italy was legally estab-
lished as the Italian IFToMM society with research and development activity in Mechanism
and Machine Science (MMS).

This Special Issue includes papers belonging to a broad range of disciplines in MMS,
such as collaborative robotics, vibration analysis, rotor dynamics, gear design, control of
vehicles, design of parallel mechanisms, tribology, lubrication, UAVs, mobile manipulators for
agricultural applications, kinematics and dynamics of mechanisms, history of mechanisms.

These contributions have been selected from among the 105 papers that were pre-
sented at IFIT 2022 conference [1]. Authors have been invited to contribute extended
revised versions of the presented conference works. Contributions have been mostly se-
lected among those receiving award recognition in one of the three IFToMM categories of
research, applications, and student. These papers were evaluated again with a blind peer-
review process to confirm the high quality of the works. In particular, paper [2] presents an
historical analysis of developments for the creation and usage of models of mechanisms in
academic teaching fields. Manuscript [3] is a review of methodologies for the analysis and
synthesis of planar mechanisms developed at the Laboratory of Mechatronics and Virtual
Prototyping of the University of Ferrara. In [4], the kinematic model and a motion planning
pipeline for a mobile manipulator specifically designed for precision agriculture applica-
tions, such as crop sampling and monitoring, formed by a novel articulated mobile base
and a commercial collaborative manipulator with seven degrees of freedom, is presented.
Paper [5] investigates payload solutions for medium and small package delivery (up to 5 kg)
with a medium-sized UAV. From this analysis, a prototype for an industrialized package is
obtained. A relevant tribology problem is investigated in [6], namely, a methodology for es-
timating the coefficient of friction with a semi-empirical formulation is presented so that its
results are employed to analyze mechanical efficiency losses in a hypoid gearset. A design
of a planar parallel mechanism installed on a fast-operating automatic machine is discussed
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in [7], where the mechanism design is optimized in order to reduce the observed vibrations.
An advanced methodology, such as multi-objective design optimization, is employed in [8]
to efficiently and reliably achieve an optimal lightweight gear design. Paper [9] looks at
the squeeze film dampers (SFDs), i.e., components used in many industrial applications,
ranging from turbochargers to jet engines. A numerical model based on the Reynolds equa-
tion, discretized with the finite difference method, is proposed, and validated by means of
experimental tests. The conceptualization and implementation of a versatile and modular
unmanned ground vehicle prototype, aimed at testing and assessing new motion planning
and control algorithms for different Precision Agriculture applications, is presented in [10].
Manuscript [11] describes a model-based formulation to analytically evaluate the load
transfer dynamics of a vehicle and its variation due to the presence of road perturbations.
Paper [12] deals with combined experimental and statistical approaches to evaluate the
vibrational behavior of a gas micro-turbine supplied with different pure fuels and admixed
with rapeseed oils. In [13], some case studies are presented and discussed concerning
tools and methodologies for Human–robot collaboration that are developed at the I-Lab
laboratory of Università Politecnica delle Marche (Ancona, Italy). In [14], the dynamic
sub structuring technique is employed to predict the vibrational behavior of a three-point
linkage, in order to determine the frequency response functions, the natural frequencies
and the mode shapes of the mechanism in a wide range of configurations. Paper [15]
presents the design of a novel feeding device for industrial applications that is composed
of a rotary distributor and a four-bar linkage mechanism. The mechanism is designed
as result of a specific functional synthesis and the movement of the conveyor blades is
driven by the kinematics of the four-bar linkage with a fairly simple control system. In
the paper [16], a survey is presented on strategies that were proposed in the last few years
to tackle contact mechanics problems involving rough interfaces. Attention is focused
on Boundary Element Methods capable of solving the contact with great accuracy and
with a proper computational efficiency. Particular attention is addressed to non-linearly
elastic constitutive relations and linearly viscoelastic rheology with important practical
implications in all the systems, such as, for example, in vibration isolators, dynamic seals,
pick and place devices.

We would like to thank the members of the Scientific Committees for strong support
for the success of IFIT 2022:

Alessandro Gasparetto (University of Udine) Chair
Nicola Pio Belfiore (University of Roma)
Massimo Callegari (Polytechnical University of Marche)
Roberto Caracciolo (University of Padova)
Giuseppe Carbone (University of Calabria)
Marco Ceccarelli (University of Rome Tor Vergata)
Enrico Ciulli (University of Pisa)
Raffaele di Gregorio (University of Ferrara)
Pietro Fanghella (University of Genova)
Andrea Manuello Bertetto (Politecnico di Torino)
Arcangelo Messina (University of Salento)
Domenico Mundo (University of Calabria)
Vincenzo Niola (University of Napoli)
Paolo Pennacchi (Politecnico di Milano)
Giuseppe Quaglia (Politecnico di Torino)
Rosario Sinatra (University of Catania)
Alberto Trevisani (University of Padova)

The guest editors of this Special Issue thank the authors and reviewers for their
efforts and time spent in the valuable scientific contributions and useful feedback that have
confirmed the high scientific quality of the IFIT 2022 papers. We also take this opportunity
to invite contributions for the next IFIT 2024 event that is scheduled to be held at Politecnico
di Torino, Turin, Italy.
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Italian Historical Developments of Teaching and Museum
Valorization of Mechanism Models

Marco Ceccarelli 1,* and Marco Cocconcelli 2

1 Laboratory of Robot Mechatronics, Department of Industrial Engineering, University of Rome Tor Vergata,
Via del Politecnico 1, 00133 Roma, Italy

2 Department of Sciences and Methods for Engineering, University of Modena and Reggio Emilia, Via G.
Amendola 2-Pad. Morselli, 42123 Reggio Emilia, Italy; marco.cocconcelli@unimore.it

* Correspondence: marco.ceccarelli@uniroma2.it

Abstract: This paper presents an historical analysis of developments for the creation and usage
of models of mechanisms in academic teaching fields, with the aim of re-evaluating the interest
and usefulness of models in teaching and research, and of promoting their merits as a cultural
heritage worthy of being preserved. The historical analysis is focused on developments in Italy, with
specific attention given to physical models created and used for training young engineers in Italian
engineering schools, using commercial products, but also original Italian creations. Examples are
reported from the main Italian academic sites, where examples of such models of mechanisms have
been preserved or have survived, also, as first attempts at museum valorization in terms of historical
memorabilia of educational developments on mechanism design issues.

Keywords: history of mms; italian history of mechanism design; models of mechanisms; history of
teaching; italian mechanism collections

1. Introduction

Modeling, which can be understood as the conceptualization of structural and func-
tional characteristics, was and still is the basis of any analysis and design procedure,
especially in mechanical engineering. In particular, the development of mechanical machin-
ery, both in theory and in practice, has been and continues to be based on the development
of appropriate models of various forms and insights. Usually, in the history of mechanical
engineering and machines, no reference is made to the history of models, even if they are
used mainly in the form of graphical solutions to illustrate the evolution of knowledge and
design solutions, that have had an impact on both science and technology in a broad spec-
trum, such as, for example, in encyclopedic treatises [1,2], and bibliographic overviews [3].
In the history of machine science and technology, models have had a rapid development,
especially during the Industrial Revolution, as demonstrated by the numerous cabinets
and exhibitions that were created in various locations, and especially in Europe [4]. Fur-
thermore, specific attention given to the models of machines and mechanisms reached
widespread and professional credibility with the work of Franz Releaux [5], who, in the
second half of the 19th century, created a set of models of mechanisms for didactic use [6]
through the Voigt company, obtaining global success, which is demonstrated by the fact
that examples of his commercial collection are still present in many academic sites and
museums across the world. In the same period, there were also local initiatives for the de-
velopment of models of mechanisms, such as the collection of mechanisms at the University
of Dresden, Germany [7], and at the Bauman Polytechnic, Moscow [8].

With the aim of refreshing attention to this technical and cultural heritage, this work
presents models of mechanisms collections from Italian academic fields, which have had,
and still have, not only technical but also historical interest. In general, examination of the
historical development of Italian models of mechanisms has not been specifically addressed

Machines 2022, 10, 628. https://doi.org/10.3390/machines10080628 https://www.mdpi.com/journal/machines5
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as far as can be understood from the few publications available, especially with regard to
recent papers, that have, for example [9], reported technical-historic re-evaluation studies
of these collections. In this work, the focus is on Italian initiatives and experiences, referring
to the main historical sites of engineering schools in Italy in order to outline an historical
interest, and to characterize the development of models of mechanisms as a cultural, and
not only technological heritage, that can be considered of public worth and therefore
deserves to be preserved and made usable, as highlighted in [10–13].

2. Consideration on Models

A mechanism is defined in the IFToMM terminology [14], as “Constrained system of
bodies designed to convert motions of, and forces on, one or several bodies into motions
of, and forces on, the remaining bodies”. From a teaching viewpoint, as stated in several
textbooks worldwide, for example [15,16], a mechanism is defined as a set of rigid bodies
in the form of links, that are connected to each other with the purpose of converting the
mechanical energy given to an input link into mechanical energy with a different value in
the output link. Thus, a mechanism is used for its capacity in motion and force transmission,
as a motion generator or action generator, respectively. In this way, a mechanism can be
a fundamental component of machine design for its function in elaborating mechanical
energy at proper levels, according to a machine task.

Consequently, a mechanism can be modelled by a scheme of its structure and operation
parameters, with graphical drawings and/or mathematical formulation that can be used
for performance analysis and operation simulation of the tasks, for which the mechanism is
designed and operated. In general, a model can be a simplified representation of a system,
and in the case of mechanical systems it is an abstract representation of the mechanism
structure with its main mechanical features and parameters, so that it can be useful in
teaching, design, and advertising through different modes, as outlined in [17].

Because of the above considerations, the modelling of a mechanism can be useful not
only for design purposes but also for analyzing the mechanism working with its peculiar
performance. Thus, a mechanism model can be created for design, simulation, and testing
purposes with solutions that today range from virtual representations in computer-oriented
software packages, to scaled simplified mechanical constructions, including prototypes or
demonstrators, when referring to the same model as an evolution of a design solution.

As mentioned above, in general, mechanism models are useful and indeed used in
several kinds of activity in teaching, study, investigation, design, demonstrative exhibitions,
simulation, testing of operation characteristics, experimental validations, and even promo-
tion and marketing publicity. They are also used as a means for design and construction of
mechanical systems, and as tools or system components in activities for other engineering
subjects with similar goals or complementary actions, as outlined in [18], referring to service
operations.

Today, mechanism models are created as sketches or drawings (by hand or using
computer-graphics apps); by mechanical constructions in either reduced sizes or prototypes;
and in virtual computer-based solutions using different software with visualization for
human interaction. Figure 1 summarizes the historical evolution of mechanism, indicating
solutions that are linked to the progress of technological tools [17].

 

Figure 1. A timeline of conceptual evolution of mechanism models [17].
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In Figure 1, the ‘drawing’ type of model refers to a graphical scheme that, since
Antiquity, was produced as a pictorial representation with several other details. Even
today, first design concepts are outlined with sketches (by hand or by graphics software),
which are considered the first results in formulating and designing mechanical solutions,
or in expressing concepts and solutions. A graphical drawing model can be produced in
several different formats, with several different levels of accuracy in terms of graphical
expression, as used in several disciplines other than mechanical engineering. Over time,
drawing models have evolved from base-line abstraction, to naturalistic scenarios, and
up to technical drawings with standardized rules (see, for example, isometric views and
cross-sections with standardized colors for material and lines), such as, for example, in the
representation of gear designs [19]. Indeed, the technical drawing technique is established
with standards such as drawing rules, so that teaching activity can be planned for specific
courses. In practically all engineering curricula, and mainly in the first year of study, the
significance of the drawing tool in learning and explaining technical machine designs is a
fundamental topic.

The second type, ‘mechanical model’, as seen in Figure 1, indicates mechanical con-
structions that can be a prototype of machine design or construction for experiments of
phenomena still under investigation and in need of explanation. During the historical
evolution of science and technology, mechanical models were extensively used before other
more significant activities. Since today’s prominence of informatics development, they
have again acquired significant attention in teaching and research activity, mainly when
prototypes are used in developing machine products. Thus, a mechanical model is again
expressed with a mathematical formulation emphasizing mechanical features, in order to
be used in reiterated design solutions and in teaching characterization of design parameters
and operation performance.

A ‘prototype’ is the third type of model as seen in Figure 1, and is intended to be
a mechanical-built solution that can be realized in different size scales. A prototype is
produced as a first design, before a final solution of a product, and it is often considered
as a tool within the design process to validate operation and performance, before having
the final product ready for manufacture and production, and/or before proposing it to the
market, or to the invention intellectual-protection process. Prototype models are extensively
used in the design process for determining machine functionality; this may require analysis
of a machine divided into subsystems devoted to specific aspects. For example, the design
of a car engine can be organized with mechanical, electrical, and thermal parts, and for
each of them a specific prototype can be considered within the design process.

Mechanical models and prototypes require efforts in manufacturing and processing,
however, an understanding of computer science is useful for ‘virtual design’ models, that
are designed, operated, and experienced virtuality with systems ranging from simple
CAD designs up to sophisticated, haptic 3D simulations. Today, virtual models are widely
implemented in the design process and teaching, and are produced following previous
solutions based on modelling or drawing. Although not explicit, drawing modelling was a
necessary development. The virtual model approach in Figure 1 is useful for functionality
analysis and for finalizing product design, with considerations of durability and economic
convenience by evaluating the effects of multidisciplinary and component integration in
several applications, such as advertising, study, design, and teaching. Thus, virtual models
can also be considered to be a representation of other types of models, such as modern
expressions of significant content within science and technology, and also in the history of
mechanical engineering. As a value of cultural heritage, it is recognized as being worthy
of being preserved, thanks to its design concepts (in graphical or mathematical formats)
and product features. A virtual model is a fruitful means of preserving intangible aspects
of cultural heritage when original solutions cannot be properly expressed, so that they
can be used to show the historical evolution of knowledge and be a source for further
developments.
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As summarized in Figure 1, mechanism models were, and still are, created in different
formats for different aims, within activities such as teaching, analysis, design, experimen-
tal activity, and historical investigations, and they may still pay a key role not only in
mechanical systems, but in other technical and scientific activities.

3. A Short Account of Italian History of Mechanism Design

In Italy, the Industrial Revolution occurred during a period of national unification in
political, social, and cultural aspects, with events that also affected academic research and
training programs, as summarized in [20].

During the first half of the 19th century, Italy still suffered significant political frag-
mentation, which also affected curriculum teaching, with different plans in each state.
After political unification was achieved, the standardization of university programs was
planned as a priority, in order to achieve a cultural unification. This required robust plans
and significant adjustments in most Italian universities, especially with regards to the
programming curriculum content given by teachers, who often worked in more than one
university. In addition to restructuring activity, the Italian academic communities, and par-
ticularly those working in mechanical engineering, made significant contributions to Italian
industrialization with regards to technical-scientific achievements, and in the organization
and support of entrepreneurial initiatives.

During the first half of the 19th century, following advances of the metallurgical
industry, the first significant industrialization initiative was developed in Southern Italy,
within the organization of the Kingdom of the Two Sicilies, for the production of civil
constructions and infrastructures, steam engines, and several types of industrial machines.
While this first excellent achievement is recognized today, as briefly outlined in [21], the
academic support of those industrial initiatives is still not well known, particularly when
referring to specific figures who were not only devoted to theoretical investigations and
fundamental mechanical designs. At the same time, in Northern Italy, universities activated
specific programs on the mechanics of machines, recognizing the significant value of
scientific formation for the nascent industrial frame, as a result of more contact with
neighboring industrializing European countries. Examples of this can be considered
the milestone work of Giuseppe Antonio Borgnis [22], who was formed at the Ecole
Polytechnique, Paris, while also being professor at Pavia University from 1818 to 1821,
and who published his famous 9-volume handbook on machines, that included the first
technical dictionary on machines. Another example is the milestone work by Carlo Ignazio
Giulio who, at the same time as Willis’s work, published the first Italian textbook Theory of
Mechanisms [23]. One more example of northern prolific theoretical activities is the work
by Gaetano Giorgini who formed at Ecole Polytechnique, Paris, while working in Modena
elaborated the first modern investigation [24] on the theory of screw (general helicalicoidal)
motion of rigid bodies, with a postscript note on the 1763 book by Giulio Mozzi.

Even more significant are works and achievements in the second half of the 19th
century, because of the cultural unity of academic frames that was organized and consoli-
dated through the Royal Application Schools for Engineers in the main universities, which
further supported the maturity and growth of industrialization initiatives. In the formation
curriculum of industrial engineers, Mechanics Applied to Machines was planned with a
central role, as it was in all the European universities; later, the augmented discipline of
Kinematics Applied to Machines was recognized as mandatory for all curricula of industrial
engineering at ministry level, with the Decree of 3 July 1879.

The university sites were in Turin, Milan, Bologna, Rome, and Naples. Domenico
Tessari (1837–1909) and Scipione Cappa (1857–1910) were active in Turin. It is also worthy
to note that Elia Ovazza (1852–1928), who moved to Palermo in 1890, successfully started a
significant center there, including a laboratory which is still of historical interest today [25].
In Milan, Giuseppe Colombo (1836–1921) and Ugo Ancona ((1867–1936) were significant
figures in mechanical engineering at the time. In Bologna, Giuseppe Barilli (1812–1894)
and Francesco Masi (1852–1944) were similarly very active and well reputed. In Rome,
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the field was developed by Valentino Francesco Cerruti (1850–1909) and Carlo Saviotti
(1845–1928). Fortunato Padula (1815–1881) and Ernesto Cavalli (1852–1911) worked in me-
chanical engineering in Naples, where Giovanni Battaglini (1826–1894) and Dino Padelletti
(1852–1892) paid particular attention to more theoretical subjects. Emblematic is Ernesto
Cavalli (1852–1911), who simultaneously worked as a teacher in Milan, Livorno, Pisa, and
Naples, with the clear purpose of promoting common plans for teaching the subject of
Mechanism Design.

Those academic works also stimulated initiatives for new companies since several
graduates also initiated industrial activities with the help of their teachers, for example, in
Milan, as discussed in [26]. Also prominent were Giuseppe Colombo, Francesco Masi and
Lorenzo Allievi (1856–1941), as emblematic examples of the cultural prolificacy and success
of the formation of Mechanics Applied to Machines, with a large range of applications:
Colombo was a strong promoter of the industry, as documented in the Italian technical
handbook (still in use today, with modern editions), with direct entrepreneur action even
at governmental levels when he was a politician with important ministerial positions; Masi
was a rigorous teacher who classified the variety of mechanisms, as well as designing the
innovative machines for practical implementation [27]; Allievi, who was based in Rome,
developed the milestone work [28] on the kinematics of machines, which is still of interest
today [29]. Later, Allievi applied his skill in the management of industrial plants while
considering the technical problems of the water hammer in hydraulic engineering, which
he solved practically and theoretically, with a theorem ascribed to him [30].

After the First World War, Mechanics Applied to Machines was confirmed as being
of primary significance as a driving technological development, and was given a central
role in the formation programs of technicians and of all engineering professions. Between
world wars and during wartime, activities were carried out intensively but with very
limited dissemination. Nevertheless, achievements were fundamental for advances during
wartime, and at the start of the post-war booms. The major university sites before 1940 were
still located in Turin, Milan, Bologna, Rome, and Naples. Modesto Panetti (1875–1957) was
in Turin. Ugo Ancona and Igino Saraceni were in Milan. Aristide Prosciutto (1895–1954)
was in Bologna. In Rome, Anastasio Anastasi (1877–1969) was the main teacher. In
Naples, activities were coordinated by Giovanni Domenico Mayer (1868–1925). Other
significant activities were in Pisa, carried out by Enrico Pistolesi (1889–1968), and in Genoa,
by Agostino Antonio Capocaccia (1901–1978).

Teaching teams, which were growing in member numbers and works, were active in
the most university sites; in 1940 they were present in all universities with engineering
schools, such as in Turin, Milan, Genoa, Padua, Bologna, Pisa, Rome, Naples, and Palermo.
In the 1950s, new schools of engineering were started in Cagliari, Trieste, and Bari, with
teachers in Mechanics of Machinery. Interests spanned from today’s traditional subjects
of the Theory of Mechanisms, linked to analytical and rational mechanics, to more chal-
lenging fields referring to the design and development of mechanical systems for industry
and services. Specific attention was given to new subjects related to aeronautic systems,
aerodynamics, biomechanics and medical devices, fluid dynamics, industrial automation,
machine regulation, and finally robotics, with achievements and designs that were among
the most advanced in the world. Industrial mechanical engineering was also improved
by this vivacity and cultural prolificacy, with achievements in applied research and even
with the formation of creative professionals and industrial managers. A brilliant example
is Corradino D’Ascanio (1891–1981), who spanned design skills from mechanical industry
to aeronautics and transport vehicles, referring to his pioneering helicopter designs and
Vespa scooter by Piaggio [31]. All of these Italian activities produced significant literature
in national and international frames, both for teaching and research, with textbooks, such
as those indicated in [32], edited books, journals and conference papers. Even today, there
are major Italian university teams working in Mechanics of Machinery in Turin, Milan,
Padua, Genoa, Bologna, Rome, Naples, and Bari.
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4. Modern Italian Mechanism Models in MMS Teaching

The modern teaching of the Mechanisms and Machine Science (MMS) in Italy dates
back to post World War II. In this period, we witnessed the establishment of modern
universities, a subdivision of knowledge into organic courses, and a formalization of
the proposed contents. In Italy, the courses dedicated to the theory of mechanisms and
machines take the name of “Mechanics Applied to Machines” (sometimes also known
as “Machine Mechanics”, “Applied Mechanics”, “Mechanics Applied to the Arts”), with
content that has remained substantially unchanged to the current day.

The structure of the applied mechanics course can normally be considered to be
divided into two main parts: the Theory of Mechanisms and the Kinetics of Machines.
In the first part, the machine elements and mechanisms are considered from a purely
geometric aspect, that is, their kinematic composition and the transformation of movements
with procedure for Kinematics and Dynamics Analysis of the mechanism functioning in
theoretical and practical aspects. In the second part, aspects of the transformation of
energy are considered, referring to the specific design of machine elements with the aim
of determining optimal operating conditions. Often, the kinetics of machines includes a
relevant part of metrology, for example, for the measurement of friction or mechanical
work, which nowadays has taken on its own identity in separate specific courses.

As an example, we can consider the textbook written by Modesto Panetti, which
is organized in three volumes. The index of the textbook probably covers most of the
contents, which is addressed in the course of Mechanics Applied to Machines in most
Italian universities in those years (few differences can be recognized in the theory dealt
with, and in the application examples that are characterized as functions of the individual
universities [32]).

• Volume 1: Kinematics of machines. Friction resistance and resistance of the medium.
Elementary friction and lubricated pairs. Rolling pairs. Vibrations.

• Volume 2: Gears and wheels.
• Volume 3: Flexible organs. Funicular machines. Cableways. Transmissions with belts.

From the above list, it follows what are the main mechanisms, whose models were
made for teaching purposes.

The development of Models of Mechanisms for teaching is aimed at providing a
practical example of the theoretical models that are introduced during the course, so that a
student can better understand the operating principle of a mechanism, mainly referring to
the kinematics of the motion and force transmission. From this point of view, the models
are an integration only to the technical drawings in textbooks, which, due to their two-
dimensional nature, can generate difficulties in student understanding. Finally, note should
be given to the application-professional nature of the teaching that was expected for a
degree in engineering, and in particular for a course in machine mechanics. The first models
used in universities in Italy were made of wood, as it was cheaper than metal and lighter
to transport to the classroom. The models followed the well-established classification of
the mechanisms as proposed by Franz Reuleaux [33], and the subsequent elaborations of
Carlo Giulio [23] and Francesco Masi [6,34,35], to cite two Italian significant contributors,
as outlined in [36]. The main models refer mainly to:

• Linkage mechanisms
• Cam mechanisms
• Gear train mechanisms
• Friction based mechanisms
• Wedge mechanisms
• Screw mechanisms
• Belt and chain drives
• Mechanism, containing pressurizing medium
• Step mechanisms
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As an example, Figure 2 shows the comparison between a drawing in the treatise of
Masi [34], and the corresponding wooden model of a cylindrical cam disk, still existing in
Bologna. According to the description by Masi: “The figure represents an eccentric in which
the line is double curved and is placed on a cylindrical surface; hence the eccentric is also
called cylindrical cam. By rotating the cam around its axis, the temple moves alternately
in a direction parallel to the axis of rotation. The chain is closed by force by the action of
a spring” [5,34]. By means of the knob on the cam axle, a student or a teacher can rotate
the cylindrical cam with a continuous motion and observe the alternate motion of the
output rod.

  
(a) (b) 

Figure 2. A model of lylindrical cam disk: (a) in the treatise of Masi [6]; (b) the corresponding wooden
model at the University of Bologna.

Sometimes, the models have more than one input as in the double Hooke’s joint,
shown in Figure 3. The input and output shafts can be rotated with respect to the middle
one, to show students the relationship between speed ratio and the input/output angular
misalignment. Indeed, the model of the mechanism allows a quick and easy demonstration
of the theory behind the simple drawing in Figure 3a.

  
(a) (b) 

Figure 3. A model of the double Hooke’s joint: (a) in the treatise of Masi [34]; (b) the corresponding
wooden model at the University of Bologna.

More recently, plastic materials have been used for models, such as bakelite or plexi-
glass. The advantages are for lighter and cheaper models than wooden ones, especially
for planar mechanisms that can be obtained from the processing of plastic sheets. Figure 4
shows the model of a Geneva drive at the University of Bologna: an intermittent mechanism
made by five bodies, namely the drive wheel (red), the crank (yellow), the rocker arm
(green), and the driven wheel (white). The left extreme of the rocker arm is connected
to the drive wheel, while there is a pin on the right one that engages in the slots of the
driven wheel.
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Figure 4. Intermittent mechanism model made of colored bakelite at the University of Bologna.

Iron models, more expensive than the previous ones, are often used to show the
complexity of a real machine rather than a specific mechanism. They are models with
cutaways to reveal the internal components. More realistic than previous types, these
models are intended to show the real components that are the result of different types of
analysis, such as the cooling fins of an engine, which have implications in the thermal
analysis but not in mechanical ones. Figure 5 shows a model of the iconic motorcycle,
Lambretta, a 2-stroke single-cylinder engine, piston, head and crankcase made of aluminum
alloy with a cast iron cylinder. The engine is part of the collection at the Museum of Engines
and Mechanisms of the University of Palermo [37].

 

Figure 5. Engine of the Innocenti motorcycle, Lambretta 125 C (1950–1951) at the Museum of Engines
and Mechanisms, University of Palermo.

With the birth and diffusion of computers for personal use, the continuous increase
of computational performance and decrease of the costs of the processors, 3D graphics
software codes can be made available to universities and students. These 3D CAD software
packages allow the modeling of rigid bodies, to assembly several bodies to model a complex
mechanism, and to perform multibody analysis, combining Kinematics and Dynamics.
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This is the birth of the first virtual models of mechanisms: for the first time it is not possible
to take in hand or weigh a mechanism model, but its details can be observed through a
graphic model on a screen The advantages are the elimination of production costs (with the
exception of costs related to the software license), the reduction times of model realization,
the possibility of sectioning views to show the contents of an assembly, or to create an
exploded view of the component. From the didactic point of view, a student can easily
modify or scale the parametric CAD model to finally appreciate the different resulting
kinematic behaviors. To date, the main software manufacturers offer integrated solutions,
to develop the design phase of the mechanism, the kinematic analysis, the dynamic analysis,
and resistance tests in the same pc environment. On the other hand, with virtual models,
more practical aspects such as inertial effects or frictions are lost, together with the reality
of the mechanism structure and operation with all its aspects. Figure 6 shows an example
of a three-speed gearbox model that was developed in Solidworks environment by two
students at the University of Ferrara [38].

Figure 6. CAD model of a three-speed gearbox at University of Ferrara [38].

Today, the possibility of building educational models is within everyone’s reach,
thanks to 3D printing and the concept of additive manufacturing. Fused deposition
modeling (FDM) printers of materials such as PLA and ABS are used by makers and
hobbyists, and could easily be adopted by universities to model complex mechanisms and
machines. Figure 7 shows the model of a V8 engine that was developed as a final project by
a Bachelor student at the University of Ferrara. The model has been designed in a CAD
environment (Solidworks) and printed in ABS (Makerbot Replicator 2X) [39].

Examples are discussed in the following sections to better explain the above concepts,
and to show cases that can be of inspiration for further research work on landmarks of
MMS heritage, referring specifically to Italian experiences.
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Figure 7. Construction of a V8 engine model by 3D printing at University of Ferrara [39].

5. Mechanism Models for Museum Valorization

Recording past developments and achievements is recognized as having archival
value for clear identification of subjects, communities, and people, and is today evaluated
as being heritage and worthy of being preserved for understanding the past by future
generations. This is what is identified as cultural heritage, which is useful not only for
museum preservation and exhibition, but for tracking and maintaining the memory of
human evolutions [40].

In technical areas, this attention to past achievement is identified in the discipline of
History of Science and Technology, which also includes the History of Engineering, with a
large variety of topics and interests. The specific History of Mechanism and Machine Science
(MMS) is focused on historical developments in MMS; only recently was it considered as
part of historical technical-scientific subjects, though with strong technical contents for
memory purposes when MMS inventors and scientists are recognized, and engineering
procedures and theories are recorded. Nevertheless, MMS historical value seems not to be
yet fully recognized within technical cultural heritage, since most MMS achievements are
not fully available and understood by the wider public; therefore, historical awareness is
still limited within the specific technical community, as stressed in [13,41].

Indeed, cultural heritage is usually indicated as “the legacy of products of human
ingenuity in the form of physical artifacts and intangible attributes of a group or community
that are inherited from past generations, are maintained in the present and are preserved
for the benefit of future generations”, as stated in UNESCO documents [40]. Thus, physical,
or tangible products, with cultural heritage value are buildings and historic constructions
like monuments and artifacts, so that they are suitable for future preservation. These
products can be objects in their full state or only remains that contain significant aspects
related to the archaeology, architecture, science or technology of a specific culture, with
socioeconomic, political, ethnic, religious, and philosophical impacts on people with a
community. Intangible products of cultural heritage value are those achievements that are
not expressed with physical objects, but refer to behaviors, attitudes, knowledge, and other
intellectual activities and are therefore difficult to be preserved with physical products.

Tangible MMS artifacts can be machines that were built and operated successfully, or
even unsuccessfully, but made a significant contribution to the development of technol-
ogy and society at a local and/or worldwide level. Even project documents, drawings,
and patents can be considered as MMS products of cultural heritage value and, in fact,
they are often preserved and exhibited in museums and in explanations of the history of
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science and technology. On the other hand, intangible MMS products can be considered
as the achievement in acquiring knowledge, expertise, and skills that are expressed in
theories, algorithms, and procedures for designing and operating mechanical systems.
These intangible MMS products are difficult to be indicated, and even more difficult to
be preserved, when they were not published in written reports or books, or not referring
to tangible MMS products. Even if they were documented in written publications, most
of the intangible MMS products are worth full of consideration with regards to cultural
heritage value since their technical content is very specialistic, and not easily understood
by a non-expert public [13]. Therefore, a valuable contribution remains hidden, or even
forgotten, in books or manuscripts in old libraries or personal archives.

A cultural heritage value of products of MMS activities can be expressed today with
the concept of landmark referring to a technical content that can be understood even by
the larger public, and can be useful to current professionals. This paper is specifically
addressed to Italian aspects in the history of MMS, by referring to mechanism design and
its modelling.

An MMS milestone of cultural heritage merit can be an achievement, or a figure, with
significant impact on machine technology and/or in MMS development. For example,
a technical-scientific cultural heritage value in the area of mechanical engineering was
recognized by the American Society of Mechanical Engineers (ASME) since the 1970s with
a specific Landmark program, specifically related only to mechanical systems, as stated
in [42]. Besides indicating criteria for landmark merits, ASME’s History and Heritage
Committee (HHC) has promoted those merits with publications and books as in [11,12],
referring to the most significant prized landmarks with the aim of disseminating to the
public those of mechanical achievement and impact.

The milestone value of MMS achievements can be indicated with technical peculiarities
in the historical development of MMS, referring to theoretical and practical aspects. Figure 8
summarizes those aspects that can be recognized as fundamental in giving a value of MMS
milestone to an MMS product [43].

 

Figure 8. A scheme for milestone values of MMS achievements.

In addition to technique merits, milestone values in achievements and people can be
identified by the significance and impact on the larger public. Public understanding and
appreciation can be achieved with exhibitions of those achievements as tangible products
of cultural heritage value. In the case of people, their contributions as intangible characters
can be understood and appreciated by the influential legacy that they have left in the
evolution of specific fields.

In the specific case of MMS milestones, specific technical content refers to machines
and mechanisms as related to the topics that contributed to developments in mechanical
engineering, through achievements by figures and community in those specific topics. The
cultural value in MMS milestones can be evaluated referring to criteria as summarized in
Figure 8, when considering evaluation of technical impacts in theoretical aspects, design
issues, and applications. As stressed in Figure 8, technical aspects and knowledge values
are considered together, with results on market valorization and social acceptance, in order
to demonstrate practical success of an achievement or figure.
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Technical merits can be summarized in aspects that are related to:

• Novelty, referring also to originality, when a milestone product was conceived and
proposed, with new features referring to new concepts and solutions;

• Creativity, when a milestone product was obtained from creative activity;
• Feasibility, when a milestone product was applied efficiently with technical acceptance;
• Procedures with technical impacts, when a milestone product improved technical

practices and applications.

Merits on knowledge acquisition can be summarized in aspects that are related to:

• Theory news, when a milestone product was a theoretical advance even producing
further MMS developments;

• Technological transfer, when a milestone product produced a technical dissemination
of achievements within designer/inventor communities;

• Dissemination, when a milestone product was disseminated producing further knowl-
edge acquisitions and achievements;

• Cultural impact, when a milestone product affected cultural aspects at large with the
innovation characters that have been fully accepted by users in the society.

The MMS products with milestone significance in technical achievements can be not
only in machine designs and machinery constructions with physical remains, but even in
knowledge and procedures used in conception, design, and production. As per Italian
machinery milestone identification, attempts have been produced only recently, as reported
in [43], as the example referring to the engine mechanism collection at the University of
Palermo [44], and with an international recognition of the ASME landmark program.

All the above-mentioned considerations can be addressed to the models of mechanism
with cultural heritage value, referring to their tangible and intangible contents. Therefore,
mechanism models, in any of their formats, can be suitable and valuable for museum
valorization, far more than is offered today, with only a few examples exhibited as an
attraction of past technology.

6. Mechanism Models in Italian Universities

In this section, examples of mechanism models with their values are discussed to
illustrate the Italian collections still existing with those values of cultural heritage products,
but also as a useful means for teaching and design purposes. The reported examples
are selected from the main Italian universities where collections of mechanical models,
mainly from 19th century, are still preserved with some attention (poor or not) to their
preservation and fruition, very often even with no archival data. The reported examples
want to emphasize aspects and problems referring to the valorization of the physical models
of mechanisms used in the past, and even recently, starting from an analysis of the state of
conservation and consideration of the frames of their current preservation and use.

6.1. An Illustrative Example: The Models at the Engineering School in Rome

The images in Figure 9 show how the models of mechanisms remaining in the de-
partment, now called Mechanics and Aeronautics, are preserved, a tradition probably
originating from the 1930s. The models, of which the few examples that remain are wooden
models, were designed and built by the course teachers on Mechanics Applied to Machines
for teaching and explaining both the functional design and the operation of the reproduced
mechanisms. The preservation of these mechanisms in the two cabinets shown in the image
has been provisional since the 1970s, when Professor Scotto Lavina, the last teacher to use
them, retired at the end of the 1980s. In reality, these models were complemented by graphic
tables, unfortunately lost, were large in size with construction details and sketches of mod-
els for design calculations, and with practical constructions that were jointly explained
with the corresponding wooden model. As can be seen from the images in Figure 9, the
models today have no use, and are practically forgotten without even having an historical
display usefulness for teaching; posters and announcements relating to other departmental
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initiatives are also often posted, so that they completely obscure the visibility of the models
and contents in the cabinets.

  
(a) (b) 

Figure 9. Frame of today’s storage of wood models at the Department of Mechanics and Aeronautics
in Rome: (a) the storage wardrobe; (b) zoomed view of the storage within the wardrobe.

The examples shown in Figure 10 show two wooden models of excellent workmanship,
probably built in the years 1950–1960, to explain the fundamental constructive elements of
gear transmission in the two cases of rotary motion and rectilinear motion, coming from
a toothed wheel pinion. The running of the models is ensured by a special crank that a
user can easily rotate to not only move the transmission components, but also to have a
direct experience of mechanics in the operation of gear transmission components, in terms
of motion and force. The dimensions of the two specimens with wheels are about 20–30 cm
in diameter, while the linear rod with rungs has a size of about 40 cm, to also indicate a
realistic mechanical design with organs applicable to industrial-type machines. These two
specimens, like others crammed into the cabinets of Figure 9, can be appreciated both at
the construction level in terms of manufacturing wooden models for teaching, but also at
the level of the history of teaching, with a value that could still be useful today to show
students the essential aspects of gear transmission.

The last example of Figure 11 shows a very small-scale model of an industrial crane,
made with essential components in terms of both structure, and components for the
transmission of power necessary for the application purpose. The model is made with metal
elements and with bronze gear wheels to denote the attention to detail of the functionality
of the model, which is also completed by suitable ropes for a hoist application. This model
appears to have been built in the 1970s, perhaps more for research needs or even better
as a scale model for design purposes, even if it seems to have been used for didactic
purposes, limited to the use of a few students with thesis work. This example is significant
to represent how a combined physical model with metal and wooden elements, even in
modern times, has useful and interesting results from various technical-scientific aspects,
but also from a historical point of view, it shows how design and research activities were
accompanied with functional and detailed physical models.
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(a) (b) 

Figure 10. Examples of wood models stored as in Figure 9: (a) two-circular gear transmission;
(b) gear-rack transmission.

 

Figure 11. An example of an industrial-like crane model stored as in Figure 9.

Very likely, in other departments or warehouses of the engineering faculty of the Uni-
versity of Rome, one could find other physical and paper models used for the explanation
and teaching of the mechanisms of the machines, as well as models used in research and
applied design for what was taught and investigated for the development of machines, in
both more efficient and traditional applications.

6.2. An Illustrative Example: The Models at the Engineering School in Bologna

The Department of Industrial Engineering of the University of Bologna has a collection
of 53 models of mechanisms, largely from 20th century, for didactic purposes, that are
stored in two cabinets, as shown in Figure 12.
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(a) (b) 

Figure 12. The collection of models of mechanisms at the Department of Industrial Engineering at
the University of Bologna: (a) main wardrobe; (b) secondary wardrobe.

At present, the models are no longer used for teaching but are kept in two cabinets with
sliding glass doors, arranged in the entrance corridor, so that a student or visitor who enters
the section of Mechanics Applied to Machines can look at them. The storage in the cabinets
is not functional for museum purpose: the models are arranged in several overlapping
rows, due to the limited space, and there are no descriptive plates. The collection is divided
into 34 models in wood, nine in plastic and 10 in metal.

The wooden models follow the classification of the Reuleaux mechanisms, but the
construction is that of the tables shown in Masi’s book, as shown in Figure 2, with the
comparison between the real model and the image in his book [35]. We can therefore
date the collection to the teaching period of Francesco Masi (1889–1927) at the University
of Bologna, or Modesto Prosciutto (1927–1954), the one immediately after. More likely,
they date back to the early twentieth century, considering the importance of experimental
applications in Masi’s teaching [27,45]. The wooden models mainly concern gear wheels,
cams, pulleys, chains, and joints.

As an example, Figure 13 shows an eccentric mechanism with several lobes. This
mechanism–the most famous is the heart-shaped cam-has the property of having all its
diameters of constant length, as evidenced by the diameters drawn on the front, and easily
measurable. For this property, the eccentric can be closed within a frame between two
wheels, the centers of which are placed at a distance equal to the diameter of the primitive
curve of the eccentric. The model is mounted on a 40 × 20 cm base and has a height of
approximately 25 cm. On the back there is a crank to rotate the cam manually, and to move
the reciprocating rectilinear motion rod. On the back of the cam, “Scuola d’applicazione
per gli ingegneri in Torino. Blotto Giovanni meccanico” (Application school for engineers in
Turin. Blotto Giovanni mechanic) is engraved, but not the production date. Giovanni
Blotto, model maker, was an assistant at the University of Turin, and together with Vittorio
Canepa he created a large collection of models at the request of Giovanni Curioni, Professor
of Construction at the Application School of Turin [46]. Subsequently, Blotto and Canepa
opened a model-making company for didactic equipment, to which the models from the
Bolognese collection were probably commissioned (other examples of Blotto and Canepa’s
models can be found at the University of Naples “Federico II” [47]).
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Figure 13. Front and rear view of a multilobes cam that transforms the rotation of the input cam into
and alternative motion of the rod.

The plastic models were made during the period of activity of Funaioli, in the 1980s,
and concern plane kinematics. The different colors highlight the different parts of the
mechanism, and engravings on the base highlight the trajectory traveled by the kinematic
pairs. Figure 14 shows a four-bar linkage, in which the intermediate connecting rod (green)
is the driver and is actuated by means of a gear (red). On the base (blue) there is an
engraving depicting the maximum angular excursion of the rocker (white). The base of the
model has dimensions 40 × 30 and there are feet to be able to place it vertically. On the
back there is the manufacturer’s label: “Institut für landtechnische grundlagenforschung model.
Braunschweig-Völkenrode”. This label suggests that the models were a gift from a visiting
professor (or another meeting occasion between the Italian and German research groups).
One of the authors saw similar models in the office of Hanfreid Kerle at the Technical
University of Braunschweig, which belonged to the previous Hoecken’s collection [48]. It
should be emphasized that on both types of model there are consecutive numbers, which
suggest a much larger collection than the one currently left.
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Figure 14. Four-bar linkage mechanism with an actuated connection rod and the maximum angular
displacement of the rocket engraved on the base.

All the pieces are in an excellent state of conservation, and they fascinate anyone who
passes in front of the cabinets. The value of these pieces is not only historiographical, but
above all, didactic. Even today they can be used to clarify the functioning of complex
mechanisms, and help future engineers to assimilate the concepts of machine mechanics.

6.3. An Illustrative Example: The Models at the Engineering School in Turin

The collection of mechanisms in the Polytechnic of Turin is stored in various cabinets in
the meeting room of the Department of Mechanical and Aerospace Engineering, Figure 15,
for preservation purposes and only recently with an attempt to re-evaluate both teaching
and museum valorization, as reported in [49].

The collection is of more than 100 specimens of various sizes and various mechanisms,
with constructions of different materials including both acquired models and models de-
signed and built in-house. Unfortunately, as with other collections in academic institutions,
there is no compilation of archival data that can uniquely identify the period and authors
of many of these models, excluding those that with their own tags give specific indications
on the origin and construction of the model. Most of the models have been acquired
from the Schröder-Reuleaux commercial collection, such as [6], to which many of the later
models actually refer both in terms of structure and design. Each Schröder-Reuleaux model
is provided with a small plate with the Schröder company logo, and its corresponding
catalog number.

A reusage of some models in teaching activity started in 2015, by planning three hours
using a few of those models in combination with numerical computer-assisted procedures
in a didactic laboratory, for the second-year course of Automatic Machine Mechanics in the
MSc in Mechanical Engineering program, which involves the use of historical models of
basic mechanisms.

Figures 16–18 are illustrative examples of the above-mentioned variety. In particular,
Figure 16 shows a metallic model of hypoid connections that represents both the concepts
of screw (helicoidal) motion and hypoid gear design. The model looks to be built and func-
tioning for theoretical purposes, with a robust design on a wood plate of about 80 × 40 cm
that, very likely made in Turin, was supposed to be movable by lost cranks in the circular
wheel extremities.
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Figure 15. The collection of models of mechanisms at the Department of Mechanical and Aerospace
Engineering at the Polytechnic of Turin.

 

Figure 16. The iron-made model of the hypoid connections representing the screw motion and
hypoid gears.

Figure 17 shows the Watt mechanism, with construction details in its approximate
linear guide function using metal elements, being a mechanical model of an improved
mechanism from a specimen from the commercial Schröder-Reuleaux collection. Also in
this case, the implementation of the mechanism is obtained by means of a small crank,
which allows a user not only to manage the functioning of the mechanism but also to have
feedback in terms of mechanical efficiency during operation. Finally, of note is the valuable
workmanship that makes the model an historical piece of high interest for a museum
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valorization as it is linked not only to the history of steam engines and the mechanisms
used in them, but also for specific interest in the production of these mechanical models.

 

Figure 17. The iron-made model the Watt linkage for approximate-line guide.

Figure 18 shows two characteristic aspects of the preservation of the models in the
Italian engineering schools, considering the fact that the models are crammed together
without a suitable space between them, which not only prevents possible use, but does
not allow complete visibility of each model. In addition, the models built in the offices are
considered in the same way as those coming from external purchase, such as those from the
Schröder-Reuleaux collection. In particular, Figure 18 shows at its front view the model of a
Cardan transmission with torsion rods, with an assembly combining bronze elements with
steel rods on cast iron supports, which can be oriented on a wood platform. In addition, in
this model the functionality and efficiency of the mechanism is obtained with the action of
a user through a crank on the input disk, for the rotation of the initial shaft, which allows
a visualization and quantification of the efficiency of the motion transmission by another
disk on the last rod of the transmission. It should also be noted that this model hides two
other models of exquisite workmanship, and of considerable interest, for the structure of
the mechanisms: the first, on the left, is a belt transmission with flywheel, and the second
is a gear train, not completely visible even for the structure on which the gears are keyed.
The first of these two models look like a model built in-house when you also notice the
manufacturing of the operating crank of the mechanism, while the second is a product of
the Schröder-Reuleaux collection.

 

Figure 18. The iron-made model of axle transmission with Cardan joints.
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6.4. An Illustrative Example: The Models at the Engineering School in Milan

The collection of models preserved at the Department of Mechanics of the Politecnico
di Milano, is an emblematic example of how much the historical value and interest of such
models can be also suitable to outline the historical development of the discipline and
institutions, as reported and emphasized in the publications of historical celebrations of
the department in [50,51]. The collection is preserved mainly with models made in the
1920s–1950s, especially by the work and use of Professor Ottorino Sesini (who retired in
1962) and his successors. Previous acquisitions and constructions remain missing, with
some surviving thanks to the historical didactic interest of some teachers, such as those
of the publications cited [50,51]. Unfortunately, despite having such recognized historical
value, the collection is not usable, but remains preserved as a set of historical memorabilia
of the department, especially with regard to past didactic activities. Many of the models
which survived the time, were made in the Laboratory of the Society of Encouragement of
Arts and Crafts, Milan, following the instruction of teachers for their teaching activities on
Kinematics and Design of mechanisms, and in aspects related to the Drawing of machines,
in a similar way to what was in use in other Italian academic centers, but also in Europe,
at the end of the 19th century. Many of the remaining models, of which examples are
shown in Figure 19, are made with steel and bronze elements mounted on a wooden base,
with dimensions for easy portability and functionality suitable for use by students for
mechanical efficiency with low friction. The examples of Figure 19 refer to the variety of
crank-slider mechanisms, useful for the transformation of the continuous rotary motion
into an alternative translation, or vice versa. Of note is the essential structure of the models
to indicate and realize the functionality of the mechanism, as combined with a practical
construction useful for easy portability (both in theory classes and in laboratory sessions),
as well as the elegant workmanship that still today makes them attractive both for future
re-evaluation in didactic activities, and for a concrete museum valorization.

 

Figure 19. Examples of the iron-made crank-slider mechanism models from the 1930s’ within the
collection at the Department of Mechanics, Milan.

6.5. An Illustrative Example: The Models at the Engines Museum in Palermo

The Palermo collection, including models of mechanisms and restored working en-
gines [52], is a valuable example of museum valorization of recognized prestige, even
with an international award such as the ASME Landmark prize [53]. The collection is
presented with an emphasis on engines, starting with steam engines of the 19th century up
to experimental engines in the aeronautical fields that have been developed over time in
other locations and in industrial productions, but used in the laboratories of the University
of Palermo for research. Remarkable to remember is the commitment and the activity
carried out in restoring those engines and the models of mechanisms, for their recovery
not only in the structure but mainly in the functionality of a clear museum display, and
an efficient presentation from an engineering viewpoint, and for educational purposes,
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that are limited to the rooms of the museum. The models of the mechanisms refer to a
collection started by Professor Ovazza in the early years of the 20th century, with models
acquired and built similar to those present at the Polytechnic of Turin, his academic site
of origin. They were then enriched with models of local construction in Palermo by his
successors, until reaching the collection in the 1970s. After a period of abandonment, both
the collection of mechanisms and the engines received deserving renewed interest; the
museum was founded and specifically dedicated to this museum valorization.

Figures 20–22 show illustrative examples of the museum arrangement, and the rich
collection that the museum houses both in internal combustion and steam engines, and
in models of mechanisms. In particular, although the models of the mechanisms are
arranged with appropriate open display cabinets, they can be available for interactive use
by visitors and students, with an appreciable way of direct experience on the functionality
of the models.

In particular, Figure 20 shows a panoramic view of the main museum itinerary, hosting
a variety of internal combustion engines and the first steam engines, with a clearly indicated
route to facilitate a visitor, according to the historical development of the engines on display,
many of which function with the help of a modern electric actuation system.

 

Figure 20. A view of the main exhibition room of the Museum of Engines and Mechanisms at
University of Palermo, with engines form several periods and several applications.

Figure 21 shows the main exhibition frame for the models of the mechanisms, housed
in a special room containing about 100 models of mechanisms of various manufacturing,
size, and functionality, as collected over time with elements both acquired from commercial
and other productions by academic bodies, as well as models built at the laboratory of the
University of Palermo.
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Figure 21. A cabinet with open-air exhibition of mechanism models in a museum room specifically
dedicated to the models for teaching.

In Figure 21, it is possible to see several mechanisms that can be used, and were used,
to explain the possibilities of mechanisms in the conversion of motion, and in the structure
of the machines as already represented in the collections previously discussed. There are
wooden models probably built in-house, according to the needs and instructions of the
teachers of the time, as well as by the availability of manufacturing and budget, just as there
are metal models of commercial collections, also built in-house to indicate the possibility
of design and prototyping of the models themselves. Figure 22 shows an original model
of the collection, with a structure that can be recognized as common to commercial-type
models, such as the one shown by the Turin collection in Figure 18.

Figure 22 is an example of how the models have been duplicated with constructions in
local frames, as the example of the figure represents the model of a rod transmission with
Cardan joints, also present in the Turin collection. What is shown in Figure 22 is an example
built with a design for compact dimensions, in materials typical of industrial applications
for naval transmissions, and placed on a wooden base with one movable support; this is
different from what is seen in the model shown in Figure 18, but it somehow has a more
evident and appreciable effect.

The experience of the museum valorization in Palermo can be considered an emblem-
atic example of how it is possible to valorize technical and scientific content, and also the
historical value of the models of mechanisms, combined with applications of complete
and perhaps more significant machines, such as the engines that are indicated as the main
purpose of the museum. Moreover, the experience of the Palermo Museum shows how
such models can have a value not only as cultural heritage, but as an interest and applica-
bility in explanatory activities for visitors, in addition to having an educational purpose for
engineering students.
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Figure 22. An example of the on-site built mechanism models at University of Palermo.

7. Conclusions

This paper presents aspects and problems for didactic and technical-scientific recon-
sideration of the models of mechanisms, especially in the format of a scaled mechanical
structure for the purpose of an historical valorization for one’s own awareness, and use in
the formation and tracing of the history of Italian mechanical engineering. The examples
that are reported from the major Italian academic sites refer to collections present in some
of the major universities, with preservation and archiving solutions and use modalities
that give hope for an adequate, especially historical, valorization of cultural heritage. The
models of the mechanisms, which historically have evolved from graphic representations
to constructions with mechanical structure, right up to today’s virtual solutions, have an
importance not always recognized both at the didactic and design level with aspects that,
however, lead back to the development of mechanical engineering, with content worthy
of preservation as cultural heritage. The models in Italian universities have this aspect
of cultural heritage, being adequately preserved for historical interest, with models pur-
chased both outside the academic site and produced on site, helping students in research
and design activities. The discussed examples show the variety of solutions in terms of
mechanisms, and constructive solutions in materials and functionalities, with a richness
yet to be fully discovered in Italian academic centers.
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Abstract: Theoretical kinematics and dynamics is one of the research fields where LaMaViP (Labo-
ratory of Mechatronics and Virtual Prototyping) operates, which is the lab leaded by the author at
the University of Ferrara. In the last two decades, this research activity at LaMaViP has produced,
among others, many novel results that highlight how instant centers’ (ICs) locations condition the
kinetostatic and dynamic behaviors of planar mechanisms, and that provide tools suitable for design
purposes. This paper reviews/summarizes the tools devised at LaMaViP for PM analysis and synthe-
sis through ICs, and shows that they are a complete set of tools, which make the full description of
PMs’ kinematics and dynamics possible, and that the new IC features, identified while setting up
these tools, are relevant in machine design.
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1. Introduction

Planar mechanisms (PMs) enter in many even spatial machines. That is why ample
literature has been devoted to them (e.g., [1–16]). Instantaneous kinematics and statics of
PMs can be fully described [1–3] by using instant centers (ICs), which are also relevant in
many design problems. For instance, vehicle-suspension design [17], lower-limb prostheses
for amputees [18], and Remote Center of Compliance (RCC) systems [19] are only some of
these problems.

The use of ICs in PMs’ analysis and synthesis requires the availability of techniques
for determining their positions on the motion plane. In single-DOF PMs, the IC positions
depend only on the mechanism configuration. Common methods to locate the ICs in single-
DOF PMs, are based on the direct application of the Aronhold–Kennedy (AK) theorem.
Unfortunately, when the mechanism architecture becomes complex, these methods fail [1,20].
In the literature, the PMs whose ICs cannot be located by directly applying the AK theorem
are called “indeterminate” [5].

Graphic methods to locate the ICs of indeterminate PMs have been proposed in the
literature [1,5–7]. In [1], Klein proposed a graphic trial-and-error method based on the fact
that (a) some theorems of projective geometry guarantee the existence of an alternative
geometric locus for each secondary IC, not locatable through the AK theorem, and that
(b) such a locus can be determined by arbitrarily assuming a number of positions of
another secondary IC, for which the AK theorem gives only one straight line, and, then,
by coherently determining the positions of the sought-after IC through the AK theorem.
So doing, a number of points of the alternative geometric locus are determined, which
are sufficient to draw the locus; then, the intersection of the so-determined alternative
locus with another locus of the same IC, provided by the AK theorem, gives the correct IC
position. In [7], Foster and Pennock proposed another graphic method that can be applied
to all the indeterminate PMs. Their work also presents analytical relationships that could be
used to formulate an analytical method. Their relationships contain kinematic coefficients
whose analytical determination would require the computation of the derivative of the
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mechanism closure equations. Previously, Yan and Hsu [4] presented another analytic
approach, applicable also to multi-DOF PMs, based on a similar principle, which, in
practice, requires the solution of the velocity analysis to determine the IC positions. Such
analytical approaches, when applied to single-DOF PMs, take no advantage from the fact
that the IC positions of these PMs depend only on the mechanism configuration.

In this context, at the Laboratory of Mechatronics and Virtual Prototyping (LaMaViP) [21],
an exhaustive analytic technique for the IC-positions’ determination of single-DOF PMs
has been conceived which uses only the mechanism-configuration data. Then, in [22], the
IC determination in multi-DOF PMs has been addressed and some theoretical results have
been proved which make their systematic determination possible.

The availability of analytic techniques for determining the IC positions open to the
possibility of devising algorithms that fully describe the instantaneous kinematics of PMs
through the ICs. PMs’ singularity analysis is a relevant problem to address when studying
PMs’ instantaneous kinematics. Indeed, it is central in the design of parallel PMs (PPMs)
since it deeply affects their kinetostatic performances [23]. Singularities are mechanism con-
figurations where mechanism’s instantaneous kinematics becomes indeterminate [24–28].
Hunt [28] identified two special types of mechanism configurations where the instanta-
neous kinematic behavior is singular: the stationary configurations and the uncertainty
configurations. Stationary configurations are mechanism configurations where the rate of
a joint variable is instantaneously equal to zero (i.e., the joint is instantaneously inactive
which can be alternatively said as follows: “the joint is at a dead center position”). Uncer-
tainty configurations are configurations where the mechanism locally gains extra additional
DOFs (transitory mobility). With reference to single-DOF PMs, Hunt [28] highlighted that
some of the ICs coincide when the mechanism assumes a stationary configuration; whereas
the same ICs fall on particular straight lines when the mechanism assumes an uncertainty
configuration. Then, Yan and Wu [29,30] gave a geometric criterion to identify which ICs
coincide at a stationary configuration [29] and developed a geometric methodology to
generate single-DOF PMs at dead center positions [30].

In this context, at LaMaViP, firstly [31,32], an exhaustive geometric and analytic
technique for identifying the singular configurations of single-DOF PMs has been devised
which is based on ICs’ positions. Then [22], new theoretical results, which relate ICs
positions of multi-DOF PMs with the positions of the same ICs in the single-DOF PMs
generated from the multi-DOF one by locking all the actuated joints but one, have been
used to set up a novel technique for identifying singularities of multi-DOF PMs.

The IC positions can be also used to compute the velocity (influence) coefficients
(VCs) [2,33] of single-DOF PMs and the entries of velocity-coefficient-vectors (VCVs) [34]
of multi-DOF PMs, which are indeed VCs of the single-DOF PMs generated from the multi-
DOF PM by locking all the generalized coordinates but one. VCs are by definition the ratios
between the first-time derivatives (rates) of any two motion variables. In single-DOF PMs,
they only depend on the mechanism configuration and enter in both the kinematics [2,33]
and statics analyses [32] of these mechanisms. By exploiting this fact with reference to PMs,
at LaMaViP, new dynamic formulations [35–38] have been conceived which fully highlight
the role of ICs in PMs’ dynamics.

This paper reviews the tools devised at LaMaViP for PM analysis and synthesis
through ICs and shows that they are a complete set of tools, which make the full description
of PMs’ kinematics and dynamics possible, and that the new IC features, identified while
setting up these tools, are relevant in machine design.

The paper is organized as follows. Section 2, over reminding some background
concepts, illustrates the tools devised for ICs’ position determinations and PMs’ singularity
analysis. Section 3 illustrates the dynamic formulations. Eventually, Section 4 draws
the conclusions.
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2. Planar Kinematics Revisited through Instant Centers (ICs)

The instant center, Cji, of the relative (planar) motion between links j and i (Figure 1) is
the point of the motion plane that has the same velocity, no matter whether it is considered
fixed to one or the other of the two links, whatever be the third link, link k in Figure 1, fixed
to the observer that measures its velocity.

Figure 1. Diagram of the Aronhold-Kennedy theorem.

Prismatic (P)/revolute (R) pairs and rolling (Cr)/slipping (Cs) contacts are the only
kinematic pairs that appear in PMs. P, R and Cr are single-DOF kinematic pairs; whereas,
Cs is a two-DOF kinematic pair. In a PM, if links j and i are joined by any of these pairs
(see Figure 2), the instant center, Cji, of their relative motion has a known position for the
three single-DOF pairs, that is, P, R and Cr (see Figure 2a–c); whereas, it must lie on the
common normal at the contact point for Cs contacts (Figure 2d). These four kinematic
pairs generate only holonomic and time-independent (scleronomic) constraints [33,34].
Therefore, in PMs, a possible time-dependent (rheonomic) constraint can only be generated
by a mobile frame, and, even in this special case, the relative motions between links are
scleronomic. Accordingly, in PMs internal motion (i.e., the one with respect to the frame),
any motion variable not chosen as generalized coordinate depends only on the chosen
generalized coordinates. This fact involves that in l-DOF PMs, the VCs, over depending on
the mechanism configuration, depend also on (l − 1) ratios between generalized-coordinate
rates (see [22] for details).

 

a) (b)

(c) (d)

θ

8

Figure 2. Position of the IC, Cji, in the four kinematic pairs that can appear in PMs: (a) revolute pair,
(b) prismatic pair, (c) rolling contact, and (d) slipping contact.
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In a PM with m links, m(m − 1)/2 relative motions can be identified and as many
are the ICs (i.e., one for each relative motion). The relative motion theorems [39] bring the
conclusion that only (m − 1) of such motions (e.g., the ones of the mobile links with respect
to the frame) are independent (i.e., are sufficient to determine all the remaining ones).
Accordingly, determining the positions of (m − 1) ICs is sufficient to solve the velocity
analysis of any PM and to fully identify its instantaneous-kinematics features. The ICs
whose positions can be determined through a simple inspection of the PM (i.e., the ones
related to the single-DOF kinematic pairs) are named “primary” ICs; all the other ICs are
named “secondary” ICs [5].

The Aronhold-Kennedy (A-K) theorem states that, in planar motion, the ICs (Cji, Cik,
and Cjk in Figure 1) of the three relative motions definable among three rigid bodies (links i,
j, and k in Figure 1) must lie on the same line. This condition together with the IC definition
brings one to compute the following VCs’ explicit expressions (see Figures 1 and 3).

.
θji
.
θki

=
(Ckj − Cki) · (Ckj − Cji)

‖Ckj − Cji‖2 ;
.
sji
.
θki

= −(Ckj − Cki) · uji;
.
sji
.
sri

=
(Ckj − Cki) · uji

(Ckr − Cki) · uri
(1)

 
 
 
 
 
 
 
 
 
 
 
 
 (a) (b) 

θ

8
Figure 3. Relative (planar) motion between any two links, denoted j and i: (a) instantaneous rotation
(the IC Cji is a finite point), (b) instantaneous translation along the direction of the unit vector tji (the
IC Cji is the point at infinity the unit vector uji points to).

In Equation (1), a bold capital letter denotes the position vector of the point, the capital
letter refers to, in a reference system fixed to the motion plane. The angle θji (θki), positive
if counterclockwise, identifies the orientation of link j (link k) with respect to link i (see
Figure 3a). The unit vector uji (uri) is obtained through a counterclockwise rotation of 90◦
from the unit vectors tji (tri) (Figure 3b), which gives the positive directions of instantaneous
translation, in a relative motion where the IC Cji (Cri) is a point at infinity, and

.
sji (

.
sri) is the

signed magnitude of the instantaneous-translation velocity,
.
sjitji (

.
sritri).

Equation (1) and the fact that, in l-DOF PMs, VCs depend on (l − 1) ratios between
generalized-coordinate rates bring the conclusion that, in single-DOF PMs, the IC posi-
tions depend uniquely on the mechanism configuration; whereas, in l-DOF PMs, they,
over depending on the mechanism configuration, depend also on (l − 1) ratios between
generalized-coordinate rates [22].

2.1. Instant Center Determination

The analysis of Figure 2 reveals that, in a reference system fixed to PM’s frame, the
coordinates of all the primary ICs and, in Cs contacts, the pose parameters of all the normal
lines at the contact points depend only on PM’s configuration. Therefore, they can be
analytically determined by solving the constraint-equation system once the generalized
coordinates of the PM are assigned.
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2.1.1. Single-DOF PMs

In single-DOF PMs [21], firstly, the coordinates of all the primary ICs and, in Cs
contacts, the pose parameters of all the normal lines at the contact points must be computed
as functions of the assigned generalized coordinate. Then, these data must be used together
with the AK theorem (Figure 1) for determining the pose parameters of two lines where
one secondary IC must lie on. In addition, the equations of the two lines must be written
and the system constituted by these two linear equations must be solved to determine the
coordinates of the secondary IC that lie on the two lines. Successively, the coordinates of
the just-determined secondary IC together with the previously determined data must be
used to repeat this algorithm to compute the coordinates of another secondary IC and so
on until the coordinates of all the secondary ICs are determined. The central issues to solve
for automatically using such a procedure are

(i) the determination of the sequence, hereafter called S0, with which the secondary
ICs must be computed;

(ii) the alternative algorithm to use when the determined data are not sufficient to iden-
tify two lines where another secondary IC must lie on, which is the case of indeterminate
linkages [1,5–7,20,21].

If the PM is not indeterminate, issue (i) (i.e., the determination of S0) can be solved by
implementing an algorithm easy to deduce from the “circle diagrams” [20,40]. Differently,
for indeterminate PMs, the solution of issue (i) is much more cumbersome [1,5–7,21] since
it is connected to the solution of issue (ii). In [21], both the issues have been solved by using
the “table” shown in Figure 4, and a filling procedure for the proposed “table”, which
identifies both the sequence S0 in the case of not-indeterminate PMs and the alternative
algorithm to use for indeterminate PMs. Such a general technique is illustrated below.

Figure 4. Table proposed in [21] to determine all the secondary ICs of a single-DOF PM with m links
and q Cs-contacts. The first row (column) just contains the column (row) index and it is just a heading
row (column).

The table to use (Figure 4) for a single-DOF PM with m links and q Cs-contacts has m
rows, which one-to-one correspond to the m links, and (m + q) columns with the first m
columns corresponding one-to-one to the m links and the last q columns corresponding
one-to-one to the q Cs-contacts. In the first m columns, the cells with the row index equal
to the column index are black; whereas, all the remaining cells are empty at the beginning
of the filling procedure. In these columns, the cell indices identify the IC with the same
lower-right indices, that is, the cell (i, j) corresponds to the IC Cij. Since Cij and Cji are the
same IC, there are two cells for each IC, which are symmetrically disposed with respect
to the diagonal black cells. In the last q columns, only the two cells whose row indices
correspond to one or the other of the two links joined by the Cs-contact the column refers
to are filled with the symbol “X” and the remaining cells are left empty. In these other
columns the two filled cells indicate that the pose parameters of a line, which the IC with
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indices given by the two row indices of the two filled cells lies on, are known. The central
filling rule is that, in the first m column, an empty cell can be filled only when the data
necessary to compute the corresponding IC are known. So doing, in the first m column,
two filled cells mean that two ICs with one common index (i.e., the one of the column)
have known coordinates and identify the pose parameters of a line (i.e., the one passing
through the two ICs) on which the IC with indices given by the two row indices of the two
filled cells lies. Therefore, the following filling procedure/computation algorithm can be
conceived (see Figure 5).

(a) in the first m columns the cells corresponding to the primary ICs are filled with the
symbol “X” and the coordinates of these ICs are computed by solving the constraint-
equation system;

(b) the rows with at least two filled cells are selected and compared to identify all the
couple of rows that have two filled cells in the same two columns;

(c) for each couple of rows identified in the previous step, the two linear equations are
written which correspond to the lines identified by the two columns with filled cells.
The so-obtained system of two linear equations is solved to determine the coordinates
of the secondary IC with indices given by the indices of the two rows; then, the
corresponding cells are filled with the roman number “I”;

(d) focusing only on the row couples whose indices correspond to the ones of the still
empty cells of the first m columns, the steps (b) and (c) are repeated until either all the
cells of the first m columns are filled or at step (b) is not possible to identify any couple
of rows (i.e., the mechanism is indeterminate). At each repetition of the steps (b) and
(c) the roman number used to fill the cells is increased of one unit (see, Figure 5d);

(e) if step (d) brings to fill all the cells of the first m columns, the coordinates of all
the secondary ICs have been computed and the algorithm is stopped; otherwise
(i.e., in the case of indeterminate mechanisms) the following steps are implemented:

(e.1) focusing only on the row couples whose indices correspond to the ones of the
still empty cells of the first m columns, a row couple that has two filled cells in
the same column is selected. Moreover, the two cells with indices coincident
with the row indices of the selected row couple are filled with the starred
roman number “I*”;

(e.2) the coordinates of the secondary IC, whose indices coincide with the two row
indices of the row couple selected in the previous step, are written as the
ones of a point lying on the line passing through the two IC identified by
the two filled cells located in the above-mentioned same column. That is, a
line parameter, say λ, is introduced and the two IC coordinates are explicitly
written as linear functions of λ;

(e.3) focusing only on the row couples whose indices correspond to the ones of the
still empty cells of the first m columns, the steps (b) and (c) are repeated by
taking into account also the cells filled with “I*” and analytically solving the
two-linear-equations system of step (c) still to identify a secondary IC that must
lie on three lines. During this step, the cells corresponding to the located ICs
are filled with “I*” and the analytic solutions of the above-mentioned equation
systems bring to explicitly write the coordinates of these ICs as functions of
the parameter λ introduced in the previous step;

(e.4) the equations of the three lines, which the secondary IC identified in the
previous step lies on, are written. Such equations constitute a system of three
equations in three unknowns, the two coordinates of the IC and the parameter
λ, and the three equations are all linear in the two coordinates of the IC;

(e.5) the coordinates of the above-mentioned IC are explicitly expressed as functions
of λ by solving the first two equations of the system deduced in the previous
step. Then, the so-obtained expressions are introduced in the third equation of
the same system to obtain one equation in the unique unknown λ;
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(e.6) the equation in λ deduced in step (e.5) is solved and the computed value of λ
is back substituted in the explicit expressions of the coordinates of all the ICs
deduced in the previous steps to compute their numeric values;

(e.7) jump to step (d)

 
 
 
 
 
 
 
 
 
 
(a) (b) 
 
 
 
 
 
 
 
 
 
 
 
 
(c) (d) 

 1 2 3 4 5 6 
1  X I X I X 
2 X  X I II II 
3 I X  X II II 
4 X I X  X I 
5 I II II X  X 
6 X II II I X  

8
Figure 5. The three PMs (a–c) share the same table (d).

It is worth noting that the coordinates of the ICs with the same roman number
(see Figure 5d) in the table can be simultaneously computed by using the coordinates
of the primary ICs and/or of the secondary ICs with a lower roman number. Accordingly,
once the table of Figure 4 has been filled, the roman numbers that appear in it give the
sequence S0 with which the secondary-ICs’ positions must be computed.

The table of Figure 4 reveals the following pieces of information about the PM it
refers to: the number and the type (binary, ternary, etc.) of links; how many two-DOF and
one-DOF pairs (i.e., Cs and primary ICs) there are, and which links they join. Such pieces
of information are sufficient to compute the DOF number with the Kutzbach criterion [2].
Since the table does not provide any piece of information about the types of one-DOF pairs
the primary ICs refer to, it does not change if a R-pair is replaced by either a P-pair or a Cr
contact and vice versa. Consequently, different PMs can be solved together by using the
same table. For instance, the table of Figure 5d holds for the three PMs of Figure 5a–c and
for many others. Consequently, once the table has been filled for one PM, it gives the IC
sequence to use for computing the IC positions of all the PMs that share that table and the
computation algorithm is much faster for all the other PMs of this family since the sequence
S0 is already known for all of them.

In addition, the proposed table is able to identify both the presence of an over con-
straint (i.e., a structure or a substructure) and the DOF number of a multi-DOF PM. In-
deed, if, during the filling procedure without assuming the position of any secondary IC
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(i.e., without inserting any starred roman number in the table), either of the following
condition is found

(i) a primary IC must lie on one or more known lines,
(ii) a still-unknown secondary IC is found which must lie on three or more lines,

particular geometric conditions must be satisfied to make the primary IC lies on the
known line(s) (case (i)) or to make the lines have a common intersection (case (ii)), that
is, an over constraint is present. In this case, the order of the over constraint is given by
the number of lines in case (i) and by the number of lines, which must have a common
intersection, minus two in case (ii). Moreover, if, for determining the positions of all the
secondary ICs, the positions of a number, say n, of secondary ICs must be assumed on
known lines without reaching any over-constraint condition, the PM has n + 1 DOF.

2.1.2. Multi-DOF PMs

In the motion of a generic link j relative to another generic link i (see Figure 3), both
belonging to one l-DOF PM, let ωji (=

.
θji) and ivO|j denote the signed magnitude, positive if

counterclockwise, of the angular velocity and the velocity, measured from link i, of a generic
point, O, considered fixed to link j, respectively. The relationship between the 3-tuple (ωji,
ivO|j) and the rates,

.
qr for r = 1, . . . , l, of the generalized coordinates, qr for r = 1, . . . , l,

of the l-DOF PM is linear and homogeneous. Such a property makes the superposition
principle applicable. In [22], the superposition principle has been exploited to deduce the
instantaneous-kinematics relationships that relate an l-DOF PM to the l single-DOF PMs
generated from the l-DOF PM by locking all the generalized coordinates but one. Hereafter,
for the sake of brevity, the phrase “the r-th single-DOF PM” will mean “the single-DOF PM
generated from the l-DOF PM by locking all the generalized coordinates, but the r-th one,
that is, with

.
qk = 0 for any k∈{1, . . . , l | k �= r}.”

Indeed, the application of this principle yields the following relationships (see Figure 6)

ωji = ∑
r=1,l

ωji,r (2a)

ivO|j = ∑
r=1,l

iv
(r)
O|j (2b)

where ωji,r (iv
(r)
O|j) is ωji (ivO|j) computed by locking all the generalized coordinates but qr,

that is, measured in the r-th single-DOF PM. From now on, (·)ji,r will denote the quantity
(·)ji evaluated in the r-th single-DOF PM. By using complex numbers to represent planar
vectors in the Cartesian/Argand reference Oxy (see Figure 6), the following relationships
hold (hereafter, a bold letter will denote a planar vector and/or the corresponding complex
number according to the context and i =

√−1):

ivO|j = −i
.
hjidji (3a)

iv
(r)
O|j = −i

.
hji,rdji,r (3b)

where, with reference to Figures 3 and 6, if ωji �= 0 (ωji,r �= 0), then
.
hji = ωji =

.
θji

(
.
hji,r = ωji,r =

.
θji,r) and dji = Cji (dji,r = Cji,r), else

.
hji =

.
sji (

.
hji,r =

.
sji,r) and dji = uji

(dji,r = uji,r). The introduction of Equations (3a) and (3b) into Equation (2b) transform
system (2) as follows

ωji = ∑
r=1,l

ωji,r (4a)

.
hjidji = ∑

r=1,l

.
hji,rdji,r (4b)

38



Machines 2022, 10, 732

 
 
 
 
 
 
 
 
 
 
 
 
(a) (b) 

l

ω
ω

ω

ω l

l

ω ω
ω l

8

Figure 6. Instantaneous relative motion between two links, j and i, of an l-DOF PM (Cji,r denotes the
IC of this relative motion in the r-th single-DOF PM) when (a) Cji,r is a finite point (rotation around
Cji,r), and (b) Cji,r is a point at infinity located by the unit vector uji,r (translation with the direction of
the unit vector tji,r).

Equations (4a) and (4b) make it possible to determine the position of Cji in the l-DOF
PM once the positions of all the Cji,r for r = 1, . . . , l (i.e., of the same IC in all the single-
DOF PMs generated from the l-DOF PM) are known together with the PM configuration
and the generalized-coordinate rates

.
qr for r = 1, . . . , l. It is worth stressing that this

determination can be conducted even in the case Cji is a point at infinity. This result,
deduced in [22], together with the algorithm for the determination of the IC positions in
single-DOF PM, presented in [21] and summarized in the previous subsection, makes it
possible to determine analytically the IC positions in any PM.

In the case that ωji �= 0 and all the Cji,r for r = 1, . . . , l are finite points of the motion
plane, Equation (4) becomes

ωji = ∑
r=1,l

ωji,r (5a)

ωjiCji = ∑
r=1,l

ωji,rCji,r (5b)

which bring the conclusion that, in this case, the following statement is true:

Statement 1. From a geometric point of view, if the points Cji,r for r = 1, . . . , l are considered
heavy points whose signed weight is ωji,r, Cji is the centroid of these heavy points.

This conclusion makes it possible to employ the simple geometric rules of mass point
geometry [41], which, for instance, yield that, in a 2-DOF PM, Cji must lie on the line
passing through Cji,1 and Cji,2.

2.2. Singularity Analysis

The instantaneous kinematics (IK) of a mechanism can be described by considering it
as an input/output (I/O) device [24–26] where the input variables are the actuated-joint
rates and the output variables are the ones that uniquely identify the twist of one link
chosen as output link. In PMs and, in general, in all the mechanisms with holonomic and
time-independent constraints, the analytic relationship (I/O instantaneous relationship)
between actuated-joint rates and output-link twist is a linear and homogeneous system
where the two coefficient matrices (Jacobians) that multiply the actuated-joint rates and
the output-link twist, respectively, depend only on the mechanism configuration. The
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I/O instantaneous relationship brings one to define two IK problems: the forward IK
(FIK) problem and the inverse IK (IIK) problem. The FIK problem is the determination of
the output-link twist for assigned actuated-joint rates; vice versa, the IIK problem is the
determination of the actuated-joint rates for an assigned output-link twist.

In this context, the mechanism configurations where one or the other or both of the two
Jacobians are rank deficient make the FIK or the IIK or both the IK problems undetermined
and are the mechanism’s singularities. Accordingly [24], three types of mechanisms’
singularity are identifiable: (I) those that make the IIK problem undetermined (serial
singularities), (II) those that make the FIK problem undetermined, (parallel singularities),
and (III) those that make both the IIK and the FIK problems undetermined.

At a serial singularity, the output link has a limitation on the possible twists that
it can assume, that is, it has a reduction in its instantaneous mobility. Such a condition
identifies the workspace boundary. Consequently, serial singularities are configurations
where the output link reaches the borders of its motion range, which, in single-DOF PMs,
correspond to the extreme values (dead center positions) of one or more variables related
to the output-link pose.

At a parallel singularity, the output-link twist can be different from zero even though
all the actuated joints are locked, that is, the actuated joints are not able to control the
output-link pose any longer and, somehow, the instantaneous mobility of the output link
increases. Such singularity can occur inside the output-link workspace and must be avoided
during the mechanism motion. In addition, parallel singularities are configurations where
at least one of the input links (i.e., those links related to the actuated joints) reaches the
borders of its motion range, which, in single-DOF PMs, correspond to the extreme values
(dead center positions) of one or more input variables. According to Hunt’s definitions [28],
in single-DOF PMs, both serial and parallel singularities are stationary configurations;
whereas, type-(III) singularities are uncertainty configurations.

The I/O instantaneous relationship of a single-DOF PM can be written in the following
canonical form [31]:

b
.
z = a

.
q (6)

where q is the generalized coordinate (input variable), z is any possible output vari-
able; whereas, a and b are two coefficients uniquely depending on the PM configuration
(i.e., on q). In Equation (6), the input (output) variable q (z) can be either an angle, θji
(Figure 3a), related to a relative rotation (Rot) or a linear variable, sji (Figure 3b), related to
a relative translation (Tra). Therefore, according to the types of input and output variables,
there are only four possible types of Equation (6) (the first (second) acronym refers to the
type of input (output) variable): Rot-Rot, Rot-Tra, Tra-Rot, and Tra-Tra. Let “i”, “o”, “f”, and
“k” denote the indices of the input link, of the output link, of the reference link that is used
to evaluate the rate of the input variable, and of the reference link that is used to evaluate
the rate of the output variable, respectively. The positions of the six ICs corresponding
to all the possible relative motions among these four links are geometrically related by
the AK theorem (Figure 1) as shown in Figure 7. The analytic expressions (see [31] for
demonstration and further details) of the coefficients a and b of Equation (6) are reported in
Table 1 where Cmn (tmn) with mn∈{if, ok, ik, kf, oi, of} is the complex number that gives the
IC position (the unit vector of the positive translation direction (Figure 3b) in the relative
motion of link m with respect to link n. Also, as indicated in the note of Table 1, if, for
special choices of the indices “i”, “o”, “f”, and “k”, a and b share common factors such
factors must be simplified.
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Figure 7. Geometric relationship among the positions of the six ICs corresponding to all the possible
relative motions among the links i, o, f, and k.

Table 1. Analytic expressions of the coefficients a and b appearing in the I/O instantaneous relation-
ships (Equation (6)) of single-DOF PMs deduced in [31] (Cmn (tmn) with mn∈{if, ok, ik, kf, oi, of} is
the complex number that gives the IC position (the unit vector of the positive-translation direction
(Figure 3b) of the relative motion of link m with respect to link n).

Input-Output
.
q

.
z a (*) b (*)

Rot-Rot ωif =
.
θif ωok =

.
θok (Cof − Cif)(Coi − Cik) (Cok − Cik)(Coi − Cof)

Rot-Tra ωif =
.
θif

.
sok (Cof − Cif)(Coi − Cik) i tok (Coi − Cof)

Tra-Rot
.
sif ωok =

.
θok i tif (Coi − Cik) (Cok − Cik)(Cof − Coi)

Tra-Tra
.
sif

.
sok i tif (Coi − Cik) i tok (Cof − Coi)

(*) If, for special choices of the indices “i”, “o”, “f”, and “k”, a and b share common factors such factors must
be simplified.

Equation (6) reveals that, in single-DOF PMs, a serial (a parallel) singularity occurs
at PM configurations for which the coefficient a (the coefficient b) is equal to zero and,
accordingly, a type-III singularity occurs when both the coefficients a and b are equal to
zero. These conditions and Table 1 yield the geometric conditions to check for identifying
single-DOF PMs’ singularities, through the IC positions, reported in Table 2.

Table 2. Geometric conditions on the IC positions that identify the singularities of single-DOF PMs.

Input-Output
.
q

.
z

a = 0
(Serial Singularity)

b = 0
(Parallel Singularity)

Rot-Rot ωif =
.
θif ωok =

.
θok Cof = Cif or Coi = Cik Cok = Cik or Coi = Cof

Rot-Tra ωif =
.
θif

.
sok Cof = Cif or Coi = Cik Coi = Cof

Tra-Rot
.
sif ωok =

.
θok Coi = Cik Cok = Cik or Cof = Coi

Tra-Tra
.
sif

.
sok Coi = Cik Cof = Coi

In an l-DOF PM, Equations (4a) and (4b) can be exploited to deduce the general I/O
instantaneous relationship [22]. Indeed, the replacement of the subscript “ji” with “ok” in
Equation (4) transforms them as follows:

ωok = ∑
r=1,l

ωok,r (7a)
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.
hokdok = ∑

r=1,l

.
hok,rdok,r (7b)

where, for each
.
hok,r, the following relationship, deduced from Equation (6), holds

br
.
hok,r = ar

.
qr r = 1, . . . , l (8)

with ar and br that are the coefficients a and b of Table 1 when referred to the r-th single-
DOF PM, that is, they are the ones reported in Table 3. It is worth noting that, in Table 3,
the values of the indices “i” and “f” depend on the particular r-th single-DOF PM.

Table 3. Analytic expressions of the coefficients ar and br appearing in the I/O instantaneous
relationship (Equation (8)) of the r-th single-DOF PM (Cmn,r (tmn,r) with mn∈{if, ok, ik, kf, oi, of} is
the complex number that gives the IC position (the unit vector of the positive-translation direction
(Figure 3b) of the relative motion of link m with respect to link n in the r-th single-DOF PM).

Input-Output
.
qr

.
hok,r ar

(*) br
(*)

Rot-Rot ωif,r =
.
θif,r ωok,r =

.
θok,r (Cof,r − Cif,r)(Coi,r − Cik,r) (Cok,r − Cik,r)(Coi,r − Cof,r)

Rot-Tra ωif,r =
.
θif,r

.
sok,r (Cof,r − Cif,r)(Coi,r − Cik,r) i tok,r (Coi,r − Cof,r)

Tra-Rot
.
sif,r ωok,r =

.
θok,r i tif,r (Coi,r − Cik,r) (Cok,r − Cik,r)(Cof,r − Coi,r)

Tra-Tra
.
sif,r

.
sok,r i tif,r (Coi,r − Cik,r) i tok,r (Cof,r − Coi,r)

(*) If, for special choices of the indices “i”, “o”, “f”, and “k”, ar and br share common factors such factors must
be simplified.

The introduction of the analytic expressions of
.
hok,r, for r = 1, . . . , l, obtained from

Equation (8) into Equations (7a) and (7b) transforms system (7) as follows

ωok = ∑
r=1,l

ar

br
δr

.
qr (9a)

.
hokdok = ∑

r=1,l

ar

br
dok,r

.
qr (9b)

where δr is a binary digit that, if ωok,r �= 0, is equal to 1, else (i.e., if ωok,r = 0) is equal to 0.
System (9), with simple algebraic manipulations, can be put in the following form⎛⎜⎜⎜⎜⎜⎝ ∏

p = 1, l
δp �= 0

bp

⎞⎟⎟⎟⎟⎟⎠ωok = ∑
r=1,l

ar

⎛⎜⎜⎜⎜⎜⎝ ∏
p = 1, l

δp �= 0&p �= r

bp

⎞⎟⎟⎟⎟⎟⎠δr
.
qr (10a)

(
∏

p=1,l
bp

)
.
hokdok = ∑

r=1,l
ar

⎛⎜⎜⎜⎜⎜⎝ ∏
p = 1, l
p �= r

bp

⎞⎟⎟⎟⎟⎟⎠dok,r
.
qr (10b)

which constitute the I/O instantaneous relationship of the l-DOF PM expressed through the
ICs. In this relationship, the output-link twist is given through the three-tuple (ωok,

.
hokdok).

In [22], the analysis of Equation (10) brought this author to demonstrate the following
statements and theorems (see [22] for the demonstrations):

Statement 2. The union of the serial-singularity sets of all the l single-DOF PMs generated from
an l-DOF PM is a subset of the set of all the serial singularities of that l-DOF PM.

42



Machines 2022, 10, 732

Theorem 1. For l ≥ 3 and provided that all the ar and br coefficients are different from zero, a
serial singularity of the l-DOF PM occurs if and only if three ICs, Cok,r, are either aligned or all
ideal points.

Statement 3. The set of all the parallel singularities of an l-DOF PM is the union of the l sets of
parallel singularities of the single-DOF PMs generated from the l-DOF PM.

Theorem 2. The coincidence of all the Cok,r, r = 1, . . . , l, (the Cok,r that are point at infinity are
included) identifies a particular parallel singularity where all the br coefficients vanish.

It is worth noting that, since Theorem 1 identifies all the serial singularities that are not
serial singularities of any single-DOF PM generated from the l-DOF PM, in two-DOF PMs,
the serial-singularity set is the union of the two serial-singularity sets of the two single-DOF
PMs generated from the two-DOF PM.

Eventually, both the IIK and the FIK problems are unsolvable (i.e., a type-III singularity
occurs) when, at a given configuration, at least one serial-singularity condition together
with at least one parallel-singularity condition occur. In particular, if at least one out of
the br coefficients together with at least one out of the ar coefficients are equal to zero, a
type-(III) singularity will occur. Therefore, the following statement holds [22]:

Statement 4. The union of the l sets of type-(III) singularities of the single-DOF PMs generated
from an l-DOF PM is a subset of the set of all the type-(III) singularities of the l-DOF PM.

The above-reported statements and theorems demonstrate that the singularities of
an l-DOF PM can be collected into two classes: (a) configurations that are singular for
at least one single-DOF PM generated from the l-DOF PM, and (b) singularities of the
l-DOF PM that are not singularities of any single-DOF PM generated from that l-DOF
PM (i.e., those identified by Theorem 1). In addition, all the above-listed singularity
conditions relate l-DOF PM’s singularities to the IC positions in the single-DOF PMs
generated from the l-DOF PM. By exploiting the fact that all the ICs of single-DOF PMs
can be analytically/geometrically determined [21] and that the coefficients ar and br to-
gether with their vanishing conditions are expressible through the IC of single-DOF PMs
(see Tables 1–3), an analytic/geometric algorithm for determining l-DOF PM’s singularities
has been proposed in [22]. Such an algorithm systematically uses IC positions of single-DOF
PMs for identifying the singularities of any PM.

The above-reported singularity conditions are illustrated in Figure 8 through the
3-RRR parallel PM, which is a 3-DOF PM. In this PM (see Figure 8a), links 7 and 0 are
chosen as output link (i.e., o = 7) and reference link for all the variables (i.e., k = f = 0);
whereas, qr for r = 1, 2, 3 are the actuated-joint (input) variables, and, in the r-th single-DOF
PM for r = 1, 2, 3, the input link is link r. So, the three Cok,r for r = 1, 2, 3 are C70,1, C70,2,
and C70,3 (see Figure 8). With these choices, the analysis of Figure 8 brings to the following
conclusions. The configuration of Figure 8a does not match any singular condition (i.e., it
is a non-singular configuration). The configuration of Figure 8b satisfies the singularity
condition Coi,1 = Cik,1 (C71,1 = C10,1) of Table 2, that is, it is a serial singularity of the
3-DOF PM, which is also a serial singularity of the 1st single-DOF PM. The configuration
of Figure 8c satisfies the geometric condition of Theorem 2 (i.e., the coincidence of all the
Cok,r) thus, it is a parallel singularity both of the 3-DOF PM and of all the single-DOF PMs.
The configuration of Figure 8d satisfies the geometric condition of Theorem 2 (i.e., the
coincidence of all the Cok,r) and the serial-singularity condition Coi,1 = Cik,1 (C71,1 = C10,1)
of Table 2, that is, it is a type-(III) singularity.
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Figure 8. The 3-RRR parallel PM: (a) non-singular configuration, (b) serial singularity that is
also a serial singularity of the 1st single-DOF PM (i.e., the one obtained by locking q2 and q3),
(c) parallel singularity that satisfy Theorem 2, (d) type-(III) singularity that satisfies Theorem 2 and,
simultaneously, is a serial singularity of the 1st single-DOF PM.

3. Influence of IC Locations on Planar-Mechanism Dynamics

At LaMaViP, the research on ICs properties, over PMs’ kinematics, addressed also PMs’
dynamics and has brought to provide an exhaustive set of tools for addressing/modelling
PMs’ dynamics [35–38,42]. Since a complete presentation of these tools would require
much more room in term of pages than what would be reasonable for a journal paper, the
present review was intended to be mainly focused on PMs’ kinematics. Nevertheless, a
short summary of the results obtained on PMs’ dynamic is necessary and is presented in
this section.

3.1. Single-DOF PMs

The analytic determination of ICs’ positions [21] together with Equation (1) makes
the analytic determination of all the VCs in single-DOF PMs possible. The VCs together
with their derivative with respect to the generalized coordinate of the single-DOF PM are
the only terms necessary to build the dynamic model of a single-DOF PM by using the
Eksergian’s equation [43]. This approach has been adopted in [35] to deduce a general
dynamic model for single-DOF PMs based on ICs’ positions, which explicitly appear in it.
In [35], over the model, the algorithms for systematically solving the two main dynamics
problems (i.e., inverse and direct dynamics problems [15]) with this approach have been
presented. Then, in [37], by expressing the acceleration of each link’s barycenter through
the acceleration of the IC of the relative motion between the same link and the frame,
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single-DOF PMs’ dynamic models deduced both from Newton-Euler formulation and from
D’Alembert’s principle have been built which systematically use ICs’ position. All the
dynamic approaches proposed in [35,37] relate single-DOF PMs’ dynamic behavior to ICs’
positions, but are mainly analytic.

From a different point of view, in [38], D’ Alembert’s principle has been revisited and
by using a new type of diagram, named “active-load diagram”, a novel geometric and
analytic technique for studying single-DOF PMs’ dynamics has been presented which refers
PM’s dynamic behavior to ICs’ positions. An active load is, by definition, any internal or
external load (force or moment) that provides a non-null virtual work when the mechanism
changes its configuration. Accordingly, the active-load diagram of a single-DOF PM is
a sketch of the PM, at a given configuration, that also show the active internal loads in
the joints and, for each mobile link, all the pieces of information (active loads, Cj1 or uj1,
etc.) reported in Figure 9, which are necessary to systematically write the terms appearing
in D’ Alembert’s principle. Such a diagram makes it possible to write immediately the
dynamic model of the single-DOF PM without any analytic consideration. Indeed, for
instance, Figure 10 shows the active-load diagram of a shaper mechanism where the active
loads are the external forces F4 and F6, and the moment M12, applied inside the actuated
joint, and where, for the sake of simplicity, the hypothesis that inertia forces are negligible
is introduced. With reference to Figure 10, from a geometric point of view, the following
model of the shaper mechanism can be immediately deduced (here, F4 =|F4| and F6 =|F6|):

M12 = F4b4
C42C21

C42C41
+ F6b6 (11)

which gives the following analytic model (here, (xA, yA) are the coordinates of a generic
point, A, and (Fj,x, Fj,x) are the components of the force Fj measured in the Cartesian
reference C21xy fixed to link 1 (see Figure 10)

M12 = −[(xP4 − xC41)F4,y − (yP4 − yC41)F4,x
]C42C21

C42C41
− [(xC62 − xC21)F6,y − (yC62 − yC21)F6,x

]
(12)

where the ratio C42C21
C42C41

is the VC
.
θ41.
θ21

and can be analytically expressed through the first

formula of Equation (1).
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) (b) 
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. δ
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Figure 9. Active-load diagram of the j-th link of a single-DOF PM (link 1 is the frame and O1×1y1 is a
Cartesian reference fixed to link 1; Fj (Mj) is a generic external force (moment) applied to link j; mj,
Gj, and Ij are mass, barycenter and mass moment of inertia about Gj of the j-th link, respectively):
(a) instantaneous rotation of the j-th link, (b) instantaneous translation of the j-th link.
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Figure 10. Active-load diagram of the shaper mechanism.

With reference to Figure 10 and the above-reported relationships, the necessary ICs
that are not primary ICs are only two: C31 and C51. Indeed, in this case, since θ31 = θ41, the

relationship C42C21
C42C41

= C32C21
C32C31

holds. Nevertheless, it is worth noting that, when the method
is applied to solve only one configuration, it is possible to determine some additional IC (in
this case C62) to write also the term associated to the active forces applied to a translating
link (link 6) in the form of a moment about an IC. Indeed, in this case, the virtual work of
force F6 can be computed as follows:

δLF6 = F6 · δP6 = δθ21F6 · [k × (C62 − C21)] = k · [(C62 − C21)× F6]δθ21 = −F6b6δθ21 (13)

where k is the unit vector perpendicular to the motion plane that points toward the reader
and F6 =|F6|.

For a single-DOF PM with m links where link 1 is the frame, all the approaches
presented in [35,37,38] require the determination of the positions of all the Cj1 for j = 2, . . . ,
m (i.e., of (m − 1) ICs). Nevertheless, only a few of these ICs are secondary ICs and really
require additional computations. In addition, as it is shown in the case studies presented
in [35,38], these additional computations bring to determine VCs that are necessary to write
the model; therefore, they are not additional in practice.

In [38], how to write the model in an analytical and systematic form is presented together
with the algorithms for solving the two main dynamics problems by using the proposed
approach. Eventually, the active-load diagrams, presented in [38], (see Figures 9 and 10, and
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Equation (11)) immediately reveal that an external force Fj, applied to link j, whose line of
action passes through Cj1 (i.e., with bj = 0 (see Figure 9a), if the link rotates, or with vj = uj1
(see Figure 9b), if the link translates) is inactive. That is, it is directly equilibrated by the
mechanism structure without requiring the application of a generalized torque in the actuated
joint. This result is relevant in PMs’ design since it provides a criterion for reducing the
generalized torque in the actuated joint.

3.2. Multi-DOF PMs

At LaMaViP, two formulations [36,42] have been developed which relate multi-DOF
PMs’ dynamics to ICs’ position. The first one [36] introduces, for planar motion, rigid-
body’s (link’s) configuration space (c-space), which is a three-dimensional space whose
coordinates are the “pose coordinates” of the link, that is the two coordinates, say (x, y),
of a point fixed to the link plus the slope angle, say θ∈]−π, +π], which identifies the
link orientation. Then, it gives the structure of an affine space to the c-space by defining
three-dimensional vectors, named planar-pose vectors. Eventually, by using the planar
wrench, it formulates the “motion laws” of c-space’s point. Such laws make it possible to
study PMs’ dynamics as a number of c-space points that interact one another and stand
external planar wrenches. This approach, over providing a coherent, autonomous and
self-contained set of tools and laws that model PMs’ kinematics and dynamics, has brought
to confirm the above-reported statement 1 and to demonstrate the following new statement
on ICs (see [36] for details and examples):

Statement 5. A planar passive kinematic chain with l-DOF can transmit between links j and i only
a force system whose central axis passes through all the instant centers Cji,r for r = 1, . . . , l.

Statement 5 implies the following corollaries:
(5.a) a single-DOF planar passive kinematic chain can transmit only force systems

whose central axis belongs to the pencil of lines passing through the unique Cji;
(5.b) a two-DOF planar passive kinematic chain can transmit only one force with line

of action that passes through Cji,1 and Cji,2;
(5.c) an l-DOF planar passive kinematic chain with l ≥ 3 cannot transmit any force sys-

tem unless the ICs Cji,r for r = 1, . . . , l are all aligned (i.e., only in particular configurations).
The second formulation [42], by reinterpreting D’ Alembert’s principle, relates the

dynamics behavior of an l-DOF PM to the ones of the l single-DOF PMs generated from
the l-DOF PM and uses the “active-load diagrams” of these single-DOF PMs to provide a
geometric interpretation that fully discloses the role of ICs in multi-DOF PMs’ dynamics.
Such diagrams can also be used to write immediately the dynamic model of the l-DOF PM
without any analytic consideration. Indeed, for instance, Figure 11a–c show the active-load
diagrams of the three single-DOF PMs generated from the 3-RRR parallel PM (Figure 8)
with link 7 (mobile platform) loaded by a force system whose resultant force, located on
its central axis, is force F7 of Figure 11 and by the generalized torques, τr for r = 1, 2, 3,
applied in the actuated joints. With reference to Figure 11, from a geometric point of view,
according to this formulation (see [42] for demonstrations) the following model of the
3-RRR parallel PM can be immediately deduced (the signs refer to the configuration of
Figure 11 and F7 =|F7|): ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

τ1 = F7b7,1

.
θ70,1.
θ10,1

= −F7b7,1
C71,1C10,1
C71,1C70,1

τ2 = F7b7,2

.
θ70,2.
θ20,2

= F7b7,2
C72,2C20,2
C72,2C70,2

τ3 = −F7b7,3

.
θ70,3.
θ30,3

= F7b7,3
C73,3C30,3
C73,3C70,3

(14)
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Figure 11. Active-load diagrams of the three single-DOF PMs generated from the 3-RRR parallel
PM: (a) r = 1 (i.e., q2 and q3 are locked), (b) r = 2 (i.e., q1 and q3 are locked), (c) r = 3 (i.e., q1 and
q2 are locked), (d) extract of the previous diagrams that is useful to visualize how an active force is
redistributed among the actuators.

Moreover, in [42], how to write the model in an analytical and systematic form is
presented together with the algorithms for solving the two main dynamics problems by
using the proposed formulation. Eventually, let link 0 be the frame, this formulation
immediately reveals (see Figure 11 and Equation (14)) that an external force Fj, applied to
link j, whose line of action passes through Cj0,r (i.e., with bj,r = 0 (see Figure 11)) has no
effect on the r-th generalized torque τr. This consideration can be further detailed to give a
clear graphical idea on how an active load is redistributed among the actuators. Indeed,
diagrams such as the ones of Figure 11d where the distances bj,r, of Fj from the ICs Cj0,r,
for r = 1, . . . , l, are drawn all together can be used during design to optimize the load
distribution among the actuators.

4. Conclusions

At LaMaViP (Laboratory of Mechatronics and Virtual Prototyping) of Ferrara Uni-
versity, Italy, the research on planar mechanisms’ (PMs) kinematics and dynamics of the
last two decades has brought to highlight how the instant-centers’ (ICs) positions can be
exploited to identify relevant properties of PMs’ behavior. The results of this research have
been summarized/reviewed here to give the reader a guide to use them in PMs’ analysis
and design.
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In particular, an exhaustive technique for analytically determining IC positions, even
for indeterminate PMs, has been obtained and the relationship between one IC in a multi-
DOF PM and the same IC in the single-DOF PMs generated from that multi-DOF PM has
been identified.

The geometric conditions that ICs’ positions satisfy when a PMs is at a singular
configuration have been exhaustively enumerated and analytic techniques that exploit such
conditions to implement PMs’ singularity analysis have been developed.

The role that ICs’ positions play to determine PMs’ dynamic behavior has been fully disclosed
and PM-dynamics formulations that explicitly contain ICs’ positions have been developed.

Such findings provide a complete set of tools that can be easily used for PMs’ analysis
and design.
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Abstract: In recent years, the study of robotic systems for agriculture, a modern research field often
shortened as “precision agriculture”, has become highly relevant, especially for those repetitive actions
that can be automated thanks to innovative robotic solutions. This paper presents the kinematic model
and a motion planning pipeline for a mobile manipulator specifically designed for precision agriculture
applications, such as crop sampling and monitoring, formed by a novel articulated mobile base and a
commercial collaborative manipulator with seven degrees of freedom. Starting from the models of
the two subsystems, characterized by an adjustable position and orientation of the manipulator with
respect to the mobile base, the linear mapping that describes the differential kinematics of the whole
custom system is expressed as a function of the input commands. To perform pick–and–place tasks, a
motion planning algorithm, based on the manipulator manipulability index mapping and a closed
form inverse kinematics solution is presented. The motion of the system is based on the decoupling
of the base and the arm mobility, and the paper discusses how the base can be properly used for
manipulator positioning purposes. The closed form inverse kinematics solution is also provided as an
open-source Matlab code.

Keywords: precision agriculture; mobile manipulation; motion planning; analytic Jacobian; inverse
kinematics; manipulability

1. Introduction

The development of mobile manipulators, defined as complex robotic systems com-
posed by a mobile base and a robotic manipulator mounted upon it, has become a relevant
research field inside the service robotics world. They were first invented at the end of
1990s for industrial applications, and with the development of the so-called Autonomous
Industrial Mobile Manipulators (AIMM) [1], their relevance is strictly related to the evo-
lution of industrial production processes, currently characterized by the introduction of
digital technologies, e.g., the integration of autonomous robotic systems into the traditional
production plants for massive and repetitive tasks. To meet the current demand of product
customization and differentiation, researchers and manufacturers from all the world have
created several AIMM solutions, that integrate autonomous mobility, exteroceptive and
proprioceptive sensing, and dexterous manipulation [2–4]. Such systems can autonomously
navigate inside a production plant, perform several tasks, e.g., packaging, painting, and
logistics, and can be easily set up and programmed to change their main purpose.

Moreover, service robotics can take advantage of such complex systems and their
related functionality. Indeed, recent years have seen the birth of mobile manipulator
solutions for non-industrial objectives, e.g., assistance, precision agriculture, and search
and rescue, as briefly depicted in Figure 1.
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Figure 1. (a) Stretch, from hello robot company [5,6], (b) Human Support Robot (HSR), from Toyota
company [7,8], (c) TRINA, developed by the researchers of Worcester Polytechnic Institute and Duke
University [9,10], (d) CROPS, developed by the researchers of Università degli Studi di Milano,
University of Ljubljana and Technische Universitat Munchen [11], (e) robot for strawberry harvesting,
from Octinion [12,13], (f) KARO, developed by the researchers of the Advanced Mobile Robotics
Lab, Qazvin Azad University [14], and (g) Robbie, developed by the researchers of Fachhochschule
Technikum Wien [15].

In 2021, Kemp et al. presented Stretch [5], specifically designed for indoor human
environments and telepresence. The key design goal was the reduction in the number of
actuators, and it ended up with a conventional differential drive mobile base and a manip-
ulator with three degrees of freedom (d.o.f.). For motion planning purposes, the authors
considered two separate operation modes, the navigation and manipulation mode, under-
lining how the correct position of the base is fundamental for a correct task execution. Again
for assistive and collaborative applications, since 2006, researchers from Toyota company
have developed HSR (Human Support Robot) [8], a domestic mobile manipulator with
a dual wheel caster mechanism and a seven d.o.f. robotic arm. To pick objects from the
floor or tables, the first manipulator d.o.f. enables the motion along the vertical axis of the
structure. Focusing on humanoid systems, Li et al. [9] implemented an off-the-shelf dual
armed humanoid manipulator and an omnidirectional base to create TRINA (Tele-Robotic
Intelligent Nursing Assistant) a complex system with 26 d.o.f. commanded by an operator
console for telepresence in hospitals.

The development and implementation of such systems can be effective also in the
agriculture field, where all the tasks have been traditionally carried out by manual labor.
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In 2017, Silwal et al. [16] presented an autonomous mobile apple harvester formed by a six
d.o.f. arm mounted upon a generic mobile base, successfully tested in a commercial apple
orchard. Even though the system was incredibly innovative, there was no cooperation
between the mobile base and manipulator motion, since the mobile base is fixed during
the apple harvesting. A similar work was presented by De Preter et al. in 2018 [12],
where a commercial robot from Octinion company was used for strawberry harvesting.
The integration of mobile manipulators in the agriculture field can be useful also for
selective spraying, thus reducing the production cost and the use of pesticides on crops.
To this end, in 2016 Oberti et al. [11] presented a novel integration of a selective spaying
system on the modular agriculture robot CROPS, with a multispectral imaging system and
an associated image recognition to select the diseased target area.

In all the cited precision agriculture cases, the development of the mobile manipulator
systems was substantially done by the implementation of a custom manipulator and/or
sensing system upon a generic and multi-purpose mobile base, and the mounting position
of the arm with respect to the base was fixed. This paper presents the kinematic model and
a simplified motion planning method for the novel Agri.Q mobile manipulator, designed by
the researchers from Politecnico di Torino for precision agriculture applications, where the
robotic arm mounting position and orientation with respect to the mobile base is adjustable
thanks to the mobile base mobility characteristics.

The main contributions to the subject investigated in this work are:

- The differential kinematic model of the whole custom system, described by a linear
mapping from the velocity input commands to the system velocities. The kinematic
model for the planar motion of the base was already completed by the authors in [17],
where the base was treated as a mobile rover and the pitch mobility was not consid-
ered; so, the work is here significantly extended considering the pitch motion, which
translates and rotates the manipulator base, and the manipulator mobility itself.

- The description of a decoupled motion planning algorithm for sampling and pick/place
tasks, where the base mobility is used to properly reach the target and also take ad-
vantage of the manipulator dexterity.

- Manipulator inverse kinematics formulation with the use of the elbow or swivel angle,
which is a closed form analytic solution of the inverse kinematics problem. An open-
source algorithm written in Matlab code is provided (https://github.com/giocolucci/
Jaco2SwivelIK; https://it.mathworks.com/matlabcentral/fileexchange/108419-jac
o2swivelik, accessed in 21 March 2022).

The next sections will be organized as follows. First, a brief description of the Agri.Q sys-
tem is provided in Section 1.1. Next, Section 2 focuses on the kinematic model, and Section 3
focuses on the simplified motion planning pipeline.

1.1. Agri.Q Mobile Manipulator

The Agri.Q prototype was formed by a custom mobile base [18], specifically designed
for precision agriculture applications, and a commercial seven d.o.f. collaborative arm
Kinova Jaco2. The mobile base belongs to the articulated type, with two modules, a front
module and a back module; each of these is provided by two locomotion units, one for
each side, formed by two traction wheels. Each locomotion unit is commanded by a single
electric motor, and a chain drive provides the mechanical power to the two wheels, which
are connected to the main module with a rocker with a passive revolute joint, to enhance
the obstacle overcoming abilities (Figure 2). Since the base has to navigate inside loose and
irregular soil, the use of eight wheels ensures a wide contact surface between the vehicle
and the ground, as occurs with a track system. Moreover, the traction control can decide to
move the system using a front-wheel drive or all-wheel drive, enabling navigation inside
quite steep rows of vines. The base is also provided with a solar panel, designed for drone
landing and the recharge of the 24 V lithium-ion battery that feeds the required electric
power to the traction elements, the robotic arm, and to the electronic components. Thanks
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to a pitch mechanism [19], the orientation of the panel is adjustable in order to to take full
advantage of the recharging phase in different sunlight conditions [20].

(a) (b)

Figure 2. (a) The Agri.Q mobile manipulator prototype developed at Politecnico di Torino. (b) Render
of the prototype to highlight its fundamental components.

The robotic arm was the Jaco2 model from Kinova company, a collaborative serial
manipulator with seven d.o.f. designed for assistance and other collaborative tasks. Since
the d.o.f. of the arm is larger than the dimension of its workspace, it is defined as intrin-
sically redundant, which makes it able to perform difficult tasks and use the kinematic
redundancy to avoid obstacles or reach a target inside a narrow space. To take advantage
of the base mobility, the manipulator was fixed to the solar panel, so the pitch motion of
the base also results in a modification of the mounting position and orientation of the arm
with respect to the mobile base, as illustrated in Figure 2.

2. Kinematic Model

2.1. Hypotheses and Representation of the System

To study the 2-D motion of the articulated mobile base, the rover platform was modeled
as two modules, a front module and back module, connected by a revolute joint centered
in the origin of {F}, that enabled the yaw motion in the {îO, ĵO} plane, as described in
Figure 3a. The traction power was provided by the front wheels, that were commanded by
ωL and ωR, the angular velocity of the left front wheels and angular velocity of the right
front wheels, respectively. It is worth pointing out that the angular velocity was the same
for the two right or left wheels, since each locomotion unit is commanded by a single motor
and the chain drive does not cause velocity disparities.

The following assumptions were made:

- The traction wheels are subject to pure rolling conditions;
- No lateral slip of the front and back modules is enabled;
- The surface is flat and no out-of-plane motion are considered;
- Each couple of wheels can be reduced to a single virtual wheel with the rotation axis

aligned with the module body, as showed in Figure 3b.

The latter assumption, that treats the front module as a differential drive system, was
already presented and discussed by the authors in [17].
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(a) (b)

Figure 3. (a) Model of Agri.Q articulated mobile base on {îO, ĵO} plane. The system is described by
the position and orientation of the three mobile reference frames, where {F} is the front module r.f.,
{B} is the back module r.f., and {R} refers to the manipulator. In (b) the reduction of each couple of
wheels to a single one is represented.

The mobile base was also provided with a pitch mechanism [19], that can translate and
rotate {R}, the robotic arm base reference frame, in the {îB, k̂B} plane, i.e., it can translate
and rotate the serial manipulator, as shown in Figure 4, by the angular velocity command γ̇.

Figure 4. Pitch motion of the mobile base that causes the motion of {R}, described, for simplicity,
with a relative yaw angle δ = 0. In black is the start position of the base, in gray is the new
configuration. It is worth noting that it is a planar motion in the {îB, k̂B} plane.

2.2. Kinematic Model of the Mobile Base

The number of degrees of freedom (dof) of the system, composed by the front module,
back module, and pitch system, is equal to five, that corresponsd to the four dof in {îO, ĵO}
plane and the pitch motion in {îB, k̂B}. The chosen set of generalized coordinates of the
system is the following:

qP = {x1, y1, φ1, δ, γ}, (1)

where x1 and y1 are the Cartesian coordinates of the origin of {F} with respect to {O}, φ1
is the yaw angle of {F} with respect to {O}, δ is the relative yaw between front and back
module defined as:

δ = φ1 − φ2, (2)
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and γ is the pitch angle of the panel.
The relationship between the command vector u and q can be found in the form:

q̇P = G(qP)uP, (3)

where u = {ωL, ωR, γ̇}, as explained before, and the 5 × 3 Author : Thechangeiscorrect
matrix G(qP) expresses the linear mapping between the time derivative of the generalized
coordinates of the system and the system input u. For this, the Cartesian coordinates
{x2, y2} of the origin of {B}, which describe the Cartesian coordinates of the back module
of the system, can be written as a function of {x1, y1}:

x2 = x1 − b cos(φ2) (4)

y2 = y1 − b sin(φ2) (5)

Moreover, a non-holonomic equation constraint for the back module can be introduced,
which expresses the absence of lateral slip of the module:

v2 · ĵB = 0 (6)

where v2 = {ẋ2, ẏ2} is the velocity of the origin of {B} expressed with respect to {O}, and
ĵB = {− sin φ2, cos φ2} is the unit vector of the reference frame {B} = {îB, ĵB, k̂B}.

By deriving Equations (4) and (5) with respect to time and replacing them into (6),
the following result can be obtained:

δ̇ = φ̇1 − sin(δ)
b

|v1|. (7)

Thus, the linear mapping between {|v1|, φ̇1, γ} and q̇ can be found:

q̇P =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ1
ẏ1
φ̇1
δ̇
γ̇

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎣
cos(φ1) 0 0
sin(φ1) 0 0

0 1 0

− sin(δ)
b

1 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦
⎧⎪⎪⎪⎨⎪⎪⎪⎩

|v1|
φ̇1

γ̇

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (8)

To obtain the linear mapping from u to q̇, the differential-drive model of the front
module must be taken into account. Thus, the instantaneous center of rotation icrF of the
front module must lie on the ĵF axis, and the following relationship can be written:

|v1| = |v1,R|+
|v1,L| − |v1,R|

2
=

1
2
(|v1,L|+ |v1,R|), (9)

φ̇1 =
|v1,R|+ |v1,L|

i
. (10)

By substituting Equations (9) and (10) into (8), and taking into account the pure rolling
hypothesis, the following final result is obtained:

56



Machines 2022, 10, 321

q̇P =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

R cos(φ1)

2
R cos(φ1)

2
0

R sin(φ1)

2
R sin(φ1)

2
0

−R
i

R
i

0

−R
i
− R sin(δ)

2b
R
i
− R sin(δ)

2b
0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ωL

ωR

γ̇

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (11)

2.3. Analytic Jacobian of the System

To combine the mobility of the mobile base and the manipulator and to plan the motion
of the end effector of the mobile manipulator in R

6 (position and orientation), the analytic
Jacobian matrix of the system must be computed. The total set of generalized coordinates
of the system q ∈ R

p+r is composed of both the generalized coordinates of the platform
qP ∈ R

p and the manipulator ones qR ∈ R
r:

q = {qP, qR}, (12)

Although this general formulation can also be used with other mobile manipulator
systems, it is worth recalling that for the Agri.Q prototype, p = 5 and r = 7.

The position and orientation of the end-effector (ee) of the mobile manipulator with
respect to the fixed frame {O} can be described by the 4 × 4 homogeneous transformation
matrix T0

ee defined as follows:

T0
ee(q) =

⎡⎣ RO
ee

(
q
)

pO
ee

(
q
)

0 1

⎤⎦ (13)

where RO
ee is the 3 × 3 rotation matrix describing the orientation of the end-effector wrt

{O}, and pO
ee is the associated 3 × 1 position vector. TO

ee can be computed as the product of
three matrices, so that the mobility of the system is decomposed and studied individually:

TO
ee (q) = TO

F TF
R TR

ee (14)

where:

- TO
F = TO

F (x1, y1, φ1) represents the transformation matrix from the fixed frame {O} to
{F}, fixed to the front module. It depends on the three degrees of freedom of the front
module motion in the {îO, ĵO} plane;

- TF
R = TF

R(δ, γ) represents the transformation from {F} to {R}, which is the reference
frame fixed to the manipulator base, and it depends on the relative yaw angle δ
between the front and back modules and the pitch angle γ. It also contains information
about the mounting parameters x0, y0, and z0;

- TR
ee = TR

ee(qR) describes the forward kinematics of the serial kinematic chain of
the manipulator.

The analytic Jacobian of the system is formed by the 3 × (p + r) matrix Jv, which
contains the linear mapping between the joint space velocity and the end effector linear twist
space, and the 3× (p+ r) matrix Jω , which transforms q̇ into the end-effector angular twists:{

vee

ωee

}
= J(q)q̇ =

[
Jv

Jω

]
q̇ (15)
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The analytic expressions of vee and ωee can be easily derived from TO
ee :

vee =
dpO

ee

dt
, (16)

ωee = {−S23, S13,−S12} , (17)

where S is the 3 × 3 skew-symmetric matrix defined as:

S = ṘO
ee RO T

ee (18)

As explained by De Luca et al. in [21], for motion planning purposes it could be useful
to express the Equation (15) in terms of the command vector u = {uP, uR}, where uR,
i.e., the command vector of the manipulator, coincides with the joint space velocity vector:

uR = q̇R (19)

Thus, the 6 × (p + r) Jacobian matrix can be decomposed into the 6 × p matrix JP,
which describes the analytical Jacobian of the mobile platform and the 6 × r Jacobian JR of
the manipulator. Thus, Equation (15) can be modified into:{

vee

ωee

}
= JPq̇P + JRq̇R = JPG(qP)uP + JRq̇R, (20)

where the matrix G(qP) was defined in Equation (3) and calculated in (11).

3. Motion Planning Pipeline for Decoupled Motion

Even though the analytical Jacobian of the mobile manipulator can be used for motion
planning using both the mobile base and manipulator mobility, exploiting the augmented
capability to reach a target point, perform a task, or avoid obstacles, a simpler but still
interesting way to move the system lies in the motion decoupling of the mobile base and
the manipulator [22], motivated by the general higher position accuracy of the manipulator
with respect to the base. Although such an approach does not allow the simultaneous
motion of the base and the arm, it provides significant advantages in terms of motion
planning, since it reduces the degrees of freedom that are involved during the two motions.
A decoupled motion planning technique provides the great advantage of using the mobile
base for a gross positioning of the manipulator, then exploiting the accuracy of the arm for
grasping and manipulation.

Thus, a novel motion planning method that exploits the base and arm mobility of
Agri.Q prototype for a pick and place task is presented and discussed.

In a generic scenario where Agri.Q moves inside the rows of vineyards for sampling
crops or soil, the motion planning pipeline can be described as follows:

- Start phase: a high-level command requires the execution of a given task, such as a
pick-and-place execution, which corresponds to a crop sampling task;

- First perception phase: according to the specifications indicated in the start phase,
a perception system, e.g., a depth camera, recognizes the target and evaluates its
position and orientation with respect to the manipulator base frame {R};

- Mobile base motion planning and execution: while the arm is still fixed, the mobile
base is moved to enable the arm to reach the target and, moreover, to place the
manipulator in a proper way;

- Second perception phase: the perception system recomputes the new position and
orientation of the target with respect to the arm base frame;

- Arm motion planning and execution: while the base is now fixed, the arm performs
the task taking care to not collide with the mobile base and the rest of the environment.
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In the next subsections, the discussion is focused on the mobile base motion planning
and execution phase, which contains the main contribution of the authors to the depicted
pipeline. As mentioned before, the mobile base is moved in order to enable the arm to
reach the target, so that it can also exploit its best manipulability area to perform the task.
Then, the definition of the best manipulability area is presented, also with a closed form
inverse kinematics technique that is able to evaluate the manipulability index of the arm.
In the last subsection, we illustrate how the mobile base can properly position the arm.

3.1. Modified Manipulability Index of the Manipulator

A common approach to evaluate the dexterity of a robotic system is the use of the
manipulability index defined as [23]:

c =
1
κ

, (21)

where κ is the 2-norm condition number of Jacobian matrix JR, calculated as the ratio
between the highest and lowest eigenvalues of JR, respectively, λmax,min:

κ =
λmax

λmin
(22)

In order to take care of the joint limits constraints, where the arm may have good
dexterity even though it is close to the limit of its motion, Chan and Dubey proposed in [24]
a gradient function that is used to penalize the Jacobian matrix JR in a given configuration
of the arm, already implemented by Vahrenkamp et al. in [25] and by Chen et al. in [26].
The gradient function ∇h(θj)j for the j-th joint is defined as:

∇(θj)j =
(θj,max − θj,min)

2(2θj − θj,max − θj,min)
2

α(θj,max − θj)2(θj − θj,min)2 , (23)

where θj,max, θj,min are, respectively, the upper and lower j-th joint limit, and α is a parameter
that accentuates the closeness to the limit. The penalization factor for each column of JR is
then defined as:

pj =
1√

1 + |∇h(θj)j|
. (24)

In Figure 5 the behavior of pj for different values of α is presented. As mentioned
before, a larger value of α causes a relaxation of the joint limits closeness. For a small value
of α, pj = 1 in a small area near the value (qj,max − qj,min)/2. According to [25], the value
of the parameter α = 4 was selected.

Thus, the modified manipulability index cmod is evaluated as the 2-norm condition
number of the modified Jacobian JR,mod, where each entry Ji,j of JR is modified according to
the corresponding penalization factor:

Jij R,mod = pj Jij i = 1, . . ., 6 j = 1, . . ., 7 (25)

cmod =
1

κ(JR,mod(qR))
(26)

It is worth noting that j = 1, . . ., 7, because r = 7 for the Agri.Q prototype.
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Figure 5. Penalization factor as a function of a generic j-th joint. For this case, qj,min = 0.5 rad,
qj,max = 5.8 rad.

3.2. Manipulator Manipulability Mapping

In order to properly move the mobile base so that the arm can take advantage of its
best manipulability properties, the value of cmod must be mapped inside the manipulator
workspace. To this aim, the authors have implemented a closed form inverse kinematics
algorithm that provides all the possible solutions as a function of a parameter φR [27],
which is the swivel or elbow angle of the manipulator [28,29]. The presented formulation
treats the seven d.o.f. manipulator as a human-like arm, where, for a fixed shoulder and
wrist position, the elbow can be rotated, while the orientation of the hand remains fixed.
Thus, the kinematic structure of the manipulator can be modeled with a first spherical
joint, centered in the shoulder, and a second similar joint, centered in the wrist, and the
two points are connected by a revolute joint that represents the elbow mobility. For more
details about the closed form inverse kinematics formulation, please refer to the related
work presented by the author in [27].

An open-source copy of the inverse kinematics algorithm is available online (https:
//github.com/giocolucci/Jaco2SwivelIK; https://it.mathworks.com/matlabcentral/fil
eexchange/108419-jaco2swivelik, accessed in 21 March 2022). It was tested on a Dell XPS
machine, with Ubuntu 20.04 LTS, and an Intel i7-10510U@1.80 GHz processor. The total
execution time was approximately 1 ms when used with a single fixed elbow angle, and
100 ms when the solution with the highest manipulability index was extracted.

Thus, since the robotic arm has seven degrees of freedom, there are ∞1 solutions for a
given pose (position and orientation), and the algorithm enables evaluating the dexterity
of the arm for every possible solution, eventually extracting the solution with the highest
manipulability index.

An example of a manipulability map is presented in Figure 6, where the value of c
and cmod was evaluated inside the yellow domain w for a fixed end-effector orientation,
illustrated in the figure. Both the area where cmod > 0.5, in blue, and cmod > 0.6, in red,
were significantly reduced due to the joint limit constraints, introduced by the penalization
factor pj described in (24).
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(a) (b)

Figure 6. (a) Manipulability map for the Kinova Gen2 7 d.o.f. arm in terms of c, (b) Manipulability
map for the Kinova Gen2 7 d.o.f. arm in terms of cmod. The position and orientation of the end-effector
during the mapping process is showed in both figures. w is the total explored workspace, c and
cmod are the 2-norm condition number and the modified version of it, respectively, as presented in
Equations (21) and (26).

3.3. Mobile Base Motion Planning

Since it was designed for crop sampling applications inside a vineyard, the mobile base
of Agri.Q prototype can be used to position the manipulator where it can actually reach the
target and take advantage of its improved dexterity. To develop the proposed simplified
motion planning pipeline, the assumption of no motion in îO direction was made, because it
represents the perpendicular direction to the vineyard rows, as described in Figure 7. While
navigating inside a vineyard, the distance between the manipulator and a target, e.g., a grape,
is fixed and equal to the distance between the manipulator and the row. Even though the arm
will take advantage of better dexterity if it moves closer to the target, this implies that also the
mobile base will move closer to the rows, leading to potential collisions. Thus, the navigation
of the mobile manipulator Agri.Q inside the vineyard rows can be simplified, and the base
motion can be described by a reduced set of generalized coordinates:

qP = {y1, γ}. (27)

Figure 7. Effect of s and γ on the position and orientation of the manipulator. {Ri} is the initial
configuration of the manipulator, {R′} takes into account the effect of the linear motion s along ĵO,
and {R f } is the final configuration of the manipulator, also with the contribution of the pitch angle γ.
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Thus, the reference frame fixed to the manipulator {R} is moved by the value s defined
as the difference between the final and initial Cartesian coordinates y1:

s = y1, f − y1,i, (28)

then, the new r.f. {R′} is transformed into {R f } due to the pitch angle γ (Figure 7).
Since the manipulability map is fixed to {R}, the motion planning pipeline described

in the following is proposed by the authors:

- Starting from a desired goal pose, described by the homogeneous transformation matrix
TO

goal with respect to {O}, a slice of the entire workspace, parallel to the { ĵO, k̂O} plane
and passing through the P target point, is extracted, depicted in Figure 8a as the circle
in black.

- Inside the extracted domain, one can evaluate what portion of the workspace can
be actually reached with the desired end-effector orientation. It is worth pointing
out that, in general, the domain of the reachable points with a desired pose does not
coincide with the manipulator workspace, which, instead, considers all the possible
reachable points without an orientation specification. The boundaries of the modified
workspace are described in Figure 8b with the red line.

- One can evaluate whether the point P lies inside the modified workspace boundaries.
If it does, the manipulator can actually reach the target, and no motion of the mobile
base is requested. If it does not, the mobile base must move to reach the target point.

- If a mobile base motion is requested, the reduced workspace domain is mapped in
terms of the modified manipulability index cmod, defined in Equation (26).

- An optimal area where cmod > cmod,min, represented in the figure inside the gray line,
is calculated as a portion of the modified workspace. Its manipulability barycenter
coordinates C are calculated with respect to {O}:

rC =
∑N

i=1 cmod,iri

∑N
i=1 cmod,i

, (29)

(a) (b)

Figure 8. (a) Manipulator workspace representation (red volume) and extraction of the plane of
interest (blue). Since no motion is enabled along the iO axis, the x off-set of the plane with respect to
{O} is the x coordinates of the target point P. (b) Optimal manipulability area identification (inside
the gray line). The total workspace is reduced due to the orientation specification, thus obtaining the
area inside the red circle that, in general, does not coincide with the black circle in (a). The optimal
area is then moved and rotated according to Figure 7.
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where ri i = 1, . . ., N is the position vector of the i-th point inside the optimal area, and
cmod,i is its modified manipulability index.
In the reported example, cmod,min = 0.4.

- {y1, γ} are calculated in order to move C to the target point P. In general, the procedure
implies the rotation of the optimal area due to γ.

4. Conclusions

The paper presented the kinematic modeling of the Agri.Q mobile manipulator proto-
type, designed for precision agriculture purposes. Starting from the subsystems’ mobility,
the linear mapping from the input velocity commands to the linear and angular twists of
the whole system was presented. The differential kinematic model, that is based on the no
lateral wheel slipping assumption, is fundamental for singularity analysis and to implement
traditional redundancy resolution methods, e.g., the Extended Jacobian or the Reduced
Gradient. To perform useful pick-and-place tasks while navigating inside vine rows, a sim-
plified motion planning algorithm, based on the motion decoupling was presented. Thus,
the mobile base, less accurate than the manipulator, is used to position the arm, also taking
advantage of its best manipulability area. The presented method lends itself to a simple
and quick implementation on the real prototype, since the motion decoupling techniques
significantly reduce the computational cost of the motion planning phase.
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Abstract: Investigations about the feasibility of delivery systems with unmanned aerial vehicles
(UAVs) or drones have been recently expanded, owing to the exponential demand for goods to be
delivered in the recent years, which has been further increased by the COVID-19 pandemic. UAV
delivery can provide new contactless delivery strategies, in addition to applications for medical items,
such as blood, medicines, or vaccines. The safe delivery of goods is paramount for such applications,
which is facilitated if the payload is embedded in the main drone body. In this paper, we investigate
payload solutions for medium and small package delivery (up to 5 kg) with a medium-sized UAV
(maximum takeoff of less than 25 kg), focusing on (i) embedded solutions (packaging hosted in the
drone fuselage), (ii) compatibility with transportation of medical items, and (iii) user-oriented design
(usability and safety). We evaluate the design process for possible payload solutions, from an analysis
of the package design (material selection, shape definition, and product industrialization) to package
integration with the drone fuselage (possible solutions and comparison of quick-release systems).
We present a prototype for an industrialized package, a right prism with an octagonal section made
of high-performance double-wall cardboard, and introduce a set of concepts for a quick-release
system, which are compared with a set of six functional parameters (mass, realization, accessibility,
locking, protection, and resistance). Further analyses are already ongoing, with the aim of integrating
monitoring and control capabilities into the package design to assess the condition of the delivered
goods during transportation.

Keywords: drone-based package delivery; UAV transportation; embedded payload; packaging;
quick-release system

1. Introduction

In recent years, exponential growth in the volume of packages to be delivered has
occurred in the logistics industry and transportation field. The COVID-19 pandemic further
intensified this trend, increasing the demand from the e-commerce market and eliciting the
awareness of consumers and stakeholders of the need for new logistics solutions, such as
contactless delivery strategies. The world health crisis not only affected consumer purchase
habits but also introduced modifications in the kind of goods to be delivered, for instance,
increasing the demand for delivery of medicines, vaccines, and biological tests.

In this scenario, investigations about the feasibility of delivery systems based on the
use of unmanned aerial vehicles (UAVs) or aerial drones (hereafter drones for the sake of
simplicity) has been expanded. As described by Benarbia and Kyamakya in a review [1],
much literature on this topic focuses on last-mile delivery (or the “last-mile challenge”),
as it represents the most critical step of the delivery process. Transportation costs increase
as packages approach their final destination—even more so in rural areas. For such
applications, drone-based systems could help to reduce the carbon footprint of the delivery
process, as well as traffic jams. On the other hand, commonly identified constraints include
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short flight ranges and low payloads, which are mainly related to the limited autonomy of
UAV batteries [2,3]. To solve this issue, drones would need to either reduce their roundtrip
extension or lean on a distributed network of recharging stations, which are generally
not yet available [1,4]. In addition, drone performance can be affected by hostile weather
conditions, which can reduce aerodynamics and induce communication issues or limit
operator effectiveness [5,6]. Developing robust and efficient UAVs requires considerable
designer competence, consequently increasing the final production and operating costs of
the drone [1].

Slightly different evaluations should be considered when dealing with the delivery of
medical items, from first aid and medical supplies [7–9], such as automatic external defib-
rillators (AEDs) [10–15]; to medicines and pharmaceuticals [16–18], such as insulin [19] or
vaccines [20–23]; or biological samples, such as blood [24], tissues [25], or microbiological
and laboratory samples [26]. In a 2019 paper, Hii et al. [19] expanded the concept of feasibil-
ity analysis of drone-based delivery, highlighting the need to focus on the delivery process
itself, the transported good, and in particular, on the potential impact of UAV transportation
on the ultimate quality of the delivered medicine. In their work, the authors evaluated the
effects of flight conditions on insulin samples, which are very sensitive to environmental
stresses, such as high temperatures and exposure to agitation or vibrations. Data revealed
that the insulin quality was maintained after delivery, and the authors recommended the
application of five tests to assess the feasibility of UAVs for delivery of medicines, including
a post-delivery quality test and the on-board monitoring of the pharmaceuticals’ environ-
ment. Similar studies were presented by Amukele et al. in 2017 [27], Yakushiji et al. in
2020 [28], and Mohd et al. in 2021 [24] but with respect to blood delivery for emergency
cases, e.g., transfusions [28] or postpartum hemorrhaging [24]. All the above-mentioned
studies, both under simplified [27] and actual operating conditions [24,28], reported posi-
tive results. The described tests are not easily compared, as the flight times varied between
9 and 35.52 min (Hii et al. [19] and Yakushiji et al. [28], respectively), the adopted UAVs were
of varying sizes (from a few grams [19] to a maximum declared takeoff mass of 24.9 kg [28]),
and different operative conditions were applied (such as payload and travelled distance).

Nonetheless, package deliveries reported in the literature are generally characterized
by payloads applied externally to the drone main body, either rigidly connected with
gimbals or suspended with ropes. These configurations allow for the use of standard com-
ponents, such as ordinary refrigerators and supply bags [28,29] for transportation but also
enable the use of custom packaging systems, providing additional features to fulfill peculiar
requirements. Maity presented a lightweight polyisocyanurate thermal insulation system
and a comparison with different materials and solutions [30]. Kostin and Silin [31] pro-
posed an isothermal container for medical delivery, whereas Amicone et al. [25] proposed
“Smart Capture”, i.e., a packaging solution integrating an artificial intelligence (AI) system
that can measure relevant parameters, such as temperature or vibrations during flight, and
monitor or control them. With respect to blood transportation, insulated containers or
shippers provided with ice packs are most commonly used [29], but specific requirements
and packing instructions are defined by regulations, such as the United Nations Agree-
ment Concerning the International Carriage of Dangerous Goods by Road (ADR) [32,33].
Biological substances classified as dangerous goods according to UN guideline UN3373
require in particular transportation conditions that vary depending on the specific material
to be transported, such as liquid or solid substances, and according to the delivery sce-
nario, such as by road or air, for example, ADR packing instruction 650, category b, or the
corresponding IATA (International Air Transport Association) guidelines.

Stephan et al. (2022) [17] described two additional issues associated with medical
drone delivery: (i) users interact with UAVs, but little attention is paid to this interaction
in the design phases of drones and delivery processes; and (ii) little scientific evidence
is available with respect to the effectiveness, user experience, and acceptance of medical
delivery with UAVs, as information about the use of drones to deliver medicines is often
disseminated through media rather than empirical studies. The acceptance and reputation
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of drones have proven to be non-trivial aspects with respect to the successful adoption
of such devices for everyday delivery in civilian contexts. Zailani et al. [6] suggested
that the potential and prior use of UAVs for military purposes affects societal perceptions
of drones. de Miguel Molina et al. compiled a list of drone applications considered
acceptable by society [34], including medical purposes [27] and for support in emergency
scenarios [35,36], as well as applications that enable proactive behaviors for environmental
protection, such as forest monitoring [37], surveying marine fauna [38], and mapping coral
reefs [39] or orangutan habitats [40]. Within this framework, user perception of safety and
security of drone delivery is also fundamental [41] with respect to UAVs themselves, for
example, concerning the risk of accidents or failures or the security of the payload, as the
good should be reliably delivered without causing harm.

With these considerations in mind, in this paper, we investigate payload solutions
for medium and small package delivery with a medium-sized UAV (i.e., with a maximum
takeoff mass ≤ 25 kg) under the following conditions:

(i) Embedded solution: the packaging must be hosted in the cargo bay within the
drone fuselage;

(ii) Medical transportation compatibility: the packaging must allow for the delivery of
medical items; and

(iii) User-oriented design: the packaging must make voluntary interaction with the user
as simple as possible.

The simultaneous focus on these three aspects represents the main innovation of the
present study with respect to the currently available literature. Furthermore, we describe,
in detail, the methodological steps adopted in the development process, in addition to
focusing on design aspects of the payload system, with particular attention to geometry
and the material of the package itself, from the collection of the requirements to the concept
of a custom box designed to fit within the vehicle fuselage and product industrialization.
Interaction with the user is carefully considered throughout the design process, especially
in the preliminary investigation of a quick-release system for package protection, and a set
of qualitative solutions is proposed.

2. Materials and Methods

In this section, we describe the main steps of the applied design process, including
identification of the set of requirements for the packaging system, investigation of the
geometry and material of the packaging, and a preliminary optimization for product
industrialization. Finally, the framework of the quick-release system is described.

2.1. Requirements Identification

The realization of an embedded payload solution involves a set of requirements,
including mandatory specifications and desiderata, as well as constraints and possible
additional elements arising from untold needs that should be considered from the early
stages of the design process [42,43].

Figure 1 is a qualitative schematic of the proposed UAV cargo bay. The cargo bay is
accessible from the top of the UAV body, with the drone on the ground. The drone was
designed to ensure a maximum payload of 5 kg, with a maximum takeoff mass ≤ 25 kg.
We do not provide any technical details about the UAV performance or design, as such
parameters fall outside the scope of the present paper.
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(a) (b) 

Figure 1. Qualitative schematic of the proposed cargo bay (dimensions in mm): (a) top view and
(b) three-dimensional view.

In particular, specific requirements emerge from the set conditions:

(i) Embedded solution:

a. The available volume within the drone fuselage that can be occupied by the
package must be optimized;

b. Access to the cargo bay should be as simple as possible for the user, but the
package should be protected as much as possible from external undesired
interactions and threats.

(ii) Medical transportation compatibility:

a. The package must have an adequate minimum internal volume and be com-
posed of appropriate materials that do not cause danger or harm to the good
or the user. The package must also allow for sensor integration for delivery
tracking and monitoring of package conditions, with additional space to house
dry ice units;

b. The release system must work in emergency scenarios, with the user acting
under potentially high-stress conditions. Therefore, access to the cargo bay by
the user must be as simple and effective as possible.

(iii) User-oriented design:

a. The package must be easy to use, i.e., simple and quick to assemble and open.
The box should include user instructions for assembly and opening operations;

b. The release system must effectively ensure the safety and security of the good
but be intuitive to use. Access to the cargo bay must be safe for the user and as
inclusive as possible (e.g., wheelchair-friendly).

Additional packaging constraints are related to the need for industrialization, which
must be cost-effective; therefore, the package geometry should be as simple as possible,
made of cardboard folded from a plane and generated by a single machining process
comprising die cutting and etching.

2.2. Packaging Geometry

The proposed cargo bay is a cylinder with an elliptic section (major axis, 252 mm;
minor axis, 242 mm; length, 400 mm).

To identify the optimal package geometry, keeping in mind the requirement of pack-
aging material folded from a plane, only solutions derived from solids of revolution were
considered, in addition to an ordinary parallelepipedon and, in particular, right prisms
with hexagonal and octagonal sections. Cylindric structures were excluded, as they cannot
be feasibly constructed from a plane cardboard sheet.

Maximization of volume was considered as a selection criterion.

2.3. Packaging Material

Given the purpose of the packaging, corrugated papers were evaluated, as well as
multilayer containerboard generally composed of at least three sheets of paper: outside and
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inside liners sandwiching the fluting, i.e., a wave-shaped sheet of paper. The mechanical
performance of the final cardboard design is characterized by equal materials, number of
layers, and flute dimensions (e.g., height and pitch of the flutes and number of flutes per
meter). Table 1 lists the main types of flutes and their most distinguishing features.

Table 1. Main kinds of flutes, general height ranges, and most distinguishing features.

Flute Type Flute Height Range (h, in mm) Distinguishing Features

K—high flute h ≥ 5 Particularly suitable for heavy cardboards, with high flutes and
double- or triple-wall boards

A—high flute h ≥ 4.5

High resistance to vertical compression and good dumping
performance but low resistance to transversal compression and
low linearity of the liners; therefore, low quality is expected for
printings on liners

C—mean flute 3.5 < h ≤ 4.4 Good compromise between mechanical performance (resistance
to external forces) and paper consumption

B—low flute 2.5 < h ≤ 3.4
High linearity of the liners, with a high quality expected for
printings on liners, but high paper consumptionGood resistance
to transversal compression but limited to vertical compression

E—micro flute 1.2 < h ≤ 2.4
F—micro flute 0.8 < h ≤ 0.9
G—micro flute 0.5 < h ≤ 0.6

Three elements were evaluated in the selection of a grade (or composition) of cardboard
most suitable for the delivery of medical items under severe weather conditions:

(e.1) Outside liner: The external liner of the package must be made of virgin fiber paper,
as it provides resistance to impacts and absorption of liquids. These characteristics
can be assessed through burst tests and Cobb tests, respectively, as described in Test
Standard DIN EN ISO 535; the former involves the use of a Mullen tester to measure
the pressure force required to puncture or rupture the face of the corrugated board
(in kPa), and the latter measures the amount of water absorbed by a defined area of
cardboard within a defined amount of time (typically 60, 180, or 1800 s) resulting
from one-sided contact with water (in g/m2). Holding other characteristics equal, the
selected grade must maximize the results of the burst test and minimize those of the
Cobb test;

(e.2) ECT/cardboard density ratio: The edge compression test (ECT) measures the strength
of corrugated board in response to edgewise compression. In the test, a small segment
of cardboard is compressed on its edge between two rigid plates orthogonal to the
direction of the flutes, and the force required to establish a peak load is measured (in
kN per linear meter of load-bearing edge (kN/m), although often reported as an ECT
value). The chosen grade must provide the best ECT result with equal mass;

(e.3) ECTmin: for the selected grade, a minimum value of 7 kN/m is required.

The following materials were evaluated:

- KLW (white kraftliner ), a virgin fiber paper characterized by high resistance to
humidity and high mechanical performance;

- WS (Wellenstoff), a recycled paper typically used in flutes and middle-layer paper; and
- TL (test liner), a recycled paper characterized by low cost and low performance.

Low thickness of the grade and low total mass of the package were considered as
additional preferences, and environmental friendliness of the material, production costs, and
process sustainability were also evaluated as selection criteria for the packaging composition.

2.4. Industrialization Process

The realization process for the package comprises three main phases: the cardboard
cut, which includes both the silhouette die cut and the creation of creases; scrap removal;
and the final product collection.
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The silhouette of the unfolded box must be optimized to allow for quick and simple
package folding, optimal operational conditions for the machining process, and maximiza-
tion of the cardboard sheet yield.

The final package should minimize the number of actions required by the user for
folding; this can be achieved by presetting the optimal arrangement of flaps to facilitate the
procedure. Specific convenient expedients can be implemented to this end: for example,
smart shaping of the flaps could enable auto-centering and plug-in closure or hook-locking,
avoiding the need for glues or adhesive tapes.

With respect to realization of prototypes, the employed professional machines (pro-
vided by Imbal Carton S.r.l., Prevalle BS, Italy) require a minimum width of 5 mm for die
cutting of the windows. When die cutting, non-idealities should be also considered, such
as the anisotropy of the cardboard properties along the sheet directions (width and length)
resulting from the presence of one or more fluting liners. The position and the maximum
extension of the flaps should also be evaluated, as particularly unbalanced ratios of length
and width of the flaps could translate to a loss of resistance, in addition to flute orientation
with respect to fold lines and the direction of maximum extension of the flaps. The esthetics
and equilibrium of shapes should also be considered as relevant factors with respect to the
definition of the final package geometry.

2.5. Quick-Release System

The quick-release system is expected to fulfill a double role: to allow for prompt access
to the package for the final user on one hand, as well as to protect the package from physical
constraints, preventing access by unauthorized personnel.

To lock the relative movement between package and cargo bay, only simple support
constraints have been taken into consideration. The constraint is bilateral, considering that
the box is supported by the fuselage on the opposite side. This surface, together with a
set of clamps, prevents the package from moving, constraining the six degrees of freedom
(DoFs) of the rigid-body box.

A set of preliminary parameters were identified to enable a first comparison among
possible solutions. The following aspects were evaluated:

(a.1) Mass: overall mass of the system (could be substituted by volume or material cost, as
all the proposed solutions are intended to be realized with the same material);

(a.2) Realization: quantification of the realization costs of the system; assessed in terms of
the number of elements that require precision machining;

(a.3) Accessibility: ease of use by the user during the release and detachment of the package;
quantified in terms of the number of elementary operations required of the user to
retrieve the package;

(a.4) Locking: the ability of the system to constrain the package in terms of contact surfaces
or redundancy; evaluated in terms of the area of the system at a minimum distance
from the package;

(a.5) Protection: provides an indication about the level of protection that the system can
assure; is quantified as the area of the package free from fuselage protection, but
covered by the system;

(a.6) Resistance: the capacity of the system to provide functional support to the resistance
of the fuselage; evaluated in terms of the minimum transversal section of the system
along the package extension.

Because the proposed solutions are presented at the concept level and the aim of
evaluating the proposed parameters was to rank preferences, the values assigned to the
six parameters were normalized between 0 and 100% to facilitate comparison. Following
normalization, a value of 100% represents the ideal condition, i.e., low mass, low realization
cost, few actions required for accessibility, wide locking and protection surfaces, and a wide
resistance section.

70



Machines 2022, 10, 737

3. Results

3.1. Industrialized Packaging

A right prism geometry with an octagonal section was selected for the final package
design. The industrialized design was slightly modified with respect to the original concept,
making the section prism equilateral. Although this reduces the actual internal volume
available for storage, it also simplifies the package realization and folding procedure.

Figure 2 shows the folded prototype of the industrialized packaging. The final di-
mensions of the unfolded package are 320 × 83 × 83 mm, whereas the dimensions of the
cardboard sheet are (1291 × 745) mm. Figure 3 shows a technical drawing of the sheet
layout for die cutting of the package, revealing that the optimal solution allows for a yield
of two boxes per sheet.

 

Figure 2. Prototype of the final packaging design in folded configuration.

 
Figure 3. Technical drawing of the sheet layout for die-cutting machining.

A synthesis of the results of the performed tests and of the main features of the grade
selection is reported in Table 2. KLW achieved the best results in the Cobb test (lower
values of liquid absorption), so was selected as the material for the outside liner; the last
column of Table 2 describes whether this specification is met.
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Table 2. Extract of the analyzed grades: top ten grades according to ECT/Density ratio. The total box
weight was computed based on a sample area of 0.4134 m2. The first three columns list geometry-
related values, and the results of the Burst test and ECT are reported. The final columns report
whether (x) or not the checked condition is met.

Grade
Density
(g/m2)

Thickness
(mm)

Total Box
Weight

(kg)
Burst (kPa)

ECT
(kN/m)

ECT/Density
External

Paper
ECTmin

Check

External
Paper
Check

2.40 BE X6 595 3.7 0.246 892.6 8.8 14.790 PLK 140 x
1.24 B X2 379 2.8 0.157 841.0 5.4 14.248 KLW 115 x
1.22 E X6 319 1.5 0.132 874.8 4.5 14.107 KL 115 x

2.28 BC Q9 * 624 5.7 0.258 1095.8 8.7 13.942 KLW 115 x x
2.28 BE X7 * 583 3.7 0.241 984.0 8.1 13.894 KLW 115 x x
1.21 B Q7 411 2.3 0.170 746.0 5.7 13.869 PLK 120
1.24 B Q7 411 2.3 0.170 856.6 5.7 13.869 KLW 115 x

2.47 BC N9 * 694 5.8 0.287 1252.9 9.6 13.833 KLW 135 x x
1.40 C X2 502 3.8 0.208 1006.8 6.9 13.745 PLK 175

2.32 BC N2 543 5.7 0.224 959.3 7.4 13.628 PLK 120 x

* Grades satisfying both ECTmin and external paper check.

Three grades (2.28 BC Q9, 2.28 BE X7, and 2.47 BC N9) satisfy both conditions of both
an ECT value higher than 7 kN/m and KLW as the external paper. Among them, 2.28 BE
X7 presented the lowest thickness and was therefore chosen as the cardboard material. This
grade, also known as “Next generation board®”, is a double-wall board, the composition of
which is listed in Table 3, with an overall thickness ranging between 3.7 and 3.9 mm, which
is considerably lower than the typical values for comparable BE compositions (4.5 mm).

Table 3. Composition of the chosen cardboard.

Layer Material Paper Density (g/m2)

Outside liner KLW 115
Fluting WS 115
Middle liner WS 90
Fluting WS 80
Inside liner TL 135

The procedure for packaging folding includes the following steps:

(s.1) The good to be delivered, equipped with its standard box, if necessary, is positioned
on the package rectangular face connected to the two lateral octagonal faces;

(s.2) The octagonal faces are folded perpendicularly to the support surface toward the
inner side of the box (see Figure 4a);

(s.3) Grasping the box by the octagonal faces, the box is roto-translated on the support
surface so that the lateral flaps of the octagonal face lock with the windows of each
rectangular face (see Figure 4b);

(s.4) Once all the rectangular faces are locked to the octagonal bases, the final flap on the
longitudinal dimension of the last rectangular face is hook-locked to the corresponding
window, closing the box (see Figure 4d);

(s.5) Additional elements, such as a seal of warranty, can be affixed to the package, although
not necessary for packaging functionality.

If the good is sensitive to orientation, s.4) can be performed inversely, i.e., bringing the
rectangular faces to wrap the good and to lock with the octagonal bases (see Figure 4c).
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(a) (b) (c) (d) (e) 

Figure 4. Some of the successive phases for packaging folding: (a) folding of the lateral octagonal
faces, (b) roto-translation of the box to lock the flaps of the octagonal face with the windows of the
rectangular faces, (c) folding by wrapping of the rectangular faces on the flaps of the octagonal faces
(folding strategy alternative to (b)), (d) closing of the final flap on the longitudinal dimension of the
distal rectangular face, and (e) the final folded box.

3.2. Quick-Release System

Four solutions were identified for the quick-release system, referred to as (a) clamps,
(b) shutters, (c) cage, and (d) Y. The concepts are depicted in Figure 5, and their working
principles are briefly summarized.

    
(a) (b) (c) (d) 

Figure 5. Identified quick-release systems: (a) clamp-based solution (b) shutter-like system, (c) cage-
based architecture, and (d) Y-like structure.

3.2.1. Clamps

The first solution comprises three clamps, each rotating around a hinge and shaped to
adapt to the package profile, as shown in Figure 6.

  
(a) (b) 

Figure 6. Detail of the clamps: one side of the package is constrained by two clamps (a), and the
opposite side is constrained by a single clamp (b).

Each clamp is expected to be equipped with an additional latch (not visible in Figure 6)
for safety purpose, which can mechanically force the clamps to maintain the locking
configuration. Clamps actuation can be achieved with three main strategies:

(c1) The clamps are directly connected to an electric actuator that manages opening and
closing of the clamps and can be remotely controlled. The system is user-independent,
as locking and unlocking operations do not require user action;

(c2) Clamp-closing operations are performed automatically. Once the package is locked,
the safety latch can be automatically closed and opened. To release the package,
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the user must wait for the remote opening of the safety latch, then manually open
each clamp;

(c3) Clamp closing and safety latch locking and unlocking managed as in (c2), but every
clamp is provided with a spring that is compressed when the clamps are closed.
Opening of the safety latch enables the automatic release of the clamps without action
by the user.

3.2.2. Shutters

The second solution involves a shutter-like closing system composed of several rect-
angular modular elements connected in series through sets of coaxial rotational hinges,
creating two shutter units (see Figure 7).

  
(a) (b) 

Figure 7. Details of the shutter-like system. From left to right: (a) the modular element and (b) the
hinge knuckle.

The shutters move along arc-shaped rails, either automatically or manually actuated
by the user through a handle (not depicted in Figure 5(b)). Once the shutters are closed, the
units are locked with a hook (not shown in Figure 5b).

This solution is compliant with the presence of a safety latch, and two safety latches
are included close to the rails to constrain the movement of the shutter units.

3.2.3. Cage

The third solution is composed of two symmetrical cage elements, each shaped from a
tubular unit. The elements translate longitudinally along linear runners and can be locked
with a hook to constrain the package when converging toward one another (Figure 8).

Figure 8. Closed configuration of the cage-based architecture.

Similarly to the previous cases, this solution can be integrated with safety latches (two
to four) to prevent motion of the cage elements along the trails, and the central hook can
be manually activated by the user or remotely actuated to reduce the actions required by
the user.

3.2.4. Y

The final proposed solution comprises a monolithic Y-like structure connected to the
fuselage with a hinge at the base of the Y-shaped element. Each of the distal branches of
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the element is equipped with a mobile latch, which enables locking of the Y module to
the fuselage. The package is constrained by the lower surface of the Y element, which
envelopes the box.

The mobile latches can be actuated according to many strategies. Figure 9 depicts a
linkage mechanism that allows for movement of both the latches with a single degree of
freedom. Figure 9a shows the kinematic chains composing the right and left sides of the
system, comprising a four- and five-bar mechanism, respectively. The cranks are rigidly
connected to the central rotational joint, which, once actuated, forces the distal links to slide
along the system sliders. Actuation can be provided manually with a dedicated handle
or automatically through electric actuation. The mechanism could be integrated in the Y
element but was designed to be integrated into the drone fuselage.

  
(a) (b) (c) 

Figure 9. The proposed 1-DoF linkage mechanism in the general position (a), opened, (b) and closed
configuration (c). Red color identifies the joints, the spheres indicate spherical joints, and the cylinder
represents a rotational joint. Yellow elements represent portions of the drone fuselage.

This solution allows for integration of additional safety latches, which could be re-
motely controlled to prevent system movement.

3.2.5. Solution Comparison

To compare the identified solutions, the six parameters of mass, realization, accessi-
bility, locking, protection, and resistance were evaluated, and the assigned values were
normalized in percentage, as shown in Table 4.

Table 4. Normalized values of the parameters of the six identified solutions for preference ranking.
Values are expressed in percentage.

Parameter Clamps Shutters Cage Y

Mass 100 0 92 81
Realization 100 0 95 95
Accessibility 100 0 0 33
Locking 18 0 55 100
Protection 0 100 11 20
Resistance 0 72 90 100

4. Discussion

Integration of packaging within the UAV main body is feasible for medium and small
packages. In the present study, a payload of 5 kg was assumed for a medium-sized drone.
An embedded payload system provides several advantages for the overall delivery process,
for instance, repeatability and stability performance of the UAV. This solution avoids
turbulence resulting from the interaction between packaging and air. Furthermore, if no
external bodies interfere with the aerodynamics of the drone during the flight, aerodynamic
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parameters, especially drag loads, are theoretically predictable, and the final performance
is independent of package dimensions.

In the case of transportation of medical items, the delivered goods require the utmost
care and introduce additional constraints to an already challenging scenario, with the
interaction between drones and users presenting uncertainties and generating unexpected
conditions. An embedded solution would ensure improved security levels by design, as
potential sources of failure, such as gimbals or ropes, are not present, and access to the
package can be better managed, reducing the risk of harm resulting from interventions by
unauthorized personnel.

4.1. Packaging

A study of custom packaging specific to the considered UAV allows for optimization
of the payload capacity of the drone in terms of available volume.

Various materials were evaluated for the cardboard, with different grades. The starting
set of possible materials was identified considering expert indications to exclude, for
instance, materials that are not easily procurable, and the final grade was selected according
to the results of burst and Cobb tests, as well as ECT values assessing the mechanical
characteristics of the board. The selected grade for the corrugated cardboard is light-
weight, with reduced dimensions and high-performance characteristics, offering high
resistance to humidity, atmospheric agents, and external stresses (such as impacts and
vibrations), in addition to offering thermal insulation properties and satisfactory mechanical
characteristics (such as compressive strength).

The industrialization process allows for minimization of the production costs, and
the identified package shape enables delivery of goods with traditional boxes, as it can
envelop and protect them during transportation. Volume within the package and inner box
is available for additional features; in the case of delivery of medical items, it can house
small passive refrigeration units, dry ice boxes, and sensors for continuous monitoring of
the good, as suggested in the literature [19]. New solutions are already under evaluation to
integrate elements into the package enabling not only the detection of relevant phenomena
but also active control of the desired parameters. The industrialization process also supports
a careful design of the assembly procedure for the package; a set of instructions describing
how to fold/unfold the package were established to be included with the box itself, if not
directly printed on the box surfaces. This feature is enabled by the characteristics of the
chosen material (the specific BE composition) and is in line with indications that emerge
from the literature; in particular, in the case of medical delivery, user interaction with
UAVs can be strongly affected by high-stress conditions, anxiety, and a sense of urgency
associated with a fear that delays could result in serious or fatal consequences [17].

To the best of our knowledge, the identified packaging solution represents the first single-
use packaging developed for medical delivery purposes composed of high-performance
and fully recyclable material. The package is folded and closed without glue, so the end
user can completely unfold the box to the original shape to easily access the delivered good,
and the chosen material does not present biohazards. Furthermore, the package material is
environmentally friendly, and the production process satisfies sustainability requirements,
maximally exploiting the original paper sheets, and produced scraps are fully recyclable.

4.2. Quick-Release System

The considered UAV was not designed to deliver packages under conditions of station-
ary flight (parcel delivery with/without parachute, mechanical arm, or a similar design) but
for ground delivery. The cargo-bay position is designed to allow the user to easily approach
the package and is compatible with wheelchair use. Vertical extraction of the package from
the drone main body was conceived to enhance usability in critical or emergency situations.
The basic rationale is that after a quick release of the package, the box can be picked up by
lifting it from inside the fuselage with one or more handles. The packaging protects the
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delivered good, also providing structural value, given the integration of the package into
the fuselage. In this sense, the quick-release system is a key element of the delivery process.

To control packaging access, quick release is expected to be performed by a combina-
tion of local physical release and a remotely controlled safety electromechanical release. All
of the proposed solutions enable implementation of such a double-check strategy.

The set of described parameters presented for comparison of the quick-release so-
lutions represents an attempt to objectively assess a mix of quantitative and qualitative
aspects that characterize each concept and that could be relevant in the selection process of
the most suitable solution for a specific application. Nonetheless, this approach presents
important limitations: i) the list of parameters could be arbitrarily modified and integrated,
and ii) the meaning and importance assigned to each parameter for a given application
could vary depending on the experience and sensitivity of the designer. For instance,
the concept of accessibility was assessed in the present study according to the number
of actions required by the user to extract the package. In the normalization step, fewer
operations were classified as the optimal condition, indicating ease of use; however, with a
different mindset, a high number of operations could be preferred, indicating an index of
voluntary action.

4.3. Limitations of the Study

Besides the limitations of with respect to the specific applied methods, such as the
necessity of preselecting possible materials to select the final cardboard grade or the
described limits related to the choice of a specific set of parameters for evaluation of the
quick-release solutions, the main limitation of the current work lies in the impossibility of
completely validating the effectiveness of the packaging solution for any kind of medical
item. This is mainly due to two reasons: on one hand, regulations determine different sets
of requirements depending on the specific materials to be delivered; on the other hand, the
quick-release system represents an expected outer third level of protection of the package,
which, according to regulations, needs to be considered for performance evaluation of
the overall packaging system. For the same reason, a direct comparison with currently
available containers would provide few indications, given the peculiarities of the proposed
package. Nonetheless, a preliminary set of packaging tests is currently being planned, with
the aim of assessing leak-proof and sift-proof capabilities, as well as the maximum internal
pressure that can be withstood without leakage.

5. Conclusions

In the present study, we investigated payload solutions for medium and small package
delivery with a medium-sized UAV, considering three main aspects: (i) an embedded
solution, (ii) medical transportation compatibility, and (iii) user-oriented design.

The payload solutions were analyzed at different levels, from the package design, in
terms of material, shape, and product industrialization; to package integration within the
drone fuselage, focusing on possible concepts for the implementation of a quick-release
system. Particular attention was given to the interaction between the user and the drone,
with a focus on usability and safety aspects.

A prototype of the industrialized version of the package was realized, and a set of
concepts for a quick-release system were proposed. Further analyses are currently ongoing,
with the aim of integrating monitoring and control capabilities for the package to assessing
the condition of the delivered good during transportation.
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Abstract: A correct methodology to evaluate the friction coefficient in lubricated gear pairs is
paramount for both the estimation of energy losses and the prediction of wear. In the first part
of the paper, a methodology for estimating the coefficient of friction with a semi-empirical formula-
tion is presented, and its results are also employed to analyze mechanical efficiency losses in a hypoid
gearset. Hypoid gears have complex tooth surface geometries, and the entraining kinematics of the
lubricant is quite involved. The second part of the paper showcases a simulated wear investigation
based on the Archard model. The main focus is on the impact of the frequency adopted for updating
the worn geometry of the gear and pinion teeth on the fidelity and consistency of the tribological
outcomes. These are measured in terms of overall quantity of material removed and characteristics
of the loaded contact pattern. More in detail, a sensitivity analysis is presented that compares the
total wear of a hypoid gearset after 30 million cycles estimated using different geometry update
steps. Contact pressures, which are necessary to perform the aforementioned analyses, are calculated
through an accurate, state-of-the-art loaded tooth contact analysis solver.

Keywords: hypoid gears; friction; wear; elasto-hydrodynamic lubrication

1. Introduction

Hypoid gears are associated with high sliding speeds during meshing due to their
screwing relative motion. This brings about peculiar and, in general, more severe wear
patterns than other gear types. Such wear can result in a contact pattern that is drastically
different from the designed one. In fact, since an optimal contact pattern is the outcome of
a micro-geometry optimization process [1–3], a variation of just a few tens of microns can
significantly change the contact properties. Hence, wear must be cautiously considered for
gears operating in long-life applications.

Park et al. [4] introduced a wear model based on Archard’s law interfaced with a
finite element (FEM)-based contact model. The very same loaded tooth contact analysis
(LTCA) tool, Ansol Transmission3D [5], is employed in this work. However, the software’s
capabilities have been greatly improved over the last few years, thus allowing a more
accurate prediction of the contact properties and, therefore, more accurate analyses of both
lubrication and wear.

The study in [6] proposed a wear model interfaced with a semi-analytical contact
model developed by Kahraman and Kolivand [7]. This tool greatly reduced the compu-
tation cost to perform the LTCA simulations while trading some accuracy for efficiency.
Park [8] developed a “patching” surface interpolation technique to predict wear, which
allows the employment of fewer time-step discretizations of the meshing cycle. More
recently, Ref. [9] investigated wear in hypoid gears and its experimental correlation with
the loaded transmission error.

In the first part of this paper, a semi-empirical formulation is introduced and employed
to analyze lubrication and friction-induced efficiency losses during gear meshing. Despite
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the simplicity of the proposed model, the estimates it provides are effective and have been
validated with experimental data in [10].

Efficiency losses are an important aspect of geared transmissions. They can be classi-
fied into load-independent and load-dependent losses. The first category includes the so-called
churning and windage losses (i.e., pumping of the lubricant between the mating members
and splashing caused by inertial effects). The second category is related to rolling and
sliding frictional losses. The rolling losses are usually negligible compared to the sliding
ones, especially in hypoid gears. Our work proposes an estimation method for the fric-
tion coefficient under different lubrication regimes, which is the fundamental parameter
required to accurately predict friction-induced efficiency losses.

Many friction prediction models for hypoid gears are available in the literature. Contri-
bution [11] evaluated the lubrication performance under different possible contact paths on
bevel gears, [12] carried out an elasto-hydrodynamic lubrication analysis on hypoid gears
under relatively high loads, while [13] analyzed the lubrication of hypoid gears taking
into account the three-dimensional surface roughness. However, despite their accurate
tribological analyses, many of the cited contributions fall short in providing reliable con-
tact analysis results. In fact, an accurate LTCA tool has a paramount importance for the
subsequent estimation of the friction coefficient.

In the second part of the paper, a wear investigation is performed. The main goal
is to establish how often the worn tooth flank geometry should be updated (properly
accounting for the removed material) to achieve a reliable and consistent prediction of
the final wear and contact pattern. To this end, we computed wear predictions after
30 million meshing cycles (counted on the pinion) using different geometry update steps.
This allowed the performance of a sensitivity analysis and provide quantitative indications
on the minimum number of geometry updates required to provide a reliable prediction
with limited computational burden.

2. Estimation of the Lubricated Friction Coefficient

There are several factors that influence friction, such as the lubrication regime (full film,
mixed, boundary), the behavior of the lubricant with varying operating conditions (tem-
perature, pressure, shear rate) and the surrounding environment (the boundary conditions
of the lubricated contact).

The friction coefficient f is evaluated from boundary to full-film lubrication conditions
using a load sharing function g(Λ), related to the portion of load supported by the full film.
According to [14], f can be calculated as:

f = fhg(Λ)1.2 + fb(1 − g(Λ)) (1)

where fh and fb are the friction coefficients related to the hydrodynamic (full fluid) and the
boundary lubrication conditions, respectively. Λ is the ratio between the film thickness h
and the equivalent surface roughness of the contacting bodies:

Λ =
h√

R2
q1 + R2

q2

(2)

Usually, the film thickness h is assumed to be the central film thickness hc, and Rq1 and
Rq2 are the root mean square roughnesses of the two surfaces.

Several expressions can be found for g(Λ) in the literature. The formulation in [14] is
employed in this work, which reads:

g(Λ) = 0.84Λ0.23 if Λ ≤ 2; g(Λ) = 1 if Λ > 2 (3)
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The coefficient of friction fb is considered constant (with fb = 0.08 being the typical
value [14]), while the mean value of fh can be evaluated as the ratio between the shear
stress τ and the mean contact pressure pm:

fh =
τ

pm
(4)

For elliptical nonconformal contacts, pm = F
πab , where a and b are the axis semi-widths

of the contact ellipse and F is the normal load.
The estimation of τ is performed according to the Eyring constitutive model:

τ = τE sinh
(

ηγ̇

τE

)−1
, (5)

where τE is the Eyring shear stress, η is the dynamic viscosity, and the shear strain rate is
approximated as γ̇ = Δu

hc
, with Δu being the sliding velocity between the two mating teeth

at the nominal contact point.
The dynamic viscosity variation with temperature T and pressure p is described by

the empirical formulas introduced by Vogel and Gold [15]:

η = η0e
B

T−C +αP p, (6)

where the viscosity-pressure coefficient is calculated as follows:

αP =
10−5

a1 + a2T + (b1 + b2T)(p10−5)
(7)

The remaining coefficients in Equations (6) and (7) need to be estimated empirically,
based on the properties of the specific lubricant.

Different expressions for the evaluation of the central film thickness can be found in
the literature. Four different lubrication regimes can be observed for nonconformal contacts,
depending on the elastic deformation of the bodies and the variation of viscosity with
pressure. The four regimes are usually indicated as isoviscous-rigid IR, piezoviscous-rigid
PR, isoviscous-elastic IE and piezoviscous-elastic PE. The formulas reported in [16] were
elaborated in [17] for the more general case in which the entraining velocity is not collinear
with any principal direction. The final expressions employed in this work read as follows:

hcIR = 128
η2

0u2R3
e

F2

(
Rs

Re

(
0.131 arctan

Rs

2Re
+ 1.683

)2(
1 +

2Re

3Rs

)−2
)

(8)

hcPR = 141
η1.25

0 α0.375u1.25R1.5
e

F0.875

(
1 − e−0.0387 Rs

Re

)
(9)

hcIE = 11.15
η0.66

0 u0.66R0.766
e

F0.213E0.447

(
1 − 0.72e−0.28( Rs

Re )
2
π

)
(10)

hcPE = 3.61
η0.68

0 α0.53u0.68R0.446
e

E0.087F0.063

(
1 − 0.61e−0.73( Rs

Re )
2
π

)
(11)

Here, E is the equivalent elastic modulus, u is the entraining velocity, and Re and
Rs are the equivalent radii of curvature parallel and perpendicular to u, respectively. An
accurate description of u, Re and Rs is provided in Section 3. The proper lubrication
regime is determined in a practical way by taking the highest of the values given by
Equations (8)–(11).
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Thermal effects are included using a reduced value for the central film thickness
obtained by multiplying it by a dimensionless reduction factor Φ. Several models for Φ are
available. The one described in [18] is used here:

Φ =
1

1 + 0.1(1 + 8.33S0.83)L0.64 , (12)

where S = Δu/u and L = β
η0u2

k is the dimensionless thermal loading parameter.
The coefficients that characterize the 75W90 oil, which is the lubricant used in this

study, are shown in Table 1. Those experimental values have been obtained from [19].

Table 1. Coefficients of the 75W90 oil.

Symbol Value

β 2.86 · 10−2 [K−1]
Thermal conductivity k 0.14 [ W

mK ]
Eyring shear stress τE 8 [MPa]

Vogel coefficients

η0 5.90 · 10−5 [Pa s]
B 1205.5 [◦C]
C −125.3 [◦C]

Pressure-viscosity coefficients

a1 4.929 · 102 [bar]
a2 3.901 [ bar

◦C ]
b1 2.479 · 10−2

b2 2.354 · 10−4 [ 1
◦C ]

It is worth remarking that the formulas introduced in this section provide a first
approximation of the lubricant film thickness and coefficient of friction. In particular, very
high sliding speeds are associated with large increments of temperature that may cause
a significant decrease in viscosity and hence in film thickness. The problem in its full
generality would be also time-dependent, but some preliminary film thickness evaluation
can be made considering a stationary situation with constant speed and geometry per
contact configuration of the mating teeth. It may be worth noting in passing that the
film thickness would also be influenced by the presence of spin, which is neglected here
for simplicity.

3. Generation and Kinematic Analysis of Hypoid Gears

The face-milled tooth flank geometries are digitally synthesized through simulation of
the generation process (by envelope) during finishing (grinding). The enveloping motions
are defined by the kinematic parameters (machine settings) of the 9-axis Gleason hypoid
generator and the geometry of the grinding tool (tool settings). A special program developed
by the authors [20] allows the obtaining of those settings from the basic macro-geometry
data. A plot of the hypoid gearset under investigation is shown in Figure 1.

Through geometric modelling and simulated loaded contact analysis (LTCA), it is also
possible to compute fundamental kinematic and geometric information at each contact
point, such as (subscript j = 1/2 refers to the gear/pinion, respectively; superscript i = 1/2
refers to the first/second direction on each surface):

• velocities u1 and u2 of the two bodies (teeth) at the contact point;
• angular velocities ωωω1 and ωωω2 of the bodies;

• principal curvatures of the bodies K(1)
1 , K(2)

1 , K(1)
2 and K(2)

2 and their directions τττ
(1)
1 ,

τττ
(2)
1 , τττ

(1)
2 and τττ

(2)
2 .
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• principal relative curvatures Kx and Ky and their associated directions τττx and τττy. The
direction along the largest semi-width of the contact ellipse is denoted as τττy.

Figure 1. Hypoid gearset. The dashed line represents the instantaneous screw axis of the relative motion.

The principal normal curvature K(i)
j of body j along direction τττi is considered pos-

itive/negative if the normal plane through τττi cuts body j producing a section with a
convex/concave boundary curve.

To employ the formulas described in Section 2, the entraining velocity u of the lubricant
needs to be computed. In addition, the direction of such velocity does not coincide with
any of the principal directions at the contact point. However, given the angular velocities
of the bodies, their linear velocities at the contact point and their curvatures K1x , K1y for the
gear wheel and K2x , K2y for the pinion, respectively, along the principal relative directions
τττx and τττy of the equivalent contact, the components of the entraining velocity vector can
be obtained as [17,21]:

ux = (ω2y − ω1y)
1

K1x + K2x

+
1
2
(u1x − u2x )

K2x − K1x

K1x + K2x

(13)

uy = (ω1x − ω2x )
1

K1y + K2y

+
1
2
(u1y − u2y)

K2y − K1y

K1y + K2y

(14)

These are the components of the entraining velocity vector in the local frame with
its axes aligned with the principal directions of the equivalent contact. The norm of the

entraining velocity vector u =
√

u2
x + u2

y is employed for the estimation of the friction
coefficient formulas introduced in the previous section. It is important to remark that the
validity of Equations (13) and (14) is subject to the following hypotheses:

1. body 1 (tooth of the gear wheel) is always convex along both its principal directions
(which is true under the so-called Drive operating conditions, i.e., the gear convex
tooth sides make contact with the pinion concave tooth sides);

2. the cross product τττx × τττy yields a unit vector always pointing inside body 1.

As a final step, the radii of curvature along the entraining and the side-leakage
directions (Re and Rs) can be obtained by [22]:

Re = (Kx cos2 θ + Ky sin2 θ)−1

Rs = (Kx sin2 θ + Ky cos2 θ)−1,
(15)

where θ = arctan(uy/ux) is the angle between the entraining velocity and τττx.
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4. Numerical Application on a Hypoid Gearset

An application of the aforementioned friction coefficient model is presented in this
section. The basic data of the hypoid gearset employed in our study are shown in Table 2.

Table 2. Hypoid basic parameters.

Parameter Value

Hypoid offset 30 mm
Shaft angle 90 deg

Hand (pinion) Left
Gear type Formate

Pinion teeth 13
Gear teeth 44

Spiral angle (pinion) 45.5 deg
Face width (gear) 31.87 mm

Pitch diameter (gear) 192.36 mm
Cutter mean radius 63.5 mm

Nominal pressure angle 20 deg
Profile shift coefficient 0.524

Profile crowning (pinion) 60 μm
Lengthwise crowning (pinion) 100 μm

Surface roughness 0.45 μm
Operating oil temperature 100 ◦C

The machine-tool settings computed by a special program developed by the authors,
and described in detail in [20], are given as input to Transmission3D to perform an accurate
LTCA analysis. More in detail, the contact simulation is performed by discretizing the
overall meshing cycle into Nsteps = 15 contact configurations (time steps). The analysis
results are then extracted and post-processed to carry out the calculations for the estimation
of the friction coefficient. We assumed a pinion torque of 250 Nm and a pinion speed of
2000 rpm.

Figure 2 shows the load shared by a mating tooth pair over a mesh cycle (as a function
of the pinion rotation angle ϕ2). Figure 3 shows the entraining velocity of the lubricant.
Figure 4 shows the evolution of the entraining and the side-leakage radii. Those values are
strongly dependent on the micron-level flank deviations from the conjugate surfaces. As
a matter of fact, micro-geometry can drastically change the evolution of the contact path,
which may result in different contact zones and thus different local curvatures.

Figure 2. Load shared by the contacting teeth over a mesh cycle.

In Figure 5 we can observe the different central film thicknesses calculated for the
different lubrication regimes. At each contact configuration, the lubrication regime is the
piezo-viscous-elastic one, probably due to the high loading of the gearset. This results in
an analogous trend of the Λ factor, which can be observed in Figure 6. It is clear that the
meshing tooth surfaces always operate under mixed lubrication conditions. To increase Λ,
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a lower surface roughness of the tooth flanks should be aimed for. Finally, the coefficient of
friction is shown in Figure 7.

Figure 3. Entraining velocity u of the lubricant over a mesh cycle.

Figure 4. Entraining (Re) and side leakage (Rs) radii over a mesh cycle.

Figure 5. Central film thickness (hc) values over a mesh cycle.

Figure 6. Lambda factor (Λ) over a mesh cycle.
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Figure 7. Coefficient of friction ( f ) over a mesh cycle.

The efficiency loss can be computed by numerical integration of the frictional power
losses over the meshing cycle:

El =
Nsteps−1

∑
i=1

1
2
(Pi + Pi+1)

Δt
Nsteps − 1

(16)

where Pi = ∑nT
k=1 fikFiku(s)

ik is the power loss at the i-th time step and fik, Fik, u(s)
ik are,

respectively, the friction coefficient, normal contact force and sliding velocity of the k-th
tooth pair in engagement at the i-th time step.

The efficiency estimation has been performed under different torques and speeds,
namely in a torque range between 50 and 300 Nm and in a speed range between 500
and 3000 rpm. The results are shown in Figure 8. According to our model, the efficiency
decreases at large torque values and increases at higher speed. Those results are consistent
with a mixed lubrication regime: a larger torque decreases the film thickness, resulting in a
larger probability of asperity contacts. On the other hand, a higher speed increases the film
thickness due to hydrodynamic effects, which mitigates the adverse effect of the boundary
friction coefficient fb (cfr. Equation (1)).

Figure 8. Efficiency map as a function of pinion torque and pinion speed.

5. Wear Model

The wear pattern is extracted directly by Transmission3D. Its wear implementation is
based on the well-known Archard model:

dw
ds

= kP (17)

where w is the wear depth, s is the sliding distance, k is the wear coefficient, and P is the local
pressure. The numerical value of the coefficient k needs to be determined experimentally.
Kahraman et al. [23] suggested a value of 9.65 × 10−19 m2/N, which was experimentally
derived for helical gears under mixed lubrication conditions. Due to the complexity
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and cost of an experimental test rig, this value has been used also for the hypoid gears
investigated in this work. Under comparable operating conditions in terms of loading
and peripheral speeds, hypoid gears generally have more sliding than helical gears, thus
we can hypothesize that the value of k is higher for the former. This might be caused by
the fact that the larger sliding speeds entail an increased heating of the lubricant, which
decreases the film thickness and thus induces more asperity contacts (more wear) under a
mixed lubrication regime. However, obtaining an accurate k value for hypoid gears is out
of the scope of the present work.

After a certain number of meshing cycles, wear can noticeably modify the tooth flanks,
thus the tooth geometry needs to be updated (before simulating further wear) to re-evaluate
the contact pressure distribution, which is very sensitive to micro-geometry variations.
The geometric update is performed by superimposing the post-processed wear pattern
(evaluated at points arranged in a grid on the tooth flanks) onto the previous tooth surfaces.
At the j-th grid point:

p
(k)
j = p

(k−1)
j + n

(k−1)
j w(k)

j , (18)

where:

• p
(k)
j contains the coordinates of the grid point after the k-th geometry update;

• p
(k−1)
j and n

(k−1)
j are the grid point coordinates and unit normal components after the

(k − 1)-th (previous) geometry update;
• w(k)

j is the k-th local wear depth.

The updated points p(k) are then best-fit by a NURBS surface [24], which allows us to
also compute the updated unit normals n(k). The updated points and normals are then fed
back to a tooth mesher for Transmission3D, and the next wear simulation step is executed.

6. Wear Analysis Application

In this section, we present the results of an investigation aimed at assessing the impact
of the frequency in updating the geometry of the worn tooth surfaces on the prediction
of the final accumulated wear and contact patterns. The contact pattern represents the
envelope of all the instantaneous contact zones over the meshing cycle; the wear pattern is
the corresponding wear distribution on the tooth surface (after a certain number of wear
cycles). Each geometry update necessarily calls for a new LTCA simulation, hence frequent
updates can easily lead to a significant cost in terms of CPU time for a complete wear
simulation. Our goal is to evaluate the best trade-off between the number of geometry
updates and the computational burden. We assume here a service life of 30 Mc (where
1 Mc = 106 cycles), counted as revolutions of the hypoid pinion. The initial contact patterns
of pinion and gear are shown in Figure 9.

(a) (b)
Figure 9. Initial contact patterns. (a) Pinion. (b) Gear.

As a first step, serving as a baseline result, a very coarse analysis is carried out, where
the predicted wear is evaluated assuming that the initial tooth geometry does not change
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during the whole service life. After calculating wear distribution, a geometry update is
performed only once and the resulting contact pressures are computed. The corresponding
wear and pressure patterns are shown in Figure 10 for the pinion and in Figure 11 for
the gear. The contact patterns exhibit remarkable differences with respect to the ones in
Figure 9: a significant shift of the pressure peaks away from the tooth flank center is evident
(Figures 10a and 11a), and it is due to an unrealistic wear indentation effect.

(a) (b)
Figure 10. Pinion patterns after 30 M cycles. Only one geometry update is performed. (a) Contact
pattern. (b) Wear pattern.

(a) (b)
Figure 11. Gear patterns after 30 Mc (pinion revolutions) cycles. Only one geometry update is per-
formed. (a) Contact pattern. (b) Wear pattern.

In the subsequent analysis, a similar wear simulation is performed. This time, however,
the tooth flank modifications due to the worn-out material, and the corresponding variation
in contact pressures, are gradually updated according to a stepwise approach, where each
step consists of 5 Mc. In other words, the tooth flank geometry is iteratively modified
every 5 Mc as per Equation (18). This update strategy, in practice, is equivalent to updating
after a given wear volume, i.e., the wear volume at the first wear cycle, multiplied by
the number of wear cycles [25]. The evolution of the pinion contact and wear patterns
are shown, respectively, in Figures 12 and 13. The associated gear patterns are shown in
Figures 14 and 15. As expected, the overall pattern grows larger along both the profile and
face directions of the active flank. However, a localization of the contact pressures near the
fillet portion of the pinion (close to, but away from, the gear tip) is evident. In the same
area, also the wear pattern features a localization of its peaks. Figure 16 shows the pinion
instantaneous contact zones at a specific meshing configuration before and after wear. The
corresponding instantaneous contact zones for the gear are shown in Figure 17. It can be
noticed how wear induced a greater overlap ratio, increasing the number of mating tooth
pairs (from one to three). Pressure localization is evident here as well, which appears to be
caused by an abrupt change to the local curvature due to wear.

To gather more data for a sensitivity analysis, wear simulations have been performed
also with geometry updates every 10 Mc, 1 Mc and 0.5 Mc. A side-by-side comparison of
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the final contact patterns is shown in Figure 18. For brevity, only the pinion contact patterns
are shown. It can be observed that the patterns obtained with 6, 30 and 60 update steps,
i.e., every 5 Mc, 1 Mc, and 0.5 Mc, seem almost identical. Even with just three updates, i.e.,
every 10 Mc, the final pattern is already reasonably close to our most accurate analysis.

(a) (b) (c)

(d) (e) (f)
Figure 12. Evolution of the pinion contact pattern with a geometry update every 5 Mc. (a) 5 Mc.
(b) 10 Mc. (c) 15 Mc. (d) 20 Mc. (e) 25 Mc. (f) 30 Mc.

(a) (b) (c)

(d) (e) (f)
Figure 13. Evolution of the pinion (cumulative) wear pattern with a geometry update every 5 Mc.
(a) 5 Mc. (b) 10 Mc. (c) 15 Mc. (d) 20 Mc. (e) 25 Mc. (f) 30 Mc.
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(a) (b) (c)

(d) (e) (f)
Figure 14. Evolution of the gear contact pattern with a geometry update every 5 Mc. (a) 5 Mc.
(b) 10 Mc. (c) 15 Mc. (d) 20 Mc. (e) 25 Mc. (f) 30 Mc.

Figure 19 depicts a more quantitative result of this analysis by showing the maximum
contact pressure (Pmax) registered during meshing as a function of the wear cycles. An
analogous representation of the maximum wear depth wmax registered on the pinion is
shown in Figure 20. The graphs show that a geometry update performed every 5 Mc may
be a good choice for balancing an accurate prediction, both in terms of contact pressure
and wear depth, with affordable computations in terms of CPU time.

(a) (b) (c)

(d) (e) (f)
Figure 15. Evolution of the gear (cumulative) wear pattern with a geometry update every 5 Mc.
(a) 5 Mc. (b) 10 Mc. (c) 15 Mc. (d) 20 Mc. (e) 25 Mc. (f) 30 Mc.
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(a) (b)
Figure 16. Instantaneous contact area(s) at the same meshing configuration on the pinion before and
after wear simulation (performed updating the geometry every 5 Mc). (a) Before wear. (b) After wear.

(a) (b)
Figure 17. Instantaneous contact area(s) at the same meshing configuration on the gear before and
after wear simulation (performed updating the geometry every 5 Mc). (a) Before wear. (b) After wear.

(a) (b) (c)

(d) (e)
Figure 18. Comparison of the final pinion contact patterns resulting from wear simulations with
different numbers of geometry updates. (a) Update after 30 Mc. (b) Update every 10 Mc. (c) Update
every 5 Mc. (d) Update every 1 Mc. (e) Update every 0.5 Mc.
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Figure 19. Maximum contact pressure from wear simulations with different geometry update
frequencies.

Figure 20. Maximum pinion wear depth from wear simulations with different geometry update
frequencies.

7. Conclusions

In the first part of the paper, a semi-empirical formulation of the friction coefficient has
been proposed to estimate friction-induced losses in lubricated hypoid gears, whose tooth
surfaces have been digitally synthesized through simulation of the grinding process. The
calculations leverage both special procedures developed by the authors to compute basic
geometric and kinematic quantities and an ad hoc LTCA simulation tool for an accurate
prediction of normal loads and contact pressures. Our streamlined methodology is suitable
for integration into an automatic optimization pipeline where the complex interactions
between the flank geometry and the coefficient of friction are profitably accounted for to
develop more efficient geared transmissions.

In the second part of the paper, a wear study has been presented. The aim was to
assess the impact of the frequency adopted for updating the worn geometry of the gears on
the accuracy and consistency of the tribological results. Interestingly, in this preliminary
study, updating the geometry every five million cycles (corresponding to a wear variation
of about 5 micrometers) turned out to be sufficient to suitably capture the evolution of both
the maximum contact pressure and the maximum wear depth.
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Abstract: This work studies a planar parallel mechanism installed on a fast-operating automatic
machine. In particular, the mechanism design is optimized to mitigate experimentally-observed
vibrations. The latter are a frequent issue in mechanisms operating at high speeds, since they may
lead to low-quality products and, ultimately, to permanent damage to the goods that are processed.
In order to identify the vibration cause, several possible factors are explored, such as resonance
phenomena, elastic deformations of the components, and joint deformations under operation loads.
Then, two design optimization are performed, which result in a significant improvement in the
vibrational behaviour, with oscillations being strongly reduced in comparison to the initial design.

Keywords: automatic machines; planar parallel mechanism; five bar linkage; design optimization;
vibration reduction

1. Introduction

Parallel mechanisms were proposed in the literature for the most disparate tasks [1],
since they present significant performances in terms of accuracy and rigidity, as well as
the ability to operate at high speed. For fast pick-and-place operations, the problem of
vibration mitigation is of paramount importance.

In this work, we analyze and optimize a planar parallel mechanism employed in a
fast automatic machine. Our study is driven by the fact that the mechanism experiences
vibrations of unacceptable magnitude, and we seek to mitigate this phenomenon by op-
timizing its design. First, we investigate the possible sources of vibrations. By using a
multibody simulation software, we develop FEM-based modal and elastodynamic analyses
to investigate the possible occurrence of resonance phenomena and elastic deformation
of the mechanism components. We also investigate possible vibrations generated by the
joint compliance. On the basis of these analyses, we mitigate vibrations by optimizing
the mechanism design based on (i) reduction of the moving masses, and (ii) change of the
link geometry.

The paper is structured as follows. Section 2 describes the main components of the
studied mechanism and its working principle. Section 3 investigates the possible sources
of vibrations through the dynamic simulation of the mechanism: in particular, modal,
elastodynamic, and joint-compliance analyses are conducted. Then, Section 4 proposes two
design optimizations aiming at reducing the mechanism vibrations. Finally, conclusions
are drawn in Section 5.

2. Mechanism Description

In this paper, we focus on the mechanism illustrated in Figure 1a, which serves as
a connection between two stages of a more complex automatic machine. Paper tags are
taken from the exit location of the previous machine stage by a custom gripper, and then
delivered to the entry station of the next stage. Thus, the aim of the mechanism is to execute
a pick-and-place task at high rate (specifically, 1000 cycles/min). In particular, since the
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components to be delivered are light and thin (i.e., paper tags), high accuracy is required to
safely perform the pick-and-place task.

(a) Full mechanism (b) Cam shaft

(c) 5-bar linkage (d) Gripper-actuation mechanism

Figure 1. An overview of the complete mechanism (a), the cam shaft (b), the 5-bar linkage used for
the gripper movement (c), and the gripper actuation mechanism (d).

The device in Figure 1a comprises two submechanisms: one, with two degree of
freedom (DoF), displaces the gripper over a plane, whereas the other actuates the gripper
opening/closing motion. Despite the possibility of employing three different motors to
position and actuate the gripper, a single motor rotating at constant speed is preferred
coupled to a set of cams. This is mainly done because the two extreme poses of the gripper
are assigned, and also to avoid motor-synchronization problems at high speed.

In order to give a detailed description of the mechanism operation, we can consider
three main subgroups: a motorized shaft equipped with cams, a five-bar 2-DoF linkage,
and a gripper-actuation mechanism. The aim of the cam-shaft group (Figure 1b) is to
convert the continuous rotation of the electric drive to the prescribed alternate motions of a
set of rocking levers. While the first set of cams is devoted to actuate the five-bar linkage,
a second cam set is employed for the gripper actuation. Each cam group is made by a
principal and a conjugate profile, in order to avoid the use of call-back springs. The five-bar
mechanism is used to displace the gripper between two assigned locations (Figure 1c).
Two levers receive the alternate motion from the first cam group and, by means of two
shafts, actuate the five-bar input links. The five-bar is composed of four mobile aluminum
members connected by revolute joints, and the distal end of a member serves as a proximal
link of the gripper (see Figure 1c) Finally, the gripper-actuation subgroup (Figure 1d)
receives actuation by a cam through another lever and a shaft. The latter rotation actuates a
leverage that displaces the distal link of the gripper; the movement of the lever combined
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with that of the proximal link enables the closing/opening motion that allows paper tags
to be grasped.

Given the required high production rate, and the light weight of the products to be
handled (a few grams), the accuracy of the pick-and-place task must be relevant. The mech-
anism is supposed to operate among the two poses depicted in Figure 2. For each rotation
of the main motor shaft, the working cycle of the mechanism can be summarized as follows:

1. The gripper is positioned at the grasp position (Figure 2a) and it is open, waiting for
paper tags to be received;

2. Once a paper tag is available, the gripper closes and the product is grasped thanks to
the movement of the gripper-actuation mechanism (Figure 2b);

3. The gripper moves to the deliver position (Figure 2c) thanks to the movement of the
five-bar linkage;

4. At the deliver position, the gripper opens and the product is released (Figure 2d);
5. The gripper moves back to the grasp position and the cycle restarts.

The mechanism operation was monitored at its nominal production rate of 1000 cycles/min,
and oscillations were experimentally observed when the gripper was at the grasp position
(Figure 2a), where on the contrary it was supposed to remain still. Oscillations were
measured to reach an amplitude of 1 mm, which is unacceptable for the quality standards
of the products that are to be delivered. In the next section, we investigate the possible
causes of such vibrations.

(a) Grasp position, gripper open (b) Grasp Position, gripper closed

(c) Deliver position, gripper closed (d) Deliver position, gripper open

Figure 2. (a) Gripper position where the paper tags are received, (b) experimentally-identified
direction of oscillation, (c) deliver position, (d) deliver position with paper tag delivered.
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3. Dynamic Analysis

The main aim of this section is to identify the possible causes of the vibratory phenom-
ena observed in the real mechanism. We start from a rigid-body dynamic simulation of the
five-bar mechanism, and then we carry out a modal analysis to explore possible resonance
phenomena. Then, the flexibility of the system is taken into account by performing an
elastodynamic simulation of the parallel linkage. Finally, we investigate the compliance of
the base joints and possible solutions.

3.1. Rigid-Body Dynamic Analysis

The first step toward the identification of the vibration cause is the computation of the
ideal behavior of the system. This is performed by developing a rigid-body dynamic analy-
sis where, for a given input of the motor, we identify the position, velocity, and accelerations
of each component of the system.

At this stage, we focus on the five-bar mechanism illustrated in Figure 3, and we
consider the angles θ1, θ4 provided by the cams as assigned inputs. By assuming all compo-
nents as rigid, the closure-loop equations of the five-bar linkage can be solved to obtain
the theoretical location x, y of the gripper reference point E, and the intermediate angles
θ2, θ3. Then, the velocities and acceleration of each component of the five-bar may be deter-
mined by the solution of the velocity/acceleration linear systems obtained by successive
derivation of the closure-loop equations for given velocities θ̇1, θ̇4 and accelerations θ̈1, θ̈4.
By knowing the mass distribution of each component, the inverse dynamic problem can
then be solved to obtain the joint reactions that stress the system, as well as the actuation
actions. By employing the Newton–Euler approach [2], unknown reaction forces are intro-
duced at each joint of the mechanism. Then, the dynamic equilibrium of the forces and
couples is established for each mechanism member. The corresponding equations can be
written as a linear system of the form:

AF = B (1)

with F being the vector of unknown joint reaction forces and actuation actions, B a known
term including inertial and Coriolis effects, and A a matrix that collects the coefficients that
multiply the unknown force array F. These coefficients, which depend on the mechanism
configurations, can be obtained by the solution of the kinematic problem.

(a) CAD of the five-bar Linkage (b) Schematics of the five-bar linkage

Figure 3. (a) CAD of the five-bar mechanism, (b) schematics of the five-bar mechanism.
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The inverse dynamic problem is solved by a multibody simulation software (ANSYS),
where all the components are modeled as rigid, and friction is disregarded. Revolute joints
model the bearings that support the rotating shafts and the hinges between components,
whereas ideal contact constraints are used to simulate the cam-lever motion transmission.
As a result of the simulation, we obtain the position, velocity, and acceleration of each body,
as well as joint reactions. As an example, the magnitude of the base reaction F0 for a single
cycle, which will play a crucial role in the mechanism optimization, is depicted in Figure 4.

Figure 4. Magnitude of the base force F0 for a single operating cycle.

3.2. Modal Analysis

Modal analysis is the process of determining the dynamic properties of mechanical
systems in the form of natural frequencies and/or mode shapes [3]. When a system is
excited or it is working close to one of its natural frequencies, resonance occurs and the
system may display large vibrations.

In general, two different approaches are employed for modal analysis: numerical
simulations and experimental analysis [3]. When a mechanism is subjected to a known
external excitation, frequency response functions can be experimentally measured to obtain
the natural frequencies and mode shape characteristics of the system. However, this
approach generally requires complex measurements that may not be easily carried out in a
complex machine. On the opposite, numerical simulations aim at predicting the dynamic
behavior of the system by the use of a mathematical model [4]. In this context, the finite-
element method is commonly used to derive the model of complex systems such as parallel
mechanisms, leading to an eigenproblem in the form:(

M − ω2
j K
)

φj = 0 (2)

where M is the mass matrix, K is the stiffness matrix, ωj, and φj are the natural frequency
and the vibration mode associated to the j-th resonance, respectively.

In order to investigate the possible occurrence of resonance, we considered the mech-
anism at the grasp configuration (Figure 2a), where oscillations were measured. The full
mechanism is discretized according to the finite-element approach. The coupling between
the mechanical components is modeled in the same fashion as in rigid-body simulation:
revolute joints represent bearings and rotative connections between links, and contact
joints represent the motion transmission by cams. Damping is assumed to be negligible.
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The material properties are those of aluminum components, and solid elements are used to
discretize the geometry. The number of elements is gradually increased until convergence
is achieved, and the final discretization is represented in Figure 5. The finite-element
discretization and the modal analysis are performed in a multibody simulation software
(ANSYS), and the first six natural frequencies associated with vibration modes are reported
in Table 1. By inspection of mode shapes, only the first two correspond with the vibratory
phenomena that were experimentally observed, and these two modes have frequencies
considerably distant from the frequencies that excite the system. Therefore, we can assume
that the oscillations of the gripper are not caused by resonance phenomena.

Figure 5. Discretization of the mechanism employed for the modal analysis.

Table 1. Natural frequencies associated with the first six resonance modes.

Mode Number Frequency [Hz]

1 463.52

2 596.44

3 695.68

4 866.64

5 1182.60

6 1269.10

3.3. Elastodynamic Simulation

A typical cause of oscillations in mechanisms working at high frequency is the intrinsic
elasticity of their components. In order to reduce the high inertial forces and actuation
torques required to operate at high speed, mechanisms for fast-operating machines are
usually made as lightweight as possible. However, light members generally bring reduced
stiffness and elastic deformations may occur. The performance of the mechanism, in terms
of position accuracy, may consequently be reduced by elastic oscillations.

While rigid simulations play a dominant role in the design and synthesis of standard
mechanisms, elastodynamic simulations are usually performed when the operating speed
is relevant, and the influence of the component elasticity is not negligible [5]. Continuous
elastic systems and lumped parameter models aim at finding approximate solutions in
reduced computational time [6]. On the other hand, the finite-element method [7,8] pro-
vides a more general and accurate modeling technique for complex mechanisms, and the
resulting dynamic model is a set of differential equations that can be formulated as:

Mq̈ + Cq̇ + Kq = f (3)
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where q is the vector of the nodal coordinate of the discretized system, C is the compli-
ance matrix, and f is the vector of external forces. Thus, by the numerical integration of
Equation (3) over a defined temporal interval, the position, velocity, and acceleration of
each member of the mechanism can be evaluated with the inclusion of elastic effects.

In this work, we used the finite-element approach to investigate the effect of elasticity
on the vibrations of the mechanism. Despite the possibility of considering the elasticity of
all members of the mechanism, in order to reduce the computational cost, we decided to
evaluate the influence of the five-bar linkage deformations only, and to assume the other
components as rigid. This decision is mainly driven by the considerable computational time
needed to achieve accurate solutions if the full mechanism is discretized. Solid elements
are employed to discretize the five-bar mechanism, and the resulting discretization is
displayed in Figure 6a. As for the modal analysis, the number of elements is gradually
increased to achieve convergence of the numerical results. Because of the high speed of
the mechanism, the material damping is assumed to be negligible. The mechanism is
simulated for a single cycle at the operating speed of 1000 cycles/min. At the end of the
simulation, we compare the displacement of the gripper between the theoretical position
given by a rigid simulation, and the prediction of the elastic model. As shown in Figure 6b,
slight oscillations are predicted by the flexible model, with an amplitude on the order of
0.02 mm. We can consequently assume that the cause of the vibrations is not the elasticity
of the system, since the predicted amplitude is significantly different from the measured
displacement of 1 mm.

(a) Discretization (b) Comparison

Figure 6. (a) FEM discretization of the five-bar linkage employed for the elastodinamic simulations,
(b) comparison between rigid and flexible simulations at the grasp position.

3.4. Joint Stiffness and Possible Solutions

Joint clearance and deformation under external load is a known cause of oscillations,
especially for high-speed mechanisms [9].

The influence of joint clearance and deformation under external loads can be nu-
merically evaluated by establishing the kinetostatic model of each joint affected by clear-
ance/deformation, and then evaluating the corresponding effect on the mechanism end-
effector [10]. However, in this work, we are interested in understanding if joint compliance
is the source of the experimentally-measured vibrations, and then mitigating such oscilla-
tions. As shown in Ref. [11], vibrations induced by such phenomena are mainly governed
by the entity of the joint clearance, the magnitude of forces that act on the joint, and the
joint stiffness.

In comparison to complex mathematical models, a more practical way to evaluate if
joint deformation may influence the mechanical behavior is to stress the mechanism in
static configuration with loads corresponding to the operating efforts, and experimentally
measure if joint displacements are relevant.
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To this purpose, the five-bar linkage was statically positioned in the grasp configura-
tion, and by means of a dynamometer we applied to joint A (see Figure 3b) an external
load that corresponds to the peak load simulated during the rigid-body analysis described
in Section 3.1. When this load was statically applied, we measured joint displacements of
0.020 mm and 0.050 mm at points 1 and 2 of Figure 7, respectively. These deformations may
significantly influence the behavior of the system at the nominal speed of 1000 cycles/min.
A possible solution aims at increasing the joint stiffness, which requires the re-design of
the base joints. However, due to the high complexity and interconnection of the whole
machine, we preferred to aim at a force magnitude reduction by introducing modifications
to the five-bar mechanism only.

Figure 7. Locations where joint deformations are experimentally identified.

4. Optimization

In this Section, we discuss two possible strategies that aim at reducing the gripper
oscillations. Since we consider the base joint deformation under operative loads as the
cause of vibrations, we seek at reducing the base reaction force F0. Additional changes
in the overall mechanism may be considered, but we limit ourselves to modifications
of the five-bar only, to reduce the cost of the intervention. First, we discuss an iterative
optimization process that reduces the base reaction magnitude by reducing the overall
moving mass of the parallel linkage. Then, a second optimization is proposed where the
lengths of the five-bar links are varied to reduce the base joint efforts.

4.1. Mass Reduction

In parallel mechanisms working at high speed, the main source of stress on compo-
nents is given by their own inertial effects. Thus, it is legitimate to assume that a reduction
of the overall moving masses may reduce the base joints reaction and, consequently, reduce
the gripper vibrations.

Topology optimization can be a solution to reduce the mass of each component by
reallocating the material only where needed [12]. In topology optimization, a mathematical
method is employed to optimize the distribution of the material in a finite domain, while
satisfying the given constraints. Usually, based on the constrained minimization of a cost
function, the main steps of topology optimization requires the identification of design vari-
ables, the cost function, and the constraints to be satisfied. However, the result of topology
optimization frequently conducts to components with highly complex geometries, which
can be difficult to realize with traditional tools or which requires long production times.

A more practical solution is to directly modify the existing components, in order
to save production time and to keep modifications to a minimum. In this way, simple
mechanical modifications can be carried out to remove material on the components (e.g.,
drilling, holes, chambers, as shown in Figure 8). However, these modifications influence the
dynamic properties of the system, and verifications are required to check if the mechanism
performance is not deteriorated. To do that, an iterative process can be set up, as follows:
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1. Each five-bar linkage component is manually modified with simple geometry
modifications;

2. The modified mechanism is rigidly simulated by means of a multibody simulation
software (ANSYS) in order to calculate the reaction force that acts on each joint;

3. Then, each link is independently simulated by taking into account its elasticity to
estimate the corresponding deformations. Despite the possibility of simulating the
overall system in a single time, we preferred to independently verify each component
to reduce the simulation time;

4. If deformations are negligible, the process continues;
5. Modifications are repeated until the base force reaches a sufficiently low value.

Figure 8. Example of component modifications: a milling operation is performed at the center of the
components to reduce its overall mass.

We performed the previously described iterative process on the five-bar linkage.
Starting from an initial mass of the mechanism of 0.460 kg, a 19% reduction is obtained with
a corresponding final mass of 0.373 kg. Then, a rigid dynamic simulation is performed to
quantify the joint load reduction, whose magnitude is displayed in Figure 9 and compared
with the original values. The peak magnitude of F0 is reduced by roughly 30%, passing
from 230 N to 160 N.

Figure 9. Magnitude of the base reaction F0: comparison between the initial design (blue) and the
reduced-mass design (yellow).
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Before manufacturing the mechanism, several tests were conducted to verify that other
issues were not introduced. Firstly, a modal analysis was conducted and we verified that
no resonance was excited. Then, a flexible dynamic simulation was performed, and os-
cillations were predicted with a magnitude of 0.02 mm, as in Section 3.3. Finally, the real
mechanism was manufactured and tested at nominal working conditions of 1000 cycle/min.
Oscillations were observed with a magnitude of 0.3 mm, thus significantly smaller that the
original ones.

4.2. Dimension Optimization

Oscillations were drastically reduced by designing a lighter mechanism. However,
the presence of residual vibrations can still be an issue, which may cause early wear.
Therefore, we tried to further reduce the vibrations of the gripper at its grasp configuration.

In general, all lengths of the five-bar components can be varied to minimize the base
reaction forces. This may lead to a constrained optimization problem where we seek to
minimize the base force reactions while preserving the original trajectory of the gripper.
Optimality conditions may be formally derived, and the optimization problem may be
solved by numerical schemes. However, the modification of links 3 and 4 would also require
the re-design of the gripper actuation mechanism, with further cost and production time.

Therefore, we proceeded in a different direction, by considering links 3 and 4 as
assigned, and consider as design variables the lengths l1, l2, and the placement of the joint
B over link 3 defined by the distance lB (see Figure 3b). Due to mechanical limitations of
the available space, l1, l2, lB can be chosen with predefined boundaries. Since the number of
design variables is limited to 3, we decided to simply sample the design space at uniform
steps and to select the triplet l1, l2, lB that ensures the minimum magnitude of the base joint
reaction F0, among the design set. In particular, the optimization process is carried out
as follows.

1. Considering the initial design, we extracted the joint values θ3, θ4, θ̇3, θ̇4, θ̈3, θ̈4 for a
single cycle;

2. Then, we studied the five-bar mechanism by considering joints Q and C in Figure 3b as
motorized. Since the motion of the kinematic chain QCE is not varied in comparison
to the original design, the x, y trajectory of the gripper is preserved;

3. By the solution of the inverse dynamic problem with new inputs, we can recover the
new joint values, and the joint reactions.

The aforementioned design optimization is performed by means of a custom Matlab
code, where the inverse dynamic problem is solved for each sample of the design variables.
The design space is defined as l1 ∈ [61, 85] mm, l2 ∈ [48, 60] mm, lB ∈ [41, 65] mm,
and the lengths are explored with a 1 mm sampling. At the end of the design optimization,
the optimal triplet is identified as l1 = 71 mm , l2 = 48 mm, lB = 65 mm. In particular,
the peak value of the F0 magnitude is reduced to 118 N (Figure 10), which corresponds to a
reduction of 49% with respect to the 230 N of the initial mechanism.

Before prototyping the mechanism, several tests were conducted to exclude the pres-
ence of other issues. Modal analysis resulted in no natural frequencies excited, and a
flexible dynamic simulation predicted negligible vibrations due to the elasticity of the
components. Finally, the mechanism was manufactured and monitored at its nominal
speed of 1000 cycle/min: no vibration was observed at all.
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Figure 10. Magnitude of the base reaction F0: comparison between the initial design (blue),
the reduced-mass design (yellow), and the length-optimized design (red).

5. Conclusions

In this work, we investigated the vibration phenomena of a planar parallel mechanism
for application in a fast-operating industrial automatic machine. We firstly investigated
the possible sources of vibrations, by excluding the presence of resonance phenomena,
and oscillations inducted by the intrinsic elasticity of components. We identified as the
cause of vibrations the deformation that occurs at the base joints during the operation at
the nominal speed. Then, in order to reduce vibrations, two optimization approaches were
conducted to reduce the loads that act on the base joints. By reducing the overall mass of
the mechanism, the vibrations were strongly reduced. Then, a second optimization was
carried out by modifying links lengths, achieving a further reduction of vibrations up to
negligible values.
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Abstract: Lightweight gears have the potential to substantially contribute to the green economy
demands. However, gear lightweighting is a challenging problem where various factors, such as
the definition of the optimization problem and the parameterization of the design space, must be
handled to achieve design targets and meet performance criteria. Recent advances in FE-based contact
analysis have demonstrated that using hybrid FE–analytical gear contact models can offer a good
compromise between computational costs and predictive accuracy. This paper exploits these enabling
methodologies in a fully automated process, efficiently and reliably achieving an optimal lightweight
gear design. The proposed methodology is demonstrated by prototyping a software architecture that
combines commercial solutions and ad hoc procedures. The feasibility and validity of the proposed
methodology are assessed, considering the multiobjective optimization of a transmission consisting
of a pair of helical gears.

Keywords: lightweight gears; finite-element analysis; multibody simulation; design space exploration;
transmission error

1. Introduction

Gears are crucial components for a wide range of applications: from recreational
equipment to transportation, and from energy production (aka wind turbine gearboxes) to
industrial machinery. Gear design has been perfected over millennia, as it encompasses a
fundamental theory that enables efficient mechanical power transmission. Nevertheless,
some margin of technological improvement can still be pursued. Gears design could be
refined even further by exploiting the more recent advances in material science and modern
designs, and manufacturing processes.

Over the last few decades, mass reduction was pursued as one of the main drivers
of performance enhancement in the aerospace sector, from which lightweight design
methodologies originated. Later, the usage of lightweight designs, including lightweight
gears, expanded to the automotive sector, playing a crucial role in satisfying increasingly
stricter regulations on combustion engine emission and fuel efficiency. The recent literature
shows that weight reduction greatly benefits system efficiency in vehicles [1] and aircraft.
In the latter, gearboxes can account for up to 15% [2] of the total mass saving, significantly
lowering fuel consumption [3].

The improving computational performance of modern computers is opening new
horizons concerning the adoption of physics-inspired models in optimization routines. In
this context, model-based optimization strategies employ high-fidelity models to capture
the relevant physics and obtain the proper model parameterization, which allows for
netting a direct link between design parameters and model variables. As a result, the
more expensive optimization processes based on prototypes and physical testing can be
substituted by reliable model-based processes.

More specifically, the design of lightweight gears relies on the possibility of effectively
modeling their dynamic behavior in the context of lumped or detailed system-level simula-
tions. State-of-the-art solutions to decrease gear mass rely either on a geometrical approach
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where the material is removed from the gear blank [4,5] or on a multimaterial approach that
combines lightweight materials with high-performance steel [6]. The geometrical approach
typically exploits thin-rim geometries and the subtraction of features (e.g., holes or slots)
from the gear body. In this regard, attention must be paid to prevent the deterioration of
noise and vibration (N and V) performance [4] and even the impairment of the structural
integrity of the geared transmission. Nonetheless, the analysis-driven design of lightweight
gears requires advanced simulation methods to properly consider the body geometry and
its impact on the gear flexibility [5]. The multimaterial approach exploits material-level
properties to improve component performance, and has demonstrated potential for N and
V improvement in lightweight gears [6]. However, several technological gaps must still be
covered before achieving a maturity level that enables its industrial applicability.

Recent trends suggest that transmission lightweighting may pave the way to system-
level performance improvement. The goal of concurrently reducing the gears’ weight
and the vibrations in transmission was pursued by Yang et al. in [7], and by Ramadani
et al. in [8]. In [9], the effects of lightweight gear blank on static and dynamic behavior
for electric-drive systems in electric vehicles were studied using a hybrid finite-element–
analytical method in conjunction with a rigid–flexible coupled dynamic model that took
into account the flexibility of the shaft, bearings, and housing.

Recent advances in FE-based contact analysis demonstrated that hybrid FE–analytical
gear contact models [10–12] could better compromise computational costs and predictive
accuracy. Their usage enables optimally tuning all relevant lightweighting parameters
without sacrificing dynamic performance.

Built on the experience that matured in [10], this paper proposes a complete work-
flow required for accomplishing a multiobjective design space exploration of lightweight
transmissions. We exploit the geometrical approach to derive a lightweight helical gear
design. The joint objectives of optimizing the weight, and N and V performance of geared
transmissions are pursued by exploiting a hybrid FE–analytical gear contact model in con-
junction with multiobjective design optimization software resulting in a fully automatized
optimization toolchain. Moreover, the obtained framework could easily be expanded to
further generalize the optimization problem by including more complex features or using
different materials.

The remainder of the paper is structured as follows: an overview of the proposed
multiobjective optimization strategy is illustrated in Section 2, while Section 3 describes
the hybrid FE–analytical method employed to analyze the gears meshing. In Section 4, the
basic steps of the optimization workflow are illustrated. Section 5 describes an optimization
case where a pair of helical gears, one of which with a lightweight design, was optimized,
and presents the obtained results. Section 6 closes the paper by discussing the achieved
results and proposing further advances.

2. Multiobjective Optimization Strategy

The optimal design of lightweight gears can be formulated as a multiobjective op-
timization problem (MOP). Such a problem involves the joint minimization of multiple,
usually conflicting, objective functions while varying a set of decision variables. Mathemat-
ically, a MOP is described as:

min
x

F(x),

subject to x ∈ X ⊆ R
n (1)

which describes the joint minimization of all the components of objective function F :
F(x) = { f1(x), f2(x), . . . , fn(x)}, as a function of decision vector x. The effect of enforcing
any constraint results in a reduction in the feasible decision space, X. The image of feasible
decision set X is defined as feasible objective space Z:

Z = F(x), ∀x ∈ X (2)
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Optimal solutions to the MOP usually comprise a subset of feasible solutions that are
not dominated by any other feasible alternative. Geometrically, they are confined at the
edges of the feasible objective space, constituting the well-known Pareto front. The inverse
image of the Pareto front is called the Pareto optimal set. As depicted in Figure 1, such a
representation offers valuable insight to designers, as it allows for them to immediately
distinguish the optimal solutions and select the more suitable one depending on the
considered criterion for prioritizing between the different objectives.

Figure 1. Example of a Pareto front.

In engineering optimization, the goodness of an algorithm is measured by looking
at two metrics: efficiency and robustness. Efficiency refers to the ability of an algorithm
to achieve the optimal solution within a prescribed confidence interval with a minimal
number of iterations. Robustness instead concerns the ability of the algorithm to achieve
the same objective with a similar number of iterations, irrespective of the starting design. In
this contribution, both efficiency and robustness were attempted thanks to the usage of the
Siemens Simcenter software ecosystem (Release 2020.2, Siemens PLM, Leuven, Belgium).
In particular, we relied on the Siemens Simcenter HEEDS|MDO package [13] (Release
2020.2.1, Siemens PLM, Leuven, Belgium), considered for its design space exploration
and optimization capabilities, in conjunction with Siemens Simcenter 3D, which is a fully
integrated CAE solution, of which we used two modules: the Simcenter 3D Transmission
Builder [14] and the Simcenter 3D Motion solver [15], enabling an efficient simulation of
multibody models.

HEEDS|MDO Optimization Software

As depicted in Figure 2, the HEEDS user interface allows for a very natural definition
of complex optimization scenarios. It provides a plethora of native plugins, each enabling
input/output interfaces for specific third-party software modules such as Simcenter 3D,
MATLAB, and Abaqus.

In the context of this work, the “best” solution candidates were obtained by relying
on the SHERPA proprietary optimization algorithm. SHERPA stands for Simultaneous
Hybrid Exploration that is Robust, Progressive and Adaptive; it is an optimization strategy
designed to adapt dynamically to the specific features of the considered optimization prob-
lem. By exploiting a set of dedicated heuristics, SHERPA simultaneously analyzes several
optimization strategies, and selects the more efficient and robust one. Confidentiality
restrictions limit the amount of disclosable information regarding the solver’s background
methodologies; therefore, they are omitted in the remainder of this contribution.
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Figure 2. HEEDS graphical user interface.

3. Modeling Strategy for Gear Meshing Analysis

Meshing phenomena in drivetrain systems are typically governed by the contact mech-
anism occurring between the interacting bodies. A correct description of such phenomena
in the modeling environment is vital to accurately describe the transmitted mechanical
energy and obtain realistic results.

In the design optimization context, optimal candidates are chosen by exploring the
feasible design space. The fitness of each design configuration is evaluated by measuring
the performance of different simulations. In this regard, the feasibility of the adopted
modeling solution requires relying on time-efficient models to ensure that the evaluation of
the objective functions is accomplished in a reasonable time. Different modeling strategies
are available in the literature to cope with different analysis objectives. For geared drivetrain
systems, the most used solutions can be grouped as follows:

i. Lumped-parameter (LP) modeling [16–20] aims to (semi)analytically lump me-
chanical and contact properties of a system through the most relevant, yet few,
parameters (e.g., meshing stiffness, damping, and inertias) and states (e.g., angu-
lar positions and velocities). It allows for efficiently representing the overall load
distribution and approximating the system-level statics/dynamics with simple
and quick-to-solve equations. However, it is limited to simple gear topologies
and geometry-dependent parameter sets that are often difficult to obtain [21,22].
Therefore, although they are very computationally efficient, LP models require the
careful parameterization of the design space (not always possible) to be used in
optimization problems.

ii. Finite-element (FE) modeling a gear train [12,23,24] relies on using finite elements
to achieve a geometrical domain discretization and approximate the behavior of
the continuous bodies through numerical integrations. It is a general modeling
approach since it does not rely on any gear topologies assumption and is a first-
principle-based strategy. It can account for micro- and macrogeometry deviations
from the nominal operating conditions, teeth coupling, and the contacting bodies’
dynamic behavior. Nevertheless, it usually requires the fine discretization of the
contacting bodies in the contact zones due to the high-stress gradients involved,
and computationally expensive contact detection, which renders the FE method
computationally prohibitive to use in design optimization problems.

iii. Multibody (MB) modeling [25–28] is used to analyze the dynamics of systems com-
posed of several components interconnected in space with different specifications.
It enables the representation of the different bodies as rigid or deformable (flexible)
components linked together through permanent (e.g., bushings) or variable (e.g.,
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meshing gears) connection elements. It is modular, efficient (depending on the
formulation and system topology), and allows for including other modeling strate-
gies, i.e., LP and FE. Moreover, it accounts for large and complex body motions in
space, macro misalignments, and microgeometry modifications [29] with respect to
nominal operating and geometrical specifications. Nevertheless, it is challenging
to accurately and efficiently formulate the body flexibility effects in a MB environ-
ment jointly with contact phenomena. In particular, most MB formulations are
based on small (body) deformations that represent a limitation under high loading
conditions.

This work relies on an advanced contact formulation already integrated within a
MB tool of Siemens Simcenter Motion [30]. In particular, the floating frame of reference
(FFR) formulation [31] was adopted to describe the motion of the gears in space and their
interactions, resulting in the following (at most) quadratic equations of motion (EOMs):

M(q)
..
q + Kq + GTλ + fv + fext = 0

φ(q) = 0
(3)

where q and
..
q ∈ R

nq represent the generalized system coordinates and accelerations,
respectively; M(q) is the configuration-dependent mass matrix of the system; K is the
constant stiffness matrix; fv is the velocity-dependent force vector that accounts for the
gyroscopic effects; fext is the generalized external force vector; φ(q) represents the set of
constraint equations, and G = ∂φ/∂q is the constraint Jacobian.

3.1. Advanced Contact Strategy in Multibody Simulations

If we focus on the dynamics of two generic meshing gears, the interaction phenomena
governing the system dynamics are in the EOMs through generalized external forces fext,
as depicted in Figure 3a, which can be written as:

fext = f12(F12) + f21(F21) + fin(Tin) + fres(Tres) (4)

As a result of the considered boundary conditions, Tin is the input torque applied to the
driving gear, whereas Tres is the resistant torque applied to the driven gear. The remaining
terms required to solve the EOMs are the action (F12) and reaction (F21) contact forces. The
f ( · ) operator instead represents the projections of forces and torques onto the generalized
coordinates space of the assembled MB system.

Figure 3. Contact problem: (a) external forces acting on the meshing gears; (b) slicing approach.

In such a context, the gear contact is solved using three steps:

1. Detecting the contact locations of the meshing bodies.
2. Formulating the amount of contact deformation (compliance) or inversely the contact

stiffness.
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3. Formulating the contact problem to be solved.

To deal with Points 1 and 2, the tracked tooth or teeth in contact are divided into
ns 2D slices (see Figure 3b), such that an analytical contact detection is performed. The
slicing approach enables a very efficient evaluation of the contact location and thus of
the localized geometrical properties of the meshing gears. For each slice, the software
exploits the involute gear geometries, accounting for gear misalignments in all DOFs.
Moreover, microgeometry modifications of the tooth profile typically used to optimize the
gear transmission error are considered at this stage.

Moreover, for each s-th slice, it is assumed that the total deformation pattern results
from the superposition of three effects (see Figure 4):

1. The residual static deformation based on the Andersson and Vedmar idea is described
in [32]. It is computed through an FE-based approach [21,33] where a static unit nodal
load, normal to the tooth surface, is applied in a preprocessing step; subsequently,
the deformation pattern is subtracted from the previous one considering the same
loading condition while clamping the tooth in its middle plane. In this way, a locally
incorrect solution is overcome [12].

2. The nonlinear local contact deformation is approximated as two contacting cylinders
in line contact according to Hertz theory, and theWeber and Banaschek formula [34].

3. The dynamic deformation pattern is taken into account using the FE-based compo-
nent mode synthesis approach [35–37] and creating a set of mass-orthonormalized
eigenmodes.

Figure 4. Computation of the required amount of deflection.

Once the compliance model had been defined for the meshing gears, the following
nonlinear contact problem was constructed for each s-th slice to link the kinematic and
dynamic displacements with the related contact forces Fs

21:

δs
21 − αs

21

(
Fs

21 ·ns
21, geom1,2, E1,2, ν1,2)

+[C1(geom1, E1, ν1) + C2(geom1, E1, ν1)]
[
F21 ·ns

21

]
= g

(
F21 ·ns

21, geom1,2, E1,2, ν1,2

)
≥ 0

(5a)

F21 ·ns
21 ≥ 0 (5b)

g
(

F21 ·ns
21, geom1,2, E1,2, ν1,2

)T[
F21 ·ns

21

]
= 0 (5c)

where δ is the corrected penetration for dynamic effects, misalignment, and microgeometry;
Ci is the residual compliance maps based on the Andersson and Vedmar approach [32];
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geomi, Ei, νi are the geometrical properties, the Young modulus, and Poisson’s ratio of the
i-th gear, respectively; n is the unit vector representing the normal to the contact surface
at the contact location; α is the nonlinear Hertzian penetration described by the following
Weber and Banaschek formula [34]:

α =
F
πl

(
1 − ν2

1
E1

+
1 − ν2

2
E2

)[
ln
(

4h1h2

a2

)
− 1

2

(
ν1

1 − ν1
+

ν2

1 − ν2

)]
. (6)

where a is the half contact width that can be computed as

a =

[
4F
πl

Req

(
1 − ν2

1
E1

+
1 − ν2

2
E2

)] 1
2

; (7)

hi is the half tooth thickness computed at the pitch point of the i-th gear, and Req is the
equivalent radius of curvature of the contacting cylinders:

1
Req

=
1

R1
+

1
R2

. (8)

Lastly, the overall MB problem was fully defined, and the assembled EOMs of
Equation (3) were solved with respect to the generalized coordinates and accelerations by
means of a nonlinear iterative solver [38].

3.2. Performance Metric: Transmission Error

Although nominal gear profiles are conjugate by design, tooth and body flexibility,
and other disturbing factors such as misalignment, deterioration, and micromodifications
produce a slight deviation from the ideal kinematic conditions. Analysts use the trans-
mission error (TE) to quantify the degree of offset between the ideal (or conjugate) and
actual (or real) behavior of the driven gear. It is defined as the difference between the ideal
kinematic motion of a gear pair and its actual realization:

TE =
1
τ

Δθ2 − Δθ1, (9)

where Δθ1 and Δθ2 represent the angular motion of the driving and driven gears, respec-
tively, and τ is the transmission ratio of the gear pair. For practical reasons, the TE is often
reported in the equivalent linear form:

TE = rb2Δθ2 − rb1Δθ1, (10)

where rb1 and rb2 represent the base radii of the corresponding gears.
As demonstrated by Palermo et al. in [39], an interesting metric to assess the N and

V performance of a geared transmission is the pick-to-pick (PtP) value of the TE, which
inherently indicates the severity of parametric excitation for different levels of load and
velocity occurring during the meshing cycle. The recent literature on the multiobjective
optimization of macrogeometry [40,41], and combined macro- and microgeometry [42] uses
the TE-related metric as an indicator of the N and V performance of geared transmissions.

4. Adopted Optimization Strategy

In complex problems such as the optimization of geared transmissions, the main
challenges stand on setting up a robust framework that often requires to set up fast and
reliable interconnections among several tools with different communication protocols.
Moreover, due to the high nonlinear nature of contact problems in gear transmissions,
efficient and accurate simulation models are required to evaluate the system performance
at each design configuration.
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4.1. Optimization Workflow

In this contribution, most limitations concerning the communication and solution of
the optimization problem are overcome by exploiting the versatile nature of HEEDS. In
addition, the optimization metrics per design are evaluated through Simcencer Motion, as
described in the previous sections.

On the one hand, HEEDS receives input parameters (i.e., design variables) that are
then manipulated to be compatible with the program where the selected optimization
metrics are evaluated, e.g., performing a dynamic simulation in Simcenter Motion.

On the other hand, the Simcenter 3D Transmission Builder takes as input the descrip-
tion of the gear train in terms of its basic geometrical and topological properties, expressed
according to industry standards as described in [14]. Then, a multibody model of the
assembled transmission is procedurally generated within the Simcenter 3D motion environ-
ment and an advanced gear contact method [14] is considered, as described in Section 3.1,
which allows for capturing relevant static and dynamic phenomena that influence the
system-level behavior of the considered gear pair.

The influence of the gear crown and gear-body design is taken into account without
compromising the computational efficiency of the dedicated gear-contact modules embed-
ded in the motion solver. The results of the multibody simulations are used to compute
the performance metrics required to evaluate the objective functions. Once the simulation
is completed, HEEDS extracts the results and converts them back into the format that the
input values previously had. The analysis of the characteristics or quantities that are opti-
mized is entrusted to the optimization algorithm, which produces new input parameters
by repeating the analysis until the stopping criteria are reached.

As depicted in Figure 5, the proposed methodology for achieving a multiobjective
optimal design of a lightweight transmission is initiated by generating a baseline solution.
This is achieved by means of the Simcenter 3D Transmission Builder module, which can
generate the CAE models for each component of the transmission system and assemble
them into the multibody model required for the quasistatic or dynamic simulations.

Figure 5. Multiobjective lightweight design: flowchart.

116



Machines 2022, 10, 779

4.2. Alterer

In order to enable the required lightweight design parameterization and the use of the
advanced contact solution in the presence of a lightweight gear body geometry, the current
version of the Simcenter software requires manual intervention from highly qualified users
for complementing the automatically generated FE model of the gear crown with the
preferred lightweight geometry. The manually assembled FE model of the lightweight
gear is given as input to the FE preprocessor, which computes the necessary information to
enable the simulation of the gear contact problem.

The HEEDS software can be used to completely automate the above-described process
except for the gear-body FE definition, which is still linked to manual user interaction.
To overcome this issue, a set of MATLAB routines were developed forming a software
package named ALTERER (Automated LighTweight gEaR body 9orphing). The latter
defines the FE mesh of the lightweight gear body and automatically assembles the FE body
part to the existing gear crown, starting from a set of design parameters. As a result, the
program generates the assembled gear body FE input files already complying with the
format expected by the FE Preprocessor.

Thanks to the obtained functionality, the HEEDS software can take the lead in or-
chestrating the ordered execution of all necessary modules, obtaining a fully automated
evaluation process without any manual human intervention. HEEDS relies on its patented
Sherpa proprietary algorithms and strategy in order to optimally and constantly tune the
next decision set to be explored. As a result, the lightweight gear design space exploration
process is fully automated. Moreover, HEEDS allows for aborting prematurely, pausing and
restarting the optimization, or even extending it by launching a set of additional evaluations
in case the analyst deems it necessary.

5. Application Case

In this section, the previously described optimization workflow and tools are applied
to an industrially relevant use case: the optimization of the gear body of a helical gear pair.

5.1. Use-Case Description

In order to illustrate the application of the proposed methodology, we considered
a multiobjective design of the gear pair starting from a reference or initial design. The
baseline gear pair was formed by two identical gears, a driver and a driven one, and the
geometrical properties are summarized in Table 1.

Table 1. Gears design specifications.

Parameter Name Baseline Gears

Teeth number 40
Normal module (m) 2.5 mm

Normal pressure angle 20 deg
Helical angle 10 deg
Tooth width 20 mm
Addendum 1
Dedendum 1.25

Working center distance 101.6 mm
Rim width -

Web thickness 20 mm

As depicted in Figure 6, the optimal design was limited to the driven gear while
keeping the other fixed at its baseline geometry.
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Figure 6. CAD model of the considered lightweight gear transmission: the multiobjective design op-
timization was formulated by removing material from the body of the driven gear while maintaining
the driving one in its full configuration.

As illustrated in Figure 7, the driven gear was parameterized enabling the mass
reduction considering only two geometrical decision variables: the Rim length and the
Web thickness. For a given combination of the design variables, HEEDS orchestrates the
evaluation of the objective functions by executing the evaluation pipeline described in
Section 4.

Figure 7. Lightweight gear’s geometry, parametrically controlled by varying two decision variables:
rim length and web thickness.

Therefore, the automated design-exploration process first obtains an updated CAD
model and then the corresponding FE model of the driven gear, as depicted in Figure 8. As
described above, the HEEDS|MDO proprietary multiobjective Pareto search algorithm si-
multaneously uses multiple search strategies to more effectively explore the Pareto front. Its
superior efficiency to that of other technique available in the literature was also documented
in [43]. Table 2 summarizes the interval ranges used for the reported study.
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Figure 8. FE model of the lightweight driven gear.

Table 2. Design variables ranges.

Decision Variable Min Max Baseline

Web thickness (mm) 5 20 20
Rim length (mm) 36.25 43.75 43.75

Additionally, the optimization problem was formulated to minimize the total mass of
the driven gear while reducing the peek-to-peek value of the TE under dynamic conditions
and for different levels of the transmitted torque.

To avoid convergence problems, the driver gear was enforced to reach the desired
speed value of 10 rpm by following a ramp of one-second duration (as illustrated in
Figure 9) while applying a specific resistant torque to the driven gear. The ramp also allows
for simulating a more realistic scenario representing a motor from which the torque is
taken and gradually transmitted to the gear through a clutch or simply the time required to
overcome the system’s inertia.

Figure 9. Angular velocity profile assigned to driver gear.

5.2. Optimization Results

Figure 10 shows the results obtained using the methodology under investigation for
three levels of the driving torque: 50, 100, and 200 nm. As expected, increasing the torque
had a direct and proportional impact on the PtP value of the TE. For each analyzed level
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of torque, we could observe two clusters of solutions. The first cluster contained all those
solutions starting from the baseline and moving in the direction of reducing the mass while
mildly compromising PtP performance: in this cluster, the two conflicting design goals
were reflected in a typical hyperbolic trend. Interestingly, a second cluster of solutions
appeared when looking at the leftmost side of the chart. Below 0.9 kg of mass, different
hyperbolic branches dominated the Pareto front, featuring the possibility of substantially
improving PtP performance while also reducing the mass of the gear.

   
(a) (b) (c) 

Figure 10. PtP vs. mass trend for different values of torque: (a) 50 nm; (b) 100 nm; (c) 200 nm.

The results of MOP analysis are summarized in Table 3. From each Pareto front, two
extreme solutions were extracted for further analysis: solutions PF-A, which were selected
as the best compromise along the Pareto Front, and solutions PF-B were selected as the best
PtP solution; thus, they are at the bottom corner of each Pareto front.

Table 3. Optimal design Results.

Design Parameters Design Goals

Web
Thickness

Rim
Length

Mass PtP

(kg) (%)
50 nm 100 nm 200 nm

(mm) (mm) (μm) (%) (μm) (%) (μm) (%)

Baseline 20 43.75 1.205 0.75 1.35 2.54

PF-A 6.04 43.75 0.691 −42.7% 0.61. −19.0% 1.09 −19.1% 2.14 −15.7%
PF-B 5.60 40 0.780 −35.3% 0.53 −29.3% 0.99 −26.3% 1.84 −27.6%

The computational time required for the optimization of the gear pair ranged between
54.75 h for the 100 nm case and 69.95 h for the 200 nm case, with an average computational
time per evaluated design of 10.84 and 13.94 min, respectively. The computational overhead
of executing HEEDS proved to be minimal compared to the complexity of the simulation
software used for the evaluation of the objective function. All examples were computed
using a commodity laptop featuring an Intel Core i7-h and 12 GB RAM.

6. Conclusions

Fueled by recent advances in the field of FE-based contact analysis, this paper ex-
tended the usage of modern design exploration software to the field of lightweight gear
transmissions. The envisioned methodology was built on top of existing state-of-the-art
commercial solutions. HEEDS and its patented SHERPA multiobjective search algorithms
were used to efficiently explore the Pareto front in case of multiobjective design space
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exploration problems. Simcenter 3D, comprising the FE-preprocessor and the Transmission
Builder functionalities, was used because its hybrid FE–analytical approach offers the
best-in-class numerical efficiency in terms of gear contact problem simulations. As part of
this study, ad hoc procedures were developed to eliminate human intervention from the
evaluation pipeline, leading to a fully automated evaluation process.

The proposed methodology was tested by considering the multiobjective design space
exploration of helical gear transmission. Three levels of torque were also used to analyze
the impact of the loading conditions on the obtained results. For each subcase, a Pareto
front appeared at the bottom-left corner of each chart, featuring the hyperbolic shape typical
of competing goals scenarios.

As summarized in Table 3, solutions PF-A and PF-B extracted from each of the Pareto
fronts, corresponded to realizations of the same design parameters, suggesting that the
optimal results obtained for one torque level were robust enough to maintain optimality
within the considered torque variations. Further investigations are required to assess the
validity of such findings on a more methodological level.

Future works will further expand the proposed approach by considering different
types of lightweight gears, eventually combining micro- and macrogeometrical parameters
with topological choice variables, such as the type and number of holes in the gear body.
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Abstract: Squeeze film dampers (SFDs) are components used in many industrial applications, ranging
from turbochargers to jet engines. SFDs are applied when the vibration levels or some instability
threatens the safe operation of the machine. However, modeling these components is difficult and
somewhat counterintuitive due to the multiple complex phenomena involved. After a thorough
investigation of the state of the art, the most relevant phenomena for the characterization of the SFDs
are highlighted. Among them, oil film cavitation, air ingestion, and inertia are investigated and
modeled. The paper then introduces a numerical model based on the Reynolds equation, discretized
with the finite difference method. Different boundary conditions for oil feeding and discharging are
implemented and investigated. The model is validated by means of experimental results available in
the literature, whereas different designs and configurations of the feeding and sealing system are
considered. Eventually, an example of the application of a SFD to a compressor rotor for the reduction
of vibration and correction of the instability is proposed. The paper provides an insight regarding the
critical aspects of modeling SFDs, underscoring the limits of the numerical model, and suggesting
where to further develop and improve the modeling.

Keywords: squeeze film damper; seal instability; rotor dynamics; lubrication

1. Introduction

Vibrations represent an intrinsic problem in all fields of mechanical engineering
including rotordynamics. Rotating machines are subject to remarkable loads and, with the
development of machines that operate above some critical speeds, the control of vibrations
is fundamental to guarantee long time operation. The typical problems in this field are
excessive steady state synchronous vibration levels and subsynchronous rotor instabilities.
The first one usually arises from excessive unbalance or due to operation close to a critical
speed. The second one may depend on the presence of instability sources, connected to
cross-coupling effects present in bearing systems and seals, among others. In some cases,
the increase of the vibration, when crossing a critical speed during a runup or a rundown,
can be harmful for the operation of the machine and the addition of some damping to the
system is often required.

To this aim, squeeze film dampers remain one of the most effective components
used because they offer the advantage of dissipating vibration energy when the shaft is
supported by rolling element bearings. In addition, SFDs can improve the dynamic stability
characteristics of rotor-bearing systems.

The most common design for these components is the one coupled with a rolling
element bearing, as shown in Figure 1. The shaft is supported by a rolling element bearing
and the coupling is often referenced as journal. The shaft vibration is transferred to the
external ring of the bearing that “squeezes” the lubricant film, placed between the housing
and the outer surface of the journal, generating high dynamic pressures. Therefore, dynamic
forces counteract the lateral displacement of the shaft generating the damping effect. The
anti-rotation pin is often applied to avoid any spinning motion of the journal, so that only
translational displacements are possible, i.e., the journal can only translate or orbit without
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spinning about its axis of symmetry. The shaft spinning is decoupled from the journal
motion thanks to the presence of the bearing.

. 
Figure 1. Simple squeeze film damper without centering mechanism, shaft rotation indicated by
the arrow.

This configuration is characterized by strong non-linearities due to the “bottoming-
out”: the journal remains in contact with the casing surface at the run-up; when the level
of the vibration is increased, the detachment of the two components happens resulting in
a discontinuous change of the properties of the system. To reduce the non-linearity and
the risk of collision between the static element and the whirling one in the case of large
journal displacements, different supports are used, such as O-rings and squirrel cages. The
selection of the proper stiffness of the support is fundamental for the correct operation of
the SFD. If the support is too stiff, no relative motion between the shaft and the cage will be
possible, i.e., no squeezing of the oil film; whereas if the stiffness is too low, the SFD can
behave like a non-supported one [1,2].

Damping is the design parameter for all SFDs, and an optimal value for each appli-
cation must be obtained. As a matter of fact, the utilization of a device whose damping
capability is not aligned with the one requested by the system is useless if not dangerous.
If the level of damping is too high, the SFD will dynamically behave as a rigid connec-
tion. Conversely, if the level of damping is too small, nothing will change in the dynamic
response of the machine.

There are many studies in the literature that provide guidelines to determine the correct
damping needed by a machine. In general, it depends on the dynamic characteristics of the
machine itself, the typical operating conditions, and the kind of excitations [3,4].

Different models with different levels of complexity have been developed to predict the
dynamic characteristics of SFDs. The first ones were based on the 1 D Reynolds equation for
short plain journal bearings. This approximation is legitimate when the length to diameter
ratio is lower than 0.25 and if no sealing mechanism is adopted, [5]. The effect of the SFD on
the journal is modeled by means of linearized stiffness and damping coefficients likewise
oil-film bearings. If no spinning motion is considered, no stiffening effect is obtained from
the SFD. On the contrary, the long bearing approximation can be adopted when the length
to diameter ratio tends to infinity or if seals limiting the oil flow are applied. In both cases,
an analytical solution is possible. For this reason, many estimations of the coefficients are
present in the literature [2,3].

The motion of the shaft is modelled, for convenience, as i) circular synchronous
precessions, centered or with a static eccentricity, or ii) small amplitude motions about a
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static displaced center. The first model is usually applied when the response to unbalance
is investigated, the second one is used for critical speed and stability analyses as shown by
San Andrés in [6].

From these early works, it is possible to understand that the clearance and the length
to diameter ratio are two important parameters influencing the operation of the bearing
together with the amplitude of the vibration, [1–3].

The 1-D Reynolds equation model has the advantage of simplicity, but the predictions
can be considered reliable only for very simple geometries and for a limited range of
operating conditions.

The main phenomena affecting the dynamic performance of SFDs are the fluid inertia,
the liquid cavitation, the air ingestion, and the geometrical features.

Inertia is usually neglected in the derivation of the Reynolds equation, but for large
clearances and amplitudes of motion, associated to higher vibrational frequencies, the
added mass produced by the oil dynamic pressurization found experimentally has a value
comparable to the mass of the entire SFD as highlighted by San Andrés and Vance in [7].
Different models that consider the effect of inertia can be found in the literature. As also
reported by San Andrés and Vance in [8], for moderate values of the squeeze Reynolds

number (Re = ρωc2
l

μ ≤ 10 with ρ and μ being the density and dynamic viscosity of the oil
respectively, ω the vibration frequency and cl the SFD clearance) the fluid inertia can be
assumed not to affect the shape of the fluid purely viscous velocity profiles and consider
the fluid temporal inertia in the modeling of SFDs. In [9], the effects of convective inertia
and temporal inertia are considered together. In [10], a detailed description of the equations
necessary to include the inertial contribution is presented together with an application.

Cavitation is stated as one of the principal reasons why predictions on the force
coefficients, made with the simple model used in [1,5], do not fit the experimental results.
For this reason, relevant effort has been put in the investigation and modeling of cavitation.
In [11], Zeidan and Vance experimentally recognized five different cavitation regimes:
un-cavitated film, cavitation bubble following the journal, oil–air mixture, vapor cavitation,
vapor and gaseous cavitation. The second regime is considered as a transient condition,
steady only for reduced whirling frequencies, that evolves in the third one with the shaft
acceleration. The most common regimes are the third and fourth that sometimes combine
with each other. Diaz and San Andrés in [12] concentrated mostly on vapor cavitation and
air entrainment. They tested a bearing in open-ends and in fully flooded configuration,
changing whirling frequencies and pressure of supply oil, and measuring the dynamic
pressure generated. The authors showed the difference between the pressure evolution
in time for the two-cavitation mechanism. For the vapor cavitation, the pressure profile
is nearly identical for every cycle, while for air entrainment the pressure measurements
showed great variability from one cycle to the other. Similar conclusions regarding the
gaseous cavitation can be found in [13].

Due to the differences measured between the two phenomena, vapor cavitation and
air ingestion are treated and modeled differently. Different vapor cavitation models and
algorithms have been developed. The first cavitation model that was introduced is the
so called π-film model, also known as Gumbel condition. Here, the relative pressure
is considered zero in the region where it assumes negative values. According to this
hypothesis, the ruptured film extends over half the angular length of the bearing. One of
the most used algorithms is the so-called Elrod’s cavitation algorithm, [14]. An evolution of
this approach consists in the adoption of the linear complementarity problem (LCP), [15].

In [8,16,17] the effect of air ingestion and bubbly mixture is experimentally investi-
gated. Air is “sucked” inside the SFD, and, after some cycles, the bubbles of air are finely
dispersed in the mixture and persist also in the high-pressure zone. The presence of a com-
pressible foamy mixture can explain the variability of the pressure’s peak values. Different
models that take into account the air ingestion are present in the literature. Among them,
Diaz [18] provided a detailed procedure, supported by a series of experimental results,
to include the air ingestion effect in the 2D Reynolds equation, based on the hypothesis
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of a homogeneous bubbly mixture. To correctly determine the percentage of air inside of
the mixture, a reference value is needed. In the experimental campaign, the air volume
fraction is controlled at the feeding system. In industrial applications the SFD is fed with
pure oil and air is ingested from the discharge locations. It is therefore necessary to predict
the reference value of ingested air. In [19], the authors introduced a model to evaluate the
air entrainment in open-ends short SFDs. Some years later, Mendez et al. [20] adapted
Diaz’s model to finite length bearings. Both the models presented in [18,20] are based on a
simplified form of the Rayleigh–Plesset equation to model the presence of air bubbles in the
oil in open-ends SFDs. Gehannin et al. in [21] considered instead the complete form of the
equation and proposed a comparison with experimentally derived measures to evaluate
the impact of these two different forms of the equation on the accuracy of the model.

Regarding the geometrical characteristics of the SFD, in [22], San Andrés et al. reported
an extensive experimental campaign that thoroughly investigates the effect of different
geometrical features on the dynamic properties of the SFDs. Six different configurations
are tested, and the focus is set on the effect on the force coefficients of film clearance, length
of the SFD, groove feeding and hole feeding, sealing ends and open ends, whirl orbit
amplitude, shape of orbit, and number and disposition of feed holes.

In this paper, a comprehensive model based on the 2D Reynolds equation is introduced:
The different phenomena described above are taken into considerations and discussed. The
model is then validated with experimental and numerical data taken from the literature.
The modeling of the different phenomena describing the dynamic behavior of SFDs is taken
from several past works found in the literature. A simplified approach is considered to
reduce the level of the difficulty and the parameters to be controlled. The goal of this work
is to obtain a model that can be easily replicated and adapted.

In the literature there are more refined models based on the bulk-flow equations [23],
and computational fluid dynamics [24–27]. Both approaches guarantee higher precision
of the results, but the modeling and computational effort is higher than the one required
by the model proposed in this work. The latter one gives the opportunity of investigating
different phenomena in an approachable and straightforward way.

Eventually, an example of application of a SFD to a centrifugal compressor rotor for
the reduction of vibration is proposed and a parametric investigation on the different
parameters influencing the dynamic behavior of SFDs is performed. Moreover, the effect
of the application of a SFD on the correction of an instability is also presented. In future
works, the model proposed will be revised and improved to increase the accuracy.

2. Materials and Methods

The proposed model is based on the 2D Reynolds equation discretized with the finite
difference approach. The inertia and air ingestion are modeled as extra terms of the
Reynolds equation.

2.1. Oil Film Modeling

The approach to the analysis of the dynamic performance of SFDs is to simulate
circular orbits of the shaft, whether centered (see Figure 2a) or not (Figure 2b), or small
perturbations around the position of equilibrium. For simplicity, the proposed model is
developed for centered circular orbits (CCOs), but it can easily be adopted for non-centered
circular orbits or even noncircular orbits and oscillations around the equilibrium position if
it is possible to identify a function that describes the behavior of the oil film thickness as a
function of the time.
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(a) (b) 

Figure 2. (a) Representation of circular centered orbit, (b) representation of circular eccentric orbit.
Journal orbit represented by the red circle.

The rotation θ in the absolute frame of reference (X-Y) and the rotation α in the relative
frame of reference (X′-Y′) are related as follows:

θ = α + ωt, (1)

By considering the fixed reference system, it is possible to write the variation of the oil
film thickness h in time and space domains:

h(θ, t) = cl − (e cos ωt + es cos θs) cos θ − (e sin ωt + es sin θs) sin θ, (2)

where e is the orbit radius and, es and θs are the amplitude and phase of the static eccentricity
respectively (see Figure 2).

Considering Equation (1), at each time instant:

∂

∂t
= −ω

∂

∂ϑ
= −ω

∂

∂θ
. (3)

This assumption is valid only in case of CCOs and if the pressure field can be assumed
to remain constant along the orbiting motion, no feedholes, discharge holes and piston ring
seals. Moreover, if the orbiting frequency remains constant in time, Equation (3) allows to
simplify every time derivative as a spatial one. This transformation allows to reduce the
calculation time. In fact, it is not necessary to develop a time transient simulation since the
simulation at one time instant is representative of the behavior of the oil for the entire orbit
of the shaft.

2.2. Reynolds Equation

The general equations to describe the dynamic behavior of a viscous Newtonian fluid
are the 3-D Navier–Stokes equations:

∂ρ

∂t
+∇·

(
ρ
→
V
)
= 0, (4)

ρ

⎛⎝∂
→
V

∂t
+

→
V·∇

(→
V
)⎞⎠ = −∇P +∇·

(
μ∇→

V
)
+∇

(
−2μ

3
∇·→V

)
+ ρg, (5)

where (4) is the continuity equation and (5) are the conservation of momentum equations
within the flow boundary.
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Taking into consideration the SFD application it is possible to adopt some simplify-
ing hypotheses, such as: (i) fluid density ρ is considered constant, valid if cavitation is
not present, (ii) fluid kinematic viscosity is constant, valid if temperature can be con-
sidered almost constant, (iii) inertia and body forces are neglected, (iv) fluid flow is
considered laminar.

Finally, considering the SFD geometry the classical Reynolds equation can be ob-
tained, [5]:

∂

∂x

(
h3 ∂P

∂x

)
+

∂

∂y

(
h3 ∂P

∂y

)
= 12μ

∂

∂t
(h). (6)

In the case of constant whirling frequency, Equation (3) can be substituted inside
Equation (6).

2.3. Fluid Inertia

In general, the fluid inertia forces are negligible if the value of the squeeze film
Reynolds number is lower than 1. In case of high vibration frequencies, or SFDs with larger
clearance, for example in case of inlet and outlet grooves, this value is greater than one and
is usually lower than 50, [6]. As reported in [28,29], models that include inertia’s effect give
results closer to ones obtained experimentally for both force coefficients.

In this work, an approach similar to the one proposed in [30], a single Reynolds-like
equation, is considered in which the effect of temporal inertia is added. Convective inertia
terms are considered negligible as in [28]. Using cylindrical coordinates, the equation used
in the model is:

∂

R∂θ

(
h3

12μ

∂P
R∂θ

)
+

∂

∂y

(
h3

12μ

∂P
∂y

)
=

∂

∂t
(h) +

ρh2

12μ

∂2h
∂t2 . (7)

2.4. Air Ingestion

To fully consider the effect of air entrainment, the same approach adopted by the
authors in [19] has been adopted. The Reynolds equation must be modified to consider
the compressibility of the fluid and the effect of the presence of air bubbles on density and
dynamic viscosity.

∂

R∂θ

(
ρh3

12μ

∂P
R∂θ

)
+

∂

∂y

(
ρh3

12μ

∂P
∂y

)
=

∂

∂t
(ρh) +

ρh2

12μ

∂2ρh
∂t2 , (8)

ρ = (1 − β)ρL , (9)

μ = (1 − β)μL, (10)

β =
1

1 + P(x,t)−Pv
PGσ

(
1
β0

− 1
) . (11)

where β is the air–mixture volume fraction, β0 is the reference value for β, PGσ is the
pressure of the air bubble for the critical radius, Pv is the vapor cavitation pressure, and μL
and ρL are the dynamic viscosity and density for the pure oil.

In [19], a model to evaluate β0 is presented for short SFDs. However, the short-length
bearing approximation is not always applicable. For example, it is limited to L/D < 0.25.
In [20], it is proposed to numerically evaluate the volumetric inflow of air at the sides
of finite length SFD and evaluate the new reference value of volume air fraction. The
pressure cycle is then repeated with the updated value of β0. This procedure is continued
until the convergence on β0 is reached. A procedure like this one has been adopted in the
present work and the starting value of reference volume fraction of ingested air will be
considered zero.
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2.5. Negative Pressure Zone

As previously mentioned, different models and algorithms that deal with vapor
cavitation have been adopted in the literature. In this work, the approach presented
by Fan and Behdinan in [31,32] is applied. The vapor cavitation is solved as a linear
complementarity problem as suggested in [15]. The algorithm proposed in [33] is applied
in the solution of the LCP.

2.6. Geometrical Discretization

The cylindrical geometry of the SFD il flattened in a 2D plane, as shown in Figure 3.

Figure 3. 2D geometrical transformation of the SFD.

A structured mesh is considered for the spatial discretization. The approach followed
for the discretization of the holes is explained in the following sub-section.

2.7. Inlet Boundary Conditions

Different types of boundary conditions can be adopted at the inlet port. If the feeding
holes are not considered in the modeling, it is possible to consider only half of the SFD by
the symmetry boundary condition:

∂P
∂y

∣∣∣∣
Symmetry plane

= 0. (12)

Conversely, if the feeding system is considered, the flowrate is imposed at each hole.
If the laminar flow is assumed and no central groove is present, the flow rate is as follows:

Qinlet = Ci

(
Psupply − P(xh, zh)

) [m3

s

]
, (13)

where P(xh, yh) is the pressure of the oil at the hole location and Ci is a coefficient that
includes the orifice area and flow coefficient. In a 3-D model, this flow rate would be
directed radially but, since this model is planar, it will be considered in the axial and
tangential directions. A more detailed description can be found in [34].

The circular geometry of the hole is simplified as a rectangle, as shown in Figure 4. At
the edges of the boundary, the pressure is constant and equal to the feeding one imposed at
the center. Considering that the flow from the hole is delivered in both axial and tangential
directions, the whole geometry of the SFD must be considered.
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Figure 4. Mesh representation for the feeding hole boundary condition.

Considering the flow entering from one side of the discretized hole:

qz = − h3

12μ

∂P
∂z

[
m2

s

]
, (14)

It is possible to solve

Q1 = − h1
3

12μ

(P1 − Psupply

Dx

)
2Dz, (15)

where P1 is the interpolation of the three points above the boundary of the hole, and h1 is
the oil film height at Dx

2 from the side of the rectangle. Similar expressions can be written
for the rest of the flow vectors. The same holds for all other sides P2, P3, and P4.

In general, when the pressure of the oil inside the SFD in the vicinity of the feeding
hole is higher than the supply pressure, a backflow happens: a flow rate of oil exits the
land of the SFD and enters the supply circuit. As reported in [35], in practical application,
check valves are applied to the feeding ducts to avoid backflows and to reduce the effect of
pulsating pressure in the supply circuit. A detailed description of the application of check
valve is present in [36]. For this reason, when the presence of feeding orifices is simulated
in this model, Equation (13) will be used at the nodes where the orifices are located. If the
pressure at the hole location is higher than the supply pressure, no boundary condition will
be assigned.

In many applications, central grooves are applied as shown in Figure 5a.
In [34,37] it is proposed to model the feeding groove as a reservoir of oil at the feeding

pressure. In [22], San Andrés et al. report instead that large values of dynamic pressure
in the groove region occurred proving the previous assumption to be wrong. The same
approach introduced in [28] is considered when modeling the presence of grooves. As
shown in Figure 5b, the flow inside the groove is divided into two regions: a recirculating
one and a through-flow close to the journal. Only the second one is active in the dynamic
pressure generation, and therefore an effective groove depth is considered. Moreover, the
feeding orifices are considered.
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(a) (b) 

Figure 5. 3D representation of SFD equipped with central groove (a); Schematic representation of the
flow paths passing through the central groove (b). Adapted from [28].

The value of the effective groove depth (dge) is usually optimized using as benchmark
the force coefficients obtained experimentally [28].

2.8. Outlet Boundary Condition

As reported in [5], many different boundary conditions can be assigned for the outlet
section. In general, the SFD can be exposed to ambient pressure air, and in this case the
boundary condition to be assigned is:

P(L, t) = Pair, (16)

where Pair is the ambient pressure at the outlet.
In this case the SFD is subjected to high air entrainment, comporting a reduction of

the damping capacity of the device. With an open-ends configuration, the exiting flow rate
is higher, a condition that will require a higher inlet flow rate of oil. For this reason, SFDs
are usually sealed at the ends. The sealing is usually not complete otherwise. Due to the oil
heating, the damping capacity would decrease. In the scientific literature, it is possible to
find many types of sealing to reduce the leakage of the SFD. One of the most common is
the piston ring shown in Figure 6 [5,35,38].

 
(a) (b) 

Figure 6. 3D representation of SFD equipped with piston-ring as sealing mechanism at the outlet (a);
Frontal view of SFD equipped with piston-ring as sealing mechanism at the outlet (b).
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The piston ring seal represents a limitation on the outlet flowrate, and it can be defined
as follows [34]:

qout =
Cp(P(θ, L)− Pout)h3

p

12μwp

[
m2

s

]
, (17)

where Cp is the piston ring loss coefficient, 0 < Cp < 1, Pout is the pressure outside the seal,
usually ambient pressure, hp and wp are the piston ring radial gap and axial dimension
respectively. Cp has a main impact on the evaluation of the outlet flowrate. Moreover, it
may not be straightforward to be obtained. In this application is considered as a tuning
parameter to evaluate the effect of the seals.

Substituting Equation (17) into Equation (15):

h3

12μ

∂P
∂y

∣∣∣∣
L
+

CpP(θ, L)h3
p

12μwp
=

CpPouth3
p

12μwp
. (18)

The modeling of the inlet and outlet boundary conditions proposed in this work is
simplified with respect to what can be found in other references [35,39]. The future improve-
ment of the proposed model will re-evaluate the modeling of these boundary conditions,
especially if different configurations of sealing and feeding mechanisms are considered.

2.9. Circumferential Periodicity

The circumferential periodicity must be satisfied at the edges of the flattened geometry
(Figure 3). To maintain the continuity, the pressure and the circumferential gradient of
the pressure along the axial direction must be equal on both sides. It was noted that the
assignment of the pressure boundary condition is enough for the circumferential periodicity:
the pressure gradient calculated on the two edges is equal.

2.10. Forces and Force Coefficients

Once the geometry and the mesh are defined and the boundary conditions are as-
signed, the Reynolds equation can be solved, and the pressure distribution obtained. The
forces acting on the journal can be obtained by integrating the pressure profile along the
circumferential and axial directions as follows:[

Fx
Fy

]
= −

∫ L

0

∫ 2π

0
P(θ, z, t)

[
cos
sinθ

]
R dθdy. (19)

where Fx and Fy are the horizontal and vertical force in the absolute reference frame
respectively (Figure 2).

The dynamic behavior of the SFD is represented by the force coefficients. As reported
in many sources, among them [6,22], the SFD itself does not generate any kind of stiffness
because, without the journal spinning, no pressure is generated at a given static displace-
ment if there is no precession. The SFD forces are represented in the linearized form
as follows: [

Fx
Fy

]
= −

[
Cxx Cxy
Cyx Cyy

][
vx
vy

]
−
[

Mxx Mxy
Myx Myy

][
ax
ay

]
, (20)

where vx and vy are the instantaneous journal velocities and ax, ay are the instantaneous
journal accelerations.

Damping and added mass coefficients along the x and y directions are typical of small
shaft orbiting around the static equilibrium position. In case of circular centered orbits, the
SFD generates a constant reaction film force in a relative frame rotating with frequency
ω. In most rotodynamic applications, linearized force coefficients are considered. They
represent changes in bearing reaction forces to infinitesimal amplitude motions about an
equilibrium position. As the definition states, these coefficients are applicable only in the
case of small motions around an equilibrium position. As reported in [40], in SFDs the orbit
radius can go to half the clearance, defining an orbit far from being close to the equilibrium
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position and thus violating the main hypothesis behind linearized force coefficients. For
this reason, an orbit-based model, such as the one proposed in [40], is adopted in this work.
The counterclockwise orbit of the SFD is divided into points where the forces are evaluated.
The equation of motion is then written in the frequency domain by applying the Fourier
transform to both the orbit points and the forces:[

Fx(Ω)
Fy(Ω)

]
= −

(
iΩ
[

Cxx Cxy
Cyx Cyy

]
− Ω2

[
Mxx Mxy
Myx Myy

])[
X(Ω)
Y(Ω)

]
. (21)

Equation (21) can be rewritten as follows:[
Fx(Ω)
Fy(Ω)

]
= −H(Ω)

[
X(Ω)
Y(Ω)

]
, (22)

where Hij coefficients are the four unknowns in Equation (22), but only two equations are
available. For this reason, the same procedure is applied to the clockwise orbit, obtained by
applying a negative value of ω. So, the final system to be solved is⎡⎢⎢⎣

Fcc
x (Ω)

Fcc
y (Ω)

Fc
x(Ω)

Fc
y(Ω)

⎤⎥⎥⎦ = −H(Ω)

⎡⎢⎢⎣
Xcc(Ω)
Ycc(Ω)
Xc(Ω)
Yc(Ω)

⎤⎥⎥⎦ , (23)

where the apex c stands for clockwise and the apex cc stands for counterclockwise.
Once the matrix of complex stiffness H is obtained, the single coefficients can be

calculated as:

Cij =
Imag(hij)

ω
, (24)

Mij = −Real(hij)

ω2 . (25)

3. Model Validation

The model was validated with both numerical and experimental data available in the
literature. The numerical and experimental results presented in [22] were considered due
to the different geometrical configuration tested. In this work, four configurations (SFD A,
B, E and F) were selected as reference for the validation. They differ in terms of clearance,
SFD length, as well as the presence of a central groove and an end seal. The tested diameter
is constant and equal to 127 mm. In [22], the oil has density ρL = 805 kg/m3 and dynamic
viscosity μL = 0.0265 Pa·s. The geometrical characteristics of the SFDs considered for the
validation are listed in Table 1.

Table 1. Geometrical characteristics of SFDs from [22]. dG and LG represent the physical depth and
length of the central groove, not present in SFD E and F. dE and LE represent the depth and length of
the grooves at the discharge, not present in SFD E and F. Piston ring seals are applied only for SFD B.

SFD A SFD B SFD E SFD F

Clearance cl [mm] 0.141–0.251 0.138 0.122 0.267
Length L [mm] 2 × 25.4 2 × 12.7 25.4 25.4

Central groove depth dG [mm] 9.5 9.5 no no
Central groove length LG [mm] 12.5 12.5 no no

End groove depth dE [mm] 3.5 3.5 no no
End groove length LE [mm] 2.5 2.5 no no

Seal - yes yes no no

SFDs E and F are tested with a fixed static eccentricity and by changing the amplitude
of the circular orbit vibration. The considered e/cl ratios are: 0.05, 0.14, 0.29, and 0.43.
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The tested frequencies are 10 ÷ 250 Hz for SFD E and 10 ÷ 100 Hz for SFD F. The obtained
coefficients are constant for the whole frequency range, therefore only the values at 100 Hz
and 50 Hz are shown respectively. The evolution of both the mass and damping coefficients
for SFD F is shown in Figure 7, where it is possible to see that the results obtained with the
model presented in this paper agree well with both the experimental and numerical results
in [22].

Figure 7. SFD F: numerical and experimental results from [22]. (a) Evolution of mass coefficient as a
function of the orbit radius; (b) Evolution of damping coefficient as a function of the orbit radius.

Both the numerical results for the mass coefficient shown in Figure 7a underestimate
the experimental results. In [22], the authors attribute the discrepancy to the high value of
the feeding pressure that determines a higher value of the radial component of the force,
directly responsible for the mass coefficient.

Similarly, the evolution of the mass and damping coefficient for SFD E is shown in
Figure 8. In this case only the experimental results are available. It is possible to notice an
acceptable agreement for the damping coefficients, the maximum difference between the
experimental and numerical results is lower than the 25%. On the other hand, an important
discrepancy between for the mass coefficients is shown. A possible explanation could be the
high level of the feeding pressure that strongly affects the dynamic pressure distribution.

Figure 8. SFD E: experimental results from [22]. (a) Evolution of mass coefficient with orbit radius;
(b) Evolution of damping coefficient with orbit radius.
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SFDs B and A are tested in [22] at different static eccentricities with a constant orbit
radius e = 0.055cl and for the frequency range 110 − 210 Hz. Moreover, for these config-
urations, there is no variation of the force coefficients with the frequency and the only
frequency considered is 150 Hz. For both configurations, the effective groove depth is tuned
to match the results presented in [22]. The evolution of the dynamic coefficients with the
static eccentricity for the open-ends configuration of SFD B is shown in Figure 9. Similarly
to SFD F, the numerical results agree well with the experimental ones. A similar trend was
obtained for SFD A. The results are not reported for the sake of brevity. In Figure 9, the
values of the force coefficients are adimensionalized considering the same reference values
reported in [22].

Figure 9. SFD B open ends: experimental and numerical results from [22]. (a) Evolution of mass
coefficient with static eccentricity; (b) Evolution of damping coefficient with static eccentricity.

For every SFD configuration, the mesh independency check was performed consider-
ing a structured grid. Both rectangular and squared grids were considered, and the final
number of elements adopted was selected with a trade-off between numerical accuracy
and computational time. The evolution of the radial and tangential force relative error with
the number of mesh points is reported.

For the sake of brevity, only the evaluation conducted for SFD F is reported. The num-
ber of axial points Nz is selected and the tangential point Nx are evaluated as Nx = kNz

2πR
L

with 0 < k ≤ 1. When k = 1, the elements are squared.
The evolution of the radial and tangential forces as a function of the number of mesh

points and for some values of k (0.05, 0.125 0.5, 1) is shown in Figure 10. Increasing the
number of mesh points both errors reach an asymptote. When k is reduced, i.e., when for
the same number of axial points, the number of tangential points is reduced, the shape of
the error evolution is flat. Generally, a relative error below 1% can be considered acceptable.
To keep the alculation time low, for SFD F, the mesh configuration selected has k = 0.125
and approximately 1 × 104 mesh points.
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Figure 10. (a) Radial force error evolution with number of mesh points for SFD F; (b) tangential force
evolution with number of mesh points for SFD F.

4. Application

The proposed model has been integrated in the finite beam element analysis of a
high-speed centrifugal compressor coupled with a gear element. The shaft of the machine
is long 0.7 m and the nominal diameter is 50 mm. The impeller is 70 mm long and has
a maximum diameter of 140 mm, while the minimum one is 33 mm. The finite element
discretization of the structure, with a total of 34 nodes, is shown in Figure 11.

Figure 11. Finite element discretization of the machine from node 1 to node 34, sealing element in
green rectangle.

As shown in Figure 11, the stiffness and mass diameter are different for the different
elements. The yellow triangles represent the two roller element bearings. The green
rectangle represents the region where a sealing element is placed. The scheme of the
machine represents an actual application while the application investigated in the next
pages is a hypothesis. In the analysis an unbalance force of 3 × 10−6 [Kg·m] is placed in the
yellow node of the impeller (node 31). The effect of the seal is not taken into consideration
while the attention is focused on the reduction of the vibration of the machine, focusing
on the impeller. The operational speed range of the compressor goes from 0 − 300 Hz and
200 Hz is considered as the operating frequency. The forced responses to the unbalance
at three nodes of the impeller are shown in Figure 12. It is possible to see that, due to the
characteristics of the bearings, the system is barely damped and when crossing the natural
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frequency, at 186 Hz, the vibration’s amplitude is, in the last node, higher than 2 × 10−4 m.
Due to the small gaps between the impeller and the cage and to reduce the aerodynamic
losses, it is important to reduce as much as possible the level of the vibration.

Figure 12. Amplitude and phase of vibration at nodes 26, 30, and 34.

To reduce the vibration peak, a SFD is applied in parallel with the first bearing. The
new structure is shown in Figure 13. The SFD is supposed to be supported by an external
squirrel cage defined by its own mass (mcage) and stiffness (kcage), respectively. Moreover,
the squirrel cage acts as a centering mechanism. The SFD introduces an external source of
damping (cSFD) and added mass (mSFD).

Figure 13. Finite element discretization with SFD.

For simplicity, a plain SFD without grooves, feeding system, and seals is considered.
The geometrical characteristics of the SFD and the properties of the ISO VG 46 oil considered
are listed in Table 2.
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Table 2. Geometrical characteristics and oil properties of the SFD.

SFD

Clearance cl [mm] 0.3
Length L [mm] 30

Diameter D [mm] 100
Oil dynamic viscosity μL [Pa·s] 0.0775

Oil density ρL
[
Kg/m3] 870

Cage mass mcage [kg] 1.16
Cage stiffness kcage [N/m] 2 × 107

At first, the forced response of the configuration with the squirrel cage but without
considering the presence of the oil is performed. The comparison between the two forced
responses for the same impeller nodes considered in Figure 12 is shown in Figure 14.

Figure 14. Forced response comparison for the original configuration and the configuration with the
squirrel cage.

As it is possible to see from Figure 14, the introduction of the squirrel cage significantly
changes the forced response. The introduction of the squirrel cage has the effect of a tuned
mass damper. The resonance peak at 182 Hz is moved to 161 Hz. Moreover, a second
resonance peak is present at 252 Hz.

Then, the previously mentioned SFD is considered for the forced response. The com-
parison between the forced response between the original configuration, the configuration
with the squirrel cage, and the SFD configuration is shown in Figure 15. The introduction
of the SFD is strongly effective in the reduction of the level of the vibration peak.
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Figure 15. Forced response comparison for the original configuration, the configuration with the
squirrel cage, and the configuration with the SFD (a). Forced response comparison for the original
configuration, the configuration with the squirrel cage, and the configuration with the SFD for node
34 (b).

Then, the effect of some geometrical parameters on the forced response of the system
is evaluated. As previously mentioned, the operating frequency considered is 200 Hz.
Therefore, considering the evolution of the forced responses shown in Figure 15, the
frequency range from 150 Hz to 200 Hz is considered for the following analysis.

4.1. SFD Clearance

The first parameter to be investigated is the clearance of the SFD. The ratio between
the forced response at 200 Hz of the configuration with the SFD and the original one is
shown in Figure 16. The forced response decreases with the increase of the SFD clearance
even though the damping coefficients increases when the SFD clearance is decreased. This
behavior is related to the increase of the resonance frequency when the SFD clearance is
reduced. Therefore, a higher level of vibration is obtained at 200 Hz (see Figure 17).

Figure 16. Forced response ratio at 200 Hz for node 30 for different values of SFD clearance (a),
evolution of SFD force coefficients with clearance (b).
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Figure 17. Comparison of forced response for different values of SFD clearance, circle markers
indicate the clearance value.

4.2. SFD Length

The effect of the length of the SFD on the forced response is investigated. For this
analysis, the selected SFD clearance is 0.3 mm because it minimizes the vibration level at
200 Hz and guarantees an acceptable level for the resonance peak vibration. The ratio of the
forced response at 200 Hz for the original configuration and the configuration with the SFD
is shown in Figure 18a. The minimum forced response is obtained when the shortest SFD is
considered. The force coefficients of the SFD increase with the SFD length, see Figure 18b.
Therefore, also in this case, the most suitable SFD to reduce the vibration level at 200 Hz is
the one characterized by the lowest force coefficients.

Figure 18. Forced response ratio at 200 Hz for node 30 for different values of SFD length (a), evolution
of SFD force coefficients with length (b). Red line for system without SFD, blue line indicates system
with SFD of (a). Markers highlights tested configurations.
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The comparison between the forced responses obtained considering the different
values of length of SFD is shown in Figure 19. Moreover, in this case, the results are reported
in the frequency range of interest. It is possible to see that the minimum forced response at
200 Hz is obtained with the shortest damper. On the contrary, the minimum of the vibration
peak is obtained when L = 37.5 mm, as shown in the right part of Figure 19. Therefore, the
proper SFD configuration must be selected according to the optimization required.

Figure 19. Comparison of forced response for different values of SFD length at node 30, markers
highlight configurations tested.

4.3. Groove Effective Depth

Another tuning parameter that can be selected for the geometry of the SFD is the
effective depth of the groove. For this reason, different values of dge have been investigated.
For convenience, the relative value of the effective groove depth is considered (dge/cl). The
ratio of the forced response at 200 Hz for the original configuration and the configuration
with the grooved SFDs is shown in Figure 20a. The clearance considered is 0.3 mm and
the lands of the SFD have a length of 12.5 mm. The groove length considered is 5mm and
it is placed in the center of the SFD. When the effective groove depth is one, the damper
geometry results in a grooveless damper of length 30 mm. From the analysis shown in
Figure 20a, the higher the groove depth, the lower the forced response at 200 Hz. The
evolution of the ratio between the SFD force coefficients for the different values of the
relative effective groove depth and the values obtained when dge/cl = 1 is shown in
Figure 20b. Increasing the groove depth, the damping coefficient is reduced while the mass
coefficient is highly increased. The evolution of the forced responses for the considered
frequency range is shown in Figure 21. Moreover, in this case, the configuration that
minimizes the forced response at 200 Hz is not the one that minimizes the amplitude of
the peak.

143



Machines 2022, 10, 781

Figure 20. Forced response ratio at 200 Hz for node 30 for different values of relative effective groove
depth (a), evolution of SFD force coefficients ratio with effective groove depth (b). Red line for system
without SFD, blue line indicates system with SFD of (a). Markers highlights tested configurations.

Figure 21. Comparison of forced response for different values of relative groove effective depth at
node 30. Markers highlight tested configurations, arrow highlights growing direction of deg/cl.

4.4. Feeding Pressure

In this section, the feeding system is considered. The SFD considered has a length of
30 mm and clearance equal to 0.3 mm, and the diameter of the holes is considered equal to
2 mm. Moreover, the coefficient Ci is considered as 1 × 10−9 m3

s Pa . The effect of the feeding
pressure on the forced response has been investigated. The ratio of the forced response at
200 Hz for the original configuration and the configuration with SFDs is shown in Figure 22.
When the feeding pressure is considered zero, the feeding system is not included in the
modeling. The presence of the feeding system seems to have a small impact on the forced
response at 200 Hz, and the inlet pressure is not influencing the forced response.

144



Machines 2022, 10, 781

Figure 22. Forced response ratio at 200 Hz for node 30 for different values of feeding pressure depth.
Red line for system without SFD, blue line indicates system with SFD.

If the feeding system is not considered in the modeling and no cavitation or air
ingestion is present, both the direct SFD force coefficients are equal and constant with the
tested frequencies. On the contrary, when the feeding system is modeled, the xx and yy
force coefficients are slightly different. Moreover, the mass coefficients show a dependency
with the frequency which is more evident when the feeding pressure is increased, as shown
in Figure 23.

Figure 23. Evolution of xx mass and damping coefficient with the rotational speed considering
different inlet pressure values.

The differences in the force coefficients shown in Figure 23 determine different forced
response between the modeling with and without the feeding system (Figure 24). On the
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contrary, the evolution of the mass coefficient with the rotational speed does not have an
impact on the forced response.

Figure 24. Comparison of forced response for different values of inlet pressure at node 30.

4.5. End Seals

For convenience, the effect of the sealing mechanism is shown considering the overall
seal coefficient Cseal = Cph3

p/wpμ. The highest value of Cseal corresponds to the open ends
condition while the lowest value of Cseal corresponds to the ideal condition of complete
sealing. The ratio of the forced response at 200 Hz for the original configuration and the
configuration with the sealed SFDs is shown in Figure 25a. Increasing the sealing effect
determines an increase of the forced response at 200 Hz at node 30. The evolution of the
force coefficients with Cseal at 200 Hz is shown in Figure 25b. Increasing the sealing effect
determines an increase of both the force coefficients of the SFD.

Figure 25. Forced response ratio at 200 Hz for node 30 for different values of Cseal (a), evolution of
SFD force coefficients for different values of Cseal (b). Red line for system without SFD, blue line
indicates system with SFD of (a). Markers highlights tested configurations.
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The evolution of the forced responses for the considered frequency range is shown in
Figure 26. Moreover, in this case, when the force coefficients are increased, the frequency of
the peak of the forced response increases.

Figure 26. Comparison of forced response for different values of Cseal at node 30.

4.6. Correction of an Instability

In this section the effect of the seal placed before the impeller is considered as source
of instability. The stiffness matrix at the nodes of the seal is introduced as follows:

Kseal =

[
0 kseal

−kseal 0

]
, (26)

The parameter kseal determines whether the compressor is affected by instability. The
effect of kseal on the stability of the system is investigated. The first instability is present at
kseal = 15, 000 N/m. However, the system is unstable for the whole frequency range only
when kseal ≥ 17, 500 N/m. For this reason, our analysis is focused at kseal = 17, 500 N/m.

The same architecture shown in Figure 13 is considered. The damping introduced in
the system by the SFD tends to have a stabilizing effect. The dimensionless damping factor
is studied as an indication of the stabilizing effect. This indicator is defined as:

ηi = − Real(λi)

Imag(λi)
, (27)

The SFD considered is similar to that described in Table 2 but now the clearance is
set to 0.5 mm. The dimensionless damping factor for the original system, system with the
cage, and the system with the SFD is shown in Figure 27. Both the original system and the
system with the cage are affected by instability. On the contrary, when the SFD is added to
the system the correction of the instability is achieved.
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Figure 27. Evolution of dimensionless damping factor for unstable modes with rotational frequency
of original system, system with cage, and system with SFD.

5. Conclusions

In this paper, a thorough investigation on the state of the art of SFDs is reported.
The most critical features are highlighted and an evaluation of how to treat them is given.
A comprehensive model based on the 2D Reynolds equation is presented. The classic
Reynolds equation is modified to include an extra term to take into consideration the effect
of the temporal inertia and the air ingestion modeling is also considered. The equation is
numerically solved with the finite difference approach.

The proposed model is then validated with numerical and experimental results avail-
able in the literature. At first, the effect of the air ingestion is considered. Secondly, the
overall effect of different geometrical configurations is considered. The results obtained
show an acceptable agreement for the evaluated configurations.

A finite element code to simulate the dynamic behavior of turbomachines was devel-
oped. The effect of the SFD is included considering the force coefficients calculated from
the finite difference solution of the Reynolds equation. A slightly unbalanced centrifugal
compressor was considered and a parametric investigation on several parameters of the
SFD was performed to test the effectiveness of the SFD in the vibration reduction. In
general, the application of the SFD is effective in reducing the level of the vibration. From
the investigation, it is highlighted that the selection of the most appropriate design of the
SFD is highly influenced by the application. Moreover, the application of the SFD also
proved effective in the correction of the instability.

The model derived in this paper has proven effective and efficient in the prediction
of the dynamic properties of SFDs and can therefore be considered a useful tool in the
initial design of these critical components. More accurate and precise models based on
CFD simulations are present in the literature, but these are characterized by a higher level
of complexity and longer simulation times.
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Abstract: Small-to-medium sized systems able to perform multiple operations are a promising option
for use in agricultural robotics. With this in mind, we present the conceptualization and implementa-
tion of a versatile and modular unmanned ground vehicle prototype, which is designed on top of a
commercial wheeled mobile platform, in order to test and assess new devices, and motion planning
and control algorithms for different Precision Agriculture applications. Considering monitoring,
harvesting and spraying as target applications, the developed system utilizes different hardware
modules, which are added on top of a mobile platform. Software modularity is realized using the
Robot Operating System (ROS). Self- and ambient-awareness, including obstacle detection, are
implemented at different levels. A novel extended Boundary Node Method is used for path planning
and a modified Lookahead-based Line of Sight guidance algorithm is used for path following. A first
experimental assessment of the system’s capabilities in an emulated orchard scenario is presented
here. The results demonstrate good path-planning and path-following capabilities, including cases in
which unknown obstacles are present.

Keywords: UGVs; reconfigurable robots; mechatronic design; field robotics; path and trajectory planning

1. Introduction

In modern agriculture, concepts like precision agriculture, proximal monitoring,
and sustainable agriculture are currently important, if not fundamental, for answering the
need for increased food production, fighting climate change, and alleviating labor shortages.
Indeed, digitalization is impacting agriculture through technologies and advanced data
processing techniques for, e.g., land assessment, soil–crop suitability, weather information,
crop growth, biomass and productivity, and precision farming [1,2]. It is anticipated that
precision agriculture (PA), also known as precision farming or smart farming [3], will
increase production with fewer resources by permitting farmers to continuously moni-
tor and manage crops [4]. Therefore, there is a demand for quantitatively establish the
effectiveness of PA in common agricultural applications by testing baseline automated
platforms with integrated sensors, controls, information technologies, and algorithms. In
this regard, agricultural robotics represents an important part of agri-digitalization [5].
Existing solutions mostly include specialized, task-based, agricultural robots, i.e., robots
that can perform a particular task for a specific set of field conditions, but are not suitable
for other tasks. Recent literature reports different robotic and mobile robotic applications in
agriculture for, e.g., seeding [6], spraying [7], mowing [8], weeding [9,10], pruning [11,12],
monitoring and inspection [13–15], and harvesting [16]. The existing literature has been
reviewed and summarized by [17,18]. Thus, when considering the complexity of agricul-
tural environments resulting from disparate operating conditions, e.g., farm size, orchard
topology, and crops, growers must use different machines for different crops and pro-
duction methods. This is not cost-effective, especially for small farms. To address this
issue, some researchers and companies have developed multipurpose robotic platforms
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that can be used for different production methods [19–22]. Indeed, reconfigurability and
modularization can represent a possible solution when incorporated into the design of
field robots [23–29]. A reconfigurable robot is thus composed of many modules with dif-
ferent functions which can be quickly reconfigured to operate under new circumstances,
perform different tasks, or recover from damage [28,29]. In keeping with the philosophy
that the whole can be greater than the sum of its parts, individual modules generally have
limited sensing, perception, control, computing, and motion capabilities. However, when
assembled, the modules should act as a single robotic system. Typically, some sort of uni-
form docking interface is used between each module to permit the transfer of mechanical
power, electrical power, and communication. The complete robot is usually composed of
a primary unit, or main platform, and additional specialized modules, such as grippers,
wheels, cameras, payload, and energy storage and generation units. Valuable examples
of contemporary prototypes and commercial solutions following such an approach are
Thorvald [25], MARS [30], GARotics [31], SAGA [32], GRAPE [33], and CATCH [34]. Based
on the referenced literature, developing a fully autonomous system like these is still an
open research challenge, in particular when the costs and complexity of reconfiguration are
considered. By trying to make these platforms useful in numerous tasks such as seeding,
spraying, weeding, harvesting, and monitoring, various challenges must be addressed,
e.g., harvesting speed, disease detection, path-following/tracking accuracy, field navigation,
obstacle avoidance, protection from accidents while operating, human–robot collaboration
and multiple-robot collaboration to complete even more complex tasks. Thus, the effective
combination of all the involved technologies and the implementation of a complex and
extendable infrastructure to support every task of modern cultivation are the results to
be targeted.

Therefore, the availability of a modular and reconfigurable platform from the hard-
ware and software point of view in a research lab unlocks the opportunity to also emulate
different situations and test different solutions from a basic and applied research standpoint
in order to advance the overall state of the art. Indeed, sensors, actuators, and other equip-
ment are needed to experimentally reproduce the main features of different applications
(e.g., generating external and interacting forces, creating weight shifts that affect trajectory
tracking, localizing the ground vehicle, and permitting safe remote human interaction). The
successful integration and implementation of this hardware for applications in precision
agriculture requires the development of new algorithms and technical solutions.

In this approach in mind, a reconfigurable system for lab and field activities is con-
ceived in this work starting from hardware already available at the FiRST-Field Robotics
South-Tirol Lab of the Free University of Bozen–Bolzano (Italy, see [35]). Regarding the
three main configurations and cases related to precision agriculture tasks to be addressed
or emulated in the future, i.e., monitoring, harvesting, and spraying, the following consid-
erations and design guidelines have been adopted. Specific functions are enabled using
different Hardware (HW) and Software (SW) modules in order that their combination
can enhance the functionality of the entire robot, as well as ensure robustness in case of
failure, e.g. redundant sensors. Given an orchard scenario, the robot has to be controlled
to safely reach goal points, as well as navigate within the rows and the orchard passages;
a map-based reliable path planning algorithm that minimizes the distance travelled to
reach the goal points must be implemented. Given the fact that the Unmanned Ground
Vehicle (UGV) has to maintain a safe distance from obstacles, e.g., trees, the edges of the
orchard, fixed and dynamic obstacles, safety-margins and boundary zones must be imple-
mented to allow safe motion of the robot. The UGV system state should be described by
its position and orientation (pose) with respect to the environment. Due to the steering
mechanism, e.g. skid steering, and environmental characteristics, the wheels are often
subjected to slipping and uneven ground that frequently generate disturbances. Since
linear and angular speed commands, that can be used separately or combined, are used
to actuate the wheels a path-tracking algorithm supported by a proper sensory feedback
must be developed and implemented. A combination of feedback navigation sensors is
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needed for motion control, as well for both self- and ambient-awareness. To act on the
environment, manipulation capabilities are to be allowed through at least a 6 degree of
freedom manipulator. Finally, good payload capabilities and sufficient clearance between
devices must be ensured to accommodate additional modules, or to reconfigure modules
for different working scenarios. Overall, the HW must permit the emulation of sensors,
actuators, and other equipment needed to experimentally reproduce the main features of
the three test scenarios/applications. At the same time the SW must support the real-time
implementation of: (i) a complete navigation system that can be customized to address the
different emulated agricultural scenarios and (ii) a reliable path-following controller.

The main contributions of this work include:

1. the functional mechatronic design of a reconfigurable mobile robot to be build on top
of an available mobile platform;

2. the implementation and prototyping of the modular mechanical and electronic sys-
tems based on the design concepts;

3. software modules exploiting ROS that can perform automatic tasks combining path
planning, obstacle detection, and path-following;

4. the implementation of customized path-planning as well as path-following algorithms
based on recent literature results;

5. preliminary tests of the mobile robot performance in an emulated agricultural scenario.

The rest of the paper is organized as follows: Section 2 describes the proposed func-
tional design concept of hardware and software modules. Section 3 presents the imple-
mentation and experimental testing results. Finally, the main conclusions drawn from this
study are provided in Section 4.

2. Functional Design Concept and System Configuration

The main platform on which the modular system has been conceived and outfitted
for PA is the Husky Unmanned Ground Vehicle (UGV) from Clearpath Robotics, already
available at our premises. It presents a skid steering mechanism, which relies on wheel
slippage. This simple and robust driving mechanism allows high mobility and assures
large traction for manoeuvring on rough surfaces relying on few actuators [36]. On top of
it, the proposed functional design concept of hardware and software modules is presented
in Figure 1 together with the main flow of information between them. The blocks with
the solid line are considered to be standard/required modules. The blocks with a dashed
line represent modules that might be added and connected to the main robotic platform,
depending on the tasks to be performed. This is conceptualized through the opportunity
to add self- and ambient-awareness sensors, a robotic manipulator installed in different
locations, a second control box and power unit to extend the robot capabilities, and an
adjustable frame to support devices in different ways. As is common in field robotics, the
electronic and software architecture of the system are configured so that the high-level control
tasks (e.g., path planning, trajectory planning, and task planning and other computationally
intensive processes, such as image processing for LiDAR and stereo vision) are separated
from low-level control tasks, such as trajectory tracking control, path following control, and
state estimation. By doing so the overall control of the mobile platform is more efficient
and somewhat modular.

The following subsections introduce and describe the hardware and software modules.
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Figure 1. Functional architecture of the reconfigurable mobile platform. The main SW modules
are depicted in orange. Arrows represent the main flow of information and the communication
between modules.

2.1. HW Configuration

A mobile robotic base represents the ground-layer of the system, and the overall
modular platform has been conceived and realized on top. The base is a Husky unmanned
ground vehicle (UGV) from Clearpath Robotics. The robot is a four-wheeled skid-steering
platform, and it is fully supported by Robot Operating System (ROS) [36]. The robot’s main
external dimensions are 990 mm in length, 670 mm in width, and 390 mm in height. Its
weight is 50 kg, it has a payload of 75 kg, and it can reach a maximum speed of 1 m per
second. Two kinds of sensors were integrated with the robot to provide information about
the robot’s state in terms of the body’s angular orientation and odometry: onboard wheel
encoders with a resolution of 78,000 ticks/m and a CH Robotics UM6 nine-DoF inertial
measurement unit (IMU). The latter provides Euler angles with a resolution of 0.01 degree
at 500 Hz rate. Several different vehicle configurations were explored to ensure:

1. the vision-based systems have good fields-of-view for detecting and then avoiding
obstacles, in particular in front of the vehicle, i.e., recognize obstacles to be avoided at
a minimum of 2 m in front of the vehicle;

2. the robotic manipulator has sufficient clearance over the entire range of its motion,
i.e., keep the same footprint, and there would be minimal electronic signal noise from
the UHF and WiFi transmitters;

3. the positioning systems are appropriately placed to receive satellite and UHF signals,
i.e., not occluded or disturbed by other devices.

For the vision-based systems, we adopted a Velodyne VLP-16 LiDAR (range = 100 m,
360 × 30 deg field-of-view, and +/− 15 degree variation) and am Intel Realsense D455
RGB-D camera (range = 0.4 to 6 m, 1280 × 720 resolution, and 86 × 57 degree depth
field-of-view).

We decided to mount these devices on a single platform so that they can be rotated
together to shift their vertical fields of view. This makes the data more accessible and reliable
for both systems by minimizing the amount of re-calibration necessary when repositioning
them. Concerning the manipulator, a Universal Robots UR5e manipulator [37] has been
considered. As shown in the system layout, it is placed in the front part of the vehicle to
ensure adequate clearance. In addition, a pyramid-like structure has been designed for the
front of the Husky. The form of this structure permits the base of the robotic manipulator to
be mounted in different orientations, which allows us to test our system’s ability to re-tune
itself when it is reconfigured automatically. A detailed design configuration for the concept
is shown in Figure 2. The designed robot frame (Figure 2) provides the mounting points
for all HW modules. We have decided to use the onboard computer provided with the
Husky UGV for the low-level control processes and use a second computer in a newly
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designed control box (high-level control box) to support electronics. The battery onboard
the Husky UGV can provide electrical power to additional sensors that may be required,
e.g., LiDAR, stereo camera, and RTK-GPS (outdoor), or ArduSimple simpleRTK2B [38]
or iPS (indoor) positioning system, e.g., Pozyx [39]. Fieldwork can severely limit the ability
to collect data, as no main power is typically available for recharging. The battery in the
second control box is included to increase the time the robot can be operated without
needing to stop to recharge. The system can either be run for long periods when attached
to the main power line for debugging in the lab or run automatically for several hours
in the field. In addition to the batteries, additional connectors, cables, a Ethernet bridge,
a USB hub, and RS232 serial interfaces (designed through a set of Arduino Teensy micro-
controllers) are used to integrate the high-level computer and different sensors, as well as
to interface with the low-level computer in the Husky and the UR5 robotic manipulator.
Lastly, an emergency stop push button has been added to ensure that the system can be
rapidly disabled during field testing in case of unexpected behavior of the vehicle control
system. Block diagrams of the overall electronics configuration and the high-level control
box can be seen in Figure 3. In general, the heavy components (i.e., the UR5e manipulator,
the UR5e manipulator control box, and the high-level control box with internal batteries)
are distributed uniformly across the vehicle. Moreover, the center of gravity is placed as
low as possible to maintain the stability of the ground vehicle on sloped terrain.

Once finalized, the mechanical and electronic systems used for our experiments were
prototyped, as shown later in the experimental setup (see Section 3).

Figure 2. The design concept of the reconfigurable unmanned ground vehicle (UGV).
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2.2. SW Configuration

In this work, a complete automatic navigation system with a multimodal sensor
setup is conceived and implemented. The system consists of different software modules,
including guidance, planning, perception, and main modules. Essential requirements for
fully automatic operation of the robot in outdoor environments are mapping, a collision-
free path-planning algorithm, path-following control, and detection and localization of
obstacles. Each software module provides specific functions. i.e., the Guidance module
was designed to control the mobile robot’s motion, the Planning module was developed to
generate the shortest collision-free path, and the Perception module was created to detect and
localize objects. We use ROS as the central framework to implement a proposed automatic
navigation system, and we developed ROS packages to implement each software module.
Coordination between software modules is illustrated in Figures 1 and 4. In the following
subsections, each coordinated system module, as well as the main block and developed
algorithms, are explained in more detail.

Figure 4. The ROS nodes scheme shows the system architecture in the first stage.
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2.2.1. Main Module

The software modules are coordinated with each other through the Main module,
the central module of the system. It receives user inputs, outputs commands, and calls
upon other modules to perform a specific task. The main user input is the list of goals that
the robot should visit. The goal points are expressed with respect to a pre-defined map
of the environment that comes from previous knowledge of the environment. It can be
made available as a grid-map of the orchard or, in future, thanks to the post-processing of
a geo-referenced raster obtained through a previous survey with, e.g., a mapping drone.
The grid-map of the environment is divided into a number of small square grid cells of the
same size. Each grid cell can either correspond to a navigable area or to a space occupied
by obstacles, e.g., trees.

The objective is to plan an optimal or sub-optimal route and then visit the goal points
while avoiding obstacles, if needed. The Main module communicates with the Planning
module to generate a path and with the Perception module to avoid obstacles. Given an initial
pose g0 and a sequence of goal points (goalpoints = g1, g2,. . . ,gn), the Planning module is then
in charge of computing the shortest collision-free path connecting goal-to-goal points. Then,
the Main module provides the reference waypoints to the Guidance module, which creates
velocity commands to actuate the robot.

More in detail, as illustrated in Figure 4, the Main module receives a collision-free
point-to-point path of waypoints between each pair of goal points from the Planning
module, i.e., the Main module subscribes to the topic /waypoints. Moreover, the Main module
has information both on the map and on the proprioceptive sensor-related data, i.e., it
subscribes to the topics /map and /pose, which are computed according to the connected
sensors, for localizing the robot on the map. It then sends the generated waypoints to the
Guidance module to create a velocity command for the controller to move the robot towards
the target point. The Perception module detects any unexpected obstacle, i.e., not present
in the available map, that may appear along the path. For each newly detected object
along the path, the Perception module evaluates whether it is occluding (blocking) the robot’s
path or not. If the object blocks the path, it is considered an obstacle, and the SW cancels
the planned path and waypoints. When this happens, the Main module receives an alert
(through the / f eedback()) and sends a request (/req) to the Planning module to generate
a new route considering the initial map updated with the obstacles, the robot’s current
location as the initial pose, and the remaining goal points as locations to be visited. All the
Store blocks represent the data-storage to handle different variables in different situations
when needed, such as during the experimental tests.

2.2.2. Perception Module

The main purpose of the Perception module is to enable the robot to safely navigate
through the environment while avoiding collisions with other objects. The Perception module
can use the information either from a stereo RGB-D camera or LiDAR sensors to detect
and localize objects around the robot that may eventually become obstacles. Both sensors
provide point cloud data that must be filtered and processed to give an understanding of
the surrounding environment. Since the two devices sense the environment differently,
the provided point clouds have different properties. The LiDAR has a 360◦ view, whereas
the camera is constrained to its horizontal field of view; the 3D LiDAR returns points in
grayscale, while the camera can add red–green–blue (RGB) color information to the points.
Therefore, to permit modularity and fast reconfiguration, two different packages for the
two sensors have been developed. They share the same structure and class architecture.

The Perception module architecture is shown in Figure 5. There are two main nodes,
called the Detector_node and BoundingBox_node, that are used to identify, localize, and
estimate the size of possible obstacles. The Detector_node takes a point cloud as input and
generates an array of point-cloud clusters as outputs. A filtered point cloud is used for
debugging and visualization the scenario in Rviz, the 3D ROS visualizer. The Bounding-
Box_node takes as input the array of point-cloud clusters generated by the Detector_node and
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finds an axis-aligned bounding box for each cluster. The overall module can be decomposed
into three main steps: pre-processing, clustering, and bounding-box definition.

Figure 5. Perception module architecture.

The pre-processing step consists of a series of algorithms to prepare the data for the
clustering step. Figure 6 presents an example of the perception module steps. Particu-
larly, the point cloud is downsampled to reduce the computational load by using a voxel
grid and pass-through filters (see Figure 6a) that mainly merge and approximate sets of
points and cut the data to consider a reduced xyz-range of points. After downsampling
the data, the Detector_node performs ground-removal using a plane-model segmentation
algorithm [40] with a distance threshold parameter of 0.01 m. In the next step, since the
ground is not perfect and the sensor is noisy, sometimes it happens that some points survive
the segmentation step; an outlier-removal function is run to remove isolated points that
remain after ground removal. Then, a DBSCAN algorithm [41] (see Figure 6b) is used to
group all points belonging to the same object. A single point cloud is generated and added
to an array for each object detected. The last step of the Perception module framework takes
the array of clusters and finds an axis-aligned bounding box for each array element. When
the system starts, the map frame is fixed in a known position in the environment and is
used as the fixed-reference frame. We use this frame to generate axis-aligned bounding
boxes for all the detected obstacles. When point cloud data is received from the sensor, it is
filtered and the resulting point cloud is transformed with respect to the map frame. At that
point, a bounding-box node generator to find the bounding boxes of the obstacles with
coordinates expressed in the map frame (fixed frame) is run. The bounding box obtained is
described with three coordinates representing the position of its center and three values
representing the dimensions along coordinate axes. The final output of the perception
module is published and accessible in the /BoundingBoxArray topic (/bbox in Figure 4).

Figure 6. Perception module steps: (a) raw PointCloud, (b) pass-through, (c) plane removal, (d) outlier
removal and clustering, and (e) bounding-box generation.
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2.2.3. Dynamic Map Implementation and Management

The definition and exploitation of the environmental map is fundamental for the
implemented framework both for defining the goal points as well as for searching and
finding the suitable path to be traveled. Suppose dynamic environments like the ones
targeted in this research activity are considered. In that case, the map should be updated,
and the path can be replanned if needed. The requirements for the map module can be
defined as two sub-tasks.

The first one generates a dynamic map updated in real-time. The second sub-task
checks if the computed path is still safely achievable (with no collisions) after the map
is updated with the detected obstacle(s). The package developed to accomplish these
tasks is called nav_map and consists of two nodes named MapGenerator_node and Colli-
sionCheck_node. MapGenerator_node creates a first map of the known environment from a
file as soon as the node starts setting its fixed frame in a know location, then it subscribes
to the /BoundingBoxArray topic and updates the map every time a new message is received.
Whenever a new message is received, it updates the map by removing or adding objects.
The map is an OccupancyGrid map in which each cell can have three different values,
respectively, it the cell represents a free area, obstacle area, or safety area. Besides the map,
MapGenerator_node publishes an additional topic containing the coordinates of the cells
containing an obstacle area. This information is used by CollisionCheck_node to check if
the objects detected around the robot have to be considered as possible collision obstacles.
CollisionCheck_node subscribes to the path topic /path and compares the obstacle’s cell coor-
dinates and the path’s cell coordinates. If there is at least one overlap, CollisionCheck_node
will trigger a collision message as true. This strategy was implemented to avoid that the
robot considers as obstacles objects that are not in its path and so, avoiding planning a new
path when the previously computed path is still valid and collision-free. An example is
shown in Figure 7.

(a) (b) (c)

Figure 7. Example of a known map provided in (a) csv, (b) OccupancyGrid free map, and (c) updated
map with detected obstacles.

2.2.4. Planning Module

In the targeted applications, several given goal points that the robot needs to visit are
fixed a priori, e.g., proximal monitoring of specific locations/plants. The Planning module
based on ROS is created to connect these goal points with the shortest collision-free path
in the robot’s working environment. This module gets a request from the Main module
to generate a path between two goal points (/req/). The request is composed of the first
goal point (current position of the robot) and the second goal point. The developed path-
planning method, which we discuss in the following paragraph, is implemented to generate
a collision-free path between every pair of sequenced goal points. For this purpose, a path
planner ROS node is created to compute a continuous obstacle-free path, where the path is
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assumed to go through a set of successive waypoints (xk, yk) for k = 1, . . . , N; see Figure 4.
This node gets the starting and end points (from /req) as well as info from the map and the
localization sensors and strategies adopted. Based on these data, the planner can generate
waypoints representing a collision-free path between goal points. The Planning module is
then in charge of sending the waypoints to the Guidance module. The path planner ROS
node is in charge of checking for the shortest path and waypoints from the robot’s current
position to the goal position within the created map.

The path planner node uses an extended version of the authors’ developed path planning
methods, called boundary-node method (SW) and path enhancement method (PEM) [42–44].
The path-planning method calculates the shortest path considering obstacle avoidance to
reach the destination point safely with the minimum distance traveled. The shortest path
is generated in a two-step procedure. First, the SW Method generates the initial feasible
path (IFP) between goal points. The IFP is generated from a sequence of waypoints w
that the robot has to travel as it moves toward the destination point without colliding
with obstacles.

An example of path planning and obstacle avoidance for a mobile robot in a static
environment using SW is illustrated in Figure 8a. Based on the extended SW, the robot
is simulated by a nine-node quadrilateral element. If the nodes are denoted by a vector
p(q), (q = 1 . . . 9), the robot’s location is represented by the centroid node p(5), and nodes
p(1 → 4) with p(6 → 9) represent the eight boundary nodes that help the robot move
forward and avoid obstacles. The contour line represents the potential function utilized
to direct the robot toward the goal point. It has the lowest potential value at the final
destination point, and increases as the robot moves away. As shown in Figure 8a, the line
color represents the potential value, i.e., red corresponds to the lowest potential value,
and dark gray corresponds to the highest potential value. The sequence of the red circles
represents the best solution to IFP. The simulated robot can only move in eight possible
directions. In each iteration, the current location of the robot and boundary nodes move in
one particular direction. Additionally, this method uses an optimization technique based
on the lowest potential value to let the robot find the path and yield fast convergence.
The node with the lowest potential value is chosen as the best position among all boundary
nodes, and the robot updates its position to the best position.

(a) (b)
Figure 8. Example of path planning for a mobile robot [44]: (a) The obtained solution to IFP by using
SW, where the sequence of the red circles represents the IFP. (b) The shortest path found by using
PEM, where the solid red line represents the shortest path.

The obtained IFP between goal points is not an optimal path in terms of total path
length. Therefore, in the second step, the PEM is used to construct an optimal or near-
optimal path from IFP by reducing the number of waypoints and the overall path length.
Figure 8b illustrates the computed shortest path from waypoints. Waypoints defining the
path are marked with red circles, while the red dashed line represents the shortest path.
A more-detailed description of how the environment is created can be found in [43]. If the
path provided by the path planner fails, or any unexpected obstacle is detected along the
path, the path planner is contacted to compute a new path to the destination. This is the
case when unexpected obstacles are detected in the working environment along the path.
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In this case, the path-planning method computes a new path for the robot to avoid collision
with static and dynamic obstacles. Once the path is found, the Planning module forwards
the waypoints to the Guidance module.

2.2.5. Guidance Module

This module aims to control the robot to follow the path, that consists of a series of
waypoints joined by line segments. As reported in [45,46], the path-following method is
one of the typical control methods for autonomous vehicles. This method allows a robot
to follow a predefined path independent of time, and thus without any restriction on the
time-propagation along the path. An accurate path-following method is an essential aspect
of the automatic navigation of robots in farm environments.

This study employs and adapts a line-of-sight (LOS) guidance algorithm for path-
following to drive the robot to follow a predefined path, which is based on a lookahead-
based LOS guidance algorithm. The main advantages of lookahead LOS guidance are the
simplicity and ease of implementation [46]. Furthermore, the lookahead method is used
to compute control inputs in real-time, which is advantageous when the given path is not
smooth or when the path is specified using waypoints [47]. The method assumes that
the robot moves at a constant desired forward speed, and uses the relative pose (position
and heading angle) between the robot and the nearest path segment being followed to
generate the desired heading angle. Since the lookahead-based steering method only
generates the desired speed and heading angle rather than the control inputs, it is known
as a guidance law [48]. The lookahead approach utilizes motion information about the
position, orientation, velocity, and acceleration.

In the following paragraph, we describe the robot motion model with only three
degrees of freedom (DOF). The robot’s motion is assumed to be constrained to the hori-
zontal plane, and a plane view of the robot is shown in Figure 9. The three DOF kinematic
equations of the robot are reduced to [48]

η̇ = R(ψ)v, (1)

where ψ is the heading angle of the vehicle. We used the global reference frame G{x, y} and
the body-coordinate frame B{xb, yb} to describe the robot’s motion, location, and orientation.
As shown in Figure 9, the x axis of the global coordinate system G{x, y} points toward the
North, the y axis points toward the East, and the z axis indicates downward. The body-fixed
frame B{xb, yb} moves with the robot, the x axis points toward the head of the robot, the y
axis points toward the right, the z axis indicates downward normal to the x–y surface,
and U denotes the corresponding speed. The angle β represents the slide-slip angle, and
the angle ψ represents the orientation angle of the mobile robot measured from the positive
N axis of the body-fixed system. The point n denotes the center of the robot, which is
a Cartesian coordinate about a global coordinate frame denoted by (xb, yb). R(ψ) is the
transformation matrix from B{xb, yb} to G{x, y}, which is given by

R(ψ) :=

⎡⎣ cos ψ − sin ψ 0
sin ψ cos ψ 0
0 0 1

⎤⎦ ∈ SO(3), (2)

and

η :=

⎛⎝ xn
yn
ψ

⎞⎠ ∈ R
2 ×S , and v :=

⎛⎝ u
v
r

⎞⎠ ∈ R
3 (3)

are the position and orientation (pose) vector and velocity vector (in body-fixed coordi-
nates), respectively (see Figure 9). Here, the symbol Rn is the Euclidean space of dimension
n, S is an Euler angle defined on the interval [−π, π], and SO(3) is the Special Orthogonal
Group of order 3 [48]. Thus, η has three components representing two linear displacements
and one angular rotation. The variables appearing in (3) include position xn, yn, orientation
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angle ψ, surge speed u, sway speed v, and yaw rate r. In this study, we developed a speed
controller using the kinematic model only. The force-controller we used was the native one
of the Husky robot developed by the company. The development of a lower-level controller
based on a dynamic model is left for future work and improvements.

Figure 9. Three-DOF maneuvering coordinate system definitions.

The overall path to be followed consists of a set of n straight-line segments connected
by n + 1 waypoints. The automatic controller is constructed to steer the vehicle along
a time-independent path, for example the path between waypoints pk (xk, yk) and pk+1
(xk+1, yk+1). When the position of the robot is within a circle of acceptance with radius R
around waypoint pk+1, so that

(xn − xk+1)
2 + (yn − yk+1)

2 ≤ R2
k+1, (4)

a switching mechanism is used to select the next waypoint pk+2. The waypoints are fed
sequentially to have a smooth path without stop-and-go behavior.

Line-of-Sight (LOS) guidance law:

Figures 9 and 10 show the geometry of the LOS guidance problem and main variables.
As shown in the figures, the position of the robot in global coordinates can be written as
p = [xn yn]T ∈ R

2, and the corresponding speed is defined as

U :=
√

ẋ2
n + ẏ2

n :=
√

u2 + v2 ∈ R
+. (5)

For an arbitrary waypoint on the path, the direction of the velocity vector with respect
to the north axis is calculated by

χ = tan−1
(

ẏn

ẋn

)
∈ S := [−π, π]. (6)

As the robot starts following the path to move towards the goal point, it firstly rotates
towards the first goal direction, and then the robot accurately passes through all waypoints
between each pair of goal points. However, based on the path planner, the angle between
waypoints is always less than 90 degrees [43]. Consider a straight-line path defined by two
consecutive waypoints at positions pk = [xk, yk]

T ∈ R
2 and pk+1 = [xk+1, yk+1]

T ∈ R
2,

respectively. The path makes an angle of

αk = tan−1
(

yk+1 − yk
xk+1 − xk

)
∈ S (7)

with respect to the north axis of the NED frame.
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Figure 10. Line-of-sight path-following definitions.

The coordinates of the robot in the path-fixed reference frame are

ε =

[
s

e

]
= RT

α (αk)(p − pk) (8)

where RT
α is the transformation matrix from the inertial to the path-fixed frame given by

RT
α (αk) :=

[
cos αk sin αk

− sin αk cos αk

]
, (9)

s is the along-track distance, and e is the cross-track error (see Figure 10). The cross-track
error is defined as the orthogonal distance to the path tangential reference frame. From (8)
and (9), the cross track error can be computed by

e = −(xn − xk) sin αk + (yn − yk) cos αk. (10)

Its time derivative, which will be used later, is consequently given by

ė = −ẋn sin αk + ẏn cos αk. (11)

From (1) and (2),
ẋn = u cos ψ − v sin ψ

ẏn = u sin ψ + v cos ψ
(12)

so that
ė = −(u cos ψ − v sin ψ) sin αk + (u sin ψ + v cos ψ) cos αk. (13)

The control objectives are formulated to drive the cross-track error to zero by steering
the robot and controlling its forward speed. With the lookahead-based steering method,
a fixed parameter, known as the lookahead distance Δ, which corresponds to a distance
along the path ahead of point s, is used to define the LOS vector. The robot is steered so
that its velocity vector is parallel to the LOS vector (Figure 10). The resulting velocity vector
will have a component perpendicular to the path, driving the robot towards the path until
the LOS vector is parallel to the path so that e → 0. Then, the Guidance module calculates
the linear and angular velocities, which are sent to the Husky controller and afterward to
wheel motors to let the robot move automatically between goal points. The Guidance module
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sends the linear and angular velocity inputs to move the Husky robot automatically inside
the working environment.

3. Prototyping and Preliminary Experimental Tests

The conceived and designed layout has been implemented, and first navigation tests
have been performed. The ground robot platform is mechanically designed to handle
suitable sensors. Thus, the mechanical and electronic systems used for our experiments
were prototyped and integrated on top of the main platform. The final configuration of
the mobile robot for the first experimental tests is shown in Figure 11a,b. The second
control box arrangement is reported in Figure 11c. The main ambient awareness sensors
installed on the robot are a 3D LiDAR Velodyne VPL16 and an Intel Realsense D455 camera.
The robot is equipped with a mini-ITX computer (see [36]), while the second control box
embedded computer is a Jetson TX2 platform. The preliminary test targeted an emulated
orchard and a safe navigation along a collision-free path given multiple goal points.

(a) (b) (c)

Figure 11. Mechanical and electronic configuration of the experimental platform (UR5 manipulator
not shown): (a) front view, (b) back view, and (c) second control box.

3.1. Emulated Scenario and Test Inputs

For the initial evaluation of the implemented framework, a lab-emulated orchard
was created in which parallel rows of tree were considered fixed obstacles on the map.
The experimental emulated scenario is shown in Figure 12a, and the Gazebo digital twin is
shown in Figure 12b.

The length and width of the environment are fixed to 13.2 m and 6.6 m, respectively.
For simulating an orchard, the spacing between rows is set to 2.2 m (see [49]). The length of
each row (static obstacles) is fixed at 2.2 m long. The robot’s working space is decomposed
into rectangular grid cells, and each grid cell represents 10 cm in the robot’s working
environment. The goal tolerance was set to 0.1 m, and the heading tolerance was set to
0.1 rad. The UGV chosen localization system was based on a filtered odometry approach;
the Intel RealSense D455 RGB-D camera or the Velodyne VLP-16 3D LiDAR were used
(in different tests) for obstacle detection, and the extended BNM was adopted for path
planning. The vision system was set to operate in front of the robot, setting a view size
of 5 × 6 × 1.5 m (xyz coordinates), and the obstacles were boxes of different dimension.
The bounding boxes were generated with an offset of 0.2 m to ensure an additional safety.
For path-tracking, the lookahead distance was set to 1 m for the LOS-guidance method,
and the heading error was set to 0.05 rad.
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(a) (b)

Figure 12. Robot working environment: (a) the real environment; (b) the simulated environment
using Gazebo.

Given the input data to define the goal points and the working environment, the map
generator node creates a map. Afterward, the map data are processed with the goal points
through the path planner to compute a collision-free path between each pair of goal points.

The planned path between each two goal points formed by a discrete sequence of
poses, i.e., waypoints, is fed into the Guidance module. At the same time, the output of the
Guidance module is mapped to the wheel motors by a simulated low-level controller running
onboard.

3.2. Experimental Tests and Discussion

As per the envisioned tasks, the mobile robot was sent to the proper orchard locations
to perform predefined tasks. Then, we experimentally tested the system to evaluate the
automatic navigation performance in a generated given-map environment. In the first test
configuration, we evaluated the automatic navigation performance of the robot under static
environmental conditions. Then, in the second test configuration, we evaluated the robot’s
navigation performance in a dynamic environment, i.e., with an unexpected obstacle along
the path. During the experimental tests, we verified that the proposed framework generates
an appropriate path, and the robot avoids static and dynamic obstacles without collisions.

Figures 13 and 14 show the planned path for a mobile robot using BNM in two testing
scenarios as well as the performance of the navigation strategy in both testing scenarios.
In the first test configuration (see Figure 13, the robot starts moving from initial position g0
(0, 0) to visit three fixed goal points (g1, g2, and g3) added to the pre-built map. The goal
points were located at (−2.2, −2.2), (8.8, 2.2), and (4.5, −2.2). The red cells express the fixed
obstacles, blue dashed lines represent the planned path of the robot, yellow circles in the
figure define the goal points, and green cells represent the area related to the safety margin
introduced to allow the robot to safely navigate and steer. In this study, we adopted a safety
margin around obstacles to avoid the possibility of overlapping the paths traced by the
robot overlapping with obstacles. As it can be appreciated in Figure 13a, the robot might
move very close to the obstacle. Therefore, a certain safety margin for anti-collision has
to be assured. Considering the robot dimensions and footprint, it has been defined with a
constant-size of six grid cells. All fixed obstacles are given in parallel lines, and the goal
points are given between obstacles. The robot localization sensors are utilized to determine
where a mobile robot is located within the environment. In this test, a filtered-odometry,
i.e., encoders and IMU, approach has been adopted. The current coordinates of the robot
are compared with the predefined ranges of the fixed goal point, and if the robot is within
the range, the coordinates of the next destination point are considered.
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(a)

(b)
Figure 13. Simulated environment with fixed obstacles: (a) planned path using BNM; (b) path
executed by the robot.

(a)

(b)
Figure 14. Simulated environment with fixed and dynamic obstacles: (a) planned and replanned
path using BNM; (b) path executed by the robot.

In the second scenario, the experimental test was carried out with the addition of a
dynamic obstacle, as shown in Figure 14. The robot starts moving from the initial position
g0 (0, 0) to visit a fixed goal point (g1) located at (8.8, 0.0), and then the robot returns to the
initial point. Since the robot sensors detect a new obstacle that occludes the pre-planned
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path, the Planning module generates a new path from the current position to the destination
point (g1).

The plots show that the robot’s executed path is coherent with the planned one.
The mobile robot shows appropriate navigation accuracy and performs smooth motion
along the environment with an average error ≤ 10 cm. The traveled path mostly depends on
the robot’s kinematics, the accuracy of the sensors, and the environment. High navigation
speeds lead to slightly higher errors. The proposed ROS package always directs the robot
to follow the planned path, and the robot moves close to the calculated path. The path starts
from the robot’s initial position, passes through the intermediate goal points, and then
returns to the initial point. A final path is assembled by connecting the paths between goal
points in an iterative way until the path is completed, and the length of the path is the sum
of the lengths of the goal-to-goal paths. From the first experimental scenario and reported
experimental results, the generated path length is 24.3684 m, close to the 24 m of the ideal
BNM-planned path, thus showing good performance. Screenshots of the experimental
tests at different locations are presented in Figure 15.

Figure 15. From (a) start to (j) end: sequence of screenshots of the simulated orchard environment
with obstacles (crop rows) showing the navigation test of the robot prototype in the physical environ-
ment, with the fixed obstacles represented by yellow lines, and the dynamic obstacle, not present in
the predefined map, represented by the box
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Despite the overall good experimental results, the system may fail in certain circum-
stances. The perception module, for example, may fail detecting objects that have a size
much smaller or much bigger than that of obstacles assumed during parameter tuning. This
is due to the fact that when defining a cluster, the algorithm uses a min and max threshold
value to constraint the number of points a cluster can contain. Additionally, because the
planning module works based on the grid cells, increasing the cell size will reduce the
system’s accuracy. In the same way, the guidance model may fail to control the robot if we
set a very small value for the acceptance radius. In this scenario, due to the noisy data from
the localization sensors, the robot may never reach the goal area, and thus it would not
switch to the next goal point.

4. Conclusions

Here, the conceptual design and experimental implementation of a modular mobile
robotic system for agricultural field tasks is presented. Based on the functional design con-
cept HW and SW modules are conceived, developed and integrated on a Husky unmanned
ground vehicle. In particular, the software modules are implemented using ROS, following
a high and low-level multi-layered approach, and allow the use of different sensors for
localization and obstacle detection. Localization is implemented using a filtered-odometry
method that can be integrated with indoor or outdoor positioning systems. Both an RGB-D
camera and a 3D LiDAR sensor are configured for use on the platform, and either can be
employed for obstacle avoidance. An extended Boundary Node Method, which has been
specifically adapted for this work, is used for path planning. A modified Lookahead-based
Line of Sight guidance algorithm is utilized for path following. Preliminary field tests in an
emulated orchard scenario demonstrate that the system can perform path-following with a
suitable accuracy, and obstacle detection, with path re-planning when needed. Planned
future work will include intensive experimental testing, detailed data analyses, as well as
performance assessments of the system’s capabilities of executing the three PA scenarios
(monitoring, harvesting, and spraying) in both emulated and real environments.
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Abstract: Rollover detection and prevention are among the most critical aspects affecting the stability
and safety assessment of heavy vehicles, especially for off-road driving applications. This topic has
been studied in the past and analyzed in depth in terms of vehicle modelling and control algorithms
design able to prevent the rollover risk. However, it still represents a serious problem for automotive
carmakers due to the huge counts among the main causes for traffic accidents. The risk also becomes
more challenging to predict for off-road heavy vehicles, for which the incipient rollover might be
triggered by external factors, i.e., road irregularities, bank angles as well as by aggressive input
from the driver. The recent advances in road profile measurement and estimation systems make
road-preview-based algorithms a viable solution for the rollover detection. This paper describes
a model-based formulation to analytically evaluate the load transfer dynamics and its variation
due to the presence of road perturbations, i.e., road bank angle and irregularities. An algorithm to
detect and predict the rollover risk for heavy vehicles is also presented, even in presence of irregular
road profiles, with the calculation of the ISO-LTR Predictive Time through the Phase-Plane analysis.
Furthermore, the artificial intelligence techniques, based on the recurrent neural network approach,
is also presented as a preliminary solution for a realistic implementation of the methodology. The
paper finally assess the efficacy of the proposed rollover predictive algorithm by providing numerical
results from the simulation of the most severe maneuvers in realistic off-road driving scenarios, also
demonstrating its promising predictive capabilities.

Keywords: rollover detection; heavy vehicles; off-road applications; predictive algorithms; artificial
intelligence; load transfer ratio

1. Introduction

Nowadays, vehicle rollover detection and prevention are two critical aspects that must
be taken into account for the safety of car passengers and pedestrians to avoid dramatic
fatal crashes [1] and accidents in the urban scenario. An analysis of the sequence critical
events leading to loss of control, and hence to rollover of vehicles equipped with Electronic
Stability Control (ESC) Systems is provided in [2], while typical scenarios and characteristics
of rollover accidents are investigated in [3], referring to the test criteria of National Highway
Traffic Safety Administration (NHTSA) [1,4]. Vehicles with a high position of the Centre of
Gravity (CoG) are more prone to rollover, as it happens for buses [5,6], heavy commercial
vehicles [7,8], and articulated heavy vehicles [9–14]. In a similar way, two-wheel vehicles
are affected by stability issues [15,16]; hence, their components must be dynamically
optimised [17], through a component to assembly dynamic analysis [18,19]. The rollover
prevention is a typical challenge for the automotive sector, especially for fuel cell and
hydrogen trucks, where the safety requirements demanded for their storage systems are
stricter than for light-duty vehicle segments [20].
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The root cause of rollover can be addressed to external factors, i.e., road irregularities
and its bank angle, which also influence the powertrain management [21], and to aggres-
sive input from the driver on the steering wheel. Considering these factors, rollovers are
sometimes categorized, as conducted in [22–24], into two main types: un-tripped rollovers
and tripped rollovers. The former [25] is related to driver fast maneuvering on smooth
roads, while the latter [26] occurs due to sudden impacts that may apply lateral or vertical
forces to the vehicle tyres [27,28], hence possible root causes are impacts with guardrails
or hits with road objects as curbs and bumps [29]. In the last decades many researchers
have studied the vehicle rollover risk, whose knowledge is mandatory for developing
practical rollover prevention systems, which may be implemented using different control
logic, through a two-stages process. Indeed, the first step is the detection of rollover risk,
whereas the second is its mitigation and control, e.g., through an active handling suspen-
sion controller [30] or by means of a Model Predictive Control (MPC) strategy through
active front steering [31], or using a braking system for vehicle dynamics control [32].
Several rollover indices (RIs) have been proposed in literature, starting from static rollover
index, as the Static Stability Factor (SSF) [33–35], which only considers the geometrical
parameters of vehicles. The vehicle dynamics [36,37] plays a key role in the rollover risk
phenomena, and hence also for the indicators adopted to prevent it, which consider the
most important vehicle states for rollover, such as roll angle and roll rate [38–40], lateral
acceleration [41–44], side slip angle [45], yaw angle [46] and yaw rate [47,48]. The load
transfer ratio (LTR) [49–51], which is based on the computation of vertical tire forces, is
one of the widely used RIs for dynamic simulations, and shows a direct measure of how
close the vehicle is to rollover [49]. A predictive LTR [52] has been proposed to provide a
better prediction of rollover propensity w.r.t traditional LTR, while in [53] the contour line
of load transfer ratio (CL-LTR) is proposed for an accurate prediction of vehicle rollover
threat. Moreover, time to rollover (TTR) [39,43] and the rollover index (RI) [38,54] are
used widely for the rollover risk detection. At a glance, many RIs have been proposed
in literature, with slight differences on the factors affecting the rollover, thus some RIs
are more adapt for specific rollover conditions and not work well in other situations. For
example, an extensive research investigation is focused on the untripped rollover risks
and only a minimal attention is reserved to tripped rollover conditions which represent
the most critical aspect for off-road and autonomous driving applications where the dis-
turbance from the external environment play an important role [55]. Additionally, the
artificial intelligence (AI) techniques are also proposed in literature [56,57] to obtain better
anti-rollover prevention features. In particular, [58] has identified the Recurrent Neural
Networks (RNN) as potential rollover risk-detector algorithm. However, by considering
time and costs constraints [59], the big experimental data required to generate an efficient
algorithm is not always possible.

Based on the widespread and in-depth bibliographic research found in the literature,
to the knowledge of the authors, there are still many open questions on the rollover
prevention assessment that the present activity attempts to solve. This paper aims to cover
some relevant aspects in the the detection and prevention of the incipient rollover, with the
following contributions:

• The development of a non-linear three degrees-of-freedom mathematical model as
simple as effective to catch the lateral load transfer dynamics even in presence of a
banked road;

• The formulation of a model-based algorithm for the analytical identification of the
critical rollover limits through the development of characteristic maps in the phase
plane portrait, able to exhibit the influence of road local irregularities and global
geometric factors, i.e., the bank angle;

• The formulation of a statistical algorithm, based on the recurrent neural network
approach, for the estimation of the load transfer ratio in a realistic scenario, by consid-
ering typical measurable quantities available for an experimental implementation;
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• The numerical assessment of a real-time algorithm able to predict in advance the time
to reach a specific load transfer ratio considered as the incipient rollover limit.

It is also important to note that one of the most important advantages related to the
methodology described in the paper is the versatility of application to different powertrain
and vehicle architectures, by providing an algorithm that requires the typical measurements
available onboard the vehicle.

The manuscript is organised as follows: Section 2 describes the set of equations used
for modelling the non-linear vehicle roll dynamics; Section 3 presents the two algorithms
adopted for the load transfer ratio estimation; the the phase plane analysis of load transfer
characteristics is carried out in Section 4; the ISO-LTR predictive time is introduced in
Section 5 and its simulation assessment is shown in Section 6; finally, some conclusions are
drawn in Section 7.

2. Vehicle Model Description

The evaluation of the rollover condition, together with the definition of a predictive
index to prevent the incipient risk, is firstly carried out by investigating the influence of the
most relevant quantities on the load transfer dynamics. A straightforward methodology
is proposed with a three degrees-of-freedom (dofs) vehicle model to obtain an analytical
and a straightforward approach for analysing the vehicle roll dynamics on flat and banked
roads. The 3-dofs of the vehicle model, whose scheme is reported in Figure 1, are the
vertical and the lateral vehicle motions (with respect to the road plane) and the relative roll
motion between the sprung and the unsprung masses. The virtual roll axis is R, Gs is the
CoG of the sprung mass and Gui is the CoG of the ith = FL, FR, RL, RR unsprung mass.
The hypothesis behind the model are:

1. All the bodies below the suspension system (tires, calipers, wheels carriers, suspension
rods, etc. . . . ) are considered as a unique rigid body, connected to the sprung mass ms
through the virtual roll axis R, and represented by four lumped masses mui , where
i = FL, FR, RL and RR, each one placed in the the Front Left (FL), Front Right (FR),
Rear Left (RL) and Rear Right (RR) wheel rotational centers, respectively;

2. The roll moment of inertia of the unsprung mass is considered negligible;
3. The road bank angle φR is supposed to be equal for the front and the rear axles:

absolute roll angle of the unsprung mass is φR;
4. The front and rear suspensions are represented as an equivalent torsional spring and

damper system.

From Figure 1a, the following set of equilibrium equations for the whole vehicle
is drawn :⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

FzR + FzL − msazs − ∑
i

(
mui azui

)
− mg cos φR = 0

FyR + FyL − msays − ∑
i

(
mui ayui

)
− mg sin φR = 0

(FzR − FzL)
T
2 − msays(hR + hs cos φ)− msg(hR sin φR + hs sin (φR + φ))+

−msazs hs sin φ − ∑
i

(
mui ayui

hu

)
− mughu sin φR − G − Is(φ̈R + φ̈) = 0

(1)

where FzR = FzFR + FzRR and FzL = FzFL + FzRL are the total vertical forces on the right and
left tyres, respectively. FyR = FyFR + FyRR and FyL = FyFL + FyRL are the right and left side
total lateral forces, respectively. ms is the sprung mass, mui is the ith = FL, FR, RL, RR
lumped unsprung mass (mu = ∑i mui ) and m = ms + mu is the vehicle total mass. azs and
azui

are the vertical components of the sprung and ith unsprung mass, respectively. ays

and ayui
are the lateral components of the sprung and ith unsprung mass, respectivelly.

Moreover, the two angle φR and φ are the bank angle and the roll angle of the sprung mass
w.r.t. the unsprung mass. The absolute sprung mass roll angle is φA = φR + φ. hu and hR
are the heights of the unsprung mass and roll centre from the road, respectively, and hs is
the distance between the sprung mass CoG from the roll centre. g is the gravity acceleration,
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T is the vehicle track width and Is is the roll sprung mass moment of inertia. Rx and Ry
represent the horizontal and vertical components of the internal reaction in the virtual roll
axis, respectively.

(a)

(b)

Figure 1. Free body diagrams of: whole vehicle (a), sprung and unsprung masses (b).

The term G groups together the relative vertical dynamics between the left and right
unsprung masses and it is defined as reported in Equation (2):

G =
T
2
(muFR azFR + muFL azFL − muRR azRR − muRL azRL) (2)
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The roll equilibrium equation for the vehicle unspung mass from Figure 1b is:

(FzR − FzL)
T
2
=

=
(

FyR + FyL

)
hR −

[
∑

i

(
mui ayui

)
+ mug sin φR

]
(hR − hu) + Kφ + Cφ̇ − G (3)

where K and C are the roll stiffness and damping, respectively. Finally, roll equilibrium
equation for the vehicle sprung mass from Figure 1b is:

Is(φ̈R + φ̈) + Kφ + Cφ̇ = msays hs cos φ + msazs hs sin φ + msghs sin φ (4)

The heavy vehicle analysed within the present paper is defined by the parameters
listed in Table 1.

Table 1. Vehicle parameters.

Type Description Parameter Value

Springs Total roll stiffness K 209, 000 Nm/rad

Dampers Total roll damping C 6122.8 Nms/rad

Masses and inertia

Roll sprung mass moment of inertia Is 801.34 kgm2

Sprung mass ms 1923.9 kg
FR unsprung mass muFR 78.715 kg
FL unsprung mass muFL 78.715 kg
RR unsprung mass muRR 109.314 kg
RL unsprung mass muRL 109.314 kg

Total mass m 2300 kg

Distances

Front axle from the sprung mass CoG a 2.119 m
Rear axle from the sprung mass CoG b 2.221 m

Wheelbase L 4.34 m
Track width T 1.674 m

Unsprung mass CoG height hu 0.324 m
Roll centre height hR 0.1998 m

Sprung mass CoG from the roll centre hs 1.0852 m
Front tyre radius rF 0.324 m
Rear tyre radius rR 0.324 m

3. Load Transfer Ratio Estimation

The most accurate, and widely disseminated, index for detecting the incipient rollover
risk is the Load Transfer Ratio (LTR) defined as the the relative vertical force on tires
between the right and left sides of a vehicle:

LTR =
FzR − FzL

FzR + FzL

(5)

When the LTR is equal to 0, the vertical load is equally distributed between the two
sides, by means that the vehicle is far away from the rollover condition. The vehicle is very
likely to rollover when the wheels on one side lift off the ground, condition verified when
LTR = ±1.

However, the experimental acquisition of LTR is not feasible to realize since there
are no sensors able to provide a direct measurement of the vertical tire load. For this
reason, many authors have proposed multiple solutions to provide an accurate estimation
of the LTR from the measurements commonly available onboard passenger cars, e.g.,
accelerations, linear and angular velocities, roll and pitch angles. Simple static [34,35], and
dynamic indices have been used, in different works analysed in [24], to detect rollover
risk during dynamic manoeuvres. The LTR proposed in [60] only considers the lateral
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acceleration and the roll angle, while [61,62] neglects the unsprung masses, by placing the
roll centre very close to the road plane at hR ≈ 0 and assuming the vehicle CoG height
as the effective arm for lateral acceleration. Other proposed LTR indices are based on
suspension parameters [50,63], by considering the effective torsional stiffness, torsional
damping, roll angle and roll rate, and subsequently revised in [64] with the inclusion of the
sprung mass lateral acceleration. RIs based on the tyre deflection is proposed in [65,66],
also adapted for heavy vehicles. A more complex index, which considers the rolling motion,
the lateral acceleration, and the time to wheel lift (TTWL) is proposed in [38], where the
TTWL is achieved with a phase plane analysis of roll angle and roll rate. Although a RI
for banked roads is already developed in [67], the road bank angle influence receives a
lower attention from the literature since its effect is not as relevant as for off-road designed
vehicles. Finally the index proposed in [22] tries to to consider both tripped and untripped
rollovers, by developing a four dofs vehicle model.

However, most of the above mentioned formulations does not include the influence
of road global, i.e., bank angle, and local, i.e., speed bumps or potholes, irregularities
on the load transfer among the four wheels, which represents a fundamental aspect for
the off-road driving scenario. The present section of the paper describes a model-based
and a statistic formulation for the LTR estimation. The first approach aims at providing
an analytical methodology to express the LTR as function of the vehicle states and road
profile, able to predict their influences on the LTR dynamics. However, the accuracy of the
model-based estimation is drastically affected by the model parameters uncertainties, a
drawback that is improved by proposing an alternative approach based on the Recurrent
Neural-Network (RNN) theory, thus allowing an improved estimation of the LTR directly
from conventional measurements.

3.1. Model-Based Estimation

The LTR model-based estimation is obtained from the 3-dofs model presented in the
previous section. By combining the roll equilibrium equations of Equations (1) and (4) and
by considering the vertical equilibrium equation in Equation (1), the LTR is then calculated
as follows:

LTRest =
2
T

Kφ + Cφ̇ + msays hR + ∑
i

(
mui ayui

hu

)
+ (msghR + mughu) sin φR − G

mg cos φR + msazs + ∑
i

(
mui azui

) (6)

For a direct comparison against the LTR formulation commonly available in the
literature, the particular cases of a) negligible unsprung dynamics and vertical accelerations
(mui = 0 and azs = azi = 0) and b) negligible unsprung dynamics and vertical accelerations
on a flat road (mui = 0, azs = azi = 0 and φR = 0) are also reported in Equation (7) and in
Equation (8):

LTRest,sprung =
2
T

Kφ + Cφ̇ + msays hR + msghR sin φR

mg cos φR
(7)

LTRest, f lat =
2
T

Kφ + Cφ̇ + msays hR

mg
(8)

Three driving scenarios, shown in Figure 2, are built in IPG CarMaker® to simulate
the realistic behavior of a heavy duty vehicle and to compare the efficacy and the reliability
of the LTR formulations in Equations (6)–(8):

(a) A double lane change manouvre (ISO 3888-1) on a flat road at an initial vehicle
speed of 100 km/h;

(b) A straight manoeuvre on a banked road, whose bank angle is smoothly increased
from 0 deg to 30 deg, at constant vehicle speed (30 km/h);

(c) A straight manoeuvre on a road with a flat surface under the left vehicle side and
an asymmetrical sinusoidal profile (wavelength equal to the vehicle wheelbase and
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height amplitude of 10 cm) under the right vehicle side, called asymmetrical waves
road in the rest of the paper.

Figure 2. Driving scenarios created in IPG CarMaker® for the LTR estimation: double lane change
manoeuvre on a flat road (a) , straight manoeuvre on a banked road (b) and straight manoeuvre on
an asymmetrical waves road (c).

The first scenario is chosen to evaluate the influence of the maneuver severity, imposed
by the driver behavior, on the LTR dynamics. The simulation results are reported in
Figure 3, in terms of LTR estimation, driver commands, vehicle speeds, accelerations and
roll angles.

Figure 3 shows that the manoeuvre is aggressive enough to push multiple times the
LTR towards the rollover condition. It is clear that the lateral acceleration, imposed by the
severity of the test and by the dynamic response of the driver, represents the main cause
for the marked transfer loads from one vehicle side to the other one. Indeed, the road is
flat and does not influence the roll dynamics meanwhile the unsprung mass only slightly
affect the LTR dynamics, as shown by the comparison of LTRest against LTRest,sprung and
LTRest, f lat, due to the low frequency content of steering wheel angle imposed by the driver.

The second scenario aims at investigating the effect of the road bank angle on the
vehicle transfer loads, as shown in the simulation results of Figure 4.
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Figure 3. Double lane change manoeuvre at initial speed of 100 km/h on a flat road. From the top
left side to the down right side: LTR, steering wheel angle and vehicle speed, vertical accelerations,
lateral accelerations, roll angles and angular velocities.

The straight manoeuvre is selected to minimize the influence of lateral accelerations
and to focus the attention on the bank angle effect on the load transfer dynamics. The road
is banked up to 30 deg that represents a suitable threshold for approaching the rollover
limit, identified by the condition LTR = 1. The general formulation of LTRest is able to
provide a perfect estimation of the actual LTR, meanwhile the basic formulation LTRest, f lat
completely underestimate the load transfer behavior since it is valid only for flat roads.
The estimation LTRest,sprung is closer to the actual LTR behavior than the LTRest, f lat, but it
shows a lower accuracy at high bank angles since the unsprung mass still play an important
role in the roll dynamics, although mu represents only the 16% of the total vehicle mass.
Finally, the last driving scenario is designed to evaluate the influence of the unsprung mass
on the LTR estimation, by exciting the vehicle roll dynamics with a sinusoidal road profile
applied only to the right side of the vehicle. The manoeuvre on the asymmetrical waves
road, with a wavelength equal to the vehicle wheelbase, is run at the constant speed of
40 km/h, in order to excite the higher frequency content of the unsprung mass vertical
dynamics. The simulation results are shown in Figure 5.
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Figure 4. Straight manoeuvre at 30 km/h on a banked road. From the top left side to the down right
side: LTR, steering wheel angle and vehicle speed, vertical accelerations, lateral accelerations, roll
angles and angular velocities.

This manoeuvre can also evaluate the effect of a local road disturbances, i.e., road
bump, pothole, etc. . . . , which are typical conditions for the off-road applications and it
has a different impact on the roll dynamics with respect to a global road geometry such
us the presence of a bank angle. Indeed, the roll dynamics derived from the asymmetrical
excitation induces a persistent condition of incipient rollover: during the small time frame
of 1 s, the tires of the right vehicle side lift off three times. In this contest, the unsprung mass
influence becomes much more important with respect the previous driving manoeuvres,
and it is appreciable how the generic model-based estimation LTRest is still reliable in
detecting the LTR dynamics, if compared against the other two formulations.
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Figure 5. Straight manoeuvre at 40 km/h on an asymmetrical waves road. From the top left side
to the down right side: LTR, steering wheel angle and vehicle speed, vertical accelerations, lateral
accelerations, roll angles and angular velocities.

3.2. Recurrent Neural Network Estimation

As previously anticipated in Section 3, RNNs can be used to improve the estimation of
rollover indicators, such as LTR and roll angle. The algorithm presented differentiates from
the literature in terms of architecture, standardization method, inputs and outputs selection.
In particular, the outputs are not defined as discretized quantities (higher or lower rollover
risk factors), but they provide directly the estimation of the LTR. The RNNs method is
chosen by considering the nature of the problem, since they belong to the category of
artificial neural network designed to recognize patterns from a set of time histories.

The methodology adopted is characterized by two main phases. The first one consist
in the generation of a large time domain dataset which is needed to successfully train the
neural networks. Due to the big amount of required data, the time histories are generated by
simulating the behaviour of the vehicle in the IPG CarMaker® environment. In particular,
a set of 15 maneuvers (and related scenarios), are selected to induce the rollover risk.
Each manoeuvre is 500 s long, to impose the same weight for the RNN training. In total,
a starting dataset of 750, 000 points is obtained for each variable of interest, sampled at
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constant frequency of 100 Hz. The variables obtained from IPG CarMaker® used for the
neural networks inputs and outputs are shown in Table 2.

Table 2. RNN: inputs and outputs.

Type Description Units

Inputs

Longitudinal speed m/s
Longitudinal acceleration m/s2

Lateral acceleration m/s2

Vertical acceleration m/s2

roll rate deg/s
yaw rate deg/s
pitch rate deg/s

steer angle deg

Outputs
Roll angle deg

Front load transfer ratio −
Rear load transfer ratio −

The approach developed suggests an integration between the neural network al-
gorithm with the simulation environment (IPG CarMaker®), which represents its data
provider. This leads to the following practical implications:

• the RNN algorithm can be developed and tested with a considerable amount of
simulated driving scenarios, without requiring an extensive experimental campaign,
thus reducing time and costs;

• If the vehicle dynamic behavior is well described by the mathematical model, the
neural network designed with a simulated data can be directly deployed on an experi-
mental setup with a lower time and cost effort.

The second phase consisted in the training and testing of the AI algorithms, articulating
the process in several steps with the Deep Learning Toolbox available in Matlab®. Firstly,
a data pre-process and normalisation elaboration is carried out to obtain dimensionless
quantities. The processed data is then adopted to elaborate the architecture of the RNN, by
testing multiple solutions, leading to the final solution reported in Table 3.

Table 3. RNN: Architecture.

Type Description Characteristics

Layers

Sequence input Number of features (8)
LSTM Number of hidden units (100)

Fully connected Number of Responses (3)
Regression

Main Hyperparameters

Adam Adaptive moment estimation
MaxEpochs 850

GradientThreshold 1
InitialLearnRate 0.01

LearnRateDropPeriod 425
LearnRateDropFactor 0.2

The features indicated in Table 3, corresponds to the inputs of the RNN, and so the
responses for the outputs. In particular, regarding the RNN architecture selection, the
number of hidden units (the neurons) is chosen through empirical rules. It has been
observed that with more than 100 hidden units, the results do not improve in accuracy
and the process becomes excessively time consuming, while a smaller number of neurons
inevitably leads to a decline in terms of performance (measured by RMSE and loss function).
The number and the typology of layers have been chosen following a similar criteria.
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Given the RNN architecture, the algorithm training is ready to start by obtaining a
neural network that, provided with the 8 inputs (Table 2), is able to estimate the 3 outputs
with good precision and immediate response. This is also validated during the testing
phase, where the features are known, and the vehicle responses not. The results related to
three different maneuvers, generated in the IPG CarMaker® environment, are presented.

The first maneuver analyzed simulates the vehicle driving over the Bernina Pass. This
is a completely unknown road to the RNN, and the results obtained, shown in Figure 6a,b
are definitely promising in terms of accuracy (see the resultant Mean Absolute Error and
Mean Square Error in Table 4). Moreover, the RNN estimates are collected in the lapse of
0.01–0.05 s. For the sake of brevity, results related to the roll angle have been omitted.

(a) (b)

Figure 6. Estimation of the vehicle Load Transfer Ratio at front (a) and rear (b) axles driving over the
Bernina Pass.

The second maneuver presented is obtained from one of the 15 database composing
the training. The analysis aims at understanding if similar maneuvers to the ones already
adopted for the RNN training, lead to an accuracy worsening, since the weights introduced
in the RNN are influenced by the maneuvers set. Results in Figure 7a,b show how the
RNN keep their high level of performance. There are only minimal differences that can be
considered negligible for the required accuracy.

The Fishook manoeuvre, whose estimating results are shown in Figure 8a,b, produces
the less promising results (as confirmed by Table 4). The reasons behind that is that
the manoeuvre time length and speed profile are lower w.r.t. to the other manoeuvres
introduced in the data set.

To provide a quantitative information related to the accuracy of the neural networks,
the Mean Absolute Error (MAE) and the Mean Square Error (MSE) are reported for each
manouvre in Table 4.

Table 4. Results: Mean Absolute Error and Mean Square Error related to the tested maneuvers.

Maneuver Error Values

Bernina

MAE LTR Front 0.0026
MAE LTR Rear 0.0030

MAE Roll 0.0500 deg
MSE LTR Front 9.7767 × 10−5

MSE LTR Rear 1.1046 × 10−4

MSE Roll 0.0048
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Table 4. Cont.

Maneuver Error Values

Stelvio

MAE LTR Front 0.0066
MAE LTR Rear 0.0063

MAE Roll 0.0802 deg
MSE LTR Front 1.0434 × 10−4

MSE LTR Rear 8.8145 × 10−5

MSE Roll 0.0141

FishHook

MAE LTR Front 0.0146
MAE LTR Rear 0.0138

MAE Roll 0.106 deg
MSE LTR Front 6.1685 × 10−4

MSE LTR Rear 5.3661 × 10−4

MSE Roll 0.0291

(a) (b)

Figure 7. Estimation of the vehicle Load Transfer Ratio at front (a) and rear (b) axles driving over the
Stelvio Pass.

(a) (b)

Figure 8. Estimation of the vehicle Load Transfer Ratio at front (a) and rear (b) axles during a
FishHook maneuver.

4. ISO-LTR Phase Plane Portrait

As mentioned in the previous section, the model-based LTR formulation, expressed
in its more robust and generic form by the Equation (6), is not suitable for a realistic
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implementation of the LTR estimation but rather it represents a valid tool for the analytical
correlation between the vehicle states and the LTR dynamics. One of the most adopted
tool to evaluate the vehicle states dynamics is the phase plane analysis. By focusing the
attention only to the relative roll dynamics between the sprung and the unsprung masses,
the vehicle states selected for plotting the phase plane map are the relative roll angle φ and
roll rate φ̇ between the sprung and the unsprung masses. The phase plane analysis has the
fundamental advantage to describe the trajectory of the vehicle states in a unique plot that
can also be obtained with complex and non-linear models or directly from experimental
measurements. In this paper, the phase-plane plot is drawn by running a fast ramp steering
manoeuvre at constant speed in the IPG CarMaker® simulation environment. According
the NHTSA’s standard (49 CFR Part 575), a steering wheel rate of 720 deg/s is imposed,
and the test is repeated at different vehicle speeds with step of 10 km/h. An example of
simulation results obtained during a fast ramp steering manoeuvre at 70 km/h on a 10 deg
banked road is shown in Figure 9.

Figure 9. Fast ramp steering manoeuvre at 70 km/h on a 10 deg banked road. From the top left side
to the down right side: LTR, steering wheel angle and vehicle speed, vertical accelerations, lateral
accelerations, roll angles and angular velocities.

This aggressive manoeuvre is able to depict the transient behavior of the vehicle roll
dynamics at a constant vehicle speed and road bank angle, through a trajectory line in the
phase plane plot. The manoeuvre is repeated for different vehicle speeds, thus obtained
the phase plane portrait for a predefined value of the road bank angle. An example of the
phase plane portrait for a a 10 deg banked road is reported in Figure 10.
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Figure 10. ISO-LTR characteristics obtained during a fast ramp steering manoeuvre on a 10 deg
banked road at different speeds.

Each trajectory in the phase plane portrait represents the φ̇− φ correlation during a fast
ramp steering manoeuvre at constant vehicle speed and include the steady-state and the
transient responses of the vehicle roll dynamics. Each trajectory shows a colour variation
as function of the corresponding LTR value, passing from a lower rollover risk represented
by a blue markers (LTR = 0) to a high level of rollover risk with the red markers (LTR = 1)
indicating that the left wheels lifted off.

When the phase plane portrait (φ̇, φ) is built and defined for a specific boundary
condition, i.e., the road bank angle, the ISO-LTR characteristics, i.e., the locus of constant
vertical load transfers (LTR = q, with q = 0.4, 0.5, . . . , 0.9), can be drawn, as shown in
Figure 10 for φR = 10 deg. The ISO-LTR characteristics map is characterized by parallel
lines, each corresponding to a constant LTR level.

By combining the vehicle roll equilibrium equation in Equation (1) with the roll
equilibrium equation of the sprung mass in Equation (4), the following analytical expression
of the linear ISO-LTR characteristics in the phase-pane is obtained:

φ̇ = −K
C φ −

⎡⎣msays hR+∑
i

(
mui ayui

hu

)
C

⎤⎦−
⎡⎣ q T

2 msazs+q T
2 ∑

i

(
mui azui

)
−G

C

⎤⎦+
+

[
q T

2 mg cos φR−(msghR+mughu) sin φR
C

] (9)

The slope of the ISO-LTR linear characteristics is always negative and it depends
on the vehicle suspension system parameters through the total roll stiffness K and roll
damping C coefficients. In particular, an increment of the total roll stiffness or, equivalently,
a reduction of the total roll damping, would lead a lower ISO-LTR lines sensitivity to the
relative roll rate φ̇. On the other hand, the severity of the manoeuvre imposed by the driver,
the local road perturbations, e.g., road bumps, potholes, etc. . . . , and the road bank angle
will affect the last three contributions of the ISO-LTR linear characteristics, respectively,
thus substantially producing an horizontal shift of the ISO-LTR characteristics.
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It is possible to express the ISO-LTR characteristics in the phase plane through the
following linear equation:

φ̇LTR=q = kφLTR=q + n (10)

where k = −K
C and n = f

(
ays , ayui

, azs , azui ,φR

)
are the slope and the x intercept of the

ISO-LTR corresponding to LTR = q, respectively.
To provide a proof of this conclusion, the influence of the the road bank angle on the

phase-plane portrait and the distribution of the ISO-LTR lines are shown in Figure 11.

Figure 11. Comparison of the ISO-LTR characteristics for a flat and a 10 deg banked road.

The figure demonstrates that the ISO-LTR lines keep the same negative slope, not
influenced by the road bank angle, whose main effect is a shift of the ISO-LTR characteristics
towards smaller relative roll angles φ.

5. ISO-LTR Predictive Time

The previous sections present the mathematical background to detect the incipient
rollover risk through the evaluation of the LTR, its representation on the phase plane plot
through the definition of the ISO-LTR characteristics and their perturbations due to the
driver behaviour, the local and global road profile geometry. The present section aims
at providing a predictive indication of the time the vehicle requires to cross one of the
ISO-LTR lines, defined as the ISO-LTR Predictive Time (ILPT) in the rest of the paper.

The principle underlying the procedure, based on the formulation proposed by [53], is
described by Figure 12 in the phase plane plot.
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Figure 12. Schematic principle of the ILPT definition.

The figure shows three trajectories corresponding to different manoeuvres represented
in the phase plane. After a generic time instant, the three trajectories reach the points
P, PI , PII approaching to the same roll angle but with different roll rates. The condition
of incipient rollover is identified by the blue ISO-LTR line. The ILPT is defined as the
time required to reach the intersection point between the ISO-LTR line and the tangent line
at the current point of the phase plane trajectories. For example, the tangent line in P is
expressed by:

φ̇ = kP(φ − φP) + φ̇P (11)

where φ̈P, φ̇P and φP represent the relative roll acceleration, roll rate and roll angle cor-
responding to the point P of the phase plane trajectory and kP = φ̈P

φ̇P
is the slope of the

tangent line. The intersection point between the tangent line and the ISO-LTR line Q is then
calculated as follows: {

φQ = kPφP−φ̇P+n
kP−k

φ̇Q = kkPφP−kφ̇P+kPn
kP−k

(12)

Hence, the ILPT represents the time required to reach point Q from point P, under the
hypothesis to follow the tangent line expressed by Equation (11), as also described by [53]:

ILPT =
[1 − sign(z)]

2

√√√√(
φQ − φP

)2
+
(
φ̇Q − φ̇P

)2

φ̇2
P + φ̈2

P
(13)

with:
z = (φ̇P − kφP − n)(−φ̇P + kφP − n) (14)

where z is introduced to saturate the ILPT to 0 when the point P crosses the corresponding
ISO-LTR line. The calculation of the ILPT requires the knowledge of the current relative
roll acceleration, roll rate and roll angle and the parameters k and n of the selected ISO-LTR
line. The ILPT provides a time information only if it exceeds a predefined upper thresholds,
i.e., 0.5 s above which the vehicle is far away from the rollover risk.

6. Simulation Results

The predictive capabilities of the ILPT are verified in IPG CarMaker® environment
through the simulation of the following driving manoeuvres:

• A fast ramp steering on a banked road;
• A double lane change on a flat Road (ISO 3888-1).
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The simulation results are analyzed both in the phase plane and in the time domains.
The phase-plane analysis provides a graphical interpretation for the ILPT calculation. On
the other hand, the time domain analysis is carried out to asses the methodology accuracy
in predicting the critical condition. Indeed, the reference time TRe f , i.e., the time required to
reach a defined LTR threshold LTRth, is backward evaluated from the whole post-processed
time history and it is compared against the ILPT estimation. TRe f is represented in the time
domain as −45 deg inclined lines:

TRe f = −t + TLTR=LTRth (15)

where TLTR=LTRth is the time that LTR = LTRth, and it is detected by a backward analysis
of the LTR time history. The TRe f represents a key quantity to asses the performance of any
predictive algorithm to detect a particular event, i.e., the incipient rollover, but it can be only
calculated when the whole time history up to the event occurrence is available and it is not
suitable for a real-time implementation. The LTR threshold, here considered as potentially
critical to provoke the vehicle rollover, is assumed to be ±0.8. The smaller the deviation
between ILPT and TRe f , the better the predictive capabilities of the proposed methodology.

6.1. Fast Ramp Steering on a Banked Road

The first manoeuvre is one from the simulation set adopted in the previous section to
draw the ISO-LTR characteristics of Figure 10.

The resultant phase plane trajectory of the manoeuvre is reported in the topside of
the Figure 13, where the graphical solution for the ILPT calculation is provided for four
time instants. The resultant ILPT, elaborated in real-time during the manoeuvre, is plotted
in the downside of Figure 13 where the LTR time history is also compared against the
threshold LTRth.

Figure 13. Fast ramp steering manoeuvre at 30 km/h on a 10 deg banked road: phase plane trajectory
(top), LTR, reference (TRe f ) and estimated (ILTP) time to reach LTR = 0.8 (down).

At the beginning of the manoeuvre, when the LTR level indicates a substantial distance
from the rollover risk, the ILPT (red circles) deviates from the TRe f (red dashed line) to
reach the condition of LTR = 0.8, event that occurs after 0.24 s from the application
of the ramp steering. The time deviations between the estimated ILPT and the TRe f
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suddenly drops down after 0.05 s, when the ILPT starts tracking the reference time until
the occurrence of the critical threshold LTR = 0.8. This deviation can be graphically
explained by the phase-plane portrait in Figure 13. At the beginning of the ramp steering
(left side of the trajectory), the trajectory strongly deviates from the tangent line (dashed
lines). As soon as the trajectory is approaching the ISO-LTR line (blue continuos line), the
tangent line begins to better approximate the future phase-plane trajectory thus allowing
the convergence of the ILPT towards the TRe f . It is also interesting to note that the ILPT
slightly underestimates the TRe f when approaching the corresponding ISO-LTR line, thus
providing a more conservative estimate.

6.2. Double Lane Change on a Flat Road

The methodology is also applied to a second manoeuvre that is not used to extrapolate
the ISO-LTR characteristics or any other results shown in the previous sections. This is
the double lane change test which represent a critical manoeuvre from the rollover point
of view. The time domain plot of the LTR, the ILPT and reference time are shown in
Figure 14.

Figure 14. Double lane change manoeuvre at initial speed of 100 km/h on a flat road: LTR, reference
(TRe f ) and estimated (ILTP) time to reach LTR = 0.8.

During the double change manoeuvre, the vehicle crosses four times the LTR threshold.
In all cases, the methodology is able to detect in advance the critical point as highlighted by
the ILTP that starts dropping to zero when the vehicle is approaching the LTR threshold.
Even during this maneuver, the ILPT tends to underestimate the reference time when the
vehicle is getting closer to the ISO-LTR boundary, thus providing a conservative and safer
prediction. During the last part of the maneuver, the algorithm provides a false positive
indication of dangerous situation since the ILTP drops to 0.3 s even if the LTR did not reach
the threshold of 0.8 after this point. This behavior is explained by the sudden reduction
of the LTR at t = 30 s, which is successfully recovered by the stabilizing intervention of
the driver.

Even though the vehicle does not rollover during the maneuver, the ILPT can predict
all the potential dangerous situations in a time frame of a few tenths of seconds, which is
suitable for an active control logic to intervene.
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7. Conclusions

The activity presented in this paper aims at providing some usefull tools and method-
ologies to detect and prevent the incipient risk of rollover, applied to heavy vehicles
designed for off-road driving applications. The main conclusions drawn from the results
and the methodologies presented can be summarized as follows:

• A quantitative indication of the anti rollover risk is represented by the LTR, thus
detecting the critical limit above which a wheel lifted off occurs. However, the LTR
does not represent a measurable quantity due to the extreme difficulty in estimating
the vertical load transfers among the vehicle corners. The paper proposes three LTR
model-based formulations, by considering an increased level of complexity. The
most generic formulation includes the influence of the road bank angle, unsprung
masses and vertical dynamics. Numerical simulations of aggressive manoeuvres on
flat roads, banked roads and in presence of asymmetrical speed bump waves, show
the significant reliability of the generic model-based formulation when compared to
the two simplified versions widespread in the literature;

• The incipient rollover occurs when a defined LTR threshold is approached. The paper
proves that the ISO-LTR characteristics, i.e., the combination of vehicle relative roll
speeds and angles where the LTR is constant, are linear in the phase plane portrait of
the vehicle roll dynamics. This is analytically explained through the LTR model-based
formulation, and numerically verified with multiple simulations in IPG CarMaker®.
The paper also shows that the LTR model-based formulation provides a qualitative
tool to predict how the ISO-LTR lines would change when a road perturbation, i.e.,
road bank angle or irregularities, is encountered. The ISO-LTR slopes are only influ-
enced by the suspension system configuration and parameters (total roll stiffness and
damping), meanwhile the severity of the manoeuvre (lateral and vertical accelera-
tions) and the road global and local perturbations provoke an horizontal shift of the
ISO-LTR lines;

• The model-based formulation is essential to analytically evaluate the main influencing
factors on the load transfer dynamics between the left and right vehicle sides. How-
ever, any mathematical formulation is affected by parameters uncertainties, external
disturbances and unmodeled dynamics that compromises its effectiveness for a real-
istic implementation, especially when noisy experimental measurements are input
to the analytical formulation. For this reason, the statistical approach, based on the
recurrent neural network principle, is proposed as an alternative methodology to
estimate the LTR in a realistic scenario. Indeed, the input of the RNN algorithm are
typical measurable quantities available for an experimental implementation, which
represent the natural following step the authors are going to explore in the near future.
The RNN approach provides excellent results in estimating the front and the rear load
transfers even in presence of complex and realistic driving scenarios.

• The detection of current LTR is not sufficient to predict the incipient risk of rollover.
A ISO-LTR Predictive Time is then derived to proactively calculate the necessary
time to reach a particular LTR threshold. The proposed predictive index is then
successfully verified through a fast ramp steering maneuver on a banked road and
during an aggressive double lane change manoeuvre. In both cases, the ILPT demon-
strates promising predictive capabilities, compatible with the intervention of a control
active strategy.
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Abstract: Several studies were conducted previously on fuel and biofuel performance of micro-
turbines. The present paper combines experimental and statistical approaches to study the vibrational
behavior of a gas micro-turbine supplied with different pure fuels and admixed with rapeseed
oils. Experimental tests carried out at different operating conditions have allowed us to build a
classification model through using discriminant analysis. The classification model can distinguish
the vibrational behavior occurring when the turbine is fueled with kerosene, or pure and admixed
diesel with rapeseed oil. Moreover, the methodology has even allowed us to highlight differences
in vibrational behavior caused by small amounts of rapeseed oil admixed in the fuel. The model
reliability, in terms of Cohen’s kappa, results in optimal data classification.

Keywords: gas micro-turbine; discriminant analysis; vibrational analysis; diesel blends; kerosene;
biofuel; statistical index; accelerometer; confusion matrix; Cohen’s kappa

1. Introduction

In recent years, significant effort has been made to lessen the environmental impact of
operating gas turbines [1–3].

Micro gas turbines have the potential source to be an alternative power unit (APU) in
range-extended electric vehicles (REEVs) [4].

Due to their improved thermal efficiency and reduced fuel consumption, diesel engines
make up a significant portion of the passenger car industry in Europe. However, due to
increasingly strict exhaust emission laws, particularly for NOx and PM, a more complex
and expensive gas exhaust treatment system is required for most diesel vehicles, which
also results in increased fuel usage. By 2030, several EU regulations and incentives would
call for up to 45% bio-components in fossil fuel. It has been demonstrated that biofuels in
the form of pure plant oils cannot be used for automotive applications in diesel engines
efficiently because of technical issues brought on by their considerably higher viscosity,
corrosive character, and increased exhaust smoke emissions [5].

Biofuels are, broadly speaking, any fuel source made from organic material, such as
firewood, charcoal, animal fats and oils, dung, and vegetable oils. To mimic the performance
and physical properties of fossil fuels, biofuels must be modified. The development of
new power and propulsion technologies will necessitate a better control of the harmful
chemicals generated by combustion sources. As energy demand increases, concerns about
global warming could result in restrictions on greenhouse gas emissions from fossil fuel
facilities. This has prompted substantial study into carbon capture and storage, as well
as a growth in renewable energy sources. Many investigations of fuel preparation and
emission characterizations of systems powered entirely or partially by pure vegetable oils
are available [6–13].
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A crucial aspect is the relation between spray quality and combustion performance in
micro gas turbines burned with biofuels and biomasses [14,15].

Pure vegetable oils might cause unwanted vibrations by damaging the injection system
or combustion device. The ideal answer would be to have a tool that could foresee and/or
track the vibrational state of the combustion device in real time. By using appropriate
quantifiers generated from microphone and accelerometer inputs, investigations based
on acoustic and vibrational measurements seem to offer an intriguing diagnostic and
predictive answer [16–20]. Other authors have proposed a neural-network-based tool that
allows them to ensure protection and the safety measures against the instability phenomena
in a gas turbine based on the modeling of its dynamic behavior [21].

In this context, Allouis et al. [22] have evaluated the impact of biofuel properties on
emissions and performances of a micro gas turbine using combustion vibrations detec-
tion. Other methodologies described in [23–25] are employed for detecting anomalies in
mechanical systems such as gas micro-turbines.

The present paper aims to study the vibrational behavior of a low-emission gas micro-
turbine for power generation, fueled with different liquid fuels, including commercial
diesel oil and its blend with pure rapeseed oil. Kerosene is the design fuel for this turbine.
The authors of this current paper have presented a preliminary work on this topic [26].

In the first part, the study describes the experimental phase in which vibrational signals
have been acquired through accelerometers properly mounted on the injector. Afterward,
signal processing has been performed through discriminant analysis. A classification model
has been developed to distinguish the vibrational behavior associated to the turbine fueled
with kerosene, pure diesel, and admixed diesel with rapeseed oil.

2. Materials

The study system (the same as of [22]) is a Capstone 30 model 18-blade gas micro-
turbine (Figure 1) with a maximum power output of 30 kW. Since its output power is less
than 100 kW, it can be included in the micro-turbine category.

 

Figure 1. Turbine side view.

The maximum fuel flow rate is 10 kg/h, and the exhaust gas temperature is approxi-
mately 590 ◦C, while at the system discharge it is 276 ◦C (as nominal temperature). The test
bench of the system is reported in Figure 2.
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Figure 2. System test bench.

Two different blends of diesel with rapeseed oil (respectively at 1 and 3% by volume)
and kerosene (the turbine’s designed fuel) are used as turbine fuels. The choice of such
low percentages of rapeseed oil in the two additive fuels is necessary to characterize the
machine’s behavior from a vibrational point of view and to grasp the minimal variations
resulting from the use of fuels with a very similar composition.

As for the choice of rotation speeds, speeds lower than the maximum one (90,000 rpm)
were chosen to study the machine’s behavior under conditions that gradually deviate from
the maximum. Tests were conducted for turbine rotation speeds of 75,000, 80,000, and
85,000 rpm. A piezoelectric uniaxial accelerometer (PCB 352C22) and a data acquisition
system (LMS SCADAS Mobile SM01) were used to sense and acquire the turbine vibrations.
The accelerometer was mounted on a rigid bracket in-built with the injector. The need to
use the bracket is due to the high temperature reached by the turbine: in the injector, the
temperature can reach a high value to damage the accelerometer.

The accelerometer signals were acquired for a duration of 10 s with a sampling
frequency of 102,400 Hz. As a preliminary step, the accelerometer was calibrated using a
Bruel & Kjaer Calibration Exciter Type 4294. Below is the procedure followed to carry out
the experimental tests at 85,000 rpm (the procedure is similar for the other two speeds):

1. Calibration of the accelerometer;
2. Implementation of the accelerometer to the brackets and anchoring them to the

injector;
3. Preparation of fuel mixtures with additives using a graduated cylinder;
4. Starting the turbine with the design fuel (kerosene) and the required power of 10 kW;
5. Waiting for the turbine operating conditions by checking that the exhaust gas temper-

ature is 590 ◦C as declared by the name plate;
6. Adjustment of turbine power (approx. 19 kW) to reach the preset speed of 85,000 rpm;
7. Accelerometer acquisition for kerosene supply;
8. Adjustment of power output to 10 kW;
9. Gradual switchover from kerosene fueling to pure diesel;
10. Adjustment of turbine power (approx. 19 kW) to reach the preset speed of 85,000 rpm;
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11. Accelerometer acquisition for pure diesel fuel supply;
12. Adjustment of power output to 10 kW;
13. Gradual switchover from pure diesel fuel to 1% rapeseed oil diesel;
14. Adjustment of turbine power (approx. 19 kW) to reach the preset speed of 85,000 rpm;
15. Accelerometer acquisition for feeding 3% rapeseed oil diesel;
16. Adjustment of power output to 10 kW;
17. Gradual switchover from 1% rapeseed oil to 3% rapeseed oil admixed fuel;
18. Adjustment of turbine power (approx. 18.5 kW) to reach the preset speed of 85,000

rpm;
19. Accelerometer acquisition for 3% rapeseed oil diesel;
20. Adjustment of power output to 10 kW;
21. Gradual switchover from 3% rapeseed oil diesel supply to pure kerosene;
22. Turbine shutdown with design fuel (kerosene).

Table 1 shows a summary of the acquisition data.

Table 1. Tests summary.

Test Number Fuel RPM

1 97% Diesel and 3% rapeseed oil 75,000
2 99% Diesel and 1% rapeseed oil 75,000
3 Kerosene 75,000
4 100% Diesel 75,000
5 97% Diesel and 3% rapeseed oil 80,000
6 99% Diesel and 1% rapeseed oil 80,000
7 Kerosene 80,000
8 100% Diesel 80,000
9 97% Diesel and 3% rapeseed oil 85,000
10 99% Diesel and 1% rapeseed oil 85,000
11 Kerosene 85,000
12 100% Diesel 85,000

3. Methods

The acquired vibrational signals were analyzed by means of discriminant analysis of
statistical indices directly calculated on the raw signals.

The method used for the creation of the classificatory model obtained through discrim-
inant analysis is stepwise, i.e., the variables are not inserted into the model at the same time
but in steps, i.e., only those variables with the greater discriminating weight are inserted.
At each step, the variable with the lowest Wilks lambda value and, in turn, the highest F co-
efficient value is entered, i.e., the variable that contributes to better differentiate the groups.
More details on this type of analysis can be found in the bibliographical references [26,27].

The chosen statistical indices for the analysis are asymmetry, kurtosis, shape factor,
quadratic oscillation index, root mean square value, crest factor, non-normalized Shannon
entropy, logarithmic entropy, synchrony index, Pearson’s correlation index, Kendall’s
correlation index, and Spearman’s correlation index [27–30]. The statistical indices used
to create the three discriminating models (Section 4) will be briefly described. In the
description, n is the length of the signal and xi is the i-th component of the signal. The
quadratic oscillation index (O2) that provides indications of the oscillating phenomenon is
described by Equation (1):

O2 =

√√√√ 1
n − 1

n−1

∑
i=1

(xi − xi+1)
2 (1)
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The non-normalized Shannon entropy (SE) that provides a measure of the degree of
order or disorder of a signal is described by Equation (2):

SE = −
n

∑
i=1

xi
2 log

(
xi

2
)

(2)

The asymmetry (γ), which is described in Equation (3), gives an indication of the
distance between the mean value and the mode of the signal:

γ =
m3

σ3 (3)

where m3 is the third-order central moment of the signal, while σ is the standard deviation.
The root mean square (RMS) value, which is described in Equation (4), gives an

indication of the loads acting on the system and the system speed:

RMS =

√
1
n

n

∑
i=1

xi
2 (4)

Finally, to assess the degree of accuracy and reliability of the classification, Cohen’s
kappa (κ) was calculated [31,32]. It is a statistical coefficient representing the degree of
accuracy and reliability in a statistical classification defined from a confusion matrix, as
reported in Equation (5):

κ =
P0 − Pe

1 − Pe
(5)

P0 is the sum of the probabilities along the main diagonal of the confusion matrix, as
given in Equation (6):

P0 =
n

∑
i=1

Pi,i (6)

where Pi,i is the probability of the generic element along the main diagonal of the confusion
matrix. The Pe formula is given in Equation (7):

Pe =
n

∑
i=1

Pi,TOT ·PTOT,i (7)

where Pi,TOT is the total probability along the i-th row, and PTOT,i is the total probability
along the i-th column of the confusion matrix.

4. Results and Discussion

The first operation carried out on the sampled signals was the calculation of the
statistical indices indicated in paragraph 3. From the single sampled signal at a given
speed of the micro-turbine powered with a given fuel, 125 values of the generic statistical
index were obtained, i.e., one value was calculated every 100 revolutions of the turbine:
this means that a total of 500 values of the generic index were obtained for each speed
considered. An example-blocks diagram of the algorithm adopted to calculate the generic
index I for the four signals (for each speed) was reported in Figure 3.
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Figure 3. Algorithms implemented for calculating indices.

Subsequently, each of the calculated indices was used as a potential variable for
the creation of the classification model for each speed. The software used to create the
classification model returned only three variables (indices) out of all those inserted in the
model. Table 2 summarizes the variables entered into the model, i.e., those variables that
were able to explain 100% of the cumulative variance for each speed analyzed.

Table 2. Variables chosen for the model.

Step 75,000 rpm 80,000 rpm 85,000 rpm

1 Quadratic Oscillation
Index (O2)

Non-Normalized
Shannon Entropy (SE)

Root Mean Square
Value (RMS)

2 Non-Normalized
Shannon Entropy (SE) Asymmetry (γ) Quadratic Oscillation

Index (O2)

3 Asymmetry (γ) Root Mean Square
Value (RMS) Asymmetry (γ)

Starting from these variables, it is possible to write three discriminant functions, called
Fi, for each analyzed speed:

F1 = a1X1 (8)

F2 = b1X1 + b2X2 (9)

F3 = c1X1 + c2X2 + c3X3 (10)

where Xi are the variables (indices) chosen by the model and shown in Table 2, while ai,
bi, and ci are the standardized coefficients associated with each function returned by the
software.

The three discriminant functions (Table 3) are different for each turbine speed. The
coefficients a, b, and c are different for each case study.

Table 4 displays the variance percentages contributed by the individual functions and
the cumulative variance. For all three turbine speeds, it is possible to exceed 95% of the
cumulative variance with only two functions. The third added function contributes a value
of less than 5% to the cumulative variance, which is necessary to attain 100% of the total
cumulative variance.

200



Machines 2022, 10, 925

Table 3. Discriminant function.

Function 75,000 rpm 80,000 rpm 85,000 rpm

1 F1 = a1O2 F1 = a1SE F1 = a1RMS
2 F2 = b1O2 + b2SE F2 = b1SE + b2γ F2 = b1RMS + b2O2

3 F3 = c1O2 + c2SE + c3γ F3 = c1SE + c2γ + c3RMS F3 = c1RMS + c2O2 + c3γ

Table 4. Variance percentage.

RPM 75,000 75,000 80,000 80,000 85,000 85,000

Function
% Function

Variance
% Cumulative

Variance
% Function

Variance
% Cumulative

Variance
% Function

Variance
% Cumulative

Variance

1 86.9 86.9 74.6 74.6 73.2 73.2
2 9.3 96.2 22.1 96.7 22.0 95.2
3 3.8 100 3.3 100 4.8 100

4.1. Variables Included in the Classification Model

In the following, the obtained indices for the fulfillment of the classification model at
each speed (Table 2) are reported. All the following diagrams are shown as a function of
the number of periods where the single period corresponds to 100 turbine revolutions.

Figure 4 shows the trends of the three indices (variables) inserted in the discriminant
model for the speed of 75,000 rpm.

 

Figure 4. Indices for 75,000 rpm: (a) quadratic oscillation index, (b) non-normalized Shannon entropy,
and (c) asymmetry.

In Figure 4a, which shows the trend of the quadratic oscillation index, the clear
distinction between the four fuels can be seen immediately. Indeed, while kerosene and
pure diesel are in the upper part of the diagram, the two admixed diesels clearly present
lower values, with the diesel with 1% rapeseed oil averagely higher than the diesel with
3% rapeseed oil: this phenomenon can be seen in the greater tendency of diesel with 1%
rapeseed oil towards the behavior of pure diesel. Since high values of this index emphasize
that the system dynamic energy is better utilized, it can be said that using pure rather
than admixed fuels makes the system better in usage use of dynamic energy. This can be
explained by the fact that admixed diesel has an explosive power lower than the pure,
reducing its energy output. This makes it possible to see that, by using biofuels, CO2
emissions and other pollutants can certainly be reduced at the expense of efficiency.

The distinction between pure and admixed fuels can also be seen in Figure 4b, in
which the trend of non-normalized Shannon entropy is shown, by observing that admixed
fuels exhibit higher values than pure fuels. This trend highlights how admixed fuels show
little stationary and periodic vibrational cycles in contrast to pure fuels: this phenomenon is
due to the reduction in explosive power caused by the presence of the oil and the resulting
non-homogeneity of the mixture.
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The asymmetry index is the last one adopted for modeling the 75,000 rpm case, shown
in Figure 4c. By simply plotting the trend, it is not possible to show a difference between
the four fuels used because of the overlapping of the curves and their highly chaotic course.
The only possible observation is the main trend to negative values for all four fuels.

Figure 5 shows the trends of the three indices (variables) inserted in the discriminant
model for the speed of 80,000 rpm.

 

Figure 5. Indices for 80,000 rpm: (a) non-normalized Shannon entropy, (b) asymmetry, and (c) root
mean square value.

In Figure 5a, in which the trend of non-normalized Shannon entropy is shown, a clear
distinction between pure and additive fuels can be seen, as in the case for 75,000 rpm. Pure
diesel and kerosene present the lowest values for this index; diesel with 1% rapeseed oil
gives higher values than the latter and diesel with 3% rapeseed oil gives the highest values
among the four curves. This indicates how the vibrational dynamics of additive fuels are
more irregular and unsteady than those of pure fuels and how the most irregular dynamics
are in the case of diesel with 3% rapeseed oil, as expected, the latter being characterized by
the higher percentage of rapeseed oil.

In Figure 5b, the asymmetry trend is reported, which tends to form two distinct
clusters: the diesel group, including both pure and additive fuels, and the kerosene. The
kerosene assumes negative values, which is not the case for diesel, where values are
generally higher. This makes it possible to say that from a dynamic point of view, the
use of diesel, pure or with rapeseed oil admixed, because it is characterized by a positive
asymmetry, results in stronger vibrations than the use of kerosene, which, on the other
hand, results in a much lower vibration. This was desirable since kerosene is the design
fuel of the turbine.

Finally, Figure 5c shows the trend of the last of the three indices for the 80,000 rpm
case, the RMS. The trend of the four curves allows a good distinction between pure and
admixed fuels (note the separation of the red and the green curve from the other two).
Furthermore, this graph emphasizes how the energy involved is greater in the case of
pure fuels and, therefore, the explosive power decreases as the percentage of rapeseed oil
admixed to diesel increases.

Figure 6 shows the trends of the three indices (variables) entered into the discriminant
model for the speed of 85,000 rpm.
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Figure 6. Indices for 85,000 rpm: (a) root mean square value, (b) quadratic oscillation index, and
(c) asymmetry.

In Figure 6a, the RMS trend is shown. In this graph, the kerosene values are generally
higher than those of the other fuels: as previously stated, this phenomenon was desired
because kerosene is the turbine’s design fuel, and the turbine works at a speed of only
5000 rpm lower than the maximum speed (90,000 rpm). Kerosene is the fuel with the best
possible working conditions in terms of energy compared to all the others; on the other
hand, the admixed diesel with the highest percentage of rapeseed oil has the worst working
conditions in terms of energy.

In Figure 6b, a good distinction between pure diesel and admixed diesel can be seen,
emphasizing how the turbine rotates smoothly and periodically using a pure fuel, as
expected, compared to additive ones.

In the last diagram, i.e., the one in Figure 6c, the curves relating to admixed diesels are
much more chaotic and assume a much wider range of values; those relating to pure fuels
are much more stable and assume a much narrower range of values.

4.2. Cluster Analysis

As follows, the diagrams of the discriminant functions (Table 3) have been displayed
for each speed. All functions are normalized in the range [0, 1].

Figure 7 shows the clusters of the discriminant function for the speed of 75,000 rpm.

 

Figure 7. Clusters for 75,000 rpm: (a) functions 1 and 2, (b) functions 2 and 3, and (c) functions 1 and 3.

Functions 1 and 2 (Figure 7a) explain most of the total variance, showing a clear distinc-
tion between pure diesel and kerosene, which occupy the right-hand side of the diagram,
while on the other side there are the two additive diesel fuels, thus creating two families:
pure and admixed fuels. It is possible to observe different behavior depending on whether
a pure or non-pure fuel is used. Function 1 is associated with the quadratic oscillation
index: the higher this index takes on values, the more the system is characterized by a
better use of dynamic power. Indeed, it can be seen from the diagram that dynamic power
is better used when using pure rather than admixed fuels: kerosene and diesel assume a
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very high value of function 1 and, therefore, of the quadratic oscillation index compared to
the admixed fuels. This is in full agreement with what was previously stated for the index
diagram in Figure 4a, namely that using biofuels reduces emissions of pollutants at the
expense of system efficiency. Function 2, which is obtained by adding to the term associated
with the quadratic oscillation index a term relating to non-normalized Shannon entropy,
the values are spread with respect to the centroids (yellow in the diagrams): as previously
stated for this index, it highlights the presence of vibrational cycles that are not stationary
and not periodic. It follows that the discriminant analysis at a speed of 75,000 rpm does
not allow any clear distinction, since pure diesel describes power conditions like those of
kerosene (function 1), while the admixed fuels assume high entropy values, which could
compromise the integrity of the system.

Functions 2 and 3 (Figure 7b) do not allow a good distinction between the different
types of fuels. Indeed, they explain only 13.1% of the total variance (Table 4) so that the
different fuels make a single cluster, preventing any differentiation between the fuels.

Functions 1 and 3 (Figure 7c) allow a distinction between admixed fuels like in
Figure 7a but less sharply: this is due to the lower discriminating power of function
3 compared to function 2 (9.3% of function 2 against 3.8% of function 3). Indeed, the overlap
between the kerosene and pure diesel clusters is greater than the case in Figure 7a. Once
again, the non-admixed fuels occupy the right-hand of the diagram, i.e., the dynamic power
of the turbine is fully exploited (function 1 being composed of only the quadratic oscillation
index), while the admixed fuels occupy the left-hand of the diagram, emphasizing an
opposite behavior to the other two fuels. Finally, the cluster is much more dispersed with
respect to the y-axis, particularly for the case of admixed diesel with 1% rapeseed oil.

Figure 8 shows the clusters of the discriminant function for the speed of 80,000 rpm.

 

Figure 8. Clusters for 80,000 rpm: (a) functions 1 and 2, (b) functions 2 and 3, and (c) functions 1 and 3.

The highest discriminating power is associated with functions 1 and 2 (Figure 8a),
where it is possible to notice a pattern that clearly distinguishes the four fuels: particularly,
the kerosene has values of function 1 different from the remaining fuels. Observing the
non-normalized Shannon entropy (function 1), the points are really close to their own
centroids: the system vibrates more contained than the 75,000 rpm case. In function 2, the
entropy term is more prevalent than the asymmetry: from the diagram in Figure 5b, the
kerosene values are clearly lower than the other three fuels, an event that is not repeated in
the plot of the clusters (Figure 8a). Finally, it shows the tendency of admixed diesel with
1% rapeseed oil to pure diesel to be greater than diesel with 3% rapeseed oil: this is due to
the different percentages of rapeseed oil added to diesel. In general, it can be seen in the
diagram that the four clusters are distinct, separated from each other and closer to their
own centroids: this allows us to say that it is the best classification obtained.

Since functions 2 and 3 (Figure 8b) have the least discriminating power, they do not
allow a good distinction between the different types of fuels as in the case of Figure 8a.
Although pure diesel and admixed diesel with 1% rapeseed oil are well-distinguished
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and separated from the others, kerosene and admixed diesel with 3% rapeseed oil tend to
overlap and form a single cluster.

Functions 1 and 3 (Figure 8c) allow a good distinction between the various fuels,
although the cumulative variance percentage of 77.9% is lower than in functions 1 and
2 (96.7%). Even though they are slightly less sharply defined than in Figure 8a (this is
due to the lower discriminating power of function 3 compared to function 2), the four
clusters are still separated so that the diesel and the kerosene family stand out. Therefore,
the considerations made previously on function 1 for Figure 8a are the same for the same
function but in Figure 8c, i.e., the clusters are concentrated to their centroids and the
system vibrates smoother than in the case of 75,000 rpm. Function 3 does not allow a good
distinction between the fuels: the four clusters have an elongated shape along y-axis and a
same range of values, except for admixed diesel with 1% rapeseed oil.

Figure 9 shows the clusters of the discriminant function for the speed of 85,000 rpm.

 

Figure 9. Clusters for 85,000 rpm: (a) functions 1 and 2, (b) functions 2 and 3, and (c) functions 1 and 3.

In the diagram of Figure 9a, knowing that function 1 is associated with the RMS,
function 1 indicates how much energy is involved in terms of signal power where function
1, relatively to the kerosene, assumes greater values than the other fuels, as expected
since kerosene is the design fuel, and the turbine is at a speed of 85,000 rpm (closer to
the maximum speed). Function 2 allows a clear distinction between pure and admixed
diesel: the first is clearly distinguished from the latter with a well-defined cluster, while
the admixed diesel with 1% and 3% rapeseed oil overlap and there is not a big difference
between the two. Kerosene has the highest power because it has the highest RMS. Since
kerosene is the most expensive fuel among the proposed ones, a good alternative is using
the pure diesel, which is far cheaper than the kerosene but less powerful (lower RMS). The
pure and admixed diesel fuels have about the same function 1 range values: it means that it
is possible to use admixed diesel keeping a similar RMS. Increasing the amount of rapeseed
oil, the power output of the turbine and the pollutants decrease (this is also confirmed by
the diagram in Figure 6a).

Functions 2 and 3 (Figure 9b) do not allow a good distinction between the various
clusters: the four fuels tend to overlap and mix. As said for the previous speed rates, this
event is due to the low percentage of cumulative variance provided by functions 2 and 3
(26.8%).

As in the case with functions 1 and 2, in the case of functions 1 and 3 (Figure 9c) it
is possible to distinguish, on the left hand, the diesel family and, on the right hand, the
kerosene, regarding function 1; furthermore, there is no distinction between pure diesel
and admixed fuels. As regards function 3, it can be observed that the assumed values by
pure fuels is much more concentrated around their centroid, unlike admixed fuels, which
present much wider and dispersed values.
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4.3. Classification Summary

Finally, the confusion matrices and the Cohen’s kappa for each of the analyzed speeds
are reported to highlight the goodness of the classification performed. In all confusion ma-
trices, there are target classes along the first row and output classes along the first columns.

In the 75,000 rpm case (Table 5), it can be seen that 90.4% of the samples are correctly
classified, which is an optimal result. In the kerosene case, 100% of the samples are correctly
classified, while the lowest percentage is in the case of admixed diesel with 3% rapeseed oil
where 19.2% of the samples are included in the case of admixed diesel with 1% rapeseed
oil. Finally in the pure diesel case, 84% of the samples are correctly classified, while the
remaining are confused with kerosene. It is interesting to note that it is never confused with
admixed diesel, except for one sample confused with admixed diesel with 3% rapeseed oil:
this underlines the clear separation between the two families of fuels shown in the clusters
of Figure 7a.

Table 5. Confusion matrix for 75,000 rpm.

Fuel
97% Diesel and

3% Rapeseed Oil
99% Diesel and

1% Rapeseed Oil
Kerosene 100% Diesel Total %

97% Diesel and
3% rapeseed oil

101 24 0 0 80.8%

99% Diesel and
1% rapeseed oil

4 121 0 0 96.8%

Kerosene 0 0 125 0 100%
100% Diesel 0 1 19 105 84%

Total % 83.4% 95.3% 86.8% 100% 90.4%

In the case at 80,000 rpm (Table 6), 100% of the samples is correctly classified: this is the
best possible case of classification since no value of the chosen variables will be associated
with a different predicted class. This result was desirable from the simple observation
of the clusters in Figure 8a, which are all distinct and separate from the others, and this
confirmed that this is the best possible classification.

Table 6. Confusion matrix for 80,000 rpm.

Fuel
97% Diesel and

3% Rapeseed Oil
99% Diesel and

1% Rapeseed Oil
Kerosene 100% Diesel Total %

97% Diesel and
3% rapeseed oil

125 0 0 0 100%

99% Diesel and
1% rapeseed oil

0 125 0 0 100%

Kerosene 0 0 125 0 100%
100% Diesel 0 0 0 125 100%

Total % 100% 100% 100% 100% 100%

In the case at 85,000 rpm (Table 7), 93.4% of samples are correctly classified. Both
kerosene and pure diesel fuel contribute to this high percentage as both report a 100%
correct classification. The lowest percentage of correct classification is for admixed diesel
with 1% rapeseed oil: 80% is for the 1% rapeseed oil while the remaining 20% is assigned to
3% rapeseed oil. Moreover, for the admixed diesel with 3% rapeseed oil, 93.6% of samples
are correctly classified, while the remaining are confused with admixed diesel with 1%
rapeseed oil. This was also evident from the diagram in Figure 9a in which the clusters
of the two admixed diesels tend to overlap and form a single cluster. It is possible to say
that the case analyzed at 85,000 rpm constitutes a good distinction between pure fuels (the
latter being correctly classified as 100%) and admixed fuels.
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Table 7. Confusion matrix for 85,000 rpm.

Fuel
97% Diesel and

3% Rapeseed Oil
99% Diesel and

1% Rapeseed Oil
Kerosene 100% Diesel Total %

97% Diesel and
3% rapeseed oil

100 25 0 0 80%

99% Diesel and
1% rapeseed oil

8 117 0 0 93.6%

Kerosene 0 0 125 0 100%
100% Diesel 0 0 0 125 100%

Total % 92.6% 82.4% 100% 100% 93.4%

To confirm the optimal results obtained with the proposed classification method,
Table 8 shows the Cohen’s kappa values for each turbine speed. The values of this index
are always greater than 0.8: this implies an optimal classification, especially for the case at
80,000 rpm.

Table 8. Cohen’s kappa.

RPM Lower Extreme Mean Value Upper Extreme

75,000 0.8376 0.8720 0.9064
80,000 1 1 1
85,000 0.8830 0.9120 0.9410

5. Conclusions

From the simple observation of the selected indices of the discriminant model, the
following results could be deduced:

• For the 75,000 rpm case, a strong distinction emerges between pure and admixed
fuels: for the pure fuels, the quadratic oscillation index assumes the greatest values
suggesting that the explosive power of the fuel is fully exploited while there is a
decrease in the explosive power and pollutants for the admixed fuels. Non-normalized
Shannon entropy show a no-stationary and no-periodic vibrational cycle, in particular
for the admixed fuels;

• For the 80,000 rpm case, just as for the previous case, it is possible to well-distinguish
pure and admixed fuels (by non-normalized Shannon entropy and RMS), but at the
same time, thanks to the asymmetry, an excellent distinction emerges between the
turbine design fuel (kerosene) and the others (diesel family);

• For the 85,000 rpm case, the distinction is evident of how dynamic energy is best
exploited using kerosene (by RMS), and how vibrations tend to be more regular with
pure fuels (by asymmetry).

For all three analyzed speeds, the diagrams of discriminant functions 2 and 3 do not
allow a good differentiation of the fuels as expected given the low percentage of cumulative
variance (Table 4).

As regards the diagrams of functions 1 and 3, they certainly allow better differentiation
than the case of functions 2 and 3 because of the higher percentage of cumulative variance,
but they still do not allow optimal differentiation for each speed.

The best differentiation is provided by the diagrams obtained from functions 1 and 2,
which provide the highest percentage of cumulative variance. Indeed:

• The 75,000 rpm case showed the distinction between the pure and admixed family:
they are in two different zones of the diagram in Figure 7a. The admixed diesel with
1% rapeseed oil has a greater tendency toward pure diesel than the diesel with 3%
rapeseed oil;

• The 80,000 rpm case provided the best possible differentiation among all the fuels
because of the formation of four distinct, separate and non-overlapping clusters. In
this diagram, it is possible to distinguish between the diesel and the kerosene family;
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• As for the previous speed, the case at 85,000 rpm led to the distinction between the
diesel and the kerosene family but not an optimal distinction between the two admixed
fuels because of overlapping clusters.

The results show that the best possible classification occurs in the case at 80,000 rpm
where the clusters are well-defined and spaced out. This classification model can be used
for quality check of the purchased fuel, especially diesel. It could happen that the purchased
fuel has been admixed with crude oils, which can negatively affect its quality because of
different molecular structures. Another application can be the quantity check of rapeseed
oil admixed with diesel. Comparing the vibrational behavior of the turbine powered by the
supplied fuel with the vibrational response of the same with the desired fuel, it is possible
to say whether the fuel purchased from the supplier meets the required standards or not.

Finally, it is possible to make some final observations on the individual velocities with
respect to the diagrams obtained by plotting functions 1 and 2:

• In the case at 75,000 rpm, the clusters with respect to function 2 were always very
dispersed around their centroids, underlining how the turbine presents vibrational
cycles that are not very stationary and not very periodic, while the clusters with respect
to function 1 show that the dynamic power of the system is better exploited with pure
fuels. The best performance is with the pure fuels, but the lower emissions and costs
are with the admixed fuels.

• In the case at 80,000 rpm, the clusters with respect to function 1 are always grouped
around their own centroids, highlighting more stationary and periodic vibrations than
the other cases. This is the best working condition for the turbine.

• In the case of 85,000 rpm, referring to function 1, the kerosene has the highest values
and better exploits dynamic energy, while the diesel family presents a similar range of
values. Regarding function 2, there is a clear distinction between admixed and pure
diesels: the pure diesel presents higher explosive power. Thus, kerosene has the best
possible performance but is the most expensive. The three diesels are cheaper but
make the turbine less efficient. Lastly, there is not a great difference between using an
admixed diesel with 1 or 3% rapeseed oil.

From the confusion matrices and the calculation of Cohen’s kappa, it was possible
to establish the worth of the classification method studied and to see that, for all three
velocities studied, optimal results were obtained.

The operating conditions of a gas micro-turbine powered with different types of fuel
was discussed in this work. As discussed in the current literature, vibrational analysis has
already been addressed to study the behavior of gas turbines through different approaches.
The innovation of this work is the application of discriminant analysis to accelerometric
signals, highlighting how it can provide indications regarding the differences in the system
vibrations when powered with pure fuels or biofuels.
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Abstract: The collaboration among humans and machines is one of the most relevant topics in the
Industry 4.0 paradigm. Collaborative robotics owes part of the enormous impact it has had in small
and medium size enterprises to its innate vocation for close cooperation between human operators
and robots. The i-Labs laboratory, which is introduced in this paper, developed some case studies
in this sense involving different technologies at different abstraction levels to analyse the feasibility
of human-robot interaction in common, yet challenging, application scenarios. The ergonomics of
the processes, safety of operators, as well as effectiveness of the cooperation are some of the aspects
under investigation with the main objective of drawing to these issues the attention from industries
who could benefit from them.

Keywords: human-robot collaboration; human-in-the-loop; virtual reality; obstacle avoidance

1. Introduction

Until the introduction of Industry 4.0 principles, robotics in factories was mostly about
machines replacing laborers who were tasked with non-ergonomic duties. The exploitation
of robots was almost limited to manipulation of heavy loads or in uncomfortable posi-
tions, execution of dangerous tasks due to toxic payloads or environment, and execution
of monotonous repetitive operations. Nowadays, thanks to the wide spread of collabo-
rative robots (or cobots), the trend is shifting, especially in small and medium enterprises
(SME’s) [1]. In fact, small batch production and high level of product customization make
these industrial entities still based on the versatility of human labor. Cobots, for their part,
had a chance to easily insert themselves in this productive paradigm for they have been
specifically developed for coexistence with people.

In this scenario, the collaboration of the researchers of Università Politecnica delle
Marche together with five companies operating in the technology sector resulted in the
creation of a laboratory which aims to disseminate the principles of Industry 4.0 in the local
industrial fabric. Among them, collaborative robotics plays a crucial role, alongside with
the development of tools and strategies for Human Robot Collaboration [2,3]. The aim is that
of achieving the seamless team dynamics of an all-human team, and to this goal the last
decade of research focused on several aspects [4,5] going from the machines themselves
(exteroception [6,7], collision avoidance [8,9], intrinsic safety of the mechanics [10]), to their
relation capabilities with people (interaction modalities [11,12], control oriented perception
such as gesture recognition [13] and gaze tracking [14,15]).

Many relevant studies of the recent past can be mentioned trying to assess some of
the HRC related aspects. Rusch et al. [16] quantified the beneficial impact, under both
ergonomic and economic point of view, of preliminary simulated design of HRC scenarios.
Papetti et al. [17] proposed a quantitative approach to evaluate a HRC simulated applica-
tion. Similar topics were analysed in [18] where authors considered such opposing effects
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on collaborative production lines. However, besides the economic impact, ergonomics anal-
yses surely play a fundamental role for injury hazard management [19,20]. This becomes
even more important considering the conclusions drawn by Dafflon et al. [21]: in light of
their claims, completely unmanned factories are not reasonably possible mainly due to the
un-feasibility of such complex control systems. Therefore, processes involving humans
(Human In The Loop, HITL) will be implemented more and more frequently, justifying
the effort of developing dedicated simulation environments and evaluation metrics for
anthropocentric approaches [22–25].

However, the perception of operator commands in HITL tasks remains a widely
investigated topic [26–28], since it still represents a critical point of the HRC process.
Robustness, effectiveness, and above all safety are the keywords to be kept in mind. Thus,
the interest aroused by strategies not involving contact among machines and workers is
well understendable. Dinges et al. [29] considered the use of facial expressions to assess
aggravated HRC scenarios; Yu et al. [30] used a multi-sensor approach to sense both
postures and gestures to be interpreted as commands. In all of these examples, the key role
played by artificial vision is evident, as also featured by authors of [31].

In the following, some of these topics are exemplified by case studies approached by
the researchers at i-Labs. The aim is that of providing an impression of the ongoing research
developed to pursue the principles of Industry 4.0 for what concerns the cooperation
among humans and machines. In particular, a simulated environment is used to evaluate
the ergonomics of an industrial work-cell in the first example. The second case considers
the use of virtual reality for testing of obstacle avoidance control strategies applied to a
redundant collaborative industrial manipulator. The third case study shows how a simple
yet effective gesture recognition strategy can be developed to control tasks executed by a
dual arm cobot. For the last case study, an obstacle avoidance control algorithm has been
implemented on a collaborative robot to validate the effectiveness of the proposed law.

2. Simulation Methods in HRC Design

The method proposed in this section aims to support the human-oriented HRC de-
sign by merging the enabling technologies of industry 4.0 with the concepts of human
ergonomics, safety, and performance. As shown in Figure 1, it starts with the human
work analysis according to objective ergonomic assessments. The XSens™MVN inertial
motion capture system is used to measure joint angles and detect awkward postures. The
analysis results drive the collaborative robotic cell design; for example, allocating the non-
ergonomic tasks to the robot. The preliminary concept is then virtually simulated to identify
critical issues from different perspectives (technical constraints, ergonomics, safety, etc.)
and improve the interaction modalities. In these two phases, the NX (https://www.plm.
automation.siemens.com/global/uk/products/nx/ (accessed on 1 January 2022)) and Tec-
nomatix (https://www.plm.automation.siemens.com/global/en/products/tecnomatix/
(accessed on 1 January 2022)) Process Simulate by Siemens are respectively used. The
simulation contributes to the design optimization so that all the requirements are satisfied.
The realization of the physical prototype allows the HRC experimentation, optimization,
and validation before being implemented in the real production line. The experimentation
phase includes a new ergonomic assessment to quantitatively estimate the potential benefits
for the operator.
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Figure 1. Simulation based method for human-oriented HRC design.

The industrial case study refers to the drawers’ assembly line of LUBE Industries, the
major kitchen manufacturer in Italy. Currently, a traditional robot and a CNC machine
make the first part of the production line automated. Then, three manual stations complete
the drawer assembly. Figure 2a shows one of the involved operators, equipped with 18
Xsens MTw (Wireless Motion Tracker), performing the tasks. The analysis involved all
the labourers qualified for that specific task for a total of 6 operators (3 males, 3 females)
all having average anthropometric characteristics. All the participants were informed
about the goal of the study and the procedure. Also they were asked to read and sign the
consent form.

The human work analysis highlighted a medium-high ergonomic risk (asymmetrical
posture and stereotypy) for the operator dedicated to screwing. Before the objective
evaluation, this workstation was mistakenly considered the most ergonomic of the three.
Accordingly, the HRC design was based on the need to assign the screwing task to the
robot to preserve the operator’s health. Figure 2b shows the preliminary concept of the
workstation that includes the following elements: conveyor belt; Universal Robot UR10e;
collaborative screwdriver with a flexible extension; an aluminum structure where the
robot is fixed by four M9 holes; L-shaped squaring system; clamping system; dispenser
for feeding the screwdriver, easily and safely accessible by the operator to reload it; two
plexiglass fences to reduce collisions risk.

The simulation highlighted several critical issues to be solved. To overcome some
safety and technical problems, a new type of screwdriver was designed and implemented,
which provides a maximum torque of 12 Nm and weighs 2.3 kg. To improve the line
balancing the first two manual stations were aggregated in the cooperative robotic cell.
However, the ergonomics simulation (Figure 2c) highlighted potential ergonomics risks for
the operator during the drawer rotation.
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Figure 2. (a) human work analysis; (b) preliminary concept of cooperative robotic cell; (c) HRC
simulation; (d) physical prototype at i-Labs.

Then, an idle rotating roller was inserted so that the operator can manually turn the
conveyor belt comfortably and safely. The simulation also showed that the new cooperative
cell increased the current takt time. Consequently, an autoloader (FM-503H) was introduced
to avoid unnecessary cobot movements. It consists of a tilting blade (suction) that loads the
screws from a collection basket. Finally, the human-robot interaction has been improved
by introducing the Smart Robots (http://smartrobots.it/product/ (accessed on 1 January
2022) ) vision system, which monitors the area of cooperation and enables the robot program
according to human gestural commands. It allows the management of a high number of
product variants.

In the new HRC workstation (Figure 2d), installed at i-Labs, negligible ergonomics
risks, according to RULA (Rapid Upper Limb Assessment) and OCRA methods, were
observed. As summarized in Table 1, also the Pilz Hazard Rating (PHR), which is calculated
by (1), was reduced to acceptable values.
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Table 1. Performance comparison between the “as-is” workstation, the preliminary concept of
cooperative robotic cell and the final prototype.

AS-IS Pre-Simulation HRC Validated HRC

RULA Right = 5 � Right = 3 � Right = 2 �

Left = 3 � Left = 3 � Left = 2 �

OCRA Right = 13.3 � Right = 5.7 � Right = 5.7 �

Left = 1.9 � Left = 1.9 � Left = 1.9 �

PHR
Event 1 = 14.06 � Event 1 = 5.62 �
Event 2 = 15.62 � Event 2 = 0.94 �
Event 3 = 20.62 � Event 3 = 0.47 �

Takt time 57 s < 57 s < 57 s
Balance ∼ 70% ∼ 74% ∼ 80%

PHR = DPH × PO × PA × FE (1)

where:

• DPH is Degree of Possible Harm
• PO is Probability of Occurrence
• PA is Possibility of Avoidance
• FE is Frequency and/or Duration of Exposure

As shown, the new production line respects the cycle time (57 s) imposed by the CNC
machine and the introduction of a collaborative robot led to better line balancing (+10%).
The lab test was aimed at recreating the actual working conditions, therefore both a male
and a female volunteer (actually two researchers of the i-Labs group) have been asked to
take part in the investigation. Also, in this case, their anthropometric characteristics can be
considered average.

3. HITL: Gesture Recognition Examples

In the search for effective ways to increase collaboration between workers and robots,
new types of communication can be considered. Voice commands, for example, are typical
in many systems today, such as vehicles, home automation systems, assistive robotics, etc.,
but they are not suitable for the industrial environment, where noise and the coexistence
of multiple workers in a shared space make their implementation impossible. On the
other hand, image sensors, such as standard or RGBD cameras, can be exploited to capture
workers’ gestures, which can then be interpreted by artificial intelligence algorithms to
generate a command to be sent to the robot.

A distinction should be made between applications that require the use of wearable
devices and those that rely on direct hand and body recognition. Regarding the former
type, the most common technology for hand gesture recognition are glove devices. As
part of their work at i-Labs, the authors developed the Robotely software suite for the
specific purpose of overcoming the need for wearing gloves by adopting a hand recognition
system using a machine learning approach [32]. As shown in Figure 3, the software exploits
MediaPipe libraries in order to recognize 20 landmarks of the hand and identify up to
three different hand configurations that can be converted to commands which can be sent
to whatever robot or system. A specific test case was carried out at i-Labs: a PC with a
standard webcam was used to run Robotely and connected to a Universal Robots UR10e
cobot in order to sequence some operations between the operator and the robot.
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Figure 3. Example of gesture recognition using a standard webcam and Robotely software [32].

A second example is shown in Figure 3 where the commercial Smart Robots system is
integrated with the ABB YuMi cobot. Smart Robots is a programmable system based on
RGBD sensors directly integrated into the robot control software. Again, three different
hand gestures can be recognized and converted into commands, such as stop in Figure 4a,
calling a program variation such as a quality inspection (Figure 4b), and opening the
gripper for part rejection (Figure 4c). In addition, it is possible to define areas of the
workspace corresponding to the activation of different program sequences: when the
operator’s hand enters a predefined area of the scene (once, or typically twice to avoid
inadvertent activation) a program state is changed. In Figure 4d), for example, the operator
covers a letter drawn on the table with his hand to order the robot to compose that letter
with LEGO bricks.

(a) (b) (c) (d)

Figure 4. (a–d): example of gesture recognition phases using Smart Robots on YuMi Robot.

4. Safe Autonomous Motions: Collision Avoidance Strategies

This section recalls the obstacle avoidance algorithm introduced by authors in [8,9]
and presents some experimental results. The research in this field is presented hereby as an
advancement in the direction of safe human-robot coexistence. Also, the resulting control
algorithm is at the base of the test case presented in the subsequent section, which makes
use of virtual reality tools to test and calibrate the empirical parameters introduced by the
algorithm.

For a start, it is possible to consider the velocity kinematics of a generic manipulator
owning a number of actuators greater or equal to 6 (depending on its degree of redundancy).
In matrix form, the velocity kinematics of such a system can be written as ẋ = Jq̇, where J

is the 6 × n arm Jacobian (with n number of the joints composing the kinematic chain of the
manipulator, n ≥ 6) and q̇ is the vector of joint rates. In such terms, the vector of variables
is q =

[
q1 . . . qn

]T where q1 . . . qn are the n joint variables of the arm kinematic chain.
With such notation, the Jacobian J depends on the structure of the manipulator. The inverse
of the Jacobian J of the redundant system can be obtained as a damped inverse:

J∗ = JT(JJT + λ2I)−1 (2)
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where λ is the damping factor, modulated as a function of the smaller singular value of the
Jacobian matrix (the interested reader is addressed to [8,9] for further details). The inverse
J∗ can be used to compute the joint velocities needed to perform a given trajectory with a
Closed-Loop Inverse Kinematic (CLIK) approach:

q̇ = J∗(ẋ + Ke) (3)

where ẋ is the vector of planned velocities, K is a gain matrix (usually diagonal) to be tuned
on the application, and e is a vector of orientation and position errors (er and ep), defined
as:

e =

[
er
ep

]
=

[ 1
2 (i × id + j × jd + k × kd)

P − Pd

]
(4)

In (4) the subscript d stands for desired planned variable, P is the position of the end-effector,
while i, j and k are the unit vectors of the end-effector reference frame.

The collision avoidance strategy is then implemented as a further velocity component
(to be added to the trajectory joint velocities) capable of distancing the end-effector and
the other parts of the robot from a given obstacle. Such contribution is a function of the
distance among the obstacle and every body of the robotic system. To this purpose, the
bodies have been represented by means of two control points, A and B referring to Figure 5.
Called C the centre of a generic obstacle, the distance among it and the segment AB can be
differently computed in three different scenarios:

• (C − A)T(B − A) ≤ 0, Figure 5a: in this case the obstacle is closer to the A tip than
to any other point of AB; the distance d among the obstacle center and the line AB
coincides with the length of AC.

• 0 < (C − A)T(B − A) < |AB|2, Figure 5b: the minimum distance d lies within points
A and B. In this case, it is:

d =
|(C − A)× (B − A)|

|AB| (5)

• (C − A)T(B − A) ≥ |AB|2, Figure 5c: point C is closer to any other point, therefore
d = |BC|.

Figure 5. (a–c): obstacle to robot body distance in the three considered cases.

It is worth remarking that for this paper only spherical obstacles were considered,
although similar approaches can be developed for objects of any shape starting from the
distance primitives here defined.

Now the set of repulsive velocities for the ith body of the system can be introduced as:

q̇r,i = ψvr

(
kJ∗A,i

(A − C)

|AC| + (1 − k)J∗B,i
(B − C)

|BC|
)

(6)

where:
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• ψ is an activation parameter, function of d, of the obstacle dimension ro and the length
ri which characterize the body ith (as represented in Figure 5, the dimension ri defines
a region around the line AB given by the intersection of two spheres centred in A

and C, and a cylinder aligned with AB, of radius ri). The activation parameter can be
whatever function such that ψ = 0 if i > ri + ro, and ψ = 1 if i ≤ ri + ro. Actually, such
a transition can be made smoother by the adoption of feasible functions (polynomials,
logarithmic, etc.).

• vr is a customized scalar representing the module of the repulsive velocity provided
by obstacle to the body.

• k is a parameter which depends on the three cases of Figure 5: in the first case k = 1 so
that only the point A influences q̇r,i; in the second case both A and B are considered
proportionally to their distance from C, thus k = 1 − (C − A)T(B − A)/|AB|2; at last,
in the third case k = 0 so that only the point B is relevant to q̇r,i.

• J∗A,i and J∗B,i are the damped inverse of the Jacobian matrices of points A and B.

At this point, the CLIK control law (3) can be completed as:

q̇ = J∗(ẋ + Ke) +
m

∑
i=1

q̇r,i (7)

being m the number of segments used to describe the manipulator.
At last, some experimental results are shown as demonstration of the obstacle avoid-

ing strategy consistency. Going a little into details, the CLIK control law of the KUKA
KMR iiwa (a 7 axes redundant collaborative manipulator) was built using 6 different seg-
ments, while the two obstacles were modelled as spheres. As shown by the test rig image
(Figure 6), the robot carries a collaborative gripper by Schunk which is also considered
for the definition of the robot segments (cfr Figure 7). The results are presented in terms
of joints positions and rates, and pose and velocity of the robot end-effector (EE). Each
variable is referred, for comparison, to the values collected during the execution of the
same trajectory without obstacles in the robot workspace. The robot was controlled via
Matlab with a cycle frequency of ∼ 150 Hz. It is worth remarking that the visualization
provided in Figure 7 is a plot built on experimental data. The trajectory under investigation
is a simple linear motion with constant orientation of the EE. Two obstacles have been
put in the robot workspace, one directly on the planned trajectory (O1 in Figure 7) and
the other in the space occupied by the robot non-terminal bodies (O2 in Figure 7). The
results show how the control law is able to follow the given trajectory even in presence of
the two obstacles. As expected, obstacle O1 (met approximately in the time span 2–4.5 s,
gray area in graphs of Figure 7) prevents the robot EE from maintaining the desired pose:
the control law permits the dodging of O1 deviating the bare minimum from the planned
motion. Regarding obstacle O2 (met in the span 5.5–7.5 s, purple areas), the control law
exploits the robot redundancy to avoid the contact among the robot elbow and the obstacle
while maintaining the EE on the right trajectory and orientation.
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Figure 6. Experimental test rig: the KUKA iiwa LBR avoiding two different obstacles in its workspace.

Figure 7. Experimental results: the KUKA iiwa LBR avoiding two different obstacles in its workspace.
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5. Virtual Reality Based Design Methods

In this section a virtual implementation of the obstacle avoidance control strategy is
presented. Aside the experimentation previously shown, the algorithm has been tested in
advance in a simulated interactive scenario to demonstrate the feasibility of the control
law, and to tune the parameters used to optimize the robot response to a dynamic obstacle.
Such an approach, schematically shown in Figure 8, represents an efficient paradigm for
design and virtual testing of HITL applications. Starting in a simulated environment,
the interaction workflow can be designed considering also the presence of labourer and
their impact on the production. A further optimization step can be added to optimize the
interaction among humans and robots exploiting virtual reality. The VR tools permit one
to disregard the modeling of labourer behaviour since their presence is played by actual
humans who bring in the design process not only the actual expertise of the production
line final users, but also the randomness of human actions and movements with further
advantages in terms of security features design.

Figure 8. Design steps of a human in the loop (HITL) applications.

For this purpose, the idea was to create a virtual reality (VR) application in which a
real obstacle is inserted in the simulation loop, while the robot is still completely virtual.
The advantages of this approach are many: firstly, the algorithms can be modified and
fine-tuned ensuring safety for the operators, secondly these changes can be made easily
and quickly, reducing the development time of the real application.

The control architecture used for the VR application is shown in Figure 9, while
Figure 10 is the experimental rig. The core of the system is the VR engine, running on a
standard PC, developed by the SteamVR development suite with Unreal Engine 4 used to
model the kinematics of the KUKA robot. A classic HTC VR set is used to equip the operator:
the HMD provides an immersive three-dimensional representation of the workspace, which
in this case is simply the robot mounted on a stand; the controller, manually managed by
the operator, is rigidly connected to a virtual obstacle, shaped like a sphere, which can be
moved in the virtual space to interfere with the robot’s motion. The control of the robot is
executed by the same PC in a parallel thread developed in Matlab, with a frame rate set to
a typical value for communication protocols with robots (e.g.,125 Hz or 250 Hz, depending
on the manufacturer). The frame rate of the VR engine is set to 60 Hz, which is the standard
display refresh rate in VR applications. The communication between the two executed
threads is realized by TCP/IP protocol. A classic pick and place task is simulated, thus the
robot controller sends joint rotations to the VR engine at each time step, similarly to what
is done in real robotic systems. The trajectory of the robot is updated in real time by the
collision avoidance algorithm if the obstacle enters in a safety region of the manipulator.
The position of the obstacle is known once the VR engine reads the coordinates of the
controller held by the operator and sends this information to the robot controller.
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Figure 9. Architecture of the control loop for the VR application.

Figure 10. VR system components.

6. Concluding Remarks

The paper showed the results obtained by the i-Labs laboratory in the wide field
of research on human-robot interaction. Many technologies have been investigated and
experimented to horizontally approach the issue of close cooperation among labourers and
machines, going from off-line design, to on-line safety oriented control strategies.

The first case study showed a possible approach to the design and optimization of an
assembly work-cell. The optimization, oriented at enhancing the labourer ergonomics and
safety, allowed the realization of the prototype work-cell for the cobot assisted assembly of
furniture pieces. The outcome quality has been quantitatively estimated.

Similar aspects of Human In The Loop operations have also been investigated in the
second case study, which was about the realization of a visual based interaction paradigm
among humans and robot. In this case, a depth camera was used to recognize the labourer
commands which allowed the execution of simple tasks by the robot. This kind of contact-
less interaction pushed a little bit further in direction of security, which have been the core
focus of the third case study.

The third case introduced an innovative control algorithm for active obstacle avoid-
ance, applicable to any cobot. The strategy, based on the method of repulsive fields of
velocity, was tested on a redundant industrial cobot to evaluate the possibilities offered in
terms of both safety and task execution ability. At last, a Virtual Reality approach for the
detail design an exploitation of the obstacle avoidance strategy has been described in the
fourth case study.

The technologies which have been separately presented in this manuscript, actually
represent some of the enabling technologies in the field of Industry 4.0 and 5.0 which place
the human operator at the very center of the production process. Such a knowledge base
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can be exploited for the enhancement of industrial processes, especially in SMEs, which
represent the main matter of the local industrial tissue.
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Abstract: Dynamic substructuring allows us to predict the dynamic behavior of mechanical systems
built by linking together several subsystems, whose dynamic behavior is known. The classical formu-
lation, originally conceived for invariant systems, was extended by the authors to include mechanical
systems made by invariant subsystems that may be coupled in different configurations. A mechanism
is a typical example of a mechanical system built by coupling together invariant subsystems; during
its motion, it can take several configurations that significantly affect its vibrational behavior. There-
fore, the configuration-dependent substructuring approach can provide meaningful insights into the
dynamic behavior of the mechanism. In this paper, the proposed approach is exploited to evaluate
the vibrational behavior of a three-point linkage, a widely used mechanism to connect agricultural
tractors to operating machines, considering a significant range of operative configurations. The
proposed substructuring approach is able to predict the frequency response functions, the natural
frequencies and the mode shapes of the mechanism in a wide range of configurations.

Keywords: configuration-dependent substructuring; dynamics of linkages; three-points linkage;
vibrations

1. Introduction

Dynamic substructuring allows us to predict the dynamic behavior of mechanical
systems built by coupling together several subsystems, whose dynamic behavior is known.
The classical formulation [1] deals with invariant systems. Applications on configuration-
dependent systems are presented in [2,3] without exploiting dynamic substructuring.
Dynamic substructuring was extended in recent years to include mechanical systems
made by invariant subsystems that may assume different configurations during motion.
Specifically, the problem of frictional sliding contact and of rolling contact are respectively
considered in [4,5], while friction-induced vibrations are tackled in [6,7]. More generally,
configuration-dependent substructuring can deal with mechanical systems composed
of subsystems in relative motion with respect to each other, such as mechanisms and
linkages as outlined in [8]. In fact, a linkage is a typical example of a mechanical system
built by coupling together invariant subsystems; during its motion it can take several
configurations that significantly affect its vibrational behavior. A classical approach to deal
with the dynamics of mechanisms with deformable links is provided by the framework
of multibody systems dynamics [9,10]. The multibody approaches are typically able to
perform the kinematic and dynamic analysis of each link in the time domain by considering
at the same time rigid body motion and vibrations. This is particularly useful in simulations
aimed to verify the behavior of the mechanism under specified loads. However, a frequency
domain analysis of such transient responses might not provide significant results for other
design purposes mainly because the input forces might not properly excite the mechanism.

Machines 2022, 10, 1146. https://doi.org/10.3390/machines10121146 https://www.mdpi.com/journal/machines225



Machines 2022, 10, 1146

On the contrary, configuration-dependent substructuring can be directly formulated
in the frequency domain. On one side, this allows the description of a complex link, that
would be difficult to model properly, in terms of an experimentally determined Frequency
Response Function. So far, multibody approaches do not allow the use of experimentally
identified components. On the other side, the vibrational behavior of the mechanism
can be analyzed at every position using the configuration-dependent frequency response
function from which configuration-dependent natural frequencies and vibration modes
can be identified. This quasi-static information set is very important for design purposes
since it highlights most of the potential dynamic problems that can occur during the
mechanism’s operation.

Since the proposed approach is quasi-static and a linearization of the system is per-
formed on each configuration, the effects of friction and of nonlinearities in general, are not
accounted. Friction contact problems can be accounted in the subsructuring framework
as shown in [6,7]. However, in this case, the problem must be solved in the time domain
and no experimentally derived models can be used. For these reasons, the configuration-
dependent substructuring approach cannot be seen as an alternative to multibody analysis
but rather as a technique providing different and complementary information.

The original contribution of this paper lies in envisaging the application of substructur-
ing techniques, typically devised for structures, to mechanisms and linkages. Specifically, as
a proof of concept, configuration-dependent substructuring is applied on a three-point link-
age, a widely used mechanism to connect agricultural tractors to operating machines [11].
The vibrational behavior of this system is evaluated throughout a significant range of
operative configurations. Frequency response functions, natural frequencies and mode
shapes of the mechanism are predicted for each analyzed configuration.

2. Substructure Coupling in the Frequency Domain

A dynamic system made up of n coupled subsystems is considered. Each subsystem r
can be described using the mass, stiffness and damping matrices M(r), K(r) and C(r), from
which the dynamic stiffness matrix can be computed as Z(r)(ω) = K(r) − ω2M(r) + iωC(r).

For a given linear and invariant subsystem r, the equation of motion can be expressed
in the frequency domain as:

Z(r)(ω)u(r)(ω) = f (r)(ω) + g(r)(ω) (1)

where:

Z(r): dynamic stiffness matrix of subsystem r;

u(r): vector of displacements of subsystem r;

f (r): vector of external forces acting on subsystem r;

g(r): vector of connecting forces with other subsystems (internal constraints).

By writing the equation of motion of the n subsystems in a block diagonal format, it is
obtained, after leaving out the frequency dependence:

Zu = f + g (2)

with

Z =

⎡⎢⎢⎣
Z(1)

. . .

Z(n)

⎤⎥⎥⎦, u =

⎧⎪⎪⎨⎪⎪⎩
u(1)

...

u(n)

⎫⎪⎪⎬⎪⎪⎭, f =

⎧⎪⎪⎨⎪⎪⎩
f (1)

...

f (n)

⎫⎪⎪⎬⎪⎪⎭, g =

⎧⎪⎪⎨⎪⎪⎩
g(1)

...

g(n)

⎫⎪⎪⎬⎪⎪⎭
To couple together the n subsystems, compatibility and equilibrium conditions must

be enforced. Compatibility at the interface DoFs means that any pair of corresponding
DoFs u(r)

l and u(s)
m , i.e., DoF l on subsystem r and DoF m on subsystem s must share the

same displacement, that is u(r)
l − u(s)

m = 0.
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Generally, this condition can be written as:

Bu = 0 (3)

where each row of B refers to a pair of corresponding DoFs.
Equilibrium implies that internal constraint forces must be balanced. They arise when

two subsystems are connected together at a pair of corresponding DoFs. Therefore, the
sum of internal constraint forces must be zero for any pair of corresponding DoFs, i.e.,
g(r)l + g(s)m = 0.

Moreover, if DoF k on subsystem q is not a coupling DoF, g(q)k = 0.
Generally, the equilibrium conditions can be written as:

LT g = 0 (4)

where L is a localization matrix.
The system of Equations (2)–(4) provides the so-called three-field formulation, defining

the coupling between any number of subsystems:⎧⎨⎩
Zu = f + g
Bu = 0

LT g = 0

(5)

In the dual assembly [1,12], all DoFs are retained, i.e., each coupling DoF among two
substructures appears twice. The equilibrium condition g(r)l + g(s)m = 0 at a pair of coupling

DoFs is ensured by selecting g(r)l = −λ and g(s)m = λ. Therefore, the connecting forces can
be written in the form:

g = −BTλ (6)

where the Lagrance multipliers λ represent the intensities of connecting forces.
The equilibrium condition (4) can be rewritten as:

LT g = −LTBTλ = 0 ∀λ (7)

The Equation (7) is always satisfied, thus the three-field formulation (5) reduces to:{
Zu + BTλ = f

Bu = 0
(8)

To eliminate λ, the following steps can be performed. The first of Equation (8) becomes:

u = −Z−1BTλ + Z−1 f (9)

Equation (9) can be substituted in the second of Equation (8) giving:

BZ−1BTλ = BZ−1 f ⇒ λ =
(

BZ−1BT
)−1

BZ−1 f (10)

By substituting λ in the first of Equation (8), one finally gets:

Zu + BT
(

BZ−1BT
)−1

BZ−1 f = f

⇒ u =

(
Z−1 − Z−1BT

(
BZ−1BT

)−1
BZ−1

)
f (11)
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Since H(r) = [Z(r)]−1 is the Frequency Response Function (FRF) matrix of the r-th
subsystem, it can be written:

Z−1 = H =

⎡⎢⎢⎣
H(1)

. . .

H(n)

⎤⎥⎥⎦ (12)

Therefore, Equation (11) becomes:

u =

(
H − HBT

(
BHBT

)−1
BH

)
f (13)

The FRF matrix of the coupled system Hc satisfies a relation of the kind u = Hc f , thus:

Hc = H − HBT
(

BHBT
)−1

BH (14)

Because of dual assembly, Hc contains twice the rows and columns corresponding
to the coupling DoFs. Consequently, one row and one column for each coupling DoF can
be eliminated.

2.1. Configuration Dependent Interface

When a relative motion exists between two coupled bodies, systems built from time-
invariant component subsystems subjected to configuration-dependent coupling conditions
can be considered.

In this case, configuration-dependent compatibility and equilibrium conditions are
found. For a given configuration χ, compatibility can be expressed as:

BC(χ)u(χ) = 0 (15)

where each row of BC(χ) refers to a pair of corresponding DoFs at configuration χ.
The equilibrium condition g(r)l (χ) + g(s)m (χ) = 0 at a pair of corresponding DoFs is

again ensured by selecting g(r)l (χ) = −λ(χ) and g(s)m (χ) = λ(χ). Therefore, the connecting
forces can be written in the form:

g(χ) = −BE
T(χ)λ(χ) (16)

where λ(χ) are configuration-dependent Lagrange multipliers corresponding to connecting
force intensities. Moreover, BE(χ) is generally different from the matrix BC(χ) used to
enforce the compatibility condition, because BE(χ) should also account for possible friction
forces arising at the interface. If friction forces are neglected:

BC(χ) = BE(χ) = B(χ) (17)

2.2. Configuration Dependent Frequency Response Function

The frequency response function of the coupled system is configuration-dependent and
can be computed as follows. Equation (8) can be rewritten by considering a configuration-
dependent interface: {

Zu(χ) + BT(χ)λ(χ) = f

B(χ)u(χ) = 0
(18)
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For each configuration, the same procedure outlined in Equations (9)–(13) can be
followed to eliminate λ(χ) from the first of Equation (18). Finally, the FRF matrix of the
coupled system with configuration-dependent interface is obtained as:

Hc(χ) = H − HBT(χ)
(

B(χ)HBT(χ)
)−1

B(χ)H (19)

3. Mechanisms Description in the Substructuring Framework

Mechanisms are composed by bodies connected together by kinematic constraints.
In the substructuring framework, each link can be considered as an invariant subsystem,
while kinematic constraints can be expressed as configuration-dependent compatibility
conditions. By considering for instance two bodies connected by a revolute joint (Figure 1),
the compatibility conditions can be written as:

X

Y xr

yr

ar

as

xsysux,r

uy,r
ux,suy,s

Figure 1. Two bodies r and s connected by a revolute joint in the plane orthogonal to the revolute
joint axis: local (xryr and xsys) and global (XY) reference frames.

⎧⎪⎪⎨⎪⎪⎩
ux,r cos(αr)− uy,r sin(αr)− ux,s cos(αs) + uy,s sin(αs) = 0

ux,r sin(αr) + uy,r cos(αr)− ux,s sin(αs)− uy,s cos(αs) = 0

uz,r − uz,s = 0;

(20)

where αr and αs are the angles between two corresponding axes of the local and global
reference frame, and u are the displacements in the local reference frames. In matrix form:

⎡⎣cos(αr) − sin(αr) 0 − cos(αs) sin(αs) 0
sin(αr) cos(αr) 0 − sin(αs) − cos(αs) 0

0 0 1 0 0 −1

⎤⎦
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ux,r
uy,r
uz,r
ux,s
uy,s
uz,s

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
= 0 (21)

Therefore, the portion B̃ of the matrix B, that enforces the compatibility between two
bodies connected by a revolute joint, depends on the angles αr and αs between the local
and global reference frames. It can be expressed as:

B̃(αr, αs) =

⎡⎣cos(αr) − sin(αr) 0 − cos(αs) sin(αs) 0
sin(αr) cos(αr) 0 − sin(αs) − cos(αs) 0

0 0 1 0 0 −1

⎤⎦ (22)

It accounts for the dependence on the system configuration.
In frequency-based substructuring, the dynamics of each link can be expressed using

the FRF matrix. The FRF matrix can be either measured experimentally or evaluated using
a numerical model. It must be defined on all the degrees-of-freedom (DoFs) necessary to
define the kinematic constraints with the other links.

229



Machines 2022, 10, 1146

Note that, with respect to the classical multi-body approach, frequency-based sub-
structuring allows not only to use experimental models of components, but provides results
in the frequency domain as well.

4. Application

The configuration-dependent substructuring is exploited to evaluate the configuration-
dependent dynamics of a 1 DoF planar mechanism, the three-points linkage (Figure 2), that
is typically used to connect operating machines to agricultural tractors.

5
1

1

2
4

4

3
3

P2
P3

P1

V1

E1

E2
V2

a3

a1

a4

a2

a5

M

X

Z

Figure 2. Three points linkage. (Left) 3D scheme. (Right) kinematic scheme.

It is in fact a Watt six bar linkage. The schematic in Figure 2 shows a typical rear
three-point linkage and highlights its main components: 1© lower links; 2© upper link;
3© input cranks; 4© lift rods; 5© implement. The implement is part of the operating machine

and is considered as a rigid body, whilst all the other bodies are assumed to be deformable.
In Figure 2, the boundary nodes of the different components are highlighted; Pi and Ei
indicate the boundary nodes connecting the three-point linkage to the tractor and the
operating machine, respectively; Vi are the boundary nodes connecting the components of
the linkage to each other; M is the center of gravity of the operating machine. It is based on
a four-bar linkage composed of the lower links, the implement and the upper link, whose
configurations are controlled by the kinematic chain composed by the input cranks and the
lift rods. Note that the mechanism is planar, since all trajectories are parallel to the plane
XZ under the assumption of rigid links. However, when considering deformable links,
vibrations can also occur along the Y direction. The main dimensions of the linkage, the
inertial properties of the attached operating machine and the material properties are listed
in Table 1. All the elements of the linkage are represented in scale in Figure 2.

Table 1. Principal dimensions of the three-points linkage and inertial properties of the operating
machine.

Quantity Value

P1 (0.000, 0.000) m Position of point P1
P2 (−0.334, 0.403) m Position of point P2
P3 (−0.064, 0.385) m Position of point P3

P3V2 0.203 m Length of the input crank
V2V1 0.534 m Lenght of the lift rods
P1E1 0.810 m Lenght of the lower link
P1V1 0.366 m Distance between P1 and V1
P2E2 0.420 m Lenght of the upper link
E1E2 0.438 m Lenght of the implement
E1 M 1.020 m Distance between E1 and M
E2 M 1.095 m Distance between E2 and M

Mom 800 kg Mass of the operating machine
Iom 200 kg·m2 Moment of inertia of the operating machine

E 210 GPa Young’s modulus
ρ 7800 kg/m3 Density
ν 0.3 Poisson’s ratio
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Since the three-points linkage is a 1 DoF mechanism, its configuration is defined by
a single input coordinate, i.e., the angular position of the input cranks. Figure 3 shows
three configurations of the linkage obtained for different angular position α3 of the input
cranks, i.e., 90, 140 and 180 degrees. The angular positions αi of all the other links can be
obtained as the outcome of the position analysis of the mechanism as shown in Figure 4 for
α3 varying from 90 to 180 degrees.

Figure 3. Three configurations of the linkage. (Left) α3 = 90◦. (Middle) α3 = 140◦. (Right) α3 = 180◦.
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Figure 4. Angular position of the mechanism’s links. α1 ( ); α2 ( ); α4 ( ); α5 ( ).

5. Results

For each joint, the angular positions of the connected links are used to express the
compatibility condition, according to Equation (22). Furthermore, a rigid transformation is
used to express constraint about the motion of the implement. All constraint equations are
gathered in a overall compatibility matrix B.

Each component of the three-points linkage is modeled using a commercial FE soft-
ware and a Craig-Bampton modal reduction [13] is performed retaining only the physical
connecting DoFs with other components together with an appropriate number of fixed in-
terface modes (See Table 2). Therefore for each subsystem, the mass, damping and stiffness
reduced order matrices are used to obtain the FRF matrix.

Table 2. Number of physical and modal DoFs retained for each subsystem.

Link Physical DoFs Modal DoFs

1 lower links 9 20
2 upper link 6 20
3 input cranks 6 20
4 lift rods 6 20
5 implement 3 0
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Finally, Equation (19) can be used to obtain the configuration-dependent FRFs, evalu-
ated for α3 spanning the angular range 90–180 degrees with an angular step of 2 degrees.

Figure 5 show the configuration-dependent drive point FRFs of the end point of the
lower link (Node E1) along the z direction in the frequency band 0–200 Hz. It can be noticed
that the first natural frequency increases from 2.9 to 6.4 Hz, the second natural frequency
decreases from 105.9 to 57.8 Hz and the third natural frequency lies in the interval from
152.8 to 191.0 Hz.
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Figure 5. Configuration dependent drive point FRF of node E1 in the y direction. ( ) α3 = 90◦;
( ) α3 = 180◦; ( ) α3 = 140◦.

For each configuration, the first three natural frequencies and the mode shapes of
the whole mechanism in the plane XZ are identified. Figure 6 shows the configuration-
dependent natural frequencies of the identified vibration modes of the three-point linkage.
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Figure 6. Configuration dependent natural frequencies of vibration modes from one to three of the
three-point linkage, as function of the angle α3 of the input crank. First natural frequency ( );
Second natural frequency ( ); Third natural frequency ( ).

The results highlight the dependency of the natural frequencies on the configuration.
Moreover, Figures 7–9 show the displacements of nodes E1, E2, V1 and V2 for the first three
mode shapes of the linkage in three different configurations.
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Figure 7. Mode 1 in three different configurations. (Left) α3 = 90◦. (Middle) α3 = 140◦.
(Right) α3 = 180◦. ( ) Undeformed model; ( ) and ( ) extreme deformed configurations
during oscillation.

Figure 8. Mode 2 in three different configurations. (Left) α3 = 90◦. (Middle) α3 = 140◦.
(Right) α3 = 180◦. ( ) Undeformed model; ( ) and ( ) extreme deformed configurations
during oscillation.

Figure 9. Mode 3 in three different configurations. (Left) α3 = 90◦. (Middle) α3 = 140◦.
(Right) α3 = 180◦. ( ) Undeformed model; ( ) and ( ) extreme deformed configurations
during oscillation.

Note that the nodes are joined using straight lines, so that it is not possible to observe
the curvature of the different links. However, it is possible to have a quite clear idea about
how the linkage oscillates.

In order to check the correctness of the procedure and the quality of the approximation
due to the Craig-Bampton modal reduction of the subsystems, the assembled system in
the configuration with α3 = 140◦ is analyzed using a FE commercial software. The finite
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element model of the entire system has 250,000 nodes, and it is obtained by assembling the
finite element models of the component substructures. In Table 3, the natural frequencies
of modes in the plane XZ below 200 Hz are compared with those obtained using the
substructuring approach. The results highlight that the procedure is correctly implemented
and that the approximation with 20 Craig–Bampton modes is acceptable. Figure 10 shows
the mode shapes corresponding to modes 1, 2 and 3 of the assembled system in the
configuration with α3 = 140◦, computed using a FE commercial software. These mode
shapes appear to be well correlated with those obtained using the substructuring procedure
and shown in Figures 7–9.

Table 3. Natural frequencies.

Mode FE [Hz] Substructuring [Hz]

1 4.2 4.3
2 97.5 94.9
3 176.9 170.6

Figure 10. From left to right, mode shapes of the modes 1, 2 and 3 of the assembled system in the
configuration with α3 = 140◦, computed using a FE commercial software.

In order to quantify the computational burden of the proposed approach with respect
to a more traditional approach using a commercial FE software, we calculate the compu-
tational times spent to compute a prescribed number of frequency response functions of
the assembled systems in a given number of configurations and in a given frequency band
with an assigned frequency step. The following parameters are used for the comparison:

• number of frequency response functions: 11;
• number of configurations: 46;
• frequency band: 0–200 Hz;
• frequency step: 0.1 Hz;

The computational time necessary to obtain the FRFs using the substructuring proce-
dure is the sum of the following times:

1. the time spent to perform the Craig-Bampton modal reduction of all subsystem with
20 fixed interface modes using a commercial FE software (226 s);

2. the time spent to compute the full frequency response function matrix of the assembled
system in all the considered configurations (33 s).

The computational time necessary to obtain the FRFs using a commercial FE software
is the sum of the following times:

1. solution of the eigenvalue problem for each of the considered configuration using
20 modes (6113 s);

2. evaluation of the frequency response functions corresponding to a single excitation
point (89,240 s). Note that, for every configurations, the software evaluates the
frequency response functions at all the degrees of freedom.

For the considered system, the configuration-dependent substructuring approach
provides frequency response functions that are 368 times faster than when using a tradi-
tional approach.
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6. Conclusions

In this paper, the substructuring approach is extended to the vibrational analysis of
mechanisms. The proposed approach is applied to predict the natural frequencies, the mode
shapes and the frequency response functions of a three-point linkage for a set of different po-
sitions of the input link. The approach cannot be seen as an alternative to multibody system
analysis but rather as a technique providing different and complementary information.

For the considered system, three frequency ranges where system resonances are possi-
ble are found; the first three mode shapes and their dependence on the configuration are
shown, the frequency response functions of the system are evaluated for each configuration
and the drive-point frequency response function of the end-point of the lower link is ob-
served. This kind of result can be exploited in the preliminary design stages to highlight a
possible cluster of frequencies that should be avoided as exciting frequencies or vice-versa
to modify the system to move the cluster of natural frequencies of the mechanism away
from the excitation frequencies.

In order to validate the effectiveness of the procedure and to quantify the compu-
tational burden, a commercial FE software is used to compute the natural frequencies,
the mode shapes and the frequency response functions. The results provided by the sub-
structuring approach are correlated with the reference results provided by the full FE
model. Moreover, the computational burden required to obtain the solution using the
substructuring approach is significantly lower than that using a traditional approach.

The potential applications of configuration-dependent substructuring in the dynamic
analysis of a mechanism and in mechanism design are very promising.
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Abstract: Component batching can be a source of time waste in specific industrial applications, such
as kitting. Kitting operations are usually performed by hoppers, but other devices can be used
to optimize the process. In a previous work, a rotary device has been proved to be more efficient
than hoppers; such a device allows the kitting and releasing of the components in a single rotatory
movement, while traditional hoppers require at least two movements. In this paper, an improvement
of such feeding device is proposed. The movement of the rotary device is driven by a four-bar
linkage mechanism which is designed through functional synthesis. Thank to the four-bar linkage
mechanism, the alternate motion of the rotary distributor is derived from the constant speed of
the motor.

Keywords: feeding; rotary device; functional synthesis; mechanical design

1. Introduction

The target of many companies is to either reduce production costs or increase the
throughput. This is important, especially for Western countries, where the unit direct
production cost of goods in the manufacturing industry is driven mainly by the cost of
labor. To overcome such issue, production systems must be optimized by increasing their
flexibility [1,2].

In the manufacturing industry, kitting lines play a major role. The aim of kitting lines
is to create kits of different objects with predetermined quantities [3]. To achieve this, firstly,
small batches are created, one for each type of object; then, the batches are grouped together
to assemble the kit. Such kits may be sold to the final customer, called sales kit, or prepared
for other assembly processes, called production kit. To create the batches, a common solution
is given by hopper systems. Hoppers are used in series to group components, perform
quality checks through weight measurements, and act as buffers. However, hoppers suffer
from a non-negligible drawback, i.e., for each release operation, they need two movements,
opening, and closing. To overcome such issue, hopper design has been studied in the last
years, and both axial-symmetric [4–8] and eccentric [9,10] solutions have been analyzed,
trying to optimize the flow of the components to reduce the drawback. However, hoppers
are yet a source of inefficiency [11]. For small kit sizes, robots can be used as an alternate
means of kitting [12,13]; however, robot productivity is too low with respect to hoppers
when the number of parts per kit is large.

To the best of the authors’ knowledge, there is a general lack of alternatives to hoppers;
indeed, very few works have been published in this area in the last few years. For example,
Pantyukhina et al. [14] proposed a mechanical toothed hopper-feeding device whose
purpose is not component kitting, but component orientation. Gao et al. [15] studied a
rotational device to be used for a continuous flow of small particles; thus, the purpose and
design are different from a kitting operation, in which rather large components are kitted.

In this paper, a novel solution for component batching is proposed by means of
a compartmentalized rotating device. Such a device, which follows the concepts intro-
duced in previous works [16,17], requires only a single rotational movement for each
release operation. In fact, it is made up of compartments divided by blades specifically
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designed for optimized component falling. This work focuses both on the mechanical de-
sign and how it affects the blade shape to ensure the free-falling motion of the components.
In particular, we propose to use a four-bar linkage mechanism to drive the movement of
the blades; in this way, an alternate motion of the blades is obtained without requiring
complex electronics, since it is derived from the motion of an electric motor driven at a
constant speed. This design choice on the one side simplifies the control system of the
rotating device, which is the main advantage provided by the solution proposed, on the
other side it requires a re-design of the blades. Both aspects are addressed in the paper.

The work is structured as follows. Firstly, the mechanical design of both the mechanism
and the blades is presented in Section 2. Then, the numerical results of the design principles
are presented in Section 3. Finally, experimental tests are described in Section 4, and the
performances are evaluated.

2. Mechanical Design

The proposed device is shown in Figure 1. The device is composed of three main parts:

• A fixed cylindrical structure, in brown in Figure 1a, which acts as a container for the
components to be kitted. The cylinder axis is horizontal, and the curved surface has
two openings: one at the top to receive new components, and one at the bottom to exit
the components.

• The rotary distributor, in teal green in Figure 1a, coaxial with the cylinder, which divides
the cylinder into two compartments via some blades. The rotation of the blades around
the cylinder axis allows the components to fall within one compartment or the other
(Figure 2).

• A four-bar linkage mechanism, in light grey in Figure 1a, whose rocker link is fixed with
the blades (angle ϕ3 of Figure 3). The crank link is controlled by means of an electric
motor that rotates at constant speed, whose absolute angle is q.

(a) (b)

Figure 1. Design of the proposed mechanism. CAD model (a) with the four-bar linkage system (light
grey) and the rotary distributor with the blades (teal green); mathematical model (b).

The four-bar linkage mechanism has been chosen for its extreme simplicity both in
terms of control, manufacturing, and costs. In fact, the device can be built by means of
cheap 3D rapid prototyping with great results.

Exploiting the movement of the mechanism, if the crank link rotates with a fixed speed
the blades rotate periodically to the left and to the right, allowing the components to fall
within one compartment or the other (an example can be seen in Figure 2). This allows the
machine to be controlled by a very simple control system.
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(a) (b)

(c) (d)

(e)

Figure 2. Functioning of the mechanism. The rotary distributor (teal green) moves to the left and to
the right to batch components, while the four-bar linkage mechanism is driven by a motor fixed to the
crank which rotates at constant speed. The parts fall into the compartment from the inlet (to the top)
and exit from the outlet (to the bottom) under the action of gravity. In the sequence depicted above,
the first set of parts (white) exits to the right (a–c), and the second set (blue) exits to the left (c–e).

2.1. Design of the Four-Bar Linkage Mechanism

The design of the four-bar linkage can be performed via precision-point synthesis [18].
Precision-point synthesis allows sizing the mechanism so that it crosses specific configura-
tions, called precision points. Such configurations are chosen by design to exploit specific
mechanism behavior.
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Let us consider the vector scheme of Figure 3. The position closure equation can be
written as follows:

∑
i={1,...,4}

±zi = 0 → z1 + z2 − z3 − z4 = 0 (1)

which must hold for every mechanism configuration. If a configuration 0 is considered,
each vector i complex form is:

zi,0 = aiejϕi,0 (2)

where ai is the vector length and ϕi,0 is the absolute angle. If a rotation δi,k is applied to
vector zi,0, the resulting vector zi,k is:

zi,k = aiej(ϕi,0+δi,k) = zi,0ejδi,k (3)

which leads to the position closure equation for configuration k:

∑
i={1,...,4}

±zi,k = ∑
i={1,...,4}

±zi,0ejδi,k = 0 (4)

Figure 3. Schematic of the four-bar linkage mechanism. The vectors represent the position of the
links of the mechanism.

Subtracting Equations (1) and (4) we get:

∑
i={1,...,4}

±(zi,k − zi,0) = ∑
i={1,...,4}

±zi,0(ejδi,k − 1) = 0 (5)

which represents the position closure equation of the displacements. For displacement k,
Equation (5) becomes:

z1,0(ejδ1,k − 1) + z2,0(ejδ2,k − 1)− z3,0(ejδ3,k − 1) = 0 (6)

where z4,0 has been deleted since it is fixed, i.e., z4,k = z4,0; thus, δ4,k = 0 for every
displacement k.

Equation (6) can be used to size the mechanism based on the design requirements.
In particular, the designer is usually interested in designing the mechanism such as that
a specific displacement of the crank δ1,k corresponds to a specific displacement of the
rocker δ3,k (the so-called functional synthesis). As a result, the number of unknowns in
Equation (6) is 7: the three vector lengths (a1, a2, a3) and orientations (ϕ1,0, ϕ2,0, ϕ3,0),
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and the displacement of the coupler link (δ2,k). The corresponding number of scalar
equations is 2, one for the real part and one for the imaginary part of the vectorial equation.
Vector z4 length (a4) and orientation (ϕ4,0) are calculated by means of Equation (1) for
configuration 0.

As a result, configuration 0 is not considered—since its equations are used to calculate
only z4—thus, the number of unknowns for N displacements is 6+ N, whereas the number
of equations is 2N. Table 1 shows the number of unknown parameters for N displacements
up to 6. One of the main advantages of the functional synthesis of a mechanism is that
the solution to be found can be scaled and oriented according to the needs. That said, if a
length of a link is fixed, all the other links can be calculated based on such length; if the
length is doubled, all the other links are doubled as well. Moreover, the same mechanism
can be rotated while maintaining the functionality [19].

Table 1. Number of unknowns, equations and solutions for N displacements.

N Unknowns Equations Solutions

1 7 (a1,a2,a3,ϕ1,0,ϕ2,0,ϕ3,0,δ2,1) 2 ∞5

2 8 (a1,a2,a3,ϕ1,0,ϕ2,0,ϕ3,0,δ2,1,δ2,2) 4 ∞4

3 9 (a1,a2,a3,ϕ1,0,ϕ2,0,ϕ3,0,δ2,1,δ2,2,δ2,3) 6 ∞3

4 10 (a1,a2,a3,ϕ1,0,ϕ2,0,ϕ3,0,δ2,1,δ2,2,δ2,3,δ2,4) 8 ∞2

5 11 (a1,a2,a3,ϕ1,0,ϕ2,0,ϕ3,0,δ2,1,δ2,2,δ2,3,δ2,4,δ2,5) 10 ∞1

6 12 (a1,a2,a3,ϕ1,0,ϕ2,0,ϕ3,0,δ2,1,δ2,2,δ2,3,δ2,4,δ2,5,δ2,6) 12 1

If N = 3, the corresponding equations retrieved from Equation (6) can be compacted
in a matrix form as follows:

E · z0 =

⎡⎣ejδ1,1 − 1 ejδ2,1 − 1 1 − ejδ3,1

ejδ1,2 − 1 ejδ2,2 − 1 1 − ejδ3,2

ejδ1,3 − 1 ejδ2,3 − 1 1 − ejδ3,3

⎤⎦⎧⎨⎩
z1,0
z2,0
z3,0

⎫⎬⎭ =

⎧⎨⎩
0

0

0

⎫⎬⎭ (7)

where, as stated previously, z1,0 and z3,0 displacements (δ1,k, δ3,k) are known by design.
Systems with N > 3 are more difficult to solve due to the coupling of the parameters and
the fact that matrix E is non-squared, but some methods have been proposed [20–22].

From Table 1, it can be inferred that there are ∞3 solutions to the system of Equation (7).
As a result, three parameters must be chosen. The unknowns are the three vectors and
the displacements of the coupler link (δ2,1,δ2,2,δ2,3). The algebraic system admits solutions
different from the trivial one if and only if the determinant of the matrix of displacements
E is equal to zero. In other words, it is possible to choose one displacement of the coupler
(δ2,k) to calculate the others. Then, the system can be solved by choosing the length and the
orientation of one of the vectors. Finally, z4 is calculated by means of (1) for configuration
0. Please note that by choosing one vector and one displacement, the number of unknowns
reduces by 3; thus, the solution is unique.

The determinant of the matrix of displacements is:

det

⎛⎝⎡⎣ejδ1,1 − 1 ejδ2,1 − 1 1 − ejδ3,1

ejδ1,2 − 1 ejδ2,2 − 1 1 − ejδ3,2

ejδ1,3 − 1 ejδ2,3 − 1 1 − ejδ3,3

⎤⎦⎞⎠ = E21ejδ2,1 + E22ejδ2,2 + E23ejδ2,3 + E0 = 0 (8)

where
E21 = ejδ1,3 − ejδ1,2 + ejδ3,2 − ejδ3,3 + ejδ1,2 ejδ3,3 − ejδ1,3 ejδ3,2 (9)

E22 = ejδ1,1 − ejδ1,3 − ejδ3,1 + ejδ3,3 − ejδ1,1 ejδ3,3 + ejδ1,3 ejδ3,1 (10)

E23 = ejδ1,2 − ejδ1,1 + ejδ3,1 − ejδ3,2 + ejδ1,1 ejδ3,2 − ejδ1,2 ejδ3,1 (11)

E0 = ejδ1,2 ejδ3,1 − ejδ1,1 ejδ3,2 + ejδ1,1 ejδ3,3 − ejδ1,3 ejδ3,1 − ejδ1,2 ejδ3,3 − ejδ1,3 ejδ3,2 (12)

where all the terms are known since are design variables.
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Equation (8) is a non-linear complex equation system that can be solved numerically
by choosing one of the displacements δ2,k. In fact, the system has two equations (one
for the real part and the other for the imaginary part) but three unknowns (δ2,1,δ2,2,δ2,3).
By choosing one of such unknowns it is possible to solve the system.

Once the displacements are found, the system of Equation (7) can be solved by remov-
ing one row (since the determinant of the 3 × 3 matrix is null). The resulting system is a
2 × 2 system with 3 unknown vectors. As a result, it is necessary to choose one of such
vectors to solve the system. Without losing in generality, lets us consider that vector z3,0
has been chosen and the third equation removed:[

ejδ1,1 − 1 ejδ2,1 − 1
ejδ1,2 − 1 ejδ2,2 − 1

]{
z1,0
z2,0

}
= −

{
1 − ejδ3,1

1 − ejδ3,2

}
z3,0 (13)

which can be solved if the rank of the matrix of displacements is equal to 2. From
Equation (13) the three vectors z1,0, z2,0, and z3,0 are fully defined, while z4,0 is calcu-
lated by means of Equation (1) for configuration 0:

z4,0 = z1,0 + z2,0 − z3,0 (14)

Finally, link length ai and orientation ϕi,0 are calculated from the complex vector form:

ai = |zi| =
√
�(zi)2 +�(zi)2

ϕi,0 = atan2(�(zi),�(zi))
(15)

where �(zi) and �(zi) are the real and imaginary part of the complex vector zi.
It is worth noting that the solution given from the functional synthesis allows the

mechanism to fulfill the required configurations, but nothing can be said about the behavior
of the mechanism in all the other configurations. In other words, it is possible that the
crank is not able to perform a complete rotation around its axis. Further checks must be
performed to address the validity of the solution based on specific design requirements,
such as the Grashof Law. Finally, z3,0 has to be chosen in such a way that even the largest
parts to be kitted can easily fall within the compartments. In this sense, the mechanism and
the motor must be scaled accordingly.

Provided that the actuation torque of a four-bar linkage mechanism may be very high
when a singular configuration is approached, the mechanism obtained by the synthesis
must be checked to verify that the actuation torque is bounded within reasonable values.
If the solution is not applicable, the design must restart and different values on the con-
straints (i.e., displacements δ1,k, δ2,k, δ3,k and one vector) must be applied.

2.2. Design of the Blades

In a hopper system, the easiest trajectory a component should follow is the free
falling motion, without any interaction with the blade [16]. Indeed, this is the trajectory
that requires the smallest time to let the component exit the cylinder volume. Different
component behavior could be exploited by means of more complex interaction models,
such as by considering the dynamics of the components [17]. The optimal design of the
blade is the one that follows the movement of the component during the free fall without
interacting with it.

The steps for the design of the blades are [16]:

1. The starting position of the component falling on the blade (x0, y0) is calculated.
This position is arbitrary and can be chosen according to specific needs (e.g., the motor
shaft dimensions).
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2. The free falling motion law of the component is calculated to retrieve the movement of
the component in the absolute reference frame (0):

y(t) = y0 − 1
2

gt2 (16)

3. By imposing a specific motion law of the rotary distributor it is possible to calculate
the orientation of the reference frame relative to the rotary distributor. In particular,
if ψ(t) is the rotation angle of the rotary distributor, the transformation of coordinates
between the absolute reference frame (0) and relative reference frame (r) is described by
the transformation matrix:

Tr0(t) =

⎡⎣cos(ψ(t)) − sin(ψ(t)) 0
sin(ψ(t)) cos(ψ(t)) 0

0 0 1

⎤⎦ (17)

4. The position Pr(t) of the center of the component in the relative reference frame can be
calculated by means of Tr0:

Pr(t) =

⎧⎨⎩
x(t)
y(t)

1

⎫⎬⎭
r

= Tr0(t)

⎧⎨⎩
x0

y(t)
1

⎫⎬⎭
0

(18)

5. The blade shape is the lower envelope of the circles centered in Pr(t) in the reference
frame. In such a way, the blade will always be very close to the component during
its fall.

From Equation (18) it can be inferred that the motion law of the rotary distributor
ψ(t) plays a major role in the design of the blade: different motion laws and rotational
speeds result in very different blades. Particular attention must be paid to high-speed
motion laws, since the incoming parts may rebound from the blades. However, it must
be considered that the speed of the rocker (and of the blades) is very low near the dead
points, right when the incoming parts enter and exit the device. In the case of a direct
motor installed on the rotary distributor [16], ψ(t) is described by well-known motion laws,
such as third-degree polynomials or trapezoidal speed laws. Indeed, it is nearly impossible
to drive the distributor at a constant speed, since it would allow a very short time for the
components to fall within the compartments. Moreover, this type of control system requires
control electronics which increases the costs of the device.

On the other hand, using a four-bar linkage allows the motor to be moved at a constant
speed, while ψ(t) is driven solely by the speed ratio between the crank and the rocker,
which is given by the synthesis of the mechanism. In this case, ψ(t) = ϕ3(t), which can be
derived directly by the kinematic of the four-bar linkage. In fact, the motion law can be
expressed conveniently through its first derivative ψ̇(t):

ψ̇(t) = ϕ̇3(t) =
dϕ3

dt
=

dϕ3

dq
dq
dt

= wϕ3(q)q̇(t) (19)

where wϕ3(q) is the speed ratio between the rocker and the crank and is:

wϕ3(q) =
a1 sin(ϕ2 − q)

a3 sin(ϕ2 − ϕ3)
(20)

The motion law ψ(t) can be derived via integration of Equation (19), where the
differential variable is q, since in our case q̇ is assumed to be constant.
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3. Validation

3.1. Mechanism Synthesis

The methodology presented in the last section has been implemented to perform both
the mechanism synthesis and the blade profile generation. For the mechanism synthesis,
3 precision points have been chosen. The precision points, which represent displacements
from configuration 0, have been chosen to follow specific design principles:

• The angular top opening range ϕO is arbitrary but should be wide enough to allow
multiple pieces to fall within the device without falling outside of the cylinder. More-
over, it is mandatory that ϕO ≤ ϕr. Indeed, if the top opening range is wider than the
blade stroke, the two compartments will always have an open top gap which could
allow components to pass through. As a result, the first configuration has been chosen
so that δ3,1 = ϕr. Since configuration 0 must be reached once every crank full rotation,
this first displacement, which represents half of the full movement of the rocker,
must be performed in half rotation; thus, δ1,1 = 180◦.

• The other two displacements are chosen so that the rocker moves from the dead points
by a certain amount with the same crank displacement. In other words, δ3,3 = δ3,1 − δ3,2,
and δ1,3 = 180◦ + δ1,2.

Vector z3 has been chosen so that the rotary compartment fits the cylindrical part used
in a previous work [16] and ϕ3 = π/4. All the numerical values used in the synthesis are
shown in Table 2. In our case ϕr = 90◦, so for every crank full rotation the rocker must
move 90◦ to the right and 90◦ to the left. It is worth noting that the synthesis does not
ensure that the rocker moves exactly 90◦ every half crank rotation, but, thanks to δ3,1 = 90◦,
ensures that the rocker moves at least 90◦ every half crank rotations.

Table 2. Numerical values used in the synthesis of the mechanism. Design requirements to the left,
fixed unknown values to the right.

Parameter Value Unit Unknown Value Unit

δ1,1 180 [◦] δ2,3 20 [◦]
δ1,2 45 [◦] a3 56.6 [mm]
δ1,3 225 [◦] ϕ3,0 45 [◦]

δ3,1 90 [◦]
δ3,2 20 [◦]
δ3,3 70 [◦]

Synthesis results are shown in Table 3 and in Figure 4. The configurations shown in
Figure 4 repeat every crank rotation at specific q values. The main result of the synthesis
is the mechanism reliability: in fact, since ϕO < ϕr, there is a certain angle at which the
rotary distributor can move without entering the top opening range. By imposing such
angles via the precision points, it is ensured that the rocker enters the top opening range
in a pre-determined timespan, which can be calculated by choosing the crank rotational
speed. In our example, the mechanism is designed to rotate the rocker about 20◦ from
the dead points (δ3,2 = δ3,1 − δ3,3 = 20◦) when the crank rotates about 45◦ about its axis
(δ1,2 = δ1,3 − δ1,1 = 45◦). The time needed for such rotation is:

tspan =
δ1,2

q̇
=

δ1,3 − δ1,1

q̇
(21)

where q̇ is the constant rotation speed of the crank.
As a result, the timing of the mechanism is not dependent on the control system,

but rather on the mechanical design of the four-bar linkage. The device can be cheaper:
there is no need for complex electronics or sensors; instead, the motor can be driven at a
constant speed by using a single potentiometer.
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Table 3. Results of the synthesis of the mechanism. Link lengths to the left, link orientation at
configuration 0 to the right.

Parameter Value Unit Parameter Value Unit

a1 39.6 [mm] ϕ1,0 −2.55 [◦]
a2 104.2 [mm] ϕ2,0 −13.49 [◦]
a4 120.6 [mm] ϕ4,0 326.76 [◦]

(a) Configuration 0, q = ϕ1,0 (b) Configuration 1, q = ϕ1,0 + 45◦

(c) Configuration 2, q = ϕ1,0 + 180◦ (d) Configuration 3, q = ϕ1,0 + 225◦

Figure 4. Configurations of the synthesis. (a) configuration 0; (b–d) configurations of the precision
points. The same configuration numbers are reported in Figure 5.

The overall behavior of the four-bar linkage mechanism for every possible configura-
tion is depicted in Figure 5. As expected, the movement of the rocker can not be controlled
precisely between the precision points. In particular, it can be noted how the overall rocker
movement range is higher than ϕr (in our example, max(ϕ3)− min(ϕ3) = 96.32◦), but,
actually, every crank half rotation the rocker is placed at exactly 90◦ with respect to the
previous crank half rotation.

3.2. Blade Design

From the mechanism synthesis, it is possible to perform the blade design. In this case,
the two blades—one for the left compartment, and the one for the right compartment—
must be designed separately, since the rocker movement is uneven between the two crank
half rotations.

The motion law ψ(t) of Equation (17) is equal to ϕ3(q/q̇) since the motor is moved
at constant speed q̇, hence there is a direct proportion between the crank rotation q and
the movement time t. The two motion law for the two blades are retrieved directly from
Figure 5a, where:

• for the movement from left to right: ψ(t) = ϕ3(t) = ϕ3(q/q̇) for q ∈ [0, 180]◦;
• for the movement from right to left: ψ(t) = ϕ3(t) = ϕ3(q/q̇) for q ∈ [180, 360]◦.
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Figure 5. Rocker position (a) and speed ratio (b) for each crank configuration, where q is the
displacement with respect to configuration 0. The dots represent the configuration 0 (to the left of
each graph) and the three precision points (where q = δ1,k with k = 1, 2, 3). Dashed lines show how
ϕ3(360◦) = ϕ3(0◦) and wϕ3 (360◦) = wϕ3 (0

◦).

All the numerical values used in the blade design are shown in Table 4, where q̇ is
calculated by choosing the time required for a crank half rotation T and r is the diameter of
the component.

Table 4. Numerical values used in the design of the blades.

Parameter Left Blade Right Blade

x0 [mm] −8.7 8.7
y0 [mm] −5 −5
r [mm] 4 4

T [s] 0.11 0.11

The two blades are depicted in Figure 6. In light blue (Figure 6a) and orange (Figure 6b)
is shown the component relative trajectory during the free fall. Since the blade must be
adjacent but not interact with the piece, the top side of the blade is actually the envelope
of the bottom part of the component during the fall. Such a side is depicted in the figures
with a bold black line.

Please note that the blade, in the simulation, pierces the cylindrical wall. This is due to
the fact that the free fall motion allows the component to exit the cylindrical structure in a
time tout lower than T. As a result, the physical blade should be cut to fit the cylindrical
dimensions. This cutting does not influence the component motion: in fact, it is the
expression of the fact that the component has yet left the cylinder while the movement
of the rotary distributor from one side to the other is still ongoing; thus, T could be
further reduced. The value of tout is the lower limit of T, and can be calculated by solving
Equation (16) for y(t) = −R, where R is the radius of the cylinder (Figure 1a):

tout =

√
2(R + y0)

g
(22)

which, for our example, with |R| = a3, tout = 0.1026 s.
Varying T has an important influence on the final blade shape. In Figure 7 are shown

different blades for different T values where, for simplicity, the component trajectories
are stopped at t = tout. The more the time T increases, the more the shape of the blade
resembles a single-curvature arc, and its initial position (the one depicted in Figure 7) tends
to align to the vertical direction. In this way, components that fall from the inlet are not
blocked; thus, they simply fall through the device without grouping on the blade.
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Since the motion law of the blade ψ(t) differs between the left-right and right-left
movements (Figure 5a), the blades of the two compartments are different (Figure 5a),
although they look very similar. A more intuitive comparison is depicted in Figure 8, where
the right blade has been mirrored with respect to the vertical axis. The left blade, which
corresponds to the range q ∈ [0, 180]◦ presents an evident sharp bend right before the
cylinder edges, which corresponds to the last part of the rotary movement, during which
the speed rapidly changes (range q ∈ [120, 160]◦ of Figure 5b). Such change is less evident
in the other movement (q ∈ [180, 360]◦), where can be seen a small spike in the rocker speed
before returning to configuration 0. Moreover, the first movement presents a generally
higher rocker speed, which increases the distance of the component from the horizontal
axis, resulting in a blade that bends towards the top of the absolute reference system.
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Component relative trajectory (movement right-left)

(a)

-0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08

x [m]

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

y 
[m

]

Component relative trajectory (movement left-right)

(b)

Figure 6. Shape of the two blades -left (a) and right (b)- for the two compartments. Please note that
the shape of the blade pierces the cylinder walls since in the movement time T the component is able
to fall outside of the cylinder via free fall.

Figure 7. Blade shapes for different values of T. The trajectories of the components have been stopped
evenly at t = tout.
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From a manufacturing point of view, it is more convenient to produce a single blade
rather than two distinct blades. In this sense, it is mandatory, for our example, to consider
only the right blade. In fact, if the left blade is considered, during the left-right movement
(which would require the right blade) the trajectory of the component in the relative
reference frame would still be the orange of Figure 8. As a result, since the trajectory
pierces the left blade, the component would interact with the blade, producing unexpected
behavior. On the contrary, if the right blade is considered, in the right-left movement the
component would fall producing a certain distance to the right blade. Nonetheless, the free
fall motion would still be guaranteed.

Figure 8. Comparison of the two blades.

Finally, it has to be noted that the blade has been designed to be as close to the rotary
distributor shaft to be as flexible as possible. In fact, in terms of speed, the initial part of
the free falling motion is the slowest, since speed increases linearly with time; thus, the
trajectory performed by a component adjacent to the shaft is the worst-case scenario in terms
of possible interactions with the blade. Once the blade is designed with the component
adjacent to the shaft, any other starting point on the blade ensures no interaction with the
blade. An example is provided by Figure 9, in which a different starting point on the blade
is considered. In here it can be seen that the component on the left, after a rotation of the
blade, has a certain distance from the blade itself; the component whose falling starts in
(x0, y0) (component to the right), instead, perfectly follows the blade profile. As a result,
any component that is placed on any other point on the blade will never interact with the
blade and will fall by means of gravity.

3.3. Motor Torques

The four-bar linkage comes with a drawback which is related to the variability of the
torques that the motor must apply to the crank to move the entire mechanism, especially
when it is close to the singular configurations. To this regard, the proposed design has been
compared to the direct driven solution shown in [16]. In the previous work, the motion of
the blades is directly driven by an electric motor.

To simplify the comparison, only inertial forces are considered, while friction is ne-
glected. Figure 10 represents the motor torques for three different scenarios, the proposed
design (blue) and two cases for the direct drive solution, with the motor following a trape-
zoidal speed law (orange) and a trapezoidal acceleration law (yellow). The speed coefficient
cv is set equal to 1.333; it is defined as
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cv =
T

T − Ta
(23)

where T is the motion time for one kitting operation (i.e., 180◦ for the proposed system and
120◦ for direct drive solution), and Ta is the acceleration time, which is considered equal to
deceleration time. T is set to 0.11 s. As to the trapezoidal acceleration law, the ratio between
the time at constant acceleration and the total acceleration time Ta, is set equal to 1/3.
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Figure 9. Comparison of trajectories of components with different starting points, at the beginning of
the blade movement and after a blade rotation of about 140◦. A component which starts the fall away
from the rotary compartment shaft will not interact with the blade.
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Figure 10. Motor torques for different design solutions. Proposed design (blue) and direct motor
installed on the rotary distributor: trapezoidal speed law (orange) and trapezoidal acceleration
law (yellow).
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The proposed system presents a higher value of maximum torque (0.339 Nm) due to
the proximity to a singular configuration. However, the root mean square of the motor
torque (0.0874 Nm) is comparable to that of the other two solutions (0.0859 Nm for the
trapezoidal velocity law and 0.0961 Nm for the trapezoidal acceleration law, respectively),
so that they can be regarded as substantially equivalent in terms of torque requirements.

4. Experimental Results

To test the effectiveness of the method, an experimental setup has been developed at
the University of Padova, as seen in Figure 11.

Figure 11. Experimental setup. The four-bar linkage mechanism is highlighted in red, while the
blades are highlighted in green.

The links, the cylinder, and the blades have been rapidly prototyped by using the
plastic material PLA. For the latter, only the right blade has been considered for simplicity.
The crank is driven by an MAE M543-0900 motor.

The device has proved its effectiveness with one component and has been tested with
multiple components all at once, to simulate the kitting operation, as in Figure 12. Results of
the effectiveness of the device with multiple components and different T values are shown
in Table 5. The same movement has been performed multiple times to have an empirical
information about any possible problems. The components are fed from a grouping station
at the top. In Table 5 a check sign (�) indicates that the device, during the tests, have not
shown any issues; an approx sign (≈) indicates that only in a minor set of tests (<5%) some
issues occurred; finally, a cross sign (×) indicates that with a specific T and number of
components the blade is not reliable for industrial use. It has to be noted that, in terms of
reliability, only the cases with the check mark can be considered suitable for industrial use.

As expected, the design of the blade is more effective with few components. Indeed,
increasing the number of components to be kitted increases the chance of interference
between the components; thus, they may not follow the predicted trajectory. With many
components the tests have shown pieces stuck between the blades and the cylinder walls,
either during the loading or the unloading phase. In particular, with T = 0.11 s and
6 components, some pieces have fallen within the wrong compartment.

Please note that most of the issues at low T values occur at inlet side. Optimization of
the cylinder walls and/or of the blade dividing the two compartments is likely to reduce
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failures, but needs further investigation and testing. Also the influence on failures of the
direction and timing of incoming parts is worth to be investigated, focusing on the dynamic
interaction between the dividing blade and the falling parts.

(a) (b)

Figure 12. Example of interaction with multiple components. (a) the two components are perfectly
aligned on the blade before the free fall; (b) one component is falling on the other which is starting the
free falling motion. The four-bar linkage system is highlighted in red, while the blades are highlighted
in green.

Table 5. Experimental results of multiple rotations with different T and a different number of
components. The blades are proven to be very effective by design with few components, but for small
T and a high number of components some problems may occur.

Components T = 0.11 s T = 0.2 s T = 0.5 s

1 � � �
2 ≈ � �
6 × ≈ �

5. Conclusions

In this paper, the design of a novel feeding device has been proposed. The device
is composed of a rotary distributor, divided into two compartments by a linear blade,
and a four-bar linkage mechanism used to drive the distributor. Each compartment is
used alternatively to group components and let them fall into a following kitting station,
while the alternate left-right movements are driven by the kinematics of the four-bar linkage
mechanism. The components are accompanied by blades specifically designed to support
the components’ free-falling motion.

Both the four-bar linkage mechanism and the blade design have been presented
in this paper. The mechanism design is performed by a specific functional synthesis,
which requires three parameters to be performed algebraically. The blade shape, on the
other hand, is designed exploiting the four-bar linkage kinematic results.

The main advantage of the proposed mechanism is its simplicity in the control system.
In fact, the movement of the blade is driven solely by the kinematics of the four-bar
linkage, where the crank is fixed to the shaft of an electric motor controlled at a fixed speed,
thus requiring a very simple control system.

The device has proved to be reliable for very few components, whereas multiple
pieces can interact with each other, resulting in unexpected behavior, especially at high
speed. Nonetheless, the fact that loading and unloading of the compartments can be
performed in a single movement—since while one compartment is unloading the other can
be loaded—shows very promising expectations for future developments.
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Abstract: This paper analyses some effective strategies proposed in the last few years to tackle contact
mechanics problems involving rough interfaces. In particular, we present Boundary Element Methods
capable of solving the contact with great accuracy and, at the same time, with a marked computational
efficiency. Particular attention is paid to non-linearly elastic constitutive relations and, specifically,
to a linearly viscoelastic rheology. Possible implications deal with all the tribological mechanical
systems, where contact interactions are present, including, e.g., seals, bearings and dampers.

Keywords: applied mechanics; tribology; Boundary Elements Methods

1. Introduction

In the last few decades, a variety of analytical, numerical and experimental approaches
have been implemented to understand what happens when two solids, with real rough
interfaces, come into contact. The reasons for such a marked attention in the rough contact
mechanics are different and both theoretical and applicative. In fact, there is certainly a
genuine academic interest in the problem due to its specific intricacy: the presence of the
roughness, whose spectrum covers several orders of magnitude and goes down to the
atomistic scales, introduces a huge number of space and time scales. On the other hand,
rough contact mechanics has a practical importance in the optimized design of engineering
systems and components: classical industrial applications include seals and dampers ([1,2]),
but a constantly increasing interest is rising in the frontiers’ fields, such as bio-adhesive
([3–6]), cellular scaffolds ([7,8]) and even touch-screen devices ([9]).

The first theoretical answer to the rough contact problem was given by Greenwood
and Williamson in 1966 in a pioneering paper where the first of the so-called multiasperity
theories has beeen introduced. Following such a contribution, a variety of models have
been proposed (see, e.g., [10–13]): basically, these models reduce the surface roughness
to a discrete distribution of asperities behaving as independent Hertzian punches, thus
neglecting the reciprocal interaction between the contact clusters. Due to this assumption,
multiasperity theories cannot match experimental results in terms of applied load and con-
tact area ([14]). In the last twenty years, Persson has developed a totally different approach,
where the contact pressure probability distribution is demonstrated to be determined by
a diffusive process, being dependent on the magnification at which the contact interface
is observed. This theory can be considered exact in full contact conditions, but provides
still qualitatively accurate information for partial contacts. On the other hand, to provide
quantitativelly reliable predictions as needed in applications, a number of numerical meth-
ods and, in particular, several Boundary Element approaches, implemented either in the
real ([15–20]) and in the Fourier space ([21–24]), have been developed. Nowadays, these
techniques are extremely accurate, but at the same time, in most cases were affected by a
significant limitation: they were developed for linear elastic contact mechanics.
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However, it should be pointed out that, in many cases, and, crucially, when soft
materials are involved in the problem, a marked non-elastic time-dependent mechanical
behaviour is evident. Specifically, in a number of systems of applicative interest, including
civil engineering ([2,25]) and biomechanics ([7,8,26]), soft matter can be described, with
good approximation, by a linearly viscoelastic rheology. Recently, due to the theoretical
and practical prominence of viscoelastic contact mechanics, a large amount of research
activities was dedicated to the topic ([27–35]): different cases, including constant sliding
velocity, reciprocating motion and lubricated contacts, have been investigated by some
of the authors of this paper and other research groups in the world ([27–41]). There are
still multiple issues to point out, but these studies have already properly demonstrated
how viscoelasticity alters the contact solution in terms of contact area, load, separation,
stiffness and, ultimately, friction compared to the elastic case. Results not only differ from
the orders of magnitude from purely elastic conditions, but also have a qualitative impact
on the global solution. To this extent, in this paper, we will review, inter alia, a point
that, given its theoretical and practical importance, has to be properly accounted for: this
is the anisotropy induced by the material viscoelastic rheology on the contact solution.
As shown in Ref. [33,42], when a rigid isotropic rough punch slides over a viscoelastic
layer, the contact solution, in terms of both contact clusters and displacement, is strongly
anisotropic. In fact, in each contact cluster, we have a different behaviour between the
leading edge and the trailing edge, where the material is not yet relaxed. Clearly when
the contacting surfaces are already anisotropic, as it often happens in real interfaces due
to the manufacturing treatment, the problem further complicates. All this has significant
practical consequences: for example, this is crucial for sealing systems as it intervenes on
the percolation phenomenon. In fact, most of the theories in the field ([43–46]) assume
that the contact patches distribution is perfectly isotropic, but clearly this assumption fails
when dealing with viscoelastic interfaces, thus leading to a potential underestimation of
the percolating flow in rubber-based viscoelastic seals.

Another issue to properly account for when dealing with rough contacts is the case
of coated bodies. Soft coatings offer the chance to tailor the resulting interface behavior
in terms of adhesive toughness, local contact stiffness, frictional behavior, etc. Similarly,
biological systems have also often evolved in order to exploit specific features of multi-layer
tissues such as, for instance, human skin. For these reasons, besides the aforementioned
classical investigations focusing on both adhesive [47–53] and adhesiveless [17,28,54–61]
contacts involving half-spaces, detailed studies have been led specifically focusing on
contacts of thin layers [35,62–66].

As a matter of fact, material dissimilarity between the contacting bodies (i.e., material
coupling) is the only source of interaction between the displacement fields in the directions
normal and tangential to the surface for half-space contacts [67,68]. This has been clearly
pointed out in a series of studies dealing with both homogeneous [69–71] and graded [72,73]
elastic materials. However, very little has been conducted with respect to the case of thin
bodies. In Refs. [74–76], the aforementioned coupling description has been proven to hold
true only for the case of semi-infinite contacts, whereas contacts involving deformable
layers of finite thickness behave differently. Indeed, in this case, a thickness-related source
of normal-tangential coupling exists, which has been defined as geometric coupling [77,78]
(notably, the latter term is negligible for very thick bodies). In Refs [77,78], it has been
demonstrated that the contact area is strongly affected by the geometric coupling in sliding
frictional contacts, with predicted values up to 10% larger than the expected values for
the uncoupled case. Electrical conductivity prediction [79], and wear estimation [80] are
side problems which could result to be worsened by neglecting geometric coupling effects.
Ref. [78] also shows that geometric coupling affects the overall frictional beahvior of the
interface by inducing an asymmetric normal pressure distribution also in purely eleastic
contacts. Similarly, the finite thickness of the deformable substrate is also expected to
impact the adhesive performance of the contact interface. It is the case, for instance, of thin
coatings in orthopedic implants [81,82], medical adhesive bands [83], and pressure sensitive
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adhesives [84–86], where the layer is comparable in thickness to the surface features size.
It has been demonstrated that, in this case, the specific boundary conditions applied to
the thin deformable layer may play a key role in determining the adhesive strength and
toughness at the interface, both in the case of adhesive contact mechanics against wavy
counterparts [64], and peeling detachment from flat substrates [87–90].

In this paper, we review the main approaches developed to tackle all the aforemen-
tioned issues and, in particular, to understand what happens in terms of pressure dis-
tribution, displacement and friction when rough interfaces are in contact. The paper is
structured as follows. Section 2 include the methodology developed for elastic interfaces,
while the following one is dedicated to the viscoelastic one. Results and final remarks
complete the manuscript.

2. BEM Formulation for Elastic Sliding Contacts

The system under investigation is shown in Figure 1, where a randomly rough rigid
surface is in steady-state sliding contact with a deformable solid backed onto a rigid
substrate. In the same figure, r(x) represents the surface roughness (with x being the
in-plane position vector) with periodicity λ, and h is, in general, the deformable thickness.
Notably, for h → ∞, the behavior of the contacting solids asymptotically approaches the
half-space. Morevoer, as shown in Figure 1, we assume the rigid rough indenter to penetrate
the solid surface by a quantity δz, whereas with ūz and Δ we indicate the mean normal
displacement of the solid surface and the mean penetration, respectively, so that:

δz = Δ + ūz. (1)

In addition, Λ and λ indicate the roughness peak and fundamental wave-length,
respectively.

Figure 1. The sliding contact between a rigid rough profile and a deformable layer of thickness h
backed onto a rigid substrate.

In order to generalize our contact model, we assume the presence of Amonton/Coulomb
friction at the contact interface, with friction coefficient μc, all over the contact domain Ω.
Indeed, the stress distribution acting along the x direction is given by

τx(x) = μc p(x); x ∈ Ω, (2)

where p(x) is the normal pressure distribution.
We assume that the relative sliding speed only occurs in the x direction. And that, μc

does not depend on the relative sliding speed. Notably, the frictionless contact mechanics
behavior (i.e., purely normal indentation) is easily reseambled for μc = 0.
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Following the contact formulation given in Refs. [17,28,63,64], we formulate the contact
problem in terms of interfacial surface displacement vector v =

(
vx, vy, vz

)
and stress vector

σ = (μc p, 0,−p). In the reference system joint to the moving indenter, we have

v(x) = u(x)− ū =
∫

Ω
d2sΘ(x − s, h)σ(s); x ∈ Ω, (3)

where we applied the the coordinate transformation x − Vt → x. In Equation (3), u and
ū represent the total and mean surface displacement vectors, respectively, which can be
calculated following the procedure indicated in Refs. [17,28,63,64]. Notably,

ū =
1

λ2

∫
Ω

u(x)d2x (4)

with λ being the size of the periodic calculation domain. Moreover, the term Θ(x, h) in
Equation (3) represents the Green’s tensor, which depends on the specific thickness h of the
elastic body. Moreover, we define the mean contact pressure as

pm =
1

λ2

∫
Ω

p(x)d2x (5)

Notably, by means of Equation (3), the contact problem can be reduced to a Fredholm
equation of the first kind. Presently, let us focus our attention on the specific case of an half-
space and a frictionless contact. To numerically solve the contact problem, the penetration
depth Δ is controlled, while the computational domain D is discretized with small squares
of non-uniform size. The unknown stress in each single square is assumed to be uniformly
distributed on it. Thus, we can discretize Equation (3) as the following linear system:

vi = Lijσj (6)

where σi is the normal stress uniformely acting on the square, vi is the normal displacement
at the centre of each square, and Lij is the elastic response matrix, that is, the matrix
provided by the discretized version of Equation (3). In the case of , Lij can be computed by
employing the Love solution (see [91]), which furnishes the elastic displacement due to a
uniform pressure on a rectangular area, and adding up the contribution of each elementary
cell D to account for the periodicity of the problem. Thus Lij = lij − lm, where:

lij =
1 − ν2

πE

+∞

∑
k=−∞

+∞

∑
h=−∞

⎧⎪⎨⎪⎩(ξij + dj
)

ln

⎛⎜⎝
(
ηij + dj

)
+
[(

ξij + dj
)2

+
(
ηij + dj

)2
]1/2

(
ηij − dj

)
+
[(

ξij + dj
)2

+
(
ηij − dj

)2
]1/2

⎞⎟⎠

+
(
ηij + dj

)
ln

⎛⎜⎝
(
ξij + dj

)
+
[(

ηij + dj
)2

+
(
ξij + dj

)2
]1/2

(
ξij − dj

)
+
[(

ξij − dj
)2

+
(
ηij + dj

)2
]1/2

⎞⎟⎠

+
(
ξij − dj

)
ln

⎛⎜⎝
(
ηij − dj

)
+
[(

ξij − dj
)2

+
(
ηij − dj

)2
]1/2

(
ηij + dj

)
+
[(

ξij − dj
)2

+
(
ηij + dj

)2
]1/2

⎞⎟⎠

+
(
ηij − dj

)
ln

⎛⎜⎝
(
ξij − dj

)
+
[(

ξij − dj
)2

+
(
ηij − dj

)2
]1/2

(
ξij + dj

)
+
[(

ξij − dj
)2

+
(
ηij − dj

)2
]1/2

⎞⎟⎠
⎫⎪⎬⎪⎭ (7)
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and

lm =
1 − ν2

πE
(

dj

λ
)2

+∞

∑
k=−∞

+∞

∑
h=−∞

{
λ(h + 1) ln

(
k + 1 +

[
(h + 1)2 + (k + 1)2]1/2

k − 1 + [(h + 1)2 + (k − 1)2]
1/2

)

+λ(k + 1) ln

(
h + 1 +

[
(k + 1)2 + (h + 1)2]1/2

h − 1 + [(k + 1)2 + (h − 1)2]
1/2

)

+λ(h − 1) ln

(
k − 1 +

[
(h − 1)2 + (k − 1)2]1/2

k + 1 + [(h − 1)2 + (k + 1)2]
1/2

)

+λ(k − 1) ln

(
h − 1 +

[
(k − 1)2 + (h − 1)2]1/2

h + 1 + [(k − 1)2 + (h + 1)2]
1/2

)}
(8)

where dj is the size of the elementary boundary element and ξij =
∣∣xj − xi

∣∣ + λh and
ηij =

∣∣yj − yi
∣∣+ λk.

Clearly, Equation (6) will be exploited to compute the interfacial stresses once the
displacements vi are known. As the problem under investigation belongs to the class
of mixed boundary problems, we need to determine the real contact area. This can be
performed iteratevely by implementing the following procedure: (1) fix the displacement Δi,
(2) evaluate the so-called bearing area as the intersection between the deformed elastic layer,
calculated with respect to the elastic solution determined previously for the penetration
Δi−1 < Δi, and the rigid rough punch, (3) compute the displacements in the contact clusters
as vi = hi − hmax + Δ, where hi = h(xi), hmax the maximum height of the rough profile,
(4) solve Equation (6) to assess the stress distribution σj in the contact areas, (5) determine
the displacements vi = Lijσj out of the contact areas, (6) update the contact area at each
iterative step by deleting the elements with negative pressure and adding those where there
exists compenetration. It should be noted that we invert the matrix Lij only for those points
belonging to the contact area: this leads to a strong reduction of the computational efforts.
The numerical inversion of the Equation (6) is made by means of an iterative method based
on a Gauss-Seidel scheme.

It should be noted that the scheme previously described can be employed only in the
adhesiveless case as negative values for the pressure distribution are discarded during
the iterative case. In the adhesive case, based on the energy balance defined in Refs. [63],
under isothermal and frictionless (i.e., μc = 0) conditions, for any given value of the contact
penetration Δ, the contact domain Ω can be calculated by requiring that, at equilibrium,(

∂F
∂Ω

)
Δ
= 0 (9)

where F = E +A is the total free energy, with

E =
1
2

∫
Ω

p(x)vz(x)d2x (10)

being the interfacial elastic energy stored into the deformable body, and

A = −ΔγA (11)

being the adhesion energy with Δγ being the work of adhesion, also referred to as the
Duprè energy of adhesion.

Notably, Equation (9) can be numerically calculated across infinitesimal variations of
the discretized contact domain Ω in the direction normal to the local boundary ∂Ω.

We also observe that the present formulation can be extended to the case of frictional
contacts by following the procedure defined in Refs. [49], and the fundamental solution
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derived in Ref. [92]. To this extent, let us focus on the case of a rigid 1D rough profile in
contact with a thin elastic layer of thickness h.

Morevoer, the term Θ(x) in Equation (3) takes the form

Θ(x) =
1
E

(
Gxx Gxz
Gxz Gzz

)
, (12)

where E is the Young’s modulus fo the elastic material, and according to Ref. [77] we have

Gxx(x) = −2
(
1 − ν2)

π

[
log
∣∣∣2 sin

( q0x
2

)∣∣∣+ ∞

∑
m=1

B(mq0h)
cos(mq0x)

m

]
, (13)

Gxz(x) = −Gzx(x) =
1 + ν

π

[
1 − 2ν

2
[sgn(x)π − q0x]−

∞

∑
m=1

C(mq0h)
sin(mq0x)

m

]
, (14)

Gzz(x) = −2
(
1 − ν2)

π

[
log
∣∣∣2 sin

( q0x
2

)∣∣∣+ ∞

∑
m=1

A(mq0h)
cos(mq0x)

m

]
, (15)

with q0 = 2π/λ, and

A(mq0h) = 1 +
2mq0h − (3 − 4ν) sinh(2mq0h)

5 + 2(mq0h)2 − 4ν(3 − 2ν) + (3 − 4ν) cosh(2mq0h)
, (16)

B(mq0h) = 1 − 2mq0h + (3 − 4ν) sinh(2mq0h)
5 + 2(mq0h)2 − 4ν(3 − 2ν) + (3 − 4ν) cosh(2mq0h)

, (17)

C(mq0h) =
4(1 − ν)

[
2 + (mq0h)2 − 6ν + 4ν2

]
5 + 2(mq0h)2 − 4ν(3 − 2ν) + (3 − 4ν) cosh(2mq0h)

. (18)

3. BEM Formulation for Viscoelastic Sliding Contacts

In multiple applications, it is necessary to account for soft contacts and, specifically, for
a linear viscoelastic rheology for the solids into contact. To this end, let us briefly recall the
main features of linear viscoelasticity [93,94] throughout the following integral equation,
which correlates two time-dependent quantities, that is, the strain ε(t) and the stress σ(t):

ε(t) =
∫ t

−∞
dτJ (t − τ)

·
σ(τ), (19)

where J (t) is the creep function and the symbol ‘·’ refers to the time derivative. Now, if we
define the real quantities E0 and E∞ respectively as the rubbery and glassy elastic moduli
of the viscoelastic material, C(τ) as a the positive defined as creep spectrum [93], and τ is
the relaxation time distribution, the creep function J (t) can be written as:

J (t) = H(t)
[

1
E0

−
∫ +∞

0
dτC(τ) exp(−t/τ)

]
= H(t)

[
1

E∞
+
∫ +∞

0
dτC(τ)(1 − exp(−t/τ))

]
(20)

where H(t) is the Heaviside step function introduced so that J (t) can satisfy the principle
of causality and, thus, J (t < 0) = 0.

Now, Equation (20), let us understand what happens when viscoelastic bodies are
into contact. Due to the linearity of the system, as the geometrical domain is non-finite
and, thus, translational invariant [91], let us focus on the following integral equation
formulated to correlate the normal surface displacement u(x, t) and the normal interfacial
stress derivative σ̇(x′, τ):

u(x, t) =
∫ t

−∞
dτ
∫

d2x′Gtot
(
x − x′, t − τ

)
σ̇
(
x′, τ

)
, (21)

where x is the position vector, t is the time, Gtot is a global Green’s function. If we assume
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that we are dealing with a perfectly homogenous solid, we can factorize the integral
equation kernel in Equation (21) in two terms, thus writing:

u(x, t) =
∫ t

−∞
dτ
∫

d2x′J (t − τ)G
(
x − x′

)
σ̇
(
x′, τ

)
, (22)

where G(x) is a spatial Green’s function, which is defined in detail in Ref. [95]. It is crucial
to observe that, in Ref. [28], under steady-state assumptions, that means the punch is sliding
at constant v over the viscoelastic substrate, Equation (22) has been further developed. In
fact, we can introduce a speed parametrically dependent Green’s function G(x, v), thus
strongly simplifying Equation (22) as:

u(x) =
∫

d2x′G(x − x′, v
)
σ
(
x′
)

(23)

Similarly, in Ref. [36], reciprocating conditions are exploited: the rough rigid punch is
assumed in sinusoidal motion over the viscoelastic substrate. Indeed, in this case, we can
introduce a Green’s function, being parametrically dependent on the time t, and we can
write the following Equation:

u(x, t) =
∫

d2x′G(x − x′, t
)
σ
(

x′, t
)

(24)

When we reduce Equation (22) to Equation (23) or to Equation (24), respectively for
the steady-state or the reciprocating conditions, a dramatic reduction in the computational
complexity is obtained. As a result, multi-scale problems, where the roughness spectrum
covers several orders of magnitude, can be investigated. On the other side, as these
simplifications affect the generality of the kinematic conditions which can be investigated,
in Ref. [95] Equation (22) has been directly tackled. Although the computational complexity
has allowed the solution just for the 1D case, it has been possible to explore different
conditions, including normal indentation and transient contacts [95].

Another aspect to consider when approaching viscoelastic contact problems deals with
the case of thin viscoelastic layers. Let us focus here on the case of a 1D rough profile in
sliding contact with a thin viscoelastic layer under the assumptions of frictional interactions
at the interface (i.e., μc > 0). In this case, again other steady conditions, we can define a
speed parametrically dependent tensor ΘV as conducted previously in Equation (3) for
the purely elastic case. In particular, ΘV(x) ,with x being the position coordinate, can be
defined as follows:

ΘV(x) = J
(
0+
)[ Gxx(x) Gxz(x)

Gxz(x) Gzz(x)

]
+
∫ +∞

0+

[
Gxx(x + Vt) Gxz(x + Vt)
Gxz(x + Vt) Gzz(x + Vt)

]
J̇(t)dt, (25)

which, as expected, parametrically depends on the sliding velocity V. Specifically, in
Equation (25), the viscoelastic creep function J(t) is given by (20), and the G terms are given
by Equations (13)–(15).

Since the interface is adhesiveless, the solution strategy adopted to calculate the
unknow contact area domain is the same as previously introduced.

Notably, a very recent study has also demonstrated that adhesive viscoelastic contacts
in sliding conditions can be addressed by relying on an energy balance approach.

4. Results and Discussion

4.1. Two-Dimentional Viscoelastic Sliding Rough Contacts: The Role of Anisotropy

An aspect with really important implications from both a theoretical and an applicative
point of view is the anisotropy related to the contact area and on the deformation field
when a rigid surface is in sliding contact with a viscoelastic half-space [42]. A field, where
this can become crucial, is the fluid leakage: percolation is really influenced by the contact
anisotropic solution. To quantify all these effects, we can employ self-affine fractal rigid
surfaces generated with spectral components in the interval qr < q < qc, where qr = 2π/λ,

261



Machines 2022, 10, 1205

with λ being the side of the square punch equal to λ = 0.01 m, qr = Nq0 and N number
of scales (or wavelengths) [17]. Computations are carried out with N = 64. Moreover,
regarding the material properties, in the following developments, we employ a linear
viscoelastic material with a single relaxation time τ = 0.1 s, with a high frequency modulus
E∞ equal to E∞ = 108 Pa, the ratio E∞/E0 = 11 and the Poisson ratio equal to ν = 0.5.

Let us start showing in Figure 2 this anisotropic effect underlined for the first time
in Ref. [36]. Basically, when we focus our attention on the sliding contact mechanics of a
perfectly isotropic rough surface over a linearly viscoelastic solid, the contact area solution
results are anisotropic: in detail, each contact cluster, as zoomed in the inset, tends to shrink
at the trailing edge, where the material is still relaxing.Consequently, each contact area is
stretched perpendicularly to the speed.

Figure 2. Contour plot of a pressure distribution for a perfectly isotropic surface sliding over a
linearly viscoelastic layer. In the zoomed inset, a single patch of the contact region: this results in
being stretched perpendicularly to the speed.

We can quantify the anisotropy degree by introducing, in a certain range of wave
vectors ζ1q0 < |q| < ζ2q0, the symmetric anisotropy tensor for the deformed surface
M(ζ1, ζ2):

M(ζ1, ζ2) =
∫

ζ1q0<|q|<ζ2q0

d2qq ⊗ qCd(q, ζ1, ζ2) (26)

where Cd(q; ζ1, ζ2) = (2π)−2 ∫ d2x〈u(0; ζ1, ζ2)u(x; ζ1, ζ2)〉 exp(−iq · x) is the power spec-
tral density of the deformed surface u(x; ζ1, ζ2) that is filtered. Crucially, the band-pass
filter in the interval [ζ1, ζ2] is defined to highlight the frequencies where the viscoelastic
effects are higher.

Now, let us notice that the quantity Mij =
∫

ζ1q0<|q|<ζ2q0
d2qqiqjCd(q), with i and

j = 1, 2 , is the second order moments of the filtered surface power spectral density of the
, i.e., M11 = μ20 =

〈
u2

x
〉
, M22 = μ02 =

〈
u2

y

〉
, M12 = μ11 =

〈
uxuy

〉
, where ux = ∂u/∂x,

uy = ∂u/∂y (see also Ref. [96]). Thus, once we have defined the symmetric tensor M,
the quadratic form Q(x) = Mijxixj can be introduced. In a polar reference system with
x = r cos θ, and y = r sin θ, one may obtain:

Q(x) = r2|∇u · e(θ)|2 = r2μ2(θ)

where e(θ) is the unit vector (cos θ, sin θ) and

μ2(θ) = μ20 cos2(θ) + 2μ11 sin(θ) cos(θ) + μ02 sin2(θ) (27)
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is, thus, the average square slope of the profile defined by carrying out a cut of the deformed
surface u(x; ζ1, ζ2) along the direction θ [33]. Thus, when plotting the quantity μ2(θ) in a
polar diagram, if the system is isotropic, μ2(θ) has to be circular; otherwise, there exists
a different elliptical shape. Furthermore, we can quantify the degree of anisotropy by
looking at the ratio γd = μ2 min/μ2 max between the minimum μ2 min and the maximum
μ2 max eigenvalues of the tensor M; furthermore, the principal direction of anisotropy can
be introduced by detecting the value of the angle θd maximizing μ2(θ), i.e., μ2(θd) = μ2 max.

Similarly, we can introduce the roughness anisotropy tensor M for the rigid surface
as M(ζ1, ζ2) =

∫
ζ1q0<|q|<ζ2q0

d2qq ⊗ qC(q, ζ1, ζ2): its components are ,then, M11 = m20 =〈
h2

x
〉
, M22 = m20 =

〈
h2

y

〉
, M12 = m11 =

〈
hxhy

〉
with hx = ∂h/∂x and hy = ∂h/∂y. As

conducted before, it is possible to associate to the tensor M the quadratic form Q and the
parameters γs and θs for the quantity m2(θ). The latter is the average square slope for the
profile cut on the rough surface h(x; ζ1, ζ2) along the direction θ [33].

If we focus on the isotropic surface sliding over a viscoelastic half-space as pointed
out in Figure 2, it is possible to plot m2(θ) and μ2(θ). In Figure 3, we observe that m2(θ)
is perfectly circular (with γs = 1), while crucially μ2(θ) is elliptical with γd = 0.37 and
θd is approximately π/2 . We quantify in this way what was clear in Figure 2: as the
contact clusters are perpendicular to the velocity direction, the maximum anisotropy angle
must be close to π/2. In Ref. [28], it was demonstrated that the contact area shrinkage
and the anisotropic shape for the spectral moment μ2(θ) are correlated: the shrinkage of
each contact cluster at the trailing edge applies a high-pass filter to the frequencies which
corresponds to the scales along the velocity direction: thus, as observed in Figure 3, the
spectral moment of the deformed profile reduces in such a direction. More details on the
generalization of the anisotropy induced by viscoelasticity can be found in Ref. [42].

Figure 3. Polar plots of m2(θ) for the rigid surface (on the top) and μ2(θ) for the deformed half-space
(on the bottom). Calculations are carried out for a constant normal pressure p equal to p = 32 kPa
and a dimensionless speed equal to vτ/L0 = 0.13.
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4.2. Adhesion in Elastic Contacts of Thin Layers

Another paradigmatic condition to consider when dealing with rough contact is the
presence of thin layers. In this case, in order to simplify the calculations, without any loss of
generality of the method employed, adhesive elastic conditions are investigated in the case
of a 1D rigid wavy profile (with single wavelength λ and amplitude Λ) in adhesive contact
against a linear elastic layer of thickness h. Moreover, since the elastic layer presents a finite
thickness, specific boundary conditions can be imposed to the layer surface opposed to the
contact interface. In this regard, we consider two different boundary conditions as reported
in the insets of Figures 4: the confined case, where a rigid constraint is applied to the layer
boundary (see Figure 4a); and the remote pressure case, which consider a free layer boundary
with uniform pressure applied (see Figure 4b).

Figure 4. The dimensionless mean pressure p̃m = 2
(
1 − ν2)p/(Eq0Λ) vs. the dimensionless mean

penetration Δ̃ = Δ/Λ for elastic thin layers under (a) confined and (b) remote pressure boundary
conditions. The dimensionless thickness is h̃ = q0h. Results refer to

(
1 − ν2)q0Δγ/(πE) = 0.05, and

q0Λ = 2.

Figure 4 shows the dimensionless mean pressure p̃m as a function of the Δ̃.
Referring to the confined configuration, Figure 4a shows that the contact behaves

stiffer as the dimensionless thickness h̃ is reduced because of the presence of the upper
rigid constraint which hampers the elastic deformation of the layer. A different scenario
holds in the case of remote pressure configuration, which, at a relatively small value of h̃,
behaves like an Euler-Bernoulli beam. Indeed, as shown in Figure 4b, the contact stiffness
significantly reduces with h̃ reducing. This leads to a peculiar behavior as, in presence of
external loads, a threshold thickness hth exists below which partial contact cannot occur
(i.e., jump into full-contact occurs). Notably, in the confined configuration, complete contact
can occur only for h > Λ.

Figure 4 also allows to appreciate the different behavior of the two configurations
at pull-off, under load controlled conditions. Indeed, in the case of remote pressure con-
figuration, reducing the layer dimensionless thickness h̃ leads to lower pull-off pressure
and smaller (more negative) pull-off penetration. As shown in Ref. [64], this entails larger
adhesive toughness, thus suggesting safety applications, where large amount of energy
needs to be absorbed. On the contrary, the confined case shows increasing pull-off pressure
with h̃ decreasing, which is peculiarly suited for structural applications (e.g., adhesives).

4.3. Frictional Elastic/Viscoelastic Sliding Rough Contacts of Thin Layers

In the case of sliding contacts with frictional interactions at the sliding interface, the
elastic field in the deformable body depends on the distribution of the normal and tangential
tractions at the interface. In the usual assumption of half-space contacts (i.e., h � λ) with
rigid against incompressible (i.e., ν = 0.5) materials, the presence of in-plane stress (e.g.,
frictional) does not play any role, and the frictionless normal contact solutions still holds
true (uncoupled case). However, Equation (3) shows that in the case of non-vanishing out-
of-diagonal terms in the Green’s tensor Θ, the elastic fields caused by normal and in-plane
stress interact with each other, and the linear superposition of the contact solutions is no
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longer possible (coupled case). In this case, the contact behavior depends on the specific
distribution of both normal and tangential stress. This is the case, for instance, of frictional
sliding contacts involving thin layers and/or compressible (i.e., ν < 0.5) materials.

The frictional contact of thin elastic layers can be investigated by exploiting the
formalism given by Equations (3) and (12)–(18). The same approach can be adopted
for the viscoelastic case, providing that the Green’s tensor component are calculated by
means of Equation (25). Specifically, in what follows we focus on the case of a 1D rigid
rough profile in contact with a thin layer of thickness h backed onto a rigid substrate (i.e.,
confined configuration). For most of the calculation, we assume incompressible material
for the layer, so that the only source of normal-tangential coupling arises from the finite
thickness of the deformable layer. In agreement with Refs. [77,78], we qualitatively refer to
this as to geometric coupling. The rigid profile presents a self-affine roughness spanning over
100 scales with a periodicity wavelength λ and Hurst exponent H = 0.8. We also assume
rrms = 10 μm, and ḡ = 0.13, as the profile root mean square height and slope, respectively.

Due to normal-tangential coupling, different interfacial displacements are expected
for frictional and frictionless contact conditions, given the same contact configuration. In
turn, this may give rise to a different value of the contact area a in the presence of interfacial
friction compared to the value a0 of the frictionless case. Indeed, Figure 5a shows the
contact area ratio a/a0 as a function of the dimensionless mean contact pressure p̃m, in the
presence of geometric coupling. We observe that, at low values of p̃m, the effect of coupling
on the contact area ratio is poor; whereas, for p̃m > 2, the contact area ratio significantly
increases by increasing the value of p̃m. Finally, at very high contact pressure, a saturation
of the value of a occurs, as the full contact conditions is approached both for frictional and
frictionless contacts. As expected, increasing the interfacial friction coefficient, leads to
enhanced coupling effects. Indeed, in highly frictional contacts (e.g., rubber contacts with
μc ≈ 1) the predicted contact area increase may raise up to 10% compared to the expected
value in frictionless case. Moreover, a closer look at Equations (14) and (17) shows that the
geometric coupling term is fast decaying with h̃ = q0h increasing. This is confirmed by the
data shown in Figure 5b, where we observe that the actual contact area increase predicted
for h̃ = 1.5 is of only 2 %, compared to the uncoupled conditions. A further increase in the
layer thickness leads to vanising coupling effects, as the confinement offered by the rigid
substrate is very poor.

Figure 5. The contact area ratio (a0 is the contact area for uncoupled case, i.e., with μc = 0) as a fuction
of (a) the dimensionless contact mean pressure p̃m = 2

(
1 − ν2)p/(Eq0Λ), and (b) the dimensionless

layer thickness h̃ = q0h.

The frictional behavior of the interface is also affected by coupling. Indeed, from
Equation (14) we observe that, in the presence of geometric coupling (i.e., for thin layers),
the normal displacements on the layer surface under a normal point force are asymmetric
even in the case of a purely elastic material. Hence, in rough contacts’ conditions, an
asymmetric pressure distribution is expected on each contacting asperity, which eventually
entails an additional friction force opposing the relative sliding between the indenter and
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the deformable body. In the case of viscoelastic materials, as clearly shown in Refs. [62,66],
due to the delayed material relaxation, an asymmetric contact pressure distribution is
expected even in the case of vanishing coupling (i.e., for h � λ). Therefore, in contacts
involving thin viscoelastic layers, the pressure asymmetry can be ascribed to the combined
actions of both coupling and viscoelasticity [78]. The friction term resulting from the degree
of contact pressure asymmetry is usually referred to as interlocking friction. The overall
friction coefficient μ experienced by the contacting bodies can be calculated as

μ = μc + μa

where μc is the Coulomb friction coefficient at the sliding interface, and

μa =
1

λpm

∫
Ω

p(x)u′
z(x)dx

is the interlocking friction coefficient due to either coupling and/or viscoelasticity, with u′
z

being the spatial first derivative of uz.
Figure 6a shows the normalized friction coefficient μa/μc ḡ induced by the asym-

metry of the contact pressure distribution in purely elastic contacts as a function of the
dimensionless mean contact presssure p̃m, for different values of ν. For ν = 0.5, due to
geometric coupling, the degree of asymmetry of the contact pressure distribution is the
highest possbile; moreover, since the pressure eccentricity is shifted in the direction of
sliding, the resulting normalized friction coefficient μa/μc ḡ > 0. Consequently, under
these conditions, regardless of the specific value of p̃m, the overall contact friction is higher
than for uncoupled contacts (i.e., for incompressible half-space). For ν < 0.5, also material
coupling occurs between normal and tangential displacements fields. The contact pressure
eccentricity depends on the value of the contact mean pressure, therefore the frictional
behavior of the contact may result in being increased or decreased with respect to the
uncoupled corresponding case.

Figure 6. (a) the normalized elastic friction coefficient μa/μc ḡ as a function of the dimensionless
contact mean pressure p̃m = 2

(
1 − ν2)p/(Eq0Λ), for different values of the layer Poisson’s ratio ν.

(b) the normalized viscoelastic friction coefficient μa/ḡ as a function of the dimensionless sliding
velocity ζ = Vtcq0, in the frictional and frictionless case.

Figure 6b shows the normalized friction coefficient μa/ḡ as a function of the dimen-
sionless sliding velocity ζ = Vtcq0, for the frictional (μc = 0.8) and frictionless case (μc = 0).
In this case, the layer is assumed lineraly viscoelastic (with single relaxation time tc). Firstly,
we observe that at very high and very low values of the dimensionless sliding velocity, the
normalized friction coefficient μa/ḡ presents its minima. Indeed, under these conditions,
the viscoelastic hysteresis vanishes and the material response is barely elastic. We also
observe that the presence of geometric coupling leads to higher values of μa/ḡ compared
to uncoupled conditions. Moreover, since the coupling terms in Equations (14) and (17) do
not explicitly depend on ζ, non-vanishing values of μa/ḡ are reported even for ζ → 0 and
ζ → ∞ when coupling occurs.
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5. Conclusions

In this paper, we review a variety of methodologies dealing with rough contact
mechanics. In particular, we focus on Boundary Element methods: these have really
impacted the tribology community in the last fifteen years as they have provided a solution
for both purely elastic and viscoelastic normal and sliding contacts. In particular, for
viscoelastic solids, we find important practical implications in all the systems, where there
occurs relative motion between the contacting viscoelastic bodies: these include countless
possible applications, such as, for example, vibration isolators, dynamic seals, pick and
place devices. From a numerical point of view, given the translation invariance and the
linearity of these systems, these problems have been tackled by means of a convolution
integral, possibly accounting for the time and the space domains or relying on particular
kinetic conditions, such as steady-state or reciprocating motions. This has required one
to develop the ad hoc defined Green’s functions. In a wider sense, and specifically, when
thin layers are considered, an entire Green’s tensor has to be considered to account for the
coupling between normal and tangential actions: this can lead to an increase in the friction
force.

This paper demonstrates the necessity of developing proper numerical strategies,
such as the BEM introduced in this paper, to have accurate interfacial information, while
preserving computational efficiency.
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