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Free Electron Lasers (FELs) are certainly among the most interesting devices, belonging
to the realm of coherent radiation sources. These lasers are now widely used all over the
world and are the highest performing in terms of brilliance, monochromaticity, coherence,
directionality and polarization control.

Despite their undoubted success and reliability as experimental devices, their wider
use is still hampered by their size and cost, which require large laboratories and significant
financial efforts.

It would be therefore desirable to develop more compact and economical FELs with,
e.g., higher repetition rates and larger average brightness.

A future prospect, pursued by many worldwide research institutions, would be to
build FEL facilities in the VUV-X region, using compact accelerators and shorter
undulator sections.

Within this context, the most natural solutions are those of designing high gradient
accelerating devices, capable of providing high-quality electron beams and non-standard
undulator lines.

Both solutions might concur with the reduction in either the size or the cost, but
although these are the most obvious, they are not the only ones.

“Alternative” undulator lines should be studied to prevent the use of hundred meters
of magnetic devices, necessary to provide the saturation length, in standard FEL archi-
tecture. However other solutions can be adopted, including a combination of non-linear
harmonic generation, seeding, hybrid devices, coupled oscillators amplifier systems, etc.

This Special Issue is devoted to “non-conventional” FEL architectures and describes
different strategies, which have been proposed in the past and examines both the underly-
ing physics and the different aspects of the relevant design, with particular reference to
feasibility and relevant performance.

The ideas and the proposals described here have reached some level of maturation and
can be employed in the near or middle future as the paradigm for the design of compact
FEL architectures.

The Special Issue contains nine contributions which can be grouped into the
following topics:

(A) Discussion of FELdevices based on the design of wave undulators.

Wave undulators are undulating devices provided by electromagnetic waves aimed at
reducing the size of the undulator line.

In particular, in [1], the design of a CARM-type microwave source is described along
with the relevant use for the operation of FEL devices. In [2], an FEL design employing
a recirculated electromagnetic undulator provided by a high-power laser in a resonator
cavity is described in detail.

(B) Design of combinations of seeding and non-linear harmonic devices.

Appl. Sci. 2022, 12, 9444. https://doi.org/10.3390/app12199444 https://www.mdpi.com/journal/applsci1
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Ref. [3] deals with the design of an FEL device driven by the e-beam from a Super-
Conducting and producing tunable radiation from 100 to 2 micrometers. Ref. [4] describes
the use of two beam energies’ harmonic generation and self-seeding schemes. The theo-
retical aspects and design formulae for SASE/higher order harmonic FEL are described
in [5].

(C) Hybrid and oscillator/amplifier devices

The article in [6] focuses on the possibility of coupling different emission mecha-
nisms (Cerenkov, Smith–Purcell, etc.) to provide a high-performance, small-size FEL-type
devices. High-repetition-rate X-ray FELs are described in [7,8] within the context oscil-
lator/amplifier architectures. Ref. [9] describes an accurate modelling of the coupling of
low/high-gain undulators.
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Abstract: We discuss a hybrid Free Electron Laser (FEL) architecture operating with a RF undulator
provided by a powerful Cyclotron Auto-Resonance Maser (CARM). We outline the design elements
to operate a compact X-ray device. We review the essential aspects of wave undulator FEL theory
and of CARM devices.

Keywords: gyrotron; CARM; free electron laser; compton scattering

1. Introduction

The interest in Free Electron Laser (FEL), during the last decade, has moved toward
devices producing X-ray beams with high brilliance matching the requirements for many
applications such as nuclear materials detection [1], small-angle X-ray scattering [2], phase
contrast imaging [3], macromolecular X-ray crystallography for drug discovery [4] and
X-ray microscopy [5].

The Linac Coherent Light Source (LCLS) at SLAC National Accelerator Laboratory [6],
FLASH at DESY Deutsches Elektronen-Synchrotron [7] with other advanced X-ray FEL [8–13]
provide, or have been designed to provide, high-brightness X-ray beams, but size, cost and
operational complexity are the main drawbacks for a widespread use in small laboratories,
hospitals, universities.

The X-FEL technology is based on two pillars, high-energy (multi-Gev) high-quality
electron beam Linacs and hundred-meters-long undulators. A high-brilliance X-ray device
demands, accordingly, large facilities and therefore any progress towards “compact” X-ray
FELs requires technological improvements in terms of high-gradient accelerators and/or
short “wavelength” undulators. The last possibility will be considered in this paper.

The availability of powerful electromagnetic sources (lasers or RF sources) offers
the possibility of replacing magnetic with electromagnetic undulators. The advantage
would be that of reducing both the size of the undulator and the energy of the e-beam
(electron beam).

In Figure 1 we sketch out the scaling of the beam energy and of the undulator
length, with magnetic or RF wave undulators. The last option comprises either laser
and RF solutions.

The use of an electromagnetic undulator pumped by a GHz RF field allows, for the
same FEL wavelength, to reduce the energy of the electron beam by several units and the
length of the magnet by more than one order of magnitude.

We provide below a preliminary idea of how electron beam and Radio Frequency
Undulators (RFU) combine to drive an X-ray FEL Self-Amplified Spontaneous Emission
(SASE) device. It is evident, as underscored below, that the price to be payed to exploit
RFU, in a FEL-SASE operation, is that of employing high intensity fields. We do not

Appl. Sci. 2021, 11, 9499. https://doi.org/10.3390/app11209499 https://www.mdpi.com/journal/applsci3
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specify, for the moment, any electromagnetic source, we fix a reference RF power and the
relevant operating wavelength to specify electron beam parameters suitable for FEL SASE
X-ray operation.

Figure 1. Comparison between Laser Wave (or optical), magnetic and RF undulators from bottom
right to top right, respectively, for an output of X-ray radiation with λr = 1 nm. The figure reports an
electron beam emitted from the photocathode to the “undulator”, after a suitable acceleration. The
expected undulator lengths and the e-beam energies necessary to reach the SASE-FEL performances
are underlined too.

It is well known that, from the conceptual point of view, wave or magnetic undulators
do not change the FEL physics and the associated design criteria. In both cases, the emission
process can be traced back to Compton/Thomson backscattering and after establishing the
suitable correspondence, in terms of FEL strength parameter, most of the design strategy
and scaling properties work as in the case of “ordinary” magnetostatic undulators [14,15].

One of the pivotal parameters ruling the electron dynamics inside the undulator is
the so-called strength K which measures the amount of electron transverse momentum,
acquired inside the undulator, allowing the coupling between the e-beam and a transverse
co-propagating wave. The parameter K is specified

(a) for the magnetostatic case with on-axis field intensity B0 and period λu, by [16]

Km =
eB0λu

2πmec2 (1)

(b) for a RF/wave undulator with the microwave field power density Iw, by [17]

Kw = 8.5 × 10−15 · λw[nm]
√

Iw[W/m2] (2)

where the subscripts m, w stand for magnetic and wave, respectively, while e, me denote
the electron charge and mass, respectively, λw—the RF wavelength and c is the speed
of light.

The electron relativistic factor γ is linked to the K parameter, FEL operating wave-
length λr and undulator period by

γ =
1
2

√
λw

λr
(1 + K2). (3)

being K = Kw/
√

2, for a linearly polarized RF wave.
In Figure 2 we report γ vs λw for two different values of the FEL wavelength

(λr = 1 nm and λr = 5 nm). The corresponding Kw values are apparently small, for a safe
FEL operation (below 0.5 for the region of interest). The choice of a sufficiently large ρ (with
a suitable combination of energy and current values) ensures the saturation in a reasonable
saturation length.

4
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The key quantity of FEL dynamics is the so-called Pierce parameter [18]

ρ ≈ 8.36 × 10−3

γ

(
J · (Kw fbλw)

2
)1/3

, (4)

where J = I/Σ, with Σ = 2πσxσy, is the electron beam current density, namely the current
I divided by the transverse area of the electron beam (with section σx,y) and fb the Bessel
function factor (which for circular polarized wave can be taken to be 1 [15]).

In Figure 3 we report the beam current density, necessary to support a Pierce pa-
rameter of around 5 × 10−4 for two different FEL operating wavelengths, following
from Equation (4).

Figure 2. (a) Electron relativistic factor vs. the undulator wavelengths for λr ≡ 1 nm (continuous
line) and λr ≡ 5 nm (dashed line). (b) Kw values vs. λw used to plot the graphs in (a) assuming
Iw = 2.4 × 1014 W/m2.

J = 1.71 × 106 (γρ)3

(Kw fbλw)2 . (5)

Figure 3. Electron beam current density (A/m2) vs. the undulator wave length for λr ≡ 1 nm
(continuous line) and λr ≡ 5 nm (dashed line).

The importance of ρ stems from the fact that it controls all the significant parameters
for the SASE FEL, like the gain length specified in [18],

Lg =
λw

4π
√

3ρ
, (6)

which in turns defines the saturation length Ls, which can be quantified as [18]

Ls � 20Lg. (7)

5
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The nonideal beam qualities (finite relative energy spread and emittance) determine a
dilution of the gain and a consequent increase of the saturation length. The ρ parameter is
helpful to quantify these detrimental contributions. The effect of the relative energy spread
on the saturation length is, e.g., negligible if [18]

σε <
ρ

2
, (8)

with the chosen value of ρ we expect an undulator length (for λw = 1 mm) of about 2 m
and a beam with relative energy spread around 0.25‰.

The request on the electron beam parameters in terms of energy and current does not
appear challenging. If we consider a beam with a normalized emittance of 1 mm·mrad
and assume that it is focused with an average transverse section of less than 60 μm (for
λr ∈ [1, 5] nm), along the interaction region, the request on the necessary peak current are
constrained within reasonable limits (see Figures 4 and 5).

Figure 4. Electron beam cross section (μm) vs. the undulator wavelength for λr ≡ 1 nm (continuous
red line) and λr ≡ 5 nm (dashed blue line); assuming a normalized emittance value of 1 mm mrad
with a βx,y Twiss value of 5 m/2π and using the Equation 3 with the same parameters reported
in Figure 2.

Figure 5. Electron beam current vs. the undulator wavelength for λr ≡ 1 nm (continuous line) and
λr ≡ 5 nm (dashed line); derived from Equation (5) using the parameters values reported in Figure 4
and assuming σx = σy.

6
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The request, regarding the electron beam parameters, becomes challenging (in terms
of peak current) for the operation at short FEL wavelength and relax with increasing λw. A
large amount of power density necessary to obtain reasonable strength undulator values is
not a secondary issue and will be carefully discussed in the concluding section.

The scientific literature on the subject of RF undulators has significantly grown in the
past and a partial list can be found in [19–29].

We would like to underscore that the design numbers we have foreseen can be made
more accessible at short λw if we consider FEL operation in the VUV-X region, which
requires low-energy electron beams. We have not specified yet the type of source providing
the RFU. The region above 1–9 mm can be achieved with gyrotrons, gyro-klystrons or any
other device (see below). Even though all these sources are candidates for RFU, a few
elements of discussion are necessary to decide in favor of one or the other.

Gyrotrons work as oscillators and the only way to drive several undulator sections
is to be phase locked. The drawback of this configuration is that stable phase locking
oscillator operates at 10% only of the locked power. Such an efficiency drop makes this
solution scarcely appealing and therefore will not be discussed here. The gyroklystron is a
promising source [30]. It operates at 3 mm wavelength, however, for shorter wavelength
the size of the rf cavity has to be reduced too, which will reduce the output power due
to the breakdown problems. The peak power of those amplifiers is around 100 kW and
the duty factor is about 10%. It is possible to use the gyro-TWT [31]. Its peak power is
80–100 kW at 60–80 GHz.

The Cyclotron Auto Resonance Maser (CARM) [32,33] promises good performances in
the region 1–5 mm, therefore we choose it as RFU candidates in the forthcoming discussion.
In Section 2, we summarize the physics of CARM and fix the design conditions to get
sufficient power for RFU operation. In Section 3 we discuss an actual RFU configuration
and discuss the associated critical issues.

2. CARM as a Source of RF Undulator

The CARM is a Free Electron device representing the transition element between
microwave tubes and FELs, as nowadays conceived.

The key elements to understand the CARM FEL dynamics are sketched out in Figure 6,
which displays a moderately relativistic e-beam, with a relativistic factor γ, moving inside
the waveguide of a resonant cavity, along an axial static magnetic field B0, executing helical
trajectories with a period

ΛCH =
2πc
ΩCH

(9)

where ΩCH = eB0/(γme), the cyclotron relativistic frequency.

Figure 6. Geometry of the CARM interaction.

7
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The “behavioural” paradigm of CARM is the same as for any free electron radiation
generator, namely, the electrons are expected to lose energy in favor of a selected operating
mode, if appropriate matching conditions are satisfied. The way in which the energy ex-
change occurs is traced back to the standard mechanisms of the e-beam energy modulation
and bunching. The last effect is characterized by transverse and longitudinal contributions.

Going back to Figure 6, we note that the underlying dynamics can be described as
follows. The electrons with longitudinal velocity vz are propagating in a longitudinal
magnetic field in the presence of a co-propagating electromagnetic field characterized by a
wavevector kz which in terms of frequency and phase velocity (vp) reads

kz =
ω

vp
. (10)

We can now establish an analogy between CARM and magnetic undulator FEL (U-
FEL) using only kinematics arguments.

The electron velocity inside the cavity is specified by its longitudinal and vertical
components, linked to the relativistic factor by

β2
z + β2

⊥ = 1 − 1
γ2

βz,⊥ =
vz,⊥

c
,

(11)

and

γz =
1√

1 − β2
z
=

γ√
1 + (γβ⊥)2

. (12)

The electron and the radiation move, inside the cavity, at different speeds. We expect
that after each helical path the following slippage is accumulated

δ =
(
vp − vz

)ΛCH
c

. (13)

This is the phase advance of the electromagnetic wave after each helical path with
respect to the electrons. Constructive interference of the wavefront of the emitted radiation
at the next period is ensured if

δ = λ (14)

with λ being the wavelength of the field propagating with the electrons. Putting together
Equations (9), (14) and (11), we end up with the matching condition.

The transverse component of the velocity β⊥ is the key parameter allowing the
coupling with the wave transverse field. In terms of the analogy we are suggesting it plays
the same role as the undulator strength parameter being K ≡ γβ⊥.

In the relativistic regime and assuming that vp � c Equation (13) reduces to

δ ∼= (1 − βz)ΛCH � ΛCH
2γ2 (1 + K2) (15)

where the trajectory helical path is understood to play the same role of the undulator period
(for further comments see [18,34]).

The Equation (15), derived under the assumption of (ultra) relativistic regime, provides
a brief idea of how CARM and U-FEL can be viewed within a common framework. In the
following we will develop a more appropriate treatment valid for the nonrelativistic regime.

The discussion might be misleading if not properly commented. Therefore, we un-
derscore that the interaction occurs in a waveguide, whose dispersion relation needs to
be included to derive the matching conditions, specifying the CARM operating wave-
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length. The interaction can be viewed as an intra waveguide Compton backscattering, the
associated frequency up-shift is written as

ω = sΩCH + kzvz. (16)

and the matching to the waveguide conditions is ensured by the coupling with the disper-
sion relation

ω2 = ω2
c + c2k2

z (17)

where s and ωc are the harmonic index and cutoff frequency (see below), respectively.
Unlike the free space FEL, the intersection between the curves of Equations (16) and

(17) admits (see Figure 7, for a geometric interpretation in the Brillouin (ω, k) space) two
solutions, corresponding to gyrotron (lower frequency) and CARM (higher frequency)
operations modes

kz+,− =
sΩCHγ2

z
c

(
βz ±

√
1 − Ψ

)
,

ω+,− = sΩCHγ2
z
(
1 ± βz

√
1 − Ψ

)
,

(18)

being

Ψ =
ω2

c

s2γ2
z Ω2

CH
(19)

The cutoff frequency in Equation (18) (ωc = cχm,n/R) is defined in terms of the
eigenvalues χm,n of the wavenumber characterizing the TEm,n mode excited by the FEL
CARM interaction. The relevant physical role is that of controlling the “nature” of the roots
in Equations (18), determined by the intersection of the curves of Equations (16) and (17).

The “wave parameter” Ψ is lower than 1, in order to ensure two distinct intersections
and is assumed to be greater than 1/γ2

z , to avoid a backward wave root.

Figure 7. Brillouin diagram for the different conditions of electron cyclotron resonance selections
corresponding to the intersections of the beam line (straight line) with the dispersion curve of the
operating cavity mode (dotted line).

Before introducing more specific details, let us further comment on the presence of
both gyrotron and CARM modes. This is a distinctive feature with respect to the magnetic
undulator configuration. In principle, both modes have a chance to grow. Particular care
should therefore be devoted to the suppression of the ω− counterpart.

The theoretical analysis of CARM has been developed in the past in a number of au-
thoritative papers [32,33,35–41] and will not be reported here. We note simply that the set of
equations ruling the CARM interaction, even though characterized by a more complicated
phenomenology than the ordinary magnetic FEL, can be viewed in a way not dissimilar
from the pendulum-like equations, adopted in the description of FEL undulator devices.

9
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In Figure 8 we report the growth of the CARM power for the set of parameters
specified in the caption. We have included a comparison with the (analytical) small signal
approximation (SSA), obtained in [42].
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Figure 8. Numerical simulation of the CARM growth signal (continuous line), analytical solution
(dashed line) with the logistic curve (dot-dashed line) reproducing the saturation. The simulation
was performed with a beam energy of 700 keV, current 60 A and pitch factor α = v⊥/v|| = 5.3
interacting at the resonance frequency of 260 GHz with the mode TE53 of a cylindrical tube with
radius of 7.5 mm embedding an on-axis field of intensity B0 = 5.3 T. An input signal of 130 W was
used to seed the CARM interaction.

The power growth exhibits the same S-shaped logistic behavior of high-gain SASE
FEL devices (see the superimposed dot-dashed curve), which is analytically reproduced
(till the onset of the saturation) by

Psat(z) = P0
P(z)

1 +
P0

PF

(
P(z)− 1

) (20)

where P(z) = Pl(z)/P0 with Pl(z) being the analytical linear solution of the growth signal,
P0—the input signal power and PF the final CARM power given by

PF = ηPbeam (21)

being η the efficiency of the device, which will be commented on later in this section.
The inspection of Figure 8 confirms that the power growth consists of three

distinct phases:

(a) lethargy, where the system organizes coherence;
(b) linear regime;
(c) saturation.

We consider in the following a specific configuration of parameters (see Table 1)
capable of providing sufficiently large power in the region below 3 mm wavelength. In
Figure 9 we show the frequency selection on the Brillouin diagram. The chosen parameters
realize the CARM interaction in a region with kz/kc ≈ 2− 3 allowing to select the operating
mode without exciting the parasitic modes, and with ω/ωc ≈ 3 by the use of a moderately
relativistic beam.
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Table 1. Main parameters settings to generate a CARM RF wave at ≈ 150 GHz with output power
of ≈ 5 MW.

CARM Wave Generation

beam energy 420 kV (γ = 1.82)
beam current 60 A
pitch factor α = 0.55

magnetic field B0 = 2.99 T
cavity radius 1 cm

operating mode TE23

�2 �1 1 2 3
kz�kc

1

2

3

Ω�Ωc

Ω�

�

Ω�

�

Ωg

�

Figure 9. Beam-wave cold cavity interaction in the Brillouin diagram (ω, k) normalized to the cutoff
frequency (ωc) and to the wave vector (kc) using the parameters reported in Table 1. The transition
from the condition of two operating frequency (two intersections ω−, ω+ continuous line) to that
of grazing incidence (ω− = ω+ = ωg dashed line) is obtained by changing, i.e., the magnetic field
intensity from B0 = 2.99 T to 2.1 T.

Figure 10 shows the associated power growth for two frequencies (153–154) GHz close
to the CARM resonance (ω+), which displays a maximum output power of 4.8–6.4 MW
and thus an efficiency of 19–25%, respectively.
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Figure 10. Analytical solution in SSA regime (dashed line) overlapped at the numerical solution
(continuous line) obtained using the parameters in Table 1.

11



Appl. Sci. 2021, 11, 9499

The linear regime is characterized by the small signal gain, which exhibits, along
the longitudinal coordinate the transition from low- to high-gain regime, displayed in
Figure 11. The gain curve vs. the normalized detuning Δ,

Δ = 2(1 − βz/βp)/(β2
⊥(1 − βp)

−2)δ0, (22)

where βp = vp/c and δ0 = 1 − βz/βp − ΩCH/ω+, exhibiting the characteristic
bell-shaped form.

Figure 11. Gain vs. the normalized detuning Δ at different z-position for the ω+ resonance calculated
using the analytical solution in the SSA regime with the parameters reported in Table 1.

Before concluding this section, we would like to clarify two points we have just
touched on. We mention that the gyrotron mode may grow too. In Figure 12 we report
the temporal growth rate vs. the wave vector kz, using the parameters reported in Table 1,
exploring the two resonances at ω+ and ω−.

0 5 10 15 20 25 30 35
0

50

100

150

200

0

100

200

300

400

kz�cm�1�

F
re

qu
en

cy
�G

H
z�

T
em

po
ra

l
gr

ow
th

ra
te
�1

07
s�

1 �

�

�

Figure 12. Frequency value (left axis) corresponding to the interaction of the beam (dashed line) with
the dispersion curve of the operating mode TE23 (continuous line) and growth rate (dot-dashed line)
using the the parameters reported in Table 1.

In Figure 13, we report the low-frequency mode ω−, at different z-values inside the
waveguide. The gain is significantly larger and could be dominant with respect to the
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CARM mode. The associated power growth can be suppressed by suitably seeding the
up-shifted mode.

Figure 13. Gain vs. the normalized detuning Δ at different z-position for the ω− resonance calculated
using the analytical solution in the SSA regime with the parameters reported in Table 1.

The second point concerns the evaluation of the CARM efficiency, which, unlike
the magnetic case is significantly larger and reaches values around tens of percent. The
reasons underlying these large values are the characteristic feature of the device itself. The
interaction occurs in such a way that the gain curve is larger and the interaction is resonant
for a longer time [33] thus following a behavior not dissimilar by tapered FEL device [43].

3. CARM, RFU and VUV Soft X-ray FEL Operation

In the introductory section of this paper, we set out the general conditions to be fulfilled
by a RF wave in the millimeter region, to sustain the operation of a RFU. The requirements
in terms of power, power density, wavelength. . . of the RF field ensuring a FEL SASE
operation have shown some criticalities, which relax with increasing FEL wavelength.

The conclusions we have drawn apply to any RF device (Gyrotron, Gyro-klystron,
Magnetron, etc.) CARM is suited to operate in the region above 100 GHz (λw < 3) mm,
where the other sources exhibit a breakdown in terms of maximum achievable power. We
will therefore discuss a few specific issues for the use of 1–3 mm CARM-RFU.

In the introductory section, we have a RF power density larger than Ir f ≈ 1015 W/m2

in order to achieve values of the strength parameter (Kw see Figure 2b) not far from unity
(the subscript w has been replaced by r f to underscore that it refers to radio frequency
intensity). The CARM power, namely, the amount of power transferred from the electron
beam to the RF field, is expected to be about Pr f ≈ 5.4 MW, which should accordingly be

transported along a pipe with a radius r = 1/π(
√

Pr f /Ir f ) ≈ 22 μm, small to transport
radiation in the microwave range and for any realistic mechanical handling.

In Figure 14, we have reported the electron beam energy, the electron beam current
density, the electron beam transverse section and the peak current vs. the RF wavelength,
assuming a significantly reduced value of the RFU power density (Ir f ≈ 5.3 · 1013 W/m2)
and FEL wavelengths in the VUV-X range (10 ∼ 20) nm .

We should underscore that, even with these relaxed numbers, it is not an easy task
to transport this amount of power density. In order to enhance the RF power density we
can proceed by increasing CARM output power, using, e.g., a suitable compression of the
associated pulse.

We remind that the CARM is driven by an e-beam sustained by a pulse forming
system, with a flat top of the order of microseconds [44]. The RF pulse has accordingly a
comparable length. The power can be enhanced by compressing the pulse, by reducing it
to a length comparable with the saturation length, namely tens of ns.
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Figure 14. Electron beam energy (a), electron beam current density (b), the electron beam transverse
section (c) and the peak current (d) vs. the RF wavelength λw for two FEL radiation λr = 10 nm
(continuous line) and λr = 20 nm (dashed line).

According to the previous discussion, the CARM pulse compression to a duration of
tens of ns (few meters, approximately the saturation length foreseen for RFU operation) is
sufficient to ensure CARM peak power level near the GW level.

The possibility of achieving these results has been suggested in refs. [45,46], in which
the use of a dispersive corrugated metal waveguide was proposed. The crucial idea put
forward in these articles is that of exploiting a swept frequency modulated train of pulses
that propagate inside the waveguide, with a monotonically increasing group velocity.
Accordingly, the tail of the pulse will overtake its head, thus providing either a shortening
of its duration and an increase (in absence of significant losses) of the relevant amplitude.

Most of the compression process occurs at the end of the waveguide, where all the
frequency components are present at the same time and the compression ratio (C) can be
expressed as [46]

C =
Δ f
f0

L
λ0

(
1
k1

− 1
k2

)
e−γ0L (23)

being k1,2 = vg,1,2/c, with vg,1,2 the group velocities at the beginning and at the end
frequencies of the RF pulse, Δ f / f0—the fractional bandwidth, L—the waveguide length,
λ0 = c/ f0—the CARM wavelength and γ0—the waveguide losses. The compression
factor, summarized by Equation (23), is one of the central point of the discussion. It
requires a careful design of the radiation transport in the corrugated waveguide, that
follows the “active” waveguide where the CARM amplification and growth occurs. The
physical mechanism beyond Equation (23) is fairly straightforward; the helically corrugated
waveguide is designed with a dispersion relation ensuring a significant dependence of the
group velocity on the frequency, accordingly, if a pulse is modulated from one frequency to
a frequency with a higher group velocity the pulse will be compressed. The simulations
and the experimental results of the aforementioned paper [46,47] report compression ratios
around 25, for tens of GHz RF with a bandwidth of 5%. In accordance with our simulation
the bandwidth of the RF generated by the CARM amplifier is sufficiently large (around
5.3%), and can be be eventually increased by using an input seed in the CARM cavity
with larger bandwidth in order to compensate any major losses in the compression factor.
Finally, the cavity length must be adjusted to contain the highest flat power of the signal to
be compressed. This could be a limitation for the pulse length which in principle cannot be
more than hundreds of ns for a reasonable cavity length (a couple of meters assuming a
group velocity value 1/10 of light speed). A long CARM RF pulse (∼ μs) can be also used
by modulating the input signal in the CARM cavity in order to produce a conveniently
chopped signal.
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According to our preliminary calculations, we can foresee an analogous behavior for
RF CARM around 150 GHz; we have been conservative regarding the maximum CARM
output power and we would like to underscore that even a factor two larger is within the
realm of the present technology.

Considering a reduction of the pulse duration by two orders of magnitude and
assuming a power loss of 50% we can foresee an amount of power, available for wave-
undulator operation, 250 MW. The required power density is accordingly obtained by
confining the RFU over a surface of 0.7 ∼ 1 mm radius (reasonably large to transport
radiation in the wavelength region of our interest).

The next step is to specify how the RF transport cavity should be designed.
The conclusion we may draw, from the inspection of the plots, is that the CARM RFU

FEL is conceivable, at least in the soft X-ray region. The RFU power should be confined
over a small surface to ensure the required density power level, warranting Kw values
suitable for FEL SASE operation.

The following analysis is limited to RF wavelength within 1–3 mm. The requests on
the electron beam are not particularly challenging, with respect to those of the RFU power
transport waveguide, which according to the prescription of ref. [24] requires the selection
of TE − TM modes combination, characterized by a small transverse section, ensuring the
required large intensity.

Regarding the electron–radiation interaction schemes, several solutions have been
foreseen, as illustrated in Figure 15 where the “standard” RFU standing wave undulator is
reported on the left, while the flying undulator concepts on the right with phase and group
velocity are directed in the opposite electron direction.

Figure 15. Compton backscattering with a standing wave (left). Compton scattering with a short
pulse (right). The cavity filling time (lasting few ns) can be synchronized with repetition rate of the
e-beam injection.

There is a natural drawback affecting the counter propagating scheme, namely the
effective interaction length. If the RF wave propagates inside the guide with group velocity
vg and if the RFU pulse has a duration τ, the effective interaction length is [24]

Le f f =
vgτ

1 +
vg

c

(24)

for vg ≈ c. In other words, the effective length becomes a factor two lower than the pulse
length itself, which means only half of the undulator is exploited. On the other side, the
“co-propagating” scheme in Figure 16 (left) does not suffer the same problem. The cavity is
indeed designed with corrugated helical ripples [24] which allow the pulse train to move
with group velocity pointing in the same direction of the electrons and the phase velocity
opposite. The effective interaction length is therefore

Lc,e f f =
vgτ

1 − vg

c

(25)

greater than the head-on case by a factor (1 + vg/c)(1 − vg/c).
It might be thought that for the co-propagating scheme, the Compton backscattering

up-shift does not occur. This is not true because the waveguide structure ensures the
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up-shift, according to what is shown in Figure 16 (right) where the effective intra-guide
RF propagation is displayed. The radiation follows a kind of reflection, at each ripple,
allowing multiple reflections pushing its “center of mass” in the forward direction. The
head-on interaction occurs in the region where electrons and radiation overlaps (brown
disk in Figure 16 (left)).

Figure 16. Mirror model of the intra-guide RFU propagation (left) and helical ripple waveguide and
flying RFU pulse (right).

The use of a standing wave backscattering configuration is, however, feasible, at the
price of operating the device with a longer waveguide.

Both configurations require the necessity of a pulse compression and the transport
through a waveguide supporting hybrid mode structures, whose detailed design will be
presented elsewhere. The solution foreseen in Figure 16 seems to be more appealing for the
architecture we consider.

In Figure 17 we report a sketch of the whole device, indicating the RF CARM injected
inside the corrugated waveguide (with a mode converter/mirror) and after the compression
delivered in the second corrugated waveguide where the FEL SASE interaction occurs.

Figure 17. CARM-Undulator, SASE-FEL layout. Lower part: CARM generator and radiation
transport system. Upper part: consecutive helical waveguides, the first acts as RF power compressor,
the second, feeded with an external e-beam, realizes the SASE interaction region.

In this paper, we consider the possibility of operating a FEL SASE device using a
RFU pumped by a CARM device. The microwave CARM is a nearly mature technology,
useful to develop “compact” FELs operating in the VUV and soft X-ray region. The
intrinsic limitations of these devices are, as previously underscored, associated with the
maximum CARM available power (limiting the Kw strength parameter) and with the
physical dimensions of the radiation transport vacuum pipe radius, limiting the cutoff
frequency of the propagated radiation. The combination of these two limiting factors
has indicated a threshold of 10 nm as the minimum operating wavelength. It should
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furthermore be stressed that, although we have indicated a pulse compression method
as a useful device to enhance the microwave power, we did not underscore enough that
it is still at the level of experimental studies, not yet conducted in the frequency range
above 100 GHz. This solution, if viable, would provide a real step towards the realization
of compact X-ray FEL devices. The construction of this type of short FEL wavelength
device is a challenging promising task, which foresees the use and merging of high-level
technologies, within the present or next future capabilities.
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Abstract: The present work analyses a hybrid free electron laser (FEL) scheme where the oscillator is
based on a radiation source operating with a slow-wave guiding structure as, for instance, a Cerenkov
FEL or a Smith–Purcell FEL. Such devices, often running in transverse magnetic (TM) modes, present
a longitudinal electric field which can easily affect the longitudinal electrons’ velocities, inducing
an energy modulation on the beam. Such a modulation, properly controlled, can induce a strong
radiation emission in a magnetic undulator properly designed to operate as a radiator. General
considerations will be exposed together with a practical numerical example in the far infrared region
of the spectrum.

Keywords: free electron laser; Oscillator-Amplifier; TeraHertz

1. Introduction

Free electron lasers (FELs) are widely acknowledged as the most versatile generators
of coherent electromagnetic radiation. Since the first studies in the late 1960s [1] and their
“official” invention in 1977 [2], it has been clear that FELs are capable of bridging the gap
between conventional electron-based sources (such as klystrons, magnetrons, travelling
wave tubes) that are limited to the high frequency direction, and the lasers that, with some
exceptions, generate single frequency radiation with a power that is limited by the nature
of the active medium. FELs can be designed, in principle, to operate at any frequency
and with a time structure and related power suitable for any kind of experiment. This
kind of flexibility comes from the fact that many of the parameters involved, such as the
electron energy and the magnetic field, can be adjusted with continuity. Moreover, many
dynamical regimes can be exploited for FEL design; from the low-gain regime, suitable
for oscillator devices [3], to the high gain regime ideal for the self-amplified spontaneous
emission (SASE) scheme [4]. Furthermore, FEL offers significant potential options to
combine different schemes in sequence in order to increase the performances of some
specific features without overly stressing the project parameters. One of the most relevant
FEL structures arrangements, among others, is a modulator at a synchronous frequency
followed by a frequency multiplier that exploits the harmonic content in the modulated
beam [5,6]. Such an arrangement may be reproduced several times, creating a kind of
cascade [7] that results in final beam degradation.

This study presents one of the possible arrangements based on a Cerenkov FEL
oscillator as a modulator and a magnetic undulator as a radiator: this solution can be
considered a hybrid FEL scheme device [8]. The reason why the term hybrid can be
ascribed to such a scheme is not only due to the fact that the modulator and radiator
present two different mechanisms of radiation generation, but mainly because in Cerenkov-
like FEL devices [9] (as is the case for Smith–Purcell gratings [10]), the coupling between
electrons and field is longitudinal, while the magnetic undulator induces a transverse
motion to the electrons and accordingly, to the coupling. This circumstance, combined
with the fact that Cerenkov (and Smith–Purcell) FELs operate with slow-wave guiding
structures, has a relevant effect on the differences, for “synchronism condition” [9,11],
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that links the spontaneous emission wavelength with the most relevant parameters of the
experiment, between Cerenkov and undulator FELs.

The paper is arranged in four sections: after the present Introduction, Section 2 is
dedicated to the study of the Cerenkov-based modulator. Section 3 will introduce the
hybrid system as a whole, highlighting the value of the main parameters. Section 4 will
describe the effects of the modulation on the emission from a magnetic undulator exploited
as a radiator; this analysis includes the ballistic effects of a variable drift space. Section 5 is
devoted to final conclusions.

2. The Hybrid System

The hybrid FEL system can be assumed to be composed of three main elements: (1) an
electron beam accelerator; (2) a Cerenkov slow-wave guiding structure, with an adequate
radiation resonator for the saturation regime accomplishment; and lastly, (3) a magnetic
undulator acting as a radiator after the velocity modulation induced by an electric field
associated with the radiation stored in the Cerenkov oscillator (see Figure 1).

Figure 1. Schematic drawing of the hybrid FEL under study. The accelerated electron beam generates radiation interacting
with the Cerenkov resonator. The electric beam associated with the stored radiation modulates the electrons’ velocities in
order to obtain the most efficient emission in the magnetic undulator radiator.

The first problem to face is related to the energy of the electron beam that will be
common to both generating structures. As discussed in the introduction, the synchronism
conditions for Cerenkov and undulator FELs are rather different and can be summarised
as follows (see Refs. [9,11]), where the subscript U and C indicate the undulator and
Cerenkov, respectively:

λU =
λw

2γ2

(
1 + K2

)
; λC = 2πγd

(
ε − 1

ε

)
(1)

where λw indicates the undulator period, K is the undulator parameter, d is the dielectric
thickness of the Cerenkov guiding structure, ε is its dielectric constant and γ is the Lorentz
parameter of the electrons. All these parameters will be more deeply described in the
following sections.

In order to obtain an efficient modulation of the electron beam, it is required that
the radiation generated from the Cerenkov oscillator and from the Undulator radiator be
“correlated”; a way to achieve this target is to obtain the condition: λU = λC/n where n = 1, 2,
. . . specifies the harmonic number. Such a relation, with the use of Equation (1), becomes:

λw

2γ2

(
1 + K2

)
=

2πγ

n
d
(

ε − 1
ε

)
⇔ γ3 =

λw

4π
n
(

1 + K2
) ε

d(ε − 1)
(2)

Equation (2) gives the value of the electron energy as a function of all the parameters
involved in both the Cerenkov and undulator FELs. In order to have an idea about the
numbers, we can assign some reasonable values for the involved parameters in Equation (2)
such as: λw = 2.5 cm, K = 1, d = 5 μm, n = 1, ε = 5 (dielectric constant of quartz [12]) from
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which we obtain a result, for the electron energy, γ~10, that corresponds to a moderate
relativistic energy. By inserting these values into Equation (1), we conclude that such
a source would operate in the so-called far-infrared (FIR) spectral region (also called
TeraHertz (THz)-region) because λU~λC~250 μm.

Another approach can be obtained by rearranging Equation (2) as follows:

d
(

ε − 1
ε

)
=

λw

4πγ3

(
1 + K2

)
n (3)

from which it is possible to obtain the Cerenkov parameters values starting from the
undulator FEL ones. Let us suppose we have an FEL source with λw = 2.5 cm, K = 1,
γ = 20 and again working on the fundamental harmonic n = 1, Equation (3) gives:
[d(ε − 1)/ε]~5·10−7 μm. Such a value may be obtained in several ways since, for instance,
ε = 2 and d = 1 μm. Using all these values for the hybrid FEL parameters, we eventually
obtain from Equation (1) the value for the emitted wavelength from both the elements of
the hybrid FEL: λU~λC~60 μm.

3. The Cerenkov FEL Oscillator

A well-known class of waveguides is characterised by having open boundaries and
the possible presence of an electromagnetic (e.m.) field outside the boundary; these guides
support propagating modes called “surface waves” [13]. Dielectric films deposited over
conducting plates are devices that fall into the aforementioned category; the surface waves,
in this case, present an exponential behaviour, normal to the dielectric surface, that decays
when moving away. Such a waveguide category is the relevant one for the realisation of
the Cerenkov FEL device because the field–particle interaction occurs in the region of the
space where the “evanescent” e.m. field is present.

These propagating devices present field distributions associable with transverse elec-
tric (TE) or transverse magnetic (TM) modes. The case of TM modes is more favourable
for the FEL use due to the presence of a longitudinal electric field component related to
them. The vector potential for the TM modes of a single slab geometry waveguide is
expressed by [9,13] ⎧⎪⎨

⎪⎩
Ax = A0

ck
ωq e−qx sin(kz)e−iωt

Ay = 0
Az = A0

c
iω e−qx sin(kz)e−iωt

(4)

where k indicates the longitudinal momentum, while q is the transverse momentum in
vacuum and p is the transverse momentum in the dielectric of thickness d. All these
parameters are linked by two coupled “dispersion relations” that can be deduced by the
field continuity along the vacuum–dielectric interface and dielectric–conductor interface:

{
qd = pd

ε tan(pd)
(pd)2 + (qd)2 = d2(ω

c
)2
(ε − 1)

and

⎧⎨
⎩ p =

√
ε
(

ω
c
)2 − k2

q =
√

k2 − (ω
c
)2

(5)

In order to obtain the electric and magnetic fields from Equation (4), we can adopt the
Coulomb gauge (E = −∂A/∂t; B = ∇× A) which is useful for evaluating the fields in
absence of charges and currents, as for the free modes in a guiding structure. Neglecting
the coupling between the electrons and the transverse electric field Ex (due to the small
values of the electrons’ velocities in the x direction), we obtain for the longitudinal field:

Ez = −cA0e−qx sin(kz)e−iωt (6)

In order to achieve the maximum field intensity, it is necessary to reach the saturation
regime inside the Cerenkov waveguide resonator. The dynamics of the emission process
in Cerenkov FEL has been established in the past as far as the spontaneous emission
process [9,14] is concerned and with regard to the stimulated emission mechanism and
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the gain coefficient calculation [14,15]. Let us, therefore, consider the case discussed in
Section 2 while discussing Equation (2); the relevant parameters are summarised in Table 1.

Table 1. Cerenkov FEL Parameters @ λ = 250 μm.

Cerenkov FEL Parameters @ λ = 250 μm

Electron
Energy

Dielectric
Thickness

Dielectric
Constant

Resonator
Length

Resonator
Width

Double Slab
Height

γ = 10.0 d = 50 μm ε = 5.0 L = 35.0 cm W = 1.0 cm D = 2 cm

Table 1 reports the parameters for both a single slab geometry device [9] and for the
double slab one [16] adequate for an operation around λC = 250 μm. The behaviour of
the spontaneous emission for a single-electron beam with a transverse size of σx = 1 mm
(r.m.s.), as a function of frequency and beam centroid distance from the dielectric surface,
is reported in Figure 2a). The same analysis for the double slab geometry and a beam size
of σx = 1 cm (r.m.s.) is reported in Figure 2b):

Figure 2. Spontaneous emission spectra as a function of the beam centroid distance from the dielectric surface: (a) single
slab waveguide geometry; and (b) double slab waveguide geometry.

The one-dimensional stimulated emission process, until saturation, can be studied by
means of semi-analytical techniques [17] (three-dimensional theory can be found in [18]).
The saturation mechanism in free electron devices is quite similar to that occurring in
conventional lasers, as has been derived by Rigrod approximately sixty years ago [19] and
is also present in the theory of passive saturable absorber for laser mode-locking [20]. Two
different but similar approaches can be applied; the first technique starts from the applica-
tion of the Ginzburg–Landau equation to FEL systems [21] and leads to the GI(I) expression
in Equation (7). The second method is based on the logistic equation approach [22] and
ends up the GII(I) expression in Equation (7):

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

GI(In) = 0.849 · g0MAX
1−exp

(
− π

2
In

ISAT

)
π
2

In
ISAT

ISAT = γI0 IAV
4g0MAX Neqc

In+1 = [In + GI(In)In](1 − Γ)

;

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

GII(n) = I(n)−I(n−1)
I(n−1)

I(n) = ISP
exp{[g0MAX(1−Γ)−Γ]n}

1+(ISP/Ie,i)[exp{[g0MAX(1−Γ)−Γ]n}−1]

Ie,i = 2
π

1−Γ
Γ g0MAX

{
1 − exp

[
− 1.8

1+g0MAX

g0MAX(1−Γ)−Γ
Γ

]}
ISAT

(7)

where Neq = L/(2γ2λC) ~ 7.3 represents the equivalent value of the number of undulator
periods in Cerenkov FELs; ISAT~7.4·106 [W] expresses the saturation power value related
to the gain of the device (conventionally, the intensity is used instead of power, however,
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in this case, the radiation transverse cross-section is a constant due to the presence of
a waveguide, making power and intensity interchangeable); n indicates the round-trip
number; IAV~17,000 A indicates the Alfven current; Γ represent the total losses in the
radiation resonator; ISP expresses the spontaneous emission power of all the electrons in
the bunch and integrated over the bandwidth; Ie,i refers to the intracavity equilibrium
power, and finally, g0MAX indicates the maximum value of the small-gain, small-signal gain
coefficient as a function of frequency [15]. The relevant parameters for the gain calculation
are reported in Table 2.

Table 2. Cerenkov FEL Gain Parameters @ λ = 250 μm.

Cerenkov FEL Gain Parameters @ λ = 250 μm

Electron
Bunch

Current

Angular
Distribution

Transverse
Distribution

Peak Gain
Coefficient

Total
Resonator

Losses

Intracavity
Equilibrium Power

I0 = 20.0 σ′ = 5 × 10−4

(r.m.s.)
σx = 1 mm

(r.m.s.) g0MAX = 0.4 Γ = 0.042 Ie,i = 7.22 × 107 W

The behaviour of Equation (7) is reported in Figure 3a) for the gain expressions, GI
and GII, as a function of the round trip number n, and in Figure 3b) for the ongoing
power radiation, In and I(n), again with respect to the round trip. The main result, as can
be deduced from Figure 3, is that saturation is reached after about n = 100 round trips
considering both methods reported in Equation (7). Considering the resonator length, as
indicated in Table 1, we can deduce that saturation is gained in about TSAT~200 ns, which
is quite a short time with respect to the conventional macro-bunch duration of electron
pulses generated by RF accelerators in the S-band (~3 GHz), which of the order of several
microseconds. This will be relevant for the analysis of the velocity modulation induced on
the remaining part of the macro-bunch itself.

Figure 3. Saturation behaviour: (a) gain as a function of the round-trip number; and (b) intracavity power as a function of
the round-trip number.

The peak intra-cavity peak power, as deduced by Figure 3b), is about PSAT~4.2 × 107 W;
considering an average transverse radiation dimensions, obtained from the data reported
in Table 1, of about ΣL = 1 cm2, the electric field associated to the intracavity radiation at
saturation is:

ESAT =
√

2ISAT/(ε0cΣL) ≈ 1.782 · 107[V/m]
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Before analysing the dynamical process, it is worth briefly addressing the question of
the longitudinal modes in the Cerenkov FEL resonator. The wavenumber mode separation,
as evident from Equation (6), is (Δω/c) = π/L. The relative gain bandwidth is [11,15]:

ΔωG
ω

≈ 1
4Neq

=
γ2λC

2L
⇒ ΔωG

c
=

ωC
c

γ2λC
2L

≈ πγ2

L

The number of modes contained in the gain bandwidth is therefore: ΔωG/Δω = γ2.
It is well known [11] that any FEL based on the RF accelerator locks all the longitudinal
modes in a natural way. The result of such mode-locking is that a single short pulse of
radiation travels back and forth inside the tuned resonator with a group velocity that is
slightly smaller than that of the electron beam, causing a kind of anti-lethargic effect [23],
unlike what happens for undulator FELs.

4. Electron Beam Modulation and Undulator Emission

At the end of the previous section, we saw how an intense electromagnetic pulse,
that can be generated inside an optical resonator in about 200 nanoseconds, needs to
be saturated. For electron macro-bunches, as long as few microseconds we will have
thousands of micro-bunches available interacting with the electromagnetic field. If we
analyse each of these electron micro-bunches, we recognise that, at the resonator entrance,
each of them superimposes with a correspondent radiation micro-pulse as illustrated in
Figure 4a). In such a situation, the electrons of the bunch, generally equally spaced in phase,
will experience the oscillating longitudinal electric field Ez (Equation (6)) with a spatial
periodicity of λC, as showed in Figure 4b). The situation represented in Figure 4 is quite
similar to that of an electron beam accelerated by a series of RF cavities such as those of a
standing-wave Linac [11,24]. The number of cavities can be estimated by calculating the
number of the electric field oscillations “contained” within the electron micro-bunch length
(δz~τeβec) divided by the wavelength λC: Nc~(δz/λC). The most widely used accelerators
for FELs operate in the so-called S-band (νRF~3 GHz) and generate micro-bunches of a
typical duration of τe~15 ps, which corresponds to a bunch length of about δz~5 mm.
Considering a radiation wavelength of λC~250 μm, as for the example discussed in the
previous sessions, we obtain Nc~20.

It is possible, therefore, to imagine any optical cycle acting on the electrons in a way
similar to that of the accelerating cavities of a Linac. We know, in fact, that electrons
undergo to an energy variation that is connected to the particle-radiation relative phase.
Such an energy variation will be positive for electrons close to the so-called accelerating
phase and negative for those with an opposite phase. The result is a bunching of the
electrons into Nc “slices”.

Figure 4. Cont.
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Figure 4. Electron bunch and radiation pulse interaction: (a) phase locking; and (b) electrons and
radiation electric field interaction.

To properly evaluate the energy variation of a single electron, let us consider that
the energy exchange occurs along the time needed for the electron, to cross the resonator
length L. The particle, during this time T = L/(cβe), experiences a quasi-static electric
field due to the fact that, even with small differences, its speed is almost synchronous
with the electromagnetic pulse that travels with its group velocity βg = d(ω/c)/dk (see
Equation (5)), and therefore, βg~βe. The energy variation, for each electron, is consequently:

Δγ =
ΔE

m0c2 =
F · s

m0c2 =

T∫
0

eE(t)
m0c2 · vedt =

eE0z

m0c2 cβe

T∫
0

cos(ωt + φ)dt (8)

where the longitudinal electric field has been derived from Equation (6) and the con-
stant term E0z contains the transverse coupling between the electron and the evanescent
field in the x direction. Before getting an explicit form for Equation (8), it is worth un-
derlining that the phase ϕ usually refers to the RF field, at an angular frequency ωRF,
that accelerates the electron beam in the accelerator (Linac, for instance). In the present
case, the phase ϕ should be referred to as the Cerenkov radiation field in the optical res-
onator, and therefore, ought to be “normalised” by means of the frequency ratio ωC/ωRF:
φ ⇒ φ(ωC/ωRF) = φ(λRF/λC) . After some algebra, we obtain:

Δγ =
eE0z

m0c2 L

⎡
⎣ sin

(
ω
c

L
βe

)
(

ω
c

L
βe

) cos
(

φ
λRF
λC

)
+

cos
(

ω
c

L
βe

)
(

ω
c

L
βe

) sin
(

φ
λRF
λC

)⎤⎦ (9)

The result of what has been discussed is that the energy modulation expressed by
Equation (9) can be exploited to generate powerful radiation inside a magnetic undulator
utilised as a radiator. The discussion after Equation (2) in Section 2 leads to a set of
parameters, summarised in Table 3, for an undulator synchronous with the fundamental
Cerenkov emission.

Table 3. Undulator–Radiator FEL Parameters @ λU = 250 μm.

Undulator–Radiator FEL Parameters @ λU = 250 μm

Electron
Energy

Undulator
Period

Undulator
Parameter

Number of
Periods

Waveguide
Width

Waveguide
Height

γ = 10.0 λw = 2.5 cm =1.0 NU = 50 W = 0.5 cm H = 0.5 cm
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The emission of radiation from a radiator by means of an ensemble of charged particles
distributed in the phase space has been faced in the recent past [25,26]. To summarise some
concepts, we can say that the electron beam, after the interaction, carries a modulation of

the current
→
J that can be expressed as a Fourier expansion in terms of the harmonics l of

the RF. Moreover, the electromagnetic field can be expanded in terms of the transverse
modes, expressed by the aggregate index λ, of the waveguide that is needed to confine
the radiation in the far infrared spectral range, and expressing the expansion coefficients
as Al,λ. Finally, the power Pl,λ, emitted due to the energy exchange between the electron
beam and the radiation field in the magnetic field of the undulator, can be evaluated by
means of the flux of the Poynting vector. Equation (10) summarises all the above in an
extensive demonstration which can be found in [25] and the references therein:

→
J =

∞
∑

l = 1

→
J l exp(−iωl t) ; ωl = 2π l

TRF

Al,λ = − Z0
2βg

e
TRF

KL√
Σλ

Ne
∑

j = 1

1
βz,jγj

sin(θl,λ,j/2)
θl,λ,j/2 i exp

(
θl,λ,j

2 + lψj

)
; θl,λ,j =

(
ωl

cβz,j
− 2π

λw
− kλ

)
Pl,λ =

βg
2Z0

∣∣Al,λ
∣∣2

(10)

where e is the electron charge, Z0 is the vacuum impedance, Σλ is the radiation transverse
mode size, Ne is the number of electrons contained in the bunch, βz,j is the longitudinal
velocity of the j-th electron, βg is the radiation group velocity and kλ is the transverse
mode momentum.

A brief analysis of Equation (10) tells us that the expansion coefficient Al,λ plays a
significant function in the determination of the radiation formation. It is, in fact, the role of
each electron in the bunch is relevant because it carries a specific energy γj and a specific
phase ψj. In particular, the electron phase ψj, together with the interaction phase θl,λ,j enter
in a more general phase term in Al,λ that, when summing up all of the contributions of
the Ne electrons of the bunch, may generate constructive or destructive interactions. The
maximum radiated power in the undulator is obtained when all the electrons contribute
to the radiation formation with the same phase term (only depending on the harmonic
number l), therefore, with an adequate distribution of the electrons in the phase-space.

What has been discussed, so far, about Equation (10), refers to the longitudinal proper-
ties of the particle–wave interaction, which concur with the undulator parameter K and
period λw and the electron longitudinal velocities βz,j. The transverse characteristics of the
radiation emission are summarised by the mode aggregate index λ. It is evident, however,
that the transverse space can play a role when the electron beam emittance values could be
relevant for the radiation wavelength to be generated. A deeper and exhaustive analysis
can be found in [27].

With such a mathematical background, an appropriate computational code was set up
for the evaluation of the coherent generation of radiation in the undulator–radiator. The
code is capable of evaluating the impact of an electron bunch, with a specific distribution in
the phase-space, for the radiation generation, calculating the contribution of any electron,
integrated along the interaction length. The code, at the moment, does not take into
account saturation effects. The effect of the energy modulation introduced by the electron–
field interaction inside the Cerenkov FEL optical resonator can be assessed by comparing
the emission from an electron distribution D

(
γj, ψj

)
and the same distribution to which

an energy modulation is added D
(

γj + Δγ
(
ψj
)

j, ψj

)
, where the contribution Δγ

(
ψj
)

j is
calculated from Equation (9) for each electron. To this aim, an ad hoc electron distribution
was generated in the phase-space having a uniform partitioning in energy with a total
Δγ = 0.2 around γ = 10 (see Table 3) corresponding to a σγ ≈ 5 · 10−3 r.m.s. The phase
partitioning is again uniform, with an added Poissonian component, with a total Δψ = 20◦
corresponding to the actual micro-bunch duration expressed as phase interval for Linac [11].
In Figure 5, we report the aforementioned electron distribution (Figure 5a) together with
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the corresponding power spectrum (Figure 5b) calculated with Equation (10). The total
power, integrated over the whole bandwidth, results in PTOT~55 W.

Figure 5. Emission by undulator–radiator: not the modulated case: (a) phase-space; and (b) power spectrum.

As anticipated, a similar calculation can be performed for the electron distribution
of Figure 5a), to which the energy modulation Δγj of Equation (9) is added for each
electron of the distribution with its actual phase ψj and energy (through the velocity βe,j).
The amplitude of the electric field is the one evaluated at the end of Section 3 from the
saturated intracavity radiation power E0z~1.8 × 107 [V/m]. In Figure 6, we report the
energy modulated electron distribution (Figure 6a) together with the corresponding power
spectrum (Figure 6b), again calculated by means of Equation (10). As can be clearly seen,
the emission is strongly increased by orders of magnitude due to the modulation introduced
which, moreover, is not clearly distinguishable when looking at Figures 5a and 6a. It is
further worth underlining how the total bandwidth is slightly reduced with respect to the
unmodulated case. The total power, integrated over the whole bandwidth, now results as
PTOT~1.28 × 107 W.

Figure 6. Emission by undulator–radiator: modulated case: (a) phase-space; and (b) power spectrum.
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We may now ask whether there is any optimisation procedure to further increase
the power radiated by the undulator. The most relevant tool is the distance between the
Cerenkov electromagnetic resonator and the entrance of the magnetic undulator. This is
because the energy modulation acquired by the electrons in the cavity transforms into a
velocity modulation, and consequently bunches before entering the undulator interaction
region. This “drift space” allows a ballistic process that correlates the velocity variation of
each electron, with its position, and therefore phase, in the bunch. In Equation (11), we
report the phase term that should be inserted in the set of Equation (10) that takes into
account the phase variation, after the velocity modulation expressed by (vz)j and for a
specific drift space LDrift. The index “j” indicates the specific electron and vref is the velocity
of the “reference electron”:

(
ΨDri f t

)
j
= ωRFLDri f t

(
1

(vz)j
− 1

vre f

)
+ ψj (11)

Considering a series of values for LDrift ranging from 0 to 3.5 metres, the power
spectrum was calculated and reported in Figure 7. As can be appreciated, the peak power,
starting from a specific value, tends to reduce, while increasing LDrift, and the spectrum itself
tends to broaden with a couple of peaks appearing. A further increase in the modulator
radiator distance produces a spectral band reduction and a peak power increase up to the
final value.

Figure 7. Cont.
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Figure 7. Power spectrum for different drift-space values: (a) LDrift = 0.18 m; (b) LDrift = 0.90 m;
(c) LDrift = 1.52 m; (d) LDrift = 2.15 m; (e) LDrift = 2.87 m; and (f) LDrift = 3.50 m.

5. Conclusions

The example reported to date indicates how a hybrid scheme for free electron devices
can be effective for the power enhancement of the electromagnetic radiation generated.
This two-elements scheme, based on an oscillator, in which intracavity radiation acts as
an energy modulator, and a magnetic undulator as a radiator, is a versatile arrangement
because the oscillator section can be chosen among a series of different devices. As an-
ticipated, together with the Cerenkov device, other sources can be taken into account;
among which the Smith–Purcell is an interesting choice because it offers characteristics
that lay between that of a Cerenkov FEL (being a slow-wave device) and an undulator FEL
(wavelength scales inversely with the electron energy, as can be seen in Equation (12)). The
synchronic condition, in fact, results to be [10,28]:

λSP =
Λ

|nso|
(

1
βe

− cos θ

)
(12)

where Λ represents the grating period, nso indicates the grating spectral order and θ is
the angle between the electron beam direction (parallel to the grating surface) and the
observer. A new parameter, in the Smith–Purcell-based FEL, is evident from Equation (12)
and is the angle θ that offers a wide and continuous range of spectral tunability [28] that
can be exploited, keeping fixed other parameters like the electron energy and the grating
geometry. This characteristic increases the flexibility of the hybrid scheme FEL because it
easily allows to obtaining the condition λU = λSP/n, where n = 1, 2, . . . , because the cos θ
term can be used to obtain the maximum wavelength extension:

λ
(+)
SP =

Λ
|nso|

1
βe

⇒ λ
(−)
SP =

Λ
|nso|

(
1 − βe

βe

)
.

The harmonic number n is, therefore, a pivotal parameter for extending the spectral
emission of such a coherent source [5–7], that with a proper combination of all the parame-
ters involved, for both the oscillator and the radiator, prove to be a promising and versatile
device, with the additional feature of compactness.
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Abstract: Free-electron lasers (FELs) have been designed to operate over virtually the entire electro-
magnetic spectrum, from microwaves through to X-rays, and in a variety of configurations, including
amplifiers and oscillators. Oscillators can operate in both the low and high gain regime and are
typically used to improve the spatial and temporal coherence of the light generated. We will discuss
various FEL oscillators, ranging from systems with high-quality resonators combined with low-gain
undulators, to systems with a low-quality resonator combined with a high-gain undulator line.
The FEL gain code MINERVA and wavefront propagation code OPC are used to model the FEL
interaction within the undulator and the propagation in the remainder of the oscillator, respectively.
We will not only include experimental data for the various systems for comparison when available,
but also present, for selected cases, how the two codes can be used to study the effect of mirror
aberrations and thermal mirror deformation on FEL performance.

Keywords: free-electron laser; oscillator; regenerative amplifier

1. Introduction

Free-electron laser (FEL) oscillators (FELO) have been part of the overall research
activity since the beginnings of the field. An FEL oscillator consists of an undulator placed
within an optical resonator, also known as an optical cavity, that typically consists of two
spherical mirrors separated by a distance Lcav. Note that the undulator is not necessarily
centered within the optical resonator. Furthermore, an electron beam is directed into the
cavity through the undulator, and out of the cavity, as is schematically shown in Figure 1,
which is taken from Reference [1]. The optical pulse generated by the electrons streaming
through the undulator is extracted from the cavity either by a partially reflective (i.e.,
transmissive) mirror or through a hole in the mirror. Observe that multiple optical pulses
may be contained within the resonator depending upon the repetition rate of the electron
bunches and the roundtrip time for the optical pulses to circulate through the resonator. We
also note that, when the growth of the optical field exponentiates in a single pass through
the undulator, i.e., in case of a high-gain FEL [2], a large fraction of the light can be extracted
from the resonator.

The first FEL oscillator driven by a relativistic electron beam was realized in 1977 [3],
shortly after the coherent amplification of radiation of the same wavelength was experi-
mentally demonstrated [4]. Coherent undulator radiation was first demonstrated using
the so-called Ubitron, which was configured both as amplifier and oscillator, and which
is nowadays considered to be the first (non-relativistic) FEL [5]. In the early days of FEL
development, the technology available to generate high-quality, high-brightness electron
beams, that are necessary for efficient FEL operation, was relatively primitive by today’s

Appl. Sci. 2021, 11, 4978. https://doi.org/10.3390/app11114978 https://www.mdpi.com/journal/applsci33



Appl. Sci. 2021, 11, 4978

standards. At that time, the limited available gain, which in part may be due to space
restrictions, favoured oscillator configurations to bring the laser into saturation and provide
fully coherent output, as mirrors were readily available all the way from the visible to
well into the microwave spectral range. Although we limit ourselves here to infrared
wavelengths or shorter, exciting FEL research also takes place at longer wavelengths.

Figure 1. Schematic representation of a typical layout for an FEL oscillator. The electron beam
consisting of electron pulses is guided through the undulator and around the mirrors. The optical
pulse that is amplified within the undulator is recirculating within the resonator and extracted
through one of the mirrors. Reproduced with permission from [1]. Copyright Springer, 2018.

The unique properties of FEL oscillators, in particular to fill the spectral gap for
coherent light sources in the visible to microwave spectral range, resulted quickly in the
establishment of several facilities for applied research. The characteristics of user facilities
using FEL oscillators depends, in part, on the accelerator technology used, which includes
electrostatic acceleration [6–9], energy recovery linear accelerators (linacs) [10–15], non-
recovery linacs [16–30], microtrons [31,32] and synchrotrons [33–37]. Research performed
at these user facilities includes, amongst others, biological and material science [38]. A
more complete overview of the various FEL oscillators, together with the main system
parameters, can be found in Ref. [39].

As mentioned, the optical properties of FEL oscillators are in part determined by
the electron accelerator used. For example, electrostatic accelerators can only accelerate
electrons up to a kinetic energy of a few MeV and, consequently, the spectral range is
limited to microwave and THz frequencies [39]. The much higher electron energies of
storage rings allow the FEL oscillators to operate in the visible down to the deep UV
wavelengths [39], while RF linacs can, in principle, accelerate electrons to still higher
energies, from a few MeV up to tens of GeV, allowing FELs to cover a large fraction of the
electromagnetic spectrum, from microwaves all the way down to hard X-rays [39].

Furthermore, electrostatic accelerators are capable of long to continuous wave electron
pulses, that can result in single longitudinal mode oscillation, with a relative linewidth
of about 10−8 over a time of 5 μs, which was set by the voltage droop present in the
accelerator [6] at the time of measurement. On the other hand, the short duration of, and
spread in, electron energy for the electron pulses produced by RF linacs typically leads to
a relative linewidth of the order of 10−4 to 10−2 [13,29,40–53], unless additional spectral
filtering is used. For example, using the Vernier effect of a double cavity resonator to
reduce the number of intra-cavity longitudinal modes and subsequent external filtering,
an RF-linac-based FEL oscillator was able to provide a single longitudinal mode [54]. FEL
oscillators based on storage rings provide a lower relative linewidth within the range 10−5

to 5 × 10−4 [34,55–63], due to the higher electron beam quality of storage rings.
Finally, the average and peak power are, to a large extent, determined by the accel-

erator technology. Superconducting energy recovery linacs are the primary drivers for
high average power FEL oscillators [64–70]; however, other types of FEL oscillators have
used various techniques to increase the output pulse energy including, but not limited to,
optical klystrons [34,36,48,57,58,60,63,71–76], cavity dumping [77–81], pulse stacking in an
external cavity [82–84], electron beam energy ramping [85,86] or dynamic cavity desyn-
chronization [87–92]. Tapering of the undulator [93–95] has also been used to improve the
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peak power in the pulse [96–100], however, tapering of the undulator in FEL oscillators
leads to complicated dynamics and a strong dependence on system parameters [101–104].

The wavelength tuning of FEL oscillators is typically obtained by selecting a set of
electron beam energies and varying the undulator gap. Operation at other wavelength
ranges is possible through harmonic generation [105–107] and such harmonics were quickly
observed [40]. Lasing on the third harmonic was first demonstrated using the Standford
MARK-III FEL oscillator [108], quickly followed by others [43,48,58,61,97,109–121]. The
simultaneous generation of multiple wavelengths may be beneficial for certain applications.
The fixed relation between the fundamental and its harmonics can be overcome using
different undulators in a single optical cavity [19,122–125], two undulators driven by a
single electron beam at a single beam energy, but each having its own optical resonator [126]
or having different beam energies [127,128] to allow operation at two independently
chosen wavelengths.

FEL oscillators share many characteristics with amplifier systems, however, there are
also many differences. For example, slippage between the optical and electron pulse, in
combination with cavity desynchronization, will effect the FEL oscillator dynamics. Here,
a cavity is considered synchronized when it is tuned to a length where the roundtrip time
for the optical pulse matches an integer multiple of the time separating two subsequent
electron pulses. Maxima in the gain and extraction efficiency are found for different cavity
desynchronizations. In particular, dynamic cavity desynchronization [87] can be used to
first set a cavity length corresponding to maximum gain for a quick initial growth of the
optical pulse energy and then switched to a cavity length for maximum extraction efficiency
that is obtained at small cavity desynchronization. The latter is typically also associated
with the generation of short optical pulses [19,88,92,129–134]. For short pulse FEL oscilla-
tors, i.e., where the root-mean-square (rms) width of the electron bunch is smaller than the
total slippage distance, the oscillator is operating in the superradiant regime [132,134–142].
An analytic theory for this regime predicts a scaling of the optical pulse energy EL with
the bunch charge q as EL ∝ q3/2 and a scaling of the temporal width τL of the optical
pulse as τL ∝ q−1/2 [138], which has been experimentally confirmed [139], although higher
extraction efficiencies have also been observed for a perfectly synchronized cavity length,
where the analytic theory breaks down [92,132]. Furthermore, short pulse FEL oscillators
operating in the large-slippage regime also show a stable oscillation in the macropulse
power, known as limit-cycle oscillations, for certain cavity lengths detuned from perfect
synchronization, which has been observed both experimentally [102,137,143–146] and in
numerical simulations [136,138,147–149].

Techniques well known from laser physics have also been applied to FEL oscillators,
either experimentally or in a conceptual study, such as injection seeding [150–155] and
mode locking [133,151,152,156]. On the other hand, the unique nature of the gain process
in FELs allows for the micro-structuring of the gain medium [157–159] to enhance the
gain, which is not readily available for ordinary lasers. One important application of this
technique is to transfer coherence from a low-frequency optical beam to a higher frequency
optical beam. This process is known as high-gain harmonic generation (HGHG) [160].
This technique has been successfully used to generate fully coherent light at soft X-ray
frequencies [161]. Alternative methods currently investigated, in particular to reach even
shorter wavelengths, and rely on Bragg reflections from atomic layers using appropriated
crystals [162].

The drive to higher gain per unit length and to shorter wavelengths has pushed acceler-
ator development; in particular, research into photo-cathode based electron sources [163,164]
that typically produce higher quality electron beams has contributed to today’s state-of-
the-art accelerator technology. The availability of electron beams with improved beam
quality has driven FEL development over the years, especially the capability to generate
shorter wavelengths. Due to a lack of suitable mirrors, initial focus was on FELs relying
on self-amplified spontaneous emission (SASE), with a proof-of-principle experiment at
530 nm [165], followed by demonstrations at shorter wavelengths [166]. To overcome poor
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temporal coherence, HGHG is used to provide completely coherent output pulses down
to 4-nm wavelength [167], while for even smaller wavelengths, FEL oscillators using the
above-mentioned Bragg mirrors are considered [162].

Along with increasingly sophisticated FEL oscillator designs and experiments, analyt-
ical theories [101,138,168–171] have been developed for an initial assessment of oscillator
performance. An initial theoretical description of the FEL gain was quantum mechanical in
nature [172,173], however, it was quickly demonstrated that the gain could be described
using classical theory [174]. Furthermore, the more complete simulation codes have also
become adept at treating increasingly complicated designs and include both steady-state
and time-dependent simulations in one- and three-dimensions.

In the remainder of this paper, we will focus on the simulation of a few different
FEL oscillators. To model these oscillators, we have selected the FEL gain code MIN-
ERVA, which models the light amplification within the undulator line, and the optical
wavefront propagation code OPC, which models the light propagation in the remainder
of the resonator. The mathematical formulations of these codes are presented in Section 2.
Subsequently, we present some considerations on resonators relevant for FEL oscillators
in Section 3. We continue with a discussion on a low-gain/high-Q oscillators, taking the
Infrared Demo and Infrared Upgrade experiments performed at the Thomas Jefferson
National National Accelerator Facility (JLab) as examples. Both are discussed in Section 4.
We compare this with a high-gain/low-Q oscillator, also known as a regenerative amplifier
(RAFEL), also operating in the infrared, and investigate the performance of such a system
in the soft X-ray spectral range. These systems are described in Section 5. We conclude
with a summary and discussion in Section 6.

2. Numerical Formulation

Simulations of FEL oscillators have appeared in the literature by including optical
propagation algorithms to existing FEL simulation codes, as well as self-contained FEL
oscillator codes [103,149,175–182]. In this paper, we describe the use of an existing FEL
simulation code to treat the interaction within the undulators and to link that to a code
specifically designed to propagate the optical field through various resonator configura-
tions. Such optics codes are sufficiently general to be able to treat a variety of resonator
designs, and many may have been originally created to deal with other types of lasers. In
this simulation environment, the FEL code hands off the optical field at the resonator exit
to the optics code, which then propagates the field around the resonator and back to the
undulator entrance, after which it is handed off to the FEL code for another pass through
the undulator.

Among the earliest applications of this method was to simulations of the IR-Demo [64,65],
as described in Section 4.1, and the 10-kW Upgrade experiments at JLab [183], which em-
ployed the MEDUSA FEL code [184] and OPC [185] and successfully reproduced many of
the essential features of the experiment. OPC has also been interfaced with the GENESIS FEL
code [186] and the PUFFIN FEL code [187] to study VUV FEL oscillators [188,189]. In this
paper, we discuss the linkage of the MINERVA simulation code with OPC.

As will be described below, while MINERVA represents the optical field as a superposi-
tion of Gaussian modes with two independent polarization directions, OPC propagates the
field on a grid. This necessitates the mapping of the Gaussian modes in MINERVA at the
undulator exit to the grid supported by OPC, and the decomposition of the optical field in
OPC at the undulator entrance back into Gaussian modes for both polarization components.

2.1. The MINERVA Simulation Code
MINERVA is a time-dependent, three-dimensional simulation code that models the

interaction between electrons and a co-propagating optical field through an undulator
line, which may include strong-focusing quadrupoles and/or dipole chicanes [1,190–192].
The optical fields are described using a superposition of Gauss-Hermite modes, using
two independent polarization directions taken to be in the x- and y-directions with the
z-direction taken along the axis of the undulator line. The Gauss–Hermite modes constitute
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a complete set, and together with the two independent polarizations, are able to describe
the generation of arbitrary polarizations that might arise for any given undulator geometry.
The vector potential representing the optical field in terms of the Gauss–Hermite modes is
given by

δA(x, t) =êx

∞

∑
l,n=0
h=1

e(x)
l,n,h(x, t)

(
δA(1,x)

l,n,h (z, t) sin(ϕ
(x)
h (x, t)) + δA(2,x)

l,n,h (z, t) cos(ϕ
(x)
h (x, t))

)
+

êy

∞

∑
l,n=0
h=1

e(y)l,n,h(x, t)
(

δA(1,y)
l,n,h (z, t) sin(ϕ

(y)
h (x, t)) + δA(2,y)

l,n,h (z, t) cos(ϕ
(y)
h (x, t))

)
,

(1)

where (l, n) are the transverse mode numbers, h is the harmonic number and δAl,n,h are
the mode amplitudes. Furthermore, êj is a unit vector in the j-direction, j = x, y and

e(j)
l,n,h(x, t) =

w(j)
0,h

w(j)
h (z − z0, t)

e−r2/(w(j)
h (z−z0,t))2

Hl(ζ
(j)
x (x, z, t))Hn(ζ

(j)
y (y, z, t)) (2)

are the transverse eigenfunctions for polarization direction j r =
√

x2 + y2, Hl and Hn are

the Hermite polynomials of order l and n, respectively, ζ
(j)
x (x, z, t) =

√
2x/w(j)

h (z − z0, t),

ζ
(j)
y (y, z, t) =

√
2y/w(j)

h (z− z0, t) and w(j)
0,h and w(j)(z− z0, t) are the beam radii in the waist

at z = z0 and at location z along the optical axis. Note, e(j)
l,n,h and w(j) are dependent on

time through the source dependent expansion (SDE) [193], as different parts of the optical
pulse will experience different gain. Finally, the optical phases ϕ

(j)
h (x, t) are given by

ϕ
(j)
h (x, t) = h(k0z − ω0t) + α

(j)
h (z, t)

⎛
⎝ r

w(j)
h (z − z0, t)

⎞
⎠

2

, (3)

where k0 = ω0/c is the vacuum wavenumber belonging to the carrier frequency ω0, c is
the speed of light in vacuo and α

(j)
h (z, t) is the curvature of the wavefront for harmonic h.

In this formulation, we assume that the mode amplitudes, curvature of the phase fronts
and radii of the modes are slowly varying functions of z and t. The total optical power
is given by

P(z, t) =
∞

∑
l,n=0
h=1

Pl,n,h(z, t) =
m2

e c5

8e2 k2
0

∞

∑
l,n=0
h=1

2l+n−1l!n! ∑
j=x,y

(w(j)
0,h)

2
(
(δa(1,j)

l,n,h(z, t))2 + (δa(2,j)
l,n,h(z, t))2

)
, (4)

where δa(i,j)l,n,h(z, t) = eδA(i,j)
l,n,h(z, t)/mec2 are the components of the normalized mode ampli-

tudes, i = 1, 2, j = x, y and me is the electron rest mass.
The optical fields are driven by accelerated electrons, as they co-propagate through

the magnetic fields that are placed along the transport line. Of main interest here is the
amplification of the optical field by the electrons within the undulators that can be placed
in arbitrary configuration along the electron beam transport line. Within the slowly varying
phase and amplitude approximation, the evolution of the normalized mode amplitudes
δa(i,j)l,n,h(z, t) is given by

d
dz

(
δa(1,j)

l,n,h(z, t)

δa(2,j)
l,n,h(z, t)

)
+ K(j)

l,n,h(z)

(
δa(2,j)

l,n,h(z, t)

−δa(1,j)
l,n,h(z, t)

)
=

(
S(1,j)

l,n,h(z, t)

S(2,j)
l,n,h(z, t)

)
, (5)
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where d/dz is the convective derivative and K(j)
l,n,h(z, t) is given by

K(j)
l,n,h(z, t) = (1 + l + n)

⎡
⎣ α

(j)
h (z, t)

w(j)
h (z, t)

dw(j)
h (z, t)
dz

− 1
2

dα
(j)
h (z, t)
dz

− 1 + (α
(j)
h (z, t))2

k0(w
(j)
h (z, t))2

⎤
⎦. (6)

The source terms S(i,j)
l,n,h(z, t) in Equation (5) are given by

(
S(1,j)

l,n,h(z, t)

S(2,j)
l,n,h(z, t)

)
=

1
π

ω2
b

k0c2
1

2l+n−1
1

l!n!
1

(w(j)
0,h)

2

〈
e(j)

l,n,h(x)
vj(z, t)
|vz(z, t)|

(
− cos(ϕ

(j)
h (z, t))

sin(ϕ
(j)
h (z, t))

)〉
, (7)

where ωb is the nominal plasma frequency, vj is the component of the electron velocity in
direction j, vz is the longitudinal velocity component and 〈(. . . )〉 is an average over the
electron distribution given by

〈(. . . )〉 =∫ 2π

0

dψ0

2π

∫ ∞

1

dγ0√
π/2Δγ

e−(γ0−γavg)2/2Δγ2

1 + erf(γavg/
√

2Δγ)

∫∫ dx0dy0

2πσ2
r

∫∫ dpx0dpy0

2πσ2
p

e−r2/2σ2
r e−p2

⊥0/2σ2
p (. . . ).

(8)

In Equation (8), γavg and Δγ are the relativistic factors corresponding to the initial
average electron energy and energy spread, and σr and σp describe the width of the initial
distribution function in transverse and momentum phase space, respectively.

The particle distribution described by Equation (8) is supplemented in the simulation
code MINERVA, with methods to import 6-dimensional particle distributions which may
be obtained from various sources, such as electron beam transport models, and this allows
full start-to-end simulation capabilities.

To minimize the number of modes required to accurately describe the amplified
optical field within the undulators, the so-called source dependent expansion [193] is used.
Within this approximation, the spot size and curvature of the eigenmodes for each of the
polarization directions j = x, y are allowed to evolve according to

dw(j)
h (z, t)
dz

=
2α

(j)
h (z, t)

hk0w(j)
h (z, t)

− w(j)
h (z, t)Y(j)

h (z, t) (9)

and
1
2

dα
(j)
h (z, t)
dz

=
1 + (α

(j)
h (z, t))2

hk0(w
(j)
h (z, t))2

− X(j)
h (z, t)− α

(j)
h (z, t)Y(j)

h (z, t), (10)

where

X(j)
h (z, t) =

2

(δa(j)
0,0,h(z, t))2

[(
S(1,j)

2,0,h(z, t) + S(1,j)
0,2,h(z, t)

)
δa(1,j)

0,0,h(z, t)−
(

S(2,j)
2,0,h(z, t) + S(2,j)

0,2,h(z, t)
)

δa(2,j)
0,0,h(z, t)

] (11)

and

Y(j)
h (z, t) =

− 2

(δa(j)
0,0,h(z, t))2

[(
S(1,j)

2,0,h(z, t) + S(1,j)
0,2,h(z, t)

)
δa(1,j)

0,0,h(z, t) +
(

S(2,j)
2,0,h(z, t) + S(2,j)

0,2,h(z, t)
)

δa(2,j)
0,0,h(z, t)

]
.

(12)
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Furthermore, in Equations (11) and (12), (a(j)
0,0,h(z, t))2 = (a(1,j)

0,0,h(z, t))2 + (a(2,j)
0,0,h(z, t))2.

Note that SDE (Equations (9)–(12)) recovers vacuum diffraction when no electron beam is
present [X(j)

h (z, t) = Y(j)
h (z, t) ≡ 0].

The source terms in Equation (5) depend on the evolution of the electron coordinates
and velocities that are given by the Newton–Lorentz equations

dx
dz

=
vx

vz
, (13)

dy
dz

=
vy

vz
, (14)

dp

dz
= − e

vz

[
δE +

v

c
× (B + δB)

]
, (15)

and the evolution of the ponderomotive phase ψ given by

dψ

dz
= k + ku − ω

vz
. (16)

Using the Coulomb gauge, the optical fields δE = − 1
c

∂δA
∂t and δB = ∇× δA are de-

rived from the optical vector potential given by Equation (1), while B is the static magnetic
field produced by the magnetic elements along the electron transport line. The model
presented here ignores space-charge effects, however, this can be easily incorporated [1].

The dynamical equations for the particles and fields are integrated simultaneously
using a 4th order Runge–Kutta algorithm. Hence, the number of equations in the simulation
is Nequations = Nslices[6Nparticles + 4(Nmodes + Nharmonics)], where Nslices is the number of
slices in the simulation, and Nparticles is the number of particles in each slice, Nmodes is
the total number of modes in the fundamental and all the harmonics, and Nharmonics is
the number of harmonics. The Runge-Kutta algorithm allows the step size to change so
optimized step sizes can be used in each magnetic element or in the drift spaces while this
imposes no limitation on the placement of components along the electron beam path.

The formulation self-consistently tracks the generation of the optical field with ar-
bitrary polarizations depending on the undulator configuration. The polarization state
of the output light, therefore, can be determined by calculation of the Stokes parame-
ters [194]. Measurements of the polarization in FELs have been characterized by the Stokes
parameters [195,196].

Magnetic field elements, such as undulators, quadrupoles and dipoles, can be placed
in arbitrary sequences to specify a variety of different transport lines, and the gap lengths
between different undulators can be varied as well. Field configurations can be set up for
single or multiple undulator segments and can contain quadrupoles placed between the
segments or be superimposed on the lattice to create a FODO lattice. Magnetic elements can
also be dipole chicanes to model optical klystron, high-gain harmonic generation (HGHG)
or phase shifters. See Section 2.2 for analytical models for the various static magnetic
field elements.

2.2. Analytical Models for Static Magnetic Fields

The various types of undulators are modeled using three-dimensional analytical
representations. Two models are available for the planar undulator, representing a flat-pole
face and a parabolic-pole face with weak two-plane focusing, respectively. The flat-pole-
face undulator with the magnetic field oscillating in the y-plane is described by

Bu(x) = Bu(z)
[(

sin(kuz)− cos(kuz)
kuBu(z)

dBu

dz

)
êy cosh(kuy) + êz sinh(kuy) cos(kuz)

]
, (17)

where Bu is the amplitude of the undulator field, ku = 2π/λu, λu is the undulator period
and Bu(z) describes the entrance and exits taper at the ends of an undulator segment. The
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field described in Equation (17) is both curl- and divergence-free when the amplitude is
constant. The analytic entrance and exit taper function Bu(z) is given by

Bu(z) =

⎧⎪⎪⎨
⎪⎪⎩

Bu0 sin2
(

kuz
4Ntr

)
0 ≤ z ≤ Ntrλu

Bu0 Ntrλu ≤ z ≤ Ltr

Bu0 cos2
(

ku(Ltr−z)
4Ntr

)
Ltr ≤ z ≤ Lu

, (18)

where Bu0 is the undulator amplitude in the homogeneous part of the undulator, Lw is the
length of the undulator segment, Ntr is the number of undulator periods in the transition
region and Ltr = Lw − Ntrλu is the location of the start of the exit taper. The field in the
taper regions has zero divergence, and the z-component of the curl also vanishes. The
transverse components of the curl do not vanish, but are of the order of 1/(kuBu(z))dBu/dz,
which is usually small.

A parabolic-pole-face undulator with the magnetic field orientation in the y-plane and
weak focusing in the x- and y-planes is described by the analytical model

Bu(x) = Bu(z)
[(

cos(kuz)− sin(kuz)
kuBu(z)

dBu

dz

)
ê⊥(x, y)−

√
2êz cosh

(
kux√

2

)
sinh

(
kuy√

2

)
sin(kuz)

]
, (19)

where

ê⊥(x, y) = êx sinh
(

kux√
2

)
sinh

(
kuy√

2

)
+ êy cosh

(
kux√

2

)
cosh

(
kuy√

2

)
(20)

and the taper function Bu(z) is again given by Equation (18). As in the case of the flat-pole-
face model, Equation (19) is divergence free and the z-component of the curl also vanishes.
Both, the flat-pole-face and parabolic-pole-face ideally produce linearly polarized light.

Circular polarized light is produced by helical undulators that are described by

Bu(x) =2Bu(z)
[(

cos(χ)− sin(χ)
kuBu(z)

dBu

dz

)
I
′
1(kur)êr−(

sin(χ)− cos(χ)
kuBu(z)

dBu

dz

)
I1(kur)

kur
êθ + I1(kur) sin(χ)êz

] (21)

in cylindrical coordinates r, θ, z, where χ = kuz − θ, I1 is the regular Bessel function of the
first kind, the prime (′) indicates the derivative of the function with respect to its argument
and Bu(z) is again given by Equation (18).

Finally, a magnetic field with varying degrees of ellipticity is produced by an APPLE-II
undulator, which can be approximated by a superposition of two flat-pole-face undulators
that are oriented perpendicularly to each other, and one of which can be displaced with
respect to the other along the axis of symmetry. As such, the field is represented by

Bu(x) = Bu(z)
[(

sin(kuz + φ)− cos(kuz + φ)

kuBu(z)
dBu

dz

)
cosh(kux)êx+(

sin(kuz)− cos(kuz)
kuBu(z)

dBu

dz

)
cosh(kuy)êy+

(sinh(kux) cos(kuz + φ) + sinh(kuy) cos(kuz))êz

]
,

(22)

where φ, 0 ≤ φ ≤ π, represents the phase shift between the two linear undulators and
as before, Bu(z) is given by Equation (18). This model is valid near the axis the axis of
symmetry. The ellipticity, ue of the APPLE-II undulator is given by

ue =
1 − |cos(φ)|
1 + |cos(φ)| . (23)
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We note that the APPLE-II undulator configured as linear undulator has ue = 0, while
ue = 1 for a helical configuration.

The remaining static magnetic field models are used to describe quadrupole mag-
nets, using

BQ(z) = BQ0(z)
(
yêx + xêy

)
, (24)

where BQ0(z) is the constant field gradient over some range z1 ≤ z ≤ z2, and dipole
magnets using a field model that is described by a constant field oriented perpendicularly
to the axis of symmetry over some range z3 ≤ z ≤ z4. Both, the field models for quadrupole
and dipole magnets, have hard-edge field transitions and are curl- and divergence-free
over the range where these are defined.

2.3. Performance of the MINERVA FEL Code

To illustrate the performance of the MINERVA FEL code, we briefly compare the pre-
dictions of this code with experimental data from two SASE FEL experiments. We consider
the “Sorgente Pulsata ed Amplificata di Radiazione Coerente” (SPARC) experiment, a
SASE FEL located at ENEA Frascati [197], and the Linac Coherent Light Source (LCLS),
which is a SASE FEL at the Stanford Linear Accelerator Center [198].

2.3.1. The SPARC SASE FEL

The experimental parameters of SPARC [197] are as follows. The electron beam
energy was 151.9 MeV, with a bunch charge of 450 pC, and a bunch width of 12.67 ps.
The peak current was approximately 53 A for a parabolic temporal bunch profile. The x-
and y-emittances were 2.5 mm-mrad and 2.9 mm-mrad respectively, and the rms energy
spread was 0.02 percent. There were six undulators, each of which were 77 periods in
length, with a period of 2.8 cm and an amplitude of 7.88 kG. Each undulator was modeled
using Equation (17) with one period for the entrance up-taper and another for the exit
down-taper. Furthermore, in the simulation, eight undulators were used to show saturation
of the system. The gap between the undulators was 0.4 m in length and the quadrupoles
(0.053 m in length with a field gradient of 0.9 kG/cm), forming a strong focusing lattice
were located 0.105 m downstream from the exit of the previous undulator. Note that
the quadrupole orientations were fixed and did not alternate. The electron beam was
matched into the undulator/focusing lattice. The resonance occurred at a wavelength of
491.5 nm. In the experiment, the pulse energies were measured in the gaps between the
undulator segments.

A comparison of the pulse energy as found in the simulation (blue line) and from the
experiment (red markers) is shown in Figure 2, where the simulation result is averaged
over 20 simulation runs with different noise seeds. This yields convergence to better
than 5 percent. Energy conservation in the simulation is maintained to within better than
one part in 104. Each marker represents a single measurement that is repeated several
times, while the error bar indicates the error in the measurement. The experimental
data are courtesy of L. Giannessi. Agreement between the simulation and the measured
performance is excellent.

A comparison between the evolution of the relative linewidth as determined from
simulation (blue line) and by measurement (red markers, data courtesy of L. Giannessi)
is shown in Figure 3. Agreement between the simulation and the measured linewidth is
within about 35 percent after 15 m. As shown, the predicted linewidths are in substantial
agreement with the measurements.
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Figure 2. Simulated (blue line) and measured (red crosses) pulse energy as a function of the propaga-
tion distance z for the SPARC experiment. The different points correspond to individual measure-
ments and the error bar indicates the error in each of the measurements. The simulation result is an
average over 20 noise realizations.

Figure 3. Simulated (blue line) and measured (red data points) relative linewidth as a function
of the propagation distance z for the SPARC experiment. The error bar indicates the error in the
measurement. The simulation result is, on average, over 20 noise realizations.

2.3.2. The LCLS SASE FEL

To illustrate the performance of MINERVA at much shorter wavelengths, we also
briefly compare with experimental data from LCLS [198], which is a SASE FEL user facility
that became operational in 2009, operating at a 1.5 Å wavelength.

To operate at 1.5 Å, LCLS employs a 13.64 GeV/250 pC electron beam with a flat-top
temporal pulse shape of 83 fs duration. The normalized emittance (x and y) is 0.4 mm-mrad
and the rms energy spread is 0.01 percent. The undulator line consisted of 33 segments with
a period of 3.0 cm and a length of 113 periods. In the simulation, each segment is modeled
using Equation (17), with one period each in entry and exit tapers. A mild down-taper in
field amplitude of −0.0016 kG/segment starting with the first segment (with an amplitude
of 12.4947 kG and Krms = 2.4748) and continuing from segment to segment was used. This
is the so-called gain taper. The electron beam was matched into a FODO lattice consisting
of 32 quadrupoles, each with a field gradient of 4.054 kG/cm and a length of 7.4 cm. Each
quadrupole was placed a distance of 3.96 cm downstream from the end of the preceding
undulator segment, and the gap lengths between the undulators followed a repetitive
sequence of short (0.48 m)-short (0.48 m)-long (0.908 m).

The LCLS produces pulses of about 1.89 mJ at the end of the undulator line [198],
and saturation is found after about 65–75 m along the undulator line. A comparison
between the measured pulse energies (red circles), as obtained by giving the electrons
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a kick to disrupt the FEL process, and the simulation (blue) is shown in Figure 4. The
experimental data are courtesy of P. Emma and H.-D. Nuhn at SLAC, and the simulation
results represent an average over an ensemble of 25 runs performed with different noise
seeds. As shown in Figure 4, the simulations are in good agreement with the measurements
in the exponential growth region with close agreement for the gain length. The simulation
exhibits saturation at the same distance as the experiment in the range of 65–75 m at a pulse
energy of 1.5 mJ. After saturation, in view of the gain taper, the pulse energy grows more
slowly to about 2.02 mJ at the end of the undulator line, which is approximately 8 percent
higher than the observed pulse energy.

Figure 4. Simulated (blue line) and measured (red circles) optical pulse energy as a function of
the propagation distance z for the LCLS experiment. The simulation result is on average over
25 noise realizations.

The agreement between simulation and experiment for the pulse energy is poorer
during the early stages of the interaction. This may be due to a variety of reasons. On the
experimental side, as the pulse energy grows by 5 to 6 orders of magnitude from the initial
shot noise to saturation, it is difficult to calibrate the detectors for the low pulse energies at
the early stages of the interaction. Moreover, while kicking the electrons provides a fast
measurement method, it is accompanied by a larger background signal and the possibility
of restarting the FEL process downstream the undulator line when the kick is performed
at the beginning of the undulator line [198]. On the simulation side, there may be some
inaccuracies in the shot noise algorithm or the finite number of optical modes used that
underestimates the initial noise level.

2.4. The Optical Propagation Code OPC

When modeling FEL oscillators, the electron–light interaction within the undulator
segments needs to be modeled, as well as the propagation of the light through the remainder
of the oscillator. The light propagators internal to FEL gain codes, including that in
MINERVA, are typically not very efficient when considering free-space propagation over
large distances and interaction with various optical elements.

The wavefront propagator [185,199] is based upon the scalar paraxial Helmholtz
equation [200]

∂2u
∂x2 +

∂2u
∂y2 − 2ik0

∂u
∂z

= 0, (25)

where u is the complex scalar wave amplitude that describes the transverse profile of a
time-harmonic optical beam, k0 = 2π/λ0, and λ0 is the free-space wavelength. By applying
a two-dimensional spatial Fourier transform, Equation (25) transforms into

(k2
x + k2

y)ũ − 2ik0
∂ũ
∂z

= 0, (26)
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where

ũ(kx, ky, z) ≡
∞∫

−∞

∞∫
−∞

dxdy u(x, y, z)e−i(kx x+kyy) (27)

is the two-dimensional Fourier transform of u(x, y, z). Given a known profile
u0(x, y) = u(x, y, 0) at z = 0, e.g., at the exit of the undulator line, the analytical solution in
reciprocal space to Equation (26) is given by

ũ(kx, ky, z) = ũ0(kx, ky)eizλ0(k2
x+k2

y)/π . (28)

The solution in normal space at location z is found by the inverse spatial Fourier
transform of Equation (28),

u(x, y, z) ≡ 1
4π2

∞∫
−∞

∞∫
−∞

dkxdky ũ(kx, ky, z)ei(kx x+kyy)). (29)

This wavefront propagation is known as spectral propagation and is very suitable
for propagation over short and large distances. However, when propagating over long
distances, care has to be taken that the complete optical field remains contained within the
transverse domain of the two-dimensional spatial Fourier transform (Equation (27)), e.g.,
as a result of a fast Fourier transform implementation, to avoid artificial reflections from
the edges of this domain.

By substituting Equation (28) into Equation (29), using the initial profile u0(x, y)
and Equation (27), changing the order of integration and performing the integration over
kx and ky, we obtain the Fresnel diffraction integral [201]

u(x, y, z) = − i
λ0z

∞∫
−∞

∞∫
−∞

dξdη u0(ξ, η)eiπ[(x−ξ)2+(y−η)2]/λ0z. (30)

Note that the Fresnel diffraction integral can be derived using various methods,
including the free-space Green’s function [202], or by applying the paraxial approximation
to the spherical wavelets in Huygens’ integral [200]. It can also be shown that propagation
through a cascaded set of paraxial optical components described by an overall ray-optical
ABCD matrix can be described by a single Huygens’ integral, given by [200]

u(x, y, z) = e−ik0z
∞∫

−∞

∞∫
−∞

dξdη K(x, y, ξ, η)u0(ξ, η), (31)

where Huygens’ kernel K is given by

K(x, y, ξ, η) ≡ i
λ0
√

BxBy
e−i π

Bxλ0
(Axξ2−2ξx+Dx x2)e

−i π
Byλ0

(Ayη2−2ηy+Dyy2)
, (32)

and Ai, Bi, Ci and Di are the components of the system ABCD matrix for i = x, y. The ABCD
matrix can describe real or complex orthogonal paraxial optical systems that may contain
astigmatism [200]. Note, in the presence of apertures, the optical field must be propagated
from aperture to aperture, since apertures cannot be included in the ABCD matrix.

An efficient calculation of the integrals appearing in the spectral propagation method
and Fresnel’s diffraction integrals relies on fast Fourier transforms. By applying a transfor-
mation to Equation (31), it can be put into a form that also allows the use of fast Fourier
transforms to efficiently evaluate the integrals. We define Mx = a2/a1, where a1 and a2 are
measures for the size of the optical field, such that the optical field becomes negligible for
|x| ≥ a1,2 at the input and output plane, respectively. Similarly, My = a3/a4 where a3 and
a4 are measures for the size of the optical field, such that the optical field becomes negli-
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gible for |y| ≥ a3,4 in the input and output plane, respectively. Using the transformation
x′ = a1x, ξ ′ = a2ξ, y′ = a3y, η′ = a4η,

v0(ξ
′, η′) =

√
a1a3u0(ξ, η)e−iπ (Ax−Mx)ξ2

Bxλ0 e
−iπ

(Ay−My)η2

Byλ0 , (33)

and

v(x′, y′) =
√

a2a4u(x, y)eiπ (Dx−M−1
x )x2

Bxλ0 e
iπ

(Dy−M−1
y )y2

Byλ0 . (34)

Equation (31) can be transformed into

v(x′, y′) = i
√

Nc,x Nc,y

1∫
−1

1∫
−1

dξ ′dη′ K(x′, y′, ξ ′, η′)v0(ξ
′, η′) (35)

with the kernel K given by

K(x′, y′, ξ ′, η′) = eiπNc,x(x′−ξ ′)2
eiπNc,y(y′−η′)2

. (36)

In Equations (35), Nc,x and Nc,y are equivalent collimated Fresnel numbers [200] defined as

Nc,x =
Mxa2

1
Bxλ0

, Nc,y =
Mya2

3
Byλ0

. (37)

We shall refer to Equation (35) as the modified Fresnel diffraction integral, and this
integral can also be efficiently evaluated using fast Fourier transforms, with the added
benefit that independent magnification factors in the x- and y-directions can be applied
in going from the input to the output plane. This means that the output plane can grow
or shrink in size with the optical beam when it expands or contracts in propagating
from the input to the output plane that are defined by the system ABCD matrix used in
the propagation.

2.4.1. Optical Elements

To allow the modeling of FEL oscillators, the optical field needs to interact with
various types of optical elements, such as lenses, mirrors or diaphragms. Diaphragms
are implemented as hard edge apertures that reduce the optical field to zero outside the
aperture. Various apodization functions are available that can be applied to the edge of
the aperture. Lenses and mirrors are implemented as elements that apply a phase shift
to the optical field. This is done by multiplying the optical field by e−iq(x,y), where q(x, y)
is the local phase shift in the transverse plane. For example, a thin lens is modeled as
q(x, y) = k0(x2 + y2)/2 f with f as the focal strength of the lens. Mirrors are modeled
as thin lenses using f = R/2, where R is the radius of curvature of the mirror. More
complicated optical elements as thick lenses or a combination of lenses can be implemented
by determining the overall ABCD matrix and using the modified Fresnel diffraction integral
(Equation 35). OPC also allows for more complicated phase masks that can be created using
Zernike polynomials [194]. These can be used to implement not only various types of mirror
and lens aberrations, but also mirror distortion resulting from thermal loading [203,204]
(see Section 2.4.2 for more detail). In the latter case, OPC can set a scaling factor for the
aberrations depending on the (average) optical power loading of the mirror.

Typically, it is assumed that the FEL gain bandwidth is sufficiently small that disper-
sive effects within the optical elements can be neglected. However, this is not the case when
crystal Bragg mirrors are used, e.g., to model oscillator configurations at X-ray wavelengths.
For such mirrors, the angle of reflection and mirror loss strongly depend on the type of
crystal used, its orientation and the X-ray photon energy [205]. To properly model the
reflection of Bragg mirrors, the incident optical field needs to be Fourier transformed into
the frequency domain to handle the different photon energies in the optical field, and a
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two-dimensional spatial Fourier transform of the incident field is needed to deal with the
various angles of incidence on the mirror.

Several optical elements can be combined to form a more complex optical component,
e.g., by combining a mirror with a diaphragm element, extraction of radiation from a
resonator through a hole in one of the mirrors can be modeled. Another example is to use
an external finite element program to simulate mirror surface distortion due to thermal
loading of the mirror. This surface distortion can then be converted to a phase mask, the
amplitude of which can be dynamically scaled at each roundtrip to model mirror distortion
during the start-up of the oscillator.

Finally, the collection of wavefront propagators together with the optical components
and interfaces with several FEL gain codes is known as the optical propagation code (OPC).
As OPC is specifically designed to work several FEL gain codes to model FEL oscillators,
some of the optical components allow for the forking of the optical propagation path. For
example, at the mirror used for coupling the light out of the resonator, the tracking of the
light within the resonator can temporarily be suspended to propagate the light outside
the resonator to some diagnostic point where several optical properties of the light can be
obtained. Afterwards, the propagation of the light within the resonator can be continued.
This allows simultaneous monitoring of the light properties at some external diagnostic
point, as well as the build-up of the light within the resonator.

2.4.2. Modeling Mirrors

The default optical components used by OPC are ideal thin lenses and spherical
mirrors. However, by using amplitude and phase masks, additional optical components
can be added, in particular more realistic lenses and mirrors. Here, we limit ourselves to
phase masks that are generated using the circle polynomials R|m|

n of Zernike [194]. These
polynomials are used to generate a phase difference dθ defined on a transverse plane that
is applied to the optical field as

dθ = DmnR|m|
n (ρ)×

{
cos (mφ) m ≤ 0
sin (mφ) m < 0

, (38)

where ρ is a scaled radial distance, ρ =
√

x2 + y2/ρc with ρc some characteristic length
scale, φ is the angle tan −1(y/x) and Dmn is the amplitude of the polynomial. The indices
m, n describe the type of aberration, for example, m = 0 and n = 4 correspond to spherical
aberration and m = 1 and n = 3 to coma [194]. Therefore, adding a phase mask and
applying it at the location of a lens of mirror adds the associated aberrations to create a
more realistic model of the component.

It is also possible to use these Zernike polynomials to generate new optical components.
For example, adding the polynomials m, n = 2, 2 with m, n = 0, 2 with appropriate ampli-
tudes generates a cylindrical lens of a certain focal strength. This can be used to correctly
model the performance of a spherical mirror with a non-zero angle of incidence, e.g., when
used in a ring resonator, to model for the different foci in tangential and sagittal direction.

Another application is to use the Zernike polynomials to model mirror surface dis-
tortions, in particular, due to thermal loading of the mirror. Here, we assume that round
mirror is uniformly cooled at its circumference and that the heat loading is axi-symmetric.
A finite element program can be used to calculate the steady state deviation δz(r/r0), where
r0 is some characteristic length, that results from the heat generation in the mirror due to
some absorbed power Pabs. A fit using R0

n(r/r0) Zernike polynomials with n taken even is
then used to determine the amplitudes to be used in generating the phase mask. To convert
the mirror distortion δz into a localized change in phase for the optical field, we set

dθ(r/r0) = −4πδz(r/r0)

λ
, (39)
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where the minus sign is required to comply with the phase advance used in OPC and
the phase change is proportional to twice the mirror displacement. It is reasonable to
assume that a stable transverse field distribution is established after starting from noise
when the intracavity optical starts to heat the mirror. Therefore, the phase distortion due
to mirror heating can be obtained by scaling Equation (39) with a factor Pi(t)τ/(PabsTrep)
with Pabs the absorbed power used to calculate δz, Pi the instantaneous absorbed power, τ
the duration of the optical pulse and Trep the repetition time for the optical pulses.

3. Some Considerations for Optical Resonators Used in Free-Electron Lasers

Most optical resonators used in laser oscillators consist of two spherical mirrors
separated by a distance Lcav, as schematically shown in Figure 1. When the radius of
curvature Rc of the mirrors is equal, the resonator is called concentric when Lcav = 2Rc
and confocal when Lcav = Rc. Other configurations with an unequal radii of curvature of
different distances between the mirrors are known as generalized resonators.

Most of the low-gain FEL oscillators employ stable concentric resonators to ensure that
the optical pulse train does not “walk” out of the cavity. Consider a generalized resonator
with a cavity length Lcav, as shown in Figure 5, which shows the radii of curvature,
Rc,i(i = 1, 2), for the two mirrors, as well as the distances zi from the mode waist to each of
the mirrors. The transverse optical modes of the cold resonator, i.e., without a gain medium
(electron beam) present, can be described as either Gauss–Hermite cf. Equations (1)–(3) or
Gauss–Laguerre modes.

Figure 5. Schematic representation of a generalized two-mirror resonator, defining some of its parameters.

Defining

gi = 1 − Lcav

Rc,i
(40)

then the Rayleigh range zR for the Gaussian eigenmodes in the cavity is given by

zR = Lcav

√
g1g2(1 − g1g2)

g1 + g2 − 2g1g2
(41)

Since the Rayleigh range must be positive, we must have 0 ≤ g1g2 ≤ 1, which is
the condition for resonator stability [200]. This means that Gaussian beams can only be
eigenmodes of stable resonators. The stability condition implies that

Lcav < R1 + R2. (42)
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We also note that the waist of the Gaussian mode is at a distance

z1 = Lcav
g2(1 − g1)

g1 + g2 − 2g1g2
(43)

from mirror 1 and at a distance z2 = Lcav − z1 from mirror 2. Note that the sign convention
used for the ray-optic ABCD formalism [200] applies here as well, meaning that Rc > 0 for
a concave mirror and Rc < 0 for a convex mirror and that the distances zi have a sign.

The Gauss–Hermite transverse modes as described by Equations (1)–(3) are eigen-
modes of an empty generalized resonator with a particular Rayleigh range and location
of the waist defined by the resonator. Whenever the resonator contains internal apertures
clipping the optical field, partial waveguiding, or if the light is extracted via a hole, a single
transverse Gaussian mode can no longer be an eigenmode of the resonator. The Fox–Li
method [206] can be used to find the eigenmodes of such resonators [207].

The resonant frequencies, or longitudinal modes, of the resonator are those frequencies
for which the total roundtrip phase is an integer multiple of 2π. As a result, the resonant
frequencies differ for the different transverse optical modes [200]. The frequency spacing
between two subsequent resonances of the same transverse mode is known as the free-
spectral range ΔνFSR. FEL resonators typically have a ΔνFSR that is much smaller than
the gain bandwidth, due to the large mirror separation used. Consequently, most FEL
oscillators are operating on multiple longitudinal modes.

As shown in Figure 1, the resonator may contain more than one optical pulse if
the roundtrip time in the resonator is larger than the time between subsequent electron
bunches. The resonator design must ensure synchronism between the optical pulses and
the electron bunches and optimal performance is typically found near the synchronous
or zero-detuning cavity length, where the incoming electron bunch coincides with the
returning optical pulse train. This zero-detuning cavity length, L0, is given by

M
frep

=
2L0 − Lu

c
+

Lu

vg
, (44)

where M is the number of simultaneous electron bunches in the optical cavity, frep is the
repetition rate of the electron bunches, Lu is the undulator length and vg is the group
velocity of the light within the undulator. Solving for L0 gives

L0 =
cM

2 frep
− Lu

2
c

vg

(
1 − vg

c

)
, (45)

which reduces to the well-known expression

L0 =
cM

2 frep
, (46)

for low gain oscillators where vg ≈ c. As will be discussed in the Section 5 on high-
gain/low-Q oscillators, exponential gain in the undulator results in a reduction in the
group velocity, which has the effect of shortening the zero-detuning cavity length compared
to that for low-gain/high-Q oscillators (Equation (46)).

In general, the dynamics in an oscillator are set by the interplay between the instanta-
neous gain and loss, where in a free-electron laser, the gain is provided by the electrons
streaming through the undulator and loss is due to out-coupling of the radiation and
other loss mechanisms that may be present within the resonator. The total loss of the
resonator determines the quality factor Q of the resonator [200]. To obtain laser oscilla-
tion, the roundtrip small-signal gain has to be higher than the loss per roundtrip. The
so-called threshold gain is the roundtrip small-signal gain needed to just balance the loss
per roundtrip. When the light builds up inside the resonator, the gain is reduced and a
stationary state is obtained when the saturated gain equals the loss per roundtrip. Note that
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this is the same condition as for threshold, i.e., the saturated gain is equal to the threshold
gain. If we denote the output power on the nth pass as Pn, then the power after the (n+1)th
pass is Pn+1 = (1 − L)(1 + G)Pn. Equilibrium is characterized by Pn+1 = Pn; at which
point, G = L/(1 − L).

In FELs, where the bunch charge/peak current is relatively small and the gain cannot
reach the exponential regime in a single pass through the undulator, the resonator Q must
be high enough that the oscillator can lase. In such cases, most of the energy extracted from
the electrons remains circulating in the resonator and a small fraction of the power is out-
coupled. This implies that the loss, which is often dominated by the fraction of radiation
that is coupled out of the resonator, but also includes losses at the mirrors or within the
resonator, can impose difficulties if mirror absorption is large enough to result in excessive
heating or degradation of the reflectivity. In such cases, the mirrors must be cooled or
otherwise protected. For example, storage ring FELs have a low small-signal gain and
thus require high-quality mirrors that are susceptible to the higher-harmonics generated.
Short-wavelength X-ray FEL oscillators also have a low small-signal gain and the available
X-ray mirror technology is pushed to its limits to produce mirrors with sufficiently low
loss. High average power operation may require the cryogenic cooling of the mirrors to
prevent mirror distortion due to thermal loading.

The efficiency of a low-gain/high-Q oscillator is predicted to be η = 1/2.4Nu [1], where
Nu denotes the number of uniform periods in the undulator; hence, high efficiency requires
relatively short undulators. Because of this, oscillator design is a balance between having
a sufficiently long undulator for the gain to exceed the losses, set by the quality Q of the
resonator, but not so long that the efficiency is negatively impacted.

4. Low-Gain/High-Q Oscillators

In this section, we describe simulations of two low-gain/high-Q infrared FEL oscillator
experiments conducted at JLab: the IR-Demo [50,64,65] and the 10-kW Upgrade [11]. Both
of these experiments were conceived as demonstrations for high average power infrared
FELs based on energy recovery linacs.

4.1. The IR-Demo Experiment at JLab

The IR Demo experiment [50,64,65] was based on a superconducting energy recovery
linac at JLab that produced 0.4 (±0.1) ps rms electron bunches, with energies of about
38 MeV bunch charges of 60 pC (60 A peak current) at a repetition rate of 18.7 MHz
corresponding to an average current of 1.2 mA. The transverse emittance of the bunches
was 7.5(±1.5) mm-mrad (rms) and the rms energy spread was about 0.25 percent. The
experiment uses a 42-period flat-pole-face planar undulator with a period of 2.7 cm and
an on-axis amplitude of 5.56 kG, yielding an undulator strength parameter of Krms = 0.99.
Therefore, the simulation model uses Equation (17) to model the undulator with one period
entry and exit tapers. The resonant wavelength was 4.8 μm and a concentric resonator was
used with a optical cavity length of about 8 m [208]. The radii of curvature of the mirrors
were 4.045 m with a cold cavity Rayleigh range of 40 cm. Transmissive out-coupling
through the downstream mirror was used and had a transmittance of approximately
10 percent. The outer radius of the mirrors was 2.54 cm. OPC uses the modified Fresnel
propagator (Equation (35)) to handle the divergence and convergence of the optical beam
inside the resonator using a fixed number of grid points.

Simulations of this experiment were conducted with MEDUSA/OPC. MEDUSA [184]
and MINERVA both employ Gaussian representations for the optical field and integrate the
three-dimensional Lorentz force equations for the electron trajectories without performing
an average over the wiggle-motion. However, MEDUSA is the more primitive code and
MINERVA contains many additions and incorporates superior algorithms not present
in MEDUSA. Nevertheless, in cases where the two codes have been compared, their
predictions for FEL performance are in agreement to within about 10 percent.
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The evolution of the output energy found in simulation versus pass is shown in Figure 6
for a cavity length near the peak of the detuning curve of 8.01049 m. Observe that saturation
is found after about 70 passes at a pulse energy of 0.17 mJ, corresponding to an average power
of about 318 W, at a repetition rate of 18.7 MHz. This represents an average efficiency of
about 0.70 percent, which is close to the theoretically predicted efficiency of about 1.0 percent
for an undulator with 40 uniform periods.

Figure 6. Simulated pulse energy as a function of roundtrip number n at a near optimal cavity
detuning of Lcav = 8.01049 m for the IR Demo experiment. Remaining parameters as described in
the text.

The average power found in simulation near the peak in the detuning curve is consis-
tent with the observation of 311 W during CW operation of the IR Demo [50,64,65]. This
is also shown in Figure 7, which shows the detuning curves found in simulation (blue)
and during pulsed operation of the IR Demo (green). The average power during CW
operation is indicated by the dashed line. Observe that the zero-detuning point in the
simulation is shifted by about 5 μm from that observed in the experiment. This may be
due to an uncertainty in the cavity length measurement by up to 10 μm. The full width of
the detuning curve is found to be within about 30–35 μm.

Figure 7. Tuning curve for the IR Demo experiment including measurements from CW and pulsed
runs (green) and from simulation (blue). Other parameters as described in the text.

Higher bunch charges were used in the pulsed runs than in the CW runs in the IR
Demo. Lower bunch charges were used in the CW runs in order to reduce distortion due
to mirror heating. Indeed, mirror distortion made it difficult to obtain a detuning curve
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during CW operation. Mirror heating was not a serious problem in the pulsed runs. When
the gain to loss ratio is small, as in the CW runs and in the simulation, it is expected that
the tuning curve for a low-gain/high-Q oscillator will display a peak at the zero detuning
point, followed by a rapid decline as the cavity length decreases, and this is what is found
in simulation. However, when the gain-to-loss ratio increases, then the detuning curve will
exhibit a shoulder, as indicated in the detuning curves for the pulsed runs. This shoulder
will be much more prominent in the RAFEL simulations discussed below.

4.2. The 10-kW Upgrade Experiment at JLab

This experiment represented an upgrade to the original IR-Demo experiment [65]
and numerous elements represent upgrades. For example, the accelerating modules were
upgraded to achieve higher energy, bunch charge, and average current. Effort was also
made to reduce/mitigate the beam breakup instability in view of the higher average
current. The original undulator was replaced to achieve high gain and resonance at a
shorter wavelength. In order to handle the higher power, the resonator was lengthened
to reduce the mirror loading and cryogenic, edge-cooling was used for the mirrors. As a
result, the kinetic energy was increased to 115 MeV, while the energy spread of 0.3 percent
remained approximately the same. The charge of the electron bunch was almost doubled
to 115 pC with a pulse length of 390 fs. The normalized emittance of 9 mm-mrad in the
wiggle plane and 7 mm-mrad in the plane orthogonal to the wiggle plane was similar as in
the IR demo experiment, and the maximum repetition rate of 74.85 MHz for the electron
bunches remained unchanged. Note, that although the IR-Demo experiment was capable
of running at 74.85 MHz, the results reported in Section 4.1 corresponded to operation at
17.85 MHz. To operate at somewhat shorter wavelengths, the planar undulator, which
is modeled in the simulation using Equation (19) with one period up- and down-taper,
had a longer period of 5.5 cm, a total of 30 periods, and a peak on-axis magnetic field of
3.75 kG. The electron beam was focused into the undulator with the focus at the center
of the undulator. The concentric resonator was also updated [209] and had a length of
about 32 m with a cold-cavity Rayleigh length of 0.75 m. The total loss in the resonator was
21 percent with about 18 percent out-coupled per pass from the downstream mirror. For
these settings, the wavelength was 1.6 μm.

In simulating this experiment, the number of particles in MINERVA was 5832 per
slice, while the separation between slices was 5.4 fs. The number of optical modes was
dynamically adjusted each roundtrip to accommodate the evolution of the optical field
inside the resonator. OPC uses, again, the modified Fresnel propagator (Equation (35)) to
handle the divergence and convergence of the optical beam inside the resonator.

The length of the optical cavity must be selected so that the returning optical pulse is
in synchronism with the electron bunches. The roundtrip time for the optical pulses in the
cavity is τr = 2Lcav/c and the separation between electron bunches is τsep = 1/ frep, where
Lcav is the cavity length and frep is the electron bunch repetition rate. Perfect synchronism
(referred to as zero-detuning) is obtained when τr = Mτsep, which leads to Equation (46).
Here, M is the number of optical pulses in the cavity. In this case, there were 16 optical
pulses in the cavity and the zero-detuning length is L0 = 32.041946079 m. The cavity detun-
ing curve obtained from simulations is shown in Figure 8 as a function of the difference
between the cavity length Lcav and the zero-detuning length. With a maximum pulse
energy of 0.194 mJ and a repetition rate of 74.85 MHz, we find that the maximum output
power of 14.52 kW occurs for a positive detuning of 2 μm and is close to the measured value
of 14.3 ± 0.72 kW [69]. As a result, the predicted extraction efficiency is about 1.4 percent,
which is close to the theoretical value of η = 1.7 percent. We remark that the previous
simulation of this experiment with MEDUSA/OPC [183] yielded an average output power
of 12.3 kW, and the present formulation is in better agreement with the experiment than in
the earlier simulation. As in the previous simulation [183], the roughly triangular shape of
the detuning curve is also in agreement with the experimental observation.
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Figure 8. Tuning curve for the IR upgrade experiment. Simulation parameters as described in
the text.

The temporal profiles of the optical pulse at the undulator entrance and exit as well
as that of the electron bunch current are shown in Figure 9 for the zero-detuning cavity
length after pass 100, which corresponds to a stable, saturated steady-state. Observe that
the electron bunch is centered in the time window, which has a duration of 1.4 ps. This is
at zero-detuning, as indicated by the fact that the incoming optical pulse at the undulator
entrance is in close synchronism with the electron bunch. It is also evident that the center
of the optical pulse advances by about 0.16 ps, as it propagates through the undulator, and
this is in good agreement with the theoretical slippage estimate of Nuλ/c for a low-gain
FEL, where Nu is the number of periods in the undulator. Finally, it should be remarked
that this is in the steady-state regime where the losses in the resonator and the out-coupling
are compensated by the gain in the undulator.

Figure 9. Temporal profiles of the power in the optical pulse after 100 passes at the undulator entrance
(green) and exit (blue), as well as the current in the electron bunch (right axis, red) for the IR upgrade
experiment. The cavity length is Lcav = 32.041946079 m and other parameters, as described in the text.

5. High-Gain/Low-Q Oscillators

An alternate approach to oscillator design is to use a high-gain undulator where the
radiation grows exponentially on a single pass through the undulator [2]. Because the
gain is high, the permissible resonator loss can be relatively high; hence, a large fraction
of the power can be coupled out of the resonator. This type of oscillator has been referred
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to as a regenerative amplifier FEL (RAFEL), and the concept has been experimentally
demonstrated at the Los Alamos National Laboratory [210]. Hence, a RAFEL may also be
thought of as a low-Q oscillator and has advantages, both for (1) high power designs, since
the mirror loading can be kept below mirror deformation or damage thresholds, and (2)
for VUV and X-ray oscillators.

RAFELs differ from low-gain oscillators in a number of ways. One difference is that,
as shown in Madey’s theorem [211], a low-gain oscillator exhibits no gain directly on the
resonance. In contrast, the growth rate in the exponential gain regime has a peak on-
resonance, and this is reflected in the wavelengths excited in a RAFEL. A second difference
is the overall efficiency. The saturation efficiency, η, of a low-gain oscillator is η = 1/2.4Nu,
where Nu is the number of periods in the undulator. Since the radiation exponentiates
in each pass through the undulator in the RAFEL, the efficiency is given by that found
in the high-gain Compton regime, where η = ρ where ρ is the Pierce parameter. A third
difference is in the linewidth, which scales inversely with Nu in a low-gain oscillator, but
which is given by the linewidth of the exponential interaction in the high-gain Compton
regime. A fourth difference is in the longitudinal and transverse mode structure, which
is determined largely by the resonator properties in a low-gain oscillator. In a RAFEL,
by contrast, the exponential gain leads to saturation in a very small number of passes
through the resonator, and the mode structure is largely governed by the interaction in the
undulator. A fifth difference is in the effect of slippage. Slippage in a low-gain oscillator
scales with Nu. However, the high-gain in a RAFEL results in a reduction in the group
velocity, such that slippage scales with Nu/3. However, one point of similarity that the
RAFEL shares with low-gain oscillators, is the presence of limit-cycle oscillations.

In this section, we discuss simulations of an infrared RAFEL with the intention of
illustrating many of the general properties of a RAFEL and how it compares both to low-
gain/high-Q oscillators and SASE FELs [212] and simulations of an X-ray RAFEL concept,
making use of hole out-coupling [213]. We note that the infrared RAFEL simulations were
performed with MEDUSA/OPC, while the X-ray RAFEL simulations were performed with
MINERVA/OPC.

5.1. An Infrared RAFEL

The electron beam, undulator, and resonator parameters are summarized in Table 1.
Observe that the temporal profile of the electron bunch is parabolic with a full width of
1.2 ps, and that the undulator is a two-plane-focusing (i.e., parabolic pole face) design.
Consequently, Equation (17) is used to model the undulator with the first and last periods
tapered up and down to model the injection and ejection of the beam. Since there is
exponential growth and, hence, the optical guiding of the radiation, we use a matched
beam in the undulator. The resonator is concentric with the power coupled out through a
5.0 mm hole in the downstream mirror, which provides for a typical average out-coupling
of about 97 percent. Given the repetition rate, frep, the nominal zero-detuning cavity length,
L0, is 6.85239904 m when M = 4 and assuming vg = c (see Equation (46)). The temporal
window is an important numerical consideration, and must be chosen to be large enough
to accommodate the maximum cavity detuning length that is consistent with pass-to-pass
amplification so that the optical pulse remains within the time window for all the usable
choices of cavity length. In practice, for this example, we choose a temporal window of
4.0 ps and include 182 temporal slices, which corresponds to the inclusion of one temporal
slice every three wavelengths. OPC uses the modified Fresnel propagator (Equation (35))
to handle the divergence and convergence of the optical beam inside the resonator, using a
grid with a fixed number of grid points.
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Table 1. Electron beam, undulator and resonator parameters for the IR RAFEL.

Electron Beam

Energy 55 MeV
Charge 800 pC
Bunch duration 1.2 ps parabolic
Repetition rate 87.5 MHz
Normalized emittance 15 mm-mrad
Energy spread 0.25%
Matched beam radius 392 μm

Undulator two-plane focusing

Period 2.4 cm
Magnitude 6.5–7.0 kG
Krms 1.03–1.11
Length 100λu 98 uniform

Resonator Concentric

Wavelength 2.2 μm
Length 6.852 m
Radii of curvature 3.5 m
Rayleigh range 0.5 m
Hole radius 5.0 mm
Out-coupling 97%

We first consider the single-pass gain because this will affect the performance of the
RAFEL. Since the undulator is long enough to achieve exponential growth, we show the
gain length, LG, found in simulation versus the undulator field strength in Figure 10.
The optimal (i.e., minimal) gain length of 0.176 m occurs for an on-axis undulator field
strength of about 6.7 kG, which corresponds to an rms undulator strength parameter of
Krms = 1.06. This is in good agreement with the prediction based on the parameterization
of the interaction by Ming Xie [214].

Figure 10. Gain length LG versus on-axis undulator field amplitude Bu for the IR RAFEL. Other
parameters as in Table 1.

It should be noted that the well-known resonance condition λ = λu(1 + K2
rms)/2γ2

predicts an undulator field of about 6.81 kG (Krms = 1.08) at a 2.2 μm wavelength. This
shift in the resonance is due to three-dimensional effects and is in disagreement with the
shift in the resonance associated with low-gain oscillators. The gain length has implications
over the permissible range of Krms for which the RAFEL will operate (i.e., over which
there is pass-to-pass amplification). Since the RAFEL will saturate when the gain balances
the loss, and the loss for the resonator is about 97 percent, this implies that the RAFEL

54



Appl. Sci. 2021, 11, 4978

will operate as long as the single-pass gain exceeds about 3200–3300 percent. In order to
identify this range more closely, we perform multi-pass simulations and take the average
gain over the first 10 passes. We take an average because there are fluctuations in the
gain on a pass-to-pass basis (i.e., limit-cycle like oscillations), which will be discussed
in more detail below. The average gain is shown as a function of the on-axis undulator
field under the assumption of a cavity length of 8.65238 in Figure 11. This represents
a cavity detuning with respect to the zero-detuning length of ΔLcav = −8λ. It is clear
from Figure 11 that the gain is relatively constant over the range of about 6.65–6.85 kG
(Krms = 1.054–1.085) and falls off rapidly as the field diverges outside this range, which is
consistent with the behavior of the gain length shown in Figure 10. The cutoff for a gain of
about 3300 percent occurs for field levels of about 6.518 kG (Krms = 1.03) at the low end
and 6.878 kG (Krms = 1.09) at the high end, and we do not expect the RAFEL to function
outside of this range of undulator fields.

Figure 11. Average gain produced by the IR RAFEL over the first 10 passes versus the undulator
field Bu for a cavity length of Lcav = 8.62538144 m (ΔLcav = −8λ. Other parameters as in Table 1.

In order to demonstrate how the saturation efficiency of a RAFEL differs from that of
a low-gain oscillator, it is instructive to compare the RAFEL with an equivalent SASE FEL.
The performance of the RAFEL is shown in Figure 12, where we plot the average pulse
energy (blue circles) in the steady-state as a function of the on-axis undulator field for the
same cavity detuning (ΔLcav = −8λ), as used for Figure 11. The error bars characterize
the limit-cycle oscillations. The RAFEL reaches its peak pulse energy for an undulator
field of 6.678 kG (Krms = 1.058) and falls to zero outside the range predicted in Figure 10.
We also plot the equivalent SASE saturated pulse energy (red triangles). In order to deal
with the statistical fluctuations inherent in the SASE output, a large number of runs were
made with different shot noise distributions, and found the average (red triangles) and
standard deviations (error bars). Note that the SASE results represent the pulse energies
over whatever length of undulator is required to reach saturation. Observe that (1) the
RAFEL configuration saturates with a higher pulse energy than the SASE configuration,
(2) the fluctuations in the RAFEL in the steady-state regime are comparable in magnitude
to the statistical fluctuations found in SASE, however, the fluctuations of the RAFEL are
deterministic in nature, and (3) the FWHM of the tuning range in Krms is comparable for
both the RAFEL and SASE configurations.

The RAFEL saturates with about a 0.28 mJ pulse energy, which corresponds to an
extraction efficiency of about 0.64 percent. This compares well with the empirical for-
mula [214] that predicts a saturation efficiency of about 0.76 percent. In contrast, the
saturation efficiency of a low-gain oscillator is predicted to be η = 1/(2.4Nu) = 0.43%.
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Figure 12. Output pulse energy for the IR RAFEL (blue circles) and an equivalent SASE FEL (red
triangles) as a function of the undulator field strength Bu. The cavity detuning for the IR RAFEL is
ΔLcav = −8λ, while the other simulation parameters are given in Table 1. The error bars indicate
energy fluctuations due to limit-cycle-like oscillations for the RAFEL and pulse-to-pulse rms energy
fluctuations in case of SASE.

The spectral linewidth of the RAFEL also differs from that of a low-gain oscillator. The
full width of the spectrum for a typical low-gain oscillator is given by Δω/ω = 1/Nu = 0.01
for the example under consideration. This can be translated into a tuning range over the
undulator field, as follows ∣∣∣∣ΔBu

Bu

∣∣∣∣ = 1 + K2
rms

K2
rms

∣∣∣∣Δω

ω

∣∣∣∣. (47)

This implies a full width tuning range of ΔBu = 0.063 kG (ΔKrms = 0.001), which
is narrower than what we find in the simulation. The relative SASE linewidth is given
by (Δω/ω)rms = ρ [215] where ρ denotes the Pierce parameter. Here, ρ = 0.0097 and
(Δω/ω)rms = 0.0097. Converting this to a tuning range in the undulator field and going
from the rms width to a FWHM tuning range, we obtain (ΔBu/Bu)FWHM = 0.022, which
compares well with the simulation results that give (ΔBu/Bu)FWHM = 0.019. Hence, the
RAFEL behaves more like a SASE FEL than a typical low-gain oscillator in regards to the
spectral linewidth.

Another way in which the RAFEL differs from a low-gain oscillator is in the cavity
detuning. In a low-gain FEL oscillator, the zero-detuning length is obtained by assuming
that the group velocity vg equals the speed of light in vacuo c throughout the resonator.
However, vg is reduced in a RAFEL by the interaction in the undulator, and results in
smaller synchronous cavity length. This makes the cavity detuning dependent on the gain
of the FEL. The change in group velocity also affects slippage. In a low-gain oscillator,
the group velocity reduction is small and the slippage is one wavelength per undulator
period; hence, the slippage distance is lslip = Nuλ. However, the slippage per undulator
period is reduced in a high-gain RAFEL, or in any FEL where there is exponential growth
because they have medium decreases, in both the phase and group velocities. The reduced
phase velocity results in the optical guiding of the radiation, while the reduced group
velocity results in less slippage. It has been shown that lslip = Nuλ/3 at the resonant
wavelength [216]. For the example under consideration, this yields lslip = 72 μm, which is
much less than the slippage length of 220 μm if the RAFEL behaved as a low-gain oscillator.

In order to estimate the effect of this on the detuning length, we note that the zero-
detuning length is found by equating the roundtrip time of the radiation through the cavity
with the spacing between electron bunches (1/ frep), cf. Equation (45). As a result, in the
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high gain regime where vg = c/(1 + 1/3γ2
‖), the difference in synchronous cavity length

ΔL0 for a high-gain RAFEL and a low-gain FEL oscillator is given by Equation (45) as

ΔL0 =
Lu

6γ2 (1 + K2
rms) = −Nuλ

3
. (48)

This is comparable to what is found in the simulation.
The detuning curve found in the simulation is shown in Figure 13, where we plot the

output pulse energy versus cavity detuning for an undulator field of 6.658 kG (Krms = 1.055).
Here, we define the cavity detuning relative to the nominal zero detuning length
(Equation (46) with M = 1), so that ΔLcav = Lcav − L0. As shown in Figure 13, we find a
full width detuning range of about 50–110 μm and an FWHM detuning range of about
40 μm, which are in reasonable agreement with the estimate based on the one-dimensional
analysis of slippage.

Figure 13. Cavity detuning curve of the IR RAFEL for an on-axis undulator field of Bu = 6.658 kG
(Krms = 1.055), while the other parameters are given in Table 1.

The temporal evolution of the pulse energy is shown for an undulator field of 6.658 kG
(Krms = 1.055) in Figure 14, where we plot the pulse energy versus pass number through the
undulator for the choice of several cavity detunings that samples the complete detuning
curve. It is clear that significant fluctuations are found over a large range of detunings and
that both the magnitude and period of the fluctuations decrease as the magnitude of the
detuning increases, although the magnitude of the fluctuations decreases as well near the
zero-detuning length.

Figure 14. Temporal evolution of the pulse energy for cavity detunings of ΔLcav = 0,
−18λ,−33λ,−43λ and −50λ. The on-axis undulator field is Bu = 6.658 kG (Krms = 1.055), while the
other parameters are given in Table 1.

57



Appl. Sci. 2021, 11, 4978

The fluctuations seen in simulation can be rapid and irregular. There are two possible
explanations for this. One is that due to the high gain and high out-coupling, small changes
in the mode structure from pass to pass can result in relatively large changes in the gain and,
hence, the pulse energy. These “small” changes can include variations in the transverse
mode structure (both in terms of the modal decomposition and spot size), and the temporal
pulse shape. The second explanation, related to the first, is that since we have employed
hole out-coupling, these relatively small changes in the transverse mode structure at the
mirror can give rise to large differences in the out-coupling of the optical mode. It is not
surprising, therefore, that the magnitude of the fluctuations varies depending on the cavity
detuning. In Figure 15, we show the variation in the rms magnitude of the fluctuations in
the out-coupled pulse energy as a function of the cavity detuning. It is clear from Figure 15
that the fluctuation level is relatively constant, at about the 0.03 mJ level over most of the
detuning range, but with rapid declines at the end of the detuning range. Furthermore, the
oscillation period is of the order of a few passes through the resonator.

Figure 15. Standard deviation of the optical pulse energy as a function of cavity detuning ΔLcav/λ

for a undulator field strength of Bu = 6.658 kG (Krms = 1.055), while the other parameters are given
in Table 1.

Fluctuations/oscillations have been observed in low-gain oscillators and are referred
to as limit-cycle oscillations. The observation of limit-cycle behavior in the low-gain FELIX
FEL oscillator corresponds to an oscillation period of [143]

Δτ = −τslip
Lcav

ΔLcav
, (49)

where τslip = lslip/c is the slippage time. For the case of FELIX, Lcav = 6 m, λ = 40 μm, and
Nu = 38, and the cavity detuning ranges over about 160 μm. As a result, τslip = 5.1 ps and
τr (=2Lcav/c) = 40 ns is the nominal roundtrip time; hence, this implies that the limit cycle
oscillation occurs over a period of about 3 μs or 75 passes for a cavity detuning of −100 μm.

In contrast, if we apply the slippage time for the high gain RAFEL under consideration

Δτ = − Nuλ

3ΔLcav

Lcav

c
= −τr

2
Nuλ

3ΔLcav
. (50)

As such, we expect the oscillation period to occur on the scale of a small number of
passes for the indicated cavity detuning range. This is indeed what is observed in Figure 14.
For example, the oscillations occur approximately every 2–4 passes for ΔLcav/λ = −8,
which is consistent with Equation (50). However, there is not a great deal of variation
with detuning possible when the oscillations occur on such a fast time scale, and we must
take Equations (49) and (50) as approximate measures of the oscillation period. Still, the
observed oscillation period is well described by the formula for the oscillation period
for limit-cycle oscillations found in low-gain oscillators when the appropriate slippage is
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taken into account. For a high-gain RAFEL, the much lower slippage results in very short
oscillation periods.

The limit-cycle-like oscillations in the RAFEL are correlated with the fluctuations/
oscillations in the transverse mode structure. The transverse mode structure in a low-gain
oscillator is largely (but not completely) determined by the mode structure in the cold
cavity, since the optical guiding of the radiation in the undulator is weak. This is not
the case in a RAFEL where the mode is guided through the undulator. As a result, the
mode structure that forms as the RAFEL saturates differs substantially from the cold cavity
modes, and our choice of a Rayleigh range of 0.5 m serves mainly to determine the radii of
curvature of the mirrors. Since the radiation is guided in the undulator, the spot size at
the undulator exit may be smaller than it would be in the cold cavity, which means that
the Rayleigh range of the radiation as it exits the undulator is smaller than it would be in
the cold cavity. This implies, in turn, that the optical mode will expand more rapidly as it
propagates to the downstream mirror. Alternatively, decomposing the smaller spot size at
the undulator exit in cold cavity modes, necessarily leads to higher order transverse modes
in the optical field. After propagating to the outcoupler, the superposition of these modes
determine the fraction of the optical field coupled out through the hole, and, similarly,
after propagation to the undulator entrance, the superposition sets the field profile at
undulator entrance. Small variations in the exponential growth rate, e.g., due to changing
coupling of the electrons to the optical field at the undulator entrance, lead to relatively
larger effects on the optical guiding of the radiation. This in turn changes the spot size at
the undulator exit and, hence, the energy coupled out of the resonator and the spot size at
the undulator entrance.

The oscillation in mode size has also been observed in simulation of low-gain oscilla-
tors [183] where the magnitude of the oscillation depends on the amount of optical guiding,
which may vary between the FEL gain codes used [204]. Furthermore, it is found that
mirror aberrations, e.g., spherical aberration, also effect the variation in optical mode size
observed from pass to pass [204].

This is illustrated in Figure 16, where we plot the pass-to-pass variation in the width of
the optical mode on the downstream and upstream mirrors for Bu = 6.585 kG (Krms = 1.043)
and ΔLcav = −8λ. It is clear that both the spot size and the fluctuations of the spot size
on the upstream mirror are greater than those on the downstream mirror, due to the
optical properties of the resonator. At saturation, the location of the smallest optical beam
size moves over the axis of the undulator and this changes the optical magnification.
Consequently, the size of the optical field at both mirrors as well as at the entrance of the
undulator changes from pass to pass, as can be observed in Figure 16.

Figure 16. Variation in the width (rms diameter) of the optical beam incident on the upstream mirror
(red) and downstream mirror (blue) as a function of the number of passes for a cavity detuning of
ΔLcav = −8λ and an undulator field strength of Bu = 6.658 kG (Krms = 1.055). The other parameters
are given in Table 1.
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The transverse mode structure is not only a result of optical guiding; it is also af-
fected by the hole out-coupling. Consider the case of Bu = 6.658 kG (Krms = 1.055) and
ΔLcav = −18λ. The cross-section of the field delivered to the undulator entrance on pass
60 is shown in Figure 17, where we plot the normalized power in the x-direction (i.e.,
the wiggle plane). Observe that the bulk of the power is at the edge of the optical field,
but there is a spike at the center that seeds the subsequent pass through the undulator.
Despite the multiple peaks in the cross section at the undulator entrance, the strength of the
interaction in the undulator yields a near-Gaussian mode peaked on-axis at the undulator
exit, as shown in Figure 18a. What has happened is that the interaction with the electron
beam, which has a diameter of about 0.784 mm, essentially amplifies and guides the central
peak shown in Figure 17, while the power in the wings falls outside the electron beam
and is not amplified. This near-Gaussian mode then propagates to the downstream mirror,
during which it expands by about a factor of three, as shown in Figure 18b, where the
FWHM is about 3.9 mm in width. The FWHM of the modal superposition at the undulator
exit is about 1.2 mm.

Figure 17. Cross-section of the optical field at the undulator entrance on pass 60 for a cavity detuning
ΔLcav = −18λ and an undulator field strength of Bu = 6.658 kG (Krms = 1.055). The other parameters
are given in Table 1.

Ignoring the hole in the out-coupling mirror, the waist (0.59 mm) of the fundamental
cold cavity mode is designed to be about

√
2 times the matched electron beam radius in

the undulator. The FWHM of the fundamental cold cavity mode at the undulator exit and
downstream mirror are 1.84 and 4.82 mm, respectively. We thus observe that the optical
mode in the RAFEL expands faster from the undulator exit to the downstream mirror than
the fundamental cold cavity mode (factor 3.25 and 2.62 respectively). That the RAFEL
mode size is still smaller at the downstream mirror is the result of a balance between the
faster expansion and smaller spot size of the RAFEL optical mode at the undulator exit
compared to the cold cavity mode. The smaller spot size at the undulator exit is due to
gain guiding as described above. Both the smaller spot size at the undulator exit and faster
expansion of the RAFEL optical beam again indicate that at the undulator exit, the optical
field consists of fundamental and higher order cold-cavity modes. Note, a fundamental
Gaussian beam having a waist at the undulator exit with the same size as the RAFEL
optical beam would have a Rayleigh range of 1.49 m. Finally, the cross section of the mode
incident on the upstream mirror is shown in Figure 18c. After reflection from the upstream
mirror and propagation through the resonator to the undulator entrance, this field results
in a modal pattern similar to that shown in Figure 17.
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(a) Exit of undulator. (b) Incident on downstream mirror.

(c) Incident on upstream mirror.

Figure 18. Cross-section of the optical field at various location on pass 60 for a cavity detuning ΔLcav = −18λ and an
undulator field strength of Bu = 6.658 kG (Krms = 1.055). The other parameters are given in Table 1.

Now consider the formation of temporal coherence. Since the RAFEL starts from shot
noise on the beam, the initial growth of the mode starts from spiky noise and, just as in
a SASE FEL, develops coherence as it propagates through the undulator. However, the
undulator is not long enough to reach saturation on a single pass, so that the evolution to
temporal coherence is expected to develop over multiple passes. In Figure 19, we plot the
temporal pulse shapes found on the first pass (a) at z = 0.5 m (blue) and 1.0 m (red), and
(b) at z = 2.0 m (blue) and 2.4 m (red), the latter being at the undulator exit, for an on-axis
undulator field amplitude Bu = 6.658 kG (Krms = 1.055). Figure 19 shows the full simulation
time window, and it should be noted that the electron beam is centered in the time window
with a full (parabolic) width of 1.2 ps. The pulse shows many spikes at 0.5 m, but that
it has coalesced into about 5 spikes after 1.0 m. The development of temporal coherence
continues, until at the undulator exit at 2.4 m, only two spikes remain.

The multi-pass development of temporal coherence after the first pass depends
strongly on the cavity detuning. The temporal pulse shapes on the 60th pass at the undula-
tor exit for Bu = 6.658 kG (Krms = 1.055) and for cavity detunings of ΔLcav = 0,−8λ,−18λ
and −43λ are shown in Figure 20. As demonstrated previously, the synchronized cavity
length for a RAFEL is shorter than the synchronized cavity length of a low-gain FEL oscil-
lator. Therefore, as we have used the speed of light in vacuo, instead of the actual group
velocity to define the cavity detuning, we note that ΔLcav = 0 actually corresponds to a
cavity length that is larger than the synchronized length for the high-gain RAFEL. Conse-
quently, the returning optical pulse will lag behind the center of the electron bunch. The
pulse will be amplified as it propagates through the undulator, but as shown in Figure 19,
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the two spikes formed over the first pass remain. This behavior is also found for small
detunings, as shown in Figure 20b for ΔLcav = −8λ.

(a) Locations z = 0.5 (blue) and 1.0 m (red). (b) Locations z = 2.0 (blue) and 2.4 m (red).

Figure 19. Temporal pulse shape at various locations along the undulator for the first pass when using a cavity detuning
ΔLcav = −18λ and an undulator field strength of Bu = 6.658 kG (Krms = 1.055). The other parameters are given in Table 1.

(a) ΔLcav = 0 (b) ΔLcav = −8λ

(c) ΔLcav = −18λ (d) ΔLcav = −43λ

Figure 20. Temporal pulse shape at the exit of the undulator after 60 passes, and for various cavity detunings. The undulator
field strength is Bu = 6.658 kG (Krms = 1.055). The other parameters are given in Table 1.
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If the detuning is closer to the center of the detuning range, then the synchronism
between the returning optical pulse and the electrons is a better match, and the multiple
spikes are “washed out”. This is shown in Figure 20c, where ΔLcav = −18λ and we see
that a broader pulse has formed. As the cavity length is decreased further, the optical pulse
arrives increasingly near the head of the electron bunch. In this case, there is not enough
gain to wash out the multi-spike character of the signal. This is shown in Figure 20d for
ΔLcav = −43λ, where the total power (or pulse energy is much reduced).

5.2. An X-ray RAFEL

The impetus driving research into X-ray free-electron laser oscillators (XFELOs) and
RAFELs is the character of SASE emission. Since there are no seed lasers available at X-ray
wavelengths, fourth generation FEL light sources [198,217–221] at these wavelengths are
based on SASE over a single pass through a long undulator line. While pulse energies of
the order of 2 mJ have been achieved at Ångstrom to sub-Ångstrom wavelengths, with the
potential to reach multi-TW peak powers [222–227], SASE exhibits shot-to-shot fluctuations
in the output spectra and power of about 10–20 percent. For many applications, these
fluctuations are undesirable, and efforts are underway to find alternatives.

The utility of an XFELO has been under study for a decade [162,228–233], mak-
ing use of resonators based upon Bragg scattering from atomic layers within diamond
crystals [234–238]. The development of these crystals is a major breakthrough in the path
toward an XFELO. Estimates indicate that using a superconducting RF linac producing
8 GeV electrons at a 1 MHz repetition rate is capable of producing 1010 photons per pulse
at a 0.86 Å wavelength, with a FWHM bandwidth of about 2.1 × 10−7. This design is
consistent with the LCLS-II High Energy Upgrade [239]. As a consequence, an XFELO on a
facility, such as the LCLS-II and LCLS-II-HE, is expected to result in a decrease in SASE
fluctuations in the power and spectrum, and to narrow the spectral linewidth.

As with the majority of FELOs to date, the aforementioned XFELOs use low gain/high-
Q resonators with transmissive out-coupling through thin diamond crystals [229]. Potential
difficulties with low-gain/high-Q resonators derive from sensitivities to electron beam
properties, mirror loading and alignments. In addition, transmissive out-coupling with
high intra-cavity power can result in mirror damage. While experiments show that dia-
mond crystals can sustain relatively high thermal and radiation loads [238], transmissive
out-coupling cannot be easily achieved at the photon energies of interest here. Because
of this, X-ray RAFELs [213,240,241] using a variety of out-coupling schemes are receiving
a great deal of attention, and we consider a RAFEL design using a pinhole in one of the
mirrors [210,213,240] here.

Optics propagation codes such as OPC must treat reflections from the diamond crystal
Bragg mirrors, where the mirror losses and angles of reflection depend on the crystal
orientation/geometry and the X-ray photon energy. X-ray Bragg mirrors typically have a
very narrow reflection bandwidth and a narrow angle of acceptance [205]. For the X-ray
RAFEL, and for computational efficiency, a temporal Fourier transform is applied at the
beginning of the optical path, when the optical field is passed from MINERVA to OPC
and the propagation is performed in the wavelength domain, i.e., each wavelength is
independently propagated through the resonator using the modified Fresnel propagator
(Equation (35)). The inverse Fourier transform is calculated at the end of the optical path,
before the field is handed back to MINERVA. As the optical field inside the cavity is typically
not collimated, a spatial Fourier transform in the transverse coordinates is calculated
for each of the wavelengths when a Bragg mirror is encountered. Each combination of
transverse and longitudinal wavenumber corresponds to a certain photon energy and
angle of incidence on the Bragg mirror, and these parameters are used to calculate the
complex reflection and transmission coefficients of the Bragg mirror [205]. After applying
the appropriate parameter to the optical field, depending on whether it is reflected or
transmitted, the inverse spatial Fourier transform is calculated and the field is propagated
to the next optical element along the path until the end is reached.
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Here, we consider a six-crystal, tunable, compact cavity [236], as illustrated in Figure 21,
which shows both a top and a side view. The crystals are arranged in a non-coplanar (3-D)
scattering geometry. There are two backscattering units comprising three crystals (C1, C2,
and C3) on one side of the undulator and three crystals (C4, C5, and C6) on the other side.
Collimating and focusing elements are shown as CRL1,2, which could be grazing incidence
mirrors, but are represented in Figure 21 by another possible alternative—compound
refractive lense [242,243]. In each backscattering unit, three successive Bragg reflections
take place from three individual crystals to reverse the direction of the beam from the
undulator. Assuming that all the crystals and Bragg reflections are the same, the Bragg
angles can be chosen within the range 30º < θ < 90º; however, Bragg angles close to θ = 45º
should be avoided to ensure high reflectivity for both linear polarization components, as
the reflection plane orientations for each crystal change. The cavity allows for tuning the
photon energy in a large spectral range by synchronously changing all Bragg angles. In
addition, to ensure constant time of flight, the distance L (which brackets the undulator),
and the distance between crystals, as characterized by H, have to be changed with θ. The
lateral size G is kept constant as the resonator is tuned.

Figure 21. Schematic view of a 6-mirror ring resonator for an X-ray FEL oscillator using plane Bragg
mirrors C1 . . . C6 and compound refractive lenses, CRL1 and CRL2 for focusing. After [236].

Because the C1C6 and C3C4 lines are fixed, intracavity radiation can be out-coupled
simultaneously for several users at different places in the cavity, although we only consider
out-coupling through C6 at the present time. Out-coupling through crystals C3 and C6 are
most favourable, since the direction of the out-coupled beams do not change with photon
energy, but out-coupling for more users through crystals C1 and C4 is also possible. Such
multi-user capability is in stark contrast with present SASE beamlines, which support one
user at a time. We consider that the electron beam propagates from left to right through the
undulator and the out-coupling is accomplished through a pinhole in the first downstream
mirror (C6).

Consider the LCLS-II beamline [239] with the HXR undulator corresponding to an
electron energy of 4.0 GeV, a bunch charge in the range of 10–30 pC with an rms bunch
duration (length) at the undulator of 2–173 fs (0.6–52 μm) and a repetition rate of 1 MHz.
The peak current at the undulator is 1000 A, with a normalized emittance of 0.2–0.7 mm-
mrad, and an rms energy spread of about 125–1500 keV. The HXR undulator [239] is a
plane-polarized, hybrid permanent magnet undulator with a variable gap, a period of
2.6 cm, and a peak field of 10 kG. Each HXR undulator has 130 periods. In the simulation,
each undulator is modeled using Equation (17) and we consider that the first and last period
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describe an entry/exit taper. There is a total of 32 segments that can be installed. The break
sections between the undulators are 1.0 m in length and contain steering, focusing and
diagnostic elements, although we only consider the focusing quadrupoles in the simulation,
which we position in the center of the breaks. The quadrupoles are assumed to be 7.4 cm in
length with a field gradient of 1.71 kG/cm.

A fundamental resonance at 3.05 keV (=4.07 Å) implies an undulator field of 5.61 kG.
We assume that the electron beam has a normalized emittance of 0.45 mm-mrad and a
relative energy spread of 1.25 × 10−4, corresponding to the nominal design specification
for LCLS-II. This yields a Pierce parameter of ρ = 5.4 × 10−4. In order to match this
beam into the undulator/FODO line, the initial beam size in the x(y)-direction is 37.87
(31.99) μm with Twiss αx = 1.205 (αy = −0.8656). Note that this yields Twiss βx = 24.9 m
and βy = 17.80 m.

The resonator dimensions were fixed by means of estimates of the gain using the Ming
Xie parameterization [214], and MINERVA simulations indicated that about 40–60 m of
undulator would be required to operate as a RAFEL. As such, the distance, L, between
the two mirrors framing the undulator was chosen to be 130 m, which is also the distance
separating the two mirrors on the back side of the resonator (elements C3 and C4). In
studying the cavity tuning via time-dependent simulations, these two distances are allowed
to vary while holding fixed the configurations of the backscattering units. The compound
refractive lenses, which are modeled as thin lenses by OPC, are placed symmetrically
around the undulator and are designed to place the optical focus at the center of the
undulator in vacuo. In this study, the focal length is approximately 94.5 m.

In order to out-couple the X-rays through a transmissive mirror at the wavelength of
interest, the diamond crystal would need to be impractically thin (about 5 μm); hence, we
consider out-coupling through a hole in the first downstream mirror (C6). We consider all the
mirrors to be 100 μm thick. Due to the high computational requirements of time-dependent
simulations, we begin with an optimization of the RAFEL with respect to the hole radius
and the undulator length using steady-state (i.e., time-independent) simulations.

The choice of hole radius is important, because if the hole is too small then the bulk of
the power remains within the resonator while if the hole is too large then the losses become
too great and the RAFEL cannot lase. The results for the optimization of the hole radius
indicate that the optimum hole radius is 135 μm, which allows for 90 percent out-coupling,
where we fixed the undulator line to consist of 11 HXR undulator segments. This is shown
in Figure 22, where we plot the output power as a function of pass number for the optimum
hole radius and the variation in the saturated power with the hole radius (inset).

Figure 22. Output power versus number of passes through the resonator for a whole radius of
135 μm. The inset shows the output power as a function of hole radius. Other simulation parameters
are described in the text.
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A local optimization on the undulator length for a hole radius of 135 μm is shown
in Figure 23, where we plot the peak recirculating power (left axis) and the average output
power (right axis). The error bars in the figure indicate the level of pass-to-pass fluctuations
in the power which is generally smaller than the level of shot-to-shot fluctuations in SASE.
Note that while this represents steady-state simulations, the average power is calculated
under the assumption of an electron bunch with a flat-top temporal profile having a
duration of 24 fs which yields a duty factor of 2.4 × 10−8. Each point in the figure refers
to a given number of HXR undulators ranging from 9–13 segments. It is evident from the
figure that the optimum length is 47.18 m, corresponding to 11 segments.

Figure 23. Recirculating output power versus length of the undulator Lu for a hole radius of 135 μm.
Other simulation parameters as described in the text.

Time-dependent simulations were performed under the assumption of electron bunches
with a flat-top temporal profile having a full width duration of 24 fs and a peak current
of 1000 A. This corresponds to a bunch charge of 24 pC. The detuning curve defining
what cavity lengths are synchronized with the repetition rate of the electrons is shown
in Figure 24. For simplicity, we take the synchronous cavity length L0 as L0 = c/ frep
(cf. Equation (46)), where a single optical pulse is assumed to be inside the cavity and the
effect of gain on the group velocity is ignored. Here L0 = 299.7924580 m. The range of
cavity lengths with overlap between the optical pulse and an electron pulse with a length
of about 7.2 μm is given by L0 − 7.2 μm< Lcav < L0 + 7.2 μm, where Lcav is taken here to
be the total roundtrip length of the cavity.

Figure 24. Output energy as a function of the cavity detuning ΔLcav = Lcav − L0 for a hole radius of
135 μm. The simulation parameters are as described in the text.

The evolution of the output energy at the fundamental and the 3rd harmonic, and
the spectral linewidth of the fundamental, vs. pass is shown in Figure 25 for a detuning
of 5 μm, which is close to the peak in the detuning curve (Figure 24). While it is not
evident in the figure, the rms fluctuation in the energy from pass to pass is of the order of
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about 3 percent, which is lower than the shot-to-shot fluctuations expected from SASE. At
least as important as the output power is that the linewidth contracts substantially during
the exponential growth phase and remains constant through saturation. Starting with a
linewidth of about 3.7 × 10−4 after the first pass corresponding to SASE, the linewidth
contracts to about 6.0 × 10−5 at saturation. The SASE linewidth after the first pass through
the undulator is slightly smaller than the predicted linewidth based on 1-D theory [240],
which is approximately 4.5 × 10−4. Hence, the RAFEL is expected to have both high
average power and a stable narrow linewidth, which is to a large extent determined by the
spectral filtering of the Bragg mirrors.

Figure 25. Evolution of the fundamental pulse energy (blue, left) and the 3rd harmonic (green, left),
as well as the relative linewidth (red, right) when the cavity detuning is ΔLcav = 5 μm and for an
electron beam energy spread ΔEb/Eb = 1.25 × 10−4. Other parameters as described in the text.

The 3rd harmonic grows parasitically from high powers/pulse energies at the funda-
mental in a single pass through the undulator [184] and has been shown to reach output
intensities of 0.1 percent that of the fundamental in a variety of FEL configurations, and
this is what we find in the RAFEL simulations. As shown in Figure 25, the 3rd harmonic
intensity remains small until the fundamental pulse energy reaches about 1 μJ after which
it grows rapidly and saturates after about 12 passes. This is close to the point at which
the fundamental saturates as well. The saturated pulse energies at the 3rd harmonic reach
about 0.067 μJ. Given a repetition rate of 1 MHz, this corresponds to a long-term average
power of 67 mW.

The reduction in the linewidth after saturation shown in Figure 25 indicates that a
substantial level of longitudinal coherence has been achieved in the saturated regime. The
RAFEL starts from shot noise on the beam during the first pass through the undulator, and
longitudinal coherence develops over the subsequent passes. Hence, we expect that the
temporal profile of the optical field will exhibit the typical spiky structure associated with
SASE at the undulator exit after the first pass and this is indeed depicted in Figure 26a
which shows the temporal profile at the undulator exit after the first pass. The number of
spikes expected, Nspikes, is given approximately by Nspikes = lb/(2πlc), where lb is the rms
bunch length and lc is the coherence length. For the present case, lb = 7.2 μm and lc = 60 nm;
hence, we expect that Nspikes = 19. We observe about 14 spikes in Figure 26a which is in
reasonable agreement with the expectation. Note that the time axis encompasses the time
window used in the simulation. As indicated in Figure 25, the linewidth after the first pass
is of the order of 4.3 × 10−4 which is relatively broad and corresponds to the interaction
due to SASE. This is reflected in the output spectrum from the undulator after the first pass,
which is shown in Figure 26b.
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(a) Temporal profile (b) Spectrum

Figure 26. Temporal pulse shape and spectrum of the optical pulse at the exit of the undulator for the first pass. Other
parameters as described in the text.

The spectral narrowing that is associated with the development of longitudinal coher-
ence as the interaction approaches saturation results in a smoothing of the temporal profile.
This is illustrated in Figure 27a, where we plot the temporal profiles of the optical field
at the undulator exit corresponding to passes 12–16, which are after saturation, has been
achieved (left axis). As shown in the figure, the temporal pulse shapes from pass-to-pass
are relatively stable and exhibit a smooth plateau with a width of about 23–24 fs, which
corresponds to, and overlaps, the flat-top profile of the electron bunches, which is shown
on the right axis. Significantly, the smoothness of the profiles corresponds with the narrow
linewidth and contrasts sharply with the SASE output after the first pass through the undu-
lator (see Figure 26b). Both the pass-to-pass stability and smoothness of the output pulses
contrast markedly with the large shot-to-shot fluctuations and the spikiness expected from
the output pulses in pure SASE.

(a) Temporal profile for the optical pulse after different num-
ber of passes and current pulse (red).

(b) Spectrum at the exit of the undulator after 16 passes

Figure 27. Temporal pulse shape for the electron bunch and optical pulse after different number of passes and the spectrum
at pass number 16 of the optical pulse at the exit of the undulator. Other parameters as described in the text.

The narrow relative linewidth in this regime of about 7.3 × 10−5 at the undulator exit,
as shown in Figure 27b after pass 16, as well as the smooth temporal profiles shown in
Figure 27a, are associated with longitudinal coherence after saturation is achieved.
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6. Summary and Conclusions

The development of both low-gain/high-Q and high-gain/low-Q oscillators is an ac-
tive and ongoing area of research into FEL sources over virtually the entire electromagnetic
spectrum [30,86,91,92,241,244–248]. Both types of FEL oscillators have their own merits.
For example, high-gain/low-Q are typically better suited for higher peak power operation,
due to a reduced mirror loading [203] and higher extraction efficiency, as found in Section 5.
On the other hand, properties like gain bandwidth, and stability of the output, are closer
to SASE FELs than low-gain/high-Q FEL oscillators. However, we have not yet explored
the full range of feedback, and increasing the feedback may shift the performance in this
respect closer to that of low-gain/high-Q oscillators.

As we have described in this paper, great progress has been made in our ability to
simulate both the interaction through the undulator and in multi-pass configurations
through the undulator and the resonator. This was demonstrated in Section 4 by the
excellent agreement found between the simulations and the IR Demo and 10-kW Upgrade
experiments at JLab, after which the simulations of both an infrared and an X-ray RAFEL
were described in Section 5.

The combination of a three-dimensional, time-dependent FEL simulation code with an
optics propagation code provides enormous flexibility in being able to study a wide range of
undulator and optical resonator configurations. In particular, the use of a general FEL code
such as MINERVA allows the simulation of variable polarization (Section 2.1) governed
by the choice of undulator geometries (Section 2.2) and ultra-short electron bunches [249]
down to the neighborhood of the cooperation length in the undulators, which defines the
limit of applicability of the slowly varying amplitude and phase approximation. The use of
OPC permits the simulation of arbitrary optical resonators, including thermal heating and
distortion as well as Bragg reflections.

In summary, the numerical algorithms that have been implemented for the simulation
of FEL oscillators are now sufficiently mature to serve as reliable design tools for virtually
any conceivable undulator and oscillator configuration.
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Abbreviations

The following abbreviations are used in this manuscript:

BPM beam position monitor
CRL compound refractive lens
CW continuous wave
FEL free-electron laser
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FELO free-electron laser oscillator
FODO focusing and defocusing
FWHM full width at half maximum
HGHG high gain harmonic generation
IR infrared
JLab Thomas Jefferson National Accelerator Facility
LCLS linac coherent light source
linac linear accelerator
RAFEL regenerative amplifier free-electron laser
RF radio frequency
rms root mean square
SASE self-amplified spontaneous emission
SDE source dependent expansion
SPARC sorgente pulsata ed amplificata di radiazione coerente
VUV vacuum ultraviolet
XFELO X-ray free-electron laser
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Abstract: In this paper, we show that an electron beam produced by a super-conducting linac, driven
in a sequence of two undulator modules of different periods, can generate two-color Terahertz
radiation with wavelengths ranging from 100 μm to 2 μm. The generated pulses are synchronized,
both MW-class, and highly coherent. Their specific properties and generation will be discussed in
detail. Besides the single-spike pulse structure, usually observed in oscillators, we show that both the
THz pump and probe can be modulated in a coherent comb of pulses, enabling periodic excitation
and stroboscopic measurements.

Keywords: two-color; TeraHertz radiation; Free-Electron Laser Oscillators

1. Introduction

TeraHertz (THz) radiation is a frontier research area in physics, chemistry, medicine,
and biological and material sciences. The increasing number of advanced and exciting
applications of THz waves in all these fields demands versatile and tunable sources combin-
ing high-power and excellent output performances. Traditional microwave sources in the
THz region, like backward wave oscillators, orotrons, vircators, and klinotrons suffer from
simple physical scaling problems, metallic wall losses, the need for higher static magnetic,
electric fields, and electron current densities with increasing frequency, and have already
achieved saturation in their developments. A summary of these sources and their main
properties can be found in [1]. Other sources, like IMPATT-diodes, are low-cost, reliable,
and compact, but characterized by moderately efficient mW power levels.

THz sources of high quality are scarce, this lack being often referred to in the literature
as the ’THz gap’. Considerable efforts have been put towards the development of novel
sources of THz radiation and the aforementioned gap has recently begun to be filled by a
wide choice of new technologies capable of generating high-power and tunable radiation.
In particular, the THz range of the electromagnetic spectrum can be covered by Free-
Electron Lasers (FELs), whose widely tunable radiation shows optimal performances in
terms of pulse energy stability, polarization, and spectrum and spatial distribution in this
domain. The key parameters of several operating FELs with an exhaustive comparative
analysis can be found in [2]. The THz FELs in operation produce coherent radiation
characterized by very short pulse lengths and up to MW-level peak intra-cavity powers
with continuously tunable wavelengths from 10 μm to 0.2 mm. The THz wave is now
available in both the continuous wave (CW) and the pulsed form, down to single cycles
or less.

Mainly, infrared (IR) and far-IR FELs are designed to operate as oscillators, that is, they
are equipped with resonators confined by metal-coated mirrors [3], one of which is translu-
cent or contains outcoupling apertures for radiation extraction. Some of the advantages
of the FEL oscillator mode with respect to other FEL configurations, like single-pass FELs
operating in Self-Amplified Spontaneous Emission (SASE), seeded, or superradiant modes,
are its compactness, the relaxed requirements for the electron bunch quality, and the fact

Appl. Sci. 2021, 11, 6495. https://doi.org/10.3390/app11146495 https://www.mdpi.com/journal/applsci81



Appl. Sci. 2021, 11, 6495

that oscillators are suitable for super-conducting linacs enabling the generation of powerful
quasi-CW light. Few devices exploiting this scheme operate worldwide [4–6] or have been
proposed [7,8]. Similar to the multi-pass FEL oscillator configuration is the storage-ring
FEL oscillator [9], where the electron beam circulating in the storage ring participates in
the FEL interaction during each pass through a FEL undulator.

The envisioned applications of such a source include high-repetition-rate pump-probe
experiments and investigation of reactions with very small quantum yield [10]. Two-
color operation could widely increase the number and the interest of the applications.
A pioneering experiment for the production of two-color far Infrared-THz radiation has
been shown in the Ref. [11]. In particular, IR pump-THz probe configuration can elucidate
phenomena such as the response of low-frequency collective solvent modes in liquids,
and transient photoconductivity in a variety of semiconductor systems, such as bulk GaAs,
low-temperature grown GaAs, nanocrystalline colloidal TiO2, and CdSe quantum dots.
Other specific measurements instead need a Terahertz pump–Terahertz probe scheme.

In this paper, we show that the electron beam produced by a super-conducting linac
(as, for instance, the one described in [12]), driven in a sequence of two undulator modules
of different periods, can generate two-color Terahertz radiation with wavelengths ranging
from 100 μm to 2 μm. The two pulses of different wavelengths are synchronized, both
MW-class and highly coherent.

The paper is organized as follows: in Section 2 we describe the source and discuss the
basic requirements for its operation; in Section 3 we summarize the working points and
report the simulation results for a specific wavelength range of interest, while Section 4
draws some conclusions and outlooks on future implementations.

2. Materials and Methods

We describe here the behaviour and the potentiality of an FEL oscillator conceived as
two undulator modules separated by a drift, where optical elements and diagnostics can
be possibly allocated, and embedded into an optical cavity equipped with mirrors suitable
to the frequency range. The two modules can have different periods for permitting a more
versatile two-color operation. The wavelength of the produced radiation pulses is given
by the FEL resonance condition λ1,2 = λw1,2(1 + a2

w1,2
)/(2γ2), where λw1,2 and aw1,2 =

0.657λw1,2(cm)B1,2(T) are the periods and adimensional parameters of the two undulator
modules, with B1,2(T) being their peak on-axis magnetic field. Therefore, for a certain
period of the two undulators, the wavelengths can be tuned either simultaneously by
varying the electron Lorentz factor, or independently by changing the undulator magnetic
fields. With λw1 = 2.8 cm being constant, the achievable ratio λ2/λ1 as a function of
the period λw2 of the second module is shown in Figure 1 for different magnetic field
values B1,2 between 0.75 and 1.2 T. As shown in this plot, a period larger than 4 cm for
the second module allows to efficiently generate with the same electron beam two colours
with a wavelength ratio larger than 5. The darkest region in the plot corresponds to a large
undulator magnetic field for both undulators, thus leading to higher FEL emission.

Figure 2 shows the scheme of the source. It is composed of two undulator modules
(a) and (b), separated by a quadrupole (c) for electron-beam matching and embedded in
a cavity. Given the repetition rate of 92.86 MHz of the electron beam, the cavity length
Lc = 12.9 m corresponds to 4 times the bunch separation. The two undulator modules,
each 3 m long, have variable gaps for flexible tuning of the radiation. A further degree of
versatility may be guaranteed by the use of modules constituted by subsections which can
be tuned independently.

The radiation beam is amplified and propagates within the undulator and the res-
onator optical line. Considering a Gaussian beam, its radius evolves along the propa-
gation axis z according to σr(z) = σr,0

√
1 + (z/zR)2, where σr,0 is the beam waist and

zR = πσ2
r,0/λ is its Rayleigh length. Therefore, strong diffraction affects long wavelength

radiation pulses, and the operation at THz wavelengths requires gaps of about 1 cm or
larger, for permitting the transport of a transversely large electron beam and containing the
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propagation of the highly diffracted radiation. This can limit the minimum value of periods
and gaps that can be used; if necessary, propagation in waveguides could be foreseen,
as, for instance, conceived in other devices [4]. In our scheme, the electron beam is driven
in a beam pipe, whose vertical size should be of the order of 1 cm within the undulator
gaps. The horizontal dimension of the pipe (orthogonal to the undulator magnetic field)
could be larger and allow the free expansion of the radiation pulse along this direction.
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Figure 1. Ratio λ2/λ1 as a function of the period of the second undulator module, fixing the first
one to λw1 = 2.8 cm. The sequence of lines is obtained by scanning over the magnetic field values
(B1(T), B2(T)): a (0.75, 1.2), b (0.85, 1.2), c (1, 1.2), d (1.2, 1), e (1.2, 0.85), f (1.2, 0.75). The most efficient
condition in terms of output power is represented by the darkest region, corresponding to large
magnetic field values for both modules.

Figure 2. Scheme of the two-color radiation source. (a,b) Undulator modules (2 + 1 m long),
(c) quadrupole for electron-beam matching, (d) front mirror, (e) rear mirror. Cavity length Lc = 12.9 m.
Metal-coated mirrors: curvature radius about 15–25 m, reflectivity about 95%.

Moreover, the different velocity of light and electrons causes their detachment as
they propagate within the undulator. The slippage length of the radiation with respect to
the electron beam is estimated to be Ls = Nλ, N being the number of undulator periods.
Long wavelength radiation pulses lead to larger slippage lengths. In order to compensate
this effect and synchronize the radiation and the electron beam at the undulator entrance,
the radiation needs to be delayed with respect to the electron bunches at each round trip.
Furthermore, for maintaining this synchronization along the whole undulator, the electron
bunch length σe should be at least two times the slippage length, leading to the condition:
σe ≥ 2Ls. Furthermore, in two-color operation, the two produced pulses slip with different
rates, and the previous condition should hold for the longest slippage length. Following
the road map proposed in [13] and the references therein, another condition on the electron
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beam related to the threshold of operation is 4
√

3πρN > Loss, where ρ is the FEL Pierce
parameter [14–16]. In our case, the radiation Rayleigh length ZR is of the order of the
undulator length, so that the dimension of the radiation beam σr turns out to be of the order

of
√

ZRλ
2π >> σe. Even if the radiation losses along the trajectory outside the undulator and

on the mirrors are small, the portion of the radiation coupling to the electron beam at the
undulator entrance is scarce, and we can estimate loss to be close to 100%. A conservative
choice of undulator length should then satisfy the constraint Nλw > λw

4
√

3πρ
.

The plot in Figure 3 reports the required number N of undulator periods as a function
of the beam current for two typical cases, where three-dimensional and inhomogene-
ity effects have been taken into account in the calculation of the Pierce parameter [17].
Sustainable undulator lengths (<3 m) and reasonable peak currents (<30 A) are needed.
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Figure 3. Required undulator period number N for successful FEL oscillator operation as a function
of electron beam current I(A) for two typical cases.

3. Working Points and Simulation Results

This section contains the working points of the source and reports the simulation
results in a wavelength range where the FEL efficiency is robust. The parameters of the
electron beam used in the simulations are summarized in Table 1, being the typical output
of a super-conducting accelerator suitable for this kind of application.

Table 1. Electron beam parameters.

Energy MeV 15–50

Bunch charge pC 100–250

Repetition rate MHz 100

Peak Current A 15–30

Slice normalized emittance mm mrad 1.5–2

Slice energy Spread % 0.1

Bunch length mm 1–2

Considering λw,2 = 4.5 cm for the second module, a possible choice of undulator
parameters deduced by the resonance graph of Figure 4 is reported in Table 2. By using such
undulator periods and parameters, this source has the best performance in correspondence
of a range of relatively short wavelengths between 10 μm and 40 μm. Longer wavelengths
up to 300 μm would require longer undulator periods, being at the limit of our device.
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Figure 4. Radiation wavelength λ vs electron Lorentz factor γ for λw = 2.8 cm in blue, and 4.5 cm in
red. B = 1.2 T and 0.5 T.

Table 2. Two color set-up: undulator parameters.

Color 1 Color 2

λw1 cm 2.8 λw2 cm 4.5

B T 0.5–1.2 B T 0.5–1.2

λ1 μm 3–90 λ2 μm 7–300

gap cm 1.0 gap cm 1.7

Length m 3 Length m 3

The numerical modeling of the two-color source has been performed by using the
three-dimensional, time-dependent FEL code GENESIS 1.3 [18]. Starting from the electron
beam parameters listed in Table 1 and in order to simulate the fluctuations of the bunch
train, we have injected into the undulators a sequence of randomly prepared electron
beams, which are different from each other both microscopically and macroscopically.
This was done by randomly changing the seeds of the Hammersley sequences loading
the particle phase space from shot to shot. Furthermore, the values of the macroscopic
electron beam parameters, such as energy, current, emittance, and energy spread, have
been varied to reproduce the shot-to-shot jitters. Each radiation output result is obtained by
maximizing the output power as a function of the delay time compensating the slippage,
and cycling the radiation within the cavity, taking into account the details of the optical
line that returns the radiation to the undulator entrance [19,20]. Mirror reflectivities of
the order of 95–97% have been assumed. A 40 MeV electron beam, propagating inside
the long period undulator, emits radiation at λ = 35μm. At the end of this first module,
the radiation has slipped with respect to the electron beam by a length Nλ of a few mm. The
radiation is synchronized to a fresh electron bunch at the beginning of the first undulator
module after each round trip. The fraction of energy extracted from the electron beam
is moderate, so its phase space is substantially not deteriorated, permitting considerable
emission in the second short period undulator tuned at λ = 13μm. The delay between the
two pulses is equal to the slippage after the first module, corresponding to about 10 ps.
This temporal separation could be compensated or increased by suitable radiation transfer
lines. Apart from this time delay, the two pulses generated by the same electron beam are
naturally synchronized, while the shot-to-shot jitters of the accelerator affect the radiation.

Figure 5 shows the generation of radiation at 35 μm, with an undulator of a 4.5 cm
period. Radiation energy growth along the undulator axis as a function of the number of
successive shots generated by the superconducting accelerator is shown in Plot (a) for an
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undulator length Lw = 2 m, with the corresponding power and spectral distributions in
Plots (b) and (c). The case with Lw = 3 m is shown in the right column. In Figure 6, the
same quantities are shown for the short period module tuned at 13 μm.

0 50 100 150

10 9

10 8

10 7

10 6

10 5

10 4

10 3

0 100 200 300 400 500

10 9

10 8

10 7

10 6

10 5

10 4

10 3

0 5 10 15 20
0

5x107

1x108

2x108

2x108

20 30 40 50

0 5 10 15 20
0

2x107

4x107

6x107

8x107

1x108

30 32 34 36 38 40

P(
W

)
J)

S(
A

rb
. u

ni
ts)

P(
W

)
J)

S(
A

rb
. u

ni
ts)

N

s(mm)

m

N

s(mm)

m)

(a)

(b)

(c)

(d)

(e)

(f)

Figure 5. Radiation at λ = 35μm from an electron beam of 40 MeV with an undulator of period
λw = 4.5 cm. Left column: undulator length Lw = 2 m. Right column: undulator length Lw = 3 m.
(a,d) Energy growth (J) as a function of the number N of shots; (b,e) power profile (W) vs. s (mm).
(c,f) Spectral profile in arbitrary units vs. λ (μm).

These cases can be run with the same device by closing the undulator gaps according
to the magnetic length needed. The operation with a short portion of the undulator (left
columns of Figures 5 and 6) gives rise to single-spiked pulses both in the temporal and spec-
tral domains, while deep-saturation frozen fringes, stable in time from shot to shot, appear
when operating with the whole undulator length (right columns of the same figures). This
second interesting regime, constituted by a statistically stable sequence of spikes, has been
widely discussed in [21]. Since each spike of the pulse train is considerably narrower than
the corresponding one in the single-spike situation and spectral and power distributions
are connected by the Fourier Transform operator, the spectrum is conversely larger.
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Figure 6. Radiation at λ = 13μm from an electron beam of 40 MeV with an undulator of period
λw = 2.8 cm. Left column: undulator length Lw = 2 m. Right column: undulator length Lw = 3 m.
(a,d) Energy growth (J) as a function of the number N of shots; (b,e) power profile (W) vs. s (mm).
(c,f) Spectral profile in arbitrary units vs. λ (μm).

A two-color source of this kind, whose radiation properties are summarized in Table 3,
would enable the generation of both pump and probe radiation that is either single- or
multi-spiked. In the latter case, the excitation and stroboscopic measurements of processes
lasting a few picoseconds could be performed with a statistically coherent sequence of
spikes. The distance between two successive peaks is 8 ps for the longer wavelength and
4 ps for the shorter one.
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Table 3. Radiation properties of the two-color source. IC = intracavity, EC = extra-cavity.

Color 1 Color 2

Undulator length m 2 3 Undulator length m 2 3

λ1 μm 13 13 λ2 μm 35 35

IC energy mJ 1.4 2.6 IC energy mJ 1.4 1.1

EC energy μJ 42 79 EC energy μJ 44 34

Bandwidth % 0.9 4.9 Bandwidth % 3 2.9

Size mm 2 2 Size mm 2.2 3.5

Divergence mrad 2.4 2.2 Divergence mrad 3.7 4

Spike duration ps 3 0.4 Spike duration ps 7 0.97

Spike number 1 6 Spike number 1 8

Spike separation ps 4 Spike separation ps 8

Coherence degree 0.93 0.5 0.92 0.5

The stability and coherence degree of the oscillator pulses of the same color has
been estimated through the cross-correlation between two generic consecutive pulses
after saturation:

Γ12(τ) =

∣∣∣∣∣∣
∫

dtE1(t)E∗
2 (t − τ)√∫

dt|E1|2
√∫

dt|E2|2

∣∣∣∣∣∣,
where E1,2 is the complex field of the radiation of the pulses. In Table 3, the equal time
coherence degree Γ12(τ = 0) has been reported, showing a large coherence for the single-
spike case, and a considerable value also in the case of multiple peaks.

4. Discussion

We showed that the electron beam produced by a state-of-the-art CW super-conducting
linac, driven in a sequence of two undulator modules of different periods, can generate two-
color Terahertz radiation. The generated THz pulses are synchronized and highly stable.
Depending on the undulator length, both the THz pump and probe can be modulated in a
coherent comb of pulses, permitting periodic excitation of the sample under investigation
and stroboscopic measurements, as already done in the optical/IR regime [22]. The data
presented in this work are based on realistic and state-of-the-art parameters, and could
be experimentally implemented in operating THz FEL oscillators. A dedicated project is
going to be designed and will be realized in the near future [23,24], covering the so-called
Short THz radiation range, corresponding to wavelengths between 10 and 50 μm, whereas
different wavelength regimes would require longer undulator periods.
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Abstract: Particular schemes of Free Electron Lasers (FELs) are designed to exploit wave undulators.
We consider a system employing a recirculated electromagnetic undulator provided by a high-power
laser in a resonator cavity. The aim is to establish from calculations a set of realizable parameters
for such a device. Indeed, novel generation electron accelerators push forward the limits on the
accelerating fields, reducing to the sub-meter scale the length over which the electrons can gain
enough energy for lasing in the VUV/X-ray region of the electromagnetic spectrum. On the other
hand, these innovative technologies do not solve yet the problem associated with the saturation
length and therefore of the undulator length, which can be as long as several tens of meters. The
option of a FEL based on a wave undulator might provide a valid solution in this respect.

Keywords: recirculated undulator; free electron lasers

1. Introduction

Free Electron Lasers (FELs) are indeed one of the most interesting devices belonging
to the realm of the radiation sources [1–14]. Lasers are presently the most diffuse and
best-working radiation sources in terms of brilliance, monochromaticity, coherence, direc-
tionality and polarization. A future perspective would be that of realizing FEL facilities
in the VUV-X region exploiting compact accelerators and short undulator sections. Novel
electron acceleration schemes [15–17] can provide high gradient (GV/m) acceleration. Even
though the latter might solve the problem of the accelerator length, it still does not solve
the issue associated with the saturation length and therefore to the undulator length. Wave
undulator-based FELs might provide a valid solution [18–27]. In the wave undulator
scheme the undulator is replaced by a laser, thus the associated period is much shorter than
that of conventional undulator magnet in existing FELs, paving the way to the reduction
of the saturation length. Another advantage is that the electron beam energy necessary to
reach the short wavelength region scales as the square root of the undulator period: a wave
undulator would permit the operational beam energy to be reduced by several orders of
magnitude, as well as it would lead to a reduction in the accelerator size. The conditions
for FEL operation of a wave undulator have been studied [26] without too much attention
to the laser and electron beams transport. More focus on the laser beam transport has
been given in Ref. [27], where a compact VUV-X FEL device has been proposed consisting
of an electron LINAC and a resonator cavity to recirculate the wave undulator, used for
multiple interactions with the electron beam. Conversely, in this paper we focus on the
electron beam transport in the recirculated undulator, both through the interaction points
and in the magnetic chicane, while considering the same design for the optical cavity used
in [27]. In particular we study the evolution of the longitudinal phase-space during the
beam transport and during the interaction with the wave undulator, leading to the electron
microbunching responsible for coherent FEL power emission. The paper first consists of a
short introduction to the ring cavity design considered for the recirculated wave undulator.
Then, the exact solution of the Liouville equation for the longitudinal dynamics of particle
beams is derived concerning the phase-space evolution in magnetic chicanes [28], adding
corrections due to the emission of synchrotron radiation. The dynamics of relativistic
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electrons undergoing oscillations in the wave undulator is developed by means of the
Hamilton-Jacobi formalism. The electron trajectories are obtained, from which the 1D FEL
equations are derived. Simulation results based on the numerical solution of the 1D FEL
equations via an in-house Python script combined with the Liouville analytic theory for
the electron beam transport in the chicane are shown, in order to demonstrate the electron
microbunching with the subsequent FEL emission, as well as for quantitatively characteriz-
ing the output power from the recirculated undulator under analysis. Finally, an analytic
approach is presented for the wave undulator scaling laws and the FEL power evolution,
showing the pros and cons of exploiting a fully analytic model for the FEL emission while
comparing numerical and analytic results relative to the same scientific case.

2. The Optical Cavity

We consider an optical cavity [29] which is the same as in Ref. [27], composed by
two Flat Mirrors (FM1, FM2), two Parabolic Mirrors (PM1, PM2) and one focusing lens.
The design of such ring cavity is shown in Figure 1.

Figure 1. Design of the ring cavity for the wave undulator. The laser circulates clockwise.

This design allows obtaining two waists of the laser beam along a straight line, which
is as well the direction where an electron beam is injected while counter-propagating
with respect to the laser. The electron beam interacts at the first laser waist w1 and then
at the second waist w2, with the emission of FEL radiation. The length of the cavity is
Lc = 2Ll + 2Ls, the long side being Ll and the short one Ls. A focusing lens is placed
between two parabolic mirrors at a distance Ll/2 from both. Denoting with fp the focal
length of the parabolic mirrors and with fl the focal length of the central focusing lens,
the relative distance between one laser waist and the central focusing lens is d = 2 fl .
Furthermore, the following equation must hold Ll = 2 fp + 4 fl . After the first interaction
the electron beam passes through the magnetic chicane (composed by the four dipoles D1,
D2, D3, D4) during the time Tmc, finally reaching the second interaction point. This time
must be synchronized to the laser pulse in such a way that the two beams can “meet” at the
waist w2, in formulas we obtain cTmc = 2 fp + 2Ls + Ll , with c the speed of light in vacuum.
The strength parameter of the wave undulator is defined as:

a0 =
λ0eEp

2πmc2 (1)

where e is the elementary charge, m is the electron’s mass and λ0 is the period of the wave
undulator. The peak electric field Ep associated with the laser can be expressed in terms of
the laser intensity at the waist:

Ep =
√

2Z0 Ip (2)

where the vacuum impedance has been denoted as Z0 and Ip is the laser peak intensity
calculated as Ip = PL/πw2

0 where PL is the peak power of the laser.
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3. Solution of the Liouville Equation for Longitudinal Beam Dynamics in
Magnetic Chicanes

In this section, we develop the theory that will be used to calculate the phase-space evo-
lution of the electron beam passing from the first to the second interaction point through the
magnetic chicane, as shown in Figure 2 at the end of this section. We study the longitudinal
dynamics of relativistic electron beams in magnetic chicanes [28,30]. The traveling direction
is denoted by z. The 1D Liouville equation describing the evolution of the longitudinal
phase-space of an electron beam is:

∂ρ

dt
(z, pz; t) = L̂ρ(z, pz; t) (3)

where ρ is the longitudinal phase-space density, pz is the electron longitudinal momentum
and the expression of the Liouville operator is:

L̂ =

[
∂H
∂z

∂

∂pz
− ∂H

∂pz

∂

∂z

]
(4)

The Hamiltonian function has been denoted as H and the respective Hamilton equa-
tions are:

dpz

dt
= −∂H

∂z
= Fz

dz
dt

=
∂H
∂pz

= vz

(5)

where Fz is the longitudinal force acting on the electrons and vz = pz/γmc the longitudinal
velocity, with γ the Lorentz factor of the particle. Equation (3) admits the integral solution:

ρ(z, pz; t) = e
∫ t

0 dtL̂ρ(z, pz; 0) (6)

Equation (6) states that the action of the exponential operator exp (
∫ t

0 dtL̂) on the phase-
space density ρ at the initial time t = 0 yields the phase-space density at time t. Moreover,
using Equation (5), Equation (6) can be further reduced to a more explicit form:

ρ(z, pz; t) = e−
∫ t

0 dtFz
∂

∂pz
−∫ t

0 dtvz
∂
∂z ρ(z, pz; 0) = ρ

(
z −

∫ t

0
dtvz, pz −

∫ t

0
dtFz; 0

)
(7)

Indeed, in Equation (7) we have used the definition of unitary displacement-operator for
both the coordinate and the momentum subspaces [30]. The power of this solution lays in
the fact that the knowing the single-particle dynamics allows for a complete description
of the whole beam in the phase-space at any time. A magnetic chicane consists of dipole
magnets usually with the same field-strengths and magnetic lengths. For the study of the
recirculated wave undulator under consideration it is preferable to exploit the ponderomo-
tive phase-energy deviation (ψ − δ) space instead than the coordinate-momentum space
(z − pz), where δ = (γ − γr)/γr with γr the Lorentz factor of the reference particle (the
one with energy equal to the beam average energy). The meaning of the ponderomotive
phase ψ will be clearer in Section 5, where the 1D FEL theory is presented. The transfor-
mation matrix associated with a magnetic chicane composed by four dipoles, up to the
second-order in the energy deviation, reads:

(
ψ
δ

)
=

(
1 2π

λ0
R56

0 1

)(
ψ0
δ0

)
(8)

where

R56 =
4L

sin θ
(tan θ − θ) + 2d

tan θ2

cos θ
(9)
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is the linear longitudinal dispersion, θ is bending angle, d is distance between the dipoles
and L is the dipole length [31]. These transformations are useful to express the dynamical
shifts of the phase-space density:

Δψ =
2π

λ0
R56δ0,

Δδ =0,
(10)

The longitudinal phase-space density at the exit of the magnetic chicane, say at the
time t, is calculated by means of Equations (7) and (10):

ρ(ψ, δ; t) = ρ(ψ − Δψ, δ − Δδ; 0) = ρ

(
ψ − 2π

λ0
R56δ0, δ; 0

)
(11)

where t = 0 is the time of entrance into the chicane.

Figure 2. Evolution of the longitudinal phase-space of the electron beam passing from one interaction point to the other.
The evolution through the magnetic chicane is calculated via the analytic solution of the Liouville equation. The longitudinal
phase spaces shown above will be commented in Section 8.

4. Dynamics of Relativistic Electrons Inside an Electromagnetic Undulator

In this section, we calculate the electron trajectories from first principles of relativistic
mechanics when they interact with an electromagnetic plane wave. The formalism of
Hamilton-Jacobi will be adopted here, as in [32]. The four-dimensional form of Hamilton-
Jacobi equation for the interaction of our interest is:

gik
(

∂S
∂xi −

e
c

Ai

)(
∂S
∂xk − e

c
Ak

)
= m2c2 (12)

where gik is the Minkowski tensor with (1, 3) signature, S the Hamilton function, xi the
radius four-vector. We make explicit the planar symmetry in the argument of the four-
vector potential by setting Ai ≡ Ai(ξ), with ξ = kixi = ω0(t + z/c), where the sign + in
the phase expression stands for the head-on interaction on the z-direction; then we impose
the Lorentz gauge condition:

∂Ai

∂xi =
∂Ai

∂ξ
ki = 0 (13)

that is equivalent to Aiki = 0. To find the Hamilton principal function, we look for a
solution of the kind:

S = −pixi + F(ξ) (14)
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where pi is the four-vector who satisfies the condition pi pi = m2c2, and F(ξ) is an unknown
function to determine. Substituting (14) into (12) yields:

2η
∂F
∂ξ

+ 2
e
c

pi Ai − e2

c2 Ai Ai = 0 (15)

where η = piki. From the above we can infer the expression for F and therefore for S:

S = −pixi − epi
η

∫
Aidξ +

e2

2η

∫
Ai Aidξ (16)

Being ki = (ω0/c, 0, 0,−ω0/c) with ω0 = 2πc/λ0, we obtain η = (ω0/c)(p0 + p3). Ex-
panding the square of pi, we obtain p2

0 − p2
3 − p2

⊥0 = m2c2, where we have denoted by p⊥0
the modulus of the generalized transverse four-momentum: �p⊥0 is a constant of motion,
and it will be naturally interpreted as the electron initial transverse moment just before
impacting on the photons. It is straightforward to deduce at this point the following
equation:

p0 − p3 =
(ω0

c

) p2
⊥0 + m2c2

η
(17)

Now, by means of the algebra below:

p3x3 − p0x0 =
(p3 + p0)(x3 − x0)

2
+

(p3 − p0)(x3 + x0)

2
(18)

and using Equations (16) and (17), one obtains the following expression for S:

S = �p⊥0 ·�r⊥ − cη

2ω0
(ct − z)− p2

⊥0 + m2c2

2η
ξ − epi

η

∫
Aidξ +

e2

2η

∫
Ai Aidξ (19)

By equating the S derivatives with respect to the �p⊥0 components and to the η param-
eter to zero, valid for a suitable choice of reference frame, we achieve the useful results for
the electron trajectories:

�r⊥ =
�p⊥0

η
ξ +

e
η

∫
�Adξ

z =

[
c

2ω0
− p2

⊥0 + m2c2

2η2

(ω0

c

)]
ξ − ω0e

cη2 �p⊥0 ·
∫

�Adξ +
ω0e2

2cη2

∫
Ai Aidξ (20)

Carrying out the time derivative ∂S/∂t = −γ(t)mc2, yields an expression for the invariant
η, evaluated at the origin of times: η = (ω0/c)(γ0mc + pz0), with γ0 the initial Lorentz
factor. Equations (20) describe the motion of a free electron under the influence of the wave
undulator. In the case of a circularly polarized wave undulator the electron trajectory is
of the kind shown in Figure 3, obtained plotting Equation (20) for arbitrary parameters to
provide a visual example.
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Figure 3. Electron trajectory in a circularly polarized wave undulator (arbitrary units).

5. 1D FEL Equations

In the most of relevant cases pz0 ∼ γ0mc, we obtain η = 2γ0ω0m. Thus, the electron
laws of motion can be recast into:

�r⊥ =
λ0

4π
�θ0ξ +

λ0

4π

1
γ0

∫
�a0dξ

z =
λ0

4π

[
1 −

(
1 + γ2

0θ2
0
)

2γ2
0

]
ξ − λ0

8π

�θ0

γ0
·
∫
�a0dξ +

λ0

16π

1
γ2

0

∫
a2

0dξ (21)

where �θ0 is the vector representing the initial divergence of the electron. For sake of
simplicity in this paper we focus on the 1D FEL model, justified by the condition θ0 << 1
for any electron, i.e., low-divergence beams at the interaction region. Moreover, we consider
a0 << 1 and γ0 >> 1. The laws of motion can be further simplified into:

�r⊥ � λ0

4π

1
γ0

∫
�a0dξ

z � λ0

4π
ξ (22)

Given the above equations of motion, and choosing a circularly polarized vector potential,
the one-dimensional FEL equations are finally (see Appendix A for the derivation):

dE
dz

=

(
ea0

4πε0γr

)
ne

〈
e−iψj

〉
dψj

dz
=

(
4π

λ0

)
δj

dδj

dz
=

(
ea0

4γ2
r mc2

)[
E(z)eiψj + E∗(z)e−iψj

]
(23)

where we have introduced the ponderomotive phase ψj = ωz/c + ξ j − (ω0 + ω)t + φj,
i.e., the coordinate identifying the longitudinal position of a particle inside a bucket of
physical size determined by the radiation wavelength λr ∼ λ0/2γ2

r . φj is an arbitrary
initial phase, and we have defined the relative energy deviation δj of an arbitrary j-particle
with Lorentz factor γj:

δj =
γj − γr

γr
=

Δγj

γr
(24)
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The particles’ density of the electron bunch has been denoted as ne. An important quantity
has been introduced as well, which is the bunching factor:

b =
〈

e−iψj
〉

(25)

where the angular brackets indicate the average over the electron ensemble composing
one FEL bucket (more details in Appendix A). The strength parameter K associated with
a circularly polarized wave undulator of intensity Ip and wavelength λ0, in practical
units reads:

K = a0 = 0.85 × 10−5λ0[m]
√

Ip(W/m2) (26)

The choice made in this paper of using a circularly polarized wave undulator is based on
the fact that doing so, the strength parameter (a0) is increased with respect to the case of a
linearly polarized wave undulator (a0/

√
2).

6. Discussions on the Recirculated Wave Undulator FEL Scheme

As already discussed and demonstrated in Ref. [27], a CO2 laser (λ0 = 10.6 μm),
with an intensity Ip = 4.2 × 1018 W/m2, corresponding to an energy per pulse of 40 J
delivered in 300 ps (PL = 130 GW) over an effective area Σ0 = πw2

0 ∼ π × 10−8 m2 would
be enough to provide a wave undulator with sufficiently large K to support the FEL SASE
operation [33–35]. The value for the strength parameter under these operational conditions
is K ∼ 0.186. This K value is too low for standard FEL, but sufficiently high for the emission
of coherent radiation in the wave undulator scheme. The energy for the electron beam we
consider is around 35 MeV corresponding to a γr ∼ 70. We choose an electron current value
Ie = jeΣe = 3 kA, where Σe = 0.075Σ0, which means that the electron beam is focused more
tightly than the laser beam: this can allow a greater output flux of X-ray photons and eases
the spatial overlap of the two beams practically speaking. Moreover, the initial relative
energy spread is 10−4. Even if the considered energy of the electron beam is quite low
and the beam focusing rather tight, space charge effects can be neglected. The extension
of the interaction region Zi is evaluated as the minimum between two times the Rayleigh
length ZR = πw2

0/λ0 and the laser pulse length cτ where τ is the FWHM pulse duration.
In formulas:

Zi = min
{

cτ, 2ZR
}

(27)

In our case 2ZR/cτ << 1, so the interaction region is determined by the Rayleigh length.
The number of periods per wave undulator both in the waist w1 and w2 are 2ZR/λ0,
which is many hundreds. As anticipated in the previous section, the working principle
of the compact FEL based on the wave undulator is the following: the electron beam
is injected into the ring cavity interacting at the laser waists w1 and w2. The electron
bunches are microbunched at the radiation wavelength’s period which is in our case
λr ∼ 1 nm, falling in the soft X-ray region. When this occurs, coherent radiation power
is emitted. A further and important aspect to discuss is the interaction between the
electron beams and the wakefields in the machine. The laser can circulate in the ring
cavity and interact with the electrons thanks to hollow parabolic mirrors, while the beam
passing through the holes generates wakefields (only the first mirror encountered by the
electron beam is significant). Given the shortness of the electron bunches considered here,
a single bunch of electrons might be not able to efficiently interact with the wakefields.
On the other hand, the wakefields might interact with trailing bunches for a certain time
structure of the electron bunches in the machine. For facing this issue, the use of dielectric
mirrors to suppress the effect of wakefields might be more favorable than metallic-coated
optics. Furthermore, for the parameters considered here, the laser diameter at the hollow
parabolic mirror is expected to be about 10 cm, therefore the hole would not need to be
extremely small.
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7. Coherent Synchrotron Radiation

To take into account for the Coherent Synchrotron Radiation (CSR) emitted in the
magnetic chicane and to which extent this affects the longitudinal electron beam dynamics,
the longitudinal phase-space density at the exit of the magnetic chicane must be expressed
with a correction term:

ρ(ψ, δ; t) = ρ(ψ − Δψ, δ − Δδ; 0) = ρ

(
ψ − 2π

λ0
R56δ0, δ − κδ0; 0

)
(28)

which is different than Equation (11) because of the factor κ which explains the relative
energy losses due to the emission of CSR. The synchrotron radiation spectrum at low
frequencies is proportional to the ω1/3 where ω is the angular frequency of the photons.
The total CSR energy ECSR emitted by a bunch with gaussian envelope over one full circle
is calculated as:

ECSR =
N2

e e2

4πε0c

∫
e−ω2τ2

e

(
ωR

c

)1/3
dω = Γ

(
2
3

)
N2

e e2

8πε0cτe

(
R

cτe

)1/3
(29)

where Γ(x) is the Gamma function, τe is the rms electron bunch length, Ne is the number of
electrons in the bunch and R is the bending radius. The total beam energy is calculated as
Ebeam = Neγrmc2. The CSR correction is therefore found to be:

κ =
ECSR
Ebeam

=
4θ

2π
Γ
(

2
3

)
Nee2

8πε0τeγrmc3

(
R

cτe

)1/3
(30)

where the factor 4θ/2π takes into account for the fact that the CSR emitted in the four
bending magnets composing the chicane corresponds to a total bending angle which is
smaller than the full circle. For a better evaluation of the κ parameter the microbunching
should be taken into account beyond the bunch envelope (in this case gaussian), nev-
ertheless this is not relevant for the design considered here since the critical energy of
the synchrotron radiation spectrum falls in a range of frequencies much lower than the
microbunching frequency.

8. FEL Radiation: Numerical Simulations

We have developed a numerical code in Python for solving the 1D FEL Equation (23)
and to propagate the electron beam from one interaction point to the other self-consistently
via Equation (28). This choice has been made (instead of using other available codes) to
have more control on the approximations done in the model and in such a way to easily
extend it for the forthcoming works where the design will be reconsidered including further
effects towards an even more realistic description of the machine. In this section we report
on simulation results, in particular showing the longitudinal phase-space evolution of the
electron beam while interacting with the electromagnetic undulator and with the magnetic
chicane. The parameters used for the chicane considered in this paper are Lc = 2.1 m,
fp = 150 mm, fl = 300 mm, Ls = 150 mm, B = 1.16 T and θ = 72◦. The chosen length of
the dipoles has been d = 200 mm and the reciprocal distance L = 100 mm. Considering an
electron bunch of duration 300 fs and charge 1 nC the correction due to CSR is κ = 1.6%,
which is not fully negligible, and it has been implemented in the Python code. The effect
of the energy losses due to CSR in the magnetic chicane onto the bandwidth of the wave
undulator FEL spectrum is not the main goal of the present paper, but it shall be addressed
in a future work. The first result is given in Figure 4, showing the randomly distributed
initial longitudinal phase-space relative to one bucket of ponderomotive phase (top-left),
the bunched longitudinal phase-space after the interaction with the laser at the waist w1
of Figure 1 (top-right), the emitted FEL power during the interaction with the CO2 laser
over one Rayleigh length (bottom-left), and finally the evolution of the bunching factor
over the same length (bottom-right). The pixel level in the top-left and top-right figure is in
arbitrary units but the two plots are normalized on the same scale.
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Figure 4. Simulation results with FEL1D code in Python, concerning the first interaction point of Figure 2.

Figure 5 shows the longitudinal phase-space of the electron beam after passing through
the magnetic chicane. In order to calculate it, the top-right phase-space of Figure 4 has been
propagated according to Equation (28), i.e., for every particle individuated by the pair (ψ, δ)
the relative energy deviation has been shifted due to CSR and the ponderomotive phase has
been shifted by a quantity depending on the element R56. The result is shown in Figure 5,
where it is possible to observe that the electron microbunching is preserved to some extent.
The last simulation result is reported in Figure 6, showing the same distribution in Figure 5
(top-left), the bunched longitudinal phase-space after the interaction with the laser at the
waist w2 of Figure 2 (top-right), the emitted FEL power during the interaction with the
CO2 laser over one Rayleigh length (bottom-left), and finally the evolution of the bunching
factor over the same length (bottom-right). The second interaction is evidently more
efficient in terms of the FEL power emitted. This is essentially due to the preservation of
some order in the longitudinal phase-space after the magnetic chicane which favors the
FEL mechanism at the interaction point w2 even more than at w1. The laser is considered
essentially not affected by the roundtrip, since the cavity losses are reasonably supposed
negligible. Nevertheless, the presence of two interaction points is overall of great advantage
since it increases the average output power. Indeed, the time structure of the FEL radiation
is a two-pulse structure, and it is worth noting that the fact of having two interaction points
does not affect the peak power, but only the average one.
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Figure 5. Simulation results with FEL1D code in Python, at the entrance of the second interac-
tion point.

Figure 6. Simulation results with FEL1D code in Python, after the second interaction point.

9. FEL Radiation: Comparison with the Analytic Model

In this section, we finally review a fully analytical approach to the FEL power evolu-
tion [27], in order to make a comparison with the numerical approach used above while
highlighting the main differences. The FEL intensity evolution is ruled by the so-called
Pierce parameter, which, for the purposes of this paper, can be cast in the following form:

� =
8.36 × 10−3

γe

(
je[A/m2]λ2

0[m]K2
)1/3

(31)
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where je is the electron beam density current. The saturation length can be roughly
expressed in terms of a few gain lengths. The “full saturation” condition on the emitted
power is usually achieved after several times the gain length, the latter given by:

Lg =
λ0

4π
√

3�
(32)

The saturation power is:
PF =

√
2�Pe (33)

where Pe = γrmc2 jeΣe/e. As a consequence of the previous equations, the FEL saturated
power reads:

PF(MW) = 1.7 × 1016 (γr�)4

Ip[W/m2]λ0[m]4
Σe[m2] (34)

Beside the scaling formulas above, a more complete and analytic description of the SASE
intensity growth can be specified by the following logistic-like function:

P(z) =
P0

9
B(z)

1 + P0
9PF

B(z)
(35)

B(z) = 2

[
cosh

(
z

Lg

)
− ez/2Lg cos

(
π

3
+

√
3z

Lg

)
− e−z/2Lg cos

(
π

3
−

√
3z

Lg

)]
(36)

The radiated FEL power analytically calculated by Formulas (35) and (36) under the
same operational conditions used for the numerical simulations in Section 8 is shown in
Figure 7. For the sake of rigor, Figure 7 should be compared to the bottom-left plot of
Figure 4, since it is related to the assumption of no initial correlation (or bunching) in the
phase-space. Therefore, the power level and the power trend after the first interaction point
analytically calculated is in good agreement with the one numerically simulated. The same
cannot be said at the second interaction point, since the pre-bunching preserved after the
magnetic chicane makes the analytic model not longer comparable to the bottom-left plot
of Figure 6. In conclusion, the above presented analytic model can be used for evaluating
the power emitted at the first interaction point, but to be reliable as well at the second
interaction point should be generalized to a situation of pre-bunching, which is not in the
focus of this paper. In Ref. [27] the FEL emission was studied only analytically and the
free parameter P0 was set to an arbitrarily small value to obtain reasonable output power.
On the other hand, in the current paper we have managed to fix this free parameter to a
value (P0 = 21 kW) such that the analytic model coincides in terms of final output power
with the more rigorous numerical approach. Therefore, here we demonstrate that actually
the performance of the proposed design can be higher than the one already shown in [27].
At the same time we show the limitation of the analytic approach, which cannot be used
for more than one interaction point (unless for the case that the pre-bunching is completely
destroyed by the chicane), since it does not consider the effects related to the pre-bunching.
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Figure 7. The FEL radiated power versus the propagation distance inside of the wave undulator.

10. Conclusions

In this paper, we have considered an unconventional scheme of wave undulator FEL.
The system we have proposed employs a radiation pulse serving as undulator provided
by a high-power laser. A feasibility study has been reported with particular focus on
the electron beam dynamics. The device is compact, and the relevant technology will
be available in the next future. We have faced the aspects related to the electron beam
transport in the wave undulator design previously proposed in Ref. [27]. It has been found
that the interaction in the first interaction point is efficient, but the interaction in the second
point can be even more efficient provided that the electron beam dynamics in the magnetic
chicane is properly controlled to preserve the microbunching to some extent. Conceptual
tools for the electron transport have been here provided, also considering losses due to
coherent synchrotron radiation. A more realistic design of the whole machine will be topic
for a future work, including effects related to the electron beam optics, to the transport of
the transverse and longitudinal phase spaces together, to the beam interactions with the
wakefields and to the evaluation and optimization of the FEL radiation spectral features.
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Appendix A. Derivation of the 1D FEL Equations for the Wave Undulator

The wave equation for the electric field E generated by a current density j is:

1
c2

∂2E
∂t2 − ∂2E

∂z2 = −μ0
∂j
∂t

(A1)

where the electric field is assumed complex and scalar (this can still cover the case of circular
polarization) and the current density is considered along the field polarization direction.
With a standard procedure, assuming slowly varying envelope, a forward propagation of
the electromagnetic wave and a single-mode oscillation such that ∂t << c∂z, Equation (A1)
can be reduced to:

∂E
∂z

∼ iμ0c
2ω

e−iψ(t) ∂j
∂t

(A2)

In the same framework of assumptions above, we average the current density over a period
of rapid oscillation of the radiation field, i.e., within one FEL bucket, while considering
γr >> 1:
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e−iψ(t) ∂j
∂t

∼ iω2

2π

∫ π
ω

− π
ω

je−iψ(t)dt = − ieω2a0

4πγrΣe

Ne

∑
j=1

∫ π
ω

− π
ω

e−iψ(t)δ[z − zj(t)]dt ∼ − ieω2a0

2πγrΣe

Ne

∑
j=1

e−iψ(tj) (A3)

where for the last passage we have used the second of Equation (21). We recognize
ne = Neω/Σec, therefore:

e−iψ(t) ∂j
∂t

∼ − iωa0neec
2πγr

〈
e−iψ(tj)

〉
≡ − iωa0neec

2πγr

〈
e−iψj

〉
(A4)

where Ne is the number of electrons in the FEL bucket and the angular brackets denote an
average over the particles composing the temporal slice of width 2π/ω. Thus, the first of
Equation (23) is obtained combining Equations (A2) and (A4). The second and third of
Equation (23) are the so-called pendulum equations, which are derived as shown below.
First, we set the equation for the ponderomotive phase evolution recalling that ω ∼ 2γ2

r ω0:

dψj

dz
=

ω

c2

dzj

dt
+

ω0

c
+

ω0

c2

dzj

dt
− ω0 + ω

c
+

dφj

dz
= (ω + ω0)

β j

c
− ω

c
∼ ω0

c

(
1 − γ2

r

γ2
j

)
(A5)

Since γ2
r /γ2

j = (δj + 1)−2 ∼ 1 − 2δj for δj << 1, the ponderomotive phase obeys to:

dψj

dz
=

ω0

c

(
1 − γ2

r

γ2
j

)
∼ 2

ω0

c
δj (A6)

which coincides with the second of Equation (23). Concerning the energy deviation:

dδj

dz
=

1
γr

dγj

dz
=

1
γrmc2

dWj

dz
(A7)

Where, by means of the first of Equation (21), the energy exchange rate dWj/dz is given by:
dWj

dz
= − e

c
d�r⊥
dt

· Re
[
�E(z)eiψj

]
∼ − ea0

2γr
Re
[

E(z)eiψj
]
= − ea0

4γr

[
E(z)eiψj + E∗(z)e−iψj

]
(A8)

Finally, by combining Equation (A8) with Equation (A7) it is possible to obtain the last
of Equation (23).
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Abstract: Current FEL development efforts aim at improving the control of coherence at high
repetition rate while keeping the wavelength tunability. Seeding schemes, like HGHG and EEHG,
allow for the generation of fully coherent FEL pulses, but the powerful external seed laser required
limits the repetition rate that can be achieved. In turn, this impacts the average brightness and the
amount of statistics that experiments can do. In order to solve this issue, here we take a unique
approach and discuss the use of one or more optical cavities to seed the electron bunches accelerated
in a superconducting linac to modulate their energy. Like standard seeding schemes, the cavity is
followed by a dispersive section, which manipulates the longitudinal phase space of the electron
bunches, inducing longitudinal density modulations with high harmonic content that undergo
the FEL process in an amplifier placed downstream. We will discuss technical requirements for
implementing these setups and their operation range based on numerical simulations.

Keywords: seeded FEL; oscillator; amplifier; high repetition rate

1. Introduction

Free-electron lasers (FELs) have been making enormous improvements during the
past decades, delivering high-brightness radiation to users all over the world at wave-
lengths from mm to hard x-rays, covering a wide range of experiments. At the same time,
many experiments, for instance, those that depend on spectroscopic techniques to resolve
electronic structure, require full coherence and high statistics, which can only be fulfilled
with fully coherent radiation at high repetition rate. These two requirements are becoming
important for scientific applications and are driving new FEL developments. Currently,
superconducting accelerators are capable of providing thousands of bunches per second at
MHz repetition rate. This potential is currently exploited in self-amplified spontaneous
emission (SASE) mode [1]. However, in this case, the FEL process starts from random
fluctuations of the electron beam charge density distribution [2] leading to a limited tem-
poral coherence, which impacts the peak brightness. The longitudinal coherence can be
improved by self-seeding [3,4] and single-mode [5,6] lasing schemes which are based on
the SASE process. As a consequence, the stochastic nature of SASE is imprinted on the
final FEL pulse as intensity fluctuations even though improved longitudinal coherence
is achieved.

At wavelengths in the nanometer range and longer, alternatives to generate fully
coherent radiation are based on external seeding. In this case, a seed laser of typically
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several tens MW of power is used to prepare an initial signal for a final FEL amplifier,
usually tuned at a harmonic of its wavelength, thus imprinting its coherence properties
upon the output FEL pulse. Many interesting experiments and methods are allowed due
to the unique properties of seed radiation [7–10]. Two chief examples of external seeding
schemes are the high-gain harmonic generation (HGHG) [11,12] and the echo-enabled
harmonic generation (EEHG) [13–15]. As the harmonic conversion of seeding schemes
is limited, it is advantageous to use short wavelength seed lasers. Currently, ultraviolet
(UV) seed lasers are the most suitable candidates for such setups [14–16]. However, the
requirements put on these laser systems in terms of peak power limit their repetition
rate, which is usually in the kHz regime. As seeded radiation pulses can be generated
at a maximum repetition rate defined by the seed laser repetition rate, not all electron
bunches generated in superconducting accelerators can be seeded. This leads to high
peak brightness FEL pulses, but limited average flux, in contrast to the number of electron
bunches available. In order to address this limitation, alternatives have been recently
studied to increase the repetition rate of seeding schemes by reducing the seed laser power
requirements [17,18], and in this paper, we propose an oscillator–amplifier setup.

Here, we review and further discuss a scheme which can generate FEL pulses of both
high peak brightness, compared to SASE, and of high average flux compared to standard
seeding schemes, by generating high repetition rate seeded radiation pulses [19–22]. In this
scheme, an FEL oscillator is employed and acts as a feedback system which recirculates a
seed pulse, and seeds the electron bunches at high repetition rate. In this case, one may
either use a low repetition rate seed laser, or start from shot noise. Starting from shot noise
lets us be independent of seed laser systems both in terms of repetition rate and wavelength.
Oscillator FELs are a well-studied topic, and their technology has been established for a
long time. There is a wide range of oscillator FELs that were operated during the past
decades, and detailed simulation studies were performed almost two decades ago [23–25].
These studies led, more recently, to the development of other ideas such as XFELOs [26]
and Regenerative Amplifier Free-Electron Lasers (RAFELs) [27–30] (high-gain oscillators).
Both these schemes aim at Angstrom radiation with Bragg crystals instead of conventional
mirrors, and no harmonic conversion is used. However, at wavelengths in the nanometer
range, where crystal optics cannot be used, mirror technology strongly limits the generation
of wavelengths below the 190 nm demonstrated at ELETTRA [31]. In order to reach shorter
wavelengths, one can exploit a resonator at a longer wavelength, together with harmonic
conversion. Such cascades have been proposed in [32–35]. Earlier work on resonators in
the EUV regime can be found in [36].

An overview of the seeding schemes that can employ an oscillator to increase the
repetition rate of the FEL radiation is given in Section 2, together with comments on its
implementation in continuous wave and burst-mode accelerators. Considerations on
the implementation of a resonator and a simple model which can be used for its design
are provided in Section 3. In Section 4, we introduce the methods used in simulations
for power gain control in the cavity, when the start-up of the FEL process is based on
random fluctuations of the initial electron beam distribution. In Section 5, we compare
these results to the case of an oscillator where the start-up of the FEL process is based on a
low repetition rate external seed laser, to the case of standard single-pass seeding, and to
SASE simulations.

2. Overview of Methods

2.1. Employing an Oscillator in Standard Seeding Schemes

In this section, we review different schemes that can be implemented with an oscillator
in order to provide high repetition rate seed pulses. In standard seeding techniques, an
external seed laser is used to modulate the energy of the electron beam as a result of their
interaction along an undulator (modulator). In this case, one seed laser pulse needs to
be injected for each electron bunch. The purpose of adding an optical cavity to a seeding
scheme is to replace the need for an external seed laser, because the cavity can recirculate a
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radiation pulse and maintain its peak power and pulse properties. In this case, in addition
to the energy modulation process which happens along the modulator, an amplification
process must also occur. This is important because the power gain is used to compensate
for unavoidable cavity losses. Here, we define as net gain the difference between the
peak power at the beginning of a pass n + 1 and the peak power at the beginning of pass
n, divided by the peak power at pass n. If the power gain compensates exactly for the
losses and the net gain is zero, the peak power per pass remains constant as long as the
pulse properties remain stable. In this way, the seed pulse is reproducible and can support
seeding schemes at high repetition rates.

In this paper we consider two approaches to generate and store a seed laser pulse
in cavity.

1. An oscillator-FEL starting with an external seed laser pulse. An external seed laser
initiates the modulation of the first electron bunch and the bunch amplifies the seed
pulse to compensate for the power losses in the cavity. The optical cavity feeds
back the seed pulse which is used to modulate the following bunches. The shortest
wavelength of the modulator is determined by the low repetition rate seed laser
source and by the mirror availability.

2. An oscillator-FEL starting from shot-noise. An electron bunch generates radiation
along the modulator, which is amplified with the number of passes. This process can
be divided into two phases. The “build-up regime”, where the net gain per pass needs
to be positive to build up the peak power required for seeding, and the “steady-state
regime” where the net gain needs to go back to zero so that the resonator losses are
equal to the power gain. In order to transition between these two phases, an active
control on the gain per pass is required. In addition, starting from noise means that
a SASE spectrum is generated. This needs to be monochromatized. In this case, the
shortest wavelength of the modulator is determined by the mirror availability.

In the following, we consider the implementation of an oscillator-based FEL in support
to HGHG and EEHG seeding schemes in order to further extend the tuning range to shorter
wavelength and higher repetition rate.

2.1.1. High-Gain Harmonic Generation (HGHG)

HGHG is a method to achieve fully coherent and stable seeded radiation in high-
gain FELs and was introduced in [11]. The components needed are a modulator, a seed
laser resonant to the wavelength of the modulator, a dispersive section, and an FEL
amplifier tuned at a harmonic of the seed laser wavelength. The seed laser is overlapped
with the electron bunch in the modulator, and their interaction results in a longitudinal
sinusoidal energy modulation along the electron bunch with the periodicity of the resonant
wavelength. In the dispersive section placed downstream, the energy modulation is
converted into density modulation that includes relevant harmonic content. The dispersive
section is characterized by the R56 matrix element of the transfer matrix, which describes
the evolution of the 6-D phase space (x, x’, y, y’,δγ, z) of the electrons. The R56 is closely
related with the presence of longitudinal dispersion. When a correlation between the
longitudinal position (z) and a relative energy offset (δγ) is established in the modulator, it
is possible to choose an R56 to rotate the longitudinal phase space, and convert the energy
modulation into longitudinal density modulation. The same matrix element is responsible
for the so called bunch compression in accelerators, where we exploit an electron beam
with an energy-longitudinal position correlation (electron beam energy chirp) to compress
it longitudinally and increase its peak current. After the dispersive section, the bunched
electron beam then enters the amplifier and emits coherent radiation. In the case of an
HGHG oscillator-amplifier, an optical cavity which encloses the modulator is added as
shown in Figure 1. Instead of injecting a seed laser pulse for each consecutive electron
bunch, the optical cavity stores a radiation pulse which acts as a seed laser source. Because,
as discussed above, a certain amount of power gain is required at each pass, the modulator
is longer than in a conventional HGHG scheme.
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Figure 1. In an oscillator-based HGHG scheme, an optical cavity is added and encloses the modulator.
The optical cavity acts as a feedback system which maintains the peak power of the stored radiation
field and, under perfect synchronism, this field is used to seed consecutive electron bunches arriving
from the linac upstream the cavity. Note that in reality, the optical cavity design will be more complex
than this simplified sketch.

2.1.2. Echo-Enabled Harmonic Generation (EEHG)

HGHG schemes are characterized by a limited up-frequency conversion efficiency due
to the fact that the nth harmonic requires the energy modulation to be n times larger than
the slice energy spread to maximize the bunching. This is typically limiting the conversion
to n = 15 and critically depends on the energy spread [37]. The EEHG scheme [13–15]
was proposed to overcome this limitation, achieve higher harmonics and, thus, shorter
wavelengths. In this scheme, there are two seed lasers with two modulators, two dispersive
sections, and one radiator. The first modulator and seed laser are used to induce an
energy modulation, and then the first dispersive section, which has a large longitudinal
dispersion, shreds the longitudinal phase space of the electron beam creating thin energy
bands. Each of these bands has a lower energy spread than the initial one, and this way a
lower energy modulation is required in the second modulator compared to HGHG. The
second dispersive section is weaker and compresses the energy bands. Similarly to what
happens in HGHG, it converts the energy modulation from the second modulator into a
density modulation, which in this case can have higher harmonic content.

In a regular single-pass EEHG, two modulators and two seed lasers are needed. In
order to convert the classic scheme to a high repetition rate cavity-FEL, one possibility is to
include two cavities, one for each modulator. In the case of two cavities, the wavelength
can be chosen independently and the high repetition rate is secured. Another solution is to
feed one modulator with an external seed laser and place the other modulator in a cavity.
In this case, the repetition rate of the external seed laser source determines the overall
repetition rate. This seed laser should have a longer wavelength which is at present already
available at high repetition rate. Then, the other modulator which is enclosed in the optical
cavity is resonant to a shorter wavelength.

It is important to investigate if it is more advantageous to have the shortest wavelength
at the first or the second modulator. We study the specific case of a combination of two seed
laser wavelengths of 300 nm and 50 nm by using an electron beam with a nominal energy
of 1.35 GeV, energy spread of 120 keV, and energy modulation amplitudes of A1 = 3
and A2 = 5 times the energy spread in the first and second modulator, respectively.
These parameters fit the choices of the FLASH2020+ project [38]. The resulting maximum
bunching factor b [13] for final wavelengths between 2 nm and 6 nm is shown in Figure 2a.
Using a seed with a wavelength of 50 nm in the first modulator and 300 nm in the second
modulator is not beneficial in terms of bunching compared to the classic scheme with two
seed lasers with a wavelength of 300 nm, whereas much higher bunching can be achieved
by utilizing the shorter seed in the second modulator. Both 50 nm configurations drastically
reduce the required longitudinal dispersion of the first chicane, as can be seen in Figure 2b.
As the second chicane converts the energy modulation from the second modulator, a
seed wavelength of 50 nm in this modulator results in an approximately six times smaller
optimum dispersive strength than the one needed for a 300 nm seed.
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Figure 2. (a) Maximum bunching factor for different combinations of seed laser wavelengths. (b) Optimum setup of the
chicanes to maximize the bunching factor. The working point resulting in a lower R56,1 is shown for each configuration.

A tunable seed around 50 nm in the second modulator would allow to overcome
the limitations of the wavelength separation of the harmonics and provide access to a
continuous wavelength range and high bunching. For example, a final target wavelength
of 4 nm with more than 13% bunching could be achieved either by a 47.4 nm or a 51.3 nm
seed. The preferred setup with the second modulator enclosed in a cavity and thus being
resonant to a shorter seed is shown in Figure 3. As a final remark, we note that one cavity
could be employed for both modulators, which would be preferred in terms of cavity length
requirements. However, in this case, the peak power of the radiation cannot be tuned
independently at the two modulators which is an important aspect of the optimization
of EEHG.

Figure 3. In an oscillator-based EEHG scheme, one or two optical cavities can be attached. In this
figure, the first modulation occurs with a conventional external seed laser, while the second energy
modulation is achieved by employing an optical cavity around the second modulator. The optical
cavity is fed by a seed laser and maintains its properties in order to seed consecutive electron bunches.

To demonstrate the feasibility of the proposed EEHG configuration, a single-pass
full simulation with the FEL code Genesis 1.3 [39] is carried out. The wavelengths of the
first and the second seed laser are 300 nm and 50 nm, respectively. The electron beam
parameters are the same as those used in the already presented analytical calculations
above, and in addition, the normalized emittance is 0.6 mm mrad, the electron bunch
length is 314 fs full width at half max (FWHM), and the current profile is Gaussian with
a peak of 500 A. The duration of the Gaussian seed laser pulses is set to 150 fs and 50 fs
FWHM for the first and second seed laser, respectively. The simulation is optimized for
an output wavelength of 2.013 nm with longitudinal dispersions of R56,1 = 2.649 mm and
R56,2 = 17.50 μm. The radiator has a period length of λu = 19 mm and is tuned to the
output wavelength. The bunching along the electron bunch upstream from the radiator,
the evolution of the FEL peak power along the radiator, as well as the spectrum and
power profile at the same position in the radiator are presented in Figure 4. The bunching
amplitude is approximately 9.5% and thus slightly smaller than the 11.2% predicted by
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the simple analytical model (see Figure 2a), but still more than sufficient for an efficient
amplification in the radiator.
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Figure 4. (a) Bunching along the electron bunch. (b) FEL peak power along the amplifier modules (gray). (c) Spectrum after
the 5 modules of the amplifier. (d) Power profile after 5 modules of the amplifier.

2.2. Employing an Oscillator-Based Seeding Scheme in an Accelerator in Continuous-Wave or
Burst-Mode Operation

A seeded oscillator-amplifier scheme is suitable for accelerators that can generate
electron bunches at high repetition rates, as it requires a cavity length which matches the
electron bunch repetition rate. The cavity roundtrip length should be Lcav = c/(m · frep),
where frep refers to the electron bunch separation and m is an integer which represents the
number of roundtrips of the radiation before it meets again an electron bunch. For instance,
when the electron bunches arrive with a frequency of 1 MHz, the total roundtrip cavity
length should be Lcav ≈ 300 m for m = 1. Alternatively, the radiation pulse can perform
more than one roundtrip in between two consecutive bunches. However, in this case the
total resonator reflectivity decreases with the number of passes m as Rm.

A superconducting accelerator can run in continuous wave (CW) or burst-mode
operation. At FLASH [40,41], which operates in burst-mode, the bunch trains arrive with
a repetition rate of 10 Hz with a flattop of 800 μs and a bunch spacing of 1 μs (1 MHz
repetition rate). With a pulsed operation at 10 Hz as well, the flattop of the European XFEL
is 600 μs with a 0.22 μs bunch separation (4.5 MHz) [42]. The exact number of bunches
available depends on the operation mode and the sharing of those bunches among different

110



Appl. Sci. 2021, 11, 6058

undulator beamlines. In the case of burst-mode operation, there is a specific number of
bunches available to build-up the peak power and stability needed to deliver seeded FEL
pulses. This is not an issue when the process starts with a low repetition rate seed laser
source because the steady-state regime is reached within a few passes [22] as shown in
Figure 5a, but it is critical when starting from shot noise, as we show in Figure 5b. The
build-up regime is marked with a green background color. During this process, there must
be positive net gain, and the peak power in each pass increases. The steady-state regime is
marked with blue color in the same figure, and refers to the passes in the oscillator where
the net gain is zero and the peak power per pass is constant. Comparing Figure 5a,b, there
are more power fluctuations in the case where we start with a seed laser. This might be
due to the fact that in this case we do not use a monochromator.

In burst-mode operation, the more bunches are used during the build-up process, the
less bunches will be part of the steady-state regime when seeded radiation is generated.
The steady-state can be maintained for a maximum number of passes defined by the
difference between the available bunches in one bunch train and the number of bunches
used during the build-up process. Taking as an example FLASH and the build-up regime
shown in Figure 5b, we would need 18 bunches to take part in the build-up of the power,
and the remaining 782 bunches would be part of the steady-state regime where the seeded
radiation is generated.

A machine operated in CW mode offers a continuous number of bunches with a
constant separation between them. For instance, SHINE in Shanghai will be operated in a
CW mode and is expected to provide bunches with a continuous 1 MHz repetition rate [43].
The same repetition rate is planned for LCLS-II [44] as well. In this case, the build-up
time needed becomes less important. It is possible to increase the number of passes in the
build-up regime and ensure a smooth transition to the steady state. However, it becomes
more important to verify how long the steady-state regime can be maintained before the
process needs to be initiated again.

(a) (b)

Figure 5. (a) Example of the peak power per pass in an oscillator starting with a low repetition rate seed laser. From the first
pass already the net gain should be zero. In practice, it takes a few passes for the system to self-stabilize. (b) Example of
the peak power per pass in an oscillator starting from shot-noise. For 19 passes the build-up regime where the net gain is
positive is highlighted with a green color. At pass 19, the desired peak power level is reached and the steady state regime is
entered, marked with a blue color. From this pass and onward, the net gain is reduced to zero and the peak power level is
maintained in each pass.
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3. Resonator Considerations

3.1. A Simple Model for the Reflectivity Requirements and Estimated Power Level in the Cavity

The transition between the build-up and the steady-state regime in the case of start-up
from shot noise is discussed in more detail in Section 4, while here we focus on the steady-
state operation of the modulator-amplifier. We maintain the generality of the discussion
by using approximations to build a simple model that can be used to investigate the
parameter space for the design requirements. In the steady-state regime, there is a number
of conditions that need to be fulfilled:

• The input seed power needs to exceed the shot noise power of the electron beam by
several orders of magnitude; otherwise, the SASE is not suppressed and the seeding
process is not successful. Only a part of the seed power contributes to the exponential
growth. Using for estimation the 1D cold FEL model this fraction amounts to 1/9.
Assuming an excess of 3 orders of magnitude, the minimum input seed laser pulse
peak power needs to be at least several 10 kW to 100 kW, depending on the exact
electron beam parameters [45]. In addition, for seeding techniques it is required to
induce an energy modulation of several times the initial energy spread which depends
on the target harmonic to be amplified, the exact seeding scheme and the modulator
length for given electron beam parameters. Typically, this requires a peak power that
is larger than 100 kW.

• The saturation power downstream of the modulator needs to be well below the
“natural” saturation to avoid large induced energy spread, which would suppress
the amplification process at the amplifier. As a general rule, the energy spread
downstream of the modulator σE relative to the electron beam energy E, should be
considerably less than the FEL parameter of the amplifier ρamp [46], thus σE/E �
ρamp [45]. The maximum acceptable seed peak power after amplification in the
modulator strongly depends on the length of the modulator with respect to the gain
length, and thus on the power amplification and on the energy spread increase. For
the sake of avoiding a specific parameter set, here we assume that saturation at the
seed laser wavelength yields between 1 GW to several 10 GW. Assuming a margin
of 3 orders of magnitude to avoid “heating” of the beam, the seed peak power after
amplification needs to be limited to not more than several tens of MW.

The gain from shot noise to saturation of an FEL is around 9 orders of magnitude,
which corresponds to about 20 power gain lengths (Lg). This means that there are 3 orders
of magnitude between the minimum input peak power (Pin) and the maximum output
peak power which are allowed to be lost in the cavity. Otherwise, either the minimum
power is too close to shot noise or the maximum power too close to saturation. It is clear
that these boundaries are not very strict and should only be seen as an approximation. It is
known that the power along z develops as [46]:

P(z) =
Pin
9

· ez/Lg . (1)

With a roundtrip reflectivity R, the power after a modulator length of Lmod should be
P(Lmod) = Pin/R. This leads to

Pin
R

=
Pin
9

· eLmod/Lg → Lmod = Lg · ln(
9
R
) (2)

For the first approximately three power gain lengths we expect no FEL power amplifi-
cation, and this is referred to as the lethargy regime. Assuming three orders of magnitude
for the maximum allowed power amplification, the maximum modulator length is 9 · Lg to
compensate losses. The same equation can be used for design considerations; for instance,
for a total reflectivity of 6%, the modulator should be roughly 5 · Lg. This result is indepen-
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dent of the input seed laser power, however, in practice, the energy modulation process
depends on both the input seed peak power and the length of the modulator as [47]:

ΔE =

√
Pin
Po

me2KLmodJJ
γw0

, (3)

where w0 is the seed waist size, K is the dimensionless undulator parameter, me is the
electron mass in keV, P0 ≈ 8.7 GW [47], JJ = J0(ξ)− J1(ξ), where ξ = K2/(4 + 2K2) and
J0,1 the Bessel function of the zeroth and first order. As the modulator is used both for
energy modulation and amplification, both these aspects need to be taken into account
for the exact design. Let us consider an example of these analytical estimations by means
of a reasonable set of parameters: λseed = 50 nm, K = 3.25, w0 = 286 μm, γ = 2641.9,
Lg = 1.12 m. In Figure 6, we show the expected energy modulation for a combination of
seed laser peak power and modulator length, calculated with Equation (3). In the same
figure, we show the reflectivity required as expected by the 1D cold theory and Equation (1)
with the dashed black vertical lines, as it is independent of the input seed laser power. It is
clear that while the modulator length is fixed and is used to determine the amplification,
for a given modulator length, it is still possible to use the seed laser peak power as a knob
to adjust the energy modulation. In turn, the energy modulation is related to the energy
spread which affects the FEL process in the amplifier, as already discussed. Note that while
Equations (1) and (3) are well established approximations valid in the 1D case, diffraction
effects should be also taken into account and the exact dependencies may deviate from
this result.
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Figure 6. The color bar indicates the energy modulation achieved for combinations of seed laser peak
powers (Pin) and modulator lengths (Lmod) and is calculated with Equation (3). The horizontal axis
shows the normalized modulator length to the gain length (Lmod/Lg). The vertical dashed lines show
the reflectivity R required for equilibrium between amplification and losses for different normalized
modulator lengths, and is calculated with Equation (2).

3.2. Cavity Design Considerations

The numbers quoted so far are needed for the system to work, and should be com-
plementary with a discussion on the technical feasibility of the resonator. The important
questions here are if the downstream mirror, which will have the maximum power density,
will be able to withstand it, and if mirrors with the required properties actually exist. We
consider two operation regimes for the resonator: one at a wavelength between 200 nm
and 300 nm, and one between 50 nm and 100 nm.

Regarding the reflectivity requirements, we expect that for wavelengths around
300 nm, the mirror choice will not pose an issue as there are options to choose from.
Optics in this wavelength regime are used for current laser systems, such as dielectric
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mirrors, with reflectivity and damage threshold that guarantee sustainable operation and
have been studied for other storage ring FELs in the past as well [48]. The main challenge
is faced for the working point in the XUV range between 100 nm and 50 nm, where no
commonly used options are available. Here, we consider the upper limit in gain, where
the roundtrip loss should not exceed a factor 1000 to avoid electron beam heating. Under
normal incidence, this means that each mirror should reflect at least 1/

√
1000 ≈ 1/33 or

3%. In case of a ring resonator with mirrors at 45 degree incidence angle, each should
reflect more than 1/

√√
1000 ≈ 1/5.6 or 18%. For example, we consider Molybdenum

mirrors. At normal incidence, the reflectivity at 40 nm is ~6%, at 45 degree around 40% [49].
Both values exceed the requirements. Note that a gain of 1000 is an upper limit that would
require a relatively long modulator. However, it is preferred to operate at a lower gain if
the reflectivity of mirrors allows it.

Here, we consider simple estimations in order to calculate the power density for a
Gaussian beam. Assuming a Gaussian beam with a waist at the end of the undulator, the
size of the spot at the mirror is [47]:

w2(L) = w2
0

(
1 +

(
L
�

)2
)

, (4)

where L is the distance from the undulator to the mirror, w0 is the spotsize at the waist and �
is the Rayleigh length. With the distance to the mirror much larger than the Rayleigh length
and remembering that for a Gaussian beam πw2

0 = λ� with λ the radiation wavelength, the
dependence of the beam radius on the distance becomes nearly linear and we can rewrite
Equation (4) as

w2(L) ≈
(

Lλ

πw0

)2
≈
(

Lλ

πσb

)2
, (5)

where we have approximated the spotsize of the radiation with the electron beam size σb.
Since the mirror has an angle with respect to the radiation in one plane only, the area of the
radiation on the mirror for a transversely symmetric beam can be approximated as:

S ≈
(

Lλ

πσb

)2 1
sin α

, (6)

with α the glancing angle.
Assuming that the fraction of the pulse energy that is not reflected by the mirror is in

fact absorbed, the power density Pd absorbed is

Pd =
Ep

S
· (1 − R) = Ep(1 − R) sin α

(πσb
Lλ

)2
, (7)

with Ep the pulse energy.
Here, we take the example of FLASH2 and the existing mirrors commonly used in

FLASH operation to demonstrate a feasible working point. For a wavelength of 15 nm
with a mirror 15 m downstream of the undulator under a glancing angle of 1 degree, from
Equation (6) the spot size is approximately 0.3 cm2, assuming a 100 μm beam size. With a
reflectivity of 99% (R = 0.99) and 1 mJ of pulse energy per second for a single pulse, the
power density is around 1 mW/0.3 cm2, or up to 17 W/cm2 for a pulse train of 5000 pulses
per second. Under these assumptions and taking into account the reflectivity, the absorbed
power of FLASH2 on the mirror is up to 170 mW/cm2 for 15 nm.

For a modulator with the mirror at normal incidence at the same distance of 15 m,
the same electron beam size and a wavelength of 50 nm, the spot is from Equation (5)
approximately 2.4 by 2.4 mm. Assuming again Molybdenum mirrors with 95% absorption,
the pulse energy should not exceed 2 μJ in order to avoid an absorbed power density
higher than 170 mW/cm2. At 45 degrees with 60% absorption, the pulse energy would
be approximately 5 μJ. Assuming a typical pulse duration of 100 fs, the peak power is
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therefore 20 MW (or 50 MW for the 45 degree mirror case), which is consistent with the
values mentioned earlier for FLASH. For a CW-FEL, the numbers are more critical because
of the larger number of bunches per second.

Finally, we would like to comment on the geometry of the optical feedback system.
There is a number of components needed in order to maintain a stable operation and
diagnose the radiation field properties. The intensity of the seed laser, which in this case
is the intensity inside the resonator, needs to be regulated and therefore measured for a
large wavelength range without significant distortion of the radiation field. Furthermore,
with the system starting from noise, the noise needs to be suppressed, which is best
done with a grating. Finally, the radiation needs to be refocused in the middle of the
modulator. Therefore, the actual resonator will have a more complicated geometry than
depicted earlier. A ring resonator could include all needed elements, but other geometries
should be considered and compared depending on the wavelength requirements and
space constraints of a specific facility. The technical design and specifications are, however,
beyond the scope of this paper.

4. Simulation Results and Implementation Considerations for Oscillator-Based
Seeding Starting from Shot Noise

In this section, we focus on an HGHG-based oscillator scheme as shown in Figure 1
and more specifically, in the case of an oscillator-FEL starting from shot noise. As shown
in Figure 5b, when the process in the cavity starts from shot noise, there are two separate
operation regimes to be considered. For a transition from positive net gain (“build-up”)
to zero net gain (“steady-state”), the gain has to be reduced. Here, we discuss different
methods that could be applied in order to achieve control over the power gain in the
resonator. In all cases we use the same set of simulation parameters, which is summarized
in Table 1, and the modulator is resonant with 50 nm wavelength. For the sake of simplicity,
here we restrict ourselves to the case of a relative energy modulation A = ΔE/σE = 7,
meaning that the amplitude of the energy modulation ΔE after the modulator is seven times
larger than the initial energy spread σE in the steady-state regime. As seen in Equation (3),
for given lattice, electron beam parameters and constant waist size, the energy modulation
is stabilized if the input peak power in the modulator Pin is stable too. All simulations
here are done with Genesis 1.3 for the FEL process [39], while the radiation field in the
cavity is treated with ocelot [50], which accounts for the slippage, reflectivity, focusing,
and monochromatization.

Table 1. Electron beam parameters used in simulations.

Electron Beam Parameters

Energy 1350 MeV
Energy spread 120 keV
Peak current 1 kA (flat-top)
Pulse duration 300 fs
Normalized Emittance 1 mm · mrad

4.1. Reflectivity Adjustment

The most direct way to control the net gain is to adjust the resonator reflectivity. In
this case, initially the reflectivity (Rbuild−up) is as high as possible to enable a fast build-up
of the power and then, when the desired peak power level is reached, the reflectivity has to
drop to the value Requil , which ensures equilibrium between losses and power gain. The
reflectivity applied during the build-up process, Rbuild−up, is determined by the maximum
total reflectivity allowed by the mirrors, and the maximum change in reflectivity that can be
supported by a filter within the time separation of two consecutive bunches. The larger the
difference in reflectivity ΔR = Rbuild−up − Requil is, the higher the net gain and the faster
the steady-state regime will start, as shown in Figure 7a. For the present setup of resonator
and beam parameters shown in at Table 1, the reflectivity at equilibrium is Requil = 10.6%,
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including the losses in the monochromator. With Rbuild−up = 14%, 46 passes are required
in the build-up regime in order to reach a relative energy modulation of A = 7, while a
reflectivity of Rbuild−up = 12% requires 99 passes. It is also possible to apply the reflectivity
change in steps if a fast change is not possible. For instance, for the reflectivity change
required as shown in Figure 7b, it is possible to apply the ΔR = 3.4% (from Rbuild−up = 14%
to Requil = 10.6%) in steps of ΔR = 0.34% in 10 passes. In the case of a burst-mode of
operation, the number of steps must be reasonably small compared to the number of
bunches at the steady-state. In the case of a continuous wave operation, these steps can be
as small as required by the hardware limitations.
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Figure 7. (a) In this plot, the number of passes needed to reach steady-state as function of reflectivity change, ΔR =

Rbuild−up − Requil , is shown. We assume that the build-up process is over when the energy modulation is at least A = 7.
(b) Example of ΔR = 3.4%. For the first 46 passes the reflectivity is set to Rbuild−up = 14% and from the 47th pass onward
the reflectivity drops to Requil = 10.6% and the net gain is zero. As a result, the peak power is stabilized.

In practice, the reflectivity change can be implemented by adding a filter in the return
path of the radiation field. A total reflectivity change of several percent is currently not
possible to be applied within 1 μs, but would be possible in several steps during a transition
time. For this reason, this method would be an option in CW machines, as it is currently
unlikely to function in burst-mode in view of time constraints.

4.2. Longitudinal Overlap between Electron Bunch and the Recirculating Light Pulses

Another method to obtain gain control is by affecting the longitudinal overlap between
the electron bunch and the stored radiation field. A change in cavity length would change
the arrival time of the radiation pulse, a procedure known as cavity detuning. The exact
amount of the detuning or delay needed to transition between positive net gain and zero
net gain depends on the electron bunch length. Here, we have assumed a 300 fs flat-top
current distribution for the electron bunch as an example study.

For all passes, the reflectivity is set to a value Rset which is larger than Requil , namely,
the reflectivity, which leads to zero net gain when the longitudinal synchronism between
the electron bunches and the recirculated seed pulse is optimum. Here, we define the
cavity length Lcav for which the detuning is zero (ΔLcav = 0), as the cavity length for
perfect synchronism between the radiation pulses and consecutive electron bunches for
no slippage, thus it is the cold cavity length. Due to slippage effects, perfect synchronism
is achieved for longer cavity lengths (ΔLcav > 0) that allow the longitudinally advanced
radiation pulse to be delayed. As in this case we assume that the reflectivity cannot be
reduced, we keep the reflectivity constant over all passes and we de-tune the cavity by
ΔLcav to reduce the net gain in the steady-state regime. The detuning and the reflectivity
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are two complementary knobs. The larger the reflectivity difference ΔR = Rset − Requil is,
the longer the detuning is needed.

In Figure 8a, a cavity detuning is simulated for a range of set reflectivities Rset between
11% and 15% . The cavity detuning curve for each reflectivity shows how much the length
of the cavity should be shifted to move from the maximum net gain (shown with the
vertical arrow), to zero net gain (intersections between the horizontal dashed line and
detuning curve). The cavity detuning for maximum power gain is independent of the
total reflectivity as expected, as it depends on the total slippage per pass, which is in turn
dependent on the wavelength, the periods of the modulator and the group velocity of the
field. Taking again the example of Rset = 14%, in Figure 7a we need 46 passes to reach
the desired in-cavity peak power level with the optimum detuning of ΔLcav = 2.7 μm,
and from Figure 8b we see that a detuning of ΔLcav = −14.1 μm keeps the in-cavity peak
power level constant. The result is shown in Figure 8b, where the cavity length is shifted
by 16.8 μm and equilibrium is reached and maintained.
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Figure 8. (a) Detuning curves for a 300 fs flat-top electron beam. The optimum detuning length is at Δλ = 2.7μm, for all set
reflectivities, as shown with the vertical arrow. The zero net gain point shown with the horizontal dashed line, shows the
detuning that needs to be applied to reach equilibrium for each total reflectivity Rset. Keeping the reflectivity constant and
changing the cavity length can transition the system from positive to zero net gain. We remind the readers that the power
net gain has no units as it is the difference between the peak power at the beginning of pass n + 1 and at pass n, divided by
the peak power at pass n. (b) With an oscillator starting from the random fluctuation of the electron beam distribution, a
transition between amplification of the power and maintenance of the peak power is achieved by detuning the cavity length
from ΔLcav = 2.7μm to ΔLcav = −14.1μm. For all passes the reflectivity is Rset = 14%.

For the implementation of this technique there are different options that can be
considered. When detuning the cavity length, the position of one or more mirrors needs to
be adjusted within μm and with a MHz repetition rate. This depends heavily on the mirror
choice and mirror size and weight. As an alternative solution, in the past a similar dynamic
cavity desynchronization was considered for FELIX [51] in order to control the growth rate
and the final power at saturation and the fluctuations in power [52,53]. It was proposed that
instead of mechanically adjusting the mirrors, it is preferable to ramp the electron bunch
repetition rate frequency by Δ frep to achieve a cavity detuning of ΔLcav = LΔ frep/ frep [53].
In this case, a dynamic desynchronization along the bunch train is important.

As a final remark, it is important to point out that the cavity detuning results in a
change in the temporal and spectral distribution of the stored FEL pulse. This has been
extensively discussed in FEL oscillators in the past [54–56]. The consequences on the
properties of the output FEL should be carefully considered before applying this method
for power gain control.
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4.3. Optical Klystron

Another well-established method of gain control in FELs is the use of an Optical
Klystron (OK), first introduced in [57]. It was originally introduced for gain control in
oscillator FELs [58], but its application has been expanded. It has been used as a method to
speed up the FEL process in SASE operation, when the total amplifier length is not sufficient
for a given wavelength [59–61]. In addition, it is used in a seeding scheme when the seed
laser peak power is not sufficient to increase the energy modulation required in seeding [17].
The simplest configuration of an optical klystron consists of two undulators tuned at the
same resonant wavelength and a dispersive section in between them. The electron beam
travels in the first undulator starting from some initial conditions (noise, or external seed)
and a relatively weak energy modulation is induced. Then, the dispersive element modifies
the electron beam phase space. This way, the bunching at this fundamental wavelength
is increased, and the bunched electron beam generates coherent emission in the second
undulator with increased gain. The dependence of the power gain on the longitudinal
dispersion is a useful knob for our setup.

In an oscillator, the two modulator sections separated by the dispersive section are in
the resonator as shown in Figure 9. A 1D theory of optical klystron is discussed in [61] and
a recent revision can be found in [62]. The optimum longitudinal dispersion depends on
the energy spread and in our case can be estimated as

R56,1 =
λres

2πδ
, (8)

where δ is the relative energy spread. With the studied parameter space, the optimum
longitudinal dispersion is predicted as R56,1 = 89 μm. Note that the sum of the length of
modulator 1 and modulator 2 in Figure 9 is equal to the length of the modulator in Figure 1,
so the power gain increase is introduced by chicane 1 only, and not by increasing the length
of the modulator.

Figure 9. In an oscillator-based HGHG scheme, an optical klystron can be employed. To do so, the
cavity contains two modulators separated by a chicane. This way this chicane can be tuned to control
the gain per pass.

In order to transition to the zero net gain regime, the R56,1 should initially be set to a
value close to the optimal, and later on tuned to another value which would reduce the
gain in the second modulator. In Figure 10a, we show the net gain achieved for different
reflectivities and R56,1. The R56,1 at the steady state is determined by the intersection of the
curves and the horizontal dashed line, which shows the zero net gain. We are interested
in the range R56,1 < 75 μm, because a too large R56,1 would cause an over-rotation of the
longitudinal phase space which is not useful, as we still need to increase the bunching at
a harmonic of the seed wavelength with the R56,2. The optimum longitudinal dispersion
appears at around R56,1 = 73 μm, which is approximately in agreement with Equation (8).
Note, here, that the reflectivities required with the optical klystron are dramatically reduced,
by more than an order of magnitude, when we compare to Figure 8a. As an example,
with a reflectivity Rset = 0.38%, we can build-up the peak power needed for seeding with
R56,1 = 42.5 μm, and after 19 passes change the longitudinal dispersion of the first chicane
to R56,1 = 30 μm to achieve zero net gain, and stable peak power of the radiation field per
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pass as shown in Figure 10b. Note, here, that the input peak power is considerably lower
in the order of 120 kW compared to the roughly 3.5 MW needed in all other gain-control
methods presented already, to achieve the same energy modulation A = 7. In addition,
the reflectivity required, Rset = 0.38%, which considerably relaxes the requirements on the
mirror specifications.
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Figure 10. (a) Changing the R56,1 of the chicane affects drastically the gain in power. Here we show the net power gain for
selected set reflectivities Rset, between 0.4% and 1%. The horizontal line shows the zero net gain. (b) With a reflectivity
Rset = 0.38%, it is possible to transition from positive gain to zero gain by adjusting the longitudinal dispersion of chicane1
as shown in Figure 8, from R56,1 = 42.5 μm to R56,1 = 30 μm, respectively.

The optical klystron has many advantages. As already explained, the first one is that
it makes the transition from positive to zero net gain possible. In addition, it increases
the gain both in the positive gain regime and in the zero net gain regime as R56,1 �= 0 as
well. This relaxes significantly the requirements in mirror reflectivity in the XUV range.
Moreover, the optical klystron could be used as an active tuning tool to adjust the gain per
pass and absorb different sources of jitter which contribute to gain changes. Concerning
technical requirements, a chicane consisting of fast kickers for this purpose should be able
to change the R56 by several μm and with a MHz repetition rate. Stripline fast kickers
are already standard technology and are, for instance, used at the European XFEL for
extracting individual electron bunches with up to 4.5 MHz repetition rate [63,64]. Let us
assume that a change of 10 μm is sufficient to transition from positive net gain to zero net
gain. The longitudinal dispersion of the chicane is approximately R56 ≈ Lθ2, where L is
the distance between the first and second dipole of a chicane and θ is the bending angle of
the first dipole. A kicker adds an angle

Δθ[μrad] = Lkicker[cm]Bkicker[Gauss]/Eb[GeV],

with Lkicker and Bkicker being the length and field of the kicker and Eb the electron beam
energy. With these kickers, a kick angle of 0.6 mrad can be achieved with Eb = 1 GeV and
the change of R56 shown in Figure 10b would be possible within 1 μs. It is important to
ensure that implementing this change in R56 will not affect the stability of the system. Using
the kickers only in the build-up regime would ensure stability during the steady-state
regime. For the build-up regime, the stability is not so important, as long as the peak power
is reached, since during these passes no seeded radiation is generated.
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5. Comparison of Simulation Results

Until now, we have only discussed about the process in the modulator and resonator.
In this section, we compare simulation results at a final wavelength of 4.167 nm, reached
with different schemes and this time we show the final FEL pulses generated at the amplifier.
For the HGHG simulations, this wavelength is the 12th harmonic of a 50 nm resonant
modulator. We consider the following four cases:

• A SASE setup, starting from shot noise and without changing any electron beam
parameters. The FEL pulse is extracted at the same position as the seeding simulations.

• A single-pass standard HGHG setup, starting with an ideal Gaussian seed laser
pulse instead.

• An HGHG seeded oscillator-amplifier starting with a low repetition rate seed laser.
This scheme was discussed in detail in [22]. For the first electron bunch an external
seed laser pulse is injected, and then the seed pulse is stored in the cavity.

• An HGHG seeded oscillator-amplifier system starting from shot noise. This was
described in detail in Section 4. A reflectivity change from Rbuild−up = 14% to
Requil = 10.6% was used to transition from positive to zero net gain.

In Table 2, we have summarized the main simulation results for the four different
cases, and in Figure 11 we show the final spectra for the four different cases with the same
final wavelength of 4.167 nm. In addition, for completeness, we have added the pulse
properties of the output FEL at 2 nm with the EEHG simulations discussed in Section 2.1.2.
The output FEL is shown in Figure 4. Note that the peak power is comparable for all HGHG
seeded pulses as expected; however, as the resulting pulse duration differs, the bandwidth
cannot be directly compared. It is important to emphasize that a single-spike spectrum
was generated in all seeded schemes. The power spectral density in the multi-pass HGHG
starting with a seed laser, and in the standard single-pass HGHG are almost identical,
while the multi-pass HGHG starting from shot noise seems to have almost an order of
magnitude higher spectral density as shown in Figure 11d. In this case, we have used a
monochromator with an rms bandwidth of Δλ/λ = 2.5 × 10−4 in the resonator, which
stretches the radiation pulses and filters the radiation in the frequency domain. Because of
this, the result in Figure 11d deviates compared to the other two HGHG cases.

Table 2. Simulation results for final FEL pulse at the same position along amplifier. For the multi-pass
simulations, we examine the FEL pulse after 100 passes. For the SASE, we calculate based on the
average over 50 simulations with different shot noise. For EEHG, we consider the simulation results
of a 2 nm output FEL shown in Figure 4.

Peak Power ΔλFW HM /λ rms Pulse Duration

SASE 3 MW 2 × 10−3 75 fs
Standard HGHG 1.2 GW 1.6 × 10−4 20 fs

multi-pass HGHG (seed) 1.2 GW 2 × 10−4 27 fs
multi-pass HGHG (shot-noise) 1.1 GW 5 × 10−5 60.6 fs

single-pass EEHG 0.18 GW 1.6 × 10−4 11.35 fs
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(d)
Figure 11. Spectra of final FEL pulse at the same position at the amplifier and with the same electron beam parameters
shown at Table 1. The spectral intensity is normalized to the peak intensity calculated at the standard single-pass HGHG
simulation. (a) SASE. Please notice the extended horizontal axis. The average SASE spectrum over 50 shots is shown
with the black line. (b) Standard HGHG in a single-pass. (c) Oscillator-FEL starting with an external seed laser pulse.
(d) Oscillator-FEL starting from shot-noise.

6. Discussion

In this paper, we described different seeding schemes that can benefit by employing an
oscillator setup to increase the repetition rate of a seeded FEL. We presented an overview
of simulations and requirements for its implementation. We developed a simple model to
estimate the amplification and modulation process in the modulator. This gave an insight
into the design of the resonator in terms of modulator length, resonator requirements,
and feasibility of the implementation of this scheme. Then, we focused on simulation
results of an HGHG scheme. We showed that there is a number of methods that could be
used to dynamically control the power gain in the resonator when the process starts from
shot-noise and we compared the performance of a single pass HGHG, a multi-pass HGHG
starting with a low repetition rate seed laser and of SASE, which is to be considered as
our background.

Where so far the wavelength range mentioned here could only be reached with an
EEHG scheme, the use of a resonator now would make it possible to reach the same
wavelength with an HGHG scheme. Alternatively, starting with a shorter wavelength in
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an EEHG scheme, the use of the resonator could push the minimum wavelength beyond
the water window and transition metals, making seeding in this important wavelength
range possible. These options will be studied in future studies.

In addition, there are still a number of considerations that need to be addressed as
we are moving towards more detailed studies for the realization of this scheme. Even
though first stability studies were presented in [22], it is still crucial to study the stability of
this scheme over several passes with a non-ideal electron beam, including imperfections
and energy chirp effects. In addition, there are other important questions related to its
implementation, such as how the repetition rate can be adjusted when experiments need
a lower repetition rate, the space constraints to insert mirrors when the longitudinal
dispersion required for seeding at short wavelengths is small, the requirements in terms of
diagnostics for the recirculating radiation field, and realizing wavelength tunability. These
are expected to be addressed in future work.
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8. Gauthier, D.; Ribič, P.R.; De Ninno, G.; Allaria, E.; Cinquegrana, P.; Danailov, M.B.; Demidovich, A.; Ferrari, E.; Giannessi, L.
Generation of Phase-Locked Pulses from a Seeded Free-Electron Laser. Phys. Rev. Lett. 2016, 116, 024801. [CrossRef] [PubMed]

9. Gauthier, D.; Allaria, E.; Coreno, M.; Cudin, I.; Dacasa, H.; Danailov, M.; Demidovich, A.; Di Mitri, S.; Diviacco, B.; Ferrari, E.; et
al. Chirped pulse amplification in an extreme-ultraviolet free-electron laser. Nat. Commun. 2016, 7, 13688. [CrossRef] [PubMed]

10. Gorobtsov, O.; Mercurio, G.; Capotondi, F.; Skopintsev, P.; Lazarev, S.; Zaluzhnyy, I.; Danailov, M.; Dell’Angela, M.; Manfredda,
M.; Pedersoli, E.; et al. Seeded X-ray free-electron laser generating radiation with laser statistical properties. Nat. Commun. 2018,
9, 4498. [CrossRef]

11. Yu, L.H.; Babzien, M.; Ben-Zvi, I.; DiMauro, L.F.; Doyuran, A.; Graves, W.; Johnson, E.; Krinsky, S.; Malone, R.; Pogorelsky, I.; et al.
High-Gain Harmonic-Generation Free-Electron Laser. Science 2000, 289, 932–934. [CrossRef]

122



Appl. Sci. 2021, 11, 6058

12. Allaria, E.; Cinquegrana, P.; Cleva, S.; Cocco, D.; Cornacchia, M.; Craievich, P.; Cudin, I.; D’Auria, G.; Dal Forno, M.; Danailov, M.;
et al. Highly coherent and stable pulses from the FERMI seeded free-electron laser in the extreme ultraviolet. Nat. Photonics 2012,
6, 699–704. [CrossRef]

13. Xiang, D.; Stupakov, G. Echo-enabled harmonic generation free electron laser. Phys. Rev. ST Accel. Beams 2009, 12, 030702.
[CrossRef]

14. Feng, C.; Deng, H.; Zhang, M.; Wang, X.; Chen, S.; Liu, T.; Zhou, K.; Gu, D.; Wang, Z.; Jiang, Z.; et al. Coherent extreme ultraviolet
free-electron laser with echo-enabled harmonic generation. Phys. Rev. Accel. Beams 2019, 22, 050703. [CrossRef]
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Abstract: Fine time-resolved analysis of matter—that is, spectroscopy and photon scattering—in the
linear response regime requires fs-scale pulsed, high repetition rate, fully coherent X-ray sources. A
seeded Free-Electron Laser, driven by a linac based on Super Conducting cavities, generating 108–1010

coherent photons at 2–5 keV with 0.2–1 MHz of repetition rate, can address this need. The scheme
proposed is a Free-Electron Laser Oscillator at 3 keV, working with a cavity based on X-ray mirrors.
The whole chain of the X-ray generation is here described by means of start-to-end simulations.
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1. Introduction

Synchrotron radiation (SR) sources based on low-emittance electron storage rings, as
well as Free Electron Lasers (FELs) driven by linear electron accelerators (Linacs), allow
the fine analysis of matter, with applications extending from life sciences to material
physics. Most FELs worldwide operate in the Self-Amplified Spontaneous Emission (SASE)
mode [1–8], providing extremely brilliant and short pulses with more than 1012 photons per
pulse, and shot-to-shot time and intensity jitters determined by the intrinsic fluctuations of
the emission process. These Ultra-Violet (UV) or X-ray flashes are used to probe matter in
highly excited states, to study nonlinear processes or to test before destroying individual
objects such as macromolecules constituting proteins, thus replacing crystallography with
single object imaging. In order to remain below the linear response threshold and to
collect adequate statistics in a short time, spectroscopic probes, as well as pump–probe
photoemission experiments in advanced atomic, molecular, nano- and solid- state physics,
instead require ultra-short photon pulses (order 10 fs), MHz-class repetition rates and
moderate fluxes of photons/pulse. Currently available FEL sources produce a number
of photons per pulse exceeding by 2–4 orders of magnitude the linear response level:
severe attenuation of the pulses, with a huge waste of energy, is therefore required in
photoemission or X-ray absorption spectroscopy. The pulses’ repetition rate is determined
by the acceleration technology, and is much higher in Super-Conducting facilities, exceeding
the 10–100 Hz range of Warm Linacs up to MHz-class [4,5]. Moreover, spectroscopic
applications with X-ray FELs are severely limited by SASE fluctuations and full seeding,
successfully conducted at FERMI (Free-Electron laser for Multidisciplinary Investigations)
in the XUV-soft X-ray range [9], should ideally be extended to X-ray energies.

There is therefore a scientific need, and ample room, for a novel type of source that
is able to provide 10 fs coherent pulses of 107–108 photons at 0.5–2 MHz in the tender X
ray range, bridging the gap between the most advanced SR and the current FEL sources.
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These demanding requests about structure, intensity, repetition rate, reduced jitters and
true coherence of the pulses are addressed by conceiving a tailored seeded or self-seeded
FEL driven by a linac based on Super Conducting cavities, providing 107–1010 coherent
photons at 2–5 keV, at 1 MHz of repetition rate.

In the seeded amplifier FEL configuration, the pulses’ stability and coherence is
strongly increased by an external coherent source imprinting its temporal phase on the
electron beam at the undulator entrance, thus enabling us to reach a high degree of temporal
coherence within a short distance. The direct seeding [10] implementation is limited by
the lack of high-power coherent seeds in the Vacuum-UV regime and below. High Gain
Harmonic Generation (HGHG) multistage cascades [11], seeded with harmonics of an IR
laser generated in crystals [11–13], were studied in the optical-UV range [14–16] and were
demonstrated at FERMI up to a few nm wavelengths [9]. The implementation and reliability
of this scheme in the tender/hard X-ray spectral range is highly demanding and has ye to
be proven. In perspective, the X-ray range could be reached with the technique of the Echo
Enabled Harmonic Generation (EEHG) [17–20], in which two coherent radiation pulses
seed the electron beam in two sequential modulators interspersed by a strong dispersive
section. Both cascaded schemes allow us to reach the boundary between Extreme Ultra-
Violet and soft X-ray frequencies, and may be seeded by laser harmonics generated in gases
or UV oscillators [21–24]. A major limit of all seeding schemes based on lasers is created by
the achievable repetition rate, which is typically below tens of kHz, and their extension to
higher repetition rates has so far only been studied theoretically [25–27].

The single spike SASE operation [28–30], as well as self-seeding processes [31,32], are
able to achieve only partial longitudinal coherence. Another FEL configuration capable
of producing stable radiation pulses is the FEL Oscillator (FELO), in which the radiation
process builds up via multiple passes of a stable and high repetition rate pulse train of
electron bunches through an undulator embedded in a low-loss optical cavity [23,33–37].
The lower gain required in such systems relaxes the requirements on peak current and
electron beam quality. Thanks to the technological advancements in the field of optics
and mirrors fabrication [38], FEL oscillators (XFELO) [37,39] and regenerative amplifiers
(RAFEL) based on X-ray cavities [40–44] have been proposed as a direct source of coherent
X-rays [36,37,40,45], or as seed for subsequent cascades [24,25,46]. However, limit cycle
oscillations have been observed and studied in FELOs [47]: these fluctuations, depending
on the cavity specifics and working point, can even be comparable to the fluctuations
found in SASE FELs. Among all the methods for producing coherent X-ray radiation, we
analyze here the case of a tender X-ray FEL Oscillator, driven by a moderate energy
electron beam and based on a short period undulator. Diamond mirrors and beam
splitters, foreseen at about 3 keV, constitute a ring cavity where the radiation pulses
are synchronized with the electron bunches. In this paper, we show the operation of
such a source. The electron beam is supposed to be generated by the accelerator of the
MariX project (Multi-disciplinary Advanced Research Infrastructure for the generation
and application of X-rays) [48], based on superconducting cavities and equipped with an
arc compressor. The compact footprint (with a total dimension of less than 500 m) of the
infrastructure and the contained costs should permit its construction in medium-sized
research infrastructures or within university campuses. Hereafter, we will discuss the
nominal parameters and start-to-end simulations of the system. Final comments will be
presented in the conclusions.

2. Materials and Methods

Our analyses rely on the electron beam foreseen by the accelerator of the MariX
project [48]. MariX is based on the innovative and compact design of a two-pass, two-way
superconducting linear electron accelerator equipped with an arc compressor [49–51], to
be operated in CW mode at 1 MHz. The characteristics of the electron beam, as evaluated
after start-to-end simulations [52], are listed in Table 1. A short period, planar undulator
can allow the production of radiation pulses in the desired wavelength range (5–2 Å, or
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in energy 2–5 keV), starting from the moderate electron energy provided by the MariX
accelerator (at a maximum of 3.8 GeV). From the resonance relation,

λ =
λw

2γ2 (1 + a2
w), (1)

where aw = 0.657λw(cm)B(T) is the undulator parameter and γ the electron Lorentz
factor for an electron beam energy of 2.4 GeV, we can deduce that an undulator period
λw = 1.2 cm, corresponding to a peak on-axis magnetic field of B = 0.93 T, is suitable for
emitting at 3 keV. Both the structure and length of the undulator depend on the seeding
scheme: the XFELO requires a single short undulator module, equipped with a sequence
of X-ray crystal mirrors.

Table 1. Electron beam for MariX FEL.

Property Unit Value Property Unit Value

Energy GeV 1.6–3.8 Current kA 1.6

Charge pC 8–50 Bunch duration fs 2.5–16

rms relative energy spread 10−4 5–3 slice energy spread 10−4 4–2

rms normalized emittance mm mrad 0.3–0.5 slice normalized emittance mm mrad 0.3–0.5

FEL simulations have been performed with the three-dimensional code GENESIS
1.3 [53] in time-dependent mode. The SASE radiation at 4.16 Angstrom is described for
reference in Figure 1.

Figure 1. Left plot: SASE energy growth for the high (a) and low (b) charge working points and corresponding spectral
profiles at saturation (inner boxes). Right windows: self (Γ, upper row) and mutual (Γ1,2, lower row) coherence degrees vs.
s = cτ for the two analyzed working points (a) and (b).

On the left, the growth along the undulator is presented for (a) high (50 pC) and (b)
low (8 pC) charge cases. Saturation is reached in about 50 m with a level of (a) 8 × 1011

and (b) 4 × 109 photons/pulse, respectively. The spectral profiles are reported in the inner
boxes, showing the SASE fluctuations in the high charge case (a) and the single spike mode
in the low charge one (b). The coherence degree, evaluated from the correlation,

Γn,m(τ) =

∣∣∣∣∣∣
∫

dtEn(t)Em(t − τ)√∫
dt|En|2

√∫
dt|Em|2

∣∣∣∣∣∣, (2)
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between two different generic pulses or for one single pulse (Γ = Γ1,1), is shown in the
windows on the right part of Figure 1. In expression (2), En and Em are the complex electric
fields of the pulses as a function of time. In the SASE mode (case (a)), phase coherence
on one single pulse and shot-to-shot stability are poor, with a coherence length less than 1
μm over a 10 μm long pulse and an equal time coherence degree (Γ1,2(0)) of about 4 × 102.
In the single spike mode (case (b)), the coherence length coincides with the pulse’s, but
the shot-to-shot stability is low, with Γ1,2(0) = 2 × 101. The characteristics of the SASE
radiation are summarized in Table 2, in the third (high charge working point) and fourth
(single spike mode) columns. The patterns of the SASE power (a) and spectral distribution
(b) are shown in Figure 2 as a function of the number of shots. From this graph, the modest
size of the coherence areas and the poor stability of the SASE process are evident.

Figure 2. SASE (a) power vs. s = cτ and (b) spectrum vs. λ as a function of the number of shots. Logarithmic scale.

The XFELO operation has been numerically studied by extracting the radiation
simulated by GENESIS 1.3 from the oscillator undulator, driving it through the optical
line and superimposing it on the successive electron bunches. In order to simulate the
electron bunch train fluctuations, the microscopic distribution of the electron beam is
changed shot-to-shot in the simulations. The transport inside the cavity is done by using
the Huygens integral [54]

E(x′, t′)= i
Bλ0

∫
dxE(x, t)e−

iπ
λB (Ar2−2(xx′+yy)+Dr′2), (3)

where x = (x; y), r2 = x2 + y2 and r′2 = x′2 + y′2. Here, the electric field is the output of the
FEL simulation (performed with about 2048 particles and 7000 slices), which is extracted
at the end of the undulator over a three-dimensional grid (grid dimensions: transverse
∼ 2 μm, longitudinal ∼ 1.6 nm). In the first step, the Huygens integral is extended from the
end of the undulator up to the first mirror. A, B, C and D are the elements of a 2 × 2 matrix
describing the optical path and depending on the drift length and on the focal length of the
mirror. The effect of the mirror is modelled with a transfer function, taking into account its
reflectivity and spectral selectivity. Its action is evaluated by computing the convolution
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between the electric field at the mirror position and the Fourier anti-transform T of the
mirror transfer function,

E(x, t′) = 1√
2π

∫
dtT(t − t′)E(x, t). (4)

The process is reiterated for each drift and cavity mirror up to the beginning of the
undulator in the next step. The electric field, calculated in this way, is superimposed to
the successive electron bunches after each cavity round trip. The mirror and beam splitter
reflectivities have been simulated with the XOP (X-ray Oriented Programs) code [55].

3. Results

Figure 3 shows the scheme of the coherent source, constituted by a short (about 7–10 m
long) undulator module with period λw = 1.2 cm, embedded within a ring cavity.

Figure 3. Scheme of the X-ray FEL Oscillator: λw = 1.2 cm undulator module within a ring cavity made of three Diamond
mirrors (M2, M3 and M4) and one beam splitter (M1, outcoupling the radiation). The X-ray radiation is emitted from right
to left. Θ0 is the incidence angle on the cavity mirrors with respect to the normal. The distance M1,4–M3,2 between two
mirrors is 75 m, giving a cavity round trip length of 300 m, equal to the distance between two successive electron bunches.

For an electron beam repetition rate of 1 MHz, the round trip of the cavity must be
300 m. The sequence of the accelerated beam packets entering the undulator is synchronized
with the radiation reflected and recirculated by hard X-ray mirrors. Three Diamond mirrors
and one beam splitter, made by Zincblend perfect single crystals (lattice parameters:
a = b = c = 3.566 Å, α = β = γ = 90) operating in the range of about 3.0–3.5 keV, namely
3.6–4 Å(with an incidence angle θ < 30 from normal), have been considered. At least two of
the mirrors are assumed to be bent and focusing.

Figure 4 presents the transfer function T of the total optical line as a function of the
energy of the photons for a central energy of 3.015 keV and a quasi-orthogonal reflection
(incidence angle Θ0 = 3), compared with the natural SASE spectral line.

The mirror transfer function is narrower than the natural FEL spectral line and the
spectral filtering of the mirrors is the dominant effect in the reduction of the spectral width.
The angular filtering is instead absolutely inefficient, since the angular width of the transfer
function is about 2 mrad, to be compared to the much smaller SASE divergence of 25 μrad.
FEL simulations were performed for a 50 pC electron beam. Figure 5 shows the intracavity
radiation energy as a function of the number of round trips. The saturation is reached in
about 50 cycles, with an intracavity energy level of about 20 μJ. Due to the short undulator
and wavelength, the slippage is very low: the simulated time window (12 μm) is thus
adjusted to the electron beam and reported in the inner boxes of Figure 5.
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Figure 4. Transfer function T of an optical line made by three diamond mirrors and one beam splitter
(in blue) vs. the photon energy for an incidence angle Θ0 of 3 with respect to the normal. SASE
spectrum (in red) in arbitrary units. The reflectivities are simulated with the XOP code [55].

Figure 5. FEL Oscillator. Left window: intracavity energy growth as a function of the number of round trips. Inner boxes:
temporal and spectral distributions at saturation. Right windows: auto (Γ) and mutual (Γ1,2) coherence degrees vs. s = cτ.
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Jitters occur due to the different microscopic structures of the successive electron
bunches. In the inner boxes, the temporal and spectral distributions at saturation are
presented. The right windows of Figure 5 show the auto (Γ) and mutual (Γ1,2) coherence
degrees of the XFEL-Oscillator, pointing out its enhanced coherence and stability with
respect to the SASE’s reported in Figure 1.

The longitudinal distributions along s = cτ of the power (a) and the spectral amplitude
structure (b) are shown in Figure 6 as a function of the round trip number in the X-ray
cavity. The output radiation is much more stable and quasi monochromatic if compared to
the analogous patterns of the SASE radiation already shown in Figure 2. The studied X-FEL
Oscillator results in an almost fully coherent pulse, characterized by a very small spectral
bandwidth. Table 2 summarizes the main properties of SASE (third and fourth columns)
and XFELO (fifth column) radiation. Despite the lower number of photons produced by
the XFELO with respect to the SASE case, its pulses’ stability, directionality and brilliance
are higher.

Figure 6. Intracavity power vs. s and spectrum vs. λ as a function of the round trip number in logarithmic scale. XFELO (a)
intra-cavity power vs s = cτ and (b) spectrum vs λ as function of the round trip number. Logarithmic scale.
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Table 2. The repetition rate of the source is 1 MHz. $=Photons/s/mm2/mrad2/bw(‰).

Radiation Mode SASE Single Spike XFELO

Electron charge pC 50 8 50

Photon energy keV 3 3 3

Radiation wavelength Å 4.16 4.16 4.16

Photon/shot 1010 80 0.36 4.4

Bandwidth 0.1% 2.1 0.7 4

Pulse length fs 10 3 16
Pulse divergence μrad 25 45 14

Pulse size μm 130 140 35

Radiation energy μJ 55 1.7 21

Photon/s 1016 80 0.36 4.4

Peak brilliance 1030$ 3.6 0.043 3.8

Average brilliance 1022$ 3.6 0.013 4

4. Conclusions

The MariX facility is dedicated to and optimized for ultrafast coherent-X-ray
spectroscopy and inelastic photon scattering, and for highly penetrating X-ray imaging
of mesoscopic and macroscopic samples. In the range of wavelengths between 2 and 5 Å,
MariX provides 1010–1011 photons per shot with a repetition rate of 1 MHz in SASE mode.
The studied X-ray FEL Oscillator configuration based on diamond mirrors produces 107–
1010 coherent photons per shot at 3–3.5 keV at 1 MHz. These estimations do not take into
account degradations due to errors, misalignments or jitters, and exceed by one or more
orders of magnitude the target values set by the scientific case. MariX will therefore be
capable of satisfying the expected FEL photon beam parameters, considering also a safety
margin dealing with the losses in delivering the photon beams to the experimental hutch.
Higher repetition rates could relax the cavity length requirements. The novel source will
create absolutely novel conditions for experiments that cannot be performed satisfactorily
at the present and foreseen sources based on storage rings or SASE-FEL.
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Abstract: The possibility of extending the tunability of Free-Electron Lasers towards short wave-
lengths has been explored through the design of devices conceived to enhance the mechanisms of
nonlinear harmonic generation. In this respect, different schemes of operation have been suggested
in the past, such as harmonic seeding, bi-harmonic undulators, and two-beam self-seeding devices.
In this paper, we discuss how these methods can be merged into a tool, extending the performance of
FEL devices.

Keywords: free-electron laser; electron accelerators; undulators; two harmonic undulators; seeding

1. Introduction

Nonlinear harmonic generation (NLHG) is one of the key mechanisms adopted to ex-
tend the spectral tunability range of Free-Electron Laser (FEL) [1–5]. Harmonic seeding [6,7]
and NLHG have been widely exploited in the past to push the FEL and its application
towards shorter wavelengths. Other suggestions, although promising, have been carefully
studied, but have not found specific applications so far.

In this article, we discuss the possibility of combining two different proposals, de-
veloped in the past, concerning the use of devices exploiting NLHG in high-gain FEL
devices [4,8]. We deal with the harmonically coupled two-beam self-injection [9] and bi-
harmonic undulators [10,11], conceived to enhance the FEL coherent harmonic content
emission and extend the capabilities of the device itself.

(a) Nonlinear Harmonic Generation

Although the mechanism of nonlinear harmonic generation occurs in a FEL device
operating with linearly and helically polarized undulators, here we treat the linear case
only and consider undulators with on-axis field vector

�Bu ≡ B0[0, sin(kuz), 0]. (1)

The pattern to the higher harmonic emission is an intrigued interplay between all the
processes underlying the FEL lasing and involving energy modulation, bunching, coherent
emission, higher-order bunching, and saturation [7]. The relevant study is afforded by
exploiting a generalization of the FEL pendulum equations, including the evolution of the
fields of the individual harmonics, namely [1]

d2

dτ2 ζ = ∑∞
n=0|an| cos(ψn), ψn = nζ + φn,

an = |an|ei φn ,

d
dτ

an = −jn
〈
e−inζ

〉
.

(2)
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where n refers to the order of the harmonic, (a, j) are the Colson’s dimensionless amplitude
and current respectively, ζ is the dimensionless electron phase, finally the brackets 〈. . . 〉
denote averages on the initial phase distribution. The modulus of a is linked to the field
intensity (power density ) I by the identities

|a|2 = 8 π2 I
Is

,

Is =
c

8π

(
mec2

e

)2( γ

N

)4
(

λu
K√

2
fb

)−2
.

(3)

The quantity Is denotes the FEL saturation intensity, a key quantity either in FEL and
conventional lasers. It controls the onset of saturation, which starts playing a role when the
FEL intensity is close to Is [12].

The physical content of the previous set of equations can be summarized as follows.
The fundamental harmonic (n = 1) drives the bunching, which allows the growth of the
different harmonics if the corresponding dimensionless currents jn are nonvanishing. In the
case of FEL devices operating with linear undulators, this is automatically ensured by the
on-axis coupling to odd harmonics.

An example of nonlinear harmonic generation intensity growth is given in Figure 1,
drawn using the analytical formulae summarized in Equation (4). The relevant agree-
ment with numerical computation has been benchmarked with the Prometeo code [13],
as discussed below.

Figure 1. Harmonic power growth vs. the undulator length in m; (a) First Harmonic (green)
(b) Third harmonic (blue) (c) Fifth harmonic (red). The encircled region around the inflection points,
where the transition to the NLHG regime occurs, is not well reproduced by the analytical formulae.
Linear and NLHG contributions are indeed summed incoherently, namely through the sum of two
intensities (Λn(z) and Πn(z)), without including the respective phases determining at that point an
insignificant oscillation.

The process consists of two distinct parts. In the first, the fundamental (n = 1) and
higher-order harmonics (3,5) grows independently, till the bunching at higher harmonics,
induced by the fundamental, triggers the nonlinear harmonic generation mechanisms.

The analytical procedure developed in the past [14] yields a fairly straightforward
description of the different evolution steps. The model equations are reported below, and
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we have denoted with Λn(z) and Πn(z) the terms accounting for the small-signal and
nonlinear harmonic generation parts respectively

P1 = P1(z) = P0
A(z)

1 +
P0

PF,1
[A(z)− 1]

,

A(z) =
1
9

[
3 + 2 cosh

(
z

Lg,1

)
+ 4 cos

(√
3

2
z

Lg,1

)
cosh

(
z

2Lg,1

)]
,

Pn(z) = Λn(z) + Πn(z) , n = 3, 5... Λn(z) = P0,n An(z) .

For the case with n > 1 the gain length should be replaced by

L∗
g,n =

λu

4π
√

3ρ∗n
= n−1/3Lg,n , ρ∗n = n

1/3ρn, P0,n input seed power ,

ρn ≡ n − th harmonic Pierce parameter,

ρn =

(
fb,n

fb,1

)2/3
ρ1,

fb,n = Jn − 1
2

(nξ)− Jn + 1
2

(nξ), ξ =
1
4

K2

1 +
K2

2

,

ρ1
∼= 8.63 × 10−3

γ

[
J (λuK fb,1)

2]1/3.

(4)

The formula for the Pierce parameter of the harmonic (ρ1) is expressed in a practical
form, where J is given in A/m2 and λu in m. The NLHG contributions are specified by
the formulae

Πn(z) = Π0,n

exp

(
n z
Lg,1

)

1 + Π0,n
ΠF,n

[
exp
(

n z
Lg,1

)
− 1
] , Π0,n = cn

(
P0

9 ρ1PE

)n
ΠF,n , c3 = 8 , c5 = 116,

ΠF,n =
√

n
(

ρn
n ρ1

)3
PF,1 = 1√

n

(
fb,n

n fb,1

)2
PF,1,

(5)

where the saturated power PF,1 reads

PF,1 =
√

2ρ1PE (6)

and PE is the e-beam power.
We note therefore that

1. The first harmonic power grows initially by exhibiting the lethargic phase followed
by the exponential behavior, characterized by the gain length Lg,1.

2. The same occurs for the higher-order harmonics (with gain length L∗
g,n), till the

bunching effects trigger the mechanism of nonlinear harmonic generation.
3. This last phase is characterized by a sudden change in the growth rate followed

by a kind of saturation. The characteristic gain length is a fraction of that of the

fundamental (namely L(NH)
n =

Lg,1
n ).
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The inflexion point (before the change in the intensity growth derivative) occurs at
z = z∗, where the Λn(z) and Πn(z) contributions balance. The dots refer to a numerical
benchmark with the code Prometeo, for a set of specific parameters. After the saturation the
figure exhibits a flat top, without displaying the characteristic power oscillations. This is an
artefact of the analytical approximations. It should be noted that, although not significant
for the present discussion, these oscillations can be included in the analytical scheme as
shown in refs. [15,16].

(b) Bi-Harmonic undulator

The use of bi-harmonic undulators [10,11] has been suggested in the past as a device
allowing the enhancement of the nonlinear harmonic generation in high-gain FEL devices.

In the case of an undulator exhibiting a field with linear orthogonal polarization,
specified by the vector

�Bu ≡ [3 B0 sin(3 kuz), B0 sin(kuz), 0], (7)

The corresponding FEL pendulum equation can be written by extending those re-
ported in (2) and reads

∂2ζx,1

∂τ2 = |ax,1| cos(ζx,1 + ϕx,1),

∂ax,3

∂τ
= −jx,3

〈
e−iζx,3

〉
,

∂ax,1

∂τ
= −jx,1

〈
e−iζx,1

〉
,

∂ay

∂τ
= −jy

〈
e−iζy

〉
; ζx,3 = ζy = 3ζx,1.

(8)

The relevant physical meaning is not dissimilar from that discussed as a comment
to Equation (2). In this case, we have considered 1st and 3rd harmonics only, with the
significant difference that two “third” harmonics, with orthogonal polarization, are driven
by the fundamental. The third harmonics bears both vertical and linear polarization
components and the relevant dimensionless amplitude are defined as

|aσ|2 = 0.8π4 Iσ

Is,σ
, (9)

where σ = x, y and Is is the associated saturation intensity

Is,σ

[
MW
cm2

]
=

6.9 × 102
(

γ

Nσ

)4

[λu,σ[cm]K fb,σ(ξ)]2
. (10)

Please note that Nx = 3Ny, λu,x = λu,y/3.
The corresponding Bessel factors are specified below (the wavelength of the first

harmonic is λ1 = (λu/2γ2)(1 + K2). Further comments are provided in Section 3)

fb,1x = (3) J0

(
ξ, ξ

3

)
− (3) J1

(
ξ, ξ

3

)
,

fb,3x = −(3) J1(3 ξ, ξ) + (3) J2(3 ξ, ξ),

fb,3y = (3) J0(3 ξ, ξ) − (3) J2(3 ξ, ξ),

ξ = 1
4

K2

1+K2 ,

(11)
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and (m) Jn(x, y) are generalized Bessel functions defined through the generating function

+∞

∑
n=−∞

tn
[
(m) Jn(x, y)

]
= e

x
2 (t− 1

t )+
y
2 (tm− 1

tm ), (12)

and the series expansions (for further comments see ref. [17])

(m) Jn(x, y) =
+∞

∑
l=−∞

Jl(x) Jn−m l(y). (13)

In Figure 2 an example is given of bi-harmonic power growth. The 1-D simulation dis-
plays the already anticipated behavior: along with the fundamental “two” third harmonics,
with radial and vertical components, are generated through the nonlinear mechanism.

Figure 2. Power growth of main and third harmonics for a bi-harmonic undulator with,
E = 1078 Mev, λu = 6 cm, K = 0.99, ρ = 1.258 × 10−3 (numerical simulation PROMETEO).

The physical content of the figure is not different from what we have already discussed
when we commented Figure 1 and is worded as reported below. The first harmonic grows
and induces, via NLHG, two third harmonics with distinct orthogonal polarizations.
The signature for the nonlinear growth is specified by the abrupt change of the growth rate.
The two phases of the growth are characterized by the respective gain lengths, namely

L∗
g,3x

= 1
31/3

λu
4 π

√
3 ρ3x

,

L∗
g,y = λu

4 π
√

3 31/3ρy
,

(14)

and

L(NH)
g =

Lg,1x

3
, (15)

141



Appl. Sci. 2021, 11, 6462

where
ρ1x

∼= 8.63×10−3

γ

[
J (λuK fb,1x )

2]1/3,

ρ3x = ρ1x

(
fb,3x
fb,1x

) 3
2 ,

ρy = ρ1x

(
1
3

fb,3y
fb,1x

) 3
2
.

(16)

The y-polarized component is significantly larger than its x-counterpart and grows
almost at the level of the first.

This is an interesting result since, for the single harmonic undulator, the third exhibits
a power of two orders of magnitude below that of the fundamental.

The proposal, the design and construction of this type of undulator traces back to
more than three decades ago [18,19]. Although exploited in Storage Ring (SR) sources, they
did not find any specific application in the development of FEL, although they have been
extensively discussed in the literature [20].

It is certainly true that such a structure is not easy to design, to measure and to handle.
Possible alternatives are ensured by segmented undulators, consisting of two undulator
sections with emission frequency of the second a sub-multiple of the first [21–23]. Such a
solution, more manageable from the technical point of view, preserves some of the features
of the whole device and will be commented on in the concluding section.

A further possibility, suggested by McNeil, Robb and Poole [24] is that of the harmon-
ically coupled 2-beam FEL (HCB). In their proposal, it is foreseen the use of two beams
operating at different energies, passing through a linearly polarized undulator, to run an
FEL operating at different harmonics. The relativistic factor of the higher energy beam is
chosen in such a way that γ2 =

√
nγ1.

In loose terms, the mechanism of growth of the FEL signal can be described as reported
below. The first beam induces the bunching conditions to trigger the third harmonics,
if n = 3, which eventually seeds the first harmonic emitted by the higher energy beam.

In the forthcoming section we model the dynamics of the harmonically coupled beams
FEL, using the already quoted semi-analytical procedure [14].

2. Harmonically Coupled Two Beams and High-Gain FELs

As already underlined the HBC scheme foresees two beams with energies γ1 and
γ2 =

√
nγ1, both injected in a linearly polarized undulator. Instabilities of two-stream

nature, spoiling the FEL dynamics do not play any role because of the (large) beam energies.
The condition on the energies of beams (1) and (2), ensures that the first harmonic,

radiated by the beam (2), coincides with one of the higher-order harmonics of the first (1).
As already established, the two beams radiate independently and give rise to two

distinct FEL process, until the n-th harmonic, of the beam with lower energy, seeds that
emitted by the beam with larger energy.

The Pierce parameter associated with the two beams are

ρ(1) ∼= 3
√

J(1) U(λu, K),

ρ(2) ∼= 1√
n

3
√

J(2) U(λu, K),

U(λu, K) = 8.36×10−3

γ1
[λuK fb(K)]

2
3 ,

(17)

The Pierce parameters are therefore linked by

ρ(2)

ρ(1)
=

1√
n

3

√
J(2)

J(1)
. (18)
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If we assume that the two beams have the same current density, we obtain that the
Pierce parameter associated with the beam at higher energy is lower by a factor n−1/2.

The two fields grow inside the undulator independently. If E2/E1 =
√

3, the wavelength
radiated by the beam (2) is the same of the third harmonic associated with the emission
process of the beam (1). The intensities of the fields (1,2) grow independently, until NLHG
occurs, when the third harmonics of the beam (1) seeds that from (2) (see Figure 3).

Figure 3. Intensity associated with the FEL action of the low energy beam (continuous red), and of the
higher energy beam (dashed blue). The green circle stresses the same comment regarding Figure 1.
The small blue circles refer to numerical benchmark with PROMETEO.

The nonlinear harmonic growth is superimposed to the emission of the beam 2 and
after the plateau of the nonlinear harmonic generation, eventually reaches the satura-
tion which follows an exponential growth with the same gain length of the initial phase
(lethargic and exponential) L(2)

g,1 =
√

3L(1)
g,1 .

The last step, including saturation, can be figured out as a straightforward exponential
growth, namely

P(2)(z) = Πn,F

exp

[
(z−z∗)

L(2)g

]

1+
Πn,F

P(2)F

[
exp

[
(z−z∗)

L(2)g

]
−1

] ,

P(2)
F

∼=
√

2ρ(2)P(2)
E ,

P(2)
E ≡ power of the higher energy beam,

L(2)
g ≡ λu

4π
√

3ρ(2)
=

√
nL(1)

g .

(19)

If the two beams bear the same peak current (this is our assumption), the saturated
power of the two laser beams is, approximately, the same.
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Regarding the high energy part, the length of the undulator section necessary to reach
the saturation, from the first plateau, is simply given by

Πn,F exp

⎡
⎣ Δu√

nL(1)
g

⎤
⎦ ∼= P(2)

F , (20)

which yields

ΔU ∼= √
n ln

(
P(2)

F
Πn,F

)
L(1)

g,1 =
√

n
(

5
2

ln(n) + 2 ln
(

fb,1

fb,n

))
L(1)

g,1 . (21)

It is evident that we have considered a fairly idealized case. We have also assumed
that the two beams have identical current densities. This means that if the beams bear the
same current and are supposed to be round the following condition should be satisfied

β(1)ε(1) = β(2)ε(2), (22)

where β(1,2) are the associated Twiss parameters and ε(1,2) the e-beam emittances. Further-
more, including the usual scaling of the emittance with energy, we may also conjecture that

β(2) ∼= β(1)√
3

. These are qualitative statements, to be better framed within a specific design
context of the electron beams transport channel, which will be discussed elsewhere.

The presence of a non-negligible energy spread might be sources of troubles. The Pierce
parameter associated with the second beam is indeed lower by a factor

√
3, therefore the

relative energy spread σ
(2)
ε < 2√

3
ρ(1), which is a condition not hard to achieve since the

relative energy spread scales with the inverse of the energy.
The original result by McNeil, Robb and Poole is reported in Figure 4, which provides

the evolution of the first and third harmonic, according to the previously discussed pat-
terns. The analytical method reproduces the growth of the first harmonic till the onset of
the saturation (the after saturation is just replaced by the dot line superimposed to the
figure). The red and green dots denote the predictions with the semi-analytical model. We
underscore therefore the reliability of our procedure, benchmarked against an independent
numerical treatment.

Figure 4. Growth of the first harmonic and of the higher-order self-injected contributions (courtesy
of McNeil, Robb and Poole). z̄ and |A|2 are normalized longitudinal coordinate and field intensity
respectively, the subscript 1,3 denote the harmonic order. The encircled region marks the transition
between linear and NLHG, with a characteristic oscillation. The red and green dots refer to the
semi-analytical benchmark.
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Apart from the assumption that the initial seeds are different, the analytical picture we
have exploited captures well the physics of the process, as previously described. The nu-
merical analysis of ref. [9] has been accomplished using an ad-hoc developed numerical
code, the model developed in this article has been benchmarked with PROMETEO [13].

We have illustrated two different concepts, both based on the NLHG mechanism.
At first glance, they might be viewed as equivalent, but this is not true. The two harmonic
undulator uses one beam only and the effect of the FEL induced energy spread determines
the saturation of the fundamental and of the higher harmonics. On the other side in the
HCB scheme the second beam is fresh, while the first is not completely burnt.

The two schemes are complementary and in the forthcoming section we will see how
the two mechanisms can be combined to obtain a device offering further flexibilities for
new FEL architectures.

3. FEL Operating with HCB and Bi-Harmonic Undulators

In the present section, we show how HCB and bi-harmonic undulators can be com-
bined to obtain a laser beam with different harmonics and polarizations.

The idea we would like to present is that of two beams with different energies injected
in an undulator displaying the following on-axis magnetic field

�Bu ≡ [d B0 sin(h kuz), B0 sin(kuz), 0], (23)

where h is an integer and d is a numerical factor, smaller or larger than unit and not
necessarily an integer.

The spectral content of the on-axis emitted radiation is fairly rich [25] and the order of
the harmonics depend on the polarization of the emitted harmonics, we have indeed

λn,x = λu
2 nγ2

[
1 + K2

2

(
1 + d2

h2

)]
,

λn,y = λu
2 (hn)γ2

[
1 + K2

2

(
1 + d2

h2

)]
.

(24)

The derivation of the FEL evolution equations involves a rather awkward algebra,
partially alleviated by the use of multi-variable Bessel functions, which become an efficient
tool to evaluate the associated Pierce parameter.

The advantage of the bi-harmonic undulator is that we are not obliged to consider odd
harmonics of the fundamental only. If we keep h = 2 in Equation (23) we expect higher
harmonics of even order. According to Equation (24) λ1,y is the second harmonic of the
fundamental, with y polarization.

The general expression of the Bessel factor terms reads

fb, nx = (−1)
n−1

2
[
(h) J n−1

2

(
n ξ , (−1)h+1 d2

h2

(
n ξ
h

))
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2

(
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h2

(
n ξ
h

)) ]
,
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2
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,
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4
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2
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1+( h

d )
2) .

(25)

Regarding therefore h = 2, d = 2 we obtain for the Bessel factors

fb, 1x =
[
(2) J0

(
ξ , − ξ

2

)
− (2) J1

(
ξ , − ξ

2

) ]
,

fb,2y =
[
(2) J0(2 ξ, −ξ) + (2) J2(2 ξ, −ξ)

]
,

fb, 3x = −
[
(2) J1
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3 ξ , −

(
3 ξ
2
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− (2) J2

(
3 ξ , −

(
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(26)
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and for the Pierce parameters

ρ3x =
(

fb,3x
fb,1x

) 2
3
ρ1x ,

ρy =

(
fb,2y

2 fb,1x

) 2
3
ρ1x ,

ρ1x = U(λu, K) 3
√

J ( fb,1x (K))
2
3 ,

U(λu, K) = 8.36×10−3

γ [λuK]
2
3 .

(27)

We consider the same parameter in Figure 2 which for h = 2 yields three harmonics at
saturation, with wavelengths 13.36 nm (x-pol), 6.68 nm (y-pol) and 4.43 (x-pol).

In Figure 5 we have reported the behavior of the Pierce parameters vs. K and in
Figure 6 the growth of the three harmonics vs. the undulator length for E2/E1 =

√
3. The

second harmonic (with y-polarization) grows at the same level of the first and the third,
seeds (with x-polarization) the first associated with the higher energy beam.

We have so far shown that the mechanism of two harmonic undulators and of har-
monically coupled beams, works, at least in principle. In the forthcoming section we will
add further elements, stressing the prospective usefulness of these concepts.

Figure 5. Pierce parameter ( ρn
U(λ,K) ) vs. K; (a) (1)x continuous line (b) (2)y dot line (c) (3)x dash line.
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Figure 6. Evolution of the first, second and third harmonics. The third harmonic is further amplified
by the second beam at higher energy and brought at the same level of the first.

4. Final Comments

In the previous section we have discussed the possibility of merging two concepts,
regarding FEL devices, which can operate with “harmonic” beams and undulators. The
concepts we have developed can be framed within analogous efforts discussed in the past
involving the use of undulators with orthogonal polarizations [20,26,27] and segmented
undulators [28], as well.

Regarding this last point, we note that FELs operating with segmented undulators in
the SASE mode employ two (or more) undulator sections, tuned at a sub-harmonic of the
preceding one.

Pn(z) = PL
b,nFL

n (z) + PB
b,n

FB
n (z)

1+
PB

b,n
ΠF,n

FB
n (z)

, n = 3, 5

PL
b,3 = 9

2 |b3,0|2, PL
b,5 = 5

2 |b5,0|2, PB
b,n = |bn,0|2ΠF,n,

F(z) = 2
[
cosh

(
z

Lg,1

)
− cos

(
z

2Lg,1

)
cosh

(
z

2Lg,1

)]
,

(28)

where FL
n (z) and FB

n (z) are given by F(z) with Lg,1 substituted by L∗
g,n and Lg,1/n respec-

tively. An idea how the segments can be arranged is given in Figure 7. The figure reports
the evolution of the laser power in three different undulator sections. The first harmonic
grows till a certain point, where the undulator is cut. In the second section the field growth
is dominated by the induced bunching. The same happens if the cut occurs further in the
longitudinal coordinate.

The third harmonic behaves in a similar way. In the last section it grows, according to
the mechanism discussed in the previous sections, to the levels fixed by ΠF,n.

If the undulator is cut at z = 8 m and the missing section, from 8 to 12 m, is replaced
by an undulator tuned at the third harmonic of the first it would act as a radiator, with an
emission pattern similar to the green line (dot and continuous) reported in Figure 7. The
solid lines in the figure follow from the numerical computation, the superimposed dashed
line is the result of the analytical approximation, which regarding the last part dominated
by the bunching yields a qualitative agreement only.
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Figure 7. First and third harmonic evolution, in a segmented undulator. At each undulator segment
(4 and 8 m) the field growth is dominated by the bunching acquired during the interaction inside the
undulator segment. The red and green lines represent the growth with the inclusion of the intensity
(considered to be a kind of seeding). The final section, where nonlinear harmonic generation occurs,
is dominated by the bunching, when the second beam is superimposed the power intensity grows
according to the usual pattern.

The saturated power can however be increased by injecting a second beam according
to the prescription reported below.

The power emitted in the last section can be enhanced using a second beam not
necessarily harmonically coupled to the first or with larger energy.

We consider indeed a FEL operating in the SASE regime with a first undulator section
with λ

(1)
u ∼= 2.8 cm, K(1) ∼= 2.133, a first beam energy of E(1) ∼= 346 MeV, an associated

resonant wavelength λ(1) ∼= 100 nm and the remaining parameters arranged to have a
Pierce parameter ρ(1) ∼= 2.64 × 10−3.

A second undulator section is foreseen to have a period λ
(2)
u ∼= 1.4 cm, K(2) ∼= 1,

the energy of the second beam is supposed to be E(2) ∼= 288 MeV and therefore the
wavelength emitted in the second part is tuned at the third harmonic of the first.

If the first undulator is cut at the onset of the saturation induced at the third harmonic
of the first section (Z ∼= 10 m) and if the parameters are arranged in such a way that
ρ(1) ∼= ρ(2) the FEL power at 33 nm, seeded by the maximum field in the first section,
reaches the same power level of the field at 100 nm (as already noted we have managed
to have equal Pierce parameters in the two sections this means current of the order of
hundreds of Amperes and beam power ranging around 104 MW).

It is evident that such a configuration is not too much realistic for an actual FEL opera-
tion; however, it shows that sophisticated FEL architectures using multi-beam configuration
can be exploited, which may also involve oscillator FEL devices.

The use of two-beam oscillator FELs has not been explored so far, in a forthcoming
investigation we will discuss the possible advantages offered by a solution of this type.
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As a matter of facts, FEL is a device of pivotal importance in applied sciences. The ex-
treme versatility in terms of tunability, pulse duration, peak and average power. . . of fourth
generation synchrotron radiation X-ray sources is the reason of their spectacular success in
materials science, chemistry and biology [29].

Following the successful operation of Flash [30] and LCLS [31] and justified by their
unique achievements, further XFEL facilities have been operated or are under construction
around the world with different peculiarities of operation modes [32–38].

The elements of discussion outlined in this article suggest the use of pulses at different
colors, with different polarizations. These additional elements foresee the assembling of
hybrid FEL architectures, with characteristics useful for users, interested in applications
demanding for polarization control of the laser light and/or in spectrally resolved pump
and probe experiments. In these studies, a chemical reaction, an excitation or a structural
change on the surface of a solid, is triggered by a first pulse with a fixed frequency and,
after a delay, a second pulse, at a different frequency, records the previous event. In this
way, following its time evolution, information on pathways, barriers and transition states
of the phenomenon can be accessed.

X-ray FEL beams, consisting of colored (not necessarily harmonics) pair pulses, are
suited to conduct experiments on structural dynamics, designed to probe the ultrafast evo-
lution of atomic, electronic and magnetic structures [39–41]. The control of the polarization
offers a further degree of freedom for selective excitation of species.

The use of two-color laser pulses, with orthogonal polarizations of comparable inten-
sities, allows the selective excitation of the molecular fluorescence and opens the possibility
of controlling the internal organization and space orientation of molecules, thus pro-
viding a significant improvement of techniques based on fluorescence anisotropy and
dichroism [42,43].

FEL schemes capable of producing dual frequency beams have been tested in the
past [44–50]. Other interesting proposals to generate two-color FEL emission in the X-ray
region have been discussed in the literature [51–53].

Along with these efforts, further research work has been focused on the study of
X-FEL beams with tunable polarization [26,54–57]. Within this respect different schemes
have been proposed and developed, they include crossed-planar undulators [26,54] and
elliptical permanent undulators in after-burner [55,56].

The drawback of the first scheme is associated with the relatively low degree of
polarization, the elliptical undulators, on the other side, produce FEL pulses with well-
defined polarizations.

This is indeed the case of the Delta-like undulator, installed at LCLS and at SPARC [58].
Experiments have shown that the radiation from the Delta undulator exhibits an extremely
high degree of circular polarization compared to crossed-planar undulators. Even though
the switching of the polarization at KHz rate appears problematic.

We have mentioned that the schemes we have proposed are by no means straight-
forward regarding either the electron beam (s) handling and the undulator construction.
The effective implementation of a bi-harmonic device is not straightforward, cheap and
the relevant magnetic characterization is by no means an easy task, but largely within the
present technology.

The same comment applies to the production and use of beams with different energies.
The proposal of high repetition rate X-ray FELs driven by superconducting Linacs, and the
significant improvements of fast kickers and pulses timing open the possibility of designing
systems producing “bunch-to-bunch energy-changed beams”. The proposal of multi-beam
energy operation [59] at SHINE [60] is extremely promising. Without commenting on
the relevant specific issues, we report the sketch of Figure 8. It exhibits an achromatic
and isochronous delay system, inserted before the last accelerating section. Consequently,
the arrival time of the electron beam at the last accelerating section is changed, which
means a different accelerating phase and eventually beams with different energies. This

149



Appl. Sci. 2021, 11, 6462

device combined with undulators of bi-orthogonal type can produce high repetition rate
multicolor/variable polarization pulses.

Figure 8. Sketch of multi-beam energy device proposed at SHINE (ϕ ≡ accelerating phase).
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1. Introduction

This article describes an important mechanism associated with the physics of the
free electron laser (FEL) regarding the nonlinear harmonic generation. The topic will be
discussed by entering deeply into the mathematical aspects of what is currently referred as
the high gain FEL equation.

A FEL is a laser device employing a beam of relativistic electrons injected into an
undulator magnet, where it undergoes transverse oscillations and emits bremsstrahlung
radiation, inversely proportional to the electrons energy square [1]. The FEL devices can be
operated in the oscillator configuration by storing the emitted radiation in an optical cavity
(whenever appropriate mirrors to confine the “light“ are available). The radiation moves
back and forth inside the resonator and interacts, at each entrance inside the undulator,
with a freshly injected e-beam, thereby becoming amplified. The intracavity intensity grows,
round trip after round trip; it is amplified by the process of stimulated bremsstrahlung
emission and exhibits the same pattern of conventional laser oscillators; it undergoes
exponential growth, and eventually saturation occurs, when the gain is reduced by the
nonlinear contributions to the level of the cavity losses.

In the region of the spectrum where efficient mirrors are not available, cavity-less
operation is an obliged step. In this regime, the gain of the system should be sufficiently
large to bring the device to saturation in one undulator passage. These FEL devices,
nowadays devoted to the production of intense X-ray beams, require long undulators
(hundreds of meters) and high energy (up to tens of GeV)/high brightness electron beams
(namely, beams with high intensity peak current, low energy, angular and transverse
spatial dispersions). The “single pass“ FEL devices may be operated in the amplifier
configuration, when coherent input seeds are available; if not, the system works in the
so-called self-amplified spontaneous emission (SASE) regime. The electrons emit ordinary
synchrotron radiation at the entrance of the undulator, which reinteracts with the electrons,
becomes amplified and eventually reaches saturation.

The paradigmatic steps leading the FEL to the generation of coherent laser-like radiation
are the beam energy modulation, the bunching, the exponential growth and the saturation.

These phases are common to all other free electron devices (such as gyrotrons and
coherent auto-resonance masers), and most of the relevant theoretical and mathematical
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descriptions can be framed within the same context [2]. Many FELs are presently operating
and have operated in the past [3]. They are covering the electromagnetic spectrum from
THz region to X-rays. The last generation of FEL sources (sometimes referred as fourth
generation synchrotron radiation sources) has opened up unprecedent scenarios in different
research fields because of the radiation characteristics, in terms of brightness (ten orders of
magnitude above the ordinary sources) and the shortness of the pulses [4–7].

The growth of the FEL field is ruled, in the small signal regime (namely, the dynamical
conditions, when the field intensity is not large enough to induce nonlinear effects), by an
equation known as the FEL integral equation; it is derived from the linearization of the
pendulum equation, reported below [8–16].

d2

d τ2 ζ = | a | cos (ζ + φ) ,
d

dτ
a = −j〈e−iζ〉,

τ =
z
L

, j = 2πg0, a = | a | eiφ, ν =
d

dτ
ζ

(1)

where z is the longitudinal coordinate; L is the undulator length; g0 is the small signal gain
coefficient; and a and j are Colson’s dimensionless amplitude and current respectively,
ζ, ν the FEL longitudinal phase space variables and the brackets, denote the average of
the phase space distribution. The use of dimensionless variables has several advantages.
They constitute a set of comprehensive quantities such as a and g0, allowing one to merge
all the significant FEL parameters into a single variable, providing quantities of interest
(such as the gain and saturation intensity; see below) crucial in the descriptions and
designs of FEL devices. The relevant small signal limit is achieved through the following
approximations [17,18].

(a) From the first of Equation (1), we obtain the lowest order (in the field strength) expansion
of ζ, namely

ζ � ζ0 + ν0τ + δζ, δζ =
∫ τ

0
(τ − τ′)Re

(
a(τ′)ei(ζ0+ν0τ′)

)
dτ′ (2)

where ν0 = 2πN ω0−ω
ω0

is the detuning parameter.

(b) Inserting δζ in the second of Equation (1) and averaging on the electron-field phase
ζ0, we get

d
dτ

a =− 2πg0b1e−iν0τ + iπg0

∫ τ

0
(τ − τ′)a(τ′)e−iν0(τ−τ′)dτ′+

+ iπg0b2

∫ τ

0
(τ − τ′)a∗(τ′)e−iν0(τ+τ′)dτ′

(3)

where the averages have been taken by considering the e-beam mono-energetic and
without spatial and angular dispersion, thereby getting

〈κ(ζ0)〉ζ0 =
1

2π

∫ 2π

0
f (ζ0)κ(ζ0)dζ0,

f (ζ0) =
∞

∑
n=−∞

bneinζ0 , bn = 〈e−inζ0〉ζ0 .
(4)

The physical meaning of Equation (3) is transparent; the three terms on the right-hand
side account for three different regimes:

(i) Absence of an initial bunching ( f (ζ0) constant); in this case Equation (3) reduces to

d
dτ

a = iπg0

∫ τ

0
(τ − τ′)a(τ′)e−iν0(τ−τ′)dτ′. (5)
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The underlying physics is that energy modulation and consequent bunching are due
to the input coherent seed a0.

(ii) Nonconstant f (ζ0) and emergence of non zero bn coefficients; the field may grow in a
seedless mode, induced by the initial bunching coefficient, as illustrated below.

In order to understand the role of the bunching coefficients during the early stages of
the FEL interaction, we must treat Equation (5) in terms of a naïve expansion in the small
signal gain coefficient, limiting ourselves to the second-order expansion in the small and
neglecting b2; then we find

a(τ) � a0 + g0a1 + g2
0a2, a0(τ) = 0,

d
dτ

a1 = −2πb1e−iν0τ ,
d

dτ
a2 = iπ

∫ τ

0
(τ − τ′)a1(τ

′)e−iν0(τ−τ′)dτ′ (6)

and the relevant solution is

a(τ)�−2πb1g0

(
sin
( ν0τ

2
)

ν0
2

e−iν0
τ
2 − 1

2
πg0

(iν2
0 τ2+4ν0τ−6i)e−iν0τ + 6i + 2ν0τ

ν4
0

)
. (7)

According to the previous equation, the field grows initially because of being triggered
by the bunching coefficient. It provides a kind of coherent spontaneous emission, which
in the second phase is responsible for the onset of the exponential growth regime (see
Figure 1), where we have reported the combined effects of bunching and initial seed.

Figure 1. Square modulus of the dimensionless amplitude vs. the detuning parameter for g0 = 0.5
and different values of τ: (0.5, 0.6, 0.7, 0.8, 0.9, 1). The intensity grows with incresing dimension-
less time.

The previous results have been obtained using a perturbative expansion, which is
not strictly necessary, since the FEL integral equation can be reduced to the ordinary
differential equation reported below.

[
D̂3

τ + 2iν0D̂2
τ − ν2

0 D̂τ

]
a(τ) = iπg0

(
a(τ) + b2 a∗(τ)e−2iν0τ

)
, D̂τ =

d
dτ

, (8)

obtained after noting that integrals of type

iπg0

∫ τ

0
(τ − τ′)a(τ′)e−iν0(τ−τ′)dτ′ = iπg0e−iν0τ

∫ τ

0

(∫ τ′

0
a(τ“)eiν0τ′′ dτ′′

)
dτ′ (9)

appearing in Equation (6) are double integrals which can be eliminated by keeping two
successive derivatives [17,18]. It is evident that, for negligible b2 (we have checked that
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the second-order bunching coefficient does not produce any appreciable contribution and
can be safely neglected), Equation (8) reduces to a naïve third-order ordinary differential
equation, leading to the exponential growth also referred as FEL instability, the charac-
teristic of which occurs in any Free Electron device [19–25]. (This type of instability is
common to any free electron device (including gyrotrons and cyclotron auto-resonance
masers (CARM)). This was widely established before the studies developed in the pre-
viously quoted references. Some interesting papers within this respect are listed in the
bibliography.)

It is worth noting that, even though not explicitly contributing to Equation (8), the
bunching coefficient b1 appears in the initial conditions provided by

a(0) = a0, D̂τa |τ=0= −2 π g0 b1, D̂2
τa |τ=0= 2 π i ν0 g0 b1. (10)

We have so far fixed the mathematical formalism to treat the problems associated with
the effect of the bunching on the high gain (and not only) FEL evolution. The paper outline
is reported below.

In Section 2 we discuss solution methods to deal with either the integral and third-
order differential equation.

In Section 3 we deal with the extension of the integral equation to the harmonic
generation and include effects associated with nonlinear regime.

Section 4 is finally devoted to application of the formalism for the design of FEL,
exploiting segmented undulator devices.

2. Algorithmic and Analytical Solutions of the FEL Integral Equation

The equations we have dealt with in the previous section describe the 1D small signal
FEL dynamics, with the assumption of an ideal, sufficiently long beam such that short
pulse effects can be neglected. The last assumption allows one to ignore the possible
detrimental effects to the slippage, which will be considered later in this paper.

Within the present context, they are sufficiently general to develop useful considera-
tions on the role of a pre-bunched e-beam on the FEL dynamics. We have also noted that
Equation (3) can be reduced to a straightforward cubic equation, that analytical solutions
are possible and that interesting information is obtained by the use of a perturbative expan-
sion. The analysis has been so far limited (see Equation (7)) to a second-order expansion in
terms of the small signal gain coefficient. The perturbative solution of Equation (5) can be
obtained by including the higher order terms in g0, which yields the following recursion:

d
dτ

an = iπ
∫ τ

0
(τ − τ′)an−1(τ

′)e−iν0(τ−τ′)dτ′, an(0) = δn,0. (11)

We will go back to perturbative treatments in the forthcoming sections of this arti-
cle; here we consider the use of the other means based allowing either algorithmic and
analytical solutions.

Regarding the first, we consider a method outlined in a paper by F. Ciocci et al. [26];
the procedure will be referred to as the Ciocci algorithm (CA). The technique is used via
the following steps:

(i) The solution of the cubic equation can be written as

a(τ) = e−iν0τ
3

∑
j=1

κje
−iδνjτ (12)

where δνj are the roots of the third-degree algebraic equation

δν2(ν0 + δν) = πg0; (13)
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(ii) The amplitudes κj are fixed by the initial conditions, as shown below.

a(0) = α0 =
3

∑
j=1

κj,

d
dτ

a
∣∣∣∣
τ=0

= −iν0α0 − i
3

∑
j=1

κjδνj = −2πg0b1 →

→
3

∑
j=1

κjδνj = α1 = −ν0α0 − 2iπg0b1,

d2

dτ2 a
∣∣∣∣
τ=0

= −ν2
0 α0 − 2iν0

3

∑
j=1

κjδνj −
3

∑
j=1

κj
(
δνj
)2 →

→
3

∑
j=1

κj
(
δνj
)2

= α2 = ν2
0 α0 + 2iπν0g0b1.

(14)

(iii) Equation (12) is cast in the more convenient form

a(τ) = e−iν0τ
∞

∑
m=0

(−i)m

m!
αmτm, αm =

3

∑
j=1

κj
(
δνj
)m. (15)

(iv) The coefficient αm is obtained from Equation (13). It can be written as

ν0
(
δvj
)2

+
(
δνj
)3

= πg0 (16)

which after multiplying by κj and summing on the index j, yields the recursion

α3 = πg0α0 − ν0α2, (17)

and which for the higher order terms (m > 2) is generalized as

αm = πg0αm−3 − ν0αm−1, (18)

The solution of the cubic equation via CA is easily implemented numerically; it is
extremely fast and yields the results contained in Figure 2 reporting the cases of seeded
operation and bunching.
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(b) α0 = 1, b1 = 0, g0 = 50.

Figure 2. Intensity vs. detuning ν0 and dimensionless time τ.
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The intensity evolution vs. z for a seedless evolution (α(0) = 0, b1 �= 0) and for the
amplifier configuration is reported in Figure 2a,b. The ν0, τ surfaces yield an idea of the
small signal intensity evolution, and further comments will be provided below.

Analytic solutions can be obtained too; they require some algebra, and in particular the
use of Cardano’s method to get the solution of Equation (13). Putting everything together
we find:

(a) The Fang–Torre formula (this Formula appeared in an unpublished manuscript by H.
Fang, and was later derived with minor refinements by A. Torre, and reported in [27])
valid for a0 �= 0, b1 = 0:

a(τ, ν0)=
a0

3(ν0+p+q)
e−

2i
3 ν0τ

{
(−ν0+p+q)e−

i
3 (p+q)τ+2(2ν0 + p + q)e

i
6 (p+q)τ ·

·
[

cosh

(√
3

6
(p − q)τ

)
+ i

√
3ν0

p − q
sinh

(√
3

6
(p − q)τ

)]}
,

p =

[
1
2
(r +

√
d)
] 1

3
, q =

[
1
2
(r −

√
d)
] 1

3
,

r = 27πg0 − 2ν3
0 , d = 27πg0(27πg0 − 4ν3

0).

(19)

The square modulus of a(τ, ν0) yields the intensity growth as a function of the dimen-
sionless time and of the detuning parameter. Regarding Equation (19) we find

| a(τ,ν0) |2= | a0 |2
9(ν0+s+)2

⎧⎨
⎩4(2ν0+s+)2

⎡
⎣cosh

(√
3

6
s−τ

)2

+
3ν2

0
s2−

sinh

(√
3

6
s−τ

)2
⎤
⎦+

+(−ν0+s+)2+4(−ν0 + s+)(2ν0 + s+)

[
cos
( s+

2
τ
)

cosh

(√
3

6
s−τ

)
+

−
√

3ν0

s−
sin
( s+

2
τ
)

sinh

(√
3

6
s−τ

)]}
,

s± = p ± q.

(20)

We have very loosely described in introductory remarks the SASE regime or seedless
operation. In this case the field grows from a kind of prebunching characterizng the
beam itself [28,29].

(b) The field growing from a bunching coefficient associated with the electron distribution
and the solution of the evolution problem reads:

a(τ, ν0) =
2πg0b1

Δ
e−i 2

3 ν0τ
{

μe−
i
3 (p+q)τ+

−
(

χ− cosh

[√
3

6
(p − q)τ

]
+ χ+ sinh

[√
3

6
(p − q)τ

])
e

i
6 (p+q)τ

}
,

Δ =

√
3

9
(p3 − q3), μ = i

√
3

9
[ν0 − (p + q)](p − q),

χ =
1
6

[
ν0 +

1
2
(p + q)− i

√
3

2
(p − q)

][
p + q + i

√
3

3
(p − q)

]
, χ± = χ ± χ∗ .

(21)

Before proceeding further, we write Equation (21) in a form more appropriate for high
gain/SASE FEL operation. To that end, we remind the reader that the small signal gain
coefficient and Pierce parameter ρ (see references [8–16]) are linked by the identity

ρ =
3
√

πg0

4πN
, (22)
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where N is the number of undulator periods. The intensity field growth is ruled by the
so-called gain length

Lg =
λu

4π
√

3ρ
, (23)

which is the pivotal quantity controlling the small signal high gain dynamics; its inverse
defines the growth per unit length. With these remarks in mind, we note that:

(i) Quantities such as ν0 and τ should be replaced by

ν0 → ν̃0 =
ν0

4πN
√

3ρ
=

1
2
√

3ρ

ω0 − ω

ω0
, τ → z̃ =

z
Lg

(24)

and it is worth noting that the number of undulator periods does not appear anymore
in the definition of the new dimensionless quantities (see below for further comments);

(ii) Quantities involving the product of p, q and τ, written in the new variables, read

pτ =
√

3

⎛
⎜⎝ 3

√√√√
1 +

√
1 − 4ν̃3

0

1 − 2ν̃3
0

⎞
⎟⎠z̃, qτ =

√
3

⎛
⎜⎝ 3

√√√√
1 −

√
1 − 4ν̃3

0

1 − 2ν̃3
0

⎞
⎟⎠z̃. (25)

It is finally important to stress that the Colson’s dimensionless amplitude in terms of
dimensional quantities reads

a = 2
√

2π

√
I
Is

(26)

where I is the field intensity (power/surface) and Is is the saturation intensity [30–33],
a quantity which, in the theory of lasers, is exploited as a reference quantity to fix the
onset of saturation. Even though its use is more appropriate for FEL operating in the
oscillatory configuration, it can be exploited within the context of cavity-less operation too.
Its dependence on the FEL parameters is specified by (practical units)

Is

[
MW
cm2

]
= 6.9312 · 102

( γ

N

)4
(λu[cm]K fb(ξ))

−2, ξ =
1
4

⎛
⎝ K2(

1 + K2

2

)
⎞
⎠. (27)

A more appropriate expression for the high gain/SASE regime can be obtained by
expressing the second of Equation (1) in the new dimensionless coordinates, thereby finding

d
dz̃

ã = − 2√
3
〈e−iζ〉,

| ã |= 2
√

2π

√
I
Ĩs

, Ĩs

[
MW
cm2

]
= 6.9312 · 102 (4πγρ)4

[λu[cm]K fb(ξ)]
2 .

(28)

For actual values of the FEL parameters entering in the definition of Ĩs, we obtain for
it reference numbers not dissimilar from the FEL saturated power, as discussed later in
this paper.

The use of the previous variables allows one to cast the intensity evolution in the
dimensional form (valid for ν0 = 0) [17,18]

A(z̃) =
1
9

[
3 + 2 cosh

(
z

Lg

)
+ 4 cos

(√
3

2
z

Lg

)
cosh

(
z

2Lg

)]
,

I(z̃) = I0 A(z̃), I0 =
Ĩs

8π2 | a0 |2 .

(29)
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which has been largely exploited in the past [17,18] to describe the small signal FEL
evolution; early derivations of similar equations trace back to the early eighties of the 20th
century [34].

In Figure 3 we have plotted Equation (29) and the mere exponential behavior, which
allows the conclusion that the region before the onset of the exponential growth, usually
called lethargic region, lasts about two gain lengths, namely,

ZL � 2.1 Lg. (30)

Figure 3. Comparison between Equation (29) and the pure exponential behavior for Lg = 0.4.

In any FEL device the small signal gain is a crucial parameter; it is naively defined as
the relative intensity variation:

G =
| ã(z̃, ν̃0) |2 − | ã0 |2

| ã0 |2 . (31)

In the case of low gain, its maximum value is proportional to the small signal gain
coefficient through the well known identity [17,18]

G∗ = 0.85 g0. (32)

Such a quantity measures the amplification of the input seed at the end of the undula-
tor. We can, however, extend the concept by considering the same gain measurement at
different points inside the undulator, as shown in Figure 4, after a number of periods

Nz =
z

λu
. (33)

We can therefore write G∗ in terms of ρ, z as (see Equation (32))

G∗ = 0.85
π

(
z̃√
3

)3
. (34)

The low gain regime relies on the assumption that the laser amplitude remains constant
during the transit inside the undulator. The approximation breaks when higher order terms
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in g0 are to be taken into account to specify the maximum gain at a given point in z. These
corrections, derived in [35], can be written as

G∗ =
| ã(z̃, ν̃∗0 ) |2 − | ã0 |2

| ã0 |2 �

� 0.85
π

(
z̃√
3

)3
+

0.19
π2

(
z̃√
3

)6
+

4.23 · 10−3

π3

(
z̃√
3

)9
+ o(ρ12)

(35)

whose meaning is better explained in Figure 4, where we have also reported the departure
of the gain line shape from the anti-symmetric curve, characterizing the early FEL experi-
ments [36,37].

Figure 4. Power density (a.u.) vs. z and gain function “measured“ at different points inside the undulator.
Above the last point, where the dotted curve starts, the small signal gain is not properly defined because
the small signal approximation does not strictly apply. The curves have been derived for the parameters
ρ0 = 6.8 · 10−4 and λu = 5 cm. The small signal gain coefficient goes from 5.35 · 10−3 to 5.35.

In this section we have provided a fairly general analysis describing the solution of
the FEL high gain small signal equation.

In the forthcoming section we discuss how the technique we have discussed so far
can be extended to the treatment of FEL induced higher order harmonics.

3. High Gain FEL Equations and Harmonic Generation

In this section we discuss the mechanism of harmonic generation in FEL devices,
which is a process “naturally“ associated with the evolution of the fundemental harmonic.
The importance of these further contributions in developing tools extending the capabilities
of FELs was soon recognized in the community, but the practical implementations took
some time.

The pendulum equations, including the higher order harmonics, can be written as
(differently from the index n in the perturbative terms discussed in Equation (11); in this
case n is just the order of the harmonic) [38]

d2

dτ2 ζ =
∞

∑
n=0

| an | cos(ψn), ψn = nζ + φn,

d
dτ

an = −jn〈e−inζ〉, jn = 2πg0,n

(36)
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where an =| an | eiφn is the dimensionless amplitude of the n-th order harmonics and g0,n
is the n-th harmonic small signal gain parameter to be specified later [39].

d
dτ

an = −2πg0bne−iνnτ + iπngn

∫ τ

0
(τ − τ′)an(τ

′)e−iνn(τ−τ′)dτ′,

νn = 2πN
nω0 − ω

nω0
.

(37)

It is evident that the same considerations developed for the fundamental harmonic
(n = 1), hold in the present case too, the only significant difference being that the n-the
harmonic Pierce is now specified by

ρ∗n = 3
√

n ρn, ρn = ρ

(
fb,n

fb

)2
3
, fb,n = J n−1

2
(nξ)− J n+1

2
(nξ), fb,1 = fb. (38)

The gain length determining the harmonic linear growth is

L∗
g,n =

λu

4π
√

3ρ∗n
=

1
3
√

n
Lg,n. (39)

where Lg,n is defined in terms of ρn as

Lg,n =
λu

4π
√

3ρn
(40)

The role of L∗
g,n in the harmonic generation is clarified below; it is just a consequence of

the assumption (summarized in Equation (36), where the electron field phase ψn is written
as nζ) that the process is dominated by the bunching induced by the fundamental harmonic.

It is worth noting that the correction term 3
√

n in the definition of the harmonic Pierce
parameter was initially suggested in references [17,18,39] as a consequence of an accurate
analysis of the numerical data from the code PROMETEO [40].

In Figure 5 we have reported the harmonic intensity growth vs. the longitudinal
coordinate; the relevant behavior is the same as for n = 1, reproduced by equations of the
type (29) with L∗

g,n in place of Lg.

Figure 5. Harmonic evolution and nonlinear harmonic generation which is triggered after the dashed
line, where the bunching effects become significant.
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However, this is only a part of the story. The harmonic intensities (3, 5) follow a
growth rate characterized by two different regimes. After the lethargic region, the growth
rates is initially specified by the inverse of the harmonic gain length L∗

g,n and then by an
abrupt increase of the growth ruled by nL−1

g . This behavior is the signature of a complex
mechanism underlying the harmonic generation emission.

We have so far considered the harmonic linear dynamics, in which within certain
limits (to be discussed in the final section), the evolutions of the associated intensities
are independent. It should be noted that harmonics too can be triggered by a bunching
coefficient, as implicitly contained in Equation (37). As it is well known, the bunching
grows with the intensity itself; the dynamics of each harmonic are the result of intrigued
feedback between induced bunching and higher order-bunching (namely, at higher values
of n). We crudely describe the process by noting that each harmonic, while the intensity
grows, induces further bunching, determining the onset of the sub-harmonics m of the n-th
harmonic—namely, the first harmonic indices higher order harmonics and each of them
determines a further set of harmonics. In terms of bunching coefficients, we have: The
fundamental harmonics (n = 1) contributes to the increase of the bunching of order 1 and
of other higher order bunching coefficients. The same holds for the higher order harmonics;
the third is, e.g., responsible for the bunching of its own harmonics (3, 6, 9, . . . with respect
to the fundamental).

The bunching process is not “free,“ and indeed an energy spread, associated with
gain degradation and saturation mechanisms, is produced. This phenomenology is not
considered within the present context.

The inclusion of nonlinear terms in our analysis occurs by keeping intensity dependent
terms [17,18,41] which allow the following redefinition of the FEL integral equation:

d
dτ

a = −2πg0e−iν0τ
∞

∑
m=−∞

(−i)mb1−m
Jm(| Π |)
| Π |m

(∫ τ

0
(τ − τ′)a(τ′)eiν0τ′dτ′

)m
,

∫ τ

0
(τ − τ′)a(τ′)eiν0τ′dτ′ =| Π | eiψ

(41)

where

Jm(| Π |) =
∞

∑
r=0

(−1)r

r!(m + r)!

( | Π |
2

)m+2r
. (42)

If we consider a perturbative solution of the above equation in terms of the fundamen-
tal intensity, we can write the first three terms as

d
dτ

al = −2πg0b1e−iν0τ + iπg0

∫ τ

0
(τ − τ′)al(τ

′)e−iν0(τ−τ′)dτ′,

d
dτ

anl,2 = −2πg0e−iν0τ b−1

8

(∫ τ

0
(τ − τ′)al(τ

′)eiν0τ′dτ′
)2

,

d
dτ

anl,3 = −2πg0e−iν0τ b−2

233!

(∫ τ

0
(τ − τ′)a0(τ

′)eiν0τ′dτ′
)3

(43)

which have been derived using the limit lim
|Π|→0

Jm(| Π |)
| Π |m =

1
m!2m . The subscripts l and nl

stand for linear and nonnlinear, respectively. The nl-contributions stand for the onset of
the nonnlinear harmonic generation.

Considering a linearly polarized undulator not providing coupling to even on axis
harmonic generation, we obtain from the third Equation (43)
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anl,3 = −2πg0
b−2

233!

∫ τ

0
e−iν0τ′h3(ν0, τ′)dτ′ ,

h3(ν0, τ) =

(∫ τ

0
(τ − τ′)a0(τ

′)eiν0τ′dτ′
)3

.
(44)

Keeping the fast growing root only and assuming ν0 = 0, we find a further con-
tribution to the harmonic intensity depending on the power of the fundamental and
characterized (as already anticipated) by the gain length

L(nlhg)
g =

Lg

n
(45)

where nlhg stands for nonnlinear-harmonic generation.
The conclusion of this discussion is that there are two distinct contributions to the

higher order harmonic emission. The first is a kind of lasing on harmonic; this concept
was originally introduced in [42] by Colson et al., where the possibility of exploiting this
mechanism to sustain higher order harmonics lasing in the oscillator configuration has
been discussed. The second provides the well-known nonlinear harmonic generation
mechanism; it goes beyond the linear analysis; its characterizing features and scaling
relations are further discussed in the final section of this paper.

We have commented on the importance of the harmonic generation mechanism, which
has opened the possibility of extending the relevant performances in terms of tunability
range and not only.

We want to mention an important application of the harmonic generation in FEL which
has determined a significant improvement of the relevant performances. It has already been
underscored that running the FEL in the amplifier configuration is feasible if a coherent
seed at certain wavelengths is available. This happens with FEL harmonics too, which can
be triggered using the seeds from harmonic generation in gas (see references [43,44] for an
adequate description). In these devices, the beam of laser (a Ti:sapphire laser, for example),
is focused into a xenon gas cell, where high harmonic generation occurs. The output
seed beam is then spatially and temporally overlapped to the electron beam moving in an
undulator with the period chosen to match the seed frequency. The FEL harmonics then
grow according to the mechanisms we have just outlined. The successful implementation
of this concept has allowed the possibility of extending the FEL tunability of more than
an order of magnitude (for more details, see [43] and references therein). A further idea,
concerning the use of segmented undulators, after the beam self induced prebunching, is
discussed in the forthcoming section.

4. Inhomogeneous Broadening Partial Amplitudes and High Gain FEL Equation

The high gain integral equation becomes slightly more complicated if the effect of
non ideal e-beam qualities is included. The averages in Equation (2) need to be extended
to the beam distribution (energy, spatial, angular, etc.). With these premises and limiting
ourselves to the effect of the energy spread only, we find [45]

d
dτ

a = iπg0

∫ τ

0
a(τ − τ′)τ′e−iν0τ′− 1

2 (πμετ′)2
dτ′, με = 4Nσε (46)

obtained after taking the average of a Gaussian relative energy distribution with r.m.s. σε.
The solution of Equation (46) cannot be obtained in analytical terms; however, the

method of partial amplitude expansion pioneered by A. Segreto in references [46,47] yields
a fairly useful analytical mean allowing the solution of, e.g., Equation (46) in the form (we
use the ν̃0, z̃ variables, more appropriate for the forthcoming discussion)
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ã(z̃, ν̃0) = ã0

(
1 +

∞

∑
k=1

ik
(

z̃√
3

)3k
gk(z̃, ν̃0, μ̃ε)

)
,

gk(z̃, ν̃0, μ̃ε) =
Mkγk

Σk
exp

[
− (μ̃ε z̃)2(βk + iξk(ν̃0z̃)) + 12(iλk(ν̃0z̃) + (ν̃0z̃)2)

24Σ2
k

]
,

Mk =
1

(3k)!
, γk = (3k + 1)

√
3k + 2

2k(k + 1)
, Σk =

√
γ2

k +
1

12
(μ̃ε z̃)2,

βk = 2
4k + 1
k + 1

, λk = 2(3k + 1)
3k + 2
k + 1

, ξk = 2
(2k + 1)(k − 1)
(k + 1)(3k + 1)

.

(47)

The previous equation can be profitably used to get information of a practical nature.
The low gain expansion (k = 1) yields for the intensity growth

| ã(z̃, ν̃0) |2 � | ã0 |2
[

1 + 2
M1

3
√

3Σ1
z̃3 · exp

(
− β1μ̃2

ε + ν̃2
0

24Σ2
1

z̃2

)
sin

(
ν̃0
(
12λ1 + ξ1(μ̃ε z̃)2)

24Σ2
1

z̃

)]
(48)

which provides an idea of the interplay between inhomogeneous broadening and the other
mechanisms contributing to the laser evolution. In Figure 6 we have reported the analogues
of Figure 2b for different values of the inhomogeneous broadening parameter. The plot
yields quite a good description of how the intensity growth is diluted by the presence of a
non zero energy spread.

Other effects due to angular and spatial distribution of the electron beam can be
introduced too. From the conceptual point of view, they do not imply any problem, but for
the introduction of a further convolution term in Equation (46). The induced detrimental
effects are expressed through appropriate μ-parameters, analogous to those associated
with the energy spread. They are listed in [18].

It is important to stress that, from the practical point of view, the effect of non perfect
electron beam qualities produces an increase of the gain length, which can be parameterized
as [17,18]

Lg(μ̃ε) =

(
1 + 0.185

√
3

2
μ̃2

ε

)
Lg (49)

The interest in the method of partial amplitudes stems also for the fact that it can be gen-
eralized to more complicated situations, involving, e.g., the pulse propagation contributions.
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Figure 6. Intensity vs. z̃, ν̃ for inhomogeneous parameters μ̃ε = 1, g0 = 100, a0 = 1.
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In the following we make the assumption that the electron bunch is sampled into a
series of slices with a longitudinal size of the order of a coherence length [48–50]:

λc =
λ

4π
√

3ρ
. (50)

During the interaction the radiation is mismatched with respect to the electron bunch
reference by a quantity depending on the slippage length. The computation of this aspect of
the problem requires a certain amount of computation which, for the homogeneous case (no
energy spread) has been accomplished in [51] and for the present case is summarized below.

According to the aforementioned reference and to the analytical steps outlined in [46,47],
the problem is solved, in relatively easy terms, by replacing the detuning parameter with
the operator

ν̃0 → ˆ̃ν0 = ν̃0 + i
λc

Lg
∂ζ (51)

where ζ is the bunch coordinate. The replacement (51) in the partial amplitudes accounts
for the action of the FEL dynamics on the optical packet, expressed by the simple Gaussian
(to avoid any misunderstanding, we emphasize that ζ now indicates the optical bunch
coordinate and should not be confused with the pendulum coordinate in Equation (1))

a0(ζ) =
1

4
√

2πσ2
ζ

e
−
(

ζ
2σζ

)2

. (52)

The action of the partial amplitudes on the initial packet is specified by

gk(z̃, ˆ̃ν0, μ̃ε)a0(ζ) = gk(ζ, z̃, ν̃0, μ̃ε)e
(

Sk∂ζ+Dk∂2
ζ

)
a0(ζ),

Sk =
λc

2Σ2
k Lg

{[
(πμε z̃)2ξk

12
+ λkz̃

]
− iν̃0

}
, Dk =

1
2Σ2

k

(
z̃λc

Lg

)2
.

(53)

The action of the exponential operator containing the shift (first-order derivative) and
diffusive operators (second-order derivative) on the initial packet is provided by

e
(

Sk∂ζ+Dk∂2
ζ

)
a0(ζ) =

1
4
√

2π

√
σζ

σ2
ζ + Dk

exp

⎡
⎢⎢⎢⎣−1

4

(
ζ + ζk − i

ν̃0λcz̃
2ΣkLg

)2

σ2
ζ + Dk

⎤
⎥⎥⎥⎦. (54)

A result which allows a few speculations:

(a) The wave packet is shifted back by a quantity

ζk =
1

24Σk

[
(πμε)

2ξn + 12λk

]λc

Lg
. (55)

This means that the optical packet is moving back with respect to the bunch frame
propagating at velocity c, the associated group velocity is

vg,k =

(
1 − 1

c
d
dt

ζk

)
c . (56)

The radiation moves slower than c, by the effect of the interaction itself. The gain dilution
due to the energy spread counteracts the velocity slow down with respect to the case of
negligible energy spread.
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The complex refraction index derived from Equation (56) can be written as

ng,k � 1 +
1
c

d
dt

ζk . (57)

(b) The optical packed undergoes a longitudinal diffusion specified by

σk =
√

Dk =
1√
2Σk

(
z̃λc

Lg

)
(58)

which ensures that in one gain length the additional packet width is essentially a
coherence length. This effect has been studied in the theory of mode-locked FEL
operation within the context of the oscillator theory; the relevant discussion can be
found in [2].

In the forthcoming section we apply the result obtained so far to the slice evolution.

5. Slice Evolution

The concept of slice phase space is a by-product of the SASE FEL physics. It is indeed
associated with the fact that, in these devices, the combination of mechanisms such as gain,
slippage and finite coherence length, determines a local interaction, because the radiation
experiences only a portion of the beam, having the longitudinal extension of a coherence
length (see Figures 7 and 8). The interaction is therefore sensitive to the slice-brightness,
which is characterized by the relevant six dimensional phase space distribution [52–58].

The analysis associated with the transverse phase space and with the relevant electron-
beam transport properties has already been accomplished in a number of papers, which
have clarified a significant deal of the physical and practical issues regarding the evolution
and interplay between slices and FEL power output and performances.

In this section we clarify the effect of longitudinal phase space, by the use of the
formalism we outlined in the previous section. We sample the optical bunch as indicated
in Figure 7 and characterize each slice with a progressive number [59,60].

Figure 7. Slice number sampling and shape, using the e-bunch distribution as the reference frame.
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Figure 8. Bunched envelope, associated slices and superimposed radiation.

Each slice is assumed to be Gaussian with an amount of charge Qs and an associated current

Is =
Qs√
2πτc

, τc � Lc

c
≡ coherence − time. (59)

A natural assumption is that the amount of charge follows the Gaussian shape of
Figure 8, namely,

Qs = Qs∗ e−(s−s∗)2δ2
, δ =

2πLc

σζ
(60)

with δ−1 being the number of slices inside the bunch and s∗ representing the slice with
largest current. With these assumptions we can write the slice Pierce parameter as

ρs = ρs∗ e−
(s−s∗)2δ2

3 . (61)

As we already stressed, each slice carries its own energy spread, and therefore we get
a corresponding inhomogeneous parameter specified by

μ̃s = μ̃s∗ e−
(s−s∗)2δ2

3 . (62)

The energy spread corresponding to each slice may be completely random and that
with largest current may carry the worst spread.

By taking into account these effects, we obtain the results reported in Figures 9 and 10.
The first refers to the case in which the slice with maximum current coincides with that at
the center of the distribution, and the energy spread of each slice is chosen to be completely
random. The second accounts for a configuration in which the maximum current is
associated with a slice belonging to the rear part of the bunch.

Further comments including the elements for a more accurate computation of the slice
distribution, are discussed in the forthcoming section dedicated to concluding remarks.
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Figure 9. Slice evolution inside the undulator at different Z; the energy spread has been randomly
chosen and the current follows the bunch Gaussian distribution with s∗ = 0, λu = 0.02, ρ0 = 0.001,
με = 0.0004 and ν = 0. The initial distribution z = 0 of the slices is the same as in Figure 8. The vertical
axis is in log-scale; the insets are plotted in linear scale.

Figure 10. Same as Figure 9—all slices with the same energy spread and the maximum current
associated with the rear part of the bunch (s∗ = 1). Slice evolution vs z and intensity evolution vs. z.
The slices are characterized by the same amount of charge and different values of the energy spread
with λu = 0.015, ρ0 = 0.0011, σε = 0.05, σd = 0.002, δ = 0.01 and I0 = 10−1. The intensity growth
does not refer to a single slice but to the relevant average. The slices have a flat distribution in z, and
each is characterized by an initial seed of 0.1 W. The vertical axis is in log-scale; the insets are plotted
in linear scale.

6. Final Remarks

This paper has treated different topics in the small signal evolution of high gain SASE
devices. We have just touched on the nonlinear effects leading to saturation. It has been
underscored that the relevant pattern is accompanied by mechanisms of higher order
bunching leading to the process of higher order harmonic emission.
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From the phenomenological point of view, saturation can be included by modifying
the small signal power evolution in Equation (29) as

Is(z̃) = I0
A(z̃)

1 +
I0

IF
(A(z̃)− 1)

, IF =
√

2ρPE (63)

where PE is the electron beam power intensity and I0 is the input seed intensity. I0 is usually
specified by the rule of thumb that a value usually 108 below the saturated power density is
chosen. The intensity IF yields the saturated power. The term at the denominator accounts
for the saturation mechanisms, using a kind of logistic model, as displayed in Figure 11.
The last figure needs its own mention: it shows the power growth in the deep saturated
regime. Equation (63) reproduces well the evolution up the maximum and then remains
fixed without following the oscillations (see Figure 12) due to the post saturation dynamics,
characterized by e-beam rotation in phase-space, induced by an exchange of power between
laser field and electrons.

A more complete view is reported in Figure 13. The physical content can be noted as
reported below.

The figure exhibits the first and third harmonics, along with the associated wave packet
evolution (upper and lower panels). We have assumed the growth from a coherent seed,
and no spiking appears before the saturation. With the onset of the power oscillations, the
optical packets start to be characterized by the appearance of side bands, which degrade the
laser pulse itself in correspondence with the minima of the oscillations [61–63]. The effects
of beam qualities can be also included by replacing A(z) with approximants discussed in
the previous section.

Figure 11. Same parameters as in Figure 10 with the inclusion of the saturation. The slices have a flat
distribution in z, and each is characterized by an initial seed of 0.1 W. The vertical axis is in log-scale;
the insets are plotted in linear scale.
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Figure 12. Power growth and oscillation after saturation (no specific parameters of the simulation
have been inserted because we are just interested to the oscillating behavior, characterizing any SASE
FEL operating with constant parameters).

Figure 13. First and third harmonic power growth vs. z, along with the power oscillations and associated
changes in the laser packet distribution.

The pivotal element of the discussion of this paper has been centered around the FEL
high gain equation, which, including the necessary modifications, is able to describe differ-
ent physical situations regarding the FEL phenomenology. The FEL high gain equation has
been derived from the FEL pendulum equation after a suitable linearization. A different
treatment can be, however, exploited: it employs a Hamiltonian picture and the associated
Liouville equation. The by-product of this treatment (see, e.g., [9,10,17,18,49,50,52–60,64])
yields results not dissimilar from those discussed in the previous sections, and the bunching
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coefficient of the n-th harmonic induced by the fundamental behaves like | a |n. Such an
effect is of fundamental importance in the handling of the so-called segmented magnet
configurations [50,65]. FEL adopting this type of solution exploits the growth of the bunch-
ing inside a first section, which is interrupted and connected to a second undulator, tuned
at one of its harmonics. The result is the growth of a coherent signal emerging from the
beam bunching acquired in the first section. Methods based on the joint use of the solution
of the high gain FEL equation, on the study of the relevant Liouville equation and on
the use of massive simulation codes, allow the possibility of deriving useful scaling rela-
tions concerning the onset and saturation of the FEL signal from a suitably pre-bunched
beam [65].

Πn(z) = Π0,n
e

z

L(n)g

1 +
Π0,n

ΠF,n

(
e

z

L(n)g − 1

) , L(n)
g =

Lg

n
,

Π0,n = cn

(
P0

9ρPE

)n
ΠF,n, ΠF,n =

1√
n

(
fb,n

n fb,1

)2
PF

(64)

where the coefficients cn are just numerical characteristics for each harmonic. Equation (64)
yields the growth of the nonlinear part of the n-th harmonic. The relevant gain length is
decreased by a factor corresponding to the order of the harmonics; ΠF,n is the harmonic
saturated power. The number of photons/seconds at the n-th harmonic can accordingly be
calculated as

Ṅn =
ΠF,n

nh̄ω
= EnṄ1, En =

1
n
√

n

(
fb,n

n fb,1

)2
, (65)

where En represents a kind of efficiency displaying how the fundamental harmonic con-
tributes to the higher order harmonics.

We have so far given a general discussion of analytical and numerical methods to
treat the FEL intensity evolution in the high gain/SASE regime. We have just touched
on the problems associated with short pulse effects, which will be treated elsewhere in a
dedicated monography.
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