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Some Recent Developments in the Vibration Control and
Structure Health Monitoring

Siu-Siu Guo 1,* and Jinkoo Kim 2
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Vibration is a common phenomenon when a structure is exposed to mechanical or
environmental actions. It may inflict great cost to lives and to the economy. In order to
reduce this, and to monitor resulting damages, vibration control and structural health mon-
itoring have become increasingly important. In particular, the past decade has witnessed
emerging thoughts, perspectives, ideas, and methods in vibration control and structural
health monitoring, inspired by big data, supercomputing, and AI, as well as from new
advances in mechanics, mathematics, materials, and related multi-disciplinary fusions.
Significant contributions have been made, such as that of Xu [1], who established a spectral
energy theory of frequency response function in the distribution area and proposed a series
of methods to accurately describe different structural damages and collapse processes,
for instance the perturbation distribution area energy method, the energy catastrophe
collapse analysis method, and the regional energy flow density method. For the first
time ever, he carried out a 3D shaking table test on a long-span reticulated structure with
multi-dimensional earthquake isolation and mitigation devices [2]. He was also the pi-
oneer [2–6] of conducting large-scale shaking table tests on a variety of structures with
isolation and mitigation devices, and relevant research results have been applied to several
representative construction projects, such as the Haikou Meilan International Airport of
China in 2017. However, there are still key challenges. These are due to, on the one hand,
the increasing frequency and intensity of natural and man-made disasters in recent years,
such as earthquakes, tropical cyclones, floods, and industrial accidents, and on the other
hand, the increasing size, complexity, multi-field and intra-and-between-system coupling
effects, and the enhanced performance demands of structures and infrastructure systems.
These factors have motivated frontier research topics in the field of vibration control and
structural health monitoring, including: theories and computational methods of, and mate-
rials and devices for, vibration control; the application of vibration mitigation or isolation
techniques; the development of structural health monitoring equipment and methods of
damage detection and localization for structures; data sensing and processing in structural
health monitoring; safety diagnosis and assessment of structures; and interdisciplinary
approaches and applications for structural health monitoring, vibration analysis, tests and
applications in relative fields.

The Special Issue “vibration control and structural health monitoring”, is an opportu-
nity to share knowledge, experience, and information in the field of vibration control and
structural health monitoring. In this Special Issue, nine original research papers and one
review paper have been included. These papers concerned the vibration control and struc-
tural health monitoring in areas of theory and computational methods of vibration control
materials and devices for vibration control, tests and applications of vibration mitigation or
isolation techniques, vibration analysis, and tests and applications in relative fields.

Actuators 2023, 12, 11. https://doi.org/10.3390/act12010011 https://www.mdpi.com/journal/actuators1
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Zhang and Mou et al. [7] proposed, by investigating a five-story reinforced concrete
frame structure, a multi-dimensional elastic–plastic calculation model for frame structures
with a magnetorheological damper. The results show that the proposed calculation model
can effectively simulate the multi-dimensional seismic response of the structure with and
without the magnetorheological damper.

Torsional vibration of eccentric structures would result in and accelerate seismic
damage to structures. Yang and Guo [8] established numerical models of spatial eccentric
structures with multiple MR dampers and conducted a time–history analysis. Numerical
results demonstrate that the control system with multiple MR dampers can significantly
attenuate the torsional vibrations of eccentric structures, and thus possess significant
application prospects. This study used a mixed ferromagnetic particle coated with carbon
nanotubes and graphene, overcoming the technical bottleneck of easy sedimentation and
poor re-dispersibility of magnetorheological fluid, which was developed for the first time by
Xu [9]. Xu [2] also developed magnetorheological dampers with the world’s largest damping
force 47.2 t, with integrated magnetorheological control systems, and carried out dynamic
tests on building structures and long-span bridges with this intelligent control system.

In order to solve the problem of slow response, poor precision, and weak anti-
interference ability in hydraulic servo position controls, Guo and Zha et al. [10] designed a
Kalman genetic optimization PID controller. Compared with traditional PID control algo-
rithms, the PID algorithm optimized by generic algorithm improves the system’s response
speed and control accuracy; the Kalman filter solves the problem of amplitude fluctuations
and reduces the influence of external disturbances on the hydraulic servo system. This
study is based on the real-time online control algorithm for earthquake catastrophes, solv-
ing the problems of time delay and nonlinear time-varying of magnetorheological control,
proposed for the first time by Xu [9].

Terrains with inclination, settlements, displacements, and other phenomena lead
transmission towers to collapse. Wang and Liu et al. [11] designed a device to monitor the
settlement of a transmission tower. The experimental results show that the third to fifth
natural frequencies decreased significantly, especially when the tower legs are adjacent to
the excitation position.

Machine tool ram affects the ability of the machine to achieve stable cutting con-
ditions. There are various solutions for increasing its stiffness and damping. Novotny
and Cervenka et al. [12] proposed an innovative two-axial electromagnetic actuator for
controlled vibration dampers with high dynamic force values. This position measurement
concept will enable possible use in the field of vibration suppression of vertical rams of
large machine tools.

Ying and Ni [13] proposed a method to study vibration response and amplitude
frequency characteristics of a controlled nonlinear meso-scale beam under periodic loading.
The proposed method includes a general analytical expression of harmonic balance solution
to periodic vibration, and an updated cycle iteration algorithm for amplitude frequency
relation of periodic response. Numerical results demonstrate a good convergency and
accuracy of the proposed method.

Shen and Huang [14] conducted a sensitivity experiment to study the dependence of
the shear strain on the seismic properties of bearings (lead rubber bearing and super-high
damping rubber bearing). Test results showed that temperature is the most dominant factor,
whilst the shear modulus is the least contributing factor.

Road roughness plays an important role in road maintenance and ride quality. Zhang
and Hou at al. [15] proposed a road-roughness estimation method based on the frequency
response function of a vehicle, which can be estimated directly using the measured response.
The results show that road roughness can be estimated using the proposed method with
acceptable accuracy and robustness.

Ge and Huang et al. [16] developed a cylindrical viscoelastic damper and investigated
its mechanical and damping performance. The experimental results demonstrate that the
cylindrical viscoelastic damper presents a full hysteretic curve in a wide frequency range.
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This kind of cylindrical viscoelastic damper can be simulated by a multi-molecular-chain
model of viscoelastic materials and dampers with eight parameters proposed by Xu [17],
which can easily calculate the effect of temperature, frequency, and displacement amplitude.
Among the existing mathematical models worldwide, only the finite element model can
reflect the influence of these three factors at the same time; however, this model is very
complex and involves the determination of nearly 20 parameters.

Aabid and Parveez et al. [18] conduced a review on piezoelectric-material-based
structural control and health monitoring techniques. They reported fundamental modeling
and applications in engineering fields, explored new approaches and hypotheses and
discussed the challenges and opportunities for future work.

Although only ten papers are included in this Special Issue, new advances and de-
velopments in vibration control and structural health monitoring have been presented
as much as possible. They stimulate frontier research topics in various fields, including
civil engineering, mechanical engineering, hydraulic engineering, offshore and marine
engineering, and aeronautics and aerospace engineering, amongst others. Given that it is
still a challenging topic, new thoughts, perspectives, ideas, and methods, as well as new
advances in materials and devices, are still sought to promote research on vibration control
and structural health monitoring.

We are striving to enhance the influence of the journal Actuator and maintain its
leading position in the field of vibration control and structural health monitoring. We are
grateful for the contributions from authors who make this Special Issue successful.
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Article

A Multidimensional Elastic–Plastic Calculation Model of the
Frame Structure with Magnetorheological Damper

Xiangcheng Zhang 1, Changchi Mou 1, Jun Zhao 1,*, Yingqing Guo 2, Youmin Song 3 and Jieyong You 3

1 School of Mechanics and Safety Engineering, Zhengzhou University, Zhengzhou 450001, China
2 College of Mechanical and Electronic Engineering, Nanjing Forestry University, Nanjing 210037, China
3 China Construction Fifth Engineering Bureau Co., Ltd., Changsha 410004, China
* Correspondence: zhaoj@zzu.edu.cn

Abstract: To analyze the multidimensional elastic–plastic response of the frame structure with mag-
netorheological (MR) dampers under strong seismic excitations, the test of the MRD was performed,
the location matrix of the MRD in the frame structure was derived, and the multidimensional elastic–
plastic calculation models of the frame structure with and without an MRD were established based
on the three-segment variable stiffness beam. Taking a five-story reinforced concrete (RC) frame
structure as an example, the multidimensional elastic–plastic calculation models were developed
by MATLAB software and the dynamic time history analyses were performed under strong seismic
excitations. The results show that under the seismic wave, after the MRD is installed in the structure,
the maximum horizontal displacements of the top-story node of the structure in X and Y directions is
reduced by 51.87% and 39.59%, respectively, and the maximum horizontal accelerations are reduced
by 36.67% and 47.86%. The maximum displacements and the story drift ratios of each story of the
structure are significantly reduced, and the reduction in the maximum accelerations of each story is
small relatively. In the frame structure without an MRD, plastic hinges appear at the ends of most
columns, and the structure is characterized by a column hinge yield mechanism. The maximum
residual displacement angles of the column end in X and Y directions which reach 1.628 × 10−3 rad
and 2.101 × 10−3 rad, respectively. After setting the MRD, the number of plastic hinges in X and Y
directions at the column end are both reduced by 37.5%, and the residual displacement angle at some
column ends are reduced to 0. The results show that the complied calculation model programs of the
frame structure can effectively simulate the multi-dimensional seismic response of the structure with
and without MRD.

Keywords: magnetorheological damper; reinforced concrete frame; three-section variable stiffness;
multidimensional elastic–plastic; time history analysis

1. Introduction

A magnetorheological damper (MRD), as a kind of damping control device with
an adjustable damping force, has the advantages of a simple structure, large output,
continuously adjustable damping force, and a good control effect [1–3], so it can effectively
improve the seismic performance of the structure [4]. As one of the important factors
affecting the effect of the structural vibration control [5], the mechanical properties of the
MRD should be fully studied by the experiments [6,7].

Over the past twenty years, the variation in the mechanical properties of the MR
damper with the current, velocity, displacement amplitude, and the frequency has been
comprehensively studied. Xu et al. [8] designed and manufactured a five-stage coil
shear valve mode MRD, whose damping force and energy dissipation effect increased
significantly with the increase in the current, and the maximum output could reach
260 kN. Zemp et al. [9] designed and manufactured a long-axis MRD with a working

Actuators 2022, 11, 362. https://doi.org/10.3390/act11120362 https://www.mdpi.com/journal/actuators5
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course of up to 1 m, and conducted corresponding mechanical property tests, with a max-
imum output of up to 280 kN. Zhang et al. [10] designed and manufactured a five-stage
coil shear valve MRD with an output up to 478 kN and conducted tests on its mechanical
properties. Jiang et al. [11] designed a novel MRD with selectable performance parameters
to improve the environmental adaptability of the vibration systems equipped with such a
damper and to provide a new idea for the design of an MRD.

For the field of the vibration control of the engineering structure, using an MRD to
control the structure is one of the important contents. Raju et al. [12] proved that the
scissors jack-MR damper can effectively reduce the displacement response of the steel
frame bending moment frame model’s structure and improve the seismic performance
of the structure. Cruze et al. [13] proved that an MRD can reduce the seismic response
of reinforced concrete (RC) frame structures under moderate and strong earthquakes.
Rakshita et al. [14] conducted a hybrid simulation analysis of the seismic response in a
single-story frame with MRDs by using the OpenSees software, and the test results show
that the MRD can effectively control the displacement and acceleration response of the
frame structures. Chae et al. [15] conducted a real-time hybrid simulation test on the
three-story steel frame structure with MRDs and confirmed that the MRD can better control
the displacement and acceleration response of the frame structure. Aggumus et al. [16]
investigated the effect of the MRD on reducing the vibration amplitude of structures though
a test; the results show that the MRD can effectively reduce the vibration of a six-story
steel structure, and the MRD arrangement in which the one end is connected to the ground
can reduce the vibration amplitudes. The experimental research on the structure with
MRD can truly reflect the damping effect of the structure, with accurate results and a
high reliability, but the experimental research cycle is long, the cost is high, and the test
conditions are limited.

Establishing the calculation model of building structures with MRD and carrying out a
numerical simulation is an economical and effective means to study its seismic performance.
At present, the RC building structure with an MRD is mainly simplified into an elastic
story model [17,18], elastic–plastic story model [19], and plane elastic–plastic beam–column
element model [20]. The layer model and plane model can reflect the impact of the MRD on
the seismic performance of the structure to a certain extent, and the calculation efficiency is
high, but the layer model and plane model cannot reflect the multi-dimensional seismic
performance of a spatial structure. Hence, Zhao et al. [21] established the spatial elastic
beam system model of the RC frame’s structure with an MRD by using the MATLAB
programming method, and studied the multi-dimensional damping control effect of the
MRD on the structure, but the model did not consider the stiffness degradation caused
by structural damage under a strong earthquake. Xu et al. [22] simplified the RC frame
with an MRD as a spatial elastic–plastic beam system model, but the model ignored the
influence of the slab, and the research results were not closely related to the elastic–plastic
response of the structure. Xu et al. [23,24] analyzed the seismic performance of the nonlinear
steel frame structure with an MRD by using LS-DYNA software. In the aspect of multi-
dimensional vibration reduction [25–27] and the establishment of the dampers’ calculation
model [28–30], many scholars have done relevant research in recent years, but not many
have conducted research related to the MRD. Recently, You et al. [31] established the model
of an L-shaped frame structure with MRDs, and studied its multi-dimensional seismic
performance and torsional vibration characteristics, but they did not study the effect of
the MRD on the hysteretic behavior and yield mechanism of the structures under seismic
excitation. To sum up, although many innovative simulation studies have been carried
out on the seismic response of frame structures with an MRD, there are still few studies
on the multi-dimensional elastic–plastic calculation model and the multi-dimensional
elastic–plastic seismic performance of an RC frame structures with an MRD; especially,
the influence of the MRD on the cracking, yield, hysteretic behavior, and structural yield
mechanism of concrete beams and columns in spatial structures is not completely clear.
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In this paper, the position matrix of the MRD was derived at first. Then, a multi-
dimensional elastic–plastic calculation model of the MRDs frame structure was established
based on the three-fold linear stiffness retrograde model. Finally, a multi-dimensional
elastic–plastic model program of a five-story RC frame with an MRD was developed using
MATLAB software, and the dynamic time history analysis was carried out under a strong
earthquake. The purposes of the study are summarized as (1) to provide a numerical
analysis method for the multi-dimensional elastoplastic dynamic time history analysis
of the MRD frame structure; (2) to study the multi-dimensional elastic–plastic seismic
performance and the damping effect of the MRD frame structure; and (3) to study the
effects of the MRD on the cracking, yield, hysteretic behavior of the beam and column
members, and the structural yield mechanism.

2. Elastic–Plastic Calculation Model of the RC Frame Structure

2.1. Three-Fold Line Model Considering Stiffness Degradation

For RC building structures, the three-fold linear stiffness degradation model can
reflect the stress process of RC beam and column members [32]. The model considers that:
(1) when reloading after the previous cycle, the reduction in the stiffness is related to the
loading history, and the loading path points to the maximum deformation point of all the
previous cycles; (2) the unloading stiffness after the yielding is equal to the secant stiffness
at the yield point. Therefore, the three-fold linear stiffness degradation model is selected as
the restoring force model of the elastic–plastic region of the beam in this paper, as shown
in Figure 1.
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r

y 0

Mcr
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1'
Skeleton curve
Unloading path
Reverse loading path
Reloading path

Figure 1. Three-fold linear stiffness retrograde model of RC beam–column element.

The model shown in Figure 1 consists of a skeleton curve and hysteretic path. The
skeleton curve is divided into the elastic segment, elastic–plastic segment, and plastic
segment. The hysteretic path of each segment is as follows:

(1) Hysteresis path of elastic segment

Segments 0→1 and 0→1’ are the elastic segment of the skeleton curve, and the initial
stiffness is K1. Point 0 is the starting point, and points 1 and 1’ are the cracking points. For
the elastic stage, the maximum deformation point of all the previous cycles does not exceed
the cracking point; the loading and unloading path will go straight up or down with the
initial stiffness K1.

(2) Hysteresis path of elastic–plastic segment

Segments 1→2 and 1’→5 are the elastic–plastic segment of the skeleton curve, and
the stiffness is K2. Points 2 and 5 are the yield points. For the elastic–plastic stage, the
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maximum deformation point of all the previous cycles does not exceed the yield point and
is not lower than the cracking point; the loading path will go straight up with the stiffness
K2 to the yielding point, and the unloading path will go straight down to the initial point 0.
After the unloading path crosses the initial point 0, the model enters the reverse loading
phase, and the reverse loading path points to the maximum deformation point of all the
previous cycles. If reloading occurs before the unloading path reaches the initial point 0,
the reloading path will follow the unloading path.

(3) Hysteresis path of plastic segment

Segments 2→3 and 5→6 are the plastic sections of the skeleton curve, and the stiffness
is K3. For the plastic stage, the maximum deformation point of all the previous cycles is not
lower than the yield point, the loading path will go straight up with stiffness K3, and for
the unloading path, for example, the 3→4 segment or 6→7 segment, will go straight down
with the secant stiffness K4 at the yield point. After the unloading path crosses the residual
deformation point (such as points 4 and 7), the model enters the reverse loading phase,
and the reverse loading path points to the maximum deformation point of all previous
cycles, such as 4→5 segment or 7→8 segment. If reloading occurs before the unloading
path reaches the residual deformation point, the reloading path will point to the maximum
deformation point of all previous cycles, such as the 15→16 segment or 19→20 segment.

The cracking moment Mcr, the angular displacement corresponding to the cracking
moment θcr, the yield moment My, the angular displacement corresponding to the yield
moment θy, and the yield point cut stiffness reduction coefficient αy of each RC beam and
column are determined by the Chinese code for design of concrete structures (GB50010-2010)
and the structural reinforcement diagram.

2.2. Elastic–Plastic Stiffness Matrix of the Variable Stiffness Space Beam Element

The three-segment variable stiffness beam element consists of two types of regions:
the linear elastic region in the middle and the fixed length elastic–plastic region at both
ends, as shown in Figure 2. Assuming that the RC beam and column is a straight member
with an equal section, the section deformation of the member meets the plane section
assumption, the member only has a bending failure, and the plastic hinge only appears
in the elastic–plastic area at both ends, ignoring the influence of the shear deformation of
the member. The length lp of the elastic–plastic at both ends of the member can be given
as follows [33]:

lp = 0.014db fy + 0.12l (1)

where db is the diameter of the tensile longitudinal reinforcement, fy is the yield strength of
the reinforcement, and l is the length of the member.

M1x

V1y

M1yM1z

V1z

x

y

k1z

k1y

k0z

k0y

k2z

k2y

l
lp lp

N1

z

1 2

u2

v2w2

2x

2y
2z

Figure 2. Three-segment variable stiffness model of the RC beam and column member.
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The elastic–plastic stiffness matrix of the space beam element is given as follows [34]:

ke =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

k1 0 0 0 0 0 −k1 0 0 0 0 0
0 k2 0 0 0 k4 0 −k2 0 0 0 k6
0 0 k3 0 −k5 0 0 0 −k3 0 −k7 0
0 0 0 k14 0 0 0 0 0 −k14 0 0
0 0 −k5 0 k8 0 0 0 k5 0 k10 0
0 k4 0 0 0 k9 0 −k4 0 0 0 k11

−k1 0 0 0 0 0 k1 0 0 0 0 0
0 −k2 0 0 0 −k4 0 k2 0 0 0 −k6
0 0 −k3 0 k5 0 0 0 k3 0 k7 0
0 0 0 −k14 0 0 0 0 0 k14 0 0
0 0 −k7 0 k10 0 0 0 k7 0 k12 0
0 k6 0 0 0 k11 0 −k6 0 0 0 k13

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2)

The elements within the elastic–plastic stiffness matrix are shown below:

k1 =
EA

l
, k2 =

2(a1z + a2z + b1z)b2z

l2 , k3 =
2
(
a1y + a2y + b1y

)
b2y

l2 , k4 =
(2a2z + b1z)b2z

l2 ,

k5 = −
(
2a2y + b1y

)
b2y

l2 , k6 =
(2a1z + b1z)b2z

l2 , k7 = −
(
2a1y + b1y

)
b2y

l2 , k8 = 2a2yb2y,k9 = 2a2zb2z

k10 = b1yb2y, k11 = b1zb2z, k12 = 2a1yb2y, k13 = 2a1zb2z, k14 =
GJ
l

in which:

a1z = p2zq3 − p1z(1 − q)3 + p1z + 1, a2z = p1zq3 − p2z(1 − q)3 + p2z + 1

a1y = p2yq3 − p1y(1 − q)3 + p1y + 1, a2y = p1yq3 − p2y(1 − q)3 + p2y + 1

b1z = (p2z + p1z)q2(3 − 2q) + 1,b2z =
6k0z

4a1za2zl − b2
1zl

, b1y =
(

p2y + p1y
)
q2(3 − 2q) + 1,

b2y =
6k0y

4a1ya2yl − b2
1yl

, p1z =
k0z

k1z
− 1, p2z =

k0z

k2z
− 1, p1y =

k0y

k1y
− 1, p2y =

k0y

k2y
− 1, q =

lp

l

E is the elastic modulus of the concrete, A is the cross-sectional area of the beam and
column member, G is the shear modulus, J is the torsional inertia moment, and kiz and
kiy (i = 0, 1, 2) are the cross-sectional bending stiffness in Figure 1, as determined by the
M-θ relation in Figure 1. There are six force components and six displacement vectors at
each end of the beam and column member, including three axial forces (N, Vy, and Vz)
along the x-axis, y-axis, and z-axis directions and three bending moments (Mx, My, and Mz)
around x-axis, y-axis, and z-axis directions. The displacement vector consists of three axial
displacements (u, v, and w) along the x, y, and z axes and three angular displacements
(θx, θy, and θz) around the x, y, and z axes, as seen in Figure 2.

The mass matrix of the beam and column member and the spatial shell element used in
the RC frame’s structure are consistent with the literature [21] and will not be repeated here.

3. Differential Equation of Motion of the RC Structure with MRD

3.1. Test Results of MRD

The MRD to be used in the RC frame’s structure was made by ourselves and is the
same as the MRD used in reference [31]; its mechanical property tests were carried out
with the current of 0 A to 0.28 A at the interval of 0.14 A. The schematic diagram of the
test loading equipment is shown schematically in Figure 3. As is shown in Figure 3, the
test device was mainly composed of a fatigue testing machine and regulated DC power
supply. Before the test, the position of the vertical centerline of the loading head of the
actuator shall be consistent with that of the piston rod of the MRD, and then the loading
head of the actuator and the damper should be connected through a spherical bowl seat,
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high strength bolt, and spherical cover plate. The other end of the damper was connected
with the base through the three steel pipes and the high strength bolt, and the base is fixed
by the anchor screw. The test data are automatically recorded on the computer console
through the external digital acquisition device.

Base Computer controller 
and data collector

DC power 
supply

Actuator

MTS

M
R

D

 
Figure 3. Schematic diagram of test loading equipment.

The mechanical performance fluctuation with displacement is depicted in Figure 4. It
can be seen from Figure 4 that the mechanical performance fluctuation of the MRD with
the current. When the current was small, the damping force provided by the MRD was also
small. As the current increased, so did the damping force. It can be seen from Figure 4a,
when the current was 0 A, that the maximum damping force of the MRD was around
5.3 kN; when the current reached 0.14 A and 0.28 A, the maximum damping forces of the
MRD are around 60 kN and 120 kN, respectively, as shown in Figure 4b,c.
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Figure 4. Damping force-displacement hysteresis loops of MRD at different current. (a) Current 0A;
(b) current 0.14A; (c) current 0.28A.
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3.2. Equilibrium Equation of the RC Structure

Under the action of the earthquake, the set of second-order nonlinear ordinary differ-
ential equations of an RC frame structure with MRDs can be expressed as follows [10]

M
..
u + C

.
u + Ku = −MI

..
xg − HF (3)

where M, C, and K are the mass matrix, the damping matrix, and the stiffness matrix of
the frame structure, respectively; u is the displacement column vector of the controlled
structure;

..
xg is the seismic acceleration; I is the unit column vector; F is the control force

column vector of the MRD that can be efficiently simulated by adopting analytical hysteresis
models [35–37]; and H is the location matrix of the MRD.

C is the Rayleigh damping matrix as Equation (4) and α1 and α2 are the two
constants [38].

C = α1M + α2K (4)

where α1 and α2 are the two constants and can be expressed as

α1 =
2ω1ω2(ζ1ω2 − ζ2ω1)

ω2
2 − ω2

1
, α2 =

2(ζ2ω2 − ζ1ω1)

ω2
2 − ω2

1
(5)

where ω1 and ω2 are the first and second order natural vibration frequencies of the structure
(circular frequency), respectively, and ζ1 and ζ2 are the damping ratios of the first and
second order frequencies of the structure, respectively.

Using the Wilson-θ method, the dynamic responses of the structure with and without
the MRD can be calculated step by step. However, if one wants to carry out nonlinear
dynamic analyses without performing iterations and by maintaining a very high level of
accuracy, more recent methods can be adopted [39,40].

3.3. Semi-Active Control Algorithm

At present, the optimal control force imposed on RC structures by the MRD is mainly
solved by the linear quadratic regulator (LQR) control algorithm [41]. As can be seen from
Section 3.1, the damping force provided by our homemade MRD ranges from 3.1 to 120 kN.
Because the MRD of the real-time control can effectively trace the required damping force,
except the force beyond the range of damping force [42–44]. Thus, the same semi-active
control strategy as in reference [34] is adopted in this paper.

3.4. MRD Location Matrix

The schematic installation diagram of the MRD in the structure is shown in Figure 5.
The relationships between the damping force of the MRD and the force on the correspond-
ing node of the structure are as follows:

⎧⎨
⎩

Fjx = Fkx = Fi
Fpx = Fqx = −Fi

Fjz = −Fkz = −2Fih/d
(6)

The location matrix H is used to distribute the control force vector F of the MRD to
the corresponding nodes of the structure, whose dimension is n × m, in which n is the
amount of the structural degrees of freedom (DOFs), and m is the amount of herring-
bone supports. There are six DOFs at each node of the space frame structure, including
three axial displacements along the x, y, and z directions, and three angular displace-
ments around the x, y, and z axes, which are consistent with the literature [21]. Therefore,
for the MRDs on the ith chevron support shown in Figure 5, the elements which cor-
respond to nodes j and k in the location matrix H are: H(6j − 5, i) = H(6k − 5, i) = 1
and H(6j − 3, i) = −H(6k − 3, i) = −2h/d, and the elements which correspond to nodes
p and q in the location matrix H are: H(6p − 5, i) = H(6q − 5, i) = −1. While the others
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without a damping force are all equal to zero. For example, the location matrix H for the
MRDs in Figure 5 can be expressed as:

· · · i · · ·

H =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

· · · 1 · · ·
· · · 0 · · ·
· · · −2h/d · · ·
· · · 0 · · ·
· · · 1 · · ·
· · · 0 · · ·
· · · −2h/d · · ·
· · · 0 · · ·
· · · 1 · · ·
· · · 0 · · ·
· · · 1 · · ·

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

6j − 5
6j − 4
6j − 3
· · ·

6k − 5
6k − 4
6k − 3
· · ·

6p − 5
· · ·

6q − 5

(7)

j k

qp

X

Z

0
Fi 

Fi Fi 

Fi 

Fi Fi 

d

2Fi h/d 2Fi h/d

h

Y

Figure 5. The schematic diagram of damping force distribution.

4. Case Analysis

4.1. The RC Frame Structure with and without MRD

This paper takes the five-story RC frame structure as an example, and the floor height
of the structure is 3.6 m. The concrete strength grade is C35, and the thickness of each
floor of the structure is 0.12 m. The seismic fortification intensity of the structure is eight
(0.2 g), the site category is a class III area, and the design seismic group is the first group.
The three-dimensional size of the RC frame’s structure with and without MRDs is shown
in Figure 6. The maximum inter-story displacement of the frame structure under the
action of a strong earthquake occurs at the second floor [21,34], therefore, the MRDs
were arranged on the second floor to exert the effect of an MRD energy dissipation and
shock absorption as much as possible. The cross-sectional dimensions of the columns
are all 0.5 m × 0.5 m; the cross-sectional dimensions of the X and Y directional beam are
all 0.25 m × 0.6 m and 0.25 m × 0.5 m, respectively. The section reinforcement of the RC
beams and columns are shown in Figure 7, in which the longitudinal reinforcement of the
beams and columns is the HRB400 deformed reinforcement; the stirrup is the HRB335
ordinary round reinforcement.
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Figure 6. Three-dimensional diagram of the RC frame structure with and without an MRD (unit: m).
(a) Without MRDs; (b) with MRDs.

500

50
0

12 22
8@200

 
(a) 

250

60
0

6 22

6 22

8@200

4 12

 

8@200

250

50
0

4 22

4 22

4 12

(b) (c) 
Figure 7. Reinforcement of the beams and columns (unit: mm). (a) Column; (b) X directional beam;
(c) Y directional beam.

13



Actuators 2022, 11, 362

4.2. Introduction of Dynamic Time History Analysis Process

Based on the conditions and methods mentioned above, this paper used MATLAB
to program the elastic–plastic time history analysis program of the RC frame’s structure
with and without an MRD. The program calculation flowchart is shown in Figure 8. The
following assumptions are adopted in programming: (1) ignoring the influence of the
second moment caused by a structural deformation; (2) ignoring the influence of the
tangential relative displacement at both ends of the member on the bending moment
and the rotation angle of the member; (3) ignoring the effect of the diagonal bracing
on the mass of the structure; and (4) assume that the lower end of the bottom column
is consolidated.

Inputting information of the structure and  seismic wave

Solving the differential equation, obtaining the responses of each node, 
calculating  internal force and deformation of the beam or columm

Assigning the initial state of the structure
Load step = 1

Outputting results and drawing graphics

Yes

No

With MRD 

Step  Seismic wave step ?

St
ep

 =
 S

te
p+

1

Calculating cracking moment, yield moment and secant stiffness
Calculating stiffness matrix, mass matrix and damp matrix

Whether the beam or column is cracked or yielding ?

Recalculating  stiffness matrix and damping matrix 

No
Yes

Calculating the control force of MRD by LQR control algorithm

No
Yes

Start

 
Figure 8. Calculation flowchart of elastic–plastic time history analysis program.

4.3. Verification of Model Validity

Due to the disadvantages of the long period and high cost of experimental simulation,
a numerical simulation method was adopted in this paper to verify the effectiveness of an
elastic–plastic time history analysis program by using MATLAB. By using ANSYS software,
the finite element model of the structure was built, in which the BEAM188 element and
SHELL181 element were used to simulate the beam, column, and floor slab, respectively.
All the beams and columns in the ANSYS model were divided into four units, and all the
floor slabs were divided into 4 × 4 units. In addition, the geometry, density, and material
property in the ANSYS model were the same as that in the MATLAB program. Then, the
modal analysis was conducted, and the calculated natural frequencies were listed in Table 1,
in which the maximum error was only 1.59%. It shows the validity and accuracy of the
elastic–plastic history analysis program for the RC frame’s structure.
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Table 1. Comparison of structural natural frequencies.

Natural Frequencies 1st 2nd 3rd 4th 5th 6th 7th 8th 9th 10th

ANSYS 0.759 0.823 0.896 2.371 2.559 2.777 4.322 4.441 4.940 6.352
MATLAB 0.749 0.810 0.881 2.348 2.524 2.749 4.255 4.487 4.877 6.315

Relative error (%) 1.29 1.59 0.95 0.97 1.36 1.00 1.54 −1.03 1.28 0.58

4.4. Analysis of Structural Damping Results

The elastic–plastic analysis of the seismic response of the RC frame’s structure
was carried out by using the MATLAB self-made program. According to the Chinese
code for design of concrete structures (GB50010-2010) and the assumptions of the site type
and design seismic grouping in Section 4.1, two seismic waves, the El-Centro wave
(NS component) and Tangshan wave (NS component), were selected. The seismic
duration was 20 s, the peak acceleration of the two seismic waves was set to 400 cm/s2,
and the ratio of the two-way seismic wave peak acceleration was X:Y = 1:0.85. The
damping ratios ζ1 and ζ2 in Equation (5) were set to 0.05 according to the Chinese
code for design of concrete structures (GB50010-2010). The Wilson-θ method was used to
solve the differential equations of the structure and took θ = 1.40. The weight matrix
coefficients α = 20 and β = 7 × 10−6 in the LQR control algorithm were determined by a
trial calculation.

4.4.1. Comparative Analysis of Multi-Dimensional Damping Results

The displacement time history results of the node 24 of the RC frame’s structure with
and without an MRD under the action of the El-Centro wave and Tangshan wave are
shown in Figure 9. As can be seen from Figure 9, the X and Y directions’ displacement time
history curves of the node 24 of the structure without an MRD are offset, the reason is that
some members in the structure enter the yield stage and have a residual deformation. After
setting the MRD in the structure, the residual deformation is greatly reduced, and the offset
of the displacement time history curve is reduced.

Figure 9a,b shows that under the action of the El-Centro wave and Tangshan wave,
the horizontal bidirectional displacement response of the node 24 in the structure with an
MRD was reduced compared with the structure without an MRD. Figure 9a shows that,
under the action of an El-Centro wave, the X and Y directional maximum displacements
of the top node in the RC structure were 76.66 mm and 74.44 mm, respectively, after
setting the MRD in the structure; the X and Y directional maximum displacements of
the top node in the RC structure were 52.42 mm and 50.79 mm, which were reduced
by 31.63% and 31.76%, respectively. Under the action of the Tangshan wave shown
in Figure 9b, the X and Y directional maximum displacements of the node 24 in the
RC structure were 109.40 mm and 92.53 mm, respectively. After setting the MRD
in the structure, the X and Y directional maximum displacements of the node 24 in
the RC structure were 52.65 mm and 55.91 mm, which were reduced by 51.87% and
39.59%, respectively.

The acceleration time history results of the node 24 of the RC frame’s structure without
an MRD and with an MRD under the action of the El-Centro wave and Tangshan wave are
shown in Figure 10. As can be seen from Figure 10, the X and Y directional acceleration
time-history curves of the node 24 do not deviate. In addition, under the action of the
El-Centro wave and Tangshan wave, the horizontal bidirectional acceleration response of
the node 24 of the structure with an MRD is reduced compared with the structure without
an MRD, but the effect is not as obvious as the MRD in reducing the displacement response
of the structure.
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Figure 9. Comparison of horizontal bidirectional total displacement response of node 24 of RC frame
structure. (a) Under the action of El-Centro wave; (b) under the action of Tangshan wave.

X
 d

ire
ct

io
na

l a
cc

el
er

at
io

n 
/(m

/s
2 )

Y
 d

ire
ct

io
na

l a
cc

el
er

at
io

n 
/(m

/s
2 )

14

7

0

7

14

12

6

0

6

12

0 5 10 15 20 0 5 10 15 20
Time /s Time /s

Without MRDs

With MRDs

Without MRDs

With MRDs

9.67
9.98
8.64

12.08

(a) 

X
 d

ire
ct

io
na

l a
cc

el
er

at
io

n 
/(m

/s
2 )

Y
 d

ire
ct

io
na

l a
cc

el
er

at
io

n 
/(m

/s
2 )

16

8

0

8

16

16

8

0

8

16

0 5 10 15 20 0 5 10 15 20
Time /s Time /s

Without MRDs

With MRDs

Without MRDs

With MRDs

6.11

11.71

11.98
7.62

 
(b) 

Figure 10. Comparison of horizontal bidirectional total acceleration response of node 24 of RC frame
structure. (a) Under the action of El-Centro wave; (b) under the action of Tangshan wave.
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Figure 10a shows that under the action of the El-Centro wave, the X and Y di-
rectional maximum accelerations of the top node in the RC structure were 12.08 m/s2

and 9.98 m/s2, respectively. After setting the MRD in the structure, the X and Y direc-
tional maximum accelerations of the top node in the RC structure were 9.67 m/s2 and
8.64 m/s2, which were reduced by 19.96% and 13.50%, respectively. Under the action of
the Tangshan wave shown in Figure 10b, the X and Y directional maximum accelerations
of the node 24 in the RC structure were 11.98 m/s2 and 11.71 m/s2, respectively. After
setting the MRD in the structure, the X and Y directional maximum accelerations of the
node 24 in the RC structure were 7.62 m/s2 and 6.11 m/s2, which were reduced by 36.67%
and 47.86%, respectively.

Adding the MRD to the structure can be equivalent to increasing the stiffness and
damping of the structure. It can be obtained from Equation (1) that the increase in
the stiffness and damping of the structure is conducive to reducing the displacement
response of the structure under an earthquake action, as shown in Figure 9. Although
increasing the damping of the structure can reduce the acceleration response of the struc-
ture under an earthquake action, increasing the stiffness will increase the acceleration
response of the structure. Therefore, after adding the MRD, the acceleration damping
effect of the structure will be lower than the displacement damping effect, as shown
in Figure 10.

4.4.2. Comparative Analysis of Maximum Response Results of Each Story

The envelope diagram of the maximum horizontal acceleration, displacement, and
story drift ratio of the RC frame structure with and without an MRD under the El-Centro
and Tangshan waves are shown in Figure 11. As shown in Figure 11a,b, under the action of
the El-Centro wave and Tangshan wave, compared with the structure without an MRD, the
maximum horizontal displacement, acceleration, and story drift ratio of each story of the
structure with an MRD are reduced.

Taking node 16 on the third story as an example, Figure 11a shows that under the
action of the El-Centro wave, the X and Y directional maximum displacements of the
RC structure were 55.22 mm and 54.04 mm, respectively. After setting the MRD in the
structure, the X and Y directional maximum displacements of the RC structure were
37.15 mm and 35.24 mm, which were reduced by 32.73% and 34.80%, respectively. The
X and Y directional maximum accelerations of the RC structure were 9.96 m/s2 and
8.69 m/s2, respectively. After setting the MRD in the structure, the X and Y directional
maximum accelerations of the RC structure were 7.65 m/s2 and 6.83 m/s2, which are
reduced by 23.22% and 21.35%, respectively. The X and Y directional maximum story
drift ratios of the RC structure were 4.46 × 10−3 rad and 4.51 × 10−3 rad, respectively.
After setting the MRD in the structure, the X and Y directional maximum story drift ratios
of the RC structure were 3.18 × 10−3 rad and 3.15 × 10−3 rad, which were reduced by
28.67% and 29.91%, respectively.

As shown in Figure 11b, under the action of the Tangshan wave, the X and Y directional
maximum displacements of the RC structure were 78.21 mm and 65.09 mm, respectively.
After setting the MRD in the structure, the X and Y directional maximum displacements of
the RC structure were 37.78 mm and 39.43 mm, which were reduced by 51.69% and 39.42%,
respectively. The X and Y directional maximum accelerations of the RC structure were
8.41 m/s2 and 6.66 m/s2, respectively. After setting the MRD in the structure, the X and
Y directional maximum accelerations of the RC structure were 4.89 m/s2 and 4.42 m/s2,
which were reduced by 41.90% and 33.59%, respectively. The X and Y directional maximum
story drift ratios of the RC structure were 6.58 × 10−3 rad and 5.53 × 10−3 rad, respectively.
After setting the MRD in the structure, the X and Y directional maximum story drift ratios
of the RC structure were 2.92 × 10−3 rad and 3.13 × 10−3 rad, which were reduced by
55.64% and 43.49%, respectively.
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Figure 11. Envelope diagram of maximum horizontal displacement, acceleration and story drift ratio
of RC frame structure. (a) Under the action of El-Centro wave; (b) under the action of Tangshan wave.

As can be seen from Figure 11, the maximum story drift ratio of the RC frame structure
with and without an MRD firstly increase and then decrease with the increase in the
structural stories, and the maximum values are all less than 1/50. After setting the MRD in
the RC frame’s structure, the maximum story drift ratio of each story are far less than 1/50,
which significantly improves the seismic performance of the RC frame’s structure.

4.4.3. Comparative Analysis of Moment Rotation Hysteretic Curve Results

Figures 12 and 13 show the comparison of moment-angle hysteresis curves at the
bottom of each column of the RC frame’s structure with and without an MRD. As can
be seen from Figure 12, under the action of the El-Centro wave, a hysteresis loops ap-
peared in both X and Y directions of the column in the third story of the structure, and
the intersection of the hysteresis curves and coordinate axes deviated from the origin,
indicating that the column entered the yield stage in X and Y directions, and the maximum
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residual deformations in X and Y directions were 0.923 × 10−3 rad and 0.914 × 10−3 rad,
respectively. After setting the MRD in the structure, the seismic response of the column
in the X and Y direction was weakened significantly, the maximum value of the moment
rotation curve at the bottom of the column was significantly smaller, the hysteretic loop
area was reduced, and the maximum residual deformations in X and Y directions were
reduced to 0.205 × 10−3 rad and 0.188 × 10−3 rad, respectively. Similar to the column in
the third story, after setting the MRD in the structure, the maximum residual deformations
in the X and Y direction of the column in the fourth story decreased from 0.648 × 10−3 rad
and 0.672 × 10−3 rad to 0.241 × 10−3 rad and 0.141 × 10−3 rad, respectively.

It can be seen from Figure 13 that under the action of the Tangshan wave, the rotation
angles in X and Y directions were large when the column in the third story of the structure
was loaded, and a large residual deformation occurred during the unloading, and hysteresis
loops appeared in both X and Y directions of the column in the third story of the structure,
the intersection of the hysteresis curves and coordinate axes deviated from the origin,
which indicates that the column entered the yield stage in the X and Y directions, and
the maximum residual deformations in the X and Y directions were 1.628 × 10−3 rad and
2.101 × 10−3 rad, respectively. After setting the MRD in the structure, the seismic response
of the column in X and Y direction was weakened significantly, the maximum value of the
moment rotation curve at the bottom of the column was significantly smaller, the hysteretic
loop area was reduced, and the maximum residual deformations in the X and Y directions
were reduced to 0.511 × 10−3 rad and 0.297 × 10−3 rad, respectively. Similar to the column
in the third story, after setting the MRD in the structure, the maximum residual deforma-
tions in the X and Y direction of the column in fourth story decreased from 1.217 × 10−3 rad
and 1.562 × 10−3 rad to 0.264 × 10−3 rad and 0.065 × 10−3 rad, respectively.

300

150

0

150

300

300

150

0

150

300

X
 d

ire
ct

io
na

l
be

nd
in

g 
m

om
en

t /
kN

Y
 d

ire
ct

io
na

l
be

nd
in

g 
m

om
en

t /
kN

4 2 0 2 4
Rotating angle /(rad × 10 3)

4 2 0 2 4
Rotating angle /(rad × 10 3)

Without MRDs
With MRDs

Without MRDs
With MRDs

(a) 

3 1.5 0 1.5 3
300

150

0

150

300

300

150

0

150

300

X
 d

ire
ct

io
na

l
be

nd
in

g 
m

om
en

t /
kN

Y
 d

ire
ct

io
na

l 
be

nd
in

g 
m

om
en

t /
kN

3 1.5 0 1.5 3
Rotating angle /(rad × 10 3) Rotating angle /(rad × 10 3)

Without MRDs
With MRDs

Without MRDs
With MRDs

(b) 
Figure 12. Bending moment-angle hysteresis loops of RC frame structures with and without MRD
under El-Centro waves. (a) The column in third story; (b) the column in fourth story.
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Figure 13. Bending moment-angle hysteresis loops of RC frame structures with and without MRD
under Tangshan waves. (a) The column in third story; (b) the column in fourth story.

Table 2 shows the maximum residual displacement angles in the X and Y directions
at the column bottom of each story of the RC frame’s structure with and without an
MRD under the action of the seismic wave. It can be seen from Table 2 that the MRD
can effectively consume the vibration energy transmitted to the structure and reduce the
residual deformation at the column bottom of each story of the structure.

Table 2. The maximum residual displacement angle of column bottom of RC frame structure under
seismic wave (rad × 10−3).

Story
(Node)

El-Centro Wave Tangshan Wave

Without MRD With MRD Without MRD With MRD

X-Direction Y-Direction X-Direction Y-Direction X-Direction Y-Direction X-Direction Y-Direction

1(4) 0 0 0 0 0 0 0 0
2(8) 0.412 0.828 0.014 0.017 1.137 1.686 0.031 0.069
3(12) 0.923 0.914 0.205 0.188 1.628 2.101 0.511 0.297
4(16) 0.648 0.672 0.241 0.141 1.217 1.562 0.264 0.065
5(20) 0.205 0.133 0 0 0.561 0.620 0 0

In addition, whether the X-direction and Y-direction of each member of the RC frame
structure with or without an MRD enters the yield stage under the action of two seismic
waves can be compared in Figure 14. All the above indicate that the stiffness of the
structural components would degrade under the action of seismic waves, but the seismic
performance of the RC frame’s structure is significantly improved after setting the MRD
in the structure.
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Figure 14. Plastic hinges distribution of RC frame structure with and without MRD under seismic
waves. (a) X direction; (b) Y direction.

4.4.4. Cracking and Yield of Each Member of Structure

Figure 14 shows the plastic hinges distribution of the beams and columns of RC
frame’s structure with and without an MRD under different seismic waves. Under the
action of two seismic waves, the plastic hinge distribution of the RC frame’s structure was
exactly the same.

It can be seen from Figure 14a,b that under the action of the El-Centro wave and
Tangshan wave, most of the column ends of the second to fifth stories of the structure
appeared to be a plastic hinge, but the beam ends did not yield. After the MRD was
set in the structure, the plastic hinges at the column ends of the structure were reduced.
The number of plastic hinges in the X direction and Y direction have been decreased
by 37.50%.

Therefore, setting the MRD in the RC frame’s structure can effectively inhibit the yield
of the structural members, so as to improve the overall seismic performance of the structure.
In addition, the multi-dimensional elastic–plastic calculation model and elastic–plastic
dynamic time history analysis program established by MATLAB software in this chapter
can effectively describe the yield position, sequence, failure degree, and process of each
beam and column, so as to judge the plastic deformation concentration position, weak
position, and possible failure type of the overall structure.

5. Conclusions

(1) The multi-dimensional elastoplastic calculation model of the MRD frame’s structure
was established, and the elastoplastic dynamic time history analysis program was
developed by using MATLAB software, which could accurately calculate the multi-
dimensional elastoplastic response of the structure under a strong earthquake.
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(2) After the MRD is set in the frame structure, the maximum horizontal displacement
and acceleration of each story decreases. The maximum displacement and acceleration
of the top node 24 on the structure in the X direction and Y direction decreased by
51.87%, 39.59%, 36.67%, and 47.86%, respectively; the decrease in the acceleration is
not very significant.

(3) For the frame structure with an MRD, the offset of the displacement time history
curve of the column in the third story is weakened and the hysteretic loop area of the
structural members is significantly reduced. The maximum residual displacement
angle in the X and Y directions of the column in the third story decreased from
1.628 × 10−3 rad and 2.101 × 10−3 rad to 0.511 × 10−3 rad and 0.297 × 10−3 rad,
indicating that the MRD can effectively consume the vibration energy of the incoming
structure and significantly improve the seismic performance of the structure.

(4) The column end of the frame structure without an MRD appears to be more of a
plastic hinge, which is the yield mechanism of the column hinge. Compared with
the frame structure without the MRD, after setting the MRD in the structure, the
number of plastic hinges in the X direction and Y direction were all reduced by 37.50%.
Although some structural members still yield, it will not endanger the safety of the
whole structure.
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Abstract: Eccentric structures will have torsional vibrations subjected to earthquakes, which can
accelerate the damage of structures, and even become the main cause of building collapse. Semi-active
control systems equipped with multiple magnetorheological (MR) dampers have been widely applied
in structural vibration control. In this study, numerical models of spatial eccentric structures with
multiple MR dampers were established, and time history analysis was conducted to mitigate torsional
vibrations of eccentric structures. Firstly, a full-scale spatial eccentric structure model with both plan
asymmetry and vertical irregularity was established in OpenSEES, and the accuracy of the structure
model was verified by comparisons with model results from SAP2000. Then, the mathematical model
of MR dampers was introduced to the structure model using the ‘Truss’ element and self-defined
material in OpenSEES, and damping forces obtained from the MR damper model were compared
with experimental data. Finally, modal analysis and nonlinear time history analysis of the eccentric
structure model equipped with multiple MR dampers subjected to different seismic excitations
were performed. Comparisons between the seismic responses of the uncontrolled structure and
the structure with multiple MR dampers were carried out to demonstrate the effectiveness of the
MR control system. Numerical results show that the control system with multiple MR dampers can
significantly attenuate the torsional vibrations of eccentric structures, and thus possess significant
engineering application prospects.

Keywords: eccentric structure; torsional vibration; magnetorheological damper; OpenSEES; modal
analysis; time history analysis

1. Introduction

In order to meet the needs of functional diversity and urban planning of modern
architecture, the structures often present asymmetric layout and irregular facade. The
structures whose center of mass and rigidity are not coincident can be collectively referred
to as eccentric structures [1]. Under the action of earthquake, the inertia force passes
through the center of mass, while the restoring force of the lateral resisting members
passes through the center of rigidity. Therefore, the eccentric structures not only vibrate
horizontally, but also have torsional motion around the center of rigidity, forming the
coupled translation-torsion vibration [2,3]. Meanwhile, the actual earthquake excitations
contain multiple components, not only translational components in different directions,
but also torsional components, which can lead to the torsional responses of structures.
Theoretical research and earthquake damage investigations indicate that the torsional
responses can concentrate the deformation in some columns and amplify the acceleration
at certain floors, which will make the structure susceptible to further damage, especially for
eccentric structures vulnerable to seismic excitations and wind loadings, and even become
the main factor leading to the collapse of buildings in some cases [4,5]. Therefore, it is of
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great practical significance to mitigate the torsional vibration of eccentric structures under
earthquake action.

Numerous studies have manifested that the traditional seismic design, such as im-
proving the structural stiffness and ductility or using strong materials, cannot guarantee
the safety of the structure under future dynamic loads, and cannot meet the economic
requirements [6]. On this basis, the concept of structural vibration control was first pro-
posed in the 1970s, which uses the control system attached to the structure to exert a group
of control forces actively or passively in order to mitigate the structural response [7–11].
Among various vibration control methods, the semi-active control has shown obvious
superiority in that it remarkably outperforms passive control and requires much less exter-
nal energy than active control [12–16]. As a typical subset of semi-active control systems,
MR dampers have the characteristics of high controllability, low energy consumption, fast
response, mechanical simplicity, and reliable damping effect, and thus have been widely
studied and applied in automobile suspension, cable and civil structures, and aerospace
engineering [17–21].

In recent years, a wide range of analytical and experimental studies on structural
torsional vibration control using MR dampers have been carried out. Yoshida et al. [22,23]
proposed a MR control system to reduce the coupled translation-torsion motions in asym-
metric buildings based on a clipped-optimal control algorithm, and this method was
numerically assessed by two full scale irregular building models and experimentally veri-
fied by a two-story building with an asymmetric stiffness distribution. The results showed
that the MR control system can significantly reduce the torsional coupled responses of
irregular buildings. Li et al. [24] adopted a multi-state control strategy to mitigate the cou-
pled translation and torsion responses of a three-story reinforced concrete frame–shear wall
eccentric structure by three MR dampers, and the shaking table test results showed that MR
dampers are effective for torsional seismic response control. Shook et al. [25] experimentally
investigated the application of four MR dampers for the torsional response control of a
3-story, 9 m torsion-benchmark building using the fuzzy logic controller optimized by
genetic algorithm. Bharti et al. [26] verified the effectiveness of MR damper-based control
systems for torsional response mitigation through a numerical idealized one-story one-bay
plan asymmetric building model and two MR dampers based on the Lyapunov stability
theory. Hu et al. [27] adopted two pairs of eccentrically placed MR dampers to control
the vibration of a 10-story irregular steel frame building by the clipped-optimal strategy
using LQR algorithm. The numerical results demonstrated that the MR dampers can
effectively reduce the inter-story drifts as well as roof displacements and accelerations of
irregular structures. Zafarani et al. [28] proposed a coupled fuzzy logical control algorithm
to simultaneously control two MR dampers, and its effectiveness was verified numerically
by simulating nonlinear seismic response of a one-way asymmetric inelastic single-story
structure model through time history analysis. Zafarani and Halabian [29,30] proposed an
adaptive model-based strategy to mitigate the inelastic torsional responses of one-story and
multi-story plan-asymmetric structures with MR dampers, where the changes of the system
can be considered in determining the control force of MR dampers. Al-Fahdawi et al. [31]
used multiple MR dampers to connect two full-scale coupled buildings for the vibration
control of structural responses under bi-directional earthquakes, and the MR dampers were
controlled by the adaptive neuro-fuzzy and simple adaptive control methods.

However, previous research efforts on the torsional vibration control using MR
dampers have obvious limitations. In the numerical analysis of MR damped structures,
simplified plane structure models with idealized linear beam-column elements have been
established in most studies, which cannot capture the torsional vibration characteristics of
spatial eccentric structures. It is difficult to simulate the nonlinear characteristics of MR
dampers in time history analysis of MR damped structures using common finite element
software. What is more, in most cases for structural vibration control using multiple MR
dampers, the implemented MR dampers in the control system have obvious disadvan-
tages. The control strategies for control systems with multiple MR dampers proposed by

26



Actuators 2022, 11, 235

existing research are all ‘single-input and single-output’ control modes, that is, a separate
controller is set for each MR damper, without the cooperation and interaction between
different dampers [24,25,27]. Such decentralized control strategies require a large number
of controllers, which greatly increases the cost of the control system, and easily leads to
control imbalance and poor stability. Additionally, for the structures with both torsional
and translational vibration, the suitable positions of MR dampers for these two types
of vibrations are different, but the existing research does not distinguish the two types
of dampers well [26–29]. Therefore, for control systems with multiples dampers, it is of
practical significance to study the control strategy and device placement for control systems
with multiple MR dampers.

In this study, numerical simulation of spatial eccentric structures with multiple MR
dampers were established, and modal analysis and time history analysis were conducted
to reveal the effectiveness of MR control system in mitigating torsional vibrations of
eccentric structures. Firstly, a self-programed full-scale spatial structure model with both
plan asymmetry and vertical irregularity was established in OpenSEES to exhibit the
torsional vibrations. Then, the mathematical model of MR dampers was introduced to the
structure model based on the new material development function of OpenSEES, and the
damping forces obtained from the MR damper model were compared with performance
tests data. Finally, to evaluate the effectiveness of the MR control system with multiple
MR dampers, modal analysis and nonlinear time history analysis of the numerical MR
damped structure subjected to seismic excitations were carried out, and these numerical
results were compared with seismic performances of the uncontrolled structure.

2. Numerical Modeling of Spatial Eccentric Structures

Full-scale spatial structures have numerous degrees of freedom, and the inelastic
coupled translation-torsion vibrations under strong earthquakes are complex, which places
high demands on the non-linear analysis and solution capabilities of finite element software.
Meanwhile, in order to accurately evaluate the control effect of MR damping systems, it
is necessary to introduce the mechanical model of MR dampers and the real-time control
strategy to the time–history analysis of structures. Therefore, the finite element software is
required to have flexible programmability and secondary development capabilities.

In this study, the OpenSEES (the Open System for Earthquake Engineering Simulation,
version 3.3.0, the Pacific Earthquake Engineering Research Center, CA, USA) software
developed by Berkeley was implemented for structural analysis. OpenSEES is an object-
oriented, open-source software framework which can calculate the response of structures
under earthquake excitations [32]. The most prominent advantage of OpenSEES is its
open-source feature, which can develop and share new materials, new elements, or new
algorithms through C++ language, providing a software platform for the introduction of
nonlinear mechanical properties of MR dampers and real-time control algorithms to the
numerical time–history analysis of MR damped structures.

2.1. Spatial Structure Modeling

For spatial structures with irregular plane and elevation, its vibration form is complex,
and the simplified models are difficult to describe the coupled translational and torsional
vibration characteristics. It is necessary to establish a full-scale three-dimensional spatial
model. Herein, a typical full-scale spatial eccentric structure was selected as the numerical
example to stimulate the coupled translation-torsion vibration responses under earthquake
actions. In practical engineering, the eccentricity of real building structures is often caused
by the irregularity in both horizontal and vertical directions. Therefore, a full-scale ten-story
reinforced concrete (RC) frame building with both plan asymmetry and vertical irregularity
was modeled for this numerical study. The height of the first floor is 4.5 m and the upper
floors are all 3.3 m high. The structure has three bays, where the span of the middle bay is
3 m and the side bay is 6.6 m. The cross section of the columns is 650 mm by 650 mm, the
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dimension of the beams at the side bay is 300 mm by 600 mm, and the dimension of the
beams at the middle bay is 300 mm by 350 mm.

The structure model has both plan asymmetry due to the ‘L-shaped’ floor plan and
vertical irregularity due to setbacks above the sixth floor, whose typical floor plans can
be seen in Figure 1. In order to truly reflect the spatial torsional vibrations of eccentric
structures, the numerical structure in this study was modeled as a three-dimensional beam-
column element system [33,34], considering the elastic–plastic deformation of beam and
column members under strong earthquakes, as can be seen in Figure 2. The lateral load
resistance system of the ‘L-shaped’ structure is strong in one direction but weak in the other,
and due to the eccentricity of stiffness in the lateral load resistance system, the building is
prone to torsional vibrations on the vertical axis.

  
(a) (b) 

Figure 1. Typical floor plans of the ten-story L-shaped structure model. (a) 1st–6th floor (b) 7th–10th floor.

 

Figure 2. Three-dimensional view of the full-scale spatial eccentric structure model.

In the numerical modeling through OpenSEES, the fiber model is used to simulate the
member sections, in which the beam, column, and other member sections in the structure
are discretized into several small elements, and each small element adopts the uniaxial
constitutive relation of the corresponding material. The skeleton curve of the concrete
constitutive model adopts the Kent–Scott–Park model, and the stress–strain relationship of
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the steel bar is described by the Menegotto–Pinto model [35,36]. In OpenSEES, the ‘concrete
02′ and ‘steel 02′ command are used to construct the concrete and steel material respectively.
All the degrees of freedom of the bottom nodes of the structure are fixed, simulating the
fixed connection between the real structure and the ground. In order to fully simulate the
multi-directional translational and torsional vibration of the structure, the translational and
torsional degrees of freedom (UX, UY, UZ, RX, RY, RZ) of the remaining nodes in the three
directions are free.

2.2. Structure Model Verification

In order to verify the validity and accuracy of the self-programmed structure model
in OpenSEES, comparisons of modal analysis results and dynamic time history responses
calculated from OpenSEES (version 3.3.0) and SAP2000 (version 23.0) were carried out.
The structure model set up in SAP2000 with node numbers can be seen in Figure 3. The
El-Centro N-S component ground motions were used in the time history analysis, and the
amplitude is scaled to 70 cm/s2. Seismic waves were applied unidirectionally in the X
direction of the structure. The damping ratio of all modes was set to 5%.

Figure 3. The spatial structure model with node numbers in SAP2000.

The comparisons of modal analysis results are provided in Table 1, and comparisons
of the acceleration and displacement time history responses of the top node (node 435) are
plotted in Figure 4. The vibration type of each mode of the structure can be determined
according to the participation mass ratio. When the participation mass ratio in the RZ
direction of the structure is much larger than the sum of the participation mass ratios in
the UX and UY directions, it means that the structure exhibits obvious torsional vibration;
conversely, it means that the structure vibrates in the X-direction or Y-direction. As can be
seen in Table 1 and Figure 4, the differences of the modal analysis results obtained from
OpenSEES and SAP2000 are limited to 15%, and the acceleration time history responses of
the top node in OpenSEES and SAP2000 are close, which indicates that the structure model
established in OpenSEES is effective and accurate.
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Table 1. Comparisons of modal analysis results from OpenSEES and SAP2000.

Mode
Frequency (Hz)

Error (%)
Participating Mass Ratios

Vibration Type
OpenSEES SAP2000 UX UY RZ

1 1.0943 1.2106 9.61 0.00041 0.72 0.03633 Translation vibration-Y

2 1.2549 1.3427 6.54 0.76 0.00102 0.00640 Translation vibration-X

3 1.2706 1.3957 8.96 0.02175 0.00122 0.53 Torsion vibration-Z

4 1.6530 1.8435 10.33 0.00269 0.00172 0.01864 Torsion vibration-Z

5 1.8223 1.9544 6.76 0.00273 0.07293 0.11 Coupled translation-torsion vibration

6 1.9566 2.1730 9.96 0.00775 0.02567 0.11 Torsion vibration-Z

7 2.2289 2.2265 0.11 0.02872 2.267 × 10−5 0.01696 Coupled translation-torsion vibration

8 2.7088 2.6666 1.58 0.00555 0.00053 0.00443 Coupled translation-torsion vibration
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Figure 4. Response comparisons of the structure model in OpenSEES and SAP2000. (a) Acceleration,
(b) Displacement.

What is more, it can be revealed from Table 1 that the vibration types of the third and
higher structure modes are torsional vibration or coupled translation-torsional vibration,
and the ratio of the first torsional period to the first translational period of the structure is
0.86, close to the upper limit value 0.9 in the Chinese seismic design code [37], which further
proves that the established numerical model is a typical spatial eccentric structure with
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weak torsional resistance. Therefore, it is necessary to suppress the torsional irregularity of
the eccentric structure using vibration control devices.

3. MR Damper Modeling

3.1. Performance Tests of MR Dampers

The vibration control devices implemented to the established structure model for
vibration mitigation are MR dampers. Utilizing the reversible fluid–solid conversion char-
acteristics of MR fluid under the action of a magnetic field, the output of MR dampers can
be adjusted in real time according to the external excitations and the vibration response of
structures, by changing the excitation current. Due to the intrinsically nonlinear charac-
teristics of MR dampers, accurate and efficient mathematical models to properly describe
their behavior are crucial for the design of semi-active control systems and the responses
predication of MR damped structures.

In order to provide experimental data basis for parameter identification of MR dampers,
performance tests of a single-coil MR damper were carried out [38], as can be seen in
Figure 5. The MR fluid used in this MR damper was the highly stabilized MR fluids based
on MWCNTs/GO composites coated ferromagnetic particles prepared in our previous
studies [39], and the basic properties of the MR fluid are listed in Table 2.

DC 
power 
supply

Testing 
mechine

MR damper

Figure 5. Schematic diagram and performance tests of a single-coil MR damper.

Table 2. Basic properties of MR fluid.

Particle Size (μm) Coating Thickness (μm) Volume Fraction (%) Sedimentation Rate (%) Yield Shear Stress τy (kPa)
Viscosity
η (Pa.s)

1.5 0.015 40 3.5 (120 days) 7.5–10 (0.3 T) 2–2.5
(25 mm/s)

The magnetic characteristics of MR dampers have significant influence on the mechan-
ical properties, so it is necessary to study the magnetic field distribution of this MR damper.
The single-coil MR damper is axisymmetric, so it can be simplified as a two-dimensional
model with ANSYS, with the axial direction of the damper as the symmetric axis. Figure 6
shows the magnetic induction lines and the magnetic induction intensity distributing of
the single-coil MR damper. As can be seen from this figure, the magnetic induction lines
all go perpendicularly through the damping gap, and the magnetic induction intensities
in the damping gap is uniformly distributed, with nearly 200 mT, when the excitation
current is 2.0 A.
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Magnet induction 
intensity

0.06

Figure 6. The vector diagram and the nephogram of the magnetic induction intensities of a single-coil
MR damper with the excitation current of 2.0 A.

The force–displacement and force–velocity curves of the MR damper were plot‘ted in
Figure 7a,b, respectively. In Figure 7, the excitation frequency was 0.1 Hz, and the displace-
ment amplitude was 5 mm. As can be seen from this figure, the force–displacement and
force–velocity curves of MR dampers exhibit significant nonlinear hysteresis characteristics.
In Figure 7a, when the excitation current gradually increases from 0 A to 1.5 A, the damping
force increases greatly, but when the excitation current increases from 1.5 A to 2.0 A, the
damping force does not change much, with only a small increment. It can be inferred that
the saturation current of this MR damper is 1.5 A. Additionally, when the excitation current
increases from 0 A to 1.5 A, the damping force increases from 2 kN to 8 kN, which shows
that the damper has good adjustable performance. It can be seen from Figure 7b that the
damping force of the MR damper first increases rapidly and then tends to be flat with
the increase of velocity. In the high-velocity region, the damping force of the MR damper
is basically unchanged, because this period is the process of the damper piston moving
rapidly from one end to the other end, and the damping force is stable around the peak
value during this process. When the piston moves to one end and is ready to turn, the
damping force will drop rapidly.

Based on the performance tests results and the phenomenological models for MR
dampers [40], a microstructure-based sigmoid model for describing the mechanical proper-
ties of MR dampers affected by MR fluid microstructure, magnetic saturation, excitation
properties, and current was proposed in our earlier publications [41]. This model does not
need to solve the differential equations, with only three undetermined parameters, and
thus is suitable for applications in the practical vibration control of MR damped structures.
In this study, the damping force of MR dampers fd was calculated using this model, as can
be seen in Equation (1):

fd =

[(
2.07 +

12Qη

12Qη + 0.4wh2τy

)
· τy · Lt·Ap

h

]
· 1 − e−k(

.
x+

.
xh)

1 + e−k(
.
x+

.
xh)

+ Cb
.
x (1)

in which k,
.

xh, and Cb are the parameters of the sigmoid model related to the current,
excitation frequency, and displacement amplitude, and can be identified based on the
performance test results;

.
x is the velocity of the piston rod; Q is the volumetric flow rate;

η is the viscosity of MR fluid with no magnetic field; w is the mean circumference of the
damper’s annular damping gap; h is the gap between the outer cylinder and the piston;
τy is the yield shear stress of MR fluid; Ap is the cross-sectional area of the piston head,
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Ap =
(

D2 − d2)/4; D is the piston diameter; d is the piston rod diameter; Lt is the working
length of the damping gap.
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Figure 7. Force–displacement and force–velocity curves. (a) Force–displacement curves. (b) Force–
velocity curves.

The parameters to be identified in this model include the curve slope k, the crossing
velocity

.
xh, and the damping coefficient Cb. The curve slope k is the slope of the hysteresis

curve when the velocity is equal to zero, the cross velocity
.

xh is obtained by the intercept of
the force–velocity curves on the abscissa axis, and the damping coefficient Cb is the slope
of the high velocity region of the hysteresis curve, as can be seen in Figure 8. All three
parameters are related to the excitation current and maximum velocity

.
xmax. In this study,

parametric identification was performed in Origin software, and ‘nonlinear surface fitting’
was used to fit the relationship between the three parameters with excitation current and
maximum velocity. The function used in the parametric identification is Poly2D.
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Figure 8. The undetermined parameters of the sigmoid model.

Considering the size of the spatial structure model, the dimensions of the MR damper
were selected so that the MR damper can obtain the maximum output of 10 kN and the
adjustable coefficient over 3, as listed in Table 3.

Table 3. Dimensions of the MR damper.

Piston Diameter D (mm) Piston Rod Diameter d (mm) Damping Gap h (mm) Working Length Lt (mm)

116 40 2 80

3.2. MR Damper Modeling and Verification

The proposed mathematical model in Equation (1) essentially defines the force–velocity
relationship of MR dampers, so this relationship can be simulated in OpenSEES as a new
material. The force generated by MR dampers on the structure is only in the axial direction,
and the ‘Truss’ element in OpenSEES is an element that transmits only axial force, thus
the ‘Truss’ element and the self-defined new material can be combined to establish a
mathematical model for describing the nonlinear mechanical properties of MR dampers.

The uniaxial material in OpenSEES that describes the stress–strain relationship is
adopted to define the new material. In order to convert it into the force–velocity relationship
of MR dampers, the ‘setTrailStrain’ function is used to obtain strain and strain rate (the
velocity value

.
x in Equation (1)). Then, the material property of the ‘Truss’ element is

defined as the self-defined new material, and the cross-section area of the element is
defined as 1. Finally, the damping force of the MR damper can be obtained from the axial
force of the element.

By consolidating the element at one point and applying a sinusoidal displacement
load to another point, the damping force of the MR damper model at different time can
be obtained. In Figure 9a, the sinusoidal displacement loads applied to the element have
the excitation frequency of 0.1 Hz, the displacement amplitude of 20 mm, and the current
of 0.4 A and 0.8 A, and in Figure 9b, the sinusoidal displacement loads applied to the
element have the excitation frequency of 1.0 Hz, the current of 0.4 A, and the displacement
amplitude of 10 mm and 20 mm, which are both the same as the loading conditions of
the MR damper performance tests, and the parameters of the model in OpenSEES are the
same as the dimensions of the MR damper [38], so the accuracy of the MR damper model
established in OpenSEES can be verified by comparing the damping forces calculated from
OpenSEES with performance test results.
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Figure 9. Comparisons between the damping force calculated from OpenSEES and performance test
results. (a) 0.1 Hz, 20 mm. (b) 1.0 Hz, 0.4 A.

Figure 9 compares the damping forces calculated using the developed model in
OpenSEES and the performance test results [38], in which the basic dimensions of the MR
damper and properties of MR fluid are the same as the model parameters in Tables 2 and 3.
As can be seen from these figures, the damping forces of the MR damper calculated by
the OpenSEES model are basically consistent with the performance test results, and can
reflect the real-time variation trend of the damping force with time. Therefore, it can be
concluded that using the ‘Truss’ element and the self-defined new material in OpenSEES,
the developed model can finely describe the nonlinear dynamic properties of MR dampers.
Introducing the MR damper model into the established structure model, the numerical MR
damped structure model is established, and the dynamic responses of the MR damped
structure under earthquake actions can be obtained.

4. Control System with Multiple MR Dampers

The essence of structural vibration control is to minimize the structural vibration
response by establishing the appropriate feedback relationship between the control force
and the measured structural vibration response as well as external excitation. Therefore,
structural vibration control is essentially an optimization process of control parameters.
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For eccentric structures with coupled translation-torsion responses, a control system
equipped with multiple MR dampers is necessary, which makes the structural vibration
control a more complex problem. On the one hand, for effective coupled torsion-translation
vibration mitigation, the feedbacks to the control system need the combination of several
parameters, including structural vibration response signals (displacement, acceleration,
torsion angle) and earthquake excitation signals. On the other hand, in order to realize
real-time cooperative control of multiple MR dampers, the control system is required to
output different excitation currents to multiple dampers at the same time. Therefore, the
control system involving multiple MR dampers is essentially a multi-input, multi-output
(MIMO) system.

When multiple MR dampers are arranged in real-life high-rise buildings, it is impracti-
cal to equip each damper with a controller, and not every story of the structure has room for
control and sensing systems. What is more, if too many controllers are involved in the con-
trol system, the stability and robustness of the system are not guaranteed. Fewer controller
and sensors may be more applicable, stable, and economical for practical application.

In this study, only two controllers are implemented to the control system with multiple
MR dampers, where one controller outputs current to the dampers responsible for transla-
tional vibration control (‘translational control damper’), while the other controller outputs
current to the dampers for torsional vibration control (‘torsional control damper’). The two
controllers simultaneously output different currents to the two types of MR dampers, con-
sidering the cooperative work between the translational control dampers and the torsional
control dampers, so as to achieve the optimal control on the coupled translation-torsion
vibration of spatial eccentric structures, which is the basic concept of the control strategy
proposed in this study.

4.1. Performance Criteria of Eccentric Structures

Firstly, in order to optimize the damping effect of the MR control system, a param-
eter representing the overall structural response requires to be minimized. For eccentric
structures with coupled translation-torsion vibration, inter-story drift ratio and inter-story
torsion angle were assigned as the performance criteria, in which the inter-story drift
ratio characterizes the translational vibration, and the inter-story torsion angle reflects the
torsional vibration.

4.2. Feedbacks to MR Control System

Then, the control system needs appropriate feedback to adjust the excitation current to
MR dampers. As the output of MR dampers is directly related to the corresponding velocity,
the velocity at the installation position of the MR damper was chosen as the feedback to
the control system. In addition, in order to avoid the overcontrol of the structure by the MR
control system under small earthquakes, the amplitude of the earthquake excitations was
also considered.

4.3. Control Strategy

In general, the equation of motion for a spatial eccentric building equipped with
multiple MR dampers subjected to earthquake excitation can be written as:

Ms
..
x + Cs

.
x + Ksx = −MsI

..
xg + DU (2)

in which Ms, Cs, and Ks are the mass, damping, and stiffness matrices of the eccentric
structure, respectively; x,

.
x, and

..
x are the displacement, velocity, and acceleration vector

of the eccentric structure;
..

xg is the acceleration vector of the earthquake excitation; D is
the location matrix of MR dampers; U is the control force vector of MR dampers; I is the
identity matrix.

Equation (2) can be reduced to first-order and written in the state-space form as:

.
Z = AZ + BU + E

..
xg (3)
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Z =
[
x

.
x
]T (4)

A =

[
0 I

−Ms
−1Ks −Ms

−1Cs

]
, B =

[
0

Ms
−1D

]
, E =

[
0

−I

]
(5)

in which Z is the state vector; A is the system matrix; B is the distribution matrix of the MR
damping force; E is the distribution matrix of the earthquake excitation.

Figure 10 is the work flow diagram of the control system with multiple MR dampers,
and the detailed steps to implement the control strategy for the control system with
multiple MR dampers can be seen from this figure. The spatially eccentric structure will
have coupled translation-torsion vibrations under earthquake excitations. The proposed
control strategy will output corresponding command signals to the two controllers in the
system according to the structural vibration response and seismic excitation collected by
the sensors. The two controllers output different currents to the two types of MR dampers
arranged in the structure to ensure the cooperative work between them. Additionally, the
vibration signal of MR dampers will also be output to the control strategy, and the control
system output by the control strategy can be adjusted in real time. Ultimately, two types of
MR dampers apply torsional and translational control forces to the structure, forming a
complete closed-loop control of the coupled translation-torsion vibrations of the spatial
eccentric structures.
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Figure 10. Work flow diagram of the control system with multiple MR dampers.

In Figure 10, there are two problems to be solved for the practical application of
the control system with multiple MR dampers. One is how to determine the excitation
currents of the two controllers, and the other is how to allocate the two excitation currents
to ensure the cooperative work of the two types of MR dampers. Firstly, the excitation
current I1 is input to the torsional control damper, thus the current value is determined
by the real-time response of the torsional control dampers. Similarly, the current value
of the excitation current I2 is determined by the real-time response of the translational
control damper. Equations (6) and (7) are the criterion for current determination of the
torsional control and translational MR dampers, respectively. Since there are multiple MR
dampers, the current values I1 and I2 obtained from Equations (6) and (7) are within a
range. In Equations (6) and (7), Imax is the saturation current of the MR dampers, n is the
total number of the torsional control dampers, m is the total number of the translational
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control dampers, I1i is the excitation current for the ith torsional control damper, vi is
the velocity of the ith torsional control damper, I2t is the excitation current for the tth
translational control damper, vt is the velocity of the tth translational control damper, μ
is the coefficient describing the relationship between the velocity and the output of MR
dampers, which needs to be determined according to the performance test results. In this
paper, μ is set as 3 ×106 N·s/m.

I1i =

{
Imax (μ·vi ≥ Imax)
μ·vi (μ·vi < Imax)

i = 1 ∼ n (6)

I2t =

{
Imax (μ·vt ≥ Imax)
μ·vt (μ·vt < Imax)

t = 1 ∼ m (7)

Secondly, it is necessary to select two excitation current values from the two current
ranges obtain from Equations (6) and (7) to complete the cooperative work of the two types
of MR dampers. In order to achieve a good control effect on both the translational and
torsional vibrations at the same time, inter-story drift ratio and inter-story torsion angle are
selected as the evaluation indicators. The objective function Jz is shown in Equation (8),
where γt and γt0 are the inter-story drift ratio of the top floor of the MR damped structure
and the uncontrolled structure, respectively; θt and θt0 are the inter-story torsion angle of
the top floor of the MR damped structure and the uncontrolled structure, respectively; α
and β are the weighting coefficients of inter-story drift ratio and inter-story torsion angle,
respectively, which are both taken as 0.5 in this paper.

Jz = α
γt

γt0
+ β

θt

θt0
(8)

Finally, the genetic algorithm is adopted to optimize the two excitation current values,
and the goal is to minimize the objective function, and Equations (6) and (7) are the
constraint conditions. Within the range of current I1 and I2, multiple sets of combined
values are selected as the initial population, and new populations are obtained through
continuous crossover and mutation, the fitness of each generation is calculated, and the
optimal set of current I1 and I2 is finally obtained. In the optimization process, the optimal
excitation currents for controller 1 and controller 2 can be obtained, and the cooperative
control of the torsional control dampers and translational control dampers is achieved.

4.4. Placement of Multiple MR Dampers

For the semi-active control system with multiple MR dampers, another important
issue is the placement of control devices, which has significant influence on its damping
effect. In this study, the placement configuration of MR dampers is determined based
on the inter-story drift ratios of the structure. Vertically, the floors where the inter-story
drift ratios are significantly larger than other floors are the weak floors of the structure,
and dampers should be arranged on these floors. In each floor, MR dampers for torsional
vibration mitigation need to be placed at the corners or edges, as far away as possible from
the center of mass, while the dampers for translation vibration mitigation are placed near
the center of mass.

For the 10-story frame structure model established in this study, the lateral struc-
tural deformation is mainly concentrated in the lower floors, so both translational control
dampers and torsional control dampers are placed in 1th–6th floors, and the 7th–10th floors
only have torsional control dampers. The detailed placement of MR dampers in different
floors can be seen in Figure 11. In this figure, the green devices are the translational control
dampers, and the red devices are torsional control dampers. As can be seen from Figure 11,
a total number of 120 MR dampers are implemented in this structure for vibration control.
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(a) 

 
(b) 

Figure 11. The placement of multiple MR dampers in different floors of the structure. (a) 1th–6th
floor (b) 7th–10th floor.

5. Results and Discussions

The multiple MR dampers in Figure 11 with related controllers, sensors and power
sources form a complete semi-active control system, and the proposed control strategy
is responsible for calculating corresponding currents for different dampers in the control
system to mitigate the coupled translation-torsion vibration of the structure. In order to
evaluate the performance of the control system with multiple MR dampers, the simulation
results and comparisons with seismic responses of the uncontrolled structure are discussed.

5.1. Modal Analysis

Modal analysis can provide the parameters that reflect the performance of a structure,
and can be used to qualitatively access the basic dynamic properties. Therefore, the modal
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analysis of the MR damped structure is carried out firstly. Table 4 shows the modal analysis
results of the MR damped structure. Compared with the model analysis results of the
uncontrolled structure in Table 1, the dynamic properties of the eccentric structure are
significantly changed due to the application of MR dampers. The uncontrolled eccentric
structure exhibits obvious coupled translation-torsion vibration characteristics, while the
vibration responses of the MR damped structure are mostly translational (the first three
vibration modes are translation vibrations, and there is no coupled translation-torsion
vibration), indicating that the control system with multiple MR dampers can remarkably
mitigate the torsional vibration of spatial eccentric structures. The ratio of the first torsional
period to the first translational period of the structure decreases from 0.86 to 0.53, which
proves that the torsional stiffness of the structure has been significantly improved with the
control system of multiple MR dampers.

Table 4. Modal analysis results of the MR damped structure.

Mode Frequency (Hz)
Participating Mass Ratios

Vibration Type
UX UY RZ

1 1.3826 0.00041 0.835 0.00271 Translation vibration-Y
2 1.5860 0.7927 0.00082 0.00351 Translation vibration-X
3 1.7265 0.01873 0.00122 0.0053 Translation vibration-X
4 1.9308 0.00269 0.01232 0.00424 Translation vibration-Y
5 2.2733 0.00073 0.07293 0.00033 Translation vibration-Y
6 2.5860 0.00075 0.00316 0.6123 Torsion vibration-Z
7 2.7002 0.00872 1.352 × 10−5 0.00056 Translation vibration-X
8 2.9523 0.00614 0.00053 0.00043 Translation vibration-X

5.2. Time History Analysis

To quantitatively evaluate the effectiveness of the proposed control strategy for multi-
ple MR dampers, nonlinear dynamic time history responses of the numerical structure due
to earthquakes were simulated. The earthquake excitations used in the time history analysis
are the unidirectional El Centro and Taft ground motions, and the amplitude is scaled
to 400 cm/s2. Both ground motions were applied in the The duration of the earthquake
excitations is set to 15 s, with the step of 0.02 s. The significant parameters selected to
assess the control performance of the MR control system in torsional and translational
vibration mitigation are node acceleration, node displacement and inter-story torsion angel.
The node displacement response of is displacement relative to the ground, while the node
acceleration response of is the absolute acceleration.

The node acceleration and displacement responses are obtained from the time history
results of the node at the top floor (node 435 in Figure 3). Figure 12 shows the top node
acceleration time history responses of the uncontrolled and the structure with multiple MR
dampers controlled by the cooperative control strategy. The corresponding displacement
responses are plotted in Figure 13. As can be seen from these two figures, with the
implementation of the control system with multiple MR dampers, the node acceleration
and displacement responses are significantly attenuated. In addition, under different
seismic waves, the damping effect of the control system with multiple MR dampers on the
structural displacement is obviously better than that of the acceleration. This is because
the setting of MR dampers will increase the stiffness of the structure, thereby amplifying
the acceleration response of the structure to a certain extent, and ultimately leading to a
limited control effect of the acceleration responses.
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Figure 12. Acceleration time history responses of the uncontrolled and MR damped structure. (a) El
Centro. (b) Taft.

In order to verify the suppression effect of the multiple MR dampers in the torsional
irregularity of spatial eccentric structures, the inter-story torsion angles of the uncontrolled
and MR damped structures are compared. The inter-story torsion angle can be obtained by
subtracting the time–history curves of the rotation angles of the upper and lower floors
around the rigid center and then taking the maximum absolute value, and it can intuitively
reflect the torsion degree of each story for torsional irregular structures, as can be seen in
Figure 14.

The inter-story torsion angles of the uncontrolled and MR damped structure are
plotted in Figure 15. After the implementation of the control system with multiple MR
dampers controlled by the cooperative control strategy, the inter-story torsion angles of all
floors are reduced to 2%, within the code limit, showing that the torsional vibrations of the
spatial eccentric structure are obviously mitigated.

What is more, it can be seen from the inter-story torsion angles of the uncontrolled
structure that due to the sudden change in vertical stiffness in the 7–10 floors of the structure,
the top of the structure exhibits amplification of the torsional vibration response. After the
implementation of MR dampers that control the torsional vibration, the torsional vibrations
at the top floors are effectively mitigated.
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In summary, it can be revealed from these simulation results and comparisons that the
semi-active control systems with multiple MR dampers are effective in mitigating both the
translational and torsional vibrations of spatial eccentric structures.
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Figure 13. Displacement time history responses of the uncontrolled and MR damped structure. (a) El
Centro. (b) Taft.

Figure 14. Schematic of the inter-story torsion angle.
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Figure 15. Inter-story torsion angles of the uncontrolled and MR damped structure. (a) El Centro.
(b) Taft.

6. Conclusions

In this study, numerical models of spatial eccentric structures with multiple MR
dampers were established in OpenSEES, and numerical analysis was conducted to reveal
the effectiveness of the control system with multiple MR dampers. The following are the
main conclusions drawn from this study:

(1) The self-programmed structure model in OpenSEES can accurately describe the
coupled translation-torsion vibration characteristics of spatial eccentric structures, and the
nonlinear mechanical properties of MR dampers can be simulated by combining the ‘Truss’
element and self-defined new material in OpenSEES.

(2) The semi-active control system with multiple MR dampers using the proposed
control strategy is numerically proven to be effective in mitigating both torsional and
translational responses of eccentric structures. For translational vibration control, the
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acceleration and displacement time history responses have been significantly mitigated.
For torsional vibration mitigation, the inter-story torsion angles are limited to 2% after the
implementation of multiple MR dampers. The proposed cooperative control strategy for
multiple MR dampers only needs two controllers, which is more economical and reliable,
and thus has significant engineering application prospects for control systems with multiple
MR dampers.
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Abstract: With the wide application of hydraulic servo technology in control systems, the require-
ment of hydraulic servo position control performance is greater and greater. In order to solve the
problems of slow response, poor precision, and weak anti-interference ability in hydraulic servo
position controls, a Kalman genetic optimization PID controller is designed. Firstly, aiming at the
nonlinear problems such as internal leakage and oil compressibility in the hydraulic servo system,
the mathematical model of the hydraulic servo system is established. By analyzing the working
characteristics of the servo valve and hydraulic cylinder in the hydraulic servo system, the param-
eters in the mathematical model are determined. Secondly, a genetic algorithm is used to search
the optimal proportional integral differential (PID) controller gain of the hydraulic servo system to
realize the accurate control of valve-controlled hydraulic cylinder displacement in the hydraulic servo
system. Under the positioning benchmark of step signal and sine wave signal, the PID algorithm
and the genetic optimized PID algorithm are compared in the system simulation model established
by Simulink. Finally, to solve the amplitude fluctuations caused by the GA optimized PID and
reduce the influence of external disturbances, a Kalman filtering algorithm is added to the hydraulic
servo system to reduce the amplitude fluctuations and the influence of external disturbances on the
system. The simulation results show that the designed Kalman genetic optimization PID controller
can be better applied to the position control of the hydraulic servo system. Compared with the
traditional PID control algorithm, the PID algorithm optimized by genetic algorithm improves the
system’s response speed and control accuracy; the Kalman filter is a good solution for the amplitude
fluctuations caused by GA-optimized PID that reduces the influence of external disturbances on the
hydraulic servo system.

Keywords: hydraulic servo system; valve-controlled hydraulic cylinder; PID control; genetic
optimization; Kalman filter

1. Introduction

Hydraulic systems are widely used in industrial and mobile applications due to their
high power to mass ratio and reliability. As a closed-loop control hydraulic system, the
hydraulic servo system has the advantages of a hydraulic system and has the characteristics
of fast response and high servo accuracy. Therefore, a hydraulic servo system is widely used
in automation direction. In recent years, research on hydraulic servo systems has focused on
trajectory tracking, state estimation, fault diagnosis, and parameter identification to achieve
high-performance control [1]. One of the most desirable requirements is high precision
position control with fast response, especially for valve-operated hydraulic cylinders, the
actuators of hydraulic servo systems.

The accurate modeling of the controlled object is essential for the position control of
the hydraulic servo system. Establishing an accurate mathematical model of the hydraulic
servo system is very complicated due to the dead zone in the flow region, the static friction
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of the fluid, the compressibility and internal leakage of the fluid, the complex flow pressure
characteristics of the control valve, and other factors that lead to the problem of a highly
nonlinear and largely uncertain hydraulic servo system. In the last few years, some impor-
tant work has been carried out by related researchers in the modeling of hydraulic servo
systems. Xing et al. [2] analyzed the functions of servo valves and hydraulic cylinders and
established the transfer function of an automatic depth-controlled electrohydraulic system
using a first-principles approach. Mete et al. [3] considered the effects of compressibility,
friction, servo valve internal leakage, actuator leakage, and inertia on the electro-hydraulic
servo system and established a mathematical model of the main components of the internal
leakage electro-hydraulic servo system. Zheng et al. [4] considered the problems of dead
zones, saturation nonlinearity, time lag, and time variability in servo-hydraulic presses.
Yao et al. [5] used the known information of the electro-hydraulic servo system to build
an adaptive inverse model of the system. For the system’s nonlinear parameters, online
estimation was used to adapt the dynamic inverse model in real-time. Ye et al. [1] consid-
ered nonlinear factors such as dead zone, saturation, discharge coefficient, and friction
during modeling a valve-controlled cylinder system for a hydraulic excavator. Li et al. [6]
constructed adaptive parts of the hydraulic actuator model with parameter uncertainty to
handle it, and considered the residuals of parameter adaptation and the unmodeled dynam-
ics part with a robust part. Shen et al. [7] analyzed the basic principles of the new hydraulic
transformer, established a mathematical model of the system, and simplified the state-space
equations of the system by making appropriate assumptions about the system. Knohl
and Unbehauen [8] studied the problem of large dead zones of valves in electro-hydraulic
servo systems by linearizing the cylinder and load forces as a second-order system and
integrator while connecting the dead zone part and the linear part in a series to describe
the hydraulic system. Bao et al. [9] implemented a multi-pump, multi-actuator hydraulic
system modeling based on the dynamic analysis of hydraulic systems. Zhang et al. [10]
trained a BP neural network model to obtain a nonlinear relationship between motor speed
and cylinder two-chamber pressure as input and cylinder speed as output and constructed
a soft measurement model for the position of the direct-drive hydraulic system by inte-
grating the calculated speed of the network. Nguyen et al. [11] investigated the motion
dynamics of actuators under torque in a mechanical system considering parameter uncer-
tainties, unmodeled uncertainties, and perturbations. They realized the position model
of the electro-hydraulic servo system with detailed analysis of servo valve and hydraulic
system models. Zhang et al. [12] considered the clearance problem between spool and
sleeve in the construction of the mathematical model of the nonlinear position servo control
system of magnetically coupled rodless hydraulic cylinders, established the mass flow
relationship of each valve port by analyzing the proportional control valve structure and
through experimental tests, and used the friction model after experimental tests for the
friction model of the valve-controlled cylinder, so as to realize the establishment of the
system dynamics equations. These studies provide some methods for solving nonlinear
problems in modeling hydraulic servo systems.

In addition, to achieve good position control, it is necessary to study the control
methods used in the hydraulic servo system, such as PID, fuzzy algorithm, neural network
optimization, etc. PID control has been commonly used in hydraulic systems with the
advantages of simple structure, easy implementation, and mature theoretical analysis. The
critical step in PID control is the effective adjustment of three adjustable gains: proportional
gain, integral gain, and differential gain. However, PID control has linear characteristics
and cannot meet the requirements of nonlinear systems alone. In recent decades, many
intelligent optimization techniques have been used to regulate PID gains to solve the control
problems of nonlinear and complex systems. Chang [13] used an artificial bee colony (ABC)
algorithm to search for PID control parameters to enhance the control performance of a
continuously stirred kettle reactor. He [14] proposed an improved artificial bee colony
algorithm to optimize the gain of the PID controller and improve the control performance
of the strip deviation control system. Hao et al. [15] used the particle swarm optimization
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(PSO) algorithm to optimize the PID parameters and improved PSO in inertia weights,
learning coefficients, and elite variances to improve trajectory tracking accuracy in electro-
hydraulic position servo systems. Zheng et al. [4] introduced a fuzzy PID control method to
improve the overall performance of the electro-hydraulic position servo system to establish
fuzzy inference rules capable of adaptively adjusting the PID parameters in terms of the
error and error variation of the system. Wang et al. [16] introduced a fuzzy controller based
on the particle swarm algorithm to rectify the parameters of the PID. Shutnan et al. [17] used
the clone selection algorithm to rectify the PID parameters for the path tracking problem
of a robotic manipulator. Guo et al. [18] combined PID control and generalized predictive
control to exploit the advantages of each and improve the system performance. Odili
et al. [19] applied the African Buffalo Optimization algorithm to rectify the PID controller
parameters for effective control of the voltage regulator (AVR). Bingul et al. [20] used the
cuckoo search algorithm to optimize the design of the PID controller parameters in an
AVR system. Loucif [21] used a novel optimization algorithm of the Whale Optimization
Algorithm to determine the optimal parameters of the PID controller to achieve better
trajectory tracking of the robot operator. Xue et al. [22] proposed an advanced flaring
(AFW) algorithm based on the adaptive principle and bimodal Gaussian function and
established a PID parameter rectification model combined with AFW. Gao et al. [23]
proposed an artificial fish swarm algorithm, which has a good optimization effect on the
PID of the motion servo control system. Liu et al. [24] proposed a method for intelligent
tuning of PID parameters based on iterative learning control, enabling the PID parameters
of the AFM to be self-tuned according to the shape of the sample. Li [25] proposed a
PID control strategy based on bacterial foraging optimization to improve the performance
of variable air volume-air conditioning systems. Liu et al. [26] proposed an improved
fruit fly optimization algorithm that combines a PID control strategy with a cloud model
algorithm to improve the response performance of a magnetorheological liquid brake
proportional-integral differential controller.

Genetic algorithms (GA) are inspired by natural selection and have stochastic opti-
mization properties to optimize any problem without prior knowledge. It also provides
faster convergence to near-optimal solutions [27]. At the same time, compared to traditional
optimization algorithms that obtain optimal solutions by a single initial value iteration, ge-
netic algorithms can evolve by searching for multiple solutions in the space simultaneously,
thus reducing the risk of falling into a local optimum [28–30]. Therefore, the study of the
adaptive adjustment of PID parameters using a genetic algorithm has certain reliability
and development.

This paper implements modeling of the system by considering nonlinear factors
such as internal leakage and oil compressibility of the system. To address the problems
of slow response and low accuracy in the position control of valve-controlled hydraulic
servo systems, the PID control is used as the basis to improve the performance of the
system. In this work, a GA algorithm is used to search the PID parameters to improve the
control performance of the system. To solve the amplitude fluctuations caused by the GA
algorithm-optimized PID controller in the position response of the hydraulic servo system
and to reduce the influence of external disturbances on the system, a Kalman filter is added
to the designed GA-optimized PID controller to improve the anti-interference capability of
the system.

2. Valve-Controlled Hydraulic Servo System Model

2.1. Valved Hydraulic Servo System

As shown in Figure 1, the valve-controlled hydraulic servo system has the following
operating principles. The system consists of eight parts: hydraulic cylinder, displacement
sensor, servo valve, gear pump, oil cylinder, servo motor, servo driver, and controller. The
servo driver starts the servo motor and controls the speed of the motor as well as forward
and reverse rotation. The servo driver starts the servo motor and controls the speed of
the motor and forward and reverse rotation, and the servo motor drives the gear pump to
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rotate. When the servo motor is turning, the gear pump is turning, the cylinder side is the
suction chamber, the gear teeth in the suction chamber are disengaged one after another,
the suction tube sucks in oil from the cylinder under atmospheric pressure, and the system
side is the pressure chamber, the pressure chamber is engaged one after another, and the oil
sucked in by the suction tube is squeezed. The oil is delivered to the system side. When the
servo motor reverses, the gear pump reverses. The cylinder side is the pressure chamber,
the system side is the suction chamber, and the oil is delivered to the cylinder from the
system side. The controller controls the opening of the servo valve through the voltage
amount. The opening of the servo valve determines the amount of oil in and out of the
hydraulic cylinder. The servo valve opening is large, and the oil entering the hydraulic
cylinder from the system side of the oil output from the hydraulic cylinder to the system
side is more. Thus, the displacement of the hydraulic cylinder movement is large, and
vice versa, the displacement is small. The displacement of the movement is fed back to the
controller through the displacement sensor at the top of the hydraulic cylinder, forming a
closed-loop control loop.

Figure 1. Schematic diagram of valve-controlled hydraulic servo system.

2.2. Mathematical Modeling of Valve-Controlled Hydraulic Servo System
2.2.1. Hydraulic Cylinder Modeling

The principle of the valve-controlled hydraulic cylinder is shown in Figure 2. Among
them, ps is the system oil supply pressure; p0 is the return pressure of the system; q1 is
the inflow flow rate of the hydraulic cylinder inlet chamber; q2 is the outflow flow rate
of the hydraulic cylinder return chamber; and xv is the input displacement of the slide
valve spool. p1 and p2 are the pressure of the oil inlet chamber and the oil return chamber,
respectively; Cep is the external leakage coefficient of the hydraulic cylinder; Cep p1 and
Cep p2 are the external leakage flow at the sealed piston rod; Cip is the internal leakage
coefficient of the hydraulic cylinder; and Cip(p1 − p2) is the internal leakage flow at the
sealed piston rod, where p1 − p2 is the load pressure, equivalent to pL. V1 and V2 are the
volume of the oil inlet chamber and the oil return chamber, respectively. Ap is the effective
area of the hydraulic cylinder piston; mt is the sum of the converted mass of the piston end
load and the piston mass; FL is the force of any accidental load force on the piston; and xp
is the displacement of the hydraulic cylinder piston.
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Figure 2. Valve-controlled hydraulic cylinder schematic.

A slide valve is studied with four symmetrical throttling windows, with constant
supply pressure and zero return pressure [31]. The linearized flow equation of the valve is
as follows.

qL = Kqxv − Ke pL (1)

where qL is the system load flow rate; Kq is the flow gain of the slide valve; and Ke is the flow
pressure coefficient of the slide valve. Due to leaks and the effect of fluid compressibility,
the flow into and out of the hydraulic cylinder is unequal. To simplify the analysis process,
qL is defined as

qL =
q1 + q2

2
(2)

According to the inflow flow rate q1, outflow flow rate q2 can be obtained [32].

qL = Ap
dxp

dt
+ Ctp pL +

Vt

4βe

dpL
dt

(3)

where Ctp is the total leakage coefficient of the hydraulic cylinder; Ctp = Cip + Cep/2; Vt
is the total compression volume of the working chamber of the hydraulic cylinder; and
Vt = V1 + V2; βe is the effective volume modulus of elasticity. The load characteristics
will impact the dynamic characteristics of the hydraulic power element, and the load
force generally contains damping force, inertia force, elastic force, etc. The equilibrium
equation between the output force of the hydraulic cylinder and the load force is shown in
Equation (4) [31].

Ap pL = mt
d2xp

dt2 + Bp
dxp

dt
+ Kxp + FL (4)

where Bp is the viscous damping factor corresponding to the piston and the load and K is the
stiffness corresponding to the load spring. Equations (1), (3), and (4) describe the dynamic
characteristics of the valve-controlled hydraulic cylinder. In order to facilitate the analysis
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of the system characteristics, the form of the transfer function is used instead of a differential
Equation to describe the dynamic characteristics of the valve-controlled hydraulic cylinder.
The Laplace transformation of Equations (1), (3), and (4) yields Equation (5).⎧⎪⎨

⎪⎩
QL = KqXv − KcPL
QL = ApXps + CtpPL +

Vt
4βe

PLs
ApPL = mtXps2 + BpXps + KXp + FL

(5)

Since the input of the system is Xv, FL, and the output is Xp, to obtain the relationship
between the input and output, the intermediate variables QL, PL in Equation (5) are
eliminated to obtain Equation (6).

Xp =

Kq
Ap

Xv − Kce
Ap2 (1 +

Vt
4βe Ap2 s)FL

Vtmt
4βe Ap2 s3 + (mtKce

Ap2 +
BpVt

4βe Ap2 )s2 + (1 + BpKce
AP2 + KVt

4βe Ap2 )s +
KKce
Ap2

(6)

where Kce is the total flow pressure coefficient, and Kce = Kc + Ctp. In the hydraulic servo
system, generally, BP � Ap

2/Kce; therefore, Equation (6) can be simplified as follows.

Xp =

Kq
Ap

Xv − Kce
Ap2 (1 +

Vt
4βe Ap2 s)FL

Vtmt
4βe Ap2 s3 + (mtKce

Ap2 +
BpVt

4βe Ap2 )s2 + (1 + KVt
4βe Ap2 )s +

KKce
Ap2

(7)

When the load stiffness K is 0.

Xp =

Kq
Ap

Xv − Kce
Ap2 (1 +

Vt
4βe Ap2 s)FL

Vtmt
4βe Ap2 s3 + (mtKce

Ap2 +
BpVt

4βe Ap2 )s2 + s
(8)

Then, when under external no-load, FL equals to 0, the transfer function between the
displacement Xp of the piston of the hydraulic cylinder and the input displacement Xv of
the spool is

Xp

Xv
=

Kq
Ap

Vtmt
4βe Ap2 s3 + (mtKce

Ap2 +
BpVt

4βe Ap2 )s2 + s
(9)

Let
2βe Ap

2

Vt
= Kh (10)

√
Kh
mt

= ωh (11)

Kce

2Ap

√
2βemt

Vt
+

Bp

2Ap

√
Vt

2βemt
= ξh (12)

where Kh is the spring stiffness of the hydraulic pressure; ωh is the hydraulic inherent
frequency; and ξh is the damping ratio of the hydraulic pressure.

According to Equations (10)–(12), Equation (9) can be expressed as

Xp

Xv
=

Kq
Ap

s3

ωh
2 +

2ξh
ωh

s2 + s
(13)
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The no-load flow characteristic Q is the characteristic flow corresponding to the load
pressure drop pL = 0, which is known from (1).

Q = KqXv (14)

Equation (15) is obtained from Equations (13) and (14).

Xp

Q
=

1
Ap

s3

ωh
2 +

2ξh
ωh

s2 + s
(15)

2.2.2. Servo Valve Modeling

The input signal of the electro-hydraulic servo valve is the current signal. The output
signal is the no-load flow signal of the servo valve. Its essence is a nonlinear element. The
form of its transfer function used depends on the magnitude of the hydraulic intrinsic
frequency of the power element. When the servo valve bandwidth is close to the hydraulic
intrinsic frequency, the servo valve can be approximated as a second-order oscillatory system.

Q
I
=

K f

s2

ω f
2 +

2ς f
ω f

s + 1
(16)

where Ks f is the flow gain of the servo valve; ω f is the intrinsic frequency of the servo
valve; and ς f is the damping ratio of the servo valve.

2.2.3. Mathematical Modeling of the Valve-Controlled Hydraulic Servo System

According to the parameters of the hydraulic cylinder and the servo valve, see Table 1,
the specific servo valve and the hydraulic cylinder model can be determined.

Table 1. Hydraulic cylinder and servo valve parameters.

Parameters Numerical Value

Work trip 220 mm
Hydraulic cylinder bore 101 mm

Piston rod bore 63 mm
Valve rated current 40 mA

Total compression volume (Vt) 0.0010758 m3

Load Quality (mt) 630 kg
Effective piston area (Ap) 0.00489 m2

Servo valve flow gain (Ks f ) 0.021 m/A
Effective bulk modulus of elasticity (βe) 7 × 108 N/m2

Oil supply pressure (ps) 2.1 Mpa
Total flow pressure coefficient (Kce) 6.83 × 10−12 m · (N · s)−1

Hydraulic natural frequency (ωh) 314 rad/s
Hydraulic damping ratio (ξh) 0.2

Natural frequency of servo valve (ω f ) 753.6 rad/s
Damping ratio of servo valve (ς f ) 0.7

The displacement command signal input by the system is a voltage signal, and the
input signal of the servo valve is a current signal, so it is necessary to add a servo amplifier
between the system input and the servo valve. After comparing and amplifying the
input displacement command signal (voltage signal) and the displacement feedback signal
(voltage signal) of the system, a control current proportional to the deviation voltage is
output to the servo valve. The amplification factor of the servo amplifier is:

Ka =
I

ΔU
(17)
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where ΔU is the deviation between the input displacement signal U and the feedback
displacement signal Uc. The displacement command signal input by the system takes a
voltage signal of ±10 V as the input, and the input current of the electro-hydraulic servo
valve is 0 ∼ ±40 mA. It can be determined that Ka is equal to 0.004.

The output signal of the valve-controlled hydraulic servo system is a displacement
signal, and the feedback signal is a displacement signal. In order to compare it with the
input signal, a feedback amplifier is added to convert the displacement signal into a voltage
signal. The amplification factor of the feedback amplifier is:

K f k =
Uc

Xp
(18)

The movable working stroke of the hydraulic cylinder is 220 mm, and the input voltage
of the system is ±10 V, from which K f k can be determined to be equal to 90.9.

According to the mathematical model of each part of the hydraulic servo system, the
control flow chart of the hydraulic servo valve control system is established as shown in
Figure 3.
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Figure 3. Control flow chart of valve-controlled hydraulic cylinder.

3. Control Algorithm of Hydraulic Servo System

3.1. PID Control Algorithm

In the closed-loop control system, the PID controller is widely used in the industry.
It has the advantages of good stability, convenient adjustment, and high reliability [6,7].
Using the PID controller for position control in the hydraulic servo system, as shown in
Figure 4, can increase the accuracy and response speed of the hydraulic servo position
control to some extent.
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valve
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Figure 4. Hydraulic servo system PID control.

PID control consists of three units: proportional, integral, and differential. PID control
adapts to different system requirements by adjusting the gain value of these three units.
The PID controller can be expressed as the following mathematical formula [33]:

u(t) = Kpe(t) + Ki

∫ t

0
e(τ)dτ + Kd

d
dt

e(t) (19)

where u(t) is defined as the output function of the controller at time t; Kp is the proportional
coefficient; Ki is the integral coefficient; Kd is the differential coefficient; e is the error (e
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equals the set value minus the feedback value); t is the current time; and τ is the integral
variable. Its expression in the continuous domain s is:

u(s) = (Kp +
Ki
s
+ Kds)E(s) (20)

The performance of the PID controller depends on the appropriateness of the selection
of the PID gain parameter. Although the gain of the three units of the PID is easy to adjust,
different system transfer functions correspond to different PID gain parameters. In the
process of gain adjustment, the three units will conflict, resulting in the PID controller not
achieving a better performance. Therefore, the gain parameters corresponding to the three
units of the PID need to be traded off to obtain the best overall control results. So the key to
the PID controller is to adjust the adjustable parameters.

3.2. Optimization of the PID Algorithm by Genetic Algorithm

At present, many optimization methods are used to adjust the PID controller param-
eters, such as PSO, ABC, and so on. ABC can avoid falling into local optimal stagnation
in optimization, but it will have the problem of slow convergence; the PSO algorithm
converges fast, but easily falls into the local optimal solution and is unstable [34]. Com-
pared with the above intelligent algorithms, the GA can obtain the global optimal solution
according to the principle of natural evolution and converge quickly. The PID controller
optimized by GA is used in the hydraulic servo system, as shown in Figure 5, so that the
output response can better track the target.
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Figure 5. PID Controller optimized by genetic algorithm.

GA represents an evolutionary process similar to the Darwinian model. This process
begins with the creation of an initial random group of individuals. These individuals, the
points in the state space, adopt the value of the criterion to be optimized. It goes through
the stages of selection, hybridization, and mutation from one generation to another to
produce a new population for the next generation. The evaluation of the fitness function
makes it possible to provide the optimal solution of the generation under consideration
until the unique optimal solution is imposed by the convergence condition of the iterative
system [35]. In order to overcome the shortcomings of the PID algorithm, the GA with
crossover and mutation operation is used to adjust and optimize the three parameters of
PID. GA can flexibly construct a heuristic process and corresponding objective function
and can randomly and quickly search the optimal solution and find the global optimal
solution in the process of a parameter search. The specific process is as follows:

1. Code and population initialization:

Coding is the process of converting the three parameters, Kp , Ki, and Kd, in the PID
into chromosomes that genetic algorithms can manipulate. The content of the coding is to
correspond the genotypes of individuals in biology to potentially feasible solutions. In this
paper, the real number coding method is adopted, and the integer in the given range 0 to
9 is used to represent the parameters. The Ziegler-Nichols method is used to determine
the optimization interval of PID parameters. The sequence of N, randomly generated

55



Actuators 2022, 11, 162

[Kp,Ki,Kd], is used as the initial cluster, while the maximum evolutionary generation is set
considering the complexity of the calculation.

2. Calculate the value of individual fitness function:

The absolute value time-integrated performance index of the system error is used
as the minimum objective function value of the parameter, and the optimal index J for
parameter selection is

J =
∫ ∞

0
c1|e(t)|dt + c4ts (21)

Among them, J is the optimal index, |e(t)| is the absolute value of error, and ts is the
system adjustment time. A penalty factor is added to the optimal index J. In order to avoid
the appearance of overshoot and prevent the response time from being slow due to the long
rise time, the amount of overshoot is taken as one of the optimal indexes when overshoot
occurs, and the rise time is taken as one of the optimal indexes when the response is slow,
at which time the optimal index J is

J =
∫ ∞

0
(c1|e(t)|+ c2 pos + c3tr)dt + c4ts (22)

Among them, pos is the system overshoot, tr is the rise time of the system and c1, c2,
c3, and c4 are the weights corresponding to |e(t)|, pos, tr and ts. The choice of weights
affects the corresponding performance. Adjusting the relative sizes of c1, c2, c3, and c4 can
indicate the importance given to |e(t)|, pos, tr, and ts. In the program simulation for test
debugging, c1 is set to 0.5, the value of c2 is set to 0.4, c3 is set to 0.9, and c4 is set to 0.4. The
fitness function is a tool to determine the genotypic performance of an individual. It can
be seen as the driving force for individuals to evolve to salient features. To translate the
designed optimal metrics into an adaptation function, the fitness function is designed as

F =
1
J
=

1∫ ∞
0 (c1|e(t)|+ c2 pos + c3tr)dt + c4ts

(23)

3. Select operation:

The core idea of the selection operation is to calculate each individual’s fitness in the
population. Individuals with higher adaptive values have a higher probability of being
saved to the next generation, whereas individuals with lower adaptive values are more
likely to be eliminated. Using the ranking selection strategy for selection operations, the
individuals with larger adaptation values will be selected into the next generation, which
can avoid premature convergence to a certain extent.

4. Crossover and variation:

Crossover operation and mutation operation are the main methods for the genetic
algorithm to generate new gene individuals. In this paper, the crossover probability Pc is set
to 0.8 and the variation probability Pm is set to 0.1. For the variant operation, the random
number function is used to determine the location of individual gene mutation. Then, the
mutation probability Pm is used to reverse the binary code to produce new individuals for
mutation. For crossover operations, the method of uniform crossover is adopted. For two
successfully paired individuals A and B, each gene on their locus can be exchanged with
the same probability Pc, thus forming new individuals A1 and B1.

5. Decode:

Decoding is converting the integer value within 0 to 9 into the actual value of the
parameter. When the global optimal value of the parameter selected by the genetic algo-
rithm is the integer value K, the corresponding actual value after decoding is shown in the
Formula (24).

Kp = K · max(Kp)− min(Kp)

9 − 0
+ min(Kp) (24)
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where max (Kp) is the maximum value in the parameter Kp optimization interval, and
min (Kp) is the minimum value in the parameter Kp optimization interval. The decoding
mode of the Ki, Kd is similar to that of the formula (24).

On this basis, the workflow of optimizing PID parameters based on a genetic algorithm
is given, as shown in Figure 6.
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Figure 6. Schematic diagram of GA-tuning PID parameters.

3.3. Kalman Filter

The Kalman filter is an algorithm for estimating unknown variables (states) of linear
dynamic systems according to noise and measurements linearly related to the system
state. The Kalman filter tracking algorithm mainly consists of two parts: prediction and
update [36–40]:

The forecast section is shown in (25):{
x̂′k = Ax̂k−1 + Buk
P′

k = APk−1 AT + Q
(25)

where x̂′k is the prior state estimation of the system state xk; x̂k−1 is the a posteriori state
estimation of the previous system state xk−1; uk is the external control quantity of the
system; P′

k is the covariance of the prior estimation error (the difference between xk and
x̂′k); Pk−1 is the covariance of the prior estimation error (the difference between xk−1 and
x̂k−1); A is the transition matrix; AT is the transpose matrix of A; B is the control matrix;
and Q is the covariance of the system noise ωk.
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The update section is shown in (26):⎧⎪⎨
⎪⎩

Kk = P′
k HT(HP′

k HT + R)−1

x̂k = x̂′k + Kk(zk − Hx̂′)
Pk = (1 − Kk H)P′

k

(26)

where Kk is the Kalman gain; H is the observation matrix; HT is the transpose of H; x̂k
is the posterior state estimation of system state xk; zk is the system observation; Pk is the
covariance of the posterior estimation error (the difference between xk and x̂k); and R is the
covariance of the observation noise νk.

The combination of the Kalman filter and the GA-optimized controller is applied to
the position control of the hydraulic servo system. As shown in Figure 7, it can reduce
the impact of external interference (such as periodic vibration of servo valve, etc.) on
the system.
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Figure 7. PID position control of hydraulic servo system based on Kalman genetic optimization.

4. Simulation and Analysis

The simulation model of the hydraulic servo system is built in MATLAB/Simulink,
and the PID and GA optimized PID control of the system is carried out without interference,
as shown in Figure 8. As shown in Figure 9a,b, the step signal and sinusoidal signal are
used as the input of the system in turn, and the step response and sinusoidal response
under PID control and GA-optimized PID control are compared and analyzed. The system
simulation results are shown in Figure 9c,d. The corresponding outputs of the PID control
and the GA-optimized PID controller are shown in Figure 10a,b for the case of step and
sinusoidal signal inputs, respectively. The selections of the three parameters Kp, Ki, and Kd
of the normal PID and GA-optimized PID are shown in Table 2.

Figure 8. Optimization of PID simulation diagram by GA.
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(a) (b) 

 
 

 Input    GA_PID     PID     Original output 
(c) (d) 

Figure 9. Simulation results of the system without noise. (a) Step signal input; (b) Sinusoidal signal;
(c) System simulation results under step signal input; (d) System simulation results under sinusoidal
signal input.

Figure 10. Output of PID and GA-optimized PID controllers. (a) Controller output under step signal
input; (b) Controller output under sinusoidal signal input.
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Table 2. Parameter values of ordinary PID and GA-optimized PID.

Parameters PID GA-PID

Kp 20 39.72
Ki 1 0.9914
Kd 0.1 0.033

As can be seen from Figure 9c, the maximum response of ordinary PID is 0.1132, and
the overshoot is 2.9%. The maximum response of PID optimized by GA is 0.1129, and the
overshoot is 2.7%. The overshoot of the optimized PID of GA is 0.2% lower than that of
ordinary PID. The stable time of the ordinary PID is 1164 s, the adjustment time of PID
optimized by GA is 0.063 s, and the adjustment time after optimization is 1101 s better than
that before optimization. Taking the time when the output response rises from 10% of the
target value to 90% of the target value as the rise time, the rise time of the ordinary PID is
0.0845 s, the rise time of the GA optimized PID is 0.0309 s. The peak time of ordinary PID
is 0.248 s. The peak time of PID optimized by GA is 0.061 s. According to the rise time and
peak time, under the step signal input, the response speed of the ordinary PID is obviously
slower than that of the GA-optimized PID.

As can be seen from Figure 9d, when the control algorithm does not optimize the input
sine signal, there is a large amplitude attenuation and phase lag; under the control of PID
optimized by PID and GA, the corresponding output displacement of the valve-controlled
hydraulic servo system under the sinusoidal signal input has been improved to a certain
extent. From the local magnification diagram of the system sinusoidal signal corresponding
to the output displacement in Figure 9d, it can be clearly seen that the output response
of the sinusoidal signal of the system under the PID control optimized by GA is closer to
the input signal of the system in terms of phase and amplitude than that of the ordinary
PID. Therefore, the tracking performance of the GA optimized PID is better than that of the
ordinary PID. That is, the control performance of the GA optimized is better.

As can be seen from Figure 10a, for the error between the input and output of the
system, the PID is close to zero after 0.261 s of regulation, while the system takes 0.227 s
with the GA optimized PID regulation, a reduction of 0.034 s over the PID’s regulation time.
This shows that the GA-optimized PID has a faster adjustment to error and better tracking
performance of the input signal. As can be seen from Figure 10b, the error between the
input and output of the system is corrected after both controllers and the error remains
stable, whereas the error is zero when passing the mid-point, preventing the accumulation
of errors, but the GA-optimized PID correction is faster than the unoptimized PID.

As can be seen from Figure 9c,d, although the output response of the hydraulic servo
system after the genetic algorithm-optimized PID controller is somewhat better than the
normal PID, the genetic algorithm-optimized PID causes large amplitude fluctuations,
which are not allowed in the hydraulic servo system. For the fluctuations caused by
the genetic algorithm-optimized PID and the possible external disturbances during the
operation of the hydraulic servo system, Kalman filtering is introduced in this paper to deal
with them. System noise and observation noise are added to the hydraulic servo system to
simulate the hydraulic servo system subjected to external disturbance. A simulation model
of the hydraulic servo system is built in Simulink, as shown in Figure 11, to analyze and
compare the system immunity under PID, GA-optimized PID control, and GA-optimized
PID control after the introduction of the Kalman filter.
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Figure 11. System Simulation Diagram of Kalman filter-optimized genetic PID.

The system noise and observation noise are set to 0.002 energy white noise, as shown
in Figure 12. At the same time, the covariance Q and R of system noise ωk and observation
noise νk are set to 1, and the step signal and sinusoidal signal are taken as the input of
the system. The step response and sinusoidal response, as shown in Figure 9a,b, under
PID control, GA-optimized PID control, and Kalman- and GA-optimized PID control are
compared and analyzed. The system simulation results are shown in Figure 13a,b. The
corresponding outputs of the PID control and the GA-optimized PID controller are shown
in Figure 13a,b for the case of step and sinusoidal signal inputs, respectively.

 
Figure 12. 0.002 energy white noise.
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 Input    GA_PID     PID    K_GA_PID    Original output 

(a) (b) 

Figure 13. System simulation results under 0.002 energy white noise. (a) System simulation results
under step signal input; (b) System simulation results under sinusoidal signal input.

From Figure 13, it can be seen that under the interference of system noise and observa-
tion noise with an energy of 0.002, it takes 0.172 s for PID to restore equilibrium and 0.099 s
for PID optimized by GA. As can be seen from Figure 14, the PID takes 0.26 s to eliminate
the effect of disturbances on the system error when subjected to external disturbances,
compared to 0.22 s after GA optimization. At the same time, GA_PID with the Kalman
filter module needs almost no time to adjust. It can be seen that the anti-jamming ability of
PID is the worst, the anti-jamming ability of PID optimized by GA is better than that of
PID, and the anti-jamming performance of GA_PID after Kalman filter is the best, which
not only solves the amplitude disturbance of the system caused by the GA optimized PID,
but also largely reduces the effect of external disturbance on the system.

Figure 14. Output of PID and GA-optimized PID controllers under external disturbances.
(a) Controller output under step signal input; (b) Controller output under sinusoidal signal input.
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5. Conclusions

Aiming at the nonlinearity and uncertainty of the hydraulic servo system, the mathe-
matical model of the valve-controlled hydraulic servo system is constructed. In order to
improve the performance of the position control of the hydraulic servo system, a set of PID
controllers based on Kalman genetic optimization is designed, and the controller is applied
to the established hydraulic servo system for simulation analysis. The results show that the
controller designed in this paper can improve the position tracking of the performance of
the hydraulic servo system and the anti-interference ability. The GA algorithm is used on
the PID controller to realize the tuning of the PID’s three parameters and solve the problem
that it is difficult to adjust the PID parameters. The introduction of the Kalman filter on the
GA-optimized PID controller solves the amplitude fluctuations in the initial stage caused
by the GA-optimized PID while reducing the effect of external disturbances on the system
and enhancing the system’s anti-interference capability.
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Abstract: In the power system, the transmission tower is located in a variety of terrains. Sometimes
there will be displacement, inclination, settlement and other phenomena, which eventually lead to
the collapse of the tower. In this paper, a method for monitoring the settlement of a transmission
tower based on active vibration response is proposed, which is based on the principle of modal
identification. Firstly, a device was designed, which includes three parts: a monitoring host, wireless
sensor and excitation device. It can tap the transmission tower independently and regularly, and
collect the vibration response of the transmission tower. Then, vibration analysis experiments were
used to validate the horizontal vibration responses of transmission towers which can be obtained
by striking the transmission towers from either the X direction or Y direction. It can be seen from
the frequency response function that the natural frequencies obtained from these two directions are
identical. Finally, the transmission tower settlement experiment was carried out. The experimental
results show that the third to fifth natural frequencies decreased most obviously, even up to 2.83 Hz.
Further, it was found that under different conditions, as long as the tower legs adjacent to the
excitation position settle, the natural frequency will decrease more significantly, which is very helpful
for engineering application.

Keywords: transmission tower; settlement; monitoring device; natural frequencies

1. Introduction

Transmission towers, like other large-scale structures, may settle due to their weight,
soil void compaction and water content, especially in mountainous areas, river beaches,
coal mines and other unattended areas. If such settlement cannot be repaired in time, it
may cause severe accidents, such as transmission tower collapse and transmission line
conductor disconnection [1]. Due to the settlement-induced changes in the stresses in
transmission towers [2], many scholars have attempted to analyze the failure behavior of
transmission towers through finite element analysis [3,4]. The purpose of such studies is
to optimize the tower structure; however, at present, there is no way to avoid the risk of
damage [5].

To comprehensively track the structural health of transmission towers in real time,
many online monitoring technologies have been proposed and applied. The online moni-
toring of a transmission tower tilt is currently the most widely used technology for this
purpose, especially in China. This approach measures the inclination of a transmission
tower through two inclination sensors and provides an early warning when certain condi-
tions are met [6]. This approach is a simple structural health monitoring (SHM) method for
transmission towers, which replaces previous techniques using theodolite measurements
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and enables the remote monitoring of transmission towers. However, in this approach,
when the system detects that the tower is inclined, the tower has already been severely
deformed, and correcting the tower orientation is not only costly but also creates a large
potential safety hazard after maintenance. Automatic recognition from photographs is
an intuitive SHM method for engineering systems, which replaces conventional sensors,
such as strain gauges, that can only produce results at a discrete number of points [7].
Many engineers and scholars have attempted to use this method to identify changes in
transmission tower structures [8], for which robots and unmanned aerial vehicles (UAVs)
are widely used [9,10]. There are also methods based on close-range photogrammetry
technology and synthetic-aperture radar, which are also used to detect the deformation
of transmission towers, avoiding the shortcomings of strain gauges [11,12]. However,
these methods have many limitations, such as certain weather conditions (e.g., heavy fog
and snow), the camera location, and the photograph background. There are also some
transmission towers in some areas that use stress monitoring to monitor the state of the
reaction structure, including the use of resistance-type strain gauges and fiber Bragg grating
strain gauges [13,14]. This method requires that the number and location of the sensors
be adjusted after installation. In addition, this method requires a strong adhesive, which
increases the difficulty of field work.

A vibration signal usually contains the structural parameters of an object because its
structural change will cause variations in the natural frequency. In engineering, modal
analysis is often used to identify structural damage in structures such as bridges [15], wind
turbine [16], and transmission wires [17]. Other studies have performed vibration analyses
of transmission towers [18], such as the improved neural network used to predict the
damage of offshore wind turbine towers [19]. Some scholars have carried out nonlinear
buckling analyses of tower line systems, through which they determined the critical wind
load and analyzed the dynamic characteristics of tower line systems under different wind
loads. The results in the literature show that the lower natural frequency is a useful
index for predicting the occurrence of structural instability [20]. Moreover, scholars have
established transmission towers in mountainous areas to observe the corresponding wind
forces and have obtained the wind characteristics and wind response of transmission
towers through experiments [21]. Wireless acceleration sensors are widely used in SHM to
monitor the dynamic response of systems [22]. Especially in recent years, there has been
growing interest in using micro electro-mechanical system (MEMS) accelerometers—which
have a small volume and a high precision—for SHM [23]. Some scholars have studied the
vibration response of transmission towers under environmental loads by monitoring the
wind speed and vibration acceleration [24,25]. A fiber Bragg grating sensor was designed
to measure tower vibrations under hurricane and strong wind conditions [26] and identify
structural damage. Most of the above methods detect structural damage based on an
analysis of wind-induced vibrations. However, sometimes the vibration of a tower is weak
under the action of wind. Therefore, if vibration monitoring is used for tower settlement
monitoring, it needs a longer measurement time span to obtain better results, which will
lead to excessive power consumption. Moreover, as the data increase, the analysis time
increases.

To increase the feasibility of using the vibration method to measure the settlement of a
transmission tower, an active vibration-based SHM system was designed for a transmission
tower in this paper. This SHM system uses a force-generating device to automatically strike
the tower—causing vibrations—and then analyzes the tower settlement from the vibration
signal. This method does not rely on the weak signals of wind-induced vibrations, allowing
more stable vibration information to be obtained. Finally, a field test was conducted on
a 110 kV transmission tower, and how the natural frequency of the tower changed under
different settlement conditions was analyzed.
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2. Operating Principle and Monitoring System

2.1. Operating Principle

When a transmission tower vibrates, the vibration has multiple degrees of freedom.
The Equation of motion of a forced, damped linear system of the transmission tower can
be expressed as follows:

M
..
x(t) + C

.
x(t) + Kx(t) = f (t) (1)

where M, C and K are the mass, damping and stiffness matrices of the tower structure,
respectively; x(t) is the displacement matrix of the tower vibration signal;

.
x(t) is the

velocity matrix of the tower vibration signal;
..
x(t) is the acceleration matrix of the tower

vibration signal; and f (t) is the force that causes the tower vibration.
Equation (1) shows that when the force is constant, the mass, damping and stiffness

matrices can be calculated from the vibration signal [27,28]. The stiffness matrix K and the
damping matrix C of the transmission tower will change when tower settlement occurs,
especially when the settlement of the tower foundation is uneven. Moreover, previous
studies have theoretically shown that different frequency bands from different forces can
excite different order modes; nevertheless, this phenomenon will not substantially affect
the modal parameters of the system. In actual operation, the main factor causing the
vibration of the transmission tower is the natural wind load. However, the effect of the
natural wind load is not continuous, and the magnitude of this load varies. In some
areas, the wind load is not sufficient to induce obvious transmission tower vibrations. The
analysis process is obviously affected by time, so the accuracy of the identification effect is
limited. For this reason, an excitation device was designed for the modal identification of
transmission towers, which can use the natural frequency of the tower to monitor whether
tower settlement has occurred.

The designed monitoring system consists of a monitoring device, a force-generating
device, a wireless acceleration sensor and a monitoring center. The monitoring device
controls the force-generating device, which excites the tower either at a certain time or in a
regular pattern. The vibration data from the acceleration sensor are sent to the monitoring
center through a 4G network for analysis.

2.2. Monitoring Device

The monitoring device controls the force-generating device to strike the transmission
tower, collects the impact force signal, and collects the transmission tower vibration data
from the wireless acceleration sensor. The monitoring device is composed of a power
module, a main control module, a 4G wireless module, a Bluetooth module, an analog-
to-digital (A/D) sampling module and a driver module, as shown in Figure 1a. The
power module, which is composed of a solar panel, a battery and a controller, provides
power for the whole device. The main control module is composed of a MSP430F2370
microcontroller, an HC-08 Bluetooth module and a 4G wireless module, which serves as
the communication module. The 4G wireless module is used for communication between
the monitoring device and the remote monitoring center. The HC-08 Bluetooth module is
used to communicate with the wireless acceleration sensor. The force-generating device is
driven by current. To achieve this, a driving module is added to the monitoring device, as
shown in Figure 1b. The on/off capability of the triode in the figure is controlled by the
input/output (IO) port of the microcontroller. For the A/D sampling module, an AD7705
chip is used to record the impact force signal from the excitation device. Figure 1c shows a
photograph of the main control board and power control board.
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Figure 1. Monitoring device: (a) Operating principle block diagram; (b) Drive circuit; (c) Photograph of the monitoring device.

2.3. Force-Generating Device

The force-generating device strikes the tower under the control of the monitoring
device. As shown in Figure 2, the force-generating device designed in this paper is mainly
composed of an electromagnet, a high-strength magnet, a helical spring, an impact force
sensor, a sleeve, a hammer head, a casing and an expansion wire. The working process
of the force-generating device is described hereafter. When a force pulse is needed, the
main control module generates an approximately 5-ms pulse through the I/O port. At this
time, the electromagnet is magnetized under the action of the current and the coil spring is
compressed under the attraction of the high-strength magnet, which causes the hammer
fixed on the electromagnet to hit the tower, generating a force pulse of approximately 40 N.
Then, under the restoring force of the coil spring, the hammer head returns to the initial
position and waits for the next trigger.

The generation and dispersion of the force is very important. Although this SHM
method only requires a force of approximately 40 N, the magnitude of the force pulse is
affected by the current, the electromagnet and the permanent magnet. For this system,
a traction electromagnet and neodymium boron permanent magnet were used. When
driving by a power supply at 12 V and 1 A, the system can produce a striking force of
approximately 45 N. The spring is the key to the spring back of the hammer head. The
spring used in this system is composed of soft stainless steel and has a spring constant of
13.3 N/mm.
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Figure 2. The force generating device: (a) Structural of the force generating device; (b) A photo of the force generating device.

The hammer head is one of the most important parts of the force-generating device
because the system must excite the low-order modes of the tower (which are useful for
predicting the occurrence of structural instability) to enable easy identification of tower
settlement. If the hammer head was too hard, the frequency band of the excitation signal
would be too wide, and the excitation energy per unit frequency would not be sufficiently
high, which would affect the signal-to-noise ratio of the system. Moreover, because the
acceleration sensor is particularly sensitive to high-frequency signal components, an ex-
cessively wide frequency band would make it inconvenient to analyze the low-frequency
signal. In previous studies, different hammers were attempted, such as steel hammers,
aluminum alloy hammers and nylon hammers, and it was found that the frequency bands
created by steel hammers and aluminum alloy hammers were too wide; it was easier to
identify the low-order frequency response of the system with nylon hammers. Therefore,
the hammer head is made of a nylon material and is attached with a threaded connection,
which makes it easy to fix the impact force sensor on the hammer head.

Furthermore, the casing is a hollow cylinder made of 304 stainless steel. The bottom
of the casing is a ring-shaped, high-strength, neodymium boron magnet, which allows the
whole device to firmly contact the tower. The sleeve is made of a light aluminum alloy,
and the soft 304 stainless-steel helical spring is wound around the sleeve at equal intervals.
A circular electromagnet is fixed at the top of the spring coil. The impact sensor in this
system is a piezoelectric force sensor, which is fixed on the electromagnet through a bar
structure and can be directly sampled by the A/D module. Figure 2a shows a schematic of
the excitation device.

2.4. Wireless Acceleration Sensor

A wireless acceleration sensor is used to measure the vibration data of the transmis-
sion tower, which it wirelessly transmits to the monitoring device. The sensor consists
of three parts (see Figure 3). An IIS2DH triaxial accelerometer is used to sense the accel-
eration in three directions. This accelerometer has the characteristics of ultralow power
consumption (2 μA) and high precision (0.98 mg/digit). The HC-08 Bluetooth module
is used to receive the data acquisition command sent by the monitoring device and send
the acquired acceleration to the monitoring device. The sleep current of this module is
only 0.4 μA. A MSP430F1611 microcontroller is connected to the accelerometer through the
serial peripheral interface (SPI).
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Figure 3. Wireless acceleration sensor.

2.5. Workflow of the Monitoring System

Figure 4 shows a chart of the system workflow. The monitoring device and sensors
will enter low power consumption mode as soon as they are powered on for initialization.
If the monitoring device receives the data acquisition command from the monitoring center,
it will issue a command to the sensor to exit sleep mode. Then, the monitoring device
will control the force-generating device to strike the tower and simultaneously collect the
vibration signal of the tower and the signal of the excitation device.

Figure 4. System workflow chart.
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Afterwards, the measurement data will be sent to the monitoring center, and the
natural frequencies of each order of the tower will be determined. This information is com-
pared with the natural frequency when the structure is operating in normal conditions, the
variations in the natural frequency are obtained, and the maximum variation is determined.
If the maximum change in natural frequency exceeds the set threshold value, the data after
2 min will be intercepted for analysis. If the result of the second measurement still exceeds
the set threshold value, the tower structure will be considered to have changed.

3. Experiment and Analysis

3.1. Experimental Platform

In this paper, the proposed settlement monitoring device, which operates based on
the main vibration response of the transmission tower, is tested on site. The experimental
site is the ZM-110 kV transmission tower at Xi’an University of Engineering. An LGJ-
95/15 conductor is set on the tower. The line runs north to south. The total height
of the transmission tower is 19 m, and the root opening is 3.103 m. Figure 5a shows
the transmission tower used in this experiment. Figure 5b shows the schematic of the
test platform.

Figure 5. Test platform: (a) A photo of test platform; (b) A schematic of the test platform.

3.2. Selection of the Sampling Frequency

Because the low-order natural frequencies of the tower system are less than 50 Hz,
the sampling frequency of the device should be greater than 100 Hz according to the
Shannon theorem. In addition, the force pulse duration of the self-designed excitation
device is 50 ms. Therefore, to ensure the sampling accuracy of the force pulse, the sampling
frequency should satisfy the following inequality [29]:

fs =
4
Tc

(2)

where Tc is the pulse width. Hence, the sampling frequency must be greater than 80 Hz.
Moreover, the former natural frequencies of the tower are in the dense mode region within
50 Hz, so the frequency resolution must be considered. The frequency resolution can be
expressed as follows:

Δ f =
fs

N
(3)
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Combined with the abovementioned factors, the sampling frequency is set to 200 Hz.

3.3. Implementation

On 11 March 2019, field measurements and subsequent analyses were conducted.
First, the excitation device was used to apply a sequence of force pulses to the tower in
the X, Y and Z directions, during which the acceleration responses of the tower in the X,
Y and Z directions were simultaneously extracted by the acceleration sensor. Then, the
frequency response function of the tower system was established, and the first five natural
frequencies were determined. When the tower foundation subsides, the tower structure
and stress will change, which will subsequently change the natural frequencies. A finite
element simulation in reference [1] showed that the stresses developed from the settlement
and uplift of the tower foundation exhibit a similar trend as the stresses measured in the
tower members. Accordingly, an experimental platform for tower base lifting was built,
the settlement process of the transmission tower base was manually simulated, and the
low-order natural frequencies of the transmission tower system before and after settlement
were extracted and analyzed. Figure 6 shows the system vibration acceleration when the
excitation device is installed in the X direction. Figure 6a shows the transient variation in
the force pulse generated by the excitation device. Here, you can see that the force pulse is
about 45 N and its duration is very short. Figure 6b–d represent the acceleration responses
of the tower in the X, Y and Z directions, respectively.

Figure 6. Excitation and response curve: (a) The curve of the force; (b) Acceleration in the X direction; (c) Acceleration in
the Y direction; (d) Acceleration in the Z direction.
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3.4. Identification of the Natural Frequencies

The frequency response function of the vibration can be expressed as follows:

[H0(ω)] = [X0(ω)][δ0(ω)]−1 (4)

where δ0(ω) is the matrix afterFourier transformation of the measured force, X0(ω) is
the matrix after Fourier transformation of the measured acceleration, and H0(ω) is the
frequency response function.

However, the frequency response will be different when the direction of the excitation
force changes. Therefore, the objective of the monitoring technology is to determine the
strike direction. In this experiment, the directions of the impact were along the X axis, Y
axis and Z axis, and the acceleration was simultaneously measured in all three directions.

Figure 7 shows the frequency response function of the tower system where “F-x &
A-y” was used to represent the frequency response function in the Y axis when a force
pulse is applied in the X direction. Figure 7a–c show the frequency response function
curves of the system when the force pulse is applied in the X direction. Figure 7d–f shows
the frequency response function curves of the system when the force pulse is applied in the
Y direction. Figure 7g–i shows the frequency response function curves of the system when
the force pulse is applied in the Z direction.

   
(a) (b) (c) 

   
(d) (e) (f) 

   
(g) (h) (i) 

Figure 7. Frequency response functions of the tower system: (a) F-x & A-x; (b) F-x & A-y; (c) F-x & A-z; (d) F-y & A-x;
(e) F-y & A-y; (f) F-y & A-z; (g) F-z & A-x; (h) F-z & A-y; and (i) F-z & A-z.

It can be seen from Figure 7 that when the force pulse acts on the X and Y directions
of the transmission tower, the modal frequency can be extracted more effectively from the
crest abscissa of the frequency response curve of the X axis ((a),(d)) and Y axis ((b),(e)),
but the Z axis ((c),(f)), the frequency response curve of almost no crest, unable to extract
modal frequency. Moreover, similarly, when the force impulse acts on the Z direction, the
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frequency response functions of the X axis (g), Y axis (h) and Z axis (i) do not show obvious
crest characteristics, which means that it is difficult to identify the natural frequency when
the force impulse acts on the transmission tower from the Z direction.

In addition, the vibration of the tower mainly occurs in the X direction and Y direction.
This is because, from a macro point of view, the tower is like a cantilever beam fixed at
one end, and the vibration mainly occurs in the other two directions. Specifically, on the
one hand, the axial stiffness of the tower is much greater than the bending stiffness, which
makes the deformation in the z-axis direction very small; on the other hand, the Z direction
is constrained by the ground, while the X and Y directions are not constrained. Therefore,
it can be seen in Figure 7 that the response mainly occurs in the X direction and Y direction.

The peak values of the frequency response function were extracted as the natural
frequencies at different orders. It is worth noting that in a large number of experiments, the
natural frequency of 1~2 Hz cannot be obtained. The smallest natural frequency excited
by this method is 7.617 Hz. When the force pulses of the normal structure were applied
in the X and Y directions, the first five natural frequencies extracted from the peak values
of the frequency response function. They are 7.617, 10.55, 12.3, 37.3 and 38.96 Hz. This
shows that the first five natural frequencies of the tower can be effectively extracted from
the acceleration response in either the X or Y direction with good consistency, regardless of
whether the force pulse is applied in the X direction or Y direction.

When the natural frequency is used to judge structural changes, the low-order fre-
quency is usually analyzed because the higher-order frequency is always changeable. To
see if these natural frequencies are highly variable in the case where no changes occur in the
tower structure, 10 repeated measurements were carried out. The consistency of extracting
the natural frequency of the tower system by using the frequency response function was
very good, and the maximum error was only 0.09 Hz.

3.5. Tower Leg Displacement Experiment

During the construction of the ZM-110 kV transmission tower at Xi’an University of
Engineering, grooves were left in the foundation, which made it very convenient for us
to lift the tower legs to simulate their displacement. Figure 8 shows a photograph of the
experimental site. Before the test, the tower base was carefully cleaned to avoid introducing
unnecessary errors. Because foundation settlement is not easy to achieve, lifting the tower
legs is instead. In the experiment, the bolts fixing the tower base were first released, and
then an ultrathin hydraulic jack was placed below the tower base to raise the tower legs.
When one leg was raised, it corresponded to the settlement of the other legs. For example,
if the foot of tower leg A was lifted, this corresponded to the settlement of tower legs B–D.
At this time, the whole structure of the tower was deformed, especially the strain in some
members of the tower legs [1].

Figure 7 shows that the frequency response function can be obtained by striking the
tower in both the X and Y directions. Furthermore, the modal parameters of a mechanical
system can theoretically be extracted from the measurement results of an acceleration
sensor. Therefore, in this experiment, the excitation device and acceleration sensor were
installed in the X direction of tower leg A.

Figure 9 shows the frequency response function curve before and after the settlement
of BCD. After the settlement of BCD, the structure of the tower changed, and the reduced
stiffness in the bolted connection caused different boundary conditions in leg A, which
may result in a downward shift of the frequency. Figure 9 shows that for these two cases,
the frequency response function curves were very similar, but after settlement, the natural
frequencies of each stage were reduced, especially the fourth and fifth natural frequencies,
which sustained the most obvious changes.
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Figure 8. Experimental site.

Figure 9. Frequency response function before and after settlement.

In order to further observe the change of natural frequency after settlement, the
above experiment process was repeated with sampling frequencies of 100, 200 and 500 Hz,
different tower leg settlement experiments were carried out, the natural frequency of the
transmission tower of third-, fourth- and fifth-order was extracted, and the box diagram
shown in Figure 10 was obtained. In the figure, Normal means that the transmission tower
does not settle, while letters A–D and different combinations of letters represent different
settling conditions of the transmission tower.

In Figure 10, a–c, d–f and g–i respectively represent the settlement of a single tower
leg, two tower legs and three tower legs and the comparison of the third, fourth and fifth
natural frequencies when the transmission tower is in normal conditions (the tower leg
does not settle).

It can be seen from the figure that the natural frequencies of the settling legs of a single
tower vary with respect to normal conditions, and the natural frequencies of the settling
legs of different towers are obviously distinguished. For example, the attenuation of the
third-, fourth- and fifth-order natural frequencies of A–C and the natural frequencies under
normal conditions are 1.1, 0.4, and 0.8 Hz, respectively. For the settlement of the legs of
the two towers, the attenuation of the third-, fourth- and fifth-order natural frequencies
of the transmission tower is the most obvious when AB, AC and AD are settling, and the
attenuation range of the fifth-order natural frequency reaches 3 Hz when AB is settling.
For the settlement of the legs of the three towers, the natural frequencies of the third-,
fourth- and fifth-order of the transmission tower are obviously attenuated during the
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ACD settlement, among which the third- and fifth-order frequencies attenuated by 1.1 and
1.2 Hz.

  
(a) (b) (c) 

  
(d) (e) (f) 

  
(g) (h) (i) 

Figure 10. Box diagram: (a) 3rd mode at single leg settlement; (b) 4th mode at single leg settlement; (c) 5th mode at single
leg settlement; (d) 3rd mode at two legs settlement; (e) 4th mode at two legs settlement; (f) 5th mode at two legs settlement;
(g) 3rd mode at three legs settlement; (h) 4th mode at three legs settlement; and (i) 5th mode at three legs settlement.

For the settlement of these conditions, monitoring frequencies can identify whether
there is settling for transmission towers. But some settlement is not linear. For example,
the tower leg BC, BD settlement, and tower leg BCD settlement, their average frequencies
are very close to the natural frequency of normal towers

To further characterize the settlement behavior, the data were normalized in Figure 10
to obtain the radar chart shown in Figure 11a. Figure 11b shows the same radar chart with
the coordinate axis reversed.

As previously mentioned, the excitation was applied to tower leg A, and the sensor
was also installed on leg A. Accordingly, among the cases of single-leg settlement, the
natural frequencies most obviously decreased in response to the settlement of legs B or D,
which are adjacent to leg A. For the cases of two-leg settlement, the natural frequencies
exhibited the most obvious decline in response to the settlement of legs BD, whereas
marked decreases were also observed with the simultaneous settlement of legs AD, legs BC
and legs CD. For the cases of three-leg settlement, the natural frequencies decreased most
obviously in response to the settlement of legs B–D. In conclusion, the natural frequencies
will decrease obviously when the settlement occurs in the tower legs adjacent to those
where the sensors and excitation de-vices are installed. In contrast, the decrease in the
natural frequencies will not be as obvious when settlement occurs in the instrumented
tower leg or in the tower leg diagonal to the instrumented leg.
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(a) (b) 

Figure 11. Normalized radar chart: (a) Positive sequence; (b) Inverted sequence.

In practical application, the natural frequency may fluctuate a little due to external
influence, which may cause misjudgment. However, the settlement value of a tower
usually changes slowly. Therefore, long-term monitoring is an effective method. Generally,
the device can be set to measure once every 12 h. When the natural frequency changes
significantly, the measurement frequency increases. If the natural frequency change trend
is consistent for two consecutive days, the staff can go to the site for further investigation.

4. Conclusions

In this paper, a settlement monitoring method based on the main vibration response
of the transmission tower is proposed and applied to the cat-head tower in the ZM-110kV
transmission line of Xi’an Polytechnic University. The effectiveness of the method is
verified.

By measuring the vibration response of transmission tower in real time, it is found that
the acceleration response in the X and Y directions can be used to construct the frequency
response function of a transmission tower structural system when applying force pulse
in the X and Y directions. The first five natural frequencies of the tower system can be
extracted by this method with a maximum error of 0.09 Hz. However, the Z direction
frequency response function curve has no obvious characteristics, so the natural frequency
of a transmission tower cannot be extracted from it. It was also found that when the force
pulse acts in the Z direction of the transmission tower, the frequency response functions
of the X–Z axis also do not show obvious characteristics, which indicates that the X or Y
direction force pulse is applied to the transmission tower, and the acceleration response in
the X or Y direction can be used to extract the natural frequency of the transmission tower.

Based on the above conclusions, the experiment of simulating the settlement of trans-
mission tower by lifting tower shows that the natural vibration frequency of transmission
tower decreases obviously after settlement. For single-pile settlement, the maximum
attenuation of the third, fourth and fifth natural frequencies are 0.97, 0.58 and 1.85 Hz,
respectively. For leg settlement, the maximum attenuation of the third, fourth and fifth
natural frequencies are 1.26, 1.95 and 2.83 Hz, respectively. For the three-leg settlement,
the maximum attenuation of third-order, fourth-order and fifth-order natural frequencies
is 1.17, 1.75 and 2.63 Hz, respectively. The results show that the variation of natural fre-
quency after settlement can be measured and can be used as an effective basis to judge the
settlement of a transmission tower.

This paper also designs a transmission tower settlement monitoring system which is
composed of a monitoring center, wireless sensor and excitation device, which can impact
the tower and record its vibration response. The design of the excitation device applies a
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stable force pulse to the transmission tower, so as to overcome the weak vibration caused
by natural load and the difficulty of signal extraction.

The above work shows that it is feasible to apply force pulse on the transmission
tower to collect and analyze vibration information to monitor the device. The online
monitoring device designed according to this principle can realize the on-line monitoring
of transmission tower settlement and provide an effective solution for the protection of
transmission line safety.

The common faults of towers mainly include settlement, inclination, loose bolts and
rod deformation. This paper mainly discusses the variation law of natural frequency after
settlement. In the follow-up work, we will further study and simulate more working con-
ditions through more experiments, and explore the evaluation methods of these working
conditions.

Author Contributions: Conceptualization, L.Z. and L.W.; methodology, L.Z.; validation, X.Z., C.L.
and Z.X.; investigation, W.Z.; resources, W.Z.; data curation, L.Z.; writing—original draft preparation,
L.W.; project administration, W.Z.; funding acquisition, L.Z. All authors have read and agreed to the
published version of the manuscript.

Funding: This work was supported in part by the Key Research and Development Projects of Shaanxi
Province under Grant 2021GY-068.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The raw/processed data required to reproduce these findings cannot
be shared at this time as the data also forms part of an ongoing study.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Huang, X.; Zhao, L.; Chen, Z.; Liu, C. An online monitoring technology of tower foundation deformation of transmission lines.
Struct. Health Monit. 2019, 18, 949–962. [CrossRef]

2. Huang, X.; Chen, Z.; Zhao, L.; Zhu, Y.; Xu, G.; Si, W. Stress simulation and experiment for tower foundation settlement of 110 kV
transmission line. Electr. Power Autom. Equip. 2017, 37, 361–370.

3. Rao, N.P.; Knight, G.S.; Mohan, S.; Lakshmanan, N. Studies on failure of transmission line towers in testing. Eng. Struct. 2012, 35,
55–70. [CrossRef]

4. Albermani, F.; Kitipornchai, S.; Chan, R. Failure analysis of transmission towers. Eng. Fail. Anal. 2009, 16, 1922–1928. [CrossRef]
5. An, L.; Jiang, W.; Liu, Y.; Shi, Q.; Wang, Y.; Liu, S. Experimental study of mechanical behavior of angles in transmission towers

under freezing temperature. Adv. Steel Construct. 2018, 14, 461–478.
6. Malhara, S.; Vittal, V. Mechanical State Estimation of Overhead Transmission Lines Using Tilt Sensors. IEEE Trans. Power Syst.

2010, 25, 1282–1290. [CrossRef]
7. Reagan, D.; Sabato, A.; Niezrecki, C. Feasibility of using digital image correlation for unmanned aerial vehicle structural health

monitoring of bridges. Struct. Health Monit. 2018, 17, 1056–1072. [CrossRef]
8. Huang, X.; Yang, L.; Zhang, Y.; Zhu, Y.; Zhang, G. A Measurement Technology of Space Distance Among Transmission Bundle

Conductors Based on Image Sensors. IEEE Trans. Instrum. Meas. 2018, 68, 4003–4014. [CrossRef]
9. Zhong, M.; Cao, Q.; Guo, J.; Zhou, D. Simultaneous Lever-Arm Compensation and Disturbance Attenuation of POS for a UAV

Surveying System. IEEE Trans. Instrum. Meas. 2016, 65, 2828–2839. [CrossRef]
10. Bian, J.; Hui, X.; Zhao, X.; Tan, M. A monocular vision–based perception approach for unmanned aerial vehicle close proximity

transmission tower inspection. Int. J. Adv. Robot. Syst. 2019, 16, 1729881418820227. [CrossRef]
11. Xiao, Z.; Liang, J.; Yu, D.; Asundi, A. Large field-of-view deformation measurement for transmission tower based on close-range

photogrammetry. Measurement 2011, 44, 1705–1712. [CrossRef]
12. Zeng, T.; Gao, Q.; Ding, Z.; Tian, W.; Yang, Y.; Zhang, Z. Power Transmission Tower Detection Based on Polar Coordinate

Semivariogram in High-Resolution SAR Image. IEEE Geosci. Remote. Sens. Lett. 2017, 14, 2200–2204. [CrossRef]
13. Xia, Y.; Zhang, P.; Ni, Y.-Q.; Zhu, H.-P. Deformation monitoring of a super-tall structure using real-time strain data. Eng. Struct.

2014, 67, 29–38. [CrossRef]
14. Bang, H.-J.; Kim, H.-I.; Lee, K.-S. Measurement of strain and bending deflection of a wind turbine tower using arrayed FBG

sensors. Int. J. Precis. Eng. Manuf. 2012, 13, 2121–2126. [CrossRef]
15. Rainieri, C.; Magalhães, F.; Gargaro, D.; Fabbrocino, G.; Cunha, Á. Predicting the variability of natural frequencies and its causes

by Second-Order Blind Identification. Struct. Health Monit. 2019, 18, 486–507. [CrossRef]

78



Actuators 2021, 10, 309

16. Di Lorenzo, E.; Petrone, G.; Manzato, S.; Peeters, B.; Desmet, W.; Marulo, F. Damage detection in wind turbine blades by using
operational modal analysis. Struct. Health Monit. 2016, 15, 289–301. [CrossRef]

17. Zhao, L.; Huang, X.; Jia, J.; Zhu, Y.; Cao, W. Detection of Broken Strands of Transmission Line Conductors Using Fiber Bragg
Grating Sensors. Sensors 2018, 18, 2397. [CrossRef] [PubMed]

18. Zhang, M.; Zhao, G.F.; Wang, L.L.; Li, J. Wind-Induced Coupling Vibration Effects of High-Voltage Transmission Tow-er-Line
Systems. Shock Vib. 2017, 2017, 1205976.

19. Qiu, B.; Lu, Y.; Sun, L.; Qu, X.; Xue, Y.; Tong, F. Research on the damage prediction method of offshore wind turbine tower
structure based on improved neural network. Measurement 2020, 151, 107141. [CrossRef]

20. Fei, Q.; Zhou, H.; Han, X.; Wang, J. Structural health monitoring oriented stability and dynamic analysis of a long-span
transmission tower-line system. Eng. Fail. Anal. 2012, 20, 80–87. [CrossRef]

21. Okamura, T.; Ohkuma, T.; Hongo, E.; Okada, H. Wind response analysis of a transmission tower in a mountainous area. J. Wind.
Eng. Ind. Aerodyn. 2003, 91, 53–63. [CrossRef]

22. Lynch, J.P.; Loh, K.J. A summary review of wireless sensors and sensor networks for structural health monitoring. Shock Vib. Dig.
2006, 38, 91–130. [CrossRef]

23. Sabato, A.; Niezrecki, C.; Fortino, G. Wireless MEMS-Based Accelerometer Sensor Boards for Structural Vibration Moni-toring: A
Review. IEEE Sens. J. 2017, 17, 226–235. [CrossRef]

24. Huang, X.; Zhao, Y.; Zhao, L.; Yang, L. A Method for Settlement Detection of the Transmission Line Tower under Wind Force.
Sensors 2018, 18, 4355. [CrossRef] [PubMed]

25. Wang, J.; Wang, Z.; Feng, Y. Measurement and Analysis of Structure Vibration of In-service High Voltage Transmission Tower. J.
North China Electr. Power Univ. 2016, 43, 62–65.

26. Nan, Y.; Xie, W.; Min, L.; Cai, S.; Ni, J.; Yi, J.; Luo, X.; Wang, K.; Nie, M.; Wang, C.; et al. Real-Time Monitoring of Wind-Induced
Vibration of High-Voltage Transmission Tower Using an Optical Fiber Sensing System. IEEE Trans. Instrum. Meas. 2020, 69,
268–274. [CrossRef]

27. Anindya, G.; Mannur, J.S.; Mark, J.S.; Frank, P.P. Structural health monitoring techniques for wind turbine blades. J. Wind Eng.
Ind. Aerodyn. 2000, 85, 309–324.

28. Zhang, H.; Schulz, M.; Naser, A.; Ferguson, F.; Pai, P. Structural Health Monitoring Using Transmittance Functions. Mech. Syst.
Signal Process. 1999, 13, 765–787. [CrossRef]

29. Xiao-feng, H. On the setting of impulse-respouse method. J. Changde Teach. Univ. 2003, 2, 15.

79





actuators

Article

Design of Two-Axial Actuator for Controlled Vibration Damper
for Large Rams
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Abstract: Machine tool rams are important constructional elements found on vertical lathes as well as
on many other machines. In most cases, a machine tool ram constitutes an assembly with significant
dynamic compliance that affects the machine’s ability to achieve stable cutting conditions. There are
various solutions for increasing a machine tool ram’s stiffness and damping. This paper describes an
innovative concept of a two-axial electromagnetic actuator for controlled vibration dampers with
high dynamic force values. The described solution is purposefully based on the use of standard
electric drives. As a result, the size of the actuator is easier to scale to the required application. The
solution is designed as a spacer between the end of the ram and the head. The paper presents the
actuator concept, construction design, current control loop solution and experimental verification
of the controlled vibration damper’s function on the test ram in detail. The presented position
measurement concept will enable the use of non-contact position sensors for motor commutation as
well as for possible use in vibration suppression control. Applications can be expected mainly in the
field of vibration suppression of vertical rams of large machine tools.

Keywords: active vibration damper; controlled vibration damper; machine tool rams; vibration
damping; actuator for vibration damping

1. Introduction

Vibration suppression actuators are usually additional devices that generally introduce
an extra force into the system. This force acts against the movement (vibration), thus
reducing the amount of energy accumulated in the mechanical system. The effect of
actuators on vibration suppression depends on many factors. The development of active
vibration suppression methods has a relatively long history, and such methods are well
described in the literature and in a number of articles. A very comprehensive overview
of the state of the art can be found in publications [1–3]. There are also various energy
harvesting methods with great potential for vibration damping. A basic overview of these
methods can be found in books [4,5]. Most of the journal publications deal with vibration
suppression control methods. Two interesting examples are papers [6,7]. Article [6]
describes a method for automatic tuning of an active vibration control system using inertial
actuators. Article [7] presents adaptive active vibration control for machine tools with
highly position-dependent dynamics. The adaptive controller was implemented on an
industrial PLC and represents one of the real possibilities for controlling the two-axial
actuator presented in this article.

However, the authors of this paper seek to focus mainly on active structural vibration
suppression and related actuators, which can be used in particular for vertical rams of
large machine tools. The key element in controlled vibration suppression is the solution
of the actuator itself. Although it is an essential component of the vibration suppression
system, there are relatively few publications that address it (in comparison to those dealing
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with control). A very comprehensive overview of chatter suppression techniques in metal
cutting is provided in papers [8,9]. Nonetheless, these papers do not deal directly with
the actuator solutions themselves. However, it provides information on the application of
Dynamic Active Stabilizer (DAS®) on a SORALUCE machine (Figure 1). This SORALUCE
machine structure, or a very similar structure, is also present in papers [10–12]. There are
not many similar applications described on other real (commercial) machine tool structures.
These machines from SORALUCE are an exception.

Figure 1. Dynamic Active Stabilizer (DAS®) by SOLARUCE [8]. Reprinted with permission from
ref. [8]. Copyright 2016 Elsevier.

The overview of actuators begins with those that work on piezoelectric and mag-
netostrictive principles. Piezoelectric or other types of actuators are less common for
structural vibration suppression. Their use is more common in the domains of vibration
suppression of machine spindles, tool holders, workpieces and vibration-assisted machin-
ing. A comprehensive overview of devices that are used for vibration-assisted machining
is provided in article [13]. Article [14] provides a complex overview of magnetostrictive
actuators, including modelling and control issues. Examples of applications of these actua-
tors can be found, for example, in publications [15–18]. The use of actuators that work on
the piezoelectric principle for vibration suppression in two axes is described, for example,
in articles [19–21]. Although these actuator applications are interesting in this overall
overview, none of them directly corresponds to the application of vibration suppression
of long, slender and massive structures such as machine tool rams. Generally speaking,
actuators suitable for these applications typically work according to the electromagnetic
principle.

Typical types of electromagnetic actuators include proof-mass actuators (inertial
actuators), which are described, for example, in publication [1]. Solutions that combine
several pieces of single-axis actuators can be used for cases where a damping force needs
to be applied in several directions. An example of the use of single-axis actuators can
be found, for example, in paper [22], which presents a technique to suppress chatter in
centerless grinding. Two “ADD-2D-1 kN” actuators by Micromega® (Fernelmont, Belgium)
were used for this purpose. They combine a linear motor and a voice coil actuator. The
same actuators were also used in [23]. An actuator that functions in a similar way was also
used in article [10] to suppress the vibrations of the aforementioned SORALUCE machine.
In this case, however, the actuator was designed as a biaxial device. Article [10] focuses
on control of the actuator rather than on the actuator concept. Another application on
a SORALUCE machine is described in article [11], where a MICA® actuator by Cedrat
Technologies (Meylan Cedex, France) is used for active damping. In this case study, a
resonant frequency of 36 Hz was suppressed, and the surface quality of the machined part
was improved (Figure 2).
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Figure 2. MICA® actuator on a SOLARUCE machine [11].

An interesting concept that employs a two-axial actuator for vibration suppression of
boring bars is presented in paper [24] and subsequently used in [25]. These applications
describe mounting on a turret of a CNC lathe. Paper [26] describes a planar actuator
concept for vibration suppression, which is integrated into the end of the spindle for
milling processes. A highly dynamic spindle integrated actuator is also presented in [27].
However, none of these electromagnetic actuators were designed specifically to dampen
the vibrations of machine tool rams.

An interesting approach that includes application to the machine is the use of machine
drives for vibration suppression (Figure 3). This application is described in article [12]
and was also tested on the aforementioned SORALUCE machine. Figure 3 contains a
description of a damping vibration method that uses an X-axis feed drive on this horizontal
milling machine. A rack and pinion drive is used here, and the compensation signal is
entered as an additional velocity command. The control-equipped drive is used to suppress
machine oscillations at low frequencies during machining.

Figure 3. Active vibration suppression using machine drives [12]. Reprinted with permission from
ref. [12]. Copyright 2015 Elsevier.

This paper aims to supplement the relatively sparse literature on the construction of
actuators for vibration suppression of long, slender and massive machine tool structures,
especially vertical rams. It presents a conceptual design of a two-axial electromagnetic
actuator as well as a description of its construction and basic parts. The main novelty
and originality of this solution is that it purposefully uses standard electric drives, which
are available in a wide range of parameters. This makes it easier to adapt the actuator
parameters to the required application. In terms of influencing the resulting machine
accuracy, it is important to monitor the heat losses of the actuator (thermal deformation
of the ram). The machine’s thermal influence from the vibration suppression system is
not emphasized in any of the cited sources. The concept proposed in this article uses
synchronous electric drives (linear motors), which are highly efficient, among other things.
The drives used in the case study (hereinafter) allow water cooling to be connected if
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required. As a result, it is possible to efficiently dissipate heat from a place where it
negatively affects machine accuracy. Additionally, it is possible to use higher power levels
in motors if necessary and thus achieve higher dynamic forces with actuators. This article
also describes the basic concept for controlling the actuator in a current control loop (force
control) and demonstration of its function on the ram. This article does not aim to present
new control algorithms for vibration suppression. To verify the function of the actuator
itself, a simple Direct Velocity Feedback (DVF) control approach is intentionally used here
for clarity. The actuator itself works in the current control mode (control of the motor force).
It allows the use of virtually any vibration control method. The appropriate control can be
chosen with regard to the specific application on the machine.

2. Two-Axial Actuator Conceptual Design

A two-axial actuator is needed to meet the vibration damping requirements of long,
slender machine tool parts, such as, in particular, vertical rams on large turning and
multifunction machines. Typically, there is a need to increase damping in the proximity
of the cutting point. It is often a matter of damping bending oscillations in the two most
flexible directions of the ram. The aim is to make the proposed solution scalable in size and
power and use drives with standard components. This should make it possible to integrate
the solution into machines with different ram solutions.

The design of the two-axial actuator builds on previous experience with one-axis
actuator design and operation from the authors’ workplace. Conceptually, the design
solution is based on the use of an electromagnetic proof mass actuator (voice coil actuator).
The aim of designing the two-axial actuator drive is to use standard linear motors and servo
inverters. Their specific size and arrangement can be customized for specific applications.
In order to eliminate passive resistance and increase the service life of the actuator, the
active mass of the actuator is usually mounted with flexures. These must be sufficiently
flexible in the direction of the required movement yet sufficiently rigid in other directions.
The placement of the active mass of the actuator on the flexures is evident is Figure 4.
Actuator drives exert a force on the central part (gray) both in the X direction and in the
Y direction (forces Fx and Fy). The movement along the X axis is practically performed
only by the central part (gray). The movement along the Y axis is ensured by the central
part along with its supporting part (green). Vibration sensors can be located on the outer
frame of the actuator (blue) or can be built-in. The disadvantage of using flexures is that
there is a small parasitic movement in a direction perpendicular to the desired direction
of movement, as indicated in Figure 4a. Although it does not have a significant effect on
the resulting actuator parameters, it complicates the selection of the measuring system of
the positions of the primary and secondary parts of the motor in relation to each other
(Figure 4b).

(a) (b)

Figure 4. (a) A schematic of the proposed 2-axial actuator. (b) The mass guided by the flexures
performs a small parasitic movement.
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3. Case Study of the Actuator Design

The constructional design solution of the actuator’s central part with a description of
its basic components is provided by assembling in Figures 5 and 6a. The basis is a moving
mass in the middle section of the actuator (Figure 5a), to which the secondary parts of
the linear motors of the X-axis and the Y-axis are mounted perpendicular to each other (a
type VUES L3S100S-816 in the case study). In Figure 5a, only drive X is visible. Drive Y is
mounted on the other (bottom) side. The mobility of the central part’s mass is ensured by
mounting on the flexures against the intermediate piece–the spacer. Together, they form a
movable mass along the Y-axis (Figure 5b). This spacer is further mounted on the flexures
against the actuator’s base frame (Figure 6a). Mobility along both axes is limited by rubber
end stops. The central part of the actuator can also be designed as a version with a through
center (Figure 6b).

(a) (b)

Figure 5. (a) The active mass in the X direction; the secondary part of motor Y is located on the opposite part of the body,
perpendicular to direction X; (b) The active mass in the Y direction.

(a) (b)

Figure 6. (a) The suspension of active mass with secondary parts of the motor in the Y direction (mounted on the other
side); (b) An example of the design solution of the central body with a through hole.

During the design process, significant attention was paid to the suspension of active
mass on the flexures. The design (case study) was performed for specific linear motors
with a continuous traction force of 440 N (see description below). The suspension was
optimized using the parametric FEM model. Traction forces from the linear motors in
the X and Y directions enter the model as loads. The gravitational force and attractive
forces from permanent magnets between the primary and secondary parts of the linear
motors then act perpendicular to them (Z direction). The aim of the optimization was
to achieve low natural frequencies of the active body suspension in the flexible direction
while requiring high rigidity in other directions to prevent the flexures from collapsing
at the limit loads (loss of stability). This would cause contact between the primary and
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secondary parts of one of the motors, which could lead to damage to the actuator in extreme
cases. In this case study, a value of 0.2 mm was chosen as a safe design value of maximum
deformation in the Z direction. The aim was to choose the flexure parameters so that
the lowest natural frequencies are approx. around 15 Hz. An example of the calculated
first eigenshapes with flexures that meet the selected conditions is shown in Figure 7a,b.
Another condition was that the stress in any part of the flexures must not exceed the
safe level for the given material (spring steel EN 1CS67) at maximum deformation. The
calculations also included topological optimization of the flexure shape, which aimed to
minimize the natural frequency of the suspension while maintaining the maximum rigidity
in the Z direction and minimum stress in the flexures. However, the benefits of such
optimization were not unambiguous, and thus, finally, simple rectangular flexures were
chosen. The flexure (plate) thickness parameter was chosen from available metallurgical
products.

(a) (b)

Figure 7. (a) The lowest eigenshape in the X direction is at a frequency of 16 Hz (total size 340 mm ×
340 mm); (b) The lowest eigenshape in the Y direction is at a frequency of 15 Hz (total size 340 mm ×
340 mm). Flexure deformation is highlighted.

The central part of the actuator contains only the secondary parts of the linear motors
with permanent magnets. The primary parts of the motor (water-cooled type VUES
L3SK075P-1215) are attached to the actuator covers along with an absolute non-contact
position sensor (Micro-Epsilon ILD1320-50). The actuator cover assembly is shown in
Figure 8a. In Figure 8b, there is a 3D view of the actuator center assembly along with the
location of the primary parts of the linear motors (for clarity).

(a) (b)

Figure 8. (a) The design of actuator cover assembly with primary part of the linear motor and laser absolute position sensor.
(b) The assembly of the central part of the actuator with the indicated location of the primary parts of the linear motor,
mounted on the upper and lower covers (not visible in the image).
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Figure 9a provides a view of the mounted assembly central part of the actuator.
Figure 9b shows the mounted assembly of one of the covers. Due to the large attractive
forces between the primary and secondary parts of the linear motors, the installation
of the covers on the central part must occur simultaneously from both sides while both
covers are gradually closed using the push-off screws (Figure 10a). The assembled actuator
is supplemented with industrial connectors to enable better cabling connection options
(Figure 10b).

(a) (b)

Figure 9. (a) The central part of the actuator assembly. (b) One of the two actuator covers with the
installed primary part of the linear motor and the laser absolute position sensor.

(a) (b)

Figure 10. (a) Symmetrical mounting of the actuator cover; (b) the complete actuator, equipped with
connectors.

The specific actuator (case study) was designed to enable testing on a test ram of real
dimensions. The external dimensions of the actuator are 340 × 340 × 270 mm3 (X, Y, Z),
the total weight of one complete actuator is 80 kg, and the intended operating frequency
range of the actuator is from 20 to 300 Hz. The basic parameters for the X and Y axes of the
designed actuator are summarized in Table 1. For the purposes of testing on a model ram,
two structurally identical actuators were manufactured (see below). The actuator drives
are designed to allow the connection of water cooling. This corresponds (in theory) to a
higher continuous achievable traction force. However, water cooling is considered mainly
due to the reduction of the actuator’s thermal effect on the machine ram.
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Table 1. Basic actuator parameters for X and Y axes.

Parameter X-Axis Y-Axis

Nominal continuous traction force of the
lin. electric motor 440 N 1

Continuous traction force of the lin. motor
with optional water cooling 750 N

Peak force of the linear electric motor 1000 N
Force constant of the linear motors 120 N/A

Current control loop bandwidth (approx.) 1 kHz
Maximum stroke of the active mass ±10 mm

Actual stroke of the active mass
(intentionally reduced by soft stops) ±7 mm

e je Weight of the moving mass 15.6 kg 19.7 kg
Weight of the actuator frame 64.4 kg 60.3 kg

Stiffness of flexures 1.58 × 105 N/m 1.75 × 105 N/m
Damping coefficient (approx.) 471 N·s/m 557 N·s/m

First eigenfrequency 16 Hz 15 Hz
1 For harmonic force, a value of approx. 620 N may be considered.

The mathematical model of the actuator can be relatively simply described analytically
(e.g., in [1]). However, for the sake of clarity, this article shows a model created in the Matlab
Simscape environment. This model is presented in Figure 11 and can be understood as a
subsystem that will have the same structure for both the X-axis and the Y-axis. The values
in the actuator model can be substituted according to Table 1. The actuator subsystem
created in this way can be connected both to a complex model of the entire machine
structure (e.g., in state-space form-reduced FEM model) and to a vibration control model.
To close the control loop, this model would be supplemented by a virtual acceleration
sensor, which would be placed on the “actuator frame mass” element or on a suitable
element of the machine tool structure model (in close proximity to the actuator). This paper
does not deal directly with control algorithms for vibration dampers. A simple controller,
a Direct Velocity Feedback (DVF) as described in [1], is intended to be used to verify the
actuator’s function as a damper. The force entering the actuator model in Figure 11 is
obtained from the controller by multiplying the value of the motor current and the motor
force constant.

In practice, the motor’s force constant may differ slightly from the catalogue value.
The biggest differences may be related to motor overload and warm-up. However, machine
tool ram warming is a significant potential source of machine inaccuracy. The actuator for
the vibration damper is intentionally designed with motors that allow water cooling. The
primary purpose is not to achieve a higher force but a lower thermal effect. The operation
of the actuator is realistically assumed to be at maximum continuous catalogue values,
which are permissible for the motor without cooling. Under these conditions, the motor’s
force constant can be considered approximately as a constant, which provides a conversion
between the motor’s current and action force with sufficient accuracy (for a given purpose).

The actuator model in Figure 11 has a transfer function, which is plotted in Figure 12
after the substitution of the X-axis parameters from Table 1 (for illustration). For low
frequencies, the transmission of force to the machine structure is small. It grows around the
resonance of the actuator (16 Hz), and subsequently, the transmission amplitude stabilizes
at value 1 (0 dB). The value of the phase shift is practically negligible for higher frequencies.
The actuator then acts as a good source of force. For the case study application in this article,
the main focus is on vibration suppression around 70 Hz (see text below). In this area, the
actuator already works with minimal distortion. For this reason, no special attention needs
to be paid to force compensation according to the transfer function in Figure 12 during the
experiments described below.
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Figure 11. An actuator single-axis model that can be used as a subsystem in a complex machine
tool model (including vibration control by linear motor force). Model parameters can be substituted
according to Table 1.

Figure 12. Bode diagram for the actuator’s X-axis: transfer function between the force of the linear
motor and the force transmitted to the machine structure. The actuator no longer shows significant
distortion for the monitored area around 70 Hz (amplitude 1.05; phase 4 degrees).

The great advantage of the proposed actuator design is the ability to measure the
absolute position of the actuator moving mass (laser sensor, Figure 8a). The model’s stiff-
ness parameters can be verified (in this case) by measuring static deformation at a specific
linear motor force. In the normal vibration suppression mode, the flexure deformations
are usually relatively small and can be considered linear. The damping coefficient can be
approximately estimated using the position response to the force step demand.
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4. Solving the Problem of Actuator Control in the Current Control Loop

In order for linear motors to function properly, it is necessary to ensure the measure-
ment of the positions of the motor’s primary and secondary parts in relation to each other
(commutation of linear motors). Due to the parasitic movement of the mass on the flexures
mentioned above, this is relatively problematic to ensure. Standard position sensors for
linear motors (optical sensors and other types) are able to tolerate this movement only to a
very small extent, which is not enough in practical terms. Hall sensors are an exception, but
they cannot be used for common components in this case due to the installation dimensions.
For these reasons, an absolute laser noncontact position sensor with a range of 50 mm
(specifically a Micro-Epsilon ILD1320-50) was used to measure the position of the active
mass. At the time of writing this paper, the sensors available on the market do not have
an output that can be fed as a feedback signal to the servo inverter. The sensor selected
for this case study has a current output of 4–20 mA, which must be converted to another
type of signal that is compatible with commonly available drives. The most universal
signal is likely the TTL signal from incremental position sensors, which is supported by
virtually all servo inverter manufacturers. However, no signal converter with the required
parameters is available on the market. For this reason, a custom converter was designed
on the FPGA part of the NI cRIO-9064 computer. The block diagram of the converter for
one channel is shown in Figure 13. The output is a standard incremental encoder signal
in the RS422 standard (TTL) with an adjustable length period (position increment) and a
reference mark. This solution allows the actuator drives to be commutated after start-up
and further operated in standard mode in the current control loop (which corresponds
practically to force control).

Figure 13. A block diagram of one channel signal converter for position measurements. The input is an analog current
signal, and the output is an incremental position signal with a reference mark in the RS422 standard (TTL).

The authors of this paper also have experience with other applications where the RS422
encoder was used in the vibrating system. Due to the higher vibration frequencies and
higher resolution of the encoder, there was an occasional loss of pulse reading. This problem
was prevented here by the fact that the sensor (laser) works as an absolute. A possible loss
of pulses when reading the simulated encoder signal would be quickly corrected by using
a reference pulse, which is generated in the middle stroke position. During testing, this
signal conversion system proved to be sufficiently robust. No commutation problem or
encoder error was detected on the servo inverter.

5. Experimental Verification of Actuator Function

A test ram measuring 270 × 270 × 2000 mm3 was used to verify the actuator function.
The ram was attached to a cast-iron cube in an inverse vertical position and then fixed to
the floor. Both manufactured actuators were attached to the upper clamping plate of the
ram. The arrangement of the measurements is visible in Figure 14a. A view of the electrical
cabinet for the actuator drives is shown in Figure 14b.
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(a) (b)

Figure 14. (a) The set-up of experiment to verify actuator function; (b) the electrical cabinet with servo inverters for two
actuators.

The actuator control block diagram in Figure 15 consists of two parts. The first
part involves measuring, i.e., the solution of the aforementioned simulated signal of the
incremental encoder. The second part concerns the input of the current setpoint signal
for each of the four controlled linear motors. Conventional servo amplifiers (Kollmorgen
AKD-P00607-NBCC, Radford, VA, USA) were used for control. The setpoint can be entered
into the selected drives either in digital form via the EtherCAT bus or using the analog
voltage input of the inverter. Although analog input can be problematic because it is
more susceptible to electrical noise, it nonetheless seems to be more suitable for vibration
suppression applications because it has less transport delay. This is also the case selected
in Figure 15.

This paper does not deal directly with control algorithms for vibration dampers. A
simple controller, a Direct Velocity Feedback (DVF) as described in [1], was used to verify
the function of the actuators as dampers. The integration of signals from accelerometers
(Kistler PiezoBeam 8640A5T, Winterthur, Switzerland) was used to close the feedback. The
control loop and test signal generation were implemented on a NI cRIO-9063 computer
(Figure 16). The algorithm was the same for both directions, and the control cycle frequency
was 20 kHz. The control of actuator 1 (exciter) and control of actuator 2 (damper) run on
the same computer but completely independently of each other. The gain of the vibration
damper controllers (DVF) was experimentally adjusted so that the amplitude decreased at
the monitored frequencies in the region around 70 Hz (Figure 17). At the same time, it was
important to maintain the stability of the regulation and not cause a significant spillover
effect on the surrounding frequencies.
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g g p

Figure 15. Block diagram of control of two independent two-axial actuators.

Figure 16. The control loop scheme for damper and exciter control (same for both directions).
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(a) (b)

Figure 17. (a) The amplitude frequency response of the ram in the X direction; (b) the amplitude frequency response of the
ram in the Y direction.

As a reference measurement, a classical measurement of the amplitude frequency
transfer function of the ram was taken (Figure 17—green lines). The excitation was carried
out using a modal hammer (PCB 086D05, PCB Piezotronics, Depew, NY, USA) at the
location of the accelerometers on actuator 2. A separate acceleration sensor (Kistler K-Shear
8702B50M1, Winterthur, Switzerland) was used to measure the response. This sensor was
placed in close proximity to the accelerometers for active control feedback. The actuators
were switched off while this measurement was taken. Further measurements were taken
with the amplitude frequency response excitation progressively point by point using
actuator 1 as an exciter in the given frequency range (20–300 Hz). The actuator at the end
of the ram was chosen for excitation, as this corresponds to the real cutting force position.
A frequency step of 0.2 Hz was selected for the measurement. The conversion of excitation
to force was performed using the force constant of the linear motors (120 N/A for the
given motors). The amplitude of the excitation force during the measurement was, after
recalculation, approximately 70 N in the entire frequency range, which corresponds to
approximately 15% of the actuator’s nominal value. This value was chosen as the safe
limit for overcoming the resonance range around 70 Hz (excitation by the actuator nominal
value was only possible in the safe area outside the resonance).

One measurement was performed with actuator 2 switched off (Figure 17—blue lines).
During the second measurement, the vibration damper-actuator 2 with the Direct Velocity
Feedback (DVF) control was switched on (Figure 17—red lines). In the X-axis of the ram,
there is only one dominant bending natural frequency in the given frequency range at
the value of 72 Hz (eigenshape in Figure 18a). In the Y-axis it is 70 Hz (the eigenshape
in Figure 18b). Furthermore, frequencies corresponding to torsional modes predominate.
These cannot be significantly affected by the damper. With the use of a damper, it was
possible to reduce the amplitude of the most important bending mode to approximately
15% of the original value in both directions.

The frequency transfer function graphs show the differences between the measure-
ment excited by a modal hammer and point by point by actuator 1. These differences are
attributed to the error that is introduced into the measurement by converting the excitation
force from the actuator current through the catalogue value of the force constant. The con-
version of the force transmission to the ram (according to the Bode diagram in Figure 12) in
this presented frequency range has no significant effect. A completely different level of ex-
citation force also plays an important role. When excited by the actuator, the measurement
occurs at large excitation amplitudes, and vibrations stabilize at individual frequencies.
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For these reasons, the differences in the measured transmissions are understandable, and
the agreement can be considered acceptable. This is especially true for the 70 Hz region,
where the most significant bending modes are located.

(a) (b)

Figure 18. (a) The eigenshape of the ram in the X-axis (72 Hz); (b) the eigenshape of the ram in the
Y-axis (70 Hz).

6. Conclusions

This paper describes a two-axial actuator concept for vibration dampers, which is
designed specifically for damping bending modes of vertical rams of large turning and
multifunctional machine tools. In the introductory section of the paper, an overview of
relevant actuators for vibration suppression was presented. The field of research was
expanded to include relevant actuators for vibration-assisted machining.

The actuator presented in this article was designed as an intermediate piece (spacer)
between the end of the ram and the tool head. The main novelty and originality of the
presented solution are that it purposefully uses standard electric drives, which are available
in a wide range of parameters. This makes it easier to adapt the actuator parameters to the
required application. In terms of influencing the resulting machine accuracy, it is also very
important to monitor the heat losses of the actuator (thermal deformation of the ram). The
concept proposed in this article uses synchronous electric drives (linear motors), which
excel, among other things, in high efficiency. The drives used in the case study allow the
connection of water cooling if required. It is thus possible to efficiently dissipate heat from
a place where it negatively affects the accuracy of the machine. At the same time, it is
theoretically possible to use higher power of motors if necessary and thus achieve higher
dynamic forces with the same actuator. If a pair of linear motors are used for each direction,
it is possible to keep the actuator center free (e.g., for spindle drive shafts). This option is
also not common for other actuators found in the cited references.

The article presents a case study of the specific actuator for a nominal continuous force
of 440 N and a range of operating frequencies from 20 to 300 Hz. It also summarizes the
basic parameters of the assembled device and a model that will allow the simulation of
the actuator with the given parameters within a complex model of the machine. From the
presented model, it is possible to approximately determine the actuator’s basic dynamic
characteristic between the force exerted by the linear motor and the force transmitted
through the elastic suspension (flexures) to the structure of the machine tool.

The paper also addresses the concept of noncontact measurement of the moving mass
of the actuator, guided on the flexures. Information on the position of the moving mass
can be used for the commutation of linear motors and, if necessary, for the control of the
vibration damper itself.

The actuator was installed on a real-size test ram, and its function as a vibration
damper was verified. This article does not aim to present any new control algorithms
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for vibration suppression. To verify the function of the actuator, a simple Direct Velocity
Feedback (DVF) control approach is intentionally used here for clarity. The actuator itself
works in the current control mode (controlling the motor force). It allows the use of virtually
any method of vibration control. The appropriate control can be chosen with regard to the
specific application on the machine.

In the presented case study, two NI cRIO computers were used to control the complete
application. One of the computers solved the functions of special position measurement,
while the other ran the control of the actuators. In a practical application on a machine tool,
only one two-axial actuator would be used, and only one NI cRIO control computer would
suffice. The number of inputs and outputs of one computer, as well as the computing
power, would be sufficient to control a complete application. Communication between the
NI cRIO and the machine tool control system may not be in real-time (at high rates). It may
thus proceed via standard communication protocols. The presented solution is applicable
in practice and can be integrated into existing industrial control systems. Applications
can be mainly expected in the field of vibration suppression of vertical rams of large
machine tools.
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Abstract: Vibration response and amplitude frequency characteristics of a controlled nonlinear meso-
scale beam under periodic loading are studied. A method including a general analytical expression
for harmonic balance solution to periodic vibration and an updated cycle iteration algorithm for
amplitude frequency relation of periodic response is developed. A vibration equation with the general
expression of nonlinear terms for periodic response is derived and a general analytical expression
for harmonic balance solution is obtained. An updated cycle iteration procedure is proposed to
obtain amplitude frequency relation. Periodic vibration response with various frequencies can be
calculated uniformly using the method. The method can take into account the effect of higher
harmonic components on vibration response, and it is applicable to various periodic vibration
analyses including principal resonance, super-harmonic resonance, and multiple stationary responses.
Numerical results demonstrate that the developed method has good convergence and accuracy. The
response amplitude should be determined by the periodic solution with multiple harmonic terms
instead of only the first harmonic term. The damping effect on response illustrates that vibration
responses of the nonlinear meso beam can be reduced by feedback control with certain damping gain.
The amplitude frequency characteristics including anti-resonance and resonant response variation
have potential application to the vibration control design of nonlinear meso-scale structure systems.

Keywords: amplitude frequency characteristics; damping effect; vibration control; meso-scale beam;
nonlinear vibration; harmonic balance solution; updated cycle iteration algorithm

1. Introduction

The meso-scale beam is an important component of many precise instruments such as
micro-sensors or micro-actuators [1]. The large amplitude motion of the beam subjected
to strong loading, e.g., a cantilever beam under strong support motion loading, leads to
complicated nonlinear vibration [2], which will degrade the mechanical performance of the
instruments. Thus, vibration control of the beam is highly desirable, and in this connection,
the vibration response and amplitude frequency characteristics of the controlled nonlinear
beam need to be studied. Some investigations on the nonlinear dynamics of meso beams
have been reported, but there is a paucity of research on its vibration control.

For a meso-scale beam, a conventional mechanical model such as that based on
Bernoulli–Euler theory can be applied. However, the foundational frequency of the beam
is high due to its small length and in general, it is larger than the loading frequency. Thus,
first several vibration modes will be involved in the vibration response, albeit the first mode
vibration is dominant. Increasing structural damping is a common strategy, in particular,
for resonant response mitigation [3,4]. However, damping produced by passive control
is limited, and active feedback control is necessary to execute large artificial damping.
The controlled beam can be converted into a multi-degree-of-freedom (MDOF) nonlinear
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system. Feedback control of MDOF systems has been studied [5–14]. However, the control
effectiveness of a large damping gain on vibration mitigation of the nonlinear meso beam
needs to be studied further.

Most of the investigations on nonlinear dynamics of the meso beam are based on
experiments, while theoretical studies on the nonlinear vibration and control are lim-
ited. Periodic loading is a class of important real excitations, and periodic vibration and
amplitude frequency relation can represent dynamic characteristics of the beam system
with various frequencies. The harmonic balance method is suitable for periodic vibration
analysis of the nonlinear beam system to obtain amplitude frequency relation by uniform
procedure in a wide frequency band [2,15–20]. It converts a nonlinear system equation
into a set of algebraic equations for harmonic coefficients of periodic response, and the
response based on basic harmonic components can be improved by using high harmonic
components. However, general forms of harmonic balance equations, general analytical ex-
pressions of periodic response solutions, and an effective iteration procedure for amplitude
frequency relation need to be developed further for the controlled nonlinear meso beam.

In the present paper, the vibration response and amplitude frequency characteristics
of a controlled nonlinear meso-scale beam under periodic loading are studied. A method
including a general analytical expression for harmonic balance solution to periodic vibra-
tion and an updated cycle iteration algorithm for amplitude frequency relation of periodic
response is developed for the nonlinear beam system. In Section 2, a vibration equation for
the controlled beam is established, and a general expression of nonlinear terms for periodic
response with multiple harmonic terms is derived. A general analytical expression for
a harmonic balance solution to periodic vibration is obtained. In Section 3, an updated
cycle iteration procedure for amplitude frequency relation and periodic response solution
is proposed. Then, a periodic vibration response with various frequencies is calculated
uniformly using the method by only changing the frequency. An accurate response can be
obtained by using adequate high harmonic components. In Section 4, numerical results
on the periodic vibration response of the controlled nonlinear beam system are given to
demonstrate the good convergence and accuracy of the developed method. The amplitude
frequency characteristics including principal, super, and fractional harmonic resonances
are perceived. The effect of damping feedback gain on vibration response reduction of the
controlled nonlinear beam system is explored.

2. General Analytical Solution to Controlled Nonlinear Beam

The meso-scale beam is an important component of many precise instruments such as
micro-sensors or micro-actuators. A conventional mechanical model such as that based on
Bernoulli–Euler theory is suitable to the meso beam. The large amplitude motion of the
beam subjected to such as strong support loading leads to complicated nonlinear vibration,
which will degrade the performance of the instruments. The beam vibration needs to be
controlled, and vibration characteristics of the controlled beam need to be identified. A
meso beam with control under transverse excitation, as shown in Figure 1, is addressed
first in this study. Its nonlinear vibration equation in dimensionless form can be expressed
as [21].

α1
∂2w
∂t2 + α2

∂w
∂t

+ α3
∂4w
∂y4 + α4

∂2w
∂y2 (

∂w
∂y

)
2
= fe(y, t) + uc(w,

∂w
∂t

) (1)

where w is the non-dimensional transverse displacement, α1 is the mass coefficient, α2 is
the damping coefficient, α3 is the linear stiffness coefficient, α4 is the nonlinear stiffness
coefficient, fe is the non-dimensional transverse loading, uc is the feedback control, y∈[0,1]
is the non-dimensional longitudinal coordinate, and t is the time variable. Equation (1)
is a partial differential equation and can be converted into a set of ordinary differential
equations by using the Galerkin method. Vibration modes of the beam are determined
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based on boundary constraint conditions, and the displacement w is expanded into series
using the modes. The displacement expansion is

w(y, t) =
Nw

∑
i = 1

φi(y)qi(t) = ΦQ (2)

where Nw is the number of modes, ϕi is the ith mode, and qi is the ith modal displacement.
The mode vector Φ and modal displacement vector Q are, respectively

Φ = [φ1φ2 . . . φNw ], Q = [q1q2 . . . qNw ]
T (3)

For instance, a cantilever beam has its vibration modes

φi(y) = (sin βi − sinhβi)(sin βiy − sinhβiy) + (cos βi + cosh βi)(cos βiy − cosh βiy) (4)

where the parameter βi is determined by the algebraic equation

cos βi cosh βi = −1 (5)

Figure 1. Meso-scale beam with control uc under loading fe.

The first three solutions to Equation (5) are 1.875, 4.694, and 7.855. The ratio of the
second or third natural frequency to the first natural frequency of the cantilever beam is
larger than that of the corresponding simply supported beam.

Substituting expression (2) into Equation (1), pre-multiplying the equation by ΦT and
integrating it with respect to y yields ordinary differential equations in the matrix form

M
d2Q

dt2 + C0
dQ

dt
+ K0Q + G0(Q) = F(t) + U(Q,

dQ

dt
) (6)

where M is the modal mass matrix, C0 is the modal damping matrix, K0 is the modal linear
stiffness matrix, G0 is the modal nonlinear restoring force vector, F is the modal loading
vector, and U is the modal control vector. Their expressions are

M =
∫ 1

0 ΦT(y)α1(y)Φ(y)dy, C0 =
∫ 1

0 ΦT(y)α2(y)Φ(y)dy

K0 =
∫ 1

0 ΦT(y)α3(y)
d4Φ(y)

dy4 dy, F =
∫ 1

0 ΦT(y) fe(y, t)dy

U =
∫ 1

0 ΦT(y)uc(ΦQ, Φ dQ
dt )dy

G0(Q) =
∫ 1

0 ΦT(y)α4(y)[
d2Φ(y)

dy2 Q][dΦ(y)
dy Q]2dy

(7)

In general, M, C0, and K0 are diagonal matrices. G0 is a nonlinear function vector of modal
displacement Q. The feedback control uc is a function of displacement w and velocity, and
thus, the modal control U is a function of the modal displacement Q and modal velocity.
Nonlinear control for the nonlinear system can be expressed as

U = −Cc
∂Q

∂t
− KcQ − Gc(Q) (8)
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where Cc is the linear damping feedback gain matrix, Kc is the linear stiffness feedback
gain matrix, and Gc is the nonlinear feedback control vector. By incorporating the control
(8) into the uncontrolled system, Equation (6) is rewritten as

M
d2Q

dt2 + C
dQ

dt
+ KQ + G(Q) = F(t) (9)

where C = C0 + Cc, K = K0 + Kc, and G = G0 + Gc. The damping and stiffness of system (9)
can be adjusted by feedback control, and thus, the system vibration or beam vibration can
be controlled.

Equation (9) is a nonlinear ordinary differential matrix equation for the controlled
beam in multiple degrees-of-freedom coupling vibration. The lth element of the nonlinear
term can be expanded into the power series

[G(Q)]l =

Nj

∑
j = 2

(
Nw

∑
i1,i2,...,ij = 1

kN
l,i1i2,...ij

qi1 qi2 . . . qij) (10)

where Nj is an integer and kN
l,i1i2 . . . ij is the nonlinear stiffness coefficient. For the beam

with cubic nonlinearity (1) and corresponding control, the lth element of the nonlinear
term becomes

[G(Q)]l =
Nw

∑
i,j,k = 1

kN
l,ijkqiqjqk (11)

where kN
l,ijk is the cubic nonlinear stiffness coefficient. The nonlinear restoring force vector

is expressed as
G(Q) = KN ⊗ Qi ⊗ Qj ⊗ Qk (12)

where KN is a four-dimensional tensor of nonlinear stiffness coefficients and ⊗ denotes a
generalized product of tensor and vector.

Periodic vibration and amplitude frequency relation represent the frequency response
characteristics of the controlled beam system with various frequencies, which are important
for dynamic optimization design. The harmonic balance method is suitable for nonlinear
periodic vibration analysis to obtain amplitude frequency relation by a uniform procedure
in a wide frequency band [2]. A general analytical expression and effective iteration
solution procedure for system (9) will be developed for the first time in the following. The
periodic loading is expressed as

F(t) =

Nf

∑
k = 1

(Fsk sin kωt + Fck cos kωt) = FsΦs + FcΦc (13)

where ω is the loading frequency, Fsk and Fck are the harmonic coefficient vectors of the
loading, and Nf is an integer. The harmonic vectors Φs and Φc with coefficient matrices Fs
and Fc are, respectively

Φs = [sin ωt sin 2ωt . . . sin Nqωt]T, Φc = [cos ωt cos 2ωt . . . cos Nqωt]T

Fs = [Fs1Fs2 . . . FsNq ], Fc = [Fc1Fc2 . . . FcNq ]
(14)

The integer Nq is larger than Nf, and thus, later columns of the matrices Fs and Fc are zeros.
The periodic response of the vibration system to the periodic loading is expanded as

Q(t) =
Nq

∑
k = 1

(Ak sin kωt + Bk cos kωt) = AQΦs + BQΦc (15)
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where Ak and Bk are harmonic coefficient vectors of the response. The coefficient matrices
AQ and BQ are, respectively

AQ = [A1A2 . . . ANq ], BQ = [B1B2 . . . BNq ] (16)

As a result of the high-order harmonic effect, the term number Nq in the expansion for
response is larger than Nf for loading. The lth element of the response vector Q is

ql(t) =
Nq

∑
k = 1

(alk sin kωt + blk cos kωt) (17)

where alk and blk are harmonic coefficients of the response. The response coefficient vectors
Ak and Bk have the expressions

Ak = [a1ka2k . . . aNwk]
T, Bk = [b1kb2k . . . bNwk]

T. (18)

By substituting expression (15) into nonlinear term (12), using harmonic function
properties and neglecting the higher harmonic part, the nonlinear term can be obtained as

G(Q) = KN
3s(AQ, BQ)Φs + KN

3c(AQ, BQ)Φc (19)

where KN
3s and KN

3c are the function matrices of the response coefficients AQ and BQ. The
lth element of the vector G is

[G(Q)]l =
Nq

∑
m = 1

(kN
3s,lm sin mωt + kN

3c,lm cos mωt) (20)

where kN
3s,lm and kN

3c,lm are the harmonic coefficients of the nonlinear term. The coefficients
can be further expressed as

kN
3s,lm =

Nw

∑
i,j,k = 1

kN
l,ijkdm(i, j, k), kN

3c,lm =
Nw

∑
i,j,k = 1

kN
l,ijkem(i, j, k) (21)

where dm and em are functions of the response coefficients alk and blk. They are

dm = ω
π

∫ 2π/ω
0 qiqjqk sin ωtdt

= 1
4

Nq

∑
l1,l2,l3 = 1

2
∑

λ1,λ2,λ3 = 1
αil1(λ1)αjl2(λ2)αkl3(λ3)gs(μ1l1, μ2l2, μ3l3)

(22)

em = ω
π

∫ 2π/ω
0 qiqjqk cos ωtdt

= 1
4

Nq

∑
l1,l2,l3 = 1

2
∑

λ1,λ2,λ3 = 1
αil1(λ1)αjl2(λ2)αkl3(λ3)gc(μ1l1, μ2l2, μ3l3)

(23)

with

αil1(λ1) =

{
ail1 , λ1 = 1
bil1 , λ1 = 2

, αjl2(λ2) =

{
ajl2 , λ2 = 1
bjl2 , λ2 = 2

, αkl3(λ3) =

{
akl3 , λ3 = 1
bkl3 , λ3 = 2

gs = 1
2 [1 − (−1)λ1+λ2+λ3 ]∑

Sμ

δm+Sμ ,0sg(Sμ), gc = 1
2 [1 + (−1)λ1+λ2+λ3 ]∑

Cμ

δm+Cμ ,0sg(Cμ)

sg(Sμ) = (−1)∑ λj2 /4∏ μj1 , sg(Cμ) = (−1)∑ λj2 /2∏ μj1

(24)

where μ1, μ2, and μ3 are +1 or −1, Sμ and Cμ denote all combinations of (μ1l1, μ2l2, μ3l3), j1 is
for λj1 = 1 and j2 is for λj2 = 2, and δ is the Kronecker delta function. Expressions (22) and (23)
indicate that dm and em are cubic power functions of the response coefficients alk and blk. As
such, general expression of the nonlinear term has been obtained in Equations (19)–(24) for
the periodic response with multiple harmonic terms, which is given first for the meso beam.
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According to the harmonic balance method, substituting response (15) with expres-
sion (19) and loading (13) into Equation (9) and balancing each harmonic term yields
algebraic equations for response coefficients AQ and BQ as

KAQ − MAQΩ2 − CBQΩ = Fs − KN
3s (25)

KBQ − MBQΩ2 + CAQΩ = Fc − KN
3c (26)

where the vibration frequency matrix is

Ω = diag[ω2ω . . . Nqω] (27)

Equations (25) and (26) are algebraic matrix equations, and they can be rearranged as
equations for the response coefficient vector of alk and blk to solve. However, equations for
the mth column Am of the matrix AQ and the mth column Bm of the matrix BQ are obtained
from Equations (25) and (26) as

KAm − m2ω2MAm − mωCBm = Fsm − KN
3s,·m (28)

mωCAm + KBm − m2ω2MBm = Fcm − KN
3c,·m (29)

where KN
3s,·m is the mth column vector of the matrix KN

3s while KN
3c,·m is the mth column

vector of the matrix KN
3c. By solving Equations (28) and (29), response coefficient vectors

Am and Bm with elements alm and blm are obtained as
{

Am
Bm

}
= Δ−1

m

{
Fsm − KN

3s,·m
Fcm − KN

3c,·m

}
(30)

where

Δm(ω) =

[
K − m2ω2M −mωC

mωC K − m2ω2M

]
. (31)

Equation (30) provides a set of general harmonic balance solution formulae for periodic
vibration of the nonlinear system (9) representative of the controlled meso beam. By
the equation, the harmonic response coefficients Am and Bm and then AQ and BQ can
be obtained, and thus, the periodic vibration response of the system is determined by
Equation (15) and the beam displacement is calculated by Equation (2). The vibrational
amplitude frequency characteristics of the controlled beam are obtained by means of the
responses under various frequencies. The accuracy of the responses can be improved
by increasing numbers of expansion terms in Equations (2) and (15). Convergence of
the response expansion is determined by relative differences of the harmonic response
coefficients, i.e., |(alm − a′ lm)/alm| and |(blm − b′ lm)/blm|. However, because KN

3s,·m and
KN

3c,·m depend on response coefficients Am and Bm, Equation (30) is nonlinear and will be
solved by iteration.

3. Iteration Procedure for Vibration Response

Equations (28) and (29) or (30) include 2 × Nw × Nq algebraic equations for harmonic
response coefficients alm and blm (l = 1, 2, . . . , Nw; m = 1, 2, . . . , Nq). The equations can be
rewritten generally as

fa,lm(AQ, BQ) = 0 (32)

fb,lm(AQ, BQ) = 0 (33)
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where fa,lm and fb,lm are functions of AQ and BQ. AQ and BQ are matrices by assembling
alm and blm, respectively, as expressions (16) and (18). Based on Equations (32) and (33),
iterative equations are given according to the generalized Newton iteration algorithm as

ak+1
lm = ak

lm − θk ∂ f k

∂ak
lm

, bk+1
lm = bk

lm − θk ∂ f k

∂bk
lm

(34)

where superscript “k” denotes the kth step of iteration, functions f and θ are

f k =
Nw
∑

l = 1

Nq

∑
m = 1

[ fa,lm(A
k
Q, Bk

Q)
2
+ fb,lm(A

k
Q, Bk

Q)
2
]

θk = f k

Nw
∑

l = 1

Nq
∑

m = 1
[(∂ f k/∂ak

lm)
2
+(∂ f k/∂bk

lm)
2
]

.
(35)

Derivatives of the function f are given by

∂ f k

∂ak
lm

=
f k(ak

lm+Δak
lm ,bk

lm)− f k(ak
lm ,bk

lm)

Δak
lm

∂ f k

∂bk
lm

=
f k(ak

lm ,bk
lm+Δbk

lm)− f k(ak
lm ,bk

lm)

Δbk
lm

Δak
lm = βak

lm, Δbk
lm = βbk

lm

(36)

where the parameter β is set as a small value, e.g., 10−5. Equation (34) presents a general
iteration algorithm for the harmonic balance solution to periodic vibration of the nonlinear
system (9). However, a computational expense of the iterative Equation (34) is large due to
coupling high dimensions.

To improve computational efficiency, based on the partially uncoupled Equation (30),
another form of the iterative equation is obtained as

{
Ak+1

m
Bk+1

m

}
= Δ−1

mk

{
Fsm − K

N0
3s,·m(A

k
Q, Bk

Q)

Fcm − K
N0
3c,·m(A

k
Q, Bk

Q)

}
(37)

where Am and Bm are vectors respectively by assembling alm and blm, K
N0
3s,·m is a part of

KN
3s,·m independent of Am and the other part K

NA
3s,·mAm depends on Am, K

N0
3c,·m is a part of

KN
3c,·m independent of Bm and the other part K

NB
3c,·mBm depends on Bm, and the matrix

Δmk =

[
K − m2ω2M + K

NA
3s,·m(A

k
Q, Bk

Q) −mωC

mωC K − m2ω2M + K
NB
3c,·m(A

k
Q, Bk

Q)

]
. (38)

The iteration solution procedure for solving Equation (37) or (34) is proposed as
follows: first, select initial values of the response coefficient matrices AQ and BQ, e.g., as a
solution to the linearized system; second, substituting the initial values into Equation (37) or
(34) yields the next step values of the response coefficient vectors Am and Bm, and Am and
Bm are used to update the last step values and to calculate the response coefficient vectors
Am+1 and Bm+1 (m = 1, 2, . . . , Nq−1), that is constantly updated cycle; third, examine the
convergence of the response coefficient matrices AQ and BQ by using relative differences
of adjacent step values of the response coefficients, i.e.,∣∣∣ak+1

lm − ak
lm

∣∣∣ ≤ γI

∣∣∣ak
lm

∣∣∣, ∣∣∣bk+1
lm − bk

lm

∣∣∣ ≤ γI

∣∣∣bk
lm

∣∣∣ (39)

where γI is a small value representing iteration accuracy and k = 1, 2, . . . If the current
step values of the response coefficients do not satisfy condition (39), continue to carry
out the next step until convergence. This iteration procedure is called updated cycle it-
eration. Finally, the harmonic response coefficients AQ and BQ are obtained and used to
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calculate periodic responses (15) and (2), by which the amplitude frequency character-
istics of the vibration response of the controlled beam system can be determined. The
vibration response with various frequencies can be calculated using the uniform method
by only changing frequency. Accurate response will be obtained by using adequate high
harmonic components.

The above method, including a general analytical expression for a harmonic balance
solution to periodic vibration and an updated cycle iteration algorithm for amplitude
frequency relation of periodic response, is a uniform method for a nonlinear system of
the controlled mseo-scale beam under various frequencies, and it is suitable for obtaining
amplitude frequency relation in a wide frequency band. It is also applicable to various
periodic vibration analyses including principal resonant response, super-harmonic resonant
response, and multiple stationary responses. The dynamic stability of the periodic vibration
can be solved by using the direct eigenvalue analysis approach for systems with periodically
varying parameters [20,21].

When loading frequency ω keeps away from the resonant frequencies of the nonlinear
system, a non-resonant response as a function of frequency ω can be obtained by using
the above method. When the loading frequency ω is close to a resonant frequency of the
nonlinear system, a principal resonant response as function of frequency ω can be obtained
by using the uniform method. In the case of multiple response solutions, a resonant
response obtained depends on initial iteration values and vibration stability. When the
loading frequency ω is close to 1/n-times resonant frequency of the nonlinear system (n
is an integer larger than 1), a super-harmonic resonance near nω can occur, and in the
meantime, a response component with frequency ω also exists. In this case, the vibration
response obtained has the frequency of ω.

The vibration response of the nonlinear system (9) or beam (1) is composed of multiple
harmonic components, and its amplitude will be obtained by periodic solution under
maximum condition. For example, the displacement response amplitude max{|w(y0, t)|}
on y0 is determined by periodic solution varying with time in a period under the condition
∂w(y0, t)/∂t = 0. As a consequence, the amplitude frequency characteristics of periodic
vibration can be determined.

4. Numerical Results and Discussion

To illustrate the application of the developed method and amplitude frequency char-
acteristics, consider a meso-scale cantilever beam with control under a periodic loading. Its
nonlinear vibration equation in dimensionless form is as Equations (1) and (9), in which αi
(i = 1, 2, 3, 4) are constants for the uniform beam. The foundational frequency of the meso
beam is high and generally larger than the loading frequency. Thus, first several vibration
modes will be involved in vibration response, while the first mode vibration is dominant.
Increasing structural damping is a common strategy for resonant response suppression.
Damping produced by passive control is limited, whereas active feedback control can
produce large artificial damping, which is incorporated in damping coefficient of system
(9). The effect of the damping on vibration response characteristics will be explored for
control at the midpoint. The periodic support loading is F = Fs1 sinωt in system (9). After
normalized with respect to mass, non-dimensional damping coefficient, linear stiffness
coefficient, nonlinear stiffness coefficient, and loading amplitude for the first mode are
denoted by c, k1, k3, and Fs1, respectively. The other coefficients can be determined by these
coefficients based on Equations (4), (7), and (8). Using the developed method, harmonic
response coefficients (18) and periodic vibration response (2) of the beam system are ob-
tained, which are used to determine amplitude frequency characteristics. In calculation,
basic parameter values are k1 = 1.0, c = 0.1, k3 = 0.12, Fs1 = 0.2, and y0 = 1 unless otherwise
specified. Numerical results on the non-dimensional vibration response and amplitude
frequency relation are shown in Figures 2–14, which have been verified through direct
numerical simulation.
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Figure 2. Amplitude (wAm) frequency (ω) relation around principal resonance for loading amplitude
Fs1 = 0.2 (blue solid line: response based on periodic solution; black dotted line: response based on
first harmonic term).

Figure 3. Amplitude (wAm) frequency (ω) relation around principal resonance for loading amplitude
Fs1 = 0.34.

Figure 4. Larger amplitude response (w) varying with time (t) for loading frequency ω = 1.24 by
numerical simulation from initial displacement 1.0 and velocity 2.5.
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Figure 5. Stationary larger-amplitude response (w) varying with time (t) for loading frequency
ω = 1.24 (blue solid line: numerical simulation; red dotted line: the developed method).

Figure 6. Smaller amplitude response (w) varying with time (t) for loading frequency ω = 1.24 by
numerical simulation from initial displacement 1.0 and velocity 0.

Figure 7. Stationary smaller-amplitude response (w) varying with time (t) for loading frequency
ω = 1.24 (blue solid line: numerical simulation; red dotted line: the developed method).
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Figure 8. Amplitude (wAm) frequency (ω) relation around super-harmonic resonance for loading
amplitude Fs1 = 0.5 (blue solid line: response based on periodic solution; black dotted line: response
based on first harmonic term).

Figure 9. Stationary response (w) varying with time (t) for loading frequency ω = 0.35 (blue solid
line: response based on periodic solution; black dotted line: response based on first harmonic term).

Figure 10. Amplitude (wAm) frequency (ω) relation around fractional harmonic resonance for loading
amplitude Fs1 = 1.7 (blue solid line: response based on periodic solution; black dotted line: response
based on first harmonic term).
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Figure 11. Stationary response (w) varying with time (t) for loading frequency ω = 0.23 (blue solid
line: response based on periodic solution; black dotted line: response based on first harmonic term).

Figure 12. Amplitude (wAm) frequency (ω) relation around principal resonance for loading amplitude
Fs1 = 0.34 and different damping coefficients c (blue solid line: c = 0.1; red dashed line: c = 0.16).

Figure 13. Amplitude (wAm) frequency (ω) relation around super-harmonic resonance for loading
amplitude Fs1 = 0.5 and different damping coefficients c (blue solid line: c = 0.1; red dashed line:
c = 0.45).
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Figure 14. Amplitude (wAm) frequency (ω) relation around fractional harmonic resonance for loading
amplitude Fs1 = 1.7 and different damping coefficients c (blue solid line: c = 0.1; red dashed line:
c = 1.25).

Figure 2 shows the amplitude frequency relation around principal resonance for
periodic vibration response of the beam under Fs1 = 0.2. The amplitude frequency relation
around principal resonance based on the first expansion term of the response is also given
for comparison. The non-dimensional resonant frequency is close to 1.13, and the non-
dimensional resonant response amplitude is 1.78 determined by the developed periodic
solution, which is larger than 1.76 based on only the first expansion term. The difference
will be shown further in the subsequent results, which increases with loading amplitude.
Thus, the response amplitude should be determined by periodic solution (2) with (15)
instead of only the first harmonic term. If the resonant response amplitude is larger than 1,
the nonlinear term of the system cannot be regarded as small in resonance.

As the loading amplitude increases to Fs1 = 0.34, Figure 3 shows the amplitude
frequency relation around principal resonance for periodic vibration response of the beam.
It is seen that two stationary responses exist in a frequency interval [1.17, 1.27], which can
be caused also by increasing the nonlinear stiffness coefficient. If the loading amplitude or
nonlinear stiffness increases, the multiple responses region will be enlarged in amplitude
and frequency and move right. In particular, the initial state region, which tends to smaller
amplitude response with time, is larger than that for the larger amplitude response. Thus,
the smaller amplitude response has a larger stability probability than the larger amplitude
response; that is, the smaller amplitude response is more likely to occur practically. Figure 4
shows the larger amplitude response varying with time for the loading frequency ω = 1.24
by numerical simulation from initial displacement 1.0 and velocity 2.5. The stationary
response amplitude is 2.58. Figure 5 illustrates that the stationary response by numerical
simulation accords completely with that by using the developed method. Figure 6 shows
the smaller amplitude response (stationary amplitude 0.66) varying with time for the
loading frequency ω = 1.24 by numerical simulation from initial displacement 1.0 and
velocity 0. Figure 7 illustrates again that the stationary response by numerical simulation
agrees completely with that by using the developed method.

As the loading amplitude increases to Fs1 = 0.5, Figure 8 shows the amplitude fre-
quency relation around super-harmonic resonance for the periodic vibration response of
the beam. It is seen that the amplitude frequency curve of the response based on only the
first harmonic term does not display any peak and valley, but the curve of the response
determined by multiple harmonic terms of periodic solution (15) has a peak and a valley.
In particular, the response valley or anti-resonant response near frequency ω = 0.32 in
the nonlinear system is obtained for the first time. For frequency ω > 0.34, the response
amplitude determined by the periodic solution is larger than that based on only the first
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harmonic term, and for frequency ω < 0.33, the response amplitude determined by the
periodic solution is smaller than that based on only the first harmonic term. Thus, it is
supported further that the response amplitude should be determined by periodic solution
(2) with (15) instead of only the first harmonic term. The dynamic characteristics includ-
ing anti-resonance have potential application to vibration control design of meso-scale
nonlinear systems. Figure 9 illustrates that the stationary response varying with time in
amplitude and shape determined by the periodic solution is different from that based
on only the first harmonic term, where the loading frequency ω = 0.35. The response
amplitude is 0.58 for the former and 0.55 for the latter. The relative difference is 5%, but
the variation of dynamic characteristics is remarkable, as shown in Figure 8. The response
contains a super-harmonic resonance component with frequency 3ω and basic harmonic
component with frequency ω, which is relatively large. The response peak increases with
the loading amplitude.

As the loading amplitude increases to Fs1 = 1.7, Figure 10 shows the amplitude
frequency relation around fractional harmonic resonance (e.g., 9ω/2) for the periodic
vibration response of the beam. Figure 11 illustrates that the stationary response varying
with time particularly in shape determined by the periodic solution is largely different
from that based on only the first harmonic term. The loading frequency is ω = 0.23, and
the stationary response amplitude is 1.52. The relative difference of amplitudes based on
the periodic solution and first harmonic term for frequency ω = 0.4 is 30.4%. The response
peak also increases with the loading amplitude.

For the controlled nonlinear beam system under the harmonic loading with amplitude
Fs1 = 0.34, when the damping coefficient increases to exceed 0.16, the two stationary
responses around principal resonance in Figure 3 disappear and become a new pattern of
response, as shown in Figure 12. Thus, the principal resonant responses can be controlled by
increasing the damping gain. For the controlled beam system under the harmonic loading
with amplitude Fs1 = 0.5, when the damping coefficient increases to exceed 0.45, the peak
response around super-harmonic resonance and the anti-resonant response in Figure 8
disappear, as shown in Figure 13. Thus, large damping or feedback gain is required to
mitigate the beam vibration with frequency smaller than the principal resonant frequency.
However, for the controlled beam system under the harmonic loading with amplitude
Fs1 = 1.7, the peak response around fractional harmonic resonance in Figure 10 disappears
only when the damping coefficient increases up to 1.25, as shown in Figure 14. In fact, it is
unpractical to produce such large damping in passive control, but the large damping or
feedback gain can be generated by active control as artificial damping. Thus, the resonant
responses of the nonlinear meso beam can be reduced by feedback control with certain
damping gain.

For an actual meso beam, its basic geometrical and physical parameters are obtained
first to determine the parameters of model (1) such as αi (i = 1,2,3,4), as shown in refer-
ence [21] and by Equations (4), (7), and (8). Then, the model parameters are updated by
test results compared with analytical results on amplitude frequency relation. The updated
model can be used for dynamic analysis and control design of the beam.

5. Conclusions

The method including a general analytical expression for harmonic balance solution
to periodic vibration and an updated cycle iteration algorithm for amplitude frequency
relation of periodic response has been developed for the controlled nonlinear meso-scale
beam. The general expression of nonlinear terms in the nonlinear system for periodic
response with multiple harmonic terms is derived. The general analytical expression for
harmonic balance solution to periodic vibration of the nonlinear system is obtained. The
updated cycle iteration procedure for amplitude frequency relation and periodic response
solution is proposed. The developed method has the following main advantages: (1) it is
a unified method for nonlinear systems with various frequencies, and periodic vibration
responses for different frequencies can be calculated uniformly by only changing frequency;
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(2) it is suitable for obtaining the amplitude frequency relation of nonlinear systems in a
wide frequency band and for effective numerical computation; (3) it can take into account
the effect of higher harmonic components on vibration response; and (4) it is applicable to
various periodic vibration analyses including principal resonant response, super-harmonic
resonant response, and multiple stationary responses.

The amplitude frequency characteristics of the controlled nonlinear meso beam and the
effect of damping feedback gain on vibration response have been studied. Numerical results
on vibration response of the beam with various damping and loading amplitudes have
demonstrated that: (1) the developed method has good convergence and accuracy with
increasing response expansion terms, and the response amplitude should be determined
by the periodic solution with multiple harmonic terms instead of only the first harmonic
term; (2) the amplitude frequency characteristics around the principal resonance of the
controlled beam system show two stationary responses for large loading amplitude and
nonlinear stiffness coefficient, the resonant frequency is dependent on the loading and
response amplitudes, the region of multiple responses can be enlarged in amplitude
and frequency as the loading amplitude or nonlinear stiffness increases, and the smaller
amplitude response has a larger stability probability than the larger amplitude response
in terms of the initial states region of stable vibration; (3) the amplitude frequency curve
of vibration response near super-harmonic resonance has a peak and a valley for a large
loading amplitude, the response valley or anti-resonant response in the nonlinear system is
obtained for the first time, and the dynamic characteristics have potential application to
vibration control design of nonlinear meso structures; (4) the peak response with frequency
around super-harmonic resonance or fractional harmonic resonance increases with loading
amplitude; and (5) the principal resonant responses of the nonlinear beam system can be
controlled by increasing damping gain, the response around super-harmonic resonance
can be mitigated by feedback control with large damping gain, and the response around
fractional harmonic resonance with frequency smaller than the principal resonant frequency
cannot be mitigated effectively by passive control, but it can be controlled by active feedback
with large artificial damping. Thus, the vibration responses of the nonlinear meso beam
can be reduced by feedback control with certain damping gain. The vibrational amplitude
frequency characteristics including anti-resonance and resonant response variation have
potential application to vibration control or dynamic optimization design of nonlinear
meso-scale structure systems.

However, the developed method is limited to periodic vibration analysis, and a
method for non-periodic vibration analysis needs to be developed further. The analysis
method is expected to apply to an actual meso-scale structure for dynamic optimization
design and experimental verification.
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Abstract: In this research we conducted a sensitivity experimental study where we explored the
dependency of the shear strain on the seismic properties of bearings, namely lead rubber bearing
(LRB) and super high damping rubber bearing (SHDR). The factors studied were vertical pressure,
temperature, shear modulus of the inner rubber (G value), loading frequency, and loading sequence.
Six specimens were adopted, i.e., three LRBs and three SHDR bearings. A series of test plans were
designed. The seismic characteristics of the bearings were captured through a cyclic loading test,
which included post-yield stiffness, characteristic strength, area of a single cycle of the hysteretic
loop, equivalent stiffness, and equivalent damping ratio. A whole analysis of variances was then
conducted. At the same time, to explore certain phenomena caused by the factors, an extended
discussion was carried out. Test results showed that the temperature is the most dominant feature,
whereas the G value is the least contributing factor, with the effect of the loading frequency and
the loading sequence found between these two. The increment of the post-yielded stiffness for LRB
from 100% to 25% is a significant reduction from a low temperature to high one. The slope of the
characteristic strength versus the shear strain for LRB under high temperature is larger than the one
under low temperature.

Keywords: factors; dependency of shear strain; LRB; SHDR; seismic characteristics; cyclic loading test

1. Introduction

By lengthening the natural period of an isolation structure and dissipating the earth-
quake energy, the earthquake action of the isolation structure can be reduced consider-
ably [1]. At present, this innovative technology is used widely in buildings and bridges,
and it has successfully withstood many real earthquakes [2,3]. Elastomeric bearings are
mostly applied in this technology, which includes linear natural rubber bearing (LNR),
lead rubber bearing (LRB), elastic sliding bearing (ESB), and high damping rubber bearing
(HDR). In China, LNR and LRB are most extensively used, followed by ESB, and lastly,
HDR. There is little damping for LNR, which is a bearing constructed of alternating elas-
tomeric layers bonded to intermediate steel plates; here, the elastomeric rubber is natural.
When lead is poured into the central hole of LNR, LNR becomes LRB. There is a certain
yielded strength for lead; when lateral shear displacements occur, it is easy for lead to yield,
and this provides the hysteresis dissipating function. ESB is made up of two parts, namely
one natural bearing and one pair of sliding friction plates; the former provides a restorative
force, and the latter provides sliding dissipating damping. In LNR, the natural rubber
is added into a special material, such as active carbon; after it is vulcanized under high
temperature, dissipative damping can be provided after the shear deformation of bearing
takes place, where LNR becomes HDR. Depending on the amount of the damping ratio [4],
there can be two kinds of bearings, HDR and super high damping rubber bearing (SHDR);
the former is less than 18%, and the latter is more than 18%. Because bearings not only
support a great amount of vertical force but also bear a large horizontal deformation during
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an earthquake, the safety of bearings is most important for the whole isolation structure.
Accurately grasping the mechanical properties, especially the horizontal properties under
different shear strain states, is especially significant. In the past years, investigations about
the horizontal mechanical properties of elastomeric bearings by testing were carried out,
and some useful numerical models were also put forward.

Roeder C. et al. in 1990 [5] conducted research on the low-temperature performance
of elastomeric bearings. Nakano O. et al. in 1993 [6] explored the temperature dependency
of isolation bearings. Kim D.K. et al. in 1996 [7] researched the effects of the temperature
and the strain rate on the seismic performance of LNR and LRB. Liu W.G. et al. in 2002 [8]
researched the dependence and durability of shear properties of LRB by tests, including ver-
tical pressure dependence, shear strain dependence, frequency dependence, temperature
dependence, and the durability of aging and creeping. Yakut A. et al. in 2002 [9] evaluated
LNR performance at low temperatures. Yakut A. et al. in 2002 [10] also conducted research
about parameters’ effect on the performance of LNR at low temperatures. Li H. et al. in
2006 [11] conducted experimental research about the properties of LRB at extremely low
temperatures, such as −50 ◦C. Li L. et al. in 2009 [12] studied the temperature dependence
of shear properties of LRB tested from −40 ◦C to 40 ◦C. Fuller K. et al. in 2010 [13] explored
the effect of low-temperature crystallization on the mechanical properties of LNR and
HDR. Shirazi A. in 2010 [14] researched the thermal degradation of the performance of
LNR. Cardone D. et al. in 2011 [15] researched the effect of temperature on the horizontal
properties of LNR and HDR. Shen C.Y. et al. in 2012 [16] conducted test research about
the dependency of HDR. Shen C.Y. et al. in 2014 [17] investigated various dependencies
of seismic performance of LNR and LRB, in which the hardness was ultra-low. Basit Q.
in 2016 [18] looked into the performance of LRB in a full-size field experience bridge at
low temperature. Wang J.Q. et al. in 2016 [19] conducted an experimental study of the
vertical pressure dependency on the shear properties of LRB, and in 2016 the authors
of [20] also investigated the same properties of HDR. Rohola R. et al. in 2019 [21] per-
formed numerical research on the effect of the number of cores of LNR. Zhang R.J. et al. in
2020 [22] performed test research on temperature dependency and shear strain dependency
of high-performance rubber bearings. Rohola R. et al. in 2020 [23] presented research on
the analysis of static and dynamic stability of LNR. Javad S. et al. in 2020 [24] conducted a
numerical analysis on LNR with a steel ring. Radkia, S. et al. in 2020 [25] investigated the
effects of isolators on structures considering soil-structure interaction. Sheikhi, J. et al. in
2021 [26] performed a numerical analysis on LNR with steel and shape memory alloys.

In the above literatures, most of the researchers paid more attention to the temperature
on the seismic performance of elastomeric bearings, especially low temperature, such as
Roeder C. et al., Yakut A. et al., Li. H. et al., Li L. et al., and Basit Q. At the same time,
there is literature on the dependency of elastomeric bearings. The studies by Liu W.G.
et al., Shen C.Y. et al., and Kim D.K. et al. focused on temperature and shear dependency.
Wang J.Q. gave more attention to vertical pressure and shear strain dependency, while
Zhang R.J. focused on temperature and shear strain dependency. In most of the above
literatures, the authors only focused on a single factor for one dependency, such as shear
strain dependency; the only additional factor for some was the different shear strains. In
a real earthquake, the vertical load supported on the bearing would be changed because
of the tension and compression action caused by the horizontal seismic load. Because
there are tremendous differences in the frequencies of the seismic waves during an actual
earthquake, using a single loading frequency in a test might be not proper. The shear
modulus of the inner rubber of the bearing might also be different and can be from
0.196 to 2.0 MPa. Moreover, in China there is a great difference in temperature between
the north and the south. For the shear strain dependency, using only one single value for
the vertical pressure, the loading frequency, shear modulus, and temperature condition
cannot give a true reflection of the feature. Although Wang J.Q. and Zhang R.J. respectively
considered the vertical pressure and the temperature effect on the shear strain dependency,
other factors were neglected. In [27,28], although the integrated expression formula was
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given for the shear strain dependency of LRB and SHDR separately, the shear strain was
only considered as a single factor; the former was based on Olies’s company test data in
Japan, and the latter was based on test data from Bridgestone’s company test data in Japan.
As a whole, in the above literatures, for the shear strain dependency of LRB or SHDR, only
one or two factors affecting it was considered, which may be inadequate.

In this paper, the seismic performance of the shear strain dependency of LRB and
SHDR is investigated comprehensively, in which various factors are considered. Three
isolators of LRB and three of SHDR are made and tested. Factors including vertical pressure,
loading frequency, shear modulus of inner rubber, temperature, and loading sequence, etc.,
are explored, especially the effect of high temperature, which we paid more attention to.

2. Experimental Setup

There were a total of six isolators to be made, i.e., three LRBs and three SHDRs. They
have the same inner structure, and only the shear modulus of the inner rubber (i.e., G value;
see Table 1 and Figure 1) was different. The specimens used in the test were square; the
effective length of each side was 300 mm (i.e., the length of the inner steel plate), and the
height was about 104.8 mm. According to the literature [29], they belonged to type I. Three
different G values were selected, i.e., 0.8, 1.0, and 1.2 MPa. In the literature [30], it was said
that when the shear strain was more than 250%, nonlinearity might appear. For this reason,
the values of 25%, 50%, 100%, 150%, 175%, and 200% were adopted in the test. The method
of the test was referred to in the literature [29], i.e., the method of three cycles was adopted,
and the mechanical properties of the bearings were decided by the third cycle. To ensure
integrity of the curve of the third cycle, four cycles were completed in each test. The factors
of vertical pressure, frequency of loading, temperature, G value, and loading sequence
were all investigated. All of the test programs are shown in Table 2. The post-yield stiffness
(Kd), the characteristic strength (Qd), the area of a single cycle of the hysteretic loop (W),
the equivalent stiffness (Kh), and the equivalent damping ratio (Heq) were investigated in
this paper for both LRB and SHDR. Kd,Qd,W, and Kh are marked in Figure 2, and Heq was
derived by Equation (1) [1]:

Heq =
W

2πKhγTr
(1)

where W is the area of a single cycle of the hysteretic loop (see the dashed area in Figure 2),
r is the shear strain, and Tr is the total thickness of the inner rubber of the bearing.

Table 1. Detailed structures of LRB or SHDR.

Effective Side
Length of

Square (mm)

Shear Modulus
of Inner Rubber

(MPa)

Diameter of
Lead (mm)

Number of
Layers of

Inner Rubber

Thickness of
Single Inner
Rubber (mm)

Thickness of
Single Inner
Steel (mm)

Thickness of
Cover

Rubber (mm)

Thickness of
Cover Steel

(mm)

300 0.8/1.0/1.2 4 × 42.5 7 6 3.8 10 20

Table 2. Test program.

Test Case
Specimen

Values Used for Factors
LRB SHDR

Different frequency of loading 300 × 300 (G0.8) 300 × 300 (G0.8) 0.05 Hz, 0.25 Hz

Different sequence of loading 300 × 300 (G0.8) 300 × 300 (G0.8) Shear strain increasing or
decreasing

Different pressure 300 × 300 (G0.8) 300 × 300 (G0.8) 6 MPa, 12 MPa

Different shear modulus of inner rubber 300 × 300 (G0.8/G1.0/G1.2) 300 × 300 (G0.8/G1.0/G1.2) 0.8 MPa, 1.0 Mpa, 1.2 MPa

Different temperature 300 × 300 (G0.8) 300 × 300 (G0.8) 16 ◦C, 40 ◦C

Shear strain 25%, 50%, 100%, 150%, 175%, 200%
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(a) (c) 

  

(b) (d) 

Figure 1. Details of isolator: (a) planar view (LRB); (b) top-down view (LRB); (c) planar view (SHDR); (d) top-down view (SHDR).

 
Figure 2. Meanings of Kd, Qd, Kh and W in the hysteresis loop of bearing.

All of the tests were done in the Earthquake Engineering Research and Test Center at
Guangzhou University. Figure 3 shows the test equipment and specimen used for testing.
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(a) 

  

(b) (c) 

Figure 3. Test equipment and isolator used for testing. (a) Top-down view of test equipment; (b) LRB
in testing; (c) SHDR in testing.

3. General Observation of Tests

Of the five parameters, i.e., Kd, Qd, W, Kh, and Heq, the first four were obtained directly
from the third cycle of the hysteretic loop tested, while the last one, Heq, was derived from
W and Kh (shown in Equation (1)). The effect of various factors (such as vertical pressure,
loading frequency, temperature, etc.) on these parameters is discussed in the following
subsections.

3.1. Post-Yield Stiffness

To better observe the variation trend of the dependency of shear strain under different
conditions, in each condition, the value of Kd at 100% was adopted as the referenced value,
and all other data are divided by this value. The curves of the normalized post-yield
stiffness of LRB, which varies with the shear strain under different conditions, are plotted
in Figure 4a. It can be clearly observed that when the shear strain is more than 75%, the
influence of each condition is very little; when the shear strain is less than 75%, an apparent
impact under different conditions can be observed. The temperature may be the biggest
impact factor. Especially at 25%, the normalized value at 40 ◦C is about 1.658, while at 16 ◦C
it is about 2.697; the ratio of the former to the latter is 61%, showing a 39% reduction. The
second impact factor may be the loading frequency. Although the trend is still decreasing,
the reduction is about half of that of the temperature. The third one of impact is the loading
sequence, where the trend seen is further reduction. The fourth one is the pressure. At 25%,
there is about a 15% reduction from 6 to 12 Mpa, but at 50% there is a slight magnification.
The G value may be the last impact factor, that is, the one with the least influence, although
there is some difference seen near the 50% shear strain when the G values were 1.2 and
1.0 MPa.

117



Actuators 2021, 10, 98

(a) (b) 

Figure 4. The mechanic properties Kd of the bearings under different conditions: (a) LRB; (b) SHDR.

The influence of the different factors on the post-yield stiffness of SHDR is also shown
in Figure 4b. The same variation trend can be found in a comparison of Figure 4b with
Figure 4a. The influence is mainly found for small shear strains, i.e., 25% and 50%; there is
little effect on large shear strains. The temperature is also the biggest impact factor here.
At a 25% shear strain, the normalized value of Kd decreased from 2.60 at 16 ◦C to 1.48 at
40 ◦C, with a reduction of about 43%, which is slightly more than the reduction of that of
LRB caused by temperature. Similar to LRB, the second impact factor here is the loading
frequency. From 0.25 to 0.05 Hz, the reduction of the normalized value of Kd of SHDR is
slightly more than that of LRB under the same shear strain stage. The third and the fourth
impact factors are the loading sequence and pressure—same as that for LRB—and it can be
seen that their influence on SHDR is slightly more than that on LRB. The last impact factor
is still the G value, except for the 50% shear strain; at other shear strain stages, there is a
similar effect on both LRB and SHDR.

3.2. Characteristic Strength

For LRB, Figure 5a shows the influence of different factors on the shear strain depen-
dency of the characteristic strength parameter Qd. Other than Kd, no matter how small or
large the shear strain stages are, there is a certain effect on Qd for each factor. In all of the
factors, the temperature is also the one with the largest impact. At the 25% shear strain,
the normalized value of Qd at 16 ◦C is about 0.695, while at 40 ◦C it is about 0.448, with a
reduction of about 36%, which is slightly less than the reduction of Kd. At the 200% shear
strain, the normalized value is 1.4 at 40 ◦C and 1.06 at 16 ◦C, with the former being about
1.32 times more than the latter, resulting in a change of about 30%. The second impact
factor is still the loading frequency at most of the shear strain stages, except for the 200%
shear strain. At the 25% shear strain, the normalized value at 0.05 Hz is 0.578, while at 200%
it is 1.246; both changes in relation to the value at 0.25 Hz are about 17%. The third one of
impact is the loading sequence. The changes at most of the shear stages are slightly less
than that those under the loading frequency. The last one of impact may be the pressure or
G value, as there is little difference between them; the biggest change in these two factors
happens at the 10% shear strain at a G value of 6 MPa and 0.8 MPa, respectively.

For SHDR, Figure 5b shows the influence of the different factors on the shear strain
dependency of Qd. In comparison to LRB, the difference of the factors’ effect on SHDR
becomes less. Excluding the 200% strain, the temperature and loading sequence may be
the largest impact factors. The influence of the loading frequency is small at the small shear
strain stages and is large at the large shear strain stages. There is a similar small effect for
the G value and pressure.
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(a) (b) 

Figure 5. The mechanic properties Qd of the bearings under different conditions: (a) LRB; (b) SHDR.

3.3. Area of Single Cycle of Hysteretic Loop

Figure 6a shows how the different factors affect the shear strain dependency of the
area of a single cycle of LRB’s hysteretic loop. It can be observed that for all of the factors,
there is little effect at the small shear strain stages, while some influence can be found at
the large shear strain stages, i.e., 150%, 175%, 200%. For all of the factors, the temperature
may still be the biggest one of impact, such as at the 200% strain where there is about a
25% increment from 16 to 40 ◦C. The loading sequence and loading frequency may be
the second ones of impact. In these two factors, there is little difference, as the maximum
increment is about 20% at 200%. The third ones of impact may be the pressure and G value;
there are few changes from 6 to 12 Mpa or from the G value of 0.8 to 1.0 MPa and 1.2 MPa.

(a) (b) 

Figure 6. The mechanic properties W of bearings under different conditions: (a) LRB; (b) SHDR.

For SHDR, the different factors’ effects on W are shown in Figure 6b. In comparison
to LRB, the similarity is that the effect of all factors can be found at large strain stages; in
terms of difference, the biggest factor of impact is not the temperature but the loading
sequence. The second factor of impact is the temperature and the loading frequency, with
the maximum change of about 25% at the 200% strain. The G value and pressure may be
the third factors of impact; there is little difference for the two factors, with the maximum
change being at 8% at the 200% strain.

3.4. Equivalent Stiffness

Figure 7a shows the different factors’ effect on the equivalent stiffness of LRB. Some
effect at the small shear strain stages can be observed; however, there is little effect at
the large shear strain stages. The temperature is still the biggest impact factor, with the
greatest induction being 28% at the 25% shear strain. The loading frequency and the
loading sequence may be the second impact factors; the influence difference between them
is very little, and the largest change caused by the two factors is about 18% at the 25% shear
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strain. The G value and pressure may be the third impact factors, with the largest change
caused by them being about 10% in all of the shear strains.

(a) (b) 

Figure 7. The mechanic properties Kh of bearings under different conditions: (a) LRB; (b) SHDR.

For SHDR, the different factors’ effects on the equivalent stiffness parameter are shown
in Figure 7b. Compared to Figure 7a, there is an apparent difference at large shear strain
stages. For example, at the 200% strain for SHDR, there is a certain effect on the shear strain
dependency, especially under different temperatures, loading frequencies, and loading
sequences. However, the G value and pressure still show little influence at large shear
strain stages. In the small shear strain stages, influence at the 25% strain may be the largest.
In all of the factors, the temperature may be still the largest impact factor. From 16 to
40 ◦C, the reduction of the normalized value of Kh at the 25% shear strain is about 22%.
The loading frequency and the remaining factors do not seem to cause much impact in
comparison to the temperature; the biggest change caused by these factors is about half
that of the temperature, i.e., about 10%.

3.5. Equivalent Damping Ratio

According to Equation (1), the equivalent damping ratio can be calculated from the
area of a single cycle of the hysteretic loop and the equivalent stiffness. Figure 8a shows the
influence of the different factors on the equivalent damping ratio of LRB. At the large shear
strain stage, an obvious influence can be found for the temperature, such as at the 200%
strain stage, where there is about an 18% change for the normalized value of Heq from 16
to 40 ◦C. At the smaller shear strain stages, there are some changes at the 50% shear strain
under the temperature’s effect, but there is little effect at the 25% shear strain. However,
the loading sequence plays the biggest impact role at the 25% strain, where there is an 8%
change, while the change caused by other factors is about 6%. For SHDR, in Figure 8b,
different phenomena can be found; only the temperature plays the single role in affecting
the shear strain dependency of Heq.

(a) (b) 

Figure 8. The mechanic properties Heq of bearings under different condition: (a) LRB; (b) SHDR.
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3.6. Fitted Curve

According to the observations in Sections 3.1–3.5, in most of the conditions, the
temperature shows a significant influence on the dependence of shear strain, whether it be
for LRB or SHDR, while other factors show a relatively lesser effect. When analyzing the
isolation structure, two main parameters, namely, the post-yield stiffness and characteristic
strength, need special consideration. For the data to be conveniently adopted by engineers,
excluding those for the temperature factor, all of the test data for Kd and Qd were collected.
The corresponding fitted curves were plotted in Figure 9, and the fitted equations for LRB
were also given in Equations (2) and (3), SHDR in Equations (4) and (5):

Kd(T)/Kd(100%) = γ−0.5404 (2)

Qd(T)/Qd(100%) =

{
1.054056γ0.2479 (γ ≤ 75%)

γ0.0649 (γ > 75%)
(3)

Kd(T)/Kd(100%) = γ−0.5124 (4)

Qd(T)/Qd(100%) =

{
1.083229γ0.6064 (γ ≤ 75%)

γ0.3285 (γ > 75%)
(5)

(a) (b) 

(c) (d) 

Figure 9. The test data and fitted curve of LRB and SHDR: (a) Kd for LRB; (b) Qd for LRB; (c) Kd for SHDR; (d) Qd for SHDR.

Figure 9a,c shows the difference between the fitted value of Kd and the test values,
which are given separately for LRB and SHDR. The main difference occurs at the small
shear strain stages, especially at the 25% strain, but the maximum deviation is about 13%.
The difference for Qd between the fitted value and test values is shown in Figure 9b for
LRB and Figure 9d for SHDR. In contrast to Kd, the main deviation appears at the large
shear strain stages for both types of bearings. The maximum deviation is about 19% and is
slightly more than that of Kd.
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The curves of the two shear strain dependency parameters Kd and Qd for LRB
(i.e., Equations (6) and (7)) and SHDR (i.e., Equations (8) and (9)) from [27,28] are plot-
ted in Figure 10a–d. To compare the differences between them and the fitted curves
(i.e., Equations (2)–(5)), the expression from Equations (2)–(5) is also plotted in Figure 10.

Kd(γ) = Kd100% × Ckd(γ) = Kd100% ×
⎧⎨
⎩

0.779γ−0.43 (γ < 0.25)
γ−0.25 (0.25 ≤ γ < 1.0)

γ−0.12 (1.0 ≤ γ)
(6)

Qd(γ) = Qd100% × Cd(γ) = Qd100% ×
⎧⎨
⎩

2.036γ0.41 (γ < 0.1)
1.106γ0.145 (0.1 ≤ γ < 0.5)
1 (0.5 ≤ γ)

(7)

Kd(r) =
A
Tr

(1 − u)(1.77 − 2.404r + 1.8r2 − 0.63r3 + 0.0846r4) (8)

Qd(r) = uAr(1.77 − 2.404r + 1.8r2 − 0.63r3 + 0.0846r4) (9)

where u = 0.3685 + 0.1106r − 0.08498r2 + 0.013958r3.

(a) (b) 

(c) (d) 

Figure 10. The difference of fitted curve of LRB and SHDR. (a) Kd for LRB; (b) Qd for LRB; (c) Kd for SHDR; (d) Qd for SHDR.

For LRB, Figure 10a,b shows the difference between the test values taken from Olies
(i.e., Equations (6) and (7)) and Equations (2) and (3). Little difference can be found at large
shear strain stages, whether for Kd or Qd. However, at small shear strain stages, there is
an obvious difference; moreover, with the shear strain decreasing, the difference increases.
For example, at the 25% shear strain, the normalized value of Kd from Olies is about 1.41,
while that from Equation (2) is about 1.92, showing a 26% reduction. Under the same shear
strain stage, the normalized value of Qd from Olies is about 0.90, while that of Equation (3)
is about 0.75, showing an increase of around 20%.

For SHDR, Figure 10c,d shows the difference between the test values from Bridgestone
(i.e., Equations (8) and (9)) and Equations (4) and (5). Compared to LRB, little difference is
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found between them, except that there is a little difference at a certain individual point for
Kd. If this point cannot be considered, the maximum variation is about 8%. The G value of
the specimens from Bridgestone is about 0.62 MPa; however, those in this paper are 0.8, 1.0,
and 1.2 MPa. With this in view, we can conclude that as mentioned earlier, the G value has
little effect on the dependency of the shear strain of SHDR.

4. Discussion on Special Experimental Results

4.1. Comparing Slope of Qd for LRB under Low and High Temperatures

In Figure 5a, a significant phenomenon for LRB can be found, namely that the slope of
the shear strain dependency parameter of characteristic strength Qd is far smaller when
the temperature is at 16 ◦C than at 40 ◦C. To explore the reason for this, hysteretic loops
at different shear strains at 16 ◦C and 40 ◦C are plotted in Figure 11a,b. In Figure 11a,
from shear strains of 25% to 200%, there is little change for Qd, but in Figure 11b, there
is an almost linear increase with the shear strain increasing. The reason may lie in the
characteristic strength of lead and also the interaction between the lead and the inner rubber
of the bearing. When the temperature is low, the lead has high characteristic strength,
and when the temperature is high, the characteristic strength of the lead decreases much
more. From 16 to 40 ◦C, the Qd value at the latter temperature may be half of that at the
former. Although the stiffness of the inner rubber may decrease, the change is very small;
according to the literature [31], it is around 10%. From this, we can conclude that because
the restraining function of the inner rubber on the lead under low temperature is far less
than that under high temperature, the abovementioned phenomenon appears.

  

(a) 

  

(b) 

Figure 11. The different shear strain hysteresis loops of LRB at different temperature: (a) LRB at 16 ◦C; (b) LRB at 40 ◦C.
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4.2. Normalized Value of Kd of LRB at Low Strain under Low Temperature Being Greather Than
That under High Temperature

For LRB, in Figure 4a, one significant phenomenon can be found. At 16 ◦C, the
normalized value of Kd at the 25% strain versus that at 100% is about 2.697, but at 40 ◦C,
the value is about 1.658, meaning that the difference is very large. To explore the reason,
the hysteretic loops of the horizontal force–displacement at the two different temperatures
are plotted in Figure 12a,b.

  

(a) 

 
(b) 

Figure 12. The 25% and 100% shear strain hysteresis loops of LRB at different temperatures: (a) LRB at 16 ◦C; (b) LRB at 40 ◦C.

According to the literature [27,32], for LRB, Kd is made up of two parts: one is the
inner rubber, and the other is lead; the equation is in the following [27,32]:

Kd(γ) = Ckd(γ)× (Kr100% + Kp100%) = Ckd(γ)× Kr100% + Ckd(γ)× Kp100% (10)

where Kr100% is the stiffness provided by the inner rubber at γ = 100% and Kp100% is the
stiffness provided by lead at γ = 100%. Kr100% is calculated as:

Kr100% = G
Ar

Tr
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where G is the shear modulus of the inner rubber. Kp100% is calculated as

Kp100% = α
Ap

Tr

where α is the shear modulus of lead.
According to the literature [31], for LNR, there is little effect for the shear strain on

the horizontal stiffness (i.e., Kr); from shear strains of 100% to 25%, only a 5% increase was
found, and so Equation (10) can be slightly transformed to the following equation:

Kd(γ) = Kr100% + Cp(γ)× Kp100% (11)

where Cp(γ) can be considered as the amplification factor of stiffness strengthening pro-
vided by the lead, and it can be determined by the function of lead restraint on the inner
rubber in the bearings.

In Figure 12a,b, an interesting phenomenon can be observed. The shape of the loop
curve at 16 ◦C resembles a spear, whereas at 40 ◦C it resembles a rectangle. The former is
likely as a curve of a steel-reinforced concrete element yielded incompletely, while the latter
is a curve of an element yielded completely. At the same time, at a temperature of 16 ◦C
and at a 25% shear strain, the value of Qd is about 48 kN; at 100% shear strain, the value
is about 69.5 kN, meaning that the former is around 70% of the latter. At a temperature
of 40 ◦C and at a 25% shear strain, Qd is about 17.1 kN; at 100% shear strain, the value
is about 38.2 kN, meaning that the former is around 45% of the latter. The change under
high temperature is more than that under low temperature. At 16 ◦C and at a 25% shear
strain, although the value of Qd is slightly less than that at 100%, its incompletely yield
state provides more restraint on the inner rubber, thus causing Cp(γ) to be larger than that
at the 100% shear strain. At 40 ◦C, on the one hand, the value of Qd at 25% is far less than
that at 100%, while on the other hand, the completely yielded state at 25% causes Cp(γ)
to increase in a limit. These could be the reasons that the normalized value of Kd at a low
shear strain at 40 ◦C is less than that at 16 ◦C.

5. Conclusions

To investigate different factors’ effect on the dependency of the shear strain of LRB and
SHDR, three LRBs and three SHDR bearings were adopted. Both types of bearings have the
same inner structure; only the G values were different. The shear strains used were 25%,
50%, 100%, 150%, 175%, and 200%. The factors of vertical pressure, loading frequency, G
value, temperature, and loading sequence were studied. Tests on the mechanical properties,
i.e., the post-yield stiffness, the characteristic strength, the area of a single cycle of the
hysteretic loop, the equivalent stiffness, and the equivalent damping ratio, were conducted.
Based on the test results, the following conclusions can be drawn:

1. In most of the conditions, the temperature may be the most significant factor in the
shear strain dependency of LRB or SHDR.

2. The G value and pressure may be the least impactful factors, especially the G value,
whose effect can be neglected, whether for LRB or SHDR.

3. For the loading frequency and loading sequence, there are certain impacts; in most of
the conditions, their level of effect is found between the temperature and G value.

4. For LRB, excluding the temperature, the fitted curves of the post-yielded stiffness and
the characteristic strength were given. By comparing them with those given by Olies,
a little difference is found at small shear strains.

5. For SHDR, the corresponding fitted curves fit well with those given by Bridgestone.
6. For LRB, during all the shear strains, the change of the characteristic strength is very

little under low temperature. However, the slope of characteristic strength versus the
shear strain under high temperature is large.

7. For LRB, the post-yielded stiffness at 25% is larger than that at 100% under low tem-
perature; however, the increase shows a significant reduction under high temperature.
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The reason is caused by the high yield strength of lead at low temperature and its
incompletely yielded state.

In this paper, most of results are based on the test of small size bearings. For the
future, more research about large size bearings can be carried out, especially the effect of
shear strain dependency of LRBs and SHDRs on seismic isolation, which needs to be more
extensively investigated.
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Abstract: Road roughness is an important factor in road network maintenance and ride quality. This
paper proposes a road-roughness estimation method using the frequency response function (FRF)
of a vehicle. First, based on the motion equation of the vehicle and the time shift property of the
Fourier transform, the vehicle FRF with respect to the displacements of vehicle–road contact points,
which describes the relationship between the measured response and road roughness, is deduced and
simplified. The key to road roughness estimation is the vehicle FRF, which can be estimated directly
using the measured response and the designed shape of the road based on the least-squares method.
To eliminate the singular data in the estimated FRF, the shape function method was employed
to improve the local curve of the FRF. Moreover, the road roughness can be estimated online by
combining the estimated roughness in the overlapping time periods. Finally, a half-car model was
used to numerically validate the proposed methods of road roughness estimation. Driving tests
of a vehicle passing over a known-sized hump were designed to estimate the vehicle FRF, and the
simulated vehicle accelerations were taken as the measured responses considering a 5% Gaussian
white noise. Based on the directly estimated vehicle FRF and updated FRF, the road roughness
estimation, which considers the influence of the sensors and quantity of measured data at different
vehicle speeds, is discussed and compared. The results show that road roughness can be estimated
using the proposed method with acceptable accuracy and robustness.

Keywords: structural health monitoring; road roughness; vehicle response; frequency response
function; Fourier transform

1. Introduction

Road surface conditions play an important role in road driving quality, comfort, and
safety [1–3], and they are also essential for vehicle dynamics design and fatigue life [4–6].
Furthermore, they can provide valid data for road network maintenance [7,8] and durability
applications [9]. Currently, artificial observation methods and accurate measurement
technologies are commonly used for pavement condition evaluation [10,11]. The cost
of the artificial observation method is low; however, its accuracy depends on observers
with strong subjectivity. Automatic detection equipment is highly precise; however, it is
expensive and not suitable for the frequent evaluation of ordinary roads. Therefore, the
development of low-cost methods for accurate estimation of road roughness remains an
important research topic. This work addresses the roughness estimation problem using
measured vehicle accelerations and vehicle frequency response function in an approach
that is easy to be performed and inexpensive.
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For moving vehicles, the road roughness can be regarded as an external excitation;
therefore, force construction methods based on a dynamic response [12–14] can usually be
employed for road roughness identification. In recent years, road roughness identification
methods based on vehicle responses have been widely studied because vehicle responses
can be easily measured by low-cost and conventional sensors, such as displacement and
acceleration sensors.

Using the measured vertical accelerations and displacements of vehicle wheels, and
rotational movement of the vehicle body, Imine et al. [15] developed a method for road
profile estimation based on sliding mode observers considering the full car model with
known vehicle parameters. Ngwangwa et al. [16] reconstructed road surface profiles
from measured vehicle accelerations through artificial neural networks (ANNs), which
may eliminate the need for the characterization and calculation of systems through the
utilization of supervised learning. Doumiati et al. [17] studied a real-time estimation
method based on a Kalman filter using the measured dynamic responses of a vehicle.
A known quarter-car model is considered, and the experimental results show the accuracy
and potential of the proposed estimation process. Fauriat et al. [18] proposed a method for
estimating road profiles via vehicle response using augmented Kalman filters in a stochastic
framework, which offers a fast algorithm by combining information from different sensors
through a simple linear quarter-car model of the vehicle with a priori knowledge of system
parameters. Kang et al. [19] proposed a road-roughness estimation method based on a
discrete Kalman filter with unknown input. Kim et al. [20] presented an improved Kalman
filter that can simultaneously estimate the state variables and road roughness without any
prior information about the vehicle suspension control system. Jiang et al. [21] proposed an
inverse algorithm to construct road profiles in time using one iteration to update the wheel
forces, which were then used to identify the road roughness. The proposed algorithm
was evaluated for different types of road roughness profiles. Jeong et al. [22] proposed a
deep learning estimation method utilizing the international roughness index (IRI) with
the goal of using anonymous vehicles and their responses measured by a smartphone.
The above methods were carried out in the time domain. Several other time-domain
methods and algorithms, such as eigen perturbation techniques [23,24], are amenable for
real-time structural inspection and can be adapted for the detection of road cracks and
surface irregularities.

Compared with time-domain methods, frequency-domain methods are more efficient
and less sensitive to noise. Therefore, the power spectral density (PSD) of road profiles
provides a convenient way to assess and classify road roughness [25]. Liu et al. [26] proposed
a construction method for road roughness in the left and right wheel paths based on the
PSD and coherence function. In this method, the road roughness is divided into original
and perturbed parts, and the perturbed parts of the two parallel wheels are considered to
be stochastic and independent. González et al. [27] presented a method for estimating the
PSD of a road profile from the PSD of the axle or body accelerations measured over the road
profile considering a half-car model that requires prior knowledge of the vehicle transform
function. Qin et al. [28] developed a method to estimate road roughness by measuring
and calculating the PSD of unsprung mass accelerations using a two degrees-of-freedom
(DOFs) quarter-car model through a transform function related to the vehicle parameters.
Huseyin et al. [29] studied the estimator accuracy in road profile identification and derived
a Cramer–Rao lower bound on the variance of all unbiased waviness parameter estimators.
Turkay et al. [30] studied the modeling of road roughness from the power spectrum and
coherence measurements of parallel tracks based on full-car models. Turkay et al. [31]
utilized two methods to construct the road roughness model for the right and left tracks,
of which one method is the Welch method and the other is a multi-input/multi-output
subspace-based identification algorithm. Zhao et al. [11,32,33] evaluated the IRI using the
dynamic responses of ordinary vehicles in the frequency domain.

The current methods of road profile estimation using the vehicle’s response present
different levels of complexity, precision, and computer intensity. However, most of them
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require the characteristics of the vehicle parameters to be known or identified in advance.
This paper presents an estimation method for road profiles that uses the measured accelera-
tions of a vehicle and is based on the vehicle frequency response function (FRF) with respect
to the displacements of vehicle-road contact points in the frequency domain. The related
formulations are deduced and expressed in a discrete system, which is convenient for
use in practice. A half-car model, which can be relatively easily expanded to a complex
full-vehicle model, is used to illustrate the proposed method. The time-shifting property of
the Fourier transform is employed to build the relation between road profiles regarding
the front and rear wheel contact points, such that it provides a road profile estimation with
high efficiency by solving a linear equation.

This paper is structured as follows. First, the vehicle FRF is derived with regard to
the vehicle-road contact points by analyzing the motion equation of the vehicle. Then,
estimation methods of the vehicle FRF are discussed using the measured vehicle responses.
Finally, a numerical example of the road roughness estimation is used to verify the proposed
methods using a half-car model with four degrees of freedom.

2. Road Roughness Estimation

2.1. Vehicle Motion Equation

In this study, a half-car model is taken as an example to illustrate the theoretical
derivation, and the theory can be easily expanded into a complex full-vehicle model.
The half-car model is shown in Figure 1 with a four-DOF suspension system, which can
reproduce the bouncing, pitching, and axle modes of the vehicle. The sprung body mass
of vehicle m1 has vertical body displacement u1(t) and rotation u2(t), and the body mass
moment of inertia J is denoted as m2. The two unsprung masses corresponding to the rear
and front axles, that is, m3 and m4, respectively, have vertical axle displacements u3(t) and
u4(t). In addition, the tire stiffness is modeled as a linear spring with constant values of
k3 and k4 for the rear and front wheels, respectively, and the suspension system is also
modeled as a linear spring with constant values of k1 and k2 for the rear and front axles in
parallel with dampers c1 and c2, respectively. The horizontal distances from the centroid of
the vehicle to the rear and front axles are denoted as e1 and e2, respectively.

Figure 1. Half-car model of the vehicle.

As a car carries a small number of passengers, the coupling vibration between the
wheels and the road is small, and thus can be ignored. Via a dynamic analysis of a vehicle
moving on a road surface, the motion equation of the vehicle is shown in Equation (1),
where matrices M, C, and K are the system mass, damping, and stiffness of the vehicle,
respectively. Vector F represents the excitations applied to the vehicle, which are caused by
road roughness r, as shown in Equation (2), and is related to the stiffness Kt of the wheel.
The component elements of the system matrices are shown in Equation (3).

M
..
u(t) + C

.
u(t) + Ku(t) = F(t) (1)
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F(t) = Ktr(t) (2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

M =

⎡
⎢⎢⎢⎣

m1

m2

m3

m4

⎤
⎥⎥⎥⎦, K =

⎡
⎢⎢⎢⎣

k1 + k2 k1e1 − k2e2 −k1 −k2

k1e1 − k2e2 k1e2
1 + k2e2

2 −k1e1 k2e2

−k1 −k1e1 k1 + k3 0
−k2 k2e2 0 k2 + k4

⎤
⎥⎥⎥⎦

C =

⎡
⎢⎢⎢⎣

c1 + c2 c1e1 − c2e2 −c1 −c2

c1e1 − c2e2 c1e2
1 + c2e2

2 −c1e1 c2e2

−c1 −c1e1 c1 0
−c2 c2e2 0 c2

⎤
⎥⎥⎥⎦, Kt =

⎡
⎢⎢⎢⎣

0 0
0 0
k3 0
0 k4

⎤
⎥⎥⎥⎦, r =

[
r1

r2

]
, u =

⎡
⎢⎢⎢⎣

u1

u2

u3

u4

⎤
⎥⎥⎥⎦

(3)

2.2. Theoretical Reduction

By performing Fourier transform on the two sides of Equations (1) and (2) the vehicle
motion equation is obtained in the frequency domain as shown in Equation (4). The
expression for the vehicle frequency response U(ω) is shown in Equation (5), where matrix
Huu(ω) is the discrete vehicle FRF with its expression in Equation (6). Let C0 be the
observation matrix of the sensor locations on the vehicle, and Equation (7) shows the
measured vehicle response Y(ω) in the frequency domain, where n represents the types of
measured vehicle responses. The vehicle responses may be displacements, velocities, and
accelerations, and correspondingly n = 0, 1, 2.

− ω2MU(ω) + ωjCU(ω) + KU(ω) = KtR(ω) (4)

U(ω) = Huu(ω)KtR(ω), (5)

Huu(ω) =
(
−ω2M + ωjC + K

)−1
(6)

Y(ω) = (ωj)nC0U(ω), (7)

Based on the above reduction, the measured vehicle responses can be expressed by
the product of the related frequency response function Hyr and road roughness R(ω)
corresponding to the displacements of the vehicle–road contact points. Matrix Hyr is the
FRF of the measured vehicle responses with respect to the displacements of the contact
points, which can be estimated by Equation (9). Matrix Hur(ω) is the FRF of the vehicle
responses regarding the displacements of contact points, which can be estimated using
Equation (10). Then, it can be seen that the frequency response function Hyr can be
estimated from the FRF of vehicle Huu(ω), which is related to the vehicle system parameters
shown in Equation (6). With the estimated vehicle FRF Hyr and the measured responses
Y(ω), the road roughness R(ω) can be obtained by solving the linear equation shown
in Equation (8) and is expressed in Equation (11), where the matrix H+

yr(ω) denotes the
generalized inverse of matrix Hyr(ω).

Y(ω) = Hyr(ω)R(ω), (8)

Hyr(ω) = (ωj)nC0Hur(ω), (9)

Hur(ω) = Huu(ω)Kt (10)⎧⎨
⎩

R(ω) = H+
yr(ω)Y(ω)

H+
yr(ω) =

(
HT

yr(ω)Hyr(ω)
)−1

HT
yr(ω)

(11)

2.3. Simplification of the Estimation Using Time Shift Property of Fourier Transform

Generally, vehicles run almost along a straight line; therefore, it can be assumed that
the road roughness values corresponding to the front and rear wheels are almost the same
with only a time difference. Thus, Equation (11) can be further simplified using the time
shift property of the Fourier transform.
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The distance between the front and rear wheels is e1 + e2, and if the vehicle velocity is
v, then the time difference between the front wheel and the rear wheel passing through the
same position is t0 = (e1 + e2)/v. If r2(t) denotes the road roughness at the location of the
front wheels at time t, then the road roughness with respect to the rear wheel r1(t) satisfies
Equation (12) because the time that the rear wheel passes that position is t + t0.

r1(t + t0) = r2(t) (12)

R2(ω) and R1(ω) denote the Fourier transforms of road roughness r2(t) and r1(t),
respectively, and according to the time shift property of the Fourier transform, R2(ω) and
R1(ω) satisfy the relation shown in Equation (13). Therefore, Equation (8) can be simplified
to Equation (15), which is used to calculate the road roughness of rear wheel R1(ω). Thus,
only one variable must be solved. Then, the road roughness r1(t) in the time domain can
be obtained by the inverse Fourier transform shown in Equation (17).

R2(ω)= ejωt0 R1(ω) (13)

R =

[
R1
R2

]
=

[
1

ejωt0

]
R1(ω) (14)

Y(ω) = Hyr(ω)

[
1

ejωt0

]
R1(ω) = Hyr1(ω, v)R1(ω) (15)

R1(ω) = H+
yr1(ω, v)Y(ω) (16)

r1(t) = IFFT(R1(ω)) (17)

3. Estimation of the Vehicle FRF with Regard to Road Roughness

Equation (16) shows that if the FRF of the measured vehicle response with respect
to the displacements of contact points, that is, road roughness Hyr, is obtained, the road
roughness can be easily estimated using the measured vehicle response. However, it is
worth noting that in Equation (16) a potential singularity exists in the calculation of the
inverse matrix H+

yr1(ω, v). Thanks to the popular truncated singular value decomposition
(TSVD) [34] or Tikhonov regularization method [35], the singularity can be eliminated.
Furthermore, the estimation of vehicle FRF Hyr is investigated here via two approaches:
the direct estimation and the updated estimation based on the shape function method.

3.1. Direct Estimation of the Vehicle FRF

To estimate the FRF Hyr of the measured vehicle response with respect to the road
roughness, a driving test was designed based on Equation (8) using acceleration sensors
to measure the vehicle response Y(ω). A known hump is designed using the cosine wave
expressed in Equation (18). Let a car drive over the hump with a constant velocity, as shown
in Figure 2. The shape of the hump surface represents the displacement of the wheel–road
contact point, which in the frequency domain is taken as the road roughness R(ω) in
Equation (8).

r(z) =
h
(
1 − cos

( 2πz
l
))

2
, 0 ≤ z ≤ l (18)

Figure 2. Diagram of a car driving over a hump.
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For the half-car model shown in Figure 1, the number of wheel–road contact points
is two, and the dimension of the frequency transfer function matrix Hyr(ω) in Equation
(8) is q × 2, where q is the number of sensors located on the vehicle. The dimensions of
the contact displacement R(ω) are 2 × 1. To accurately estimate the function Hyr(ω), it is
advisable to perform multiple-group tests with different driving speeds to obtain effective
data with different frequency bands. Although the shape of the road surface is the same in
the tests, the time histories of the contact displacements r(t) are different owing to different
vehicle driving speeds. ri(t) and yi(t) denote the displacements of the contact points and
measured vehicle responses in the ith test, respectively. Accordingly, Ri(ω) and Yi(ω) are
their Fourier transforms in the frequency domain.

Based on Equation (8), the measured responses Yi(ω) and the corresponding con-
tact displacements Ri(ω) from the tests are assembled and expressed in Equation (19).

The least-squares method can then be used to estimate the FRF
−
Hyr(ω) as shown in

Equation (20) which represents the relation between the measured vehicle responses and
the road roughness. ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

−
Y(ω) =

−
Hyr(ω)

−
R(ω)

−
Y(ω) = [Y1(ω), Y2(ω), · · · , Yk(ω)]
−
R(ω) = [R1(ω), R2(ω), · · · , Rk(ω)]

(19)

−
Hyr(ω) =

−
Y(ω)

−
R

T
(ω)(

−
R(ω)

−
R

T
(ω))−1 (20)

3.2. Updating the Estimated FRF Based on the Shape Function Method

The direct estimation of the structural FRF using Equation (20) may result in errors
due to noise and the frequency band range of the hump excitation. The noise mainly
includes test and environmental noises. The frequency band range of the hump excitation
depends on the driving velocity, and in the frequency band range corresponding to the
excitation with a small amplitude, there will be a relatively large FRF estimation error,
which may even cause singular data in those local frequency ranges.

The frequency response is complex and consists of real and imaginary parts. For the
FRF of a car, the real and imaginary parts are generally continuous and smooth curves
considering vehicle damping. In this way, the shape function method [36] is employed
here to fit the real and imaginary parts of the estimated FRF in its local frequency band
range with a data singularity to reduce the estimation error. In the shape function method,
a continuous curve is compared to the bending deformation of a beam, and the curve is
approximated by interpolation. In Figure 3 it can be seen that the curve is divided into
several segments. Each segment is considered as a beam element, and the node of each
segment is equivalent to the endpoint of the beam element. Using the property of the shape
function in the finite element, the value at any point of the curve (the deformation of the
beam) can be expressed by the rotation angle and displacement of the node of the segment.

As shown in Figure 3a, the curve is divided into n segments (elements) with a total
of n + 1 nodes, and the number of shape functions is 2n + 2. The frequency coordinate
corresponding to the ith node is denoted by ωi as shown in Figure 3b, and N2i−1(ω)
represents the shape function corresponding to its unit vertical deformation, the expression
of which is shown in Equation (21). The shape function corresponding to its unit rotational
angle is defined as N2i(ω), the expression of which is shown in Equation (22).
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Figure 3. Basic principle of the shape function method. (a) Division of the curve; (b) The shape
function corresponding to the unit vertical deformation; (c) The shape function corresponding to the
unit rotational angle.

⎧⎪⎨
⎪⎩

N2i−1(ω) = 0 ω< ωi−1 or ω >ωi+1

N2i−1(ξi−1) = ξ2
i−1(3 − 2ξi−1); ξi−1 =

ω−ωi−1
ωi−ωi−1

, ωi−1 < ω < ωi

N2i−1(ξi) = 1 − 3ξ2
i + 2ξ3

i ; ξi =
ω−ωi

ωi+1−ωi
, ωi < ω < ωi+1

(21)

⎧⎪⎨
⎪⎩

N2i(ω) = 0; ω< ωi−1 or ω >ωi+1

N2i(ξi−1) = −ξ2
i−1(1 − ξi−1); ξi−1 =

ω−ωi−1
ωi−ωi−1

, ωi−1 < ω < ωi

N2i−1(ξi) = −ξi(1 − ξi)
2; ξi =

ω−ωi
ωi+1−ωi

, ωi < ω < ωi+1

(22)

Taking the shape functions Nj(ω) (j = 1,2, . . . ,2n + 2) as a set of bases, h(ω) is assumed
to be the real or imaginary part of the frequency response that needs to be updated, and the
curve of h(ω) can be approximately expressed by these bases and is shown in Equation (23):

h(ω) = ∑2n+2
j=1 Nj(ω)αj, (23)

where αj is the coefficient of the jth shape function. All the directly estimated FRF data
h(ωa) (a = 1,2, . . . ) are assembled into a column vector h that corresponds to the fre-
quency coordinates ωa (a = 1,2, . . . ), and all the coefficients are assembled into vector
α = [α1, α2, . . . , α2n+2]

T; then, Equation (23) can be rewritten as a system of linear equations
as shown in Equation (24).

h = Nα, (24)

where N is a matrix that collects the shape functions Nj(ωa) (j = 1,2, . . . ,2n + 2; a = 1,2, . . . ).
The coefficient α can be calculated by the least-squares method, as shown in Equation (25).

α =
(

NTN
)−1

NTh, (25)

The singular data in the directly estimated FRF are certain to cause large errors in
the calculation of the coefficient α. In this study, singular data are eliminated by setting
the threshold value, and an iterative solution is adopted to calculate the coefficient α,
as expressed in Equation (26):

αb+1 =
(

NTQbN
)−1

NTQbh, (26)

where αb+1 is the calculated coefficient in the bth iteration. Herein, the initial value α1 = 0.
Qb represents the weight matrix of the bth iteration, which is a diagonal matrix constituted
by the weights qb(ωa) (a = 1,2, . . . ). The expression of qb(ωa) is given by Equation (27).

qb(ωa) =

⎧⎨
⎩

0,
∣∣∣h(ωa)− ∑2n+2

j=1 Nj(ωa)αb
j

∣∣∣ > βb

1,
∣∣∣h(ωa)− ∑2n+2

j=1 Nj(ωa)αb
j

∣∣∣ ≤ βb
, (27)
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where βb is the threshold for judging whether or not the data are singular. With an increase
in iterations, the threshold βb decreases. The iteration stops when the function converges. By
substituting the coefficient αb+1 from the last iteration into Equation (24), the singular data
in the frequency response curve can be eliminated. Then, using the obtained vehicle FRF,
the road roughness can be estimated by Equation (16) using the measured vehicle responses.

3.3. On-Line Estimation of Road Roughness

Via the vehicle FRF calibrated in advance, the road roughness can be estimated using
the measured vehicle responses. The process is performed in the frequency domain, which
generally requires the responses to be measured in a certain time period to perform Fourier
transform and the estimation. In this case, the following method of segmented data
acquisition and calculation is proposed in this paper to achieve on-line identification of
road roughness:

(1) Denote by T the time interval for on-line estimation. For the ith time period t
∈(ti, ti + 4T), ti = (i − 1)T, the responses measured in the time period t ∈ (ti, ti + 4T) are
used for road roughness estimation, defined as r̂i(t), t ∈ (ti, ti + 4T).

(2) Since the initial state of the vehicle is usually unknown, estimation errors can
appear in the initial time period. Considering the time coincidence between the ith and the
(i − 1)th estimation periods, the estimation accuracy can be improved by combining the
two estimated roughness profiles in the overlapping time period. Therefore, the on-line
road roughness estimation is performed as shown in Equation (28)

{
r(t) =

(
ti+2T−t

T

)
r̂i−1(t) +

(
t−ti−T

T

)
r̂i(t) for t ∈ (ti + T, ti + 2T),

r(t) = r̂i(t) for t ∈ (ti + 2T, ti + 4T),
(28)

where
(

ti+2T−t
T

)
and

(
t−ti−T

T

)
are the weighting coefficients of the two overlapping time

periods in order to make the estimated road roughness curve continuous.
(3) Let i = i + 1, and repeat the above steps.

4. Numerical Simulation

To numerically demonstrate the proposed methods, a half-car model with four DOFs
is used. The vehicle model parameters are listed in Table 1, which are selected based on
reference [11].

Table 1. Parameters values of the vehicle model.

m1

(kg)
m2

(kg·m2)
m3

(kg)
m4

(kg)
k1 = k2

(N/m)
k3 = k4

(N/m)
c1 = c2

(N·s /m)
e1

(m)
e2

(m)

1000 4000 100 150 20,000 300,000 4000 1.6 1.6

4.1. Characteristic Analysis of the Vehicle FRF

The four natural frequencies are shown in Table 2 and correspond to the bouncing,
pitching, front axle, and rear axle-top modes of the vehicle.

Table 2. Four natural frequencies of the half-car model (Hz).

Order 1 2 3 4

natural frequency 0.779 0.974 7.355 9.006

Vehicle accelerations, which are generally easy to obtain via sensors, were measured
in this study. It was assumed that three sensors were located along the DOFs of the vehicle
body u1, rear wheel u3, and front wheel u4, denoted by S1, S2, and S3, respectively. The
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vehicle vertical acceleration responses are measured, and the observation matrix C0 is
shown in Equation (29).

C0 =

⎡
⎣ 1 0 0 0

0 0 1 0
0 0 0 1

⎤
⎦ (29)

By applying a unit impulse on the rear wheel along DOF u3, the acceleration frequency
responses of the vehicle at the measurement points can be expressed as Hsu(ω)= −ω2C0Huu

(ω)Bu3, where Bu3 =
[

0 0 1 0
]T, and the amplitude of the corresponding frequency

responses are shown in Figure 4. Taking the unit vertical displacement of the rear wheel
contact point, that is, the road roughness, as the excitation, the observed acceleration
frequency responses of the vehicle can be expressed as Hsr(ω)= −ω2C0Hur(ω)Br1, where
Br1 =

[
1 0

]T. Their amplitudes are shown in Figure 5. Although the amplitudes of
the two types of frequency responses shown in Figures 4 and 5 are different, they have
similar change regularities. Comparatively speaking, in the calculation of responses Hsr(ω),
the stiffness and damping of the vehicle wheel are added; therefore, their amplitude is
larger than the frequency responses Hsu(ω).

Figure 4. Amplitudes of the acceleration frequency responses of the vehicle at the measurement
points to the unit impulse applied on the rear wheel along degrees of freedom (DOF) u3.

Figure 5. Amplitudes of the acceleration frequency responses of the vehicle at the measurement
points to the unit vertical displacement of the rear wheel contact point.

The distance between the front and rear wheels is 3.2 m; therefore, with a driving veloc-
ity of 10 m/s, the time shift between the front and rear wheels is t0 = 0.32 s. Assuming that
the front and rear wheels drive along a straight line, the measured acceleration frequency
responses of the vehicle with regard to the unit displacement of the rear wheel contact
point Hyr1(ω, v) can be calculated using Equation (15). Figure 6 shows the amplitude of
Hyr1(ω, v), and its real and imaginary parts are shown in Figure 7. Because both the front
and rear wheels are excited in order, the frequency responses of the vehicle with respect to
the rear wheel in Figures 6 and 7 are different from those shown in Figures 4 and 5. There
exists a time shift of t0 = 0.32 s between the excitations applied successively on the front
and rear wheels, and there is one more item ejωt0 in the corresponding frequency responses;
therefore, the frequency response curve has a periodic change rule, i.e., 1/t0 = 3.12 Hz,
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which can be seen as “S3” in Figure 7. It can be seen that there is a phase difference of π/2
between the real and imaginary parts of the acceleration frequency responses of the vehicle.

Figure 6. Amplitudes of the acceleration frequency responses of the vehicle at the measurement
points to the excitation applied successively on the rear wheel along DOF u3 and the front wheel
along DOF u4.

Figure 7. Real and imaginary parts of the acceleration frequency responses of the vehicle at the
measurement points to the excitation applied successively on the rear wheel along DOF u3 and the
front wheel along DOF u4.

4.2. Simulation of the Measured Vehicle Accelerations

Let the vehicle drive past a well-designed hump shown in Figure 2 with a height
h = 0.02 m and length l = 0.5 m. Eight groups of driving tests were performed with velocities
of [20, 17, 15, 13, 11, 7, 5, −3] m/s, where a negative value indicates that the car moves
backward. In practice, the initial position of the vehicle needs to be at a certain distance
from the hump in order to allow the vehicle to accelerate and then run at a constant
speed, but in the numerical example, the initial position can be right in front of the hump
and the influence of the vehicle wheel shape is also neglected. The measured vehicle
accelerations are simulated via the equation of motion of the vehicle, i.e., Equation (1),
using the Newmark-β method. Additionally, a 5% Gaussian noise is considered. Figure 8
shows the accelerations of the vehicle body measured by S1 with velocities of [20, 15,
−3] m/s, while Figure 9 shows the accelerations of the rear wheel measured by S2 with
velocities of [20, 15, −3] m/s.

138



Actuators 2021, 10, 89

Figure 8. The accelerations of the vehicle body measured by S1 with velocities of [20, 15, −3] m/s.

Figure 9. The accelerations of the rear wheel measured by S2 with velocities of [20, 15, −3] m/s.

4.3. Estimation of Vehicle FRF

To identify the road roughness via Equations (16) and (17), the vehicle FRF estimation
is first discussed and verified using the direct estimation. Furthermore, the shape function
method is used to deal with singular points.

4.3.1. Direct Estimation Using Measured Responses

Although the hump profile is the same in the different tests, the time histories of
the hump profile, that is, the road roughness, differ with respect to the different driving
velocities. The frequency spectra of the hump with respect to different velocities are shown
in Figure 10, and the frequency spectra of the vehicle accelerations along DOF u1 are shown
in Figure 11.

Figure 10. Frequency spectrum of the hump with velocities of [20, 15, −3] m/s.

To investigate the influence of the measured data on the FRF estimation, the measured
responses were combined into five cases, as shown in Table 3 which were employed to
estimate the vehicle FRF. In different cases, the amplitudes of the vehicle acceleration FRF
along DOF u1 are estimated and compared in Figures 12–16 and denoted as “Direct”. It can
be seen that the accuracy is the highest in Case 1 which uses all the measured responses
at different speeds. It also shows that the driving speed and measured data volume may
influence the estimation results.
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Figure 11. Frequency spectrum of the vehicle acceleration along DOF u1 with velocities of [20, 15,
−3] m/s.

Table 3. Combination of measured responses in different cases.

Case Case 1 Case 2 Case 3 Case 4 Case 5

Sets of velocity
(m/s)

20, 17, 15, 13,
11, 7, 5, −3 20, 15, 11, 5, −3 20, 15, 11, 5 20,15, 1 15, 11

Figure 12. Comparison of the amplitudes of the vehicle acceleration frequency response function
(FRF) along DOF u1 in Case 1.

Figure 13. Comparison of the amplitudes of the vehicle acceleration FRF along DOF u1 in Case 2.

Figure 14. Comparison of the amplitudes of the vehicle acceleration FRF along DOF u1 in Case 3.
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Figure 15. Comparison of the amplitudes of the vehicle acceleration FRF along DOF u1 in Case 4.

Figure 16. Comparison of the amplitudes of the vehicle acceleration FRF along DOF u1 in Case 5.

It can be seen that the estimated FRF in Case 1 using eight groups of measured data
is smoother than those estimated in the remaining cases, and singular data appear in the
frequency band range greater than 50 Hz. In Case 2, which uses five groups of measured
data, singular data in the FRF appeared around the frequency band range between 19 Hz
and 38 Hz and greater than 50 Hz. More singular data appear in Cases 3 and 4, and there is
a large quantity of singular data in Case 5. It is worth noting that the estimation error is
obvious in the frequency band range larger than 40 Hz because the excitations in that range
are close to zero. However, this part of the FRF has little influence on related problems.
For brevity, only the related FRFs of the vehicle acceleration along DOF u1 are shown in
this paper, and the estimated FRFs of the rear and front wheels have similar accuracy.

4.3.2. Updating the Vehicle FRF

The vehicle FRF curve is divided into 80 segments, to which the imaginary and
real parts are fitted locally via Equation (24), so as to reduce the FRF estimation error.
The maximum value of the imaginary or real part is taken as the initial threshold value,
and the threshold value is halved in the next iteration. A smooth frequency response curve
can be obtained in four iterations.

For the five cases listed in Table 3, the amplitudes of the updated FRFs of the vehicle
along DOF u1 are shown in Figures 12–16 and denoted as “Shape.” It can be seen that the
influence of data singularities on FRF estimation can be effectively reduced by the shape
function method, and even in Case 5, which has serious data singularities, the updated
estimation is acceptable. As a result, the robustness of the method to noise and measured
data is improved, which provides the advantage of a road roughness estimation.

4.4. Road Roughness Estimation
4.4.1. Road Roughness and Vehicle Response

Currently, the trigonometric series method, which uses a special triangular series to
approximate the road surface irregularity curve, is commonly used for road roughness
calculations. The expression for the road roughness r(x) is as follows:

r(x) = ∑NT
k=1 αk cos(2πnkx + ϕk) (30)
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α2
k = 4Gd(nk)Δn, Δn =

nu − nl
NT

, (31)

Gd(nk) = Gd(n0)

(
nk
n0

)−2
, nk = nl + kΔn, (32)

where αk is the coefficient of the triangular series, depending on the roughness degree of the
pavement. Gd(nk) is the displacement power spectral density of the pavement calculated
using the equation provided in [37]. Gd(n0) is defined as the coefficient of unevenness and
depends on the degree of roughness of the pavement. n0 is the reference special frequency
(n0 = 0.1 circle/m), and nk is the special frequency. nl and nu are the lower and upper
limits of the spatial frequency used to calculate the displacement power spectral density
Gd(nk). ϕk is a uniformly distributed random phase angle in the range of [0 2π]. NT is the
number of trigonometric functions used to construct the road roughness.

In this study, the road surface grade was set to A, for which the irregularity coefficient
Gd(n0) was 16 × 10−6 m3, nl = 0.0221 m−1, and nu = 1.4142 m−1. The considered length
of the road surface was 1600 m. The vehicle drove on the road with a velocity of 10 m/s,
and the corresponding road roughness is shown in Figure 17.

Three acceleration sensors are located on the vehicle: S1 measures the vertical acceler-
ation response of the vehicle body along DOF u1, S2 measures the rear wheel acceleration
response along DOF u2, and S3 measures the front wheel acceleration response along DOF
u3. The sampling frequency was 400 Hz. The time histories of the measured acceleration
responses are shown in Figure 18.

Figure 17. Time histories of the simulated road roughness.

Figure 18. Time histories of the acceleration responses measured by sensors S1–S3.

4.4.2. Different Case Estimations

To check the influence of the measured responses, four cases are considered in the
road roughness estimation and are listed as follows:

Case A: Estimation is performed using the responses measured by all the sensors, that
is, S1, S2, and S3.

Case B: Estimation is performed using the responses measured by sensors S1 and S3.
Case C: Estimation is performed using the responses measured by sensors S1 and S2.
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Case D: Estimation is performed using the responses measured by sensor S1.
In each case, the frequency spectrum of road roughness R1(ω) was calculated via

Equation (11) for the estimated vehicle.
First, the estimation for Case A is taken as an example to validate the proposed method.

The vehicle FRF is estimated using the eight groups of measured responses in Case 1 listed
in Table 3, and the estimated frequency spectra of road roughness R1(ω) are shown in
Figure 19, where “Actual” refers to the actual road roughness. “Direct” refers to the results
estimated using the vehicle FRF by the direct method, while “Shape” refers to the results
estimated using the vehicle FRF updated by the shape function method, and “FEM” refers
to the results estimated using the vehicle FRF computed with the actual vehicle parameters.
To compare the estimation accuracy, Figure 20 shows the corresponding absolute errors of
the estimated road roughness, which refers to the difference between the estimated road
roughness and the actual road roughness. It can be seen that the errors are quite small,
which proves that the road roughness is estimated accurately using the above methods.
The power spectral densities of the estimated road roughness are computed and shown in
Figure 21 and are almost identical to the actual values.

Figure 19. Comparison of the estimated road roughness using sensors S1–S3.

Figure 20. Absolute errors of the estimated road roughness for Case A using sensors S1–S3.
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Figure 21. Estimated power spectral densities of the road roughness using sensors S1–S3 for Case A
via the measured responses in Case 1.

In Cases A–D, the road roughness is estimated via the vehicle FRF using direct estima-
tion and the updated method. The corresponding absolute errors are shown respectively in
Figures 22 and 23. It can be seen that the estimation accuracy is good in Cases A–C, which
have at least two sensors, while in Case D with only one sensor, the error is quite large.

Figure 22. Absolute estimation errors of road roughness in Case A–Case D using direct estimation.

Figure 23. Absolute errors of road roughness in Case A–Case D using the updated FRF.

4.4.3. Error Analysis

Considering that the vehicle FRF is estimated using the test of driving over the hump
in Cases 1–5, which are listed in Table 3, the road roughness is estimated using the sensors
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shown in Cases A–D to analyze the influence of the frequency response estimation and
the sensors. The estimation errors here are quantitatively calculated using Equation (33) in
terms of the relative error:

ε = ‖rid(t)− r(t)‖/‖r(t), (33)

where rid(t) refers to the estimated road roughness, and r(t) refers to the actual road
roughness. The errors corresponding to the direct FRF estimation, the updated FRF, and
the FRF obtained via the FEM are shown in Tables 4–6. In case D, where only one sensor S1
is employed, the estimation errors are about 30% even with the accurate estimated vehicle
FRF in Case 1. On the other hand, the estimation errors in Case 4 and Case 5 are also quite
high, which means that the poor estimation of vehicle FRF definitely influences the road
roughness estimation even with all the three sensors used in Case A.

Table 4. Errors of the estimated road roughness using the directly estimated FRF.

Case A Case B Case C Case D

Case 1 17.02% 16.82% 16.07% 31.10%
Case 2 24.67% 22.67% 20.17% 47.71%
Case 3 23.21% 23.16% 16.73% 38.03%
Case 4 54.33% 35.60% 53.53% 48.09%
Case 5 54.85% 42.51% 53.49% 52.85%

Table 5. Errors of the estimated road roughness using the updated FRF.

Case A Case B Case C Case D

Case 1 10.26% 10.43% 10.50% 28.76%
Case 2 11.67% 11.63% 11.57% 45.66%
Case 3 15.29% 12.68% 13.72% 33.36%
Case 4 59.89% 41.05% 57.57% 36.70%
Case 5 61.70% 46.58% 60.14% 42.95%

Table 6. Errors of the estimated road roughness using the FRF of the FEM.

Case A Case B Case C Case D

Errors 8.55% 8.75% 8.88% 16.39%

By observing the errors listed in Tables 4–6, the following conclusions can be drawn:
(1) Owing to the noise influence, the error still exists, approximately 8% in Cases A–C,

even when using the FRF obtained by the vehicle FEM. The shape function method can
improve the estimation accuracy of the vehicle FRF, and correspondingly, the estimation
accuracy of the road roughness is increased using the updated FRF, which is approximately
10% in Case 1 and Cases A–C in Table 5.

(2) The more groups of driving tests with different speeds over a hump are performed,
the more accurate the estimated frequency response is. Good results can be obtained by
using the four groups of the driving tests shown in Case 3 and Cases A–C in Table 5.

(3) The location of two or three sensors in Cases A–C can provide a more accurate
road roughness estimation, while the result via sensor S1 in case D is relatively poor.

4.4.4. On-Line Estimation of Road Roughness

In this work, the road surface grade was set to A as mentioned in Section 4.4.1.
The considered length of the road surface was 4000 m. The vehicle drove on the road with
a velocity of 10 m/s, and the corresponding road roughness is shown in Figure 24.

Three acceleration sensors are employed with the same placements as those in Case
A in Section 4.4.2. The sampling frequency was 400 Hz. The road roughness estimation
is performed on-line with a time interval of 2.56 s. Assume that the vehicle runs for
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400 s, and therefore it requires 154 times of on-line estimation step by step as described in
Equation (28). The time histories of the estimated roughness of the whole road surface are
shown in Figures 24 and 25 show the estimated results of the road surface between 2000
and 2050 m. It can be seen that the estimation accuracy is good.

Figure 24. Time histories of the simulated road roughness.

Figure 25. Time histories of the estimated roughness of the road surface among 2000~2050 m.

5. Conclusions

A road roughness estimation method is proposed in the frequency domain based on
the vehicle FRF via the measured vehicle accelerations. A numerical simulation of the
road roughness estimation was used to verify the effectiveness of the proposed methods.
The main conclusions are as follows:

The formula for the vehicle response, road roughness, and vehicle FRF is deduced
and set up in a linear equation system; hence, the road roughness can be estimated using
the vehicle FRF and the measured vehicle responses.

The vehicle FRF is estimated by designing multiple groups of driving tests over a
known-size hump at different driving speeds. It obviates the need for an updated finite
element model of the vehicle with known vehicle parameters and vehicle modeling.

The vehicle FRF can be calculated by a direct estimation of the measured vehicle
accelerations using the least-squares method. Moreover, the shape function method can be
used to eliminate the singular and noisy parts of the estimated FRF and to improve the
accuracy of the estimated road roughness profile. The road roughness can be estimated
online with a few seconds time delay.
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Abstract: This paper aims to develop viscoelastic dampers, which can effectively suppress vibration
in a wide frequency range. First, several viscoelastic materials for damping performance were
selected, and different batches of cylindrical viscoelastic dampers were fabricated by overall vulcan-
ization. Second, the dynamic mechanical properties of the cylindrical viscoelastic dampers under
different amplitudes and frequencies are tested, and the hysteretic curves under different loading
conditions are obtained. Finally, by calculating the dynamic mechanical properties of the cylindrical
viscoelastic dampers, the energy dissipation performance of these different batches of viscoelastic
dampers is compared and analyzed. The experimental results show that the cylindrical viscoelastic
damper presents a full hysteretic curve in a wide frequency range, in which the maximum loss
factor can reach 0.57. Besides, the equivalent stiffness, storage modulus, loss factor, and energy
consumption per cycle of the viscoelastic damper raise with the frequency increasing, while the
equivalent damping decreases with the increase of frequency. When the displacement increases, the
energy consumption per cycle of the viscoelastic damper rises rapidly, and the equivalent stiffness,
equivalent damping, storage modulus, and loss factor change slightly.

Keywords: cylindrical viscoelastic dampers; wide frequency range; dynamic mechanical perfor-
mance tests; energy consumption capacity

1. Introduction

Viscoelastic dampers are widely used in the fields of civil engineering, machinery,
and precision instruments due to its low cost, simple structure, and satisfactory shock
absorption performance [1–8]. When the structure is subjected to external excitation, the
viscoelastic damper will undergo shear deformation, which will then dissipate the energy
of vibration. In the past few decades, researchers have been doing experimental and
theoretical research on viscoelastic dampers [9–12].

Chang et al. [13] carried out experimental research on the performance of three kinds
of dampers with different sizes and found that the stiffness and energy dissipation capacity
of the three kinds of dampers decreased in varying degrees with the ambient temperature
increasing. Soong et al. and Tsai et al. [14–16] conducted performance tests on viscoelastic
dampers at different temperatures, different displacement amplitudes, and different fre-
quencies, respectively. The results show that temperature, frequency, and displacement
amplitudes are the main factors affecting the viscoelastic damper performance. Bergman
et al. [17] also found that the mechanical performance of viscoelastic dampers is greatly
affected by the ambient temperature and excitation frequency. The changing trend of the
influencing factors on the mechanical properties of viscoelastic dampers has been con-
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cluded in above studies. There are few studies devoted to improving the energy dissipation
performance of viscoelastic dampers from the perspective of materials.

Cazenove et al. [18] have studied the temperature rise effect of a plate viscoelastic
damper, which shows that the temperature rise is a factor to be considered in the design
of viscoelastic damper. Xu et al. [10,19,20] carried out performance tests of viscoelastic
dampers with different rubber substrates under different temperatures, frequencies, and
strain amplitudes, and carried out experimental research on the fatigue performance and
ultimate deformation of the plate dampers. A series of novel vibration isolation devices
based on viscoelastic materials have been developed [21–24], and its sufficient horizontal
performance and vertical performance in experimental research has been presented. All
the damper types studied above are based on plate damper, which limits the mechanical
properties of viscoelastic damper to a certain extent. The cylindrical viscoelastic damper,
in which viscoelastic material is wrapped by a steel plate with satisfactory performance,
strong integrity, and large shear area per unit volume, is worth studying.

Additionally, plenty of experimental research on the viscoelastic damping structure
have been carried out. Chang and Soong et al. [16,25] conducted shaking table tests on
a 2/5 scale five-story steel structure model with viscoelastic dampers and its full-scale
model, respectively, and investigated the influence of temperature and frequency on the
vibration reduction effect of viscoelastic dampers. Aiken et al. [26] and others conducted
shaking table tests on a nine-story steel structure model with a scale of one-fourth of the
pure frame, additional steel brace, and viscoelastic damper, and compared the vibration
reduction effects of several schemes, indicating that the viscoelastic damper has a better
vibration reduction effect. Min et al. [27] carried out a shaking table analysis on a five-story
steel structure with viscoelastic damping, and the results show that it has a good damping
effect. Rao [8] introduced the application of passive damping technology using viscoelastic
materials to control noise and vibration in vehicles. It can be seen above that viscoelastic
dampers for high-frequency machinery and low-frequency building applications have been
studied, but it has not been found that a specific viscoelastic damper can present sufficient
mechanical properties at both low and high frequencies.

In this paper, it is necessary to study the energy dissipation performance of cylindrical
viscoelastic dampers in a wide frequency range. Several batches of cylindrical viscoelastic
dampers are made for different viscoelastic materials, and their mechanical properties are
tested under different loading conditions. The polymer before vulcanization is prepared
through mechanical mixing of nitrile butadiene rubber and some additives, and three
batches of eight viscoelastic dampers were produced by a plate vulcanizer. The performance
under different amplitudes and frequencies of these dampers is tested by a hydraulic servo
machine, and the test results of these dampers are analyzed and compared.

2. Methodology and Theory of Viscoelastic Dampers Performance Test

Viscoelastic dampers are often subjected to alternating loads. For the convenience
of analysis and mathematical treatment, a series of sine function combinations can be
used to describe various complex alternating loads. Therefore, the dynamic mechanical
performance test of the viscoelastic damper in this paper is also carried out by applying a
sinusoidal excitation. From the basic theory of viscoelasticity, we know that viscoelastic
materials show a hysteresis phenomenon under a cyclic load, and the strain response of
materials lags behind the change of stress. It is because of this hysteresis that viscoelastic
materials can dissipate energy during deformation.

Suppose that a sinusoidal alternating strain is applied to the viscoelastic material. The
strain is as follows:

ε(t) = ε0 sin ωt (1)
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where ω is the angular frequency and ε0 is the maximum strain of the viscoelastic material.
As the stress response of viscoelastic material is ahead of the strain by a phase angle δ, the
stress response is as follows.

σ(t, ω) = σ0 sin(ωt + δ) (2)

where σ0 is the maximum stress of the viscoelastic material. The above formula is expanded
as follows.

σ(t, ω) = σ0 sin ωt cos δ + σ0 cos ωt sin δ
=ε0[E′(ω) sin ωt + E′′ (ω) cos ωt]

(3)

where E′(ω) = (σ0/ε0) cos δ and E′′ (ω) = (σ0/ε0) sin δ are storage modulus and loss
modulus of viscoelastic material, respectively. The storage modulus E′′ represents the work
done by the stress in phase with the strain, which is converted into energy and stored in
the sample, and the energy of this part can make its elastic deformation recover. The loss
modulus represents the energy lost by the transformation into heat during deformation.
The ratio of loss modulus and storage modulus is the loss factor η of viscoelastic material.

η =
E′′

E′ = tan δ (4)

By introducing Equation (1) into Equation (3), the following equation can be obtained.

cos ωt =
1

ε0E′′ (ω)

[
σ(t, ω)− E′(ω)ε(t)

]
(5)

The expression of sin ωt can be obtained from Equation (1), combining the above
equation with sin2 ωt + cos2 ωt = 1.

(
σ(t, ω)− E′(ω)ε(t)

ε0E′′ (ω)

)2

+

(
ε(t)
ε0

)2
= 1 (6)

According to the above analysis, the relationship between force and displacement
of viscoelastic damper conforms to Equation (6), which is also in the form of the elliptic
equation. The relationship between the force F and displacement u of viscoelastic damper
is given as follows [12]. [

F − Kd1u
ηKd1u0

]2
+

[
u
u0

]2
= 1 (7)

where Kd1 is the energy storage stiffness of the damper, and u0 is the maximum displace-
ment of the damper. F0 is the maximum force of the damper, F1 is the damping force at
the maximum displacement u0, and F2 is the damping force at the zero displacement, as
shown in Figure 1.

The loading control and data acquisition system of the test system are controlled by a
computer. During the test, the loading displacement and loading frequency are controlled,
and the corresponding displacement and load values are collected.

To further analyze the dynamic mechanical properties of viscoelastic damper, it is
necessary to calculate the storage modulus, loss modulus, loss factor, equivalent damping,
equivalent stiffness, and single cycle energy consumption through a hysteretic curve.
Therefore, the testing principle of viscoelastic damper and the acquisition method of
corresponding mechanical parameters are briefly introduced.
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Figure 1. Force-displacement hysteresis curve.

The modulus of viscoelastic material can be expressed in the form of a complex
modulus, as follows.

E∗(ω) = E′(ω) + iE′′ (ω) (8)

where is the form of viscoelastic material modulus in the frequency domain, which is
also commonly used by us. Equation (8) usually represents the dynamic modulus of
tension compression deformation, and the corresponding shear dynamic modulus can be
expressed as:

G∗(ω) = G1(ω) + iG2(ω) (9)

where G1(ω) and G2(ω) are shear storage modulus and shear loss modulus, respectively.
The values of F0, F1, F2, and u0 can be obtained from the experimental hysteretic

curves, and the viscoelastic layer number nn, shear area Av, and shear thickness hv can
be obtained from the design parameters of viscoelastic damper, as shown in Table 1. The
performance of viscoelastic damper is usually expressed by energy storage stiffness Kd1,
equivalent damping Ce and single cycle energy consumption Ed, as follows [10].

Kd1 =
nn · G1 · Av

hv
(10)

Ce =
nnG2 Av

ωhv
(11)

Ed = nn · π · G2 · Av · u2
0/hv (12)

Table 1. Size of the viscoelastic dampers.

Viscoelastic Layer Number nn Shear Area Av Shear Thickness hv

1 6437 mm2 5 mm

It can be seen from the above formula that the storage modulus G1 and loss modulus
G2 of viscoelastic material are related to the equivalent stiffness Kd1 and equivalent damp-
ing Ce of the viscoelastic damper, while the equivalent stiffness and equivalent damping of
viscoelastic damper can be directly obtained from the test data, as follows [12].

Kd1 =
F1

u0
(13)
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Ce =
F2

ωu0
(14)

Therefore, the relevant parameters of viscoelastic materials can be obtained through
the above relationship from the test data as follows [19].

G1 =
Kd1 · hv

nn · Av
=

F1 · hv

nn · Av · u0
(15)

η = F2/F1 (16)

G2 = ηG1 (17)

It can be seen from the above process that the mechanical parameters of viscoelastic
materials and dampers for every single frequency can be calculated discretely based
on the hysteretic curve obtained from the viscoelastic damper test and combined with
Equations (13)–(17).

3. Production Process of Cylindrical Viscoelastic Dampers

Viscoelastic material directly determines the dynamic mechanical properties of vis-
coelastic damper. It is a kind of composite material that mainly includes the following
four parts: matrix material, vulcanization system, reinforcement filling system, and anti-
aging system.

The matrix material is a high molecular polymer with viscoelastic properties, which is
the most important component in the formulation of viscoelastic materials. The type and
amount of matrix play a decisive role in the properties of viscoelastic materials. As soon
as the matrix material is specified, other mixing media as well as processing technology
are determined. The loss factor of matrix polymer materials should be high, and the
temperature range of the glass transition zone should be close to the service temperature
range. Based on the study of the vibration reduction mechanism of viscoelastic materi-
als [28], it can be known that the damping performance of matrix materials with more
free network chains is higher, and the damping performance of matrix materials with
a higher content of side groups of molecular chains is better. The viscoelastic material
developed in this paper is high acrylonitrile butadiene rubber. In addition to its good
damping performance, it also has the advantages of good processing performance, fast
curing speed, and good mechanical properties. Usually, viscoelastic materials need to be
vulcanized to form a cross-linking network structure between rubber molecular chains and
improve their physical and mechanical properties to meet the application requirements.
Therefore, the vulcanization system is a main content of viscoelastic material formulation
design, which has a certain impact on the mechanical properties and damping properties
of viscoelastic materials. Generally, the influence of the vulcanization system on the me-
chanical properties and damping properties of viscoelastic materials is contradictory, and
the increase of the vulcanization degree will lead to the increase of mechanical properties,
such as tensile strength and the decrease of damping properties such as loss factor. Because
the base rubber in this paper is Nitrile rubber, the sulfur curing system is chosen. The
reinforcement filling system is an important part of viscoelastic materials, and its effects on
the properties of viscoelastic materials mainly include: (1) reinforcement, low strength of
the pure polymer, and fillers, such as carbon black, which need to be added to improve
the elastic modulus and tensile strength of materials and reduce the creep of materials. (2)
In addition, changing the dynamic mechanical properties of materials, some fillers (such
as mica) can significantly improve the internal friction energy of the materials. At the
same time, the glass transition temperature of viscoelastic material can be changed by the
filling system, and the temperature corresponding to the damping peak can be adjusted to
match the temperature range. Carbon black and graphite powder are used in the filling
and reinforcing system of viscoelastic materials developed in this paper. The protection
system is mainly used to avoid or slow down the aging of viscoelastic materials in a harsh
environment and improve the service life of materials. After adding the antioxidant, the
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viscoelastic material can maintain its performance for a long time in the process of use, and
meet the use requirements.

The production process of viscoelastic materials includes three stages: plasticization,
mixing, and vulcanization. The main purpose of plasticizing is to change the rheological
properties of rubber, increase the plasticity, reduce the viscosity, and make it match with
various additives in the mixing stage better. Mixing is the process of mixing raw rubber
or plastic rubber and a compounding agent in the mixing machine until they are evenly
dispersed. In the mixing process, the rubber and the compounding agent are mixed by the
mechanical force of the rubber mixer, and evenly dispersed, which promotes the rubber
and the compounding agent to have a certain chemical and physical action, thus, forming
a more complex micro multi-phase structure and fundamentally changing the performance
of the rubber mixture. Mixing is an important process that directly affects the mechanical
properties of materials. The vulcanization process is carried out on the plate vulcanizing
machine because the cylindrical viscoelastic damper in this paper adopts a vulcanization
bonding integrated type, and the aluminum cylinder and viscoelastic material are filled
into the mold before vulcanization. The corresponding adhesive is applied on the bonding
contact surface in advance, and the determined vulcanization conditions (temperature:
160 °C, time: 15 mins, and pressure: 10 MPa) are set on the vulcanizing machinea Finally,
the mold with a viscoelastic damper inside is put on the plate curing machine for curing,
as shown in Figure 2.

(a) (b)

Figure 2. Vulcanization process of viscoelastic damper: (a) mold. (b) Flat vulcanizing machine.

As shown in Figure 3, the cylindrical viscoelastic damper is composed of an inner
aluminum cylinder, an outer aluminum cylinder, and a viscoelastic layer bonded by
vulcanization between the inner and outer cylinders. The viscoelastic layer is 50 mm in
height, 5 mm in thickness, 46 mm in the outer diameter, 36 mm in the inner diameter,
and 6437 mm2 in a shear area. In practical application, the inner aluminum tube and the
outer aluminum tube of the damper will be, respectively, installed between the base of the
isolation structure and the damping components. The relative displacement between the
inner and outer tubes will lead to the shear deformation of the viscoelastic layer, which
plays the role of energy dissipation and vibration reduction.
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Figure 3. Cylindrical viscoelastic damper. (a) cross Section; (b) physical map.

4. Performance Tests on Cylindrical Viscoelastic Dampers

4.1. Test Setup

The dynamic mechanical property tests on cylindrical viscoelastic dampers are carried
out on a 10 kN hydraulic servo fatigue machine (Figure 4a). The loading frequency of the
testing machine can reach 50 Hz, the control displacement accuracy can reach 5 μm, and the
maximum loading force is 10 kN, which is suitable for the dynamic mechanical performance
test of the damper under the conditions of high frequency and small amplitude.

(a) (b)

Figure 4. Test setup of viscoelastic dampers: (a) loading device and (b) data acquisition system.

To obtain the hysteretic curves of a cylindrical viscoelastic damper, the mechanical
properties of the viscoelastic damper under different working conditions (excitation fre-
quency and displacement amplitude) were tested, and the effects of ambient temperature,
loading frequency, and displacement amplitude on the mechanical properties and energy
dissipation performance of viscoelastic damper were studied. In this paper, three batches
of materials are composed of NBR, carbon black, graphite, sulfur, zinc oxide, stearic acid,
and antioxidant, in which the damping agents are different including one damper in the
first batch, marked as X01, three dampers in the second batch, marked as Y01, Y02, and
Y03, four dampers in the third batch, marked as Y01-01 ~ 04. There are a total of eight
damper specimens. Mica is added in the first batch of X01, three kinds of hindered phenols
(AO60, AO80, and AO1098) are added in the second batch, and different fractions of AO60
are added in the third batch. The corresponding loading conditions are shown in Table 2.
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Table 2. Loading procedure of property tests on the viscoelastic dampers.

Specimen Type Specimen Number
Displacement

Amplitude d (mm)
Frequency f (Hz) Number of Cycles

Cylindrical VE damper

X01 0.15, 0.3 1, 5, 10, 15, 20, 25, 30, 35, 40,
45, 50

10

Y01

0.1, 0.15, 0.3 1, 2, 5, 8, 10, 20, 30, 40, 50Y02

Y03

Y01-01

0.1, 0.2, 0.5, 1.0

1, 2, 5, 8, 10, 20, 30, 40, 50

Y01-02 1, 2, 5, 8, 10, 20, 30, 40, 50

Y01-03 1, 2, 5, 8, 10, 20, 30, 40, 50

Y01-04 1, 2, 5, 8, 10, 20, 30, 40, 50

In the process of each damper test, it should be checked that the connection between
the chuck of the hydraulic servo machine and the test piece is firm and the viscoelastic layer
has not degummed or torn to ensure that the collected test data are accurate and effective.
The data acquisition system (Figure 4b) shows that the hysteretic curve is full under each
working condition, which indicates that all parts of the specimen are well-connected. After
every certain condition is loaded for 10 cycles, the loading frequency and amplitude need to
be changed through the loading control software shown in Figure 4b for the next condition.

4.2. Analysis and Discussion of Test Results

Figures 5 and 6 show the force-displacement hysteretic curves of dampers X01 and
Y02 at different frequencies. It can be seen that the hysteretic curves of the damper under
different test conditions are standard ellipse shapes, which indicates that the damper has
better energy dissipation capacity. At the same time, it can be seen that, with the increase
of loading frequency, the tilt angle of the hysteretic curve increases, and the elliptic curve
becomes fuller. At a low frequency, such as 0.1 Hz, the hysteresis curve is flat, while, at a
high frequency, such as 10 Hz, the hysteresis curve is very full. This phenomenon shows
that the stiffness and energy dissipation capacity of the viscoelastic damper increase with
the rise in frequency.
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Figure 5. The hysteresis curves of specimen X01 at the same displacement amplitude with different frequencies: (a) 150 μm,
(b) 300 μm.
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Figure 6. The hysteresis curves of specimen Y02 at the same displacement amplitude with different frequencies: (a) 1~10 Hz,
(b) 10~50 Hz.

Figures 7 and 8 are force-displacement hysteretic curves of different displacement
amplitudes of damper No. Y02 and Y01-03, respectively. It can be seen from the figure
that the force-displacement hysteretic curves of the specimens under different working
conditions are full ellipses. The results show that the viscoelastic damper has good en-
ergy dissipation capacity in a micro-vibration environment. At the same frequency and
temperature, the envelope area of the curve increases with the rise of the displacement
amplitude. This phenomenon shows that the energy dissipation of a single loop increases
with the growth of the displacement amplitude. It can also be seen from the figure that
the inclination angle of the hysteretic curve of the damper is only slightly reduced and
basically remains unchanged, which indicates that the displacement amplitude has almost
no effect on the stiffness of the damper.
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Figure 7. The hysteresis curves of specimen Y02 at the same frequency with different displacements: (a) 30 Hz, (b) 50 Hz.
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Figure 8. The hysteresis curves of specimen Y01-03 at the same frequency with different displacements: (a) 10 Hz, (b) 40 Hz.

Figure 9 shows the equivalent stiffness and equivalent damping of the viscoelastic
damper specimen X01 at different frequencies. It can be seen that, under the same dis-
placement amplitude, the equivalent stiffness of the viscoelastic damper increases with
the rise of frequency. Under the same displacement amplitude, the equivalent damping
decreases with the increase of frequency. In the lower frequency range, it can be seen
that the equivalent damping decreases sharply, and, with the increase of frequency, the
reduction tends to moderate, and the difference of equivalent stiffness and equivalent
damping is small under different displacement amplitudes.
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Figure 9. Dynamic parameters of specimen X01 vary with frequency: (a) equivalent stiffness, and (b) equivalent damping.

Figure 10 shows the storage modulus and loss factor of the viscoelastic damper
specimen X01 at different frequencies. It can be seen that the storage modulus and loss
factor of viscoelastic materials increase with the growth of frequency. The change of
dynamic mechanical properties of viscoelastic materials with frequency is mainly related
to the motion state of molecular chain and the relaxation time of the material. In the tested
frequency range, with the increase of the excitation frequency, the external load action time
becomes shorter, gradually approaching the relaxation time of the molecular chain. The
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motion of the chain segment intensifies, and the interaction between the chains strengthens,
so the performance indexes are increased.
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Figure 10. Dynamic parameters of specimen X01 vary with frequency: (a) storage modulus and
(b) loss factor.

When the frequency is 1 Hz, the curves of equivalent stiffness and equivalent damping
of viscoelastic damper specimen Y01 ~ 03 varying with amplitude have been drawn, as
shown in Figure 11. The relative difference between the equivalent stiffness and the
equivalent damping of specimen Y01 ~ 03 is less than 20%. The damping parameters of
the three specimens are in good agreement, which indicates that the viscoelastic damper
has a good consistency. Taking Y03 as an example, when the loading frequency is 1 Hz,
the change rates of equivalent stiffness and equivalent damping are −1.26%, −2.40%, and
−0.5%, −1.52%, respectively, when the displacement amplitude is from 0.1 to 0.15 mm and
0.15 to 0.2 mm. It can be seen that, when the displacement amplitude is very small, the
equivalent stiffness and damping of viscoelastic damper slightly decrease with the increase
of displacement, and the effect of displacement amplitude on the stiffness and damping of
the viscoelastic damper is very small.

a b

100 120 140 160 180 200
m

3

3.5

4

4.5

5

(N
/m

)

106

Y01
Y02
Y03

100 120 140 160 180 200
m

1

1.1

1.2

1.3

1.4

1.5

(N
.s

/m
)

105

Y01
Y02
Y03

Figure 11. Dynamic parameters of specimens Y01~03 vary with displacement at 1 Hz: (a) equivalent
stiffness and (b) equivalent damping.

Figure 12 shows the storage modulus and loss factor of viscoelastic material under
different amplitudes of specimen Y01~03 at the frequency of 1 Hz. Taking Y03 as an
example, when the loading frequency is 1 Hz and the displacement amplitude is from
0.1 to 0.15 mm and 0.15 to 0.2 mm, the change rates of storage modulus and loss factor
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are −0.79%, −2.56%, 0.39%, and 1.01%, respectively, and the growth rates of single cycle
energy consumption are 124.26% and 75.14%. It can be seen that, with the increase of
displacement amplitude, the energy consumption of a single loop increases greatly. When
the displacement amplitude is very small, the displacement amplitude slightly affects the
storage modulus and loss factor of the viscoelastic damper.
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Figure 12. Dynamic parameters of specimens Y01~03 vary with displacement at 1 Hz: (a) storage modulus, (b) loss factor,
and (c) energy dissipation.

When the displacement amplitude is 0.2 mm, the equivalent stiffness and damping
curves of specimen Y01-01 ~ 04 at different frequencies have been plotted, as shown in
Figure 13. Similar to the change law of mechanical properties of specimen X01, the stiffness
of the viscoelastic damper increases slightly with the rise in frequency. When the frequency
is small, the stiffness increases rapidly with the growth in frequency. When the frequency
is large, the stiffness increases slowly and the curve tends to be smooth. The equivalent
damping of the viscoelastic damper decreases with the increase of frequency. When the
frequency is small, the decrease is faster. When the frequency is high, the decrease is slower
and the curve tends to be smooth. It can be seen from the figure that the stiffness of the
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four damper specimens is slightly different from other specimens except for Y02-02. The
damping parameters of the four specimens are in good agreement, which indicates that the
viscoelastic damper has a good consistency.
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Figure 13. Dynamic parameters of specimens Y01-01~04 vary with frequency at 0.2 mm: (a) equivalent stiffness and
(b) equivalent damping.

Figure 14 shows the equivalent stiffness and damping of specimen Y01-01 ~ 04 under
different amplitudes at the frequency of 5 Hz. Taking Y01-01 as an example, when the dis-
placement amplitude is from 0.1 to 0.2 mm, 0.2 to 0.5 mm, and 0.5 to 1 mm, the change rates
of equivalent stiffness and damping are −5.66%, −7.39%, −10.24%, and −6.63%, 0.64%,
0.64%, and 17.94%, respectively. It can be seen that the stiffness and equivalent damping of
viscoelastic damper decrease slightly with the increase of displacement, which is consistent
with the stable slope and fullness of the hysteresis curve at different displacements in
Figures 7 and 8.
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Figure 14. Dynamic parameters of specimens Y01-01~04 vary with displacement at 5 Hz: (a) equivalent stiffness and
(b) equivalent damping.

Figure 15a,b, respectively, show the energy consumption of a single cycle under
different frequencies and different displacements when the displacement amplitude of
specimen Y01-01 ~ 04 is 0.2 mm and the frequency is 5 Hz. It can be seen from the curve
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that the damping parameters of the four specimens are in good agreement, which indicates
that the viscoelastic damper has a good consistency. Taking the specimen Y01-01 as an
example, when the displacement amplitude is 0.2 mm, and the frequency is from 1 to
10 Hz, 10 to 20 Hz, 20 to 30 Hz, 30 to 40 Hz, and 40 to 50 Hz, the increasing values of
energy consumption of a single cycle are 0.034 N·m, 0.03 N·m, 0.028 N·m, 0.039 N·m,
and 0.047 N·m, respectively. When the frequency is 5 Hz, the increasing values of energy
consumption of a single cycle are 0.071 N·m, 0.605 N·m, and 1.397 N·m, respectively, when
the displacement is from 0.1 to 0.2 mm, 0.2 to 0.5 mm, and 0.5 to 1 mm. It can be seen that
the energy dissipation of a single loop of viscoelastic damper raises with the frequency and
displacement increasing.
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Figure 15. Energy dissipation of specimens Y01-01~04 vary with (a) frequency at 0.2 mm and (b) displacement at 5 Hz.

5. Conclusions

In this paper, several batches of cylindrical viscoelastic dampers are vulcanized for dif-
ferent viscoelastic materials, and the dynamic mechanical properties are tested at different
frequencies and amplitudes. The main conclusions are as follows.

(1) The cylindrical viscoelastic dampers present a full hysteretic curve and excellent
damping performance in a wide frequency range, which further promotes the application
of viscoelastic damper under different frequency conditions.

(2) The equivalent stiffness, storage modulus, loss factor, and energy consumption per
cycle of the viscoelastic damper increase with the rise in frequency, while the equivalent
damping decreases with the increase in frequency.

(3) When the displacement increases, the energy consumption per cycle of the vis-
coelastic damper increases rapidly, and the equivalent stiffness, equivalent damping,
storage modulus, and loss factor change slightly.

Author Contributions: Conceptualization, T.G. and X.-H.H.; methodology, Y.-Q.G.; software, T.G.;
validation, T.G., Y.-Q.G. and Z.-F.H.; formal analysis, T.G.; investigation, T.G.; resources, X.-H.H.;
data curation, T.G.; writing—original draft preparation, T.G.; writing—review and editing, Y.-Q.G.;
visualization, Z.-W.H.; supervision, Y.-Q.G.; project administration, X.-H.H.; funding acquisition,
Y.-Q.G. All authors have read and agreed to the published version of the manuscript.

Funding: This study was financially supported by the National Key Research and Development
Program of China (2016YFE0200500), the National Key R&D Programs of China (Grant Number:
2019YFE0121900), Jiangsu International Science and Technology Cooperation Program (BZ2018058),
National Natural Science Foundation of China (Grant Number: 56237845), Natural Science Foun-
dation of Jiangsu Province (Grant Number: BK20170684), and the State Foundation for Studying
Abroad, China.

162



Actuators 2021, 10, 71

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Informed consent was obtained from all subjects involved in the study.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Kim, J.; Ryu, J.; Chung, L. Seismic performance of structures connected by viscoelastic dampers. Eng. Struct. 2006, 28, 183–195.
[CrossRef]

2. Rashid, A.; Nicolescu, C.M. Design and implementation of tuned viscoelastic dampers for vibration control in milling. Int. J.
Mach. Tools Manuf. 2008, 48, 1036–1053. [CrossRef]

3. Paolacci, F. An energy-based design for seismic resistant structures with viscoelastic dampers. Earthq. Struct. 2013, 4, 2. [CrossRef]
4. Tsai, C.S.; Lee, H.H. Applications of viscoelastic dampers to high-rise buildings. J. Struct. Eng. 1993, 119, 1222–1233. [CrossRef]
5. Xu, Z.D. Earthquake mitigation study on viscoelastic dampers for reinforced concrete structures. J. Vib. Control 2007, 13, 29–43.

[CrossRef]
6. Xu, Z.D.; Shen, Y.P.; Zhao, H.T. A synthetic optimization analysis method on structures with viscoelastic dampers. Soil Dyn.

Earthq. Eng. 2003, 23, 683–689. [CrossRef]
7. Moliner, E.; Museros, P.; Martínez-Rodrigo, M.D. Retrofit of existing railway bridges of short to medium spans for high-speed

traffic using viscoelastic dampers. Eng. Struct. 2012, 40, 519–528. [CrossRef]
8. Rao, M.D. Recent applications of viscoelastic damping for noise control in automobiles and commercial airplanes. J. Sound Vib.

2003, 262, 457–474. [CrossRef]
9. Lewandowski, R.; Pawlak, Z.Ł. Dynamic analysis of frames with viscoelastic dampers modelled by rheological models with

fractionalderivatives. J. Sound Vib. 2011, 330, 923–936. [CrossRef]
10. Xu, Z.D.; Liao, Y.X.; Ge, T.; Xu, C. Experimental and theoretical study of viscoelastic dampers with different matrix rubbers. J.

Eng. Mech. 2016, 142, 04016051. [CrossRef]
11. Chang, K.C.; Soong, T.T.; Lai, M.L.; Neilson, E.J. Viscoelastic dampers as energy dissipation devices for seismic applications.

Earthq. Spectra 1993, 9, 371–387. [CrossRef]
12. Xu, Z.D.; Xu, C.; Hu, J. Equivalent fractional Kelvin model and experimental study on viscoelastic damper. J. Vib. Control 2015, 21,

2536–2552. [CrossRef]
13. Chang, K.C.; Lai, M.L.; Soong, T.T.; Hao, D.S.; Yeh, Y.C. Seismic Behavior and Design Guidelines for Steel Frame Structures with Added

Viscoelastic Dampers; National Center for Earthquake Engineering Research: Buffalo, NY, USA, 1993.
14. Shen, K.L.; Soong, T.T.; Chang, K.C.; Lai, M.L. Seismic behaviour of reinforced concrete frame with added viscoelastic dampers.

Eng. Struct. 1995, 17, 372–380. [CrossRef]
15. Tsai, C.S. Temperature effect of viscoelastic dampers during earthquakes. J. Struct. Eng. 1994, 120, 394–409. [CrossRef]
16. Chang, K.C.; Soong, T.T.; Oh, S.T.; Lai, M.L. Seismic behavior of steel frame with added viscoelastic dampers. J. Struct. Eng. 1995,

121, 1418–1426. [CrossRef]
17. Bergman, D.M.; Hanson, R.D. Viscoelastic mechanical damping devices tested at real earthquake displacements. Earthq. Spectra

1993, 9, 389–417. [CrossRef]
18. De Cazenove, J.; Rade, D.A.; De Lima, A.M.G.; Araújo, C.A. A numerical and experimental investigation on self-heating effects in

viscoelastic dampers. Mech. Syst. Signal Process. 2012, 27, 433–445. [CrossRef]
19. Xu, Z.D.; Ge, T.; Liu, J. Experimental and theoretical study of high-energy dissipation-viscoelastic dampers based on acrylate-

rubber matrix. J. Eng. Mech. 2020, 146, 04020057. [CrossRef]
20. Xu, Z.D.; Wang, D.X.; Shi, C.F. Model, tests and application design for viscoelastic dampers. J. Vib. Control 2011, 17, 1359–1370.

[CrossRef]
21. Xu, Z.D.; Lu, L.H.; Shi, B.Q.; Huang, X.; Zeng, X. Experimental and numerical studies on vertical properties of a new multi-

dimensional earthquake isolation and mitigation device. Shock Vib. 2013, 20, 401–410. [CrossRef]
22. Xu, Z.D.; Gai, P.P.; Zhao, H.Y.; Huang, X.H.; Lu, L.-Y. Experimental and theoretical study on a building structure controlled by

multi-dimensional earthquake isolation and mitigation devices. Nonlinear Dyn. 2017, 89, 723–740. [CrossRef]
23. Xu, Z.D.; Xu, F.H.; Chen, X. Vibration suppression on a platform by using vibration isolation and mitigation devices. Nonlinear

Dyn. 2016, 83, 1341–1353. [CrossRef]
24. Xu, Z.D.; Ge, T.; Miao, A. Experimental and theoretical study on a novel multi-dimensional vibration isolation and mitigation

device for large-scale pipeline structure. Mech. Syst. Signal Process. 2019, 129, 546–567. [CrossRef]
25. Chang, K.C.; Lin, Y.L. Seismic response of full-scale structure with added viscoelastic dampers. J. Struct. Eng. 2004, 130, 600–608.

[CrossRef]
26. Aiken, I.D.; Nims, D.K.; Whittaker, A.S.; Kelly, M.K. Testing of passive energy dissipation systems. Earthq. Spectra 1993, 9, 335–370.

[CrossRef]
27. Min, K.; Kim, J.; Lee, S. Vibration tests of 5-storey steel frame with viscoelastic dampers. Eng. Struct. 2004, 26, 831–839. [CrossRef]
28. Lin, Y.Y. Polymer Viscoelasticity: Basics, Molecular Theories, Experiments and Simulations; World Scientific: Singapore, 2010.

163





actuators

Review

A Review of Piezoelectric Material-Based Structural Control
and Health Monitoring Techniques for Engineering Structures:
Challenges and Opportunities

Abdul Aabid 1,*, Bisma Parveez 2, Md Abdul Raheman 3, Yasser E. Ibrahim 1, Asraar Anjum 4, Meftah Hrairi 4,

Nagma Parveen 5 and Jalal Mohammed Zayan 4

Citation: Aabid, A.; Parveez, B.;

Raheman, M.A.; Ibrahim, Y.E.;

Anjum, A.; Hrairi, M.; Parveen, N.;

Mohammed Zayan, J. A Review of

Piezoelectric Material-Based

Structural Control and Health

Monitoring Techniques for

Engineering Structures: Challenges

and Opportunities. Actuators 2021, 10,

101. https://doi.org/10.3390/

act10050101

Academic Editors: Zhao-Dong Xu,

Siu-Siu Guo and Jinkoo Kim

Received: 5 April 2021

Accepted: 7 May 2021

Published: 10 May 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 Department of Engineering Management, College of Engineering, Prince Sultan University, P.O. Box 66833,
Riyadh 11586, Saudi Arabia; ymansour@psu.edu.sa

2 Department of Manufacturing and Materials Engineering, Faculty of Engineering, International Islamic
University Malaysia, P.O. Box 10, Kuala Lumpur 50728, Malaysia; mirbisma5555@gmail.com

3 Department of Electrical and Electronic Engineering, NMAM Institute of Technology, Nitte, Karkala Taluk,
Udupi 574110, India; mararkeri@nitte.edu.in

4 Department of Mechanical Engineering, Faculty of Engineering, International Islamic University Malaysia,
P.O. Box 10, Kuala Lumpur 50728, Malaysia; asraar.anjum@gmail.com (A.A.); meftah@iium.edu.my (M.H.);
zayan_mohammed@yahoo.co.in (J.M.Z.)

5 Department of Electrical and Computer Engineering, Faculty of Engineering, International Islamic University
Malaysia, P.O. Box 10, Kuala Lumpur 50728, Malaysia; nagmaparveen1192@gmail.com

* Correspondence: aabidhussain.ae@gmail.com or aaabid@psu.edu.sa

Abstract: With the breadth of applications and analysis performed over the last few decades, it
would not be an exaggeration to call piezoelectric materials “the top of the crop” of smart materials.
Piezoelectric materials have emerged as the most researched materials for practical applications
among the numerous smart materials. They owe it to a few main reasons, including low cost, high
bandwidth of service, availability in a variety of formats, and ease of handling and execution. Several
authors have used piezoelectric materials as sensors and actuators to effectively control structural
vibrations, noise, and active control, as well as for structural health monitoring, over the last three
decades. These studies cover a wide range of engineering disciplines, from vast space systems to
aerospace, automotive, civil, and biomedical engineering. Therefore, in this review, a study has been
reported on piezoelectric materials and their advantages in engineering fields with fundamental
modeling and applications. Next, the new approaches and hypotheses suggested by different scholars
are also explored for control/repair methods and the structural health monitoring of engineering
structures. Lastly, the challenges and opportunities has been discussed based on the exhaustive
literature studies for future work. As a result, this review can serve as a guideline for the researchers
who want to use piezoelectric materials for engineering structures.

Keywords: piezoelectric material; vibration control; noise control; active control; damage
structure; SHM

1. Introduction

In the direction of smart material applications in engineering systems, various efforts
were made. These intelligent materials have certain properties that can be desirably altered
by varying stress, temperature, and a magnetic or electric field, which serves as an external
stimulus in a controlled environment. A smart material is mainly divided into two types,
“piezoelectric transducer” and “shape memory alloys”, and these types of materials are
more frequently used in various fields. Piezoelectric material transducers have both sensors
as well as actuator functionality [1]. The piezoelectric materials have become popular over
the last three decades due to their electromechanical effects and versatile applications.
The emphasis has shifted to piezoelectric-based methods due to their implications, which
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include operational cost reductions in preservation as well as an improvement in the
structure’s life cycle. The piezoelectric materials have been utilized for many purposes
in engineering structures. In the event of the initiation of cracks/damages, any type of
structure requires high maintenance of safety or can result in the replacement of the whole
structure, and these damages are mostly due to fatigue/corrosion. Such cases have been
solved by the application of piezoelectric materials [2–10]. Indeed, in the last decade,
piezoelectric materials were utilized for the control/repair of structures such as aerospace,
concretes, and photovoltaic solar panels.

On the other hand, the use of piezoelectric-based structural health monitoring (SHM)
has assisted in the transformation of the industry for various engineering aspects, while
the electromechanical process, a relatively recent non-destructive research tool, has been
studied for more than two decades and there are still a number of issues that must be
resolved before it can be extended to actual structures. The methodology requires the use
of a single piezoelectric for exciting and detecting the host structure and can lead to the
advancement of one of the most efficient SHM systems. Moreover, many researchers are
investigating the electromechanical impedance (EMI) technique for SHM via experimental
and computational standpoints. Structural disruption, sensor/actuator faults, and delami-
nation can all be detected using the EMI technique. The sensor’s self-detection is important
because it can lead to a defective diagnostic, causing the device to malfunction. As a result,
several researchers in the SHM group are focusing on sensor self-diagnosis. Although the
EMI analysis is complicated, it can be carried out by breaking down the structural loss into
actual and theoretical impedance components.

In this review, literature has been carried out based on the control of damaged struc-
tures (vibration, noise, and active), the SHM of engineering structures. The control of
damaged structures using piezoelectric materials is a highly developed research concept in
current industries, particularly in the aerospace industries. The SHM is the most useful
character of piezoelectric material for monitoring any type of structure; hence, there are a
number of studies that have reported on this. The next two sections are about piezoelectric
materials and their modeling. Section 3 expresses the control of structures and Section 4
extracted some of the studies of SHM to cover the piezoelectric applications in recent years.
Section 5 elucidates the challenges and opportunities in this field and is particularly related
to the present review contents. Finally, a conclusion has been constructed based on the
current review work.

2. Piezoelectric Materials

The direct piezoelectric effect is the capability of piezoelectric materials to create an
electric field under the influence of mechanical stress. This property of the piezoelectric
materials is utilized for the generation of electrical energy. The reciprocal of the direct piezo-
electric effect is the inverse piezoelectric effect in which mechanical strain is developed in
response to the electric field. These effects are strongly dependent on the crystal orientation
with respect to the strain or electric field [11–16]. The direct effect makes it possible to use
them as sensors, and the converse effect as actuators (Figure 1). The designed structures
constructed using piezoelectric materials can be bent, expanded, or contracted upon the
application of voltage, and they can be used for sensing and actuating [17] purposes and
for easy control [18]. Piezoelectric patches (or films) are thin ceramic strips that are either
intended to be bonded to the substructure surface or to be inserted within the structure.
The stacks instead are built by piling up multiple piezoelectric layers of alternating polar-
ity [19]. The piezoelectric materials are widely used in valves, micropumps, earphones and
speakers, ultrasonic cleaners, emulsifiers, and sonic transducers.
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Figure 1. Effect of Piezoelectric material [15]. Reprinted under the Creative Commons (CC) License
(CC BY 4.0).

In addition to piezoelectric ceramics, piezoelectric polymers are another group of
piezoelectric materials that have found widespread use. Polyvinyl fluoride (PVDF) is
versatile and light in weight in comparison to piezoelectric ceramics. Because of this,
thin films of any desired form can be drawn into them, giving them an advantage over
piezoceramics in various applications involving complex designs of sensors or actuators.
Besides being versatile and lightweight, however, they have lower electromechanical
coupling compared to piezoelectric ceramics, and the other characteristics that make
the piezoelectric polymers attractive are their low electrical permittivity, low acoustic
impedance, high voltage sensitivity, and relatively lower cost. An updated overview of
the applications of piezoelectric polymers in touch devices, pyroelectric infrared sensors,
property measurement with photopyroelectric spectroscopy, and shock sensors can be
observed in the article by Lang and Muensit [20].

2.1. Piezoelectric–Mechanical Constitutive Equations

In piezoelectric ceramics, nonlinear dielectric, elastic and piezoelectric relationships
were well established in piezoelectric constitution equations as well as Preisach-type mod-
els, which were employed to define the hysteretic path-dependent strain–field relationship
in piezoelectric actuator models [21]. Generally, the relation for the constitutive equation
for piezoelectric materials is written as:

S = cE·T + [d]t·E (1)

D = d·T + εT·E (2)

where T is the constant stress, E is the constant field, C is the stiffness coefficient, D is the
constant electrical displacement, S is the constant strain, εT is the dielectric permittivity, and
d is the piezoelectric constant matrices. The superscript E and t indicate a constant electric
field and charting time, respectively, for the compliance matrix that is evaluated. These
matrix relations are generally used for modeling finite element (FE) analysis. Only some
of the relationships are typically useful for theoretical methods to simplify the problem
further [22].
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2.2. Reduced-Order Modal Equations

Reduced-ordered modal equations from the piezoelectric constitution equation can be
governed for the modal coordination system with the mode of the superposition process. In
addition, the FE nodal displacement vector can transfer the modal coordinate vector with
the used modal matrix system. With this, there is a possibility to express the approximate
relation of generalized nodal displacement vector {d}:

{d} ≈
r

∑
i=1

∅iqi = [∅]{q} (3)

where
[∅] = [∅1, . . . ,∅n ](n < r) (4)

where {q} is the coordinate vector (modal), in which n order is a time-dependent vec-
tor, and n variable represents the variation of the modal in a form of numbers for pre-
served/controlled.

After being introduced, the damping of the feedback control system for a reduced-
order modal equation for a linear de-coupled form is as follows:[

M
]{ ..

q
}
+
[
Cd

]{ .
q
}
+
[
K
]{q} =

{
F
}
+
[
KA

]{ua} (5)

Here,
[
M
]

is the modal mass and it is expressed as
[
M
]
= [∅]T{F}, {ua} is the applied

voltage of piezoelectric actuators (input vector control), and
[
KA

]{ua} = [∅]T{FP}, where[
KA

]
is the stiffness matrix of the modal actuator or control input effect matrix.

Concerning mass, normalize the modal matrix [∅] and a structural damping coefficient
ζi (i = 1, . . . , r ) is assumed; then, the modal system becomes:

{ ..
q
}
+ diag [2ζiωi]

{ .
q
}
+ diag

[
ω2

i ]{q} =
{

F
}
+[KA

]
{ua} (6)

where ωi is the natural frequency and a mode form vector that corresponds to each mode
is ∅i (i = 1, . . . , r ).

2.3. Piezoelectric Material Type-Based Investigation and Issues

Lee et al. [23] prepared specimens of lead meta niobate (LMN) [24] from the commer-
cially available piezoelectric transducer, and these were polled by the manufacturer for use
in the transducers [25]. The damping of structural vibration LMN was employed because
that material tends to stick. It has been observed that the piezoelectric effect is mostly in
the form of artificial piezoelectric material and advantageous features of generating elec-
tricity, and it can effectively repair the crack and can carry out SHM. Mohammad et al. [26]
studied the ceramics containing 1% of SrTiO3 (SPN) with orthorhombic and tetragonal
structures. These ceramics simultaneously exhibited a maximum piezoelectric constant.
Because of their denser and similar composition to stoichiometry, microwave sintered
ceramics showed a higher piezoelectric constant in comparison to traditional sintered ones.
Arian et al. [27] studied their usage in multi-layer ceramic capacitors, lead-based perovskite
materials (MLCCs). There are benefits to these materials over traditional materials such
as barium titanite. Due to the diffuse phase transition, they show a very large dielectric.
The best results were obtained by the stoichiometric lead magnesium niobate (PMN) [28]
with a lower sintering temperature of about 900 ◦C and a relative dielectric constant of
10,000 at room temperature. The piezoelectric properties were defined in the constitutive
equations, assuming that the total strain in the transducer is the sum of the mechanical
strain caused by the mechanical stress and the controllable actuation strain induced by
the electrical voltage applied. A study carried out by Pasquali et al. [29] presented the
nonlinear piezoelectric plate model that was capable of accurately demonstrating the direct
and convergent piezoelectric effect. The starting point of the nonlinear piezoelectric plate
model for full electromechanical coupling may be an empirical expression of electrical
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potential. Some of the issues/requirements in piezoelectric materials that can be considered
an important aspect while using the structures are as follows [30]:

• In comparison to the host structure, the PZT transducer should be non-reactive and
have marginal stiffness and strength. It should also be protected from environmental
factors such as humidity, precipitation, and temperature.

• The frequency spectrum of excitation determines the sensing region of the PZT trans-
ducer. A wider sensing domain is covered by frequencies below 30 kHz. High-
frequency EMI models are only applicable to a small region.

• An arrangement has parts that are weak or essential that need more effort than others.
High-stress fields, corrosive environment areas, and so on, must all be monitored
closely. The length, distance, and thickness of the PZT actuation are all three directions.
As a result, a detailed estimate of the PZT-sensing region must be determined using
these three types of actuations, based on the geometry and material properties of the
host structure.

• In the absence of damages, PZT transducers are effective at measuring the load-
ing on a structure, or vice versa. The study on PZT-based EMI for load applica-
tions is largely limited to 1D structures, but [31] shows some work on 2D, 3D, and
complex structures.

• To track any structure using EMI-based SHM, the current usual practice is to first
acquire a baseline signature. This is then compared to later levels of the structure’s EM
admittance signatures to see if the structure has any flaws. It is very difficult to achieve
the no-damage baseline signature for older current systems, making comparisons
with later stage signatures almost impossible. As a result, any signature obtained from
any structure at any point in time should provide overt or implied knowledge about
the structure.

• As the embedded or surface bonded PZT transducer is excited, the ‘structural re-
sponses’ are extracted and expressed as conductance and susceptibility signatures.
The structural reaction varies with the frequency of excitation. The effectiveness
of any non-parametric index is determined by its ability to detect harm using all
modified peaks.

• Ultrasonic technology, acoustic absorption, magnetic field analysis, global structural
reaction analysis, and visual inspection techniques have also been proven to be use-
ful at identifying damage early on. Regardless of their usefulness, both of these
approaches should be used in conjunction with the EMI technique.

3. Structural Control Using Piezoelectric Material

Control of structures is a study in which the piezoelectric materials have been utilized
for various purposes. Due to the versatile application, the PZT transducer can control
metallic and non-metallic structural components, and this section reviews the piezoelectric
materials as the main object to control structural component’s vibration, noise, and activ-
ity. Furthermore, this section summarizes the methodologies that were used to achieve
the goals.

3.1. Vibration Control

This concept was first presented by [32], proposing the use of piezoelectric transducers
in combination with electrical components, called passive vibration control shunt circuits
and flexible piezo patches [33]. A study was made via experimentally and numerically
for vibration control with a wide range of operating temperatures [34]. The core principle
consists of the transformation of the host structure’s vibrant strain energy into electric
energy. By using the direct piezoelectric effect, routing this energy through the shunt circuit
where it can be partly absorbed was achieved. These are subsequently a superior class
of energy conversion materials with associated mechanical and electrical features; shunt
circuits coupled with such materials play an important role in the performance of wave
propagation and/or vibration control in smart periodic structures [35].
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With low and medium ranges of frequency, information can be collected for a damped
thin plate with piezoelectric patches that are associated with the time-varying RL shunt
circuits. The plate damping was considered in the lower range and five time-varying
shunted patches were used [36]. As a result, the damping factor and frequency were
executed via PZT effects in such a way as to either switch between given values, or sweep
within certain ranges, to control the resonant response of targeted flexural modes of the
plate. Figure 2 shows a smart panel made of a thin rectangular plate of aluminum and
a series of five thin piezoelectric patches polarized in the transverse direction [36]. The
physical and geometrical parameters of the plate and piezoelectric patches are summarized
in [36]. The panel’s dimensions and physical properties were selected to represent a part of
an aircraft skin wall made up of two stringers and two rings, which can be easily modeled
as a supported panel. The patches were chosen so that they would occupy a good part of
the panel and have the same width as the panel. As a result, four patches were bonded on
one side of the panel and the fifth patch was bonded on the opposite side at the panel’s
middle, as seen in Figure 2b. The patches are made of a traditional piezoceramic material
that is isotropic in the x–y plane and therefore can effectively act on the two-dimensional
hosting plate structure. The plate is subjected to a white noise rain-on-the-roof excitation,
which is an idealized excitation made up of a uniform distribution of uncorrelated point
forces that similarly excites the structure’s natural modes. The rain-on-the-roof excitation
has been approximated in this analysis with a 4-4 finite array of forces such that they
are divided around a flexural wavelength at 1400 Hz and hence achieve the even modal
excitation in the entire frequency band considered in the simulations, as seen in Figure 2a.

 
Figure 2. Vibration plate with shunted piezoelectric patches. Reprinted from [36], Copyright 2021,
with permission from Elsevier.

With a parametric actuator and control theory in a distributed form, the active vibra-
tion damper of a cantilever beam was designed. A piezoelectric polymer, polyvinylidene
fluoride (PVDF), was the distributed-parameter actuator and Lyapunov’s second approach
was used for distributed-parameter systems to design a damper control algorithm [37].
Honghao [38] has also conducted an experimental study of the AVC of a piezoelectric
laminated paraboloidal shell by positive position feedback. The piezoelectric active damper
was proposed by Bailey et al. [37] in 1985. The first modal damping ratio of the beam was
increased to 4.5 times with distributed PVDF piezoelectric film layers laminated on one side
of the flexible cantilever, and these PVDF patches were laminated inside and outside the
shell, of which eight were used as sensors and eight as actuators to monitor the vibration of
the first two natural modes. Through the frequency response feature review, Modal VIEW
software [38] obtained lower natural frequencies and vibration modes of the paraboloidal
shell. Hagood and Flotow [39] derived the mechanical impedance for the piezoelectric
part shunted by an arbitrary circuit. It was found that the shunted piezoelectric has a
frequency-dependent stiffness and loss factor that also depends on the shunting circuit.
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An electrical resonance is introduced by shunting with a resistor and inductor, which can
be optimally tuned to structural resonances in a way similar to a mechanical vibration
absorber [39]. In the moving system, it is caught in its high stiffness state to store energy
in actuators. The motion of the device is responsible for obtaining control back from the
actuator, so the actuator is changed to a low state of stiffness, dispersing the energy [40].

It is necessary to know that the actuators for the structural portion of wing vibration
used in aerospace applications are controlled by the actuator. In this case, highly flexible
multi-functional wings with embedded piezoelectric material are used for adaptive vibra-
tion control and energy harvesting, according to recent studies by Natsuki [41]. The use
of an actuator for an unmanned aerial vehicle, combined with a non-destructive health
monitoring system based on vibration, was proposed. The indication was that someplace
excitation and record acquisition occur simultaneously from the piezoelectric transducer
against a truth expansion. This removes the need for roofing training with hundreds of
monitoring sensors, as this concept uses a particular piezoelectric transducer to monitor a
structure. By converging unmanned aerial vehicles, the expected handiwork creates new
fields of inquiry [42]. A Simple-FSDT-based iso-geometric approach with the mathemati-
cal expression for piezoelectric functionally graded plates has been studied on vibration
analysis [43]. Such studies have been found to shape the control of the antenna reflector
to the desired shape—a closed-loop iteration based on the influence coefficient matrix
and FE model [44]. The AVC method was also found in civil infrastructures in which the
review has been made by considering different types of application of civil structures that
have been controlling piezoelectric material [45]. For the case of suspension bridges, an
investigation has been made for the active damping controlled by decentralized integral
force feedback [46] and, similarly, model frame structures, [47] including smart model
frames [48] and loop share buildings [49], are also controlled.

3.2. Noise Control

Controlling noise can be done through the smart piezoelectric transducer in any type
of structural device. This section illustrates the previous work done by the researchers to
control the noise using piezoelectric materials.

Aridogan and Basdogan [50] analyzed existing advanced systems of active vibration
and noise control for plate structures with varying boundary conditions. Numerical
and experimental techniques were reviewed to search various facets of control structural
design. First, according to their designs, they identified the controls, then compared
their vibration and noise reduction efficiency, and at last included recommendations
for further development. Shivashankar and Gopalakrishnan [51] reviewed the use of
piezoelectric materials for active vibration, flow control, and noise to seek analysis to
outline the improvements achieved in both areas by focusing solely on the application of
the piezoelectric material. Gripp and Rade [52] offered a comprehensive literature analysis
of numerous piezoelectric shunt damping techniques industrialized for vibration and noise
reduction in mechanical systems, an evaluation of the fundamental principles, as well as
design procedures and computational simulation of piezoelectric shunt damping variance.
Casadei et al. [53] described simulation and experimental examinations of the operation
of a periodic series of piezoelectric forced RL patches for the reduction of broadband
noise radiated in an enclosed cavity by a flexible layer. Frequency bandgaps described
the reaction of the resultant periodic system where vibrations and related noise were
highly attenuated.

Ang et al. [54] provided an analysis of current practices in various industries, such as
automobile, maritime, aerospace, and defense used for cabin noise control. Nevertheless,
the focus was put on cars and armored vehicles. In general, car cabins typically consist of
thin structural plates, where the simple frequency usually drops below 200 Hz. Booming
noise happens if a certain structural mode couples with a particular acoustic mode of the
cabin. Lai et al. [55] investigated the effects of equivalent series resistance on the noise
mitigation performance of piezoelectric shunt damping, developed an understanding of
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the impact on noise mitigation efficiency of the equivalent series resistance (ESR) of the
piezoelectric damper in a piezoelectric shunt damping (PSD) device and showed that an
improved ESR contributes to a substantial improvement in noise transmissibility due to a
decrease in the mechanical damping of the device.

Salvador et al. [56] presented the possibility to extort such noise in the form of elec-
tricity into renewable energy using a combination of a piezoelectric transducer and a
super-capacitor. A prototype was strategically built and constructed between the streets of
Lerma and Nicanor Reyes usually congested by traffic, situated within the university belt
area in Sampaloc, metro manila, Philippines. Araujo and Madeira [57] obtained an active
control bonded with PZT sensors and actuators to optimal noise reduction solutions in lam-
inated viscoelastic soft-core sandwich plates. An in-house finite element implementation of
the active laminated sandwich plate was used to accomplish the frequency reaction of the
sheets. Using the Rayleigh integral method, the sound propagation features of the panels
were determined by computing their radiated sound power, since the structural/acoustic
problem are loosely coupled. As an actuator and sensor based on a numerical solution
method also called the generalized differential quadrature approach, intelligent control,
and dynamic investigation of a reinforced composite graphene nanoplatelet (GPLRC)
cylindrical shell surrounded by a piezoelectric layer were provided (GDQM). The strains
and stresses were measured using the First-order Shear Deformable Theory (FSDT). The
results showed that the PD controller’s weight fraction, viscoelastic base, slenderness factor,
external voltage, and graphene nanoplatelets (GPLs) have a major impact on the vibration
and amplitude of the GPLRC cylindrical shell [58].

Li et al. [59] discussed several simple instruments and techniques widely used in
various controlled objects for different components of the active control system. For
reducing periodic noise produced in a high magnetic field, such as noise generated by
magnetic resonance (MR) imaging devices (MR noise), an active noise control (ANC)
method was suggested. Optical microphones and piezoelectric loudspeakers were used for
the proposed ANC system, as specialized acoustic equipment was required to address the
high-field issue and consisting of a structure mounted on the head to control noise near the
user’s ear and to recompense piezoelectric loudspeaker’s low performance [60].

3.3. Active Control

The damaged structures, such as cracked and delaminated composite, which are
damaged due to the external load or accident can also be controlled by the piezoelectric
material application. In many cases, composite material is inexpensive and lightweight,
but due to high rigidity, it can crack or delaminate easily as compared to other types of
body kit materials [61], and such type of delamination can be controlled by a PZT actuator.
As an active control, PZT actuators were used over the last two decades, during which
researchers have investigated various subjects, such as the control of buckling, stresses, and
cracks in the structures [62], and the use of the piezoelectric actuator to sense and operate
the structure has been a point of interest [63–69].

The PZT actuators have adequate output in compromised systems. The active electro-
mechanical coupling effect greatly alters the properties of the damaged structure due to its
adjustable mechanical properties [70] for active control in damaged structures in which
Rao et al. [71] investigated an aluminum plate with a central crack for repairing, by using
four equal sizes (40 × 40 mm2) patches made up of piezoelectric material polarized in
the X-direction. The active repair of an aluminum center-cracked plate was carried out to
minimize the stress concentration at the crack tip by bonding four piezoelectric patches to
the host structure. The single-strap adhesive joint system has been analytically modeled
to research the effect of piezoelectric patch surface bonding and stress distribution in the
adhesive layer [72]. Investigation of the delamination control of composite plate with the
PZT actuator by inducing low-speed impact using explicit FE code LS-DYNA was also
carried out [73] in such studies.
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Sohn et al. [74] developed a signal processing technique for composite plates, to
predict delamination. This method, together with an active signal system, was used for the
continuous monitoring of the composite structures under consideration. The parameters
that influenced the delamination size detection were the distance between piezoelectric
patches, actuating frequency, wavelength, and the size of the grids. They proposed a
damage detection algorithm that easily detected the delamination under different boundary
conditions and temperatures [4], to repair delamination to prevent beam fractures. Their
findings showed that the voltage needed in beams to repair delamination depends solely
on the delamination position. A related study was conducted using ANSYS software by
Liu to restore delamination using piezoelectric materials. It has been indicated that the
lower voltage is ideal and economical for safer operations, while the patch length, layer
and thickness are highly influential [75].

The use of piezoelectric patches for repairing the delaminated beam under static
loading conditions was also reported in [76]. The higher voltage suggested for a spring
model to analyze the bonding adhesive effect on the output of piezoelectric patches
(single and multi-layered patches as shown in Figure 3) used as active cantilever beam
repair [6,76]. To decrease the stress intensity factor, the voltage applied to close the crack
was higher [77,78]. Another study was documented by Wu and Wang using FE analysis
during static loading conditions. To eliminate compressive and tensile forces around the
delamination site, they concocted a discrete electrode from piezoelectric actuator patches
to reduce stress singularity around the damaged part [79–84].

(a) (b) 

Figure 3. Piezoelectric patches: (a) single-layer patch and (b) multi-layer patch. Reprinted from [6], Copyright 2021, with
permission from Elsevier.

Furthermore, an example of this type of study has been found by Wang [85], in which
the model with a simply supported beam undergoing axial compression was tested. At the
center of each actuator’s surface, a resistive strain gauge is connected. Each piezoelectric
patch is polarized along the Z-axis as an actuator and applied through its thickness with a
voltage. A cantilevered beam exposed to axial compression was the second design. The
actuator pair positions were set to shift from the clamped end to the free end along the
beam to find the optimum locations.

In recent investigations, Abuzaid et al. [86–91] utilized the piezoelectric actuator
(PIC 151) to control the crack propagation in aluminum rectangular thin plates and they
determined the fracture parameters, such as stress intensity and stress concentration factors.
The ideas developed to produce stress (compression/tension) on the stress distribution
around the hole and along with the width of the damaged plate by the piezoelectric actuator.
The methodologies were adopted via experimental work for an edge-cracked plate [92]
and edge- and center-cracked analytical modeling using the crack-closer method [91] and
weight function method [92] and numerical simulation via ANSYS simulation [92,93]. To
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determine SIF for the center-cracked plate, concentrated on the location of the piezoelectric
patch on a cracked plate with respect to the dimension by changing the patch location
and thickness of adhesive layers. For the same reason, piezoelectric actuators additionally
attached a composite patch for the repair of the cracked plate with the determination of
SIF [94] and SCF [95].

4. Structural Health Monitoring

Generally, SHM used in wide applications with its advanced technologies and a
number of research studies has been reported in the literature over the last two decades.
For the sake of piezoelectric material application, this review has reported with some
fundamentals/methodologies/overview used to perform SHM on a damaged structure and
its enhancement. The enhancement of orthotropic and isotropic material for piezoelectric
transducers can improve its properties significantly. The structural strength and stiffness
of the material together make it a high-performance material. Delamination in composite
structures plays a key role in reducing structural strength and rigidity, subsequently
reducing device integrity and reliability so that the lamb-wave technique can be efficiently
produced using piezoelectric transducers embedded within a composite plate for health
monitoring [96]. The SHM is an innovative technique built from non-destructive testing
(NDT), blends sophisticated sensor technologies with intellectual algorithms to cross-
examine systemic health conditions [63]. Statistical model creation is concerned with the
implementation of algorithms that use the extracted features to measure the extent of
the damaged structure. These algorithms can be classified into two classes, as shown in
Figure 4. To improve the damage detection process, all of these algorithms test statistical
distributions of the measured or derived features. A broader and more comprehensive
discussion can be found in [97,98], which are two fundamental texts for all people working
on SHM. Moreover, supervised learning strategy for classification and regression tasks
applied to aeronautical SHM problems was discussed in detail by Miorelli et al. [99].

Statistical Model Algorithm-classification of SHM systems

Supervised Learning Algorithms-
damage and undamaged structure 

data available

Control 
chart 

analysis

Outliner 
detection

Neural 
Networks

Unsupervised Learning Algorithms-undamaged structure 
data available

Response 
surface 
analysis

Fisher’s 
discriminant

Neural 
networks

Generic 
algorithm

Support 
vector 

machines

Figure 4. Algorithms classification for Statistical Model Development for SHM.

4.1. Aerospace Structures

For the identification of minor emerging vulnerabilities in engineering systems, several
researchers are focusing on SHM techniques based on guided wave propagation. Low-
velocity impacts on structures may cause these defects, which are often not apparent to the
naked eye [100,101]. Instead of using traditional non-destructive methods, guided wave
propagation techniques for SHM are often used in the aerospace industry [102]. Continu-
ous SHM for aerospace systems during service is a difficult but promising technique [103].
As a result, several researchers are developing these techniques for the continuous SHM
of aerospace systems when they are in use [30,104,105]. Because of the environmental
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consequences, sophisticated SHM methods are very difficult to adopt even in ideal circum-
stances [106].

Because of its ability to detect very small losses, guided waves are the most active
area of study in SHM for aerospace, as demanded by the aircraft industry. The definition is
straightforward, as seen in Figure 5: A PZT bonded/embedded into the structure emits
a short ultrasonic pulse (the frequency used is a few hundred kHz) that propagates as
an elastic wave through the plate and is absorbed by other PZTs, though warped. The
signals received are saved and compared to signals received later in the structure’s lifespan.
Any new signal distortion must be the result of a structural change in the emitter–receiver
PZT direction. In flat laminates, the idea works well, and minor delamination’s produced
by an effect can be observed and even found. The method also fits well for cylindrical
tubing [107]. As the concept is applied to specific systems with boundaries, stiffeners,
and thickness adjustments, the complexities increase. Elastic waves behave like all other
waves, with reflection and refraction happening at either interface, complicating the signals
obtained [108]. Furthermore, variations in thickness encourage mode switching, and
all modes are dispersive, moving at varying speeds. As a result, signal processing and
measurement were much more challenging. The obtained signals are often distorted by
temperature and operating loads [109]. Modeling wave propagation and association with
defects with structures with increasing geometrical complexity, such as stiffened structures,
is currently a major focus [110].

 
Figure 5. Damage detection alternatives with fiber optic sensors [99]. Reprinted under the Creative Commons (CC) License
(CC BY 4.0).

While extensive SHM advancement has been accomplished, a great deal of work is
still needed for more practical applications of SHM in composite materials [111]. Through
a down-select procedure based on the control and health monitoring of structural de-
sign for the space vehicle, the tested SHM sensors and their sensing techniques were
chosen [112]. To design online SHM systems for aerospace vehicles or aircraft, an extended
fluid–structure interaction was proposed. It is a strongly coupled version of a standard FSI
problem with a wave propagation problem coupled, in which the wave propagation prob-
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lem is posed on the moving mesh which is automatically adopted from the FSI problem at
each time stage [112].

For the damage/delamination studies, to identify skin/stiffener debonding and de-
lamination cracks suitable for laminated composite structures, the SHM method was
proposed [7]. An improvement of the SHM methods, the lamb-wave techniques for quasi-
isotropic graphite/epoxy thin patches and sandwich beams containing representative
damage modes, transverse ply cracks, delamination, and through-holes were studied. The
detection of damage by measuring transmitted waves with piezoceramic sensors was
experimentally optimized and given a technique capable of simple and precise determina-
tion [113], and it is recognized that piezoelectric materials constitute both the electrical and
mechanical properties and are used in the field of SHM engineering [114]. Moreover, piezo
composite [115] patches were applied to detect the defects using lamb-wave focusing [116].
At the time of design, the piezoelectric sensor was embedded and demonstrated in the
structure and the bonded patch served as sensors for both the global dynamic technique
and the EMI technique [117]. Assessments of SHM for fatigue cracks in metallic structures
were made by using lamb waves guided by piezoelectric transducers [118]. The piezo
ceramic transducer-based electromechanical impedance technique (EMI) and the digital
image correlation (DIC) method that uses structural surface adjustments with monitoring
were experientially studied [119]. The consignment of tiredness generally exacerbated the
fissure if there were any defects in the structure. The adjacent active electrode multiple-
crack monitors triggered numerous airplane defects that were caused by EMI output and
the DIC system in the specimens over the weakness test [119]. Although the EMI analy-
sis is complicated, it can be carried out by breaking down the structural loss into actual
and theoretical impedance components. Figure 6 depicts the ultimate process for SHM
depending on impedance.

Figure 6. SHM of the cracked structure by impedance analyzer.

Sensor amplifiers and data acquisition units make up passive diagnostic hardware.
Through a sensor network, the impact monitoring system collects stress wave signals
produced by impact loads [120]. Figure 7 illustrates the process of the impact monitoring
of aircraft structures.
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Figure 7. Impact monitoring of aircraft structures [120]. Reprinted under the Creative Commons
(CC) License (CC BY 4.0).

Richard et al. [121] examined, by the analytical method, the vibrations of the piezo-
electric composite plate through cylindrical bending and experimentally established the
various vibrations for the bolted composite plate based on the SHM technique. This novel
SHM approach combines vibration-based thermography with the idea of local defect res-
onance to create a novel SHM method. The use of hard shakers to apply high excitation
and infrared cameras to observe thermal responses are also major challenges for face layer
debonding detection in aerospace sandwich structures [122]. For an aircraft skin health
monitoring system, a piezoelectric sensor network with shared signal transmission wires
was proposed with multiple PZT using the design principle method [123]. On such cases,
the PZT sensor network, which uses mutual signal communication cables, must be wired
longitudinally and transversely, which is difficult for some real-world aircraft structures
with several frames and ribs. Some suggestions has been made and reviewed based on the
piezoelectric sensors for aerospace structures for SHM [124].

As an overview of this section based on the above studies using the SHM approach,
some conclusions can be derived. For the case of composite materials, this method was
found to be very useful to detect delamination, cracks, and minor damages. With the SHM
technique, it is possible to improve the mechanical and electrical properties of intact and
damaged materials. Hence, using piezoelectric transduces for SHM techniques will be
an innovative concept in engineering research fields such as aerospace structures. The
example is shown in Figure 8. By improving the material’s properties, and particularly the
material’s toughness, the slope of the curve is decreased and the durability of the structure
is increased [125].
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Figure 8. Maintenance strategies with/without SHM [125]. Reprinted under the Creative Commons
(CC) License (CC BY 4.0).

In critical view, a piezoelectric wafer active sensor has been used to monitor the onset
and progress of structural damage, such as fatigue cracks and corrosion, on current ageing
aircraft structures. The state of the art in active SHM sensors and detection of damage
was reviewed by the researchers [126]. In general, the efficiency of the piezoelectric sensor
is the most versatile and low-cost sensor. For global and local-level damage and cracks,
piezoelectric patches have been used as a sensor and they explored the possibility of
an embedded piezoelectric sensor. As multi-purpose sensors for research, piezoelectric
patches were also used, using various methods such as modal analysis, acoustic emission,
lamb-wave, and strain-based methods simultaneously by adjusting driving frequencies
and sampling rates [127]. There are relatively fewer sensors in the piezoelectric material
and are therefore suitable for engineering applications such as aerospace, automotive, and
civil structural health monitoring [128].

4.2. Concrete Structures

Due to the advancement of piezoelectric material, it has been used for civil concrete
structures to detect and repair damages. Hence, this section reviewed the works related to
civil engineering structures.

SHM field monitoring, which uses embedded sensors or real field testing to track the
condition of existing or new civil engineering infrastructure, is an emerging technology.
The use of SHM as a critical component of infrastructure design will be critical in the
construction of the next generation of smart civil engineering structures. Intelligent sensing
systems have four key components: (i) sensors and actuators that collect information and
operate in a target environment; (ii) a network infrastructure for data and control signal
transmission; (iii) data processing and visualization systems; and (iv) basic analysis and
decision-making applications.

The presented model deals with the bonding layer as a mass-spring damping mech-
anism between the piezoelectric patch and the substrate structure in the corresponding
electromechanical analysis. The effect of the bonding layer was therefore considered on the
dynamic interaction between the piezoelectric sensor drive and the main structure [129].
The piezoceramic transducer was developed in the contemporary past as an anti-intelligent
material commonly used in electromechanical impedance (EMI) and guided ultrasonic
wave broadcast techniques. A piezoelectric transducer interrelates with the horde construc-
tion in the EMI technique to study exclusive health marks as an inverse action of structural
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impedance in the incidence of the sensitive region on the application of the high-frequency
structural load [30].

Effective monitoring of rock components in civilian infrastructures such as tunnels
and caves remains challenging. Yang et al. [130] introduced the use of smart fiber-optic
and PZT impedance sensors for integrated rock condition monitoring, load profile monitor-
ing/detection, and damage assessment. Rock samples were loaded periodically, and their
condition was constantly monitored by fiber-optic and piezoelectric sensors. The surface
of a fiber optic sensor was based on a multi-fiber Bragg grating sensor in combination
with rock samples. The strain sensitivity was compared to that of a conventional electrical
strain gauge. The EMI technique of the piezoelectric transducer, consisting of real and
virtual parts, served as an indicator for predicting the state/integrity of the host structure.
In practice, however, components such as panels, beams, and columns were constantly
subjected to external loads. Experimental and statistical studies showing the impact of
exposure to valid electronic results were studied [131]. Moreover, it was noted that an
acceptance indicator was better than a conductivity indicator for locating pressure in situ
in the main structure. This observation was further confirmed by statistical analysis.

Experiments were performed to examine the complex tribulations in the EMI tech-
nique’s real-life implementations, seeking to moderate the space between suspicion and
application. Experimental studies showed that the bonding thickness is expected to be
much thinner than one-third of the scrap to duck any negative realization induced by
the reminiscence of the piezoelectric direction on the permission signatures restoring the
structural actions of the horde. In order to be thoroughly connected to the thickness of
bonding, the hotness on the access signatures was created, as an intensification of hotness
would ease the tautness of the bonding sheet, resulting in disturbing strain transfer [132].
The structural mechanical impedance extracted from the incoming piezoelectric electro-
magnetic signal is used as an error indicator. A comparative study of the sensitivity of the
transmission of electromagnetic waves to damage concrete structures and the mechanical
resistance of the structure was carried out. The results show that structural mechanical
impedance is more susceptible to damage than EM, which is a better indicator of damage
detection. Genetic algorithms were used in dynamic systems to find optimal values for
unknown parameters. The experiments were carried out on a two-story concrete frame,
subject to basic vibrations that simulate an earthquake. Several piezoelectric sensors were
regularly assembled and connected to the frame structure to obtain the PZT-EM approval
method. The relationship between noise and the disturbance distance of a PZT sensor was
examined to cover the sensitivity and sensitive areas of the PZT sensor [133].

Xio and Jiang [134] proposed a method for detecting shear bolt failure in reinforced
concrete composite beams based on EMI measurements of PZT ceramic sensors. Several
piezoelectric patches were superficially attached to the top flange of a steel beam and
concrete slab, and their EMI was measured with an impedance analyzer before and after
loosening the connecting screws. Based on the impedance measurement, the impedance
spectrum was estimated and compared for the presence of interconnecting volts using
several general error statistics including standard deviation, absolute percent deviation,
and correlation coefficient deviation. Five kinds of scratch requirements were considered
to examine the impedance ethics at sundry frequency bands. Reliable regulations are
originating by control and analysis. Equally, the core median pays off deviation and the
correlation coefficient deviation smash up indices are adapted for detecting the structural
damage. The mathematical and experimental studies verify that the EI structure can ac-
curately detect changes in the quantity of break-in armored definite slabs. The smash up
alphabetical listing changes evenly with the vastness of costs to the sensor [135]. Piezo-
electric transducers in the structure of smart aggregates are embedded into the specimen
during casting. Piezoceramic equipment can be as old as actuators to breed peak frequency
vibrating waves, which promulgate in physical structures; meanwhile, they tin beside old
sensors to reveal the waves [136].
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Load-induced structural stress/compression stress and stress-induced injury were
tested qualitatively by evaluating and contrasting the electromechanical input technique
typescript with that of the non-stressed piezoelectric transducer. Quantification assessment
of stress and harm through algebraic source shabby pay deviation indicator was also pre-
sented [137]. For damage detection of a 6.1 m extensive non-breakable physical attachment
bent cap, piezoceramic transducers are used. At pre-determined spatial locations before
casting, piezoceramic transducers are embedded in some designs. This delves into being
able to be cautious as a prior work persistence, wherever four piezo ceramic transducers
were embedded near one point of the bent cap in planar locations. This involves ten
piezo ceramic patches in four separate cross-sections embedded at spatial locations for the
investigation [138].

Talakokula et al. [139] studied the effects from a series of accelerated oxidation tests
performed on rebars embedded in separate cubes in which measurements were ready to
float up bonded on rebars using the electromechanical impedance technique via piezo
ceramic patches. The comparable structural parameters derived from the entry signatures
of the PZT information were measured against the deterioration objective based on which
a new representation of the oxidation assessment was proposed. The experimental fallout
suggested that in the practical detection and quantification of the decomposition, equal
parameters were efficient. To continue its trend, realistic studies associated with the EMI
method for the past decade have been reviewed. New ideas and dreams planned by a
variety of writers were also discussed, and the tabloid ended with a discussion of the
promising guidelines for imminent works [140]. In the next study, the PZT sensor was
placed near the crack on the concrete sample surface, from which the impedance and
admission were decided by a connected impedance analyzer to determine the structural
conditions [141]. The wireless smart aggregate SHM device configuration and signal flow
are depicted in Figure 9. A detected reinforced concrete (RC) structure, a signal excitation
module, a signal data acquisition module, a wireless communication module, and a power
module make up the established device. The smart aggregates are pre-embedded in the
RC structure that was observed, and the detailed study can be found in [142].

Figure 9. System setup and signal flow of the SHM system [142]. Reprinted under the Creative
Commons (CC) License (CC BY 4.0).
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4.3. Practical Issues

Numerous experiments have been conducted in this field since the advent of the
EMI methodology, with many reporting positive findings. However, the majority of the
experiments were conducted in laboratories or were mostly theoretical, raising concerns
about their potential in real-world applications, especially in harsh environments [140].
While damage to the structure alters the impedance signature, other variables such as tem-
perature and the reliability of PZT transducers may also alter the signature. Sun et al. [143]
used the EMI technique in a temperature-varying environment and found that raising the
temperature softened the total stiffness of the host system, shifting the resonance frequency
spectrum and changing the peak amplitudes. By horizontally rotating the signature, the
authors used cross-correlation to eliminate signature variance due to temperature change.
Park et al. [144] observed that the actual part of impedance signatures could be preferable
to the imaginary part since the real part of the free PZT patch’s signature shifted just
slightly with temperature fluctuations. Besides, the authors proposed another technique
for compensating for signature variations caused by temperature changes; several other
researchers have also looked into this subject.

Grisso and Inman [145] suggested using a frame structure to perform experiments
under different temperatures to separate the temperature variance effect from sensor
defects. The researchers discovered that the estimated susceptance slope had a linear
relationship with temperature changes. Wandowski et al. [146] evaluated the suggested
temperature correction algorithm using carbon-fiber-reinforced polymer samples. The
two-step algorithm works by shifting the signature first in the horizontal direction using
cross-correlation, then in the vertical direction using signal normalization with root mean
square values. Although many techniques for compensating for the temperature effect
of the EMI technique have been proposed, completely compensating for this effect is
extremely difficult. Some peaks can change or increase/decrease in amplitude more than
others, making impedance signature variations unpredictable [147].

5. Challenges and Opportunities

The critical analysis and discussion of the previous selected studies of this review have
been categorized into SHM and control of structures. However, over the last two decades,
there have been several studies reported based on the use of piezoelectric materials in
engineering structures, and the challenges and opportunities of the review have been
illustrated from recent studies.

In order to tackle real-life field implementations, a lot of work is being put into
studying these deployment problems in SHM techniques. For more than two decades, the
EMI technique has been used, and based on recent studies, numerous problems must be
resolved before it is practical to structures. The technique, which likely played a part in the
formation of a large amount of force in SHM systems, involves the wear and tear of a unique
piezoelectric for sensing and exciting the mass structure. The study presents a modified
model of the EMI of piezoelectric drives from many researchers. The presented model
deals with the bonding layer between the piezoelectric patch and the familiar structure as
a mass-spring damping system in the corresponding electromechanical analysis. In the
contemporary past, the piezoceramic transducer has emerged as a useful smart material,
which is generally employed in EMI and guided ultrasonic wave broadcast techniques. In
the EMI technique, a piezoelectric transducer interrelates with the horde construction for
findings in exclusive health signature, as an inverse behavior of structural impedance and
at what time it is exposed to high-frequency structural excitations in the occurrence of the
sensitive field. Effective tracking of rock components in civilian infrastructures such as
caves and tunnels remains challenging.

SHM-based electromechanical impedance damage detection is rapidly evolving in
structural design. In the electromagnetic impedance method, a piezoceramic transducer is
mounted on the surface of the main structure to operate electrically. The EM technique of
the piezoelectric transducer consists of real and virtual parts, serving as an indicator for
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predicting the state/integrity of the host structure. In practice, however, components such
as panels, beams, and columns are constantly subjected to external loads. The EM approval
mark obtained for permanently loaded structures is different from that acquired in the
event of structural damage. In a new era in the subject of SHM focused on non-destructive
assessment, the beginning of smart tools such as the piezo-impedance transducer and
optical fiber has begun. Thus, the research on the EMI potential using a piezo-impedance
transducer is often laboratory based and largely theoretical. The technique’s real-life
attention, especially in harsh environments, has typically been challenged. The repeatability
of electrical input signatures obtained from the floating piezoelectric patches bonded to
aluminum structures was initiated to be brilliant for up to one and a half years. The EMI
based on piezoelectric ceramics for SHM has been successfully applied in a variety of
technical systems. However, a basic study of the sensitivity of piezoelectric impedance
sensors to fault detection is still needed. Traditional EMI methodology uses the EM
tolerance of the piezoelectric (as opposed to impedance) as a failure indicator, making it
difficult to determine the impact of damage on structural properties. The following are
some open research areas for SHM for engineering structures and applications that may
need focus.

• It is difficult to install the piezoelectric to the host structures and generate a high-
frequency range; therefore, the piezoelectric is packaged in a way that makes installa-
tion easier [148].

• Modern civil infrastructure projects were designed to provide specialized functionality
for multi-purpose applications in extreme weather situations, including earthquakes,
hurricanes, and typhoons. These dynamic structural structures raise significant ques-
tions about their stability. Integrating a network of smart and embeddable sensors
into civil infrastructure systems with local artificial intelligence (AI)/machine learning
(ML) data-processing platforms is a promising solution to this problem, allowing
next-generation smart, civil infrastructure systems to be installed on the skeleton of
conventional systems [149].

• The lack of a computational platform on which to develop new techniques for realizing
massively distributed smart sensors is one of the crucial issues listed in [150] and the
possible development of the next generation of SHM systems.

• Although they have been the focus of intense study for many decades, computa-
tional approximation and simulation of fluid–structure interactions remain an undeni-
ably difficult topic with many unsolved problems and concerns, and the “arbitrary
Lagrangian-Eulerian” method is a standard framework for solving fluid–structure
interaction problems, as we emphasize [112].

• SHM can be used to measure civil industries that are live loads on bridge systems as
well as environmental loads and to spot any significant differences from the values
assumed in bridge-building codes. Given raising questions about climate change and
its possible effect on the stability and serviceability of concrete bridge systems due to
increased wind loads, floods, thermal gradients, freeze–thaw cycles, deicing salt use,
and other factors, this is becoming an important topic [151].

Strong suit monitoring is critical in the first part of the age of structures to deter-
mine the skill of the structures for operation. Strong point monitoring techniques based
on piezoelectric avails an innovative experimental approach including performing ma-
terial health monitoring at primitive ages. The piezoceramic transducer has emerged as
a new tool for the health monitoring of large-scale structures expected to benefit from
their low cost, work sensing, clever response, simplicity for implementation, and avail-
ability, not the same shapes and simplicity. As far as piezoelectric materials are concerned,
Figure 10 provides the figures and the timeline for different fields of use. Figure 10 concen-
trates on the use of materials and the hope is that this number will keep growing in the near
future within engineering structures. This expectation is due to fact that these materials
have already built a reputation, and because of their advancement and growth, which
were previously stumbling blocks for conventional approaches, they have encouraged new
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possibilities in resolving various engineering issues. The existing literature provides a clear
picture of the progressive production of piezoelectric actuators in these fields in the areas of
SHM. The study of effective repair, on the other hand, is still in its infancy. One important
thing to be noted is that piezoelectric-based MFC actuators can be preferred over ceramic-
based materials due to their high impact resistance and flexibility. The development of
piezoelectric materials creates new possibilities for the repair and control of active damage
techniques. Active control is a very challenging task, in both technological and design
aspects. The implementation of research software to explain the repair process would
be important.

Figure 10. Trends in piezoelectric research.

Most of the previous works related to dynamic reactions of piezoelectric coupled
systems with open-circuit electrical boundary conditions were performed using FE simula-
tions. All previous repair techniques have been extended to thin beams and plate systems.
There is no mathematical or theoretical model for the structural repair of piezoelectric
materials that provides an active feedback control mechanism for multiple damages to
various structures. The composite laminates were used in many structural applications,
involving active repair and control by specific requirements. The stress concentration at
the adhesive joints can be controlled by using the piezoelectric actuator and the induced
surface moment. The value of the fracture tolerance of essential damage systems and their
components needs further study and the creation of innovative design solutions, according
to the researchers. They say the crack tip strain is exceeding infinity at the tip of the crack,
so the previous solution is more realistic. Table 1 shows a summary of previous work with
limitations and opportunities based on structural control/repair.
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Table 1. Summary of previous work based on the structural control/repair.

Type of Structure Technique Adopted
Number of

Piezoelectric
Focused Parameters Remark Reference

Simply supported
and cantilever
beam

Multi-domain
boundary integral
formulation and
spring model

2 (single and
multi-layered)

Displacements, electric
potential, and friction
coefficient

Friction contact does
not affect the repairing
mechanism

[78]

Graphite/epoxy
plate

wavelet-based signal
processing 16 Piezoelectric patches

and delamination size
Simple and needs
minimum interaction [74]

Cantilever and
simply supported
beam

Euler–Bernoulli
beam theory and
numerical
simulation

2
Delamination
locations, shear stress,
and voltage

Piezoelectric materials
are capable of repair of
delaminated beam

[4]

Cantilever model FE analysis using
ANSYS

2 (single and
multi-layered)

Crack location and
length, repair voltage,
patch thickness, and
length

FEM analysis allows a
detailed
understanding of
active repairs as well

[75]

Beam FEM analysis using
ABAQUS 2 (top and bottom) Repair voltage, repair

index,

The repair index
depends upon the
delamination location

[76]

Cantilever beam

Multi-domain
boundary integral
formulation and
spring model

2 (single and
multi-layered)

Shear stress, peal
stress, crack
displacement

The piezoelectric patch
actuation capacity
decreases due to shear
stress transfer at the
interface of structure
and crack

[6]

Composite (drop
ply) and cantilever
beam

Springle model and
multi-domain
boundary integral
formulation

2 (single and
multi-layered)

Total ERR distribution,
normal and tangential
crack surface
displacements

The optimal position
for the patch is on the
top of the skin, which
eliminates crack
opening.

[77]

Rectangular plate Stiffness ratio and
induce strain

2 (top/bottom)2
(left/right) around
a circular hole

Reduction of stress
concentration factor SIF [62]

Aluminum alloy
2024-T3 and
7075-T6 plate

J-integral using the
FE method

1 composite patch
(carbon/epoxy) Crack propagation

Parametric study and
SIF with
experimentation give
more ideas

[152]

Aluminum
2024-T3 plate

Von-mises stress,
J-integral using FE
analysis

1 compsite patch
(boron/epoxy) Fatigue life SIF [153]

GH2036 superalloy
(novel model)

low and high cycle
fatigue loading No patch crack closure and

behavior of growth

Reproduce with
bonded composite
patches and
piezoelectric actuators

[154]

Aluminum plate
Step heating
thermography with
FE modeling

1 (Composite
patch)

delamination and
disbond) with thermal
heat transfer

SIF [155]

6. Conclusions

Based on the present investigations, some conclusions have been made:

• The procedure of control and repair used to preserve the structural integrity of dam-
aged components is distinctive. It is established on the converse piezoelectric effect, in
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which the local moment and force induced in the piezoelectric materials by an applied
electric field would make it easier for the structure to prevent the development of
high stress and strain levels because of external load and thus lessens the criticality of
the damage.

• Structural health monitoring is also proving highly significant in avoiding the prema-
ture collapse of structures based on aerospace and civil industries such as offshore
platforms, houses, bridges, and underground structures.

In this review, guidelines for scientists attempting to apply piezoelectric actuators/
sensors in engineering structures are introduced. These guidelines include descriptions,
findings, and analysis of the critical literature of piezoelectric material applications. A brief
idea of the research areas of piezoelectric material can be presented in the classification.
Furthermore, researchers may give transparent views and indices for their research areas
through the challenges and opportunities. In short, these guidelines can help researchers
to develop new ideas, particularly in the early stages of this research field.
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