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Quantum technology can break through the bottleneck of traditional information
technology by ensuring information security, speeding up computation, improving mea-
surement accuracy, and providing revolutionary solutions to some issues of economic
and social development. The theory of quantum information and computation provides
guarantee on the development of quantum technology. This Special Issue is intended
to investigate some basic features and applications of quantum information, including
but not limited to complementarity, quantum algorithms, quantum coherence, quantum
correlations, quantum measurement, quantum metrology, quantum uncertainties, and
quantum information processing.

The works in this Special Issue can be divided into two categories: basic theory of
quantum information, and quantum information processing and algorithm designs. We
start with the former.

A quantum channel usually changes the quantum features of the system, such as
causing decoherence of quantum states and destroying quantum correlations. Charac-
terizing quantum channels from the information perspective has yielded fruitful results.
In [1], Song and Li propose a framework to qualitatively and quantitatively characterize
quantum channels from the perspective of the amount of quantumness in ensembles that a
quantum channel can induce. They investigate the dynamics of quantumness in ensembles
and propose quantumness power and dequantumness power to characterize quantum
channels. If a channel reduces the quantumness for all the ensembles at all times, it is a
completely dequantumness channel. The relationship with Markovian channels is also
studied through several examples. The work illustrates new properties of quantum chan-
nels from the perspective of the information flow in terms of quantumness brought by the
interaction between the system and environment. The results can be directly generalized to
arbitrary dimensions and other measures of quantumness.

Quantum verification has been highlighted as a significant challenge on the road to
scalable technology. In addition to the tomography of a quantum state, self-testing is a
device-independent approach to verifying that the previously unknown quantum system
state and uncharacterized measurement operators are, to some degree, close to the target
state and measurements (up to local isometries) based only on the observed statistics,
without assuming the dimension of the quantum system. Previous studies focused on
bipartite states and some multipartite states, including all symmetric states, but only in
the case of three qubits. Bao et al. [2] give a criterion for the self-testing of a four-qubit
symmetric state with a special structure and provide a robustness analysis based on vector
norm inequalities. Bao et al. also generalize the idea to a family of parameterized four-qubit
symmetric states through projections onto two subsystems.

The Belavkin-Staszewski (BS) relative entropy is an enticing and crucial entropy used
to process quantum information tasks, which can be used to describe the effects of possible
noncommutativity of the quantum states (the quantum relative entropy does not work
well for this case). Katariya and Wilde employed the BS relative entropy to study quantum
channel estimation and discrimination. Bluhm and Capel contributed a strengthened
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data processing inequality for BS relative entropy. This property was first established by
Hiai and Petz. Bluhm et al. presented some results on weak quasi-factorization for BS
relative entropy. Fang and Fawzi studied quantum channel capacities with respect to the
geometric Rényi relative entropy. In [3], Zhai et al. define two new conditional entropy
terms and four new mutual information terms by replacing quantum relative entropy
with BS relative entropy. Some basic properties of the newly introduced entropies are
investigated, especially in classical-quantum settings. In particular, the authors of [3] show
the weak concavity of the BS conditional entropy and obtain the chain rule for the BS
mutual information. Finally, the subadditivity of the BS relative entropy is established;
i.e., the BS relative entropy of a joint system is less than the sum of its corresponding
subsystems with the help of some multiplicative and additive factors. Meanwhile, a certain
subadditivity of the geometric Rényi relative entropy is also provided.

One of the fundamental phenomena in quantum physics is the impossibility of simul-
taneous realization of two quantum operations. The Heisenberg uncertainty principle and
the no-cloning theorem are two famous incarnations for such phenomena. Generally, two
(or more) quantum operations, such as measurements, channels, or instruments, are called
compatible if they can be seen as the marginals of a common operation. Otherwise, they
are called incompatible. The concept of incompatibility of quantum channels has been
proposed in terms of the input—output devices. In [4], Zhang and Nechita present a new
incompatibility criterion for quantum channels based on the notion of (quantum) Fisher
information. The power of this incompatibility criterion is further discussed in different
scenarios. The authors of [4] present the analytical conditions for the incompatibility of
two Schur channels. They also investigate the incompatibility structure of a tuple of de-
polarizing channels by comparing the newly introduced criterion with the known results
from asymmetric quantum cloning.

As an important resource in many quantum information tasks, quantum coherence is
a feature of quantum systems rooted in the superposition principle. Since the coherence
of quantum states depends on the choice of the reference basis, it is natural to study the
relationship among the coherence with respect to different bases. Wang et al. [5] study
quantum incoherence based simultaneously on k bases. They firstly define a correlation
function m(e,f) of two orthonormal bases e and f, by which the relationships between sets
I(e) and I(f) of incoherent states are investigated. They show that I(e) = I(f) if and only if the
rank-one projective measurements generated by e and f are identical. They also provide a
necessary and sufficient condition for the intersection I(e)NI(f) to include a state except the
maximally mixed state. In particular, if two bases e and f are mutually unbiased, then the
intersection has only the maximally mixed state. The authors then introduce the concepts
of strong incoherence and weak coherence of a quantum state with respect to a set B of k
bases and propose a measure for the weak coherence. They prove that in two-qubit systems
there exists a maximally coherent state with respect to B for k = 2 but not for k = 3.

Entanglement is a quintessential manifestation of quantum mechanics and is often
considered to be a useful resource for tasks such as quantum teleportation or quantum
cryptography. Genuine multipartite entanglement is an important type of entanglement
that offers significant advantages in quantum tasks compared to bipartite entanglement.
The distribution of entanglement is believed to be monogamous, i.e., a quantum system
entangled with another system limits its entanglement with the remaining others. There are
two methods used in this research. The first one is to analyze monogamy relations based
on bipartite entanglement measure, and the second one is based on multipartite entangle-
ment measure. In [6], Guo explores the complete monogamy of a genuine multipartite
entanglement measure (GMEM). Guo firstly studies the framework for unified /complete
GMEM according to the unified /complete multipartite entanglement measure. He finds a
way of inducing unified/complete GMEM from any given unified /complete multipartite
entanglement measure. It is shown that any unified GMEM is completely monogamous,
and any complete GMEM that is induced by the given complete multipartite entanglement
measure is completely monogamous. In addition, the previous GMEMs are checked under
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this framework. It turns out that the genuinely multipartite concurrence is not a good
candidate for GMEM.

Entanglement detection is a basic problem in quantum theory. A powerful tool is the
so-called positive partial transpose (PPT) criterion, proposed by Peres. PPT condition is
not only necessary but also sufficient for the separability of qubit-qubit, qubit-qutrit, or
qutrit-qubit systems. Rana shows that all eigenvalues of any partially transposed bipartite
state fall within the closed interval [-1/2, 1]. In [7], Duan et al. study a family of bipartite
quantum states for which the minimal eigenvalues of the partially transposed states are
—1/2. For a two-qubit system, the authors of [7] find that the minimal eigenvalue of its
partially transposed state is —1/2 if and only if the two-qubit state is maximally entangled.
They also show that this result does not hold in general for two-qubit systems when the
dimensions of the underlying space are larger than two.

The second category of the works in this Special Issue focuses on quantum information
processing and algorithm designs.

Since the multi-locality in quantum networks features several independent sources
under joint measurements, one can obtain stronger correlations throughout the whole
network. Such networks were first observed in a bi-local network. Since then the nonlocality
of various quantum networks has been explored, including chain-shaped networks, star-
shaped networks, triangle networks, and tree-tensor networks. In [8], Yang et al. consider
the nonlocality of any forked tree-shaped networks, where each node shares an arbitrary
number of bipartite sources with other nodes in the next “layer”. Yang et al. derive Bell-type
inequalities for such quantum networks in terms of all (¢, — 1)-local correlations and all
local correlations, where t,, denotes the total number of nodes in the network. The authors
of [8] also derive the maximal quantum violations of these inequalities and the robustness
to noise in these networks.

In recent years, quantum computing has been extensively studied from theory to
practice. Noisy intermediate-scale quantum (NISQ) computers may not have the capability
to deal with large-scale quantum information processing. Delegating computations to
the companies that offer quantum computing may be a better choice to access quantum
computers. In [9], Ma et al. propose a distributed secure delegated quantum computation
protocol, which allows clients to delegate their private computation to several quantum
servers. Ma et al. show that their protocol can guarantee unconditional security of the
computation under the situation where all servers, including the third party, are honest but
curious, and they are allowed to cooperate with each other.

As an important application of quantum theory, quantum key distribution (QKD),
which allows two users to share a secure key privately, is one of the options to combat the
lack of safety in communication caused by the increasingly developed quantum compu-
tation. Bennett and Brassard present the first QKD protocol. In [10], Fan et al. propose
a design rule of rate-compatible low-density parity-compatible codes which covers all
potential signal-to-noise ratio with a single check matrix. By such codes, high-efficiency
continuous-variable quantum key distribution information reconciliation is achieved.

There exist various loopholes in practical systems through which eavesdroppers can
attack the QKD process. Lo et al. present a measurement-device-independent quantum
key distribution (MDI-QKD) protocol to prevent attacks on measurement devices and
enhance the communication distance between two users. In [11], Hua et al. propose
a flexible multi-user measurement-device-independent quantum key distribution (MDI-
QKD) scheme based on a GHZ entangled state. Hua’s scheme can distribute quantum
keys among multiple users while being resistant to detection attacks. Hua et al. then
present simulation results which show that the secure distance between each user and the
measurement device can reach more than 280 km, while reducing the complexity of the
quantum network. Hua et al. also present a method to expand the scheme to a multi-node,
multi-user network, which can further enhance the communication distance between the
users at different nodes.
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In quantum information processing, errors are inevitable. Quantum error-correcting
codes (QECCs) are invented to ensure the implementation of quantum communication
and quantum computing. Pang et al. [12] draw support from the Hamming distance and
minimal distance of orthogonal arrays to study the relationship between uniform states
and binary QECCs. They provide new methods to construct pure quantum error-correcting
codes. By using these methods, several infinite series of quantum error-correcting codes
including some optimal ones are constructed.

A large number of practical problems often boil down to solving a system of linear alge-
braic equations, such as elasticity in engineering and science, circuit analysis, geodesy, heat
conduction, vibration, etc. Many effective numerical methods, such as spline interpolation,
least-squares fitting, generalized Newton method for solving nonlinear equations, method
for calculating the coefficients of Newton—Cotes quadrature formula, finite difference
method, and finite element method for solving numerical solutions of partial differential
equations, are also finally converted into problems of solving linear equations. Zhang et al.
in [13] provide a modified quantum scheme to obtain the quantum state corresponding to
the solutions of linear system of equations with less machine running time than the existing
quantum algorithms. The authors of [12] also investigate the problem of finding solutions
to a linear system with a sparsity-independent and non-square coefficient matrix.

Quantum entanglement swapping is a highly significant technology in quantum
entanglement repeaters, which are generally employed to realize long-distance quan-
tum entanglements in many quantum information processing tasks. In [14], Xie et al.
discuss the problem of quantum correlation (QC) swapping between two Werner-like
states by performing Bell measurements on the middle node and taking into account the
measurement-induced disturbance (MID) and ameliorated MID.

Conflicts of Interest: The authors declare no conflict of interest.
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Abstract: Focusing on the dynamics of quantumness in ensembles, we propose a framework to
qualitatively and quantitatively characterize quantum channels from the perspective of the amount
of quantumness in ensembles that a quantum channel can induce or reduce. Along this line, the
quantumness power and dequantumness power are introduced. In particular, once a quantum
dynamics described by time-varying quantum channels reduces the quantumness for any input
ensembles all the time, we call it a completely dequantumness channel, whose relationship with
Markovianity is analyzed through several examples.

Keywords: quantumness in ensembles; quantum channel; quantum Markovianity; non-commutativity

1. Introduction

As natural generalizations of transition matrices in stochastic analysis, quantum
channels are completely positive and trace-preserving maps. A quantum channel usu-
ally changes the quantum features of the system, such as causing the decoherence of
quantum states [1,2] and destroying the quantum correlations [3-6]. Characterizing quan-
tum channels from the information perspective has received fruitful results. The entan-
gling power [7], decorrelating capability [8], cohering and decohering power [9-14], and
quantumness-generating capability [15] of quantum channels have been studied.

In this work, we propose a framework to qualitatively and quantitatively characterize
quantum channels by analyzing the dynamics of quantumness in ensembles. A quantum
ensemble & = {(p;,p;),i € T} is represented by a family of quantum states together with a
probability distribution specifying the probability of the occurrence of each state [16]. It
arises naturally in quantum mechanics and statistical physics, and is a fundamental and
practical object in quantum information, especially in quantum measurement and quantum
communication [17-23]. As long as the involved quantum states are not commutative,
the quantum ensemble possesses a certain intrinsic quantum feature, which is named as
quantumness in quantum ensembles. It plays a central role in quantum cryptography and
other various quantum information processing tasks. Various measures of quantumness
have been proposed from different perspectives, such as that via commutator [24,25],
that based on no cloning and no broadcasting [19], that defined from the perspective of
accessible information [24], and that via relative entropy [26] and coherence [27,28].

In general, the quantumness in a quantum ensemble will change after performing a
quantum channel. It is natural to investigate the maximal amount of quantumness that
a quantum channel can introduce or reduce. In this work, by virtue of the quantumness
measure based on commutators [24] that is easy to calculate, we study the characterization
of quantum channels from the perspective of quantumness power and dequantumness
power, which quantify the maximal amount of quantumness that a quantum channel
can induce and reduce, respectively. Comparing with the result in Ref. [29] where the
quantumness of the channel is defined as the minimum average quantum coherence of the
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state space after the dynamics, quantumness power defined here is the maximal amount
of the non-commutativity between the states that can be generated after the channel. The
properties and calculation process of quantumness power and dequantumness power have
been analyzed. We call a quantum dynamics described by a quantum channel a completely
dequantumness channel if it reduces the quantumness in ensembles all the time. Through
several significant examples, the relationship between the completely dequantumness
channel and quantum Markovian channel is analyzed. It is worth mentioning that although
we mainly focus on the qubit channels, without loss of generality, the result can be directly
extended to qudit cases.

The paper is organized as follows. In Section 2, we briefly review the measure of
quantumness adopted in this work. Quantumness power and dequantumness power of
the quantum channel with their modified versions are introduced in Section 3. We give the
definition of the completely dequantumness channel and investigate its relationship with
quantum Markovianity through several significant examples in Section 4. We conclude
with a summary in Section 5.

2. Measure of Quantumness

Based on the direct connection between the quantumness of an ensemble and the non-
commutativity among its constituent states, the quantumness of the quantum ensemble
& = {(pi,pi),i € I} can be naturally quantified via the commutator as [24]

Q&) = = Y pirjtrloi o], 1)

ij

where [0;,p;] = pip; — pjo; stands for the commutator, which is anti-Hermitian. This
measure is easy to calculate. We remark that in Refs. [30,31] the authors also used the
Hilbert-Schmidt norm of the commutators between two density operators to quantity the
non-commutativity between these two density operators.

For the two-qubit case, by virtue of the Bloch representation of the state, the expression
of Q(&) for ensembles with only two ingredients such that & = {(p,p1), (1 — p,p2)} can
be further derived. Here p € (0,1), p; = 2(1+7;- &), i = 1,2 with 1 the identity operator,
7i = (Vix, Tiy, 7iz) the Bloch vector of the state p;, and & = (07, 02, 03) the vector of the Pauli
matrices. Then, it can be calculated that

Q(E) = p(1 = p)fy x 7o? = p(1 = p) (riry — (71 - 72)%).
2

Here r; = |?{\2, x and - denote the outer and inner product of the vectors, respectively.
The Bloch vector of state p; can be given as 7; = r;(sin 6; cos ¢, sin 6; sin ¢, cos 6;) with
ri € [0,1], 6; € [0, 1], and ¢; € [0,27), then

Q(E) = p(1 - p)rir3(ni +n3 +n3), @)
with

1y =sin 6y sin 6, sin(p1 — ¢2),
1y = sin 6 cos ¢y cos B — cos 01 sin 0 cos ¢y,

nz = sin 61 sin ¢ cos B — cos 01 sin B sin ¢p. 3)

Recently, a modified version of this measure is proposed in Ref. [15] as

/

Q (&) = =Y /mipjtl\/oi, /0j]%

ij

which is proved to bear some nice properties, such as the positivity, unitary invariance,
subaddtivity, concavity under probability union, convexity under state decomposition, and
increasing under fine graining.
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For simplicity in calculation, we adopt the measure in Equation (2) in the follow-
ing. It is worth mentioning that all the work derived here can be directly generalized to
other measures.

3. Quantumness and Dequantumness Power

After a quantum channel A, which is a linear, trace-preserving completely positive
map, the ensemble & = {(p;,p;),i € I} evolves to A(E) = {(pi, Alp;)),i € Z}. By ana-
lyzing the dynamics of quantumness in ensembles, we can characterize the quantumness
power and dequantumness power of the quantum channel. To be specific, the quantumness
power of a quantum channel is defined as the maximal amount of quantumness that it
generates over all input ensembles £. Its expression is given as

C(A) = max (Q(A() - Q(E)),

which quantifies the ability to induce quantumness. If we only focus on the initial commu-
tative ensembles, we can get another definition of quantumness power which we denote as
C' with expression

’

C(A)= max Q(A(&)).

) e max (A(€))
Similarly, we can define the dequantumness power of a quantum channel as the maximal
amount by which the quantumness of the ensemble is reduced when it passed through the

channel, i.e.,

D(A) = max (Q(€) ~ Q(A€))).

When we only consider the initial ensembles with the maximal quantumness, we can obtain
a modified version

’

D'(a) = max  (Q()-QAE)))

(€ 0E)~CQmax)
— Qmax— _ min_ QA()).
nax {E: Q(E):Qmax}
Here Qmax denotes the maximal amount of quantunness in a quantum ensemble for a given
Hilbert space, which is dependent on the space dimension.
We remark that in [32], the quantumness of a quantum channel is defined as the

maximal quantumness (non-commutativity) between the output states of the quantum
channel for any two maximal-quantumness states, which can be formally expressed as

max A(E)).
{g:Q(g):Qmax}Q( ( ))

Note that another difference in the motivation is that we start from the quantumness in
ensembles rather than any two quantum states.

From the definition, we can obtain the following properties.

(1) C(A) > C'(A) and D(A) > D'(A).

(2) C'(A) = 01is equivalent to that A is a commutativity preserving channel.

(3) C(U) = 0and D(U) = 0, where U is the unitary operation.

(4) C(Al o} Az) S C(A]) + C(Az) and D(Al o Az) S D(Al) + D(A2)

(5) C2(A) < Cu(A) < 2C2(A) and Dy(A) < Dy(A) < 2Dy(A), where Cy(A) and
D, (A) represent the quantumness and dequantumness power defined on the ensembles
with less than 7 ingredients, respectively.

Proof. Since the first four properties can be directly verified from the definition, we only
prove the property (5) as follows. For simplicity, we just give the proof of the quantumness
power, with the case of the dequantumness power similarly derived.
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For ensembles having two ingredients & = {(p,p1), (1 — p,p2)}, the quantumness
power is

Ca(A) =max (QA(E)) ~ Q€)) = max 2p(1 —p) (trlor 2] ~ A (p1), Alp2)])

1 2 2\ a1
=-m — tr[A A =S H.
5 m%(tr[m,pz] alA(p), Alp2)]2) 2 2
For ensembles with less than # constitutes denoted by &;, the quantumness power is

Cu(A) = max (QUA(EN) — Q(En)) = max max (QUA(ED) ~ Q&)

= max max ipil tr|p;, 12 —tr[A(p;), Ap))]?
S i (trlos o112 = A (02), Ao

< max max ipiH = max max 1-— 2\H
T k=2, {pri=1, k} l;p’p] k=2, {p,-,i:l,-u,k}( Zi:l":)

meanwhile C,(A) > Cy(A), then we can directly get that
Co(A) < Cu(A) <2G5(A),  n>2.

O

From this property, we can obtain that the calculation of quantumness power and
dequantumness power can be restricted to the ensembles with two ingredients. In the
following, focusing on one particular channel, the explicit calculation process is given.

Example 1. For amplitude damping channels the Kraus operators of which are Ey = ( 1 \/10_7/\ )

0
0 VA

andElz(O 0

), we can calculate the quantummess power and dequantummness power as follows.

Through this channel, the Bloch vectors of the states in the ensemble
E ={(p,p1), (1 —p,p2)} change from r;(sin 6; cos ¢;, sin 6; sin ¢;, cos 6;) to

7= (rl- sin 6; cos p;v/1 — A, rysin 6 sin¢;v/1 — A, A + (1 — A)r; cos 91-).
From Equation (2), we can obtain the quantumness of this evolved ensemble as
Q(A(E2)) =p(1 = p)(1 = A) [A2(1 + 1) + rir (n] + n3)
+ r%r%(l — A)n% + 2Aryra(nzhy + nzhz)] , (4)
where 1; are the same to the ones in Equation (3), and

hy = 11 sin 6 sin ¢y — r2 8in 6, sin ¢ + r172(cos 6 sin B sin ¢ — sin 6y cos B, sin ¢y ),
hy = r1sin 67 cos 1 — rp sin B, cos ¢y + r112(cos Oy sin B, cos ¢ — sin 61 cos 6 cos ¢y ).

The quantumness power restricted to the ensembles with two ingredients is

Co(A) = max (Q(A(&)) ~ p(L= p)rAr(n + 13 + 1)),
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Since the optimization is very complicated, we only show the numerical result as the blue
solid line in Figure 1.

If we only focus on the initial ensembles without quantumness, i.e., Q(&2) = 0, which
means 11 (or ry) = 0 or ny = ny = nz = 0, we can get the expression of the modified
quantumness power as

Co(A) = A2(1-1), (5)

whose proof is left in the Appendix A. The difference between these two measures is shown
in Figure 1. C2(A) > CIZ(A) when 0 < A < Acand Co(A) = C’Z(A) when A, < A <1,
where A, ~ 0.75.

Similarly, we can get the expression of dequantumness power as

Dy(A) = max (p(1—p)rir0nd +nd -+ 1) — QA(E2)) ).

Noting maxy, g, 4, Q(&2) = § with p = 3, r1 = r» = 1 and sin6; sin6, cos(¢1 — ¢2) =

— cos 01 cos 0, the modified dequantumness power is

! 1{1—(1—)\)[(22\2—2A+1)

+2A%sinf cosf +2A(1 — A)(cos 8 + sinQ)H .

As shown in Figure 2, Dy(A) = D’Z(A) in this case.

From this example, we can obtain that C(A) can be strictly larger than C'(A), which
means that the maximum may not be achieved at the free case just like the cohering
power [14]. Though Dy(A) = D,(A) in this case, we conjecture this equality may fail in
certain cases. But we have not found the counterexample satisfying D, (A) > D;(A) yet.

Meanwhile, we can obtain that the channel with higher quantumness power does not
necessarily have stronger or weaker dequantumness power. The relationship among them
is complicated. For example, C5(0.25) > C(0.99) while D5(0.25) < D5(0.99), C»(0.5) >
C(0.1) and D,(0.5) > D5(0.1).

015
01}
Ca(N)
oost /2 \ | 70777 Co(N)
0t | | I
0 0.25 0.5 0.75 1

A

Figure 1. The graphs of C; and C’2 for the amplitude damping channel.
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Figure 2. The graphs of D, and D’2 for the amplitude damping channel.

4. Completely Dequantumness Channel and Its Relationship with
Quantum Markovianity

In this section, we consider a quantum channel as a quantum evolution A;. If for all
the quantum ensembles, the channel reduces the quantumness all the time, we call this
channel as the completely dequantumness channel. For these channels, we always have

%Q(A,(g)) <0, VE V>0,

The completely dequantumness channel can be verified to satisfy the following properties:

(1) The quantumness power of the completely dequantumness channel is always 0,
while the inverse is not always true.

(2) To verify whether a channel is a completely dequantumness channel or not, we only
need to verify whether the inequality %Q(At(E )) < 0 holds or not for all the ensembles
with two ingredients.

Proof. We only give the proof of property (2) since the first one can be verified directly from
the definition. If the channel reduces quantumness for all ensembles £ = {(p;,p;),i € L},
we can directly obtain that for the ensembles with two ingredients £ = {(p,p1), (1 —p,p2)},
the inequality %Q(At(f))) < 0 holds.

Conversely, if for all the ensembles with two ingredients, the inequality holds, then by
virtue of the definition in Equation (1), for the general ensembles with arbitrary numbers of
ingredients, we can obtain that %Q(At(f)) = —Yijer pipj%tr[At(pi),At(p]‘)]z <0. O

For open quantum systems, the definition of completely dequantumness channel
(dynamics) reflects the information flow of quantumness from the quantum system to the
environment. Since the information loss is a typical feature of Markovianity, it is natural to
investigate the relationship between the completely-dequantumness property of a quantum
dymamics and its Markovianity.

It is worth mentioning that there are various criteria proposed to qualitatively or quan-
titatively characterize quantum non-Markovianity from different perspectives, such as divisi-
bility [33-36], the distinguishability of states [37,38], fidelity [39], correlations [35,40,41], Fisher
information [42—44], and Rényi entropy [45]. Among these, a criterion that can fully charac-
terize the non-Markovianity of a quantum dynamics [33] is using the appearance of negative
decoherence rates in the canonical form of the master equation

do: i = +_ 1 t
ar —E[H(t)fﬂ’t] + Y () [Li()peLe(t) — E{Lk(t) L(t), pt}],
k=1

10
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where the Li(t) form an orthonormal basis set of traceless operators, i.e., trL;(t) = 0,
trLj(if)Lk(i,‘)Jr = dj, and H(t) is Hermitian. In this sense, a time-local master equation is
Markovian if and only if the canonical decoherence rates are positive at any time, i.e.,

() >0, V>0, k=1,--,d* -1 (6)

More importantly, the authors in Ref. [33] give an example of a master equation that
is non-Markovian for all times ¢ > 0, but to which nearly all proposed non-Markovian
measures do not work. For this reason, we will adopt this criterion for Markovianity.

To make a comparative study between the completely-dequantumness property and
the Markovianity, we focus on phase damping dynamics, amplitude damping dynamics,
and random unitary dynamics.

4.1. Phase Damping Dynamics

Consider the qubit dynamics A = {A; : t > 0} with py = A4(p) described by the

differential equation

o _ V(020102 — pt)
dt ’
where fot Ysds > 0 and 0 is the Pauli-z spin matrix.

This dynamics is actually a phase damping channel and can be presented as
At(p) = EopE{ + E1pE! with Kraus operators Ey = diag(1, v/ — A¢) and E; = diag(0, v/A¢),
where Ay =1 —¢* h Ysdls

The Bloch vectors of the evolved states are

7i(t) = ri(v/1 — Arsin6; cos ¢;, /1 — Ay sin 6; sin ¢y, cos 6;).

The quantumness of evolved ensemble A(E) = {(p, At(p1)), (1 — p, Ae(p2))} turns
out to be

Q(AH(E)) = p(1 — p)rir3[(1 = Ar)?my + (1 = Ag) (ma + m3)],

with m; = n? given in Equation (3), and the derivative is

dQ(A(€))

dA
o =—p(1—p)3r3 [2(1 — Ap)my 4 my + m3] S

dt

From above, we can obtain that for all quantum ensembles,

dQ(A+(£))

it < 0if and only if 7 > 0.

It can be directly verified from the definition of Equation (6) that ; > 0 is just the condition
that the channel A; is Markovian, which is also in accordance with the results revealed by
the measures based on the quantum trace distance (BLP-Markovianity) [37], dynamical di-
visibility (RHP-Markovianity) [35], quantum mutual information (LFS-Markovianity) [41],
and quantum Fisher information [43] (see Refs. [41,43] and references therein). This implies
that for the phase damping dynamics, it is completely dequantumness if and only if it
is Markovian.

4.2. Amplitude Damping Dynamics

Consider the qubit dynamics A = {A; : t > 0} with py = A4(p) satisfying the
following master equation

d i 1
% = —Est[ﬁ(f—,f’t} +7t(o—proy — E{‘HU—/Pt})r

11
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where {-, -} denotes the anti-commutator, o+ are the atomic raising and lowing operators, re-
spectively, and s; = —2%%, Y= —25}1‘:%. Here G; satisfies the equation G =— fot fi—sGsds
with initial condition Gy = 1, and f; is the reservoir correlation function.

This dynamics is actually an amplitude damping channel. We can directly obtain the
Bloch vectors of the evolved states in ensemble A¢(E) as

7i(t) :(r,-|Gt| sin §; cos(¢; + 6;), 7;|Gt| sin ; sin(; + ), 1 — |Gy |*(1 — r; cos 9,-)).

Here é; is the argument of G;. The derivative of quantumness of this evolved ensemble can
be calculated as

dQ(A«(€))

d‘Gt‘z :p(l — p) |:k12(t)f12(t) + 2|Gt|27%1‘% Sil’l2 91 SiI’l2 92 Sil’lz((Pl — 4)2)

+ ka1 (£) a1 (£) — 2172 5in 0y sin 6, cos(g — 9)I(1)],
where
kij(t) =7; Sin@,’(l — ‘Gt‘z(l — }’]' COSQ]))/ i,j = 1,2,
fij(t) =r;sin6;(1 - 3|Gi (1 — rjcost;)), i,j=1,2,
I(t) =1 — 2|Gt|*(2 — 1 cos 0 — 12 cos ) + 3|Gs[*(1 — 1 cos 61 ) (1 — 12 cos 6).

We define JQ(A(E))
Sy . t
i S T

and plot it in Figure 3. From the figure, we can easily get that 1(|G;|) < 0 when |G| > 1,
which implies that

dQ(A«(€))
dt

d|Gi|
dt

1
<0,VE & |Gt|§1and <0.

If |G| > %, we can always find particular ensemble whose quantumness increases during
the evolution.

0

—0.05

—-0.15

(G,

—0.25

—-0.35

5 0.5 0.75 1

G|

Figure 3. 1(|G;|) as a function of |G;|.

It can be directly verified from the definition of Equation (6) that the amplitude damp-

2 4G > 0 je, % < 0, which is also

ing channel is Markovian if and only if 7; = — TG dr

12
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in accordance with the result revealed by the measures based on the quantum trace dis-
tance (BLP-Markovianity), quantum mutual information (LFS-Markovianity), and quantum
Fisher information (see Refs. [41,43,46] and references therein). Based on this observation,
we know that Markovianity does not imply completely dequantumness. It means that
there exists a Markovian channel that can induce quantumness for some ensembles.

4.3. Random Unitary Dynamics
Consider the qubit dynamics A = {A; : t > 0} with py = A4(p) described by the
master equation

d 3
L= Y 1it) (@i —pe),
i=1

where «y;(t) are suitable real functions of time, and ¢; are the Pauli spin matrices. This
dynamic is actually a random unitary dynamic and can be written in the following

equivalent form
3

Ai(p) =) pi(t)oipo;.
i=0
Here po(t) = (14 X71A;(1)/4 and pi(t) = Ai(t)/2+ (1 = L7 A(t))/4 with
Ai(t) = ezfot(’ri(s)*):?ﬂ 7j(s))ds

The Bloch vectors of the evolved ensemble A;(€) can be derived as
7i(t) = r;i(A1(t) sin 6; cos ¢;, Ao () sin 0; sin ¢;, A3(t) cos 6;),
and the quantumness measure is
QUAI(E)) & AXDAZ(Eymy + M (OA3(E)ma + A3(DA3(B)ms,
From this expression, we can obtain that

d

L oaE)) <o, ve o ‘

i Ai(B)A;(E) <0, i #j,

which is equivalent to y1 (£) + v2(t) +v3(t) + vj(t) > 0forall j = 1,2,3.

Recall that it has been verified that the random unitary dynamics is Markovian by
the definition of Equation (6) if and only if y;(¢) + 'yj(t) >O0foralli #j,i,j=1,2,3[47],
which is consistent with the result revealed by the measures based on the quantum trace
distance (BLP-Markovianity) [48]. From the above, we get that Markovianity implies the
completely dequantumness, while the inverse is not always true.

In summary, for several significant quantum channels, we have derived the conditions
for the dynamics to be completely dequantumness, and compare them with the Markovian
conditions. Their relationships are illustrated in Table 1.

Table 1. Relationship between completely dequantumness (CDQ) and Markovianity.

Channel Completely Dequantumness Markovianity Relationship
Phase Damping Yt >0 Yt >0 CDQ < Markovianity
Amplitude Damping |G¢| < § and % <0 %Gt" <0 CDQ 7 Markovianity
Random Unitary Y1(t) + 72() +73(t) +75(t) = 0 Yi(t) +(t) 20, i #j CDQ Z Markovianity

From the table, we find that the completely dequantumness channel is related with
Markovian channel, while they are different. There exists the Markovian channel, which
induces quantumness for some ensembles. Meanwhile, there are also some completely
dequantumness channel that are non-Markovian.

13
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5. Conclusions

In this work, we mainly investigate the dynamics of quantumness in ensembles,
and propose quantumness power and dequantumness power to characterize quantum
channels. Once the channel reduces quantumness for all the ensembles at all times, we call
it the completely dequantumness channel, whose relationship with the Markovian channel
is studied through several examples. This work illustrates new properties of quantum
channels from the perspective of the information flow in terms of quantumness brought by
the interaction between the system and environment. It is worth mentioning that although
we only focus on the qubit case and one special quantumness measure, the results can be
generalized to arbitrary dimensions and other measures of quantumness.

There are still some problems to be further investigated. (1) From Ref. [49], we can
obtain that the commutativity-preserving channels cannot increase the quantumness of
ensembles, which means the quantumness power is zero for the unital qubit channel. Can
we find any non-unital qubit channel without quantumness power? (2) Whether the convex
combination of completely dequantumness channels is still completely dequantumness?
Suppose A and ® are two completely dequantumness channels, we need to check whether
aA + (1 — a)® is a completely dequantumness channel or not. Since quantumness of
ensembles plays an important role in quantum communication and quantum cryptography,
this work is expected to be helpful in guiding quantum information tasks.
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Appendix A

Here we give the proof of Equation (5). From the definition of the modified quantum-
ness power, we only need to focus on the ensembles without quantumness. By Equation (2)
we know that for an ensemble & = {(p, 1), (1 — p, p2) } such that Q(£) = 0, it holds that

1’1(01'1’2) =0 or ny =ny =ns =0.

Towards these two cases, we calculate the quantumness of the ensemble £.
(i) For the case that r; = 0,i = 1 or 2, without loss of generality, we assume r; = 0,
then from Equation (4) it follows that

QA(E)) = p(1— p)A2(1 - V)sin® 6y < 1A2(1 - A),

and the upper bound can be achieved by the ensemble & = {(1,01), (},02)} with p1 = 1,

1 e
andpzz%<ei¢ el ),V(pE[O,er).

(ii) For the case that n; = ny = n3 = 0, from Equation (4) it follows that

Q(A(E)) =p(1 — p)A*(1 — A) (12 sin® 0 + r3 sin® B, — 217, sin 0 sin B cos (P — P2))
p(1 = p)A%(1 = A) (2 sin® 0y + 3 sin” 0, + 2117 sin 6 sin 6

p(1—=p)A*(1 = A)(r1|sin | + 2] sin6)* < A*(1 = A),

IN
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and the upper bound can be achieved by the ensemble & = {(1,01),(},02)} with

1 e i 1 —e it ,
p1:%< ei(pl 1 >andp2:%< ei(pz 1 )/v¢l€ [0,27-(),121,2.
Combining these two cases, we get that the modified quantumness power of the
amplitude damping channel A is

’

Cy(A) = max A(&)) = A2(1—=A).
2(A) {52:Q<52):0}Q( (&2)) (1-2)
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Abstract: Quantum verification has been highlighted as a significant challenge on the road to scalable
technology, especially with the rapid development of quantum computing. To verify quantum
states, self-testing is proposed as a device-independent concept, which is based only on the observed
statistics. Previous studies focused on bipartite states and some multipartite states, including all
symmetric states, but only in the case of three qubits. In this paper, we first give a criterion for the
self-testing of a four-qubit symmetric state with a special structure and the robustness analysis based
on vector norm inequalities. Then we generalize the idea to a family of parameterized four-qubit
symmetric states through projections onto two subsystems.

Keywords: Bell inequality; self-testing; symmetric states; device independent

1. Introduction

In recent years, quantum technology has developed rapidly and is expected to gain
new real-world applications in communication, simulation, sensing, and computing [1-4].
Quantum devices promise to effectively solve some problems that are difficult to deal with
in the classical field [5,6]. However, it also brings a thorny problem. How do we verify
the solutions? The task of ensuring the correct operations of quantum devices in terms of
accuracy of output is known as quantum verification [7], which is attracting more attention.

A common quantum state verification technology was quantum state tomography (QST) [8]
in the past. It has been implemented in systems with few components, but unfortunately, it
becomes unfeasible for larger systems because the complexity grows exponentially with the
system size. To solve this problem, another alternative technique called self-testing [9] was
proposed. These two techniques could be used to verify the quantum systems.

Self-testing is a device-independent approach to verifying that the previously un-
known quantum system state and uncharacterized measurement operators are to some
degree close to the target state and measurements (up to local isometries) based only on
observed statistics, without assuming the dimension of the quantum system. The device-
independent (DI) approach [10] is important in practical quantum communications. One of
the main applications of self-testing is quantum key distribution (QKD) [11,12], which is
of great interest because of its high security. For the users, the quantum key distribution
system is purchased from the device providers. However, if a device provider deliberately
creates a “dishonest” quantum device, which does not perform key distribution according
to the correct protocol, then the key distribution performed with such a device will be
insecure. Therefore, it is imperative to test the trustworthiness of quantum cryptographic
devices. Fortunately, based on the idea of self-testing quantum system:s, it is possible to
design device-independent quantum cryptography protocols. For example, in the device-
independent QKD protocols, even if the device provider is not trusted, the user can still
ensure that the keys generated by the device are secure. The essence is that the user self-
tests the quantum device and uses its output as the key under the condition that the test is
passed, and the key must be trusted in this case. In addition to quantum key distribution,
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various protocols, such as random number generation [13], and entanglement witness [14],
have been designed in a device-independent framework so far.

Let us consider a scenario where N distant observers share an unknown N-partite
quantum state |¥). Each party can perform uncharacterized measurements {M;'} on
the state with their quantum devices, where i marks different parties, x; marks different
measurement settings for party i, and ; marks the corresponding measurement outcomes.
In a device-independent scenario, the process of measuring an unknown quantum state
can be viewed as a black box for the N observers: they can only query their devices with
possible measurement settings x;, and to any query, the black box produces a corresponding
outcome. As we do not assume the dimension of the quantum system, the dimension of
the Hilbert space is not fixed. Without loss of generality, we assume that the unknown
state is pure. There is no loss of generality because an extra system can be added to
some of the parties, if necessary, to purify the state, and the purification of the state can
be included in the black boxes. Similarly, we can further assume that the measurement
operators are projective without loss of generality, as an auxiliary system in some known
state can be added to the measured system to replace a general POVM on this system
by a projective measurement on the extended system [9]. According to the postulates of
quantum mechanics [15], the data they observe are given by

play,ag, -+ an | x1, %0, xn) = (P Myl @ M2 @ - MpN [¥), @)

which is referred to as a correlation [16] based on the quantum nonlocality [17] of entangled
states [18]. As the possibility to self-test quantum states and measurements usually relies
on quantum nonlocality, only the entangled states can be device-independently verified by
self-testing techniques. The self-testing problem consists of deciding if the knowledge of
the correlation allows us to deduce the structure of the unknown quantum system.

Symmetric states [19] have been found useful in many quantum information tasks,
such as measurement-based quantum computation (MBQC) [20], as they are not too entan-
gled to be computationally universal. Due to the important role of symmetry in the field of
quantum entanglement, it is important to explore the properties of symmetric states.

This paper is organized as follows. The basic definitions and preliminaries are given
in Section 2. In Section 3, we prove analytically that a particular symmetric four-qubit
state can be self-tested and give bounds that are robust to inevitable experimental errors.
In addition, we show the self-testing of a family of parameterized four-qubit symmetric
states, which are superpositions of four-qubit Dicke states through projections onto two
subsystems in Section 4, and we give the conclusions in Section 5.

2. Basic Definitions and Preliminaries

In this section, we present the definitions of self-testing [21] and give the known results
as several lemmas, which may be used as building blocks for our work.

Definition 1 (Self-testing). A known correlation allows for self-testing the state |‘I”> and mea-

surements {M’;"} if any state and measurements |¥) and {Mj'} reproduce the correlation, there

exists a local isometry ® such that
@(1¥) = junk) 9 ¥, o
(M @ M2 @ - @ M3 [¥)) = |junk) ® (M} @ M) @+ @ M [¥),

where the state |junk) is an auxiliary state which will be traced out and thus not taken into
consideration.

The currently known self-testing protocols are mainly tailored for bipartite
states [22-26]. We first review two-qubit self-testing. As given in [23,24], all pure two-qubit
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entangled states can be self-tested by observing the maximum violation of the tilted CHSH
inequality [27]

B(O{, Ao, A1, By, Bl) =aAg+ AQ(B() + B1) + Al(BO — Bl) <2+4u, 3)

where 0 < & < 2 and A; and B; are observables with outcomes +1. The maximal violation
is given by b(a) £ maxy (¢| B(x, Ay, A1, Bo, B1) |¢) = v/8 +2a2.

Lemma 1. Any pure two-qubit states in their Schmidt form |[¥) = cos 0 ]00) + sin 6 |11) can be
self-tested by achieving the maximal quantum violation of the tilted CHSH inequality Equation (3).
The corresponding measurements A; and B; for two distant parties, Alice and Bob, are set as

A1 = 03, By = cos oy + sin poy, @

Ay = 0y, By = cos po; — sin poy.

. —a2 .
Here, sin20 = j +22 and p = arctan sin 26.

w, there

Especially for the maximally entangled two-qubit states in the form
exist another two criteria [25].

Lemma 2 (Mayers-Yao criterion). Consider five unknown dichotomic measurements {X 4,
Z; Xp, Zg, Dp}. If the following statistics are observed

(Y1 ZaZp |Y) = (Y| XaXp |¥) =1,
(¥ XaZp [¥) = (¥ Z4Xp [¥) =0,

1
(Y| ZaDp [Y) = (Y| XaDp [¥) = —=

7

then up to a local isometry, the state |'¥) is self-tested into the maximally entangled two-qubit state
[00)+[11)
V2

®)

, and the measurements are the suitable complementary Pauli operators.

Lemma 3 (XOR game). Consider four unknown operators { Ay, A1, Bo, B1 } with binary outcomes

+1and let Exy = (Y| AxBy [Y) = cosayy. The state |Y) can be self-tested into the maximally

entangled two-qubit state % by winning the binary nonlocal XOR game defined by the figure
of merit Y. fauyExy if it satisfies aog + a19 = o1 — a11. The coefficients fy, are constructed

(xy)e(01)?

by
fOO Sil’\il Xoo
fo | _ | —sin™" (w00 + @10+ a11) ©
f]o sin”! ®10 ’
fi sin~taqg

However, the self-testing of multipartite scenarios has not been fully explored. In this paper,
we work on the four-qubit symmetric entangled states.

Definition 2 (Symmetric states). Symmetric quantum states preserve invariance under any
permutation of their subsystems. We say that an n-partite state |¥) is symmetric if P [¥) = |¥)
forall P € Sy, where Sy, is the symmetric group of n elements. The n-qubit Dicke states |S,, ;) are
typical examples of symmetric state, which are the equally weighted sums of all permutations of
computational basis states with n — k qubits being |0) and k being |1):

Permutation

—1/2
s =(3) T 00 opn... )
k

n—k
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Let |¥) be a state vector in an N-fold tensor product space S; @ - - - @ Sy, where dimSy =
- =dimSy =d > 2and N > 3. As the generalization of the Schmidt decomposition given
in [28], if d = 2, any multipartite states can be written in the expansion as

¥) = 2 piria-in lir) |i2) li3) -« - |in) . 8)

iy iz, in€{0,1}
where some coefficients satisfy

(01111 10111 1110 )

and the rest 2N — N orthogonal product states

N N-1 N-1 N-2 N-2 N
{|000...00),1000...01),---,|10...00),---,]001...11),---,[11...100),|111...11)}
can be seen as a set of local bases. To characterize the symmetric multi-qubit states, we only need to
make the rest coefficients have properties
£000--01 _ 400--010 _ _ _ ;100---00
: (11)
(00111 _ (01011 _ | _ 411100
3. Self-Testing of a Four-Qubit Symmetric State
In this section, we focus on a four-qubit symmetric state with a special structure by
using the known results. In the case of N = 4, as given in Equation (10), the set of local
bases is
{/0000) ,]0001), |0010) ,0100) , |1000) , |0011) , (12)
|0101),]0110), |1001),]1010), |1100) , [1111) }
3.1. Self-Testing of a Specific Four-Qubit Symmetric State
The specific four-qubit symmetric state we consider is
' 1
[¥,) = ﬁ(|0000> +]0011) + |0101) + |0110) + |1001) + |1010) + |1100) + |1111)) apcD, (13)
which is shared by four distant observers, Alice, Bob, Charlie and David.
Rewrite the state as
[¥1) =5—=[V2100) 45 ® —=(100) + [11))cp + V2]01) 45 © —=(01) + [10))cp
xf f f
(14)
+V210) 45 ® —=(|01) + [10))cp + V2 [11) 45 ® —=(00) + [11))cp].
110) 45 \/E(‘ ) +110))cp 11) 45 ﬁ(l ) +[11))cp]

The concept of partial measurements [29] is involved in our scheme, which appears
very often in reality. A similar approach for quantum nonlocality chracterization is given
in [30], where quantum imcompatibility is used to characterize nonlocality. According
to the partial measurement postulate given in [29], if any two parties, without loss of
generality, e.g., Alice and Bob, each measure in the ¢, basis, the remaining two parties share

[o0)-+]11) conditioned on the outcome “00” and “11”,

a maximally entangled two-qubit state
respectively, which can be self-tested combining Lemma 2.

We construct the local isometry ® as Figure 1. Here, H is the usual Hadamard gate.
Obviously, if Z; = 0, X; = 0y, we can extract the essential information on the unknown
state into auxiliary systems. Inspired by this, Z; and X; should act analogously to the Pauli

operators on |¥1) to guarantee the feasibility of the protocol. However, in order to make
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the protocol device-independent, we cannot directly consider Z; and X; of each party as
Pauli operators, but should construct them with the measurements {Mffl‘} properly. We
sum the result up as below.

o

2]

0)y —| #] % ]
%]

[T1)

o}

Zp]

Figure 1. Swap circuit of the isometry @ to self-test the target state \‘I’/l)

ry—

o
0)¢ — | % e

R

Result 1. Consider four spatially separated parties, Alice, Bob, Charlie and David, each performing
three measurements {X;, Zs, Ms } (s € {A, B,C, D}) with binary outcomes on an unknown shared
quantum state |'¥1). The target symmetric state |‘F11) is self-tested if the statistics are observed as
the following:

(PAPRPCPD) = (PAPRPCPD) = (PyP3PCPY) = (P3PRPEPD)

1 (15)
= (PAPyPePL) = (PAPRPEPD) = (PyPRPCPh) = (PyPRPEPD) = <,

1 1
(PPPYXi X)) = (PPPZ4Z)) = 1 (PYPEXcXp) = (PLPZcZp) = 1
1 1
PPYX M) = (PPPYZ M) = —— 3 (PYPAXcMp) = (PLPLZcMp) = , (16)
(PP XeMy) = (P Py ZicMy) Wil (PAPgXcMp) = (P4PgZcMp) Wi
(PPPIXZ)) =0 (PIPIXZ) = 0

where (i,,k,1) = {(A,B,C,D),(A,C,B,D),(A,D,B,C),(B,C,A,D),(B,D,
A,C),(C,D,A,B)}and PQ & Py _ .y = B2 pl 2 p, _ | =17 wheres € {A,B,C,D}
are projectors for the Zs measurement.

Proof. To begin with, the output after the isometry given in Figure 1 is

[¥1) = ©([¥1) [0000) , )

= Y X4XUXEXEPLPLPEPY Y1) |abed) . 17
ab,c,de{0,1}

Observation Equation (15) implies that
(PAPRPCPD) + (PAPRPEPY) + (PAPRPEPD) + (Py PRPEPE)

(18)
+ (PAPRPCPD) + (PAPRPEPD) + (PyPsPCPD) + (PAPRPEPL) =1,
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and thus P% P4PEPY [¥7) = 0 for other eight projectors. Based on the fact that (y|¢) = 1
implies [1) = |¢), observation of Equation (16) implies

PPP)Xi [¥1) = PPPYX [¥1), PPP)Zy [¥1) = PP)Z; [¥1)
PYPIX [¥1) L PPPZ [¥1), PPP)X, Y1) L PPP)Z; 1)

, (19
00 PPP)X [¥1) + PPPPZi Y1)  PPP)Xi[¥1) + PYP)Z [¥1)
PPPyM, [¥1) = =
b V2 V2
and
Py PyXc [¥1) = PyPyXp [¥1), P4PyZc [¥1) = PyPyZp [¥1)
PLPiXc [¥1) L PiPLZc [¥1), PLPiXp [¥1) L PLPEZp |¥1) Q)

PLPLM s (W) — PyPyXp [¥1) + PyPiZp [¥1)  PiPiXc[¥1) + PiPEZc Y1)
ALB D| 1)7 \/E - \/E

Obviously, we have (PI.OP]QMI)ZPPl) = PiOP]oMl2 |'¥1). Since X?> = 72 = M? = |,

POPY (X +Z; )Y POPY(X;+2))* ¥
we have PI,OPJ,O [¥,) = = il kz W) R ’2 2 1>. Hence, we obtain the following

anti-commutation relation
PPP)XiZy [¥1) = —PYP)Zi X [¥1)

1)
PYPIX,Z; Y1) = —PPP)ZiX; [¥1)

forall (i,j,k,1) = {(A,B,C,D),(A,C,B,D),(A,D,B,C),(B,C, A,D),(B,D,A,C),(CD,
A, B)}, and similarly,

PLPiXcZc [¥1) = —PAPLZcXc |¥h)

1 pl 1 pl (22)
PAPiXpZp |¥1) = —PA\PAZpXp [¥1).

All these properties of the operators will help to reduce the output Equation (17). By us-
ing Equation (21), XcXpPYPIPLPL[¥1) is equal to PYPYPAXc-PYXp[¥:).
As PQPIXc [¥1) = PQPIXp [¥1) shown in Equation (19), this term becomes P4 PJ P%Plo) [¥1).
We can simplify the other five terms similarly. For the last term, we can obtain P} P PQPD |¥1)
using Equations (20) and (22), which can also be simplified to P§ PP2PY [¥1). As a reminder,
there are eight terms equal to zero. Hence, the output Equation (17) is reduced to

[¥7) =P PIP2PY [¥1) (]0000) +0011) +[0101) + [0110) + [1001) + [1010) -+ [1100)

+ [1111)) @)

and can be normalized into the form of |junk) ® [¥}), here |junk) = 2¢/2P4PIPOPY [¥1). O

3.2. Robustness Analysis Based on the Ly Norm

In this section, we give the analysis of robustness based on the vector norm inequality.
Result 1 relies on the observation of Equations (15) and (16) exactly; however, which may
be impossible in actual experiments due to the inevitable deviation from the ideal case.
Suppose each observation in Equations (15) and (16) admits a deviation at most € around
the ideal value. We say that the self-testing of |‘P/1) is robust [31] if the isometry still extracts
a state close to it and satisfies

11%1) — |junk) @ [¥7) | < f(e), (24)

where f(€) — 0 whene — 0.
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We show that

|| [¥1) — |junk) @ [¥;) || < f(€) = 265.98¢ + 348.45¢1 + 94.87¢% + 60.70e+  (25)
in Appendix A, which proves the robustness of Result 1.
4. Self-Testing of a Family of Parameterized Four-Qubit Symmetric States
In this part, we consider a more general state

|‘I’,2) = [/0000) + ¢(]0001) + |0010) + [0100) + |1000)) + |0011)

1
V8 +4at2 (26)
+10101) + |0110) + [1001) 4 [1010) + |1100) + [1111)] apcD

where t > 0 and t # 1. The parameterized state is a superposition of W state, GHZ state
and |S4) state, where the ratio of the coefficient of GHZ state and |Sy,) state is a constant
value, which is equal to % Rewrite the states as

/ 1 1
Y,) =———[V2+2t2]00) 45 @ ———=(]|00) + ¢ |01) +#|10) + |11
[¥2) === [V2+22100) 45 © —55(100) +£{01) + £ ]10) + |11))cp

1
+V2+12|01) 4 ® ———(#]00) + |01) + |10
‘ >AB m( ‘ > | > | >)CD

1
+V2+1210) ;5 ® ———=(#]00) + |01) + |10
V24 £110) 45 8 —o5 (+100) + [01) + [10))cp

(100) + [11))cp]-

27)

1
V211 5 ® —
‘ >AB \/i
Denote

1
[p1) = ﬁ(‘m) +£101) +£10) + [11))cp,

) = %uom + [11))ep.

The state |¢;) in its Schmidt form is

(28)

1) = cos p10)¢ [0)p +sinp[1)c[1)p, (29)
where cos p = \/%,sinﬁ = \/‘% Here, {|{'Y¢}, {|i')p},i € {0,1} are the correspond-
ing new bases for C and D. (See detail in Appendix C).

If t = 1, |¢1) is not an entangled state and the lack of nonlocality may result in the
failure of the self-testing. Following the framework of [32], we intend to divide the four
parties into two parts, and one of them performs local measurements on |¥5). If we divide
ABCD randomly into groups that each have two parties, for example, AB and CD, as
a result, the projection measurements may collapse the state shared by the remaining
parts into some unknown pure bipartite entangled states. Then the remaining two parts
should check whether the projected state they share violates maximally Equation (3) for
the appropriate a. Without loss of generality, if A and B perform the measurement in the
0, bases, |¢1) and |) should be self-tested by C and D, respectively, and simultaneously
conditioned on the outcomes “00” and “11”.

Following the result given in Lemma 1, |1 ) can be self-tested by reaching the maximal
violation of the tilted CHSH Bell inequality

b(a) = B+ 202 = % (30)
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—sin?

where & = 2,/1 s?nZZﬁ and the optimal measurement are set as Lemma 1 with
1+sin” 2B

tanpy = %ﬁ Meanwhile, |¢,) is still a maximally entangled two-qubit state under the

same transformation of bases

v

/! 11
I2) = 5 (100) + 11 ))co, (1)
and hence, we can use the same measurement settings as |1). As the definition given
in Lemma 3, agp = p, 01 = —}, 010 = 3 — #,&11 = —5 — #, and thus it will satisfy the
condition wgy + w19 = ap1 — aq7.
Define
0, t<1
i) = {1 L )

Then |¢1) can be self-tested by winning the XOR game and we give the criterion to
self-test |‘F/Z) as the following Result 2.

Result 2 (See proof in Appendix B). Consider four spatially separated parties, Alice, Bob, Charlie
and David, each performing five measurements with binary outcomes denoted as A;, Bj, Cy,

Dy(i,j, k,1 €{0,1,2,3,4}) on an unknown shared quantum state |¥). The target state \‘I’;) is
self-tested if the statistics are observed as the following

(PAPRPCPD) = (PaPRPCPh) = (PAPRPCPD) = (PAPRPEPD) = (PyPRPCPD)

1
= (PAPRPLPR) = (PPRPAPR) = (PAPRRLPE) = o=0s ()
t2
(PAPRPCPL) = (PAPRPEPD) = (PAPRPCPD) = (PAPRPCPD) = o=t
0 no 2 +1 5
(P PnB(x, Qo, Q1, Ry, R3)) = mm
<P]?/IPIQ]R2> <P](34PR]R3> o F(£) 10 PO
2sinpg 2sinp (=1)/F(PpPNR)
2
Y. fiPAPRCIQ) = s
ic(01),7¢(2,3) (2+2)sin2u
(P4 P3Co(Dy — D3)) =0 , (35)
PLPLD, Pl PLD;
<£‘-B L APaBDs) _ (e Ry
sin p 2sinp
t
<P19/IPIQIP(%P1%RO> T (36)

where (M, N, Q,R) € {(A,B,C,D), (A,C,B,D),(A,D,B,C),(B,C,D,A),(B,D,A,C),(C,
D,AB)}, PO 2 Py _ =% Pl 2 Py _ = 15% wheres € {A,B,C,D} are projectors
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AL At the same time, we find a proper

iny = = —
for the Zs.meusurement L.md sinpp = —5—5,cospt = ‘
construction of the local isometry @, where Zs and X are based on the measurement settings

Ay — A Ary+ A
Za= Ay = (—1)fBO2278 v op = 2248
A 1= 2sinp ~ 4 07 Qcosp’
Zp =B = (_1)f(t)wl Xp = By = M,
2sinp 2cos 37)
C—-C G +C
T =Cy = (—1)fH2 "8 Xe=Cp= 2"T23
c=G=(1 2sinp ’ c=Co 2cosp’
D, — D Dy +D
— Dy = (—1)fH 23 —Dy= 25
Zp=D1=(-1) 2sinpy ~ P 07 Dcosp

and thus makes the protocol device-independent. In addition, each party may need another fifth
measurements Ay = Zp X, By = ZpXp,Cqy = ZcXc, Dy = ZpXp to obtain the observation of
Equation (36). Since 0z0x = ioy, the fifth measurements are feasible in practical experiments.

5. Conclusions

In this paper, we propose schemes to self-test a large family of four-qubit symmetric
states. The target states we focus on are the superposition of the four-qubit Dicke states.
We first present a procedure for self-testing of a particular four-qubit symmetric state

with a special structure, and this procedure makes use of the self-testing of the maximally
[00)+|11)
V2

against inevitable experimental errors based on norm inequality. In addition, we propose an
approach to self-test a one-parameter family of four-qubit pure states through projections
onto two systems. Here in our work, only the simplest Pauli measurements are used, which
is quite helpful in the experiments.

It would also be of interest to work on a more general state with two parameters by
using the swap method and semidefinite programming (SDP) [26] in the form

entangled two-qubit state . At the same time, we prove that this protocol is robust

['¥) = cosBcosp |GHZ) + cosOsinp |Syp) +sinf |W), (38)

where 0 € [0,%],p € [0, %], which may provide better robustness than the analytical
bounds. What is more, our work could potentially be generalized to a higher dimension
scenario. These are reserved for our future work.
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Appendix A. Proof of the Robustness

In this section, we give the proof of Equation (25) based on the L, norm. Rewrite the
norm Equation (24) as

[1%1) — |junk) @ [¥7) | = || 1%1) — [¥7) + [¥5) — |[junk) @ [¥7) |

! / (A1)
<T¥2) = [¥2) [+ [ [¥7) — |junk) @ [¥7) ||

25
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Obviously, we need to find the upper bounds for || [¥1) — [¥5) || and || [¥7) — |junk) ®
%) || respectively. Suppose each observation in Equations (15) and (16) has a deviation at
most € around the ideal value. Then we can obtain some inequalities, for instance

1 1
< (PRPRRePD) < 3 +e, (PYPRXcXp) > 5 —€, (PYPRZcZp) > 1°¢

1
8 (A2)
(

1
4
1 1
POPIXcZp) <€, (POPIXcMp) > —— —¢, (PYPIZ-Mp) > —— —e.
ABCD>— (ABCD>—4ﬁ <ABCD>—4ﬁ
In addition, for convenience and rigorous of the derivation, we assume that
(PAPRP2Ph) <€, (PAPRPEPD) < €, (PaPEPRPD) <€, (PyPRPEPD) <, A3

(PAPsPLPD) < €, (PAPRPEPh) < e, (PyPRPLPD) < €, (PAPRPLPD) <€

which may not direct the observation statistics. We can now write

I(PAPEXc — PAPEXp) [¥1) |

=\/\ (¥1| PqPYXcXcPYPY + PYPYXpXpPSP) — 2P PYXcXp P Py [¥1) |

A4
/1 (H1| PAPYXCX PSP [¥1) + (¥1] P PYXp Xp P PY [¥1) — 2 (¥4 | PPAXCXpPY PR ¥1) | A9

S\/%+4e+%+4672(317e) = V10e = €,

and similarly,
I(PAPbZc — P4P3Zp) [¥1) || < V10e. (A5)

In addition,

Xc+Zc
PO po
H A*B \/E

:\/1 | (¥1] PSPIXcXcPYPY + PQPIXpXpPYPY + 2P PIXcZc P PY |¥1) | (A6)

1
¢ —+4e+ +4e+2€+\/106 +4e ]—\/ + 5¢ + 10e( +4e),

where (¥| P PIXcZcPGPY Y1) < €+ 1/10e(] + 4€) from

[F1) ||

(¥1| PO PIXcZPYPY [¥) — (1] PQPIXcZpPo Py 1) < 10e(4 + 4€) (A7)

by using the Cauchy-Schwarz inequality [33] and Equation (A5). Hence, we obtain

Xc+Zc

V2

—\/ | (¥1] P4 P§MpMp — V2P PR(MpXc + MpZc) [¥1) + ||

IPAPEMp [¥1) — PP} [¥1) |

PYPYXc + PYPYZc

7 [¥1) 117 |

(A8)

g¢i+4e+i+5e+ 10e( +4€) —2v2 x ( —€)

1
42

\/(9 +2v2)e + 106(2 +4e) =

26
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Since the norm of the projectors is equal to 1, we have

Xc+Zc

PYPY(Mp)?|¥1) — P PIM ¥
| PAPg(Mp)~ [¥1) — P4PgMp 7 [F1) ||
Xc+Zc
<||PAPEMp || |[PAPRMp [¥1) — PR PR=——=% 1) ||
V2
Xc+Zc
<[P} oo [ PRllco [ M [loo || P PEMp [¥1) — PR PR=—=—=['¥1) |
V2
Xc+Zc
=[P4 llool| PRllco | PRy = Pisgllocl| PAPEMD [¥1) — P/O;PgT [F1) |l
Xc+Zc '
<[IPY lleo | PRlco (I PR lloo + (| P llo) [ PAPEMD [F1) —PQPST [F1) || = 2¢.
Similarly,
Xc+Zc Xc+Zc ’
POPY=E T ZC My [¥q) — POPY(EEEC2 ) || < 2v2€,
[[P4Pp 7 D [¥1) — P Pg( 7 ¥ I <
which implies
Xc+Zc

IP§ P [¥1) — P§PY( 2 ¥1) || < (2+2v2)e

V2

— ||PAP§XcZc [¥1) + PaPRZcXc 1) || < 2(2+2v72)e .

Finally, since

1
1P P§ZeXc [¥1) — PYP§ZeXp [¥1) || < 1/ 10e(5 +4e)
0 po 0 p0 1
IPAPEXpZc [¥1) ~ PAPRXpZp [¥1) || < |/10e(; +de)

— | PPhZeXc [¥1) — PAPRXnZp [¥1) || < 2/106(; +4e).
Similarly,
0 10 00 1
PG PEXCZc [¥1) — PAPSZpXp [%1) || < 2/10e(; +4e),

therefore we can obtain

! 1
IPAP3XpZp [¥1) + PSPIZpXp [¥1) || <2(2+2V2)e +4,/10e(Z + 4¢)

=2(2+2V2) \/(9 +2v2)e+ \/106(% +4e) + 4\/105(2 + 4e)

<202+ ﬁ)(lOe)%(%(e)% +1) +4(@(e)% +2v/10¢) = 265,

Hence, we obtain
IPPP) X [¥1) — PPPYX; [F1) || < e
IPPP)Z; [¥1) — PPPYZ; [¥1) || < &
PP POXi Zi [¥1) + PPPPZi X [F1) || < 265
IPPP)XiZi [¥1) + PPPPZ, X, 1) | < 2e2
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and 1 pl 1 pl
[P4PgXc [¥1) — PAPsXp [¥1) || < &1

|PAP3Zc [¥1) — PAPyZp [¥1) || < e
|PAPAXcZc [¥1) + PPy ZeXe [¥1) || < 2¢
|PLPiXpZp [¥1) + PLPAZpXp [¥1) || < 26,

where (i, j,k,1) = {(A,B,C,D),(A,C,B,D),(A,D,B,C),(B,C, A D),(B,D,A,C),(C,D,
A, B)}. In addition, we have

(A17)

| Xo P PYPLP) [¥1) [0001) + Xc P PRPLPY [ ¥1) 0010)
+ XgPY PEP2PY [¥1) [0100) + X 4 P4 PYP2PY [¥1) [1000)
+ XpXcXpPSPEPLPE [¥1) |0111) 4+ X4 XcXp P4 PIPLPL [¥1) [1011)
+ XaXpXpPAPEPLPY [¥1) [1101) + X4 XpXc P4 PEPLPD [¥1) [1110) |
<[ XpPAPRPEP [¥1) [0001) || + [|Xc PR PRPEPD [¥1) 0010) ||
+ || Xp PR PEPEPD [¥1) [0100) || + | X4 Py PRPEPY [¥1) [1000) |
+ | XpXcXp Py PPEP [¥1) [0111) || + [| X4 XcXp Py PRPEP) 1) [1011) ||
+[1XaXpXp Py PEPEP [¥1) [1101) || + || XA XpXc Py PEPEPD [¥1) [1110) ||
— | (P4BYBOPY) | + | (P4PYPLPD) | + | (PPLPEPY) | + | (PPRPLEY) |
| (P4PABEPY) | + | (PLPYPLPY) | + | (PYPLPEPY) | + | (PAPEPLPY) |< se.

(A18)

With a similar derivation in [34], we have | (PPYZc) |< €1 + € and | (PG PYZp) |<
€1 + €2, which implies that

IPAPR(1+ Zc)(1+ Zp) ||
=2/ (PYPY) + (P4 PYZc) + (PYPYZp) + (PYPRZcZp) (A19)
§2\/%+4e+61+ez+el +ez+%+e,
and thus
I (I+ZA)(1+Zp)(1+ Zc)(1+ Zp) | = HPB.PgU +Zc)(1+ Zp) I
42 V2 (A20)

< \/1+10€ +4(e1 + €2) <1+ 5e+2(e1 + €2).

[1%1) — [¥5) | <8 x (e1+€2) +8e = 8(e1 + €2 +€),
I1¥7) — |junk) ® [¥7) || < 5¢ +2(e1 +€2),

We now can write
(A21)

which implies

f(e) = 13¢ +10(e1 + €3) = 265.98¢ + 3484561 + 94.87¢? + 60.70¢+. (A22)
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Appendix B. Proof of the Self-Testing of a Family of Parameterized Four-Qubit
Symmetric States

Observation Equation (33) implies that

(PAPRPCPD) + (PaPRPEPp) + (PRPRPEPD) + (PAPRPCPD) + (P4 PRPePp)
+ (PRPRPLPD) + (PR PRPCPD) + (PR PRPCPD) + (PyPRPCP) + (PAPRPEPD)  (A29)
+ (PAPPCPD) + (PhPEPEPD) =1,

and thus P4 P4PEPE |¥) = O for other four projectors.

For convenience, we use (M, N, Q,R) = (A, B,C, D) as an example to prove Result 2.
Define the operators for party C and D as

Xc = Co, Zc = C1,Z¢ = Co, Xc = Ci,
Dy+D3 . _ Dy—Ds (A24)

Xp = Do, Zp = Dy, Zp = Xp = -2 3,
b oD 172D 2cosp P 2sinpy

The maximal violation of the tilted CHSH inequality as Equation (34) implies

PYPYZc [¥a) = PYPRZp [¥2), (A252)

PAPYZcXc [¥2) = —PAPRXcZc [¥a), (A25b)
! ! 1 ! !

PRPRXc(1+Zp) [¥2) = mPngXD(I = Zc) [¥2). (A25¢)

Then we have
PYPYXc [¥2) = PYPIXp [¥2),

A26
PiPYXcZc [¥2) = —PYPRZcXc [¥2) (A20

by Equations (A25a) and (A25b). The observation of Equation (34) implies
PRPRZc [¥2) L PAPRXp [¥2), (A27)

and combined with the relation Equation (A25a) from the tilted CHSH inequality, we have
PAPYZp [¥) L PRPRXp [¥2) . (A28)
We can write the Zp [¥2) in the subspace of P4 P} as
PYPYZp |¥) = (—1)/ WP PIXp [¥2) (A29)
by Equation (34) and thus we can define the vector Xp [¥5) orthogonal to Zp |¥,) as
PO PIXp [¥2) = POPIZ) |[¥s) . (A30)
From Equations (A25a) and (A25c), we obtain
PYPYZp X)) [Wa) = —POPYXZp) ) . (A31)
Hence, we obtain

! ! ! !
PYPIXpZp [¥2) = PO PYZnXp [¥2) = —PSPIXpZp [¥2) = —PQPZpXp |¥a). (A32)
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Similarly, we obtain the following relations

PYPYXq [¥2) = PYPR Xk [¥2),
PYPNXoZq [¥2) = —PyPRZoXq [¥2), (A33)
PYPYXRZR |¥2) = —PYPYZrXR [¥2)

forall (M,N,Q,R) = {(A,B,C,D),(A,C,B,D),(A,D,B,C),(B,C,AD),(B,D,A,C),

(C,D, A, B)}. The maximal violation of the XOR game Equation (35) implies
PyPyZc|¥2) = PAPYZp [%2),
PyPyXc [¥2) = PyPRXp [¥2),
PAPRZcXc [¥2) = ~PAPRXCZc [Y2),
PYPRZpXp [¥2) = ~PAPEXpZp [¥2) .

(A34)

We can use a similar method as above and obtain
PjPyXc [¥2) = PAP3Xp [¥2),
PyPEXcZc|¥2) = —P4PyZcXc [¥2), (A35)
PYPiXpZp |¥2) = —PLPyZpXp [¥2) .
At last, the observation Equation (36) implies that
P PRPOPRXR [¥2) = PR PRPOPR [¥2) (A36)

forall (M,N,Q,R) = {(A,B,C,D),(A,C,B,D),(A,D,B,C),(B,C,A, D), (B,D,A,C),
(C,D,A,B)}.

We construct the local isometry similar to Figure 1: just replace |¥1) with [¥5). The
output after the isometry is

[¥2) = @(|¥2) [0000) 47 vy )

= Y X4XBXEXEPLPLPEPY [¥,) |abed) . (A37)
ab,c,de{0,1}

By using Equation (A26), XpPS P§P2P}, |¥2) is equal to PG PRP2PE Xp [¥5). Combin-
ing with Equation (A36), one can simplify this term to tP§ PYPCPY) [¥,). The third to fifth
terms share a similar simplification process.

In addition, XcXpPYPJPLP} [¥2) is equal to PG PIPRXcPS Xp [¥2) and then can be
replaced by Pg Pg Png ['¥2) using Equation (A33). Terms from the seventh to eleventh are
similar. For the last term, we can obtain P} PiP2PY |¥,) using Equation (A35), which is
then the same as the eleventh term. We remind that there are four terms equal to zero.
Finally, the output is reduced to

[¥3) =P PRPPY [¥2) (]0000) + £|0001) 4 £ [0010) + £ [0100) -+ ¢ [1000)

A38
+[0011) + |0101) + |0110) + [1001) + [1010) + |1100) + |1111)), (A38)

which can be normalized to the form |junk) ® \‘Y;), here |junk) = /8 + 412P§ PYP2PY |¥>).
Then the unknown state |¥;) is self-tested as \‘I";), which proves that Result 2 holds with
the required observations Equations (33)-(36). The protocol is also robust by a norm-
inequality-based analysis similar to the Result 1 and the detailed derivation process is
omitted here.
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Appendix C. Relations between Pauli Operators and the Unknown Measurements

In this section, we give details of the relations between Pauli operators and the un-
known measurements in Result 2 by Schmidt decomposition.

1
[$1) ap = NoEwT:

The coefficient matrix of |¢1) is

(100) + £]01) + £]10) + [11}). (A39)

1 1t
A= i 1) .
which has the Schmidt decomposition A = USV, where
1+t 0
24212
5= ( 0 -t > (A41)
V2+212
and
JE U
u=v=|y2 V2 if t<l
V2o v . (A42)
V2

1 EENE
u:({E 1),V=(@ Vf) if  t>1
VZ V2 V2 V2

‘0/>A:ﬁ(‘0>+‘1>)/& ‘0,>B:ﬁ(‘0>+|1>)3
, f , , | ) (A43)
‘1)A:ﬁ(‘o>_‘1>)A \1>B:ﬁ(\0>—ll>)3
Ift>1, . .
‘O/>A:ﬁ(‘o>+‘1>)/\ ‘O/>B:ﬁ(‘0>+|l>)3
, f , , | ) (A44)
‘1)A:ﬁ(‘o>_‘1>)A \1>B:ﬁ(\l>—l0>)3

Now we can consider the relation between operators 7' and X' with new bases and
Pauli operators for part A,

Zy= [0 >A <0 |A - ‘1 >A <1 ‘A = ‘0>A <1‘A + |1>A <0‘A

’ / ’ / / (A45)
Xg =104 (L o+ 1404 =104 (0[4 — D)5 (1] = 0=
For part B, ift <1,
Zp =0y, Xp =0, (A46)
andift > 1,
Zé =0y, XB = —0. (A47)
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Hence, if the operators performed by each party are the same as Lemma 1 with new
bases, they can be transformed into Pauli matrices

4 A2—As . A+ A3
oz =M= (1) 2sin Ox =40 = 2cosp
07 =B, = (,1)f(f)wlax =By = M,
2sinpy 2cos
(A48)
C,—GC3 Cr+GCs
o7=C = (-0 =0y =Co= 22,
2siny 2cos
0, =Dy = (—1)f®0P2=Ds D2t Ds
2sinp 2cos
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Abstract: Belavkin-Staszewski relative entropy can naturally characterize the effects of the possible
noncommutativity of quantum states. In this paper, two new conditional entropy terms and four
new mutual information terms are first defined by replacing quantum relative entropy with Belavkin—
Staszewski relative entropy. Next, their basic properties are investigated, especially in classical-
quantum settings. In particular, we show the weak concavity of the Belavkin-Staszewski conditional
entropy and obtain the chain rule for the Belavkin-Staszewski mutual information. Finally, the
subadditivity of the Belavkin-Staszewski relative entropy is established, i.e., the Belavkin-Staszewski
relative entropy of a joint system is less than the sum of that of its corresponding subsystems with the
help of some multiplicative and additive factors. Meanwhile, we also provide a certain subadditivity
of the geometric Rényi relative entropy.

Keywords: Belavkin-Staszewski relative entropy; geometric Rényi relative entropy; conditional
entropy; mutual information; classical-quantum setting

1. Introduction

Rényi proposed an axiomatic approach to derive the Shannon entropy, and he found a
family of entropies with parameter a (« € [0,1) U (1,00)), called Rényi entropy. Meanwhile,
the same axiomatic approach was extended to relative entropy and obtained Rényi relative
entropy [1]. Relative entropy (or Kullback-Leibler divergence [2]) is a special case of
Rényi relative entropy, which is an important ingredient for a mathematical framework of
information theory. It has operational meaning in information theoretical tasks and can be
used to describe the level of closeness between two random variables [3,4]. The axiomatic
approach introduced by Rényi can be readily generalized to quantum settings [5,6]. Because
of the non-commutativity of the quantum states, there are at least three different and special
ways to generalize the classical Rényi relative entropy [6-10], such as Petz-Rényi relative
entropy [11,12], sandwiched Rényi relative entropy [6,13] and geometric Rényi relative
entropy [14,15]. These quantities are very meaningful in different information-theoretic
tasks, including source coding, hypothesis testing, state merging, and channel coding.

The fact is that quantum relative entropy, by taking the limit as @ — 1, is a special case
of the Petz-Rényi and sandwiched Rényi relative entropies. However, the geometric Rényi
relative entropy converges to the Belavkin-Staszewski (BS) relative entropy by taking the
same limit. It is noteworthy that both the quantum and BS relative entropies are important
variants of the classical relative entropy extension to quantum settings [16-18]. Quantum
relative entropy, a direct generalization of the classical relative entropy, has been studied
extensively in recent decades. BS relative entropy is also an enticing and crucial entropy
used to process quantum information tasks, which can be used to describe the effects of
possible noncommutativity of the quantum states (the quantum relative entropy can not
work well for this). Additionally, BS relative entropy has recently attracted the attention of
researchers. More precisely, Katariya and Wilde employed BS relative entropy to discuss
quantum channel estimation and discrimination [19], Bluhm and Capel contributed a
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strengthened data processing inequality for BS relative entropy [20]. This property was first
established by Hiai and Petz [21]. Bluhm et al. produced some weak quasi-factorization
results for BS relative entropy [22]. Fang and Fawzi studied quantum channel capacities
with respect to geometric Rényi relative entropy [23].

It is commonly known that von Neumann entropy, quantum conditional entropy,
and quantum mutual information play vital roles in quantum information theory. Apart
from the above entropic measures derived from the quantum relative entropy, however,
other useful entropy-like quantities have also been well studied recently, such as max-
information [24], collision entropy [25], and min- and max-entropies [26-28]. All of these
information measures were generated from quantum Rényi relative entropies by taking
different limits.

BS relative entropy can be seen as a fresh and forceful tool to resolve some specific
challenges of quantum information-processing tasks. Concurrently, the main use of the
geometric Rényi and BS relative entropies is to establish upper bounds on the rates of
feedback-assisted quantum communication protocols [29]. To our present knowledge, there
is no systematic analysis and research for conditional entropy and mutual information
defined from BS relative entropy. Therefore, this paper explores some basic but necessary
results for BS relative entropy. More precisely, we first provide a class of new definitions
of conditional entropy (called BS conditional entropy, see Definition 2) and new mutual
information (called BS mutual information, see Definition 3) via BS relative entropy. Ad-
ditionally, we showed that von Neumann entropy can be defined by BS relative entropy.
Second, we built an order relation between the BS conditional entropy of the bipartite
and tripartite quantum systems. Subsequently, since classical-quantum states play an
essential role in quantum channel coding and classical data compression with quantum
side information, we discussed some valuable properties of BS conditional entropy and
BS mutual information in classical-quantum settings. We established the weak concavity
of BS conditional entropy and obtained chain rules for BS mutual information. Last but
not least, the subadditivity of the geometric Rényi and BS relative entropies is established
with the help of some multiplicative and additive factors (the factors are different linear
combinations of quantum max-relative entropy [30]), i.e., the geomertric Rényi/BS relative
entropy of a joint system is less than the sum of that of its corresponding subsystems.

This paper is organized as follows. In Section 2, we present the mathematical termi-
nology and formal definitions necessary for the formulation of our results. Our results are
shown in Section 3. The paper ends with a conclusion.

2. Basic Notations and Definitions

We denote a finite-dimensional Hilbert space by . Normalized quantum states
are in the set S—(H) := {p € P(H) : Trp = 1}, and subnormalized states are in the
set S<(H) = {p € P(H) : 0 < Trp < 1}. We use P, (H) and P(H) to denote the
set of positive definite operators and the set of positive semi-definite operators on #,
respectively. An identity operator is denoted by I. The Hilbert spaces corresponding to
different physical systems are distinguished by different capital Latin letters as a subscript.
A compound system is modeled using the Hilbert space H s = H 4 ® Hp. For a bipartite
classical-quantum system # xp, the corresponding state pxp is formalized as

pxs = Y_p(x)|x){x|x ® o, O]
X
where {|x)} corresponds to an orthonormal basis on the classical system Hx, p}; is any

quantum state on the quantum system Hp, p(x) is the probability distribution, and
Yo p(x) = 1[17,29]. We also refer to a tripartite classical-quantum state,

pxas = Y p(x)[x)(x|x ® o}, )

where p% ; is any quantum state on the quantum system H 4.
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In quantum information theory, one can generalize Rényi relative entropy to the
quantum case, these quantities depend on a parameter « € (0,1) U (1, c0), and one can
evaluate their values at & € {0,1, 00} by taking different limits. For Petz-Rényi relative
entropy [11,12] and sandwiched Rényi relative entropy [6,13], if one takes the limit as
a — 1, we can obtain the well-known quantum relative entropy. For p € S—(#) and
o € S<(H),if supp(p) C supp(c), the quantum relative entropy of p and ¢ is defined as

D(pllo) = Tr[p(logp — logo)]; ®3)

otherwise, it is defined as +co. Throughout this paper, we take the logarithmic function
to base 2. The quantum relative entropy is nonnegative and satisfies the data processing
inequality, which has good applications in quantum hypothesis testing and quantum
resource theory [5,31,32]. We now define the geometric Rényi relative entropy [5,14,15,29].

Definition 1. Forall v € (0,1) U (1,00), p € S—(H) and ¢ € S<(H), the geometric Rényi
relative entropy is defined as

Dalplle) = - log[Te[o(e2pr 2] ). @
The term of 2 (U*%paf% )D‘U% is called the weighted matrix geometric mean of two
positive definite operators p and ¢, where a is the weight parameter [5,23,33]. The geometric
Rényi relative entropy can be shown to be the maximal relative entropy among all quan-
tum Rényi relative entropies satisfying the data processing inequality [5,15], so it is also
called maximal quantum Rényi relative entropy [5]. The geometric Rényi relative entropy
increases monotonically with respect to the parameter a. Specially, for the limitas a« — 1,
the geometric Rényi relative entropy converges to the BS relative entropy [15,19,29], i.e.,

D(pllo) = lim Da(pllo) = Tr[plog(pZo~'p2)], ©)

where supp(p) C supp(c); otherwise, D(p[|c) = -+co. Here, the inverse ¢! is taken on
the support of ¢.

Similar to the quantum relative entropy [17], the BS relative entropy is non-negative
and satisfies the data processing inequality [15,19,29]. For every quantum channel &,
we have

D(E(p)lIE(e)) < D(pll7). Q)

For more properties of the BS and geometric Rényi relative entropies, one can refer
to [19,29]. In particular, the quantum relative entropy is never larger than the BS relative
entropy [19,21], i.e.,

D(plle) < D(pllo). @)

Obviously, if p and ¢ can be commuted, the BS relative entropy will reduce to the
quantum relative entropy. In this paper, we also need to employ the quantum max-relative
entropy [5,6,30,34], which comes from the sandwiched Rényi relative entropy by taking the
limit as & — o0, and

Dmax(p||o) =loginf{A : p < Ac}. 8)

3. Main Results

Once again, the Petz-/sandwiched and geometric Rényi relative entropies are incon-
sistent when taking the limit as « — 1, which leads to many differences between the BS
relative entropy D(p||c) (generated from the geometric Rényi relative entropy) and the
quantum relative entropy D(p||c) (generated from the Petz-/sandwiched Rényi relative
entropy). However, we find that both the quantum relative entropy and the BS relative
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entropy reduce to the von Neumann entropy for any quantum state p when one takes
oc=11ie,

N 1 1
Dpll1) = Tr[plog(p>1'p?)]
= Tr[plogp]
= =5(p).
Thus, we have

D(p[lT) = D(p[|I) = —S(p). ©)

3.1. Belavkin—Staszewski Conditional Entropy

One of the significant properties of the relative entropy is that it can derive the con-
ditional entropy and mutual information in information theory. The quantum relative
entropy is the quantum analogue of Kullback-Leibler divergence. We know that there is no
similar concept for the joint probability distribution of two variables with different time in
quantum mechanics; in other words, there is no real conditional quantum state to process
quantum information tasks. Thus, we can consider a formal definition of the quantum
conditional entropy [17,31], i.e.,

S(A|B), = S(paB) — S(pB), (10)

where pp = Tra(pap) is the reduced state for the bipartite quantum state p 45. The quantum
conditional entropy S(A|B), can be denoted as the quantum relative entropy [5,29], i.e.,

S(A|B)p = —=D(pasll1a @ o). (11)

In fact, from the basic properties of the quantum relative entropy, the above equation
has another equivalent expression [5,29],

S(A[B)p = max —D(pag|ls ® o), (12)
where the maximum is taken over all sub-normalized states on Hp.
Combining Equation (9) with Equation (10), we have
S(AIB), = —=D(pasll1as) + D (0| Ip)- (13)

However, from the property of Equation (7) and definition of Equation (11), intuitively,
we find that conditional entropy defined by the BS relative entropy is different from the
quantum conditional entropy of Equation (11) generally. Therefore, we define a new
conditional entropy based on the BS relative entropy in the following: the so-called BS
conditional entropy.

Definition 2. For any quantum state p ap € S=(H ap), the BS conditional entropy is defined as
S(A[B)o = —D(pasllla ® pp)- (14)
Similar to Equation (12), we can also define the alternative BS conditional entropy, i.e.,

Sm(A[B), = max —D(pasl|la ® 0B), (15)

where 05 € S<(Hp). In general, the optimal state is not necessarily the state pg. We
further have
Sm(A[B), < S(A|B), < S(A[B)p, (16)

from the relation of Equation (7). Additionally, if one considers the above relations in the
bipartite classical-quantum systems, they remain equal, as follows.
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Lemma 1. For any bipartite classical-quantum states pxp, we have
Sm(B|X)o = $(B|X), = S(B|X),. (17)

Proof. Without a loss of generality, letting ox = Y., q(x)|x) (x| and px = Y, p(x)|x) (x|,
using the definition of Equation (1), we have

T

=

[ 1 1
Pxslog (p)2<BIB ® %le%g)}

Zp (x| @ pf - 10g<2p )1IX)<x®p§>

I
=

(18)

= Tr Zp(x )log p(x)q(x) " |x) (x| ® pk

= D(p(x)llg(x)) — Y p(x)S(05),

+ ZP )Tr[o% log o]

where the last equality follows from the fact that

Tr ZP x)log p(x)q(x) " |x) (x| ® p}

=Tr {Z p(x)log p(x)q(x) ! X><x|} - Tr[pg]

and Tr[p}] = 1.
Next, taking the minimization of o for both sides of Equation (18), we have
1 11
min Tr {PXB log (me Ipooy P§<B>}
min D(p(x)|9(x ZP (19)

= _;p

The optimization of ox for the first equality only depends on the first term. For
all x, one takes the minimization if and only if p(x) = g(x), which also implies that
D(p(x)||q(x)) = 0. Furthermore, combining the definitions of Equation (15) with Equation (5)
to Equation (19), it holds that

Sm(B|X)p = }_p(x)S(0)-
X
For $(B|X),, we have
1 1 1
Tr {pxs log (PigIB ®px p%sﬂ

= Tr{ZP (x| ®p% - 10g<2p )1|x><X®p’§>
= 7Zp X

Similarly, we have

$(B|X)p = }_p(x)S(p%)-

X

Finally, we can obtain the same result for S(B|X),. We thus complete this proof. [
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Since the BS relative entropy satisfies the data processing inequality (6), for any
tripartite quantum systems H 4 ¢, it is easy to obtain that conditioning reduces entropy, i.e.,

S(A|BC), < S(AIB),. (20)

This property also holds for the quantum conditional entropy S(A|B),. However,
there is not always true for S(A|B), < S(AC|B), (Problem 11.3(2), in [17]). For the BS
conditional entropy, this paper provides another result in the following.

Lemma 2. For any tripartite quantum states p apc € S—(H apc), we have
S(AB|C), —logd, < S(B|C), (21)

and
Sm(AB|C), —logda < 5m(B|C),, (22)

where d 4 is the dimension of subsystem H .

Proof. Since the BS relative entropy satisfies the data-processing inequality (Corollary 4.53
in [29]) and the fact that partial trace is a quantum channel [5], we have

D(papclllag ®pc) > D(Tra(papc) | Tra(lag ® pc))-

Furthermore, we have

D(Tra(pasc) ITra(Ias @ pc)) = D(psclldals @ pc),

where d 4 is the dimension of subsystem H 4. Applying the additivity of the BS relative
entropy (Proposition 4.54, [29]), we then have

D(psclldals @ pc) = D(psclllp © pc) —logd a.

Recalling the definition of the BS conditional entropy $(A|B),, to the above equality,
we have
S(AB|C), —logda < S(B|C),. (23)

Similarly, for the alternative definition of the BS conditional entropy Sm(A|B),, taking
the minimization of oy, we have

min D(pasclllap @ oc) > min D(ppcl|Ip @ oc) —logda,
which implies that
Sm(AB|C), —logd s < Sm(B|C),.
|

The quantum conditional entropy of Equation (10) also satisfies the concavity, which
plays an important role in the quantum information processing [5,17,31]. Additionally,
for the BS conditional entropy of the tripartite classical-quantum state, we obtain the
following result.

Theorem 1. For any tripartite classical-quantum states px ap, we have

H(X)+ Y p(x)$(Ax|B), < S(A|B), +logdx (24)

and
H(X)+ Y p(x)Sm(Ax|B)p < Sm(A|B), +logdx, (25)

X
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where H(X) is the Shannon entropy, and $(Ax|B) p is the BS conditional entropy for the quantum
state p% .

Proof. For any tripartite classical-quantum states px 45, we have

T

jan

r 1 1
PXAB log (p)z(AB Ixa® Pf;lP)z(ABﬂ
1
=Tr ZP )x) (x| @ o - 10g<2p )|x) x|®(pAB)ZIA®pB (pAB)2>:| (26)

=T

=

):P )|x) (x| @ plp - log<ZP x)|x) xl)

+Tr

¥ p()15) (x] © g5 log ((055) L ®PBI(p’AB);>}.

For the first term of the last equality, we have

Tr[Zp ) (x| @ Pl - 1°g<2” ) x')}

= Z[F’ x) log p(x) - Tr[p% )]
- CHX),

where the last equality follows from the fact that Tr[p% ;] = 1. Similarly, for the second
term, we further have

{ZP )|x) x|®PA310g((PAB)21A®PB (PAB)%):|
= Zp(x)Tr[p’éslog((pﬁg)%IA @05 (Php)?)]
= ZP D(p%pll1a ® pB)

= _EP AX‘B

where $(Ay|B), is the BS conditional entropy for the quantum state p 5.
Therefore, we can obtain

1 1 N
Tr {PXAB log (p)z(ABIXA ®P§IP§A3>] = —H(X) = ) p(x)$(Ax|B)y.

X

Using the definition of the BS conditional entropy $(XA|B), to the above equality,
we have

S(XA|B), +Zp S(A«|B),. (27)
Applying Lemma 2, we further have
S(XA|B), < S(A|B), + logdx. (28)

Substituting Equation (27) into the above inequality (28), we can obtain the first
inequality of Theorem 1.
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We will replace pg with op to analyze the case of the alternative BS relative entropy in
the same way;, i.e.,

1 1 R
Tr {PXAB log <P§<ABIXA ® U§IP§AB>:| = —H(X) +)_p(x)D(p}pll1a @ 08),
X
taking the optimization of ¢p for the above equality and combining the definition of
Equation (15). We then obtain the desired result. [

From the above results, we know that there are two additional terms H(X) and logdx
on each side of the inequality (24), which are different from the concavity of the quantum
conditional entropy S(A|B),. To make a distinction, we call it the weak concavity of the BS
conditional entropy given by Theorem 1.

Combining the above fact with Theorem 1, we can establish the relationship between
S(A|XB), and 5(XA|B),. Using the direct sum property of the BS relative entropy (Propo-
sition 4.54 in [29]), we have

S(A|XB), ZP D(ppllIa @ pF). (29)

We cannot determine the order relations between pj with pg, but one can always
compare D(p¥ (|14 ® p}) with D(0%p|/14 ® pp). For the case that the former is less than
the latter, we have

S(A|XB), > — ZP D(ppllla @ pp). (30)

Applying Equation (26), we can obtain
S(XA|B), —logdx < S(A|XB),. (31)

In addition, as a special case of the inequality (20), we can easily obtain that
S(A|XB), < S(A|B),. Therefore, it holds that

S(XA|B), —logdx < S(A|XB), < $(A|B),. (32)
Otherwise, for the case of D(p%||Ia ® p%) > D(0% 514 ® pp), we then obtain
H(X) + S(A|XB), < S(XA|B),. (33)

For the quantum conditional entropy of Equation (10), we know that any bipartite
pure states are entangled if and only if S(A|B) < 0. Here, we are also interested in the BS
conditional entropy. Without a loss of generality, let [) 4 = Y_; A;|i) 4]7) 5 be any bipartite
pure state, where A; represents non-negative real numbers satisfying y; A? = 1, known as
Schmidt coefficients, and |i) 4 and |i) g are orthonormal states for A and B, respectively. The
number of non-zero values A; is called the Schmidt number for the pure state i) 45 [17].
We have

$(AIB), —Tr{szBlog(wiBu®pg1wiB)}

1 _1
~Tr {IIJAB log <1A ®pp*Yapla @ pg Zﬂ (34)
= —logr,

where 7 is the Schmidt number of |i). We remark that the bipartite pure state is entangled
if the Schmidt number is greater than 1.
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3.2. Belavkin—Staszewski Mutual Information

The quantum mutual information is another important measure in quantum informa-
tion theory, which can describe total correlations in the bipartite quantum subsystems, and
there are important applications in quantum channel capacity, quantum cryptography, and
quantum thermodynamics [17,35]. Based on the property of the quantum relative entropy,
there are four equal definitions for the quantum mutual information, i.e.,

I(A;B)p = D(paslloa®ps)

= minD(pallpa ®05)

= minD(paplloa ®ps) (35)

= min D(paglloa ® 0p),

TA/B

where the minimums are taken over all density operators 4 and ¢ on quantum systems
‘H 4 and H p, respectively. However, for other general relative entropies, these equalities do
not hold in general, such as max-information [24]. In this section, we will consider a new

mutual information via the BS relative entropy, Similar to Equation (35), we define four
different BS information terms as follows.

Definition 3. For any quantum state pap € S=(H ap), the BS mutual information terms are
defined as

1"(A;B), = Dl(paslpa®ps), (36)

P(A;B), = H(}[i;nD(PAB”PA ® o), (37)

?(A;B), = min D(paglloa ® pp), (38)

P(A;B), = minD(paglloa ®0p). (39)
TAB

Notice that, for [*(A;B), and ?(A;B) o, they can be thought of as swapping the
positions of the optimization operators ¢4 and g, so we will consider only one of them.
Intuitively, the remaining three definitions of the BS mutual information I i(A ;B) o decreases
with i, i.e.,

P(A;B), < I*(A;B), < ['(A;B),. (40)

Additionally, recalling the inequality (7), we can obtain that there is not less BS mutual
information than there is quantum mutual information, i.e.,

I(A;B), < ['(A; B),. (41)

From the monotonicity of the BS relative entropy, it follows that discarding quantum
systems does not increase the BS mutual information, i.e.,

I'(A;B), < I'(A; BC),. (42)
Subsequently, for the quantum mutual information (35), it holds that
I(AiB)y = S(oa)—S(AIB),
= S(o) — S(B|A)y. (43)

The above two relations are called chain rules for the quantum mutual information.
Chain rule can be regarded as a ‘bridge’ between conditional entropy with mutual informa-
tion in information theory. We are also interested in exploring chain rules for the BS mutual
information for bipartite classical-quantum system H xp (for all quantum scenarios, further
discussion is needed as a remaining issue). It is well-known that the classical-quantum
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state only possesses classical correlation, and there is no quantum correlation, which leads
us to find some significative and interesting results. We first give the following result before
discussing the chain rules for the BS mutual information.

Lemma 3. For any bipartite classical-quantum states pxp, we have

I'(X;B), = mmZP D(p3llos), (44)

wherei = 2,3.
Proof. The proof is similar to the proof of Lemma 1, thus we omit some calculation steps.
We first consider the case [*(X;B),. Let ox = ¥, q(x)|x){(x|, for any quantum state o,

we have

T

jn

Pxslog (Pigvi '@y lpig)}
= Tr Zp )x) (x| @ o - 10g<ZP (x) M) (x| @ (p )2031(%);)} 45)

= T

j=

zp ) 1og p(x)a(x) 1) (x| © 05 | + L p(0)Tr o logleh) e (o)

= D) g +ZP D(pgllos)-

Taking the minimum optimization for both sides of Equation (45) about ox and o,
respectively, we then have,

e
POeRe = 2

D(p(x)lg(x )+ZP pB||0'B):|
= minD(p(x)[q(x)) +manP D(pzllos)

= min Y p()D(pf ).

The last equality follows from the fact that the relative entropy D(p(x)||g(x)) is non-
negative; i.e., it holds that

min D(p(x)[lq(x)) =0,

for all x, if and only if p(x) = g(x).
For [2(X; B),, only optimization is required for o, from its definition, so we directly have

*(X;B),

1 1
min Tr [pxs log <p§<sp§<1 ®0og 1P§<B>]
= mmZp D(p}lo3)-

O

Notice that the BS mutual information [* (X;B) o does not involve any optimizations,
so we have

"X;B), = EP D(p3llos)- (46)

This result shows that the BS mutual information [!(X; B) p is identical in form with
the quantum mutual information I(X; B),, while the latter is the well-known Holevo
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information. In addition, if we consider the tripartite classical-quantum state, we can also
obtain a sum form of the BS mutual information fori = 1, i.e.,

M(XA;B), = Zp (A ), (47)

where ['(Ay; pp) is the BS mutual information between quantum states p%  and p% ® pg.
Other cases of the BS mutual information are similar, so we will not go into detail. Based
on the above results, we obtain the chain rules for the BS mutual information for bipartite
classical-quantum states as follows.

Theorem 2. For any bipartite classical-quantum state pxp, we have
I'(X;B)p + Sm(X|B), = H(X), (48)
wherei = 2,3.

Proof. The proof of this theorem is similar to the proof of Theorem 1, so we omit some of
the repetition. For any bipartite classical-quantum state pxp, we have

D(pxs||Ix ® op) ZP D(pgllos) — H(X). (49)
Employing the definition of Equation (15), we further have

Sm(X|B)p = mmZp D(0%|oB). (50)

Applying Lemma 3 to Equation (50), we can then complete the proof. [

Similarly, for ['(X; B) o, We give a chain rule with respect to the definition of the BS
conditional entropy $(X|B),, as follows.

Corollary 1. For any bipartite classical-quantum state pxp € S<(Hxp), we have
I'(X;B), + $(X|B), = H(X). (51)

Proof. From Definition 2, we can directly obtain that

A 1 1
S(X|B), = *Tr{PXBIOgG’)Z(BIX®P§lp§(3>}
~ Lp()D(obllos). (52)

Combining Equation (46) with Equation (52), we then obtain the desired result. [J
Recalling Holevo information and applying the result of Lemma 1, we further have
I(X;B)y = S(ps) — $(BIX),

= S(pp) — Sm(B|X), (53)
S(pp) — S(B|X)p-

This result shows that the BS conditional entropy with classical side information can be
used to describe the Holevo information as well. In addition, employing the inequality (41),
we have

S(pB) — Sm(B|X), < P(X;B),. (54)
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Comparing this to Theorem 2, we find that, when the side information is classical, the
equal sign of the chain rule for [3(X; B) o does not hold in general.

3.3. Subadditivity for the BS Relative Entropy

It is necessary to study the relationship of entropic measures between a joint system
and its corresponding subsystems, which plays a vital role in estimating channel capacity
bounds and analyzing error exponents. The quantum relative entropy satisfies subadditiv-
ity and superadditivity, both of which are fundamental properties of the quantum relative
entropy [31]. More precisely, for any bipartite quantum states p4p and a product state
04 ® op, the superadditivity of the quantum relative entropy is

D(pallca) + D(psllog) < D(paglloa ® op). (55)

This was extended to a more general setting [36]. This paper does not determine
whether the BS relative entropy holds the same property. However, the following result
shows an opposite relationship for the BS entropy, i.e., the subadditivity. We first give an
equivalent definition of the BS relative entropy for obtaining the desired result.

Lemma 4. For any quantum state p € S—(H ) and 0 € S<(H), we have
D(p|jo) = Tr [0(0_%;)(7_%) log(a_%pa_%)]. (56)

Proof. Let Il be the projection onto the support of . One can obtain that p = pIl, = I1,p
from supp(p) C supp(c). From Equation (5), we thus have

Diplle) = Tr[plog(piop)]

1 1

= Tr[p%Hap%log(pf(f?(f%p%)} (57)
%P

where the equalities holds from the fact that I'l, = ool Employing Lemma 2.6 in [29],

we have
11 11 11 11y 11
o 2p2log(p20 207 2p7) = log(o™2p0™ )0 2p2,
where p%U*% = (U*%p%)f We then have
D(pllo) = Te[piotlog(o~2po2)o™ 2p1]
= Tr[log(a’%po’%)a’%pa%] (58)

The equality holds from the cyclic property of the trace. Since

log(a*%pa*%)(f%pa*% = U*%p(r*% log(a*%pa*%),
we have
D(plle) = Tr[log((f%pa’%)a’%po’%o}
= Tr [of%pa*% log(af%ptf%)a]. (59)

Finally, we obtain the desired result by applying the cyclic property of the trace
again. [J
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Theorem 3. For any quantum state pap € S—(Hap), 0a € S<(Ha), or 05 € S<(Hp),
we have

D(paglloa®op) <Allogh+D(0allca)+D (o5 0B)], (60)

where A = 2Pmax(paslloa®pp).

Proof. Let Dmax(pagllpa ® pp) = log A for supppap C supp(pa ® pg), which implies that
pap < Apa ® pp. For any quantum state o4 or op that satisfies suppps C suppop and
suppps C suppog, respectively, applying Lemma 4, we have
D(paplloa®os)
R | 1 1 1 1 1 1
:Tr{(aA ®0’B)<UA2 ® 0 2pap0,t ® 0 z) .1og(aA2 ® 0 2pap0,t ® 0 2)]‘(61)
Employing the basic operator inequalities of Lemma 2.13 in [29], we have
S| | | |
0,° ®0p20ap0 > @0p* <A0,> @020 R pRo,* @ 0p 2.
Substituting the above inequality into Equation (61), we then have
D(paslloa®os)

1 _1 1 1 1 _1 1 1
Tr{(aA ®03)<)\0A7pA17A7 ® 0p 2 ppog 2) : log<)qu7pA(7A7 ® 0p 2 ppoy 7)}

IA

_1 _1 1 1
)\-Tr|:(U'A ®0’B)<U'A7‘DA0'A7 ® op Z‘DBU'B Z)

R 1 1
. <log)\+log<0A2pAaA2> +log<aB >opoy 2))}
< AMogA+AD(pallea) +AD(ps|op).

The equality follows from the linearity of the trace. The last inequality holds based on

_1 1 1 1
Tr{(UA ® op) (O'AZPAU'AZ ® 0y * POy 2)} <1

and
I N St R
Tr |:(17A ® 0p) <17AZPAUA2 ® 0y * POy 2) log<aA2pA¢7Az>}
T [
= Tr{aA<UA2pA0AZ>log<UA2pAUAZ)}
= D(palloa).
Similarly,
1 .1 1 1 1 1 N
Tr |:(0'A ® 0oB) ((TAszUAZ ® 0y *ppoy 2) log(th 200y Zﬂ = D(pg||oB).
O

As mentioned above, the geometric Rényi relative entropy converges to the BS relative
entropy when the limit is « — 1. More generally, we also provide an upper bound for the
geometric Rényi relative entropy.
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Theorem 4. For any quantum state pap € S—(Hap), 04 € S<(Ha), or o5 € S<(Hp),
we have

Du(paglloa ®op) < a“ijax(PABHPA ® p5) + Da(palloa) + Dulpslos)-

Proof. Let Dmax(paglpa ® pg) = logA for supppap C supp(pa ® pp). This implies
that pap < Apas ® pp. For 04 and op with supppa C suppop and suppps C suppop,
respectively, employing the relation of Eq. (4.6.21) in [29], we have

1\ % 1 a—1
Tr[(aA®UB)< 2 Qoy? PABUA ®gBZ> } Tr|:pAB<pABUA ®0og szx > }
It then holds that

1 1 a—1
Tr [ms <P§\BUX 'ooy 1#213) }

IN

1 1 1 1\ 41
Tr [)‘(PA ® pB) ()‘Pfx ®p50x @0g 0y ®P§) }

AT

O U S A
(pa ®ps)<p§; QPEo, @ 0p pi®p§>
1

1o\t [ A
A"Tr | pa (Piag Pi) Tr|pp (pécfg ®p§> :
Combining the above result with Definition 1, we have
1 N % » % a—1 % . % a—1
1 log [ A*Tr |04 <PA‘7A PA> Tr | pB (PBOB ®PB)

_ ﬁDmax(PABHPA ® pg) + Da(palloa) +Da(osllos).

IA

Dao(paslloa ® o)

O

Similarly, one can define a new mutual information term via the geometric Rényi
relative entropy as
Iu(4; B)p = min Du(palloa ® o). (62)

It is then easy to draw the following conclusion.

Corollary 2. For any quantum state pap € S—(Hap), 0o € S<(Ha), or g € S<(Hp),
we have

fa(A?B)p < 4 Dmax(paslloa ® pp) + Da(palloa)+Dalosllos). (63)

Notably, if one considers the classical-quantum state, there is no result as shown in
Lemma 3 for the mutual information defined by the geometric Rényi relative entropy.

Specifically, for & € (0,1), we have
-1 S\
log| Lp(0Te {ps (pB *PB0g 2) ]

“_1217 log[ [ <U§%p§m§%>ﬂ (64)
= Lr()Du(pilies),

Da(pxallox © o)

IN
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where the inequality comes from the Jensen inequality of —log t. For a € (1, ), we obtain
the opposite result, i.e.,

Da(pxslox @ pp) >ZP )Da(0% l0B)- (65)

Furthermore, if one considers the conditional entropy defined by the geometric Rényi
relative entropy, for « € (0,1), we have

Da(pxsllIx®pp) <ZP x)Da (0 ll08) —H(X). (66)

For a € (1,00), we then have

Da(pxsllIx®pp) > Y p(x)Du(p}llos) —H(X). (67)

X

4. Conclusions

This paper investigates the subadditivity of the geometric Rényi and BS relative
entropies and explores the indispensable properties of the BS conditional entropy and
mutual information, especially in classical-quantum settings. The subadditivity of the
geometric Rényi and BS relative entropies can provide new valuable bounds to estimate
channel capacity and analyze the error exponent. As mentioned above, the BS relative
entropy represents a different quantum generalization of classical relative entropy. The
main use of BS relative entropy is in establishing upper bounds for the rates of feedback-
assisted quantum communication protocols. The primary goal of further research on BS
relative entropy is to explore the intrinsic properties of its relevant conditional entropy and
mutual information and to gain a better understanding of their operational relevance. We
hope that the formal tools provided in this paper will be useful for this purpose.

One question worth answering is whether there is a chain rule for the mutual informa-
tion in terms of the geometric Rényi relative entropy, i.e.,

R >, R
Da(paglloa®pe8)Z5«(04) +Da(pasllLa®pB),

or the other forms, where 5, (04) is the quantum Rényi entropy. Subsequently, the duality
of conditional entropy is an important property for a tripartite pure state system, which
can be effectively applied in random number extraction and channel coding [26]. Further
research will focus on the duality of the BS conditional entropy.

Author Contributions: Conceptualization, Y.Z. and Z.X.; methodology, Y.Z. and Z.X.; formal analysis,
Y.Z.; writing—original draft preparation, Y.Z.; writing—review and editing, Y.Z., B.Y. and Z.X;
project administration, B.Y. and Z.X. All authors have read and agreed to the published version of
the manuscript.

Funding: This research was funded by the National Natural Science Foundation of China (Nos.
62171266, U2001205) and the Funded Projects for the Academic Leaders and Academic Backbones,
Shaanxi Normal University (No. 16QNGGO013).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: Z.X. is supported by the National Natural Science Foundation of China (No.
62171266) and by the Funded Projects for the Academic Leaders and Academic Backbones, Shaanxi
Normal University (No. 16QNGG013). B.Y. is supported by the National Natural Science Foundation
of China (No. U2001205).

49



Entropy 2022, 24, 837

Conflicts of Interest: The authors declare that there is no conflict of interest. The funders had no role
in the design of the study, in the collection, analyses, or interpretation of data, in the writing of the
manuscript, or in the decision to publish the results.

References

1. Rényi, A. On measures of information and entropy. Proc. Symp. Math. Stat. Probab. 1961, 4, 547-561.

2. Kullback, S.; Leibler, R.A. On information and sufficiency. Ann. Math. Stat. 1951, 22, 79-86. [CrossRef]

3. Cover, T. M.; Thomas, J.A. Elements of Information Theory, 2nd ed.; John Wiley Sons, Inc.: Hoboken, NJ, USA, 2006.

4. Csiszar, I; Korner, J. Information Theory: Coding Theorems for Discrete Memoryless Systems; Cambridge University Press: Cambridge,
UK, 2011.

5. Tomamichel, M. Quantum information processing with finite resources. arXiv 2015, arXiv:1504.00233v1.

6. Muller-Lennert, M.; Dupuis, E; Szehr, O.; Fehr, S.; Tomamichel, M. On quamtum Rényi entropies: A new generalization and
some properties. . Math. Phys. 2013, 54, 122203. [CrossRef]

7. Mosonyi, M.; Ogawa, T. Quantum hypothesis testing and the operational interpretation of the quantum Rényi relative entropies.
Commun. Math. Phys. 2015, 334, 1617-1648. [CrossRef]

8. Audenaert, KM.R,; Datta, N. a-z-Rényi relative entropies. J. Math. Phys. 2015, 56, 022202. [CrossRef]

9.  Hiai, F; Mosonyi, M. Different quantum f-divergences and the reversibility of quantum operations. Rev. Math. Phys. 2017,
29,1750023. [CrossRef]

10. Capel, A.; Lucia, A.; Pérez-Garcfa, D. Quantum conditional relative entropy and quasifactorization of the relative entropy. J. Phys.
A Math. Theor. 2018, 51, 484001. [CrossRef]

11.  Petz, D. Quasi-entropies for states of a von Neumann algebra. Publ. Res. Inst. Math. Sci. 1985, 4, 787-800. [CrossRef]

12.  Petz, D. Quasi-entropies for finite quantum systems. Rep. Math. Phys. 1986, 23, 57-65. [CrossRef]

13.  Wilde, M.M.; Winter, A.; Yang, D. Strong converse for the classical capacity of entanglement-breaking and Hadamard channels
via a sandwiched Rényi relative entropy. Commun. Math. Phys. 2014, 331, 593-622. [CrossRef]

14. Petz, D.; Ruskai, M.B. Contraction of generalized relative entropy under stochastic mappings on matrices. Infin. Dimens. Anal.
Quantum Probab. Relat. Top. 1998, 1, 83-89. [CrossRef]

15.  Matsumoto, K. A new quantum version of f-divergence. arXiv 2013, arXiv:1311.4722.

16. Umegaki, H. Conditional expectations in an operator algebra IV (entropy and information). Kodai Math. ]. 1962, 14, 59-85. [CrossRef]

17.  Nielsen, M.A.; Chuang, I.L. Quantum Computation and Quantum Information; Cambridge University Press: Cambridge, UK, 2000.

18. Belavkin, V.P; Staszewski, P. C*-algebraic generalization of relative entropy and entropy. Ann. Inst. Henri Poincare 1982, 37, 51-58.

19. Katariya, V.; Wilde, M.M. Geometric distinguishability measures limit quantum channel estimation and discrimination. arXiv
2020, arXiv:2004.10708.

20. Bluhm, A; Capel, A. A strengthened data processing inequality for the Belavkin-Staszewski relative entropy. Rev. Math. Phys.
2020, 32, 2050005. [CrossRef]

21. Hiai, E; Petz, D. The proper formula for relative entropy and its asymptotics in quantum probability. Commun. Math. Phys. 1991,
143, 99-114. [CrossRef]

22.  Bluhm, A.; Capel, A.; Perez-Hernandez, A. Weak quasi-factorization for the Belavkin-Staszewski relative entropy. In Proceedings
of the 2021 IEEE International Symposium on Information Theory (ISIT), Melbourne, Australia, 12-20 July 2021; pp. 118-123.

23. Fang, K; Fawzi, H. Geometric Rényi divergence and its applications in quantum channel capacities. Commun. Math. Phys. 2021,
384, 1615-1677. [CrossRef]

24. Ciganovi¢, N.; Beaudry, N.J.; Renner, R. Smooth max-information as one-shot generalization for mutual information. IEEE Trans.
Inform. Theory 2014, 60, 1573-1581. [CrossRef]

25. Watanabe, Y. Randomness Extraction via a Quantum Generalization of the Conditional Collision Entropy. IEEE Trans. Inform.
Theory 2020, 66, 1171-1177. [CrossRef]

26. Tomamichel, M.; Colbeck, R.; Renner, R. Duality between smooth min- and max-entropies. IEEE Trans. Inf. Theory 2010,
56, 4674-4681. [CrossRef]

27. Koénig, R.; Renner, R.; Schaffner, C. The operational meaning of min- and max-entropy. IEEE Trans. Inf. Theory 2009, 55, 4337-4347.
[CrossRef]

28. Vitanov, A.; Dupuis, E; Tomamichel, M.; Renner, R. Chain rules for smooth min- and max-entropies. IEEE Trans. Inf. Theory 2013,
59, 2603-2612. [CrossRef]

29. Khatri, S.; Wilde, M.M. Principles of quantum communication theory: A modern approach. arXiv 2020, arXiv:2011.04672v1.

30. Datta, N. Min- and max-relative entropies and a new entanglement monotone. IEEE Trans. Inf. Theory 2009, 55, 2816-2826. [CrossRef]

31.  Wilde, M.M. Quantum Information Theory, 2nd ed.; Cambridge University Press: Cambridge, UK, 2017.

32.  Chitambar, E.; Gour, G. Quantum resource theories. Rev. Mod. Phys. 2019, 91, 025001. [CrossRef]

33. Lawson, ].D.; Lim, Y. The geometric mean, matrices, metrics, and more. Am. Math. Mon. 2001, 108, 797-812. [CrossRef]

34. Renner, R. Security of Quantum Key Distribution. Ph.D. Thesis, ETH Zurich, Zurich, Switzerland, 2005.

35. Sagawa, T. Entropy, divergence, and majorization in classical and quantum thermodynamics. arXiv 2020, arXiv:2007.09974v1.

36. Capel, A.; Lucia, A.; Pérez-Garcia, D. Superadditivity of quantum relative entropy for general states. IEEE Trans. Inf. Theory 2018,

64,4758-4765. [CrossRef]

50



z entropy

Article

A Fisher Information-Based Incompatibility Criterion for
Quantum Channels

Qing-Hua Zhang “*** and Ion Nechita >*

Citation: Zhang, Q.-H.; Nechita, I. A
Fisher Information-Based
Incompeatibility Criterion for
Quantum Channels. Entropy 2022, 24,
805. https://doi.org/10.3390/
€24060805

Academic Editor: Rosario Lo Franco

Received: 9 May 2022
Accepted: 7 June 2022
Published: 8 June 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

1 School of Mathematical Sciences, Capital Normal University, Beijing 100048, China

2 Laboratoire de Physique Théorique, Université de Toulouse, CNRS, UPS, 31062 Toulouse, France;
ion.nechita@univ-tlse3.fr

*  Correspondence: 2190501022@cnu.edu.cn

1t These authors contributed equally to this work.

Abstract: We introduce a new incompatibility criterion for quantum channels based on the notion
of (quantum) Fisher information. Our construction is based on a similar criterion for quantum
measurements put forward by H. Zhu. We then study the power of the incompatibility criterion in
different scenarios. First, we prove the first analytical conditions for the incompatibility of two Schur
channels. Then, we study the incompatibility structure of a tuple of depolarizing channels, comparing
the newly introduced criterion with the known results from asymmetric quantum cloning.

Keywords: incompatibility criterion; quantum channels; quantum measurements; Fisher information

1. Introduction

The impossibility of simultaneous realizations of two quantum operations is one of
the fundamental features of quantum theory [1,2]. Two of the most famous incarnations
of this principle are the Heisenberg uncertainty principle (the position and momentum of a
quantum particle can not be measured simultaneously [1]) and the no-cloning theorem (there
is no physical operation producing two identical copies of an unknown, arbitrary, quantum
state [3,4]). In general, two (or more) quantum operations, such as measurements, channels,
or instruments, are called compatible if they can be seen as marginals of a common operation;
if there is no physical operation having the original ones as marginals, they are called
incompatible. As quantum theory is built on Hilbert space, general quantum measurements
are considered the positive operator-valued measures (POVMs). In quantum information
theory, there are many applications of the notion of incompatibility, such as the robustness
of entanglement [5,6], the robustness of measurement incompatibility [7-9], quantum non-
locality [10,11], quantum steering [7,12], quantum state discrimination [13-15], quantum
resource theory [16], and quantum cryptography [17].

In the modern formalism of quantum theory, the most general description of physical
transformations of quantum states is in terms of quantum channels [18,19]. The concept
of incompatibility of quantum channels has been proposed in terms of the input-output
devices [20,21]. In [21], the authors show that the definition of the incompatibility of quantum
channels is a natural generalization of joint measurability of quantum observables. There
exists a large body of work dealing with this notion from various points of view [15,22-24].
Generally speaking, deciding whether a given family of quantum operations is compatible
can be formulated as a semidefinite program [25]. However, the size of the program grows
exponentially with the number of operations considered. Hence, this method can be computa-
tionally prohibitive even for small system sizes (such as qubits) when the number of systems
is moderately large. To cope with this dimensionality problem, (in-)compatibility criteria
have been introduced; these are conditions that are only necessary, or sufficient, for the com-
patibility of the given tuple of channels. As is the case with quantum measurements [20],
there exist much more compatibility criteria [26] than incompatibility criteria.
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In this work, we introduce a new incompatibility criterion for quantum channels based on
the notion of (quantum) Fisher information. Our criterion is based on a similar condition
put forward by H. Zhu [27,28] in the case of quantum measurements.

After introducing the necessary background on Fisher information and quantum
channel compatibility (Sections 2 and 3), we put forward the new incompatibility criterion
in Section 4. The statement of the main result of the paper can be found in Theorem 1. We
then apply this result to study, for the first time, the incompatibility of Schur channels,
an important class of quantum operations with wide-ranging applications; see Section 5.
In the final two sections of the paper, we introduce different compatibility structures for
assemblages of quantum channels (Section 6), and we study them in the case of generalized
depolarizing channels (Section 7).

2. Classical and Quantum Fisher Information

Consider a family of probability distributions {p(x|0), x € R} parametrized by 6. A
central research direction in statistics is to estimate the accuracy of the value of parameter 6
by observing x outcomes sampled from the distributions. Recall that the (classical) Fisher
information of the model is defined as

2
106) = L ptale) (75 )

when an estimator 0(x) of the parameter 0 is unbiased, the inverse of the classical Fisher
information gives a lower bound on the mean square error (MSE) of the estimator, which is
the well-known Cramér-Rao bound [29,30]. The notion of the classical Fisher information
plays a significant role in the geometrical approach to statistics [31,32] and the information
theory approach to physics [33].

In the multiple-parameter scenario, when 6 is a vector, the classical Fisher infor-
mation is considered as a matrix form, which is a real symmetric matrix with matrix

elements [34-36]: o1 (x]0) 0log p(x|0)
og p(x g
1;;(0) == )_p(x|0) e) ’
ij ; ‘ 89,‘ 9]'

In a quantum parameter estimation scenario, we may perform the quantum positive
operator-valued measurement (POVM) on a quantum state that depends on a parameter
to extract the parameter information. Consider a quantum measurement M = {M, >
0,y My = I;} acting on the states p(8) € L(H,). The parameterized probability of
outcomes x of the measurement is p(x|0) = Tr[p(0) M]. The corresponding measurement-

induced Fisher information Iy (6) is then given by

dlogp(6),
In(8) = Y p(x]6) Tr(%()MO .
X
The quantum Fisher information of the model p(6) is defined as [37]

J(8) := Tr[o(0)L(8)],

where the symmetric logarithmic derivative (SLD) operators L(6) for the parameter 6 are
determined implicitly by

WO _ L lp()10) + LO)p(0))

In contrast with the classical Cramér-Rao bound, the inverse of quantum Fisher

information is also a lower bound for the MSE of an unbiased estimator, which is called the
quantum Cramér-Rao bound [37].
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In quantum multiple-parameter estimation scenarios, both the measure-induced Fisher
information and quantum Fisher information are matrices

mMW)Zp@Wﬂ%ﬁbiﬁ”MQn<a?$f”MO, (D
Jij(0) = %TT{P(f?)[Li(f’)Lj(G) + Li(0)Li(6)]}, @

where L is the SLD operator corresponding with 6. The measurement-induced Fisher
information resembles the classical correlations, while the quantum Fisher information
resembles the quantum mutual information. From the Braunstein—Caves theorem [36],
the quantum Fisher information, independent of measurement, is an upper bound of the
measurement-induced Fisher information in the positive semidefinite order for matrices:

Im(6) < J(6).

In this work, we shall consider another relationship proposed by Gill and Massar [38] for
any d—dimensional quantum system:

Te[] 7' (0)Im(60)] < d — 1. ®)

This inequality was the main ingredient in the incompatibility criterion invented by
Zhu [27], which lies at the foundation of our incompatibility criterion for quantum channels.

3. Compatibility of Quantum Channels
In this section, we review the basic definitions of quantum channel compatibility.
Let H; and Hp be Hilbert spaces, and £(H;) denote the family of linear operators on
H,. In the Schrodinger picture, a quantum channel is defined as a linear map @ : L(H,;) —
L(Hp) having the following two properties:
o complete positivity: for any dimension k > 1, the linear map id; ® ® : £(Ck ® Hy) —
L(C* ® Hp) is a positive operator;
e trace-preservation: for all operators X € L(Hy), Tr ®(X) = Tr X.
We say that quantum channels are trace-preserving, completely positive (TPCP) maps. In
this paper, we shall also consider the Heisenberg picture of quantum mechanics, where
channels are seen as acting on observables instead of states. This amounts to considering
the adjoint map ®* : L(Hp) — L(H,), where the adjoint is taken with respect to the
Hilbert-Schmidt scalar product on the corresponding matrix spaces [21]:

(A, @(p)) = (P*(A),p),

where p € L(Hy), A € L(Hp),and (X,Y) := Tr(X*Y).
We now recall the definition of the compatibility of quantum channels and refer the
reader to the review [20] for further properties.

Definition 1. Consider two quantum channels ®; : L(Hy) — L(Hg,) and @3 : L(Hy) —
L(Hg,) having the same input space. The pair (P1, D7) is said to be compatible, if there exists a
joint channel A : L(Hy) — L(Hz, ® Hy,) such that @ ; are the marginals of A:

vX e E(Hd), @1(X) =Trp A(X) and q)z(X) =Try A(X),

where Try  denote the partial trace operations in L(Hy, ® Hg,) = L(Hg,) ® L(Hg, ).
In the Heisenberg (dual) picture, the condition above reads

VA€ L(Hy,), ®}(A)=A"(A®Iy), and VBE L(Hy), ®;(B)=A"(I; ®B).
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The (in-)compatibility of more than two channels is defined in a similar manner.
As an example, let us consider the partially depolarizing channel, which is defined as:
O =t-id+(1-Ha, 0<t<1, 4)

withid(A) = Aand A(A) = Tr(A)I;/d for any operator A; these quantum channels will be
discussed at length in Section 7. From the no-cloning theorem [3,4], it follows that two copies
of the identity channel (id, id), are incompatible. On the other hand, the completely depolar-
izing channel A is compatible with any other channel. A question is the self-incompatibility
of ®;. It is well known that the channel ®; is self-compatible if 0 < t < 2(”%3'1) [26,39].
The necessary and sufficient condition for the compatibility of two different depolarizing
channels ®; and ®; were shown in [40-42]:

t+s—§ 1-t(1-s) <1 (5)

As previously discussed, quantum channel incompatibility is a key phenomenon in
quantum theory, being at the heart of fundamental results in quantum information, such
as the no-cloning theorem. In order to measure the degree of incompatibility of a given
set of quantum channels, several definitions of the robustness of incompatibility have been
considered in the literature [8,26,43]. In this section, we introduce a new such measure
for a tuple of channels, which has the merit of taking into consideration the asymmetry
between the channels considered. A similar definition was considered in the case of POVMs
in [44,45]. We shall consider only channels acting on £(H,), and we recall that A denotes
the fully depolarizing channel A(X) = (Tr X)1;/d.

Definition 2. Given an N-tuple of quantum channels ® := (®1, P, ..., Py), define the com-
patibility region of ® as

i=

N
Te := {s € [0,1]N . the channels {sid),- +(1- s;)A]‘ e computihle}.

Note that the definition is a relevant event in the case where the channels ®; are
identical: ®; = ® for all i € [N], in which case we call I'g := I'¢ the self-compatibility
region (note that the dependence in N is still present since we are consider N copies of the
channel ®).

The following result is a simple exercise.

Proposition 1. For any N-tuple of quantum channels ® := (&1, Dy, ..., Py), the set T is
convex and closed (i.e., a convex body). We have 0 € I'q, and, for all i € [N],

e;:=(0,...,0, _1_,0,...,0)€Tq.

~—
i-th position

4. Channel Incompatibility via POVM Incompatibility

This is the main section of our paper, where we put forward a new incompatibil-
ity criterion for quantum channels in Theorem 1. Our criterion is based on an incom-
patibility criterion for quantum measurements (POVMs) introduced by H. Zhu and his
collaborators [27,28].

Let us start by recalling the definition of compatibility (or joint measurability) of
quantum measurements. First, recall that a quantum measurement (or POVM) is a k-tuple of
operators A = (A, Ay, ..., Ar), having the following two properties:

e positivity: the operators Ay, ..., Ay € L(Hy) are positive semidefinite;
e normalization: 21-‘:1 A =1y
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A POVM gives the most general form of a physical process that produces the probabilities
given by the Born rule: when measuring a quantum system described by a density matrix p,
one obtains the result i € [k] with probability

P[ outcome 1] = Tr(pA;).

Naturally, one can see a POVM A as a quantum-to-classical channel

Mw

Pa(X) = ) Te(XA]i)il,

i=1

where {|i)}¥_, denotes the canonical basis of Ck corresponding to the pointer states of the
measurement apparatus.

Whether two (or more) quantum measurements can be performed simultaneously is
one of the crucial questions lying at the foundations of quantum theory [1,2]. Mathemati-
cally, we have the following important definition (compare with Definition 1).

Definition 3. Two POVMs A = {A;};c;y and B = {Bj}¢ are said to be compatible (or
jointly measurable) if there exists a third POVM C = {Cij}(; jje[x] x|t} called joint measurement,
such that

1
Vie [k], A= Z Cij/
j=1

k
vielll, Bj=).Ci
i=1

Otherwise, the measurements A and B are called incompatible [46]. The compatibility of more than
two measurements is defined similarly.

Quantum measurement (in-)compatibility has received a lot of attention in the lit-
erature, see, e.g., the excellent reviews [20,47], or the recent perspective on the problem
focusing on the post-processing partial order [48]. Importantly for us, in [27], H. Zhu
proposed a family of universal POVM incompatibility criteria based on the classical Fisher
information matrix. Assume a measurement C is the joint measurement of A;. According
to the Fisher information data-processing inequality, the measurement-induced Fisher
information matrix of A; should not exceed that of C, that is to say

I, < Ic

for all quantum states 6 (6 is omitted in the formula above for convenience); the Fisher
information matrix I was defined in Equation (1). Define TA, =2 A ~1/2 35 the metric-
adjusted Fisher information. The following inequality holds for compatible measurements
based on the Gill-Massar inequality (3):

min{TrH: H >y, Vie[N}}gd—l. ©6)

Otherwise, the N-tuple of measurements (A;);c [y is incompatible. When the parameter 6
(the state around which we compute the Fisher information) corresponds to the maximally
mixed state § = I;/d, inequality (6) can be rephrased as the following proposition [27,28].

Proposition 2. For a set of N measurements A = (Aq, Ay, ..., AN) on L(Hy), define the operators
ki

Vie[N]  Ga, = ; |Ai(s))(Ai(s)]/[Tr(Ai(s)] € L(HS?),
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where A;(1), Ai(2),..., Ai(k;) are the (non-zero) effects of the POVM A, having k; outcomes.
Consider now the quantity

T(A):=min TrH
st. H>G,, Vic[N]
If T(A) > d, then the N-tuple of POVMs A = (A1, Ay, ..., AN) is incompatible.

@)

Remark 1. Note that the function T(A) satisfies two basic requirements for a good measure of
(in-)compatibility: monotonicity under coarse-graining and global unitary invariance.

Remark 2. For any POVM A, the associated matrix Gy is larger, in the positive semidefinite order,
than the maximally entangled state

&
w:= 5 ) i)l
ij=1
This fact is a consequence of the important observation that the A — Gy is an order morphism for

the post-processing order of quantum measurements [48], and G(p, = w.

A natural question is how to capture the incompatibility of quantum channels using
measurements. Let {[¢;)} and {|fi)} be any sets of the basis of Hilbert spaces Hy, and
Hg,, respectively. Motivated by the definition of incompatibility of quantum channels, we
dedicate to research properties of the induced sets {®7(|e;)(ej|) } and {®5(| fx) (fi|) }- As we
consider the quantum channel is trace-preserving, thus {®7 (|e;)(¢;|) } and {®5(|fi) (fil)}
can be regarded as POVMs [23], that is to say,

@i (lej)e) = 2 @5 (Ife) (fil) = Ia- ®)
j k
Lemma 1. [21] If N quantum channels ®1,®,, ..., Py are compatible, then, for all orthonormal
bases e(l), e(2), ., e) of(Cd, the corresponding POVMs

A= [or(e @] vse N

i=

are compatible.

Proof. Let A b¢ a joint channel for the compatible N-tuple (@1, Dy, ..., ®y). Clearly, A :
L(Hy) — L(H}") thus its adjoint is an unital, completely positive map

A L(HPN) — L(Hy).
Define operators

B:=

N
A*(®|e£f>><e£f>|)} ~
s=1 i1, iN€E[d]

From the fact that A* is a completely positive, unital map, we infer that B is a POVM (with
dN outcomes). Let us now compute the marginals of this POVM. For some fixed s € [N]
and is € [d], we have

Bipiy = A (L@ 0] el | @ @ 1) = D (le”) (ef)]) = As(is), ©)

is Is

i1 oo 154 1,in E[d]

showing that the s-th marginal of B is A,. Thus B is a joint measurement of Ay, Ay, ..., Ay,
proving the claim. [J
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We leave open the reciprocal question, which we formulate as a conjecture (below for
two channels, although the general version, for a N-tuple, can be easily stated).

Conjecture 1. Consider two quantum channels ®,¥ : L(H;) — L(Hy) such that, for all
orthonormal bases e = (ey,...,eq), £ = (f1,..., fa4) of(Cd, the POVMs

[t ead]” | and [¥(UXAD]"

=1

are compatible. Then, ® and ¥ are compatible channels.

We now turn to the main theoretical result of our paper: a criterion for quantum
channel incompatibility. Informally, one can formulate it as follows: given an N-tuple
of quantum channels, if one can find an N-tuple of orthonormal bases such that the
corresponding quantum measurements are incompatible, then the original N-tuple of
channels must also be incompatible. Our criterion is important since there are very few
useful incompatibility criteria for channel incompatibility. On the other hand, there exist
quite numerous incompatibility criteria for quantum measurements, so one can turn those
into criteria for channels using Lemma 1. We introduce the following important notation:
to a quantum channel @ : £(H;) — L(Hy) and an orthonormal basis e = (el) ", of 4, we
associate the G matrix

|(I)* ‘e, ez >< *(|€z>(€i\)\
*Z o (e)la) o)

which corresponds to the G matrix associated to the POVM

[ e ei)]

Theorem 1. Let @1, Dy, ..., Py : L(H;) — L(Hy) be N quantum channels. If there exists
orthonormal bases 1), e?), ..., e(N) of C¥ such that the value of the semidefinite program

min TrH

11
s.t. H 2 Gq> ,e(i) Vie [N] ( )

is strictly larger than d, then the n-tuple of channels ® = (Pq, Do, ..., Py) is incompatible.
Proof. The theorem follows directly from Proposition 2 and Lemma 1. [

Remark 3. If the quantum channel ® is unital, that is to say, ®(l;) = I, the formula (10)
simplifies, in the sense that the denominator is trivial:

Tr @7 (Jei)eil) = (Lo, @" (lei)ei])) = (P(Ia), leiXeil) = (Ia, lei)eil) = Trlei)ei| = 1. (12)
This will be the case for most of the examples we shall discuss in what follows.

It is important at this point to note that the incompatibility criterion we put forward
in the result above is formulated as an SDP (semidefinite program). The usual way of
formulating the compatibility of a tuple of quantum channels is also an SDP: one looks for
a joint channel, a problem that can be formulated as an SDP thanks to the Choi formalism.
However, let us compare the size of the SDPs:

e channel compatibility: the joint channel has a Choi matrix of size gN+1
*  incompatibility criterion from Theorem 1: the variable H has size a2,
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Note also that one has, in both cases, N constraints of size d2. Therefore, we obtain a dra-
matic reduction in the size of the SDP at the price of having only a necessary compatibility
condition (i.e., an incompatibility criterion).

There is, however, a situation when SDP (11) simplifies and can be analytically solved.
This is when the matrices G corresponding to the channel are orthogonal (up to the maxi-
mally entangled state w). We formalize this observation below.

Proposition 3. Consider N quantum channels &1, D, ..., Py : L(H;) — L(Hy) and orthonor-
mal bases eV), e, ... e(N) such that, for all i,j € [N, i # j,

GCI),‘,e(i) —w L GCD]'/EU) — w.

Then, the value of SDP (11) is

N
1-N+) TGy o0
i=1

Proof. Taking into consideration Remark 2, one can rewrite SDP (11) by subtracting
w everywhere:
1+min TrH

1
st. H>G (13)

o) —@ Vi€ [N]

where H = H — w. Using the hypothesis and noting that the matrices G, el — w areall
positive semidefinite, any feasible H must satisfy

H>

M=

Copet — @

i=1

Hence, the optimal H achieves equality above, and the conclusion follows. [

This idea will be used in Sections 5 and 7 to obtain (analytical) incompatibility criteria
for important classes of quantum channels.
As an example, let us work out the G matrix for the identity channel id(X) = X.

Z|ez®el Me; @& =: Ze. (14)

Gige = E‘let el|><|el Xeil| =

The matrix Ze will play an important role in what follows. We gather some useful
facts about it below. Recall that two orthonormal bases e, f of C are called unbiased if

vijeld,  lef)l=
Lemma 2. For any orthonormal basis e, we have
(Ze,w) = 1.
Moreover, if e and f are unbiased orthonormal bases, then

(Ze, Zg) = 1.

Let us close this section by mentioning how the matrices G behave when mixing
noise into a quantum channel ®. This property will be very useful in what follows when
investigating the compatibility robustness of some classes of quantum channels.
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Lemma 3. Given a quantum channel ® : L(Hy) — L(Hy), consider its noisy version
D=t + (1—1)A,

where A(X) = (Tr X)1/d is the completely depolarizing channel, and t € [0, 1] is some parameter.
Then, for any orthonormal basis e,

G<I>,,e = i’zG(p,e —+ (1 — tz)w,
where w is the maximally entangled state (note that w = Gy o).

Proof. This can either be proven directly using formula (10) or by using the corresponding
result for POVMs, see, e.g., ([48] Proposition 5.3). [

5. Incompatibility of Two Schur Channels

As the first application of our newly introduced incompatibility criterion for quantum
channels, we consider Schur channels. A Schur map is a linear map of the form

Y3(X) =BoX,

where B is a d x d complex matrix and o denotes the Hadamard product. The map X is
completely positive if and only if matrix B is positive semidefinite, and it is trace-preserving
if the diagonal of B is the identity: B;; = 1 for all i. If both conditions are satisfied, we call
map Xp a Schur channel (sometimes also called a Schur multiplier), see [49-52]. Schur
channels have received a lot of attention in operator algebra and quantum information
theory, and they contain the identity channel id = X, where ] is the all 1s matrix, and the
dephasing channel (the conditional expectation on the diagonal sub-algebra) diag = X
as examples.
For Schur channel £, we have

Gsye = |B)B| o Ze,

for any orthonormal basis e (recall the form of the matrix Z from (14)). If e is the canonical
basis, we have
GZB,can = Zcan-

Consider now a basis f that is unbiased with respect to the canonical basis; in other
works, the elements of f form the columns of a Hadamard matrix U: |f;) = U |j) for all j.
An important example of such a basis is the Fourier basis:

fi(s) = exp(2mi/d)*,  Vijs € [d].
Lemma 4. If B and C are two positive semidefinite matrices with unit diagonal, and can and f are
unbiased, then
GZB,can —w J_ GZC,f — Ww.

Proof. Expanding the scalar product and using Lemma 2, we need to show that

<ann/

CYC o Zg) = (w,

CXCloZy).
Let us work out the left-hand-side:

<ann/

C><C_| o Zf> = <|C)<C| Oann/Zf> = <ann/Zf> =1,

where we have used Lemma 2 and the fact that |C){(C| © Zcan = Zcan, which follows from the
fact that C has unit diagonal. The right-hand-side can be dealt with in the same manner. [J
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For a d x d matrix B with unit diagonal, define the real parameter 5(B) as follows:

1 (1 ¢ 1
B(B) :== i1 (d Y IBil* - 1) Td-1 Y Bl (15)
ij=1 i#jeld]
Recall that the torus T is the set of vectors b € C% with |b;| = 1foralli =1,...,d.
Lemma 5. If B is a d x d positive semidefinite matrix with unit diagonal, then
0<p(B)<1,
with B(B) = 0iff B = I and B(B) = 1 iff B = |b)(b| for a vector b € T.
Proof. The non-negativity of §, as well as the equality case, follows directly from definition
(15). For the upper bound, use the ordering of the 1, 2-Schatten norms of B to write
: 2 2 2 2_ 2
Y. [Bjl> = [IBI5 < ||BIIf = (Tr B)* = &,
ij=1

proving the inequality. Equality holds if B is rank one, which, together with the condition
on the diagonal, proves that B = |b)(b| for some vector b € T?. [J

We can now, using Theorem 1, provide a new incompatibility criterion for Schur channels.

Theorem 2. Consider two positive semidefinite matrices B and C with unit diagonal, and the
corresponding depolarized Schur channels

Ds(X) =sZp(X) + (1 —35)A(X) =sBo X+ (1 —3)(TrX)

R~ ~

Fi(X) =t2c(X)+ (1 - HA(X) =tCo X + (1 —t)(TrX)
If s> + B(C)t? > 1, then the channels ®s and ¥y are incompatible. We have, thus, an upper
bound for the compatibility region from Definition 2:
Toy C {(s,1) €[0,1)? : s+ B(C)* < land B(B)s*> + 1> <1}, (16)
where ® := &1 and ¥ := Y.

Proof. The proof is an application of Theorem 1. To start, let us compute the G matrices
associated with these channels, taking, respectively, the canonical basis can, and any unbi-
ased base f (e.g., the Fourier basis); this choice is inspired by Lemma 4 and Proposition 3.
Applying these results, as well as the scaling Lemma 3, we have

G, can = 5 G ean + (1= 5)w = @ + 5 (Zean — @)
Gy, s =Gy s+ (1 — P)w = w + 2 (|CYC| 0 Z¢ — w).
Hence, the value of SDP (11) is given by (see Proposition 3)
1—2+TrGocan + Tr Gy, ¢ = s7(d — 1) + 1 — 2 + 2 Tr[|C)(C| o Zg].
We can evaluate ]
T CXCloZd = & Y Iy

d ij=1
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and, using parameter 3(C) from (15), the incompatibility criterion reads
s2+ BO) > 1,

which is the first claim. The second claim follows by swapping the roles of the unbiased
bases can and f. [J

Remark 4. One can not easily generalize the result above to more than two Schur channels. This is
due to the fact that one has to fix one of the bases in Theorem 1 to be the canonical basis. This is due
to the fact that the Hadamard product used to define Schur channels is adapted to the canonical basis.
We leave the generalization of the result (and method) above for three or more Schur channels open.

We compare, in Figure 1, the criterion from the theorem above with the actual incom-
patibility thresholds for some particular Schur channels, concluding that the incompatibility
criterion is close to being exact.
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Figure 1. The Fisher information-based incompatibility criterion for Schur channels. In the left panel,

1 1/2

we consider two noisy copies of the Schur channel corresponding to B = { } . In the right

172 1
1 V3/4
panel, we consider noisy versions of Xp and X, where C = { J37d 1/ } Shaded regions

correspond to the conditions from (16), while the red dots correspond to the maximally compatible
channels in the respective directions.

6. Channel Assemblages

The way in which several quantum measurement and quantum channels can be incom-
patible has been studied extensively in the literature [53-56]. The kind of (in-)compatibility
structures that can be found in nature, and their relation to other important manifesta-
tions of non-locality (such as Bell inequality violations), is clearly a crucial question at the
foundation of quantum theory.

Let {®@;}N | be a channel assemblage that is an N-tuple of quantum channels. If {®;} Y,
are incompatible, there does not exist a joint quantum channel for all the N channels.
However, a joint channel may exist when we consider a certain subset of {®;}Y,. In
other words, some subsets of {CD,-}II\L ; may be compatible, even though the whole set is
incompatible. Obviously, if the whole set of N channels is compatible, then so is any subset:
if A is a joint channel for the N-tuple. Then, for any subset S C [N] of the channels, Ag, the
marginal of A corresponding to the output indices in S

As: L(Hy) — L <® H;")>

ieS
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is a joint channel for {®; };cs; above, we identify the different copies of the output space
L(H,) by a superscript. Therefore, it is significant to classify the incompatibility of subsets
for a given quantum channel assemblage. A K-subset of [N] is simply a subset S C [N] of
cardinality |S| = K.

Definition 4. Consider a quantum channel assemblage ® = {‘Di}ﬁ 1 and 1 < K < N an integer.
The N-tuple ® is called:

e (N, K)-compatible if all K-subsets of ® are compatible.

(N, K)-incompatible if at least one K-subset of ® is incompatible.

(N, K)-strong incompatible if all K-subsets of ® are incompatible.

e (N,K+ 1)-genuinely incompatible if it is (N, K)-compatible and (N, K + 1)-incompatible.
(N, K + 1)-genuinely strong incompatible if it is (N, K)-compatible and (N, K + 1)-strong

incompatible.

Note that the assemblage {®;}Y, is compatible if and only if it is (N, N)-compatible.
The previous definition is strongly inspired by the one from ([56] Section 2) in the case
of POVMs. The incompatibility criterion from Theorem 1 can be readily adapted to the
previous definition by considering subsets of the PSD constraints in (11). We restate it here
for the convenience of the reader. We shall apply it in the next section for assemblages of
depolarizing channels.

Theorem 3. Consider an assemblage ® = {®;}N | of quantum channels acting on L(Hy). For a

K-subset S of [N], and K orthonormal bases e = (e(V),e®),. .., e(K)) of C%, define the value of the
following semidefinite program

val(®,S,e) :=min TrH 17
s.t. H Z Gd’ire(i) VieS. ( )
If there exists at least one S € [N] and a K-tuple of orthonormal bases e such that val(®, S, e) >
d, then the assemblage ® is (N, K)-incompatible. Moreover, if for all K-subsets S C [N, there exists
a K-tuple of bases eg such that val(®, S, eg) > d, the assemblage ® is (N, K)-strong incompatible.

7. Assemblages of Depolarizing Channels

In this section, we address the (in-)compatibility properties of an N-tuple of partially
depolarizing channels, using the Fisher information-based criterion from Theorem 1. Recall
that the partially depolarizing channel is the linear map ®; : L(H;) — L(H,) given by

O =t-id+ (1 - H)A, (18)

where id is the identity channel id(X) = X and A is the fully depolarizing channel A(X) =
(Tr X)I/d. The parameter ¢ € [0,1] interpolates between the identity channel and the fully
depolarizing channel.

In this section, we shall study the incompatibility of N partially depolarizing channels
{@ii }fi 1, for some fixed parameters ty, t, ..., tx € [0,1], with the help of the criterion from
Theorem 1. To do so, let us first compute the G matrices of depolarizing channels, which are
just noisy versions of the identity channel. Recall from Equation (14) that, for the identity
channel, we have, for an arbitrary basis e,

d
Ze = Gige = ) _lei @ &)e; @2,

i=1

where ¢; denotes the (entrywise) complex conjugate of the vector ¢;. Hence, by Lemma 3,
we have
Gope = t2Ze + (1 - P)w.
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As in Section 5, we are going to use the orthogonality of the G matrices in order to put
forward analytical incompatibility criteria for depolarizing channels (see Proposition 3). To
do so, recall that the Z, matrices have tractable scalar products for unbiased bases. As it
turns out, mutually unbiased bases [57] will play an important role in what follows. Let
D, be the maximal cardinality of a set of mutually unbiased bases of C?. It is known that
3 < Dy <d+1[58-60]. The upper bounds are attained for all dimensions d, which are
prime powers; whether it is always attained is an important open problem in quantum
information theory, even the case d = 6 being undecided.

We now state the main result of this section, an incompatibility criterion for depolariz-
ing channels.

Proposition 4. Let N be an integer such that N < Dy, the maximal number of mutually unbiased
bases of C*. Consider N depolarizing channels @y, ..., Py, where ty, ... ty € [0,1] are noise
parameters. If

BG4+ >1 (19)

then the N depolarizing channels ®y, are incompatible.

Proof. Since the number of channels we consider is smaller than D;, we can choose N
mutually unbiased bases e, .., eN) SDP (11) reads

min TrH

st. H>#Z o+ (1—12)w Vie[N].

Proposition 3 applies, so the value of the SDP above is

2
2.

M=

minTrH=1+ (d —1)
i=1

Hence, if condition (19) holds, by Theorem 1, the N quantum depolarizing channels
Dy, ..., Py, are incompatible. [

As mentioned in the introduction, the compatibility of depolarizing channels is equiv-
alent to approximate quantum cloning: how much noise one needs to add to N copies of
the identity channel to render them compatible. In Figure 2, we present the relative perfor-
mance of the criterion from Proposition 4, with the true values of the noise parameters for
1 — 2 asymmetric approximate quantum clonings from Equation (5).

We can specialize the result above to assemblages of depolarizing channels in the spirit
of Definition 4.

Corollary 1. Consider N partially depolarizing channels {®y, }N | acting on L£(Hy) and let K <
min(N, Dy) be an integer. If there exists a subset S C [N] of cardinality K such that

Y 2>1,
ieS

then the channels are (N, K)-incompatible. Moreover, if for every subset S C [N] of cardinality K
the condition above holds, the channels are (N, K)-strongly incompatible.

Note that in the statement above, we do not require that the number N of channels
must be smaller than the number of mutually unbiased bases in the corresponding Hilbert
space; this is required only of the parameter K. This criterion might thus be useful in
situations where one has a large number of channels.
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Figure 2. Comparing the incompatibility criterion from Proposition 4 (filled region) with the incom-
patibility thresholds from Equation (5) (dashed curves) for different values of d: d = 2 (red curve),
d =5 (brown curve), d = 20 (black curve).

We end this section by a similar corollary, in the setting where the channels are identical.

Corollary 2. If N, K are integers such that K < min(N, D), then the partially depolarizing
channel ®; from Equation (18) is (N, K)-self-(strong) incompatible as soon as t > 1/~+/K.
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Abstract: Quantum coherence is known as an important resource in many quantum information
tasks, which is a basis-dependent property of quantum states. In this paper, we discuss quantum
incoherence based simultaneously on k bases using Matrix Theory Method. First, by defining a
correlation function mi(e, f) of two orthonormal bases e and f, we investigate the relationships
between sets Z(e) and Z(f) of incoherent states with respect to e and f. We prove that Z(e) = Z(f)
if and only if the rank-one projective measurements generated by e and f are identical. We give
a necessary and sulfficient condition for the intersection Z(e) Z(f) to include a state except the
maximally mixed state. Especially, if two bases e and f are mutually unbiased, then the intersection
has only the maximally mixed state. Secondly, we introduce the concepts of strong incoherence and
weak coherence of a quantum state with respect to a set 3 of k bases and propose a measure for the
weak coherence. In the two-qubit system, we prove that there exists a maximally coherent state with
respect to B when k = 2 and it is not the case for k = 3.

Keywords: strong incoherence; weak coherence; orthonormal basis; mutually unbiased basis

1. Introduction

Quantum coherence is not only a feature of quantum systems which arise due to
superposition principle, but also is a kind of fundamental resources in quantum information
and computation [1-8]. The resource theory of coherence is formulated with respect
to a distinguished basis of a Hilbert space, which defines free states as the states that
are diagonal in this basis [3]. Several important quantifiers of quantum coherence have
been introduced and assessed [9-19]. Recently, it is shown that quantum coherence can
be useful resource in quantum computation [20-24], quantum metrology [25], quantum
thermodynamics [26-31] and quantum biology [32-34].

Since the coherence of quantum states depends on the choice of the reference basis,
it is natural to study the relationship among the coherence with respect to different bases.
Cheng et al. [35] first studied the situation of two specific coherence measures under
mutual unbiased basis (MUB): ¢; norm of coherence and relative entropy of coherence.
They proposed the complementary relationship of the two coherence measures under any
complete MUB set. Rastegin in [36] discussed the uncertainty relation for the geometric
measure of coherence under MUBs. Sheng et al. [37] further studied the realization of
quantum coherence through skewed information and the geometric measure under mutual
unbiased bases. Recently, considered the standard coherence (SC), the partial coherence
(PC) [38—40] and the block coherence (BC) [41,42] as variance of quantum states under some
quantum channel ®, Zhang et al. [43] proposed the concept of channel-based coherence of
quantum states, called ®-coherence, which contains the SC, PC and BC, but not contain the
POVM-based coherence [44,45], and obtained some interesting results.

Usually, the coherence of an individual quantum state is discussed only when referring
to a preferred basis. Considered sets of quantum states, Designolle et al. [46] introduced
the concept of set coherence for characterizing the coherence of a set of quantum states
in a basis-independent way. Followed a resource-theoretic approach, the authors of [46]
defined the free sets of states as sets ., of groups of states g = {pj}]’-’zl such that there
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exists a choice of basis (equivalently, a unitary U) for which all states Up; Ut in the set
UpU* become diagonal. Clearly, § € F, if and only if {p; 7:1 is a commutative family of
states, i.e., pj0; = pjp; foralli,j=1,2,...,n.

Different from the discussions above, in this paper, we focus on the quantum incoher-
ence based simultaneously on k bases; equivalently, the coherence of a quantum state with
respect to a basis contained in a given set 3 of k orthonormal bases. In Section 2, by defin-
ing the correlation function of two orthonormal bases e and f, we study the relationships
between two sets of incoherent states with respect to e and f, and investigate the maximally
coherent states with respect to e and f. In Section 3, we discuss the strong incoherence and
the weak coherence of a state with respect to a set of k orthonormal bases and introduce a
measure for the weak coherence. In Section 4, we give a summary of this paper.

2. Correlation Function of Two Bases and Quantum Coherence

Let us consider a quantum system X, which is described by a d-dimensional Hilbert
space H and let I denote the identity operator on H. We use B(H) and D(H) to denote
the sets of all linear operators and all density operators (mixed states) on H, respectively.
In quantum information theory, a positive operator valued measure (POVM) is a set
M = {M;}", of operators on H with0 < M; < [foralli=1,2,...,mand /2y M; = I.
In particular, if M12 = M,; for all i, then the POVM becomes a projective measurement
(PM). For a rank-one PM P, there exists an orthonormal basis e = {|ei>}?:1 such that
P = {le;){e;|}%_,. In this case, we denote P = P, = {|e;)(¢;|}_;. We use the notation z or
z* to denote the conjugate of a complex number z.

For the fixed orthonormal basis e = {|e;)}_, for H, Z(e) denotes the set of incoherent
states on H w.r.t. e, i.e.,, ones that have diagonal matrix representation under the basis e. A
quantum operation ® on B(H) is said to be an incoherent operation [3] w.r.t e if it admits
an incoherent Kraus decomposition, i.e.,

n
®(p) = }_KipK{, Vp € B(H)
i=1
with
KipK! € tr(K;jpKf)Z(e), Vp € Z(e),i=1,2,...,n.

We use ZO(e) to denote the set of incoherent operations w.r.t e on B(H).

According to Ref. [3], a coherence measure with respect to e, called an e-coherence
measure, is a function C : D(H) — R satisfying the following four conditions.

(1) Faithfulness: C(p) > 0 forall p € D(H); C(p) = 0if and only if p € Z(e).

(2) Monotonicity: C(®(p)) < C(p) for any ® € ZO(e).

(3) Strong monotonicity: Vp € D(H), Y. 4 piC(p;) < C(p) for all operators K; in H
such that Y/, KIK; = I with K;Z(e)K! € R Z(e), p; = tr(KipK}) and p; = K;pK!/p; if
pi>0; 0= lIifpi =0.

(4) Convexity: C(LI; pipi)) < ¥ piC(p;) for any states p; € D(H)(i =1,2,...,n)
and any probability distribution {p;},.

A usual £1-norm coherence measure [3] of a state p € D(H) with respect to a basis e is

defined by
Cors(P) =2 3, Ieilple)]-
1<i<j<n
Clearly,
n
Corr(p) = X I(eilplej)| =1 <d —1. M

ij=1
Especially, C, ¢, (0) = d — 1 if and only if |(e;|ple;)| = Lforalli,j=1,2,...,d;in that case,

o is called a maximally coherent state with respect to e.
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From the review above, we find that quantum coherence relies on the choice of or-
thonormal bases. In what follows, we discuss the relationship between quantum coherence
based on different reference bases. To do this, we lete = {|e;) }¢_, and f = {] f]) 1 be two
orthonormal bases for H and define

d

m(e, f) = 3 [eilfi)| —d, @

ij=1

called the correlation function between two bases e and f.

Recall that [35] two orthonormal bases e and f for H are said to be mutually unbiased
if |<e,|f])| = ﬁ foralli,j=1,2,...,d. Thus, when e and f for H are mutually unbiased, it
holds that m(e, f) = d? — d. More properties of the correlation function are given in the
following theorem.

Theorem 1. Let e and f be two orthonormal bases for H. Then
(1)0 < me,f) < d? —d.
(2)m(e, f) = 0 if and only if P, = Py ifand only if Z(e) = Z(f).
(3)mle, f) = a3 —d if and only if e and f are mutually unbiased bases.

Proof. (1) Since 0 < |(e;|fj)| < 1, we get [{e;f;)|* < |{e;|fj)| foralli,j =1,2,...,d. So,

d

d
Y Kelfil = L Keilfi)l?
ij=1 ij=1
d [d
= Z(Z [(eil £ )
j=1 \i=1
d
=Y A I

1

[
=T

This shows that m(e, f) > 0. Since e = {|e;)}¢_, and f = {| f]> ", are two orthonormal
bases for H, there exists a d X d unitary matrlx U = [A;] such that (ler), le2), ..., leq)) =

U(|f1), | f2),---,|fa)); equivalently,
d
lei) = 2/\,’]‘|fj>, Vi=1,2,...,d. @)
i=1

Hence, Ajj = (fjle;), and using the Cauchy inequality yields that

d

Y el fi)] =

ij=1 i,

=

\/\u\

<>

Y 1Al

j=1

=

Il
= S

I
-

IN
Mm.
é

I
—

N\w

Consequently, m(e, f) < s —d.
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(2) We see from Equation (2) that m(e, f) = 0 if and only if for any i, there exists a
unique i’ such that |{¢;|f#)| = 1 and |(e;| fx)| = 0 for all k # i if and only if for any i, there
exists a unique i’ such that |e;) = e'% |f,), which is equivalent to P, = Py, ie., Z(e) = Z(f).

(3) From the proof of (1), we see that m(e, ) = d3 —difand only if [A;;| = —(Vz ),
that is, e and f are mutually unbiased bases.

Suppose that e and f are mutually unbiased bases, then the coefficients A;; in (3) satisfy

[Aii = 1{filen)| = % foralli,j =1,2,...,d. Letp € Z(e) NZ(f). Then it can be written as

0 =Y unles)(en| with py > 0foralln = 1,2,...,d, Y%_, u, = 1. Using Equation (3)
implies that

d d
= Y Y kAl i) fil-

jk=1n=1

Since p € Z(f) and Y9 _; pty = 1, we see that

d
— 1 ,
21 ﬂn/\nj)\nk = E‘sk,jr Vkr] =12,...,d
n=

that is,
A Aa o Ag w0 0 0 A A - A L0 o0 o
Az An o Ap 0 mwp 0 0 Aat A e Ay 0 r o o
Ma A A 0 0 0 A A Aw 00 0 %
Since U = [A;j] is a d x d unitary matrix, we get i = %for all k = 1,2,...,4d, ie,
_1vyd _1 _J1
p=1TL, If)(fil = 41 Hence, Z(e) N Z(f) = {41}
O

Remark 1. Suppose that P, # Pf, then there exists an i and jy, jo, ..., jx (2 < k < d) such that
(eilfi,) #0(s =1,2,...,k) and

k
le;) = Z fjs‘ez ‘,f]:

s=1

Then |e;)(e;| € Z(e) and

k
lei) (eil = 2 (fiilea) (Fileid fio) (fi -

s=1,t=1

Since (fj|e;){fj,|ei) # 0 for any s # t, we get that |e;) (e;| & Z(f). This shows that there exists a
state p € Z(e) but p ¢ Z(f). Similarly, there also exists a state o' € Z(f) but o' & Z(e).

From Theorem 1 and Remark 1, we get relationships between m (e, f) and Z(e) N Z(f)
as shown by the following Figure 1.

It is clear that %I € Z(e) NZ(f) for any bases e and f. Especially, Z(e) NZ(f) = {%I}
if they are mutually unbiased. However, even though e and f are not a pair of mutually
unbiased bases, it is possible that Z(e) NZ(f) = { I } see the following example.
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D(H)

Figure 1. Relationships between m(e, f) and Z(e) N Z(f), where subfigures (a—c) correspond to the
cases that m(e, f) = 0,m(e, f) > 0and m(e, f) = di —d, respectively.

Example 1. Let e = {|0), 1)} and f = {|fo),|f1)} be two orthonormal bases for H = C? with

V2 V2
f\U \/§|l>’|f1) \[I0> +7|1>

Clearly, e and f are not a pair of mutually unbiased bases while I(e) NZ(f) = {31}.

|fo) = )+

This example leads us to study the relationship between two bases ¢ and f for H

such that
Nzt ={ 31}

Todo this, welete = {|e;)}%_, and f = {|f;)}%_, be twobases for Hand p = Y xilen) (o] €
Z(e)\{I/d}.Since xy, ..., x, are the eigenvalues of p, they can be rearranged as A1, Ay, ..., Ay
in decreasing order, say, Ay > A > ... > A;. Thus, there exists a permutation matrix P,

such that
X1 M
X2 Az
Pl = - “4)
X4 Ag
Suppose that p € Z(f). Then
d
p =Yyl sl 5)
j=1

where y; = (f;|o|f;). Using Equation (5) implies that

BN

x; = {eilple;) = Z (eilf) 2 yi(i=12,...,4),
=

ie.,
X1 n
Tl=cl 7 ©)
Xd Yd
where
Keal)* Kelf2)P - Keilfa)?
o Keal f)I* [eal f2)> -+ [(ealfa)l? -

el 2 el - Healf) P
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Since y1, . .., Y4 are also the eigenvalues of p, they can be also rearranged as A1, A2,..., Ay
in decreasing order. So, there exists a permutation matrix P, such that

n M
Y2 Az
2% . ®)
Yd Ad
Thus,
M x1 n M
Ao X2 Y2 Az
=P . =PC| . =PCh| . | ©)
Ad Xg Ya Ad
Putting PyCP, = [w;;] yields that
d
)\,‘2 Zwi/)\j(izl,z,...,d). (10)
j=1
Thus, when Ay = Ay = ... = A, > A,y > ... > Ay, we see from Equation (10) that for

1<i<r,
r d
A= L wi |Ait Y wigh
j=1 j=r+1

and so Z;-Zl wij =1, w;; = 0(1 <i<r,r<j<d). Using Equation (10) again yields that
forl+r<i<d,

r d
A= (E w,‘]'> A+ Z wi]‘/\j
j=1 j=r+1

and so ):]’.:1 w;j = 0, implying that w;; = 0(r<i<d,1<j<r). Thus,

Di|o|...] 0
0 |Dy|...] 0

PCP= |1 . 1. 1. | (11)
010 ..|D

where k means the number of different eigenvalues y; > pp > ... > py of p and D; is an
7; X ri-doubly stochastic matrix, and r; denotes the multiplicity of the ith eigenvalue y;.

Conversely, suppose that there exist d x d permutation matrices P; and P, such that
P1CP; is of the form (11) where k > 1. Since the matrix P;CP, can be written as

et f) 2 Hesi fi) 2o | §
P,CP, = ‘<352"ft1>‘ ‘(esz|:ft2>| ‘<352|ftd>‘

’

ealfdP HealfidP - leslfin) 2

where
S1 1 l’l 1
52 2 ty 2
= Pl . ’ . = P2 ’
Sd d ty d
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we see from condition (11) that
(es|fy;) =0(Vr <j<d,1<i<n), (eglfyy) =0(Vrn <i<d1<j<n). (12)

n

This implies that the subspaces generated by {les;)};, and {| ftj)}]ﬁ:1 are equal and so
1 & 18
== ) lesesl = — Yo If) (fy
1im1 =
Clearly, p € Z(e) NZ(f) \ {31}
As a conclusion, we arrive at the following.

Theorem 2. Letd > 2, e = {|e;)}¢_, and f = s ?:1 be two orthonormal bases for H and set

c=]| (Ei\fj>|2}~ Then there exists a state p # 11 in I(e) N Z(f) i and only if there exist two
d x d permutation matrices Py and Py such that the matrix PyCP, is k x k block-diagonal for some
k>1

Example 2. Letd > 3,e = {|e;)}!_ and f = {|f}) }?’:1 be two orthonormal bases for H such that

1 .. .
[flegl = 5 i =1,2)Je) = f)(i = 3,4,
Then
05 05 0 --- 0
05 05 0 --- 0
c=[lelfpP]=| O 0 1 -0
o 0o -~ 0 1

It follows from Theorem 2 that there exists a state p € Z(e) NZ(f) \ {I/d}; for example,

1
P2,

M=

le;) (eil-

3

Remark 2. From Theorem 2, we know that whether Z(e) NZ(f) \ {I/d} # @ depends on the
structure of the matrix C given by Equation (7). Since this, we call C the correlation matrix of the
bases e and f and denote it by C,s. Clearly, it can be written as the Hardamard product of the
transition matrix T, ¢ from e to f and its conjugate matrix T;f:

Ce,f = Te,f O] T:,f,

where

(e1lfi) Aealf2) -+ Aedlfa)

(ealfr) fealf2) -+ (ealfa)

T, ;= 13)

(%zifl) <3dif2> <3difd)

Theorem 2 also tells us that when (¢;|f;) # 0 for all i,j, there do not exist per-
mutation matrices P; and P, such that P;CP, is r x r(2 < r < d) block diagonal, so
Z(e)NZ(f) = {I/d}. Especially, for a pair of mutually unbiased bases ¢ and f, when
p € Z(e) and p # 11, we have p ¢ Z(f). Conversely, when p is a maximally coherent state
w.r.t. ¢, a question is: whether p is also maximally coherent w.r.t. f. The follow example
shows that the answer is negative.
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Example 3. Let e = {|0), |1)} and f = {|fo),|f1)} be a pair of mutually unbiased bases for
H = C? where 1
V2

v

|fo) = 7

(10) + 1), 1f1) = —=(10) = [1)),

choose 1
pr= 5 (o) (fol + o) LAl + L) Cfol + 1f1) CAil) = 10)(O]-

Then py is maximally coherent with respect to f but is incoherent w.r.t. e, while for the state

P2 = %(|f0><f0| +il fo) (f1] —ilf1) (fol + 1) (f1]),

we have
Ce, (02) = Cp,p, (p2) = 1.

Therefore, py is both maximally coherent w.r.t. e and f.

The following theorem shows that there must exist a maximally coherent state w.r.t.
any two bases for C2.

Theorem 3. Let e = {|e;)}2_, and f = {] fi ]2:1 be two orthonormal bases for C2. Then there
exists a state p € D(C?) such that

Cey(0) +Cr () = 2.
Proof. First, we observe that C, ¢, (0) = 1if and only if
1 . .
p = 5len){er] +eler) (ea| + e fer) {ea] +[e2) {e2]) (14)

and Cpf’/] (p) = 1if and only if

p= %(|f1><f1| +ePIfi)(fal + e IR (il + 1) () (15)
Suppose that
[f1) = uniler) + urzlez), | f2) = uarler) + uxnler),

then U := [u;] is a unitary matrix, which is given.
For a state p of the form given by (14), then C, 4, (0) = 1. We compute that

(filelfr) = (uisler] + ualeal)|pl(ur1ler) + uizlez))
= %(\un [ 4+ ufyuppel® 4 uygulye % + upp|?)
= % +Re(ujyuize™),
(filelf2) = (uirer| + uir{eal)lpl(uziler) + uzzlez))
= %(u{luzl + ufume® + wiune T + uiun)
= %(ui‘luzzei”‘ + Uy e 1Y),
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(u3q(e1| +uzpeal) ol (ua1ler) + ualez))

(f2lolf2)

1 A y
= E(\uzﬂz + U3y e + upue ' + |uxn|?)

1 .
= i + Re(uﬁluzze“‘).

Thus, Cy, (p) = 1if and only if

wf el + uyuye i = elf; (16)

Re(u’l‘lulzei"‘) =0;
Re(u; uzzei"‘) = 0,

if and only if
Re(uj;u1e™) = 0;
* in * —ia i 17)
Upptpe” + U upie " =e
since uj U1y = —u5,U2).
Since U is a unitary matrix, it can be represented as

U\ _ reifl V1 — r2eit2
Up U V1—r2el% rells

where 0 < r < 1,and 6, € Rs.t. el(ti=63) 4 ¢i(62-61) — (. The last condition implies
that —6; + 6, + 03 — 0, = (2n + 1) for some integer n. Taking & = (61 — 6 + 63 — 04) /2
implies that \u{luzzef“ + ui‘zuﬂe*i"‘\ = 1 and so there exists a real number § such that
second equation in (17) holds. Since —6; + 6, + « = nm + 71/2, the first equation in (17)
holds too. Hence, Cr 4, (0) = 1.

This shows that the state p defined by Equation (14) with « = (61 — 62 + 63 — 64) /2
satisfies

Copy(0) =Crp (o) =1,
that is, nggl (p) + Cf,gl (p) =2. O

3. Weak Coherence

In this section, we turn to discuss the weak coherence of quantum states. To this, we
use B to denote a set of k orthonormal bases ¢!, ¢?, ..., ¢ for H,i.e., B = {el, e, ek}.

Definition 1. We say that p € D(H) is strongly incoherent (S-incoherent) w.r.t. B if p is
incoherent w.r.t. any basis in B. Otherwise, we say that p is weakly coherent (W-coherent) w.r.t. B.

Denoted by SZ(B) the set of all S-incoherent states of H w.r.t. . Clearly,

k

1 i
e szB) = Dlz(e ).

Definition 2. Let ® be a quantum operation on B(H). Then & is said to be an S-incoherent

operation (SIO) w.r.t. B (or B-incoherent operation (BIO)) if ® € ZO(e') foralli =1,2,...,k,

that is, for eachi = 1,2, ...,k, ® has a family of Kraus operators { Ei,z}:il such that
Ei(Z(eNEN CRYZ(e'), Vn=1,2,...,m,.

Denoted by ZO(B) the set of all SIOs w.r.t. B, then
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Similar to the definition of the standard coherence measure, let us introduce the
concept of a B-coherence measure.

Definition 3. A function Cg : D(H) — R is said to be a B-coherence measure if the following
four conditions are satisfied:

(1) Faithfulness: Yp € D(H),Cg(p) > 0; Cp(p) = 0 ifand only if p € SZ(B).

(2) Monotonicity: Cp(®(p)) < Cg(p) for every ® € ZO(B) and for every p € D(H).

(3) Strong monotonicity: for each i = 1,2,...,k, Yoty pinCplpin) < Cp(p) for every
p € D(H) and every & € TO(B) with a family Kraus operators {E;,}" |, where p;, =
tr(E;upEl ) and pj, = p%Eian;fn for pin > 0, and p;,, = %Ifor pin = 0.

(4) Convexity: Cr(Xn—q pupn) < Yoy puCp(on), where p, € D(H)(n = 1,2,...,m)
and {p,}I"_, is a probability distribution.

The following theorem gives a method for constructing a B-coherence measure from k
e'-coherence measures (i = 1,2,..., k).

Theorem 4. Let C,i(i = 1,2,...,k) be e-coherence measures. Then the function Cg : D(H) — R
defined by

M

Il
—

Cs(p) = Y Culo) (¥p € D(H)) (18)

1

is a B-coherence measure.

Proof. (1) Let p € D(H). Since C,i(p) > 0 for all ¢'(i = 1,2,...,k), we have Cs(p) =
Y Ci(p) > 0. Furthermore,

i=1"%el

Ci(p) =0< C,i(p) =0(i=1,2,...,k) & p € ST(B).

e

s

Il
_

2) Let® € ZO(B).Foreachi=1,2...,k, since C, is an e'-coherence measure and
P e ZO(e'), we get
Cei(®(p)) < Ceilp)

forall p € D(H), and so

k k
Co(@(p)) = Y C(®(p)) < )_C.i(p) = Calp).
i=1 i=1
(3) Let p € D(H), ® € ZO(B) with families of Kraus operators {E, }1,(i =
1,2,...,k). Put p;,, = tr(EinE;rn) and p;;, = p%Eian;rn for p;, > 0, and p;, = %I for
pin = 0. Foreach j = 1,2,...,k, since C, is an el-coherence measure and ® € IO(ef),
we get

Y PinCei(pin) < Coi(p) (i,j = 1,2, k).

n=1

This implies that for eachi =1,2,...,k,

i ;i k k m; k
Y pinCsloin) = Y pin (Z Ce/(pin)> =y (Z Pm%’(ﬂi;:)) <Y C.i(p) = Cglp).
=

n=1 n=1 j=1 j=1\n=1
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(4) Let o, € D(H)(n =1,2,...,m) and let {p, })"_; be a probability distribution. Since
C,i is an e'-coherence measure, we have

PnCi(pn) > Cyi Z PnPn
Z

foralli=1,2,...,k, and therefore,

nZanCBPn g(ZPn E'Pn> é (imw)%(ﬂimw)

Using Definition 3 yields that the function Cp defined by Equation (18) becomes a B-
coherence measure. [

Using Theorem 4 yields that the function Cg : D(H) — R defined by

k
Cpu () = ;Ce',lt‘l (p)(Vp € D(H)) (19)

is a B-coherence measure. We see from property (1) that Cgy, (p) < k(d — 1) for all states
p of the system. A state p is said to be maximally coherent w.r.t. Cg o, if Cg e, (p) = k(d —1).
Clearly, a state p is maximally coherent Cp 4, if and only if it is maximally coherent w.r.t.
each Cyi -

Remark 3. (1) é € SZI(B); Especially, if there exist two mutually unbiased bases in BB, then
SI(B) = {é}, that is, C, (p) = O if and only if p = é.

(2) Theorem 3 implies when d = 2 and B = {e, f} (e # f), there exists a maximally coherent
state p w.r.t. Cgy,, that is, Cp g, (0) = 2.

(3) The following theorem means that when d = 2 and B = {e, f, g} is a complete set of
mutually unbiased bases, there does not exist necessarily a maximally coherent state w.r.t. Cg . .

It was proved in [47] that the maximal number MUB(H) of mutually unbiased bases
for H is d + 1 if the dimension d of H is a prime-power. Thus, MUB(C?) = 3, i.e., there

exists a complete set of three mutually unbiased bases for C2.

Theorem 5. Let B = {e, f,g} where e = {|e1),|ea)} be any orthonormal basis for C?, f =
{1f),1f2)} and g = {Ig1), |g2) } with

1) = ﬁ(leﬂ le2)), |f2) = f(\m)—IEz)),

(le1) —ile2))-

S -

191) = \%(\en Filea)), |fa) =

Then e, f and g are mutually unbiased bases pairwise for C2 and Cyz ¢, (0) < 3 for all states p of C?,
that is, there does not exist a state p such that

Cer,(0) = Crp,(p) = Cgu (p) = 1. (20)

Proof. Obviously, ¢, f and g are mutually unbiased bases pairwise for C2. Suppose that
there exists a state p such that Equation (20) holds, i.e.,

[erlplea)| = {filolf2)] = igalolga)l = 5. e}
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Then under the three bases, we have

p = ale(erl + e en)eal + g lea)er] + (1~ @)lea) e, @)
p = bl + 1€ f)fal + ye IR} fil + (1= D)) (fa, 23)
p=clan)(s1] + 3081 (gl + o Bl (g + (1= Ol @)

where a,b,c € [0,1],0 < 6 < 27t(k =1,2,3). Since p > 0, we conclude from Equation (21)
thata = b = ¢ = 3. Substituting 2|f;) (f;| in Equation (23) with

2| f1)(fil = ler){ex| + ler) (e2| + le2) (e| + [ea) {eal,

2|f1) (fa] = ler) (er] — ler) (ea| + [e2) (en| — [ea) (eal,
2[fa)(f1] = ler){er] + ler) (ea] — |e2) (e1| — le2) ez,
2|f2) (fa] = ler) (er] — ler) (ea| — lea) (en| + [e2) (eal,
)

and comparing the coefficient of |e) (e;| in Equations (22) and (23), we find that
et = —isin6, and so cos 0, =0. (25)
Similarly, substituting 2|g;) (¢;| in Equation (24) with
2[g1)(g1] = lex)(ex| —iler) (2| + le2) {ex| +ilez) (ezl,

2[g1) (82| = lex) (er| +iler)(ea| + ilea) {er| — lea) (eal,
2|g2) (g1 = lex)(e1| —iler){e2| —ilez)(er] — [e2){el,
2(g2) (82| = lex) (en| +iler)(eal —ilea) {er| + [ea) (eal,
and comparing the coefficient of |e) (e;| in Equations (22) and (24), we find that

et = —sinf; and so sin6; = 0. (26)
Combining Equations (25) and (26) yields that cos #; = sin#; = 0, a contradiction. [

4. Conclusions

In this paper, we have introduced a correlation function m (e, f) of two orthonormal
bases e and f with the property that 0 < m(e, f) < d ? —d,and proved that m(e, f) = 0 if
and only if the rank-one projective measurements generated by e and f are identical if and
only if Z(e) = Z(f), where Z(e) and Z(f) denote the sets of incoherent states with respect
to e and f, respectively. We have also shown that (e, f) reaches the maximum d 3 _difand
only if the bases e and f are mutually unbiased; in that case, the intersection Z(e) N Z(f)
includes only the maximally mixed state. We have observed that even though two bases
e and f are not mutually unbiased, Z(e) NZ(f) may include only the maximally mixed
state. We have obtained a necessary and sufficient condition for Z(e) N Z(f) = 5. We have
introduced the concepts of strong incoherence and weak coherence of a quantum state
w.r.t. a set B of k orthonormal bases and proposed a measure Cp for the weak coherence.
In the two-qubit system, we have proved that there exists a maximally coherent state w.r.t.
the measure Cpz o, when B consists of any two bases and observed that there exist does not
a maximally coherent state w.r.t. the measure Cz s, when B consists of some three mutually
unbiased bases.
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Abstract: A crucial issue in quantum communication tasks is characterizing how quantum resources
can be quantified and distributed over many parties. Consequently, entanglement has been explored
extensively. However, there are few genuine multipartite entanglement measures and whether it
is monogamous is so far unknown. In this work, we explore the complete monogamy of genuine
multipartite entanglement measure (GMEM) for which, at first, we investigate a framework for
unified /complete GMEM according to the unified /complete multipartite entanglement measure
we proposed in 2020. We find a way of inducing unified /complete GMEM from any given uni-
fied /complete multipartite entanglement measure. It is shown that any unified GMEM is completely
monogamous, and any complete GMEM that is induced by given complete multipartite entangle-
ment measure is completely monogamous. In addition, the previous GMEMs are checked under this
framework. It turns out that the genuinely multipartite concurrence is not as good of a candidate
as GMEM.

Keywords: genuine entanglement; entanglement measure; complete monogamy

1. Introduction

Entanglement is a quintessential manifestation of quantum mechanics and is often
considered to be a useful resource for tasks like quantum teleportation or quantum cryptog-
raphy [1-4], etc. There has been a tremendous amount of research in the literature aimed
at characterizing entanglement in the last three decades [1-9]. In an effort to contribute to
this line of research, however, the genuine multiparty entanglement, which represents the
strongest form of entanglement in many body systems, still remains unexplored or less
studied in many facets.

A fundamental issue in this field is to quantify the genuine multipartite entanglement
and then analyze the distribution among the different parties. In 2000 [10], Coffman et al.
presented a measure of genuine three-qubit entanglement, called “residual tangle”, and
discussed the distribution relation for the first time. In 2011, Ma et al. [11] established
postulates for a quantity to be a GMEM and gave a genuine measure, called genuinely
multipartite concurrence (GMC), by the origin bipartite concurrence. The GMC is further
explored in Ref. [12], the generalized geometric measure is introduced in Refs. [13,14],
and the average of “residual tangle” and GMC, i.e., (T + Cgme) /2 [15], is shown to be
genuine multipartite entanglement measures. Another one is the divergence-based genuine
multipartite entanglement measure presented in [16,17]. Recently, Ref. [18] introduced
a new genuine three-qubit entanglement measure, called concurrence triangle, which is
quantified as the square root of the area of a triangle deduced by concurrence. Consequently,
we improved and supplemented the method in [18] and proposed a general way of defining
GMEM in Ref. [19].

The distribution of entanglement is believed to be monogamous, i.e., a quantum system
entangled with another system limits its entanglement with the remaining others [20].
There are two methods used in this research. The first one is analyzing monogamy relation
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based on bipartite entanglement measure, and the second one is based on multipartite
entanglement measure. For the former one, considerable efforts have been made in the
last two decades [10,21-40]. It is shown that almost all bipartite entanglement measures
we know by now are monogamous. In 2020, we established a framework for multipartite
entanglement measure and discussed its monogamy relation, which is called complete
monogamy relation and tight complete monogamy relation [22]. Under this framework,
the distribution of entanglement becomes more clear since it displays a complete hierarchy
relation of different subsystems. We also proposed several multipartite entanglement
measures and showed that they are completely monogamous.

The situation becomes much more complex when we deal with genuine entanglement,
since it associates with not only multiparty system but also the most complex entanglement
structure. The main purpose of this work is to establish the framework of unified/complete
GMEM, by which we then present the definition of complete monogamy and tight complete
monogamy of unified and complete GMEM, respectively. Another aim is to find an
approach of deriving GMEM from the multipartite entanglement measure introduced in
Ref. [22]. In the next section we list some necessary concepts and the associated notations.
In Section 3 we discuss the framework of unified/complete GMEM and give several
illustrated examples. Then, in Section 4, we investigate the complete monogamy relation
and tight complete monogamy relation for GMEM accordingly. A summary is concluded
in the last section.

2. Preliminary

For convenience, in this section, we recall the concepts of genuine entanglement,
complete multipartite entanglement measure, monogamy relation, complete monogamy
relation, and genuine multipartite entanglement measure. In the first subsection, we
introduce the coarser relation of multipartite partition by which the following concepts
can be easily processed. For simplicity, throughout this paper, we denote by #4142 An .=
HM @ HA2 ® - @ HA" an m-partite Hilbert space with finite dimension and by SX we
denote the set of density operators acting on HX.

2.1. Coarser Relation of Multipartite Partition

Let X1|Xa|---|X) be a partition (or called k-partition) of AjAy--- Ay, 1e, X5 =
A1) As(2) - As(f(s)), S(1) < s(j) whenever i < j, and s(p) < t(q) whenever s < f for
any possible p and g, 1 < s,t < k. For instance, partition AB|C|DE is a 3-partition of
ABCDE. Let X;1|Xp| - -+ | Xy and Y1|Ya| - - - |Y; be two partitions of AjA; - - A, or subsys-
tem of A1 Ay -+ Ap. Y1|Ya] - - - |Y] is said to be coarser than X;|X;| - - - | Xy, denoted by

X11Xo| - [Xe = Y1lYal| -+ |V, (1)

if Y1]Y2| - - - |Y; can be obtained from X;|X3| - - - | Xi by one or some of the following ways
(the coarser relation was also introduced in Ref. [41], but the the third case in Ref. [41] is a
little different from the third item below):

e (C1) Discarding some subsystem(s) of X;|Xp| - - - | X};

e (C2) Combining some subsystems of X1 |Xp|- - - | Xy;

e  (CB) Discarding some subsystem(s) of some subsystem(s) X provided that X; =
For example, A|B|C|D|E > A|B|C|DE = A|B|C|D = AB|C|D = AB|CD, A|B|C|DE >
A‘B|DE Clearly, X1|X2| s ‘Xk - Y]‘Y2| s ‘Y[ and Y1|Y2‘ s |Yl - Z1|Z2| s ‘Zs 1mply
X1|Xa| - | Xy = Z1|Za| - -+ | Zs.

Furthermore, if X]‘X2| R ‘Xk b Y1|Y2‘ e |Y/,we denote by E(X1|X2| R |Xk - Yl‘Y2|
---]Y;) the set of all the partitions that are coarser than
X1|Xa| - - - | Xy and either exclude any subsystem of Y;|Y;| - - - |Y; or include some but not
all subsystems of Y;|Yz|---|Y;. We take the five-partite system ABCDE for example,
E(A|BICDIE — A|B) = {CD|E, A|CD|E, B|CD|E, A|CD, A|E, BIE, A|C, A|D, B|C, B|D}.
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For more clarity, we fix the following notations. Let X1 |Xp|- - - | X and Y1 |Ya| -+ |V
be partitions of A1 A - - - A, or subsystem of AjAjp - - - A,;. We denote by

X1|Xo| -+ | X =" V1Yol - Y] 2
for the case of (C1), by

Xi|Xa| - X =P alYal - Yy ®)
for the case of of (C2), and in addition by

X1 Xa| -+ | X = V1[Ya| - V) @)

for the case of of (C2). For example, A|B|C|D =% A|B|D =* B|D, A|B|C|D =? AC|B|D =
AC|BD, A|BC = A|B, A|BC =€ A|C.

2.2. Multipartite Entanglement

An m-partite pure state |p) € H41424n is called biseparable if it can be written
as ) = [p)X @ [)Y for some bipartition of AjAy - Ap. |§) is said to be k-separable if
[) = [w)X1|p)X2 - .- |p) %« for some k-partition of Ay Aj - - - Ay |9) is called fully separable
if it is m-separable. It is clear that whenever a state is k-separable, it is automatically also
I-separable for all 1 < [ < k < m. An m-partite mixed state p is biseparable if it can be
written as a convex combination of biseparable pure states p = Y_; p;|¢;) (;|, wherein the
contained {|¢;)} can be biseparable with respect to different bipartitions (i.e., a mixed
biseparable state does not need to be separable with respect to any particular bipartition).
Otherwise it is called genuinely m-partite entangled (or called genuinely entangled briefly).

We denote by S; 142 A the set of all genuinely entangled states in S A Ay A

Throughout
this paper, for any p € S41424n and any given k-partition X;|Xp| - - - | Xy of AjAy - -+ Ay,
we denote by pX11X2l"IXk the state for which we consider it as a k-partite state with respect

to the partition X1 |Xa| - - - | Xg-

2.3. Complete Multipartite Entanglement Measure

A function E(") : $MA2An _, R s called an m-partite entanglement measure in
literatures [3,42,43] if it satisfies:

o (ED E")(p) = 0if pis fully separable;
e (E2) EM cannot increase under n-partite LOCC.

An m-partite entanglement measure E(") is said to be an n-partite entanglement monotone
if it is convex and does not increase on average under m-partite stochastic LOCC. For
simplicity, throughout this paper, if E is an entanglement measure (bipartite, or multipartite)
for pure states, we define

Er(p) := min 1 piE™) (|y)) ©)

and call it the convex-roof extension of E, where the minimum is taken over all pure-state
decomposition {p;, |;)} of p (Sometimes, we use EF to denote Er hereafter). When we
take into consideration an m-partite entanglement measure, we need discuss whether it
is defined uniformly for any k-partite system at first, k < n. Let E(™) be a multipartite
entanglement measure (MEM). If E(Y) is uniquely determined by E(™) for any 2 < k < m,
then we call E(™) a uniform MEM. For example, GMC, denoted by Cgye [11], is uniquely
defined for any k, thus it is a uniform GMEM. Recall that,

Cone( 1)) 1= min, [2[1 - Tep2)
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for pure state |pp) € H41424n where ¢ = {;} represents the set of all possible bipar-
titions of A1 A, - - - Ay, and via the convex-roof extension for mixed states [11]. All the
unified MEMs presented in Ref. [22] are uniform MEM. That is, a uniform MEM is series of
MEM s that have uniform expressions definitely. A uniform MEM E(") is called a unified
multipartite entanglement measure if it also satisfies the following condition [22]:

. (E3) the unification condition, i.e., E (m) is consistent with E®) for any 2 < k < m.

The unification condition should be comprehended in the following sense [22]. Let
|¢>A1A2"'Am — ‘¢>A1A2“'Ak‘¢>Ak+1"'Am/ then

B0 ([ 14z = EO)([yg) 14z Ak) 4 0y A,

And

E(m) (pA]A2~~~Am ) _ E(m) (pn(A1 Ax--Am) )
for any pA142An ¢ SA142An where 7 is a permutation of the subsystems. In addition,
ERG1X] - X) > EOM[Ya - ¥)

for any p/142An ¢ SA1A2An whenever X1|Xp| - - - | Xx = Y1|Ya| - - - |Y), where the verti-
cal bar indicates the split across which the entanglement is measured. A uniform MEM
E() is called a complete multipartite entanglement measure if it satisfies both (E3) above
and the following [22]:
o (B EM(X1]Xy| - |Xx) = E®(Y1|Ya] - - - |¥;) holds for all p € SA142An whenever
Xl‘Xz‘ s ‘Xk }b Y]‘Y2| e |Yl
We need to remark here that, although the partial trace is in fact a special trace-preserving
completely positive map, we cannot derive p*11%2""V1 from pX11X2l"IXk by any k-partite
LOCC for any given X1 |Xa| - - - | Xk = Y1|Y2|- - - |Y;. Namely, different from that of bipartite
case, the unification condition cannot be induced by the m-partite LOCC. For any bipartite
measure E, E(A|BC) > E(AB) for any p4BC since p'B = Trcp”BC can be obtained by
partial trace on part C and such a partial trace is in fact a bipartite LOCC acting on A|BC.
However, p48 cannot be derived from any tripartite LOCC acting on p45C. Thus, whether
E®)(A|BC) > E®@(AB) is unknown.
Several unified tripartite entanglement measures were proposed in Ref. [22]:

EQ(19)) = 5[50 + (6% +56°)],

O (g)) = 3-Te(p") = Te(e") "~ (o€)’,
cO(lg)) = /<O (1)),

NO(|g)) = T[4 + T2\ o + T2y /o€ -3,
(1)) = 2 [T0") + Ty(e®) + Ty (o)) 4 > 1,
R (lp) = %Ra(PA ®pP©p%), 0<a<1

for pure state |p) € HEC, and then by the convex-roof extension for mixed state B¢ €

SABC (for mixed state, N©) is replaced with NS)), where Ty (p) := (1 — )71 [Tr(p) — 1] is
the Tsallis g-entropy, Ry (p) := (1 — &)~ !In(Trp") is the Rényi a-entropy. In addition [22],

N® (o) = [lo" [l + llo™ I + ll™ I — 3 (6)

84



Entropy 2022, 24, 355

for any p € SABC, Ej(?), Cc®, v and Tf’) are shown to be complete tripartite entanglement

measures while Rf’), NG®) and Nf’) are proved to be unified but not complete tripartite
entanglement measures [22].

In Ref. [44], we introduce three unified tripartite entanglement measures (but not
complete tripartite entanglement measures) in terms of fidelity:

EF (19)) = 1= F (1) yl.p" @0 @), )
ER(9)) = 1= VF(l9)(l.p" @ p° ), ®)
ESHI)) = 1= Fa(l9) (gl ot © 0% @pC), ©)

for any pure state |¢) in HABC where F is the Uhlmann-Jozsa fidelity F [45,46], which is
defined as

Flp,0):= <Tr \/‘Ea\/ﬁ>2, (10)

V/F is defined by [47-49]

VF(p,0) =/ Flp,0), 11

and the A-fidelity, F 4, is the square of the quantum affinity A(p,¢) [50,51], i.e.,

Falp,0) = [Tr(\/pv/a) % (12)
For mixed states E(S) E(3) and E(3) are defined by th -roof extensi i
y Erpr Epips AF.F y the convex-roof extension as in
Equation (5).

2.4. Monogamy Relation

For a given bipartite measure Q (such as entanglement measure and other quantum
correlation measure), Q is said to be monogamous (we take the tripartite case for example)
if [10,26]

Q(A|BC) = Q(AB) + Q(AQ). (13)

However, Equation (13) is not valid for many entanglement measures [10,24,52,53] but some
power function of Q admits the monogamy relation (i.e., Q*(A|BC) > Q*(AB) + Q*(AC)
for some a > 0). In Ref. [23], we address this issue by proposing an improved defini-
tion of monogamy (without inequalities) for entanglement measure: A bipartite measure
of entanglement E is monogamous if for any p € SABC that satisfies the disentangling
condition, i.e.,
E(p"1P€) = E(p"P), (14)
we have that E(pAC) = 0, where p48 = TrcpABC. With respect to this definition, a
continuous measure E is monogamous according to this definition if and only if there exists
0 < & < oo such that
Ea(pA\BC) > E/J((pAB)+E/X(pAC) (15)

for all p acting on the state space HE¢ with fixed dim HABC = d < oo (see Theorem 1 in
Ref. [23]). Notice that, for these bipartite measures, only the relation between A|BC, AB
and AC are revealed, and the global correlation in ABC and the correlation contained in
part BC are missed [22]. That is, the monogamy relation in such a sense is not “complete”.
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For a unified tripartite entanglement measure E(®), it is said to be completely monogamous if
for any p € SABC that satisfies [22]

E(3)(pABC) _ E(Z)(pAB) (16)

we have that E@) (pA€) = E@) (pBC) = 0. If E®) is a continuous unified tripartite entangle-
ment measure. Then, E®) is completely monogamous if and only if there exists 0 < a < co
such that [22]

E*(pBC) > E*(pP) + E*(pC) + E* (") 17)

for all pA5C € SABC with fixed dim HAPC = d < oo, here we omitted the superscript (>3)
of E?9) for brevity. Let E®) be a complete MEM. E®) is defined to be tightly complete
monogamous if for any state pABC € SABC that satisfies [22]

EO) (A5 = £ (p416C) 1s)
we have E@ (pBC) = 0, which is equivalent to
Eac(pABC) > Etx(pA\BC) + Ea(pBC)

for some « > 0. Here we omitted the superscript (%) of E(>3) for brevity. For the general
case of E<’">, one can similarly follow with the same spirit.

2.5. Genuine Entanglement Measure

A function Eg,m) : SArAzAn 3 R is defined to be a measure of genuine multipartite

entanglement if it admits the following conditions [11]:

e (GED Eém (p) = 0 for any biseparable p € SA142An;

* (GE2 E((qm) (p) > 0 for any genuinely entangled state p € S4142*4n_ This item can
be weakened as: E ((gm) (p) = 0 for any genuinely entangled state p € S41424n_ That

is, maybe there exists some state that is genuinely entangled such that Eém) (p) =0.
In such a case, the measure is called not faithful. Otherwise, it is called faithful. For
example, the “residual tangle” is not faithful since it is vanished for the W state;
o« (GE3) E" (S pipi) < S piEy" (i) for any {py, pi}, pi € S4A2An, i > 0, ¥ pi = 1;
e (GE4) E§m> (p) = Eém)(p’) for any m-partite LOCC ¢, ¢(p) = p'.
Note that (GE4) implies that Eém) is invariant under local unitary transformations. Eé(,m) is
said to be a genuine multipartite entanglement monotone if it does not increase on average
under m-partite stochastic LOCC. For example, Cgye is a GMEM.

3. Complete Genuine Multipartite Entanglement Measure

Analogous to that of unified /complete multipartite entanglement measure established
in Ref. [22], we discuss the unification condition and the hierarchy condition for genuine
multipartite entanglement measure in this section. We start out with an observation of the
examples. Let ) be an m-partite pure state in #41424n. Recall that, the multipartite

entanglement of formation E fm is defined as [22]

B 19) = 5 - Slo).
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where px := Trx(|¢) (p]). We define

m

EC(9) = 25(4) Y- S(pa), (19)

i=1
where d(p) = 0if p is biseparable up to some bi-partition and §(p) = 1 if p is not biseparable
up to any bi-partition. For mixed state, it is defined by the convex-roof extension. Obviously,
Ef;ﬁ)f is a uniform GMEM since I(A; : Ay : -+ : Ay) > 0 for any n [54], where I(A; : A; :
et Ap) = T S(pay) — S(A1As - Ay) = S(ph1 A2 Arjph @ phe @ - pn) > 0. The
following properties are straightforward: For any pA1424m ¢ Sg‘ 14y dm

EX (XX X)) > EY (Y] - 1)

for any X1|Xa| -+ | X =! Y1|Ya|---|Y;. It is worth noting that, for any uniform GMEM
Eé(qm), we cannot require Eék)(X1|X2| s Xg) = Eg)(Yl\Yﬂ -++1Y;) forany p € S;lAZ"'A”‘
and any X;|Xp|---|Xx > Y1|Ya2|---|Y;. For example, if Egl) (pABCPY) = Eé(;’) (0ABC) for
some pABCD S SﬁB CD then the entanglement between part ABC and part D is zero, which

means that p4B¢P is biseparable with respect to the partition ABC|D—a contradiction. In

addition, let |{)4BC be a tripartite genuine entangled state in HAEC, then |p)4BC|p)D is
not a four-partite genuine entangled state, i.e.,

EY(|9)ABC|p)P) = o,

but E((g?’) (p)4BC) > 0 provided that Ei,s) is faithful. That is, the genuine multipartite en-
tanglement measure is not necessarily decreasing under the discarding of the subsystem.
However, for the genuine entangled state, it is decreasing definitely. From these observa-
tions, we give the following definition.

Definition 1. Let Eg,m) be a uniform genuine entanglement measure. If it satisfies the unification
condition, i.e.,

ES" (A1As -+ Aw) = E{ ((A1Ag - An)) (20)

and
EW (X11%a) - %) > E{ (¥ [Ya -+ Y, 21
g (X11Xa| -+ [Xg) > Eg' (V1] Ya| -~ - V) (1)

forany p € SgAIAZ”'A’” whenever X1|Xa| -+ | Xx = Y1|Ya]| - - - |}, we call Eé.m) a unified genuine

multipartite entanglement measure, where 7t(-) denotes the permutation of the subsystems.

For any p € S;IAZ'“A”‘, if X1|Xa| -+ X =P Yi|Ya|---|Y;, We expect any unified
GMEM satisfies Ei,k)(Xl [Xo| - [ Xp) = Eégl) (Y1]Ya] - - - |Y;) since ‘some amount of entangle-
ment’ may be hided in the combined subsystem. For example, the quantity Eé?’) (AB|C|D)

cannot report the entanglement contained between subsystems A and B. We thus present
the following definition.
Definition 2. Let Eg”) be a unified GMEM. IfEé,m) admits the hierarchy condition, i.e.,
ER (X1|X| - 1X;) = EP (M [Ya| -+ Y, 22
g(l|2| |k)/g(l|2‘ |1) (22)

forany p € S;lAZmA"’ whenever X1|Xa| -+ | X¢ = Y1|Ya| - - - |Yj, then it is said to be a complete
genuine multipartite entanglement measure.
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We remark here that, for any given uniform GMEM E.")

g ’
EW (X)X -+ Xi) = EY (X)X - -+ | X} 23
g (Xa|Xa| - [Xi) = Eg7 (X3 X5] -+ [ X)) (23)
holds for any p € 8;1’42”"4”’ whenever X |Xp|- - [Xj =¢ X{|X}| - - - |X] since pXiI%a| 1%
X1/ X[

is obtained from p Xk by partial trace and such a partial trace is indeed a k-partite
LOCC, 2 < k < m. That is, a complete GMEM is a series of GMEMs that are compatible in
the following sense: Not only the genuine entanglement contained in the global system
and that of any subsystem or new partition of the global system are comparable but also
the genuine entanglement in any subsystems with the coarser relation can be compared
with each other. Of course, the genuine entanglement should be decreasing whenever the

system is coarsening, as one may expect. By definition, E‘(;f)f is a complete GMEM. We just

take E;’f} for example. For the three-qubit GHZ state |GHZ) = %(|OOO> +[111)),

W

Y (IGHZ)) == > EZ (IGHZ)AIPC) =1 > B (0P) =0,

N

and for the W state [W) = %(HOO) +1010) + |001)), it is straightforward that

3 3 2 2 2 2
EY (IW)) = S logy3—1 > EY ((W)A1FC) = log, 3 — 2 > B2 (0") = 3.

In general, the equality in Equation (23) does not hold, i.e., the genuine entanglement
decreases strictly under coarser relation (C3). For example, if E(|)AIB€) = E(p4B), then
|p)ABC is biseparable for almost all bipartite entanglement measures E so far [36].

It is clear that Cgye is not a complete GMEM since it does not satisfy the hierarchy
condition (22). We take a four-partite state for example. Let

p) = %\oooo) + %|1111> + ?mmo) + §|1010>,

then Cope(|9)) = C(|p)ABCIPy = @ < C(|ip)ABICDY = ‘/%75. In general, Cgpe is not even
a unified GMEM since we can not guarantee that unification condition (21) holds true.
We now turn to find unified /complete GMEM. E((grf)f is derived from unified /complete

multipartite entanglement measures EU) . This motivates us to obtain unified/ complete
GMEMs from the unified /complete MEMs.

Proposition 1. Let EU") be a unified/complete multipartite entanglement measure (resp. mono-
tone), and define

E"H(p) = min Y pia(19)E™(190) en)

whenever E<Fm) =ming, 11} 2 piE™ (|9;)) and

E{" (p) == 6(0)E™ (p) (25)

whenever EM™) is not defined by the convex-roof extension for mixed state, where the minimum
is taken over all pure-state decomposition {p;, |p;)} of p € SMA2An, §(p) = 1 whenever p is

genuinely entangled and 5(p) = 0 otherwise. Then, Egm is a unified/complete genuine multipartite
entanglement measure (resp. monotone).
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Proof. It is clear that EL@F and Eém) satisfy the unification condition (resp. hierarchy

condition) on Sg 142 An yhenever E(™) satisfies the unification condition (resp. hierarchy
condition) on S41424n_ [

Consequently, according to Proposition 1, we get
T<3)(‘l[i>) _ (5(|1IJ>)|:3—TI'( A)Z—T ( B)Z—T ( C)z]
¢ - P r(e r(p°) |
9 = Vi (),

091 = o) 12/ 412 o8 12 o 3],

TO,09) = 3809 [Tae") + Ty(0") + 6] 4 > 1,
R (1)) = 20(1¢)Ru(p” ©0° ©0), 0 < <1,
Egi’f(w»:é 1= F(l9)wle* 2" @),

EX 5 (19) = 8(19) [1 = VF (19 (#l.p* @ 0° @),
EX r(19)) = 5(|¢>)[14A(|¢><¢\ ph@pP )]

for pure states, and define by the convex-roof extension for the mixed states (for mixed

state, where Nég) is replaced with the convex-roof extension of N, (3), N, éi) r),and

NE () = 8(0) (0™ e+ o™ e + l0™ 17 — 3)

for any p € S4BC. These tripartite measures, except for NéS) are in fact special cases of

& ;7123 in Ref. [19]. Generally, we can define

ré"’><|w>> = 8(y)) {m - z_Tr(pA:)z},
ﬁ

Ném) {ZTrz phi— m} ,
¥

Tq( 0,9>1,

e
43
=~
=
S
=
Il
M)

R (19)) = 58(19)Rs <®pAf>, 0<a<1,
ES(19)) = 8(19)) 1—f<|w><w,®pf‘f>},

ES () = o(1p)) |1- ﬁ(|¢><¢,®p/ﬂ>},

E"x (1) = 89 1 —fA<w><¢|,®pAfﬂ,

89



Entropy 2022, 24, 355

for pure states and define by the convex-roof extension for the mixed states (for mixed

state, Ng m) i replaced with N F), and
- m)
Tr

N (p) = 6(p) (

for any p € S4142An_ According to Proposition 1, together with Theorem 5 in Ref. [22],
the statement below is straightforward.

p

Proposition 2. E<m>f, Tém), Cé(gm), and Tg('f; are complete genuine multipartite entanglement

P
monotones while Ré’f)u, N ;f)p Ném), E(é'f)}-, Eé’f)f,, and Eé’f)A Fare unified genuine multipartite

entanglement monotones, but not complete genuine multipartite entanglement monotones.

Very recently, we proposed the following genuine four-partite entanglement mea-
sures [19]. Let E be a bipartite entanglement measure and let

Eg- 1) (19)) = 3(19) T+ (26)

forany given [y) & A0, where E([)4715D) = 1%, E(p)APCP) = 157, E([$)17P) =
7, E()IP) = 57, E(1g)PIR) = 257, E(lg)PAP) = ), E(y)4PP) = 5.

Then 8 _1034(2) 18 @ genuine four-partite entanglement measure. Let E®) be a tripartite
entanglement measure,

Eg-13a00) (19) = 6(19)) Lx” 27)

1
for any given \l,b) e SABCD, where EG)(pABICDY x§3>, EG) (pAIBCIPy = xé3),
E(s)( AC|B\D) _ x (pAB\C\D) _ xf’), E(S)(pAD\B|C) _ xé?’), E(3)(pA\BD\C) _ x?).

It is clear that £F o 1234(3) is a genuine four-partite entanglement measure but not uni-

form GMEM.
Generally, we can define 58 1234m(2) by the same way, and it is a uniform GMEM.

We check below that Sg 1234m(2
monotone. We only need to discuss the case of m = 4, and the general cases can be
argued similarly. For any genuine entangled pure state |¢) € H*BP, and any bipartite

entanglement monotone E, it is clear that £,_134(2)([¢)) > EF(oXY) for any {X,Y} €

{A,B,C,D}. For any pure state decomposition of pABC pBC = ¥ pil;) (9;], we have
E(llP)A‘BCD) > ¥ pE(lp)A1PC), E(|9)ABIP) > ¥ piE(|yi)4PIC), and E(|y)BlAP) >
Y piE(|9i)PIAC) since any ensemble {p;, |1;) } can be derived by LOCC from |¢). It follows
that £_13400) () > g 1230 )(pABC). By symmetry of the subsystems, we get that the
Sg\BCD

) is a complete GMEM whenever E is an entanglement

unification condition is valid for pure state. For mixed state p € , we let

5;71234(2) (0) = ijgg—1234(2)(\¢j>)
i
for some decomposition p = Y, p;|9;) (¢;|- Then

Eg12342) (19))) = Eg_132) (0]'C)
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for any j, where p]ABC = Trp(|¢;){(¢;j|). Therefore

F F ABC
Eo_1234(2) ZPJ g-12342) (19))) Zl”] ¢-123(2 > Ee 1230 (077)
as desired. In addition, it is clear that
5; 130 )(pABC) > EF(pAB) (28)

ABCD o ¢F
forany p € &g . That is, gg71234»~m

is a complete GMEM whenever E is an entanglement

B is a unified GMEM. The hierarchy condition

. . F
is obvious. Thus, 5g_1234___m(2)
monotone.

Remark 1. It is clear that, for £ ; —1034m(2) the inequality in Equation (22) is a strict inequality,
ie.,

EP (XX [Xe) > E (1 |Ya -+ Y)) 29)

forany p € 8;1‘42""4”‘ whenever X1|Xa| - - | Xy =P Y1|Ya| - - - |Y;. In addition, according to the

proof of Proposition 4 in Ref. [22], Equation (22) holdsfor E“f)f, T(é"l), Cé(;"), and Tg(rf;)q' Namely, in
general, there does not exist p € S:?IAZ"'A’” such that E (X1 [Xo| -+ | Xk) = Eéw Y Ya|---Yy)
holds, Xy|Xa| - - [ X =" Y|Ya| - - |Y;

4. Complete Monogamy of Genuine Multipartite Entanglement Measure

We are now ready to discuss the complete monogamy relation of GMEM. By the
previous arguments, the genuine multipartite entanglement does not necessarily decrease
when discarding the subsystem. However, for the genuine entangled state, it does de-
crease. We thus conclude the following definition of complete monogamy for genuine
entanglement measure.

Definition 3. Let Eém) be a uniform GMEM. We call Eém) completely monogamous if for any
Ar1Ay-Ap )
pES; we have

k 1
Eé(g)(pxl\xﬂ \xk) S Eé)(pyl‘yﬂ |yl) 30)
holds for all X1|Xp| -+ | X = Y1|Ya| -+ Y

That is, any unified GMEM is completely monogamous. Moreover, according to the
proof of Theorem 1 in Ref. [23], we can get the equivalent statement of complete monogamy
for continuous genuine tripartite entanglement measure (the general m-partite case can be
followed in the same way).

(3)

Proposition 3. Let Eg be a continuous uniform genuine tripartite entanglement measure. Then,

Eé3> is completely monogamous if and only if there exists 0 < a < oo such that
E3(p"5) > E(p8) + B (pC) + B (o) (1)

for all pABC € SABC with fixed dim HABC = d < oo, here we omitted the superscript ¥) of E(®)
for brevity.
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Analogously, for the four-partite case, if E((;l) is a continuous uniform GMEM, then

E £?4> is completely monogamous if and only if there exist 0 < &, § < oo such that

ES(0MP) > ES(p*%C) 4+ ES (") + E(07P) + B¢ ("), (32
ER(p"PCP) > EP(p"P) + EP(p"C) + EF (01C) + EP (p°P) + EP(p"P) + EP (p°P)  (33)

for all pABCP ¢ Sé“BCD with fixed dim HABC = d < oo, here we omitted the superscript

(34 of EG4) for brevity. Since Cgme may not be a unified GMEM, we conjecture that Cgp is
not completely monogamous.

As a counterpart to the tightly complete monogamous relation of the complete multi-
partite entanglement measure in Ref. [22], we give the following definition.

Definition 4. Let Efgm) be a complete GMEM. We call Eg(;m) tightly complete monogamous if it
satisfies the genuine disentangling condition, i.e., either for any p € S;lAZ"'A”’ that satisfies

EY (Xa|Xa| - [X0) = EY (Y] - W) (34)
we have that
E{)(r) =0 (35)
holds for allT € E(X;|Xa| - - - | Xx — Y1|Ya| -+ - Y1), or
EX(X1|Xa| - 1X5) > EY ([ Yal -+ |Y7) (36)

holds for any p € S;lAZ”'A”‘, where X1|Xa| - - - |Xx = Y1|Ya]| - - - |Y;, and the superscript (x) is
associated with the partition T, e.g., if T is a n-partite partition, then (x) = (n).

Definitions 3 and 4 mean that, if Ei,k)(Xl\X2| | Xy) & Eél)(Yl\Yz| ---1Y;), then
Eé*)(l") ~ 0 forany I' € E(Xq|Xa| | Xk — Y1|Y2| -+ |Y;). This fact can make ensure
the security of quantum communication tasks, which rely on genuine entanglement as
the resource: Whenever Eé,k)(X1 [Xp| -+ | Xp) ~ Eé” (Y1|Yz| - - - Y}), the joint information in
subsystems I' € E(X7|Xa| - - - | Xk — Y1|Ya2| - - - |Y}) is nearly zero, i.e., we could choose such
an entangled state when we would like to prevent subsystem I in sharing the information
based on the genuine entanglement or from any evegetting information from subsystem I'.
Remark 2. According to Remark 1, for Eé’f}, Tém)r Cém), Té'f;, and 55—1234~~m(2)’ the case of
Equation (34) cannot occur, so they are tightly complete monogamous. We conjecture that the case
of Equation (34) cannot occur for any complete GMEM. In such a sense, any complete GMEM is
tightly complete monogamous.

For example, if E§3> is a complete GMEM, then E§3> is tightly complete monogamous
if for any p4BC € S?B C that satisfies

E() (045€) = E@ (o) 37)
we have E®) (p5C) = 0, and E§3> is completely monogamous

EZ(0"°C) > EO) (o) (38)
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References

is always correct for any p48¢ ¢ Sé“BC. That is, the complete monogamy of E§m> refers

to it being completely monogamous in the genuine entangled state, and Eé(,m) is strictly

decreasing under discarding of the subsystem, which is different from that of the complete
entanglement measure. Equivalently, if E§3) is a continuous complete GMEM, then E és) is

tightly complete monogamous if and only if there exists 0 < a < oo such that
Eg(p"7C) > E(p"F) + B* (p"71€) (39)

holds for all pAB¢ € Sg‘BC with fixed dim HABC = d < co, here we omitted the superscript
©) of E®) for brevity.

By Definition 4, ¥ —1234m(2) is tightly complete monogamous since for £ —1234m(2)
the genuine disentangling condition (36) always holds. Cg is not tightly complete monoga-
mous since it violates the genuine disentangling condition. In addition, the tightly complete
monogamy of Eé(;m) is closely related to that of E(") whenever Eém) is derived from E(") as
in Equations (24) or (25).

Proposition 4. Let E) be a complete multipartite entanglement measure. If EU) is tightly

complete monogamous, then the genuine multipartite entanglement measure Eg,"ﬂ, induced by E(™)
as in Equations (24) or (25), is tightly complete monogamous.

Together with Proposition 4 in Ref. [22], R™ N ('f) and Ném) are completely monog-

§—a "ig—F
amous but not tightly complete monogamous.

5. Conclusions and Discussion

We have proposed a framework of unified /complete genuine multipartite entangle-
ment measure, from which we established the scenario of complete monogamy and tightly
complete monogamy of genuine multipartite entanglement measure. The spirit here is
consistent with that of a unified /complete multipartite entanglement measure in Ref. [22].
We also find a simple way of deriving a unified/complete genuine multipartite entan-
glement measure from the unified /complete multipartite entanglement measure. Under
such a framework, the multipartite entanglement becomes more clear, and, in addition,
we can judge whether a given genuine entanglement measure is good or not. Compared
with other multipartite entanglement measure, the unified genuine entanglement measure
is automatically completely monogamous. That is, genuine entanglement displays the
monogamy of entanglement more evidently than other measures. These results support
that entanglement is monogamous, as we expected. We thus suggest that monogamy
should be a necessary requirement for a genuine entanglement measure.
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Abstract: As already known by Rana’s result, all eigenvalues of any partial-transposed bipartite state
fall within the closed interval [— %, 1]. In this note, we study a family of bipartite quantum states
where the minimal eigenvalues of partial-transposed states are 7%. For a two-qubit system, we find
that the minimal eigenvalue of its partial-transposed state is 7% if and only if such a two-qubit state
is maximally entangled. However this result does not hold in general for a two-qudit system when
the dimensions of the underlying space are larger than two.

Keywords: maximally entangled state; positive partial transpose; moment

1. Introduction

Let pap be a quantum state in a bipartite quantum system H 4 ® Hp such that the
positive partial transpose (PPT) criterion indicates that, for any separable state p4p, it
must hold pI\AB > 0, where " denotes the partial transpose on subsystem A. This PPT
condition was first proposed by Peres [1]. Such a condition is not only a necessary one
but also a sufficient one for separability in a qubit-qubit, qubit-qutrit or a qutrit-qubit
system [2]. The PPT condition can also be verified from the moments of the randomized
measurements [3-5].

Recently, Yu et al. [6] found that the PPT condition can be studied by considering the
so-called partial transpose moments (PT-moments)

Pk = Tf<[P,Tq%]k>'

In fact, these quantities can be efficiently measured in experiments [4,5]. To see the
basic idea behind the PT-moments-based entanglement detection, suppose that we know
all the PT-moments p@ = (py,...,p4), where d = d zdp is the dimension of the global
system H 4 ® Hp, where d 4,5 = dim(H 4,5). We call p'@) the PT-moment vector of the
state pap. All the eigenvalues of pITqAB are denoted by (x1,...,%4). Asis already known,
(x1,...,%4) completely determines the elementary symmetric polynomials (ey,...,¢e;),
where e; = EL Xk, €2 = 21<i</<d XiXj, ..., and e = I—[Z:1 xy; and conversely (eq,...,¢e7)
can determine (xy,...,x;) when ignoring their order. In fact, (e, ...,e;) and (p1, ..., p4),
where p;’s are the power sum of x;’s, necessarily identify each other via the following
relationship between ¢, and py. [7]:

el 1 0 - 0
2e e1 1 o0 0

pr = : : R (k=1)
(k=Tex1 exo ez - 1
key €1 €2 - €]
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and
pp 1 0 - 0
1 P2 P 2 -0
=gl i | (k=D
Pk-1 Pr—2 Prks3 - k—1
P Prk-1 Prk—2 - P1

Therefore (p1, ..., py) determines (xq,. .., x;) up to their order. Then, all eigenvalues
of the partial-transposed state pL“‘B can be directly obtained. Based on the above observation,
the PPT criterion can be verified immediately. For convenience, we always assume that

2
p1 = 1. In addition, p; is just the purity due to the fact that Tr ( [p;AB] > = Tr(o%p)- In[6],

the authors studied the following problem.
PT-Moment problem: Given the PT-moments of order n, is there a separable state
compatible with the data? In more technical language, given the PT-moment vector

P(") = (Pl, .. ~/Pn)r

is there a separable quantum state p 45 such that

PkiTr([p;‘};]k) k=1,...,n?

It is natural to consider the detection of entanglement in p 45 from a few of the PT-
moments due to the difficulty in measuring all the PT-moments, such as in [6]. Note that the
partial-transposed state p;AB, for pap € D(C™ ® C"), which is the set of all bipartite quan-
tum states acting on C" ® C", cannot have more than (m — 1)(n — 1) negative eigenvalues
and all eigenvalues of py} fall within [—3, 1] [8]. Using the second PT-moment to bound
the third one is an interesting question. Moreover, we find that this method can be used to
get a characterization of maximally entangled two-qubit states, that is, a two-qubit state is
maximally entangled if and only if the minimal eigenvalue of its partial-transposed state is
f%. This is also equivalent to the condition that p(4) = (1,1, %, i), the PT-moment vector of
the two-qubit state p 4. This amounts to giving the criterion of maximal entanglement to
the states using the PT-moment vector, the components of which are measurable quantities.

2. Main Result
In this section, we essentially ask: Is p 45 maximally entangled if p45 € D(C? @ C?)
and the minimal eigenvalue of its partial-transposed state p;AB is Amin (p}%) =—1? We

give a positive answer to this question in our main result, i.e., Theorem 1. To that end, we
obtained the proof through a series of propositions.

Proposition 1. Let pag,0ap, Tap € D(C™ @ C"), where pap = toap + (1 — t)Tap for some
t € (0,1). If Amin (p;%) = —1, ie., the minimal eigenvalue of py, then Amin(0ys) =

T 1
Amin <TA'?3) = — 3

Proof. Using the main result in [8], we see that, for any bipartite state 045 € D(C" @ C"),
we have

Amin(0)) € [—%,1]
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Thus,

1

/\min(T}g) = —=

1
Amin(g;/[\;) = —= 2

2
As is already known, there exists a pure state |¢y) € C" ® C", corresponding to the

minimal eigenvalue Amin (pl@) , such that

Amin(p13) = (wolols| o) = 1ol | o) + (1 = 1) (o | kb o)

tAmm(aj,g) (- t)Amin(r;g) > —%.

1
2

WV

We must have that Apin <(TI"2;) = <l/lo
O

90) = Amin(Th8) = (wo|Ths|wo) =

TA
T4B

=

Corollary 1. Suppose pap € D(C™ @ C") has the pure state decomposition: pag = Y A )|,
where Ay > 0 for all indices k. If Amin (p;/g) = —1, then

o (95°) = 5

Here Wy := |r)(ixl-

Recall that there is a correspondence between the set L(), X') of all linear operators
from a finite-dimensional Hilbert space ) to another finite-dimensional Hilbert space X'
It can be explained immediately. Denote by X’ ® ) the tensor space of X and ). Let the
orthonormal bases of X and Y be {|i) :i =1,...,dim(X)} and {|j) : j =1,...,dim(})},
respectively. The mentioned correspondence between L(), X') and X ® ) is defined by
the linear mapping vec : L(Y, X') — X @ Y via vec(|i)(j|) = |ij) for all i, [9].

Let |¢) € C? ® C? be a bipartite pure state. Then there is an d x d complex matrix X
such that |p) = vec(X). By singular value decomposition (SVD), there are two unitary
matrices U,V € U(d) such that X = UZV?, where & = diag(cy,...,0,...,04) for o >
-+ >0y > 0and r = rank(X) < d. Note that 27:1 sz = 1. Then

[Y)(y| = U @V vec(E) vec(E) (U @ V)"
implying that
[p)pI™ = UV (vee(z) vee(x)') (@& V)",

Due to the fact that & = -9, 0;]i)(i|, we see that
_— A _
vee(Z) vee(B) = Y aieylif(ijl, (vee(Z)vee(®)*) " = Y- aicylji (i
Q=1 Q=1

Proposition 2. All eigenvalues of [)(y[4 is given by {07,...,0%; +0;0; (1 <i < j<d)}.
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Proof. Let F = (vec(Z)vec(x))™ = y¢

=1 Uiaj\ji> (ij]. Then

* d
FF' = <Z 0i0;|ji) 1]|><2‘7k‘711k kll) Z 0i0jo%07|ji) (ijl - |kI) (Ik]

ij=1 k1=1
d d ,
= ). Sudpooopalji)(Ik| =) (o) |ji) (jil;
ijki=1 =1

thatis, |F| = VFF! Z?,j:l 0;0;]ji) (jil- Note that

Te(F) =Y o?, Te(|F|) = ij

1
i,j=1

M-

Il
—

By using the Jordan decomposition F = F; — F_, where F}, = F4 > 0and FF_
0= F_F,. Then

Tr(F.) — Te(F- )72 T(FL) 4+ Te(F_) = ) o,

ij=1

and

d
=Y i+ Yoy Te(F) =) 0o

i=1 i<j i<j
Therefore, all eigenvalues of F are given by {012,. . .,(73,' +o0; (1<i<j< d)} |

Thus, we need to characterize those bipartite pure states that have the minimal eigen-
value of its partial-transposed state, — 3.

Proposition 3. If [p) € C?> ® C? is a pure state, then Apin(P74) = 7%, where P = |P)(¥|,
if and only if |) is a maximally entangled state, i.e., |{) is proportional to the locally unitarily
rotation of the vector vec(I,). Here I is the identity operator.

Proof. Let |¢p) € C*> @ C2. Suppose x = (x1,%,x3,x4) € R* is the eigenvalues of ™4 with
122>y > x4 > —1[8]. Clearly x4 = Amin(p74).

Now let x4 = —1. Again, we see that x3 > 0 by Rana’s result. Let p, = ([IIJTA]k) ,
where k = 1,2,.... Itis easy to see that p; = 1, pp = 1. Then

{1x1+x2+x3+(—%>

2
1:x%+x§+x§+(—%> .

Due to the constraint 1 > x; > x, > x3 > 0, the above system of equations has a

unique solution: x; = xp = x3 = %

We have now proved that if Amin(™4) = —1 for some pure state ) € C?>® C?,
then all eigenvalues of "4 are {%, %, %, —%} In fact, if Amin (pL%) = —% for some state

pap € D(C?® C?), then all eigenvalues of p 4 is {3,3, 3, —1}.

For a pure state |p) € C? @ C?, there exists a 2 x 2 complex matrix A such that
|¢) = vec(A). By SVD of A, we get that A = UDV' where D = diag(so,s1) with
sp=>s; = 0and U,V € U(2). Then

)y = U®VV9C(D)VQC(D)+(U®V)+
= U®Vvec(D)vec(D)'uta VT,
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where

* 1
vec(D) vec(D)t = vec (251|1><1|> vec <Zs]]><]|> = 2 8;8;it) (jijl.-
i j

i,j=0

Next, we established the equations concerning (s, s1). The first one is s3 + s? = 1 due
to the fact that Tr (D?) = (¢, ¢) = 1. The second one is

1
)™ = Y sis(Uli) (lUh)T @ Vi (v

i,j=0

1
= Y sis Ul U @ Vi (v

i,j=0
1
= (@) L sl el @e )’
1,j=!
1
- (TaV) _Zosisj|ji><ij|(ﬁ®V)*.
1,j=!

Now both [¢){1|™4 and Z},jzo 5;8jji) (ij| have the same eigenvalues. That is, all eigen-

values of
2.0 0 0
1
N e 0 0 s150 0
sl = | o o 5
=
Y 0 0 0

are {s%, s%,sosh —s081} = {%, %, %, f%} This implies that

This unique solution is given by (sp,s1) = <%, %) Therefore, A = %UVJF. Then

= *ivec o L V vec
[9) = vec(a) = 5 vec(UV*) = U & Vvee(ly).

We have proven that |¢) is a maximally entangled state. Conversely, if |¢) is a
maximally entangled state, then the minimal eigenvalue of its partial-transposed state is
apparently —% [10,11]. O

For the partial-transposed maximally entangled states in C" @ C", the eigenvalues
must be :i:% where the multiplicities of % and —% are M and @, respectively. Thus
its PT-moment vector is given by

(n+1)+ (n—1)(=1)*
an—l :

2
P = (P p) pr=
In particular, for the case where n = 2, the PT-moment vector p(4) = (1,1, %, %)

Theorem 1. Let psp € D(C?® C?) be a quantum state, then the following statements are
equivalent:

o the PT-moment vector of p 43 is p®* = (1,1, .
®  pap must be maximally entangled.
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Proof. For the implication (ii) = (i), the proof is trivial. Next, we show that (i) implies
(ii). Given (i), let (x1, x2, x3, x4), where x; > xp > x3 > x4, be eigenvalues of the partial-

0
transposed state p;%, then Rana’s result [8] means that 1 > x1 > xp > x3 > { S 1

Xy 2 )
By the given PT-moment vector, we see that

P1 =x1+x+x3+x=1
pp=xr+x3+x5+x3=1
pr=x+x+ad+ad =1
potad e ad = |
In fact, note that
21 1 0o - 0
oo 2 -0
a=gl 1 | k=,
Pk-1 Pk2 Pe3 - k=1
Pk Pk-1 Pk—2 - P1
and we see thate; = 1,¢p = 0,e3 = —%,64 = —%. The characteristic polynomial of p;f;} is
given by
4 3 2 4 3,1 1
flx) = xX*—ex’+ex" —esx+eg=x"—x +foﬁ
1
= g(2x— 1)3(2x +1).

Solving this system of equations via f(x) = 0, we get that x; = xp = x3 = % and x4 =

Amin(0s) = —1. Next, if F = Z},jzo ji){(ij|, then F|ij) = |ji) and F™4 = vec(I)vec(I)".

Note that F\01>\}2\10> =— |01>\;§‘10>. Let |x) = %, and we get (x|F|x) = —1 = Apin(F).

From the previous discussion, we see that in the pure state decomposition of p45:
PAB = Z,f’;ol Akl e)(k|, where Ag > Ay > -+ > Ay_1 > 0, all pure state |,) must be
maximally entangled state. Then there exist a pure state |u) such that

(u

There exist Uy, Vi € U(2) such that

1
u> =-5 (k=01...,N-1)

.
bt

1 1
= —=vec(U} V) = —=U Vi @ Ivec(l) = —=W; @ Ivec(I),
[ ) ﬁvec( Vi) 7 Vi @ Ivec(I) 7 © @ Ivec(I)
where Wy = U, V], implying that 1/;,?‘ = L (W, @) F(Wy ®]I)+. Now let |u) = Wi ®
I|u). Then
1 1
5= <u l[J;A u> = E(uk\F|uk> (k=0,1,...,N—1).
That is,

Amin(F) = =1 = (| Flu) (k=0,1,...,N—1).

Because —1 is the simple eigenvalue of F, the eigenspace corresponding to —1 is just
C|x). This indicates that all |u;) = e!%|x) due to the normalization of |u;). Furthermore

luy = % (Wi @T)|x) (k=0,1,...,N—1).
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In fact, the phase factor e% can be absorbed into the unitary matrix Wy. Without loss
of generality, we assume that

lu) = (Wi ®I)|x) (k=0,1,...,N—1).

Because there is a matrix X such that [x) = vec(X), then

1 1/ 0 1
X:ﬁ(|o><1|f\l><0\)= \ﬁ( -1 0 )

It is easily seen that X is invertible. We see that
lu) = vec(WiX) (k=0,1,...,N—1).

implying that WoX = WX = --- = Wy_1X, i.e., due to the fact that X is invertible, then
Wo=W;=---=Wy_y,0r

UVl = vi=...=uy_vi_,,
1mp1y1ng that vec(Uy V) = vec(UlV ) = =vec(Uy_1VL_,); thatis, [go) = |91) =

Z 1) Therefore pas = Ly APl = [9o)dol is @ maximally entangled
state. [J

In fact, our main result, Theorem 1, tells us that the PT-moment vector of a two-
qubit state p4p is (1,1, %, %) iff the minimal eigenvalue of its partial-transposed state Pjﬁs
is —1 iff psp is maximally entangled. Naturally, we would expect a similar relation
between the magnitude of the lowest negative eigenvalue of the partial-transposed state
and the maximally entangled states in higher-dimensional underlying spaces. However,
the following result, Proposition 4, indicates that the minimal eigenvalue of the partial-
transposed maximally entangled state would approach zero when the dimension of the
underlying space becomes larger and larger. Indeed, after tedious computations and
induction, we can draw the following conclusion:

Proposition 4. Let p4p € D(C" ® C") be a quantum state. If the PT-moment vector of p sp is
_1)(—1)k

) = (p1,...,p,2), where p = (”“)Jrz(n% Then Amin (pLAB) =-1

Proof. As an illustration, for a two-qutrit system C® @ C® as an example, we get (e, ..., e9)

from p(9> = (p1,.--,p9), where p1 = po = 1,p3 = ps = %/PS =pe = %,m =pg = 71@

and pg = 65%. That is,

e:1€:0€:—§e:—£e:£
L 7 7 AT

1 1
86:@,67:0,88:—W,69:—m.

Furthermore, the characteristic polynomial of p;’% is given by

(JC) — x9,x8+ﬁfﬁfﬁ+gfi+i
f o 27 27 81 729 2187 @ 19683
(B3x —1)°(3x +1)3
N 19683
Thus, we get that
X X 1JC Xg = X 71
1= —6—3r7— 8§ — A9 — 3.
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Reference

Therefore /\min(PI\%) = _%' O

From the above result, when n — oo, Amin(p;%) — 0 for a maximally entangled state
in C" @ C". Based on the observation, we can conclude that the family of bipartite states
with the minimal eigenvalue of their partial-transposed states (— 1) is different from the set
of maximally entangled states when the dimensions of the underlying spaces are larger
than two. This also indicates that the magnitude of the only lowest negative eigenvalue of
the partial-transposed state in higher-dimensional space would not be enough to identify
the maximally entangled state when there is more than one negative eigenvalue. In fact, it
is known that for higher dimensions the characterization of entanglement can be given by
the so-called “negativity” [12], which is defined as the absolute value of the sum of all the
negative eigenvalues of the partial-transposed state. That is, the negativity of p 4p is given

by N(pap) = ‘Zi min{)\i(p;"‘B), O} ’ With this notion, our Theorem 1 can be rewritten:

For the two-qubit state pap, N (pap) = % iff pap is maximally entangled. The success of
such characterization lies in the possible number of negative eigenvalues being at most one.
The reason for the failure of this result in high-dimensional space is that only one negative
eigenvalue (the lowest one) would not be enough to characterize entanglement when there
could be more than one negative eigenvalue.

3. Concluding Remarks

In this short note, we make an attempt to study the structure of a family of bipartite
states with the extreme eigenvalue being —% of its partial-transposed states. To characterize
the maximally entangled two-qubit states, we employed the approach recently used by Yu
etal. to study PT-moments, i.e., PT-moment vectors. In higher dimensional system, we were
curious whether the PT-moment vector (p(”z) = (p1,..., py2) where p, = W%l)(fl)k)
generated by the maximally entangled states, only corresponded to the maximally entan-
gled states. Clearly, a bipartite state in D(C" ® C") with Amin(ps) = — 1 was, in general,
not maximally entangled unless n = 2. In future research, we will continue to figure
out the structure of this family of states, especially to find out the connection between
it and maximally entangled states in a higher dimension. Furthermore, we will study
the connection between the entanglement in bipartite states and the number of negative
eigenvalues of the corresponding partial-transposed states.
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Abstract: In the last decade, much attention has been focused on examining the nonlocality of various
quantum networks, which are fundamental for long-distance quantum communications. In this
paper, we consider the nonlocality of any forked tree-shaped network, where each node, respectively,
shares arbitrary number of bipartite sources with other nodes in the next “layer”. The Bell-type
inequalities for such quantum networks are obtained, which are, respectively, satisfied by all (¢, —1)-
local correlations and all local correlations, where t,, denotes the total number of nodes in the network.
The maximal quantum violations of these inequalities and the robustness to noise in these networks
are also discussed. Our network can be seen as a generalization of some known quantum networks.

Keywords: quantum correlation; nonlocality; Bell inequality; quantum network

1. Introduction

Quantum correlation is one of the main characteristics that distinguishes quantum
mechanics from classical mechanics. In the last few decades, quantum nonlocality has been
studied extensively both in theory [1-3] and experiment [4-6]. It is found that quantum
nonlocality is a powerful resource in quantum information science, such as secure cryptog-
raphy [7,8], quantum key distribution [9], randomness certification [10], and distributed
computing [11]. Bell inequalities are often used to detect quantum nonlocality [12-14].
Violations of Bell inequalities imply the existence of nonlocal correlations.

Different from the usual Bell nonlocality, where entanglement is distributed from one
common source, the multi-locality in quantum networks features several independent
sources. By performing joint measurements, this leads to stronger correlations throughout
the whole network [15], which is fundamental for long-distance quantum communications.
Nonlocality of correlations generated in such networks was first observed in a bilocal
network [16-18]. Later, the authors in [18] obtained the bilocal inequalities for bilocal
networks, and the scholars in [19] explicitly examined quantum violations of the bilocal
inequalities for pure states and mixed states, respectively. Since then, the nonlocality of var-
ious quantum networks were explored, including chain-shaped networks [20], star-shaped
networks [21-23], triangle networks [24], and other networks in [25-32]. Furthermore,
stronger forms of network nonlocality were examined in [33-35].

The tree-tensor networks are also important quantum networks. They have wide
applications, such as in quantum simulations [36-39], entanglement transitions [40], and
quantum-assisted machine learning [41]. Recently, nonlocal correlations of a special class
of tree-tensor networks, so-called “two-forked” tree-shaped networks were studied in [42].
In this network, there are (2" — 1) parties (nodes) distributed in n “layers” (n > 2), where
each layer k (1 < k < n) has 2K! parties, and each party in the layer k shares a source with
another party in the layer k — 1 and with other two parties in the layer k + 1. Thus, this
network is a (2" — 1)-partite system with (2" — 2) independent sources.

The purpose of the present paper is to consider the nonlocality of any forked tree-
shaped network. In this tree-shaped network, f, parties are arranged in an n “layer”
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scenario (n > 2), and the (k, j) party in the layer k, respectively, shares a source with another
party in the layer k — 1 and with other ly; — Iy(;_1) parties in the layerk+1 (2 <k <n -1,
j = 1), where [y = 0 and Iy — [j_1) is an arbitrary positive integer. Denote the total
number of parties in layer k by px (k = 1,2,---,n), satisfying p1 = 1. Write t, = p; +
-+ + pp. Thus, the whole network is a t,,-partite system with (¢, — 1) independent sources.
In particular, if Iy; — lyj_1) = 2 for all (k, j), this tree-shaped network reduces to the
network in [42].

The rest of this paper is organized as follows. In Section 2, we discuss any forked tree-
shaped network with t,, parties and (¢, — 1) independent sources. We explicitly examine the
nonlocality of the network for the case of n = 3 and generalize the results to arbitrary n > 3.
Moreover, the (t, — 1)-local inequalities of the networks and quantum violations of the
corresponding inequalities for pure states and mixed states are obtained. Besides, we also
compare this network with some known quantum network scenarios. Some conclusions are
presented in Section 3. The detailed proofs of the main results are provided in Appendix A.

2. Nonlocality in Any Forked Tree-Shaped Network Scenario

In this section, we consider the nonlocality of a general tree-shaped network; see
Figure 1.

$obobses - . @

Figure 1. The general any forked tree-shaped network consists of ¢, parties (A1, A2 A2 A8
ce ABP L AL A"Pr), and t; — 1 independent sources Sy, - - - ,S;, 1. Denote by x; and a; the
input and output of each party A’ (i = 11,21, - - -, npy), respectively.

This general tree-shaped network has n “layers” (n > 2), where each layer k has p;
parties (nodes) with p; = 1, say Alice k1 (AK), ..., Alice kpy (Akpk), 1 < k < n; each
party AN in the layer k shares one source with another party in the layer k — 1 and with
lgj — lyj—1) parties in the layer k + 1, where [;; — ;1) is an arbitrary positive integer,
exceptthat ly; = pp > 1,1 < j < p,2 <k <n-1,and [y = 0. It is clear that
lkpk = pr1, k=1,2,--- ,n—1. Write t, = p1 + p2+ -+ + pn. Thus, this general tree-
shaped quantum network concerns a t,,-partite system with ¢, — 1 independent sources. In
addition, the t, — 1 independent sources Sy, - - - , Sy, 1 are characterized by independent
hidden variables Ay, - - -, A, 1, respectively. Denote by x; and 4; the input and output of
party Al (i=11,21,--- ,npy), respectively.

We say that the correlations in the tree-shaped network of Figure 1 are local if the joint
probability distribution satisfies

P(ay1, a2, - PO (n=1)py_yr Inls Snp, |X11, %21, - - 7 X(n=1)pyyr Xnls " +Xnp,)

= [ [P, A D) [P(ann]xan, Ay Ap) P(a21 |21, A Apy it oo o Apytiy)
S PGy g X 1)y At =1 A,y A1)
P(an1|xn1, Aty y) - Planp, | Xnp,, Ap,—1)]dAL - - - dAy, _q;

)
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and moreover, if P(Aq,- -, A¢,_1) in Equation (1) can be decomposed into
P(At,++ My1) = M) -+ Py a (A, with [RODAA =1, i=12 =1, (2)

then we say that the correlations in the tree-shaped network of Figure 1 are (t, — 1)-
local. Under the source independence restriction Equation (2), correlations that cannot be
decomposed into Equation (1) are said to be non-(t, — 1)-local.

2.1. (t3 — 1)-Local Network Scenario
If n = 3 in Figure 1, then it reduces to the network of Figure 2.

Y 2,
SI':" £ / \ P +y / \ :”z: l* i, £ / \ :w;
Xy Ay Yapy sy NGy Yy, 0y o (T L V3,45,
Figure 2. For the case of n = 3, the any forked tree-shaped network consists of f3 par-

ties (A1, A?1, ... A2 A3 ... A%s)and (t; — 1) independent sources Sy,---,S;,_71. Let
X11,X21, ", X2p,, X31,* " , X3p, and a11,821, "+, A2p,, 031, + , A3p, be the corresponding input and
output of each party, respectively.

The network of Figure 2 is a t3-partite system with f3 — 1 independent sources, where
party Al shares p, sources with parties A2, A?2, - .. A%P2; party A% shares hj—lyj-1)+1
sources with parties A!l, A3t L ASh where j = 1,2,--+,py and Ipg = 0. Let
by, = p3, and then, t3 = 1+ py + pa.

To illustrate Figure 2, we give a concrete example. Let p; = 2, p3 = I = 7, and
Iy = 3. Then, we obtain the network of Figure 3, which is a 10-partite system with nine
independent sources.

For the case nn = 3, the correlations obtained in the network of Figure 2 are called local
if the probability distribution can be decomposed as

P(ayy, a1, -+, 82p,, 831, -+, 83p5|X11, X21, -+, X2py, X317, X3p3)

= [ [dAr---dAy 1 P(Ay, oo A1) [P(arn]xin, Ao Apy) 3)
Plag|x21, M, Apy i1, Apyity) P(ﬂzpz\szz/)\psz\pz+lz(,,2,1)+1r' A1)
“P(azi|x31, Ap, 1) -+ Paspy|Xaps, Aty —1)],

and are called (t3 — 1)-local if they have a decomposition form of Equation (3) with the
additional restriction

P(Ay, Az, A1) = Pr(A) P2(A2) -+ - Py 1(Agy—1)- (4)

Here, the output of every party depends on the corresponding input and all connected
sources. Correlations that do not meet Equations (3) and (4) are said to be non-(t3 — 1)-local.
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X ay
N
]*
Yo @y
Yp ay Yy Gy Y3y Gy Xyl Xy Gy Xy Ay

Figure 3. A tree-shaped network involves 10 parties, AL AZL A22 AB1 .. AB7 and 9 sources, Sy,
-, Sg. Denote by x11, Xp1, X22, X31, - - -, X37 and ay1, ap1, a2, a3y, - - -, a7 the input and output of
each party, respectively. Here, [11 = 2,11 =3,lpp =7and pp =2, p3 =7,t1 = 1,1, = 3,13 = 10.

2.1.1. (t3 — 1)-Locality Inequality

In what follows, we consider the case that each party Al (i =11,21,---,3p3) has
binary input x;(€ {0,1}) with binary output a;(€ {0,1}), respectively. We develop in-
equalities that are fulfilled by all probability distributions satisfying Equations (3) and (4),
but which may be violated by measuring quantum states distributed in the tree-shaped
network of Figure 2.

Theorem 1. Any (t3 — 1)-local correlation in the tree-shaped network of Figure 2 must satisfy the
following inequalities:

1 1 . o .
|Ii1,~v,i[2,0 [Ca |Ij1,---,j,2,1 i<, iy, i 1 € 10,13, (5)
where
1 Ky 11 a21 2 431 3ps
Iil(jl),...,ifz(jtz),k ~ ops (-1 <A11(]1)A ()~ ity (jry) 031 Ax3,,3>,
X310 X3py
11 A21 ... A2P2 231 ... 43P
<Axu Ax21 szpz Axsl Ax3p3 )
= Y (=1)"P(aw,a21, -+ ,a2p,, 831, , 3p3|X11, X21, "+, X2py, X31, 7+, Xaps),
11,821, M2py
a1, A3py

ke{0,1},1=x31+4 - +x3p,, m=a11+ay +---+ag, a3+ +a3p3, AX11 denotes the
observable for binary inputs x11 of party A1, and A,Zél, e, A,%f;z A%l, . A,(fp are similarly
defined.

Note that the subscript t, in Ineqs. (5) indicates the total number of parties A,
AL L. A2p2, By Theorem 1, we see that violation of Inegs. (5) for at least one possi-
ble (i1, -+ ,it, j1, -+ ,Ji,) guaranteeing the non-(t3 — 1)-local nature of the correlations
generated by the network of Figure 2. Besides, each of the above 222 inequalities is tight.

To see this, we give an explicit (t3 — 1)-local decomposition, which is able to saturate
the bound. Consider the following strategy:

1, ifan:)tl@“-GB)\pz,

P(an|xi, M, Apy) = {0 else
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1,if1121: A1@)\ 1@"’@/\ 1_1)\ Inq 7
P(”Zl‘x21,)\1,/\pz+1/ - ’AP2+121) — {0 e ( pat pat+in ) patian

P(”sz ‘x2p2/ /\pzr)\p2+12(p2,1)+1/ T /)\t371)
_ {l’ if A2p, = (APZ ® /\P2+12(P271)+1 O /\t372)/\t371’

0, else,

1, if ﬂ3]' = /\V2+j D T3jX3]',

Vi=1,2-,ps3.
0, else, J ps

P(aj|x3j, Apy1js T3j) = {

Here, A, are hidden variables of shared sources S,, with Py, (,)"” =0 =10m =
1,2,--+,t3 — 1), and 13 are sources of local randomness for party A% with P;(t3; = 0) = r
and P(t3j=1) =1—-r,7r€[0,1] (j=1,2,-- -, p3). A simple calculation gives |

i 0 =

1
"3 4

rPrand I ... 1 = (1 —r)P forany iy, - -+ iy, j1,- -+, j, € {0,1}. Hence, |Ij,... i, o

1
|I]-1,...,jt2,1 s = 1, reaching the bound for all i1, - - - ,it,, j1, - - ,ji, € {0,1}.

As for the nonlocality correlations in the network of Figure 2, we give a set of Bell-
type inequalities.

Theorem 2. Every local correlation in the tree-shaped network of Figure 2 satisfies the following inequalities:

‘Iil'...,[tz,0| + |Ij1,"',jt2,1 <1, Viy,--- /itzler‘ .. /jfz c {0,1}, (6)

where [, o and I 1 are defined as in Theorem 1.

i1, ity 1ty
By Theorem 2, the violation of at least one of the 222 Ineqs.(6) guarantees that the
corresponding correlations generated by the network are nonlocal. Apparently, the set
of (t3 — 1)-local correlations is a subset of the set of local correlations in the network of
Figure 2.
For the proofs of Theorems 1 and 2, see Appendix A.

2.1.2. Quantum Violations of (t3 — 1)-Local Inequalities
Now, we consider the network of Figure 2 involving (t3 — 1) independent quantum

sources, each generating a bipartite quantum state. Then, the overall quantum state of this
network has the form

=P 21 Q- @ 29y @ P21 431 @+ -+ QP 4m 3lyy &+ QP 2
P =Pannz PA},le]Pz Paza PAIZlHA 21 pA'::flzwrl)+1A3p3
with state space H = Hyu ® Hyn @ -+ @ Hy2p, ® Hy1 @ - -+ @ H y3p5, where Hyn =
H S ®H and H i = H, i ® -+ @ H o ,i=1,---,pp. For simplicity,
Al X X Al A2i A2 X ® A’zzlffz(,;l)*l P2 plicity,
we write

0= P4121 Q- @ P 11429 @ Pp21431 @ -+ QP y21 431y D = @ P 42p p3p3-

Once each party receives particles from its all-connecting sources, it performs suitable
measurement. The resulting joint probability distribution has the form

P(ay1, a2, - - 102p,y,A31, " ,ﬂ3p3\x11,x21l C X2py, X3, /x3p3)
= tr[(Mall\xll @ Mu21|x21 ®--® Mﬂ3p3‘X3P3)(pA11A21 @pAnp2 @ - @ P42 p3p3 )]r

where M, |,,, denotes the specific measurement operator of party A" corresponding to

the measurement choice x1; with the outcome 477, and other measurement operators have
similar meanings.
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In what follows, we examine quantum violations of the (t3 — 1)-local inequalities (5)
from pure states and mixed states, respectively.

Non-(t3-1)-local correlations from pure states: Firstly, let all (13 — 1) sources pro-
duce any pure entangled states. Then, p 11 421 can be written in the Schmidt basis as
Pang21 = |l[)A1]Az])<IPA11A21 | with |l/JA]]A2]> = b10|00> + b11|11> and by, b11 > 0, the nor-
malized two-qubit pure state shared by the parties A and A?!. Likewise, write p q11 421 =
|¢A“A2"><¢A”A2i|fVi € {2, T /pZ}f PAsz3kj = |l/)A2jA3kj>< A2 A% | V] € {1 2, ,PZ},kj €
{12(]‘,1) +1,---, 12]'}, where |1,L7A11A2i> = b,-0|00) + bi1‘11> and W)AZ’A j> = ij0|00> + ijl ‘11>
are also written in the Schmidt basis with the corresponding positive coefficients.

For party A'l, take the measurement A}! = ® ok and Al = ®F* 1(7}@; for parties
o ) § L gy +1
AM(i=1,---, pz) the corresponding measurement ChOlces are AY = ®k2 20T gk and
I +1
A21 e k . Here, ak =0, and 0’ = 0y for all k are Pauli matrices. Let the settings

1
of all parties A3’7 (q =1,---,p3) correspond to any projective measurements in the Z-X

plane of the Bloch sphere. Thus, each measurement can be characterized by an angle. Write
the observables of A% by qu = (sinag,0,cosay) - 7, A?q = (sinag,0,cosay) - ¢, where
7 = (0y,0y,0%) is the vector of Pauli matrices and zxq,zx,’i € [0,2n] forallg € {1,---,ps}.
Note that, if the above Schmidt bases differ from the computational basis, then it would be
sufficient to add local unitary rotations to recover the case we discuss here. Then, we have

<A(1)1A%1 .. A(Z)PZAgl .. A8p3>
3
= tr{[®2 (ol e(@:eAl)® (o AY?)]
(Patipn @ @ P g11 420 D P21 a3 @ - - - ®PA2p2A3p3)} ,
= sz tr[(0z ® 0z)p gn1 g]tr(0z ® A(3)1)PA21A31] cetrf(ez ® Aops)pA2P2A3V3}
= COSK|COSM) - COSNp,.

For any x31, X33, , X3p; € {0,1}, we can follow similar calculations as above for
(ANLAZL ... A2 A3 . AT Y and (A1LAZL... ABP2 431 ... AT ) Therefore,

x31 *3p3 X31 *3p3

_ 1 11 421 2p2 231 3ps
o.00= 55 YL (AJAF - A A%, -+ Ax))
X3, X3py

_ <A11A21 ,.AZPZ(AM +A31) .,(A3P3 +Aip3))

T
= 2%(cos a1 4 cosal) -+ - (cos Qp, + cos acp%)
and
Y e 2 3
L,..11= 2%3 > (71)‘{31Jr +X3p3 <A%1A%1 A pzAzgl R AXZ;’3>

31,7 A3py 5 s s

— 2p3 <A11A21 ”A1P2(A(3)17A%1) (A P37A1F73)>

= 2}3 A(sinay —sinaj) - - (sinap, —sinay,,),

where A = bM) ... p(P)cMW) .. cr3) > 0, b0) = 2bigbyy, i € {1,---,pa}, ¢ = 2ch0¢,,
g€ {1,---,ps}. Consequently,

1 1
Stts—1)—tocal = 10,0017 + [T, 1,1]73
= %\(cos g +cosaj) - (cosap, + cosal, )|F’3

+3|A(sinay —sinaf) - - (sinap, — sinaj, )[73.

Write Sy, _1)_tocal = f(@1,4], -+, &p,, &}, ). To derive the maximum of differentiable
function f (041,043, e ,aps,zx;gs) we calculate all the partial derivatives af =0, % =0 for
i=1,2,---,p3. It follows that the extremal points of f must satisfy the conditions a; = —a/

; 1
and |tana;| = AP35 (i = 1,2,- -, p3). These force |cosa;| = |cosal| = Naver and
. . 1/p3 .
[sing;| = |sina}| = A =12, p3. Therefore, the value of f at these extremal
V144213
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points is | cos a; | + A/P3|sinay| = /1 + A2/P3. Comparing this value with the values of f
at all boundary points, it is easily seen that the maximum of S, _1)_jocal iS

Sr(?aail)flocal =V1+AYP>1 (7)

Notice that tr[(c; ® 03 )p;] = tr[(0x ® 02)p;]=0 hold for all i = AT AZL,...  A2P2 A3P3,

1 1 1
s+ |Ij1,~--,]',2,1 P3 + |on...[0,1 Ps,

1
Thus, other possible nonzero terms for | 73 are |Ip,... 0,0

i, ity 0

|, 10 7 + \ILM,M\%, and \11,---,1,0\% + \Iolm,o,1|%. However, by similar discussions to
the above, one can obtain that these three values are less than 1.

Hence, if all (t3 — 1) sources in the network of Figure 2 emit pure entangled states,
they necessarily violate the (t3 — 1)-local inequalities (5) and, thus, generate non-(t3 — 1)-
local correlations.

Non-(t3-1)-local correlations from mixed states: Now, we consider the case that all
the sources in the network of Figure 2 produce any mixed states.

Assume that the state p 411 421 shared by the parties A!! and A?! is a mixed state. Then,
it has the following form:

1 . . . . 11 421
Oanipn = Z(H®H+VA11 TRI+IR7 n -O'Jrsz? A 0i®17]'),
ij
where ¢ = (Ux,(fy, 0z), 74u (421) represents the Bloch vector of the reduced state of sub-
system Al (A%1), and TA"AY (t;?nAm) with i,j € {x,y,z} is the correlation matrix.

By the polar decomposition, the correlation matrix TA" A" can be written as TA" 4% =

11 421 11 421 11 421 | . . 11 421
U4 AT RATAY where UA 47 is a unitary matrix and R4 47 = /(TA" AT )tTATA% >

Denote by \/ T{‘HAH > \/ TZAHAH > \/ T3AHA21 > 0 the three non-negative eigenvalues of
11 421
RATAT,

For the other mixed states p 411422, =+, 0 g1 420, 0 421 431, * * , 0 g205 43v3, Shared by the
corresponding parties, they also have similar expressions to that of p 411 421, and the corre-
sponding matrices and the eigenvalues are, respectively, represented as

o - - - - -
RANAY _ \/(TAllAZX)-fTAllAZI/ \/TlAllAZz > \/TzAllAzl > \/TéqllAZl >0,

2j 23k; o 3k 3k 27 23k 27 23k 27 23k
RATATT _ \/(TAz/A J)+TA2/A i \/TlAIA I > \/_L_ZA/A I> TSA/A >0,

wherei € {1,2,---,pa2}, kj e {lz(]-,l) +1,--- ,lzj}, andje€ {1,2,---,p2}.

Suppose that party A!! performs measurements ALl = ®,€2: 1175, All = ®,’f2:1¢7§. We
consider the Z and X Bloch directions (on the first subsystem of party A, connected to the
first subsystem of party A2!) given by the eigenvectors of the matrix RATA% corresponding

to the two largest eigenvalues \/ T{“HA21 and \/ TZAHAZI, respectively [19]. Similarly, we

use RA"A% for aligning the ith subsystem of A, connected to the first subsystem of A%,
i =2,---,p2. Note that the Z and X axes used by the parties Aland AZ(i=1,---, p2)
may be different from each other. In this case, party A!! can perform different unitary
transformations to the p; qubits she/he shares with A%!, - - -, A?P2 before performing the
measurements. Likewise, we may assume the party A2 (i=1,---,p2) has measurement

) , bi—by p+1 , bi—by +1
choices A2 = ®k2’:1 20k and A = ®k2171 20T gk For party A¥ (g = 1,-- -, pa),

he/she performs projective measurements on the Z and X Bloch directions, which are
composed of the two eigenvectors with largest eigenvalues of the connected matrix RAZAY
(1 < jg < p2). Thatis, qu = ¢;-0 and A?q = c}’ -7, where ¢; = (sinfy,0,cos ),
&' = (sinp},0,cos B}), By, By € [0,277).
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Now, we have

2 3
IO,---,O,O _ 2%3 Z <A(1)1A%l LA P2A31 .. Axi?s)

x31
X31,7 X3py

2 3 3
- 2”3 <A11A21 Ay 2 (A31 + A?l) T (Aop3 + A1p3)>

= h(@e (o) -3 (617 2 ) o (6 4 ) 76
®[(CP3 + C ) ) . &]>
= mir{{(@(ded)e(¢e@@+d) t) e 0 (6 (g, +,) )]
(pgupn @ - QP11 200 D P21 31 @ - -+ ®pA2p2A3p3)}
= z%tr[((fz ® (Tz)pAllAn] s tr[(UZ ® (TZ)pAllAsz]tr[(UZ ® ( 1+ ) )pA21A31]
trf(ez® (C;;a + C;3/) : 5)PA2P2A3P3]
_ L\/TlAHAH o TlAllAZF'Z,rlAzlAsl . TlAZrizA3P3 ,m [ (cos B; +cos/5 )

373
j=1
and
_ 1 X314+, 11 A21 2p2 231 3p3
hoa1= 75 L (1) (AL AT - AT AY, - AR
X31,7 X3pg
_ 11 421 2p2 431 31 3p3 3p3
- 2p3<A A "A1 (Ao _Al)"'(Ao _Al )>
Ps
o 1 A1l A21 A1 A2p2 421 p31 A2V2A3p3 . . . /
= 273\/72 Ty T3 Ty E(smﬁ]—smﬁj),
and so
1 1
S(tgfl)flocal = ‘IO,'“,O,O "
p3
_qoAlp2 A A2P2 _ A21 p31 A2P2 A3P3 ZL
= 5(4 T T c T )23 | T1 1(cos/EZ]-Q—cos/S)\
j=
P3
1,_Allp21 AN A2P) 421 431 A2 A3 ZL
+3(1 T I T ) |]‘[(smﬁ]—smﬁ\”3
=1
A calculation gives the maximum
max _ 2 Allg21 ALLA2P) 421 431 A2P2 A3P3 % 8
(t3—1)—local — Z(Ti T T T )P (8)

i=1

The detailed proof for Equation (8) is in Appendix A.
It is easily verified that the above Equation (8) reduces to Equation (7) for the case

of pure states discussed in the above. In fact, for pure states, we have ‘L’l"\HA21 =... =

TlAuAZVZ = T1A21A31 = ... = TlAZPZABPS = 1 and TZAHAZI = (b(l))z, cee, TZAHAZPZ = (b(Pz))Z,
3 3 S .

T{‘ZlA%l =(cM)2,..., TZAZVZA " = (c(r3))2, which implies that Equation (8) can be reduced

to Equation (7).

From Equation (8), S{- | > limplies that these states violate the (t3 — 1)-locality

) —local
inequalities (5). Since all these eigenvalues TA tar oo TiAZPZ A% (i =1,2) belong to [0, 1]
([23] Lemma 3), by [21] Lemma 1, Equation (8) 1mp11es

T
max 2 A11A21 L ATLAZ AZIASL A2 ABP3 N 5
S{ty-1)-local < < Vi T T )

11421 11421 1142 1142 21 431 21 431
( TAA bogAAZ AT A | ATA2 AT AST | ATIA
1 2 1 2 1 2
1
'\/T1A2P2A3P3 +_L,AZP2A3PS e

1
- max . max max .. gmax ¥
- (SAIIAZI SAHAsz SA21A31 SAZpZ A3P3 ) s,

IN
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where the expressions ST = /XY 4+ X represent the maximal CHSH value for the
corresponding state pxy by the Horodecki criterion in [43]. From the above inequality, we
know that once the states altogether violate the (t3 — 1)-locality inequalities, at least one
of these states necessarily violates the CHSH inequality. However, for each state violating
the CHSH inequality, this does not imply that it necessarily violates the (t3 — 1)-locality
inequalities. We illustrate this case by the specific network of Figure 3. For example, let
nine sources in Figure 3 all produce the following state:

0.05 0 0 0

3 | o 04 -035 o0
P—ij ><¢ ‘+E(|lp ><l/) |+H)_ 0 —0.35 0.45 0 ’

0 0 0 0.05

where [p*) = (|01) £[10))/+/2. It is easily obtained that 7; = 0.64 and T, = 0.49. For this
single state, the maximal CHSH value is 5™ ~ 1.06 > 1. However, through distributing
nine copies of this state in the network of Figure 3, the maximal value of the corresponding
nine-local inequality is g% ., =~ 0.98 < 1.

Remark 1. To achieve the maximal quantum violation of the (t3 — 1)-local correlation inequalities
(5), all possible quantum measurements should be considered. However, this is almost impossible
because the calculation is very difficult and complicated. Therefore, for the network of Figure 2,
we take separable measurements for parties AY and A% and any measurements for parties A%,
In this quantum strategy, the maximal violation S'(?:fl)flocal is obtained, which gives a sufficient
condition that Sﬁ‘:fl)flocal > 1 ensures that the state p violates the inequality (5) and, thus,
is non-(t3 — 1)-local. Of course, there are other strategies of the measurement choices that are
computable, and some of them may be better than our strategy, though we have not discovered them
yet. This is an interesting problem that is worth being explored later.

2.1.3. Resistance to White Noise

Now, suppose that each source S; (i =1, - -, t3 — 1) in Figure 2 produces Bell state
[¢T) = (|00) + [11))/+/2 with white noise of probablhty 1 — v;. Then, the state it actually
produces is the Werner state of the form

o) = ol )9 + (1~ 01) .

Let the input of party Al be {A}!l = &2 of, All = @2 o} For party A% (j =
1,--+,p2), the measurement choices are {AZJ = ®f:/:_112] n* ok, Ai] = ®i2]:_]lz( +1¢7’,§}.
Suppose the inputs of each party A% (g = 1,2, - -, p3) are measurements {qu = (0= +
o)/ V2, ASq (02 — 0+)/+/2}. Denoting by V = ]_[53:71l v; as the overall visibility, we
obtain IQ’...,O’O = (7)”3V L..11= (ﬁ)p*V, and so,

s =/2V1/Ps,

That is to say, V > (%)”3 implies non-(t3 — 1)-local correlations. Assuming that all

1
[To,-00[7 + |1, 11

the (t3 — 1) sources emit states with the same noise parameter v; = v, we thus see that a

3
single source necessarily satisfies v > ( \/E) -1, which is a little greater than v/ > \}E for
the Werner state to violate the CHSH inequality.

2.2. (ty — 1)-Local Network Scenario

In this subsection, we consider the nonlocality of the general tree-shaped network of
Figure 1. With similar arguments, if each party A’ (i = 11,21, - - -, np,) has binary input
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x;(€ {0,1}) with binary output a;(€ {0,1}), then we obtain the following results for any
n>2.

Theorem 3. All (t, — 1)-local correlations generated by the tree-shaped network of Figure 1
necessarily satisfy the following inequalities:

|1i

i e,

I 1, 1\’”" <L Vi i g gy, € {011 )

Aty

and the corresponding local correlations satisfy the following inequalities:

iy, o1+ i Al S Vit i iy € {0,113, (10)
where for k € {0,1},
Ly Gy Gy )k -
. e (et ) (A1 L CA; n=Upua gnt | q"Pn
2pn xml';xnp,,( ) < i1(j1) it _ 1(]% 1) Xp1 x,,p,l>/
<A11 . .A(”*l)Pn—lAnl . .Aﬂpn >
11 X(n-1)p, 1~ Xn1 Xnpn
- a1y ~;g (=1)"P(an, - e T |x1g, - 1 X (n=1)py_y Xnlr " s Xnpy )
#* Anpn

m = ay + -+ app,, and A;l, denotes the observable for binary inputs x; of party A', i =
11,21,22,--- ,npy.

Note that the subscript t,_1 in Ineqs. (9) and (10) represents the total number of
parties AN A2 L A2 A<”*1)1, e, AP particular, if n = 3, then
Inequalities (9) and (10) reduce to Inequalities (5) and (6), respectively. By Theorem 3,
violating Inequalities (9) for at least one possible (i, - - - Sty s 1, th) implies the
non-(t, — 1)-local nature of the general tree-shaped networks in Figure 1. The proof of
Theorem 3 is provided in Appendix A.

Next, assume that all sources in Figure 1 produce pure entangled states |i;) (],
|i) = bjp|00) + bj1|11), written in the Schmidt basis, with positive coefficients b;y and
by, i=1,2,---,t, — 1. Let the measurements of Al be {A}! = ®I}:2:1‘7§' All = ®}}32:10'§}.
For parties A with i = 2,3, - —landj=1,2,--,p; they have the same measure-
ment choices {A] ®k” fi- DH ok Al] ®Zj:71”(j71>+1(7’,§}. Here, 0¥ = 0, and ¢k = 0, for
any k. For the partles A”’i (g = 1 2 -, Pn), they perform projective measurements

denoted by {Ay" = (sinag,0,cosay) - 3, A’lm = (sinap,0,cosay) - 7}, where ag,af €
[0, 27t]. With similar arguments to that of Equatlon (7), one obtalns Io,... 00 = 2%" (cos g +
cosay) - (cosap, +cosay ) and I.. 11 = = A(sinay —sina}) - - (smapn - sinaj, ),
where

A=bMp@ ... pt-1) 5 g

. 1
b = 2byybsy, i =1,2,- -, t, — 1. Therefore, the maximum of S(ty—1)-local = |0, 0,0/ 7" +
1
|Il,,,,,1,1 ‘ pno1s
S

I(rflt?fl —local — V 1+ AZ/p” > 1. (11)

That is to say, all pure entangled states distributed in the network of Figure 1 indicate
the non-(t, — 1)-local correlations.
Finally, we consider that all sources in Figure 1 produce any mixed states p;, i =

() ()

1,2,-++ ,ty — 1. Let T' be the correlatlon matrix of p;and 7,7, 7, ' the two larger non-negative

eigenvalues of (THT!,i=1,2, — 1. Let party Al perform measurements {All =
l X 1

@2 ok, Al = @72 0k}; party Al perform measurements {A] = ®, """ v gk A'1] =

Iv—l<

1
®k=1 -+ U’;} (i=23--,n-1j=12,--,p;); and party A™ have measurement
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choices {Ay" = (sin By, 0,cos By) - 7, A} = (sin By, 0,cos By) - &} with By, By € [0,27]
(9=1,2,---,pn). By calculations, we obtain

1 — Pn
Iy,...00 = > T1(1)T1(2)T1(3) ’ “Tl(tn 1>H(C05ﬁi JrCOS,B;)

i=1

and

1 IR )
L..11= S T2(1>T2(2)T2(3) e Tz(t” b H(sm Bi —sin B).
i

Following the analogous proof process of Equation (8), we have that the maximal

value of S(tnfl)flocal = “0,~~,0/0|p7‘ + ‘I],..JJ‘W is

max 1)_(2)_(3 a1 1)_(2)_(3 -1
7o = V(@D I/ 4 (DD, (12)
When 1 = 3, Equations (11) and (12) reduce to Equations (7) and (8). By Equation (12),

) —local > 1implies the non-(t,, — 1)-local correlations.

S
(Ea=1)
Besides, if all sources in Figure 1, respectively, distribute Werner states with visibilities
01,02, , 0y, -1, then we take the inputs of Al {Al! = @F2 o, Al = @2 0%} the inputs
L L=l gy +1 i L=l gy +1 ) i
of AT {A] = &/, Tk A = i Ty (=238 n=1,j =12 ,p)
and the inputs of A" {A)? = (02 +0v)/ V2, A} = (0 — 0+)/V/2}. Let the overall visibility

beV = ]_[;”:711 v;. A calculation gives Ij... o0 = (%)V" Vand I1,... 11 = (%)p" V, and so,

1 1
|Io/...,0,0|”“ + |11,m,1/1| o= 2V Pn,

Hence, if V > (%)P", then the inequalities (9) will be violated, demonstrating non-

(tn — 1)-local correlations in Figure 1.

2.3. Comparing Any Forked Tree-Shaped Network with Other Networks

In this subsection, we discuss the relationships of multi-local inequalities between
any forked tree-shaped network of Figure 1 and a bilocal network, chain-shaped network,
star-shaped network, and two-forked tree-shaped network.

In fact, when n = 2 and p; = 2, the network of Figure 1 reduces to a bilocal network and
the (t,-1)-local Ineq. (5) reduces to the bilocal Ineq. (20) in [18]. When p, = --- = p, =2,
the network of Figure 1 reduces to the chain-shaped network and Ineq. (5) reduces to the
(2n—2)-local Ineq. (16) in [20]. When 1 = 2, the network of Figure 1 reduces to a star-shaped
network and Ineq. (5) reduces to the py-local Ineq. (7) in [21]. Moreover, if Iy; — ;1) =2
holds for any (k, j), then the network of Figure 1 reduces to a two-forked tree-shaped
network and Ineq. (5) reduces to the (2" — 2)-local Ineq. (16) in [42]. See Table 1. Therefore,
from this point of view, any forked tree-shaped network can be seen as a generalization of
these networks.
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Table 1. Comparison of multi-local inequalities between any forked tree-shaped network and
other networks.

Networks Multi-Local Inequalities Relations
1
L. 4
any forked tree-shaped I, "'"*"OL
‘Ijlf'“rl'tn,l,llp" <1
bilocal Liyol? + L] <1 n=2py=2
1
Lo 2
chain-shaped i, "2”*3'01‘2 + pr=--=py=2
co 2 <
H]l, ,/z”fs,ll <1
i 1
star-shaped L0l 72 + ‘Ijl,llpz <1 n=2
1
I i 2T 4
two-forked tree-shaped iy 1”'0‘1 Iy = -1y =2
sy, a 17T <1

3. Discussions

In this work, we discussed the nonlocality of a kind of important quantum network:
any forked tree-shaped network, in which each node, respectively, shares an arbitrary
number of bipartite sources with other nodes in the next “layer”. This network contains
(tn — 1) independent bipartite sources and t, noninteracting parties (1 > 2). The “two-
forked” tree-shaped networks discussed in [42] are special tree-shaped networks. In
addition, if n = 2, the networks are in fact the p,-local star networks introduced in [21].
If pp = - - - = py = 2, the networks are reduced to the chain networks introduced in [20].
We gave a detailed discussion for the case of n = 3, i.e., a tree-shaped network scenario
with t3 particles and (f3 — 1) independent sources. Concretely, we gave the inequalities
satisfied by all (3 — 1)-local correlations, proved that all pure entangled states violate
these (t3 — 1)-local inequalities, obtained a necessary condition for mixed states to violate
these inequalities, and explored the relation between the (t3 — 1)-locality correlation and
locality correlation in this quantum network. Finally, we generalized these results to the
general t,-partite tree-shaped networks. Note that the tree-shaped networks examined
here just involve bipartite quantum states. The nonlocality of tree-shaped networks with
multipartite states deserves further research.

Author Contributions: Conceptualization, L.Y. and X.Q.; methodology, X.Q. and J.H.; formal anal-
ysis, L.Y.; writing—original draft preparation, L.Y.; writing—review and editing, X.Q. and J.H.;
visualization, L.Y.; supervision, X.Q.; project administration, X.Q. and J.H. All authors have read and
agreed to the published version of the manuscript.

Funding: This work is partially supported by the National Natural Science Foundation of China
(12171290, 12071336) and Fund Program for the Scientific Activities of Selected Returned Overseas
Professionals in Shanxi Province (20200011).

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

To prove Theorem 1, the following lemma is needed.

Lemma A1 ([21] Lemma 1). Assume that xf.‘ are non-negative real numbers, i =1,2,--- ,n, and

k=1,2,---,m. Then,
m n m
Y QT <TTOL V.
k=1i i=1 k=1

=

Il
-
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Proof of Theorem 1. By the assumption, all joint probability distributions have a (3 —1)-

local decomposition form satisfying Equations (3) and (4). Firstly, take iy = --- = i}, =
j1="--=ji =0. Then,
I :L 2 (AFLA3L.. A2p2A3l-.-A37’3>
000 = 5p, 0 <%0 x31 X3ps
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X317 X3py
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By Lemma A1, we can obtain

|10,..

|<A3’>A +ad) (A, | 1
P2ti P2t
) 2 )dAy, 417

Apyti

| KA
_l’_

IN

f pa+i( Pzﬂ( —

h‘,_.

y
= f z+/ p2+] ) max{[(A >/\p2+/-‘/|<A1]>Apz+/‘}d/\pz+]} <L

With similar discussions, Inequality (5) also holds for any other values of iy, - - -, it,, j1,
< jp(e{0,1}). O
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Proof of Theorem 2. Forany iy, -+ ,it,, j1, -+, ji, € {0,1}, we can obtain

2 3 3
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Proof of Equation (8). Note that
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and
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Hence, the corresponding function value of these extreme points is
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that is, Inequality (9) holds. [
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Abstract: In this paper, we propose a distributed secure delegated quantum computation protocol,
by which an almost classical client can delegate a (dk)-qubit quantum circuit to d quantum servers,
where each server is equipped with a 2k-qubit register that is used to process only k qubits of the
delegated quantum circuit. None of servers can learn any information about the input and output
of the computation. The only requirement for the client is that he or she has ability to prepare four
possible qubits in the state of (|0) + ¢/ |1))/+/2, where 8 € {0, 77/2, 7t,37/2}. The only requirement
for servers is that each pair of them share some entangled states (|0) [4) 4 |1) |—))/+/2 as ancillary
qubits. Instead of assuming that all servers are interconnected directly by quantum channels, we
introduce a third party in our protocol that is designed to distribute the entangled states between
those servers. This would simplify the quantum network because the servers do not need to share a
quantum channel. In the end, we show that our protocol can guarantee unconditional security of the
computation under the situation where all servers, including the third party, are honest-but-curious
and allowed to cooperate with each other.

Keywords: quantum computation; secure delegated computation; distributed architecture

1. Introduction

Quantum computing has been extensively studied from theory to practice [1,2]. It is
widely accepted that noisy intermediate-scale quantum (NISQ) computers may be available in
the coming decades [3]. However, the limited quantum memory of NISQ devices means that
they may not have the capability to deal with large-scale quantum information processing.
This is obviously a severe constraint, as many practical problems, e.g., machine learning, usually
require immense memory overhead. A feasible way to overcome this obstacle is to utilize
distributed architecture for quantum computations [4]. That is, using a group of small-scale
quantum computers interconnected by classical and quantum networks to implement large-
scale quantum computation tasks. However, considering the tremendous cost of building
a quantum computer, it is not likely that ordinary consumers will be able to afford an
NISQ computer in the foreseeable future. In fact, it is widely believed that the role of
quantum computers is similar to today’s classical supercomputers, which means only a few
organizations or enterprises can have quantum computers at their disposal. Thus, for ordinary
customers, a better way to access quantum computers is to delegate their computations to the
companies that offer quantum computing as cloud services. Indeed, this computation pattern
has been applied in today’s Internet, e.g., IBM Quantum platform [5].

Delegated quantum computation is actually closely related to distributed quantum
computation [4]. The client-to-server pattern in delegated computation naturally belongs
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to the category of distributed quantum computation. A class of delegated quantum com-
putation protocols are constructed under the framework of measurement-based quantum
computation (MBQC) [6-8], which is driven by a sequence of single-qubit measurements
on some specific entangled state, where the entangled resource is also a basic module in
the distributed quantum computation. Another class of delegated quantum computation
protocols are obtained using the technique quantum computing on encrypted data (QCED) [9]
or quantum homomorphic encryption (QHE) [10]. Although QCED and QHE are distinct
concepts, the basic idea behind them is identical. Both of them use the quantum one-time
pad to encrypt the input and output states but use different the methods to achieve the
non-Clifford gates. Nevertheless, most schemes use the entangled states as the ancillary
resources, for example [10-12].

Both distributed quantum computation and delegated quantum computation have
been investigated broadly; see references [13-21] and [6,11,22-28], respectively. Typically,
the distributed architecture for quantum computation makes use of photons as flying qubits
between computational nodes, where each node is equipped with a quantum computer.
The flying qubits are usually used to generate entangle states between distinct servers (i.e.,
nodes). By means of quantum entanglement, the non-local operations, such as controlled-
NOT gate, can be done between two distant servers. Note that the quantum computer in
each server is not necessarily an optical quantum computer; it can be made up of some other
quantum system [29], such as ion traps or cloud atoms. Related experiments have been
successfully demonstrated (see references [30,31]). Recently, researchers also investigated
the possibility of simulating large-scale quantum systems in a hybrid quantum-classical
manner [32]. That is, using a classical computer combined with a small quantum computer
to simulate a large quantum computer [33]. However, the computational model consid-
ered in [32,33] is slightly different from the traditional model of circuit-based quantum
computation. In this paper, we will not consider the method in [32], but rather the quan-
tum entanglement to implement the non-local operation. In general, delegated quantum
computation refers specifically to the secure delegated quantum computation (SDQC), which
requires that no one except the client can obtain the right input and output of the computa-
tion. Typically, the client is required to have some basic quantum capacities, for example,
preparing some single qubits or performing single-qubit measurements. In [34], the au-
thors proposed a more rigorous SDQC protocol, which they called universal blind quantum
computation (UBQC). The new protocol can guarantee that not only the input and output
but also the computation itself, i.e., the algorithm, are unknown to the server. Although it
seems that UBQC is more secure than SDQC, they are equivalent. That is, SDQC can be
converted into UBQC [35]. As delegated quantum computation protocols effectively release
the quantum resources in the client side, related experimental demonstrations have rapidly
been implemented using the linear optics components (see References [9,25,36,37]).

Based on the above observations, in this paper we formally propose a distributed
secure delegated quantum computation protocol that allows a half-classical client who can
only prepare special single qubits to implement a large-scale quantum circuit on several
quantum servers interconnected by entangled channels. Each server only has a limited
quantum memory so that it can only compute a fraction of the delegated circuit. Moreover,
during the computation, servers get nothing about the input and output of the computation.
We also give a detailed security proof for our protocol. The rest of this paper is organized
as follows. Section 2 introduces some basic preliminaries and notation. Section 3 presents
the basic modules for delegated quantum computation. Section 4 gives the complete
distributed delegated quantum computation protocol. Section 5 analyzes the security of
our protocol. The last section discusses some remaining problems in our work.
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2. Preliminaries and Notation

We assume that readers are familiar with the basics of quantum computation. In this
work, we will use the following basic quantum gates:

Z|s) = e |s), 1)
X|s)=ls@1), ¢
His) = —5(10)+ 67 1)), 3
Pls) = el37|s), 4)

T|s) =€i7]s), (5)
CZ|s, t) = 7 |s, 1), (6)

where s,t € {0,1} and i = +/—1; P and T refer to the phase gate and the 71/8 gate,
respectively; and CZ denotes the controlled-Z gate. In order to analyze conveniently, we
also introduce the Z-rotation operator defined as follows:

Ro(a) = < e’o‘f e?% ) @)

where o € [0,277) is referred as the rotation angle. Regardless of the global phases, we can
see that Z = R;(7), P = R;(%), and T = R;(%§). We use |+,) to denote the following
single qubit:
0) +€/97 1)
NG /
where we consider ¢ € [0,27). It is clear that, up to an unimportant global phase,
R:(a) |[+¢) = |+(g+qa))- Thus, ¢ is also called as the rotation angle. By this definition,
we can see that |[+) = |+p) and |—) = |+). Note that for any 6 € [0,27) the states |+g)
and |+ g, r)) comprise a basis, thus we can define a single-qubit measurement operator
as follows:

|+¢> = (8

M(0) = 2 (—1)° ‘+(9+s7r)> <+(6+s7r)|/ )

se{0,1}
where 0 is referred as the measurement angle in this case, and s € {0,1} denotes the classical
measurement outcome. Specifically, s = 0 if the post-measurement state is |+4), otherwise
s = 1. Finally, in this work we will also use a special two-qubit entangled state defined

as follows:
[+) +11) =)

|0)
H) = ,
= P
which can be prepared by applying a CZ gate on two qubits |+) |+).

(10)

3. Secure Delegated Quantum Computation

In this work, the delegated quantum computation model we adopt is from [38],
in which the authors improved the original QCED protocol [11] in two aspects. First,
the quantum capacities of clients are further reduced. In theory, they only need to prepare
the qubits |+,), where ¢ € {0,%,m, 3z }. Second, the security of the protocol can be still
guaranteed even if some information is leaked to servers.

First of all, we specify that the client’s input is encoded in X basis. That is, en-
coding 0 and 1 as |+) and |—), respectively. Let x = x1x---x, € {0,1}" be the n-bit
classical input string, then the corresponding encoded input state can be expressed as
|[+x7) = [+x7) [+xom) - -+ |[+x,7)- For simplicity, we abbreviate |+.) as |+x). The univer-
sal gate set we consider is U = {X, Z, P, T, H,CZ}. Note that this gate set is not minimal
because X, Z, and P can be obtained from {T, H}. Despite that, additional basic gates can
effectively decrease the circuit complexity.
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Now suppose the client’s input state is |+), where x € {0,1}". In [38], the client
uses the random operator X“Z"P% to encrypt each qubit |++,), where x; € {0,1}, and
a;, bi,c; € {0,1} are referred as the encryption keys, and for any operator U we define U° = [
and U' = U. The subscript i in X;, Z;, and P, is used to denote that the corresponding gate
is applied on the ith qubit (hereinafter referred to as qubit 7). Similarly, the subscript i in
a;, b;, c; is used to denote that the corresponding encryption keys are related to qubit i. We
can check that this encryption scheme is a quantum one-time pad (see Equation (11)), thus
it provides an information-theoretical security for any qubit p.

1 Y X”ZchpPSCZbX“:é (11)
a,b,ce{0,1}

In theory, to achieve this encryption, the client needs to perform random gates P°, Z°,
and X” on the state p in sequence. However, for the qubit |+, ), it can be easily verified that

XHZUP |4x,) = | +g,) (12)

where ¢; = (—1)%(x; + b; + $)7 mod 21 € {0,%, 7, % }. Thus, instead of preparing
|+x,) then encrypting it by XfiZf” P, the client can directly generate the encrypted qubit.
Specifically, given the ith input bit x; € {0,1}, the client randomly chooses the correspond-
ing encryption keys a;, b;, ¢; € {0,1}, then computes the value ¢; = (—1)%(x; + b; + §)7
mod 27. Finally, the client prepares the qubit [+,) as the encrypted qubit i.

After preparing all encrypted input qubits, the client sends them to the server. The
server then performs the delegated quantum circuit U on the encrypted qubits. Here,
the circuit U is known to both client and server (they can negotiate in advance via a
classical channel). We assume that this circuit has been decomposed into a sequence of
basic gates from the gate set U. That is, U = U, U,,—1 - - - UpU;, where each U; € U and the
positive integer number 11 is the total number of gates. The following identities, which all
hold up to an irrelevant global phase, can be easily verified.

XX = (I Z R, (13
Zi(XPZV ) = (XPZP P Z, (14)

Pi(XHZPpl) = (X0 Zi b pliy (15)
Ti(X?iZIbiPIFi) — (X?izfi@hie(”zci)lj;lieci)Ti, (16)

Czi (X2 P 7] 8 = (X 2 ) 2 ez, an

It follows from Equations (13)-(17) that the basic gates X, Z, P, T, CZ are commutable
with the encryption operator X?Z"P¢, although the encryption keys may need to be up-
dated. For example, Equation (13) indicates that performing an X' Zf” P} followed by an
X; is equivalent to performing an X; followed by an Xf" Zib"@c" PI.E" . Thus, the client only
needs to update the value of b; such that b; := b; ® ¢;. The cases for Z;, P, T;, and CZ; ;
follow the same reason. The related updating rules of encryption keys are shown in
Equations (14)—(17). Note, however, that the commutativity noted above is not suited for
the Hadamard gate H, as there is no HP® = P H for any ¢, ¢’ € {0,1}. In [38], the authors
proposed a quantum teleportation scheme that they called the H-gadget (see Figure 1) so
as to implement the H gate in a similar manner. Specifically, the client needs to prepare
two ancillary qubits [+4;) , |+p,) and a measurement angle 6;, where a; and ; are chosen
randomly, whereas 6; can be determined by the following way.
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X“Z"P|9)

Server

M)

X“Z" P H,|¢)

Figure 1. The H-gadget in Ref. [38], which is designed for implementing an H gate on an en-
crypted qubit i, where s;, 57 € {0,1} are the measurement outcomes and a;, B; € {0, 5, 7, 3—”} are
the rotation angles of two ancillary qubits, and 6; € {0, %, T, 3—”} is the measurement angle of the
second measurement.

Note that for any &;, B; € {0, 5, 7, 37” }, we can express them uniquely as follows:
_ € _ 8i
;= (dl+§)nlﬁl_ (fl"ri)ﬂ:, (18)

where d;, ¢;, f;, gi € {0,1}. Thus, the client can first generate random bits d;, ¢;, f;, g; then
compute the values of «; and B;. To determine 6;, the client generates a random bit, denoted
by h;€ {0, 1}, then computes 6; such that

0, = [hi Db dd; ® (aici) ® (SiCi) &) (Ciei)}ﬂ-‘r @TL’

(19)

Note also that 6; is relevant to the measurement outcome s;, which means it can
be determined until the client obtains the first measurement outcome s; from the server.
Nevertheless, in theory, all qubits including ancillary qubits can be sent to the server before
the computation begins. Thus, the complete procedure is classically interactive. Finally,
the updating rule for H is shown as follows:

Al =si@h,bl=a;, @5 fi®[gi(si®h), ¢l =g (20)

where a}, b/, ¢} denote the updated encryption keys related to qubit i. The correctness of the
H-gadget is given in the Appendix A. The detailed security proof of the protocol can be
found in [38].

4. Distributed Architecture for Secure Delegated Quantum Computations

In this section, we give a simple scheme to implement the non-local CZ gate between
two quantum servers. Our method uses the entangled state |H) (see Equation (10) for
its definition) as ancillary qubits. The similar schemes have been studied intensively,
for example, in [39,40]. The basic circuit is shown in Figure 2a. In the following content, we
first verify the circuit identity shown in Figure 2, then, based on this circuit identity, we
construct a distributed architecture for secure delegated quantum computations.
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(a) (b)

Figure 2. (a) The basic circuit used to implement a non-local CZ gate on two distant qubits i and j,
where the partial circuit in the red dotted box is used to generate the entangled state |H). (b) The
equivalent quantum circuit for (a).

We start with a circuit named X-teleportation [40] (see Figure 3a), which is easy to verify.

Z Z
14} —p—A s |#) s
[+) — X'|4) [+) = X'|4)
(a) (b)

Figure 3. (a) The original X-teleportation in [40]; (b) the X-teleportation that replaces the CX with a
CZ and two H gates. In both circuits, the measurement is performed under Z basis.

First, we substitute a CZ and two H gates for the CX gate, obtaining the equivalent
circuit, as shown in Figure 3b. We then convert the measurement basis from Z to X by the
following identity (see Figure 4), which is also easy to verify. Finally, we obtain a variant of
the X-teleportation that consists of H, CZ, and X-basis measurement, as shown in Figure 5.

Z X
TR =

Figure 4. Measurement identity that converts Z-basis to X-basis.

X

9 -E A

) =~ > X'|¢)

Figure 5. The variant X-teleportation consisting of CZ and H gates, where the measurement basis is X.

We now turn back to Figure 2a. Note first that the CZ gate commutes with itself,
thus the circuit can be reorganized, as in Figure 6a. Obviously, the partial circuits in the
red-dotted line and blue-dotted line boxes are exactly the same circuit as the one in Figure 5,
where X = M(0). Therefore, we can see that, after measuring qubits i, j, the rest qubits and
the rest CZ gate comprise the circuit as, in Figure 6b. Finally, we use the following identity
to exchange the positions of X and CZ, which can be easily verified:

CZ (X*®I)=(X*®Z°) CZ, @1)

where s € {0,1}. Substituting the above identity in Figure 6b and considering the symmetry
of CZ gate, we immediately obtain the desired circuit, as shown in Figure 2b.
Considering the encryption operators X" Zl.b" P{i and X]L.?/ Z]lv?’ P;’ on qubits i and j, we
can see from Figure 6b that the non-local CZ can be thought to be performed on qubits i, j,
which are encrypted by X{*“ SIZ?" P/ and X;li % Z;’f ch" , thus according to the updating rule
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shown in Equation (17), we immediately obtain the updating rule of the non-local CZ gate
as follows:

= a; [&3) 5,

=a;Ds; D b;, (22)

CczZ

b)

Figure 6. (a) The equivalent form of the circuit shown in Figure 2a. (b) The resulting circuit after
measuring qubits 7, j.

Based on the above analysis, we construct a distributed architecture for secure dele-
gated quantum computation, where a classical client equipped with some qubit generator
can delegate an n-qubit circuit to d small-scale quantum servers. Without loss of generality,
we assume that # = dk. In this configuration, each server typically needs a 2k-qubit register
to process k input qubits of the n-qubit circuit. That is, for each qubit in the n-qubit circuit,
the server needs a 2-qubit register to simulate it. To make sure 2k < 1, it requires that d > 2.
We show this distributed architecture in Figure 7. Note that there is a special third party in
this distributed architecture, which is used to generate and distribute entangled states |H)
between all quantum servers. Thus, all servers do not need to be interconnected directly by
a quantum (even classical) channel, as there is no information exchange between servers
during the computation.

Quantum server 1 2-qubit register 1

2-qubit register i

Client

2-qubit register k Third party

Single qubit
generator

2-qubit register

2-qubit register 1

Iy' : Entangled
state |H)

2-qubit register j

n
v

2-qubit register k

Quantum server d

2-qubit register j
(b)

s One-way quantum channel

e Two-way classical channel
> Dataqubit flow
~ = Ancillary qubit flow

—>  Classical bit flow

Figure 7. (a) The distributed architecture for secure delegated quantum computations; (b) the circuits
for a CZ gate between two nonlocal registers i and j; (c) the circuit for an H gate in any register i.
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We give the complete procedure of the protocol in terms of pseudo-code (see
Algorithms 1-3). For simplicity, we use C and {S; Z=1 to denote the client and d servers,
respectively. That is, the gth quantum server is referred to as S;. As noted, each server
only processes k input qubits of the n-qubit delegated circuit. More specifically, for Sg,
it only processes the qubits indexed by (g — 1)k +1,(g — 1)k +2,--- ,gk. Thus, in the
case of no confusion, we also use S; = {(g —1)k+1,(q — 1)k +2,--- ,gk} to denote
the corresponding qubits. In addition, the delegated circuit U is formally expressed as
Uu=upulm- - U}, where p; C {1,2,...,n} denotes the qubits on which the basic gate
U; is exerted. For example, if Ul.p "is a CZ gate on qubits k and I, then p; = {k,1}. By this
definition, we can see that there must be p; C S, if Ulp "is a local gate in S;, otherwise it
only can be p; C §; U Sy for some Sy and Sy

Algorithm 1 Distributed Secure Delegated Quantum Computations

Input: x = x1xp - - x, // private against all S,
u=upubeteul? // public for C and all S;
Output: vy =y1y2---Yn // private against all S,

1: C generates a,b, ¢ <—g {0,1}" and computes rotation angles (¢1, ..., ¢,) according to
Equation (12), then prepares |+,) ... |+,) as the encrypted input state, finally sends
the qubits (7 — 1)k +1,q(k —1) +2,--- ,gk to S; where g = 1,2, - - -, d. Specifically, C
sends the qubits 1,2, - - -, k to S; then sends the qubits k + 1,k +2,- -+, 2k to S, and so
on

2: fori < 1,m do

3: if Uip‘ €{X,Z,P,T,H} and p; C S; for some g € {1,2,--- ,d} then

4 if U is not H then

5: S, performs Uf " on qubit p; while C updates the encryption
keys of this qubit according to the updating rules shown in
Equations (13)—(16)

6: else

7: C calls the procedure HADAMARD(p;, q) (See Algorithm 2)

8: end if

9:  else // U!" is a CZ gate on qubits p;

10 if p; C S; forsome g € {1,2,--- ,d} then

11: Sy performs Uf " on qubits p; while C updates the encryption
keys of those qubits according to the updating rule shown in
Equation (17)

12: else // pi C §§USy forsome q,q' € {1,2,--- ,d}

13: C calls the procedure NONLOCAL-CZ(p;, 4, ") (See Algorithm 3)

14: end if

15: end if

16: end for

17: Each server measures the final k qubits in Z basis, then sends the measurement out-

comes to C // leti € {0,1}" be the result collected from all servers
18: C computes the outputy = 7@ a. // ais the X encryption keys of the final state
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Algorithm 2 Implement an H gate on qubit i where i is in S,

1: procedure HADAMARD(i,q) // qubitiis encrypted by X% zbipei

2: C generates d;, ¢; <—r {0,1} and computes the angle «; according to Equation (18),
then prepares and sends the ancillary qubit [+4,) to S,

3: S, performs H; and CZ gates on qubit i and |+,;), then measures qubit i and sends
the measurement outcome s; to C, finally labels the ancillary qubit as i

4 C generates f;, gj,h; < {0,1} and computes the angles p; and 6; according to
Equations (18) and (19), respectively, then prepares the ancillary qubit |+,) and
sends it with 0; to S,

5 S, performs a CZ gate on qubiti and |+,), then measures qubit i with M(6;) and
sends the measurement outcome s to C, finally labels the ancillary qubit as i

6: C updates the encryption keys of qubit i according to Equation (20)

7. end procedure

Algorithm 3 Implement a nonlocal CZ gate on qubits i and j where i is in S; while j is in
Sy, thatis, {i,j} C S;USy

1: procedure NONLOCAL-CZ({i,j},q,q4') // qubits i and j are encrypted by X%z Pci
and X% 7Y P®i, respectively

2: C delegates the third party to prepare an entangled state |H) and distribute it to S;
and S, that is, each server holds one qubit of |H) as the ancillary qubit

3: Sy (Sq/) performs H; (Hj) and CZ gates on qubit i (j) and its ancillary qubit, then
measures qubit i (j) and sends the measurement outcome s; (s;) to C, finally labels
its ancillary qubit as i (j)

4 C updates the encryption keys of qubits i and j according to Equation (22)

5: end procedure

5. The Security of the Distributed Delegated Quantum Computation

We show that our protocol can guarantee the unconditional privacy of the input and
output of the computation. We only consider that all servers and the third party who serves
as an entanglement resource are honest-but-curious, which means they follow the algorithm
honestly but try to obtain the information about the input and output. For example, they
may record all classical information generated during the computation and cooperate with
each other, even with the third party.

For the input, the conclusion is obvious as the client encrypts each input qubit by
a quantum one-time pad. Therefore, to complete the proof, we only need to prove that
the output state of the computation is also encrypted by a unbiased quantum one-time
pad. In other words, there is no information leakage about the encryption keys during the
computation. From the procedures of Algorithm 1, we can see that only when the client
calls the procedures HADAMARD and NONLOCAL-CZ will there be an interaction between
client and servers. In the other cases, the algorithm is non-interactive, which means there
is no information leakage about the encryption keys from client to server as they do not
exchange any information. Based on this observation, we infer that to prove the privacy
we only need to analyze the procedures that implement the H and the nonlocal CZ gates.

We first consider the procedure HADAMARD(i, 4). In the following content, we use S to
denote all servers including the untrusted third party. According to Algorithm 2, we can see
that given the qubit i encrypted by X% Z%P% where i C S, S controls two ancillary qubits
7491 pei |4) and Z/iP8i |+), and receives a measurement angle 6; from C, it also generates
two measurement outcomes s;, sg € {0,1} from two independent measurements. We can
infer from the below state evolution that the measurement outcomes s;, s§ are uniformly
random, thus S can obtain no information gain about any encryption keys according to s;

and slf.
cz, |+) -)
(Hlgp)) |+) == 7 ) + X |$) . (23)

H(X)I

) 1+) —
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The only available information to S now is the measurement angle ¢;. Let 0; be
u;7T + U"Zn, where u;,v; € {0,1}, then according to Equation (19), we know that u; and v;

can be expressed as follows:

up=h; @ b; ©d; © (a;c;) © (sic;) © (cie), (24a)
vi=cide;, (24b)

where u;,v;, and s; are known to S. Intuitively, given u;, v;, and s;, no server can determine
the correct values of a;, b;, c;, d;, e;, h;, as there are six variables in two equations. Never-
theless, S may gain some information utilizing #; and v;. For example, if v; = 1, then
S can infer that c;e; = 0. Substituting this into Equation (24a), S can obtain a simplified
equality u; = h; ® b; & d; & (a; ® s;)c;. Despite this fact, we can show that there is no
information leakage about all variables from g4; to h;. That is, we prove that in the view of
S, the following equality holds true:

1
Pr(ri|u;,v;] = Prlr;] = 5 (25)

where the random variable r; represents the possible parameters {a;, b;, c;, d;, e;, fi, gi, i }-
To see that, we need to know the following simple facts.

First, if x,y € {0,1} and x is uniform, i.e., x €g {0,1}, then x @ y is also uniform.
Second, if x,y € {0, 1} are uniform and let z = x @ y, then Pr[x|z] = Pr[x] = 1/2. Finally,
if x,¥1,y2 € {0,1} and x is uniform, let z = x & (y1y2), then Pr[y;|z] = Pr[y1]. These three
basic facts can be easily verified. With these facts, we can complete our proof. Define
Ci=b@d; D (ajc;) ® (sic;) @ (cie;) so that u; = h; ® &;. As by, d; €g {0,1}, we first know
that ¢; €g {0,1}. Furthermore, as h;,¢; €g {0,1}, we can get that Prh;|u;] = Pr[h] =
1/2. Likewise, we can also get Pr[b;|u;] = Pr[b;] = 1/2 and Pr[d;|u;] = Pr[d;] = 1/2.
Fora; €g {0,1}, define &; = h; ® b; © d; ® (sic;) @ (cie;) so that u; = &; @ (a;c;), from which
we can infer that Pr[a;|u;] = Pr[s;] = 1/2. Note that h;, b;, d;, and a; are irrelevant to
v;, which means Pr[r;|u;, v;] = Prlrj|u;] for any r; € {h;, b;,d;,a;}. As for c;,e; €g {0,1},
as they are related to both u; and v;, in order to simplify our analysis, we define i} =
hi & (ajc;), bl = b; & (sic;), and d} = d; & (cie;), then obtain that u; = h} & b} & d.. Clearly,
b, d. €r {0,1}, so ¢; and ¢; are only related to v;. By this, we can easily get that
Pr[c;|u;, v;] = Prlci|v;] = Prc;] = 1/2 and Pr[e;|u;, v;] = Pre;|v;] = Prle;] = 1/2. Finally,
fiand g; €r {0,1} are obviously irrelevant to u; and v; (see Equations (24a) and (24b)),
which means Pr(f;|u;, v;] = Pr(f;] = 1/2 and Pr[g;|u;, v;] = Pr[g;] = 1/2. So far, we have
proved the statement in Equation (25), from which we know that the servers can obtain
no information gain about a;, b;, ¢;, d;, e;, f;, i, hi from the ;. Thus, after the procedure
HADAMARD(, ¢), the updated keys a/, b/, ¢/ are also secure.

Finally, we consider the procedure NONLOCAL-CZ({i, j},q,4'), where {i, j} € S;US,.
Note that in this procedure, S can only obtain two independent and uniform measurement
outcomes s;, s;. According to the updating rules shown in Equation (22), we can see that
as long as the encryption keys {a;, b;, c;} and {a;, bj, c;} are secure then the updated keys
will also be secure against the servers. As a result, we conclude that, from the perspective
of all servers, the output state of the computation is still encrypted by a sound quantum
one-time pad.

6. Discussion

In this work, we proposed a secure distributed delegated quantum computation proto-
col, which allows clients to delegate their private computation to several quantum servers.
We have shown that unconditional security of the input and output of the computation
can be guaranteed as long as all servers follow the protocol honestly. Nevertheless, there
are some notable problems in our work when we consider it in practice. In the end of this
paper, we discuss those practical problems.
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First, note that our protocol can only work well in a noise-free environment. To make
our protocol fault-tolerant, we assume that each quantum server must be capable of
performing fault-tolerant quantum computation [41]. However, this would inevitably increase
the overhead of ancillary qubits. In addition, we need to consider two channel noises: one
is between the client and each server, the other is between the third party and each server.
The former will introduce errors in the input state, whereas the latter will introduce errors
in the entangled state. There are some methods to remedy this problem. For the input state,
the client can utilize some quantum error-correct code [42] to protect each qubit. However, it
requires that the client can perform additional quantum operations. As for the entangled
state, each pair of servers can use some quantum entanglement distill [43] protocol to obtain
the entangled states with high fidelity. Similarly, it requires additional local operations and
classical communications between the servers.

Second, note that our protocol can only protect the security of the input and output
of the computation. This is because the model of the delegated quantum computation
we used in our work is SDQC protocol instead of UBQC protocol. Nevertheless, we can
convert, in principle, a SDQC protocol into a UBQC protocol. To do that, we first encode
the delegated circuit U as a binary string denoted by C(U). Next, according to the quantum
computation theory [44], there exists a universal quantum circuit I/ such that

u H‘C(u)) ‘+X> = |+c(u)> u ‘+X> ’ (26)

where the input of the universal circuit I consists of two parts: |+) is the input state of
U and |+¢(y)) is the canonical and quantum description of the circuit U. Performing this
universal circuit / in our protocol, we can apparently achieve a blind distributed delegated
quantum computation.

Last, we should note that in this work we only consider the honest servers and the third
party who perform the protocol as the client desires. However, a real server may not follow
the protocol honestly, and an untrusted third party may prepare some other entangled
states for the servers. To detect such a malicious server including the untrusted third party,
we should introduce a verification mechanics in our protocol. Indeed, verification is an
important topic in the quantum computation theory (see [45,46]). There is an easy way to
achieve the verification in our protocol. Specifically, given the delegated circuit U, the client
can introduce another small quantum circuit V, for example, a permutation circuit [47],
which is easy to simulate on a classical computer. The client then randomly inserts the
qubits of V into the circuit U and runs this hybrid circuit on the universal quantum circuit
U. After the computation, the client check the result of V; if the result does not match the
desired, then the client rejects the output.
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Appendix A. The Correctness of the H-Gadget

In this section, we briefly prove the correctness of the H-gadget proposed in [38]. We
first translate the circuit of this gadget (see Figure 1) into an equivalent form. Note that
the ancillary qubits |+4,) = Rz(a;) [+), |+5,) = Rz(B;) [+) and any Z-rotation operator is
commutable with the controlled-Z gate, thus the circuit of the H-gadget can be expressed
equivalently as follows:

)i
} |+> cz o i@_"_@:’%’

) 4

Figure Al. An equivalent circuit of the H-gadget of [38].

i
i X 7h pe

In Section 4, we obtained a variant X-teleportation (see Figure 5), which is identical to
the above circuit in the red-dotted box. According to this, we can infer immediately that
after performing the measurement M(0), the rest circuit is equivalent to the following form,
where the operator R; («;) has been absorbed into the input state.

We then use the identity shown in Figure A2, which is easy to verify. Applying this
measurement identity to the circuit in Figure A3, we can obtain the following circuit (see
Figure A4), where we exchange the positions of R;(6;) and CZ, and insert a pair of H gates
between them. Obviously, the partial circuit in Figure A4 surrounded by the red-dotted box
is the variant X-teleportation. Thus, we can infer that after the measurement the remaining
qubit will be

Re(Bi) XTHR: (; — 0;) X9 20 Pt |g) (A1)

where R;(f;) is the Z-rotation operator in the end.

M©) X
— = :
Figure A2. Measurement identity that converts M(6) basis to X basis.
M)
R(a)X* ®s; 7h pe; |¢> —0—@=’in

) —— o

Figure A3. The rest circuit after performing the measurement M(0) on the top line.

R(a) X Z" P|g) ‘ A=
| ‘
[+) : * ; R,.</f,)|—»

Figure A4. The variant X-teleportation where the input qubit is HR (a; — ;) X% %% 20 P%i | p).
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In the following content, we simplify this output qubit. For simplicity, we temporarily
drop the subscript i and define R.(y) = ZPP*, thatis, v = (b + §)7. It is easy to check that
X"R;(0) X" = R;((—1)°0) for any 0. Thus, the output qubit can be rewritten as follows:

R:(B) X" HR.(a = 0)X"**Ra(7)|9)

_ XS,RZ <(_1)srﬁ> HXaﬂ%st ((_1)116:‘5(“ _ 9)>Rz(7) |¢>
L « (2
= X°R, ((71)8 /3) Z"9SHR, (7 + (=) (a - 9)) I¢)
- XS’RZ<(—1)5'/3+ (a @s)n) HR. <7+ (—1)"(a— 0)) |$)
Let 0 = (—1)"®y 4+ a + hrr, where h € {0,1}. Note that 6 here is seemingly not the

same as the one defined in Equation (19). Despite that, we will show they are exactly the
same one. Substitute 6 in the above equation, we can easily get the following result:

X*R, <(—1)S’,s + @ s)n) HR, ( - (—1)‘?@5;171) o) . (A3)

As R; is an operator with a period of 271, which means R (71) = R.(—n) = Z, thus
the output qubit can be expressed as follows:

X/Re((-1)B+ (@@ 5) ) HZ' )
= XS’RZ<(—1)S'ﬁ+ (u@s)n) X"H |¢) (Ad)
=X R (1)t (1) a0 3) ) ).

We further express the Z-rotation in Equation (A4) in terms of Z and P. Recalling that

B = (f + %) (see Equation (18)) and considering the periodicity of Z-rotation operators,
we can get that

e <(_1)S/$h(f + 8+ () ee s)n>
=R, ((a ®s®f)m+ (4)5’@}:%7.[)

(A3)
=R, ((a Ds® f)m+ (—1)5,63;’%71—&-2(5’ @h)gn)

(7426 o) an)-

= RZ<(u€DS€Bf€B (s ®h)g])m+

Note that for any € {0,1}, (—1)" 4 2r = 1, so the above Z-rotation operator can be
further rewritten as follows:

R, ((u s fo[g(s ©h))m+ %) — ZaBsf®[g(s'Oh)] pg. (A6)

Substituting the above equation to Equation (A4), we get the output qubit in the
following form:
X &hzadsefelg(s'eh)] pg i |$) (A7)
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Finally, we substitute y = (b+ §)mrand a = (d+ §)min 0 = (—1)" 5y +a +hr,
obtaining

0= (—1)" (bt + %71) +(dr+ %n) +hr

=br+ (71)ﬂ$sgn+dn+ §n+hn

:bn+c(a®s)n+%n+d7r+gn+hn (A8)

:h®h@d@(ac)@(sc)n+c+e

7T

che

=h®b®dd (ac) ® (sc) ® (ce) +

where in the last term we use another simple equality: for any c,e € {0,1}, c+e =
2ce + ¢ @ e. From the above results, the correctness of the H-gadget is obvious.
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Abstract: Long block length rate-compatible low-density parity-compatible (LDPC) codes are de-
signed to solve the problems of great variation of quantum channel noise and extremely low signal-to-
noise ratio in continuous-variable quantum key distribution (CV-QKD). The existing rate-compatible
methods for CV-QKD inevitably cost abundant hardware resources and waste secret key resources.
In this paper, we propose a design rule of rate-compatible LDPC codes that can cover all potential
SNRs with single check matrix. Based on this long block length LDPC code, we achieve high effi-
ciency continuous-variable quantum key distribution information reconciliation with a reconciliation
efficiency of 91.80% and we have higher hardware processing efficiency and lower frame error rate
than other schemes. Our proposed LDPC code can obtain a high practical secret key rate and a long
transmission distance in an extremely unstable channel.

Keywords: rate compatible; LDPC; continuous-variable quantum key distribution; wide range of
SNRs regime

1. Introduction

The cryptosystem based on computational complexity is being challenged by increas-
ingly developed quantum computation. Quantum key distribution (QKD) [1-4], being
one-time pad, has been one of the best solutions for its absolute security. QKD enables two
remote separated parties named Alice and Bob to extract a symmetrical string of secret
keys using a quantum channel.

Currently, there are mainly two types of QKD protocols, called discrete-variable QKD
(DV-QKD) [5] and continuous-variable QKD (CV-QKD) [6,7]. In DV-QKD, the information
is coded on discrete variables of finite dimensional Hilbert space, such as the polarization or
phase of single photon state. In CV-QKD, the information is coded on continuous variables
of an infinite-dimensional Hilbert space, including the regular component of coherent state.
Compared with the single photon detector used in DV-QKD, homodyne or heterodyne
detection techniques, which are used to measure the transmitted quantum states, have
already been applied in classical optical communication. Therefore, CV-QKD has great
practical advantages for its low cost because of the relatively mature development and
being able to transmit in common fiber with classical optical communication. Furthermore,
CV-QKD can achieve higher capacity with frequency-multiplexed entanglement source [8].

Due to the imperfection of the quantum channel and potential eavesdropper Eve,
the key strings held by Alice and Bob are not consistent, so that a procedure called post-
processing is necessary to make them identical. The post-processing of CV-QKD mainly
includes four steps: base vector comparison, parameter estimation, information reconcil-
iation and privacy amplification. Information reconciliation is the most important part,
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whose performance has a direct correlation to the secret key rate. One of the major factors
in information reconciliation is reconciliation efficiency p, which is given by g = R/C.
The R is the rate of key and C = 0.5l0g(1 4+ SNR) is the channel compacity. The hardware
processing efficiency &« = D,/ Djy,, where D, represents the data that are input to the
hardware device (e.g., Field-programmable Gate Array, FPGA and Graphics Processing
Unit, GPU) during information reconciliation and D, represents the output data in unit
time [9]. I45 is the mutual information between Alice and Bob. xp is the Holevo bound,
which is the maximal bound on the information available to the eavesdropper. The factors
mentioned above are used to evaluate the performance in a frame, while frame error rate
(FER) represents the failure probability of the frames. Ultimately, the practical secret key
rate K is given by

K = (1 — FER)(BIap — XBE)- M

The parameters mentioned above is related to the error correcting codes, among them
low-density parity-compatible (LDPC) code is efficient for CV-QKD [10]. The LDPC code
obtained by good degree distribution and reasonable construction method has good error
correction performance. The crux of designing a LDPC code is to construct a check matrix
which includes check nodes and variable nodes. The degree distribution of check node
p(x) and variable node A(x) are expressed as:

de )

px) =Y pid ! @)
=2
dy

Ax) =Y A, 3
i=2

pi/ A; is the proportion of the number of edges owned by the check/variable node with
degree j/i to the total number of edges in the Tanner graph and d./d, indicates the
maximum degree of the check/variable node.

However, quantum is easily influenced in the process of quantum signal preparation
and transmission. To realize the free space QKD with satellite [11,12], ship [13], unmanned
aerial vehicles [14] or those with orbital angular momentum, we have to take mode distor-
tion, beam wander, weather etc. into account. Therefore, the problems of great variation of
quantum channel noise and extremely low signal-to-noise ratio (SNR) have to be solved.

One of the simplest rate-compatible methods for LDPC code is to operate on single-
matrix using puncturing, shortening and extending. Furthermore, Gao proposed multi-
matrix rate-compatible reconciliation where, in each iteration, multiple matrices produce
more useful information to correct errors such that the iteration number falls and the
convergence speed increases [15]. However, it inevitably decreases the performance of the
original check matrix. Another commonly used way is to construct several check matrices
with different code rates to meet the requirements of different SNRs. However, for CV-QKD,
the code length has to be longer than 100,000. Base matrices are at least 64,800 long even
when we construct the spatially coupled (SC)-LDPC codes or quasi-cyclic (QC)-LDPC
codes [16]. As one of the most effective decoding tools of LDPC code, the FPGA has limited
hardware resources. To realize high efficiency information reconciliation with FPGA in
an extremely unstable channel, it is necessary to construct a single-matrix rate-compatible
error correction code. A comparison of the existing works with our proposed LDPC code is
shown in Table 1.

In this paper, we first obtain degree distribution with discrete density evolution and
differential evolution algorithm. Then we use random construction, progressive edge
growth (PEG) algorithm and rate compatible methods of extending and puncturing to
construct a check matrix with a code length of 64,800. Finally, we extend the above LDPC
code with quasi-cyclic extension to a code length of 648,000. The results show that the
proposed codes have a reconciliation efficiency of 91.80%, higher hardware processing
efficiency and lower FER than other schemes. Therefore, we can obtain a high practical
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secret key rate and a longer transmission distance in an extremely unstable channel with
wide range of SNRs.

Table 1. Related works comparison in an unstable channel. Transmission distance is 10 km and the
number of check matrix changing times N is 3.

Abilitiy to Cope
Reference Hardware Resource Secre.t Key Rate with Cthne] SII’\IR
(bit/pulse) Chanei
anging
Single-matrix
rate-compatible a, single matrix 0.0021 low
reconciliation
Multimatrix
rate-compatible 3a, multimatrix 0.0098 low
reconciliation [15]
Multimatrix
corresponding to 12a, multimatrix 0.0089 low
given SNRs [16]
Our proggsfzd LDPC a, single matrix 0.0116 high

The remainder of this paper is organized as follows. In Section 2, we present some
preliminaries of LDPC codes and rate-compatibility. In Section 3, we introduce how to con-
struct our rate compatible (RC)-LDPC code. In Section 4, we present the simulation results
and comparisons for the proposed scheme and existing schemes. Finally, the conclusions
are drawn in Section 5.

2. Preliminaries

In this section, we first briefly introduce the discrete density evolution and differential
evolution, which are used to generate degree distribution. Then we introduce the construc-
tions: random construction, PEG algorithm and QC-LDPC extension, with which we can
construct the check matrix with the degree distribution ahead. We also introduce the rate
compatible methods: puncturing and extending.

2.1. Methods of Obtaining Degree Distribution
2.1.1. Discrete Density Evolution

Compared with continuous density evolution [17] and Gaussian approximation al-
gorithm [18], discrete density evolution [19] has lower complexity and higher accuracy.
Therefore, in this paper, we use discrete density evolution to obtain the optimal degree
distribution of LDPC codes. The main steps are as follows:

e We firstly define two functions: quantized function Q and probability mass function S.

1 A
atal x=23
Q) =4 1x—-3| x<-% )
0, else

|x] is the largest integer not greater than x; and [x] is the smallest integer not less
than x. The value range of decoded message is [—L, L] and evenly divided into m = 21
intervals; the quantization interval A is given by 2L/m.

S(Pa, Py) = ) Pali] - By[f]. ®)
(i,j):kA=R (it jA)

143



Entropy 2022, 24, 1463

In which two-input operator R is
R(a,b) = Q(tanhfl(tanhgtanhg)), 6)

where a and b are quantized messages.
The check node and variable node updating of discrete density evolution is

i -
P =Y s <p<f ”) @)
u - v

do )
PV =p %) - LA (p" k), ®)
v i—2 u

©)

v

2
O_ o, [ Q=) o (2 4
P = 8nexp< 802 v N a2 g2 ) ©)

Finally, we calculate the error rate with

® is discrete convolution and [ is the iteration number. The initial value p*" is

-1
1 1 1
P=rlo+ p V. (10)
¢ v k=—m/2 ©
End the procedure when the p(f)) < 0 or I reaches the maximum number of iterations.
Otherwise, we continue to upc‘iate the check node and variable node.

Discrete density evolution is first proposed to obtain the noise threshold according to

the degree distribution p; and A;. In our work, we use it to obtain the degree distribution
under specific channel noise.

2.1.2. Differential Evolution

Stom first proposed the differential evolution algorithm in 1995 to solve the optimiza-

tion problem [20]. It uses differential mutation operator and crossover operator to generate
new individuals by the way of survival of the fittest. Based on this method, we can obtain
the optimal degree distribution under specific channel noise.

Set channel noise threshold o, target error probability P,, maximum number of itera-
tions 4y, maximum degree of variable node d, and the number of terms of degree
distribution polynomial .

Randomly generate NP vectors P;,i = 1,2,..., NP for the degree distribution of
variable node. Use discretized density to evolve each vector and obtain the respective
error probability P,, . The vector with the lowest error probability is marked as the
best vector Py ¢ and its error probability is marked as P, , G-

For each i, randomly choose four vectors from set of P;; and the new vector is
updated by

ViG+1 = Pbest,G + 0~5(Pr1,G - PrZ,G) + 0.5 (Pr3,G - PV4/G) . (]1)

Calculate the corresponding error probability P, .1 for each new vector v; 1.

For each i, compare P,, g with P, g1 and let P; g1 = v;gy1if P, ¢ > Py, g41- The vec-
tor with the lowest error probability is marked as the best vector Py, g1 and its error
probability is marked as P, g11-
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e If the error probability corresponding to the best vector P,, , g1 > Pe, update the
vectors again and return to step (4). If P, , g+1 < Pe, the Pyt 41 is the ideal vector
that we want.

2.2. Constructions

In this work, we use random construction, the PEG algorithm and QC extension for
their good results in various situations.

2.2.1. Random Construction

Various random constructions have been proposed based on the same core thought,
that is, place non-zero elements in random unfilled positions in the check matrix without
violating any set constraint. There are two constraint rules: one is that line /; contains X;
“1” and column c; contains Y; “1” according to the degree distribution of check nodes and
variable nodes; the other one is the number of elements “1” at the same position in any two
rows or columns is less than or equal to 1. It means that the shortest girth has to be longer
than 4.

2.2.2. Progressive-Edge-Growth Algorithm

Before introducing the PEG algorithm, we first introduce a common representation
of LDPC codes—the Tanner diagram and several concepts. As shown in Figure 1a, V; is a
variable node, C i is a check node and the line between them is called an edge. If two nodes
are connected with each other, we say these two nodes are adjacent to each other. The girth
is defined as the minimum number of lines that comes from a node and back to this node,
whose intermediate node is only passed once. As shown in Figure 1a, the shortest girth is 6
and one of themis V; — C; — Vo — C4 — V5 — C, — Vj, for instance.

For the PEG algorithm, new edges are added to make the loop girth in the Tanner
diagram corresponding to the check matrix as large as possible. As shown in Figure 1b,
the steps are as follows:

®  Determine the number of check node, variable node and the degree distribution of
variable node.

*  Randomly choose a variable node V; and find the check node C; with the least number
of connected edges in the Tanner graph. Then connect the variable node V; and the
check node C; with an edge and take it as the first edge of the variable node V..

*  Take the variable node V; as the root node and expand the current Tanner diagram.
When the expansion depth is /, the set of check nodes adjacent to V; is recorded as

Ni,. The N{/ is the complement set of NV , where the complete set V, is the set of all
varlable nodes. Expand the Tanner graph with the root node and the depth of I. When

Ny, NI, - # 9I, Ny, 1 — & and the number of nodes contained in Ni, stops increasing but is
st111 less than the number of matrix rows I, connect the check node C; with the least
number of connected edges to the variable node V;.
®  Repeat step (2) to add edges to the selected variable nodes until all of them are added.
®  Repeat steps (1) to (3) to add edge for all other variable nodes.
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(b)

Figure 1. (a) Tanner graph; (b) PEG algorithm.

2.2.3. QC-LDPC Extension

QC-LDPC extension is uniquely determined by the dimension and shift times of the
circulant matrix. Its quasi-cyclic characteristics make the process of coding and decoding
more efficient. Compared with randomly constructed LDPC codes, QC-LDPC codes have
lower error level and are more convenient for storage and hardware implementation. We
multiply the corresponding positions of the base matrix Hj, and the coefficient matrix H.
and we define this operation as ©, the expression is expressed as follows:

HyOHe= |+~ |op 1 = : S (1
Bj1 - Bj, Cao - G Bj1Cjn --- BjiCj

Bi1 -+ By Ci1 -+ Cy B11Ci1 -+ BiCyy

Take lifting size of 3 as an example, the elements of the base matrix are 0 and 1, and the
elements of the coefficient matrix are 1, 2 and 3. Then the matrix elements are replaced by
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the cyclic permutation matrices (CPMs). We replace 0 with zero matrices, 1 with

S O =
O = O

010 0 0 1
2with [0 0 1| and3with {1 0 O0f.
1 00 010

2.3. Methods of Rate-Compatible

Puncturing is a method that makes the code rate change from low to high. As shown
in Figure 2a, the submatrix A are information bits and submatrix B and C are check bits.
The initial code rate is R = Lo/ (Lo + L1 + Lp). By deleting the submatrix C, we can obtain
a code rate increasing to R = Lo/ (Lo + L1).

On the contrary, extending as shown in Figure 2b enables the code rate to change from
high to low. We first construct a check matrix A with the high bit rate of (Ny — My)/Np.
Moreover, by adding the submatrix A,, we extend the matrix to make it compatible for the
low rate. The code rate is expressed as:

Py f
R, = R 1
, N 13
L, L, L,
N
N, N pieN ! N
M, A
A B |C ||
i =
k) A,
M, An

(a) (b)
Figure 2. The rate-compatible method: (a) puncturing; (b) extending.

3. Proposed Check Matrix for RC-LDPC Codes with Wide Range of SNRs Regime

From the Equation (1) we can see that high hardware processing efficiency and rec-
onciliation efficiency result in a good performance of final secret key rate for a given
SNR. Proper degree distribution and reasonable construction method lead to good error
correction performance.

3.1. Obtaining Degree Distribution

We first obtain the initial optimal degree distribution using discretize density evolution
and differential evolution refer to Sections 2.1.1 and 2.1.2. Maximum degree of variable
node and the number of terms of degree distribution polynomial are set as 10 and 4,
respectively.

From the initial optimal degree distribution, we find that the pairs of degree distri-
bution are distributed nearby A3 and A7 except of A, and Ajg. Therefore, we calculate
the average number of A3 and A7 at rate from 0.3 to 1, i.e., SNR from 0.1 to 3 (the degree
distribution is appropriate to the SNR larger than 3 but the maximum rate 1 corresponds to
the SNR of 3). The initial values are average number A3 and A7, and maximum degree of
variable node and the number of terms of degree distribution polynomial are still set as 10
and 4. The difference is that the degree distribution of the variable distribution is set on the
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A2, A3, A7 and Aqq instead of a random distribution. Then we repeat the above operations
to obtain the optimal degree distribution in these conditions.

Through the above operations, we obtain the degree, the maximum degree of the vari-
able node, and the number of terms of the degree distribution polynomial. Ultimately, we
calculate the optimal degree distribution for proposing our LDPC code with Algorithm 1.

Algorithm 1 Obtaining the ultimate variable degree distribution with density evolution
and differential evolution

Input: Target error probability P,, maximum number of iterations /,4x, population size
NP = 50, the number of terms of variable node degree distribution polynomial / = 5,
the highest power of variable node degree distribution, A3 = 0.0047, A7 = 0.5072
Output: Error rate P, ,, vector Py
1: fori=1to NP do
2: refer to Section 2.1.1 generate vector P; with Ay, A3, A7, Ag and Ajg, Ay + Ag + Ag =
0.4881;

3: calculate the error probability P,;
4: if P,,,, > P, then

5: Py < Pej; Ppest < P

6: end if

7: end for

8: forj =1to I do

9: randomly choose four numbers r1, 9, 3,74 from 1 to NP;
10: vj = Pyest + 0.5(Pr1 - Pr2 + Pr3 - Pr4);
11:  calculate the error probability P ;
12: if P,,,, < P, then

13: output vj;

14: end if

15 if Py, > P, then

16: P, P@j;

17: end if

18: end for

Table 2 is the result of Algorithm 1, whose input signal X ~ (0,1) and additive white
Gaussian noise Z ~ (0,0?) are random variables that obey Gaussian distribution and
independent of each other. The channel noise SNR = 1/¢? and ¢ represents the maximum
allowed value of noise for the additive white Gaussian channel. For p(x) = A(x) =1,
the check node degree distribution is definite with the constraint condition » = 1 —
fol o(x)dx/ fol A(x)dx. The degree distribution in our scheme especially decreases the
difficulty of constructing the check matrix.

Table 2. Variable nodes degree distribution pairs for the code rate from 0.3 to 1.0.

Rate 0.3 04 0.5 0.6 0.7 0.8 0.9 10!
A 0.0001 00001 00007  0.0001 00002  0.0002  0.0004  0.0005
A3 0.0047
Ay 0.5072
As 01382 01268 01044 00761 00480  0.0367 00281  0.0089
Ao 03498 03612 03830 04119 04399 04512 04596  0.4787
o 13868 11547  1.0000  0.8771 07809 07001  0.6337 05774

SNR 0.52 0.75 1.00 1.30 1.64 2.04 249 3.00
C 03072 04037 05000  0.6008 07003  0.8020 09016  1.0000

! The practical rate at 1 is close to but lower than 1.

In order to maximize the use of limited key resources, we still need to fully consider
the condition of rate lower than 0.1. Obviously, the secret key rate is low for the low mutual
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information [4p. Therefore, in order to simplify our work, the degree distribution pairs we
choose for the rate lower than 0.1 are directly refer to Appendix A [21,22].

3.2. Constructing Check Matrix for RC-LDPC Code

With the degree distribution we obtained above, we construct a single matrix RC-LDPC
code simultaneously with the random construction, the PEG algorithm, and QC-LDPC
codes mentioned in Section 2. The structure of the check matrix is shown in Figure 3 and
combined with parts A, Band C.

The part A is a shared part for the rate from 0.1 to 1, which is constructed with A3 and
7. This structure has the advantage of reducing computational complexity and saving the
storage resources. Previous work showed that the PEG algorithm has better performance
at SNR~3 [23], while random construction exhibits better performance at SNR~1 [24].
Therefore, the construction that we use to construct the sub-matrix A is the PEG algorithm.

The part B is constructed with rest of degree distribution to realize the rate-compatible
method of puncturing. In order to further improve the performance of our LDPC code, we
construct the check matrix with the thought of puncturing. More specifically, we divide
submatrix By, into two part and construct one part when the R decreases every 0.05. For rate
from 0.3 to 0.1, this number is 0.1. We use PEG algorithm to construct B; to Bs and random
construction to construct extra part. Moreover, the structure of part B is a lower triangular
matrix, which can be directly encoded.

Multi-edge-type (MET)-LDPC codes are employed with low SNRs due to their good
error-correcting performances, more amenable decoding complexity and also being able to
be rate-compatible at low rates [25]. Based on the check matrix above, we construct part C
with degree distribution of the MET-LDPC codes from Appendix A for the rate from 0.01
to 0.1.

A

C B, N\

Figure 3. The check matrix for RC-LDPC codes with wide range of SNR.

4. Simulation Experiment

In this section, we summarize the implementation results of the proposed LDPC codes
over an unstable channel. Our purpose is to construct a RC-LDPC code with single matrix
that can be adapt to the SNR from 0.01 to 15. We show the performance of reconciliation
efficiency B, hardware processing efficiency « and FER, which are influenced by the change
of SNR. Furthermore, the decoding algorithm is a modified Min-Sum algorithm.

The reconciliation efficiency comes from g = R/C. Referring to the construction
mentioned in Section 3.2, we change the check matrix when R reduces to a certain extent.
When R is from 0.3 to 1, C decreases 0.1 to an integer multiple of 0.1. When R is from 0.01
to 0.3, C decreases 0.05 to an integer multiple of 0.05. In Figure 4, assuming that the channel
noise is uniformly distributed, the LDPC code we proposed has an average reconciliation
efficiency 8 of 91.80%, and for higher rates from 0.3 to 1 this number is 96.13%. Because
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the data with rate lower than 0.3 only have a little contribution to reconciliation efficiency,
the practical reconciliation efficiency is close to 96.13%. Compared with the existing scheme,
the proposed LDPC code has a relatively high reconciliation efficiency.

1
7 I I W W |
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/ / / / I/ I
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Figure 4. The reconciliation efficiency for different code rate.

From Equation (1), the secret key rate is also related to the hardware processing
efficiency &, which is equal to the ratio of Dy, and D;,,. More specifically, supposing the
times used to load check matrix, load data and decode data are t;,,, t;; and t;,, separately.
The number of times that check matrix has to be reloaded is n and the number of data
blocks that have to be processed is m. Suppose the secret key rate that optical system can
provide is M, the number of data blocks 1 is M /L. The hardware processing efficiency « is

1

N=— (14)
ity +m(tg + taa)

Because of the finite-size effects, the block length in the procedure of privacy amplifica-
tion is at least 107, which also takes up abundant hardware resource [26,27], so that not all
the check matrices can be stored in advance. The reconciliation efficiency will be reduced
quickly even if the SNR changes in a very small range. Therefore, other schemes have to
reload the appropriate check matrix and then load and decode data when the rate is higher
than the channel capacity. With our proposed LPDC code, we save the time of reloading
the check matrix. For the block length of 648,000, the times used to load data and decode
data we tested with the FPGA Arria 10 are 13.0 ms and 211.2 ms. Furthermore, the average
time we used to load check matrix of ATSC 3.0 LDPC codes is 11.1ms. From the Figure 5,
we can see that our work keeps a high hardware processing efficiency a with the number of
check matrix changing times 1 increases. Meanwhile, difference of hardware reconciliation
efficiency between our proposed LDPC code and ATSC 3.0 LDPC code also increases.

Frame error rate is the rate that a data block failed to be decoded. It is mainly caused by
two reasons: the defect of error correcting code and decoding algorithm; the unadaptable
check matrix led by the changing of SNR. The FER caused by the defect of error correcting
code and decoding algorithm can be reduced to 3.25 x 10~3, which is far lower than the
FER led by the latter reason [28]. Therefore, we only take the latter reason into account.
It can be seen from Figure 6 that with the number of check matrix changes increases, our
proposed LDPC code has a lower FER than the other scheme.

150



Entropy 2022, 24, 1463

1 T T T T T T T
0.9—— = + + y
0BF ]

=y

5 L -

E 0.7

5 @ —_—————fre e e B———————1

=06 i

F

% 0.50 ¢ © @

2

a

0.4 )

g —+— Proposed LDPC code,m=5

=203 — — — "ATSC3.0 LDPC codem=5 | |

T | —H— Proposed LDPC code m=7 | |
0.2 ~ — = 'ATSC3.0 LDPC code ,m=7
o4k —&— Proposed LDPC code,m=9| |

’ ATSC3.0 LDPC code m=9

D 1 1 1 1 1 1 1

1 1.5 2 25 3 3.5 4 4.5 5

The number of check matrix changing times

Figure 5. The hardware processing efficiency a influenced by the number of check matrix changing

times n.
0.6 T T T T T T T T T
—+H— Proposed LDPC code
ATSC3.0 LDPC code
051 1
04 T
Goaf j
w
021 T
01r 1
T it T it T it T it T f
] 0.5 1 15 2 2.5 3 3.5 4 4.5 5
The number of check matrix changing times

Figure 6. FER influenced by the number of check matrix changing times N. The number of data
blocks that have to be processed is nine.

Given the excess noise, efficiency of receiver’s detector and electronic noise at Bob’s
side, we can calculate the practical secret key rate [29]. Figure 7 is the comparison of the
practical secret key rate of the proposed LDPC code and ATSC 3.0 LDPC codes. As can be
seen in the graph, our scheme has a better performance with same number of check matrix
changes N and has a lower performance reduction when the N increases. This comes from
the fact that combined action of reconciliation efficiency §, hardware processing efficiency
« and FER.
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Figure 7. Practical secret key rate with reconciliation efficiency of 91.80% for our proposed LDPC
code and 96.00% for ATSC 3.0 LDPC code. The extra parameters ¢ = 0.01, 7 = 0.64 and V,; = 0.1.

5. Conclusions

In this study, we design a rule of proposing a RC-LDPC code with single matrix for
SNRs between 0.01 and 15 to solve the problems of great variation of quantum channel
noise and extremely low SNR. First, we use the discretized density evolution algorithm and
differential evolution to acquire good node degree distribution pairs of LDPC codes. Then,
with construction methods including PEG algorithm, random construction, quasi-cyclic
extension and rate-compatible methods including extending and puncturing, we proposed
a convenient and efficient construction method for designing a RC-LDPC code. Considering
the number of check matrix changing times led by the change of SNR, the result shows that
we have a reconciliation efficiency of 91.80%, higher hardware processing efficiency and
lower FER. It has a good performance especially in an extremely unstable channel.
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Appendix A

Table Al. Degree distribution pairs of code rate from 0.01 to 0.1.

Rate Degree Distribution o SNR C
o(r, x) = 0.0775r1x2230 + 0.0475r1 x3x32 + 0.875r1 x3

0.1 2541 015 0.0488
p(x) = 0.0025x]! 4 0.0225x1% + 0.03x3x3 + 0.845x3x3
o(r,x) = 0.04713(%)(34 + 0.0371x3x%4 +0.93r1x3
! 91 } 021
0.05 p(x) = 0.01x8 +0.01x] + 0.41x2x3 + 0.52x3x3 >9 005 0.0213
— 2,34 3,34
0.02 o(r,x) = 0.0225r1x7x3* + 0.0175r x7x5* + 0.9671 X3 2541 015 01008

p(x) = 0.010625%3 + 0.009375x7 + 0.6x2x3 + 0.36x3x3
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Abstract: As a multi-particle entangled state, the Greenberger—-Horne-Zeilinger (GHZ) state plays an
important role in quantum theory and applications. In this study, we propose a flexible multi-user
measurement-device-independent quantum key distribution (MDI-QKD) scheme based on a GHZ
entangled state. Our scheme can distribute quantum keys among multiple users while being resistant
to detection attacks. Our simulation results show that the secure distance between each user and the
measurement device can reach more than 280 km while reducing the complexity of the quantum
network. Additionally, we propose a method to expand our scheme to a multi-node with multi-user
network, which can further enhance the communication distance between the users at different nodes.

Keywords: quantum key distribution; GHZ entangled state; measurement-device-independent;
multi-user

1. Introduction

Quantum key distribution (QKD) allows two users, Alice and Bob, to share a secure
key privately [1,2]. The first QKD protocol, called the BB84 protocol, was proposed in 1984
by Bennett and Brassard [3]. However, because of the gaps between reality and theory,
there exist various loopholes in practical systems through which eavesdroppers can attack
the QKD process [4]. Therefore, several investigators have focused on finding ways to resist
such attacks [5,6]. In 2012, Lo et al. proposed a measurement-device-independent quantum
key distribution (MDI-QKD) protocol [7] to prevent attacks on measurement devices and
enhance the communication distance between two users.

QKD research usually begins with a point-to-point scheme. With the development of
quantum networks [8-10], multi-user scenarios have become research hotspots. Multi-user
QKD, known as quantum cryptography conference (QCC) such as Greenberger—-Horne—
Zeilinger (GHZ) states [11] based scheme [12] and measurement-device independent
scheme [13] or quantum conference key agreement (CKA) such as the intensity-encoded
scheme [14] and the scheme based on a W-class state [15], is effective in scenarios where
multiple users share common secure keys. Multi-particle entangled states can easily apply
in multi-user QKD realization [16], although the communication distance is limited by the
stability of entangled states and other issues lead to such schemes being inferior compared
to the existing single-photon interference schemes [17].

Ref. [18] proposed an MDI-QKD scheme with an entangled source in the middle
and realized ultra-long communication. Inspired by the scheme, we propose a multi-user
MDI-QKD scheme based on the GHZ entangled state. We analyze the security of our
scheme and derive the secure key rate when users employ an ideal single photon source
and a weak coherent source. The simulation results show that a multi-user MDI-QKD
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system can be realized under this scheme with a reduced number of detectors and quantum
channels compared with traditional MDI-QKD, while the distance between each user and
the measurement device can reach more than 280 km (more than 560 km between each two
users). Additionally, we propose a method to expand our scheme to a multi-node with
multi-user network, which can further enhance the communication distance between the
users at different nodes. This paper is organized as follows: in Section 2, we introduce the
multi-user MDI-QKD based on GHZ entangled state protocol. In Section 3, we estimate the
performance of our scheme for an ideal single-photon source and a weak coherent source.
In Section 4, we introduce a method to expand our scheme to a multi-node with multi-user
network. Finally, a summary is presented in Section 5.

2. Protocol

Before providing details of our protocol, we simply introduce the background knowl-
edge of our scheme. A GHZ entangled state is multi-particle entangled state in which each
particle is entangled with other particles. It has maximum output mutual information,
and resistance to white noise. The n-particle GHZ entangled state can be expressed as
follows [19]: .

) —
) -5
Based on the distribution of an n-particle GHZ entangled state [16], n users can obtain the
common secure key simultaneously. This leads to the generation of a secure key according
to the measurement result of the GHZ entangled state.

In MDI-QKD [7], the measurement device utilizes the Hong-Ou-Mandel (HOM) [20]
effect to construct the relationship between two input particles. According to the click
of the detectors, we obtain the BSM result ™) = (|[H)|V) + |[V)|H))/v2 and |¢~) =
(|H)|V) —|V)|H))/V/2. In the Z basis, the successful BSM event (|y*) and |~ )) represents
the polarization of two particles being different, while the X basis |¢*) (|¢~)) represents
the two particles having the same (different) polarization.

Combining the distribution of the GHZ entangled state with the MDI-QKD, we can
realize the multi-user QKD by entanglement swapping [21].

As depicted in Figure 1, there is a case of an n-user MDI-QKD system based on GHZ
entangled states. The system can divide into four parts: user, measurement device, GHZ
entangled state source (GHZ-ESS) and channel. The n-user system includes n users, n
measurement devices, a GHZ-ESS, and channel. The user mainly contains a source, a
polarization modulator, and a upper computer. In practice, we usually use a weak coherent
source with a decoy-state instead of a single photon source. The user uses a polarization
modulator to modulate BB84 polarization states. The upper computer control the source,
the polarization modulator and the information processing. The information processing
includes sifting the efficient data, post-processing, etc. Each user has a corresponding
measurement device. The GHZ-ESS connects to all measurement devices. The number
of particles in the GHZ entangled state is similar to the number of users. Each particle of
the GHZ entangled state will interfere with the polarization state prepared by users in the
corresponding measurement device. They will perform Bell state measurement (BSM) in
the measurement device. The channel including quantum channel and classical channel.
Quantum channels are used to transmit quantum signals. Classical information such as the
basis of prepared polarization state is transmitted in classical channel.

As shown in Figure 2, our protocol consists of five main steps:

Step 1: Preparation. Each user randomly prepares one of the BB84 states such as
|+),|—) in the X basis or |H),|V) in the Z basis, while the GHZ-ESS randomly prepares
an n-particle GHZ entangled state. The number of particles in the GHZ entangled state is
equal to the number of users (in principle, each user only sends one photon).

Step 2: Transmission. Users (the GHZ-ESS) transmit the BB84 state (the GHZ entan-
gled state) in different quantum channels between each user (the GHZ-ESS) and measure-
ment device.

(1000...00) + |111...11))y )
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Step 3: Measurement. The measurement device performs BSM on the BB84 state
and the GHZ entangled-state particles. Each particle of the GHZ entangled quantum
state can interfere with a particle sent by its corresponding user. If there are only two
detectors responding we call it a successful BSM event (a click in D1H and D2V, or in
D1V and D2H are |¢p~); a click in D1H and D1V, or in D2H and D2V are | ")), similar to
traditional MDI-QKD.

Step 4: Sifting. All users retain the bits when all the corresponding measurement
device generates a successful BSM event. All users announce the basis of the prepared BB84
state, and the GHZ entangled source broadcasts the GHZ state it has prepared through
the classical channels. In our scheme, only the states in the Z basis are used to generate a
secure key; the states in the X basis are used to estimate the error rate. Hence, users retain
the data prepared in the same basis by all users and discard the remaining data. Then, each
user should either flip or not flip its local bits according to the BSM result, the GHZ states,
and the prepared basis; see following and Appendix A for details. At this point, each user
obtains the raw key.

Step 5: Post-processing. Similar to traditional point-to-point QKD protocols, users per-
form post-processing under the control of upper computer, which includes error correction
and privacy amplification. They finally obtain the same secure keys.

Quantum Channel ——
Classical Channel ----- GHZ Entangled State Source
PBS ; ; i
D2H D2V i i i
BS l.___| Measurement | [ Measurement Measurement
L Device 1 Device 2 Device n
D1 D1V : ! i
PBS : ! :
e ; - i
USER 1 USER 2 USERn

i
i
Upper Computer -

Figure 1. Schematic diagram of n-user MDI-QKD system. POL-M: polarization modulator; BS: beam
splitter; PBS: polarization beam splitter; D1H, D1V, D2H, D2V: single-photon detector; Source:
single-photon source or weak coherent source. We use solid line to depict the quantum channel

= Channel

and dotted line to depict the classical channel. The measurement device includes a BS, two PBSs,
and four single-photon detectors, and implements the Bell state measurement (BSM) the same as
the polarization-based MDI-QKD protocol. The GHZ-ESS can prepare GHZ entangled states with
different numbers of particles corresponding to the number of users.
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Step D GHZ-ESS |
Preparation || |¢)= %{\000 00)+[111..11)), !
S — il

________ [ 5tep @ Transmission o)
Slep @ : n Measurement Devices :
Measurement ! Bell State Measurement =) H
[}
Step @ ! Z basis X basis !
Sifting ! Raw Key Error Estimation ||

e e e g

Exceeding
Threshold?

Post-processing

Figure 2. Flow chart of our protocol.

Following the original MDI-QKD protocol [7], users need to operate on their local bits
based on the GHZ entangled state and the BSM results to generate secure keys. Taking
three users (named Alice, Bob, and Charles) as an example, Table 1 shows the relationship
between the prepared GHZ state, the BSM results, and the operations of the three partic-
ipants. The users can retain the signal to generate a secure key only when all the BSM
results are |[¢pT) or [~ ).

Table 1. Participants and their operations in the Z basis.

GHZ State BSM 1 BSM 2 BSM 3 Alice Bob Charles
FSURHH) £ [V)[V)[V)  [¥F) [v*) l¢*)  NoFlip NoFlip NoFlip
FURDV)H) £[V)H)V)  [¥F) [v*) l¢*)  NoFlip  Flip  NoFlip
FUDIDV) £V)V)H)  [¥F) [v*) l¢*)  NoFlip NoFlip  Flip
HUDWVIV)£V)[H)H) =) |y*)  |p*)  NoFlip  Flip Flip

For example, when the state prepared by the GHZ-ESS is % (|H)|H)|H) £ |V)|V)|V)),

the message can be retained as a sifted key only if Alice, Bob, and Charles have prepared
the same polarization state and all the BSM results are [¢) or [ ).

3. Secure Key Rate

Next, we derive the secure key and error rates to investigate the performance of our
scheme with a single-photon source and a weak coherent source.
By combining the MDI-QKD technique [7] and the GLLP method [22], the security
key rate is given by
R=Qf[1—H(ef)] - Q*fH(E”) 6

where Q% and EZ* denote the gain and quantum bit error rate (QBER) in the Z basis,
respectively; f is the inefficiency function for the error correction process; Q% denotes
the gain when all users send a single-photon state; ef denotes the phase error rate;
and H(x) = —xlog,(x) — (1 — x)log,(1 — x) is the binary Shannon entropy function.

Zx _ z z z z z z ; ;
E** = max {Efj ,, E{j,u, - - - EGyu, » where Efy (Eu1u3 . EU1Un) is the marginal quan-
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tum bit error rate between user 1 and user 2 (3...n) in the Z basis. In practice, Q% and E**
can be obtained from experimental data.

3.1. Key Rate of Single-Photon Source

For simplicity, we consider the case of three users in our scheme and estimate the
secure key rate for a single photon source.

When the users use an ideal single-photon source to prepare the BB84 state, the gain
in the Z basis is

Q" =0f =7 €)

where Y; denotes the probability of obtaining a successful BSM when all the users send a
single-photon state. The yield Y] is given by

Y = 6l4 (1= Pa)*[1 = (1= Py) (1 = m)][1 = (1 = Py) (1~ 17a)]

+2Py(1 = Py)*[1— (1= Py)(1 = ) (1 - y2)]}>

*)

where P, is the dark count, 77, is the detection efficiency, 7 = 1; X 17, = 107L/10 % 1y is the
transmittance between the users and measurement device, and 7; represents the channel
loss. gj represents the possibility that users send similar or different polarization states to
the particles of the GHZ entangled state in the Z basis.

We assume that our entangled source is perfect; therefore, the error rate contains two
main contributions: (1) the error rate ey caused by background counts and (2) the error rate
¢4 corresponding to the misalignment and instability of the optical system. The total error
rate is as follows:

(e0 — ea) (P31 — Py)*)
Yu,u,

E** = Efiu, = Elyus = €0 — ®)
where Yyy,1, denotes the probability of both measurement devices obtaining a successful
BSM when user 1 and user 2 send a single-photon state. Similarly, we obtain the error rate
in the X basis as follows:

P C ea) (@13 (1= Pa)®)
1= Y,

(6)

Utilizing the experimental parameters in Table 2 [23], we obtained the simulation
results shown in Figure 3. These results show that the communication distance between
each user and the GHZ-ESS can exceed 280 km using optical fibers. Using an ideal single-
photon source and a perfect GHZ-ESS, the GHZ-ESS can be located at the center to establish
a star-configuration quantum network with a radius of 280 km.

Table 2. Experimental parameters used in the simulation. e, is the system intrinsic bit error rate, P; is
the dark count, f is the error correction inefficiency, and « is the optical fiber transmission loss.

eq Pd f 14
2% 8x 108 1.16 0.2
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Figure 3. Secure key rate with single-photon state. The red line corresponds to the detection efficiency
174 of 93% [24], and the blue line corresponds to the detection efficiency 7, of 40% [23]. n is the number
of communication users. The distance refers to the length of the quantum channel between any user
and the measurement device.

3.2. Key Rate of Weak Coherent Source with Decoy State

In this section, we analyze the realization of the decoy state using our protocol. Users
use the decoy state to resist a photon number splitting (PNS) attack on a weak coherent
source. In our protocol, we use the Z basis to generate the secure key and the X basis to
detect the error bit. Therefore, we take the quantum state in the Z basis as the signal state
(only preparing the signal state) and that in the X basis as the decoy state (preparing both
signal state and decoy state).

In our analysis, two decoy-state techniques (signal state v, vacuum state o, decoy-state
u1) are used, where v > p1q > o = 0 represents the mean photons of the sources.

We consider the situation consisting of three users as an example to derive the secure
key rate. According to the decoy state method [25], in the Z basis, for each measurement
device, we can estimate the gain Q7 and error rate EZ as follows:

oo

— Ui
Q= Y g @
=
m m Ze Clzylz il (8

where Yj; (e1;) represents the yield (error rate) from the GHZ-ESS and the corresponding
user. The subscript 1 that different from the traditional MDI-QKD [7] represents the particle
of GHZ entangled state in each measurement device. Therefore, we can estimate the total
gain and error rate in the Z basis as follows:

iii z+]+k

= Yypijp )

Y=t ikt

7 1+]+k

E“Q Z Z Ze S Yk G (10)
i=0j=0k=0 v

where Y1115k (e1114jk) represents the overall yield (error rate) in the Z basis. We optimized
the formula in the Ref. [26] and added the subscript 111 to describe the influence of GHZ
entangled state. We Similarly, we can obtain the total gain and error rate in the X basis.
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Because we use the decoy state technique in the X basis, we can obtain the total gain
in the Z basis when all users send a single photon pulse as

Qf =0 Y¢ 11

where Y7 represents the yield when all users send a single photon pulse.

Next, we need to estimate the lower bound of the yield and the upper bound of the
error rate that each user sends for a single-photon pulse in the X basis. According to the
decoy-state method [25-27], we can estimate that

X 1 40 3 X _ om X _ odm X _ ampX
Yi 2?73P‘13(U ~m) [v*(e Qlitppup — € Quitpmo — € Qinpon, — € Qll10pn
1 X X X X
+ ¢ Q115,00 + " Q11050 + € Qit1004 — Li11000) (12)

40,3v X 20 (X 20 X 20 1 X
= 1€ Qe — € Qoo — €7 Qittoon — € Q100w
v X v X v X X
+ " Q1000 + ¢ Qi11000 + €° Q1000 — Qui1000)
1
X 31 pX X 21 X X 21 X X
e Sy13YX (M Ef iy, Q1 — € E11170j00 Q111500000 — €7 ET110,000 Q11110011
i
21 X X X X 40X X (13)
— e E1110y1;¢1Q1110y1;¢1 +et 5111;4100Q111,4100 +et ElllOmOQlllOle
0 pX D' b' b
+ e Eqi1004, Q111000 — E111000Q111000)
x o . . ,
where Qf;; ik (i,jk =0, p1, v represent the mean photon number intensities of users’ sources)
is the overall gain in the X basis when users choose the corresponding intensities. E{(ll ik is
the overall error rate in the X basis when users choose corresponding intensities.

Finally, utilizing the experimental parameters in Table 2, we can obtain the perfor-
mance of our protocol when three users use weak coherent sources as shown in Figure 4.
The simulation results show that the communication distance between each user and the
GHZ-ESS can reach further than 210 km using optical fibers. Compared with a single
photon source, the weak coherent source has a lower secure key rate and shorter commu-
nication distance while still realizing a signal transmission of more than 420 km between
each two users.

10° T T T T

n=3(7,=93%)

o
&

10710

1071°

Secure Key Rate (per pluse)

N
S

S

25 . . . .
0 50 100 150 200 250
Distance (km)

10

Figure 4. Secure key rate with weak coherent source. The simulation performed for the situation of
three users had detection efficiency results of 17; = 93% and 77; = 40%. The mean photons of signal
state v = 0.48, and the mean photons of decoy-state 11 = 0.05. The distance refers to the length of the
quantum channel between any user and measurement device.
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3.3. Security and Discussion

In this section, we will analyze the security of our protocol and compare our protocol
with other schemes.

Without loss of generality, we can depict the three-particle GHZ entangled state in
eight orthogonal GHZ states as [26]:

lar) = —=([H)[H)[H) +[V)[V)[V)) = *(\+++> Tl =+ )+ ==1)

f
laz) = 7(\H>|H [H) = [V)IV)IV)) = *(\++*>+\+*+>+\*++>+\***>)
|as) = T(WHH)IH )+ H)V)[V)) = 5 (F+H++—) ==+ -—-+)
lag) = T(WHH)IH) [H)V)IV)) = %(\++—>+\+—+>—\—++>—\———>) "
las) = 7 (ED[V)[H) +[V)H)|V)) = % (F+H) ==+ =+ )= |-—+)
las) = 7(\H>|V>|H> IVIH)V)) = %(\++—>—\+—+>+\—++>—\———>)
laz) = 7(\H>|H>\V>+\V>\V>\H>) %(\+++>*\+**>*\*+*>+\**+>)
lag) = ﬁ(\HHH)\W —(MIV)H)) = % (F+=) ===+ H+|---)
Taking |aq) as an example, it will randomly collapse into |y1) = |H)|H)|H) or

|72) = |V)|V)|V) in the Z basis. In the X basis, any user obtains |+) (]—)) when the
other obtains the same (different) polarization. We use the character that provides the
security of the GHZ entangled sources to generate a secure key in the Z basis and error
detection in the X basis.

Based on the principle of MDI-QKD [7], our scheme can resist attacks on the mea-
surement devices. In addition to resisting attacks on the measurement device, our scheme
can resist a PNS attack using the decoy state technique [22,25,28,29]. Users can employ
weak coherent sources with a decoy-state. The GHZ entangled state is equivalent to an
ideal single-photon state in each quantum channel. A PNS attack is ineffective for an ideal
single-photon source. Therefore, our scheme can resist PNS attacks.

Compared with traditional MDI-QKD, ref. [30] reported the longest communication
record that reached 404 km in experiments, while the simulation result shows that our
protocol can be utilized with greater than 560 km between each two users. Four detectors are
required to build a traditional MDI-QKD system between two users. Therefore, 2n (n — 1)
detectors are required to establish a quantum communication system using the MDI-QKD
protocol between n users. However, in our protocol, the number of detectors required
to establish communications between n users is reduced to only 4n. Moreover, only 2n
channels rather than n (n — 1)/2 channels are required if a traditional point-to-point
protocol [7] is used between the users and the measurement device. Thus, the cost and
complexity of the network are reduced.

We compare our scheme with other multi-user schemes in Table 3. When we employ a
single photon source with 77; = 93%, the available distance can reach more than 560 km
between each two users. When we employ a weak coherent source with 77; = 93%, the
available distance can reach more than 420 km between each two users.

Unlike the MDI-QCC based on a post-selection GHZ entangled state [26] and PM-QCC
based on a post-selection GHZ entangled state [19], our protocol uses a GHZ entangled
state and the polarization state prepared by users to execute BSM and realize multi-user
sharing of a common secret key.
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Table 3. Comparison of multi-user schemes.

W State GHZ State
Items MgEé (S:?t[ez 61 Multi-User Multi-User Our Scheme
MDI-QKD [31] MDI-QKD [23]
Entangled State GHZ state W state GHZ state GHZ state
Users >3 >4 >3 >3
10—16 10—16 10—21 10—15
(114 = 93%, (114 = 93%, (a = 40%, (11a = 93%,
Secure Key Rate 400 km between 260 km between 400 km between 400 km between
two users, two users, two users, two users,
weak coherent) single photon) single photon) single photon)
560 km between
420 km between 260 km between 520 km between (sirtlwlce) u;eortson)
Available Distance two users two users two users gep
. . 420 km between
(weak coherent) (single photon) (single photon) WO users

(weak coherent)

CKA schemes [32] based on the principle of twin-field QKD [33] can realize a high
secure key rate and long communication distance through the single photon interference.
In our scheme, with a more flexible number of users, we can increase the distance between
the GHZ-ESS and the measurement device to enhance the communication distance between
each two users. In addition, we can expand our scheme further into a multi-node quantum
network, as detailed in Section 4.

Because of the coincidence measurement at the measurement device, increasing the
number of users will lead to an obvious decrease in the secure key rate. We propose a
system that uses an adaptive technique in Appendix B, while we need to investigate the
specific performance in our scheme. At the same time, we will consider using asynchronous
time multiplexing technology [34,35], which idea is based on adaptive techniques, to further
improve our scheme through enhancing the secure key rate under multi-user scenarios.

4. Expansion of Our Protocol

Based on the location-changeable GHZ-ESS, we can expand our scheme further into a
multi-node quantum network without quantum memory. An example of two nodes with
two users per node is shown in Figure 5, and we can extend the system to n nodes with n
users per node.

In the system, we use measurement devices that perform BSM to construct the entan-
gled relationship between two adjacent GHZ entangled sources and extend the communi-
cation distance between users in different nodes by increasing the distance between the
GHZ-ESS and the measurement device. We use the example shown in Figure 5 to detail
the process. In theory, the longest secure communication between user 3 and user 1 can be
estimated as follows:

Luyuy = Luymy + Leuzym, + LoaziMmey, + LonzoMey, + Lorzoms + Lusny (15)

where Ly, pm, (Lu;m;) is the distance between the user and the corresponding measurement
device, Loz, M, (LgHz,M,) is the distance between the GHZ-ESS and the corresponding
measurement device, and Loz, mcyy, (LGHZ, My, 18 the distance between the GHZ-ESS
and the measurement device that is between the adjacent GHZ-ESSs.
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GHZ Entangled State Source 1

Measurement
Device (GHZ)

GHZ Entangled State Source 2

Measurement Measurement Measurement Measurement
Device 1 Device 2 Device 3 Device 4
USER 1 USER 2 USER 3 USER 4

Figure 5. An example of two users per node. The system can help user 1, user 2, user 3, and user 4 to
share a common secure key. Unlike our system shown in Figure 1, we build the relationship between
two GHZ-ESSs with measurement devices that use BSM like ordinary MDI-QKD devices.

When we assume that two GHZ-ESSs prepare the same GHZ entangled state and all
measurement devices obtain successful BSM events (|¢ ") or |~ )), the operations of users
in the Z basis are as shown in Table 4.

Table 4. The operations of users in different GHZ states in the Z basis. The operation of bit flip
according to user 1 and all measurement devices obtain successful BSM events (|1p+> or ‘1,0’ >) We
assume that the first particle of the first GHZ is entangled, corresponding to measurement device 1,
and the first particle of the second GHZ entangled state corresponds to measurement device 3.

GHZ state USER 1 USER 2 USER 3 USER 4
%(\HHH)\H)i (VHIV)|V)) No Flip No Flip Flip Flip
%(\H)WHH):HV)\H)\V)) No Flip Flip Flip No Flip
%(\HHH)\V):HV)\V)\H)) No Flip No Flip Flip Flip
S (H)V)|V) £ |v)|H)|H)) No Flip Flip Flip No Flip

5. Conclusions

In this study, we presented a multi-user MDI-QKD scheme based on the GHZ entan-
gled state. We analyzed the security of our scheme and derived the secure key rate when
users use an ideal single photon source and a weak coherent source. The MDI-QKD-based
scheme is also immune to attacks on the measurement devices, and the communication
distance is increased. Furthermore, in contrast to the multi-user quantum network im-
plemented by the original MDI-QKD protocol, the number of detectors required in our
scheme is reduced from 2n (n —1) to 4n, and the number of quantum channels is reduced
fromn (n — 1)/2 to 2n. Our scheme realizes an ultra-long QKD available communication
distance that can reach more than 280 km between each user and measurement device (i.e.,
the longest communication distance between any two users can reach more than 560 km)
and further extend by changing the location of the GHZ-ESS. In addition, we can expand
our scheme further to a multi-node quantum network without quantum memory, which
enhances the communication distance between two users.

Although our scheme can be flexibly applied to QKD networks, there are still two
issues remaining to be studied in the future. On one hand, the location of the GHZ
entangled source can be changed in our scheme, and we can extend the communication
distance between two users by increasing the distance between the GHZ entangled source
and the measurement device. Therefore, we will study the influence of GHZ entangled
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state long-distance division. On the other hand, in our estimation of the secure key rate, we
assume that the distance between each user and the corresponding measurement device is
similar. Therefore, it will be interesting to consider an asymmetric situation.
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Appendix A. Protocol Analysis

In this section, we analyze the generation of the secure key. The key generation in the
Z basis in our protocol can be equivalent to the construction shown in Figure Al. The GHZ
entangled source distributes a particle of the n-particle GHZ entangled states to each user.
Users measure the polarization of the particle and obtain the secure key.

USER 3

USER 2 GHZ Entangled State Source USERn

PBS N . DV " USER ’

| PBS DV

X basis B

Figure Al. The equivalent topological schematic diagram of the GHZ entangled source distributing a
particle of the n-particle GHZ entangled states to each user. HWP: half wave plate; PBS: polarization
beam splitter; DH, DV: single photon detector.

We also considered the case of three users. As shown in Table A1, the GHZ-ESS
prepares different GHZ states and sends them to users. Users measure the polarization
in the Z basis. They obtain value “0” when the measurement result is |H), and value “1”
corresponds to | V).
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Table Al. Measurement result and value of the secure key. GHZ entangled state is the GHZ state
sent by the entangled source. MR1, MR2, and MR3 are the measurement results of user 1, user 2,
and user 3. and Valuel, Value2, and Value3 are the values of the users’ secure keys.

GHZ Entangled State MR1 Valuel MR2 Value2 MR3 Value3
SUmimim=wivv) 0 0
L (V)H)|H) £|H)|V)|V)) ‘\1‘3 (1) |‘€/I§ (1) K/I; (1)
LUEV)|H) = |[V)|H)|V)) \‘1‘2 0 I‘IZ; (1) Hj; (1)
T(H)H)[V) V) |V)H)) om0

Compared with the equivalent topological scheme, our protocol can resist attacks
on measurement devices and enhance the communication distance between two users.
Moreover, if we locate the GHZ entangled source near the measurement device, can
we greatly reduce the effect of decoherence of GHZ entangled states. However, we can
also increase the distance between the GHZ-ESS and measurement device to increase
the communication distance between the two users. Therefore, our protocol can realize
multi-user QKD over an ultra-long distance.

Appendix B. Increasing the Secure Key Rate with an Adaptive Technique

According to the idea in [36], we propose our multi-user MDI-QKD system with an
adaptive technique as shown in Figure A2.

GHZ Entangled State Source

|
cLew | ow | :
: v v !
| SW [ | SW | "
L - - J -~ - - - - —-=——T 1

v v
Measurement Measurement Measurement
Device 1 Device 2 e Device n

USER 1 USER 2 USER n

Figure A2. Multi-user MDI-QKD system with adaptive method. QNP: quantum non-demolition
measurement; SW: optical switches. The adaptive technology structures are shown inside the red
dashed frames.

The implementation process is as follows. Firstly, all users and GHZ-ESSs send many
signal states to the corresponding measurement device; secondly, the QNP performs the
quantum non-demolition measurement to detect the arrival of the signal; thirdly, the SW is
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used to match the arrival signal from the GHZ-ESS and users; fourthly, the measurement
device performs BSM between the matched signals and broadcasts the matched result as
well as measurement result; lastly, the user keeps the signal data that relate to successful
BSM events and other post-processing.

Through the use of an adaptive technique, we can enhance the secure key rate in our
multi-user QKD scheme. However, the lack of any particles in the GHZ entangled state will
lead to the entire entangled state being unusable, and the GHZ-ESS will need to prepare
more signal states than users in principle. We will study the specific performance of using
an adaptive technique in future research.
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Abstract: By using difference schemes, orthogonal partitions and a replacement method, some new
methods to construct pure quantum error-correcting codes are provided from orthogonal arrays. As
an application of these methods, we construct several infinite series of quantum error-correcting
codes including some optimal ones. Compared with the existing binary quantum codes, more new
codes can be constructed, which have a lower number of terms (i.e., the number of computational
basis states) for each of their basis states.

Keywords: quantum error-correcting codes; k-uniform states; orthogonal array; orthogonal partition

1. Introduction

Errors are inevitable in quantum information processing [1], so quantum error-correcting
codes (QECCs) are very important for quantum communication and quantum computing.
In 1995, Shor [1] gave the simplest quantum simulation of a classical coding plan and then
constructed the first QECC. In 1998, Calderbank et al. provided a close connection between
QECCs and classical error correction codes [2], which leads to constructing QECCs from
known classical error correction codes. In recent years, the research on QECCs especially
on binary QECCs has made great progress. Feng and Ma made a way to obtain good pure
stabilizer quantum codes, binary or nonbinary [3]. Li and Li obtained quantum codes of
minimum distance three which are optimal or near optimal, and some quantum codes
of minimum distance four which are better than previously known codes [4]. Feng and
Xing presented a characterization of (binary and non-binary) quantum codes. Based on
this characterization, they derived a method to construct pure p-ary quantum codes with
dimensions not necessarily equal to powers of p [5]. Some other constructions of non-
stabilizer codes, such as CWS codes [6], the codes in [7], and permutation-invariant codes
such as in [8-11] have been studied. However, the majority of binary QECCs constructed
so far are stabilizer codes [12-14]. The main goal of this work is to link between orthogonal
arrays and binary QECCs and to construct more families of new codes.

Orthogonal arrays (OAs) play a more and more important role in quantum information
theory [15-22]. An7 x N array A with entries fromaset S = {0,1,...,s — 1} is said to be
an orthogonal array with s levels, strength ¢ (for some t in the range 0 < t < N ) if every
r x t subarray of A contains each t-tuple based on S as a row with the same frequency. We
will denote such an array by OA(r, N, s, t). Recently, many new methods of constructing
OAs, especially high strength OAs, have been presented, and many new classes of OAs
have been obtained [23-33]. An OA(r, N, s, t) is said to be an irredundant orthogonal array
(IrOA) if, in any r x (N — t) subarray, all of its rows are different [18]. A link between an
IrOA with d levels and a t-uniform state was established by Goyeneche et al. [18], i.e., every
column and every row of the array correspond to a particular qudit and a linear term of the
state, respectively.

Entropy 2022, 24, 1000. https:/ /doi.org/10.3390/e24071000 169

https:/ /www.mdpi.com/journal/entropy



Entropy 2022, 24, 1000

15 SN
s2 §5 ... §A
. 1 52 N . .
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is a t-uniform state.

More and more attention has been paid to the construction and characterization of
t-uniform states from OAs [15-18,34-39]. Very interestingly, uniform states are closely
related to QECCs. Goyeneche and Zyczkowski stated ((N, 1,k + 1)); QECCs are one-to-
one connected to k-uniform states of N qudits [18]. Shi et al. also presented the relation
between a pure QECC and f-uniform state [40]. It is these new developments in OAs and
uniform states that raise the possibility of constructing QECCs from OAs.

In this paper, the Hamming distance and minimal distance (MD) of OAs are applied
to the theory of quantum information. By using difference schemes, orthogonal partitions
and a replacement method, some new methods to construct pure quantum error-correcting
codes are provided from orthogonal arrays. As an application of these methods, we
construct several infinite series of quantum error-correcting codes including some optimal
ones. Compared with the corresponding binary quantum error-correcting codes in [12,41],
more new codes can be constructed, which have fewer terms for each of their basis states.

2. Preliminaries

First, the following concepts and lemmas are needed.

Let AT be the transposition of matrix A and (2) = (0,1)7. Let 0, and 1, denote the
r x 1 vectors of Os and 1s, respectively. If A = (a; j)m «nand B = (b,-j)u «p With elements from
a Galois field with binary operations (+ and ), the Kronecker product A ® B is defined
as A®B = (ai]- * B)muxno, where aj - B represents the 1 x v matrix with entries ajj - bys
(1 <r<u1<s<wv),and the Kronecker sum A & B is defined as A ¢ B = (”ij + B) muxno
where ajj+ B represents the u x v matrix with entries ajj + brs (1 <r<u,1<s<v)[2324].
Let (C)®N =20 C?® --- @ C2 Let ZY = Zy x Zp x - -+ x Zp over ring Zp = {0,1}.

— N————
N
A matrix A can often be identified with a set of ité\] row vectors if necessary.

Definition 1 ([26]). Let Abean OA(r,N,s,t) and { Ay, Ay, ..., Ay} be aset of orthogonal arrays
u
OA(L,N,s, t1) witht; > 0. If U A; = Aand AiNA; = Qfori# j then {A1,Ay,..., Ay} is
i=1
said to be an orthogonal partition of strength t1 of A.
Let A be an abelian group of order s. A’, t > 1, denotes the additive group of order
s' consisting of all t-tuples of entries from A with the usual vector addition as the binary

operation. Let Aj = {(x1,...,x¢) : xy = --- = x; € A}. Then, Al is a subgroup of A’ of
order s, and its cosets will be denoted by Af, i=1,...,s"1-1

t

Definition 2 ([42]). An m x n matrix D based on A is called a difference scheme of strength t if,
for every m x t submatrix, each set A, i =0,1,...,s'""1 — 1, is represented equally often when the
rows of the submatrix are viewed as elements of A'. Such a matrix is denoted by D¢(m, n,s). When
t =2, D¢(m,n,s) is written as D(m, n,s).

Definition 3. Let D be a difference scheme Dt(m n,s) and {D1,D,,..., Dy} be a set of dif-
ference schemes Dy, (%, n,s,) with t; > 0. If U D; = Dand D;\D; = @ for i # j, then

{D1,Dy,...,D,} is said to be a partition ofstrength t1 of D.
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Definition 4 ([42]). Let S' = {(vy,...,v)|v; € S,i = 1,2,...,1}. The Hamming distance
HD(u, v) between two vectors u = (uy,...,u;), v = (v1,...,0;) in slis defined as the number
of positions in which they differ. The minimal distance MD(A) of a matrix A is defined to be the
minimal Hamming distance between its distinct rows.

Definition 5 ([43]). (quantum Singleton bound) Let Q be an ((N,K,d))s QECC. IfK > 1, then
K < sN=24%2 A QECC that achieves the equality is said to be optimal.

Lemma 1 ([42]). Ifs < tand t is odd, then there exists a difference scheme Dt(sf’l, t+1,s)onS.
Lemma 2 ([37]). The minimal distance of an OA(s!,N,s,t)is N —t+1fors > 2and t > 1.

Lemma 3 ([40]). Let Q be a subspace of (C*)®N. If Q is an ((N,K,d))s QECC, then for any
(d — 1) parties, the reductions of all states in Q to the (d — 1) parties are identical. The converse is
true. Further, if Q is pure, then any state in Q is a (d — 1)-uniform state. The converse is also true.

Lemma 3 can also be viewed as the definition of a QECC. Q is denoted as ((N, K, d))s,
where N is the length of the code, K is the dimension of the encoding state, d is the
minimum Hamming distance, and s is the alphabet size. When s = 2, it is simply written
as ((N,K,d)).

Lemma 4 ([44]). (1) Let D be a difference matrix D¢(m,n,s) and L be an OA(r,N,s,t) for
t =2,3. Then D @ Lis an OA(mr,nN,s,t);
(2) Let D be a difference matrix Dy(m, n,s) with t > 2. Then D & (s) is an OA(ms, n,s, t).

Lemma 5 ([36]). (Expansive replacement method). Suppose A is an OA of strength t with column
1 having s levels and that B also is an OA of strength t with s rows. After making a one-to-one
mapping between the levels of column 1 in A and the rows of B, if each level of column 1 in A is
replaced by the corresponding row from B, we can obtain an OA of strength t.

Lemma 6 ([42]). If s > 2 is a prime power then an OA(s',s + 1,s,t) of index unity exists

whenevers >t —1 > 0.

3. Main Results

This section presents some new methods for the construction of QECCs. We begin
with a link between OAs and QECCs. There exists a perfect match between the parameters
of an OA(r, N, s, t), A, with an orthogonal partition { A1, Ay, ..., Ax} of strength t; and the
parameters of an ((N, K, d))s QECC, which is listed in Table 1.

Table 1. Correspondence between parameters of OAs and QECCs.

OAs QECCs
N Number of factors Length of code
K Number of partitioned blocks Dimension of code
d min{t +1,MD(A)} MD of code
s Number of levels alphabet size

The construction method for a QECC Q with parameter ((N, K, d)) is summarized in
the following Algorithm 1.
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Algorithm 1 (OA-QECCs method) OA algorithm for construction of binary QECCs.

Step 1. Find an OA(r, N, 2,t) with minimal distance d' and an orthogonal partition
{A1, Ay, ..., Ak} of strength t; by a difference scheme or a space ZN.

Step 2. Letd = min{d’,t; + 1}. Give logical codewords ¢y, ..., 9k, where ¢; isa (d — 1)-
uniform state, by Aj, A, ..., Ax and Connection 1 in the Introduction;

Step 3. {¢1,..., ¢k} can be used as a base to form the QECC Q = ((N, K, d)).

Theorem 1. Ift > 2 and t is odd, then we can construct a ((t +1,K,2)) QECC for any integer
1 < K < 2!7Vincluding an optimal ((t +1,2'=1,2)) code.

Proof. Step 1. Find an OA A with minimal distance d’ and an orthogonal partition
{Aq,..., Ak} of strength t; by a difference scheme.
By Lemma 1, a difference scheme D = D;(2!~1,t +1,2) exists for any odd integer
d

dy
t > 2. Take A = D @ (2). Due to Lemma 4, A is an OA(2!,t +1,2,t). Let D =

dpi-1
Then A; = d; ® (2) is also an ItOA(2,t +1,2,1) for i = 1,2,...,2!71. It follows from
Lemma 2 that MD(A) =2 and MD(A;) =t +1;

Step 2. Letd = min{d’,t; + 1}. Give logical codewords ¢y, ..., px, where ¢; is a
(d — 1)-uniform state, generated by A1, Ay, ..., Ax and Connection 1 in the Introduction.

Let K = 2!~1. By the relation between irredundant orthogonal arrays and uniform
states (Connection 1), {Aj, Ay, ...,Ay1} can generate 21 one-uniform states
{o1 @2, o}

Step 3. The uniform states ¢y,..., gk are just the logical codewords of a QECC
Q= ((t+1,271,2)).

By Lemma 3 and Definition 5, Q is an optimal code.

Furthermore, if we take Qg to be the subspace spanned by { ¢, ..., ¢x} for integer
1<K <271 — 1, thenitisa ((t+1,K,2)) code.

In particular, for t = 1, taking |¢) = %(|00) +]11)) as a basis state, we have a
((2,1,2)) QECC.

Compared with the binary QECCs in [12], the ((N,K,2)) QECCs obtained from
Theorem 1 for N = 4, 6, 8 have fewer terms for each basis state and more dimensions K
not necessarily equal to powers of 2. The comparison is put in Table 2, where “K” denotes
the dimension of QECCs and “No.” represents the number of terms for each basis state.

Table 2. Comparison of the obtained QECCs with those in [12].

The QECCs in [12] The QECCs by Theorem 1
(4K2) ((6K2) (8K2) ((4K2) ((6K2) ((8,K,2))
K 1,2, 4 22 23, 24 24 25,26 1,2,3,4 1,2,3,...,2* 1,2,3,...2°
No. 4, 4,2 8, 4,2 8, 4,2 2,2,2,2 2,2,2,...2 2,2,2,...2

The following is about construction of QECCs with odd length N and minimum
distance 2. [
Theorem 2. (1) When N = 1 (mod 4), we can construct an ((N,K,2)) QECC with
N5 N3
K=14+C{+Cl+ - +CF +Cy
(2) When N = 3 (mod 4), there exists an ((N,K,2)) QECC with K = 1+ C%, + C§; +
N-3
e+ G
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Proof. (1) ZY has CY; vectors with weight 0, C% Vectors with weight 2, C% vectors with

N-5 -3
weight 4, -- -, C;f vectors with weight N 5 and CN 1 vectors (with the first compo-
nent equal to 1) with weight 1 + N-3 *3 The above vectors are denoted by by, by, b3, ..., by,

where K = 1+ C% +C{ + - +C —I—CN1 Let A; = b;®(2) for1 < i < K. Take
Ay

Ay
A = . . Then A; and A are strength 1 orthogonal arrays and MD(A) = 2.

Ak
By Connection 1, {Aj, Ay, ..., Ak} can generate K one-uniform states, which form an or-
thogonal basis of a subspace Q of C2*N. By Lemma 3, Q is an ((N, K, 2)) QECC;

(2) By arguments similar to those used in the proof of (1), we can obtain the de-
sired QECC. [

Theorem 3. Let L be an OA(r,N,2,2) with MD(L) >
in ZY satisfying HD(b;, b;) > 3 and [HD(b;, b;) — HD
((N,K,3)) QECC.

3. If there exist vectors by, by, ..., bk
(L)| > 3 fori # j, then there is an

My
M,
Proof. Let M; =1, ®b; + Lfor1 <i < K. Take M = . . Both M and M; are OAs
Mg
of strength two. Any two rows of M can be written as my = b; + Iy, my = b; + I, where
bi,b]‘ S {bl,bz, .. .,bK}, ll,lz e L.
(1) Wheni =j, 1 # I, HD(mq,mp) = MD(L) > 3;
(2) When i 75 ] ’ ll = lz, HD(m1,m2) = HD(b,, bj) 2 3,
(3) When i # j and I; # I, we have HD(my, mp) > HD(b; + I, my) — HD(b; +
Iy, my) or HD(mq, mp) > HD(b; + 1o, my) — HD(b; + I, my), so HD(my,my) > |HD(b;, ])
HD(L)| > 3.
So MD(M) > 3. By Connection 1, { M3, My, ..., Mg} can generate K states, which form
an orthogonal basis of a subspace Q of C?®N. By Lemma 3, Qis an ((N, K, 3)) QECC. [J

Theorem 4. There exists a ((3p,2P~",3)) QECC with 2"~1 < p < 2" —1forn > 3. In
particular, for n = 2, we have a ((9,2,3)) code.

o O O
S = O

Proof. Let D = D(4,3,2) = be a difference scheme of strength 2. Take

0

0

1
01 1
Lo=((2) @11, 1, @ (2) @ 1yu2, ..., 11 ® (2),L') is an OA(2", p,2,2) for 2" 1 < p <
2" — 1 withn > 3 and L= ((2) ® 12;171,12 ® (2) ® lzn—z, .. ,12;171 ® (2), L+ (12)1 ® Rl))
where R; is the ith row of Zgin fori = 1,2,3,...,2°P7" Then {Ly,Ly,...,Lyp-n} is an
orthogonal partition of strength 2 of Zb. Let

D& Ly M,
D® L M,
M= . = . ,
D& Lypr Moy

By Lemma 4, M; = D & L; is an OA of strength 2. Any two rows of M; can be written as
my =dy &1, my =dy ®1lp, wheredy,dy € D, 11,1, € L;.

(1) When dy = dy, HD(mq,mp) = 3-HD(ly, 1) > 3;

(2) When 11 = 12, HD(ml,YI”Zz) = p . HD(dl,dz) Z 3;
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(3) When dq # dp and I # I, we have
HD(my,my) = (3 —HD(dy,dz)) - HD(I3, 1) + (p — HD(I3, 1)) - HD(dy,d2) > 3.

So MD(M;) > 3.

Since M can be written as D(4,3,2) @ Zg after row permutation, M is an OA of strength
2. Similarly, we also have MD(M) > 3. By Connection 1, { My, My, ..., Myp-n } can generate
2P~ states, which form an orthogonal basis of a subspace Q of C?*37. By Lemma 3, Q is a
((3p,2P7",3)) QECC.

Especially, when n =2 and p = 3, a ((9,2,3)) QECC exists with logical codewords:

l91) = £(]000000000) + [011011011) + [101101101) + [110110110) + |000000111) +
|011011100) + [101101010) + [110110001) + [000111000) + [011100011) + [101010101) +
|110001110) + |000111111)
+011100100) + [101010010) + |110001001)),

l92) = 1(]001001001) + [010010010) + |100100100) + [111111111) + [001001110) +
1010010101) + [100100011) + |111111000) + [001110001) + [010101010) + [100011100) +
[111000111) + [001110110)
+1010101101) + [100011011) + [111000000)).

The code is pure, but neither the 9 qubit Shor code in [1] nor the 9 qubit Ruskai code
in [11] are pure. [

Theorem 5. There exists a ((4p,2P~"*+1,3)) QECC with 2"1 < p < 2" —1forn > 3. In
particular, for n = 2, we have a ((12,4,3)) code.

00 0O 00 01

0011 0010
Proof. Take Dy = D(4,4,2) = 010 1 and D; = D(4,4,2) = 0100

0110 0111
Then {Dy, D1} is a partition of strength 2 of the difference scheme D(8,4,2) = (0s,Z3). For

on-1 <p<2'"—landn >3, let

Do® Ly M,
M _ D() 5] sz—n _ sz—n
D1 &Ly Mpp-nyq |
D1 @ Lyp-n sz—lH»l

where Ly, Ly, ..., Lyp-n are as in Theorem 5. Similar arguments in Theorem 2 apply to M,
we can obtain the desired QECCs.
Especially, when n =2 and p = 3,a ((12,4,3)) code can be attained. [

Theorem 6. There exists a ((4p,2P~"*1,4)) QECC with 2" 2 +1 < p < 2" ! forn > 4. In
particular, for n = 3, we have a ((16,4,4)) code.

O = O

0
0
1
1

o O O o
_ =0 O
_ O O -

0 0 0
0 11

Proof. Let Dy = D5(4,4,2) = 0 01 and D1 = D3(4,4,2) =
0 10

@ =

Then { Dy, D1 } is a partition of strength 2 of the difference scheme D(8,4,2) = (0g, Z3). Take
Ly=((2)®1w1,1®(2) ®1lpu2,..., 11 ®(2),L') is an OA(2",p,2,3) for 2" 2 +1 <
p <2 lwithn >4and L; = ((2) ® 1yn-1,1® (2) @ Lyn-2,. .., Lon1 @ (2), L' + (1n @ R}))
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where R; is the ith row of Zgin fori = 1,2,3,...,2°P7" Then {Ly,Ly,...,Lyp-n} is an
orthogonal partition of strength 3 of Zb. Let

Do Ly M,
M — DO @ sz—n _ sz—n
D1 &Ly sz—n +1
D1 @ Lyp—n sz—nﬂ

Similar arguments in Theorem 5 apply to M, we can obtain the desired QECCs.
Especially, when n = 3 and p = 4, a ((16,4,4)) code exists. [

Theorem 7. Suppose LN denotes an OA(r,N,2,t). Let Y = (0, ® LM, (2) @ LN=N1). If
MD(Y) > t+1, thenan ((N,2,t + 1)) QECC exists.

Yo
Y
OA(r,N,2,t)and Y isan OA(2r, N, 2,t). EMD(Y) > t+1, then MD(Y;) > MD(Y) > t + 1.
From Lemma 3, there exists an ((N, 2, + 1)) QECC. O

Proof. Let Y; = (LM,i+LN"M) fori = 0,1. Thus Y = ( > Obviously, Y; is an

Theorem 8. Let L be an OA(r, N, 2,t) with MD(L) > t + 1. If there exist vectors by, by, ..., bx
1, @b+ L

1, @by + L

in ZY such that MD > t+1, then thereis an ((N,K,t+ 1)) QECC.

1r®bK+L

My 1r®b1+L
M2 1,®b2+L

Proof. Let M = . = . Obviously, M; is an OA(r,N,2,t) and

MK 1, ® bK +L
MD(M) > t+ 1. From Lemma 3, there exists an ((N, K, t+ 1)) QECC. [

Theorem 9. There exists a ((2(my +1)(d —1),1,d)) QECC for any integer d > 5, where my is
the integer that satisfies 2"a—1 42 < d < 2" 4-1. Especially, for d = 3,4, we have three QECCs
((6,1,3)),((8,1,4)) and ((10,1,4)).

Proof. Let s = 2"+l From Lemma 6, an OA(sd’l,s +1,5,d — 1) exists. Obviously,
s+1>2d, then an OA(s?1,2(d — 1),5,d — 1) exists and is denoted by A. From Lemma 2,
MD(A) = d. Replacing the s levels, 0,1, ...,s — 1, by distinct rows of Z?”’H respectively, we
can get an IrOA (201 2(4 —1)(my+1),2,d —1) . By Lemma 3, a ((2(d — 1) (my +
1),1,d)) QECC exists.

Especially, when d = 3,4, by using Lemma 3 and IrOA(8, 6,2,2), IrOA(16,8,2,3), and
IrOA (24,10, 2,3), three QECCs ((6,1,3)), ((8,1,4)), ((10,1,4)) can be obtained. [J

Corollary 1. For any d > 5, let m, be the integer satisfying 2ma=1 4 2 < g < 2Md. Then an
((ng,1,d)) QECC exists for 2(d — 1) (mg + 1) < ng < 2d(myz + 1) — 1. In particular, a QECC
((nfy, 1,2 + 1)) exists for (2"1) (my +1) < nly < (2" + 1) (my +1).

Proof. Let s = 2"¢*1. From Lemma 6, an OA(s?*~!,s 4+ 1,5,d — 1) exists. Obviously,
B=OA(s”’*1, 2d,s,d — 1) exists since s +1 > 2d. From Lemma 2, MD(B) = d + 2. By
using the replacement method in Theorem 9, we can get C :OA(sdfl, 2d(mg+1),2,d —1).
Removing the last 1,2, ...,2m, + 2 columns from C, we can get an OA(Sdfl, ng,2,d—1)
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with MD> d for 2(d — 1)(my + 1) < ny < 2d(my; + 1) — 1. By Lemma 3, the desired
((ng,1,d)) QECC exists.

Similarly, from the OA(s?~',s 4+ 1,s,d — 1), we can obtain an OA (s, (s + 1) (ny +
1),2,d —1). Then removing the last 0,1, ..., my + 1 columns, we can have the desired result
by Lemma 3. [

4. Examples
In this section, we use examples to illustrate applications of theorems.

Example 1. Construction of a ((4,K,2)) QECC for any integer 1 < K < 4.

4 0001
L ] (o010 B
Let t = 3 in Theorem 1. Take D3(4,4,2) = ds = 0100 | A =
d, 0111
D3(4,4,2)® (2) and A; = d; @ (2) for 1 < i < 4. Then A; (1 < i < 4) can produce four

states, ¢ = %(\0001) + [1110)), ¢p = %uoom) + [1101)), @3 = %(mmo) +1(1011)),

Py = % (|0111) + [1000)), which form an orthogonal basis of a subspace Q in C2“*. Therefore,
Q is an optimal ((4,4,2)) QECC which can be found in [7].

Furthermore, if taking Qg to be the subspace spanned by { @1, ..., ¢x} for 1 < K < 3, then
we obtain a ((4,K,2)) QECC.

The QECCs in Example 1 are different from and particularly when K = 1,2, have less
number of items for every basis state than those codes in [12]. To be self-contained, the
((4,K,2)) QECCs for K = 1,2,4 in [12] are provided as follows.

((4,1,2)): |¢) = £(]0000) + |1100) -+ |0011) + |1111)).

((4,2,2)): [¢1) = 3(|0000) + |1010) + [0101) + |1111)), [¢2) = 3(|0011) + [1001) +
[0110) + [1100)).

((4,4,2)): [¢1) = 5(10000) +[1111)), |¢2) = 75(/0011) +[1100)), [¢3) = -=(|1010) +
10101)), |¢4) = 5 (10110} + [1001)).

Comparison of the method of code construction with [7].

Both methods can take any classical code to a quantum code. The method proposed
in [7] can make it by solving for the amplitudes in the superposition. Since any classical
code (N, m,d") is an OA(m, N, 2,t), the method in this paper can produce a quantum code
((N,1,d")) which is also a (d” — 1)-uniform state where d’’ = min{d’, t + 1} from Connec-
tion 1. Moreover, if the OA(m, N, 2, t) with an orthogonal partition {A1, Ay, ..., Ax} of
strength #1, this method can produce a quantum code ((N, K, d)) where d = min{d’, t; + 1}.
The amplitudes in the superposition for each logical codeword are all equal to \/% . For
example, the code ((4,4,2)) in Example 1 after it is normalized is the same as the one
constructed using the method proposed in [7]. It is noteworthy that in Example 1 if taking

0000

0 0 1
b= 010
0110
whose logical codewords are ¢ = %(K]OOO) + [1111)), ¢ = \iﬁ(|00]1> +[1100)), ¢3 =
25(10101) + [1010)), g5 = J5(/0110) + [1001)).

, then we can construct a stabilizer code with parameter ((4,4,2))

—_ =

Example 2. (1) For N = 5, take b; = (00000), b, = (11000), b3 = (10100), by = (10010), and
bs = (10001). Let A; = b; & (2) for 1 <i <5. Then A; (1 < i <5) can produce five states. By
Theorem 2, Qisa ((5,5,2)) QECC;

(2) For N = 7, take by = (0000000), b, = (0000011), by = (0000101), by = (0000110),
bs = (0001001), by = (0001010), b, = (0001100), by = (0010001), by = (0010010),
by = (0010100), by; = (0011000), by, = (0100001), bys = (0100010), bys = (0100100),
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bis = (0101000), byg = (0110000), by = (1000001), byg = (1000010), big = (1000100),
bz() = (1001000), b21 = (1010000), bzz = (1100000). Let A,‘ = b,‘ &) (2) Then A,‘ (1 S i S 22)
can produce 22 states. With Theorem 2, they yield a ((7,22,2)) QECC.

Example 3. Construction ofa ((7,2,3)) QECC.

Let r = 8 and N = 7 in Theorem 3. The two vectors by = (0000000) and b, = (1111111)
can be used to construct a ((7,2,3)) QECC whose basis states are:

|91) = 555 (10000000) + [0010111) +[0101011) + 0111100) + [1001101) + [1011010) +

1100110} + |1110001)) and
|92) = 555 (|1111111) + |1101000) + [1010100) + |1000011) + 0110010) + |0100101) +

[0011001) + [0001110)).
This is in fact equivalent to the Steane code. It can correct one error suchase = I @ I ®
LRILRXDLRIHR IR oy, 12®Iz®Iz@[z®12®12®(7y®121111d5001’l.

Example 4. Construction ofa ((3p,2P~",3)) QECC with2"~1 < p < 2" —1forn = 3,4.

(1) Let n = 3, p = 4,5,6,7 in Theorem 4. We can obtain QECCs ((12,2,3)), ((15,4,3)),
((18,8,3)), ((21,16,3));

(2) Letn =4, p =38,9,...,15 in Theorem 4. One gets QECCs ((24,16,3)), ((27,32,3)),
..., ((45,211,3)).

Example 5. Construction ofa ((4p,2P~"*1,4)) QECC with 2" 2 +1 < p < 2" forn = 4,5.
For the case n = 4 and 22 +1 < p < 23, Theorem 6 produces QECCs ((20,4,4)), ((24,8,4)),
((28,16,4)), ((32,32,4)).
For the case n = 5and 23 +1 < p < 24, Theorem 6 yields QECCs ((36,32,3)), ((40,64,3)),
o ((64,212,4)).

Example 6. For N = 23 and Ny = 16, take L?® = (ay, ..., a23) to be the OA(2048,23,2,6) (the
first 2048 runs and the first 23 columns from OA(4096,24,2,7) in [45]).  Let
L' = (ay,ay,...,a16) and L7 = (ayy,ag,...,a23). Then MD(Y) = 7. Theorem 7 yields a
((23,2,7)) QECC.

Example 7. For r = 512 and N = 23, take L to be the OA(512,23,2,4) (the first 512
runs and the first 23 columns from OA(1024,24,2,5) in [45]). We can get by, by, ..., by €
733 that satisfies the conditions in Theorem 8 where by = (00000000000000000000000),

by = (11111111111111111111111), b3 = (00000000000000000111011),
by = (00000000000000011011101),  bs = (00000000000001010000111),
be = (00000000000001101001011), by = (00000000000011110011110),

bg = (00000000000110010001010), by = (00000000001100110111110). Then we can con-
struct a ((23,9,5)) QECC.

Example 8. Comparison of the ((10,1,4)) QECCs in Theorem 9, [12,46].

The new quantum state in the QECC ((10,1,4)) in Theorem 9 has 24 terms. The quantum
state in the QECC ((10,1,4)) in [12] has 1024 terms. The quantum state in the QECC ((10,1,4))
in [46] with the follow stablizer matrix G has 512 terms where

1100110000 | 1111110000
0110011000 | 0111111000
0011001100 | 0011111100
0001100110 | 0001111110
0000110011 | 0000111111
1111110000 | 0011000000
0111111000 | 0001100000
0011111100 | 0000110000
0001111110 | 0000011000
0000111111 | 0000001100
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Compared with the above two codes, it is clear that our construction method has the advantage
of a small number of terms.

Example 9. Some new QECCs with larger minimum distance by Corollary 1.
Let d = 94. Then my = 7 and we have an ((ngz,1,94)) QECC for 1488 < n; < 1503.
Let d = 66. Then my = 7 and we have an ((ng,1,66)) QECC for 1040 < n; < 1055.
Let d = 41. Then my = 6 and we have an ((ny4,1,41)) QECC for 560 < ny < 573.
Let d = 23. Then my = 5 and we have an ((ny,1,23)) QECC for 264 < ng < 275.
Let d = 129. Then mg = 7 and we have an ((n};,1,129)) QECC for 2048 < n; < 2056.
Let d = 33. Then my = 5 and we have an ((n);,1,33)) QECC for 384 < n!; < 390.

5. Conclusions

In the work, by using OAs, we study the relation between uniform states and binary
QECCs. Several methods for constructing QECCs from OAs are presented. Some optimal
QECCs are obtained. Our methods have three advantages. The first is to be able to
construct an ((N,Kj,d)) QECC from each ((N,K,d)) QECC we construct for arbitrary
integer 1 < K; < K. The second is that Theorems 1 and 7-9 can be generalized to construct
QECCs ((N, K, d)), for arbitrary d and a prime power g. The third is that for the constructed
QECCs, their every basis state has less than or equal to terms compared with the existing
binary QECCs in [41] and [12]. A link between an IrOA and the uniform state is established
by Connection 1. In fact, from Theorem 1 to Theorem 9 we always make quantum codes
by using uniform states generated by orthogonal partitions. On the other hand, when a
quantum code is pure we can easily obtain uniform states. For example, each of the logical
codewords in the quantum code ((4,4,2)) in [7] is a one-uniform state. When it is not pure
it is worth studying how to use quantum codes to make uniform states. In the future, we
will also investigate constructing more optimal QECCs with d > 2.
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Abstract: Solving linear systems of equations is one of the most common and basic problems in
classical identification systems. Given a coefficient matrix A and a vector b, the ultimate task is to find
the solution x such that Ax = b. Based on the technique of the singular value estimation, the paper
proposes a modified quantum scheme to obtain the quantum state |x) corresponding to the solution
of the linear system of equations in O(x2/rpolylog(mn)/e) time for a general m x n dimensional
A, which is superior to existing quantum algorithms, where « is the condition number, r is the rank
of matrix A and € is the precision parameter. Meanwhile, we also design a quantum circuit for the
homogeneous linear equations and achieve an exponential improvement. The coefficient matrix
A in our scheme is a sparsity-independent and non-square matrix, which can be applied in more
general situations. Our research provides a universal quantum linear system solver and can enrich
the research scope of quantum computation.

Keywords: system identification; linear systems of equations; quantum algorithm; time complexity

1. Introduction

System identification [1-3] is a common method to determine the mathematical model
describing the behavior of classical systems. Thus, the future evolution of the system can be
predicted through the identified system model, which is widely applied to common weather
forecast, flood forecast, market trend, etc. The traditional system identification method,
namely the classical identification method, mainly includes least squares method [4],
impulse response method and maximum likelihood method [5,6]. Existing studies [2,3]
found that solving linear systems of equations is the basis of system identification problems.
In fact, not only system identification problems, the application of linear equations involves
various fields of science and engineering, including machine learning [7], partial differential
equations [8], classic control system, and so on. Therefore, solving linear systems of
equations for general matrices is of great significance.

Due to the importance of linear systems of equations in various fields, the solution
of linear equations has become an enduring issue, and many algorithms derived there-
from. The classical solvers mainly include: matrix elimination method [9] and Kaczmarz
method [10]. The most famous one of the former is the Gaussian elimination method,
which is often used to solve small linear systems of equations and is suitable for a general
coefficient matrix. The Kaczmarz method is generally more practical in the field of large-
scale linear equations. The running time for these classical solvers scales as O (%), where n
is the size of the matrix, which will cost a lot of computing resources in solving large-scale
linear systems. However, quantum computation [11-13] is capable of greatly reducing the
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time complexity for matrix operation and numerical calculation, which can be regarded as
a promising attempt as a computing tool to improve the identification efficiency.

Quantum computation is an emerging computing technology that regulates quantum
information units to perform high-efficiency calculations based on the laws of quantum
mechanics, including coherent superposition and entanglement [14]. In 1994, Shor proposed
the algorithm for prime factorization [15] with exponential acceleration over classical
algorithms, which shows the potential of quantum computation for the first time. Since then,
quantum computation has reached an era of rapid development. In recent years, scholars
have also made significant progress in quantum algorithm research, including Grover
algorithm [16], quantum simulation [17-19], duality algorithm [20-22], linear systems
of equations solver [23-25], matrix multiplication algorithm [26,27], and so on. For the
high-dimensional linear systems of equations, there have been breakthroughs in the field of
quantum computation. In 2009, Harrow, Hassidim and Lloyd [23] proposed the quantum
linear system algorithm (HHL) to obtain the quantum state |x) = |A~1b) corresponding
to the solution of Ax = b in time O(polylog (1)), where the sparse matrix A € R"*" and
x,b € R", which can improve the computational efficiency with an exponential speed-
up over classical algorithms. The HHL algorithm is of great significance in the field of
quantum information processing and has a wide range of applications in big data, machine
learning, numerical computing and other scenarios. In 2018, Wossnig et al. [28] proposed
a sparsity-independent quantum linear system algorithm (QLSA) based on a quantum
singular value estimation algorithm (QSVE). After that, Shao and Xiang [29] modified
the QSVE algorithm to adapt to the non-Hermitian case. Current algorithms for linear
systems have been widely applied in the emerging research area of quantum information
processing. However, existing quantum algorithms have different restrictions on matrix A,
such as the most typical one of HHL algorithm, which requires A to be a sparse Hermitian
matrix so that the unitary transformation ¢4t [30,31] can be realized in a constant time. At
present, the quantum algorithm suitable for arbitrary linear system of equations has not
been fully studied.

Without loss of generality, existing quantum algorithms assumed that the coefficient
matrix A is Hermitian as it is well known that the general case can be reduced to the
Hermitian case by embedding a general rectangular matrix M into a block antidiagonal
Hermitian matrix with the elements of M and M in the lower and upper half, respec-
tively [28]. Different from previous algorithms, we proposed a modified quantum scheme
to solve the cases of general matrices directly, which can reduce the time complexity of
solving the linear system of equations. Moreover, it may not be easy to expand A into a
Hermitian matrix when A is given as quantum information. However, our scheme does not
need such expansion and works well on the original non-Hermitian matrix, and hence it
can be implemented more efficiently. Based on this idea, this paper considers three cases of
the solution of linear systems and proposes a quantum linear system algorithm for general
matrices, where A is not required to be sparse or square, which can effectively improve
the computational efficiency and expand the application range of quantum computation.
For the homogeneous linear equations, we design the corresponding quantum circuit to
ensure the completeness of the solution, which supplies exponential speed-up over clas-
sical algorithms. Meanwhile, we modify the quantum phase estimation (QPE) circuit to
determine the sign of the phase by setting a sign qubit, which can be widely applied to
various quantum algorithms.

The rest of our paper is organized as follows. Section 2 analyzes a general model of
classical identification system based on semi-tensor product and shows the detailed process
of our quantum algorithms. In Section 3, we make a time complexity comparison between
existing algorithms and our algorithms. Then, we perform a numerical simulation to clarify
the process of quantum algorithm in Section 4. Finally, we conclude in Section 5.
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2. Quantum Algorithms for System Identification
2.1. The Classical System Identification Problem

Consider a general discrete model of system identification as follows:
x(i+1) = Ax(i) + Bu(i) 1)

where x(i) is an n dimensional system state of the i-th sampling, u(i) is the input with
dimension m, A is an n X n system matrix and B is an n x m matrix. The goal of sys-
tem identification is to estimate the matrices A and B from a set of inputs {u(i)} and
states {x(i)}.

System identification problems can be expressed in terms of the semi-tensor product
method [32]. As a kind of special matrix multiplication, the semi-tensor product generalizes
the ordinary matrix multiplication to the general case. T ® S denotes the Kronecker product
of matrices Ty x, and Spxg, which is expressed as

t1pS  t1pS -0 tuS
t21S 1S -0 tuS

T®S = : : . . 2
tm,ls tm,Zs o tm,ns

Just as a computational tool for solving the model, T x S denotes the semi-tensor
product of matrices T and S:

TxS=(T®ILu)(S®yp) 3

where | =lem(n, p) is the least common multiple of 7 and p. The semi-tensor product is the
generalization of matrix multiplication. When n = p, thereare/ =n = pand T x S = TS.
51
52
Define V(S) = | . |, where s; is the ith column vector of the matrix S. Therefore,

we may estimate A and 5}; from a set of u(7) and x(i).
x(i+1) = Ax(i) + Bu(i)
anxy (i) + - -+ agnxn(i) byyuy (i) + - -+ byttm (i)
: + :
apx1 (i) 4 - - 4 anxn (i) byu (i) 4 - - 4 byt ()
x(i)' @ I - Ve(A) +u()T @ I - Ve(B)
=x(i)T x Ve(A) + u(i)T x Ve(B)

= (x(i)Tu()T) [ Zi(él)) }

*)

where x(i)T isa 1 x n matrix and V¢ (A) is an 7% x 1 matrix. According to Equation (3), the

least common multiple lem(n, n?) = n?, and x(i)T x Vc(A) = (x(i)T @ I,) (Ve (A) @ Iy).
Suppose there are N + 1 observed samples, and

x(2) (DT, um)T )

: . 5

1 o
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Then we have
HxY =W
a3 (6)
(HRIL)Y =W

The Equation (6) is a linear system of equations, and the task is to find the solution Y. In the
Equation (6), H ® I, is an Nn X (m + n)n matrix, where  is the dimension of system states,
m is the dimension of the input, and N is the number of samples. For the high-dimensional
identification system, the time complexity of classical algorithms is enormous and existing
quantum algorithms can not directly solve the non-square linear systems of equations.
In order to reduce the cost of computing resources, it is necessary to propose a quantum
algorithm for general linear equations.

2.2. The Quantum Linear System Algorithm for General Matrices
Inspired by the singular value estimation algorithm [23,28,29], we propose a quantum

algorithm for general linear systems of equations as follows.
Given a general linear equation Ax = b, the singular value decomposition is

A=Y o] @

where A € R"*", x € R" and b € R", 0; is the singular value of A, y; € R™ and v; € R"
are the left and right singular vectors, and ] y; = vIv; =1, uf uj = vlv; = 0(i # ).

Let the rank of A be 7(r < m, n) and the rank of [A b] be g; the relation between the
solution vector x of Ax = b and the r, g is:

approximate solution £, r =nandr <g
unique solution x, r=n=gq 8)
general solution ¥, r<n.

The linear system of equations Ax = b can be solved by a mathematical optimization
technique of minimizing the sum of squares of errors between the solution and the actual
data, which is the so-called least squares method

e = ||Ax — b} ©)

In the Equation (7), {y;} € R™ and {v;} € R" are a set of basis in m and n dimensional
spaces. Therefore, x and b can be expressed as x = Y} a;v;, b = Y1 Bij;, and

e =|Ax—b|?

r n m
Yol Y wvi— Y Bis
i=1 i=1 i=1

2

, m 2 (10)
=Y (oie; — Bi)pi — Y Bipi
i=1 i=r+1
r m
=Y (i —Bi)*+ Y B
i=1 i=r+1
When a; = B;/0j, ey = min || Ax — b[|> = 2", B2

Note that when r < n, a;(i = r+1,...,n) is not assigned, and the equation Ax = b
has infinitely many solutions. In engineering, we usually want to find out the lowest energy
solution state x with (x|x) minimality, that is

& = ﬁi/o'i/ i€ [1,1’]
{ a; =0, i€[r+1,n] an

184



Entropy 2022, 24, 893

The goal is to convert the state b = Y./ ; Bip; to x = Y4 Bi/0iv;, whose detailed
quantum process of our scheme is described as follows.

The following mappings to access to the data structure can be performed in
O(polylog(mn)) time.

=2 _GilD)[0) — Y Gili, Ai)

UQ~ fZleo iy = Y&ilAr )

The data structure is based on an array of binary trees, each binary tree contains enough
leaves that store the squared amplitudes of the corresponding matrix entry, which can be
found in [28,33] with a detailed description of such a binary tree memory structure. In
order to facilitate mathematical operation, we define two degenerate operators P and Q that
operate only on valid input information |&), where the dimension of the input state |)|0)
is reduced to the dimension of valid information |&), so P and Q are called degenerate
operators. The maps P and Q append an arbitrary input state |¢) to a register that encodes:

&) =Y Gili) = Y &li, A;) = |PE)
= )Gl = LGilARj) = 1Q0)
where|i, Aj) = i ULy Ayjli, j) and |Af, j) =
ad Q = X, A7) )l
Based on the above definition, it is easy to obtain (P*Q),-]- = (i, Ai|Apj) =

12)

13)

1T St [Aillli, ). Thatis, P = YLy i) | A7) il

Ay
4]
Similarly, it follows that P and Q have orthonormal columns and thus P*P = I, and
QtQ = I,. Let S = (2PP* — 1)(2QQ* — I), when m = n, we can obtain

20;
SQIu) = 3 Plii) = Qlv)
40? 2(71 (14

The eigenvalues of S are e*?7%, and the corresponding elgenvectors are wi\w ) =
—P|u;) +eT2M9Qlv;), where ¢ is the phase of eigenvalues and w is the norm of eigen-
vectors. Then, it can be obtained

N e
Q) = sigimrrary @1 10 = 7))
) (15)
s (TP oyt e TP oy
P“M,> 215111(7_“?[‘) (e wl |w; > € wl ‘wz >)

Through phase rotation, the process of Y_I'; Bi|u;i) — Li; Bi|vi) is achievable [28,29]. It
is worth noting that the above step is avoidable for the case of the coefficient matrix A
being Hermitian. At this point, the singular value decomposition is A = ¥_; o;u;u], and
the task is to convert |b) = Y_; Bi|y;) to the solution |x) = Y; B;/0;|p;) such that Ax = b.
However, for the case of non-Hermitian, it is necessary to realize the transformation of
quantum states |y;) to |v;).

For a general linear system of equations with m # n, the above derivation will have some
changes. For i € [1,7], Equations (14) and (15) are valid. While i > r, Alv;) = 0, At|y;) =0,
and we can obtain

SQJvi) = (2PP" = 1)(2QQ" — 1)QJw;)
= (2PPJr = Qv
(16)

= PA|vi i
= T PAl) — Qlu)

= —Qlv),

185



Entropy 2022, 24, 893

and
SP|u;) = (2PPT — 1)(2QQ+ — I)P|u;)
= (2PP' — 1)( QA" ) — Plp) -
= (2PP" — I)(=P|us))
= —P|u;).
At this point, e2M¢i — _1is the eigenvalue of S, thatis, ¢; = -1/2, and the corresponding

eigenvectors are Q|v;) and P|y;). In order to achieve |b) = Y1 Bilw;) = Yoy Bilpi) +
Y, Bilpi) = |x) = Xi_y Bi/oi|vi), we first need to eliminate the formula Y-/, Bi|p;).
Based on these definitions, we show the basic procedure of our algorithm:

1. Preparing the initial quantum state |b) = X" | b;|i), which can be represented as:

m

= ;ﬁﬂm) (18)

2. Apply P in the initial state |b)
m
P|b) = 2ﬁip|?‘>i>
. 19)
= L Sisin(ng))

m
(i [w) —e M iw [w)) + ), BiPlwi)

2isin mp,) it

3. Perform phase estimation on input P|b) for S = (2PP* — 1)(2QQ* — I), as shown in
Figure 1, then we obtain the following state

L. ot

(P [w], g;) — e Vi |wi, — i) + Z BiPlui)| + 5 > (20)

2isin n(pl) it

where 2™ is the eigenvalue of S and |}) = |01000...),| — 1) = [11000...).

|0) % Hy T 10 > +el2727'¢|1)
10) % H, [0 > +ei2m2°¢|1)

—@

k-2

[0 > 4ei2m

?11)

M [0)  — Hi-1 T S : 0> +el2m2 %01y |
| |
2

[x1)

x2)

[Xe-1)

£

Figure 1. The modified quantum circuit for phase estimation. Set the |x1) to be the sign bit, |x1) = |0)
means ¢; is a positive value, otherwise it is negative. The state |¢;) = |x1)1]x2)2 ... |x); and the
phase value ¢; = 2}‘:2 277y 7 — x1. The quantum circuit can estimate the phase value ¢; € (—1,1).
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4. Apply a phase shift operator controlled by the phase ¢;, then we obtain
T
wlwt o) —
L Sisin(mg) w o [0 i) oy [wT, i) + VZHISIP\H, ET; > @1)

5. Perform a controlled rotation on the ancillary qubit based on the register storing phase
value ¢; and will obtain

T
Bi it oy t 2
o Wi Wy, @) — W Wy, — @i 0 1- 1) Plui)| £ )1 22
L. Sroim(imgn) O 107 0 = =) 2100+ 1= S0 +’2Mﬁ, )| 3) 1), @)

where 0; = cos(7w;)||A||r and t = min;|o;|,i € [1,7].
6.  Apply the inverse transformation of step 3 to obtain

Yo Py w10+ 1- S )+ 3 Pl
712 w; |W; i o2 iPlui)

1 Sln(n(P ) i i=r+1

r 2 m
- ZﬁiQ\m(g\O)ﬂ/lf %m) + % APl
i=1 ! i i=r+1

7. Measure the ancillary register. When the measurement result is |0), the quantum state
will collapse to

(23)

Y Bi/oiQlvi) (24)
i=1

8. Apply the inverse of Q and we will obtain the desired state

Y Bi/oilvi), (25)

i=1

which is the particular solution of the equation Ax = b, that is, the lowest energy
solution state.

The quantum gate circuit of our quantum algorithm is shown in Figure 2.

1
X, ¢ = +E
R(o;"), others

Phase estimation Controlled rotation| Inverse phase estimation
Ancilla  |0) R @7“))

. ® ® - + lo:) ® 0)®
Register |0) H FT FT H |0)
Register  [0)® 0)®

g 10) j DU S = p o [0)
P u Q
Input |b) Phase rotation Ix)
M):Zﬁim) s =(2PPt - D(2QQ" -1 \X)=Zﬁ:/ﬂulvx)

Figure 2. The quantum gate circuit of the particular solution of the equation Ax = b. The operator
R is a quantum controlled rotation gate. When the phase ¢; = %3, R is a NOT gate, otherwise

1/0; \/1—-1/0?
R=R(o;7") = : * |, where o; = cos(7g;) | AllF.
\/1-1/0? ~1/0;

Note that the actual phase value is ¢; € (—1,1), which serves as the control qubits
of the phase shift operation in the step 4, while the previous quantum phase estimation
algorithm outputs phase value ¢; € (0,1). Therefore, we design a modified quantum phase
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estimation circuit to determine the sign of the phase in Figure 1. In the modified QPE
circuit, we can estimate the phase value in the range ¢ € (—1,1).

For the case of ¢ € [0,1), ¢ = Z;le 2*]+1xj. Since 0 < ¢ < 1, it is easy to obtain
x1 =0. . .

While ¢ € (—1,0), we can obtain e2mi2y — Q212 (2+9), wherej = —1,...,k—1. Let
¢ =2+ ¢ € (1,2), the modified QSV circuit outputs ¢ = Z}‘:l 277+ 1y;. It is known that
¢ € (1,2), thus we obtain x; = 1 and ¢ = 2}‘:1 2*f+1xj 2= E}‘:Z 2’j+1xj —1

Therefore, we can obtain

_ Z;‘(:] 27#175;‘ , xp =
= k o—j+l (26)
):j:22] xji—1, xp=1

thatis, ¢ = 2}‘;2 2*f+1x]' —x.

2.3. The Quantum Algorithm for Homogeneous Linear Equations

For the condition of r < n, the equation Ax = b has infinitely many solutions.
Therefore, in order to obtain general solutions of the equation Ax = b, we need to solve the
homogeneous linear equation Ax = 0.

Since A = Y! oipv] and x = Y!, av;, we can obtain Ax = Y, oiap;. Let
vi(i € [r+1,n]) be the right singular vector corresponding to 0; = 0, when ¢; = 0 or a; = 0,
Ax = 0is valid, thatis, x = Y3/ .| a;v;. The description of solving homogeneous linear
equations is essentially just finding the projection of a state onto the ground state for an
operator [34]. Through the quantum circuit shown in Figure 3, we obtain the combination
of the eigenvectors corresponding to 0; = 0 and make the solution of homogeneous linear
equations complete.

1
1), ¢=13
|0), others 1
. p=1%3
Phase estimation Controlled-NOT Inverse phase estimation 2
Ancilla  |0) Ry @7 [1)
Register |0)® H® — FTT lo:) [ FT H® |0)®
Register |0)® 10)®
Up S st uj
Input |c) |x)
ley =10),11), ..., In = 1) = t_ t_ -
§=(2PPt = 12001 - 1) = Z o

i=r+1

Figure 3. The quantum gate circuit of homogeneous linear equation Ax = 0. The input state is
le) = XJ_q cilvi) and the output state is [x) = Y/, ¢;|v;), where |x) is the combination of right
singular vectors corresponding to the singular value 0 of A contained in |c). When the phase
@i = £1/2, the output of the controlled-NOT gate Ry is |1), otherwise it outputs |0). We can obtain
the solution of the Ax = 0 when an arbitrary input |c) contains right singular vectors of A. In order
to ensure that the output |x) is complete, we input 7 linearly independent |c) = |0),|1)...|n). In
addition, the arbitrary r linearly independent x; can form the solution vector basis of the homogeneous
linear equation.

Based on QSVE, our quantum algorithms are sparsity-independent and may be applied
to non-square dense matrices.

3. Algorithms Complexity Analysis

Then, we analyse the time complexity of our quantum algorithms.
The time complexity of our scheme includes the following two parts: quantum data
generation and the quantum algorithm process. On the one hand, relying on a binary
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tree memory structure detailed as described in [28,33], where the matrix entries associated
with matrix Ay, «, are stored as suitable data structure, the oracle from classical data to
quantum data can be implemented efficiently in time O(log? m#) and the data structure size
is O(wlog mn) where w is the number of non zero entries in A. On the other hand, based
on the quantum singular value estimation algorithm, our algorithm achieves a runtime
O(x polylog(mmn)/J), where « is the condition number of the coefficient matrix A, and §
denotes the precision parameter.

Define that the additive error achieved in output state ¥ is €, which means if x is
the exact result and £ is the result obtained from quantum algorithms, then ||x — %|| < e.
In order to achieve accuracy ¢, the precision parameter of our algorithm needs to reach
b = €/(x||A|lr). Assuming the spectral norm ||A||, is bounded by a constant, since
|AllF < V/r||All«, we have ||A||F = O(y/r), where r is the rank of matrix A. Therefore,
our quantum algorithm has the time complexity of O(x2+/rpolylog(mn)/€). Remarkably,
when A is sparse, exponential acceleration is achievable.

In the quantum algorithm of homogeneous linear equations, the time complexity of
QSVE is O( polylog(mn)/e). In view of the success probability of the ancillary register
collapses to |1), we need to repeat the coherent computation 1/ (n — r) times on average.
Therefore, the runtime of the quantum homogeneous linear equation algorithm is given by
O(n polylog(mn)/((n —r)e)).

After obtaining the quantum state |x) corresponding to the solution of Ax = b,
we need to simulate the subsequent system states through the identified system, where

= { “//'(Cj((g)) } . According to Equations (4)—(6), we can obtain

x(i+1) = ((i)]x) 27)

where {(i) = [x(i)T,u(i)T] ® I,. The inner product between pairs of states can be imple-
mented in time O(ploylog(m + 1)) by the swap text algorithm [35]. Therefore, we can
predict the system state at the next moment based on the known system state x(i) and
input u(i).
For the case of general matrix A, x,, previous quantum algorithms generally convert
A to a Hermitian matrix:
0 A
H= (28)

At o

b
0
of O(x?||H||r polylog (m +n)?/€). In addition, the time complexity of our scheme is
O(x?|| Al polylog(mn)/e), where ||H||r = v2||Al|r. Let the runtime of our scheme be
oly log (m-+1n)? T
poly log(mn)
For the large-scale linear system of equations, there is T' ~ /2T. Compared to existing
quantum algorithms, our scheme can reduce the time complexity of the linear system of
equations with a non-square dense matrix.

Based on QSVE, the quantum algorithm of H { 2 } = { } has the time complexity

T, so the runtime of existing SVE-based quantum algorithms is T = /2P2Y-08 L)

4. Numerical Simulation

To clarify the process of our algorithm and prove the feasibility of algorithms, we
perform simulation on an illustrative example.

For simplicity, we consider a first-order discrete model of classical system as follows:

x(i+1) = ax(i) + du(i) (29)

where x(i) is the system state of the i-th sampling and u(i) is the input state. The goal of
system identification is to estimate coefficients 2 and d from a set of 1(i) and x(i). Assuming
that the initial system state x(1) = 3, the input states u = {4, 3,0} and the evolved system
states x(2) = —4,x(3) = x(4) = 0, the mathematical model can be transformed into a
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3 4 —4
general linear systems of equations Ax = b, where A = | —4 3 |,b = 0 |. The
0 0 0

maps Up and Ug append an arbitrary input state to a register that encodes the Equation (12),
which can be realized by quantum gate circuits in Figure 4, and matrix forms of these maps

3 0 0 1 0
4 0 0 0 1
0 -4 0 1 0
1 2

aeP=1 o 3 o [Q=% 01
0 0 32 00
0 0 32 00

% 1

1) LX ]

Register | |0) X 1) Ry
Register
[0)

X

The circuit implementation of Up The circuit implementation of Uy,

Figure 4. Quantum circuits implementation of Up and Ug. The maps Up and Ug consist of quantum

3 4 —4 3 1 1
controlga\’tes,whereR1:%{4 . },Rzz%{ R 4},R3:R4:R5:H:4{1 _1}

and the X = [1) (1) is the quantum inverse gate.
The following shows the detailed procedure of the numerical simulation:
1. Preparing the initial state |b) = |0).
Apply P in the initial state |b), P|b) = 2|0) + £[1).

0 0 -7 24 0 0
0 0 24 7 0 0
. . 7 24 0 0o 0 0
3. Perform phase estimationon P|b) fors = PPt — 1)(2QQ" — 1) = £ 4 7 0 o0 0 ol
0 0 0 0 0 25
0 0 0 0 25 0

then we obtain the following state

3V2 [ 14 1 1 1
10 (eﬂlwl\w]/?*e 4""02\702/*1)) -

24/2i . .

v2i elmwslws, 3y — e driwyfwy, ~2) ), (30)
5 4 4

where the eigenvalues of S are A; = i,i, —i, —i,1, —1, and w;|w;) is the correspond-

ing eigenvector.

4. Change the phase, then we obtain

3/2i 1 1 24/2i 3 3
T (w1|w1,1>7w2|w2,71)>7 5 <w3|w3,1)7w4\w4,71)) (31)

5. Perform a controlled rotation on the ancillary qubit based on the register storing

phase value:
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3\[1

10

—wz|wz,—§>)< 0 +£|1>)—zfi(w3|wg,f;>—w4\w4,—§>)( 5|o>+£|1>) @)

where 01 = cos(£17)[|Alr = 5,00 = cos(£37)||Allp = —
6.  Apply the inverse transformation of step 3 to obtain

,% (w1 |wr) — wp|ws)) ( |0)+M\1>> B 2\5/§i(w3|w3>7w4‘w4>)<77‘0)+i|l>> (33)

7. Apply the inverse of Q and we will obtain the desired state
3 (1 2V/6 4 26
5m><5m>+ |w>~—51>(—o>+|n> N

8. Measure the ancillary register. When the result s |0), the quantum state will collapse to
3 4
2 n
=10 +z11) (35)

that is proportional to the solution of the equation Ax = b, so we obtain 2 = 3C
andd = %C. Substituting 2 and d into Equation (29), we obtain C = —%. So far, the
first-order discrete identification model is:

X(i+1) = —2x(i) — pou(i) (36)

We simulated a 6-qubit quantum circuit diagram on the Origin Cloud, as shown in
Figure 5.

JEIESTRLOE T ESEARANL)

Figure 5. The 6-qubit quantum circuit diagram on the Origin Cloud. The quantum circuit
is based on quantum phase estimation, where q[5] is the ancillary qubit and q[4] is the reg-

DD D

ister storing mput and output information. From left to right, the controlled rotation gate is

3 —4 1 t /g— — 2
RY; = 5 { 4 3 that generates the initial state P|b), RY, = \/17127 ,
t —y/0% -2
and RY; = (7% PR 2 , where t = % The controlled gates
_ oy —t t
ol 7] a7 o] e o0 ] e o0
LD B VR A ) I YO 2 1 Y R L Tl o0 e

are applied on the fegister ql4].

According to the simulation result in Figure 6, when the ancillary qubit q[5] = 0
and the register storing phase information is restored to q[0] = q[1] = q[2] = 0, the proba-
bilities of the output qubit q[4] are P{|0)} = 0.086 and P{|1)} = 0.16. Therefore, the
amplitudes of q[4] are A{|0)} = /P{]0)}/(P{|0)} + P{[1)}) 0.59 and A{|1)} =
VP{[1)}/(P{]0)} + P{[1)}) = 0.81, and the solution quantum state is q[4] = 0.59|0) +
0.81]1), which is consistent with the expected quantum state based on our algorithm.
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Probability
0.25
02
0.16
r—=n
015 |
| I
0.086 | |
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000000 001001 010000 011001 100000 101001 110000 1001 g(5]~q[0]

Figure 6. The simulation result of the quantum circuit.

As a comparison, we simulated a second-order discrete system identification model
x(i+1) = A'x(i) + B'u(i), where A" is a 2 x 2 matrix and B’ is a 2 x 1 matrix. Assum-

ing that the initial system state x(1) = { (1) }, the input u = {1,2,3} and the evolved

system states x(2) = { } }, the mathematical model can be transformed into Ax = b,

100 010
whereA—{0 100 0 1}andb— 1
equation has infinite solutions. Consider the structural features of the coefficient matrix A,
1 010 }

} . Due to insufficient samples, the linear

0101

When the ancillary qubit q[6] = 0 and the register q[5] is restored to 0, the probabilities
of the output qubits q[4] and q[3] are shown in the Figure 7. Thus, the solution quantum
stateis |x) = 0.493|00) +0.5/01) + 0.516|10) + 0.485|11), which is the lowest energy solution
among infinitely many solutions. So far, according to the existing samples, the second-

order discrete identification model with the lowest energy is: x(i + 1) = { 06133 8 } x(i) +

which is reduced to {

0.516 .
uir).
{ 0485 | ()
(0] |10- o -
a1 |10 v v
qi2] | o P [ ] a
a3 |10
ql4] | 10:
q[5] | 10:
af] | o
zv‘;bahihly i
0,062 S ! I 0.06
00641 1 I el |
1 | I | | | I |
— | | | : | | ! |
i I | I I I |
1 | | : ( : I 1
0044 | 1 1 1
| : | : | : ! }
0034 | | I | | I 1
| | | | | I
002 | | | | | : | 1‘
| | | | | | ! 1
oord | | | | | | ! |
| | | | | | I 1
! 1 | | L | !
0000 0001 0010 0011 0100 0101 o110 o111 q[6]~q[3]

Figure 7. Quantum circuit and simulation result of the two-dimensional discrete system identifica-
tion model.
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References

5. Conclusions

This paper develops a quantum algorithm of general linear equations for solving classical
system identification problems. Our scheme can be finished in time O (x2+/rpolylog(mn)/¢)
for an m x n dimensional linear systems of equations Ax = b, where « is the condition number
of the linear equation, r is the rank of the matrix A and e is the precision parameter, which
is superior to existing algorithms. For the linear equation with non-square coefficient matrix,
we discuss three cases of solutions, including the unique solution, approximate solution and
infinitely many solutions. Our algorithm can obtain the unique solution, the approximate solu-
tion with the minimum error and the lowest energy solution among infinitely many solutions,
which adapts to all cases of linear systems of equations. For the case of infinitely many solutions,
we design a quantum circuit to obtain general solutions in time O(n polylog(mn)/((n —r)e)),
which can achieve an exponential improvement over classical algorithms. In addition, we
design a modified QPE circuit to obtain a wider range of phase values, which can expand the
application range of quantum phase estimation.

Based on QSVE, our algorithms is sparsity-independent compared with HHL algo-
rithm. Meanwhile, we have extended the existing quantum linear system algorithms to
general equations, which can effectively enrich the application area of linear systems of
equations. For large-scale linear systems, such as machine learning, numerical calculation
of partial differential equations, etc., our algorithms will have a wider range of applications
and is of research significance. In the future work, we will focus on how our algorithms are
implemented on quantum computers and how to apply on them to real practical problems.
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Abstract: In this paper, quantum correlation (QC) swapping between two Werner-like states, which
are transformed from Werner states undergoing local and nonlocal unitary operations, are studied.
Bell states measures are performed in the middle node to realize the QC swapping and correspond-
ingly final correlated sates are obtained. Two different QC quantifiers, i.e., measurement-induced
disturbance (MID) and ameliorated MID, are employed to characterize and quantify all the concerned
QCs in the swapping process. All QCs in the concerned states are evaluated analytically and nu-
merically. Correspondingly, their characteristics and properties are exposed in detail. It is exposed
that, through the QC swapping process, one can obtain the long-distance QC indeed. Moreover, the
similarities of monotony features of MID and AMID between the initial states and final states are
exposed and analyzed.

Keywords: quantum correlation swapping; werner-like state; measurement-induced disturbance
(MID); ameliorated MID (AMID)

PACS: 03.65.Ta; 03.67.-a

1. Introduction

Quantum entanglement swapping is the core technique in quantum entanglement re-
peaters. Quantum entanglement repeaters are usually employed to realize long-distance
quantum entanglements in some quantum tasks in quantum information processing [1-7]. En-
tanglement swapping can make a null-entanglement bipartite system entangled. Additionally,
entanglement swapping can be utilized to enhance quantum entanglement [8].

Today, as is known to all, quantum correlations (QCs) no longer equal to quantum en-
tanglement [9-18]. This recognition was exposed in 2001. Recently, Ollivier and Zurek [19]
made a surprising discovery, in that there are indeed existing quantum correlation different
from entanglement (QCDE). Later, numerous findings [20-35] about the recognition and
applications of QCDEs appeared. Now, QCDE has become a hot field in the research of
quantum information and computation.

As the quantum entanglement was generalized to quantum correlation, which can be
quantum entanglement or QCDE, quantum entanglement swapping can also be generalized
to quantum correlation swapping [36—44]. In quantum correlation swapping, the concerned
quantum correlation may be quantum entanglement, QCDE, or both. Obviously, quantum
correlation swapping is a general extentson of quantum entanglement swapping. Similarly,
the realization of QCDE swapping can be in the same way with entanglement swapping.
In many processes, the entanglement swapping and QCDE swapping can be realized
simultaneously.

In the studies of quantum correlation swapping, three main aspects are of concern.
One is the selection of initial states before QC swapping. Another is the selection of the
middle measurement to realize the QC swapping. The last is the QC quantifiers, which are
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used to quantify the QCs in all the concerned states in the QC swapping process. Hence,
one can see that complexities in the QC swapping stem from the above three aspects.
Moreover, for the three aspects, one can see that many different selections can be used.
Hence, many different properties can be exposed and revealed.

In this paper, a special QC swapping case will be considered. That is to say, two Werner-
like states are taken as initial states; the four Bell state measurements are utilized to realize
the QC swapping; and measurement-induced disturbance (MID) [20] and ameliorated MID
(AMID) [23] are utilized to quantify the QCs in the concerned states.

The following is summarized for the rest of the paper. In Section 2, the Werner-like
initial state QC swapping is described in detail. In Section 3, QCs in both the initial states
and final states are quantified by MID. In Section 4, QCs in both the initial states and final
states are quantified by AMID. In Section 5, QCs in the initial states, MID or AMID, are
analyzed, discussed and compared. Lastly, in Section 6, a summary is provided.

2. Swapping QCs in Two Werner States Undergoing Local and Nonlocal
Unitary Operations

In the QC swapping process, the two initial states are taken as a special kind of
quantum-correlated states. It is called as Werner-like state because it is transformed from
the famous Werner state undergoing local and nonlocal unitary operations.

Usually, a two-qubit Werner state can be written as

1—z

"(z) = —~T+2l97) g7, 1)
where I denotes a unit operator, |¢p*) = (]00) + [11))/+/2, z is real, and z € (0,1]. When
z < 1/3, Werner state QW(Z) is separable, while z > 1/3, this state is entangled.

Through unitary operation U € U(4), one can transform the Werner state ¢" (z) to
Werner-like state o(z, ¢), i.e., o = Ug"U*. Correspondingly, the Werner-like state 0 (z, c)
can be written as [44]

olz,c) = LT+ 2l (), @

where [¢) = U|¢p™) = /c]00) + /1 — ¢|11) with ¢ € (0,1].
As for the QC swapping process in this study, the two initial Werner-like states are
respectively written as

1—21

oap(z1,01) = Ly +z1191)an (P11, 3)

)

Caz2,2) = T2 et + ) a2, @
where |¢;) = 1/¢{]00) + /T —¢;|11), z;,¢; € (0,1] characterize the Werner-like states, and I
is unit operator. a, b, c and d are four subsystems in the whole system, where a and c are
located at a same place.

The QC swapping process can be described as follows. Alice has two particles a and c,
Bob has a particle b and David has a particle d. Initially, a and b are in Werner-like state p,,,
while c and d are in Werner-like state p.;. When Alice performs the middle measurement
a and ¢, simultaneously, b and d will be in the final state p;;. That is to say, initially, Bob
and David have no any correlation. However, after the middle measurement performed by
Alice, Bob and David will be correlated.

In the realization of QC swapping, the middle bipartite measurements are needed.
In this paper, the following four qubit Bell states are selected as the middle bipartite
measurements, i.e.,

@) = %(\om 1)), 5)
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1
%)z = 7300 £ [10))- ©6)
By performing one of the middle measurements on the product states of Equations (3)
and (4), a final state can be obtained. Corresponding to the four middle measurements,
four final states appear. As for the two Bell states in Equation (5), the two final states can be
obtained as the following:

1
o(z1,20,01,00) = N (Wol0)5(0110)4{0] + W10} O] 1)a (1] + Wa[1)5(1][0)a (0] + W5 1)p(1][1)4(1]]
+ zizoy/erea(1 —e1)(1 = e2)(10)p(1[]0)4 (1] + [1)5(0][1)4{0) }, ?)
where
N=Wy+W; + W, + W3, (8)
and
1—z 1-z 1—z11—z
Wo = ( 1+zlcl)(T2+zzcz)+ 7y ! 42, 9)
1—z 1—z 1—z 1—z
Wi = (2 o) [ 2+ 2+ a(l - )l (),
—z 1—z 1—z 1—z
W= (= +z0)(—5 ) + [Fp Fal-a)ll),
1—2z 1—2z 1—2z11—2z
W=~ +al-a)l=57 +al -+

Note that the + in Equation (7) corresponds to the middle measurements in Equation (5).
As for the two Bell states in Equation (6), the two final states can be obtained as the

following:
G (zrzzere2) = VG100 0100a(0] + W10}y 0l11)a (1] + WhIT)y {1110} 0] + WAL (1] 1)a1]
4+ zizpy/erea(1—c1)(1 — ) (|0) (1]]0Y (1] 4 |1)(0][1)4(0)}, 10)
where
NS o )
and
o s 2 (T e 2 o
W) = (L= +Zlcl)[1‘%2+22(1762)“(1;1)(1—4@),
wy = (2 ;zz +ch2)[1*47Z1 Fn(— )]+ (1;z1)(1;zz)/
Wé:[(ljlzl+z1(1—c1)]1*422+[1;zz+zz(l_02)]%.

Here in Equation (10), the & correspond to the middle measurements in Equation (6).

3. MID in the Concerned States

Measurement-induced disturbance (MID) is a QC measure [22] that has been attracting
considerable attention for its easy computability. MID is defined as the difference between
the total correlation and its classical correlation, where, for a given concerned state, the
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Om|0oap (21, ¢1)]

Om(0ca(z2,¢2)]

classical correlation is determined by measuring both subsystems with the eigenvectors of
marginal states as the measuring bases.

3.1. MIDs in the Two Initial Werner-Like States
For the two initial Werner-like states 0,;,(z1, ¢1) and 0,4(z2, ¢2), their MIDs [45] are

1—z 1—z 143z 143z
—(Tl +ZlCI)10g2(Tl -‘erCl) — ( 1 —zlcl)logz( 1 —ZlCl)
11—z 1—2¢ 1+3z; 1+32
D log () + (T logy (), (13)
1—z 1—z 1+ 3z 1+ 3z
—(TZ + 2202) logz(Tz +22¢2) — ( 2 — 2505) logy (— 2 — 2302)
1—-z 1-z 143z 143z
(g logy (— ) + () logy () (14)

3.2. MIDs in the Final States Ubid(zl,zz, €1,62)

Now let us inspect the final state 0’;; in Equation (7). Obviously, 0;; and 0, are
different. However, the difference is minor and it is located at the position +. In the
following calculations, one can find that the MID in (7;; is equivalent to that in 0 ;. That it to
say, in the calculation of MIDs, the position + or — can be ignored. Hence, for convenience,
in the following, ‘Tbid can be obtained by 0y,.

In the final state 03,4(21, 22, ¢1, ¢2), the total correlation can be obtained as the following
Zlopa(z1,22,¢1,2)] = Slow(z1, 22, €1, €2)] + Sloa(z1, 22, €1, €2)] — Slova(z1,22,¢1,¢2)], (15)

where S|[-] is von Neumann entropy, (21,22, ¢1, ¢2) and 0,4(z1, 2, ¢1, ¢2) represent marginal
states of 0y,(21, 22, ¢1, ¢2) which take the form as

op(x,y,x) = %[(wo +w1)]0)5(0] + (wp + w3)|1)p(1]], } (16)
04(x,y,%) = 3[(wo + 2)[0)4(0] + (w1 +w3)|1)a(1]],

where wy = %Wo , W3 = %Wg, wy = %Wl, wy = %Wz, and W;’s are functions of z1, zp, ¢1
and ¢, given by Equation (9). Easily, one can obtain

1
Slop(z1,22,¢1,02)] = i [8 — wo log, wo1 — waslog, wos), 17)

1
Sloy(z1,22,c1,02)] = 1[8 — wz log, wo — wizlog, wis), (18)

1
S[O’bd(zl,ZZ, C1, 62)} = *2 [wl logz w1y + wy 10g2 wy — 26()]2 — 3‘6003}

*% [(wo3 + &) log, (w3 + ¢) + (wo3 — §) log, (woes — &)1, (19)

where Wy = Wy +wy and & = /(w3 — wp)2 + 167 with { = 4c1 (1 —c1)ca(1 — 2)z323 /N>

To calculate MID in the final state 0y,4(21, 22, ¢1, ¢2), its marginal states are needed. It
is because that the eigenvectors of marginal states are taken as the measuring bases to
aquire the classical correlation. Using the marginal states in Equation (16) as measuring
bases to measure both subsystems simultaneously, four different outcomes can be obtained.

(if)

For each outcome, its own probability may be occured. Let pbg denote its occurrence
probability where |ij),; is the corresponding outcome. It is easy to work out the occurrence
probability as
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Cmlopa(z1,22,¢1,2)]

Qaloap(z1,¢1)]

_1 (o1 _ 1

(00) oy 1 any 1
Poa = zW0r Poa” = 3@ Ppa d

= —~wy, pb = —ws.

1 1 (20)

Integrating above probabilities, the single-partite probability distributions can be obtained:

0 00 01 U= pl0 o pll) —

plO = pl  p O — 1y, plt) = POy D — 1, (21)
") t60) oy 7 (1) (01) (11) 1

Pa’ = Ppa TPoq = 1002 Py =Ppq T Pp = W3

Utilizing Equations (20) and (21), the classical correlation in the final state 0y,(z1, 22, 1, ¢2)
can be obtained, i.e.,

1
(wp log, wo + w1log, wy + w; log, wy 4+ w3 log, w3) + 2

4
1
-1 (wg1 log, wor + woz log, wen + w3 log, w3 + wo3 log, was), (22)
Finally, MID in the final state 0,4(21, 22, €1, ¢2) can be extracted as
Om(opa(z1,22,c1,62)] = I[ova(z1,22,¢1,¢2)] — Cmlova(z1, 22, €1, €2)]
= [(wos + &) logy(wos + ¢) + (wos — §) log, (wos — &)
— 2w log, wo — 2w3 log, w3 — 2wo3) /8. (23)

3.3. MID in the Final States 0,5 (21,22, ¢1,¢2)

From Equation (10), it is easy to find the difference between (7[’7; (z1,22,¢1,¢2) and
O'éd_ (z1,22,¢1,¢2). Itis + or —. Similar to that in Section 3.2, MIDs in the two final states are
equivalent, i.e., MID in 0} (21,2, ¢1, ¢2) is equivalent with that in 07, (z1, 2, ¢1, ¢2). Hence,
for convenience in the context, (71; d(zl, zp,¢1,¢2) is considered instead.

Morovere, compare 0';;3:(21, 23,¢1,¢2) in Equation (10) with (flf;(zl,zz, c1,02) in
Equation (7), one can find that the two kinds of states have similar structure, only pa-
rameters in them are different. Hence, according to this similarity and the obtained MID
of 034(21,22, 1, ¢2) in Equation (22), one can directly accquire MID in 0'1/, 1(z1,22,¢1,02) as
the following

Quloga(z1, 22, 1,02)] = [(wps + ") logy(whs + &) + (wps — &) log, (whs — &)

— 2w log, wy — 2w} log, wh — 2ws] /8, (24)

where all the w’ are quantities related to those in Equation (23) with W's are replaced by
W's. Wrs and W"s are listed in Equations (9) and (12), respectively.

4. AMID in the Concerned States

Another QC measure, ameliorated measurement-induced disturbance (AMID), was
put forward in 2011, in which the corresponding maximal classical correlation is special.
The special aspect is that, to find the maximal classical correlation, optimization procedure
to rehearse all joint local measurements is needed. Correspondingly, AMID is defined as
the discrepancy between total correlation and the obtained maximal classical correlation.

4.1. AMID in the Two Werner-Like Initial States
For the two initial Werner-like states 0, (z1, ¢1) and 0,4(z2, ¢2), their AMIDs [45] are

1—z 1—z 143z 143z
—(Tl+2101)10g2(Tl+21€1)—( l_Zlcl)logz( 1 l—Zlcl)

1—z 11—z 143z 143z
(g ) loga(— ) + () loga (), (25)
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32, 3z,

1-— 1-— 1+ 1+
Qaloe(z2,02)] = *(TZZ +2502) 10g2(TZ2 +z202) — ( — 2z3¢2) log, ( . 2502)
1—12; 1—12; 143z 1+ 3z
+( 1 ) log, ( 1 )+ ( 1 ) log, ( 1 )- (26)

4.2. AMIDs in the Final States %j;(zll 23,€1,€2)
In order to evaluate AMID in o, d(zl,zz,cl,cz) a general joint local measurement

should first be parameterized. It can be parameterized as {Q ((xl, $1,71)® A( )(az, P2, ),
i,j = 0,1}, where Q® and A®) take the same forms as that of 1) descrlbed as the
following three-parameter forms:

{0, 9,7) = 0)(0'], TV (a,¢,7) = 1) (1]} 27)

[0\ [ cosael sinae™ \ /]0) 28)
1Y) — \—sinae™™ cosae™ ) \|1) )’
where w € [0,71/2], ¢ € [0,27r] and T € [0,271].

If both subsystems are measured by using the parameterized measuring bases (Ap-
pendix A), four different outcomes can be obtained as

with

Pz(yfij> = TrbdQ (0‘1/¢1,T1)®/\< (a2, ¢2, T2)0pa (29)

Through some tedious deductions, one can obtain

ég ) = F(wa, wy, 1) cos? ay + F (w3, wy, aq) sin? ay + 2N L/e1ea(1 —¢1) (1 — ¢2)z122 sin 2 sin 245 cos w,
gg ) = F(wg, wy, a1) sin® ap + F (w3, wy, &) cos? ap — \/mzlzz sin 2a7 sin 2a; cos w, (30)
ﬁo) = F(wp, wa, a1) cos® ap + F(wq, w3, &) sin® ap — c162(1 — ¢1)(1 — c2)z122 sin 2a7 sin 2a; cos w,
2[11 ) = F(wo, wa, 1) sin® ap + F (wy, w3, a1) cos? ay + N \/mzlzz sin 2w sin 2a; cos w,

where F(s1,s2,83) = %(sl sin?s3 + s3cos?s3) and w = ¢1 + ¢2 — T — T». Combining

these bipartite probability distributions, the single-partite probability distributions can be
obtained as:

p,EO) = pl(ngo) + pégl) Hwoz sin® aq + wpy cos? ay),
) =y + P;,ljl) = %( wo1 sz a1 + wp3 cos? 0‘1), (31)
e
Pa = Ppa t+ Ppa i(woz sin? &y + w3 cos? az)

Accordingly, the general classical correlation obtained via measure can be expressed as

Clopa(z1,22,¢1,02)] = — E Pb) log, Pb Z Pd 'log, Pd + Z Z Pbd log, P£d> (32)

i=0 i=0 i=0j=0

Correspondingly, the usual classical correlation is taken as the maximal one:

Calopa(z1,22,c1,c2)] =  max  Clopa(z1,22,¢1,¢2)]. (33)
[N

In order to obtain the maximal value, the extreme points should first be worked out.
That is to say, the derivative equations 9C [0y, (21, 2, ¢1,¢2)] /901 = 9C[0p4(21, 22, ¢1,¢2)]/Oxa
= 9C[0p4(z1,22,¢1,¢2)] /9w = 0 should be solved first. However, it is not easy to solve
these equations. Fortunately, through observation one can find that the extreme points
are a1 = ap = 0,71/4,71/2 and w = 0. Moreover, through comparing these three points
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Calopa(z1, 22, €1, ¢2)]

Qalopa(z1,22,¢1,02)]

Qalopa(z1,22,¢1,02)]

with other points, we find that the value of classical correlation corresponding to this point
a1 =ar =0,71/4,71/2 and w = 0 is the maximal. Hence, the maximal classical correlation
can be expressed

= E[(l +5V c102(1 = ¢1)(1 = c2)z122) log, (1 + %\/ cre2(1—e1)(1 = c2)z122)
+(1- % c162(1 = 1) (1 = c2)z122) logy (1 — % ac(l-a)l-ca)zzn)l. (34

Finally, AMID can be obtained as the discrepancy between the total correlation
(Equation (15)) and the maximal classical correlation (Equation (34)), i.e.,

—_
N

= Z[opa] — Calowd]

= %[(wos + &) log, (wos + &) + (woz — &) log, (wos — §)]

1
- 1 [wo1 log, wor + §23 log, w3 + wop log, woz + w13 log, wi3)

1 2 2
= S+ gyacl =)l —ca)zz)log,(1+ 5/ aca(l —e)(l —c2)z12)
2 2
+ (1- N c1e2(1 —c1)(1 — ¢2)z122) log, (1 — N c102(1 —¢1)(1 = c2)z122)]
1
+ Z[Wl log, w1 + wy log, wy — wo3) + 2. (35)

4.3. AMIDs in the Final States 0,5 (21,25, ¢1,¢2)

Similar to Section 4.2, one can find that AMIDs in the two states 0{}; (z1,22,¢1,¢2) and
a{; (21,22, ¢1,¢2) are equivalent, and hence one can use 0} ,(z1, 2, c1, C2) as the surrogate of
ohy (21,22, 01,€2).

Similar to that in Section 4.3, due to the equivalent structure of Uﬁ (z1,22,¢1,¢2) and
Uljfi(zl,zz, c1,¢2), one can obtain AMID 0} (21, 22, ¢1, ¢2) as

1
= g[(wf)s + &) log, (wps + &) + (wps — &) log, (wos — &)
1
v [wiy log, why + whs log, whs + wp, log, Wy + wy3 log, W]

1 2 2
- i[(l + — C1C2(1 - Cl)(l - Cz)lez) 1Og2(1 + — C1C2(1 - C])(l - 62)2122)

N N
2 2
+ (1- N c1ea(1 —c1)(1 = ¢2)z122) log, (1 — N c102(1 —¢1)(1 = c2)z122)]
1
+ Z[wﬁ log, w) + w} log, w5 — wys] + 2. (36)

where all the w' quantities related to those in Equation (23) with W's are replaced by W’s.
W-s and W”s that are listed in Equations (9) and (12), respectively.

5. Analyses, Comparisons and Discussion

In the previous two sections, MID and AMID have been respectively utilized to
quantify all QCs in the initial and final states. In this section, let us make some analyses,
discussions and comparisons.

5.1. Features of QCs in the Initail Werner-Like States

The Werner-like state in Equation (2) is comprised of two terms. They are mingled
with the weight z. One is I, a null quantum correlation maximally mixed state. Another
state |¢) is an entangled pure state. QC in the |¢) increases with ¢ € [0,1/2]. Hence, for a
fixed ¢, the QC in it is determined. Moreover, the bigger z is, the larger weight of |¢). Hence,
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naturally, a larger QC can be induced by the two mixtures. Particularly, the Werner-like
state becomes a Werner state when ¢ = 0.5.

To be specific, MID and AMID in the initial Werner-like states have the common
features: (i) ¢ = 0.5 is a symmetrical point of QC; (ii) for given ¢, MID is an increasing
function of z and arrives the maximum at z = 1; (iii) for a fixed z, QC increases with c in
the region [0,1/2] and reaches maximum at ¢ = 1/2.

5.2. Monotony Features of MIDs in the Final States
5.2.1. Monotony Features of MIDs in the Final State 03,(z1, 2, ¢1, ¢2)

Now let us turn to the monotonic properties of the QCs in the final states (see
Equations (23), (24), (34) and (35)). As mentioned, QCs in the final state are determined by
four parameters, i.e., z, 23, ¢1, c. Obviously, there are two kinds in the four parameters. One
kind is (z1,z2) and another is (cy, ). To find the the monotonic properties is not an easy, be-
cause it is quite difficult to judge whether the partial derivatives 9Q[0y4(z1, 22, €1, ¢2)]/9v;,
v =z,cand i = 1,2 are bigger than zero. Hence, we have no choice but to utilize the vast
numerical investigations.

To obtain the monotony features of MIDs in the final states, vast numerical calculations
have been made. Some typical figures are listed in Figures 1-3. Through the vast numerical
calculations, the following properties have been found:

(1) For given (z1,22), Om|[0pd(21, 22, €1, ¢2)] is symmetrical regarding ¢, and c;. To be
concrete, On[0p4(21, 22, €1, ¢2)] is increasing in ¢; € (0,1/2] and decreasing inc; € (1/2,1).
Meanwhile, Qn[0p4(21,22,¢1,¢2)] is also increasing in ¢; € (0,1/2] and decreasing in
2 € (1/2,1). In other words, Om|[0p4(21, 22, €1, ¢2)] is symmetrical regarding c; = ¢ = 0.5.
From Figure 1, one can see that Qn[03,4(21, 22, €1, ¢2)] is symmetrical regarding ¢; = 0.5 and
the maximal point occurs at c; = 0.5. Moreover, the bigger z; is, the bigger the maximal
value that can be obtained.

(@2,7203,2,203 )2,706,2,706 (©2,208,2,508

Figure 1. Variation of Qyj[op,] with ¢ and ¢; for three sets of z; and z.

2,205,¢,:05

Figure 2. Variation of Qp;[0y,] with ¢; for zy = 0.5, ¢; = 0.5 and zp = 0.3,0.6,0.9, respectively.
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€,05,6,205

Figure 3. Variation of Qy[oy,] with z; for ¢; = 0.5, ¢ = 0.5 and z; = 0.3,0.6, 0.9, respectively.

Moreover, a similarity property can be found, i.e., MID in the final state has a similar
symmetry property with that in the initial state. That is to say, MIDs in both the two kind
states increase in ¢; € (0,1/2] (iis 1 or 2) and decrease in ¢; € [1/2,1).

Moreover, One can find that this symmetry property of MID in the final state is similar
to that in the initial Werner-like state in Equations (13) and (14). To be concrete, MIDs
in both the final state and the initial Werner-like state increase with ¢; (i is 1 or 2) in the
region (0,1/2] and decrease with ¢; in the region [1/2,1). Moreover, there exists an obvious
symmetry in ¢; = c; = 0.5. That is to say, taking the final state as example

Om0opa(z1,22,¢1 = 0.5 —a,ca = 0.5 — B)] = Qum[op4(z1,22,¢1 = 0.5+ &, 2 = 0.5 + B)]. (37)

In Equation (37), « and B are both defined in the region [0,1/2]. This property means
that the symmetrical property with ¢; is unchanged during the QC swapping process. In
addition, if z; and z are bigger, the quantities of QC are larger.

(2) For given (cy,c2), in the final state MID increases with z; or zp in z; € (0,1),
i = 1,2 (see Figure 3). Variations of Qwm[0p4(21, 22, ¢1, ¢2)] with z; for ¢y = 0.5,¢; = 0.5 and
z1 = 0.3,0.6,0.9 are plotted respectively in Figure 3. Obviously, one can see that MID in the
final state is an increasing function of z;, i = 1,2.

5.2.2. Monotony Features of MIDs in the Final State

As for (7{7 (21,22, ¢1,¢2), QC quantified by MID is expressed in Equation (24). Some
features can be exposed through numerical calculations. See Figures 4 and 5.

s (a7, 025,2,2025 (ol2,=050,2,050 (612,075,220

A

0 01 02 03 04 05 06 07 08 09 !

3
1

001 02 03 04 05 05 07 08 03 1 "o 01 02 03 04 05 06 07 08 03
N o,

Figure 4. Variation of Qy[o7,] with ¢; and ¢, for three sets of z; and z5.

(02,202,2,04,2,208 B (012,207,2,08,2,209

0ot 02 03 04 05 05 07 08 09 1 0 01 02 03 04 05 05 07 08 03 1
3 z

Figure 5. Variation of Qy[oy,] with ¢; = 0.5, ¢, = 0.5 for several sets of z; and z;.
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(a) For given ¢; and (z1,2), Qum|0y,] first increases then decreases with ¢; € (0,1].
The maximal points (cy,,), i.e., the transition points, vary with parameters. Not only the
maximal points and but also the shape of the curves are determined by the value of c;. To
be specific, the smaller the value of |c; — 0.5] is, the bigger maximal value of Quo},] is.
Moreover, for a given set of (z1,2,),

QM[O'bd(Zl,Zz,Cl =05-— n,Cr = 05— ﬁ)] = QM[(de(Zl,Zz,Cl =05 + n,Cr = 0.5 + ‘B)} (38)

where « € (0,1/2), € (0,1/2).

(b) Qmloy,] is an increasing function of z; € [0,1] within z, € [0,0.58]. However,
when z, € [0.58,1], Qumlpy,] first increases then decreases in z; € [0,1]. Moreover, the
bigger z, € [0.58,1] is, the smaller of transtion point is.

5.3. Monotony Feature of AMIDs in the Final States
5.3.1. Monotony Features of AMIDs in the Final State 0,4(z1, 22, 1, ¢2)

Now let us look at the monotony features of AMIDs in the final states 0y,4(z1, 22, ¢1, €2)-
Vast numerical calculations have also been made. Some typical figures are listed in
Figures 6-8. Through the vast numerical calculations and comparisons, the following
properties can be exposed:

(1) Qalopa(z1, 22, ¢1,¢2)] is symmetrical regarding c; and ¢, for given (z7,z2), i.e., Qa
(b4 (21,22, ¢1,¢2)] is increasing in ¢; € (0,1/2] and decreasing in ¢; € (1/2,1),i = 1,2.
Moreover, Qa[0p4(21,22,¢1,¢2)] is symmetrical regarding ¢; = ¢, = 0.5. and arrives its
maximum at this point. From Figure 2, one can see that Qa [0,4(z1, 22, ¢1, ¢2)] is symmetrical
regarding c; = 0.5 and the maximal point occurs at ¢; = 0.5. Moreover, the bigger z; or zp
is , the bigger maximal value can be obtained.

(2) AMID in the final state 0y,4(z1,22,¢1,¢2) is an increasing function with z; in the
region z; € (0,1), i = 1,2, for given (c1,c2). See Figure 6. In Figure 6, variations of
Oalopa(z1,22,¢1,2)] with zp for ¢; = 0.5,¢, = 0.5 and z; = 0.3,0.6,0.9 are plotted respec-
tively. Obviously, one can see that MID in the final state increase with z;, i = 1,2.

(2,:03,2,203 ()2,706.2,206 (2,408,208

Figure 6. Variation of Q4 [0}4] with ¢1 and ¢, for three sets of z; and z;.

2,05,0,:05

0 01 02 03 04 05 06 07 08 09 1

Figure 7. Variation of Q [034] with ¢ for zy = 0.5, ¢c; = 0.5 and z; = 0.3,0.6, 0.9, respectively.
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€,05,6,205

Figure 8. Variation of Q [03,4] with z; for ¢; = 0.5, c; = 0.5 and z; = 0.3,0.6, 0.9, respectively.

5.3.2. Monotony Features of AMIDs in the Final State ¢},(z1, 22, ¢1, ¢2)

To achieve the properties of AMID in the final state U’é i (z1,22,¢1,¢2), we also utilized
vast numerical calculations. Some typical figures are listed in Figures 9 and 10. Through
the vast numerical calculations and comparisons, the following properties can be exposed.

(a) For given ¢ and (21, 22), Qa0},] first increases then decreases with ¢1 € (0,1]. The
maximal points (cy,,), i.e., the transition points, are changed with different parameters. The
maximal points and the shape of the curves are determined by the value of c;. Concretely,
the closer the value of ¢; to 0.5 is, the larger maximal value of Qx [0’{, d} can be obtained.
Moreover, for a given set of (z1,23),

QA[U'bd(Zl,ZQ, c¢1=05—wa,c=05— ‘B)] = QM[Ubd(ZLZZ/ c1=05+wa,c=05+ ‘B)] (39)

whereaw € (0,1/2),8 € (0,1/2).

(b) Qa[0},] is an increasing function of z; € [0,1] within z; € [0,0.58]. However, when
zp € [0.58,1], Qaloy,] first increases then decreases in z; € [0, 1]. Moreover, the bigger of
z; € [0.58,1], the smaller of transtion point is.

(8)2,-0.25,2,0.25 (0)2,-0.50,2,0.50 (©)2,=0.75,2,-0.75

108

1 0 0
0 o1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
<, c c
1 1

Figure 9. Variation of Q[07,] with ¢; and ¢, for three sets of z; and z,.

(82,02,2,704,2,/06 (0)2,207,2,708,2,-09

001 0z 03 04 05 06 07 08 09 1 001 02 03 04 05 08 07 08 09 1
2

Figure 10. Variation of Q, [c},;] with ¢1 and ¢, for three sets of z; and z;.

5.4. Comparisons between MID and AMID in the Final States

In this section, let us make some comparisons between them MID and AMID. From
the last sections, through many comparisons, one can obtain the following conclusions:

(i) The properties of MID in the final state 0},; are similar to those of AMID in the final
state 03,4. Comparing Figures 1-3 with Figures 6-8, it is easy to obtain this conclusion. Re-
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gardless of the QC—MID or AMID—QCs in the final state ¢7,; are monotonically increasing
function of z; (i = 1,2). Additionally, they increase when ¢; € [0,1/2] and symmetrically
decrease when ¢; € [1/2,1]. These properties are manly due to the middle measurements
in Equation (5) during the QC swapping process. In other words, the middle measurements
in Equation (5) do not change the QC properties before and after the QC swapping process.
To be concrete, the dependent relations of QCs on the parameters (z; and ¢;, i = 1,2) in the
initial states are retained in the final states.

(ii) The properties of MID in the final state 0} ; are similar to those of AMID in the
final state ¢/ ;. Comparing Figures 4 and 5 with Figures 9 and 10, one can easily obtain this
result. If ¢ = 0.5, then QCs (MID or AMID) in the final state 0}, are symmetrical regarding
c1 = 0.5. Moreover, they are increasing in ¢; € [0,1/2] and decreasing in ¢; € [1/2,1].
However, when ¢, # 0.5, the symmetry disappears. QCs (MID or AMID) in the final state
P4 still first increase then decrease, but the transition points are no longer equal to 0.5.
As for the dependent relation of QCs (MID or AMID) in the final state ¢, on z;, some
transitions emerge. For example, if zo € [0.58,1], QCs (MID or AMID) in the final state
0y, first increase then decrease. Obviously, the properties of QCs (MID or AMID) in the
final state 0;, on the parameters are no longer similar to those in the two initial states.
This is mainly due to the middle measurements in Equation (6). That is to say, the middle
measurements in Equation (6) changes the properties during the QC swapping process.

(iii) There are some distinct differences between QCs (MID or AMID) in the final state
0pq and those in the final state aé 4+ From (i) and (ii), one can see the distict differences.
Properties in the QCs (MID or AMID) in the final state 03,4 are similar to those in the two
initial states. However, properties in the QCs (MID or AMID) in the final state 0} ; are no
longer similar to those in the two initial states. The distict differences are mainly due to the
two kinds of different measurements in Equations (5) and (6).

(iv) The long-distance QC can be realized indeed. From the above discussions, one
can find that QCs in the final states are bigger than zero. That is to say, from the two initial
states, i.e., two short-QC owners, one can obtain a final state through QC swapping process.
Moreover, the final state is a long-distance QC owner.

In addition, let us look at the influences of entanglement of the initial Werner-like states
on the QC swapping in this study. For each of the two Werner-like states in Equations (3)
and (4), it is entangled, if and only if 1/2 < ¢ < 1/2(1+ /(z + 1)(3z — 1) /2z) [44]. Hence,
one can see that being entangled or not in each one of the initial Werner-like states is
determined by this criterion condition. If the criterion condition is not satisfied, there is
no entanglement in the Werner-like state, and thus no entanglement swapping. However,
from the conclusions discussed above, one can see that the swapping of QC, MID or AMID,
is not influenced by the entanglement criterion condition. That is to say, whether entangled
or separable in the initial Werner-like states, it does not affect the quantum correlation
swapping in this study.

In [42], we discussed quantum correlation swapping between Werner and separable
states. In this paper, we discuss the quantum correlation swapping between two Werner-
like states. The differences between the two cases can be listed as the following: (1) In
the former case, the two initial states are Werner and separable states. The Werner state
can be an entanglement state, the while separable state has no entanglement in it. In the
latter case, the Werner-like state can be entangled. Moreover, the Werner-like state is a state
from the Werner state undergoing local or nonlocal unitary operations. (2) In the former
case, there are only two parameters concerned. One is in the Werner state and another is in
the separable state. In the latter case, there are four parameters concerned. A Werner-like
state has two parameters, one from the original Werner state and another from the unitary
operations. (3) The obtained quantities and properties are distinctly different.

Finally, let us make some simple remarks. In this study, we consider a special case of
quantum correlation swapping. The two initial states we considered are two Werner-like
states. A Werner-like state is determined by two parameters. For convenience, we select the
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four Bell states with no parameters in them. Hence, in the final states, there are four parameters.
In this work, we respectively study the dependence relations on the four parameters.

6. Summary

In this paper, the QC swapping with two Werner-like states has been considered. MID
and AMID have been utilized to quantify all the QCs in the concerned states. Some distinct
features about these obtained QCs have been revealed. Especially, it is found that the
monotony features of MID and AMID in the two final states are similar to those in the two
initial states, while those in two other final states are not. To be specific, the monotony
features of MID and AMID in the two final states in Equation (7) are similar to those in
the two initial states. However, the monotony features of MID and AMID in the two final
states in Equation (9) are different from those in the two initial states. All these obtained
distinct properties will be valuable in the field of quantum information processing.
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Appendix A

In order to evaluate AMID in Ubid(zl, 23,01,C2), a general joint local measurement can
be parameterized as {Qél)(al,qy],n) ® A’(j])(az, ¢2,2), i,j = 0,1}, where Q® and AK)
take the same forms as that in Equations (27) and (28). If the parameterized measuring
bases are used to measure both subsystems, then four different outcomes may occur. Those
in Equation (29) are occurrence probabilities of different outcomes. After some tedious
deductions, one can obtain those in Equation (30).
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