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Abstract: In this paper, we study a slotted-time system where a base station needs to update multiple
users at the same time. Due to the limited resources, only part of the users can be updated in each
time slot. We consider the problem of minimizing the Age of Incorrect Information (Aoll) when
imperfect Channel State Information (CSI) is available. Leveraging the notion of the Markov Decision
Process (MDP), we obtain the structural properties of the optimal policy. By introducing a relaxed
version of the original problem, we develop the Whittle’s index policy under a simple condition.
However, indexability is required to ensure the existence of Whittle’s index. To avoid indexability,
we develop Indexed priority policy based on the optimal policy for the relaxed problem. Finally,
numerical results are laid out to showcase the application of the derived structural properties and
highlight the performance of the developed scheduling policies.

Keywords: age of incorrect information; multi-user system; scheduling policy

1. Introduction

The Age of Incorrect Information (Aoll) is introduced in [1] as a combination of age-
based metrics (e.g., Age of Information (Aol)) and error-based metrics (e.g., Minimum
Mean Square Error). In communication systems, Aoll captures not only the information
mismatch between the source and the destination but also the aging process of inconsistent
information. Hence, two functions dominate Aoll. The first is the time penalty function,
which reflects how the inconsistency of information affects the system over time. In real-
life applications, inconsistent information will affect different communication systems in
different ways. For example, machine temperature monitoring is time-sensitive because
the damage caused by overheating will accumulate quickly. However, reservoir water
level monitoring is less sensitive to time. Therefore, by adopting different time penalty
functions, Aoll can capture different aging processes of the mismatch in different systems.
The second is the information penalty function, which captures the information mismatch
between the source and the destination. It allows us to measure mismatches in different
ways, depending on how sensitive different systems are to information inconsistencies.
For example, the navigation system requires precise information to give correct instructions,
but the real-time delivery tracking system does not need very accurate location information.
Since we can choose different penalty functions for different systems, Aoll is adaptable to
various communication goals, which is why it is regarded as a semantic metric [2].

Since the introduction of Aoll, several studies have been performed to reveal its funda-
mental nature. The authors of [3] consider a system with random packet delivery times and
compare Aoll with Aol and real-time error via extensive numerical results. The authors
of [4] study the problem of minimizing the Aoll that takes the general time penalty function.
Three real-life applications are considered to showcase the performance advantages of Aoll
over Aol and real-time error. In [5], the authors investigate the Aoll that considers the
quantified mismatch between the source and the destination. The optimization problem
is studied when the system is resource-constrained. The authors of [6] studied the Aoll
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minimization problem in the context of scheduling. It considers a system where the central
scheduler needs to update multiple users at the same time. However, the central scheduler
cannot know the states of the sources before receiving the updates. By introducing the
belief value, Whittle’s index policy is developed and evaluated. In this paper, we also
consider the problem of minimizing Aoll in scheduling. Different from [6], we consider
the generic time penalty function and study the minimization problem in the presence of
imperfect Channel State Information (CSI). Due to the existence of CSI, Whittle’s index
policy becomes infeasible in general. Hence, we introduce another scheduling policy that
is more versatile and has comparable performance to Whittle’s index policy.

The problem of scheduling to minimize Aol is studied under various system settings
in [7-11]. The problem studied in this paper is different and more complicated because
Aoll considers the aging process of inconsistent information rather than the aging process
of updates. Meanwhile, none of them consider the case where CSI is available. The problem
of optimizing information freshness in the presence of CSI is studied in [12,13]. However,
they focus on the system with a single user and mainly discuss the case where CSI is perfect.
The scheduling problems with the goal of minimizing an error-based performance measure
are considered in [14-16]. Our problem is fundamentally different because Aoll also
considers the time effect. Moreover, we consider the system where a base station observes
multiple sources simultaneously and needs to send updates to multiple destinations.

The main contributions of this work can be summarized as follows. (1) We study
the problem of minimizing Aoll in a multi-user system where imperfect CSI is available.
Meanwhile, the time penalty function is generic. (2) We derive the structural properties
of the optimal policy for the considered problem. (3) We establish the indexability of the
considered problem under a simple condition and develop Whittle’s index policy. (4) We
obtain the optimal policy for a relaxed version of the original problem. By exploring the
characteristics of the relaxed problem, we provide an efficient algorithm to obtain the
optimal policy. (5) Based on the optimal policy for the relaxed problem, we develop the
Indexed priority policy that is free from indexability and has comparable performance to
Whittle’s index policy.

The remainder of this paper is organized in the following way. In Section 2, we introduce
the system model and formulate the primal problem. Section 3 explores the structural
properties of the optimal policy for the primal problem. Under a simple condition, we
develop Whittle’s index policy in Section 4. Section 5 presents the optimal policy for a
relaxed version of the primal problem. On this basis, we develop the Indexed priority
policy in Section 6. Finally, in Section 7, the numerical results are laid out.

2. System Overview
2.1. Communication Model

We consider a slotted-time system with N users and one base station. Each user is
composed of a source process, a channel, and a receiver. We assume all the users share
the same structure, but the parameters are different. The structure of the communication
model is provided in Figure 1.

Receiverl

i\l

Receiver2

Base -

Figure 1. The structure of the communication model.

Receiver N
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For user i, the source process is modeled by a two-state Markov chain where transitions
happen between the two states with probability p; > 0 and self-transitions happen with
probability 1 — p;. At any time slot f, the state of the source process X;; € {0,1} will
be reported to the base station as an update, and the base station will decide whether
to transmit this update through the corresponding channel. The channel is unreliable,
but the estimate of the Channel State Information (CSI) is available at the beginning of
each time slot. Let r;; € {0,1} be the CSI at time t. We assume that r; is independent
across time and user indices. 7;; = 1if and only if the transmission attempt at time ¢ will
succeed and r;; = 0 otherwise. Then, we denote by #;; € {0,1} the estimate of r;;. We
assume that #; ; is an independent Bernoulli random variable with parameter ;,i.e., ?;; = 1
with probability ; € [0,1] and #;; = 0 with probability 1 — v;. However, the estimate
is imperfect. We assume that the error depends only on the user and its estimate. More
precisely, we define the probability of error as pr’l £ Prlr; # #; | #;]. We assume p" <05
because we can flip the estimate if p > 0.5. We are not interested in the case of p” =05
since 7;; is useless in this case. Although the channel is unreliable, each transmission
attempt takes exactly one time slot regardless of the result, and the successfully transmitted
update will not be corrupted. Every time an update is received, the receiver will use it as
the new estimate Xi,t~ The receiver will send an ACK/NACK packet to inform the base
station of its reception of the new update. Since an ACK/NACK packet is generally very
small and simple, we assume that it is transmitted reliably and received instantaneously.
Then, if ACK is received, the base station knows that the receiver’s estimate changed to
the transmitted update. If NACK is received, the base station knows that the receiver’s
estimate did not change. Therefore, the base station always knows the estimate at the
receiver side.

At the beginning of each time slot, the base station receives updates from each source
and the estimates of CSI from each channel. The old updates and estimates are discarded
upon the arrival of new ones. Then, the base station decides which updates to transmit,
and the decision is independent of the transmission history. Due to the limited resources,
at most M < N updates are allowed per transmission attempt. We consider a base station
that always transmits M updates.

2.2. Age of Incorrect Information

All the users adopt Aoll as a performance metric, but the choices of penalty functions
vary. Let X; and X; be the true state and the estimate of the source process, respectively.
Then, in a slotted-time system, Aoll can be expressed as follows

t

Dport(Xe, Xi,t) = Y (8(Xk, X) x F(k—Uy)), 1
k=41

where U is the last time instance before time ¢ (including t) that the receiver’s estimate
is correct. g(X¢, Xt) can be any information penalty function that captures the difference
between X; and X;. F(t) £ f(t) — f(t — 1) where f(t) can be any time penalty function that
is non-decreasing in t. We consider the case where the users adopt the same information
penalty function g(X;, X;) = |X¢ — X;| but possibly different time penalty functions. To ease
the analysis, we require f(¢) to be unbounded. Combined together, we require f(t1) < f(t2)
if 1 < tp and limy_, oo f(t) = +o00. Without a loss of generality, we assume f(0) = 0, as the
source is modeled by a two-state Markov chain, g(X;, X;) € {0,1}. Hence, Equation (1)
can be simplified to

t
Apor1(Xe, X, t) = Y F(k—Uy) = f(st),
k=Up+1

where s; £ t — U;. Therefore, the evolution of s; is sufficient to characterize the evolution
of Aoll. To this end, we distinguish between the following cases.
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e When the receiver’s estimate is correct at time t + 1, we have U;;1 = t+ 1. Then,
by definition, ;11 = 0.
e When the receiver’s estimate is incorrect at time ¢ + 1, we have Uy = U;. Then,
by definition, s;41 =t +1—-U; = s + 1.
To sum up, we get
Sf+1:]]-{ll”17ét+l} X (st +1). 2)

A sample path of s; is shown in Figure 2. In the remainder of this paper, we use f;(-) to
denote the time penalty function user i adopts.

St
A
X1 =1:X9=0:X3=0:X4=1:X5=1Xg=0:Xy=1
X1 =1:X9=1:X3=0:X,4=0:X5=0:Xg=1:Xyp=1
3
2
1
4 * ® -
0 1 2 3 4 5 6 7 t

Figure 2. A sample path of s;.

Remark 1. Under this particular choice of the penalty function, s; can be interpreted as the time
elapsed since the last time the receiver’s estimate is correct. Please note that s; is different from
the Age of Information (Aol) [17], which is defined as the time elapsed since the generation time
of the last received update. We can see that Aol considers the aging process of the update, while
Aol considers the aging process of the estimation error. At the same time, s; is also fundamentally
different from the holding time, which, according to [18,19], is defined as the time elapsed since the
last successful transmission. We notice that the receiver’s estimate can become correct even when
no new update is successfully transmitted. Moreover, the information carried by the update may
have become incorrect by the time it is received. We also notice that [18,19] consider the problem of
minimizing the estimation error. However, by adopting Aoll as the performance metric, we study
the impact of estimation error on the system.

2.3. System Dynamic

In this section, we tackle the system dynamic. We notice that the status of user i can
be captured by the pair x;; £ (s;4, 7). In the following, we will use x;; and (s;, #; ;)
interchangeably. Then, the system dynamic can be fully characterized by the dynamic of
X = (x1,t,-..,xn,). Hence, it suffices to characterize the value of x;;; given x; and the
base station’s action. To this end, we denote, by a; = (a1y,...,an,), the base station’s
action at time f. a;;, = 1 if the base station transmits the update from user i at time f and
a;; = 0 otherwise. We notice that given action a;, users are independent and the action
taken on user i will only affect itself. Consequently

N N
Pr(xppr | xe,a0) = [ [ Pr(xipen | xip ae) = [ [ Pr(xipg | xig aip)-
i=1 i=1
Combined with the fact that all the users share the same structure, it is sufficient to study
the dynamic of a single user. In the following discussions, we drop the user-dependent
subscript i. We recall that 7, is an independent Bernoulli random variable. Then, we have

Pr(xpsq | xt,a) = P(Pry1) X Pr(sic1 | x¢, ar). 3)
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By definition, P(?;;1 = 1) = y and P(f;41 = 0) = 1 — . Then, we only need to tackle the
value of Pr(s;41 | x¢,a¢). To this end, we distinguish between the following cases

When x; = (0,7;), the estimate at time f is correct (i.e., X = X;). Hence, for the
receiver, X; carries no new information about the source process. In other words,
X1 = X regardless of whether an update is transmitted at time £. We recall that
Uprq = Uy if Xt+1 # Xi+1 and Uy = t + 1 otherwise. Since the source is binary, we
obtain Uy ;1 = Uy if X;11 # X;, which happens with probability p and U =t +1
otherwise. According to (2), we obtain

Pr(1|(0,7),a¢) = p,
Pr(0](0,7),a;) =1—p.
When a; = 0 and x; = (st,#), where s; > 0, the channel will not be used and no new
update will be received by the receiver,and so, )A(Hl = X;. We recall that Ui = Uy if
X1 # Xpy1and Uy g1 = t + 1 otherwise. Since X; # X; and the source is binary, we
have U1 = Uy if X1 = X;, which happens with probability 1 — p and U;4q =t +1
otherwise. According to (2), we obtain

Pr(si+1| (s¢,7%),ar =0)=1—p,
Pr(0 | (s, 7t),ar = 0) = p.

When a; = 1 and x; = (s¢,1) where s; > 0, the transmission attempt will succeed
with probability 1 — p} and fail with probability pl. We recall that U;; = U; if
Xt+1 # Xi+1 and Uy = t + 1 otherwise. Then, when the transmission attempt
succeeds (i.e., )A(Hl = Xp), Upy1 = Upif Xp4q # Xy and Uy = £+ 1 otherwise. When
the transmission attempt fails (i.e., Xt+1 = X # X;), we have Uppp = Upif Xpp1 = Xy
and U; 1 = t + 1 otherwise. Combining (2) with the dynamic of the source process
we obtain

Pr(se+1| (s, 1),ar=1)=pi(1—p)+(1—php =
Pr0| (s, 1),ar=1) = pep+ (1 —p)(1—p) =1-a

When a; = 1 and x; = (s¢,0), where s; > 0, following the same line, we obtain

Pr(si+11 (s1,0),a, =1) = plp+ (1 - p)(1—p) £ B,
Pr(0| (s,0),ar =1) = p}(1 = p) + (1= p)p =1~ .

Combines together, we obtain the value of Pr(s;11 | x¢,a¢) in all cases. As only M out
of N updates are allowed per transmission attempt, we realize a necessity to require
transmission attempts always help minimize Aoll It is equivalent to impose Pr(s;11 >
st | (se,Pt),ar = 0) > Pr(spp1 > st | (se,7),ar = 1) for any (sy, 7¢). Leveraging the results
above, it is sufficient to require p < 0.5. As all the users share the same structure, we
assume, for the rest of this paper, that 0 < p; < 0.5for1 <i < N.

2.4. Problem Formulation

The communication goal is to minimize the expected Aoll. Therefore, the problem can

be formulated as the following

T-1 N
arg min 711rn IE¢ < Z 2 filsiy ) (4a)

ped t=0 i=

N
subject to Z ajp =M Vt, (4b)
i=1
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where @ is the set of all causal policies. We refer to the constrained minimization problem
reported in problem (4) as the Primal Problem (PP). We notice that the PP is a Restless
Multi-Armed Bandit (RMAB) Problem. The optimal policy for this type of problem is far
from reachable since it is PSPACE-hard in general [20]. However, we can still derive the
structural properties of the optimal policy. These structural properties can be used as a
guide for the development of scheduling policies and can indicate the good performance
of the developed scheduling policies.

3. Structural Properties of the Optimal Policy

In this section, we investigate the structural properties of the optimal policy for PP.

We first define an infinite horizon with an average cost Markov Decision Process (MDP)

MN(ZU, M) = (XN, AN(M),PN, CN(w)), where

e Xy denotes the state space. The state is x = (x1,..., xN) where x; = (s;, 7).

e AN(M) denotes the action space. The feasible action is a = (ay,...,ay) where
a; € {0,1} and Zfil a; = M. Note that the feasible actions are independent of the
state and the time.

e Py denotes the state transition probabilities. We define P, ,/(a) as the probability that
action a at state x will lead to state x. It is calculated by

N
lex/(a) = HP(?I,')PS,-,Sg (a,', f,'),
i=1

where P, (a;, #;) is the transition probability from s; to s} when the estimate of CSI

is 7; and aétion a; is taken. The values of Py g (a;,7;) can be obtained easily from the

results in Section 2.3. l
¢ Cn(w) denotes the instant cost. When the system is at state x and action a is taken,

the instant cost is C(x,a) £ YN, C(x;,a;) £ XN, (fi(si) + way).

We notice that PP can be cast into M (0, M). Since w = 0, the instant cost is indepen-
dent of action a. Therefore, we abbreviate C(x, a) as C(x). To simplify the analysis, we
consider the case of M = 1. Equivalently, we investigate the structural properties of the
optimal policy for My (0, 1).

Remark 2. For the case of M > 1, we can apply the same methodology. However, as M increases,
the action space will grow quickly, resulting in the need to consider more feasible actions in each
step of the proof. Hence, to better demonstrate the methodology, we only consider the case of M = 1
in this paper.

It is well known that the optimal policy for My/(0,1) can be characterized by the
value function. We denote the value function of state x as V(x). A canonical procedure to
calculate V (x) is applying the Value Iteration Algorithm (VIA). To this end, we define V,(+)
as the estimated value function at iteration v of VIA and initialize V(-) = 0. Then, VIA
updates the estimated value functions in the following way

Vyi1(x) =C(x) —6+ min { Y Px,x/(u)Vv(x/)}, 5)

acAyn(1) X EXy

where 6 is the optimal value of My(0,1). VIA is guaranteed to converge to the value
function [21]. More precisely, V,(-) = V(-) when v — +oc0. However, the exact value
function is impossible to get since we need infinite iterations and the state space is infinite.
Instead, we provide two structural properties of the value function.

Lemma 1 (Monotonicity). For My(0,1), V(x) is non-decreasing in s; for 1 < i < N.
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Proof. Leveraging the iterative nature of VIA, we use mathematical induction to prove the
desired results. The complete proof can be found in Appendix A. [

Before introducing the next structural property, we make the following definition.

Definition 1 (Statistically identical). Two users are said to be statistically identical if the user-
dependent parameters and the adopted time penalty functions are the same.

For the users that are statistically identical, we can prove the following

Lemma 2 (Equivalence). For My(0,1), if users j and k are statistically identical, V(x) = V
(Z(x)) where P (x) is state x with x; and xy exchanged.

Proof. Leveraging the iterative nature of VIA, we use mathematical induction to prove the
desired results. At each iteration, we show that for each feasible action at state x, we can
find an equivalent action at state & (x). Two actions are equivalent if they lead to the same
value function. The complete proof can be found in Appendix B. [

Equipped with the above lemmas, we proceed with characterizing the structural
properties of the optimal policy. We recall that the optimal action at each state can be
characterized by the value function. Hence, we denote, by Vi (x), the value function
resulting from choosing user j to update at state x. Then, V/(x) can be calculated by

Y
Tj

Vi(x) = C(x) — 0+ Z (pr,-,x;(e)) E Z o (1,7)V (x)

¥t | \i#

If Vi(x) < Vk(x) for all k # j, it is optimal to transmit the update from user j. When
Vi(x) = V¥(x), the two choices are equally desirable. In the following, we will characterize
the properties of /¥ (x) £ VI(x) — V¥(x) for any j and k.

Theorem 1 (Structural properties) For My(0,1), % (x) has the following properties

1. JKx) <0iff = Pek = 0. The equality holds when s; = 0 or #; = pE] 0.

2. §IK(x) is non-increasing in #; and is non-decreasing in . when s;, sy > 0. At the same time,
Jf'k(x) is independent of 7; for any i # j, k.

3. 8K (x) < 0if sp = 0. The equality holds when sj=0orf; = p?,j =0.

4. 8 (x) is non-increasing in sj if lj’ < F?k and is non-decreasing in sy if F]r.j > F,ik when
sj, ¢ > 0. We define T} £ andl"oA £ G for1<i<N.

5. éfk(x) <0 zfs] > Sk, r/ 2 i and users j and k are statistically identical.

Proof. The proof can be found in Appendix C. [

We notice that l"? can be written as

o Pr(si+11] (si,?i),a; =1)
o Pr(si41 (si, 7

where s; can be any positive integer. Consequently, l"fi is independent of any s; > 0 and
indicates the decrease in the probability of increasing s; caused by action a; = 1. When F?’
is large, action 2; = 1 will achieve a small decrease in the probability of increasing s;. In the
following, we provide an intuitive interpretation of why the monotonicity in Property 4 of
Theorem 1 depends on l"?i. We take the case of '/ < F}ik as an example and assume that
there are only users j and k in the system. Then, according to Section 2.3, the dynamic of s;
and sy can be divided into the following three cases
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*  Neither s; nor sy increases. In this case, both s; and sy become zero.
e Eithers; or s increases and the other becomes zero. We denote by P]I‘ the probability
that only sy increases when 4; = 1. The notation for other cases is defined analogously.

The probabilities can be obtained easily using the results in Section 2.3.

*  Both s; and s; increase. We denote by P; the probability that both s; and s, increase
when a; = 1. Py is defined analogously. The probabilities can be obtained easily using

the results in Section 2.3.

We notice that 6/ (x) implies the tendency of the base station to choose between the
two users. The larger Jf'k(x) is, the more the base station tends to choose user k. Thus, we
investigate the base station’s propensity to choose user k when s; increases but s; stays
the same. We ignore the case where the resulting s is zero since it is independent of the
increase in s;. With this in mind, we first notice that P,’(‘ < P;‘. Meanwhile, we can easily

7

) p T/ o .
verify that ﬁi = r—ik When 1“;.’ < FZ", we have Pj < Py. Then, there exists a subtle trade-off.
k

More precisely, choosing user k will result in P,f < P]I‘, but at the cost of P, > P;. Hence,
in this case, the propensity of the base station is hard to determine. Following the same
line, we can show that choosing user j will lead to P} < Pli and P] < Pyg. Thus, there exists
no such trade-off when we investigate the base station’s propensity to choose user j as s;
increases but sy stays the same.

Leveraging Theorem 1, we can provide some specific structural properties of the
optimal policy.

Corollary 1 (Application of Theorem 1). When M = 1, the optimal policy for PP must satisfy

the following

1. The user i with ?; = pgri = 0ors; = 0 will not be chosen unless it is to break the tie.

2. When user j is chosen at state x1, then for state x5, such that #1; < #5; and s1; = s; for
1 <i < N, the optimal choice must be in the set G = {j} U {k : Py < Pox}.

3. When N = 2, we consider two states, x1 and x, which differ only in the value of s;.
Specifically, s1; < sy j. If user j is chosen at state x| and I“;l’j < I“Zl’k, the optimal choice at
state xp will also be user j.

4. When N = 2, we consider two states, x, and xp, which differ only in the value of sy.
Specifically, 1 > sy . If user j is chosen at state x1 and 1";” > 1";“‘, the optimal choice at
state xp will also be user j.

5. When all users are statistically identical, the optimal choice at any time slot must be either
the user with x = (Syax1, 1) Where Syax1 2 maxs, {(s;,1)} or the user with x = (Syax,0,0)
where Syax0 = maxs, {(s;,0) }. Moreover,
®  IfSmaxa > Smax,, it is optimal to choose the user with X = (Syax,1).

*  IfSmaxa < Smax,0, the optimal choice will switch from the user with x = (Syax,0,0) to
the user with X = (Syax,1, 1) When s,,4x 1 increases from 0 t0 Syqy,0 solely.

Proof. The first property follows directly from Property 1 and Property 3 of Theorem 1.
For the second property, leveraging Property 2 of Theorem 1, we have 6/ (x;) < 6/K(x1) <
0if #1; < fp, P1x > fop, and s1; = sp; for 1 < i < N. Thus, the optimal choice will not
be user k in this case. Then, we can conclude that the optimal choice must be in the set
G={j Ufk: P <Por}. '

For the third property, we have proved in Property 4 of Theorem 1 that §/%(x) is
non-increasing in s; if F/r.f <Tr ,ik . Hence, /% (x,) < 67K(x1) < 0. As we consider the case of
N = 2, the optimal choice at state x, will also be user j. The fourth property can be shown
in a similar way by noticing that 6/ (x) is non-decreasing in s; when l";j > FZ" .

For the last property, we recall from Property 5 of Theorem 1 that it is always better to
choose the user with a larger s if they are statistically identical and have the same 7. Thus,
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we can conclude that the optimal choice must be either the user with x = (sy,1,1) or
the user with x = (sjuax,0,0). Without a loss of generality, we assume x; = (syqx,1,1) and
Xk = (Smax,0,0). Now, we distinguish between the following cases

®  According to Property 5 of Theorem 1, we can conclude that it is optimal to choose
user j when Sy,4x,1 > Spax,0-

¢ To determine the optimal choice in the case of 5,511 < Syuax,0, We recall that the optimal
choice will be user k (i.e., §%(x) > 0) if s; = 0 and will be user j (i.e., Sk (x) < 0)if
$j = s. At the same time, Property 4 of Theorem 1 tells us that 7% (x) is non-increasing
in s; when users j and k are statistically identical. Therefore, we can conclude that the
optimal choice will switch from user k to user j when s; increases from 0 to si solely.

O

4. Whittle’s Index Policy

Whittle’s index policy is a well-known low-complexity heuristic that shows a strong
performance in many problems that belong to RMAB [22-24]. In this section, we develop
Whittle’s index policy for PP. We first present the general procedures we adopt to obtain
Whittle’s index.

e We first formulate a relaxed version of PP and apply the Lagrangian approach.

e Then, we decouple the problem of minimizing the Lagrangian function into N decou-
pled problems, each of which only considers a single user. By casting the decoupled
problem into an MDP, we investigate the structural properties and performance of the
optimal policy.

e Leveraging the results above and under a simple condition, we establish the indexa-
bility of the decoupled problem.

¢ Finally, we obtain the expression of Whittle’s index by solving the Bellman equation.

4.1. Relaxed Problem

The first step in obtaining Whittle’s index is to formulate the Relaxed Problem (RP).
More precisely, instead of requiring the limit on the number of updates allowed per
transmission attempt to be met in each time slot, we relax the constraint such that the limit
is not violated in an average sense. Then, RP can be formulated as

1 T-1 N
Jim Ky ( > Zfi(si,t)> (6a)
=0 i=1

[I>

argmin A,
ped

-1 N
subject to p¢ = hm E(p ( Z 2 > (6b)
=0 i=1

As RP is specified, we apply the Lagrangian approach. First of all, we write RP into its
Lagrangian form.

L(A¢) = 11m 1E¢<ZZJ‘, Sit +Aa”)> —AM,

t=0i

where A > 0 is the Lagrange multiplier. Then, we investigate the problem of minimizing
the Lagrangian function. Since AM is independent of policies, we can ignore it. More
precisely, we consider the following minimization problem

T-1 N
minimize hm IE sit) +Aa 7)
ped <P<tz(:)1z;fz zt zt)>
4.2. Decoupled Model

In this section, we formulate the decoupled problem and investigate its optimal policy.
The decoupled model associated with each user follows the system model with N = 1.
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Since all the users share the same structure, we drop the user-dependent subscript i for
simplicity. Then, the decoupled problem can be formulated as

minimize lim 1 =Ky <TZ:1(f(St) + Allt)) , (8)

(P c [o4 T—oc0 =

where @’ is the set of all causal policies when N = 1. We notice that problem (8) can be cast
into the MDP M (A, —1). We define M = —1 when there is no restriction on the number
of updates allowed per transmission attempt.

We first investigate the structural properties of the optimal policy for M1 (A, —1) when
A is a given non-negative constant. We start with characterizing the corresponding value
function V (x).

Corollary 2 (Extension of Lemma 1). For M (A, —1), V(x) is non-decreasing in s.

Proof. The proof follows the same steps as in the proof of Lemma 1. The complete proof
can be found in Appendix D. [

Equipped with the above corollary, we can characterize the structural properties of
the optimal policy for (8).

Proposition 1 (Optimal policy for decoupled problem). The optimal policy for the decoupled

problem is a threshold policy with the following properties.

e The optimal policy can be fully captured by n = (ng, nq). More precisely, when the system is
at state (s, #), it is optimal to make a transmission attempt only when s > nj.

° ng > ny > 0.

Proof. We define AV(x) £ V1(x) — V%(x), where V“(x) is the value function resulting
from taking action # at state x. Then, the optimal action at state x isa = 1if AV(x) < 0,
and a = 0 is optimal otherwise. We use Corollary 2 to characterize the sign of AV(x).
The complete proof can be found in Appendix E. [

In the following, we evaluate the performance of the threshold policy detailed in
Proposition 1. More precisely, we calculate the expected Aoll A, and the expected transmis-
sion rate g, resulting from the adoption of threshold policy n. We will see in the following
that A, and p, are essential for establishing the indexability and obtaining the expression
of Whittle’s index.

Proposition 2 (Performance). Under threshold policy n = (ng, ny),

ny—1
n:ﬂOP Zf )k1+ n11<zf 1+Cnonlzf kn0>:|,

k=n k=ng

5 — _oym-1|_ 7 co—m L
pn = mop(1 —p) {1_5 ta (1—62 1_Cl>}/

where
1

1 1 _ 1 1 !
_pym-1 _ T4 mm _
2+p=p) {1—61 P+Cl (1—62 1—C1>}

aa=1-7-p)+yxandc;=(1-7)p+7a

TH =

Proof. We notice that the dynamic of Aoll under the threshold policy can be fully captured
by a Discrete-Time Markov Chain (DTMC). Then, combined with the fact that 7 is an inde-
pendent Bernoulli random variable, we can obtain the desired results from the stationary
distribution of the induced DTMC. The complete proof can be found in Appendix F. [

10
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As f(-) can be any non-decreasing function, A can grow indefinitely. Thus, it is
necessary to require that there exists at least one threshold policy that causes a finite A.
By noting that 1 — p > ¢; > ¢, we have

n—1 np—1 o
A> nop[ Y fe! +C§1_1< Y feg " g +Z f(k)é"o)]
k=1

k=n, k=ng
= k-1
= mop (Z fk)e3~ > :
k=1

The equality is achieved when 1y = 17 = 1. Then, we can conclude that it is sufficient to

require y ;7% (k)C};1 < +oo0. This will be the underlying assumption throughout the rest

of this paper.
4.3. Indexability

In this section, we establish the indexability of the decoupled problem, which ensures
the existence of Whittle’s index. We start with the definition of indexability.

Definition 2 (Indexability). The decoupled problem is indexable if the set of states in which a = 0
is the optimal action increases with A, that is,

N < A= D(\) C D(A),
where D(A) is the set of states in which a = 0 is optimal when Lagrange multiplier A is adopted.

The Lagrange multiplier A can be viewed as a cost associated with each transmission
attempt. Intuitively, as A increases, the base station should stay idle (i.e., # = 0) for a longer
time until s becomes large enough to offset the cost. Although it is intuitively correct that
the decoupled problem is indexable, the indexability is hard to establish as the optimal
policy is characterized by two thresholds. Thus, Whittle’s index does not necessarily exist.
However, the indexability can be established when the following condition is satisfied

pli=0 for1<i<N. ©)

Remark 3. Problem (9) only requires the estimate 7; to be perfect when #; = 0. In the case of
7; = 1, we still allow the estimate to be inaccurate.

When (9) is satisfied, Propositions 1 and 2 reduce to the following

Corollary 3 (Consequences of (9)). When (9) is satisfied, the optimal policy for the decoupled
problem (8) is the threshold policy n = (+o0,n). The corresponding A,, and py, are

n—1 g
By = mop <kz fERA-pF 4 @—p)! kz f(k)C§‘”>r
—1 =n

Pn = mop(1—p)" (L)

1—C1

where
1

1 1\°
- 2
2P =p) (1*01 P)

T =

Proof. We continue with the same notations as in the proof of Propositions 1 and 2. It is
sufficient to show that ny = +co. To this end, we consider the state x = (s,0). By following
the same steps as in the proof of Proposition 1, we have

11
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AV(s,0) = A > 0.

Therefore, it is optimal to stay idle (i.e., a = 0) at state x = (s,0) for any s > 0. Equivalently,
ng = +oo. Then, the corresponding A, and p, can be calculated as a special case of
Proposition 2 where g = +00, 1y = 1, and p? = 0. [

Leveraging Corollary 3, we can establish the indexability of the decoupled problem.

Proposition 3 (Indexability of decoupled problem). The decoupled problem is indexable when
(9) is satisfied.

Proof. According to Proposition 2.2 of [25], we only need to verify that the expected
transmission rate gy is strictly decreasing in . From Corollary 3, we have

(a)

S (1)
A=prt \l1-q

As % < 1—p <1, we can easily verify that g, is strictly decreasing in . Thus, the decou-
pled problem is indexable when (9) is satisfied. [

4.4. Whittle’s Index Policy

In this section, we proceed with finding the expression of Whittle’s index and defining
Whittle’s index policy. First of all, we give the definition of Whittle’s index.

Definition 3 (Whittle’s index). When the decoupled problem is indexable, Whittle’s index at state
x is defined as the infimum A, such that both actions are equally desirable. Equivalently, Whittle's
index at state x is defined as the infimum A such that VO(x) = V1(x).

Let us denote by W, the Whittle’s index at state x. Then, the expression of Whittle’s
index is given by the following Proposition.

Proposition 4 (Whittle’s index). When (9) is satisfied, Whittle’s index is

0 when x = (0,7) or x = (s,0),
+o00
_ k—s—1 _ A
wo{ 0o B swe s 1
(—e)(-—p)—y0—p-a  rx=6b
all—p—a) ’

where s > 0and ¢y = (1 —v)(1 — p) + ya. As and ps are the expected Aoll and the expected
transmission rate when threshold policy n = (400, s) is adopted, respectively. At the same time,
Wy is non-negative and is non-decreasing in s.

Proof. Whittle’s indexes at state x = (0,7) and x = (s,0) are obtained easily from the
proof of Proposition 1. For state x = (s, 1), we first use backward induction to calculate
the expressions of some value functions. Then, the expression of Whittle’s index can be
obtained from its definition. The complete proof can be found in Appendix G. [

Definition 4 (Whittle’s index policy). At any state x = (x1,xa,...,XxN), the base station will
transmit the updates from M users with the largest Wy,. The ties are broken arbitrarily. Wy, is

calculated using Proposition 4 with the parameters of user i.

Remark 4. Whittle’s index policy possesses the structural properties detailed in Corollary 1.

12
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e Thefirst two properties can be verified by noting that Wy, > 0 and the equality holds when
?; = 0 ors; = 0. At the same time, Wy, is non-decreasing in #;.

e The third and fourth properties can be verified by noting that Wy, is non-decreasing in s;.

For the last property, we first notice that Wy, = Wx, when users j and k are statistically
identical and x; = xy. Then, the property can be verified by noting that Wy, is non-decreasing
in both s; and ;.

5. Optimal Policy for Relaxed Problem

In this section, we provide an efficient algorithm to obtain the optimal policy for RP,
based on which we will develop another scheduling policy for PP in the next section that
is free from indexability. At the same time, the performance of the optimal policy for RP
forms a universal lower bound because the following ordering holds

ARP APP
Adorr = Biorrs
where ARP,and AL} are the minimal expected Aoll of RP and PP, respectively.

Remark 5. Note that the optimal policy for RP may not necessarily be a valid policy for PP,
as the transmitter may transmit more than M updates in one transmission attempt under RP-
optimal policy.

To solve RP, we follow the discussion in Section 4.1. More precisely, we take the
Lagrangian approach and consider the problem reported in (7). We will see in the following
discussion that the optimal policy for RP can be characterized by the optimal policies for
problem (7). Therefore, we first cast problem (7) into the MDP My (A, —1). However,
the optimal policy for My (A, —1) is difficult to obtain because the state space is infinite.
Even though we can make the state space finite by imposing an upper limit on the value
of s, the state space and the action space grow exponentially with the number of users in
the system. To overcome the difficulty, we investigate the optimal policy for M/ (A, —1)
where 1 < i < N. The superscript i means that the only user in the system is user i. We
will show later that the optimal policy for My (A, —1) can be fully characterized by the
optimal policies for Ma(/\, —1) where1 <i < N.

5.1. Optimal Policy for Single User

In this section, we tackle the problem of finding the optimal policy for M (A, —1).
Since the users share the same structure, we ignore the superscript i for simplicity. To find
the optimal policy, we first use the Approximating Sequence Method (ASM) introduced
in [26] to make the state space finite. More precisely, we impose s < m where m is a
predetermined upper limit. The state transition probabilities P, ,(a, ?) are modified in the
following way

5!

P = { B @) if s <m, 10)
o P (a,?) + Yoo Bsz(a,?) if ' =m.

The action space and the instant cost remain unchanged. Then, we can apply Relative
Value Iteration (RVI) with convergence criteria € to obtain the optimal policy. We notice
that M1 (A, —1) coincides with the decoupled model studied in Section 4.2. Hence, we can
utilize the threshold structure of the optimal policy to improve RVI. To this end, we class
a state as active if the optimal action at this state is # = 1. Then, the threshold structure
detailed in Proposition 1 tells us the following. For any state x, if there exists an active state
x1 with sy < sand 7y < 7, then x must also be active. Hence, we can determine the optimal
action at state x immediately instead of comparing all feasible actions. In this way, we can
reduce the running time of RVI. The pseudocode for the improved RVI can be found in
Algorithm A1 of Appendix M. A similar technique is also presented in [5].

13
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For Mj(A,—1), when problem (9) is satisfied, Whittle’s index exists and can be
calculated efficiently using Proposition 4. Therefore, we can obtain the optimal policy using
Whittle’s index and further reduce the computational complexity. To this end, we denote
by n, the optimal policy for Mj (A, —1) and present the following proposition

Proposition 5 (Optimal deterministic policy). When (9) is satisfied, the optimal policy for
M1 (A, =1) is ny = (+oo,n) where n is given by

1 ifA=0,
N max{s € Ng: Wy <A}+1 if A>0.

W is the Whittle’s index at state (s, 1).

Proof. We first notice that M (A, —1) coincides with the decoupled model studied in
Section 4.2. Then, we show the optimal action for each state with # = 1 using the definition
of Whittle’s index and the fact that the decoupled problem is indexable when (9) is satisfied.
The complete proof can be found in Appendix H. [

In the following, we provide a randomized policy that is also optimal for Mj (A, —1).
We will see later that the randomized policy is the key to obtaining the optimal policy
for RP.

Theorem 2 (Optimal randomized policy). There exist two deterministic policies ny, and n,_,
which are both optimal for My (A, —1). We consider the following randomized policy n): every time
the system reaches state (0,0), the base station will make the choice between n)_ with probability
wand ny  with probability 1 — . The chosen policy will be followed until the next choice. Then,
the randomized policy n is optimal for My (A, —1) under any y € [0,1].

Proof. We show that our system verifies the assumptions given in [27]. Then, leveraging
the characteristics of our system, we can obtain the optimal randomized policy. The com-
plete proof can be found in AppendixI. [

In practice, we approximate Ay ~ A+ and A ~ A — ¢ where ¢ is a small pertur-
bation. Then, the deterministic policies n,, and n,_ can be obtained by following the
discussion at the beginning of this subsection. Note that, in most cases, n,_, and n,_ are
the same.

5.2. Optimal Policy for RP

~ In this section, we characterize the optimal policy for RP. Let us denote by V(x) and
V*(x;) the value functions of My (A, —1) and Mj (A, —1), respectively. Then, we can prove
the following

Proposition 6 (Separability). V(x) = YN, Vi(x;) where x = (xy,...,xy). In other words,
the policy, under which each user adopts its own optimal policy, is optimal for My (A, —1).

Proof. Weshow V(x) = YN, Vi(x;) by comparing the Bellman equations they must satisfy.
The complete proof can be found in Appendix ]. [

We denote the optimal policy for My (A, —1) as ¢p = [na1, ..., 1y N] Where ny ; is the
optimal policy for M (A, —1). For simplicity, we define A(A) and p(A) as the expected
Aoll and the expected transmission rate associated with ¢,, respectively. A’(A) and p'(A)
are defined analogously for user i under policy n, ;. We also define A* 4 inf{A > 0:
p(A) < M}. With Proposition 6 and the above definitions in mind, we proceed with
constructing the optimal policy for RP.

14
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Theorem 3 (Optimal policy for RP). The optimal policy for RP can be characterized by two
deterministic policies ¢y = [ny= 1,...,myx N] and ¢p« = [my+ 1,..., mp- N] where my- ; and
ny« ; are both the optimal deterministic policies for Mﬁ()\*, —1). Then, we mix Par and Py in
the following way: for each user i, every time the user reaches state (0,0), the base station will make
the choice between n,- ; with probability p; and )« ; with probability 1 — y;. The chosen policy
will be followed by user i until the next choice. Where 1 < i < N, the p; is chosen in such a way as
to satisfy
N N
P =),
=1 i=1

1

(e 0) 4 1= g 01) ) = . an

1

Then, the mixed policy, denoted by ¢+, is optimal for RP.

Proof. According to Lemma 3.10 of [27], a policy is optimal for RP if
1. Itis optimal for My (A*, —1);
2. The resulting expected transmission rate is equal to M.

Then, we construct such a policy using Theorem 2 and Proposition 6. The complete proof
can be found in Appendix K. [J

Since we approximate A% ~ A* + ¢ and A* & A* — & in practice, p'(A%) < p'(A*)
for all 7 according to the monotonicity given by Lemma 3.4 of [27]. Combining with the
definition of A*, we must have g(A%) < M < §(A*). Therefore, we can always find y;’s
that realize (11). In this paper, we choose

M-p(AL) -

Ui=H F) = p(AT) for1 <i<N. (12)

Then, we describe the algorithm used to obtain the optimal policy for RP. As detailed

in Theorem 3, it is essential to find A*. To this end, we recall that, for any user i under given

A, the optimal deterministic policy n, ; can be obtained using the results in Section 5.1

and the resulting expected transmission rate (1) is given by Proposition 2. Since g*(A)

is non-increasing in A for all i according to Lemma 3.4 of [27], 5(A) = £, p'(A) is also

non-increasing in A. Hence, we can regard g(A) as a non-increasing function of A. Then,

according to the definition of A*, we can use the Bisection search to obtain A* efficiently.
The main steps can be summarized as follows.

1. Initialize A- =0and Ay = 1.

2. DoA_=Apand Ay =214 untilg(Ay) < M.

3. Run Bisection search on the interval [A_, A ;| until the tolerance 2¢ is met.

Then, A* and A% can simply be the boundaries of the final interval. The pseudocode for
the Bisection search can be found in Algorithm A2 of Appendix M. After obtaining A* and
A%, the optimal policy ¢, is detailed in Theorem 3 and the mixing probabilities y;’s are
given by (12).

Remark 6. We recall that the optimal deterministic policy for each user can be characterized by
two positive thresholds (i.e., ng,ny > 0). Consequently, under RP-optimal policy, the base station
will never choose the user at state (0, 7). Then, when M increases, the expected transmission rate
achieved by RP-optimal policy will saturate before M reaches N. When the expected transmission
rate saturates, the RP-optimal policy is ¢* = [ny,...,ny| where n; = (1,1) for 1 < i < N.
The saturation happens when M is larger than or equal to the expected transmission rate achieved

by ¢*.
6. Indexed Priority Policy

Although the performance of Whittle’s index policy is known to be good, it requires
indexability, which is usually difficult to establish. In this section, based on the primal-
dual heuristic introduced in [28], we develop a policy that does not require indexability
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and has comparable performance to Whittle’s index policy. We start with presenting the
primal-dual heuristic.

6.1. Primal-Dual Heuristic

The heuristic is based on the optimal primal and dual solution pair to the linear
program associated with RP. To introduce the linear program, we define 7ty (¢) > 0 as the
expected time that user i is at state x; and action 4; is taken according to policy ¢. Then,
for any ¢, 71y (¢) must satisfy the following problems

m9.(¢) + 7y, (¢ 2:2: 2, 5 ($), Vxi,i.

YY) =1, Vi
X; a;
The objective function of RP can be rewritten as

N
minimize Y Y C(x;)7yi(¢)

¢ e @ i=1x;,a

where C(x;) = fi(s;) is the instant cost at state x;. The constraint on the expected transmis-
sion rate can be rewritten as
N
1
Y. ) (p) <M
i=1 X

Thus, the linear program associated with RP can be formulated as the following

N
. a;
minimize 2 Z C(x;) ! (13a)

oo, i=1X;,0;

subjectto 713, + 71y, ZZ i D=0, Vi, (13b)

Y Y ai=1, Vi (13c)

X a;
Z Y m <M, (13d)
i=1 X

7'[?{; >0, in,ﬂf,i. (138)

The corresponding dual problem is
N

maximize 0; — Mo 14a
imize Y01 (14a)
subjectto oy, +0; — Z i (0) 0 1 < C(x;), Yxi,i, (14b)
oy + 0 — Z . o — 0 < C(xi), Vi, (14c)

o>0. (144)

Let {7y} and {7,5;, 0x, } be the optimal primal and dual solution pair to the problems
reported in (13) and (14). We define

l)t_’x, Z x,,x C(x,) —0i— UX: 20,
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For any state x = (x1,...,xn), let h(x) = Zf\il Lint S0} Then, the heuristic operates in the
following way

o Ifh(x) > M, the base station will choose the M users with the largest ¢). among the
h(x) users.

e If h(x) < M, these h(x) users are chosen by the base station. The base station will
choose M — h(x) additional users with the smallest 1[_131(1

However, Linear Programming (LP) is a very general technique and does not appear
to take advantage of the special structure of the problem. Although there are algorithms for
solving rational LP that take time polynomial in the number of variables and constraints,
they run extremely slowly in practice [29]. For our problem, we notice that the users have
separate activity areas that are linked through a common resource constraint. Therefore,
the primal problem can be solved using Dantzig-Wolfe decomposition. Even so, the prob-
lem is still computationally demanding when the system scales up. We recall that we
solved the exact problem efficiently using MDP-specific algorithms in Section 5. It is more
efficient because of the following reasons

®  According to Proposition 6, we can decompose the problem into N subproblems.

®  For each subproblem, the threshold structure of the optimal policy is utilized to reduce
the running time of RVI.

e Aswe will see later, the developed policy can be obtained directly from the result of
RVI in practice.

In the following, we will translate the results in Section 5 into the optimal primal and dual

solution pair and propose Indexed priority policy.

6.2. Indexed Priority Policy
We first define the Lagrangian function associated with (13).

N
Ly, 0,01, 0%, ) :<Z Y Clxi)m ) +Y oy, (ZZPWC] i m% — 7@1(1)—0—
ix; i

i=1X;,4;

Yo(1-Trm)+o( L -M) - T it

1 Xi aj i=1 X 1,X;,0;

Then, the corresponding Lagrangian dual function is

8(0, 05, 0%, ¢%) = inf L(7¥,, 0, 03, 0%, Y.
1

Ty

Let 714, be the expected time that user i is at state x; caused by the adoption of ¢+, where
¢+ is the optimal policy detailed in Theorem 3. Then, we define {7y } as follows

e  State x; is where randomization happens (randomization happens when the actions
suggested by the two optimal deterministic policies are different), and it has a value
of ), = an,. (%) (1 — pi) e, + an/\i,i(xi)yinxi and 71}, = 71y, — 73, where y; is given
by (12) and ay, ,(x;) is the action suggested by n, ; at state x;.

0

*  For other values of x;, we have 7Y, = (1 — ay,, ,(x;))7ty; and 71}, = 7y, — 719,

We also define 0 = A", 0; = 6;, and 0y, = Vi(x;) where A* is specified in Section 5.2, 0; is the
optimal value of M (A*, —1), and V'(x;) is the value function associated with M (A*, —1).
Lastly, we define {¥'} as follows

IIJY, Z Xi, 0)oy / +C(x;) — 0; — 0w,

l/)xx Z (7/+<7+C(x1)—<7,—(7x1
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Then, we can prove the following proposition.

Proposition 7 (Optimal solution pair). {7y} and {o, 07, 0x,, 3 } are primal and dual solutions
to (13), respectively.

Proof. Since (13) is linear and strictly feasible, it is sufficient to show that {niﬁ} and
{0, 04,04, 1,[7[;’1} verify the KKT conditions, which can be expressed as the following four con-
ditions.

1. Primal feasibility: the constraints in (13) are satisfied.
2. Dual feasibility: ¢ > 0 and 1/)52 > 0 for all x;, a;, and i.
3. Complementary slackness: o Zfil L, 7'(,1(,_ — M) = 0and zpf(‘zi 712 = 0 for all x;, a;,
and 1.
4. Stationarity: the gradient of E(nié, 0,04, 0%, lpf{:) with respect to {nij} vanishes.
Apparently, the first condition is satisfied by {75 }. For the second condition, ¢ > 0 since
o = A* > 0 by definition. For ¢y, we can verify that 5 = V"(x;) — Vi(x;) where
Vii(x;) is the value function resulting from taking action 4; at state x;. Then, the non-
negativity is guaranteed by the Bellman equation. For the third condition, the first term
is zero because we choose the yi;’s given by (12). For the second term, we recall that
Py = Vi (x;) — Vi(x;). According to the definition of i, we know Vi(x;) = Vi (x;) if
7'[‘,7(; > 0. Combined together, we can conclude that l/)?cf = 0 when 7'[2 > 0. Thus, the third
condition is satisfied. For the last condition, setting the gradient equal to zero yields a
system of linear equations. More precisely, for each x;and 1 <7 < N

EPxi,x;(O)axl’ + C(xi) =0y, +0;i + 1/’2,
x!

pri,X,‘(l)‘TX,’ —+ o0+ C(x,') = Oy, +0; + l/l},x

Then, {c,0;,0x,, 1/]22} verifies the system of linear equations by definition. Since all four
conditions are satisfied, we can conclude our proof. [

According to Proposition 7, we know that {7y} and {c, 0;, 0y, } defined above are
the optimal solutions to problems (13) and (14), respectively. As the optimal solutions are
obtained, we can adopt the heuristic detailed in Section 6.1.

The heuristic can be expressed equivalently as an index policy. To this end, we define
the index I, for state x; as

Ixi £ 1/39, - lﬁ}c,
According to the complementary slackness, I;; can be reduced to the following.
*  Forstate x; such that 77} > 0 and 720, = 0, we have ¢} = 0. Therefore, Iy, = %, > 0.
e  For state x; such that 7’(,%1, > 0and ftgl_ > 0, we have ¢, = ngi = 0. Therefore, I, = 0.
e  For state x; such that fcii =0and frgl, > 0, we have JJ% = 0. Therefore, I, = 71/7,1(1, <0.

We can show that Iy, possesses the following properties.

Proposition 8 (Properties of I,). For 1 <i < N, I, > —A* for any x;. The equality holds
when ?; = ng = 0ors; = 0. At the same time, I, is non-decreasing in both s; and 7;.

Proof. We notice that Iy, can be expressed as a function of Vi(x;) and A*. Meanwhile,
Mi(/\*, —1) coincides with the decoupled model studied in Section 4.2. Then, we can
verify the properties of Iy, using the results in Section 4.2. The complete proof can be found
in Appendix L. [

Comparing with the heuristic detailed in Section 6.1, we can define the Indexed
priority policy.
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Definition 5 (Indexed priority policy). At any state x = (x1,X2,...,xN), the base station will
transmit the updates from M users with the largest I,. The ties are broken arbitrarily.

Remark 7. Indexed priority policy belongs to the class of priority policies introduced in [30]. These
priority policies are asymptotically optimal when certain conditions are satisfied.

Remark 8. Indexed priority policy possesses the structural properties detailed in Corollary 1.

e The first two properties can be verified by noting that I, > —A* and the equality holds when
7= pgi = 0ors; = 0. At the same time, Iy, is non-decreasing in ;.

e The third and fourth properties can be verified by noting that I, is non-decreasing in s;.

*  For the last property, we first notice that Iy, = Ix, when users j and k are statistically identical
and xj = xx. Then, the property can be verified by noting that Iy, is non-decreasing in both s;
and 7;.

We notice that ;'s and C(x;)’s are canceled out by the definition of I,. Therefore, I,
can be calculated using A* and the value function of M (A*, —1). In practice, we can use
either A* or A to approximate A*, and the value function can be approximated by the
result of the RVI detailed in Section 5.1. Since the state space is infinite, we only calculate a
finite number of V'(x;), the number of which depends on the truncation parameter m of
ASM. Meanwhile, the probabilities Px’_,x; (a;) in I, are modified according to (10).

7. Numerical Results

In this section, we provide numerical results to showcase the performance of the
developed scheduling policies. To eliminate the effect of N, we plot the expected average
AolL In particular, we provide the expected average Aoll achieved by the Indexed priority
policy and Whittle’s index policy when M = 1. The policies are calculated using the results
detailed in Sections 4—6. When obtaining the Indexed priority policy, we set the tolerance
in the Bisection search to ¢ = 0.005. Meanwhile, we choose the truncation parameter in
ASM m = 800 and the convergence criteria in RVI e = 0.01. We notice that the calculation
of Whittle’s index involves an infinite sum. In practice, we approximate the result by
replacing 4o with a large enough number k.. Here, we choose ky,x = 800. For both
scheduling policies, the resulting expected average Aoll is obtained via simulations. Each
data point is the average of 15 runs with 15,000 time slots considered in each run.

We also compare the developed policies with the optimal policy for RP, which can
be calculated by following the discussion in Section 5.2. We adopt the same choices of
parameters as we used to obtain the developed policies. The corresponding performance
is calculated using Proposition 2. Like before, the infinite sum is approximated by replac-
ing 400 with kj;qx = 800. We also provide the expected average Aoll achieved by the
Greedy policy to show the performance advantages of the developed policies. When the
Greedy policy is adopted, the base station always chooses the user with the largest Aol
The resulting expected average Aoll is obtained via the same simulations as applied to the
developed policies.

Figures 3 and 4 illustrate the performance when the source processes have different
dynamics and when each user’s communication goal is different, respectively. Figure 3a
provides the performance when p; = 0.05 + % for 1 <i < N. For other parameters,
the users make the same choices. More precisely, fi(s) = s, 4; = 0.6, and pg,i = pg’i =01

for1 < i < N. Figure 4a provides the performance when f;(s) = 05T for 1 <i<N.
Same as before, the users make the same choices for other parameters. More precisely,
pi = 03, v; = 0.6, and pg/i = pgli = 0.1for1 <i < N. In Figures 3b and 4b, we force
pg ; = 0 for all users to ensure the existence of Whittle’s index. Other choices remain the
same as in Figures 3a and 4a. According to Corollary 1, the optimal policy will never
choose the user with 7 = p? = 0 unless it is to break the tie. Therefore, in Figures 3b and

4b, we also consider the Greedy+ policy where the base station always chooses the user
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with the largest Aoll among the users with # = 1. The resulting expected average Aoll is
obtained via the same simulations as applied to the Greedy policy.

Figure 5 shows the performance in systems where the parameters for each user are
generated uniformly and randomly within their ranges. In Figure 5a, we consider N = 5,
v €[0,1], p € [0.05,0.45], p} € [0,0.45], and f(s) = s7, where T € [0.5,1.5]. There are a
total of 300 different choices and the results are sorted by the performance of RP-optimal
policy in ascending order. Figure 5b adopts the same system settings except that we impose
pgi = 0for 1 < i < N to ensure the feasibility of Whittle’s index policy. Meanwhile,
we ignore the Greedy policy since the Greedy+ policy achieves a better performance, as
indicated by Figures 3b and 4b.
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Figure 3. Performance when the source processes vary. We choose p; = 0.05 + %, fi(s) = s, v = 06, F’S,i =,
and pgi =01for1<i<N.
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Figure 5. Performance in systems with random parameters when N = 5. The parameters for each user are chosen randomly
within the following intervals: y € [0,1], p € [0.05,0.45], p0 € I, p} € [0,0.45], and f(s) = sT where T € [0.5,1.5].

We can make the following observations from the figures.

e The Greedy+ policy yields a smaller expected average Aoll than that achieved by the
Greedy policy. Recall that we obtained the Greedy+ policy by applying the structural
properties detailed in Corollary 1. Therefore, simple applications of the structural
properties of the optimal policy can improve the performance of scheduling policies.

¢ The Indexed priority policy has comparable performance to Whittle’s index policy
in all the system settings considered. The two policies have their own advantages.
The Indexed priority policy has a broader scope of application, while Whittle’s index
policy has a lower computational complexity.

e The performance of the Indexed priority policy and Whittle’s index policy is better
than that of the Greedy/Greedy+ policies and is not far from the performance of
the RP-optimal policy. Recall that the performance of the RP-optimal policy forms a
universal lower bound on the performance of all admissible policies for PP. Hence, we
can conclude that both the Indexed priority policy and Whittle’s index policy achieve
good performances.

8. Conclusions

In this paper, we studied the problem of minimizing the Age of Incorrect Information
in a slotted-time system where a base station needs to schedule M users among N available
users. Meanwhile, the base station has access to imperfect channel state information in
each time slot. The problem is a restless multi-armed bandit problem which is SPACE-
hard. However, by casting the problem into a Markov decision process, we obtain the
structural properties of the optimal policy. Then, we introduce a relaxed version of the
original problem and investigate the decoupled model. Under a simple condition, we
establish the indexability of the decoupled problem and obtain the expression of Whittle’s
index. On this basis, we developed Whittle’s index policy. To get rid of the requirement
for indexability, we developed the Indexed priority policy based on the optimal policy
for the relaxed problem. The characteristics of the relaxed problem are explored to make
the calculation of its optimal policy more efficient. Finally, through numerical results, we
show that simple applications of the structural properties can improve the performance
of scheduling policies. Moreover, Whittle’s index policy and the Indexed priority policy
achieve good and comparable performances.
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Appendix A. Proof of Lemma 1

We consider two states, x1 and x», that differ only in the value of s;. Without the loss
of generality, we assume 1 < S2,5- Then, it is sufficient to show that, forany 1 < j < N,
V(x1) < V(x2). Leveraging the iterative nature of VIA, we use mathematical induction
to prove the monotonicity. First of all, the base case (i.e., v = 0) is true by initialization.
We assume the lemma holds at iteration v. Then, we want to examine whether it holds at
iteration v + 1. The update step reported in problem (5) can be rewritten as follows.

Viyi(x) = uerﬂi,r}l) Vita(x), (A1)

where

Vvﬂ+l (x) = C(x) — 0+ Z (H Pxi,xx((al')> ZP(?})U{;(X,JC,) ,
¥ —{xiy | \i#j 7
Ul (%) = Y Py (0, 7)) Vu (2.

sh
]

To prove the desired results, we distinguish between the following cases.

*  We first consider the case of s1; = 0 < s ; and #1; = 7, ; = 0. When a; = 1 and for
any x’ — {s;}, we have

Ul (x1,x') = piVi (x'; si=1)+ (1—p)Vu(x;s; =0),

U (xp,2') = ﬁjV,/(x’; s;- =s,+1)+ (1~ ﬁj)Vv(x’;s; =0),
where V, (x/; s} = 0) is the estimated value function of the state x’ with s} = 0 at
iteration v (at the risk of abusing the notation, we use V(x;s; = s1) and V(x;s; = s2)
to represent the value functions of two states that differ only in the value of s;). Then,
we get

U (e, x') = Ul (x2,%) < (p; = ) (Vul(x';8) = 1) = Vi (s} = 0)) < 0.

The inequalities hold since f; > p; and Lemma 1 are true at iteration v by assumption.
Therefore, we have UJ(xy,x') < U} (x,%') when aj =1 forany x’ — {s;}

For the case of 4; = 1 where i # j, we notice that a; = 0. Then, for any x' — {s;},
we obtain

Uy (x1,%') = piVu(¥';s; = 1) + (1 — pj) Vu(x';s] = 0),
Ul (20, %) = (1— pi)Vu(x';s; =82+ 1) + pjVu(x;s; = 0).

Therefore, when a; = 1, we have

Ul (x1,x') — U (x2,%') < (2p; — D(Vu(x';s; =1) = Vi (¥;s; = 0)) <0.

The inequalities hold since 2p; —1 < 0 and Lemma 1 is true at iteration v by as-

sumption. Combining with the case of 4; = 1, U{;(xl, x') < U{;(xz, %) holds for any
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X — {s;} under any feasible action. Since x; and x; differ only in the value of s; and
C(x) is non-decreasing in s; for 1 < i < N, we can see that Vit (x1) < Vit (xp) for
any feasible a. Then, by (A1), we can conclude that the lemma holds at iteration v + 1
when sy ; =0 <sy;and #; =f,; =0.

*  Whens;; =0<syjand f;; = #,; = 1, by replacing the §;’s in the above case with
aj’s, we can achieve the same result.

. When 0 < 81,j < 8 and fl,]' = ?Z,j' we notice that

Pslyj,sllﬁrl (”j/ f’l,j) = Pszrj,52,]+1 (’1]'/ ?Z,j)r

PSM'O (11]', }7]/1‘) = PSZV/,Q(ZI]', ?2,]')~

Then, leveraging the monotonicity of V,(x) and C(x), we can conclude with the
same result.

Combining the three cases, we prove that the lemma also holds at iteration v 4 1 of VIA.
Therefore, the lemma holds at any iteration v by mathematical induction. Since the results
hold for any 1 < j < N and VIA is guaranteed to converge to the value function when
v — +0co, we can conclude our proof.

Appendix B. Proof of Lemma 2

We inherit the notations in the proof of Lemma 1. We still use mathematical induction
to obtain the desired results. The base case v = 0 is true by initialization. We assume the
lemma holds at iterative v and examine whether it still holds at iteration v + 1. In the case
of M = 1, we rewrite (5) as

— min V/
Vv+1 (x) - ]g}lan Vy+1 (x)r (AZ)
where
V\i+1 (x) = C(x) -6+ Z{ <H Pi,‘,xl’, (O)> P,w]c/-,x; (1)V1/ (x,) }r (A3)
x U Ni#j
and P)’; (a;) is the probability that action a; will lead to state x’ when user i is at state x.

To get the desired results, we distinguish between the following cases

e We first show that ij (x) = vk 11(P(x)). According to (A3), we have
VI (x) =C(x) — 0+ Z{ <gk Pi,.,x;(o)) Pi‘k,x;(O)Pij,x;(l)Vu(x’)}~
x i#],

Vi (2(x) = C(2(x)) — 0+

i k J /
y%y (i;[k P@(x),,wx);(o)> Py, 20, (VP (), 02 (O Ve (2 (2))-

It is obvious that for any £ (x)’, there always exists 2 (x”") = & (x)’. Then, we obtain

Vi (2(x) = C(2(x)) — 0+

,7(2 ) -1;[;{ P;;l,,xl,,(o)> P,fj/ 2 (VP y(x,,”(o)vv(@(xu))
P (xI") \i#],

=C(2(x)—0+)_ < 11 Pj;i/x;, (0)) R]v(j,x;f (1)P£k,x2, (0) Vi (x")

X" \i#jk

=C(2(x)—0+) < T P;"_,x;(o)) P)’(‘j,x/,_(1)P£k,x’,((0)vu(x’).

¥ \ijk
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The second equality follows from the definition of Z7(-), the property of sum-
mation, and the assumption at iteration v. The last equality follows from the
variable renaming. Then, by the definition of statistically identical, we have

Pi‘}x (1) = Pj #(1), Pj 2 (0) = Pk - (0), and C(x) = C(Z(x)). Therefore, we can
XX o X X
conclude that Vl]+1( )= Vkarl(J(x)).
e Along the same lines, we can easily show that V; +l( x) = Vlf +1(Z(x)) and VV )=

V;H(@( x)) fori # j, k.

Combining the above cases with (A2), we prove that V;,1(x) = V,41(Z(x)). Then,
by induction, we have V, (x) = V,(Z(x)) at any iteration v. Since VIA is guaranteed to
converge to the value function when v — 4-co, we can conclude our proof.

Appendix C. Proof of Theorem 1
For arbitrary j and k

k)= Y {(H )ZP PR (x, x )}, (A4)

x’f{xl{,xl’(} i#jk r],rk

where

R ) = [( O 7R, (7)) — Py (17)P, 4 0, r])>V( ')]. (A5)

Si/S;
] b
With this in mind, we will prove the properties one by one.

Property 1—d8/*(x) < 0if 7 = pY, = 0. The equality holds when sj=0orf; = pg/j =0.

When 7 = p? '« = 0, transmitting the update from user k will necessarily fail. Therefore,
Py, st 1(0,0) =Py, s 1(1,0) for any s; and s. Then, we have

R (x,x") Z a0, ( SZ {(stls}(l,fj) —Pyq (0, @)) V(x')].

To identify the sign of RI*(x, '), we distinguish between the following cases

*  Whens; =0, we can easily show that Ri*(x,x’) = 0 for any ' — {s},s;} by noticing
that the two possible actions with respect to user j (i.e., 4; = 1 and a; = 0) are
equivalent when s; = 0. Since 0% (x) is a linear combination of Ri*(x,x’)’s with
non-negative coefficients, we can conclude that §/*(x) = 0 in this case.

e Whens; > 0and ?; =1, for any x’ — {s;,s,/c}, we have

Z s (0,0) (@ 1 pj = (Vi) = 5 +1) = V(¥';5) = 0))
(A6)
< 0.

The inequality holds because of Lemma 1 and the fact that a; + p; < 1. We recall that
7% (x) is a linear combination of RI*(x, x')’s with non-negative coefficients. Then, we
can conclude that /% (x) < 0 in this case.

*  Whens; > 0and #; = 0, by replacing the a; in (A6) with §;, we can get the same result.
In this case, the equality holds when B; + p; = 1, or, equivalently, pg,j =0.

Combining the cases, we prove the first property.
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Property 2—3/*(x) is non-increasing in #; and is non-decreasing in 7y when s;, s > 0.
At the same time, /% (x) is independent of 7; for any i # j, k.

We first prove the monotonicity of §/%(x) with respect to #;. To this end, we define
x1 and x; as two states that differ only in the value of #;. Without a loss of generality, we
assume f1; = 1 and #»; = 0. Then, we investigate the sign of 81K (x1) — 67K (x2). We define
x; & x1,; = Xp,; for i # j. Then, according to (A4), Sk (x1) — 87 (x7) can be written as

Sk (x1)— 0 (x2) =

)» (H )ZP <R,, (xl,x’>—Rff’°<xz,x'>)
x’f{x;,x,’(}

i#jk P

Since x1x = x4, we have P qk(a, P1k) = PSsz 1 (a,Py ) for any s;. We recall that the

transition probability is independent of # when a = 0. Combining with the fact that

§1j = S2,j, we also have P, s 1(0,71,)) = P, y 1(0,75,) for any s Combining together,

we obtain
Pslyk,s"((ll f‘l,k) 51,/ s (0 7‘1]) Pszyk,s‘/c(ll ?Z,k) 52 s (0 7‘2])

slks (0 rlk) Pszk, (0 r2k)

Leveraging the above two problems, we have
RV (xp, ') — RIK(xp,x") =

Y {Psk,s,’c(offk) (Ps1 s (LA) = Py (1, rg,))V(x’)}.

s;,sf(
Consequently, we obtain
I (1) =0 (x2) =
Y TP ZP Z( S0~ P, 41,0 V()
={x) L i# s}

In the following, we characterize the sign of
Ry = = E ( $1,i,5] s PSZJ’S;_(l,O)> V(x,)~

As sy = sy, >0, for any x — {s;-}, we have

Ry = (1—aj) = (1= B)))V(x;sj=0) + (aj — pj)V(¥;5j = 51,;+1) < 0.

The inequality follows from Lemma 1 and the fact that ; > a;. Since §/*(x1) — 6/ (x3)
is a linear combination of R;’s with non-negative coefficients, we can conclude that
81K (x1) < 8k (x7). Since #1j > f2,j, we can see that 87 (x) is non-increasing in 7.

In a very similar way, we can show that 8/ (x) is non-decreasing in ;. We recall that
#; will not affect the system dynamic if a; = 0. Consequently, we can conclude that 6% (x)
is independent of #; for any i # j, k.

Combining together, we prove the second property.

Property 3—3/*(x) < 0 if sy = 0. The equality holds when s; = 0 or #; = PS,]' =

Since the probabilities are non-negative, it is sufficient to show that R/*(x, ') satisfies
Property 3 for any x" — {s},s; }. More precisely, it is sufficient to show that Ri*(x,x') <0
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for any x’ — {s/,s; } when s, = 0 and the equality holds when s; = 0 or #; = pg] =0. We
recall that Psk,si(l, i) = P, s (0,7) for any s;, when s = 0. Hence, for any x’ — {s],sk}
we have

RiK(x,x') = 2 {PSM;{(O, 1) ; (st/s;(l,fj) - Ps/_,s;(o, ?]-)> V(x’)} .

Sk i

Then, we investigate the following quantity for any x" — { s;}

Ry 2Y <st_,5;(1, #i) — Py (0, ?]-)) V(x').

/
st
]

To this end, we distinguish between the following cases
*  Whens; = 0, we have PS/ o (L7)) = Ps/_ s (0,7;) for any s}. Thus, we conclude that
g i

Ry = 0for any x" — {s}}. Consequently, Ri*(x,x') = 0 for any x' — {s}, st}
¢ Whens; >0and#; =1, forany x’ — {s}, we have

Ry=(aj—1+ pj)V(x’;s;- =si+1)+(1—a— pj)V(x/;s; =0)<0 (A7)

The inequality follows from Lemma 1 and the fact that a; + p; < 1. Thus, Rik(x,x') <0
for any x’ — {s}, Sp}

*  Whens; > 0and #; = 0, by replacing the a; in (A7) with ;, we can get the same result.
In this case, the equality holds when B; + p; = 1, or, equivalently, pg/j =

Combined together, we can conclude that Property 3 is true.

Property 4—&/(x) is non-increasing in s; if F]r.f < I'* and is non-decreasing in sy if I";f > Ik
when s;, s > 0. We define 1"1 “’p and 1"? L ﬁ’ forl <i<N.
1

Such as we did in the proof of Property 3, it is suff1c1ent to show that R (x, x') satisfies
Property 4 for any x — {s/,s; }. We recall that Ri*(x,x') depends on the values of #; and #.
Therefore, we distinguish between the following cases

e Inthe case of #; = 7 = 1and sj,s; > 0, for any x — {s;, s}, (A5) can be written as

Rt ) = 1 | (P 0.0P, (10) = Py (LR, 40.1) )V ()|
s},s,’(
— (ple]' —(1— pj)(l - lxk))V(x/,'s; =5+ 1;5;( =0)
+ (1= pr) (1 = a)) — pjag) V(x'; 57 = 05 = s, +1)
((17;9,()0(] 17;7] k)V(x’;s} =si+1sp=s.+1)
+ (pe(1— —a))V(¥';s; = 05 = 0).

As we can verify
praj — (1= p))(1—ag) < 5 (Pk+P; 1) <0,

1
(1*Pk)(1*”¢;) Ptk > 5 (I1=pc—pj) >0

ﬁ‘ forl < i < N. Then, we have

We define l"} &

TSI = (1-powj— (1—ppa S 0.
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Combining with Lemma 1, we can conclude that, for any x’ — {s;, st} RiK(x,x') is
non-increasing in s; if 1"]1 <Tr ,1< and is non-decreasing in sy if F} >T ,1<

e In the case of ‘?]- =7 =0ands i Sk > 0, by replacing the a’s in the above case with f’s,
we can conclude with the same result.

e Inthecaseof?; = 1,7 = 0,and s;,s; > 0, for any x — {s}, s}, (A5) can be written as

Rt ) = 1 | (g 0,002, (1,1) = Py (LOP, 4(0.1) JV ()|

s},s,’(
= (ple]' —(1- pj)(l — /Sk))V(x’,'s; =sj+ 1;s, = 0)
+ (1= p) (1 =) = piBr) V(x;s; = ;s = s+ 1)

+ (1= p)aj — 1 - pj) k)V(x’;s} =si+1sp =s.+1)

+ (Pe(1 = aj) = pj(1 = Br)) V(¥;s}; = 0;5;, = 0).

As we can verify

prerj — (1= pj) (1= Br) < pk (Pj - %) <0,

(1= po1 =) = i > (1= p) (3 - y) >0
At the same time
THST) = (1-pr)aj— (1—pj)Be S0
Combined with Lemma 1, we can conclude that, for any x’ — {s;, s,’(}, Rj'k(x, x') is
non-increasing in s; if I’} <Tr 2 and is non-decreasing in sy if I’} >T 2.
e In the case of ?j =0,7=1,and 8j, 5k > 0, by swapping the a’s and f’s in the above
case, we can conclude with the same result.

Combined together, we conclude that RI*(x,x') satisfies Property 3 for any x’ — {s;, Sp)-
Consequently, 6/%(x) is non-increasing in s if l“;i < F;k and is non-decreasing in s if

F]r.j > I}¥ when sj,s5¢ > 0.

Property 5—(5f'k(x) < 0if Sj = Sk, f‘j > 7, and users j and k are statistically identical.

According to Property 3, it is sufficient to consider the case where s;, s > 0. We
notice that the sign of 8/*(x) can be captured by the sign of the quantity Q/*(x, ') £ Z?}'?i
P(?})P (#,)RI*(x,%). Thus, we divide our discussion into the following cases.

e We first consider the case of s; > s, > 0 and 7; = f; = 0. Leveraging the definition of
statistically identical, for any x" — {x}, x,.}, we have
Qi (x,x ZP (v(x/;x; =(0,7);xp = (se +1,7))—
V(x;x; = (sj+1,7);x = (0,%))),

where x; = 1 — p; — B; > 0. Then, by substituting the values of P(#) and using
Lemma 2, we obtain
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QM (x, %) =yjm V(¥ = (sx +1,1);x; = (0,1))
i1V (x; x; =(sj+1,1);x = (0,1))+
(1= 7)1 = 1)x V(x';x; = (s¢ +1,0);x; = (0,0))—
(1= 7)1 = y)x V(¥;x] = (s; +1,0);x = (0,0))+
(L= 1)V (x';x; = (s +1,1);, = (0,0))—
(1= 7))k V(¥ %) = (s; +1,0); 3 = (0,1))+
(1= 1)x V(¥ %) = (s +1,0); % = (0,1))—
¥i(1 =y V(x; x]’- = (sj+1,1);x, = (0,0)).

Since users j and k are statistically identical, we have ; = ;. Then, by Lemma 1,
we have Q/*(x,x') < 0 for any ' — {x]’-, x,}. Since 6/*(x) is a linear combination of
Q*(x,x')’s with non-negative coefficients, we can conclude that 6/ (x) < 0.

*  For the case of s5; > s > 0 and #; = #¢ = 1, by replacing B; in x; with a;, we can
conclude with the same result.

e  Then, we consider the case of Sj > sp > 0, ?j =1, and 7, = 0. We first notice that,
for any x’ — {s;, s}

R (x,2') = (pratj — (1= p) (1= BO)) V(¥';8) = s + 135, = 0)+
(( l—pk l—a]) p]‘Bk)V(x/;s}fo,skfsk—i-l)—i-
(1= poa; — (1= p)Be) V(¥';s; = s+ Lisp = s+ 1)+
(pe(1 = pi(1=B))V(x;s; = 0;5, = 0)

As users j and k are statistically identical, we have p; = py and a; < f. Leveraging
Lemma 1, we have

RIK(x, %) < (aj+pj— 1) (V(x/;s;- =s;i+ 15, =0)—
V(x';s; = 0;5p = s+ 1)).

Then, for any x" — {x}, x; }

QO (x, x 2 p(? (V(x'; X = (0,7);x = (s +1,7))—

r Yk
V@i = (5 Lk = 0.7) ),

where k3 = 1 — p; —«; > 0. Such as we did in the previous cases, we can leverage
Lgmmas 1 and 2 to conclude that Q/¥(x, x’) < 0 for any x’ — {x]’., x;.}. Consequently,
07 (x) < 0in this case. The details are omitted for the sake of space.

Combined together, we conclude the proof of Property 5.

Appendix D. Proof of Corollary 2

We follow the same steps as in the proof of Lemma 1. To prove the corollary, it is
sufficient to show that V(x1) < V(x;) when s; < s and #; = 7. We use mathematical
induction to prove the monotonicity. First of all, the base case (i.e., v = 0) is true by
initialization. We assume the lemma holds at iteration v. Then, we want to examine
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whether it holds at iteration v + 1. For the system with a single user, the update step
reported in problem (5) can be simplified and rewritten as follows

Viga(x) = II{%I}}VVH( x), (A8)

where
Via(x) =C(x,a) =0+ Y P(#)Y Po(a#)V,(x),
f/ S/

and 0 is the optimal value for M1 (A, —1). To prove the desired results, we distinguish
between the following cases

e We first consider the case of s; = 0 < sy and 7y = 7, = 0. When a = 1, we have

Vi (x1) = Clxy, 1 79+>:P <pV,, )+(lfp)Vv(O,?')>,

V6 i(x2) = C(x2,1) — 0 + ZP <,BVV 417+ (1- /S)VV(O,V))
Subtracting the two expressions yields
V1/1+1(x1) - V3+1(x2)

< C(xy,1) = Clxz, 1 +ZP { B)(V(1, )fvv(o,f’))]go.

The inequalities hold since B > p, C(x, a) is non-decreasing in s, and Corollary 2 is
true at iteration v by assumption.
For the case of 2 = 0, we obtain

V19+1 (xl) xlr -0+ ZP (va 1 7 ) (1 — p)VV(O, f’)),

Vin(a) = Claz 0) —0+ L P( ( P)Vilsa +1, r)+PVu(O,?’)>,
Therefore, when a = 0, we have
Vi (1) = Vg (x2)

< C(x1,0) = C(x2,0 +ZP {2p71)(Vv(1,f")fV,,(O,?/))} <0.

The inequalities hold since 2p —1 < 0, C(x,a) is non-decreasing in s, and Corol-

lary 2 is true at iteration v by assumption. Combined together, we can see that

Vi 1 (x1) < V), (x2) for any feasible a. Then, by problem (A8), we can conclude that
the lemma holds at iteration v + 1 whens; =0 < s and 7y = 7, = 0.

e Whens; =0 < s;and #; = 7, = 1, by replacing the f’s in the above case with a’s, we
can achieve the same result.

e When0 < s; < sy and 71 = fp, we notice that P 5, 11(a,71) = P, ,41(a,72) and
Py, o(a,71) = Ps,0(a,72). Then, leveraging the monotonicity of V,(x) and C(x, a), we
can conclude with the same result.

Combining the three cases, we prove that the lemma holds at iteration v + 1 of VIA.

Therefore, the lemma holds at any iteration v by mathematical induction. Since VIA is

guaranteed to converge to the value function when v — 4-co, we can conclude our proof.
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Appendix E. Proof of Proposition 1

We define AV (x) £ V1(x) — VO(x) where V?(x) is the value function resulting from
taking action 4 at state x. Then, V?(x) can be calculated as follows

Ve (x) = C(x,a) — 0+ /ZX P (a)V(x'), (A9)

where 6 is the optimal value for M (A, —1). Hence, the optimal action at state x can be
fully characterized by the sign of AV (x). More precisely, the optimal action at state x is
a=1if AV(x) <0, and a = 0 is optimal otherwise. To determine the sign of AV (x) for
each state, we distinguish between the following cases

e We first consider the state x = (0,7). Applying the results in Section 2.3 to prob-
lem (A9), we obtain

VO(0,#) == 0+ (1—7)(1—p)V(0,0) + (1 — y)pV(1,0)+
Y(1=p)V(0,1) +9pV(1,1),

vi0,7) = A+ VO(0,7). (A10)

Therefore, AV (0,#) = A > 0. Thus, the optimal action at state (0,7) is a = 0.
e Then, we consider the state x = (s,0) where s > 0. Applying the results in Section 2.3
to Equation (A9), we obtain

VO(s,0) = f(s) =0+ (1 —9)pV(0,0) + (1 —9)(1 — p)V(s +1,0)+
1V (0,1) +9(1-p)V(s+1,1),

Vi(s,0)=f(s)+A =0+ (1—79)(1=B)V(0,0) + (1 —9)BV(s+1,0)+
(1= B)V(0,1) + 1BV (s +1,1).
Then,
AV(s,0) = A+ pl(1 - 2p)w, (A11)
where w = (1 —9)[V(0,0) — V(s +1,0)] +9[V(0,1) — V(s +1,1)] <0.

e Finally, we consider the state x = (s, 1) where s > 0. Following the same trajectory,
we have

AV(s, 1) =A+(1—-p(1—2p)w.

According to Corollary 2 and the fact that p < 0.5, we can see that AV (s,0) and AV (s, 1)
are both a constant A plus a term that is non-increasing in s. As the time penalty function is
unbounded, the value function must also be unbounded. Then, combining the three cases,
we can conclude the following. For fixed 7, there always exists a threshold #; > 0 such that
the optimal action at state (s, #) where s > n; is a = 1, otherwise a = 0 is optimal. Since
7 € {0, 1}, the optimal policy can be fully captured by the pair (1, 7).

In the following, we determine the relationship between 7y and 1. We have

AV (s,1) — AV(s5,0) = (1 — p! — p)(1 —2p)w < 0.

At the same time, for the threshold ry, we know AV (119,0) < 0. Then, we have AV (n9,1) <
AV (np,0) < 0. Combined with the fact that AV (s, ?) is non-increasing in s, we can conclude
that the ordering 1y > n; is true.

Appendix F. Proof of Proposition 2

We notice that the dynamic of Aoll under threshold policy can be fully captured by
a Discrete-Time Markov Chain (DTMC). Then, the expected Aoll A, and the expected
transmission rate g, under threshold policy #n = (19, 1) can be obtained from the stationary
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distribution of the induced DTMC. Let the states of the induced DTMC be the values of s.
We recall that 7 is an independent Bernoulli random variable with parameter . Combined
with the results in Section 2.3, we can easily obtain the state transition probabilities of the
induced DTMC, which are shown in Figure A1.

Figure A1. DTMC induced by the threshold policy n = (19, n7). In the figure, c; = (1 —9)(1 — p) + yaand c; = (1 —1y)
B+ ya.

The balance equations of the induced DTMC are the following

n1—1 np—1 400
(I-pmo+p ), m+1—c1) Y m+(1—-c2) Y, m =m0
k=1 k=nq k=nyg
prty = 117

(1—=p)mg_1 = for2 <k <ny.
171 = 1 forny +1 <k <mny.

g1 =1y forng+1<k
“+o0
Z e = 1.
k=0

Then, we can easily solve the above system of linear equations. After some algebraic
manipulation, we obtain the following

1

1 1 _ 1 1 ’
_ np—1 = np—m _
2+p=p) - p ' a (1—62 1—01>}

Tp =

me=p(1-p)m forl1 <k <my.
e =p(1— P)"lflclf*"l o forny+1 <k < ny.
me=p(l— P)n171€¥°7"1657"°n0 forng+1<k

Equipped with the above results, we proceed with calculating A, and . According to
problem (6a), the expected Aoll is:

— too
An = Z f(k)?'[k
k=0

Substituting the expressions of 7;’s, we can get the expression of A,. Proposition 1 tells us

the following.

e For state (s, ?) where s < 1y, it is optimal to stay idle (i.e., a = 0).

e  For state (s,7) where ny < s < no, it is optimal to make a transmission attempt
only when # = 1. We recall that 7 is an independent Bernoulli random variable with
parameter 7. Therefore, the expected proportion of time that the system is at state
(s, 1) is y7ts.
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e For state (s,?) where s > 1y, it is optimal to make transmission attempt regardless
of 7.

Combined with problem (6b), we have

ng—1

+00
Pn="7Y, T+ ), T

k=my k=nyg

Substituting the expressions of 71;’s, we can obtain the closed-form expression of gy,.

Appendix G. Proof of Proposition 4

We first tackle the Whittle’s indexes at state (0,7) and (s,0) where s > 0. To this end,
we distinguish between the following cases

e We first consider the state x = (0, 7). By definition, Whittle’s index is the infimum A
such that V0(x) = V1(x). According to (A10), we can conclude that Wy = 0 when

x = (0,7).

e Then, we consider the state x = (s,0) where s > 0. We recall that p? = 0. Then, we

can conclude, from (A11), that Wy = 0 for all x = (s,0) where s > 0.

Now, we tackle the Whittle’s index at state x = (s, 1) where s > 0. For convenience,
we denote by W, the Whittle’s index at state x = (n,1). According to the monotonicity
of AV (x) shown in the proof of Proposition 1, we can conclude that threshold policy
n = (400,11 + 1) is optimal when V°(11,1) = V1(n,1). Then, we can prove the following

Lemma A1l. When (9) is satisfied and VO(n,1) = V1(n,1), V(s,1) = V(s,0) £ V(s) for
0<s<mn.

Proof. Since the value function satisfies the Bellman equation, it is sufficient to show that
V(s,1) and Vs, 0) satisfy the same Bellman equation. We recall that the Bellman equation
for V(x) is given by
V(x) = min V%Xx),
()= min, (x)
where
Vi(x) =C(x,a) =0+ ) Py (a)V(x'), (A12)
X/

and 6 is the optimal value of the decoupled problem. We recall, from Corollary 3, that the
optimal action at state (s, 0) is staying idle (i.e., a = 0) for any s. We also know that threshold
policy n = (400,11 + 1) is optimal when V%(1,1) = V1 (n,1). Therefore, the optimal actions
at states (s,0) and (s, 1) where s < n are the same (i.e., a = 0). Equivalently, we have

V(s,?) = VOs,#), fors<mn. (A13)

According to the system dynamic reported in Section 2.3, we know that the state transition
probabilities are independent of # when a = 0. Meanwhile, 7 does not affect the instant cost.
Let x; = (s,1) and x = (s,0). Then, for any x’, we have

le,x’(o) = Py 2! (O)

C(xl, 0) = C(Xz,o).

Hence, according to (A12), we can see that V0(s,0) = V9(s,1) for any s < n. Combined
with problem (A13), we can conclude that V(s,0) = V(s,1) forany 0 <s < n. O

By definition, Whittle’s index W, is the infimum A such that Vo(n,l) = Vl(n, 1).
In this case, according to Lemma A1, V(0,1) = V(0,0) = V(0). Then, V°(n,1) and V! (n,1)
can be written as

VO(n,1) = f(n) =0+ pV(0) + (1 —p)[(1—y)V(n+1,0)+9V(n+1,1)].  (Ald)
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Vi, 1) = f(n) + Wy —0+ (1 —a)V(0) +a[(1—9)V(n+1,0) +9V(n+1,1)].

Without a loss of generality, we assume V(0) = 0. Then, equating the two expressions
yields
Wi=0-p—a)(yV(n+1,1)+(1—)V(n+1,0)). (A15)

Combining problems (A14) and (A15), we conclude that W, is

W, = (1fpfa)(V°(n,l)+97f(n)).
1-p

Since the optimal action at state (1,1) is a = 0, we have V(n,1) = V(n,1) = V(n). Finally,
we obtain L o
W 0= p =) (Vi) 0 () 16
I-p
Now, we tackle the expression of V(). When V%(n,1) = V1(n,1), the optimal action at
state (s,7) where 0 < s < n is staying idle. Then, leveraging Lemma A1, value function
V(s) where 0 < s < n satisfies the following

V(s) = —0+ f(0)+pV(1) whens =0, (A17)
=0+ f)+(1—p)V(s+1) when0<s < n.

By backward induction, we end up with the following equation for 0 < s < n.

Vi) = = CE I B -1 - (- )
=1

Letting s = 1 yields

_ _ _ n—1 n—1
v = SEEZED LY fr -0 - VO
=1

Equating the two expressions of V (1), we obtain

n) = —f(0) 2 _1 _"*1 . I
V( )* p(l_p)n—1 +9<p(1_p)n,1 P) kg:lf( k)(l p) . (A18)

We recall that, when V(n,1) = V1 (n, 1), threshold policy # = (+c0, 7 + 1) is optimal and
both actions at state x = (1, 1) are equally desirable. Thus, threshold policy n = (400, 1) is

also optimal. Then, we know
0 = An + Wnﬁn/ (A19)

where A, and gy, are the expected Aoll and the expected transmission rate under threshold
policy n = (+oo,n), respectively. Finally, combining problems (A16), (A18) and (A19),

we obtain
—f0) s 2-0-p" vy kel
i P () (kzlf(km p) )

"= 1 _2-(-pr
T-p—a P pa—py

After some algebraic manipulation, we have
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(1-c¢) Jio f(k)c’{_”_l—ﬁ,,
W, = k=n+1
I-c)A-p)—71-p—0a)
a(l-p—a)

+ 0n

where c; = (1 —v)(1—p) + 7a.

In the following, we investigate some properties of Whittle’s index. First of all, W,
is non-negative since 1 — p — w and V(n + 1,#) in (A15) are all non-negative. Meanwhile,
combining (A15) with the fact that V(#, ) is non-decreasing in 1, we can verify that W, is
non-decreasing in n. Combined with the Whittle’s indexes in two other cases (i.e., x = (0,7)
and x = (s,0) where s > 0), we can easily obtain the properties of W, as detailed in
Proposition 4.

Appendix H. Proof of Proposition 5

We notice that Mj (A, —1) coincides with the decoupled model studied in Section 4.2.
When problem (9) is satisfied, the decoupled problem is indexable, and, according to
Corollary 3, we only need to show that n is the optimal threshold for the states with
7 = 1. We first tackle the case of A > 0. To this end, we divide our discussion into the
following cases
e For state (s,1) where s < n, Wy < A by definition. As the problem is indexable,

we have D(W;) C D(A). We recall that Wy £ min{\’ > 0 : VO(s,1) = V1(s,1)}.

Equivalently, Wy & min{\’ > 0 : (5,1) € D(A")}. Then, we know (s,1) € D(W;).

Combined together, we conclude that (s,1) € D(A). In other words, the optimal

action at state (s, 1) where s < n is to stay idle (i.e., a = 0).

e For state (s,1) where s > n, we first recall that Wy = min{A’ > 0: (s,1) € D(A)}.

Consequently, for any A’ < W;, we know (s,1) ¢ D(A’). Meanwhile, we have

Ws > W, > A by the monotonicity of Whittle’s index and the definition of n. Hence,

we can conclude that (s,1) ¢ D(A). In other words, the optimal action at state (s, 1)

where s > n is to make the transmission attempt.

Then, we conclude that 7 is the optimal threshold for the states with # = 1 when A > 0.
In the case of A = 0, according to the proof of Proposition 1, we can easily verify that the
optimal threshold is 1.

Appendix I. Proof of Theorem 2

We first make the following definitions. When M; (A, —1) is at state x and action
a is taken, cost C(x,a) £ f(s) and Cy(x,a) £ Aa are incurred. We denote the expected
C1-cost and the expected C;-cost under policy ¢ as C1(¢) and Cp(¢), respectively. Let G be
a non-empty set of states. For the given state i, we define R*(i, G) as the class of policies ¢,
for which the following hold
®  The probability Py(x, € G for somen > 1|xq = i) = 1 where x, is the state of
M (A, —1) at time n.
e The expected time m;5(¢) of a first passage from i to G under ¢ is finite.
*  The expected Cy-cost Ci“(¢) and the expected Cp-cost C5© (¢) of a first passage form
i to G under ¢ are finite.

With the definitions in mind, we proceed with verifying the assumptions given in [27].

1. Foralld > 0, the set A(d) = {x | there exists an action a such that C1(x,a) + Cy(x,a) < d}
is finite: For any state x, the cost satisfies Cy(x,a) + Ca(x,a) = f(s) + Aa > f(s).
The equality holds when a = 0. Then, the states in A(d) must satisfy f(s) < d.
Combined with the fact that f(s) is a non-decreasing and unbounded function when
s € Ny, we can conclude that A(d) is finite.

2. There exists a stationary policy e such that the induced Markov chain has the following
properties: the state space S consists of a single (non-empty) positive recurrent class R and a
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set U of transient states such that e € R*(i, R) for i € U. Moreover, both C1(e) and Cy(e) on

R are finite: We consider the policy under which the base station makes a transmission

attempt at every time slot. According to the system dynamic detailed in Section 2.3,

we can see that all the states communicate with state (0,0) and (0,0) communicates

with all other states. Thus, the state space S consists of a single (non-empty) positive
recurrent class and the set of transient states can simply be an empty set. C1(¢) and

Cy(e) are trivially finite as we can verify using Proposition 2.

3. Given any two state x # y, there exists a policy ¢ such that ¢ € R*(x,y): We notice that,
under any policy, the maximum increase of s between two consecutive time slots is 1.
Meanwhile, when s decreases, it decreases to zero. Combined with the fact that 7 is
an independent Bernoulli random variable, we can conclude that there always exists
a path between any x and y with positive probability. ., (¢), C; (¢), and C;¥ (¢)
are trivially finite.

4. Ifastationary policy ¢ has at least one positive recurrent state, then it has a single positive
recurrent class R. Moreover, if x = (0,0) ¢ R, then ¢ € R*(x,R): Given that 7 is an
independent Bernoulli random variable, we can easily conclude from the system
dynamic that all the states communicate with state (0,0) and (0,0) communicates
with all other states under any stationary policy. Therefore, any positive recurrent
class must contain state (0,0). Thus, there must have only one positive recurrent class
whichis R = S.

5. There exists a policy ¢ such that C1(¢) < oo and Cy(¢) < K where K € (0,1]: We notice
that C; (¢) and C,(¢) are nothing but the expected Aoll and the expected transmission
rate achieved by ¢, respectively. Then, we can easily verify that such policy exists
using Proposition 2.

As the assumptions are verified, we proceed with introducing the optimal randomized
policy for given A. We say a policy is A-optimal if the policy is optimal for M (A, —1). We
consider two monotone sequences A’t | A and A" 1 A. Then, there exist subsequences
of A" and A" such that the corresponding sequences of optimal policies converge. Then,
according to Lemma 3.7 of [27], the limit points, denoted by n,, and n,_, are both A-
optimal. By Proposition 3.2 of [27], the Markov chains induced by n,. and n,_ both
contain a single non-empty positive recurrent class and state (0,0) is positive recurrent in
both induced Markov chains. Hence, the base station can choose which policy to follow
each time the system reaches state (0,0) while keeping the resulting randomized policy
A-optimal as suggested by Lemma 3.9 of [27]. More precisely, we consider the following
randomized policy: each time the system reaches state (0,0), the base station will choose
n)_ with probability y and n,, with probability 1 — p. The chosen policy will be followed
until the next choice. We denote such policy as #, and conclude that n,, is A-optimal under
any u € [0,1].

Appendix J. Proof of Proposition 6
The value function V(x) and V?(x;) must satisfy their own Bellman equations. More precisely

V(x)+6= min ){C(x,a) +ZPr(x’ | x,a)V(xl)}’

acAyn(-1

Vi(x;)+6; = min < C(x;,a;) ZPrx | x;,a:)Vi(xl) p, (A20)
a;€{0,1}

where 6 and 6; are the optimal values of M (A, —1) and M (A, —1), respectively. We
recall from Section 2.3 that the users are independent when action a and current state x are

given. Thus
x| xa HPr | x,a

where x' = (x{,...,x};). Then, we have
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Y Pr(x¥ —{x}} |xa) = Z I1Pr(x ’|x, =1

¥} Gy i

We also recall from Section 2.3 that the state of user i depends only on its previous state
and the action with respect to user i. Thus

Pr(x} | x,a) = Pr(x} | x;,a;).

Combined together, we obtain

N
Z ZPr(xf | x;, u,-)

==
i=1 ]

Mz

I
—_

Z{ Y. T[1Pr(x)|xa }Pr(x | xi,0i) V(%)

x| ¥ —{xf} A

I
™=

N
( > HPr(xHx,a)vf(x;)) (a21)
1 xxf x’—{x;}i:1

N
Pr(x’ | x,a)(z V’(xlf)).
-1

Then, we sum problem (A20) over all users which yields

N N
LV +0) = min) 1| €l + TP L) Vi | o

i=1 i=1

X

We recall that C(x,a) = YN, C(x;,4;) by definition. Then, leveraging problem (A21),
we obtain

. N N
Y Vi(x)+ )Y 6= min 1){C(x, a)+ Y Pr(x' | x,a) <2 Vl("”) }
i x/ i=1

i—=1 aEAN(f

Since the solution to the Bellman equation is unique [21], we must have YN ; Vi(x;) = V(x)
and zfi 10; = 6. Then, we can conclude that it is optimal for My(A, —1) if each user
adopts its own optimal policy.

Appendix K. Proof of Theorem 3
In this proof, we class a policy as A*-optimal if it is optimal for My (A*, —1). In
Section 4.2, we ensure that, for each user, there exists at least one threshold policy that
yields a finite expected Aoll. Therefore, we can conclude that, for RP, there exists at least
one policy that causes the expected Aoll and the expected transmission rate to be both
finite. Then, according to Lemma 3.10 of [27], a policy is optimal for RP if
1. Itis A*-optimal;
2. The resulting expected transmission rate is equal to M.
We first construct a policy ¢, that is A*-optimal. We recall from Proposition 6 that
a policy is A*-optimal if it consists of the optimal policies for each M (A*, —1) where
1 < i < N. According to Theorem 2, for any i, there exist n)+ ; and n A that are both
optimal for Mi (A%, —1). Then, we can construct the policy ¢,+ in the following way.
e Foruseriwithn): ;=n A% La A+ i, the threshold policy #,- ; is used. Then, the de-
terministic policy n,- ; is optimal for M (A*, —1) and

P = (A7) = p (A).

In this case, the choice of y; makes no difference.
e Foruseriwithn): ; #n A%is the randomized policy n,« ; as detailed in Theorem 2 is used.

Then, for any #; € [0, 1], the randomized policy 1, ; is optimal for M (A*, —1) and
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p(A) = ip (A2) + (1= u)p' (A%).

Combing the two cases, we conclude that g« = [np= 1, .. My N] is A*-optimal under
any p; € [0,1]. Hence, as long as the chosen y;’s realize Y. | p'(A*) = M, we can conclude
that the randomized policy ¢,+ is optimal for RP.

Appendix L. Proof of Proposition 8

We notice that M (A%, —1) coincides with the decoupled model studied in Section 4.2.
Therefore, we can use the results in Section 4.2 to prove the properties. Since the users share
the same structure, we ignore the user index i for simplicity. According to the definition of
I, we have

L = Z/Px,x’ (O)V(x/) - Z/Px/x/(l)V(x/) L

= —AV(x).

Leveraging the results in the proof of Proposition 1, we have the following
e Forstatex = (0,7), [, = —A*.

e Forstatex = (5,0) wheres > 0, [y = —A* — p?(1 —2p)w where w = (1 —)[V(0,0) —

V(s+1,0)] +9[V(0,1) = V(s +1,1)] < 0.

e Forstate x = (s,1) wheres > 0, [, = —A* — (1 — p})(1 - 2p)w.

From the above three cases, we can easily conclude that I, > —A* and the equality
holds when # = pd = 0 or s = 0. As is proven in Corollary 2, V(x) is non-decreasing in s.
Hence, we can conclude that I, is also non-decreasing in s. To show that I, is monotone in
7, we consider two states x; = (s, 1) and x, = (s,0). Then, we have

Ly, — Ly, = AV(s,1) = AV(s5,0) = (1 — p} — p2)(1 - 2p)w < 0.
Therefore, we can conclude that I, is non-decreasing in .

Appendix M

Algorithm A1 Improved Relative Value Iteration

Require:

MDP M = (X, P, A,C)
Convergence Criteria €

1: procedure RELATIVEVALUEITERATION(M, €)

2:  Initialize Vj(x) = 0;v =0

3 Choose x™/ € X arbitrarily

4: while V,, is not converged (RVI converges when the maximum difference between
the results of two consecutive iterations is less than €) do

5: forx = (s,7) € X do

6: if J active state (s1,71) s.t. sy < sand #; < 7 then
7: at(x) =1

8 Qu1(x) = C(x,1) + Ly Py (1) Vo (x')
9: else

10: fora € Ado

11 Hyo = C(x,a) + YLy Pov(a) Vi (x')
12: a*(x) = argming{Hy 4}

13: Qv+1 (x) = Hx,a*

14: forx € X do

15: Vi1(x) = Quaa (x) — Quia (xf)

16: v=v+1

return n < a*(x)
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Algorithm A2 Bisection Search
Require:
Maximum updates per transmission attempt M
MDP My (A, =1) = (A, An(=1), Pn,Cn(A))
Tolerance ¢
Convergence criteria €
1: procedure BISECTIONSEARCH(M (A, —1), M, &, €)
2: Initialize A_ =0; AL =1
3 ¢r, <+ (My(Ay, —1),€) using Section 5.1 and Proposition 6
4 p(Ay) < ¢a, using Proposition 2
5: while p(A;) > M do
6
7
8
9

A= Aps Ay =24
$r, — (Mn(A4, —1),€) using Section 5.1 and Proposition 6
p(Ay) < ¢, using Proposition 2

while A, — A_ > 2¢ do

10: A= Ar+A_ +/\,
11: A (./\/l N (A, —1),€) using Section 5.1 and Proposition 6
12: p(A) < ¢, using Proposition 2
13: if 6(A) > M then
14: A=A
15: else
16: Ap=A
return (A%, A%) < (A, A-)
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Abstract: We study a general setting of gossip networks in which a source node forwards its measure-
ments (in the form of status updates) about some observed physical process to a set of monitoring
nodes according to independent Poisson processes. Furthermore, each monitoring node sends sta-
tus updates about its information status (about the process observed by the source) to the other
monitoring nodes according to independent Poisson processes. We quantify the freshness of the
information available at each monitoring node in terms of Age of Information (AoI). While this
setting has been analyzed in a handful of prior works, the focus has been on characterizing the
average (i.e., marginal first moment) of each age process. In contrast, we aim to develop methods
that allow the characterization of higher-order marginal or joint moments of the age processes in
this setting. In particular, we first use the stochastic hybrid system (SHS) framework to develop
methods that allow the characterization of the stationary marginal and joint moment generating
functions (MGFs) of age processes in the network. These methods are then applied to derive the
stationary marginal and joint MGFs in three different topologies of gossip networks, with which
we derive closed-form expressions for marginal or joint high-order statistics of age processes, such
as the variance of each age process and the correlation coefficients between all possible pairwise
combinations of age processes. Our analytical results demonstrate the importance of incorporating
the higher-order moments of age processes in the implementation and optimization of age-aware
gossip networks rather than just relying on their average values.

Keywords: Age of Information; information freshness; gossip networks; stochastic hybrid systems

1. Introduction

Timely delivery of status updates is crucial for enabling the operation of many emerg-
ing Internet of Things (IoT)-based real-time status updating systems [1]. The concept of
Aol was introduced in [2] to quantify the freshness of information available at some node
about a physical process as a result of status update receptions over time. In particular,
for a single source of information queueing theoretic model in which status updates about
a single physical process are generated randomly at a transmitter node and are then sent to
a destination node through a single server, the Aol at the destination was defined in [2] as
the following random process: x(t) = t — u(t), where u(t) is the generation time instant
of the latest status update received at the destination by a time t. Assuming that the Aol
process is ergodic, in [2], the stationary average value of the Aol under the first-come-first-
serve (FCFS) queueing discipline was derived by leveraging the properties of the Aol’s
sample functions and applying appropriate geometric arguments. Although this geometric
approach has been considered in a series of subsequent prior works [3-13] to analyze the
marginal distributional properties of Aol or peak Aol (an Aol-related metric introduced
in [3] to capture the peak values of Aol over time) for adaptations of the queueing model
studied in [2], it often requires tedious calculations of joint moments that limit its tractability
in analyzing more sophisticated queueing models or disciplines.

Motivated by the above limitations of the geometric approach to Aol analysis, the au-
thors of [14,15] developed an SHS-based framework to allow the analysis of the marginal
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distributional properties of each Aol process (in a network with multiple Aol processes)
through the characterization of its stationary marginal moments and MGF. Furthermore,
by using the notion of tensors, the authors of [16] generalized the analysis in [14,15]
and developed an SHS-based general framework that facilitates the analysis of the joint
distributional properties of an arbitrary set of Aol processes in a network through the
characterization of their stationary joint moments and MGFs. In the piecewise linear SHS
model with linear reset maps considered in the analyses in [14-16], the discrete state of the
system g(t) is modeled as a finite-state, continuous-time Markov chain, and the continuous
state of the system is modeled using the vector x(t), which contains the Aol or age pro-
cesses at different nodes in the network. When a transition [ occurs in g(t) (as a result of
status update generation or reception at one of the nodes in the network), the continuous
state is updated according to the following linear mapping of x(¢): X' (t) = x(t)A;, where
x'(t) is the updated version of x(t) and A is the reset mapping matrix associated with
a transition /. Additionally, in the absence of a transition in q(t), the age processes in
x(t) grow at a unit rate with time, which yields piecewise linear age processes over time.
Based on this description of the piecewise linear SHS model with linear reset maps, one
can realize that the frameworks in [14-16] are not applicable to age analysis in classes of
status-updating systems where it is not possible for every transition [ in q(t) to express the
updated value of each age process in the network as a linear combination of the age pro-
cesses in x(t). A popular class of such systems is the gossip-based status-updating system,
where each node in the network randomly shares its information status over time with the
other nodes [17,18]. Here, when there is a transition caused by a status update reception at
node j from node i, the updated value of the age process at node j is given by the minimum
between the values of the age processes at nodes i and j. As a result, there have been a
handful of recent efforts for developing new SHS-based methods that are suitable for age
analysis in such gossip networks [19,20]. However, the methods developed thus far have
been limited to the characterization of the stationary marginal first moment (average value)
of each age process in the network. In this paper, we develop new SHS-based methods
that allow the evaluation of the stationary marginal or joint high-order moments of the age
processes in gossip networks through the characterization of their stationary marginal or
joint MGFs.

1.1. Related Work

The literature relevant to this paper can be categorized into the following two cate-
gories: (1) prior analyses of Aol applying the SHS approach with linear reset maps and
(2) prior analyses of Aol in gossip networks. We now discuss the relevant prior work in
these two directions.

Analyses of Aol applying the SHS approach with linear reset maps. The SHS approach with
linear reset maps developed in [14,15] has been applied to characterize the marginal distri-
butional properties of Aol under a variety of system settings or queueing disciplines [21-33].
In particular, the average Aol was characterized for single-source systems in [21,22] and
multi-source systems in [23-27], whereas the MGF of Aol was derived for single-source
systems in [28,29], two-source systems in [30], and multi-source systems in [31-33]. Note
that a multi-source system refers to the set-up where a transmitter has multiple sources
of information generating status updates about multiple physical processes. The authors
of [21] derived the average Aol under the last-come-first-serve (LCFS) with preemption
in service queueing discipline when the transmitter contained multiple parallel servers.
Furthermore, the authors of [22] derived the average Aol under the LCFS with preemption
in service queueing discipline when the transmitter contained multiple servers in series
or there existed a series of nodes between the transmitter and destination nodes. In [23],
the average Aol was characterized under the priority LCFS with preemption in service or
waiting queueing model. The authors of [24] derived the average Aol in the presence of
packet delivery errors under stationary randomized and round-robin scheduling policies.
In [25], the average Aol was characterized under the LCFS with preemption in service
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queueing discipline when the transmitter contained multiple parallel servers. The authors
of [26] analyzed the average Aol for a network in which multiple transmitter-destination
pairs contended for the channel using the carrier sense multiple access scheme. In [27]
(in [30]), the average Aol (the MGF of Aol) was derived under several source-aware packet
management scheduling policies at the transmitter. For the case where the transmitter was
powered by energy harvesting (EH), the authors of [28,31] derived the MGF of Aol under
several queueing disciplines, including the LCFS with and without preemption in service
or waiting strategies. On the other hand, the authors of [16,34] applied their SHS-based
framework (developed to allow the analysis of the joint distributional properties of Aol
processes in networks) to characterize the joint MGF of an arbitrary set of Aol processes in a
multi-source updating system under non-preemptive and source-agnostic or source-aware
preemptive-in-service queueing disciplines.

Analyses of Aol in gossip networks. There are only a handful of recent works focusing
on the analysis or optimization of Aol and its variants in gossip networks [19,20,35-41].
For a general setting of gossip networks, the author of [19,20] first developed SHS-based
methods for the evaluation of the average Aol and the average version age at each node
in the network. Note that the version age is a discrete form of Aol defined as the number
of versions where the current status of information at a node is out of date compared
with the current status of the original source of information. The authors of [35] applied
the results of [20] to derive the average version age at each node in several topologies of
clustered gossip networks and characterized the average version age scaling as a function
of the network size. The authors of [36] extended the SHS-based method developed in [19]
for the evaluation of the average Aol in the setting where a timestomping adversary is
present and then obtained the average Aol scaling for several network topologies. In [37],
each node was assumed to have the ability to estimate the information at the source by
applying the majority rule to the information received from the other nodes, and an error
metric was introduced to quantify the average percentage of nodes that could accurately
obtain the most up-to-date information. The authors of [38-40] developed gossip protocols
with the objective of improving the average version age scaling. In [41], the problem of
optimizing the average version age was formulated as a Markov decision process for a
setting where an energy harvesting (EH)-powered sensor was sending status updates to
an aggregator with caching capabilities (which served the requests of a gossip network),
and the structural properties of the optimal policy were analytically characterized. Different
from the analyses in [19,20,35-41], which were focused on characterizing or optimizing the
stationary marginal first moment of Aol or some other Aol-related metrics, this paper is
the first to develop SHS-based methods that allow the characterization of the stationary
marginal or joint MGFs of Aol processes in gossip networks.

Before delving into more detail about our contributions, it is worth noting that aside
from the above queueing theory-based analyses of Aol, there have been efforts to evaluate
and optimize Aol or some other Aol-related metrics in a variety of communication systems
that deal with time-sensitive information (see [42] for a comprehensive book and [43] for a
recent survey). For instance, Aol has been studied in the context of age-optimal transmission
scheduling policies [44-52], multi-hop networks [53-55], broadcast networks [56,57], ultra-
reliable low-latency vehicular networks [58], unmanned aerial vehicle (UAV)-assisted com-
munication systems [59-61], Internet of Underwater Things networks [62], reconfigurable
intelligent surface (RIS)-assisted communication systems [63,64], EH systems [65-74], large-
scale analysis of IoT networks [75-77], remote estimation [78,79], information-theoretic
analysis [80-83], timely source coding [84,85], cache updating systems [86-88], economic
systems [89], and timely communication in federated learning [90,91].

1.2. Contributions

A general setting of gossip networks is analyzed in this paper, where a source node
forwards its measurements (in the form of status updates) about some observed physical
process to a set of monitoring nodes according to independent Poisson processes. Further-
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more, each monitoring node sends status updates about its information status (about the
process observed by the source) to the other monitoring nodes according to independent
Poisson processes. We quantify the freshness of the information available at each monitor-
ing node in terms of Aol. The continuous state of the system is then formed by the Aol or
age processes at different monitoring nodes. For this set-up, our main contributions are
listed below.

Developing SHS-based methods for the evaluation of the M.GF of age of gossip in networks. For the
general setting of gossip networks described above, we use the SHS framework to characterize
(1) the stationary marginal MGF of each age process in the network and (2) the stationary joint
MGEF of any two arbitrarily selected age processes in the network. In particular, we first construct
two classes of test functions (functions whose expected values are quantities of interest)
that are suitable for analyzing the marginal or joint MGF. By applying Dynkin’s formula
to each test function, we derive two systems of first-order ordinary differential equations
characterizing the temporal evolution of the marginal and joint MGFs, from which the
stationary marginal and joint MGFs are evaluated. To the best of our knowledge, this paper
makes the first attempt at developing SHS-based methods for the characterization of the
marginal or joint MGF of age of gossip in networks.

Analysis of the stationary marginal or joint MGF of age of gossip in three different network
topologies. We apply our developed SHS-based methods to study the marginal or joint
distributional properties of age processes in the following three network topologies: (1) a
serially-connected topology, (2) a parallelly-connected topology, and (3) a clustered topol-
ogy. For each of these topologies, we derive close-form expressions for (1) the stationary
marginal MGF of the age process at each node and (2) the stationary joint MGFs of all
possible pairwise combinations of the age processes.

System design insights. Using the MGF expressions derived for each network topology
considered in this paper, we obtain closed-form expressions for the following quantities:
(1) the stationary marginal first and second moments of each age process, (2) the variance
of each age process, and (3) the correlation coefficients between all possible pairwise
combinations of the age processes. For these derived quantities, we characterize their
structural properties in terms of their convexity and monotonic nature with respect to the
status updating rates and further provide asymptotic results showing their behaviors when
each of the status updating rates becomes small or large. A key insight drawn from our
analysis is that it is crucial to incorporate the higher-order moments of age processes in the
implementation or optimization of age-aware gossip networks rather than just relying on
the average values of the age processes (as has been performed in the existing literature
thus far). This insight promotes the importance of the SHS-based methods developed in
this paper for the characterization of the marginal or joint MGFs of different age processes
in a general setting of gossip networks.

1.3. Organization

The rest of this paper is organized as follows. Section 2 presents the system model
and the problem statement. Afterward, in Section 3, we develop the SHS-based methods
that allow the evaluation of the stationary marginal or joint high-order moments of the age
processes in gossip networks through the characterization of their stationary marginal or
joint MGFs. Section 4 applies the SHS-based methods developed in Section 3 to derive the
marginal or joint MGFs of age processes at different nodes in three different connected net-
work settings. For each considered connected network setting, we further use the derived
MGEF expressions to obtain the marginal or joint high-order statistics of age processes such
as the variance of each age process and the correlation coefficients between all possible
pairwise combinations of the age processes. Finally, Section 5 concludes the paper.

2. System Model and Problem Statement

We consider a general setting of gossip networks where a source node (referred to
as node 0) provides its measurements about some observed physical process for a set of
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nodes V' = {1,2,- - - , N} in the form of status updates. In particular, all the nodes in \ are
tracking the age of the process observed by the source, and the status updates sent by node
0 to node j € N are assumed to follow an independent Poisson process with a rate Ag;.
Aside from that, node i € A sends updates about its information status (about the process
observed by the source) to each node j € N\ {i} according to an independent Poisson
process with a rate A;;. When A;; > 0, we say that nodes i and j are connected to each other.
Since we allow each A;; (i € {0} UN and j € N) to take a value in [0, o], we refer to the
above setting as an arbitrarily connected gossip network. Note that this gossip network
setting is of interest in many practical networks, such as low-latency vehicular networks
and UAV-assisted communication networks. The freshness of status of the information
available at each node is quantified in terms of Aol. Let x;(t) denote the Aol process (or
equivalently the age process) at node i € . Assuming that node 0 always maintains a
fresh status of information about the observed physical process, the age or Aol at node
j € N is reset to zero whenever it receives a status update from node 0. Furthermore, when
node j € N receives a status update from node i € N\ {j} at time t, its age x;(t) is reset to
the age of node i x;(t) only if x;(t) is smaller than x;(t). To summarize, when node j € N/
receives a status update from node i € {0} UN, the age at node k € N is updated as
follows:

0, if i=0 and k=,
xp(t) = ¢ min[x;(t), x;(t)], if i€ N and k=], (€
xi (1), otherwise.

For an arbitrary set S C N, define xs(t) = r_nisnxi(t) as the age or Aol process as-
ic

sociated with S (or simply the age or Aol of S). For the above gossip network setting,
the method developed in [19] has been limited to the characterization of the stationary
marginal first moment of xg(#) (i.e., the stationary average value of xg(t)). In this paper,
our prime objective is to develop a method that allows characterizing (1) the stationary
marginal higher-order moments of xg(t) and (2) the stationary joint high-order moments
of the two age processes associated with two arbitrary sets 51 and S; (i.e., x5, (t) and xs, (t),
respectively). Note that we do not place any restrictions on the construction of S; or S,.
For instance, they could even have common elements. Formally, we aim at characterizing
the stationary marginal MGF of x5(t) and the stationary joint MGF of xg, (t) and xg, (t),
which are of the following forms: }L%E[exp[nxs(t)]] and tlLr?oE [exp [n1xs, (t) + n2xs, (1)]],
respectively, where n,111,1, € Rand §5,51, 5, C N. As will be evident from the technical
sections shortly, the characterization of such MGFs allows one to derive the marginal or
joint high-order statistics of the Aol processes at different nodes in the network, such as the
variance of each Aol process and the correlation coefficients between all possible pairwise
combinations of the Aol processes. Given the generality of the system setting considered in
this paper, the importance of our method lies in the fact that it is applicable to the marginal
or joint analysis of Aol processes for an arbitrary structured gossip network setting.

3. MGF Analysis of Age in Arbitrarily Connected Gossip Networks

In this section, we first formulate the problem at hand as an SHS. We then use the SHS
framework to characterize (1) the stationary marginal MGF of the age process associated
with an arbitrary set S C NV (i.e., x5(t)) and (2) the stationary joint MGF of the two age
processes associated with two arbitrary sets Sy € N and S, C NV (i.e., x5, (t) and xg, (t),
respectively) for the arbitrarily connected gossip network setting described in Section 2.

The SHS framework is used to analyze hybrid queueing systems that can be modeled
by a combination of discrete and continuous state parameters. For the gossip network
setting considered in this paper, the continuous state of the system is modeled using the
row vector x(t) = [x1(t) x2(t) -+ xn(t)] containing the Aol or age processes at different
nodes in the network. Furthermore, since the status updates sent by each node in the
network to the other nodes are assumed to follow independent Poisson processes, it is
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sufficient to model the discrete state of the system as a singleton set. To complete the
description of an SHS, one needs to define a set of transitions £ along with the continuous
and discrete states of the system. This set £ refers to changes in either the continuous state
or the discrete state. Since the discrete state of the SHS under consideration is a singleton
set, the set £ corresponds to only the changes in the continuous state of the system. In our
system setting, a change in the continuous state of the system occurs when there is a status
update reception at some node in the network. Furthermore, as long as there is no status
update reception at any of the nodes, the Aol or age at each node grows linearly with time
(which yields piecewise linear age processes over time); in other words, x(t) = 1y, where
1y is the row vector [1 --- 1] € RI*N. By inspecting the age updating rule in (1), the set £
can be defined as follows:

£={0,)):j e NYU{(i):ij e N}, @

For the above SHS-based formulation, we derive two systems of linear equations for
evaluating the stationary marginal MGF tlimE[exp[nxs (#)]] and the stationary joint MGF
—00
tlirn]E [exp [m1xs, (t) + n2xs,(t)]]. The description of these systems of equations and the
—00

presentation of the subsequent results require defining the following quantities:

ol () = Elexplnxs(1)], of” = limo{", vS C A, @)

0 S1,52

vg:}élzz)(t) = E[exp [nlxsl(t) + nzxsz(t)]], ﬁé’j}é’lﬂ — }Lmv(sﬂl,nz)/ VSy, Sy C N, (@

of" (1) = Elx¢ ()], of" = limo{", ¥S C N, ©)
U(mllmz)(t) _ E[xml(t)xmz(t)]] 77(ml,mz) _ limv(ml,mz) VS Sy C N (6)
51,52 - S1 Sy L e TS 1,92 =NV,
(m) (mq,my)

where v¢ ’ is the marginal mth moment of the age process xs(t) and g, 3,  is the joint

moment of the two age processes xs, (t) and xs, (t). From (3) and (5), vé” (t) may generally
(n) (m)

refer to vg ' (t)|y—1 or vg "’ (t)|m=1. To eliminate this conflict, the convention that v(sj)(t)

for an integer i refers to Ugm) (t) at m = i is maintained here. The previous argument also

applies to vg}ézﬁ (t) and vé?l/ls'zmﬂ (t) in (4) and (6), respectively, where véil’{gz (t), for integers

i and j, refers to Ugl"ls’mZ) (t) at my = iand my, = j. Furthermore, following the notations

in [19], we define the update rate of node 7 into set S and the set of updating neighbors of
Sas

Ai(S) = {ZfES Y BE S, )
0, otherwise,
N(S) = {i e N : A;(S) > 0}. (8)

We are now ready to present the two systems of linear equations for the evaluation
(n1,12)
S

_(n) _
of g’ and 5,5,

in the following two theorems:
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Theorem 1. For an arbitrarily connected gossip network, there exists a threshold § > 0 such that
forn € [0,6), the stationary marginal MGF of Aol of set S C N is given by

y 2o(S) + Tiew(s) (98,
og = . )
Ao(S) + Liens) Ai(S) —n

Furthermore, for m > 1, the stationary marginal m-th moment of Aol of set S C N is given
by

(m b +216N (S)ﬁ(sﬁ){,‘}

Ao(S )+Zz‘e/\/s Ai(S)

(10)

Proof of Theorem 1. See Appendix A. [

Theorem 2. For an arbitrarily connected gossip network, there exists a threshold § > 0 such that
for 0 < ny +ny < 6, the stationary joint MGF of the two Aol processes associated with the two
sets Sy and Sy is given by

ofe) = ! x [/\0(51 NSs)
V52 Ao(S1US2) + Liean (sinsy) Ai(S1 m52) + Xieans; Ai(S1\ S2) + Lieans, Ai(S2\ S1) — (1 +m2)
+20(S1\ 820762 + Ag(S2\ S0l + T M(SINS)IIE G+ T A\ S)ae)
i€EN\Sy ieN\S,
+ Y A(SiNSy)o g’lu’{’j; suiy T L M(SiNS)0 (S’IIS’ZZU){,} + Y A(S1NnSy)5 (Sj’lu’{’j; 52] an
ieN'\(51USz) i€51\S2 i€5,\S;

Furthermore, for my,my > 1, the stationary joint (my, my)-th moment of the Aol processes
associated with the two sets Sy and Sy is given by

Z7(m1 M) 1 « [mlﬁ(ml 1,m;)
S5 T A0(S1US2) + Liean (sinsy) Ai(51 1 82) + Lieans, Ai(S1\ S2) + Lieans, 4i(S2\ S1) 515
( 1) ) ( )
+mptg '+ Y Ai(51\82)0 smul{”,lf st L Ai(S2\81)7 smls:S{z} + ) ASinSy)e s’:g{"zl; S0}
ieN\S ieN\S, ieN'\(5:1USz)
L NSNS L Ai(sinsal ] (12)
i€S1\S, i€5,\S1

Proof of Theorem 2. See Appendix B. [

Remark 1. Note that the stationary marginal MGF of S1 or Sy can be obtained from the stationary
joint MGF in (11). In particular, when ny = 0and S, = @, v(”l ”2) reduces to

5m0) _ Ao(S1) + Lien(s) Ai(51)7 s>u{z} @ o(m)

e = Ao(51) + Eien(sy) Ai(S1) —m 5 ’
where step (a) follows from (9). Similarly, one can observe that vg) 5”2) Ué 2),
Furthermore, when m = 1, (10) reduces to ([19] Theorem 1 ) chamcterzzmg the stationary
marginal first moment of the Aol of set S C N.

(13)

It is worth highlighting that the generality of Theorems 1 and 2 lies in the fact that
they allow one to investigate the stationary marginal or joint MGFs of the age processes
at different nodes in an arbitrarily connected gossip network. This opens the door for
the application of Theorems 1 and 2 to characterize the marginal or joint high-order
moments of age processes for different configurations or topologies of gossip networks
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studied in the literature, which have only been analyzed in terms of the marginal first mo-
ments of age processes (i.e., average age values) until now. Furthermore, the expressions in
(10) and (12) provide a straightforward way for the numerical evaluation of the stationary
marginal or joint high-order moments.

4. Applications of Theorems 1 and 2

In this section, we first apply Theorems 1 and 2 to understand the distributional
properties of the age processes in the two canonical settings depicted in Figure 1 (i.e., the
the serially and parallelly-connected network settings). We then aim to analyze a more
complicated network setting, which was chosen to be the clustered gossip network topology
depicted in Figure 2. Our choice for the clustered gossip network setting was inspired
by the recent interest in analyzing its different topologies in terms of the marginal first
moment of each age process (average age) in the network [35].

Figure 1. (a) A serially-connected network setting. (b) A parallelly-connected network setting.

Cluster 2 Cluster 1

/ —_———
\” -

S~

Figure 2. A clustered gossip network topology consisting of C clusters such that the status updating
rate from node 0 to the c-th cluster is A..
4.1. Serially-Connected Networks

Theorem 3. For the serially-connected network in Figure 1a, the stationary marginal MGFs of the
Aol processes at nodes 1 and 2 are respectively given by

) _ Ao
T A

(14)
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(n) AgA

%0 = (- mi ) 0

Additionally, the stationary joint MGF of the two Aol processes at nodes 1 and 2 is given by

_(n1,n3) _ /\O)\ < /\0 1 ) 16
Ui2)41} Ao+ A — (1 +n2) \ (Ag —n1) (A —nq) * Ao — (np+np) ) (16)

Proof of Theorem 3. See Appendix C. [J

Proposition 1. For the serially-connected network in Figure 1a, the first moment, second moment,
and variance of the Aol process at each node are given by

5({11)} =AY z7<{21)} =212, var[x ()] = Ag2, 17)
1y 1 1 2 1 1 1 1 1
U5 —/To-i-x, 95 2()‘(2)-&-)\0)\-"-)\2 , var[xp(t)] = )T%Jrﬁ' (18)

Furthermore, the correlation coefficient between the Aol processes at nodes 1 and 2 can be
expressed as

cor[xq(t), x2(t)] = S (19)

(Ao +A)\ /A% + A2
Proof of Proposition 1. See Appendix D. [

Remark 2. Note that the expressions of the stationary marginal MGFs in Theorem 3 and the
stationary marginal moments in Proposition 1 match their corresponding ones for the preemptive
line networks analyzed in [15].

Remark 3. Note that the stationary moments and variance of the age process at node 1 in (17)
are univariate functions of Ag. This happens because node 1 is directly connected to node 0. This
argument will also apply to: (i) the expressions derived for the age processes at nodes 1 and 2 in the
parallelly-connected network in Figure 1b, and (ii) the expressions derived for the age process at
node 1 inside each cluster of the clustered gossip network in Figure 2.

Remark 4. Note that the stationary moments and variance of the age process at node 2 in (18) are
invariant to exchanging A and Ag. These quantities are also jointly convex functions in (Ao, A),
where the minimum value (zero) of each function is achieved at Ay = A = oo. Furthermore, for a
given A or Ay, each quantity in (18) is a monotonically non-increasing function with respect to Ag
or A. This can also be observed in Figure 3.

Remark 5. For a given A, cor[xy(t), x(t)] in (19) monotonically decreases as a function of Ay
in the form Alimocor[xl(t),xz(if)] = 1 until it approaches /\lim cor[x1(t), x2(t)] = 0. On the
0— 0—roo

other hand, for a given Ay, cor[xq (t), x2(t)] monotonically increases as a function of A in the form
}llin})cor[xl (t), x2(t)] = O until it approaches }}im cor(xy (), x2(t)] = 1. This can also be observed
— —00

in Figure 4.
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4 pr———r r — 16
LR —e—Serial, first moment of x,(t)
Yo —«—Parallel, first moment of x,(t)
35BN e e 14
: XX u - o - Serial, first moment of x,(t)
\ \\i" - » - Parallel, second moment of x,(t) 12
R \ * & . . .
3 \, © \8‘%&‘2& Simulation
- _
Q.QQQ'O'O'G-Q-O.G_G 10

Stationary first moment
g
Stationary second moment

8
2 2 5
1.5 xm& 2 14
Ao *0;}3 RR2220000000.04
1 1 1 1 1 1 2
0.5 1 1.5 2 2.5 3 3.5 4
A

Figure 3. Stationary first and second moments of age processes in the serially and parallelly-connected
network settings. We set A; = 0.5A¢g and A = A; = A;. The simulated curves are obtained from the
numerical evaluation of the stationary marginal moments using (10) in Theorem 1.

1 T T T T
[0.9,0.7, 0.5]
A, decreases
=081 0
2
§ ——Serial, cor[x, (),x,(1)]
§ 0.6 ——Parallel, corlx, (t),x,(t)]| ]
: _______ 1
O |/ S S Neemnaressaea i RE SRR
s 0.4
2
) 2\ increases
Oo.2 [0.5,0.7,0.9] |
0o— : - -
1 2 3 4 5
A

Figure 4. Correlation coefficients between age processes in the serially and parallelly-connected
network settings.

4.2. Parallelly-Connected Networks

Theorem 4. For the parallelly-connected network in Figure 1b, the stationary marginal MGFs of
the Aol processes at nodes 1, 2, and 3 are given by

-t -y e

s—]’l

w AsAs—m) [Al()\s F A — 1)+ Aa(As + A — n)] F2AM1 A (20 + A1+ Ap — 211)
5

@ = @hs =)0t Ao = 1) (he + Ay =) 0hs + A0 —10) @)
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Additionally, the stationary joint MGF of the two Aol processes at nodes 1 and 3 is given by

?7(711,712) _ Z?:l aj(n1,12)
BT A+ A+ A — (11 + m2)] 245 + Ay — (11 + m2)][2As — (n1 + m2)][As + Ag — (n1 + m2)]
1

X , 22
()\5 — 1”12)(/\1 + Ay — 7’11)(2/\5 — 1’1])()\5 + Ay — 1’1])()\5 + A — 1’1]) @2
where
21 (111,112) ZAE()\S — nz)[/\s + Ay — (1’11 + i’lz)][Z)\g + A — (1’11 + i’lz)][Z)\s — (111 + nz)]
X [(2)\2 *1’11)[)\1()\54*/\] *1’1]) +/\2(/\5+)\2 *nl)} +2)\1/\2(2)\5+)\1 +/\2*21’l]) , (23)

wp(n1,m2) = A2Ao(Aq + Ag — 17) (245 — 1) (As + Ay — 1) (As + Ag — 1) 245 + Ay — (1 +12)][As + Ay + Aa — (n1 +1m2)],  (24)

az(n1,m2) = A2A2 (A1 + A — 1) (As + Ag — 17) (245 + 241 — n7) (As — m2) [As + Ap — (1 + m2)][2As — (1 + m2)], (25)

0(4(111,7’[2) :/\s)\l()\s — T’lz)()\l + Ay — 711)(2)\5 — 711)()\5 + Ay — 711)()\5 + A= 711)
x [[ms A1 — (1 4 12)] 22 + Ag — (m1 + m2)] + Aa[As + Ay — (m + nz)]]. (26)

Proof of Theorem 4. See Appendix E. [

Proposition 2. For the parallelly-connected network in Figure 1b, the first moment, second moment,
and variance of the Aol process at each node are given by

oD =) = A7, 6P =52 = 2172, var[xn(f)] = var[xa(t)] = A72, (27)

01y = Pz =% =
S0 _ 2A5(As + A1) (As + A2) + A1(2As + A2) (As + Aq) 4+ A2(2As 4+ A1) (As + A2) 28)
{3} 2As(As + A1) (As + A2) (A + Ag) ’
0 AL
17%)} Py gpo it 2 7 (29)
2A2(A1 + A2)2(As + A1) (As + A2)
Yoo il
var[x3(t)] = . (30)

T AR2(A 4+ A0)(As + M) 2(As + Ag)Y

where

Yo =4, 15 =12(A1 + Ap), 12 = 4{4(/\1 +A2)% + AMZ]I 75 =12(A1 + A2)%,
T2 = (A +A)? [4(A1 +A2)% + AlAZ}/ 71 =3MAa (A +A2)%, 90 = ATAZ (A + A2)?,
e =4, 115 = 8(/\1 +A2), My = 8[(/\1 + )Lz)z + /\1)\2], = 4(A + )Lz) (2/\% + 3140 + 2)\%),

1 =200 + A2 (223 + Aada +23), m = 2AAa (M +A2)° 10 = AFAF (A1 + A)2.
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cor[x (), x3(t)] =

Furthermore, the correlation coefficient between the Aol processes at nodes 1 and 3 can be
expressed as

M(A1+A2)

2(As + A1+ A2) (s + A1) (As + A2) /T 012
x [+ A2(1241 +722) +202(A1 +242) (241 + A2) + Ashz (33 +5MA2 +A3) + MR +A2)], B

where

06 =4, 05 = 8(A1 + Aa), 0s = 8[(/\1 + )2+ AlAz], 3 = 4(A1 + A2) <2A% £ 30 + 2/\3),

6 = 2(A + An)? (2/\% T+ AAs+ 2A§), 81 = 2M1 A0 (Ay + A2)%, 80 = A2A3 (A1 + Ap)2
Proof of Proposition 2. See Appendix F. [

Remark 6. When A or Ay is zero, the parallelly-connected network reduces to a serially-connected
network with a single path from node 0 to node 3. Thus, in this case, the stationary moments
and variance of the age process at node 3 reduce to the corresponding expressions associated with

the age process at node 2 in the serially-connected network such that Ay and A are replaced by As

(1 _

and Ay or Ay. On the other hand, when Ay and A, approach oo, we have Iim o P

Mool oo 13F
() 1

lim 9,7, = =, and lim  var|xs;(t)] = -L;. Note that the stationary moments and
A —00,Ap—00 {3} 273 A —00,Ap—00 [ 3( )] 423 Y

variance of x3(t) reduce to the ones associated with x (12)(8).

Remark 7. Note that the stationary moments and variance of the age process at node 3 in (28)—(30)
are invariant to exchanging Ay and Ay. Furthermore, for a given (As, A2), (As, A1), or (A1, A2),
each quantity in (28)-(30) is a monotonically non-increasing function with respect to A1, Ay, or As.
This can also be observed in Figure 3.

Remark 8. For the same status updating rate from node 0 (i.e., A\g = 2As) and A = Ay = Ay, one
can compare the achievable age performance at node 3 in the parallelly-connected network with the
achievable age performance at node 2 in the serially-connected network using Propositions 1 and 2
as follows:

(1) _ (1) _ Ao
%) =%} = 2A(h 1 20) (32)
2 2
5(2) _5(2) _ 3A% +4(/\ +2)L0/\) 33)
2 202(Ag +21)?
varlxs (1)) — varfxs(t)] = —roRo 44 (34)

C4A2(Ag+20)%

By inspecting (32)—(34), one can see that these are positive quantities for any choice of values of
(Ao, A). This certainly indicates that node 3 in the parallelly-connected network achieved a better age
performance than the one achievable by node 2 in the serially-connected network. The improvement
in the age performance at node 3 resulted from the existence of two status-updating paths from node
0 to node 3, as opposed to only a single path from node 0 to node 2 in the serially-connected network.
Furthermore, each quantity in (32)—(34) is a monotonically decreasing function of A for a given Ag
such that its value approaches zero as A — oo. This can also be observed in Figure 3.
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Remark 9. Due to the symmetry in the configuration of the parallelly-connected network, note
that the correlation coefficient between x,(t) and x3(t) (ie., cor[x(t), x3(t)]) can be obtained by
replacing Ay and Ay with Ay and Ay, respectively, in (31). Furthermore, for a given (A1, A7),
cor[x1(t), x3(t)] monotonically decreases as a function of As from )}imocor[xl(t), x3(t)] = 1 until
s
it approaches /\lim cor(xq(t), x3(t)] = 0. On the other hand, for a given (As, Az), cor[x1 (t), x3(t)]
500

monotonically increases as a function of Ay from AlimOcor[xl(t), x3(t)] = O until it approaches
1—>

2 2
A%iinoocor[xl (1), x3(t)] = 2<A5+i:; *jﬁé\i;f/\ﬁA% Finally, for a given (As, A1), one can deduce the
. . . A2 .
ollowing asymptotic results: 1im cor[xq(t), x3(t)] = ————and lim cor|xy(t), x3(t)] =
f g asymp i) [x1(t), x3(t)] o e o lim [x1(#), x3(t)]

M(As+A)
2(2As+A1) \/AAZ+2A5A1 +AT
node 0 to node 3 (through node 1), and hence we observe that cor[x1(t), x3(t))] reduced to the same
expression as cor|x1 (), x2(t)] in (19) for the serially-connected network after replacing Ao and A with
As and Ay, respectively. Some of the above insights can also be seen in Figure 4.

Clearly, when Ay = 0, there will only be a single status-updating path from

4.3. Clustered Gossip Networks

Theorem 5. For the clustered gossip network in Figure 2, the stationary marginal MGFs of the
Aol processes at nodes 1, 2, and 3 in the c-th cluster are respectively given by

A
= (35

(n) AcA

6 Sl Ty p— (36)
_(n) _ /\CAZ
U{3}_7(Ac—n)()\—n)2' (37)

Additionally, the stationary joint MGF of each pair of Aol processes at nodes 1, 2, and 3

is given by
Z7(;11,712) _ AC)L[(AC +A— nz)(/\c — 1’12) — /\Enl] (38)
{1142} (/\c — 1’12)(/\ — 1’12) [/\c +A— (711 + 712)] [/\C — (71] + 712)] !
gy AN 422 = ()P [AcAc = (m1 4 m) [ [Ae £ 24 =y = 2m] 4+ (Ac = n2) (A = n2)’ )
Slmma) _ ,
{1343} (Ae = m2) (A — m2)*[Ae — (1 4+ m2)][Ac + A — (n1 4+ 12)*[Ac + 27 — (11 +12)]?
() AN Ty Bim, 12) 40)

200 T (A= na) (A — m2)2 e — (1 + m2)][A — (m + m2)][22 — (11 4+ 12)] [Ae + A — (m1 + 12)PlAe + 27 — (m1 + m2) 2

where

Bi(n1,m) = (Ac — m)(A —m2)*[Ac + A — (n1 + m2)]*[Ac + 24 — (n1 +m2)], (41)

Ba(n1,m2) = A% (Ae — m2) (A — m2)?[A — (11 + m2)][BAc + 44 — 3(n1 +1m2)],  (42)

Ba(n1,m2) = AMAc — m2) (A —1m2)2[A — (11 4+ 12)][Ae — (11 4+ 12)][Ae + A — (11 +13)], (43)
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Ba(m,m2) = Me[A = (1 +ma)][Ac = (m1 +n2)] [[Ae + 24 = (m1 +m2)P[Ac + A = (m + )] + (A = n2) [Ac + A = (1 + o)

+A(/\fn2)[2)\c+3)\72(n1+n2)]]. (44)
Proof of Theorem 5. See Appendix G. [

Proposition 3. For the clustered gossip network in Figure 2, the first moment, second moment,
and variance of the Aol process at each node in the c-th cluster are given by
(

_(1
7]{1)

L= AL o) = 2202 varln (8] = A7, (45)
o = AT AT A =2 ATAT AR, varfa(0) = A A e

(1 - 12 - 1y . - -
o = At +2471, oY) = Z(AC 240071 430 2), var[xs(t)] = A2+ 2172 (47)
Furthermore, the correlation coefficient between each pair of nodes can be expressed as

/\2

(Ae+A)/AZ 4+ A2

cor[xy(t), x2(t)] = (48)

3
cor[xy(t), x3(t)] = A (49)

(Ae+A)2/202 + A2

AE 4 2A30 424202 424,73 4204
cor[xa(t), x3(1)] = T e (50)
2(Ac +A)/(AZ +A2)(2A2 + A2)

Proof of Proposition 3. See Appendix H. [

Proposition 4. Let N, denote the set of nodes inside cluster c. Fori,j € {1,2,---,C}, the two
age processes X (t) and xNj(t) are not correlated.

Proof of Proposition 4. See Appendix 1. [

iti ) 50 5(1) S(2)  5(2)  S(2)
Remark 10. From Proposition 3, one can deduce that o) < 05 < O3y O41) < 95 < Oy
and var[xq(t)] < var[xy(t)] < var[xs(t)] for any choice of values of Ac and A. This follows from
the fact that the configuration of each cluster in the clustered gossip network under consideration

is a uni-directional ring, where each node has a single status-updating path from node 0 passing
through its preceding node in the cluster.

Remark 11. Similar to Remark 4, note that the quantities in (46) and (47) associated with the age
processes at nodes 2 and 3 are jointly convex functions in (A, A), where the minimum value (zero)
of each function is achieved at A, = A = oo. Furthermore, for a given A or A, each quantity in
(46) and (47) is a monotonically non-increasing function with respect to A. or A. This can also be
observed in Figure 5.

Remark 12. Note that the correlation coefficients in (48)-(50) are monotonically non-increasing
functions of A for a given A, whereas they are monotonically non-decreasing functions of A
for a given Ac. In particular, cor[x1(t), xa(t)] and cor[xq(t), x3(t)] monotonically increase
as functions of A from )ltiir(\)cor[xl(t),xz(t)] = %ig})cor[n(t),xg,(t)] = 0 until they approach
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)}im cor[x (), x2(t)] = Alim cor(xy(¢), x3(t)] = 1 and monotonically decrease as functions of
—00 —»00
Ac from lim cor[xq(t), x2(t)] = lim cor[x;(¢), x3(t)] = 1 until they approach lim cor|x;(t),
Ac—0 Ae—0 Ac—r00
x(t)] = Alim cor(x1(t), x3(t)] = 0. Additionally, cor[x,(t), x3(t)] monotonically increases as
00

a function of A from limcor[xa(t), x3(t)] = 1= until it approaches lim cor[xy(t), x3(t)] = 1
A0 2v2 Asoo

and monotonically decreases as a function of A¢ from Alimocor[xz(t), x3(t)] = 1 until it approaches
o

lim cor(x;(t), x3(t)] = ﬁ These insights can also be seen in Figure 6.
Ac—ro0

12 ] | | —o—First moment of x,(t)
\
x\\ N 202 —— First moment of xs(l) H80 =
= 10 Fa X \ - & -Second moment of xz(t) o)
x
0] ®a *x - » -Second moment of x () S
£ » 3 o
S g *=xx. - Simulation Heo €
- FHe-0-0-0-0 falkoat =5 = arreres
E 009000600006606000d -8
7] o
= 3
> 6 »
E >
c 5]
i} c
E 4 2
N i
[9p]
2

Figure 5. Stationary first and second moments of age processes at the nodes inside the cth cluster
of the clustered gossip network topology. The simulated curves were obtained from the numerical
evaluation of the stationary marginal moments using (10) in Theorem 1.
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Figure 6. Correlation coefficients between age processes in the clustered gossip network topology.

Remark 13. Note that the result of Proposition 4 agrees with the intuition. In particular, since the
nodes in each cluster are disconnected from the nodes in the other clusters, the two age processes
associated with any two arbitrary clusters in the network are uncorrelated.
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Remark 14. From Propositions 1-3, one can see that the standard deviation of x1(t) (i.e., \/var[x; (f)])
was equal to its average value 17({11)} Additionally, the standard deviations of the age processes at the other
nodes were relatively large with respect to their average values (which is also demonstrated numerically
in Figures 7-10). This key insight promotes the importance of incorporating the higher-order moments of
age processes in the implementation or optimization of age-aware gossip networks rather than just relying
on the average values of the age processes (as has been performed in the existing literature thus far). This
insight also demonstrates the need for the development of Theorems 1 and 2 in this paper, which allow the
characterization of the marginal or joint MGFs of different age processes in the network that can then be
used to evaluate the marginal or joint higher-order moments.

~

T

—)\0 =05
——A, = 0.7
—a—)\o =0.9

»

Stationary first moment
n w B (6]

—_

0.

Figure 7. Variance of x;(t) in the serially-connected network setting. We denote the standard
deviation of x;(t) as 07.
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Figure 8. Variance of x3(t) in the parallelly-connected network setting. We denote the standard
deviation of x3(t) as 03.
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Figure 9. Variance of x»(t) in the clustered gossip network topology. We denote the standard
deviation of x;(t) as 0.
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Figure 10. Variance of x3(t) in the clustered gossip network topology. We denote the standard
deviation of x3(t) as 03.

5. Conclusions

In this paper, we developed SHS-based methods that allow the characterization of the
stationary marginal and joint MGFs of age processes in a general setting of gossip networks.
In particular, we used the SHS framework to derive two systems of first-order ordinary
differential equations characterizing the temporal evolution of the marginal and joint
MGFs, from which the stationary marginal and joint MGFs were evaluated. Afterward,
these methods were applied to derive the stationary marginal and joint MGFs in the
following three network topologies: (1) a serially-connected topology, (2) a parallelly-
connected topology, and (3) a clustered topology. Using the MGF expressions derived for
each network topology, we obtained closed-form expressions for the following quantities:
(1) the stationary marginal first and second moments of each age process, (2) the variance
of each age process, and (3) the correlation coefficients between all possible pairwise
combinations of the age processes. We further characterized the structural properties of
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these quantities in terms of their convexity and monotonic nature with respect to the status
updating rates and provided asymptotic results showing their behaviors when each of
the status updating rates became small or large. Our analytical findings demonstrated
that the standard deviations of the age processes in each network topology considered
in this paper were relatively large with respect to their average values. This key insight
promotes the importance of incorporating the higher-order moments of age processes in
the implementation and optimization of age-aware gossip networks rather than just relying
on the average values of the age processes (as has been performed in the existing literature
thus far).

Given the generality of the setting of gossip networks analyzed in this paper, our
developed methods can be applied to understand the marginal or joint distributional
properties of age processes in any arbitrary gossip network topology. This opens the door
for the use of these methods in the future to characterize the stationary marginal or joint
moments and MGFs of the age processes in gossip network topologies that have only
been analyzed in terms of the stationary first moment of each age process in the network
until now. It would also be interesting to investigate how the stationary marginal or joint
moments scale as functions of the network size.
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Appendix A. Proof of Theorem 1

We derive this result by first using the SHS framework to obtain a system of differential
equations characterizing the temporal evolution of the marginal MGFs of the age processes
associated with all sets S C A/. We then obtain the stationary marginal MGFs as the fixed
point of this system of equations (i.e., when t — o). To derive the system of differential
equations, we follow a similar approach to that in [15,92], where the idea is to define the test
functions {¢(x(t))} whose expected values {E[p(x(t))]} are quantities of interest. Since
we are interested here in the characterization of the marginal MGFs, we define the following
class of test functions that is appropriate for this analysis:

p) (x(1)) = explixs(1)], VS C A, (A

where the expected value E [wé") (x(t))] is vén) (t). We apply the SHS mapping 9 (x(t)) —
Ly(x(t)) (known as the extended generator) to every test function in (A1). Since the test
functions defined above are time-invariant, it follows from [92] Theorem 1 that the extended
generator of a test function ¢(x(t)) under the considered piecewise linear SHS is given by

Lyx(0) = XL T A 0) - w(xio) (a2)

I1=(ij)eL

where X/ (t) = [x}(t) x5(t) --- x}(t)] such that the updated age at node k, x| (t) resulting
from the transition (i, j) is given by (1). In addition, note that x§(t) = misnxl’.(t). Now, we
e
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proceed to evaluate Lt/)é") (x(t)). From the age updating rule in (1), the set of transitions £
in (2), and the structure of 1p§") (x(t)) in (A1), we have

dpl (x(1)) 7

(D) 14 = nypl” (x(1)), (A3)
exp[n x 0] =1, 1=(0,j),j€S,
98 (X (1)) = exp[n(t)] = { exp[mxsupiy (0] = 98 (x(0), 1=(ij)ljeSieN\sS, (A
explnxs(t)] = " (x(1)), otherwise.

Substituting (A3) and (A4) into (A2) gives

Ll (x(5)) = mp{" (x(8) + L Ao [1 = 9" x0)] + & X Ayl x() -9 (x(1)],  a9)

j€Ss ieN\Sj€eS

The system of differential equations characterizing the temporal evolution of the
marginal MGFs {vé") (t) }scn can be derived by applying Dynkin’s formula [92] to each
test function and its associated extended generator. In particular, for a test function ¢(x(t)),
the Dynkin’s formula can be expressed as

w = E[Lp(x(1))]. (A0

Plugging 1/;2’1) (x(t)) and szé")(x(t)) into (A6) gives

o (1) = mol (1) + D[ 1 -0 (0] + T L[l () o (1)

jes ieN'\SjeS

+ ZA ol (D, (A7)
ieN(S

W 1o(s >+vgn><>[wo<s> T s

ieN(S)

where step (a) directly follows from the definitions of A;(S) and N(S) in (7) and (8), respec-
tively. Note that there exists a range of 1 values for which the differential equation in (A7) is

asymptotically stable for any arbitrary set S C . To see this, let us first express z')jy (t) using

(A7) as follows:
o3 (1) = Ao + o (D)n = Ao(N)] “

For 0 < n < Ag(N), (A8) is asymptotically stable, and the stationary marginal MGF

(") can be obtained by setting vﬁ(ﬁ (t) to zero and replacing U/(\r}) (t) with 175\'}). Now, when
S =N\ {k}, (A7) is given by

ol (1) = Ao(S) + 01 (8) [ — Ao(S) — Ak(S)] + Ak(S)o P (b). (A9)

For 0 < n < min[Ag(S) + A(S), Ag(N)] and S = M\ {k}, vﬁ\'})(t) converges as f — o,
and the differential equation in (A9) is asymptotically stable. The stationary marginal MGF
17%)\ ) is then the fixed point of (A9), which can be obtained after setting the derivative to

zero. Afterward, when S = N\ {ky, kz}, one can follow the above procedure to obtain the
range of n values under which (A7) is asymptotically stable. Generally, for an arbitrary set

S, there exists a threshold ¢ such that for n € [0, §), the stationary marginal MGF ﬁém is the
fixed point of (A7).
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G122 (¢ (1) = exp [mix, (1) + moxt, (1)] =

(

Finally, the stationary marginal mth moment Z7Sm> in (10) can be obtained by substi-
tuting 1 (x(t)) in (A2) with gbgm)(x(t)) = x¢(t) and following similar steps to those in
(A2)-(A9). This completes the proof.

Appendix B. Proof of Theorem 2

The flow of this proof is similar to that for Theorem 1 in Appendix A. In particular,
we start by constructing a class of test functions that is appropriate for the joint MGF
analysis. We then use (A2) to derive the extended generator for each test function, which is
then plugged into Dynkin’s formula in (A6) to obtain the system of differential equations

characterizing the temporal evolution of the joint MGFs {U n1 "2) }s,.5,ca- The class of test
functions we define here for the joint MGF analysis is given by

4)5?15’212 (x(t)) = exp [”1x51 (t) + nzxsz(t)], VS1,5, C N, (A10)
such that the expected value E[lpsnlszz (x(t))] is vén1522> (t). For such a structure of test
functions, we have

dp{8? (x(1))

S W= )y (). (A1)

51,52

Compared with the proof for Theorem 1 in Appendix A, a key challenge in the
derivation of the extended generator here is to carefully identify all the possible transitions
in £ that result in having ¢, nl nz (x'(t)) # wé:'ls’?)(x(t)). We provide Figure Al to help

one easily visualize the followmg arguments. For the first subset of transitions {(0,]) : j €
N} C L, we have

4]%22;&(1‘)), 1=(0,j),j €S1\S,

n — 1), 1

95" (1), 1= j€S2\Su )0
1, 1=(0,j),j €S1NSy,

ll)(m,nz) (X(t)), otherwise.

To help one easily grasp the different cases in (A12), we elaborate more on the construction
of the first case, and the other cases can be interpreted similarly. In particular, when j € S; \ Sy,
the transition (0, j) results in resetting the age of S; to zero, whereas the age of Sy will not

nl n2

change. As a result, g 's * (x'(t)) = exp [1n1 % 0+ ny X xg,(t)] @ ¢g’;2)(x(t)), where step

(a) follows from (A1).
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N\SlLJSQ—)

N\S1052*>

Figure Al. A Venn diagram representation.

For the second subset of transitions {(i,j) : i,j € N'} C £, we have

Pt (), I= ()€ Si\Syie N\ Sy,
PUE L), 1= (D)€ 2\ i€ N\Sy,
B (00) = exp sty (1) + oy 9] = | Ve saoy (O 1= G ESINSLTEN\SIUSS
bsy g (X(0), I=(i,j),j €51NSyi €51\ Sy,
PR (D), 1= (i) €SiNSi€ S\ S,
l/)f;?,ls':Z)(x(t ), otherwise.

Plugging (A11)~(A13) into (A2) gives

Ly (x(0) = (m+m)p e (x(0) + ¥ Ao [ (x(0) = 9l )]+ L Aoy e (x(1) - 90 (x(1))]

j€S1\S2 j€S2\S1

+ T Ag[l-eli )]+ T L Ag[eli) e i) — 9l (o)

j€SINS, ieN\S1 j€S1\S2

t R D A e o) B 8 M s 60D~ 45 x0)
1 2 2\91 1 1US2 11151

LT AR ) el ]+ XY A (w0 — 9 (x()]. (A14)
i€51\S, j€ESINS2 i€5,\S1 j€ES1NS2

(n1,12) (111,12)

By applying Dynkin’s formula in (A6) to g "¢ ' (x(t)) and Lypg 's * (x(t)), we have
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o580 =

(n1 +m)o ("15"2)( £+ Z Aoj [U(SZZ) ) — (”1 '12 } + Z /\Oj[ 1)(t (”1 "z)< )}
j€S1\S2 j€S2\S1
A 1 (‘Vlllﬂz) )\ n ﬂz) ny, l’lz)
+ X 0/'[ ~ 05,5, (f)] + Y X [ slu{}sz(t)*vs 55 (t)]
j€SINS, i€N\S1 jESI\S2
+ A 11,12) ( ) 0 (m, Vlz)(t) Ais n1,12) ( ) .0(”1 712)( )
i€/\f\52]65§\51 v [ S1.52041} S ] IGN\ESlU52j€512nSI I [ SIS0 s ]
+ RN L ORI O] RS DI DERH - ORI O]
i€51\5, jESINS, i€5,\S1 j€S1NS2
@ U(sr:fs'?)(t) (m+m2)=A(S1US)— Y A(S1NS)— Y A(S1\S2)— Y Ai(S2\S1)
ieN\(S51NSz) ieEN\S; ieN\S,
+A0(S1NS2) + Ap(S1 \52)7152 (t )+?\0(52\51)U(s':1>(f) + Y (S \Sz)v(gﬁﬂrfg,sz(f)
ieN\S;
+ L MS\S)E a0+ T MENSolE a0+ T A(Sin Sl (1)
ieN\S, ieN'\(5:1US;) i€51\S2
+ Y Asin sz)vg’jyg})lsz(t), (A15)
i€5,\8

where step (a) follows from applying the definition of A;(S) in (7), followed by some algebraic
simplifications. Now, following a similar procedure to that in (A8) and (A9) in Appendix A,
one can show that for any two arbitrary sets S; and Sy, there exists a threshold ¢ (such that
0 < 11 4 np < 6) under which the differential equaﬁon in (A15) is asymptotically stable. Thus,

the final expression of the stationary joint MGF v(nl ") in (11) can be obtained by taking the
limit as t — oo in (A15) (i.e., setting v<n] 2) (t) to zero and replacing v(n1 nZ)( t) with v(n1 "2)),

Finally, the stationary joint (ml, mz)th moment v(ml )

substituting ¢ (x(t)) in (A2) with l[JSml m2) (x(t)) = xs1 (1E)xSZ (t) and following similar steps
to those in (A11)—(A15). This completes the proof.

in (12) can be obtained by

Appendix C. Proof of Theorem 3

We start the proof by showing how one can use Theorem 1 to obtain the stationary
marginal MGF of the Aol or age process at each node in the network. In particular,
by observing the set of transitions in Figure 1a, repeated application of (9) gives

_(n) _ Ao
Oy = g (A16)
_(n)
A
_(n) _ {1,2}
It el e (A17)
_(n) Ao
010y = et (A18)
By substituting (A18) into (A17), we obtain
_(n) ApA
0{2}77()\0_”)(/\_"). (A19)
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Now, we proceed to the evaluation of the stationary joint MGF v({'”} ?1)}

In particular, by applying (11) twice (the first time for S; = {2} and S, = {1} and the second
time for Sy = {1,2} and S, = {1}), we obtain

using Theorem 2.

Oy o+ A = m2)) = Aoy + Aoy, (a20)

oty Ao = (m +m)] = Ao, (A21)

The final expression of ngl} ?1} in (16) can be obtained by substituting 17?2‘]}) and

_(n M . .
{112}2{1} from (A17) and (A21), respectively, into (A20).

Appendix D. Proof of Proposition 1
The stationary marginal mth moment of the age process at node i € N' = {1,2}
(i.e., ﬁi?"f) is given by

o 4[]

oy = — (A22)

n=0
Furthermore, for i, j € N, the stationary joint moment ﬁ\?’?ﬁ :{’7}2) of the two age processes
atnodes i and j is given by

my+m (1,12
g _ (o) (A23)
Ui oan™Mon™
1 2 n1=0,n,=0

The marginal first and second moments of the age process at each node in the serially-
connected network (in (A22) and (A23)) can be obtained by plugging the marginal MGF
expressions derived in Theorem 3 into (A22). Furthermore, the variance of the age process
at node i is given by

(1 = 5@ _ (50)2

varfxi(t)] = o — (a1}) " (A24)

Finally, for nodes i,j € N, the correlation coefficient can be evaluated as follows:
1 51 51

cor[x;(t), x;(t)] = {[} {g)}i 713t” [{]}(t)] , (A25)
var[x; var x;

In order to obtain cor|[x1 (), x2(t)], what remains is only to evaluate 27({12; ){1} from (A23)
(using the joint MGF expression in (16)) as

(1 1) /\% 4+ 2A0A + 272

A26
YR T T AN (A £ A) (420
By noting that
SO0 0 _AGH2AAE2AZ A+ A (A27)
N I b e v ety vy v £ Wl g oy

then the final expression of cor[x;(t),x2(t)] in (19) can be obtained, which completes
the proof.
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Appendix E. Proof of Theorem 4

For the parallelly-connected network in Figure 1b, the stationary marginal MGF of the
age process at each node i € N = {1,2,3} can be derived by repeatedly applying (9) as
follows:

_(n _(n)
Alv{1?3} + /\20{2[3}

)

L6 S T P (A28)
o) = %z{izj} (A29)
sl
EE5) Rty yory pa— (A30)

%) = 3 AZSA,S — (A31)
f’({ﬁ =) = ASA_S o (A32)

The final expression of v in (21) can be obtained by substituting ot {1 3} and ot {2 3}
from (A29)-(A31) into (A28).
We now derive the stationary joint MGF 7 {gl} ?1} by repeatedly applying (11) as follows:

"1 )

Tiay41) [As + A1+ Ay — (ng +m2)] = /\sﬁgl}) + Aﬁgqu?{)l} + /\zﬁgfﬁ?{)l}, (A33)

Oty P + A2 = ()l = A+ g5 (A34)
ey s+ 1 = )] = As (o) + 035 ) + ol (439)
o2 22 = (m+m)] = As + Ao (A36)

By substituting (A34)—-(A36) into (A33), {gl} ?1)} can expressed as

glmm) 1
L T+ A+ Ay — (m + 12)][2As + A1 — (m1 + 12)][2As — (m + n2)][As + Az — (m1 +12)]

[/\5 [2/\5 + A= (n1 + nz)][Z/\s — (n1 + nz)][)\s + Ay — (l’l] + 112)]1){3} + /\5)\2[2)\ + A — (n1 + nz)]

X [As + A1+ Ay — (g + nz)]ﬁi’}? + Asha[As + Ap — (11 + m2)][2As — (17 + nz)]v{;s} + AshiA,
X [As + A2 = (m +m)] + AsA[2As + Ay — (m1 +12)][2As + A2 — (m1 + "2)]} . (A37)

. . nq,n: =
The final expression of o {31} {21} in (22) can be obtained by substituting 3! {3} , 3! {1} ) and

77?;133} from (21), (A32) and (A30), respectively, into (A37).
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a1
RON

_(1L1)
REF

Appendix E. Proof of Proposition 2

The expressions in (27)—(30) of the first moment, second moment, and variance of the
age process at each node i € V' = {1,2,3} can be derived by plugging the marginal MGF

(1,

expressions in Theorem 2 into (A22). Furthermore, by plugging the joint MGF 7 3 {1>} in

(22) into (A23), one can obtain 5%}1 ){1} as follows:

1
UAZ(As 4 AL+ A2) (As + A2)7 (25 + A1) (A1 + A2) (As + Aq)
+ A3 (M + 42) (3243 + 750100 + 3243 ) + 4A2(A1 + 12)? (243 + Oz + 23 ) + 3A A1 A2 (343 + 7As Az +3A3)

x [8A§ F4AS (7 + 8A,) + 4A2 (11A% 24000 + 12A§>

% (A + Ag) +3A2A2 (A1 + Azﬂ, (A38)

The final expression of cor[x1 (t), x3(t)] in (31) can be obtained from (A25) while noting that
we have

(1) A1[BAE + A(12A7 4+ 7A2) + 2A2(A1 +242) (A2 + 2A1) + AsAz (3A2 + 50140 + AZ) + A1A% (A1 + A7)

(1) (1) _
n AA2(Ag 4 A+ A2) (As + A2)% (246 4+ A1) (As + Ap)

27{3}27

’

This completes the proof.

Appendix G. Proof of Theorem 5
Repeated application of (9) gives
(n)

A+ AD
(1) {13} (A39)

T At A-n’

(n)

Ac+AD
)y ¢ {123} @ Ac
Y8 T A FA—n A—n (A40)
)y A
Oy = py— - — (A41)
()
AT
_(n) {1,2}
Ty = (A42)
(n) Ac +/\5g)23} @ A
1y = e (A43)
: Ae+A—n Ae—n
()
AT
_(n) _ {2,3}
Oy = (A44)
_(n)
AT
_(n) Y123} (a) AcA
23T A T De—n)(A—n)’ (A45)
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where step (a) in (A40), (A43), and (A45) follows from substituting 7 () from (A41).

{123}

The expressions of {v { }},E (1,23} in (35)-(37) are obtamed frorn substituting (1) 77?{)3} from
(A40) into (A39), (2) ol , } from (A43) into (A42), and (3) at {2 3} from (A45) into (A44).

Regarding the evaluation of the stationary joint MGF expressions, we start by deriving

Flmma)

Uiy 2y Repeated application of (11) gives

OBy e 20 = (m +m)] = At + A0 A0V E,, (Ade)
Oy e 24— (m 4+ m)] = A + AT o) + A0 (a47)
O e + A= 1+ m2)] = A + 40152 . (A%)
o2 oy e+ A= (m +m)] = Aol + a1y (A49)
{213?{)1 2 [Ac+2A = (1 +m2)] = Ac + WYIE";}) a2 T Av{’; 37;2{1 23} (A50)
T8y e + A= Ot )] = A+ A9(55) o, (as)
({,1,1;}12{1 2aylhe A = (m+m)] = Ac + M({?ZSZ}),{M/S}’ (452)
F{Tzn;}) (123} = m (453)

By substituting vil ; 3}) (12,3} from (A53) into (A48) and (AS0)HA52), we obtain
Smm) (1) (12 (m1m2) Ac (A54)

T1ay412) = P11ah0123) = Oqua) {1 2y = Py = Ae— (n1 +m3)’

(1.2

Furthermore, from (A47), (A49), (A50) and (A54), G 0013y, {)2} can be expressed as

o _ el = (£ ma)JOf) A2
Yahi T [Ac+ A= (nm1+n2)][Ae — (m +12)]"

(A55)
The final expression of v<£1} n{zz} in (38) can be obtained by substituting v({l 3y {)2}, f{nll} ?21)2},
and o' {2} ) from (A55), (A54) and (36), respectively, into (A46). Now, we proceed with the

evaluation of & {T} ?3} Repeated application of (11) gives

I A+ 24 = (m + ma)] = Aco(R) + aolye) +asive) (A56)
o2 A+ A — (n1 + )] = A0\ 4+ Ao (A57)
Y13yt 1+ m)} = At {123}.{23)
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O oy (e + 22 = O o m2)] = A, + AO(TST, o)+ A, ), (AS9)
-({?2”32}) et A= (m+m)] = Acﬁgff;} + Aﬁ({’;jét”gf/ (123} (A59)
o) Ae 424 — (my +m)] = Aol 4+ aolhz) g agin) (A60)
U113},{23} 1 2 Ae {23} {1,3},{1,2,3} {123} {2,3}"
{’;l} 'ﬁ palhe+ A= (m +m2)] = Ac + wg};ﬁ)l/m}, (A61)
(1,m) A (m
V\;)I:ere v{l 3} {1 23} = v{l 2314123} = A= (m )" By substituting v{l 3} {1 23} into (A61), we
obtam
glmm) $. (A62)

{1} {123}y — (1”11 +7”l2)

Furthermore, from (A57)—(A62), & {113';2{3} and ﬁgl}l?z)s} can be respectively expressed as

AcfAe +A = (1 + "2)]U{3} + /\</\ v<{z 3)} + /\vﬁlz';,qaz}),{1,z,3})

Smm) A63
RESC Ae+A— (n1 +m2))? (A9
~(n2) _(n1,n2)
Smm) _ P08 T A%y ) (A64)
Y1) (28) Act+A—(ng+ny) ~
The final expression of & {'111} ?3} in (39) can be obtained from substituting (A63) and
(n1,m2)

(A64) into (A56), followed by some algebraic simplifications. Finally, to derive 7 {2143 We
first repeatedly use (11) as follows:

gl} VE,)} 24 = (m1 +m2)] = Av{qlﬁz{g + )‘U{?} ?2 3} (A65)
Oy e+ 24— (m +m)] = Ao )+ AT ) AR (A66)
(nl 1) A= (n1 +np)] = )w(nl 13) (A67)
Y(2},{23) 172 {12}{123}
2'112"32} yAetA— (m+m)] = /\cﬁgz}) + /\77({’32",132}),{2,3}' (AG8)
{';12?{)2 sylAe 24 = (m +m)] = )‘cvgz 3t )‘Uf{qlznaz} s T ’\ﬁgq}ﬁ?{)l%}' (A69)

n1,My) _(n1,n3) .
From (A66)-(A69), 0 {112}2{3} and @ {21}, {22,3} can be respectively expressed as

Flmna) 1 w [ 24 — n 2.(ny)
0203 T A T A~ (1 + )] [Ae + 24 — (n1 + 1)) [pelac (m +n2)]"03)
+AA+A = (17 +m3)] </\cz7({;f3)} + /\17({?2"}1?{)1,2,30 +A2[2A¢ +3A —2(ng + ”2)17’{123} @ 3}] (A70)
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Flmma) AcA
2423 T e = (m + m)]V = (m + )]

(A71)

The final expression of v({zl} ?23 } i (40) can be obtained from plugging (A70) and (A71) into (A65),
followed by substituting (1) 5\"2) from (37), 2 @ {72'23)} from (A45), (3) © {112”32} 23} from (A59),

{3}
nq,n }\
and (4) 0(141%) 551 3 1Ty

Appendix H. Proof of Proposition 3

The results of this proposition can be derived by following similar steps to those
in Appendices D and F while noting that

S0 A2 4 (Ac+ 1)

=T A72
142 T TAAZ(A +A) (A72)
_(1,1) 51 50 A
o ~ 20y = =2+ A) (A73)
501 2A3 + 5A2) +4AA2 4213
P = M2 £ A2 (A74)
C C
) ) A?
s I T Ay (A7
S0) AR 16A3A +20A20% + 12473 4 474
{2} {3y — 2A202(A, + )‘)2 4 (A76)
C C
L) 50 50 _ AL L2030 20202 4+ 20 A3 204 AT
Paner ~ P20 T AZA2(1, + 1) : (A77)
Appendix I. Proof of Proposition 4
We first apply (11) to obtain vj\r;l NZ) as
_(112) _(n1)
AN+ ATy, A A
oy = o (A78)

)\,‘-&-/\j—(nl—‘rnz) (Ai—nl)(Aj—nz)

Ai i
d
)Li — 1 an /\] — Ny

where step (a) follows from substituting 275\1}{1) and 175\'}]?) from (A41) as

3255\7_1,'12)
respectively. We then obtain TZIM/ as
2011

Rgimmn) N
Nl A . (A79)
Imdny (A —my)*(Aj — na)
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Thus, from (A79), we have

(A80)

The conclusion that the two age processes x 7, (t) and x N (t) are uncorrelated follows

f ting that 2. — 595 = 0, and hence th lati fficient between x - (f
Trom no lng a M’/\/’] /\/x /\/] an ence e correlation coeiricien e een M( )
and x; (t) is zero.
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Abstract: Applications requiring services from modern wireless networks, such as those involving
remote control and supervision, call for maintaining the timeliness of information flows. Current
research and development efforts for 5G, Internet of things, and artificial intelligence technologies
will benefit from new notions of timeliness in designing novel sensing, computing, and transmission
strategies. The age of information (Aol) metric and a recent related urgency of information (Uol)
metric enable promising frameworks in this direction. In this paper, we consider Uol optimization
in an interactive point-to-point system when the updating terminal is resource constrained to send
updates and receive/sense the feedback of the status information at the receiver. We first propose a
new system model that involves Gaussian distributed time increments at the receiving end to design
interactive transmission and feedback sensing functions and develop a new notion of Uol suitable
for this system. We then formulate the Uol optimization with a new objective function involving a
weighted combination of urgency levels at the transmitting and receiving ends. By using a Lyapunov
optimization framework, we obtain a decision strategy under energy resource constraints at both
transmission and receiving/sensing and show that it can get arbitrarily close to the optimal solution.
We numerically study performance comparisons and observe significant improvements with respect
to benchmarks.

Keywords: urgency of information; information freshness; resource constraints; Lyapunov optimization

1. Introduction

As demand from wireless networks exponentially increases to enable emerging tech-
nologies, the timeliness of data delivery and adaptation to the context of information
becomes essential for improved quality of service and experience in time-sensitive applica-
tions. To this end, the measurement and improvement of the timeliness of data delivery
and the effective adaptation to the context of delivered data have been fundamental chal-
lenges that researchers and practitioners have worked on actively in recent years. The
age of information (Aol) is a well-known metric to measure the timeliness of data from
the perspective of the nodes receiving or consuming data [1] and is expressed as the time
elapsed since the generation of the latest received data. Although Aol has received much
interest as a metric representing the freshness of information, new metrics are needed to
address nonlinearity in the aging of data and time-varying value or context associated
with flowing data. As a matter of fact, context-based applications (e.g., automatic driving
and artificial intelligence) and nonlinear age [2—4] (as in many IoT applications) require a
departure from Aol definition and analysis. Toward this end, the references [5,6] recently
proposed an urgency of information (Uol) framework by combining the timeliness and
context associated with information updates. In these papers, Uol was formally defined as
the product of context-aware weight and the cost resulting from real-time estimation error
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in a Gaussian dynamical system, the latter being a well-known nonlinear function of Aol.
Uol expression can be expressed in mathematical form as follows:

E(t) = wd(C(1)), 1)

where w; is the nonnegative coefficient representing the context or value at a specific time
t, 6(.) is the cost function, and C(t) is the instantaneous cost measuring the urgency. This
formulation subsumes the typical definition of Aol. If C(t) increases by one each time
an update is not received, then the common Aol problem can be formulated as w; = 1
and §(Q(t)) = U(t)C(t), where U(t) is an indicator that shows whether the information
is updated or not. In our current paper, we will pursue a similar metric whereby the
urgency level is represented by a coefficient w;, which will be set as an independent,
identically distributed random process that shows how crucial the status information is at a
specific moment ¢. In addition, we will pursue a quadratic cost function. This formulation
enables us to analyze error increments and connect the proposed framework to the classical
Aol problem.

The Uol framework in this paper will be designed to measure the expected perfor-
mance degradation as a weighted sum of expected staleness or informativeness of the latest
sensed Gaussian process at the receiving end with respect to the transmitter and the lack
of synchrony between them, maintained by status updating from the transmitting end to
the receiving end. Our goal is to build a systematic understanding on the interaction of
feedback sensing and update transmission to maintain improved Uol levels measuring the
synchrony and informativeness of information at one side about the other side when both
actions are resource constrained. We will employ Lyapunov optimization tools to address
this crucial problem.

Lyapunov optimization methods and tools have been well-known to various research
communities to control queues and more generally dynamical systems in a near-optimal
sense. In the context of queuing theory, the state of a system at a particular time is the
vector of realizations of error variables which can easily be brought in queue forms by
lower bounding it by zero and studied for upper bounding the optimal cost. Typically, the
cost function is defined to take smaller value when the system moves toward the desirable
states. System stability is achieved by taking control actions that make the Lyapunov drift
in the negative direction toward zero. The key requirement is that all the queues and virtual
queues in the system are mean rate stable [7,8]. In addition, the target function is achieved
by taking control actions that minimize the Lyapunov penalty. However, because of the
system stability awareness, the solution always has a gap with the optimal solution. Due
to its general applicability in queuing theory, Lyapunov optimization is also used in Aol
analysis and optimization. Ref. [9] used Lyapunov optimization to identify the tradeoff
between Aol, accuracy, and completeness with the constrained throughput optimization
problem. Ref. [10] used Lyapunov optimization to jointly minimize the average cost of
sampling and transmitting status updates by users over a wireless channel subject to
average Aol constraints.

Our work’s motivation is rooted in Aol research that was presented in the recent past.
We next aim to cover some of the literature that relates to the proposed research in this paper.
The references [11,12] address varying source update frequency and [13,14] address service
rate in various queuing models. In the wireless network scenario, the scheduling algorithms
for optimizing Aol is studied extensively, such as those considering the channel state [15,16],
throughput [17-19], energy harvesting [20-22], and average resource constraints [23,24],
multiple sources [25-28], and multiple channels [29-32] to name a few. Ref. [33] studied the
calculation and iterative process of Aol in combination with queuing theory and gave the
analytic formula of average Aol under the random scheduling strategy. Ref. [34] explored
the impact of service rate on average Aol under fixed deadline constraints and random
exponential deadline constraints. Regarding link scheduling in wireless networks, ref. [35]
studied the link-scheduling problem for every time slot under periodic data updates, and
proposed random, greedy, Lyapunov optimization, Whittle Index, and other strategies for
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link scheduling to optimize the average Aol of the network. Ref. [36] proposed offline and
online scheduling algorithms based on the Markov decision process for the random data
arrival scenario.

Feedback is also an essential factor in wireless communication scenarios and can
influence the Aol performance significantly. In particular, it is well known that the feedback
may help maintain expedient processing, non-repetitive transmission, and hence, energy
efficiency in wireless transmission. For the case of battery-based non-energy harvesting
devices, it is also vital to schedule appropriate transmission and sensing strategies to
prolong the device’s life. As a result, the role of feedback and energy cost in Aol analysis
and optimization has received much interest from the research community (see e.g., [37-41]).
Additionally, ref. [42] proves that the Aol and energy-harvesting scheduling strongly differ
with or without the feedback. Refs. [43,44] minimized the Aol when the sensor uses
ON/OFF schemes with energy harvesting nodes. Ref. [45] focused on the extreme cases
of one unit battery and infinite battery situations to minimize the average peak Aol with
energy constraints. Most recently, the paper [46] provided an analysis of feedback cost in
Aol optimization over a point-to-point channel and determined specific conditions when
feedback may or may not be useful for Aol optimization.

Decisions to sense/receive updates under energy constraints have also been of interest
to Aol researchers. In particular, energy constraints can limit the chance of sensing new
data and hence cause Aol to increase. In this context, refs. [47,48] proposed the joint
scheduling of sense and transmission schemes to optimize the average peak Aol in an
energy-harvesting system. In this paper, we will combine the concept of feedback and
sensing, which means that the system will decide whether to sense the feedback information
as input. As other related research, refs. [49,50] studied the value of information (Vol) in
status update systems, and compared the performance of Vol with Aol. We also refer the
reader to the related paper [51]. Based on the idea that Aol is only important when the
receiver performs a query, refs. [52,53] proposed the age of information at query (QAol)
and optimized the QAol.

In this paper, we will extend the Uol optimization framework in [6] to an interactive
scenario by considering sensing/receiving costs at the updating terminal under energy
resource constraint by using a Lyapunov optimization framework. Resource constraints
in receiving/sensing the feedback can be interpreted as a limitation due to processing or
energy to make it available for decision making on update transmission. Our motivation
can be compared to that of [46] as well, which assumes the cost of feedback is incurred at
the receiving end. This new problem calls for coordinated decisions to sense the feedback
from the receiver and transmit the update to the receiver. Additionally, we need to account
for relativity with respect to the transmitter and receiver sides and measure urgency by
using a weight representing their importance under resource constraints. Our framework
will address these new issues.

As the main contributions of this paper, we extend the Uol optimization framework by
using a new definition that addresses the interactive nature of the setting when transmitting
and receiving/sensing information is costly and average resource constraints are present
on both actions. Constructing the objective function by assigning different weights to the
urgency levels at the transmitting and receiving terminals, we determine jointly optimal
scheduling of transmission and receiving/sensing the feedback by using a Lyapunov
optimization framework. We obtain the Lyapunov gap and show that the result can
be made arbitrarily close to the optimal solution. Our simulation results show that the
proposed algorithm performs significantly better than two benchmark schemes, namely
the greedy and Aol optimal algorithms.

The rest of the paper is organized as follows. In Section 2, we present the system model
of the Uol problem. In Section 3, we formulate the Uol problem and analyze it. In Section 4,
we offer numerical results to show the behavior of the solution. Finally, we conclude this
paper in Section 5 by summarizing our contributions and discussing future directions.
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2. System Model

We consider the system model in Figure 1. Here, the time is slotted: t = 1,2,...,T. The
information-carrying signal in the service center and terminal, A; and Qy, are as follows:

Ap1 = (1 — UZ(t))At + K¢ 2)

Qri1 = (1= Sty (1)) Qs + Un(t) Ay ®3)

The variable K; ~ A(0, 02) represents the increments added to the information-carrying
signal A; and is a Gaussian random variable independent over time and other variables.
For convenience, we take the variable A1, Q1 ~ N(0, 02); however, the initial conditions
are assumed given and do not determine the outcome as long as they come from a well-
behaving distribution that makes the expectations well defined (c.f. Lemma 3 below).
Uy (t), Ux(t) € {0,1} are decision variables to determine whether to transmit an update
and sense the feedback, respectively. Equation (2) represents the evolution of information
at the receiver with respect to the sensing at the transmitter. When Uy (t) = 1, the sensing
action is activated and the information at both ends are synchronized except an additive
Gaussian noise due to causality and one time slot difference. The Equation (3) represents
the evolution of the information at the transmitter with respect to the receiver side. These
two equations represent the interaction between the transmitter and the receiver. Note
that if the transmission or sensing does not happen, i.e., if Uj(£)S; = 0 or Ux(t) = 0,
then Q; or A;, respectively, will become noisier. This is at the heart of the urgency of
information notion we pursue in this paper. When a transmission does not happen (due to
not transmitting or a channel erasure), the synchrony between the two sides, represented
by Qq, is not affected as long as a new sensing action is not taken. At the beginning of the
tth time slot, the terminal first decides U; (t) € {0,1} to determine whether to transmit the
information-carrying variable Q; to the service center or not. The transmission takes one
time slot and goes through an erasure-type wireless channel represented by S; with a fixed
failure transmission rate p. In particular, S; = 1 if the transmission is successful and S; = 0
otherwise. At the same time, the service center feeds back A; to the terminal, which also
takes one time slot with no failure rate. At the end of the tth time slot, the feedback arrives at
the terminal, and the terminal will decide U (¢) € {0,1} to determine whether to sense the
feedback or not. We can, in principle, let A; and Q; evolve as max{ (1 — Ux(t))A; + K¢, 0}
and max{(1 — S;U; (t))Q: + Ua(t)At, 0} with nonnegative initial values. These versions
bring these system states to the form of queues with potentially dependent arrivals and
departures. Our Lyapunov drift plus penalty-based analysis will be applicable for both
versions. We therefore prefer to keep them as in (2) and (3) in the ensuing analysis.

Now we can elicit our optimization problem P; to minimize an upper bound of
average Uol:

1
n%nTlgr;osup Z [wt Q2 + MA; )] 4)
17=1
s.t hm n sup Z E[U; ()] < ¢1 5)
hm 1 Sup Z E[Ux(1)] < ¢, (6)

where 71; is the set of sequence of decisions 7r; = {Uj(t), Ux(t)}, w; is the nonnegative
weight of urgency modeled as an i.i.d. random variable, M is the weight of the relative
error of the variable A; at the transmitter side, ¢y is the energy (or frequency) constraint on
transmission, and ¢, is the energy (or frequency) constraint on sensing. In order to satisfy
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the average transmission/sensing frequency constraints (5) and (6), we define the virtual
queues H; and G; as follows, which are both initialized at 0:

Ht+1 = max{Ht -1+ Ul(t), O} (7)

GH—l = max{Gt — @2+ UZ(t), O} (8)

Next, let us consider the evolution of the transmission virtual queue: If the terminal
decides to transmit at time slot f, the transmission virtual queue H; will increase by
1 — ¢1. Otherwise, it will decrease by ¢;. As a result, the longer the virtual queue, the
more transfers will be performed. The virtual queue of sensing G; evolves similarly.
Therefore, these two virtual queues can appropriately express the usage of the historical
transmission/sensing frequency.

Terminal

Service Center

Feedback

Figure 1. Systemmodel with joint transmission and feedback reception.

3. Optimizing the Urgency of Information in Py

In this section, we will systematically develop a Lyapunov optimization framework
for optimizing an upper bound for the solution of P;. We summarize the notations we use
throughout the rest of the paper in Table 1.

Table 1. Definitions of Variables.

Symbol Description
At Error in Service Center
Q¢ Error in Terminal
H; Transmission Frequency Virtual Queue
Gt Sensing Frequency Virtual Queue
ny Number of Time Slots since Last Sense
St Channel Situation

Uy (1), Ua(t) Transmission/Sensing Decision
T Set of Decisions
@1, P2 Transmission/Sensing Frequency Constraints

wy Weight of Urgency
w Average Weight of Urgency

V,Z,0,B Weight of H?, G?, Q?, A? in Drift Function
M Weight of A? in Target Function
R Weight of Penalty Compared with Drift
Ly Summation of all the Queues
Ay Lyapunov Drift
fi Lyapunov Penalty
Yi Set of Given Parameters in t;;, Time Slot
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3.1. Lyapunov Function Definitions

In order to use the Lyapunov optimization framework, we will first define the Lya-
punov drift function A; by using the quadratic sum of system states:

L= %VH? + %ZG? + %GQtZ + %ﬁAﬁ, ©)
where V, Z, 6 and B are the weights for different variables, which represent different impor-
tance levels of the stability of the queues or system states H;, G;, Q; and A;, respectively.
In our analysis, we use the terms “queue” or “system state” interchangeably. Although
the evolution of A; and Q in (2) and (3) can take negative values, we can redefine them by
lower bounding their evolution by zero and make their definitions suitable as a queue with
arrivals and departures potentially depending on the control actions. However, none of the
analysis steps we take in this paper will be affected by this redefinition, as the Lyapunov
analysis we present essentially optimizes a bound on the system performance. We therefore
continue using the original definitions (2) and (3). The Lyapunov drift function for this
system can be expressed as

At = E[Lys1 — Le|Qt, ne, Hy, G, wig4], (10)

where 71; is the number of time slots since the last time we decide to sense the feedback. It
is obvious that in tth time slot, the terminal has a knowledge of H;, G, Q;. However, the
terminal cannot access the specific value of A; because the latest estimation error arrived at
the service center at the end of (t — 1)st time slot. Nevertheless, the terminal is aware of
the number of time slot since the last time it decides to sense 1, which can be expressed as:

npp1 = (1= Up(8))m + 1. 11)

As a result, the terminal will decide whether to sense based on the number of time
slot since the last time it decided to sense n; rather than the error in the service center A;.

Lemma 1. In each time slot t, given the error in terminal Qy, urgency weight at the next time slot
Wyt 1, the number of time slots since the last time terminal decides to sense ny, virtual queue length
Hi and Gy, set Yy = {Q¢, nt, Hy, Gt, Wy }, we can obtain an upper bound on the Lyapunov drift
Ay as

A g%(v +27Z)+ %/502 — V@ Hy — Z¢yGy + (VH; — %GpQ,z)E[Ul(t)m]
+ (26 + %Bnt(rz - %ﬁntaz)E[uz(t)\Yt}. (12)

Proof. See Appendix A. [

Denote the penalty in the fth time slot by f;. Because of causality, U; (), Ux(t) will
affect Uol in (¢ 4 1)st time slot. Therefore, we let f; = Rw;y1(Qs41> + MAs412), where R
is the weight of the Uol compared with system stability and the remaining terms represent
Uol at t 4 1.

Lemma 2. If we set the penalty in the tth time slot as fi = Rwyq (Q,HZ + MAtHZ), and the

average of the weight of the urgency as w. The Lyapunov drift plus penalty function is upper
bounded as:
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A+ E[fi|Yi] g%(v +7)+ %,302 + Rw(Q? + Mo? + Mny0?) — Vo Hy — Zga Gy
+ (VH, = 20pQ7 ~ RipQE[Uh (1) V)]
+(ZG + %Ontaz - %5;1,02 + (1 = M)Rwn,0®)E[Ux ()] Y4]. (13)
Proof. See Appendix B. [

Lemma 3. If E[Lo] < oo, and Ay + E[fi] < C, where C is a constant, then all the queues and
virtual queues in the system are mean rate stable.

Proof. See Appendix C. [

3.2. Finding Appropriate Weights for the System

Next, we are going to find the optimal value of the weight parameters 6 and 8 to
minimize the right hand side of (13) to the extent possible. Note that it is feasible to use a
stationary randomized scheme that independently transmits and senses with probability
@1 and @, at each time slot, which translates to E[U;(t)] = ¢; and E[Ux(t)] = ¢2. Asa
result, we reorder (13) to get

~ 1 1 1 ~ ~
E[Liy1 — Li + fi|Yi] <(RwM + 55)‘72 +5(V+2) + (~56pg1 — Rwpe; + Rw)Q/?
+ (%(9 — B)mo? + RwM 4 (1 — M)Rwgy)ni0>. (14)

To make the right hand side of (14) no larger than a constant, we want the coefficients of
Qtz and 1;02 no larger than 0. For the coefficient of Qtz,

f%(?pq)l — RZTJp(pl +Rw<0
0 > %%(1 — pg;)Rw. (15)
For the coefficient of 102,
%(9 — B)mo?+RwM + (1 — M)Rwg, < 0
B> 9+2(i—1)Rz7;M+2Rz7;. (16)

P2

As a result, we take the value of the parameters 6 and § as

2 ~
f=-—"(1— Rw 17)
P(Pl( Peq) (
B 2 ra +2(i —1)RwM (18)
2o ¢2 '

Put the value of the parameters 6 and § back to (14), then we can get the upper bound of
E[LH~1 — Lt + ft|Yf] as

1 M.~ 1
E[Liyq — Li + filvi] < (p—(pl+ %)Rwaz—&- E(V+z). (19)
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Note that the right hand of (19) is a constant, which means that all the queues and virtual
queues in the system are mean rate stable under above derived conditions.

3.3. Deriving Lyapunov Optimal Decisions

We now minimize the upper bound in the RHS of (13), which is actually in the
following form:

min (VH; = 30pQ2 - Ry 1pQ ) (1)
+(ZGi + %(9 — B + (1 — M)Rwy 1102 U (1). (20)

We next show the scheduling scheme for each time slot. Putting the value of the parameters
6 and B back to (20), we get the following:

~ w
in [VH; — - —)RpQ2|Us (¢
H}rltn[ t— (Wi w+P§01) pQUL(t)

2G4 (M=1) (@ = win) = S Rme (). @

Set the update index a; = VH; — (w1 — W+ %)Rth2 and update index by = ZG; +

(M-1) (5} — le) — J(’TAZA )Rn;02, and then the solution to the scheme (20) can be achieved:

Uy(t) - { 1 ,a;<0 (22a)
0 , otherwise (22b)
Un () = { 1 ,:<0 (23a)
0 , otherwise. (23b)

We summarize below the resulting Lyapunov optimal Algorithm 1.

Algorithm 1 Decisions scheduling scheme based on Lyapunov optimization

ReqUire: AO/ QO/ HOr GOr no, Sfr Kfr P1, P2, Wt, :(:], V/ Zr Mr R
1: for each time slot t do

2. Calculate a; = VH; — (w41 — W+ %)Rthz;

3. Calculate by = ZGy + (M —1) (17) - th) — %)Rntaz;
4: if a; < 0 then
5: up(t) =1
6: else

7: U (t) =0;
8. end if

9: if by < 0 then
10: UZ(t) =1,
11:  else

12: U, (t) =0;
13:  end if

14:  Calculate A;q = (1 —Up(t))Ar +Ky;

15.  Calculate Q;1 = (1 — Stul(t))Q, + Uz(t)At;
16:  Calculate H; 1 = max{H; — ¢1 + U3 (¢), 0};
17:  Calculate Gy1 = max{G; — ¢2 + Ux(t), 0};
18 Caleulate nyq = (1— Up())ns + 1;

19: end for
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Based on the algorithm, we can make decisions by scheduling every time slot to
minimize the value of Uol and maintain the virtual queue stability simultaneously. From
the algorithm, it is apparent that we can successfully decouple the joint decisions into two
independent threshold schemes, which makes the implementation desirably simple.

3.4. Solving for the Target Function and Lyapunov Gap

In this section, we will solve for the target function and achieve the expression of the
gap between the optimal solution and the result obtained by the Lyapunov optimization al-
gorithm. We will also prove that the result gained by the Lyapunov optimization algorithm
can be infinitely close to the optimal solution. Now make the summation of the total T-time
slot on both sides of (19), and we can get

E|Lr—L +Tff <T{(L+M)R5;a2+1(v+2) (24)
T 0 = [ — Po1 o2 2 .

Note that Lt > 0 and L—TO = 0, and then divide T on both sides of (24) to get the
time-averaged result

1= 1 M, ~, 1
—E <(—+ —)Rwo+ - (V+Z2). 25
T Lzoﬁ}‘(wm = 5(V+2) (25)

Theorem 1. Set the problem of (20) as Py(7tt), and then the solution of Py (7t;) will satisfy the
following gap:

1 2 2 1 Me~, (V+2)

- <(— 4+

r L E[wi(Q +MA?)] < Cgrt )07+ g (26)
That is, the solution of Py(7t;) can be approximated by the solution of Py (7t¢), and the gap between
them is (VZEZ).

Proof. See Appendix D. [

To be precise, the proof of this gap result in Appendix D requires A; and Q; in (2) and
(3) to be lower bounded by zero. Nevertheless, our numerical results show consistence
with this gap even when they are non-negative. Note that as the value of R is taken as large
as possible, and the result obtained by the Lyapunov optimization algorithm P;(77;) can be
made arbitrarily close to the optimal result P} (71;). (V2§Z> can also seem to be the ratio of
the weight of the energy constraints and Uol, which shows the tradeoff between the Uol
and the energy constraints.

4. Numerical Results

In this section, we present extensive numerical results to explore the behaviour of
the optimal scheme under various constraints and scenarios. At the beginning of each
time slot, the terminal first decides whether to transmit the error packets to the service
center or not. The transmission takes 1 ms and goes through a wireless channel with a
fixed failure transmission rate. At the same time, the service center transmits the estimation
error (feedback) to the terminal, which also takes 1 ms with no failure rate. At the end of
each time slot, the feedback arrives at the terminal, and the terminal will decide whether
to sense this feedback. Meanwhile, the service channel receives the error packets and the
latest estimation of Gaussian noise. The service center will immediately calculate the error
difference between the transmitted status information and the received status information
and add that new error into the error packet.
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4.1. Response to Urgency Levels

To demonstrate the system’s response to a new urgency, for every 5000 time slots, we
set W = 100 in the 50 consecutive time slots and W = 1 in the rest of the time slots. The
transmission/sense energy constraints are set as ¢; = 0.25 and ¢, = 0.5. The channel
error rate is p = 0.8, the weight of the Uol is set as M = 2.5 and R = 2, and the weight
of the system states is set as V = Z = 1. Additionally, the Gaussian noise variance will
be set to unity. Figures 2—4 show a sample evolution of the squared of errors MA? + Q?
and two virtual queue length H;, G;. Observing Figures 2—4, we understand that when
the urgency level rises, the square of errors will drop significantly, and the virtual queues
will keep increasing because update transmissions are ramped up. However, due to the
energy constraints, the terminal’s probability of transmitting and sensing are affected. This
is the reason why the square of errors will increase, and the transmission virtual queue
will decrease after the urgency. These show that the system can swiftly respond to urgency
levels while keeping the error variance portion of Uol (i.e., Qf + MA%) at a reasonable level
at all times.
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Figure 2. Uol sequence obtained by the proposed Lyapunov algorithm under a specific realization of
weights w;.
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Figure 3. Transmission virtual queue under the same realization of weight w; in Figure 2.
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Figure 4. Sensing virtual queue under the same realization of weight w; in Figure 2.

4.2. Tradeoff between Uol and System Parameters

In this section, we compare how the relationship between different variables will
affect the Uol in the system. Unless otherwise specified, we set the energy constraint of
transmission/sensing as ¢1 = @2 = 0.8, the weight of the system stabilityas V = Z =1,
the weight of totally Uol and the Uol in service center as R = M = 2, the channel error rate
as p = 0.8, and the weight of urgency at each time slot is i.i.d. with probability 0.99 being 1
and probability 0.01 being 100.

Figures 5 and 6 present the relationship between Uol and transmission/sense energy
constraint. They also show the effect of system stability weights on Uol. In Figure 5, the
energy constraint of transmission ranges from 0.1 to 1.0, and the weight of the queue
stability (i.e., the virtual queue levels) in the transmission part will be set as V =1, 10, 100,
and 1000. Similarly, in Figure 6, we set the energy constraint of sensing from 0.1 to 1.0 and
Z =1,10, 100, and 1000. We observe that when average energy is less constrained, the
Uol decreases. However, the Uol will not change much when the transmission frequency
reaches 0.5. This is due to the fact that the frequency constraint becomes inactive after a
certain level depending on the sensing activity. As sensing and transmission are in tandem,
the higher frequency drives the overall performance. Moreover, when the weight of the
stability V and Z are small, e.g., V = 1 or Z = 1, we pay more attention to the value of
Uol than the frequency of transmission levels, yielding a virtual queue significantly above
the set constraint. On the other hand, if we set the weight of the stability V and Z at a
high level, e.g., V = 1000 or Z = 1000, the virtual queue stability becomes much more
important, which compromises Uol performance.

In Figure 7, the energy constraint of transmission will be set from 0.1 to 1.0, and the
failure probability of transmission will be set as p = 0.2,0.4,0.6,0.8, and 1.0. We observe
that the higher p is, the lower the average Uol is. This is because we need to decide to
transmit more frequently to achieve the optimal average of Uol when the success rate
is lower. In Figure 8, we observe that the average Uol decreases no matter whether ¢;
or ¢ increases because we have more chances to transmit or sense when the energy is
sufficient. Additionally, as ¢, gets smaller, the curve will converge earlier because the error
packets in the service center are the input of the terminal. When we have less probability of
sensing the feedback, the transmission frequency will also not be large because of the input
limitation, even if the transmission energy is sufficient.

83



Entropy 2022, 24,1624

30 , , , , , , , , ,
V=1
——v=10
V=100
25 V=100 | |
— 20 .
=3
S
@
1=1)
g
515H 1
e
Z
10 .
s- -
01 02 03 04 05 06 07 08 09 1

Figure 5. Tradeoff between transmission energy constraint, V and Uol

Frequency Constraint of Transmission

50 . R R —
Z=1
4st 7=10 |
Z=100
a0 7=1000 | |
35t 1
—
=3
S0t 1
3
o0
£
Sost 1
-
<«
20 1
15f 1
0} 1
01 02 03 04 05 06 07 08 09 1

Frequency Constraint of Sensing

Figure 6. Tradeoff between sense energy constraint, Z and Uol.

30

25

[
>

Average Uol
b

10

p=0.2

0.1

Figure 7. Tradeoff between transmission energy constraint, channel failure rate p, and Uol.

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Frequency Constraint of Transmission

0.9



Entropy 2022, 24,1624

[
S

—
®

—
e

[
'S

Average Uol
IS

—
>

0 01 02 03 04 05 06 07 08 09 1
Frequency Constraint of Transmission

Figure 8. Tradeoff between transmission energy constraint, sensing energy constraint, and UoL.

In Figure 9, we set the weight of total Uol as R = 1,8, 16 and 64, and the weight of
two virtual queues as V = Z = 20. As expected, the larger the weight of the total Uol is,
the smaller the average Uol will be. This is because the system will consider the Uol more
important and will take more chances to transmit and sense. Moreover, the Lyapunov gap,

V42 a1 e .
ie., ( 24% ), will diminish as R increases.

Average Uol

01 02 03 04 05 06 07 08 09 1
Frequency Constraint of Transmission

Figure 9. Tradeoff between transmission energy constraint, R and Uol.

4.3. Tradeoff between Uol and System Stability

The tradeoff between the target function and the system stability is always an exciting
and crucial question in the Lyapunov optimization framework. This section will show ex-
amples of how different weights can affect the system stability and Uol. We set T = 10,000
and channel error rate as p = 0.8. The urgency weight w; is determined as an i.i.d. random
process with probability 0.99 being 1 and probability 0.01 being 1000. We will observe the
number of update transmissions and senses (i.e. the energies spent for update transmission
and sensing throughout T = 10, 000 slots) to represent system stability.

In Figures 10 and 11, we set the weight of the system stability as V = Z = 10, and
the weight of Uol as R = M = 2. As the energy is sufficient, we can have more chances to
transmit and sense. In addition, the number of transmissions is always smaller or equal to
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the number of senses. This makes sense because the input error in the terminal comes from
the service center and will be sent together in one transmission. In addition, even if there
is no energy constraint for the transmission, e.g., ¢; = 1.0, the number of transmissions
will not reach the value of constraints. This is due to the fact that the frequency constraint
becomes inactive after a certain level. However, when ¢, < 0.2, the energy spent for
sensing goes above the set energy constraints. The reason is that the weight of Uol is much
larger than the weight of stability. This means that the system will sacrifice stability for
better Uol.
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Figure 10. Energy spent for update transmission when V = Z = 10.
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Figure 11. Energy spent for sensing when V = Z = 10.

In Figures 12 and 13, we set the weight of the system stability as V = Z = 80, which is
larger than the weight of Uol. We see that both the transmission and sensing constraints are
not binding. Comparing with the Figures 5 and 6, we observe that the Uol with V, Z = 100
is close to the Uol with V, Z = 1. Hence, by sacrificing a small amount of Uol, a very stable
system can be guaranteed.
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Figure 12. Energy spent for update transmission when V = Z = 80.
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Figure 13. Energy spent for sensing when V = Z = 80.

In Figure 14, we set the weight of the Uol in service center as M € [1,10], the weights
Z=8,16,32,64,and 128, and V =5, ¢; = 0.5 and ¢, = 0.8. The virtual queue G; is small
when its weight is large, and the energy constraints are tight. In addition, when the weight
of Uol in the service center M increases, the sensing time will keep increasing because the
Uol in the service center is much more important than the virtual queue stability and the
information in the terminal. This also exemplifies that our framework can accommodate
different cases flexibly by using different weights.
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Figure 14. Tradeoff between M, Z and sensing frequency.

4.4. Comparison of Lyapunov Optimal Performance with Other Algorithms

The greedy and probabilistic algorithms are also very suitable naive algorithms to
solve this problem. The main idea of the greedy algorithm is that the terminal will decide to
transmit/sense at time f if the instantaneous transmission/sensing frequency at time ¢ has
not reached the corresponding set limits. Moreover, for the probabilistic algorithm, in each
time slot the terminal will transmit/sense with probability equal to the value of frequency
constraints. For Figure 15, we set the weight of system stability as V = Z = 30. Channel
success rate is set as p = 0.6, sense energy constraint is set as ¢, = 0.8, and the weight of
urgency at each time slot is the same as before. Because the greedy algorithm takes action
independent of urgency, we will compare the average Uol with w; = 1. From the figure,
the average error portion of Uol (i.e., Q7 + MA?) obtained by Lyapunov optimization is
always lower than the other two algorithms, especially when the energy is insufficient and
the gap closes with increasing energy availability.
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Figure 15. Lyapunov optimal algorithm and greedy algorithm.
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Recall that Uol can subsume various Aol problems. For instance, if we set the cost
function 4(.) as a linear function with the unit parameter and the urgency weight w; =1,
then we can express the Aol in terminal Oy and the Aol in service center A; as

A= (1 —U(t)Ar + (27)
Ori1 = (1=S(HU (¢ ))Q/+U2( )A; (28)

Let us use the same Lyapunov optimization algorithm described earlier along with
the same weights for system state variables and target function for a fair comparison.
In Figure 16, we set the weight of virtual queues as V = Z = 20, the weight of Uol as
R = M = 2, the weight of system states 6, § in Aol optimal will be the same as the value
of Uol optimal and will be calculated each round. Additionally, set the probability of fail
transmission as p = 0.6, sensing frequency limitation as ¢, = 0.6. We can deduce that
the average Uol obtained by Uol optimal is much better than the value obtained by Aol
optimal. In addition, the value of average Uol by Uol optimal is smaller than that of the
average weighted Aol by Aol optimal. This is because, in the Aol model, the increment K;
will always be 1; however, the Uol model yields a lower expectation.
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Figure 16. Lyapunov optimization vs. Aol optimal.

5. Conclusions

This paper focused on urgency of information (Uol) optimization through joint sensing
and transmission. We proposed a new interactive status updating problem over a point-to-
point channel in which transmission and sensing actions are determined to minimize Uol as
a combination of the staleness of sensed data and synchronization between two ends under
resource constraints, and we used a Lyapunov optimization framework for its optimization.
We obtained the gap between the optimal solution and the result gained by the Lyapunov
optimal algorithm, and proved that the gap between them can be made arbitrarily small.
We presented an extensive numerical study that illustrates various features of the model
and resulting algorithm, and potential performance improvements with respect to several
schemes. In our future work, we plan to extend this work in multiple directions such
as the case of multiple terminals in series or parallel, on demand Uol definition and
optimization as well as the cases of computation transmission tradeoffs and dynamical
energy constraints.
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Appendix A

Based on (7) we can get the following sequence of steps:
E[H?, - HP Y1)
< E[(Hi = g1+ Un (0)* ~ HA Y]
= E[H} + g3 + U (t)? — 291 Hy + 2H;Uh (1) — 291Un () — HP|Y]
= E[(p1 = Un (1)) +2(—g1 + U (1) Hi Y]
< 1+42(—¢1 + E[Ur (1) [Yi]) Hy, (A1)

where the first inequality follows from the definition of H; in (7) used in the identity
that for any X = max{a+b—c,0}, X? < (a+ b — c)?, the following equalities follow
from rearranging terms and the final inequality follow from ¢; — U;(t) < 1. Based on
Equation (8), and using the same method as that for obtaining (A1), we get the following
inequality:

E [GMZ - Gﬂn@ <1+42(—g2+ E[Ua(1)|Y:])Gr. (A2)
Based on (2), we have
E {AH-lZ - At2|yt]
—F [(1 — Uy (£))2 A2 + 24K (1 — Un(t)) + K2 — Aﬂm}. (A3)

Recall that K; ~ (0,02) follows i.i.d Gaussian distributions. This is due to the fact that
the queue A; is the summation of K;; it is obvious that the summation of the Gaussian
distribution is still a Gaussian distribution. As a result, the error in the service center
also follows a Gaussian distribution A; ~ (0,n0?). In addition, as Us(t) € {0,1}, we can
simplified (A3) by Ua(#)? = Uy(t) and (1 — Up(t))? = 1 — Uy (t). As a result, we have

E [A,+12 - A,Zm] = —mE[UL(1)|Y;] + 0% (A4)
Based on (3) and the fact that (1 — Uy (#)S;)? = (1 — Uy (t)S;), we have
E[Qin? - Q2]

E[(1- Un(1)5)2Q¢% +2QiArtla (1) (1 = U (1)81) + AU (1) — QY]
= — Q2 pE[Uy (£)|Ys] + ns02E[Un (1) | Y] (A5)

Based on (A1)-(A5), we have
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Ay = E[Liyq — Le| V4]

=E %V(th-%—l - HP?) + %Z(Gfﬂ ~GP)+ %9( P —QF) + %ﬂ(A%-H — AR

= %(V +2)+ %ﬁ”z —Ve1Hi = Zg2Gi + (VH: — %GPQtZ)E[Ul(fHYr]

+(ZGi + %971,(72 - %ﬁntUZ)E[Uz(t) Y. (A6)
Appendix B

Set the Lyapunov penalty function as f; = Rw;1(Qy 412 + MAs12), where w; > 0.
Based on (A4) and (A5), we can get the Lyapunov penalty function as follows:

E[fi¥i] =RE[w;41(—QFSiUa (1) +2Qe AU () (1 — Sl (1)) + APU(f) + QP)[Yi]
+ RME [le(fA%Uz(t) +K+ AﬂY,]
=Ruw(—Q}pE[Uy(1)|Yy] + QF + Mo? + Mnyo? + (1 — M)moE[Ua(1)|Yi]). (A7)

Combining (A6) and (A7), the Lyapunov drift plus penalty function satisfies the following
inequality:

1 1 ~
Av+ELfilYi] <5(V+Z) + 5po? + Rw(QF + Mo? + Mmo®) — V1 Hy — ZgaGr
1 ~
+ (VHy — 50pQ:* — RwpQf)E[Un (1) Yi]

+(ZGi + %Gntaz - %5;1,02 + (1 — M)Rwn;o®)E[Us (1) Y4]. (A8)

Appendix C

We start by assuming that the initial values satisfy E[Ly] < co. If Ay + E[f;] < C, where
C is a constant, then take the summation over T time slots to get

T-1
E {LT —Lo+ ) ft} < TC. (A9)
=0
Based on (9) we have
ElLr] > SVE[(H7)]. (A10)

From the definition of the virtual queue H; (A1), it is obviously that E[(H?)| > (E[(Hy)] )%,
and also because the penalty function f; is always non-negative, we can change (A9) into

LvE(H))? < TC+ 1o

2
El(my) < V2T E L)
E[(H)] _ v2(TC+ Ly)
T’ < T 0 (A11)

Since T — oo, the right hand side of (A11) is equal to 0. As a result,

E[(H})]

7 =0 (A12)
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As a result, the virtual queue H; is mean rate stable. The other system states Q;, A; and the
virtual queue Z; can be proven as mean rate stable with the same method above. Therefore,
the expressions of the queues in the system are appropriate, and the Lyapunov optimization
algorithm is applicable. We also recall that the evolution of Q;, A;, although not originally
in a queue form, can be easily redefined to be bounded below by 0, and the analysis in our
paper will be valid without any changes.

Appendix D

First, let us assume that P; has an optimal solution, which is to take the best decision
for every time slot and get the optimal result of the target function (4). Because this optimal
solution does not use the Lyapunov algorithm, the decision has no relationship with the
queues and virtual queues in the system. Below 7t; = {U; (¢), Ux(t)} will be used to repre-
sent the decision policy of the Lyapunov optimization algorithm and 7r; = {U; (¢)*, U; (¢)}
is used to represent the decisions of the optimal solution. Based on Equations (A1)-(A5),
we have

L1 — L+ fi(me) < (VA Z) + (=1 + Ur (1) Hr + (—g2 + Uz (8)) Gy

N =

+%9(—Qt2U1(t)St + 200 AU (1) (1 — Uy (B)S)) + Atzuz(t))
+%,3<*U2(f)At2 +2Ath(1 — UZ(t)) + Ktz) +ft(7'[t). (A13)

Because the optimal solution is a solution of the problem, it should also obey (A13)

(V+2) + (o1 + Ui (1) Hi + (=92 + Uz (1)) Gy

N =

Lit1— Le+ fi(mp) <
+20(~ QAU (S +2QiAUS (H(1 - Ui (1S1) + APU3 (1))
+%ﬁ<—u§‘(t)Af2 +2AK(1 - U3 (1) +KP) + fi(m). (A19)
Then take the expectation on both sides of (A14)
ElLet — Lo+ fi(a)¥i] < 5 (V +2) + El(~g1 + Uj (1)) Hi] + E[(~ g2 + U3 (1)) G]
OE[— QiU (1)t +2Qe A3 (1)(1 — U (1)S1) + AU (1)]
+5BE[~U3 (D AR + 24K (1 - U3 (1) + K| + ELfi(m)]. (A15)
As is well known in the literature [7,8], there exists a w-optimal decision rule that makes

decision randomly and independent of the variables in the system. In the analysis below,
we assume such an optimal policy and denote it as (U (¢), U5 (t)):

ElLet — Lo+ film) Y] < 3V +Z) + (g1 + E[UF (D) E[H] + (~ g2 + E[U5 (1) EIG]
+30(~E[Q] E[U7 ()]p + 2E(Q ELAJE[US (1)1 — E[U; (1]p) + E[A2] E[U3 (1))

T B-EU3 (0]E[A2] +2ELAEIK) (1 — E[U3 (0]) + E[K2]) + LA, (A16)

Placing E[K;] = 0, E[Ktz] = 0%, E[A{] = 0, as well as ¢; into E[U; ()], and ¢, into

E[U; (t)], we get the following. It is worth noting that placing the time-average constraint
on E[U;(t)] and E[Uj(t)] with equality in the Lyapunov drift analysis can be justified
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easily by observing that the constraints must be active almost always over the T time
horizon O(T) time instants:

ElLiit — Lo+ fi(a)[¥i] <3(V +2) + 20(~E[Q?] pgr + E[Addga)

+ B(=aE[A] + %) + E[fi(). (A17)

Recalling that queues A; and Q; are mean rate stable, we have, E [Qtﬂ =E [QHlZ] and
E {Atz} =E {Atﬂz} . From (A3)~(A5), we can get the expectation of A? and Q7 as

E[a?] = % (A18)
2 o
E[Qf } = or (A19)
As aresult, (A17) can be simplified as follows:
ElLivs — L+ RA(e) Vi <2 (V 4+ 2) + 20— T por + L o)
t+1 — Lt + Rfe (1) | Yy <5 3 von pPe1 <P2(P2
1 2
+ B2 +0%) + ELfi())]
1
=3V +2) + E[fi(n})]. (A20)

Now take the summation of the total T-time slot on both sides of (A20) and we have

(V+Z T+T21E[ff (7)) (A21)

H

T-1
E|:LTL0+ Y. film) Yt:| <

Note that Lt > 0 and LO = 0; we then divide T on both sides of (A21) to get the time
averaged result

T-1

5V +2)+ 3 L Elf(r) (a22)
t

E[E fe(me) | Ve

Finally, divide R on both side of (A22) to convert f; into target function

V+Z

P (m) < Pa() < 5+ P (). (A23)
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Abstract: The timely delivery of status information collected from sensors is critical in many real-
time applications, e.g., monitoring and control. In this paper, we consider a scenario where a wireless
sensor sends updates to the destination over an erasure channel with the supply of harvested energy
and reliable backup energy. We adopt the metric age of information (Aol) to measure the timeliness
of the received updates at the destination. We aim to find the optimal information updating policy
that minimizes the time-average weighted sum of the Aol and the reliable backup energy cost. First,
when all the environmental statistics are assumed to be known, the optimal information updating
policy exists and is proved to have a threshold structure. Based on this special structure, an algorithm
for efficiently computing the optimal policy is proposed. Then, for the unknown environment,
a learning-based algorithm is employed to find a near-optimal policy. The simulation results verify
the correctness of the theoretical derivation and the effectiveness of the proposed method.

Keywords: age of information; information update; energy harvesting; reliable backup energy

1. Introduction

Timely information updates from wireless sensors to destinations are essential for
real-time monitoring and control systems. To describe the timeliness of information up-
dates from the receivers’ perspective, a new metric called age of information (Aol) is pro-
posed [1-3]. Unlike general performance metrics, such as delay and throughput, Aol refers
to the time elapsed since the generation of the latest received information. A lower Aol
generally reflects more timely information at the destination. Therefore, the Aol-minimal
status updating policies in sensor networks have been widely studied [4-7].

The destinations always desire information updates in as timely a manner as possible,
which is typically constrained by sensors” energy. Generally, energy sources include the
grid and sensors” own non-rechargeable batteries. We call these sources reliable energy since
they enable sensors to reliably operate until the power grid is cut off or sensors’ batteries are
exhausted [8]. Specifically, if sensors consume energy from the grid, they need to pay the
electricity bill; if sensors only use the power of their own batteries, the price of sensing and
transmitting updates will be the cost of frequent battery replacement. There is clearly a price
to pay for using reliable energy to update. Energy harvesting (EH) is a promising technology
that can help reduce the consumption of reliable energy for information update [9,10]. It can
continuously extract energy from solar power, ambient RF, and thermal energy and store
the harvested energy in sensors’ rechargeable batteries. The stored energy is renewable
and can be used for free. Hence, in this case, the reliable energy can serve as backup energy.
The design of the coexistence of reliable backup energy and harvested energy has been
researched and promoted in academia and industry [8,11-14]. The mixed energy supply
mode can enhance the reliability of the system.

However, the irregular arrivals of harvested energy and the limited capacity of
rechargeable batteries still motivate us to schedule the energy usage properly to reduce
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the cost of using reliable backup energy while maintaining the timeliness of information
updates (i.e., the average Aol). Intuitively, the average Aol and the cost of using reliable
energy cannot be minimized simultaneously. On the one hand, a lower average Aol means
that the sensor senses and transmits updates more frequently, which will increase the
consumption of reliable backup energy since the harvested energy is limited. On the other
hand, to reduce the cost of reliable backup energy, the sensor will only exploit the harvested
energy. Due to the uncertainty of the energy harvesting behavior, the average Aol of the
system will inevitably increase. Therefore, in this paper, we focus on achieving the best
trade-off between the average Aol and the cost of reliable backup energy.

We consider a sensor-based information update system, where an energy harvesting
sensor with reliable backup energy sends timely updates to the destination through an era-
sure channel. Based on our settings, we will minimize the long-term average weighted sum
of the Aol and the paid reliable energy cost to find the optimal information updating policy
by Markov decision process (MDP) theory [15]. First, we assume that the sensor knows
the relevant statistics in advance, such as the success probability of each transmission and
the probability of energy arrival, so that the sensor can make the optimal decision at any
time. Then we consider a more realistic scenario where the sensor has no knowledge of
the environment. In such an unknown environment, learning-based approaches should be
adopted to obtain the updating policy.

1.1. Related Work

There have been a series of related works studying Aol minimization in EH communi-
cation systems [16-34]. In these systems, each update consumes harvested energy and is
constrained by the energy causality.

Refs. [16-23] focus on how to optimize Aol under general energy causality constraints,
where different battery model settings are considered. Constrained by the average power
available in the infinite-sized battery, ref. [16] shows that a lazy policy which leaves a certain
idle period between updates outperforms the greedy policy under random service times.
With the same assumption of an infinite-sized battery, ref. [17] focuses on both offline
and online policies under energy replenishment constraints with zero service time. While
considering fixed service times, the offline results in [17] are extended to a two-hop scenario
in [18], and online policy is provided in [19]. In the case of the delay being controlled by
transmission energy, ref. [20] also investigated the optimal offline policy. For the error-free
and delay-free channel, the optimal updating policies were investigated for different battery
settings [21,22]. Ref. [21] derived the asymptotically optimal policies for the infinite-sized,
finite-sized, and unit-sized battery by renewal theory. It turned out to be a threshold
policy for the unit-sized battery case. More general battery models were considered in [22].
The optimal policy was also proved to be multi-threshold and the energy-dependent
thresholds were characterized explicitly. When the battery is finite sized and there is
no feedback from the destination, it was shown that the optimal updating policy is of
a threshold structure and the threshold is non-increasing with the battery level [23].

Refs. [24-30] studied how to properly utilize the harvested energy to transmit updates
over imperfect channels. For the noisy channel, ref. [24] considered an infinite-sized battery
model and derived the different optimal policies for updating with and without feedback.
Ref. [25] further derived a closed-form expression for the threshold of the unit-sized battery
model and extended the threshold-based policies to multiple sources case. To combat the
noisy channel, some channel coding schemes for EH communication were investigated
in [26,27]. In [28], the HARQ protocol was applied for a single EH sensor to send updates to
the destination. The optimal policies were obtained by employing reinforcement learning in
both known and unknown environments, but no clear intuition on the policy structure was
provided. Considering energy harvesting wireless sensor networks (EH-WSNSs), ref. [29]
suggested to estimate the channel state of a Rayleigh fading channel before transmitting to
improve the Aol, update interval and packet loss performance, despite the associated time
and energy costs. Ref. [30] aimed to minimize the average Aol of an EH-aided secondary
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user(SU) in a cognitive ratio network. The SU has to make sensing and updating decisions
subject to random energy arrivals and the available spectrum. The sequential decision
problem is formulated as a partially observable Markov decision process (POMDP).

Refs. [31-34] paid attention to other Aol-related metrics in EH communication and
even the distributional properties of Aol, not just the average Aol. Different freshness
metrics were considered, such as nonlinear Aol [31], urgency-aware Aol (U-Aol) [32],
and peak Aol [33] in EH sensor network. To better understand the distributional properties
of Aol, ref. [34] further derived closed-form expressions of the moment generating function
(MGF) of Aol in an EH-powered queuing system using the stochastic hybrid systems
(SHS) framework.

The above works focus on optimizing information freshness under the EH supply.
Different from them, energy sources in this paper include both harvested energy and
reliable backup energy, and our goal is to achieve the best trade-off between age and
reliable energy consumption, instead of merely optimizing Aol. Among the above works,
refs. [23,25] are the most related to our paper. The following Table 1 summarizes the
detailed differences. It is worth noting that by letting the reliable energy consumption be
small enough, our results can be compared with some prior results in [23,25].

Table 1. Comparative summary of the most related works in contrast to our paper.

Feature e 23] [25] Our

Energy supply EH EH EH + reliable energy

Battery capacity Finite-sized ~Unit-sized  Finite-sized

Wireless channel Error-free Error-prone  Error-prone

Optimization objective Aol Aol Aol-reliable energy trade-off

The age-energy trade-off has been widely studied in [35-39]. The age—energy trade-off
in the erasure channel was studied in [35], and the fading channel case was investigated
in [36]. Ref. [37] adopted a truncated automatic repeat request (TARQ) scheme and charac-
terized the age-energy trade-off for the [oT monitoring system. Optimum energy efficiency
and Aol trade-off was considered in a multicast system in [38]. In [39] , the authors investi-
gated the optimal age—energy trade-off, where status sensing and data transmission can be
carried out separately. By the MDP analysis similar to [6,15], the optimal policy exists and
is proved to have two thresholds. The energy sources are all reliable in these works, which
means that the energy cost of the update is easy to track. However, the uncertainty of the
energy arrival and mixed energy supplies bring more challenges to the MDP analysis in this
paper. To the best of our knowledge, this paper is the first to consider the timeliness of the
system under mixed energy supplies. The preliminary results of this paper are presented
in [40].

1.2. Main Contributions
The main contributions of this paper are as follows:

e We consider an information update system where the harvested energy and reliable
energy coexist. The goal is to find the optimal policy that achieves the best trade-off
between age and reliable energy consumption. Compared to the existing works [23,25],
our problem is more practical and general, which will provide some insights for future
green and durable update system designs.

e For the case that all the statistics such as channel erasure probability and EH probability
are known a priori, we formulate an unconstrained infinite space Markov decision
process (MDP) problem, and prove the existence of the optimal policy. By revealing
the monotonicity and proportional differential property of the value function, we find
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that the optimal policy is of the threshold-type. Based on this special structure, we
propose an efficient algorithm to compute the optimal policy.

e In an unknown environment, we propose an average cost Q-learning algorithm to
obtain the updating policy.

e Simulation results show that the optimal policy outperforms other baseline policies
when the environmental statistics are known. At the same time, the performance of
the policy learned in the unknown environment is very close to the theoretical optimal
policy. We also compare the age-reliable energy trade-off curves of the optimal updat-
ing policies under different energy supply conditions, which reflects the rationality of
mixed energy supplies. The optimal policy can also be particularized to a special case,
where the sensor can only utilize the harvested energy and the battery is unit-sized,
and its performance coincides with the existing results in [23,25].

1.3. Organization

The rest of this paper is organized as follows. In Section 2, we introduce the model
of the information update system and formulate the problem. In Section 3, we analyze
the optimal policy when all the statistics are known. In Section 4, we aim to minimize
the average cost of updating in an unknown environment. In Section 5, we present the
simulation results. Finally, in Section 6, we conclude the paper.

2. System Model and Problem Formulation
2.1. System Model

In this paper, we consider a point-to-point information update system, where a wireless
sensor and a destination are connected by an erasure channel, as shown in Figure 1.
The channel is assumed to be noisy and time invariant, and each update is corrupted with
probability p during transmission (Note p € (0,1)). Both the free harvested energy stored
in the rechargeable battery and the reliable backup energy that needs to be paid can be
used for real-time environmental status updates.

Without loss of generality, time is slotted with equal length and indexed by t = 0,1,2....
At the beginning of each time slot, the sensor decides whether to generate and transmit
an update to the destination or stay idle. The decision action at slot ¢, denoted by a]t],
takes value from action set A = {0,1}, where a[t] = 1 means that the sensor decides to
generate and transmit an update to the destination while a[t] = 0 means the sensor is idle.
The destination will feed back an instantaneous ACK to the sensor through an error-free
channel when it has successfully received an update and a NACK otherwise. We assume
the above processes can be completed in one time slot. The destination keeps track of the
environment status through the received updates. We apply the metric age of information
to measure the freshness of the status information available at the destination.

¢ ACK/NACK |

Stochastic process

X() | N Rt =
| | ( ° )
| /\/; : | ! Erasure
| ¢ '

e Channel

Y

Rechargeable Battery

—— . €—aO)»
| Harvested energy| _%Dz-_
- 4

Reliable Backup Energy

Environment Sensor Destination

Figure 1. System model.
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2.1.1. Age of Information

Age of Information (Aol) is defined as the elapsed time since the generation of the
latest successfully received update [1-3]. Denote A[t] as the Aol of destination in time slot
t. Then, we have

Alt] =t —U[t]. (1)

where U|[t] denotes the time slot when the most recently received update was generated
before time slot . In particular, the Aol will decrease to one if a new update is successfully
received. Otherwise, it will increase by one. The evolution of Aol can be expressed
as follows:

1, successful transmission,
Alt+1] = . 2)
Alt]+1, otherwise.
A sample path of Aol is depicted in Figure 2.
Alt]
A O aft] =0 Idle
6r A a[t] =1 Failed transmision
ST M aft] =1 Successful transmision
4
3
2
1
A || A B, A A B

1 2 3 4 5 6 7 8 9 10 11 12 13 14 t
Figure 2. A sample path of Aol with initial age 1.

2.1.2. Description of Energy Supply

We assume that only the sensor’s measurement and transmission process will consume
energy and ignore other energy consumption. The energy unit is normalized, so the
generation and transmission for each update will consume one energy unit. As previously
described, the energy sources of the sensor include energy harvested from nature and
reliable backup energy.

For the harvested energy, the sensor can store it in a rechargeable battery for later use.
The maximum capacity of the rechargeable battery is B units (B > 1). Considering the
scarcity of energy in nature, the total energy harvested in one time slot may sometimes not
reach an energy unit. So we consider using the Bernoulli process with the parameter A to
approximately capture the arrival process of harvested energy, which was also adopted
in [41-43]. Let b[t] be the accumulated harvested energy in time slot ¢. That is, we have
Pr{b[t] =1} = A and Pr{b[t] = 0} = 1 — A in each time slot ¢ (note A € (0,1)). Here, we
assume that the energy arrival at each slot is independently and identically distributed.
Time-correlated energy arrival processes, such as Markov process, will be considered in
future work.

For reliable backup energy, we assume that it contains much more energy units than
the rechargeable battery, so the energy it contains can be viewed as infinite. However, it
needs to be used for a fee compared to the free renewable energy stored in the rechargeable
battery. Therefore, when the stored renewable energy is not zero, the sensor will prioritize
using it for status updates; otherwise, it will automatically switch to the reliable backup
energy until the sensor has harvested energy. Defining the power of the rechargeable
battery at the beginning of time slot ¢ as the battery state g[t], then the evolution of battery
state from time slot ¢ to t + 1 can be summarized as follows:

qlt +1] = min{g[t] + b[t] — a[t]u(q[t]), B}, ®
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where u(+) is unit step function, which is defined as

u(x)—{l' ifx >0, @

0, otherwise.

Suppose that under reliable energy supply, the cost of generating and transmitting
an update is a non-negative value C,. Defining E[t] as the paid reliable energy cost at the
time slot ¢, then we have

E[t] = Cra[t](1 = u(q[t])). ®)

2.2. Problem Formulation

Let IT denote the set of non-anticipative policies in which scheduling decision a[t] are
made based on the action history {a[k] } ,i;%), the evolution of Aol {A[k]};_,, the evolution of
battery state {g|k] },t(:O as well as the system parameters (e.g., p and A). In order to keep the
information freshness at the destination, the sensor needs to send updates. However, due
to the randomness of energy arrivals, the battery energy may sometimes be insufficient to
support updates, and the sensor has to take energy from reliable backup energy. To balance
the information freshness and the paid reliable backup energy cost, we aim to find the
optimal information updating policy 1 € TII that achieves the minimum of the time-
average weighted sum of the Aol and the paid reliable backup energy cost. The problem is
formulated as follows:

1 T-1
min lim sup TIEN{ Y [Alf] + wE[H] },

mell 740 =0

(6)
s.t. (2); (3)/ (5)r

where w is the pre-defined non-negative weighting factor. If w = 0, the optimal policy
is to update in each time slot, i.e., zero-wait policy [4]. Since the effect of energy can be
ignored, if the rechargeable battery is not empty, the sensor uses the renewable energy;
otherwise, the sensor will use the reliable energy directly. When w > 0, the optimal policy
is non-trivial. So we will focus on the optimal policy for w > 0 in the rest of the paper.
The smaller w is, the more we attach importance to the system Aol; otherwise, the more
emphasis is placed on the cost of reliable energy.

Remark 1. The optimal trade-off between age and reliable energy consumption can also be formu-
lated as a constrained problem, where the reliable energy consumption serves as a constraint (not
exceeding Ey,) but not a penalty, and the goal is to minimize the long-term average age. By the
Lagrangian method, it can be converted into an unconstrained weighted sum problem, where the
Lagrangian multiplier is exactly the weight factor w. So the solution proposed in this paper can
be used. If there exists an w such that the average reliable energy consumption in the minimum
weighted sum is E,,;, the optimal policy of the weighted sum problem also minimizes the long-term
average age with the Ey, constraint. Otherwise, a randomized optimal policy for the constrained
problem needs to be considered; see details in [44].

3. Optimal Policy Analysis In A Known Environment

In this section, we aim to solve the problem (6) in a known environment and obtain
the optimal policy. It is difficult to solve the original problem directly due to the random
erasures and the temporal dependency in both Aol and battery state evolution. However,
since the statistics such as channel erasure probability and EH probability are known, we
can reformulate the original problem as a time-average cost MDP with infinite state space
and analyze the structure of the optimal policy.
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3.1. Markov Decision Process Formulation

According to the system description mentioned in the previous section, the MDP is
formulated as follows:

e State space . The sensor’s state x[t] in slot ¢ is a couple of the current destination
Aol and the battery state, i.e., (A[t],g[t]). Define B = {0,1,...,B}. The state space
S = Z* x B is thus infinite countable.

e Action space. The sensor’s action a[t] in time slot f takes value from the action set
A={0,1}.

e  Transition probabilities. Denote Pr(x[t + 1]|x[t], a[t]) as the transition probability
that current state x[t] transits to next state x[t + 1] after taking action a[t]. Suppose the
current state x[f] = (A, g) and action a[t] = 4, then the transition probability is divided
into two following cases conditioned on different values of action.

Casel.a=0,
Pr{(A+1,9+1)[(A,q),0} =A, ifqg<B,
Pr{(A+1,B)|(A, B),0} =1, if g =B, @)
Pr{(A+1,9)|(Aq),0 =1—A, ifq<B.
Case2.a=1,
Pr{(A+1,9)[(A,q),1} = pA, ifg >0,
Pr{(1,9)[(A,q),1} = (1= p)A, ifg>0,
Pr{A+1,q—1)(A,q),1} =p(1—A7), ifg >0,
Pr{(1,g-1)[(A,q),1} = (1—-p)(1—-4), ifg>0, ®
Pr{(A+1,1)|(A,0),1} = pA, ifg=0,
Pr{(1,1)[(4,0),1} = (1 - p)A, ifg=0,
Pr{(A+1,0)[(4,0),0} = p(1-4), iftg=0,
Pr{(1,0)[(4,0),0} = (1—p)(1-4A), ifg=0.

In both cases, the evolution of Aol still follows Equation (2) and the evolution of
battery state follows Equation (3).

®  One-step cost. For the current state x = (A, q), the one-step cost C(x,a) of taking
action a is expressed by

C(x,a) = A+ wCa(l —u(q)). )

After the above modeling, the original problem (6) is transformed into obtaining the
optimal policy for the MDP to minimize the average cost in an infinite horizon:

T—00

mmhmsup TIER{ Y C(x [t])} (10)

Denote IIgp as the set of stationary deterministic policies. Given observation
(A[t],q[t]) = (A, q), the policy 7 € I1gp selects action a[t] = (A, q), where 72(-) : (A, q) —
{0,1}isa determlmstlc function from state space S to action space A. In the next section, we
prove that there is an optimal stationary deterministic policy for the above unconstrained
MDP with infinite countable state and action space.
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3.2. The Existence of the Optimal Stationary Deterministic Policy

According to [15], we need to first address a discounted cost MDP, then relate it to the
original average cost problem. Given an initial state x[0] = &, the total expected discounted
cost under a policy 7 is given by

T-1
V(%) = lim supIEn{ Z(:) Y C(x[t],alt])
=

T—co

x[0] = x} (11)

where the discounted factor is v € (0,1). Therefore, the problem of minimizing the
expected discounted cost can be formulated as

V, (%) & min V'(%), (12)

where value function V(%) denotes the minimum expected discounted cost. The policy is
y-optimal if it minimizes the above discounted cost. The optimality equation of V, (%) is
introduced in Proposition 1.

Proposition 1.
(a)  The optimal expected discounted cost V., (%) satisfies the Bellman equation as follows:

Vo (% . A, , 13
’Y( [) HEHAI[ QV (:K ‘Z) ( )
where the state—action Uﬂlueﬁ/lﬂctlon (27 (x, ﬂ) 1s deflned as

Q,(&,a) = C(&,a) +v Y Pr(x'|%,a)V, (). (14)
xeS

(b)  The policy 7t determined by the right hand side of (13) is ~y-optimal, and 7t € Ilgp.
(c) V(&) can be solved by value iteration algorithm. Specifically, let V., (%) be the cost-to-go
Sfunction and V., o(&) = 0 for all state & € S. For all n > 1, we have:

V’y,n (JAC) = 1;1512 Qv,n (55, ‘Z)r (15)
where Q. (%, a) is obtained as follows:

Qyn(&,a) = C(&,a) +7 ), Pr(x'[%,a)V, 1 (x). (16)
xeS

Then the equation lgn Vo u(&) = V., (&) holds for every state & and -y.
n—oo

Proof. See Appendix A. [

Now, we can show the monotonic properties of V,, (%) in the following lemma by using
(c) in Proposition 1.
Lemma 1. Given fixed channel erasure probability p and EH probability A, then

(a)  walue function V., (A, q) is non-decreasing in A, i.e., forany 1 < Ay < A, and any battery
state g € BB, we have
Vy(B1,9) < Vy(B2,9), 17)

and
Vo (D2, 9) — Vo (A1, q) > My — Ay (18)
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(b)  wvalue function V., (A, q) is non-increasing in q, i.e., for Aol A > 1 and any battery state
g€{0,1,...,B—1}, we have

Vy(8,9) = Vo (8,9 +1), (19)

Proof. See Appendix B. [

Based on the Proposition 1 and Lemma 1, we will verify the existence of the optimal
stationary deterministic policy for the average cost problem (10) in the following theorem.

Theorem 1. There exists an optimal policy v* € Tlgp for the average cost MDP in (10). Moreover,
for every state x, there exists a value function V(-) : S — R and a unique constant g* € R
such that:

xeS

F+Vix) = rnrg‘l{C(x,u) +Y Pr(x’|x,u)V(x’)}, (20)

where g* is the optimal average cost of problem (10) and satisfies g* = lim1 (1 =)V, (x) for every
v

state x, and the value function V (x) satisfies

V(x) = lim vV, (x) = lim V, (x) — ¢* = limsup lEﬂ Til[C(x[t],u[t]) —-glr (21
y—1 y—1 T—oco0 T =0

Proof. See Appendix C. O

Based on Theorem 1, we have the following corollary:

Corollary 1. The state—action value function Q(x, a) for the average cost is given as follows:
Q(x,a) = C(x,a) + ) Pr(¥|x,a)V(x), (22)
xeS
which is similar to Q(x, a) in (14) by letting -y — 1. Then the optimal policy 7* € Ilgp for the

average cost MDP in (10) can be expressed as follows:

7 (x) = argmin Q(x,a),Vx € S. (23)
acA

3.3. Structure Analysis of Optimal Policy

Before analyzing the structure of the optimal policy 7%, we first prove some monotonic
properties of the value function V(x) on different dimensions, which is summarized in the
following lemma.
Lemma 2. Given fixed channel erasure probability p and EH probability A, then

(a)  value function V (A, q) is non-decreasing in A, i.e., for any 1 < Ay < Ay and any battery
state q € B, we have
V(A1,9) < V(B2,9), 24

and
V(Az,q) — V(A1,q) >Ny — M. (25)

(b)  wvalue function V(A,q) is non-increasing in q, i.e., for Aol A > 1 and any battery state
q€{0,1,...,B—1}, we have

V(A,g) > V(A qg+1), (26)
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Proof. According to the (21), V(x) = liml Vy(x) — g. Therefore, the monotonic properties
v
of V,,(x) in Lemma 1 are also valid for V(x), which completes the proof. [

Based on Lemma 2, we will derive the proportional differential property of the value
function in Lemma 3.

Lemma 3. Given fixed channel erasure probability p and EH probability A, then value function
V(A, q) has the proportional differential property, i.e., the inequality

VIA+1,g+1)—V(Ag+1)
V(A+1,q)-V(Aq) 2P @

holds for Aol A > 1 and any battery state g € {0,1,...,B—1}.

Proof. See Appendix D. [

With Corollary 1, Lemmas 2 and 3, we directly provide our main result in the follow-
ing theorem.

Theorem 2. Assuming that the channel erasure probability p and EH probability A are both fixed ,
there exists a threshold Ay € Z™ for given battery state q, such that when A < A, the optimal
action T (A, q) = 0, i.e., the sensor keeps idle; when A > Ay, the optimal action ™(A,q) =1,
i.e., the sensor chooses to generate and transmit a new update.

Proof. See Appendix E. [

Theorem 2 reveals the threshold structure of the optimal policy: if the optimal action in
a certain state is to generate and transmit an update, then in the state with the same battery
state and larger Aol, the optimal action must be the same. Note that the threshold A, is
actually determined by the channel erasure probability p, EH probability A and pre-defined
weighting factor w. The closed-form expression of the threshold is difficult to be derived
due to the complex transition probabilities. In the next section, we will show how to
compute the optimal policy numerically.

3.4. Modified Relative Value Iteration Algorithm Design

In this section, we will propose a computationally efficient algorithm to find the
optimal stationary deterministic policy based on the threshold structure.

Since the state space S is infinite, we will use a truncated space SV for approximation
in practice, where SN = {(A,q)|A < N,A € Z*,q € B}. It can be proved that when N is
large enough, the optimal policy of the approximated MDP will be identical to that of the
original problem [6].

However, the value iteration algorithm in Proposition 1 for the discounted cost prob-
lem cannot be applied to the average cost problem by letting v = 1. It does not converge
because the value function V(+) in (20) is not unique. One can check if V() satisfies (20),
anew function V'(-) = V(-) + ¢ also satisfies (20), where ¢ € R. Therefore, we introduce
a relative value iterative (RVI) algorithm to obtain the optimal policy of the approximate
average cost MDP [45]. We choose a reference state £ € SN and set Vj(x) = 0 for all states
x € SN Then for all n > 0, we have

Vi1 (x) =min Q11 (X, ‘1)1 (28)
ac A

and Q;+1(x, a) is obtained as follows:

Qui1(x,a) = C(x,a) + E Pr(xX'|x,a)h, (X), (29)

x'eSN
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where the differential value function is 1, (x) = V;(x) — V,;(X). The equation ILm Qu(x,a) =
n—00
Q(x,a) holds for every state x € SN and action a € A. Finally, we compute the optimal

policy by
7" (x) = argmin Q(x, a). (30)
acA

Note that the optimal policy is still of a threshold structure. The corresponding proof is
similar to that of Theorem 2.

Moreover, based on the RVI algorithm, we can exploit this threshold structure to
reduce the computational complexity. When the optimal policy of a state X' = (A’,¢) is
1, the optimal policy of state x' € {(A,q)|A > A’,A < N,q = ¢’} will also be 1 without the
need to calculate (30). Therefore, we propose a modified RVI algorithm, and the details are
given in Algorithm 1.

Algorithm 1 Modified relative value iteration algorithm.

Input:
Tteration number K,
Iteration threshold ¢,
Maximum of Aol N,
Maximum of battery state B,
Reference state X.
Output:
Optimal policy 7*(x) for all state x.
1: Initialization: fip(x) = 0, for all x € SN
2: for episodesn =0,1,2,...,K do
3 forstatex € SN do
4: for actiona € A do
5 Qu(x,a) + C(x,a)+ Y Pr(X|x,a)h,(x')// Update the state-action
/ N
value function. Xes
: end for
7: Vi1 (x) rrgtl Qn(x,a)// Update the value function.
a

8: hpi1(x) < Vyy(x) — Vy41(X)// Update the differential value
function.

9:  end for

10: if ||hypq (x) — hy (x)H < e vx € SN then

11: forx=(A,q) €S

A=T14q

12: if 7*(A—1,9) = 1 then

13: m(x) « 1, // Leverage the threshold structure of the
optimal policy.

14: else

15: % (x) < argmin Qy (x, a)

acA

16: end if

17: end for

18: break

19:  end if

20: end for

4. Minimize Average Cost in an Unknown Environment

In the previous sections, we assumed that the channel erasure probability p and EH
probability A are known in advance. Thus, the model-based RVI method can be employed to
obtain the optimal updating policy. However, statistics such as p and A may be unknown
and even time variant in many practical scenarios, which makes it impossible to apply mod-
ified RVI algorithm because the transition probabilities are not explicit and Equation (29)
cannot be applied to estimate the state-action value function Q(x, a). In the field of reinforce-
ment learning, alternatively, model-free methods can solve MDP problems with unknown
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transition probabilities. An example of a model-free algorithm is Q-learning [46]. Q-learning
finds an optimal policy in the sense of maximizing the expected value of the total reward
over any and all successive steps. However, it is only designed for discounted MDP. For the
average cost problem in (10), we employ an average cost Q-learning algorithm. The basic
idea of this algorithm comes from the SMART algorithm in [47], which is a model-free
reinforcement learning algorithm proposed for semi-Markov decision problems (SMDP)
under the average-reward criterion. We modify it to fit the average cost MDP problem.

The state-action value function Q(x,a) is essential for solving the optimal policy.
When the model is unknown, as long as Q(x, 4) can be estimated accurately, the optimal
policy can also be obtained immediately by (30). So the key question is how to estimate the
Q(x,a) function, or equivalently, the value of all state-action pairs. Similar to Q-learning,
the average cost Q-learning algorithm uses the minimum value of the next state-action
pairs to update the value of the current state-action pair. Moreover, it needs to estimate the
shift value g by averaging all immediate cost.

Specifically, the average cost Q-learning algorithm learns Q(x, a) by episodes. Each
episode contains several iterations, and each iteration corresponds to one time slot. Then in
the nth time slot of an episode, the algorithm first observes the current state x[n] = (A[n], q[n]),
selects an action a[n] according to the e-greedy policy:

argmin Q(x[n],a), with probability 1 — €,
aln] = gmin Q(x[n], a) p y 1)
random action, otherwise.
By (9), the immediate cost C[n] = A[n] + wC,a[n](1 — u(gn])) occurs, and the system
will transit to the next state x[n + 1]. The value of Q(x[n], a[n]) is updated as follows:

Q(x[n],an]) = (1 — a[n])Q(x[n], aln]) + a[n](C[n] — g + min Q(x[r +1],4)), ~ (32)
where a[n] is the learning rate. The shift value g is updated as follows:

8 = (1= B[n))g + Bln]C[n] (33)

where B[n] = 1. The details are given in Algorithm 2. We leverage the parameter € to
balance exploration and exploitation. As the number of epochs increases, the learned Q(x, a)
value will approach its true value, so we can gradually decrease € to 0 to reduce invalid
exploration. At the same time, the shift value g will also be close to the optimal average
cost ¢* in (20). Note that in [47], the shift value g is updated only in a non-exploratory
time slot. Here we update it by simply averaging all cost, similar to [48]. The performance
comparison of the average cost Q-learing algorithm and modified RVI algorithm is shown
in the next section.
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Algorithm 2 Average cost Q-learning algorithm.

Input:
Maximum number of episodes K,
Maximum iteration number of an episode N,,
Maximum of Aol N,
Maximum of battery state B,
Initial value of QN*B*2 < 0,
Initial value of € < 0,
Initial value of the shift value g < 0.
Output:
Learned policy 7r(x) for all state x,
Average cost g* by following the policy 7.
1: for episodesk =0,1,2,...,K do
22 g 4 0 // Initialize the shift value at the beginning of every
episode.

3 forn=1,2,...,N, do

4: Observe the current state x[n]

5; Select an action a[n] according to e-greedy policy in (31)

6: Calculate immediate cost C[n] <— A[n] + wCra[n](1 — u(q[n]))

7: Observe the next state x[n + 1]

8: aln] < ﬁ

o QWxn]a[n]) « (1 - a[n))Q(x[n],aln]) +a[n)(C[n] — g + minQ(x[n +1],a)) //
Update the state-action value function.

10: Bln] + 1

11 g« (1—B[n])g+ B[n]C[n]// Update the shift value.

12:  end for

13:  Decrease €

14: end for

15: for x = (A,q) € SN do

16 7T(x) arg%iﬂ Q(x,a) // Calculate the learned policy 7.

17: end for

5. Numerical Results

In this section, we first show the threshold structure of the optimal policy by the
simulation results. Then we compare the performance of the optimal policy with the
following representative policies under different system parameters:

e Zero-wait policy [4]. The sensor generates and transmits an update in every time slot.

e Periodic policy. The sensor periodically generates and sends updates to the destination.

* Randomized policy. The sensor chooses to send an update or stay idle in each time
slot with the same probability.

e Energy first policy. The sensor only uses the harvested energy, that is, as long as the
battery state is not zero, it will choose to sense and send updates, otherwise it will
remain idle.

Moreover, we will show the average cost Q-learning algorithm performs very close to
the modified RVI with known statistics. We will also compare age and reliable energy cost
trade-off curves of the optimal updating policies under EH supply, reliable energy supply
and mixed energy supplies. Finally, we compare the performance of the optimal policy
under the only EH supply and unit-sized battery setting with the prior results in [23,25].

5.1. Simulation Setup

In our simulations, we set the maximum of Aol N = 500, and the maximum of battery
state B = 20. So the finite state space SN = {(A,q)|A <500,A € Z*,q € B}. The cost of
reliable energy C, for one update is equal to 2. For the modified RVI algorithm, we set the
iteration number K = 1000, iteration threshold ¢ = 10> and reference state X = (1,B).
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Battery state, ¢

The optimal policy and other baseline policies are run for T = 10,000 time slots to compute
the average cost. For the average cost Q-learning algorithm, we set the total number of
episodes K = 1000, and the maximum iteration number in an episode N, = 100,000.

5.2. Results

Figure 3 shows the optimal policy under different system parameters. All the subfig-
ures in Figure 3 exhibit the threshold structure described in Theorem 2. Intuitively, when
w is very small, the optimal action for every state should be 1, and when w is very large,
the optimal action for battery state 4 = 0 should be 0. It can be observed from Figure 3a,b
that when w is small (i.e., w = 0.1), the optimal policy is to update for every state, which
is exactly the zero-wait policy. Figure 3 also shows that when w is relatively large (e.g.,
w = 10), and the Aol is small, even if the battery state is not zero, the optimal action
in the corresponding state is to keep idle. When the Aol is large or the battery state is
large, the optimal action is to measure and send updates. Moreover, in all the subfigures,
the threshold A, keeps monotonically non-increasing with the battery state 4. However,
this conclusion has not been rigorously proven.

1o 12 Ao A

Figure 3. Optimal policy conditioned on different parameters: (a) w = 0.1, p = 02, A = 0.5,
(b)w=01p=04A=05(c)w=10,p=02,A=05and (d) w =10, p =04, A = 0.5.

Figure 4 shows the time average cost with respect to w under different policies. Here,
we set the period of the periodic policy to 5 and 10 for comparison without loss of generality.
It can be found that under different weighting factor w, the optimal policy proposed in this
paper can obtain the minimum long-term average cost compared with the other policies,
which indicates the best trade-off between the average Aol and the cost of reliable energy.
When w tends to 0, the zero-wait policy tends to be optimal. Since there is no need to
consider the update cost brought by paid reliable backup energy, the optimal policy should
maximize the utilization of the updating opportunities.
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Figure 4. Performance comparison of the proposed optimal policy, zero-wait policy, periodic policy
(period = 5), periodic policy (period = 10), randomized policy and energy first policy versus the
weighting factor w with simulation conditions: (a) p = 0.2, A = 0.5and (b) p = 0.2, A = 0.1.

It can also be observed from Figure 4 that the growth of the optimal policy curve slows
down as w increases. This is because the optimal policy in the case of large w does not
tend to use the reliable energy when battery state g = 0, but prefers to wait for harvested
energy, as shown in Figure 3. Since the EH probability is constant, the average Aol does
not change much, resulting in no significant increase in the total average cost. Comparing
Figure 4a,b, it is found that the larger the A, the smaller the average cost variation with w.
This is because there is not much opportunity for the sensor to use reliable energy in the
case of sufficient harvested energy.

Figure 5 reveals the impact of EH probabilities A. In Figure 5a,b, we set p = 0.2,
w =10and p = 0.2, w = 1, respectively.
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Figure 5. Performance comparison of the proposed optimal policy, zero-wait policy, periodic policy
(period = 5), periodic policy (period = 10), randomized policy and energy first policy versus the EH
probability A with simulation conditions: (a) p = 0.2, w = 10and (b) p = 0.2, w = 1.

It can also be found from both Figure 5a,b that the proposed optimal update policy
outperforms all other policies under different EH probability. The interesting point is that
when the EH probability tends to 1, i.e., energy arrives in each time slot, the performance
of the zero-wait policy and the energy first policy is equal to the optimal policy, while there
is still a performance gap between the optimal policy and the other two polices. This is
intuitive because when the free harvested energy is sufficient, the optimal policy must be
to generate and transmit updates in every time slot. However, the periodic policy and the
randomized policy still keep idle in many time slots, which will lead to a higher average
Aol and thus increase the average cost. Results show that the performance of zero-wait
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policy approaches the optimal policy for large A, which is consistent with our findings in
Figure 4.

In Figure 6, we compare the five policies under different channel erasure probability p.
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Figure 6. Performance comparison of the proposed optimal policy, zero-wait policy, periodic policy
(period = 5), periodic policy (period = 10), randomized policy and energy first policy versus the
erasure probability p with simulation conditions: (a) A = 0.5, w = 10 and (b) A = 0.2, w = 10.

It can be found that when the erasure probability increases from 0 to 0.9, the proposed
optimal update policy always performs better than the other baseline policies. As p tends to
1, the average cost under all policies theoretically tends to infinity because all updates will
be erased by the noisy channel and cannot be received by the destination. The simulation
results confirmed this conjecture. Comparing Figure 6a,b, we can observe that when A is
large, the energy-first strategy will be close to the optimal strategy, which is also illustrated
in Figure 5.

Figure 7 shows the performance of the average cost Q-learning algorithm. In every
episode, the shift value g of the last inner iteration is recorded as the average cost. It can
be found from Figure 7a that the average cost achieved by Algorithm 2 converges to that
obtained by the modified RVI algorithm under different EH probability A and channel
erasure probability p. The age-energy trade-off is shown in Figure 7b. By fixing A and
p and changing w from 0 to 1000, we run the modified RVI algorithm and average cost
Q-learning algorithm to obtain the corresponding trade-off curve. It can be found that the
curve obtained by the average cost Q-learning algorithm is very close to the optimal trade-
off curve under the same condition, which further verifies the near-optimal performance of
the average cost Q-learning algorithm in an unknown environment.

10 2.6 T T T T T T T T T
—— Average Cost Q-learning, A = 0.5, p = 0.2 —— Average Cost Q-learning, A = 0.5, p = 0.2
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—— Average Cost Q-learning, A = 0.2, p = 0.2 24 Average Cost Q-learning, A = 0.5, p = 0.4
< — — -Modified RVI, A= 0.5, p = 0.2 - = “Modified RVI, A = 0.5, p = 0.4
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s I I |
0 200 400 600 800 1000 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 7. (a) Performance of the average cost Q-learning with respect to the modified RVI algorithm
under different system parameters (w = 10); (b) age—energy trade-off curves computed by the
average cost Q-learning and modified RVI algorithm.
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Figure 8 shows the optimal age and reliable energy cost trade-off curves for different
energy supplies. By fixing EH probability A and channel erasure probability p and changing
w from 0 to 10,000, we run the modified RVI algorithm to get the optimal trade-off curve
for mixed energy supplies. By letting EH probability A = 0 and following the same
steps, we can obtain the optimal trade-off curve for reliable energy supply. By letting
weighting factor w go to infinity, we can theoretically obtain the optimal trade-off “curve”
corresponding to the EH supply. The “curve” contains only one point because the reliable
energy consumption can only be 0 for the EH supply case. It should be noted that w cannot
be infinite in a simulation. Instead, we can set w to a relatively large number (e.g., 10,000).
To facilitate comparison, the channel erasure probability is set as p = 0.2, and the EH
probability A is set as 0.1, 0.3 and 0.7. It can be observed that the curves for the mixed
energy supplies are always at the lower left of the curve for relying solely on reliable
energy, which indicates that under the same average Aol, the reliable energy required by
the system under the mixed energy supplies is smaller, and under the same reliable energy
consumption, the Aol of the system under the mixed energy supplies is lower. The mixed
energy design also achieves lower Aol than that with only EH, at the cost of paying for
reliable energy. The optimal updating policy proposed in this paper makes full use of the
harvested energy.
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Figure 8. Age-reliable energy trade-off for different energy supplies: mixed energy supply, reliable
energy supply and EH supply. The channel erasure probability p = 0.2, and the EH probability A is
set as 0.1, 0.3 and 0.7, respectively.

Figure 9 compares the performance of the optimal policy with the prior results
in [23,25] for a special case where the sensor only uses the harvested energy and the
battery capacity B = 1. Both [23,25] considered a continuous-time model, i.e., the energy
arrival process is a Poisson process with an arrival rate of A energy units per time unit
(TU), and proved that the optimal policies are threshold structure, in which a new up-
date is generated and transmitted only if the time until the next energy arrival since the
latest successful transmission exceeds a certain threshold. Specifically, [23] (Theorem 4,
Equation (13)) provided the average Aol and threshold in closed-form under the optimal
update policy for any energy arrival rate A in the error-free channel case. It is interest-
ing that the optimal average Aol and the corresponding threshold are equal. Ref. [25]
(Theorem 4, Equation (14)) extended the results of [23] to an error-prone channel case,
while the energy arrival rate A is assumed to be 1. So we first show the results of [23,25] vs.
different channel erasure probability p in Figure 9, where the energy arrival rate A = 1. It
should be emphasized that the unit of the average Aol and threshold is TU. According to
Theorems 1 and 2 in this paper, the optimal update policy exists and admits a threshold

113



Entropy 2022, 24, 961

structure for any EH probability A, channel erasure probability p, weighting factor w and
battery capacity B. This conclusion is based on the discrete-time model, i.e., the energy
arrives as a Bernoulli process with parameter A, which is different from the continuous-time
model in [23,25], and the reliable backup energy is also considered. However, by the choice
of some parameters (large w, small A), our results can be a good approximation of the
results in [23,25]. First, by choosing a large w, the reliable energy will almost never be used,
and equivalently, only the EH supply exists. Secondly, by choosing a small A, the Poisson
process can be approximated as a Bernoulli process. This is because for a Poisson process
with parameter A, we can discretize a TU into n small time slots of equal length, then
according to probability theory, when # is large enough, the energy arrival process within
a time slot can be approximated as a Bernoulli process with parameter A = A/n, which
is relatively small. In our simulation, we set the battery capacity B = 1, and take A = 0.1
(i.e., n = 10) and w = 10,000. By changing the channel erasure probability p, we can run the
modified RVI algorithm to compute the minimum average Aol and the optimal threshold.
It needs to be mentioned that the unit of them is a time slot. For comparison, we need to
divide their values by 7 to obtain the average Aol and threshold in TU. The final results
are shown by the dashed lines in Figure 9. It can be observed that the results of this paper
are extremely close to the explicit results in [23,25], which verifies the correctness of the
analysis and also reflects the generality of our system model.
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*  Average Aol and threshold with optimal policy for error-free channel
9 - |—+— Average Aol with optimal policy for error-prone channel 4
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— ) — e —

0 I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
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Figure 9. Aol and threshold with the proposed optimal policy for a special case where the sensor
only uses the harvested energy and the battery capacity B = 1, and those with a unit-sized battery
in [23,25] (error-free channel case and error-prone channel case, respectively), vs. the channel erasure

probability p.

6. Conclusions

In this paper, we studied the optimal updating policy for an information update sys-
tem, where a wireless sensor sends updates over an erasure channel using both harvested
energy and reliable backup energy. Theoretical analysis indicates the threshold structure
of the optimal policy and simulation results verify its performance. For the practical case
where the statistics, such as the EH probability and channel erasure probability, are un-
known in advance, a learning-based algorithm is proposed to compute the updating policy.
Simulation results show its performance is close to that of the optimal policy. With the
optimal policy, the design of mixed energy supplies can make full use of harvested energy
and achieve the best age—energy trade-off. In future work, we will focus on the timeliness
of the multi-sensor system under mixed energy supplies.
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SMART  Semi-Markov Average Reward Technique
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Appendix A. Proof of Proposition 1

According to [15], the proof of Proposition 1 is equivalent to proving that there is
a stationary deterministic policy 7 such that the expected discounted cost V(x) is finite
for all x, y. So we can select a policy 7t which chooses to keep idle in each time slot. Then
by (11), for any state x = (A,q) € S and vy € (0,1), we have

t=0

VI(x) = EH{ZVC [t], at]) |x[0] —X}
= Zv C(x[t],alt])
= Z“rt(AJrf)

t=0
_ 1 v
—1_7(A+

m) < 00, (A1)
which completes the proof.

Appendix B. Proof of Lemma 1

The proof requires the use of value iteration algorithm(VIA) and mathematical induc-
tion. According to (c) in Proposition 1, The specific iteration process of VIA is as follows:

V'y,O( ) = 0/

Q7 k( ) (X/a) +7 Z PI‘(X,‘X,LZ)V,‘,,’}((X,), (AZ)
x'eS

7,k+1( ) mlI‘Ika(X a)

where k € Z*. For any state x € S, V, ¢ (x) will converge when k goes into infinity:

klglolo Vo k(x) = Vo (x). (A3)
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Then we will use mathematical induction to prove the monotonicity of the value
function in each component.

First let us tackle part (a) of Lemma 1.

For (17), we can verify that the inequality V., 1(Aq,q) < V,,1(A2,4) holds when k = 1.
Then we assume that at the kth step of the induction method, the following formula holds:

Vo k(B1,9) Vo i(A2,q), YA < As. (A4)
So the next formula that needs to be verified is

Voks1(B1,q) S Vo r1(B2,q), VA < Ay (A5)

Since V. j11(x) = 1;212 Q,k(x,a), we need to bring out Q, x(x,a) first. Due to the

complexity of the transition probabilities and one-step cost function, we need to discuss
the following three cases: § = 0,0 < g < B and g = B. For the sake of brevity, we only give
the calculation details of the case 0 < g < B, and the other two cases can be verified by
following the exact same steps.

According to transition probability (7) and (8), we have the state-action value function
Qyk(A,4,0) and Q, (A, q,1) as follows:

Q%k(A, q,0) =A+ 'y)xV%k(A +1,9+1)+y(1- A)V%k(A +1,9), (A6)
and

Qui(8,4,1) = B+ apAVyr(8+1,9) +9p(1 =)V r(A+1,9 1)
+rA=pAVyr(Lg) + (1= p) A = M)Vor(Lg=1). (A7)
Because V., (A, q) is assumed to be non-decreasing function with respect to A for any

fixed g, it is obvious that both Q, (A, g,0) and Q. (A, g, 1) are non-decreasing with respect
to A. Therefore, for any A; < Ay, we have

V’y,k+1 (Al, Q) = 11’121‘,14’11{ Q"/,k(All q, ﬂ) }

= min{Q, x(A1,4,0),Qyx(A1,q,1)}
<min{Q, k(A2,4,0),Qk(A2,9,1)}
= 'y,k+1(A2/ Q) (AS)

As a result, with the induction we prove that V, (A, q) is a non-decreasing function
with respect to A for any g € {1,..., B — 1}, i.e,, the Equation (A4) holds. When k goes to
infinity, combining (A3) and (A4), we prove that (17) holds in the case 0 < g < B. In the
other two cases, (17) still holds. So we have proved that (17) holds for any g € B.

For (18), it is easy to yield

Q4(A2,4,0) — Q(A1,4,0) = Ay — Ay
+ 'yA[VW(AZ +1,941)— V.Y(Al +1,9+ 1)]
+7(1=A)[Vy (b2 +1,9) — V5 (A1 + 1,9)]

(a)
>0y — A, (A9)
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and

Qy(82,0,1) = Qy(A1,9,1) =Dy —
+YpA[Vy (B2 +1,9) = Vo (A1 +1,9)]
+rp1=M[Vy(82+1,9—1) = Vo (A1 +1,9-1)]
+ (1= pAV,(Lg) = Va(1,9)]
+r(1=p)A-N[Vy(Lg—-1) = V) (1,9 -1)]

(b)
>0y — Ay, (A10)

where (a) and (b) are due to (17). Since V,(x) = mij’\l Q. (x,a), we prove that Equation (18)
ae

holds forallg € {1,...,B—1}. Through the same proof process, it can also be verified
that (18) is also valid when g = 0 and g = B. Therefore, we have completed the proof of
part (a).

Second, we will tackle the part (b) of Lemma 1.

For (19), according to the exact same mathematical induction we have applied to (17),
we can also verify that Equation (19) holds. Due to limited space, the details are omit-
ted here.

Hence, we have completed the whole proof.

Appendix C. Proof of Theorem 1
By Proposition 4 in [15], it suffices to show that the following four conditions hold:

(1): For every state x and discount factor -, the discount value function V., (x) is finite.
(2): There exists a non-negative value L such that L < h,(x) for all x and vy, where
hy(x) = V,(x) — V4 (X), and X is a reference state.
(3): There exists a non-negative value M(x), such that /1, (x) < M(x) for every x and .
(4): The inequality Y. Pr(x'|x,a)M(x’) < co holds for all x and a.
x'eS§

For condition (1), recall that we have verified that there exists a stationary deterministic
policy 7 such that the expected discounted cost V' is finite in the proof of Proposition 1,
and here we will extend this conclusion to any policy 7 € I1. For any non-anticipative
policy 7 and state x = (A, ¢), we have

C(x[t],a[t]) = A+ wCa(l —u(t)) < A+ wC,. (A11)

Since the Aol grows linearly at most, for any state x = (A, g) and discounted factor 7,
we have

v (x) = min Vi (x) = muﬁm{io Y C(x{t] alt])Ix[0] = <A,q>}

<Y Y(A+t+wC)
=0
S Y \IPC AT N P (A12)
1o T 1—q ’
which verifies condition (1).

Next let us focus on condition (2). By (17) and (19) in Lemma 1, V, (4, q) is non-
decreasing with regard to age A and non-increasing with regard to battery state 4. Hence,
we can choose L = 0 and reference state X = (1, B). Thenwehave L =0 < V, (x) — V(%) =
h, (x), which verifies condition (2).

To prove that condition (3) holds, we need to introduce the following lemma:
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Lemma A1. Denote & = (1, B) as the reference state, and T = inf{t : t > 0, x[t] = &} as the first
hitting time from the initial state x to &. Under the following lazy policy 7t':

7 (A g) = {1’ =8, (A13)

0, otherwise,

the expected discounted cost from x to & is finite for all initial statex € S, i.e.,
, T-1
C™(x) =Epq Y ¥'C(x[t], alt])|x[0] = x p < oco. (A14)
=0

Note that if x = %, C™ (x) = 0.
Proof. see Appendix F. [

Considering a mixed non-anticipative policy 7™ consisting of 77’ and optimal policy
7* for (12) from the initial state x as follows,

; T (x[H]), ift<T,
" (x[t]) = {n*(x[t]), otherwise, o
we have
. T-1 S
. Eﬂ/{ » C(x[t], al])[x[0] = x} +IE7T*{ ;ytc(x[t],a[t})lxm = x}
™ (%) +Er {77V, (%)}
< e+ 1), -

where (a) is due to (A14) and (12), (b) is due to ¢ € (0,1). Recall the definition of /,(x),
by setting M(x) = C” (x), the condition (3) holds.

Based on Lemma A1, M(x) = C™ (x) < oo holds for any state x. Since there will be
finite possible states after transition from x under any action, the sum of finite M(-) is also
finite. Hence, condition (4) holds.

Appendix D. Proof of Lemma 3

For (27), an equivalent transformation is made as follows:
V(IA+1,q4+1)+pV(A,q) > V(A qg+1)+pV(A+1,9). (A17)

For every state x, we have
V(x) = mi}l\ Q(x,a) = min{Q(x,0), Q(x,1)}. (A18)
ae

So every value function in (A17) has two possible values. In order to prove Equation (A17),
theoretically we need to discuss 2% = 16 cases, which is obviously a bit too cumbersome.
Here we use a little trick, that is, as long as we prove that for the 22 =4 possible combi-
nations on the left hand side(LHS) of (A17), there exists a combination on the right hand
side (RHS) of (A17) to make “>" hold, then we complete the proof. For convenience, we
make a mapping by using four numbers to sequentially represent the action taken by the
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minimum state-action value function in Equation (A17). For example, “1010” represents
the following:

Q(A+1,94+1,1)+pQ(A,4q,0) > Q(A,g+1,1) + pQ(A+1,q,0), (A19)

So according to the previous trick, we only need to verify “0000”, “1010”, “0101”, and
“1111” to prove Equation (A17). For brevity, we only show the verification process of “1010”
in the following proof. The other three cases can also be proved by exactly the same steps.

Now we start to apply VIA and mathematical induction. Assuming that Vj(x) = 0 for
any states x, it is easy to yield

Vi(A+1,q+1) +pVi(A,q) > Vi(A,g+1) + pVi(A+1,9), (A20)

forany g € {0,1,..,B—1} and A € Z'. By induction, assuming that for any q €
{0,1,...,B—1}and A € Z", we have:

Vi(A+1,q+1) +pVi(A,q) > Vi(D,q+1) + pVi(A +1,q). (A21)

What we need to do is to verify that Equation (A21) still holds in the next value
iteration. Based on our previous analysis, we will focus on the “1010” case. For A € Z™"
andg € {0,1,...,B— 1}, we have

Qr(A+1,9+1,1) + pQx(4,9,0)
—[Qk(A g +1,1) + pQi(A+1,9,0)]
A+ 1+ pAV(A+2,9+1) +p(1— A)Vi(A+2,9)
+ (1 =pAVi(1Lg+1) + (1 —p)(1 - M)Vi(1,9)
+p[A+wC + AVi(A+1,+1) + (1 - A\)Vi(A+1,9)]
—A—pAVi(A+1,941) — p(1— V)Vi(A+1,9)
~(1=pAVi(Lg+1) = (1-p)(1—-A)Vi(L,q)
—PA+ 14+ wC + AV(A+2,g+1) — (1= A)Vi(A+2,9)]
=1—p>0. (A22)

Therefore, by the similar step, we can verify the other three cases and confirm that the
following formula

Vipt(A+ 1,9+ 1) + pViy1(A,9) > Via (8,9 +1) + pVipi (A +1,9) (A23)

holds for any A € Z* and g € {0,1,...,B — 1}. Therefore, by induction, we prove that
for any k, the Equation (A21) holds. Take the limits of k on both sides, then we are able
to prove that (A17) holds, which indicates that (27) holds. Therefore, we have completed
the proof.

Appendix E. Proof of Theorem 2

By Corollary 1, the optimal policy is of a threshold structure if Q(x, a) has a sub-modular
structure, that is,

Q(A,9,0) —Q(A,9,1) <Q(A+1,4,0) — Q(A+1,4,1). (A24)

We will divide the whole proof into the following three cases:
Case 1. When g = 0, for any A € Z we have:
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Q(4A,9,0) —Q(A,q,1)
=A+AV(A+1,9+1)+(1-A)V(A+1,q)

—A—wC —pAV(A+1,9+1)+p(1—-1)V(A+1,9)

-1-pAV(Lg+1) - (1-p)1-1)V(Lq)
=1-pAV(A+1,q+1)—V(1,q+1))

+(1-pA-1)(V(A+1,9) —V(1,9q)) —wC.

Therefore, we have

Q(A+1,4,0)—Q(A+1,4,1) - [Q(A,4,0) = Q(A,4,1)]
=1-pAV(A+2,g+1)—V(A+1,q+1))
+ @ =p)A=A)(V(A+2,9) - V(A,q))

(a)
>0

’

where the last inequality () is due to (24) in Lemma 2.
Case 2. When g € {1,...,B—1},forany A € Z* we have

Q(A+1,9,0) - Q(A+1,9,1) - [Q(A,4,0) — Q(A,q,1)]
=Q(A+1,4,0) —Q(A,4,0) - [Q(A+1,9,1) — Q(A,q,1)]
“A[V(A+2,+1) = V(A+1,q+1)]

= pAV(A+2,9) = V(A+1,q)]

+A=N)[V(A+2,9) - V(A+1,9)]

—p(1=N)[V(A+2,g—1) = V(A+1,q—1)]

@
>0

’

where the last inequality () is due to (27) in Lemma 3.
Case 3. When g = B, for any A € Z" we have

Q(A+1,4,0) = Q(A+1,4,1) - [Q(A,4,0) — Q(A,4,1)]
=Q(A+1,4,0) - Q(A,q,0) - [Q(A+1,4,1) = Q(A,4,1)]
=(1-N)[V(A+2,q) —V(A+1,9)]

—pA-N)[V(A+2,9-1) - V(A+1,9-1)]

(a)
>0

’

where the last inequality (a) is also due to (27) in Lemma 3.
Therefore, we have completed the whole proof.

Appendix F. Proof of Lemma A1

(A25)

(A26)

(A27)

(A28)

Before dealing with the expected discounted cost C™ (x), we need to find the probabil-
ity distribution of the first hitting time T, which is determined by the transition probabilities
of system states. Under the lazy policy 7/, we can formulate a two-dimensional Markov
chain to describe the dynamic changes of system states. The state transition probabili-
ties of the formulated Markov chain is extremely complicated, and we can simplify it by

combining some states, as depicted in Figure Al.
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Figure Al. A simplified Markov chain of system states under the lazy policy. Note that (1, B)
is the reference state. (-,1) means the state set {(A,q)|A € Zt,q =1}, (x, B) means the state set
{(A,q)|A € ZT,A > 1, = B} and so on for the rest.

According to the simplified Markov chain, the initial state x can be divided into three
cases: (%, B), (-,B—1), and (-,q) where g4 < B — 1. Note that for the special case x = %,
C™ (x) is set to be 0. First, we focus on the case x = (-,¢), where g < B — 1. Suppose it takes
T = k time slots for state x to transit to state X for the first time. Then state x' = (-, B — 1)
must be passed during these k time slots. Therefore, we can divide the entire transition
process into two parts: state x first visits state x” after k; time slots, and then starts from
state X’ and enters state % for the first time after k, = k — k; time slots. Denote f,ﬁflz as the
first hitting probability from state x; to state x, after n time slots, then we have

k
fid = X AR (a29)
k1=0

When the initial state first transits to state x/, the total energy arrivals must be exactly

B — g — 1. Hence, the first hitting probability f&) from state x to state x' can be expressed
as follows:

f(kl) o < kl —1 )AB—q—Z(l _ /\)klflf(qufﬂ)L

xX T \B-gq-2
_ ky—1 Lqufl )k
()
(a)
< (kP02 AP ), (A30)

where k1 > B — g — 1. The inequality (a ) in (A30) is due to combination ( ) < N',¥YN >r.

Forany k; < B —q —1, we have fg}) =
After entering state x/, the system state will always change between states x' =
(-,B—1) and (%, B) before entering state X for the first time. By mathematical induction,

fi,k )3() is given as follows:

kp—2

1-A A 0
fed=l1-a A
' 1-A Ap A(1—p)
ky—1 ko1
—1—p2hr 2
(1-p) ﬁl—ﬁz
Az Z ﬁ ,Bkz 2—i
(@ 2 ky—2
< (A=pA(k —1)B7 7, (A31)
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1-A A
where k; > 2, B1 and B, are the eigenvalues of the matrix and satisfy
1-A Ap
—1 < B2 <0<1—A< By <1 Thelast inequality (a) of (A31) is due to B < 0 < By and
|B2] < |B1|- Forany k; < 2, wehavefi,k;() =0.
Therefore, we will verify the discounted cost from the initial state x to reference state X
is finite as follows:

T-1
™ (x) = En’{ Y ¥ Cx[t], a[t])[x[0] = X}

t=0

INE

5 AU+t wC)
k=0 t=0

(=)

=

k k
Y SR LAt wC)
k=B—q+1kj=B—q—1 =0
(2Bt o k
(1- p)vﬁ Y BB Y (A + t+ wCy))
R k=2 =0

INE

(d)
< co. (A32)

where inequality (a) is due to (A11), equality (b) is due to (A29), inequality (c) is due
to (A30) and (A31), and inequality (d) is due to 0 < B3 < 1.

For the other two case where the initial state is (-, B — 1) or (%, B), the discounted
cost to the reference state for the first time can also be verified to be finite by similar steps.
Therefore, we have completed the proof of Lemma Al.
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Abstract: The age of information (Aol) metric was proposed to measure the freshness of messages
obtained at the terminal node of a status updating system. In this paper, the Aol of a discrete time
status updating system with probabilistic packet preemption is investigated by analyzing the steady
state of a three-dimensional discrete stochastic process. We assume that the queue used in the system
is Ber/Geo/1/2* /1, which represents that the system size is 2 and the packet in the buffer can be
preempted by a fresher packet with probability 7. Instead of considering the system’s Aol separately,
we use a three-dimensional state vector (1,m,1) to simultaneously track the real-time changes of
the Aol, the age of a packet in the server, and the age of a packet waiting in the buffer. We give
the explicit expression of the system’s average Aol and show that the average Aol of the system
without packet preemption is obtained by letting 7 = 0. When 7 is set to 1, the mean of the Aol of the
system with a Ber /Geo/1/2* queue is obtained as well. Combining the results we have obtained and
comparing them with corresponding average continuous Aols, we propose a possible relationship
between the average discrete Aol with the Ber/Geo/1/c queue and the average continuous Aol with
the M/M/1/c queue. For each of two extreme cases where 7 = 0 and 17 = 1, we also determine
the stationary distribution of Aol using the probability generation function (PGF) method. The
relations between the average Aol and the packet preemption probability 7, as well as the Aol’s
distribution curves in two extreme cases, are illustrated by numerical simulations. Notice that the
probabilistic packet preemption may occur, for example, in an energy harvest (EH) node of a wireless
sensor network, where the packet in the buffer can be replaced only when the node collects enough
energy. In particular, to exhibit the usefulness of our idea and methods and highlight the merits
of considering discrete time systems, in this paper, we provide detailed discussions showing how
the results about continuous Aol are derived by analyzing the corresponding discrete time system
and how the discrete age analysis is generalized to the system with multiple sources. In terms of
packet service process, we also propose an idea to analyze the Aol of a system when the service time
distribution is arbitrary.

Keywords: age of information; discrete time status updating system; probabilistic preemption;
probability generation function; stationary distribution

1. Introduction

The freshness of transmitted messages has attracted increased attention in the design of
practical communication systems. Messages obtained by a controller in a real-time monitor
system may be used to perform traffic scheduling or resource allocation, and for such
applications, the system’s timeliness is crucial for the scheduler to make the right response
and for precise control. The age of information (Aol) metric was proposed in [1] as the time
elapsed since the generation time of the last received packet in the destination, which has
been used widely in recent years to measure the packet’s freshness and characterize the
timeliness of various communication networks. A simple introduction to the Aol theory can
be found in [2], and in [3], the authors made a detailed summary about the analytical results
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of age of information, along with employing the Aol optimization in many cyber-physical
applications.

1.1. Related Work

For a status updating system with simple queue models, such as M/M/1, M/D/1,
and D/M/1 queues, the expression of average Aol was obtained in [4-7]. In particular,
in [7], the authors considered a queue using Last-Come-First-Served (LCFS) discipline,
and the newer packet from the source could preempt the packet currently in service.
The influence of different packet management strategies on a system’s average Aol was
investigated in [8,9], where only one or two packets can be stored in the system. Specifically,
the average Aol of a system with three queues—that is, M/M/1/1, M/M/1/2, and
M/M/1/2*—was determined. The difference between last two queues lies in whether the
packet waiting in the buffer can be substituted by following packets from the source. For
two cases with a system size equal to 2, it was shown that updating the waiting packet
with a fresher one can always result in a lower average Aol, which is apparent because
transmitting the packet with a smaller age is helpful for improving the timeliness of the
information transmission systems. Apart from these, the benefit of introducing a proper
packet deadline, both deterministic and random, to reduce the average age of information
was proved in [10-12]. Controlling packet preemptions to improve the freshness of a
transmitted message was discussed in [13-15]. The authors of [16] showed that the average
Aol can be significantly improved when adding a period of waiting time before the service
of a new packet begins. Assuming there are two parallel servers in the status updating
system, the expressions of the average Aol were determined in [17]. A freshness-based
cache updating in a parallel relay network was considered in [18]. Notice that when more
than one server was present, the updating packet could reach the destination through
different paths. In these situations, since a packet generated behind may be transmitted to
destination via a short-delay path, it is possible that this packet arrives at the receiver before
the packets generated before it. Recently, many papers have been launched considering the
Aol of status updating networks with simple structures, such as the status updating system
with multiple sources [19-25], the system with more than one hop transmission [26-30], and
the system in which the packet transmission is assisted by a relay [31-35]. Recently, using
the SHS method, the Aol of an arbitrarily connected network named the gossip network
was discussed in [36,37]. For each of the above systems, the average performance of the
Aol was characterized, and even some properties of the Aol’s distribution were obtained
in certain papers. For example, for the age on a line network of preemptive memoryless
servers, in [38], the author proved that the age at a node is identical in distribution to
the sum of independent exponential service times by calculating the Moment Generation
Function (MGF) of the defined age vector. In [39,40], the distribution of Aol was studied in a
wireless networked control system with two-hop packet transmission. The authors devised
the problem of minimizing the tail of the Aol distribution with respect to the sampling
rate under a First-Come First-Serve (FCFS) queuing discipline. In [41], for the phase-type
(PH-type) interarrival time or packet service time, the authors numerically obtained the
exact distribution of the (peak) age of information for the system with PH/PH/1/1 and
M/PH/1/2 queues. Within the paper, they used the sample path arguments and the
theory of Markov Fluid Queues (MFQ). Except for the works we mentioned above which
focus on obtaining analytical results of the Aol for status updating systems with various
queue models, even more papers have been published in which the authors considered
designing optimal systems under different timeliness requirements, such as in [42-51]. In
such problems, usually the age of information is used as a freshness metric and is studied
as the optimization objective.

1.2. Discussion of Existing Methods

As far as we know, at least three methods have been proposed to analyze the Aol of a
continuous time status updating system. The first one is the method based on the graph

126



Entropy 2022, 24, 785

of the Aol stochastic process, which was given in [2]. The time average Aol is obtained
by calculating the area below the sample path of the Aol process. Using the common
assumption that the age process is ergodic, this time average Aol converges to the Aol’s
mean as the observation time tends to infinity. It shows that the average Aol of a status
updating system is determined by

_ ENT]+E[Y?]/2

E[A] BV

@
when the packet arrival process and the distribution of service time are specified, in which
the notation Y denotes the interarrival time between two successive updating packets, and
T represents the packet system time. Secondly, in [6], the authors illustrated the usage of
the Stochastic Hybrid System (SHS) approach to the analysis of system’s stationary Aol.
They employed a continuous state vector to track the real-time age of the updating packets
from the source and described all the possible state vector transfers under the system’s
random dynamics—for example, if a new packet arrives, whether the packet service is
completed. Then, the steady state of the multiple-dimensional continuous time Markov
process was characterized by a group of differential equations, and the first few of the Aol’s
moments could be obtained using the theory of SHS [52]. This method was used later to
determine the average Aol of more general systems, including the system with multiple
sources, packet preemption, and even stochastic energy harvesting at certain system nodes.
The last method was introduced in [5], where the authors proposed a novel description of
the Aol process and characterized its sample paths using a new point process. They proved
that the stationary distribution of the Aol can be represented in terms of the distributions of
the system’s delay and the peak Aol. From this point of view, large numbers of analytical
formulas about the Aol’s stationary distribution were obtained (in the form of its Laplace
Stieljes Transform (LST)) for single-server systems. In addition, we found that the same
method has been used to consider the distribution of discrete time (peak) Aol in [53,54],
where the z-transform of the (peak) Aol’s distribution was derived for the system with
some discrete queues.

Although plenty of results have been obtained using the methods mentioned above,
interested readers may find that most of the results are heavily dependent on the assump-
tions that the packet arrivals form a Poisson process and the service time distribution are
exponential, especially for the SHS method. The memoryless property of both interarrival
time distribution and the distribution of packet service time dramatically simplifies the
age analysis of the considered status updating system. So far, the first method based on
the graphical argument of the Aol process is used only to calculate the Aol’s mean, but it
seems that the theory of Level Crossing in [55] may be useful when considering the Aol’s
distribution from the sample paths themselves. The level crossing method has been used
to derive the steady-state probability density function of queue waiting in several variants
of the M/G/1 queue. It is worth trying to determine whether this theory can be used to
find the stationary distribution of continuous Aol. Using the SHS method, similarly, only
the first few of the Aol’s moments can be calculated. In order to obtain the distribution
property of system’s Aol, one has to solve the system of differential equations, which is
extremely hard in general. At last, in [5], the authors pointed out that the general formula
they proposed holds sample-path-wise, regardless of the service discipline or the distri-
butions of interarrival and packet service times; however, the results they obtained are
not straight-forward, as they only derived the LST of the Aol’s stationary distribution,
while computing the explicit expression of this distribution is also a hard problem due
to the difficulty of computing the inverse of the LST. On the other hand, it is unknown if
the method and the obtained formula can be generalized to more general status updating
systems, not just for the system with a single server.

In the following part, we introduce the idea and methods to analyze the Aol of discrete
time status updating systems and talk about their merits compared with those ways dealing
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with continuous time age of information. By an explicit example, we show how the results
of continuous Aol can be obtained by considering the corresponding discrete time systems.

1.3. Analysis of Discrete Time Aol: Idea and Methods

We propose the idea and methods to characterize the steady state Aol of a discrete
time status updating system, in which the packet arrivals, the packet service, and Aol
declines are considered in discrete time slots. Although there are not many, there are still
some works analyzing the Aol of a discrete system with different queue models. To our
best knowledge, the analysis of discrete Aol was proposed for the first time in [56]. Using
the proof techniques and tools developed to analyze continuous Aol, the authors obtained
the average (peak) Aol of a Ber/G/1 and G/G/oo queue modeled discrete time status
updating system. The notation “Ber” represents that the packet arrival or the service of the
packet forms a Bernoulli stochastic process; equivalently, in each time slot, a packet arrives
(or the packet service is completed), which is independent and occurs with an identical
probability. Later, using the similar description of the age process’s sample path as in [5],
in [53,54] the expression of the discrete Aol’s distribution was obtained for the system with
a First-Come First-Served (FCFS) queue, the preemptive Last-Come First-Served (LCFS)
queue, and the bufferless status updating system. Discrete time systems with multiple
sources are considered in [57]. Under the assumption of Bernoulli packet arrivals and a
common general discrete phase-type service time distribution across all the sources, the
authors obtained the exact per-source distributions of Aol and peak Aol in matrix-geometric
form for three different queueing disciplines, i.e., nonpreemptive bufferless, preemptive
bufferless, and nonpreemptive single buffer with replacement.

In our work [58], we obtain the explicit formula of average discrete Aol, Ager /Geo/1/1
for a bufferless status updating system (actually, the service time distribution in [58] is
arbitrary) by defining a two-dimensional age process which characterizes the Aol at the
destination and the age of packet in service as a whole. The idea we proposed in [58] can be
regarded as the discretization of the SHS method, which is shown to be equally powerful
and more flexible when applied to more general systems. We describe all the possible
state transfers for every initial state vector and then establish the stationary equations of
the defined two-dimensional discrete age process. These equations are solved completely
in [58]; thus, the distribution of Aol can be determined explicitly as one of the marginal
distributions of the two-dimensional age process’s stationary distribution. Given the Aol’s
distribution, the mean, the variance, and the tail probabilities of the Aol can be easily
calculated. The idea of constituting multiple-dimensional age processes is then used in [59]
to obtain the mean and the distribution of the infinite size state updating system. In [60], the
distributions of the Aol of a system with Ber/Geo/1/1, Ber/Geo/1/2, and Ber/Geo/1/2*
queues are derived explicitly using the method of solving equations. In this paper, the Aols
of a system with Ber/Geo/1/2 and Ber/Geo/1/2* queues are considered simultaneously,
which are connected together by the probabilistic packet preemption in the system’s buffer.
In addition, in order to avoid the tedious calculation required to solve the stationary
equations and calculate the marginal distribution, we define the Probability Generation
Function (PGF) of the multiple-dimensional stationary distribution, from which both the
Aol’s mean and its stationary distribution can be obtained effectively. For the system’s
average Aol, in Table 1, we list the results we have obtained about the discrete Aol and
the corresponding expressions of the continuous system'’s average Aol. The average Aol
Aper/Geos1/1 Was obtained in [58], and the other two expressions will be derived in the
current paper. Apart from the Aol’s mean, we also determine the distribution of the discrete
A0l Aper/Geos1/2 and Apey /Geoy1/2+ by writing the PGF as the power series.

As mentioned above, one can see the similarity between our idea and the SHS method,
and one may mistakenly think that we simply change the continuous time into discrete
time slots. The power of combining multiple-dimensional state vector descriptions with
the PGF method may be underestimated due to the simple assumptions used in the current
paper—that is, the packet arrivals form a Bernoulli process and the packet service time
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is geometrically distributed. It is known that in order to obtain the complete statistical
information, not just the mean of the stationary Aol by the method of SHS, one has to
solve a group of differential equations, which may be possible for some systems with
simple queues but generally is impossible. In addition, the usage of SHS analysis is heavily
restricted because it requires that both the packet arrival process and the packet service
process are memoryless, i.e., the interarrival time and the packet service time have to be
ii.d. exponential random variables. In the following, we explain the merits of considering
a discrete time system in two aspects.

Table 1. Some formulas of the average continuous and average discrete age of information.

Average Continuous and Average Discrete Aols

Bumnn =11+ 1+12)

x 1 1
ABer/Geo/1/1 = ;((1 -7+t mﬁ)ﬁ)

— 1 1 2 2
VYV ,7(1 +5+ ]+p+pz)

N _1 1 20;(1=71)(1—7/2)
ABer/Geo/1/2 = ;((1 -7+t W)

x _1 1, P (143p+p?)
Bum/m/ijz =g (1 ot T ar

= _1(_ 1, PEA=7)[148pa(1=7)+p3(1=7)(1-27)]
ABer/Geo/1/2+ = ¥ <(1 7) + 20 + [1+W(172'y)+;0§(1*'7)2][1+Pd(]*7>]2

(1) Calculation: reducing the complexity

Observing that when all the state transitions are described in discrete time slots, the
stationary equations characterizing the steady state of the defined age process become a
set of linear equations, which is more likely to be solved compared with those differential
equations, we show in this paper that these linear equations can be dealt with using the PGF
method even more easily and more effectively. In our another work, we have determined
the explicit expression of average Aol and the corresponding Aol’s distribution assuming
the Ber/Geo/1/c queue is used in the status updating system, where the system’s size ¢
can be arbitrary. For the cases ¢ = 3 and 4, we obtain that

Pi - 14p4(1=37)+0p3(1 =37 +392) +p3(1—17)°

_ 1 1 2(1772>+3 3(1757/34»72/3)
ABer/Geo/1/3 = ; ((l — ')/) + P4 05 o

and

Pd

P31 —9) +205(1 —9) (1 = 29) +4p5(1 — ) (1 — 119/4 4+ 992 /4 — 7 /4) 3
T+ p4g(1—47) +p3(1 — 47 +672) + p3(1 — 4y + 692 — 49%) + p4(1 — )*

— 1 1
ABer/Geo/1/4 = 5 ((1 -7+ —

Although we have not mentioned this yet, the readers should find that those expres-
sions of average continuous and average discrete Aol given in Table 1 are quite similar. We
propose the following possible relationship:

u 'EM/M/l/c =7 EBer/Gen/l/C|7:0r then replacing p; with p 4)

The relation (4) holds at least for c = 1, ¢ = 2, and ¢ = 2*. Note that the relation (4)
is given only by observation, and it is not easy to prove that (4) is applicable in general
situations, because the average continuous Aol Ap/p1/1/c is temporarily unknown. If Equa-
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tion (4) is fortunately applicable in general, which we hope, then from expressions (2) and (3),
immediately we have

— 1 1 p? +3p° )
A =—(14+-+F—F 5
M/M/1/3 V( o 1+P+P2+P3 ()

and 1 2 3 4
1, 0°+20° +4p ) ©)

p o 1+p+p24p3+pt

Notice that the average continuous Aols (5) and (6) are not derived using any of
the three methods we discussed earlier—that is, the method based on the sample path
of the Aol process, the SHS, and the method proposed in [5,54]. On the contrary, we
first characterize the stationary Aol of the corresponding discrete time system and then
obtain the expression of the continuous Aol’s mean through relationship (4). There is
no doubt that the formulas of Ay, /M/1/3 and INY; /M/1/4 can be obtained using Aol’s SHS
analysis; however, the general formula of Aol’s mean, i.e., Ayi/p/1/c for arbitrary size
¢ is temporarily unknown. Furthermore, the stationary distribution of discrete Aol can
also be determined explicitly from the PGF defined for the considered system, while the
distribution properties of the continuous Aol cannot be revealed easily through either
the graphical method or the Aol’s SHS analysis. Although it is not possible to accurately
reprint the continuous Aol’s distribution in every position using the discrete approximation,
the difference between them can be reasonably small when the length of the time slot is
short enough. In the current paper, we determine the distribution expressions of discrete
Aol for the system with Ber/Geo/1/2 and Ber/Geo/1/2* queues. Unlike in [5,54], these
expressions are straight-forward and not expressed in the form of other transformations.

According to vabove discussions, from the perspective of deriving the average Aol or
obtaining the Aol’s distribution, considering the status updating system in the discrete time
model is of great significance. To a certain extent, we can even conclude that our method is
stronger since more specific results about Aol have been obtained.

— 1
Apymrse = " (1 +

(2)  Generalization: In terms of system structure and service time distribution

Recently, using the SHS method, the age analysis has been generalized to the status
updating networks with a simple structure, especially the system with multiple sources.
In this part, we briefly explain how the discrete age of information is characterized in the
multiple-source bufferless system and the two-source system equipped with a size 1 buffer.
The system models are depicted in Figure 1.

@) (b)

Figure 1. (a) Status updating system with multiple sources and bufferless server. (b) Status updating
system with two sources and a size 1 buffer.

Specifically, we assume the packets arrive at the beginning of one time slot; whether
the packet service is completed is determined at the end of the time slot. Since the system’s
random dynamics are considered in time slots, it is possible that more than one packet
arrives to the server (buffer) from different sources in a time slot. The server has to choose

130



Entropy 2022, 24, 785

one of these and discard the other packets if the system does not have a buffer. This packet
collision problem can be solved by assigning priorities to the packets from different sources;
then, the packet with the highest priority is selected and put into the server.

In the bufferless system given in the first picture of Figure 1, let r; be the priority of
source s;, 1 <i < N, and assume r; > 1 > --- > ry—that is, the priority of source s; is
over that of s; if i < j. In each time slot, source s; generates a new packet with probability
pi, and the packet generation process is independent of all other sources. Actually, this
situation is exactly the generalization of our work in [58] when the status updating system
has multiple independent sources. For the given i € [1, N], it shows that the Aol process
corresponding to source s; can be analyzed separately and is thus similar to work [58],
showing that a two-dimensional state vector (n;,m;) is sufficient to track the real-time
changes of Aol; and the age of the packet in the server from source s;. In this system, we
observe that it does not matter whether the service of the packet from s; can be preempted
by other packets with higher priorities. The state vector transfers from every (1;, m;) can
be described as in [58], but the transition probabilities need to be modified. For example,
for n; > m; > 1, we have

n;+1,m; +1) the packet service is not completed,
State vector at next time slot = (i +1,m; 1) P ) ; P )
(m; +1,0) the service of the packet is over.
if the service process cannot be preempted. In contrast, it can be decided that
(n; +1,m; +1) no packets of higher priorities arrive, the service is not over,
State vector at next time slot = { (n; +1,0) one packet with higher priority comes, (8)

(m;j +1,0) no packets with higher priorities arrive, the service is over.

when packet service preemption is allowable. After all the state transfers are described and
their transition probabilities are determined, we can obtain the stationary equations, which
can be solved completely as in [58] or by using the PGF method as in this paper. Like [58],
the service time distribution in this case can be arbitrary.

Although there are multiple sources, it can be seen that the age analysis of each source
is easy when the status updating system has no buffer. Notice that in this case, no queue is
formed before the server; thus, there is no chance that the packets from different sources
are combined. As a result, the packets from every source are totally divided, and the Aol of
each source can be analyzed separately. The situation is much more difficult if the system
has a buffer. As an example, we consider the Aol of each source of a two-source system,
which is depicted in the second picture of Figure 1.

We can define a six-dimensional state vector (11, 1y, my,my, Iy, Iy) to describe the Aol
of two sources simultaneously, where the state components represent the values of two Aols
at the destination, the age of a packet in the server, and the age of a packet in the system’s
buffer. In every position of the system, apart from the “age”, it is necessary to indicate
which source the packet comes from. Therefore, a three-dimensional state vector (1, m,1)
that does not include this information is not sufficient. Notice that at any time, at most one
of my and m;, are non-zero. This is the same for the parameters /1 and /. When there is a
buffer in front of the server, apparently a queue is formed if a packet arrives and finds that
the server is currently busy. Each one of two packets in the system (one is in the server
and the other is in the buffer) may come from source s; or sy. Of course, these two packets
may belong to different sources. Although the problem becomes complex, theoretically, all
the state transfers of every initial six-dimensional state vector can be determined explicitly,
since the randomness that causes the state vector transfers are limited to random packet
arrival, the service of the packet, and the additional packet preemption. Then, according
to the balance of probabilities in the steady state, the stationary equations are established;
this solves the first half of the Aol analysis. Details of the latter half—that is, deriving the
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average Aol from the group of stationary equations—can be found in the procedures in
this article.

We find that in [61], the authors obtained the average continuous Aol for the same two-
source status updating system in Figure 1b using the SHS method. They added another
assumption that the packet in the server and the packet in the buffer must belong to
different sources in their second and the third considered situation and named the policies
“source-aware packet management”. As we have mentioned above, although the packets
from two sources are still combined, after adding this restriction, the complexity of the
problem has been greatly reduced.

In fact, the state vector defined for a discrete time system has a very clear physical
meaning. For the status updating system with the FCFS queue, the first parameter denotes
the Aol and the other state components represent the ages of packets in the server and
in the buffer of the system. Thus, a (¢ + 1)-dimensional state vector is needed if the size
of the system is equal to c. Compared with analyzing the Aol of discrete systems, in
the SHS method, the defined state vector is sometimes easier, such as in the system with
multi-sources. In [61], in order to characterize the Aol of one source in a two-source system,
the authors used a four-dimensional state vector [x(t), x1(¢), x2(t), x3(#)] that describes
the evolutions of Aol when different random events occur. As mentioned before, we use
the six-dimensional state vector (11, na,mq,mz,11,1,) describing the random changes of
both source 1 and source 2. The parameter 17 or 11, can also be deleted if only one of two
sources are analyzed. In our proposed method, we show the correspondence between the
dimension of the state vector and the size of the discrete system; this may not be a unique
way to define the discrete state vector. Although considering the Aol of the discrete time
system has higher computational complexity, the biggest advantage of discrete Aol analysis
is that it can obtain the stationary distribution of the Aol.

Except the simple status updating networks given in Figure 1, we have also obtained
the average discrete Aol for a status updating system with two-stage service, where for
simplicity, in front of each server, no buffer is equipped. For the system with two parallel
servers, the age analysis is more difficult, since some packets may become “ineffective” if
one packet is generated later but arrives to the destination earlier. Some policies need to
be identified to deal with these packets—for instance, deleting the packet directly once
it becomes ineffective. If nothing is done, when an ineffective packet is obtained at the
receiver, the value of Aol will not be reduced.

Another direction of generalization we shall talk about is the distribution of packet
service time (while the packet arrival process is still Bernoulli). Now, taking the size 2 status
updating system as an example, we explain how the service time distribution is relaxed to
be an arbitrary distribution. Using a three-dimensional state vector (1n,m,1), we can fully
describe the random dynamics including the Aol at the receiver and the age of two packets
in the system if both the packet interarrival time and the service time have memoryless
properties. In each time slot, the changes of the Aol’s value and the packet ages depend
on random packet arrival, which is memoryless and independent, and whether the packet
service is over. When the service time distribution is arbitrary, the probability that the
service is completed in one time slot is related to the time this packet has experienced in
the server. Let S be the random variable of service time, and we represent the general
distribution as

Pr{S=i} =g (i>1) )

We assume that, before the current time slot, the packet has stayed in server for j time slots;
then, the probabilities that determine the state vector transfers should be the following two
conditional probabilities:

Pr{S=j+1|S > j}and Pr{S > j+1[S > j} (10)

Therefore, if we have knowledge about this passed service time j, as before, all the state
transfers of state vector (1, m,1) can be completely described and the age analysis becomes
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Next state vector = {

feasible. Since no one of the three parameters 1, m1, and [ can provide this information,
it is natural to introduce an extra component, say k, to denote the service time that the
packet has consumed and constitute the four-dimensional state vector (1, m, 1, k). In this
way, the possible state transfers of this four-dimensional state vector can be described and
the transition probabilities can also be determined. For example, let the initial state vector
be (n,m, 1, k)—we have the state transfers and transition probabilities as

(n+1,m+1,1+1,k+1) theservice is not over with prob. 1 — g1/ Y72 1 Gi a1
(m+1,14+1,0,0) the service completes with prob. gii1/ Y52 41 4i

where we assume the queue discipline is FCFS and there is no packet preemption. We
show that the four parameters n, m, [, and k satisfy the relationships n > m > 1 > 0 and
n > m >k > 0. The first one holds because 1, m, and [ are three ages of packets generated
in chronological order, and n > m > k is satisfied since the packet system time m must
be larger than or equal to the service time of the packet, which is denoted by k. These
relations determine which vectors are qualified state vectors. Although we show that the
state transfers can be analyzed and the group of stationary equations can be determined by
considering the balance of those stationary probabilities; however, it can be expected that
solving these equations is not easy. Since the service time probabilities g;s are arbitrary, the
expression of the average Aol, as we can determine in later work, will not be closed-formed.
It is also important to note that the PGF method cannot be used when the service time
distribution is not geometric, because the transition probabilities is no longer the same for
different state vectors and thus cannot be the common factor.

Summarizing the above discussions, we have proved that on the basis of original
memoryless status updating system, by introducing an extra component to denote the time
the packet has consumed in the server, the age analysis becomes feasible for the situation
where the packet service time is arbitrarily distributed. Although it may be difficult to
obtain the expressions of the system’s average Aol, the idea is still applicable when we
generalize the size 2 system to a status updating system with arbitrary size c. In one of our
works, we have shown that for a size ¢ discrete time status updating system with Bernoulli
packet arrivals and geometrically distributed service time, in order to fully characterize
the real time transfers of the system’s Aol and all the packet ages, a (¢ + 1) dimensional
state vector (1, my, - - - ,m.) should be defined. By adding an extra state component k that
records the service time the packet has experienced in the server, according to previous
discussions, the age analysis can be generalized to a size ¢ status updating system whose
service time distribution is arbitrary (at least we can establish all the stationary equations).

We have to attribute the above idea to [62], in which the authors considered the
timely transmission of the updates over an erasure channel. They assume that each update
consists of k symbols and the symbol erasure in each time slot is an i.i.d. Bernoulli process.
The aim of [62] is to design an optimal online transmission scheme to minimize the time
average Aol, and the problem is formulated as a Markov Decision Process (MDP). Although
the optimization of Aol is not our interest, the state tuple (6, dy, I;) defined in Section 2.
A is very enlightening, based on which the transmission policy at the next time slot is
determined. At the t-th time slot, the notation J; denotes the value of Aol d; is the age
of the next update, i.e., the packet at the head of the queue, and I; records the number of
symbols that has been obtained successfully up to this time slot—these symbols belong
to the update that is transmitted currently. A similar timely source coding problem was
also discussed in [63], in which the authors also pointed out that the length of the encoded
update is equivalent to the service time of the update, and their considered system behaves
as a discrete time Geo/G/1 queue (we use the notation Ber/G/1). Therefore, the role of
It in [62] can be regarded (or redefined) as the service time that the current update has
consumed. By adding this knowledge, the distribution of the source in these papers and
the service time distribution in the discrete time status updating system which we study in
this part can be arbitrary.
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In previous paragraphs, we explain the idea and methods used to study the Aol of
discrete time status updating systems. We have shown how the discrete Aol is characterized
for the basic system, the system with multiple sources, and the system whose service time
distribution is arbitrary. As part of Aol theory, we believe that discrete Aol deserves more
attention, and it is meaningful to establish analytical results including the Aol’s mean and
its distribution for more general systems. In particular, the proposed possible relationship
in (4) shows that discussing discrete Aol not only has independent theoretical significance
but also helps to determine certain results about continuous Aol. If one problem is difficult
in the continuous time model, it is a choice to consider it in discrete time settings.

1.4. The Work in the Current Paper

We have discussed numerous topics of discrete Aol in the previous subsection, and
it is inappropriate to consider all the issues in one article. In this paper, we focus on the
stationary Aol of a discrete time system with a Ber /Geo/1/2 and Ber/Geo/1/2* queue and
discuss both in a single model. We assume the packet in the buffer can be probabilistically
preempted by the fresher packets from the source and define the queue model in this
scenario as Ber/Geo/1/2* /1, where 1 is the preemption probability. In the literature of
Aol, the probabilistic packet preemption (replacement) has been studied in [64]. In [65], the
probabilistic preemption was considered in the scenario where a CPU is used frequently
to deal with the unpredictable tasks. Then, for the case of 7 = 0, the queue model of
the system reduces to Ber/Geo/1/2, while when 7 is equal to 1, the status updating
system with Ber/Geo/1/2* queue is obtained. For the general case, we derive the explicit
expression of the system'’s average Aol. By writing the defined PGF as the power series, for
two extreme cases of 7 = 0 and 77 = 1, the distribution expressions of two discrete Aols are
determined as well.

The rest of the paper is organized as follows. In Section 2, we describe the model of a
discrete time status updating system with probabilistic packet preemption. The stationary
distribution and the mean of the system’s Aol are also defined. By analyzing the steady
state of a three-dimensional stochastic age process, in Section 3, we obtain the explicit
formula of the average Aol under general preemption probability using the probability
generation function (PGF) method. In Section 4, let # = 0 and #7 = 1, and we determine the
average Aols Aper/Geoy1/2 a0d Apey/Geo/1/2+ from the general expression derived previously
in Section 3. Furthermore, in order to obtain the stationary distribution of two discrete
Aols, we write the PGF as power series. Then, the coefficient before x" gives the probability
that the Aol takes value n for each n > 1. Numerical results are placed in Section 5. For
the general case, we illustrate the relationships between the average Aol and # and the
traffic intensity p,, respectively. In addition, the mean and the cumulative probabilities
of three discrete Aols including Aper/Geo/1/1, DBer/Geos1/2, AN Aper/Geo 12+ are depicted.
These average discrete Aols and their corresponding average continuous Aols are also
numerically compared in Section 5. Finally, we conclude the paper in Section 6.

2. System Model and Problem Formulation

We depict the model of the status updating system which uses the Ber/Geo/1/2* /4
queue in Figure 2, in which the packet in the system’s buffer can be preempted by a fresher
packet from the source s with probability 1. The packet arrivals to the transmitter are
assumed to form a Bernoulli stochastic process—that is, in each time slot, a new packet
comes with an identical probability, which we denote by p. Packet service time follows the
geometric distribution with intensity y. The updated packet generated at s is transmitted
to the destination d through the transmitter, in which a random period of time is consumed.
The age of information (Aol) at d is defined as the time elapsed since the generation time
of the last obtained packet. Within the time when no packet is received, the value of Aol
increases by 1 after each time slot ends. Every time a packet passes the transmitter and
arrives to d, the Aol will be reduced to the system time of the obtained packet, which is
actually equal to the instantaneous age of this packet.
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packet preemption

with prob.n

Figure 2. The model of the discrete time status updating system with probabilistic packet preemption
in the system’s buffer.

Let a(k) be the value of Aol in the kth time slot. The Aol at the next time slot, a(k + 1),
is determined by

a(k)+1 if no packet is obtained,

12
a(k) +1—Y; when jth generated packet arrives to d. 12

a(k+1) —{

where Y; is the interarrival time between the (j — 1)th and jth arriving packet.

Notice that these (j — 1)th and jth packets may be generated discontinuously, since
between them, some updating packets may be discarded when they arrive and find the
system full. Actually, this is exactly the difference between the finite and infinite status
updating systems. Based on this observation, in [59], we have determined the average Aol
and its stationary distribution for an infinite size status updating system with Bernoulli
packet arrivals and geometric service time.

Denote the stationary Aol for the system with probabilistic packet preemption as
ABer/Geo/1/2+ /- We define the time average Aol as follows, which is equal to the mean of
the Aol because the age process is assumed to be ergodic. We have

_ . 1 T

ABer/Geo/l/z*/q =limre T Zk:l a(k) (13)
=1imhw%zﬁ§i-|{1gkgT;a(k):i}\ 14)
—YT i 1)

where [{1 <k < T :a(k) = i}| is the times that the Aol takes value i, and M7 = max;<j<7
a(k) is the maximal discrete Aol in T time slots. For eachi > 1,

{1 <k<T:a(k)=i}|

7 = limr 0 T

(16)

is the probability that the stationary Aol takes value i. In fact, the probability distribution
{rt;,i > 1} forms the stationary distribution of the Aol Age,/Geo/1/2+ /5

The randomness of both packet arrivals and the service time in the server, along with
the probabilistic packet preemption in the system’s buffer, together make the Aol at the
destination change randomly. After one time slot, the value of Aol may increase by 1 if no
packet is obtained or drop to the age of the obtained packet at that time if one such packet is
successfully received. In order to fully describe these random dynamics of Aol, we propose
to use a three-dimensional state vector to simultaneously record the changes of the Aol,
the age of a packet in the server, and the age of the packet waiting in the buffer, and then
constitute the three-dimensional stochastic process. Next, the steady-state of this multiple-
dimensional age process is analyzed. To obtain the mean and the distribution of Aol, we
define the PGF corresponding to the stationary distribution of the three-dimensional age
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process, from which both the Aol’s mean and its distribution can be obtained. The detailed
analysis of the system’s Aol is given in Section 3.

3. Aol Analysis for Status Updating System with Probabilistic Packet Preemption

Define the three-dimensional state vector (1, m, 1), where we use n to denote the Aol
at destination d, and the other two parameters m and / are the ages of the packets in the
system’s server and the buffer. In the kth time slot, if the server is busy while the buffer is
empty, then n; and my are greater than 0 but [, = 0. When both the server and the buffer
are empty, we have my = [ = 0. In this case, the entire system is empty.

Consider the following three-dimensional age process

Aolpp = {(le, }’l’lk,lk) T > my > lk >0,k e N} (17)

where the subscript “PP” in expression (17) is the abbreviation of probabilistic preemption.
Notice that when the system is empty, the last two parameters n1; and I; are both equal to 0.
When there are two packets in the system, i.e., one is in the server and the other is in the
buffer, we show that the state components satisfy 1y > my > Iy > 1, since in a path from the
source to the receiver, the packet ahead always has a greater age. It is clearly shown later
that this relationship facilitates the derivation of probability generation function Hpp(x),
which is defined in Equation (20).

Define three random variables A, B, and F to represent whether a packet is generated
in a time slot, if the service of the packet is completed, and if the arriving packet replaces
the original one in the buffer. For each possible initial state vector, according to different
realizations of r.v.s (A, B, F), the state transfers of the three-dimensional state vector (1, m,1)
can be described specifically. We list all of them using Table 2. For example, the third row
of the table shows that a packet of age [ is in the buffer and a new packet arrives, since
the r.v. A takes value 1. However, F = 0 means that this new packet will not substitute
the original one; meanwhile, B = 0 implies that the packet service is not over at this time
slot. Summarizing all these events, the beginning state vector (n,m,[) will transfer to
(n+1,m+1,1+1) at the next time slot, and the transition probability is determined as
p(1—)(1—1n). The other cases in the third column of Table 2 are obtained through similar
discussions.

From the state transfers given in Table 2 and the corresponding transition probabilities,
we can establish all the stationary equations that characterize the steady-state of age process
Aolpp. Let 7t(y, 1), n > m > 1 > 0 be the probability that the process stays at the state
vector (n,m,1) when it reaches the steady-state; we show that these stationary probabilities
TC(n,m,1) Satisfy the following equations.

T m) = Tn-1m—11-1)[(1 —p)(1— ) +p(1—7)(1-1)] (n>m>1>2)
TTn,mA) = n(n—l,m—l,o)p( v) + Em 1 T(n-1,m— 1])p(1 -7 (n>m>3)
T(n21) = T(n-11,0)P(1 —7) (n>3)
T um0) = Tn-1,m—1,0) (1= p)(1=7)
50 -1 [ =Py + pr(1=1)] (n>m=2) g
T(n1,0) = T(n-100)P(1 =)
R A n-1.0)PY + Do TIoE k1)) PV (n=>3)
T2,1,0) = 7,00 P(1 —7) + Lilo Tk,1,0)PY
T(,0,0) = T(n-100)(1 = P) + TiZy Ten—1,0(1 = p)¥ (n>2)
TT(1,00) = =Y TT(n,0,0)PY
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Table 2. The state vector transfers of age process Aolpp.

Initial State Vector Considered r.v.s Realizations and Next State Vector
(A=0,B) (0,0):(n+1,m+1,14+1)
(0,1):(m+1,141,0)
(n,m,1), (A=1,B,F) (1,0,0):(n +1,m+1,1+1)

n>m>1>1
(1,0,1):(n+1,m+1,1)

(1,1,0):(m +1,14+1,0)
(1,1,1):(m +1,1,0)

(A, B) (0,0):(n+1,m +1,0)
(n,m,0), (0,1):(m+1,0,0)
n>mz1 (1,0):(n+1,m+1,1)
(1,1):(m +1,1,0)
A=0 (n+1,0,0)
(’,1'2?' (A=1,B) (1,0):(n +1,1,0)

(1,1):(1,0,0)

We explain the stationary equations only for a part of the state vectors and show that
the other equations in (18) can be determined in a similar manner. Firstly, for the fifth
row of (18), the state vector (n,1,0) can be obtained from (1 —1,0,0) assuming that a new
packet arrives and enters the server directly, but the service does not end in a single time
slot. Next, from the current state vector (k,n — 1,0), k > n, if the service of the age (n — 1)
packet is completed and a new packet arrives at the same time slot, it is observed that
the packet of age (1 — 1) will be sent to the receiver, which makes the Aol change to 1 at
next time slot. The new packet enters the server; thus, the middle parameter of the state
vector changes to 1. This gives the expected state (1, 1,0). Since in this case, the buffer is
empty, when a new packet comes, it occupies the buffer directly, and no packet preemption
occurs. At last, we consider the situation where the age process begins with an arbitrary
state (k,n —1,j) where k > n —1 > j > 1. As long as the packet service is completed and
at the same time a new packet arrives preempting the original one in the buffer, again, we
will obtain the state vector (n,1,0) after one time slot. Combining all of the above cases,
the stationary equation corresponding to (1, 1,0) is finally determined. In addition to the
fifth row, we also explain the last equation in (18). Observing that in order to obtain the
state vector (1,0,0), the receiver needs a packet of age 1, the system has then to be emptied.
This state can be transferred to only from (1, 0,0), and the service time of the newly arrived
packet is restricted to be only one time slot.

To derive the expression of the average Aol Ag,, /Geo/1/2¢/ ;» we donot solve Equation (18)
although this approach is feasible for the Aol analysis of tje current system. In our work [60],
we analyzed the Aol of a status updating system with Ber/Geo/1/1, Ber/Geo/1/2, and
Ber/Geo/1/2* queues, and the expression of the Aol’s stationary distribution was de-
termined for each case. There, we completely solved the stationary equations for each
system and obtained the explicit expression for every stationary probability. Notice that
this work can be regarded as a discrete correspondence of the packet management of
continuous Aol in [8,9]. Assuming all the probabilities 71, , ;) have been determined by
solving Equation (18), we have

T0(1,0,0) (n=1)
Pr AB’ /Geo/1/2%/y = N ¢ = ( o (19)
{ e ! } + Z Zm 1+1 7'L' (n,m,l) (}’l > 2)
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since the probability that the Aol takes each 7 is equal to the sum of all the stationary prob-
abilities with the identical first component. Equation (19) gives the stationary distribution

of the Aol, from which we can calculate the average value of Aol as

e 00
ABer/Gea/l/2"/r] = Zn:l n ’Pr{ABer/Gen/l/Z*/iy = n}

However, the number of calculations to solve Equation (18) may be large, and apart
from this, extra computations are required to determine the Aol’s distribution according to
Formula (19). Since the Aol is denoted by the first component, to obtain the distribution
of Aol, we need to sum all the other state components. Notice that when the dimension
of defined state vector is bigger, more calculations are required to determine the Aol’s
distribution. Therefore, we must determine the mean of Aol and its distribution in another
way, i.e., the probability generation function (PGF) method.

For 0 < x <1, define the probability generation function

Hpp(x) = 2:10:1 x" PT{ABer/Geo/l/Z*/V = 71}

and we write Hpp(x) further as

{oe]
Hpp(x) = xPr{ABer/Geo/l/Z*/q = 1} +Y A" Pr{ABer/Geo/l/Z*/iy = ”}
1) n—2 n—1
= x71,00) + Loy ¥{ Tn00) + Lo Lot um) }
- o0 n ) nxn—2ywn—1
=Y X" 100) T Xoa ¥ X0 Lommtp1 Tlnml)
_ [ee] n (o] 00 (o] n
- Zn:l X n(n,0,0) + ZI:O Zm:l+1 Zn:erl X T[(”r"’rl)

= Z;o:l X" 70,0 + E:nozl Z:ozmﬂ X7 1,m,0) + 2711 Z:nozl+1 Z:o:m+1 X 1

(20)

@1
(22)
(23)
(24)

where in (21) we have used the probability expressions (19). Equation (23) is obtained
by exchanging the summation order in (22). In Equation (24), we divide the PGF Hpp(x)
into three parts. It can be seen in the following paragraphs that the entire function (20) is
obtained by determining these parts separately.
According to expression (20), immediately, we have

dep(x)

pr(l) =1, “ax :ZBer/Geo/l/Z*/n

x=1

(25)

That is, the average Aol can be obtained from the PGF’s derivative at point x = 1, and the
probability that the steady state Aol equals 7 is determined by the coefficient before the
term x" for every n > 1.

Now, we determine the PGF Hpp(x). For 0 < x < 1, define the functions

and

hy(x) = Z:o:l X TT(1,0,0)
ha(x) = szl Z:O:nl+l X" T 1,m,0)
h3 (X) = Zl:l Zm:l+l 211:n1+1 an((n,m,[)

hgm (x) = Z:no=1 Zio=m+1 xmn(":m:o)

We first give the following lemma, from which the PGF Hpp(x) can be determined

completely.

138



Entropy 2022, 24, 785

Lemma 1. For the functions h;(x), 1 <i < 3 and hgm (x), we have

_ _ pyMix (A=p)rx , (m
hl(x) - 1*(1*77)3( 17(17p)xh2 (x) (26)

_ p(1—7)x prx (m)
()= Y T a o pa a2 ¢ @
_ p(l=7)x
h3(x) = mhz(x) (28)

and it is determined that

2
Wy = L7 PP =)y = (1= p) (1= 7)(1 — py)yx] Mox -
> = Ay A= - (- ) - )] @)
in which the numbers My and M are given as
(1-p*

M; = 30

YT p -2+ pR(1—9)? G0

M, = prl=17) 31)

(P+r=207)7+p*(1-7)
Proof. Lemma 1 is proved in Appendix A. [

Using Lemma 1, we calculate the PGF Hpp(x) as follows. Equation (24) shows

Hpp(x) = h1(x) + ho(x) + h3(x)
p(1—7)x
T—(= )xhz(x)
_ 1-(1-p)(a—7)x p(l—7)x
=)+ PR (i
Prx K™ ) 32
A pa-pAn -y 2
_1-(=-pa=7px prx (m)
B (e e T PR
where in (32) we have substituted Equation (27).
Using Equation (26) and merging the same terms, eventually, we obtain

_ pyMix[1— (1 —p)(1—7)x]
- (1=p)][l—(1—7)x
L1 =pRA=7) +prlx+ (1= p)*(1 - v)zxz}hm)(x)
I-(1—px][l—(1—7)x 2

= h1(x) + ha(x) +

Hpp(x)

(33)

in which the function hém) (x) is given in Equation (29).

According to Formula (25), the average Aol of the system with probabilistic packet
preemption is calculated in Theorem 1.

Theorem 1. For the discrete time state updating system with a Ber / Geo/1/2* /yj queue, assuming

the packet waiting in the buffer can be preempted by following fresher packets with probability 1,
then the average age of information of this system is determined as
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N _ T =N —pry, = prP—pr-p) A @)
Ber/Geo/1/2% /1y 1

Py Py de |
{(p +r=pr) 1 =30 —-p)A=7)] = 2py(1 - p)}pv + Poly;
+ o) M, (34)
P

in which we define

Poly; = [(p+7—p7)* = pr(1 = p)I2p(1 = 7) + (1= p)1] (35)
and the derivative of hém) (x) at point 1 is calculated as

iy (x) (= - )
= + M, 36
de | \prr—pr T Ey =l el 0
Let p = py - 7y and substitute numbers My, My; the average Aol is also written as
ey cunsyaepy = P20+ P31 =) +205(1 - 7)?
aenE pay[1+pa(1=27) +05(1— 7))

L A=) a1 =) A =29 + 05 =N =7+ { 2-7)—par(1-1)

T4 pa(1=27) +p5(1 =) 11 +pa(1=7)]
_ (1*7)*Pd(1*7)[1+7*(1*7)’7}+P§72(1*'7)77} 37)

Y1 +pa(1 =) (1 +1) + 5 (1= 7)%]
where py = p/y is defined as the discrete traffic load.
Proof. The average Aol is determined by first computing the derivative of Hpp(x) in (33)
and then letting x = 1. Replacing parameter p with p; - 7, expression (37) is obtained
eventually. Although a certain amount of calculation is required, all the computations are
straight-forward.
Here, we only provide the details from obtaining Equation (36). From (29), we have
df )| d [r+pP =) — (1= p) (=) (1= py)yx] Max
de | ode -0 =p) A=l -0=7)A=ppx] | _
_ i(MZ [y + PP =)ylx = (1= p)(1 =) (1 = py)ya? >
de\ 1= [ =p) (A=) + (=)A= pp)lx+ (1= p)(A=7)2(1 = py)a? )y

— P2 (pry = p)ly+ p(—pinl + [y + pP(1 =) — (1~ p)(1 =) (1~ py)v] - Polys 38)
(p+y=pr)?lr +pA =)y

where
Poly, = v + p*(1 =) —2(1 = p)(1 — 1) (1 — py)y

and

Polys = (1—p)(1—7)+ (1= 7)(1—py) —2(1 = p)(1 —7)*(1 - py)
=Q-pA=y)r+pA =2+ @E+r—pr)A—7)0-py)
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Notice that

Y+ A= —(1—p(A—7)(1—pn)y
=7+pA—7)—pA-p) Q-7 -1 -p)A-7)A—py)y
=v+pl-=71—-QQ-p) A=)y +pLl—7)1]
=(p+r-—prlr+prl—")1] (39)

Substituting (39) into (38) results in

" (x| R L pn))
de | (p+r=—rnly+p—oml  p+y—pr  r+pdl-"n
1 pL—7)(1~pn) )
=M + (40)
2<p+7— pr - (prr—pnlFpa -7l
which is exactly Equation (36). [

Notice that in definition (20), for each 1 > 1, the coefficient of x" is the probability that
the Aol equals n. In order to obtain these coefficients, we decompose the PGF Hpp(x) into
power series. This shows that

P7M1x< (A-p)r p(L—1) )
Hpp(x) = —
A Ve (= P e ey E
[ (A=pPPMex® py(1—p)(1— ) Mpx? pyMax?
(r=p)-=Q0Q=pxl  (r=pA-0=7)x  [1-@1—)x?
" < nl=p)ptr—py) _  A=pplr+pld—7)1] ) 1)
A=mi=0=p)A=7)] A== 0=7)1=pn)x]
when the preemption probability # # 1, while for the case 7 = 1, we have
_pyMix( (I-p)y  p(-9)
Her ) =5 <1—(1—p)x T-(1-9)x
(1L=p?*Mox®  py(1—p)(1— 7)Mox? pyMax*
(y=pl-00=px] (=P -0Q=mx] [1-1-9)x?
_ 2
PO = (A =pPA—7)rx 2)

[1-(1=p)(d =)

The details of obtaining Equations (41) and (42) are given in Appendix B. In Section 4,
along with the average value of the Aol, we determine the Aol’s stationary distribution for
two extreme cases: 7 = 0and 77 = 1.

4. Stationary Age of Information under Two Extreme Cases

In this section, we determine the average Aol of the status updating system without
packet preemption by setting 7 = 0, and when the preemption probability 7 is equal to
1, the mean of the Aol for the Ber/Geo/1/2* queue modeled system is also derived. In
addition, using Equations (41) and (42), the stationary distributions of the discrete Aol for
two cases are also obtained.
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Theorem 2. Assuming the packet arrivals form a Bernoulli process and the service time is geomet-
rically distributed, the average Aols of the discrete time status updating system with Ber /Geo/1/2
and Ber/Geo/1/2* queues are calculated as

_ 1 1 20%(1—=79)(1—7/2
ABer/Geo/1/2_7<(1_7)+ Pl =M= 7/2) > (43)

+
Pa 1+ pa(1—=27) +p3(1—7)?

and

i s L Pﬁ(l*’Y)[l+3pd(1*7)+P§(1*’Y)(1*27)})
B = 7((1 AN [14pa(1 = 27) +p5(1 = 2] [1 +pal1 = )P “

For each n > 1, the distribution of the Aol Ap,,/Geo/1/2 15 given by

201 — 2] — p)n2
Pr{ABBY/GED/l/Z = 7!} = ply(,(yl_ pp))le (1 - P)n - (7 p(,))/(l_ p)’;),y My (1 - 7)”71
- 7’?72% - S)Mz (n=1)(1-7)"+ 7;97221\4211(“ ~DA-9)"2 (45)

while when the system has full packet preemption, we show that

Pr{Aper/Geo1/2+ = 1}

- My (7(1 -p)"—pl- 7)”)

TP
=P +pA=NP+DIMa (01 gyt
+ o (a=py =11 -pa-nr?)
_a- P)’Y[P:'f(; —p)7IMy ((1 (= p)(1— mnq) N vaz(A(l oy
+B(rn—1)(1=7)"2+C[(1 = p)(1 = )" 2+ D(n=1)[(1 = p)(1 = 7)]""?) (46)

in which the coefficients A, B, C, and D are determined by

_2-p 21— p)ly +p*(1—9)]
A="5 ((1717)27* P ) 47)
_ _ _ 2(1 —
e -0=PCP) (1, 2Pl P s
_ P =p) A+ A =pPly+p (0 —7)]
P= p(2—p) ®)
and
B=[y+p*(1-7)]-A-C-D (50)

Proof. We first derive two average Aols in Equations (43) and (44) from the general
expression (37). Let 17 be 0; then, no packet preemption will occur in the system’s buffer. The
system’s queue model reduces to Ber/Geo/1/2, and from (37), we can obtain the average
AOIL Apey/Geo/1/2-
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In this case, it is easy to show the last two terms within the brace of (37) can be
calculated to be 1/+. Thus, we have

ZBer/Geo/l/Z = ZBer/Geo/l/Z*/r]‘,?:O
14 p4(1—27) +p5(1 = 7)* +205(1 — 7)?
pay[1+pa(l—27) +p5(1—7)?
(1= +pa(1=7)1=27)+p51 =71 =7+
Y1+ pa(1—27) +p3(1 = 7)?]
1404(2=37) +p5(1=7)(2=37) +p3(1 = 71)(3 =37+ %)
pay[1+pa(1—27) +p3(1 = 7)?]

_ 1<1+pd(1_7) L2012 )

_l’_

(@)

Py T+ p4(1—27) +p3(1—7)?

Y 205(1-1)(1—-1/2)
a 7(0 A'de +1+Pd(1_2'7)+(7§(1_')’)2> 2

where in Equation (51) we use the method of long division.

For the other extreme case of 7 = 1, obviously the general expression (37) gives the
average Aol Ape,/Geo/1/2+- Similarly, we first determine the value of the last two terms
within the brace. We show that the difference of the last two terms equals

1 pa(1-9) 53)
7 [l +pa(l—7)?
thus, the average Aol Ag,,/Geo/1/2+ is calculated as
ZBer/Geo/l/Z* = ZBer/Geo/l/Z*/;y =1
R oAt = -2) 50—y r)  pa(t— ) 54)
e/ Geolt] 1+ pa(1=27) + p3(1— )2 Y1+ pa(1 =)
2(1—v)(2—
Y Y
Moo X pal ) 2) i
¥ pa - 1+p4(1—27)+p5(1 1)
oL =) 41— )P (1 -27) + i1 =) (1= + 72)> &)
[1+pa(1—27) + 031 — 121+ pa(1 — )]
1 1 2(1—9)[14304(1 — ) +p3(1 —)(1 -2
1 (177)+7+pd( 7)[1+3pa(1—7) gd( 72( )] (56)
Pd 1+ p4(1=27) +p5(1 =)

In Equation (54), since in the case of #7 = 0, the difference of the last two terms is 1/,
the average Aol Ap,, /Geo/1/2 is obtained. This equation also gives the exact gap between
two average Aols of the system with and without packet preemption. Notice that the latter
term in (54) is always positive; then, the average Aol must become lower when the packet
preemption strategy is applied. Equation (52) is substituted in (55), and in Equation (56),
the expression of the average Aol A, /Geo/1/2+ is finally determined.

Next, the distribution of the discrete Aol is calculated. Before the expressions (45) and
(46) are derived, we first verify that both (45) and (46) are proper probability distributions
by providing a specific numerical example.

Numerical results of two Aol distributions. Let p = 1/4 and v = 1/2.
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Firstly, from Equations (30) and (31), two numbers M; and M are determined to be

12 4
M,

M=, M=

after some simple calculations, for each n > 1, the expression (45) gives

9 /3\" 21/1\" 3 "' 1 1\"?2
Pr{ABer/Geo/l/ZZn}:ﬁ<Z) *@<§> *@(”*1)(§> +ﬁn(”*1)(§> (57)

To obtain the numerical result of Equation (46), it is necessary to determine the four
coefficients A, B, C, and D according to expressions (47)-(50). We directly find that
39 117 45
Af—f, =5 D7372’ B =4.

After some extra computations, it is shown that

1/3\" 105/1\"
Pr{Aper/Geos1/2 = N} = ) (1) T3z (5)

57 /3\" 2 1\"? 45 3\" 2
+ﬁ(§> +ﬁ(”71)<§> +1088(n71)<§> %8)

It can be checked directly that the sum of both (57) and (58) from # = 1 to oo are equal
to 1. Therefore, expressions (45) and (46) indeed form the proper probability distributions.

In the following, by decomposing (41) and (42) further into several simplest rational
fractions, we derive the explicit expressions of Aol distributions for the system with and
without packet preemption.

First of all, for 7 = 0, it is easy to prove that the last part of (41) is equal to

_-r
1—(1—7)x

thus, we have following equations. This shows that
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Hpp(x),—o
_ lix( (I-py  pA-1) >
y-p \1-(1-p)x 1-(1-7)x
B ( (1=p)**Mpx®  py(1—p)(1— 7)Mpx? prMox? ) —

(y=p-0=px] =-pO-0Q=-7x] [1-1-yx?) 1-0-7)x
__pPA-pMix PPl 7)Mix
(r=pl=00=px] (r=p)-1—-7)]
(1-p)*r*Myx? ~pP(1=p)(1 = ) Max? pr*Mpx?
(r=p-Q0-pxl-Q0Q-7)2] (r=—pL-Q0Q-7x2  [1-1-7)
_ o pPO-pMix pPy(1-9)Mix
(r=p-=0=p}x] (r—p)L-Q1—-7)x
(1= p)*r° Mox? ( 1-p B 1-9 >
(r—p) (r=p=00=-p}x] (r—p)L-1—-7)x
~prP(=p)(1 =) Max? pY* Max?
(r=p-Q-mx  [1—-1T—7)2
2 x _ 3,3 x2 ~
_ (m (17 _f;)Ml L (z)jp)ﬁzﬂz )ano[(l )]
B <p27(1 —Mix (1= p)P(1=7)7r*Myx?
T-p (v—p)?
Py (1= p)(1 = 1)Max* oo
LMy

+

+

) Y (-

2 2
nl( =]t PRy 1)[(1 - )2 59)

Taking the coefficient before x”, we find that

Pr{Aper/Geos1/2 = 1}

_(pPO=pM g, A=p)PPM
_( T-p A=p (v —p)? =p )

(P Mi g A=A - Me

< T-p A= (vy—p)? = )

- PP gy (g o2 BT M - gya - g2
P =-pMy . (=P =p)PMy
~ e 0TV CED

2 2
_ Py (’; : ]};)MZ (1’[ _ 1)(1 _ ,)/)n—l + p’)'ZMZn(n _ 1)(1 _ 7)1472 (60)

This gives the stationary distribution (45) for the system without packet preemption.

On the other hand, when 7 is equal to 1, the system has full packet preemption.
Factoring the PGF in Equation (42), we can also determine the stationary distribution of
the Aol Aper/Geos1/2+ by taking the coefficients of terms x” for each n > 1. We give the
explicit decomposition below, from which the distribution of Aol for the system with packet
preemption is obtained explicitly.
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From Equation (42), we show that

HPP(x)|77:1
:lix< (I-py  p(l-17) ) (1- “sz <72+p1— (p+7)
Y=p \1-(1-p)x 1-(1-7)x p)x]
A=)+ -7)p+1]  p(- (P+7 m))
1= (1=p)(1—7)3] ’7[1*(1*P)1* 12
7P7(1—p)(1—'r)sz2(p+2(1—P)'r (1=p)lp+20-p)]
Y-p pll—(1—=7)x  pl—1-p)(1—7)x
_ (A-plptr—p7) 2 A B
[1f<1fp)<1w>x}2>+"’”Mz <1—(1—7)x+[1*(1*7)x]2
C D
+1*(1*P)(1*7)x+[1—(1—P)(1—7)x]2> ©)
in which we determine
_ _ 2(1 —
A:2p—3p<(1—p)27—2(1 p)[gjg(] 7)}) (62)
_ _ _ 2(1 _
c-_( p;gZ zﬂ)((kp)zyj(l P)[ng(l 7)}> ©3)
_ P=p) A+ =pPlr+pP0-1)]
0 p2=p) ©
and
B=[y+p*(1-7)]-A-C-D (65)

Obtaining the second and the third row of (61) is not hard, while for the last row, we
give some derivation details in Appendix C. Following the same procedures as those used
to obtain (60), according to Equation (61), the probability that a stationary Aol equals each
n is determined by the coefficient of the term x".

HPP(X)L,:l
_ prMi _ -1 _ Y (1 - p)erZMZ
e ((1 p)r(1-p) p(l=7)(1-7) ) e »
" (72 +p(1 ;;)(rﬂ +1) (g = 2= (A= NP+ z;(zl — N+ p)(1 = -2
_pA-7p+r— m 7 A pr(d—p)(1—71)M>
- Dl -pa-m?) —
« (p+2<;* p)y (1— )2 - a-plp +pZ(1 -r)l (1= p)(1 = 7)]"2

— (A= p)(p+y =PV =DIA =)L =7]"2) + prMa (A1 = 7)" 2

+Bn =11 =) 2 +C[(1 = p)(A ="+ D= D[(1 - p)(1~ 7)]”’2)

= %(7(1 —p) —p-7)")

P2 +p(=N(p+7)IMs (A=pr = (- pa-nr)

TP
(1=p)ylp+2(1 = p)yIM . . .
- Y- P 2((17'” 17[(1*17)(1*')/)] ])+V7M2(A(1f’y) 2
+B(n =11 =)'+ €l = p)(A =]+ D= DA = p)A = 7)]"?) (66)

which determines the distribution of Aol Ap,,/Geo/1/2%-
So far, in Equations (52), (56), (60) and (66), we have obtained all the results in
Theorem 2; thus, the proof is completed. [
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Actually, we have obtained the explicit expression of Aol’s distribution for the system
with packet preemption in our early work [60]. Earlier in this paper, we explain that solving
the stationary equations is feasible for the easy situations but cannot be generalized when
the system structure or queue models become complex. In [60], we focused on the discrete
time system with three queues, i.e., the Ber/Geo/1/1, Ber/Geo/1/2, and Ber/Geo/1/2¥,
and named them “discrete packet management strategies”. There, we determined the Aol’s
stationary distribution for each system, and all the cases are dealt with by solving the
stationary equations directly. Although the calculations are long—even tedious—these
methods still have great significance, especially when the general status updating system is
considered where the packet arrival process or the packet service process is arbitrary. It is
with these methods that the analysis of discrete Aol can break through the limitation of the
memoryless property that is imposed on the packet arrival and packet service processes in
the SHS approach.

In [9], based on graphical arguments of the age process, the authors determined the
average continuous Aol for the system with M/M/1/2 and M/M/1/2* queues as

1 1 20?
A = (1+>+—"F— 67
M/M/1/2 P‘( 0 1+p+pz> (67)

and 2 2
1 1 c(1+3p+p
Api/m *=7<1+7+— (68)
M T e T o+ ) (14 p)?
In addition, in previous work [58], we have proved that the mean of the Aol for a
bufferless discrete time status updating system is equal to

- 1 1 Pd )
A =—(1- + =+ 69
Ber/Geo/1/1 P (( 'Y) 0d 1/(1 _ 'Y) +Pd ( )

while the corresponding continuous system with an M/M/1/1 queue has the average Aol

— 1 1 0 >
A =(14-+-F— 7
M/M/1/1 P‘< AR ET (70)
which was also given in [9].

We list Equations (43), (44) and (67)—(70) in Table 3—notice that this table has been
given previously in Table 1 except for the last row, which gives the average continuous
and discrete Aol for an infinite size status updating system. The mean of the discrete
Aol Aper/Geo/1/0 Was obtained recently in our work [59]. It is observed that apart from
some additional product factors, the expressions of discrete Aol means for the system
with Bernoulli packet arrivals and geometric service times are identical to those of the
continuous system’s average Aol, which uses the Poisson-exponential assumptions. So
far, we have obtained enough evidence to propose the following relationship between the
mean of discrete and continuous Aols:

W Bsymie =y ~ZBE,/GFO/1/C\7:0 then replacing p; by p (71)

It is interesting and meaningful to verify the correspondence (71) by calculating the average
Aol for more continuous time and discrete time systems. For example, determining the
mean of Aol assuming the M /M /1/c queue is used in the continuous time system and for
the discrete time systems with general Ber/Geo/1/c queues, where the system’s size c is
larger than 2.
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Table 3. Some formulas of the average continuous and average discrete age of information.

Average Continuous and Average Discrete Aols

A 1 1
Am/min =y (1 +pt *ﬁp)
A _ 1 1
ABer/Geo/1/1 = ;((1 —7)+ od + 1/(1f?y)+pd)

— 2 2

Bumns =11+ + 25)
Y _1 _ 1 205(1=7)(1-7/2) )
ABer/Geu/l/Z*;((1 7)+E+W

~ _1 1, P (143p+p?)
Bum/m/ijz =g (1 o T mEer e

p3(1=7) [143p4(1=7)+p3(1—7) (1-27)]

A -1 _ 1
ABer/Geo/1/2+ = 5 <(1 7) + P + [1+p‘((172'y)+p§(17'y)2][1+pa(]*7)]2 >

— 1 1 2
AM/M“/"O:T‘(1+5+%

_ 1—
ABer/Geo/1/00 = %((1 -7+ p% + Pdl(—pz))

5. Numerical Simulation

We provide the numerical results in this section. For general preemption probability,
in the first two plots of Figure 3, we illustrate the relationships between the average Aol
ABer/Geos1/2+ /y and the packet preemption probability 17, and the traffic load p,, respectively.
The means of three discrete Aols including Ap,,/Geo/1/1, DBer/Geoy1/2, a0d Aper/Geoy1/2¢
are plotted in Figure 3c. For comparison, we also provide the numerical simulations
of corresponding average continuous Aols. At last, for three discrete Aols, we depict
their distribution curves and the cumulative probabilities in Figure 4. Notice that in our
work [58], the distribution of the Aol for the bufferless system was obtained as

. _ PPl =p)"—A-7)"  (pr)?n(1-7)"
Prifser et = 1 = = b2 Gr-me-p 72

For three different traffic loads p;, we first draw the graphs between the average Aol
ABer/Geos1/2+ /y and the preemption probability 7. It is understandable that replacing the
packet in a buffer with a fresher one can decrease the average Aol at the destination, and
the numerical results in Figure 3a show that this trend is consistent as the preemption
probability becomes large; that is, the mean of the Aol is decreasing monotonically when #
increases. We mark the values at two extreme points where 77 = 0 and # = 1, which gives
the average Aol Ap,, /Geo/1/2 and Aper /Geo/1/2+- Notice that the closer to 77 = 0, the more
similar the behavior of the system becomes to that of a system using Ber/Geo/1/2 queues,
and when 75 gradually gets to 1, a status updating system with Ber/Geo/1/2* queue is
finally obtained. The three curves in Figure 3a also show that as the traffic load p; increases
from 0.4 to 0.45, the average Aol of the system with probabilistic packet preemption is
reduced; thus, the timeliness performance is improved.

In Figure 3b, for three settings of preemption probabilities, i.e., 7 = 0, 7 = 0.5 and
11 = 1, the relationships of the average Aol versus traffic intensity p; are illustrated. The
topmost curve gives the average Aol of the system without packet preemption because for
the case of 7 = 0, the average Aol reduces to Ag,,/Geo/1/2- On the other hand, the curve at
the bottom corresponds to the Aol’s mean of the system that has full packet preemption. In
order to make the differences among these graphs more significant, we draw the results in
the range p; > 0.45. Three curves in Figure 3b clearly show that the timeliness of the system
with complete packet preemption is the best, since when 7 is set to 1, the system’s average
Aol is the lowest. Since the results in Figure 3a show that the average Aol is monotonically
decreasing when 7 increases, the graphs of the Aol’s mean for a system with probabilistic
packet preemption is located between the blue and the black lines in Figure 3b, such as the
red line, which denotes the average Aol Ap,,/Geo/1/2 /05 In addition, the gaps between
these curves are not significant for small p;s but become large as p; increases.
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Figure 3. (a) Average Aol versus preemption probability # (different traffic load). (b) Average Aol
versus traffic load p,; (different preemption intensity). (c) Comparisons of average discrete Aol and

average continuous Aol.
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Figure 4. (a) Stationary distributions of discrete Aol for bufferless system and the system with and
without packet preemption. (b) The cumulative probabilities of three discrete Aols.

From p; = 0.15 to 0.9, we depict both the average discrete Aols and the corresponding
continuous average Aols in Figure 3c for a bufferless system and size 2 status updating
system with and without preemption. Continuous Aols are denoted by dashed lines, and
we use solid lines to represent the discrete Aols. First of all, all the curves are decreasing as
04 becomes large, and the gaps between them are gradually apparent. For three continuous
Aols, it is observed that the average Aol Ay;/p1/1,2+ is the lowest in all the range of traffic
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load p. For the other two status updating systems, it is found that the system with an
M/M/1/2 queue has a lower average Aol when p takes small values, while for high p,
the average Aol of the bufferless system is smaller, and thus the timeliness is better. These
results are the same for the graphs of discrete Aols. Notice that when the discrete traffic
intensity p,; is extremely large (near 0.9), the numerical results show that the average Aol
ABer/Geos1/1 can be even smaller than Ap,,/Geo/1/2+-

In Figure 3¢, both continuous and discrete average Aols are monotonically decreasing
in the whole range of p;; however, the monotonicity of the curve between the average Aol
and p,; can only be maintained for small-size status updating systems. It is known that the
average Aol of an infinite size system, i.e., Ay /M/1/ 0, i NOt monotonic when the traffic
load varies from 0 to 1. Thus, for a size c status updating system with Bernoulli packet
arrivals and geometrically distributed service time, there must be a critical size c* such
that when ¢ < ¢*, the mean of the system’s Aol Ag,, /Geo/1,c is monotonically decreasing
as py tends to 1. In contrast, for those cases where the system size ¢ > c*, the curve has
a valley, and an optimal p,; exists at which the average Aol is minimized. Similarly, for
the continuous average Aol Ayy/p1/1/. of the system with general size ¢, a ¢* also exists
so that Apg a1/ is always decreasing when ¢ < ¢* and the graph of Ay;/1/1/. first falls
and then rises for those cs where ¢ > c*. In addition, from the alternation of Ay;,ps/1,1 and
Ap/ay1/2, and also of Aper/Geo171 and Aper/Geoy1/2, We can infer that, as a function of ¢,
the graphs of Ay, /M/1/c and Aper /Geo/1/c are not monotonic.

At last, the distribution curves and cumulative probabilities of three discrete Aols are
depicted in Figure 4, in which we set a relatively large p; to make the difference between
them clear. On the whole, these curves are similar. In Figure 4a, from the distributions of
Aol Apr/Geos1/1 to that of Ap,,/ceo/1/2, the peak of the curve decreases and the point at
which the peak stationary probability is achieved moves slightly to the right. As the Aol
becomes large, the distribution curve of the system with the Ber/Geo/1/1 queue drops
more sharply. The distribution corresponding to Ag,,/G.o/1,2+ has the largest peak value pf
all of three discrete Aols, and the descent speed is the fastest when the value of Aol is large.
In addition, it seems that this maximal probability is taken at the same discrete Aol as that
of the distribution of Ag.,/Geo/1/2.- We also provide the cumulative probabilities of three
discrete Aols in Figure 4b.

6. Conclusions

In this paper, we consider the stationary Aol of a size 2 status updating system where
the packet waiting in the buffer can be preempted by fresher packets with the given
probability 7. We show that this phenomenon may occur in the energy-harvest (EH) nodes
of wireless sensor networks where the charging process is stochastic. We constitute a
three-dimensional age process and derive the general expression of the system’s average
Aol using the PGF method. Let 7 = 0 and 57 = 1; the mean of two discrete Aols Ap,, /Geo/1/2
and Aper/Geo/1/2 are determined, and the exact distribution expressions of both Aols are
also obtained by writing the PGF as the power series.

We propose the idea and methods for the analysis of discrete Aols—that is, consti-
tuting multiple-dimensional age processes and applying the PGF method. A detailed
introduction is given to exhibit the usage of the idea and methods to more discrete time
status updating systems. With this paper, we have shown how the Aol of basic discrete
system is characterized, while in further work, we will focus on the age analysis of systems
with a more general structure, such as systems with multi-sources and systems with multi-
hop packet transmission. As one part of the Aol theory, we believe that the research into
discrete Aol deserves more attention.
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Appendix A. Proof of Theorem 1

In this appendix, we derive all the results in Lemma 1 from the stationary
Equations (18).
Define that

00 o0 00 00 100 00
My =3 o)y M2 =)0, Zn:erl T (n,m0), and M3 = 7 Zm:l+1 Zn:erl TC(n,m,1)r

These three numbers are determined at the first place.
According to the last two rows of (18), we have

My = 100) + Yoms Tn,00)
Z( 17T 1100) pr+Y o z{nn 1001 —p )+ Y (ke 10)(1*77)’7}
=pyMi+(A=p)Mi+Y o Y o T (1—p)Y (A1)
=pyMi+ (1—p)M; + (1 - p)yM; (A2)

where in (A1), we have used the substitutions k = 7 and n — 1 = 1. From Equation (A2),
we obtain the first relation

p(1—7)M; = (1—p)yM (A3)

Next, we deal with the number M3 as follows.

M; = ):;0:1 Zzzlﬂ Z:O m+1 (D)
00 (o]
= Zm:Z Zn:erl (n,m,1) + Zl =2 Zm 1+1 Zn m—+1 n m,l) (A4)

Using the first row of (18), the latter sum in Equation (A4) equals

Y Tt (1= ) (1= pr)
= 270:1 Z:;:H»l Ef:mﬂ TC(n,m,1) (1=7)(1—pn)
=1-7)1-pp)Ms (A5)

and from the second and the third row of (18), the first part of (A4) is calculated as

Yos 2 1) L oms Y1 1)
= 220:3 Tn-11,0P(1 =)
+ Y mes Ziozmﬂ{”(nﬁ,m—l,o)l’(l —7)+ ;:12 11, P(1 = 7);7}
=Y s a1 =)
+ L L1 Tumo) (1= 7) + Yos Z:Q:rnﬂ 7:712 Tn—1m-1,)P(L = 7)1

) 00 m—1
= Zmzl Zn:erl (n,m 0)p 1 - ’Y) + Zm =2 Zn m+1 Li=1 ﬂ(v’t,r?t,f)p(l - 7)” (A6)
=p(1—7)Mz+p(1—7)yM3 (A7)
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where in (A6), weletn —1 = #i, m — 1 = 71, and j = . Equations (A4), (A5) and (A7)
together give
p(1—7)Mz = yMs (A8)
Since the sum of all the stationary probabilities equals 1, thus we have

My +My+Mz=1 (A9)

Combining Equations (A3), (A8) and (A9), we can solve that

(1-p)7?
My = A10
YT (pry —2p7)y + PR )2 (A10)
pr(1—1)
M, = All
2T pry 20y + P02 (A1)
2 2
My — pr(l—17) (A12)

(p+v—2p7)y+p*(1—7)?

We mention that from the fourth, the fifth, and the sixth equation in (18), another
relation can also be obtained for the second number M;, which is given directly as

My = p(1 — )My + pyMa + pynpMs + (1 — p)(1 — y)Ma + (1 — py)yMs (A13)

which is reduced to (A8) when eliminating M; using the relation (A3).

Then, the relationships between functions #;(x), 1 < i < 3 and hgm) (x) are determined
through similar procedures. First of all, we see that

Iy (X) = Z::’:l " 7-((»1,0/0)

= X7T(1,0,0) +2:°zxn{”(n—1oo Py Tk, n—1,0) ( P)W}
=pyMix+) ”H”(noo) (L =p)+ Y ¥ Yo, k1,0 (1= P)Y

= pyMix+ (1= p)xhy(x) + Y0 ™Y A0y (1= )y (A14)
= pyMix+ (1= p)xln (x) + (1= )y (x) (A15)

in which we denote k = fiand n — 1 = 7.
From (A15), we obtain

_ pyMix A=p)rx  (m
h(x) = 17(17P)x+17(17p)xh2 (x) (A16)

Using stationary Equation (18), we determine function /i, (x) in the following.
ha(x) = 220:1 Z:o:mH X T 11,0)

=Y X 0) + Z:T 2 Z:o i1 X
X {ﬂ(vr—l,m—l,o)(l - )+ Y e n—1m-1)(1 P’?)Y}

:X27T(210 +Z:o—3xn{”(n—1oo N+Y s T (k,n—1,0)PY
+ Zk n Z TC(k,n—1,) P’Yﬂ} + Zm 1 Zn 1 +17T(n,m,0)(1 -p)d-7)
+ Zm:Z Z)z:n1+l x Zk:n T(kn—1,m—1) (1 = p1)y

= Xz{”(],o,o)l’(l -+ Y 7T(k,1,0)P“Y} + Y 0 p(1—7)
Y L 100 PY + s ¥ Ly Yy 1, PV
+ (1= p) (1= 7)xha(x) + (1= pp) 7™ (x) (A17)
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Letk=1i,n—1=1,and m —1 = I, we have

00 (o] 00
Zm ZZn =m+1 ”Zk n kn 1,m— 1)( 7;”7)
+1
72112m Z+1 m Zn m+1 (7,1 1_PT7)
= (1= pn)yxh” (x) (A18)
where we define
m [oe) [oe) 00
x) = 21:1 Zm:l+l 211:m+1 X" 1) (A19)
and the last term in Equation (A17) is obtained.
Continuing the calculation of (A17), we obtain that
I (x) = p(1 = 7)xhy (x) + prehy™ (x) + Yo, 1Y Y e
+ (1= p)(1 = 7)xha(x) + (1= py)yxhl™ (x) (A20)
In (A20), we have used the substitutions k = 7i,n —1 =1, and j = I.
Except for the factor py7x, the sum in (A20) is equal to
Y o) + 5 Loy [Ty + 732 | + 34 s [ + ”(n 42+ Tuazy| oo
= Lo ¥ i1 o) + Eos ¥ El i Monm) + La X 1 Tuma) +
=Y 141 % Zf;m TC(n,m,1)
= " (x) (A21)

Substituting the result (A21) into Equation (A20) and merging the same terms gives
ha(0)[1 = (1= p) (1 = 7)) = p(1 =)y (x) + pyochs” (x) + et (x)  (A22)

We compute hém)(x) while determining the other function hé"” (x) in the end. As
before, from the equations in (18), we find that

(x )= Yo MZT 1 X T m))
=Y Yo et X T 1) FY o Yo I+1 Yo w1 X 1) (L= 1) (1= pip)
= ans X (n20) + ZM:S Zn:m+1 x {”(nfl,mfl,D)P(l -7)
+ T Ty = 1+ (1= ) (1 = )™ (x)
= ijs P10 p(1—7) + Z::Z Z;z”:m+l X gy p (L =)
+ Yo Dot ¥ 1y P =)+ (1= 7) (1= py)hl” ()
= p(L =)k (x) + p(1 = 7)™ (x) + (1= ) (1 = p)"™ (x)

= p(1— )" (x) + (1 = )" (x) (A23)
which shows that a )
(my, oy _  PU—7)X o (m)
hy(x) = T——x ’y)xhz (x) (A24)

Combining Equations (A22) and (A24) yields the relation

_ p(1—7)x pyx (m)
B T ey P g T P gy g P e B

153



Entropy 2022, 24, 785

Now, we deal with function /13(x). Similarly to the process of obtaining (A23), we have

h3(x) = Z::z Zr:mﬂ X" TC(nm1) + Z}iz Z::IH Z;Q:m+1 xnn(n—l,m—l,l—l)(l —7)(1—pn)
= Y s M T (021) T Yoy Lt xn{n(n—],m—],o)p(l -7
+ Y Aty P (L= )1 |+ (L= 7)(1 = pry)s ()
= Z:; X" _11,0P(1—7) + Yo, Z:o:m+] X"“”(n,m,o)l’(l -7)
+ s Lonen ¥ Ly ety (L= 1)+ (1= 1) (1 = pip)xha ()
= p(1 = 7)xha(x) + p(1 = ¥)yxh3(x) + (1= ) (1 — pry)vhs(x)
= p(1 = 7)xhp(x) + (1 = )l (x) (A26)

from which we derive

I3 (x) = %hz(x) (A27)

So far, we have obtained the relations (26)-(28) in Equations (A16), (A25) and (A27). To
complete the proof of Lemma 1, the remaining part is the determination of the last function

h§m> (x). It is shown that

h;m) (x) = Z::l Z:o:mﬂ x"’n(n/m’o)

= Lo 10+ Loz Lo "
X {n(nfl,mfl,o)(l -p)=7)+ Z;:o:n T (kn—1m—1) (1 — P’l)’Y}

= XT(2,1,0) t 2;013 X{Tf(nfl,o,o)l’(l -7+ Zzo:n TC(k,n—1,0)PY
X T T 1P} + oy Do ¥ e nmo (1= )1 =)
+ Z;cz):z Z;O:mﬂ " Zf:n T(kn—1,m—1) (1= pn)y

= x{ﬂ(Lo,o)P(l —7)+ 2:0:2 ”(k,l,o)P’Y} + 2;0:2 X7, 0,00P(1 =)
+ Y Ve en1,0)PY + s ¥ Yy Yt 1, PV
+ (1= p)(1 = 1)y () + (1= )y (x) (A28)

Similarly, we use the substitutions k =, n — 1 =7i,and m — 1 = I, and we write

2:::2 ZZO:anI X" ZZO:n n(k:”*Lm*l)(l - pn)r)/
= Yl Yoo Pt Zoﬁo:m+l 7,1y (L= P11) Y
= (1— pyp)yah) (x) (A29)

Thus, the last term in Equation (A28) is obtained, where hél) (x) is defined and determined as

hé’)(x) = 2;0:1 Z:no:Hl ¥ Z:xo:erl TC(,m,1)
= Z::Z x Zj:mﬂ T(nm1) T Ziz Z::Hl o Z:o:erl Tn—1m-11-1) (1= 1) (1= pr)
=Y 1) T Loy ¥ Dt {71'(1171,"171,0)}7(1 =)
+ L e = )} + (1= 2)(1 = py)ehd) (x)
=) aagp(l=7) + ) o an—mﬂ T nm0)P(1=7)
+ Yo ¥ s Dt a1y P (L= 1) + (1= 1) (1 = py)xh) ()
= p(1—7)Max + p(1 = )pMax + (1= 7)(1 = py) i) (x)
= [y +p(1 = V)nIMsx + (1 — ) (1 — py)ahl) (x) (A30)
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In Equation (A30), we have used the relation (A8), which says p(1 — 7v) My = yMj3. From
(A30), we obtain the result

h([)(x) _ [y +p—1)yMsx

= A31)
} 1= (1=7)(1-py)x (
Coming back to the calculation of function hém) (x), Equation (A28) shows
1" (¥)[1 = (1= p)(1 = 7)x] = p(1 = P)Mix+ pyMax + pyyMax + (1= pp)yahs) (x)
= [r+ P =] Max + (1 = py)rch) (x), (A32)

in which we have used Equations (A3) and (A8) to replace numbers M; and M;. Substituting
expression (A31), after some extra operations, we determine that

) gy = [P =)= (1= p)(1=7)(1 = py)yx] Mox
) = Ty A el - -1 - (A33)

This eventually completes the proof of Lemma 1.

Appendix B. Proof of Equations (41) and (42)
In Equation (33), we show that

~ pyMix[1 = (1—-p)(1 —7)x]
Hre () = (= A= (=)
L 7= (=P =)+ prlsr (=P
01— pall— (- 7P 2

Equations (41) and (42) are obtained by decomposing each part of (A34). For the first
part, we assume

(A34)

1-(1—-p)(1—7y)x _ A n B
A= =pal-0=3 1-(1-p}x 1-(1-7)x
(A+B)—[A(1 —7) + B —p)]x

= A35
(- )l - (- 7] (A%
and according to the coefficients of corresponding terms, we obtain
A+B=1 A(l—7)+B1-p)=Q0-p)(1-7) (A36)
which determine A and B as
a=0=P7 g PU=Y) (A37)
Y—P TP
Therefore,
prMix(1 - (1 —p)(A = 7)x] _ pyMax < A-p)y _ p(-7) ) (A38)
=0 =px]l=(T=7)x] y=-p \I-(I-p)x 1-(1-7)x
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For the second part of expression (A34), let

1—(1=p)RA=7) +pylx+ (1 —p)*(1—9)*?
[1-QQ=p)x][1—-01-7)x?
_ A N B N C
T-(1-px 1-(1-7)x [1-00-7)x?
(A+B+C)—[(A+B)(1—7)+ A1 —v) +B(1—p) + C(1 — p)]x + cox?
[1-QQ—=p)x][1-1—-7)x?

in which
o=[A1-7)+B1-p)1-7)

Thus, we have

1=A+B+C
(1=p)A=7+prl=(A+B)(1—7)+A(1—9)+B(1—p)+C(1-p) (A39)
(1-p21—-9)=A1-79)+B(1—-p)

Substituting the third relation and A + B = 1 — C into the second equation, we obtain

1-pRA-=7)+p=1-C)0 -7+ 1 —-p*1—-7)+C(1—p) (A40)

from which we can solve that C = p.
Then, according to the equations

A+B=1—pand AQ1—9)+B1—p)=1-p)*1-7)
the other two numbers are obtained to be

— p)2 — _
A= =Py p_ pA-p)-7) (A41)
TP TP
Thus, the factorization of the second part is obtained.
The last part—that is, the function hém)(x)—is dealt with similarly. Omitting the
straight-forward calculations, we directly find that

m oy - 1A=p)p+r—p7) (1-pp)ly+p1—7)7]
I R s TG P Ll G e ey Y e v N

Notice that (1 — #) is contained in the denominator of fractions in Equation (A42);
thus, # # 1. When 5 = 1, Equation (29) shows that

(m) _ 4P —7) - (1= p)>?(1—7)yx
hy (x)‘”:1 = = (1= )= (A43)

Summarizing the above results, both the Equations (41) and (42) are determined.

Appendix C. Factorization of Last Part of Equation (42)

We write

pyMax® oy +pP(1—7) = (1—p)*(1—7)yx

- (1-7xP - (-p)a-)sE
3 ) A B c D
= prMox (le)ﬁ f—A-m T 1-a-pa-mnx [1*(1*17)(1*7)142)
_ 2((A+B)—A(l—79)x  (C+D)-C(1-p)(1—7)x
= o (L2 ) (A4)
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Merging the terms in the bracket of (A44), according to corresponding coefficients, it
is shown that

A+B+C+D=7+p*(1—7)
2(A+B)(1-p)+2(C+D)+A+C(1—p)=(1-p)y
(A+B)(1—p)*+2A(1—p)+(C+D)+2C(1—p) =0
Al—p)+C=0

(A45)

The last row of (A45) shows that C = —A(1 — p), and using the first relationship, the
second and the third row of Equation (A45) are equivalent to

20=p)ly+p*1-=7) = (C+D)]+2(C+D)+A—-A(1—-p)*=(1-p)*y (Ad6)
(1=p?ly+p*(1—7) = (C+D)|+24(1—p)+(C+D) —24(1—-p)? =0
which gives
p(2—p)(C+D)=—=2p(1—p)A—(1—p)*[y+p*(1—7)] (A47)
and
2p(C+D) = —p—p)A+(1—p)*y—2(1—p)ly+ p*(1 = 7)] (A48)
Combining Equations (A47) and (A48), the coefficient A is solved as
2— 2(1— +p2(1—
A= p3p<(1_p)27_ ( P)[’zr_;f( 7)]) (A49)

and immediately

c=-a@-p=-1220220) p])ggz ~P) ((1 e p)[ijz(l - 7)]) (A50)

Using Equation (A47), we have

p_ ~21-pA-(A-p’+p-7] .

p2—p)
—2p(1=p)A=(1-pP[r+p*(1=1)]

= +A(1-
p2—p) t=r

_PA=pA-(0-p?ly+p*(1-7) (AS1)

p2—p)
and in the end, the last number B is determined by
B=[y+p*(1-7)]-A-C-D (A52)

So far, all the coefficients are obtained and the decomposition is totally determined.
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Abstract: We consider real-time timely tracking of infection status (e.g., COVID-19) of individuals in
a population. In this work, a health care provider wants to detect both infected people and people
who have recovered from the disease as quickly as possible. In order to measure the timeliness of the
tracking process, we use the long-term average difference between the actual infection status of the
people and their real-time estimate by the health care provider based on the most recent test results.
We first find an analytical expression for this average difference for given test rates, infection rates
and recovery rates of people. Next, we propose an alternating minimization-based algorithm to find
the test rates that minimize the average difference. We observe that if the total test rate is limited,
instead of testing all members of the population equally, only a portion of the population may be
tested in unequal rates calculated based on their infection and recovery rates. Next, we characterize
the average difference when the test measurements are erroneous (i.e., noisy). Further, we consider
the case where the infection status of individuals may be dependent, which occurs when an infected
person spreads the disease to another person if they are not detected and isolated by the health
care provider. In addition, we consider an age of incorrect information-based error metric where
the staleness metric increases linearly over time as long as the health care provider does not detect
the changes in the infection status of the people. Through extensive numerical results, we observe
that increasing the total test rate helps track the infection status better. In addition, an increased
population size increases diversity of people with different infection and recovery rates, which may
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1. Introduction

We consider the problem of timely tracking of an infectious disease, e.g., COVID-19,
in a population of 1 people. In this problem, a health care provider wants to detect infected
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etc. Ideally, the health care provider should test all people all the time. However, as the total
test rate is limited, the question is how frequently the health care provider should apply
tests on these people when their infection and recovery rates are known. In a broader sense,
this problem is related to timely tracking of multiple processes in a resource-constrained
setting where each process takes binary values of 0 and 1 with different change rates.
Recent studies have shown that people who have recovered from infectious diseases
such as COVID-19 can be reinfected. Furthermore, the recovery times of individuals may
vary significantly. For these reasons, in this problem, the ith person becomes infected with
rate A; which is independent of the others. Similarly, the ith person recovers from the
disease with rate y;. We note that the index i may represent a specific individual or a group
of individuals that share common features such as age, gender, and profession. Depending
on the demographics, coefficients A; and y; may be statistically known by the health care
provider. We denote the infection status of the ith person as x;(t) (shown with the black
curves on the left in Figure 1) which takes the value 1 when the person is infected and
the value 0 when the person is healthy. The health care provider applies tests to people
marked as healthy with rate s; and to people marked as infected with rate c;. Based on the
test results, the health care provider forms an estimate for the infection status of the ith
person denoted by %;(t) (shown with the blue curves on the right in Figure 1) which takes
the value 1 when the most recent test result is positive and the value 0 when it is negative.
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Figure 1. System model. There are n people whose infection status are given by x;(t). The health care

100

provider applies tests on these people. Based on the test results, estimations for the infection status
%;(t) are generated. Infected people are shown in red and healthy people are shown in green.

We measure the timeliness of the tracking process by the difference between the actual
infection status of people and the real-time estimate of the health care provider which
is based on the most recent test results. The difference can occur in two different cases:
(i) when the person is sick (x;(t) = 1) and the health care provider maps this person as
healthy (£;(t) = 0), and (ii) when the person recovers from the disease (x;(t) = 0) but the
health care provider still considers this person as infected (£;(t) = 1). The former case
represents the error due to late detection of infected people, while the latter case represents
the error due to late detection of healed people. Depending on the health care provider’s
preferences, detecting infected people may be more important than detecting recovered
people (controlling infection), or the other way around (returning people to workforce).

The age of information was proposed to measure timeliness of information in commu-
nication systems, and has been studied in the context of queueing systems [1-8], multi-hop
and multi-cast networks [9-17], social networks [18], timely remote estimation of random
processes [19-25], energy harvesting systems [26-40], wireless fading channels [41,42],
scheduling in networks [43-55], lossless and lossy source and channel coding [56-66],
vehicular, IoT and UAV systems [67-70], caching systems [71-82], computation-intensive
systems [83-90], learning systems [91-93], gossip networks [94-97] and so forth. A more
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detailed review of the age of information literature can be found in references [98-100].
Most relevant to our work, the real-time timely estimation of single and multiple counting
processes [19,25], a Wiener process [20], a random walk process [101], and binary and
multiple states Markov sources [23,51,102] have been studied. The study that is closest
to our work is reference [23], where the remote estimation of a symmetric binary Markov
source is studied in a time-slotted system by finding the optimal sampling policies via
formulating a Markov Decision Process (MDP) for real-time error, Aol and Aoll metrics.
Different from [23], in our work, we consider real-time timely estimation of multiple non-
symmetric binary sources for a continuous time system. In our work, the sampler (health
care provider) does not know the states of the sources (infection status of people), and
thus, takes the samples (applies medical tests) randomly (exponential random variables)
with fixed rates. Thus, we optimize the test rates of people to minimize the real-time
estimation error.

In this paper, we consider the real-time timely tracking of infection status of 1 people.
We first find an analytical expression for the long-term average difference between the
actual infection status of people and the estimate of the health care provider based on
test results. Then, we propose an alternating minimization-based algorithm to identify
the test rates s; and c; for all people. We observe that if the total test rate is limited, we
may not apply tests on all people equally. Next, we provide an alternative method to
characterize the average difference, by finding the steady state of a Markov chain defined
by (x;(t), %i(t)). By using this alternative method, we determine the average estimation
error when there are errors in the test measurements expressed by a false positive rate p
and a false negative rate q. Next, we consider the infection status of two people where
an infected person may spread the disease to another person if the infection has not been
detected by the health care provider to consequently isolate the infected person. Finally,
we consider an age of incorrect information-based error metric where the estimation error
increases linearly over time when the health care provider has not detected the changes in
the infection status of the people.

Through extensive numerical results, we observe that increasing the total test rate
helps track the infection status of people better, and increasing the size of the population
increases diversity which may be exploited to improve the performance. Depending on
the health care provider’s priorities, we can allocate additional tests to people marked
as healthy to detect the infections faster or to people marked as infected to detect the
recoveries more quickly. In order to combat the test errors, the health care provider may
prefer to apply tests to only a selected portion of the population with higher test rates.
When the infection status of a person depends on that of another person, the average time
that a person remains infected can be reduced by increasing the total test rate as it helps to
detect the infected people more quickly. Finally, we observe that depending on the error
metric used, the test rate distribution among the population differs greatly, and thus, we
should choose an error metric that aligns with the priorities of the health care provider.

2. System Model

We consider a population of 1 people. We denote the infection status of the ith person
at time t as x;(t) (black curve in Figure 2a) which takes binary values 0 or 1 as follows,

xi(t) = (1

1, if the ith person is infected at time ¢,
0, otherwise.

In this paper, we consider a model where each person can be infected multiple times
after recovering from the disease. We denote the time interval that the ith person stays
healthy for the jth time as W;(j) which is exponentially distributed with rate A;. We denote
the recovery time for the ith person after being infected with the virus for the jth time as
R;(j) which is exponentially distributed with rate y;.
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A health care provider wants to track the infection status of each person. Based on the
test results at times t; ¢, the health care provider generates an estimate for the status of the
ith person denoted as £;(t) (blue curve in Figure 2a) by

Ri(t) = xi(tie), tip <t <tiei1. (2)

When £;(t) is 1, the health care provider applies the next test to the ith person after an
exponentially distributed time with rate c;. When £;(t) is 0, the next test is applied to the
ith person after an exponentially distributed time with rate s;.

il i2 tiatia tis tig

(@)

Figure 2. (a) A sample evolution of x;(t) and #;(t), and (b) the corresponding A;(t) in (5). Green
areas correspond to the error caused by A;1 (t) in (3). Orange areas correspond to the error caused by
Ap(t) in (4).

An estimation error happens when the actual infection status of the ith person, x;(t),
is different than the estimate of the health care provider, £;(t), at time t. This could happen
in two ways: when x;(t) = 1 and %;(t) = 0, i.e., when the ith person is sick, but remains
undetected by the health care provider, and when x;(t) = 0 and £;(t) = 1, i.e.,, when
the ith person has recovered, but the health care provider is unaware that the ith person
has recovered.

We denote the error caused by the former case, i.e., when x;(t) = 1 and £;(t) = 0, by
Aj (t) (green areas in Figure 2b),

Aj (£) = max{x;(t) — %;(t),0}, ®3)

and we denote the error caused by the latter case, i.e.,, when x;(t) = 0 and %;(t) = 1, by
Ap(t) (orange areas in Figure 2b),

Ap(t) = max{%;(t) — x;(t),0}. (4)
Then, the total estimation error for the ith person Ai(t) is
Ai(t) = 0An(t) + (1 —0)An(t), (©)

where 6 is the importance factor in [0, 1]. A large 6 gives more importance to the detection of
infected people, and a small 6 gives more importance to the detection of recovered people.
We define the long-term weighted average difference between x;(t) and £;(t) as

1 T
A= lim — / Ai(D)dt. ©)
T Jo

T—o0

Then, the overall average difference of all people A is

A= A (7)

=
-MS

Il
-

1

Our aim is to track the infection status of all people. Due to limited resources, there
is a total test rate constraint /' ; s; + Y./ ; ¢; < C. Thus, our aim is to find the optimal
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test rates s; and ¢; to minimize A in (7) while satisfying this total test rate constraint. We
formulate the following problem,

min A
{sici}
n n
st. Yosi+Y a<cC
i=1 i=1
si>0, ¢;>0, i=1,...,n (8)

We provide a summary of the list of the variables used in this work in Table 1. In the next
section, we find the total average difference A.

Table 1. List of variables used in this work.

Variables

Definition of the Variables

Sections 2-4

n number of people in the population
x;(t) infection status of the ith person at time ¢
%i(t) estimation of x;(t) at the health care provider
i, Wi infection and recovery rates for the ith person
Ci, Si test rates applied to the ith person when £;(t) = 1, and £;(¢) = 0
Ai(t) total estimation error for the ith person at time f
0 importance factor in [0, 1]
A the long-time weighted average for the ith person
C total test rate constraint
Section 5
A¢ the long-time average difference for the ith person with
! erroneous test measurements
false-negative testing probability with 0 < g < %
P false-positive testing probability with 0 < p < %
v; test rate applied to the ith person with erroneous test measurements
Section 6
Au individual infection and recovery rate of a person
A the rate of spreading the virus from an undetected infected person
to a healthy person
s test rates applied to people when £;(t) =1, and £;(t) = 0
Ad the long-time average difference for the ith person with
‘ dependent infection rates
Section 7
w; test rate applied to the ith person for Aoll-based error metric
AS the long-time average difference for the ith person with

Aoll-based error metric

3. Average Difference Analysis

In this section, we provide a probabilistic analysis to characterize the average difference
A. In Section 5.1, we give an alternative method to find A by analyzing the steady-state
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distribution of the Markov chain induced by the states (x;(t), £;(t)). Here, we first find
analytical expressions for A;; (t) in (3) and Ajp(¢) in (4) when's; > 0 and ¢; > 0. We note that
Aj1(t) can be equal to 1 when #£;(t) = 0 and is always equal to 0 when £;(t) = 1. Assume
that at time 0, both x;(0) and £;(0) are 0. After an exponentially distributed time with rate
Ai, which is denoted by W;, the ith person is infected, and thus x;(t) becomes 1. At that
time, since £;(t) = 0, Aj1 () becomes 1. Further, Aj (t) will be equal to 0 again either when
the ith person recovers from the disease which happens after R; which is exponentially
distributed with rate y; or when the health care provider performs a test on the ith person
after D;, which is exponentially distributed with rate s;. We define T}, (i) as the earliest
time at which one of these two cases happens, i.e., T, (i) = min{R;, D;} (which is shown
by the green areas in Figure 3a). We note that Tm( ) is also exponentially dlstr1buted with
rate y; + s;, and we have P(T,, (i) = R;) = i +S and P(Ty (i) = D;) = i +s If the ith
person recovers from the disease before testing, we return to the initial case where both
x;(t) and %;(t) are equal to 0 again. In this case, the cycle repeats itself, i.e., the ith person
becomes sick again after W; and Aj; () remains as 1 until either the person recovers or the
health care provider performs a test which takes another T, (i) duration. If the health care
provider performs a test before the person recovers, then £;(t) becomes 1. We denote the
time interval for which £;(t) stays at 0 as I;; which is given by

Ky
Ih = E Tm(i/ f) + W,‘(f), (C)]
=1
where Kj is geometric with rate P(T, (i) = D;) = ;4% Due to [103] (Prob 9.4.1),
Zfl 1 T (i, £) and Z W;(£) are exponentially distributed with rates s;
tively. AsE[I4] = E[Z[ll T (i, 0)] + IE[Z W; ()], we have
_ 1 s +;4,
Elf] = -+ 2 (10)

When £;(t) = 1, the health care provider marks the ith person as infected. The ith
person recovers from the virus after R;. After the ith person recovers, either the health care
provider performs a test after Z; which is exponentially distributed with rate c; or the ith
person is reinfected with the virus which takes W; time. We define T, (7) as the earliest time
at which one of these two cases happens, i.e., T, (i) = min{W;, Z;} (which is shown by the
orange areas in Figure 3b). Similarly, we note that T, (i) is exponentlally distributed w1th
rate A; + ¢;, and we have P(T,, (i) = W;) = \H and P(T, (i) = Z;) = /\Jr
reinfected with the virus before a test is apphed this cycle repeats itself, i.e., the ith person
recovers after another R;, and then either a test is applied to the ith person, or the person is
infected again which takes another T} (7). If the health care provider performs a test to the
ith person before the person is reinfected, the health care provider marks the ith person as
healthy again, i.e., £;(¢) becomes 0. We denote the time interval that £;(t) is equal to 1 as Ij
which is given by

Ky
Ip = 2 Tu(i/ [) + Ri(f), (11)

=1
where K, is geometric with rate P(T, (i) = Z;) = ﬁ Similarly, Zfi 1 Tu(i, £) and
Zle i(¢) are exponentially distributed with rates ¢; and ;j’fgi, respectively. As E[Ij] =

E[C}2, Tu(i, )] + E[L}2, Ri(£)], we have

1 ¢+ A;
E[lp] = = + lciyl (12)
1 1*
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We denote the time interval between the jth and (j + 1)th times that £;(t) changes
from 1 to 0 as the jth cycle I;(j) where I;(j) = Ii1(j) + Iin(j). We note that A;; () is always
equal to 0 during I;»(j), i.e., £;(t) = 1, and Aj; (¢) is equal to 1 when x;(t) = 1in I (j). We
denote the total time duration when A;; (f) is equal to 1 as T,1 (i, j) during the jth cycle
where T, 1(i,j) = Z?l 1 Tn(i,£). Thus, we have E[T,1(i)] = L. Then, using ergodicity,

— 5"

similar to [80], A;; is equal to

I E[Te,l(i)} _ E[Te,l(i)}
8= TEL] T Bl +Ell] ()
Thus, we have
By = M ‘i (14)

N ni+ Ai Hici + Aisi + ¢is; ’

Next, we find A;. We note that Aj;(t) is equal to 1 when x;(t) = 0 in I;»(j) and is
always equal to 0 during I (j). Similarly, we denote the total time duration where Aj (t) is
equal to 1 in the jth cycle I;(j) as T, (i, j) which is equal to T,» (i, j) = Zfi] T, (i,¢). Thus,
we have E[T,»(i)] = El, Then, similar to A; in (13), Aj; is equal to

it Si

Np = . 15
2 Hi+ Ai nici + Aisi + ¢isi (15)

By using (5), (14), and (15), we obtain A; as

MM i+ (1—0)s;
b A e + Agsi - cisi

(16)

Then, by inserting (16) in (7), we obtain A. In the next section, we solve the optimization

problem in (8).

Aa(t) Aalt)

NN\ L 2 ZZ
_

N . Z Z .
W) W@ T2 R() LGL R T2 WL 0D W) Tui?) R LG R 062
In (1) (1) In(1) In(1)
Ii(1) Ii(1)
(@ (b)

Figure 3. A sample evolution of (a) Aj; (t), and (b) Ap(t) in a typical cycle.

4. Optimization of Average Difference
In this section, we solve the optimization problem in (8). Using A; in (16) in (7), we
rewrite (8) as

n
e ) _ 0.
min wiri  Oci + (1 9)51
{sici} {04 Wi A pici + Aisi + cisi

n n
st Y sitY ¢ <C
i =

;>0 ¢>0 i=1,...,n (17)
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We define the Lagrangian function [104] for (17) as

_Z piri Oci+ (1= 0)s; +B Zs +c¢—C —ivts-—ino (18)
+/\ y,c,—&-)\s,—&-csl ! = " = o

i1 Pi i=1

where > 0, v; > 0, and 77; > 0. The KKT conditions are

£ _ yi/\ici (1 — 9)]11 — (Cz +)\ )

= +B—-v;=0, 19
Osi  pit+Ai (pici + Aisi + sici)? P )
oL _ pikisi OA; — (1—6)(pi + i)
— = +B—1i=0, 20
aci  pit+ A (pici+ Aisi +sici)? P 0
for all i. The complementary slackness conditions are

n
B Zsi +¢—C| =0, vs;=0, nic;=0. (21)

i=1

First, we find s;. From (19), we have

e a2 Hidici (i +Ai) — (1= 0)p
(pici + Aisi + sici)” = Y B, . (22)

When 6(c; + A;) > (1 —6)p;, we solve (22) for s; as

N
_ HiGi 1A 0(ci+A)— (1=
T Xt <\/Vici pi+ A B K (@3)

where we used the fact that we either haves; > 0 and v; = 0, ors; = 0 and v; > 0, due

to (21). Here, (-)* = max(-,0). On the other hand, when 6(c; + A;) < (1 — 0)u;, we have

aA‘ > 0, and thus it is optimal to choose s; = 0 as our aim is to minimize A in (7). In this

case, when's; = 0, we have A; = 0, ey which is independent of the value of ¢;. As we obtain

Hit
the same A; for all values of ¢;, and the total update rate is limited, i.e., Y} 1 s; +¢; < C,in
this case, it is optimal to choose c¢; = 0 as well (i.e., when s; = 0).

Next, we find ¢;. From (20), we have

yi/\isi (1 — 9)(]4, + Si) — 9)\1'

‘C‘+)\'S‘+S'C' 2: 24
(Hl 1 171 1 l) ’/{l + )\Z ﬁ _ 171 ( )
When (1 —0)(p; +s;) > 0A;, we solve (24) for ¢; as
A 1 T—0)(si+ ) — 00\
iSi i —0)(si +pi) —0A;
¢ = -1, 25
' lli+5i< Aisi i + A B ) &)

where we used the fact that we either have ¢; > 0 and #; = 0, or ¢; = 0 and ; > 0, due
to (21). Similarly, when (1 — 6)(s; + u;) < 6A;, we have % > 0. Thus, in this case, it is

optimal to choose ¢; = 0. When ¢; = 0, we have A; = (:4 f )“ ! which is independent of the

value of s;. Thus, it is optimal to choose s; = 0 when ¢; = 0.

From (23), if — 140 ;H—/\ (0(ci + A)) — (1 —0)u;) < B, we must have s; = 0. Thus,
for a given ¢, the optimal test rate allocation policy for s; is a threshold policy where
s, ’s with small —— 14 o i‘r)\ (0(ci + A;) — (1 — 0)u;) are equal to zero. Similarly, from (25), if
= S +A ((1—0)(si + i) — 0A;) < B, we must have ¢; = 0. Thus, for a given s;, the optimal

policy to determine c; is a threshold policy where ¢;’s with small /\15 W i o ((1T=0)(si + i) —

0A;) are equal to zero.
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Next, we show that in the optimal policy, if s; > 0 and ¢; > 0 for some i, then the total
test rate constraint must be satisfied with equality, i.e., Y./ ; s; +¢; = C.

Lemma 1. In the optimal policy, if s; > 0 and c; > 0 for some i, then we have Y} ; s; +¢; = C.

Proof of Lemma 1. The derivatives of A; with respect to s; and c; are

aA,‘ _ }li)Ll'Ci (1 — 9)}[1' — G(Ci —+ )Ll') (26)
i HitAi (eipi+sici+ i)
oA,  pidisi OA; — (1—0)(s;i + i)

TC,‘ N Wi+ A (cipi + sici + /\,’Sl')2

27)

We note that s; > 0 in (23) implies that 6(c; + A;) > (1 — 0)p;. In this case, we have
’ < 0. Similarly, ¢; > 0 in (25) implies that (1 — 6)(s; + p;) > 6A;. Thus, we have 2 E A < 0.

Therefore in the optimal policy, if we have s; > 0 and ¢; > 0 for some 7, then we must have

Y.y si+ ¢ = C. Otherwise, we can further decrease A in (7) by increasing ¢; ors;. [l

Next, we propose an alternating minimization-based algorithm for finding s; and ;.
For this purpose, for given initial (s;, ¢;) pairs, we define ¢; as

A .
pim A O+ A) — (1= O)), i=1,..m, o8
1 . .
T i (L= 0)(si+ i) = 6M;), i=n+1,...,2n.
Then, we define u; as
N
e (JE-1)7, i=1.m,
u; = ;‘Svl ; n ' (29)
e (JE-1) = om

From (23) and (25), s; = u; and ¢; = u, 4, fori =1,...,n.

Next, we find s; and c¢; by determining f in (29). First, assume that, in the optimal
policy, there is an i such that s; > 0 and ¢; > 0. Thus, by Lemma 1, we must have
Y qsi+ ¢ = C. We initially take random (s;, ;) pairs such that } 1" ; s; +¢; = C. Then,
given the initial (s;, ¢;) pairs, we immediately choose u; = 0 for ¢; < 0. For the remaining
u; with ¢; > 0, we apply a solution method similar to that in [80]. By assuming ¢; > B, i.e.,
by disregarding (-)* in (29), we solve Y2, u; = C for f. Then, we compare the smallest ¢;
which is larger than zero in (28) with B. If we have ¢; > B, then it implies that 1; > 0 for all
remaining i. Thus, we have obtained u; values for given initial (s;, ¢;) pairs. If the smallest
¢; which is larger than zero is smaller than , then the corresponding u; is negative and we
should choose u; = 0 for the smallest non-negative ¢;. Then, we repeat this procedure until
the smallest non-negative ¢; is larger than . After determining all 1;, we obtain s; = u; and
¢; = Uy fori=1,...,n. Then, with the updated values of (s;, ¢;) pairs, we keep finding
u;’s until the KKT conditions in (19) and (20) are satisfied.

We note that for indices (persons) i for which (s;, ¢;) are zero, the health care provider
does not perform any tests, and maps these people as either always infected, ie, %i(t) =1
for all t, or always healthy, i.e., £;(t) = 0. If £;(t) = 0 forall t, A; = 7 +A ,and if £;(f) =1

forallt, A; = m Thus, for such i, the health care provider should choose £;(t) = 0 for

all ¢, if i + /\
any tests.

Finally, we note that the problem in (17) is not a convex optimization problem as the
objective function is not jointly convex in s; and c;. Therefore, the solutions obtained via
the proposed method may not be globally optimal. For this reason, we select different
initial starting points and apply the proposed alternating minimization-based algorithm
and choose the solution that achieves the smallest A in (7).

< (:l,_ f/)\’j L, and should choose %;(t) = 1 for all t, otherwise, without performing
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In the next section, we first provide an alternative method to find the average difference
A in (6) and then characterize the average difference for the erroneous test measurements.

5. Average Difference for the Case with Erroneous Test Measurements

We note that the infection status of the ith person and its estimate at the health
care provider form a continuous time Markov chain (Section 7.5 of [105]) with the states
(x;(£), %:(¢)) € {(0,0),(0,1),(1,0),(1,1)}. In this section, by finding the steady-state dis-
tribution for (x;(t), £;(t)), we provide an alternative method to find A in (6). Then, we
consider the case with erroneous test measurements. For this case, we characterize the
long-term average difference for the ith person denoted by Af.

5.1. An Alternative Method to Characterize Average Difference

When there is no error in the tests, the state transition graph is shown in Figure 4a.
Assuming thats; > 0, ¢; > 0, every state is accessible from any other state, and thus,
the Markov chain induced by the system is irreducible. Note that in Section 4, we see
that the testing rates for some people can be equal to 0, i.e., s; = 0 and ¢; = 0. For these
people, we choose £;(t) to be either always 0 or 1, i.e., consider them as always healthy
or sick all the time. Depending on the choice of £;(t), when s; = 0 and ¢; = 0, either the
states (0,0) and (1,0), or the states (0,1) and (1,1) will be transient, and thus, have 0
probability in the steady state. By using small time-step approximation to a discrete time
Markov chain, one can show that the self transition probabilities are non-zero, and thus,
the Markov chain induced by the system is also aperiodic (Section 7.5 of [105]). Therefore,
the Markov chain shown in Figure 4a admits a unique stationary distribution given by
7t = {7100, 7T01, 7010, 7011 - We find the stationary distribution by writing the local-balance
equations which are given as

TooAi =Ttiopi + TT01Ci, (30)
710 (pi + 8i) =700, (31)
o1 (ci +A;) =7, (32)
T =T00S; + 014 (33)

By using (30)—(33) and Z%Zl 2%:1 7ty = 1, we find the steady-state distribution 7r as

il Si
Tyl = , 34
O3+ A ici + Aisi + ¢ ©4)
Hili Ci
Mo = , 35
WO N ici + Agsi + cisi 5
+5i citA;

and 7pp = 7”')‘1 110, and 7y = i 7T01 We note that A in (14) is also equal to 7119 in (35),
i.e, we have A;; = myg. Similarly, Aj in (15) is equal to 77p; in (34). Thus, by observing
that the states (x;(t), £;(t)) form a continuous time Markov chain, we can find the average
difference A in (6) by finding the steady-state distribution for 7r. This method will be
particularly useful in the following section where we consider the case with erroneous test

measurements.
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Figure 4. Transition graphs of the states (x;(t),%;(t)) (a) when there is no error in the tests, and
(b) when there are errors in the tests.

5.2. Average Difference with Erroneous Test Measurements

In this section, we consider the case where the test measurements can be erroneous.
When a test in applied to an infected person, i.e., when x;(t) = 1, the test result will be
0 with probability 4 and 1 with probability 1 — g, where 0 < g < % In other words, the
false-negative probability is equal to q. Similarly, when a test is applied to a healthy person,
i.e.,, when x;(t) = 0, the test result will be 1 with probability p and 0 with probability
1—p, where0 <p < % Thus, the false-positive probability is equal to p. The probability
distribution for the test measurements is provided in Table 2.

Table 2. The probability distribution for successful and false test measurements.

xi(8) \ (1) 0 1

0 1-p p
1 q 1-9¢

In this section, we consider the case where the health care provider applies only one
test rate v; to the ith person, whether the person is currently marked as healthy or infected.
That is, we do not consider separate testing rates of s; and c; for healthy and infected people
as we did before, instead, here both s; and c; are equal o v;. Since the health care provider
applies the same test rate for the ith person, here we do not consider the importance factor
0 either. Then, we define the long-term average difference for the ith person with the error
on the test measurements as follows, where the superscript e stands for “erroneous”.

AY = A5 + A, (36)

and the definitions of A7 and A{, follow similarly from (13). We note that with the test
rates v; and errors on the test measurements, the states (x;(), %;(t)) form a continuous
time Markov chain, and the corresponding state transition graph is shown in Figure 4b.
Assuming that v; > 0, one can show that there is a unique steady-state distribution
¢ = {7, 75y, 150, 7151 } which can be found by solving the local balance equations which
are given as follows
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oo (vip + Ai) =mgyvi(1 = p) + miomi, (37)
7o (vi(1 — q) + i) =mgA; + 74y 0iq, (38)
41 (vi(1 = p) + Ai) =mgovip + iy i, (39)
741 (vig + i) =m39vi(1 — q) + 7 A (40)

Then, by using (37)—(40) and Zle Z%Zl g, = 1, we find the steady-state distribution 7¢ as

o Mg+ (L= p)pi(0; + i) (1)
00 = ) A+ pi 4 0y)

e piri(1L—q) + ppi (v + pi)
“*(A+wMA+m+w>' @
. Ai(1=p) +qri(vi + M)

717 , 43
0 =00 T ) Oh + 4 ) “3)

- :P’i/\ip + (1 =q)Ai(vi+Ay)
U A+ ) A+ pi+ o)

(44)

We note that Af}, and Af, are equal to 7{, in (43), and 77, in (42), respectively. Thus, if
v; > 0, then A{ in (36) becomes

pHi 97 + (2= p— @)pidi+ vilppi +hi)

A =
! (Ai + i) (Ai + i +01)

(45)

We immediately note that if false-positive test probability p and false-negative test

probability g are equal to 0, Af becomes %

in (14) and (15) respectively, when v; = s; = ¢;. Then, aaA > Oisequivalenttov; +u; — A; >

which is equal to Aj; + Aj provided

0and %% q > 0 is equivalent to v; +- A; — p; > 0 which means that depending on the values
of v;, pj, and A;, the long-term average difference A{ can be an increasing function of only p
or only g, or both p and g, but A{ cannot be a decreasing function of both p and 4. This is
expected as false- negative and false- positive tests negatively affect the estimation process.

One can also show that <0 and ’ > 0 which means that Af decreases with v; and is

a convex function of the test rate v;.

Next, we consider the case when v; = 0. Note that when v; = 0, the health care
provider either maps these people as always sick or always healthy depending on their
infection and recovery rates. Thus, when v; = 0 and depending on the estimate £;(t),
two of the states in Figure 4b will never be visited and thus, these states will have 0
steady-state probabilities. For this case, the steady states are given by 717 ; and 7 ; . The
local balance equation is A;7T) ¢ = pi7t] 5. By usmg Moz + Mg =1, we find the steady-

state distribution as 715 . = }+ xoand 1y o = Thus, if y; < A;, ie., if people are

Wi Wi +)t
infected more frequently, then the health care provider chooses its estimate as %;(t) = 1

and, Af = i > A, i.e., if people stay healthy more often, then we have £;(t) = 0,
andAe*yiA i = 0, we have
. As
A= min{ . } (46)
' pi A it A

In order to find the optimal test rates v; in the case of errors on the test measurements,
we formulate the following optimization problem
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B+ A7 + (2 — p — q)pidi + oi(ppi + M)
()\1 + ]/li)()\,' + ui + ZJ,')

. Hi Ai
+1{o; =0 ,
foi =0} mm{ Hi+ AT pi A }

min ) 1{v; > 0}p
{oi} i=1

n
s.t. EZ},‘ <C
i=1
v; >0, i=1,...,n (47)

where the objective function is given by the summation of A{ in (45) when v; > 0 and
A{ in (46) when v; = 0 over all people and 1{.} is the indicator function taking value 1
when {-} is true and 0, otherwise. In (47), we have a constraint on the total test rate, i.e.,
Y4 vi < C. We note that the optimization problem in (47) is in general not convex due
to the indicator function in the objective function. However, for a given set of 1{v; =
0}, the optimization problem in (47) is convex and can be solved optimally. Thus, by
solving the problem in (47) for all possible set of 1{v; = 0}, we can determine the global
optimal solution which requires to solve 2" different optimization problems which can be
impractical for large 1. Because of this reason, next, we provide a greedy algorithm to solve
the optimization problem in (47).

In the greedy solution, initially, assuming that 1{v; > 0} = 1 for all i, we consider the
following the optimization problem

in i pp? + qA? + (2 — p — )ik + vi(ppi + qA;)

&y = (Ai 4 pi) (Ai + i+ 0i)
n
s.t. ZZ],‘ <C
i=1
v; >0, i=1,...,n, (48)

where the objective function in (48) is equal to A{ in (45). For this optimization problem, we
define the Lagrangian function for (48) as

Loyt + A+ 2= p— ik Foilppi +qh) | (& u
g:;m 97 + (2= p — qpidi + vilpi +4 )+ﬁ<gviC>;viv,~, )

(A + i) (A + pi + ;)

where B > 0, 7; > 0. We note that the problem defined in (48) is a convex optimization
problem, and thus we can find the optimal test rates v; by analyzing the KKT and the
complementary slackness conditions. The KKT conditions are given by

oL _ 2(1—p—q)uiki Y S (50)

9 (i +Ad) (i + A+ 07)2
for all i. The complementary slackness conditions are

B(iv,C) =0, ©vv;=0. (51)
i=1

By using (50) and (51), we find the optimal v; values for the problem in (48) as

+
o= (mmi)(\/ e n i 1) : 2)

With the test rates v; in (52) we find the average differences A{ in (45) and then compare
them with A{ in (46) when v; = 0. Due to the errors in the tests, A} in (46) with v; = 0
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can be smaller than Af in (45) with the test rates v; found in (52). For these people, we
choose index i where the difference between A{ in (45) with the v; in (52) and A in (46) is
the highest. Then, we take v; = 0 as applying no test to this person can further decrease AS.
For the remaining people, we solve the optimization problem in (48). After obtaining the
test rates for the remaining people, we again compare average differences A¢ with the test
rates in (52) and with no test and we choose v; = 0 for the person where A{ can be further
decreased. We repeat these steps until all Afs with v; > 0 cannot be further decreased by
choosing v; = 0.

We note that the solution obtained in (52) has a threshold structure. As false-positive
2(1=p—q)

B

and -negative test rates increase, the term in (52) becomes smaller. As a result,

some people with higher 4/ (”’Ji/{"’)a may not be tested by the health care provider. Thus,
when p and g are high, a smaller portion of the population is tested with higher test rates

in order to combat the test errors.

6. Average Estimation Error with Dependent Infection Rates

In this section, we consider the case where we have two people whose infection rates
depend on each other. When these two people are healthy, they can be individually infected
with the virus after an exponential time with rate A. When one of these two people is
infected and this has not been detected by the health care provider, this person can infect
the other healthy person after an exponential time with rate A1, which has been illustrated
in Figure 5. Thus, when both of the people are healthy, their individual infection rate is
A. However, when one of them is sick and this has not been detected by the health care
provider, the healthy person’s total infection rate is equal to A + A1p. On the other hand, if
only one person is infected, i.e., x;(t) = 1, which has also been detected by the health care
provider, £;(t) = 1, then we assume that we isolate the infected person from the healthy
one, and thus, the healthy person’s infection rate remains as A instead of A + A1. When
the people are infected, they recover from the disease after an exponential time with rate p.

/\12

A e

A

Figure 5. The infection rates of two people where the individual infection rate is equal to A. When
the infection has not been detected, these two people can infect each other with rate A1.

When the health care provider believes that a person is healthy, i.e., £;(t) = 0, the next
test is applied to this person after an exponential time with rate s. When the health care
provider believes that a person is sick, i.e., £;(t) = 1, the next test applied to this person
after an exponential time with rate c. Here, we note that since the people are identical
in terms of their infection and recovery rates, the health care provider applies the same
test rates.

Similar to Section 5, we note that the states {xy(t), £1(t), x2(t), £2(t)} form a con-
tinuous time Markov chain where the unique stationary distribution is given by 7% =
{7'(3000, 7'[300], ey, nfm}. In order to find the stationary distribution, we write the local
balance equations as follows

2A 78000 =H 7000 + CTiG100 + K010 + CTTh001, (33)

(27 + €)oo =H7ho11 + CTG101 + Bfoons (54)

(A + Aaa + i+ 8) 710 =¢7G110 + #7edor0 + Atbooo, (55)
(A + ) on =c7ibiny + preion + 57010 + Ao, (56)
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(27 + €) G100 =CTili01 + H7TG110 + BT 100, (57)

(2A +20) 701 =p7ilin + Hdior, (58)

(A p 45+ ) hi19 =Ahi0 + 17110, (9)
(A p+ ) =s7G110 + Ao + Hing, (60)

(A + Aaa + i+ 8) oo =A7t8o0 + 701 + Htiono, (61)
(A p 4 + ) ioor =p7ion + Atioor, (62)
(20 +25) 710 =(A + A12) o0 + (A + A12) on0, (63)

(2p +5) o1y =s7o10 + Aoor + Aoy, (64)

(A + 1) 719 =s7t000 + Athig0 + 7101 + Hretinos (65)

(A + p+ &)y =s7ioon + Amthion + Hdag, (66)
(2 + s) {110 =A7100 + 57010 + A 1100 (67)
2uryyy =siigo + Ao + s7tfor + Aty (68)

m=1

By using (53)-(68) and 2]2:1 Z%Zl y2 Z%:1 n?th =1, we find the stationary distri-
bution 7t%. We denote the long-term average estimation error for person i as A? fori = 1,2,
where the superscript d stands for “dependent”, which is given by

A = AL+ A, (69)

where A?l and A;-”Z follow from (13). Then, we have

Ay =00 + 7001 + 010 + o, (70)
Ay =7G100 + 701 + 6110 + o111/ (71)
A% =710 + 110 + Toro + Ti10s (72)
A%, =mGo01 + 701 + Thoon + Tor- (73)

In Section 8, for given infection, recovery and test rates, we numerically evaluate the
stationary distribution and find the average difference Af.

7. Age of Incorrect Information Based Error Metric

To date, we have considered an estimation error metric that takes the value 1 if the
actual infection status of a person is different than the real-time estimation at the health
care provider. Thus, the error metric takes values based on the information content. On
the other hand, the traditional age metric introduced in [1] considers only the time passed
since the most recently received status update packet is generated at the source. As a result,
the traditional age metric does not consider the information content and age alone may not
be a suitable performance metric for the problem considered in our work.

In the context of infection tracking, it is important to know how long the estimations
at the health care provider have been different from the actual infection status of the
people. However, the error metric that we have considered thus far does not have the time
component, i.e., it only takes value 1 independent of the time duration that it has been off
from the actual health status. Motivated by the Aoll introduced in [51,102] which accounts
for both the time and the information content, in this section, we consider the following
error metric, where the superscript s stands for “synchronization” implied in AolI,

A7 = (t=Vi()1{&i(t) # xi(1)}, (74)
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where V;(t) is the last time instant where the health care provider makes an accurate
estimation of the health status for the ith person, i.e., the last time instant when A} = 0.
Similarly, we define

i =(t = Via (1)) max{xi(£) — £( (75)
A3y =(t — Vip(t)) max{;(t) — x;(t),0}, (76)

~~
~
<
[e]
—

where V; (t) and Vjy(t) are equal to the last time instants when A, and A, are equal to
0, respectively. A sample evolution of A}, and A}, is shown in Flgure 6 and we note that
A?(t) = Azs‘l(t) + A?z(t)~

Figure 6. A sample evolution of (a) A% (t), and (b) A}, (t) in a typical update cycle.

Similar to Section 3, the infection and the recovery rates of the ith person are A; and
ui, respectively. In this section, the health care provider applies only one test rate for
each person denoted by w;. That is, we do not consider separate testing rates of s; and
¢; for healthy and infected people as we did previously, instead, here both s; and c; are
equal o w;. We first consider the case where w; > 0. By following the steps in Section 3,
one can show that E[I;;] = L + “;Ut\“’ and E[I] = w% + 2 “

w;
substituting w; instead of s; and ¢; in (10) and (12), respectlvely Next, we denote the total

area when AS (t) > 0as A, (i, j) during the jth cycle where A, (i,j) = ZKI 1 Tm(' 7 and Ky
has a geometric distribution with success rate w’ . Then, we have E[A, 1 (i)] = m
Similarly, we denote the total area when A?, (¢ ) > O as A,p(i,j) during the jth cycle where

==L which can be obtained by

App(i,f) = Z?il T g’[) and K; has a geometric distribution with success rate A . Then,
; 1
we have E[A,»(7)] = oA

E[Ae1 (1)) s _
E[l1]+Ell] and A} =

By using ergodicity, the long-term average dlfferences
E[Aga(i)]

s _E[Ae ()]
become A}, = E[ln]+E[Lo]

which gives

A 2w, + iy + A
AS — 5 + AS — Ill 1 1 1 1 , 77
POTITTR p As (i 4 g+ A (wi ) (wi + Ay @7)

when w; > 0. One can show that A7 is a decreasing function of w;, i.e., % <0,and Afisa
1
2 AS
convex function of w;, i.e., aa AZ‘ > 0.
When w; = 0, we have E[I;] = o +/\A ,
person’s healthy and sick states. Since the health care provider applies no tests to test

a person, it either estimates this person to be always sick (£;(t) = 1) or always healthy

ie., E[I;] is equal to the expected time of a

(%i(t) = 0). When wl- = 0and %;(t) = 1, then A} = yi‘r/\ When w; = 0 and £;(t) =1,
we have A} = L pes i - i < A, then the health care provider £;(t) = 1, and £;(t) = 0,

s A 1 _ M
otherwise. Thus, when w; = 0, we have A} = mm{ AT 7 A A }
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In order to find the optimal test rates, we formulate the following optimization problem

n
. Wil 2w; + pi + A
min 1{w; >0
{aw;} ,; {w; };t,-+/\[ (w;i =+ pi + M) (w; + pi) (wi + A;)
1 A- 1y
+1{w; =0 mm{ L, — }
{ ! } Wi Vr )\i yi+)\i
n
st. Y w<C
i=1
w; >0, i=1,...,n, (78)

where the objective function in (78) is equal to the summation of A} in (77) when w; > 0
and A when w; = 0 over all people. In order to solve the problem in (78), we follow the
same greedy solution approach in Section 5. First, by assuming that w; > 0, and thus, the
average difference A is given in (77), we solve the following optimization problem

n

. piti 2w; + pi+ A

min

s Wy v cresy ] A
n

st. Y w<C
iz
w; >0, i=1,...n (79)

Since the problem in (79) is a convex optimization problem, by defining Lagrangian function
and analyzing the KKT and the complementary slackness conditions, we can find the
optimal w; values. In order to avoid being repetitive, we skip these optimization steps.
Then, we compare A in (77) with w; values found in (79) with min{ L T +’ T Az W + X }oIf
we can reduce A? further, we choose w; = 0 for the person with the highest improvement.
Then, we solve the optimization problem in (79) for the remaining people. We repeat these
steps until there is no improvement in A} by choosing w; = 0.

In the next section, we provide extensive numerical results to evaluate optimal test
rates in various settings considered in this paper.

8. Numerical Results

In this section, we provide seven numerical results. For these examples, we take A; as
A=ar, i=1,...,n, (80)

where ¥ = 0.9 and a is such that }_!' ; A; = 6. Furthermore, we take yi; as
yi:bqi, i=1,...,n, (81)

where g = 1.1 and b is such that ;' ; j1; = 4. Since A; in (80) decreases with i, people with
lower indices become infected more quickly compared to people with higher indices. Since
u; in (81) increases with i, people with higher indices recover more quickly compared to
people with lower indices. Thus, a person with a low index becomes infected quickly and
recovers slowly.

In the first example, we take the total number of people as n = 10, the total test rate as
C =16, and 6 = 0.5. We start with randomly chosen s; and ¢; such that ) ' ;s; +¢; = 16,
and apply the alternating minimization-based method proposed in Section 4. We repeat this
process for 30 different initial (s;, ¢;) pairs and choose the solution that gives the smallest
A. In Figure 7a, we observe that the first three people are never tested by the health care
provider. We note that s;, which is the test rate when £;(t) = 0, initially increases with i
but then decreases with i. This means that people who become infected rarely are tested
less frequently when they are marked as healthy. Similarly, we observe in Figure 7a that
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¢;, which is the test rate when #;(f) = 1, monotonically increases with i. In other words,
people who recover from the virus quickly are tested more frequently when they are
marked as infected.

15

Il proposed solution
[ uniform testing
0.2 [Lno testing

s
| g

test rates

0.1
05

(a) (b)

Figure 7. (a) Test rates s; and ¢;, (b) corresponding average difference A;.

In Figure 7b, we plot A; resulting from the solution found from the proposed algorithm,
A; when the health care provider applies tests to everyone in the population uniformly,

ie,s; = ¢ = % for all i, and A; when the health care provider applies no tests, i.e.,
s; = ¢; = 0 for all i. In the case of no tests, we have A; = min{ ;I?ﬁu’ (lli;f)f }. We observe

in Figure 7b that the health care provider applies tests on people whose A; can be reduced
the most as opposed to uniform testing where everyone is tested equally. Thus, the first
three people who have the smallest A; are not tested by the health care provider. With
the proposed solution, by not testing the first three people, A; are further reduced for the
remaining people compared to uniform testing. For the people who are not tested, the
health care provider chooses £;(t) = 1 all the time, i.e., marks these people always sick

as ;t,-gii\,- > (:H_f/)\]: L. This is expected as these people have high A; and low y, i.e., they are
infected easily and they stay sick for a long time.

In the second example, we use the same set of variables except for the total test rate C.
We vary the total test rate C in between 5 and 20. We plot A with respect to C in Figure 8.
We observe that A decreases with C. Thus, with higher total test rates, the health care
provider can track the infection status of the population better as expected.

In the third example, we use the same set of variables except for the total number
of people 7. In addition, we also use uniform infection and healing rates, i.e, A; = ¢
and y; = % for all 7, for comparison with A; in (80) and p; in (81), while keeping the total
infection and healing rates the same, i.e., ) /' { A; = 6 and }_}' ; ji; = 4, for both cases. We
vary the number of people n from 2 to 30. We observe in Figure 9 that when the infection
and healing rates are uniform in the population, the health care provider can track the
infection status with the same efficiency, even though the population size increases (while
keeping the total infection and healing rates fixed). For the case of A; in (80) and y; in (81),
when we increase the population size, we increase the number of people who rarely become
sick, i.e., people with high i indices, and also people who rarely heal from the disease, i.e.,
people with small 7 indices. Thus, it becomes easier for the health care provider to track the
infection status of the people. This is why when we use A; in (80) and y; in (81), we observe
in Figure 9 that the health care provider can track the infection status of the people better,
even though the population size increases.
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Figure 9. The average difference A with respect to number of people 1. We use uniform infection and
healing rates, i.e.,, A; = % and y; = % for all i, and also A; in (80) and p; in (81) with Y/ ; A; = 6 and
n
i—1 i = 4

In the fourth example, we employ the same set of variables as the first example except
for the importance factor 6. Here, we vary 6 in between 0.2 and 0.7. We plot A in (7), A4
which is A; = 1Y | Ay, and A, which is A; = 1Y | Aj in Figure 10a. Note that A;
represents the average difference when people are infected, but have not been detected
by the health care provider, and A, represents the average difference when people have
recovered, but the health care provider still marks them as infected. Note that when 6
is high, we assign importance to minimization of A4, ie., the early detection of people
with infection, and when 6 is low, we give importance to minimization of Ay, ie., the early
detection of people who recovered from the disease. This is why we observe in Figure 10a
that A decreases with 6 while A, increases with 6.

We plot the total test rates } /' ; s; and Y1 ; ¢; in Figure 10b. We observe in Figure 10b
that if it is more important to detect the infected people, i.e., if 6 is high, then the health
care provider should apply higher test rates to people who are marked as healthy. In other
words, } /' ; s; increases with 6. Similarly, if it is more important to detect people who
recovered from the disease, then the health care provider should apply high test rates
to people who are marked as infected. That is, Y} ; ¢; is high when 6 is low. Therefore,
depending on the priorities of the health care provider, a suitable 6 needs to be chosen.
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In the fifth numerical result, we consider the case where there are errors in the test
measurements, i.e., the model in Section 5. We take the total test rate as C = 20, and vary
error rates in the test p = g = {0.1,0.2,0.4}. In Figure 11a, we provide the test rates v; that
we found as a result of our greedy policy in Section 5. When the error rates p and g are
low, i.e.,, when p = g = 0.1, we see that the health care provider applies tests to everyone
in the population and the corresponding A{ is lower than applying no test as shown in
Figure 11b. As we increase the error rates, we observe that some people in the population
start to be not tested by the health care provider, see Figure 11a when p = g = {0.2,0.4}. In
this case, the health care provider applies more tests to the remaining people to combat the
test errors. However, although it applies more tests to the remaining people, we observe in
Figure 11b that the achieved average difference A becomes higher as error rates increase.
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Figure 10. (a) A in (7), A; which is % " 1 A1, and A, which is % 1 A, (b) corresponding total
testrates /' ;s;and Y1 ¢
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Figure 11. (a) Test rates v;, (b) corresponding average difference A{ when there is error in the tests.

In the sixth numerical result, we consider the case where the infection status of the
people depend on each other. In other words, when one person is infected, they can infect
the other person with rate A1, when they are not detected by the health care provider, i.e.,
the infection model in Section 6. For this example, first, we take y = 5,1 =2.5,s =c = %
and vary A = {2,...,200} and C = {20,40,60}. If A, = 0, i.e., if the infection status of
people are independent from each other, then the average time that person 1 or 2 is sick is
equal to ﬁy = % As we increase infection rate A1, among the person 1 and 2, we see in
Figure 12a that the average time that person 1 is sick increases. However, we note that as we
increase the total test rate, the health care provider can detect a sick person more frequently,
and this explains why the average infected time is low in Figure 12a when the test rate is
high. Then, we consider A1, = {5,10,15} and vary the total test rates A = {2,...,200}. We
plot the average time that both person 1 and 2 stay as sick in Figure 12b. As we increase the
total test rate, the health care provider detects the infected person more quickly, and thus,
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prohibits the infection from spreading. As a result, we observe that the average time that
both people are infected decreases in C in Figure 12b. Since both people can be infected
with the virus independent from each other with rate A, the plots in Figure 12b do not drop
to 0.

0.48 0225

> — A2 =5
N 2
o2t N A= 10

02, - =15

person 1 is sick

50 100 150 200
A1z

@)
Figure 12. (a) The percentage of the time that person 1 stays as infected while we increase A1y, (b) the
percentage of the time that both person 1 and 2 stay as infected while we increase the total test rate C.

In the last numerical result, we consider the age of incorrect information-based error
metric in Section 7. Here, the estimation error increases with the time that the health care
provider does not detect the changes in the infection status of the people. As a result, the
average difference expression given by A? in (77) is different than A in (45) when p = q = 0.
For this example, we consider the total test rate C = 4 and compare the normalized average

differences given by ZnA A and Ae and the corresponding test rates w; and v;. In

Figure 13b, depending on the error metrlc model, people who are tested by the health care
provider show considerable variation in their test rates. For example, with the error metric
A in (77), we apply tests to every third person while the same person is not tested with the
error metric A¢ in (45). In Figure 13a, we provide the normalized average difference values.
Here, the average normalized error for the tested people exhibit similar values whereas the
normalized difference may vary for the untested people. Thus, we should choose a suitable
error metric that satisfies the priorities of the health care provider as it greatly affects who
is tested and with which test rates.

0.12

normalized average difference
test rates

(a) (b)

Figure 13. (a) The normalized average differences an ,and Zn AL ,and (b) the corresponding test
rates w; and v;.

9. Conclusions and Discussion

We considered the timely tracking of infection status of individuals in a population.
For exponential infection and healing processes with given rates, we determined the rates
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of exponential testing processes. We considered errors on the test measurements and
observed that in order to combat the test errors, a limited portion of the population may
be tested with higher test rates. Then, we studied a dependent infection spread model
for two people, where one infected person can spread the virus to the other if it has not
been detected by the health care provider. Finally, we studied an Aoll-based error metric
where the error function linearly increases over time as the changes in the infection status
have not been detected by the health care provider. We observed in numerical results that
the test rates depend on the individuals’ infection and recovery rates, the individuals’ last
known state of being healthy or infected, as well as the health care provider’s priorities of
detecting infected people versus detecting recovered people more quickly.

In the literature, in order to model epidemics, population is partitioned into groups
called compartments. One such example is the SIR model used in [106] with the compart-
ments susceptible (S), infected (I), and recovered (R) which has been further developed
by adding the states hospitalized (H), and death (D) in [107]. In these epidemic models,
the transitions between the compartments are assumed to be Markovian. In [107], with
epidemiological data, the delay distributions for the infected (I) to hospitalized (H), and
infected (I) to death (D) are well approximated by exponential and gamma distributions,
respectively. However, due to the lack of data availability the delay distribution for infected
(I) to recovered (R) is modeled with gamma distribution with higher tolerance. In our
work, we modeled infection and recovery times, i.e., the delays between recovered (R) to
infected (I) and infected (I) to recovered (R) with exponential distributions. Therefore, more
realistic infection tracking models can be developed by considering gamma distributions
as observed in [107]. This more realistic model corresponds to the problem of real-time
timely tracking of a binary Markov source in a serially connected network. The serially
connected network model was studied in [8] with the traditional age of information metric.
We note that considering the same networking model with the Aoll-based error metric to
track information dissemination of a binary Markov source represents a promising research
direction and has direct applications to the real-time tracking of epidemic spread models.
One can also study the extension of dependent infection spread model in Section 6 to n > 2
people as a future research direction.

Another interesting research direction could be to consider different kinds of tests
with different false-positive and false-negative test rates. Regarding this problem, instead
of having a total test rate capacity C, we may consider a total test budget K. Assuming that
each test bears a different cost, the goal might be to identify how many tests the health care
provider should obtain from each type. Here, one can study a trade-off between applying
fewer tests with a small probability of error versus applying more tests to individuals
with a high probability of error. Moreover, one can consider a scenario where the health
care provider may prefer to apply different test types to individuals depending on their
infection and recovery rates.
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Abstract: As communication systems evolve to better cater to the needs of machine-type applications
such as remote monitoring and networked control, advanced perspectives are required for the design
of link layer protocols. The age of information (Aol) metric has firmly taken its place in the literature
as a metric and tool to measure and control the data freshness demands of various applications. Aol
measures the timeliness of transferred information from the point of view of the destination. In
this study, we experimentally investigate Aol of multiple packet flows on a wireless multi-user link
consisting of a transmitter (base station) and several receivers, implemented using software-defined
radios (SDRs). We examine the performance of various scheduling policies under push-based and
pull-based communication scenarios. For the push-based communication scenario, we implement
age-aware scheduling policies from the literature and compare their performance with those of
conventional scheduling methods. Then, we investigate the query age of information (QAol) metric,
an adaptation of the Aol concept for pull-based scenarios. We modify the former age-aware policies
to propose variants that have a QAol minimization objective. We share experimental results obtained
in a simulation environment as well as on the SDR testbed.

Keywords: age of information; query age of information; wireless networks; software-defined radio;
scheduling

1. Introduction

The advent and the fast growth of the Internet of things (IoT) has further compli-
cated the design of communication networks, in the presence of an increase in demand
in networked services catered by the fifth generation (5G) evolution of communication
networks. On the one hand, machine-type communications are typically less bandwidth
hungry than typical multimedia services. On the other hand, IoT flows tend to be com-
posed of many small packets generated by large numbers of end nodes, and they may have
end-to-end freshness requirements that may be challenging to satisfy with conventional
link or transport layer approaches based on optimizing throughput and delay. Increasing
the sampling rate of IoT nodes to respond to freshness requirements or adopting first-
come-first-served service policies can cause bottlenecks on the network, resulting in a
reduction in quality of service. It has been argued in recent literature that optimizing data
generation, transmission, and transport with respect to higher-level metrics such as Age of
Information can prevent unnecessary network load, while improving the freshness of flows.
In a broader perspective, there are proposals to encapsulate the significance or the value of
the transferred information to the communication problem in certain “semantic metrics”
and use these in the design of algorithms and protocols in all network layers, referred to as
“semantic communication” [1].
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Within the set of semantic metrics, the age of information (Aol) from the receiver’s
point of view is defined as the time elapsed since the generation of the newest status
update that has been received by the destination [2]. Aol is gaining momentum as a key
performance indicator (KPI) for machine-type communications (MTC). The primary reason
for the interest in Aol is the growing demand for timely and fresh information in many
emerging real-time and remote monitoring-based applications such as the Internet of things,
vehicular networks, and cyber-physical systems.

Aol monitors the freshness of the entire information stream from the receiver’s point
of view. Hence, it reveals further aspects of the network compared to traditional metrics
such as delay or throughput. For instance, the delay metric measures the timeliness from
the transmitted packet’s perspective. A low average delay does not mean a low average
age in every case [3]. Continuous packet transmission policy (known as zero-wait policy in
the literature) can optimize delay, but it may not provide age-optimality in the presence
of FCFS (first-come-first-serve) queues [4]. Moreover, if the transmitter has an energy
constraint, the inefficiency of the zero-wait policy becomes more apparent [3]. Improving
the throughput alone can maximize the amount of data flow to the receiver node but may
cause an overload of the queues within the network. Packets waiting in the queue result in
outdated information reaching the receiver node. In this case, to reduce backlogs within
queues, the packet generation rate should be decreased. However, an over-reduction of
the packet generation rate would cause the receiver to be updated sporadically, which also
leads to reduced Aol performance. This dilemma shows that Aol is a composite measure
of both throughput and delay. For achieving optimal Aol, frequent packets must arrive
regularly [5]. Consequently, solving the scheduling problem with an Aol minimization
objective requires a novel formulation.

A significant portion of the Aol literature consists of studies involving push-based
communication scenarios. In the push-based model, the generation of a new packet triggers
the communication process. Then, the transmitter module sends the generated packet to
the receiver module. The sequence of operations of the communication process proceeds
from the information source to the destination. However, one of the network models
often encountered in real-life scenarios is the pull-based model, where the query source
requests (or queries) information from the receiver module. In this scenario, the initiator
of the communication process is the query source that aims to pull information from the
receiver module. The source of these queries could be users or applications that want to
monitor the information source. In the pull-based network, the sequence of operations of
the communication process proceeds from the destination to the source.

In this paper, we consider both push-based and pull-based status update systems and
experimentally investigate the performance of several age-aware downlink scheduling
policies in wireless multi-user networks. The main contribution of this study is to report one
of the pioneering experimental studies of age-aware MAC layer scheduling policies. We
have implemented a multi-user downlink network with a single base station and multiple
receivers using software-defined radios (SDRs). This testbed implementation allowed us
to examine push-based and pull-based scenarios and state-of-the-art scheduling policies.
Along with the other well-known policies, we have proposed max-weight policies for
different pull-based scenarios and provided extensive simulation and experimental results.

The rest of the paper is organized as follows. In Section 2, we present the related work.
In Section 3, the system model is presented and the problems of minimizing the average
Aol, QAol,gmagmaild and EAol in the network are formulated. Age-aware downlink
scheduling policies are exhibited in Section 4, and the experimental setup is explained in
detail in Section 5. Simulation and experimental results are presented in Section 6, and the
paper is concluded in Section 7.

2. Related Work

There are numerous studies examining the Aol metric in the literature. The major
works that stand out in the literature are those investigating the effects of different queuing
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types and developing scheduling policies to minimize average Aol in the network. An
important concern when proposing a scheduling policy is the required computational
load [5]. The work in [6] shows that a scheduling problem with an age minimization goal
is an NP-hard problem in a multi-user network. In [7], age-aware scheduling policies are
derived for the lossy channel case in a multi-user network. The greedy policy is inspected,
and results indicate that the policy is optimal in the symmetric channel state for mean
Aol minimization. In [8], the network is analyzed based on the peak-age and mean-age
metrics, and a virtual-queue-based policy and an age-based policy are developed. The
virtual-queue-based policy is shown to be peak-age optimal. The age-based policy is proved
to be within a factor of four of optimal values for peak age as well as average age. In [5],
Whittle’s index (WI) policy and max-weight (MW) policy are proposed. The lower bound
for Aol that can be calculated by using the statistical information of the network is derived.
Lower and upper limits of Aol performances for WI and MW policies are calculated and
proven to be within a factor of four of the optimal (upper limit is at most four times higher
than the lower limit). There are also learning-based approaches in the literature to find an
optimal age-aware policy for multi-user networks [9,10].

In the multi-user scheduling problem, the generation procedure of the packets has
a significant impact on the Aol. In the literature, sources that generate a fresh packet at
every time frame are referred to as “active sources” [8]. For a system model with active
sources, whenever there is a transmission, the age of the corresponding flow will be reset
to its minimum possible value (one frame duration in our setup). However, many realistic
scenarios may be better modeled with a packet generation that is a stochastic process. For
example, [11] studied a case where the packet generation procedure is a Bernoulli stochastic
process and proposed scheduling policies suitable for that system model.

The queue service policy (e.g., LCFS (last-come-first-serve), FCFS (first-come-first-
serve)) also has a significant effect on Aol [12,13]. For the active source case, queuing
policies become even more important since sources load the network with the highest rate
available. Queue management policy determines the behavior of the queue when the new
packets arrive. If the queue is managed with an LCFS policy, the freshest packet will be
at the top of queue, and the first packet that leaves the queue will be the one with the
most up-to-date information. In FCFS queues, a new packet is added to the bottom end
of the queue. To transmit the most timely packet, all packets in front of the last inserted
packet must be sent for transmission. As a result, the most up-to-date packet loses time
and becomes stale waiting the transmission of other packets in the queue.

The overwhelming majority of the Aol literature to date has emphasized theoretical
studies. However, there are also studies on implementation in the literature [14-22]. For
a survey of this implementation-oriented literature, see [23]. In [14-17], the experimental
setup mostly lies between the transport layer and application layer. The effects of different
wireless access technologies on end-to-end TCP/IP connections were measured by [14-16].
Studies in [18-20] cover a broader range of interconnection layers and capture the perfor-
mances of novel age-based MAC layer algorithms. In [18], Wi-Fi protocol is implemented
on SDRs. The uplink of a wireless network is taken into consideration, and the effect of
utilizing the MW scheduling policy is investigated. The work presented in [19] experi-
mentally investigates the effects of packet management policies on the performance of
networked control systems. A test environment was developed by [20] to evaluate various
ALOHA-like random access protocols. In our previous work in [21], we implemented a
multi-user wireless network using SDRs. We compared the Aol performances of MW and
WI policies with round-robin and greedy policies.

The time-average age metric weighs information freshness of all time frames equally.
However, there are many types of real-world applications where the demand for timely
information varies in time. For these, minimization of time-average age may not be the most
relevant objective. In the literature, various semantic metrics alter this model, placing higher
emphasis on selected time frames. For example, the age of incorrect information (Aoll)
metric focuses on the usefulness of the information and aims to maximize the freshness
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of non-repetitious information. In the Aoll concept, obtaining redundant information is
pointless for the receiver and does not reduce Aoll The objective is to minimize the age of
differing information [24-26].

Query age of information (QAol) is a recent semantic metric proposed to investigate
pull-based scenarios from the Aol perspective [27-30]. QAol considers a model where the
freshness of information is valuable only at query moments. These queries are sent to the
receiver modules in the network. Then, the receiver modules respond to these queries with
the most up-to-date information. The source of the queries can be a user or an application
that needs to obtain the most up-to-date information. In [29], the pull-based scenario is
discussed, and the effective age of information (EAol) metric is presented for the multi-user
system model. Query generation is modeled as an independent Bernoulli process for each
receiver, and the immediate EAol is assumed to be zero for frames without queries. For the
queried frames, immediate EAol is related to the immediate Aol of the receiver under the
proactive serving assumption as a query response procedure. According to the proactive
serving method, the receiver module can wait for the query response for a frame if it is
expecting a packet arrival within the frame. If a packet arrives at the end of the frame, the
receiver sends the information in the newly received packet as a query response. In the
study, Wl-based scheduling policy is proposed for the multi-user system model, and the
performance of the policy is demonstrated in the simulation environment.

The work in [28] presents the query-Aol metric for a single receiver in pull-based
communication. The calculation of the QAol metric presented in this study is similar to
the EAol. However, an instantaneous serving scenario is adopted instead of the proactive
serving in [29]. In addition, the transmitter module is assumed to have an energy constraint,
and the presence of the energy constraint turns the problem in another direction while
increasing the value of the QAol reduction per transmission. Within the scope of the study,
the permanent query (PQ) model, which is a query generation procedure that approximates
the studied problem with the standard Aol problem, and the query arrival process-aware
(QAPA) model, which generates queries based on periodic or stochastic processes, are
examined. The optimal scheduling policy in the PQ process is the same as the optimal
scheduling policy for Aol. In the case of QAPA, the scheduling policy has information on
the query process (either stochastic or deterministic) and can schedule accordingly.

A continuous-time status update model is investigated in [30], where a source node
submits update packets to a channel with random transmission delay, and the query source
tries to pull information from the receiver module according to a stochastic arrival process.
The average QAol is defined as the average Aol measured at query instants, and the system
model is examined from both Aol and QAol perspectives. Age-aware scheduling policies
do not use the information about the query process and freshness equally for all frames.
On the other hand, QAol-aware scheduling policies use additional information about the
query process in the scheduling decisions. This extra information allows the scheduling
policy to distribute transmission attempts more efficiently and reduce the time spent in
the FCFS queue. Eventually, from the query source’s perspective, QAol-aware policies can
provide better Aol performance than Aol-aware policies.

To the best of our knowledge, this is the first work in the literature that considers
practical implementation and evaluation of QAol-aware scheduling policies. In addition,
we propose and implement novel max-weight policies for the effective Aol and query-Aol
system models and evaluate their performance in terms of Aol, EAol, and QAol, in both
simulation and SDR environments. We have observed that the resulting EAol-aware max-
weight (EAol-MW) policy has a similar EAol performance to the WI but yields a higher
network throughput. We have also observed that QAol-aware max-weight (QAol-MW)
provides superior QAol performance than Aol-aware policies.

3. System Model

We consider a wireless multi-user network where a common access point or a base
station (BS) needs to send status update packets containing time-sensitive information
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to multiple receiver modules. Let M denote the total number of receivers. We also as-
sume a discrete time system where time is divided into fixed-length frames denoted by
t € {1,...,T}. In each frame, the base station (transmitter) is allowed to activate the con-
nection for a single receiveri € {1,..., M}, and it cannot send packets to more than one
receiver within a frame. A transmission attempt of a status update to a single user takes a
constant time, which is assumed to be equal to the duration of one frame. Wireless channels
between the receivers and the base station are unreliable. The state of each channel changes
randomly from one time slot to the next and is modeled by a Bernoulli random variable.
Channel states for each receiver are also independent of the others.

The packet generation scheme in the system follows the “active source” model. At
the beginning of each frame, information sources generate new packets for each receiver,
and these packets reach the BS immediately. The base station selects one of these packets
for transmission and discards the others. There are no queuing-related delays between
the information sources and the base station. If a receiver successfully receives a packet,
the Aol of this receiver successfully drops to one since the newly formed packet at the
information source reaches the receiver within a frame, without observing any delay.

In the system model, there are also query sources linked to each receiver. Each query
source is independent of the other, and used to model the behavior of a real-life user or
application interested in a particular time-sensitive piece of information at query instants.
Query arrival frames to receivers can follow either a deterministic or stochastic pattern.
When a query source requests information from a receiver, it sends a query. Then, the
receiver responds to it with the latest information that the receiver holds. Query and
response messages are transmitted without any errors.

The BS judiciously selects a receiver for transmission according to a stationary schedul-
ing policy 7t € II represented by a4;(t), for alli € {1,...,M}and t € {1,...,T}. If the
receiver i is selected for transmission in frame ¢, then a;(t) will be equal to one. Otherwise,
a;(t) will be equal to zero. Evaluation of a;(t) is given in (1).

1  if the receiver i is selected,
ailt) = { 0 otherwise. )

If a successful transmission occurs, the base station is informed over an error-free
channel in the same frame. By utilizing this knowledge, scheduling policy can keep track of
the Aol of the receivers. Similarly, ¢;(t) is a binary variable indicating the random channel
state of receiver i at frame t. If the channel status of the receiver i is ON, then the successful
transmission can be made at frame ¢, and ¢;(t) will be equal to one. Otherwise, if the
channel is not available for transmission, ¢;(t) will be equal to zero. We assume ¢;(t) is an
independent and Bernoulli-distributed random variable and the probability of successful
transmission (i.e., reliability) is p;, for alli € {1,..., M}. Evaluation of ¢;(t) is given in (2).

1 if the channel is ON,
ci(t) { 0 if the channel is OFF . @

To have a successful transmission in frame ¢, the receiver i must be selected for
transmission, and the channel status of that receiver must be available for transmission.
Let u;(t) denote the overall result of the transmission to receiver i at frame ¢ (3). Evaluation
of u;(t) is given in (3).

1 if Ci(t)a,‘(t) =1,

ui(t) = { 0 otherwise. &)

We also define f;(t) as complementary of u;(t) for simplification of some equations through-
out the paper, that is, f;(t) = 1 — u;(t).

The instantaneous Aol of receiver i at the beginning of the fth frame is denoted by
A;(t). Note that A;(t) drops to one if the transmission to receiver i succeeds and increases
by 1 if receiver i is not selected for transmission or fails to successfully receive a packet.
Evaluation of A;(t) is given in (4).
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1 ifui(t) =1

Ai(t+1) = { Ai(H)+1 otherwise @

d;(t) indicates the query presence. If a query arrives to the receiver i at frame t, d;(t)
will be equal to one. Otherwise, d;(t) will be equal to zero. Evaluation of d,(t) is given
in (5).

[ 1 ifaquery arrives to the receiver
ailt) = { 0 otherwise ®)

The instantaneous query age of receiver i at the beginning of the tth frame is Ay, (t). The
evaluation of the A, () varies with the adopted query response scenario within the system
model. In the scope of this study, we assume that query arrival to the receiver and receiver’s
response will happen at the beginning of the frame. We denote this query response scenario
as the “instantaneous serving” scenario. Evaluation of Ay (t) for instantaneous serving
scenario is given in (6).

A (8) = di(H)Ai (1) ©)

An alternative query response scenario called “proactive serving” is defined in the
literature in [29]. In proactive serving, the response to the query may be delayed by at
most one frame. The purpose of this delay is to put the newest information into the query
if the receiver acquires a packet within the queried frame. Nevertheless, unless stated
otherwise, the instantaneous serving strategy will be adopted throughout this study. The
overall system model is illustrated in Figure 1.

Receivers Query Sources
A (t) A, _(t)

ui (t) = a;(t)i(t)

if ui(t) =1then Aj(t+1) =1
E<— else: Ai(t+1) = A;(t)+1

B
Au(t) Ay, (t)

Figure 1. The architecture of the system model.

ci(t) =
Ay (t) = di(t)Ai(t)

Next, we formally define the Aol and QAol minimization problems in Sections 3.1 and 3.2,
respectively.

3.1. Aol Minimization Problem

The analytical expressions for the Aol minimization problem have been previously
studied in [5]. The objective of the scheduling policy is to minimize the average Aol in the
network. Average Aol is calculated for M receivers across T frames. The objective is to find
a stationary scheduling policy 7r € IT that minimizes the long-term average Aol, which is
defined in (7).

192



Entropy 2022, 24, 673

min lim E[J4 ()], where J4(7r) = L Z ZAi(t) (7)

eIl T—00 ™

3.2. QAol Minimization Problem

For the QAol problem, the main objective of the scheduling policy is to minimize
the average age of the query sources in the network. This problem differs from the Aol
problem since the query sources do not require fresh data at every instant but only at
the queried frames. The difference between the two problem statements has also been
previously investigated in [28,30].

There are two major approaches in the literature to calculate the average ages of the
users at query instants in pull-based communication systems. In the first approach, the
sum of the ages at query instants is divided by the total number of frames. This method
is followed by [27,29] to develop age-aware scheduling policies, and the metric is called
effective age of information (EAol). Note that [28] also follows a similar approach in the
discounted setting for single-user pull-based communication.

The objective function obtained by utilizing this approach is given in (8).

1 M T
min lim E[Jg(7)], where Jg(7r) = T™ {2 ZAqi(t)} 8)

mell T—oo i—1i=1

The second approach divides the sum of all query ages by the total number of query
arrivals. This approached is used by [30] for the average query age calculation. The
objective function obtained by utilizing this approach is given in (9).

1Y 1 | g
min lim E[]q(7)], where Jo(n) = M Z; NA(T) {Zi Aqi(t)} , )
i—1 Vi =

mell T—oo

where N;(T) denotes the total number of queries arrived at receiver i throughout T frames.

Throughout this study, we refer to the metric aligned with the first approach as the
effective age of information (EAol), following its definition in [27]. We call the metric evaluated
with the second approach the query age of information (QAol).

In the average EAol calculation, the query age of the frames for which the query is not
present is taken as zero and included in the average. This calculation method may lead
to misleading results for measuring the average Aol of the query sources. This is because
even if the Aol of a rarely queried receiver is very high at the time of query, it remains low
on average due to the inclusion of unqueried frames. Similarly, for a frequently queried
receiver, since the number of unqueried frames is low, the number of zeros included in the
calculation of the average EAol will be low. Therefore, the EAol of this receiver will tend
to be higher than the rarely queried receiver. The effect of the scheduling policy becomes
less apparent as the query frequency decreases. Therefore, to measure the performance
of scheduling policies, comparing average EAol values of two individual systems with
different query arrival frequencies would provide inconsistent results. When the same
problem is analyzed from the QAol perspective, the effect of the scheduling policy becomes
more decisive, as the unqueried frames are discarded in the average query age calculation.

To examine the QAol problem, we first consider the case where the query generation
is an independent Bernoulli process. Note that [28,30] indicates that, to see a difference
between QAol and Aol metrics, the query arrival process must be non-stationary. For the
Bernoulli query arrival case, the QAol problem converges to the Aol problem. On the other
hand, EAol can yield results different than Aol even under the Bernoulli-arrival scheme.
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4. Age-Aware Downlink Scheduling Policies

In this section, we define scheduling policies to minimize age-aware metrics. We describe
Aol-aware, EAol-aware, and QAol-aware scheduling policies in Section 4.1, Section 4.2,
Section 4.3, respectively.

4.1. Scheduling Policies for Aol Minimization

Aol-aware scheduling policies have been previously investigated in [5,7,8,10]. The WI
and MW policies proposed in [5,7] utilize the instantaneous ages of the receivers and the
reliabilities of the corresponding links to calculate the expected costs {C;} associated with
each receiver. To maximize the cost reduction, the scheduling policy selects the receiver
with the highest C; at each frame.

The max-weight policy is an adaptation of the Lyapunov optimization technique to
the Aol minimization problem. Lyapunov optimization provides a method for penalty
minimization while maintaining the queue stability [31]. The objective of the MW policy
is to minimize Lyapunov drift in the network with the appropriate scheduling decision.
Lyapunov drift measures the expected cost increase between two consecutive frames. In
each frame, the policy calculates the expected Lyapunov drift of the receivers. Then, the
policy selects the receiver with the highest Lyapunov drift. With this decision, the policy
aims to minimize the overall cost. The calculation of expected costs for the MW policy is
given in (10). At each frame, the scheduling policy selects the receiver with the highest C;.

Ci(Ai(t)) = pidi(£)(Ai(t) +2) (10)

The WI policy has been presented in [5,7,10] by formulating the Aol minimization
problem in (7) as a restless multi-armed bandit (MAB) problem. The MAB problem in
general aims to optimize the reward in an unknown environment through a series of trials
where the decision-maker can activate only one of the arms and each arm has an immediate
reward (or penalty for the minimization problem case) associated with it. The closed-form
costs (indexes) for the WIP are given in (11). At each frame, the scheduling policy transmits
to the receiver with the highest C;.

Ci(Bi(1) = piti(t) [Ai(n + ""p—”} a1

In our study, we implement Aol-aware MW and WI policies on the USRP testbed and
compare their performances with round-robin and greedy policies.

4.2. Scheduling Policies for EAol Minimization

In the USRP testbed, we implement and evaluate the performance of the EAol-aware
WI policy that was previously proposed in [29]. In addition, we propose an EAol-aware
MW policy by modifying the Aol-aware max-weight policy previously proposed in [5] and
compare their performances.

EAol-aware WIin [29] is given in (12). In each frame, the policy chooses the receiver
with the highest C;.

Ci(t) = qi(pidi(t) +2)(Ai(t) — 1) (12)

We can derive the max-weight policy for the pull-based instantaneous serving scenario:
First, we calculate the Lyapunov drift of the instantaneous EAol’s between consecutive
frames. Then, in line with [5], we select quadratic Lyapunov function to calculate the
Lyapunov drift.

Lemma 1. In each frame, EAol-MW policy selects the receiver with highest C;(t), which can be
computed as in (13).
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Cit) = qipi (A3(1) +24(1) ). (13
Derivation of the EAol-MW Policy can be found in Appendix A.

4.3. Scheduling Policies for QAol Minimization

For the QAol metric investigation, we evaluate the cases where the query arrival
process forms a Markov chain. Within the Markov chain, we designate one state as the
“Query” state and other states as “non-query” states. When the current state of the Markov
chain reaches the query state, a query arrives.

For QAol minimization, we propose a max-weight-based scheduling policy, following
similar steps as in [5]. To adapt this policy to the QAol model, we utilize the main features
of the Markov chain, which determines the query process. In the first step, we calculate
the future Aol A;(t + K) in terms of current Aol A;(t). The evaluation of Aol between
consecutive frames is given in (14).

() + (1 —u;(£))(Ai(t) +1)
(B)ei(t) + (1 —a;()e; (1)) (Ai(t) +1) (14)
= 1+ fi(t)Ai(t)

Ai(t+1) = u
aj

Repeating this approach multiple times enables us to obtain the future Aol in terms of
current Aol. The result is given in (15).

Ai(t+1) = T4 fi(t)Ai(t)
Ai(t+2) = 1+ fi(t+1) + filt + 1) f() Ai(£) (15)
Ai(t+3) = 1+ fi(t+2)+ fi(t+2) fi(t+ 1) + fi(t+2) fi(t+ 1) fi (1) As (1)

In the following equations, we indicate the future time frames as f. Although it may
lead to suboptimal results, for computational convenience, we assume that future decisions
a;(F) are independent variables and stationary through time with a fixed expected value.
Based on this assumption, we can argue that f;(f) is also stationary. Therefore, we define f;
as the stationary version of the f;(f) as shown in Equation (16).

Elfi()] =E[fi(t+1)] = E[fi(t +2)] = E[fi(t + K)] = f; (16)
Then, we define the closed-form version the future Aol with current Aol in (17).
K

o

k=1

Ai(t+K) = + A (17)

To simplify the notation, we define Fs(K) and F,,(K) as in (18) and (19).

K

F(K) =Y fF! (18)
k=1

Fu(K) = ff1 (19)

We then rewrite the simplified version of Equation (17) in Equation (20).
Ai(t + K) = F(K) + Ea(K) fi(£) A4 (t) (20)

We proceed with the max-weight policy derivation steps by the definition of Lyapunov
function and Lyapunov drifts. Similar to [5], we use the quadratic Lyapunov function
as given in Equation (21). However, rather than calculating the Lyapunov drift between
consecutive frames, we calculate the Lyapunov drift Y;(t) between the current frame ¢
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and the expected query-arrival frame t 4+ K. Calculation of Lyapunov drift is given in

Equation (22).
1 M
L(t) = 3 f:lAg"(t) @1)
Yi(t) = E[a}(t+K) - 8%(1)]
= E[R(K)? + 2£i() B (K)En(K)Ai () + fi( )P (K) A3 (1) — A3 (1)] @)

= E[R(K)? = A3(t) + (1 - ai(t)ei(t)) [2B(K) Fu (K) 8y (1) + Fa () A3 (1)

In Equation (22), a;(t) is the only decision variable from which the scheduling policy
can choose its value. For simplification, we ignore terms in the calculation of Y;(t) that are
not affected by the decision a;(t). We denote the modifiable part of the Lyapunov drift with
a;(t) decision as Y;(t).

Vi(t) = — Elci(#)]E[a; (1)]E [ZFS(K)FM(K)Ai(t) + F,i(K)Af(t)] )
= Eloi(1)]piE [2R(K) Fa (K) A (1) + B3 (K)AF ()]

At each frame, the main objective of the scheduling policy is to minimize the Lyapunov
drift. Therefore, the scheduling policy must eliminate the receiver with the highest C;(t) to
cause maximum reduction to Lyapunov drift.

Lemma 2. For each frame, QAol-aware max-weight (Q-MW) policy selects the receiver with
highest immediate cost C;(t). Calculation of immediate cost is given in (24).

Ci(t) = piFn(K)Ai(t) (Fu (K) (1) + 2F5(K)) (24)

To emphasize what our system model corresponds to in practice and depict the
difference between Aol- and QAol-aware policies, we can consider a simple IoT network
as an example. This network consists of sensors, microprocessors, a base station, and
individual users. In the network, sensor devices generate time-sensitive data about their
current status. Nevertheless, the sensors cannot process this data, and they have to transfer
it over a wireless network to remote microprocessors. The sensors send the data to a base
station, and the base station transmits this data over the wireless network. However, the
transmission capacity of the base station is limited, and it cannot simultaneously transmit
data to multiple processors.

There is a dedicated microprocessor for each sensor. Microprocessors use the sensor
data and generate status reports. Each microprocessor is tracked by an individual user that
queries the processor to obtain the freshest status report about the sensor. Query arrivals to
each microprocessor are independent of each other and occur infrequently.

QAol-aware policies come to the fore if the requirement in the system precedes the
query source’s request for timely information. For the system model given in this example,
Aol-aware policies concentrate on the Aol at the microprocessors, and the QAol-aware policies
focus on the Aol at the individual users. The impact of the QAol-aware policy is shown in
Figure 2. The figure examines the instantaneous Aol of a receiver (microcontroller in our
example) in a multi-user network. A query source (individual user in our example) generates
queries at the 41st, 81st, and 121st frames. From the query source’s perspective, freshness is
only important at query instants. In line with the query source’s demands, the QAol-aware
policy aims to minimize the Aol of the receiver at the 41st, 81st, and 121st frames. Since there
is no need for Aol minimization in all frames, the transmission constraint in the system can be
relieved, and transmission attempts can be utilized more efficiently.
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Figure 2. Instantaneous Aol of a receiver in a multi-user network.

5. Implementation

In this section, we describe our implementation work on USRPs. We firstly share
detailed information about the implementation environment. Then, we describe the packet
interface that we use to transmit time-sensitive information in Section 5.2, and we explain
the runtime of our setup in Section 5.3.

Software-based radios, also called “software radios” in pioneering studies, are radios
that allow the user to change main parameters of communication systems such as center
frequency, bandwidth, and coding of the communication system only by changing the
software [32,33]. With SDRs, all layers of the communication system, from the physical
layer to the application layer, can be changed only by software modifications. These
radios play an important role in the development of today’s technologies that require
rapid prototyping of various parameters, protocols, and standards, because software-based
radios reduce the burden of extra hardware production for test and development studies
and provide significant improvement in terms of time and cost.

For the Aol testbed implementation, we use one Ettus USRP N210, one NI USRP 2930,
and two NI USRP 2930 SDR devices. General specifications of the devices are available
in the devices’ datasheets [34,35]. Both USRPs have independent transmit and receive
modules. For this reason, these devices can operate as a transmitter and a receiver simulta-
neously. Nevertheless, it is not possible to run two transmission operations simultaneously.

The host computer runs a LabVIEW application that interfaces with the USRP devices.
USRP communicates with the host computer via a 1 Gb Ethernet link. Signals are frag-
mented to in-phase and quadrant components and carried over in the Ethernet packets.
Each transmitter and receiver module contains an amplifier that is controllable through
software. In the experiments, we often use these amplifiers to change channel reliabilities.

The LabVIEW environment contains useful built-in functions for system implementa-
tion. We use them frequently in our study. We also benefited from the examples regarding
the PSK-modulated communication system and packet-based digital link tutorials and
examples provided by LabVIEW and the LabVIEW community [36].

5.1. Setup

Among four USRPs, one USRP is configured as the base station, and the other three are
the receiver modules. The setup configuration for the implementation is given in Table 1.
An overview of the USRP testbed is given in Figure 3.
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Figure 3. Overview of the implementation environment.

System time is discretized in 50 ms duration frames. The LabVIEW application keeps
track of the frame number, that is, the total number of frames that have passed since the
experiment began. The frame number is the system'’s reference clock. All radios run in separate
threads over a single LabVIEW application running on the host computer. Thus, difficulties
related to synchronization are reduced, as all USRPs are managed from a single host.

We use QPSK modulation in the air interface. The maximum operating frequency
of the USRP-2920 is 2.2 GHz [35], and we choose a center frequency of 1.9 GHz for all
receivers. We prefer the high center frequency of the carrier signal to induce higher path
loss since we have a limited area in the test environment.

The sampling rate of the USRP is configurable via the LabVIEW application. Detailed
information about this configuration is described in the USRP documentation [35]. NI
specifies that the I/Q ratio must be multiplied by 0.8 to convert to the sample rate [37]. In
the implementation, we use the I/Q ratio 500k samples/s, which corresponds to a sampling
rate of 400k samples/sec or bandwidth of 200 kHz. This bandwidth meets the requirements
of our target application. Selecting higher I/Q rates increases the bandwidth. However,
increasing the sample rate causes more data to be processed and transported. Therefore,
more data would put a higher load on the USRP and Ethernet connection and eventually
induce higher delay. Since timeliness is the primary concern in Aol calculations, we keep
the I/Q Ratio low to achieve a more stable operating point without overloading the USRP
and Ethernet.

Table 1. Overview of parameters.

Modulation: Quadrature Phase-Shift Keying (QPSK)

Center Frequency: 1.9 GHz
1/Q Rate: 500k Samples/s
Sample Rate: 400k Samples/s
Bandwidth: 200 kHz
Bits Per Symbol: 2
Samples Per Symbol: 8
Duration of one Frame: 50 ms

5.2. Packet Interface

In the implementation, time-sensitive information is carried through the packets. The
structure of the packet interface is summarized in Figure 4. There are six guard bits at
the beginning of a packet. These bits are placed to prevent the pulse shaping filter from
damaging the message content. The synchronization bit field starts after the guard bits. A
30-bit synchronization sequence is known in advance by both the sending and receiving
modules. This sequence is created by a LabVIEW function that generates pseudo-random
bits in the Galois domain. Receivers that continuously acquire data from the air interface
use the synchronization sequence to detect the beginning of the packet.
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Figure 4. Packet content in the air interface.

The message field contains time-sensitive information. The message consists of Re-
ceiver ID (RX ID) and Packet ID fields. RX ID field is a 4-bit address that is used to
distinguish receivers. Each receiver has a unique RX ID. When a receiver obtains a packet,
it locates the RX ID field in the packet content and compares it with its RX ID. If the RX ID
of the packet and the receiver do not match, the receiver discards the packet, and A;(t) for
that receiver increases by one for the next frame.

The frame number is the reference clock of the entire system. It initially starts from
one at the beginning of the experiment and increases by one for each frame. Upon the
generation of a packet, the Packet ID field is filled with the frame number of the system.
Thus, the Packet ID field operates as the packet timestamp. Since the receiver also knows
the current frame number, the difference between the packet’s creation frame (contained in
the Packet ID field) and the current frame gives the instant information age A;(t).

Packets sent over an unreliable channel may suffer corruption due to noise. The
receiver should discard packets containing incorrect information since processing this
data may lead to incorrect Aol measurements. To detect errors, we use cyclic redundancy
check (CRC). Within the packet generation process, we pass the message field through the
16-bit CRC and write the result to the CRC field. When a receiver obtains a packet, it first
calculates the CRC of the message field of the packet and compares the result with the
CRC field in the packet. If both CRCs are equal, we consider the message to be error-free.
We track the number of successful CRC checks for each receiver, thereby dynamically
measuring the reliability of the channel. In the implementation, we dynamically estimate
channel reliability throughout the experiment. Accurate calculation of the channel reliability
values is essential, as MW policy and WIP take this value as input. We pre-run the setup to
initialize the channel reliabilities. During the pre-run, we discard Aol calculations.

5.3. Runtime

The LabVIEW program allows multi-threading, which allows us to execute processes
independently in different threads. We implement the Receiver, Transmitter, and Logging
modules as separate threads in the program. In this way, we were able to perform these
operations simultaneously. Moreover, the LabVIEW program has the feature of providing
synchronization between threads. With the activation of this feature, it has been possible to
organize processes running in different threads and following each other. The runtime of
the system can be described step by step as follows:

1. The new frame starts with incrementing the frame number.

2. The scheduling policy performs the receiver selection for the new frame. Aols of the
receivers, query arrival status, and channel statistics are the inputs of the schedul-
ing policy.

3. Inthe meantime, receiver threads start acquiring a signal from receiver USRPs. The
acquired signal is demodulated using LabVIEW’s built-in demodulation function. We
synchronize the transmit and receive threads using the synchronization function of
the LabVIEW program. Moreover, we keep the receiver thread’s acquisition duration
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long enough compared to the transmission thread’s time to complete its task so that
the receiver can acquire the signal sent by the transmitter.

4. A time-sensitive packet is constructed in the transmitter thread. The ID of the selected
receiver is inserted into the new packet. The current frame number is also inserted in
the “Package ID” field.

5. The constructed packet is modulated using LabVIEW’s Modulation function and
prepared for transmission. The transmitter thread transmits this packet to the USRP
over an Ethernet connection.

6. The transmitter USRP converts this packet to an RF signal and broadcasts it on the
air interface.

7. The receiver threads demodulate the signal in the air interface and try to catch the
transmitted packet. The demodulator tries to detect synchronization bits to find the
beginning of the packet. If the demodulator finds the synchronization bits, it returns a
bit field that contains the packet.

8. At the next stage, the receiver thread checks the CRC value of the acquired packet. The
CRC field in the packet content is extracted. Next, the receiver thread passes the first
16 bits of the packet through the CRC. Then, the receiver compares this CRC result
with the extracted CRC field in the packet. If both CRCs are equal, the receiver thread
concludes that the packet is valid. Otherwise, the receiver discards the packet.

9.  The total number of successful CRC checks for each receiver is used to calculate
channel reliabilities.

10.  After the CRC check, the receiver thread checks the Receiver ID field of the packet. If
the Receiver ID field in the packet is different from the ID of the receiver, the receiver
discards the packet again. If the Receiver IDs align, the acquired packet is assumed to
be successfully received.

11. Receiver threads that have finished their processes are set to idle for a while. The
receiver thread will start listening to the air interface again before the new frame starts
to activate the receiving process before the transmission occurs.

12.  Results obtained within a frame are passed to the logging thread. The main task of
this thread is to calculate the average Aol, EAol, and QAol based on the result of the
experiment. In addition, channel reliability and other statistics about the experiment
are also calculated in this thread.

13. Before the frame ends, the transmitter thread calculates instantaneous Aols of the
receivers with the data received within the frame. In the next frame, Aols of the
receivers and channel statistics will be used as input to the scheduling policy.

This experimental procedure is repeated at each frame. After the overall experiment is
finished, results are saved to a text file.

6. Experiments and Results

Throughout this section, we share the results that we obtained in the USRP envi-
ronment and MATLAB simulations. We share the performances of Aol-aware policies in
Section 6.1, EAol-aware policies in Section 6.2, and QAol-aware policies in Section 6.3.

6.1. Evaluation of Aol-Aware Scheduling Policies

In this section, we share the results of the experiments conducted in the SDR network.
We evaluate the performances of Aol-aware scheduling policies, and compare their Aol
performances with round-robin and greedy policies. Round-robin policy activates all links
sequentially, one per frame, regardless of any prior knowledge obtained about receivers.
Greedy policy uses the Aols of the receivers and selects the receiver with the highest age
for packet transmission.

We evaluate the scheduling policies under various conditions by changing the channel
reliabilities of the receivers among experiments. To change channel reliabilities, we manip-
ulate the gains of the receiver and transmitter USRPs. LabVIEW allows configuring the
signal gains of USRPs. Moreover, we locate receiver USRPs with different distances to the
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Average Aol (Frames)

transmitter USRP to induce diverse path losses to receiver USRPs. When the signal power
of the transmitter USRP increases, all receivers in the network acquire stronger signals.
Therefore, the channel reliabilities of all receivers increase. Throughout the experiments, we
also adjust the power gains of the receivers to alter the channel reliabilities. The receiver’s
power gain is directly proportional to its channel reliability. Increasing the signal gain of a
receiver reduces the error probability for that receiver and increases the channel reliability.

In the experiments, we run scheduling policies multiple times at each power gain level
and take the average of the obtained results. We compare the scheduling policies in terms
of the average Aol and the throughput of the network.

6.1.1. Adjusting the Gain of an Individual Receiver

In this case, we increase the input signal gain of an individual receiver USRP. Through-
out the experiments, we test the policies ten times at each transmitter gain level and average
the results of redundant experiments. In each experiment, the frame length is K = 7500,
and M = 3 receivers are available in the network. Results of the experiments in terms of
Aol and throughput are given in Figure 5. Average channel reliabilities for each USRP gain
level are given in Table 2.
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Figure 5. Evaluation of average Aol [4 (a) and throughput (b) with varying receiver gain
(SDR testbed).

Table 2. Channel statistics in the first experiment set.

Experiment Index 1 P2 P3 Coefficient of Variation Cy among Channels
0 0.9997  0.0517  0.0779 0.84
1 0.9997 03698  0.078 1.16
2 0.9997 07135  0.0747 1.337
3 0.9997 09139  0.0795 1.361

6.1.2. Adjusting the Gain of the Base Station

In this case, we increase the output signal gain of the transmitter USRP (base station).
Throughout the experiments, we test the policies five times at each transmitter gain level
and average the results of redundant experiments. In each experiment, the frame length is
K = 7500, and M = 3 receivers are active in the network. Average Aol and throughput of
age-aware policies are illustrated in Figure 6, and the channel statistics for the experimental
setup are given in Table 3.

201



Entropy 2022, 24, 673

—e— Round Robin

—8- Greedy Policy

=g Max-Weight Policy
-6~ Whittle's Index Policy

=—@— Round Robin

=8~ Greedy Policy

—d Max-Weight Policy
-+@+ Whittle's Index Policy

08

06

Average Aol (Frames)

04

Throughput (Sent/Received)

02

0 1 2 3

USRP Power Level
USRP Power Level

@ (b)

Figure 6. Evaluation of average Aol J4 (a) and throughput (b) with varying BS output gain
(SDR testbed).

Table 3. Channel statistics in the second experiment set.

Experiment Index P1 P2 P3 Coefficient of Variation Cy among Channels
0 0.9997  0.0814  0.2317 0.988
1 0.9997 0.3566  0.5891 0.496
2 0.9997  0.6811  0.8587 0.196
3 0.9997  0.9055  0.9733 0.051

6.1.3. Comparison of SDR Testbed Results with Simulations

In this section, we share the results of the comparison between simulation and re-
alization. We use the results of the experiment mentioned in Section 6.1.2 as a reference
to the simulation. We use the same channel reliabilities from Table 3 for the simulation
environment and evaluate the policies. Results of the comparison in terms of average Aol
and throughput are given in Figure 7.
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Figure 7. Comparison of simulation and implementation in terms of average Aol J4 (a) and through-
put (b).

6.1.4. Interpretation of the Results

As channel reliability decreases, the performances of MW and WIP differ positively
from the others. MW and WIP policies take channel reliability into account in the scheduling
decision. This information enables more efficient use of transmission attempts. On the
other hand, greedy policy does not utilize channel reliability information. If a receiver
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with a very low-quality channel is present in the network, the greedy policy may block
the network by continuous unsuccessful update attempts to that receiver. This results
in an increase in the average Aol of the network. For the first experiment set with the
results illustrated in Figure 5, the performance degradation of the greedy algorithm is more
apparent. Greedy policy always tries to send an update packet to the receiver with the
worst channel condition. However, that receiver rarely receives packets successfully, and
the base station gets stuck in that receiver until a successful packet reception. On the other
hand, since the round-robin policy proceeds by transmitting to all receivers one by one
without using any information about whether the packet is successfully received or not, the
starvation problem does not occur. In both experiments, we also observe that as channel
reliability values of receivers improve and asymmetry of channels decreases, greedy policy
performs better than round-robin. As the channel conditions improve and the asymmetry
among the channels decreases, performances of both policies converge to the optimal. As
the channel reliability rises to 100%, all scheduling policies behave like round-robin and
transmit to all receivers in a cyclic order.

For the SDR testbed simulation comparison case, we use the same average channel
reliabilities in both experiments. We do not observe any significant difference in through-
put, as expected. However, in terms of Aol, we found that the simulation results yield
lower Aol than the SDR implementation. In the simulation environment, the channel
status is a Bernoulli random variable. However, in the SDR implementation, the channel
status is formed by realistic conditions and doesn’t have to be stationary or follow the
Bernoulli distribution. The regularity of the packet arrivals is an essential factor for low
Aol Even if the channel reliabilities over time are equal for SDR realization and simulation
environments, the imperfections of the realistic channel may reduce the update regularity
more drastically than the Bernoulli-distributed channel.

6.2. Evaluation of EAol-Aware Scheduling Policies

In this section, we compare the EAol-aware policies with the traditional policies.
Traditional policies do not utilize query statistics for scheduling decisions, and we aim
to observe the outcomes of using query statistics. We evaluate the policies in the SDR
environment and use EAol as the primary performance indicator. We also share results
about Aol and throughput metrics. Throughout the experiments, query presences at each
frame are implemented as i.i.d. Bernoulli random variables. In each experiment, the frame
length is K = 7500, and M = 3 receivers are active in the network. We use the proactive
serving method as the query response scenario.

6.2.1. Adjusting the Gain of an Individual Receiver

In this case, we increase the output signal gain of an individual receiver USRP. Through-
out the experiments, we test the policies ten times for each gain level and average the results
of redundant experiments. Evaluation of EAol and Aol throughout the experiments are
given in Figure 8. Channel statistics corresponding to USRP gain levels are given in Table 4
and query statistics are given in Table 5.
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Figure 8. Evaluation of effective Aol Jg (a) and throughput (b) with varying input gain of second
receiver (SDR testbed).
Table 4. Channel statistics.
Gain pP1 p2 P3
0 0.999 0.363 0.078
1 0.999 0.735 0.076
2 0.999 0.930 0.077
Table 5. Query statistics.
n q2 q3
0.9 0.9 0.1
6.2.2. Adjusting the Gain of the Base Station
In this case, we increase the output signal gain of the transmitter USRP (base station).
Throughout the experiments, we test the policies at least five times for each gain level and
average the results of redundant experiments. Evaluation of EAol and Aol throughout the
experiments are given in Figure 9. Channel statistics corresponding to USRP gain levels are
given in Table 6 and query statistics are given in Table 7.
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Figure 9. Evaluation of effective Aol Jr (a) and throughput (b) with varying output gain of BS
(SDR testbed).
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Table 6. Channel statistics.

Gain pP1 P2 P3
0 0.9997 0.6652 0.2439
1 0.9997 0.9073 0.5983
2 0.9997 0.9830 0.8651
3 0.9997 0.9980 0.9736

Table 7. Query statistics.

q1 q2 q3
0.9 0.1 0.1

6.2.3. Interpretation of the Results

For the EAol minimization objective, the EAol-MW and EAoI-WI policies outperform
the policies that do not utilize query information. Moreover, experimental results show that
EAoI-MW surpasses the EAol-WIP in terms of throughput. For EAol-aware scheduling
policies, whether the policy is derived for the instantaneous serving or the proactive serving
scenario does not cause a significant difference in EAol performance. Rather than utilizing
the exact timings of the query arrivals, EAol-aware policies weight receivers according to
their long-term query arrival statistics. Since there is no significant difference between the
proactive response and instant response scenarios in the long-term query arrival statistics,
there is no significant difference between the performances of the policies. As can be seen
from Figures 8 and 9, the EAol performances of EAol-MW derived for the instantaneous
response scenario and the EAol-WIP derived for the proactive response scenario are very
close to each other.

6.3. Evaluation of QAol-Aware Scheduling Policies

In this section, we share the results of our experiments. We conducted the experiments
in the simulation environment and the SDR environment. Throughout the experiments, we
evaluated the performance of the QAol-aware MW policy in terms of QAol and Aol, and
we used the Aol-aware MW policy as a benchmark.

6.3.1. Results from Simulation Environment

We conducted four experiments in the MATLAB environment. In each experiment, the
frame length was K = 1,100,000, and M = 10 receivers were active in the network. Within
the experiments, we adjusted the query period of the receivers and observed the result of
this increment from the Aol and QAol perspectives. We initialized query periods to prevent
the overlap of the query frames for each receiver. We assume a;(t) is stationary through
time by taking advantage of non-overlapping queries, and we calculate f; as f; =1 — p; in
Q-MW policy. Channel reliabilities (long-term average packet success rates) measured in
the experiments are summarized in Table 8. Average QAol and Aol obtained by Q-MW
policy for each experiment are given in Figures 10 and 11, respectively.

Table 8. Channel statistics for simulations.

Experiment Index P1 P2 3 Pa Ps Pé p7 Ps P9 P10
1 09 09 09 09 09 09 09 09 09 09
2 09 09 09 09 09 01 01 01 01 01
3 01 01 01 01 01 01 01 01 01 01
4 01 02 03 04 05 06 07 08 09 1
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Figure 11. Evaluation of Q-MW policy in terms of average Aol (] ).

6.3.2. Results from the USRP Testbed

We conducted two experiment sets in the SDR testbed. In both experiment sets, we
increased the output signal gain of the transmitter USRP (base station) to observe the effects
of various channel reliabilities (i.e., packet success rates). For each signal gain level, we test
the policies at least ten times and average the results of redundant experiments. The frame
length of each test was K = 7500, and there were M = 3 receivers in the network. In the
first experiment set, the query period of receivers was 25, and in the second experiment set,
the query period of the receivers was 5. In both experiment sets, we initialize the query
periods to prevent the arrival of multiple queries within the same frame. We assume ;(t) is
stationary through time by taking advantage of non-overlapping queries, and we calculate
fias fi =1 — p; in Q-MW policy.

For the first experiment set, evaluation of QAol and Aol are given in Figures 12 and 13,
respectively. Channel reliabilities corresponding to USRP gain levels are given in Table 9.
For the second experiment set, evaluation of QAol and Aol are given in Figures 14 and 15,
respectively. Channel reliabilities corresponding to USRP gain levels are given in Table 10.
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Transmitter USRP Power Level (dB)

Figure 12. Evaluation of QAol (Jg) for varying power levels of transmitter USRP, 25 frames length
query period.
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Figure 13. Evaluation of Aol (J4) for varying power levels of transmitter USRP, 25 frames length
query period.

Table 9. Channel statistics.

USRP Power Level P1 P2 3
2 0.9997 0.2331 0.1681
3 0.9997 0.4203 0.3175
4 0.9997 0.5567 0.4775
5 0.9997 0.7245 0.6589

In the second experiment, we increase the output signal gain of the transmitter USRP
(base station). Throughout the experiments, we test the policies at least ten times for each
gain level and average the results of redundant experiments. In each experiment, the frame
length is K = 7500, and M = 3 receivers are active in the network. In this experiment, the
query period for each receiver is 5 frames. We initialize the query periods such that the
queried frames of receivers do not overlap at the same frame.

=8 Aol-MW
== QAol-MW

QAol (Frames)
T

2 3 4 5

Transmitter USRP Power Level (dB)

Figure 14. Evaluation of QAol for varying power levels of transmitter USRP.
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Figure 15. Evaluation of Aol for varying power levels of transmitter USRP.

Table 10. Channel statistics.

USRP Power Level P1 P2 3
2 0.9997 0.2380 0.1687
3 0.9997 0.4109 0.3167
4 0.9997 0.5721 0.4796
5 0.9996 0.7299 0.6635

6.3.3. Comparison of SDR Testbed Results with Simulations

In this section, we share the results of the comparison between simulation and re-
alization. We use the results of the experiment illustrated in Figure 14 as a reference for
the simulation. We use the same channel reliabilities from Table 10 for the simulation
environment. Results of the comparison in terms of QAol are given in Figure 16.

=HB= USRP

7= -'*- Simulation

QAol (Frames)
T

Transmitter USRP Power Level (dB)
Figure 16. Comparison of simulation and realization results.

6.3.4. Interpretation of the Results

Within the scope of the experiments, we studied the case where query arrivals are
periodic. According to the results of both SDR realization and simulations, the Q-MW
policy outperforms the AoI-MW policy for the QAol minimization objective. By utilizing
the query arrival information, the Q-MW scheduling policy can select receivers more
efficiently, and thus it can exhibit superior QAol performance compared to Aol-MW.

Throughout the simulations, we investigated Q-MW in networks with various channel
reliabilities. In the first experiment, we considered ten receivers with good channel relia-
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bility. According to the results of this experiment, in cases where the query periods of the
receivers do not overlap, the QAol policy can reduce the average QAol in the network to
approximately one, which is the lowest possible limit. In the first experiment, the expected
number of attempts to update a receiver is close to one. Having a reduced number of
attempts enables the scheduling policy to distribute scheduling decisions more effectively
and eases the alignment of the scheduling decisions with the query periods. In the second
experiment, all receivers have poor channel qualities,and the number of attempts needed to
update a receiver is high. As the channel reliabilities decrease, the expected number of at-
tempts to update a receiver increases, and aligning the scheduling decisions with the query
periods become more challenging. In this case, the performance of query-aware policies
is reduced. As the query period increases, queried frames of the receivers become more
distant from each other, which positively affects the performance of query-aware policies.

The fact that the transmission can only be allocated to a single receiver in each frame
is one of the most fundamental limitations of the network. The QAol-aware MW policy we
recommend, on the other hand, reduces the need for packet transmission in the network by
taking into account the query periods of receivers’ timely information requests and eases
the transmission allocation constraint in line with the query periods.

7. Conclusions and Future Work

Within the scope of the paper, we have examined the Aol, EAol, and QAol, which are
semantic communication metrics that prioritize information freshness. We implemented a
multi-user wireless network with SDRs to examine these metrics in real-world scenarios.
We investigated the performance of Aol-aware scheduling policies by comparing their Aol
performance with traditional scheduling policies. The emulation results reveal that the
WI and MW policies are superior to the round-robin and greedy policies, as they exploit
the information on the link reliabilities and Aols of the receivers. Experimental results
obtained in the SDR testbed are close to simulation results when packet drops are rare, but
as the link reliabilities decrease, they begin to show some slight discrepancies. We attribute
this to the following: the Aol-aware policies adopted in this work were derived under
Bernoulli-distributed packet drops; however, as channels get poorer, the sequence of packet
drops tends to acquire a memory.

We have also studied the Effective Aol and Query Aol metrics to examine the freshness
of information from the perspective of the query source in pull-based networks. For the
EAol domain, we proposed EAol-MW policy by leveraging the formerly defined Aol-aware
policies. We implemented and tested the EAol-MW and EAoI-WI policies on the SDR
Network. Experiment results show that utilizing the statistical information about the query
process significantly improves EAol performance. We observed that EAcI-MW policy
exhibits a comparable performance with EAol-WI and yields better results throughput. For
the Query Aol metric, we have proposed a scheduling policy by adapting the max-weight
policy to the QAol case for multi-user pull-based network scenarios. We tested the resulting
Q-MW policy in simulation and SDR implementation environments. Results reveal that
utilizing the Q-MW policy can reduce QAol significantly compared to Aol-aware policies.

In future studies, we seek to examine different semantic metrics beyond Aol. To this
end, we want to expand the scope of our work on the QAol. We also aim to investigate and
optimize the Q-MW policy for the stochastic query arrival scenarios.

Author Contributions: Conceptualization, TK.O., ET.C., E.U,, and T.G.; methodology, TK.O., ET.C,,
and E.U,; software, TK.O.; validation, T.K.O.; formal analysis, TK.O., ET.C., and E.U.; investigation,
TK.O., ET.C,, EU,, and T.G.; resources, TK.O., ET.C.,, E.U., and T.G.; data curation, TK.O., ET.C.;
writing—original draft preparation, TK.O.; writing—review and editing, E.T.C., E.U., and T.G.; visual-
ization, TK.O., ET.C,, E.U,, and T.G,; supervision, E.T.C., E.U., and T.G.; project administration, E.U.;
funding acquisition, E.U. All authors have read and agreed to the published version of the manuscript.

Funding: This work has been supported by TUBITAK-BIDEB Grant 119C028.

Institutional Review Board Statement: Not applicable.

210



Entropy 2022, 24, 673

Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:

Aol Age of information

WIP Whittle’s index policy

EAoI-WIP  EAol-aware Whittle’s index policy
MWP Max-weight policy

EAol-MW  EAol-aware max-weight policy
Q-MW QAol-aware max-weight policy

QAol Query age of information

EAol Effective age of information

MAB Multi-armed bandit

RMAB Restless multi-armed bandit

MDP Markov decision process

SDR Software-defined radio

USRP Universal software radio peripheral
PSK Phase Shift Keying

Appendix A

The framework of the Lyapunov optimization aims to minimize the Lyapunov function
at every time instant t. Lyapunov function at time ¢ is given in (A1).

14,
L(t) = i ;A (1) (A1)

At frame transitions, each receiver causes a drift in L. For the EAol concept, we focus on the
drift between consecutive frames. The drift is associated with the receiver’s Aol evolution.
For each receiver, calculation of the Lyapunov drift Y;(t) between the frames ¢ and ¢ + 1 is
given in (A2).

Yilt) = E[A2 (t4+1) = A2,(0)] = E[di()a3(t +1) - di(1)a}(1)| (A2)

Since we assume that policies are non-anticipative, which means the policies do not
have information about future channel or query status, we can argue that A;(t) and d;(t)
are independent.

E[di(t)Ai(1)] = E[di(H)]E[Ai()] (A3)

We rewrite the Lyapunov drift using E[d;(¢)] = g; and E[d;(t + 1)] = g;.
Yi(t) = E[qaF(t+1) - qin}(1)] (Ad)

After this modification, the derivation process becomes identical with [5]. We write
the transition of A;(t) between consecutive frames in (A5).

Ai(t+1) =ui(t) + (1 —ui(1))(Ai(H) +1)

—at)eit) + (1— a(B)ei(0) (8(0) + 1) (49
Then, we rewrite the Lyapunov drift by expressing A;(t + 1) in terms of A;(t).
Yi(t) = E[gilui(t) + (1 — (D) (8() + 1) — it} (1)] (A6)
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Since 1;(t) is 0-or-1 variable, we can argue that u?(t) = 1;(t), (1 — u;(#))* = (1 — u;(t))
and u;(t)(1 — u;(t)) = 0. With these simplifications, we can rewrite Y;(t).

£) =E [g: [s(8) + (1 = (1) (8:(5) + 12| — i} (1)
~E | [A2(t )+ 20:(8) + 1= i (HA3(E) - 2 (D) — g:dF(1)]
=E [g:[28(8) + 1 — () A2() — 2 (1)1 (A7)
=g [zA,-m +1— Efu (D] A3 () — 2 [y ()] Ai(1)]
= [ZCIz'Ai(f) + i — qipiElai (1] 67 () — ZQiPiE[ﬂf(f)]Ai(f)]

The a;(t) is the decision variable that we can select zero or one. We only aim to
investigate the effect of changing 4;(t). Since the results of other terms in Y;(#) do not
change as 4;(t) change, we omit them and focus on the terms that have a;(t) as a coefficient.

Yi(t) = — qipiEla;(£)]AF () — 2qipiE[a; ()] A (t)

= —Eln ()] (qips (42 +28,(1))) (48)
= —E[a;(1)]Ci(t)
Ci(t) = qipi (A3(1) +284(1)) (A9)

The max-weight policy aims to minimize the average Lyapunov drift by selecting the
receiver i with maximum C;(t) = q;p; (A%(t) + 2A;(t)) at every frame t.
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Abstract: The Age of Information (Aol) measures the freshness of information and is a critic perfor-
mance metric for time-sensitive applications. In this paper, we consider a radio frequency energy-
harvesting cognitive radio network, where the secondary user harvests energy from the primary
users’ transmissions and opportunistically accesses the primary users’ licensed spectrum to deliver
the status-update data pack. We aim to minimize the Aol subject to the energy causality and spectrum
constraints by optimizing the sensing and update decisions. We formulate the Aol minimization
problem as a partially observable Markov decision process and solve it via dynamic programming.
Simulation results verify that our proposed policy is significantly superior to the myopic policy under
different parameter settings.

Keywords: Age of Information; RF energy-harvesting; cognitive radio network; dynamic programming

1. Introduction

To cope with both the spectrum scarcity and the energy shortage challenges in future
wireless networks, radio frequency (RF) energy-harvesting in cognitive radio networks
(CRN) has been increasingly attractive. Cognitive radio technology allows secondary users
(SUs) to opportunistically access the primary users’ (PUs) licensed spectrum, based on
the condition that the SUs transmission must not cause harmful interference to PUs [1-4].
Meanwhile, the RF energy-harvesting technique conquers the intermittency and uncon-
trollability of the conventional charging techniques absorbing energy from renewable
energy sources [5-7]. Hence, it can simultaneously improve energy efficiency and spectral
efficiency, where the SUs can both capture energy and spectrum [8].

While existing works mainly investigated throughput of the RF energy-harvesting
CRN, many emerging applications require timely status-update delivery [9-15], i.e., health
monitoring, environment monitoring, smart building, vehicle-to-vehicle networking, and so
on. For example, in health monitoring, the sensors continuously measure and update blood
pressure and heartbeat to the health monitoring platform, which implies the importance of
the freshness and timeliness of status-update. The Age of Information (Aol) as a recently
proposed performance metric can be used to quantify the freshness and timeliness of
status-update [16-23]. It is defined as the time elapsed since the generation time of the
latest successfully received status-update at the destination.

Some innovative efforts have been devoted to the Aol of CRN [24-28]. In [24], the
authors considered a cognitive wireless sensor network with a cluster of SUs, where
the authors proposed a joint and scheduling strategy that optimized energy efficiency
of a communication system subject to the expected Aol. The authors in [25] considered
an overlay CRN where the SU acted as a relay. The SU forwarded the PU’s packets or
transmitted its own packets. The optimal policy for status-update and packet relaying
was investigated to minimize the average Aol and energy efficiency. In [26], the authors
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analyzed the average peak Aol of the PU and SU for both overlay and underlay schemes.
The asymptotic expressions of the average peak Aol were derived when the PU operated
at high signal-to-noise ratio. Considering that it is difficult for PU keeping time-slotted
synchronization with SU, the authors in [27] investigated Aol minimization in CRN with
an unslotted PU. The closed-form expression was derived by conducting a Markov chain
analysis. In [28], the authors considered Aol minimization for energy-harvesting CRN.
They assumed that the SU harvests energy from ambient energy sources and derived the
optimal sensing and update policies for both perfect and imperfect spectrum sensing.
Overall, the aforementioned research efforts rarely address Aol minimization for RF
energy-harvesting CRN. Motivated by this, this article attempts to minimize the average
Aol by adaptively making sensing and updating decisions subject to the energy causality
and spectrum constraints with imperfect spectrum sensing. The system consists of one PU
and one SU. Different from [28], the SU harvests RF energy from PU transmissions instead
of ambient energy sources, which is further used to generate and deliver the status-update
data pack when the PU is idle. The SU utilizes the harvested energy to perform spectrum
sensing and updating. The main contributions of this paper are summarized as follows:

e We study the average Aol minimization for RF energy-harvesting CRN where the SU
harvests energy from PU transmissions. In each time slot, the SU adaptively makes
sensing and updating decisions based on the channel state information, the Aol value,
the available energy, and the belief of PU’s spectrum.

e We formulate the decision-making problem as a framework of a partially observable
Markov decision process (POMDP) with finite state and action spaces. Then we use
dynamic programming to obtain the optimal policy.

*  Wedemonstrate through extensive simulations that the proposed policy can essentially
improve the system performance compared to the myopic policy under different
system parameter settings.

The remaining part of the paper is organized as follows. In Section 2, we review the
works on RF energy-harvesting CRN in the literature. Section 3 describes the studied system
model for RF energy-harvesting CRN. Section 4 first formulates the Aol minimization
problem as a POMDP framework and then solves it through the dynamic programming.
Section 5 presents simulation results and discussions. Finally, Section 6 concludes this paper.

2. Related Works on RF Energy-Harvesting CRN

Recently, cognitive radio technology has drawn significant attention as a promising
solution to overcome the licensed spectrum severe scarcity. Cognitive radio allows SUs
to opportunistically access PUs’ licensed spectrum, based on the condition that the SUs
transmission must not cause harmful interference to PUs [1-3]. Spectrum sensing is an
important functionality in the cognitive radio system [29], by which the SUs decide whether
the spectrum is occupied by the PUs. It can be performed by a single SU or in cooperation
with multiple SUs. The SUs can only transmit data when the PUs are idle [30]. Various
spectrum-sensing approaches have been developed based on employing different features
of the PUs’ signal [31], such as coherent detection [32], energy detection [33], and feature
detection [34].

On the other hand, energy shortage is also a challenge in future wireless networks.
Over the last past years, the RF energy-harvesting technique has emerged as a candidate
method for charging low-power wireless devices, which can conquer the intermittency and
uncontrollability of the conventional charging techniques absorbing energy from renewable
energy sources [5-7]. In [35], the authors proposed the harvest-then-transmit (HTT) protocol
as one of the important transmission strategies of RF energy-harvesting technology, where
the users first harvest energy from the hybrid access point (HAP) and then use the captured
energy to transmit information to the HAP. There have been some related works before.
In [36], the authors investigated the wireless-powered network (WPCN) where one HAP
coordinated the wireless information and energy transmissions to a set of nodes, where
the transmission completion time minimization subject to the throughput requirement per
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node was considered. Furthermore, the authors studied a similar WPCN scenario in [37],
where they focused on energy provision minimization for two physical-layer protocols, non-
orthogonal multiple access (NOMA) and time-division multiple access (TDMA). Different
from the common WPCN with a fixed HAP, the transmission completion time minimization
was investigated in aerial vehicle-enabled WPCN in [38].

To jointly solve the aforementioned two challenges including spectrum scarcity and
energy shortage, introducing RF energy-harvesting in CRN has been increasingly attractive
due to the fact that it can simultaneously improve energy efficiency and spectral efficiency,
where the SUs can both capture energy and spectrum [8]. The timely-delivery probability
of data packs for the RF energy-harvesting SU was derived in [39], where the SU oppor-
tunistically accesses the spectrum vacated by the PU to deliver real-time data packs and
harvests RF energy when the PU is active. Unlike the traditional RF energy-harvesting CRN
system where the SU keeps synchronization with the PU, the authors in [40] considered
unslotted PU. The sensing intervals were derived to balance between energy harvesting
and spectrum access. However, both [39,40] focused on a simple CRN consisting of one
PU and one SU. The authors in [41-43] considered a more general scenario where there
were multiple SUs or multiple PUs. In [41], the multiple selection strategy was proposed
for RF energy-harvesting CRN to maximize the SUs” average throughput. In [42], the au-
thors studied a hybrid energy-harvesting SU that can capture energy from both renewable
sources and ambient radio frequency signals. The asymptotic activity behavior of a single
SU was analyzed by deriving the theoretical upper bound on sensing and transmission
opportunities. In [43], the authors investigated the end-to-end throughput maximization
by jointly optimizing the transmit power and time allocation for multiple SUs.

3. System Model

As illustrated in Figure 1, we investigated Aol minimization for a RF energy-harvesting
CRN, where the system consists of one PU, one SU, and one CBS communicating with the
SU. The SU is a wireless sensor node that monitors the physical process and randomly
generates status updates to the CBS. It has no embedded power supply available and
harvests RF energy from PU transmissions. Additionally, it opportunistically accesses the
PU’s licensed spectrum. We considered a time-slotted system with a time interval of T time
slots. The duration of each time slot is sufficient for the SU to generate one status-update
data packet and receive it successfully at the CBS. Without loss of generality, we assume
that the time slot duration is 1 s. The important notations are summarized in Table 1.

(R)

————— Energy signal

B [nfOrmation signal

Figure 1. System model. In each time slot, the SU can harvest energy from the PU transmissions and
can deliver the status-update date pack to the CBS when the channel is idle.
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Table 1. List of notations used in this paper.

Notation Definition

Pai The transition probability from the active state to the idle state
Pii The transition probability from the idle state to the idle state
ps The false alarm probability
Pd The detection probability
o The sensing decision at time slot ¢
0 The update decision at time slot ¢
4t The sensing result
) The energy consumption on sensing spectrum
Ts The time consumption on sensing spectrum
Er: The energy consumption on update
Tt The time consumption on update
S The size of status-update data pack
ar The Aol at time slot £
0t The belief probability
bimax The maximum battery energy level
Smax The maximum channel power gain level from the SU to the CBS
Nmax The maximum channel power gain level from the PU to the SU
] The belief space
i The energy-harvesting efficiency
%) The noise power

Bimax The battery capacity of the SU
Amax The upper of Aol

st The current state

Xt The action at time slot ¢

3.1. Primary User Model

The occupancy of a channel by the PU is modeled as a two-state continuous-time
Markov chain [44], i.e., active (A) and idle (I) states. In each time slot, the PU either stays
in the idle state or occupies the spectrum in an active state. The two-state (active/idle)
Markov chain model for modeling PU activity has been verified to be an appropriate model
to characterize spectrum occupancy in the time domain [45]. Let g; € {4, I} denote the
state of the PU for t = 0,1, ..., T — 1. The transition probabilities of the two-state Markov
chain are expressed as p,; and p;;, which represent transitioning from the active state to the
idle state, and still staying in the idle state, respectively. For t = 0,1,...,T — 1, we have

Pai £ P(gis1 = Ilgr = A), @
pii 2 P(qre1 = g = I). @
The transition probabilities are known to SU, which can be obtained by long-term measure-

ments.

3.2. Secondary User Model

We considered the SU time-slotted synchronization with the PU. At the beginning of
each time slot, the SU needs to decide whether to sense the PU’s spectrum. If it decides
not to sense the spectrum, it takes the entire time slot to harvest energy from the PU
transmissions. That is, energy can be harvested when the PU is active; otherwise, no energy
is harvested. We assume the imperfect sensing outcome for the SU [46]. We denote the
probability of a false alarm by py (i.e., the probability of deciding the spectrum is occupied
by the PU while it is not). The probability of detection is denoted by p; (i.e., the probability
of deciding PU is active when it is active). Then, we have

pr=P(d = Alg: = 1), ®3)

pa =P(de = I|q: = I). 4)
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The SU will take two actions after obtaining the sensing result. When the PU is sensed
to be active, the SU will not deliver the status-update data pack. This means that it can
harvest energy when the PU is actually active. On the other hand, if the sensing result is
that the spectrum is vacated by the PU, the SU needs to further decide whether to update.
If an update package is delivered, the SU will receive a 1-bit feedback signal from the CBS
to determine whether the update is successful or not. When the sensing result §; = I is
correct, the update is successful. This happens with probability 1 — pr. Update failure
occurs if the PU is active despite the SU declaring it idle. This happens with probability
1 — p4. The SU aims to minimize the average Aol by making the optimal sensing and
update decisions over time slott = 0,1,..., T — 1. We denote the decision of time slot ¢
by xt = (¢, 0;), where ¢;€{0(not sense), 1(sense) } and 6; € {0(not update), 1(update)}
denote the sensing and update decisions, respectively. The optimal sensing and update
decisions are based on the SU’s states and its statistical knowledge of the PU activity.

(1) Belief model: The SU observes the availability of the PU spectrum by adaptively
detecting and accessing the spectrum. The belief state of the PU spectrum can be obtained
based on the SU’s action and observation history. That is, at the beginning of each time slot
t, the SU forms the belief p;. The belief p; is the conditional probability that the PU is in an
idle state given the SU’s action and observation history.

(2) Channel model: Denote the channel power gains from the PU to the SU and from
the SU to the CBS by i; and g over time slot f. We consider a quasi-static channel model
based on one time slot by assuming that the channel state information is constant in a
single time slot and variable in different time slots. Especially, as is commonly assumed in
the works about the wireless communication system, the channel state information of the
current time slot can be perfectly obtained.

(3) RF energy-harvesting model: The batter-free SU harvests energy from the occupied
spectrum by the PU. For the SU, the HTT protocol is employed. That is, the SU first captures
energy from the PU transmissions and then utilizes the harvested energy to sense spectrum
and transmit data. Overall, there are two cases where energy can be harvested over time
slots: (1) The not sensing decision is made, and the PU is inactive, and (2) the sensing
decision is made, and the sensing result §; = A is correct. The energy captured by the SU is
expressed as

Ef; = nTPh, (5)

fort =0,1,...,T—1and m = 1,2, where 7, T and P denote the energy-harvesting efficiency,
energy-harvesting time and transmit power at the PU, respectively. The superscript m
denotes the two cases of energy-harvesting mentioned above. The captured energy is used
to perform sensing spectrum and update. Denote the energy and time consumption on
sensing spectrum by ¢ and T, respectively. Similarly, let E1; and 7; denote the energy
and time consumption on update, respectively. Energy consumption Et is time-varying,
which is related to the channel state information g; from the SU to the CBS. According to

Shannon’s formula [47], the transmission rate % can be expressed as % =W logz(l + ETT[ ;ft ),

where 2 is the noise power at the CBS, S is the size of status-update data pack, and W is
the bandwidth. Reorganizing the expression, we obtain the energy consumption, Et, as

2 s
Erp=22 (W - 1). ©

St

Since the size of the status-update data pack is fixed, Et; is only related to the channel
state information from the SU to the CBS. Although the update decision can reduce the Aol
to one, when the channel quality is poor, it may be better not to deliver the status-update
data pack to conserve energy. Note that update failure occurs if the sensing result §; = I
is incorrect. In this case, the SU will consume all its available energy. Let Bax denote the
battery capacity of the SU. In time slot ¢, the battery state is by, which evolves as

b[+] = min{b[ + z,f — (P[5 — 9fET,t, Bmax}/ t= 0, 1,. . .,T —1. (7)
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Hence, for the SU, the energy causality constraint should satisfy
$10+0Er; <b, t=0,1,..., T -1 ®)

(4) Aol model: We consider a linear model for the Aol [16], where the Aol is defined as
the time elapsed from the moment when the most recently received update was generated
to the present. Let the Aol at time slot t denote by a; € A £ {1,2,..., Amax }. Here Amay is
the upper of the Aol and is defined as

Amax = a9+ T. )

In the considered system, the SU adopts the generate-at-will scheme. That is, the SU
generates and delivers a status-update data pack after making an update decision. At
each time slot t, the size of the data packet S is small enough to be generated and updated
immediately and received by the end of the current time slot when the update decision
is made and the sensing result §; = I is correct. If the update is received at the CBS, Aol
decreases to one; otherwise, it increases by one. We consider an error-free channel through
which the status-update data pack can be successfully received at the CBS when the update
decision is made and the sensing result 4; = I is correct. The average Aol for an interval of
T time slots is expressed as

A=

Sl

T-1
Y a,t=01,...,T—1 (10)
t=0

4. POMDP for Aol Minimization

In this section, we formulate the Aol minimization as a finite-horizon POMDP problem
and solve for the optimal solutions via dynamic programming.

4.1. POMDP Formulation

We use a POMDP framework to model the optimal sensing and update decisions for
the SU’s Aol minimization. The components of POMDP are described as follows.

e Actions: At the beginning of each time slot ¢, the SU needs to decide whether to sense
the spectrum. If it decides not to sense the spectrum, then it captures energy from
the PU transmissions and does not update, i.e., x; = (0,0). If it decides to sense the
spectrum and finds that the PU is idle, it further decides whether to update based on
the available energy, the Aol value, the channel state information from the SU to the
CBS and from the PU to the SU, i.e., x; = (1,0) and x; = (1,1). Thus, the action for
each time slot t is x; = (¢r,6;) € X £ {(0,0), (1,0),(1,1) : by > ¢t + 0;E7;}, where
(Pt S 1"¢ = {0,1 tby > ¢f(5} and 0; € 1”9 =3 {O,l cby > (5+9tET,t} .

e Observations and beliefs: Let §; € {A, I} denote the observation of the PU’s state. The
belief p; € [0,1] is a condition probability that the spectrum is vacated by the PU. The
belief is updated according to the following cases.

Case 1: The SU does not sense the spectrum; the new belief is given by

pr+1 = No(pt) = pepii + (1 — 1) pai- (11)

Case 2: If the PU is sensed to be active, the SU harvests energy in the remaining time
of the current time slot, i.e., the battery energy increases. This implies the true state of
the PU is g; = A. The belief is updated as

Pt+1 = Pai- (12)
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Case 3: If the PU is sensed to be active, the SU does not harvest energy; i.e., the battery
energy does not change and is lower than Byax. This implies the true state of the PU
is gt = I. The new belief is expressed as

Pt+1 = Pii- (13)

Case 4: If the PU is sensed to be active, the battery energy is Bmax at time slot t. The
new belief is given by

pr1 = Malpr) = Gepii + (1= 8o Paiy (14)
where
_ pr(1—p f )
peps+(1—p) (1 —pa)
Case 5: If the PU is sensed to be idle, the SU does not update. The belief is updated as

G =P(qe=1|d: = A) (15)

prr1 = Mipr) = Gepii + (1= Gt)paiy (16)
where i )
_ N P\l = py
GEP(i=I|gi=1) = .
ERaEI= D = )+ - )= o)
Case 6: If the PU is sensed to be idle, the SU updates successfully. This implies that
the true state of the PU is g; = I. Then, we have

(17)

Pt+1 = Pii- (18)

Case 7: If the PU is sensed to be idle, the SU update fails. This implies that the true
state of the PU is q; = A. Then, we have

Pt+1 = Pai- (19)

Although (11)—(19) cover seven cases from case one to case seven, the new beliefs in
both case two and case seven are denoted as p,;, and the new beliefs in both case three
and case six are denoted as p;;. Hence, the SU can only transit to five beliefs. That is,
the number of possible beliefs is finite over T time slots. Thus, for the length of T time
slots, the belief space @ is a finite set.

States: Denote the discrete battery energy level of the SU at the beginning of time
slot t by b; ceB: {0,1,2,...,bmax }, where bmax is the maximum battery energy level
that can be stored inside the battery of the SU. Then, each energy quantum of the

SU’s battery contains 2m2x Joules. In this case, we use b; = {%J to convert the

bmax

continuous battery energy of the SU to the discrete battery energy level, by which
a lower bound to the Aol of the original continuous system is obtained. Similarly,
divide continuous channel power gain into finite number of intervals according to
fading probability density function (PDF). Thus, the discrete channel power gain
levels from the SU to the CBS and from the PU to the SU are expressed as g; €gs
(0,1,2,...,gmax) and h’t cHE (0,1,2,...,hmax), respectively. Here, gmax and fmax
denote the corresponding maximum channel power gain levels. At each time slot £, the
completely observable states include channel state from the PU to the SU, channel state
from the SU to the CBS, the Aol state, and battery state, denoted by s; S (h;, glt, a, b;)
Note that the state space, i.e., S £ Y x G x A x B, is finite. Due to imperfect sensing,
an update may be unsuccessful when the sensing result is §; = I and the update
decision is 6; = 1. Thus,

1, when x; = (1,1) and 4§y = g,

utH:{ a;+1, otherwise, -y ! ! (20)
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for t = 1,2,....,T. Alternatively, we can express ;.1 = (1 — 6¢)a; + 1 when the
sensing result §; = I is correct. Additionally, the PU’s spectrum state is only partially
observable, which is described by the belief p;. Thus, for each time slot t, the complete
system state is denoted by (s¢, p¢). Since S and @ are finite, the SU experiences a finite
number of possible system states (s, 0;) € S x .

Transition probabilities: For time slot ¢, given the current state s; = (h;, g;, ag, b;) and
the action x; = (¢, 6;), the transition probability to the next state s;11 = (h;H, g;H, agiq,
b; +1) is denoted by py,(s¢11]st). Since the captured energy and the channel power
gains are independently and identically distributed (i.i.d), the transition probabilities
for taking actions other than x; = (1,1) are given as follows.

’ o i /
Px(str1lse) = Plapsalar, xe)P(by i |by, & hys x0)P(84 1) P (B 1), (21)
where
1, whena;q=(1-6)ar+1
P(azyq|a, xp)=3 t+ , 2
(ar4lay, ) { 0, otherwise, (22)
1, when ¢y = 0and bryq = min{ by + Ej; ;, Bmax},
1, when ¢y =0and byyq = by,
P(by,|b, 8 i x0) = 1, when ¢y =1, 6 =0, and by = min{b; — 5+ E3;, Bmax}, (23)
1, when ¢y =1, 0; =0, and by = b; — 9,
0, otherwise.

For the action x; = (1,1), the transition probability is expressed as follows.

P (Se1lst e ar) = Plagalar, xedi, qe) < P(by |5y, ey xe) x P(gy41)P(y 1), (24)

where ~
Z, when a;y; = 1and q; = 4},
P(agyqlas, x)={ 1—_, whena;; =a;+1andg: < g, (25)
0, otherwise,
and
, L, 1, when ¢t:1/ Gt :1, bH»l :bt_‘S_ET,t/ and 4t:qt/
P(bt+1‘b,,gt,ht,x,§) = 1, when ¢r = 1,6;=1, bt+1 =0, q} =1, and qr = A, (26)

0, otherwise.

Cost: Let the immediate cost at state s; denoted by C(s;), which is the accumulated
Aol at time slot t. Then, we have

C(s,):uf,t:O,l,...,Tfl. (27)

Policy: The policy is expressed as 7w = {8, %, ..., O7_1}, where 8; is the deterministic
decision rule that maps a system state (s, p;) € S x ® into an action x; € X, i.e.,
x¢ = 04(st, p¢). In this paper, let IT denote the set of all deterministic decision policies.

Given the SU’s initial state sy and belief py of PU’s spectrum, the average Aol of T

time slots under the policy 7 is given by

il

1
A (So,po) = ?E

T—1
2 C(St)|50r.00]/ (28)
t=0

where the expectation is caused by policy 77. Based on the above analysis, minimize the
average Aol by finding the optimal sensing and update policy corresponds to solving

min Zn (So,po). (29)

mell
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Given T, (29) is a finite-state MDP with total cost. Based on (28) and (29), to minimize the
average Aol, the SU should sense the spectrum and deliver the status-update data pack as
long as it has sufficient energy. However, considering the channel state information, the
belief of PU’s spectrum, and the battery energy available, preferring the spectrum sensing
and status-update may not be the best decision.As a result, there is an optimal decision
scheduling problem.

4.2. POMDP Solution

In this section, we use dynamic programming to solve total cost minimization of T
time slots in (29) [48]. At a time slot t, the successive actions {xk}]z;tl affect the states s
along with the accumulated Aol C(sy) forallk =t,t+1,...,T — 1. Let Vi(s¢, p¢) denote
the state-value function, which is given by

Vi(st,pr) & min E

xk}k;rl

T-1
Z C(Sk)|5t,‘0[:| . (30)

k=t

It is the minimum expected cost accumulated from time slot t to T — 1 given state (s¢, p¢)-
Thus, denote the minimum Aol in (29) by A* = V,(so,p0)/T. Additionally, given (s, o¢)
and sensing action ¢;, let Q‘tp’(st,pt) represent the action-value function or Q-function,
which is the minimum expected cost for taking sensing action ¢; at state (s, p;). The
Q-function includes two parts: the immediate cost of taking action at the current state and
the expected sum of the state-value functions from the next time slot.

Overall, the formulated MDP problem can be solved recursively by dynamic program-
ming as follows. Fort =0,1,...,T -1,

_ : Pt

v, = 1
+(st, 0t) min Q;' (st 1), (31)
Whent =T — 1, we have

Q%1 (st—1,p7-1) = C(s7-1) + C(s1), (32)

Qb1 (s7—1,07-1) = (1 — Ar—1)C(57-1) + pT—1 ¥ AT—](PmigF C(st—1) +C(s1). (33)
T-1€0p

Whent =0,1,...,T —2, we have

QY (st,01) = C(st) + S; poo(st+1st) Vi (se41, Aoler)), (34)
Qi (st,p1) = (1= A)QH (51, 1) + Atgfﬁgrf;Q:@(St,Pt)r (35)
Qi (st,p1) = C(st) + Sg p1o(se+118t) Vi (se1, Araler)), (36)
Qi%st,0r) = Clst) + Sg pro(ses1lse) Vi (se1, Ar(ar)), (37)

Qi (st o) =C(st)+ Y pra(sesalse, Gi =) Viga (se1, Ar(ar))

St+1

+ Y pui(sealse 4t < i) Vs (sepa, Aalar)), (38)

St+1
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where A; represents the probability of observing PU idle. That is
Ar=P(dr =1)=p:(1 = pg) + (1 = pr) (1 — pa)- (39)

Especially, Q}“ (st, pt) in (36) represents the minimum expected cost by adopting sensing
action ¢y = 1 and sensing result §; = A, i.e.,, x; = (1,0). In (37) and (38), given the sensing
action ¢; = 1 and sensing result §; = I, Q}O(st, o) and Q}l(st, 0¢) denote the minimum
expected costs by adopting update action 6; = 0 and 6; = 1, respectively. Then, by recursion
in (31)—(38), the optimal policies for sensing and update are given by

¢; (s1,01) € argmin Q' (s1, @), (40)
S

0; (st,p¢) € argmin Q1% (s;, 0¢). (41)
¢r€ly

5. Numerical Results

In this section, we evaluate the performance of our proposed optimal policy through
comparing it with the myopic policy and the random policy. At the beginning of time
slot t, for the myopic policy, the SU senses the spectrum if it has enough energy. When
the sensing result is §; = I, the SU generates and delivers a status-update data pack if the
energy available is sufficient. For the random policy, the SU randomly chooses to deliver
the status-update data pack or harvest energy with a probability. Taking into account the
protection of the PU’s transmission, the probability of harvesting energy is set to be 90%,
and the probability of delivering the status-update data pack is set to be 10%. If the SU
chooses to deliver the status-update data pack while the spectrum is occupied by the PU,
the status-update fails, and the Aol increases by one. The PU’s state transition probabilities
are p;; = 0.8 and p,; = 0.5. The probability of detecting an active PU is p; = 0.8. The
channel power gains from the PU to the SU and from the SU to the CBS are modeled
ash = Y‘I’2d1’ and g = Y‘dez’ ¥, where d; and d, denote the distances from the PU to
the SU, and the SU to the CBS, respectively. Y represents a signal power gain ata 1 m’s
reference distance, ¥ ~ exp(1) denotes the small-scale fading gain, and d; * and d, * are
standard power law path-loss with exponent «. In the simulations, the system parameter
values are set as follows: 17 = 0.5, 02 =-95dBm, W =1MHz, Y = 0.2, k = 2, bmax = 5,
max = hmax = 10, 00 = pii, Ts = 0.2s, and Apax = 13.

Figure 2 shows one sample path of the Aol by the optimal policy. The transmit power
of the PU is 35 dBm, the energy consumption is one energy quantum, the distance from
the the SU to the CBS is 20 m, the distance from the PU to the SU is 25 m, the size of the
status-update data pack is 14 Mbits, and the battery capacity is 0.5 mJoules. The trend
of the Aol over time slots is clearly observed. In the simulations, we found the SU did
not perform sensing spectrum even the remaining energy was enough, which verifies the
foresight of the optimal policy compared with the myopic policy.

Figure 3 shows the size of the status-update data packet versus the Aol, where the
simulation setup is similar as in Figure 3. It is clear that our proposed policy is superior to
the other policies. For the random policy, the Aol is obviously high due to the low probabil-
ity of delivering the status-update data pack. For the random policy, the Aol is greater than
5.57, due to the low probability of delivering the status-update data pack. Considering
the poor Aol performance of the random policy, we only compare our algorithm with the
myopic algorithm in the following numerical evaluations. We can observe that the Aol
increases with the size of the status-update data packet. The reason is that the increase
in the size of the status-update data packet will result in increasing the energy needed to
deliver one status-update data pack. This decreases the possibility that the SU will have
enough energy to update, and hence the Aol is increased.
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Figure 2. One sample path of the Aol by the optimal policy.

6.0 T T T

Age of information
~ o
191 (=]

o
o

—/— optimal|_|
—o— myopic
—+— random

3.0 1 1 1
13 14 15 16 17

Size of update packet (Mibts)

3.5

Figure 3. The size of status-update data packet versus the Aol when T = 10.

Figure 4 shows the transmit power of the PU versus the Aol, where the capacity of
battery is 0.2 mJoules, the distance from the PU to the SU is 5 m, the distance from SU to the
CBS is 25 m, the size of status-update data pack is 15 Mbits. We can observe from Figure 4
that the average Aol increases with the transmit power of PU. The reason is that the SU
will harvest more energy as the transmit power of PU increases, which allows the SU to
store more energy in the battery. This increases the possibility that the SU will have enough
energy to update, and hence the Aol is decreased.
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Figure 4. The transmit power of PU versus the Aol when T = 10.

Figure 5 shows the battery capacity versus the Aol, where the size of the status-update
data pack is 15 Mbits, the energy consumption on the sensing spectrum is one energy
quantum, the transmit power of the PU is 35 dBm, the distance from the SU to the CBS is
10 m, and the distance from the PU to the SU is 5 m. It is clearly observed that the proposed
policy essentially improves the Aol as compared to the myopic policy. We can also observe
the average Aol decreases with the battery capacity. The reason is that increasing the
battery capacity allows more harvested energy to be stored inside the battery. Thus, the SU
will have enough energy to perform an update, and hence the Aol is reduced.
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Figure 5. The battery capacity versus the Aol when T = 10.

Figure 6 shows the energy consumption on sensing spectrum versus the Aol. The
simulation setup is the similar as in the Figure 5. It is observed that the average Aol
increases with the energy consumption on sensing action. The reason is that increasing
the energy consumption on sensing spectrum can result in less energy remaining inside
the battery. This, in turn, decreases the possibility that the SU will have enough energy to
deliver status-update data packet, and hence the Aol is increased.
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Figure 6. The energy consumption on sensing spectrum versus the Aol when T = 10.

6. Conclusions

In this paper, we investigated RF energy-harvesting CRN with the aim of Aol mini-
mization subject to the energy causality and spectrum constraints. We first used POMDP to
formulate this average Aol minimization based on the Aol value, the channel state informa-
tion, the energy available, and the PU’s spectrum belief, and then dynamic programming
was adopted to find the optimal sensing and update decisions. Numerical results showed
the influence of system parameters on the Aol, and demonstrated that the proposed policy
significantly outperform the myopic policy.
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Abstract: This work considers a two-user multiple access channel in which both users have Age of
Information (Aol)-oriented traffic with different characteristics. More specifically, the first user has
external traffic and cannot control the generation of status updates, and the second user monitors
a sensor and transmits status updates to the receiver according to a generate-at-will policy. The
receiver is equipped with multiple antennas and the transmitters have single antennas; the channels
are subject to Rayleigh fading and path loss. We analyze the average Aol of the first user for a
discrete-time first-come-first-served (FCFS) queue, last-come-first-served (LCFS) queue, and queue
with packet replacement. We derive the Aol distribution and the average Aol of the second user for a
threshold policy. Then, we formulate an optimization problem to minimize the average Aol of the
first user for the FCFS and LCFS with preemption queue discipline to maintain the average Aol of the
second user below a given level. The constraints of the optimization problem are shown to be convex.
It is also shown that the objective function of the problem for the first-come-first-served queue policy
is non-convex, and a suboptimal technique is introduced to effectively solve the problem using the
algorithms developed for solving a convex optimization problem. Numerical results illustrate the
performance of the considered optimization algorithm versus the different parameters of the system.
Finally, we discuss how the analytical results of this work can be extended to capture larger setups
with more than two users.

Keywords: age of information; multiple access channels; multiple-input multiple-output Rayleigh
fading channel; discrete-time Markov chain; convex optimization

1. Introduction

Age of Information (Aol) is considered to be a metric for characterizing the timeliness
and freshness of data [1-4]. Aol was first introduced in [4], and it is defined as the time dif-
ference between the current time and the time that the latest status update was successfully
received by a destination. In [4-9], the authors derived the average Aol for systems with
different availability of resources using different queuing models. The M/M/1, M/D/1,
and D/M/1 queues were studied under the first-come-first served (FCFS) queue manage-
ment protocols in [4]. In [5-9], the authors considered the last-come-first-served (LCFS)
queue protocols with or without the ability to preempt the packet in service. Recently,
different types of traffic associated with different source nodes have been considered in
which some nodes generate time-sensitive status updates and other nodes strive to achieve
high throughput. The performance of a multiple access channel with heterogeneous traffic
has been investigated in [10] where one user has bursty arrivals of regular data packets
while another Aol-oriented sensor has energy-harvesting capabilities.

The interplay between delay guarantees and information freshness in a two-user
multiple access channel with multi-packet reception (MPR) capability at the receiver and
heterogeneous traffic is studied in [11]. Motivated by [11], in [12] the interplay of deadline-
constrained traffic and the average Aol in a two-user random-access channel with MPR
reception capabilities was investigated. The authors obtained analytical expressions for
the throughput and drop rate of a user with external bursty traffic, which is the deadline-
constrained and analytical expression for the average Aol of a user monitoring the sensor.
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In [13], the authors presented the analysis of the average Aol with and without packet
management at the transmission queue of the source nodes. In the proposed system, each
source node has a buffer of infinite capacity to store incoming bursty traffic in the form
of packets.

A small average Aol corresponds to having fresh information, which is a key re-
quirement in various applications, including Internet of Things (IoT) scenarios, wireless
sensor networks, industrial control, and vehicular networks. The problem of optimizing
the process, i.e., of sending status updates from a user to minimize the average Aol, was
studied in [14-24]. The works [14,25] consider real-time IoT monitoring systems, where
IoT devices sample a physical process and transmit status updates to a remote monitor to
minimize the average Aol In [15], the worst-case average Aol and average peak Aol from
a sensor in a system where all other sensors have a saturated queue are analyzed. In [16], a
randomized policy, a MaxWeight policy, and a Whittle’s Index policy have been proposed
to minimize the Aol subject to minimum throughput requirements. In [17], the problem of
minimizing Aol in various continuous-time and discrete-time queuing systems, such as the
FCFS G/G/1, the LCFS G/G/1, and the G/G/ 0, has been studied. In [18], the age-optimal
scheduling policies in a network with general interference constraints have been studied.
In [19], the authors considered an energy-harvesting sensor and determined the optimal
status update policy to minimize the average Aol. In [20], several methods have been
proposed for solving an Aol minimizing problem with throughput constraints. In [20-24],
the authors developed the Drift-Plus-Penalty (DPP) policy from the Lyapunov optimization
theory which is often used for solving stochastic network optimization problems with
stability constraints. In [23], the authors applied the Lyapunov DPP method to minimize
the average Aol total transmit power of sensors under constraints on the maximum av-
erage Aol and the maximum power of each sensor. In [24], the authors proposed the
probabilistic random-access (PRA) and DPP methods for solving an optimization problem
that aims to minimize the average Aol of the energy-harvesting node subject to the queue
stability constraint of the grid-connected node. Recently, the performance of Aol has been
investigated in Multiple-Input Multiple-Output (MIMO) systems [26-30]. In [26,27], the
user scheduling problem has been investigated to minimize Aol in a multiuser MIMO
status update system where multiple single-antenna devices send their information over a
common wireless uplink channel to a multiple-antenna access point. In [28], a novel MIMO
broadcast setting is studied to minimize the sum average Aol through precoding and
transmission scheduling. The age-limited capacity through MIMO setup was investigated
in [29], where a random subset of users are active in any transmission period. In [30], the
authors analyzed and optimized the performance of Aol in a grant-free random-access
system with massive MIMO.

Contributions

Motivated by [12,24,29] in this paper we consider a multiple access channel (MAC)
with two users that have Aol-oriented traffic with different characteristics. The receiver
has multiple antennas, and the communication channels are subject to Rayleigh fading and
path loss, as depicted in Figure 1. The key contributions of this paper are:

1.  We consider a MIMO Rayleigh fading channel in which the receiver has multiple
antennas. Most of the literature assumes single-antenna setups.

2. Inatwo-user multiple access setup, we study the performance of the average Aol of
the first user for the cases of FCFS, LCFS with preemption, and queue with packet
replacement when external status update packets are arriving according to a Bernoulli
process. The case of FCFS can be useful when we do not allow out-of-order transmis-
sions, since we intend to also monitor the evolution of a process in addition to the
freshness. The policies of LCFS with preemption and the queue with replacement
are more relevant when we do not care for the evolution of the process; thus, we can
allow packet dropping.
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3. Furthermore, we consider a threshold for the Aol of the second user which affects the
sampling and transmission frequency, and we conduct a detailed analysis for the Aol
of the second user. In particular, we derive exact analytical expressions for

e The distribution of the Aol of the second user;

¢ The probability that the Aol of the second user is greater than a threshold;

®  The average Aol of the second user;

e The average Aol of the first user for the LCFS with preemption policy by assum-
ing the threshold for the Aol of the second user.

4. We formulate and analyze a constrained optimization problem where the objective
function is the average Aol of the first user for the FCFS queue discipline, with
a constraint on the average Aol for the second user, which should be less than a
threshold. We show that the problem is not convex in general. Then, we propose a
suboptimal approach to solve the problem. Furthermore, we solve the optimization
problem where the objective function is the average Aol of the first user for the LCFS
scheme with preemption.

The considered setup is expected to occur in several scenarios in wireless industrial
automation (Industry 4.0, Industrial IoT), in which several processes are coexisting by
sharing the same network resources, and sensing the states of a set of systems is essential.

The remainder of this paper is organized as follows. In Section 2, the system model
is introduced. In Section 3, we analyze the average Aol of the first and second users;
we formulate an optimization problem and propose a convex optimization algorithm to
minimize the average Aol of the first user under the constraint on the average Aol for the
second user. In Section 4, we present the numerical and simulation results to evaluate the
performance of the proposed optimization method. Conclusions are drawn in Section 6.

Status Updates Queue
v O
Q &)
Sensor [— e (M)

Figure 1. User 1 has Aol-oriented external bursty traffic with probability A, user 2 has also Aol-

oriented traffic but it can control the generation of status updates.

2. System Model

We consider a time-slotted MAC with two users equipped with a single antenna
transmitting their information in the form of packets over a MIMO Rayleigh fading channel
to a common receiver with M antenna, as shown in Figure 1. We assume that both users
have Aol-oriented traffic, but with different characteristics. One of the main differences
between the users is that the first one does not have control over the generation of the
status update packets, but they are externally generated according to a Bernoulli process
with a probability A, while the second user can control the generation of status update
packets. Let Q(t) denote the status update queue of the first user in time slot ¢, which has
infinite capacity. When the queue of the first user is not empty, it attempts to transmit its
status update packets with a probability ;. Additionally, it is assumed that the second user
samples and transmits its status updates with probability q, based on a generate-at-will
policy. Note that in Section 3.5, we will consider the case where the second user can adjust
its sampling and transmission probability based on an Aol threshold.
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2.1. Physical Layer Model

We assume a quasi-static Rayleigh fading model for the duration of the timeslot in
which h; € CM denotes the M x 1 channel vector between the user i (i = 1,2) and the

receiver and reads
h; = \/Bigi, 6y

where g; € CM denotes the fast-fading coefficients between user i and receiver antenna, and
B; models path loss where ; = ;. Please note that r; is the distance between user i and
the receiver and a is the path-loss exponent that 2 < & < 7. At each time slot, the received
signal-to-noise ratio (SNR) at the receiver when only user i transmits and the received
signal to interference and noise ratio (SINR) at the receiver when both users transmit are
given by

SNR, Pt,iﬁ;!ginz,
g Pubilgil? @

T 24P BleHo 2
o2+ Py Bl

where P is the transmitted power by user i and ¢ is the variance of the complex additive
white Gaussian noise (AWGN) at the receiver. Please note that ||g;|? follows a gamma
distribution with shape parameter M, and scale parameter 1 (i.e., ||g;]|> ~ T(M,1)). Addi-
tionally, it is shown in [31] that §&;*lg; ~ CA/(0,1)Vi, j, where & = ¢;"/| ;|| and they are
mutually independent and independent of ||g;||2. In this paper, we assume MPR capability
at the receiver, which means that the receiver can correctly decode packets from multiple
simultaneous transmissions that are interfering with each other. It is assumed that a packet
is successfully transmitted from the user i if the received SNR or SINR at the receiver
exceeds a certain threshold. The success transmission probability for user i when only user
i transmits p;/; and when both users transmit p;/; ; can be obtained as [31]

M1,z - F[M, Pv:; ]

pisi = Pr{SNR; > 7} = [ (dz = i i =

Py iB;

Pisij = Pr{SINR; > 7} = / / o2

PfP

= {12} (3a)

ZM=1,—(z+t)

+Pt//5/ t) mdzdt i={1,2},j#i (3b)

Note that for the special case of M = 1, (3a) and (3b) can be written as

yo?
pisi = Pr{SNR; > 7} = exp ( — > (4a)
Py ipi
2 Pripi\ !
% t,jPj . . .
i/i + = Pr{SINR; > = ex — 1+ ) ,i=11,2}, i 4b
Pi/i,j { i 'Y} p ( Pt,iﬁi) ( ryPt,i,Bi { } ] # (4b)

The results presented in this work are general and can also be applied to other types of
wireless channels as long as we can calculate the aforementioned success probabilities.

2.2. The Service Probability

The service probability of a user is defined as the probability of successful transmission
in a timeslot. The service probability for the first user is given by

#1 = q1(1 = q2)p1/1 + N192P1/1,2- (5)

To obtain the service probability of the second user, three cases are considered as follows.

1. When the queue of the first user is empty.
2. When the queue of the first user is not empty, and it does not transmit a status update
to the receiver.
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3. When the queue of the first user is not empty, and it transmits a status update to the
receiver with probability ;.

The service probability of the second user can be written as
p2 = Pr{Q = 0}q2p2/2 + Pr{Q # 0} (1 = 41) q2p2/2 + Pr{Q # 0}q142p2/1,2
=g <1 —qPr{Q # 0})!’2/2 + 201Pr{Q # 0} p2/12. (6)

The status updates at the first user are arriving according to a Bernoulli process with a
probability A. When the status update queue of the first user is stable A < y1, the probability
that the queue of user 1 is not empty can be written as

A
Pr{Q#0} =" @)
P

Now, using (7), the expression (6) can be written as

Mp2s2 = P2/12)
. (8)
pi/1 = 92(pi/1 — P1/12)

H2 =12 (Pz/z -

3. Analysis of the Age of Information and Problem Formulation

In this section, we analyze the average Aol of the first and second users, and formulate
an optimization problem to minimize the average Aol of the first user. In the following
subsections, we first derive the average Aol of the first user for a discrete-time FCFS queue,
LCFS queue with preemption, and queue with packet replacement policies. Then, we
obtain the Aol and average Aol of the second user for a case threshold policy.

3.1. Average Age of Information of the First User

The Aol of the first user at the receiver is defined as a random process A; =t — G(t),
where G(t) is the time slot when the latest successfully received a status update from the
first user. The evolution of Aol of the first user is illustrated in Figure 2. In this figure, we
assume that all packets need to be delivered to the destination regardless of the freshness
of the status update information. Therefore, we consider that jth status update is generated
at time slot t, and received by the receiver at time slot t. Then, we denote T] = t} — £
and Y; = t; — t;_; as the system time of update j and the interarrival time of update j,
respectively. Without loss of generality, the average Aol of the first user for an interval of
observation (0, T) is defined as

N

)

Ay = A, (C)]

Al

t

Il
o

where N(7) is the number of samples during the observation interval. Using Figure 2,
Equation (9) can be calculated as the area under A;. Starting from t = 0, the area is
decomposed into the areas 1, [, ..., ], N(t)r and the area of width T, over the time interval
(tn, t},) that is denoted by J. Therefore, one can write the average Aol of the first user as a
sum of disjoint geometric parts as

N(7) 7 N(7)
_1 7 N _ht] N(t)-1 1 .
AT—T<h+J+ 21]>— G (10)
J= =
Now, the average Aol of the first user is given by
Ay = lim A, (11)
T—00
we can write the expression given in (11) as [5]
-1 E[Y?] E[Y]
Ay = B[] <]E[YT} t——t—5 | (12)
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Figure 2. An example of the age evolution of user 1 at the receiver.
3.2. The FCFS Geo/Geo/1 Queue

In this section, we obtain the average Aol of the first user for a discrete-time Geo/Geo/1
queue discipline of FCFS. When status update packets are arriving according to the
Bernoulli process with a probability A, the interarrival times Y; are i.i.d. sequences that
follow a geometric distribution with probability mass function (PMF) as

Pr{Y; =y} =A(1-A)1y=12... (13)
Thus, we can obtain E[Y] and E[Y?] in Equation (12) as

E[Y] = % E[Y?] = 2;2)‘. (14)

Also, the expression E[YT] can be obtained as [13]

E[YT} _ A(l — ]"1) 1

. (15)
(= Mpi  Am
Now, using Equations (14) and (15), the expression given in (12) can be written as
_ 1 1-A AA
Ay =+ - S+ 16
1 A i — A ]/l% I ( )

3.3. The Preemptive LCFS Geo/Geo/1 Queue

In this section, we consider a discrete-time LCFS Geo/Geo/1 queue with preemptive
service, where a newly generated packet is given priority for service immediately. It is
assumed that status update packets are arriving according to the Bernoulli process with
probability A. The probability distribution of interarrival time between the jth and (j + 1)th
status update packet is assumed to be geometric with mean E[Y] = 1/, and the probability
distribution time until successful delivery is assumed to be geometric distribution with
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mean E[S] = 1/, in which p; denotes the service probability of the first user. In [32], it is
shown that the PMF of Aol for a discrete-time LCFS Geo/Geo/1 queue is given by

M [(L= Ay = (1= )]

Pr{A; =x} = 17
{A=x} e (17)
Now, we can write the average Aol of the first user as
Alz ixPr{Al :X}: l'f‘i (18)
x=1 A M1

3.4. Queue with Replacement

In this section, we derive the average Aol of the first user for a queue with replacement.

In this case, it is assumed that a newly generated packet discards the packet waiting in the

queue. As shown in Figure 2, we express the areas J; with respect to the random variables
Z; as follows

Ti1+7; T;

i= Y m=)Y,m

m=1 m=1
(T +Z)(Tja+Z;+1)  T(Ti+1)

5 - (19)

We use the fact that in the steady state T;_; and T; are identically distributed. Therefore,
the average Aol of the first user for a queue with packet replacement is given by [13]

A=A, (IE[ZT] + %ZZ] + E[ZZ]> (20)

where one can obtain A,, E[Z], E[Z?] and E[ZT] as [13]

)\3(1 — ]41)
A2(1—p) + A1 = p)ps + 43
A2(1 =) + A1 = p)pr + 4

Ae=A—

E[Z] =
2] A (A4 p1 — M)
E[72] = (2A% +2Ap1 — APpia + 203 — Apig) (1 — M) L M2=m)
A2 (A + iy — M) P A+ — Apa)
1 1-A 1+A 1+2A A(1=2 A(Bup —2
E[ZT] = — + - + L1 n (1-2m+ABm-2) 1)

2 A (A —Am)? A= Ap o A2(1— )2+ Apg (1= 2m) + 12

3.5. Age of Information and the Average Age of Information of the Second User

We assume A;(t) be a positive integer that represents the Aol associated with the
second user at the receiver. The Aol evolution between two consecutive time slots at the
receiver can be written as

successful packet reception at time slot t

22
2(t) +1, otherwise. (22)

Ap(t+1) = {l

According to (22), the Aol drops to one when there is a successful reception of a status
update at the receiver. Otherwise, it increases by one. We can model the evolution of the
Aol of the second user as a Discrete-Time Markov Chain (DTMC). The DTMC is shown
in Figure 3, in which when A;(t) < & (x is the threshold of the Aol of the second user),
a packet is transmitted with the probability g,. Also, a packet is transmitted with the
probability g5 when A, (t) > x. The service probability of the first user can be written as
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# = a1 (1= g3)p11 + qmaap1/12- (23)

According to the DTMC described in Figure 3, we can obtain the steady-state probabilities
of the Aol of the second user as follows

(1—p)"tm i< K
e { () a—m) iz x ¢4
where for A < p, pt} is given by
I Mp2sa = P2s1.2) >
= — - . 25
2= (Pz/z P11 —95(p11— P1/1,2) @)

Additionally, we can obtain 777 as

W k=1
T = { palth P (26)
o+ (=) (1—p2)* 1 ’

Figure 3. The DTMC, which models the evolution of Aol of the second user.

Using Equations (24) and (26), we can write the probability that the Aol of the second
user is smaller than a threshold «, as follows

xk—1 K—
Pr{A; <x} =Y (1— )y = (1_(1_’4—’:2)1)”1 @7)
i=1

Furthermore, one can write the probability that the Aol of the second user is greater than a
threshold, «, as follows

o 1-— x—1 .
L R o e R
i=K Ha
_ xk—1
_ A=m)Tm 28)
Ha

Now, using Equations (27) and (28), the average Aol of the second user is described as

B o K—l_ . © 7] _ x—1 .
Aa= Fim = L i =) i 1) -
i=1 i=1 i=x 2
1 _ _ 1 _ K 1 _ 1 o K 1 ! !
_ 12— ( 12) [ ; 2 + K]iz} o+ ( H2) [ ]/12,2+ yyz] o, 29)
(1= p2)uz (1= p2)p3
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where ji5, 115, and 17 are given by (8), (25) and (26), respectively. Additionally, when x — co
and A < pu1, Equation (29) can be written as

;1
Ay=—. 30
2= (30)

3.6. The Average Aol of Sy for the Preemptive LCFS Geo/Geo/1 Queue for the Threshold-Based
Policy of S,

By considering the threshold-based policy explained in Section 3.5, the average Aol of
S; for the preemptive LCFS queue discipline given in (17) can be written as

PI‘{A] = X} = Pl‘{Al = X|A2 < K}PI‘{AZ < K} + Pr{A1 = X‘Az > K}PI{AZ > K}, (31)

where Pr{A; < «}, Pr{A; > «} are given by (27) and (28). Using Equation (17), the first
and second conditional probabilities given in (31) can be written as

Mg [(1 =) — (1 — )]

Pr{A; = x|Ay <k} = Y (32a)
Al (1= A x—1 _ 1—1u x—1
Pr{A, = x|Ay >k} = ml )H, A( M) (32b)
—

where y is given by (23). Now, we can write the average Aol of S for threshold-based
policy of the Aol of S, as

I
e

Al XPI‘{Al = x}

x=1

()= (g ).

where 777 is given by (26).

3.7. Optimizing the Average Aol of Sy subject to Aol constraints on Sy
3.7.1. Using the Average Aol of the FCFS as the objective function

In this section, our objective is to minimize the average Aol of user 1 for a discrete-time
Geo/Geo/1 queue discipline of FCFS with a constraint on the average Aol for user 2, which
should be less than a threshold. Let Amax be a strictly positive real value that represents the
maximum average Aol of user 2. Thus, the optimization problem is formulated as follows

minimize A; (34a)
subject to Ay < Amax- (34b)

Using the expressions given in Equations (16) and (30), one can write Equation (34)
as follows

. 1 1-A A A
minimize — 4+ -+ (35a)
g1.92,) A=A pp o m
1
subject to - < Amaxs (35b)
2
0<AL ", (35¢)
q1,92 S [0,1] (35d)

where the constraint in (35¢) ensures that the queue of the first user is stable. To solve this
optimization problem, we first note that for A < pq when the service probability of the
first user increases, the objective function given in (35a) decreases. Hence, to minimize the
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objective function, we must obtain the maximum value of y;. The service probability of the
first user given in (5) can be simplified as

m =gl =q2)p11 +q192p112
=q[pi1 —2(p11 — P112)]- (36)
According to Equation (36), j; has its maximum value when ¢ is maximum. Therefore, by
selecting 41 = 1, we can maximize the service probability of the first user and minimize the

average Aol of the first user as an objective function. Therefore, the optimal value of q; is
given by

g1 =1 (37)

Now, using Equations (8), (36) and (37), we can write the optimization problem given in
(35) as

o1 1—A ML= p1j1+a2(p1/1 — P1/1,2))
minimize — + — 5
QA A pip—aq2pisn—piap) — A (r11 —22(p11 — P1/12)

P11~ 92(p11 — p1/12)

(38a)

subject to — Amax <0, (38b)
a2 (p1/1p272 — 0202/2(P1/1 — P1/12) — Mp2s2 — P2/12))
A=pia+a2(p11 — pr/12) <0, (38¢)
A g2 € [0,1]. (38d)

By definition, an optimization problem is convex when its objective function and the
inequality constraints are convex, and its equality constraints are affine, see Chapter 4.2
in [33]. We can show that the Hessian matrix of the objective function given in (38a) is
positive semi-definite for some parameters of A and g, and for some others is not positive
semi-definite and therefore it is not a convex function. Additionally, it can be verified that
the Hessian matrices of the inequality constraints (38b) and (38c) are positive semi-definite
for different values of A and g,. Therefore, this optimization problem is not a convex
optimization problem, a trivial solution does not exist for this problem, and finding the
optimal solution is computationally involved. Hence, to find the optimal values of A and
42, a suboptimal technique is proposed to effectively solve the problem using an algorithm
developed for solving convex optimization problems. This approach is known as the bilevel
optimization algorithm and is used when optimization parameters are interdependent, and
the optimization problem is convex with respect to each of the optimization parameters
when other parameters are fixed [34].

3.7.2. Bilevel Convex Optimization

Using the procedure explained in Appendix A, it can be verified that the objective
function given in (38a) is a convex function of A when g, is fixed and A < 1. Therefore, the
optimization problem can be solved for A by assuming that g; is fixed. Then, substituting
for A in (38a) from the previous stage and assuming that this parameter is fixed, we can
solve the optimization problem for q,. This procedure continues until the convergence
condition is satisfied (for example, the change in the objective function in two successive
iterations is lower than a small threshold).

In this paper, an interior-point method is used to solve the optimization problem in
each iteration of the bilevel optimization algorithm. The iteration complexity of this method
is shown in Chapter 3.4.3 in the work of den Hertog [35] to be O(v(cy/n)), where v denotes
the number of iterations, 7 is the number of constraints and c is a constant, which depends
on system parameters such as tolerance.
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3.7.3. Using the Average Aol of the LCFS with Preemption as an Objective Function

In this section, our objective is to minimize the average Aol of user 1 for a discrete-time
preemptive LCFS Geo/Geo/1 queue discipline with a constraint on the average Aol for
user 2, which should be less than a threshold. Using the expressions given in Equations (18)
and (30), the optimization problem is formulated as follows

1 1
minimize — + — 39a
A A %
1
subject to - < Amax, (39b)
2
0< A<y, (39¢)
q1,92 S [0,1] (39d)

Using the procedure explained in Section 3.7.1, the g7 = 1 and the optimization problem
given in (39) is simplified as

1
minimize — +
QA A i — 2P — Pa12)
P —92(pi1— P1112)

(40a)

subject to — Amax <0, (40b)
‘12(11’1/1172/2 = q2p2/2(P1/1 — P1/12) — AMp2s2 — Pz/l,z))
A=pia+a2(p11 — pr/12) <0, (40c)
Aga € [0,1]. (40d)

We can prove that the Hessian matrix of the objective function given in (40a) is positive
semi-definite and the optimization problem is convex (see Appendix B). Therefore, this
optimization problem can be solved using an algorithm developed for solving convex
optimization problems such as the interior-point method.

4. Numerical Results and Discussion

In this section, we illustrate our analytical results presented in Section 3 and we
verify them by means of computer simulation. Simulation results are obtained using 10°
independent realizations of the system. Additionally, we evaluate the performance of the
proposed interior-point algorithm presented in Section 3. It is assumed that the users are
located at a distance 7; = 30 m (i = 1, 2) from the receiver. The receiver noise power is
assumed to be ¢> = —100 dBm, and the path-loss exponent is « = 4. Additionally, the
assumed transmit powers are P;; = P;» = 5 mW, and the transmission channels between
the users and receiver are subject to Rayleigh fading model and we use the expressions for
the success probabilities that were presented in Section 2. Furthermore, the initial point for
the interior-point algorithm is zero, i.e., ()\m),qgo)) =0.

Figure 4 shows the average Aol of the first user for the FCFS Geo/Geo/1 queue,
preemptive LCFS Geo/Geo/1 queue, and queue with replacement as a function of A,
v=-5dB, M =1, =0.8,and g = 0.2. As seen in this figure, the preemptive LCFS
Geo/Geo/1 queue outperforms the FCFS Geo/Geo/1 queue, and queue with replacement.
Additionally, note that the average Aol of the first user for the FCFS Geo/Geo/1 queue we
plot for A < 0.7 to satisfy the stability requirements. Figure 4 also shows that the simulation
results match the analytical results.

The average Aol of S; and S, are shown in Figure 5 as a function of «, for A = 0.5,
g1 =1,q2 =02, g5 = 0.5, v = 3dB, and various values of M. As seen in this figure, as
« increases, the slope of the average Aol of S, and S; decreases because when « becomes
larger, the average Aol of S; and S tends to 1/, and 1/A + 1/, respectively, and
becomes independent of g5. Therefore, by changing g5 the average Aol of S, and S; will not
change. Furthermore, when x increases, the average Aol of S, increases and the average
Aol of S1 decreases. This is because for smaller values of «k, a packet is transmitted with
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probability g5 that g5 > g, sooner than larger values of k. Therefore, the average Aol of the
first and second users has larger and smaller values, respectively, for smaller values of .
Additionally, note that when M increases, the average Aol of the first and second users
decreases because for a larger value of M the service probabilities of the first and second
users have larger values such that they decrease the average Aol of S; and S;.

12 \ ‘ T
4 O Simulation, FCFS
1 ¢ Simulation, LCFS with Preemption
/N Simulation, Queue with Replacement
Analytical 1

The Average Aol of the first user

2 . . . . . . i Y
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

A
Figure 4. The average Aol of the first user for the FCFS Geo/Geo/1 queue, preemptive LCFS
Geo/Geo/1 queue, and queue with replacement for y = =5dB, M =1, 41 = 0.8, and g = 0.2, and
various values of A.

O  Simulation, M = 1 135
VAN Simulation, M = 2
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Figure 5. The average Aol of the S; and S, for v = 3dB, A = 05,91 = 1,42 = 0.2, q’z = 0.5,
x =1,5,10,...,30, and various values of M.
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Figure 6 shows the probability that the Aol of the second user to be greater than a
threshold as a function of A forq; =1, 42 = 0.2, q’z = 0.5, v = 3dB, x = 5, and selected
values of M. As seen in this figure, when A increases the probability Pr{A, > x} increases.
This is because when A increases the service probability of the second user decreases and
therefore it increases the Aol of the second user. Furthermore, by increasing M, the success
transmission probabilities increase, and the service probability of the second user increases.
As a result, the Aol of the second user decreases and the probability Pr{ A, > x} has lower
values. Note, importantly, that when M = 1, the probability Pr{A, > x} does not have a
value for A > 0.6. This is because for A > 0.6, A becomes larger than y; and thus the Aol of
the second user does not have a value.

0.5 T T T
O  Simulation, M = 1
A\ Simulation, M =2
04s L ¢{> Simulation, M = 4 )
O  Simulation, M =6
Analytical

Figure 6. The probability the Aol of the S; at the receiver greater than a threshold, x = 5, for v = 3 dB,
g =1g=02, q'z =05,A=0.1,0.2,...,1, and various values of M.

Figure 7 shows the average service time of the first user, 1/, as a function of
Pi1 (Pg = Pyp) for 02 = —50dBm, a = 4,r; =30m (i=1,2), y = 0dB, q = 08,
g2 = 0.4, and selected values of M. As seen in this figure, when transmitted power in-
creases, the average service time decreases. This is because by increasing the transmitted
power, the success transmission probabilities increases and thus the average service time
decreases. Furthermore, when M increases, the average service time decreases. This is
because when M increases, the service probability increases such that it decreases the
average service time.

The average service time is illustrated in Figure 8 as a function of r{ (r; = r7) for
02 = =50 dBm, a = 4, Py =Pp=5mW,y =0dB, q; = 0.8, 90 = 0.4, and various
values of M. As seen in this figure, the average service time increases by increasing ry.
This is because when 77 increases, the service probability of the first user decreases, which
results in decreasing in the average service time. Moreover, by increasing M, the average
service time decreases. This is because when M increases, the success probabilities increase
and therefore the average service time decreases.
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Figure 7. The average service time of the first user as a function of P;; for 02 = =50 dBm, & = 4,
r1=30m (i=1,2),y =0dB, g1 = 0.8, g2 = 0.4, and various values of M.
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Figure 8. The average service time of the first user as a function of r; for 02 = —50 dBm, a = 4,
Py =P =5mW,y=0dB, g, =08, g, = 0.4, and various values of M.

The minimum average Aol of the first user for the case where M = 1 as a function of 7y
and selected values of Amax is illustrated in Figure 9. As seen in this figure and Tables 1-4,
the minimum average Aol of the first user has a larger value when the SNR threshold 7 is
larger. This is because a higher 7 gives lower success probabilities and therefore increases
the minimum average Aol. An important observation is that as Amax increases, the average
Aol of the first user does not depend on Amax. This is because when Amax increases, the
constraint on the average Aol of the second user becomes independent of Anax. Hence,
when Apax increases, the optimal value of transmit probability g», A and therefore the
minimum average Aol of the first user will not change.
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Table 1. The minimum average Aol of the first user and the optimal values of A*, g7, and g5 for

Amax = 2.
% A* q3 q3 The Minimum Average Aol of the First User
—5dB 0.6159 1 0.6047 3.10
—3dB 0.5264 1 0.6443 3.54
-1dB 0.4263 1 0.6859 4.20
1dB 0.3264 1 0.7175 5.16
3dB 0.2425 1 0.7289 6.46
5dB 0.1832 1 0.7239 8.02

Table 2. The minimum average Aol of the first user and the optimal values of A*, g7, and g; for

Amax = 5.
0% A* qi q; The Minimum Average Aol of the First User
—5dB 0.7539 1 0.2477 2.59
—-3dB 0.6947 1 0.2684 2.78
—1dB 0.6260 1 0.2935 3.02
1dB 0.5519 1 0.3196 3.32
3dB 0.4806 1 0.3416 3.67
5dB 0.4208 1 0.3560 4.04

Table 3. The minimum average Aol of the first user and the optimal values of A*, g7, and g; for

Amax = 10.

% A* q3 qz The Minimum Average Aol of the First User
—-5dB 0.8246 1 0.1257 2.39
—3dB 0.7815 1 0.1376 2.50
—1dB 0.7303 1 0.1531 2.64
1dB 0.6730 1 0.1708 2.81
3dB 0.6147 1 0.1880 3.01
5dB 0.5622 1 0.2019 3.19

Table 4. The minimum average Aol of the first user and the optimal values of A, g7, and g5 for

Amax = 15.

% A* q3 qz The Minimum Average Aol of the First User
—5dB 0.8563 1 0.0844 2.31
—3dB 0.8206 1 0.0929 2.40
—1dB 0.7777 1 0.1043 2.51
1dB 0.7288 1 0.1179 2.63
3dB 0.6775 1 0.1320 2.78
5dB 0.6297 1 0.1441 2.92

245



Entropy 2022, 24, 542

9 T T
= —
A =5 | |
8 B A = 10
—H— A =15

The Minimum Average Aol of the first user

5 4 3 2 a1 0 1 2 3 4 5
SNR Threshold (dB)

Figure 9. The minimum average Aol of user 1, for M = 1, Anax = 2,5,10,15, and various values
of .

Figure 10 shows the interplay between the average Aol of the first user for a discrete-
time Geo/Geo/1 queue discipline of FCFS and the average Aol of the second user when
y — oo as a function of g, and selected values of . In this figure, we consider the
weak/strong MPR capabilities. We denote that the strong and weak MPR capability of a
receiver corresponds to K = % + P22 > 1 and K = BA2 4 P212 ] respectively [24].

1/1 P2/2 1 P2/2

When M =1 for y = —5dB and v = —3 dB, K = 1.51 and K = 1.33, respectively. There-
fore, the receiver has strong MPR capabilities. Furthermore, for v = 1 dB and v = 3 dB,
K = 0.88 and K = 0.66, respectively; thus, the receiver has weak MPR capabilities. Addi-
tionally, when M = 2 for v € {—5,-3,1,5} dB, K € {1.88,1.77,1.37,1.11}, respectively.
Moreover, when M = 4 for v € {—5,-3,1,5} dB, K € {1.99,1.97,1.80,1.60}, respectively.
Therefore, when M > 1 the receiver has strong MPR capabilities for selected values of +y.
In Figure 10, we consider a different scenario from the optimization problem scenario in
(34). Here we intend to find transmission probabilities g, and g, that both users transmit
at the same time to keep the average Aol of the first and second users below a threshold
A1max1 and Appmax respectively. Observe that when the receiver has strong MPR capabil-
ities, we have A; < Ajmax and Ay < Apmax with a high value of transmit probability 4.
Therefore, in this case, both users can transmit at the same time with a high probability.
For example, we assume the thresholds for the average Aol of the first and second users
are equal to Ajmax = 6 and Apmax = 6, respectively. As seen in this figure when M equals
1, and v = —5 dB (strong MPR capability), we can achieve our purpose with q; = 0.6
and g, = 0.5 while for v = 1 dB (weak MPR capability), we cannot find a value of 4, to
achieve our goal. In this case, both users cannot transmit at the same time. Additionally,
observe that in Figure 10b, when v = —5 dB the first and second users can transmit at the
same time with the probabilities of g; = 0.6 and g, = 1. Furthermore, when v = 1 dB, the
transmit probability of 4; and g, are equal to g; = 0.6 and g, = 0.4. In addition, as shown
in Figure 10c, when v = —5 dB and y = 1 dB, both users can transmit at the same time
with the probabilities of 41 = 0.6 and g = 1. This reflects the fact that when the number of
receiver antenna increases, the receiver has a strong MPR capability for higher values of y
and thus both users can transmit at the same time with a high probability.
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Figure 10. The interplay between the average Aol of the first and second users for g; = 0.6, A = 0.3,
g2 =01,02,...,1, (@@ M=1,(b) M=2,and (c) M = 4.
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5. Discussion on Larger Topology

In this section, we discuss how this work can be extended to capture more than two
users. However, detailed analysis and optimization for more than two users is left for a
future publication. Below, we provide some details for a setup with two users with external
traffic and two users with control over the generation of the status updates as depicted
in Figure 11. More specifically, it is assumed that the users S; and S; do not have control
over the generation of status update packets, and they are externally generated according
to Bernoulli processes with probabilities A; and A,, respectively. When the queue of S;,
i = 1,2 is not empty, S; attempts to transmit with probability g;. We also consider that
users Sz and Sy can control the generation of status update packets; thus, they sample and
transmit with probabilities g3 and g4, respectively, based on a generate-at-will policy. Using
the same approach presented in Section 2.2, we derive the service probabilities of S;, and
Sz as

1= qPr{Qa = 0}(1 —g3)(1 — qa)p1/1 + ;1Pr{Q2 = 0}q5(1 — 94)p1/13

(
+q1Pr{Q2 = 0}(1 — q3)q4p1/1,4 + 11Pr{Q2 = 0}9394P1 /1,34
+q1Pr{Q2 # 0} (1 — 92)(1 — 43)(1 — q4)p1/1 + ¢1Pr{Q2 # 0} (1 — 92)q3(1 — q4)p1/13
+@Pr{Qz2 # 0}(1 — q2) (1 — 43)qap1/1,4 + Pr{Q2 # 0} (1 — 72)93q4p1 /1,34
+@1Pr{Q2 # 0}92(1 — 93)(1 — g4)p1/12 + 1Pr{Q2 # 0}92q5(1 — q4)p1/12,3
+q1Pr{Q2 # 0}q2(1 — q3)q4p1/124 + 01Pr{Q2 # 0}429394P1/1,234
= q1(1—93)(1 = q4) [p1/1 — 92Pr{Q2 # O}(p1/1 — P1/12)]
+q193(1 — q4) [p1/15 — 2Pr{Q2 # 0} (11,5 — P1/123)]
+9194(1 = q3) [P1/1,4 — 92Pr{Q2 # 0} (P1/14 — P1/124)]
+ 019394 [p1/1,34 — 2Pr{Q2 # 0} (P1/134 — P1/12,34)] (41)

pz =Pr{Q; =0,Q2 = 0}q3(1 — q4)p3/3 + Pr{Q1 = 0, Q2 = 0}q394P3/34

+Pr{Q; #0,Q2 = 0}q3(1 — 1) (1 — q4)p3/3 + Pr{Q1 # 0,Q2 = 0}43q4(1 — q1)p3/34

+Pr{Q1 #0,Q2 = 0}q195(1 — q4) p3/1,5 + Pr{Q1 # 0, Q2 = 0}919394P3/1,34

+Pr{Q1 =0,Q2 # 0}43(1 — 2) (1 — q4) p3/3 + Pr{Q1 = 0,Qa # 0}43(1 — 72)q4P3/34

+Pr{Q1 =0,Q2 # 0}q293(1 — qa)p3/25 + Pr{Q1 = 0, Q2 # 0}929344P3/2,34

+Pr{Q1 #0,Q2 # 0}q3(1 — 71)(1 — q2) (1 — 44) p3/3

+Pr{Q1 # 0,Q2 # 0}q293(1 — q1)(1 — 94) p3/23

+Pr{Q1 #0,Q2 # 0}q394(1 — 91)(1 — 92)p3/34

+Pr{Q1 # 0,Q2 # 0}q145(1 — 72) (1 — 4)p3/13

+Pr{Q1 #0,Qa # 0}9293q4(1 — 91)p3/234+Pr{Q1 # 0, Q2 # 0}9192q5(1 — 1) p3/1,23

+Pr{Q1 # 0,Q2 # 0}4193q4(1 — 92)p3/134 + Pr{Q1 # 0, Q2 # 0}41929394P3/1,234 (42)

Similarly, we can write the service probabilities for S, and S4. As we can observe, we see
that the service probability of S; depends on the state of the queue of S; and vice versa.
Thus, the queues are coupled, which is a known problem and closed form solutions cannot
be obtained for more than three users. Furthermore, the service probabilities of Sz and S4
depend on the joint PDF of the queues of S; and S;.

A way to bypass the difficulty due to coupling among the queues is to assume inde-
pendence as in [13], or if we further assume that the queues have finite capacity then we
can use semi-analytical methods from queuing theory. In the first case, we can approximate
the performance and that approximation is tight for higher values of the arrival probabili-
ties. After characterizing the service probabilities for each node, we can use the provided
analysis in the earlier sections. In a scenario where we have only one user with a queue
and N users with the generate-at-will policy, the extension becomes a trivial exercise of our
analytical results since one can use the expressions directly.
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Figure 11. S; and S, have Aol-oriented external bursty traffic, S3 and S4 have also Aol-oriented
traffic but they can control the generation of status updates.

6. Conclusions

In this work, we considered a two-user multiple access channel in which both users
have Aol-oriented traffic, but with different characteristics. All transmission channels were
assumed to be subject to path loss and fading. We have investigated the performance of
the average Aol of the first user for the FCFS, LCFS Geo/Geo/1 with preemption, and
queue with replacement. Additionally, we have derived the Aol and the average Aol of
the second user by considering a threshold for the Aol of the second user. Then, we have
formulated an optimization problem to minimize the average Aol of the first user with
a constraint on the average Aol of the second user. To solve the proposed optimization
problem, we used the interior-point method. Numerical results showed the performance
of the proposed algorithm for the different parameters of the system and the impact of
multiple antennas.

Future extensions of this work include larger topologies, as discussed in Section 5.
Furthermore, an interesting extension is to consider more elaborate schemes at the physical
layer such as the MMSE receiver or zero-forcing. Another interesting direction is to con-
sider power control schemes with dynamic programming methodologies such as Markov
Decision Processes or stochastic optimization.
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Appendix A

To prove the convexity of the objective function, we first define the expression given
in (38a) as

1 1-A Al — + -
a1 A -piitapin Pl/l,g))‘ (A1)
A e a2 = (g - alps - )
Now, by taking the second derivative ifTé‘ we have

A 2 201-X)

- wt (X —7)3 (A2)
where X = p1/1 — q2(p1/1 — P1/1,2), and using the expression given in (38c), we have
A < X < 1. Therefore, for all values of X and A, the second derivative &4 is positive, and

dA2?
thus the objective function is a convex function of A when g3 is fixed. Similarly, by taking
the second derivative ‘327“;1 when A is fixed we have
2
d?A S| —2A(B-X) | 2(1-2)
— — A3
a2 (p1/1 = P1/12) X3 X—A) (A3)

where X = py/1 — q2(p1/1 — p1/12) and A < X < 1. It can be readily shown that for

all values of X and A, ‘57“? is positive and therefore the objective function A is a convex
2

function of g, when A is fixed.

Appendix B

In order to prove the convexity of the objective function given in (40a), we must verify
that the Hessian matrix of the objective function is positive semi-definite. We first consider
the objective function as

1 1

4 . A4
A i —q2(pia = Pia2) (A4

. . . . 2 2 2
To obtain the Hessian matrix, we need to derive &8 _dB  anq 8

dAZ7 dAdgy” dgg
B 2
== >
dA2 A3 7 0
d’B
d/\db]z a
d’B 2(p1/1 = P1/12) So. (A5)

dg3  (p1a—a(pin—p12)?
According to the stability constraint in (40c), A < p1/1 — q2(p1/1 — p1/1,2) < 1and therefore

2
2 . 2 2 2 . .. .. . ..
—‘é‘g > 0. Since ngj X % — ((ﬁ—ﬁ) > 0, the Hessian matrix is positive semi-definite and

the objective function is convex.
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Abstract: The age of information (Aol) is now well established as a metric that measures the freshness
of information delivered to a receiver from a source that generates status updates. This paper is
motivated by the inherent value of packets arising in many cyber-physical applications (e.g., due to
precision of the information content or an alarm message). In contrast to Aol, which considers all
packets are of equal importance or value, we consider status update systems with update packets
carrying values as well as their generated time stamps. A status update packet has a random initial
value at the source and a deterministic deadline after which its value vanishes (called ultimate
staleness). In our model, the value of a packet either remains constant until the deadline or decreases
in time (even after reception) starting from its generation to the deadline when it vanishes. We
consider two metrics for the value of information (Vol) at the receiver: sum Vol is the sum of the
current values of all packets held by the receiver, whereas packet Vol is the value of a packet at the
instant it is delivered to the receiver. We investigate various queuing disciplines under potential
dependence between value and service time and provide closed form expressions for both average
sum Vol and packet Vol at the receiver. Numerical results illustrate the average Vol for different
scenarios and relations between average sum Vol and average packet Vol.

Keywords: age of information; status update system; value of information

1. Introduction

In many cyber-physical applications, the need for real-time communication of informa-
tion packets involves not only maintaining information freshness but is also accompanied
by the need to preserve the importance or value of those packets. Examples of such cases
include autonomous cars and general vehicular networks [1-3], sensor networks [4-6],
tactical networks [7] and other systems making decisions in real-time [8,9]. In this context,
the value of information is another crucial dimension in addition to the notion of timeliness
associated with information. In this paper, we address this issue in a queuing system
carrying status update packets.

Status update systems with the age of information (Aol) metric measuring end-to-end
freshness of packets have received extensive interest recently. Pioneered by the analysis
in [10,11] motivated from vehicular status update systems, the Aol metric has been found
to be useful in various scenarios such as single server queuing systems [12-14], energy
harvesting systems [15-20], single and multi-hop networks [21-25], cognitive radio [26,27]
and vehicular communication networks [28]. The Aol metric provides exclusive meaning
to the timing of packets and connects a packet’s usefulness at the receiver with how long
the packet spends before its reception. As such, each packet is assumed to be created
with the same value starting at generation. The current literature on status update system
abstractions is focused mostly on information freshness and does not consider real-time
communication of information packets involving a (time-varying) value associated with its
content as well as timing, with some attempts in [29-33] being exceptions. In particular,
different packets may have different values with respect to the application at the receiver
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using it. In such scenarios, the Aol metric falls short of capturing all the dimensions of the
problem, and a separate value of information (VoI) metric has to be introduced.

In this paper, we abstract out the Vol of a status update packet as a time-varying
quantity with a random initial value which becomes zero after a deterministic deadline
(identical over all packets) inspired by the Aol metric. Packets are assumed to be useless
after the deadline, which we term as ultimate staleness. We also assume a functional
dependence between the initial value of an information packet and its service time to
capture the relation between value and data size (e.g., packets carrying higher resolution
information are more valuable but larger in size), the growth rate of processes to be
monitored (e.g., state estimation in cyber-physical systems) and the content of packets
regarding an alarming event. We propose two definitions for Vol. The sum Vol is the sum of
the current values of all packets held by the receiver, which is reminiscent of throughput.
Note that the value of a packet continues to decay after it is received until ultimate staleness.
On the other hand, the packet VoI is simply the instantaneous value of a packet at the
moment it is delivered to the receiver. By comparing the initial value and the packet value,
we aim to understand the effect of communication on the lost value.

We note that the use of deadlines has been a topic of research in earlier works in the
literature on Aol, motivating us to further explore it in the context of value of information
updates. Reference [34] shows how packet deadlines, buffer sizes and packet replacement
influence average Aol. Closed-form expressions for average Aol with deadline are derived
in [35,36]. Reference [37] studies Aol in a status update system with random packet
deadlines and infinite buffer capacity.

Previous works in [29-33] have components related to our view on value of infor-
mation. For example, references [29,32] consider the quality of information associated
with the distortion observed at the receiving end and [38] considers partial updates. Simi-
larly, [31,39] relate the timeliness of observations with the correctness of information. The
author of [30] considers age and the value of information with a notion of value taking into
account the non-linear costs regarding information updates in various queuing disciplines.
The work in [33] evaluates the value of information in addition to age of information in
uplink/downlink transmissions in network control systems. The authors of [40] study
the performance of Vol and Aol in a first responders” health monitoring system; their Vol
metric is very closely related to our Vol metric originally presented in [41]. In the current
paper, we propose a new notion of VoI where a packet’s inherent properties at the time
of generation determine its value, in contrast to a value evaluated after processing at the
receiver as in previous work. We investigate Vol in M/GI/1/1, M/Gl/1/2, M/GI/1/2*
and M/GI/1/1* queuing disciplines and provide closed-form expressions for average sum
Vol and packet Vol.

The work in this paper is a significantly extended version of our conference paper [41].
In particular, we include the following:

1.  We propose and analyze a second Vol metric (average packet Vol) in addition to the
average sum Vol analyzed in [41].

2. We add the case of constant value over time until deadline to our analysis on top of
the previous work on linear value descent over time until deadline.

3. We analyze the performance of a new queuing scheme, which is M/GI/1/1* in the
server. This extended analysis enables us to study the possible use for the value of
status update packets in different kinds of systems.

4. We present more numerical results on the two Vol metrics and the four queuing
schemes that enable the reader to obtain a clear picture of the various trade-offs
involved.

2. System Model

We consider a point-to-point communication system with a single transmitter sending
status updates from a source to a receiver, as shown in Figure 1. The update packets arrive
at the transmitter as a Poisson process with arrival rate A at instants ¢;. A packet may be
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discarded in the queuing phase; those that are not discarded enter the server. A packet
may also be preempted and discareded while undergoing service; otherwise, it is received
by the receiver after system time T; at t/ = t; + T;. In this paper, we cover M/GI/1/1,
M/GI/1/2,M/GI/1/2* and M/GI/1/1* queuing schemes. In M/GI/1/1, there are no
buffer and packets arriving in the server-busy state that are discarded. In M/GI/1/2, there
is a single data buffer with a first come first serve discipline so that an arriving packet
that finds the buffer occupied will be discarded. In M/GI/1/2%, there is a single data
buffer but, in this case, an arriving packet will preempt the packet stored in the buffer.
In M/GI/1/1%, there are no buffer and packets arriving in the server-busy state that will
preempt the current packet in service. For the two no-buffer schemes M/GI/1/1 and
M/GIL/1/1* T; = S; where S; is the service time for the ith packet, which is independent
and identically distributed with fs(s). For the two schemes with buffer M/GI/1/2 and
M/GlI/1/2%, T; = S; + W; where W; is the waiting time for the ith packet. We derive T; for
different schemes in Section 3. We focus on these four queuing systems because previous
research has shown that excessive queuing in large buffer systems can adversely impact
Aol, and limited-buffer systems with packet management can improve Aol [12,34]. Since
the value also potentially becomes worse with time, a similar behavior is expected for Vol.

Status Update |~ 7} Transmission
1
Ll

Data Queue

Figure 1. System model with status update packets arriving at a single server transmission queue.

2.1. Value of a Packet

The ith update packet has initial value V), at the generation instant. This is a random
sequence independent over different i. V}; has the identical general distribution fy (v)
with mean value E[V]. This initial value represents the importance of a packet for an
application. It could be related to the precision of a measurement, proximity of the sensor
to the measured object or it could indicate an alarm event. Each packet has a deterministic
lifetime D after which it reaches ultimate staleness. Hence, after a fixed time period D
from packet generation, the packet has no value for the receiver. We use V,; to denote
the instantaneous value of the ith update packet when it is delivered to the receiver and

0i = % to denote the fraction of the initial value of the ith update packet that is delivered

0,i
to the receiver.

Motivated by various applications of sensor networking and the value of information
in them [1-6], in our model, we assume that packet i’s value can decrease from its time
of generation at #; until it hits the deadline at t; + D. The value V;(7) = h;(Vy;, T) for
the ith packet decreases with T = t — t;, representing the time passed after generation at
the transmitter. This value keeps on decreasing (even after a packet is received) until it
becomes zero. We have h;(V;;,0) = Vp; and h;(V;, D) = 0. In this paper, we consider two
different descend functions h(.) for the value: (i) constant value and (ii) linear descend. The
former models the case where the packet’s value does not change with time as long as it is
delivered by the deadline, while the latter models the case where a packet that is delivered
earlier has a higher value. In the constant value case, we have the following.

Vi(t) = hi(Vo,i, T) = {VS' ((E: DD)) W

In the linear case, since /;(V};,0) = Vy; and h;(Vp;, D) = 0, we have a linear descend
function.

v oo =Ry, (t< D)
Vi(T)—h1(VO,1/T)_{ DO ’ (t > D). @
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Then we have the following:

Vii=hi(Vo,i, Ty), (3)
~ hi(Vo, Th)
pi = "V 4

for packets that are deliverd to the receiver. We set V,; = 0, p; = 0, for packets that are not
delivered to the receiver.

2.2. Value-Dependent Service Times

We consider two possibilities for a packet’s service time. In one model, the service
times are independent of the initial value of a packet. In another model, the service time of
a packet depends on the initial value of the packet through a non-decreasing function g.

Si=g(Vo,)- 5)

In this case, the distribution function of S; is fs(s) = fy(g71(s)) d“%:(s) where ¢71(.)
is the inverse function of g(.), and the mean service time is E[S] = E[g(V)]. Corresponding
to the general distribution, we have the moment generating function (MGF) evaluated at
— fory > 0:

Ms(7) £ E[e™7].

This monotonic relation reflects the fact that a larger packet takes longer time to transmit
and its reception yields more value. This relation causes an interesting tradeoff between
value and age as a larger value is obtained at the receiver by paying a longer service time.

In this paper, we consider two definitions for Vol. The first one is Ysum, which denotes
the sum VoI, i.e., the sum of the current values of all packets received by the receiver
(cf. [4-6] where the additive nature of Vol is discussed in various wireless sensor networks).
Hence, Ysum (#) is as follows:

it
Ysum(t) = Z V](t) (6)
j=1
where iy = max{i : t; < t}. The time average of Ysum(t) is the following.

1T
]E[Ysum] = ]lgr;o T /t:O Ysum(t)~ (7)

Another definition is Ypacket, Which measures the instantaneous value of a packet at
the moment it is delivered to the receiver (if it is delivered). Packets that are dropped are
assumed to have zero value. The average packet Vol is then defined as follows.

E [Ypacket} =K [Vr,i] . (8)

El[p;] is the expected fraction of the initial value that is delivered to the receiver, which
illustrates the amount of value received by the receiver compared to the generated initial
value at the source. We reiterate that E[V, ;] and E[p;] are expectations over all packets;
dropped packets contribute zero received value.

We illustrate the evolution of value with an example. In Figures 2 and 3, the evolution
of value for specific packets generated over time is shown in an M/GI/1/1 system with
constant value and linearly descending values, respectively. We use X; to denote the inter-
arrival period between two packets i — 1 and i. Therefore, X; is an exponentially distributed
random variable with rate parameter A. Packet 1 finds the server idle and begins service at
t1; service ends at t]. Packet 2 arrives between f; and #{, and it is discarded. The service of
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packet 1 finishes at ] before the deadline of packet 1, Dy = t; + D. The value of packet 1 at
t’l, when received by the receiver, is non-zero, and it becomes zero at D;. Packets 3, 4 and
5 arrive to the system during the idle period, and they are received at té, tfl and t’s. Note
that when packet 4 is received, packet 3 has a non-zero value; thus, the sum Vol, which is
shown with a solid red line, is the sum of the values of these packets.

Vi

i |
1 1
1 1
1 1
1 1
———-- 1 1
1 0 1 1
1 B 1 1
Q, 1 1
I V4 | 1
1 T T 1
1 [ N 1
1 [ N | 1
1 1941 1
(7] m m P N N m (] y: NPY
] ] ] - ] ] - .
t Hth 5 Dy thty ty D3 s D, tg Dst's time
X
S; S; Sy Ss

t nth 5 Dy tty ty D3 s D, tg Dst's time

X -
S S3 Sy Ss

Figure 3. Evolution of thevalue in the M/GI/1/1 system with linearly descending values.

We define areas Q; under the rectangular regions of the curve shown in Figure 2 or the
triangular regions of the curve shown in Figure 3, and we set Q; = 0 for packets discarded
in the queuing phase. Then, the expected sum Vol at the receiver is as follows:

IE[Ysum] = )‘E[Qi]/ ©)
where A is the arrival rate of packets at the transmitter.

3. Evaluating Value of Information

In this section, we derive closed-form expressions for E[V, ;], E[Q;] and E[p] for the var-
ious queuing systems. E[Y paciet] and E[Ysum] can then be obtained by using Equations (8)
and (9).

3.1. Average Vol for M/GI/1/1

In the M/GI/1/1 queueing system, there is a single server and no buffer. Packets
that arrive in the idle period are taken to service immediately and those arriving in busy
period are dropped. In view of the renewal structure, we have the following stationary
probabilities for each state:
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, L )
= s PB = 7
! ATcycle Tcycle

(10)

where Teyele = % + E[S] is the expected length of one renewal cycle; and I and B indicate
the idle and busy states. In the M/GI/1/1 system, packets are delivered to the receiver if
they arrive when the server is idle. Recall that if the total time spent by the packet before
reaching the receiver is larger than D, its value vanishes. Since a packet that is taken to
service spends service time S; in the queue before reaching the receiver, the packet’s value
vanishes if S; is larger than D. Hence, we just need to consider condition S; < D and i
arriving in idle states. Based on the two time-dependent functions for the value shown in
(1) and (2) and the relationship shown in (3)—(5), we have the following:

BVl = pi | hi(o,5(0)) i (o), an
alo) = pr [ HOEO) gy o), 1)
E[Qi] = pi1 ./OV ./g(DU) hi(o,7) fv (v)dtdo, (13)

where V = ¢~1(D) denotes the corresponding initial value when the related service time is
equal to the deadline.

3.2. Average Vol for M/GI/1/2

In the M/GI/1/2 queueing system, there is a single buffer. The server is in either idle
or busy states. Packets that arrive in the idle period are served immediately; those that
arrive in the busy period are stored in the buffer if there is no other packet in it and they
are discarded otherwise. In view of the renewal structure, we have the following stationary
probabilities for each state of the server:

1 E[S]

1= , P = , (14)
P )‘Tcycle P TcycleMS(A)

where we use Mg(A) to denote the moment generating function of the service distribution
evaluated at —A:

Mg(A) = E[e™*], (15)

where Teyce = % + % is the expected length of one renewal cycle. Next, we evaluate

E[V,;] and E[Q;|(s)] for s € Sp/c1/1/2 = {1, B} and conditioning is on the server state
observed by packet i. Due to the PASTA property, Pr[P; = (s)] = ps, where p;, s €
Sm/ci/1/2 are as in (14).
3.2.1. Idle State Analysis

As a packet arriving in the idle state is served immediately, we have the following.

v
EV,il1] = [ 1o, 8(0)fy (0)do, 16)
Bloii) = [ 08D g, ), a7
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%4
E[Q|T] = / 1i(0,7) fiy (0)ddo. (18)

J0

3.2.2. Busy State Analysis

Since only the first packet that arrives during the busy period is served and the others
are discarded, we introduce a lemma for the probability that an arriving packet is the first
one that arrives in the busy state. To do so, we first define states By and B, as the busy states
of the server with zero and one packet waiting in the queue, respectively. The renewal
cycle is as follows. After the idle period, an arrival happens and the system turns to B;
state. Now, a time duration of service S starts and if during the service period another
arrival occurs, the system turns to B; state. This back-and-forth between B; and B; states
continues until no packet arrives in one service time. We provide an example in Figure 4
for the three states in the M/GI/1/2 scheme. At time t, packet 1 arrives and finds the
system idle. Packet 2 finds the system in Bj state at t; and is stored in the buffer. Packet 3
finds the system in B, state at t, and is dropped.

I
I
I

to tp b {3 > time

4 [V
N N

Wpg Wg»
S

Figure 4. Three states that can be observed by packets in M/GI/1/2 scheme.

4
N

v

This renewal structure yields the following result.

Lemma 1. In the M/GI/1/2 scheme, the waiting time of a packet in the buffer conditioned on its
arrival in By state is as follows

E[Ws,] = E[S — X|X < S|Pr[X < §]

1 1
=E[S] + XMg()\) T
The stationary probability of By state is as follows:
B [E[WBZ] B Ms(A) —1
o= ozt = (1 )

and the probability of By state is pg, = pp — pPB,-

Then, we have E[Q;|B] = E[Q;|B1] and we provide the probability distribution func-
tion for the conditional residual service time W' under the condition that the packet arrives
in the B, state:

PW > w] =P [5—X>w\X<S]
f I  f (x)dxds
IP’[X<S]

o fs(s)(1 = e MmW)ds
B 1-Ms(A) ’

and we have the following.
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1-PW
U] (19)
Then, we have the following.
E[V,|By] = / / ? (0, (0) + w) Fopr (@) fi (0)dewddo, (20)
Bl = [ [ OO0 b ) g o), @
sloim = [ [0 /D (0, ) iy () o (0)dduodo, @)

Therefore, we have E[V, ;] = E[V,;|I]p; +E[V, ;| B1]ps,, Elpi] = E[o;|I]p; +E[o:|B1]ps,
and E[Q;] = E[Q;|I]p; + E[Qi|B1]ps, -

3.3. Average Vol for M/G1/1/2*

The M/GI/1/2* queueing system is the same as M/GI/1/2 except that we use a
last-come first-serve order with packet discarding in the buffer. The latest packet arriving
in a busy period takes the place of the old packet in the buffer. Therefore, we have the same
stationary probabilities for each state as the M/GI/1/2 system in (14). Additionally, the
expressions for E[V, ;|I], E[o;|I] and E[Q;|I] are the same as in (16)—(18) separately. We now
derive expressions for E[Q;|B] and E[V, ;|B].

Busy State Analysis

If the ith packet arrives to the server during the busy period, it will be transmitted to
the receiver conditioned on event { X; > W;_1 }, which means the next packet arrives for
the server after the current service finishes. W is the general residual service time for all

packets arriving in the busy state, and we have the following: fyy(w) = P[S>]w] Then, the
following is the case.

E[V,:|B] = // / v) + w)fx(x)

fw(w )fv( v)dxdwdo, (23)
hi(v,g(v) +w)
spip = [ [T [T
fw(w) fy (v)dxdwdo, (24)
% —g(v) oo
sl = [} [ 77 s
fw(w) fy(v)dtdxdwdo. (25)

Therefore, we have B[V, ;] = E[V, ;|I]p; +E[V, ;|B1]pp,, E[oi] = E[o;|I]p1 +Elp;|B1]ps,
and E[Q;] = E[Q;|I]pr + E[Q;|B1]ps, -

3.4. Average Vol for M/GI/1/1*

In the M/GI/1/1* queueing system, there is no buffer and a new packet that arrives
during busy state will preempt the current packet in service. Since the arrival process is a
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Poisson with rate A, p,, the probability that a packet is delivered to the receiver is given by
the following:

pe = P[S; < Xjy1] = Ms(A), (26)

which means, in preemption scheme, only the packet that has a service time less than the
upcoming inter-arrival period is delivered to the receiver. We use relation fgc<p(t) =

folt ) PUED from [13] where G and F are arbitrary random variables. Since P(G < F) =

G<F
MG(A) and P(F > t) = e, we have the probability density function for conditional
service time.
e—sA
fsis<x(8) :fS(s)iMs(A)' (27)

We use S’ to denote the conditional service time S; therefore, we have fg (s) =
fs|s<x(s)- In this case, we rewrite Equation (1) as follows:

mg oo = {5 D e8)

and Equation (2) as the following.

hi(g~(s),T) = {3;§s:>r+g1(s;) ET < D) 29)
T

Then, we have the following.

BVl = pe [ g™ (5)9)fo 5)ds, @0
(o1

Elpi] = pe /0 ’ %st/@)ds/ (31)

E[Q)] = pe / / 7) for(s)deds, 32)

4. Numerical Results

In this section, we provide numerical results for average Vol for various cases. We
also perform packet-based queue simulations offline for 10° packets as verification of the
analytical results. An example of our simulation results is shown in Figure 5. We use
g(V) = V as the relation between service time and value to model the case where the
value is directly proportional to the packet size. Results are presented for three different
distributions for the initial value of packets.

4.1. Uniformly Distributed Initial Value

First, we assume that the initial value of each packet is uniformly distributed between
Vmin and Vimax and the value follows the linear descend function. In Appendix A, we
provide closed-form expressions for E[Ysum] and E[Ypacket] in various systems with linearly
descending value.

We show a comparison of average Ysum and average Ypacket in Figure 5. In Figure 5a,
we show average Ysum versus arrival rate A for the four queuing schemes. We observe that
M/GI/1/1 and M/GI/1/2* perform better than M/GI/1/1* as A increases. In particular,
due to the linear relation between time and value, keeping a packet in the buffer to keep
the server busy turns out to yield smaller value at the receiver with respect to keeping none
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sum

Average Y
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and serving only the freshest packets. For M/GI/1/1* and M/GI/1/2, on the other hand,
there is an optimal value of A after which average Ysum drops. For M/GI/1/2, it is due to
undesired increases in waiting times in the data buffer while for M/GI/1/1%, it is due to
undesired decrease in the number of delivered packets.

0.8
walHn" o0 P 8
L MWGIAA e~ 0.7 -
WGI/1/2 MGI1A"
M/GI/1/2 0.6 M/GIIA
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g 04
L g
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Z 03f
02}
r 041
. 0 . .
1 15 0 0.5 1 15
A A
(a) (b)

Figure 5. (a) Average Ysum and (b) average Ypacet for uniformly distributed initial value with linear
descend function versus A; Viin = 0, Vinax = 10, D = 8. Circles are simulation results.

In Figure 5b, we show Y,,cket Versus arrival rate A for the four queuing schemes.
Again, we observe that M/GI/1/1 performs better than the other three.We observe that as
A increases, E[Ypacket] decreases in all four queuing schemes due to the fact that most of the
generated packets are discarded in the queuing phase and have zero value for the receiver.

In Figure 6, we show E[p], which denotes the average ratio of the received value
compared to the generated values over all the generated packets. We observe that as A in-
creases, E[o] decreases in all four queuing schemes, which matches the result for E[Y paciet]-
However, interestingly, M/GI/1/1* scheme performs best for E[p]. This is because as A
increases, even though there will be more packets dropped, the packets delivered to the
receiver have smaller service times, which increases the ratio of the delivered value to the
initial value.

0.35
—*— MGl
osl —e—wmarn | |
’ G2
—— M/GII1/2
0.25
_ oz2r
<
2
Ry
015
01f
0.05 -

A

Figure 6. E[p] for uniformly distributed initial value with linear descend function versus A; Vipin = 0,
Vmax = 10, D = 8.

262



Entropy 2022, 24, 449

Next, we consder the case when the service times are independent of the initial values
and are exponentially distributed with service rate y. In Figure 7, we show the average
Ysum Versus arrival rate A for the four queuing schemes. We observe that M/GI/1/1*
performs better than the other three.This is because the service time is independent of the
initial value, and large-valued packets may have small service times. In particular, due
to the linear relation between time and value, keeping a packet in the buffer to keep the
server busy turns out to yield smaller values at the receiver compared to keeping none and
serving only the freshest packets.

2 T T

—*— MGl

—e— M/GI/1/1
M/GI/1/2"

—%— M/GI/1/2

sum
T

Average Y

o
=3
T

0.6

0.4

0.2 : :
0 0.5 1 1.5

Figure 7. Average Ygum for uniformly distributed initial value with linear descend function and

exponential independent service time versus A; Vipin = 0, Vinax = 10, D =8, u = 0.2.

Finally, in Figure 8, we show the average Ysum versus service rate y for the four
queuing schemes when the service times are independent of the initial values and are
exponentially distributed. We observe that M/GI/1/2 and M/G/1/2* perform better than
M/GI/1/1* as u increases. This is because, as the average service time deceases, fewer
packets will expire, i.e., reach ultimate staleness, during the waiting period in the buffer,
and in this case, having a buffer to store the packets turns out to yield larger value at the
receiver with respect to dropping the packets in the server.

9 T T ‘
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—e—M/GIIA
Mm/GI1/2"

—— M/GI/1/2

~
T

sum
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o
T

Average Y
£

0 05 1 1.5
Figure 8. Average Ysum for uniformly distributed initial value with linear descend function and
exponential independent service time versus yt; Vinin = 0, Vmax =10, D =8,A = 1.

4.2. Exponentially Distributed Initial Value

Next, we consider fy (v) = pye #*¥ with constant value. In this case, we have service
rate jt = pp due to g(V) = V. We compare average Aol with average sum Vol for the same
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schemes as both of them are time-average metrics over all the packets. In Appendix B,
we provide closed-form expressions for E[Ysum] and E[Ypaciet] in various systems for
constant values.

In Figure 9a, we plot the average Ysum with respect to A for various schemes. We
observe that M/M/1/2* always performs better than the others. This is connected to the
fact that when the value of packet is constant over time, all packets received within the
deadline contribute their full initial value. Since Ysum is the accumulated value of received
packet values, the total value is higher if a packet is stored in the buffer instead of dropping
it. At the same time, we observe that M/M/1/1* performs the worst in terms of value
since the dependence between service time and value causes higher value packets to be
preempted in this system, resulting in no contribution to Vol at the receiver.

16 ir

—#— M/M/1/1” Dependent Value —*— M/M/1/1 Independent Value
1.4 L |~ Mm1/2" Dependent Value [ |=—+—MM/1/2" Independent Value
=—— M/M/1/2 Dependent Value —— M/M/1/2 Independent Value
—©— M/M/1/1 Dependent Value | |[—©— M/M/1/1 Independent Value
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©
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o
>

Average Y
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Figure 9. Average Ysum for exponentially distributed service time with constant value versus A for
M/M/1/1,M/M/1/2,M/M/1/2* and M/M/1/1* schemes with y, = 1.5 and D = 3. (a) Dependent
Value. (b) Independent Value.

Next in Figure 9b, we show average Ysum for independent initial value and service
time under the same marginal distributions. We observe that, with independent service
time, the M/M/1/1* scheme becomes the best case while it is the worst case with dependent
service time. The other three schemes yield higher values as the adverse relation between
initial value and service rate is removed.

Finally, in Figure 10, we show E[p] versus deadline D for the four queuing schemes.
We observe that, as D increases, E[p] for all queuing schemes increases, but never reaches
threshold 1 due to the fact that some packets are discarded in the queuing phase.
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Figure 10. E[p] for exponentially distributed service time with constant value versus D for A = 1.
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4.3. Binary Distributed Initial Value

We finally consider binary distributed initial value for two classes of update packets.
Class 1 and class 2 packets have V,; = Vj and Vj; = V. Each packet is independently
chosen to be in class 1 or 2 with probability p and (1 — p), respectively. This situation
models the case when a packet of one class contains a message about an alarming event
yielding high value once received, whereas the other class of packets are assumed to be
regular status updates.

In Figure 11, we set V; = 1.33, V, = 0.4 and p = 0.2. We compare plots showing
average Ysum versus A for three different service policies in an M/M/1/1 system. The first
policy serves all packets without regard to the value, the second policy involves serving
only class 1 packets, and the third policy serves only class 2 packets. Note that if the
service time is dependent on the value, class 1 packets will have exponentially distributed
service time with mean E[S] = E[V;], and similarly, class 2 packets will have exponentially
distributed service time with mean E[S] = E[V;]. If the service time is independent of the
value, both class packets will have exponentially distributed service time with y = 1.5. Our
numerical results show that when service time is independent of value, always serving the
high-value packet will yield the highest average value. On the other hand, in the dependent
case when arrival rate becomes large, serving the packet with low value but smaller service
time and high probability will benefit the average Ysum compared to serving all the packets
or serving the high-value packets with larger service time and low probability.

1.4 T T T T T
— A —M/M/1/1 Serve High Class (Independent)
ol m;m;m zerve All Class A A
. erve All Class (Independent) _A’A
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sum

4
©

Average Y
o
o

0.44
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Figure 11. Exponentially distributed service time dependent on or independent of the binary value
inM/M/1/1 scheme.

5. Conclusions

Age of information (Aol) is a well-known metric that quantifies the freshness of
information at a receiver in status update systems. This metric ignores the potential dif-
ferences in the importance of various update packets. In this paper, we consider the
value of information in status update systems wherein packets have various initial values
upon generation. We investigate various queuing disciplines with initial-value-dependent
packet service times and obtain closed-form expressions for two different Vol metrics.
Our numerical results illustrate the trade-off between the two Vol metrics and the con-
trast between these two metrics. We show average sum Vol and average packet Vol for
different scenarios and the fraction of received value comparing to the inital value for
different systems.
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Appendix A. E[Ysym] and E[Yp,cket] for Uniformly Distributed Initial Value with
Linear Descend Function

In uniform case, we have fy(v) = u, where 1 = Vinax — Vimin, and we assume
g(V) = V. Thus, we have the mean service time.

max + len

E[s] = E[v] = ~=2

Appendix A.1. M/GI/1/1
From (10), we have the following.

1
PI= 15 AR[S]

We calculate E[V, ;] from (2) and (11) and we have the following.

v v
E[V,,] = p1 [ (0 () fv(o)do

Here, V = D. Define Vap = Vif V < Vax and Vip = Vimax otherwise. Then, we have

the following.
_ Vap v i
E[V,.i] =p1 Amin (v Dg(v))fv(v) v
P Vup - ’02
T u /me (v D)dU

1
(Ve = Vi)~ 55 Vo) ).
Then, we calculate E[Q;] from (2) and (13) and we have the following.
v D o
E[Qi] :PI/O /g(v)(v— p Ofv(v)drdo
_pr[ro
=2 . D(D v)* fy (v)dv

Vy
P / p(D2v72sz+v3)dU

~2Du Vinin
1 [ D 2D
:Ziﬁ (7(‘12 Vr%un) - 3 (V3 Vrcliun)

1
+Z(V4 Vr%un))

Finally, we have E[Ypacket] = %E[Vr,z’] and E[Ysum] = AE[Q;].
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Appendix A.2. M/GI/1/2
From (15), we have the following.
= L o AV _ AV
Ms(A) = u A(e e ).
Then, from (14), we have the following.
by — M;s(A)
Ms(A) + AE[S])’
.
PB = Ms(A) + AE[S]’
From Lemma 1, we have the following.
_1-Ms(A)
PBi= TAR[s] PP

)\(Vmax _ w) + e)\(zvamax) -1
uA(1 — Ms(A))

PW > w] =

Then, from (19), we have the following.
-1+ Ae)\(wfvmax)
Jwr(@) = = s = 1)
For the idle case, from (2), (16) and (18), we have the following.

1/1 1
BVl = (53— Vi)~ 555V ~ Vo) ).

D? 2D
BlO = g2 (5 (Vi = Vi) = 22 (V0 ~ Vo)

+ (V= Vi) ).

For the busy case, since waiting time W’ has the same domain of definition as initial
value V; ;, there are three conditions: D < Viyax, Vinax < D < 2Viax and D < 2Viax. We
show the expression for the condition D < Vinax, which corresponds to our parameter
setting in numerical results. Then, from (2), (20) and (22), we have the following.

D— v
E[V,;|Bi] = / / UJFw))fW’( Jdwdo
_ D? Vinin o 23 o 5Vr§un
uzA(Ms(?\)— D\ 6 246
17V2E D> V2. 5V3. DV
T PUe T T ep T
D Vr%nn A(Vinin — Vmax)
2 o
7DA(D)\+ 1) — eiAVmi“ ()\Vmin + 1) DA ,—AVimax
— D3 ee ,
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D-v v 5
Elois) =1 [ / — (0+ ) (w)dodo
D3Vimin 2DV,  D*

_ min
uZA(MS(A) -\ 12 3 60
2e Mmax 7VA - 49VO. - e AVimax

min

¥ 12 T 6D D
+ (_23 _ 5Vr§|m _ 22 17V:\l1m Vr%un D
2 3 3 12D TTA a2
+ Dszin + DVinin _ 5Vx§un Vr%un ) EA(ijn*Vmax)
3 2 3DA | DA
2 2Vmin A(D—Vinin—Vimax)
DYCRENYER '

+(
Finally, we have the following: E[V,;] = E[V,|I]p; + E[V,;|B1]pp, and E[Q;] =

E[Qi|T]pr + E[Qi\Bl]Psl
Then, E[Ypacket] = PI+PB ———E[V,;] and E[Ysum] = AE[Q;].

Appendix A.3. M/GI/1/2*
For M/GI/1/2* system, we have the same pj, pp, E[V,;|I] and E[Q;|I] as in the
M/GI/1/2 system. Next, we calculate the E[V, ;|B] and E[Q;|B]. We have the following.

_PS>w] Vi —w
fw(®) = =g = TuEg

Then, we consider the condition D < Vpax and from (2), (23) and (25); we have
the following.

E[V,:B] = / /D ’ (0= 2 (04 w))e™ fiy (w)dwdo

Vinin / Vinin

_ 1 (Ve 3 4 Ve (D
w?E[S]\ A3 AL T DA5S T DA T A3
D 2 + Vrcsun + VI%lin _ Vr%uanaX _ 5Véun
T 6A2 2A 2)2 2A 6DA

4v3. Véﬁn D(2Vimin — Vmax) , D Vr%un

min

"~ 3DA2 DA 2)2 21
+ Dz(vmax - Vmin) + SmeVmaX 4 Vr%ﬁanaX
6 6DA 2DA2

o D Vmin Vmax )e_ AVmin + (4Vmin Vmax o Véin
2A DA% DA*  DA3

Vinin Vimax Vinin 4 )eA(Vmin -D) > ,

DA3 A% A3 DAS
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E[Q;|B] = / /D ’ v (v + )%™ fiy (w)dwdo

Vinin ¥ Vimin

ZVmaX - 10 2Vmax
uZIE[S] A4 DA6 © DAS
3D 2D2 D3  5VA  8V3 - 2V2

min min min

“F 303 1242 304 3AZ A3

2 2 5
L VainVmax Vi Vmax | D*Vain 17V

3A A2 3A 12DA
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Finally, we have the following: E[V,;] = E[V,;|I]p; + E[V,;|Bjpp and E[Q;] =

E[QilI]pr + E[Q;|B]ps-

Then, E[Ypacket} E[Vrl} and ]E[Ysum} - ME[Q }

Plﬂ?B

Appendix A.4. M/GI/1/1*

Since we have Mg(A) = L (e 7*Vmin — ¢=*Vmax), from (26) we have p. = Mg(A), and
from (27), we have the following.
e As
for(s) = uMs(A)’

Note that due to ¢(V) = V, conditional service time S’ has the same domain of
definition as the initial value Vj,;. Then, we calculate E[V, ;] from (29) and (30), and we
have the following.

. Vup

B[V, = pe [, " (s = o) fo(6)ds

Vmin
pr (e MVmin(AVmin +1) e MR (AVyp +1)
uMs (M) A2 A2
e Mmin (A2V2. 4 2AVipin +2)
DA3
B o~ MVap (AVi, +2AVyp +2) >

DA3

From (29) and (32), we have the following.
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Vu
EQ =5 [ " 5D~ fs(s)ds

P1 AV 2,3 2,2 3 2

B min (D2A3Vin + D?A% — 2DA3 Vs
211M5()\)D/\4 (6’ ( min 1 min

— 4DA?Vigin — 4DA + A3Viin® 4 3A%Vipin? + 6A Vigin + 6)
e~ Mur (D2A3Vyyp + D*A? — 2DA3 Vi

— 4DA?Vyp — 4DA + A3Vip® + 3A*Vp? + 6AVip + 6)) .

Finally, we have E[Ypacket] = 5. E[V;,] and E[Ysum] = AE[Qj].

Appendix B. E[Ysym] and E[Yp,cket] for Constant Value with Exponentially
Distributed Initial Value

For an exponentially distributed initial value, we have fy (v) = pe™, E[S] = E[V] =
% and V = D.

Appendix B.1. M/M/1/1
From (10), we have the following.

H

pI:m~

Next, we calculate E[V, ;] from (1) and (11) and we have the following.

D

E[V,,] =P1/0 ofy(v)do
)

:pl/o vfy (v)do

:pl(— De MP — %(e*"D — 1))

Then, we calculate E[Q;] from (1) and (13) and we have the following.
D (D
E[Qi] =pi / / vfy (v)dtdo
0 Jg(o)
D
=p; /0 (D —0)fy(v)dv
D
=pr /0 (Do — v?) fy (v)do
=pr ( — D2 P — %(E*VD —1) 4 D% P
2 2
+EDe P Z (e —1 >
A #2( )
Finally we have E[Ypacket] = 5;E[V,i] and E[Ysum] = AE[Qi].

Appendix B.2. M/M/1/2
From (15), we have the following.

1
MS(A):Aiy.
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Then, from (14), we have the following.

2

pr= e

T2 A A

HA + A2
PB= 5 2
W24+ uA + A
From Lemma 1, we have the following.
_ pA

B = U2+ pA + A2’

PW' > w] = e M.
Then, from (19), we have the following.
fu (1) = e,

For the idle case, from (1), (16) and (18), we have the following.

[V, |1) = ~De P~ ~(e P ~1),

E[Qi|l] = — D% 7P — %(B’P‘D —1) + D2%7HP

2

2
+ ZDe HP + S (e7HP 1),
iz w

For the busy case, from (1), (20) and (22), we have the following.

D /D—-v
EVlBi = [ [ 0fu(@) fu (w)dwdo
1 e PrDu+1) Dpe ¥
p p 2

BB = [ [ oD~ (o w)fy (o) fw ()

e <4Dy 6ePH + D2u? + 2Dpel¥ + 6)
2p?

Finally, we have the following: E[V, ;] = E[V, ;|I]p; + E[V, ;| B1]pp, and E[Q;] = E[Q;|I]p; +

E[Q;|B1]ps,-

Then, E[Ypacket) = 515 E[V,.] and E[Ysum] = AE[Qj].

P1+PB

Appendix B.3. M/GI/1/2*

For M/GI/1/2* system, we have the same py, pp, E[V,;|I] and E[Q;|I] as in the
M/GI/1/2 system. Next, we calculate E[V, ;|B] and E[Q;|B]. We have the following.

finlw) = PG = e,

Then, from (1), (23) and (25), we have the following.
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Abstract: Motivated by current communication networks in which users can choose different
transmission channels to operate and also by the recent growth of renewable energy sources, we
study the average Age of Information of a status update system that is formed by two parallel
homogeneous servers and such that there is an energy source that feeds the system following a
random process. An update, after getting service, is delivered to the monitor if there is energy in a
battery. However, if the battery is empty, the status update is lost. We allow preemption of updates
in service and we assume Poisson generation times of status updates and exponential service times.
We show that the average Age of Information can be characterized by solving a system with eight
linear equations. Then, we show that, when the arrival rate to both servers is large, the average
Age of Information is one divided by the sum of the service rates of the servers. We also perform a
numerical analysis to compare the performance of our model with that of a single server with energy
harvesting and to study in detail the aforementioned convergence result.

Keywords: parallel servers; energy harvesting; Age of Information

1. Introduction
1.1. Motivation

The Age of Information is a recent metric of the performance of systems and it
measures the freshness of the information that a monitor has about the status of a remote
process of interest. There is a wide range of applications in which information about a
source must be as recent as possible. An example of this is given in autonomous driving
systems since the location of the vehicles must be known as soon as possible. Or, in
other words, obsolete information about the traffic might lead to bad consequences (traffic
accidents, for instance) to the users.

Status update systems are formed by sources of generation status updates, a transmis-
sion channel and a monitor that receives the updates. The transmission channel takes care
of sending the status updates from the source to the destination. It is clear that the devices
of the transmission channel require energy to work. Therefore, it is important to consider
energy consumption in the modeling of the transmission channel. Furthermore, there has
been recently an increasing amount of different types of renewable energy sources that feed
the energy network. Some examples are solar or wind energy sources, which are clearly
very volatile. As a consequence, the randomness of the generation of energy also needs to
be taken into account in the modeling of the transmission channel.

Current communication networks are very complex and often allow users to operate
using different transmission channels. This is the case, for instance, when a user is a part
of an overlay network (i.e., when it belongs to a set of nodes that are located in different
spots over the Internet and collaborate with each other to forward data between any pair of
nodes with minimum delay). In fact, in this instance, the user can choose the transmission
channel that provides the IP protocol or through the overlay network. Therefore, in this
work, we study the average Age of Information in a status update system with energy
harvesting. That is, we consider that the transmission channel is formed by parallel servers
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that do not interchange information and a battery that can store energy that can be used to
send status updates after getting service in the servers.

1.2. Related Work

The Age of Information has been introduced in [1,2] as a metric to measure the
freshness of the information about the state of a remote system. Since its introduction,
there has been many researcher of different areas that has been interested in analyzing this
metric. In the first works following the seminal papers, the goal has been to characterize
the average Age of Information of status update systems where the transmission channel is
modeled as a single queue. For instance, the authors in [3] characterize the average Age of
Information of a single server (i.e., a queue without buffer) and a single source. Regarding
optimality, the authors in [4] show that the preemptive Last Generated First Served policy
minimizes the Age of Information. Unfortunately, the characterization of the average Age
of Information of many models is known to be an extremely difficult task. Therefore, some
authors has been interested in other similar metric of performance such as the Peak Age of
Information [5] or the Age of Incorrect Information [6]. We refer to the following surveys
on this topic for full details of these metrics and their properties [7-9].

Let us now discuss the work of some authors that have been interested in analyzing
the Age of Information of a system with energy harvesting. In [10,11] it is considered a
system with Poisson arrivals of energy and that there is no losses of packets. Their goal is to
find the optimal status updates policy such that the battery is not empty upon an arrival of
a status update. The authors in [12-14] generalize the model of [10,11] by allowing status
update losses and also focus on optimal policies for generation updates, with or without
knowledge (or feedback) whether the status updates are delivered successfully. Our model,
that has been in inspired by the Energy Packet Networks [15,16], is different from these
models for different reasons. First, we do not impose the presence of energy to receive a
status update. Another difference is that the generation of status updates follows a Poisson
process in our model, which is not the case in these works. Finally, our goal is different
since we are interested in characterizing the average Age of Information and studying its
properties and, hence, we do not aim to find the optimal policy.

1.3. Contribution

We consider a system with two parallel homogeneous servers and one battery that
stores energy packets. Energy packets model a certain amount of energy and are necessary
to send the status updates (or data packets) to the monitor after ending service. This means
that a data packet is sent to the battery when it ends service and, if the battery is empty,
the data packet is lost, whereas if battery is not empty the data packet is delivered to the
monitor and one energy packet disappears. We consider that arrivals of data packets and
energy packets follow a Poisson process and the queues that handle data packets and
energy packets do not have buffer. We allow preemption of data packets, i.e., when a data
packet arrives to a server that is busy, the incoming packet replaces the packet in service.

The first contribution of this work is to characterize the average Age of Information of
the above status update system using the Stochastic Hybrid System technique [17]. More
specifically, we show that the average Age of Information can be computed by solving a
system of 8 linear equations. We then consider the regime where the arrival rate of data
packets to both servers tends to infinity and we show that the average Age of Information
is one divided by two times the service rate of data packets.

The model we study here generalizes

e the work of Section IIIA of [18] where it is studied the Age of Information of two
parallel servers. In our work, we consider energy harvesting in their model. In fact,

when in our model the arrival rate of energy packets is very large, it coincides with
the model of [18].
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e the work of [19] where it is analyzed a system with a single server and energy har-
vesting. In our work, we consider the same energy harvesting model, but with two
parallel servers.

We go beyond the above presented analytical results with a numerical work that
we describe next. First, we aim to compare the performance of a single servers with
two parallel servers with energy harvesting. For this purpose, we consider the following
systems: (i) a single server with arrival rate A/2 and service rate y, (ii) a single server
with arrival rate A and service rate 2y and (iii) two parallel servers with service rate y,
each of them handling an arrival rate of A /2. Let us note that the ratio of the arrival rate
over the service rate coincide in all the servers of the systems under consideration. This
comparison has been previously done in Section IIIA of [18], but they do not consider
energy harvesting. Our first finding is that, when the arrival rate of energy packets is very
large, we obtain the plot as Figure 4 of [18] and, therefore, their conclusions follow in our
model as well (i.e., the system with double service rate and a single server minimizes the
average Age of Information). We then investigate whether the conclusions of [18] also hold
when the arrival rate of energy packets is not large. We observe that the average Age of
Information is smaller for the system with two parallel servers and this difference increases
when we decrease the arrival rate of energy packets. Finally, we study how the average
Age of Information converges, when the arrival rate to the servers increases, to the value
obtained in our analytical part. We conclude that the average Age of Information is not
monotone with respect to the arrival rate of energy packets when the arrival rate to both
servers is small. However, the average Age of Information does not depend on the arrival
rate of energy packets when the arrival rate of packets to both servers is very large.

Potential applications of this model include systems in which two different transmis-
sion channels can be chosen to send updates. This is the case, for instance, when the source
that generates status updates is part of an overlay network (i.e., when it belongs to a set
of nodes that are located in different spots over the Internet and collaborate with each
other to forward data between any pair of nodes with minimum delay) and it can choose
to send the status updates through the path the provides the IP protocol or through the
overlay routing.

1.4. Organization

The rest of the paper is organized as follows. First, in Section 2, we describe the model
we study in this article. The average Age of Information analysis of this model is presented
in Section 3. In Section 4, we focus on our numerical work and, finally, in Section 5, we
draw the main conclusions of this work.

2. Model Description
2.1. Age of Information

We study the transmission of status updates (or data packets) to a monitor. We
consider that data packet i is generated at time ¢; and that it is delivered to the monitor at
time #]. We denote by N(t) the index of the last successfully delivered data packet to the
monitor at time ¢, i.e.,

N(t) = max{ilt; < t}.

Taking into account that the generation time of the last received data packet before

time t is fjy(;), we define the Age of Information at time ¢ as follows:

A(t) =t =ty

that is, the Age of Information at time ¢ is the time elapsed since the generation of the last
delivered packet to the monitor. We show in Figure 1 an example of A(t).
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Figure 1. An example of A(t).

Assuming that the updating system is stable, the average Age of Information can be
computed as the area below a “saw-tooth” shaped curve with teeth at the times at which
the data packets are delivered (see Figure 1). Hence, if we denote by A the average Age of

Information, we have that
T

1
A= lim = [ A(t)dt.
T—0 T J0
In this article, we are interested in calculating the average Age of Information in an
energy harvesting model. In the following section, we describe the model we analyze.

2.2. Energy Harvesting Model

In our model, we represent energy by packets of discrete units called energy packets
that model a certain quantity of energy (energy packets) measured in Joules, whereas
the status updates of a process of interest are represented by packets that we call data
packets. We consider an energy harvesting model formed by two parallel queues that store
data packets (data queues) and a single queue that stores the energy packets. We show in
Figure 2 the model under consideration in this work.

Data
DataQueuel Transmission
>\1
——»[000J)
o EnergyQueue
—1 |O)
}\2
—»[000J()
DataQueue2 Data
Transmission

Figure 2. The energy harvesting model with two parallel data queues and a single energy queue.
Energy packets are depicted with gray and data packets with white.

Energy packets arrive to the system according to a Poisson process of rate « and data
packets (or workload packets) with rate A. Upon arrival, a packet is dispatched to data
queue 1 with probability p > 0 and to data queue 2 with probability 1 — p > 0. Therefore,
the arrival rate to data queue 1is Ay = Ap and to data queue 2is A, = A(1 — p).
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Remark 1. The probability p can be seen as the willingness of a source to use an alternative path
(for instance, the path of an overlay network) rather than the usual transmission channel.

We consider that the service rate of jobs of data queue i is exponentially distributed
withrate y,i=1,2

In this model, we consider that data packets, i.e., the packets of the data queues, start
the transfer to a single energy queue. This means that, when a data packet gets served (in
data queue 1 or data queue 2), it is sent to the energy queue. If the energy queue is empty
upon arrival of a data packet, the data packet is lost. However, if there are energy packets
when a data packet arrives to the energy queue, the data packet is transferred successfully
to the monitor and one energy packet disappears.

Remark 2. Our model considers a single energy queue. This models that the destination requires
energy to receive status updates. This occurs, for instance, when there is a wireless antenna in
charge of receiving the status updates at the destination (indeed, in absence of energy the antenna
cannot deliver packets to the monitor).

Here, we assume that the energy queue and the data queues do not have buffer.
Therefore, the number of packets in each queue is, at most, one. Besides, energy packets
that arrive when the energy queue is full are dropped, whereas when a data packet arrives
to a full data queue, it replaces the job in execution.

3. Average Age of Information Analysis

In this section, we aim to analyze the average Age of Information of a system formed
by two parallel queues with energy harvesting. We will use the Stochastic Hybrid System
method to characterize the average Age of Information of the system under consideration.
The Stochastic Hybrid System is formed by two values: the state of a continuous time
Markov Chain and a vector containing the generation times of all the packets in the system
as well of the current Age of Information. The Markov chain we consider is presented in
Figure Al.

Letsp sy ... sy be the solution of the following system of equations:

0= —s0(A+ &)+ sopt + S3pt + sapt + 51 (1a)
0 = spa — s1A (1b)
0==50A(1—p)—s2(Ap+ p+a) +seu +syu (1¢)
0=351A(1—p)+sx—s3(Ap+p) (1d)
0=35pAp —sa(A(1 — p) +a+ u) + sep + s7p (le)
0=s1Ap +ssa —s5(A(1 —p) +p) (1)
0 =s52Ap +54A(1 — p) — se(a +2p) (1g)
0 =s3Ap +s5A(1 — p) + seaw — 57 21 (1h)

that satisfies that Y_7_ s; = 1. As we will see in Appendix B, the solution of the above system
of equations provides the steady-state distribution of the Markov chain of Figure Al.
We also define x1, xo, .. ., x16 as the solution of the following system of equations:
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—so = — X1 (A + &) + px7 + pxrg + pxs + pxe (2a)
—s1 = — (A +a) +ax; +ax; (2b)
—sp=—x3(A+a+p)+A(1-p)x +A(1—p)xs

+ pxis (20)
—sp = — xg(A + o+ p) + puxig (2d)
—s3 = —x5(A+a+ p) +axs +axs + A1 — p)xp

+A(1—p)xs (2e)
—s3=—X6(A + o+ u) + axy + axg (2)
—s4 = —x7(A+a+ p) + Apxy + Apxy + pxie (2g)
—sy = —xg(A+a+u)+ pxys (2h)
—s5 = — X9(A 4+ & + p) + Apxy + Apxg + axg + axy (2i)
—s5 = — x10(A +a + u) + axyg + axg (2j)
—s6 =—x11 (A + 2+ a) + Apxz + Apxyy

+ A1 = p)x7 + M1~ p)ay (k)
—s¢=—x2(A+2u+a) + A1 —p)xg + A(1—p)xpp 21
—s6 = — x13(A + 21 + ) + Apxa + Apxiz (2m)
—sy = — x14(A 4+ 2u) + Apxs + Apxys + A(1 — p)xg

+A(1— p)xya +axqy (2n)
—s7 =—x15(A +2) + A(1 = p)x10 + A(1 — p)x15

+ axip (20)
—s7 = —x16(A +2u) + Apxe + Apxie + axiz, (2p)

where sg, 51, ..., 57 are given in Equation (1a-h). As we explain in Appendix B, the values
X1,...,X16 coincide with the generation time of all the packets in the system for all the
possible states of the Markov chain.

In the following result, we use the Stochastic Hybrid System technique [17] to charac-
terize the average Age of Information of this system and we show that it can be done by
solving the above system of equations.

Proposition 1. The average Age of Information of a system with two parallel servers with the
energy harvesting is given by

X1+ X +x3 + x5 + X7 + X9 + X711 + X14,
where xq, Xy, . . ., X16 are the solution of Equation (2a—p).

Proof. See Appendix B. [

In Proposition 1, we show that the computation of the average Age of Information of
the system under study requires to solve Equation (2a—p), which is a system of 16 linear
equations with 16 variables. Now, we aim to show that this system of equations has a
special structure and how it can be used to obtain a method to compute the average Age
of Information by solving a simpler system. Let us first present the following auxiliary
results.

Lemma 1. The Equation (2d,f,m,p), form a system of 4 linear equations with 4 variables (x4, X¢, X13
and x16). Let

. Apa <1 . 1 > 3)
T Atat+u\A+u Al-p)+2uta)
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We have that
Aps:
YA A @
10 cp— (A1 —p) +2p)
and
HX16 + 52
=== 5
YT N ¥atp ®)
as well as
_ aXg+53
X6 = At (6)

Proof. See Appendix C. [

Lemma 2. The Equation (2h,j,1,0), form a system of 4 linear equations with 4 variables (xg, x19, X12
and x15). Let

AMl=pla/ 1 1
d= . 7
Ada+p A+y+)\p+2y+zx @
We have that
Aps
oS R Mgy 4t ®
" dp— (A1 -p)+21)
and
_ px15+ 54
8T X Fa+u ©)
as well as
axg + S
X10 = A8+y5' (10)

Proof. The proof is symmetric to the proof of Lemma 1 and, therefore, we omit it for clarity
of the presentation. [J

We now writ Equation (2a—p) that have not been analyzed in the previous lemmas:

—s0 = — X1 (A + @) + pxy + pxq0 + pxs + pxe (11a)
—81 = — XA + axy (11b)
—s2 =—x3(Ap+a+p)+A(l—p)x + pxis (110)
—s3=—x5(Ap+p) +axs+A(1—p)xy (11d)
—sg =—x7(AM1 = p) +a+pu)+ Apxy + pxie (11e)
—s5 = —x9(A(1 = p) + i) + Apxa + axy (11)
—s6=—x11(2u + &) + Apxz + A(1 — p)xy (11g)
—S7 = — 1421 + Apxs + A(1 — p)xg + axyy (11h)

which is a system of 8 equations with 12 variables (the variables are x1, xp, x3, X5, Xg, X7, X3, X9,
X10, X11, X14, ¥15 and x14). However, an explicit expression of x4 and x14 have been obtained
in Lemma 1 and an explicit explicit expression of x1g and x;5 in Lemma 2. Therefore, the
next result follows.
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Proposition 2. Let x1, X2, X3, X5, X7, X9, X11, X14 be the solution of Equation (11a—h) (recall that
X and x1¢ are given in Lemma 1 and x19 and x15 in Lemma 2). Therefore, the average Age of
Information of a two parallel servers system with energy harvesting is given by

X1+ X2 4+ X3 + X5 + X7 + X9 + X171 + X14.

3.1. Analysis When A Tends to co

We now consider the asymptotic regime where A — co when the parameters a and y
are finite.
We first focus on the solution of Equation (1a-h).

Lemma 3. When A — oo and max(x, i) < 0, the solution of Equation (1a—h) satisfies that
S)g =51 =5y =53 =54 =55 =0.

Proof. See Appendix D. [

From this result, we conclude that, in the asymptotic regime under study, s¢ +s7 = 1
and that Equation (11a-h) can be written as

0= —x1(A+a) + px7 + px10 + px3 + pxe (12a)
0=—xA+ax; (12b)
0=—x3(Ap+a+u)+A(1—p)xs + pxys (12¢)
0=—x5(Ap+p) +ax3+A(1—p)x (12d)
0=—x7(A(1—p) +a+pu)+Apxs + pxse (12e)
0=—x9(AM1—p)+p)+Apxz +ax; (12f)
—s6 =—x11(2u+a) + Apxz + A1 —p)xy (12g)
—87 = — x1421 + Apxs + A(1 — p)xg + axyy (12h)

If we replace the last equation by the sum the last two equations, we get the following
equivalent system:

0= —x1(A+a) + pxy + pxq9 + pxs + pxe (13a)
0=—xA+ax (13b)
0=—x3(Ap+a+pu)+A(1—p)x; + pxis (13c)
0=—x5(Ap+p) + axs + A(1— p)x (13d)
0=—x7(A(1—p)+a+pu)+Apxs + pxie (13e)
0=—x9(A(1—p)+pu)+Apxy +axy (13f)
—s6 =—x11(2u +a) + Apxz + A1 — p)xy (13g)
=1 =—(x1a +x11)21 + Apxs + A1 — p)xg
+Apxs +A(1—p)xy (13h)

We now analyze the solution of Equation (13a-h) for large A.

Lemma 4. When A — oo and max(a, u) < 0, the solution of Equation (13a-h) satisfies that
x1:x2:x3:x5:x7:x9:0.

Proof. The proof uses the same arguments than those of the proof of Lemma 3 and,
therefore, we omitit. [J

From the above results, we conclude that the average Age of Information of this
system is given by x11 + x14. Furthermore, using that x3 = x5 = x7 = x9 = 0 and from
(13h), we obtain that x11 + x14 = ﬁ, which gives the following result:
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Proposition 3. When A — oo and max(a, i) < oo, the average Age of Information of a two
parallel servers system with energy harvesting is given by ﬁ

It is important to remark that the average Age of Information of the system under
study in the considered asymptotic regime does not depend on the arrival rate of energy
packets, i.e., on a.

3.2. Limitations to Analyze More Complex Models

We have tried to extend the results presented in this section to more complex systems
and we have noticed that this task is extremely difficult. The main reason for this that
the Markov chain to be considered (and, as a consequence, the number of equations to
be solved ) increases at a very high rate with the complexity of the system. This suggests
that the analysis of the average Age of Information of more complex systems requires to
consider other techniques such as simulations or approximation techniques.

4. Performance Evaluation

In the previous section, we have obtained an explicit expression of the average Age of
Information of a system with two parallel servers and energy harvesting. Now, we aim to
evaluate the obtained expression to analyze its main properties. We have performed a large
number of simulations changing the values of the parameters and the illustrations of this
section are illustrative of the general pattern. (The plots of this section can be reproduced
using the code of https://github.com/josudoncel/AioParallelEnergy, accessed on 18
November 2021).

4.1. Parallel Servers vs. Single Server

We aim to compare the average Age of Information of the model under study in this
paper with that of a system with a single server with energy harvesting (the average Age of
Information of the latter model has been studied in [19]). For this purpose, we consider the
following systems: (i) a single server with arrival rates A and « of data packets and energy
packets, respectively, and service rate 2y (which is represented with a dotted line); (ii) a
single server with arrival rates A /2 and « of data packets and energy packets, respectively,
and service rate 2y (which is represented with a solid line); and (iii) two parallel servers
with p = 0.5, i.e., the arrival rate to each server is A/2, the service rate is # and the arrival
rate of energy packets is a (which is represented with a dashed line).

We first consider that the arrival rate of energy packet is very large. For this instance,
there is always energy to transmit the data packet when it ends service, or in other words,
the data packets are never lost because there is no energy. We note that, when this occurs,
the comparison study we carry out here coincides with the analysis of Section III2 of [18].
In Figure 3, we consider u = 1 and a = 10% and we plot the evolution of the average Age
of Information of the systems under study in this section when A varies from 0.1 to 10°.
We observe that the obtained plot coincides with Figure 4 of [18]. From this illustration,
the authors in [18] conclude that some properties of the classical performance metrics
of queuing theory, such as mean delay, are verified for the average Age of Information
(the system that minimizes performance is the single server with service 2y), but other
properties do not (the mean delay of a system with two parallel servers with arrival rate
to each equal to A /2 is the same as that of a single server with arrival rate A /2, but this is
not the case for the average Age of Information). This illustration shows that, as expected,
these conclusions also hold for our model when « is large.
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Figure 3. Average Age of Information of the three systems under comparison when A changes from

0.1t010%. & = 1000 and p = 1.

We now aim to compare the performance of these systems when the arrival rate is not
large. Thus, we fix the parameters equal to the previous plot and we consider different
values of «. First, we consider « = 1 and in Figure 4, we observe that the average Age of
Information of all the systems do not change substantially with respect to the previous
plot when A is small. However, as A grows, the average Age of Information of the systems
with a single server decreases less than that of two parallel servers. We have also seen
that, when A is large, the average Age of Information of two parallel servers is 0.5, of a
single server with double service rate 1.5 and of a single server with half traffic is 1.67. The
difference on the average Age of Information between these system is even larger if we
consider a smaller value of a. For instance, in Figure 5, we illustrate that the system with
the smallest average Age of Information is the system with two parallel servers for almost
all the values of A we have considered.

a=1
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ingle \, 2

=)

Average Age of Information
3
°

101 i ; |
107 10° 10° 102 103
A

Figure 4. Average Age of Information of the three systems under comparison when A changes from
01to10%. a =land p = 1.
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Figure 5. Average Age of Information of the three systems under comparison when A changes from
0.1t010%. a =0.1and p = 1.

4.2. Convergence Analysis of Proposition 3

In Proposition 3, we show that, when A — oo, the average Age of Information tends
to 2%, i.e., it does not depend on a or p. In this part of the article, we aim to study this

convergence. We consider y = 1 and p = 0.1 and we vary & from 0.1 to 103. We plot the
evolution of the average Age of Information for different values of A in Figure 6 and we
observe that, as A increases, the obtained values tend to 0.5, which confirms the result of
Proposition 3. We consider p = 0.45 in Figure 7 to study how this convergence depends on
p and we observe that it seems to converge at the same rate to 0.5 than in the previous case.
From these illustrations, we also conclude that the average Age of Information is not
monotone with respect to « (note that in [19] it has been shown that the average Age of
Information of a system with a single server with energy harvesting is monotone with
respect to «). For instance, we see that, when p = 0.45 and A = 10, the average Age of
Information increases when A is small, then decreases and finally decreases again.

p=0.1

0.95

0.9

0.85 1

0.75 1

Average Age of Information
\

Figure 6. Average Age of Information with respect to « for different values of A, when a varies from
0.1t010%. =1 and p = 0.1.
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Figure 7. Average Age of Information with respect to « for different values of A, when « varies from
0.1t010% = 1and p = 0.45.

4.3. Analysis of ther Parameter p

We now focus on the parameter p that determines the proportion of the total incoming
arrival rate is sent to each of the servers. In Figure 8, we consider « = 1 and we plot the
average Age of Information when p varies from 0.01 to 0.99 for different values of A and
u. We observe that, in all the considered instances, the average Age of Information first
decreases with p and then increases. This suggests that the minimum of the average Age
of Information for p is achieved when this parameter is close to 0.5, i.e., in the symmetric
case that has been studied in Section 4.1.

N
T
L

o

Average Age of Information

0.5

0 . . . .
0 0.2 04 06 0.8 1
p
Figure 8. Average Age of Information with respect to p for different values of A and y, when p varies

from 0.01 to0 0.99. « = 1.

5. Conclusions

We consider a system with two transmission channels that do not communicate
and a energy source that generates energy following a random process. We model this
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system as a system with Poisson arrivals of status updates to two parallel servers and of
energy packets to a battery. We study the average Age of Information of system using
the Stochastic Hybrid System method. We first show that the average Age of Information
of this system can be computed by solving a system of 8 linear equations (Proposition 2).
We then consider that the arrival rate tends to infinity and, in this case, we show that the
average Age of Information is equal to one divided by the sum of the service rate of the
servers. This implies that, in this regime, the average Age of Information does not depend
on the probability to dispatch jobs to the server and on the arrival rate of energy packets.
We then study numerically the performance of our model with single server systems with
energy harvesting and the same load of data packets as in our model. We conclude that,
when the arrival rate of energy packets tends to infinity, the same conclusions of [18] follow
in our model (i.e., the average Age of Information does not satisfy the same properties
that other performance measures used in queuing theory such as number of packets in the
queue). However, when the arrival rate of energy packets is not large, we conclude that the
parallel server system outperforms the single server systems.

For future work, we would like to analyze the average Age of Information with a
larger number of servers and with buffer for the energy packets and the data packets.
Furthermore, we would like to study optimality of this model for some parameters such as
p. We would also like to extend this model to include other parameters of the system such
as transmit power or channel statistics to address real-life problems. Finally, we are also
interested in exploring the performance of this model when it requires energy not only to
send a status update to the monitor after getting service, but also to receive data packets
from the source.
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Appendix A. Average Age of Information and SHS

In the SHS, the system is modeled as a hybrid state (q(t),x(t)), where g(t) a state of a
continuous time Markov Chain and x(¢) is a vector whose components is the generation
time of each of the updates. We assume that in the monitor there is the update with the
latest generation time.

A link ] of the Markov Chain represents a transition between two states, which occurs
with rate Al. In each transition I, the vector x changes to x' using a transformation matrix
A, that is, xX' = xA,. Therefore, x(t) is a piece-wise function.

For each state g of the Markov Chain, we define b; as the vector whose elements are
zero or one. One values represent the packets that are present in the system and therefore
that the time from their generation increases at unit rate. On the other hand, zero values
represent the updates that are not in the system.

We assume the Markov Chain is ergodic and we denote by 77, the stationary distribu-
tion of state g. We denote by L, the set of outgoing links of state g and E% the set of links
that get into state . We now present the following theorem that will be used to characterize
the average Age of Information:
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Theorem A1 ([17], Thm 4). Let vy(i) denote the i-th element of the vector v,. For each state q, if
v, is a non-negative solution of the following system of equations

v YoM =bym+ Y Alvg A, (A1)
leL, leLy

then the average Age of Information is A = Y, v4(0).

Appendix B. Proof of Proposition 1

We use the SHS technique to compute the average age of information of this system.
We denote by x = [xq(t) x1(t) x2(t)], where x((t) represents the age of the information at
time t and x;(#) the age of information if a data packet that is getting service in data queue
i is sent successfully to the monitor, i = 1,2.

The Markov Chain of this model is presented in Figure Al. We denote by ijk the state
where there are i data packets in data queue 1, j data packets in data queue 2 and k energy
packets in the energy queue. We now describe each of the transitions of this model.

21 23 10

U
26

Figure Al. The SHS Markov chain for the model with two parallel data queues and a battery.

I =0 A data packet arrives to data queue 1 when the system is empty. Therefore, the
data packet starts getting service and the value of xq is set to zero, that is, x| = 0.
The rest of values of x are not modified.

I =1 A data packet of data queue 1 ends service when data queue 2 is empty. The data
packet is sent to the energy queue, which is empty. Hence, the data packet is lost
and the system gets empty. The vector x is not modified.

I =2 A data packet arrives to data queue 1 when it is full. For this case, the last arrived
packet replaces the packet in service and the age of x; changes to zero since the
last arrived packet is fresh, that is, x; = 0. The rest of values of x do not change.

I =3 A data packet arrives to data queue 1 when the energy queue is full. Therefore, the
data packet starts getting service and the value of xq is set to zero, that is, x| = 0.
The rest of values of x are not modified.

I =4 Anenergy packet arrives to the system when data queue 1 is full and data queue 2
is empty. The arrival of an energy packet does not modify the age of the packets in
the system and of the monitor, therefore the vector x is not modified.
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1=5
1=6
1=7
1=8
1=9
=10

A data packet is data queue 1 ends service and it is sent to the energy queue, which
contains one energy packet. Therefore, the packet is successfully delivered and the
age of information is modified by the age of the served packet, that is, x;, = x1.

A data packet arrives to data queue 2 when the data queue 1 is full and the data
queue 2 and the energy queue were empty. For this case, the value of x; is set to
zero, that is, x}, = 0 and the rest of the values of x are not modified.

A data packet in data queue 2 ends service when the energy queue is empty and
data queue 1 is full. Therefore, the served packet is sent to the energy queue and it
is lost. The vector x is not modified.

A data packet in data queue 2 ends service and the system is full. Therefore, the
served packet is delivered and thus, the value of xg is replaced by that of x,, that
is, xf) = x5. The rest of the values of x are not modified.

A data packet arrives to data queue 2 when the energy queue and data queue 1
are full. Therefore, all the queues are full and the value of x; is set to zero since a
fresh packet arrived to that queue, that is, x5 = 0. The rest of the values of x are
not modified.

A data packet arrives to data queue 1 or there is an energy packet arrival when the
energy queue and data queue 1 are full and data queue 2 is empty. In the former
case, the value of x; changes to zero since a fresh packet arrived to that queue, that
is, xg = 0 and the rest of the values of x are not modified, whereas in the later case
the vector x does not change.

With the roles of data queue 1 and data queue 2 reversed, transitions 11-21 coincide
with 0-10, respectively. Besides, transitions 21-24 represent an arrival of an energy queue,
which increases by one the number of energy packets if the energy queue is empty, but the
vector x is never modified. Finally, we focus on transitions 25 and 26:

=25

The data queues are full the energy queue is empty. If a data packet arrives to
data queue 1, the value of x; changes to zero since a fresh packet arrived to that
queue, that is, xﬂ = 0 and the rest of the values of x are not modified. Likewise, if a
data packet arrives to data queue 2, the value of x, changes to zero since a fresh
packet arrived to that queue, that is, xé = 0 and the rest of the values of x are not
modified.

The system is full and one of the following events occur: (i) a data packet arrives
to data queue 1, (ii) a data packet arrives to data queue 2 and (iii) an energy packet
arrives to the energy queue. For the case (i), (resp. the case (ii)) the value of x;
changes to zero (resp. x, changes to zero) since a fresh packet arrived to that queue,
thatis, x] = 0 (resp. x5 = 0) and the rest of the values of x are not modified. Finally,
for the case (iii), the vector x is not modified since an arrival of an energy queue
does not change the age of the packets in the system.
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Table Al. Table of SHS transitions of Figure Al.

1 qa —qp Al x = xA; ﬁqlAl
0 000 — 100 Ap [x0 0 0] [v000(0) 0 0]
1 100 — 000 U [x0 00] [v100(0) 0 0]
2 100 — 100 Ap [x0 00] [0100(0) 00]
3 001 — 101 Ap [x0 0 0] [v001(0) 0 0]
4 100 — 101 Y [x0 00] [0100(0) 0 0]
5 101 — 000 i [x100] [0101(1) 00]
6 100 — 110 A(1—p) [x0 x1 0] [0100(0) v100(1) O]
7 110 — 100 u [x0 x1 0] [0110(0) v110(1) 0]
8 111 — 100 U [x2 x1 0] [0111(2) v111(1) O]
9 101 — 111 A(1=p) [x0 x1 0] [0101(0) v101(1) O]
10 101 — 101 Ap [x0 00] [0101(0) 0 0]
a [x0 x1 0] [0101(0) v101(1) O]
11 000 — 010 A(1=p) [x000] [v000(0) 0 0]
12 010 — 000 I [x0 0 0] [0010(0) 0 0]
13 010 — 010 Al—p) [x0 0 0] [0010(0) 0 0]
14 001 — 011 /\(] — p) [Xo 0 0} [UOOI (0) 0 0}
15 010 — 011 p [0 0 x7] [v010(0) 0 v010(2)]
16 011 — 000 u [x200] [v011(2) 0 0]
17 010 — 110 Ap [x0 0 x2] [v010(0) 0 v010(2)]
18 110 — 010 I [x0 0 x7] [0110(0) 0 v110(2)]
19 111 — 010 n [x1 0 xo] [v111(1) 0 0111 (2)]
20 011 — 111 Ap [x0 0 x2] [0011(0) 0 v011(2)]
21 011 — 011 A(1=p) [x000] [0011(0) 0 0]
Y [x0 0 x7] [0011(0) 0 0g11(2)]
22 000 — 001 ® [x0 00] [v000(0) 0 0]
23 001 — 001 p [x000] [v001(0) 0 0]
24 110 — 111 « [x0 x71 x2] [0110(0) v110(1) v110(2)]
25 110 — 110 Ap [0 0 x7] [0110(0) 0 v110(2)]
A1 —p) [x0 x1 0] [0110(0) v110(1) O]
26 111 — 111 Ap [x0 0 x7] [0111(0) 0 v111(2)]
Al —p) [x0 x1 0] [0111(0) 111 (1) 0]
« [xo x71 x2] [0111(0) v111(1) v111(2)]

We represent the evolution of x for all the above transitions in Table Al . We now
that the information is presented in the same way as in Table Al, that is, in each row, each
transition is represented in a different row, in the second column of the table, the origin and
the destination state of the Markov Chain, in the third column the rate of each transition,
whereas in the last two columns we show the evolution of x and 7, A}, respectively.

Let QF be the set of state of the Markov Chain of Figure Al. The stationary distribution
of state ¢ € QF is denoted by 77;. We now focus on the stationary distribution of the Markov
Chain of Figure Al. The balance equations are provided next:

oo (A + &) = 71011t + TTi0op + o111 + o104
Tloo1A = TTooo&
mo10(Ap + p + &) = 7oA (1 — p) + 1104 + 111 M

o1 (Ap + 1) = mor0& + o1 A (1 — p)
100(A(1 = p) 4 a + 1) = moooAp + TT110p + 11 H
o1 (A(1 = p) + p) = o1 Ap + Mook
10 (a + 2p) = 1o10Ap + TT100A (1 — p)

1124 = o Ap + ot A(1 — p) + myon
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The Markov chain under study is clearly ergodic. Therefore, there always exists a
unique solution of the above system of equations that satisfies }_,cgr 77y = 1.

We remark that the above system of equations coincides with Equation (1a-h).

We now define the vector b, for any 4 € QF. For g € {000,001}, we have that
b, = [100], whereas for g € {100,101}, b; = [110], for g € {010,011}, b; = [10 1] and for
q € {110,111}, b, = [1 1 1]. Besides, for all ¢ € QF, we denote by v;(i) the i-th component
of vector v;, withi = 0,1,2.

We now aim to apply Theorem Al to this model and, from (A1), it follows that

vooo (A + &) =[7g00 0 0] + p£[v100(0) 0 0]
+ u[o101(1) 00] + p[v910(0) 0 0]

+ u[0011(2) 0 0] (A2a)
voo1 (A + &) =[7g01 0 0] + a[vpo (0) 0 0]
+ a[vgo1 (0) 0 0] (A2Db)

vo10(A 4 & + 1) =[mo10 0 7To10] + A(1 = p)[v000(0) 0 0]

+A(1 = p)[0010(0) 00]

+ p[v111(1) 0 v111(2)] (A2¢)

vor1 (A +a + p) =[mo11 0 71o11] + &[0010(0) 0 v010(2)]
+ a[0011(0) 0 vp11(2)]
+A(1 = p)[voo1(0) 0 0]
+A(1 = p)[011(0) 00] (A2d)
vi00(A + & + p) =[m100 71100 0] + Ap[v000(0) 0 0]

+ Ap[v100(0) 00]

+ pu[v11(2) v111(1) 0] (A2e)
vio1 (A + & + ) =[mi01 77101 0] + Ap[0001(0) 0 0]

+ Ap[v101(0) 0 0]

+ a[0101(0) v101(1) O]

+ a[v100(0) v100(1) 0] (A2f)
vi10(A + 2p + &) =[rm110 110 T110]

+ Ap[vo10(0) 0 v010(2)]

+ Ap[v110(0) 0 v110(2)]

+A(1 = p)[0100(0) v100(1) O]

+ A1 = p)[o110(0) v110(1) O] (A2g)

vi11 (A + 2pa) =[mt111 70111 111

+ Ap[vo11(0) 0 vo11(2)]

+ Ap[v111(0) 0 0111(2)]
+A(1 = p)[v101(0) v101(1)
+ A1 = p)[o111(0) w111 (1)
+a[v110(0) v110(1) v110(2)

) v111(1) 0111 (2)

+a[v111(0) v111(1) 111 (2

0]

0]
]
]. (A2h)

We note that the above expression is the same as Equation (2a—p) with the following
change of variable: v (0) = x1,9001(0) = x2,...,v111(1) = x15,v111(2) = x16 and 59 =
000, S1 = 71001, - - - ,S7 = T111. Using Theorem Al, the desired result follows.
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Appendix C. Proof of Lemma 1
We first write the Equation (2d,f,m,p), :

—$3 = — xa(A+a+p) + pxe (A3a)
—s3 = — X(A+ ) + axy (A3b)
—s6 = —x13(AM(1 = p) +2p +a) + Apxy (A30)
—s7 = —x16(A(1 — p) + 2u) + Apxe + axy3, (A3d)

And we observe that it is a system with 4 linear equations with 4 variables. Moreover,
from (A3b), we get
KXy + S3
X6 = ,
A+

which gives (6), whereas from (A3c) we get

e — Apxy + S6
13 Al=—p)+2u+a’

Substituting these expression in Equation (A3a—d), we obtain the following system of
equations:

—s3 = —x4(A +a+p) + pxie (Ada)
axy + S3
—s7 = — x16(A(1 — 2 A
7 16(A(1—p) +2u) + P At n
Apxy + s
7 I —— Adb
+“)\(1fp)+2y+a (A4P)
From (A4a), it results that
_ _ HBX16t 52
XA+ +p) = pxip+sy <= x4 = m,

which is equal to (5) and substituting the obtained expression in (A4b) and simplifying, we
get (4). And the desired result follows.

Appendix D. Proof of Lemma 3
We first note that, from (1a), we have that

o — Sopt + 83 + Sap + S54
0 Aa

’

which tends to zero when A — oo because s; < 1foralliand y < co. From (1b), we get that

S«
5= —,
A
which, using the previous result and & < oo, also proves that s; tends to zero when A — oo
because syp < 1. We now focus on (1c),:

5, — S0A(L—p) +septs7p
2 Ap+p+a

and when A — oo, we have that s, tends to so(1 — p)/p and this tends to zero because s
tends to zero. We now study (1d) and, using that asy = As; (see (1b)), we get

o soa(1—p) + s
’ Ap+ i
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F which also tends to zero when A — oo because sy < 1 and & < co. From (le), we obtain

o — SQAp + sep + sy
YT AQ-p) ety

and we observe that s4 tends to sop/(1 — p) when A — oo and, since sy tends to zero, so
does s4. Finally, we have from (1f) and using that asy = As; (see (1b)),

o — Soap + Sa
ST AA-p)

which also tends to zero when A — co. And the desired result follows.
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Abstract: This article investigates a relay-assisted wireless powered communication network (WPCN),
where the access point (AP) inspires the auxiliary nodes to participate together in charging the sensor,
and then the sensor uses its harvested energy to send status update packets to the AP. An incentive
mechanism is designed to overcome the selfishness of the auxiliary node. In order to further improve
the system performance, we establish a Stackelberg game to model the efficient cooperation between
the AP-sensor pair and auxiliary node. Specifically, we formulate two utility functions for the
AP-sensor pair and the auxiliary node, and then formulate two maximization problems respectively.
As the former problem is non-convex, we transform it into a convex problem by introducing an
extra slack variable, and then by using the Lagrangian method, we obtain the optimal solution with
closed-form expressions. Numerical experiments show that the larger the transmit power of the
AP, the smaller the age of information (Aol) of the AP-sensor pair and the less the influence of the
location of the auxiliary node on Aol. In addition, when the distance between the AP and the sensor
node exceeds a certain threshold, employing the relay can achieve better Aol performance than
non-relaying systems.

Keywords: wireless powered communication networks; real-time state update; age of information;
utility maximization

1. Introduction

With the large-scale deployment of the Internet of things (IoT) devices in applications
such as environment surveillance and industrial control [1,2], status update systems that re-
port real-time system information become increasingly more important. In such systems, it
is required to make accurate decisions based on fresh information update and measurement
of information freshness becomes necessary. However, traditional network performance
metrics like delay and throughput cannot characterize the information freshness. Therefore,
the concept of age of information (Aol) was introduced as the time duration from the
generation time of the latest received status update packet to the current time moment [3].
For real-time update systems, the goal is to get status update information as fresh as
possible, which can be considered as the minimization of Aol.

In IoT systems, information is normally collected by the edge devices or sensors.
These sensors are generally powered by batteries of limited capacity, which require to be
replaced or recharged periodically. However, battery replacement or frequent recharging
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is labor-intensive and could be impossible, in particular in large-scale network scenarios
and harsh environments. For this, energy harvesting (EH) technology has emerged as a
promising alternative to collect energy from the external environment to power the low-
power IoT devices. It is believed that EH has great potential in the future sixth-generation
(6G) communication networks. Therefore, it is also expected to be used in future industrial
control, environment monitoring, and other real-time IoT applications.

Existing EH technologies are of two types: traditional natural energy source and
radio-frequency (RF) signal-based energy source. Compared with traditional natural
energy sources [4,5], RF signals are easy to control, can provide steady power, and have
relatively low requirements on the deployment environment [6]. Evidently, we have seen
many works on Aol-based wireless powered communication networks (WPCN) powered
by RF EH [7-13]. In [7], an optimal online state update strategy to minimize the Aol
over long-term time scale with energy constraints was studied. In [8], the performance
of Aol in WPCN was analyzed, and it proved that the smaller the probability of packet
generation, the smaller the average Aol. In [9], the emergency Aol (U-Aol) in WPCN was
minimized. In [10], the uplink Aol in two-way wireless powered networks was discussed,
where the nonlinear Aol expression was adopted. In [11], the Aol performance limit for
the actual wireless power transfer (WPT) network was explored. In [12], the trade-off
between storable energy and system Aol in the WPT network was investigated, and in [13],
the optimal design of Aol-based fog computing WPCN was studied.

The above works only considered the basic three-node network model. Recently,
researchers have extended this to the study of Aol performance in multiple-node networks.
For example, the authors of [14] minimized the Aol in large-scale WPCN with multi-
sensor nodes, and derived the solution of the average charging time of nodes in the
network. The authors of [15] studied the WPT-powered networks and explored when to
terminate energy collection and how to properly assign resources for uploading data in
order to minimize Aol. In [16], an optimal online sampling strategy for joint optimization
of update packet transmit was presented to minimize the Aol, and a deep reinforcement
learning (DRL) approach was proposed to effectively learn the optimal Aol strategy. In [17],
the Aol in WPCN with multi-user scheduling based on non-orthogonal multiple-access
(NOMA) was discussed, and the closed-form expression of Aol was derived. However,
the above work only considered the single-hop network. Due to factors such as too far or
obstructions between the sensor and the AP, the connection between them cannot always
be established. Therefore, relaying technology can be employed to help sensors transmit
information to their sink node [18-21]. Particularly, in [18], a cooperative WPCN with flat
fading was studied, in which a source and a relay collected energy from a remote power
station. In [19], the Aol in a cooperative wireless communication system with synchronous
wireless information and power transmission (SWIPT) was studied, where two protocols
were discussed.

We observe that in most of these works on Aol-based relay-assisted WPCN, it was
assumed that the relay node (or auxiliary node) could directly participate in charging or
information transmission. As a matter of fact, this may not be realistic in real-life WPCN
because relay nodes may also have limited energy and thus are reluctant or refuse to col-
laborate in the transmission of energy and/or information. We consider this selfish nature
of the relay nodes in this article and propose to design an effective incentive mechanism to
improve the system Aol performance. In our proposed mechanism, the access point (AP)
will coordinate auxiliary nodes to charge the sensor node based on RF until a sufficient
amount of energy is harvested by the sensor node; then, the sensor node will send real-time
status update information to the AP. Unlike a similar work [22] that uses a vague incentive
mechanism and assumes the sensor node transmit packets directly to the AP, we use the
spectrum priority as the incentive for the auxiliary nodes to participate in the charging
process, and use the auxiliary node as the relay on the rout of the status update packets
from the sensor node to the AP. For such a system, utility functions are defined based on
Aol for AP and auxiliary nodes respectively, and the utility maximization problems are
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formulated. In order to achieve a win—win benefit, we apply the Stackelberg game model
to design the effective cooperation between the AP-sensor pair and auxiliary node.

We make the following key contributions in this article.

First, we extend the previous work on WPCN to the more realistic scenarios of
relay-assisted WPCN with selfish auxiliary nodes. We describe the system model and
propose a protocol to encourage the cooperation between AP and auxiliary node to keep
information fresh.

Second, we introduce utility functions for the AP-sensor pair and the auxiliary node
and then establish a Stackelberg game in order to improve the system’s performance.
To solve the non-convex utility maximization problem, we use the Lagrangian method
based on a new slack variable and are able to obtain the optimal solution in the closed form.

Third, we conduct numerical simulations to show that larger transmit power of the AP
results in smaller Aol and less dependency on the location of the auxiliary nodes. In addition,
when the distance between the AP and the sensor exceeds a certain threshold, employing the
relay can achieve better Aol performance than the current non-relaying systems.

The rest of this article is organized as follows. We elaborate the system model of relay-
assisted WPCN in the next section and then formulate the Aol-aware utility maximization
problem in Section 3. Our proposed solution to this problem is explained in detail in
Section 4. The simulation results are reported in Section 5 before we conclude the article.

2. System Model

Consider a WPT-driven network, as illustrated in Figure 1, which includes an AP,
multiple auxiliary nodes, and a sensor node with limited energy. In this system, the AP
needs to collect status update information from the sensor and this is performed in two
stages: first, the AP broadcasts the accessible bandwidth resources to the auxiliary node as
an incentive to participate in the cooperation to charge the sensor, and the auxiliary node
judges whether to participate in the power supply to the sensor according to the received
incentive. When the sensor harvests enough energy, it utilizes the accumulated energy to
send the status update to the AP. In the network, the frequency band authorized by the
AP is fixed, so multiple auxiliary nodes compete to act as the helping node and only one
auxiliary node will be selected to help charge the sensor node. The selected auxiliary node
is allowed to use the bandwidth resource and can be used as a relay.

We use k to denote the k-th auxiliary node, where k € {1,...,K}. We use i to denote
the index of the data package, where i € {1,2,...,I}. We assume that the AP has steady
power supply and the energy and information is transmitted through orthogonal channels
to avoid any interference. We further assume that all wireless links expose in additive
white Gaussian noise.

O

~ 7" Auxiliary node 17"~ .

~.

A -~ ~.

Auxiliary node K

— — — »Motivate flow —:— » Energy flow —— Information flow

Figure 1. Illustration of the relay-assisted WPCN model.
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2.1. Energy Harvesting Model

Let P4p and Py denote the transmit power of AP and the k-th auxiliary node, respec-
tively. Let /1, 4(t) and iy 4(t) be the wireless channel gain between the AP and the sensor
and between the k-th auxiliary node and the sensor at time £, respectively. Let bl be the
time when the i-th packet starts transmission. We assume that the sensor’s battery capacity
is B Joule. Once the battery is fully charged, the sensor node is triggered to send a newly
generated packet with the harvested energy. It is well known that energy is the integral
of power over time. Considering the energy harvesting efficiency and our system model,
the accumulated energy by RF-based EH for data packet i can be expressed as

. pli]
B = [y 1(Paplhoa(t) P+ Pl a(t) )t 0
where 77 € (0,1) denotes the energy harvesting efficiency. Note that bl is the time when
the battery is fully charged, therefore, we have

B, = E. @)

‘ We partition the time into I subintervals at timelinstants, ie,0=0l0 <pll < . <pli-1
< bl < .. < b1, where the i-th subinterval [b[”l], b[’]] is the time that the sensor harvests
energy for information packet i. The length of this subinterval is

Tl — plil — pli-1], ®)

Let dl] denote the arriving time of the i-th information packet at the AP, i.e., the
time when the packet i transmission is completed. Thus, the transmitting time of the i-th
information packet is expressed by

T = alil — pli, @)

Once the i-th information packet arrives at the AP, the sensor node can start generating
the (i + 1)-th packet if the status information becomes available. Therefore, we have the
following:

T/ < i, )

The auxiliary relay node has a single antenna and adopts the decoding and forward-
ing relaying strategy. That is, decoding the received information before encoding and
forwarding. The relay node is installed with an information decoder, an encoder, and
energy storage. The length of the information packet is denoted by L.

Let Tt[;] and Tt[;] be the transmitting time of the i-th packet from the sensor to the
k-th auxiliary node and from the k-th auxiliary node to the AP, respectively. According to
Shannon theory, the rate can be calculated in terms of the signal-to-noise ratio (SNR) and
bandwidth, so we have the expression of transmitting time, i.e.,

L
Wiog(1 + 71)

L

[ _
and Ty = Wlog(1+72)’

T — ©)
where W represents the bandwidth, v, and -y, are the received SNR of the two commu-
nication links, that between sensor and the k-th auxiliary node and that between the k-th
auxiliary node and the AP, respectively.

Considering the situation that the AP can collect the update packet directly from the
sensor node, we can see that the total transmitting time of the i-th update packet from the
sensor to the AP will be

T[i] = min L + L L (7)
t Wlog(1+7v1) Wlog(l+v2) Wlog(1+7) /)
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Finally, the SNRs are given by

~ Palhaq()F Palhgr(t)]? P [ha(t)?
Y= NoW s = NoW and 7, = 1\107W' (8)

where |hy,(#)|?, |hax(t)|? and |hy 4 (t) > denote the wireless channel power gain between
the sensor and the AP, between the sensor and the auxiliary node k, and between the
auxiliary node k and the AP, respectively. Ny represents the noise spectral density. P; and
P/ are the transmit power of the sensor and the k-th auxiliary node, respectively.

2.2. Aol Modeling
The current information packet’s Aol, i.e., packet i at time ¢, is described by

Aty = ¢ —ull(), ©)
where Ul (t) represents the time of generating the latest update packet received by AP, i.e.,
ull(t) = max{bm ‘dm < t}. (10)

Figure 2 illustrates the evolution Aol versus time. It is seen from the figure that when
the destination node does not receive the state update packet, Aol increases linearly with
time, which shows a sawtooth shape. When the destination node receives a new data
packet, the Aol is reset to the delay that the status update experiences. In the time interval
[, dl+1]], the integral of Aol is the area under the All(¢) curve. Therefore, its average
Aol is expressed by

. d[i+1] .
Al __1 /d Al (11)

= i _ gl

A(t)

d" b 4

T T2 T T
Figure 2. Evolution of the Aol.
The integral term in the above formula is obtained by summing the area of Qy;,

Ali+1]

(7 = QO
/d[i] AU(t)dt = Qpy, (12)
which is expressed by

(Tt[i] i Tt[m]) (Ts[i+1J _rlily Tt[i+l]>

Qu = 5 . (13)
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Therefore, the average Aol of the i-th data packet is expressed by

Al = Qi Ll gl ol
8= g = g (W BT ). a4
The harvesting energy time and transmitting update packet time are independent, so
they could be regarded as independent and identically distributed variables. Therefore,
for the long-term running, the system will be in a quasi-stationary state, which guarantees

TS[H'H = Ts[i] and Tt[iﬂ] = Ttm. In consequence, the average Aol is given by

- 1
A=Ti+ 3T (15)

3. Problem Formulation

In the system described above, the auxiliary node may become selfish and not willing
to charge the sensor due to their own limited energy. In order to motivate them to partici-
pate in charging the sensor node, the AP may use spectrum priority access as the incentive
to encourage the auxiliary nodes. In this section, we will define the utility functions for
the AP and the auxiliary node. We design a Stackelberg game method to build an effective
cooperation between auxiliary node and AP-sensor pair. The basic idea of Stackelberg
game is that one side is the leader and the other side is the follower. The leader acts first
and the follower chooses his own action according to the leader’s strategy [23]. Their goal
is to maximize their own interests.

Specifically, first, the AP issues a certain bandwidth as the incentive for the auxiliary
nodes to participate in charging. Second, the auxiliary nodes optimize their transmit power
based on the incentive. Third, the AP optimizes its transmit power and then transfers
energy to the sensor together with the selected auxiliary node. At last, the sensor utilizes
the harvested energy to send update packets to the AP. The flow chart of the system
is illustrated in Figure 3. Energy flow is shown in green on the right; update packet
transmission flow is shown in red on the left.

A

Stepl: issue . Step2: optimize
an incentive |

transmit power

Step4: send Step3:
status update ==p»( B LJ - transfer energy
Auxiliary nodes to the sensor

Figure 3. Overview of the incentive-based update packet collection system.

3.1. Utilities of the Auxiliary Node

Let I'y(x) denote the cost of the k-th auxiliary node to transmit energy to the sensor
and information to the AP at power level x. Similar to the work in [24], we can model this
cost as

l"k(x) = akxz — bkx + ck, (16)
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where a;, by, and c; are predetermined parameters related to auxiliary node k. If node k
uses power level P, and P,i to transmit to the sensor and to the AP, respectively, the utility
of the auxiliary node k can be expressed by

Uy (P, P, Ts, T') = aB — ToTy(Pe) — Ts'Ti (P), 17)

where aB is the incentive from the AP with « as the uniform factor of bandwidth and revenue,
T; is the energy harvesting time and T7, is the transmitting time from node k to the AP.
For the auxiliary node, it expects to maximize its utility. Therefore, the maximization

problem Py is expressed by
Pk . max uk(Pk, Pk/r Ts, Ts/)
PPy (18)
s.t.0 < Pkr Pkl < Pkmax,

where P"™ is the power threshold of the k-th auxiliary node.

3.2. Utilities of the AP

As mentioned earlier, the ratio factor of revenue to bandwidth is defined as &, and the
overhead of AP is given by

[z

= aB. (19)
Therefore, the utility associated with the sensor-AP pair is given by
0 - A -
Ul) = Uap — b — wTyPaplhaal® - E, (20)
where U4p is a constant, which is pre-defined. y > 0, w > 0 are the cost coefficient based

on Aol and the cost coefficient based on energy, respectively.
Then, the Aol-based utility maximization problem is formulated as

1 0
Pgll : max ufaz)?(B' Ts, Pap, P)
APs1s

(21)
s.t. Bs < Ep; Tt < Ts; B > 0;0 < Pap < Pyp™™,
where PY* is the maximum available power of the AP. As U 4p is a constant, PXI), can be
transformed to Pfl),, ie.,
2 .
P+ pnin Uap(B, T, Pap, Py) -
s.t. Bs < Ep; Ty < Ts; B > 0;0 < Pap < Pap™™,
where _ 5
Unp(B, Ts, Pap, Pc) = pd + wTsPaplha gl + E 23)
= WTi+ yuTs + wTsPap|hql? + aB.
As yu, Tt, «, and B are fixed values, the problem PfI), is transformed to PSI),, ie.,
(B) . o1 2
PAP : 1}}11)1/1'715 uTs + CUTSPAP‘ha,d‘ (4)

s.t. Bs < Ep; Ty < Ts;0 < Pyp < Pyp™.

4. Solution Method

We elaborate our proposed method and the derived solution for the above utility
optimization problem.
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4.1. Optimization of P, and P} with a Given {Pxp, Ts}

As mentioned above, the problem Py is expressed by

Py : max Uy (P, P, T, Ty')
PPy (25)
s.t. 0 < P, P/ < P™aX,

where
Uy (P, P, T, T') = aB — ToTk (Pe) — T T (P). (26)

By substituting the cost function expression into the above problem, problem Py can
be expressed as follows,

Pk(l) : ma)s{fakTstz + kaSPk — [lkTS,pk/z + kaS/pk, +aB — CkTs - CkTs,}

P Py 27)
s.t. 0 < Py, Pk, < pme.
Lemma 1. Fora given {Pap, Ts}, the optimal solution to Problem Py is
pr=
{ oy 8)
k= 2a

Proof. The objective function is about the quadratic function of two independent variables,
and the second derivative is negative, so it is a concave function. The maximum value can
be solved based on the quadratic formula directly. [

4.2. Optimization of Pp and T with a Given {Py, P}
In problem PSI)), two variables are multiple coupled, so the problem is non-convex.
To tackle it, we introduce a new slack variable, i.e., 71 = Ts - P4p. As a result, the problem

can be transformed into the following problem by variable substitution method:

4 .
PLh : min 2uTs + lhy 27
s.t. — Ts + Tt < 0

29
7TS + 1ma>< 7T S O ( )
Pap )
_T. — hg,al T+ Bs <0
S PBleal? nPhyal? =

As both of the objective function and the constraints of PX}I), are linear, it is a convex

problem, and the corresponding Lagrange function can be given by

L(Ty, 7,A) = 3Ty + @lltga P+ A1 (=T + Ty) + Ao (=T + p-buee )
2 (30)
+/\3<7TS — al oy B )

'S
Pelhyql? 1P[hyal?

The Karush-Kuhn-Tucker (KKT) condition of the problem is

%}4*/\1*)\2*/\3= 0, (31a)

By gl?
(U|hﬂ,d 2+W 2—%/\3: 0, (31b)
M(=Ts +T1)=0, (310)
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Ay <7TS i #n) —0, (31d)

By 4)? s
A (‘TS - PL\Z'Z,L\Z” * npﬁk,ﬁ) -0 1o
A >0, (31f)
Ay >0, (31g)
A3 >0, (31h)
~T,+ T <0, (31i)
—Ts + ﬁﬂ.’ <0, (3lj)

|haal? B,

(31Kk)

— T+ <0
* Pellal?” T 1 Pelal?

According to (31b), the sum of the first two terms must be greater than 0, so A3 # 0.
Otherwise, (31b) will not hold.

It can be seen from (31a) and (31b) that A; and A, must not be 0 at the same time.
Otherwise, A3 will be equal to two different values.

From (31c) and (31d), one can see that A; and A, cannot not be equal 0 at the same
time. Otherwise, Ts will be equal to two different values.

With above observations, there are two cases to analyze the solutions to the optimiza-
tion problem.

Case 1: A1 =0, Ay # 0 and A3 # 0, the optimal solution to Pfl), is

TS* _ Bs
1 (Pilha[P+Pap™ ho,a )’
BsP,
ot = sUAP 32
1(Pelhia2+Pap™ |1 q]2) ©2)
PAP* — PAPmax.

Case 2: Ay # 0, A, = 0 and A3 # 0, the optimal solution to ngll is

Ts* = th

* Bs _ Pk‘hk,d‘z
™= (ka\hk,d\z Tt) [haal? 7 (33)
Pyp* = %

For the solutions of the two cases, it can be seen from the restrictive conditions that
when (31i) is true, the solution is the case 1. Otherwise, it is the case 2. That is to say,
the following formula is the judgment condition.

Bs
11 (Pelltial? + Pap™|lq a|?)

> T, (34)

where the expression of T; is given by (7).
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Theorem 1. The optimal solution to Pﬁfll is expressed by

Bs . Bs
= 1 . > T/
Tt = 4 1(PelhalP+Pap™ g al?) f’7(Pk‘hk/d|2+PAPmaX‘hn,d‘z) -
Ty, otherwise
BsPyp™™ ; Bs
1 > Tt
ot — '7(Pk\hk,zl\2+PA1)maX\ha,d\2)2' f’?(Pk‘hk,d‘ZJrPAl’max‘hn,d‘2) - (35)
B, ) Pylhyal .
- otherwise
(ka\"k,dlz ) ol 5
Pyp™™ i s > T
Pap* = 'jp ! fV(Pk\hk,d\2+PAPmaX|’ln,d\2) -
%’ otherwise

Proof. As problem PE@ is convex, Theorem 1 can be proved with KKT conditions. [

5. Simulation Results

Some numerical results are shown to discuss the system performance in terms of
achievable Aol, where the simulational parameters are set as follows. For clarity, the dis-
tance between the AP and the sensor is set to 6 m. The auxiliary nodes are randomly
placed between AP and sensor. Assume that the distance between all auxiliary nodes and
sensors is the same, that is, 3 m. Note that the location of the auxiliary nodes will be varied
according to the purpose of the simulation. The channel is generated according to Rayleigh
distribution. The path loss factor is set to 2. Other simulational parameters are summarized
in Table 1.

Table 1. Parameter list.

Meaning Parameter Value
noise spectral density No 10~° mW/Hz
bandwidth W 1kHz
maximum transmit power of k-th node prex 100 mW
maximum transmit power of sensor prax 10 mW
maximum transmit power of AP PR 5W
battery capacity Bs 0.1 mj
energy harvesting efficiency i 0.8
packet length L 100 bytes
the cost coefficient based on Aol U 1
the cost coefficient based on energy w 104
the cost coefficient based on bandwidth « 1
predetermined parameters ax 1 x 10*
predetermined parameters by 2x10°
bandwidth incentive B 100 Hz

Figure 4 plots the minimized average Aol versus the P4p. One can observe that the
Aol decreases gradually with the increase of P4p. The reason is that increasing the AP’s
transmit power will shorten the time for the energy harvested by the sensor to reach the
battery capacity. Thus, it improves the freshness of the information. However, beyond
a certain range, the change of Aol with transmit power is no longer significant because
the average Aol is dominated by the information packet transmission time. This figure
also shows the influence of different locations of auxiliary nodes on Aol is also different.
The closer the auxiliary node to the sensor, the shorter time it will take to charge the sensor
and the smaller the Aol
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12 ‘ ‘ ‘
—&—auxiliary node close to AP
o e . .
10l —¢—auxiliary node in the middle | |
——auxiliary node close to sensor

Minimized average Aol(s)

0 . . . . .
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Optimal transmit power of AP(w)

Figure 4. The minimized Aol versus Pap.

Figure 5 plots the minimized Aol versus the distance between the auxiliary nodes and
the sensor. It is seen that the closer the auxiliary node deployed to the sensor, the lower the
Aol. This observation is consistent with the real situation as the closer the auxiliary node
transmitting energy is to the sensor, the smaller the attenuation of electromagnetic wave
is. Therefore, the time for sensor to collect energy will be reduced, so as to improve Aol.
In addition, it is seen that the influence of the location on the Aol is different under different
Pap. The smaller the P4p, the more obvious the influence of the location of the auxiliary
node on Aol. When the P,p is small, the charging mainly depends on the auxiliary node,
and the position of the auxiliary node is more critical. When the P,4p is normal or larger,
the Pp is the main factor affecting the Aol, so that the position of the auxiliary node has
no obvious effect on Aol.

14

Minimized average Aol(s)

0 . . . . . .
2 3 4 5 6

Distance between auxiliary node and sensor(m)

Figure 5. The minimized Aol versus Dy.

Figure 6 plots the AP’s maximum utility value versus the transmit power of AP.
From this figure, it is seen that the larger the P,p, the greater the utility value, and finally
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tends to remain unchanged. The reason may be that in a certain range, by increasing the
Pap, although the cost of transmitting energy increases, it makes the information fresher.
The benefit of Aol is greater than the cost of transmitting energy. Therefore, the utility
value of the AP based on Aol becomes larger, and beyond a certain range, with the increase
of Pyp, the impact on Aol is negligible and the increase of utility value is not obvious.
Besides, it is also seen that the auxiliary nodes in different positions also have an impact on
the utility value. The specific relationship is shown in the figure below.

98 T

97 e =

96 4
——auxiliary node close to sensor
—&o—auxiliary node in the middle
—#&—auxiliary node close to AP

95

94

93

92

91

The utility value of the AP

90

89
[

88 I I I I I I I I
0.5 1 1.5 2 25 3 3.5 4 4.5 5

The transmit power of AP(W)

Figure 6. The AP’s utility value versus the P4p.

Figure 7 plots the utility of AP versus the distance between the auxiliary nodes and
the sensor. The shorter the distance between the auxiliary node and the sensor, the greater
the AP’s utility value, and the smaller the AP transmit power, the more obvious that effect.
The reason is similar to that associated with Figure 2.

The utility value of the AP

1 2 3 4 5 6
Distance between auxiliary node and sensor(m)

Figure 7. The AP’s utility value versus the D.
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Figure 8 plots the change of Aol versus packet length. It is seen that the larger the
length of the information packet, the larger the average Aol of the system. This may be
because the length of the packet directly affects the transmit time of the packet. The larger
the packet, the longer the transmitting time, which affects the freshness of the information.
In addition, the influence of packet length on Aol varies with the location of auxiliary
nodes. The closer the auxiliary node to the sensor, the less influence of packet length on
Aol, because in the process of the auxiliary node serving as the relay and the sensor sending
packets to the AP, the transmit power of the auxiliary node is larger than that of the sensor
node, and the same packet length change has less impact on the transmit time.

2.6

2.4 1

n
n
.

n
L

[
.

o

~

Minimized average Aol(s)

[N

—#&— auxiliary node close to AP
—*— auxiliary node in the middle
—&— auxiliary node close to sensor

50 55 60 65 70 75 80 8 90 95 100
The length of status upadate (Byte)

Figure 8. The minimized Aol versus L.

Figure 9 depicts the change of Aol with the distance between the AP and the sensor.
Obviously, the farther the distance, the larger the Aol. The figure also compares the Aol in
the system with and without auxiliary node as the relay. When the distance is greater than
13 m, the information with auxiliary node as the relay is fresher when the sensor transmits
update packets to the AP. Thus, for the actual system, if the relay within 13 m can choose
not to activate them, it has important guiding significance.
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Figure 9. The minimized Aol versus D,;.
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Note that in this paper, the Aol is calculated by using the current packet’s transmit
time to approximate the transmit time of the next packet, that is, using the current channel
to approximate the channel of the next slot. Figure 10 shows the relationship between the
approximate value and the exact value of Aol. It is seen that the change of the approximate
value lags behind the exact value by one time slot. Due to the randomness of the channel,
the approximate value may be larger or smaller than the true value. If the channel of the
current time slot is better than the next time slot, the approximate value of the current Aol
is a little smaller than the true value. If the channel of the current time slot is worse than
the next time slot, the approximate value of the current Aol is larger than the real value.
However, on average, the difference between our modeling method and the real value is
very small, which indirectly proves the effectiveness of the modeling method.

9 T T

—&— approximate value
—é—accurate value

—— accurate average
— approximate average

Figure 10. Accurate Aol versus approximate Aol.

6. Conclusions

In this article, we study a relay-assisted WPCN based on Aol with a focus on the
case when the auxiliary nodes are selfish. The main idea behind our proposed solution
is an incentive scheme that encourages the auxiliary nodes to collaborate. We formulate
the problem and use the Stackelberg game theory to design an effective collaboration
between AP—sensor pair and auxiliary node. More specifically, two utility functions for the
AP-sensor pair and the auxiliary node were formulated. As maximizing the utility of the
AP-sensor pair was non-convex, we transformed it into a convex problem by introducing a
new slack variable, and then solved it by the Lagrangian method to obtain optimal solutions
in the closed form. Simulation results showed that the larger the transmit power of the AP,
the smaller the Aol and the less the influence of the location of the auxiliary node on Aol
In addition, when the distance from the AP to the sensor node exceeds a certain threshold,
employing the relay can achieve better Aol performance than non-relaying systems. These
results provide insightful and practical guidance for the design of relay-assisted WPCN in
real life.
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Abstract: Timely status updates are critical in remote control systems such as autonomous driving
and the industrial Internet of Things, where timeliness requirements are usually context dependent.
Accordingly, the Urgency of Information (Uol) has been proposed beyond the well-known Age of
Information (Aol) by further including context-aware weights which indicate whether the monitored
process is in an emergency. However, the optimal updating and scheduling strategies in terms of Uol
remain open. In this paper, we propose a Uol-optimal updating policy for timely status information
with resource constraint. We first formulate the problem in a constrained Markov decision process
and prove that the Uol-optimal policy has a threshold structure. When the context-aware weights
are known, we propose a numerical method based on linear programming. When the weights are
unknown, we further design a reinforcement learning (RL)-based scheduling policy. The simulation
reveals that the threshold of the Uol-optimal policy increases as the resource constraint tightens. In
addition, the Uol-optimal policy outperforms the Aol-optimal policy in terms of average squared
estimation error, and the proposed RL-based updating policy achieves a near-optimal performance
without the advanced knowledge of the system model.

Keywords: age of information; constrained Markov decision process; reinforcement learning; context-
awareness; timely status updates

1. Introduction

With the development of 5G and the Internet of Things (IoT), requirements for wireless
communication have shifted from merely providing communication channels to covering
the entire process of various IoT applications, e.g., autonomous vehicle [1] and virtual
reality (VR) [2], where sensing, communication, computation, and control form a closed
loop. Therefore, in addition to the communication delay, it is necessary to consider the
information delay counted from the generation of the state information to the execution,
namely the timeliness of information. For this purpose, Age of Information (Aol) has
been proposed, which is defined as the time elapsed since the generation time of the latest
received packets [3]. Due to its concise definition and clear physical meaning, Aol has been
widely used for the design of scheduling and updating policies in remote estimation [4-6]
and wireless communication networks [7-12]. Most existing works focus on optimizing
average Aol or peak age. In [13], the authors claim that minimizing average age cannot
satisfy the requirements for ultra-reliable low-latency communication (URLLC) and study
the tail distribution of Aol. The violation probability for peak age is derived in [14] and the
stationary distribution of Aol is studied in [15].

Nevertheless, the Aol still has some limitations. First, it fails to measure the nonlinear
performance degradation caused by information staleness. In [16-19], nonlinear age penalty
functions were introduced to solve this problem. Meanwhile, the Age of Synchronization
(AoS) [20] and Age of Incorrect Information (Aoll) [21] are defined to associate information
freshness with the content of information. AoS is the time elapsed since the information at
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the receiver becomes desynchronized with the actual status of the monitored process. Aoll
is defined as the product of an increasing time penalty function and a penalty function
of the estimation error. In addition, the status of heterogeneous data sources may change
at different rates. A fast-changing process may require information with a lower age.
However, age is independent of the changing rate and thus is not proper in the cases when
heterogeneous data sources are jointly considered. To solve this problem, weighted age
was introduced in [22,23] to distinguish important monitored processes. In [24], the metric
based on information theory is proposed as a replacement of the time-based metric, Aol,
to characterize the changing rate. In [5], the authors claim that minimizing age is not
equivalent to minimizing the estimation error in a remote estimation problem and propose
an effective age to solve this problem [25].

Practical systems (e.g., V2X-communication systems) may have different requirements
for information freshness with different contexts. The context refers to all environmental
factors that affect the requirement for information freshness. Therefore, resources should
be reserved for frequent status updates in emergency to ensure safety.

However, the timeliness metrics mentioned above pay no attention to the significance
of context information. To solve this problem, Urgency of Information (Uol) has been
proposed in [26-28] to measure the influence of inaccurate information on performance
under different contexts. To be specific, Uol uses a time-variant context-aware weight w(t)
to distinguish different contexts. A higher w(t) indicates that the system is in more urgent
situations (e.g., when a vehicle is approaching an intersection or overtaking) and therefore
requires frequent updates. For example, when a vehicle passes through an intersection,
the context-aware weight increases as the distance between the vehicle and the center of
the intersection decreases. Meanwhile, the estimation error Q(t) is introduced to measure
the information inaccuracy, which is defined as the difference between the actual status
and the estimated status at the receiver. The larger the absolute value of Q(t) is, the less
accurate the estimated status is. Therefore, Uol is defined as the product of context-aware
weight and a cost function of the estimation error Q(#):

E(t) = w(£)s(Q(H))- @

In discrete-time systems, the estimation error Q() is:
Q)= 3 A1), (&)

where g(t) is the generation time of the latest status update at the receiver and A(t) is
the increment in estimation error in time slot t. Specifically, if the context-aware weight
is time-invariant (i.e., w(t) = 1), and A(t) = 1 as well as 6(Q(t)) = Q(t), Uol is the same
as Aol. If the context-aware weight is process-dependent, Uol can represent weighted
age. If the cost function §(Q(t)) is nonlinear, Uol can represent the nonlinear age penalty
function. For example, when the outdated information is worthless, e.g., the information
is about sales that expire after some time [29], then the shifted unit step cost function
3(Q(t)) = u(Q(t) — 1), T > 0 is recommended. For the unit step function, 1(x) = 1 when
x > 0 and otherwise u(x) = 0.

In this work, we considered a single-user remote monitoring system, and the objective
was to find an updating policy minimizing the average Uol over time under the constraint
on average update frequency. To solve this problem, Refs. [27,30] proposed update-index-
based adaptive schemes with Lyapunov optimization but did not conduct a theoretical
analysis of their optimality. In addition, the constrained Markov decision process (CMDP)
formulation was only used in the simulation for a numerically solved benchmark. Based on
the existing works, in this paper, we theoretically analyzed the structure of the Uol-optimal
policy and focused on how to derive an updating policy in an unknown environment.

The main contributions of this paper are summarized as follows.
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e In contrast to [27,30], we assumed that the context-aware weight is a first-order irre-
ducible positive recurrent Markov process or independent and identically distributed
(iid.) over time. We formulated the updating problem as a CMDP problem and
proved the single threshold structure of the Uol-optimal policy. We then derived the
policy through LP with the threshold structure and discussed the conditions that the
monitored process needs to satisfy for the threshold structure.

e When the distributions of the context-aware weight and the increment in estimation
error were unknown, we used model-based RL method to learn the state transitions
of the whole system and derive a near-optimal RL-based updating policy.

e Simulations were conducted to verify the theoretical analysis of the threshold structure
and show the near-optimal performance of the RL-based updating policy. The results
indicate that: (i) the update thresholds decrease when the maximum average update
frequency becomes large; (ii) the update threshold for emergency can actually be larger
than that for ordinary states when the probability of transferring from emergency to
ordinary states tends to 1.

The rest of this paper is organized as follows. The system model and the problem
formulation are described in Section 2. In Section 3, we obtain the CMDP formulation of
the problem with the given distribution of context-aware weight and prove the threshold
structure of the Uol-optimal policy. The proposed model-based RL updating policy is
obtained in Section 4. In Section 5, the simulation results are shown and discussed while
the conclusions are drawn in Section 6.

2. System Model and Problem Formulation

In this paper, we considered a remote monitoring system, in which a fusion center
collects the status information (e.g., current location, velocity, information of surrounding)
from a vehicle of interest via a wireless channel with limited resources, as shown in Figure 1.
The whole system is considered as a discrete-time system and the status can be generated
at will. Due to the limitations on the wireless resources and energy supply, there is a
constraint on the average update frequency of the vehicle. The update decision in time slot
tis denoted by U(t) € {0, 1}, where U(t) = 1 means that the vehicle decides to transmit
the current status to the center, and U(t) = 0 denotes that the vehicle decides to stay idle.

The wireless channel is assumed as a block fading channel with successful transmis-
sion probability ps. Let S(t) € {0, 1} be the state of the channel. S(t) = 0 represents that
the channel is in deep fading, and no packet can be successfully transmitted. S(t) = 1
means the packets can be successfully transmitted to the center through the channel. If the
center receives an update, then U(t)S(t) = 1 and an ACK will be sent to the vehicle.

Let x(t) and £(¢) denote the current status of the monitored vehicle and the estimated
status of the vehicle at the center, and Q(f) = x(t) — £(#) denotes the estimation error.
Similar to [26], we further assume that the time period of a packet transmission is less than
a time slot and the estimation at the center equals the latest status information received
by the center. This estimation scheme is easy to implement, theoretically tractable and
has been proven to be an optimal policy that can minimize the average squared error
of status estimation in a remote estimation system under energy constraints when the
monitored process is a Wiener process [31]. Then, the recurrence relation of the estimation
error Q(t) is:

Qt+1) = A -U()S(1))Q(E) + A(h). ®)

Equation (3) indicates that the estimation error will be the amount of variation of the
monitored process from the generation time of the latest received status to the current time.
The increment A(t) represents the variation of the monitored process. For example, when
A(t) follows a Gaussian distribution with a mean of zero and variance of 02, represented
by N(0,0?), the monitored status follows a Wiener process. When A(t) takes values
from {0,1, —1} with a probability of {1 — 2prw, Pruw, Prv}, where 0 < pry < %, then the
status of the monitored source will be a one-dimensional random walk. In this paper, we
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assumed that the monitored status of the vehicle is a Wiener process and A(t) is i.i.d. over
time. However, the increment in estimation error during a single slot cannot be infinite in
practical systems. Therefore, in contrast to [27,30], we assumed that increment A(t) obeys
a truncated Gaussian distribution, i.e., the probability density function (PDF) of A(t) is:

U
fa(a) = cp(A"*j;”‘) <_¢)(>A,,gn;4)’ @

where p and ¢ are the expectation and standard deviation of increment A(t). ¢ and ® are
the PDF and the cumulative distribution function (CDF) of standard normal distribution.
We also assumed A(t) € [—Ayin, Amax], Amax = Apin > 0and p = 0.

— Status Update

-

Interest 4~

3 . . =
A ——» Teedback Vehicle of - e Fusion Center E
(J

Figure 1. Remote control and monitoring model. The vehicle of interest is shown in red.

Meanwhile, the scheduling policy of information updates should also be related to the
situation and environment of the system. For example, when the system is in an emergency,
it should be very sensitive to the accuracy and the delay of the status information, thus
the status should be updated more frequently. Therefore, our objective is to find a policy
telling the vehicle whether to transmit status information or not in each slot for a minimum
average Uol over time under the constraint:

1 [t
minlim sup —E [ Yy w(t)Q(t)z}

Ult) T-eo

t=0
o )
s.t.limsup — Y E[U(t)] < p,
T—c0 t=0

where w(t) > 0 is the context-aware weight, which is independent with Q(¢). p € (0,1] is
the maximum average update frequency. The cost function of the estimation error used
here is 6(Q(t)) = (Q(#))?, which is inspired by the squared error of status estimation.

3. Scheduling with CMDP-Based Approach

In this section, we start by formulating problem (5) into a constrained Markov decision
process (CMDP) with assumptions on the distribution of the context-aware weight. We will
prove the threshold structure of the Uol-optimal updating policy and derive the optimal
policy through a linear programming (LP) formulation.

3.1. Constrained Markov Decision Process Formulation

In the remote monitoring system, the context may be related to the distance between
adjacent vehicles/mobile devices, the unexpected maneuver of the neighboring vehicles,
etc. In [32], the authors prove that whether the distance between two mobile wireless
devices with Ornstein—Uhlenbeck mobility is less than a certain threshold follows a first-
order Markov process. When the two devices are closer, they are more interested in
each other’s status information, communication and computing resources to facilitate
cooperation, share resources, and avoid collisions. At this time, the transmission of status
information is more urgent than when the two devices are far apart. As for the unexpected
maneuver of the neighboring vehicles, it is very challenging to find a proper formulation.
Instead, we assumed that such emergencies occur independently in each slot according
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to a certain probability. Therefore, in contrast to [27,30], we assumed that the context-
aware weight w(t) is i.i.d. over time or a first-order irreducible positive recurrent Markov
process and formulated the problem (5) as a CMDP problem. The irreducible positive
recurrent Markov formulation guarantees the existence of the Uol-optimal policy (see
Appendix A). In this section, we will first focus on the situation where w(t) is a first-order
Markov process:

e State space: The state of the vehicle in slot ¢, denoted by s(t) = (Q(t), w(t)), includes
the current estimation error and the context-aware weight. Then, we discretize Q(t)
with the step size Ag > 0, ie., the estimation error
Q) € Q = {0,£Ag,£2Aq, -, £nlg, -} For example, when
Q(t) € [nAg — Mg, nAq + 3Aq), its value will be taken as nAq. The smaller the
step size A, the smaller the performance degradation caused by discretization. In
addition, the value set of the context-aware weight is denoted by W. Then, the state
space S = {Q x W} is thus countable but infinite.

e Action space: At each slot, the vehicle can take two actions, namely U(t) € U = {0,1},
where U(t) = 1 denotes the vehicle deciding to transmit updates in slot £ and U (t) = 0
denotes the vehicle deciding to wait.

e Probability transfer function: After taking action U at state s = (Q,w), the next
state is denoted by s’ = (Q’,w’). When the vehicle decides not to transmit or the
transmission fails, the probability of the estimation error transferring from Q to Q'
is written as Pr{Q’ — Q = a} = p,. Due to the discretization of the estimation error,
the increment a € A = {0, £Aq, £2Ap, - -, £Au}, where Ay, = LAA”SXJAQ > 0. In

addition, p, = Fa(a + %AQ) — Faa — %AQ), where F4(a) is the CDF of increment
A(t). In addition, the probability of the context-aware weight transferring from w to
w' is written as Pr{w — w'} = p. Based on the assumption that the context-aware
weight w(t) is independent with the estimation error Q(t), then the probability of the
state transferring from s = (Q,w) to s’ = (Q’, w’) given action U is:

Pr{s — s'|U} = Pr{(Q,w) — (Q,w")|U}

_{mwm/o U =0, ©)
wa’((l - F’S)PQLQ + pSpQ’*O) U=1

®  One-step cost: The cost caused by taking action U in state (Q, w) is:
C(Qw ) =wQ?, @)
while the one-step updating penalty only depends on the chosen action:
D(Q w,U) = U. (8)

The average cost caused under a certain policy 77 is the average Uol, which is defined
as C™ and the average updating penalty under 7 is defined as D™. We aimed to find
the Uol-optimal policy which minimizes the average cost under the resources constraint.
Therefore, problem (5) can be formulated into the following CMDP problem:

C(Q(1), w(t), U(t))

min C™ = lim lIE,T
T T—oo T h

)

= T-

D(Q(H), w(t), U(t))| <p.

s.t. D™ = lim %En

T—00

Il
-
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3.2. Threshold Structure of the Optimal Policy

We start from some basic definitions in [33] and show the properties of problem (9).

Definition 1. A stationary deterministic policy is a policy that takes the same action whenever in
a given state s = (Q, w), while a stationary randomized policy chooses to update or not in state s
with a certain probability.

Theorem 1. There exists an optimal stationary randomized policy for problem (9). The optimal
policy is a probabilistic combination of two stationary deterministic policies. The two deterministic
policies only differ on at most one state and each policy minimizes the unconstrained cost in (10)
with a different Lagrange multiplier A:

T

Y [C(QM), w(t), U(t)) + AD(Q(H), w(t), U(1))] |- (10)

1
T
b= fim, e =

Proof of Theorem 1. The proof is shown in Appendix A. [J

We denote the optimal policy that minimizes the unconstrained cost in (10) with a
given A by 77* and the cost obtained under policy 7w* by LT", namely L/’\T* = miny LY. Then,
there exists a differential cost function V(Q, w) that satisfies the Bellman Equation [34]:

V(Q w) + LY = min {C(Q, w,1) +AD(Q, w,1)

Am A
+(1—ps) Z Pww' Z paV Q+11, /)+Ps Z Pww' Z puVaw’
w'eW A,,, w'eW a=—Apy
C(Quw0)+ ), pwr Z paV(Q+a,w )} (11)
w'eW —Am

To solve problem (5), we first prove that with a given A, the optimal stationary
deterministic policy 77* has a threshold structure. We then introduce a discounted problem
with a discount factor « and the discounted cost starting from state (Q, w) under a certain
policy 7 is:

T
]uc,n(Q/ w) = ]lg}:o Er |: Z at[C(Q(t),w(t), u(t))

t=0

+AD(Q(H), w(b), U(1)] | (Q(0) = Q w(0) = w)|. (12)

Denote the minimum cost starting from state (Q, w) by V4 (Q, w) = ming J4,»(Q, w).
Then, we have:

AY”
Vau(Q,w) —min{C(Q,w,l)Jr/\D(Q,w,l) L=p)a Y Pow Y, PaVa(Q+a,w)
w'eW a=—Ap
Am
st Y Paw Y, PaVa(s,@'),C(Qw,0)
w'eW a=—Ap
Am
+a Z Poow! Z paVa(Q+a,w) } (13)
w'eW a=—Ap

Define A(Q,w) as the difference between the value functions by taking the two
different actions U = 0, 1, meaning that:

316



Entropy 2021, 23, 1084

10 (Qw) =

AWI
AQ w) =C(Q w,0) +« Z Pww! Z PaVa(QJFﬂr(U/)

w'eW a=—Ap
A”l
—C(Q,w,1) —AD(Q,w,1 &Y Pow Y, PaVa(aw)
w'eW a=—Ap
Am
_(1 - ps)a 2 Pww! Z puVa(Q + a,w/)
w'eWw a=—Ap
Am
=Ps& E P! Z pu{Va(Q +a,w’) -V (a,w')} — A (14)
w'eW a=—Ay
Define Z " 4, PaVe(Q+a,w) as a function fo(Q, w). Then we will prove that for

V|Q1| < |Q2l, we have f2(Q1,w) < fu(Q2,w). To this end, we first prove the following
Lemma 1.

Lemma 1. For a given discount factor « and a fixed context-aware weight w, the value function
for Q equals the value function for —Q, namely:

Va(Q/w) = Vﬂt(_Q/w)'

Proof of Lemma 1. The Lemma is proven by induction. Define V (Q w) as the Value func-

tion obtained after the k! iteration. Assume that for VQ, we have: VA(, (Quw)= a (fQ, ).
If action U is taken in the k" iteration, then the expected discounted cost is defined as

]au(Q w). Therefore, V (k1) (Q w) = ming ]o(fZ!(wa)' We have:

C(Q,w,0) +a2pww/ Z PaVy Q+aw)

w'eW a=—Ap
Am
_Q)2+“ 2 Puww' 2 PaVofk)(—Q—ﬂ/w/)
w'eW a=—Ap
Cx(-Qw 0 +a T powr Z PV (~Q+0,0') = 1 (-Q w). (15)
w'eW —Ap

Similarly, we can further prove that ]a 1 (Q w) = a 1 ( Q, w). Notice that the value
function obtained in (k + 1)™ iteration is obtained by: Vt,skH (Q,w) = miny ]tgku(Q w)
and for any action U ]aku(Q w) = k (fQ,w). Thus, Va(kH)(Q,w) = k“ ( Qw).B
letting k — oo, V (Q w) = Vu(Q, w) Hence, V,(Q,w) = Vo (—Q,w). O

Lemma 2. For a given discount factor o and a fixed context-aware weight w, function f,(Q, w) for
Q increases monotonically with the absolute value of Q, namely: for ¥|Q1| < |Qal, fa(Q1, w) <

f“(Qer)'

Proof of Lemma 2. Using the induction method, we first assume that for V|Q1| < |Q2|, we
have fék) (Q1,w) < f,,E’” (Q2, w). Therefore:
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@) = w0 +a T pus ¥l (@+aw)

w'eW —Am

=wQ+a Y pww/fé”(Ql,w’)
w'eW
C(Q2w,0) + & ¥ Puwr i (Q2 )

w'eW

=15 (@ w). (16)

Similarly, we can obtain ]akl(QL ) < ]akl(Qz, ). Meanwhile, V, akH (Quw) =

mingy ],i]fZI(Q, ), then we have V (Q w) < k“ (sz w), for V|Q1| < |Qa|. Ob-
viously, if we want to use induction to complete the proof of Lemma 2, we have to prove

that: f,,EkH)(Ql,w) < f;kﬂ)(QZ,w), for V|Q1| < |Qz|. To simplify the proof, it is assumed
that Q» > Qp > 0. The discussion will be divided into the following three situations.

e When A, <|Q4|, then |Qy +4a| < |Q2 + al, for Va € [—A,,, A, we can derive that:

Ap

QL0 z paVED Q) + 0, )
AWI
Am
< Y pVE(Q+a,w0) = D (Qw). 17)
a=—A,

e When A, > |Q|, there exists an increment a’ € A" = {ala € [~ Ay, —3(Q1 + Q2)},

such that |Q +a’\ > [Qa+4d|, and vF*) (Q +d,0') > y (Q +a’,w'). Notice
that —Q1 —a’ € (3(Q2— Q1), An — Q1] and Q2 +a € [—Ay + Qa, Ay + Qa], then
P-Qi—a'—Q, V,)EkH)(le — a/,w) is a term in the summation ft,EkH)(Qz,w), namely
Zf;n—Am PaVe(Q +a,w). Similarly, p_g, a0, V,,Ekﬂ) (=Qy2—d',w) is a term in the
summation f,,EkJrl)(Q],w). We further define A” = {a|la = —Q; — Q2 — a’}, since
~Q1 =@~ € (~3(Q1 +Qa) A~ Q1 ~ Qo then A'N A" = 2.
Furthermore, the probability of the estimation error transferring from Qq to —Q, — @/,
ie, p_g,—a—0, €quals p_q, _»_o,, the probability of the estimation error transferring
from Q; to —Qy — a'. Since —a’ € (1(Q1 + Q2), A, then |a'| > | — Q1 — Q — d'|.
According to our assumption of the increment, we can prove that for any o’ € A’,
Pa < P-Q,-Q,—a- Then, we can derive:

FEV(Q1w) — Y (Qaw)
=Y pViQi a0+ X paVd Q1+ a,w)

ac A

ac A"

~ Y pVE( @ ra,0) — Y paViET Q2 a,0) + M(Q1, Q)

ac A/

ac A"

= Y pafVE(Q1 +a,0) = VEV(Q 4 a,0))

ac A

+ ¥ P00l VT (Q2 +0,0) — VIV (Q1 4 0,0)) + M(Q1, Q)

ac A/

Y (pa

ac A

- p—Qlsz—u){Va(kJrl)(Ql +a,w) - v (Qz +a,w)} +M(Q1,Q2) <0, (18)

where M(Ql, Qz) ZaéA’UA” p,;( (Q1 +a, w) k+1)(Q +a,w )) < 0.
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e When |Qy| > Ay > |Q1], since a’ € [~Ay, —3(Q1 + Q2)), we only need to consider
the case when A, > %(Ql + Qy), in this case —Q; —a’ > %(Qz —Q1) > Q—An.
Therefore, p_o, —w—0, VDEkH)(
Similarly, we can also prove thatfl,gkﬂ) (Q,w) < f§k+1)(Qz,w) when |Qz| > Ay > Q4]
According to Lemma 1, the conclusions above can be easily generalized to the cases

without the condition Q> > Q; > 0. Finally, by letting k — oo, V,,fkﬂ) (Q,w) = Vu(Q,w),

therefore: f,,EkH)(Q,w) — fo(Q,w). Hence: fo(Q1,w) < fa(Qz,w). O

—Qq —d,w) is a term in the summation fékﬂ) (Q, w).

Remark 1. Lemma 2 holds when fa(a), i.e., the PDF of increment A(t) satisfies the following
conditions:
* fa(@) = fa(=a), p=0;

*  fa(a) < fa(ar),Vaz > ay > 0.

Then, with Lemmas 1 and 2, we can prove the threshold structure of the optimal
stationary deterministic policy which minimizes LY in (10).

Theorem 2. Fora given A, the optimal stationary deterministic policy which minimizes LY in (10)
has a threshold structure when the context-aware weight is a first-order irreducible positive recurrent
Markov process.

Proof of Theorem 2. Let s;(Q,w) denote the optimal action which minimizes the dis-
counted cost V,(Q, w) at state (Q, w). If the optimal action s;(Q, w) = 1, then the vehicle
will transmit its status update to the center at state (Q, w) and A(Q, w) > 0. Thus, we have:

Am
AMQw)=psat Y Pow Y, Pa{Va(Q+a,w') = Va(a,0')} —A>0. (19)
w'eWw a=—Apy

According to Lemma 2, for any |Q'| > |Q|, A(Q’, w) can be lower bounded by

Am

AMQ,w) = psa 2 Peoc! Z Pa{Va(Q +a,0") = Va(a, ')} — A
w'eW a=—Apy

AWI
>p Y Puw Y. PaVa(Q+aw)—Vi(a,w')}—A>0.  (20)
w'eW a=—Apy

If A(Q,w) > 0, then for any states with |Q’| > |Q|, the optimal policy is to transmit
the status to the center. If A(Q,w) < 0, then for any states with |Q'| < |Q|, the optimal
action is not to transmit. In addition, the optimal policy will not be choosing to wait in all
the slots. Therefore, for each context-aware weight w, there must be a threshold 7, > 0.
For any state (Q, w) with |Q| > T, the optimal choice is to transmit the status update. We
can then conclude that for a given weight w, the optimal policy with a discount factor «
has a threshold structure.

Let {al,txz,~ .- ,ock} denote a sequence of discount factors and uy converges to 1
when k — co. Then, the optimal deterministic policy for « = 1 will also converge to the
optimal policy with a discount factor which is less than 1 [35]. Similar derivation is also
applied in [12]. Therefore, we can prove the threshold structure of the optimal stationary
deterministic policy which minimizes LY. [

Similarly, when the context-aware weight is i.i.d. over time, we can obtain the follow-
ing theorem:

Theorem 3. For a given A, the optimal stationary deterministic policy which minimizes LY in (10)
has a threshold structure when the context-aware weight is i.i.d. over time. The thresholds are the
same for each state of the context-aware weight.
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Proof of Theorem 3. If the context-aware weight is i.i.d. over time, then we have:

Am

AQuw)=psa Y po Y, Pa{Va(Q+ad)—Vi(a,o)} —A=A(Q),  (21)

w'eW a=—Ap

where p,, is the probability of the value of the context-aware weight being in state w.
Therefore, in this case, the state will be reduced to one dimension and the thresholds will
be the same for all the states of the context-aware weight. [

According to Theorems 2 and 3, we proved the threshold structure of the two sta-
tionary deterministic policies that compose the Uol-optimal policy. Since the Uol-optimal
policy for problem (9) is a probabilistic combination of two deterministic policies with
threshold structures, we can finally draw the conclusion that the Uol-optimal policy also
has a threshold structure.

3.3. Numerical Solution of Optimal Strategy

Based on Theorem 2, we only need to consider the policy that chooses to update
with a probability of 1 in state (Q, w), for V|Q| > Qmax = maxy T,. Let pg , denote the
probability that the state of the vehicle is (Q, w). yg . denotes the probability that the state
is (Q, w) and the vehicle chooses to transmit an update. Therefore, we have:

Theorem 4. When the context-aware weight is a first-order irreducible positive recurrent Markov
process, the Uol-optimal policy can be derived by solving the following LP problem:

Qmax
{Va,wr yé,w} =arg min 2 Z (‘JQZHQ,w/ (22a)
{rowyow}t weW Q=—Qmax
deX
st. Y. Y pow=1, (22b)
@WEW Q=—Qmax
Qmax
Y Y vowsep (22¢)
@WEW Q=—Qmax
Yow < How VQ w, (22d)
0<y0w<1L0< pow <1,VQ,w, (22¢)

Qmax

HQw = Z Z Y ,w PsPQPww’
W' €W Q'=—0Qmax

Qmax

+ Z Z (VQ’,&J’ _yQ’,w’pS)pQ’prww“ (22f)
@' €W Q'=—Qmax

Proof of Theorem 4. We first derive the average Uol C™ as a function of jig, and yg .-
The vehicle is in state (Q, w) and produces a cost of C(Q, w, u) = wQ? with a probability
of jig - Therefore, the average Uol is:

QmBX
Y Y wQiow (23)
weW Q==Qmax

As for the constraints, (22b) means that the sum of the probabilities of all the states
should be 1. To explain (22c), we note that g, is the probability of the vehicle being
in state (Q,w) and choosing to transmit the update, then the expectation of a one-step
updating penalty for state (Q, w) in (8) is g - Therefore, the constraint on average update
frequency D can be illustrated by
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Qmax
Y)Y mow<e (24)

WEW Q==Qmax

Then, we introduce ¢g., € [0,1] to represent that the probability of the vehicle
choosing to transmit updates in state (Q, w) and (22d) can be obtained by the fact that
YQw = HQwlQw, While (22¢) is derived by the nature of probability.

The right-hand side of (22f) can be viewed as two terms. The first term is the sum of
transition probability from all the states to state (Q, w) when the vehicle chooses to update
and the transmission of status is successful. The second term is the sum of transition
probability from all the states to state (Q, w) when the transmission is failed or the vehicle
chooses to wait. Therefore, we can prove that the optimal solution of problem (5) equals
the solution of the LP problem. [

When w(t) is i.i.d. over time, we can also obtain the Uol-optimal policy through the
LP problem proposed in Theorem 4 and only need to use p,, as a replacement of p,,,,.

4. Scheduling in Unknown Contexts

To make decisions, the Uol-optimal updating policy obtained in Section 3 still needs
the distributions of the context-aware weight w(t), the increment A(t) and the successful
transmission probability, which may not be available in advance or may change over time
in most practical systems. To solve this problem, we will assume that the distribution of the
context-aware weight is not pre-determined and the vehicle has to learn it. In this section,
we use the reinforcement learning (RL) algorithm to learn the dynamic of the context and
the characteristic of the wireless channel.

To solve this problem, we turn to the model-based RL framework proposed in [36].
We only consider the cases when the Uol-optimal policy has a threshold structure. This
assumption makes the optimal policy based on the truncated state space equal the optimal
policy of the original problem.

We use the 3-tuple (s,s’, U) to formulate the proposed RL-based updating policy. The
states in the current slot and next slot are denoted by s and s, respectively. U denotes
the action chosen in the current slot. The settings of the discretized state space and the
action space are the same as the settings proposed in Section 3.1. The smaller the step size
used in the discretization is, the closer our results are to those in continuous state space.
In addition, the selection of the step size only affects the accuracy of the update threshold.
Therefore, the performance loss caused by discretization can be reduced by choosing a
smaller step size.

We display details about the proposed RL-based updating policy in Algorithm 1. At
the beginning of episode k, we randomly decide whether to explore or exploit. I € [0,1]
represents the trade-off between exploration and exploitation during the following episode.
A larger [ means a higher frequency of exploration and vice versa. If the algorithm chooses
to explore during this episode, a random policy 77,44 (s) will be used, i.e., we randomly
choose to update or not in each state to find more valuable actions. If the algorithm chooses
to exploit, then we have to obtain the probability transfer functions pi(s'[s, U) for each
state transmission pair. In Algorithm 1, N(s,U) and N(s, U,s’) represent the number
of occurrences of state—action pair s, U and state transition from s to s’ given action U,
respectively. Based on the assumption that the optimal policy has a threshold structure, the
policy 7t(k) which can minimize the average Uol with the estimated probability transfer
functions, can be directly solved through the LP problem proposed in Theorem 4. Then,
the vehicle will use policy 7y to derive state—action pairs and the state transitions in the
following [Ly] slots. Here, L > 0 is defined to control the number of state transitions
observed in each episode. At the end of each episode, the model will be updated according
to the state-action pairs and the state transitions observed during the episode. Finally,
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after K episodes, the algorithm will output the RL-based updating policy 77*(s), which is
derived based on g (s'[s, U).

Algorithm 1 RL-based Updating Policy
Input: / € [0,1],L > 0,K >0
1: for episodesk =1,2,...,K do
2: Set Ly = LVk, € = 1/Vk, uniformly draw « € [0,1].

3 if & < €; then

4 Set 7Tk (5) = Trana(s),

5: else

6: for each state s, s’ € Sand U € U do

7 if N(s,U) > 0 then

8 Let p(s'|s,U) = N(s,U,s")/N(s,u),
9: else
10: ﬁk(s’|s, U) = 1/|S|
11: end if
12: end for
13: obtain policy 7 (s) by solving the estimated CMDP
14: end if
15 Randomly choose an initial state s(1).
16: forslotst =1,2,...,[Ly] —1do
17: Choose action U(t) as my(s(t)).
18: Observe the next state s(t + 1).

19: N(s(#), U(t),s(t+1)) = N(s(t ), ( ), s(t+1)) +1.
20 NG, U) = NGs(0), () +
21 s(t) <= s(t+1).
22 end for
23: end for

24: obtain policy 7t*(s) by solving the estimated CMDP based on pi(s'|s, U), s,s’ € S,U €
U

Output: output the RL-based updating policy 77*(s)

5. Simulation Results and Discussion
5.1. Simulation Setup

To facilitate the simulation, we consider the case where the context-aware weight of
the vehicle only has two different states: the 'normal’ state and "urgent’ state. The '"normal’
state means that the vehicle is in ordinary situations and the significance of accuracy of
status information is relatively low. We set w(t) as 1 in ‘normal’ state while w(t) is set as a
constant much larger than 1, w,, in "urgent’ state to show that the vehicle is in emergencies.
Two different distributions of the context-aware weight are taken into consideration to
conform to the assumptions about w(t) used in Section 3.1:

1. The context-aware weight w(t) has the first-order Markov property. The state tran-
sition diagram of w(t) is shown in Figure 2 and w(t) is irreducible and positive
recurrent. pj is the probability of the context-aware weight transferring from the
normal state to the urgent state, while p; is the probability of the weight transferring
from the urgent state to the normal state;

2. The context-aware weight w(t) is i.i.d. over time. The probability of the weight being
in the urgent state and the normal state are denoted by pj, and p;, respectively.

As for the increment A(t), Apax is set to a large enough positive number to simplify
the simulations.
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P

2]
Figure 2. The state transition diagram of w(t).

5.2. Numerical Results

Figure 3 shows the structure of the Uol-optimal updating policy. For the discretization
of the estimation error, the step size used is 1. It can be seen that under the two different
distributions of the context-aware weight mentioned above, the optimal updating policies
all have threshold structures. Especially when the context-aware weight is i.i.d. over
time, Figure 3b shows that thresholds for all the states of the context-aware weight are
the same, which matches well with theoretical analysis. From Figure 3c, we can find that
the Uol-optimal policy also has threshold structure when increment A(t) obeys a uniform
distribution Unif(—3,3), which verifies Remark 1. We then simulate the Uol-optimal
policy under the contexts with more states to show the policy is generic. We consider a
three-state context-aware weight which takes value from w; = 1, w, = 50, w3z = 100. The
state transition matrix P3 of the three-state context-aware weight is:

0.997 0.002 0.001
py= (002 097 001], (25)
02 01 07

where the j-th element on the i-th row indicates the probability that the context transfers
from state w; to state w ;. The numerical results (Figure 3d) show that when the context-
aware weight has more states, the Uol-optimal policy still has a threshold structure, which
verifies our theoretical results.
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S
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3 3
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Figure 3. Threshold structure of the Uol-optimal updating policy when: (a) the context-aware weight is a first-order
Markov process, p = 0.05, p; = 0.001, p, = 0.01,ps = 0.9, o2 =1,w, = 100; (b) the context-aware weight is i.i.d. over
time, p = 0.05, p; = 0.999, p, = 0.001,ps = 0.9, 02 =1,w, = 100; (c) the context-aware weight is a first order Markov
process, p = 0.05,p1 = 0.001,p, = 0.01,ps = 0.9,w, = 100, increment in the estimation error during one slot, i.e.,
A(t) ~ Unif(—3,3), for Vt; and (d) the context-aware weight is a three-state first-order Markov process, which takes value
from wy = 1, wy = 50, w3 = 100 and evolves according to the state transition matrix P3, p = 0.05, ps = 0.9, o2 =1.
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Then, we will focus on the results obtained when the context-aware weight is a
first-order irreducible positive recurrent Markov process, as shown in Figure 2. Figure 4
shows the average Uol of the Uol-optimal policy, the Aol-optimal policy derived by CMDP,
the RL-based updating policy, and the update-index-based adaptive scheme [27]. In the
RL-based updating policy, L = 8000, I = 1 and K = 50. All the numerical results of the
RL-based policy are averaged over 100 runs.

First of all, the Uol-optimal policy can only be obtained based on advanced information
about the system dynamics. However, the RL-based policy achieves near-optimal without
knowing the system dynamics, which indicates that Algorithm 1 learns relatively accurate
probability transfer functions from the observed state—action pairs and state transitions
during the training.

Secondly, according to Figure 4, the Aol-optimal policy yields a much higher Uol than
the three Uol-based policies, namely the Uol-optimal policy, the RL-based updating policy,
and the update-index-based adaptive scheme. On the one hand, Aol is one special case
of Uol. When the context-aware weight w(t) = 1, the increment A(t) = 1, and the cost
function §(Q(t)) = Q(t), then Uol equals Aol. Therefore, the AoIl-optimal policy ignores
the fact that different contexts have different requirements for information freshness. In
the proposed Uol-based updating policies, different contexts have different policies and
update thresholds, while the Aol-optimal updating policies for different contexts are the
same. On the other hand, Figure 5 reveals that the Aol-optimal policy leads to a much
higher estimation error, which results in worse performance in terms of Uol. The Aol-
optimal policy is an oblivious policy, which is independent of the monitored process. Since
Aol increases linearly with time, the Aol-optimal policy can only minimize the linear
performance degradation in terms of time. However, the Uol-based policies (the cost
function 5(Q(t)) = (Q(t))?) considered in this paper are process-dependent, which are
called non-oblivious policies, and can benefit from both age and process realization [37].
These policies can directly minimize the nonlinear impact exerted by information staleness
and the gap between the actual status and the estimated status.

Thirdly, our updating policies outperform the update-index-based adaptive
scheme [27] in terms of Uol. Under the adaptive scheme, the vehicle will derive an update
index as a function of the current estimation error and the context-aware weight for the next
slot. If the index is larger than the adaptive update threshold, then the vehicle is supposed
to transmit its status information to the center. If the vehicle transmits an update in slot ¢,
then the adaptive threshold will increase in the next slot; otherwise, the adaptive threshold
will decrease. The adaptive scheme will cause an overuse of the resource in ‘urgent’ states
and lead to the fact that the vehicles cannot receive resources in ‘normal’ states. However,
the Uol-optimal policy and the trained RL-updating policy are fixed schemes, which can
avoid the extremely unbalanced resource allocation between the two contexts and achieve
better performance.

Figure 6 shows the influence of the maximum average update frequency p and the
context weight for emergency, w,, on update threshold of UoI-optimal policy. In order to
obtain more accurate results, the step size used here is 0.25. The solid curves show update
thresholds for the normal state while the dashed curves show update thresholds for the
urgent state. When the constraint on update resources is strict, the update thresholds fall
faster. Furthermore, a larger w, results in a lower update threshold for the urgent state and
a higher threshold for the normal state. This phenomenon indicates that the value of w,
means the tolerance of estimation error in the emergency. When p < 0.1, the influence of
w, on the update threshold for the normal state is larger than the urgent state. For the cases
where the maximum average update frequency is relatively large, w, has little effect on
update thresholds for both normal state and urgent state.

Figure 7 shows that the update thresholds also depend on the dynamic of context-
aware weight when the weight has first-order Markov property. When p; is approaching
1 — py, the gap between update thresholds for the urgent state and the normal state becomes
smaller for the context-aware weight which tends to be i.i.d. over time. When p, = 1, the
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update threshold for the urgent state exceeds the threshold for the normal state. Therefore,
the update threshold for the urgent state is not necessarily lower than the update threshold
for the normal state.

26 + | I =@ Uol-optimal
s=ff= RL-based Updating Policy
24+ Update-index-based Adaptive Policy [27]
Aol-optimal
— 22 .
=
D) 20 T
en
=
1) 18 B 7
>
< 16 - -
14 1
12+ o — .

0.05 0.15 0.25 035 045 0.55 0.65 0.75 0.85 0951
update frequency p

Figure 4. Average Uol of the Uol-optimal updating policy, the RL-based updating policy, the
update-index-based adaptive scheme [27], and the Aol-optimal updating policy when p; = 0.001,
p2 = 0.01,ps = 09,02 = 1,w, = 100.
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Figure 5. Average squared estimation error of the Uol-optimal updating policy and the Aol-optimal
updating policy when p; = 0.001, p; = 0.01,0% =1, w, = 100.
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Figure 6. Update thresholds of the Uol-optimal updating policy with different values of w, when
p1 = 0.001,py = 0.01,ps = 09,02 = 1.
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Figure 7. Update thresholds of the Uol-optimal updating policy with different values of p, when
p1=0.01,ps = 09,02 = 1,w, = 100.

Figure 8 shows the performance of the RL-based updating policy with different values
of L. According to Algorithm 1, the number of state transitions observed in episode
kis [Lvk]. Therefore, L denotes the number of state transitions observed during the
whole learning process. Generally speaking, a larger L reduces the randomness of the
performance and achieves a better Uol. The performance of the RL-based updating policy
depends on the accuracy of the model obtained through training, namely whether the
estimated probability transfer function of the system is accurate. A larger L means that the
algorithm can collect more data or state transitions and obtain a more accurate model.

Figure 9 shows the influence of the number of episodes, i.e., K, on the performance
of the RL-based updating policy. A larger K leads to a lower average Uol and smaller
randomness over 100 runs. On the one hand, the more episodes and the more data
the algorithm observes, the more accurate the model obtained will be and the better the
performance of the updating policy will be. On the other hand, the value of K is the number
of iterations for the policy obtained through the estimated CMDP. The policy 71 (s) used in
episode k is derived based on the state—action pairs and the state transitions observed in
the previous k — 1 episodes. Therefore, more frequent iterations of the updating policy can
obtain more valuable state—action pairs and better performance.
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Figure 8. Average Uol of the RL-based updating policy with different values of L when
p1 = 0.001, pp = 0.01,02 = 1, w, = 100.
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Figure 9. Average Uol of the RL-based updating policy with different values of K when
p1 = 0.001, p; = 0.01,02 = 1,w, = 100.

6. Conclusions

In this work, we studied how to minimize the performance degradation caused by
outdated information in terms of Uol, which is a new metric jointly considering context and
information freshness. We proved that the Uol-optimal updating policy for the considered
single-user remote monitoring system has a single threshold structure. Then, the policy
was obtained through linear programming by assuming that the state transition probability
of the system is known in advance. In unknown contexts, we further used a reinforcement
learning algorithm to learn the dynamics of the system. Simulations verified the threshold
structure of the Uol-optimal policies and showed that the update thresholds decrease as
the maximum average update frequency increases. In addition, a larger context-aware
weight in emergencies resulted in a lower update threshold for urgent states. However,
since the state transition probability also influenced the update thresholds, the update
threshold for emergencies was not necessarily higher than the update threshold for normal
states, especially when the probability of transferring from urgent states to normal states
tended towards 1. Furthermore, the numerical results showed that the proposed RL-based
updating policy achieved a near-optimal performance without advanced knowledge of the
system model.
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In fact, determining the context-aware weight in practical systems, where the models
of the context are often very complicated and difficult to obtain in advance, remains open.
As for future work, we plan to use deep RL algorithms to learn the models of the context
variation. We believe that Uol can provide a new performance metric for information
timeliness measurement in the future V2X scenario. In addition, we believe the proposed
Uol metric and the context-aware scheduling policy can shed some light on low-latency
and ultra-reliable wireless communication in the future 5G/6G systems.
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Abbreviations

The following abbreviations are used in this manuscript:

Aol Age of Information

Aoll Age of Incorrect Information

AoS Age of Synchronization

CDF Cumulative Distribution Function

CMDP  Constrained Markov Decision Process
CoUD  Cost of Update Delay

iid. Independent and Identically Distributed

IoT Internet of Things

LP Linear Programming

PDF Probability Density Function

RL Reinforcement Learning

Uol Urgency of Information

URLLC  Ultra-Reliable Low-Latency Communication
VR Virtual Reality

V2Xx Vehicle to Everything

Appendix A. Proof of Theorem 1

Given a state s = (Q,w) € S and a nonempty subset of the state space, G C S,
let R(s,G) denote the class of policies @ such that the probability P?(s(t) € G for some
t > 1|s(0) = s) = 1 and the expected time m, () of the first passage from s to G under
policy 6 is finite. Then, let R*(s, G) denote the class of policies 6 such that the expected
average Uol ¢;z(0) and the expected transmission cost d;  (6) of the first passage from s to
G are finite and 6 € R(s,G). To prove Theorem 1, we then introduce Assumptions A1-A5
in [33]:

Assumption Al. For all b > 0, the set G(b) = {s| there exists an action U such that
C(s,U) + D(s,U) < b} is finite.

Assumption A2. There exists a stationary deterministic policy 7t that induces a Markov chain
with the following properties: the state space consists of a single (nonempty) positive recurrent class
R™ and a set T™ of transient states such that 1 € R*(s,R™), for any s € T™, and both the average
Uol C™ and the average transmission cost D™ on R™ are finite.
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Assumption A3. Given any two states s,s' € Sand s # §', there exists a policy 7t (a function of
sand s') such that T € R*(s, {s'}).

Assumption A4. If a stationary deterministic policy has at least one positive recurrent state, then
it has a single positive recurrent class, and this class contains the state (Q, w) with Q = 0.

Assumption A5. There exists a policy 7 such that the average Uol C™ < co and average trans-
mission cost D™ < p.

Furthermore, the problem (9) has the following property:

Lemma A1. Assumptions A1-A5 hold for problem (9).

Proof of Lemma A1. First of all, we focus on the cases where the context-aware weight is
assumed as a first-order irreducible positive recurrent Markov process:

Assumption Al: In this problem, C(s, U) is the Uol at state s, namely C(Q, w, U) =
wQ?. D(s, U) is 1 if the vehicle chooses to transmit its status and D(s, U) is 0 otherwise,
namely D(Q, w, U) = U. Therefore, Assumption Al holds, for any b > 0, the number
of states (Q, w) with wQ? < b s finite.

Assumption A2: Due to the current high-level wireless communication technology, we
reasonably assumed that the successful transmission probability ps is relatively close
to 1. Based on the assumptions mentioned above, the Markov chain of context-aware
weight obviously satisfies Assumption A2. Define the probability of the context-aware
weight transferring from w to ' in k steps for the first time as P, .. Then, we
consider the policy 771(Q,w) = 1 for all (Q,w) € S, namely this policy chooses to
transmit in all the states.

Since the evolution of the context-aware weight is independent with the evolution
of the estimation error and the updating policy. Therefore, we first focused on the
estimation error, which can be formulated as a one-dimensional irreducible Markov
chain with state space Q = {0, %A, +2Aq, -+ ,£nAg,- - - }. We denote the set of
states which can transfer to state Q in a single step by Zg. The probability of the
estimation error transferring from state Q to state Q' at the k th step without an arrival
to state Q = 0 is defined as P/ 0,0k Obviously, Yoeco P ook < (1— ps)k. Then,
the probablhty of the first passage from state Q(Q # 0) to 0 takmg k + 1 steps is
Yo¢zo Py iPs + Larezy Poori(Ps + (1= ps)po-r) < (1= ps)¥, where py_g is the
probability that the increment in estimation error is —Q'. Therefore, the expected time
of the first passage from Q(Q # 0) to 0 is finite.

For state Q = 0, the estimation error will stay in this state in the next step with a
probability of ps 4+ po_o and will first return to state Q = 0 in the second transition
with a probability smaller than (1 — ps — po—o). Then, starting from state Q = 0, the
estimation error will first return to state Q = 0 in the k + 1-th (k > 2) step will be
smaller than (1 — ps — po_o)(1 — ps)¥~ 1. Therefore, we can prove that state Q = O is a
positive recurrent state, and Ry = {Q = 0} is a positive recurrent class of the induced
Markov chain of the estlmatlon error. Furthermore, for any states in Ty = Q\R
expected time of the first passage from the state in T, to state Q = 0 under 7 is ﬁmte
and the probability of the states in T{ not getting to state Q = 0 in k steps is smaller
than (1 — ps)k.

Define the probability of state Q transferring to state Q' in k steps for the first time
as Py o k- Then, the probability of state (Q, w) transferring to state (Q’ ,w') in k steps
for the first time is Py o k Py o1 - Since Y171 Po or ik < coand Y32 1 Py, (v xk < 00, then
Y1 Po,or kP k< 0. Therefore, the set of states R™ = {(Q, w)|Q € R}, w € W}
is a positive recurrent class. Similarly, we can prove that T™ = S\R” satisfies
Assumption A2. Finally, D" =1 < 00, C" = E [cu} a < co.
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*  Assumption A3: Define Pg min = ming po_ g/, Po,max = maxgy pg-_g'- Consider the
policy 7/(Q,w) = 0 for all states (Q, w) € S, notably that this policy chooses not to
transmit in any states. Similarly, we first focus on the Markov chain of estimation error.
Starting from state Q, the probability of transferring to state Q' in k + 1-th (k > 2)
steps for the first time is smaller than (1 — po/_0) P ax (1 = Por min)¥ 1. Then, the
expected time of the first passage from state Q to state Q" under policy 7’ is finite.
Similarly, since the Markov chain of context-aware weight is irreducible positive
recurrent and independent with the updating policy, we can therefore prove that the
expected time of the first passage from state (Q, w) to state (Q’, w’) under policy 7/
is finite.

e Assumption A4: For the Markov chain of the estimation error, any state will return to
state Q = 0 if a successful transmission occurs. For the policy without transmission,
namely 77’ (Q, w) = 0, state Q = 0 still exists in only one positive recurrent class. For
each positive recurrent class containing state Q = 0, we can prove that there is only
one positive recurrent class. Since the Markov chain of the context-aware weight is
irreducible positive recurrent, we can similarly prove Assumption A4 .

e Assumption A5: The policy 7, that updates the status with a probability of p — &
satisfies Assumption A5. Here, J is a small positive number. Under this policy,
Df=p—-56<pand C™ = E[w]ﬁv2 < oo,

Similarly, we can prove that Assumptions A1-Ab5 also holds for problem (9) when the
context-aware weight is i.i.d. over time. [

Since Assumptions A1-A5 hold for problem (9), then according to Theorem 2.5 in [33],
there exists an optimal stationary randomized policy for problem (9). Meanwhile, the
optimal policy is a probabilistic combination of two stationary deterministic policies which
only differ on at most one state.

Furthermore, according to Lemma 3.9 in [33], the two stationary deterministic policies
each optimize the unconstrained cost in (10) with a different A.
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Abstract: The age of information (Aol) has been widely used to quantify the information freshness in
real-time status update systems. As the Aol is independent of the inherent property of the source
data and the context, we introduce a mutual information-based value of information (VoI) framework
for hidden Markov models. In this paper, we investigate the VoI and its relationship to the Aol for
a noisy Ornstein—Uhlenbeck (OU) process. We explore the effects of correlation and noise on their
relationship, and find logarithmic, exponential and linear dependencies between the two in three
different regimes. This gives the formal justification for the selection of non-linear Aol functions
previously reported in other works. Moreover, we study the statistical properties of the Vol in the
example of a queue model, deriving its distribution functions and moments. The lower and upper
bounds of the average Vol are also analysed, which can be used for the design and optimisation of
freshness-aware networks. Numerical results are presented and further show that, compared with
the traditional linear age and some basic non-linear age functions, the proposed Vol framework is
more general and suitable for various contexts.

Keywords: value of information; age of information; noisy Ornstein-Uhlenbeck process

1. Introduction

Nowadays, there are more and more real-time monitoring and control applications,
such as industrial control, Internet of Things, autonomous driving and so on. Such applica-
tions are modelled as status update systems in which sensors need to continuously monitor
a targeted random process, and the sampled status updates are required to be transmit-
ted through the communication network to a remote destination in a timely manner to
enable precise control and management. Therefore, the freshness of data has emerged as
an important part of network research.

The age of information (Aol) is proposed as a novel end-to-end metric in [1,2] to
evaluate the timeliness of status updates from the receiver’s perspective. The Aol is defined
as the time difference between the current time and the generation time of the last received
status update. The Aol and its variants (e.g., the average Aol and the peak Aol) are widely
used as tools to improve the system-level data freshness by optimising the sampling and
link scheduling in a variety of emerging networks [3-8]. Moreover, there are many works
exploring the Aol in the context of different queue systems. General expressions of the
average Aol were derived in [1], and the stationary distribution of the Aol was studied
in [9,10] for first-come-first-serve (FCFS) M/M/1, M/D/1 and D/M/1 queue disciplines.
The statistical characterisation and violation probability of the Aol were treated in [11,12]
for last-come-first-serve (LCFS) queue disciplines. The influence of the queue’s buffer
size, packet management and service pre-emption on the Aol and its distribution was
investigated in [13-15].

However, the basic notion of the Aol grows linearly with a unit slope as time goes by,
and it is independent of the context and the inherent characterisation of the targeted random
process (e.g., the correlation property of the underlying source data). In light of these issues,
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the concept of the value of information (Vol) has begun to be studied, which emphasises the
idea that in some cases, old information may still have value while even fresh information
may hold little value, as different sources require different update frequency.

The idea of a non-linear age has become a common approach to evaluate information
value [16]. The concept of the “age penalty” was proposed in [17], where it was assumed
to be a non-decreasing function of the Aol and provided a general way to measure the
dissatisfaction of the staleness of information. Closed-form expressions of the general
penalty functions were studied in energy harvesting networks in [18]. In [19-21], three
specific penalty functions (exponential, linear and logarithmic functions) and their sta-
tistical characterisations were further investigated. Moreover, the connection of the Aol
with signal processing and information theory has received much attention, as it can
provide a theoretical basis for non-linear age functions. The mean square error (MSE)
for remote estimation can add non-linearity, and it was used to evaluate the information
value in [22-25]. The relationship between the Aol and the MSE was studied in the Wiener
process [22] and the Ornstein—Uhlenbeck (OU) process [23]. It is interesting to note that
the age-optimal sampling policy was not equivalent to the MSE-optimal sampling. The
mutual information was utilised in [26] to quantify the timeliness of data, and the optimal
sampling policy was explored for a Markov source. In [26], the samples were assumed to
be directly observable when they were received. In practice, samples at the source can be
corrupted by noise, errors or measurements, and thus, they may be latent at the receiver.
However, properties of the information value in hidden Markov models have not been
explicitly studied. Furthermore, the authors in [20] proposed that age penalty functions can
be chosen and adjusted, according to the autocorrelation of the underlying random process,
but theoretical interpretation or formal justification for how to choose non-linear functions
and how they relate to the correlation of the underlying process were not provided.

In our previous work [27], we proposed a mutual information-based value of infor-
mation framework for hidden Markov models and started to explore it in the context of
a noisy OU process. We obtained the closed-form expression of the Vol, which relates
to the correlation of the process under observation at the source and the noise in the
transmission environment, but we did not investigate its relationship to the Aol and its
statistical characterisations in more depth. In this paper, the connection of the proposed
VoI with the Aol is studied for a noisy OU process. The OU process is considered, as it is
an important continuous-time, stationary, Markov and Gaussian random process, which
is practical to represent many real-world applications [28]. For example, it can be used to
model the mobility of a drone that moves towards a target point but experiences positional
fluctuations in unmanned aerial vehicle (UAV) networks. In this work, we give the formal
justification for how the correlation and the noise in the context affect the VoI and its
relationship to Aol, and obtain the functional dependency between them. We show that
the proposed Vol framework is a general one that includes the special sample cases given
in [20], and it is suitable to be applied in different network settings. Moreover, we study
the Vol in a FCFS M/M/1 queue model, deriving the probability density function (PDF),
cumulative distribution function (CDF), average Vol and moment-generating function
(MGEF). We also derive the upper and lower bounds of the average Vol, which are tractable
and useful for the design and optimisation of freshness-aware applications. Through all
of these results, we provide a clear statistical framework linking the Vol to the Aol and a
formal justification for the selection of non-linear age functions.

The rest of this paper is organised as follows. The Vol formalism in the noisy OU
process model is introduced in Section 2. Relationships between the VoI and the Aol for
different network settings are investigated in Section 3. The statistical characterisation
of the Vol in the FCFS M/M/1 queue model is given in Section 4. Numerical results are
provided in Section 5. Conclusions are drawn in Section 6.
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2. VoI with Application to OU Processes

Here, we provide a brief introduction to the Vol framework that is used in this paper,
and we recount key results reported in [27] that will be used later in the paper.

2.1. Vol Definition

We consider a real-time status update system with a pair of transmitter and receiver
nodes. The source samples the data of a targeted random process {X;} and sends status
updates to the receiver node for further analysis. Denote X;; as the i-th status update of
the underlying random process. Denote Y, as the corresponding observation which is
captured in the observed random process {’Yt} Here, t; represents the sampling time of
the i-th sample, and t/ represents its receiving time. We consider a latent variable model in
which the observation Y, may be different from the initial value, as the update X}, can be
negatively affected by thé transmission noise, error or measurement when it is received by
the destination in the real world.

In this paper, the notion of the value of information is defined as the mutual informa-
tion between the current status of the process under observation at the transmitter and a
sequence of noisy measurements recorded by the receiver. Specifically, the Vol at the time ¢
is given as the following:

o(t) = (X5 Yy,...,Yy ), t>th. 1)

n—m+1
Here, 1 is denoted as the index of the last received update during the period (0, t). We look
back in time, and the most recent m of n noisy observations (m < n) are utilised to evaluate
the information value. This definition gives the interpretation of the reduction in the
uncertainty of the current hidden status, given that we have some past noisy measurements.

2.2. Noisy OU Process Model

We assume the random process {X;} under observation is an Ornstein-Uhlenbeck
process, which can be used to represent the mean reversion behaviour in practice. The
underlying OU process satisfies the following stochastic differential equation:

dX; = x(0 — X;) dt + o dW;. (@)

Here, « (x > 0) is the rate of mean reversion, which can be used to represent the correlation
property of status updates, 6 is the long-term mean, ¢ is the volatility of the random
fluctuation, and {W;} is the Wiener process. We assume that the initial value Xj is a

Gaussian variable with mean 6 and variance %.
We assume this OU process {X;} is observed through an additive noise channel,
and the corresponding noisy observation is defined as the following:

Yy = X, + Ny, 3

where Ny is the sample of the noise process taken by the receiver at tl’. . Here, the samples
{Ny} are assumed to be independent Gaussian variables with zero mean and constant
i

variance 07. In reality, it can represent the measurement or error that undermines the status
update X, of the underlying OU process.

2.3. Vol for the Noisy OU Process

Based on the model we described, the samples of the underlying OU process are
jointly Gaussian and the noise samples are also Gaussian variables, which allow us to
calculate the Vol in our previous work [27]. The VoI for the noisy OU process is given
as follows:

1 t(Am
o(t) = —Elog (1 — e 2(t=tn) 4 eizK(titH)iU}yed(et(A)))' t>t, (4)
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Here, A = 05)2*1 + I where Iy 1 represents the covariance matrix of the vector X =
(Xt,_yirs- -+ Xt,]', and T represents the identity matrix of size m. A;; represents the (m —
1) x (m — 1) matrix constructed by deleting the ith row and the jth column of the matrix
A, and 7y is denoted as the ratio of the variance of the OU process and the variance of the
noise, i.e., the following:

Var[Xy,] o?

"~ Var[N,] - 2k03" ®)

The parameter <y is similar to the concept of the signal-to-noise ratio (SNR) in a communica-
tion system. In the following, the concept “SNR” refers to this parameter, which is used to
compare the randomness in the OU process and the noise in the communication channel.

3. Relationship between Vol and Aol

The result given in (4) shows the general expression of the Vol in the noisy OU process.
In this section, we consider a special case with a single observation (m = 1) and explore the
relationship between the proposed Vol and the Aol. In the definition of the Aol, we consider
that the time instant t,, is fixed, i.e., we view the Aol as deterministic. What we do here is
to create a relationship between the Vol and the conditional Aol (i.e., the Aol conditioned
on the most recent sample time).

The concept of the Aol is given as follows [1]:

Ay =t—ty, t>1,. (6)

In the noisy OU process, when m = 1, the Vol in (4) can be simplified as follows:

o(t) = f% log (1 - Le**“*f”)), E>t, @)
which is supported by the following:
1
0<v< Elog(l+’y)4 (8)

Therefore, the Vol is further written as a function of the Aol. Let a = A(t); then, the Vol
can be written as follows:

V(a) = f% log (1 . Le*““). )

The Vol in (9) and its relationship to the Aol can be largely affected by system pa-
rameters. Fixing the random fluctuation parameter o2 of the OU process, the SNR
relates to two parameters, ¥ and ¢2. x can be used to represent the correlation property
of the underlying OU process. If k is small, the status updates are highly correlated; as x
increases, they become less correlated. 2 represents the noise level in the transmission
environment. If 02 is small, the underlying hidden Markov process is dominant, and the
Vol approaches its Markov counterpart in the OU model; otherwise, the noise process is
dominant. In the following part, the relationship between the Vol and Aol in different SNR
regimes is investigated, and we have the following corollaries.

Corollary 1. In the low SNR regime, the Vol can be approximated as an exponential function of
the Aol, which is given by the following:

~# —2Ka
V(a)~2(1+7)e 2Ka (10)
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Proof. In the low SNR regime (small v), large x and (7,% > 0 (or large o2 and x > 0) can
lead to small SNR in (5). When vy approaches 0, the term %eﬂm in (9) is small. For small
x, we have log(1 + x) ~ x, thus the result in (10) is obtained. [J

In the low SNR regime, the dependency between the Vol and Aol is exponential.
Less correlated samples or large noise can negatively affect the Vol at the receiver, thus the
approximated Vol decreases faster as the Aol increases. For a less correlated data source,
even fresh updates may contain little valuable information about the underlying OU pro-
cess. For a high level of noise, status updates are corrupted, due to the indirect observation.

Corollary 2. In the high SNR regime resulting from high correlation, the Vol can be approximated
as a logarithmic function of the Aol, which is given by the following:

1 1
V(a) =~ —Elog(ZK'ya +1)+ Elog(l +7). (11)

Proof. For small x, we have e¥ ~ 1+ x. Therefore, when x — 0in (9), e 2 ~ 1 — 2ka. [

For highly correlated status updates, the Vol is expressed as a logarithmic function,
and this means that the Vol decreases slower as the Aol increases. In this case, correlated
updates can be transmitted under good channel conditions, thus old samples may still
hold enough valuable information.

Corollary 3. In the intermediate SNR regime where k — 0, 02 — oo with ko2 being constant,
the Vol can be approximated as a linear function of the Aol, which is given by the following:

V(a) = —xvya + % log(1+ 7). (12)

In the intermediate SNR regime where x — oo, 02 — 0 with ko2 being constant, the Vol can
be approximated as an exponential function of the Aol, which is given by the following:

~ # —2ka
V(a) = 2(1+,y)e . (13)

Proof. The result in (12) can be derived from Corollary 2 directly. When 02 — oo, the term
2k7a in (11) is small. Therefore, we have log(2xya + 1) ~ 2x-ya. The result in (13) matches
Corollary 1. When x — oo, the term e~2* in (9) is small. For small x, we have log(1 + x) =
x, thus the result in (13) is obtained. [

The three corollaries stated above provide the compelling insight into the adoption of
non-linear Aol functions. In some existing works, exponential and logarithmic non-linear
age functions are widely utilised to measure the information value, but they do not give
the formal justification for why these functions are selected. Corollaries 1 to 3 provide
a theoretic interpretation and explain how the correlation, noise and SNR affect the Vol
and its relationship to the Aol in the noisy OU process. Generally, low SNR and high
SNR conditions yield exponential and logarithmic relationships. The intermediate SNR
regime yields an exponential or linear relationship, which depends on the value of noise
and correlation. Therefore, the proposed Vol framework is more complete, general and
appropriate to measure the timeliness of information in different SNR regimes.

4. Statistical Properties of the Vol in the M/M/1 Queue Model

Equations (10)-(13) show general relationships between the Vol and the Aol in the
noisy OU process. In this section, we relax the “fixed time instants” restriction given
in Section 3 and view the Aol as a random variable to study the distribution of the Vol.
We explore the Vol in a specific FCFS M/M/1 queue system and derive its statistical
properties (including the PDF, CDEF, expectation value and MGF).
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4.1. Distribution of the VoI

We assume that status updates of the underlying OU process are transmitted through
a FCFS M/M/1 queue in which they are sampled as a rate A Poisson process, and the
service time is a rate y exponential process (A < u). Let random variables S; = t; —t;_;
(2 <'i < n) be the sampling interval of two packets, which are independent and identically
distributed (i.i.d.) exponential random variables with E[S] = 1. Similarly, service times of
status updates are also i.i.d. exponential random variables with mean 1. In the example of
the M/M/1 queue, the stationary distribution of the Aol was studied in [11] and the PDF
and CDF of the Aol are given as follows:

fala) =p y;—l}\e*(’**”” - (14% +Aa— %)eﬂ*“ o i we M, (14)

Fo(a) =1—e (=M 4 (H% + /\u) e M — m f Ae*’\”. (15)
It can be seen that the distribution of the Aol only relates to the queue discipline, which
means that it is independent of the inherent statistical characterisations of the underlying
random process. As for the distribution of the Vol of a latent OU process with a single
observation, we can state the following propositions.

Proposition 1. In the M/M/1 queue model, the PDF of the Vol for the noisy OU process is given by
the following:

e~ 20 | — p=A .
fv(o) = m : /\7’(21)T - (L A %logr(v))r(v)ﬁ

where r(v) is denoted as follows:

(L+n-e)

r(v) = 17
(v) y 17)
Proof. Since (9) is a monotonically decreasing function, the PDF of the Vol can be calcu-

lated by the following:

_ d _
frlo) =1V 0|35 (V@) | 18)
Here, V1 denotes the inverse function of the Vol given in (9), which can be written as
follows: ,
_ 1 (14+7)(1—e)
1y 1 Ur-y)d—=-e ™)
Vi) = o log< Y , (19)

and we have the following:

d - 6—221
& (V 1“’)) R 20)

Therefore, the PDF of the Vol given in (16) is obtained by substituting (19), (14) and (20)
into (18). O

Proposition 2. In the M/M/1 queue model, the CDF of the Vol for the noisy OU process is given
as follows:

Fy(v) =r(v) ® — (L — ilogr(v))r(v)% + ]/t i r(v)%. (21)
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Proof. The CDF is obtained directly by the integral of the PDE i.e., Fy(v) = P(V <) =
Jo fr(x)dx. O

Propositions 1 and 2 show that the distribution of the Vol relates to the sampling rate
A, service rate y, correlation parameter x and noise parameter ¢2, while the Aol distribution
only relates to parameters A and u for the M/M/1 queue system.

The CDF of the Vol given in Proposition 2 can be interpreted as the “Vol outage
probability”, i.e., the probability that the VoI is smaller than a given threshold. It is interest-
ing to note that Proposition 2 implies that the VoI outage probability is a monotonically
decreasing function of the service rate y, and it converges to r(v) % as u goes to infinity.
The proof of this is given in Appendix A.1. The reason for this decreasing nature of the
Vol with y is predictable because one would expect the information value to increase if the
service time in the queue reduces.

Proposition 2 also implies that the Vol outage probability first decreases and
then increases as the sampling rate A increases. The optimal sampling rate A* satisfies
w [r=r+ = 0. The proof of this is provided in Appendix A.2. It is not surprising that
small sampling rate A can lead to high outage, due to the lack of fresh updates at the source.
It is interesting to find that large sampling rate can also lead to high outage probability, due
to the traffic congestion in the queue.

4.2. Moments and Bounds

In this subsection, we derive the expectation and two bounds of the Vol with a single
observation, and calculate the moment-generating function of the Vol. We can state the
following two propositions.

Proposition 3. In the M/M/1 queue model, the average Vol for the noisy OU process is given as
the following:

1 B Y O H—A\ YA
E[V]_z{log(”"’) g1(1+7’ 2 ) w28\ 149 2
oA TR\ _A YoM
+<‘u 2 T g1+’y>gl(1+’y ZK) 2ng<1+7’2;<>}’ 22)

where two functions g1 (x,y) and g»(x,y) are defined for x > 0 and y > 0 with the following:

1 /x ZY

siley) =5 [ 14 23)

1 [*zVlogz
(xy) = ﬁ/o 1 7gz dz. (24)

Moreover, the average Vol is lower bounded by the following:

1 p—=A H ;Hr/\ +1
Bv] 2 —zlog [1 - 1 (=E— - ff( ) ) 25)
TNEL 41 (ﬂ+1) (% +1)

and it is upper bounded by the following:

g (r=2 K A " »* L
<z ——H| |- —— =11
EV] = 2{H< 2K ) +“I/L*)\H<2K> ;47/\H 2K + lp ZK 26)
Here, H(-) represents the harmonic number and the integral representation is given

by the following: H(x) = —
function which is given by 1/1 ( ) =—1 re IOgZ dz [30].

Z 4z [29]. p(D(-) represents the first order polygamma
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Proof. See Appendix B. [

This proposition gives two bounds of the average Vol in the noisy OU process. Com-
pared with the general average Vol, the bounds are more tractable and may be useful for
network design and optimisation. The details of the bounds are given in Appendix B as
stated above.

The lower bound is based on Jensen’s inequality. The equality holds if the Vol is a
linear function on the Laplace transform of the Aol (E[e~2*%]). In Corollary 1, we show that
the dependence between the VoI and E[e~2%] is approximately linear under the low SNR
condition. Therefore, the average Vol approaches this lower bound in the low SNR regime.
Moreover, as stated in Appendix B, the upper bound is based on the average Vol in the
Markov model. Hence, in the high SNR regime, the upper bound is tight.

Proposition 4. In the M/M/1 queue, the MGF of the Vol for the noisy OU process is given
as follows:

—At u—A At A
Mv(t>:zF1<” L P )Uﬁ zFl(—, i LT )
(AN (B R g, Y N A (B g g T
<y—)\ y>2F1<2K'2’2K+1’1+7> ;43F2 2K'2K'2’2K+1'2K+1'1+’y' @)

Here, pF;(ay,...,ap;b1,...,by;z) represents the generalised hypergeometric function
which is given by the following series:

pFa(ar, ..., ap;by, ..., by z) = 2(7— (28)

where (-), represents the Pochhammer symbol, which is given as follows:

1 n=0
(X)n = nl:ll (xfi) n>1" (29)

i=0
Proof. See Appendix C. [

Moments of the Vol can be obtained by derivatives of the MGF at t = 0. The average
Vol given in Proposition 3 is the first-order moment and can be derived from the MGF
directly. Using this MGEF, higher order moments can also be used for the system design
and optimisation instead of just utilising the average value.

5. Numerical Results

In this section, the relationship between the Vol and Aol and the distribution of the
Vol are investigated through Monte Carlo simulations. In the simulation, the volatility
parameter o2 of the OU model is fixed and set as 1. The sampling times {t;} are randomly
generated by the rate A Poisson process. The service times of each sample are randomly
generated by the rate j exponential process. We set time ¢ = 100. For each running round,
we record the sampling time of the most recent received update as t,, and the Aol and the
Vol are calculated by (6) and (7), respectively.

Figures 1-3 show the non-linear relationships between the VoI and the Aol under low,
high and intermediate SNR conditions, respectively. Figures 4-7 illustrate the distribution
of the VoI, including the PDF, CDF and the outage probability. Figures 8-11 provide the
numerical results about the Vol expectation and bounds.
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Figure 1. Low SNR regime: Comparison of the exact VoI and the exponential Vol versus x for
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Figure 2. High SNR regime: Comparison of the exact Vol and the logarithmic Vol versus « for
02 € {1,5} att = 100, sampling rate A = 0.5 and service rate y = 1.
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Figure 3. Intermediate SNR regime: Comparison of the exact VoI and the linear Vol versus « for
0?2 € {10,30} at t = 100, sampling rate A = 0.5 and service rate y = 1.
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Figure 4. The density function of the VoI; correlation parameter x = 0.1, noise parameter o2 = 0.5,
sampling rate A = 0.5 and service rate y = 1.
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Figure 5. The cumulative distribution function of the Vol versus v for 02 € {0.5,1} and x €
{0.05,0.1,0.2}; sampling rate A = 0.5 and service rate y = 1.
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Figure 6. The Vol outage probability versus A for ¥ € {0.05,0.1,0.2}; threshold v = 0.4, noise
parameter 07 = 0.5 and service rate u = 1.
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Figure 7. The Vol outage probability versus y for x € {0.05,0.1,0.2}; threshold v = 0.4, noise
parameter 02 = 0.5 and sampling rate A = 0.2.
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Figure 9. The average Vol and its bounds versus the service rate y; correlation parameter x = 0.1,
noise parameter ¢;; = 0.5 and sampling rate A = 0.2.
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and service rate y = 1.

Figures 1-3 compare the exact Vol in (7) and the approximated Vol for different SNR
regimes which are given in (10) to (12). Figure 1 shows that the exponential approximation
is suitable when updates are less correlated and the noise is large. Figure 2 shows the
opposite behaviour. The logarithmic approximation is more accurate when x and o2 are
small. Figure 3 shows that the linear approximation is accurate when « is small but o2 is
large. These results verify the functional dependencies between Vol and the Aol, which
are discussed in Corollaries 1-3, illustrating that the low, high and intermediate SNR
conditions yield exponential, logarithmic and linear relationships.

Figure 4 gives the numerical validation of the theoretical PDF given in Proposition 1
and the density of the discrete path of the VoI obtained from the Monte Carlo simulations.
Figures 5-7 show the Vol outage probability given in Proposition 2 for different system
parameters. In Figure 5, the Vol outage probability is high when the status updates are
less correlated or when the system experiences large noise. For a particular threshold v,
Figure 6 shows that either a too-small or too-large sampling rate can lead to a large Vol
outage probability. Fixing y, small A means that we do not have sufficient newly generated
status updates about the underlying OU process for prediction. Large A means that enough
newly generated updates have been sampled at the source, but they have to wait for a
longer time, due to the packet congestion in the FCFS queue. Figure 7 shows that Vol
outage probability decreases as the service rate i increases. In the M/M/1 model, A is
smaller than p. Fixing A, large y means that status updates can be served and transmitted
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more quickly, thus the receiver can hold more valuable information about the underlying
process. These two figures verify the discussion given in Proposition 2.

Figures 8 and 9 show the effect of the sampling rate and service rate on the average
VoI and its bounds given in Proposition 3. The average VoI and its bounds first increase
and then decrease as A increases, and they increase as y increases. This behaviour is similar
to the Vol outage and can be explained similar to Figures 6 and 7. Moreover, it can be
seen that the theoretical average Vol is consistent with the result obtained from the Monte
Carlo simulations.

Figures 10 and 11 plot the theoretical average Vol in (22) and the lower and upper
bounds in (25) and (26) for different x and 2. Small noise o> and small  can lead to large
average Vol. In Figure 10, the gap between the exact value and the lower bound is small
for large 02, and it decreases as k increases. The gap between the exact value and the upper
bound in Figure 11 shows the opposite behaviour; the gap narrows as ¢ decreases. These
two figures verify the discussion given in Proposition 3, illustrating that the average Vol
approaches lower and upper bounds in low and high SNR regimes, respectively.

6. Conclusions

In this paper, we investigated the dependency between the proposed Vol and the
Aol in a noisy OU process. The Vol is defined as the mutual information between the
current status of the underlying random process and noisy observations captured by the
receiver. Functional relationships between the Vol and the Aol were obtained in low,
intermediate and high SNR regimes. Moreover, the distribution and moments of the Vol
were investigated in the example of the M/M/1 queue model. Finally, we performed Monte
Carlo simulations to obtain numerical validation of the theoretical analysis. The results
presented in this paper provide insight into how the correlation and noise in a latent
OU process influence the Vol of the observations of that process. We also elucidated the
relationship between the VoI and the Aol. Our work has given a mathematical justification
for selecting certain non-linear age functions. Future work can be focused on exploring the
effect of multiple observations on the VoI and Aol relationship and on estimating the value
of the status of the underlying process with multiple observations.
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Appendix A
Appendix A.1. Proof of Monotonicity in p

First, we prove the monotonicity in y. For any particular Vol threshold v, the derivative
of the VoI outage is given as follows:

BP(‘;}F v) = IOgZT;C(U) {r(v)% - (L - ilogr(v)>7(v)zﬂ"}
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For simplicity, let x; = 4-logr(v) and x, = 4 logr(v). Then, (Al) can be written as
follows:

P(V <v) _ logr(v) {E,{H] . <X1 x >ex2} N logr(v)x71)<exz _en)

i 2k X2 — X1 2 (xp—xp)?
— X1 X2
_ logr(v) o2 |:e—x1 T — X2 x1(1—e 5 ):| . (A2)
% wen ()

Since A < pand 0 < r(v) < 1, thus x, < x; < 0 and logr(v) < 0. Moreover, for any x,
we have e* > 1 + x. Therefore, (A2) can be further given as follows:

dP(V <v) - logr(v)e,(2 {17 X2 xl(xz—xl)}
o - 2 =X (x—xp)?
=0.

(A3)

As the derivative is non-positive, the VoI outage is a monotonic function of y.

Appendix A.2. Proof of Optimal A Exists

Next, we prove that the optimal sampling rate exists. The derivative of the Vol outage
with respect to A is given as follows:

dP(V<v)  logr(v) p=r i i A
T =0 r(v) = —r(v)2 —H_Ar(v)Z
- L (rwk k)
(n=2)?
=B oo g T B O]y
2 Rx (o)
When A approaches 0, we can write the following:
. 0P(V <o) logr(v) (€2 —1
= — — <0.
xlllgo oA 2K X 1)=0 (A5

When A approaches i, we have the following:

. 0P(V <o) logr(v) v X2 logr(v) £
= — — — = > 9 2/ — > 0.
x}lan}cz oA 2K I=ez{1 2 - 2K 1—e? ) 20. (A9)

We show that the Vol outage probability decreases with A when A is small, and increases
when A is large. Therefore, there exists the optimal sampling rate A*, and the minimum
outage probability is achieved when the derivative in (A4) is 0.

Appendix B. Proof of Proposition 3
The average Vol can be obtained directly by the following:

Llog(1+7) 1 — A wA
[z _ M o " BA g
E[V] 7/0 vfy(v)dv = 741(/0 log <1 i 7r> {7r z

H
+ Hi)\r%ﬁ] — <ﬂ%/\ — % — %logr>r2}‘7*1] dr. (A7)

Here, for the given x and y, we have the following:
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1 X
/ log(1—xr) -7/~ ldr = 1 / log(1—z)-2zV"1dz
Jo

712
XYy

z=x 1 X gy

+yxy 01—z

log(1—1z)

dz (A8)

= iogt1 - +;(x,y>],

and

1
/ logrlog(1 —xr) - r¥~Ldr
0

X X
= x%(/ logz-log(1—z)-z/"1dz —logx/ log(1—z)-2z¢~! dz)
0

zZ=X

712
Xy

_ log x

X
log(1—z) -logz / log(1—z)-2¥"'ddz
0

z=0

_ L/"%M ~ logz> &
yxY z 1-z

—x)- X gy
_ log(1—x)-logx (LJrlogx)/ log(1—z2) - 2/~Tdz 4 L 1 / z¥logz dz
y yx¥ yxy 1—z

B _log(l —X) (1  logx 2(x,y)
= 7y2 <y2 + y g1(x,y) + 7y . (A9)

Therefore, the average Vol is derived by substituting (A8) and (A9) into (A7).
The lower bound in (25) is obtained by applying Jensen’s inequality, i.e., the following:

Bv) = B[ - Tiog (1- 12 )]

1
] Y (A10)
v —2Ka
> _ - _
> 2log(l 1+7E[e ]),
where
+oo
E[efmca] — / e*ZKaf ( )
JO
;IZ—KA yz (;H—)\ +1) (A11)

)\ - .
A1 (Ev1i(R+)

The upper bound in (26) is the average Vol in the Markov OU process. In the hidden
Markov model, we can write the following [31]:

o(t) = h(Xt) = h(Xel Yy, .- Yy )
Sh(Xe) = h(XeYy, o Yy X)) (A12)
= h(X¢) — h(X[Xy,)

=1 (Xf ” th )
Therefore, the Vol in the Markov model can be regarded as the upper bound of the Vol in

the hidden Markov model. Denote voy (t) = I(X;; Xy, ) as the Vol in the underlying OU
process. Then, the result in (26) follows from the following calculation:

E[V] < E[Vou] = E{f Llog (1 _ z)]

__m ! A ey A pa (B A A o
= Olog(l r){ i 72 +H r2 A 2Klogr 2 dr. (A13)
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Similar to the calculation given in (A8) and (A9), for the given i, we have the following;:

/1 log(1—r) -~ tdr= le(y),
0 y (A14)

1
[ 1ogr-tog(1 =) v tar = %H(y) V)

Therefore, the upper bound of the average Vol is derived by substituting (A14) into (A13).

Appendix C. Proof of Proposition 4
The MGF of the Vol is obtained directly by the following:

-3 log(1+7) 1 ’% — -\
=[P e ,ﬁ/ T poA
My (t) _/0 e fy(v)dv = 2 Jo 1 1+7r m r2

+ %rﬁA - (V% - % - 2—); log r>r2ﬂ7*1} dr. (A15)

Here, for the given x, y and ¢, we have the following [30]:

1
/0 (1 fxr)_% A ldr = ;2& <y, é;y+l;x>, (Al6)

and .
/0 logr-(1— xr)f% Y ldr = —y1—231-“2 (y,y, %;y+ Ly+ 1;x). (A17)

Therefore, the MGF of Vol is derived by substituting (A16) and (A17) into (A15).
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Abstract: This paper investigates the status updating policy for information freshness in Internet
of things (IoT) systems, where the channel quality is fed back to the sensor at the beginning of
each time slot. Based on the channel quality, we aim to strike a balance between the information
freshness and the update cost by minimizing the weighted sum of the age of information (Aol) and
the energy consumption. The optimal status updating problem is formulated as a Markov decision
process (MDP), and the structure of the optimal updating policy is investigated. We prove that, given
the channel quality, the optimal policy is of a threshold type with respect to the Aol. In particular,
the sensor remains idle when the Aol is smaller than the threshold, while the sensor transmits the
update packet when the Aol is greater than the threshold. Moreover, the threshold is proven to be
a non-increasing function of channel state. A numerical-based algorithm for efficiently computing
the optimal thresholds is proposed for a special case where the channel is quantized into two states.
Simulation results show that our proposed policy performs better than two baseline policies.

Keywords: age of information; status update; channel quality

1. Introduction

Recently, the Internet of things (IoT) has been widely used in the field of industrial
manufacturing, environment monitoring, and home automation. In these applications, the
sensors generate and transmit new status updates to the destination, where the freshness of
the status updates is crucial for the destination to track the state of the environment and to
make decisions. Thus, a new information freshness metric, namely age of information (AoI),
was proposed in [1] to measure the freshness of updates from the receiver’s perspective.
There are two widely used metrics, i.e., the average peak Aol [2] and the average Aol [3].
In general, the smaller the Aol is, the fresher the received updates are.

Aol was originally investigated in [1] for updating the status in vehicular networks.
Considering the impact of the queueing system, the authors in [4] investigated the system
performance under the M/M/1 and M/M/1/2 queueing systems with a first-come-first-
served (FCFS) policy. Furthermore, the work of [5] studied how to keep the updates fresh
by analyzing some general update policies, such as the zero-wait policy. The authors of [6]
considered the optimal schedule problem for a more general cost that is the weighted sum
of the transmission cost and the tracking inaccuracy for the information source. However,
these works assumed that the communication channel is not error-prone. In practice, status
updates are delivered through an erroneous wireless channel, which suffers from fading,
interference, and noises. Therefore, the received updates may not be decoded correctly,
which induces information aging and energy consumption.

There are several works that considered the erroneous channel [7,8]. The authors
in [9] considered multiple communication channels and investigated the optimal coding
and decoding schemes. The channel with an independent and identical packet error rate
over time was considered in [10,11]. The work of [12] considered the impact of fading
channels in packet transmission. A Markov channel was investigated in [13], where
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threshold policy was proven to be optimal, and a simulation-based approach was proposed
to compute the corresponding threshold. However, how the information of channel quality
should be exploited to improve system performance in information freshness remains to
be investigated.

Channel quality indicator (CQI) feedback is commonly used in wireless communica-
tion systems [14]. In block fading channels, the channel quality, generally reported by the
terminal, is highly relevant to the packet error rate (PER) [15] or, namely, the block error
rate (BLER). It is probable that a received packet fails to be decoded when the channel
suffers from a poor condition. However, a transmitter with the channel quality information
is able to keep idle when there is deep fading, thereby saving energy. The channel quan-
tization was also considered in [12,13], where the channel was quantized into multiple
states. However, the decision making was not dependent on the channel state in [12],
while [13] did not consider the freshness of information. These motivate us to introduce
the information of channel quality into the design of the updating policy.

In this paper, a status update system with channel quality feedback is considered. In
particular, the channel condition is quantized into multiple states, and the destination feeds
the channel quality back to the sensor before the sensor updates the status. Our problem is
to investigate the channel quality-based optimal status update policy, which minimizes
the weighted sum of the Aol and the energy consumption. Our key contributions are
summarized as follows:

®  Anaverage cost Markov decision process (MDP) is formulated to model this problem.
Due to the infinite countable states and unbounded cost of the MDP, which makes
analysis difficult, the discounted version of the original problem is first investigated,
and the existence of the stationary and deterministic policy to the original problem is
then proven. Furthermore, it is proven that the optimal policy is a threshold structure
policy with respect to the Aol for each channel state by showing the monotonic
property of the value function. We also prove that the threshold is a non-increasing
function of channel state.

e By utilizing the threshold structure, a structure-aware policy iteration algorithm is
proposed to efficiently obtain the optimal updating policy. Nevertheless, a numerical-
based algorithm which directly computes the thresholds by non-linear fractional
programming is also derived. Simulation results reveal the effects of system parame-
ters and show that our proposed policy performs better than the zero-wait policy and
periodic policy.

The rest of this paper is organized as follows. In Section 2, the system model is
presented and the optimal updating problem is formulated. In Section 3, the optimal
updating policy is proven to be of a threshold structure, and a threshold-based policy
iteration algorithm is proposed to find the optimal policy. Section 4 presents the simulation
results. Finally, we summarize our conclusions in Section 5.

2. System Model and Problem Formulation
2.1. System Description

In this paper, we consider a status update system that consists of a sensor and a
destination, as shown in Figure 1. Time is divided into slots. Without loss of generality,
we assume that each time slot has an equal length, which is normalized to unity. At
the beginning of each slot, the destination feeds the CQI back to the sensor. It is worth
noting that the PER is different for different CQIs. Based on the CQI, the sensor decides in
each time slot whether it should generate and transmit a new update to the destination
via a wireless channel or keep idle for saving energy. These updates are crucial for the
destination to estimate the states of the surrounding environment of the sensor and to
make in-time decisions. Let 4;, which takes value from the action set A = {0,1}, denote
the action that the sensor performs in slot f, where a; = 1 means that the sensor generates
and transmits a new update to the destination, and a; = 0 represents that the sensor is
idle. If the sensor transmits an update packet in slot f, an acknowledgment will be fed

352



Entropy 2021, 23,912

back at the end of this time slot. In particular, an ACK is fed back when the destination
successfully receives the update packet, and a NACK otherwise.

ACK/NACK

Channel Quality Indicator &,
Figure 1. System model.

2.2. Channel Model

Suppose that the wireless channel is a block fading channel where the channel gain
remains constant in each slot and varies independently over different slots. Let z; denote
the channel gain in slot t which takes value from [0, +-c0). We quantize the channel gain
into N + 1 levels which are denoted as (zg, z1, ..., zj, ..., zx). The quantization levels are
arranged in an increasing order where zgp = 0 and zy = co. Hence, the channel is said to be
in state i if the channel gain z; belongs to the interval [z;,z;1). We denote by ; the state
of the channel in slot t, where i; € H £ {0,1,2..., N — 1}. With the aid of CQI fed back
from the destination, the sensor has knowledge of the channel state at the beginning of
each time slot.

Let p-(z) denote the distribution of the channel gain. Then, the probability of the
channel being in state i is

Zit1
pi = /Z pz(z)dz. 1)

We assume that the signal-to-noise ratio (SNR) per information bit during the trans-
mission remains constant. Then, the PER depends only on the channel gain. In particular,
the PER for channel state i is given by

Zit1 )
gi = /Z Pppr(2)pz(zli)dz, @
where Ppggr(z) is the PER of a packet with respect to the channel gain. The success proba-
bility g; of a packet transmitted over channel state i is g; = 1 — g;. According to [15], the
success probability is a non-decreasing function of the channel state.

2.3. Age of Information

This paper uses the Aol as the freshness metric, which is defined as the time elapsed
since the generation time of the latest update packet that is successfully received by the
destination [1]. Let G; be the generation time of the ith successfully received update packet.
Then, the Aol in time slot t, A¢, is defined as

At =t —max{G; : G; < t}. (3)
In particular, if an update packet is successfully received, the Aol decreases to one.

Otherwise, the Aol increases by one. Altogether, the evolution of the Aol is expressed by

4)

Aver — 1, if the transmission is successful,
trl At +1, otherwise.

An example of the Aol evolution is shown in Figure 2, where the gray rectangle

represents a successful reception of an update packet, and the mesh rectangle represents a
transmission failure.
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Figure 2. An example of the Aol evolution with the channel state /1, the action a;, and the acknowl-
edgment ACK;. The asterisk stands for no acknowledgment from destination when the sensor
keeps idle.

2.4. Problem Formulation

The objective of this paper is to find an optimal updating policy that minimizes the
long-term average of the weighted sum of Aol and energy consumption. A policy 7 can
be represented by the sequence of actions, i.e., T = (ag,41,...,at,...). Let IT be a set of
stationary and deterministic policies. Then, the optimal updating problem is given by

- 1y
min lim sup T ;JIE[A: + waiCel, ©®)

T—o0 t=
where C, is the energy consumption, and w is the weighting factor.

3. Optimal Updating Policy

This section aims to investigate the optimal updating policy for the problem formu-
lated in above section. In this section, our investigating problem is first formulated into
an infinite horizon average cost MDP, and the existence of a stationary and deterministic
policy that minimizes the average cost is proven. Then, the non-decreasing property of
the value function is derived. Based on this property, we prove that the optimal update
policy is of a threshold structure with respect to Aol, and the optimal threshold is a non-
increasing function of the channel state. Aiming to reduce the computational complexity, a
structure-aware policy iteration algorithm is proposed to find the optimal policy. Moreover,
non-linear fractional programming is employed to directly compute the optimal thresholds
in a special case where the channel is quantized into two states.

3.1. MDP Formulation

The Markov decision process (MDP) is typically applied to address the optimal
decision problem when the investigation problem can be characterized by the evolution
of the system state and the cost is per-stage. The optimization problem in (5) can be
formulated as an infinite horizon average cost MDP, which is elaborated in the following.

e States: The state of the MDP in slot t is defined as x; = (A, i¢), which takes values in
Z" x H. Hence, the state space S is countable and infinite.

e Actions: The set of actions a; chosen in slot t is A = {0, 1}.

e Transition Probability: Let Pr(x;.1|x¢, ;) be the transition probability that the state x;
in slot  transits to x.1 in slot f + 1 after taking action a;. According to the evolution
of Aol in (4), the transition probability is given by

Pr(xi1 = (A+ 1)) = (A,0),a = 0) = p,
Pr(xp1 = (1,f)|xe = (A,0),ar = 1) = qip}, (6)
PI‘(XH_l = (A + 1,j)|Xt = (A,i),ut = 1) = glp]
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e Cost: The instantaneous cost C(x;, ;) at state x; given action a; in slot ¢ is
C(Xt,llt) = At + watCe. (7)

For an MDP with infinite states and unbounded cost, it is not guaranteed to have
a stationary and deterministic policy that attains the minimum average cost in general.
Fortunately, we can prove the existence of stationary and deterministic policy in next
sub-section.

3.2. The Existence of Stationary and Deterministic Policy

For rigorous mathematical analysis, this section is purposed to prove the existence
of a stationary and deterministic optimal policy. According to [16], we first analyze the
associated discounted cost problem of the original MDP. The expectation of discount cost
with respect to discounted factor < and initial state X under a policy 7 is given by

Vi (%) = Ex

3 e ) xo = } ®)

t=0

where g4; is the decision made in state X under policy 71, and y € (0,1) is the discounted
factor. We first verify that Vj; , (%) is finite for any policy and all X € S.

Lemma 1. Given v € (0,1), for any policy 7w and all % = (%,h) € S, we have

Viy(X) =Ex

Z ’)’tC(Xt,Ilt”XQ = )A(:| < 0. (9)
=0

Proof. By definition, the instantaneous cost in state x; = (A, i) given action 4; is

At, lf ar = O,

Clxi ar) = 10
(xt,at) {A,+wce, ifa = 1. (10)

Therefore, C(x¢,a;) < At + wC, holds. Combined with the fact that the Aol increases,
at most, linearly at each slot for any policy, we have

Y v Clxt,arlxo = (A, )
t=0

<Y YA+ttt wC)
t=0

I S
_177<A+177+w><oo, (11)

which completes the proof. [

Let V,,(%) = miny Vy (%) denote the minimum expected discounted cost. By Lemma 1,
Vy (%) = ming Vi, (X) < oo holds for every kX and € (0,1).
According to [16] (Proposition 1), we have

Vy(X) = min{C(ﬁ,a) +7 Y, Pr(x'|f(,u)V7(x')}, (12)
€A x'eS

which implies that V. (X) satisfies the Bellman equation. V. (X) can be solved via a value
iteration algorithm. In particular, we define V, o(%) = 0, and for all n > 1, we have

Vyn(%) = min Qyu(%,0), (13)
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where

Qyn(%a) = EréiE{C(f(,a) + 2 Pr(x’f(,u)Vw,l(x')} (14)

x'eS
is related to the right-hand-side (RHS) of the discounted cost optimality equation. Then,
limy; 00 Vo, n(X) = Vo (X) for every & and 1.
Now, we can use the value iteration algorithm to establish the monotonic properties
of V(%)

Lemma 2. Forall A and i, we have
Vo (AN —1) < Vy(8,i), (15)
and for all Ay < A, and i, we have
Voy(A1,1) < Vo (Ay, ). (16)
Proof. See Appendix A. [

Based on Lemmas 1 and 2, we are ready to show that the MDP has a stationary and
deterministic optimal policy in the following theorem.

Theorem 1. For the MDP in (5), there exists a stationary and deterministic optimal policy
7T* that minimizes the long-term average cost. Moreover, there exists a finite constant A =
lim,, 1 (1 — ) Vo (x) for all states x, where A is independent of the initial state, and a value
function V(x), such that

A+ V(x) =min< C(x,a) + Y_ Pr(X[x,a)V(x) (17)
acA x'eS

holds for all x.

Proof. See Appendix B. [

3.3. Structural Analysis

According to Theorem 1, the optimal policy for the average cost problem satisfies the
following equation

T (x) = argn&i}z Q(x,a), (18)
where
Q(x,a) = C(x,a) + Z Pr(xX|x,a)V(x'). (19)
x'eS

Similar to Lemma 2, the monotonic property of the value function V(x) is given in the
following lemma.

Lemma 3. Given the channel state i, for any Ay > Aq, we have

Proof. This proof follows the same procedure of Lemma 2, with one exception being that
the value iteration algorithm is based on Equation (17). O

Moreover, based on Lemma 3, the property of the increment of the value function is
established in following lemma.
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Lemma 4. Given the channel state i, for any Ay > Aq, we have
V(Do i) = V(A1) > By — Ay (21)

Proof. We first examine the relation between the state-action value functions, i.e., Q(A, i, a)
and Q(A1,1,a). Specifically, based on Lemma 3, we have

N-1
Q(A2,i,0) — (A — M) = A1+ Y piV(A2 +1,))
j=0
N-1
>A1+ Y piV(A1+1,j) = Q(A1,4,0), (22)
j=0

and

Q(Az,i,1) — (A2 — Aq)
N-1 N-1
=AM +wCe+q; Y, piV(L)+8i Y. piV(da+1,))
j=0 j=0
N-1 N-1
>A+wCe+q; Y piV(Lj)+& Y piV(d1+1,))
=0 =0

=Q(Aq,i,1). (23)
Since V(x) = miRQ(x, a), we complete the proof. [
ac
Our main result is presented in the following theorem.

Theorem 2. For any given channel state i, there exists a threshold B;, such that when A > B;,
the optimal action is to generate and transmit a new update, i.e., 77* (A, i) = 1, and when A < B;,
the optimal action is to remain idle, i.e., 77°(A,i) = 0. Moreover, the optimal threshold B; is a
non-increasing function of channel state i, i.e., B; > Bj holds foralli,j € Hand i < j.

Proof. See Appendix C. [

According to Theorem 2, the sensor will not update the status until the Aol exceeds the
threshold. Moreover, if the channel condition is not good, i.e., channel state i is small, the
sensor will wait for a longer time before it samples and transmits the status update packet
so as to reduce the energy consumption because of a higher probability of transmission
failure.

Based on the threshold structure, we can reduce the computational complexity of
the policy iteration algorithm to find the optimal policy. The details of the algorithm are
presented in Algorithm 1.

3.4. Computing the Thresholds for a Special Case

In the above section, we have proven that the optimal policy has a threshold structure.
Given the thresholds (B, 1, ..., BN—1), @ Markov chain can be induced by the threshold
policy. A special Markov chain is depicted in Figure 3, where the channel has two states.
By leveraging the Markov chain, we first derive the average cost of the special case, which
is summarized in the following theorem.
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Algorithm 1 Policy iteration algorithm (PIA) based on the threshold structure.

1: Initialization: Set k = 0, iteration threshold €, and initialize the value function Vj(x) = 0
and policy 7r(x) = 0 for all state x € S
2: repeat
3 k< k+1
: Based on last iterative value function Vi_;(x), compute the current value function
Vi(x) by calculating the following equations.

5 Vi(x) :min{C(x,a)-i- Y Pr(x’|x,a)Vk_1(x’)}
acA xS

€

6: until |Vi(x) — Vi_1(x)| < eforallx e S

7. forx = (A,i) € S do

8 ifx' =(A—1,i) € Sand n(x’) =1 then

9: 7T(X) — 1.

10:  else

11: T(x) < argmin{C(x,a) + Pr (x’|x,a)V(x’)}
acA x'eS

12 end if

13: end for

14 T T

15: return the optimal policy 7r*

Figure 3. An illustration of established Markov chain with two channel states.

Theorem 3. Let ¢(x) be the steady state probability of state x of the corresponding Markov chain
with two states and By, B1 be the threshold with respect to the channel state, respectively. The steady
state probability is given by

pi¢1, if1<i<py,
9(i,) = { pisy "1, ifp1 < i < B, (24)
pist Psy P, ifi > Bo,

where 1 = ¢(1,0) + ¢(1,1), so = 1 — p1q1, 51 = 1 — poqo — p1q1, and @y satisfies follow-
ing equation:
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1
9= — - 23)

ﬁl + T1—sp +S€O*/511i7151

The average cost then is given by

Cmc(,BOr ceey ,BN—l)

1

:(Pl(% + A+ B+ wCE), (26)

where B g
4 Sol(Brt1) = Bost ™) s —sf " o)

1-— EN) (1 — 50)2 ’

_ (Bot1)s; 51
B= 178] +175]/ (28)
and
Bo—P1
_ [ Bo—pr_ 1 1—sp

E(so e TP T ) (29)

Proof. See Appendix D. [

Therefore, the closed form of the average cost is a function of thresholds. By linear
search or gradient descent algorithm, the numerical solution of optimal thresholds can be
obtained. However, computing its gradient directly requires a large amount of computation
till convergence. Here, a nonlinear fractional programming (NLP) [17] based algorithm
which can efficiently obtain the numerical solution is proposed.

Let x = (Bo, B1). We can rewrite the cost function as a fractional form, where the

numerator is denoted as N(x) = —Cpc(x)/ @1, and the denominator term is N(x) = 1/¢y.
The solution to an NLP problem with the form in the following
N(x)
max{ DY) |x € A} (30)

is related to the optimization problem (31)
max{N(x) —gD(x)|(x € A}, forg € R, (31)
where the following assumption should also be satisfied:

D(x) >0, forall x € A. (32)
Define the function F(g) with variable g as
F(q) = max{N(x) —gD(x)|x € A}, forg € R. (33)

According to [17], F(g) is a strictly monotonic decreasing function and is convex over R.
Furthermore, we have o = N(xp)/D(xo) = max{N(x) — gD(x)|x € A} if, and only if,

F(go) = max{N(x) — qoD(x)[x € A} = 0. (34)

Then, the algorithm can be described by two steps. The first step is to solve a convex
optimization problem with a one dimensional parameter by a bisection method. The second
step is to solve a high dimensional optimization problem by a gradient descent method.
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According to [17], a bisection method can be used to solve the optimal gy, under
the assumption that the value of function F(g) can be obtained exactly for given q. We
will actually use the gradient descent algorithm to obtain the numerical solution of F(g)
since the global search method may not perform in polynomial time. As a trick, we
alternate the optimization variables of thresholds (B, $1) by the variables of the decrement
of thresholds, i.e., x = (Bo — B1,B1). To summarize, the numerical-based method for
computing the optimal thresholds is given by Algorithm 2.

Algorithm 2 Numerical computation of the optimal thresholds.

Input: Iteration time k, error threshold &
Output: Numerical result x*
1: Let N(x) = —Cpe(x)/ @1, and D(x) = 1/¢;. Define F(q) = max{N(x) — gD(x)|x >
0}
2: Let the iteration starts with i = 1, search range [4, ] of g.

3: whilei < k do
ath

4: m= =-;

5. if F(m) x F(a) < 0 then
6: b=m;

7. else

8: a=m,;

9: endif

10:  if %52 < 6 then

11: x* = argminy F(m)
12: break;

13:  end if

14: i=1i+ 1;

15: end while

4. Simulation Results and Discussions

In this section, the simulation results are presented to investigate the impacts of the
system parameters. We also compare the optimal policy with the zero-wait policy and
periodic policy, where the zero-wait policy immediately generates an update at each time
slot and the periodic policy keeps a constant interval between two updates.

Figure 4 depicts the optimal policy for different Aol and channel states, where the
number of channel states is 5. It can be seen that, for each channel state, the optimal policy
has a threshold structure with respect to the Aol. In particular, when the Aol is small, it
is not beneficial for the sensor to generate and transmit a new update because the energy
consumption dominates the total cost. We can also see that the threshold is non-increasing
with the channel state. In other words, if the channel condition is better, the threshold is
smaller. This is because the success probability of packet transmission increases with the
channel state.

Figure 5 illustrates the thresholds for the MDP with two channel states with respect to
the weighting factor w, in which the two dashed lines are obtained by PIA and the other
two solid lines are obtained by the proposed numerical algorithm. Both of the thresholds
grow with the increasing of w. Since the energy consumption has more weight, it is not
efficient to update when the Aol is small. On the contrary, when w decreases, the Aol
dominates and the thresholds decline. In particular, both of the thresholds equal 1 when
w = 0. In this case, the optimal policy reduces to the zero-wait policy. We can also see
that the value of the threshold for channel state 1 of the numerical algorithm is close to
the optimal solution. In contrast, the value of the threshold for channel state 0 gradually
deviates from the optimal value.
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Figure 4. Optimal policy for different Aol and channel states (90 = 0.1, = 0.2,q0 = 0.3,
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Figure 5. Optimal thresholds for two different channel states versus w (pgp = 0.2,p; = 0.8,
qgo=02,491 =05,C, =1).

Figure 6 illustrates the performance comparison of four policies, i.e., the zero-wait
policy, the periodic policy, the numerical-based policy, and the optimal policy, with respect
to the weighting factor w. It is easy to see that the optimal policy has the lowest average
cost. As we see in Figure 6, the zero-wait policy has the same performance with the optimal
policy when w = 0. As w increases, the average cost of all three policies increases. However,
the increment of the zero-wait policy is larger than the periodic policy and the optimal
policy due to the frequent transmission in the zero-wait policy. Although the thresholds
obtained by the PIA and the numerical algorithm are not exactly the same as shown in
Figure 5, the performance of the numerical-based algorithm also coincides with the optimal
policy. This is because the threshold for channel state 1 exists in the quadratic term of the
cost function, while the threshold for channel state 0 exists in the negative exponential
term of the cost function. As a result, the threshold for channel state 1 has a much more
significant effect on the system performance.
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Figure 6. Comparison of the zero-wait policy, the periodic policy with period being 5, the numerical-
based policy, and the optimal policy with respect to the weighting factor w (pg = 0.2,p; = 0.8,
qo=02,91 =05,C, =1).

Figure 7 compares the three policies with respect to the probability p; of the channel
being in state 1. Since there is a higher probability that the channel has a good quality as p;
increases, the average cost of all three policies decreases. We can see that, in the regime of
p1, the optimal policy has the lowest average cost, because it can achieve a good balance
between the Aol and the energy consumption. We can also see that the cost of the periodic
policy is greater than the zero-wait policy first, and smaller later. To further demonstrate
these curves, we separate the energy consumption term and Aol term into different figures,
i.e., Figures 8 and 9. We see that the update cost of the zero-wait policy is smaller than
that of the periodic policy, but the Aol of the zero-wait policy has a smaller decrease with
respect to p; than the periodic policy.
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Figure 7. Comparison of the zero-wait policy, the periodic policy with period being 5, and the optimal
policy with respect to p; (90 = 02,41 = 0.5,w = 10,C, = 1).
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Figure 9. Energy consumption comparison of the zero-wait policy, the periodic policy with period
being 5, and the optimal policy with respect to p; (90 = 0.2,4; = 0.5,w = 10,C, = 1).

5. Conclusions

In this paper, we have studied the optimal updating policy in an IoT system, where
the channel gain is quantized into multiple states and the channel state is fed back to the
sensor before the decision making. The status update problem has been formulated as an
MDP to minimize the long-term average of the weighted sum of the Aol and the energy
consumption. By investigating the properties of the value function, it is proven that the
optimal policy has a threshold structure with respect to Aol for any given channel state.
We have also proven that the threshold is a non-increasing function of the channel state.
Simulation results show the impacts of system parameters on the optimal thresholds and
the average cost. Through comparisons, we have also shown that our proposed policy
outperforms the zero-wait policy and the periodic policy. In our future research, the time-
varying channel model will be further involved for guiding the future design of realistic
IoT systems.
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Appendix A. Proof of Lemma 2

Based on the value iteration algorithm, the induction method can be employed in
following proof. Firstly, we initial that V, o(x) = 0, where both Equations (15) and (16)
hold forallx € S.

Appendix A.1. Proof of Equation (16)
Whenn =1,

Qy1(A1,4,0) = Q,1(A2,i,0) = Ay — Ay <0, (A1)

and

Qy1(A1,0,1) — Qo 1(D2,,1) = Ay + wC, — (A2 + wC,) <0, (A2)

hold due to Ay < Ay, and we have V,, 1(A1,1) < V. 1(Ay, ).
Suppose that V, x(A1,i) < V, k(A i) holds for k < K. Considering the case of
k=K+1,

Qpk+1(A1,1,0) = Qy k41(A2,4,0) = Ay — Ay <0, (A3)

and

Qyx+1(81,8,1) — Qo xi1(B2,0,1)

=(A1 = 22) + 7 Y pigi(Vyk (D1 +1,7) = Vo k(Ag +1,7)
jem

<0, (A4)

hold for all i according to Ay < Aj. Therefore, we have V, x1(A1,i) < V, g41(A2,i). Since
im0 Viyn = Vi, we have Vo (Aq, 1) < Vo (A, 6).

Appendix A.2. Proof of Equation (15)
By the definition of function Q. (x, a), we have

Qy(A,1,0) =A+7 Y piVo(A+1,)), (A5)
jeH
and
Qy(A,i,1) = A+ wCe + ( Yo pi(giVa(A+1,)) + quw(lJ))> . (A6)
jeH
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Therefore,

Qy(A,N —1,0) — Qy(4,,0) <0, (A7)

and

Qy (AN —1,1) — Q,(A,i,1)

(a) . .
=1 Y pilan-1 —a) (V(1)) = Vo (A +1,))) <0, (A8)
jem
hold for all i, where step (a) is due to Equation (16). Hence, we have V,(A,N —1) <
Vy (A, ). This completes the whole proof.

Appendix B. Proof of Theorem 1

Theorem 1 can be proven by verifying the conditions given in [16]. The conditions are
listed as follows:

e (1): For every state x and discount factor v, the discount value function V,,(x) is finite.
®  (2): There exists a non-negative value L such that —L < k., (x) for all x and -y, where
hy(x) = Vi (x) — V,, (%), and X is a reference state.
®  (3): There exists a non-negative value My, such that /1, (x) < My for every x and 7.
For every x, there exists an action ay such that Y Pr(x’|x, ax) M, < co.
e (4): The inequality Y Pr(x’|x,a) M, < oo holds for all x and a.
By Lemma 1, V(%) = min; V(%) < o holds for every % and 7. Hence, condition
(1) holds. According to Lemma 2, by letting X = (1, N — 1) and L = 0, we have /i,(x) > 0,
which verifies condition (2).
Before verifying condition (3), a lemma is given as follows:

Lemma A1. Let us denote X = (1, N — 1) as the reference state and define the first time that an

initial state x transits to X as K = min{k : k < 1,x; = &}. Then, the expectation cost under the
always-transmitting policy 1,, i.e., the sensor generates and transmits a new update in each slot, is

Cx,f( ( 7Tu) :Enﬂ

K-1
Z 'th(xt,at)|x:| , (A9)
=0

where Cxx(715) < oo holds for all x.

Proof. Since a; = 1 for all ¢, the probability that the state returns to X from x after exactly K
slot is given by

Pr(K = klx = (4, ) = {pN_l% )

pn-18j(1 — Licw pigi)* > (Licu piqi), otherwise.
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Then, the expectation return cost from x to X is expressed as
Cx,f( ( TTg )

K-1
=K [ Y 'th(xt,at)|x}

t=0

k=1 m=0
<0, (A11)

(g i Pr(K =k|x = (4,)) {kzl (A+m+ wcg)]

where step (a) is due to the fact that C(x¢, a;) < Ay + wC,. O

Considering a mixture policy 7, in which it performs the always-transmitting policy
7, from initial state x until it enters the reference state %, it later performs the optimal policy
7ty that minimizes the discounted cost. Therefore, we have

Vy (x)

K—-1 e
S]Ena 2 ’th(xt/uf)‘x +]E7Tb Z (th(xhaf)f(:|
=0 =K
<Cos () + B [Y¥V (%)
<Cxx(ma) + Vo (%), (A12)

which implies that h,(x) < Cyz(m,). Hence, let * = (1, N — 1) and My = Cyx(7);
condition (3) is verified.

On the other hand, My < o holds for all x. The states that transit from x are finite.
Thus, the weighted sum of finite My is also finite, i.e., }_ v P(x|x,2)M,s < oo holds for all x
and a, which verifies condition (4). This completes the whole verification.

Appendix C. Proof of Theorem 2

Based on the definition of Q(A, i,4), we can obtain the difference between the state-
action value function as follows:

Q(a
N-1
j

2

0) —Q(A,i,1)

s
N-1 ) N-1
ij(A+1/j) —qi 2 p]‘V(l,]) —&i 2 ij(A+1/j) —wC,
=0 =0
N-1 ) )
=i Y pi(V(A+1,j) = V(1,])) — wCe
=0

(a)
>qiA — wCe. (A13)

where (a) is due to the property of the value function given in Lemma 4. We then discuss
the difference between the state-action value function in two cases.

Case 1: w = 0.

In this case, Q(A,7,0) — Q(A,i,1) > 0 holds for any A and i. Therefore, the optimal
policy is to update at each slot in spite of the channel state. In other words, the optimal
thresholds are all equal to 1.

Case2: w > 0.

We note that, given i, ;A — wC, increases linearly with A. Hence, there exists a positive
integer [5,-, such that ,3,- is the minimum value that satisfies qiﬁi — wC, > 0. Therefore, if
A > Bi, Q(A,i,0) —Q(A,i,1) > q,ﬁi — wC, > 0 holds. This implies that there must exist a
threshold f; satisfying 1 < ; < B,-. If A > B;, wehave Q(A,7,0) — Q(A,i,1) > 0.
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Altogether, the optimal policy has a threshold structure for w > 0. Then, we examine
the non-increasing property of the thresholds. Firstly, we show that the difference between
the state-action value function is monotonic with respect to the channel state by fixing the
Aol. Assuming thati,j € Hand i < j, it is easy to obtain that

Q(4,j,0) = Q(A,j,1) = (Q(4,i,0) — Q(A,i,1))

N-1
=(gj—q) Y p(V(A+1,1)=V(L,1)) > 0. (A14)
1=0

Since Q(A,i,0) — Q(A,i,1) > 0 when A > B;, we have Q(A,/,0) — Q(A,j,1) > 0
according to (A14). This implies that the optimal threshold f; corresponding to channel
state j is no greater than ;, i.e., f; < B;. This completes the whole proof.

Appendix D. Proof of Theorem 3

Assume that ¢(x) is the steady probability of state x in a Markov chain. The steady
state probability ¢(x) satisfies the following global balance equation [18], i.e.,

p(x) = ﬁs @(x') Pr(x|x). (A15)

Let ¢1 = ¢(1,0) + ¢(1,1). We prove Equation (A23) by discussing three cases via
mathematical induction.

Casel: 1 <i< By

Based on Equation (A15), we have

?(2,7) =9(1,0)p; + ¢(1,1)p;
=PjP1- (Al6)

Assuming that ¢ (i, j) = pj@1 holds for all i < k < B1, we examine ¢(k +1,j). We have

plk+1,)) =¢(k,0)p; + ¢k 1)p;
=pjpop1 + pPiP191
=pjp1, (A17)
which completes this segment of the proof.

Case2: 1 <i< o
Similarly, we have

(B1+1,j) =p;j(1 —q1)9(B1,1) + pje(B1,0)
=pje1((1 —q1)p1 + po)
=PjP150, (A18)

where syp = 1 — p141. Assuming that ¢(i,j) = pj(plsé';/}1 holds for all B; < i <k < By, we
examine ¢(k +1, 7). We have

ek +1,j) =p;j(1 —q1)9(k, 1) + p;e(k,0)

k7
=pje1((1 —q1)p1 + po)sy i
=pigisy P, (A19)

which completes this segment of the proof.
Case 3:1 > By
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Follow above discussion, we have

#(Bo+1,j) =pi(1 = q1)9(Bo, 1) + p;(1 — q0) (B0, 0)

=pig1se” P (1 — q1)p1 + (1 - q0)po)

:pj(plsgo_ﬂlsl, (A20)

where s; = 1 — pogo — p141. Assuming that ¢(i,j) = pﬂplsgofﬂlsﬁﬂo holds forall By < i <

k, we examine ¢(k + 1, j). We have

p(k+1,§)
=pj(1—q) (k1) + p;j(1 — q0) 9(k,0)
— k—
=pigrsh P (1 —q1)p1 + (1 - qo)po)sy »°
=pj(plsg°_ﬁls];+1_ﬁ°. (A21)

Altogether, we obtain the steady state probability with respect to an unknown param-
eter ¢1. According to the fact that ) ;- ; Z]N: o' ¢(i,j) = 1, we formulate an equation:

—1, (A22)

where the expression of ¢y is obtained.
The average cost of a Markov chain is given by

Cme = Z p(x)C(x, T (x)). (A23)

xeS

Substituting (24) into (A23), we have

Cmc(ﬁO/ ,31)
) 1 ) )
= Z i Z (i, ) + Z wCe(i,0) + Z wCep(i,1).
i=1 j=0 i=Po i=py

Furthermore, the first term is given by

©0 1
2iY i)
i=1 j=0
B1 Bo . ) .
:Zifpi+ Z iséfm-i-sg”*m Z is’fﬁ“
i=1 i=f1+1 i=fo+1
1
:7¢1ﬁ1(§1+ ) 4 A+ B, (A24)

where B0 P
((B1+1)— .50500 ") + 58 - 500 !

A=2
n 1—5p (1*50)2 !

(A25)
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and 5
(Bo+1)s1 51

B = .
1—s51 1—s51

(A26)

Furthermore, the sum of last two terms is given by

=5}

Z wCep(i,0) + Z wCep(i, 1)
=Py i=py

o . po—1 .

i=Po i=p1

- 1 1—shoh
—¢1wcg<s€° i > (A27)

This completes the proof.
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Abstract: Cyber—physical systems (CPS) have been widely employed as wireless control networks.
There is a special type of CPS which is developed from the wireless networked control systems
(WNCS). They usually include two communication links: Uplink transmission and downlink trans-
mission. Those two links form a closed-loop. When such CPS are deployed for time-sensitive
applications such as remote control, the uplink and downlink propagation delay are non-negligible.
However, existing studies on CPS/WNCS usually ignore the propagation delay of the uplink and
downlink channels. In order to achieve the best balance between uplink and downlink transmissions
under such circumstances, we propose a heuristic framework to obtain the optimal scheduling
strategy that can minimize the long-term average control cost. We model the optimization problem
as a Markov decision process (MDP), and then give the sufficient conditions for the existence of the
optimal scheduling strategy. We propose the semi-predictive framework to eliminate the impact
of the coupling characteristic between the uplink and downlink data packets. Then we obtain the
lookup table-based optimal offline strategy and the neural network-based suboptimal online strategy.
Numerical simulation shows that the scheduling strategies obtained by this framework can bring
significant performance improvements over the existing strategies.

Keywords: cyber—physical system; wireless networked control system; remote control; communica-
tion control co-design; age of information

1. Introduction

In the recent past, applications of the wireless control networks have become more and
more extensive, such as drone formations, autonomous vehicles, automatic factories, etc.
Some of those scenarios implicate new requirements for remote control technology, which
is a sub-topic of communication control co-design. Remote control technology originates
from wireless control systems with long propagation delay such as far-sea monitoring and
high-efficiency satellite IoT. The main cause of long propagation delay is the large-scale
geographic distance. This feature makes it extremely challenging to design CPS under this
scenario. In order to meet the need of remote control with propagation delay, that is, to
maintain stable closed-loop control and reduce control costs, we propose a new framework
to design uplink and downlink scheduling strategies.

As show in Figure 1, a typical CPS deployed under the single closed-loop control
scenario contains a control system and a communication system. In the rest of this article,
we use single-loop CPS to refer to this specific type of CPS. The communication process
of a typical single-loop CPS can be divided into two parts: Uplink sensor transmission
and downlink controller transmission. The uplink transmission is initiated by the sensor
and sends the state update packet from the plant to the controller. The controller first
uses this data to obtain a more accurate estimate of the factory status. Then the downlink
transmission is initiated to send command information from the controller to the actuator
located at the factory. The actuator acts on the factory to maintain the factory’s stability.

Entropy 2021, 23, 714. https:/ /doi.org/10.3390/e23060714 371
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Taking into account the characteristics of a control system, the command can only be
generated with an accurate estimation, which means the downlink transmission must
occur after a successful uplink transmission . Because of this fixed timing relationship,
CPS has to work in half-duplex in most cases: namely, only one of the uplink sensor
transmission and the downlink controller transmission can be activated to send a data
packet in the same time slot. That means there is a problem of how to design a scheduling
strategy between those two transmissions. Note that the uplink and downlink channels
here are not just a single wireless channel, but a simplified modeling of a fixed routing
link with multiple relays. This scenario is for some special remote control systems that
use satellites as relays. Therefore, the propagation delay in our paper is essentially a
collection of various delays contained in the entire relay link, including processing delay,
transmission delay, propagation delay, etc. This unified modeling is used because the link
characteristics of a fixed routing multi-relay link can be described by an equivalent link
with a specific code error rate and propagation delay.

There are many related works about WNCS and CPS [1-4]. Focusing on the conflict
of the accuracy requirements of control systems and the limited quantization level [5],
proposed the application of dynamic quantization technology in the communication control
co-design. Some works designed CPS with the limitation of wireless coding process,
such as code length allocation [6,7], code length design [8,9] and adaptive code length
adjustment [10]. Considering the fading characteristics of transmission channels, studies
of adaptive transmit power adjustment technology by predicting the fast or slow fading
of transmission channels are proposed in [11,12]. Some of the above studies include the
idea of designing CPS for time-sensitive applications. Nowadays, the most widely used
measure of timeliness is Age of Information (Aol) [13], which is defined as the time elapsed
since a certain data packet was generated:

Alt)y=t—t (€

where t represents the current time, ¢’ represents the time when the packet was generated.
It used to be very difficult to express the control performance measurement, that is, the
system state mean square error (MSE) [14] when the control system and the communication
system are combined. The proposal of Aol changed this situation. For example, the system
state MSE of a linear time invariant system (LTI) can be simply expressed as a function
of Aol. This improvement greatly reduces the difficulty of describing the overall system
performance in the communication control co-design scenario [15,16].

Pm

5

Plant

Sensor Actuator

Figure 1. Cyber—physical system deployed under the single closed-loop control scenario.

Based on Aol, many related studies have been derived, such as the application of
the HARQ mechanism for single-loop CPS to improve the overall timeliness [17,18], and
the scheduling strategy aiming to minimize the long-term average MSE for single-loop
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CPS without transmission delay [19]. Some studies about the multi-loop scheduling
strategy design aiming at optimizing timeliness have also been proposed. Reference [20]
focuses on the design of the data inter-arrival rate and code length allocation strategy.
References [21,22] proposed the uplink scheduling strategy of multi-loop WNCS under the
ideal assumption of downlink transmission. Furthermore, the authors of [23,24] discuss
the application of data packet transmission result prediction technology in WNCS design.

The scenarios studied above concern mainly short-distance Industrial Internet of
Things (IIoT), so the impact of uplink and downlink propagation delay on the closed-loop
control performance of a CPS is generally ignored. Besides, the above studies only consider
one of the two code error rates of the uplink and the downlink transmission. Under the
remote control scenario, the code error rates and propagation delay of both links are not
only non-negligible, but also have a huge impact on the overall performance of the single-
loop CPS. Some works have studied the design of WNCS optimal control strategy under
time-delay scenarios [25-27]. However, they do not consider the impact of the code error
rate and the scheduling strategy which are issues that cannot be ignored in the design
of communication systems in the field of communication engineering. To this end, we
propose a new framework to obtain the optimal scheduling strategy while considering
both the code error rates and propagation delay. This strategy can minimize the long-term
average control cost.

Firstly, we model the single-loop CPS as an MDP problem and give the sufficient con-
ditions for the stability of CPS. Secondly, we propose a heuristic semi-predictive framework
to eliminate the impact of the coupling characteristic between the uplink and downlink data
packets. Finally, we obtain the lookup table-based optimal offline strategy and the neural
network-based suboptimal online strategy for the single-loop CPS. The whole process can
be expanded according to actual deployment requirements with any fixed propagation
delay as long as the sufficient condition is satisfied.

The rest of this paper is organized as follows: In Section 2, we provide the system
model and formulate the optimization problem. In Section 3, we introduce the semi-
predictive framework and transform the optimization problem into an MDP problem.
In Section 4, we obtain the optimal offline strategy and the suboptimal online strategy.
In Section 5, we show the numerical simulation results. We conclude this work in Section 6.

2. System Model
2.1. The Plant of the Single-Loop CPS

First, we model the plant in the single-loop CPS as a discrete-time LTI system:

Xir1 = AXg + BUj + Zg, Vk @)

where k represents the k-th time slot, Xj € R represents the state of the plant at time slot
k, Uy € R represents the executed control command, Z; € R represents the normally
distributed plant noise whose mean and variance are Z and R, respectively. A € R
represents the state transition coefficient, B € R represents the command control coefficient.
We assume that the plant state remains unchanged within a single time slot. The goal of
CPS is to maintain X around 0.

2.2. The Communication Process of the Single-Loop CPS

In the previous subsection, we explained that the entire single-loop CPS works in the
half-duplex mode. Now we will explain the communication process of the single-loop CPS.
The entire system adopts a centralized scheduling scheme because this scheme is more
suitable for single-loop CPS. Under this scheme, the scheduling decision of uplink and
downlink transmission is completely determined by the remote controller. We use a; to
represent the scheduling decision made by the controller in the time slot k. If the controller
schedules uplink transmission in the slot k, a; = 1. If the controller schedules downlink
transmission in the slot k, a; = 2. We assume that the code error rate of the uplink and
downlink transmission channels are ps, pc € (0,1), respectively. Both code error rates are
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constant which means the uplink and downlink transmission fails with probability (ps, pe)
in any time slot, respectively. Then we use J; to represent the transmission result of the
packet sent in the time slot k. No matter which transmission is scheduled, if it succeeds,
then J; = 1. Otherwise, J; = 0. Since the processing procedures of most actual CPS are
digital, the packets that have experienced a certain delay will start to be processed in the
next processing cycle after it is received; we model the propagation delay of the uplink and
downlink channel integer time slots dup, dgown € R, respectively. To simplify the analysis,
we assume that the transmission of scheduling instructions and feedback information
is ideal.

In addition to the variables described above, we define the following two parameters
to describe the status of each part in a single-loop CPS:

(1) State Estimation Age T: This is defined as the age of the latest valid uplink state
update packet successfully received by the controller at the end of the time slot k. 7, reflects
the accuracy of the estimation maintained by the remote controller. Because of the uplink
propagation delay, the minimum value of state estimation age is dyp. When the specific
time slot is not considered, it is abbreviated as 7. Its update rule is as follows:

T+l = { T+ 1 otherwise ®

where j =k — dyp + 1.

(2) State Control Age ¢y: This is defined as the age of the uplink packet used to
generate the latest successfully received downlink packet by the actuator at the end of the
time slot k. This parameter represents the total time it takes for the entire CPS to complete a
closed-loop control process. It reflects the degree of divergence of the plant’s state. Because
of the uplink and downlink propagation delay, the minimum value of the state control
age is dup + dgown- When the specific time slot is not considered, it is abbreviated as ¢. Its
update rule is as follows:

_ ) Tt ddown  if (aq =2)& (‘sq =1)
Prt1 = { o +1 otherwise )

where g = k — dyown + 1. The abbreviations j and g will be used in the rest of this paper.
Note that we set the initial values of 1y and ¢y to be 2. These values can be arbitrarily
selected within a reasonable range. This is because the long-term average cost we focus on
is not affected by those initial values.

2.3. The Control Process of the Single-Loop CPS

In this subsection, we will explain the control process of the single-loop CPS in detail,
which is mainly completed by the remote controller and the actuator. The task of the remote
controller can be divided into three parts: Maintaining state estimation, generating control
commands, and scheduling uplink and downlink transmissions, while the actuator has
only one task: Executing the received control commands.

(1) Maintaining State Estimation: We assume that the sensor can sample the state of
the plant without distortion. The uplink transmission cannot be scheduled in every time
slot. What is more, the scheduled transmission can fail because of the code error occurring
during its propagation process. So the remote controller cannot receive a new state update
packet in every time slot. Under these circumstances, the remote controller has to update
the estimation Xj of the plant state X; through the following process:

d .
K1 = { AXy + BU;  otherwise ®

where ¢(X,k) = AX + BU, g"(X,k) = g(g" " (X, k—1),k) Vn > 1, and g'(X, k) =
g(X, k). In this scenario, this estimation method has been proven to be optimal [28].
When a certain uplink transmission is successful, the remote controller can use the plant
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state kadupH/ which is the exact value for dy, — 1 time slots before, to obtain the state
estimation X , 1 of the next time slot. When the current time slot has no successful uplink
transmission, the controller can only update X .1 with X;. According to this process, we
can derive the state estimation MSE of the remote controller as Qy:

Qk =E[(Xy — X;)?] (6)

Note that the state estimation error of the remote controller is entirely caused by the noise
Zi. By using the state estimation age T;, we can rewrite the state estimation MSE as a
recursive function of the noise variance R:

5 [ fldwp) if (4 =1)& (6 =1)
Qv = { f (Tk}:!‘ 1) othe]rwise ! (7)

where f(x) = Y7 (A2)"” 'R. Equation (6) uses the definition of Aol to derive the MSE
of the estimation. This representation greatly reduces the difficulty of calculation. In the
following part, we will use the same idea to derive the single-loop CPS control perfor-
mance metrics.

(2) Control Command Generation and Execution: In each time slot, while the remote
controller maintains the state estimation, it also uses the estimation to generate a control
command Uj:

Uy = KX (8)

where K is the command generation coefficient. The goal of this control process is to
maintain the state around 0. Since the downlink transmission has a propagation delay
of dgown time slots, we must ensure BK = —A%own. To simplify the analysis, we set
B = —A"’down, K = 1. Due to the code error rate and scheduling decisions, not every
control command U can be received by the actuator. Only those scheduled and successfully
transmitted can be used by the actuator. Therefore, the control command executed by the
actuator is Uy q:

U, if(a;=2)&(,=1
Ui = { Oq (q othe)rwisg : ©
where g = k — dgown + 1. This control method shown by (8) and (9) is called single-step
control, which is a common form in the field of classic cybernetics. Using this method,
when a control command is successfully delivered to the actuator, the actual state value
will return to a value as close to 0 as possible at one time. Such a process can maximize the
effect of a single instruction.
(8) Single-Loop CPS Control Performance Metrics: Consistent with the estimation
performance metrics, the control performance metrics is defined as the state MSE of the
plant Qy:

Qr=E[X}] (10)

Similar to Qg, we can rewrite Q as a function of noise variance R and state control age ¢:

_ f(T +d own) if (ﬂ :2)&(5 = 1)
Qi1 = { f((qu + 105 O’thezwise ! (11)

According to the control cost given by Equation (11), we can obtain the long-term average
control cost, that is, the long-term average plant state MSE:

1 &
J=lm g L& (12)
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Equation (12) reflects the state deviation in the field of classic cybernetics which is the core
cost metrics we care about. Please note that this parameter used to be very difficult to
quantify without the introduction of Aol. Under certain conditions, the limit contained
in Equation (12) may not exist, and the problem is unsolvable. In order to prevent such
situations, the sufficient condition for the stability of WNCS with propagation delay will
be given later, namely equation (19). In this paper, the scheduling strategy will be designed
on the premise that equation (19) is satisfied.

(3) Uplink and Downlink Scheduling Process: In the previous subsection, we intro-
duced the control performance measurement of a single-loop CPS. Now we will describe
the scheduling process in detail. It has been explained that a single-loop CPS has two
communication scenarios—the uplink transmission and the downlink transmission—and
we can only choose one of them in each time slot under half-duplex mode. According to
the previous definition, the scheduling decision of time slot k is recorded as a;. The set of
scheduling decisions of all time slots is called a scheduling strategy:

w2 (ay,a0,...,a;,...) €11 (13)

where I represents the set of all scheduling strategies. Different scheduling strategies can
significantly affect the control performance of a single-loop CPS. Every scheduling strategy
7t has its corresponding long-term average control cost [;. Among all scheduling strategies,
there is an optimal strategy 7* € I1, which satisfies:

Joo < Jn, V€1l (14)

Therefore, we can construct the following optimization problem. The goal of this
problem is to minimize the long-term average plant state MSE to obtain the optimal
scheduling strategy while taking transmission propagation delay and code error rates of
two wireless channels into account, namely

T K—oo

1 K
in lim — 15
min lim KkgoQk (15)

3. Semi-Predictive Framework and MDP Modeling

In this section, we will introduce the coupling characteristic between the uplink and
downlink data packets which is caused by their propagation delay. In the following paper,
we will use the coupling characteristic to refer to the coupling characteristic between the
uplink and downlink data packets to save space. We propose a semi-predictive framework
to eliminate the effect of the coupling characteristics on the solution of optimization
problem (15). Based on this framework, we remodel this optimization problem to an MDP
problem. Note that the semi-predictive framework we proposed is suitable for any value of
the uplink and downlink propagation delay. For the generality, we use dup = dgown = 1 as
an example to illustrate the scheduling strategy design process. In the actual applications
with different propagation delay, we only need to modify the value of dup, d4own and adjust
some parameters in the following modeling step to meet specific design requirements.

3.1. The Packet Outdate Problem

Section 2 introduced the control mechanism of a single-loop CPS. Through the above
analysis, it is easy to see that state update packets and control command packets have
strong coupling characteristic for single-step control methods. Actually, such a coupling
characteristic exists in any closed-loop control scenario as long as there exists propaga-
tion delay. This characteristic will cause some successfully delivered packets to become
outdated. As shown in Figure 2, the green and red arrows represent state update packets
up; (left green arrow), up, (left red arrow) and the control command packets down; (right
green arrow), downy, (right red arrow), respectively. The command down; is generated by
the controller using up,, while down; is generated by the controller using up,. During the
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period from the slot up, sent to the slot down;, executed, if down; is executed successfully,
both up, and down, become invalid. In time slot 4, down; is executed; the result is that the
real state of the plant was returned to a value around 0. This process causes an interruption
in the state estimation process which means the estimation updated by up, is no longer
accurate, so up, is outdated. Since up, is outdated, the control command down; which
was generated from it is also outdated. This is the main effect of the coupling characteristic
and we named it the packet outdate problem.

As we can see, this problem is mainly caused by the discontinuity in the dynamic
process of the plant. The discontinuity only occurs when a downlink control command is
executed, which means the uplink state update packet will not cause this problem. When
this happens, the outdated uplink and downlink data packets require different processing
methods. For an outdated downlink packet, it only needs to be discarded. However, for
an outdated uplink packet, we have to backtrack the state estimation before this outdated
packet is used. We show the evolution of the state estimation age and state control age in
Figure 2. It can be seen that the state estimation age has been backtracked by changing
from 7(3) = 2 to 7(4) = 4. The state control age will not be updated like this.

Time Up Down
o | | | 7(0)=4 ¢(0)=4
| | | ‘O=5 o@O=5
L\
2 1 | | 72)=2 ¢(2)=6
v
3 | | 1®=2 ¢B)=7
1\
4 | | ] ‘D=4 o1)=4
vV
AT | | | «5)=5 o¢0B)=5

Figure 2. Analysis of Packet Outdated Phenomenon.

3.2. Main Idea of the Semi-Predictive Framework

In the previous subsection, we explained that the packet outdate problem has an
impact on the update of the state estimation age, but this problem does not affect the
update of the state control age. Therefore, when we try to construct a theoretical analysis
framework, as long as the state control age is correct, the final analysis result can be
guaranteed to be correct. In other words, the state estimation age of some time slots is
allowed to deviate from the actual physical process. As long as it can be ensured that the
state estimation age is accurate when the downlink data packet arrives at the actuator, the
correct theoretical analysis can be guaranteed. It can be seen that it is possible to skip the
state estimation age backtracking process in the theoretical analysis by using this feature.
This is the main idea of the semi-predictive framework.

In the normal communication process, the decoding result of a data packet can only
be determined after it arrives at the destination. For an uplink data packet, only after
it arrives at the controller can it be known whether the data packet can be successfully
decoded, while for a downlink packet, only after it arrives at the actuator can it be known
whether the data packet can be successfully decoded. However, under the semi-predictive
framework, we assume that the transmission result of a downlink packet is known as soon
as the downlink packet is sent. Note that we do not predict the result of an uplink packet.
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This is because the execution of the downlink command is the root cause of the packet
outdated problem.

Take the case of Figure 2 as an example again; if we can foresee that the downlink
control command packet down; can be successfully decoded and is not outdated, then
during the period from its sending to its arrival, any packets sent or arrived can be directly
discarded since they will be outdated by down;. Through this process, the impact of the
packet outdated problem is eliminated and state estimation age backtracking is avoided.

While the update process of the state estimation age under the semi-predictive frame-
work is different from the actual physical process, the scheduling strategy obtained based
on this framework can still be directly applied to an actual physical process. In the actual
physical process, if a downlink data packet arrives at the actuator successfully and is not
outdated, then the uplink and downlink transmissions scheduled during its transmission
must be outdated. In other words, no matter what scheduling decision the controller made,
those packets sent during this period will be outdated. In other words, those scheduling
decisions can be arbitrary since they do not affect the final result. Assuming that the
downlink control command packet down; in Figure 2 can be successfully decoded and not
outdated, we will explain both age update processes under the semi-predictive framework
and the actual physical process in detail.

(1) Semi-Predictive Framework: If down; can be successfully decoded and not out-
dated, then the controller knows that it does not matter whether it chooses uplink or
downlink during the transmission of down; because those scheduled packets will be out-
dated anyway. Under these circumstance, a reasonable scheduling strategy is to regularly
schedule one of the uplink and downlink transmissions during this period to consume time.

(2) Non-Predictive Framework (Actual Physical Process): In the actual physical pro-
cess, during the transmission of down; , the controller continues to schedule uplink or
downlink transmissions according to a certain strategy. However, when down; is received
and decoded successfully, the previous scheduled transmissions of the controller are all
outdated. So in the end, the scheduled transmissions during this period only consume
time and have no practical effect.

It can be observed that, under the semi-predictive framework and the actual non-
predictive scheduling, the single-loop CPS transmission results are uniform; that is, it is
accurate to use the semi-predictive framework in the theoretical design and directly apply
the results to the real applications. This subsection qualitatively analyzes the unity of the
semi-predictive framework and the actual physical process. In the next subsection, we
will quantitatively illustrate how this framework corresponds to actual physical processes
through MDP modeling.

3.3. MDP Modeling of the Semi-Predictive Framework

Based on the semi-predictive framework, we model the single-loop CPS with uplink
and downlink propagation delay as an MDP process with the following four elements:
(1) State Space: The state space of this MDP is

S & {a'(—dmax +1),...,4' (=1),4'(0), D(0), T(0), p(0)} (16)

where dmax = max{dup, dgown}, D(1) € {0,1,- - -, dqown + 1}. a(n) represents the schedul-
ing decision made in the time slot n. D(n) represents the time interval between the time
slot when the latest valid downlink command packet (successfully transmitted and not
outdated) in the time slot n was generated and the current time slot n. T(1) and ¢(n) rep-
resent the state estimation age and the state control age at the time slot 7, respectively. The
time slot  is based on the current time slot: The time slot for which scheduling decisions
are being made. Taking a’(—1) as an example: It represents the transmission action taken
in the previous time slot of the current time slot. We set both the uplink and downlink
propagation delay to be 1 for illustration in the rest of this paper, so the corresponding state
space is: S = {a’(0), D(0),7(0), 9(0)}. In the subsequent sections of this paper, the state
space is abbreviated as S £ {a',D, 7, ¢} to save space.
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(2) Action Space: The action space is A = {0,1}. This action space corresponds to the
scheduling action aj. If the controller schedules uplink transmission in the slot k, a; = 1. If
the controller schedules downlink transmission in the slot k, a; = 2.

(3) State Transition Probability Matrix: The transition matrix is P(s'|s, a). The state
transition probability is the probability that the next state is s’ by taking action a in the
current state s. The transition probability is determined by the channel code error rate.
According to the different parameter pairs: (a’, D) in the state S, the state transition matrix
can be divided into five parts: (a/,D) = [(1,1),(1,2),(2,0),(2,1),(2,2)]. The complete
construction rules are given in Appendix A.

(4) Cost Function: It can be seen from (4) and (11) that the cost function in a specific
state is independent of the action. The cost function can be expressed as a function of the
state control age @y:

C(s,a) = Qk(s) = f(or) (17)

In the MDP modeling of the semi-predictive framework, the core parameter is D(n).
We limit its maximum value to dgown + 1 because we only need to track the downlink
transmissions in the past dqown time slots to ensure that we do not miss any possible packet
outdated problems. Besides, such process can help to reduce the scale of the state space.
The update rule of D(n) is as follows:

b _]0 if (ay = 2)& (6 = 1) s)
k1 max(dqown + 1, Dx +1) otherwise

This updated process reflects the main idea of the semi-predictive framework and guaran-
tees that it will not cause any differences between the state control ages of the theoretical
analysis and the actual physical processes. In the next section, we will use the semi-
predictive framework to design the optimal scheduling strategy.

4. Online and Offline Scheduling Strategies

In this section, we first give the sufficient condition for the existence of the optimal
scheduling strategy. Then we use the relative value iteration algorithm to obtain the
lookup table-based optimal offline strategy. Aiming at reducing the space complexity of
the algorithm and saving space for storing the optimal offline strategy, we further propose
a neural network-based suboptimal online strategy. For different uplink and downlink
propagation delay, the acquisition process of both strategies is universal, which means that
the semi-predictive framework has high practical application value.

4.1. Sufficient Conditions for the Strategies” Existence

Theorem 1. (Sufficient conditions for the stability of multi-loop half-duplex CPS with fixed uplink
and downlink propagation delay.) Assuming there are K single-loop CPS, all of them share the same
controller and form up a multi-loop CPS. If the controller can only schedule L uplink transmissions
or L downlink transmissions in each time slot, then for each single-loop CPS i, if the code error
probability of its corresponding uplink and downlink channels satisfies

[K/L]
max{pi,upr Pi,down} < ( > ri S {112r~ . -rK} (19)

(4
then there must exist a stationary deterministic scheduling strategy that can stabilize the multi-loop
CPS. This stability remains as long as the uplink and downlink propagation delay are fixed, but the
long term control performance metrics converge to a larger value with the increase of the propagation
delay. When K =1, L = 1 the above multi-loop CPS is just a single-loop CPS.The proof is given in
Appendix B.

The essence of this sufficient condition is to link the instability of the control system
with the reliability of the communication system. When the reliability of the communication

379



Entropy 2021, 23, 714

system is higher than the instability of the control system, an optimal scheduling strategy
can be found for the communication system to meet the needs of the control system. This
condition can effectively guide the design of single- and multi-loop CPS.

4.2. Lookup Table-Based Optimal Offline Strategy

Since there is no theoretical upper limitation for the state estimation age and the state
control age, the scale of the MDP state space is infinite, so it must be truncated before
solving. We select N = max{t, ¢} as the truncation condition, and use the relative value
iteration algorithm to solve the MDP problem. When the value of N is appropriate, this
truncation will have no effect on the control performance. Such a suitable N can be obtained
by conducting Monte Carlo experiments. In this section, we take N = 10 as an example to
show the resulting scheduling strategy in Figure 3.
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Figure 3. Optimal Off-line Policy with N = 10. Red squares represent action a = 1; yellow squares
represent action a = 2.

In Figure 3, those red squares represent that the controller schedules uplink trans-
mission in the corresponding state, and the yellow squares represent that the controller
schedules downlink transmission in the corresponding state. As shown in Figure 3a,c,d, if
D = {0,1}, no matter which transmission is scheduled, the related packet will be outdated.
So under this circumstance, the scheduling strategy can choose any action arbitrarily. Since
we chose the relative value iterative algorithm to solve the MDP problem, the strategy
we obtained chooses to use uplink transmission to fill these unnecessary transmissions.
Note that this part corresponds to the description of Section 3 part C. We take down; as
an example again: In the actual physical process, it is not known that the next two trans-
missions are unnecessary transmissions after down; is sent. The controller does not know
that D = {0,1}. Instead, it thinks that D is still equal to 2 at those time slots. Therefore,
the controller continues to schedule according to the scheduling strategy. However, down;
makes those two packets outdated when it is executed, while for those states whose D = 2,
the controller can make a scheduling decision with the right state information. The entire
process makes sure that the actual process is consistent with the theoretical process.

After obtaining this scheduling strategy, it is stored as a lookup table by the controller
and does not require any extra calculation ability from the controller, so we call it an
offline strategy. However, since the iterative algorithm is a model-based algorithm, as
N gradually increases, the scale of the state space Ns = 2-3- N - N = 6N? in the MDP
modeling increases exponentially. This leads to a sharp increase in the space complexity
of the solving process and the lookup table could be too large to be stored. In order to
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solve these problems, we propose an improved scheme based on neural network in the
next subsection.

4.3. Neural Network-Based Suboptimal Online Strategy

In Section 3, we remodeled the optimization problem to an MDP problem, and solved
it to obtain the optimal offline strategy in the previous subsection. The optimal offline
scheduling strategy based on the lookup table has two obvious shortcomings: The size of
the lookup table increases linearly as the total number of states in the state space increases
and the space complexity required in the calculation process increases exponentially as the
total number of states increases. When the optimal offline strategy is actually deployed,
there is no guarantee that the central controller has enough storage space to store the
entire lookup table. It may even be impossible to perform calculations because the state
space is too large. Therefore, here we design a new suboptimal online scheduling strategy
based on neural network. The idea of this strategy is to replace the lookup table in the
previous strategy with a neural network to save storage space. Neural network is a very
ideal approximation function of lookup table, theoretically it can be approximated without
error. That means in the theory of reinforcement learning, this strategy can achieve the
performance of the optimal strategy. We will show that the performance of this suboptimal
online strategy is very close to the performance of the optimal offline strategy in the
next section.

In order to obtain this neural network, we use a the model-free algorithm called
Deep Q Network (DQN). The algorithm continuously learns the hidden laws of the MDP
problem by interacting with the environment and continuously trains the neural network to
obtain better performance. We show the detailed process of the algorithm in Algorithm 1.

Algorithm 1: Deep Q Network Algorithm.

Data: State: S = {a/, D, 7, ¢}

Result: Action values: A(s,a)

initialization;

Initialize data set M;

Initialize evaluation network Q with random weights: 6;

Initialize target network Q with random weights: ¢’;

for E =1:2000 do

Initialize the environment;

Set the origin state s; € S randomly;

fort =1:1000 do

Choose a random a; with probability 1 — ¢;

Otherwise choose a; = arg max,Q(s, a;_1;0);

Execute a; in the environment;

Observe reward r; and get new state s;1;

Store transition data (s, at, 7t,S;11) in M;

Sample random mini batch of transitions (s i/, 7,8 j+1) from M;

Sety: — rj if episode ends at step j+1
Y= rj 4+ ymax, Q(sj1,4;6") otherwise !

Perform RMSprop on (y; — Q(sj, a;; 0))? with 6;

Every 100 steps, set Q =Q

end

end

The structure of the neural network we obtained is shown in Figure 4: Four neurons in
the input layer, fifty neurons in the hidden layer, and two neurons in the output layer. This
neural network-based scheduling strategy is an online strategy which means that, in order
to use this strategy, the current state s must be input to the neural network first. Then the
controller needs to run real-time calculations to obtain the action values A(s, a) for taking
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different actions in the current state. The action value represents how much reward can
be obtained by taking the action, so the scheduling strategy is to select the action with the
largest A(s,a) among all actions.

DOQON is a relatively mature reinforcement learning algorithm, so we only give the
parameter settings of this algorithm and briefly introduce its training process. We run
E = 2000 episodes, and each episode contains 1000 steps. In each step, this algorithm
executes the greedy strategy with a probability of ¢ = 0.7, and the random strategy with a
probability of 1 — e = 0.3. After each step, one state transition datum is stored in the data
set. The scale of this data setis M = 2048, and it is updated in a loop covering manner. A
new episode is automatically initialized every 1000 steps. In the meantime, the training
process is performed every T = 256 steps, the algorithm selects B = 512 data from the data
set for training. The optimizer we used is the Root Mean Square prop optimizer (RMSprop).

With the help of the DQN algorithm, we can obtain the neural network-based subopti-
mal online strategy. The controller only needs to store the node value of this network, and
then calculates the action value in real time according to the current state in each time slot.
In other words, this strategy saves a lot of storage space by consuming a small amount of
computing ability of the controller. Such an advantage makes this strategy very meaningful
in practical applications.
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Figure 4. Neural Network Structure.

5. Numerical Simulation

In this section, we run the numerical simulation on those strategies we proposed
and some existing strategies. We illustrate the advantages of the proposed strategies
through comparison. First we introduce two benchmark strategies. The first is the switch
scheduling strategy, that is, alternate uplink and downlink transmissions between each
time slot; the second is the insist scheduling strategy, that is, continuous scheduling of
uplink or downlink transmissions until success, then the transmission is exchanged.

The parameter settings in the numerical simulation are as follows: The state transition
coefficient is A = [1.1,1.3], the code error rates of the uplink and downlink channels
are ps = p. = [0.1,0.2], the specific values are marked on the curve obtained from the
simulation. The initial state of the plant is Xy = 1. The noise distribution is N'(z = 0,
R = 1). The command control coefficient is B = —A. The initial state control variable is
so = (ap, Do, 1, ¢0) = (1,1,2,2). The corresponding initial scheduling action is a9 = 1.
The initial state of the controller estimation is X, = 1. The range of truncated state space is
N = max{rt, ¢} = 20. The plant noise follows normal distribution N'(z = 0, R = 1). Each
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strategy runs 500 episodes with 10,000 time slots each episode. The final long-term average
plant state MSE is the average of the results of 500 episodes.

Figure 5 show the long-term average MSE of four strategies with A = 1.3 and
ps = pc = [0.1,0.2]. It can be seen that the MDP strategy, that is, the optimal offline
strategy, has the best performance among all strategies, which also is the best performance
that all possible scheduling strategies can achieve. While the performance of the neural
network-based online strategy has slightly decreased, it is still significantly ahead of the
existing strategies, and the performance gap between the optimal offline strategy and the
suboptimal online strategy is very small. This gap can be eliminated in theory, but due to
the limitations of deep reinforcement learning technology, it is currently difficult to fully
achieve the optimal performance. It is relatively simple to obtain a suboptimal strategy
with very close performance.

35
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Figure 5. Long-term average plant state MSE of four policies with A = 1.3 and ps = p. = [0.1,0.2].

Figure 6 show the performance comparison between the optimal offline strategy and
the two existing strategies under different state transition coefficient A. The suboptimal
online strategy is not shown because it has been explained that the suboptimal strategy
can theoretically approach the optimal. The state transition coefficient and the channel
code error rates both reflect the instability of the control system and the reliability of the
communication system in Equation (19). Combined with Figure 5, it can be seen that their
influence on CPS is the same. A larger state transition coefficient or a higher channel code
error rate lead to an increase in the long-term average plant state MSE, and when they
exceed a certain limit and no longer satisfy Equation (19), the long-term average MSE of
the CPS no longer converges, which means the single-loop CPS is unstable.
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Figure 6. Long-term average plant state MSE of three policies with ps = p. = 0.2and A = {1.1,1.2}.

6. Conclusions

We proposed the semi-predictive framework to design scheduling strategies for single-
loop CPS with uplink and downlink propagation delay. This framework can obtain the
optimal offline strategy which is the upper bound on the performance among all strategies
and a suboptimal online strategy with more practical application value. By adjusting the
parameters, the semi-predictive framework can meet the need of any practical applications.
We introduced the complete process of designing scheduling strategies under this frame-
work by taking a specific situation as an example. The numerical simulation proved that
the obtained strategies can effectively improve the performance of the existing strategies.
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Appendix A. Construction Rules of the State Transition Probability Matrix

Here we give the complete construction rules of the state transition matrix. Firstly, we
give all the possible new states after a state transition as follows:
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si=(1L271+1L¢+1) (A1)
sh=(22,71+1L¢e+1) (A2)
sh=(2,0,71+1¢+1) (A3)
sh=(1,2,1,¢+1) (A4)
st=(2,21,¢+1) (A5)
se=(2,0,1,9+1) (A6)
sh=(LLt+1,7t+1) (A7)
sg=(2,Lt+1L1t+1) (A8)

Secondly, we use R and R’ to mark the transmission results. R represents the result of
the downlink transmission scheduled in the next time slot. R’ represents the result of the
uplink transmission arrived in the next time slot. Note that R is known by prediction while
R’ is known by normal communication process. These abbreviations can help to simplify
the expression of the rules.

We will give the construction rules in the form of P[s|s,¢] = p which means that
when the condition c is satisfied, the previous state s transfers to the new state s’ with a
probability of p.

When's = (1,1, 7, ¢):
Pls'yls,a=1] =1

p[S/2|S,a = 2} =1 (A9)
When's = (2,0, 7, ¢):
Pls'7ls,a=1] =1
P[S/8|S,ll = 2} =1 (AlO)
When's = (2,1, 7, ¢):
Pls'yls,a=1] =1
Plspls,a=2] =1 (A11)
When's = (2,2, 7, ¢):
P[S/1|S,ll = 1} =1
P[s'3]s,a = 2,R = 0] = p.
Pls'als,a=2,R=1,T=¢] = ps- (1 pc) (A12)
Pls3ls,a =2 R=1,7# 9] =ps- (1)

When's = (1,2, 7, ¢):

P[s'1|s,a = 1] = ps

P[s's|s,a =2,R' =0,R=0] = ps - pc

Pls'sls,a=2,R" =0,R=1,T1=¢] =ps- (1 —pc)

Pls'sls,a=2,R"  =0,R=1,T# ¢] =ps- (1 —pc) (A13)
Pls'yls,a=1,R =1]=1—ps
P[s'sls,a=2,R'=1,R=0] = (1—ps) - pc

Pls'gls,a=2,R"  =1,R=1]=(1—ps)- (1 — pc)

Appendix B. Proof of Theorem 1
Appendix B.1. Scheduling 1 Subsystem per Time Slot without Delay

To prove sufficient conditions, we only need to prove that there exists a stationary
deterministic strategy that can make multi-loop CPS stable. Here we prove that the round-
robin insist scheduling strategy can keep the system stable. We first prove the case of L = 1.
Round-robin means that in every K time slots, the controller schedules each subsystem
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once in turn, and the scheduling sequence is fixed from i = 1 to i = K. Insist refers to when
scheduling each subsystem, continuously scheduling uplink or downlink transmission
until it succeeds, then switch to another transmission. Therefore, the actions of a single
subsystem under the round-robin insist scheduling strategy can be given in the form of the
following time axis:

The time axis between two consecutive successful downlink scheduling is recorded
as a control loop. It can be seen that the Aol evolution process of each control loop of one
subsystem is:

(1) The initial estimation age is equal to the control age: n'K

(2) The current subsystem waits for the completion of the scheduling of other subsystems,
that is, silence (k — 1) time slots, and then schedules the uplink transmission when it
is scheduled again. If the uplink transmission fails, the subsystem waits another (k-1)
time slots and tries again until the uplink transmission is successful. This step takes
mK time slots. At the end of this step, the estimated age is 0, and the control age is
(n' +m)K;

(3) After the current subsystem silences for (K — 1) time slots, it switches to schedule
downlink transmission continuously until it succeeds. This step takes 7K time slots.
At the end of this step, the estimated age is equal to the control age: nK. Then it
finishes a close control loop.

Note that the time slots included in a complete control loop are the time slots marked
in red on the coordinate axis in Figure A1, that is, the control age ranges from n’K to
(n' +m + n)K. Each control loop has repeatability, so we only need to prove that the
long-term average cost within the range of one control loop converges.

1 Slot Frame
| ——
L UP POWN | (yUP 4y UP,, , DOWN , , DOWN L UP OWN POWN,
v v ] x v X v ] v x v
Control Loop K-1 Slot

Figure A1l. The round-robin insist scheduling strategy.

According to the channel error probability, the M uplink transmissions and N down-
link transmissions in each control loop can be modeled as a geometric distribution with
the probability of success being (1 — ps) and (1 — p.) respectively. M and N are different
in each control loop, N’ Represents the number of downlink transmissions in the previ-
ous loop of the current control loop. (n',m,n) are their specific observations. C; and T;
represent the total cost and total time of the i-th control loop of the current subsystem
respectively:

(m+n)K—-1 (m4n)K
Ci= Y f('K+q) = ): f(W'K+q—1) (A14)
q=0
T; = (m+n)K (A15)

where f(¢) = Z?;l (Az)l_l. Next, we can express the long-term average cost as:

Ci+C+---+C  E[C]

I=i g T TR (A1)
© © ® (B[CIN' =n',M=m,N =n]
DY et (A17)
oomon P[N :n,M:m,N:n]
=Y Y'Y ((m+n) K-PIN'=n',M=m,N = n]) (A18)
n m n
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It can be seen that if E[C] is bounded, then | is bounded. According to the definition
of C; and the three geometrical distributions (N ', M, N), which are independent of each
other, we have:

(m+n)K—1 (m+n)K
ECIN'=n',M=mN=n]= Y  f(n'K+q)= 2 f('K+g9—-1) (A19)
q=0

PIN'=n',M=m,N =n]
=P[N' =#]-P[M = m] - P[N = n] (A20)
=(1- PC)Panl(l — Ps)ps 1- PC)PCYH1

Choose pmax = max{ps, pc}, we can derive that:

mfl(

0 oo oo [(m+n)K
E[C] < ay- ZZZ( Z f('K+q-1)-p a”’+’”+”> (A21)

n mon

where a; = (1 — pc)pe = (1 — ps)ps (1 — pe)pe ' Since f(+) is a strictly increasing func-
tion and (n, m, n) are all greater than 0, we can derive that:

E[C] < “2'222( (n' +m+n) - f(n'K+mK+ nK) -pmaX"/+'"+") (A22)
m n

n'

where a; = K(1 — pe)pe (1 — ps)ps (1 — pe)pe—'. We abbreviate n’ + m + n as i, that
is, i = n' + m+n. Considering i > 3, and when i = n’ +m + n is a fixed value, the

possible combinations of (n/,m, n) > 1 satisfy the mathematical relationship of Y} (1) <
n mn

(n' +m +n)3, namely:

Y YN +mtn) < (' +m+n)? (0 +m+n) (A23)

n mon

YY) <)t (A24)

n m on

We can derive that:

E[C] < a5 - Z( F(iK) - pmax) (A25)

Since there are always exist p > pmax and n < oo, satisfying i4pmaxi < pi,Vi > n. So
we have:

(=)

(- FK) - prax’) < L (FGK) - ) (A26)
i i
So if f (f(iK) - p') < oo, then Z (i* - f(iK) - pmax’) < c0. Now seeking the conditions for
the stablhty of the multi- loop CPS subsystem is transformed into seeking the conditions
for the establishment of Z (f(iK) - p') < o0. For f(iK), we have:

i

~

i .
FOK) = Y (AT =14 A2 At 420K
q=1

For OZO‘, (f(iK) - p'), we have:

1- (A1)

Y (A27)
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o o iK o .
,Z (f(iK) ' ’”i) -L (l IEAjg ' pi) o —1A2 Z <(1 - () ”i>

_ 1—1AZ<§; (pi : (AZ)iKpi>> == a2 < (Pl> i( ))

ol .
So in order to ensure that 1}7 (Z () - > < o0 is satisfied, it is obvious
i

(A28)

that p < 1and A?Xp < 1 must stand, thatis, p < (ﬁ) . This completes the proof.

Appendix B.2. Scheduling L Subsystems per Time Slot without Delay

When each time slot can schedule L subsystems, the corresponding strategy can be
set to multiple independent round-robin insist scheduling strategies. It can be ensured that
the round-robin cycle of each subsystem does not exceed [K/L], and the follow-up proof
is consistent with Appendix B.1.

Appendix B.3. Scheduling L Subsystems per Time Slot with Delay

For a specific subsystem, we assume that the fixed delay for each transmission is D;
frames, which is equivalent to the uplink and downlink scheduling in the control lcfoop
must be delayed by D;K time slots for AA reception, so the formula (A19) is modified

as follows :
E[CIN' =n',M =m,N = n|
(m+n+2D)K—1
= ) f(n'K+ DK +q)
7=0 (A29)
(m+n +2D)K
= Y f(W'K+DK+q-1)
q=1
Since E[D] = E[D;] = D is a constant which has no effect on the subsequent proof, the

proof process is consistent with Appendix B.1.
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