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Geomaterials, such as clay, sand, rockfill and ballast, etc., in the field are usually
exposed to complex physical or mechanical conditions, where anomalous behaviors,
e.g., state-dependent non-associated flow, non-Fickian diffusion, or non-Darcy seepage,
usually take place. In recent years, fractal laws and fractional mechanics have been devel-
oped as robust tools for solving such complex or anomalous behavior of different materials.

This Special Issue contains 16 published papers. In [1], a set of nuclear magnetic
resonance tests are carried out on different granular materials, including calcareous and
quartz sands, where it is found that the grain size significantly affected their pore size
distributions (PSDs). As the grain size increases, the heterogeneity and fractal dimension
of PSD increase remarkably.

A simplified unified model of the relative permeability coefficient of unsaturated soil
with fractal dimension is developed by Tao et al. in [2]. A strong correlation of the model
parameters with the fractal dimension of soil is suggested. Through model comparison, it
is found that the predicted results are consistent with the measured values.

In [3], a simplified model for predicting the relationship between the saturated perme-
ability coefficient and air-entry value is established, by combining the Tao-Kong model and
the fractal model of the soil–water characteristic curve.

To consider the solute transport in highly heterogeneous media, a nonlinear-coupled
3D fractional hydro-mechanical model accounting for anomalous diffusion and advection–
dispersion is proposed in [4]. A finite difference approximation is then proposed to solve
the problem in 1D domains, where two scenarios were examined.

An elastoplastic interface model using the fractional plastic flow rule is developed
by Xu et al. in [5], where the dependence of the cyclic mobilisation of the soil–structure
interface on its material state and fabric is captured.

In [6], the fractal theory and discrete element method are introduced to quantify
the fractal dimension of a particle size distribution and understand the scale effect in
soil–rock mixtures.

The effect of the fractal distribution of particle size on the critical state characteristics
of calcareous sand is investigated through laboratory tests and theoretical analysis by
Shen et al. in [7]. The critical state lines of calcareous sand in the q–p′ plane are unique,
regardless of the fractal dimension, whereas those in the e–(p′)α plane rotate anticlockwise
as the fractal dimension increases. Modified constitutive relations modified with the fractal
dimension are also provided.

In [8], a series of nuclear magnetic resonance tests on frozen soils are carried out to
study the effect of freezing on soil’s micro-pore structure and fractal characteristics. A
larger pressure during freezing–thawing or a higher freezing temperature can result in a
lower fractal dimension of the soil’s structure.

A series of physical model tests are conducted by Yuan et al. [9] to study the effect of
groundwater depth on pile–soil mechanical properties cyclic loads. Combined with fractal
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theory, the relationships between the pile top displacement, cyclic stiffness, and cyclic steps
are evaluated.

In [10], the effect of non-plastic fines and stress anisotropy on the dynamic shear
modulus of sand with different contents of non-plastic fines are investigated by using
macro- and micro-laboratory tests. A unified expression for the shear modulus of binary
mixtures is proposed.

In [11], a fractal relation between the hydraulic conductivity and fractal dimension
is derived analytically, based on the capillary model of porous soil. It is found that an
increased fractal dimension will increase the connectivity, increase the hydraulic gradient,
and reduce the hydraulic conductivity.

The permeability and pore structure of the concrete–rock interfacial transition zone
are studied using multi-scale experiments, by Yue et al. [12], including NMR, SEM-EDS,
and XRD. A fractal permeability model is proposed.

In [13], to study the effects of the relative density and grading on the particle breakage
of granular materials, a series of monotonic drained triaxial tests are performed on granular
materials with different initial gradings and relative densities. Due to particle breakage, the
grading curves of granular materials after triaxial tests can be simulated by a power-law
function with a fractal dimension.

A series of discrete element simulation of triaxial tests on breakable particles within
a flexible membrane are carried out by Chen et al. [14]. A strong correlation between the
particle breakage ratio and fractal dimension is found.

In [15], a series of SEM tests are carried out on overconsolidated soil to study the effects
of consolidation pressure and overconsolidation ratio, etc., on the micro-pore structure and
fractal characteristics of soil. The fractal dimension of soil can well represent the complex
characteristics of its microstructure.

The authors develop a fractal-entropy model to predict the hydraulic conductivity of
granular soils [16], where the pore size distribution (PSD) is discretized based on fractal
entropy, while the effective diameter of soil is computed using the grading entropy theory.
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Numerical Solutions of Space-Fractional
Advection–Diffusion–Reaction Equations
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Abstract: Background: solute transport in highly heterogeneous media and even neutron diffusion
in nuclear environments are among the numerous applications of fractional differential equations
(FDEs), being demonstrated by field experiments that solute concentration profiles exhibit anomalous
non-Fickian growth rates and so-called “heavy tails”. Methods: a nonlinear-coupled 3D fractional
hydro-mechanical model accounting for anomalous diffusion (FD) and advection–dispersion (FAD)
for solute flux is described, accounting for a Riesz derivative treated through the Grünwald–Letnikow
definition. Results: a long-tailed solute contaminant distribution is displayed due to the variation
of flow velocity in both time and distance. Conclusions: a finite difference approximation is pro-
posed to solve the problem in 1D domains, and subsequently, two scenarios are considered for
numerical computations.

Keywords: fractional derivative; fractional diffusion equation; fractional advection–dispersion
equation; solute transport; porous media

1. Introduction

Fractional and tempered fractional [1] differential equations (FDEs) have proved to be
strong tools in the modelling of many physical phenomena, including acoustics and thermal
systems and rheology and modelling of materials, leading to significant developments of
analytical and numerical methods for solving fractional ordinary and partial differential
equations in recent times. They comprise, e.g., Laplace–Fourier transform techniques and
Green function approach [2], Lie symmetries theory and group analysis [3–6], Adomian
decomposition [7,8], and homotopy perturbation methods [9], as well as finite element [10,11]
and finite volume schemes [12,13], finite difference methods [14], and spectral ones [15–18].

Among the numerous applications in the various fields of science and engineering, we
recall solute transport in highly heterogeneous media and even neutron diffusion in nuclear
environments [19]. In fact, field experiments demonstrate that solute concentration profiles
exhibit anomalous non-Fickian growth rates and so-called “heavy tails”, i.e., effects which
cannot be predicted via the standard mass transport equation [20–23] but via fractional-
order differential equations that may be viewed as long-time and long-space limits of
a continuous time random walk (CTRW) [24]. Correspondingly, the Fickian advection–
dispersion equation (ADE), unable to reflect the long tail dispersion process, is converted
into a fractional one (FADE). The FADE approach appears to have the potential to predict
non-Fickian dispersion processes, but its wide application is delayed by the difficulty to
both obtain analytical solutions, especially when reaction terms are incorporated [25,26]
or kernel non-singularities occur [27], and increased computational costs. Again, when
considering water flow in low-permeability porous media, a nonlinear relationship between
water flux and hydraulic gradient should be considered, thereby indicating a non-Darcian
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flow. Hence, for developing a more appropriate description able to include a memory effect,
the existing relationships can be modified in a fractional fashion [24,28].

In case of time-fractional neutron diffusion models with delayed neutrons [19,29,30],
non-local effects are established and sub-diffusive phenomena caught, coming from the
heterogeneity of nuclear reactors. Anyway, analytical solutions for this problem are gener-
ally not available and only a few efficient numerical techniques have been developed in the
literature to approximate the solution of even a 2D fractional [10,31] or non-fractional [32]
diffusion models, even in the presence of a reaction term [26,33]. Alternatively, non-local
problems accounting for long-range interactions can be treated via non-local integral mod-
els [34] and even combined time-fractional and space-nonlocal strategies [35].

Starting from an already-available 3D hydro-mechanical model in finite strains based
on the modified mixture theory [36], an upgraded fractional version is proposed here,
accounting for a fractional constitutive equation for both pore fluid and solute transport.
Correspondingly, the model is suitable for performing anomalous diffusion (FD) and
advection–dispersion–reaction (FADR) analyses; however, more importantly, the present
formulation innovatively includes the contribution of deformation non-linearities for the
solid skeleton, as well as a strain-dependent permeability tensor. Additionally, a modified
finite difference algorithm is proposed to solve the problem in 1D domains, adopting the
fractional-centered derivative scheme combined with the β-method, with the advective
term treated via a Lax–Wendroff scheme. When accounting for advection–dispersion
phenomena, including overpressure effects, the numerical algorithm was enriched by the
split operator method [24,25]. Hence, the advection step was solved via an explicit second-
order midpoint method, together with the β-method for the fractional diffusion–dispersion
step and the trapezoidal rule for the fluid excess step. The algorithm additionally shifts
into a backward implicit one in case of long-term analyses. Literature results are used to
validate the model, and are subsequently applied for simulating radionuclide transport
processes within cemented materials.

2. Materials and Methods

Fractional Constitutive Equations for Pore Fluid and Solute Transport

Darcy’s law is used to describe the flow of fluids in porous media within the local
fluid content continuity equation in isothermal and fully saturated conditions, i.e., [36].

∇ · v − 1
ρw

∇ ·
(

ρw
k

μ
· (∇p − ρwg)

)
= 0. (1)

The porous medium is treated as inhomogeneous thanks to the adoption of fractional-
order density gradients so to recover, at least at the phenomenological level, nonlocal
(long-range) diffusion effects [37–39]. Time/space-fractional derivatives are proposed to
describe anomalous dispersion, induced by fluid motion stacked around porous media
inhomogeneities, e.g., fractures. This phenomenon is reflected as non-Gaussian particle
dispersion with heavy tails [40].

Correspondingly, Equation (1) becomes

ρw∇ · v −∇ ·
(

ρw
k

μ
·
(
∇α−1 p − ρwg

))
= 0, (2)

choosing the Grünwald definition for fractional derivative [25] which appears convenient
for numerical solutions [41], so that the value of a fractional differential operator acting on
the generic function Ψ(x, t) is an infinite series, i.e.,

∂αΨ(x, t)
∂xα

= lim
N→∞

1
hαΓ(−α)

N−1

∑
j=0

Γ(j − α)

Γ(j + 1)
Ψ(x +

α

2
h − jh, t), (3)

in which h = Δx = x/N, N is a positive integer.
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It is to be noted that the fractor, α, physically reflects the heterogeneity of the soil
medium in which solute is transported, and, for isotropic media, α = 2, i.e., the more het-
erogeneous the medium, the smaller than the integer constant of 2. Its decrease reproduces
an increase in the resistance of the medium to solute dispersion and transport, leading to a
delay in the phenomenon.

The combined solute transport within the non-linear deformable matrix-fluid system
can be written as [24]

(1 − φ)J
.
C(ρsKd − 1) + JC∇ · v = −∇ ·

[
φρwC

(
k

μ
·
(
∇α−1 p − ρwg

))]
+

φD

J
· ∇αC, (4)

by having extended the approaches [42,43] to 3D domains and J = det(F) > 0, with
F(X, t) being the deformation gradient of the solid skeleton.

Equation (4) neglects the effect of sorption (being the medium in saturated conditions),
so that the concentration of solute in the solid phase can be assumed to be linearly depen-
dent on the concentration of the solute in the pore fluid via the contaminant partitioning
coefficient.

The system of FADE (2) (4) becomes partly uncoupled due to the independence of the
transport equation for pore fluid on the solute concentration, so that the pressure values
can be treated as known data within Equation (4). Additionally, having already studied
the contribution of anomalous water diffusion elsewhere [24], it is assumed to associate
the fractional feature to the contaminant only. Hence, by introducing Equation (2) into
Equation (4) and neglecting spatial non-linearities for fluid properties, the 1D non-linear
saturated model is governed by

(1 − φ)J(ρsKd − 1)
.
C +

(
φρw

k
μ

∂p
∂x

)
∂C
∂x

+ (J + φρw)
k
μ

∂2 p
∂x2 C − φD

J
· ∇αC = 0. (5)

Similar observations can be carried out for the jacobian, which introduces an additional
coupling with the mechanical part; in fact, recalling that ϑ = ln J, the jacobian results
directly related to pore pressure through [24]

ϑ ≈ p − p0 − σ0

κ + 4
3 G

, (6)

so even itself can be treated as a known term (Expression (6) is valid under the assumptions
of negligible self-weight and isothermal conditions).

Equation (5) involves effectively three processes of solute transport: the second term
denotes advection caused by fluid flow; the third term reflects the transfer of solute resulting
from pore fluid excess; and the fractional-order derivative term represents the contribution
of dispersion in a heterogeneous medium. After rearrangement, we obtain

∂C
∂t

+ u
∂C
∂x

+ YC − K · ∇αC = 0, (7)

with

u =
φρwk

(1 − φ)J(ρsKd − 1)μ
∂p
∂x

, Y =
Q f + (J + φρw)

k
μ

∂2 p
∂x2

(1 − φ)J(ρsKd − 1)
, K =

φD
J2(1 − φ)(ρsKd − 1)

. (8)

It is to be noticed that Equation (7) has general validity and, considering expression (8),
shows variable coefficients, leading to a nonlinear structure; for simplicity, in the following
we assume linear-type pore pressure distributions, permeability weakly dependent on
deformation, together with small volume changes. Such an assumption has helped to
validate the model against available results, as reported below.

Solving the FADE (7) for the transport rate C [44,45], including solute transport by pore
fluid excess YC, requires the adoption of a proper numerical strategy; as stated previously, it

7
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is here assumed to refer to the Grünwald definition of the fractional derivative, Equation (3),
particularly referring to the shifted Grünwald–Letnikow formula [41]. Correspondingly,
the final iterative system now becomes

(I + βA − βB)Ct+1 = [I − (1 − β)A + (1 − β)B]Ct + (Ft + βΔF)Δt, (9)

with

B = K
2

Δt
Δxα

[
(1 + γ)L + (1 − γ)LT] L =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

p1 p0 0 · · · 0
p2 p1 p0 · · · 0
p3 p2 p1 · · · 0
...

...
...

. . .
...

pN pN−1 pN−2 · · · p0
0 pN pN−1 · · · p1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

pN = − Γ(N−α)
Γ(−α)Γ(N+1)

(10)

where γ is a parameter accounting for the distribution probability of the relative weight of
solute particle, and A is a tridiagonal matrix related to the discretization of the advective
term via the Lax–Wendroff scheme [46].

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

v2 − v(v−1)
2 0 . . . 0

− v(v+1)
2 v2 − v(v−1)

2 . . . 0
0 − v(v+1)

2 v2 . . . 0
...

...
...

. . . − v(v−1)
2

0 0 0 − v(v+1)
2 v2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, v = V
Δt
Δx

, (11)

where V is the average fluid velocity along x direction, substantially equivalent to the first
term in Equation (8).

When accounting for pore fluid excess, the scheme proposed by [47] was followed,
based on the split-operator method. In particular, it was assumed to solve the advection
step via an explicit second-order midpoint method, the fractional diffusion/dispersion step
via the aforementioned β-method, and the fluid excess step via the trapezoidal rule.

3. Results

Once validated, the fractional model against the numerical example of [48], taken
as benchmark [24], suggests that a 1D situation of an advection–dispersion–reaction was
first considered [47], driven by Equation (7), with the additional term E(Cs − C) reflecting
the transfer of solute from an active source (generally included when modelling overland
solute transport)

∂C
∂t

+ u
∂C
∂x

+ YC − K · ∇αC − E(Cs − C) = 0, (12)

being
Cs = C0e−μt

Cs(x, 0) = C0(x)
(13)

As assumed by the data reported in Table 1, together with an initial condition C0 = 0.5,
Figure 1 depicts the spatial–temporal distribution of concentration in the case of a standard
ADR (non-fractional) solution, whereas Figure 2 evidences the fractional effect, producing
a greater and slightly delayed peak with decreasing fractor alpha (maximum 10%). This
seems to confirm (as experienced in [47]) that the ADR model generally predicts a faster
flushing process of solute as compared to the FADR one, considering that the fractional
approach allows to account for the material heterogeneity.

8
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Table 1. Material parameters for FADR analysis.

Parameter Values Unit [-]

a −10 m
b 10 m
K 10−4 m2/s
v 0.5 m/s
E 0.02 s−1

μ 0.0001 s−1

N 200 -
T 100 -

tend 1000 s

Figure 1. Concentration distribution (standard ADR model).

Figure 2. Time history of relative concentration variation at a reference point.

To additionally test the contribution of a fractional model, a log-term low-waste
radionuclides transport process within cemented materials is considered. The transport
rate through engineered barriers (compacted bentonite clay and cement) is mainly diffusion-
controlled; however, due to the strong sorption behavior of the materials, the diffusion rate
of the radionuclides is much slower than in pure water. Particularly, the case reported in [49]
is reconstructed via a fractional approach, with material data of Table 2 and C(x,0) = 0. The
backward-time implicit scheme is used with variable time steps, such that tn+1 = 1.0125·Δtn.

9
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Table 2. Material parameters for FD radionuclides transport.

Parameter Values Unit [-]

a 0 mm
b 150 mm
K 10−4 m2/s
N 300 -
t0 10−5 y

tend 993 y

The classical non-fractional solution is newly obtained in terms of the distribution
of spatial–temporal radionuclides concentration (Figure 3). Interestingly, change in the
transport mechanism can be noticed once fractors are lower than 1.6 and particularly
when lower than 1.2 (Figure 4). A slower diffusion process is found again, suggesting that
possibly thinner cement containers could be required for ensuring the same safety level
and degraded zone as the standard AD model. The heterogeneous cement matrix may,
in fact, form hierarchical storage-release zones of nuclides, leading to a delayed transport
process of the contaminant (Figure 5).

Figure 3. Radionuclide distribution (standard AD model).

Figure 4. Spatial distribution of low-level radionuclides at a reference time-step.

10



Fractal Fract. 2022, 6, 21

Figure 5. Time history of radionuclides at a reference node.

4. Discussion

A nonlinear coupled 3D fractional hydro-mechanical model accounting for anomalous
diffusion (FD) and advection–dispersion (FAD) for solute flux is presented, accounting for
a Riesz derivative treated through the Grünwald–Letnikow definition. The formulation
innovatively includes the contribution of deformation non-linearities for the solid skeleton,
as well as a strain-dependent permeability tensor. A finite difference approximation is
built on purpose for modeling 1D domains and adopting the fractional-centered derivative
scheme combined with the β-method, with the advective term treated via the Lax–Wendroff
scheme. In particular, the algorithm shifts into a backward-time implicit one with variable
time steps in case of long-term contaminants (radionuclides) transport. Under the assump-
tions of linear-type pore pressure distributions, permeability which is weakly dependent on
deformation, together with small volume changes, means that the effects of the fractional
dispersion term are analyzed.

A delayed release of solute pollutants or a long-tailed dispersion process caused by
volume heterogeneities of the porous media was successfully described, evidencing a
general gradual and slower solute contaminant transport. Additionally, when accounting
for radionuclides transport within cemented materials and decreasing fractors, the model
evidences a sort of solute-clog, with higher solute gradients and increasing solute levels.
Correspondingly, it appears to be particularly suitable for reconstructing phenomena in
which the kinetics of diffusion are slower than the kinetics of reaction and layers of very
low solubility form and do not dissolve on observable time scales.
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Nomenclature

v solid velocity vector
ρw,s Fluid/solid density
g Gravity acceleration vector
k Saturated permeability tensor
μ Dynamic fluid viscosity
p pore pressure
α fractional differential order
Γ(·) gamma function
C solute/contaminant concentration
φ porosity
kd contaminant partitioning coefficient
D hydrodynamic dispersion tensor
J jacobian
ϑ logarithmic strain
p0, σ0 initial values of pore pressure and axial stress
κ, G bulk and shear modulus of porous material
E transfer term
Cs solute concentration in the mixing soil zone
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Abstract: Based on the Tao and Kong (TK) model and the fractal model of the soil–water characteristic
curve, a simplified model of the relationship between the saturated permeability coefficient and the
air-entry value is established in this study: ks = k0ψa

−2. It is shown that the saturated permeability
coefficient of soil is determined by its maximum pore size. In order to facilitate the mutual prediction
of saturation permeability coefficient and air-entry value, based on the data of five types of soil in
the UNSODA database, the comprehensive proportionality constant k0 of the five types of soil were
obtained: sand k0 = 0.03051; clay k0 = 0.001878; loam k0 = 0.001426; sandy loam k0 = 0.009301; and
silty clay loam k0 = 0.0007055. Based on the obtained comprehensive proportionality constant k0 and
the relationship model between saturated permeability coefficient and air intake value, the air-entry
value of five kinds of soils in the existing literature and the SoilVision database were calculated.
Comparing the calculated air-entry value with the measured one, the results showed that the model
simplifies the traditional air-entry value prediction method to some extent and can effectively predict
the air-entry value of different types of soil. On the whole, the model better predicts the air-entry
value for sandy, clay, and silty clay loam than loam and sandy loam.

Keywords: model; saturated permeability coefficient; air-entry value; maximum pore; comprehen-
sive proportionality constant

1. Introduction

Soil in nature is a kind of three-phase material, so it is of great significance to study the
related characteristics of soil in depth for engineering construction, environmental protec-
tion, and energy mining. As a way to describe soil characteristics, a soil–water characteristic
curve (SWCC) contains an enormous amount of basic soil information. The soil–water
characteristic curve characterizes the relationship between water content (including mass
water content w, volume water content θw, saturation Sr, and water content ew) and suction
in the soil (mainly referring to the matrix suction, which reflects the influence and effect of
the boundary surface). The soil–water characteristic curve can reflect the water-holding
capacity of the soil and the size and distribution of pores in the soil. Research on the shear
strength, consolidation theory, and permeability theory of unsaturated soil involves its
application by measuring the balance state of soil samples. The soil–water characteristic
curve can be drawn with the water content and corresponding suction. The SWCC is
usually divided into the boundary effect zone, the transition zone, and the residual zone
according to the degree of saturation of soil. Soils change from the saturated state to the
unsaturated state corresponding to the change from the boundary effect zone to the transi-
tion zone. Usually, these two zones are differentiated by their air-entry values. Therefore,
as an important parameter of the SWCC, the air-entry value has a significant effect on soil
shear strength, deformation, permeability, and even the interaction mechanism between
water, air, and soil particles within the soil. The air-entry value is a critical point on the
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soil–water characteristic curve, which means that the largest pores in the soil can hardly
resist the applied suction and cause water loss. At this time, the applied matrix suction is
the air-entry value.

Many researchers in the world have made outstanding contributions to the study
of air-entry value. Bouwer [1] conducted field measurements of soil air-entry values
with a cylindrical lid permeameter equipped with a riser and a vacuum gauge, and they
established a step function to explore hydraulic conductivity. Fredlund and Xing [2]
proposed a fitting formula for the measured SWCC and obtained the air-entry value of
the soil by plotting and solving the fitted SWCC. Fallow and Elrick [3] externally added
a tension bottle to the permeameter and measured the air-entry value of the soil on site,
thereby providing an improved description of the hydraulic properties of soils. Nemati
et al. [4] proposed a method for measuring the air-entry value in a rapid tension chamber.
Different potting substrates were in contact with unsaturated bodies located outside the
tension chamber, and the potential in the cabin was detected to calculate the air-entry
values of peat substrates. Sakaki et al. [5] found that there was a close relationship between
the diameter of the characteristic particle and the air-entry value. The results showed
that the average pore size had a dominant effect on the air-entry value. Based on this, a
simple air-entry value prediction was proposed. Chui et al. [6] analyzed two geological
cases in Singapore, and they used the ordinary leather method and the simple Kriging
method (SK) to estimate the spatial variability of the air-entry value of the soil. Ni et al. [7]
used the instantaneous profile method to quantify the influence of plant roots on the
air-entry value, and they found that the presence of roots significantly increased the air-
entry value of silt. Under mixed planting with rotted roots, the vegetation soil showed
a significant decrease in the air-entry value. Slowik et al. [8] proposed an air-entry value
identification method through regarding the air-entry value as an indicator of the early
cracking of materials. Soltani et al. [9] investigated the relationship between air-entry value
and adaptive parameters by establishing an explicit equation method based on the air-entry
value and residual state suction. Wijaya et al. [10] obtained the shrinkage curves of multiple
soil samples, and their results showed that the minimum void ratio of the shrinkage curve
has a significant effect on the air-entry value.

At present, the air-entry value is usually determined by using the SWCC. However, the
measurement of the SWCC requires experimental instruments. The SWCC can be measured
by a variety of methods and materials, including a pressure plate test, a vacuum dryer, the
cooling mirror dew point method, filter paper, the unsaturation test, and an unsaturated
triaxial apparatus [11–18]. The method used to test the soil–water characteristic curve
usually provides a series of discrete data points between the matrix suction and water
content. However, to use the soil–water characteristic curve to study the phenomena of
the permeability, stress, and deformation of unsaturated soil, one needs complete curves
and continuous mathematical formulas. At the same time, direct test measurement is often
time-consuming and labor-intensive, with harsh conditions, and the measured test data are
insufficient. Therefore, it is necessary and meaningful to use the soil–water characteristic
curve model for data fitting and prediction. These limitations are mainly manifested in
expensive equipment and operation difficulty. In the absence of experimental equipment, it
is difficult for people to measure the air-entry value of soil, which can be more quickly and
effectively obtained via indirect prediction. Therefore, the authors of this study combined
the SWCC fractal model with the existing permeability model and further established a
model of constant of proportionality for the permeability coefficient. This model was found
to simplify the traditional air-entry value prediction method and overcome the limitations
of practical measurement methods. The applicability and effectiveness of the model were
verified by using the relevant data of existing soil.
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2. Establishment of Prediction Model

The prediction model of the saturated permeability coefficient can be obtained from
the Tao and Kong (TK) model [19], namely Formula (1):

ks = kc

∫ θs

θr

dx
ψ2(x)

(1)

where ks is the saturated permeability coefficient, θs is the saturated volumetric water
content, θr is the residual volumetric water content, and ψ is the matrix suction.

In Formula (1):

kc =
γTS

2 cos2 α

2piμ
(2)

where γ is the unit weight of water, μ is the absolute viscosity of water, Ts is the table
surface tension, α is the contact angle, and pi is the ratio of the actual length of the i-th pore
channel to the length of the soil sample. For the same type of soil, kc is a constant.

According to the fractal model of the soil–water characteristic curve proposed in the
literature [20], the volumetric water content can be expressed as follows:⎧⎨

⎩ θ = e0
1+e0

− 1 +
(

ψa
ψ

)3−D
ψ ≥ ψa

θ = θs =
e0

1+e0
ψ < ψa

(3)

where e0 is the void ratio, ψa is the air-entry value; D is the fractal dimension, and θs is the
volumetric water content.

Differentiate Formula (3):

dx = dθ = (D − 3)ψa
3−DψD−4dψ (4)

Substitute Formula (4) into Formula (1):

ks = kc(D − 3)
∫ ψa

ψd

ψa
3−DψD−6dψ (5)

After calculation and simple transformation, Formula (6) can be obtained:

ks = kc
D − 3
D − 5

ψa
−2

[
1 −
(

ψd
ψa

)D−5
]

(6)

where ψa � ψd, D−5 < −2.
Formula (6) can be simplified to Formula (7):

ks =
D − 3
D − 5

kcψa
−2 (7)

It can be seen from Formula (7) that the saturated permeability coefficient of the soil
and the square of the air-entry value have an inverse proportional relationship. According
to the literature [19,21], the clay content of natural soil has a direct relationship with the
fractal dimension D as follows.

The clay content is within a certain range for the same type of soil. The corresponding
fractal dimension does not vary much, and compared to the square of the air-entry value,
the fractal dimension has a negligible effect on permeability [19,21]. In order to simplify
the calculation, the authors of this article set the part containing the fractal dimension D
and the permeability coefficient proportional constant kc as a constant. This constant is
named the comprehensive proportionality constant k0. Then, Formula (7) is transformed
into:

ks = k0ψa
−2 (8)
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According to the law of the capillary, the air-entry value is inversely proportional to the
maximum pore diameter of the soil, so Formula (8) shows that the saturated permeability
coefficient is directly proportional to the maximum pore diameter. This indicates that the
saturated permeability coefficient of the soil is essentially controlled by the maximum pore
diameter.

3. Determine Constant of Proportionality k0 for the Model

3.1. Source of Experimental Data

The main sources of the database collection in this study were the soil-related data
in the UNSODA database [22]. The five soil types in this database are sand, clay, loam,
sandy loam, and silty clay loam. The database only contains data on the SWCC, without
the air-entry value.

The authors of a previous study [23] obtained the relationship between the air-entry
value and the basic parameters in the VG model, which is presented as follows:

α =

(
0.76
ψa

)1.26
(9)

where α is the fitting parameter of the model and ψa is the air-entry value of the soil.
In this paper, the VG model was firstly used to fit the volumetric water content

and suction of the soil in the UNSODA database to obtain the standard SWCC and the
corresponding fitting parameters. Then, the corresponding air-entry value was calculated
by Formula (9).

The VG model equation is given by Formula (10):

θw = θr +
θs − θr[

1 + (αψ)n]m (10)

where θw is the volumetric water content; θr is the residual water content; θs is the saturated
water content; ψ is the matrix suction; and α, m, and n are the fitting parameters of the
model, usually m = 1 − 1/n.

The data obtained from the database are summarized in Table 1, and Figure 1 shows
the results of statistical data processing and box diagram plotting.

Table 1. Basic statistical data obtained from the UNSODA database.

Type of Soil Sample
Mean Value Standard Deviation

AEV (kPa) ks (cm/s) AEV (kPa) ks (cm/s)

Sand 50 2.23 0.024 1.41 0.051
Clay 47 2.51 0.0053 5.21 0.0092
Loam 38 2.94 0.0007 2.39 0.0008

Sandy loam 43 4.44 0.0009 2.99 0.0011
Silty clay loam 40 6.12 0.000024 1.79 0.000011
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(a) 

(b) 

Figure 1. (a) Saturated permeability coefficient for various soils; (b) air-entry values for various soils.

3.2. Determination of the Comprehensive Proportionality Constant

Formula (8) was used to fit the data to obtain an image with ψa
−2 as the horizontal axis

and ks as the vertical axis. The collected soil data were plotted into a scatter plot and then
linearly fitted. The linear function with the highest correlation coefficient was selected as
the fitting result. The slope of the linear function was taken as the comprehensive constant
of proportionality. The fitting result is shown in Figure 2, and the comprehensive constants
of proportionality of the five soils are shown in Table 2.

Table 2. The comprehensive proportional constants of proportionality of the five soils obtained by
fitting.

Type of Soil
Comprehensive

Proportionality Constant k0

Fitted Correlation
Coefficient R2

Sand 0.03051 0.9158
Clay 0.001878 0.8797
Loam 0.001426 0.8373

Sandy loam 0.009301 0.9067
Silty clay loam 0.0007055 0.8267
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(a) 

(b) 

(c) 

Figure 2. Cont.
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(d) 

(e) 

Figure 2. Comprehensive constant of proportionality of (a) sand, (b) clay, (c) loam, (d) sandy loam,
and (e) silty clay loam.

In the process of solving the comprehensive proportionality constant, the correlation
between sand and sandy loam was found to be over 0.9 when fitting the relevant data and
within 0.8–0.9 among the other three soils.

4. Model Verification and Discussion

4.1. Data Verification

In order to verify the accuracy of the obtained comprehensive proportionality constant
and the rationality of this method, the authors of this paper used a simplified relationship
model between the saturated permeability coefficient and air-entry value of soil and the
comprehensive proportionality constant k0 determined above to calculate the correspond-
ing air-entry value through the saturated permeability coefficient; then, they conducted
a comparative analysis with the measured values. The validated soil data came from the
clay and SoilVision database in [24] for sand, loam, sandy loam, and silty clay loam.

(i). Experimental data of Hunan clay

Part of the verification data came from the literature [24]. In this paper, the SWC-150
Fredlund SWCC instrument produced by the American Soilmoisture Company was used
for the pressure plate test, and SWCC data of Hunan red clay with different initial dry
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densities were obtained. Falling head permeability tests were performed to obtain the
saturated permeability coefficients of Hunan red clay with different initial dry densities.

The soil–water characteristic curve obtained by fitting the measured scatter diagram
of the soil–water characteristic curve with the VG model is shown in Figure 3. The
corresponding air-entry value was obtained using the tangent line graphing method.
Specifically, the tangent line was plotted through the inflection point on the curve. There
was an intersection point between the tangent line and the initial volumetric water content
(vertical axis). The abscissa of the intersection point was taken as the air-entry value. We
obtained the inflection point by taking the second-order derivation of lg(ψ) and setting
the result of the second-order derivation equal to zero. The coordinates of the inflection
point are shown in Figure 3. For different initial dry densities of 1.3, 1.35, 1.4, 1.45, 1.5, and
1.6 g/cm3, the air-entry values were 2.65, 4.33, 6.70, 8.25, 9.77, and 13.42 kPa, respectively.

(a) 

(b) 

Figure 3. Cont.
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(c) 

(d) 

(e) 

Figure 3. Cont.
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(f) 

Figure 3. Soil–water characteristic curve and air-entry value of Hunan clay with different initial
dry densities: (a) 1.3 g/cm3, (b) 1.35 g/cm3, (c) 1.4 g/cm3, (d) 1.45 g/cm3, (e) 1.5 g/cm3, and
(f) 1.6 g/cm3.

(ii). SoilVision Database

The soil data in the SoilVision database include the saturated permeability coefficient,
the standard soil–water characteristic curve, and the air-entry value of the soil [25]. The
authors of this paper selected the relevant data of four soils in the database: sand, loam,
sandy loam, and silt clay loam. Multiple samples were selected for each type of soil, and
these samples were numbered, as shown in Tables 3–7.

Table 3. Basic sand information.

The Serial Number
of the Figure

The Serial
Number of the

Database

Saturated
Permeability
Coefficient

ks (cm/s)

AEV in the
Database

(kPa)

Predicted AEV
(kPa)

1 4283 0.0133 1.36 1.51
2 4346 0.020083 1.56 1.23
3 4417 0.010944 1.64 1.66
4 4461 0.0089444 1.64 1.84
5 4986 0.021167 0.84 1.19
6 3906 0.013417 2.28 1.50
7 5136 0.00875 2.9 1.86
8 4247 0.0040278 2.34 2.74
9 4333 0.00825 1.14 1.91

10 4498 0.0048889 2.81 2.48

Table 4. Basic clay information.

The Serial Number
of the Figure

Dry Density

(g/cm3)

Saturated
Permeability
Coefficient

ks (cm/s)

AEV Obtained by
Drawing

(kPa)

Predicted AEV
(kPa)

1 1.3 7.72 × 10−4 2.65 1.56
2 1.35 4.15 × 10−4 4.33 2.13
3 1.4 2.49 × 10−4 6.7 2.75
4 1.45 1.73 × 10−4 8.25 3.29
5 1.5 4.78 × 10−5 9.77 6.27
6 1.6 9.92 × 10−6 13.42 13.76
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Table 5. Basic loam information.

The Serial
Number of the

Figure

The Serial
Number of the

Database

Saturated
Permeability
Coefficient

ks (cm/s)

AEV in the
Database

(kPa)

Predicted AEV
(kPa)

1 1451 8.3333 × 10−5 8.94 4.14
2 4407 4.860 × 10−3 0.56 0.54
3 4274 2.7778 × 10−5 10.49 7.16
4 4273 5.5556 × 10−5 4.72 5.07
5 4401 2.7778 × 10−5 3.65 7.16
6 4790 1.8333 × 10−5 6.2 2.79
7 1441 2.2222 × 10−5 5.37 8.01
8 1426 5.5556 × 10−6 14.39 16.02
9 1402 4.1667 × 10−5 8.62 5.85
10 4409 4.8889 × 10−3 2.81 2.48

Table 6. Basic sandy loam information.

The Serial
Number of the

Figure

The Serial
Number of the

Database

Saturated
Permeability
Coefficient

ks (cm/s)

AEV in the
Database

(kPa)

Predicted AEV
(kPa)

1 4991 2.50 × 10−4 2.59 6.10
2 5099 5.56 × 10−5 8.33 12.94
3 3955 3.53 × 10−4 3.57 5.13
4 3199 8.33 × 10−5 6.38 10.56
5 5238 8.19 × 10−4 1.12 3.37
6 5184 9.72 × 10−4 3.1 3.09
7 4384 2.92 × 10−2 0.48 0.56
8 4429 2.39 × 10−4 3.02 6.24
9 4284 3.61 × 10−4 2.63 5.08
10 5238 8.19 × 10−4 1.12 3.37

Table 7. Basic silty clay loam information.

The Serial
Number of the

Figure

The Serial
Number of the

Database

Saturated
Permeability
Coefficient

ks (cm/s)

AEV in the
Database

(kPa)

Predicted AEV
(kPa)

1 4919 7.95 × 10−3 0.34 0.30
2 4930 6.29 × 10−3 0.56 0.33
3 4850 2.00 × 10−3 0.31 0.59
4 4867 5.14 × 10−4 1.08 1.17
5 4923 7.08 × 10−3 0.34 0.32
6 4906 4.20 × 10−3 0.37 0.41
7 4916 5.04 × 10−3 0.35 0.37
8 4845 8.29 × 10−3 0.29 0.29
9 4779 2.78 × 10−5 8.67 5.04
10 4910 4.02 × 10−3 0.65 0.42
11 4908 1.27 × 10−2 0.37 0.24
12 4913 9.59 × 10−3 0.25 0.27
13 4912 2.47 × 10−2 0.35 0.17

4.2. Model Verification

Based on the values of k0 determined in Section 3, (sand k0 = 0.03051; clay k0 = 0.001878;
loam k0 = 0.001426; sandy loam k0 = 0.009301; and silty clay loam k0 = 0.0007055), the
saturated permeability coefficients of multiple soil samples were used in Formula (8) to
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obtain predicted soil air-entry values. A comparison of the measured and predicted results
of the four types of soils is shown in Figure 4. The specific calculated and measured values
are shown in Tables 3–7.

(a) 

(b) 

Figure 4. Cont.
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(c) 

(d) 

(e) 

Figure 4. Measured and predicted values of air-entry values of various soils: (a) sand, (b) clay,
(c) loam, (d) sandy loam, and (e) silty clay loam.
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It can be seen from Figure 4 that the model could better predict the air-entry value of
sand. Specifically, there were five measured data points that were close to the predicted
points. Hunan clay was used as a verified clay soil sample, and its predicted values under
different initial dry densities were close to the measured values. When the dry densities
were 1.5 and 1.6 g/cm3, the measured values were in good agreement with the predicted
values. When the dry density was less than 1.5 g/cm3, the predicted value was lower than
the measured value. Overall, the predicted value was close to the measured value. The
model predicted the air-entry value worse for loam and sandy loam than clay and sand.
The predictions for loam and sandy loam soils were overall lower than those for clay and
sandy soils. Of the selected data points, only three and two in the loam and sandy loam
soils, respectively, were close to the measured values. The predicted and measured values
of the silt clay loam soil were in the same order of magnitude, and there were six data
points that were in good agreement with the predicted values.

4.3. Discussion

The above mentioned theoretical calculations and related experimental verification
results showed that the prediction model is applicable to predict air-entry values to a
certain extent. The prediction model was based on fractal theory and the TK model, and a
new prediction model was obtained through the combination of the two theories. Taking
sand as an example, the fractal dimension D of sand was found to be roughly in the range
of 2.317~2.493 [25]. The reciprocal ψa

−2 of the square of the air-entry value of sand was
found to vary in the range of 0.1–1. The change of fractal dimension relative to the square
of the air-entry value was found to have a negligible effect on the permeability coefficient.
According to capillary theory, the reciprocal of the square of the air-entry value is the
square of the maximum pore size, indicating that the saturated permeability coefficient is
determined by the maximum pore size.

The introduction of the comprehensive proportionality constant k0 of the permeability
coefficient significantly reduces the calculation work of the air-entry value. In this study,
the k0 of different soils could be approximated as a constant, which facilitated the mutual
prediction between the air-entry value and the saturated permeability coefficient. That is
to say, once the type of soil was determined, the saturated permeability coefficient could be
used to predict the air-entry value, and vice versa.

For the determination of the comprehensive proportionality constant, the selection of
data could have certain limitations. The fitting correlation of some soil data is relatively
high. It is not easy to select the right amount of data and obtain fitting results with high
correlations. For common soil types, the verification in this study generally presented good
results, which could facilitate the establishment of this simplified model. For other soil
types, the applicability of this simplified model needs to further verification. In this study,
we collected a total of 218 sets of data, which was not enough to verify all soil types. More
experimental data need to be considered in future research.

5. Conclusions

In this study, a simplified relationship model between the saturated permeability
coefficient and the air-entry value for five types of soil was investigated, and a large amount
of experimental data were collected to determine the model proportionality constant k0.
The air intake values of different types of soils were separately predicted by using the
simplified relationship model of the saturation permeability coefficient of the soil, the air
intake value proposed in this paper, and the determined proportionality constant k0. A
comparative analysis was carried out with the available experimental data. The main
conclusions are as follows:

(1) The relationship model between the saturated permeability coefficient and air-entry
value was determined to be ks = k0ψa

−2, where k0 is the comprehensive proportional
constant.
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(2) The comprehensive constant of proportionality k0 of the five soils was determined
as follows: sand k0 = 0.03051; clay k0 = 0.001878; loam k0 = 0.001426; sandy loam
k0 = 0.009301; and silty clay loam k0 = 0.0007055.

(3) The model better predicted the air-entry value for sand, clay, and silty clay loam
compared to loam and sandy loam.

(4) The model in this study can be used to make mutual predictions of the saturation
permeability coefficient and air-entry value. Limited data on soil types were used
to validate the model, so more experimental data need to be considered in future
research.
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Notation

The following symbols are used in this paper:
ks the saturated permeability coefficient
θs the saturated volumetric water content
θr the residual volumetric water content
ψ the matrix suction
γ the unit weight of water
μ the absolute viscosity of water
Ts the table surface tension
α the contact angle
pi the ratio of the actual length of the i-th pore channel to the length of the soil sample
kc a constant for the same type of soil
e0 the void ratio
ψa the air-entry value
D the fractal dimension

References

1. Bouwer, H. Rapid field measurement of air entry value and hydraulic conductivity of soil as significant parameters in flow
system analysis. Water Resour. Res. 1966, 2, 729–738. [CrossRef]

2. Fredlund, D.G.; Xing, A. Equations for the soil-water characteristic curve. Can. Geotech. J. 1994, 31, 521–532. [CrossRef]
3. Fallow, D.; Elrick, D. Field measurement of air-entry and water-entry soil water pressure heads. Soil Sci. Soc. Am. J. 1996, 60,

1036–1039. [CrossRef]
4. Nemati, M.; Caron, J.; Banton, O.; Tardif, P. Determining air entry value in peat substrates. Soil Sci. Soc. Am. J. 2002, 66, 367–373.

[CrossRef]
5. Sakaki, T.; Komatsu, M.; Takahashi, M. Rules-of-Thumb for Predicting Air-Entry Value of Disturbed Sands from Particle Size. Soil

Sci. Soc. Am. J. 2014, 78, 454–464. [CrossRef]
6. Ip, C.Y.S.; Rahardjo, H.; Satyanaga, A. Spatial variations of air-entry value for residual soils in Singapore. Catena 2019, 174,

259–268. [CrossRef]
7. Ni, J.; Leung, A.K.; Ng, C.W. Unsaturated hydraulic properties of vegetated soil under single and mixed planting conditions.

Géotechnique 2019, 69, 554–559. [CrossRef]
8. Slowik, V.; Schmidt, M.; Fritzsch, R. Capillary pressure in fresh cement-based materials and identification of the air entry value.

Cem. Concr. Compos. 2008, 30, 557–565. [CrossRef]

29



Fractal Fract. 2021, 5, 180

9. Soltani, A.; Azimi, M.; Deng, A.; Taheri, A. A simplified method for determination of the soil–water characteristic curve variables.
Int. J. Geotech. Eng. 2019, 13, 316–325. [CrossRef]

10. Wijaya, M.; Leong, E.C.; Rahardjo, H. Effect of shrinkage on air-entry value of soils. Soils Found. 2015, 55, 166–180. [CrossRef]
11. Khanzode, R.; Vanapalli, S.; Fredlund, D. Measurement of soil-water characteristic curves for fine-grained soils using a small-scale

centrifuge. Can. Geotech. J. 2002, 39, 1209–1217. [CrossRef]
12. Li, J.; Lu, Z.; Guo, L.; Zhang, L.M. Experimental study on soil-water characteristic curve for silty clay with desiccation cracks.

Eng. Geol. 2017, 218, 70–76. [CrossRef]
13. Lu, N.; Wayllace, A.; Carrera, J.; Likos, W.J. Constant flow method for concurrently measuring soil-water characteristic curve and

hydraulic conductivity function. Geotech. Test. J. 2006, 29, 230–241. [CrossRef]
14. Manahiloh, K.N.; Meehan, C.L. Determining the soil water characteristic curve and interfacial contact angle from microstructural

analysis of X-ray CT images. J. Geotech. Geoenviron. Eng. 2017, 143, 04017034. [CrossRef]
15. Nishiumura, T.; Koseki, J.; Fredlund, D.G.; Rahardjo, H. Microporous membrane technology for measurement of soil-water

characteristic curve. Geotech. Test. J. 2012, 35, 201–208. [CrossRef]
16. Peranić, J.; Arbanas, Ž.; Cuomo, S.; Maček, M. Soil-water characteristic curve of residual soil from a flysch rock mass. Geofluids

2018, 2018, 6297819. [CrossRef]
17. Sahin, H.; Gu, F.; Lytton, R.L. Development of soil-water characteristic curve for flexible base materials using the methylene blue

test. J. Mater. Civ. Eng. 2015, 27, 04014175. [CrossRef]
18. Wang, X.; Benson, C.H. Leak-free pressure plate extractor for measuring the soil water characteristic curve. Geotech. Test. J. 2004,

27, 163–172. [CrossRef]
19. Tao, G.; Kong, L. A model for determining the permeability coefficient of saturated and unsaturated soils based on micro pore

channel and its application. J. Hydraul. Eng. 2017, 48, 702–709. (In Chinese) [CrossRef]
20. Tao, G.; Kong, L.; Xiao, H.; Ma, Q.; Zhu, Z. Fractal characteristics and fitting analysis of soil–water characteristic curves. Rock Soil

Mech. 2014, 35, 2443–2447. (In Chinese) [CrossRef]
21. Li, D.; Zhang, T. Fractal features of particle size distribution of soils in China. Soil Environ. Sci. 2000, 9, 263–265. (In Chinese)

[CrossRef]
22. Nemes, A.; Schaap, M.; Leij, F. The UNSODA Unsaturated Soil Hydraulic Database Version 2.0; US Salinity Laboratory: Riverside,

CA, USA, 1999.
23. Tinjum, J.M.; Benson, C.H.; Blotz, L.R. Soil-water characteristic curves for compacted clays. J. Geotech. Geoenviron. Eng. 1997, 123,

1060–1069. [CrossRef]
24. Zhu, X. Research on the Relationship between Fractal Characteristics of Soil Particle Size and Hydraulic Properties for Unsaturated

Soils. Master’s Thesis, Hubei University of Technology, Wuhan, China, 2019. (In Chinese).
25. Fredlund, M. Soilvision 2.0, a Knowledge-Based Database System for Unsaturatedsaturated Soil Properties, Version 2.0; Soilvision Systems

Ltd.: Saskatoon, SK, Canada.

30



Citation: Zhang, G.; Wang, H.; Israr,

J.; Ma, W.; Yang, Y.; Ren, K. A Fractal

Entropy-Based Effective Particle

Model Used to Deduce Hydraulic

Conductivity of Granular Soils.

Fractal Fract. 2022, 6, 474. https://

doi.org/10.3390/fractalfract6090474

Academic Editor: Wojciech

Sumelka

Received: 12 July 2022

Accepted: 26 August 2022

Published: 28 August 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

fractal and fractional

Article

A Fractal Entropy-Based Effective Particle Model Used to
Deduce Hydraulic Conductivity of Granular Soils

Gang Zhang 1, Hongyu Wang 2, Jahanzaib Israr 1,3,*, Wenguo Ma 1, Youzhen Yang 1 and Keliang Ren 1

1 Institute of Solid Mechanics, School of Physics and Elecronic-Electrical Engineering, Ningxia University,
Yinchuan 750021, China

2 School of Civil and Hydraulics Engineering, Ningxia University, Yinchuan 750021, China
3 Department of Civil Engineering, University of Engineering and Technology Lahore, Punjab 54890, Pakistan
* Correspondence: jisrar@uet.edu.pk

Abstract: In this study, a rigorous mathematical approach used to compute an effective diameter
based on particle size distribution (PSD) has been presented that can predict the hydraulic conduc-
tivity of granular soils with enhanced rigor. The PSD was discretized based on an abstract interval
system of fractal entropy, while the effective diameter of soil was computed using the grading entropy
theory. The comparisons between current entropy-based effective diameter (DE) and those computed
using existing procedures show that the current DE can capture the particle size information of a
given soil more accurately than others. Subsequently, the proposed DE was successfully implicated
into Kozeny–Carman’s formula to deduce the saturated hydraulic conductivity of soils with enhanced
accuracy. The proposed model was tested using current and previously published experimental data
from literature. Not surprisingly, the results of the current model and those from previous experi-
mental studies were found to be consistent, which can sufficiently verify the proposed entropy-based
effective diameter model.

Keywords: effective particle diameter; fractal entropy; abstract interval; hydraulic coefficient

1. Introduction

The particle size distribution (PSD) curve is an important soil characteristic that is
widely used for preliminary estimates of numerous physical properties of granular soils,
such as potentials of internal erosion, particle breakage, sedimentation, and saturated
hydraulic conductivity, etc. [1–5]. For instance, Seelheim [6] and Hazen [7] pioneered the
determination of saturated hydraulic conductivity based on the semi-logarithmic PSD
curve. Ever since, several researchers have attempted to propose more rigorous and
accurate correlations, such as the semi-empirical method of Kozeny–Carman (henceforth
abbreviated as K-C), which combines soil properties, including the void ratio and specific
particle sizes, to predict saturated hydraulic conductivity [8]. Nevertheless, the differences
in the proportion and fraction of a PSD significantly affect the evaluation of sedimentary
mixtures, such as loess, paleosol, river sediments, and glacial deposits [9]. For instance, the
soil modulus extracted from a soil’s PSD also influences its mechanical properties, including
the shear strength and dynamic shear modulus [10]. Similarly, PSD is an important factor in
assessing the potential of the internal erosion of soils [3,11–14]. Lately, Indraratna et al. [15]
combined the PSD with the relative density considering the condition of particle packing
and proposed the meaningful constriction size distribution (CSD)-based method. Israr
and Zhang [16] adopted Loincz’s model [17] to extract full grading information through
entropy theory and proposed a fractal (grading) entropy-based method to promptly as well
as accurately assess the internal erosion potential of granular soils.

Thus far, several end-member modeling algorithms have been proposed for decom-
posing and extracting valuable information from the PSD curves of soils [18]. For example,
parametric curve-fitting, a statistical method such as the end-member modeling algorithm,
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has been used to identify the sub-populations of geological materials by decomposing its
PSD [19]. Similarly, Chapuis and Saucer [20] proposed a modal decomposition method
(MDM) to extract the sub-populations or modes from a soil’s PSD curve to deduce its
specific surface and to subsequently assess its internal erosion potential, while the PSD of
sediments was fitted by the gradient descent (GD) method. Nonetheless, the above methods
mainly account for a finer fraction of a non-uniform soil, whereas a coarser fraction is char-
acterized through additional mathematical models with certain fitting parameters, such as
the Gates–Gaudin–Schuhmann model, the Fuller model, the Gaudin–Meloy model (GMM),
and the Fredlund unimodal (FUM) [21]. Meanwhile, a set of characteristic diameters deter-
mined from a PSD such as D10, D15, D60, and D85 and the coefficients of uniformity and
curvature have been widely used in several geotechnical engineering applications (where
the numeric value represents the percentage finer by mass). For example, D15 and D85 are
widely adopted particle sizes in both filter design and the potential of internal instability
assessment criteria [22–27].

Based on a simple and semi-automated sampling procedure, Hazen [8] proposed
using D10 as a representative size of a PSD to capture its saturated hydraulic conductivity
(k), which was later adopted for capturing the heterogeneity of a soil mixture through the
coefficient of uniformity (Cu = D60/D10). Subsequently, several empirical formulae have
been developed for estimating k based on Hazen’s specific size D10 [1,28–30], D17 [31],
D20 [32], D50 [33,34], and D75 [35]. However, in the widely accepted Kozeny–Carman
(K-C) equation for k, an effective particle size is used instead of Hazen’s D10 [8]. This
effective particle size represents the entire PSD and is used for extracting material proper-
ties [19]; however, it is computed through complex procedures involving over-simplified
assumptions [8,36–41]. A brief review of some of the most adopted methods is given in
Appendix A.

Notably, the existing methods compute effective particle sizes based on different
particle sizes and their relative weightage in terms of the percentage finer on the PSD curve.
As an approximate and over-simplified approach, the PSD curves are plotted based on
the results of sieve analysis, while only specific sieve sizes are used in delineating the
distribution of particles. The accuracy of a PSD curve significantly depends on the interval
chosen between various particle sizes and their corresponding percentage finer by either
mass, number, or surface area. It is therefore recommended not to further simplify a given
PSD curve for deducing the approximate effective particle size to indirectly represent the
soil’s pore size distributions and hence the hydraulic conductivity. Thus, the current study
purports extracting PSD information more rigorously using the theory of grading entropy
to compute the effective diameter for direct use in the K-C formula to capture saturated
hydraulic conductivity with enhanced accuracy. The current proposition has been verified
using an independent experimental dataset to demonstrate its enhanced rigor and the
practical implication of this study has been demonstrated for utility to practitioners.

2. Effective Particle Diameter Based on Fractal Entropy

The effective particle size of a soil depends on the distribution of particle sizes and their
relative proportion in a PSD curve, which is generally obtained from sieve analysis. For
instance, the soil’s particle sizes are plotted against the percentage finer by the mass of those
particle sizes in a semi logarithmic coordinate system in order to obtain a PSD curve. Given
that the group of discrete data can be analyzed through either a frequency distribution or
cumulative frequency distribution diagram, wherein both number of discrete data intervals
and their sizes are important, not surprisingly, the discrete intervals of a group of data will
have a different impact on each dataset. For instance, a group of discrete data consisting of
a single class interval (too wide) would compromise a lot of useful information, whereas
the same dataset discretized into many small class intervals would yield a large amount
of sparse data, which may not be conducive for subsequent analysis. Nevertheless, the
entropy-based discretization method is an optimal solution [16]. In this paper, the grading
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entropy is used to discretize the PSD data to deduce a reasonable effective particle diameter
that can accurately represent the grading information of soils.

2.1. Interval Class Discretization Based on Grading Entropy

Discretization based on the grading entropy principal was applied on the results of
sieve analysis, whereby soil is divided into different class intervals (i.e., sieve opening
sizes) and the size of a discretized interval class is not fixed. For instance, Lőrincz et al. [42]
pointed out that the size of the subsequent interval class is twice the size of the former
class interval. For instance, for a given series of sieve openings 0.063, 0.125, 0.25, 0.5, 1,
2, 4, 8, ... mm, the class size multiple is 2, whereas the suggested size of the elementary
class interval class, also known as minimum soil particle size, remains d0 = 2−17 mm.
This sequence of the interval class constitutes the primary statistical interval class system
(referred to as the primary interval class), which is shown in the red brackets in Figure 1b.
To accurately extract information from each interval class, a primary interval class can be
sub-divided further into hypothetical secondary classes called an abstract interval system.

i

C

d

di-
didij

C Ci i CN N

dN-

dN

N

dd

Figure 1. Discretization method of (a) Kozeny’s effective diameter; and (b) abstract interval system
based on grading entropy.

According to the abstract interval system (Figure 2), the PSD of a soil can be discretized
into N different size interval classes, and the following formula can be obtained:

di = 2i−1d0, i = 1, 2, . . . N (1)
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dij = di + (j − 1)d0, j = 1, 2, . . . Ci (2)

where di is the upper diameter size of the i interval class; dij is the upper diameter size of
the j imaginary cell within the i interval class; Ci is the number of imaginary cells within
the i interval class, and

Ci =
di+1 − di

d0
= 2i−1 (3)

 
d

d

Figure 2. (a) Schematic diagram of grading entropy-based discretization method; and (b) PSD curve
discretized by using entropy-based method in semi logarithmic coordinate system (where C1–C10

and p1–p10 represent abstract fractions and relevant percentages, respectively).

Figure 2a shows the abstract size fraction system of the PSD curve shown previously
in Figure 1a, whereas Figure 2b demonstrates the application of the method of abstract
size fractions in a semi logarithmic coordinate system. It can be seen from the compar-
ison between Figures 1a and 2b that the information extracted by the grading entropy
discretization method is more comprehensive.

2.2. Effective Particle Diameter Based on Grading Entropy

Given that a PSD curve can be discretized into several different size interval classes by
using a series of data sequences (μij, dij) within each interval class that can be substituted
into Equation (A3), the effective particle diameter can be given by:

DE =
1

∑N
i=1 ∑Ci

j=1
μij

dij

=
1

∑N
i=1 ∑Ci

j=1
1

dij

pi
Ci

(4)
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where DE is the grading entropy-based effective particle diameter, μij is the probability of
the j imaginary cell within the i interval class, dij is the average diameter in the j imaginary
cell within the i interval class, and

dij =
3

1
di,j−1

+ 2
di,j−1+di,j

+ 1
di,j

(5)

The above equation assumes that the soil particles are spherical, which does not take
the shape factor into consideration. In this paper, the shape coefficient of Kovács [39] is
adopted to account for the particle shape. For simplicity, the values of the shape coeffi-
cient of some regular geometries αD are shown as follows: for sphere: αD = 6; for cube:
αD = 10.4; for octahedron: αD = 10.4; for tetrahedron: αD = 18; for other complicated
shapes, the values can be interpolated using these values.

3. Effective Particle Diameters for Different Soils

Considering the large variability of the non-uniformity coefficient and characteris-
tic particle size distribution (PSD) parameters of non-uniform soils, the effective parti-
cle size of both widely graded PSDs and gap-graded PSDs have been analyzed in the
following section:

3.1. Widely Graded Soils

As Figure 3 shows, a total of ten widely graded PSDs from Israr and Zhang [16] were
selected for analysis, and consist of various proportions of clay, silt, sand, and gravel. The
conventional grading parameters, such as D10, D50, and Cu, were used for the analysis in
this paper.

d

Figure 3. PSD curves of ten widely graded soils (adopted with permissions from Israr and
Zhang [16], 2021).

Figure 4 presents the relative deviation data for 10 soils shown previously in Figure 3,
whereby two characteristic particle sizes D10 (Hazen’s effective particle size) and D50
(mean particle size on PSD curve) were plotted against their uniformity coefficients.

Apparently, there is no obvious correlation observed between either of the characteris-
tic particle sizes and the uniformity coefficient. However, with the increase in Cu values of
soils, a larger relative deviation is apparent in D50 values than D10; thus, the latter seems
to be a relatively more reasonable option to represent uniform soils bearing low uniformity
coefficients. Nevertheless, the relative deviation increases proportionally with the width of
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the PSD curve, thus indicating that neither of these sizes would effectively represent the
statistical distribution of a large number of particles in a wider PSD curve. It is noteworthy
that the particles finer than D10 and those coarser than D50 do not significantly influence
the flow through porous media [43]. Thus, there may exist a corresponding particle size
between D10 and D50 that can effectively represent and characterize both non-uniform
PSD curves and can be chosen as an optimum effective particle diameter.

C

D

Figure 4. Relative deviation data of two characteristic particle sizes D10 (Hazen’s effective particle
size) and D50 (mean particle size on PSD curve) versus uniformity coefficients for 10 soils shown
previously in Figure 3.

Figure 5 shows effective particle diameters computed from different existing methods,
including the currently proposed approach in Equation (4), and plotted against the unifor-
mity coefficients of soils shown previously in Figure 3. Notably, the range between D10
and D50 is marked with a blue area for the reader’s convenience. The column height is the
grading entropy-based effective particle diameter, while other effective particle diameters
are marked with different markers. As shown, the grading entropy-based effective particle
diameters are all located in the middle of the blue area between D10 and D50. A total of
three effective particle diameters computed from the method of Carrier [8] were plotted
out of the blue region, whereas the rest were plotted inside but closer to the D10 size. This
shows that Carrier’s method exhibits a large variability and cannot reasonably represent
the widely graded PSD curves. Similarly, all values calculated from Fedorenko’s model
were plotted in the lower half of the blue region but closer to D10. Notably, the difference
between Fedorenko’s effective particle diameter and D10 gradually increases with the
increase in Cu, indicating that Fedorenko’s effective particle diameter can only represent
the PSD curve within a certain grading width. Nevertheless, Kozeny’s effective particle
diameter calculation method lacks a description of the discretization scheme and the size
of the interval class. Therefore, the calculated effective particle diameters obtained through
different size intervals vary significantly, while the size interval is not specified in the
literature [39]. For brevity, Figure 5 also shows the Kozeny’s effective particle diameter
computed with different interval sizes, where interval sizes of 2 mm and 0.01 mm are
marked with Kozeny-2 and Kozeny-0.01, respectively. The value of Kozeny’s effective
particle diameter with a large interval size (e.g., 2 mm) is too small, whereas that with a
small interval size (e.g., 0.01 mm) is close to the value of the entropy-based effective particle
diameter, with an exception (see soil with Cu = 2.4).
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D

D

C

d

Figure 5. Calculated effective particle diameter of 10 PSDs using different effective particle
diameter methods.

Figure 6 presents the values of Kozeny’s effective particle diameters computed for
the same 10 PSD curves shown previously in Figure 3 using different class interval sizes.
As shown, the calculated values of the Kozeny’s effective particle diameters decrease
with the increase in the discretized interval size, thus indicating that the interval size
has a great influence on the value of Kozeny’s effective particle diameter. In general, the
value of Kozeny’s effective particle diameter has large variability when its interval size
is large, which cannot represent the grading information of a PSD curve with reasonable
confidence. Nonetheless, it can effectively represent the information of the PSD of soil when
its interval size is small enough that it would consequently increase the computational
costs by manifolds. Furthermore, there is the same problem of Carrier’s effective particle
diameter in the discretization of the interval class.

d

Figure 6. Values of Kozeny’s effective particle diameter of 10 PSDs in different interval sizes.

As Figure 7 shows, both Kozeny’s and Carrier’s methods are greatly affected by the
class interval size. For instance, with the increase in interval size, the value of Kozeny’s
effective diameter decreases gradually. This indicates that some grading information could
not be extracted due to larger interval classes, thus resulting in reduced accuracy. Similarly,
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Carrier’s effective diameter initially increases and then decreases with the increase in
interval size. Likewise, Feorenko’s method obtains relatively consistent values of effective
diameter sizes; however, this method is limited to relying on soil’s Cu values, which do not
apply to gap-graded soils. However, the values of grading entropy-based effective particle
diameter are not affected by the interval size and soil’s Cu values, owing to its abstract
interval system, which can transverse all of the grading size ranges to comprehensively
extract and consider grading information. Nevertheless, the values of entropy-based
effective particle diameter are stably located in the region between D10 and D50, which is
more reasonable than other methods.

d

Figure 7. Values of different effective particle diameters computed from different methods for Soil-1
using different discretized interval sizes.

3.2. Gap-Graded Soils

Gap-graded soils exhibit a markedly higher potential of internal instability due to the
absence of certain particle sizes in their PSD curves, which distinguishes them from other
soils in terms of geo-mechanical and hydraulic properties [3,16,44]. It will induce large
computational errors when some characteristic particle sizes and information, such as D10,
D50, and Cu, are used to delineate hydraulic properties of gap-graded soils. For instance,
two gap-graded PSDs (Gap30, Gap50) and one continuous PSD (Con100) were considered
for analysis in this study (Figure 8). Notably, all three PSD curves have the same D50, but
different grading shapes. It is obvious that there will be a large error when using D50 as a
single characteristic diameter to deduce hydraulic conductivity or to assess the potential
for seepage failure. In addition, continuous PSD Con100 and gap-graded PSD Gap50 have
the same value of D10; therefore, should Hazen’s approach be used to mimic the hydraulic
conductivity of these two graded soils, the same value would be returned. This would not
be the case when hydraulic conductivity is determined through a laboratory experiment.

In this study, six gap-graded soils from Andrianatrehina et al. [45] and Li [46] were
selected for determining their effective particle diameter using existing and proposed
models. Figure 9 shows that the median particle size (D50) of gap-graded soils increases
exponentially with Cu; however, no obvious correlation was observed with the gap ratio
Gr (= coarser particle size of the gap/finer particle size of the gap). In addition, the values
of other effective particle diameter methods do not have any obvious regularity with both
Cu and Gr values, which is consistent with the results of widely graded soils discussed in
the previous section. Apparently, values of effective diameter from all four methods (i.e.,
Kozeny, Carrier, Fedorenko, and grading entropy) are plotted inside the region between
D10 and D50 (see Figure 9a).
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Figure 8. Two gap-graded and a continuous PSD curves for effective particle size computations using
existing plus methods.
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Figure 9. (a) Variations in gap ratio (Gr) and uniformity coefficient (Cu) versus soil particle sizes, and
(b) enlarged view of highlighted inset of Figure 9a.

However, a closer look at this plot in Figure 9b shows that the values of both the
Carrier and Fedorenko plot closer to D10, whereas that of Kozeny is higher than both D10
and D50. This may be attributed to the fact that the discretized interval sizes of Carrier
and Kozeny are 2 mm and 0.01 mm, respectively. the larger the interval size, the lesser the
grading information extracted, thus resulting in smaller values from Carrier’s method and
relatively higher values from Kozeny’s method. Similarly, Fedorenko’s method depends
on Cu, which may be significantly affected by the width of the gap in gap-graded soils,
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thereby causing undesirably larger errors in computations. Not surprisingly, the results of
the current method are closer to those from Kozeny’s method due to an enhanced accuracy
of up to a 0.01 mm interval size, which shows that the current method may also be used for
gap-graded soils with enhanced confidence.

4. Implication of Proposed Model into K-C Formula

4.1. Modified K-C Formula Based on Grading Entropy Effective Diameter

The K-C formula is a semi empirical model for estimating the saturated hydraulic
conductivity of granular soils, and is given by [8,47]:

k = (
γ

μ
)(

1
CK−C

)(
1
S2

0
)

e3

1 + e
(6)

where γ is the unit weight of liquid; μ is the dynamic viscosity of liquid; CK−C is Kozeny–
Carman’s empirical coefficient [8]; S0 is the specific surface area per unit volume of soil
particles; e is the void ratio. For uniform sphere particles, CK−C = 4.8 ± 0.3, whereas, in
other conditions, CK−C is equal to 5. The calculation of the specific surface area S0 is very im-
portant for the K-C formula. This study adopted the method of Chapuis and Aubertin [48],
which assumes that the specific surface area per unit volume of approximately spherical
and cubical soil particles [8,39] is:

S0 = 6/DE (7)

Substituting Equation (7) into (6) yields:

k =
1
36

(
γ

μ
)(

1
CK−C

)
D2

Ee3

1 + e
(8)

Notably, the above formula does not take the particle shape factor into consideration.
Therefore, when considering the influence of the shape factor on k, Equation (7) can take
the following form:

S0 = SF/DE (9)

where SF is the shape coefficient, where a different shape has a different SF value. The SF
value is suggested as: spherical, SF= 6.0; rounded, SF = 6.1; worn, SF = 6.4; sharp, SF = 7.4;
angular, SF = 7.7. Now, substituting Equation (9) into (8), the K-C formula modified based
on grading entropy and the particle shape can be given by:

k =

(
γ

μ

)(
1

SF2CK−C

)
D2

Ee3

1 + e
(10)

4.2. Determination of Saturated Hydraulic Conductivity and Comparisons

Figure 10 shows that six soil PSD curves were used in this study for determining
their saturated hydraulic conductivity using the K-C formula with effective particle di-
ameters from four different methods, including the proposed approach. Adopted from
Choo et al. [49], the test parameters, including hydraulic conductivity results, could be
used for verification. For completeness, ASTM D2434 was adopted to deduce the hydraulic
conductivity of soils at room temperature to minimize losses in soil properties. The flow
was introduced against the gravity under constant head conditions, while the head drop
was temporally monitored through a series of manometers. The hydraulic conductiv-
ity was quantified as the slopes of flow velocity versus hydraulic gradient curves (i.e.,
Darcy’s law) [49].

As Figure 11 shows, the calculated values of hydraulic conductivity using Kozeny’s
effective particle diameter have a relatively larger error for all six soils (above 50%), while
some individual errors are even closer to 100%, as shown in Figure 11a. The errors between
the measured value and predicted values using Carrier’s method are also large, and the
maximum error even exceeds 200%, although there are two errors within 20% to 50%, as
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shown in Figure 11b. These results may be because both Kozeny’s and Carrier’s effective
diameter have a relatively higher error caused by their uncertain discretized interval sizes
when used for calculating the hydraulic conductivity of soils. Likewise, the errors between
predicted values from Fedorenko’s method and the measured values remain between 20%
and 50% (see Figure 11c). Fedorenko’s effective particle diameter can be used to calculate
the hydraulic conductivity for uniform soils; however, caution must be exercised when
used for widely graded and gap-graded soils. It can be seen from Figure 11d that the errors
of the K-C formula based on the effective particle diameter proposed in this study are much
smaller (i.e., under 20%), such that the maximum error is 18.4%, whereas the minimum
error is only 0.05%. This clearly establishes that the prediction accuracy of the proposed
method is markedly higher than others.

d

Figure 10. PSD curves adopted with permission from Choo et al. [49] used for permeability testing.

Figure 11. Comparison of the calculated values using four different effective particle diameter
methods: (a) Kozeny’s effective particle diameter method, (b) Carrier’s method, (c) Fedorenko’s
method, and (d) current method proposed in this study.
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For further verification, a larger experimental dataset of 30 laboratory results of hy-
draulic conductivity tests were adopted from Feng et al. [50]. The proposed entropy-based
effective diameter was incorporated into the K-C formula and the hydraulic conductiv-
ity was estimated, which was then plotted against the experimental results, as shown in
Figure 12. It is noteworthy that there are only three points plotted beyond the ±50% error
line from the line of equality. For additional comparison, predictions from other methods
that exceed a ±50% error have been summarized elsewhere by Feng et al. [50].

Figure 12. Verification of entropy-based effective particle diameter implications into K-C model
through permeability test data from literature.

For brevity, out of 30 predictions, Hazen’s [8] model results in 12 plotted beyond the
±50% error line, 9 for Shepherd’s model, 7 for Kozeny–Carman’s [8] model, 9 for Chapuis’
model [1], and 6 for Feng et al.’s [50] model. Not surprisingly, the prediction accuracy of
the hydraulic conductivity for the current model within the ±50% error range reaches 90%,
which is higher than all five methods. Through further comparison, it was found that 17
out of the 30 calculated results of the current method are within the ± 20% error line, which
means that the prediction accuracy within a 20% error range of this method exceeds 56%,
which further shows that the current K-C formula has a higher prediction accuracy.

Given that the proposed effective particle diameter based on grading entropy could
reasonably consider the grading information and particle shape of the soil, it could be
conveniently integrated into existing K-C formula for estimating the hydraulic conductivity
of a larger dataset of natural soils, thus showing a higher prediction accuracy than several
well-accepted existing criteria tested in this study. While the authors still believe that the
standard laboratory procedures remain the most reliable approaches, the proposed model
may be conveniently adopted for only a prompt and preliminary measurement of the
hydraulic conductivity of a soil.

5. Conclusions

Based on the discretization method of an abstract interval system of grading entropy,
a novel approach for determining effective particle diameter was proposed. It was then
compared with the existing effective diameter methods, such as Kozeny’s, Carrier’s, and
Fedorenko’s methods. In addition, the grading entropy-based effective particle diameter
was integrated into Kozeny–Carman’s formula for predicting the saturated hydraulic
conductivity of soils. The specific findings from this study are as follows.

Although both Kozeny’s and Carrier’s effective particle diameters could be applied
to non-uniform soils with an acceptable accuracy, they are sensitive to the discretized
interval size, as the calculation error will become higher with the increase in interval size.
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While effective particle sizes from Hazen (D10), Fedorenko (depending on Cu), and the
median diameter (D50) are easy to compute, they cannot reasonably represent the grading
information of widely and gap-graded soils, thus resulting in large errors. In contrast, the
effective particle size proposed here is based on the grading entropy theory, which can
more accurately represent the grading information of a soil’s PSD than others.

The proposed entropy-based effective particle size was successfully implicated into
the K-C model for determining the saturated hydraulic conductivity of granular soils. This
proposed implication could be comprehensively demonstrated through the analysis of a
large dataset from published studies, thereby showing above 90% and 56% accuracies with
standard errors of up to 50% and 20%, respectively. Nevertheless, the proposed grading
entropy-based effective particle size is expected to have broader implications in other
geo-hydraulic problems, such as internal erosion, where the authors envisage extending
this work further.
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Appendix A. Review of Existing Methods of Effective Diameter Computations

A particle size distribution (PSD) curve is a group of data with continuous characteris-
tics, wherein data are discretized into different groups. However, different discretization
methods may yield different analysis results. Notably, the existing data discretization meth-
ods mainly include the equal width method [50], equal frequency method [51,52], entropy-
based discretization method [53–55], clustering-based method [56], etc. Full et al. [57]
pointed out that a more rigorous approach for analyzing a PSD curve could be through
its discretization using interval classes. Nevertheless, discretization using variable size
interval classes can make up for the defect of equal size discretization, such as sparse data.
Not surprisingly, the existing approaches adopt characteristic methods based on discrete
data with equal size intervals, which may not capture the grading information fully for the
widely and gap-graded PSD curves.

Hazen [28] pioneered the empirical determination of saturated hydraulic conductivity
based on the soil’s particle size corresponding to a 10 percent finer by mass on the PSD
curve (D10). Assuming that the flow through soil is analogous to the pipe flow, it was
proposed that the finer fraction of a soil bears a close relationship with the pore sizes
governing the flow, and hence hydraulic conductivity. Consequently, the particle size D10
was presented as being an approximate representative of soil’s finer fraction and thus the
hydraulic conductivity, while the contributing physical characteristics of soil was given by
an empirical shape factor C, which varies with the soil type. For instance, it varies between
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120 to 150 and 40 to 80 for well-graded coarse sand and very fine sand, respectively. Later,
Fedorenko proposed an effective particle size based on Hazen’s D10 and soil’s uniformity
coefficient, given by Equation (A1):

DF = 1/2(D10 + D60)
√

D10/D60 (A1)

Kozeny [40] discretized the PSD curve into several uniform-sized intervals given by
the number n, with an average diameter of the i-th interval given by Di and the mass
percentage of this interval given by ΔSi. Assuming that all particles have same surface area
and volume ratio:

NπDh
2

NπDh
3/6

=
∑ Gi

γs
6

Di

∑ Gi
γs

=
∑ ΔSi

6
Di

∑ ΔSi
(A2)

Dh =
1

∑ ΔSi
Di

(A3)

where Dh is the effective particle diameter, N is the number of spherical particles in the soil
sample, γs is the unit weight of soil solids, Gi is the specific gravity of soil, and Di is the
mean particle size for adjacent intervals:

Di =
3

1
Di1

+ 2
Di1+Di2

+ 1
Di2

(A4)

Bear [37] proposed an effective particle diameter based on the harmonic mean value
of select particle sizes from the soil’s PSD curve:

Deff = ∑ mi/ ∑(mi/Di) (A5)

Subsequently, Koltermann and Gorelick [38] observed that the harmonic mean value
only bears a good relationship with the finer fraction of a PSD rather than the coarser
fraction. For instance, it may not represent the PSD curves with less fine contents rationally.
However, the geometric mean bears a stronger correlation with the PSD curves that have
larger coarse contents. Similarly, Vienken and Dietrich [41] presented the following formula
for the effective particle size:

de =
0.1

3Δgm
2dm

+ ∑i=n
i=2

Δgi
di

(A6)

where Δgm is the weight of the finer fraction, Δgi is the weight of the i-th class interval, dm

is the diameter of the last fraction, 1
di
= 1

2 ×
(

1
du

+ 1
dl

)
, du is the upper fraction limit, and

dl is the lower fraction limit.
More recently, Carrier [8] proposed an effective particle diameter for non-uniform

spherical particles from soil’s PSD as follows:

Deff = 100%/ ∑( fi/Dave,i) (A7)

where fi is the mass percentage (%) of particles between adjacent interval sizes;
Dave,i = D0.5

li ·D0.5
si , Dli, and Dsi is the larger and smaller fraction size in the i-th inter-

val, and Dave,i becomes the geometric average particle size of the i-th interval. Notably,
Carrier’s calculation procedure is like that presented by Kozney, with the only difference
being in the choice of the size of calculation intervals. In essence, considering the PSD
curve as log-linear in each interval size range, Carrier [8] corrected the calculation of the
geometric average particle size of each interval as follows [46,48]:

Dave,i = D0.404
li ·D0.595

si (A8)
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Abstract: The concrete–rock interfacial transition zone (ITZ) is generally considered the weak layer
in hydraulic engineering, for it is more permeable than the intact concrete or rocks. The water perme-
ability of the ITZ is a critical parameter concerned with structural safety and durability. However, the
permeability and pore structure of the ITZ has not been investigated previously, and the mathematical
model of ITZ permeability has not been established. This study performed multi-scale experiments
on the concrete–rock ITZ with various rock types (limestone, granite, and sandstone). A series of
quantitative and qualitative analysis techniques, including NMR, SEM-EDS, and XRD, characterize
the ITZ pore structures. The controlled constant flow method was used to determine the permeability
of the concrete, rock, and ITZ. The mathematical model of ITZ permeability was proposed using the
fractal theory. The consistency between the experimental data and the proposed model indicates
the reliability of this study. The results of the experiment show that ITZ permeability is between
4.08 × 10−18 m2 and 5.74 × 10−18 m2. The results of the experiment and the proposed model could
determine ITZ permeability in hydraulic structure safety and durability analysis.

Keywords: concrete–rock ITZ; pore structure; permeability; fractal theory

1. Introduction

The concrete–rock interfacial transition zone (ITZ) widely exists in hydraulic engi-
neering, such as arch dams, concrete gravity dams, and tunnels. The concrete–rock ITZ is
characterized by high porosity, poor densification, calcium hydroxide (CH) enrichment,
high permeability, and low shear strength, which is generally considered the weak layer and
adversely impacts hydraulic structures. Thus, research on the properties of the ITZ has been
a hot topic in hydropower engineering projects [1–3]. The durability of the concrete–rock
structure depends on the penetration of water and corrosive ions into the matrix [4]. As
the weakest layer of the whole system, the concrete–rock interface is considered one of the
main flow channels for the erosion solution. The deterioration of the mechanical properties
of the ITZ is vital to the stability of hydropower engineering projects [5].

The macroscopic physical properties of the ITZ are generally dependent on ITZ mi-
crostructures. Therefore, many researchers have conducted experiments to investigate
the mineral composition and microstructures of the ITZ. Wang et al. [6] investigated the
microstructure of the ITZ between the aggregate and cement slurry at different stages.
The results showed that the porosity and micro-fracture length gradually increased while
the average pore size decreased with the curing process. Several researchers [7–11] have
studied the effect of the concrete mixture on the ITZ microstructures by adding silica
fume, nano-silica, rice husk ash, kaolin, slag, fly ash, pozzolan, etc. It is believed that the
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addition of colloids can fill the accumulation pores of cement particles and reduce the
content of calcium hydroxide (CH), increasing the ITZ compactness. The influences of ag-
gregates (including light aggregates, heavy aggregates, different particle sizes and shapes)
on the ITZ microstructural characteristics were discussed by Lin [12], Bentz et al. [13],
and Lyu et al. [14], respectively. The results indicate that the ITZ between the light porous
aggregate and cement slurry generates a denser ITZ microstructure.

Permeability is a crucial parameter closely related to the project’s seepage characteris-
tics and benefits in hydraulic engineering. As a potential leakage channel, the permeability
of the ITZ has been investigated by many researchers. Skalny [15,16] first proposed to
investigate the permeability characteristics of the ITZ by comparing the permeability test
results of pure rock, cement-based and cement slurry–rock. Subsequently, many scholars
have obtained the permeability of the ITZ by this method and proved that the permeability
of the ITZ is far greater than mortar [17,18]. However, some scholars have assumed that
although the permeability of the ITZ is large, it is not necessarily the permeability channel
of the whole structure [15,16]. Since the experimental determination process is deemed
time-consuming, and only some discrete data points can be obtained in the experimen-
tal operation, researchers attempted to use numerical simulation methods and analytical
models to calculate the permeability of the ITZ. Snyder et al. [19] investigated the seepage
mechanism of the ITZ around the spherical aggregate in mortar by the sphere model. Bentz
et al. [13,20] and Zheng et al. [21,22] simplified the aggregates into spherical and polygonal
agglomerates and developed a multiscale spherical stacking model to estimate the effects
of the ITZ thickness, aggregate particle size distribution and aggregate type on the seepage
characteristics of the ITZ. In order to obtain a more realistic three-dimensional model of the
ITZ, Kim et al. [23] used μ-CT images to describe the cement slurry samples with different
porosity by a low-order probability function. They reconstructed a three-dimensional ITZ
microstructure framework with porosity gradients. Li et al. [24,25] constructed the cement
slurry based on the Discrete Element Method (DEM), and the porosity and permeability of
the cement matrix and the ITZ were obtained. Jia et al. [26,27] proposed an effective and
convenient approach to obtain the intrinsic permeability of the tight porous media and
constructed a 3D model, including the fracture penetrating the shale core to simulate the
flow process in the fracture-matrix system realistically. Sun et al. [28] reconstructed the 3D
microstructure image of the ITZ based on SEM imaging technology and obtained the total
porosity, seepage porosity, and permeability of the ITZ using the permeability solving code.

Although the permeability properties and the microstructure characteristics of the ITZ
have been consistently studied, the relationship between permeability and microstructure
has not been established. Most existing permeability models are based on the intrinsic
permeability calculation model of porous media. It was thought that the permeability of
the ITZ is in direct proportion to the porosity, pore connectivity, and pore size [28–30].
Some models considered the effect of simplified ITZ microstructures on permeability [30].
However, the high complex and irregular geometry features have been ignored [31–34].
Many scholars have simulated cement and rock internal pore structures based on a fractal
model; pore structure characteristics can be described by fractal parameters such as fractal
dimensions of the pore surface, pore tortuosity, and fracture surface [35–40]. The studies
provide a theoretical background to the proposed functional relationships between fractal
dimensions and basic macro properties.

The objective of this study was to investigate the permeability of the concrete–rock
ITZ and develop a mathematical model based on the fractal theory. Firstly, most of the
previous microstructure research is focused on the ITZ between the aggregate and cement
slurry. There is a lack of systematic research on the ITZ between the bedrock and concrete
structure, especially concerning the permeability of the ITZ. Secondly, the influence of the
ITZ on the leakage is still uncertain, and some scholars even believe that the ITZ may not be
a seepage channel. Finally, the relationship between the permeability and microstructure of
the ITZ has not been fully established. It was therefore necessary to introduce the micropore
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structure characteristics into the permeability model and quantify the effect of microcracks
and pores on the seepage characteristics in the ITZ.

This study performed macro and micro experiments on the concrete–rock ITZ with
different rock types (limestone, granite, and sandstone). A series of quantitative and
qualitative analysis techniques, including NMR, SEM-EDS, and XRD, were used to char-
acterize the ITZ pore structures and mineralogy. The controlled constant flow method
was used to determine the permeability of the concrete, rock, and the ITZ, improving the
reliability of the test results. Based on the experimental results and fractal theory, the ITZ
permeability model was proposed to relate pore structure parameters and permeability.
The proposed model could provide reasonable permeability parameters for hydraulic
engineering seepage analysis.

2. Materials and Methods

2.1. Sample Preparation

The rocks used in the experiment (sandstone, limestone and granite) were taken from
Huaqi Quarry in Nanjing, Jiangsu Province. Selected bedrocks were cut into 100 × 100 × 50 mm
rectangular and 50 × 100 mm cylindrical specimens with an accuracy control of ±0.1 mm The
compressive strength grade of concrete is C30, prepared by P.O. 42.5 ordinary silicate cement,
standard sand (2.3~3.0 mm) and continuous graded gravel (particle size 3~15 mm). The mixing
proportion of the concrete is shown in Table 1.

Table 1. Concrete grout mixture proportions.

Material Water Cement Crush Stone Sand Admixtures

Concrete 0.36 1 2.824 1.392 0.005

The casting steps were as follows:

(1) The cleaned rock was placed into the molds and the raw materials were prepared
strictly according to the C30 concrete mixing ratio. The weighed cement, sand, stones,
admixtures, and water were poured into the concrete mixer and mixed for 60 s.

(2) After mixing was completed, the concrete was poured sequentially into the steel molds.
Then, the molds were placed on a vibrating table to remove air bubbles from the
samples. Vibrating time should not exceed 30 s to avoid the effect of water secretion.

(3) The composite specimen was dismantled within 24 h, put into a standard curing box
for 28 days, and finally, a cube specimen of 100 × 100 × 100 mm was obtained.

(4) According to the sample size required for the penetration test, a coring machine
was used to take the core from the cube specimen. Finally, a cylindrical example of
50 × 100 mm was obtained. Figure 1 shows the fabrication process of the cylindrical
concrete–rock mixed specimen.

 

Figure 1. Preparation of concrete–rock mixed samples.
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2.2. Permeability Test and Procedure

After sampling was completed, bedrock-concrete samples were selected and a laser
controlled cutting machine was used to cut the samples into the size required by the macro
and micro test instruments. As shown in Figure 2, the operation method for each test was
as follows:

Figure 2. Macro and micro test schemes.

The size of the X-ray Diffractometer (XRD) test sample was powder with a particle
size less than 0.0075 mm. The cement slurry of the ITZ was ground into powder and then
placed in a drying oven at 45 ◦C for 12 h until it reached a constant weight. Then, it was
placed on the observation lens in the Ultima IV observation cavity. The diffraction angle
range was 5~80◦ and the scanning speed was 3◦/s. Finally, the phase content of the ITZ
was obtained.

• The samples for the scanning electron microscope-energy spectrum analysis (SEM-
EDS) were a cube of 10 × 10 ×10 mm, and the sample contained both rock and concrete.
Then, the samples were dried in a drying oven at 45 ◦C for 12 h to a constant weight.
The samples were scanned using a SU3500-HITACHI SEM-EDS at an accelerating
voltage of 3000 V. The image was focused, adjusted, and photographed at different
magnifications. Under the observation condition of magnification of 500, a regular
line was drawn in the adjacent area of rock and concrete. The starting point of the
standard line was inside the rock, and the endpoint was inside the concrete slurry. The
length of the entire element distribution observation line was within 800 μm.

• The samples for the Nuclear Magnetic Resonance (NMR) were a 2~3 mm block mortar
of ITZ, and the samples were saturated with vacuum-saturation equipment (type:
MesoMR12-040H-I). Subsequently, the saturated samples were wrapped in plastic film
and placed inside the sample chamber. After finding the appropriate center frequency,
the proper relaxation time and echo time were selected according to the sample and
the pore size distribution curve was obtained. Finally, the porosity and pore size
distribution curve of the samples were obtained by inversion.
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• The samples for the macro test were cylindrical specimens of 50 × 20 mm. Firstly,
the samples were saturated with vacuum-saturation equipment. Subsequently, the
saturated samples were placed inside the pressure chamber of cement-based ma-
terials steady-state permeation test equipment. According to the project operation
environment, the seepage pressure was set at 2 MPa until the test ended.

3. Results

3.1. Pore-Structure of Bedrocks and Concrete

The porosity of limestone, granite, sandstone, and concrete is 0.52~0.64%, 0.31~0.48%,
16.5~17.8%, and 4.27~4.95%, respectively. Figure 3 shows the pore size distribution charac-
teristics of the bedrock and concrete matrix. As shown in Figure 2, the pore size distribution
of limestone ranged from 0.000802 to 4.709 μm with a peak size of 0.05 μm. In comparison,
the pore size ranged from 0.03212 to 23.246 μm and from 0.001216 to 40.510 μm for sand-
stone. Compared with limestone, the pore size distribution of granite and sandstone drifts
to the large pore, and the peak sizes are about 1μm and 3μm, respectively. The pore size of
concrete ranged from 0.000429 to 0.0341 μm; 90% of the pore diameters are concentrated
within 0.03 μm.

  
× −

μ
× −

μ

  μ
× − × −

μ

Figure 3. Comparison of pore size distribution of rock.

This study used Jullien’s aperture classification method [41]. Pores were divided into
gel pores (0.00~0.01 μm), medium capillary pores (0.01~0.05 μm), large capillary pores
(0.05~10.00 μm), and macropores (>10 μm). Figure 4 gives the pore size distribution ratios of
three types of rocks and concrete. Granite and sandstone have similar pore size distribution
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curves, mainly composed of medium and large capillary pores (more than 90%). While
limestone contains more gel pores, it has a smaller average pore size.

 μ

Figure 4. Mortar pore size proportion around rock and concrete.

Since sandstone and granite contain more medium and large pores, the cement slurry
will penetrate into the pores near the bedrock interface and accumulate in the rock joint’s
surface area, forming a better interface structure. Limestone contains more gel pores
than granite and sandstone, which leads to poor bonding of the concrete–rock interface.
However, the infiltration of cement slurry is also affected by porosity. Therefore, the
microstructure characteristics of different concrete–rock interface transition zones need
further study.

3.2. Calcium Compounds of ITZ

The bonding behavior between the rock and concrete is determined by the density
of the ITZ and the content of calcium silicate hydrate (CSH) [42]. In order to investigate
whether different phase compositions on the ITZ are related to rock types, the difference in
hydration products on the surface was monitored by XRD. The XRD patterns in the range
of 5–80◦ 2θ form the granite–concrete, sandstone–concrete, limestone, and concrete surface
powders in Figure 5 with the same intensity scales. The crystalline phases identified in
the ITZ include some typical cement hydration products, such as calcium hydroxide (CH),
calcium silicate hydrate (CSH), and ettringite (Aft). The main hydration products are CSH
gel, which is in line with the finding from [43].

 

♦

♦

♦•

♦

♦

♦
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θ

•
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Figure 5. XRD patterns of concrete and ITZ.
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Furthermore, the cement hydration products of concrete and the ITZ of rock and
concrete are given in Figure 6. Previous studies have shown that the more CSH gel
was formed, the denser ITZ was formed, and the more CH was formed, the higher the
permeability of the ITZ [44,45]. XRD analysis shows that the content of CSH gel in the
ITZ of concrete–rock is less than that of the cement slurry inside the concrete. This is
because rock hinders the migration of water in the cement slurry, which makes water
accumulate in the surface area of rock and forms a water film, providing a channel for the
rapid migration of calcium ions, sulfate ions, and hydroxide ions. These ions eventually
enrich at the rock interface and produce large amounts of calcium hydroxide and ettringite.
The specimen around sandstone has the most hydrated products of CSH and has a lesser
number of CH. In contrast, there is the least amount of CSH and the most amount of CH in
the ITZ of limestone–concrete. The sandstone has the worst compactness from the pore
structure characteristics of the three types of bedrock (the most significant porosity). The
water absorption rate is much higher than that of limestone and granite, resulting in the
lowest water–cement ratio in the sandstone–concrete interface transition zone. Compared
with granite, limestone has the best compactness (minimum porosity), but macro pores
dominate its pore size distribution. A larger pore can provide more contact surfaces and
generate more CSH gel to fill micro-cracks and pores.

 

•

♦

Figure 6. Content of Calcium compounds.

3.3. Thickness of ITZ

The content of CH in the ITZ was higher than the cement in the concrete, resulting in
a region near the aggregate containing predominately fine particles and having a higher
porosity [46]. Figure 7 shows the SEM images of concrete, limestone–concrete ITZ, granite–
concrete ITZ and sandstone–concrete ITZ. In particular, three magnifications 100×, 500×,
and 5000× were tested. As shown in Figure 7a, CSH gel, Aft and CH were formed on
the concrete surface. The SEM images (Figure 7b) show no apparent boundary between
limestone and concrete. However, at 5000× magnification, fractures can be easily observed,
and the fracture width is measured at 1.08~1.35 μm. Compared with the limestone–concrete
ITZ, the granite surface is layered and granular, strengthening the connection between
rock and concrete. There is cement slurry immersion between the quartz and particle.
We observed that a small amount of calcium hydroxide crystals were filled between the
quartz particles so that the micro-cracks could not penetrate the entire observation area.
The original “crack” is split into two pores with a diameter of about 3 μm. As for ITZ
of sandstone and concrete, the interface area can be clearly observed due to the massive
difference in pore size and pore structure between sandstone and concrete. There are
no apparent pores on the surface of the concrete, and the shape is very dense, while the
sandstone side is composed of pores and sandstone particles. The pores between the
sandstone particles were covered with a cement hydration product. This result is consistent
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with typical laws of the aggregate influence on the micromorphology of the ITZ reported
in the literature [7].

 

Figure 7. SEM images of ITZ microstructure at different magnifications: (a) C; (b) LC; (c) GC; (d) SC;
“A”—aggregate, “Q”—quart particles.

The hydration products in granite–concrete and sandstone–concrete specimens are uni-
formly filled with residual pores. They form a dense microstructure, especially sandstone–
concrete, which can improve the permeability of the ITZ. On the contrary, the remaining
pores in limestone are more significant than other pores. The hydration products such as
CSH gel and Ca(OH)2 cannot fill up the remaining pore, which leads to a relatively loose
microstructure. This is because the macroscopic pores inside the granite and sandstone
increase the interface roughness. The rough interface restricts the shrinkage and deforma-
tion of the cement slurry during the hardening process, reducing the number of cracks in
the ITZ region, and forming a better structural interface [47]. Therefore, under the three
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bedrocks, the sandstone–concrete interface has the tiniest cracks, followed by granite and
limestone cracks developing the most.

Furthermore, the specimens with three different types of rock were measured using
SEM-EDX, and the test results of Ca and Si are shown in Figure 8. The horizontal axis
represents the distance from the rock to bulk cement paste in concrete, and the vertical
axis is the mass element ratio. According to the linear distribution of Ca and Si elements
in the ITZ region, the ITZ thicknesses of LC, GC, and SC are 155 μm, 105 μm, and 95 μm,
respectively. By using granite, Xie et al. [48] observed similar results that the width of
the ITZ is extended from around 60~150 μm. Moreover, the LC sample has the widest
thickness. The mineral composition and surface structure of rock will affect the generation
and growth of hydration products, especially for CH and Aft [45]. Combined with the ITZ
XRD and SEM results, the difference in the micromorphology and phase content can lead
to the difference in the thickness in the ITZ.
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Figure 8. Comparison of SEM-EDS test results of concrete–rock interface; (a) limestone–concrete;
(b) granite–concrete; (c) sandstone–concrete.

3.4. Pore Structure of ITZ

Referring to the research method of the ITZ pore structure in the literature [7], the pore
characteristics of the mortar between 2 to 3 mm around the rock were measured by NMR
imaging system to characterize the influence of different types of rock on the pore structure
of the ITZ. The results are shown in Figure 9.
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Figure 9. Pore size distribution of ITZ.

The total porosity measured by NMR is summarized in the table in Figure 9. The
cement slurry is composed of less porosity than the ITZ. Of all the samples examined,
the ITZ between limestone and concrete had the largest porosity at 7.56~8.56%, followed
by granite–concrete samples, which were between 7.21 and 7.43%, and the porosity of
the sandstone–concrete samples was the smallest at 6.09~7.54%. This may be caused by
the different micro-roughness of the rock foundation. Existing research shows that the
micro-roughness also dramatically influences the formation of the ITZ. It is believed that
the delicate pores on the surface contribute to the production of hydration product crystals,
forming a state of interlaced occlusion [49]. There are many macro and micro pores between
sandstone particles, which provide much space for the growth and infiltration of cement
slurry hydration products, improving the physical bonding performance between rock and
cement slurry, obtaining the optimal interface transition zone. As for limestone and granite,
the ITZ porosity of their bedrocks is similar, and the former is slightly larger than the latter.
This is because the porosity of the two bedrocks is identical, while the pore size distribution
is somewhat different, and granite contains more medium and large capillary pores, which
increases the micro-roughness of the bonding surface and forms a better ITZ.

Figure 9 illustrates the pore size distribution curves of the different rock ITZs. The
pores of the mortar around the limestone, granite, and sandstone are distributed in the
range of 0.859~61.1 nm, 0.739~55.4 nm, and 0.698~29.64 nm, respectively. These test results
are similar to the pore size distribution curve measured by Wu et al. [50] for the ITZ of the
aggregate–cement slurry interface, and the pore size was concentrated between 1 nm and
100 nm. Compared with the specimen of concrete, the pore size distribution curves of the
ITZ around the limestone and granite shift to the right (to a larger size), the proportion
of harmless pore around the rock decreases, and the pore size of the mortar around the
limestone and granite are similar. However, for the cement slurry on the limestone side,
with more pore content and large critical pore size, this may be attributed to the pores of
mortar around the limestone and are not refined. For the cement slurry on the sandstone
side, the pore structure of the transition zone was significantly improved compared to the
matrix and the other two types of bedrock. The result is similar to the observation result of
the light aggregate–cement slurry interface [51].

3.5. Permeability of ITZ

The permeability of the rock, concrete and concrete–rock mixed samples can be ob-
tained through the permeability test, but the permeability of the ITZ needs further calcula-

56



Fractal Fract. 2022, 6, 329

tion. Rock and concrete are two materials with different properties, similar to the stratum
composed of different thin layers. The concrete–rock samples can be regarded as a layered
porous medium for the one-dimensional seepage in the seepage test. Figure 10 shows the
layered porous medium. Assume that K1, K2, and K3 are the permeability coefficients of
the concrete layer, the rock base layer, and the bonding surface layer, respectively, and b1,
b2, and b3 are the corresponding layer thicknesses. Using Darcy’s law to calculate the traffic
Q of each layer, the total traffic should be equal to the sum of the traffic of each layer:

Q =
3

∑
i=1

Qi =
3

∑
i=1

KibiL
ΔP
L

(1)

where L is the seepage length, ΔP
L is the hydraulic gradient, constant during calculation.

Q1

Q2

Q3

K1

K2

K3

L

Qb

P

b1

b2

b3

Figure 10. Schematic diagram of the flow of layered porous media along with the layer.

It is assumed that the sample has an equivalent permeability coefficient KP, under the
same hydraulic gradient, there should be the same flow through the sample:

Q = KPJA = KPbL
ΔP
L

(2)

Combining Equations (1) and (2), we obtained:

KP =

3

∑
i=1

Kibi

b
(3)

Since the permeability of sandstone is much higher than that of concrete and the ITZ,
the permeable porous medium preferentially penetrates from the sandstone side during
the test. The permeability of the ITZ cannot be obtained through sandstone, concrete, and
sandstone–concrete binary samples. Therefore, the permeability of the ITZ in sandstone–
concrete is not analyzed here. Up to now, many scholars have carried out experimental
research on the permeability of granite and limestone and given the permeability test data
of rock samples with different porosity, as shown in Figure 11. In the following studies,
water was used as the permeable fluid. Compared with the results of this experiment, the
limestone porosity range of Li et al. [52] was more extensive (1~9%), resulting in higher per-
meability. Selvadurai et al. [53,54] selected the limestone porosity in the range of 0.33~0.46%,
and the permeability obtained in the test ranged from 1.17 × 10−20 m2 to 6.5 × 10−20 m2.
The porosity of the limestone samples selected in this paper was 0.52~0.64%, which is
similar to the limestone selected by Selvadurai, so the obtained results are also similar
(3.34 × 10−20~4.12 × 10−20 m2). Figure 11 also plots the permeability test results of granite
with different porosity (0.3~1%) by Chen et al. [55], Feng et al. [56], He [57], Jiang et al. [17],
and Tian et al. [58], which were consistent with the permeability of granite in this experiment.
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Figure 11. Comparison of the experimental data with the results of other scholars on limestone
and granite.

Figure 12a presents the permeability test results for limestone, concrete, and
limestone–concrete binary specimens. Under the same seepage pressure, when the per-
meability coefficient tends to be stable, the permeability of the limestone–concrete binary
specimen is significantly larger than that of the limestone or concrete specimen alone.
Considering the existence of the transition zone at the limestone–concrete interface, the
overall permeability of the binary sample increases by 30.1%. Based on the above results,
the permeability coefficient of the ITZ was further calculated according to Formula (3). As
shown in Figure 12, the ITZ permeability was 10−18 m2, two orders of magnitude larger
than rock and concrete. Therefore, the limestone–concrete ITZ contributed most of the
seepage channel of the sample.

  
(a) (b) 

×
− ×

−
−

Figure 12. Comparison of permeability test results of different types of rock, concrete and binary
specimens, (a) limestone, (b) granite.

Figure 12b presents the permeability test results for granite, concrete, and granite–concrete
binary specimens. From the figure, it can be seen that under the same test conditions, the
penetration test results of the granite–concrete binary specimen and the limestone–concrete
binary specimen were similar. The permeability of the binary samples was greater than that of
the granite or concrete samples alone. The ITZ penetration is much greater than the permeability
of the matrix on both sides of the interface. However, compared with the limestone–concrete
binary test, granite with minor porosity bonded with concrete to form samples with lower
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permeability. Combined with the SEM observation results, it is believed that the bonding of
granite and concrete creates a better ITZ, which optimizes the impermeability of the binary body.

4. ITZ Permeability Model Based on the Fractional Theory

Most of the empirical formulas used to verify the permeability of the ITZ are estab-
lished based on the fluid flow in porous media. First, they ignore that there are many
micro-cracks at the concrete–rock interface, especially for the interface with poor bonding.
Secondly, the median pore roar content and its connectivity are vital parameters determin-
ing permeability. The pore content in the porous media permeability model needs to be
corrected. Based on the pore structure characteristics of the ITZ, we propose a dual-porosity
medium model including fractures and pores. Figure 13 shows the schematic diagram of
water transport in ITZ. Considering that the existing permeability models contain param-
eters with no apparent physical meaning, a permeability model of dual-porosity media
based on the fractal theory was proposed.

Figure 13. Schematic diagram of water transport in ITZ.

The pore size distribution was assumed to obey the following fractal power law:

N(λ ≥ r) =
∫ rmax

r
P(r)dr = (rmax/r)Df (4)

where N is the number of holes, λ and r is the pore radius, Df is the fractal dimension of
pore distribution, P(r) is the pore distribution probability function:

P(r) =
[
(rmax/r)Df

]′
= Df r

Df
maxr−(Df +1) (5)

According to the fractal distribution of pores on the interface, the total pore area of the
cross-section can be calculated by the following formula:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Ap =
∫ rmax

rmin

π

4
r2dN =

πDf r2
max

4
(

2 − Df

) (1 − φ) capillary

Ap =
∫ rmax

rmin
redN =

Df ermax

1 − Df

(
1 −
(

rmin

rmax

)1 − Df
)

crack

(6)

where φ is the porosity, e is the aperture of the crack
Relationship between porosity and fractal dimension of porous media:

Df = dE − ln φ/ ln(rmin/rmax) (7)

Porous media of rock and concrete are usually defined as a structure composed of
pores of different sizes, randomly distributed in space and maybe randomly connected to
form curved capillary channels. The tortuosity of the capillary pores is defined as the ratio
of capillary real length Lτ(r) to actual length L0. According to Yu et al. [59]:

Lτ(r) =
LDT

0
rDT−1 (8)
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τ(r) =
Lτ(r)

L0
=

(
L0

R

)Dτ−1
(9)

The bending fractal dimension DT is used to describe this bending degree in the
fractal model:

τav =
∫ rmax

rmin
τ(r)P(r)dr =

Df

(Df + DT − 1)

(
N

rmin

)DT−1

DT= 1 +
ln{[τav(Df + DT − 1)]/Df}

ln(N/rmin)

N
rmin

= rmax
rmin

√
π
4

Df
2 − Df

(1 − φ)
φ

(10)

where τav is average curvature, τ(r) is the curvature of a pore with a diameter of r, other
parameters are consistent with the above annotations.

According to the existing tortuosity calculation model, the average tortuosity of the
sample is obtained, and the tortuosity fractal parameter DT of the porous medium is
obtained by simple iterative calculation combined with Formula (10).

For two different materials, rock and concrete, due to the difference in the microstructure
and phase composition of the two, a weak area will be formed near the bonding surface.
Assuming that the rock base surface is composed of a series of tree-like fracture meshes, there
is a fractal proportional relationship between the number of fractures and the fracture gap.
According to Xu [60], the flow in the fractal tree-like crack network can be expressed as:

q1 =
er2+DT

(2 + DT)21+DT LDT−1
0

ρg
μ

Δp
L0

(11)

where ρ is the density of water, g is the gravitational acceleration, μ—the viscosity coefficient
of water, Δp is the difference value of pressure.

According to the above fractal theory:

Q1 =
∫ rmax

rw
q(r)P(r)dr =

eDf rmax
D f

l0DT−1(2 + DT)21+DT

ρg
μ

Δp
l0

∫ rmax
rw

r1+DT−Df dr

=
eDf r2+DT

max

(2 + DT)21+DT lDT−1
0

ρg
μ

Δp
l0

1
2 + DT − Df

(
1 −
(

rmin
rmax

)2+DT−Df
) (12)

According to Darcy’s Law:

Q1 = k
ρg
μ

Δp
L0

A (13)

Combine the above formulas:

k f =
φ1

(
1 − Df

)
r1+DT

max

(2 + DT)
(

2 + DT − Df

)
21+DT lDT−1

0

[
1 −
(

rmin
rmax

)2+DT−Df
]

[
1 −
(

rmin
rmax

)1−Df
] (14)

In the ideal hydrodynamic model, based on the Hagen–Poisseuille law governing
steady flow, the single-width flow rate of liquid flow in a capillary is:

q2 =
πr4

8
ρg
μ

Δp
L

(15)

For the wide range of pore size distribution in the concrete material, pores in some
pore size ranges contribute in a minor or even negligible way to the material’s permeability.
Adopting Jullien’s [41] pore size classification method, pores between 0.01 and 10 μm
are capillary pores that affect material permeability. Therefore, when the permeability
classification model calculates the material’s permeability, the pore structure parameters
(effective porosity, irreducible water ratio) need to be screened and corrected.
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Calculation of effective porosity:

φ′ =
Vpore

V
=

∫ rmax
rw

πr2L0P(r)dr

L0 A
= φ

1 −
(

rw
rmax

)2−Df

1 −
(

rmin
rmax

)2−Df
(16)

where φ′ is the effective porosity of the material, Vpore is the effective pore volume, V is the
overall volume of the material, rw is the minimum pore size that affects the permeability of
the material.

The proportion of pores with a pore size smaller than rw:

sw =
Vw

Vpore
=

r
3−DT−Df
w − r

3−DT−Df
min

r
3−DT−Df
max − r

3−DT−Df
min

(17)

where Vw is the volume occupied by pores with a pore size smaller than rw.
According to the pore size distribution characteristics of the concrete, the flow in a

single capillary is integrated to obtain the total flow of material:

Q2 =
∫ rmax

rw
q(r)P(r)dr =

ΔpρgπDf r
D f
max

8μLDT
0

∫ rmax
rw

r2+DT−Df dr

= ρgΔp

8μLDT
0

πDf r
D f
max

3 + DT − Df

(
r

3+DT−Df
max − r

3+DT−Df
w

) (18)

Combining Equation (17) and Equation (18), we obtained:

kp =
(2 − Df )r

D f −2
max

2(3 + DT − Df )LDT−1
0

φ′
1 − φ′

(
r

3+DT−Df
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3+DT−Df
w

)
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⎫⎬
⎭

(19)

Finally:

k = k f + kp =
φ(1−Df )r1+DT

max

(2+DT)(2+DT−Df )21+DT lDT−1
0

[
1−( rmin

rmax )
2+DT−D f

]
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(
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)3−DT−Df
)] 3+DT−D f

3−DT−D f

⎫⎬
⎭

(20)

Table 2 lists some of the models available for the porous media permeability estimation:
the fracture model proposed by Monachesi and Guarracino [61], the pore model proposed
by YU B [62] and the XY model proposed by Xu and Yu [63] based on the KC model. The
comparison between the calculated results of those models and the experimental data
reported in Section 3.4 is shown in Figure 14. The results show that the permeability values
calculated from the proposed model, pore model, KC model, and XY model were close to
the experimental data, with the order 10−18 m2. They were noted that the fracture model
gave a worse result than others. It may be that the fracture model ignores the tortuosity
of the permeable channel, assuming that the permeable channel is a simple cross model.
However, the ITZ texture consists of mineral grains of various shapes and sizes, and its
pore structure is highly complex.
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Table 2. Some of the models for porous media permeability estimation.

Model Equation Reference

Fracture model
k =

φ
(

2 − Df

)
r2

max

12
(

3 − Df

)
[

1 −
(

rmin
rmax

)3−Df
]

[
1 −
(

rmin
rmax

)2−Df
] Monachesi and Guarracino (2011) [61]

Pore model k =
2 − Df

8τ
(

4 − Df

) 1 − φ

φ
r2

max
Yu (2008) [62]

XY model
k =

(
πDf

)(1−DT)/2[
4
(

2 − Df

)](1+DT)/2

32(3 + DT − Df)

(
φ

1 − φ

)(1+DT)/2
r2

max
Kozeny (1927) [62]; Xu and Yu (2008) [63]
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−

Figure 14. Comparison between measured permeability, the proposed model and other models
available in the literature.

Figure 15 shows the calculated deviation results. The deviation for the proposed
model, pore model, and XY model was calculated to be 0.21 × 10−18 m2, 1.325 × 10−18 m2,
and 1.369 × 10−18 m2, respectively. The representative comparison shows that the proposed
model provides a perfect prediction with experimental data and those predicted from the
other models.
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Figure 15. Comparison of calculated deviation results.
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Figure 16 shows the percentage of permeability of micro-fractures and pores for sam-
ples. For all samples, the penetration caused by micro-fractures accounts for more than
50% of the total penetration, which indicates that micro-fractures have a more signifi-
cant effect on fluid flow than a pore in the transition zone of the concrete–rock. For the
lim-stone-concrete samples, the contribution of micro-fractures to the penetration reaches
up to 82%. The calculation result supports that the bedrock with higher macropore content
provides more space for cement slurry infiltration and reduces the number of microcracks.
Little research compares the effects of microcracks and pores on permeability, but the
above observation results are consistent with the current experimental and theoretical
results [64–66].

 

Figure 16. Percentage of permeability of different pore media.

5. Conclusions

This study investigated the effect of rock types on the calcium compounds, thickness,
pore structures, and permeability of the ITZ. The main intention was to quantitatively
describe the microstructure characteristics of the ITZ to understand the link between
microstructure and macro seepage properties. The main conclusions are as follows:

(1) The main hydration products in the concrete–rock ITZ are CSH gel, CH, and Aft. The
CSH gel content in different ITZs is between 72.5 and 75.1%, less than the cement
slurry in the concrete, which is 88%. The sandstone–concrete ITZ has the highest
CSH content and lowest CH content. In contrast, the limestone–concrete ITZ has the
highest CH content and lowest CSH content. The CSH content is closely related to the
rock particle size. The ITZ formed by coarse-grained rocks has high CSH content.

(2) The thickness of concrete–rock ITZ is between 95 and 155 μm, the porosity is between
6.09 and 8.59%, and the pore size distribution is between 0.698 and 61.6 nm. Compared
with the cement slurry–aggregate ITZ, the concrete–rock ITZ has more micro-cracks
and larger thickness, while its range of pore size decreases. The difference in the micro-
morphology and phase content leads to the difference in the thickness in the ITZ.

(3) The porosity and pore size distribution properties of bedrock have significant ef-
fects on the microstructure characteristics of the ITZ. The microstructure of the
sandstone–concrete ITZ is the densest, followed by granite–concrete ITZ, and the
limestone–concrete ITZ is the loosest. Macro-pores increase the roughness of the
interface, which will limit the shrinkage and deformation of cement slurry in the
hardening process, reduce the number of cracks in the ITZ area, and form a better
structural interface.

(4) The impermeability of sandstone and concrete binary structure is not affected by
the existence of a bonding interface. However, when limestone and granite (low
porosity) are used as bedrocks, the ITZ has a significantly higher permeability. The
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ITZ permeability between 4.08 × 10−18 m2 and 5.74 × 10−18 m2 was two orders of
magnitude larger than the permeability coefficient of rock and concrete.

(5) The fractal permeability model in this study relates to the micropore structure. The
proposed model provides a perfect prediction with experimental data and those
predicted from the other models. It is pointed out that the contribution of microcracks
to the permeability of the ITZ cannot be ignored.

In hydraulic engineering, the concrete–rock ITZ is often subjected to erosive ions and
calcium leaching. During long-term service, the permeability of the ITZ is not constant.
The evolution of the permeability of the ITZ is critical to project safety and benefits. The
evolution of permeability under complex long-term conditions needs to be further studied.
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Abstract: Over time and across space, the hydraulic conductivity, fractal dimension, and porosity of
embankment soil have strong randomness, which makes analyzing seepage fields difficult, affecting
embankment risk analysis and early disaster warning. This strong randomness limits the application
of fractal theory in embankment engineering and sometimes keeps it in the laboratory stage. Based
on the capillary model of porous soil, an analytical formula of the fractal relationship between
hydraulic conductivity and fractal dimension is derived herein. It is proposed that the influencing
factors of hydraulic conductivity of embankment soil mainly include the capillary aperture, fractal
dimension, and fluid viscosity coefficient. Based on random field theory and combined with the
embankment parameters of Shijiu Lake, hydraulic conductivity is discretized, and then the soil fractal
dimension is approximately solved to reveal the internal relationship between hydraulic gradient,
fractal dimension, and hydraulic conductivity. The results show that an increased fractal dimension
will reduce the connectivity of soil pores in a single direction, increase the hydraulic gradient, and
reduce the hydraulic conductivity. A decreased fractal dimension will lead to consistency of seepage
channels in the soil, increased hydraulic conductivity, and decreased hydraulic gradient.

Keywords: fractal dimension; hydraulic gradient; random field; hydraulic conductivity; porosity

1. Introduction

The development of fractal theory provides a new theoretical basis for the study of
soil with a complex internal structure [1,2]. Fractal theory is widely used in research on
geotechnical materials as a theoretical method to describe the geometric characteristics of
porous media [3,4]. There are extensive experimental data and theoretical research in this
field showing that the pore distribution in soil has obvious fractal characteristics [5,6]. At
present, the research mainly focuses on the pore–solid model, while there is less research
on the seepage–fractal model.

Soil is a loose, porous three-phase medium composed of soil particles, air, and water.
Soil particles form the skeleton of soil, while air and water exist in the interconnected
pores between soil particles in the soil. In nature, the hydraulic parameters of soil have
strong spatial variability at different scales. The pore structure and its connectivity are very
complex, and pore scale ranges from millimeters to microns. The process of fluid migration
depends on the multiscale pore structure of soil [7,8]. Wang [9] measured the pore size
of soil with high-resolution computed tomography (CT) imaging technology, calculated
the soil porosity, reconstructed the soil pores in three-dimensional space, and studied the
spatial distribution law of soil pores based on their fractal characteristics. Rainfall will
introduce changes to the pore structure in the soil surface, and soil particles’ transportation
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caused by infiltration will clog soil pores and reduce the porosity of surface soil, causing a
continuous change in soil pore micro characteristics consequently affecting the mechanical
properties of soil [10]. The pore structure of soil is affected by many factors, and soil
conditioner can significantly increase the number of macro and small pores to improve the
soil structure and porosity [11].

Seepage refers to the phenomenon of pore water in the soil flowing through the inter-
connected pores in the soil particle skeleton under the action of water [12]. Soil permeability
represents the ability to allow water or other fluids to flow through its interior. The study
of soil permeability is very important in many engineering fields, including studies on
the seepage instability of embankments, waterproof foundation pits, etc. [13–15]. There
are interconnected pores in the soil particle skeleton, which explains the soil permeability.
Therefore, the shape, size, and connection mode of pores have an important impact on the
permeability of the soil. Many scholars around the world have done meaningful research on
the characteristics of soil permeability; they have explored the internal connection between
hydraulic conductivity and other physical parameters and tried to establish a model to
determine the hydraulic conductivity [16,17].

Soil particle size distribution refers to the percentage of particles of different sizes in
the total particles. It is one of the basic parameters of soil and has a strong impact on the
hydraulic properties. Graded entropy can be used to represent the particle size distribution
of soil. Through soil particle size, the relationship between hydraulic conductivity and
graded entropy can be established. This approach can be applied to predict the hydraulic
conductivity of various soils [18].

Darcy’s law describes the linear function between the seepage velocity of water in
saturated soil and the hydraulic gradient, also known as the linear seepage law. However,
according to test results, this linear function is only applicable under certain conditions.
With increased soil viscosity, the linear relationship no longer exists. Therefore, a new
method is needed to calculate the hydraulic conductivity of cohesive soil. The plasticity
index, average pore diameter, and particle size distribution of cohesive soil affect its perme-
ability, resulting in changes to the hydraulic gradient and seepage velocity. The function
describing the relationship between these influencing factors and hydraulic conductivity
can be obtained with the single factor test. Scholars have studied the internal relationship
between the physical indices and hydraulic conductivity of cohesive soil and have tried to
find the optimal method to calculate the hydraulic conductivity [19].

Stress in the soil causes consolidation and deformation, which leads to changes in the
pore structure and affects the distribution of hydraulic conductivity. This phenomenon
is more obvious in the construction of pile foundations [20]. The pore fractal dimension
refers to the size and development degree of pore channels, indicating the distribution
characteristics of soil pores [21]. In the process of seepage failure in porous media, movable
fine particles are continuously lost from the pore channels, and physical and mechanical
parameters such as hydraulic conductivity, porosity, and the nonuniformity coefficient
change, resulting in changes to the fractal dimension [22–25]. Studying the fractal character-
istics of porous soil seepage and predicting and controlling the formation and development
of seepage failure are significance for the long-term and safe operation of dam engineering.
Capillary curvature, pressure, and wall roughness are closely related to soil hydraulic con-
ductivity. When the capillary structure changes, the fractal dimension changes. Therefore,
hydraulic conductivity can be expressed as an equation of capillary state and the fractal
dimension [26]. Computer tomography and three-dimensional modeling technology can
eliminate the influence of geometric size, establish relationships between soil parameters
and the fractal dimension, reflect the fractal characteristics of the model in real time and
reduce the error [27]. Meanwhile, the shrinkage crack caused by water loss changes the
fractal characteristics, and permeability is obviously affected [28]. The expansive agent
reduces the cracks of porous media, and leads to the decrease in permeability [29,30]. Soil
properties can be explained by fractal theory; however, under the action of many factors,
soil physical indices are not ideally fractal [31]. For complex models, the fractional Adams–
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Bashforth method can quickly obtain the approximate solution, which plays a positive role
in the application of fractal theory [32].

At present, the study of seepage by fractal theory is less related to the permeability
of embankment soil. Research on hydraulic conductivity, hydraulic gradient, and its
influencing factors is still insufficient, and the functional relationship between hydraulic
conductivity, hydraulic gradient, and fractal dimension needs to be studied further. Based
on the fractal characteristics of embankment soil, an analytical formula of the relationship
between hydraulic conductivity, porosity, and fractal dimension is derived. Considering the
influence of randomness, the seepage fractal model of embankment soil was established.
Combined with engineering practice, the relationship between hydraulic conductivity,
hydraulic gradient, and fractal dimension was further studied, and the internal relationship
between seepage failure and fractal dimension of porous media soil is revealed.

2. Methodology

2.1. Hydraulic Conductivity Based on Pore Radius and Fractal Dimension

Soil is a typical porous medium. Spaces without a solid skeleton are called pores,
which are occupied by liquid or gas, and are connected to each other to form channels.
Water can flow through these pores in the soil. Therefore, the structure and scale of pores
affect the hydraulic characteristics of the soil.

When there is seepage failure of soil, such as with piping, movable fine particles are
continuously lost from the pore channels, resulting in changes in pore size and internal
structure, and then in the fractal dimension of the soil. Under the action of seepage, some
soil particles are brought to other positions by the seepage water, and the pore radius
and permeability of soil change. It can be seen that pore size has an effect on the fractal
dimension and hydraulic conductivity, resulting in a function that describes the relationship
between them.

Hydraulic conductivity reflects the permeability of porous medium. Due to the
irregularity and complexity of soil structure, a unified analytical mathematical formula
cannot be used to express hydraulic conductivity at present. In engineering, some empirical
values or formulas are usually used, or hydraulic conductivity is determined according
to indoor geotechnical tests, in situ tests, and numerical test inversion. Considering that
soil particles and pores show fractal characteristics from the atomic scale to grain size, the
micro pore structure of soil is analyzed, and the analytical relationship between fractal
dimension and hydraulic conductivity and porosity is deduced to further explore seepage
and fractal characteristics of porous soil media.

In order to describe the characteristic of soil, a cluster of capillaries with different
radiuses is introduced to simulate the pores in soil. Take a cylinder in the soil with a radius
of R and a length of L. Suppose that in the cylinder, interconnected pores can be replaced by
capillaries, and the radius (r) values of capillaries differ from each other. When the capillary
radius satisfies rmin < r < rmax, the total number of capillaries with radius greater than r in
the unit section of soil approximately obeys Equation (1) [33]:

M(rc > r) = RD · r−D (1)

where D is the fractal dimension of capillaries in porous media. Since capillaries are
composed of interconnected pores, their fractal dimension is equivalent to the fractal
dimension of pores in porous media. R and r are the radius of the cylinder and capillary.
The fractal dimension of capillaries in soil can be obtained by Equation (2):

D = d − ln n
ln(rmin/rmax)

(2)

where d is the fractal dimension of Euclidean space, and n is the porosity of porous media.
Obviously, the fractal dimension of a plane in Euclidean space is 2, and the fractal dimension
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of capillaries in soil meets 1 < D < 2. The fractal dimension of three-dimensional Euclidean
space is 3, and the fractal dimension of capillaries in soil meets 2 < D < 3.

By differentiating Equation (1), when the capillary radius changes from r to r + dr, the
cumulative number of capillaries can be obtained. As shown in Equation (3), it is obvious
that the cumulative number of capillaries in the interval decreases with increased pore size:

dM(r) = −DRDr−1−Ddr (3)

According to Poiseuille’s law, when fluid moves in a laminar flow in a horizontal
circular pipe, such as capillary, the difference between the volume flow and the pressure at
both ends of the pipe, the radius and length of the pipe, and the viscosity coefficient of the
fluid meets Equation (4):

q(r) =
1

8ηL
πr4(p1 − p2) =

1
8ηL

πr4γΔh (4)

where γ and η are the gravity and viscosity coefficient of fluid, respectively; r and L are the
radius and length of the pipe, respectively, and Δh is the head difference.

Assuming that the minimum and maximum capillary apertures in a section are rmin
and rmax, respectively, and the aperture is continuously distributed, the total flow through
the section can be obtained by integrating the flow through each capillary in the section in
the interval [rmin, rmax]. The total flow is shown in Equation (5):

Q = −
∫ rmax

rmin

q(r)dM(r) (5)

Bringing Equations (3) and (4) into Equation (5), we obtain Equation (6):

Q =
πRDD

8η
· γ

4 − D
· AJ(r4−D

max − r4−D
min ) (6)

Based on Darcy’s law, the hydraulic conductivity (k) of soil is shown in Equation (7):

k =
v
J
=

Q
AJ

(7)

where ν is the seepage velocity, and J is the hydraulic gradient. Bringing Equation (6) into
Equation (7), after sorting, hydraulic conductivity meets Equation (8):

k =
πRDD

8η
· γ

4 − D
· r4−D

max

[
1 − (

rmin

rmax
)

4−D
]

(8)

Soil porosity is the ratio of the pores volume to the total volume. In this study, the
pores volume in soil can be expressed by the volume of capillary clusters in the interval
[rmin, rmax], and the total soil volume is equal to the volume of a hypothetical cylinder.
Therefore, the soil porosity can be expressed by Equation (9):

n =
Vp

V
=

∫ rmax
rmin

πr2LdM(r)

AL
(9)

where n is the porosity, V is the total soil volume, and Vp is the pore volume in the capillary
cluster. By introducing Equation (3) into Equation (9), we obtain Equation (10):

n =
πRDD
2 − D

r2−D
max

[
1 − (

rmin

rmax
)

2−D
]

(10)

In nature, soil is a typical porous medium. In Equations (8) and (10), the hydraulic
conductivity and porosity of soil are functions of the capillary cluster radius and fractal
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dimension. If the fractal dimension and pore size are different, the hydraulic conductivity
and porosity are also different. Strictly speaking, due to the assumption, the relationship
between hydraulic conductivity and porosity is difficult to express analytically. Considering
the complexity and irregularity of soil pores, the maximum pore radius is much larger than
the minimum pore radius. At this time, the relationship between maximum and minimum
pore radius can be expressed by Equation (11):

rmin

rmax
→ 0 (11)

By introducing Equation (11) into Equations (8) and (10), the hydraulic conductivity
and porosity of soil can be expressed by Equations (12) and (13):

k =
πRDD

8η
· γ

4 − D
· r4−D

max (12)

n =
πRDD
2 − D

· r2−D
max (13)

Obviously, the hydraulic conductivity of soil is affected by the fractal dimension, pore
size, water viscosity coefficient, and other factors.

2.2. Randomness of Hydraulic Conductivity of Embankment Soil

Due to the differences in internal structure and pore distribution, soil hydraulic con-
ductivity has a certain spatial variability, resulting in different values throughout the soil.
In embankment engineering, due to the influence of time and space, the hydraulic conduc-
tivity of soil shows strong randomness, which cannot be ignored. It has a significant impact
on the safe operation and early risk warning of embankments. Deterministic research
cannot meet the requirements of the development of modern science and technology. More
engineering applications need to consider the randomness of hydraulic conductivity in
order to meet the needs of design and risk protection.

The randomness of hydraulic conductivity is affected by many factors, such as pore
structure, plasticity index, and compactness. The relationship between these factors is
complex and difficult to study at the same time. Some scholars try to use statistical
methods to study the random characteristics of hydraulic conductivity, testing multiple
groups of soil samples, counting the mean and variance, and obtaining an approximate
expression of the probability density function through regression analysis. The concept
of randomness is introduced in these studies. Soil hydraulic conductivity is regarded as
a random variable that follows a certain distribution law. It is generally believed that the
log normal distribution has good adaptability and can reflect the spatial structure of soil
hydraulic conductivity better, and it has been applied in some studies [34–37].

In embankment engineering, when measuring the hydraulic conductivity of multiple
groups of soil samples and counting the mean and variance, the mean and variance of
logarithmic hydraulic conductivity can be expressed by Equation (14):

σ2
ln k = ln

(
1 + σ2

k
μ2

k

)
μln k = − 1

2 σ2
ln k + ln(μk)

(14)

In the discrete random field, the hydraulic conductivity of the jth soil element can be
expressed by Equation (15):

ln kj = μln k + σln kGj (15)

where Gj is the local average of the standard normal random field in the jth soil element.
There is a certain correlation between the points in the random field, which can be described
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by the correlation function. The exponential correlation function can represent the random
characteristics of embankment soil better as shown in Equation (16):

ρ(τ) = exp
(
−2

θ
|τ|
)

(16)

The fluctuation scale (θ) can be regarded as the maximum distance beyond which
points in the random field are almost irrelevant. Linear distance (τ) between any points in
the random field is closely related to correlation. The randomness of hydraulic conductivity
is affected by the coefficient of variation (COV) and θ. With increased COV, randomness
increases. With increased θ, the correlation between points is enhanced, randomness is
reduced, and the soil tends to be uniform.

As shown in Figure 1, a hydraulic conductivity random field is generated based on the
random field model in this paper. The shape of the random field is a 40 m square. There are
two soil layers in the random field with the same thickness. Assume that the mean of soil
hydraulic conductivity is 1 × 10−5 cm/s and the fluctuation scale of the random field in any
direction is fixed at 3 m. Different COV values result in changes in the dispersion degree
and spatial structure of hydraulic conductivity, while the mean of hydraulic conductivity
of soil is the same. In order to show this spatial distribution characteristic, different COV
values were selected to generate the hydraulic conductivity random field: COV of 0.1 and
0.3 (Figure 1a) and 0.2 and 0.3 (Figure 1b). There are 1600 elements in the random field, and
the element size is a 1 m square. Hydraulic conductivity is expressed in gray scale; from
pure black to pure white, the scale represents hydraulic conductivity from minimum to
maximum. According to the principle of minimum potential energy, groundwater mainly
flows through light colored units.

Figure 1. Gray scale diagram of hydraulic conductivity: (a) COV of hydraulic conductivity (k) = 0.1
and 0.3; (b) COV of k = 0.2 and 0.3.

In Figure 1a, the gray levels of the upper soil units are close to each other, the overall
color difference is small, the distribution is relatively uniform, and the gray levels of the
units are far away from pure white or pure black, which shows that the gray value is
concentrated in the middle part. Correspondingly, in this case, the value of hydraulic
conductivity changes little, and the deviation from its mean value is small. The COV of
upper soil is 0.1, which means that the deviation of unit hydraulic conductivity from its
mean value is small. There are obvious differences in the gray level of subsoil units; it is
close to pure black or pure white, and the gray difference increases. Based on the definition
of COV, the greater the value, the higher the deviation of hydraulic conductivity from its
mean value. Relatively, the unit can be assigned a larger or smaller value of hydraulic
conductivity. In Figure 1a, the random field reflects the spatial distribution of hydraulic
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conductivity, and similar results can be seen in Figure 1b. In this model, the dispersion
degree and spatial structure of hydraulic conductivity of embankment soil will change,
although the mean values are equal.

Obviously, it is difficult to characterize the spatial variation of hydraulic conductivity
in the fractal dimension, which limits the application of fractal theory in engineering,
particularly embankment engineering. Therefore, embankment soil is divided into several
basic units, the soil hydraulic conductivity random field is generated, the fractal dimension
of each soil unit is calculated, and then the influence of fractal dimension on hydraulic
gradient is studied, which has positive significance for engineering practice.

3. Case Study

In recent years, within the general trend of global warming, extreme weather has
occurred frequently. In order to ensure the stability of lake embankments, the embankments
of Shijiu and Gucheng Lakes in Nanjing City, Jiangsu Province, are reinforced. During the
reinforcement process, the hydraulic conductivity of many embankment soil samples was
measured. Based on this, the embankment section of Shijiu Lake was selected for analysis.
It is located at K19 + 400 stake in Lishui District, near Lianhewei drainage station (shown in
Figure 2). In Lishui District, the width of the embankment top is generally 5–7 m, and some
embankment tops are earth roads. The lower part of the upstream slope has dry masonry
and riprap toe protection, and the upper part has mortar masonry or concrete protection.
The downstream slope is basically natural grassland or shrub, and there are berms on the
downstream slope of some embankment sections; there is a mortar masonry wave wall
approximately 0.3–1.5 m in size near the water.

Figure 2. Location of Shijiu Lake.
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Due to the length of time the embankment has been there, the upstream–downstream
slopes have been eroded to varying degrees. In studying the randomness of hydraulic
conductivity, the analysis model was established according to the engineering practice
without considering the erosion effect on both sides. In this section, the embankment soil is
not layered and is composed of heavy silty loam.

Figure 3 shows the embankment model of Shijiu Lake. According to the engineering
practice, the generalized model of the lake embankment was established. The width of
the embankment top and bottom was 6 and 48 m, the vertical distance from the top to
the foundation was 8 m, and the model was 35 m long in the z-direction. The model was
divided into 26,880 elements and 59,976 nodes. The dimensions of the elements in the y-and
z-directions were 0.5 and 1 m, and the cell size was not fixed in the x-direction. Six sections
were chosen to study the variation of soil hydraulic conductivity and fractal dimension:
z = 5, 10, 15, 20, 25, and 30.

Figure 3. Embankment model of Shijiu Lake: (a) dimensions of section; (b) mesh generation of
section; (c) location of section in embankment model; (d) mesh generation of embankment.

In this study, through on-site borehole sampling, indoor permeability tests were
carried out on several samples of embankments in Lishui District. A total of 54 undisturbed
soil samples were obtained in the soil layers inside and outside the impervious core of
the embankment section. The undisturbed soil sample was 20 cm long. Each sample was
measured three times, and then the hydraulic conductivity of embankment soil samples
in Lishui District was obtained. The mean value measured in the test was compared with
the hydraulic conductivity provided in the survey report and analyzed to determine the
hydraulic conductivity of each soil layer as shown in Table 1.

Table 1. Parameters of embankment model.

Soil k COV θx θy

Heavy silty loam 3.32 × 10−6 cm/s 0.3 6 m 3 m

Based on the data in Table 1, a random field of hydraulic conductivity was generated,
with a mean of 3.32 × 10−6 cm/s and COV of 0.3, and then the fractal dimension of soil
element was calculated according to the relationship between soil fractal dimension and
hydraulic conductivity. There were three important boundary conditions: (1) the upstream
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slope was permeable, and the total head was 6 m; (2) the downstream slope was permeable,
and the total head was 0 m; (3) without considering the influence of unsaturated zone, the
bottom of the embankment was impervious.

4. Results and Discussion

A gray scale diagram of hydraulic conductivity and fractal dimension of six sections
in the embankment are shown in Figure 4. Figure 4a shows the distribution law of the
hydraulic conductivity of each unit in Section 1. In the section, the gray values of the units
in the middle and upper left areas are similar, showing darker colors, and the hydraulic
conductivity in this area was low. On both sides of the section, the gray values of the units
were close to each other and the color was light, which means the hydraulic conductivity of
the soil was high. It can be seen that dark and light soil units appeared as irregular blocks.
In the junction area of blocks, there was no sudden change in gray level, but an obvious
transition state, gradually changing from pure white to pure black.

Figure 4. Distribution of hydraulic conductivity (k) and fractal dimension (D) of sections 1−6 in the
embankment: (a) k in section 1; (b) D in section 1; (c) k in section 2; (d) D in section 2; (e) k in section
3; (f) D in section 3; (g) k in section 4; (h) D in section 4; (i) k in section 5; (j) D in section 5; (k) k in
section 6; (l) D in section 6.

Figure 4b shows the distribution law of the fractal dimension of each unit in Section 1.
In this section, the gray values of the units in the middle and upper left regions were similar,
showing lighter colors. The unit fractal dimension in this region was large; according to the
statistics, the soil fractal dimension was mainly distributed in the interval (1.7, 1.8), which
was close to two. In a plane, the soil fractal dimension was distributed in the interval (1, 2);
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therefore, in this part of the region, it was large. On both sides of the section, the gray values
of the units were also close to each other, but the color in this part was dark. According
to the statistics, in this part of the area, the soil fractal dimension was mainly distributed
in the interval (1.55, 1.6), which means that it was small. At the same time, it can be seen
that the dark and light units appeared as irregular blocks. In the junction area of the blocks,
there was no sudden change in the gray, but an obvious shift from pure white to pure black.

Comparing Figure 4a,b, the unit distribution area with dark color in Figure 4a was
close to the unit distribution area with light color in Figure 4b, and the unit distribution
area with light color in Figure 4a was close to the unit distribution area with medium
dark color in Figure 4b, indicating that the unit gray levels of hydraulic conductivity and
fractal dimension present opposite characteristics. In Figure 4a, the soil units with low
hydraulic conductivity were represented by dark color, and the units with high hydraulic
conductivity were represented by light color. In Figure 4b, the soil units with small fractal
dimension were represented by dark color, and the units with large fractal dimension were
represented by light color. In a unit at the same point, when the hydraulic conductivity was
low, the corresponding fractal dimension was large, and when the hydraulic conductivity
was high, the corresponding fractal dimension was small.

The reasons for this phenomenon are as follows: The fractal dimension of two-
dimensional Euclidean space is 2. For the soil distributed in this space, considering the
influence of pore structure, the fractal dimension is 1 < D < 2. Assuming that the structure
of pores in the soil tends to be consistent, a single-direction seepage channel is formed,
and groundwater can only flow through this channel. Based on the meaning of fractal, the
fractal dimension of soil is infinitely close to 1. In this case, the seepage path of water is
a straight line. In the flow process, it is rarely hindered by soil particles or soil particle
agglomerates, the flow rate is high, and the hydraulic conductivity of soil can reach the
maximum value.

Correspondingly, it is assumed that there is no rule governing the structure of pores.
At any point, the seepage channel can point in any direction and water can flow in any
direction. In this case, the fractal dimension of the soil is infinitely close to 2, and the seepage
path of water is no longer a straight line but a curve related to the head difference. In the
process of flow, soil particles or soil particle agglomerates form the greatest obstruction to
seepage, the hydraulic conductivity and flow rate are reduced and can reach the minimum
value. In nature, the two extreme working conditions are almost impossible. In the section,
when the fractal dimension of soil increases, the hydraulic conductivity decreases, and
when the fractal dimension decreases, the hydraulic conductivity increases.

Figure 4c,d show similar laws. Comparing Figure 4a,c, due to the randomness of
hydraulic conductivity, although the laws are consistent, its distribution in the two sections
differs. In Figure 4e,g, the dark areas are widely distributed, which indicates that most
of the unit hydraulic conductivity is low in the two sections. In Figure 4f,h, there are
many units with light color, which means that the fractal dimension of most units is large.
Consistent results can also be seen in Figure 4i–l. Obviously, hydraulic conductivity can be
explained by fractal theory; however, it is not an ideal fractal, which leads to the fractal
dimension of soil properties always being greater than 1.5 [31,38]. Similar explanations can
be found in this study.

Figure 5 shows the variations in hydraulic conductivity with fractal dimension in
different sections. In the sections, hydraulic conductivity decreases with increased fractal
dimension. For the same fractal dimension, some of the unit hydraulic conductivity is not
unique, and its value changes within a range. The reason is that the unit permeability is
affected by the maximum pore diameter and porosity, and these are random variables,
which will affect the fractal dimension and hydraulic conductivity values.

The fractal dimension values in each section are in the interval [1.5, 1.8], which is far
from 1.0. In this condition, it is difficult to form a single-direction seepage channel in the
soil, and water can flow in multiple directions. The fractal dimension is close to 2.0, which
means that the seepage channel can point in almost any direction in the plane, and the
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water can flow in any direction in the soil. The seepage path of water is not a straight line
but is in a complex and changeable state.

Figure 5. Variation in the hydraulic conductivity with fractal dimension in different sections:
(a) section 1; (b) section 2; (c) section 3; (d) section 4; (e) section 5; (f) section 6.

In each section, the unit hydraulic conductivity is mostly distributed in the interval
[2 × 10−6, 4 × 10−6], and only a few hydraulic conductivity units are distributed outside
this interval. This phenomenon conforms to the objective law. In this research, the mean of
hydraulic conductivity is 3.32 × 10−6 cm/s, COV is 0.3, and the scale of fluctuations is 6
and 3 m, respectively. When the hydraulic conductivity random field is discretized, COV is
within a certain range, and the value after discretization deviates little from the mean value.
With increased COV, the value after discretization will be distributed in a larger range. In
Figure 5b,c,e, the discrete points show a slight downward bending phenomenon, which
means that the unit permeability may decrease slowly with increased fractal dimension.

In order to study the relationship between the fractal dimension and hydraulic gradient
of soil, four soil units were selected near the upstream slope angle of each section, which
were in the same position. The random seepage field of the embankment was calculated by
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ABAQUS software, and the hydraulic gradient at each point was obtained. The variation
in hydraulic gradient with fractal dimension in different sections is shown in Figure 6.
With increased fractal dimension, the hydraulic gradient increased accordingly, because
the soil fractal dimension was inversely proportional to the hydraulic conductivity; when
the fractal dimension increased the unit permeability decreased, which means that water
flows the same distance in the soil, encounters more resistance, and needs more potential
energy, resulting in increased hydraulic gradient.

Figure 6. Variation in hydraulic gradient with fractal dimension in different sections: (a) point 1;
(b) point 2; (c) point 3; (d) point 4.

5. Conclusions

This study focused on constructing and applying a seepage–fractal model of em-
bankment soil. The analytical formula of fractal dimension was deduced, and a random
field of hydraulic conductivity was generated to calculate the fractal dimension of soil
units. With the seepage–fractal model, the internal relationship between embankment
hydraulic conductivity, hydraulic gradient, and fractal dimension was revealed. There are
four main conclusions:

(1) The proposed seepage–fractal model of embankment soil is suitable for porous soil
media under laminar flow. The influencing factors of hydraulic conductivity mainly
include pore size, fractal dimension, and fluid viscosity coefficient, and fractal dimen-
sion is the main factor;

(2) Hydraulic conductivity is inversely proportional to fractal dimension. Increased frac-
tal dimension will reduce the connectivity of soil pores in a single direction, increase
the seepage resistance of water, and reduce the hydraulic conductivity. Decreased
fractal dimension will lead to consistency of seepage channels in the soil, limited seep-
age direction of water, decreased resistance in the seepage direction, and increased
hydraulic conductivity;

(3) Increased fractal dimension leads to decreased hydraulic conductivity, increased po-
tential energy consumption through the same seepage path, and increased hydraulic
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gradient. When the seepage resistance increases further, the seepage path changes,
and the water will bypass units with high fractal dimension and flow through units
with low fractal dimension;

(4) In the seepage–fractal model of embankment soil, the fractal dimension and hydraulic
conductivity had significant field characteristics. Units with similar attributes formed
agglomerates within which the soil interacts, and the attributes tended to be consistent.
On the outside, the interaction between clusters shows obvious transition.
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Abstract: At present, there are only a few existing models that can be used to predict the relative
permeability of unsaturated soil under deformations, and the calculation process is relatively complex.
In order to fit the measured value of the relative permeability coefficient of unsaturated soil before
deformation, this work employs the simplified unified model of the relative permeability coefficient
of unsaturated soil, and it obtains the index λ before deformation of the soil. In addition, the value of
index λ remains unchanged before and after deformation. Based on the actual measured value of the
soil–water characteristic curve before deformation, the air-entry value prediction model is used to
predict the air-entry value of soil with different initial void ratios. The relative permeability coefficient
of unsaturated soil is then conveniently predicted using the graphical method in combination with
the simplified unified model. The method is validated by using the test data of silt loam, sandy
loam, and unconsoildated sand. The results show that the predicted results are consistent with
the measured values. The prediction method in this paper is simple and overcomes the limitations
associated with the determination of the index λ. It expands the application range of the unsaturated
relative permeability coefficient model while improving the accuracy of predictions.

Keywords: deformation conditions; relative permeability coefficient; air-entry value; void ratio

1. Introduction

At present, there are many studies on the mechanical properties and hydraulic proper-
ties of soil [1–3]. Accurate prediction of permeability coefficient is an important prerequisite
for studying soil water conservancy characteristics, and it plays an important role in the
impact of groundwater on buildings, slope instability caused by rainfall, seepage and dif-
fusion of pollutants in landfills, and seepage prevention of soil dams. Considering the high
prevalence with which unsaturated soils are encountered in these projects, the permeability
coefficient is a critical parameter for the research of unsaturated soils and has garnered
widespread attention from scholars both at home and abroad [4–6]. Unsaturated soil is
composed of soil particles, water, and air. Water and air occupy the pore volume in the soil,
so its permeability coefficient is easily affected by saturation, even in the near-saturated
state (suction range is 0~1 kPa). A small change in suction can cause a great influence in
the permeability coefficient [7]. This renders the task of measuring the permeability of
unsaturated soil difficult to achieve. In particular, the measurement of the permeability
coefficient at low saturation is time demanding. Therefore, it is crucial to propose a method
to predict the unsaturated permeability coefficient. The current classic prediction models
mainly include the CCG model [8], the Burdine model [9], and the Mualem model [10],
among which the Mualem model is widely used in practice. Additionally, Tao and Kong
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developed a novel methodology for forecasting the permeability coefficient [11]. Tao
et al. [12] derived the above four models using fractal theory and analyzed the applicable
scope of each model. They then proposed a simplified unified model for predicting the
unsaturated permeability coefficient and verified its effectiveness using a large number of
measured values. However, these models do not consider the influence of deformation on
the variation in permeability coefficient of unsaturated soil.

Mitchell et al. [13] applied the deformable saturated soil permeability theory proposed
by Taylor to unsaturated soil and conducted corresponding experiments with compacted
clay to evaluate the permeability coefficient of deformable soils. Chang et al. [14] con-
sidered the influence of saturation and void ratio on the permeability coefficient and
proposed a more reasonable empirical equation. Zhang et al. [15] applied the theories of
fluid mechanics and probability to study the change of pore structure parameters under
deformation conditions and put forward an expression of the permeability coefficient of
unsaturated soil considering pore changes. Hu et al. [16] introduced new parameters to
reflect the influence of the change of pore structure under effective saturation and defor-
mation conditions and proposed an unsaturated soil permeability coefficient prediction
model considering deformation conditions. Gao et al. [17] used the normalized soil water
retention curves (SWRCs) method to investigate the permeability and hydraulic hysteresis
behavior of unsaturated soils with varying bulk densities or void ratios and proposed a
simple and effective method for simulating the effect of bulk density or void ratio on the
relative permeability coefficient of unsaturated soils.

Based on the simplified unified model [12] of relative permeability coefficient of
unsaturated soil and air-entry value prediction model [18], a new approach is proposed to
readily obtain the relative permeability coefficient of unsaturated soil under deformation
conditions by using the graphical technique method. The proposed approach is simple to
implement and widely applicable.

2. Prediction Method

2.1. Unified Model

Tao et al. [18] proposed a fractal form of the soil-water characteristic curve (SWCC)
expressed in terms of gravimetric water content on the basis of fractal theory. Based on
the relationship between volumetric and gravimetric water content and saturation, this
is translated into the fractal form of the soil-water characteristic curve expressed in terms
of volumetric water content and saturation. Then, these fractal forms are combined with
the known CCG model, Burdine model, Mualem model, and Tao–Kong model and their
unsaturated permeability coefficient fractal form is deduced. The results found that they
have similarities, and then a simplified unified model was proposed [12]. Finally, the
effectiveness and applicable scope of the unified model was verified.

This is expressed by the following equation:

kr(ψ) = (a + bSr) · (ψa

ψ
)

λ

(1)

where kr is the relative permeability coefficient, ψa is the air-entry value, ψ is matric suction,
Sr is the degree of saturation, a and b are coefficients related to the fractal dimension D, and
λ is model parameters. The relationship between a, b, λ, and D is shown in Table 1.

Table 1. The relationship between model coefficients, λ and D.

Model a Coefficient b Coefficient Relationship between λ and D

CCG a = (8 − 2D)/(3 − D) b = (D − 5)/(3 − D) λ = 5 − D
Mualemm a = 1 b = 0 λ = 9.5 − 2.5D

Burdine a = 1 b = 0 λ = 11 − 3D
Tao–Kong a = 1 b = 0 λ = 5 − D
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For different types of soil, the model parameters are different. The reference for the
specific parameter selection is related to the fractal dimension D. The CCG model and
the Tao–Kong model predict better when the range of D is 2.8 ≤ D < 3. Within the range
of 2.6 ≤ D < 2.8, the Tao–Kong model results into good predictions as well. The Burdine
model and the Mualem model predict better when D < 2.6. The coefficients a = (8 − 2D)/(3
− D) and b = (D − 5)/(3 − D) in the CCG model are more difficult to evaluate, while
the Tao–Kong model also yields good prediction for 2.8 ≤ D < 3. The coefficients a = 1
and b = 0, as applicable to three models (i.e., Mualemm, Burdine, Tao–Kong), are easier
to calculate. Therefore, for the sake of computational simplicity, the CCG model is not
considered in this paper. Equation (1) can be simplified as follows:

kr =

(
ψa

ψ

)λ

(2)

2.2. Relationship between Parameter λ and Fractal Dimension D

Since the 1980s, many scholars have discovered that the distribution of internal pores
and particles for many types of rock and soil have similar characteristics in their natural
state. Therefore, the fractal theory has been applied to a variety of soils and achieved
promising results [19–22]. Fractal dimension is a physical parameter used to describe the
irregularity of fractal geometry, which is closely related to the pore structure of the soil.
With different fractal dimensions, the soil shows great difference in mechanical properties
and hydraulic properties. Therefore, the fractal dimension is a very important parameter
in the study of soil permeability coefficient. Tao et al. [18] analyzed SWCC variation
under different starting void ratio conditions and discovered that when the initial void
ratio is changed, the air-entry value is the primary component affecting the change in
SWCC. In a study [18], the data after the air-entry value were chosen to calculate the
fractional dimension, so it could be assumed that the soil fractal dimension does not change
significantly at different void ratios. The relationship between the index λ and the fractal
dimension D in the simplified unified model of the unsaturated soil permeability coefficient
are described in the previous section, shown in Table 1. It can be obtained that the index λ
of the unified model also does not change significantly under different initial pore ratios.

However, the relationship between index λ and fractal dimension D in the above four
models cannot cover all the cases relevant to practice. In some instances, the relationship
between λ and D is beyond the scope of the above expressions. This paper suggested that,
in order to predict the unsaturated permeability coefficient under deformation conditions,
the unsaturated permeability coefficient of the soil should be measured first, and the λ
value obtained by fitting the experimental data of the unsaturated relative coefficient and
air-entry value prior to deformation. From this, the λ value after deformation can be
obtained.

2.3. Law of Relative Permeability Coefficient of Unsaturated Soil under Deformation Conditions

Tao and Kong [11] established the relationship model between the SWCC and sat-
urated/unsaturated permeability coefficient based on the SWCC, capillary, and fluid
mechanics theories from the microscopic pore channel, which has ideal effects. The total
pore channels are assumed to have n grades, and now only the channels of grade 1 m are
filled with water (m < n). Combined with the soil–water characteristic curve prediction
method of deformed soil proposed by Tao et al. [18], a novel expression of unsaturated
relative permeability coefficient is proposed as follows:

kr(θi=m) =
i=m

∑
i=1

Δθi
ψi

2 /
i=n

∑
i=1

Δθi
ψi

2 (3)

where the water content in the above formula requires the form of volumetric water
content; ψi is the matrix suction of the corresponding pore channel; θi is the volumetric
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water content corresponding to the matrix suction ψi; n is the total number of pore channels;
and m is the number of pore channels filled with water (m < n).

The model is used to predict the unsaturated relative permeability coefficient of Wuhan
clay soil under different deformations. It is found that the variation law of the unsatu-
rated relative permeability coefficient with the matrix suction under different deformation
conditions can be described by the “brush type distribution” under double logarithmic
coordinates. That is: before air-entry value ψa, unsaturated relative permeability coefficient
is 1; after air-entry value, ψa, the unsaturated relative permeability coefficient decreases
with the increase in matrix suction, and the corresponding slopes are approximately equal
under different initial void ratios, as shown in Figure 1.

Figure 1. Law of permeability coefficient of unsaturated soil under deformation conditions.

2.4. Simple Graphing Method

According to the variation law for the relative permeability coefficient of unsaturated
soil under deformation conditions, this article presents a simple graphing method for
predicting the relative permeability coefficient of unsaturated soil with varying initial
void ratios. This method is based on the measured value of the unsaturated permeability
coefficient and the air-entry value prior to deformation; the relevant model is not confined,
unlike the Tao–Kong, Burdine, or Mualem models, and is applicable to a broader range of
situations.

2.4.1. Measure the SWCC and Unsaturated Relative Permeability Coefficient
before Deformation

The unsaturated permeability coefficient is calculated by multiplying the saturated
permeability coefficient by the unsaturated relative permeability coefficient. After deter-
mining the soil’s unsaturated and saturated permeability coefficients, the measured value
of the soil’s unsaturated relative permeability coefficient can be computed by dividing the
unsaturated permeability coefficient by the saturated permeability coefficient. Currently,
the primary methods for determining the SWCC are the salt solution method, the filter
paper method, and the tensiometer approach.

2.4.2. Solve the Fractal Dimension

The literature [18] uses the fractal theory to express the fractal form of the SWCC by
gravimetric water content: {

w = e
Gs
(ψa

ψ )3 − D ψ ≥ ψa

w = e
Gs

ψ < ψa
(4)
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where w is the gravimetric water content, e is the void ratio, ψ is matric suction, Gs is the
relative density, ψa is air-entry value, and D is the fractal dimension.

Equation (4) can be transformed into the fractal form of the SWCC concerning satura-
tion, as follows: {

Sr =
(

ψa
ψ

)
3 − D ψ ≥ ψa

Sr = 1 ψ < ψa
(5)

where Sr is the degree of saturation. The method of solving the fractal dimension D is
as follows: Using—lnψ as the horizontal coordinate and ln w, ln θ, or ln Sr as the vertical
coordinate, a scatter plot is drawn and a straight line fit is then made; assuming a slope of
k, the number of fractional dimensions D = 3 − k.

2.4.3. Predict the Air-Entry Value after Deformation

A previous study [18] analyzed the fractal dimension and the change law of air-entry
value under different initial void ratio conditions, and then gave the following formula for
predicting air-entry value under deformation conditions:

ψ =
ψa0

( e1
e0
)

1/(3−D0)
, (6)

where ψa0 is the air-entry value corresponding to the maximum initial void ratio e0, which
can be obtained through the fitting of Equation (4), and D0 is the fractal dimension, which
is almost unchanged under deformation conditions. The fractal dimension D0 can be
calculated from the test results of the SWCC at e0. According to Equation (6), the air-entry
value under any initial void ratio can be predicted.

2.4.4. Determine λ According to the Measured Value of the Unsaturated Relative
Permeability Coefficient before Deformation

Based on the relative permeability coefficient of the unsaturated soil before deforma-
tion, the air-entry value ψa0 of the soil before deformation is obtained by fitting Equation (4)
against experimental data, and the two are substituted into the simplified unified model
Equation (2) to obtain the index λ before deformation.

2.4.5. Determine the Deformed λ

As shown in Figure 1, if the index is λ0 at the maximum initial porosity ratio e0, and
after obtaining the index λ0 at e0 before deformation, it is known that λ will not change
significantly under deformation conditions, then λ0 = λ1 = λ2 for e1, e2 (e0 > e1 > e2) for any
deformation condition can be taken.

2.4.6. Simple Drawing

As shown in Figure 1, based on the relative permeability coefficient and air-entry
value of unsaturated soil at e0 before deformation mentioned above, the parameter λ can
be obtained by fitting with Equation (2) and then drawing the relationship between the
measured relative permeability coefficient and matrix suction at e0 before deformation.
The air-entry value under void ratio e1 and e2 after deformation can be predicted using
Equation (6). Then, starting with the air-entry value, a straight line can be drawn to the
right. The slope of the straight line and the initial void ratio e0 after the air-entry value
are the same. The slope of the straight line is the same, so the relationship between the
relative coefficient of the unsaturated soil and the matrix suction after deformation can be
quickly obtained, and the purpose of predicting the relative coefficient of the unsaturated
soil under arbitrary deformation conditions can be achieved.

3. Method Verification

To verify the rationality of the above method, this paper uses the soil–water charac-
teristic curve test data and the measured values of the unsaturated relative permeability
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coefficients of silt loam, sandy loam, and unconsoildated sand in the literature [23] to verify
the rationality of the proposed method.

3.1. Calculation of Fractal Dimension

To predict the air-entry value of the soil after deformation by Equation (6), firstly, it is
required to calculate the fractal dimension D0 of the soil before deformation. The solution
method is as mentioned above. Figure 2 shows the fractal dimensions of three types of soil.

 

Figure 2. Fitting to obtain the fractal dimension of three soil types: (a) Touchet Silt loam; (b) Columbia
sandy loam; (c) unconsoildated sand.

In Figure 2a–c, it is shown that the fitting correlation coefficient R is above 0.97,
indicating that the fractal characteristic of soil is obvious. For different types of soils, this
method has better applicability when solving fractal dimensions. This demonstrates the
significance of the proposed approach.

3.2. Prediction of Air-Entry Value under Deformation Conditions

Based on the obtained fractal dimensions of the soil and the air-entry value ψa0 of the
maximum initial void ratio of the three soils obtained by Equation (4), substituting it into
Equation (6), the air-entry values after deformation are predicted and listed in Table 2.

It can be seen from Table 2 that the predicted values of air-entry value under different
void ratios are all very close to the measured values, which indicates that the prediction
effect is good.
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Table 2. Air-entry value predicted value.

Soil Type Void Ratio
Air-Entry Value/kPa

Measured Prediction

Touchet silt loam [23]

1.012 4.13 4.13
0.916 5.07 4.76
0.815 6.35 5.62
0.733 7.56 6.53
0.653 8.95 7.70

Columbia sandy loam [23]

1.268 2.65 2.65
1.114 3.34 3.13
0.942 4.52 3.88
0.890 5.07 4.17
0.815 5.87 4.67

Unconsoildated sand [23]

0.852 0.49 0.49
0.825 0.52 0.50
0.799 0.54 0.51
0.767 0.56 0.52
0.715 0.59 0.54

3.3. Determine λ According to the Measured Value of the Unsaturated Relative Permeability
Coefficient before Deformation

Based on the measured values of the relative permeability coefficients of the three
kinds of soils before deformation, the air-entry value ψa0 of the soil before deformation
is obtained by Equation (4). Substituting the two parameters into the simplified unified
model Equation (2), the model indices λ0 before deformation are obtained, which are 4.96,
4.83, and 12.87 (the data before the air-entry value is discarded during fitting).

In Figure 3a–c, the correlation coefficient R2 is higher than 0.96, which indicates that
the λ index obtained by the fitting process has high accuracy. As illustrated in the figure,
with the increase in matrix suction, its fitting correlation increases, which indicates the high
accuracy of the model. It shows that, for different types of soil, the method of obtaining the
parameter λ by using the unified model to fit the measured values and air-entry values of
the unsaturated relative permeability coefficients of the soils before deformation has good
applicability.

3.4. Determine the Deformed λ

It is apparent from the relationship between parameter λ and fractal dimension D that
the index λ does not change significantly under deformation conditions. The λ of Touchet
silt loam, Columbia sandy loam, and unconsoildated sand are the same irrespective of
deformation, and are 4.96, 4.83, and 12.87, respectively.
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Figure 3. Fitting values of λ for three types of soil: (a) Touchet silt loam; (b) Columbia sandy loam;
(c) unconsoildated sand.

3.5. Simple Drawing

The relationship between the measured value of the relative permeability coefficient
of the unsaturated soil at the maximum initial void ratio and the matrix suction data is
obtained. Then, the air-entry value of each void ratio after deformation is predicted using
Equation (6). Then, starting with the air-entry value, a straight line is drawn to the right.
When the suction value is after the air-entry value, the slope of the straight line at each
void ratio after deformation is the same as the slope of the straight line at the initial void
ratio. Therefore, the relationship between the relative coefficient of the unsaturated soil
and the matrix suction after deformation can be quickly obtained, as shown in Figures 4–6.

In Figures 4–6, the graphs marked (a) depict the relationship between the unsaturated
relative permeability coefficient and the matrix suction at the maximum initial void ratio.
The graphs marked (b) to (e) present the relationships between the unsaturated relative per-
meability coefficient and the matrix suction under different void ratios. It is apparent that
the predicted value of the three types of soil unsaturated relative permeability coefficient
and the measured value coincide, indicating that the prediction effect is better. It is worth
noting that, using the prediction method in this paper, unsaturated relative permeability
coefficient of soil under arbitrary deformation conditions can be effectively and quickly
predicted.
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Figure 4. Touchet silt loam’s different porosity ratio unsaturated relative permeability coefficient
prediction results: (a) e = 1.012; (b) e = 0.916; (c) e = 0.815; (d) e = 0.733; (e) e = 0.653.
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Figure 5. Prediction results of the unsaturated relative permeability coefficients of Columbia sandy
loam with different void ratios: (a) e = 1.268; (b) e = 1.114; (c) e = 0.942; (d) e = 0.89; (e) e = 0.815.
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Figure 6. The prediction results of the unsaturated relative permeability coefficients of unconsoildated
sand with different porosity ratios: (a) e = 0.852; (b) e = 0.825; (c) e = 0.799; (d) e = 0.767; (e) e = 0.715.

4. Discussion

The deformation of soil will cause changes in the pore ratio, pore size distribution,
and pore shape of soil, for example, large pores will be compressed into small pores [24].
Tao et al. conducted experiments on Wuhan clay through mercury intrusion test, nuclear
magnetic resonance test, and scanning electron microscope (SEM) test, and found that the
cumulative pore volume distribution per unit particle mass showed a “broom-type” distri-
bution under different compression deformation conditions. The soil–water characteristic
curve represented by the mass moisture content also presents a similar distribution, the
change law of the two is relatively consistent. Therefore, it is reasonable to use simple map-
ping method to predict the permeability coefficient of unsaturated soil. Tao and Zhu [25]
derive a fractal model of the relative permeability coefficient of unsaturated soil based on
fractal theory and seepage theory. The expression is as follows:

kr(ψ) =

(
ψa

ψ

)5−D
(7)
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By combining Equations (6) and (7), we can obtain the air-entry value for various void
ratios and, eventually, the unsaturated relative permeability coefficients for soils under
deformation conditions. The model index is 5 − D, which may not apply to some soils.
Although the fractal forms of the CCG model, Burdine model, and Mualem model derived
in the simplified unified model give other possible forms of the relationship between λ and
D, as illustrated in Table 1, these relationships cannot cover all cases. In some instances,
λ and D cannot be related using the any of above expressions. Therefore, this paper
recommends first measuring the unsaturated relative permeability coefficient and SWCC
of the soil before deformation and fitting the value of λ based on the measured data before
deformation, that is the λ value after deformation. This paper takes the Touchet silt loam
in the literature [23] as an example to compare and analyze the difference between the
prediction method proposed by Tao and Zhu [25], and the predicted results are shown in
Figure 7.

 

 
Figure 7. Comparison of Tao and Zhu models with different void ratios: (a) e = 1.012; (b) e = 0.916;
(c) e = 0.815; (d) e = 0.733; (e) e = 0.653.
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As illustrated in Figure 7, the predicted values of the unsaturated relative permeability
coefficient obtained using the simplified unified model are better to those obtained using
the Tao and Zhu model and are more in line with the measured value. It demonstrates
that the simple graphing method used to predict the relative permeability coefficient of
unsaturated soil under deformations has a broader range of applicability.

5. Conclusions

This study proposed a unified model to determine index λ based on the laboratory
measured value of the unsaturated relative permeability coefficient and the air-entry value
before deformation. Additionally, the value of index λ remains unchanged before and after
deformation. Based on the SWCC obtained before deformation, the fractal dimension and
air-entry value could be obtained, which then could be used to predict the air-entry value
after deformation. Combined with the simplified unified model, the relationship between
the relative permeability coefficient and matrix suction under arbitrary deformations
conditions can be readily predicted using the proposed graphing method. The graphical
procedure is simple and easy to implement. The method is based on the measured values
of the unsaturated permeability coefficient before deformation and overcomes the defect
that calculating the index λ through a specific relationship in the unsaturated relative
permeability fractal model. The proposed model does not have limitations like the Tao–
Kong model, the Burdine model, and the Mualem model, and it can be adopted for a wider
range with improved accuracy.
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Abstract: Cyclic loading always results in great damage to the pore structure and fractal characteristics
of soft soil. Scanning electron microscope (SEM) can help collect data to describe the microstructure
of soft soil. This paper conducted a series of SEM tests to interpret the effect of consolidation
confining pressure, circulating dynamic stress ratios and overconsolidation ratio on soil’s micro-pore
structure and fractal characteristics. The results demonstrate that fractal dimension can well represent
the complex characteristics of the microstructure of the soil; the larger the consolidation confining
pressure, the greater the cyclic dynamic stress ratio, and the greater the overconsolidation ratio,
the smaller the fractal dimension number of soil samples. Finally, an empirical fitting formula for
cumulative strain considering microstructure parameters is established through data fitting.

Keywords: soft soil; fractal characteristics; SEM; microstructure; cumulative strain

1. Introduction

Marine-saturated silty soft clay is widely distributed in coastal areas, and is prone to
settlement under long-term cyclic loads. Severe uneven settlement will cause damage to
the superstructure and bring huge economic losses. Controlling the settlement of soft clay
foundations is a key issue that needs to be solved urgently. Clarifying the deformation
characteristics and microscopic mechanism of soft soil under dynamic load has great
significance for the settlement control of soft soil foundation, so it is necessary to conduct
systematic basic theoretical research.

Fractal theory is mainly used to study objects with self-similarity characteristics, which
refer to the shape, function and feature information of the object. The plastic deformation
parameters of fractional geomaterials have been studied extensively [1,2]. To explore
the complexity of material composition, fractal theory was gradually widely used in the
quantitative study of soil material composition [3–6]. In the past study of soil composition,
fractal theory studies were mostly used to study the particle shape of sandy soil [7,8].
Delage R and Lefebvre G analyzed the distribution and arrangement of pores in the soil [9].
Peyton et al. and Zeng et al. used fractal theory to propose a microscopic difference
conjecture that used fractal dimensions combined with fractal non-uniformity to describe
soil structure [10,11]. He S et al. used fractal theory to study the distribution of soil pores,
and the results showed that the pore structure in soil has fractal characteristics, which
can be used to quantitatively describe the geometric characteristics of pore structure in
the medium [12]. Wang P et al. explored the influence of electron microscopy factors on
the quantitative study of microscopic information through a series of scanning electron
microscopy pictures [13]. Kong B et al. carried out research on the fractal characteristics of
soft soil under different temperatures and pressures [14].

Fractal Fract. 2022, 6, 423. https://doi.org/10.3390/fractalfract6080423 https://www.mdpi.com/journal/fractalfract95



Fractal Fract. 2022, 6, 423

However, existing research can mostly assist in explaining the reason of deformation
causes and cannot quantify the relationship between macroscopic deformation and mi-
croscopic characteristic parameters. In order to find the precise quantitative relationship
between micro and macro deformation, in this paper, the deformation of Hangzhou original
soft clay was analyzed from a microscopic point of view under cyclic loading. With the help
of SEM, the microstructure parameters of soil samples can be obtained [15]. Based on the
existing empirical model of cumulative plastic strain index, the cumulative plastic strain
model considering the microstructural parameters was established. Then, the correlation
between microstructure parameters and cumulative plastic strain was calculated. The
research results can be used as a reliable basis for predicting foundation deformation under
cyclic loading by fractal dimension information.

2. Materials and Methods

2.1. Materials

The original soft soil samples were taken from the tunnel section of Zhejiang Univer-
sity’s Zijingang Station and Sanba Station, which belongs to Hangzhou Metro Line 2. The
maximum burial depth of the soil layer in this interval is 11.8 m, and the groundwater
level is 1–2 m. The soil sample used in this test was about 5–5.5 m depth, which belongs
to soft soil (based on USCS classification). The soil specimen was 40 mm in diameter and
40 mm in thickness (showed as Figure 1). The soil extraction processes were carried out in
strict accordance with the relevant requirements, so the quality of soil samples could be
effectively guaranteed.

Figure 1. Photograph of undisturbed soft soil sample.

Basic physical and mechanical parameters of soil obtained through indoor geotechnical
tests are shown in Table 1.

Table 1. Physical and mechanical parameters of soil.

Soil Type
Unit

Weight/kN/m3
Water

Content/%
Specific
Gravity

Plastic
Limit/%

Liquid
Limit/%

Plasticity
Index

Liquid Index

Soft soil 15.7 62.47 2.74 27 44.6 17.6 2.01

2.2. Methods

The research includes two parts: firstly, the analysis of the macroscopic parameters
(cumulative plastic strain) and microstructure parameters by SEM (fractal dimension and
probability entropy). Secondly, based on the existing empirical model of cumulative plastic
strain, the cumulative plastic strain model considering the microstructural parameters
is established.
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In this paper, the one-dimensional circulating load drainage consolidation test from
Dai et al. [16] was adopted to provide new insight into the relationship between the mi-
crostructure and cumulative deformation. Consolidation conditions and cyclic loading
conditions both have great influence on the soil fractal structure [17–19]. After determin-
ing the pre-consolidation pressure of the soil sample, the specimens were divided into
three groups, namely Group A, Group B and Group C, which corresponded to different
consolidation surrounding pressures P0 (100, 200, 300, 400, 500 kPa); circulating dynamic
stress ratios ζ (3, 6, 8, 10, 15); and overconsolidation ratios OCR (1, 3, 6, 9). Among them,
specimens A0, B0, and C0 represent the samples before loading (parallel specimens). In
order to comprehensively explore the relationship between microporous structure and
macroscopic mechanical properties, high stresses above 300 kPa were also considered. The
experimental program is detailed in Table 2, where p0 is pressure; ζ is cyclic dynamic stress
ratio; Nmax is the largest number of vibrations and OCR is overconsolidation ratio.

Table 2. Experimental program.

Group Number p0/(kPa) ζ Nmax OCR

A

A0 not loaded
A1 100 3 20,000 1
A2 200 3 20,000 1
A3 300 3 20,000 1
A4 400 3 20,000 1
A5 500 3 20,000 1

B

B0 not loaded
B1 100 3 20,000 1
B2 100 6 20,000 1
B3 100 8 20,000 1
B4 100 10 20,000 1
B5 100 15 20,000 1

C

C0 not loaded
C1 100 3 20,000 1
C2 300 3 20,000 3
C3 600 3 20,000 6
C4 900 3 20,000 9

Soil samples were saturated before the tests in vacuum equipment: air was sucked
out to maintain negative pressure for 3 h, then airless water was added and samples
were soaked for 12 h. The specimens were then consolidated under the consolidation
surrounding pressure p0. After the consolidation was completed, a one-dimensional cyclic
load was applied to the specimen. Using a semi-sine wave as a stress waveform, the
dynamic stress amplitude is pf; the cyclic dynamic stress ratio ζ indicates the difference
between the dynamic stress amplitude pf, and the consolidation confining pressure p0 ratio
to the consolidation confining pressure p0, and ζ = (pf − p0)/p0. According to Table 1, the
amplitude of cyclic dynamic stress pf can be obtained by determining the consolidation
confining pressure p0 and the cyclic dynamic stress ratio ζ. N refers to the number of loaded
half-sine waves experienced, and the total number of vibrations is recorded as Nmax (set
Nmax = 20,000). Vibration frequency in f refers to the reciprocal of each half-sine wave time
course (set f = 0.1 Hz). The loading and waveform diagram is shown in Figure 2.

Scanning electron microscopy (SEM) was used to observe the marine soft soil under
different dynamic load conditions (based on ASTM standard), as shown in Figure 3. Under
the premise of ensuring that the observation surface was not disturbed, the sample was
cut and polished into a 2 mm × 2 mm × 4 mm microscopic sample, and the loose float
particles on the observation section were blown away with the ear ball. Along the height
direction of the sample, a horizontal and vertical section were selected every 2 cm as the
observation area. Due to the poor electrical conductivity of soft soil, in order to ensure the
quality of microscopic images the surface of the dried sample was sprayed with 20–50 nm
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gold film as a conductive material. The SEM test used 8000 times magnification. The
microstructure parameters were extracted using the software Image Pro-Plus 6.0 (referred
to as IPP). The microstructure parameters were analyzed under different dynamic load
conditions, and the contour boundaries of the soil sample shape were extracted to output
pore characteristic data, including area, diameter, angle, orientation frequency, probabilistic
entropy and fractal dimension.

(p p p

p

t/s

p

Figure 2. Loading and waveform diagram.

 
(a) (b) 

Figure 3. Microscopic scanning images before and after loading [16]: (a) before loading; (b) after
loading. OCR = 9 identifications of porosity units. (The circle was marked as a pore, and the square
was marked as a flocculent structure).

The analysis has three steps [16]: first of all, a reference plane scale was created to
convert the pixel units into length units; secondly, the images were binarized into black
and white parts, where the black part represents soil grains and the white part represents
pores (Figure 4a); finally, after the image was binarized, the system processing function of
the IPP software was used to automatically collect image data (Figure 4b).

Based on the research results of Voss et al. [20], the fractal theory was introduced [21].
It was proposed that the area of particles in sandy soil images has the following relationship
with the equivalent perimeter:

Log(Perimeter) =
Dd
2

× Log(Area) + C (1)

where Perimeter represents the equivalent perimeter of any geometric polygon in the
scanned image; Area represents the equivalent area of the corresponding polygon; Dd
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represents the fractal dimension of the particle shape of the soil corresponding to the
scanned image; and C is a constant influenced by the microstructure characteristics of
the material. The fractal information can be used both in microstructure and numerical
simulation experiments [22].

 
(a) (b) 

Figure 4. IPP picture processing [16]: (a) binary; (b) identification of porosity units (The pore contour
and area are marked).

Shi Bin (1996) used modern systems theory to introduce the concept of probabilistic
entropy into the study of soil’s structure characteristics, and used Hm to describe the
orderliness of the arrangement of soil microstructure units, defined as:

Hm = −
n

∑
i=1

Pi(α)
ln Pi(α)

ln n
(2)

where Hm represents probability entropy, which indicates the orderliness of the element
body distribution, and P represents the probability of occurrence. The larger the Hm, the
lower the order of the element arrangement.

3. Results

Figure 5a–c shows the cumulative strain curve of soil samples from Dai et al. [16]. It
can be seen that in the early stage of cyclic load loading, an obvious squeezing effect occurs
because the internal pores of the soil are subjected to load. When the vibration number
increases to 10,000, the specimen is gradually compacted, and the strain accumulation rate
is gradually slowed down, showing a slow growth trend. It can be inferred that in the
process of vibration, the pore water is gradually discharged, resulting in the hardening of
the soil structure. When the number of vibrations reaches a certain time (about 1000 times
for the soil in this paper), the soil reaches a stable state and the cumulative strain tends to
be stable.

With the continuous increase in the consolidation confining pressure and cyclic
dynamic stress ratio, the final cumulative strain of the specimen gradually increases
(Figure 5a,b). Under the same cyclic loads, high pressure or stress ratio were more con-
ducive to the compaction of the soil, resulting in a faster strain accumulation rate, and a
lager final cumulative strain. When the P0 pressure reached 500 kPa, the cumulative strain
value was twice of that at 100 kPa. The reason for this is that when the consolidation con-
fining pressure and cyclic dynamic stress ratio are larger, the damage of the soil structure
is aggravated.
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Figure 5. Cumulative strain-vibration curve in different dynamic load modes [16]: (a) group A;
(b) group B; (c) group C.

It is worth noting that as the overconsolidation ratio continues to increase, the final
cumulative strain of the specimen gradually decreases (Figure 5c). The reason is that under
a high overconsolidation ratio the soil has a stronger resistance to deformation, resulting in
a smaller final cumulative strain. This indicates that the increase in the overconsolidation
ratio has an inhibitory effect on the cumulative strain.

Figures 6–8 show the log (Perimeter)-log (Area) curves of soft soil under different test
conditions, which have obvious linear relationships. If the linear relationships are expressed
as y = ax + b, then a in the linear relationships corresponds to Dd, and b corresponds to
the perimeter in logarithmic coordinates. Therefore, it can be considered that the particle
shape in soft clay is fractal. The number of fractal dimensions before loading is the largest
(1.531 for the undisturbed soil sample), and the fractal dimension of soft soil is always
between 1 and 2. After loading, the fractal dimension reaches 1. The results illustrate that
the orderliness and directionality of the microstructure of soft soil are worst in the original
state. After loading, with the reduction in the fractal dimension number, the pores become
more orderly at any loading condition.

It can be seen that, with the increase in confine pressure, dynamic stress and ratio
overconsolidation ratio, the fractal dimension value Dd decreased. The essence of the
change of fractal dimension information is the change of the stress of the soil in equilibrium
state under cyclic loading, which is caused by the recombination of particles in the soil
and the dislocation movement of soil particles. In the early stage of loading, the soil
particles moved in dislocation under cyclic loading, thus forming new pore structures. The
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accumulated energy of plastic strain dissipated, and the soil began to deform. With the
increase in vibration N, the cumulative viscous energy dissipation rate gradually exceeds
the cumulative plastic strain energy dissipation rate, the deformation tends to be stable,
and the pore structure trends to be regular.

Dd R
p
Dd R

(a) (b) 

p
D R

 

p
D R

(c) (d) 

p
D R

 

p
D R

(e) (f) 

Figure 6. Fractal dimension of soil samples under different pressure: (a) before loading;
(b) p0 = 100 kPa; (c) p0 = 200 kPa; (d) p0 = 300 kPa; (e) p0 = 400 kPa; (f) p0 = 500 kPa.
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Figure 7. Fractal dimension of soil samples under different cyclic dynamic stress ratio: (a) ζ = 6;
(b) ζ = 8; (c) ζ = 10; (d) ζ = 15.
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D R

 

OCR
D R

(a) (b) 

OCR
D R

(c) 

Figure 8. Fractal dimension of soil samples under different overconsolidation ratios: (a) OCR = 3;
(b) OCR = 6; (c) OCR = 9.
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4. Discussion

The macroscopic mechanical behavior of soil is closely related to the microinternal
structure, so the microstructure changes of soft soil during cyclic loading can reveal the
fundamental causes of its deformation.

At present, there are two main methods for calculating the cumulative plastic strain of
soil under dynamic load: establishing a constitutive model and an empirical fitting formula.
When calculating cumulative strain by constitutive model, it is difficult to determine the
calculation parameters and apply in practical engineering. In contrast, the concise empirical
fitting formulas are widely used in practical engineering.

Based on the Monismith exponential empirical model ε = A × Nb and the existing
creep model [23], this paper introduces constant A0 to reflect the stress σ and strain of soft
soil ε:

ε(t) = A0 + A × tb (3)

where A0, A, b represents the fitting constant.
Consider that A0, A, b are parameters related to the stress state and the microstructural

characteristics of the soil. Based on Formula (3), the cumulative plastic strain considering
the microstructural parameters can be expressed as:

ε(t) = A0(σi, C) + A(σi, C)× tb(σi ,C) (4)

where C is a series of microstructure characteristics of soft soil.
Since the shape of the cumulative strain curve at different stress levels also tends to

be consistent; thus, b(σi, C) can be considered as a constant β. The above formula can be
simplified to:

ε(t) = E0(σi, C) + E(σi, C)× tβ (5)

In Equation (5), E0(σi, C) is called the microstructure function, the value of which
is related to the microstructure state of the soil at specific stress level. Therefore, if the
probability entropy and fractal dimension are used as representatives of the microstructure
parameters of soft soil, Equation (5) can be written as:

ε(t) = E0(σi, Hm) + E(σi, Hm)× tβm (6)

ε(t) = E0(σi, Dd) + E(σi, Dd)× tβd (7)

Let:

E(σi, Hm) =

(
σi

Am

) fm(Hm)

(8)

And

E(σi, Dd) =

(
σi
Ad

) fd(Dd)

(9)

The exponential fitting empirical Equations (6) and (7) can be used to represent the
orientation parameters of the soil structure. The calculation formula of cumulative plastic
strain can be expressed as:

ε(t) =
(

σi
Am0

) fm(Hm)

+

(
σi

Am

) fm(Hm)

× tβm (10)

ε(t) =
(

σi
Ad0

) fd(Dd)

+

(
σi
Ad

) fd(Dd)

× tβd (11)

where Am, Am0, Ad0 and Ad is the coefficient to be determined, fm(Hm), fd(Dd) is the prob-
ability entropy and fractal dimension function. Since the value of the function should
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be greater than 1 and Hm∈[0,1], Dd∈[0,1], the probability entropy and fractal dimension
function can be expressed as:

fm(Hm) =
1

Hm
(12)

fd(Hd) =
1

Dd
(13)

where Hm, Dd is the probability entropy and fractal dimension. According to the change
curve of probability entropy and fractal dimension with stress, the relationship between
probability entropy and fractal dimension and stress can be expressed as follows:

Hm = amσ2 + bmσ + cm (14)

Dd = adσ2 + bdσ + cd (15)

where am, ad, cm, bm, bd and cd are the fitted values of the probability entropy Hm and fractal
dimension Dd and stress σ.

Then, Equations (12) and (13) can be expressed as:

fm(Hm) =
1

amσ2 + bmσ + cm
(16)

fd(Dd) =
1

adσ2 + bdσ + cd
(17)

Based on Equations (16) and (17), Equations (10) and (11) can be written as:

ε(t) =
(

σi
Am0

) 1
amσ2+bmσ+cm +

(
σi

Am

) 1
amσ2+bmσ+cm × tβm (18)

ε(t) =
(

σi
Ad0

) 1
adσ2+bdσ+cd +

(
σi
Ad

) 1
adσ2+bdσ+cd × tβd (19)

According to the experimental data of the probabilistic entropy and fractal dimension
above, the value of parameters can be obtained in Table 3.

Table 3. Summary of parameters.

Parameter am bm cm ad bd cd

numeric value −1.279 × 10−7 −4267 × 10−5 0.9834 3831 × 10−7 −0.0016 1.597

Parameter Am0 Am βm R2 Ad0 Ad βd R2

numeric value 9.451 × 105 1.871 × 107 10.98 0.8396 7.106 × 104 981.5 −1.76 0.9629

As shown in Figure 9, the formula of cumulative plastic strain with fractal dimension
as the microstructural parameter has a higher correlation coefficient (0.9629) than the
formula with probabilistic entropy (0.8396) as the microstructure parameter. Consequently,
the fractal dimension can describe the cumulative plastic strain law of Hangzhou’s soft soil
more accurately. In future studies, other microstructural parameters could be investigated
to make the fitted formula curve closer to the experimental data.

Therefore, this paper introduces the fractal dimension as a microstructure parameter
into the cumulative strain formula:

ε(t) =
(

σi
Ad0

) 1
adσ2+bdσ+cd +

(
σi
Ad

) 1
adσ2+bdσ+cd × tβd (20)

where ad, bd, cd, Ad0, Ad and βd are test fitting parameters.
Overall, fractal dimension information from soft soil provides a reliable method to

obtain strain, which is helpful when predicting the physical and mechanical properties.
The impact of various confine pressures, cyclic dynamic stress ratio and OCR were ob-
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tained from the analysis of the test results, which describe the fractal characteristics of soft
soil. The mathematical relationship between the fractal characteristics and deformation
characteristics deserves further investigation.

R
R

Figure 9. Fitting results by probability entropy and fractal dimension.

5. Conclusions

Using SEM technology, the microstructural change in soft soil under loading was
observed, and the fractal dimension of pores was calculated by image processing techniques.
Then, the relationship between microporous structure and macrodynamic characteristics
were studied by using correlation and empirical model analysis methods. The relationship
between the microstructure parameters obtained by SEM and the cumulative strain was
discussed. Finally, the following main conclusions were drawn:

(1) The soft soil of Hangzhou marine has a flocculation structure. The distribution of soil
particles in the microstructure of soft clay conforms to the fractal characteristics, and
the fractal dimension number is between 1 and 2.

(2) After loading, the pores become more orderly. The larger the consolidation confining
pressure, the greater the cyclic dynamic stress ratio and the greater the overconsolida-
tion ratio, the smaller the fractal dimension number of soil samples.

(3) Fractal dimension and probabilistic entropy are closely related to cumulative strain.
Based on the empirical fitting formula of strain index, an empirical fitting formula for
cumulative strain considering microstructure parameters was established.

(4) The trends from the fractal dimension and probabilistic entropy are consistent with
each other. The accuracy of the predicted probabilistic entropy strain is 0.83, whereas
this value is 0.96 for the fractal dimension. Then, a new way to predict subsidence
based on fractal dimension information was obtained for soft soil.
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Abstract: In this study, a series of nuclear magnetic resonance (NMR) tests was conducted on
calcareous sand, quartz sand, and glass bead with a wide range of grain sizes, to understand the
effect of grain size on the micro-pore structure and fractal characteristics of the carbonate-based
sand and silicate-based sand. The pore size distribution (PSD) of the tested materials were obtained
from the NMR T2 spectra, and fractal theory was introduced to describe the fractal properties of
PSD. Results demonstrate that grain size has a significant effect on the PSD of carbonate-based sand
and silicate-based sand. As grain size increases, the PSD of sands evolves from a binary structure
with two peaks to a ternary structure with three peaks. The increase in the grain size can cause a
remarkable increase in the maximum pore size. It is also found that the more irregular the particle
shape, the better the continuity between the large and medium pores. In addition, grain size has a
considerable effect on the fractal dimension of the micro-pore structure. The increase of grain size
can lead to a significant increase in the heterogeneity and fractal dimension in PSD for calcareous
sand, quartz sand and glass bead.

Keywords: nuclear magnetic resonance; pore size distribution; fractal dimension; grain size;
calcareous sand; quartz sand

1. Introduction

Carbonate-based sands (i.e., sands with the main component of calcium carbonate)
and silicate-based sands (i.e., sands with the main component of quartz) exist extensively
in nature, and they have long been used as the two most important granular geomaterials
in the construction of geotechnical engineering. Specifically, siliceous-based sand is mainly
distributed on the continent [1], which is applied to terrigenous geotechnical projects,
such as roads, foundation pits, slopes, tunnels, etc. Calcareous-based sand, formed by
the geological deposition of marine biological debris, is widely distributed onshore and
offshore. It is commonly used in land reclamation projects. For example, it has been
adopted as the filling material for the foundations of wharves, roads, and airport runways
and in island reefs. Carbonate-based sand has more complex mechanical properties than
silicate-based sand because its particle shape is more irregular [2–15]. The microstructure
of soils, especially the pore-size distribution (i.e., PSD), has been extensively acknowledged
to be related to mechanical properties, such as shear strength, compressibility, and water-
retention ability [16–22]. Therefore, it is essential to investigate the micropore structure of
carbonate-based sand and silicate sand for a better understanding of their macroscopic
mechanical behaviors.

In the last decade, numerous efforts have been devoted to revealing the pore size
distribution of soils, mainly based on several experimental measurement techniques, such
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as scanning electron microscope (SEM), mercury intrusion porosimetry (MIP), transmission
electron microscopy (TEM), X-ray micro-tomography (XR-uCT), and nuclear magnetic
resonance (NMR) [10,11,16,23–27]. The previous studies demonstrated that the microscopic
pore structure of soils was highly complicated, highlighting the necessity of additional
experimental research in this field. Moreover, previous works have provided sufficient
evidence that the pore structures of porous media are born with fractal characteristics
and could be studied by fractal theory [17,28–32]. Through a series of SEM and NMR
tests, Shao et al. [33] observed a rather irregular pore size distribution in tight sandstone
which consists of quartz and clay minerals. They found that the pore network of tight
sandstones could be recognized as a dual-scale pore system based on fractal theory, and
the fractal dimensions could reflect the physical properties. Sun et al. [34] carried out NMR
tests on the Lower Cambrian Niutitang formation shale in northern Guizhou, China, and
they investigated the relationships between fractal dimensions of micro-pore structure and
mineral compositions. Li et al. [35] conducted NMR tests on the organic-rich marine shales
of the Lower Cambrian Niutitang Formation in northern Guizhou, China, to explore the
pore structures and fractal characteristics. It was found that shale samples with a larger
surface fractal dimension have a higher methane adsorption capacity. Although some
experimental investigations have been performed on sandstone and shale to investigate
the micro-pore structure, few attempts have been made to quantify the microscopic pore
structure and fractal characteristics of granular material, such as calcareous sand and
siliceous sand. Another challenging problem is that the sands in the field are always
heterogeneous with different grain sizes rather than with a single grain size. However, the
effect of the grain size on the microstructure of granular material is still poorly understood.
Consequently, further investigations are needed to eliminate the gap surrounding the effect
of grain size on the microscopic pore structure and fractal characteristics of carbonate-based
sand and silicate-based sand.

In this work, a series of nuclear magnetic resonance (NMR) tests was conducted on
calcareous sand, quartz sand, and glass bead with a wide range of grain sizes. The effect
of grain size on the micropore structure and fractal characteristics of the carbonate-based
sand and silicate-based sand was analyzed in detail. Fractal theory was then introduced to
describe the fractal properties of PSD, where the fractal dimension was obtained. The rela-
tionship between the fractal dimension and grain size was deeply discussed. The present
findings might help to achieve a better interpretation and prediction of the macroscopic
behavior of sands with different grain sizes from a microscopic structure view.

2. Materials and Methods

2.1. Materials

The carbonate-based sand used in this study was the natural calcareous sand from the
South China Sea (as shown in Figure 1a). The South China Sea has a typical dual-structure
coral reef stratum due to its complex seabed landform type. The upper layer of coral
islands and reefs in the South China Sea is carbonate-based sand, and the lower layer is reef
limestone. The carbonate-based sand adopted in this study was obtained from the upper
layer of the coral island reef in the South China Sea, which is a good construction filler
material widely used in marine reclamation projects. Through additional X-ray diffraction
tests already conducted on this carbonated-based sand [2], it was found that this sand is
mainly composed of aragonite and calcite, and the calcium carbonate (CaCO3) content
of this sand is about 92%. The silicate sands adopted in this study were quartz sand (see
Figure 1b) and glass bead (see Figure 1c) used for comparison experiments. The standard
quartz sand was obtained from Fujian, China. It is extensively distributed in various
strata in Fujian, China, and it is the most common geotechnical material in the local area.
Through further X-ray diffraction tests, this sand was found to have a high silicon dioxide
(SiO2) content of around 98%. The glass bead was a commercial glass bead with artificial
round particles and the same particle size as sands. In the sampling process of this study,
homogeneous calcareous sand and quartz sand were selected as much as possible in their
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respective identical locations. Moreover, additional sieving was performed before the NMR
test to further ensure the uniformity of the experimental materials. Figure 2 shows the
scanning electron microscope (SEM) images of calcareous sand and quartz sand. As can
be seen, compared with quartz sand, the particles of calcareous sand have more corners,
rougher surfaces and more irregular shapes.

   
(a) (b) (c) 

Figure 1. Photographs of the tested materials: (a) Calcareous sand; (b) Quartz sand; (c) Glass bead.

  
(a) (b) 

Figure 2. SEM images of calcareous sand and quartz sand: (a) Calcareous sand; (b) Quartz sand.

2.2. Test Equipment and Specimen Preparation

The NMR technique has been used to capture the pore size distribution of the adopted
specimens. The NMR technique is fast, comprehensive, non-destructive and accurate,
which makes it different than the other existing methods like MIT, SEM. Unlike MIT and
SEM scanning, NMR can accurately detect the whole pore structures of the sand assembly
based on the reliable theoretical relationship between relaxation time and pore size. The
device used in this study is the low-field nuclear magnetic resonance device (MesoMR23-
060H-I, Shanghai Niumag Corporation, Shanghai, China), as shown in Figure 3. The nuclear
magnetic resonance device is composed of five major systems, namely the temperature
control system, the magnet system, the spectrometer system, the radiofrequency system
and the data acquisition system. The magnet system used 0.5T magnetic field strength, and
the magnet temperature was controlled at 32 ◦C ± 0.01 ◦C.

The NMR specimens were prepared on a triaxial device. Standard cylindrical speci-
mens with diameters of 50 mm and heights of 100 mm were employed in this study [36–38],
as shown in Figure 4. The approach of air pluviation was adopted to prepare the specimen
to prevent sand particles from breaking during specimen preparation [39]. The prepared
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specimens were then saturated by passing carbon dioxide and deaired water through the
specimens. Subsequently, the specimen was saturated at a back pressure of 200 kPa. After
the B-value was detected to be greater than 95%, the saturation operation was stopped. The
saturated sample was removed from the triaxial device and then transferred to the sample
tube of the NMR device under the protection of the mold. To investigate the effect of grain
size on the microstructure and its fractal dimension, NMR tests were carried out on calcare-
ous sand with six single grain sizes (i.e., 0.1–0.25 mm, 0.5–0.71 mm, 0.71–1 mm, 1–2 mm,
2–3 mm, and >5 mm), quartz sands with three single grain sizes (0.1–0.25 mm, 0.5–0.71 mm,
and 1–2 mm), and glass beads with four single grain sizes (i.e., 0.5–0.71 mm, 0.71–1.0 mm,
1–2 mm, and 2–3 mm) for comparison. The detailed test program is summarized in Table 1.

 

Figure 3. Photograph of the NMR device.

 
Figure 4. Photograph of the tested specimens.
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Table 1. Test program of this study.

No. Material Grain Size (mm) Void Ratio

C-D-1 Calcareous sand 0.1–0.25 1.143
C-D-2 0.5–0.71 1.142
C-D-3 0.71–1 1.146
C-D-4 1–2 1.145
C-D-5 2–3 1.144
C-D-6 >5 1.143
S-D-1 Quartz sand 0.1–0.25 0.507
S-D-2 0.5–0.71 0.508
S-D-3 1–2 0.509
G-D-1 Glass sand 0.5–0.71 0.631
G-D-2 0.71–1.0 0.630
G-D-3 1–2 0.632
G-D-4 2–3 0.633

2.3. Calculation Method for Determining Pore Size Distribution Using NMR

After the main magnetic field (B0) is applied to the nuclei, the spin direction of some
nuclei will become the same as the applied magnetic field, while most of the other spin di-
rections are still chaotic. When the applied magnetic field is removed, the non-equilibrium
protons at a high energy level will return to the equilibrium state of a low energy level.
This process of returning the protons from a high energy level to the equilibrium state is
called relaxation. From a macro point of view, the maximum magnetization (M0) will tend
to return to the initial state parallel to B0 (i.e., the smallest energy and the most stable state).
Therefore, attenuation occurs in the xy plane and recovery occurs in the z-direction. The
Bloch equation can be used to describe the relaxation phenomenon, as follows:
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The solution of the equation with the specific B0 is given by:
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where M is the magnetization vector, B is the magnetic field vector, t is the time, γ is the
rotation ratio, T1 is the longitudinal relaxation time, and T2 is the transverse relaxation time.

T1 relaxation is the process of energy exchange between hydrogen nuclei and the
surrounding environment, that is, T1 relaxation (i.e., longitudinal relaxation) is spin-lattice
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relaxation; T2 relaxation (i.e., transverse relaxation) is the process of energy exchange be-
tween hydrogen nuclei and other atomic nuclei, that is, T2 relaxation is spin-spin relaxation.
Figure 5 shows the longitudinal and transverse components of the relaxation process versus
time. The equation of longitudinal relaxation is given by:

dMz

dt
= −Mz − M0

T1
(4)

 
(a) (b) 

Figure 5. Schematic diagram of the changes in the longitudinal and transverse components in the
relaxation process: (a) Longitudinal components; (b) Transverse components.

Then, the solution can be expressed as:

Mz(t) = M0 + (Mz(0)− M0)e−t/T1 (5)

The equation of transverse relaxation is given by:

dMxy

dt
= −Mxy

T2
(6)

Then, the solution can be given by:

Mxy(t) = Mxy(0)e−t/T2 (7)

Because the completion time of T2 relaxation is much faster than T1 relaxation, T2
relaxation is commonly used to study the pore distribution characteristics of the sample in
porous fluid media. According to the relaxation mechanism of low-field NMR, there are
three different relaxation mechanisms for fluid in porous media. Therefore, the relaxation
time of the pore fluid can be expressed as follows [40]:

1
T2

=
1

T2B
+

1
T2S

+
1

T2D
(8)

where T2 is the transverse relaxation time of pore fluid collected by Carr-Purcell-Meiboom-
Gill (CPMG) pulse sequence; T2B is the free transverse relaxation time of the liquid, which
is determined by the physical properties of the liquid (such as viscosity and chemical
composition); T2S is the transverse relaxation time caused by surface relaxation; T2D is the
transverse relaxation time of pore fluid caused by diffusion under magnetic field gradient.
For water in porous media, the influence of the first and third terms on the equation can be
ignored, and the surface relaxation plays the main role as follows:

1
T2
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1

T2S
= ρ2(

S
V
) (9)
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where ρ2 is the surface relaxation coefficient, which is a constant and is not affected by
temperature and pressure; the method to determine the ρ2-value of the sand-gravel mixture
is described in detail in Feng, Xu, Chai and Li [23]; S/V is the ratio between the pore
surface area (S) to the pore volume (V), which is related to the pore shape. Tian et al. [40]
represented that the pore shape in the soil can be approximated as a cylindrical tube shape.
Therefore, Equation (9) can be written as such:

R= 2ρ2T2 (10)

2.4. Calculation Method of Fractal Dimension Using Fractal Theory

Fractal dimension reflects the validity of space occupied by complex shapes, and
it is a measure of the irregularity of complex shapes. According to previous works, the
pore structures of porous media show fractal characteristics and can be studied by fractal
theory [41]. The different fractal dimensions (D) resulted in the mechanisms of pore
generation. In recent years, fractal theory has been widely used in quantitatively describing
and studying the geometric characteristics of the PSD. The fractal property for the pore
size distribution is given by [42]:

N(R > Ra) ∝ R−D (11)

where D is the fractal dimension; N (R > Ra) is the number of pores whose size R is greater
than the specific measurement scale Ra. For most geomaterials, counting the number of
pores of a given size is not feasible. Instead, it seems more appropriate to use mass to
interpret the pore size distribution, which is a more readily measurable quantity. The
definition of mass M (R > Ra) is suggested as [43]:

M(R > Ra) = ρPCm[1 − (R/λm)3−D] (12)

where Cm and λm are constants related to pore shape and size, and ρP is the pore density
under the assumed conditions. The total mass MT can be determined by setting R = 0 in
Equation (12), as given by:

MT = ρPCm (13)

Substitution of Equation (13) into Equation (12) yields:

M(R > Ra)/MT = 1 − (R/λm)3−D (14)

The constant λm is equal to the maximum pore size Rmax for the fractal behavior in
the case of M (R > Ra)/MT = 0 with setting R = Rmax. For the fractal nature of soil pore size
distribution, the fractal dimension D is strictly limited to the range of 0 < D < 3 [44].

On account of the fact M (R > Ra)/MT + M (R < Ra)/MT = 1, Equation (8) can be
rearranged to display the pore size distribution in a finer percentage by weight, that is,
M (R < Ra) by noting that:

M(R < Ra)/MT = (R/Rmax)
3−D (15)

According to the geometric fractal theory [41], the model of fractal dimension D in
PSD corresponding to the pore size R obtained by NMR is as follows:

lgSv = (3 − D) log R + (D − 3) log Rmax (16)

where Sv is the percentage of the pore volume. It is calculated by the pore size smaller than
the specific pore diameter R to the total pore volume; D is the fractal dimension, and Rmax
is the maximum pore size.
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3. Results and Discussion

3.1. Effect of Grain Size on the Pore Size Distribution

Figure 6a shows the pore size distribution curve of calcareous sand with different
grain sizes obtained from the T2 relaxation time. It can be observed that the grain size
significantly affects the pore size distribution curve of calcareous sand. For specimens
with a grain size of 0.1 mm–0.25 mm, the pore size distribution belongs to a binary type
with two peaks. With the increase of the grain size, the binary pore size distribution
gradually evolves into a ternary pore size distribution with three peaks. The pore diameter
corresponding to the turning point where the two peaks evolve into three peaks is around
100 μm. From the pore size distribution curves of the calcareous sands with different grain
sizes, it can be inferred that the pore size distribution curve of the specimen with a grain
size less than 0.25 mm belongs to a binary type. However, for the specimen with grain size
larger than 1 mm, the pore size distribution curve belongs to a ternary type. The pore size
distribution curve of the specimen with grain size around 0.25 mm–1 mm is between the
binary type and ternary type. In addition to the number of main peaks in the pore size
distribution curve of calcareous sand, the grain size also significantly affects the range of
the pore size distribution curve. As shown in Figure 6a, the larger the grain size, the larger
the maximum pore size and the wider the pore size range.

Figure 6b shows the pore size distribution curves of quartz sands with different grain
sizes. It can be seen that, similar to calcareous sand, for quartz sand specimens with a
grain size of 0.1 mm–0.25 mm, the pore size distribution also belongs to a binary type
with two peaks. As the grain size increases, the pore size distribution curve of quartz
sand gradually evolves into a ternary type with three peaks. Figure 6c shows the pore
size distribution curves of glass beads. The results show the pore size distribution curves
of glass beads all have three peaks. Note that in the pore size range between 100 μm
and 1000 μm, carbonate-based sand has a continuous pore size distribution, whereas the
pore size distribution of silicate-based sand is discontinuous. This indicates that the more
irregular the particle shape, the better the continuity between the large and medium pores.
Moreover, for quartz sand and glass bead, as the particle size increases, the maximum pore
size also increases significantly.

(a) 

Figure 6. Cont.
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(b) 

 
(c) 

Figure 6. Pore size distribution of the tested materials with different grain sizes: (a) Calcareous sand;
(b) Quartz sand; (c) Glass bead.

In order to better understand the relative change of the pore size distribution of the
three tested sands with different grain sizes, the difference of the pore size distribution
curve under different grain sizes is presented in Figure 7. Figure 7a is the difference
between the pore size distribution of calcareous sand with different grain sizes and the pore
size distribution of calcareous sand with a grain size of 0.1 mm–0.25 mm. Figure 7b is the
difference between the pore size distribution of quartz sand with different grain sizes and
the pore size distribution of quartz sand with a grain size of 0.1 mm–0.25 mm. Figure 7c is
the difference between the pore size distribution of glass bead with different grain sizes
and the pore size distribution of glass beads with a grain size of 0.5 mm–0.71 mm. It can
be seen from Figure 7 that the pore size distribution of the three tested materials has a
relatively consistent changing trend with the grain size. This indicates that the influence
mechanism of grain size on the pore size distribution of the three materials is similar.
Specifically, the increase in grain size increases the proportion of large pores with a size
larger than 1000 μm, and correspondingly reduces the proportion of medium pores with a
size between 100 μm–1000 μm. However, grain size has a minor effect on small pores with
a size less than 100 um.
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(a) 

(b) 

(c) 

Figure 7. Differences in the pore size distribution of tested materials: (a) Calcareous sand; (b) Quartz
sand; (c) Glass bead.
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3.2. Effect of Grain Size on the Microsrcture’s Fractal Dimension

Liang, et al. [44] reported that the lgSv-lgR curve of soil included two distinct parts and
proposed that the PSD in soils showed multi-fractal characteristics. The lgSv-lgR curve of
calcareous sand, quartz sand, and glass bead are shown in Figures 8–10, respectively. There
is an obvious inflection point around the pore diameter of 10 um in the lgSv-lgR curve,
indicating that the pore size of about 10 μm is a limitation for the change of pore properties
in the carbonate-based sand and silicate-based sand. The dominant pore structure content
of carbonate-based sand and silicate-based sand is distributed in the large-size range (i.e.,
the pore structure with a size greater than 10 μm. Furthermore, the larger pore structure of
sand assembly more tends to be a skeleton pore structure with strong contact and control
of the mechanical behavior. Therefore, the fractal dimension (D) in a large-size range of
pores is supposed to be the dominant parameter reflecting the principal characteristics
of the PSD. Based on Equation (16), the fractal dimension of the macropore (i.e., on the
right side of the turning point) was obtained through the regression analysis, as shown
in Figures 8–10. The fitting results of fractal dimensions demonstrate that the pore size
distribution of calcareous sand, quartz sand, and glass bead all complies with the fractal
law. In addition, the correlation coefficient (R2) of calcareous sand is between 0.95–0.99; the
correlation coefficient of quartz sand is between 0.87–0.93 and the correlation coefficient of
glass beads is between 0.87–0.94. This indicates that the fractal characteristics of calcareous
sand of various particle sizes are more obvious than that of quartz sand and glass beads.

Figure 11 shows the relationship between the fractal dimension and the mean grain
size (d50) of the three sands. It can be clearly observed that the fractal dimensions of
calcareous sand and quartz sand all increase significantly with the increase of grain size.
Compared with calcareous sand and quartz sand, the fractal dimension of glass beads
increases more slowly with grain size. This may be due to the single shape (i.e., round
shape) of glass beads. Previous studies pointed that the higher fractal dimension of
pore size distribution means a more complex pore structure distribution and a stronger
heterogeneity of the pore structure distribution [29]. The increase of grain size can lead to a
significant increase of D for calcareous sand, quartz sand and glass bead. This indicates that
the increase of grain size can cause a more complex pore structure distribution in the sand.
Furthermore, under the same grain size, the fractal dimension of calcareous sand is the
smallest, the fractal dimension of glass beads is the largest, and quartz sand is somewhere
in between. In addition, the fractal dimension of calcareous sand increases more slowly
with grain size than quartz sand. The larger the grain size, the greater the gap between
the fractal dimensions of the two sands. This indicates that as the grain size increases, the
difference in particle shape has a more obvious impact on the pore structure.

It is widely acknowledged that the determination of the fractal dimension plays an
important role in predicting the physical and mechanical properties of geomaterials [45,46].
Huang et al. [45] quantified the fractal characteristics of the pore structure of shale and
found a significant relationship between the fractal dimension and permeability. Kong et al. [47]
established a fractal model of pore size distribution for porous geomaterials based on the
fractal characteristics of pores, which could be used to study hydraulic properties. Based on
the mercury intrusion test and image analysis, Dou et al. [46] analyzed the effect of different
fractal models of pores on the evaluation of sandstone’s permeability and highlighted the
role of the fractal dimension in determining the permeability. Therefore, accurate prediction
of the fractal dimension is crucial for grasping and analyzing the engineering properties
(e.g., permeability) of geomaterials. Considering this, a suitable correlation (see Figure 11)
was proposed to capture the fractal dimensions of carbonate-based sand and silicate-based
sand with different mean grain sizes, which is as follows:

D = αd50
β (17)

where α and β are model parameters, and through regression analysis, the best-fit α and
β for carbonate-based sand and silicate-based are summarized in Table 2. The proposed
correlation between D and d50 can be applied to the research of a permeability model,
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water-retention ability analysis, and other related aspects for granular geomaterials, which
is useful for guiding the construction of geotechnical engineering.
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Figure 8. Determination of fractal dimension of calcareous sand with different grain sizes: (a) 0.1–0.25 mm; (b) 0.5–0.71 mm;
(c) 0.71–1 mm; (d) 0.1–0.25 mm; (e) 2–3 mm; (f) >5 mm.
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Figure 9. Determination of fractal dimension of quartz sand with different grain sizes:
(a) 0.1–0.25 mm; (b) 0.5–0.71 mm; (c) 1–2 mm.
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Figure 10. Determination of fractal dimension of glass bead with different grain sizes:
(a) 0.5–0.71 mm; (b) 0.71–1 mm; (c) 1–2 mm; (d) 2–3 mm.
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D

Figure 11. Fractal dimensions of the tested materials with different grain sizes.

Table 2. Summaries of model parameters for carbonate-based sand and silicate-based sand.

Parameter Calcareous Sand Quartz Sand Glass Bead

α 2.689 2.761 2.762
β 0.0122 0.0276 0.00524

4. Conclusions

Carbonate-based sand and silicate-based sand are widely used in the construction of
geotechnical engineering. To investigate the effect of grain size on the micro-pore structure
and fractal characteristics of carbonate-based sand and silicate-based sand, a series of
NMR tests were conducted on calcareous sand, quartz sand, and glass bead. The effect of
grain size on the pore size distribution and fractal dimension was discussed in detail. The
following main conclusions were drawn:

(1) Grain size had a significant effect on the pore size distribution of carbonate-based sand
and silicate-based sand. As the grain size increased, the pore size distribution curve of
sands gradually evolved from a binary structure with two peaks to a ternary structure
with three peaks. The increase in the grain size could cause a remarkable increase in
the maximum pore size. Moreover, the increase in grain size increased the proportion
of large pores with a size larger than 1000 μm, and correspondingly reduced the
proportion of medium pores with a size between 100 μm–1000 μm. However, grain
size had a minor effect on small pores with a size less than 100 um.

(2) Carbonate-based sand differed significantly from silicate-based sand with respect
to the pore size distribution, owing to the significant divergence in particle shapes.
In the pore size range between 100 μm and 1000 μm, carbonate-based sand had a
continuous pore size distribution, whereas the pore size distribution of silicate-based
sand was discontinuous. This indicated that the more irregular the particle shape, the
better the continuity between the large and medium pores.

(3) The pore size distribution of calcareous sand, quartz sand and glass beads all exhibited
good fractal characteristics. The fractal dimension (D) of the pore size distribution of
the three materials was determined by fractal theory. Compared with the quartz sand
and glass beads, the calcareous sand with the most complex particle shape had the
most significant fractal characteristics. Moreover, grain size had a considerable effect
on the fractal dimension of the carbonate-based sand and the silicate-based sand. The
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increase of grain size could lead to a significant increase of D for calcareous sand,
quartz sand and glass bead, indicating that the increase of grain size would increase
the heterogeneity of pore structure distribution in sands. A refined correlation was
proposed to determine D for carbonate-based sand and silicate-based sand with
different grain sizes.
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Abstract: Freezing action always results in great damage to the pore structure and fractal characteris-
tics of freezing–thawing soft soil. Nuclear magnetic resonance (NMR) can help collect data to describe
the microstructure of frozen–thawed soft soil. This paper conducted a series of nuclear magnetic
resonance (NMR) tests to interpret the effect of freezing duration, freezing–thawing pressure and
freezing temperature on soil’s micro-pore structure and fractal characteristics. The pore size distribu-
tions (PSDs) of the tested materials were obtained from the NMR T2 spectra, and fractal theory was
introduced to describe the fractal properties of PSD. The results demonstrate that the soil assembly
with a larger pore structure tends to be a skeleton pore structure with strong fractal characteristics;
the shorter the freezing duration is, the less damage caused by the freezing action; a larger pressure
during freezing and thawing results in a lower fractal dimension value for thawing soil’s structure,
while a lower freezing temperature causes a larger fractal dimension of frozen-thawed soil.

Keywords: frozen–thawed soft clay; fractal characteristics; NMR; pore structure; artificial ground freezing

1. Introduction

In recent years, with the expansion of cities, a large number of subway tunnels pass
through soft soil areas. When constructing the connecting passages between two shield
tunnels, due to the small working space and the difficulty in accessing the equipment, the
freezing ground method is used in construction to enhance the strength of the soil [1–3].
However, the dynamic characteristics of soft soils are significantly weakened after freez-
ing and thawing cycles [4,5]. The uneven settlement of the frozen areas caused by the
difference in freezing conditions seriously threatens the safety of subway operations. The
microstructure of soil has been extensively acknowledged as being related to mechani-
cal properties [6–12]. The change in the soil microstructure caused by frost heave is the
essential reason for the weakening of frozen–thawed soil mechanical performance [13].
Therefore, it is necessary to study the microstructure characteristics of frozen–thawed soft
soil under different freezing conditions.

In 1975, fractal geometry theory was established by Mandelbrot to evaluate the irreg-
ularity of complex porous media and the self-similarity characteristics of graphs [14,15].
The pore structure and fractal characteristics of soil can directly reflect the looseness of
the soil skeleton, which is beneficial for predicting the amount of soil volume change. At
present, pore structure and fractal dimension are mainly obtained by scanning electron
microscope (SEM) image analysis, mercury intrusion porosimetry (MIP), transmission
electron microscopy (TEM), X-ray micro-tomography, nitrogen adsorption and nuclear
magnetic resonance (NMR) for soil pore characterization [16–25]. Previous works reveal
that fractal theory can be used to study the fractal characteristics of pores in soil [26–30]. It
is beneficial to analyze the pore structure of materials by combining more than one method.
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Sun et al. [31] investigated the relationships between fractal dimensions of micro-pore
structure and mineral compositions by SEM, X-ray diffraction observations and nuclear
magnetic resonance (NMR). Yang et al. [32] used SEM, low pressure gas adsorption, helium
pycnometry, X-ray diffraction and geochemical analyses to investigate the pore struc-
ture and fractal dimension of the pores in shale formation. According to fractal theory,
Shao et al. [33] brought to light that the fractal dimension can reflect its physical prop-
erties in tight sandstone, which consists of quartz and clay minerals. Through a series
of NMR tests, Li et al. [34] found that shale with a larger surface fractal dimension has
a higher methane adsorption capacity. Furthermore, Liang et al. [35] reported that the
lgSv-lgR curve of soil included two distinct parts and proposed that the PSD in soil showed
multi-fractal characteristics. Technological advances provide new ideas for the study of the
microstructure of frozen–thawed soft soils.

Due to the high water content, the freezing action results in irreversible damage to
the soil’s structure. Water freezing causes expansion in saturated soft clay, which damages
the soft clay structure [36]. Frozen soft clay has many surface fissures, and the number of
fissures multiplies after thawing [13]. Ding et al. [37] studied the microstructure of frozen–
thawed soil by SEM and proposed that after freezing and thawing, the soil’s microstructure
appears flocculated, and the lower the freezing temperature, the more fragmented the
microstructure. However, previous research does not provide a comprehensive guide for
describing structural changes of frozen–thawed soil under various freezing conditions, and
further research is needed. In actual construction, when moving away from the freezing
pipe, the freezing temperature of the soil rises. Furthermore, the confining pressure near the
freezing pipe is greater than that near the ground. Therefore, there are various combinations
of freezing duration, temperatures and confining pressures in frozen areas, resulting in
different soil damage over the range of the freezing ground. In soil samples, the relaxation
time obtained by NMR is closely related to the properties of fluid, so accurate data on pore
structure and fractal characteristics can be obtained [13].

In this work, a series of nuclear magnetic resonance (NMR) tests were conducted
on soil samples frozen under controllable freezing duration, temperature and confining
pressure. The characteristic curves of the pore size distribution and its change rule of the
frozen-thawed soil at different stages were explored. Then, fractal theory was introduced
to describe the fractal properties of frozen–thawed soil. The research results can be used
as a reliable basis for predicting the degree of structural damage of frozen–thawed soil
under construction conditions. A better interpretation could then be obtained from tests
for uneven settlement of connecting passages in subway systems.

2. Materials and Methods

2.1. Soft Clay Samples

The soft clay was taken from 15~20 m below ground in Hangzhou. The soil samples
were mainly composed of illite and illite-montmorillonite minerals. The physical and me-
chanical properties of the soil sample were characterized by low strength, low permeability,
high compressibility and high sensitivity. For the saturated soft clay, its natural weight
is 17.7 kN/m3, density ρ = 1.82 g/cm2, relative density Gs = 2.75, water content ω = 45%,
plastic limit ωP = 33.4%, liquid limit ωL = 51.6%, plasticity index Ip = 18.2 and reference
thermal conductivity 0.8−1 W·m−1·K−1. The freezing soil sample is shown in Figure 1.

The remolded soft clay was prepared in a cylinder 38 mm in diameter and 76 mm in
height. Then, the cylinder was placed in a vacuum saturation barrel at −100 kPa for 3 h.
Finally, the soft clay was soaked in the cylinder at atmospheric pressure for 12 h to obtain
saturated soft clay samples, which were full of water. In order to avoid error caused by the
poor uniformity of undisturbed soil, the undisturbed soil was remolded by the vacuum
preloading method, and remolded soil samples with good uniformity were obtained [23].
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Figure 1. Photograph of the freezing specimen.

Figure 2 shows representative SEM images of soil microstructure before and after
freezing and thawing at −20 ◦C. From Figure 2a, it can be observed that the micro-structural
characteristics of the remodeled soil before freezing mostly are in the form of edge–edge
and edge-surface contact between the structures. The clumps are inlaid with each other
in outline. There are obvious fissures between the clumps, and the fissures are filled with
agglomerated fragments of sheet-like soil particles. After freezing, it can be clearly observed
that the soil structure became looser; a honeycomb flocculation structure and feather-like
flake structure appears around the soil particle aggregates, as shown in Figure 3b. It also
can be seen that the agglomeration structure between soil particles was destroyed, which
increased the complexity level of the pore morphology.

  
(a) (b) 

Figure 2. Scanning electron microscope (SEM) images of soft clay: (a) unfrozen soil; (b) frozen-
thawed soil.

2.2. Freezing Plan for Soft Clay

Water freezing causes expansion in saturated soft clay, which damages the soft clay
structure. Variable settings were in this paper based on different construction situations,
including different freezing durations, freezing pressures and freezing temperatures. Vari-
ables were set based on the above conditions. All the prepared samples were frozen
under specific temperatures, pressures and durations following the experimental program
described in Table 1.
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(a) (b) 

Figure 3. Pore morphology of soft clay: (a) unfrozen soil; (b) frozen-thawed soil.

Table 1. Experimental program.

Sample No.
Sample Size

(mm)
Freezing Duration

(h)
Freezing Pressure

(kPa)
Freezing Temperature

(◦C)

A1 38 × 38 1 - −20
A2 38 × 38 2 - −20
A4 38 × 38 4 - −20
A5 38 × 38 6 - −20
A6 38 × 38 12 - −20
A7 38 × 38 18 - −20
B1 38 × 38 24 50 −20
B2 38 × 38 24 100 −20
B3 38 × 38 24 200 −20
B4 38 × 38 24 400 −20
C1 38 × 38 24 - −3
C2 38 × 38 24 - −8
C3 38 × 38 24 - −20

Three groups of variables were set to analyze pore structure and fractal characteristic
change under different freezing conditions. The A1–A7 samples were frozen under freezing
durations from 1 to 24 h at −20 ◦C. The second set of frozen soft clay samples, with freezing–
thawing pressure from 50 to 400 kPa, were labelled as B1–B4. Three different thawing
temperatures, from −3 ◦C to −20 ◦C, were used frozen soft clay samples, set as C1–C3.
The testers tried to avoid any possible accidents to obtain highly reproducible and accurate
results. For every serial number in Table 1, there were two samples for parallel trials;
the average of the two experiments were taken into account if the trends were consistent.
The test was repeated if the parallel trials differed widely, to make sure the test results
were reliable.

2.3. Calculation Method
2.3.1. Principle of NMR Spectrometry

The MesoMR23-060H-I low-field NMR (Suzhou Niumag Analytical Instrument Cor-
poration, Suzhou, China) equipment used is depicted in Figure 4. With the help of this
equipment, the pore structure and fractal characteristics could be studied. The central
principle of NMR is that a nucleus always spins around its own axis at a constant frequency,
generating a magnetic field when the number of protons is odd and the number of neu-
trons is even. Because the H element in water follows this law, it can be used to calculate
water content. Furthermore, the bound water and flow water can be distinguished by
NMR spectra [38].
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Figure 4. Nuclear magnetic resonance (NMR) equipment.

The parameter T2, which is called transverse relaxation time, obtained from the
NMR signal, was introduced to represent the time required for the transverse magne-
tization vector decaying to 37% of its maximum value. The T2 value conforms to the
following formula [22]:

Mxy = M0 exp
(
− t

T2

)
(1)

NMR operates on the principle of nuclear spin in a magnetic field. Hydrogen, which
has an odd number of protons and an even number of neutrons, can be used to calculate
pore water distribution. The relationship of pore radius R and T2 is given by Equation (2), in
which ρ2 is the surface relativity, S represents the surface area of the pore, and V represents
the volume of the water. Then, the size of the pores in the soil can be obtained by the
T2 spectra [23]:

1
T2

≈ ρ2

(
S
V

)
pore

= ρ2
2
R

(2)

2.3.2. Principle of Fractal Dimension

Fractal dimension reflects the validity of space occupied by complex shapes, and it
is a measure of the irregularity of complex shapes. Current studies show that the more
complex the pore structure is, the stronger the heterogeneity and the higher the fractal
dimension [36–38]. NMR tests can measure pore size distribution characteristics and
characterize the heterogeneity of soil samples.

According to previous works, the pore structures of porous media show fractal char-
acteristics and can be studied by fractal theory [39]. At present, fractal theory has been
widely used in quantitatively describing and studying the geometric characteristics of the
PSD [40]. The pore size distribution in a finer percentage by weight is as follows:

M(R > Ra)/ρPCm = (R/Rmax)
3−D (3)

where R is the pore size and Rmax is the pore size accounting for the maximum percentage;
M is the mass of pores whose size R is greater than the specific measurement scale Ra; Cm
are constants related to pore shape and size; and ρP is the pore density under the assumed
conditions. For the fractal nature of soil pore size distribution, the fractal dimension D is
strictly limited to the range of 0 < D < 3 [35].
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The fractal dimension D can be obtained when the percentage of cumulative pore
volume less than a certain value is known. Because the T2 value has a linear relationship
with the pore size R, based on the equation to calculate moveable fluid space fractal
dimension established by Zhou et al. [39], the fractal geometric approximation equation
corresponding to pore size R can be expressed as

SV = (Rmax\R)D−3 (4)

where SV (%) is the percentage of the pore volume, which is calculated by the pore size
smaller than the specific pore diameter R to the total pore volume; D is the fractal dimension;
and Rmax is the maximum pore size. After taking the logarithms, the model of fractal
dimension D in PSD corresponding to the pore size R obtained by NMR is as follows:

lg Sv = (3 − D)lgR + (D − 3)lgRmax (5)

3. Results and Discussion

3.1. Effect of Freezing Duration on the Pore Size Distribution

Figure 5a shows the pore distribution of frozen soil after thawing for 24 h at different
freezing times. At this time, all the ice in the soil melts into water, and all signals can
be detected. Between 1 h of freezing and 2 h of freezing, the pore distribution in the soil
changed greatly. After 2 h of freezing, the peak proportion of small pores decreased by
nearly 0.5%, and the peak proportion of mesopores increased by nearly 0.5%. The changes
in soil pores within 2–18 h of freezing are the same as those in the two hours before freezing.
This indicates that during the whole freezing process, the freezing speed of water decreased
sharply with a time increase.

 
(a) (b) 

Figure 5. Effect of freezing duration: (a) pore size distribution; (b) differences in the pore size distribution.

It is known that unfrozen water is a key part in determining the physical properties of
frozen soils [41]; however, for frozen–thawed soil, the water in the frozen part is the key
cause of soil microstructure damage. In order to better explain the principle of freezing
failure, Figure 5b plots the change in porosity proportion under different freezing durations.
There is little difference in pore changes between freezing for 6 h and freezing for 18 h,
indicating that for the sample size selected in this paper at −20 ◦C, the freezing process
is mostly completed after freezing for 6 h, and the freezing process is basically completed
after freezing for 18 h. After six hours of freezing, the freezing time was no longer the main
cause of soil microstructure damage [13].
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3.2. Effect of Freezing Pressure on the Pore Size Distribution

From the previous section, the proportion of smaller sized pores decreases while the
proportion of pores of a larger size increases after the freeze–thaw cycle. Overburden earth
pressure during the actual construction can influence the degree of pore size change. As
pressure is applied to the soil samples during freezing and thawing, the effect of pressure
on the proportion of pore sizes can be obtained by comparing the changes of soil pore
distribution under different pressures. Figure 6a,b shows that the proportion of pore sizes
of 0.01–0.2 μm decreases, and the pore size of 0.2–0.4 μm increases significantly. The
proportion of 1–10 μm pore size increases, and the 10–100 μm pore size decreases to 0. In
the selected pressure range, after the freezing confining pressure exceeds 100 kPa, the effect
of freezing on the change of soil pores of 0.2–1 μm becomes small. It can be seen from the
change of pore size distribution that, when freezing under a certain confining pressure, the
water in small pores is difficult to freeze, and the freezing ratio of water in the mesopores
decreases as the pressure increases. During the melting process, the pore volume of the
mesopores is greatly reduced under the dual action of confining pressure and self-weight.
In terms of pore size, the greater the pressure applied to the soil sample during the freezing
and thawing process, the lower the percentage the middle pores occupied, and the larger
the percentage the tiny pores occupied.

 
(a) (b) 

Figure 6. Effect of freezing pressure: (a) pore size distribution; (b) differences in the pore size distribution.

3.3. Effect of Freezing Temperature on the Pore Size Distribution

Figure 7a shows the pore distribution of frozen–thawed soil at different freezing tem-
peratures. With the decrease of the freezing temperature, the peak value of the proportion
of small pores decreases, while the proportion of medium pores increases. In Figure 7b,
as the temperature dropped, the percentage change of pore size from 0.01 μm to 0.2 μm
decreased and formed a main trough. At the same time, the percentage change of pore size
between 0.2 μm and 1 μm increased to form a main peak. It is quite clear that the increase
of the main peak was a result of the reduction of pores from 0.01 μm to 0.2 μm in diameter.

From the percentage change in different freezing temperatures, the lower the tempera-
ture applied to the soil sample during the freezing process, the greater the peak value of the
sub-peak. This is because the proportion of frozen water increases with the temperature
decrease. The bound fluid in soil cannot be frozen easily under the action of hydrogen
bonds, while the movable fluid can be frozen totally in a short time. Thus, the freezing
effect is more obvious in larger pores, which occupy the vast majority of movable fluid.
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(a) (b) 

Figure 7. Effect of freezing temperature: (a) pore size distribution; (b) differences in the pore size distribution.

3.4. Fractal Dimension of Frozen–Thawed Soil

From Section 3.3, it can be seen that the freezing action affects the distribution of pores
in soil. The variation of pore distribution in soil results in the change of fractal dimensions
of the soil pores. The pore distribution has self-similarity, so it can be characterized by
fractal theory. Fractal dimension results from the NMR test can be calculated by linear
fitting of two fluid types, which can be distinguished by 2.8 ms for T2 value [13]. In this
paper, Db is the fractal dimension of the bound fluid pore, while Dm is the fractal dimension
of the pore of movable fluid. Based on Formula (5), it can be concluded that

lg Sv = (3 − Db)lgR + (Db − 3)lgRmax (for bound water) (6)

lg Sv = (3 − Dm)lgR + (Dm − 3)lgRmax (for movable water) (7)

If the pores have a self-similar pore structure and fractal characteristics, then Equations (6)
and (7) present linear relationships between lgSv and lgR. The calculated fractal dimension
values for the NMR test are listed in Table 2.

Table 2. Statistical results of nuclear magnetic resonance (NMR) fractal dimensions.

Sample No. Variable Db R2 Dm R2

A1 1 h FD 0.245 0.51 2.647 0.92
A2 2 h FD 0.281 0.55 2.681 0.93
A4 4 h FD 0.342 0.61 2.685 0.87
A5 6 h FD 0.326 0.59 2.679 0.94
A6 12 h FD 0.344 0.66 2.757 0.92
A7 18 h FD 0.345 0.63 2.761 0.89
B1 50 kPa FP 0.331 0.78 2.704 0.92
B2 100 kPa FP 0.337 0.62 2.691 0.88
B3 200 kPa FP 0.335 0.64 2.678 0.87
B4 400 kPa FP 0.336 0.77 2.671 0.92
C1 −3 ◦C FT 0.233 0.56 2.673 0.90
C2 −8 ◦C FT 0.315 0.54 2.709 0.86
C3 −20 ◦C FT 0.347 0.49 2.776 0.92

1. FD represents freezing duration; 2. FP represents freezing pressure; 3. FT represents freezing temperature.

The lgSv-lgR curves of soil samples under various freezing durations, freezing pres-
sures, and freezing temperatures are shown in Figure 8a–f, Figures 9a–d and 10a–c, respec-
tively. Based on Equation (8), the fractal dimension of the bound fluid and movable fluid is
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obtained through the regression analysis. The red lines in the figures represent the fitting
line of the bound fluid, while the green lines represent the fitting line of movable fluid. The
fitting results of fractal dimensions of freezing duration, freezing pressure, and freezing
temperature all comply with the fractal law. The correlation coefficient (R2) of all specimens
is 0.49–0.78 for Db and 0.86–0.94 for Dm. In these figures, the fractal characteristics of
movable fluid are more obvious than those of bound fluid, indicating that frost heave and
thawing settlement mainly affect macropores in the specimens. Further explanation is
given in the next section.

Figure 8. The lgSv-lgR curves under various freezing durations: (a–f) represent 1 h, 2 h, 4 h, 6 h, 12 h
and 18 h, respectively.
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Figure 9. The lgSv-lgR curves under various freezing pressures: (a–d) represent 50 kPa, 100 kPa,
200 kPa and 400 kPa, respectively.

Figure 10. The lgSv-lgR curves under various freezing temperatures: (a–c) represent −3 ◦C, −8 ◦C
and −20 ◦C, respectively.
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4. Discussion

The freezing process of water in soil is fast at first and then slow, as specified in
reference [13]. It can be seen from Figure 11 that the fractal dimension of pores in soil can be
reflected by associating the Db and Dm values measured by NMR with freezing duration,
as follows:

D = atb (8)

where D is the fractal dimension values, t is the freezing duration, a is the parameter related
to soil structure properties, and b is related to the degree of freezing failure. The value of a
and b is shown in Table 3. The fractal dimension increases with the freezing duration and
tends to a fixed value a. A large proportion of the freezing process was concentrated in the
first 6 h. Considering the energy required to freeze water, the movable fluid will be frozen
quickly, and the bound fluid could be partly frozen, with the freezing time growing during
the freezing process. Water freezing can break the structure of the soil’s skeleton, so the
fractal dimension grows as the freezing progresses.

  
(a) (b) 

Figure 11. Fractal dimension under various freezing durations: (a) fractal dimension for bound fluid;
(b) fractal dimension for movable fluid.

Table 3. Summaries of model parameters for fractal dimension under various freezing durations.

a b R2

Db 2.644 0.014 0.82
Dm 0.247 0.124 0.94

Figure 12 shows that the value of Db has no apparent linear relationship with the
freezing pressure, while Dm is negatively correlated with the value of freezing pressure. The
reason is that, for frozen-thawed soil, fractal dimension change is the result of frost heave
action during freezing progress. When water freezes under a certain confining pressure, the
freezing proportion of the water in the mesopores decreases. When the ice melts under a
certain confining pressure, the pores’ structure is compressed greatly under the dual action
of confining pressure and dead weight. In conclusion, the greater the pressure applied to
the soil samples during freezing and thawing, the less the effect from frost heaving, and
the lower the fractal dimension value of the thawing soil’s structure.
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(a) (b) 

Figure 12. Fractal dimension under various freezing pressures: (a) fractal dimension for bound fluid;
(b) fractal dimension for movable fluid.

Figure 13a,b shows the relationship between fractal dimension and freezing tempera-
ture, and the degree of damage to the pore structure caused by freezing temperature can
be clearly obtained. There is an obvious correlation between the fractal dimensions of
the movable fluid (Figure 13b). Freezing progress is an energy exchange process; a lower
freezing temperature has greater energy to break the chemical bonds and physical bonds
between the pore water hydron. It can be seen that the lower the freezing temperature, the
more loose the skeleton structure, and the larger the fractal dimension. The water in the
macropores is more easily frozen than the water in the micropores; therefore, the relativity
between the fractal dimension of movable fluid to the freezing temperature is larger than
that of the fractal dimension of the bound fluid.

 
(a) (b) 

Figure 13. Fractal dimension under various freezing temperatures: (a) fractal dimension for bound
fluid; (b) fractal dimension for movable fluid.

Overall, NMR technology provides an accurate and reliable method to obtain fractal
dimension information from frozen–thawed soil, which is helpful to predict the physical
and mechanical properties [42]. The test result in this paper provides further research on
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the frozen–thawed soil’s micro-structure to that in reference [37]. The impact of various
freezing conditions, including freezing duration, temperature and confining pressure, was
obtained from the analysis of the test results, which describe the pore structure and fractal
characteristics of frozen–thawed soft soil. The mathematical relationship between the
fractal characteristics and thawing settlement characteristics deserves further investigation.
In addition, some scientists found a relationship between hydraulic properties, grain size
and fractal dimension [40,43–45], which can be applied in the field of frozen–thawed soil in
future research.

5. Conclusions

The artificial ground freezing method is widely used in the construction of subway
sections connecting passages in soft soil areas. The performance of frozen–thawed soil is
strongly associated with the freezing conditions. According to the mechanism of water
freezing, crystallization is the main cause of fractal dimension change for frozen–thawed
soil. Various freezing conditions bring different types of damage to the soil structure.
Accounting for the pore size distribution curves, the water in larger pores contains more
movable fluid than that of smaller pores. Using NMR technology, the micro-structural
change in soil could be observed, and the fractal dimension of pores can be calculated using
pore size distribution curves. The following main conclusions were drawn:

(1) The shorter the freezing duration, the less damage was caused by freezing action.
Movable fluid was more easily frozen than bound fluid, which caused the freezing rate to
be rather high at the initial stage and then to slow down.

(2) The larger the confining pressure during freezing–thawing, the smaller the pro-
portion of pores in the thawed soil, and the tighter the skeleton structure. The freezing
confining pressure had little effect on the bound fluid freezing.

(3) The degree of damage to the soil microstructure varied with the freezing tempera-
ture, and the effect of freezing on water frost heaving was more obvious with the decrease
of the freezing temperature.

(4) The larger pore structure of the soil assembly tended to be a skeleton pore structure
with strong fractal fract. Therefore, the fractal dimension Dm for movable fluid was the
dominant parameter reflecting the principal characteristics of the pore. This is because the
frost heave rate of bound fluid is much higher than that of movable fluid.

(5) Water freezing could break the structure of the soil’s skeleton, so the fractal dimen-
sion grew as the freezing process progressed. The larger pressure applied to soil samples
during freezing and thawing, the lower the fractal dimension value for the thawing soil’s
structure, and the lower the freezing temperature, the larger the fractal dimension of the
frozen–thawed soil.
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Abstract: Breakage of particles has a great influence on the particle size distribution (PSD) and the
associated mechanical behavior of ballast under train loads. A discrete element method (DEM)
simulation of triaxial testing under monotonic loading was carried out using FRM (fragment replace-
ment method) breakable particles as ballast and a flexible shell model as membrane. The coupled
model was validated by comparing the load-deformation responses with those measured in previous
experiments and was then used to analyze the contact orientations and the distribution of particle
breakage from a micromechanical perspective. The simulation results show that higher confining
pressure and larger axial strain may increase the grain breakage (Bg) and the fractal dimension (D) of
ballast. It was observed that most breakage was first-generation breakage, and that the proportions
of the second- to fifth-generation breakage decreased successively. Moreover, as the axial strain or
confining pressure increased, the percentage of small particle fragments increased in correspondence
with the PSD curves that remained concave upwards, as the fractal dimension D of PSD increased.
In addition, the evolution of D exhibited a linear correlation with grain breakage Bg. Contrarily,
a quadratic curve relation between D and volumetric strain was exhibited under different axial
strain stages. Therefore, D has the potential to be a key indicator to evaluate the degree of ballast
crushing and PSD degradation, which may contribute to better decision making concerning track
bed maintenance.

Keywords: discrete element method; particle breakage; ballast; fractal dimension; PSD evolution

1. Introduction

Ballast is a granular material used for construction of railway beds. It can be character-
ized as having an extremely irregular particle shape with high porosity and strength. Ballast
helps to transmit and distribute axle loads from the sleepers to the sub-ballast layer [1].
The dynamic stress of a passing train degrades and fouls the ballast layer which usually
experiences continuous breakage, directly resulting in track settlement, densification, and
the need for frequent maintenance. Ballast breakage may lead to a sharp increase in the
number of fragments, weakening interlocking and impacting mechanical performances [2].
In practice, ballast needs to be maintained and replaced when its quality deteriorates to a
certain extent.

Recently, fractal theory has been widely used in describing and studying the particle
size distribution (PSD) of granular material [3]. Compared with traditional methods based
on Euclidean geometry, fractal theory describes PSD well because it can characterize the
local shape, size, and structure of particles, and any similarities among them [4]. It is
beneficial to analyze the pore structure of materials by combining more than one method,
considering such factors as the relationship between fractal characteristics, or the physical
or chemical attributes of materials [5]. Early studies revealed that fractal theory could

Fractal Fract. 2022, 6, 382. https://doi.org/10.3390/fractalfract6070382 https://www.mdpi.com/journal/fractalfract141



Fractal Fract. 2022, 6, 382

be used to study the fractal characteristics of soil [4–6], sand [7], rockfill [8–10] and other
material [11,12]. Compared with natural soil or quartz sand of smaller size and wider
grading distribution, layers of ballast are usually composed of medium-to-coarse gravel-
sized particles (10–60 mm) whose uniformity coefficients vary from 1.5 to 3.0 according to
the ballast specifications [13] which can be regarded as uniformly sized granular material.
As more and more small fragments were produced by ballast breakage under train loads, the
PSD curve of ballast also changed, with a fractal dimension which was directly proportional
to the fragment content. Therefore, the fractal theory could be used to study PSD evolution
and ballast breakage. However, studies on the effect of the fractal distribution of particle
size on the characteristics of ballast are still not enough in themselves.

The discrete element method (DEM) has been extensively used in railway engineering
and also pavement engineering [14–16]. In order to analyze the evolution of fractal PSD
using the fragment replacement method (FRM), the particle is represented by a group of
smaller ones without bonding as implemented in [16–21]. McDowell et al. [16] adopted
octahedral shear stress as the fracture criterion and replaced broken spheres with smaller
ones with overlap in their successful investigation of the evolution of fractal PSD for silica
sand. Ciantia et al. [17] used a multigenerational DEM approach to simulate soil breakage
in a one-dimensional compression test, and obtained a limit fractal dimension of 2.47. Zhou
et al. [18] found that both particle size and particle contact force were distributed in a fractal
manner by one-dimensional compression test simulation, which is consistent with the
findings of Vallejo and Lobo-Guerrero [19]. De Bono et al. [20] conducted one-dimensional
normal compression test simulation with different fracture criteria, and pointed out that
both octahedral shear stress and the largest normal contact stress can lead to the correct
normal compression lines and fractal PSDs. Li et al. [21] quantified the evolution of
microstructures of carbonate sands under mechanical loading and found that the fractal
dimension of crack networks increased with external loading due to crack branching
via cleavage.

Although the FRMs used in the above studies can accurately simulate particle breakage
based on DEM, most of the parent breakable particles involved were spherical and so could
hardly simulate the interlocking between particles [16–21]. However, particle shape plays
a key role in the fractal behavior of ballast with irregular shapes [22,23]. Therefore, in
order to reveal the fractal characteristics of ballast, a DEM–FDM (finite differential method)
coupled simulation of triaxial testing under monotonic loading using an irregular-shaped
breakable ballast model is carried out in this study. The effects of axial strain and confining
pressure on ballast breakage and the fractal behavior of ballast PSD are investigated. The
relationships between fractal dimensions, grain breakage and the stress states of ballast are
then established.

2. Ballast Breakage Model Using FRM

Firstly, the DEM study using FRM to simulate particle breakage should include a
reasonable fracture criterion and a fragment replacement mode. They should be defined to
check (1) whether a particle should break and (2) how any individual particle does break.

It is widely accepted that the failure of spherical particles under compression is in
fact a tensile failure. Jaeger [24] suggested that the ‘tensile strength’ of rock grains can be
measured by diametral compression between flat platens. For a grain of diameter d under
a diametral force F, a characteristic tensile stress σ induced within it can be defined as

σ = F/d2 (1)

For railway ballast with typical sizes ranging from 10 to 60 mm, Lim et al. [25]
conducted indirect diametral compression and measured the tensile strengths of ballast
between flat platens pointing out that Weibull strength σ0 is a function of the particle size d.
This is usually expressed in the form

σ0 ∝ d b (2)
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where σ0 is the value of σ such that 37% of the blocks survive the test intact; while b is a
constant and a function of the statistical distribution of flaws in the material, describing the
size-hardening law. Typical values of b range from −0.69 to −0.40 for different types of
ballasts. Following the single-particle crushing test results [25], the characteristic tensile
strength σ0 of ballast size d0 (19.7 mm) is 14.7 MPa, and the value of b is −0.56, which is
used to attribute random strengths to new fragments and other initial particles.

In order to determine the correct behavior of ballast under normal compression,
De Bono and McDowell [20] investigated various possibilities for the fracture criterion,
including octahedral shear stress, major principal stress within a particle, mean stress, and
stress calculated from the maximum contact force on a particle. The criterion based on the
maximum contact force (Fmax) was shown to better match the experiments and simulations,
such that

σFm = Fmax/d2 (3)

According to Raymond et al. [1], the process of ballast degradation due to loading
can occur in three ways: by the grinding of small-scale asperities, by breakage of angular
projections, and by the splitting of particles into approximately equal parts. In addition, an
irregular clump produces more contact compared to a spherical particle, leading to a lower
maximum contact force. Hence, these particles will be replaced by new fragments when
the Fmax stress exceeds than half of the characteristic strength.

From the perspective of computational efficiency, in this study, each particle was
allowed to split into several smaller particles, maintaining conservation of mass when the
value of σFm was greater than or equal to its Weibull strength. Previous studies have used
spheres or disks to simulate particle breakage within the bonded parent sphere, where
new sphere fragments to be contained overlap sufficiently [16,18,20] or tangentially to
each other [17,19]. As shown in Figure 1a, new sphere fragments overlap sufficiently to be
contained within the bounding parent sphere, with the axes joining their centers aligned
along the direction of the minor principal stress. This process produces undesirable local
pressure spikes during breakage and continues until internal forces are completely released
and the system reaches equilibrium [16].

(a)

(b)

Figure 1. Fragment replacement model (FRM): (a) single spheres [16]; (b) irregular-shaped particles.
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It is therefore acknowledged that it is impossible to simulate a perfectly realistic
ballast fracture mechanism using disks or spheres [16]; therefore, eight-pebble clumps of
irregular shape were adopted for this study. The fragment replacement mode is depicted in
Figure 1b, which shows that irregular particles were replaced by smaller fragments within
the bounding parent particles without overlaps. During the first-generation breakage, the
eight-pebble clump might split into a four-pebble clump and four single spheres. All the
fragments could continue to break and generate smaller particles. Except for single spheres,
most of the particles could break and generate fragments without overlap, which means
internal forces could be releases and the system could reach equilibrium immediately.
Hence this fragment replacement mode can greatly improve calculation efficiency, and is
therefore used in this study.

3. Simulations of Monotonic Triaxial Test

Based on the experimental monotonic triaxial tests conducted by Indraratna et al. [26],
DEM–FDM coupled simulations of monotonic triaxial tests were carried out under different
confining pressures ranging from 60 kPa to 240 kPa. Figure 2 shows the DEM–FDM model
of a triaxial test with dimensions of 300 mm diameter and 600 mm height. It consists of
971 eight-pebble clumps as breakable ballast using FRM in PFC3D (particle flow code in
three dimensions) with a flexible boundary as membrane using shell model in FLAC3D
(fast Lagrangian analysis of continua in three dimensions). The top and bottom plates using
disk walls have the same dimensions as the triaxial test, to maintain a consistent area of
contact with the ballast sample. The eight-pebble clump has an irregular shape with an
aspect ratio of 1.83, as expressed by the ratio of the particle length to the particle width. In
accordance with the PSD of ballast in triaxial tests, the PSD used in these simulations is
shown in Table 1.

(a) (b)

Figure 2. Monotonic triaxial test model: (a) test sample; (b) FLAC3D model of membrane.

Table 1. Grain size characteristics of ballast.

Parameters d10/mm d30/mm d50/mm d60/mm dmax/mm Cu Cc Size Ratio

Value 27.1 32.6 38.9 41.3 53 1.5 0.9 5.7

During sample generation, the particles generated at random orientation by the Ball
Distribute command. Firstly, the sample was divided into five equal layers, each layer
was generated in turn and allowed to fall under gravity, then compacted as performed in
the lab. Once the sample attained equilibrium, a flexible membrane model was generated
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to replace the cylinder wall. The membrane model was linked with the top and bottom
walls by each node. The shell model as a flexible membrane consisted of 1440 facet units
which were assumed to be triangles of uniform thickness lying between three nodal points.
Each shell structural element was defined by its geometric and material properties. The
parameters of FRM ballast particles and shell elements are listed in Table 2.

Table 2. Simulation parameters in PFC3D and FLAC3D.

Input Parameters Value

Normal and shear stiffness of particles: N/m 2 × 106

Friction coefficient of clumps 0.5
Density: kg/m3 2650

Friction coefficient of walls and membrane 0.1
Normal stiffness of walls: N/m 2 × 107

Shear stiffness of walls: N/m 0
Normal stiffness of membrane: N/m 2 × 105

Shear stiffness of membrane: N/m 0
Young’s modulus of membrane: kPa 400

Sample porosity 0.44

In order to reduce the influence of the initial arrangement of particles on the simulation
results, the same sample was used for different loading conditions. Once the assembly
generation procedure was completed, artificial isotropic compression was applied to the
plates and membrane to achieve the required stress state. The assigned uniform pressure,
ranging from 60 to 240 kPa, was applied to all shell elements of the membrane model,
so that the required confining pressure was obtained. Monotonic loading was applied to
both the top and bottom disk walls with a constant speed of 0.02 m/s, and the monotonic
load test continued until the axial strain reached 20%. During the loading process, data
relating to porosity, the stress–strain curve, volumetric strain and particle breakage were
all recorded.

4. Results and Discussion

4.1. Stress–Strain Response

Figure 3 shows the simulations and experimental results, in terms of deviator stress
and of volumetric strain against axial strain under different confining pressures. Comparing
the experimental results with the simulation results, a trend of stress–strain relationship
is seen to be well simulated. With the development of the axial strain, the deviator stress
gradually increases and attenuates after reaching a relatively stable value, showing the
strain softening behavior and the maximum deviator stress increases with the increase in
confining pressure. However, the shear strength of the simulated assembly is overestimated
in comparison with the experimental one. This could be caused by the irregular shape of
particles with an aspect ratio of 1.83, which were recognized as flaky particles. Similarly,
after having conducted a set of triaxial ballast tests to investigate the effects of ballast shape
on ballast performance, Roner [27] found that randomly placed flaky material exhibited
higher deviator stress and higher angles of internal friction than non-flaky material at
the same void ratio. This offers a possible explanation as to why the deviator stress was
higher than expected. In addition, an orientation parallel to the failure plane will cause a
substantial strength reduction when a significant proportion of the particles are flaky.
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Figure 3. Simulation results under monotonic loading: (a) deviator stress; (b) volumetric strain.

However, the purpose of this study is not to resolve the particle shape problem, but
rather to adopt the best approach to investigate the fragment replacement mode and
particle crushing under shear. Therefore, this study applies simplified and irregular shaped
particles, and focus on the fractal fragmentation and gradation evolution of particles.

Figure 3b shows that the sample exhibits shear shrinkage in the initial stage, but with
the increase in axial deformation, an obvious shear expansion is observed, especially under
low confining pressure. As the confining pressure decreases from 240 kPa to 60 kPa, the
dilatancy effect becomes more obvious. Volumetric strain agrees reasonably well with
the experimental results under a high confining pressure of 240 kPa where breakage is
more pronounced. This is probably attributable to the generation of smaller size fragments
from the split particles. Using more and smaller fragments to form the origin clumps may
provide more realistic volumetric strains at lower confining pressures. Therefore, further
investigation of the effects of fragment replacement mode is needed.

Figure 4 shows the effect of different confining pressures on the peak friction angle
ϕp of the ballast sample, and both the simulation and experimental results show that
the peak friction angle decreases with the increase in confining pressure. Moreover, the
simulation using uniform flat shape particles shows a higher angle of internal friction
than the experimental results. This is due to the fact that the FRM particle only undergoes
particle splitting at higher stress thresholds and is unable to undergo corner breakage and
surface abrasion to release internal forces at the initial strain stage.
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Figure 4. Influence of confining pressure on peak friction angle [26].

It can be seen from Figure 5a that the deformation of the sample is allowed to be
uneven, and the expansion of the middle part is the most obvious after using the flexible
membrane model. This verifies that the flexible membrane model is better than the servo-
controlled cylinder walls for simulating the triaxial test. In order to study the development
of porosity during loading, three measurement spheres with radii of 85, 120, and 85 mm
were arranged in the sample, as shown in Figure 5b. Figure 5b shows the evolution of
porosity with axial strain in the upper, middle and lower regions under 240 kPa confining
pressure. As the axial strain increases to 12%, the porosity of each part exhibits the charac-
teristics of first decreasing and then increasing. Subsequently, the porosities in the upper
and lower parts are stable, but the porosity in the middle region continues to increase.

(a) (b)

Figure 5. Simulation results under confining pressure of 240 kPa: (a) sample after loading;
(b) evolution of porosity.

The evolution process of the particle displacement vector of the sample under the
confining pressure of 240 kPa is shown in Figure 6. During the loading process, the particles
within the top and bottom half move toward the horizontal plane in the middle. When
axial strain reaches 4%, due to mutual resistance, the intermediate particles start to move
outward horizontally to produce a shear sliding surface, and the angle between the sliding
surface and the horizontal direction gradually increases.

Under a confining pressure of 240 kPa, the polar coordinate distribution of contact
numbers and average contact forces within the sample is plotted as shown in Figure 7. With
the increase in axial strain, the average contact force in the sample first increases and then
decreases between 12% and 20% axial strain, which is similar to the substantial strength
reduction in the deviator stress after peaking shown in Figure 3b. Most of the internal
contacts of the sample are distributed in the range of ±30◦ from the vertical plane in the
initial stage; the contact number in the vertical direction then decreases with the loading,
while the contact number in the horizontal direction increases. At the end of loading, the
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average contact force and contact number in the vertical direction are almost 3.36 and 2.49
times larger than those in the horizontal direction.

(a) (b) (c) (d) (e)

Figure 6. Evolution of particle displacement under 240 kPa confining pressure: (a) εa = 4%;
(b) εa = 8%; (c) εa = 12%; (d) εa = 16%; (e) εa = 20%. (Dmax: the maximum displacement; Davg:
the average displacement).
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Figure 7. The orientation of contact within the sample under 240 kPa confining pressure: (a) average
contact force; (b) contact number.

4.2. Particle Breakage

As shown in Figure 8, the number of fragments could be ignored at the initial com-
paction stage (4% axial strain) before increasing linearly above 8% axial strain. This indicates
that the sample becomes denser in the compaction stage due to particle rearrangement
and a reduction in the number of pores. When the porosity reaches the minimum value,
the particle interlocking phenomenon is further exacerbated and a large number of parti-
cles are broken off by shearing. In addition, more particle breakage occurs under higher
confining pressure.

In accordance with experiment [26], the differences in the percentage by weight of each
particle size fraction before and after simulation (ΔWk) are plotted against the aperture
of the lower sieve corresponding to that fraction, as shown in Figure 9. The equivalent
diameters and weights of each particle size are calculated by tracing all particles and
extracting the volumes in simulation. For aperture sizes between 18.9 mm and 29 mm,
the percentage change in particle size decreased and formed a main trough. Meanwhile,
For aperture sizes between 18.9 mm and 53 mm, the percentage change of particle size
increased and formed a main peak.
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Figure 8. Number of fragments against axial strain under different confining pressures.

Figure 9. Variation of particle distribution with grain size.

A measure of grain breakage (Bg) equal to the sum of positive values of ΔWk is now
plotted and expressed as a percentage, as introduced by Marsal [28] for granular materials.
The Bg under 240 kPa confining pressure increases with increasing axial strain. In particular,
the largest increment of Bg can be found the stage from 8% to 12% axial strain, which also
corresponds to the peak in the growth rate of crushing, as shown in Figure 8. Moreover,
with a large number of particles broken in this phase, the peak deviator stress is gradually
deceased when the axial strain reaches 8% as shown in Figure 3a.

Figure 10b shows levels of grain breakage Bg after loading under different confining
pressures. It can be observed that more particles are broken off with increasing confining
pressure in both the experimental test and the simulations, which proves the acceptability
of the fracture criterion and fragment replacement mode used in the simulation study. It
should be noted that the breakage in simulation is underestimated compared with the
experimental test. This could be explained by the fact that the simple splitting model does
not take particle abrasion and small corner breakage into consideration.

For increasing levels of axial strain, the quantities and positions of fragments under
240 kPa confining pressure are plotted in Figure 11. The generations of breakage are defined
from first generation to fifth generation as shown in Figure 1. At the initial stage of 8% axial
strain, almost all of the fragments belong to the first generation, and the lateral bulging of
the sample is not obvious. When εa = 12%, the fragments coming from the second and third
generations begin to generate at locations near the top and bottom plates. As εa increases to
16%, and to 20%, new fragments coming from the fourth and fifth generations, respectively,
start to appear in the sample. Apart from the area near the top and bottom plates, most of
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these fragments (second–third generation) are distributed along the shear surface as shown
in Figure 11e, which is consistent with the distribution of particle displacement in Figure 6e.
In summary, 160 of 971 eight-ball clumps were split and a total number of 1341 fragments
were generated. Among these, 1237 fragments were of the first generation, accounting for
92.2% of all breakage and located all over the sample, while 104 fragments of the second
to fourth generation accounted for 7.8% of all breakage and are more concentrated in the
upper half of the sample. Therefore, the first-generation breakage is dominant, and the
proportions of breakage decrease from the second to the fifth generations, successively

(a) (b)

Figure 10. Effect of confining pressure on: (a) ΔWk; (b) grain breakage Bg [26].

(a) (b) (c) (d) (e)

Figure 11. The development of fragment distribution under confining pressure of 240 kPa: (a) εa = 4%;
(b) εa = 8%; (c) εa = 12%; (d) εa = 16%; (e) εa = 20%.

4.3. Gradation Evolution and Fractal Distribution

Turcotte et al. [3] demonstrated that any initial distribution of soil particles would tend
towards a self-similar fractal distribution with increasing particle fragmentation. Railway
track bed typically consists of ballast of size 10–60 mm in different ballast grading speci-
fications, generally larger than soil or calcareous sand. Considering the ballast breakage
results in the previous section, the fractal evolution of the PSD against the axial strain and
confining pressure were also studied.

Figure 12a shows the evolution of PSD under monotonic loading and a confining
pressure of 240 kPa. It can be seen that, as the axial strain increases, the percentage of
small particle fragments ranging from 10 mm to 35 mm increases, with the grading curves
remaining concave upwards. This can be attributed to the supplement of aggregates
induced by particle breakage from the upper size ranges. Figure 12b shows the comparison
of PSDs under different confining pressures, ranging from 60 kPa to 240 kPa. It can be seen
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that all the sample PSDs after test are shifted left where smaller aggregates were generated,
when compared with the initial grading. With increases in confining pressure, the sample
grading shifts more towards the left, especially under the highest confining pressure of
240 kPa.

  
(a) (b) 

ε
ε
ε
ε
ε

σ
σ
σ
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Figure 12. Evolution of PSDs: (a) effect of axial strain; (b) effect of confining pressure.

According to the study by Tyler et al. [11], the fractal grading can be described as

Fu(d) = M(δ < di)/MT = (di/dmax) 3−D (4)

where Fu(d) is the percentage finer, dmax is the maximum diameter for the given grain
assembly, MT is the total mass of particles, δ is the particle size, and M(δ < di) is the
cumulative mass of the particles whose grain size is smaller than di. The fractal dimension
D can be determined by:

lg[M(δ < di)/MT] = (3 − D)lg(di) + (D − 3) lg(dmax) (5)

The PSD curve presents the correlations between the percentages passing and nor-
malized particle diameters which gradually close to a linear line with the log–log scales.
Figure 13a shows that the fitting lines shift upward, and the grading curve gradually
becomes linear as the axial strain increases. Meanwhile, the linear portion of the curve
from which the fractal dimension can be obtained increases in length, suggesting a more
reliable value. Moreover, the slope becomes steeper (i.e., the fractal dimension D increases)
with increasing confining pressure, with the slope appearing to become constant as shown
in Figure 13b. The size ratio of the largest and smallest particle is much smaller than that
of soil or quartz sand, with values of Cu ranging from 1.5 to 3.0, which can be regarded
as granular material of uniform size. This is quite different from granular materials in
natural state because the grading ballast used in railway is qualified by the ballast standard,
leading to a much smaller initial value of D (0.2–0.3). Predictably, a continued compression
will cause a further crushing and increasing of fine particles, leading to a further fractal.

With the faster and heavier of the passing train, the ballast layer are subjetced to settle
down and crushing under the long-term cyclic loading, and the fractal dimension gradually
increases. Ballast will need to be maintained or replaced once the fractal dimension reaches
a constant value. Further experimental research is required to predict the critical value of
the fractal dimension which indicates when ballast needs to be maintained.
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Figure 13. Linear fitting for lg[M(δ < d)/MT] and lg(d/dM) for simulation sample: (a) effect of axial
strain; (b) effect of confining pressure.

Figure 14 shows the evolution of fractal dimension against grain breakage under
different confining pressures. It shows that the fractal dimension of the sample increases
with rising confining pressure and also axial strain. The relationship between D and Bg is
almost linear. Therefore, the fractal dimension can be well used to evaluate the degree of
crushing and deterioration of ballast.

The relationship between D and the volumetric strain εv for these four samples under
different confining pressures can be plotted in Figure 15. At the initial stage (4% axial
strain), the samples are compressed with an almost constant value of D; a linear relationship
between volumetric strain and D can then be observed above 8% axial strain under different
confining pressures, which corresponds with the maximum sample dilation angle as shown
in Figure 3b. A quadratic curve relation between the volumetric strain and fractal dimension
can be obtained for different levels of axial strain, as shown in Figure 15. At 20% axial
strain, the values of a, b and c are 1.48 × 10−3, 5.25 × 10−4 and 0.26, respectively.
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Figure 14. Results of fractal dimension D against grain breakage Bg.
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Figure 15. Results of fractal dimension D against volumetric strain εv.

5. Conclusions

A DEM model of irregular-shaped ballast particles using the fractal replacement
method (FRM) and a FDM flexible membrane model using shell elements are presented in
this paper. A series of DEM–FDM coupled simulations of triaxial testing under monotonic
loading and with different confining pressures were performed to study the ballast breakage
and fractal behavior of PSD. We draw the following main conclusions:

(1) The proposed FRM model can simulate the ballast breakage and capture the essential
features of the stress-dilatancy in the monotonic triaxial test. During the loading pro-
cess, the particles within the top and bottom half moved toward the horizontal plane
in the middle. With axial strains above 4%, due to mutual resistance, the intermediate
particles started to move outward to produce a shear sliding surface, where the angle
between the sliding surface and the horizontal direction gradually increased.

(2) More particle breakage occurred under higher confining pressure or larger axial strain
and most such breakage was in the second generation or earlier. The number of
fragments could be ignored at the initial compaction stage and the majority of particle
breakage occurred with axial strain of 8% or above. Compared with the experimental
results, the simulation underestimated the degree of particle breakage. This could be
explained by that the simple splitting model of FRM did not take particle abrasion
and small corner breakage into consideration.

(3) With increasing axial strain or confining pressure, the percentage of small particle
fragments increased in correspondence with the PSD curves which remained concave
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upwards, leading to an increasing fractal dimension. However, a different situation
applies to granular materials in natural state because the grading ballast used in
railway is usually qualified by the ballast specification, leading to much smaller
values of D.

(4) The evolution of fractal dimension against grain breakage showed a linear relation,
Conversely, a quadratic curve relation was obtained between the fractal dimension
and volumetric strain under different axial strain stages. Therefore, D has the potential
to be a key indicator to evaluate the degree of ballast crushing and PSD degrada-
tion, which can contribute to better decision making concerning railway track bed
maintenance in practice.
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Abstract: Particle breakage was reported to have great influence on the mechanical property of
granular materials. However, limited studies were conducted to quantify the detailed effects of
relative density and initial grading on the particle breakage behaviour of granular materials under
different confining pressures. In this study, a series of monotonic drained triaxial tests were performed
on isotropically consolidated granular materials with four different initial gradings and relative
densities. It is observed that particle breakage increases as the confining pressure or relative density
increases, whereas it decreases with the increasing coefficient of uniformity. Due to particle breakage,
the grading curves of granular materials after triaxial tests can be simulated by a power-law function
with fractal dimension. As the confining pressure increases, the fractal dimension approaches the
limit of granular materials, i.e., 2.6. A unique normalized relation between the particle breakage
extent and confining pressure by considering relative density and grading index was found.

Keywords: granular materials; fractal dimension; particle breakage; relative density; grading curve

1. Introduction

Owing to the convenience of lower procurement cost, good compaction ability and
high shear strength, granular materials have been widely used in hydraulic engineering,
civil engineering and transport engineering, among others [1,2].

Due to the development of the rolling equipment technology, various types and grades
of granular materials have been used for engineering construction, where the compactness
of granular materials has been significantly improved, which effectively reduced the
deformation of engineering facilities, e.g., a rockfill dam [3]. In a rockfill dam, granular
materials often account for 60–90% of the total filling volume. Therefore, the strength and
deformation of rockfill has an important impact on the stability and deformation analysis.
However, upon external loading, significant particle breakage of granular materials can
occur, which would have an important impact on the stability and deformation of the
engineering facilities during both construction and operating periods. In particular, the
grading curve changed evidently before and after loading [4]. Such degradation behaviour
of granular materials was found to depend not only on stress history [5,6], but also on grain
size distribution curve [7,8], parent rock type, particle size [9,10], particle shape [11,12]
and relative density [13,14]. For example, particle shape has a significant influence on the
particle breakage, which increases with the increasing in shape index sphericity, aspect
ratio, convexity and overall regularity [12]. The critical state parameters (M, φcs, eΓ, and λc)
decrease with increasing aspect ratio, sphericity and convexity [8].

The relative density and grading curve are important control indicators at engineering
site, e.g., the relative density of sand should be at least 0.70 [15]. It was also found to have a
great influence on the shear strength and deformation of granular materials. The greater
the relative density, the greater the initial elastic modulus and peak friction angle and
the smaller the volume strain [16,17]. However, previous studies mainly focused on the

Fractal Fract. 2022, 6, 347. https://doi.org/10.3390/fractalfract6070347 https://www.mdpi.com/journal/fractalfract157



Fractal Fract. 2022, 6, 347

effect of strength and deformation of granular materials [18,19]. The fundamental physical
properties that trigger particle breakage were not investigated in depth. For example,
at large relative density, the stress–strain relationship usually exhibited strain softening.
The stress–strain curve exhibited strain hardening with the decrease of relative density.
The effect of initial void ratio on the stress–strain relationship decreases with increasing
confining pressure [20,21]. With the increase in confining pressure, the difference of initial
void decreases and reaches essentially the same value [20]. The residual strength of rockfill
at different relative density was observed to be the same [22]. The critical state parameters
(M and λc) are less affected by relative density and particle grading [7,13]. However,
the critical state parameters (eΓ) decrease with increasing relative density. The relative
breakage index decreases with increasing relative density [14]. Extensive research has
also been carried out on the impact of granular materials particle gradation [23–25]. For
example, model parameters varied linearly with the coefficient of uniformity. The larger
the coefficient of uniformity, the smaller the peak intensity and the larger volumetric strain.

In this study, a comprehensive study on the effect of relative density and initial grading
on the particle breakage behavior of granular materials will be carried out, by using drained
triaxial tests. An attempt is also made to propose a unique normalized relation between the
particle breakage extent, applied pressure, relative density and grading index. The research
results play an important role in understanding and mastering the gradation change law
and strength characteristics of granular materials before and after loading, and provide an
important reference for the stable design parameters of the structure.

2. Laboratory Tests

The granular materials, as shown in Figure 1, were collected from a quarry near
Nanjing, China. Aggregates were derived from the parent of sandstone rock. The grain size
distribution of the material and triaxial apparatus are shown in Figure 2. The dry density,
coefficient of uniformity (Cu) and curvature coefficient (Cc) are listed in Table 1.

Figure 1. Test materials.
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Figure 2. (a) Grading curve; (b) Triaxial apparatus. Grain size distribution and triaxial apparatus for
tested granular materials.

Table 1. The basic characteristics of grading curves.

Gc1 Gc2 Gc3 Gc4 Gc5

Coefficient of uniformity 2 5 10 20 40

Curvature coefficient 1.17 1.44 1.68 1.97 2.30

Maximum dry density (g/cm3) 1.71 1.78 1.94 2.12 2.23

Minimum dry density (g/cm3) 1.47 1.57 1.68 1.78 1.79

The experimental program comprised a consolidated drained triaxial shear test with an
initial sample size of a 100 mm diameter and a 200 mm height. The specimen preparation
and loading process were carried out step by step with reference to the specification
of soil test (SL237-1999) [26]. Aggregates were weighed separately and mixed together
before being split into five equal portions. Each portion was then compacted inside a
split cylindrical mould. The monotonic shearing rate of displacement was determined
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to be 0.6 mm/min. Before shearing, the sample was saturated by allowing water to pass
through the base of the triaxial cell under a back pressure of 50 kPa until Skempton’s
B-value exceeded 0.95. In order to analyse the particle breakage, four different relative
densities (i.e., Rd = 0.6, 0.7, 0.8 and 0.9 of grading curve Gc3) and five kinds of grading
curves (i.e., Gc1, Gc2, Gc3, Gc4 and Gc5 in Rd = 0.9) were selected under four values of
confining pressures (i.e., σ3 = 0.2, 0.4, 0.6 and 0.8 MPa). A load cell and pore-pressure
sensor were used to measure the deviator load and drainage volume, respectively, through
the electronic display system. All the tests were conducted up to a maximum axial strain
of 25%.

3. Analysis of Test Results

3.1. Particle Breakage under Different Relative Density

The particle size distribution of natural granular materials in this study can be de-
scribed by using the Talbot grading curve [27]. Blasting granular materials can meet
the Talbot grading curve by adjusting the blasting parameters, and subsequently it will
represent fractal characteristics and be easier to achieve the maximum dry density. The
proportion of particle mass can be calculated by using the following formula:

W(δ > d)
W0

= 1 − F(d) (1)

F(d) =
(

d
dM

)3−D
(2)

where d is the diameter of the particle, W(δ > d) is the mass of particle with diameter
larger than d, W0 is the total mass of granular materials, dM is the particle maximum
diameter, F(d) is the mass ratio of granular materials with diameter less than d and D is the
fractal dimension.

The stress–strain behaviour of granular materials tested at different Rd of 0.6, 0.7, 0.8
and 0.9 is shown in Figure 3, respectively. The peak shear stress increases (such as 2.42,
2.43, 2.53 and 2.78 MPa) with the increase in Rd, for a given effective confining pressure
(σ3 = 0.6 MPa). However, the residual shear stresses remain approximately the same for
the different Rd for a given confining pressure. The stress–strain behaviour of granular
materials transforms from a strain hardening type to a strain softening type for all the tested
specimens. As the shear strain further increases, the residual shear stresses corresponding
to the rockfill with different Rd become stable. All the granular materials tested in this
study exhibit characteristics similar to those observed by Lade [28] for sands. This can be
attributed to the observation that the greater the relative density, the greater the interlocking
between the particles; and the greater the loading, the greater was the peak strength of
the specimen under the same confining pressure. As the load increased, particle breakage
occurred, the interlocking force between particles would decrease and the shear strength
would decrease.

Furthermore, a general compression followed by the dilatancy can be observed in all
granular materials tested at low confining pressures. Granular materials gradually became
more compressive with the increasing confining pressure. The larger the relative density
was, the dilatancy became much more pronounced. The volumetric strain became stable
as the strain increased, whereas it decreased as the relative density increased. This can
be attributed to the enhanced sliding rather than rotation between aggregates when the
compressive pressure increases.

At the monotonic loading test, the grading curve of granular materials changed due
to the occurrence of particle breakage. Thus, the fractal dimensions of each grading curve
changed after each test. Figure 4 shows the fractal dimension obtained under different
confining pressures after monotonic loading. There is a good linear relationship between
lnF(d) and ln(d/dM) after loading under different confining pressures. The values of R2 are
larger than 0.97, and the Root mean squared Error (Re) is smaller than 0.23. The fractal
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dimension increases with confining pressure during of particle breakage. For example, the
fractal dimension increases from 2.33 (σ3 = 0.2 MPa) to 2.37 (σ3 = 0.8 MPa) when relative
density Rd = 0.6. However, relative density has little influences on the fractal dimension,
especially under higher relative density. For example, the fractal dimensions are almost the
same for Rd = 0.8 and 0.9.
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Figure 3. (a) confining pressure of 0.2 MPa; (b) confining pressure of 0.4 MPa; (c) confining pressure
of 0.6 MPa; (d) confining pressure of 0.8 MPa. Stress–strain behaviour of granular materials under
different confining pressures.
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Figure 4. (a) Rd = 0.6; (b) Rd = 0.7; (c) Rd = 0.8; (d) Rd = 0.9. Grading curves of different relative densities.

The extent of particle breakage during monotonic drained shearing is further assessed.
In this study, the breakage ratio Bg presented by Marsal [29] is used for analysis, which can
be expressed as the following:

Bg = ∑|Ptest − Pini| (3)
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where Ptest is percentage by mass of particles after the test, and Pini is percentage by mass
of particles before the test.

The evolution of breakage ratio at different confining pressures is shown in Figure 5.
According to the results, breakage ratio increases with an increase in confining pressure.
The relationship between breakage ratio and confining pressure can be simulated by using a
power function. The larger the relative density is, the greater the interlocking force between
the particles is. Moreover, at the same axial strain level, the larger the shear stress is, the
larger the particle breakage ratio is. With the increase of the relative density, breakage
ratio increases. A power function is found to be able to fit well the relationship between
breakage ratio, relative density and confining pressure, such that:

Bg = k1

(
σ3

pa
Rd
)n

(4)

where k1 and n are model parameters, determined to be 6.36 and 0.46, respectively; pa
(= 101 kPa) is the atmospheric pressure.
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Figure 5. (a) Breakage ratio vs. confining pressure; (b) Breakage ratio vs. normalized confining
pressure. Particle breakage of different relative densities.
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3.2. Particle Breakage under Different Grading Curve

Figure 6 shows the fractal dimension under different confining pressures after mono-
tonic loading. There is also a good linear relationship between lnF(d) and ln(d/dM) after
loading at different confining pressures. Compared with those under different relative
densities, the initial fractal dimension has great influences on the final fractal dimensions
obtained under different confining pressures, as shown in Figure 7. It can also be observed
that under low confining pressures, granular materials can undergo significant particle
breakage. The smaller the fractal dimension is, the more significant the particle breakage
extent will be. The larger the fractal dimension is, the greater the content of fine particles,
the smaller the particle crushing rate during shearing and the smaller the effect of confining
pressure on particle crushing. As the confining pressure increases, it tends to the final limit
fractal dimension 2.6 [30].

The evolution of the breakage ratio at different confining pressures is shown in Figure 8.
Unlike the relationship between the relative density and particle breakage ratio in direct
proportion, the coefficient of uniformity is inversely proportional to the particle breakage
ratio. The greater the coefficient of uniformity, the smaller is the particle breakage ratio.
A normalized power function is also found to fit well the relationship between breakage
ratio, relative density, uniform coefficient and confining pressure. The expression is shown
as follows:

Bg = k2

(
σ3

paCu
Rd
)n

(5)

where k2 and n are model parameters, determined to be 19.1 and 0.46, respectively.
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Figure 8. (a) Breakage ratio vs. confining pressure; (b) Breakage ratio vs. normalized confining
pressure. Particle breakage of different grading curves.
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Median diameter d50 is an important soil grading curve index. The larger the median
diameter, the higher the shear strength and the more obvious is the shear expansion
effect [31]. Figure 9 shows the relationship between the particle breakage ratio with d50
under different confining pressures after monotonic loading. The greater d50, the greater is
the particle breakage ratio. According to previous research, the confining pressure effect
can be expressed by a power function. A normalized power function is also found to fit
well the relationship between breakage ratio, d5 and confining pressure. The expression is
shown as follows:

Bg = k3
d50

dM

(
σ3

pa

)n3

(6)

where k2 and n3 are model parameters, determined to be 16.5 and 0.46 (which is the same
as the previous value of the coefficient of uniformity).
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Figure 9. Breakage ratio vs. median diameter under different confining pressures.

The particle breakage is related to the relative density, uniform coefficient and stress
level of the granular materials. Figure 10 shows the percentage increment of particle weight,
ΔF, under different confining pressures.

ΔF = Ptest − Pini (7)

During the shear process, the percentage increment in the range of 5–10 mm is found
to be almost the same under different confining pressures except the grading curve Gc1.
However, the percentage increment in the range of 10–20 mm shows considerable increase
with an increase in the confining pressure, relative density and decrease in coefficient
of uniformity. Compared with particle percentage increment, particle breakage mainly
occurs in large particles during shear tests, indicating that the particles in the range of
5–10 mm exhibit limited breakage, because the large particles can break into middle and
small particles. However, further mechanisms should be analysed, combined with discrete
element model (DEM) simulations.
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Figure 10. (a) Different relative density; (b) different grading curves. Particle percentage increment
(ΔF > 0, particle percentage increasing).

4. Conclusions

In this study, the influence of relative density and grading curve on the particle
breakage of granular material was investigated. A series of consolidated drained triaxial
tests were performed on granular materials subjected to monotonic loading. The major
findings of this study are summarized below:

(1) The particle size distribution exhibited good fractal characteristics after monotonic
loading of rockfill at different confining pressures. The fractal dimension increased
with the increase in confining pressure. The coefficient of uniformity exhibited a
greater effect on the fractal dimension than relative density.

(2) During the shearing process, the main occurrence of breakage was found to be in
large particles. The extent of particle breakage increased with the increase of confining
pressure and relative density, whereas it decreased with an increase in the coefficient
of uniformity, which can be well described by a normalized power function. The
relationship between the breakage ratio and the median diameter can be described by
a linear function.

(3) The conclusions are mainly based on the results after the test. In fact, fractal dimension
and particle breakage change with axial loading. Future research should focus on the
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results during the shear test. The relationship between fractal dimension and particle
breakage with shear modulus and volume strain should be investigated.
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Abstract: To study the influence of the fractal distribution of particle size on the critical state charac-
teristics of calcareous sand, a type of calcareous sand from a certain reef of the South China Sea was
used in this study. For comparison, standard quartz sand was also used. A series of drained shear
tests on the two sands were then conducted to investigate their critical state characteristics. It was
demonstrated that the fractal dimension is suitable for characterizing the particle size distribution
(PSD) of calcareous sand with different fine sand content. The critical state equation of sand proposed
by Li and Wang (1998) is suitable for fitting the critical state line of calcareous sand. In the plane of
deviatoric stress versus the effective confining pressure (q–p′ plane) and the plane of void ratio versus
(p′/pa)α, the critical state lines of calcareous sand are always above those of quartz sand. The critical
state lines of calcareous sand with different fractal dimensions in the q–p′ plane are unique. However,
in the e–(p′/pa)α plane, the critical state lines appear to rotate anticlockwise as the fractal dimension
increases. In addition, there is an “intersection” in the e–(p′/pa)α plane. Considering the influence of
the fractal distribution of particle size, an expression for the critical state line of calcareous sand in the
e–(p′/pa)α plane was proposed. The related constitutive model was also revised, where a complete
set of model parameters suitable for modeling calcareous sand was provided.

Keywords: calcareous sand; fractal dimension; particle size distribution; critical state; shear charac-
teristic

1. Introduction

As the main foundation material for construction in the South China Sea, calcareous
sand is a type of marine biogenic sand. Its chemical composition is different from that of
common terrestrial sand and marine sand; the calcium carbonate content is more than 50%.
It is characterized by an extremely irregular particle shape, high friction angle, high porosity
(including internal porosity), high compressibility, brittleness of grains, and so on [1–10].
The calcareous sand from the South China Sea is composed of coral debris, and the calcium
carbonate content is mostly above 90% [4]. These characteristics make its basic mechanical
properties more complicated than those of quartz sand [11–13]. It is of great significance
to study its mechanical properties. Recent research on the calcareous sand in the South
China Sea found that its particle breakage is far less than that in previous research under
the same load condition [14]. This may be related to its generation environment, hydraulic
fill method, and so on [5,15]. Compared with the original calcareous sand, the dredger
fill calcareous sand is not easily broken because of the breakage during hydraulic fill. In
addition, the confining pressure plays an important role in the drained shear properties of
calcareous sand [16–18]. Compared with quartz sand, the volumetric deformation, internal
friction angle, and shear strength of calcareous sand are larger [19–21].

The critical state refers to the state in which the axial deformation of soil develops
continuously without volumetric change under constant stress [22]. It is often used to
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design and evaluate the long-term strength of buildings (structures) in engineering practice.
The design of filled islands also relies on the concept of critical state strength [23,24]. Early
studies based on clay assumed that the critical state line is a straight line in the plane of void
ratio versus the logarithm of the effective confining pressure (e–lgp′ plane) [22]. However,
for granular materials, it has been found that the critical state line is not a straight line.
Thus, a series of critical state equations have been introduced [25–27]. Li and Wang [28]
suggested that the critical state line of sandy soil is approximately a straight line in the
e–(p′/pa)α plane based on the data from previous research. Based on this, the critical state
line of quartz sand can be well fit within the stress range of 10~500 kPa. This conclusion
is widely used [29]. However, calcareous sand is multangular and irregular, leading to
more complicated mechanical properties compared to quartz sand. It remains to be studied
whether the existing critical state theory is suitable for calcareous sand.

Recently, fractal theory has been widely used in respectively describing and studying
the particle size distribution, the pore size distribution, the particle morphology, and so
on [30–35]. The particle size distribution (PSD) has a significant impact on the critical
state characteristics of sand [36,37]. Particle breakage can lead to a sharp increase in fine
sand content. Moreover, seepage can lead to a significant decrease in fine sand content.
Both of these two conditions will significantly change the fine sand content of calcareous
sand. Then, the critical state characteristics of calcareous sand are affected. Therefore, it
is necessary to study the effect of fine sand content on the triaxial shear and critical state
characteristics of calcareous sand. However, the effect of the fractal distribution of particle
size on the critical state characteristics of calcareous sand is still poorly understood.

To reveal the particularity of calcareous sand, quartz sand was used as a reference
for comparison in this study. Triaxial tests of the two sands were performed to investigate
their critical state characteristics. The applicability of the critical state theory to calcareous
sand was analyzed. The influence of the fractal distribution of particle size on the critical
state characteristics of calcareous sand was studied. The relationship between the fractal
dimension and the critical state characteristics of calcareous sand was established. Based
on this, the related constitutive model was revised. A complete set of model parameters
suitable for calcareous sand was given.

2. Materials and Methods

The calcareous sand used in this study was from a certain reef of the South China
Sea. The influence of the content of particles smaller than 0.25 mm (P0.25) is researched in
this paper. When P0.25 is changed, the relative content of the rest of the particle fractions
remains the same. According to this method, the designed gradation is similar to the actual
gradation. Table 1 shows the test grain size distribution of the calcareous sand and quartz
sand. The gradation in bold is the actual gradation. The gradation curves of the calcareous
sand with different P0.25 are shown in Figure 1.

Table 1. Test grain size distribution of the calcareous sand and quartz sand.

Particle Fraction (mm) 5~2 2~1 1~0.5 0.5~0.25 0.25~0.075 <0.075

Calcareous sand

9.9% 7.3% 33.5% 34.3% 14.2% 0.8%
8.8% 6.5% 29.5% 30.2% 23.7% 1.3%
7.6% 5.6% 25.6% 26.2% 33.1% 1.9%
6.4% 4.7% 21.7% 22.2% 42.6% 2.4%
5.3% 3.9% 17.7% 18.1% 52.1% 2.9%

Quartz sand 7.6% 5.6% 25.6% 26.2% 33.1% 1.9%

To study the specific calcareous sand, quartz sand was adopted as a reference for
comparison. Table 2 shows the basic property parameters of the calcareous sand and quartz
sand with the same gradation (P0.25 = 35%).
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P
P
P
P
P

Figure 1. Grain size distribution curve of the tested calcareous sand.

Table 2. Basic property parameters of the test sands (P0.25 = 35%).

Sample
Coefficient of

Uniformity (Cu)
Coefficient of
Curvature (Cc)

Maximum Void
Ratio (emax)

Minimum Void
Ratio (emin)

Specific Gravity (Gs)

Calcareous sand 4.8 0.9 1.19 0.80 2.70

Quartz sand 4.8 0.9 0.75 0.39 2.67

Figure 2 presents the 3-D morphology characteristics of the tested calcareous sand
and quartz sand particles according to the CT scanner. It can be seen that, compared
with quartz sand, the particles of calcareous sand are multiangular, flatter, and more
irregular. The calcareous sand particles have more internal pores and their surface is
uneven. When the calcareous sand is compressed with a vertical load of 4000 kPa, the
relative breakage Br [38] is only 0.7% (0~1) [39]. This shows that the particle breakage of
this type of calcareous sand is insignificant and can be ignored. This conclusion is similar
to that of the aforementioned research [14]. Therefore, this paper focuses on exploring the
influence of the fractal distribution of particle size on the critical state characteristics of
calcareous sand, without considering the impact of particle breakage.

A strain path triaxial apparatus was used to conduct a series of drained shear tests
(CD tests). The shear characteristics of the calcareous sand with different fractal distribu-
tions of particle size were studied. The diameter and height of the test samples were 61.8
and 135 mm, respectively. The calcareous sand used in the test was saturated by applying
head pressure and back pressure. When the B-value (i.e., saturation) [40] was greater than
0.98, the sample was considered saturated. Four effective confining pressures (100, 200, 300,
and 400 kPa) were conducted. The tests were conducted using a constant vertical shear rate
of 0.016mm/min until the axial strain achieved 25%. It should be noted that the average
value of the critical state data in the last 3% strain range was used as the final value.

Four drained shear tests for quartz sand (P0.25 = 35%) with different effective confining
pressures were conducted as comparisons. The relative densities of the sand samples were
all 40%.
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(a) 

(b) 

Figure 2. CT scan images of the tested calcareous sand and quartz sand particles: (a) calcareous sand
particles; (b) quartz sand particles.

3. Experiments

3.1. Fractal Behavior of Particle Size Distribution

Recently, fractal theory has been widely used in respectively describing and studying
the geometric features of the PSD. Tyler et al. [41] proposed the fractal model of particle
size distribution. It was expressed with the relationship between the cumulative mass and
particle size of the particles, as follows:

M(δ < di)

Mt
=

(
di

dmax

)3−Dm

(1)

The fractal dimension Dm can be determined by:

lg
(

M(δ < di)

Mt

)
= (3 − Dm)lg(di) + (Dm − 3)lg(dmax) (2)

where δ is the particle size, di is the diameter of the ith (i = 1, 2, . . . , n) sieve pore,
M(δ < di) is the cumulative mass of the sand particles whose grain size is smaller than
di, Mt is the total mass of sand particles, dmax is the maximum grain size, and Dm is the
fractal dimension.

However, only one fractal dimension is not enough to describe the distribution for
the entire range of particle sizes [42,43]. Posadas et al. [42] applied multifractal tech-
niques to describe contrasting PSDs. The dominant particles of calcareous sand are dis-
tributed in the large size range (i.e., the particle size greater than 0.075 mm). As shown
in Figure 3, the fractal dimension of the PSD (i.e., the particle size greater than 0.075 mm)
was obtained through the regression analysis based on Equation (2). The fitting results of
fractal dimensions reveal that the particle size distribution of calcareous sand complies
with the fractal law.
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Figure 3. Determination of fractal dimensions of calcareous sand with different gradation: (a) content
of particles smaller than 0.25 mm is 15%; (b) content of particles smaller than 0.25 mm is 25%;
(c) content of particles smaller than 0.25 mm is 35%; (d) content of particles smaller than 0.25 mm is
45%; (e) content of particles smaller than 0.25 mm is 55%.
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Figure 4 shows the fractal dimensions of the tested calcareous sand with different
gradation. As is shown, the higher the content of fine materials in the PSD is, the larger
the value of Dm is. The relationship between the P0.25 and Dm is almost linear (R2 = 0.96).
Therefore, the fractal dimension can be well used to characterize the gradation of the
calcareous sand with different fine sand content.
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Figure 4. Fractal dimensions of the calcareous sand with different gradation.

3.2. Critical State Characteristics of the Calcareous Sand

Figure 5 shows the critical state lines in the plane of deviatoric stress versus the effective
confining pressure (q–p′ plane) of the calcareous sand and quartz sand (Dm = 2.667).
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Figure 5. The critical state lines in the q–p′ plane of the calcareous sand and quartz sand (Dm = 2.667).

As is shown, the critical stress ratio of calcareous sand (Mc1 = 1.556) is approximately
12% higher than that of quartz sand (Mc2 = 1.392). The critical stress ratio reflects the
particle interlocking. Its value depends primarily on the particle mineralogy and shape
(angularity) [44]. The particles of calcareous sand are more angular than those of quartz
sand, leading to stronger particle interlocking. As the damaged calcareous sand reached
the critical state, q reached a constant value. The initial sand fabric was destroyed at
this condition. The residual strength of calcareous sand is larger due to the stronger
particle interlocking.
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The sand critical state equation put forward by Li and Wang [28] is used to fit the
critical state line of calcareous sand in the e–p′ plane, as shown in the following Equation (3):

ec = ec0 − λ(
p′

pa
)

α

(3)

where ec is the critical void ratio; ec0, λ, and α are the material constants determining the
critical state line in the e–p′ plane [28], and pa is the atmospheric pressure for normalization.
α is a material parameter affected by the material type and the modulus type. The effect of
the value of α on the straightness of the lines is mild; α can be simply chosen as a default
value [28]. For the calcareous sand analyzed in this article, α can be taken as 0.55. For the
quartz sand analyzed in this article, α can be taken as 0.71. Based on this, the critical state
lines in the e–(p′/pa)α plane of the calcareous sand and quartz sand (Dm = 2.667) are as
shown in Figure 6.

λ
e

e

p' p α

λ
e

Figure 6. The critical state lines in the e–(p′/pa)α plane of the calcareous sand and quartz sand
(Dm = 2.667).

As is shown in Figure 6, the critical state lines of the calcareous sand and quartz sand
can be plotted as nearly straight in the e versus (p′/pa)α plane proposed by Li and Wang [28].
The critical state line of calcareous sand is always above that of quartz sand with the same
gradation. The critical state parameter λ and ec0 values of the calcareous sand are all larger
than those of the quartz sand. The higher initial void ratio of the calcareous sand results
in a larger ec0. Moreover, the larger slope λ indicates the greater influence of confining
pressure on the critical state void ratio of calcareous sand [39].

3.3. Influence of the Fractal Distribution of Particle Size on the Critical State Line in the q–p′ Plane
of the Calcareous Sand

Figure 7 shows the critical state line in the q–p′ plane of the calcareous sand with
different fractal dimensions.

As is shown, the critical state points of calcareous sand with different fractal di-
mensions basically fall along the same critical state line (Mc = 1.575) in the q–p′ plane
(R2 = 92.61%). Therefore, the critical state lines of calcareous sand with different fractal
dimensions in the q–p′ plane are unique. The critical stress ratio Mc of the calcareous sand
with different fractal dimensions is a constant. This conclusion is the same as those of other
sands in related research [45,46].

181



Fractal Fract. 2022, 6, 165

D
D
D
D
D

 q

 p'

M

Figure 7. The critical state line in the q–p′ plane of the calcareous sand with different fractal dimensions.

3.4. Influence of the Fractal Distribution of Particle Size on the Critical State Line in the e–p′ Plane
of the Calcareous Sand

The critical state lines in the e–(p′/pa)α plane of the calcareous sand with different
fractal dimensions are shown in Figure 8.
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Figure 8. The critical state lines in the e–(p′/pa)α plane of the calcareous sand with different fractal
dimensions.

It can be found that with the increase in fractal dimension, the critical state parameter
λ and ec0 of calcareous sand both decrease. The same is true for the Hoston sand. However,
the slope λ of the critical state lines of the calcareous sand changes more significantly than
that of the Hoston sand [36].

With the increase in fractal dimension, the fine sand content of calcareous sand in-
creases. The pores formed by the coarse particles are filled by the fine particles. The initial
void ratio of the calcareous sand decreases and the critical state parameter ec0 decreases.
The smaller initial void ratio leads to a weaker influence of confining pressure on the critical
state void ratio of calcareous sand, and the slope λ of the critical state line of the calcareous
sand decreases.

Figure 8 also shows that the critical state lines in the e–(p′/pa)α plane appear to rotate
anticlockwise approximately as the fractal dimension increases. When (p′/pa)α is equal to
2.2, the critical state void ratios of calcareous sand with different fractal dimensions are
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around 1.05. This means that there is an “intersection” in the e–(p′/pa)α plane. When the
effective confining pressure p′ is equal to 425 kPa, the critical void ratios of the calcareous
sand with different fractal dimensions are approximately the same.

Based on this, the critical state of calcareous sand in the e–(p′/pa)α plane can be
expressed as:

ec − b = −λ

[
(

p′
pa

)
α

− a
]

(4)

ec = b + aλ − λ(
p′
pa

)
α

(5)

where a and b are material constants. They are also the “intersection point” coordinates of
the critical state lines in the e–(p′/pa)α plane.

By combining Equations (3) and (5), the parameter ec0 can be written as:

ec0 = b + aλ (6)

Figure 9 shows the relationship between the reference void ratio ec0 and slope of
critical state lines λ.
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Figure 9. Relationship between reference void ratio ec0 and slope of critical state lines λ.

As is shown in Figure 9, there is indeed a linear relationship between the reference
void ratio ec0 and slope of critical state lines λ (R2 = 0.961). For the calcareous sand analyzed
in this article, a is 2.203 and b is 1.047.

Figure 10 presents the relationship between the slope of critical state lines λ and fractal
dimension Dm.

Second-order functions can be applied to fit the relationship, as follows:

λ = cDm
2 + dDm + f (7)

where c, d, and f are material constants. For the calcareous sand analyzed in this paper, c is
−0.384, d is 1.908, and f is −2.302.

Figure 11 shows the comparison of material constants determined by the model with
experimental data.
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Figure 10. Relationship between slope of critical state lines λ and fractal dimension Dm.
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Figure 11. Comparison of material constants determined by the model with experimental data:
(a) reference void ratio ec0; (b) slope of critical state lines λ.
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As can be seen, the material constants determined by the model and those determined
by the experimental data are highly correlated. The model expressed as Equations (4)–(7)
can be used to predict the material parameters of calcareous sand with different fractal
dimensions.

By combining Equations (5) and (7), considering the influence of the fractal distribution
of particle size, an expression for the critical state of calcareous sand in the e–(p′/pa)α plane
is proposed:

ec = b + a
(
cDm

2 + dDm + f
)− (cDm

2 + dDm + f
)
(

p′
pa

)
α

(8)

4. Theoretical Model

The expression of state-dependent dilatancy put forward by Li et al. [47] was used in
this paper, as follows:

d = d0(emψ − η

M
) (9)

where d0 and m are two modeling parameters, η is the stress ratio, and Ψ is a state parameter.
Ψ is defined as:

ψ = e − ec (10)

Considering the influence of the fractal distribution of particle size, ec can be expressed
by Equation (8). The state parameter Ψ is proposed:

ψ = e − b − a
(
cDm

2 + dDm + f
)
+
(
cDm

2 + dDm + f
)
(

p′
pa

)
α

(11)

The state-dependent constitutive model established by Li et al. [47] was used in this
paper, as follows:

{
dq
dp′

}
=

[(
3G 0
0 K

)
− h(L)

Kp + 3G − Kηd

(
9G2 −3KGη

3KGd −K2ηd

)](
dεq
dεv

)
(12)

where G is the elastic shear modulus, K is the elastic bulk modulus, L is a loading index, Kp
is the plastic modulus, and h(L) is a Heaviside function with h(L) = 1 for L > 0 and h(L) = 0
otherwise.

The elastic shear modulus G can be calculated by the following empirical equation [48]:

G = G0
(2.97 − e)2

1 + e
√

p′pa (13)

where G0 is a material constant, and ec0 is the initial void ratio. The elastic bulk modulus K
can be calculated based on elasticity theory, as follows:

K = G
2(1 + v)
3(1 − 2v)

(14)

where ν is the Poisson’s ratio.
The constitutive relation is put forward to express the plastic modulus Kp:

Kp = hG
(

M
η

− enψ

)
(15)

h = h1 − h2e (16)

where h1, h2, and n are three material constants.
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5. Model Validation

Figure 12 presents the relationship between the phase transformation state stress ratio
and peak state stress ratio and the state parameter of calcareous sand. As is shown, as
the ψ increases, the Md increases and the Mp decreases. Equations proposed by Li and
Dafalias [47] are used to quantify such evolutions, as follows:

Md = Ad Mc exp(mψ) (17)

Mp = Ap Mc exp(−nψ) (18)

where Ad and Ap are the correction factor. m and n are material constants. For the calcareous
sand analyzed in this article, m is 0.7438 and n is 0.5698.
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Figure 12. Relationship between state stress ratio and state parameter: (a) phase transformation state
stress ratio; (b) peak state stress ratio.

As shown in Table 3, fourteen material constants are used in the model. All these
parameters can be calibrated by a systematic procedure based on triaxial data.
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Table 3. Model parameters calibrated for calcareous sand.

Elastic
Parameters

Critical State
Parameters

Dilatancy
Parameters

Hardening
Parameters

G0 =125 M = 1.58 d = 1.91 d0 = 6.05 h1 = 3.35

ν = 0.30 a = 2.20 f = −2.30 m = 0.74 h2 = 3.05

b = 1.05 α = 0.55 n = 0.57

c = −0.38

6. Conclusions

To study the effect of the fractal distribution of particle size on the critical state
characteristics of calcareous sand, a type of calcareous sand from the South China Sea
was adopted in this study. For comparison, standard quartz sand was also used. A series
of drained shear tests on the two sands were performed to research their critical state
characteristics. Conclusions were drawn as follows:

(1) The particle size distribution of calcareous sand can obey the fractal law. The higher
the fine sand content in the PSD was, the larger the value of Dm was. The fractal
dimension can be used to characterize the particle size distribution of calcareous sand
with different fine sand content.

(2) The critical stress ratio of calcareous sand (Mc = 1.556) was around 12% higher than
that of quartz sand (Mc = 1.392), and its critical state line parameters λ and ec0 were
also larger than those of quartz sand. In the q–p′ plane and e–(p′/pa)α plane, the critical
state lines of calcareous sand were always above those of the quartz sand.

(3) The critical state lines of calcareous sand with different fractal dimensions in the q–p′
plane were unique.

(4) The critical state equation of sand proposed by Li and Wang [28] was suitable for the
fitting of the critical state line of calcareous sand in the e–(p′/pa)α plane.

(5) In the e–(p′/pa)α plane, the critical state lines appeared to rotate anticlockwise as
the fractal dimension increased. There was an “intersection” in the e–(p′/pa)α plane.
When the effective confining pressure p′ was equal to 425 kPa, the critical void ratios
of the calcareous sand with different fractal dimensions were approximately the same.
Considering the influence of the fractal distribution of particle size, an expression for
the critical state of calcareous sand in the e–(p′/pa)α plane was proposed.

(6) Based on the critical state characteristics of calcareous sand with different fractal
dimensions, the dilatancy equation and constitutive model suitable for calcareous
sand were proposed. Moreover, a complete set of model parameters suitable for
calcareous sand was given.
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Abstract: Resonant column tests were carried out on Hostun sand mixed with 5%, 10% and 20%
non-plastic fines (defined as grains smaller than 0.075 mm) in order to quantify the combined
influence of the void ratio (e), anisotropic stress state (defined as σv

′/σh
′) and fines content (fc) on the

maximum small-strain shear modulus Gmax. A significant reduction in the Gmax with increasing fc was
observed. Using the empirical model forwarded by Roesler, the influence of e and σv

′/σh
′ on Gmax

was captured, although the model was unable to capture the influence of varying fines content using
a single equation. From the micro-CT images, a qualitative observation of the initial skeletal structure
of the ‘fines-in-sand’ grains was performed and the equivalent granular void ratio e* was determined.
The e was henceforth replaced by e* in Roesler’s equation in order to capture the variation in fc. The
new modification was quantified in terms of the mean square error R2. Furthermore, the Gmax of
Hostun sand–fine mixtures was predicted with good accuracy by replacing e with e*. Additionally, a
micromechanical interpretation based on the experimental observation was developed.

Keywords: anisotropic stress; Hostun sand; resonant column; maximum shear modulus; fines
content; void ratio; equivalent granular void ratio

1. Introduction

The determination of soil stiffness is of primary importance, considering its appli-
cation in practical fields of geotechnical engineering, including foundation settlements,
deformations caused by excavations or wave propagation in the ground due to vibration.
In addition, all geotechnical sub/superstructure designs require the soil stiffness param-
eters in order to estimate the resistance of a structure against dynamic motions, such as
earthquakes. In recent years, the development of elasto-plastic and advanced constitutive
models (e.g., hardening soil model with small-strain stiffness, SANISAND) exclusively re-
quires the small-strain soil stiffness parameter Gmax as an input, underlining its importance
in terms of research and practice in the field of soil dynamics.

Soil stiffness typically has a maximum value at low strains (strain < 10−6), denoted
either Gmax or G0, and decreases by increasing the strain amplitude. Since the 1960s, several
researchers ([1–3]) identified the influence of the void ratio and the effective stress on the
small-strain shear modulus Gmax. The authors of [1] were the earliest to formulate an
empirical equation to capture the influence of the void ratio and effective stress under
isotropic stress conditions (Equation (1)):

Gmax = A pa f (e)
(

p′
pa

)n
(1)
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where A is a material constant depending on the soil type, pa is the atmospheric pressure
(≈100 kPa), p’ is the effective stress, n is a stress exponent and f (e) is the void ratio function,
which popularly takes the form of Equation (2) ([1]) or Equation (3) ([4]):

f (e) =
(c − e)2

1 + e
(2)

f (e) = e−d (3)

c and d are fitting parameters. The authors of [5,6] studied the influence of the grain
size distribution on Gmax, where they reported a significant influence of the uniformity
coefficient Cu and the mean grain size D50, which they characterized via empirical relations.
Other than grain size, the fines content (i.e., grains passing through a standard US 200 sieve
and smaller than 0.075 mm) can also influence the mechanical behavior of soils, as was
evidenced in previous studies, e.g., refs. [7–11]. Systematic studies on the effect of fines
content and isotropic stress on Gmax have been published by [8–18]. These studies showed
a strong influence of the non-cohesive fines fraction on Gmax—a decrease in Gmax was
observed with increasing fines content. Therefore, ref. [12] proposed a reduction factor for
Equation (1), as shown in Figure 1.

Figure 1. Reduction factor accompanying Equation (1) recommended by [12] to capture the influence
of non-plastic fines on the maximum small-strain shear stiffness Gmax.

It must be noted that Equation (1), in conjunction with the reduction factor, is not very
suitable since it assumes different values for each soil type, as demonstrated by [17–19].
The authors of [9,11] reported that the fitting parameters of Equations (1)–(3) are influenced
by fines content, which means for every binary mixture, the fitting parameters must be
separately determined.

It is possible to capture the influence of the fines content on the mechanical behavior
of granular soils by utilizing the concept of equivalent granular void ratio, as defined
by [7]. Furthermore, ref [19] defined that a certain portion of fines actively participate in the
granular structure contributing to force chains, based on which Equation (4) was suggested,
where a boundary was formulated, below which the soil behavior would be dominated by
sand (defined as ‘fines-in-sand’) and above which by fines (‘sand-in-fines) ([19,20]).

e∗ = e + (1 − b) fc

1 − (1 − b) fc
fc < fthr (4)

The b-value holds a value between 0 and 1 and is responsible for denoting the active
proportion of fines in the soil structure; therefore, it is a function of the fine content—
the higher the value the higher the percentage of fines contributing to force chains in
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the mixture. In [20,21], the authors developed a semi-empirical equation (Equation 5) to
calculate b-parameter.

b =

[
1 − exp

{
−0.3

( fc/ fthr)

k

}]
×
(

r
fc

fthr

)r
(5)

where r = (D10/d50)−1, D10 = sand grain size corresponding to 10% finer materials by
weight passing through, d50 = fine grain size corresponding to 50% finer materials by
weight passing through, k = (1 − r0.25). The authors of [17,19] had previously used this
formulation in their work on binary mixtures.

Ref. [10] carried out resonant column (RC) tests on Hostun sand mixed with a fine
fraction. They reported the significant influence of the fines content on the maximum
shear modulus (Figure 2a). The concept of equivalent granular void ratio e* [22,23] was
successfully used to predict the maximum shear modulus in Equation (1) under isotropic
stress conditions. However, no investigation was done for anisotropic stress states.

Figure 2. (a) Influence of fines content on the Gmax via RC tests; (b) using the concept of equivalent
granular void ratio e* to capture varying percentages of fines content ([10]).

In order to evaluate the effect of anisotropy, numerous laboratory tests using bender
elements ([11,24–30]), RC and torsional shear tests ([1,11,31–35]) have already been carried
out. Furthermore, [1] and [24] extended the empirical relations to account for anisotropy. [1]
believed that shear stress plays an insignificant role on shear modulus and suggested
replacing p′ in Equation (1) with the average of vertical and horizontal stresses Equation (6).

Gmax = A f (e)pa
(1−n)

(
σv + σh

2

)n
(6)

σv and σh denotes the vertical and horizontal stresses.
Ref. [24] conducted experimental studies on cubic soil samples to investigate the effects

of stress components on shear wave velocity under anisotropic loading, where a significant
influence of vertical stress on shear wave velocity and, consequently, on Gmax was reported.
Therefore, Hardin’s relationship was modified accordingly by using σ′

v and σ′
h instead of p′,

as shown in Equation (7):

Gmax = A f (e)pa

(
σ′

v
pa

)nv(σ′
h

pa

)nh( σc

pa

)nc

(7)

nv, nh and nc are the stress exponents, while σc represents the out-of-plane stress.
Furthermore, it was also found out that the placing technique of the sand does not

influence the shear wave velocities. Reference [11] performed tests on glass beads, conclud-
ing that reference shear strain was affected by anisotropy, and an empirical relationship
was developed, considering confining pressure and anisotropic stress components. Per-
forming tests on Ticino sand under both horizontal and vertical directions using geophones
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equipped with bender and compression elements, ref. [25] noted stiffnesses in the horizontal
plane were larger than in the vertical plane. Using a similar procedure, ref. [26] investigated
the interdependence of the active earth pressure coefficient K0 on stress-induced anisotropy.
The work of [24] was further extended by [27], in which the author attempted to establish a
difference between the effects of fabric anisotropy and effective stress on soil stiffness. A
similar approach using a multiaxial triaxial cell equipped with bender/extender elements
was adopted by [28] to assess the evolution of elastic anisotropy under axially symmetric
stress conditions. Using results backed by experiments, ref. [29] carried out discrete element
method simulations and stated that more contact normal tensors preferred to distribute
along the horizontal direction. Reference [30] used three different sample preparation meth-
ods to investigate the fabric anisotropy of Hostun sand, where air-pluviated and tamped
samples exhibited higher stiffness in the horizontal and vertical directions, respectively.

Most of the previous studies have focused on either of the two aspects: either
anisotropy of clean sands or sands with varying fines content. In nature, sands are often
mixed with fines, and subjected to anisotropic stress states, possibly due to an existing sub-
structure or repetitive loading over time. Therefore, studies combining both fines content
under anisotropic stress conditions are necessary considering their practical importance.
Therefore, in the present work, the influence of fines content on Gmax under anisotropic
stress conditions was investigated in detail. In addition, the application of e* in Equation (7)
in specimens under anisotropic stress was inspected.

2. Experimental Procedure and Sample Preparation

The following sub-sections describe the experimental device and procedure followed
by the tested materials and the method of sample preparation.

2.1. The RC Device

The RC and Bender element tests are common methods to determine the small-strain
dynamic properties of soils (e.g., shear wave velocity, shear stiffness and damping). To
determine the shear modulus and damping, the RC device available at the Ruhr-Universität
Bochum was used. The device is capable of investigating the influence of small (shear
strain γ < 10−5) and medium shear strains (10−3 < γ < 10−5). This free-free mode of
vibration, i.e., the bottom and top plates are freely movable ([36]), was employed. This
specimen is enclosed by a latex membrane of thickness 0.4 mm. The inserted cylindrical
soil sample is subjected to harmonic torsional vibrations about the longitudinal axis by
two electromagnetic excitation heads. The generated acceleration is measured with the
help of two accelerometers, which then results in the linearly distributed torsion γ over the
specimen height. This recorded acceleration is displayed on an oscilloscope as a sinusoidal
excitation signal, the frequency of which is varied using a function generator until the
resonant frequency fR is determined. The dynamic shear modulus for the specific load
amplitude can then be calculated from fR ([36]):

G =

(
2π fR

a

)2
(8)

a tan(a)− J2

J0 JL

tan(a)
a

=
J
J0

+
J
JL

(9)

The polar mass moment of inertia for the bottom and top parts of the device, as well
as the sample, are denoted by J0, JL and J respectively. ρ denotes the sample density, while
a = ωL

vs
, ω is the rotational frequency, L is the sample height and vs the shear wave velocity.

The schematic figure of the RC device is shown in Figure 3.
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Figure 3. Schematic representation of the RC device used in the present study.

The device was modified for performing tests under anisotropic stress states ([37]). A
pneumatic pressure cylinder was mounted on the top of the cell, as shown in Figure 3, for
applying vertical pressure on the specimen. The calibration and validation of the device
were performed following different methods, further details of which are in [11,37]. At the
beginning, the specimen was isotropically loaded with a cell pressure σ′

h = 50 kPa. From a
cell pressure of 200 kPa onwards, the vertical pressure ensures anisotropy in the specimen.
The results on isotropically loaded specimens were shown previously in [17]. This paper
aimed to describe the results on the same soil mixtures, but under anisotropic loading. The
stress path is currently divided into two areas: isotropic condition at σ′

h = 200 kPa ([11,17])
and anisotropic condition where σ′

h is constant 200 kPa and σ′
v is increased up to 600 kPa

(i.e., effective vertical to horizontal stress ratio σ′
v/σ′

h = 3).

2.2. Tested Materials

In the present work, four series of tests were carried out with a mixture of Hostun sand
(a quartz sand originally mined in France) and non-plastic quartz (obtained locally) as fines
with different proportions by weight—0%, 5%, 10% and 20%. The material mixtures of
Hostun sand and the different proportions of fines are shown in Figure 4. The white opaque
parts show the quartz powder and the light-colored elements denote sand particles. Hostun
sand has been used previously in numerous tests ([37]). Silica is the predominant chemical
that constitutes the sand grains (SiO2 > 98%). The sand is angular with a grain density of
2.65 g/cm3. The mean grain size of Hostun sand and quartz powder (also consisting of
SiO2 as the main component) is 0.375 mm and 0.004 mm, respectively. Figure 5 shows the
grain size distribution of the tested materials obtained following [38].
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0.5 mm 0.5 mm 

0.5 mm 

0.5 mm 

Figure 4. (a) Clean Hostun sand and sand mixed with (b) 5%, (c) 10% and (d) 20% quartz fines used
in the present study.

Figure 5. Grain size distribution of the tested materials.

3. Experimental Results

From Figure 6a–d, the influence of the anisotropic stress on the variation in void
ratio e over different fines content is shown. The results show that with an increase in the
effective anisotropic deviatoric stress σ′

v/σ′
h, the e decreases with increasing fines, whereas

the decrease is minimal for the clean sand (Figure 6a). This implies a higher compressibility
of the mixtures with higher fines.

Furthermore, Figure 7 shows the relationship between Gmax, e and σ′
v/σ′

h. It is clear

that the Gmax increases with decreasing e and increasing σ′
v

σ′
h
. It is interesting to note the

relative magnitudes of the Gmax for differing fines content—it is higher for the clean Hostun
sand (Figure 7a) but reduces with increasing fines content. In addition, the reduction in
Gmax is much larger at higher fines content, although the specimens are prepared at an
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initially dense state (see Figure 7d). Practically, the influence of e is diminished at fc = 20%,
while it is largest at fc = 0%.

Figure 6. Void ratio e vs. anisotropic stress for (a) clean Hostun sand and sand mixed with (b) 5%,
(c) 10% and (d) 20% fines, respectively.

Figure 7. The influence of the anisotropic stress on the Gmax for (a) clean Hostun sand and sand
mixed with (b) 5%, (c) 10% and (d) 20% fines, respectively.

In Figure 8, the variation of the Gmax with different e and f c values is shown along
with isotropic (Figure 8a) and anisotropic (Figure 8b) states. For all specimens with 0%, 5%,
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10% and 20% fines content, Gmax decreases with the increase in e and increase of vertical
stress, σ′

v. In comparison to the isotropic specimen with initial e = 0.80 and containing 5%
fines, the 20% fines specimen under the same boundary conditions shows a lower Gmax- for
5% fc, which is close to 100 MPa, while for the other, it measures around 75 MPa. The same
trend can be noted for the anisotropic specimen in Figure 8b, which implies an increase
in anisotropic stress load causes an increase in the maximum shear modulus, whereas the
increase in fc causes a reduction in the maximum shear modulus.

Figure 8. Variation of the Gmax with different void ratios and fines content under (a) isotropic and
(b) anisotropic stress states.

For σ′
v/σ′

h = 2, the Gmax for clean sand measures approximately 160 MPa at e = 0.70
(Figure 8b), while under isotropic conditions (Figure 8a), it measures around 135 MPa. This
reinforces the observation that at anisotropic stress conditions, an increase in the e as well
as fines content results in a significant decrease in the Gmax.

4. Analysis of Results

Using the popular models of [1,23], the variation in the Gmax with e, p′ and σ′
v/σ′

h = 1
(isotropic) and 2 (anisotropic) was quantified as shown in Figure 9. In general, a good fit
with the experimental data can be seen. Later, the Gmax was normalized with the void ratio
function employing an average value of the fitting parameter c (= 2.12, 2.15, 2.37 and 3.25
for 0%, 5%, 10% and 20% fines, respectively). To capture the variation in the anisotropic
stress, the Gmax was initially normalized with the Hardin’s void ratio function, considering
the average value of the fitting parameter c (= 2.12, 2.15, 2.37 and 3.25 for 0%, 5%, 10%
and 20% fines, respectively), following which the normalized Gmax was further plotted
against the σ′

v/σ′
h (shown only for the clean sand case in Figure 10a) to obtain the best fit

magnitudes of the fitting parameters nv and nh. Figure 10b presents a 3D overview of the
variation of Gmax with regards to e, σ′

v and σ′
h (Equation (10) in the case of the clean sand

only, shown in Figure 10b below, where the proposed model shows a good fit with the
experimental data with R2 = 0.95 (K0 denotes the ratio σ′

h/σ′
v).

Gmax

f (e)
= 0.836pa

(
σ′

v
pa

)0.21(σ′
h

pa

)0.23

(10)

However, it is not possible to capture in a single curve the influence of varying fines
content. Therefore, as suggested by various studies, the global void ratio can also be
replaced by the equivalent granular void ratio e*, which would have the same magnitude as
e for clean sand but would depend on the parameter b for fine content below the threshold
fines. Based on the suggestion of [20] from their experiments with 10 sands, a value of 30%
was deemed suitable for the f thr since it was able to capture many characteristic responses
of undrained soil behavior regardless of host sands. The b value was calculated accordingly
in order to convert the e to e* up to a fines content of 20%. The resulting Gmax − e* curves
for both isotropic and anisotropic stress states are shown in Figure 11 below. The data at
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higher e* and lower Gmax show relatively greater scatter than at lower e* and higher Gmax.
Hardin’s relationship also shows a slight deviation to higher e* and lower Gmax, which
may be attributed to the inherent variability of Gmax. Figure 12 shows a comparison of the
measured and predicted Gmax with the proposed Equation (10), where a good fit is evident
(R2 = 0.80) for different fc values ranging between 0–20% as well as different degrees of
anisotropy achieved by loading in the vertical direction (1 ≤ σ′

v/σ′
h ≤ 3).

Figure 9. Prediction of the Gmax with different void ratios and fines content under (a) isotropic and
(b) anisotropic stress states. The lines denote the best fits obtained using the Hardin void ratio
equation, KH f (e).

Figure 10. (a) Variation of the normalized Gmax (using the Hardin void ratio function) with the hori-
zontal and vertical stresses accounting for both isotropic and anisotropic states; (b) 3D representation
of the same (also shown in [39]).
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Figure 11. Using e* instead of e to predict Gmax under (a) isotropic and (b) anisotropic stress states.

Figure 12. Comparison of the measured and predicted Gmax values considering different fines content.

5. Discussion

As shown in the previous section, by using e* instead of e in the Hardin’s model,
it was possible to capture the influence of varying fines lower than the threshold value.
The biggest advantage afforded by using e* is that one can avoid the numerous back
calculations to determine the fitting parameters for each fines content. In addition, a
solid micromechanical interpretation based on certain existing studies employing similar
concepts [40–44] asserts a more logical approach, which, presently, is achieved via the b
parameter—a micromechanical parameter specially designed to account for the positive or
negative effects of f c or the micromechanical influence of fc in fine sand mixtures, and can
be roughly estimated if the grain size distribution is available.

Micromechanical Interpretation

The stiffness of soil samples depends on microstructural properties, mainly grain-
to-grain contacts that dictate the stiffness of the material. According to the theory of
Hertz–Mindlin, the tangential or shear stiffness KT between two grains is a function of the
normal stiffness KN, contact forces fT and fN and the elastic properties of the grains ([45,46]),
and is mathematically represented as:

KT = C2 KN

[
1 − fT

fN tanϕ

]η

(11)

KN = C1 f n
N (12)

η = n =
1
3

(13)
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n and η are fitting parameters. With the increase in the vertical load fN, the normal
stiffness increases, which results in increments in the friction and, consequently, the tan-
gential stiffness and shear modulus Gmax between particles. An additional load applied in
the vertical direction results in an increase in fT. However, according to Equation (11), an
increase in fT should result in a decrease in KT, which explains the slower increase in Gmax
for anisotropic stresses compared to Gmax for isotropic cases.

Presently, to reinforce our observations, a micro-CT scan was performed on the sample
having 10% fines content in Kumamoto University in Japan (Figure 13a). The sample height
and diameter for the CT scan was 40 mm and 7 mm, respectively (Figure 13b). Three densi-
ties were selected: loose (ρ = 1.207 g/cm3, Figure 14a), medium-dense (ρ = 1.312 g/cm3,
Figure 14b) and dense (ρ = 1.437 g/cm3, Figure 14c), details of which are in Table 1. The
white particles denote sand grains, while those in gray denote fines, i.e., the quartz powder.
From Figure 14a, the fines cover some of the coarse particles merely like a coating. Some
of the fine grains arrange themselves between the coarse particles, i.e., these fine grains
actively interact with the sand grains. The remaining fine grains distribute themselves in
the voids between the coarse grains, i.e., these parts of the fine grains act inactively ([17]).
An external load causes friction between the individual grains. For large grains, the friction
surface is correspondingly large, making the grain-to-grain contact system relatively stable.
Adding more fine grains (Figure 14b,c) reduces the friction area between the individual
grains, causing the system to lose stability. Mathematically, this results in a lower contact
force KT and thus results in a lower maximum shear stiffness ([10]).

Figure 13. (a) Mixture of 10% quartz and 90% Hostun sand; (b) typical sample for micro-CT analysis.

Table 1. Schedules of the various samples for micro-CT analysis for different densities.

Case Material
Weight Ratio (%)

Sample Height (mm) Weight (g) Dry Density (g/cm3)
Quartz Hostun

1
Quartz/Hostun 10 90

37.5
1.742

1.207
2 34.5 1.312
3 31.5 1.437
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Figure 14. Micro-CT scan images for (a) loose, (b) medium-dense and (c) dense specimens for 10%
fines content.

6. Conclusions

The aim of the study was to demonstrate the variation of the maximum shear modulus
in binary mixtures of sand–non-plastic fines considering stress anisotropy due to additional
vertical loading. As already mentioned, individual studies considering stress anisotropy
or mixtures were conducted in previous research, however this work presents one of the
first considering both these influences. This paper briefly summarizes the results and
interpretation of the tests with respect to the influence of stress anisotropy and fine grain
content on the Gmax. The major findings are summed up below:

• Based on a series of resonant column tests with different initial global void ratios and
confining pressures, it was found that Gmax is lower for increasing fines content as well
as higher void ratios. Using a popular empirical model, the variation of Gmax with
void ratio, confining pressure and stress state was captured with a good accuracy.

• Furthermore, to include fines content, the concept of equivalent intergranular void
ratio was used where the global void ratio e was replaced by e* in the various formula-
tions with a higher degree of accuracy, particularly for lower magnitudes of e*.

• Micro-CT scans of the binary mixtures were additionally made to enable a closer look
into the microstructure, e.g., grain-to-grain contacts. From the skeletal structure, the
contact forces between the individual grains were evident. In the case of anisotropic
stress, a shear force acts in addition to the normal force for isotropically loaded
specimens. An increase in fines results in a reduction in the friction between sand
grains which leads to lower contact stiffness.

The results of the present work will provide practical knowledge for design engineers
to predict the shear modulus in binary mixtures considering the designed overburden
vertical stress leading to a stress anisotropy, and therefore, allow them to reliably calculate
ground settlements/factor of safety of structures under dynamic loads. Furthermore,
advanced constitutive models can also incorporate both these influencing factors in complex
multi-variable numerical simulations.
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For future work, the influence of stress anisotropy and grain distribution on elastic
modulus E, grain shape or size and grain minerals can be investigated. In addition, the
influence of other stress paths can be checked. Furthermore, a higher percentage of fines
greater than 20% can be investigated. For a more accurate interpretation of the results,
various methods, such as the discrete element method (DEM), to determine the number of
grain contacts or the force distribution on the grains can be applied.
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Abstract: The strength of the soil–structure interface can be mobilised when subjected to cyclic
loading. To capture the cyclic mobilisation of the soil–structure interface, an advanced elastoplastic
constitutive model is developed within the framework of fractional plasticity, where no additional
use of an additional plastic potential is required. Considering the influence of material state and
soil fabric on the plastic response of the soil–structure interface, the state-dependent fractional order
and hardening modulus are proposed. Further numerical simulation of the developed model shows
that it can reasonably capture the mobilised strength and deformation of the soil–structure interface
under cyclic loads.

Keywords: soil–structure interaction; fractional plasticity; cyclic loads

1. Introduction

Geotechnical engineering usually encounters the interaction between soil and struc-
ture [1]. Due to the abrupt change in the stiffness of soil and structure, an interface with
reduced stiffness and strength usually exists [2,3]. The load–displacement behaviour, e.g.,
stiffness degradation by in-situ cyclic loading [4], of the soil–structure interface can sig-
nificantly influence the ultimate bearing capacity of the geotechnical infrastructures, e.g.,
tunnels, onshore foundations, and other underground space structures [5,6], especially
under earthquake loading [7,8]. To understand the strength and deformation behaviour of
the soil–structure interface, many experimental and numerical studies have been carried
out [9–14]. For example, Zhang and Zhang [11] carried out a series of direct interface
shear tests on a gravelly soil–steel interface under various loading conditions, e.g., constant
normal load (CNL) and constant normal stiffness (CNS) shearing. Lashkari and Jamali [15]
conducted a series of interface shear tests on different sand–geosynthetic interfaces, with
the aid of digital particle image velocimetry to track the local particle movement. From
these studies, it was found that the interface thickness increased with the mean particle
size of soil; the interface strength mobilised with the cyclic loading path and was influ-
enced by the initial relative density, particle shape, particle size, normal stiffness and
effective normal stress. Moreover, through a comprehensive three-dimensional discrete
element simulation using spheres with contact moments and walls with varying topogra-
phy, Grabowski et al. [14] observed significant effects of the contact roughness and sand
fabric on the mobilised strength and displacement of the sand–structure interface. Such
effect of fabric has also been reported by Wang et al. [16] when evaluating the liquefaction
and instability behaviour of sands. In addition, Zhang et al. [17] reported a remarkable 3D
effect of the turning corner on the stability of geosynthetic-reinforced soil structures.

It can be found that the strength and deformation of the soil–structure interface are
complex and influenced by many physical and mechanical factors. In order to properly
instruct the engineering design and construction of geotechnical structures, a sophisti-
cated constitutive model that can consider different influencing factors is of critical im-
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portance [18]. In fact, a variety of constitutive models have been developed for different
soil–structure interfaces. For example, Saberi et al. [19] developed a unified constitutive
model to capture the stress path dependence of a sandy and gravelly soil interface by
using the framework of the bounding surface plasticity. Despite the elegant model per-
formance, an additional plastic potential function was required, which resulted in the
complexity in their model. Stutz and Mašín [20] developed a hypoplastic interface model
for fine-grained soils via reduced incremental stress–strain vectors and redefined tensorial
operations. However, their model did not consider the effect of particle breakage and soil
fabric on the stress–displacement response of the soil–structure interface. By extending the
original fractional plasticity for granular and soft soils [21,22], Sun et al. [18,23] proposed
a family of fractional plastic models to capture the load–displacement behaviour of the
granular soil–structure interface. Nonetheless, these models did not consider the effect
of soil fabric on the cyclic mobilisation of the interface, as well. In engineering practice, a
natural deposition or construction process can refabricate the soil by imprinting it with a
certain structure. Upon shearing, such structure or fabric can evolve with strain level, which
in turn influences the strength and deformation of the interface. To better interpret the
load–displacement response of the granular soil–structure interface, a refined constitutive
model by adopting the fabric-dependent fractional plastic flow rule will be developed
within the framework of fractional plasticity. It is noted that this study only addresses
the cyclic mobilisation problem during the soil–structure interaction, where the interface
between soil and structure exists. When the soil and structure start to separate from each
other, the developed interface model is no longer applicable.

2. Constitutive Model in the Framework of Fractional Plasticity

2.1. Constitutive Relation

This study only deals with soil–structure interfaces under a direct two-dimensional
interface or simple shearing state. The constitutive relation for the soil–structure interface
can be formulated using the elastoplastic equation as:

.
σi = Dij

.
Uj, (1)

where i, j = 1, 2;
.
σi and

.
Uj are the incremental stress vector and incremental displacement

vector, respectively; the elastoplastic stiffness Dij can be expressed as [23]:

Dij =
1
tn

(
De

ij − Dp
ij

)
, (2)

where tn is the thickness of the soil–structure interface; De
ij and Dp

ij are the elastic modulus
and plastic modulus, respectively. De

ij can be decomposed and expressed as:

De
11 = De

n0
√

σn pa, (3)

De
22 = De

t0
√

σn pa, (4)

De
12 = De

21 = 0, (5)

where De
n0 and De

t0 are material constants; σn is the normal stress applied on the inter-
face; pa = 101 kPa is the atmospheric pressure. Dp

ij can be obtained through algebraic
calculation as:

Dp
ij =

De
iknkml De

lj

Kp + mrDe
rsns

, (6)

where i, k, l, j, r, s = 1, 2; nk, ml , and Kp are the plastic flow vector, plastic loading vector,
and hardening modulus, respectively, which will be provided in the following section after
developing the constitutive model.
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2.2. Model Development

To characterise the cyclic mobilisation of the soil–structure interface, the framework of
the fractional plasticity [24–26] is adopted. Then, the model will be developed by using
three main components, i.e., the plastic loading vector, the fractional plastic loading vector,
and the hardening modulus. To obtain the plastic loading vector, one can use the following
Cam-clay loading/unloading surface (f ):

f = τ + tMσn ln σn − tMσn ln σ0 = 0, (7)

where σ0 is the size of f ; t = +1 or −1, for loading or unloading, respectively; M is a material
constant, defining the residual stress ratio of the interface in the σn ∼ τ plane. Upon
loading/unloading, each current stress step should be on the loading/unloading surface.

Then, the plastic loading vector, mi, can be obtained by solving Equation (7), such that:

[
m1
m2

]
=

[
d f
t

]
, (8)

d f =
∂1 f /∂σ1

n
∂1 f /∂τ1 = M − tη, (9)

where the superscript, 1, indicates first-order differentiation; stress ratio η = τ/σn.
Apart from the loading vector, the plastic flow vector, ni, should also be defined. In

this study, ni is obtained by conducting fractional order differentiation of the Cam-clay
surface, f, such that: [

n1
n2

]
=

[
dg
t

]
, (10)

dg =
∂α f /∂σα

n
∂α f /∂τα

= (μM − tη)|η|1−α, (11)

where the superscript, α, denotes the fractional order; stress ratio η = τ/σn; μ = ψ(2)−
ψ(2 − α), in which is the digamma function. Details for deriving Equations (10) and (11) can
be found in Sun et al. [23] and, thus, are not repeated here for simplicity. As the fractional
order defines the contraction and dilation responses of the soil–structure interface during
loading/unloading, Sun et al. [23] suggested using the following plastic work-dependent
fractional order to properly represent the cyclic normal displacement after stress reversal:

α = exp

(
ΔΨ

1 + Wχ
ir

)
, (12)

where Δ and χ are material constants; Ψ and Wir are the state parameter and plastic work,
respectively, which can be expressed as:

Ψ = e − eΓ + λ ln
(

σn

pa
+

ps

pa

)
, (13)

Wir =
1
tn

[∫
σn〈duir〉+ τdvir

]
, (14)

where eΓ and λ are material constants that depict the residual state line of the interface;
ps denotes the shift stress that describes the effect of particle breakage on the downward
bending of the residual state line [27]; e is the current void ratio that obeys the following
evolution law: de = du(1 + e0)/tn, in which e0 denotes the initial void ratio calculated from
the initial density of the interface; uir and vir are the irreversible tangential displacement and
normal displacement, respectively, as shown in Figure 1. 〈 〉 denotes the McCauley bracket.
In order to account for the fabric-dependence of the plastic flow of the soil–structure
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interface, a fabric variable, z, by analogous to Dafalias and Manzari [28], is introduced into
Equation (11), such that:

dg = (1 + 〈tz〉)(μM − tη)|η|1−α, (15)

where z obeys the following evolution law, i.e., dz =
〈−dvir〉(−t − z).

 
Figure 1. Irreversible displacements of the soil–structure interface.

In addition, the hardening modulus, Kp, can be defined as:

Kp = c0De
11
(1 − c1)M − t(η + c1M)

|η| , (16)

where c0 and c1 are material constants.

2.3. Model Constants

The developed model requires eleven model constants to completely describe the
cyclic mobilisation of the soil–structure interface under shearing. tn is the thickness of the
interface, which can be assumed to be 5d50 of the interface. De

n0 and De
t0 are the elastic

constants, describing the degree of difficulty in elastic deformation of the interface; De
n0

and De
t0 can be obtained by fitting the initial stress–displacement curve, as clearly shown

in [18]. M indicates the strength of the interface at the residual state; eΓ is the intercept of the
residual state line at (σn + ps) = 1 kPa; λ is the gradient of the residual state line in the e − σn
plane; ps indicates the effect of particle breakage on the residual state of the interface; M, eΓ,
λ and ps can be obtained by fitting the residual state data of the interface. Δ defines the
phase transition state of the interface at first loading, which can be obtained from the phase
transition state data at first loading. χ defines the phase transition state of the interface
at subsequent cyclic loading, which can be obtained by fitting the first unloading stress–
displacement curve. c1 is an empirical parameter, which can be assumed to be 0.01 for
general application. c0 defines the hardening ability of the interface, which is determined
by trial and error. For a schematic representation of the parameter identification, one can
refer to [18,23]. Table 1 lists the model constant used in this study.

Table 1. Model constants.

tn De
n0 De

t0 M eΓ λ ps Δ χ c1 c0

5d50 41 35 0.777 0.548 0.0437 1 6 0.46 1.3 0.01

3. Numerical Simulations and Discussions

This section provides the numerical simulations of the cyclic load–displacement be-
haviour of the Zipingpu rockfill–steel interface [11] tested under CNS and CNL loading
conditions. Discussions are to be made on the overall performance in regards to the cyclic
mobilisation of the soil–structure interface in the framework of fractional plasticity. Note
that the Zipingpu rockfill was reported to have a dry density of 17.5 kg/m3. All the samples
were prepared with an initial size of 500 mm in length, 360 mm in width and 300 mm in
height. Then, the TsingHua-20 tonne Cyclic Shear Apparatus for the Soil–Structure Inter-
face (TH-20t CSASSI) was adopted to carry out the interface shear test. During shearing,
the length and width of the samples were kept constant whilst the height was variable.
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Two boundary conditions, i.e., CNS and CNL, were used for the test. The CNS test was
carried out under an initial normal load of 400 kPa, while the CNL test was conducted at
a constant normal load of 700 kPa. Displacement-controlled shearing at a loading rate of
1 mm/min was applied, where the corresponding stress and displacement of the interface
in tangential and normal directions were automatically measured using preinstalled force
or displacement sensors. According to the measured data, the interface exhibited strength
degradation or stress–normal dilation/contraction during cyclic loading

According to Zhang and Zhang [9], the Zipingpu rockfill–steel interface had a thick-
ness of 50 mm and an initial void ratio of 0.51. Figures 2 and 3 show the model simulations
of the load–displacement behaviour subjected to different initial normal stresses, i.e.,
400 and 700 kPa. It can be observed that the fractional plastic interface model can capture the
load–displacement loops (Figures 2a and 3a) and normal displacement (Figures 2c and 3c) of
the Zipingpu rockfill–steel interface with mobilised tangential displacement in a reasonable
manner. At both CNS and CNL loading conditions, the model can characterise the unload-
ing and reloading-induced contraction and dilation response of the interface. After several
cycles of mobilisation, a general normal contraction of the interface under CNS loading
conditions can be observed, which induces a reduction in the normal stress. Specifically
speaking, at the CNS loading condition shown in Figure 2b, the tangential stress as well
as the normal stress mobilises towards a smaller value, indicating a reduced resistance
of the interface to the cyclic loads. The engineering design in terms of the seismic loads
should consider such strength reduction. However, at the CNL loading condition shown
in Figure 3b, the tangential stress fluctuates between the residual state line (RSL), while
the normal stress remains constant. There is no obvious strength reduction in the interface,
since the normal stress was not changed through the entire loading process. The interface
resists the cyclic loads through densified normal displacement.

In addition to the load–displacement responses, the void ratio–displacement responses
of the interface are also different under CNS and CNL loading conditions, as shown
in Figures 2d and 3d. The void ratio of the interface mobilises and decreases with the
decreasing normal stress at the CNS loading condition. However, at the CNL loading
condition, the normal stress remains constant; even so, the void ratio of the interface
mobilises towards a smaller value due to the variation of the normal displacement.

Compared to other existing models using generalised plasticity [19] or a nonlinear
incremental approach [29], this model does not require additional plastic potential to
capture the nonassociated plastic flow of the soil–structure interface, where the dilatant
volumetric response can be well simulated. Even though similar models using fractional
plasticity was also developed in [18], their model cannot accurately simulate the strength
mobilisation along with the contraction and dilation of the interface under cyclic loading,
as shown in Figures 2 and 3.

Figure 4 further evaluates the effect of shear displacement amplitude on the stress–
displacement behaviour of the Zipingpu rockfill–steel interface. It can be observed from
Figure 4a that the strength of the interface under CNS mobilises negatively under cyclic
loads. With the increase in the displacement amplitude, the extent of strength reduction
decreases due to the higher extent of normal dilation of the interface, as shown in Figure 4c.
This is in accord with the critical state soil mechanics that dilation would contribute to
the material strength. In addition, it can be observed from Figure 4b that displacement
amplitude has an insignificant influence on strength mobilisation of the interface under
CNL. However, a decrease the displacement amplitude would also increase the normal
contraction of the interface, as shown in Figure 4d.
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Figure 2. Zipingpu rockfill–steel interface [11] under CNS: (a) tangential displacement vs. tangential
stress; (b) normal stress vs. tangential stress; (c) tangential displacement vs. normal displacement;
(d) normal stress vs. void ratio.

 
Figure 3. Zipingpu rockfill-steel interface [11] under CNL: (a) Tangential displacement v.s. tangential
stress; (b) Normal stress v.s. tangential stress; (c) Tangential displacement v.s. normal displacement;
(d) Normal stress v.s. void ratio.
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Figure 4. Effect of displacement amplitude on the stress–displacement behaviour of the Zipingpu
rockfill–steel interface [11]: (a) tangential displacement vs. tangential stress under CNS; (b) tangential
displacement vs. tangential stress under CNL; (c) tangential displacement vs. normal displacement
under CNS; (d) tangential displacement vs. normal displacement under CNL.

4. Conclusions

This study made an attempt to develop an advanced elastoplastic model for character-
ising cyclic mobilisation of the granular soil–structure interface by adopting the framework
of fractional plasticity. The main conclusions can be drawn as follows:

(a) Without using an additional plastic potential function, the method developed can
consider the nonassociated plastic flow response of the soil–structure interface by
using fractional order derivatives of the plastic yielding function.

(b) By incorporating the effect of material state and soil fabric on the plastic response of the
soil–structure interface, a fabric-enriched state-dependent fractional stress-dilatancy
equation and a state-dependent hardening modulus were suggested.

(c) The developed model contained eleven parameters, which can be all determined from
laboratory test results. Numerical simulations of cyclic mobilisation of the Zipingpu
rockfill–steel interface revealed that the model can characterise the mobilised strength
and displacement of the soil–structure interface under different boundary conditions
in a reasonable manner.

(d) The variations of tangential stress and void ratio with the normal stress were different
under CNS and CNL conditions. The strength of the interface under CNS conditions
reduced with the number of load cycles. As the displacement amplitude increased,
the extent of the strength reduction decreased. However, displacement amplitude had
a limited impact on strength mobilisation of the interface under CNL.

(e) The current model can only simulate the two-dimensional stress-displacement of the
soil–structure interface. Further work on developing a multiaxial fractional plastic
model for capturing the true three-dimensional response of the interface needs to be
carried out.
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Abstract: The analysis of the behavior of soil and foundations when the piles in offshore areas are
subjected to long-term lateral loading (wind) is one of the major problems associated with the smooth
operation of superstructure. The strength of the pile-soil system is influenced by variations in the
water content of the soil. At present, there are no studies carried out analyzing the mechanical and
deformational behavior of both the material of the laterally loaded piles and soil with groundwater
level as a variable. In this paper, a series of 1-g model tests were conducted to explore the lateral
behavior of both soil and monopile under unidirectional cyclic loading, based on the foundation of
an offshore wind turbine near the island. The influence of underground water level and cyclic load
magnitude on the performance of the pile–soil system was analyzed. To visualize the movements of
soil particles during the experimental process, particle image velocimetry (PIV) was used to record
the soil displacement field under various cyclic loading conditions. The relationship curves between
pile top displacement and cyclic steps, as well as the relationship curves between cyclic stiffness
and cyclic steps, were displayed. Combined with fractal theory, the fractal dimension of each curve
was calculated to evaluate the sensitivity of the pile–soil interaction system. The results showed
that cyclic loading conditions and groundwater depth are the main factors affecting the pile–soil
interaction. The cyclic stiffness of the soil increased in all test groups as loading progressed; however,
an increase in the cyclic load magnitude decreased the initial and cyclic stiffness. The initial and
cyclic stiffness of dry soil was higher than that of saturated soil, but less than that of unsaturated soil.
The ability of the unsaturated soil to limit the lateral displacement of the pile decreased as the depth
of the groundwater level dropped. The greater the fluctuation of the pile top displacement, the larger
the fractal dimension of each relationship curve, with a variation interval of roughly 1.24–1.38. The
average increment of the cumulative pile top displacement between each cycle step following the
cyclic loading was positively correlated with fractal dimension. Based on the PIV results, the changes
in the pile–soil system were predominantly focused in the early stages of the experiment, and the
short-term effects of lateral cyclic loading are greater than the long-term effects. In addition, this
research was limited to a single soil layer. The pile–soil interaction under layered soil is investigated,
and the results will be used in more complex ground conditions in the future.

Keywords: laterally loaded piles; cyclic loading; unsaturated soil; pile–soil interaction; fractal
dimension; model tests; particle image velocimetry

1. Introduction

The target of this article was to analyze the mechanical and deformational behavior of
the soil and the pile under lateral cyclic loading, as well as the results from model tests con-
ducted to estimate the influence of changes in groundwater level and loading conditions on
pile–soil interaction. This research can give some reference value to practical engineering.
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The monopile is the most popular foundation in offshore wind power projects [1–4]. Cur-
rently, 81% of offshore wind turbines have already used monopiles as support structures [5].
One of the competitive advantages of this type is that it has relatively lower installation
costs than other foundations and has enough load-bearing capacity in sea areas with water
depths of less than 30 m [6–8]. The behavior of monopile foundations has been extensively
studied under lateral loading. Due to structural movement, particle migration would occur
in the soil around the pile [9–11]. Offshore monopiles are subject to the influence of water
for long periods of time, which is different from traditional pile foundations [12–14]. Some
tests carried out onshore did not take into account the geotechnical characteristics of the
soil in the sea [15–18], but the role of water could not be ignored. The presence of water
in sand can easily induce a series of problems that seriously endanger people’s lives and
property, such as gushing water and surface collapse [19–22]. Compared to clay, water-rich
sand layers are more fluid and less cemented, and the separation between water and sand
makes the interaction between them more clearly influenced [23–26]. Therefore, it is worth
determining the behavior of water-rich soil (sand). The performance of pile foundations
in water-rich sand has become a very important issue in engineering applications and
academic circles.

Some research and valuable results for monopiles in water-rich strata have been made.
The presence of water has multiple effects on soil and structure [27–32]. The dynamic
properties of pile foundations in water-rich sand could be profoundly influenced by ground
motion parameters [33]. Several analytical solutions for the resistance of saturated soil to a
laterally loaded pile have been proposed by many academics to assess the effects of liquid
density and interstitial fluid bulk modulus on the stiffness and damping of soil [34,35].
Numerous experiments and engineering examples have shown that the bearing capacity
of the pile is mostly determined by the properties of the soil [36]. In contrast, the shaft
resistance in saturated sand is less than in dry sand [37,38]. The water flow can also reduce
the lateral bearing capacity of the pile [8,12,39,40]. Cui et al. examined the effects of soil
porosity, shear modulus, and the thickness of the saturated soil layer at the base of the pile
on the dynamic performance of the floating pile [41]. Much of the existing previous work
has focused solely on the influence of the soil on the structure under various conditions,
neglecting the counteraction of the structure on the soil. Moreover, the soil employed in
these studies was saturated. However, for offshore wind turbines adjacent to islands and
land, rising and falling tides frequently produce fluctuations in the groundwater levels, and
the soil may stay unsaturated for an extended length of time in real settings. Changes in
groundwater levels can also have a substantial influence on the mechanical characteristics
of the soil.

The soil particles around the pile are constantly rearranged under the lateral cyclic load-
ing. In addition, the plastic deformation of the soil around the pile will accumulate, which
leads to the fluctuation of the cumulative deformation, especially at the pile head [42–45]. In
previous studies, the analysis of this kind of fluctuation was relatively complicated, and the
accumulated deformation was often normalized before discussion [46,47]. It was difficult to
directly compare the fluctuation degree about the response of the pile affected by the cycle
loading under different test conditions. This paper introduced fractal theory to quantify
this fluctuation. The application of fractal theory to analyze the degree of the fluctuation of
the curve has become common in a number of research areas. Some researchers have intro-
duced fractal theory to investigate the correlation between the alterations of EMG signals
and stride-to-stride variability at various walking speeds [48,49]. In the field of energy, the
degree of fluctuation of the daily electrical load curve was successfully calculated under
the box-counting method in order to predict future electrical energy demand [50]. Yan et al.
and Shu et al. used fractal dimension analysis to provide a comprehensive assessment of
wind speed fluctuation over time in various terrain settings [51,52]. Fractals have been
widely used in engineering [53–55]. Xiao et al. investigated the various characteristics of
the pile–soil interface under sulphury acid corrosion using fractal dimension. The fractal
dimension and the contact friction angle have a non-linear connection [56]. Li et al. and
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Wang et al. pioneered the use of fractal theory in the study of the microstructure of various
cement materials. The findings showed that cement pore structure and crystal shape are
linked to hydration [57–59]. Duan et al. have summarized the fractal characteristics about
surface cracks of failed coal specimens under different experimental conditions [60]. At
present, there is a lack of quantitative analysis using fractal dimension on the fluctuation of
the response index of pile–soil systems to cyclic loading.

In this paper, a series of model tests were conducted to simulate a driven monopile at
different water levels subjected to lateral cyclic loading. Combined with PIV, the evolution
process of the displacement field of soil around a laterally loaded pile under cyclic loading
was visualized. The fluctuation of displacement at the pile top and the stiffness of soil
around the pile during cyclic loading were successfully quantitatively evaluated by fractals.
Then, the potential reasons for the difference in fractal dimension among the experimental
groups were discussed. Finally, the relationship between fractal dimension and the variance
of cumulative deformation was analyzed.

This study represents the first experimental investigation of the pile–soil interaction of
the monopile subjected to lateral cyclic loading under groundwater level variations and
introduces fractal theory into the field of model tests of the monopile. The experimental
data presented in this paper are particularly useful for modeling calibration and validation
in future numerical studies of monopile evaluation in water-rich areas. This research is an
important step in developing a technique for assessing the response of the pile–soil system
in water-rich sand under cyclic loading.

2. Materials and Methods

2.1. Model Box

This research employed a scaled model test of a single pile under lateral loading. The
size of the model box used was 230 mm in length, 180 mm in width, and 320 mm in height.
Fixed pulleys were installed on the outer wall of the model box to ensure that the lateral
loading application direction is horizontal. A working platform with a laser displacement
meter was installed at the elevation of the pile top and on the other side of a fixed pulley
device. At the corner of the model box, a water level observation pipe was set up with a
5 mm thick plexiglass plate. The pipe had a permeable hole at the bottom of the model box.
The pipe simultaneously served as a channel for groundwater packing. The model box
design is shown in Figure 1.

Figure 1. Model box.
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2.2. Test Model Pile

The prototype of this test was a C80 large-diameter anti-slide concrete square pile with
a width of 3 m, a length of 6 m, and a height of 60 m. For the scaled model test, geometric
similarity, motion similarity, dynamic similarity and constitutive similarity are necessary
conditions in producing consistent experimental results, and the similarity ratio used for
similar experimental results is shown in Table 1 [61]. The test selected a size similarity ratio
of 1:300 for the model test, so the section size of the half-mold scaled test model pile was
10 mm in length, 10 mm in width, and 200 mm in height. According to the material and
size parameters of the prototype, the bending stiffness of the prototype pile was calculated
to be 256.5 GN·m2, and the bending stiffness of the converted model pile was 31.6 N·m2.
According to this calculated value, a square hollow aluminum tube with an elastic modulus
of 60 GPa was selected as the material of the model pile. Its actual bending stiffness was
calculated to be 29.5 N·m2. The specific parameters of the model pile are shown in Table 2.
The assembled strain gauge on the side of the model pile is shown in Figure 2.

Table 1. Proportional relation between the model and prototype [61].

Parameter Scale (Model/Prototype)

Cross-sectional area 1/n2

Pile length 1/n
Bending stiffness 1/n4

Table 2. The physical properties of the model pile material.

Pile Length Width of Pile Section Pile Thickness
Moment of Inertia

I
Bending Stiffness

L D d (mm4) EI
(mm) (mm) (mm) (N·m2)
200 10 1 492 29.5

 

  
(a) (b) 

Figure 2. Model pile. (a) Layout distance of pile body strain gauge. (b) Model pile.
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2.3. Test Soil

In order to better control the consistency of the test soil structure when installing the
mold and reduce the interference caused by the uneven assembly of soil particles on the
test results, this test selected poorly graded Fujian standard sand. The physical properties
of the soil particles are shown in Table 3, the relative density is 2.64, the maximum pore
ratio is 0.855, and the minimum pore ratio is 0.604. The mass of sand required to achieve a
relative compactness of Dr = 0.3 can be obtained through Equations (1) and (2). The filling
steps are as follows: (1) filling in layers, with each layer filled to a thickness of 50 mm, and
the speed of filling was slow enough to obtain a loose soil particle structure. (2) When the
filling thickness of the soil in the model box reached 150 mm, the model pile should be set
to the inner wall of the model box, the verticality of the model pile should be corrected,
and then continue to fill. (3) After filling the soil, the tube was placed at the bottom of the
water inlet of the model box, and then the peristaltic pump was used to fill the sand with
water. In order to ensure that the compactness of the sand was not affected by the dynamic
hydraulic force during the water filling process, the peristaltic pump was set to work at a
slow speed of 20 revolutions per minute. The sample is shown in Figure 3.

Table 3. Physical parameters of Fujian standard sand.

Specific Gravity
ds

(g/cm3)

Minimum Dry Density
ρdmin

(g/cm3)

Maximum Dry Density
ρdmax

(g/cm3)

Minimum Void
Ratio
emin

Maximum Void
Ratio
emax

Internal Friction
Angle (◦)

2.64 1.332 1.628 0.604 0.855 36

Dr =
emax − e

emax − emin
(1)

ρd =
dsρw

1 + e
(2)

Dr—Relative density of soil;
e—The current void ratio of the soil;
ρd—Pore volume;
ds—Relative density of soil;
ρw—The density of water.

  
(a) (b) 

Figure 3. The sand packed in the box. (a) Packed sand. (b) Packed sand with groundwater.

219



Fractal Fract. 2022, 6, 198

2.4. Acquisition System

Currently, in the field of displacement measurement, PIV is the most commonly used
soil deformation measurement technology. Stanier et al. [62] and White et al. [63], from the
University of Cambridge, first applied this speed measurement technology to geotechnical
engineering tests. Gudehus and Nubel [64] used PIV technology in physical models to
study the properties of soil particles and visualize the soil shear zones. Because of its
technical advantages, such as relatively simple equipment and convenient operation, this
technology has gained considerable popularity and additional development in the field
of geotechnical engineering over the years [65]. Yuan et al. found that the PIV technology
could be used as an application in measuring the displacement field of soil, especially in
the study of the soil settlement around the pile and the foundation [66].

The collection of data in this experiment was divided into the collection of movement
images of the piles and soil, the collection of pile top displacement, and the collection of
pile body strain. In the first phase of data collection, a high-resolution camera was used
to make images of the front of the model box. A Panasonic HG-C1030 laser displacement
meter was used to collect the change of the pile top displacement during the test loading
process. Finally, a computer was connected to the Donghua Test DH3815N static strain
collector to collect information relevant to pile strain. The schematic diagram of the overall
model test device is shown in Figure 4. The test system mainly consisted of a model box, a
model pile, a static strain collector, a high resolution camera, and a computer.

Figure 4. Overall model test device.

2.5. Cyclic Loading Test Plan

The control variables for this test were loading and groundwater depth conditions for
ten sets of tests. The number of cyclic loading steps for each set of tests is 20. Five different
groundwater depth conditions were set: dry sand, saturated sand, a groundwater depth of
40 mm, a groundwater depth of 90 mm, and a groundwater depth of 140 mm. Two loads
with different load peaks were set for cyclic loading, 3 N and 4 N respectively. The test was
divided into ten groups. The test plan and test group numbers are shown in Table 4. The
specific test process was as follows.

The model box was filled with sand in layers. After the filling, the sand was left to
stand for 1 h, allowing the soil particles in the model box to stabilize. Then the camera was
turned on to record the front of the box, the laser displacement meter was turned on, the
strain collector was turned on, and the relevant parameters were set on the computer. In
this study, the weights were used to produce the cyclic loading, and one hundred gram
weights were loaded and/or unloaded sequentially, with an interval of about 30 s between
each step of loading and unloading. The data were recorded after the displacement of the
pile top and the strain of the pile body remained unchanged for 10 s.
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Table 4. Cyclic loading test scheme.

Loading Conditions Group Hmax = 3 N Hmin = 0 N Group Hmax = 4 N Hmin = 0 N

Groundwater depth
conditions

1 Saturated sand 6 Saturated sand
2 Dry sand 7 Dry sand

3 Groundwater depth
140 mm 8 Groundwater depth

140 mm

4 Groundwater depth
90 mm 9 Groundwater depth

90 mm

5 Groundwater depth
40 mm 10 Groundwater depth

40 mm

After the experiment, the model pile was taken out, the water in the soil was pumped
out using a peristaltic pump, and the sand was first placed in an oven for 24 h to dry at
105 ◦C and then placed in a drying oven to air at room temperature. After that procedure,
the next experiment could be started.

In order to prevent the occurrence of accidental errors, repeated tests were carried
out for each experimental group. If the difference between the two tests (such as the
displacement of the pile top and the strain data) was less than 10%, the group with the
better photo quality would be selected for analysis. If the error between the two tests was
greater than 10%, the test materials and equipment would be necessary to check, and the
result would be annulled.

2.6. Theoretical Method
2.6.1. Cyclic Secant Stiffness

For the general research on the cyclic bearing characteristics of laterally loaded piles,
the cyclic secant stiffness is a commonly used evaluation parameter in various pile–soil
interaction studies. Zhang et al. believed that the cyclic secant stiffness calculated by
the cyclic loading amplitude and the full amount of pile deformation was not suitable
for evaluating the cyclic bearing characteristics of laterally loaded piles in loose sand
foundations [67]. That is because, in the sand, when the pile is subjected to lateral loading,
the compression deformation is usually the main factor, and its bearing characteristics
increase to a certain extent with the increasing number of cycles. The research of Zhang
referred to the previous calculation experience on the cyclic stiffness of the laterally loaded
pile and used the cyclic loading amplitude and the lateral deformation increment of the
pile to construct the laterally loaded pile cyclic stiffness parameter. The calculation method
is shown in Figure 5.

Figure 5. Calculation method for lateral cyclic stiffness of pile.
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The lateral cyclic stiffness of the laterally loaded pile under the Nth cyclic loading is:

khN =
Hmax − Hmin

yNmax − yNmin
(3)

Hmax—Peak cyclic loading;
Hmin—Minimum value of cyclic loading;
yNmax—The maximum displacement at the Nth cycle;
yNmin—Cumulative displacement at the Nth cycle.

2.6.2. Fractal Dimension

In fractal theory, fractal dimension is a quantitative index whose value increases with
the increase of complex shapes and forms of graphics [53]. The effective value of fractal
dimension depends on the proper calculation method, in which the box-counting method
is usually used [68].

In the box counting method, a divided mesh with a grid length of h is used to cover
the image whose fractal dimension needs to be calculated. Then, the number of grids
overlapped with the graphic characters in the image is counted as “N(h)”. When h is
constantly changing, the relationship between h and N(h) can be obtained and expressed
by Equation (4).

N(h) = kh−D (4)

where D = fractal dimension; h = grid length; N(h) = number of grids; and k is a constant.
D can be obtained by removing logarithm from both sides of Equation (4), as shown in
Equation (5).

ln N(h) = −D ln h + ln k (5)

It is easy to know that D is the slope of the logarithmic equation represented by
Equation (5). The image processing process is shown in Figure 6. First, the image is
binarized, and then meshed. In this paper, the fractal dimension of Figures 7 and 8
is calculated.

(a) 

Figure 6. Cont.
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(b) 

Figure 6. Image processing procedure. (a) flowchart of image processing. (b) Meshing (box-
counting method).

3. Results and Discussion

3.1. Analysis of Cumulative Displacement of Pile Top Cyclic Loading

The displacement curve of the pile top under each step of cyclic loading was obtained
by measuring the displacement of the pile top of the model pile on the soil surface. The
test analysis results are shown in Figure 7. Loading each test to the same number of
steps, the cumulative pile top displacement with a cyclic loading peak of 3 N is sorted in
descending order of group 1, group 2, group 3, group 4, group 5, and the cumulative pile
top displacement with a cyclic loading peak value of 4 N is in descending order of group 6,
group 7, group 8, group 9, and group 10.

The detailed incremental data of the displacement of each test pile top with the increase
of cycle steps are shown in Table 5.

 
(a) (b) 

Figure 7. Curve of pile top displacement—cyclic loading steps. (a) Hmax = 3 N Hmin = 0 N.
(b) Hmax = 4 N Hmin = 0 N.
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Table 5. Detailed data of pile top accumulated displacement.

Maximum and Minimum Values of Cyclic Loading Group
y1min

(mm)
y20min

(mm)
E(δ)

(mm)
S2(δ) COV

Hmax = 3 N Hmin = 0 N

1 0.595 1.67 0.0566 16.1 × 10−4 1.29
2 0.46 1.52 0.0558 5.5 × 10−4 1.51
3 0.379 0.961 0.0306 4 × 10−4 0.754
4 0.284 0.691 0.0214 2 × 10−4 0.482
5 0.159 0.429 0.0142 1.4 × 10−4 0.313

Hmax = 4 N Hmin = 0 N

6 0.735 2.195 0.0768 55.7 × 10−4 2.11
7 0.728 1.87 0.0601 33.7 × 10−4 1.60
8 0.694 1.353 0.0347 15.9 × 10−4 0.904
9 0.426 1.062 0.0335 8 × 10−4 0.977
10 0.378 0.873 0.0261 4.2 × 10−4 0.753

The detailed data of accumulated pile top displacement are obtained after processing
the data in Figure 7. Groups 6 to 10 showed the ratio of the cumulative pile top displacement
in the first step to the cumulative pile top displacement in the twentieth step exceeded by
35%. That is to say, the plastic deformation caused by the pile body to the soil around the
pile is the largest during the first cyclic loading, and, as the number of cyclic steps increases,
the cumulative displacement increment of the pile top of each test pile decreases, which
is consistent with the conclusion of previous cyclic loading tests in sand with different
densities [67]. The short-term effect of cyclic cumulative displacement of a laterally loaded
pile is greater than its long-term effect.

Several more representative data were obtained after processing the cumulative dis-
placement increment of the pile top, as shown in Table 5. yNmin in the table is the cumulative
pile top displacement at the end of the Nth cycle; E(δ) is the average increment of the cumu-
lative pile top displacement between each cycle step after the first cyclic loading; and S2(δ)
is the variance of the cumulative pile top displacement increment data group between each
step. COV is the covariance between the cumulative pile top displacement and the number
of cycle steps. COV is a measure of how much the cumulative pile top displacement and the
number of cycle steps move together. S2(δ) shows the change of pile top displacement better
than E(δ). S2(δ) shows that, when the laterally loaded pile is subjected to cyclic loading, the
degree of dispersion of the cumulative plastic deformation increment data of the pile top is
related to the ability of the soil around the pile to limit the lateral displacement of the pile.

It can be seen from Table 5 that the COV of all experimental groups is greater than
zero, which means a strong positive relationship between the cumulative displacement of
the pile top and the number of cycle steps. Under the lateral cyclic loading with the same
peak value, as the water level drops, both E(δ) and S2(δ) decreased. This shows that the
lowering of the groundwater level can increase the soil mass and limit the displacement of
the soil around the pile. At the same time, it can be seen that the E(δ) and S2(δ) of dry sand
are slightly lower than those of saturated sand. This is because, on the one hand, as the
groundwater level is at the soil surface, hydrostatic pressure will reduce the effective stress
of the soil particles, thereby, reducing the strength of the soil [24,25]. That is the ability
to restrict the movement of the pile is reduced, and finally the displacement of the pile
top will increase. On the other hand, as the groundwater level rises, the buoyancy of the
groundwater on the pile is also greater, which reduces the effect of soil on the pile and also
causes the displacement of the pile top to increase.

3.2. Analysis of Cyclic Stiffness of Sand around Pile

According to Figure 8, the cyclic stiffness of the soil increases gradually with the
number of cycles for different cyclic load magnitudes and different groundwater levels. For
example (Figure 8e), with cyclic peak load Hmax of 3 N and Hmin of 0 N, kh1 = 43.82 N/mm
and kh20 = 91.93 N/mm, the cyclic stiffness at the 20th cyclic loading was 2.1 times higher
than that at the 1st. Obviously, this is different from the general conclusion that cyclic
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loading leads to the weakening of soil stiffness [42]. This is mainly because the self-weight
stress provided by the soil in the model test is low, while the deformation of sand under
low confining pressure is usually dominated by compression.

It was noteworthy that both the lateral initial and cyclic stiffness decreased with
the increase of the cyclic loading amplitude. For example (Figure 8e), at Hmax = 3 N,
kh1 = 43.82 N/mm and kh20 = 91.93 N/mm. At Hmax = 4 N, kh1 = 24.92 N/mm and
kh20 = 73.26 N/mm. As the loading amplitude rose, the difference between the maximum
and minimum displacements during a single cycle increased. This indicates that the
cumulative deformation of the monopile increases with the cyclic loading amplitude. This
is similar to the conclusion reached by Malakshah et al. in calcareous sands [47], and it
also shows that the response behavior of the pile–soil system under cyclic loading is less
affected by the type of soil.

 
(a) (b) 

 
(c) (d) 

Figure 8. Cont.
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(e) 

Figure 8. Curve of cyclic stiffness of sand around piles—cycle steps. (a) Group 1 and Group 6,
(b) Group 2 and Group 7, (c) Group 3 and Group 8, (d) Group 4 and Group 9, (e) Group 5 and
Group 10.

Taking the test groups with a loading amplitude of 3 N as an example, when the
loading conditions remain unchanged, kh20 = 13.82 N/mm in the saturated sand test and
kh20 = 23.47 N/mm in the dry sand test. Compared with the dry sand test, when the soil
was saturated (the groundwater level was at the soil surface), the ability of the sand to limit
the displacement of the pile was significantly weakened. The suction stress in saturated
soil was the pore water pressure [25]. The grain spacing between soil particles became
larger, the effective stress was reduced, and the soil strength decreased. It can be seen that
the presence of groundwater can significantly impact the mechanical properties of sand.

When the water level was lower than the soil surface, the constraining capacity of the
sand to the laterally loaded piles was obviously enhanced compared to the dry sand test,
and the growth rate of the cyclic stiffness of each group was affected by the change in water
levels. For example, in the 140 mm groundwater depth tests (Figure 8c), the cyclic stiffness
at the 20th cycle increased by 40.3% and 43.2% when compared with the first cycle, the
corresponding growth rates in the 90 mm groundwater depth tests (Figure 8d) were 85.9%
and 129%, and the corresponding growth rates in the 40 mm groundwater depth tests
(Figure 8e) were 109.8% and 194.3%. In Bishop’s effective stress, the capillary pressure is
regarded as the matrix suction, and this theory is widely adopted in many disciplines [69].
Lowering the water level causes capillary stress or matrix suction to develop above the
water level. Capillary water can be considered as a fluid with an isotropic negative pore
water pressure in the unsaturated soil. The shrink film produced by the capillary water
bears an air pressure greater than the water pressure [23,25], which affects the effective
stress of the soil and the strength of the soil is increased. The capillary layer moved down
and the growth rate of cyclic stiffness decreased as the groundwater level dropped. This is
because the shallow soil has a greater influence on the pile–soil system compared to the
deep sand [70].

3.3. Analysis of Fractal Dimension

Fractal dimension can describe the fluctuation degree of curve quantitatively. The
higher the fractal dimension, the greater the fluctuation of the curve. The curves of the
relationship between the pile top displacement and cycle steps are zigzag and has obvious
fractal characteristics. The curve of the relationship between the cyclic stiffness of the sand
around the pile and cycle steps also has the same fractal characteristics.

Figure 9 shows the fractal dimension of the curve of the relationship between the
pile top displacement and the cycle steps. Taking the peak cyclic load 4 N as an example
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(Figure 8b), the fractal dimension decreases in the order of saturated sand (group 6), dry
sand (group 7), and groundwater depth 140 mm (group 8), 90 mm (group 9) and 40 mm
(group 10), which are 1.3728, 1.3107, 1.295, 1.269, and 1.2443, respectively. The lower
the fractal dimension, the smoother the displacement curve, which means the difference
between ymax and ymin of the pile in each cycle is small. In other words, the high resistance
ability of the soil to deformation represents a small fractal dimension. The displacement of
pile top mainly depends on the behavior of shallow sand. Compared with dry sand, the
shallower the groundwater table is, the more obvious the matric suction caused by capillary
water rising strengthens the shallow sand, which leads to the smaller the fractal dimension.

 
(a) (b) 

Figure 9. Fractal dimension of the curve of the relationship between the pile top displacement and
cycle steps. (a) Peak value of cyclic load: 3 N. (b) Peak value of cyclic load: 4 N.

However, as far as saturated sand is concerned, the shallow sand is saturated and the
matric suction has disappeared. The water film between the sand particles in the shallow
sand plays a “lubricating role”, which makes the sliding between the sand particles easier.
Therefore, under the action of cyclic load, the displacement range of sand is naturally the
largest, and the fractal dimension is also the largest. When the peak cyclic load is 3 N
(Figure 9a), the fractal dimensions are 1.365, 1.3137, 1.3133, 1.2474, and 1.2442 respectively,
which is similar to the law when the peak cyclic load is 4 N.

Figure 10 shows the fractal dimension of the curves of the stiffness of sand around
piles and cycle steps. It can be seen from Figure 10a that the fractal dimensions of group 1
to group 5 are 1.2289, 1.2144, 1.2065, 1.1709, and 1.1596 respectively, which indicates that
under the condition of saturated sand, the change amplitude of sand stiffness is the largest.
However, when the buried depth of groundwater level is 40 mm, the change amplitude is
the smallest. In Figure 10b, the fractal dimensions of group 6 to group 10 are 1.231, 1.2211,
1.2159, 1.1886, and 1.1502, respectively. By comparing the fractal dimensions of Figure 9a,b,
it can be seen that the change amplitude of sand stiffness under the peak cyclic load of
4 N is larger than that under the peak cyclic load of 3 N when the groundwater depth is
the same.

In order to explore the sensitivity of pile top displacement to cyclic steps under
different groundwater depths, the relationship between displacement fluctuation index and
fractal dimension is discussed. Figure 11 shows the linear fitting results of the variance and
fractal dimension of the accumulated pile top displacement increment data group between
each cycle step. The slope of linear fitting line is 0.04265 when the peak value of cyclic load
is 4 N, which is higher than 0.01043 when the peak value of cyclic load is 3 N, indicating that
the increase of peak value of cyclic load will increase the sensitivity of pile top displacement
to cyclic steps. Obviously, there is a strong positive correlation between them, which means

227



Fractal Fract. 2022, 6, 198

that the larger the fractal dimension is, the stronger the sensitivity of pile top displacement
to cyclic steps is. Moreover, the correlation between fractal dimension and the mechanical
response of the pile–soil system is also further verified. The value of the fractal dimension
can reflect the change of the pile–soil system under various environmental circumstances.

 
(a) (b) 

Figure 10. Curve of cyclic stiffness of sand around piles—cycle steps. (a) Peak value of cyclic load:
3 N. (b) Peak value of cyclic load: 4 N.

  
(a) (b) 

Figure 11. Relationship between fractal dimension and variance of the cumulative pile top displace-
ment increment data group. (a) Peak value of cyclic load: 3 N. (b) Peak value of cyclic load: 4 N.

In addition, the average increment and fractal dimension of cumulative pile top
displacement between each cyclic step after the first cyclic load are fitted and analyzed,
and the results are shown in Figure 12. They also showed a good positive correlation.

3.4. Comparative Analysis of the Change Law of Soil Displacement Field

Research by Yuan et al. explained how to obtain the spot pattern needed to calculate
the soil displacement field [71]. Using that information, this research process applied
PIVview2C software to process the images taken during the cyclic loading peak Hmax = 4 N
test process to obtain the soil particle displacement field data between the key frames
during each step of the cyclic loading process, and then imported it into the TECPLOT
software for displacement field equivalence line drawing [72]. This section analyzes the
mechanism of pile–soil interaction in soil under cyclic loading from the macroscopic view
of particle movement.
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(a) (b) 

Figure 12. Relationship between fractal dimension and average increment of the cumulative pile top
displacement between each cycle step after the first cyclic loading. (a) Peak value of cyclic load: 3 N.
(b) Peak value of cyclic load: 4 N.

There were five sets of experiments in this experiment, and the practice associated
with each set of images was the same. Therefore, a set of representative PIV images at
a groundwater depth of 90 mm was selected. The PIV images after the first, second,
tenth, and twentieth cyclic loadings are as shown in Figure 13. As shown in Figure 13a,
the main deformation of the soil around the pile occurred in the first cycle. Initially,
the soil displacement was induced within 20 mm of the pile circumference, and the soil
displacement was most obvious at a distance of 10 mm around the pile circumference. The
image after the second cyclic loading is shown in Figure 8b. Most of the soil displacement
was concentrated within 40 mm around the pile circumference, and the soil displacement
at a distance of 10 mm around the pile circumference was still the most obvious. The
image after the tenth cyclic loading is shown in Figure 13c. Compared with the second
loading, the soil displacement range was significantly reduced, and the soil displacement
was concentrated within 30 mm of the pile circumference. The image after the twentieth
loading is shown in Figure 13d. The soil displacement particles are obviously sparse, and
the soil displacement range is reduced to within 20 mm.

The reason for this phenomenon is that the displacement of sand grains in the vertical
direction is predisposed to occur, resulting in the volume change of the soil remaining
largely compressible and maintaining a lot of room for strength. When the cyclic loading
reaches the peak state, the shear zone will form in the core area around the pile. As the
deformation further increases, the shear zone begins to develop around the pile, and the
sand on both sides of the pile gradually slips and the strength decreases slowly. When the
shear band is misaligned to a certain extent, under the action of false cohesion, the soil
around the pile reaches the static equilibrium state again, and no new slip occurs. At this
point, the soil around the pile reaches a stable residual state, and the displacement of the
pile only disturbs the soil around the pile within a certain range.
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(a) (b) 

 
(c) (d) 

Figure 13. PIV displacement image after cyclic loading of 90 mm groundwater depth test. (a) After
the first cyclic loading. (b) After the second cyclic loading. (c) After the tenth cyclic loading. (d) After
the twentieth cyclic loading.

4. Conclusions

An original pile–soil test platform combined with PIV was designed for conducting
horizontal loading tests on a monopile with the groundwater level and loading amplitude
as variables under the unidirectional lateral cyclic loading. The pile–soil system was
significantly affected by the cyclic loading, and the lateral stiffness of the soil increased
as the loading proceeded. It was evident from the PIV images that the short-term effects
of cyclic loading on the pile are much greater than the long-term effects. The disturbance
range of soil around the pile rose with the increase in the number of cycles in the first ten
cycles of loading. The soil structure was reconstructed, and the disturbance range of the
soil around the pile gradually shrank and stabilized in the final ten cycles of loading. With
a higher loading amplitude, the initial and cyclic stiffness of the soil would be less. The
growth rate of cyclic stiffness was reduced as the groundwater level dropped. The stiffness
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of dry sand was greater than the stiffness of saturated soil, but less than the stiffness of the
soil when the water table was below the soil surface, a difference due to matrix suction.
Fractal theory was introduced to analyze the curves of the pile top displacement and
the curve of the cyclic stiffness of the sand. The larger the fluctuation amplitude of the
curve, the larger the fractal dimension. Both the variance and the average increment of
the cumulative pile top displacement between each cycle step were positively correlated
with fractal dimension. Therefore, a new physical meaning was given to fractal dimension,
which meant fractal dimension could reflect the load response of the pile–soil system under
cyclic loading.

The study outcome is expected to deepen understanding of the physical process and
fundamental principles of the response of laterally loaded piles and sand bodies under
different groundwater depths. However, this study was limited to a single soil layer.
Further research is needed to explore the interaction mechanism of the pile–soil system
during changes in groundwater levels under complex stratified soil in order to provide a
better reference for the project monitoring.

Author Contributions: Data curation, Z.L. and W.C.; formal analysis, Z.L. and J.L.; investigation,
W.C.; methodology, B.Y.; project administration, B.Y.; software, Z.L. and J.Z.; supervision, X.C. and
J.S.; writing—original draft, B.Y. and Z.L.; writing—review and editing, B.Y. and J.L. All authors have
read and agreed to the published version of the manuscript.

Funding: The authors would gratefully like to acknowledge the support provided by the National
Natural Science Foundation of China (No. 51978177).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author. The data are not publicly available due to intellectual property.

Acknowledgments: The authors would like to thank all the referees for their constructive com-
ments and suggestions. The editorial help from Galen Leonhardy of Black Hawk College is also
greatly appreciated.

Conflicts of Interest: No conflict of interest exits in the submission of this manuscript, and manuscript
is approved by all authors for publication.

References

1. Sunday, K.; Brennan, F. A review of offshore wind monopiles structural design achievements and challenges. Ocean Eng. 2021,
235, 109409. [CrossRef]

2. van der Male, P.; Vergassola, M.; van Dalen, K.N. Decoupled Modelling Approaches for Environmental Interactions with
Monopile-Based Offshore Wind Support Structures. Energies 2020, 13, 5195. [CrossRef]

3. O’Kelly-Lynch, P.; Long, C.; McAuliffe, F.D.; Murphy, J.; Pakrashi, V. Structural design implications of combining a point absorber
with a wind turbine monopile for the east and west coast of Ireland. Renew. Sustain. Energy Rev. 2020, 119, 109583. [CrossRef]

4. Rathod, D.; Krishnanunni, K.T.; Nigitha, D. A Review on Conventional and Innovative Pile System for Offshore Wind Turbines.
Geotech. Geol. Eng. 2020, 38, 3385–3402. [CrossRef]

5. Vicedo, J.S.; Barba, J.G.; Frades, J.L.; Valdecantos, V.N. Scale Tests to Estimate Penetration Force and Stress State of the Silica Sand
in Windfarm Foundations. Energies 2021, 14, 5904. [CrossRef]

6. Schweizer, J.; Antonini, A.; Govoni, L.; Gottardi, G.; Archetti, R.; Supino, E.; Berretta, C.; Casadei, C.; Ozzi, C. Investigating the
potential and feasibility of an offshore wind farm in the Northern Adriatic Sea. Appl. Energy 2016, 177, 449–463. [CrossRef]

7. Wang, X.F.; Zeng, X.W.; Yang, X.; Li, J.L. Feasibility study of offshore wind turbines with hybrid monopile foundation based on
centrifuge modeling. Appl. Energy 2018, 209, 127–139. [CrossRef]

8. Zou, X.J.; Cao, X.; Zhou, C.L.; Zhou, M.; Zhang, X.H. Experimental study on the bearing capacity of large-diameter monopile in
sand under water flow condition. Ocean Eng. 2021, 224, 108708. [CrossRef]

9. McAdam, R.A.; Byrne, B.W.; Houlsby, G.T.; Beuckelaers, W.J.A.P.; Burd, H.J.; Gavin, K.G.; Igoe, D.J.P.; Jardine, R.J.; Martin, C.M.;
Wood, A.M.; et al. Monotonic laterally loaded pile testing in a dense marine sand at Dunkirk. Geotechnique 2020, 70, 986–998.
[CrossRef]

10. Wang, J.Y.; Sun, G.D.; Chen, G.S.; Yang, X. Finite element analyses of improved lateral performance of monopile when combined
with bucket foundation for offshore wind turbines. Appl. Ocean Res. 2021, 111, 102647. [CrossRef]

231



Fractal Fract. 2022, 6, 198

11. Li, J.L.; Zhang, Y.; Wang, X.F.; Sun, Z.Z. Assessment of offshore wind turbine with an innovative monopile foundation under
lateral loading. Ocean Eng. 2021, 237, 109583. [CrossRef]

12. Li, F.; Zhu, Z.Y.; Tian, P.S.; Hu, D.; Li, Y.F. The behavior of monopile embedded in sand under scour and cyclic loading conditions.
Mar. Georesour. Geotechnol. 2022, 40, 52–63. [CrossRef]

13. Que, X.C.; Zhu, Z.D.; Niu, Z.H.; Lu, W.N. Estimating the strength and deformation of columnar jointed rock mass based on
physical model test. Bull. Eng. Geol. Environ. 2021, 80, 1557–1570. [CrossRef]

14. Shao, J.L.; Zhang, Q.; Wu, X.T.; Lei, Y.; Wu, X.A.; Wang, Z.Y. Investigation on the Water Flow Evolution in a Filled Fracture under
Seepage-Induced Erosion. Water 2020, 12, 3188. [CrossRef]

15. Bai, B.; Zhou, R.; Cai, G.Q.; Hu, W.; Yang, G.C. Coupled thermo-hydro-mechanical mechanism in view of the soil particle
rearrangement of granular thermodynamics. Comput. Geotech. 2021, 137, 104272. [CrossRef]

16. Bai, B.; Nie, Q.K.; Zhang, Y.K.; Wang, X.L.; Hu, W. Cotransport of heavy metals and SiO2 particles at different temperatures by
seepage. J. Hydrol. 2021, 597, 125771. [CrossRef]

17. Yang, B.B.; Liu, J.W.; Zhao, X.M.; Zheng, S. Evaporation and cracked soda soil improved by fly ash from recycled materials. Land
Degrad. Dev. 2021, 32, 2823–2832. [CrossRef]

18. Yuan, B.X.; Li, Z.H.; Su, Z.L.; Luo, Q.Z.; Chen, M.J.; Zhao, Z.Q. Sensitivity of Multistage Fill Slope Based on Finite Element Model.
Adv. Civ. Eng. 2021, 2021, 6622936. [CrossRef]

19. Wu, Y.; Cui, J.; Huang, J.S.; Zhang, W.; Yoshimoto, N.; Wen, L.W. Correlation of Critical State Strength Properties with Particle
Shape and Surface Fractal Dimension of Clinker Ash. Int. J. Geomech. 2021, 21. [CrossRef]

20. Shen, J.H.; Hu, M.J.; Wang, X.; Zhang, C.Y.; Xu, D.S. SWCC of Calcareous Silty Sand Under Different Fines Contents and dry
Densities. Front. Environ. Sci. 2021, 9, 303. [CrossRef]

21. Liu, M.M.; Yang, M.; Wang, H.J. Bearing behavior of wide-shallow bucket foundation for offshore wind turbines in drained silty
sand. Ocean Eng. 2014, 82, 169–179. [CrossRef]

22. Liu, Z.Y.; Xue, J.F. The deformation behaviour of an anisotropically consolidated kaolin clay under lateral cyclic loading. Mar.
Georesour. Geotechnol. 2021. [CrossRef]

23. Maleksaeedi, E.; Nuth, M. Evaluation of capillary water retention effects on the development of the suction stress characteristic
curve. Can. Geotech. J. 2020, 57, 1439–1452. [CrossRef]

24. Yang, B.; Su, Y.; He, N.; Zhang, B.; Zhou, X.S.; Zhang, Y. Experimental study on the stable morphology and self-attraction effect of
subaqueous barchan dunes. Adv. Powder Technol. 2020, 31, 1032–1039. [CrossRef]

25. Zhang, C.; Lu, N. Unified Effective Stress Equation for Soil. J. Eng. Mech. 2020, 146, 04019135. [CrossRef]
26. Guo, Y.C.; Ye, Y.Y.; Guan-Lin; Lv, J.F.; Bai, Y.L.; Zeng, J.J. Effective usage of high strength steel tubes: Axial compressive behavior

of hybrid FRP-concrete-steel solid columns. Thin Walled Struct. 2020, 154, 106796. [CrossRef]
27. Lozano-Minguez, E.; Kolios, A.J.; Brennan, F.P. Multi-criteria assessment of offshore wind turbine support structures. Renew.

Energy 2011, 36, 2831–2837. [CrossRef]
28. Liu, F.; Chen, G.X.; Li, L.J.; Guo, Y.C. Study of impact performance of rubber reinforced concrete. Constr. Build. Mater. 2012, 36,

604–616. [CrossRef]
29. Liu, F.; Zheng, W.H.; Li, L.J.; Feng, W.X.; Ning, G.F. Mechanical and fatigue performance of rubber concrete. Constr. Build. Mater.

2013, 47, 711–719. [CrossRef]
30. Damgaard, M.; Bayat, M.; Andersen, L.V.; Ibsen, L.B. Assessment of the dynamic behaviour of saturated soil subjected to cyclic

loading from offshore monopile wind turbine foundations. Comput. Geotech. 2014, 61, 116–126. [CrossRef]
31. Devolder, B.; Rauwoens, P.; Troch, P. Application of a buoyancy-modified k-omega SST turbulence model to simulate wave

run-up around a monopile subjected to regular waves using OpenFOAM (R). Coast. Eng. 2017, 125, 81–94. [CrossRef]
32. Guo, Y.C.; Xie, J.H.; Zhao, J.B.; Zuo, K.X. Utilization of unprocessed steel slag as fine aggregate in normal- and high-strength

concrete. Constr. Build. Mater. 2019, 204, 41–49. [CrossRef]
33. Zhang, X.Y.; Tang, L.; Ling, X.Z.; Chan, A.H.C.; Lu, J.C. Using peak ground velocity to characterize the response of soil-pile

system in liquefying ground. Eng. Geol. 2018, 240, 62–73. [CrossRef]
34. Cao, X.L.; Dai, G.L.; Gong, W.M.; Zhou, F.X.; Xu, J. Resistance of saturated soil to a laterally vibrating pile. Soil Dyn. Earthq. Eng.

2021, 141, 106496. [CrossRef]
35. Xie, J. Impedance of Inner Saturated Soil to Horizontally Vibrating Large-Diameter Pipe Piles. Shock Vib. 2021, 2021, 1845109.

[CrossRef]
36. Ding, X.M.; Qu, L.M.; Yang, J.C.; Wang, C.L. Experimental study on the pile group-soil vibration induced by railway traffic under

the inclined bedrock condition. Acta Geotech. 2020, 15, 3613–3620. [CrossRef]
37. Ren, L.W.; Yang, Q.W.; Kong, G.Q.; Dun, Z.L.; Wang, X.Y. Model Tests on Y-Shaped Piles under Compressive and Lateral Loading

in Saturated Sand. Geofluids 2021, 2021, 6978602. [CrossRef]
38. Fattah, M.Y.; Zabar, B.S.; Mustafa, F.S. Effect of saturation on response of a single pile embedded in saturated sandy soil to vertical

vibration. Eur. J. Environ. Civ. Eng. 2020, 24, 381–400. [CrossRef]
39. Li, J.H.; Zhang, B.; Shen, C.; Fu, X.L.; Li, W.C. Experimental Study on Local Scour Depth around Monopile Foundation in

Combined Waves and Current. Sustainability 2021, 13, 13614. [CrossRef]
40. Li, Q.; Askarinejad, A.; Gavin, K. Impact of scour on lateral resistance of wind turbine monopiles: An experimental study. Can.

Geotech. J. 2021, 58, 1770–1782. [CrossRef]

232



Fractal Fract. 2022, 6, 198

41. Cui, C.Y.; Meng, K.; Xu, C.S.; Liang, Z.M.; Li, H.J.; Pei, H.F. Analytical solution for longitudinal vibration of a floating pile in
saturated porous media based on a fictitious saturated soil pile model. Comput. Geotech. 2021, 131, 103942. [CrossRef]

42. Achmus, M.; Kuo, Y.S.; Abdel-Rahman, K. Behavior of monopile foundations under cyclic lateral load. Comput. Geotech. 2009, 36,
725–735. [CrossRef]

43. Lombardi, D.; Bhattacharya, S.; Wood, D.M. Dynamic soil-structure interaction of monopile supported wind turbines in cohesive
soil. Soil Dyn. Earthq. Eng. 2013, 49, 165–180. [CrossRef]

44. Arshad, M.; O’Kelly, B.C. Analysis and Design of Monopile Foundations for Offshore Wind-Turbine Structures. Mar. Georesour.
Geotechnol. 2016, 34, 503–525. [CrossRef]

45. Feng, W.H.; Liu, F.; Yang, F.; Li, L.J.; Jing, L. Experimental study on dynamic split tensile properties of rubber concrete. Constr.
Build. Mater. 2018, 165, 675–687. [CrossRef]

46. Luo, R.P.; Yang, M.; Li, W.C. Numerical study of diameter effect on accumulated deformation of laterally loaded monopiles in
sand. Eur. J. Environ. Civ. Eng. 2020, 24, 2440–2452. [CrossRef]

47. Malakshah, R.R.; Moradi, M.; Ghalandarzadeh, A. Centrifuge Modelling of Monopiles in Calcareous Sand Subjected to Cyclic
Lateral Loading. Int. J. Civ. Eng. 2022, 20, 195–206. [CrossRef]

48. Namazi, H. Complexity-based analysis of the correlation between stride interval variability and muscle reaction at different
walking speeds. Biomed. Signal. Process. 2021, 69, 102956. [CrossRef]

49. Phinyomark, A.; Larracy, R.; Scheme, E. Fractal Analysis of Human Gait Variability via Stride Interval Time Series. Front. Physiol.
2020, 11, 333. [CrossRef]

50. Tabares-Ospina, H.A.; Angulo, F.; Osorio, M. New Method to Calculate the Energy and Fractal Dimension of the Daily Electrical
Load. Fractals 2020, 28, 2050135. [CrossRef]

51. Yan, B.W.; Chan, P.W.; Li, Q.S.; He, Y.C.; Shu, Z.R. Characterising the fractal dimension of wind speed time series under different
terrain conditions. J. Wind Eng. Ind. Aerodyn. 2020, 201, 104165. [CrossRef]

52. Shu, Z.R.; Chan, P.W.; Li, Q.S.; He, Y.C.; Yan, B.W. Quantitative assessment of offshore wind speed variability using fractal
analysis. Wind Struct. 2020, 31, 363–371. [CrossRef]

53. Yang, B.B.; Liu, Y. Application of Fractals to Evaluate Fractures of Rock Due to Mining. Fractal Fract. 2022, 6, 96. [CrossRef]
54. Yang, B.B.; Du, S.T.; Zhao, X.M.; Tang, D.Q.; Yang, C.D. Decision Making of Curriculum Attainment Degree for Engineering

Geology Based on Fuzzy Set Theory. Adv. Civ. Eng. 2021, 2021, 1743778. [CrossRef]
55. Wang, L.; Luo, R.Y.; Zhang, W.; Jin, M.M.; Tang, S.W. Effects of Fineness and Content of Phosphorus Slag on Cement Hydration,

Permeability, Pore Structure and Fractal Dimension of Concrete. Fractals 2021, 29, 2140004. [CrossRef]
56. Xiao, J.; Qu, W.J.; Jiang, H.B.; Li, L.; Huang, J.; Chen, L. Fractal Characterization and Mechanical Behavior of Pile-Soil Interface

Subjected to Sulfuric Acid. Fractals 2021, 29, 2140010. [CrossRef]
57. Li, Y.; Zhang, H.; Huang, M.H.; Yin, H.B.; Jiang, K.; Xiao, K.T.; Tang, S.W. Influence of Different Alkali Sulfates on the Shrinkage,

Hydration, Pore Structure, Fractal Dimension and Microstructure of Low-Heat Portland Cement, Medium-Heat Portland Cement
and Ordinary Portland Cement. Fractal Fract. 2021, 5, 79. [CrossRef]

58. Wang, L.; Lu, X.; Liu, L.S.; Xiao, J.; Zhang, G.; Guo, F.X.; Li, L. Influence of MgO on the Hydration and Shrinkage Behavior of Low
Heat Portland Cement-Based Materials via Pore Structural and Fractal Analysis. Fractal Fract. 2022, 6, 40. [CrossRef]

59. Wang, L.; Guo, F.X.; Yang, H.M.; Wang, Y.; Tang, S.W. Comparison of Fly Ash, Pva Fiber, Mgo and Shrinkage-Reducing Admixture
on the Frost Resistance of Face Slab Concrete Via Pore Structural and Fractal Analysis. Fractals 2021, 29, 2140002. [CrossRef]

60. Duan, H.Q.; Zhang, S. Fractal Characteristics of Coal Specimens’ Surface Cracks in Triaxial Conventional Compression and Cyclic
Loading Tests. Geotech. Geol. Eng. 2020, 38, 19–29. [CrossRef]

61. Kim, N.S.; Lee, J.H.; Chang, S.P. Equivalent multi-phase similitude law for pseudodynamic test on small scale reinforced concrete
models. Eng. Struct. 2009, 31, 834–846. [CrossRef]

62. Stanier, S.A.; Blaber, J.; Take, W.A.; White, D.J. Improved image-based deformation measurement for geotechnical applications.
Can. Geotech. J. 2016, 53, 727–739. [CrossRef]

63. White, D.J.; Take, W.A.; Bolton, M.D. Soil deformation measurement using particle image velocimetry (PIV) and photogrammetry.
Geotechnique 2003, 53, 619–631. [CrossRef]

64. Gudehus, G.; Nubel, K. Evolution of shear bands in sand. Geotechnique 2004, 54, 187–201. [CrossRef]
65. Georgescu, M.R.; Meslem, A.; Nastase, I.; Sandu, M. Numerical and experimental study of the International Space Station crew

quarters ventilation. J. Build. Eng. 2021, 41, 102714. [CrossRef]
66. Yuan, B.X.; Sun, M.; Xiong, L.; Luo, Q.Z.; Pradhan, S.P.; Li, H.Z. Investigation of 3D deformation of transparent soil around a

laterally loaded pile based on a hydraulic gradient model test. J. Build. Eng. 2020, 28, 101024. [CrossRef]
67. Zhang, X.; Huang, M.S.; Hu, Z.P. Model tests on cumulative deformation characteristics of a single pile subjected to lateral cyclic

loading in sand. Rock Soil Mech. 2019, 40, 933–941. [CrossRef]
68. Prabakar, J.; Sridhar, R.S. Effect of random inclusion of sisal fibre on strength behaviour of soil. Constr. Build. Mater. 2002, 16,

123–131. [CrossRef]
69. Lu, N.; Zhang, C. Soil Sorptive Potential: Concept, Theory, and Verification. J. Geotech. Geoenviron. 2019, 145, 04019006. [CrossRef]
70. Wang, H.; Wang, L.Z.; Hong, Y.; Masin, D.; Li, W.; He, B.; Pan, H.L. Centrifuge testing on monotonic and cyclic lateral behavior of

large-diameter slender piles in sand. Ocean Eng. 2021, 226, 108299. [CrossRef]

233



Fractal Fract. 2022, 6, 198

71. Yuan, B.X.; Sun, M.; Wang, Y.X.; Zhai, L.H.; Luo, Q.Z.; Zhang, X.Q. Full 3D Displacement Measuring System for 3D Displacement
Field of Soil around a Laterally Loaded Pile in Transparent Soil. Int. J. Geomech. 2019, 19, 04019028. [CrossRef]

72. Yuan, B.X.; Xiong, L.; Zhai, L.H.; Zhou, Y.F.; Chen, G.F.; Gong, X.; Zhang, W. Transparent Synthetic Soil and Its Application in
Modeling of Soil-Structure Interaction Using Optical System. Front. Earth Sci. 2019, 7, 276. [CrossRef]

234



Citation: Fu, X.; Ding, H.; Sheng, Q.;

Zhang, Z.; Yin, D.; Chen, F. Fractal

Analysis of Particle Distribution and

Scale Effect in a Soil–Rock Mixture.

Fractal Fract. 2022, 6, 120. https://

doi.org/10.3390/fractalfract6020120

Academic Editor: Zine El Abiddine

Fellah

Received: 18 January 2022

Accepted: 17 February 2022

Published: 19 February 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

fractal and fractional

Article

Fractal Analysis of Particle Distribution and Scale Effect in a
Soil–Rock Mixture

Xiaodong Fu 1,2, Haifeng Ding 1,2, Qian Sheng 1,2, Zhenping Zhang 1,3,*, Dawei Yin 4 and Fei Chen 5

1 State Key Laboratory of Geomechanics and Geotechnical Engineering, Institute of Rock and Soil Mechanics,
Chinese Academy of Sciences, Wuhan 430071, China; xdfu@whrsm.ac.cn (X.F.);
dinghaifeng21@mails.ucas.ac.cn (H.D.); shengqian@whrsm.ac.cn (Q.S.)

2 School of Engineering Science, University of Chinese Academy of Sciences, Beijing 100049, China
3 School of Architecture and Civil Engineering, Shenyang University of Technology, Shenyang 110870, China
4 China State Construction International Investments (Hubei) Limited, Wuhan 430000, China;

yindawei@cohl.com
5 School of Architecture and Civil Engineering, Chengdu University, Chengdu 610106, China;

chenfei@cdu.edu.cn
* Correspondence: zhangzp21@sut.edu.cn

Abstract: A soil–rock mixture (SRM) is a type of heterogeneous geomaterial, and the particle dis-
tribution of SRM can be described by fractal theory. At present, it is difficult to quantify the fractal
dimension of a particle size distribution and understand the scale effect in SRMs. In this study, the
fractal theory and discrete element method (DEM) were introduced to solve this problem. First, the
particle gradation of SRM was dealt with by using fractal theory. The fractal structure of particle
distribution was studied, and a method of calculation of the fractal dimension is presented in this
paper. Second, based on the fractal dimension and relative threshold, the particle gradations of
SRMs at different scales were predicted. Third, numerical direct shear tests of SRM at different scales
were simulated by using the DEM. The scale effects of shear displacement, shear zone, and shear
strength parameters were revealed. Last, taking the maximum particle size of 60 mm as the standard
value, the piece-wise functional relationship between shear strength parameters and particle size was
established. The results are as follows: for SRM in a representative engineering area, by plotting the
relationship between particle cumulative mass percentage and particle size, we can judge whether
the SRM has a fractal structure; in Southwest China, the frequency of the fractal dimension of the
SRM is in the normal distribution, and the median fractal dimension is 2.62; the particle gradations of
SRMs at different scales calculated by fractal dimension and relative threshold can expand the study
scope of particle size analysis; when the particle size is less than 70 mm, the strength parameters
show a parabolic trend with the particle size increases, and if not, a nearly linear trend is found. The
proposed method can describe the fractal characteristics of SRM in a representative engineering area
and provides a quantitative estimation of shear strength parameters of SRM at different scales.
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1. Introduction

A soil–rock mixture (SRM) is a heterogeneous geomaterial that is composed of rock
blocks with different particle sizes and a soil matrix. In 1994, Medley and Goodman [1]
innovated the term “bimrocks” (block-in-matrix rocks) and pointed out that the particle
sizes in bimrocks range from centimeters to hundreds of meters [2]. Lindquist and Good-
man [3] called the mixed rock and soil embedded with fragments and rock blocks from
itself or outside a “mélange” [4]. You [5] proposed the concept of a SRM for Quaternary
loose accumulations, which considered the particularity of its material composition be-
tween rock and soil. Xu et al. [6,7] defined the SRM as an extremely heterogeneous loose
geomaterial formed since the Quaternary that is composed of rock blocks, fine-grained soil,
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and pores. According to these definitions, the particle size distribution of soil and rock
blocks in the SRM varies greatly. In the traditional soil classification system, the division
of coarse-grained and fine-grained soil can be determined according to the limit values in
specifications; however, there is no unified standard for the limiting values of particle size
divided by particle group, and different countries have different regulations. For example,
the Chinese Handbook of Engineering Geology [8] defined the mixtures of fine-grained
soil and coarse-grained soil at sizes of less than 10 mm and lacking intermediate grain sizes
as gravelly (stony) soils. Thus, to understand the particle distribution of SRM, it is essential
to find a method with which to divide the soil and rock block in SRM and determine the
threshold.

More importantly, the particle distribution of SRM is closely related to its mechanical
properties. When obtaining the mechanical parameters of SRM by mechanical tests, the
particle size of some natural SRM is much larger than the maximum size of rock block
allowed by test equipment, such as 60 mm [9,10]. Thus, for the large-size rock block in SRM
at the engineering scale, before mechanical testing, to make the scaled particle gradation
maintain similar mechanical properties to the natural particle gradation as far as possible,
the natural particle gradation needs to be treated by the scaling method. There are four
common methods of coarse aggregate scaling, namely the removal method, equivalent
substitution method, similar gradation method, and mixing method [11]. The variations in
strength parameters of SRMs obtained by different scaling methods are different [12–14].
The reason is that the change of average particle gradation and fine particle caused by
scaling methods directly affects the structural characteristics of SRM and then leads to the
change of mechanical properties. The mechanical properties of a scaled SRM are different
from those of natural SRM (the so-called scale effect).

As fractal theory is now widely used [15–23], many researchers [24–31] have found
that geomaterials exhibit fractal characteristics, and the rock joints, particle distribution,
and pores at different scales have self-similarity, which is also consistent with the evolution
of geomaterials under natural conditions. Generally, geomaterials can be regarded as an
open non-linear self-organizing system. When there are no external conditions to interfere
with its self-organizing characteristics, the evolution of internal spatial structure exhibits
certain orderliness [32–35]. The fractal structure is closely related to its composition and
natural conditions: the fractal dimension represents the spatial structure characteristics
formed by the long-term evolution of geomaterials. Sui et al. [36] discussed the devel-
opment in rock fracture network descriptions by using traditional geometry and fractal
methods and presented an analytical method for the quantitative evaluation of the irreg-
ularity and complexity of fracture networks based on the self-similarity of fractals. Xiao
et al. [37] investigated the crushing characteristics of single particles and assemblies of
rockfill materials with different nominal diameters and discussed the effects of the particle
size on the Weibull modulus, compressibility index, and ultimate fractal dimension. He
et al. [38] obtained the pore size distribution of the calcareous sand, quartz sand, and glass
beads by using nuclear magnetic resonance tests, and fractal theory was introduced to
describe the fractal properties of the pore size distribution. These studies show that the
fractal theory can describe both structural characteristics and mechanical properties of
geomaterials at different scales.

Previous studies [39–41] have shown that natural SRM exhibits a fractal structure.
Commonly, the fractal curve of particle gradation of SRM is a broken line with an obvious
turning point. According to the turning point, the particle size can be divided into fine
aggregate and coarse aggregate. For example, Xu et al. [39] pointed out that SRM had a
visible turning point at the particle size of 20 mm in its fractal dimension curve. However,
at present, it is difficult to quantify the fractal dimension of the particle distribution of
SRM, as well as the scale effect. In this study, the fractal theory was invoked to analyze the
fractal characteristics of the particle distribution of SRM, numerical simulations of direct
shear tests of SRM samples at different scales were conducted by using the discrete element
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method (DEM), and the variations in shear strength parameters of SRM at different scales
were studied.

2. Fractal Model

2.1. Fractal Mathematical Model

Given the self-similarity of the particle distribution of SRM, the fractal characteristics
under two-dimensional conditions can be quantitatively expressed by using the formula
proposed by Mandelbrot [42]:

A(r > R) = Ca

[
1 −
(

R
λa

)2−D
]

(1)

where R is any given particle size, r is the random particle size, A is the total area of particles
satisfying r > R, Ca represents the area shape factor, λa is the maximum particle size under
two-dimensional conditions, and D denotes the fractal dimension of particle size.

Under three-dimensional conditions, the formula proposed by Tyler and Wheacraft [43]
is introduced:

V(r > R) = Cm

[
1 −
(

R
λm

)3−D
]

(2)

where V is the total volume of particles satisfying r > R, Cm is the volume shape factor,
and λm refers to the maximum particle size under three-dimensional conditions. Without
considering the variation of particle density with particle size, in Formula (2), we multiply
the density, ρ, on both sides at the same time, and then the total mass of particles satisfies
r > R:

M(r > R) = ρCm

[
1 −
(

R
λm

)3−D
]

(3)

Furthermore, the total mass of all particles comprising an SRM sample can be calcu-
lated as follows:

MT = M(r > 0) = ρCm

[
1 −
(

0
λm

)3−D
]
= ρCm (4)

The cumulative mass ratio of the SRM sample can be obtained as follows:

M(r > R)
MT

= 1 −
(

R
λm

)3−D
(5)

where MT is the total mass of all particles, and dmax is defined as the maximum particle size
of an SRM sample. According to Formula (5), when R = dmax, the cumulative mass ratio is
zero, and λm = dmax. By combining the commonly used particle gradation curves of SRM
samples, Formula (5) can be converted into the following formula:

M(r < R)
MT

=

(
R

dmax

)3−D
(6)

In Formula (6), for a given particle size, R, the mass percentage is defined as the ratio
of the mass of particles satisfying r < R to the total mass; the particle size ratio is defined as
the ratio of R to dmax; there is a power function relationship between the mass percentage
and the particle size ratio; and the index is 3 − D.

Using the logarithmic transformation of Formula (6), in the double-logarithmic co-
ordinate system, we can plot the relationship curve between lg (M(r < R)/MT and lg R,
and whether the SRM meets the fractal structure can be ascertained. If the relationship is
approximately linear, it indicates that the particle gradation of SRM within the range of
interest has strict statistical self-similarity, the particle distribution demonstrates a fractal
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structure, and the slope is a = 3 − D. Otherwise, it means that the particle gradation is poor,
the pore filling is poor, and natural SRM is loose. In addition, if the relationship shows the
characteristics of a broken line, it indicates that the particle gradation has good multifractal
characteristics, and the particle distribution has self-similarity in the corresponding linear
interval. Based on the above fractal mathematical model, the particle gradation of natural
SRM can be processed to judge whether it has a fractal structure, and the corresponding
fractal dimension can be obtained.

2.2. Fractal Analysis of SRM Samples

Taking the SRM from Zhaizi village, Lijiang City, Yunnan Province, China, as an
example [44], field investigation and sampling were undertaken (Figure 1). Through
laboratory particle-size analysis of a typical SRM sample with the maximum particle size of
60 mm, the particle size distribution was obtained (Figure 2a), and its equivalent histogram
was plotted (Figure 2b). The statistical results show that the particle-size curves of SRM
in this area are bimodal, indicating that the material is well sorted. The particle size
corresponding to the trough is about 2 mm, and the threshold between the soil and the rock
block of the SRM in this area is determined to be 2 mm.

 

 
(a)  (b) 

Figure 1. SRM in Zhaizi village, Lijiang City, Yunnan Province, China. (a) Site investigation; (b) SRM
sample.

 

 
(a)  (b) 

Figure 2. Distribution of particle size of SRM samples. (a) Particle-size distribution; (b) Histogram.
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Formula (6) was used to process the particle-size-distribution data. The screening
results were brought into the fractal mathematical model, and the relationship between lg
(M(r < R)/MT and lg R was plotted in the double-logarithmic coordinate system (Figure 3).
The results show that the relationship curve is approximately linear, indicating that the
particle size of SRM in this area has a fractal structure. The fractal-curve-fitting formula
of the overall grading is y = 0.33x + 1.50, the slope is 0.327, and the fractal dimension D is
2.67. In addition, it should be noted that the fractal curve does not meet the strict linear
relationship within the full particle-size range. A dividing point is found at the particle size
r = 2 mm; there is a scale-free interval on both sides, where the fitting formulae are y = 0.48x
+ 1.57 and y = 0.24x + 1.59 respectively; and the corresponding fractal dimensions are D1 =
2.52 and D2 = 2.76 respectively. These results imply that there is a double-fractal structure
in the SRM, with a maximum particle size of 60 mm, meaning that the particle size and
pore structure change at 2 mm. Thus, through fractal analysis of particle distribution of
this SRM, the threshold between soil and rock blocks in the SRM in this area is found to be
2 mm, which is consistent with the results of laboratory grading.

Figure 3. Fractal analysis of SRM sample.

3. Predictive Theory

3.1. Relative Threshold between Soil and Rock Blocks

After analyzing the particle distribution characteristics of an SRM, Medley [2] and
Lindquist [4] found that the particle distribution of SRM exhibits proportion-independence.
As shown in Figure 4, even if the study area changes, when the particle size of SRM is 0.05
times the study area, the fractal dimension of particle size will always contain a turning
point. According to this understanding, it is considered that the threshold between soil and
rock blocks of SRM at the engineering scale should satisfy Formula (7):

dS/RT = 0.05Lc (7)

where dS/RT denotes the threshold between soil and rock blocks; and Lc is the engineering
scale that, being the square root of the area for the plane study area, is the slope height for
a slope, and it is the height of a single shear box for the direct shear sample.
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Figure 4. Particle-size-distribution characteristics of SRM after normalization.

This threshold definition method sets the soil and rock blocks in an SRM as a relative
concept; across different research scales, the SRM from the same source may have different
thresholds of coarse and fine-particle size. Therefore, this definition is called the relative
threshold between soil and rock blocks, which is different from the limiting values of
particle size divided by particle group defined in prevailing national standards [8]. The
relative threshold links the particle gradation of SRM at different research scales by the
proportion of rock blocks, which can directly expand the mechanical properties of SRM at
test scale to engineering at full-scale.

3.2. Prediction of Particle Gradation Curves at Different Scales

Since the particle gradation of SRM has a fractal structure, using the concepts of
fractal dimension and the relative diameter threshold between soil and rock blocks, we
can calculate the distribution of particle groups after the maximum particle size increases
according to the existing gradation: the particle gradations of SRMs at different scales are
thus obtained. Taking SRM in Zhaizi village as an example (Figure 3), the fractal dimension
is 2.67. According to geological drilling data, the range of rock block sizes in the SRM
is between 30 and 90 mm. For a given maximum particle diameter (dmax), substituting
the fractal dimension 2.67 into Formula (6), the particle gradation of the SRM sample
can be predicted. Figure 5 shows the predicted particle gradation of SRM samples with
different dmax, including 100, 80, 70, 60, and 50 mm (labeled S1 to S5, respectively). Since
tested particle gradation with the maximum particle size of 60 mm is obtained as shown
in Figure 2a, the comparison between the tested particle gradation and predicted particle
gradation can be performed. Taking 2 mm as the threshold between soil and rock blocks,
we see that the result shows that the rock-block content of the predicted particle grading
is about 62.46%, while the rock-block content of the tested particle gradation is 55.8%, so
both are close to 60%. Therefore, the accuracy of the predicted particle grading curve is
acceptable.
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Figure 5. Predicted particle size distributions of SRM samples with different maximum particle
diameters.

Then, according to the research scale, based on the particle size distribution in Figure 5,
the gradation is modified by using the relative threshold between soil and rock blocks. In
the following section of this study, we recount the numerical simulation of direct shear
testing of SRM samples at different scales that were conducted, making it necessary to
establish numerical models with different maximum particle diameters. Taking this scale as
an example, we see that the size of the shear box used in the test is 500 mm (length) × 200
mm (height). According to Formula (7), the research scale Lc is the height of the shear box
(200 mm), and the limit particle size of particles should be set to 10 mm. In addition, for a
numerical model, the influences of the minimum particle size on the test results should
also be considered [45]. Commonly, the particle size range of soil particles is 2 to 3 mm
in numerically simulated direct shear tests. If the ratio of the maximum particle size to
the minimum particle size remains unchanged at 1.5, the range of soil-particle size after
modifying the threshold should be 6.66 to 10 mm. The particle gradation of rock-block
particles larger than 10 mm remains the same (Figure 5), and the size of particles less than
10 mm should be corrected. Figure 6 shows the modified particle distributions of SRM
samples with different maximum particle diameters.

Figure 6. Modified particle distributions of SRM samples with different maximum particle diameters.
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4. Simulation Method

4.1. Simulation of Large-Scale Direct Shear Tests of SRM

During laboratory large-scale direct shear testing, the SRM sample needs to be encap-
sulated in an opaque shear box, so the movement of the particles in the sample cannot
be seen [46]. The numerical simulation using particle flow code (PFC) based on DEM
can overcome this problem [47]. The particle DEM proposed by Cundall [48] uses the
rigid particle as the basic calculation element. In the calculation process, particle DEM
continuously updates the contact characteristics between particle and particle or particle
and boundary; based on Newton’s second law, it uses the explicit difference algorithm
for iteratively solving the motion parameters of particle elements, and finally makes each
particle element reach an equilibrium state. In this study, PFC2D [49] is used to simulate
direct shear tests.

Before the simulation, it is necessary to build the particle flow model of SRM by wall
element and particle element in PFC2D. As shown in Figure 7, keeping the same size as the
shear box as used in the laboratory, we used a simulated shear box representing 500 mm
(length) × 200 mm (height). The numerical model is divided into upper and lower halves:
the upper half is composed of Walls 4, 5, and 6, and the lower half of Walls 1, 2, and 8. To
prevent particles from escaping during shearing, Walls 3 and 7 are set on both sides of the
shear box. During simulated shear, normal stress is applied to Wall 5 and the vertical load
is kept stable, the upper shear box is fixed, and the same horizontal velocity is applied to
the lower shear box wall; in addition, Wall 7 and the lower shear box move together, and
Wall 3 remains fixed to avoid a loss of particles during shearing.

Figure 7. Numerical model of the direct shear test of an SRM sample.

When building the particle model of SRM, due to the limited shape indices pertaining
to the rock block, both rock and soil particles are simulated by traditional disk particles in
PFC2D. According to particle size distributions of SRM samples in Figure 6, the random
generation algorithm provided in the PFC2D is used for producing disk particles, and the
target number of elements is generated by setting the maximum and minimum particle
sizes and the target void ratio. To make the size of each particle group more consistent with
the fractal law of particle gradation of SRM, the volume content of the rock block of each
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particle group is determined by using Formula (8), and then the volume content provided
in PFC2D is employed to produce each particle group.

M(d1 − d2)/MT =

(
d1

Rmax

)3−D
−
(

d2

Rmax

)3−D
(8)

Figure 8 shows the particle models of SRM samples with different maximum particle
diameters. For each type of SRM sample, numerical tests under four different normal
stresses of 200, 400, 600, and 800 kPa are simulated. When the shear displacement of the
SRM sample reaches 75 mm, the test is deemed to be over. The simulations are summarized
in Table 1.

 

Figure 8. Particle models of SRM samples with different maximum particle diameters. (a) S1, (b) S2,
(c) S3, (d) S4, and (e) S5.

Table 1. Numerical test scheme.

Sample Number Rock Proportion/% Fine Particle/% Maximum Particle Diameter/mm Normal Stress/kPa

S1 52.9 47.1 100

200, 400,
600, 800

S2 49.3 50.7 80
S3 47.1 52.9 70
S4 44.3 55.7 60
S5 40.9 59.1 50

4.2. Scale Effect Analysis
4.2.1. Shear Displacement

Figure 9a displays the relationship curve between shear stress and shear displacement
as simulated. Under normal stress of 800 kPa, the shear stress increases gradually with the
increase of the maximum particle size of SRM: for sample S1 (dmax = 100 mm), the peak
shear strength is 492 kPa, while for sample S5 (dmax = 50 mm), the peak shear strength is
reduced to 403 kPa. Under normal stress of 400 or 200 kPa, the change of maximum particle
size has relatively little effect on the shear strength of SRM, thus indicating that, with the
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decrease of normal stress, the relationship is less affected by the maximum particle size in
the SRM sample.

Figure 9b illustrates the relationship between vertical displacement and shear displace-
ment as simulated: under normal stress of 200 kPa, the deformation of the SRM samples is
similar, and they all show the characteristics of initial shear shrinkage and dilation; with
the increase of dmax, the dilatancy at the end of the test increases. Under normal stress of
800 kPa, the shear shrinkage of sample S1 is obvious and close to that of sample S5, while
shear expansion of sample S3 occurs.

 
(a) 

 
(b) 

Figure 9. Shear displacements from numerical simulation of SRM samples. (a) Relationship between
shear stress and shear displacement; (b) Relationship between vertical displacement and shear
displacement.

4.2.2. Shear Zone

Figure 10 shows the horizontal displacements of SRM samples at the end of the
simulations and marks the horizontal displacement of 0 mm as the boundary of the upper
shear zone (drawn with a red dotted line). Under different normal stresses, the shape of the
shear zone in different SRM samples fluctuates, and the shear zones are mostly distributed
in the upper shear box.
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As shown in Figure 10a–c, due to the large difference in particle size of sample
S1, the shapes of shear zone change little under different normal stresses, and this is
mainly controlled by particles with large size; in addition, compared with the case at
200 kPa, the irregularity of shear zone is reduced under normal stresses of 400 and 800 kPa.
However, compared with sample S1, the shear zone shapes of sample S5 (Figure 10g–i) are
significantly different. Under normal stress of 200 kPa, the fluctuation of the shear zone
is more obvious, and the number of soil particles therein is smaller; under normal stress
of 800 kPa, the shape of the shear zone is more regular, and the number of soil particles
therein increases.

Figure 10. Horizontal displacements of SRM samples at the end of simulations. (a) S1-2 × 102 kPa,
(b) S1-4 × 102 kPa, (c) S1-8 × 102 kPa, (d) S3-2 × 102 kPa, (e) S3-4 × 102 kPa, (f) S3-8 × 102 kPa,
(g) S5-2 × 102 kPa, (h) S5-4 × 102 kPa, and (i) S5-8 × 102 kPa.

4.2.3. Shear Strength

Figure 11 shows the relationship between the shear strength and dmax of SRM samples.
As shown in Figure 11a, when dmax increases from 50 mm to 100 mm, the corresponding
peak strength of the SRM samples under each normal stress increases. Taking the shear
strength of sample S5 (dmax = 50 mm) as the standard, under normal stress of 800 kPa, the
peak strengths of samples S1, S2, S3, and S4 are increased by 21.97%, 15.18%, 9.87%, and
4.31%, respectively.

As shown in Figure 11b, the shear strength indices of the SRM sample, including the
cohesion and friction angle, fluctuate with the changes in the dmax. The cohesion of SRM
samples decreased to 17 kPa at dmax = 70 mm, and then it increased to 34 kPa with the
increase of dmax. The friction angle tended to increase with the dmax, from 29.5◦ to 32.7◦.
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(a)  (b) 

Figure 11. Relationship between the shear strength and the maximum particle size of SRM samples.
(a) Peak shear stress; (b) Strength parameters.

5. Estimation of Shear Strength Parameters of SRM

In fact, apart from the fractal dimension calculated based on the grading curve of the
SRM from Zhaizi village in this study, the grading data of the SRM located in Southwest
China were collected from the literature [50–54]. Using these grading data, we obtained
over 100 fractal dimensions based on the fractal theory. Table 2 lists a part of representative
fractal dimensions of the SRM located in Sichuan and Yunnan province, China. Figure 12
presented the frequency histogram of the whole collected fractal dimensions. The average
fractal dimension of the SRM is 2.60, and the maximum and minimum values are 2.90
and 2.23, respectively. The results show that the largest frequency of the fractal dimension
is in the range of 2.60–2.70, and then it is the range of 2.50–2.60. The frequency of the
fractal dimension is in the normal distribution, and the median fractal dimension is 2.62.
The fractal dimension utilized in this study for the numerical simulation is 2.67, which is
near the most frequency range and the median value according to the discussions above.
Therefore, the relationships between the dmax and the shear-strength parameters could be
considered as the representations of the material distributed in the southwest of China.

 

Figure 12. Frequency histogram of the fractal dimensions of the SRM in Southwest China.
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Table 2. Representative fractal dimensions of the SRM in China.

Number Fractal Dimension Location of the SRM Resource

1 2.67 A deposit slope in Zhaizi village This study

2 2.52 Soil–rock mixtures in the Hutiao Gorge area Xu et al. (2007) [6]

3 2.55 Gravelly soil in Jiangjiagou Ravine in Yunnan Wei et al. (2008) [50]

4

2.62 Fujiapingzi, Xiluodu Reservoir

Hu (2014) [51]
2.64 Ganhaizi, Xiluodu Reservoir
2.59 NiuGudang, Xiluodu Reservoir
2.64 Shuanglongba, Xiluodu Reservoir
2.66 Shaniwan, Xiluodu Reservoir

5

2.68

Zhangmu soil–rock mixture deposit in Southwestern
China

Gao et al. (2014) [52]

2.65
2.66
2.59
2.69
2.65
2.64

6 2.85 Soil–rock mixture of Nuozhadu hydropower station in
Yunnan Zhang et al. (2016) [46]

7 2.66 An open-pit limestone mine in Esheng, Sichuan
Province Ma et al. (2019) [53]

8

2.75

Accumulated crushed stone soil in Deqin County,
Yunnan

Tu et al. (2019) [54]
2.75
2.74
2.75
2.45

To establish the relationship between the dmax and the shear strength indices of SRM,
the particle size of sample S4 (dmax = 60 mm) is taken as the reference particle size. The
particle size ratios of SRM samples can be calculated by using their corresponding dmax
divided by 60 mm. The particle-size ratios of samples S1, S2, S3, S4, and S5 are 1.67, 1.33,
1.17, 1, and 0.83, respectively. Then, the cohesion and friction angle of sample S4 is selected
as a reference, the functional relationship between strength parameter ratio and particle
size ratio is established. As shown in Figure 13, both the cohesion and friction angle ratio
present the complex variation law as the particle-size ratio, x, increases. When x ≤ 1.17
(dmax ≤ 70 mm), the strength parameters show a parabolic trend with the x increases with
an obvious variation. After dmax larger than 70 mm, the responses of the parameters keep
increasing in a nearly linear trend. In this study, the relationships between the strength
parameters and particle size ratio were expressed by using the piece-wise functions:

c/c0 =

{
−12.9x2 + 25.13x − 11.23 0.83 ≤ x ≤ 1.17
0.52x − 0.08 1.17 < x ≤ 1.67

(9)

ϕ/ϕ0 =

{
3.45x2 − 6.78x + 4.32 0.83 ≤ x ≤ 1.17
0.045e0.81x + 1 1.17 < x ≤ 1.67

(10)

Using Formulas (9) and (10), we can estimate the cohesion and friction angle of SRM
at different scales on the basis of obtaining the shear strength parameters of SRM with the
reference particle size by large-scale direct shear test. The result provides a reference for the
quantitative evaluation of mechanical properties of geomaterials at the engineering scale.
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Figure 13. Relationship between strength-parameters ratio and particle-size ratio.

6. Conclusions

In this study, the fractal theory was invoked to explore the fractal characteristics of the
particle distribution of SRM; the particle gradation curves of SRM at different scales were
predicted by using the fractal dimension and relative threshold; the numerical large-scale
direct shear tests were simulated by using PFC2D, and the variations in shear strength
parameters of SRM with different particle sizes were studied. The main conclusions could
be drawn as follows:

(1) Based on the particle gradation data of SRM, the relationship curve between particle
cumulative mass percentage lg (M(r < R)/MT and particle size lg R in the double
logarithmic coordinate system can be drawn, whether the SRM has a fractal structure
can be judged and the corresponding fractal dimension can be obtained. The case
study shows that the SRM in Zhaizi village has a fractal structure, and the fractal
dimension is 2.67. In addition, there is an obvious double-fractal structure in the SRM,
with a maximum particle size of 60 mm, and the threshold between soil and rock
blocks of the SRM in this area was determined to be 2 mm.

(2) Based on the self-similarity and fractal structure of the natural SRM, the grading
curve and the particle group mass under the condition of different maximum particle
diameters could be obtained. This method not only can expand the study range of
particle size of SRM, but also overcome the deficiency of conventional direct shear
tests, which remain limited by sample size.

(3) The increase of the maximum particle size leads to a more obvious positive influence
on the shear stress. The shear contraction at the beginning of shearing then becomes
dilated under the low normal stress with the fluctuation in the shear zone. With the
increase of the particle size ratio, the friction-angle ratio increases. Meanwhile, the
cohesion ratio increases up to a particle-size ratio of 1.3 and then decreases.

(4) In Southwest China, the frequency of the fractal dimension of the SRM is in the normal
distribution, and the median fractal dimension is 2.62. In the range of this fractal
dimension, by taking the particle diameter of 60 mm as a standard value, the piece-
wise functional relationship between the strength-parameter ratio and particle-size
ratio is established. When particle size is less than 70 mm, the strength parameters
show a parabolic trend and the particle size increases. When the particle size is larger
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than 70 mm, the responses of the strength parameters keep increasing in a nearly
linear trend.
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