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Fractional-order differential and integral operators and fractional differential equa-
tions have extensive applications in the mathematical modelling of real-world phenomena
which occur in scientific and engineering disciplines such as physics, chemistry, biophysics,
biology, medical sciences, financial economics, ecology, bioengineering, control theory,
signal and image processing, aerodynamics, transport dynamics, thermodynamics, vis-
coelasticity, hydrology, statistical mechanics, electromagnetics, astrophysics, cosmology,
and rheology. Fractional differential equations are also regarded as a better tool for the
description of hereditary properties of various materials and processes than the correspond-
ing integer-order differential equations. The Special Issue “Advances in Boundary Value
Problems for Fractional Differential Equations” covers aspects of the recent developments
in the theory and applications of fractional differential equations, inclusions, inequalities,
and systems of fractional differential equations with Riemann-Liouville derivatives, Ca-
puto derivatives, or other generalized fractional derivatives subject to various boundary
conditions. In the papers published in this Special Issue, the authors study the existence,
uniqueness, multiplicity, and nonexistence of classical or mild solutions, the approximation
of solutions, and the approximate controllability of mild solutions for diverse models. I will
present these papers in the following, grouped according to their subject.

1. Equations and Systems of Equations with Sequential Fractional Derivatives

In paper [1], the authors investigate the differential equation
D%z(t) = Az(t) + {(t), t € (0,T], (1)
with the initial conditions
D%z(0) =z, k=0,1,...,n—1, (2)

where the operator A : D4 C Z — Z is linear and closed with its domain D 4 (a dense
set), Z is a Banach space, f : [0,T] — Z is a given function, and D%, k = 0,1,...,n are
the Dzhrbashyan-Nersesyan fractional derivatives. For the set of numbers {ay}{, with
ar € (0,1], k =0,1,...,n, they introduced the numbers o}, = Z;-‘ZO aj— 1,k=0,1,...,n,
with the condition ¢, > 0. The fractional derivatives D%, k = 0,1,...,n are given by
D%z(t) = DY 'z(t), D%z(t) = Df‘kilDf""l D;*%...D{z(t), for k = 1,2,...,n, where
Df is the Riemann-Liouville integral for B < 0 and the Riemann-Liouville derivative
for B > 0. The Dzhrbashyan—Nersesyan fractional derivative D" is a generalization of
the Riemann-Liouville and Caputo fractional derivatives. The authors prove firstly the
existence and uniqueness of the k-resolving families of operators (for k = 0,...,n — 1)
for the homogeneous equation D7z(t) = Az(t), and then they give a criterion for the
existence and uniqueness of analytic k-resolving families, namely A belongs to a class of
operators denoted by Ay, (6o, a0). Different properties of the resolving families are also
studied, and a perturbation theorem for operators from Ay, 1 (6o, ) is presented. Then,
the authors prove the existence and uniqueness of a solution for problem (1),(2), where
f is continuous in the graph norm of A or it is a Holderian function. As an application,
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they show the existence of a unique solution for an initial boundary value problem to a
fractional linearized model of viscoelastic Oldroyd fluid dynamics.
Paper [2] deals with a nonlinear coupled system of sequential fractional differen-
tial equations
(DI DN (E) = KL x(1), y (1), t € [0,1], X
{ (DFH +<DP)y(E) = g(t,x(D), ¥(1), e [0,1], ©

supplemented with the coupled multipoint and Riemann-Stieltjes integral boundary conditions

x(0) =0, X'(0) =0, ¥(1) =0,
0 n—2 1
X(1) =k (YO aAG) + L ay(e) +ha [y aAG)
y(0) =0, y'(0) =0, y(1) =0, @
(1)

n—2 1
_ h/opx(s) dA(s) + Y Bix(cr) +h1/v x(s) dA(s),

i=1
where p,q € (2,3], D* denotes the Caputo fractional derivative of order x € {g,p},
0<p<o<v<1fg:[0,1] x R xR — R are continuous functions, k, 1, ky, hy,a;, B; € R,
fori =1,2,...,n—2,and A is a function of bounded variation. The word sequential is used
in the sense that the operator ‘D97 +¢D7 can be written as the composition of operators
‘D7 and D + I, where D is the usual differential operator and I is the identity operator.
Under some assumptions of the data of the problem, the authors prove the existence and
uniqueness of solutions for problem (3),(4) by applying the Leray—-Schauder alternative
and the Banach contraction mapping principle.

2. Resonance Problems for Caputo Fractional Differential Equations

Paper [3] is concerned with the nonlinear boundary value problem for a fractional
differential equation of variable order at resonance

{ DLWx(t) = gt x(t), te[0,T], )
x(0) = x(T),
where CDSE) is the Caputo derivative of variable order u(t) with u : [0,T] — (0,1]
and g : [0,T] x R — R is a continuous function. This problem is at resonance, that
is, the corresponding linear homogeneous boundary value problem has non-trivial so-
lutions. The authors transform firstly problem (5) to an equivalent standard boundary
value problem at resonance with a fractional derivative of constant order by using some
generalized intervals and piece-wise constant functions. Then, by applying Mawhin’s
continuation theorem, they demonstrate the existence of at least one solution to (5).

In paper [4], the authors study the fractional differential equation in space R”"

Df,u(t) = f(t,u(t), Dy u), t€(0,1), (6)
subject to the boundary conditions

u(0) = Bu(g), u(1) = Cu(y), )

where ‘Df  denotes the Caputo fractional derivative of order k € {a,a —1},&,7 € (0,1),
w € (1,2],f:[0,1] x R?" — R" satisfies Carathéodory conditions, and B, C are n-order
nonzero square matrices. They prove the existence of solutions of problem (6),(7) by using
Mawhin coincidence degree theory.
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3. Approximations of Solutions for Caputo Fractional Differential Equations
Paper [5] is devoted to the Caputo fractional differential equation with variable coefficients

Du(x) + c1(x)u’ (x) 4 co(x)u(x) = g(x), 0<x <1, (8)
with the boundary conditions
pou(0) — qou’(0) = by, pru(l) +q1u’(1) = by, )

where A € (1,2], D} is the Caputo fractional derivative of order A, ¢y, co, and g are
continuous functions, po, p1,q0,41 = 0, and pop1 + poq1 + qop1 # 0. By using the shifted
Chebyshev polynomials of the first kind and the collocation method, the authors present
approximate solutions to problem (8),(9).

4. Systems of Fractional Differential Equations with p-Laplacian Operators

In paper [6], the authors investigate the system of fractional differential equations with
ri-Laplacian and rp-Laplacian operators

DY (9n(D (t)) = £(t,u(t), v(1), I u(t), 2 v(b), te(0,1), W
D32 (@r( DR V() ) = g(tu(t), v(E), L ult), 2 v(), t € (0,1),
supplemented with the uncoupled nonlocal boundary conditions

uld(0) =0, i=0...,p=2, Dy, u(0) =0,

o (DY, u(1) = [ @ry (D, u(x)) d#o(x), Digu(1 z / D u(t) dHy (1),

‘ 11
vil(0) =0, j=0,...,4—2, D.v(0) =0, an
9 (D v(1) = [ g, (D )aKku(e), D 2 / Dl v(1) Ky (v),

q)rl (

>3,6 € (p—1p], 6 € (9—1,q9], n,m € N,
M, 0 < < ap < <oy <y < 6 —1,
xy > 1/:Bj eER,j=0....m0< B <P2< ... <Py < Po<dh—-1 0 =1,
¢ (T) = |T|"* =27, 1. > 1, k = 1,2, the functions f, g : (0,1) x Ri — R are continuous,
singular at t = 0 and/or t = 1, (Ry = [0,00)), I, is the Riemann-Liouville fractional
integral of order  (for s = 01,61, 02, 62), Df, is the Riemann-Liouville fractional deriva-
tive of order » (for » = 71,792,61,02,&0,...,&n, Bo,--.,Bm), and the integrals from the
boundary conditions (11) are Riemann-Stieltjes integrals with H; : [0,1] = R, i =0,...,n
and K; : [0,1] — R, j = 0,...,m functions of bounded variation. By using the Guo-
Krasnoselskii fixed point theorem of cone expansion and norm-type compression, they
prove the existence and multiplicity of positive solutions for problem (10),(11).

Paper [7] is focused on the system of fractional differential equations (10) subject to
the nonlocal coupled boundary conditions

where Y1, 72 € (1/2]/ p.q € Nr p.q
01,61,02,62 > 0, 0 € R, i = 0,...

u<i>(0):o, i=0,.. ,p—Z DY u(0) =0,
D= [ gD ue) droo), Du) = 21 [ Do) o),
~0, j=0,...,g—2 D2v(0)=0, - (12
o (D) = [ g (D )dICO( ), DB V(1 2 / Dy u() dk(v),

where ¢; € R, i =0,...,
j=0,...

n,O§a1<zxz<...
,m,0§ﬁ1<,32<...

< ay S,BO <§2711ﬁ0 2 1/,Bj EIR/
< Bm < ap < —1, a9 > 1. The authors present existence
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and multiplicity results for the positive solutions of problem (10),(12) by applying the
Guo—Krasnoselskii fixed point theorem.

Paper [8] deals with a system of fractional differential equations with ¢;-Laplacian
and gy-Laplacian operators

{ DY (9o, (DY (1) +a()f(2(1)) =0, t € (0,1) )
D2 (9o, (DR 0(t))) + b(t)g(u(t)) =0, t€ (0,1),

with the coupled nonlocal boundary conditions

noo1
0,i=0,...,.p—2; Dg;u(o) =0, Dyju(l) = Z/O Dy’ o(T) dH;(T) + co,
; wl (14)
0,j=0,...,0—2 DZ0(0)=0, D o(1) = Z/O D u(t) dK;(7) + do,
=1

where 71, 72 € (0,1], p,g € N, p,q > 3,61 € (p—1,p], 62 € (g—1,9], n,m € N,
ai € Rforalli =0,1,...,n,0 < <ap < ... <y < PBp<dp—1, 6 > 1,/3]- e R
forallj =0,1,...,m 0 < B < B2 < ... < B < ap < 01 —1, a9 > 1, the functions
f,g:Ry - Rianda, b:[0,1] — R4 are continuous, ¢y and d are positive parameters,
01,0 >1,9,(0) = |7]%=2¢, i = 1,2, the functions Hij=1,...,nand K;,i=1,...,m
have bounded variation, and D o\ denotes the Riemann-Liouville derivative of order « (for
K=Y, Y2, 01,0, fori=0,1,...,n, Bj forj =0,1,...,m). The authors give sufficient
conditions for the functions f and g, and intervals for the parameters ¢y and dy such that
problem (13),(14) have at least one positive solution or they have no positive solutions.
They apply the Schauder fixed point theorem in the proof of the main existence result.

In paper [9], the authors study a system of nonlinear Fredholm fractional integro-
differential equations with p-Laplacian operator

(D7 (ki(H)p (5D, z(t))) + MQIACIO)
=AMy (bza(t), ..., zm(t)) —i—/o gi(t,s)pp(zi(s))ds, t€[0,T], j=1,2,...,m, (15)

T
z]«(t):/o gi(t,s)gp(zi(s))ds, tE[0,T], j=1,2,...,m,

supplemented with the Sturm-Liouville boundary conditions

Lk (0)pp (5D)72;(0))) = 0, j=1,2,...,m,

j (16)
K(T)pp(§D Z(T)) =0, j=1,2,...,m,

¢jk;j(0)gp(2(0)) — ¢} DY~
dikj(T)gp(zj(T)) +d} Dy~

where A is a positive parameter, k;,1; € L®[0, T] with ess infjp 7k;(t) > 0 and essinfjy
1;(t) >0, ¢;,d;, ), di, i =1,2,...,m, are positive constants, p € (1,00), ¢p(s) = |s|P~2s,
(s #0), $p(0) = 0, the functions f : [0,T] x R" — Rand g; : [0,T] x [0,T] — R,
i =1,...,m satisfy some conditions, and gDZj and tDp denote the left Caputo fractional
derivative and the right Riemann-Liouville fractional derivative of order 1}, respectively.

By using the critical point theory, they prove the existence of infinitely many solutions of
problem (15),(16).

5. Approximate Controllability for Fractional Differential Equations in Banach Spaces

Paper [10] is concerned with the fractional evolution equation of Sobolev type in the
Hilbert space X, with a control and a nonlocal condition

{ LD‘t‘(t‘TX(ft)) = Ax(t) +£(t,x(t)) + Bu(t), t € (0,b], (17)

I (Ex(1)) |0 + 8(x) = x,
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where v € (0,1), A: D(A) C X — Xand £ : D(£) C X — X are linear operators,
B : U — X is a linear bounded operator, U is another Hilbert space, the control function
u € LP([0,b],U) for pa > 1, xp € X, the functions f and g satisfy some assumptions, Itlf”‘
is the Riemann-Liouville fractional integral operator of order 1 — &, and 'D¥ denotes the
Riemann-Liouville fractional derivative of order a. By using the Schauder fixed point
theorem and operator semigroup theory, the authors prove firstly the existence of mild
solutions for problem (17) without the compactness of the operator semigroup. Then, they
show that if the corresponding linear problem is approximately controllable on [0, b], then
problem (17) is also approximately controllable on [0, b]. An example with an initial bound-
ary value problem for a partial differential equation with Riemann-Liouville fractional
derivatives is finally presented.

Paper [11] is devoted to the fractional differential evolution equation in the Banach
space X with a finite delay and a control

DPx(t) = Ax(t) + f(t,x¢) + Bu(t), t € [0,a], (18)

subject to the initial date
x(t) = ¢(t), t € [-b,0], (19)

or to the nonlocal condition with a parameter

x(t) + Agi(x) = ¢(t), t € [=Db,0], (20)

where A : D C X — Xisa closed linear unbounded operator on X, where its domain D is a
dense set; u is the control function; B : L2([0,a]; U) — L?([0,a); D) is a linear bounded oper-
ator, where U is another Banach space; ¢ € L!([—b,0]; X), x; denotes the history of the state
function defined by x¢(0) = {x(t+0),ift+6 > 0; ¢(t +6),if t +6 <0} for 6 € [—b,0];
A is a parameter; g; : C([—b,a]; X) — X is a given function satisfying some assumptions;
and °DF is the Caputo fractional derivative of order 8, with 8 € (1/2,1]. Under the assump-
tion that A is the infinitesimal generator of a differentiable resolvent operator, the authors
prove the existence and uniqueness of mild solutions for problems (18),(19) and (18),(20)
by utilizing the Banach contraction mapping principle. Then, based on the iterative method,
they give sufficient conditions for the approximate controllability of (18),(19) and (18),(20).
As an application, an example of a Caputo fractional partial differential equation with delay
in the space X = L?(]0, 7t]) is finally addressed.

6. Fractional Differential Inclusions and Inequalities

In paper [12], the authors investigate the neutral impulsive semi-linear fractional
differential inclusion with delay and initial date

{ D s [x(t) —h(t, x(t)x)] € Ax(t) + F(t, 5(t)x), ae t €[0,b]\{t;,... tu},

Iix(t7) = x(t; ) (th), i=1,...,m, (21)
x(t) = p(t), tel-r

where v € (0,1),0 = tp < t; < ... < tyy < tyyy1 = b, r > 0, the operator A is the
infinitesimal generator of the non-compact semigroup 7 = {Y(t), t > 0} on the Banach
space E, and F : [0,b] x ® — 2F\ {¢} is a multifunction. Here, h : [0,b] x @ — E,
I :E—E i=1,...,m ¢ € 0O, and for every t € [0,b], the function »(t) : H — ©
is defined by (»(t)x)(0) = x(t +0) for & € [—r,0]. “Dj, denotes the Caputo fractional
derivative of order & and the spaces © and # are defined in the paper. They show that the
set of mild solutions to problem (21) is nonempty, compact, and an R;-set in a complete
metric space H.

/0],
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Paper [13] is focused on the Hilfer fractional neutral integro-differential inclusion with
initial date

{ DESIy() = Nt y(0)] € Ay(1) + 6 (1,y(), [ eltsy(s)) ds), £ (0,

—k)(1—e
I 9v(0) = yo,

(22)

where D 't denotes the Hilfer fractional derivative of order k and type €, with k € (0,1) and

€ [0,1], I (1 ¥117) s the Riemann-Liouville fractional integral of order (1 —k)(1—e),
and A is an almost sectorial operator of the analytic semigroup {7 (¢), t > 0} on the
Banach space Y. Here, G : [0,d] x Y x Y — 2V \ {¢} is a nonempty, bounded, closed,
convex multivalued map and N : [0,d] xY — Y and e : [0,d] x [0,d] X Y — Y are
appropriate functions. By using the Martelli fixed point theorem, the authors prove the
existence of mild solutions to problem (22).

In paper [14], the authors study the damped wave inequality

?u  9%u  du

- 7> TulP
2 52 +8t x“|ulf, t>0, x € (0,L), (23)

subject to initial boundary conditions

{ (u(£,0),u(t, L)) = ((t), (), t>0,

Jou 24
(u(O,x),at(O,x)> — (uo(x),u(x)), x € (0,L), 24)
where L > 0,0 € R, p > 1,f € L} ([0,0)), g(t) = Cot” with Cg > Oand y > —1,
and ug, u; € L([0,L]). They also investigate the time-fractional damped wave inequality

9%u 9*u dPu
— > T1al?
5w 92 T 5F =X lul’, t>0, x€(0,L), (25)

supplemented with the initial boundary conditions in (24), where « € (1,2), g € (0,1),
and % is the time Caputo fractional derivative of order «, for ¥ € {a, B}. By using the test
function method, the authors give sufficient conditions depending on the above data under
which problems (23),(24) and (23),(25) admit no global weak solutions.

7. Fractional g-Difference Equations and Systems

Paper [15] deals with the fractional g-difference equation in a Banach space E, with non-
linear integral conditions

(CD"‘Y)() f(t,y(t)), ae te [O/T]r

T
- :/0 g(s (26)
y(T) +y/(T) = /()h(sy( ) ds,

where T > 0,49 € (0,1), CDE; denotes the Caputo fractional g-derivative of order &, with
a € (1,2],and f,g,h : [0,T] x E — E are given functions satisfying some assumptions.
By using the measures of noncompactness technique and the Monch fixed point theorem,
the authors prove the existence of solutions to problem (26).

Paper [16] is concerned with the system of nonlinear fractional g-difference equations

{ (D&u)(t) + P(t,u(t), v(t
(DEV)(#) +Q(t,u(t), v(1), I&2u(t), Iv(t) = 0, t € (0,1),

~—
~
—~
g
=
c
—
—~
~—
~
&qu
-
<
—~
—
~—
~
o
—
m
—~
o
—_
~—

(27)
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subject to the coupled nonlocal boundary conditions

u(0) = Dgu(0) = ... = DI 2u(0) =0, D{u(1) = /0 1 DSv(t) dgH(t), o8
1
v(0) = Dgv(0) = ... = DJ'2v(0) = 0, D{’v(1) :/0 DSu(t) dgK(t),

where ¢ € (0,1), o, p € R, a € (n—1,n], p € (Im—1,m], n,m € N, n,m > 2,
w1,01,wy,6, >0, € [0,—1),¢& € 0,a—1),p € [0,a—1), € [0,—1). Here,
D’qf denotes the Riemann-Liouville g-derivative of order « for x € {«, B, 0, , &0, ¢}, 1]7c is
the Riemann-Liouville g-integral of order k for k € {w1, d1,w>, 9, }, P and Q are nonlinear
functions, and the integrals from conditions (28) are Riemann-Stieltjes integrals with H, K
functions of bounded variation. By applying varied fixed point theorems, the authors
obtain existence and uniqueness results for the solutions of problem (27),(28).

Finally, I would like to thank all the authors for submitting papers to this Special
Issue, and hope that their results will be useful to other researchers working in the field of
fractional differential equations.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.

References

1.

10.

11.

12.

13.

14.

15.

16.

Fedorov, V.E.; Plehanova, M.V.; Izhberdeeva, E.M. Analytic resolving families for equations with the Dzhrbashyan-Nersesyan
fractional derivative. Fractal Fract. 2022, 6, 541. [CrossRef]

Alruwaily, Y.; Ahmad, B.; Ntouyas, S.K.; Alzaidi, A.S.M. Existence results for coupled nonlinear sequential fractional differential
equations with coupled Riemann-Stieltjes integro-multipoint boundary conditions. Fractal Fract. 2022, 6, 123. [CrossRef]
Rezapour, S.; Souid, M.S.; Etemad, S.; Bouazza, Z.; Ntouyas, S.K.; Asawasamrit, S.; Tariboon, J. Mawhin’s continuation technique
for a nonlinear BVP of variable order at resonance via piecewise constant functions. Fractal Fract. 2021, 5, 216. [CrossRef]

Feng, Y.; Bai, Z. Solvability of some nonlocal fractional boundary value problems at resonance in R". Fractal Fract. 2022, 6, 25.
[CrossRef]

Duan, J.; Jiang, L.; Li, M. The mixed boundary value problems and Chebyshev collocation method for Caputo-type fractional
ordinary differential equations. Fractal Fract. 2022, 6, 148. [CrossRef]

Tudorache, A.; Luca, R. Positive solutions of a singular fractional boundary value problem with r-Laplacian operators. Fractal Fract.
2022, 6, 18. [CrossRef]

Tudorache, A.; Luca, R. Systems of Riemann-Liouville fractional differential equations with p-Laplacian operators and nonlocal
coupled boundary conditions. Fractal Fract. 2022, 6, 610. [CrossRef]

Henderson, J.; Luca, R.; Tudorache, A. On a system of Riemann-Liouville fractional boundary value problems with o-Laplacian
operators and positive parameters. Fractal Fract. 2022, 6, 299. [CrossRef]

Li, D.; Li, Y,; Chen, F. Study on infinitely many solutions for a class of Fredholm fractional integro-differential system. Fractal Fract.
2022, 6, 467. [CrossRef]

Liang, Y. Existence and approximate controllability of mild solutions for fractional evolution systems of Sobolev-type. Fractal Fract.
2022, 6, 56. [CrossRef]

Zhao, D.; Liu, Y. New discussion on approximate controllability for semilinear fractional evolution systems with finite delay
effects in Banach spaces via differentiable resolvent operators. Fractal Fract. 2022, 6, 424. [CrossRef]

Alsheekhhussain, Z.; Ibrahim, A.G.; Ali, A. Topological structure of the solution sets for impulsive fractional neutral differential
inclusions with delay and generated by a non-compact demi group. Fractal Fract. 2022, 6, 188. [CrossRef]

Bose, C.S.V.; Udhayakumar, R. Existence of mild solutions for Hilfer fractional neutral integro-differential inclusions via almost
sectorial operators. Fractal Fract. 2022, 6, 532. [CrossRef]

Sultan, A.B.; Jleli, M.; Samet, B. Nonexistence of global solutions to time-fractional damped wave inequalities in bounded domains
with a singular potential on the boundary. Fractal Fract. 2022, 5, 258. [CrossRef]

Allouch, N.; Graef, ].R.; Hamani, S. Boundary value problem for fractional g-difference equations with integral conditions in
Banach spaces. Fractal Fract. 2022, 6, 237. [CrossRef]

Yu, C.; Wang, S.; Wang, J.; Li, J. Solvability criterion for fractional g-integro-difference system with Riemann-Stieltjes integrals
conditions. Fractal Fract. 2022, 6, 554. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.






) fractal and fractional

B

Article

Analytic Resolving Families for Equations with the
Dzhrbashyan—-Nersesyan Fractional Derivative

Vladimir E. Fedorov *©, Marina V. Plekhanova 12 and Elizaveta M. Izhberdeeva !

Citation: Fedorov, V.E.; Plekhanova,
M.V,; Izhberdeeva, E.M. Analytic
Resolving Families for Equations
with the Dzhrbashyan—Nersesyan
Fractional Derivative. Fractal Fract.
2022, 6, 541. https://doi.org/
10.3390/ fractalfract6100541

Academic Editor: Carlo Cattani

Received: 2 August 2022
Accepted: 22 September 2022
Published: 25 September 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

1 Mathematical Analysis Department, Chelyabinsk State University, 129, Kashirin Brothers St.,

Chelyabinsk 454001, Russia

Computational Mechanics Department, South Ural State University, 76, Lenin Av., Chelyabinsk 454080, Russia
*  Correspondence: kar@csu.ru; Tel.: +7-351-799-7106

Abstract: In this paper, a criterion for generating an analytic family of operators, which resolves
a linear equation solved with respect to the Dzhrbashyan-Nersesyan fractional derivative, via a
linear closed operator is obtained. The properties of the resolving families are investigated and
applied to prove the existence of a unique solution for the corresponding initial value problem of
the inhomogeneous equation with the Dzhrbashyan-Nersesyan fractional derivative. A solution is
presented explicitly using resolving families of operators. A theorem on perturbations of operators
from the found class of generators of resolving families is proved. The obtained results are used for a
study of an initial-boundary value problem to a model of the viscoelastic Oldroyd fluid dynamics.
Thus, the Dzhrbashyan—Nersesyan initial value problem is investigated in the essentially infinite-
dimensional case. The use of the proved abstract results to study initial-boundary value problems for
a system of partial differential equations is demonstrated.

Keywords: fractional Dzhrbashyan—-Nersesyan derivative; differential equation with fractional
derivatives; resolving family of operators; perturbation theorem; initial value problem; initial-boundary
value problem; viscoelastic Oldroyd fluid

MSC: 34G10; 35R11; 34A08

1. Introduction

Consider the differential equation
D%z(t) = Az(t) + f(t), te(0,T], (1)

where A is a linear closed operator, which has a dense domain D 4 in a Banach space Z,
T >0,f:[0,T] — Zisagiven function. Let Df be the Riemann-Liouville integral for § < 0
and the Riemann-Liouville derivative for 8 > 0. Here D%z := D"~ ' D" 1 D{"~2 ... D{9z(t),
where ay € (0, 1], is the Dzhrbashyan—-Nersesyan fractional derivative [1]. Note that this
derivative includes as partial cases the Gerasimov—Caputo (ay = 1, k =0,1,...,n —1,
ay = o —n+ 1) and the Riemann-Liouville (v = a —n+1, ap = 1, k = 1,2,...,n)
fractional derivatives of an order «a from (n — 1, n].

In recent decades, fractional-order equations have been actively used in modeling
various complex systems and processes in physics, chemistry, social sciences, and human-
ities [2-6]. We note recent works [7-12], combining theoretical studies in various fields
of fractional integro-differential calculus and their use in real-world modeling problems,
particularly when modeling biological processes in virology, which is especially important
at present. Readers should also note the works [13,14], which consider some applied
problems with the Dzhrbashyan-Nersesyan fractional derivative.
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The initial value problem
D%z(0) =z, k=0,1,...,n—1, )
with
D%z(t) := D7 '2(t), D%z(t):= DM DD L DMZ(), k=1,2,...,n,

for Equation (1) in the scalar case (£ = R, A € R) is studied by M.M. Dzrbashyan,
A B. Nersesyan in [1]. The unique solvability theorem for such a problem with Z = R" and
a matrix A was obtained in [15]. Various equations with partial derivatives of Dzhrbashyan
and Nersesyan were studied in papers [16-21]. Problem (1), (2) with a linear continuous
operator A € L£(Z) in an arbitrary Banach space Z was researched in [22] considering the
methods used to resolve families of operators; see [23].

The results obtained in this work generalize the corresponding results of the theory of
analytic semigroups of operators solving first-order equations in Banach spaces [24,25]. We
also note the works in which the theory of analytical resolving families is constructed for
evolutionary integral equations [26], equations with a Gerasimov-Caputo [27] or Riemann-
Liouville [28] derivative, fractional multi-term linear differential equations in Banach
spaces [29], and equations with various distributed fractional derivatives [30-34].

After the Introduction and Preliminaries, in the second section of the present work, the no-
tion of a k-resolving family for homogeneous Equation (1), i.e., with f =0,k =0,1,...,n -1,
is introduced. In the third section, it is shown that the existence of k-resolving families,
k=1,2,...,n—1, follows from the existence of a zero-resolving family. In the fourth sec-
tion, a criterion of the existence of a zero-resolving family of operators to the homogeneous
Equation (1) is found in terms of conditions for a linear closed operator A. The class of
operators which satisfy these conditions is denoted as Ay, (6o, a9). Various properties
of the resolving families are investigated, and a perturbation theorem for operators from
A{ak} (60, a9) is proved in the fifth section. For problem (1), (2) with a function f, which
is continuous in the graph norm of A or Holderian, the existence of a unique solution is
obtained in the sixth section. In the last section, this result is used to prove the theorem on
a unique solution existence for an initial-boundary value problem to a fractional linearized
model of the viscoelastic Oldroyd fluid dynamics.

The theoretical significance of the obtained results lies in the fact that they give a correct
statement of an initial problem and conditions for its unique solvability for equations with
the Dzhrbashyan—Nersesian fractional derivative and with an unbounded linear operator
at the unknown function. The unboundedness of the operator in the equation makes it
possible to reduce initial-boundary value problems to various equations and systems of
partial differential equations in problems of this type.

2. Preliminaries

Let Z be a Banach space. For the function z : R — Z, the Riemann-Liouville
fractional integral of an order 8 > 0 has the form

t
(t—s)P1
]ﬁz(t) = | ——=—2—2z(s)ds, t>0.
0= [ T

For the function z, the Riemann-Liouville fractional derivative of an order & € (m — 1,m],
where m € N is defined as Dz(t) := D}*J{" “z(t), D}* := 47 Further, we use the notation
D; " := J* for a > 0; DY = J? is the identical operator.

Let {ak}g be a set of numbers ay € (0,1], k = 0,1,...,n € N. We will use the

k
denotations o := ) o — 1,k=0,1,...,n hence 0x € (—1,k — 1]. Further, we will assume
j=0

10
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that 0, > 0. Define the Dzhrbashyan-Nersesyan fractional derivatives, which correspond
to the sequence {ay };, by relations

D%z(t) := D '2(t), 3)
D%z(t) := DI DI D2 DMy (1), k=1,2,...,7. 4)

Example 1. Take « € (n—1,n], ap = a —n+1 € (0,1, ay = 1, k = 1,2,...,n, then
D%z(t) = D{ "z(t) = ] *z(t), D%z(t) := Df’lDf"”Hz(t) = Df]t”’“z(t) =
Df‘"”‘z(t), k =1,2,...,n, are the Riemann—Liouville fractional derivatives. In particular,
D%z (t) = DI'J;'*z(t) := Dfz(t).

Example 2. Ifa € (n—1,n], 0y =1, k=0,1,...,n—1, 0y, = a« —n+1, then D%z(t) :=
Dfz(t),k=0,1,...,n— 1, D%z(t) := D} "Djiz(t) := JI " *D}'z(t) :=CD¥ is the Gerasimov—
Caputo fractional derivative.

Example 3. In [23], it is shown that the compositions of the Gerasimov—Caputo and the Riemann—
Liouwille fractional derivatives Df‘Dﬁ , Df‘CDf , CDf‘Df , D¢ CD? may be presented as Dzhrbashyan—
Nersesyan fractional derivatives D" for some sequences {0y, 01, ...,0n}.

Leta € (m —1,m], m € N. Then, for a function z : R; — Z, we use Z to denote the
Laplace transform, and for too-large expressions for z as Lap|z]. In [22], it is proved that

—_— n_l
Doiz(A) = AZ(A) — Y A%~ %1D%z(0). (5)
k=0

L(Z) denotes the Banach space of all linear continuous operators on a Banach space
Z; CI(Z) denotes the set of all linear closed operators, which are densely defined in Z
and act into Z. For an operator A € CI(Z), its domain D, is endowed by the norm
|- llp, ==l Ilz + ||A- | z, which is a Banach space due to the closedness of A.

Consider the initial value problem

D%z(0) =z, k=0,1,...,n—1. (6)
to the linear homogeneous equation
D%z(t) = Az(t), t>0, (7)

where A € CI(Z), D" is the Dzhrbashyan-Nersesyan fractional derivative, associated
with a set of real numbers {a;};, 0 < ay <1,k=0,1,...,n € N,by (3), (4), 0 > 0.

A solution to problem (6), (7) is a function z € C(R; D4), such that D{*z € C(R+; Z),
k=0,1,...,n—1,D/"z € C(R4; Z), (7) holds for all t € R and conditions (6) are valid.
Hereafter, Ry := R4 U {0}.

Denote Sg, := {A € C:|arg(A —a)| <0,A #a},0 € [1/2,n],a c R, Ly :={teC:
|argt| < ¢, t # 0} for ¢ € (0, 71/2] and formulate an assertion that is important for further
considerations.

Theorem 1 ([34]). Let 6y € (t/2,t],a € R, B € [0,1), X be a Banach space, H : (a,00) — X.
Then, the next statements are equivalent.

(i) There exists an analytic function F : Xg,_ /o — X. For every 6 € (71/2,0y), there exists
sucha C(0) > 0 that the inequality ||F(t)| x < C(0)|t|~Pe™et is satisfied for all t € Tg_ /»; for
A>aF(A) =H(A).

11
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(i) H is analytically extendable on S, ,; for every 6 € (71/2,00) there exists K(0) > 0, such
that forall A € Sy ,
K(9)
H(A < —Fa—
IHWIx < 5=

3. k-Resolving Families of Operators

Definition 1. A set of linear bounded operators {S;(t) € L(Z) : t > 0} is called k-resolving
family, k € {0,1,...,n — 1}, for Equation (7), if it satisfies the next conditions:

(i) Sk(t) is a strongly continuous family at t > 0;

(ii) Sx(t)[Da] C Dy, forallx € Dy, t >0 Se(t)Ax = ASi(t)x;

(iii) For every z € D4 Si(t)zy is a solution of initial value problem D%z(0) = zj,
DYz(0) =0,1 € {0,...,n—1} \ {k} to Equation (7).

Let p(A) := {A € C : Ry(A) := (Al - A)~! € L(Z)} be the resolvent set of
operator A.

Proposition 1. Let o; € (0,1],1=0,1,...,n,0,4 > 0. Fork € {0,1,...,m — 1} there exists a
k-resolving family of operators {Si(t) € L(Z) : t > 0} for Equation (7), such that at some K > 0,
a€R,Be01)Sk(t)llgz) < Ket=P forall t > 0. Then, A% € p(A) for ReA > a,

Sk(A) = AT R\ (A) (8)
and a k-resolving family of operators for Equation (7) is unique.

Proof. Due to identity (5) and Definition 1 for arbitrary zy € D4, ReA > a A% §k(/\)zk —
A% =01z = AS(A)zp = S(A)Azy. Therefore, the operator A1 — A : Dy — Z is
invertible and equality (8) holds. Since S(A) € £L(Z) for ReA > a, we have A% € p(A).
Due to equality (8) from the uniqueness of the inverse Laplace transform, we see the
uniqueness of a k-resolving family for Equation (7). O

Proposition 2. Let o € (0,1], k = 0,1,...,n, 0, > 0. There exists a O-resolving family
{So(t) € L(Z) : t > 0} for (7), such that at some K > 0, a € R [|So(t)]|z(z) < Ket0
forall t > 0. Then, for every k = 0,1,...,n — 1, there exists a unique k-resolving family
{Sk(t) € L(Z) : t > 0}. Moreover, S(t) = J* P So(t) and ||S(t)|| z(z) < Kie"t% at some
Ky >O0forallt >0,k=1,2,...,n—1.

Proof. Since every zg € D4 \ {0} J'~%3Sy(t)zg has a nonzero limit zg as t — 0+, due
to ([29], Lemma 1) So(t)zg = 0125 /T (ap) + o(t*0~1) as t — 0+. Therefore, for every
z0 € Z, T > 05p(t)zo € L1(0, T; Z) and there are Riemann-Liouville fractional integrals
for this function.

Define for k = 1,2,...,n — 1 the families {Si(t) := J/* Sy(t) € L(Z) : t > 0}. By
this construction, it satisfies condition (i) in the Definition 1. For x € D4, t > 0

T —00 / B ! O —0p
7050 ( / T (o, —(70 So(s)Axds = AJF 7Sy (t)x,
0

since {So(t) € L(Z) : t > 0} satisfies condition (ii) in Definition 1 and the operator A is
closed. So, condition (ii) holds for {Si(t) € L(Z) : t > 0}, wherek =1,2,...,n—1.
Further, we have
t
t
/ (t —s)%k—00~ OOEanS - Ke 9T (o9 + 1)

= Kie"t%, t>0.
O'k *0’0 - F(O’k+1) !

1Skl z(2)
0

12
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For z; € D,, multiply the equality A%Sy(A)z; — A% %01z = ASy(A)z, which
follows from point (iii) of Definition 1 for k = 0 after the Laplace transform action, by A7 =%
and obtain the equality A% J[¥ S (A)zy — A% %1z = AJJT7S (A)z, ie., A% Se(A)z —
A% =%z — AS(A)zi, which means that {Si(t) € L(Z) : t > 0} is a k-resolving family
for Equation (7) due to the uniqueness of the inverse Laplace transform. Hence equality (8)
is valid and a k-resolving family of Equation (7) is unique by Proposition 1. [

Remark 1. The parameter oy in the formulation of Proposition 2 defines the power singularity of
the family {So(t) € L(Z) : t > 0} at zero. At the beginning of the proof of Proposition 2, it was
shown that we have two possibilities only: the singularity at zero has a power of oy := ag — 1 < 0,
or a singularity is absent in the case ag = 1. Due to Proposition 2, the k-resolving family
{Sk(t) € L(Z) : t > 0} has the singularity of the power oy < 0, or it is absent at zero, if 0. > 0.

Theorem 2. Leta; € (0,1],1=0,1,...,n, 0, > 0, there exist a k-resolving family of operators

{Sk(t) € L(Z) : t > 0} of (7) for some k € {0,1,...,n — 1}, such that ||S(t)||z(z) < Ke® t%

at some K > 0,a € R forall t > 0. Then, there exists a limit th%l DSy (t) = I in the norm of
-0+

the space L(Z), ifand only if A € L(Z).

Proof. Note that D%S k= A%S, = A1 (A% ] — A)~! dueto (5), Definition 1 and Proposition 1.
Hence forzy € Dy, b > a

b+ico b+ico
D%S(t)z = / AR o (A)eMzpdA =z + / ARy (A)eMAzidA.  (9)
b—ico b—ico

Since, for large enough |A|

C C
-1 1 _ 1
||)\ R/\"" (A)H[:(Z) < |)\|‘7"*‘70+“0 - |/\|¢7n+l’

we have || D%S(t)z¢]| z < KyeP.
For ReA > b

/e (DS (1) — I)dt = A% 'Ryon (A) — A1
0

Assume that 77(t) := || D%S(t) — || (z) is a continuous function on [0, 1] and #7(0) = 0.
For arbitrary € > 0, take 6 > 0, such that for all t € [0,6] (t) < ¢; therefore, due to the
inequality 7(t) < Ky + 1 for t > 0, we have

as Reld — +o0. Hence, for large enough ReA > 0 |[A% IR0 (A) —A’llHL(Z) < L
Consequently, Ryo: (A) is a continuously invertible operator, so A € L(Z).
Let A € L(Z), R > ||A\|1/"n T g := {Re? : ¢ € (—m, )}, Tor == {re™ : r

[R,00)}, T3r := {re™ : r € [R,00)}, Tg := I g UTgr UT3g. Due to equality (9), we
obtain for t > 0

)

A”n*lRW(A)—A*UHﬁ(Z) g/e*M dt+/ Hdt < A—i—o(/l\)

0

1 1 1 & AleMda
D%S, (#) = I —/)rlRa AVAMIN =T+ — [ =
S¢(t) = I+ 5 A =15 3 x5

13
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Take R = 1/t for small t > 0; then,

1
Ally 2y Al _ Gt Al gz

< —0
|Aflontd 1—to|[Allz(z)

3 o
ID%Sk(t) = Illgz) < C1 ) ),
==

ast — 04+. O

Remark 2. An analogous result of Theorem 2 is well-known for resolving semigroups of operators
for first-order equations (see, e.g., [35]). On resolving families of operators for equations, which are
solved with respect to a Gerasimov—Caputo derivative, a similar theorem was obtained in work [27].

4. Generation of Analytic k-Resolving Families

Letk € {0,1,...,n — 1}. A k-resolving family of operators is called analytic, if at some
Yo € (0,71/2] it has an analytic continuation to Xy,. An analytic k-resolving family of
operators {Sx(t) € L(Z) : t > 0} has a type (o, a9, B) at some 9y € (0,71/2], a9 € R,
B > 0, if, for arbitrary ¢ € (0,1y), a > ag, there exists C(¢,a), such that the inequality
1Skl zz) < C(yp,a)e™Re!|t| P is satisfied for all t € Zy.

Remark 3. From Proposition 2 and Remark 1 it follows that for a k-resolving family of operators
{Sk(t) € L(Z) : t > 0}, we may have p = —0y, or p = 0.

Definition 2. An operator A € CI(Z) belongs to the class Ay, 1 (00, a0), 60 € (71/2,77), a9 > 0,
ar € (0,1, k=0,1,...,n,04 >0, if:
(i) Forall A € Sg, 5, we have A7 € p(A);
(ii) For arbitrary 6 € (1t/2,6p), a > ag, there exists a constant K(6,a) > 0, such that for
every A € Sg,
K(0,a
IR (Alle(z) < [y e

If A € Ay, (00, a0), the operators

Z(t) = ﬁ [P Ry (A)eMd, £> 0, k=0,1,..n—1,
¥
are defined, where T =T Ul Ul I'y = AeC:A=a+ret rc (50)},
Tp:={AeC:A=a+de? ¢c(-6,0)},0€ (t/2,0),a > ay, > 0.

Theorem 3. Let a € (0,1, k=0,1,...,n, a0+, > 0,6y € (71/2, 7], a9 > 0.

(i) If there exists an analytic O-resolving family of operators of the type (6g — 71/2, a9, —0p)
for (7), then A € A{“k}(()o,ao).

(ii) If A € Ay (60, a0), then for every k = 0,1,...,n — 1 there exists a unique analytic
k-resolving family of operators {Sy(t) € L(Z) : t > 0} of the type (6 — 7v/2, a9, max{—0y,0})
for (7). Moreover, for t > 0,k =0,1,...,n —1S(t) = Zi(t) = J[¥ O Zo(t).

Proof. Choose R > §,

4
Tp:=|JTkr, Tir:=To, Tor:={A€C:A=a+Re? ¢gc(-6,0)}
k=1
Tap:={AcC:A=a+r® rc[§,R]}, Tyr:={AcC:A=a+re " rec|sR]},

I'r is the positively oriented closed loop,

Tsp:={AcC:A=a+r® rec[R o)}, Ter:={AcC:A=a+re ™ rec[R o)}

14
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thenT = I'srUTgrUTIR \ Iy R.

If A € A1 (80, a0), then following Theorem 1 with X = £(Z), the operators family
{Zy(t) € L(Z) : t > 0} is analytic of the type (6 — 71/2,a9, —0p), it implies point (i) of
Definition 1, and point (ii) of this definition is evidently fulfilled.

Forany 0 € (71/2,6p), a > a9, we have such a K(6,a) > 0, that for every A € Sy,

So, for k = 0,1,...,n —1, ReA > ag there exists the Laplace transforms Zk(A) =

AT =R 0, (A), JPZ (M) = A% =91BR 0, (A), B > 0, therefore, Zi(t) = J¥ Zy(t).
Forzg € Dy

CK(6,a)
£(z) = |[A—al|%’

AT —A=IR (A)H < c(

ro AT =0=IR 0 (A) H

b

-1
D Zo(t)z0 = 5

/ ADIR o (A)eM zpdA =
T

1 M 1 1
- / %zod)\ " / A Ry (A)eM AzodA = 20+ 5 / A R o (A)eM AzpdA.
T T T

Ift€[0,1,A €T\ {p€C:|u|l <2a},then

e"°K(6,a)|| Azl 2 - G

AR yen (A)eMA H .
H Al ( )6 Z0 z = |A_a|0l0|)t|17n*‘70 - |)\|‘7»1+1

Hence,
1 1 At _
— / AR o (A)eM AzpdA =
r

T B Y -1 At _
= lim — / /+/+/ AT R yon (A)eM AzgdA = 0,

'k Tor Tsr Ter

since by the Cauchy theorem

C
[

—0
R0n

/ A Ry (A)eM Azgdr =0, | / AR o (A)eMAzOdAHZ <
I'r

1—‘s,R

as R — cofors =2,5,6.
At the same time, due equality (5)

Lap[D" Zo(+)zo](A) = A%~ 1HOR 0 (A)zg — ATV 1z5 = AM IR 0, (A) Az,
forAeT\{peC:|ul <2a}

Cs o Cs
|Ajon—ootao—ar |\ |a0taztazttan

A7 Ry (A) Azo 2 <

g +ap +az+ - +ay > a9 +a, > 1, hence D/17y(0)zg = 0. Further, for every
k=23,...,n—1

Lap[D%Zy(-)zo](A) = A% =014 R 0 (A)zg — A% 071z = \%—071R, 0, (A) Azg,
forAeT\{peC:|ul <2a}
Cs G

|)\|Un717k+1x0 = |)\|”‘0+“k+1+%k+2+---+an’

H)\OkiUOilR/\Jn (A)AZOHZ S

15
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thus, D%Zy(0)zo = 0. Finally,
Lap[D"" Zo(-)zo] (A) = AT 00710 R o (A)zg — A% 07 1z5 = AAT = DTIR 6 (A) 2.

Acting on the inverse Laplace transform, we get the equality D7 Zy(t)zg = AZy(t)zo,
so {Zy(t) € L(Z) : t > 0} is a zero-resolving family of operators for Equation (7). Then,
by Proposition 2 for every k = 1,2,...,n — 1, there exists a k-resolving family of operators,
which coincide with operators J[¥~ 7 Zy(t) = Z(t). Every such family is analytic with the
type (6 — 71/2,a09, max{—oy, 0} ); see the proof of Proposition 2 and Remark 3.

If there exists a zero-resolving family with the type (6p — 77/2, a9, —0p), equality (8) at
k = 0 and Theorem 1 with X = £(Z) implies that A € Ay, 1(60,a0). O

Remark 4. Note that o, > 0, if ag + ay > 1.

Remark 5. An analogous for Theorem 3 result on the first-order equations is called the Solomyak—
Yosida theorem on generation of analytic semigroups of operators [24,25]. Previously, similar results
were obtained for evolutionary integral equations [26], differential equations with a Gerasimov—
Caputo fractional derivative [27], with a Riemann—Liouville derivative [28], for multi-term linear
fractional differential equations in Banach spaces [29], and equations with distributed fractional
derivatives [30,31,33,34].

Corollary 1. Let A € Ay, 1(00,a0), ax € (0,1], k=0,1,...,n, a0+ oy > 0,00 € (7/2, 7],
ag > 0. Then, for any zo,z1,...,2y—1 € Da problem (6), (7) has a unique solution, and it has
the form

n—1
z2(t) = ) Ze(t)zk.
k=0
The solution is analytic in X, /5.

Proof. After Theorem 3, we need to prove the uniqueness of a solution only. If problem (6), (7)
has two solutions y1, i, then the difference y = y; — y» is a solution of (7) with the initial
conditions D%y(0) =0,k =0,1,...,n — 1. Redefine y on (T, o) for any T > 0 as a zero
function. The got function yr satisfies equality (7) at t > 0 without the point T. Using
the Laplace transform obtained from Equation (7) and zero initial conditions, the equality
A%y (A) = Ayr(A). Since A € Ay, (60, a0), we have jjr(A) = 0 for A € Sg 4. Therefore,
yr = O for arbitrary T > 0, hence y = 0 on R4 and a solution of problem (6), (7) is
unique. [

Remark 6. For A € L(Z2) the k-resolving operators of Equation (7) have the form (see [22])
Z(t) = t*Eg, 5 +1(t™™A), t€Szp, k=0,1,...,n—1

Here, according to Eg ., the Mittag—Leffler function is denoted. Indeed, decomposing the
resolvent Ry, (A) in the series for large enough |A| and using the Hankel integral, we obtain these
equalities.

Theorem 4. Let A € A{ak}(()o,ao), ap € (0,1, k=0,1,...,n,a0+a, > 0,04, >2,00 €
(1t/2, 7|, a0 > 0. Then A € L(Z).

Proof. For some vy € C, such that |vy| > R, take Ay = vé/ 1 hence [Ag| > R, argAg =
argvy/oy € [—m/2,7/2], since 0, > 2. Then, Ay € Sy, 4, for sufficiently large R > 0.
Therefore, {v € C: [v| > R} C [Sgyq]™" C p(A), since A € Ay, (60, a0). Here, we use
the principal branch of the power function.

16
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So, for [v| > R%", where v = A%,

K(0,a)[A[""

HVRV(A)HZZ(Z) < |)t—€l|"‘0

and by Lemma 5.2 [36] the operator A is bounded. [

Remark 7. For strongly continuous resolving families of the equation with a Gerasimov—Caputo
derivative, such a result was proved in [27].

5. Inhomogeneous Equation
Let f € C(]0, T]; Z). Consider the equation

D%z(t) = Az(t) + f(t), te (0,T]. (10)
A solution of the initial value problem
D%z(0) =z, k=0,1,...,n—1, (11)

to Equation (10) is a function z € C((0,T];D4), such that D%z € C([0,T]; Z), k =
0,1,...,n—1, D%z € C((0,T]; 2), for all t € (0, T| equality (10) is fulfilled and condi-
tions (11) are valid.

Denote

Ryon (A)eMdA, Y —/ BRyen (A)eM R.
2m/ N dx, ABR, A, B e

Lemma 1. Let A € Ay, (6o, 40), ax € (0,1, k =0,1,...,n, a0 +ay, > 0,60y € (1/2, 7],
a9 >0, f € C([0,T];Dy). Then,

t
£ = /Z(t ) f(s)ds (12)
0

is a unique solution for the initial value problem
D%z(0) =0, k=0,1,...,n—1, (13)
to (10).

Proof. Since A € Ay, (60, a9), for sufficiently large [A[ | Ryou (A)]|z(z) < C|A|77", hence
for ReA > ag Z(A) = Rum(A), DVZ(A) = ARy (A), |Z(t)|pz) < CtT,
IDOZ(t)| gz) < Ct»=~1for t € (0,T]. Analogously, [[Ys(t)llzz) < Cton=B=1 for
te (0,T),B€R.

Further,

=C max £ ()l 227,

D%z ()| z =
1Dz, ()]2 max

/Y%(t —8)f(s)ds
0 Z

hence D?z¢(0) = 0. Define f by zero outside the segment [0, T]; then, zy = Z * f,

~

Z¢(A) = Z(A)f(A) = Raaw (A)F(A), DU1z(A) = A% Rya (A) F (M),

1Dz (1)l 2 = < C max [|f(s)[|zt™, € (0,T],

s€[0,T)

/Ygl(t ) f(s)ds
0 z

17
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D%ze(0) = 0. Repeating the analogous reasoning sequentially, we get
k=23,...,n—1D%z(A) = A%Ryu (A)F(A), [ D%z¢(1)]| p(z) < C max, £ ()| g%
selo,

~

for t € (0, T], D%z;(0) = 0, Dz (A) = A%Ryou (A) f(A).
Since f € C([0,T];Dy4), we have
Azf(A) = Za5(A) = AR (A)f(A) = A7 Ryon (A)F(A) = F(A),

so, Azg(t) = D%z¢(t) — f(t) for all t > 0. Thus, the function z satisfies equality (10). The
proof of a solution’s uniqueness is the same as for the homogeneous equation. [

Let C7([0, T]; Z) for some y € (0, 1] be the set of all functions f : [0, T] — Z, satisfying
the Holder condition:

IC>0 Vs, te0,T] |f(s)—f(B)]z <Cls—t.

Lemma 2. Let A € A{ak}(()o,ao), ar € (0,1, k=0,1,...,n, a0 +a, > 0,00 € (71/2,7],
ap >0, f € C7([0,T]; Z), v € (0,1]. Then, problem (10), (13) has a unique solution; it has
form (12).

Proof. Since A is closed,

1
AZ(t):ﬁ/ARW A)eMdn = 5 //\ "Ryon (A)eMdA = Y, (1), ¢ 0,

therefore, imZ(t) C Dy, as t — 0+ [[AZ(t)zz) = O(t™1) (see the previous proof).
Therefore, for all t,s € (0, T|
IAZ(t = 5)(f(s) = f(1))llz < Clt =],
Then

t t

/AZ(t—s)f(s)ds:/AZ(t—s)(f(s)—f(t))ds+/an(t—s)f(t)ds,
0

0 0

[ Yoult = 9)f(0)ds = = [ Do, 1t = 9)f()ds = (Yo, 1(8) = Yo, 1 (0)) (1),
0 0
Note that for any x € Dy

Y, 1(H)x = x+ Zim [ A R (A)eMAxdr = %, £ 04,

since for large enough |A| [[A" 1Ry (A)Ax||z < C||Ax|/z|A|~9"~1. At the same time, for
sufficiently large [A| A% 1R yen (A) [l £(z) < C|A|™Y; therefore, the family {Yg, _1(t) € £(Z) :
t > 0} is bounded uniformly. Since D 4 is dense in Z, for every x € Z tlir&r Yo, —1(t)x = x.

—

Thus,

t

/AZ(t —8)f(s)ds

0

< Cut" + Yo, -1 (8) = Yo, -1 (0) [ 2 1 £ (8) = F(O) | 2+
zZ
(Yo, —1(t) = Y,-1(0)) f(0) | 2
S GE+ Gl f (1) = fFO)]lz + (Yo, -1(F) — Yo, (0))f(0)||z—>0

18
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ast — 0+. Therefore, z¢(t) € Dy, zf € C([0, T]; D4).
Other arguing is the same as in the proof of the previous lemma. [

Corollary 1, Lemma 1 and Lemma 2 imply the following result.

Theorem 5. Let A € A{ak}(ﬂg,ao), ar € (0,1], k=0,1,...,n, 00+ a, >0, 600 € (71/2,7],
apg > 0,7 € (0,1], f € C([0,T];D4) UCY([0,T|; Z). Then problem (10), (11) has a unique
solution, it has the form

n—1 £
2(t) =Y Zk(t)zk—i—/Z(t—s)f(s)ds.
k=0 0

6. Perturbation Theorem

Theorem 6. Let A € A{txk}(e(),ao), ap € (0, 1], k=0,1,...,n,a0+a, > 0,60y € (7'[/2, 7'[],
a9 >0, B € CI(Z), for some B,y > 0

IBx|z < BllAx[lz + 7llxllz, x € Da C Dg, (14)

there exists q € (0,1), such that B(1+ K(6,a)) < g forall 0 € (1t/2,6p), a > ag. Then,
A+ B € Ay, (00, a1) for sufficiently large ay > ay.

Proof. Choose ! > sin"!6y, A € So1a C Sp,q for some 6 € (71/2,6y), a > ap, then from (14),
it follows that

[BRrw (A) 22y < Bl AR (A)ll£(z) + VIIRaen (A)ll£(2) <

AR (6,0) K4 (0,0)
<Bl1
<61+ Bt ) e

where K4 (6, a) is the constant from Definition 2. Note that the value

IAJ%0 1 1
_ o S L% S [0
‘/\ ll‘ 0 1 a 1 1
(-#)" (- rem)

is close to one, for a sufficiently large number [

A% 1
A —alx|Alon — &0 .
A —al®]Al (1 - 715131%) (lag sin 6 )7

is close to zero. So, for such a I, we have

K4(0,a) . vK4(0,a)
1 \% 1 \% .
(1 - lsin90> (1 - lsinGo) (lao sm QO)VW

<B(1+K(0,a)+e<g<l.

<

IBRyeu (A)llg(z) < B 1+

Therefore,
Rpon (A + B) = Ryen (A)(I = BRyow (A)) ™ = Ry (A) Y [BRyw (A)]F,
k=0
A —la| (I—1)a (I—1)a 1
il iy we [y ppe N
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&
K4(6,a) _ Kalon) (1+ 24 )
(1—q)[A — a]®[A]7n=%—T = (1 —g)|A — la]®]|A[7—o0—T"

So, A+ B € A{ak}(GO,al) with a; = lag, forall 8 € (7'[/2,9()), a>a

Ka(6,a/1) 14 1\
1—9¢g sinfy )

|Rusn (A + B)l| () <

Ka+ (9r a) =

O
Remark 8. For every B € L(Z) condition, (14) is satisfied with B = 0, v = ||B| £ z)-

Remark 9. Theorem 6 generalizes the similar theorem for generators of analytic semigroups of
operators [37]. Note that there are also analogous results for generators of resolving families for
equations with distributed fractional derivatives in [30].

7. Application to a Model of a Viscoelastic Oldroyd Fluid

Letay € (0,1, k = 0,1,...,n, a0+ a, > 1,0, € (0,2), Q C R? be a bounded
region, which has a smooth boundary 9(). We consider a fractional linearized model of the
viscoelastic Oldroyd fluid dynamics with the order N = 1 (see [38])

D%v(x,0) = vr(x), D%w(x,0) = wi(x), x € Q, k=0,1,...,n—1, (15)
o(x,t) =0, w(x,t)=0, (x1t)e€aQx(0,T], (16)

D%y = uAv+Aw—-Vp+g, (xt)€Qx(0,T], (17)
D"w=bv+cw+h, (xt)ecQx(0,T], (18)

V-v=0 V-w=0 (xt)eQx(0T] (19)

Here, T > 0, D%,k = 0,1, ...,n, are Dzhrbashyan-Nersesyan fractional derivatives
with respect to time ¢, x = (xq,xp,...,x,) are spatial variables, v = (v1,vy,...,v,) is the
fluid velocity vector, w = (w1, wo, ..., wy) is a function of memory for the velocity, which is
defined by a Volterra integral with respect to t for v, Vp = (px,, Pxy, - - -, Px,) is the pressure
gradient of the fluid, A is the Laplace operator with respect to all the spatial variables,
Av = (Avy,Avy, ..., Avy), Aw = (Awy, Aws, ..., Awy), V -0 = U1y + Vo, + -+ + Vix,
V-w = wyy + Wy, + -+ + w4y, The constants y,b,c € R and the functions g,/ : O X
[0, T] — R? are given.

Take L, := (L(Q))4, H' := (W} (Q))4, H? := (W2(Q))?. The closure of £ := {u €
(CP(Q))?: V- u = 0} in the norm of L, will be denoted by Hy, and in the norm of the
space H' by HL. We also denote H2 := H N H?, H is the orthogonal complement for H,
in the Hilbert space Ly, > : Ly — Hy, I1:= 1 — X : L, — Hj; are the projectors.

The operator B = XA, extended to a closed operator in the space H, with the domain
HZ, has a real, negative, discrete spectrum with finite multiplicities of eigenvalues, con-
densed at —oo only [39]. Denote by {A;} eigenvalues of B, numbered in non-increasing
order, taking into account their multiplicities. Then, {¢;} will be used to denote the
orthonormal system of eigenfunctions, which forms a basis in H, [39].

In order for Equation (19) to be fulfilled, take Z = H, x H, and define in Z an operator

_( uB B _ 2 2
A< bI CI)ECZ(Z), Dy =H; x HZ. (20)

Theorem 7. Let oy € (0,1, k =0,1,...,n,0, € [1,2), 4 > 0,b,c € R, Z = H, x Hy, the
operator A be defined by (20). Then, for some 6y € (77/2,7), a9 > 0 A € Agy,1 (00, a0).
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Proof. Let 6y € (7/2,7),0 € (11/2,6p), a0 > 0,a > ag, then for A € Sy,

A —al a
<1+ L <14
Al =T S sing
so,
1\
1 . ‘/\—ll"xo 1 < (l + sinf)o)
A AR A A = A af At
and instead of estimates of the form [|[Rye (A)[[£(z) < W, it will be enough to

get inequalities || R o (A)|z(z) < %

Take 68y € (71/2,71/0w), ag = (l|c|)"/%", where | > 1 is sufficiently large, then for
A€ SQo,ﬂo

O (AT — e —A
A — A = Z( _b” VRS ><'r§0k>(Pk/
k=1

o) A —¢ A
- AT AT —jiAg)—DA; (AT o) (A —jiAg) —BA
(A%] — A) 1_ Z( ( o)( ] pA)=bAr C))SV"*H/P\lkk) k )('z?k)?’l«
k=1 \ (A% —c) (A% —pAy)—bAy (A% —c)(A%m —puAy) —bAy

Since A" € Sg ;. 11| for A € Sgg 40, we have A7 —c| > (I —1)|c|sin(r — 0oy ), for
sufficiently large /, the value |[b(A%" — ¢)~!| is small enough and

ar, + b < 1(7T — 6000n)
B\HT Ao —¢ 2 0%n):
Fix 1, ag = (I|c|)*/"; then, for A € S00,a9 We have A7 € Sq ;11| C Sy, 0 and

A% — ¢

1 1
<
‘ (A% = c) (A% — pAy) — DAy

= I —0, ’
AT — Ay (y + fffc) ‘ |A|on sin =507

Ak !
_ <
'()\gn_c)()\vn_‘u)\k)—b)\k ‘(/\Un—c)()f: 7,’1/!)*[)‘
< : A =
Alon sin(7r — 6 inf |55 — ’_ b
|A|7n sin(7T — g0, keN’krés%,ao N
. 2
- )\ On g — 9 i f - ,
[A|7n sin(7t O(Tn)keN,}\réSeo,uo A
if we take [, such that
Nl . . A%
|b‘ < 5 sin” 6 Sln(7'[ Goan)keN,}\réSeo/ao Ak =
AP g |2
<2 —6 f el
<5 sin(7t — 6p0,) kEN,}\I;SQO,uO Ak H
Further, for large k € N
b <

(A% =) (A% — pAx) — bAg
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) g
o c—pr)2— c— 2_ o
A%n — ctphgty) CN V\k; B Ao — CHpAR— 4(2 w\k; £
|b] - |b|(I]c|) =t sin™" 6y
= A2 sin? (7t — 6goy) T |A|9n sin? (7T — Bgor,)”
Ao — ]/l/\k 1 < 2
(A% — ¢)(A%n — ‘u)\k) — DA | — A0 — ¢ — . bAy Ao
T — Ay
for sufficiently large /, since
sup ¢+ b <
KeNAES, e AT T HAK

Thus, A € Ay, (00,a0) with 09 € (71/2,7w/0w), ag = (I|c|)Y/o" with a chosen suffi-
ciently large | > 1. [

Theorem 8. Let ay € (0,1],k=0,1,...,n, a0 +ay > 1,0, € [1,2), g, h € C([0, T]; H2) U
C7([0, T|;Hy), v € (0,1]. Then, problem (15)—(19) has a unique solution.

Proof. Problem (15)—(19) is represented as abstract problem (10), (11) due to the above
choice of Z and A. Since we find the vector functions v(-, t) and w(-, t) with the values in
H, for every t € (0, T], instead of Equation (17), we consider its projection on H,

D%"v = yBv+ Bw+Xg, (x,t) € Qx(0,T],
In this case, the projection of Equation (18) on H,; has the form
D7"w =bv+cw+Xh, (xt)€Qx(0,T],
hence, I'Th = 0. Theorem 7 and Theorem 5 imply the required statement. [

Remark 10. If we found v(x,t) and w(x, t), we obtain the pressure gradient using the formula
V(- t) = plIAv(-, t) + ITAw(-, t) + I1f (-, t) from the projection of Equation (17) on the sub-
space H ;.

8. Conclusions

On the one hand, the results obtained will become the basis for the study of various
classes of semilinear and quasilinear equations with the Dzhrbashyan-Nersesyan deriva-
tive. It is supposed to consider cases when the nonlinearity in the equation is continuous in
the norm of the graph of the operator A and when it is Holderian. In addition, there are
plans to investigate similar equations with a degenerate linear operator at the Dzhrbashyan-—
Nersesyan derivative, linear, semi-linear and quasilinear. On the other hand, abstract
results will be used to study various initial-boundary value problems for partial differential
equations and their systems encountered in applications.
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Abstract: This paper is concerned with the existence of solutions for a fully coupled Riemann-—
Stieltjes, integro-multipoint, boundary value problem of Caputo-type sequential fractional differential
equations. The given system is studied with the aid of the Leray-Schauder alternative and contraction
mapping principle. A numerical example illustrating the abstract results is also presented.

Keywords: sequential fractional differential equations; Caputo fractional derivative; Riemann—
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1. Introduction

Coupled systems of fractional-order differential equations appear in the mathematical
models of several real-world problems. Examples include chaos and fractional dynam-
ics [1], bio-engineering [2], ecology [3], financial economics [4], etc. The topic of fractional
differential systems, complemented by different kinds of boundary conditions, has been
one a popular and important area of scientific investigation. Many researchers have con-
tributed to the development of this subject by publishing numerous articles, Special Issues,
etc. The modern methods of functional analysis areof great support in achieving existence
and uniqueness results for these problems [5,6]. For some recent works on fractional or
sequential fractional differential equations with nonlocal integral boundary conditions, we
refer the reader to a series of papers [7-13].

In the article of [14], the authors investigated the solvability of an initial value problem
involving a sequential fractional differential equation by means of fixed-point theorems in
partially ordered sets. In [15], the existence and uniqueness results for a periodic boundary
value problem of nonlinear sequential fractional differential equations were obtained by
the method of upper and lower solutions, together with the monotone iterative technique.

Now, we briefly describe some recent works on sequential fractional-order coupled
systems equipped with coupled boundary conditions. A fully coupled two-parameter sys-
tem of sequential fractional integro-differential equations with nonlocal integro-multipoint
boundary conditions was studied in [16]. The authors discussed the existence and unique-
ness of solutions for a system of Hilfer-Hadamard sequential fractional differential equa-
tions with two-point boundary conditions in [17]. The sequential hybrid inclusion boundary
value problem with three-point integro-derivative boundary conditions was investigated by
using the analytic methods relying on a-i-contractive mappings, endpoints, and the fixed
points of the product operators in [18]. The authors studied the existence and uniqueness
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X(0) =0, X'(0) =0, X'(1) =0, X(1) = k /OP V(s)dA(s) + ﬁ V() + ke / V(s)dA(s),
. = .

of solutions for an initial value problem of coupled sequential fractional differential equa-
tions in [19]. The existence results for a nonlocal coupled system of sequential fractional
differential equations involving i-Hilfer fractional derivatives were presented in [20].

The objective of the present work is to develop the existence theory for a new class of
nonlinear coupled systems of sequential fractional differential equations supplemented
with coupled, non-conjugate, Riemann-Stieltjes, integro-multipoint boundary conditions.
In precise terms, we investigate the following system:

{ (‘DI DI X (1) = §(t, X (1), V(t)), 2<q <3, t€][0,1], )

(CDPTL 45 DP)Y(t) = g(t, X (1), V(t)), 2< p <3, t€[0,1],
subject to the coupled boundary conditions:
1
0 n—2 Vl 2
=0, Y(0) =0, Y'(1) =0, Y1) = [ X($)AA(s) + 1 Bi(ep) +In | X(s)dA(s),
. = .
where D¢ denotes the Caputo fractional derivative of order ¢ € {g,p},0<p <o <v <1,
f,9:[0,1] x R x R — R are given continuous functions, k, ki, 1, hy,a;, p; € R, i=1,2,---,
n — 2 and A is a function of bounded variation.

Riemann-Stieltjes boundary conditions are quite general, since they include multipoint
and integral boundary conditions as special cases [21]. The Riemann-Stieltjes integral is a
generalization of the Riemann integral due to the Dutch astronomer T. J. Stieltjes and has
potential applications in probability theory [22]. In addition, the Riemann-Stieltjes integral
of the random variable with respect to its distribution function interprets the expected value
of random variable [23]. Moreover, the boundary conditions (2) have useful applications in
diffraction-free and self-healing optoelectronic devices. For more details, see [7].

The main emphasis in the present work is to investigate the existence criteria for
the solutions to a coupled system of nonlinear sequential fractional differential equations
equipped with multipoint Riemann-Stieltjes integral-type boundary conditions. Here, one
can see that the coupled boundary conditions relate the value of the unknown function
X (t) (Y(t)) at t = 1 with the distributions of the unknown function Y () (X' (¢)) on the
segments [0,p] and [v,1] in the sense of Riemann-Stieltjes integrals, together with the
sum of its discrete values at 0;,i = 1,2,---,n — 2. The present study is novel in the
given configuration and enriches the literature on boundary value problems of sequential
fractional differential equations.

Concerning our strategy when studying the problem (1)—(2), we use the fixed-point
approach, which is based on the idea of converting the given problem into a fixed-point
problem, followed by the application of appropriate fixed-point theorems to show the
existence of the fixed points for the operator involved in the problem at hand. We make use
of the Leray—-Schauder alternative to show the existence of a solution to the given problem,
while the uniqueness result for the given problem is derived with the aid of the contraction
mapping principle due to Banach.

The rest of this paper is organized as follows. In Section 2, we present some basic
definitions of fractional calculus and prove an auxiliary lemma concerning the linear variant
of the problem (1)—(2), helping to convert it into a fixed-point problem. Section 3 establishes
the existence and uniqueness results for the given problem, whereas Section 4 contains an
example illustrating the main results. The paper ends with a discussion in Section 5, where
some special cases and possible future works are indicated.
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2. Preliminary Material
First, we outline some basic concepts of fractional calculus [24].

Definition 1. The Riemann—Liouville fractional integral of order 9 € R (¢ > 0) for a locally
integrable, real-valued function U on —co < a < z < b < +o0, denoted by I,f U(z), is defined by

ﬁ /Hz(z — )1 (s)ds.

Here, T(-) is the familiar Gamma function.

fu(z) =

Definition 2. The Caputo derivative of fractional order ¢ for an (r — 1)-times absolutely continuous
function U : [a,00) — R is defined as

‘DPU(z) = L ] /z(z —s) U (s)ds, r—1 < O <r, r=[8]+1,

T'(r—9)Ja
where [0] denotes the integer part of the real number 9.

Lemma 1. The general solution of the fractional differential equation ‘DX (z) =0, r—1 < ¢ < r,
z € [a,b],is
X(z)=0o+ai(z—a)+oz—a)+- +o1(z—a)",

where 0; € R, i =0,1,---,r — 1. Furthermore,
DX (z —i—Zle—a

Lemma 2. Let ¢, ¢ € (C[0,1],R) and A # 0. Then the unique solution of the linear system of
fractional differential

(CDITL DX (1) = p(t), 2<q<3,t€[0,1], 3)
(“DPFH 4 DP)Y(t) = ¢(t), 2<p <3, te0,1],
supplemented with the boundary conditions (2), can be expressed in the following formulas:
/ 4
xX() = /0 e )11 p(s)ds + 2 Qi(t)&;, i=1,2,3,4, 4)
t
V) = /O 9P (s ds+27> &,j=1,234, (5)

where
& = [ Ui - 1y,
& = [0 g 1),
& = k/ / 218, pl2)dz) dA(s +erl/ ~(@=9) [P p(s)ds
+k1/ ([ 28 9z)aAe) - /0 e ()11 y(s)ds
£ = h/ / 21 p(2)dz) dA(s +Zﬁl/ )11, p(s)ds
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1 5 1
iy / ( / 20 p(2)dz)dA(s) - / e~ (1=91F p(s)ds, ©)
v 0 0
Qi(t) = (et +t—DA+ (=2 +12—2t+2)1;,i=1,2,3,4,
Pi(t) = (e '+t—1)pj+(—2e "+ —2t+2)wj j=1,234, ?)
e+ (1—e)A 1—e)A 1—e)A 1—e)A
- (2 Mo, 2)2’1/3:( 2)3,1/4:( 2)4, @)
1—e e+ (1—e 1—e 1—e
w0 = ( z)pl’ w0y = ( . )2 ws = ( 2)p3’ 05 = ( 2)P4I ©)
_ @2-er—Ame , _ Ame—Q2-¢rn , . m -2
/\l - A /AZ_ A /\ - A )\4_ A 7 (10)
_ Ame—(2-e)ys _ (2—¢)1n — Axse —73 7
p1 = A , P2 = n PP3= AT P A (11)
—e 1—e 1—e
AZW%—%%,7127,72:—141—142( 5 ),73:—143—144( 5 ), (12)
0 n—2 1
A = k/ (e‘s+s—1)dA(s)+Z(xi(e_”f+ai—1)+k1/ (e=° +5—1)dA(s),
0 i=1 v
0 n—2
Ay = k/ (—2e7 + 82— 25+ 2)dA(s) + Y a;(—2e % + 0F — 20} 4 2)
0

i=1

1
+k1/ (—2e~° + 2 — 25+ 2)dA(s),
v

n—2

Az = h/op(efs—i-s—l)dA(s)—i-Z

1
Bile % + 07— 1) +h1/ (e=5 +5— 1)dA(s),
i=1 v

0 n—2
Ay = h/ (—2e75+5% =25+ 2)dA(s) + Y_ Bi(—2¢ 7 + 07 — 20; +2)
0 i—1

+h /l(—z‘e_S 452 =25 +2)dA(s). (13)

Proof. Rewriting the first equation in (3) as *D7(D + 1) X' (t) = ¢(¢) and then applying the
integral operator Ig+ to it, we obtain

X(t) = (—e _t—f—l)cl—f—( _t-l-t—l)Cz—f—(—2€_t+f2—2t+2)C3+€_tC4
+ / ~(S 1 (s)ds, (14)

where ¢; € R, i = 1,2,3,4 are unknown arbitrary constants. In a similar manner, applying
the integral operator I” o+ to the second equation in (3), we get

V() = (e '+ Db+ (et +t—1Dby+ (=2t + 12 =2t +2)by+e by
+/Ote*(t75)lg+¢(s)ds, (15)
where b; € R, i =1,2,3,4 are unknown arbitrary constants. From (14) and (15), we have
X'(t) = efeg+(—e "+ D+ (e 42t —2)c3 —e ey
— [ () + 1), (16)
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V() = e'lbp+(—e '+ 1)by+ (2e7" +2t —2)by —e by
t
—/O eI p(s)ds + 1T, (1), (17)

Using the conditions X' (0) = 0, Y(0) =0, X’(0) = 0,Y’(0) = 0 in Equations (14)—(17),
we obtain ¢; = ¢4 = 0 and b; = by = 0. Then (14)—(17) become

X)) = (e_t+t—1)cz+(—26_t+t2—2t—|—2)C3+'/(;te_(t_s)lg+lp(s)ds, (18)
X'(t) = (—e—f+1)c2+(2e—f+2t—2)c3—/Ote—“—S)Igw(s)ds+Ig+¢(t), (19)
V() = (- (2 P2t st [ g, (0)
V() = (—e*t+1)bz+(Ze*t+2t—2)b3—/()te*(t*S)I&(p(s)ds+Ig+cp(t). (21)

Using (18)—(21) in the rest of the boundary conditions given by (2), together with
notation (13), yields

(—e P4 1)ep+2e71cs = &, (22)
(—e '+ )by +2e7103 = &, (23)
ety + (=207 F1)e3 — Ajhy — Ashs = &, (24)
e by + (2071 +1)b3 — Aszco — Agczs = &, (25)

where A;, i =1,2,3,4 are given by (13) and &;, i = 1,2,3,4 are defined by (6). Inserting the
values of ¢3 and b3 from (22) and (23) into (24) and (25), we obtain

2—e Aje
Y162 + Y2b2 = ( 5 )51 + 7252 + &, (26)
A 2-
et b = 2+ @2 g, @)

where v;, i = 1,2,3 are given by (12). Solving (26) and (27) for ¢ and b, we obtain

4 1
=) A&, ba=1) pi&;,
i=1 =

where A; (i = 1,2,3,4) and 0; (j = 1,2,3,4) are given in (10) and (11), respectively.
Substituting the values of c; and by into (22) and (23) respectively, we find that

4 4
3= ) vi&, by=) wi,
i=1 =1

where v;,i = 1,2,3,4, and wj, j =1,2,3,4 are given by (8) and (9) respectively. Inserting
the values of ¢y, c3, by and b3 in (18) and (20), together with the notation (7), we obtain the
solution (4) and (5). One can obtain the converse of this lemma by direct computation. This
completes the proof. [J

For computational convenience, we introduce the following lemma:

Lemma 3. For ¢, ¢ € C([0,1],R), we have

t 1
/()e—(t—5)13+1p(s)ds <7)(1—€_1)||1P||/

@ “TI(g+1
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! (t—s) 1 -1
[ eI p(eds| < rr e el
1
(ii) /Oe (=917 yp(s)ds gr(ql 5=l
! (1-s 1 -1
e o )s| < gy (e gl
n—2 o; 1 n—2
) JoP (1 — i
i | Lo [ e <y L e el
n—2 o;
LA f) I < gy zwa A=yl

p
1

" /op(./:e_(s_2”5+¢(z)dz)d“‘(5> <[ rprm-ea] e,

[ (et ma@i)aae) < [ [ g0 -eaae)]ivl,

(v) /Vl (/OS g*(sfz)jg+¢(z)dz)dA(s) < /1,1 F(ps:_l)(l —e*s)dA(s): ol

/V1 (/OS 618 p(2)dz)dA(s)| < /Vl r(qsil)(l—es)dA(s): el

Proof. To prove (i), we have

Lol
/0 e Vg p(s)ds

[ 55 R?)ql p(z)dz) ds

1

I'(g+1)
1

I'(g+1)

<

(1 —e)llyl
(1= e Dllpll.

<

The other cases are similar. Therefore, we omit the details. [

3. Main Results

Let (%, || - ||) be a Banach space equipped with the norm || X| = sup{|X(t)],

€ [o, 1]} where X = {X(1)|X(t) € (C[0,1],R)}. Then (X x X, ||(-,-)||) is also a Banach
space endowed with norm ||(X, V)| = || X] + ||V, X, Y € X.

By Lemma 2, we introduce an operator T : X x X — X x X defined by

= (B30 )

where
t
LX) = [ eI 2 (), (6)ds
PO [ e 0I5, X(6), D(6))ds — 505, X(5), V() (1)

+ Q] [0 o, X(5), Y (6))ds — 1,5, (), V() (1]
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(X, Y)(t)

+ Q3(t) K[ (/0 e ¢ (2, X(2), V(2))dz) dA(s)

M |

[ I s, X9, 9(6) s

i=1

+hi / ( / S 0(z, X(2), V(2))dz) dA(s)
= [ I (s, (9, 9())ds]

+Qu()[n /OP (/0 eI (2, X (2), V(2)dz ) dA(s)
+f_ifﬁi [ e e, 25), V()

i ([, 2(2), D)) dAG)

1
= [ e 0 (s, (5), 2(5))ds], 29)

/ot o s)10+9(S X(s),V(s))ds
+7’1(t){/01 =91 §(s, X(5), V(s)) S—Ig+f(s,X(s),y(s))(1)]

FPo0)] [ e 0o, X(6), V(6)ds — ol X(5),Y()(1)]

Yk Vl ( /0 i eI o(z, X (2), V(2))dz) dA(s)
eI f(s, X(s), (s) s |
s PO [C( [ e e 2 (), Y (E)dz)dAls)

n—2

FY B[ I (s, (), V() ds

i=1

i [ ([ e (), V(E)az) dAG)
_ /O t-9) 1005, X (), Y(s))ds, (30)

where Q;(t), i =1,2,3,4 and Pj(t), j=1,2,3,4 are givenin (7).

In the forthcoming analysis, we assume that f, g : [0,1] x R x R — R are continuous
functions satisfying the following conditions:

(F1) There are real constants #;,{; > 0,i = 1,2, 19, o > 0 such that

[f(t, X, V)| <o+ m|X]+ 12V,
lg(t, X, V)| < Qo+ QlX| + 22|V,

Vte [0,1],X,Y e R.
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(F2) There are positive real constants L1 and Ly, such that
If(t, X1, V1) = §(t, X2, Do) | < Li(|&) — X + [V — D)),

lg(t, X1, V1) — g(t, X2, V0)| < La(|X) — Xz| + |1 — D)),
vVt € [0,1], X1, &, M1, )2 € R;

In the sequel, we use the notation:

® = AL + ApLyp, 0= KlLl +K2L2,

M = AN + ANy, M = ANT + AN,

N = F(qa_l){(l—el)-f—(Z—e1)@14—(1—61)@3+@4{|h|/0p5q(1—€S)dA(S)

+ni2 |,[5i|(7?(1 —e %) + || /l s7(1— e_s)dA(s)} },
i=1 v

= (@ Go[ [ (- e)iA)

n—2
- ; i o (1 — %) + [y | /U1 (11— e )dA(s)| + (1-e ) Qu},

A = r(qlJrl){(Z—e1)ﬁ1+(1—e1)ﬁ3+754[|h|/0ps‘7(1—eS)dA(s)

+ T ot e+ il 10 - e aae)]

Ay, = F(Plﬂ){(l —e )+ (2—3’1)ﬁ2+733[|k| /Op sP(1—e5)dA(s)
n—2 1 ~
+ ; |¢xi\af(1 —e %) + |kq| /V sP(1— e*S)dA(s)} +(1- 671)774},

N1 = sup |f(t,0,0)] < oo, N3 = sup |g(t,0,0,)| < oo,
tefo,1] tef0,1]

where O; = sup |Q;(t)|, i=1,2,3,4and 75]' = sup |Pi(t)], j=1,2,3,4,

te[0,1] te[0,1]
Qp = (A1+A)n0+ (A2 +A2)l0,
O = (A A+ (A2 +A2)T,
D = (A1+AD)p+ (A4 A2)0p,

and

Q = max{Qy, N }.

(81)

(32)

(33)

(34)

(35)

(36)

(37)

The following result shows the existence of a solution for the coupled system (1)—(2)

and is based on the Leray-Schauder alternative [6].
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Theorem 1. Assume that the condition (F) holds and Q0 < 1, where Q) is given by (37).

Then, the problem (1) and (2) has at least one solution on [0, 1].

Proof. In the first step, it will be shown that the operator T : X x X — X x X is completely
continuous. Note that the operator T is continuous in view of the continuity of the functions
fand g. Let V C X x X be bounded. Then, we can find positive constants M; and M, such
that [f(t, X'(t), V()| < Mj and |g(t, X (1), V(t))| < My, V(X,Y) € V. Therefore, for any

(X,X) eV, wehave

T (X, Y)(B)] <

IN

IN

[ eI 156, (), V6l
HOUOI [ e 0I5, X(5), V)l + I 55, ¥(5), V)] (V)]
+|Qz()|[/1 =910 Ja(s, X (s), V() ds + I |a(s, X (5), ¥ (5)) | (1)
HaOI[IK [ ([ eI laz 2 (2), () dz)aA()
+Z|al|/ I Jg(s, X(5), V(s)lds

il [1( [ 1o (@), V() dz)dAG)
+/e<“ 921G, X (5), V(s) s

Aol [l [*( [ eI 1iz (), Y(@)ldz)dA(s)
T B e (s 200, V(6

sl ([5G, 22, (@) dAG)
[ “ugsm Y(s))lds|

1 B 1
Migr )< >+Ql[Ml—(q+1)<1—e 1>+Ml—r(q+1)]
2|:M2 671) +M2F(P1+ 1)]

+05 KM / gy MAG)

+MzZ|v<z\ of (1—e™%)

1
fp+D”
bl [ s (- e AG) My (- e )

~ n—2
+0u[mfn [ m(lfﬁ)m(s)wl L IBilof(1-¢7%)

+M; || /Vl F(psj-l)(l —e%)dA(s) + le—'(pl—i-l)(l — e_l)}

r(é‘fil){u e+ 2-e )0+ (1-e )0

~ 0 n—2
+Qu[ln] [* 71— e)aA(s) + ) [Blof(1— ™)
: i=1
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+|h1|/sff (1— e %)dA(s )}} Ot ){(z e 10,

+Q3 |k|/ sP(1—e %)dA(s Z |a;|of (1 — %)

=1

+|k1|/ sp(l—e’s)dA(s)} Y1 )Q4}

[T X,V < ArMy + A M. (38)
Similarly, we have
(X, < AiMi+AoM. (39)

Hence, (38) and (39) imply that the operator T uniformly bounded.
Now, we establish that the operator T is equicontinuous. For t1, t; € [0,1] with 1 < tp,
we obtain

T2 (2, 9)(2) = Tu(X, V) (1)

f
[ e — e I s, 20 (5), V(s))ds | +

[ e (s, (5), 9(6) s

() - () ]/ O (s, X (), V()| +

Igﬁ(s,X(S),y(S))(l)”

+[@(t2) - Qa(t) ] [ e 0 o, X (5),(6))ds| +

Ig+g(S,X(5)ry(S))(1)‘]

+]03(t2) — Q3 (1) |k|‘/ / 210 (2, X(2), V(2))dz ) dAGs)|

+ 2 |
+|k1|‘/ / (=2) 17, (Z,X(z),y(z))dz)dA(s)‘

/ I a5, X (5), V(s))ds|

+\/ ~0-917 5(s, X (s), y(s))ds\]

+]Qu(t) — Qultr) [|h|’/ / CAL 5z, X (2), V(2))dz)AAs)|

+2 0‘7" e’(”i’s)lgﬁ(s,X(s),y(s))ds’
sl [F( [0 e 2 2), D)) dAG)|
+‘/ ~(=s) g, (s),))(s))ds”

My
I'(g+1)

t (e_(tz_tl) —1—e¢ 24 e_tl) +t] (1 - e_(tz_t1)>]
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My
I'(g+1)

+[Qute2) = Qut)|[i] [ 511 - e)aA()

+ {(z —e | Qit) = Qutn)| + (1 - ™) Qs(t2) — Qs(hy)|

+

':_leﬂia?ue-”f) +Iml| [ 1sq<1e-5>dA<s>H}

M,
I'(p+1)

+]Qa(t2) — @a(t)|[IK] [ 571~ e7)dA(s)

+ {2-e|Qat) - a(t)

3

| [ 50— )daE)] + - e Qut) - Qi)

+

n—2

Y ol (1—e7%)
i=1
and

T2, D)(k2) ~ Ta(X, ) (1)

M, p(,~(ta—t1) _ 1 _ ,—t —t P11 _ ,—(ta—t1)
< T(p+1) tl(e 271 1—e"2+e¢ 1>+t2(1 e \2 1)
Fe LY @ e Y [Pi(t) ~ Prt)] + (e )| Pa(t2) — Pa(ty)
T'(g+1)

#[Patta) = Paten) | [1n] [ 71 - 1A

+|h1‘/vlsq(l—es)dA(s)H}

+

n—2
Y Biol(1—e )
i=1

M,
IF'(p+1)

#[Patta) = Pattn)|[IK] [ 571~ e)aaes)|

+

{(2 - 671)’732(1‘2) - PZ(tl)’

+ kil /Vlsm —e™)dA@)|] + (1= e )| Palt) - Pultr)]}.

_I_

n—2
Y ol (1—e )
i=1

Clearly, |T1(X,Y)(t2) — T1 (X, V) (t1)| = 0and |To (X, Y)(t2) — To(X, V) (t1)| — Oas
ty — t; independent of (X, )) € V. In consequence, the operator T(X,)) is equicontinuous.
Hence, it follows, according to Arzela-Ascoli theorem, that T (X, )) is completely continuous.

In the second step, we consider a set

U={(X,Y) € XxX|(X, V) =0T(X,V),0<0c <1}

and show that it is bounded. Let (X, )) € U, then (X,)) = ¢T(X,Y) and forany t € [0,1],
we have

X(t) =0T (X, Y)(t), Y(t) = o To (X, V)(t).

In consequence, we have
|X(8)] < Ar(no +mi| X[ +1m2|V|) + A2 (Qo + L] X[ + 22| V]),
which leads to

121 < A1(o + mll X[ + 72| V1) + Ax(Go + Gl X[+ S VI])- (40)
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Likewise, one can obtain that

IV < Ax(o + mll X[+ m2IX1) + A2 (o + Gl X[ + S2[1P1)- (41)

From (40) and (41), together with notations (36) and (37), we obtain

I+ IV < [(Ar+ Ao + (Ao + K)o + [(A1 + By + (A2 + Ra)a |1 X

+[ (A1 + A+ (A2 +R2)22] 1V,
which implies that
(X, D) < Qo+ max{ Oy + D }[(X, V)| < Qo + O (X, V)]
Thus
O

1-07

which shows that U/ is bounded. In view of the foregoing steps, we deduce that the
hypothesis of the Leray-Schauder alternative [6] is satisfied; hence, its conclusion implies

that the operator T has at least one fixed point. Thus, there is at least one solution to the
problem (1) and (2) on [0,1]. O

(X, V)] <

Our next result deals with the uniqueness of solutions for the problem (1) and (2) and
relies on Banach'’s fixed point theorem.

Theorem 2. Let the condition (F,) hold, and that
0+0<1, (42)
where ® and © are given in (31). Then, there is a unique solution to the problem (1) and (2) on [0, 1].
Proof. Let us first establish that T/, C U, where the operator T is given by (28) and
Us = {(X, V) e Xx X:[[(X, V)] <},
with ¢ > M, ©, 0 and M, M are respectively given by (31) and (32). By the

1-(0+0)
assumption (F;) and (35), for (X,Y) € U, t € [0,1], we have

it X (), V()] < [f(t, X (), Y(8) = §(£,0,0)| + [§(£,0,0)|
< LX)+ 1Y) +M < LX) + 1Y) + M < Lie+ M.

Similarly, one can show that |g(t, X' (t), Y(t))| < Lpe + N,. Taking into account (31)
and (32), we obtain

[Ty (X, V)(#)] < (A1Ly+ AsLy)e+ (AN7 + ApN7) = @e + M,

which yields
[T (X, V)] < e+ M. (43)
In a similar manner, we obtain
IT2(X, V)] < ©e+ M. (44)
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It then follows from (43) and (44) that
IT(X, V)| < (@e+ M)+ (@ + M) =(©@+0O)e+ (M+ M) <e

Consequently, TU, C U,. Next, we show that the operator T is a contraction. Using
conditions (F;) and (31), we get

||T1(X1,y1) - Tl(XZIyZ)H

sup |Tq (X1, V1)(t) — Ti (X2, D0)(1)]
te[0,1]

:
s lh
HOUOI [ e 091,56, 1), 22(5)) — I ls, Ap(5), V(o)) s

18,505, X1(5), 21 (5)) — I, (5, Xa(s), Va(s)) | (1)]

10| [ e 0|12, 0(5, 40(5), 4(5)) — I als, Aa(5), Do (5) s

|1, als, 1(5), 21 (s)) = (s, Xa(s), Y2(9)) | (1)

+Q3(1)|[IK / / e 1P (2, X (2), 1(2) — Bro(z, X (2), Da(2)|dz) dA(s)

T ol [ Bl 2009, 2060~ Bl 2209, )

Hial [F([et

4 [0 5,49, 91 (5)) — 505, Aa(s), D (5)) ]
+1Qu(H) |h|/ / 621z, X1 (2), W1 (2)) — gﬁ(z,Xz(Z),yz(Z))‘dZ)dA(S)

#5266, 91(9) = s ), (e s

([

+ [0, 49, 9405)) — B ol 4a(5), V() ]
< A1L1(||9(1 — Xl + IV — yzH) +/\2L2(||X1 — X+ |V — yzH)
= (A1L1+A2L2)(||X1—/Y2H+||y1 —y2||>

= 0% - x| + 3 - 22ll).

IN

I3 5(5, 21(5), D1(5) — I, s, Aa(s), Da(s)) | s

I.8(2,21(2), %1(2)) — I,8(2, 2(2), V2(2)) |d2)dA(s)

11.§(z, X1(2), V1(2)) — I1.§(z, xz<z>,y2<z>>]dz)dA<s>

Similarly, we can find that

To (X1, 1) — To(Xp, Y0)|| = SI[JP] |To (X1, V1) () — Ta( A, YVo)(1)]
tefo
< (K1L1 +K2L2) (||X1—X2H+|Iy1—y2||)

= Ol - X2 + Iy = »2l).
Hence we obtain

[ T(X1, 1) = T(X2, 22)) | < (@ +0) (|1 — Xal| + [|[ V1 = I,
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X(0) =0, X'(0) =0, X'(1) =0, X(1) = k /OP V(s)dA(s) + i V() + ke / V(s)dA(s),
. P .

Y(0) =0, Y'(0) =0, Y'(1) =0, Y1) = h /OP X(s)dA(s) + i BiX (o)) + I /1 X(s)dA(s).

which, in view of the condition (42), shows that T is a contraction. Thus, the conclusion
of Banach’s fixed-point theorem applies and, hence, the problem (1) and (2) has a unique
solution on [0, 1]. The proof is finished. [J

4. An Example

Example 1. Consider a coupled system of fractional differential equations

135X (t) = 3sin)(t) 3

CD26/7 +C D19/7 X t — ,

( )X () 2254t 13 + 12 13,/9+ti (45)
V16 —t2 . 24[tan 1 Y(t)| = In5

cpl7/5 4 c pl2/5 _ 271X (t t 1

(DT DT = Zgg g SO+ =) T PO

equipped with the coupled boundary conditions
1
. (46)

s+l

Here q = 19/7, p = 12/5,k = 3/16,k; = 2/175,h = 5/88,ly = 3/104, A(s) = 1+ %,
reN p=2/7v=6/70 =3/7,00 = 4/7,03 = 5/7,014 = 1/10,ap = 1/414,
a3 = 3/313,B1 = 1/3,B, = 1/41, B3 = 7/121. Clearly

1 3 3
it X0, YO = 3+ X+ Z1VI.
In5 1 1
o, X, YO) < 52+ 21X+ 51V,

and hence 19 = 1/13,11 = 3/5,12 = 3/13, o = (In5)/2,31 = 1/5,{» = 1/10. Using
(36) and (37) with the given data and v = 2, we find that (31 ~ 0.331501, Q) ~ 0.138843 and
Q = max{Qy, Oy} ~ 0.331501 < 1. Therefore, by Theorem 1, the problem (45) and (46) has at
least one solution on [0, 1].

To explain Theorem 2, we consider the following system of sequential fractional differential
equations supplemented with the boundary conditions (46):

o et an) 18 9

CORIHDEON = e ae e T e O e
—t 3 cos

(CD17/5 4° D12/5)y(t) = (t _:10) tan~ ! X(l’) + Llo (1 _|’_y|(;)(|t)|3) (9(:_—’;)1)/

t € 10,1]. Itis easy to check whether |§(t, X1, Y1) — §(t, X2, Y2)| < L1(|| X1 — 22| + [|Dh — D2]))
with Ly = 3/5and |g(t, X1, V1) — g(t, X2, I2)| < Lo([| X1 — A2 + [ Y1 — Val|) with L, = 1/10.
Additionally, ©® + © ~ 0.282351 < 1. Therefore, the hypothesis of Theorem 2 is satisfied. Hence, by
the conclusion of Theorem 2, there is a unique solution to the system (47) equipped with the boundary
conditions (46) on [0, 1].

5. Discussion

We have presented the criteria ensuring the existence and uniqueness of solutions
for a coupled system of higher-order sequential Caputo fractional differential equations
complemented with Riemann-Stieltjes integro-multipoint boundary conditions on the
interval [0, 1]. A characteristic of the method employed in the present study is its generality,
as it can be applied to a variety of boundary value problems. As a special case, our results
become associated with multipoint boundary conditions:
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St (48)

Y(0)=0,Y(0)=0,Y(1)=0 (1) = Z BiX (o
i=1

if we take k = ky = h = h; = 01in (2). In this case, the corresponding operators take

the form:

T (X, V)(t)

T(x,¥)()

eI 55, (9, 9(5)ds

FQO] [ e I 55, X(5), V) — 1,505, X(5), () (1]
+ Q[ [ I o(s, X(5), Y (6))ds — (s, X(s), V() (1]
+ st Dz/ 0(s, X(s), Y (s))ds

- [t 2 09), y<s>>ds}

+ Q41 {z Bi [ I (s, (), D (s)ds

_/01 -(1- s)[o+g(S X(S),y(s))ds],

[ eI ol X(6), V(6)s

P [ eI X(5), 260 — T, X(5), V() (1)
+Pa(8)] /Ole 1= a(s, X (s), (s))ds — I}, a(s, X (5), Y (s)) (1)
+ Pat zal/ eI, a(s, X(5), V(s))ds

[0 55, (), V()]

+ Pyt [Zﬁz e s, 25), V() ds

[0 (5, (5), V()]

In future, we plan to develop the existence theory for the multivalued analogue of the
problem (1) and (2). Moreover, the boundary value problem considered in this paper can
be studied for other kinds of derivatives, such as Hadamard, Caputo-Hadamard, Hilfer,
Hilfer-Hadamard, etc.
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G oW

Abstract: In this paper, we establish the existence of solutions to a nonlinear boundary value problem
(BVP) of variable order at resonance. The main theorem in this study is proved with the help of
generalized intervals and piecewise constant functions, in which we convert the mentioned Caputo
BVP of fractional variable order to an equivalent standard Caputo BVP at resonance of constant
order. In fact, to use the Mawhin’s continuation technique, we have to transform the variable order
BVP into a constant order BVP. We prove the existence of solutions based on the existing notions in
the coincidence degree theory and Mawhin’s continuation theorem (MCTH). Finally, an example is
provided according to the given variable order BVP to show the correctness of results.

Keywords: piecewise constant function; Mawhin’s continuation technique; variable order; resonance;
existence

1. Introduction

The initial idea of fractional calculus is taken from the powers of real or complex
numbers in the order of differentiation and integration operators. In recent decades, frac-
tional operators of variable order are appeared extensively in a vast domain of sciences
including chaotic dynamical systems, fractal theory, rheology, signal processing, mathe-
matical modeling, control theory, and biomedical applications. This range of applications
is due to the fact that fractional derivatives provide a strong tool in the mathematics to
describe the memory and hereditary properties of processes and various materials; see, for
example [1-3].

Before the variable order systems, discussion of boundary value problems with frac-
tional constant orders has attracted the attention of most researchers, and valuable findings
have been established. Various researches have been conducted to study the behaviors of
different fractional BVPs by means of some known methods such as fixed point theorems,
numerical methods, monotone iterative methods, variational methods, and etc. [4-12].

Nevertheless, in addition to numerous published papers on fractional constant order
problems, few studies on the existence theory have been done in relation to variable order
problems [13-19]. Hence, investigation of this interesting and general topic makes all our
findings worthy.
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In 1970, Gaines and Mawhin [20] introduced the theory of coincidence degree for anal-
ysis of differential and functional equations. Mawhin has made important contributions
since then, and the mentioned theory is also famous to the Mawhin’s coincidence theory.
Coincidence theory is considered as a powerful technique, especially with regard to ques-
tions about the existence of solutions for nonlinear differential equations. Mawhin’s theory
permits the use of a method based on the topological degree notion for some problems
which can be written as an abstract operator equation of the form @x = Wx, where @ is a
linear non-invertible operator and W is a nonlinear operator acting on a Banach space.

In 1972, Mawhin extended a technique to solve this operator equation in his famous
paper [21]. He assumed that © is a Fredholm operator of index zero. Then, he developed a
new theory of topological degree known as the degree of coincidence for (®, W), that is
also known as Mawhin'’s coincidence degree theory in honor of him.

A given boundary value problem is said to be at resonance if the corresponding linear
homogeneous BVP has a non-trivial solution. Many authors studied ordinary BVDPs at
resonance using Mawhin’s coincidence degree theory; we can cite some works done by
Feng and Webb [22], Guezane-Lakoud and Frioui [23], Mawhin and Ward [24], Infante [25],
and references therein.

Based on the aforementioned technique in relation to Mawhin’s method, in this paper,
we shall investigate a nonlinear boundary value problem of variable order at resonance
which takes the form as follows

Di(t) = gt p(t)), t € A,
¢(0) = ¢(T),

where A = [0,T], T € (0,0), the function u(t) : A — (0,1] is the order of the existing

derivative in the above boundary problem, CDgf)

and also g € C(A xR, R).

The important aim of this research is to investigate some qualitative properties of
solutions of the given Caputo boundary value problem of variable order (1). The main
novelty of this paper is that we use the Mawhin’s continuation technique for the first time
for proving the existence of solutions of a Caputo boundary value problem at resonance
equipped with variable order. Most papers apply this technique on the constant order
systems, while we here try to derive the necessary conditions on a variable order system.
In comparison to variable order partial systems, a linear analogue of this problem can be
observed in the framework of partial differential equation [26] and this shows another
version of such problems and specify our main contribution in this work. It is notable for
young researchers that they can implement and investigate this methods and techniques
on hidden-memory variable-order fractional problems introduced in [27,28] in the future.

The structure of the paper is organized as follows: Initially, some auxiliary definitions
and remarks are collected for recalling the required notions in Section 2. Further, in
Section 3, based on coincidence degree theory, a partition of the given interval A is applied,
and by defining the relevant piecewise constant functions, the existence results are derived
for an equivalent constant-order BVP at resonance and accordingly, for the given Caputo
BVP of variable order (1). This proof is completed in some steps. In Section 4, we give
an example to illustrate the theoretical existence theorems. The paper is completed with
conclusions in Section 5.

1)

is the variable order Caputo derivative,

2. Auxiliary Concepts

At first, some needed concepts about our study are collected from different sources.
Here, the Banach space C(A,R) consisting of continuous functions like ¢ : A — R is
equipped with the sup-norm ||¢|| = sup{|¢p(t)| : t € A}.
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Definition 1 ([29,30]). The Riemann-Liouville fractional integral (RLFI) of variable order u(t)
for the function ¢ is defined by

u 1 it _
1Y (t) = ) /0 (t— )" O-1p(s)ds, t € A, )
where I'(z) = f0°° x*~le=*dx, and the left Caputo fractional derivative (CFD) of variable order
u(t) for ¢(t) is defined by
v
1=T(u(t))

Remark 1. Notice that in (2), we have specified the variable order as the function u : A — (0,1],
while for defining RLFI, we can consider it as a function with extended values like u : A — (0, 00).

Remark 2 ([30]). When we define the variable order u as a constant-valued function in both (2)
and (3), then the variable order RLFI and CFD operators are the same as the usual RLFI and CFD
operators, respectively.

D!V (1) = [ =5 O (s)is, 1 a ©

Remark 3 ([29]). As we know, the semigroup property is satisfied for the standard RLFI operators
equipped with constant order, while it is not valid for extended case of variable orders B1(t) and

Ba(t). In other words, Iﬁl(t)( Iﬁ2 t)) (t) # Iﬁl(t T )q)( t).
To see this problem, we give the following example.

Example 1. Let A = [0,3] and ¢(t) =1, Vt € A. The variable orders of RLFI operator can be

taken as: B1(t) = %ﬂ”d Pa(t) = { ;ﬁ : g [Fll,lfi]} '

Then for all t € A, and according to Definition (2), we compute

. 2 E(t—s)P1O-1 s (5 — 7)P2(s) 1
Ig+(t)(l(/)3+(f)¢(t)) /0 ) /O ) ¢(7)drds

PO (s s (s— 1)
= | e U Tt e

[t (t—s)h)1 2 3
= | Ty

and

(t—s) B1(t)+p2(t)—1

B1(t)+pBa(t)
fos r betal O A

For t = 2, it becomes

2 (2 — 0 2 3
2O e = [ ET ot D

r1) ‘2 2
2 g2 3
= /()(E_S+§)ds
_ 7
= 3
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and

Igi(t)+ﬁ2(t)¢(t>

(s)ds

2 (2 — g)Bi(t)+p2(t) -1
ey = /O( )

NOET0
1(2-s)! 2 (2—3s)?
A ) “+A rE)

+

WO N W
N =

Hence, it is simply seen that the mentioned property is not correct for the generalized RLFI
operators with respect to variable orders.

The following expansion is key for our argument.

Lemma 1 ([31]). Let aj, a1 > 0and n =1+ [aq]. Then

"il ¢" (ay) s

D) = o) - ¥ T

k=0

Lemma 2 ([32]). Let a1, ap >0, ¢, Dﬁ‘i’ € LY(ay,ay). Then, the differential equation

1
CDZ?* (t) =0,
has unique solution
¢(t) =ro+ri(t—ay) +ra(t—ay)? + .o+ q(t—a))" ",
and we have

LD )p(t) = p(t) +ro+ri(t—ar) +ra(t —a1)* + .+ g (F—ag)" L,

4 4

suchthatn —1 < ay <mn, rj € R,j=1,2, ..,n
Furthermore, we have
DI (D) = (1),
and
ILI2)p() = I (ID)p(t) = 11729 1),

ap -1 4y

We recall some properties of variable order RLFI operator formulated by (2) which
will be used in the sequel.

Lemma 3 ([33]). Ifu: A — (0,1] has the continuity property, then for

he Cs(AR) = {h(t) € C(AR), °h(t) € C(A,R)}, 0< 6 <1,
the integral Igf)h(t) admits a finite value for all t € A.
Lemma 4 ([33]). Assume that u : A — (0, 1] has the continuity property. Then

XYn(t) € C(AR) forh € C(AR).
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Definition 2 ([34,35]). An interval | C R is termed as a generalized interval if I is either an
interval, or {a1}, or @. A finite set F is defined to be a partition of | if every x € | belongs to
exactly one and one generalized interval I in F. Finally, w : | — R is piecewise constant w.r.t F
as a partition of |, if for each I € F, w is constant on L.

The next definitions and basic lemmas from coincidence degree theory are fundamen-
tal in the proof of theorems which we will establish them later.

Definition 3 ([20,36]). Consider two normed spaces Sy and S,. A Fredholm operator of index zero
is a linear operator like ® : Dom(®) C Sy — Sy satisfying:

(@) IMG(®) C S, is closed;
(b)) dimKER(®) = codimIMG(0®) < +o.

In view of Definition 3, it is followed the existence of continuous projections ¥ :
St = Syand @ : S; — Sp such that IMG(Y) = KER(O®), KER(®) = IMG(O),
S1 = KER(©) & KER(Y), and S; = IMG(®) & IMG(®).

It is known that the restriction of ® to Dom(®) N KER(Y), which we shall represent
by @y, will be an isomorphism onto its image [20,36].

Definition 4 ([20,36]). Let © be a Fredholm operator of index zero and Q) C Sy be bounded with
Dom(®) N Q # @. Wesay W : Q — S, has the @-compactness property in Q whenever:

(H1) ®W : Q — S, is continuous, and ®W(Q) C S, is bounded,
(H2) (@y) (I —®)W : Q — Sy is completely continuous.

The next theorem entitled Mawhin’s Continuation Theorem is our main criterion in the
present study which proves the existence of solution.

Theorem 1 ([37]). Assume that Sy and Sy are two Banach spaces and Q) C Sy is an open, bounded
and symmetric set with 0 € Q). Also, assume that:

(A1) the Fredholm operator © : Dom(®) C Sy — Sy of index zero is such that
Dom(®)NQ # @,

(A2) the operator W : S — Sy is ©-compact on Q,
(A3) Yx € Dom(©®)NoQand ¥ A € (0,1],

Ox — Wx # —A(Ox + W(—x)),

where 0Q) denotes the boundary of Q) w.r.t. S;.

Then the operator equation ®x = Wx has at least one solution on Dom(®) N Q.

3. Existence of Solutions
To begin the desired analysis, we consider the following assumptions:
(AS1) Consider a sequence of finite many points {Ti}}_jsothat1 =Ty < Tp < T, = T,

k € NJ~'. For k € NJ, denote the subintervals Ay as Ay = (Ty_1,T¢]. Then
P = Ujy_; A is a partition of A.

(AS2) Letg € C(Aj x R,R) and there exists § € (0,1) such that °g € C(A; x R,R) and

I'(u;+1
there exists K > 0 with K < min{l, (T(]T;”J} so that £°|g(t,¢1) — g(t, ¢)| <
i =T

K|¢1 — 2|, for any ¢1, ¢o € Rand t € A;.

For each j € NY, the notation E; = C(A}, R) denotes the Banach space of continuous
functions ¢ : A; — R with the sup-norm ||¢||g; = SUPe 4, [p(t)].
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On the other side, consider the piecewise constant mapping u(t) : A — (0,1] w.r.t. P,
ie.,

t) = i M]‘Ij(t)
=1

where 0 < uj < 1lare real numbers, and I denotes the indicator of Aj, j € N, that is,
Ii(t) = 1ift € Ajand I;(t) = 0 otherwise. In this case, the left CFD of variable order u(f)
for ¢(t) € C(A,R), defined as (3), can be formulated as a sum of the left CFD operators of
constant orders u; € R which takes the form

=1 .1 —u —u;
cit(t) - K (t—s) k / t—s i,
Dy ¢(t) = 1}:1 /Tk TA—up) s)ds + ¢’ (s)ds. (4)

Thus, the given Caputo BVP of variable order (1) can be reformulated for each t € A;,
j € N in the following structure

=1 T (=) o)l
Z/T (rt<1iuk d”/ i i . ¢'(s)ds = g(t,¢(t)). (5)
k=1 k=1 /1

Let the function ¢ € E; be so that ¢(t) =0 on t € [0, Tj_1] and it satisfies the above
integral Equation (5). In such a situation, (5) is converted to the standard constant order
fractional differential equation (FDE) as

In accordance with above equation, for each j € N, we have the auxiliary FBVP
equipped with Caputo constant order CFD operator

{ CD%](P(t) =g(t¢(t), t€A),
¢(Ti1) = ¢(T)).

A resonance problem is a boundary problem in which the corresponding homoge-
neous BVP has a non-trivial solution. Hence, we consider the homogeneous version of the
given equivalent constant order FBVP (6) by

{ D ¢(t) =0, te A,
j—1
¢(Tj-1) = ¢(Tj).

By Lemma 2, the homogeneous constant order FBVP (7) has nontrivial solution
¢(t) = c which converts the equivalent constant order FBVP (6) to a resonance FBVP.

Aswell as, on the given subintervals, let S; = {¢ € E; :¢(t) = T+ o(t):v € Ejt € Aj}

(6)

(7)

with the norm

[lls, = ll¢llE;-

The linear operator @ : Dom(®) C S; — E; along with the operator W : S; — E; are
defined as

Olp(1)] = Dy. ¢(t), ®)

and
Wigp(t)] := g(t, ¢(t)), te A )
where
Dom(®) = {¢ €1y, p € £ and ¢(T;-1) = 9(T)).
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Then the equivalent constant order resonance FBVP (6) can be reformulated by the
equation O¢ = W¢.

The first theorem on the existence of solutions for the equivalent constant order
resonance FBVP (6) is established in this position.

Theorem 2. If the condition (AS2) holds, then the equivalent constant order resonance FBVP (6)
has at least one solution.

Proof. The proof will be followed in a sequence of claims.
Claim 1. We show that

KER(®) = {c:c € R},
and -
IMG(©) = {¢p € E; : / " (T; = )47 g (s)ds = 0}.
T
Let © (defined by (8)) be such that for t € A; and by Lemma 2, the equation @[¢(t)] =
CD;L ¢(t) = 0 has the solution ¢(t) = ¢, ¢ € R. Then
i1
KER(®) = {¢(t) =c:c € R}.
On the other hand, for v € IMG(®), there exits ¢ € Dom(®) such thatv = @¢ € E;.

By Lemma 1, for any t € A, we have

00 = 0Ty-0) + g f (-9 Moo,

Since ¢ € Dom (@), v satisfies

T .
1"(1u])/T (T; —s)" Lo(s)ds = 0.

j—1
Also, assume thatv € E i satisfies
T 1
/ (T; — )" "v(s)ds = 0.

Tj*l

Let(t) = I, v(t). Theno(t) = ‘D). ¢(t)andso¢ € Dom(®). Hence, v € IMG(©),
j=1 j-1
SO

’T/.
IMG(®) = {p €S, : /T__l(T]- — s)4 g (s)ds = 0}.

Claim 2. © is a Fredholm operator of index zero.

The linear continuous projector operators ¥ : Sy — S; and @ : E; — E; can be
considered by the following forms

T -
¥p = §(T; 1), Do(t) = (T]”]{H)J/T (T, — )" o(s)ds.
7

Clearly, IMG(¥) = KER(®) and ¥2 = VY. It follows that for any ¢ € Sy,

¢=(¢—Yo)+¥¢,
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ie,S; = KER(Y) + KER(®). A simple computation shows that KER(Y) N KER(®) = 0.
Therefore, S; = KER(Y) © KER(®). A similar argument shows that for every v € E;,
®%2p = dvand v = (v — D(v)) + ®(v), where (v — ®(v)) € KER(P) = IMG(®).

From IMG(®) = KER(®) and ®? = &, we have

IMG (®) N IMG (@) = 0.

Then, E; = IMG(@©) © IMG(®).
In this case,

dim(KER(®) = dim IMG(®) = codimIMG(®).

The obtained result shows that © is a Fredholm operator of index zero.

Claim 3. O3" = (®|pyy(e)krr(y)) " (the inverse of )|y (@) KER(Y))-
Clearly, @' : IMG(®) — S; N KER(Y) satisfies

Oy (v)(t) = I\ v(b).

Let v € IMG(®). Then

00y (v) =D, (I

T]tlv) =. (10)

Furthermore, for ¢ € Dom(®) NKER(Y), we get

Uj

0y (0(9(1))) = L), (CDT]thb(f)) = ¢(t) = (Tj-1).

Since ¢ € Dom(®) N KER(Y), we know that ¢(T;_1) = 0. Thus
03 (@(9(1))) = (1), (1)
Combining (10) and (11) shows that Oy -1 = (®|pem(@)rKER(Y)) "

Claim 4. On every bounded and open set () C S;, W is ®-compact.
Define QO = {¢ € S : ||¢[|s, < M} as a bounded and open set, where M > 0.

The proof of this claim will be done in three steps.

Step 1. ®W is continuous.

This property for ®W is derived due to the imposed conditions on the nonlinear
function g and the Lebesgue dominated convergence criterion, immediately.

Step 2. ®W(Q) is bounded.
Now, for each ¢ € Q and forall t € Aj, we have

V)OS Gy [ (7)) s

Y T Uj—
= W/T (Tj— )" g (s,9(s)) — &(s,0)|ds
T; (Tj — )" 13(5,0)|ds

N M]‘ T] ui—1_ —
<8+ gy 09 Ko
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by assuming ¢* = sup [g(t,0)|. Thus,
tEAj

[PW(P) [l < g + 1\/H<ir’].—f1 =R >0.
This shows that ®W(Q)) C E; is bounded.
Step 3. Oy ' (I — @)W : O — S; is completely continuous.
By considering the existing hypotheses in relation to Ascoli-Arzela theorem, it is
necessary that we prove two properties of the boundedness and equi-continuity for

@y (I — ®)W(Q) C Sy. Atfirst, for each ¢ € Q and forall t € Aj, we have

Oy (I - ©)Wo(t) = Oy (Wep(t) — PWg(t))

= 17, [30.00) - = [ (1= (s p(e)]
j-1 -1);

Further, for each ¢ € Q and forallt € A j» we get

O3 (1= @)Wo()] < 2 [ (1 =517 (s, p(5)) — 5(4,0)
! " T) S ST

b [ (19 g0
Iﬂ(”j) Ti !
2Ty — Tj-1)"

:= Bj.
T(uj+1) 1

< [¢" + MKT Y]
SO
|©¢! (I - ®)Wo|lg, < By,

which gives the uniform boundedness of @' (I — ®)W(Q) in S;.
To prove the equi-continuity of @\;1 (I — ®)W(Q), notice that for T 1<t <t <T;
and ¢ € Q, we get
* —0
¢ +TSMK .
I b S {/ “(ty — 5) s

|0y (I = @)W§(t2) — Oy (I - @YW(t1)| < :
r(”]) ty

h ToSMK+g* , .
DAY 7= o1 =1 LR
+/le|(t2 $)'1 — (11 — s |ds] + | Ty &5 =),

The right-hand side of above inequality tends to zeroas t; — t5. Thus, @y (I — ®)W(Q)
is equicontinuous in S1. On the basis of the Ascoli-Arzela theorem, Ly (I — ®)W(Q)) is rela-
tively compact. In accordance with the steps 1 to 3, we can follow that W is ®@-compact in ().

Claim 5. There exists € > 0 (not depending on A) so that if

O(¢) —W(g) = —A[O(¢) + W(=9)], A€ (0,1], (12)

49



Fractal Fract. 2021, 5,216

then [|¢[[s, < e. By the condition (AS2) and for each ¢ € S; satisfying (12), we get

O(p) - W(9p) = —A0(¢) — AW(—¢).
So
1 A
O(p) = mw(@ - mw(—@- (13)
By (13), and for all t € Aj, we get

P1) = 1508 W) — 12O W(—9(1),

and so we estimate
1 ! ui—1
lp(t)] < WM/le(t_S) 7 g(s,¢(s)) — g(s,0)[ds

A t u__
AR by, 9800 — (5, 0) s

Tj*l

g*(Tj—ijl)uj )\g*(T]_ijl)u]

TAFOTw 1) T AT 1)
< (k) X g
=141 "1+ T(uj+1) ¢llE;
(o AT
1+A " 1+A/) T(uj+1)
KA -Gt 80T
—= E: .
r(u]‘-i-l) ] F(uj+1)
Hence,
(Tj — Tj—1)"
< * —0 ] ]
91, < (8" + KT 5 10ls;) o=y (14)
and so .
8
< = €.
||¢||S1 = r(u]_+1) B KT—(S €
(Tj=Tj1)" -

Claim 6. There exists a bounded and open set () C S; such that

O(p) —W(¢p) # —AO(¢) + W(=9)],
forall ¢ € 0Q and all A € (0,1].

By the condition (AS2) and Claim 5, there exits € > 0 (independent of A) such that if
¢ solves
O(9) —W(p) = —A[O(9) + W(—9¢)], A € (0,1],

then [|¢[|s, < €. Consequently, if

Q={peSi:|l¢lls, <B}, (15)

then from the condition (AS2), it is immediately obtained that the set () introduced by (15),
is symmetric, 0 € Q,and SN Q= Q # @.
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Furthermore, it is obtained that

O(p) —W(¢p) # —AO(¢) - W(=9)],

forallp € 00 = {¢ € Sy : ||§[|[s, = B} and for all A € (0, 1], where B > e. This together
with Theorem 1 imply that the equivalent constant order resonance FBVP (6) has at least
one solution, and this completes the proof. [

Now, we complete our deduction on the existence property for solutions of the given
Caputo FBVP of variable order (1).

Theorem 3. Let the conditions (AS1) and (AS2) be satisfied for all j € NY. Then, the given Caputo
FBVP of variable order (1) has at least a solution in C(A,R).

Proof. We know that for all j € NY, and according to Theorem 2, the equivalent constant
order resonance FBVP (6) has at least one solution ¢; € E;. For each j € Ny, and on the
existing subintervals, define

0, te[0,T; 4],
#=1
! 4)], te A]

In such a case, ¢; € C([0, T;], R) satisfies the integral equation (5) for t € A;, which
means that ¢;(0) = 0, ¢;(T;) = @(T]) = 0 and satisfies (5) for t € A;,j € Nj. Therefore, the
piecewise function

(Pl(t)/ te A],
(Pz(t)/ t 6 AZ/
p(t) =

(Pn(t), t S ATl - [0/ T]/
is a solution to the given Caputo FBVP of variable order (1) in C(A,R). O

4. Example
Example 2. Consider the following FBVP (based on the given Caputo FBV P of variable order (1))
as follows
in¢g(t) — ¢(t) cost
D) (1) = SO , teA:=1[0,2],
{ o+ Gb( ) 5\/174_1E [ ] (16)
¢(0) = ¢(2).
Let ing — ¢ cost
sin ¢ — ¢ cos
t/ - t/ S 012 X 0/+ 7
s(t.9) = FEZED (19) € [0.2] x [0, +0)
and
7
g, t e Al = [0,1},
u(t) = 3 (17)
2

, teAy:=11,2].
In this case,

1 1
t2(singy — ¢y cost)  t2(singy — ¢pcost)

E21g(t, 1) — g1(t ¢2)| =

51+t 51+t
1 t
SL It o B
<3 1+t<\sm¢1 sin ¢o| + | cos t||¢y 4>2|)
<g| — 2|
_5<P1 ¢2|-
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By (17) and (6), on every subintervals Ay and Aj, two auxiliary constant order resonance
FBVPs are considered as

7 .
D5 (1) = SO —pt)cost
o SVt - (18)
¢(0) = ¢(1),
and ,
D2 p(4) — sing(t) — ¢(t) cost, e A,
i 9(t) 5UTT ) )
¢(1) = ¢(2).
Evidently, the condition (AS2) is satisfied for j = 1 with § = 1 and K = g, and

2 5
2 , T(uj+1) : 12
0<K= g < mm{l,m} —mm{l,l"(g)} =1

According to Theorem 2, the constant order resonance FBVP (18) has a solution like ¢; € Ey.
1 2
Next, the condition (AS2) is also valid for j = 2 with 6 = 5 and K = 5 and

[y + 1)”,,} — min {1,r(g)} = 1.

2
0<K=—-<min{l, ——
5 { (Tj = Tj-1)

According to Theorem 2, the constant order resonance FBVP (19) has a solution like @2 € Es.
Then, by Theorem 3, the given Caputo FBV P of variable order (16) has a solution as

&1 (t)/ te Al/

Pa(t), te Ay,

¢(t) =

where
0, t e Al,
o(t) =1 _
¢2(t)/ t E AZ/

and this shows the correctness of our results.

5. Conclusions

In this paper, a theoretical study was done for the given Caputo BVP of variable
order (1) at resonance. To conduct this research, we defined some generalized subintervals
as a partition of the main interval, and then on each subinterval, the piecewise constant
functions were defined. With the help of these notions, we converted the given variable-
order system to a constant-order system at resonance. In this case, we implemented the
conditions of the Mawhin’s continuation theorem for proving the existence criterion for
solutions of the corresponding BVP. Finally, an example was simulated numerically to
show the correctness of our results. This technique on a variable-order BVP is new and
determines the novelty of this work compared with other limited published papers in the
form of variable orders. In relation to next studies, we aim to work on hidden-memory
variable order systems and analyze the qualitative behaviors of their solutions such as
existence, stability, and numerical solutions.

Author Contributions: Conceptualization, M.S.S. and Z.B.; Formal analysis, S.R.,, M.S.S., S.E., Z.B.,

S.K.N., S.A. and ].T.; Funding acquisition, J.T.; Methodology, S.R.,, M.S.S.,S.E., Z.B.,, SK.N. and S.A ;
Software, S.E. All authors have read and agreed to the published version of the manuscript.

52



Fractal Fract. 2021, 5,216

Funding: This research was funded by King Mongkut’s University of Technology North Bangkok.
Contract No. KMUTNB-62-KNOW-29.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Data sharing not applicable to this article as no datasets were generated
or analyzed during the current study.

Acknowledgments: The first and third authors would like to thank Azarbaijan Shahid Madani
University.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:

BVP Boundary Value Problem

References

1.  Gomez-Aguilar, J.F. Analytical and numerical solutions of a nonlinear alcoholism model via variable-order fractional differential
equations. Phys. A Stat. Mech. Its Appl. 2018, 494, 52-75. [CrossRef]

2. Almeida, R;; Tavares, D.; Torres, D.EM. The Variable-Order Fractional Calculus of Variations; Springer: Cham, Switzerland, 2019.

3. Sun, H.G.; Chang, A.; Zhang, Y.; Chen, W. A review on variable-order fractional differential equations: Mathematical foundations,
Physical models, numerical methods and applications. Fract. Calc. Appl. Anal. 2019, 22, 27-59. [CrossRef]

4. Abdeljawad, A.; Agarwal, R.P; Karapinar, E.; Kumari, P.S. Solutions of the nonlinear integral equation and fractional differential
equation using the technique of a fixed point with a numerical experiment in extended b-Metric Space. Symmetry 2019, 11, 686.
[CrossRef]

5. Abbas, M.I; Ragusa, M.A. On the hybrid fractional differential equations with fractional proportional derivatives of a function
with respect to a certain function. Symmetry 2021, 13, 264. [CrossRef]

6. Boutiara, A.; Adjimi, N.; Benbachir, M.; Abdo, M.S. Analysis of a fractional boundary value problem involving Riesz-Caputo
fractional derivative. Adv. Theory Nonlinear Anal. Its Appl. 2022, 6, 14-27.

7. Ntouyas, S.K.; Etemad, S.; Tariboon, J. Existence results for multi-term fractional differential inclusions. Adv. Differ. Equ. 2015,
2015, 140. [CrossRef]

8. Rezapour, S.; Ntouyas, S.K.; Igbal, M.Q.; Hussain, A.; Etemad, S.; Tariboon, J. An analytical survey on the solutions of the
generalized double-order ¢-integrodifferential equation. J. Funct. Spaces, 2021, 2021, 6667757. [CrossRef]

9. Adiguzel, R.S.; Aksoy, U.; Karapinar, E.; Erhan, .M. On the solution of a boundary value problem associated with a fractional
differential equation. Math. Methods Appl. Sci. 2020. [CrossRef]

10.  Afshari, H.; Karapinar, E. A discussion on the existence of positive solutions of the boundary value problems via yp-Hilfer
fractional derivative on b-metric spaces. Adv. Differ. Equ. 2020, 2020, 616. [CrossRef]

11.  Etemad, S.; Rezapour, S.; Samei, M.E. a-ip-contractions and solutions of a g-fractional differential inclusion with three-point
boundary value conditions via computational results. Adv. Differ. Equ. 2020, 2020, 218. [CrossRef]

12. Boutiara, A.; Etemad, S.; Hussain, A.; Rezapour, S. The generalized U-H and U-H stability and existence analysis of a coupled
hybrid system of integro-differential IVPs involving ¢-Caputo fractional operators. Adv. Differ. Equ. 2021, 2021, 95. [CrossRef]

13.  Zhang, S.; Hu, L. The existence of solutions and generalized Lyapunov-type inequalities to boundary value problems of
differential equations of variable order. AIMS Math. 2020, 5, 2923-2943. [CrossRef]

14. Sousa, ].V.d.C.; de Oliveira, E.C. Two new fractional derivatives of variable order with non-singular kernel and fractional
differential equation. Comput. Appl. Math. 2018, 37, 5375-5394. [CrossRef]

15. Benkerrouche, A.; Souid, M.S.; Etemad, S.; Hakem, A.; Agarwal, P.; Rezapour, S.; Ntouyas, S.K.; Tariboon, J. Qualitative study
on solutions of a Hadamard variable order boundary problem via the Ulam-Hyers-Rassias stability. Fractal Fract. 2021, 5, 108.
[CrossRef]

16. Kaabar, M.K.A.; Refice, A.; Souid, M.S.; Martinez, F.; Etemad, S.; Siri, Z.; Rezapour, S. Existence and U-H-R stability of solutions
to the implicit nonlinear FBVP in the variable order settings. Mathematics 2021, 9, 1693. [CrossRef]

17.  Zhang, S.; Hu, L. Unique existence result of approximate solution to initial value problem for fractional differential equation of
variable order involving the derivative arguments on the half-axis. Mathematics 2019, 7, 286. [CrossRef]

18. Zhang, S.; Li, S.; Hu, L. The existence and uniqueness result of solutions to initial value problems of nonlinear diffusion equations
involving with the conformable variable derivative. Revista de la Real Academia de Ciencias Exactas Fisicas y Naturales Serie A
Matematicas 2019, 113, 1601-1623. [CrossRef]

19. Bouazza, Z.; Etemad, S.; Souid, M.S.; Rezapour, S.; Martinez, F.; Kaabar, M.K.A. A study on the solutions of a multiterm FBVP of

variable order. J. Funct. Spaces 2021, 2021, 9939147. [CrossRef]

53



Fractal Fract. 2021, 5,216

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.

32.
33.

34.

35.

36.

37.

Gaines, R.E.; Mawhin, J.L. Coincidence Degree and Nonlinear Differential Equations; Lecture Notes in Mathematics; Springer:
Berlin/Heidelberg, Germany, 1977.

Mawhin, J. Topological degree and boundary value problems for nonlinear differential equations. In Topological Methods for
Ordinary Differential Equations; Furi, M., Zecca, P., Eds.; Lecture Notes in Mathematics; Springer: Berlin/Heidelberg, Germany,
1993; Volume 1537.

Feng, W.; Webb, ].R.L. Solvability of three point boundary value problems at resonance. Nonlinear Anal. Theory Methods Appl.
1997, 30, 3227-3238. [CrossRef]

Guezane-Lakoud, A.; Frioui, A. Third order boundary value problem with integral condition at resonance. Theory Appl. Math.
Comput. Sci. 2013, 3, 56-64.

Mawhin, J.; Ward, J.R., Jr. Periodic solutions of some forced Lienard differential equations at resonance. Archiv. Math. 1983, 41,
337-351. [CrossRef]

Infante, G.; Zima, M. Positive solutions of multi-point boundary value problems at resonance. Nonlinear Anal. Theory Methods
Appl. 2008, 69, 2458-2465. [CrossRef]

Umarov, S.; Steinberg, S. Variable order differential equations with piecewise constant order-function and diffusion with changing
modes. Z. Anal. Thre Anwendungen 2009, 28, 431-450. [CrossRef]

Zheng, X.; Wang, H. A hidden-memory variable-order time-fractional optimal control model: Analysis and approximation. SIAM
J. Control Optim. 2021, 59, 1851-1880. [CrossRef]

Lorenzo, C.F; Hartley, T.T. Initialization, conceptualization, and application in the generalized (fractional) calculus. Crit. Rev.
Biomed. Eng. 2007, 35, 447-553. [CrossRef] [PubMed]

Samko, S.G. Fractional integration and differentiation of variable order. Anal. Math. 1995, 21, 213-236. [CrossRef]

Samko, S.G.; Ross, B. Integration and differentiation to a variable fractional order. Integral Transform. Spec. Funct. 1993, 1, 277-300.
[CrossRef]

Kilbas, A.A.; Srivastava, H.M.; Trujillo, J.J. Theory and Applications of Fractional Differenatial Equations; North-Holland Mathematics
Studies, 204; Elsevier Science B.V.: Amsterdam, The Netherlands, 2006.

Podlubny, 1. Fractional Differential Equations; Academic Press: San Diego, CA, USA, 1999; Volume 198

Zhang, S.; Sun, S.; Hu, L. Approximate solutions to initial value problem for differential equation of variable order. J. Fract. Calc.
Appl. 2018, 9, 93-112.

An, J.; Chen, P. Uniqueness of solutions to initial value problem of fractional differential equations of variable-order. Dyn. Syst.
Appl. 2019, 28, 607-623.

Zhang, S. The uniqueness result of solutions to initial value problems of differential equations of variable-order. Revista de la Real
Academia de Ciencias Exactas Fisicas y Naturales Serie A Matemdticas 2018, 112, 407-423. [CrossRef]

Mawhin, J. Topological Degree Methods in Nonlinear Boundary Value Problems; CBMS Regional Conference Series in Mathematics;
American Mathematical Society: Providence, RI, USA, 1979; Volume 40.

O'Regan, D.; Cho, Y.J.; Chen, Y.Q. Topological Degree Theory and Application; Chapman and Hall/CRC: Boca Raton, FL, USA, 2006;
Volume 10.

54



) fractal and fractional

B

Article

Solvability of Some Nonlocal Fractional Boundary Value
Problems at Resonance in R"

Yizhe Feng *

Citation: Feng, Y.; Bai, Z. Solvability
of Some Nonlocal Fractional
Boundary Value Problems at
Resonance in R". Fractal Fract. 2022,
6,25. https://doi.org/10.3390/
fractalfract6010025

Academic Editor: Rodica Luca

Received: 12 December 2021
Accepted: 31 December 2021
Published: 1 January 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Zhanbing Bai **

College of Mathematics and System Science, Shandong University of Science and Technology,
Qingdao 266590, China; yzfeng2021@163.com

* Correspondence: zhanbingbai@163.com

1 These authors contributed equally to this work.

Abstract: In this paper, the solvability of a system of nonlinear Caputo fractional differential equations
at resonance is considered. The interesting point is that the state variable x € R” and the effect of the
coefficient matrices matrices B and C of boundary value conditions on the solvability of the problem
are systematically discussed. By using Mawhin coincidence degree theory, some sufficient conditions
for the solvability of the problem are obtained.

Keywords: coincidence degree theory; four-point boundary value problem system; at resonance

1. Introduction

In partial differential equations theory, multipoint boundary conditions are those
which the solutions of multiple-parameter differential equations should satisfy. In recent
decades, more and more mathematicians turned their attention to nonlinear boundary value
problems (BVPs) in resonance cases and non-resonance cases. For some non-resonance
cases, we recommend readers to [1-4], and for resonance cases to [5-12] and the references
therein. In [8], Feng first obtained the existence of one solution of semilinear three-point
BVPs at resonance by making use of the coincidence degree theory of Mawhin. Then, as
an extension of [8], Ma [9] first developed the upper and lower solution method to obtain
some multiplicity results. Motivated by [9], Bai [6] researched a four-point boundary value
problem, and proved the existence and multiplicity results by making use of the method of
upper and lower solutions established by the coincidence degree theorem. Subsequently,
various boundary value conditions were studied.

V.A. Il'in and E.I. Moiseev in [1] studied Sturm-Liouville operator of the first kind
of nonlocal boundary value problem, which originated from the famous work of A. V.
Bitsadze and A. A. Samarskogo [3]: In the Euclidean n-dimensional space with orthogonal
Cartesian coordinates x1, Xy, ..., Xy, the elliptic linear differential equation on the (n — 1)
-dimensional piecewise smooth Lyapunov surface is transformed into a nonlocal problem
of an ordinary differential equation when solving a partial differential equation by the
separation of variables method. When the state variable is #n-dimensional, consideration of
the general fractional model will naturally involve the model of the problem considered in
this paper.

To our best knowledge, before P.D. Phung [13], almost all articles on resonance BVPs
were focused on a single second-order equation with the dimension of Ker L € [0,2]. For a
second-order equation boundary value problem system with x € R", the dimension of Ker
L will be between 0 and 2#; it will not be as easy as dim Ker L = 1 to establish projections
Q for matrices B and C with different properties. For the case of n = 2, Zhang in [12]
considered a three-point BVP at resonance for nonlinear fractional differential equations:

& u(t) = f(t,0(t), Dy Mo(t), 0<t<1,
DS o(t) = g(t,u(t), DS u(r), 0<t<1,
u(0) =v(0) =0, u(l)=oc1u(nm), o(1)=00(np),
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and obtained two existence results using the coincidence degree theory. In [13]. P.D. Phung
first researched the following resonant three-point BVPs in R":

x”(t) :f(t,x,x,), te (0,1),
X(0) =06, x(1)=Ax(n),

where 0 is an n-order zero vector, the matrix A satisfies one of the following conditions:

A? = [ ( stands for n — order identity matrix),
A2 = A.

In [14], P.D. Phung removed the restriction on matrix A and studied the solvability of the
same problem as in [13]. Then, P.D. Phung [15] used similar methods to study the following
three-point boundary conditions in the fractional differential equations at resonance:

D%x(t) = f(t,x(t), D" x(t),
x(0) =6, D*'x(1) = AD* x(n).

Recently, the solvability of integer or fractional differential equations with a wide range
of boundary value conditions at resonance in R" has been researched. We direct readers
to [13-21] for details.

For nearly a decade, the resonant boundary value problem with n equations has been
studied by an increasing number of mathematicians. However, we found that the following
two problems have not been addressed. First, Zhang in [12] studied the resonance boundary
value problem of two equations, but used the same boundary value conditions for different
state variables u and v, so the study was similar to that of a single equation and could
not be easily extended to the case of n dimensions. Therefore, in this study we consider
the characterization of different constraints on different state variables, in other words,
we introduce matrices to control the constraints on state variables so that the expression
of the equation can be richer. However, other works [13-16,20,21] under the condition
of zero boundary value (similar to #(0) = 0) studied n equations of the problem. Gupta
in [10] proposed that many multi-point boundary value problems can be transformed
into four-point boundary value problems under certain conditions, so studying four-point
BVPs is more meaningful. The four-point boundary value condition does not contain zero
boundary value, which makes the structure of irreversible operators and the construction
of projection P and Q more complicated than that of three-point BVPs. Therefore, it is
more meaningful to introduce a matrix to study four-point boundary value problems
in mathematics.

Motivated by the above ideas, we consider the following fractional-order equations
with a new boundary value condition in R":

Dy, u(t) = f(t,u(t),“Dgi'u), te(0,1), (1)
u(0) = Bu(g), wu(1) = Cu(n), ()

where 0 < 77, < 1,1 < a < 2; B, C are two n-order nonzero square matrices, ‘D .

represents the Caputo differentiation, and f : [0,1] x R¥" — R" satisfies Carathéodory

conditions. In this situation, Ker L may become a polynomial set with vector coefficients

and the construction of projectors will be somewhat complex. We say f : [0,1] x R?* — R”"

satisfies Carathéodory conditions, that is,

(A1) f(-,u,v) is measurable on [0,1] for all (u,v) € R" x R".

(A2) f(s,-, ) is continuous on R" x R", for a.e. s € [0,1].

(A3) The function gy (t) = SUP (o)W |f(s,u,v)| is Lebesgue integrable on 0 < s < 1 for
all compact set W C R" x R".

56



Fractal Fract. 2022, 6, 25

The problem in (1) and (2) is in resonance, meaning that the following linear homoge-
neous boundary value problem has nontrivial solutions:

D u(t)=6, 0<t<l, 3)
u(0) = Bu(¢), u(l) = Cu(y). (4)

By (3), there is u(t) = c1 + cat, ¢1, ¢ € R". Combining with (4), we can get the following
equations:

(I=5C)er+ (I =C)ea =9,
—¢Bc1+ (I —B)cy = 6.

Clearly, the resonance condition is

I—-ynC I-C

—¢B I-B =0

i~

From the calculation formula of block matrix determinant, we can know that A = 0 if and
only if

(1= yC)(I - B) + EB(1 - C)| = 0. 6)
Condition (5) can be divided into three cases:
Case(1)B#I1,C# 1, |(I—nC)(I—B)+¢B(I-C)| =0;
Case(2)B=1,|I-C|=0;
Case (3)B#1,C=1,|I—B|=0.

The paper is organized as follows. In Section 2, we state several notations and defini-
tions. In Sections 3 and 4, two main theorems (see Theorem 2 and 3) are established for
the solvability of problem (1) and (2) under resonance cases (1) and (2), respectively. It
is worth mentioning that, inspired by [14], in Section 4, we remove the restriction on the
matrix C, and give the existence theorem of the solution of the problem only under the
most basic resonance conditions (refer to case (2)).

2. Preliminaries

First, we recall some related definitions and lemmas of fractional calculus; we refer
the readers to [22] for more properties.

Definition 1. The a—order (x > 0) Riemann—Liouville fractional integral of function u is de-
fined as

1/t u(s)
x —
10+u(t) - 1—-(“) /0 (i’ — 5)1,0( ds, (6)
and the right side of the equation is defined at (0, 00).

Definition 2. The a—order (« > 0) Caputo fractional derivative of function u : Ry — R is
defined as
1 tou(m(s)
Cpu _ n—amn —
D, u(t) = 2 D"u(t) = =) /0 el @)

as long as the right side of the equation is defined at (0, c0).

Lemma 1 ([22]). Ifu € C"~1(0,1) N L[0, 1], then the fractional differential equation
“Dj,u(t) =0 (8)

has a unique solution

u(t) = i: ”“ifo) i ©)
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The following lemma is also very important for subsequent research.

Lemma 2 ([22]). Leta > 0andn—1 < a < n.

(1) Leta > 6 > 0and u be a continuous function, then
CDE,I§ u(t) = 15 u. (10)
(2)  Let u be an absolute continuous function of n — 1 times differentiable, then

D'u(0) i
1! ’

n—1
I8 Dy u(t) =u(t) - Y, (11)
i=0

Let X, Y be two Banach spaces, we call L : dom L C X — Y a Fredholm mapping of
index zero if
(E1) Im L is closed in Y and has codimension of finite dimension;

(E2) Tthe dimension of Ker L is equal to the codimension of Im L.

If L satisfies (E1) and (E2), then there will be two projectors Q : Y = Y, P : X — X
satisfies Ker Q = Im L, Im P = Ker L. Therefore, we can get the straight-sum decomposition:
Y=ImL&ImQ,X=KerL & Ker P. Here, by Kp we denote the inverse of L|ker prdom L :
Ker PNdom L — Im L and by Kp o := Kp(Id — Q) the generalized inverse of L.

We call N L-compact on ) (Q) is an open bounded subset of X with dom L N Q) # @,
when it satisfies
(F1) QN(Q) is bounded;

(F2) Kp(Id — Q)N : Q3 — X is completely continuous.

Theorem 1 ([23]). Let L be a Fredholm operator of index zero and N(Q)) be L-compact. Suppose
the following conditions are satisfied:

(i) Lu # ANuforallx € 00N (dom L\ Ker L) and 0 < A < 1;

(ii) Nu ¢ Im L forall x € 0O NKer L;

(iii) deg(J QN |qrkerr Ker LNQY, 0) # 0, where J : Im Q —Ker L is an isomorphism, and
Q : Y — Y is a projection as above.

Then, the equation Lu = Nu has at least one solution in dom L N Q.

By [Ju|| = max{||u||c, ||CDS;1u||oo} we denote the norm of space X = C!([0,1];R"),
where ||-||c is the maximum norm. Additionally, by ||y||; we denote the Lebesgue norm of
Y = L1([0,1];R"). Set

Xy :={u:[0,1] — R" | u € C*([0,1;R")}.
Then, define map L : dom L — Y by setting
dom L = {u € Xy : u(0) = Bu(g), u(l) = Cu(y)},

foru € dom L,
Lu :=“D§, u. (12)

3. Existence Results for Case (1)

Now, we show the solvability of BVP (1), (2) when B # I, C # I, |(I —nC)(I — B) +
¢B(I — C)| = 0. Furthermore, suppose the matrices B, C satisfy the following conditions:
(H1) I — B is reversible;

(H2) (nC — 1)&*~! — y*C + I is reversible;
H3)I-yC+&(I-C)(I-B)"'B=0,
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where O is an n-order zero matrix. From (12) we can know
Ker L = {cat + Cocp, ¢ € R},
where Cy = &(I — B) !B, and from (H3) we have (I — C)Cy = (yC — I). Let
(=) 1 I-C)I-B) 'B=(n—s)*1C+(1—s)*"1, 0<s<¢;
1

G(s) =< —(n—s)*1C+(1—s)* 1], <s<um;
(1—s)71], n1<s<1,

then
ImL= {y ey ’ 1"(1¢x)/ol G(s)y(s)ds = 9}.

Define a mapping Q : Y — Y as

1
Q=" [ Gl)y(s)ds, (13)

where
v=af{(yC— D —y*C+1}71

Lemma 3. The operator L is a Fredholm operator with an index of zero.

Proof. Fory € Y, Vt € [0, 1]

Q) =7 [ Gy
= T{(c - D&t =y C+ Q)
= Qu(t),

so linear operator Q is a continuous projector. For y € Im L, one has Qy(f) = 6; this shows
that y € Ker Q. In fact, Im L = Ker Q.

Lety € Y and it is easy to verify y — Qy € Im L. Thus, Y =Im L + Im Q. For every
y € Im Q have the form y = ¢, c € R". At this time, if y € Im L, then y = 6. Hence, Y =Im

L & Im Q. Combine with codim Im L = dim Im Q = dim Ker L, so L satisfies (E1) and (E2),
and the index of the Fredholm operator L is zero. []

Define another projector P : X — X by
Pu = u' (0)t + Cou (0). (14)
For v € Ker L, one has
o(t) = cot + Coca, c2 € R,

and
Pu(t) = cpt + Cocp = v(t).

This shows that v € Im P. Conversely, for every v € Im P, there is x € X such that
v(t) = Px(t). Thus,
o(t) = Px(t) = x (0)t + cox (0) € KerL. (15)

Hence, Ker L = Im P. Clearly, X = Ker P @ Ker L. In fact, Ker P N Ker L = {6}.
Define a mapping Kp : Im L — Ker P N dom L as

Kpy(t) = (I —B) 'BI§, y(&) + 1§, y(t), 0 <t < 1. (16)
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Lemma 4. Kp is the inverse of the mapping L|ker pndom L 41d

IKpy|l < D|lyll1, (17)

where D = 1+ ¢||(I — B)~'B||, |||+ stand for the max-norm of matrices.

Proof. Lety € Im L. It is clear that Kpy(0) = BKpy(¢) and Kpy(1) = CKpy(#), such that
Kpy € dom L. Furthermore

PKpy(t) = (Kpy) (£)]i=ot + co(Kpy) ()] 1= = 6. (18)

This shows that Kpy € Ker P. So, the definition of Kp is reasonable.
For u € Ker P N dom L, from (11), one has

KpLu = (I — B)"'BI§,. D§, u(&) + I§,*DE  u(t)
= (1-B)"'B[u(g) — u(0) — ' (0)¢] — I((0) — u(t) + ' (0)¢)
= U.

Conversely, for y € Im L, one has LKpy = y. Thus, Kp = (L|qom 1nKer P) -
Again, since

1D (Kpy) () lleo = [I(1 = B) ™' BIg, y(&)lloo + [ 14 y(8)lleo

< 1+l = B) 7Bl lly(6)]1,

combining with (16), one has
D
[e] g T/ -\ .

Kyl <

Thus, we have ||Kpy|| < Dlly|:. O
Define an operator N : X — Y by
Nu(t) = f(t,u(t),"D§ tu(t)), 0 <t < 1. (19)

Lemma 5. N is L-compact.

Proof. We divide the proof into two parts. The first part is bounded continuous. The
second part is completely continuous. Indeed, for f (t,u(t),CDg‘J:lu(t)), there exists a
function gy (f) : R — Y's.t. foreveryu € W C Xandae. 0 <t <1

£ (t,u, "Dy ) [[oo < gw- (20)

Combining with (13), one has

1Qyllx < IG() Il vl (21)

where
7« = all{(nC = Dg* 1 —y*C+ 1} 7.,

IG(s)ll = (1 + [IClls + [[(I = C)(I — B)"'B|[.)-
Thus, QN (W) is bounded. Obviously, QN (W) is continuous.
Forallu € W C X, one has
KpIQNM ZKP(I — Q)NM
—(1— B) 'BI§, Nu(&) + I§, Nu(t) — (I - B) 'BIf, ONu(?) — 1§, ONu(t)
=(I- B)_1B13‘+Nu(§) + Ig Nu(t)
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- rzx){g“(m - B)—lB/O1 G(s)Nu(s)ds + * /01 G(s)Nu(s)ds}. (22)
‘D 'KpoNu =D 'Kp(Id — Q)Nu = I, Nx(t) — 9T (a + 1)1&/01 G(s)Nu(s)ds. (23)
Combining (20), (22), and (23), we have
|Kp,oNu(t)| <(1+[[(I—B)~"B|.)[INul)y

P - By B I LN,

CDé‘Ile,QNM(f)‘ S A+ T(a+ DY NG) ) [ Null1-

That is, Kp g Nu(W) is uniformly bounded in X. Now we only need to prove Kp o Nu(W)
is equicontinuous in X to end the proof of Lemma 5. For 0 < t; < t; < 1, one has

|Kp,oNu(t2) — KpoNu(t)|

< 1_.(10() /tltZ (t, — S)ailNu(S)dS + /Otl((tz — s)”‘*l — (- S)“fl)Nu(s)ds
+ iy 1CON INulalss — 6

< ([ Gt g s+ [ qwionas)

v .
+ ol (a) ||G(s)||*||gw(t)||1\t2 t1|,

and
ta
"Dy KpoNu(t2) — “Di; 'KpoNu(t)| < [~ gw(s)ds +7G(s)|l lgw(®) 1tz i
1

Thus, Kp o Nu(W) is equicontinuous in X. In summary, N is L-compact. [

We will use the following assumptions:
(M1) Forallt € [0,1], x,y € R", there exist three functions a1, by, c € Y, s.t.

(1 +leollx + D) (llaally + [b1]l1) <1, (24)

and

(&2 y)| < ar(®)]x] + b (E)]y| +c(b), (25)

where D is the constant given in (17).
(M2) For u € dom L, if there exist oy € R, s.t.

DY u(v)| > oy, W € [0,1],

then
c/O"(;y — ) F (v, u(v), DT Mu(v) )dv

- 1/0'1(1 — $)* L f(v, u(v)dv, DS u(v))dv € Im (I - C).
(M3) Let q(t) := (tI + Cy), Co = &(I —B)~'B,and

g(t)T = (91, .., qn)T, gi € R.
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If there exist 0, € Ry, s.t. Vt € [0,1],
lgi| > on, VT EeR", i=1,..,n,

then either
(q(t)T, QN(q(t)7)) < 0o0r (q(t)T,QN(q(t)T)) = 0, (26)

(-, -) stands for the scalar product in R".

Theorem 2. If assumptions (M1)-(M3) are satisfied, then Problem (1), (2) has at least one solution
in X.

Proof. Set ) = {x € dom L\Ker L : Lx = ANx, 0 < A < 1}. For u € (), one has
Nu € Im L = Ker Q. Thus,

C/O”(iy—s)“*lf(s,u( ), CD”‘ 1y s—I/ (1—s)*" 1f(s u(s ),CDgllu(s))ds

—(-cC 13/ )¥1f(s,u(s),* DY u(s))ds € Im (I — C).

From (M2), there exist tg € [0,1], s.t. |CD8‘;1u(t0)| < oy, thus

_ -~ to
DR u(0)] = ng+1u(t0)—/o D&, u(s)ds| < o1+ |°DE, u(t)]1.

Furthermore
|Pu(t)]| = [l (0)¢ + Cou (0)| < (INulls + 1) (1 + [[Coll-)- @7)
Note that Id is the identity operator. Combining with (27), one has

[u(®)]l = [1Pu+ (Id — P)u]|
< |[Pull + IKpL(Id — P)ul|
< (IINufly +01)(1+ [[Coll) + DI[Nully
= (14 [1Coll« + D)[INul[s + (1 + [|Coll)en, (28)

where D was given in (16). Combining (19), (28), and (M1), we get

1
[INul[y </0 |f(s,u(s), Dy u(s))|ds
< larlillulleo + 1111 1D atlloo + lielln
< (laxlly =+ o[ [feell + Nielly
< ([laafls + 101 [O)T + (I Coll« + DYINully + (1 + [[Coll<)or] + el

Therefore, it can be obtained that

(a4 112 ll1) (1 + [|1Coll+ )on] + [lefln
1= 1+ [Coll« + D)([larlls + [|ba][1)

[Null; < (29)

From (29) and (28), one has

sup [[u]| = sup max{||u]lco, |°Dg; " ttlleo} < +oo.
ue ue)

Hence ()7 is bounded in X.
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Set () = {u € Ker L | Nu € Im L}. Assuming u € (), one has u = ¢t + Cycp,
¢y € R"™. Thus

C/ ) 1 f(s,cos + Coca, c2 ds—I/ ) 1f(s,czs+Cocz,cz)ds

=({I-C)(I- B)*lB/0 (& —35)*"1f(s,ca5 + Coca, c2)ds € Im (I — C).

Then, from assumption (M2), one has

[ull = max{[|ulleo, DG 1]l }

= max{||cat + Cocal|eo, ||c2leo }
max{(1+[|Coll+)or, 01}
(T+[[Coll+)er < +oo.

NN

Therefore, (), is a bounded subset.

Set 03i ={uekKerL:+tAu+(1-2A1)QNu =10, 0 < Ay < 1}. We divide the proof
into the following two steps:

Step1:For u = cot + Cocp € Q)f, one has

)tl(CZt + C()Cz) + (1 — Al)QN(Czt + CoCz) =0.

Casel:If Ay =0, then QN(cat + Cycz) = 0, such that N(cat + Cocp) € Ker Q =Im L.
Thus we have N(cat + Cocp) € O, so ||ul| < (14 ||Col|«)on
Case2:If Ay € (0,1], suppose ||u|| > noy. Then, from (M3) obtain that

0> —Aqfuf® = (1— A1) (u, QNu) > 0.

So, we have a contradiction. Thus ||u|| < oy

Step 2 : For u € ()5, using same arguments as in Step 1 above, we can deduce that
||u]| < 0. Thus we can show that Q;, QF C X are two bounded subsets.

Now, let O C Y and Ule O C Q. According to the above arguments, we know
that both conditions (i) and (ii) of Theorem 1 are satisfied. In order to prove (iii), we use
isomorphic mapping J to construct the homotopy operator by

H(x(t),A) = £Ax(£) + (1 — A)TQNx(t).
Hence

deg(JQNlker 1, Q N Ker L,0) = deg(H(-,0),Q2 N Ker L,0)
= deg(+Id, Q) N Ker L,0) # 0.

Therefore, (iii) of Theorem 1 is satisfied. Theorem 2 is proved. [

4. Existence Results for Case (2)

Now, we show the solvability of BVP (1), (2) when B = I, |[I — C| = 0. In this case, the
boundary value condition degenerates to

x(0) = x(¢),  x(1) = Cx(n). (30)

Unlike Section 3, this section removes the restriction on matrix C and uses the generalized
inverse to conduct research under the most basic resonance conditions, inspired by [14].

63



Fractal Fract. 2022, 6, 25

Now we study the BVP (1) and (30) using Theorem 1. We use the same notations as in
Section 3. L, N, 7. In this case,

dom L = {x € Xj : x satisfies (30)}.

Let 7 =1— Cand T be the Moore-Penrose pseudoinverse matrix of T. From [24] we can
get the following conclusions, which are necessary for our subsequent research:
(11) THTTH=T%;
(L) TT T =T;
(I3) ImT*T =Im T;
(Is) Im(I-=T+T)=Ker T.
From (12), we have
Ker L = {cj € R": T¢j =6}.
Define a linear operator H* by

C—-1
H*y(t) = ”Tfaw(«:) — CI3,y(y) + I8.y(1).

Then
ImL={yeY|HY(t) €ImT}.

Define an operator Q* : Y — Y as
Qy=7"Hy) (31)

where

N 1 ) -
o e R

Then for y € Y, we can get

_ gal () gy €= DEF + I -Gyt C
G vy

Q'y

In fact

(I=TT")(nC—1)g" +&1—&n"C
= I =TT ){n(C—DG*+ (-1 I+7*(I-C)+ (1 —7")D)}
= (=D T+EA =y )YI=TT").

By similar arguments to Lemma 2.5 in [14], we have that the index of the Fredholm operator
L is zero.
Define an operator P* : X — X as

P*x(t) = (I — TT)x(0). (32)

If v € Ker L,onehas v = ¢, cj € R"NKer(7T) =1Im (I — 7 T), thus there exists d] € R"
suct that
i =1-T+T)d;.

So, v € Im P*. Conversely, if v € Im P*, from (I;) we can know that v € Ker 7. Again,
since Ker P* N Ker L = {6}, then X = Ker P* & Ker L.
Define a mapping K3 : Im L — Ker P* N dom L as

S

Kpy(s) = THH*y + I y(s) ;

I y(8)- (33)
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Through checking calculation, we can get Kpy € dom L and Kpy € Ker P*. Thus the
definition of K}, is reasonable.
Letting u € Ker P* N dom L, one has

- grwau@

= T+ (C —Du' (0)& — TTCu(0) + 1 (0)7) + T (u(0) + ' (0)) + u(t) — u(0)
= —TCu (07 + T (0) + T+ ((yC = 1)) (0) — (I — T T)u(0) + u(t)
= u(t).

Similarly, for y € Im L, we have LK}y = . Then we can deduce that K3 = (L|gom LAKer P) -
Denote

KpLu(t) = TYH**D§, u+ I§, “Df, u(t)

D* =2+ [T [«((n +1)IC]l+ +2). (34)

By the similar proof process as in Lemma 4 and Lemma 5, we know that ||Kpy|| < D*[ly||1,
and Kj(I — Q)N is completely continuous.
Now we give the following assumptions:

(M1*) Foralls € [0,1], u,v € R", we have
|f(s,u,0)| <alu|+0blv|+c, (35)

where a, b, ¢ € Y are three positive functions satisfying (|[I — 77 *||« + D*)(||a]|1 +
|lb]l1) < 1, and D* is the constant given in (34).
(M2*) For all u € dom L, if

H*f(s,u(t), Dy u(t)) € Im(T). (36)

Then, there exist o7 € Ry and sy € [0,1], s.t. [u(so)| < 07.
(M3*) There exist 05 € Ry, s.t. for every v € R" with v = Cvand |v| > 03, either

(v,Q*N(v)) <0or (v,Q*N(v)) >0, (37)
where (-, -) stands for scalar product in R".

Theorem 3. If assumptions (M1*)—-(M3*) are satisfied, BVP (1) and (30) has at least one solution
inX.

Proof. We use the same definitions of ()1, (), and ()3 as in Theorem 2.
For x € ()1, we have that Nx € Im L = Ker Q*. Similarly, we can show

H*f(s,u(t), "Dy u(t)) € Im(T).
In fact,
H*f(s, u,CDgilu) = H*Dy, u

= (5C — Du' (0) + Cu(y) + u(0) — Cu(0) + (I — Cnp)u (0) — u(1)
= Tu(0) € Im(7).

Using assumption (M2*), we can deduce that

()] = [utto) - [ e D (s)ds

< o7 + 1D ulleo,

and ,
DT ()] < [ 15Dg,u(s)lds < [1Luls
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Then with the similar proof process in Theorem 2 we can know that
lu(B)[| < (I =TT« + D*)INully + o5 [T = T Tl (38)

and .
op (lalls + WBIONL =TT + llells
(1T =TT« +D*)(llallx + [|b][1) + 1

Combining (38) and (39) we can deduce that

[Null; < (39)

sup [|u]| = sup max{]|ul|co, |°DG tlleo} < +oo.
XEQI ute

Hence ()7 is a bounded subset of X.
For u € (), one has u = cj, ¢j € R". Combining with Nu € Im L, we can get

H*Nu € Im(T).
From assumptions (M2*), we get
lull = max{|[ulloo, |° DG ulloo} = llclleo = |u(to)| < oF < +o0.

Such that ), is bounded in X.

In order to prove both ()5 and Q) are bounded, we also divide the proof process into
two steps:

Step1: Assuming u € ()5, one has u = cj, where ¢ € R" N Ker(7). Thus we have

—Ac] + (1 —=A)QN(cy) = 6.

Casel:1If A = 0, then QN(cj) = 0, such that N(cj) € Ker Q = Im L. Thus we have
Nx € Oy, s0 ||x]| < o7.
Case2:If A € (0,1], suppose ||u|| > 0. From (B3) we get

0 < Alei|* = (1—A){(c;, QNc}) <0.

Therefore, we have ||u|| < 03.

Step 2 : For u € (), through a similar proof process as in Step 1, we can deduce that
Jull < o3.
Thus, Q5 and Qgr are two bounded subsets in X.

Let the definitions of bounded open subset () and homotopy H(u, A) be the same as
in Theorem 2. Then we can deduce that (iii) of Theorem 1 is also satisfied. By Theorem 1,
Equations (1) and (30) must have a solutionindom LN Q. O

5. Examples

In this section, we present two examples to illustrate our main results in Sections 3 and 4.

Example 1. Consider the following boundary value problem:

,x(1),y(1), DR x (1), €D (1)), € (0,1),

t Y
t,x(t ,g(t),CD’X1x(t),CD8‘+1y(t)), t e (0,1), @0)

where & = %, fi:10,1] x R* - R, i = 1,2, are defined as

X1+
fl(t/xlIXZIyllyZ) = - 14Oyl/ (41)
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x| + +1
f (t xl/x2/yl/y2) %/ (42)

forall t € [0,1].

Clearly, ¢ = 4, n=3z
50 ~_[3 0], Ccip_[-3 0 _[-& o

and [ —yC +¢&(I —C)(I — B)"'B = @. Denote uy = (x1,x2), uz = (y1,y2) € R?, define
function f : [0,1] x R? x R? — R?

f(t,ul,uz) = (fl(f,ul,Mz),fz(f,ul,uz))T, vVt e [0, 1]

By (41), (42), and (43), f satisfies Carathéodory conditions.
Now we show that the other conditions of Theorem 3 hold. Choose positive inte-
grable functions

Then we have
|f(t,u,0)| < alt)u| +b(t)|o] +c(t),

By some simple computation, we get

25
1 «+D — < 1.
(1+1Coll + D) (lalls + Jolh) = 5 <

Hence, (M1) is satisfied.
In order to check (M2), one has

falt,u(t) € D () > o,

forall u € C1([0,1];R?) and all t € [0, 1]. Letting f>(t, u(t),* Dg‘;lu(t)) = f, be a positive
constant, we have

C [y =9 £t u(0)€ D (e
_1/01(1_S)a_lf(t,u(t),CDgllu( )) _ |:2f1 ‘l’fz:l

2911 f 2

where f; = I8, f1(y), f3 = 1§, f1(1). If f, = %, there is
C [y =1t u(t),€ Dy u(e)
1 % *
—I/Ol(l—s)”"lf(t,u(t),c DS (1) )dt = {2f113+f2}

8733
This shows that when f, (¢, u(t),¢ D(”)‘Ilu(t)) > f, = &5, one has
c/”( SRk u(t),C DS () )t
—1/ YL (k u(t),€ DS Vu(t))dt & Tm((1— C)(1— B)~'B),

because Im((I — C)(I —B)~'B) = {(p,0)" : p € R}.
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Finally, we check (M3). Let q(t) = (tI + Cp). Denote T = (7, 2) ' . So

(67T = ((t+ o2)m, 1)

21Vt 21\t
Vi or

D5 ta(t) = ( )T

Then there is

T
PRI P t\Tz|+2‘—£|Tz|—|—l
Ng(t)T = —( 16) 1 2uvi t

40 40y7 60
So
_ 31
QN(q(t)T) _0{ B2 }/
3016 | 2| + 157337
and

31 25
—a( <
()T ON((0)T)) = (-~ o + ool + o) <O
In fact, if » < 0, this is obviously true. If T, > 0, letting |12| > 1, one has 722 > .
Again, since
15 S 25
34946 181937°

So, the formula above has no real root, which means — %le + ﬁ || + %Tz < 0.
Thus, by Theorem 2, BVP (40) has at least one solution.

Example 2. Consider the following boundary value problem:

D3 x(t) = fi(t, x(t),y(t), “D§  x (), “D§1y(t), te (0,1),

D) = L0, (0,300, D O, D), te O,
x(0) = x(3), y(0) = y(3),

x(1) =y(3), y(1) =y(3).

We use the same &, f, &, 1, a(t), b(t), and c(t) as in Example 1 and f; : [0,1] x R* —
R, i = 1,2 are defined as

X2 + Y2
t/ 7 7 7 - A
fi(t, x1,x2,¥1,2) 10
T2
Vihty; if |un| > 1;

f1(t,x1,x2,y1,Y2), otherwise.

[0 1 I § P
A A A R
We can easily check that assumption (M1*) is satisﬁed When |uy| > 1, from the definition

of f, one has y? + y3 > 1and H*f, > H*41—0 = 13571 > 0. According to a similar proof
process as Example 1, one has

fz(t,xbxz,yhyz):{ 0 v

H° (), D3 u(e) = | 1.0 & (7,
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References

because Im(7) = {(p,0)" : p € R}. Finally, we check (M3*). Letting T = (19, 7) ' €
Ker(7), one has

moy', if lug| > 1;
ve= (i mon” = {8

(m, E) T, otherwise.

So
ONT
T
. [1(2)0], if lup| > 1;
=) [(7) 7480 — (31/215) /160 ,
12 , otherwise,
(779) /480 — (3"/%19) /160
and
1.2 .
L 20 iflup| > 1;
7, ONT) = { 1200
(T, QN7) {7?1;81/2 1%c, otherwise,
where ¢ = ,]ga,ggarfé),gﬂa = 53%797;/2 > 0. Thus, (7, QNT) > 0, by Theorem 3, (43) has at

least one solution.

6. Conclusions

This paper mainly studied a class of second-order nonlocal boundary value prob-
lem systems at resonance which state variable x € R", and gave two new theorems on
the existence of solutions in different kernel spaces by using the Mawhin coincidence
degree theorem.

In the future, we could consider studying resonance boundary value problems under
less-restricted conditions or under more complicated boundary value conditions.
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Abstract: The boundary value problem (BVP) for the varying coefficient linear Caputo-type fractional
differential equation subject to the mixed boundary conditions on the interval 0 < x < 1 was
considered. First, the BVP was converted into an equivalent differential-integral equation merging
the boundary conditions. Then, the shifted Chebyshev polynomials and the collocation method were
used to solve the differential-integral equation. Varying coefficients were also decomposed into the
truncated shifted Chebyshev series such that calculations of integrals were only for polynomials
and can be carried out exactly. Finally, numerical examples were examined and effectiveness of the
proposed method was verified.

Keywords: fractional calculus; fractional differential equation; boundary value problem; Chebyshev
polynomial; collocation method

1. Introduction

In recent decades, the theory of fractional calculus has been attracting much attention
partly due to its ability for describing memory and hereditary properties of various ma-
terials and processes [1-7]. Fractional calculus has been applied to different fields such
as viscoelastic constitutive equations and related mechanical models [6-11], anomalous
diffusion phenomena [4,6,12,13], hydrology [14], control and optimization theory [3,15],
etc. It is worthwhile to mention that fractional calculus can be used to describe not only
viscoelasticity, but also viscoinertia by different values of order [16,17]. The applications of
fractional calculus lead to fractional differential equations (FDEs) in theory [2-5,18].

Let us recall some related definitions of fractional calculus used in this article. Let f(x)
be piecewise continuous on (0, +o0) and integrable on any finite subinterval of (0, +c0).
Then, for x > 0, the Riemann-Liouville fractional integral of f(x) is defined as

P f(x) = / Fa—of F(v)dr, (1)

o T(B)

for B > 0,and I2f(x) = f(x) for B = 0, where I'(-) is the gamma function. The fractional
integral satisfies the following equalities:

T(p+1) +
Vo — N ) LUV _
Ix ~ Tty 1)x ,v>0u> -1 3)

71



Fractal Fract. 2022, 6, 148

Let a be a positive real number, m —1 < « < m, m € Nt, and f('”) (x) be piecewise
continuous on (0, +o0) and integrable on any finite subinterval of (0, +c0). Then, the
Caputo fractional derivative of f(x) of order « is defined as

DYf(x) = I M (x), m—1 < a < m. (4)
For the power function x¥, u > 0,if 0 <m —1 < a <m < u+ 1, then we have

I'(p+1)

Dyl _tmrl)
xX T(h—atl)

x%, x> 0. (5)
The a-order integral of the a-order Caputo fractional derivative requires the knowledge
of the initial values of the function and its integer-ordered derivatives,

m—1 xk
L Dif(x) = f0) = ) fH0) , m—1<a<m (©6)
k=0 :

This property enables the Caputo fractional derivative to be conveniently applied
and analyzed.

In the earlier monograph [1], the Griinwald definition and the Riemann-Liouville def-
inition of fractional calculus were introduced, where numerical differentiation and integra-
tion were considered and semi-integration was introduced by a designed electrical circuit
model and semi-differentiation was applied to diffusion problems. The Weyl fractional
calculus was introduced in [2] beside the Griinwald definition and the Riemann-Liouville
definition. In [3], FDEs and fractional-order system and controllers were considered, where
the Caputo fractional derivative was introduced. The existence, uniqueness and analytical
methods of solutions for FDEs were investigated in [4]. In [18], the Caputo-type fractional
derivative and FDEs were emphasized. In [6], fractional viscoelastic models and frac-
tional wave models in viscoelastic media were introduced. In [5], numerical methods and
fractional variational principle were reviewed.

Damping, deformation, vibration and dissipation arising from viscoelastic material
can be modeled by FDEs [3,4,6,7]. The method of variable separation for fractional partial
differential equation describing anomalous diffusion [4,6,12,14] can lead to a boundary
value problem (BVP) for a fractional ordinary differential equation (ODE) [19]. The theorem
of existence and uniqueness of solutions for fractional ODEs was presented in [3,4,18,20].
Some analytical and numerical methods were proposed to solve FDEs, e.g., see [3-5,21-25].
BVPs for fractional ODEs were considered in [19,26-29] by using the Adomian decom-
position method, wavelet method, the method of upper and lower solutions, orthogonal
polynomial method, etc. However, a fractional BVP with varying coefficients and mixed
boundary conditions has hardly been considered.

In this work, we consider the BVP for the varying coefficient linear Caputo fractional ODE

D} u(x) 4 c1 (%) (x) + co(x)u(x) = g(x), 0 <x <1, 1< A <2, (7)
Subject to the mixed boundary conditions

pou(O) — qou’(O) = by, (8)
p1u(1) +quu' (1) = by, (9)

where the coefficients ¢1 (x), co(x), g(x) are specified continuous functions, the boundary
parameters satisfy po, g0, p1,41 > 0 and pop1 + pog1 + qop1 # 0. In the next Section 2, some
preliminaries about the shifted Chebyshev polynomials are presented. In Section 3, we
first convert the BVD, (7)—(9), into an equivalent fractional differential-integral equation
merging the boundary conditions, then introduce the collocation method using the shifted
Chebyshev polynomials of the first kind to solve the fractional differential-integral equation.
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Next, three numerical examples are solved by using the proposed method. Section 4
summarizes our conclusions.

2. The Shifted Chebyshev Polynomials of the First Kind
The Chebyshev polynomials of the first kind are defined by the formulae [30]

Ty(x) = cos(narccosx), -1 <x<1,n=0,1,.... (10)

They take on the explicit expressions as

[n/2] e
T =1, T = § 3 (DS ez 1 a
=0 ° ‘

It is well-known that the Chebyshev polynomials of the first kind are orthogonal
on the interval [—1, 1] with the weight function p(x) = \/117, and T, (x) has exactly n

zeros within the interval (—1,1): §; = cos(zg1 n), i =0,1,...,n— 1. The Chebyshev

polynomials of the first kind satisfy the recurrence relation
To(x) =1, T1i(x) = x, Tu(x) = 2xTy_1(x) — Ty—2(x), n =2,3,.... (12)

It is well-known that if f(x) is L, integrable on [—1, 1] with the weight function p(x),
then its Chebyshev series expansion is L, convergent with respect to its weight function
p(x). If f(x) has better smoothness, then stronger convergence can be attained for its
Chebyshev series. If the function f(x) has n + 1 continuous derivatives on [—1,1], then
[f(x) = Smf(x)| = O(m~™) forall x € [—1,1], where S, f (x) is the (m + 1)-term truncation
of the Chebyshev series expansion of f(x). For more details for convergence, see [30].

In order to deal with the BVP on the interval [0,1], we consider the shifted
Chebyshev polynomials

Ti(x) =T,(2x—1), x € [0,1], n=0,1,.... (13)

They are orthogonal on the interval [0, 1] with the weight function p*(x) = \/3(1_7,

and the zeros of T;; (x) are x; = % + % cos(zézl 7'(), i=0,1,...,n — 1. As a complement to
Equation (13), the shifted Chebyshev polynomials satisfy the relationship T;i (x) = Tp, (/).
So, the explicit expressions of the shifted Chebyshev polynomials are conveniently obtained:

L2n—k—1
Ty(x) =1, T,(x) =n Z Ic'11271—21c))(4x)n_k’ n>1. (14)

Finally, we mention the shifted Chebyshev polynomials of the second kind, which will
also be used in the next section for the representation of solutions, U}, (x) = U,(2x —1), 0 <
x<1,n=0,1,...,where U,(x) is the Chebyshev polynomials of the second kind.

3. The Equivalent Fractional Differential-Integral Equation and Chebyshev
Collocation Method

First, we derive an equivalent differential-integral equation to the BVP (7)-(9). Apply-
ing the integral operator I} (-) to both sides of Equation (7) and using Equation (6) yields

w(x) = u(0) — ' (0)x + I (er (1)’ (x) + co(¥)u(x)) = Lig(x). (15)

Our aim is to solve for #(0) and #’(0) from the boundary conditions (8) and (9), and
then obtain an equation about the solution u(x) without any undetermined constants.
Substituting x = 1 in Equation (15) yields

u(1) = u(0) +u'(0) — Ity (er (x)u (x) + co(x)u(x)) + I31(x), (16)
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where the value of the fractional integral is defined for a general Sth order integral of a
function v(x) at x = & as

. _\B—
Iflgv(x) = /Oé (gr(;))lv(r)d*r. (17)

Calculating the first order derivative on the both sides of Equation (15) leads to
' (x) =1/ (0) + 13 (ea ()’ (x) + co(x)u(x)) = 13" g(x). (18)
Substituting x = 1 yields
W' (1) = u'(0) = I}7 (ea (x)u' (x) + co(x)u(x)) + Iy ' g () (19)
Substituting Equations (16) and (19) into Equation (9) yields
p1u(0) + (p1 + q1)u'(0) = by, (20)

where

b = by + prlgy (e (x)u' () + co(x)u(x)) = prlgig(x) + qlyy (e ()’ (x) +co(x)u(x)) —qulgy'g(x). @1

Equations (8) and (20) constitute a system of algebraic equations about u#(0) and u(0).
The coefficient determinant is

P = pop1 + poqg1 + qop1, (22)

which is positive by our assumptions. Thus, we can solve the system of algebraic
Equations (8) and (20) and obtain

(p1+q1)bo+qobi*
P P’

/ __pibo | poby
' (0) R+ 5L (24)

(23)

Substituting Equations (23) and (24) into Equation (15), we obtain

u(x) - 21 +P‘“)b° - p}fox - PO R0 4 13 (e () (x) + o)) = Big(x). (25)

Replacing b] by using Equation (21) and reorganizing the equation yield

() ~ PAPOEEDO) 3 0y () () 4o (x)u(x)
q1(Pox + qo)

— e Ly (e () (x) + co(0)u(x) + I (er ()1 (x) + co(x)u(x)) = h(x), (26)

where

+q1)bo — p1box x+ _
(x) = O ql)PO PR+ PR (b = piag () — L '8(0)) + Hg(x), @)

Only involves the known boundary parameters and the known input function g(x).
Equation (26) is the equivalent differential-integral equation to the BVP (7)—(9). In the
sequel, we seek for the solution to the differential-integral Equation (26).
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We approximate the solution by an (1 + 1)-term truncation of the shifted Chebyshev series,
m
Pm(x) = Z an Ty (x), (28)
n=0

wherea,, n =0,1,... ,m, are undetermined coefficients. Inserting ¢, (x) into Equation (26),
we obtain the linear equation abouta,, n =0,1,... ,m,

(T3 ) - PTERLL (0T () + ) T )
n=0
X+ — * * * *
SBREER L (1 () + @@ T ) + 1 (T () + ()T () ) = b, 29)
We note that in Equation (29), I3(c1(x)T;'(x)+co(x)T;(x)) and I;\rlfl
(c1(x) T} (x) 4 co(x) T;; (x)) are constants, represent the values of fractional integrals.
The collocation method may be applied to determine the coefficients a,,. The colloca-
tion points are taken as the zeroes of the 7 + 1 degree shifted Chebyshev polynomial T, . ; (x),
1 1 2i+1 .
R =0,1,...,m.
X; 2+2cos(2m+2n),l 0,1,...,m (30)
Thus, the collocation equation system is
3 . P1(Po¥i +4q0) 2 1 ;
Y an (Ti(x) = RPN, (0 (0T (3) + () T ()
n=0
X + — * *
BN 90) ot ()T (x) + o ()T )
(T () + 00T (%)) ) = i), G1)
where
+q1)bo — p1box; X+ - ‘
(x) = & ql)lf PO PO (b — puyg(x) — iy Yg(3)) + Lg(x), i = 0,1, cm. (32)
The matrix form of the collocation equation system (31) is
Wi =h, (33)
where
i=(ag,a1,...,am)", b= (h(x0),h(x1),..., h(xm))T, (34)
and the entries of the matrix W are
wi; = T(x;)— pi(po¥i + 4o) I (cl(x)T?"(x) + co(x)T.*(x))
ij j\t P %1 j j
x; + — % * * *
_‘MLI;%) BT (a0 T () + o) TF (@) + B, (1 (0T (6) 4+ co(0) T (), (35)
i,j=0,1,...,m.

The solution of the linear algebraic equation system (31) or (33) gives the coefficients
a, in Equation (28).

For the Dirichlet boundary conditions #(0) = by, u(1) = by, the boundary parameters
are simplified as pg = p1 = 1 and qp = q; = 0, and thus Equation (31) degenerates to
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Y an (T (x) = il (a1 (0T () + (T ()) + L ()T () + () T (0)) ) = h(x), (36)

n=0

where h(x;) = bg + (by — bo)x; — x; I)‘lg( x)+13,8(x), i=0,1,...,m
We remark that by the relatlonshlp of the first-kind and second-kind Chebyshev poly-
nomials T, (x) = nU,,_1(x), we have the relationship of the shifted Chebyshev polynomials
of the two kinds
T3/(x) = 20Uy (x). 7)

So, the derivative T;'(x) in Equations (31), (35) and (36) may be replaced by the
second-kind Chebyshev polynomials.

The operators ch\,l(-), Ii‘l_l() and Ij},xi(-) in Equations (31), (32) and (35) represent
the values of fractional integrals of the known functions. Since the appearance of the
varying coefficients g(x) and ¢x(x), manual computations for these integrals are laborious
in general. Here we approximate the varying coefficients again using their truncated shifted
Chebyshev series as

M, M
=Y guT(x), ck Z ckuTn(x), k=01,0<x<1, (38)

where

1 *
Q= ;/0 ﬁg(x)Tn(x)dx, n=20,1,...,M, (39)

c = = ———— ()T (x)dx, k=0,1, n=0,1,..., M, 40
o n/omk()n() (40)

and the superscript’ of }_ denotes that the first term in the sum is halved. We note that
there is no need of connections between the values of m and M in Equations (28) and (38).

Utilizing the Gauss-Chebyshev quadrature formula we derive the numerical formulae for
gnand ¢y, as

2 M

8n = 728(351)]" (xj), n=0,1,..., M, (41)
+1/3
, M

G = mgck(xﬂ:(mk:mn=0/1/---fM' (42)

where x; are the zeroes of the M + 1 degree shifted Chebyshev polynomial Ty, ;(x),

1 1 2i4+1
xi:2+2cos(2]\l/1—:_2n>,i:O,l,...,M. (43)

Thus, making use of the decompositions in (38), the calculation of the integrals I Q 1),
I ;\51 (-) and I} (-) in Equations (31), (32) and (35) only involves integrals of polynomials,
so can be carried out exactly.

In the following three examples, we take M = 5 in Equation (38) to truncate the
decompositions of the coefficients g(x) and c,(x) and to calculate the involved integrals
IJ/C\,1 (), I;‘,l_l (-) and I} +;(+). Collocation equation systems are solved by using Mathemat-
ica command “LinearSolve". Figures of approximate analytical solutions and errors are
generated by using Mathematica.
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Example 1. Consider the BVP for the linear FDE

Du(x) — %mu/(x) +sin(x)u(x) = g(x), 0 < x < 1, (44)
W'(0) = —1, u(1) =1, (45)

where g(x) = ¥ 4+ 8\’;%5 — 2xsin(x) + 1x1¥sin(x).
The BVP has the exact solution u*(x) = —x + x'° + x3. The boundary parameters are

po=0,90 = —1,bp = =1, p1 = 1,41 = 0,b; = 1. The collocation equation system in (31) is

S a, (T,;‘(xl-) i (“’;“(")T;’(x) + sin(x) T (x))

n=0

1 (1w 4 sin) 1)) ) = ), (o

where hi(x;) =2 — x; — I[7g(x) + L;3.8(x), i =0,1,...,m.
Take m = 2,3,4 and 5, respectively, the solution approximations ¢, (x) are calculated as

= 0.0175774 — 1.10039x + 2.05832x2,
= —0.00586106 — 0.689478x + 0.925577x% + 0.768798x°,

(x)
(x)
@4(x) = —0.00288415 — 0.76024x + 1.24242x> + 0.293418x° + 0.22758x*,
@s(x) —0.00167028 — 0.8038x + 1.54387x% — 0.47843x> + 1.05648x* — 0.316564x°.

P2lx

X

The error function and maximum error of the approximate solution ¢, (x) are defined as

ERy(x) = |@m(x) —u*(x)| and ME,, = Orga<xlERm(x). (47)

In Figure 1, the error functions ER,,(x) for m = 2,3,4,5 are depicted, where at
the m + 1 collocation points of ¢, (x), errors are zero. The maximum errors of the four
approximate solutions are 0.028696, 0.005861, 0.002884, and 0.001670, respectively.

ER,(x)

0.025
0.020 ¢
0.015|
0.010|

0.005

r - - x
0.2 0.4 0.6 0.8 1.0

Figure 1. The error functions ER,(x) for m = 2 (solid line), m = 3 (dot line), m = 4 (dash line) and
m = 5 (dot-dash line).

Example 2. Consider the BVP for the linear FDE

Du(x) —u(x) = —4xe*, 0<x<1,1<A <2, (48)
u(0) —u'(0) = =1, u(1) +u'(1) = —e. (49)

If A = 2, the BVP has the exact solution u*(x) = x(1 — x)e".
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For this example, the coefficients and parameters are ¢1(x) = 0, ¢o(x) = —1, g(x) =
—4xe*, po =q0 =p1 =q1 = 1, by = —1 and by = —e. The collocation equation system in
Equation (31) becomes

— * xi+1 *
3 (T3 ) = 51 (T3 5)
n=0

—m;H&W—H&D+QA—ﬁ@D>=m@»

where h(x;) = % + L;l (—I;‘,lg(x) - IAflg(x)) +13,8(x),i=0,1,...,m.

X,
For the case of A = 2, the error functions ER,,(x) = |@u(x) — u*(x)| are depicted
in Figure 2 for m = 2-5. The maximum errors of the approximate solutions are 0.069103,
0.007877, 0.000620, and 0.000038, respectively. For the case of A = 1.5, the solution approxi-
mations ¢, (x), m = 2-5, are calculated as

(x) = 0.578503 4 3.00467x — 2.45143x2,
(x) = 0.659109 + 1.56065x + 1.43569x> — 2.61289x°,
9s(x) = 0.651626 + 1.81823x + 0.108085x> — 0.448696x° — 1.09621x*,
(x) = 0.653112 4 1.75369x + 0.599869x2 — 1.78975x> 4 0.411041x* — 0.596018x°.

The condition numbers of the coefficient matrices W in the derivations of the four
solution approximations are 2.85, 3.29, 3.67 and 4.02, respectively. These values show that
the coefficient matrices W are well conditioned. We note that the condition number is based
on the /r-matrix norm. The four solution approximations are plotted in Figure 3, where a
fast convergence is shown.

ERy(x)
0.07 t

0.06
0.05 ¢
0.04
0.03 F
0.02t
0.01

0.2 6.4 0.6 0.8 1.0
Figure 2. For A = 2, the error functions ER, (x) for m = 2 (solid line), m = 3 (dot line), m = 4 (dash
line) and m = 5 (dot-dash line).

@m(x)

X

0.2 0.4 0.6 0.8 1.0
Figure 3. For A = 1.5, the solution approximations ¢, (x) for m = 2 (solid line), m = 3 (dot line),
m = 4 (dash line) and m = 5 (dot-dash line).
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m

n

An
=0

Example 3. Consider the BVP for the linear FDE

A /
— — = <
Diu(x) 1+xu(x) 1+xu(x) 0,0<x<1,1<A<L2, (50)
u(0) —2u’'(0) = =1, u(1) +2u'(1) = 3e. (51)
If A = 2, the BVP has the exact solution u*(x) = ¢*.
The coefficients and parameters are ci(x) = —133, co(x) = —ﬁ, g(x) =0,
po =p1 = Lq0 = q1 = 2,bp = —1,b; = 3e. The collocation equation system in

Equation (31) becomes

-1

(Tt - 2220 (ST 0 + 5T

5 +x " T+x"

x,1

_2xi+2) 1/\—1( () + _1T*(x)> + I, (_xT*’(x) + _1T*(X)>> = h(xi),

1+x " 1+x " 1+x " 14+x"

where h(x;) = %(66 —3+43ex;+x;),i=0,1,...,m.

For the case of A = 2, the error functions ERy,(x) = |@m(x) —u*(x)| for m = 2,3,4,5,
are depicted in Figure 4. The maximum errors of the approximate solutions are 0.011605,
0.000742, 0.000037, and 0.000002, respectively. For the case of A = 1.5, the solution approxi-
mations ¢, (x) for m = 2,3,4,5 are calculated as

(x) = 0.627196 4 0.801952x + 0.961626x2,
(x) = 0.614413 + 0.94835x + 0.55162x% + 0.269951x>,
ps(x) = 0.615168 + 0.908026x + 0.734701x% — 0.0100847x> + 0.135331x*,
(x) = 0.615706 + 0.894049x + 0.828159x% — 0.242103x> + 0.378859x* — 0.0913166x°.

The condition numbers of the coefficient matrices W in the derivations of the four
solution approximations are 4.87, 7.83, 11.90 and 17.05, respectively. So the coefficient
matrices W are well conditioned. The four solution approximations are plotted in Figure 5.

In the three examples, fast convergent rates are shown only using the minor term
number with M = 5 in Equation (38) for the integral computation of the known functions,
and the minor term number with m = 2,3,4 and 5 in Equation (28) for the truncated
Chebyshev series of the unknown function.

ERyy (x)
0.012 -

0.010
0.008
0.006
0.004

0.002

S . SO x
0.2 0.4 0.6 0.8 1.0

Figure 4. For A = 2, the error functions ER,(x) for m = 2 (solid line), m = 3 (dot line), m = 4 (dash
line) and m = 5 (dot-dash line).
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©m(x)

1O+

L 1 L L L 1 L L L 1 L L L 1 L L L 1 x
0.2 0.4 0.6 0.8 1.0

Figure 5. For A = 1.5, the solution approximations ¢, (x) for m = 2 (solid line), m = 3 (dot line),

m = 4 (dash line) and m = 5 (dot-dash line).

4. Conclusions

We considered the BVP for the varying coefficient linear Caputo-type fractional ODE
subject to the mixed boundary conditions on the interval 0 < x < 1. The BVP was conve-
niently converted into an equivalent differential-integral equation merging the boundary
conditions. Then, the solution was decomposed into a truncated shifted Chebyshev series.
The collocation method was used to determine the solution. In order to deal with the
involved integrations, the varying coefficients were again decomposed into the truncated
shifted Chebyshev series. Thus, the calculations of the integrals are only for polynomials
and can be carried out exactly. Three numerical examples were solved by using the pro-
posed method, where fast convergent rates are shown only using the minor term number
with M = 5 in Equation (38) for the integral computation of the known functions, and the
minor term number with m = 2,3,4 and 5 in Equation (28) for the truncated Chebyshev
series of the unknown function.

In the presented method, there is no need to divide the interval commonly used in
numerical methods. The collocation points or the zeros of the Chebyshev polynomials have
exact explicit expressions. Approximate analytical solutions in the polynomial forms are
obtained, which are different from a discrete numerical solution. The obtained approxi-
mate analytical solutions in the polynomial forms can be directly checked by substitution.
The convergence and effectiveness of solutions can be examined by remainder errors.
Convergence order of the approximate solutions could be further consideration in this field.
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1. Introduction

We consider the system of fractional differential equations with r{-Laplacian and
rp-Laplacian operators

D (¢r, Dgﬁru(f))) = f(t,u(7),0(1), IgLu(t), I20(7)), T€(0,1), "
Dgfr ?r, Dgiv(r))) = g(T,u(T),Z)(T),ISiu(T),Igiv("[)), Te (0,1),
subject to the uncoupled nonlocal boundary conditions
u(0)=0, i=0,...,p—2, D)L u(0) =0,
0 (D31(1)) = " (D ) a¥o(a), D) = 1 [ Dty et )

0(0)=0, i=0,...,4—2, D0(0) =0,
5 ! > P [P
¢r, (D o(1)) =/0 ¢r, (Do) dKo(y), Dpio(1) = Z/O Dyl o(7) dKy(17),
k=1

where y1,72 € (12,01 € (p—1Lpl,peN,p>3,06¢c(q—1,q9,9€N,g>3,nmeN,
01,02,61,62 > 0,00, E R k=0,...,10< g <apy < -~ <ay<ay<d—1,8a9>1,
Br €Rk=10,...,m0< P <Pp<--<Pu<Po<b—1Pp0=1Len0n) =y,
<p;il = Qo 0i = rl_%l,i =121r>1i=12fg:(01) x RY — R, are continuous
functions, singular at T = 0 and/or 7 = 1, (R} = [0, 0)), Iy L 1s the Riemann-Liouville
fractional integral of order « (for x = 01,07, ¢1,62), Dy, is the Riemann-Liouville fractional
derivative of order « (for x = 1,91, v2, 02, &0, - - -, &n, Bo, - - -, Bm), and the integrals from the
boundary conditions (2) are Riemann-Stieltjes integrals with #; : [0,1] = R, i =0,...,n
and K;: [0,1] = R, i =0,...,m functions of bounded variation.
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We give in this paper various conditions for the functions f and g such that problems (1)
and (2) have at least one or two positive solutions. From a positive solution of (1) and (2)
we understand a pair of functions (1,v) € (C([0,1], R+ ))? satisfying the system (1) and
the boundary conditions (2), with u(t) > 0 forall T € (0,1] or v(7) > O forall T € (0,1].
In the proof of our main results we use the Guo—Krasnosel’skii fixed point theorem of
cone expansion and compression of norm type. We now present some recent results which
are connected with our problem. In [1], the authors studied the existence of multiple
positive solutions for the system of nonlinear fractional differential equations with a p-
Laplacian operator

{ Dyl (¢, (DLx(7)) = f(7,2(1), y(x), 7€ (0,1),
DE (¢, (D2 y(1))) = g(7,x(7), y(7)), € (0,1),
supplemented with the uncoupled boundary conditions

m—2

x(0) =0, DILx(1) = Y &iDtx (1),

Dy x(0) =0, ¢p,(Dg Lx(z ) = X2 iy (DL x(m17)),

() =0, DEy(1) = 1 GaDR (),

DEY(O) =0, 9 (DEY(1) = 2 Citps (D324 (1),
where a;, B; € (1,2], vi € (0,1], a; + Bi € (3, 4], a; > vi +1,i = 1,2, &ai, 14, Cnir Gaiv M2ir 2
€ (0,1) fori = 1,...,m —2, and f and g are nonnegative and nonsingular functions.

In the proof of the existence results they use the Leray-Schauder alternative theorem,
the Leggett—Williams fixed point theorem and the Avery—Henderson fixed point theorem.
In [2], the authors investigated the existence and multiplicity of positive solutions for the
system of fractional differential equations with g;-Laplacian and g,-Laplacian operators

{D(Y;(q) (DL x(1))) + f(T,x(7),y(7)) =0, T€(0,1),
D (¢ <D3+y<r>>> +g(t,x(1),y(1)) =0, T€(0,1),

subject to the uncoupled nonlocal boundary conditions

~—

)

. Z 1
2(0) =0, j=0,...,p—2; DL x(0) =0, D§ox(1) = 2/ Dy, x(t) dH(7),
y(0) =0, j=0,...,9—2; Dy(0) =0, Dy( Z/ DYy (1) dKi(x),

where v1, 12 € (0,1],01 € (p—1Lp], 02 € (g—1,9,p,9€e N, p,g >3, n,me N, a; € R
foralli =0,1,...,n,0 <a; <y < -+ <y < g <1 —1, 0 > 1, B € R forall
i=01....m0< B <Ba< - <Bu<Po<b—1,Bp>1,01, 02 > 1, the functions f
and g are nonnegative and continuous, and they may be singular at Tt = 0and/or v =1,
and H;,i=1,...,nand ICj, j=1,...,m are functions of bounded variation. In the proof
of the main existence results they applied the Guo—Krasnosel’skii fixed point theorem.
In [3], the authors studied the existence and nonexistence of positive solutions for the
system (3) with two positive parameters A and y, supplemented with the coupled nonlocal
boundary conditions

x0(0) =0, j=0,...,p—2; DX x(0) =0, D x( 2/ Dj y(7) dHi(7),
@)
y(0) =0, j=0,...,g—2; DRy(0)=0, D y(1) = 2/0 Db x(1) dKi(t),
i=1
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wheren,m € N,a; € Rforalli=0,...,n,0< ¢ <ay < ---<ay, < Pop<—1 6 >1,
BieRforalli=0,...,m 0 <) <Pr < < B < g < —1, a0 > 1, the functions
f,g € C([0,1] x Ry x Ry, Ry), and the functions H;, i = 1,...,n and Ki,j=1,...,m
are bounded variation functions. They presented sufficient conditions on the functions
f and g, and intervals for the parameters A and u such that the problem (3) with these
parameters and (4) has positive solutions. In [4], by using the Guo—Krasnosel’skii fixed
point theorem, the authors investigated the existence and multiplicity of positive solutions
for the nonlinear singular fractional differential equation

D§, w(t) + f(t,w(t), Dyt w(t),..., Dy’ *w(t)) =0, T € (0,1),

with the nonlocal boundary conditions

w(0) = DJtw(0) = --- = D" *w(0) =0,
Dé‘;wu):/o”h(r)pgi VdA(t +/ 7)DE w(t) dA(7),

wherea € (n—1,n|,n >3, a, v, € (k—1,k], k = L...,n=2a—7€ (n—j—1,n—7j,
j=1...n=2a0a—a,2—1¢€ (1,2], yn2 > ap—2, P1 > B2, P1 > B3, 0 > Bi+1,
Bi>way2+1,i=1,2,3, 81 <n—1,the function f : (0,1) x R’jjl — R4 is continuous,
a,h € C((0,1),R4), and A is a function of bounded variation. In [5], the authors studied
the existence of a unique positive solution for a system of three Caputo fractional equations
with (p, q, r)-Laplacian operators subject to two-point boundary conditions, by using an
n-fixed point theorem of ternary operators in partially ordered complete metric spaces.
By relying on the properties of the Kuratowski noncompactness measure and the Sadovskii
fixed point theorem; in [6], the authors obtained new existence results for the solutions
of a Riemann-Liouville fractional differential equation with a p-Laplacian operator in a
Banach space, supplemented with multi-point boundary conditions with fractional deriva-
tives. In [7], the authors investigated the existence of solutions for a mixed fractional
differential equation with p(t)-Laplacian operator and two-point boundary conditions at
resonance, by applying the continuation theorem of coincidence degree theory. By using
the Leggett-Williams fixed-point theorem, the authors studied in [8] the multiplicity of pos-
itive solutions for a Riemann-Liouville fractional differential equation with a p-Laplacian
operator, subject to four-point boundary conditions. In [9], the authors established suitable
criteria for the existence of positive solutions for a Riemann-Liouville fractional equation
with a p-Laplacian operator and infinite-point boundary value conditions, by using the
Krasnosel’skii fixed point theorem and Avery-Peterson fixed point theorem. By applying
the Guo—Krasnosel’skii fixed point theorem the authors investigated in [10] the existence,
multiplicity and the nonexistence of positive solutions for a mixed fractional differential
equation with a generalized p-Laplacian operator and a positive parameter, supplemented
with two-point boundary conditions. We also mention some recent monographs devoted
to the investigation of boundary value problems for fractional differential equations and
systems with many examples and applications, namely [11-15].

So in comparison with the above papers, the new characteristics of our problem (1)
and (2) consist in a combination between the fractional orders 71,7, € (1,2] with the
arbitrary fractional orders 1, J7, the existence of the fractional integral terms in equations
of (1), and the general uncoupled nonlocal boundary conditions with Riemann-Stieltjes
integrals and fractional derivatives. In addition, one of its special feature is the singularity
of the nonlinearities from the system (1), that is f, ¢ become unbounded in the vicinity of 0
and/or 1 in the first variable (see Assumption (I2) in Section 3).

The structure of this paper is as follows. In Section 2, some preliminary results
including the properties of the Green functions associated to our problem (1) and (2) are
presented. In Section 3 we discuss the existence and multiplicity of positive solutions for (1)
and (2). Then two examples to illustrate our obtained theorems are given in Section 4,
and Section 5 contains the conclusions for this paper.
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2. Preliminary Results
We consider the fractional differential equation

Df (¢n(Dgu(r))) = x(v), T€(0,1), 5)
where x € C(0,1) N L'(0,1), with the boundary conditions

u<'>(0)_o i=0,...,p—2, D u(0)=0,

n 1
9 (D / o (Dl () o), Diut) = 3 [ Dttty
k=1"

We denote by

1 n r
— — 7171 — ‘51 ai— 1
g =1 /0 NN dHo (), o= (51 — “0 ) T, - “l / n dHi(n). (7)

i=

Lemma 1. If a; # 0and ap # 0, then the unique solution u € C[0, 1] of problem (5) and (6) is

given by
/ Ga(T. 1) 9o, (/ Gi(n, dﬁ)ciﬂ, T€0,1], (8)
where
771_1 1
Gi(tm) =m(tn) + /0 g1(8, 1) dHo(8), (t,7) € [0,1] x [0,1], ©)
with . o -1 ( yn-1
N 1—y)n~ = (t—p)n™, 0<y <7<,
(T,Tl) F(’Yl) { Tfylfl(l _ ;7)')/171, 0<t< i <1, (10)
and
Tl51—1 n

Go(t, 1) = go(T,7) +

Z1</01 92i(19,17)d’Hi(19)>, (t,1) €10,1] x [0,1], 11)

1=
with
N T A O ) e e )
gZ(TrW) - 1—'(51){ Télfl(l 717)5171)(0 1 0 S T S 1 S 1,
IE) p— w11 il (ro el o< <T<, (12)
92T, 1) = 1—-(51 _ “i) Ttslftxifl(l o 17)(5171)(() l, 0<T S 1 S 1,
i=1,...,n

Proof. We denote by ¢;, (Dgiu(T)) = ¢1(1), T € (0,1). Hence problems (5) and (6) are
equivalent to the following two boundary value problems

1 DLen(v) = x(1), T € (0,1),
W #10) =0, ¢1(1) = [ 10n) aHoln),
and
DY u(t) = go, (¢1(7)), T € (0,1),
(11)

n -1
ui(0) =0, j=0,...,p—2, DXu(l) = Z/O DE% u () d M ().
k=1"
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By using Lemma 4.1.5 from [14], the unique solution ¢; € CJ[0,1] of problem (I) is

/glw 8)ds, T e [01], (13)

where G is given by (9). By using Lemma 2.4.2 from [12], the unique solution u € C[0,1] of
problem (II) is

~ [ G men i) dn, T < 01, (14)

where G, is given by (11). Combining the relations (13) and (14) we obtain the solution u of
problem (5) and (6) which is given by relation (8). [

We consider now the fractional differential equation

D (9.(DR (M) ) = y(x), 7€ (01), (15)
where y € C(0,1) N L1(0, 1), with the boundary conditions

U<i)(0):0, i=0,...,4—2, DY0(0)=0,

m 1 16
9 (05 0(1)) = [ gra (D00 akot), Do) = 3 [ Dfsotn akstn). 10
k=1
We denote by
o r@e) M@ .
5:1—/ 214Ky (n), by = / =Bl 4KC.(n). (17
1 Jon o(17), b2 Mo o) L 1‘(52— 1 (n). (17)

Similar to Lemma 1 we obtain the next result.

Lemma 2. If by # 0and by # 0, then the unique solution v € C[0, 1] of problem (15) and (16) is
given by

o0) = [ Galrmn( [ Ga(,0)(0)d )a, <€ f0,1), as)
where
r=1 1
Ga(t 1) = g(r.) + o — [ a0 ake(®), (xm) DX, (9)
with . . .
05 = 7y { S A
and

T(Sz—l m

Guton) = mm+ T 3 ([ o ko), e pax 1, @

=1\

with

1 [ -2 Pt —(z—p)2!, 0<yp <<,
wlrn) = W{ 11—y bl 0<T <y <1,

1 2Bl (1 — )bl — (v —y)2=Fi7l 0<y <7<, (22)
m{ P (1Rl 0<T <y <1,
i=1,...,m.

a4i(T, 1) =
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Lemma 3. We assume that aq,a5,b1,00 >0, H;, i =0,...,n, and ICj, j=20,...,mare non-
decreasing functions. Then the functions G;, i = 1,...,4 given by (9), (11), (19) and (21) have
the properties

(a) G; :10,1] x [0,1] — [0,00),i =1,...,4 are continuous functions;

(®) Gi(t, ) < J1(n), V(t,1) €[0,1] x [0,1], where

T =baln)+ - [ a0, aHo(60), ¥ € 01),
170

with b1(11) = F
(c) Go(t,m) < Ta(n), ¥V (t,m) €[0,1] x [0,1], where

n

1
) = w2+ 1 1 [ w(0m) di0), ¥ € (0.1
with by (1) = r(}m(l )t (1= (1—n)%), 7 €[0,1];

-1

> Ja(n), ¥ (T, 1) €[0,1] x [0,1];
< jg,(;y), V (t,n) € [0,1] x [0,1], where

1 1
o) = baln) + - [ aal®m)dKa(8), vy € 0,1]

with b3(y) = oy (L =), 7 € [0,1];
(A Ga(t, ) < Ja(n), ¥ (t,17) € [0,1] x [0, 1], where

Taln) = ba(ry 2/9411977d’C()V77€[0/1],

with h(17) = (0 oy (1= m)> P (1= (1= n)Po), y € [0,1];
(§) Ga(t,m) = 271 T4(n7), ¥ (t,17) € [0,1] x [0,1].

Proof. (a) Based on the continuity of functions g1,92,92, I = 1,...,1, 93, 04, 04i, | =
1,...,m (given by (10), (12), (20) and (22)), we obtain that the functions G;, i = 1,...,4
are continuous.

(b) By the definition of g; we find

Gi(tn) < r(;)u et +al/olgl(a,n)d7{0w)

=)+ [ oa( ) dHo(8) = Fi(n), Yrm € 0.1]
1

—_

(c—d) Using our assumptlons and the properties of function g, from Lemma 2.1.3
from [12], namely gy (7,7) < 0 )(1 — )01 %011 — (1 —5)%) = hao(y) and ga(7,77) >
171, (y) for all T, 7 € [0,1], we deduce

n

ol ) < baln) + = Y- [ 0(6,0) d3(6) = Tal),
az i=1 0

Go(t, ) = 01 (bz(’?) + ai Y wi(9,7) dHi<19)> = N(y), VT, €0,1].

2 =1
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(e) By the definition of g3 we obtain

(1) < r(,lmu ) [ a6 Kol
= b(0) + o [ as(6,1)dKo(8) = (), T € [0,1]

(f-g) Using the assumptions of this lemma and the properties of function g4 from
Lemma 2.1.3 from [12], namely g4(7,7) < 5 )(1 —1)%2 P01 (1 — (1 —)Po) = h4(y7) and

a4(T,17) > 127 hy(y) for all T, # € [0,1], we find

Ga(T,17) < haly 4—5l /1 04i(0,1) dK;(8) = Tu(n),

m§

Ga(t,m) > 102 1( blz (9, 1) dICi( )) =121 7,(n), V1,1 €0,1].
i=1

O

Lemma 4. We assume that a1,a5,b1,bp >0, H;, i =0,...,n,and IC]-, j=0,...,mare nonde-
creasing functions, x,y € C(0,1) N LY(0,1) with x(t) >0, y(t) > 0forall T € (0,1). Then the
solutions u and v of problems (5), (6) and (15), (16), respectively, satisfy the inequalities u(t) > 0,
o(t) > 0forall T € [0,1] and u(t) > ™ u(s) and v(t) > 2 10(s) forall T,s € [0,1].

Proof. Based on the assumptions of this lemma, we obtain that the solutions u and v of
problems (5), (6) and (15), (16), respectively, are nonnegative, thatis u(7) > 0, v(t) > 0 for
all T € [0,1]. In addition, by using Lemma 3, we deduce

()2 [ g ([ 6100 0)x(0)d0 )y
> [ Gatsmpn ([ G1(0)x(@) a0 )y
— T‘Sl_lu(s), 1 1
o(t) > T‘Sfl/o Ta(17) P, (/O Gs(n,8)y(9) dﬂ)dn
> [ Gutsn)gn ([ Gal @) a0 )y
0 0
— T‘Szflv(s),
forallt,s € [0,1]. O

We present finally in this section the Guo—Krasnosel’skii fixed point theorem, which
we will use in the proofs of our main results.

Theorem 1. ([16]). Let X be a real Banach space with the norm || - ||, and let C C X be a cone
in X. Assume O and Qy are bounded open subsets of X with 0 € Qq, Q1 C Oy and let
A:CN (M \ Q1) — C be a completely continuous operator such that, either

() || Au|| < |lul|, Yu e CNaoQYy, and || Au| > ||u]|, Yu € CNoQy; or

(i) [|Au|| > ||u, Yu e CnoQy, and |Aul|| < |lul|, Yu € CnaQy.

Then A has at least one fixed point in C N (Qy \ Q).
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3. Existence of Positive Solutions

According to Lemmas 1 and 2, the pair of functions (1, v) is a solution of problem (1)
and (2) if and only if (1, v) is a solution of the system

1 1
(1) = [ 6w, 0ga (| 6160 (0,u(0),0(0), (0, I3 0()d0 ),
o(T) = /01 Ga(T,0) 9o, (/01 Gs(C, 19)g(19,u(ﬂ),v(ﬂ),181u(ﬂ),1810(19))d19) dc,

for all T € [0,1]. We introduce the Banach space X = C[0, 1] with supreme norm ||u|| =
sup.c(o,1 |4(7)|, and the Banach space ¥ = X x X with the norm || («,0)||y = [lu[| + [|].
We define the cone

P={(uv)e), u(t) >0, v(t) >0, Vte[0,1]}.

We also define the operators Aj, 4, : Y — X and A: Y — YV by

1 1
Aa(9)(0) = [ Galr D (610,007 (2,(8),0(8), 15 (9), 1 0(0)) o ),
Ao(u,0)(0) = [ Galr,0)gu, ( [} 9502, 0)3(6,u(8),0(8), 15, u(9), Igivw))dﬂ) ac,

fort € [0,1] and (u,v) € Y, and A(u,v) = (A1(u,v), Ax(u,v)), (u,v) € Y. We see that

(u,v) is a solution of problem (1) and (2) if and only if (u,v) is a fixed point of operator A.
We introduce now the basic assumptions that we will use in this section.

(I1) m,72€ (L2, e (p—Lp,peNp>36ec(g—14q,9eN,q>3nmeN,
01,02,61,62 > 0,0 €R, j=0,...,n,0<a; <ap < <ap<wag<dy—1La>1,
‘B] €ER,j=0,...m0< By <Ba< - <P < Po<d—1, 6 >1, gori(T) =
T2, 9t = g 0= i =121 > 1,i=1,2,H,;:[0,1] = R, i=0,...,n,
and ICj :[0,1] = R, j =0,...,m are nondecreasing functions, aj, az, b1, b, > 0 (given
by (7) and (17)).

(I2) The functions f,g € C((0,1) x R4, R;) and there exist the functions 1,9 €
C((O, 1)/R+) and X1, X2 € C([O, 1] X Ri/RJr) with A = f()l(l - T)’Yl_llpl (T) dt €
(0,00), Ay = [ (1 — )72 Ly (7) dt € (0,00), such that

f(T,21,20,23,24) < P1(T)x1(T, 21,22, 23, 24),
(T, 21,22,23,24) < Yo (T)X2(T, 21,22, 23, 24),

foranyt € (0,1), z;e Ry, i=1,...,4.

Lemma 5. We assume that assumptions (11) and (12) are satisfied. Then operator A : P — P is
completely continuous.

Proof. We denote by M; = fol Ji(n)1(n)dn, My = fol Js3(n)a(n) dy. By using (12) and
Lemma 3, we deduce that M; > 0 and M, > 0. In addition we find
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My = / Ty = [ ( A o DA ) 1)
/1< L)) dy / (/ (B ) T
[ ([ et )] (1= )" Yyl dy < o,
M, = / gy = [ (b ( o / o Ko (©) ) ()

< o A=+ [ (/ SO D) ey
~le ([ mzldzcoa;))]w/( i <o

Also, by Lemma 3 we conclude that .A maps P into P.

We will prove that A maps bounded sets into relatively compact sets. Let £ C P
be an arbitrary bounded set. Then there exists Z; > 0 such that ||(#,v)|y < & for all
(u,v) € E. By the continuity of x; and x>, we deduce that there exists E, > 0 such that 2, =

max{sup, [0,1],zi€[0,w], i=1,...4 X1 (T,21,22,23,24),SUP [0,1],z:€[0,w], i=1,...,4 X2 (T,21,22,23,24) },

where w = B max1 1, F(1711+1)’ r(@lﬂ) , F(g11+1) , r(g21+1) } Based on the inequality \Ig w(n)|

(”wH for ¢ > 0and w € C[0,1], and by Lemma 3, we find for any (u,v) € £ and

T(E+1
176[0,1]

A(,0) () < /0 1 T2(0) 9o, ( /0 L A@n O (), o), 1% u(t), Igiv(r))dr) i
< B g (/01 T (D)1 (7) dr) /(;l 70 dz = MO ED M,
Az (u,0)(17) < /0'1 Tu(0) 9o, (/01 T3 (7)o (1) x2 (T, u(7), 0(T), I§ L u(T), Igiv(*r))dr> i
<2 gu ([ BOwar) [ @) de = mp e,

where Ms = [ J2(¢) d{ and My = [y J4(¢) dC.

Then || A;(u,0)|| < MflflEglflMg,, | Az (u,0)]| < M§2713§271M4 for all (u,v) € &,

and [|A(#,0)[ly < MO 28T My + MPTTEL T M, forall (u,0) € &, thatis Ay (€), Ax(€)
and A(€) are bounded.
We will show that A(€) is equicontinuous. By using Lemma 1, for (1,v) € £ and

1 € [0,1] we obtain
_ [ U L . :
As(a,0) ) = [ <92(77,C)+ o 2(f gzl<r,é>d%z<r>)>¢gl< [ oo
<f(0,u(0),0(0), 10+ (9), 12 0(8)) db)dg

_/ F 51 1 g)‘Sl*lXo*l_(ﬂ_g)tﬁfl]
<90 ( / G1(2,0)f(2,(8),0(8), 15, u(8), 15,0(0)) 0 ) ¢

+/ ey A0 g (/ol G1(8,0)f(8,u(®),0(8),
I '(8) I" o(8)) d8)dg

-1 1 1

o Jo & /o 02 (T, &) A, (7 )fPol(/ G1(,8)f (8, u(9),0(8),
19 u(9), I 0(9)) d9)dg.
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Then for any 7 € (0,1) we deduce

(An2)) (1) = [ 560 = D20 = 00t = (6 =) (g =
X o, ( / G1(2,9) f(19,u(19), (19),Io+u(19),lgiv(z9))dﬂ)d§
+/ T51 (6 =1y 21 =)0 g, (Algl(gzﬁ)f(ﬁ,u(ﬁ),v(ﬁ),

104-”(19 8)) db)dl
51_1 51 /1n</ 02i (T, Q) dH; (T )%1(/ G1(8, 0)f(8,u(8),0(8),
Ig;u(ﬂ) 1"2 )dd)dc.

So for any 17 € (0,1) we find

(Ar(,0) () € g [ B2 =00+ (= 0

1
xq)gl(/ T O (1 (0,u(8),0(0), (), 2 0(8)) e )
T /rﬁl (1= g0, ([ A1 0101 (6,u(2),0(0),
10+ u(®), I 0(0)) de)dg

oy [ E(f) et oo [ 5i0m0,ue),00)

ay
Iot u(9), I? v(ﬂ))dﬁ)dg

1
<zp° 1M“ { (51_1> /0”[n51—2<1—a>51—“0-1+w—gfﬂwg

<5—1>v /Oz( /Olgzxr,@)d%-(r))dé}-

Therefore, for 7 € (0,1) we obtain

5172 6171
/ < -;-91*1 01-1 1 U 1
|(A1(u,v))< )\ My { (514) 514(0*51*1
(01 — / / 01 xp—1 o=l g9
B — I'( 51 — ;) ) i (23)
— 5oyt 1 /i + 17(51 : +((51_1 i -
T2 1 (6 —1)\61—ag 611 (01 —ao) H (01 —w)

1
></ T‘Sl"‘fld”;’-[i(r)}
0

We denote by

®0(77) = F(51 — 1)

(6 — Dy =2 & 1 /1 b1—a—1
+ E T dHl T), € (0,1).
a(6 —ag) = T(01—a) Jo (T, me©01)
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This function ® € L! (0,1), because

1 1 1 1 1
/0 ®0(17)d17:r@)(51—0¢0+5 ) - az(d1 — o)

1
n 24)
1 51 n;— 1 (
xgr((slai)/o dH; (1) < 0.

Then for any s1,s, € [0,1] with s; < sy and (u,v) € &, by (23) and (24) we conclude

A(m,0)(61) — As(w,0) ()] = | [ (Ar(,0)) (1)

51

<zl M [T
<E; 1 o(T)dt. (25)
s1

By (24) and (25), we deduce that .4, (&) is equicontinuous. By a similar method, we
find that A, (&) is also equicontinuous, and then A (&) is equicontinuous too. Using the
Arzela—Ascoli theorem, we conclude that A;(€) and A, (€) are relatively compact sets,
and so A(E) is also relatively compact. In addition, we can show that A;, A, and A
are continuous on P (see Lemma 1.4.1 from [14]). Hence, A is a completely continuous
operatoron P. [

We define now the cone
Po={(u,0) € P, u(y)=n"""ull, v(y) =42 oll, n €[0,1]}.

Under the assumptions (1) and (12), by using Lemma 4, we deduce that A(P) C Py,
and so Alp, : Py — Po (denoted again by .A) is also a completely continuous operator.
For 6 > 0 we denote by By the open ball centered at zero of radius 6, and by By and 9By its
closure and its boundary, respectively

We also denote by Ml—fo J(T)i(T)dT, Mz_fo J5(T le( 7)dT, Mazfol J(1)dt
-1
M = [y Ja()dT, and for 6,6, € 01,61 < b2 Ms = > 50) (Jf (g, 7 ar)™ e,

M = [ (¢ ( Js G3(2,7) dT) Yz,

Theorem 2. We suppose that assumptions (I1), (12),

(I3) Thereexistc; >0, i=1,..., 4withy} ¢;>0,d;>0,i=1,..., 4withyt  d; >0,
and py > 1, pp > 1 such that

X1 (;7/ Z1,42,23, Z4)
= limsup max <L,
e T iz Eo 7el01] o (171 + c222 + c323 + cazg) 1) !
and
X20 = limsup max Xa(11, 71,22, 23, 24) <D,

y dizs0 10 Qo ((diz1 + dozo + dszs + dazy)'2)

where 1] = (zrl—lMlMgl—lpﬂl(rl—l))—1 I, = (272—1M Mrzflpﬂz(rz—l))—ll with p1 =

ds dy
2max{ 1,2 12y T P2 = zmax{dlfdzf T T
(14) Thereexistp; >0, i=1,..., 4withYt p;>0,q,>0,i=1,... 4withy} g, >0,
61,0, € (0,1), 61 < O and Ay > 1, Ay > 1 such that

feo = liminf  min f1,21,22,23,24) > I3,

i, pizi—oon1€[61,62] Pry (p1z1 + p2z2 + p3z3 + paza)

or

g0 = liminf min 801,21,22,23,24) > Iy,

T4 qizi—oo 1€[01L02] @ (121 + 4222 + 323 + q424)
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where I3 = A\q (2p3M59(151_ )1 "l = /\2(2p4M69 2= )1—r2 with p3 = min{pﬁ‘srl,

+61—1 +07—1 +01—1
952 1 ps] T pafi? " T(8) — mind 7.1 952 1 4367 T(8)
S B ¥ (e I Y Ry R G (ISR L WA | () B

+op-1
qa6521%2 r(«sz)}

T(02+62)
hold. Then there exists a positive solution (u(t),v(t)), T € [0,1] of problems (1) and (2).

Proof. By (I3) there exists R € (0,1) such that

X1(1,21,22,23,24) < ligr, ((c121 + €220 + €323 + c424)11), (26)
X2(1,21,22,23,24) < la@r,((d12z1 + dazp + d3zz + dazs)H2),

forally € [0,1],2z; > 0,i=1,...,4with Y}  ¢;z; < Rand Y} ,d;z; < R. We define
Ry <min{R/p1,R/pp, R}. For any (u,v) € Bg, NP and { € [0,1] we have

c1u(Z) + c20(Q) +c31"1 u(g) +C4I”2 v(0)

< zmaX{C’l,CZ, r(0-1+1)/ 1"(0—2+1 }H(u U)Hy le(u v)”y < lel < R
diu() + dro(0) + d3lgl u(g) + d4I5% v(Q)

< 2max{dy, da, s, }||<u,v>||y = pall(w,0) |y < p2Ry < R.

§1+1) T(ga+1)

Then by (26) and Lemma 3, for any (u,v) € dBg, NPy and 57 € [0, 1], we deduce

(A1(,0)) (1) < / e %(/ T (O (6,1(0),0(0), L u(8), 20(0) d0 )
— Mg, ([ 7 [ A@f(0,u(8),0(0), 152 u(0), 1 0(6)) i)
<M3¢Ql(/olm 1 (8)x1(8, u(8), 0(8), I u(9), I”va))dﬁ)

< Mz @y, /Jl )y (9 llqul((cw(ﬁ)+sz(l9)+631‘71u(ﬂ)+C4lgiv(l9))”1)dl9>

= Ms%l(qvlrl((Pllll(u v)lly)”l))(/’el(ll)%l ng)1
= MM I p 1H(M )y < MsMQI_ Tl wo)lly = 31w 0)ly,

(Aa(,2)) (1) / i qogz( [} 5 (g(6,u(6),0(0), I (@), 20(0) do )
— Miga | F(0)3(0,u(2),0(0), Igluwngivw))dﬂ)
nggz(/ Fo(0)2(Ona(,u(8),0(8), 16, u(9), 1§ (8)) 9

< My@y, / T3(8) 2 (8) oy, ((d1u(0) + dpv () + d31€1 u(9) + d41810(19))”2)d19>

< Migo, (jPlrz((flzll(u v)IIy)”z))%z(lz)quEgle
= MyM3 15 b2l (w,0) [ < MaMg? 152 5% | (u,0) [y = 311 (,0) [y

Then we conclude that
[A(u,0) ||y = [[A1(w, )| + | A2(w, 0) || < ||(w,0)]y, V(u,v) € 9Br, NPo.  (27)

Now we suppose in (I4) that fo, > I3 (in a similar manner we study the case goo > 1)
Then there exists C; > 0 such that

f(1,21,22,23,24) > I3y, (p121 + P22 + p3z3 + paza) — Cq, (28)
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forally € [64,6;] and z; > 0, i = 1,...,4. By definition of Ig}k’ for any (u,v) € Py and
n € [0,1] we have

n _ 1 n _ _
=07 u@ e = s [0 -0 Te T ulag
=y ul 1t o1—1,61—1. 61 Il ois—1 (1 521 -1
—! _ dy = 1210 pot+or 1 1— 1—1y4
T(01)/(> (7 =my)™ "™ =y dy = oo /0 yr -y dy
ully” 1T (8)
1"(51 +01) !

I 1

0+”(’7) = m

_

0'1+(51—1B 5 0 — |
1"((71)17 (1 1)

(29)
and in a similar way
[0l 21T (6)
T (52 + 0’2) !
where B(p, q) is the first Euler function. Then by using (28) and (29), for any (u,v) € Py
and 7 € [0y, 6,] we obtain

Ig2 o(n) >

'92 g - [

(A, 0)0) = [ 621,090, (| G1(E0)F(8,u(8),0(0), 1L (o), I o(@))de )

62 4
> 607 [P @ ([ 600 [pru@) + po(@) + paif (o) + patfiofe))

—Cy]d9)0dg

62 ¢

> 607 [7 @ ([ @[ (6~ il + a6 ol
01—-1

9(71+51—11—~(5 ) 9(72#’52711-(5 ) r—1

1 1 1 2

- - —Cq|de d
st S 4 p A g : ;

e 7 . _ L 67TIT(ey)
> 0! /9 7(0) ( /9 G1(¢,9) lk(rmn{m@fl R Vo

5y —1 r—1 9171
paf> 2T (6) B
I"(52+0.2) 2||(M’U)Hy Cl dl9 dé

5—1 [0 ¢ o o1—1
=0t [0 < |, 1@ ) [1s(2esl () ) - cl}dﬂ) 4
= M6 [1s (203 (,2) )" — 1]
_ (Mgl‘leg‘sl’l)(”*1)13271‘1;);1_1||(u, U)Hg}—l _ M;1—19§(5]71)(7171)(:1)@1—1
= (MH(% U)||S}7l - Cz)gl_l, Cy = Mp~tpl Ve,
Then we deduce

-1
[AG o)l > A1 ()| > L, o)@n)] > (Ml o)™ =C)" ), V(o) € P

We choose R, > max{l, Cglfl/()\l — 1)91*1} and we obtain

[ A, 0)lly = [|(, )|y, V¥ (u,0) € 9Bg, N Po. (30)

By Lemma 5, (27), (30) and Theorem 1 (i), we conclude that .4 has a fixed point (u,v) €

(Br, \ Br,) NPy, 50 Ry < ||(1,0)|ly < Ry, and u(t) > v~ 1|ul| and v(t) > 1% {|o]| for

all T € [0,1]. Then |[u]| > Oor |[v|| > 0, thatis u(t) > 0 forall T € (0,1] or v(7) > 0 for all
T € (0,1]. Hence (u(7),v(7)), T € [0,1] is a positive solution of problem (1) and (2). [

Theorem 3. We suppose that assumptions (I11), (12),
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(I5) Thereexiste; >0, i=1,...,4 with Z?:l e, >0,k >0,i=1,...,4 with Z?Zl ki >0

such that
721,22,23,2
Xiw = limsup max x1(1,21, 22,23, 24) N
4 eiz—se0 €10 911 (e121 + €22 + €323 + €424)
and
721,22,23,2
X200 = limsup max X2, 21,722,235, 24) < My,

£ kiziosoa 1€01] @ra (K121 +kazo + kazs + kyzy)
where my < min{1/(2M1 (& Mz)"1~1),1/ (M1 (251 M3)1 1)},
ny < min{l/(ZMz(Czle)’Z*l) 1/ (My(2&,My)2~ 1)} with

_ k k .
61 = 2maxyer, e r((’1“)’ r(‘72+1 } G2 = 2max{k1,kz, Mo 1) T 1) }’

(16) Thereexists; >0, i =1,..., 4withY* ;s;>0,t; >0, i=1,...,4withYt  t; >0,
61,0, € (0,1),01 < 6 and vy € (0,1], v» € (0,1], A3 > 1, Ay > 1 such that

fo= liminf min f1,21,22 23, 24) > ms,

v siz0n€l6162] Pry (5121 + 522 + 8323 + 5424)"1)

or
go= liminf min 8(11,21,22, 23, 24) -
Yo tizi—0n€f02] Pry ((t121 + tazo + t3z3 + t4z4)"2)

where m3 = AR (Ms2"1 85100 1,y = AN (Mg2v2g 200 )2, with & =

+61—1 0y +0n—1
S 5301 UTI(6)) 546272 T(6) 1ol
min 591 /82077 —rrunifG1 0077
{ 1 2 L(o+01) 7 T(0a+02) G4 1

05TV (8y) 05212 r(&z)}
7

T(oi+¢1) 7 T(o+tec2)
hold. Then there exists a positive solution (u(t),v(t)), T € [0,1] of problem (1) and (2).

Proof. From (I5) there exist C3 > 0, C4 > 0 such that

X1(1,21,22,23,24) < my@r, (e121 + e2zp + €323 + e4z4) + C3,

31
XZ(T]/ Z1,42, Z3/Z4) S qu)Vz (klzl + kZZZ + k3Z3 + k4Z4) + C4/ ( )

foranyn € [0,1]and z; > 0, i =1,...,4. By using (I12) and (31) for any (u,v) € Py and
n € [0,1] we find

< [ 2@ ( [ HOFEu(®),000), 151 u(0), 1 0(9)89) a2
[ A@p1(0)0(0,u(0),0(0), . u(8), 5 0(6)) a0

/01 T1(8) 1 (0) [m1@r, (e1u(9) + e20(0) + 37} u(9) + esg? v(8)) + C3]dl9>

! sllul _ealioll \"!
‘Amwwmﬂmew+mm+r(+D+H®+D) +ng

< M; Po:

S M3 9091

S M3 §0Q1

]
~—
—~
————

< M3€0Q1 |:m1 (max{eLeZ/ F(U1+l)/ r(szJrl }ZH(M U>Hy> + C3:|

-1 -1 1 -l
= M M (g i (w0) 13+ G5) T
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and

) < [ T[] BOg(0,u(0),000), (o), 12 0(0) d0 )
< Mugas( [ (O=(OD2a(0,(0),0(0), 5, u(0), 5 0(0)) do

< My@o, /01 T3(8) 2 (8) [ma@r, (kiu(8) 4 kov(9) + k3 I§L u(8) + kaI§2 0(9)) + C4]dd

! K | kil \27!
< Muges | [ T5(0)p2(8)| ma{ ] + ko] + . ) e

IF(g1+1) T(e2+1

< Mypq, [mz (max{, ko, miary, gy b2l 0) 1y ) +c4}

<( [ A@wate) cw) o

-1 _ Q2
= M My (a5 (,0) |3+ Ca)

Then we obtain

(2} < M50 (a2} 54 C5)
a1 < MM (a5 +C3)
and so
| A(u,0)||y < Mf171M3<mlgf I, 0) 15 1+C3)Ql
+M§2_1M4(mz€§2’1\|(u o)~ 1+C4> l,

for all (u,v) € Py. We choose

M91*1M32g172C91*1 4 MQ2*1M42Q272C92*1
R3 > max{ 1, 1 — 3 — 2 — 4 -
1— (M M320=2m' & + M2 M2 2mg? &)
MTIMCS T MY My
1— (MP My e+ MP Mym§ 152)
M MY MY M0 2c§2
-1 -1 -1 _ -1 ’
1T— (M Mam$' 81 + M3? ™ My22~2m3? &)

MY M2 205 M MR
1— (MO M2 28 e+ MP ' MymP ') [

and then we conclude

A, 0) [y < |[(w,0)[y, ¥ (#,0) € 9Bry N Po.

The above number R was chosen based on the inequalities (x +y)? < 2971(x@

ao

(32)

(33)

+y9)

for@w > 1and x,y > 0, and (x +y)® < x? 4+ y® for @ € (0,1] and x,y > 0. Here
@ = 01 — 1 or 0 — 1. We prove the inequality (33) in one case, namely ¢; € [2,00) and
02 € [2,00). In this case, by using (32) and the relations M§171M3291_2m‘1}171§1 <1/2and
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M§271M4292’2m§271§2 < 1/2 (from the inequalities for m; and m; in (I5)) we have the
inequalities

Mfl_lM (mlérl R gl 1+C3)Ql_1+M§2_1M (mzézrz 1R1’z 1+C4)02—1
< MY M0 2 (T Ry + CS ) + MSYT M2 2 (2 Ry + CP )
= (M M320 2 ey M M2 2mE T 5)Rs

(M Ma20-2C8 T M M2 2CPR ) < R

In a similar manner we consider the cases 01 € (1,2] and 0> € (1,2]; 01 € [2,0) and
02 € (1,2]; 01 € (1,2] and 02 € [2,00).

In (I6), we suppose that gy > m4 (in a similar manner we can study the case fo > m3).
We deduce that there exists Ry € (0, 1] such that

8(1n,21,22,23,24) > Ma@r, ((t121 + tazp + t3z3 + taz4)"?), (34)

forally € [64,602],2; >0,i=1,...,4, Z?:l tizi < Ry. We take Ry < min{Ry/&,, R4}, where

§4 = Zmax{tl, to, r(g1+1)' F(gt4+1) } Then for any (u,v) € §R4 NP and 7 € [0,1] we have

t3||u ty||0
Q) + 20(0) + 1B, 0(0) + 4B o0) < el + sl + s el
t3 ty

T T [l = &l o)l < ERs < R

< max{ t1,t2,

Therefore by using (34) and (29), we obtain for any (u,v) € dBg, NPy and 1 € [0y, 6,]

A1) 2 / Ore ([ oa(e.013(0,u00),v(0), (o), 201600 )
ot | 7 93 (8,8) [magr, ((110(8) + £20(8) + 13157, u(9)
+t41€2 d19 dg
zefz 1 9 (PQ2</ G3(2,0) m4<t191 1||u||+t2952 1||v||
9€1+51 1 ( ) 9g2+52 1 ( ) vp(r2—1)
+ +t dv | d
R ETT AR vyl il 4

021

> 027 [P @ ( [ ga(e omatal 0 ||y>w<le>d19> %
= o T (2ga) eV u,0) 3 ( NGl 1d§>
= Meb 'm 12282 (w,0) 15 = Aall(w,0) |13 > 1w, 0) |15 > 111, 0) |-
Then we deduce || Az (u,)|| > || (1,0) ]y and then
1A, )1y > [[(1,0) [y, ¥ (u,0) € dBg, N Py. (35)

From Lemma 5, (33), (35) and Theorem 1 (ii), we conclude that A has a fixed point
(u,v) € (Bry \ Br,) NPy, so Ry < ||(u,v)||y < Rs, which is a positive solution of prob-
lem (1) and (2). O

Theorem 4. We suppose that assumptions (I1), (12), (I4) and (16) hold. In addition, the functions
Y; and x;, i = 1,2 satisfy the condition
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(17) MsMP "D < 1, MyMP ' DR < 1, where

Do = max max x1(1,21,22,23,24),
n€(0,1],z;€[0,wp), i=1,...4

max x2(1,21,22,23, 24
1€[0,1], z€[0,wp], i=1,...4 102122, %3,24) 00

: _ 1 1 1 1
with wo = max{l’ (o +1)’ T +1)’ T 1)’ Tlea 1) }

Then there exist two positive solutions (u1(7),v1(7)), (u2(7),v2(7)), T € [0,1] of prob-
lem (1) and (2).

Proof. Under assumptions (I1), (I2) and (I4), Theorem 2 gives us the existence of R, > 1
such that

A, 0) [y = [[(w,0)[y, ¥ (#,0) € 9Bg, N Po. (36)

Under assumptions (I1), (I2) and (I6), Theorem 3 gives us the existence of Ry < 1
such that

[ A, 0)lly = [|(w, )|y, V¥ (u,0) € Bg, N Po. (37)

Now we consider the set By = {(u,v) € ), ||(«,v)|ly < 1}. By (I7), for any (u,v) €
dB1 NPy and 5 € [0, 1], we obtain

1 1
A 0)0) < [ B0 (] A9 O)01(6,1(0),0(0), Ky u(0), B 0(2)) 20 a2

<0 ([ 2@a) ([ s@m@a) = mpptup <
A 0)0) < [ @ [ T0 2002200, u(0),0(0), (o), 1 0(0)) do ) a2
<o ([ w@ae) ([ dowoa)” = mpptug <y

Then ||A; (1, 0)|| < 1/2 for all (i, 0) € 9B; N Py, i = 1,2. Hence

[ A, 0)lly = | A1 (w,0) || + | A2(w, 0)[| <1 = |[(u,0)[ly, ¥(u,0) €dBiNPo.  (38)

So from (36), (38) and Theorem 1, we deduce that problem (1) and (2) has one positive
solution (u9,v1) € Py with 1 < |[(u1,v1)]]y < Rp. From (37) and (38) and the Guo-
Krasnosel’skii fixed point theorem, we conclude that problem (1) and (2) have another
positive solution (up, vp) € Py with Ry < ||(u2,v2)||y < 1. Then problem (1) and (2) have
at least two positive solutions (u1(7),v1(7)), (u2(7),v2(7)), T€[0,1]. O

4. Examples

Lety; =3/2,72=7/6,p=4,q=3,0p =10/3,0, =12/5,01 = 2/5,00 =29/7,
¢1=11/9,6p=21/4n=2m=1,00=13/8, 01 =5/7, 00 =3/4, Bo =10/9, B1 =7/8,
r1 = 17/4, v, = 25/8, 01 = 17/13, 0o = 25/17, Ho(t) = {2/7, t € [0,3/4); 11/4,
t € [3/4,1]}, Hi(t) =t/2, t € [0,1], Ha(t) = {1/2, t € [0,1/2); 13/10, t € [1/2,1]},
Ko(t) =4t/9, t €[0,1], Kq1(t) = {1/4, t €[0,1/3); 29/20,
te(1/3,1]}.

We consider the system of fractional differential equations

Dgi2 ¢17/4( Dy 3u(T) f(T,u(T),U(T),Iéf’u(r),lgiﬁv(r)), Te (0,1),
DY (9255 (D *0(1) ) = g(x,u(x),o(x), 1L °u(x), BV o(x)), 7€ (0,1),

(39)
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with the boundary conditions

10/9 _617/8..(1
DyY%0(1) = €D} (}).

We have here a4

~ 0.56698729 > 0, ay

=u"(0) =0, D}Y?u(0) =0, D3%/3u(1) = D00 %u(3),
Dg/*u(1) = 4 Jy D3u Uﬂdﬁ+45%f:(z)
0(0) = ©/(0) = 0, Déi“’ (0) =0, gas8(Dg2 (1)) = § fy @255 (D5 0 () ) i,

(40)

~ 216111947 > 0, b; ~ 0.61904762 > 0,

by ~ 0.43774133 > 0. So, assumption (I1) is satisfied. We also obtain

g1(t,n) = m

a(t,n) = W

1 T34/21(1 ,7)17/24 _

o1(7, 1) = F(55/21){ T34/21(1 _ ,7)17/24,
1 119/12(1 B ,7)17/24 -

g2(T,1) = 1“(31/12){ F19/12(1 _ y\17/24,

g3(T,1) = W
B 1 T7/5(1 o ;7)13/45 o

) = K7
gu (T, 1) = m
172
gl(T’T]) = gl(T,T]) +
27/3

1 /61 —)V/6 — (7 —
T1/6(1 777)1/61 0<t< I <1,

2a1 g1 4/;7 7 /;7

1 20 -2 — (-2, 0<yp<T<1,
{ T1/2(1_;,l)1/2/ OSTSTI <1,

1 T7/3(1 _;7)17/24 _ (T_U)7/3f 0< i <t<1,
{ﬂ“u—mwmﬂosTsngL

(t—n)32, 0<p<t<],
0<T<p<1,
(t—mW¥/12, 0<y <1<,
0<t<py<l,

e, 0<p<t<l,

(t—n)5, 0<yp<t<y,

T7/5(1 o ;7)13/45/ 0 S T S 7 S 1,

1 T21/40(1 — 4)13/45 _
{ T21/40(1 o 17)13/45,

(T_H)21/40’ 0< i <t<l1,
0<t<n<l1,

[0,1] x [0,1],

() = e+ T (3 [Comlomao+ 2am(30) ), (o) € DX 01

471/6

g3(T’ ;7) = 93(T/ ;7) +
T7/5

1
9,n)dd
9%, /093( ,1) do,

(t,n) €[0,1] x [0,1],

Ga(t,m) = ga(T, ) + 56, g41<;,11), (t,n) €10,1] x [0,1],

mm):réhﬁl D2, by(n) = (émﬁl—m"“ﬂrﬁl—wmmxnemﬂL
(1) = T (1= 1% 05 = g7 (1= 0B A= (A=), g € 1
Besides we deduce
AD) = h1(Z) + 2a1F}3/2 {(%)1/2 OV —(3- C)l/z}, 0<7<3,
(@+5ﬁ%7@f” 9”2 3cg<,
h2(Z) + {zr 76/21) { 07— (1)
19/ 19/12
HO = +H@Uud(9 “—CV”M—(%—é) }},ogégi,

h2(C) + {zr 76/21) [

FQ) = 15(0) + ggriare [ (1

21/40

1

h4(0) +5bzr(61/40 {(3
1 /40

(4)

Ju(0) =

04(0) + 55,7 61/40

100

1-0)7/% - (1 5)55/21]

(
19/12
+5r(3z11/12 ( ) (1- 5)17/24}'

Yo —(1-

I<g<y,

)7/6} el
g)18/45 _ (% C)z1/40} 0<¢

13/45 < é’ <1.

IN
Wl
2
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Example 1. We consider the functions

(221 4254523 +7Z4)]3”/4

170/8
f(U,Zl,Zz,Z3,Z4> - 171(1 (1711)@ s g(77121122123/24) == (321+8;;%3+(%Zj7;r)2§4) , (41)
fory € (0,1),z; > 0,i =1,...,4 wherea > 1,b > 1, k1 € (0 1), ko € (0,3/2),

k3 € (0,1), x4 € (0/7/ ) Here ¢1(n) = W () = K3(1 o for € (0,1),
x1(11,21,22,23,24) = (221 + 2o + 523 + 724) 3% and x(1, 21, 22, 23,24) (321 4822 + 223+
924)7%/8 for y € [0,1], 2 > 0, i = 1,...,4. We also find Ay = fo (1 — )29 (1) dT =
B(1—x1,3—1) € (0,00), Ay = [1(1 fT)l/étl)z( )dt = B(1—x3, Z—x4) € (0,00).
Then assumption (12) is also satisfied. Moreover, in (13), forcy =2,c =1,¢c3 =5,¢4 =7,
wp =1,d, =3,dy =8,d3 =2,dy =9, yp =1, we obtain x10 = 0, xo0 = 0. In (I4),
for [61,02] C (0,1), p1 =2, p2 =1, p3 =5, ps = 7, we have foo = co. By Theorem 2, we deduce
that there exists a positive solution (u(t),v(7)), T € [0,1] of problems (39) and (40) with the
nonlinearities (41).

Example 2. We consider the functions

s w
f(17,21,22/23,24)=%{< z1+ Zz+Z3+ ) '

—|—( z1 + zz+23+ , 1e(01], z>0,i=1,...,4, (42)
_ t0(3+51n17 2] 1 w3
8(1,21,22,23,24) 7(“2)4@((3 +1In(zp 4+ 23+ 1) +24%),
nel01), z>0,i=1,...4,
h B B H, h = 4=
where s > 0, tg > 0, w; > 3, wy € 0,4) w3 > 0. Here, we avelpl()_W,

w
n € (0,1, x1(17,21,22,23,24) = 5(0,727;2 [ Im+tintz+ 224) it (%lzl + 1z 25+

wy .
%24) } n€0,1],z>0,i=1,...,4 P(y) = \/73/ 7 €10,1), x2(17,21, 22,23, 24) =
M((;Zl +1n(Zz+Z3+1)+ZZU3), nel0l],z >0i=1,...,4 Wefind A\ =

(17+2)

Jy@ =02 dr = B(3,3) € (0,00), A2 = [7(1 — OV = § € (0,%).
Then assumption (12) is satisfied. For [01,6;] C (0,1), p1 =1/4, po=1/3,p3=1,ps =1/2,
we obtain foo = oo, and for s = 1/4,sp = 1/3,53 = 1,54 = 1/2and v; € (41‘% ,1}
we have fy = oo. So assumptions (I4) and (16) are satisfied. Then after some computations,
we deduce My = [} J1(7) 1 (7) d ~ 3.04682891, Mz = [ Ta(T)¢a(7) dT ~ 2.64937892,
Mz = f01 Ja(t)dt ~ 0.15582207, My = fol Ju(T ~ 1.25629509. In addition, we ob-
tain that wy = ks ~ 112706049, Dy = max{35° [(Bewo) + (Bwo) |, tomolewo +

In(2wp +1)+wy ]}, with my = max, o 1) %%;)g ~ 3.0123699. If

. 7 7
50 < mm{ 3(2Ms3) 73 M; [ (Z5wo /12)“1 +(25w0 /12) 2] 3(2My) 17/ My (25w /12)°1 +(25wy /12)2] }

1 1

tp < min
0 (2M3)13/4 My mg[e0 +ln(2w0+1)+ng3] " (2My) Y78 Mymy [e‘*’0+ln(2w0+1)+w8)3]

7

then the inequalities M3M4/13D4/13 5, My M8/17D8/17 2 are satisfied (that is, assumption
(17) is satisfied). For example, if wy = 4, wz =2, w3 = 3 and sg < 0.0034 and ty < 0.0031, then
the above inequalities are satisfied. By Theorem 4, we conclude that problem (39) and (40) with the
nonlinearities (42) has at least two positive solutions (u1(7),v1(7)), (u2(7),v2(7)), T € [0,1].

5. Conclusions

In this paper we investigate the system of Riemann-Liouville fractional differential
Equations (1) with r;-Laplacian and rp-Laplacian operators and fractional integral terms,
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subject to the uncoupled boundary conditions (2) which contain Riemann-Stieltjes integrals
and fractional derivatives of various orders. The nonlinearities f and g from the system are
nonnegative functions and they may be singular at T = 0 and/or T = 1. First we present
the Green functions associated to our problem (1) and (2) and some of their properties. Then
we give various conditions for the functions f and g such that (1) and (2) has at least one
or two positive solutions. In the proof of our main results we use the Guo-Krasnosel’skii
fixed point theorem of cone expansion and compression of norm type. We finally present
two examples for illustrating the obtained existence theorems.
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1. Introduction

We consider the system of Riemann-Liouville fractional differential equations with
p1-Laplacian and py-Laplacian operators

{Déw (DY x(1)))
D2 (¢p, (D2 (1))

subject to the nonlocal coupled boundary conditions

F(tx(8), (1), 1o x(8), It y(1)), t € (0,1), 1)
a(tx(6), y(1), Ik x(6), I3y (1)), t € (0,1),

x0(0)=0, j=0,...,p—2, D x(0) =0,

9o (DT x(1)) = /O g (DY x(x ))dfmo(T)/ Dgéx( Z / ) dM(7),

vy (0)=0, j=0,...,4—2, Dy y(0) =0, ¥
90 (D2 (1)) :/01 90, (D (7)) dNo (), DEy(1) / D’ x(x) dy(7),

where 61,6, € (1,2], m e (p—1Lpl,preN,p>3,1m€(g—1,q9],geN,q>3,nmeN,
M1, P2, V1, V2 >0,DCkER,k=0,...,I’l,0§£¥1 <y < - <y S,BO <’)’2—1,ﬁ0 >1,

ﬁkeRk—O m0</31<ﬁ2< < Bu<ag<m1—1ag>1, @p(s) = |s]fi?s
cpp’i Pois 0 = ,i=12,p0>1i=127g:(01) xRY — R, are continuous
functions, smgular at t=0and/ort =1, (Ry = [0,)), Ig . is the Riemann-Liouville

fractional integral of order 6 (for 0 = 1, ya, v1,12), Dg L s the Riemann-Liouville fractional
derivative of order 6 (for 6 = 01,1, 62, Y2, &0, - -, &, Bo, - - -, Bm), and the integrals from the
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boundary conditions (2) are Riemann-Stieltjes integrals with 0t; : [0,1] = R, i =0,...,n
and R [0,1] = R, j =0,...,m functions of bounded variation. The present work was
motivated by the applications of p-Laplacian operators in various fields such as nonlinear
elasticity, glaciology, nonlinear electrorheological fluids, fluid flows through porous media,
etc. see for details the paper [1] and its references.

In this paper, we present varied conditions for the functions § and g such that problem
(1), (2) has a positive solution, and then it has two positive solutions. A positive solution
of (1), (2) is a pair of functions (x,y) € (C([0,1],R;))? satisfying the system (1) and the
boundary conditions (2), with x(s) > 0 forall s € (0,1] or y(s) > 0 forall s € (0,1]. We
apply the Guo—Krasnosel’skii fixed point theorem of cone expansion and compression
of norm type (see [2]) in the proof of our main results. Connected to our problem, we
mention the following papers. In [3], the authors studied the existence of multiple positive
solutions of the system of nonlinear fractional differential equations with p;-Laplacian and
p2-Laplacian operators

{Dﬂwmmﬁﬂﬂw=ﬂ&ﬂ%ﬂﬂhsemﬂl
D2 (9, (DE2y(s))) = 8(s, x(s),y(s)), s € (0,1),

supplemented with the nonlocal uncoupled boundary conditions

Z Su DL x(1716),
k=1 B .
(2 ) = S0 Ty (DL x (1)),

1
+
m—
&k D2y (k).

x(0) =0, DJlx(1

(1) =
Dgix(()) - 0 90P1(D

) =

(D

=

y(0) =0, DPy(1

=1
Dyiy(0) =0, @p, o+y( )) = LIS Cokppa (D2 y (26)),

where a;, B; € (1,2], vi € (0,1], a; + B; € (3, 4], &; > 7i+1,i = 1,2, Gk, N1k, C1ks Goks M2k
ok € (0,1)fork=1,...,m—2,p1,p2 > 1,and f and g are nonnegative and nonsingular
functions. They applied the Leray-Schauder alternative theorem, the Leggett-Williams fixed
point theorem and the Avery-Henderson fixed point theorem in the proof of the existence
results. In [4], the authors studied the existence and nonexistence of positive solutions for
the system of Riemann-Liouville fractional differential equations with ¢;-Laplacian and
02-Laplacian operators

~—

{D&w or (DRLx(5))) + Af(5,x(),y()) = 0, s € (0,1), -

D32 (90, (D@2 y(5))) + a(s,x(s), y(s)) =0, s € (0,1),

subject to the coupled nonlocal boundary conditions

x0(0) =0, j=0,...,p—2 D x(0)=0, D x 2/ 7)dIm (),
| X . ) @
y(0)=0,j=0,...,4—2; DPy(0)=0, D1y z/ DE x(2) d(0),

where A and y are positive parameters, v, 72 € (0,1],61 € (p—1,pl, 00 € (9—1,49], p, g €
N,pg>3nmeNa €¢Rforallk=0,...,n0 <0 <ay < - <a, <Pg<dp—1,
ﬁo > 1,,5]( € Rforallk =0,...,m,0 < ﬁl < ,52 < e < ‘Bm <wayp<d—1,0a90>1,
01, 02 > 1, the functions f, g € C([0,1] x Ry x Ry, R ), and the functions M,j=1,...,n
and My, k = 1,...,m are bounded variation functions. They presented sufficient conditions
on the functions f and g, and intervals for the parameters A and p such that problem (3),
(4) has positive solutions. In [5], the authors investigated the existence and multiplicity of
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positive solutions for the system (3) with A = y = 1, supplemented with the uncoupled
nonlocal boundary conditions

1 . e ! 1 o
¥0)(0) =0, j=0,...,p—2 DI x(0) =0, DL x(1) = Z/O DE% () d0 (),
: : 5 B T B
yV(0) =0, j=0,...,g—2; D@y(0) =0, Dy{y(1) = Z/O DRt y(2) d%(3),
k=1

where n,m € N, ap € Rforallk =0,1,..., 1,0 < a1 <ap < - <y, < g < 61— 1,
ny > 1,ﬁk € Rforallk =0,1,...,m,0 < ﬁl < ﬁz < e < ‘Bm < 'BO < 52—1,ﬁ0 >1,
the functions f and g from system (3) are nonnegative and continuous, and they may be
singular ats = 0 and/ors = 1, and i)ﬁ]-,j =1,...,nand My, k =1,...,m are functions of
bounded variation. They applied the Guo—Krasnosel’skii fixed point theorem in the proof
of the main existence results. In [6] the authors studied the existence and multiplicity of
positive solutions for the system (1) subject to general uncoupled boundary conditions
in the point t = 1. We mention that our problem (1), (2) is different than the problems
from papers [4,6]. Indeed the orders of the first fractional derivatives in the system (3)
(from [4]) are positive numbers less than or equal to 1, and in our system (1) the first
fractional derivatives are numbers greater than 1 and less than or equal to 2. This difference
conducts to the consideration of different boundary conditions (more precisely, for our
problem, we have a bigger number of such boundary conditions)—see (2) and (4). Another
differences are the presence of the parameters in system (3)—here, we do not have any
parameters, and also the nonlinearities f and g from (3) which are nonsingular functions,
as opposed to our problem in which the functions f and g are singular; so here is a more
difficult case to study. On the other hand, the essential difference between the present
problem (1), (2) and the problem studied in [6], is given by the boundary conditions. In
[6] the last boundary conditions for the unknown functions are uncoupled in the point
1, and here in (2), the last boundary conditions for the unknown functions x and y are
coupled in the point 1; that is, the fractional derivative of order «( of function x in the point
1 is dependent of varied fractional derivatives of function y, and the fractional derivative
of order B of function y in 1 is dependent of various fractional derivatives of function x.
Hence the novelty of our problem (1), (2) is represented by a combination between the
existence of p-Laplacian operators in system (1), the dependence of the nonlinearities in (1)
on diverse fractional integrals, and the nature of the last boundary conditions in the point
1 which are coupled here. We also mention the recent papers [7-12] in which the authors
study fractional differential equations and systems with p-Laplacian operators, and some
recent monographs devoted to the investigation of boundary value problems for fractional
differential equations and systems, namely [13-17].

The paper is organized in the following way. In Section 2, some auxiliary results which
include the properties of the Green functions associated to our problem (1), (2) are given.
In Section 3 we present the system of integral equations corresponding to our problem,
and the main existence and multiplicity theorems for positive solutions of (1), (2), and
Section 4 contains their proofs. Finally, two examples which illustrate our obtained results
are presented in Section 5, and the conclusions are given in Section 6.

2. Auxiliary Results

In this section, we consider the system of fractional differential equations

{ Dy, (@, (Dol (1)) = u(t), £ € (0,1), )

D2 (90, (DL y(1))) = 0(t), t€ (0,1),

with the coupled boundary conditions (2), where u,v € C(0,1) N L! (0,1).
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We denote ¢,, (Dl x(t)) = h(t), ¢p,(Dg2y(t)) = k(t). Then problem (2), (5) is
equivalent to the following three problems

h(0) =0, h(1) =

D2 k(t) =
k(0) =0, k(1) =

{ Dp' () =

and

{ DYt x(t) =

DY y(t) =
with the boundary conditions

By Lemma 4.1.5 from [16], the unique solution & € C[0, 1] of problem (6) is

h(t) =

where
1(4,7) = ot r)+§11/1
gi(t,7) = F(lél){ iiiig _

for (t,7) € [0,1] x

{ x(0)=0, j=0,...,p-2, D§ix<1
y(0)=0, j=0,...,4—2, Dy%y(1)

7)1 — (t -
a7, 0<t<T<]1,

u(t), te(0,1),

Jo h(T) dDMo(T),

o(t), t€(0,1),

Ji k(T) dNo (),

Z:k 1 fO
Z:kzl fO

0+yT S)ﬁk(’l—>
(T) dM (7).

_/01 &1(t, u(t)dr, te0,1],

gl(gl T) dmO(g)/
)l 0<T<t<],

[0,1], with ay =1 — [, ¢%1~1d9y(Z) # 0.

(6)

(7)

(8)

©)

(10)

By the same lemma (Lemma 4.1.5 from [16]), the unique solution k € C|0, 1] of problem

(7)is

1
k(t) = —/0 &,(t T)o(t)dr, te[0,1],

where

61

t
62(t, T) = gz(t, T) +

(1) = T(6)

for (t,7) € [0,1]

1 1
x(t) =~ [ ®3(t, g0, (1) dT — [ 64(t, D)oy k(D) dr, 1 [0,1],
y(0) =~ [ @5t g (D) T~ [ elt, Dk v, 1€ 0,1),
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)21 — (t —
)21, 0<t<t<1,

ar
1 { t271(1 —

2711 —

92(8, ) dM(Z),
)21, 0<T<t<],

% [0,1], with ay = 1 — [ g%~ 1dMy(Q) # 0.
By Lemma 2.2 from [4], the unique solution (x,y) € (C[0,

(11)

1])? of problem (8), (9) is
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where
T1—1 bl m 1
®3(t,7) = g3(1,7) Y [ w0, a0 (9) ),
i=1

- 11"(72) -
Gyu(t,T) = ——~ / 9, 1) dM; (9

t” 'T( ’Y1

t“rz 1b
G6(t,T) = ga(t, T) + ——2 (Z/ 94i (9, T) d9; (0 ))
(t17) = 1 =11 —p)m-—a-1l _(t -1, o<t <t <1,
BED=ZTOo i1 —mm—w-1 o<t<t<1,

1 oM—Bi-1(1 -yl _(9g—7)m-P-1, 0<Tt<09<]1,
03i(0,7) = Ty =By | 9B 11— t)n—-1,
y1—pBi) | oMPT (1 -, 0< 9 <1<,
1 £1271(1 — )12~ 1—(t—r)72*1, 0<t<t<]1,
94(tl T) = 1—'( '}/2—1 _ 7. _‘B -1
1) | i1 =)kl o<t <t <1,
]
]

RS S B e A e A
BT = Ty —ag) | 91—kl 0<d<T <],

forallt,Tl9€[0 1,i=1,...,m,j=1,...,n,and by = 1”11_1;(272“ fO gr—a=laomy(g),

m T'(y
by = )i 11“7] fo gn- bi~ 1dm(§)/andb:m—blbz#0.

Combmmg the above Formulas (10)-(12) for h(t), k(t), x(t), y(t), t € [0,1], we obtain
the following result.

Lemmal. Ifa; # 0, ap # 0 and b # 0, then the unique solution (x,y) € (C[0,1])? of problem
(5), (2) is given by

() = /’ﬁxtﬂ¢@(ﬁlennou@ww)h
1
+/ 054”)%2(/0 @Z(T,g)v(g)dg>m, vte0,1],
1 1
) = [ os(t,gu ([ 01(r n0) ¢ ar
1 1
—i—/o B6(t, T)Po, </0 Gy(7,0)v(0) d@)dr, vVt e [0,1].

Now by using the properties of functions g1, g2, 93, 931, 1 = 1,...,m, g4, g4],
j= ,n (see [14,16]), we deduce the following properties of the functlons &6, i =
1,. 6
Lemma 2. We suppose that ay > 0, ap > 0and b > 0,0, i = 1,...,nand9’tj, j=0,...,m
are nondecreasing functions. Then the functions ;, i = 1,...,6 have the properties:

(@) &;:]0,1] x [0,1] — [0,00), i =1,...,6 are continuous functions.
()  &1(t,t) < J1(1), forall (t,7) € [0,1] x [0,1], where

1 1
amzmm+—4mwﬂmwavTQML

al

with b1 (1) = 15 (1—r)51*1 T € [0,1].
() &t 1) < JolT )forall (t,7) € 10,1] x [0,1], where

1 1
%2(7) = ha(0) +—— [ 52(E,0) dM(0), VT e 01)

az Jo
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with b (T ﬁ(l —1)%21, t€[0,1].

) =
(d)  &3(t,t) < Ja(t), forall (t,7) € [0,1] x [0,1], where

J3(T) = b3(7) + %1 (

™

/01 931 (8,7) d‘ﬁi(ﬁ)>, vrelo]

with h3(T) = - )(1 —7)Mm=%-1(1 — (1 -1)%), T€]0,1].
(e)  ®3(t,T) > tN~135(7), forall (t,7) € [0,1] x [0,1].
() &4(t,T) < Ja(7), forall (t,T) € [0,1] x [0,1], where

n 1
34 = 450 2 oy 72_/30 2/0 aui(8,7) d;(9), YT e [0,1].

1=

(§)  ®4(t,T) =tN"134(7), forall (t,7) € [0,1] x [0,1].
(h)  &s5(t, ) < J5(7), forall (t,T) € [0,1] x [0,1], where

2
Q1
—~

A
~—

bF %7“0 2/ 03:(8,7) dN;(9), VT € [0,1].

(i)  &s5(t,7) =t727135(7), forall (t,T) € [0,1] x [0,1].
(G)  B4(t,T) < Jo(7), forall (t,7) € [0,1] x [0,1], where

36(T) = by +";<2/ 04i(8,7) (9 >>, vTeo1],

i=1

with b4(7) = o (1 =7)2 P~ (1 - (1-1)P), T€[0,1].
(k) &(t,T) > t7127134(7), forall (t,7) € [0,1] x [0,1].

Under the assumptions of Lemma 2, we find that J;(7) > 0 for all T € [0,1] and
i=1,...,6,and J1,32,33,3Js Z 0. In addition, J; = 0 if all the functions M;, i =1,...,n

are constant, and J5 = 0 if all the functions 91;, j = 1,...,m are constant.
We also deduce easily the next lemma.

Lemma 3. We suppose that a; > 0, ap > 0and b > 0,0, i = 1,...,nand‘ﬁj, j=0,...,m
are nondecreasing functions, u, v € C(0,1) N L'(0,1) with u(s) >0, v(s) > 0 forall s € (0,1).
Then the solution (x,y) of problem (5), (2) satisfies the inequalities x(s) > 0, y(s) > 0 for all
s €[0,1], and x(s) > sM 1 x(1) and y(s) > s721y(7) forall s,T € [0,1].

3. Main Theorems

By using Lemma 1, the pair of functions (x, y) is a solution of problem (1), (2) if and
only if (x,y) is a solution of the system

w0 = [ &5(t, 009, Q/; 1 (%, O(E 10 ¥(Q) (), B0 4 )
+ [ 0utt 00 [ @a(n, 000,10, 9(0) 1510, Bl )

1) = [ ot 2)gu [ @0 OHE 0,100, ), B2 dE i
+ [ et g ([ 6200010400, 1130, By ¢ Ja,
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for all t € [0,1]. We introduce the Banach space {4 = C[0,1] with supremum norm
[[x[| = supyc(oq) [x(s)], and the Banach space U = 4 x { with the norm | (x, y) || = [|x[| +

ly||. We define the cone
Q={(xy) €Y, x(s) >0, y(s) >0, Vs € [0,1]}.

We also define the operators €;, &, : ¥ — {land € : U — Y by

& )(0) = [ 02t 2)g0 ([ @ (5,0 X000 L), B0 4 )
+ [ 0utt 00 [ @a(n, 0006 70 1@, 1O 1240 8 )

&, )(0) = [ 05200 ( [ @ (5,010,000, L), B0 dC ) i
+ [ 0t g0 (| 0200, 000(€ x(@y10) (), Byl )i,

forallt € [0,1] and (x,y) € U, and €(x,y) = (&1 (x,y), €2(x, 1)), (x,y) € V. We remark
that (x,y) is a solution of problem (1), (2) if and only if (x,y) is a fixed point of operator €.

We define the constants: E; = fol Ji(1)éi(r)dt,i=1,2,8; = fol Ji(t)dr,j=3,...,6,
- ~ -l - ~
and for 01,02 € (0,1), 01 < 02, B7 = [ 35(7) (f(; &1(7,0) d@) dt, Bs = [[236(7)

01

(f e2(r0ydg)” dr.

We now present the assumptions that we will use in our theorems.

(H1)61,00 € (L2, me (p—Lpl,peN,p>3,12€(q—1,9,9€N,q>3,nmeN,
Ui, o, v, 2 > 0,0 € R k=0,...,n,0 <ap <y < - <y < Po<12—1,
Bo>1L,Br ceRk=0,....m0< B <Po<- - <PBuw<ax<7—1a >1,
Mm; :[0,1] - R, i=0,...,n and Rl [0,1] = R, j =0,..., m are nondecreasing
functions, ¢y, (T) = |11/ 7?T, 9! = 9o, 0 = 4, i =1,2,0: > 1,i=1,2,a1 >0,
ap > 0, b > 0 (given in Section 2).

(H2) The functions §, g € C((0,1) x R% ,R) and there exist the functions &1, & € C((0,1), R)
and g1, ¢, € C([0,1] x RL,Ry) with My = [ (1 — )% 1&(t)dt € (0,00), My =
3 (1= 1)%271&(+) dt € (0, 00), such that

f(t/ w1, W, w3, w4) S gl(t)l)b1<t/ w1, W, w3, W4),
g(tr w1, W, w3, w4) S éZ(t)l)bZ(tl w, W, w3, w4)r

foranyt € (0,1), w; e Ry, i=1,...,4
(H3) Thereexist; >0, i =1,...,4with Y} ;> 0,m; >0, i=1,...,4with Y} m; >0,
and 01 > 1, 6, > 1 such that

. lpl(t/ w1, w2, ws, w4)
10 = limsup max < ¢y,
4 v liwiEO te01] Pp; ((11W1 + hwy + lzws + Z4ZU4)91)
t, wq, wy, w3, w
and ¥y = limsup max Palt, wn, Wy, w3, 4) < 0,

Y4 miw—0 te(01] @p, ((myt01 4 mawy + maws + mywy)®2)
il

where
_ _ -1 _ _ -1 _ _ -1
g = {min{ (4P1—131E§1 1d§1(P1 1)) , <4p1—1313{5’1 1d$1(91 1)) }, if Z5 #£ 0; <4p1—131E§1 1d$1(P1 1)) , if B5 = 0},
-1
. 1= =p2—1 40 -1
Cy) = {mm{ (4‘02 1&2&22 d22<p2 )) ’

e =21 00—\ "1 . = e mp2=1 (-1 L .
(492 1a2.:,22 d22<p2 )) }, if B4 # 0; <4P2 1‘:‘2&/(12 (/122(p2 )) , if :,4:0}, with d; = 2max{11,lz, ‘(,}fﬂ)’r(li?ﬂ)}’

. m.
dy = Zmax{ml,mz, l“(Ti)’ r(uzj_l) }
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(H4) There exists; >0, i =1,...,4 with Z?Zl si>0,t;,>0,i=1,...,4with Z;‘L:l t >0,
01,02 € (0,1),0’1 < 0y and m>1m>1 such that

.. . t, wq, wy, w3, W
foo = liminf min It w1, W2, W3, 4) > c3,
T4 ;oo tElon,00] Ppy (S1W1 + S2wo + s3w3 + s4wy)
.. . t, wy, Wy, W3, W
Of goo = liminf min a(t, w1, Wy, w3, 4) > ¢y,

Y4 b o0 t€[01,02] Ppy (F1W1 + tawa + t3ws + tatvg)

where

1-p1 1-p2 _ Sl Hzﬂz 1
_ = -1 _ Y2 1) - o { 1-1 T2-1 . 7 'T(11) I'(72)
= m <2d3 707 ) , 4 = ;72(2d4u8 with d3 = minisio]" 7, s207* 7,83 T m) , 541 Tatm) [

+71-1 Vo +7p— 1
n-l oy gl o (1) 7 I(72)
d4 = mm{t1 tz i’3 r('Yl‘H/l) , g r(’Yz+V2) .

(H5) There existu; >0, i =1,...,4with Y%  u; > 0,0, >0, i=1,...,4withY* ;v; >0
such that

t, wq, wy, ws, W
P10 = limsup max Py (£, wy, wo, w3, Wwy) e,
T4 wwi—soo €10 Py (u1w1 + ugwy + uzws + Ugwy)

— l 2 t w /u2/w ,W.

and ¢200 lim sup maXx ( 1 3 4) < )

2 1U,w,~>oot5[o 1] qu(llu’l UZZUZ +U3’ZU3 4'(/()4) 2
i= + v

where
01l | = 1=p ne-lm | o = 01-2 -2
e < [ B (a3+a5)/\1k1} , e < [2& (a4+56)/\2k2] , with A7 = max{297%,1}, A, = max{227%1},

ky = Zmax{uhuzf F(}41+1)’ F(}¢2+1) } ko = Zmax{vl,vz, 7“;1’11), 71’(1/2:1) }
(H6) There exist p; >0, i =1,...,4 with Z?:l pi>0,q:>0,i=1,...,4with ):;1:1 gi >0,
01,00 € (0,1),01 <opand ¢y € (0,1], g2 € (0,1], 73 > 1, 54 > 1 such that

t, w1, wy, w3, W
fo= liminf min Ft, Wy, wa, Wa, Wa) oy e
£, piw—0 telo,o] @py (P1101 + p2w2 + p3ws + paws)e1)
t, wq, wy, w3, w
or gop= Iliminf min a(t w1, wa, Ws, W) > ey,

s g0 teloy,o] Pp, ((1W01 + qows + qaws + qaws)s2)

where ) .
— —_ —P1 _ _ —02 .
e3 = (0‘171 12€1k91H ) , ey = ( o2 1292ki2a8) , with k3 = mln{pl(f;y1 v

p1+r1—1 12+'Yz -1
7 I'(1) T(72) . 1 1
P20, pa s Pa—t , kg =mind 1o, g0,

T(y1+p1) (v2+2)
FSrtml I(71) V2+“Yz v
1
B=Thrm) /74 ’72+Vz }
1=1g =011 1 =l m02— 1 1—1g mo1—1 1 p1lm mo—1 1
(H7) AS E3E; < 1 AQ E455 < AS a5:§ < AS a6a§ <
where
A = max{maxte[o,l],wie[o,w],i=1,..4,4 P1(t, w1, wo, w3, Wa), MAXic0,1], wic[0,0), i=1,..4 $2(t, W1, W2, w3, ws)}, with

_ 1 1 1 1
@= max{l' TG +1) T(ia+1)” Ty 11)7 T(0p+1) }

Lemma 4. We suppose that (H1) and (H2) hold. Then € : Q — 9 is a completely continuous
operator.

We introduce now the cone
Qo ={(xy) €Q, x(r) =" x|l y(r) = yl, VT e[01]}.

If (H1) and(H2) are satisfied, then by Lemma 3 we obtain €(Q) C Qg and then the
operator €|q, : Qo — Qo (which we will denote again by €) is completely continuous. For
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x > 0 we denote by By the open ball centered at zero of radius x, and by B, and 9B its
closure and its boundary, respectively.
Our main existence results are the following theorems.

Theorem 1. We suppose that assumptions (H1)—(H4) hold. Then there exists a positive solution
(x(t),y(t)), t €10,1] of problem (1), (2).

Theorem 2. We suppose that assumptions (H1), (H2), (H5), (H6) hold. Then there exists a
positive solution (x(t),y(t)), t € [0,1] of problem (1), (2).

Theorem 3. We suppose that assumptions (H1), (H2), (H4), (H6) and (H7) hold. Then there
exist two positive solutions (x1(t),y1(t)), (x2(t),y2(t)), t € [0,1] of problem (1), (2).
4. Proofs of the Results

Proof of Lemma 4. By (H2), we have E; = fO J1(7)é1(t)dt > 0and &y = fo J2(7)E2(7)
dt > 0. In addition, by using Lemma 2.2 we find

rﬁi) [1+t111 (/ ¢ 1damo<§>ﬂ <o,
T](\4f5§)[1+c12</() 552_1‘1‘3%(5))} < co.

Using now Lemma 3, we deduce that the operator € maps 9 into Q.

Next, we will show that & transforms the bounded sets into relatively compact sets.
Let S C 9 be a bounded set. So there exists L1 > 0 such that ||(x,y)||yg < L; for all
(x,y) € S. Because 11 and ¢, are continuous functions, we find that there exists L, > 0

such that L, = max{supre[o,l], w;€[0,A],i=1,...4 ¥1 (T, w1, wa, w3, wy), SUPre(0,1], wie[0,A],i=1,....4

P2 (T, w1, wp, w3, wy)}, where A = L max{l

o
IN

[1]
N
IN

Because

1 1 1 1 }
" T(p+1)7 T(pa+1)” T(v+1)7 T(vp+1) J
[I§z(H)] < F(‘c‘uzJ»l) for w > 0 and z € C[0,1], by Lemma 2 we obtain that for any (x,y) € S
and t € [0,1]

&))< [ 9@ ([ 3OG@NE 1@ @), B0 dE ) it
+ [[3u00n( [ 20@ERE @10, 150, By©) g )ir

<1870 ([ w@a@ @)
41870 ([ 2000 @

_r0a-l=o-1g 00-1m0-1n
= L2 G Ha 4 L2 G e

/0 (1) dt
/0134(T)dT
N

In a similar way we have
91,1_' 1*1.—. Qz*l.—.nglu—\
& (x,y)(t) < L3 B Es + LY B Ee.

Therefore . - . .
01— :ih 5+ LQ2 :gz

€ (x L3 =
LQl 1m01— 1 +LQz 1ﬁgz 1E
2(S

x,Y)
[€2(x, )

|
|
for all (x,y) € S, and then & (S), ¢

|S 4,
I < &1 6/

) and &(S) are bounded.
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In what follows, we prove that ¢(S) is equicontinuous. By Lemma 1, for (x,y) € S
and t € [0,1] we find

(xy)()Z/Ol[GB(fT = 1‘”(2/ a8, ) A (0 >>]
X(PQ1</ (1, OF(£,1(Q), @) (), B2(@) )t ) e
1 - 11—'7 n 1

0 bnyzfﬁzO (;/o 04i (0, T) 9 ( )
xqogz(/ ©2(%,00(E,1(0), (0, B x(0) 15 y(0)E ) e

= g a o - “‘””’}
<o | 10 0F(Ex(0), 410, BLx@), B3 0(@)) e )

1
+/ 111 — )Nl
Tt Y

<o ([ 15,020, v(0), B1x(0), {0 dc ) e
i lbl/ (2/ 05 (8, 7) d; ( ))

<o [} 10 OHEX(@,v(0), BLx(@, 129(@) i ) e
+M/ (2/ 04i (8, 7) 4900 (6 ))

<o [ @25, 00006, x(@), (0, BLx(@) 2 y(@)) ) e

Then for any t € (0,1), we obtain

(@) ®) = [ ras[on - Dm2a-gmet = (g - gnY
<o (| €100, 9@, 11x(@) 1 v(@)at ) ax
/r; (y1 = D2 (1 — gy

< /01 1(5, 006 3(0),10) By x(@) 13 0(@)) ¢
+<w—1[>]t“bl/<z/g3lafdm >>

<pu( [ 0108, OUOO. I @) )ir
+(71[,_r(1372%_ ;E ) é 04 (6,7) d;(9)

1
<o [ 0207000 <c,x<é>,y<c>,10+ (©) 1 ¥(©)dt )
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So for any t € (0,1) we deduce
t
[(€1(x, ) (1)] < T(y if71 —wo—1 (t— 7)71—2}

1) 0
0, 11x(D), Ié‘iy(é))dé) g

Xq)Ql(/l l/’l g,x(C

(
_ym—t
<90 ( / 91 (6300, 1@ L0, 200 ) )

W/ (i/ 0 (8, 7) d‘ﬁ(z?))
><<091</ (é (2),y(2), 1. x(2), é‘iy(g))dg)dr

(y1 — 1)t~ 21"72 1<n 1
+ 2/941191’ ) dom; (9
6T (72 — po) = o

<o 92002 X0 @) Tx(©), 1 <@>>d@)dr

t
01-1z01-1 T 71 ap—1 712
<Ly & { ’h—l/o{t +(t—1) }dr

1
- _ Y1—&0— 1
+1"('yl—1)/ 2(1-1) dt
— 1)t 2p noorl
+(71)%/ (Z | o mf(ﬁ))d‘r}
1

r—1m0—1 (71 = DN~ 2T'(72) L |
e bT (72 — Bo) /0 (g/o 94i(%, 7) dm(m)dt

Hence for any t € (0,1) we find

1-2 1—1
|<ezl<xy>>/<><L@1-la§1-1{r( ! (” L )

71—1) 1 — & 71—1
. ’)/1 -2 1
4127 1e 1(71—1)”1 ZT 72)

= br(’Yz - Bo)

X Z —— 972" sl —r)r=Fo-lgom;(9) ) |dr
o \F\Jo F(vz ;)

= LQl—lqel—l[ 1 ( tn—2 n tn-1 ) n (11— 1)”1_2[’152}
or(n—1) Bo% o 7 1 b(71 —ao)T'(71)
+Le 1-o-1 (71— 1)t —2p,
5_42 —
bL (72 — Bo+ 1)
_ LQl* EQl* [ 1 ( tn- + -1 ) n th_zblbz :|
2T T —1) Bo% o 7 1) b(y1 —ao)T(y1—1)
_‘_LQZ*lr;QZ*l (71 - 1){“_ bl
I B e SRR
bL (72 — o+ 1)
— [alga [ (bbb + o } 4+ 1@ g%l (71— 1M 2py
2 b(y1 —ao)T(y1—1)  T(71) 272 bl(r2—Po+1)

We denote by

(b4 byby)tm 2 -1 B
©1(t) = (71 —ao)l(y1 —1) - T(71)’ ©:(t) =

(1 = D26y

oT (12— fo+ 1)/ te(0,1).
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Then for any t1,t, € [0,1] with t; < fp and (x,y) € S, we deduce

1))~ (o) =| [ (@) (7 de

<19 1”91‘1/ @1 (1) dr + LE8g~ 1/ @, (1) dr.
51

ty

(13)

Because ©®1, @, € L'(0,1), by (13), we conclude that ¢;(S) is equicontinuous. By using a
similar technique, we deduce that &,(S) is also equicontinuous, and so €(S) is equicontin-
uous. We apply now the Arzela-Ascoli theorem and we obtain that €;(S) and &,(S) are
relatively compact sets, and then &(S) is relatively compact, too. In addition, we can prove
that €;, ¢, and € are continuous operators on 9 (see Lemma 1.4.1 from [16]). Therefore,
the operator € is completely continuous on Q. [J

Proof of Theorem 1. From (H3) we deduce that there exists r € (0,1) such that

1 (t, wr, Wy, w3, ws) < 19, (hwy + lws + lws + Lywy)®),

14
Po(t, wy, wo, w3, ws) < C2¢p, ((Mywy + mowy + maws + mywy)%), (14

forallt € [0,1], w; > 0,i =1,...,4with Y} | Lw; < rand Y}, m;w; < r. We consider
firstly the case &4 # 0 and Z5 # 0. We define r; < min{r/d,r/dp,r}. For any (x,y) €
B,,NQand 7 € [0,1] we find

Lix(T) + Ly(t >+lsl”1 x(t >+l41”2y< )

< 2max{ i b, 1l ol }n(x Yllw =dil|(x,y)|lw < dir <7,
() + may(x) + oI 1 () + el ()

< Zmax{ml,mz, F(v1+1)’ F(vz+l }H x,y) g = da||(x,¥)||g < darg < 7.

Therefore by (14) and Lemma 2, for any (x,y) € 9B,, N Qp and ¢ € [0,1] we deduce

0 < [ s ([ HOHEXE), BLx(@, 129(@) i ) e
v / Bulr qogz(/ 2(£)0lE, ¥0)¥(O), B (D), T y(©) d )
= =sgu | 1@H(6 3@ @), B1x(@), 15000 )
+2agun (| 22(00(Ex(@)y(0), B0, B 0@
< 200 | 5@ @ (63@(0), Bix(@, 100 )¢ )
+2agun (| OB 2(6 3@ 0, Byx(@), 1R v(@)
< =00, ( /Olu cw)pl((llx )+ (@) + B+ LIf2y(©) " ) )
+2ign ([ 22 2020 (i )+ Q) + g () + mak (@)
)

Esqvgl(fppl( d1|| %) 0)™ ) ) Py (€1) ey (B1)

9 ?_1

+Z4¢, (9002((612” %)) 2))4)()2 ©2) 90 (22
BB et (o)l + BaE 1d"2||< %)%
E T A0l + EaZ3 e () o

<
< I(x,y)\|m+ il y)le = 2||(x y)llm

W= [1] [I]
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In a similar manner we obtain

=~ —=01—1 01—1 46 = —=02—1 021 ;6
&0 y)(t) < asfﬁl ct! dflll(x,y)llqﬂrasag2 syl y)llw
< il + 1yl = 21yl

Then we conclude
[€(x y)llw = [[€(x, ) + €0, < [[(x,y)lw, V(x,y) €08,y NQ.  (15)

If 24 = 0 or E5 = 0 we also find in a similar manner inequality (15).
In what follows, in (H4) we assume that ge > ¢4 (in a similar manner we study the
case foo > ¢3). Then there exists a positive constant C; > 0 such that

a(t, w1, wo, w3, Wy) > Caqp, (t1wy + tawy + t3wsz + tywy) — Cy, (16)

forallt € [y, 03] and w; > 0,i =1,...,4. From the definition of Igi, for any (x,y) € Qo
and 7 € [0, 1], we find

1 T _ 1 T _ _
Box(®) = gy [ 0" R @ e > o [0 el g
— 1 1
= IJ‘(T/!) ./0 (T —Ttz) = lgn—lrdz = 71,”(?/'1') tm-1 ./0 11—z gy (17)
E— e VG
= ——T B(r,n) = ————F7—5,
(vy) (rw) I'(1+wn)

and similarl
’ [yl 72727 1T (72)
T(y2+12)

where B(z1,z;) is the first Euler function defined by B(zy,z3) = fol 111 — )21 dt,
21,z > 0. Then by using (16) and (17), for any (x,y) € Qq and t € |07, 03] we obtain

Ipiy(T) =

ex(o)(0) = [ alt,1gus ([ ©2(r00(6 70000, BLX(@), 159(0) dE )

1 1

> o™ [P 6o ([ 02(r,0)[ea (430) + a9(0) + 151 + a1 0(©)
—y]dg)2 ar
201”2‘1/ "3 () (/U ®2(7,0) [ea (e |1xl| + 2072y

01
-1 -1 P21 @t
+t3w”x” +t4w”y” |z dt
T(y1+m1) I'(72+12)

o T UVﬁ%_lr('Yl)
> ,},2,1/ ~ / . 71—1 121 1 AT
=, dé(T)( o G2(T,¢) e | min) oy 2y b T(y+w1) ’

—1 01
0_v2+72*1r(72) P2
TR S S LA X, —Cqi1 d dt
4 T(72 4 v2) (%, ¥) o 1| dg

= ["a@ ([ @m0 aeat s -]a) "

01
_ _ 021
= 890" ea(2da(x, ) ) ! - 1

-1
=02—1_(72-1)(02—1) —1 4021 p2=1  =p2—1 _(12-1)(p2-1) 02
B oy 4202 dYy H(x,y)||;n -E¢ oy C

_ 0—1 —0y— _ _
_ (ﬂzn(x,y)”% 1—C2> ) szagz 10_1(71 1)(p2 1)Cl-
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So we find
PZ_l 021
leC )l > ezl > exxy)o) > (rlEnlE " - )%, vy .
We choose 1y > max{l, ngfl /(2 — 1)Q2—1} and we deduce

1€yl =[x, y)llw, ¥ (x,y) € 9B, N Q. (18)

Now based on Lemma 4, the relations (15), (18) and the Guo-Krasnosel’skii fixed point
theorem we conclude that the operator € has a fixed point (x,y) € (B, \ B;,) N Qo with
n < (5 )llo < 72 and x(s) > s1x], y(s) = 572yl for all s € [0,1]. So [x]| > 0
or ||y|| > 0, thatis x(s) > O foralls € (0,1] or y(s) > 0 for all s € (0,1]. Therefore,
(x(t),y(t)), t €[0,1] is a positive solution of problem (1), (2). [

Proof of Theorem 2. From assumption (H5) we deduce that there exist C3 > 0, C4 > 0
such that

1(t, wr, wo, w3, wy) < eq@p, (W1w1 + uowy + uzws + ugwy) + Cs,
Z(t/ w1, Wy, ws, ZU4) S 32(Pp2 (ulwl + Uxwy + Uzws + u4w4) + C4/

¥
¥ (19)

forany t € [0,1] and w; >0, i =1,...,4. By using (H2) and (19), for any (x,y) € Qo and
t € [0,1] we obtain

&1 )(0) < [ 3o [ NOHE 1@, 0, Hv@) e )i
+ [ 9u000 ([ 200 x@ @), Bx(@) 1290 ) it

Zaga [} 0OG@0E 0,90, BLx@, 1 v©) )
+~4q>@2(/ 2(OEA02(E X100, B v(@) o2 )

IN

< 3¢, (/ |:el(PP1 (”1x + 12y/(3) + us Il x(2) + ugI}? }/(5)) + C3] dC)

8490, ( / 62(8) [e20p, (01%(8) + 02y (0) + v31g} x(0) + valgh y(8)) + Ca dé)

= ug||x|] ugllyll \
§~3§9Q1< lﬁ M1||x\|+”2||y||+ T +1) +F(y2+l)> +G3 dC)

p2—1
+E4%< / AD)E @[e (01|x|+vz|y|+ fjl'i'lﬁrffz'i'l)) T

;

- u p1—1
< Zag0, e (max{un, v, g, i J2el) 4
1 01—1
<([ mon@x)

+E490, | o2 (max{o1, 02, 7y, 7y 2l ()l ) +c4}

([ron0a)”

—01—1 ~1 -1 a-1 o1 -1 1 -1
=B (k) ) I8 G) +ER T E ek ()T Ca)

In a similar way we find

B 71’_‘ 1 1 01
&2(x,)(1) < 20725 (k) 4 )

_ 1 1 Q2
1227 (ke ey 157 C)
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Hence we conclude

& Gey)ll < &2 (el (xy m*+cg“
+28 7 (e (x, >W2*+q) ,

&2yl < & 'Es (el ()] m*+cg“
(

+m2 (ke ) 157 1)
and then

— - qQ
l€(xy)llw < &' @yhﬁqu1nwym“1+cgl

4 P p2—1 -1 0)
+85 (54"‘56)(32"22 [ (x, ¥l +C4) ,

for all (x,y) € Qp. We choose

—01-1,m o 1, =01 = -1
r3 > max< 1 dfl (Bs + »545)/\1(13?1 + ugz (‘—*4 + Qé)AZCZZ
32 / T 02— = -1 ’
1-— {@fl (QS + a5)A1€§ k + = QZ ('—'4 + :‘6)/\2332 kZ}

Then by (20) and the inequalities (a + b)gi’l < Al-(an"1 + bgi’l), fora,b >0,i=1,2 we
deduce
€yl < [(x,y)llw, V(x,y) € 9By, N Q. (21)

Now, in (H6) we assume that fy > e3 (the case gy > ey is treated in a similar way). So
there exists 74 € (0, 1] such that

f(t, w1, wo, w3, wa) > ea@p, (P11 + paws + p3ws + pawy)*t), (22)

forallt € [0’1,0’2] w;, >0,i=1,...,4, 2;171 piw; < 74. We define ry < min{74/%3,74},

where k3 = 2max{p1, P2 T T Hence for any (x,y) € B, NQand t € [0,1]

_ps_ pa }
m+1)” T(pp+1)
we find

p1x(T) + pay(T) + palyx(7) + paly (1)
Szmwﬁ%mq%ﬂymw4ﬂﬁymm—hm<m
Therefore, by using (22) and the inequalities I(’;_lIr (t) > ||x ||%+;<)71) and I} Ty(t) >

lly ||M forall T € [0,1] and (x,y) € Qp, we obtain for any (x,y) € B,, N Qp and

(Y2+m2)
t € [oq,09]

o)) = [ 0att 7)o [ 01(m 0 0,10 1), B3n(@) d )
>t (o) ( / ®1(t,0)es (prx(D) + pay(Q) + palfx(0)

(p1—1 01-1
palfy©) ") e

T
> o [P a) ([ e (pio el + paot
1 1

01-1

(p1—1)
ol 1F(71) oletr=lp T(72) 61
+ 3 |x|| + i B N 24 d dt
P T ran I Py Il 4
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-1
(TV1+’Y1 r( 1

S g P . n-1 o om0 Tn)
Ty JB(T) o 1T 8)ea| ming oyt P20y pa Ty +p1) 7

;424»72 1 c1(p1—1) a1
S IR YT a|
T(7y2 + p2)

1—1

.T Q
= [ m)( / ®1<T,g>eg<zk3n<x,y>||m>€1<f’1‘”dé) dt
(%] J 0
(%) T Qlil
o0 g [ [Ceim o) e

1 01—1 -
= o e ()
> o' e 295 By || () [l = [ (%, 9) -
Then we deduce

[€(x,y)llw = € (x,y)| = E1(x,y)(e1) = [[(x,y)llw, V(x,y) €9B,,NQ.  (23)

By Lemma 4, (21), (23) and the Guo-Krasnosel'skii fixed point theorem, we conclude that
¢ has a fixed point (x,y) € (By, \ Br,) N Qo, sor4 < ||(x,y)|lw < 73, and x(s) > sM 7 Y|x|,
y(s) > s7271||y|| forall s € [0,1], which is a positive solution of problem (1), (2). [

Proof of Theorem 3. Because assumptions (H1), (H2) and (H4) hold, then by Theorem 1
we deduce that there exists r, > 1 such that

1€, y)llw = [[(x,¥)llw, ¥ (x,y) € 9By, N Q0. (24)

Next because assumptions (H1), (H2) and (H6) hold, then by Theorem 2 we conclude that
there exists r4 < 1 such that

1€yl = [, y)llw, ¥ (x,y) € 9B, N Q. (25)

Now, consider the set By = {(x,y) € U, ||(x,¥)|lw < 1}. By assumption (H7) for any
(x,y) € 9B1NQpand t € [0,1] we find

< [ 3@ ([ 500 (600, B, B )ar
+/ wlr qogz( [ (OEAE 26 x(Q) (D), Bx(@) 1) )
AQ] §0Q1<

/01 Ju( d@)dt—l—AQZ /134(r)qogz(/Olsz(g)gz(g)dg)dr
— Al 1(/ ) /01 - )dg)m 1

1 02—1
( BB )

1
2
G2 (xy)(t) < /01 N [} 3Oz @1 (6x(@ @), 1), Bw(@)) ¢ e
+ [ 3600 ([ 92(0020002(E 1010, B0, B (@) ) e
-1 1 0r—1 '1~ 1~
< a3 [[as@on ([ 0@a@dc)dr+ a7 [ 3mpn( [ 2006 )i

-4 ([ asma) ([noa@a)"
_ 1 -

_ poa-lg moi-l Q-lg me-1 1,1 _1
= AS T EEN T Al e m T Lo L
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Therefore we deduce || € (x,y)|| < 3, [|€2(x,y)|| < % forall (x,y) € 9B; N Q. So we obtain
1€, y)llw = € (x )| + [[€(x )| <1=[l(x,y)lw, V(xy) €dBiNQ.  (26)

Then, by (24) and (26) we conclude that there exists a positive solution (x1,1) € Qo
with 1 < [[(x1,y1)]|s < 1 for problem (1), (2). By (25) and (26) we deduce that there exists
another positive solution (xp,y2) € Qo with 4 < |[(x2,y2) |l < 1 for problem (1), (2). Hence
problem (1), (2) has at least two positive solutions (x1(t),y1(t)), (x2(t),y2(t)), t € [0,1]. O

5. Examples

Let(51:4,(52:%,p 3,9=4m :%’yz:g =1, mzZ,mz%,‘uz:%,
n=gwn=Fxn=3m=3p=ph=1h=-3n=%p=30=1%
0 =8 M) = F 1] ={irelol)i re L]} m) =

{3 refol)ig ce[bi]houm = {4 refod) g re[t1]} mm = %,
e [?/(/i](‘tonsider the system of fractional differential equations

N

D3 (@27 (D32x(1)) ) = (£ x(8), y(1), 15Ot ()119/7y< >), € <o,1>,
3 17/5 47/9 22/3 (27)
D3 (g3 (DY %w(0) ) = st x(8),y(0), 1 x(8), 1 2y(1)), ¢
with the boundary conditions
x(0) = ¥'(0) = 0, DY2x(0) =0, go78(DF/2x(1)) =3 / p27/s(D5/2x(7) ) d,
D4/3x(1) —18p2/3,(1 )
0+ 7 0+y<2) 28)

9/29
y<o>:y'<o>:y"<>—o D”/f’y()—o Dy = (2) Dy y(3),
D9/4y() 7D3/4 /D5/6

We obtain here a; ~ 0.59183673 > 0, a ~ 0.71155008 > 0, by ~ 1.45311179,
by ~ 2.39587178, b ~ 1.09690108 > 0. Then assumption (H1) is satisfied. We also
find

1 t3/4(1—r)3/4 ( )34, 0<t<t<1,
(7)) = 3/4 3/4
r(7/4)| 41 -1)%4% 0<t<t<1,
1 t2/3(1 _ 7)2/3 ( )2/3 0<Tt<t<l1,
m(t,T) = 2/3(1 — 7)2/3
r(5/3) (1-1)% t<t<1,
(1) = 1 t3/2(1—r)1/6 (t—r)3/2, 0<tT<t<1,
g3(t, _1-(5/2) t3/2 171—)1/6’ 0<t<t<l1,

(8,7) 1 PrA-n)Ve—(9-1)%*, 0<T <9 <],
BT =T/ /41 -1/, 0<9<T<1,

1 231 -V —(9-1)¥3, 0<T<H<1,
932(trT) = 1—~<5/3){ 192/3(1_-[)1/61 0<9<t<I,
1 FA2/5(1 —7)3/20 _ (1 —1)12/5, <7t <t<1,
0(t,T) = r(17/5) { H2/5(1 —7)3/20, p<t<T <1,
1 1926/15(1 . 7)3/20 . (19 . T)26/15, 0<t<d8<1,
g41(8,7) = 1~(41/15){ @6/15(1 _ )30 <9< r<1,

3/4

t 1
&1(t7) = ™)+ 5— [ m(C ),

312/3 /1
6 t, — t, = ~7 7
2(t,T) = g2(t, T) + 5ay 92(3 T)
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fort € (0,1), w; >0,i=1,...,

M, = B(l *23,5/3*24) S

P10 = 0and o9 = 0. In (H4), for [07, 03] C

3/251 4
®3(t,7) = g3(t, T) + 6 {8931<5/T> = 932(19 ) dﬁ}
18t3/21(17/5) 1
®a(t,T) = ol T76I(23/20) (2’7)’
t12/51(5/2) 4
M OB [ / ( ) 2/ 932(9,7) dﬁ}
18t12 5 1
hl(T) = W(l T)S /4 hZ( ) T 5/3 (1 - T)2/3/
h3(7) = rg (1 - DVO(1— (1 - OV,

ba(T) = ﬁ(l )01 - (1-1)%%),
forall £, 7,9 € [0,1]. In addition we deduce
J1(7) = bhi(7) + W [(1 —T)t (1~ T)7/4}/ T€[0,1],
2/3 2/3
(1) + sl | (3) =02 = (§-0)] 0o <y,

e 3 1)%/? 2/3 1
hZ(THW<§ 1-1)7°, 3<t<],
3/4 3/4
bs(T) + T\ srp7ay (§> (1-1)l/6 - (S—T> }
2 1/6 5/3 4
W) ={ TEEA (1_T)/—(1—T)/” 0<T<d
bS(T) + % ST/ ( T)
Jr2r(§/3) (1- T) )5/3} } t<r<y,
18T(17/5) . 26/15 s (1 2615 1
s 26/15
18T(17/5) 1 0 1
m(z) (1-1)320, 1 <7<,
r(5/2) . N3 e (1 2
oI (7/6) | 8T(7/4) (5) (1-1)V (5 -7
1/6 5/3 4
Jo(r) = L T6A) [(1-ne— (-1}, 0<T<d,
(5/2) . (4)3/4(1 e
br(7/6) | 8T(7/4) \ 5
2 1/6 5/3 4
+ m [(1 - T) /6 (21/:5T) / :|}/ = <T S 1/ 15
18b 1 1 )
3e(7) 04(7) + 75rar71s) [(2) T)3/20 _ (j - T) ], 0<t<i,
o 26/15
180 1 )3/,
“HW(z) /0, 1 or<i.

Example 1. We introduce the functions

(Bwy + 2wy + w3 + SW4)19”/8

f(tr w1, W, w3, ZU4) =

t1(1—t)= ’
(01, w0y, w03, 103) — (wq + 7wy + 4ws + 2w, )?%b/°
gL, w1, Wz, w3, Wy ) = tz3(1—t)z4 ’

120

4, wherea > 1, b > 1,21 € (0,1),z2 € (0,%),23 € (0,1),
Zy € (O,%). Here &1(t) = W, &(t) = BT 1 s fort € (0,1), P1(t, w1, wop, w3, wy) =
(3wy + 2ws + w3 + 5w4) 128 and o (t, wy, wy, w3, ws) =
t € (0,1, w; > 0,i = 1,...,4. We also obtain My = B(1 —z1,7/4 —zp) € (0,00),
(0,00). Then assumption (H2) is satisfied. In addition, in (H3),
fOI’ll :3,12:2,13 = 1,14:5,91 :1,7111 :1,71’12:7,7713 :4,m4:2,92:1,weﬁnd
(0,1),51 = 3,50 = 2,53 = 1,54 = 5, we obtain

(w1 + 7wy + 4ws + 2wy )b for
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foo = 00. Then by Theorem 1 we deduce that problem (27), (28) with the nonlinearities (29) has at
least one solution (x1(t),y1(t)), t € [0,1].

Example 2. We define the functions

t+3 1 1 1 ¢!
f(t/ w1, w2, ws, w4) = M |:(ZU1 + wy + — W3 + w4)

(2 +8)V3 [\2 4 5
v
+(%w1 ~|—ZU2+}IZU3+%ZU4) 2}, Fe (0,1, w;>0,i=1,...,4, (30)
q0(2+81nt) U3 w:
t, Wy, Wy, W3, Wa) = WP +e2 +1In(ws +ws+1)),
g( 1, W2, W3 4) (t+6)4m< 1 ( 3 4 ))
te0,1), wi>0i=1,...,4,
where py > 0, g0 > 0, v1 > 19/8, vy € (0,19/8), vz > 0. Here we have &1 (t) = %\/73, te (0,1],
(5]
P (t, wy, wo, w3, wy) = ”(iﬁfs? [(%wl + wy + }1W3 + %w4) + (%wl + wy + }1W3+

éw4)”2}, te[01],w >0i=1,...,4 () = Vﬁ Fe [0,1), Ya(t, wr, w), w3, ws) =
%(uﬁs +e2 +1In(ws +wy + 1)), t € [0,1], w; > 0,i =1,...,4. We obtain M, =
B(1/4,7/4) € (0,00), My = 31 € (0,00). Then assumption (H2) is satisfied. For [o1,02] C
(0,1), 51 = %, so = 1,83 = %, Sy = %, we find foo = oo (in (H4)), and for py = %, p2 =1,
ps =1 ps=1%¢61 € (81%,1], we have fy = oo (in (H6)). So assumptions (H4) and (H6)
are satisfied. Then after some computations we deduce 51 ~ 3.93816256, &, ~ 1.53523525,

Hs ~ 1.40740842, B4 ~ 097489748, &5 ~ 1.04873754, Eq ~ 0.92404828, @ = 1, and

Ay = max{@((%)vl + (%)vz),qomo(l +E+ln3)}, where my = maxe(g 1) %;Sg)‘f ~

2.00035047. If

9 . 1 1 1 1
po < 01 7, in —19/8— —29/9— —19/8= ' —29/9~_ (’
(%) + (%) 427/8d3 / N 438/9d4 / =, 427/%5 / A 438/9d6 / B,

1 . 1 1 1 1
qO < min —_ 4 —_ 4 —_ —_ 7 — —_ 7
mo(1+e+1n3) 419/8%9/851 429/%29/952 419/8%9/%1 429/9559/9&2

then the inequalities A8/1953E§/19 < %, Ag/293433/29 < %, Ag/wE@E?/lg < %,
Ag/ 293683/ » < % are satisfied, (that is, assumption (H7) is satisfied). For example, if v, = 2,
vy = 3 and pg < 0.0008, g9 < 0.0004, then the above inequalities are verified. By Theorem 3,

we conclude that problem (27), (28) with the nonlinearities (30) has at least two positive solutions

(x1(8),y1(8)), (x2(t), ya2(b)), £ € [0,1].

6. Conclusions

In this paper we investigated the system of coupled fractional differential equations (1)
with p-Laplacian operators and Riemann-Liouville fractional derivatives of varied orders,
supplemented with general nonlocal boundary conditions (2) containing Riemann—Stieltjes
integrals and fractional derivatives of differing orders. The nonlinearities from the system
are dependent on various fractional integrals and they are nonnegative and singular in the
points t = 0 and t = 1. The last boundary conditions for the unknown functions x and y
are coupled in the point 1, in contrast to the boundary conditions from paper [6] in which
they are uncoupled in the point 1. We presented diverse assumptions on the functions f
and g so that problem (1), (2) has one positive solution (in Theorems 1 and 2), and two
positive solutions (in Theorem 3). We also gave the corresponding Green functions and
their properties used in the proof of the main results. We transformed our problem into a
system of integral equations and we associated an operator € for which we looked for the
fixed points by applying the Guo—Krasnosel’skii fixed point theorem of cone expansion and
compression of norm type. We presented finally two examples for illustrating our main

121



Fractal Fract. 2022, 6, 610

theorems. For some future research directions we have in mind the study of some systems
of fractional differential equations with other nonlocal coupled or uncoupled boundary
conditions.
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1. Introduction

We consider the system of fractional differential equations with ¢;-Laplacian and
02-Laplacian operators

{ DY (90, (Du(0))) +a(Dj(v(1) =0, £ € (0,1), "
Dy’ (9o, (D (1)) + b(H)g(u(t)) =0, £ € (0,1),
subject to the coupled nonlocal boundary conditions
ul)(0)=0, j=0,...,p—2; Dy u(0) =0, Diu(l) = i /0'1 Dy, v(7) d$H;(1) + <,
i @)

) ) mo1 g
v (0) =0, j=0,...,g—2; D2v(0) =0, D v(1) =) /O DY u(t) ds;(T) + 20,
j=-

where 71, 72 € (0,1], 61 € (p—1,p], 6 € (g—1,9], p,g € N, p,q > 3, n,m € N,
K € Rforallj =01....n0<a; <ar <--- <y, < Pop<dh—106 >1, ,B] c R
forallj =0,1,...,m,0 < B1 < B2 < -+ < B < g < 01 —1, ap > 1, the functions
f,g: Rt — Ry and a, b : [0,1] — Ry are continuous, (Ry = [0,)), ¢g and 9, are
positive parameters, 01, 02 > 1, ¢,,(0) = 7|92, (pal = Qp;, Pi = %, and i =1,2. The
integrals from the conditions (2) are Riemann-Stieltjes integrals with $) i j=1,...,nand
R;,i=1,...,m functions of bounded variation, and DS o\ denotes the Riemann-Liouville
derivative of order k (for k = 71, d1, 72, 02, aj; forj=0,1,...,n B;and fori =0,1,...,m).

We present in this paper sufficient conditions for the functions § and g, and intervals
for the parameters ¢y and 9( such that problem (1) and (2) has at least one positive solution,
or it has no positive solutions. We apply the Schauder fixed point theorem in the proof
of the main existence result. A positive solution of (1) and (2) is a pair of functions
(u,v) € (C(]0,1];R4))? that satisfy the system (1) and the boundary conditions (2), with
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u(t) > 0and v(t) > 0 for all t € (0,1]. Now, we present some recent results related to
our problem. By using the Guo-Krasnosel’skii fixed point theorem, in [1], the authors
investigated the system of fractional differential equations

{ D3, (9o, (D (1)) + Af(t,u(t),v(5) =0, t€(0,1), ()
D2 (9o, (DZ V(1) + pg(t,u(t), v(1)) =0, € (0,1),

supplemented with the boundary conditions (2) with ¢ = 99 = 0, where A and y are
positive parameters, and f,¢ € C(]0,1] x Ry x R4, R, ). They presented various intervals
for A and u such that problem (2) and (3) with ¢y = 99 = 0 has at least one positive solution
(u(t) > O0forallt € (0,1], or v(t) > 0 forall t € (0,1]). They also studied the nonexistence
of positive solutions. In [2], the author investigated the existence and nonexistence of
positive solutions for the system (3) with the uncoupled boundary conditions

4 , nool g,
ui(0) =0, j=0,...,p—2; D3Lu(0) =0, D u(1) = 21/0 DY u(t) d5;(7),
=
. m 1 )
vi)(0) =0, j=0,...,g—2; D2v(0) =0, Div(1) = Z/O ngrv(‘r) A& (1),
j=1

whereoc]- €Rforallj=0,1,...,n0<a; <ap < - - <ay <y < —1,a0 > 1, B; cR
forallj=0,1,....m0<B1 <Po< - <Pu<Po<d—1p>11%,i=1,...,nand
R, j=1,--- ,mare functions of bounded variation. In [3], the authors studied the positive
solutions for the system of nonlinear fractional differential equations

Dg u(t) +a(t)f(v(t)) =0, t € (0,1),
Db v(t) +b(t)a(u(t) =0, t € (0,1),

subject to the coupled integral boundary conditions

u(0) =u'(0) =---=ul"2(0) =0, ul) = /01 v(T)dH (T) + <o,

v(0) =v/(0) =--- =v("2(0) =0, v(1) = /0.1 u(T)dA(T) + 09,

wheren -1 <a<nm-1<p <mmnmecN, nm?>23,ab,fgare nonnegative
continuous functions, ¢y and dg are positive parameters, and $) and R are bounded variation
functions. In [4], the authors investigated the existence and nonexistence of positive
solutions for the system (1) with the nonlocal uncoupled boundary conditions with positive
parameters

. n 1 )
ul)(0) =0, j=0,...,p—2; DY u(0)=0, DX u(l) = 2/0 DY, u(t) d$;(T) + <o,
=1
. m 1 .
viD(0) =0, j=0,...,9—2 DZv(0) =0, DFtv(1) = 2/ DY v(t) ds;i(T) + 0.
=170

We note that our problem (1) and (2) is different than the problem studied in [4],
because of the boundary conditions, which are coupled in (2) and uncoupled in [4]. Based
on this difference, here, we will use, for problem (1) and (2), other Green functions, different
systems of integral equations, and different operators than those in [4]. We would also
like to mention the papers [5-10], and the monographs [11-13], which contain other recent
results for fractional differential equations and systems of fractional differential equations
with or without Laplacian operators, and for various applications. The novelties of our
problem (1) and (2) with respect to the above papers consist in the consideration of positive
parameters ¢ and 0 in the coupled nonlocal boundary conditions (2) containing fractional
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derivatives of various orders and Riemann-Stieltjes integrals, combined with the system of
fractional differential Equation (1), which has ¢-Laplacian operators.

The paper is structured as follows. In Section 2, we present some auxiliary results,
which include the Green functions associated with our problem (1) and (2) and their
properties. In Section 3, we give the main theorems for the existence and nonexistence of
positive solutions for (1) and (2), and Section 4 contains an example illustrating our results.
Finally, in Section 5, we present the conclusions of this work.

2. Auxiliary Results

In this section, we present some results from [1], which will be used in our main
theorems in the next section.
We consider the system of fractional differential equations

{ DL (e, (DL u(t)) +h(t) =0, t€ (0,1), ”
D” 2 (9o (DF V(1) + k(1) =0, te (0,1),
with the coupled boundary conditions
ud(0) =0, j=0,...,p—2 DSLu(0) =0, DXu(1) = i/l Dy, v(t) dH;(T),
. (@)
v (0) =0, j=0,...,g—2; DZv(0) =0, DEv(1) 2/ D} u(t) dsy(7),

where h, k € C[0,1]. We denote this by

_ - r(52) ! Sy—ai—1 ) - d 1"((51) 1 51—Bi—1 4
Al_;w/o T° d9;(7), Az—lgr((sl_ﬁi)/o T dfi(7),

T'(61)T(d2)
['(61 — ao)T (62 — Po)

Lemma 1 ([1]). IfA # 0, then the unique solution (u,v) € (C[0,1])? of problem (4) and (5) is
given by

A= — MA,.

a(t) = [ &0 (FRE@) AT+ [ 204,090 (KON, V1€ 0.1,

1 ~ 1 - (6)
v(t) = [ @at, 0o (LR@) A + [ 04t pn(BK@) L, ¥t e 01],
where
®1(t,¢) = 1(t, Q) + <Z/ 01j(7,0) d&( )>
o1 1F 52
®:(.0) = &5, by /92]T§ 45(1), ;

127116y m
®5(40) = 575~ a) 21/ 01/(7, ) dS(7),

B4(t,¢) = g2(t,0) + t‘52 A (Z/ 92j(T, 0) d93;( ))

forall (t,¢) € [0,1] x [0,1] and

B 1 t51—1(1 _ g)&l—txo—l _ (t _ é’)51—1, 0<7<t<1,
01(t,0) = 1"((51){ prl(1—)hml 0<t< <1,

1 Bl )hw-l ()BTl o< <<,
glj(T/ 0) = M{ T&rlﬂfl(l _ g)élfﬂéo*l, 0<t<<1,

125



Fractal Fract. 2022, 6, 299

1 $02—1 (1 _ 5)527ﬂ0*1 _ (i’ _ €)52*l’ 0<7<t<1,
o2(t¢) = rwz){ 2l (1- )l 0<t< g <,
1 11— 7)ol _ (r— )2 ml 0< < T <],
o (T,0) = M{ 24l (1 - )2 P~ 0<T<7<],

forallj=1,... mandk=1,...,n

Lemma 2 ([1]). We suppose that A > 0, i, j=1,...,n, ﬁj, j=1,...,mare nondecreasing
functions. Therefore, the functions &;, i =1,...,4 (given by (7)) have the following properties:

(1) &;:[0,1] x[0,1] = Ry, i =1,...,4are continuous functions;
(2) &1(t,0) < J1(Q) forall (t,{) € [0,1] x [0,1], where

H@) = Mm@+ Al(f/lglj<r,é>dﬁj<r>>, vie,

and b (7) = 51)(1— g)rt (1= (1= g)%), forall £ € [0,1].
(3) &1(t,0) > t71531(0) forall (1,0) € [0,1] x [0,1];
(4) 65(t,2) < (¢ )forall (t,0) € [0,1] x [0,1], where
20 = 575250 2/ £2i(7,0)ds;(1), ¥E € [0,1];

(5) &y(t,¢) =t ()forall(t,@ [0,1] x [0,1];
(6) ®3(t,0) < J3(C )forull (t,¢) € [0,1] x [0, 1], where
30 = 576 ey 2/ £j(T,0d%(x), Vi e 01
(7) Gs(t,0) =121 ()forall(t ¢) €10,1] x [0,1];
(8) 64(t,§>§34(€)forall (£,0) € [0,1] x [0,1], where

34(5) = hZ(é) + < / 32] T, é)dH( ))r Vg € [Orl]r

and () = 75 )(1—47)‘52 50 Y1 (1= g)fo), forall ¢ € [0,1].
(9) B4(t,0) > t271534(Q), forall (t,0) € [0,1] x [0,1].

Lemma 3. We suppose that A > 0, $;, i = 1,...,n, &, | =
functions, and h, k € C([0,1];R..). Therefore, the solutlon (u(t),
(4) and (5) (given by (6)) satisfies the inequalities u(t) > 0, v(t
v(t) > t27v(v) forall t,v € [0,1].

1,...,m are nondecreasing
V(t)) t € [0,1] of problem
) >0, u(t) > tr tu(v),

Proof. Under the assumptions of this lemma, by using relations (6) and Lemma 2, we find
thatu(t) > 0and v(f) > 0 for all € [0,1]. In addition, for all ¢, v € [0, 1], we obtain the
following inequalities:

1 ~ 1 ~
a(t) = 7 [ 3@on R+ [ 9200 (17K 0
. 1
> t()l_l (/O 61(1//5)4791(13111 d€+/ 62 v, é @Pz(lvzk(g))dé)

. 1 ~ 1 ~
v(t) 2 107 [* 32000 (TR + [ @ (FRO) 2
1 1 ~
6

= 1271y (v).
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3. Main Results

In this section, we study the existence and nonexistence of positive solutions for
problem (1) and (2) under some conditions on a, b, , and g, when the positive parameters
¢p and 9( belong to some intervals.

We now give the assumptions that we will use in the next part.

(K1) 1, 72 € (0,1],61 € (p—1L,pl,020€ (q—1,9],p,9€ N, p,qg >3, n,meN, aj € R
forallj =0,1,...,n,0<a; <ap < -+~ <y < Pop<p—1, 00> 1,[3j € R for all
j=01,....m0<B<Po<---<PBu<ag<d—1ag>1,¢ > 0and oy >0, 9H;,
i=1,...,nand R, j=1,...,mare nondecreasing functions, and A > 0.

(K2) The functions a, b : [0,1] — R are continuous, and there exist 11, 72 € (0,1) such
thata(ry) > 0, b(2) > 0.

(K3) The functions f, g : Ry — R, are continuous, and there exists ¢y > 0 such that
011 o1
f(z) < “o—, g(z) < “— forall z € [0, ¢], where

B 2017, 1 r(or—1) 0—1 ‘ '
L —rr‘lax{l,(%_'_l)</O Ji(Q)gmie dC) ,1€{1,3};

202-17, 1~' J(o1) 0o—1 '
Cr U 9O ) e

with By = sup_ (g ] a(t), Ep = SUPc(oq) b(T).

(K4) The functions f, g : R, — R are continuous and satisfy the conditions limy—;c0

g(w) _
w21 0.

f(w)

w11

= oo and limy 00

By assumptions (K1) and (K2) and Lemma 2, we obtain that the constant L from
assumption (K3) is positive.
Now, we consider the following system of fractional differential equations:

13
DY (po, (DR x())) =0, £ € (0,1), o
D (9o (D () =0, t € (0,1),

subject to the coupled boundary conditions

. o n 1 .
xwxo):(xj::a.”,p—z;z%;x«n::o,Lﬁgxu)::ij/"zﬂ;y@gdgﬂr)+c&
=170

©)

m 1
i . ﬁ
y(0)=0,j=0,...,g—2 DZy(0) =0, Dy(1) = Z%/O Dy, x(1) d&;(T) + 0.
p

Lemma 4. Under assumption (K1), the unique solution (x,y) € (C[0,1])? of problem (8) and
(9)is

511 51
x(t) = tA (Cor(;;(é_z)ﬁo) +00A1>, y(i’) = tA (cOA2+DQF(§1(7%), te [0,1], (10)

which satisfies the conditions x(t) > 0 and y(t) > 0 forall t € (0,1].

Proof. We note that ¢,, (Dgix(t)) = ¢(t), ¢Q2(D32+y(t)) = ¢(t). Therefore, the problem
(8) and (9) is equivalent to the following three problems:

DI ¢(t) =0, D2 y(t) =0,
R e 0 g’
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and

(HD§ (0 (0) =0, j=0,...,p—2, Dx( /Do+3/ ) d9;(T) + <o,
(I1T)2

yi(0)=0, j=0,...,0—2, D(Hy /D (T) + 0.

Problem (I) has the solution ¢(t) = 0 for all t+ € [0,1], and problem (II) has the
solution ¢(t) = 0 for all t € [0, 1]. Therefore, problem (III) can be written as

Dy, x(t) =0, t€ (0,1),
{ D2 y(t) =0, te(0,1), (11)

supplemented with the boundary conditions (III),. The solutions of system (11) are

x(t) = mtr L ot 2 o a, t017F, e [0,1], 12)

y(t) = byt L4 bpt2 2 4 271, t € [0,1],

withay,...,a,, by, ..., by € R. By using the boundary conditions x)(0) =0, j=0,...,p —

2,y9(0) =0,j =0,...,4 —2 (from (III),), we obtain ay = --- = =a, = 0and b, =
- = by = 0. Then, the functions in Equation (12) become x(t) = mthl f e [0,1],

y(t) = byt~ 1, t € [0,1]. For these functions, we find

D r((sl) — o — r(éz) a
o = -~ -7 51 2%} 1 ,BO e 5 .BO 1
03 x(t) M ?1(5_)“0)t , Dyly(t) = r(l‘f%(s_)ﬁo)t )
D, = —aj— Bi g

Therefore, by now using the above fractional derivatives and the conditions Dgix(l) =

" Dy y(t) d9;(7) + ¢ and D y(1) = Y, [1 DB x(t) dsi(1) + o (from (IIT)),
we deduce the following system for a and b1

2 5270('71 3
&_% z/ &_ i1 d;(7) + <o,

b1 527[50 Z/ 1

‘51*@'*1 df;(T) + 2,

or equivalently

(s
al(él(l)o) - b]A] + CO,
I'(62)
by =——"—~ = a1y +0p.
1 F(CSZ — ,BO) 182 0
The determinant of the above system in the unknown a; and b, is
I'(é1) A
(01— a0) L TEOTE)
A L) | " T@i-al@G—po) 2
2
['(62 — Bo)
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Then, we obtain

Therefore, we deduce the solution (x(t),y(t)) of problem (8) and (9) presented in (10).
By assumption (K1), we find that x(¢t) > 0 and y(t) > O forallt € (0,1]. O

We use the functions x(t) and y(t), t € [0,1] (given by (10)), and we make a change of
unknown functions for our boundary value problem (1) and (2) such that the new boundary
conditions have no positive parameters. For a solution (u, v) of problem (1) and (2), we
define the functions h(t) and k(t), t € [0,1] by

5-1
h(t):u(t)—x(t):u(t)—tA (c ((SFZ(‘S_)ﬁ)mOAl) teo1],
6p—1
k() = v(6) = y(0) = v(0) = = (b2 + o075 20 ), 1€ 01

Then, problem (1) and (2) can be equivalently written as the system of fractional
differential equations

{ D3 (9o, (DY (1)) + a(D(K(E) +y(1) =0, £ € (0,1), 13
D (pex (D (1)) +b(1)a(h(t) + x(1) = 0, £ € (0,1),

with the boundary conditions without parameters

n(0) =0, j=0,...,p—2 D3 h(0) =0, DAl 2/ DY, k(7) d;(7),
| (14)
kK0)(0)=0, j=0,...,4—2; Dk(0) =0, D5 k(1 Z/ Dﬁ]h

Using the Green functions &;, i = 1,...,4 and Lemma 1, a pair of functions (, k)
is a solution of problem (13) and (14) if and only if (h, k) is a solution of the system of
integral equations

n(t) = / ®1(t,0) 90, (11} (2(O)FK(E) +y(0)))) dE

+ / ®2(4,0) g (132 (6(0)a(h(2) + () T, ¢ € [0,1],
k(1) = / ®a(t,0)gp (1]} (a()FK(E) +v(£)))) dE

+ [ 041,090 0 (0(a((@) + X)) L, £ € [0,1).

(15)

We consider the Banach space X = C[0, 1] with the supremum norm ||z|| = SUPrc(oq |z(T)]
for z € X, and the Banach space J) = X’ x X’ with the norm ||(h, k)||y = max{| k||, ||k|| } for
(h, k) € Y. We define the set V = {(h,k) € ), 0 < h(t) <ep, 0 <k(t) <ey, Vte[0,1]}.
We also define the operator S : V — Y, S = (51, S2),

SR = [ ®1(6,0)g0 (KO +y(©) de

+ [ 0260190 052 (6(a(h(@) + X)L, £ 0,1],
SR = [ ®(t,0)gp (KO +y(©) de

+ [ 841,00 (I (6010 + 2O 2, 1€ [0,1],
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for (h,k) € V. We easily see that (I, k) is a solution of system (15) if and only if (h, k) is a
fixed point of operator S. Therefore, our next task is the detection of the fixed points of
operator S. The first result is the following existence theorem for problem (1) and (2):

Theorem 1. We assume that assumptions (K1) — (K3) are satisfied. Therefore, there exist ¢; > 0
and 91 > 0 such that for any ¢y € (0, ¢1] and 99 € (0,01, the problem (1) and (2) has at least one
positive solution.

Proof. By assumption (K3) we deduce that there exist 59 > 0 and ty > 0 such that
-1
flw) <=

¢1 and 97 as follows:
e IfA; #0and A # 0, then

o = min 50 ngF(éz — ,30) 3 — min 50AF(51 — Déo) LA
! 208, 20(8y) e 20(6)) 20 J°
e IfA; =0andA; # 0, then
s0A toAT (8, — Bo) _ 50AT (61 — )
a= mm{ZA T(&) J 1T T 2r(ey)
e IfA; #0and Ay =0, then
toAT (67 — Bo) . 50AT (61 — ag) E
20(6) o1 = min L) 20 )
e IfA; =0and A, =0, then
o = tOAF(52 - ﬁo) 0 = soAF((Sl — 0(0)
I(&) 7 I'(é1)
Let ¢y € (0,¢1] and 9g € (0,01]. Then, for (h, k) € V and € [0,1], we have

[0, ¢p + s0], and g(w) < 0 - [0, ep + to]. We define now

1 =

k(@) +y(G) <eo+ A(C0A2+00r( (&) )) <eo+ A(C1A2+01r( (%) )> < ¢o + 50,
h(¢) +x(0) <eo+ 3 (Cor(‘;( 22; j +00A1) <e+x (Clr((s(i;) +01A1) < ¢ + to,

and so
01—1 01

i(K(©) +(2)) < O, a(h(§) +x()) < L. (16)

By using Lemma 3, we deduce that S;(h,k)(t) > 0,i = 1,2 forall t € [0,1] and
(h, k) € V. By inequalities (16), for all (h,k) € V, we obtain

o (é)lf(k(€)+y(€)))=r(lw/0 (€= () + )
8817 4 R WleSﬁ 4 1

< LF(%)/O (€0 el dr < T | @-omtar

= M vZelo1],

and

1
72)

B2 (60(@)a(h@) +x(2)) = i [ (€= 0" b(e)alh(e) + x() e

92 1 7 =021 z

0 a1 =284 \ma—1
< Lr(m/ (€~ o) dr < T /0 (¢ — )P e
_ ‘—‘220 g'YZ
1) V¢ e[0,1].
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Then, by Lemma 2 and the definition of L from (K3), we find

1 & lrm e lgm
Sl(h,k)(t)é/ 310 @p, (Ll"(fyﬁfl) §+/ J2(C §”pz< E’Yzfl))d@

\_qegl ! ot 1

':‘2882 1 P2 1 1 ( 1) ¢ ¢
i ~ ne-gr< V4 0 o v e[o,1],
+<Lm+l)> | w0 (<242 —w, Vic o]

and
1 =00 lrm Epef? (7
sz(h,k)(t)g/o J3(0) @py (M)dﬁ/ Ja(¢ qopz<m>dé

.:legl—l Pl_l 1
(i) fewees

Ezegz_l 2t (p—1) eo . €
—c0 3 negr < 24 2 = t 1].
+<er+1)> /0 J34(0)¢ (<5 +5 = Vi [0,1]

Therefore, we find that S(V) C V. By using a standard method, we conclude that Sisa
completely continuous operator. Therefore, by the Schauder fixed point theorem, we deduce
that S has a fixed point (i, k) € V, which is a non-negative solution for problem (15), or
equivalently, for problem (13) and (14). Hence, (u,v), where u(t) = h(t) 4+ x(t) and v(t) =

k(t ) + y( ) forallt € [0 1} is a positive solution of problem (1) and (2). This solution (u,v)

d1—1
o A (Cor(g(ézg ) +00A1) (t) < tl ( 01-(15“(752’[)30) +00A1) + ¢p and
1

(C()Az-i-aor( ))< (t)<7<c0A2+00r(( 1) ))+eoforallte[0 1]. O

t"2

The second result is the following nonexistence theorem for the boundary value
problem (1) and (2).

Theorem 2. We assume that assumptions (K1), (K2), and (K4) are satisfied. Then, there exist
¢ > 0and 9, > 0 such that for any ¢g > ¢ and dy > 0y, the problem (1) and (2) has no
positive solution.

Proof. By assumption (K2), there exist [11,72] C (0,1), 1 < 2 such that 7y, > € (11, 12),
and then

r= [0 (/7 g a(7)(g — ) dr)pl_ldg >0,

p= "3 ( / 5 b(2) (¢ — 7)1 dr)pzld@ >0

We define the number

200 1T(1) 22T (12)
Ro = max{ e P

By using (K4), for Ry defined above, we obtain that there exists Ly > 0 such that
f(w) > Row? ! and g(w) > Row? ! for all w > Ly. We define now ¢, and 9; as follows:
e If Ay #£0and Ay # 0, then

o L()AF(52 — ,80) L()A o LQA LoAl—'(§1 — lXo)
¢ = max o 1 , 51 , 02 = max . 1 , 51 .
2ntT(62) 217 A 2m' M 27 T(6)
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o If Ay =0and A, # 0, then

L()AF(52 - :BO) L()A L()Ar(51 - 0(0)
(%) :max{ T 1 , 5271A 0 iy v 1F
mtoT(6) 20t A 27T ()

o If A1 # 0and A; = 0, then

_ L()Ar(52 — ‘30) 9, = max L()A LQAF(51 — D(()) .
213 71T () 2 A ()

e If A; =0and A, =0, then

_ LoAT(5, — Bo) 0 LoAT (61 — ag)

2T T ()

Let ¢g > ¢y and 9y > 0. We assume that (u, v) is a positive solution of (1) and (2).
Then, the pair (h, k), where h(t) = u(t) — x(t), k(t) = v(t) —y(t), t € [0,1], with x and y
given by (10), is a solution of problem (13) and (14), or equivalently, of system (15). By
using Lemma 3, we find that h(t) > t~Y|k||, k(t) > t27Y|k|| for all t € [0,1]. Then,

infoe(y, ) H(S) = 11‘151_1 (1l infsey, 0 K(8) = 17;5271 |Ik||. By the definition of the functions x
and y, we obtain

5-1

. Ukl ( r((52) > s

inf x(s ¢ L0 ) = 2l
s€[mm] (&)= 5A : OT(6, — Bo) 71 m Il

. 7712 < 1_'((51) ) 51

inf s 0y +0g—OU ) .
se[mﬂiz}y( )= A 072 01"((51 —ap) m lyll

Hence, we deduce

inf (h(s)+x(s)) > inf h(s)+ inf x(s) > yd |kl + 4 x|
56[771772] B 56[71(;72]1 s€[111,772]

= 2 (IR 4 (x> 3 e x,

inf (k(s)+y(s)) 2 _inf Kk(s)+ inf y(s) 2 2 Ikl 2y
s€[n1,1 5 . 5[0]1 s€[i1,172)

=2 (k] + Nyl = 72k +yll.

In addition we have

. 1 I'(62)

f (h(s)+ ‘Sl Yix|| = 11 ( ——= 49 A)
56[1;},,72](1(5) X(;z;) = 3 s — gy 0

51717 T(62)

inf  (k(s) +y(s)) 2 mp* " lyll =y 11(%A2+oor<arf%>

1 ['(d1)
N e DA I S
A<¢2A2+02r )) > Lo
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By using Lemma 3 and the above inequalities we find

= F%l) /,71§ . ‘

= r(&l) /ﬂ%(gﬂ a(t) (k(T) +y(r)% tdr N

> 11;(7;3 _/117 1 (i — 7)n~la(7) (Temfm(k(r) N y(r))> "
- 19(’(;1) /771 (-0 a(r)dr, V€ [,

and then
hm) / 1 31090 (L @)F D) +¥(D)))) 2
n s RoLS™ [ o
> g / — )" la(r)dr d
[ <5>< v [ al) ) ¢
R A
(T(71))er !
We deduce that ||| > k(1) > 0. In a similar manner, we obtain

I3 (6(0)g(h(2) +x(2)))

Ro ‘ 2— . 01
> iy €0 o (it 00 x))

RoLy ™ ¢ -
- I'(72) /:71@_7)7 b(t)dt, V€ [m,m),

> 0.

and so

)2 [0 34090 (2 (D)a(h(Q) + x(0))

) 2 .
/7]’7 -1y, (ROL’yz) /r]f(g—T)’YZ_lb(T)dT> dg

_RET "Lop® A, .
(T(72))P2 1 '

We deduce that ||k|| > k(#;) > 0.
In addition, from the above inequalities we have

Ig (a(Q)f(k(2) +y(2)))
)

i(k
Ro ) 01—1
> o / ({ — 0" a() (Teﬁfm<k<r>+y<r>>) gt
R 17(‘52 ) 011

(
- T'(71)

4
lk+yla™ /U (¢ - 1" la(1) dT, VT € [,

and so

(62=1)(01=1) -1

2 ot ¢ P1
h(m) = / ’7(517131(@ (WF(%)) Ik +yll (/711@_ )" a(7) dT) ag

01+6—2pe1—
M

WA1||I<+3/|| > 2|k +yll > 2| |-
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Hence,
k[ < h(m) *IIhII (17)

In a similar manner, we deduce

I3 (6(2)g(h(2) +x(2)))

Ry - . 0-1
- (72)/ (- el ><reﬁfﬂz1(k(r)+x(ﬂ)) o
R ,7(51 1)(02—-1)

Y

21 ¢ _ 2—1
S e [ @ e e, Ve e el

and then

Roy{1~V@

2 P g p2—1
k(1) > / ’752_134(5) (1’(72)> [+ x| </171 (Z—1)" (1) dT) ag

61+0,—2 pz 1
_

(T(72 ))*’2 !

Therefore,

Agllh+ x| = 2[|h + x]| = 2{[A]].

K]l < k(m) Ikl (18)

Hence, by (17) and (18), we conclude that ||1|| < 3[|k|| < % ||k, which is a contradiction
(we saw before that ||i]| > 0). Therefore, problem (1) and (2) has no positive solution. [

4. An Example

Weconsider i =31 = 3,61 = %, (=962 = .G =01 =2 m =10 =
Bo = 6/"‘1 %/0‘2 7/,31:7;Q1—12192:%/P1:61/P2 5?/“()_1 b(t

forall £ € [0,1), () = Rt forall t € [0,1], 52(t) = {1, te [0,3); ¥, te[3 ]}
f(t) = {z, te [ %) 22, te [11,1] } We introduce the functions §, g; [0,00 [0,
f(z) = w129, g(z) = wyz” for all z € [0, c0) with wy, wp > 0,09, 0o >0, 07 > ﬁ, o >

We have lim,_c0 f,gz_)l = oo and lim;_e0 2%52—)1 = oo0.

We consider the system of Riemann-Liouville fractional differential equations

oo
i
8

D3 (7312 (DE2u(t)) ) +an(v(t))" =0, t € (0,1), -
D (gss/s (D3 V(1)) ) +wa(u(t) =0, te (0,1),
subject to the coupled boundary conditions
u<i>(0) =0,i=0,...,3, D¥?u (0) =0,
91 2
17/8 3/2 16/7
Dy "u / Dy ~v(t) dt + D (3> + ¢o, (20)
, 10 8
v0(0) =0, i =0,....4, Dslfv«» =0 DYV = R ) + o0
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We obtain here A; ~ 40.01662964, A, ~ 0.49478575, and A ~ 452.46647281 > 0.
Therefore, assumptions (K1), (K2), and (K4) are satisfied. In addition, we deduce

1 t11/3(1—€)37/24—(t—g)ll/g, OSQStSL
01(t,0) = I’(14/3){ AL3(1_7)7/24 g <t<7<],
1 T68/21(1 o €)37/24 o (T o é’)68/21’ 0< é’ <rt<1,
o11(7,¢) = 1“(89/21){ T68/21(1 _ €)37/24, 0<t<(<1,
1 t9/2(1 €)4/3 (t g)9/2, 0< é’ <t<1,
o(t¢) = (11/2){ PR(1-43, 0<t< <1,
1( 13 4/3 3 0<7<t<1,
921(T,§):6{ 7351 g;‘*/?’, 0(<r<)g<1
1 T31/14( )4/3 ( )31/14 0<€<T<1
922(Tr§):(45/14){ BUBA )48, 0 <1< <1,
11/3
B1(t,¢) = a1 (t, Q) + 10A1§A 911(181,C>

&y (t,¢) = t“A/;F(gl/g/)z)( / o (7, §)dt + 922(5 5)),

(
10t9/2T(14/3)
®a(t ) = 13AT(61/24) ° ( )

®4(t,0) = () + t9/2A2 (91 / 021(7, §) dT + gzz(i @)),

7

h1(0) = I’(li/:%)(l - §)37/24 (1 _a- g)17/8)/
h2(0) = 1“(11/2) (1-7)*3 (1 —(1- €)19/6>,

for all t, 7, € [0,1]. In addition, we find

0A 68/21 68/21
h1(8) + 13A11(891/21) [( ) (1= — (& -10) } 0<¢< &,
68/21 1
h1(¢) + 13A1108A91/21)( T) 0¥, E<r<y,

r(11/2)
[ A§(7/3 { _%(1 Q +5r(4§/14)

IN

144

31/14 31/14
<[(3) <1 N L | AT S #
(103 - (1 -0+ 5r(4§/14)
<(@3MMa-ov), 3<es,

107(14/3 65/21 68/21
13A1"(61/(24)1“(%9/21) [(ﬁ) (1 - — (£ -0) } 0<7<
107 (14/3 68/21
13A1"(61/(24) {239/21) (&) =¥, <<y,
4

r(11/2
AT(7/3

—

v
WIN ,_.

h2(0) +

1
144(1 — )Y - 144(1 —0Ot+ 5[(45/14)

5 (g) _ % [(3)31/14(1 . 5)4/3 _ (3 . 5)31/14} }, 0<(< %,
' 6a(0) + %[

[m(l O = (1= O* + srrm
% (3 31/14(1 _€)4/3}, 2<7<

We also obtain &; = 1 and Z, = 1. After some computations, we find

261/12 1 9/61 p 61/12 o
e — / 3 ~ 4.11609161 x 1077,
1 r(7/4)< ; 31(0)¢ C)

251/8 ! 16/255 o1/8 10
P, := / 3 d ~ 3.11233481 x 10710,
2= T775) < A 32(0)C C)
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61/12 1 61/12
P = fo7m < /0 33(0)6! dg) ~ 1.39796164 x 1018,
51/8 1 51/8
Pi= 17y ( /0 34(0) 01612 dg) ~ 1.16007238 x 10”13,
and so L = max{P;, i = 1,...,4} = P;. We choose ¢g = 10, 07 = %, 0y = 12—3, and
if we select wy < %10’1/12 and wy < %10’1/8, then we deduce that f(z) < 106z/12 and

8

a(z) < 2% forall z € [0,10]. For example, if w; < 2.0053 x 108 and w, < 1.8218 x 108,
then the above conditions for § and g are satisfied. Therefore, assumption (K3) is also
satisfied. By Theorem 1, we conclude that there exist positive constants ¢; and 91 such that
for any ¢ € (0,¢1] and 9y € (0,01], problem (19) and (20) has at least one positive solution
(u(t),v(t)), t € [0,1]. By Theorem 2, we deduce that there exist positive constants ¢; and
07 such that for any ¢y > ¢; and 99 > 9, problem (19) and (20) has no positive solution.

5. Conclusions

In this paper, we studied the system of coupled Riemann-Liouville fractional differ-
ential Equation (1) with ¢;-Laplacian and g>-Laplacian operators, subject to the nonlocal
coupled boundary conditions (2), which contain fractional derivatives of various orders,
Riemann-Stieltjes integrals, and two positive parameters ¢y and 9. Under some assump-
tions for the nonlinearities f and g of system (1), we established intervals for the parameters
¢p and 9p such that our problem (1) and (2) has at least one positive solution. First, we made
a change of unknown functions such that the new boundary conditions have no positive
parameters. By using the corresponding Green functions, the new boundary value problem
was then written equivalently as a system of integral equations (namely the system (15)).
We associated to this integral system an operator (S), and we proved the existence of at
least one fixed point for it by applying the Schauder fixed point theorem. Intervals for
parameters ¢y and 9y were also given such that problem (1) and (2) has no positive solution.
Finally, we presented an example to illustrate our main results.
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Abstract: This paper deals with a class of nonlinear fractional Sturm-Liouville boundary value
problems. Each sub equation in the system is a fractional partial equation including the second kinds
of Fredholm integral equation and the p-Laplacian operator, simultaneously. Infinitely many solutions
are derived due to perfect involvements of fractional calculus theory and variational methods with
some simpler and more easily verified assumptions.

Keywords: fractional integro-differential equation; Sturm-Liouville boundary condition; variational
method

MSC: 26A33; 34B15; 35A15

1. Introduction

Nano/microactuators, as an indispensable portion of nano/microelectromechanical
systems, are always subject to different inherent nonlinear forces. Many studies show that
an integro-differential equation is generated in the modeling process of the nano/microactuator
governing equation owing to axial forces ([1-3]). In [4,5], the following nanoactuator beam
equation augmented to boundary conditions and containing an integro-differential expres-
sion, was discussed

{ %*(ﬂfol(%)zdt+L)%{+J%+ﬁ+%:0, teo,1], )
f(0)=f(1)=0, f/(0)=f'(1)=0

where f and t denote the deflection and length of the beam, respectively. y, L, x and r denote
some inherent nonlinear forces. Actually, in practical engineering applications, actuators are
constructed by the billions for chipsets, therefore, developing more effective and accurate
strategies for the study of nano/microactuator structures is of great significance.
Furthermore, it is often not appropriate to establish models with delayed behaviors by
ordinary differential equations or partial differential equations, while integral equations
are ideal tools. Moreover, fractional calculus operators are convolution operators (For
details, please refer to the definitions of fractional integral and differential operators in [6],
in which the definitions involving convolution integrals.), because they are nonlocal and
have full-memory function, and those characteristics can be well used to describe various
phenomena and complex processes involving delay and global correlations. For this reason,
fractional calculus has been extensively applied in interdisciplinary fields such as fluid and
viscoelastic mechanics, control theory, signal and image processing, electricity, physical,
etc., (see [7-9]). Therefore, matching fractional calculus operators and integro-differential
equations is ideal to complete the mathematical modeling of practical problems. Taking
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into account the effect of a full-memory system, the integer derivatives in Equation (1)
can be substituted for fractional ones. Inspired by this fact in Equation (1), Shivanian [10]
introduced the following overdetermined Fredholm fractional integro-differential equations

tD“‘( ()OD“'u](t)) AFy,(tur(t), ... um(t) + [ ki(t,s)uy(s)ds, t€ (0,T), j=1,2,...,m,
fo i(t,5)u(s)ds, te( )]_1,2,..., m, 2)
uj(O)—u( )—0, i=12,..

where a; € (0,1], aj(t) € L®[0,T|, j = 1,2,...,m. The existence of at least three weak
solutlons was obtamed through the three critical points theorem.

Committed to fully considering more general systems, this paper studies a class of
nonlinear Fredholm fractional integro-differential equations with p-Laplacian operator and
Sturm-Liouville boundary conditions as below

(DY (ki(t)®,(§D <>>>+l (52 (z(1))
= /\fz (t z1( ), +f0 gi(t,s)®y(zj(s))ds, t€[0,T], j=1,2,...,m,
fo gi(t <I>p(z]( s))ds, t€[0,T],j=12,...,m, ()

,8
vi—1 vi .
]k( )@y (2j(0)) — cieDy gk-(o)q>p(thfzj(o))) =0,j=12,...,m
Vi i .
dikij(T)Pp(z;(T)) —|—d’tD " (ki(T)®@, (§D,'2(T))) =0, j=1,2,...,m
where c],c dj and d’ are positive constants, A € (0, +c0) is a parameter, k;,/; € L[0, T]
w1thk] = essinfy 1) k;(t) > 0 and lJ = essinfg 1) [;(t) > 0,j =1,2,...,m. For1 < p < o9,
Dy (s) = |s|P2s(s # O), p(0) =0, f: [0,T] x R™ — R satisfies f( ,z1(8), ..., zm(t)) €
C[0,T) and f(t,-,...,-) € Cl [R™], gi(-,-) € C([0, T}, [0, T]). gD?j and tD? denote the left
Caputo fractional derivative and right Riemann-Liouville fractional derivative of order 7;,
respectively, which are defined by Kilbas et al. in [6]

. - —1)n gn T ‘
DY) = (1" gDy ) = s T [0 s, @
5D/ u(t) = oD "ul") (1) = r(l—%) [e—or g, ©)

for Vu(t) € AC([0,T|,R),n =1 <7, <n,neN.

We emphasize that this paper extends previous results in several directions, which
are listed as follows: (i) In recent years, a large number of existence results for fractional
differential equations have been acquired by variational methods and critical point theory
([11-14]). However, not many research works are available in related references to handle
fractional integro-differential equations, let alone involving the p-Laplacian operator and
Sturm-Liouville boundary conditions. (ii) It is not hard to see that Equation (3) can
turn into the Dirichlet boundary value problem Equation (2) under p = 2, c} = d;. =
0, l]-(t) =0,j=1,2,...,m,which means that Equation (2) is a special case of Equation (3).
Furthermore, since the p-Laplacian operator is considered with 1 < p < oo in the paper,
the linear differential operator ;D1 D} is extended to the nonlinear differential operator

D]®, (§D;). In short, the form of Equation (3) is more generalized, as well as the boundary
value conditions. (iii) Infinitely many solutions are obtained in this paper with some simpler
and more easily verified assumptions. Hence, our work improves and replenishes some
existing results form the literature.

2. Preliminaries

Assume H is a Banach space and F € C!(H, R). Functional F satisfies the Palais-Smale
condition if each sequence {z};> ; C H such that { F(z)} is bounded and klim F'(zx) =0
—00

possesses strongly convergent subsequence in H.
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Theorem 1 ([15]). Let H be an infinite-dimensional Banach space, F € Cl(H,R) is an even
functional and satisfies the Palais—Smale condition. Assume that:

(i) F(0) = 0. There exist T > 0 and > 0 such that Y C {z € H | F(z) > 0} and
F(z) >nforallz € oY, whereYr = {z € H| ||z|| < T};
(ii) For any finite dimensional subspace Hy C H, the set Hy(\{z € H | F(z) > 0} is bounded.

Then, F has infinitely many critical points.

Deﬁnit'ion 1. Let1 < p < oo, % <7 <1,j=12,...,m. Define the fractional derivative space
H= H;zTHW”’ with the weighted norm

=m
||Z||H = 2 ||Z]H(’)/],p)/ Zj S H’Yj,p/ Z = (Zli- . '/Zm) S H/ (6)
j=1

where ‘
H""P = {z; € AC([0, T|,R) : §D,"z;(t) € LP([0, T],R)}

as the closure of C* ([0, T], R) endowed with the norm

1
IZill (3;,p) == (/ | zj(t) |P dt+/ | §D)7z;(t) |7 dt) p,v,zj € HYiP. (7)

H""P is a reflexive and separable Banach space [16]. Therefore, H also is a reflexive and separable
Banach space.

Lemma 1 ([13]). For any zj(t) € H"",1 < p,q < cowith , + ¢ = 1, there exists a constant
Mo = ol [ (Y ? cuch that [z <

(yj,p) = max m' + | 7 max IYCmm} such tha ||Z]||oo <
W(’Y/,P) HZjH('y]»,p)rj =1,2,...,m

Taking into account Lemma 1, one has

zZ; M ! z P d Dv’z rar), vz, HY'P, (8
'f”""wmm{k],f})é(/ 0 12500 P+ [ (01§50 1P dr), vzi0) € HO7, (8)

j=1,2,...,m. In order to describe it more easily for the further analysis, denote

W(%P) A~
Wy = ——2— W = max {W;}. ©)
(min{kj, lj})P Sj=m

Obviously, the norm defined by (7) is equivalent to

1

p .
121l ) = (/ (1) ] Z4() |Pdt+/ D”fz]()wdt)  i=12,...,m. (10)

We work with the norm (10) hereinafter.

Lemma 2 ([17]). Let1 < p < oo, 7; € (%,1],]' =1,2,...,m. Suppose that any sequence {z ;}
converges to z; in H"I'F weakly. Then, zy,; — z;j in C([0, T]) as k — oo.

Lemma 3 ([18]). Let H; be any finite-dimensional subspace of H"i¥, j = 1,2,...,m. There exists
a constant {o > 0 such that meas{t € [0, T] :| z;(t) |> §0|\zj||(7j,p)} > Co, Vzj(t) € Hj \ {0}.
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[og®

I
=

T.
—_

Lemma 4 ([6]). Let v+ >0, p > 1,9 > 1and%+% <1479 (p # 1,9 # 1 in the case
when % +% =1+). If z1 € LF([a,b]) and z, € L7([a,b]), then, fab(anvzl(t))zz(t)dt =
[P 21 (8 (D, "za(t) ) dt.

Lemma 5. It is said Z = (z1,...,zm) € H is a weak solution of Equations (3), if the following
equation holds

. . d.
{15000, (§DT50IEDT 150 + 50 10y (1t + T 01,310y (0) + (1) 31Ty (T) |
] ]

[ sitormmnast e [ £ a0 D)yt Y = H 1
| Jy 89 Pp(zi(s yj(t)dsdt + /0fzj(,zl(),...,zm())y]() }, =1,---,ym) € H. (1)

Proof. Consider (4) and (5), the boundary conditions in Equation (3) and Lemma 4 yield:

/ " DY (k1)@ (§DYz (1)) )y (1)t

T /oT yj(t)d[tD¥j_l(kf(t)ép(gDZij(t)))]

=07 (IO (§D7210)) )y (0) D7~ (k@ (DT (T Juy(T) + [ D7 (0@, EDV 5N (12)

C;
_C/

i

d; v .
=02, G0 (0) + Gk D2 (T () + [ K02p Gz 0)5 Dyt

Substituting y;(t) into Equation (3) and integrating on both sides from 0 to T, then
summing from j = 1 to j = m and combining with (12), we can obtain Equation (11).

The proof is completed.
O

Remark 1. Foranyz; € H""" C C([0,T]),j = 1,2,...,m, from Equation (3) we have
. . T
tD;’(k]-(t)cI)p(gD:”zj(t))) + (5 Dy (zj(t) = /\fzj(t,zl(t) ..... Zm(t)) +/0 8i(t,s)Pp(zj(s))ds, t € [0, T],

because f(t,-,...,-) € C'[R™], z;(t) = fOng(t,s)Cbp(zj(s))ds € H"'P and

1

(DY (ki ()@, (5D, z(1))) = (tle' <kj<t>q>p<€DZfzj<t>>>) ,

one gets
D7 k()2 (§ D' (1))) € AC(0,T)).

Hence, the terms tDpil(k]-(O)CIDP(gD?jzj(O))) and tDﬂ%jil(kj(T)Qp(gDijj(T))) exist in
this paper.

Consider the functional F : H — R with
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A=Y [Tk 150750 1 45050 Wm+ﬁ{ (0) 12(0) I +-25 k(1) | 2(T) P
._pj=1 0 ] 0=t <] ] / ] pd;/ ]
j=m
_Zi/ G](z](t))dt—/\/o Ftzi(b), .z ()t
-
j=m j=m
DLl + X [KO) 150) P+ (T) |5 17|
1 j=1 j
j=m
_ X; /OT Gj(zj(t))dt—/\/on(t,zl(t) ..... 2 (1))dt, (13)
L |

where G;(zj(t)) = 3 fOT gi(t,s)®p(zi(s))z(t)ds, t € (0,T),j=1,2,...,m. Owing to z;(t) =
fOT g]-(t, S)QJP(zj(s))ds,j =1,2,...,m, the Gateaux derivative of G; is

Gj (Z;+hy;) (Z])

G; (Z])(y/) _II:LU 2 (14)
i L 509 5(5) + iy (5))50) + (1) — (651 21 (9)zy (1)
h—0 h
Ln2y2 () + hz; (t)y; (t) :
= im * v . 501 :z]-(t)y]-(t):/OTg]-(t,s)<I>p(zj(s))y]-(t)ds,j:1,2,...,m

Then, combining the continuity of f and (14), we can see that 7 € C!(H,R) and

= z { [ kORI 5Dy + 101y (1) 1) + T )y (21(0))35(0) (15)
j=1 ]

d T (T T
+d%ﬂn¢ﬂ%uwwav%;é &@Q¢Mq@MMO%w—AA @ugmn%mm}NLYGfi

Notice that, the critical point of F is the weak solution of Equation (3).

3. Main Results

First, some hypotheses related to nonlinearity f are given, which play important roles
in the remaining discussion.
(Ho) lim 20 — o uniformly for t € [0, T], Z(t) = (21(t), ..
Vjz|zj| o0 ):jzl |z
(H1) 0 < f(t,Z(t)) = O(Z; 11z |P)as Z; 1 | zj |= 0 uniformly for t € [0, T];
(H) For any Z(t) = (z1(£), ..., zn(t) € R, f(t,2(£) = L7\ % | 2 | =] (£, Z(8)) with
J(t,0) =0, and

L zm(t)) € R™;

dj
1r<r}1<nm{;7]} = /\§P+1 TP ; pc pd'k]( w )

z<p RT3 0 zs 21,
=1

where wj € 0,p), 0; > 0,{o > Oisaconstant and Eis introduced thereinafter, j = 1,2,...,m
Lemma 6. F satisfies the Palais—Smale condition under (Hy).

Proof. Suppose that sequence {F(Z) }ren is bounded and klim F'(Zy) =0, Z(t) =
—00
(zk1(t), - zkm(t)).  We claim that {Z;}ren is bounded in H. Indeed, assume
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Vi sz,j||(ar]_,p) — oo(k — o0). From (Hp), for any L > 0, there exists kg € N such

that
JA0)

I7

pm >L,Vk>ky tel0T]. (16)
Zj:l sz,j (

For any fixed k. € N with k. > ko, from the integral mean value theorem, there exists
¢(ky) € (0,1] such that

[ f0, 2 )t = THEOT, 24, (6(6)T)) )

Combining (16) and (17) yields

fo (tZi () _ TFEkIT, 2, (k0 T) PTG 12l )

j=m P -y P
] 1 ”Zk*]H (7;:p) Z]‘:1 ”Zk*,j”(%.,p) Z]‘:1 ”Zk*,jH(%,,p)
Hence, we can get

fO t Zk

—_ >TL,Vk>k0, t e [0, 7). (18)
j=m P
Zj:l H k,j”(,yj,p)

In view of (8), (9), (13) and (18) we have

Fz) 1, o | 5ki(0) | 2ii(0) 17 +%k]-(T) | 2/ (T) [P
Z; 1 Nz k]||(7 o P Z; "z k]H(y B
'y G Zk] )t + A [ £(t, Zi(t))dt
Tt Izl 0

T/ Tiirki(0) + ki (DIWY g,

<1y L i) aTL

p S ||zk,]-||(7j,,,)

1 j=m Cj d

< .

<3+ Lo b0+ k(M) ATL (19

N i
Choose L large enough such that % + Z;.:T[;—é;kj(O) + pT’IJ,‘k]-(T)]I/VJP — ATL < —1, then

combining (19) yields that F(Z,(t)) < — Z;Zn |2k, ||E’7 by which means that F(Z(t)) —
]!
—o0 as ||Zk,jH(7/-,p) — 00, Vj =1,2,...,m. It contradicts that { F(Z;)} is bounded. Hence,

{Z}} is bounded in H. Because of the reflexivity of H, we get that Zy — Z* in H (up to
subsequences). From Lemma 2, we have Z; — Z* uniformly in C([0, T]™) and L? ([0, T]™).

Then,
(F!(Zi) = F(Z))(Zk — Z*) = 0, k — oo,
Jo (8 Ze(8)) = fo, (6,27 (8) (2 (8) = 23 (£))dt > 0, k = 00,,j =1,2,....,m, (20)
Jo T2e(t) = 25 (8) [ dt = 0,2,(0) = 2 (0) = 0,2,j(T)) =2} (T) = 0, k > 00,j =1,2,...,m

From (15), we obtain that
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(F'(Zk) = F(Z) 2 = 27) = Fl(Zi)(Zk = 27) = F(Z")(Zx = Z7)
j=m

-1 { [ 50 (206D 241(0) ~ @Dz (1) )07 (ot 1) =27 (01) + 110) (et 1) ~ @37 (1) ) g 0) 25 ()t 21)

[ st (@50 — @25 61 ) 0) — 5 )t + ijw) (@111(0)) ~ @45} (0)) ) a10) = 5 0)

" d—;w) (a1 = @ (51T ) (1) = 55T = A [ F 1. 2200) = £ 0,27 (0 g6 — 5 )

moreover,
T T i . T £ 0p) 2
[ i) (@60 = 025 60 ) a0 =25 st = [0 =55 0) P e (22)
Denote
T . . .
10,0 = [ 50 (0§07 2301) = @607z (1) )57 e 0) — 5 1),
T
i) = [ 150 (@1 (0) = (27 (1)) i 0) — 5 )t

combining (20), (21) and (22), we obtain Z;jln {¥ij(vj,p) + ¥yj(p)} — 0ask — oo. Asin
the discussion of ©(x, p), ©(p) in [19], we can get
ejllzi; — 2% P =2,
Al — 22, ekl + 122115)

where ej, e;. are constants, j = 1,2,...,m. Based on the above discussion, we can obtain
||zk,]- — z]*||(7j,p) —0,j=1,2,...,m,forall 1 < p < co. Hence, the Palais-Smale condi-
tion holds. [

p=2
P

ey p) + ¥i(p) >
ki (7, p) + ¥k i(p) { , 1<p<2,

Theorem 2. Assume that (Ho) and (Hl) hold and f(t,Z) = f(t, —Z). Then, Equation (3) has
infinitely many solutions wit

Proof. Due to f(t,Z) = f(t,—Z), itis easy to verify that F is even. Obviously, F(0) = 0.
Taking into account (Hy) that, for any € > 0, there exists 7(¢) such that

j=m j=m

f(t,Z(t)) <e |z |F, vt € [0, T], Z | zj [< r(e). (23)

=1 j=1

—n

Further, g;(-,-) € C([0,T], [0, T]) means that the kernel g; is bounded by, say g, i.e.,
| gj(t,s) |[< Bj,and

T .
Gi(zi) = 2 [ 5t 9)@p(ai(o)zi0as < Tz 12 157 < Dz 187 =12 o @29)

Lett = W Forany Z € Y, one has || Z||g = Z; 1 ||z]»\|(7],, < X - Then,

Il
§

J j=m 1 j=m
?> Zill (. 1) = —|zillo = = Zi|loo, 25
7 2 L Il 2 X gl W;H il 25)

-
Il
-
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which means that Z] _1 1Zjllee < 7(e). At this point, from (13), (23) and (24) we can see

S

F(2) =

j=m T Bj . T j=m
Yl - L [ Dz lda [ ey 1z ar
=170 0 j=1

‘G\b—*
-
I
—

]

11

v
< |~
-

I
-

= TE; AeT)YWP|z;]|” 26
il 5 5" AW i 26)

1 TB

2[5 - (L ey (znmw)
LBy aerywn L yzgn, vz e Y
=l — (G F AW G2, 2 € Yo,

where g = 1122?;1 {B;}- Choose ¢ = 1 ( — B), from (26), we get

1
TpWP

F(z) >

> me,, I1Z11} = (27)

Hence, Y: C {Z € H | F(Z) > 0} and F(Z) >
the condition (i) in Theorem 1 holds.

For any finite-dimensional space Hy C H, we claim that H = Hy\{Z € H | F(Z) >
0} isbounded. Assume that there exists at least a sequence {Z;} C H such that || Z|| i — oo
as k — oco. From F(Z;) > 0 and (19), we obtain

ﬁHZHP ,YZ € Y. Therefore,

j=moc. d:
0< M < 1 +3Y [C—],k]-(O) + —Lki(T)JW! — ATL.
Z]' m HZ HP p ~ "pc; pd. ]
j=1 112kl (y;,p) =t /

Since L is arbitrary, we draw a contradiction. Therefore, H = Hy(\{Z € H | F(Z) > 0}
is bounded. Based on Theorem 1, functional F has infinitely many critical points, which
means that Equation (3) has infinitely many solutions in H. [J

Theorem 3. Assume that (H2) holds and [ (t, Z) = J(t, —Z). Then, Equation (3) has infinitely

many solutions with Z; 1 p <ﬁ]2T + AT”J)WP > 0.

Proof. Suppose that the sequence {F(Z;) }xen is bounded and klim F'(Zx) =0, Zi(t) =
—r 00

(zk1(t), ..., zkm(t)). In what follows, we prove that F satisfies the Palais-Smale condition.

Indeed, assume Vj : sz/]'H('yj,p) — oo(k — o0), from (13), (24), (H,) and (8), we have

—7’1 ]
EZH 2l ) <F(Z) +2/ (2(t dt+A/ Fltz1(8), ) zm(£))dt (28)

= f p = Tﬂf p 1 'B] w;j
F(Z)+ ), *|Zk,j| dt+AY [ 2z (o T oy) Lz [ dt
j=1"0 2 j=1"0 p p

1B i v
<r(z)+ % (B + )Wzl )+ ): < L I

= )’

IS (BT AT LT I B
)y {* - (T + T)W }sz]H (rp) —AT];(? +50W N2kl < F (20 (29)
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/\T17]

Recall that Z;jln % - (ﬁ’; + )Wp >0, wj € (0,p) and {F(Z)} is bounded, we

get a contradiction. Hence, {Z;} is bounded on H. The rest of the proof for the Palais-Smale
condition is similar to that of Lemma 6, so we do not repeat it.

Let v’ € (0,%). For any Z € Y./, one has || Z||g = Z;jln HZJ'H(’Y/-JJ) <7< % A

similar analysis with (25) yields Z;Zn [2j|lec < 1. From (28), we get
1/ =y 1 Bj
F2)= 3 Yl Z/ HthAz/f|m—— 7o) |z 1 at
j=1 =1

:fm]n B[ B ae [T Byl

j=1 p
j

m

- ZHAMW [ G2y - By 1 ]

p

—.
I
—_
[ —]

T
s

S—

T Anj i Ay B
=fZ||]||W+ ( ]+3’)|zj\“’/—( — 4 ])Ifl’”dt

-
I

—

M%

j=m )\17 :B 11 ﬁ
=Y |z p A A [P A G i p
> pj:1 ||Z]||('Y/"p)+j_1./0 ( p + 2)|Z]‘ —(—= P + )|Z]| dt
= - . 14
5 Z 2 J|| p) = - (2 Nzl () = me |Z||}; >0, VZeYy.

j=1

Clearly, Y, C {Z € H| F(Z) > 0} and F(Z) > pmp 1Z||¥,,¥VZ € 9Y .
For any finite-dimensional space Hj) C H, we claim that H = Hy\{Z € H | F(Z) >

0} is bounded. Assume that there exists at least a sequence {Z;} C H such that || Z; ||y — oo
as k — oo. Then, according to (19), (H;) and Lemma 3 we obtain

j=m . d. A[IST=m I g P (4 Zi (1)) dt
o< ZAO 1T Gy L0 11”'“'p( g 0
Yicy lzjlley,py  Poi=0 P péj iy Nzl
j= m )\}7]
j=m .. , Y- J; @Hk” dt /\ 10 | 2y |0 dt
ALY D0+ L - ) hE ]’ SR
P j=1 pe; p Z]‘:1 H k,j” Yip ZJ 1 l|z k]H ()
= e d; ptl ATzf maW“’HZk Il
Sl + [C—]/k]-(O) + #kj(T)]WJP — 220 min {njy + M)
b j=1 pej pa; P 1<i<m ]-:1 sz,j”(% p)
where Q. = {t € [0,T] :| z,;t) [> Q)szjH(%p } and meas{Q, .} > C{o.
Since miny <<, {1} > Ag”“< +p21 m[ 6 k ;(0) + pd,k (T)] ].’7), then
1 2 ¢ d; pYean 1
Z —L k(0 —Lk — =0 < = (31)
p ];[pc} ]( )+ pd/ ]( W ] p 1<]<m{17]} 2p’
based on w; € (0, p) and || Z|[y — co as k — oo, we get
TZ 5 W ]HZk]H
(P 0,k - oo, (32)
J':1 1 1ze511¢ (v.p)
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Combining (31) and (32), we obtain that 0 < B CZ10) B WPy N oo, which

] m sz]HP . 2p
draws a contradiction. Hence, H is bounded. Based on Theorem 1, functional F has
infinitely many critical points, which means that Equation (3) has infinitely many solutions
inH. O

Example 1. Focus on the following Fredholm fractional partial integro-differential equations with
m=3andp =4

DO5((t+1)d>4(CDO5zl( )+ (3 + 1) ®a(z1(t)) = Dz, f(t, 21 (), 22(t), 23(t)) +f01 10~5tsin(s)®Py(z1(s))ds, t € [0,1],

zq (¢ jo 103t sin(s)P. (zl(s))ds te[o,1],

DO6((t2+1)©4(CD06zz(t))) + (3 + 1) @y(22(t) = DZZf(t,z](t),zz(t),23(t))+f01 10722 sin(s) Py (22(s) )ds, t € [0,1],

z(t) = f 107512 sin(s)P4(z5(s))ds, t € [0,1],

D?75((t3+1)q> (§DP7z3(1))) + (3 +t3)<1> (z3(t)) = Dzsf(tlzl(t)/ZZ(t)/ZC’)(t))+f01 107583 sin(s) @4 (23(s))ds, ¢ € [0,1],  (33)
z3(t) :f 107583 sin(s) P4 (z3(s))ds, t € [0,1],

®4(z1(0)) — Dy 2 (P4 (§ D21 (0 ))) _01 @y (21(1)) + 1Dy O (@4 (§DP521 (1))
D4(22(0)) —¢Dy 04(¢4(CD°622(0))) =0, ®y(z2(1 ))+tD;°4(<I>4(CD°6 2(1))) =
@4(23(0)) —¢Dy 025(<I>4(CD°7523(0))) =0, @4(z3(1)) + Dy "2 (P4 (§ D) 7523(1))) = 0,

where cj=cp= l,d]- = d]-/ = %,] =1,2,3,

44 . 4\2 A 4, A
(21 +2;+25)%, 27 +25+23 < 1,

t,z1,22,2 1+t
fltzzz) = ( ){z<z§+zg+zg)2_<z§+zg+z§)%,z§+zg+zg>1.

It is easy to verify that f is continuous with respect to t and continuously differentiable
with respect to 21,23 and z3 (see Figures 1 and 2) and satisfies (Hp) and (H;y). Obviously,
k1(0) = kz( ) = k3( ) =1,k (1 ) = kz( ) = k3(1) = 2, B = 107°. By direct calculation we

1

havek1 = kz = k3 =1, 11 = 2,12 = 3,13 = 4,and
411
W(0.5,4) = maX{F(O.S)[(— )% +1]% } {Smax {1, > } = 3.184,
! { >4} ’ = 3.072,

W, = max 8max<1
oo = max] ) foman
r6)[(-3)4+1%

W<°-75'4>:max{r<o.75>[<_l it 1} {8max{1'<r<1.75>>4}_ e

1
1

|

1
2

=

(s
(s

NI

then . . .
Wio54) _ 5 Wio.64) _ 967 Wio75,4)
min{ﬂ,lq} ' min{fz,lAz} ’ min{%g,l;}

=297,

namely, W = 297, LW = 8.4 x 1072, then PLVAV — E > 0. Hence, from Theorem 2 we can see

that Equation (33) has infinitely many solutions.
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Figure 1. the contour-plot of Equation (33) for t = 0.
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1. Introduction

Let X be a Hilbert space, whose norm is denoted by || - ||. We consider the fractional
evolution equation of sobolev type with the Riemann-Liouville derivative of the form

{ EDF(Ex(t)) = Ax(t) + f(t,x(t)) + Bu(t),
I}7*(Ex(t))i=0 + g(x) = x0,

te] :=(0,b], O

where LD is the Riemann-Liouville fractional derivative operator of order a € (0,1), I} ™*
is the fractional integral operator of order 1 —a, A: D(A) C X - Xand E: D(E) C X —
X are linear operators, B is a linear bounded operator from U to X; here U is another Hilbert
space, the control function u € LP(J,U) for pa > 1, xg € X, f is the nonlinear function and
g represents the nonlocal function which satisfies specific conditions.

Fractional differential equations, including of the Caputo type and Riemann-Liouville
type, have been proved to be crucial tools in portraying the hereditary and memory
property of various materials and processes. In 2011, Du et al. [1] pointed out that Riemann-—
Liouville fractional derivatives are more suitable to describe certain characteristics of
viscoelastic materials than Caputo ones. Therefore, it is significant to study Riemann-—
Liouville fractional differential systems. In 2013, Zhou et al. [2], applying the Laplace
transform technique and probability density functions, presented a suitable concept of mild
solutions of Riemann-Liouville fractional evolution equations, and proved the existence of
mild solutions for the fractional Cauchy problems under the cases that the Cyp-semigroup
is compact or noncompact. For the existence of mild solutions of fractional evolution
equations, we refer to [3-8] and the references therein. In these papers, the compactness
of operator semigroup or the measure of non-compactness conditions on nonlinearity are
required. Sometimes, in order to obtain the uniqueness of mild solutions, the Lipschitz
condition is also assumed.

In recent years, the controllability of fractional evolution equations has gained consid-
erable attention. Generally speaking, the controllability of fractional evolution equations in
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abstract spaces includes two cases: the exact controllability and the approximate controlla-
bility. When we study the exact controllability of fractional evolution systems in abstract
spaces, we assume that the control operator has a bounded inverse operator in a quotient
space. However, if the state space is infinite dimensional and the operator semigroup is
compact, the inverse of the control operator may not exist, see [9]. Hence, the assumptions
for the exact controllability are too strong. Contrasting with the exact controllability, ap-
proximate controllability is more suitable to describe the natural phenomena. There are
many research works focusing on the approximate controllability of fractional evolution
systems, see [10-12] and the references therein. In [10], Chang et al. investigated the
approximate controllability of fractional differential systems of Sobolev type in Banach
spaces under the assumption that the resolvent operators, generated by the linear part, are
compact. Sakthivel et al. [11] studied the approximate controllability of nonlinear fractional
stochastic evolution systems when the linear part generates a compact semigroup. Recently,
In [12], Yang demonstrated the existence and approximate controllability of mild solutions
for a € (1,2)-order fractional evolution equations of Sobolev type when the pair (A, E)
generates a compact resolvent family.

Inspired by the above mentioned papers, the aim of this work is to investigate the
existence and approximate controllability of Riemann-Liouville fractional evolution system
(1) in Hilbert space X. By using the Schauder fixed point theorem and the operator
semigroup theory, we first prove the existence of mild solutions of the considered system
without the compactness of operator semigroup and the measure of non-compactness
conditions on nonlinearity. Then the approximate controllability is studied under the
assumption that the corresponding linear system is approximate controllability. It is
emphasized that the compactness of the operator semigroup and the Lipschitz continuity
of nonlinearity are deleted in our work. The redundant assumptions on the linear operator
E, such as the conditions [C;] and [Cy4] of [13], are removed in this paper.

2. Preliminaries

Let ] = [0,b] and C(], X) be the continuous function space. Denote by
Cia(J,X) == {x:-17%x(-) € C(], X)}.

Then C;_4(J, X) is a Banach space endowed with the norm ||x||c, , = sup t!7*||x(#)].
tef
At first, for any h € LP(], X) with pa > 1, we consider the following linear fractional
initial value problem

{LD’Z‘(Ex(f))ZAx(f)Jrh(t), ter, 2

I (Ex(t)) |r=0 + g(x) = xo.

Throughout this paper, we suppose the following assumptions on A and E.

(A1) The linear operator A is densely defined and closed.

(A2) D(E) C D(A) and E is bijective.

(A3) The linear operator E~! : X — D(E) C X is compact.

By (A1)-(A3), the linear operator AE~! : X — X is bounded due to the closed graph
theorem. Hence, AE~! generates a Cy-semigroup T(t)(t > 0), which is expressed by

T(t) = eAE T for t > 0. We suppose that M := sup || T(t)|| < +oo.
>0

Remark 1. Contrasting with [13], we delete the redundant conditions [Cy| and [Cy4] of [13] in our
paper. Hence, the results obtained in this work extends the results of [13].

Applying the Riemann-Liouville fractional integral operator on both sides of (2),
we obtain
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B = b 1)11 #(Ex()|r—o + I Ax(t) + IR(H)
g1 1

o

— m[xo —g(x)] + W /Of(t — )" [ Ax(s) + h(s)]ds.

Let A > 0. Taking the Laplace transform

and

h(A) = /O e M) dt

on both sides of the above equality, we can obtain

ES(t) = gl g(x)] + 35 AEES(L) + 2o h(M)
= (A"I—AE"")xg — g(x)] + (AT — AE7H)"Mh(A)
_ /O e NS (s) [xo — g(x)]ds + /0 ¥ e ST (s)R(A)ds,
where (A*] — AE™ fo e~NST(s)ds. Consider the one-side stable probability density
function
E(0) = % i( 1)"—19—“"—1w sin(nra), 6 € (0, +0c0),

whose Laplace transform is given by

/oQ e Mz (0)d0 = e, w e (0,1).
0

A similar argument as in [2] shows that
/ oM / w02 (0)T(#6) 1 [xo — g(x)]d6dt
+ /0 oM /0 /0 0% (0)T((t — 5)%0)(f — s)%  h(s)dbdsdt,
where &,(0) = l9’1’%@,((9 a) This fact implies that
Ex(t) = [ a62.(e)T(ro)r[xo - g(x)]ds

+ /; /O°° a0 (O)T((t — 5)20)(t — s)*h(s)dds.

Thus, we obtain

x(t) = t* " 1Tx (1) [xo — g(x)] + /Ot(t — )" ITg(t — s)h(s)ds,

where

| = E—l/ w0z, (6)T(#6)do
0
Remark 2. When E = I, I : X — X is the identity operator, we have

Ti(t) = /Ooo w02 (0)T(10)d6, t > 0.
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Therefore, Te(t) = E-'Ty(t) forall t > 0.

From the above arguments, we introduce the definition of mild solution of the
system (1) as follows.

Definition 1. Foreachu € LP(J,U), pa > 1, a function x € C1_, (], X) is called a mild solution
of the system (1) if I' ™ (Ex(t))|i=0 + g(x) = xo and

x(t) = t*ITe(t)[x0 — g(x)] + /Ot(t —8)* I Tg(t —s)[f(s,x(s)) + Bu(s)]ds, t € J'.  (3)

For the operator family {Tg(f) };>0, we have the following lemma.

Lemma 1. Let the assumptions (A1)—(A3) hold. Then {Tg(t) }+>0 has the following properties:
(i) For fixed t > 0, Tg(t) is a linear and bounded operator, i.e., for any x € X,

MI|[E”Y|

ITe(e)x < 37

]I
(ii) {Tg(t) }+>0 is continuous in the uniform operator topology for t > 0.
(iii) {Tg(t) } >0 is compact.

Proof. From Proposition 3.1 of [2] and Remark 2, it is easy to verify that (i) holds. By virtue
of the definition of the operator T(¢)(t > 0) and the Lebesgue dominated convergence
theorem, we can deduce (ii). Next, we prove (iii). Forany r > 0, x € X with ||x|| <,
we have

ITioxl < aM [ oga(e)dolx|
xM
< m”xn
Mr
S

This fact means that T;(#) maps bounded subset of X into the bounded set. Then E~1T;(t)
maps the bounded subset of X into relatively compact set due to the compactness of E~1.
Thus, {Tg(t) }¢>0 is compact. [

Definition 2. Let K¢(b) = {x(b) : x be a mild solution of the system (1) for some u € LF(],U)}.
IfK¢(b) = X, the system (1) is said to be approximate controllability on J.

We consider the linear fractional control system corresponding to (1) in the form

{ LD*(Ex(t)) = Ax(t) + Bu(t), te], n

II"*(Ex(t)) = xo.
Define two operators I and R(e, I1§) by
b
It = / (b — s)" 1T (b — )BB*T5(b — s)ds,
0

R(e,T15) = (eI +T15)7!, e>0,

where B* and T} (t) denote the adjoint operators of B and Tg(t), respectively. Then, IT} is a
linear operator. From [14], we obtain the following result.

154



Fractal Fract. 2022, 6, 56

Lemma 2. The following conditions are equivalent:
(i) The linear fractional control system (4) is approximately controllable on J.
(ii) The operator I1§ is positive, that is, (x*,TI5x*) > 0 for all nonzero x* € X*.
(iii) For any x € X, ||eR(e, I1)x|| — Oas e — 0.

3. Existence and Approximate Controllability

In order to study the approximate controllability of the fractional control system (1),
we first investigate the existence of solutions for the following integral system

x(t) = t*1Te(t)[xo — g(x)] + fot(t — )% ITg(t —s)[f(s,x(s)) + Bu(s; x)|ds, te],
u(t;x) = B*T{ (b —t)R(e, HS)P(x), (5)

P(x) = 3, — B 1Te(b) (x0 — (x)) — [y (b — )" T (b — 5)f (s, x(5))ds,

where xj, is an arbitrary element in X which is different from xy. By Definition 1, the mild
solution of the system (1) is equivalent to the solution of the integral system (5) for u(-; x) €
LP(], X).

For this purpose, we make the following assumptions.

(A4) f : ] x X — X satisfies the following conditions.

(i) Foreach x € X, f(-,x) : ] = X is strongly measurable, and for every t € ], f(-,x) :
X — X is continuous.

(ii) For any r > 0, there is a function ¢ € L (J,R"), pa > 1 such that

£ (&) < o(t)

forany t € J and x € X with ||x|| <.
(A5) g : C1_4(J, X) — X is continuous and maps bounded subset of C;_,(J, X) into
the bounded set.
(A6) B : U — X is a bounded linear operator, i.e., 3 Mp > 0 such that || B|| < Mp.
(A7) |[R(e, TIY)|| < Lforalle > 0.

For any r > 0, let B, = {x € Cio(],X) : |Ixllc,_, < r}. Then B, is a nonempty

bounded, closed and convex subset of C1_, (], X). By the assumption (A5) we know that
there exists a constant M; > 0 such that ||g(x)|| < M; for any x € B,. From the assumption
(A6) we deduce that Bu € LP(], X) for any u € LP(], X) with pa > 1.

Lemma 3. Forany F € LF(], X), the operator X : LF (], X) — C(], X), defined by
(WF)() =17 [ (=) (- =) F(s)as,

is compact.

Proof. Denote by
(RoF) () = 1% /Ot(t — ) Ty (t — 5)F(s)ds.

It follows from Lemma 1 that

16O < s GE—

_1
) Fl -

So, owing to the compactness of E~!, we conclude that the set
{(RF) (1) = E"1(RoF)(1) : F € LP(], X), t € ]}

is relatively compact in X.
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Next, we will prove that the set {XF : F € LP(], X)} is equi-continuous in C(], X).
For t1,t, € Jwith0 < t; < tp < b, we have

IRF) (k) = (RF) ()] < (5" =4 /Otz(fz — )" ITe(t2 — 5) F(s)ds|
b A = 9~ (- 9Tl — ) Fls)as|
+ 57 /Otl(fl — )" [Te(t2 — 5) — Te(t — 5)] F (s)ds |

ta
07 [ 2= ) Tt — ) F(s)ds |
1

Obviously, if to — t; — 0, we have

)
ho= =0 [ =t Te(t =) F)ds]
MIE, p—1 11 -
< —
S T (pzx—l) PIF (2 — t1)
— 0,
b
b= 87 [Tt =51 = (= )" et = ) F(s)as|
M‘|E_l||bl_a h a—1 a—1
< o= E _ _ _
S T A RO CED R O
— 0
and
%)
L= 870 [t =9 et = ) F(s)as|
1
MIE I (P =L yimdy 7y 1y — )5
< T(a) a1 itz — 1
— 0.

Since Tg(t) is continuous in the uniform operator topology for t > 0, we obtain that

t
- twn/o (f — )" [Tg(t2 — s) — Te(ty — s)]F(s)ds||
bp—b -1
< sup || Telts —s) = Te(t =) (Co—)" 7| Fllur
s€0,t1] pa —
— 0

as tp — t; — 0. Consequently, we have
I(RF)(£2) = (RF) ()] = 0 (t2—t1 = 0).

This fact yields that the set {XF : F € LP(],X)} is equi-continuous in C(J, X). Accord-
ing to the Ascoli-Arzela theorem, the set {XF : F € LP(], X)} is relatively compact in
C(,Xx). O
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Theorem 1. Let the assumptions (Al)—(A7) hold. Then, the system (1) has at least one mild
solution on J.

Proof. For any € > 0, let r > 0 be large enough such that

MIIE"T|
I'(a)

— 1
where N* = g(MMrB(Uj i )2(;&:11)175. Define an operator @ : B, — C1_,(], X) b

M||E’1H(bp—b

r> N+ ta 1) el (V' ), (6)

(N*b* 1+ 1) (J|xol + M) +

(@3)(6) = £ Te(6) o — (] + [ (6= ) Te(t =) (5, ¥(5)) + Bulsi )},

where
u(s;x) = B*TE (b — s)R(e, TT§)P(x),

P(x) =xp — b”‘*lTE(b)(xO —g(x)) — /Ob(b — s)“*lTE(b —)f(s,x(s))ds.

Step 1. We will prove ® : B, — B;.
For any € > 0, by assumptions (A4)-(A7) and Lemma 1, we have

MMp||E™

1
lu(t:x)] < Lipeol, xes, ter

- el(a)
and

MI|E~ bt
I'(a)

Together this fact with (6), for any € > 0, we have

MHE*lH(bP—b
[(a) “pa—1

1—1
IPEN = llxsll + (My + [|xoll) + )" 7li¢llr, x € B

@) < ITe(t)xo — g+~ "‘H/ )" TE(t = 5)[f(s,%(s)) + Bu(s)]ds|

MIIE”T|
I'(a)
M|[E”T|
I'(w)

N*{|x || +

IN

mmn+Mn+w%”?i4W/a—@“%w@+MMW@M%

M| E7Y bp—b 1
(
T(a) “pa—1

(N*b""' +1)([lxo]| + M)

(lxoll + My) + V5 (Il + M)

MIIE”!|
I'(a)
MIE bp=b
I'(a) “pa—1

IN

1-1
Pllpllr (N* +1)
<
Thus, ||®x||c, , = sup t!~*|(®x)(t)| < r, which implies @ : B, — B,.
te]

Step 2. @ : B, — B, is continuous.
Let {x,} C B, with x, — X as n — co. From the continuity of f and g, we have

f(txa(t)) = f(LX(E)), te]

and
g(xn) = g(x)

as n — oo. Since

It = )" [f (s, () = (s, Z()DII < 2(t = 5)* () € L(J,RT),
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it follows from the Lebesgue dominated convergence theorem that

| (D) (1) — (D7) ()|

-1 t
< ITe0 g0 — gl + 6 MUEEL [ 9 s () 15,7050 s
— 0 (n— oc0).

Hence,
| Px, — @YHCHL —0

asn — oo and @ : B, — B, is continuous.
Step 3. The set {®x : x € B, } is relatively compact in C1_, (], X).
In order to prove the relative compactness of {®x : x € B,} in C;_,(], X), we prove
that the set {~1""<Dx(~) : x € B, } is relatively compact in C(J, X).
Denote by
(P1x)(t) = Te(t)(x0 — g(x)), t€]
and ,
(Pox)(t) = tl_”‘/ (t— s)"‘_lTE(t —5)[f(s,x(s)) + Bu(s)|ds, te].
0
Then for any t € |, we have
H0Dx () = (D) (t) + (Pox)(8).

It is sufficient to prove that {®;x : x € B, } and {®,x : x € B, } are relatively compact
in C(J, X).
For any x € B, and t € ], by virtue of
IT1(8)(xo — 8GO < s (ol + M)
I 0—& = T(a) 0 1),
we obtain that {(®1x) () : x € B, t € J} is relatively compact in X owing to the compact-
ness of E~1. It is obvious that the set {®1x : x € B,} is equi-continuous in C(J, X) because
Tg(t) is continuous in the uniform operator topology for t > 0. Hence, it follows from the

Ascoli-Arzela theorem that the set {®1x : x € B, } is relatively compact in C(], X).
By assumptions (A4) and (A6), we know that

f(t,x(t)) + Bu(t) € LP(], X).

By Lemma 3, the set {®,x : x € B,} is relatively compact in C(], X). Consequently,
the set {®x : x € B, } is relatively compact in C;_,(J, X).

Hence, ® is completely continuous in C;_, (], X). By the Schauder fixed point theorem,
@ has at least one fixed point in B,, which is the mild solution of the system (1). [J

Remark 3. In [15], Lian et al. proved the existence of mild solutions of fractional evolution
equations under the assumption that the nonlocal function g is continuous, uniformly bounded and
satisfies some other conditions. In [2], Zhou et al. investigated the existence of mild solutions of
fractional evolution equations when the nonlocal function g is Lipschitz continuous or completely
continuous. In our Theorem 1, we only assume that the nonlocal function g is continuous and maps
bounded subset into bounded set, without the Lipschitz continuity and the complete continuity
and any other extra conditions we obtain the existence of mild solutions of the fractional evolution
Equation (1). Hence, Theorem 1 greatly extends the main results in [2,15].

If the assumptions (A4) and (A5) are replaced by the following conditions:
(A4)" f : ] x X — X satisfies the following conditions.
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(i) Foreach x € X, f(-,x) : ] = X is strongly measurable, and for every t € ], f(-,x) :
X — X is continuous.
(ii) There exists a function ¢ € LP(J,R"), pa > 1 and a constant p > 0 such that

If(E ) <) +ptIx], te], xeX.

(A5) ¢: C1_4(J, X) — X is continuous and there exists a constant M, > 0 such that
llg(x)]] < M; for any x € C1_,(], X).
then by Theorem 1 we can obtain the following existence theorem.

Theorem 2. Let the assumptions (A1)—(A3),(A4),(A5),(A6) and (A7) hold. Then the
system (1) has at least one mild solution in C1_,(J, X).

Proof. It is clear that (A5)' = (A5) and (A4) = (A4) with ¢(-) = ¢(-) +rp-17% €
LP(],X) for any r > 0 and x € B,. Therefore, by Theorem 1 we can prove that the system
(1) has a mild solution x € C;_,(J, X). O

Now, we state and prove the approximate controllability of the fractional control
system (1).

Theorem 3. Let the conditions (A1)—(A3), (A4)"”, (A5)" and (A6) be satisfied, where
(A4)" f: ] x X — X satisfies the following conditions.
(i) For each x € X, f(-,x) : | — X is strongly measurable, and for every t € |, f(-,x) :
X — X is continuous.
(ii) There exist a function ¢ € LP(]J,R™) with pa > 1 such that
If(E )] < 9(t), Vie ), xeX.

In addition, the linear fractional control system (4) is approximately controllable on ]. Then the
fractional control system (1) is approximately controllable on |.

Proof. It is clear that (A4)” = (A4) and (A5)" = (A5). By Lemma 2 we know that the
condition (H7) holds. It follows from Theorem 1 that the system (1) has a mild solution
Xe € C1_4(], X) for every € > 0, which is expressed by

xe(t) = #71Tg(8)[xo — g(x)] + /Of(t Tt — ) (s, xa(s))de
+ /Ot(t—s)ucflTE(t—s)BB*Tg(b—s)R(e,Hg)[xb_bHTE(b)(xO_g(x))
- /ob(b —0)* "1 Te(b — 0) (0, x(0))d0] ds.
In view of I — ITj(el +IT4) ! = eR(e, I1}), we have

xe(b) = xp — €R(e, 1) p(xe),

where

plxe) = 7~ B T(6) (k0 — g(x0)) — [ (b= 5 Te(0 — 9)f s xe(5))s
By the assumption (A5)’, we have

1%~ (x0 — g (xe)) | < b ([l xo]| + Ma).
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Then the set {b* ' Tg(b)(xo — g(xe))} is relatively compact since T (b) is a compact opera-
tor. There exists a subsequence of {b* ! Tg(b)(xg — g(xc))}, still denoted by itself, and a
function ¢* such that

b Ty (b) (30 — g(xe)) — g (€ = 0%).

By means of (A4)” we have

b 1
£ xe())ller = (/0 1£ (s, xe(s))[[Pds)? < [lol[rr-

Hence, the set {f(-,x¢(+))} is bounded in LP(], X). So there is a subsequence, still
denoted by {f (-, x¢(+))}, converges weakly to some f*(-) € LP(], X), that s,

f(s,xe(s)) == f*(s), ae.sc]

as € — 0. By Lemma 3 and the Lebesgue dominated convergence theorem, we can obtain

b a—1 b a—1 *
/O(b—s) TE(b—s)f(s,xE(s))ds%/O (b — 8)¥ 1T (b — 5)f*(s)ds

as € — 0. Denote by

h=x,—g" — /Ob(b —8)* e (b — ) f*(s)ds.
Then by the definition of p(xc), we obtain that
p(xe) = h (e —0).
Consequently, we have

Ixe() = xpll = [leR(e, TT))p(xe)l|
= |leR(e, 11§) (p(xe) — h)|| + |eR (e, T
— 0 (e—0).

By Definition 2, the fractional control system (1) is approximately controllableon J. O

4. An Example

Consider the Sobolev-type partial differential equation with Riemann-Liouville frac-
tional derivatives

3 —3 in
LD (1= Z1)x(ty)) = Zxx(ty) + Y +u(t), (ty) € (0,1] x [0,7),

x(t,0) =

I [(1 =

) 3+[x(ty)]
(t, 1) =0, t€0,1], (7)

Ex(tyllo+ L e /sn(Ix(Ey) 17 = %)

where¢; > 0,i =1,2,--- ,m are given positive constants.

Let X = U := L2[0,71]. Denote D(A) = D(E) := {x € X : x,x’ are absolutely
continuous, x” € X and x(t,0) = x(t, 7t) = 0}. We define two operators A : D(A) C X —
Xand E: D(E) C X — X by

2 2

d
Ax = @x, xeD(A); Ex=(I- @)x, x € D(E).
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Lete,(y) = \/% sinny, n € N be the orthonormal set of eigenvectors of A. By [4,16],

we have
Ax = —fo:lnz<x, en)en, x € D(A)

and
Ex =% (14 n*){(x,eq)en, x € D(E).

This implies, for any x € H, that

-1 o0
E X = n=1m<x,€n>en,
2
_ o —N
AE 1x = n:1m<x,en>en

and
2

T(H)x = =% et (x, en)en,

where T(t)x = eAE My, t > 0. Then E~!is a linear operator which is compact and
|E~Y| < 1. Hence,

Te(t) = Z/Ow £tz (0)T(+0)a0

with 1
ITe(t)x]| < —5=Ilx[l,
r(3)
where s
- 1 d -1 _3 11-‘(1”_’_1) . 3
g% (9) = E;(_l)n 0 n TSII’I(ZI’ZT[), 0 S (0, +00)

e~3/sinx(t,y)

flt,x()(y) = 3+ |x(ty)]

and

g(x)(y) = ici \3/Sin(t1*“x(t,y)) +7.

i=1
Then the problem (7) can be rewritten as the abstract control system (1). Moreover, the
m
assumptions (A1)—(A6) are fulfilled with [|f(f,x)||x = % and ||g(x)[|x <2 ¥ ¢;. If the lin-
i=1

ear system corresponding to (7) is approximately controllable on [0, 1], then by Theorem 3,
the fractional partial differential equation of (7) is approximately controllable on [0, 1].

5. Conclusions

In this paper, with the aid of the compactness of the operator E~!, we prove the
existence of mild solutions of the fractional evolution system (1) without the compactness
of operator semigroup. The Lipschitz continuity and the compactness of the nonlocal
function g are not needed in our main results. Under the assumption that the associate
linear control system (4) is approximately controllable, the approximate controllability of
the fractional evolution system (1) is also studied.
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Abstract: This manuscript mainly discusses the approximate controllability for certain fractional
delay evolution equations in Banach spaces. We introduce a suitable complete space to deal with
the disturbance due to the time delay. Compared with many related papers on this issue, the
major tool we use is a set of differentiable properties based on resolvent operators, rather than the
theory of Cp-semigroup and the properties of some associated characteristic solution operators. By
implementing an iterative method, some new controllability results of the considered system are
derived. In addition, the system with non-local conditions and a parameter is also discussed as an
extension of the original system. An instance is proposed to support the theoretical results.

Keywords: approximate controllability; resolvent operator; delay; nonlocal conditions; parameter

1. Introduction

This manuscript mainly investigates the sufficient conditions of the approximate
controllability of some fractional control systems as below:
CDPx(t) = Ax(t) + f(t,x;) + Bu(t), t € 1:=[0,a], )
x(t) = (1), t € [~b,0],
and
CDPx(t) = Ax(t) + f(t,x;) + Bu(t), t € I:=[0,a], 2)
x(t) +Agi(x) = ¢(t), t € [=b,0],

1
where € DP means the Caputo derivative with order -~ < B < 1. X and U are Banach spaces.

Linear operator A : D C X — X is unbounded with dense domain D. The delay term x; is
explained in Equation (5). The control u takes values in L?(I; U). For any t € [—b,0], the
non-local term g; : C([—b, a]; X) — X satisfies some given conditions. A is a parameter. Let
¢ € L} ([~b,0];X). B: L2(I;U) — L?(I; D) is abounded linear operator. f is a non-linearity
that will be specified later.

Fractional differential systems and evolution systems have been studied extensively
owing to its widespread backgrounds of some scientific and engineering realms, such as
signal processing, finance, anomalous diffusion phenomena, heat conduction, etc. We refer
readers to [1-4] for further detailed information. On the other side, controllability has
gained a lot of importance and interest, and it plays a significant role in the description of
various dynamical problems [5-8]. It is known to all that the fractional evolution system is
closely related to time. In this regard, it has something in common with the controllability
problem. Therefore, the controllability of some kinds of fractional evolution systems has
become an important research hotspot. For example, exact controllability and approximate
controllability are two mainstream research directions and they have important differences
from the viewpoint of mathematics. Exact controllability can steer the control system to
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any given final time point. The control operator is usually assumed to be reversible. Then,
the controllability problem is transformed into a fixed point problem [9-13]. Furthermore,
an induced inverse of the control operator is not necessarily true in infinite-dimensional
space. In consideration of these strong assumptions, more and more scholars begin to
study the approximate controllability in various abstract spaces, which means that it can
steer the control system to an any small neighborhood of final time point [14-20]. In
addition, controllability of fractional evolution systems also has important applications in
the research areas of logical control networks or Boolean networks.

For instance, S. Ji [16] and E. Ge et al. [17] studied the approximate controllability
of fractional semi-linear non-local evolution systems and fractional differential systems
with impulsive conditions via approximating method under the assumption that A gen-
erated a Cp-semigroup, respectively. Moreover, the approximate controllability of some
other fractional systems, such as stochastic equations, neutral equations, etc., have also
been deeply investigated (one can see [18-20] for more details). However, approximate
controllability of the linear systems correspondence to the considered systems is necessary
in this method. Therefore, some other approaches, such as the iterative method, are used to
solve the approximate controllability problems for some evolution systems. For example,
H. Zhou [21] obtained a sufficient condition of the approximate controllability for certain
first-order evolution equations by utilizing iterative approach and the theory of strongly
continuous semigroup. Authors in [22] dealt with the approximate controllability of some
evolution systems with fractional order without delay by using iterative method. The prop-
erties of Cyp-semigroup are also included. By applying the same method, [23] also derived
some appropriate controllability conclusions for some fractional differential equations with
no delay effects.

It is noted that the results of approximate controllability discussed above are based
on the Cp-semigroup together with some associated characteristic solution operators [24].
However, in many cases, infinitesimal generator A may not be able to generate a Cy-
semigroup, but it can generate a resolvent operator instead [25]. On the other side, a
resolvent operator can degenerate into a Cyp-semigroup when the integral kernel is equal to
1, that is, a resolvent operator covers a Co-semigroup as a special case. Of course, this can
also be explained by the subordinate principle [26].

In comparision with results in [27] considering the influence of delay, we shall study
the approximate controllability for some fractional control systems on the supposition
that A is an infinitesimal generator of a differentiable resolvent operator rather than a
Co-semigroup; we shall consider a control problem with variable delay, not fixed delay by
contrast; the function ¢(t) is supposed to be integrable rather than continuous. Under these
generalized conditions, the difficulty mainly lies in how to overcome the obstacles caused
by the variable delay and how to make use of the differentiability of resolvent operators.
We solve this problem by means of a new special complete space we introduced and the
theory of differentiable resolvent operator developed in [25].

Motivated by the aforementioned discussions, we shall establish a set of new ap-
proximate controllability results for systems (1) and (2) by using iterative method. As far
as we know, the approximate controllability for the fractional evolution equations with
finite variable delay and with non-local conditions and a parameter under the hypothesis
that A generate a differentiable resolvent operator is still an untreated topic in the exist-
ing literature. Therefore, it is necessary to make further investigations to fill the gap in
this regard.

Summarily, different from the above discussed papers, some highlights of the manuscript
are presented as follows. (i) The approximate controllability of considered systems is stud-
ied on the supposition that the resolvent operator is differentiable, rather than utilizing
the theory of Cy-semigroup together with the properties of associated characteristic so-
lution operators; (ii) The delay-induced-difficulty is overcome by introducing a special
complete integrable space since we generalize the delay term from continuity to integrabil-
ity compared with some other papers; (iii) The system (2) discussed in this manuscript is
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provided with some more generalized nonlocal conditions compared with many related
papers [59,11,16,17] (A =1, t = 0).

This manuscript is arranged as below. In the next part, we include some necessary
preparations for the main controllability results. InSection 3, some existence results of
the mild solution of the considered systems are obtained. In Section 4, we investigate
the approximate controllability for the fractional delay control systems, and the case with
non-local conditions and a parameter is discussed in Section 5. An instance is proposed in
Section 6 to illustrate our abstract conclusions.

2. Preparations

Let X be a Banach space with norm ||x||, x € X. The linear operator A : D C X — X
is closed and unbounded, in which D means the domain of A equipped with graph
norm ||x||p = ||x|| + ||Ax]|. C(I; X) stands for the space with all the continuous functions
mapping I into X equipped with the sup-norm ||x|c, L?(I; X) stands for the space of
all Bochner integrable functions mapping I into X equipped with the norm |[x||;2(;,x) =

a 1/2
< / [lx(#) |2dt) , and CP(I; X) denotes the space of all the B-Holder continuous func-
0

tions mapping I into X provided with the norm [|x||cs(;.x) = Ixllc(1x) + [Ix[]cs (1), where

[[x(t) — x(s)|]
X . = Ssu —_— .
[| |]Cﬁ(I,X) t,seI,I;és (i’ — S)ﬁ

In the next discussion, the following equation

1 o Ax(s)
x(t) = / ds, t >0, 3
N ON AT A °)
is assumed to possess an resolvent operator {R(t) };>0 on X.

Definition 1 ([28]). The fractional integral of order B > 0 with the lower limit zero is written as

Iy x(t) = r(lﬁ) /Ot(t — )P 1x(s)ds, t >0,

where I denotes the Gamma function.

Definition 2 ([28]). The fractional derivative of the function x € C((0,4o0);R) in the Caputo
sense can be defined by

Cpb — 1 tx(s)
Dy, x(t) = Ti—p) /o (t—s)ﬁ*”“ds' t>0,

where n = [B] + 1, [B] represents the integer part of the positive constant p.

Definition 3 ([25]). Suppose a set of operators {9 (t) }1>¢ to be bounded and linear on space X. If
it fulfills hypotheses as below:

(i) R(t) is strongly continuous on Ry and R(0) = Z;

(i) R(t)D C D; for each x € D, t > 0, it satisfies AR(t)x = R(t)Ax;

(iii) The following equality can be established

1 b Ax(s)
R(t)x =x+ @) /0 T _S)l—ﬁds'

then we define it as a resolvent operator of Equation (3).
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Definition 4 ([25]). A resolvent operator 9(t) of Equation (3) is known as differentiable, if it
satisfies R(-)x € Wllo'cl(R+;X), Vx € D. In addition, for Vx € D, there exists a function
w € L}, (Ry) satisfying

IRO)x] < w(®)xllp ae.on R,

Consider the following equality

x(t) = w(t) + ! /Ot (téxs()sl)ﬁ ds, tel, (4)

where w € L'(I; X).
Definition 5 ([25]). A function x € C(I; X) is said to be a mild solution of equality Equation (4)

e Eoox(s)
if it satzsﬁes/o mds € Dand

(1) = w(t) + F(lﬁ)A/ot C f(ss))lﬁds, Vtel

The following result provides another equivalent form of mild solution for Equation (4).

Lemma 1 ([25]). If the resolvent operator R(t) of Equation (4) is differentiable, then for w €
C(L; D), the following function

t .
x(t) = / R(t — s)w(s)ds +w(t), t €1,
0
is called a mild solution of Equation (4).

To end this section, the set L!([—b,0]; X) is proposed which stands for a space of
all the integrable functions mapping [—b,0] into X equipped with norm || - [[11[_y =
0
/ , I - (t)||dt. Obviously, it is complete. Considering Equation (1), for any x € C([; X),
tel, let
x(t+6), t+602>0,
Xt 0) = (5)
p(t+0), t+6<0,

for any 6 € [—b,0], where ¢(t) denotes the function mentioned in Equation (1). Obviously,
we can check that x; € L'([-b,0]; X).
On the basis of Equation (5), we give the following result.

Lemma 2. Assume that x, — xo (n — +00) for x,, x9 € C(I; X). Then, for any t € I, one can
derive that (x, )t — (x0)t (n — +00) for (xn)t, (x0)r € L1([—b,0]; X).

Proof. In view of (5), we can easily derive

t
| Ixs) = xo(o)lds, £ <,
[1(en )t = (x0)ell 1 g0 = ;

/b||xn(s)—x0(s)||ds, £> b,
t_

which indicates that
[ (xn)t = (x0)tll2j—p,0) < Dllxn — xollc, (6)

foranyt € I. O
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3. Existence Results

This part establishes the existence results of mild solution of Equation (1). Now, assume
resolvent operator {i(f) };>¢ to be differentiable. Let w, be the function mentioned in
Definition 4.

From Definition 1 and Definition 5, we can obtain

Definition 6. For any u € L2(I;U), a function x € C(I; X) is called a mild solution of Equa-
tion (1) on I, provided that

B 1 Eoox(s) 1 Ef(s, xs) 1 t Bu(s)
HO= 00+ A L G T e T b e

t
where / (tx(i)lﬁds € D, vVt € 1, and x; is defined by Equation (5).
0 (t—s

In the next content, we will need the following assumptions.

Hypothesis 1 (H1). f is a continuous function from I x L'([—b,0]; X) into D and ¢$(0) € D.
1

There is a real number By € (0, B) and a function m € LF1 (I; Ry) satisfying || f (¢, x)||p < m(t)
forany t € Iand x € L} ([-b,0]; X).

Hypothesis 2 (H2). Forany x,y € L'([—b,0]; X), there exists a constant L > 0 satisfying

1£(tx) = fF(ty)llp < Lilx = yllpa-p0-

For simplicity, we denote

1 b f(s,xs) _ 1 ' _Buls) _ Pl
30 = 155 Jy G- B =157 fy o Oy

From Lemma 1 and Definition 6, we can derive the mild solution of Equation (1) on I of
another expression as follows.

Definition 7. For any u € L2(I;U), a function x € C(I; X) is called a mild solution of Equa-
tion (1) on I, provided that

x(t) = ¢(0) + Fx(t) + Bu(t) + /Ot R(t—5)(P(0) + Fx(s) + Bu(s))ds.

Remark 1. It follows from Definition 1 that the classical solution of system Equation (1) is a
convolution equation. Hence, it is natural to apply Laplace transform on it to express an appropriate
formula for the mild solution representation of the considered system. For this purpose, we suppose
that resolvent operator R (t) is exponentially bounded. By utilizing the theory of the Laplace
transform and inverse Laplace transform, the mild solution of Equation (1) could be defined by

t t
R(t)p(0) —l—/O Kot —s)f(s,xs)ds—l—/o Ko (t —s)Bu(s)ds, tel=10,a],
¢(t), te[-b0]

where Ko (t) = %(Imi)‘{(t)) and x; is defined by Equation (5).

x(t) =

Lemma 3. (i) If hypothesis (H1) holds, then for arbitrarily given x € C(I; X), we have §x €
CP=PU(I; D), and
2ffmll 1
LB1

H%’X”Cﬁ*ﬁl([;D) < W
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(ii) For any u € L2(I; U), we have B, € ol (I, D),and
2||B”HL2(1;D)
p1 < —.
D) T T(B) (28 - 1)2

Proof. (i) For arbitrarily given x € C(I;X), Vt € [0,a), Vh > 0 satisfying t + h € [0,a],
by using Holder inequality, one can derive

[1%B]]

I§elt-4) =50l
f@ﬁﬁé[““”ﬁ_l—<f+4r—sW‘WHf@,%>npds

1 t+h
e | (=P fGs ) pds

IN

I'(B) g L i
< r(lﬁ) /0[(t_s)ﬁ-l_(wh—s)ﬁ—l}ﬁds Iml| -
1 1-p1
o (A (R ] S I T

1-p1
2= (trh=s)ls) il
LB

1 t+h o 1-p1
F— / (t+h—s) ds) m| .
t LA

IN
:‘

—_
=
O\_.’_

—
-
\
5y

L'(B)
HmHL% 1+9 149 1+9\1-8 ”m”L% (149)(1—p1)
< LA 0 gy pAtylp LR g B
T L N (TR
2lml s
< LP1 p(1+8)(1-p1)
~ TR+ 9)
2lm] 5
= L™ KWE—B1
T(B)(1+8)F
2m| 4
which indicates that [|3x|]cﬁ,ﬁ1(1,p) <—— L and §, € CA-P(I; D).

T +9h
(i) In the light of the proof for (i), it can be obtained similarly. [

Lemma 4. (i) If Hypotheses (H1) and (H2) hold, then for Vx,y € C(I; X),

152() — 5o Ollp < =20y, Ve e 1
X y D = r(‘B+1) _1/ C 7
and
I
[5x(t)]lp < W, vVt e l.

(ii) For any u,v € L2(I;U),

1
1984 () — Bo(t)[|p < ) zﬁ ||Bu Bo|| 2 (1.py, Wt € I,
and
1 a2p-1
II%u(t)HDSW) ST 2 lIBulli2(;,p), V€ L

168



Fractal Fract. 2022, 6, 424

Proof. (i) In view of Lemma 2, we can obtain

18:(t) ~ 8y ()lp < r(lﬁ) =PG5 %) = 536 s
L t _
<k )t = 9V s = sl s
< rl(‘ﬁ (- 9P~ ylleds
L e el
- F(ﬁ+1)||x ]/”C/ € 1.

In addition,

IN

50llo < g7 [ (6= IG5 ods

1 t 1 1-p1
L ([ —spr 1ds) lml)
LA

IN

IN

< — LA yer
—P1
(ii) Obviously, we can obtain that
IBu(t) = Bo(t)llp - < 1“([3)/ (t = )P~V Bu(s) — Bu(s) || pds

1 t 3
= p(ﬁ)</0 [(t=s) 1]2615) 194 — Boll 12 (1.p)

1 azﬁ—l
- T'(B) 25—1H%”_%U”L2(I;D)/ vt e L
Similarly, we can obtain
1 a28-1
H% HD < I_,i 2[8 HB”HU 1D} —

O

Theorem 1. If the Hypotheses (H1) and (H2) hold, then for any given control u € L*(I;U),
fractional evolution system Equation (1) has an unique mild solution on I, provided that

LaPb(1 + lwallpry)

<1 7

T(B+1) @

Proof. In view of Definition 7, for any ¢t € I, define an operator ¥ : C(I; X) — C(I; X)
as below

(Yx)(t) = $(0) + Fx(t) +/ (t—5)(¢(0) + Fx(s) + Bu(s))ds. (8)

Evidently, we only need to consider the fixed point of Y.
Step 1. ¥ maps C([; X) into C(I; X).
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Forevery x € C(I;X), 0 <t <t+h <a,wehave

(B~ (B0 = Folt+1) = Fe6) + Bult 4 1) = B0
+/0 i)'%(t+h—s)gb(0)ds—/0 R(t — 5)p(0)ds
Tt t
+/O m(t+h—s)sx(s)ds—/0 R(t — 5)Fx(s)ds

h
+ /Ot+ R(t+h—s)B,(s)ds — /Ot R(t —5)By(s)ds

5
= )Y
i=1
where
Yl = Sx(t + h) - gx(t)/
Yz - %u(t + h) - %u(t)/
t+h t
Ys = /0 R+ 1 — 5)p(0)ds —/0 R(t — 5)p(0)ds,

t+h t

Y4:/ SR(H—h—s)Sx(s)ds—/ R(E — 5)Fx(s)ds,
0 0
t+h t

Ys :/ m(t+h—s)%u(s)ds—/ R(t — 5)B,(s)ds.
0 0

By Lemma 3, we can obtain

2fm]

Y < —Lﬂhﬁ*ﬁl 0, ash — 0,
Ml S oy 0 s
and 21|Bu
u R
o < —EUD) st 0, ash -0,
rp)2p—1)2
Notice that

ho t+h t .
Y; = /Ohm(t+h—s)4>(0)ds+/h (t+h—5)p(0)ds — [ Sh(t —5)g(0)ds
- /0 R(t+h —s)p(0)ds.

Then, we have

h
15| < ||4>(0)|\D/0 WAt +h—s)ds — 0, ash — 0.

In addition, since

Y, = /Oh R(t+h—s)Fx(s)ds + /hHh R(t+h—s)Fx(s)ds — /Ot R(t —5)Fx(s)ds

ho t i
_ /O m(t+h—s)gx(s)ds+/o m(s)gx(t+h—s)ds—/0 R (5)x (£ — 5)ds,
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we thus can derive from Definition 4, Lemma 3 and Lemma 4 that

sl < /||mt+h—s>sx s+ [ I935)@a(t =5+ 1) — Gt =) s
t
< /WA(t+h—5)||5x()||Dds+/0 A(S) (18] cp- ﬂ'l([D)h‘B Pids
b Piml 2| 4w
LA . LF1
S TEET e, Al gt 5 [ walo)ds

[mll o h
ik H/ _ [
< TE A+ o) P <a 1 ; wa(t+h—s)ds+2h 1||wA||L1(1)>
—0,ash — 0.

It is not difficult to have

Ys

h t+h t
/0 R(t+h—s)By, 1215—0—/Jr R t—i—h—s)%u(s)ds—/o R(t —s)By(s)ds

h t
/ R(t+h—s)B ds+/ t—l—h—s)ds—/o R(s)B,(t —s)ds,
0

which together with Lemma 3 and Lemma 4 implies

sl < [ I s ||ds+/||m (Bt =5+ 1) = Bu(t =)l ds
h . 1
< | wA(tJrhfs)H%u(s)desqL/o a1l gy, B2
< 2 ”ﬁ1||B || /h (t+h—s)d
> (ﬁ) 2‘8 u LZ (I,D) 0 WA S)das
2)|Bull 2 pyhP 3
N 1Bl 2(1;m) 1 /wA(S)dS
T((B)(Zﬁ—l)7 0
Bu , h
< —H |L2(I'D)1 (u 7%/ wA(f-l-h—S)dS—l—zh‘B%HwAHLl(I))
T(p)(2p—-1)2 0

—0,ash— 0.
Hence, ||(¥x)(t+h) — (¥x)(t)|| — 0, h — 0, which indicates that ¥Yx € C(I; X),
Vx € C(L; X).
Step 2. ¥ is contractive on C(I; X).
In fact, Lemma 2 indicates that

1080 = (W1 < 180 =Syl + [ @alt =980 ~ 5y (6) o
< b =9 A ) — £ lods

I'(p
1 gt o i
" (B)t/owA (/ (s =PI f(T,x7) f(T,]/T)HDdT)dS
< F(IB /O(i ”xS ySHLl[ bO]dS
0 wa(t (/ (S—T)ﬁ1|xr—yT|L1[_b,o]dT>ds
< L{Il b ” A”Ll

—  lx= -l-— r =
rp eyt Vet TGy e
LaPb(1 + lwallrr(p)

= - Vi Vt 6 I,
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Py

which shows that

LaPb(1 + lwallrr(p) lx—yl
T(B+1) Yiic:

[Fx —Yyllc <

Hence, ¥ is contractive on C(I; X) due to the Hypothesis (1). By utilizing the Banach’s
fixed point theorem, we find that ¥ has a unique fixed point on C(I; X). O

4. Main Results

This part gives the results of approximate controllability of Equation (1). Let us show
the next definitions which is critical to our work.

Definition 8. The set K(a, f) = {x(a;u) : u € L?>(I;U)} is said to be the reachable set of
Equation (1) at final point a, where x(t;u) is the state value of Equation (1) at time point t
corresponding to control u € L2(I;U). If K(a, f) = X, we call that Equation (1) is approximately
controllable on I, where K(a, f) stands for the closure of K(a, f).

Denote Nemytskii operator F : C(I; X) — L?(I; D) corresponding to the non-linearity

f by
Fx(t) = f(t,x), te,

and define the continuous operator P : L>(I; D) — X by

? y(t) 1 a t y(s) .
[ @t g a0 ([ s )an v D) ©)

It is not difficult to see that the approximate controllability of Equation (1) on I is
equivalent to that the set K(a, f) is dense on X. That is to say, we can obtain an equivalent
definition as below.

Definition 9. System (1) is said to be approximately controllable on 1, provided that for any € > 0
and any final value & € X, there exists a control term u, € L?(I; U) satisfying

1€ = R(a)p(0) — P(Fxe) — P(Bue)|| <,
where x¢(t) = x(t; u¢) is a mild solution of Equation (1) corresponding to u. € L>(I; U).

In addition, following hypotheses to obtain our approximate controllability results
are presented.

Hypothesis 3 (H3). For arbitrarily given ¢ > 0 and € L*(I; D), there is a function u €
L%(I; U) satisfying
[Py —P(Bu)|| <,
and
IBull 2.y < mllll 210y

where y > 0 is a real number independent of .

Hypothesis 4 (H4). Under Equation (7), the following inequality holds

-1
uladp(1- LaPb(1 + lwallpry) L+ |wallppy | 2261 <1
r(g+1) r)  y2p-1

Next, to demonstrate our main result, we still need a lemma as below.
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IN

IN

Lemma 5. If the Hypotheses (H1) and (H2) hold, then for any mild solutions of Equation (1), the
following result holds

-1
LaPb(1 + ||WA||L1(1))> L+ lwallpyy | a1

for any uy,upy € L2(L; U).

Proof. The mild solution x;(t) = x(t; u;) (i = 1,2) of system (1) corresponding to u; (i =
1,2) satisfy

5(6) = 9(0) + 8, (1) + B0, (1) [ Bt = 5)(9(0) + i, (5) + By, (5))ds, Ve € 1.
From Lemma 4, one can obtain
Jx1(8) = x2(0)]
I8, (8) = S () + %1, () ~ Buo (B)]
I3 = 9) (B (5) = Fua 6D llds + [ 193t = )(Buy (1) — B (1) s
EMOREMOIPES L MORE- MO
+ [ 0alt =98 (9) = Fa(s)lods + [ walt=)[Bu (5) — Bua(s)]1 s

LaPb(1+ ||lwal g p) L+ llwallpry | a26-1

[x1 — x2lc +

HBlzll — BMZHLZ(L.D),vt el,

r(g+1) r(B) 261
which implies that
Lafb(1+ wallpan)\ 1+ [wallpay [ 4261
_ < _ _
b xﬂc‘<1 TB+1) r | 2p—1P Bl
O

Theorem 2. If the Hypotheses (H1)-(H4) hold, then system (1) is approximately controllable on I.

Proof. It is only needed to prove that D C K(a, f) due to the fact that D is dense, i.e., for
Ve > 0and ¢ € D, there is a control term u, € L?(I;U) satisfying

16 —9(a)¢(0) = P(Fxe) — P(Bue)|| <e. (10)

It follows from the Definition 3 that 3(a)¢(0) € D for ¢(0) € D, which indicates
that & — %(a)¢(0) € D. Then, it can be see that there exists some ¢ € L?(I; D), such that
Py = & — R(a)p(0). Next, we are to show that there is a control u, € L?(I; U) satisfying
(4.2). Actually, for Ve > 0 and u; € L%(I;U), in view of (H3), we can find a function

up € L?(I;U), such that
1E —%R(a)$(0) — P(Fx1) — P(Bu)]| < 2%

where x{(t) = x(t;u1), t € I. Further, for up € L?(I;U), we can find a function v, €
L*(I;U) by (H3) again, such that
€

||73(.7:XZ — ]-"xl) — P(sz)H < 23
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where x5(t) = x(t;up), t € I. Then, from Lemma 5, we derive

1Bv2l|12(1:m)
< ullFxo = Fxallzgp)
1
< plLazbllxz — xilc )
. LaPb(1+ |wallpin)\ 1+ llwallpg [ a26-1
< #L"zb<1_ T(B+1) S . 1Buy — Buzl2(1;p)-

I'(B) 26-1
Next, define uz = up — v, € LZ(I ;U), and, thus, it has

¢ —R(a)$p(0) — P(Fx2) — P(Bus)||
(0) = P(Fx1) = P(Buz) || + ||P(Bva) — P(Fxa — Fxy)||

AN
™~
|
2
&
<

IN
P
N[ =
+
R =
~
™

Utilizing induction, it is not hard to find a sequence {u,, : n > 1} C L?(I; U) satisfying

&= B9 0) = P(Fxn) = PBwsa) | < (34 35+ + gosr )& (1)

where x, () = x(f;u,), t € I, and

|| Butn41 — B”nHLZ(I;D)

-1
1 LaPb(1+ [|wallpr) 1+ [|wallpyry | o261
< 2 — _ .

From Hypothesis (H4), we know that {Bu, : n > 1} is a Cauchy sequence on LZ(I ; D),
and, thus, there exists a function u* € L?(I; D) satisfying

lim Bu, = u* in L*(I; D).

n—o00
Hence, for every £ > 0, we can obtain a number N > 0 satisfying

3

|P(Buny1) — P(Bun)|| < >

(12)
Then, from Equations (11) and (12), it is easy to deduce

1€ = R(a)p(0) = P(Fxn) — P(Bun)|
16 —R(a)¢(0) = P(Fxn) — P(Bun1)|| + [|P(Bunt1) — P(Bun)||

1 1 1 €
?+273++2Nﬁ €+§<S,

IN

IN

where xx(t) = x(t;uy), t € I. Consequently, the fractional evolution system (1) is approxi-
mately controllable on I. [

5. Non-Local Conditions

The practical usefulness and significance of non-local conditions in the field of tech-
nology and mechanical engineering have been demonstrated [5,9,11]. It has been proved
that the non-local initial condition can provide more accurate descriptions than the clas-
sical initial conditions. Therefore, we concern the following system involving non-local
conditions and a parameter as below:

{ CDPx(t) = Ax(t) + f(t,x;) + Bu(t), t € I:=[0,a],
x(t) +Agi(x) = ¢(t), t€[-b,0].
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x(t) =

Firstly, we present the following hypothesis about the non-local conditions.

Hypothesis 5 (H5). g : C([—b,a|; X) — D, forany t € [—b,0];
(i) For Vx,y € C(I; X), there has a number | > 0 satisfying
18¢(x) =&+ (W)llp < Illx = yllc;

(i1) The non-local term g;(x) is continuous in t € [—b,0] for all x € C([—b,a|; X), and there has a
constant C > 0 satisfying ||g¢(x)|lp < C.
Next, forVx € C(I; X) and t € I, let

0 _{ x(t+0), t+6 >0,
¢

13
(t+6) — Agrip(x), t+6<0, (13)

for V8 € [—b,0]. Obviously, we can check that x; € L'([—b,0]; X). On the basis of Equation (13)

and (H5), we have the following result similar to Lemma 2.

Lemma 6. Assume that x, — xo (n — +00) for x,, x9 € C(I; X). Then, for any t € I, one can
derive that (x,)r — (x0)¢ (n — +00) for (xn)t, (x0)¢ € LY ([—b,0]; X), and satisfies

1Cen)e = (x0)elli-p,o) < (IME+1)bllxn = x0llc, £ € 1.

Proof. In accordance with Equation (13) and condition (H5), we can draw the inequalities
as below:

0
[Gen)e = (0)ellpifpg = Lb\l(xn)t(G)—(xO)t(G)IIdQ

0 t
[, 1Mls(en) = ge(xo)lids + [ flxa(s) = xo(s) | ds
[A|Ib|xn — xollc + bllxn — Xollc
(IMI+1)b||xy — x0llc, t< b,

I IA

and 0
()t = (x0)ell1j_po) = Lb [ (xn)(8) — (x0)¢(0)]|d0
t
= [, Ixa(s) = xo(s) s
< ben*ono > b,
which imply that

[Gen)e = (o)l o) < (IA[F+1)blJxn — xo0llc,

foranytc 1. O

Definition 10. (i) For any u € L?(I;U), a function x € C(I; X) is called a mild solution of
Equation (2) on I, provided that

— Ago(x) + Fx(£) +/ (= 8)(¢(0) — Ago(x) + Fx(s) + Bu(s))ds, t € L.

(ii) System (2) is said to be approximately controllable on 1, provided that for any € > 0 and
any final value & € X, there exists a control term ue € L?(I; U) satisfying

1€ = 9R(a)(9(0) — Ago(xe)) — P(Fxe) — P(Bue)| <

where x;(t) = x(t; u) is a mild solution of Equation (2) corresponding to u, € L2(I;U).
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Theorem 3. In accordance with the proof steps of Theorem 1, one finds that if the Hypotheses
(H1)—(H2) hold, then for any given control u € L?(I;U), system (2) has an unique mild solution
on I, provided that

LaP (Al +1)b
T(B+1) ><1

Under the condition Equation (14), we further suppose the following hypothesis:

u+wwmnmp(mu+ (14)

Hypothesis 6 (H6). The following inequality holds

. BOAMTL+ 1)\ 1+ 1 26-1
yLa2(|)\|l+1)b<1— (1+ ||wA||L1(I))<|A|l+ L”r((gti)l) )) ||;LZ2)IIL (1)\/2”!37_1< 1.

In addition, to obtain the non-local results, we still need a lemma as below.

Lemma 7. If the hypotheses (H1)—(H2) hold, then for any mild solutions of system (2), the following
result holds

LaP (Al +1)b 14 lwallprpy | a1
fGe ) T =P - Beloy

for any uy,uy € L2(L; U).

HmXNc§(10+HmeuﬂOMl+

By means of iterative method utilized in Theorem 2 similarly, we now can obtain the
main controllability result of the non-local case:

Theorem 4. If the Hypotheses (H1)-(H3) and (H5) hold, then system (2) is approximately control-
lable on I.

Remark 2. Usually, the non-local condition can be given as follows

q
Agi(x) =AY Lix(t+y), t € [=b,0],
i=1

where l; (i =1,---,q) are some real numbers; 0 < 11 < 1p < -+ < tg < a. When A = 1 and at
time t = 0, it is evident that

q
go(x) = g(x) = ) Lix(),
i=1
which is exactly the case in [5,9,11,16,17].

6. Applications

Evolutionary fractional behavior has widespread backgrounds of some practical fields
of science and engineering. For example, in an electrical circuit, the voltage produced by
some non-linear device can be expressed by the non-linear term f in the evolution systems;
some related resistances can be represented by A; and linear operator B can denote some
inductances. On the other hand, non-local conditions are more extensive in practical
applications because they usually includes many other conditions, such as conditions of
initial value, multipoint average, and periodic, etc. In this part, we consider the following
fractional non-local delayed evolution systems
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o1

Zox0) = )+
x(t,0) = x(t, ) =

et gt
1(36% /t—bg(t —s)sin(x(s,&))ds + Bu(t,&), (t,&) € 10,a] x (0, 7),

0, te0,a], (15)

x(t,Ej) +A ij Sin(x(gj —|—t,§)) = ¢(tr C:.(), (tré’) € [—b/O] X [Or ﬂ]/ Gj € [O/a]/
=1

where @ € C([0,a];R), ¢ € L} .(R+), and ¢ € C*1([—b,0] x [0, ];R). $(t,0) = ¢p(t, ) =

0, vVt € [-b,0].
Let X = U = L*([0, 7t]), Ax = x"’ for x € D, where

D = {x € X : x,xare absolutely continuous, x" € X,x(0) = x(7r) = 0}.

Evidently, A is an infinitesimal generator of a semigroup {T(t)}> satisfying

T(H)x =Y. e " (x,6,)6,, x € X,

n=1

In view of subordinate principle (Chapter 3, [26]), we know that A is also an infinitesi-
mal generator of a continuous differentiable bounded linear operators family {9i(¢) };>0
satisfying R(0) = Z, and

R(t) = /0 T p(s)T(s)ds, £ >0,

where 77 5(s) = t*ﬁq)ﬁ(st*ﬂ), and

3 (=y)" _ 1
X:: (—pn+1-pB)  2mi

[ ¢ texp(c —yiP)az, 0<p <,

where H is a contour which encircles the origin once counterclockwise.
For each u € L2([0,a]; U), one has

u(t) = Y un(t)6, un(t) = (u(t),on).
n=0
Then, an operator B can be defined by
Bu = Z Undn,
n=1

where
0<t<a— 1%,
n

m-{"
,(t) =
’ up(t), a—5<t<a,

forevery n = 1,2, - -. This ensures that B is a bounded linear operator. In addition, the
operator P in Equation (9) is exactly the case of the operator in [29] when B =Z and t = a.
Furthermore, denote by
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g (2)(E) = ikj sin(x(gj + £,€)),
L

tx0)@) = QO [ ot~ 9)sinx(s, )i

Hence, Equation (15) can be regarded as

{ CDPx(t) = Ax(t) + f(t,xt) + Bu(t), t € [0,a],
x(t) +Agi(x) = ¢(t), t€[=b,0],

In addition, it can be checked that f, B, g;, ¢ satisfy all assumptions in Theorem 4.
Therefore, system (15) is approximately controllable on [0, a]. In addition, it is well known
to all that the prospect of digital signal processing (DSP) is widespread and developmental,
and digital filters play a significant role in it. Therefore, in this part, we also present the
filter pattern of the system we studied which is given in Figure 1.

X X,
;(£—4 INTEGRATOR | [ INTEGRATOR }—%);"
B B

u(o) u (1)
4(0) 40)
O ),
Ag,(x) @k(t—s)

Cz INTEGRATOR

Output x(¢)
Figure 1. Filter system.

For any time £, the resultant values of samples x; and f(¢) are produced and transferred
to the integrators I; and I, where the signals are integrated over time O to t. The signals
of resultant values of B and u,(t) are integrated in integrators I3 and I. Integrators I;
and I3 are entered into summer network-1; Integrators I, and I, are entered into summer
network-2. Inputs ¢(t) and Ag;(x) at time t = 0 are added up in the summer network-3
and summer network-4. The integral for the product of R(¢ — s) and the signals in summer
network-4 over time 0 to ¢ is performed in integrators I5. At last, move the above outputs
and integrators I5 to summer network-5, and, thus, the final outputs x(t) is derived, which
is bounded and approximately controllable.

7. Conclusions

In this manuscript, some approximate controllability results of fractional delay systems
with non-local conditions and a parameter are derived by using an iterative method. We
substitute for the theory of Cyp-semigroup and its associated characteristic solution operators
by utilizing differentiability properties about resolvent operator. A special complete space
is used to assist in solving the disturbance due to delay effects. Then, the current results
seem to be more general and generalize some recent analogous outcomes, e.g., [21-23,27].

178



Fractal Fract. 2022, 6, 424

By means of iterative method, some further new study can be devoted to the approxi-
mate controllability of fractional impulsive systems as below:

CDPx(t) = Ax(t) + f(t, xt,Qx(t)) + Bu(t), ae.t€1=][0,a,

Ax(t) =x(t) —x(t;7) = L(x(t])), i=1,2,---,m,

x(t) + Agi(x) = 9(1), t € [~b,0),

t

where Qu(t) = [ q(t,s,x)ds, q: Ax L([~b,0;X) > Xand A = {(t,s) € [ x 15 < t}.
The impulsive it((e)ms I; (i=1,2,---,m) are given functions that satisfy some appropriate
hypotheses. ¢ € L'([—b,0]; X). The main tools we are about to use here can be the theory
of differentiable resolvent operators or analytic resolvent operators [25,30,31]. Furthermore,
evolutionary fractional behavior is more accurately captured by variable-order fractional
calculus. To this end, extending the present results to the more generalized variable-order
fractional system will be an interesting problem.
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Abstract: In this paper, we give an affirmative answer to a question about the sufficient conditions
which ensure that the set of mild solutions for a fractional impulsive neutral differential inclusion
with state-dependent delay, generated by a non-compact semi-group, are not empty compact and
an R;-set. This means that the solution set may not be a singleton, but it has the same homology
group as a one-point space from the point of view of algebraic topology. In fact, we demonstrate that
the solution set is an intersection of a decreasing sequence of non-empty compact and contractible
sets. Up to now, proving that the solution set for fractional impulsive neutral semilinear differential
inclusions in the presence of impulses and delay and generated by a non-compact semigroup is an
Rs-set has not been considered in the literature. Since fractional differential equations have many
applications in various fields such as physics and engineering, the aim of our work is important. Two
illustrative examples are given to clarify the wide applicability of our results.

Keywords: impulsive fractional differential inclusions; neutral differential inclusions; mild solutions;
contractible sets; R;-set

1. Introduction

Impulsive differential equations and inclusions describe phenomena in which states
are changing rapidly at certain moments. In [1-8], the authors examined whether a mild
solution for different types of impulsive differential inclusions exist.

The study of neutral differential equations appears in many applied mathematical sci-
ences, such as viscoelasticity and equations that describe the distribution of heat. The struc-
ture of neutral equations involve derivatives related to delay beside the function. Neutral
differential equations and inclusions were studied in [9-12]. These papers examined the
mild solutions and controllability of the system.

Because the set of mild solutions for a differential inclusion having the same initial
point may not be a singleton, many authors are interested in investigating the structure
of this set in a topological point of view. An important aspect of such structure is the
Rs-property, which means that the homology group of the set of mild solutions is the
same as a one-point space. We list some studies in which the authors demonstrated the
solution sets satisfying R;-property: Gabor [13] considered impulsive semilinear differen-
tial inclusions with finite delay on the half-line of order one generated by a non-compact
semi-group; Djebali et al. [14] worked on impulsive differential inclusions on unbounded
domains; Zhou et al. [15] studied the neutral evolution inclusions of order one generated
by a non-compact semi-group; Zhou et al. [16] considered fractional stochastic evolu-
tion inclusions generated by a compact semi-group; Zhao et al. [17] studied a stochastic
differential equation of Sobolev-type which is semilinear with Poisson jumps of order
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« € (1,2); Beddani [18] examined a differential inclusion involving Riemann-Liouville frac-
tional derivatives; Wang et al. [19] worked on semilinear fractional differential inclusions
with non-instantaneous impulses; Ouahab et al. [20] considered fractional inclusions that
are non-local and have impulses at different times; Zaine [21] studied weighted fractional
differential equations. Recently, Zhang et al. [22] proved that the set of CY-solutions for
impulsive evolution inclusions of order one is an Rs-set and generated by m—dissipative op-
erator. Wang et al. [23] proved that the solution for evolution equations that have nonlinear
delay and multivalued perturbation on a non-compact interval is an Rs-set.

In [6,24-26], the authors studied different kinds of fractional differential inclusions,
and, in all cases, they showed that the set of solutions is a compact set. For more work
related to this, the reader can consult the book in [27] about the topological properties for
evolution inclusions.

However, up to now, proving that the solution set for fractional impulsive neutral semi-
linear differential inclusions involving delay and generated by a non-compact semigroup is
an Rs-set has not been considered in the literature. Thus, this topic is new and interesting
and, hence, the question whether there exists a solution set carrying an R;-structure remains
unsolved for fractional differential inclusions when there are impulses, delay (finite or
infinite) and the operator families generated by the linear part lack compactness. Therefore,
our main goal is to give an affirmative answer to this question. In fact, we study a neutral
fractional impulsive differential inclusion with delay which is generated by a non-compact
semigroup, and we show that the set of solutions is non-empty and equal to an intersection
of a decreasing sequence of sets each of which is non-empty compact and has a homotopy
equivalent to a point.

Leta € (0,1),r >0, J =[0,b], T ={Y(y) : 7 > 0} a semigroup on E, which is
Banach space, and A the infinitesimal generator of T. Let F : | x ® — 2F — {¢} be a
multifunction, h: [ X © — E,0 =10 <11 < - <y < uq1 = b, and ¢ € O be given.
Forevery n € ], let x(n) : H — O, (x(n)x)(0) = x(n+0);0 € [—r,0]; where ©® and H are
defined later.

The present paper shows the solution set of a fractional neutral impulsive semilinear
differential inclusion with delay having details as follows:

“Dyy, [x(7) = 1, 5(n)x)] € Ax(p) + F (1, 52(n)x), a.e.p € [0,b] = {1, -, fpm},
Lx(n;) =x(y7) —x(p"),i=1,...,m, ey
x(n) = (), € [-7,0],

is not empty, compact and an Rs-set, where I; : E — E,i = 1,...,m, and x(;ﬁ), x(17;7)
are the limits of the function x evaluated at #; from the right and the left. Furthermore,
Dy, denotes the Caputo derivative that has order « € (0,1) and lower limit at zero [28].

"In the following points, we clarify the originality, importance and the main contribu-
tions of this article:

1. Up to now, proving that the solution set is an R;-set for fractional impulsive neutral
semilinear differential inclusions involving delay and generated by a non- compact
semigroup has not been considered in the literature.

2. Demonstrating that the set of solutions is an Rs-set for fractional neutral differential

inclusions involving impulses and delay has not been considered yet.

We do not assume that the semi-group which generates the linear part is compact.

4. Proving that the set of solutions is an Rs-set for neutral differential inclusions (without
impulses) with a finite delay, « = 1, and generated by a non-compact semigroup,
has been investigated in [15], while stochastic neutral differential inclusions (without
impulsive effects) with finite delay of order & € (0,1) and generated by a compact
semigroup has been examined in [16].

5. Gabor [13] considered Problem 1 on the half-line when &« = 1 and 1 = 0.

6. Problem 1 is investigated in [19] when & = 0 and in the absence of delay.

W
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7. Our technique can be used to derive suitable conditions, which implies that the solu-
tion set is an Rs-set for the problems studied in [13—23] when they contain impulses
and delay.

In order to clarify the difficulties encountered to achieve our aim, we point to the
normed space PC([—r, b], E], which consists of piecewise continuous bounded functions
defined on [—7, b] with a finite number of discontinuity points and is left continuous at the
discontinuity points, and is not necessarily complete. Moreover, unlike the Banach spaces
C([—r,b],E) and PC(], E), the Hausdorff measure of noncompactness on PC([—r, b], E] is
not specific. Thus, when the problem involves delay and impulses, we cannot consider
PC([—r,b], E] as the space of solutions. To overcome these difficulties, a complete metric
space H is introduced as the space of mild solutions (see the next section). In addition,
the function 7 — s(17)X; ¥ € H is not necessarily measurable (see Remark 1, and so, a norm
different from the uniform convergence norm is introduced (see Equation (2) below).

For recent contributions on neutral differential inclusions of fractional order,
Burqan et al. [29] give a numerical approach in solving fractional neutral pantograph equations
via the ARA integral transform. Ma et al. [30] studied the controllability for a neutral differ-
ential inclusion with Hilfer derivative, and Etmad et al. [31] investigated a neutral fractional
differential inclusion of Katugampola-type involving both retarded and advanced arguments.

For more recent papers we cite [32-34].

The sections of the paper are organized as follows: We include some background
materials in Section 2 as we need them in the main sections. Section 3 is assigned for
proving that the solution set of Problem (1) is non-empty and compact. In Section 4, we
show that this set is an Rs-set in the complete metric space H. In Section 5, e give an
example as an application of the obtained results. Sections 6 and 7 are the discussion and
conclusion sections.

2. Preliminaries and Notation

In all the text we denote for the set of mild solutions for Problem 1 by Zi [—r,b] and by
LY(J, E) to the quotient space consisting of E—valued Bohner integrable functions defined
on | having the norm |[f|[11(; p) = fob Ilf(0)]|d6. Let Px(E) = {B C E : B be non-empty,
convex and compact}.

Definition 1. (Ref. [35]) Let h : ] — E, {Y(y) : # > 0} a Co—semigroup and A be the
infinitesimal generator of it. A continuous function x : | — E is called a mild solution for the
problem:

{ ‘D *z(y) = Az(n) +h(n),n €],
Z(O) =zp €E,

201) = S0+ [ (1= 0"y~ (DT €

where &1 (17) = [§° Ga(0)Y (1 “0)d6, Ko (1) = a [5~ 054(0)Y (170)de,
Eu(0) = 101 hw, (678) > 0,wy(0) = 2 12 (—1)n e 1108t i (), 6 €

(0, 00) and [° &,(6)d6 = 1.

Lemma 1. (Ref. [35] (lemma 3.1)) The properties stated below are held:

(i) For every fixed 1 > 0, 81 (1), R2(y) are linear and bounded.
(i) Assuming ||n(1)|| < M,y > 0, we have that for any x € E,||&(n)x|| < M||x|| and

[182(n)x]| < {45 x]1
(iii) Ifn, T > O; then for any x € E,

Bim || () — & (2)x]| = 0, andlim [ 82()x — Sa(1)x]| = 0.
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Consider the spaces:

1.  The normed space

® : ={x:[-r0] — E, where x is discontinuous at finite number of

points T # 0, and all the limits x(t™) and x(7 ) are less than oo}

endowed with the norm:

0
o= [ |lx(x)lldx. @
2. The Banach space
PC(J,E) : =A{u:]—=E:uj €C(J,E),i=0,1,2,...,m and u(y;"),
u(n;) = u(y; ) are finite for every i = 1,2,....m},

where Jo = [0,m], i = (i, mi41), 1 = 1,2,...,m, and [[9|[pc(,5) = Tupyello(m)|]-
3.  The complete metric space
H = {x:[—r,b] - E: where x is continuous at § = 0, XLy = W), € PC (J,E)},
where the metric function is given by:
dpi(x,y) = tupyey||x(n) —y(n)l]
4. The Banach space
H:={x:[-r,b] - Ewherex(y) =0,Vy € [—r,O],x‘]_ € PC(J,E)}
together with the norm [[x||3 = Tupyesllx(n)ll + llx)_, , llo = Tupyesllx ()]l
The Hausdorff measure of noncompactness on a Banach space PC(], E) is given by
B) .= (B, +),
Xpc(B):=_max xi(B)

where B is a bounded subset of PC(], E) and y; is the Hausdorff measure of noncompact-
ness on the Banach space C(J;, E) and

By i= {x":J; = E:x"(y) = x(n),y € J;and x"(5;) = x(5} ), x € B}
The Hausdorff measure of noncompactness on H is defined by:
xn(B) = _max xi(Bp),
where B is a bounded subset of H.
Remark 1. Since the function 1 — »(n)x;X € H is not necessarily measurable, we do not

consider the uniform convergence norm to be the norm defined on the space ® (see Example 3.1, [36]).
Therefore, the multivalued superposition operator

%= Sk = U € LILE): £() € F(y,520n)x), e € ]}
would not be well defined. Therefore, we consider a norm defined by Equation (2).

Definition 2. A function ¥ € H is said to be a mild solution for (1) if
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(). m % [—7,0],

R () [9(0) = h(0, )] + h(y, ()X)
() = +Jo (1 =7 AR (g — T)h(T, #(T)X)dT 3)
+ [ (1 =) e (n — 1) f(r)dT

+ ZO<17,'<17 ﬁl(ﬂ - 771)11(}(1717))/77 €J= {0/ b]/

where f € S}:(_,%(')x).

We assume the following conditions:

(HA) A is the infinitesimal generator of T, 0 is an element of the resolvent of A, p(A)
and sup, .o [[Y(y)|| < M, where M > 1.

(HF) F: ] x ©® — Py (E) where:

(HF)) For any z € ©, the multifunction # — F(#,z) has a measurable selection,
and for 7 € ], a.e., the multifunction z — F(#,z) is upper semicontinuous.

(HF,) There exists a ¢ € LY (I, R*)(P > 1) satisfying

|E(n,2)|| < (1) (1+ ||z]|g), Yz € ® and fora.e. i € J.

(HF;) Thereisa p € LP([0,b], E), p > 1 such that, for any D C © that is bounded, we
have

xe(F(1,D)) < B(n) ) s[llp ]XE{Z(9) :z € D},ae fory € J. (4)
el-r,0

(HI) Foranyi =1,...,m, the function [; : E — E is continuous, and there are ¢; > 0
and ¢; > 0 satisfying ||I;(x)|| < oj||x||, and for any bounded subset D C E,

Xe(Li(D)) < ¢ixe(li(D)).

Lemma 2. (Ref. [37]) Under condition (HA), for any vy € (0, 1), the fractional power A" can be
defined, and it is linear and closed on its domain D (A" ). In addition, the following properties are
satisfied:
(i)  D(A?) is a Banach space with the norm

[1x[[5 = [[ATx]].
(i) Foranyn > 0, x € E, we have Y(7)x € D(A") and, assuming x € D(A"), we get

AYY(n)x =Y(n)ATx.
(iii) For every 1 > 0, AYY (1) is bounded on E, and there is a constant C,, > 0 such that

C
ATY ()] < 17;’ ®)

(iv) A~7is a bounded linear operator on E.
(v) Foreveryx € E,

ARy (n)x = ARy () ATx, 1 € ], (6)
and C.r2 )
AT R ()] < T+ a—7)) "€ (0,]. @)

We need the next lemmas in order to prove our main results.

Lemma 3. Assume W C E to be bounded, closed and convex, @1 : W — E is a single-valued
function, @y : W — Py (E) is a multifunction, and forany x € W, ®1(x) +y € W, Yy € Op(x).
Suppose that

(a) 1 is a contraction with the contraction constant k < % ;
(b) @y is a closed and completely continuous multifunction.
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Then, the fixed point set of ®; 4 P, is not empty. Moreover, the set of fixed points for
D + P, is compact if it is bounded.

Proof. ®; is continuous on W since it is a contraction and, hence, it follows by the closeness
of ®,, that the multifunction R = ®; 4 ®; is closed. We show that R is x g —condensing,
where x is the Hausdorff measure of noncompactness on E. Let Z be a bounded set of W.
Since @ is a contraction with the contraction constant k, we get ug(®1(Z)) < kug(Z) <
2kxe(Z) < xe(Z), where u is the Kuratowski measure of noncompactness on E. Because
@, is compact, xg(P2(Z)) = 0. Therefore,

Xe(R(Z)) = xe(P1(Z2)) + xe(P2(2)
= Xe(®1(Z2)) < up(®1(2))
< xe(2).

This means that R is yg—condensing. By Proposition 3.5.1 in [38], the fixed point set
of @1 4 P, is not empty. The second part follows from Proposition 3.5.1in [38]. [

3. The Compactness of Zi [—7,b]

In this section, we show that the set of mild solutions for Problem 1 is nonempty
and compact.
For any x € H with x(0) = ¢(0), letX € H be defined by

(17) = { ‘P(’?)/’? € [—7’,('3], (8)

Lemma 4. For any X € H, the function § — »(n)X is continuous from | to ©.

Proof. Assume 1,7 € [, < 7. Then,

0
[[5¢(m)x — (7)x[lo = /_r [[X(17 +6) —x(7 +0)]|d6.

Because ¥ is continuous on [—r, b] except for a finite number of points, it follows that
lim, ¢ [|%¥(7 +6) —x(7+0)|| = 0,a.e. SinceX € H, lim; ¢ fEr ||X(n+0) —X(T+06)||d0 =
0, and the proof is completed. [J

Theorem 1. Assume that (HA) and (HF) are held and that {Y(n) : n > 0} is equicontinuous.
Assume also that the following conditions are satisfied.

(Hh) The function i : | x ® — E is continuous and there exists a y € (0, 1) satisfying
h(n,u) € D(AY),¥(n,u) € ] x © and

(i) Foranyny €], AVh(y,.) is strongly measurable.
(i) There are d; > 0 and dp > 0 with

dlb‘WCl_WF(l + ’)’) 1

- _
[[AYh(n, u)|[ < da(1+|[ulle), V(n,u) € ] x O, (10)
and
[[ATh(n, ur) — ATh(n, u2)|| < dil|ur — uz|le, V1 € J. (11)

Then, Zi [—r, ] is not empty and a compact subset of H provided that

Cio T+ ’Y)bmr L M
T(1+ay)y I'(a)

[|A™7||dor + dy A||q)||LF m)r—l—(TM <1, (12)
o
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and 4

4AM = 1

T(a) 1BllLe(j, my +2M l; Gi <5 (13)
where 0 = Y= 0;and A = (L= 11) o S

Proof. A multioperator @ : { — P(H) is defined as the following: let x € H, hence, as a
consequence of (HF ), the multifunction # — F(#, 2(17)X) admits a measurable selection
which, by (HF,), belongs to S}E(' ()7 and, therefore, y € ®(x) can be defined by

0,7 € [-r0],
fa(n)ly (0) h(0,9)] + h(n, >(17)x)
y(n) = fo( )4 AR (7 — T)h(T, 2(T)%)dT (14)

+ Jo (n = T)"‘ YRo(n —1)f(T)dt
+Zo<m<;7 fa(n =) Li(x(;7)),m €7,

where f € 51 (()F) and X is defined by (8).

We show that a point x is a fixed point for ® if and only if ¥ € &} pl—7,b]. Assume x is
a fixed point to ®. Hence,

0,7 € [-r,0],

fa(n)[y (0) h(0, )] + h(, 5(17)x)
x(n) = —i—fo (7 — 1) ARy (7 — T)h(T, 2(7)%)dT

+Jo (p—1) “ Y8 (n — 1) f (t)dt

+Zo<;7,<,7ﬁ1(11 ni)li(x(n;7)),m € J.

Therefore,
(), € [-r,0],
R1.(7)[$(0) — h(0, )] + h(1, 5(17)x)
x(n7) = +f"('7—f )L ARy (1 — T)h(T, 3(7)X)dT
+ Jo (1 = 1) 1Ry — T) f()dT

+ZO<171<17ﬁ1(77 ni)li(x(n;7)),m €,

which means that ¥ satisfies (3), and, thus, it is a mild solution for problem (1). In a similar
way, it can be seen that if X satisfies (3), then x is a fixed point for ®. Let & : H — H and
P, : &, — P(H) be such that

0,7 € [-r,0],
@1(x)(n) = { K1(7)[$(0) —h(0,9)] + h(n, »(1)xX) (15)
+ Jo (i — ) T AR (7 — T)h(T, 22(T)%)dT, 5 € ],

and a function y € ®,(x) if and only if

0,1 € [-r,0],
:{ + o (7 = 1) Lo ( — 1) f(T)dT (16)
+ZO<;71<17 ﬁ1(77 771) ( (77 )) nej,

where f € Sll‘"(u%(ﬁ)' Notice that ® = @1 4 P. Let § = supgc|_, g llp(0)]],
© = MIE+]ATd(1+1E))
Cio L(1+7)p*r M

1 A7||dy +d A
FA AT 2+ de = F rag 2ol )
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and v be a positive real number satisfying

v> w : (17)

_ Cp_nT(147)b*Y
1—[||A=7]|dor +d21r7(1+7am7’ + %AH(P”LZHRH"‘F‘TM]

Put B, = {u € H: ||u||yy < v}. Due to (12), v is well defined. The rest of the proof is
divided in the following steps:

Step 1. This step shows that ®(B,) C B,. Let x € B, and y € ®(x). There exists
fe Sll-"(.,%(.)x) where

0,7 € [-r,0],
f1()[9(0) — h(0,9)] + h(n, »(17)x)
y(n) =< + [ (1 — 1) L AR (57 — T)h(T, 3(7)X)dT
+ Jo (1 = 7)* 1Ra( — ) f(T)d
+ Lo<y<p fa(n — ) Li(x(;7)), 1 € ]

Lety € J. For every x € H, we get
— 0 —
Io(n)llo = [ 110y +6)|1d60 < (& +v),

which implies that (HE,), || f(7)|| < ¢(7)(1 + ||2(n)X||le) < #(¢ + v);a.e.T € ]. So, by (ii)
of Lemma 1, and the Holder inequality, it follows that

[t =00 ar - Df()a]
M

< pg @) [ - lpmar
< frblely , (1+rE+o))

Then, from (6), (7), (10)and (HI), one has, fory € ],

DIl < ME+][A~7ATHO,9)[)+ 1A~ ATh(y, ()|
+ [t = AT TSy — 1) ATH(r, (1)) T
M

—A 1
Fri el |, (147 +0) + Moo

M+ |[ATT|d2 (1 +rE)] + [|ATY[|d2 (1 + [[>()X]|e)
aCi_,F(2—(1—7) /17 (g —1)*1
F1+a(l—=(1-9))Jo (5—1)0-7)

IN

+da(1+1(C +v)) dt

M
(1 A
+r(“)( +r(@+v)Allglly  + Moo

MG+ [[A™M]|da(1+rE)] + [|A7[|d2 (1 +7(S +v))
Cy T (1 4 7)b*
T(1+ay)y

M
— (1 A Muvo.
oty @ oDlely 4 Moo

IN

+dy(1+r(C+v))
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This equation with (12) leads to

Iyl < MI[C+I[[ATT|[d2(1 +7E)]
_ Coo T(14+7p*r M
1 A7T||dy + dp—=2 A
AT+ SO My,
C1,7r(1+’)/)b“7 M
A M
F(1+acfy)'y +F(IX) HGDHLZNRJ@}’—’_O— ]

+u[[|AT7|[dar + dy
< .
Then, ®(B,) C By.

Step 2. @y is a contraction with a contraction constant k < %

Letu,v € By and 57 € J. Then, ||2(y)u — »(1)0||e = LOT |[t(y +0) —o(n +6)||do <
r||u — v||%. From (6), (7) and (11), for every u,v € B, and any 5 € |, we have that

|1 (u) (1) = P1(0) ()]

< |l 5(n)) — g, 5()D)|

HI [ =00 Ao g — Ol (0)) — bz, (20
< (|4 A (o, 7)) — B, ()9 |

+||/ VLAY Ry (7 — 1) AV [I(T, 2(T)T) — h(T, 2(T)D))dT
< {JAT] | AH(y, <)) — ATh(, 5(n)o)|

G L) [ — ) AT, () — ATh (o, (0)D)
< A (| — ()l

dl“?gfz)— i sup (T —(r )vlleb,:

< - ollyldylla—n + 2SO U )

AT (1 + ay)

which yields with (9) that ®; is a contraction with a contraction constant k < %

Step 3. @, has a closed graph and ®,(x); x € B, is compact.

Assume (x,),>1 and (y,),>1 are sequences in B, where x, — x,y, — yand y, €
Dy (xy);n > 1. Then,

0,7 € [-r,0],

unln) = 4+ [0 — O Sy — T fu(T)de (18)
+Zo<17k<;7ﬁ1(71 i) Li(xn (), m €7,

where f, € 7} el )5) USING (HF,), it yields that

(I < @)X +r(v+¢)),aen €].

So, (fu)n>1 is bounded in L (], E) and, hence, there exists a subsequence of {f,, }_;.
We denote them by (f,),>1, where f, — f € LP(], E). From Mazur’s Lemma, there exists
a sequence of convex combination, {z, }$ ; of {f,}?> ; that converges almost everywhere
to f. Note that by (HF,), again, forany n € J,7 € (0,5] and any n > 1,

107 =0 (Ol < I =D p(0) (1 +1(v +8)) € LT((0, 7], RT).
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Set

0,7 € [-r,0],
In(n) = { +f0 — 1) 1R (n — T)zu(7)dT (19)
+Zo<m<;7 fa(n —ni)Li(xa(n; ), m € .

Note that by (18), 7.(7) — y(17), n € ]. Moreover, since ()X, — »(1)%;n € ],
F(y,.);a.e. n € ] is upper semicontinuous, it yields f() € F(1y,(n)x),a.e. Therefore,
from the continuity of £,(n — 7);T € [0,7], I; (i = 1,2,...), and by taking the limit of (19)
asn — oo, one gets y € Op(x).

To prove that the values of ®;, are compact, assume x € H and y, € Pr(x),n >
1. Using similar arguments to the above, we get that {y, : n > 1} has a convergent
subsequence (1),>1. So, ®,(x) is relatively compact. Since the graph of ®; is closed its
values are closed and, hence, ®;(x) is relatively Compact in H.

Step 4. We claim that the subsets Z;- (i=0,1,...,m) are equicontinuous, where

Zg ={y" € CU,E) 1y (n) = y(n),n € (g, nisal,y" (0:) = y(u;"),y € P2(x),x € Bo}.

Assume y* € Zle' Then, there exists x € By and f € Sllr(.,%(.m , Where, fory € J;,

v = [ -0 - 00

+ Y, Rl =) k(X(n),
0<me<n

and y*(;) = y(;")-
Case 1. Let 171, 172 (111 < 12) be two points in (#;, 17;11]. Then,

ly*(n2) —y* (m) |
< N [P0 -0 ol - Tf (T
= [ on =00 an - Df ()
+H Y, Sl —n)LEm) = Y, faln — ) k(&)
0<<i2 0<yi<m
< ” (1, — 7)oy, — ) f(T)d ]

[ 108 =0 = O =0 120~ D) e

+| /0171 (7, = ) YR (12 = T) f(T) — Ko (51 — ) f(7)|] d..
+ Y S0 =) — KO — )| | LE0 )]

0<l’]k<l’]z
i=4
= Y I
i=1

The hypothesis (HF,) implies ||f(1)|| < ¢(n) (1 +7r(v+¢{)),a.e.y € ], and, hence,
by Lemma 1, we get

b
lim L = i / _ gy, — d
i h ,721;1}71|I . (1, — O Ra (g, — T) f(T)d7]]
MA+rw+8) o T e
= T(a) Wilg}h " (1, =) (T)dT
M +r(v+§)) 1, Pa-1) p1
= Tt Ml Jim () " -0 a0 <0
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For I,, we have

T

Jim o< lim [, 1) = (=0 (R, — Df ()T
_ MQA+r(+8)) " a1 a1
= Tt [ =0t = =0 gl

Note that w = f‘_‘; € (—1,0), then, for T < 17,, we have (11, — T)¥ > (172 — 7)%. Asan

application of Lemma 3 in [8] and considering % € (0,1), we get

11 S _ |
o =07 "= -0 T <[ -0 - (-0 "
Then,
. ] %
(O, =) = (g, =) < |, =T =, -0 T
This leads to
=) = (g + A= T < [ =07 = (1 + A1),
Therefore,
lim 12
1, =11
M(1+7(U+§)) . "h a—1 a—1
< i [ = = (=) (e
M(1+r(v+8))) d 7
r : 1 a1 a1 e
< MULHEOD s | " 0 =t = =0 | gl
M(1+r(v+8))) 4 i
r\v 1 — _
< i _ W _\w
< MUEALEOD i | [ (0 =07~ on = 0%he| Il
pP—-1
MA+r(v+Q)) .. T oot @il @il T
S T T am osa T T irmm) m loller .
= 0.
For I3,

tim I < tim || [" (5, =) |80 — () = Saln — 1) ()] d.

1, =11 =M
Observe that for every T € [0,7],

(11, = 0 HIKa (2 = D) f (1) = Kalin = ) f (D)

”ﬂﬁj”wfwwlﬂweLﬂLRw

Moreover, since {#(1) : 7 > 0} is equicontinuous, and, using the Lebesgue-dominated
convergence theorem, one gets
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. M1 +r(v+9)) ' a1
1721131171 L < thg}ﬂ/ (, — O [R2(n2 — T) — K2 (1 — 1)||@(T)dT
M( + + " -
= M+ rlvt0)) / / (m — 17.(6) x
o . _ 14
[77111{}7 H( ((172 7)%0) = Y(n — 1)*0))|l] dog(T)dT
= 0.
For Iy,
lim I <ov lim Y (|8 (g2 — ) — Kl — i)l =
1, = T o< yp<n,

Case2. n=1mn;,i=1,...,m. Assume d > 0,7+ 0 € (y;,17;41) and A > 0 where
7 < A < n;+ 6 < ni11. Hence, as above, it can be shown that

ly* (i +6) —y* ()| = lim [y(n; +6) — y(A)[| = 0.
)\%771.

Then, Z ;- (i=0,1,...,m) are equicontinuous.
Step 5. Set By = convCD(Bv) and B,, = cono®(B,,_1), n > 2. Then, the sequence (B,),
n > 1is a decreasing sequence of not empty, closed and bounded subsets of H. So, the set

B = ) B, isbounded, closed, convex and ®(B) C B. Next, we show that B is compact.
n>1
According to the generalized Cantor’s intersection property, we only need to prove that

Jim x3(Bn) =0, (20)

where x7; is the Hausdorff measure of noncompactness on . Assume n € Nand n > 1 are
fixed. From the fact that ®; is a contraction with a contraction constant k < %, it follows that

XHP(By-1)
< xu®1(By—1) + xuP2(Bn-1)
1
< EXH(Bn—l) + xuP2(By—1). (21)

Let e > 0. Using Lemma 5 in [39], there is a (yi)x>1 in ®2(B,_1) with

XuP2(Buo1) < 2xufyk k= 1} +e

From the fact that the subsets Z Ia (i=0,1,...,m) are equicontinuous, one obtains

XnP2(By-1)
< xu{y k> 1} +e
< 2 sup xe{w(n) :k>1}+e (22)
n€(0,b]

Now, let xp € B,_1 and yx € Pp(xg), k > 1. Then, for every k > 1, there is a
fr € T;(. ()% such that, forany 77 € J,

0,17 € [ r,0],
{ Jo 7 =) R — 1) fi(T)dT
+Zo<;7,<;7 fa(p =) L(x(n;7 ), € 7.
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Note that the assumption (HI) implies that for 57 € J,

xed Y & —n)Li(x(n;))  k>1}
0<mi<n

i=

MY cxelmn)) k> 1)
i=1

MY cixe{m(n)) k> 1)
i=1

IN

IN

i=m
< Maxu(Bi1) Y, i (23)
i=1

Moreover, from (4) , we have that for a.e.t € ],

xXe{fe(t) + k>1} < x{F(t,2(1)xk) : k > 1}
< B(r) sup x{x(t+0):k=>1}
oe[—r,0]
< BT S X{x(0) :k > 1}
< B(t) sup x{xx(d) :k =1}
5€(0,7]
< B(Oxwu(Bu-1) = v(n). (24)

Again, by (HF,)*, for every k > 1, and for almost 7 € |, || fx(n)|| < ¢(n) (14 r(v+
¢)) and, hence, { f; : k > 1} is integrably bounded. As a consequence of Lemma 4 in [40],
there is a compact set K C E, a measurable set . C | having a measure less than € and
{z£} € LP(J,E) such that forevery 7 € J, {z{(1) : k > 1} C Ke and

Il fe(t) —zi(7)|| <29(t)+eforallk >1andallt e ] — Je. (25)

Then, by (24) and (25) and Minkowski’s inequality, it follows that for k > 1,

I -/]—16(77 =) Ry = 1) (filr) - 25(7))dr]]

(a=1)P P—1

M . I p1
m“fk_Zk||LP(]Of]E,R+)(/]7 16(77—7) P1dt)
AM .

m“fk_zkHLP(]o—]g,R*)

AM 1
m(ZHVHLI’U— J., R+) +€DP)

AM ;
= W (2||ﬁ||LP(], R+) XH(Bn—l) +ebﬁ), (26)

IN

IN

IN

and

[ /] (1 — O (7 — T) fi()d]|

M .
Fay 1+ +0) /] (7 — ) Lp(r)dt

€

IN

(a—1)P

M P
Fay @+ Dllolleg, me ([ (=) 7 ) @7)

Moreover, from the fact that {z{(7) : k > 1}; T € ] is contained in a compact subset,
we get

IN
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x([ (=)l )z (k2 1) =0

Combining this relation with (26) and (27), it follows that

[ =0 - DA@dT ¢ k=1

AM 1
W(ZHﬁHLP(], r+) X#H(Bn-1) +€bP)

I+r(v+EM
WH‘PHLP(IQ r+) e/ (28)

IN

+

(a—1)P _
where Ac = (| 2 (p —7) 71 d7) 5 Using the fact that ¢ is chosen arbitrary, relation (28)

becomes

[ =R - Dfidr : k=1

2AM
< WHIBHLP(],W)XH(B;@A)

Using the above inequality and (21)—(23), in addition to the fact that ¢ is arbitrary, it
follows that

4AM icm 1
A (Bn) < (W HﬁHLP(], R+) +2M Z Gi+ E)XH(Bn—l)-
1

1=
This leads to

4AM = T
X (Bn) < (W H:BHLP(], r+) +M Z Gi+ E) x#(By), Vn > 1.
=1

The above inequality holds for any natural number 7, and by (13) together with taking
the limit as n — co, we get (20). Then, B is not empty and a compact subset of H. So,
® : B — Py (B) is completely continuous. By applying Lemma 3, we conclude that the
tixed points set of ® is not an empty subset of H. Furthermore, by arguing as in Step 1,
we can prove that the set of fixed points of ® is bounded and, hence, by Lemma 3, it is

compact in ‘H. Therefore, the set Zi [—r,b] is not empty and a compact subset of H. [J

4. The Structure Topological of 25) [—7,b]
In the section we prove that Zi [—r, D] is an Rs-set

Definition 3 ([41]). A topological space X, which is homotopy equivalent to a point, is called
contractible. In other words, there is a continuous map h : [0,1] x X — X, h(0,.x) = x and
h(l,x) =xp € X.

Lemma 5 ([41]). Let A C X, where A is not empty and X is a complete metric space. Then, A is
said to be Rs-set if and only if it is an intersection of a decreasing sequence { Ay, } of contractible sets

and xx(Ay) — 0,as n — oo.

Now, consider the multi-valued function F : [ x ©® — Pk (E) that is given by:

~ F(y, ), ||ul] < v,
F s = U
7, {Hmz>mwzu
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where v is defined by (17). Since F = F on D,, the set of solutions consisting of mild
solutions for Problem (1) is equal to the set of solutions consisting of mild solutions for

the problem:
CDo"‘q[ x(17) = h(1, #(y)x)] € Ax() + F(n, 5()x), a.e.y € [0,6] = {1, ., 1},
Li(x(n; ) = x(n; ) —x(y;"),i=1,...,m,
x(n) = ¢(n),m € [-1,0].

Obviously, F verifies (HF;) and, for 7 € [, a.e.,

= () (1 + [[u
"“’”“”'S{ Pl (1 + |2

Then, we can assume that F verifies the next condition:
(HF,)* There exists a function & € L¥(I,R*)(P > 1), where for every z € ©,

1]) < () (14 (G -+ v)) = (), [[ull <v,
7l = o)A+ +v)) =), |[u]] = v.

|F(n,2)|| <C(n), aene].

We recall the next Lemma. For its proof, we refer the reader to the second step in the
proof of Theorem 3.5 in [13].

Lemma 6. Assume that (HF,) and (HF,)* are satisfied. Then, there exists a sequence of multi-
functions {F;}°, with F; : | x ® — Pgy(E) such that:

(i) Every F; (1, .) is continuous for almost nj € J.

(i) F(np,x) C .... € Fya(n,x) © F(y,(p)x) € -~ S coF(n,{y € O : [ly—x|| <
31=1}),i > 1, foreach yy € J and x € ©.

(i) F(,2) = N 1Fi(,2).

(iv) Forall i > 1, there is a selection g; : ] X ® — E of F; such that g;(., x) is measurable for each
x € O and for g;(1,.) is locally Lipschitz.

Remark 2. (Ref. [19]) The property (iv) in Lemma 6 implies that, for almost € |, gi(n,.),i > 1
is continuous.

Assume Zg" [—7, b] is the mild solutions set of the following fractional neutral impulsive

semilinear differential inclusions with delay:
Dy, [x(17) — h(?? x(n)x)] € Ax(n) + Fi(y, »(n)x), a.e.1 € [0,b] — {m1, ..., 7m},
Li(x(n;7)) = x( l no)—x(ph),i=1,...,m
x(n7) = ¢(n),n € [-1,0]. )
29

Theorem 2. Assume that the conditions in Theorem 1 after substituting (HF2) by (HF2)* are

held. Then, there exists Ny € N such that, for i > Ny, the set le;" [—r, b] is compact and not empty
in H.

Proof. Let i be a fixed natural number. We define a multioperator ®; : H — P(H) as the
following : y € ®;(x) if and only if

0,7 € [-r,0],
R () [(0) — h(0,9)] + h(n, 3(17)x)
y(p) =S+ JJ (1 =0 T AR (1 — D)h(T, 2(7)X)dT
+ Jo =0 Ry — ) f(D)dT
+ Lo<y<p fa(n — i) Li(x(n;7)),m € ],
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where f € T;_ (L))" Due to Lemma 5, F; verifies (F1), (F,)*. As a result of Theorem 1,
®; is closed , ®;(B,) C B, and ®;(B,) is equicontinuous. Set By ; = cono®;(B,) and
B, ; = conv®;(B,_1,), n > 2. As in Theorem 1, the sequence (B,,;), n > 1 is a decreasing
sequence of non-empty, closed and bounded subsets of H. We show that

lim Xc((—rp),E) (Bni) = 0. (30)

n—o0

Let e > 0. Choose a natural number Ny with 31-No and leti > Ny bea

< -t

ZHﬁHLP(,/ RT)
fixed natural number. Using a similar argument as the one used in the proof of Theorem 1,
one gets

XH(Bn,i)

&
< ZSUI;XE{yk(W) k>1p+7,
ne

where

0,7 € [-r,0]
ve(n) = { Jo o = 1)* 1o ( — 7) fie(T)dT
+ Yo<p<n 81 —n) Li(x(n;7)),m €7,

and fy € T},(_ ())” Next, due to Remark 4.2 in [7], it follows that for any bounded subset

DCO, .

xe(Fi(n,D)) < B(n)[ sup xe{z(6):z € D} +3'7]. (31)
oe[—r1]

Then, it yields from (ii) in Lemma 5 and (31), for a.e.t € ],

xe({fe(™) = k=1}

< xe{F(r s(t)xc) 1k =1}

< B(1) [ees[lf}:,o] XE{x(T+0) : k> 1} + 3]

< ﬁ(ﬂ[é sup  xe{x(6) 1k > 1} +317M0]

< B(7)] ::[E;T]]XE{xk(‘s) Tk > 1} 43N]

< ﬁ(’f)m(l;;:l,i) +p(0)3 N0 =7(1). (32)

As in (28) but by using (32) instead of (24), we get

[ =R - Dfimdr k=1

AM 1 €
W(ZHIBHLI’(I, Rty XH(Bu—1) +€bP) + 5

IN

+lj(vi)(1+rv+r§) X

P pP—1
Ipllurg, wo(f, (=) 71de) 7.

Similarly, as in the proof of Theorem 1, we confirm the validity of (30). Therefore, by
the generalized Cantor’s intersection property, the set B; is not empty and compact in H.
As in Theorem 1, the fixed points set of the multivalued function ®; : B; — Py (B;) is not

empty and a compact subset in . Consequently, the set Zg” [—r,b] is not empty and a
compact subset of H. [

Theorem 3. Under the conditions of Theorem 2, Zi [=7,b] = N3N, 25” [—7,D].
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Proof. In view of (iii) in Lemma 8, it can be seen that Zg[—r, b] € NN, Z [—r,b]. Let
¥ene " ZF”[ r,b]. Then, there is f, € T%n(. ()" > Ny such that

( ) € [=7,0],

Sy

€ [—r

)[$(0) — (0, 9)] + h(n, 5(17)x)

x(n) = +f"(77—f AR (17— T)h(T, 2(T)X)dT (33)
+ fo —1)* 1R (n — T)fu(7)dT
+Zo<;7,<17 fa(n—mi)Li(x(n;)),m €.

It follows from (HF2)* that

[[F2 ()| < &(n), for a.eqy & J.

This means that the sequence (f,),,>1 is weakly relatively compact in L” (], E), so we
can assume §, — f weakly, where f € L” ( J,R™). As in the proof of Theorem 1, there is a
sequence of convex combinations (zy),>1 of (fu),>1 that converges almost everywhere to

f. Note that
( )1 € [=1,0],
fa()[(0 ) h(0, )] +h(n, (1))
x(n) = +fo( )L AR (1 = T)h(T, 2e(T)%)dT (34)

+ JJ (1 —7) "‘ Lo (n — 7)ze(1)dT
+20<r],<r] fa(n—mi)L(x(n; ) €],

and z, (1) € F, (17, 2(n)X),n > 1. It yields, from (ii) of Lemma 8, that for almost 7 € ],
zn(i7) € COF(y, {y € ©: ly — >()%[| <317"}),m > 1,

which implies that f() € F(y,(n)x), for a.e. n € ]J. Moreover, using the fact that
£5(17)(n > 0) is continuous, and taking the limit as n — oo in (34), one gets
n € [=r0],

lP( ),

R1(7)[$(0) — 1(0, )] + h(n, (5)%)

x(n) = +fo (7 — )" 1 Afa(y — T)h(T, 3(T)X)dT
+ Jo (1 =) e (n — 1) f(7)dT
+ZO<11,<77 R1(77 771) z( (’71'7»/77 €J.

This means that X € Zi [—r,b]. O
To prove our main results, we need the next lemma.

Lemma 7 ([19], Lemma 4.5). Assume that (X,d) and (Y,p) are two metric spaces. Then, if
f:(M,d) — (Y,p) is locally Lipschitz, then it is Lipschitz on all subsets of X that are compact.

Theorem 4. Under the assumptions of Theorem 2, the set Zf;, [—1,b] is an Rs-set in H provided
that rdq||A77]] < 1.

Proof. Using Lemma 4 and Theorems 1-3, we only need to prove that Zg” [—r,b], where
n > Ny is contractible. Assume that n € N and n > Ny . Consider the following fractional
neutral impulsive semilinear:

CD"‘W[ x() = h(n, (n)x)] = (17)+gn(17,%(11)x), ae.n €(0,b] = {1, -, 1m},
Li(x(n; ) = x(p;) —x(y;"),i=1,...,m,
x(n) =y(p),m € [-r,0].
35)

197



Fractal Fract. 2022, 6, 188

Using Lemma 6 and Remark 3, ¢,,(.,u) is measurable, and for € J,a.e., gu(7,.) is
continuous. Since the multi-valued F satisfies (F,)*and (F3), then, following the arguments
employed in the proof of Theorem 2, the fractional differential Equation (35) has a mild
solutionyy € Zi" [—, b] satisfying the following integral equation:

¢( )1 € [-1,0],
R1(1n)[$(0) — h(0,9)] + h(1, 5(1)y)
y(n) = +fo (U—T )* 1Aﬁz(ﬂ T)h(T, #(T)y)dT (36)
+ Jo (1 = 0)* 1 Ra (17 — T)gn (1, ()7 )dT

+20<;7,<17 ﬁ1(17 )Ly ), €.

Next, we show that the solution is unique. Assume that x € Zi" [—7,b] is another
mild solution for (35). Then,

IIJ( ), € [=1,0],
R1()[9(0) = h(0,9)] + h(y, (17)X)
x(n) = +fo( - 1Aﬁz(ﬂ T)h(T, 2(1)x)dT (37)

+ Jo (1 = 7)1 Ra (g — T)gn (17, () T)dT
+ZO<17,<17 ﬁ1(’7 771) z( (771 )) €J.

Let 7 € [0,71] be fixed. Due to (6), (7), (11) (36) and (37), it yields

ORI
< Ih(on, 207 =, )P
HI [0 =0 AR (0 — D), 4(0)7) ~ bl s(2)3) |
[0 =7 ey = 7) (g (5, 509) - g5, 20T ]|
< AT IAhG, <(0)7) — Ao, ()|
* / AT a0y = DI |ATh(T, 5(1)7) — ATh(x, 2(x)5))||dT
o /O"w =) g, 4()7) = g, (0)3) | .
< | A7 )7 — <)%l

A SIS [ = o (7= o
g =0 g (5,009 — gl (Rl -

Now, from Lemma 5, the function T — (7)X is continuous from [0, 771] to ® and,
hence, the subset Zz = {»(7)x : T € [0,]} is compact in ©. Similarly, the set Z; =
{x(1)y : T € [0,111]} is compact in © and, therefore, the set Zz; = Zz U Zy is compact in ®,
and consequently, [0,71] X Zzy is compact in [0,71] x @. Thus, by (iv) in Lemma 6 and
Lemma 7, there exists ¢;;; > 0, for which the estimate

|18 (T, 52(T)) — &n (T, 22(D)T)|| < ey [[2(1)7 — (T)%][e,
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holds for T € J. Therefore, from (38), it yields
[x(17) =y ()l
< di[|ATT| |[>(1)y — >(1)X||e

o @C1 A T(141y) 1 _ _ _

v v _ \ar—1 —
ATy ) 0= D (D) — ()R i
Mc,71

T [ =) ety = (o

Note that when 7 € [0, 7], we have

[17(0)y = =(0)xlle = _OVII?(T+9)—f(T+9)|Id9
< 1 sup |[5(6) =x(9)]l-
6€[0,7]
It yields
%) =g (|

< dif[ATT[ (g — =(n)%le

— szl_«,F(l + ’)/) Ui _vay-1 - o
| AT Sy ) =) sup 190) =)l jdr
rMcey, (1 w1l _ _
+ -7 su 6) —x(9)||dt.
) 1= o [190) =)

Since X and ¥ are continuous on [0,7], there is p € [0,7] with ||X(p) — 7(p)|| =
SUPse(0,4] [|X(0) —y(0)|]- Then,

sup |[x(6) —y(9)|[ = [[x(p) — (o)l
o€(0,y]

< dillAT|1](0)7 — (o)l lo
o @C1 g L(1+y) P _ _ _
+rdp||ATY || == — 7)1 su 6) —x(9)|ldt
AN Sy =) e 170) —=0)]
rMcy, [P a1 _ _
+ -7 su 6) —x(9)|ldt
) o) e 190) ~=0)]
< rdy||A7] sup [I%(6) - 76)]
6€(0,]
o &Cp T (1 +) gp _ B _
A [NA=Y|| === © T — )xr=1 _
AT oy L (=) up 190) =70}
rMey, [P 1 _ -
+ (o —7)"" sup |[7(6) — %(6)]ldr.
F(“) /" o€(a,T]

Since rdq||A~7|| < 1, the last relations lead to

sup |[x(0) —y(9)]
6€[0]

1 p wy—1 oy t2Ci T (141y)
- _ PR ] it s el Sl 04
AL, 0T AT S
rMcy
(@

# ) =0 R sup 9(6) ()l
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Using the generalized Gronwall inequality [42], one has sup;. g 1 [|X(6) —y(d)|| = 0.
Since 7 € [0, #71] is arbitrary, we conclude that ¥ = ¥ on [0, 171].
Next, let 7 € [171,772] be fixed. Note that x(17; ) = y(#; ). Then,

[y () = =)l
< |Ih(p, 2(n)y) = h(n, >(1)%)lle
+l 1717(77 — 1) AR (5 = T) (h(T, 32(T)§) — h(T, 3(T)%) )d |
+l| /r:(ﬁ =) R — 1) (8u (T, 5(1)7) — gu (T, 5(7)%) )|
< dif|ATT[ (g — ()%l le

aC1 T (1+7)
(174- ay)) / (7=
M

) /ﬂ 1'7(77 = 1) Y|gu (T, 52(0)7) — gn(1, 5(7)%)) |ldT.

+di|[ATT] D) (1)7 — (1) |odT

By repeating the arguments employed above, we get X = ¥ on [#71, 172]. Continuing
with the same processes, we arrive to X =y on J.
Next, we prove that Zi" [—7, b] is homotopically equivalent to 7. To this end, we define

a continuous function Z, : [0,1] x ZF”[—r b] — ZF”[— b], where Z, (0,X) = X and
(1,X) = y. Assume (A, X ) € [0,1] x Z [—7,b] is fixed. Then, there exists a f € 7} Fu(())
such that
'#( ), € [=1,0],
R () [ (0 ) h(0, )] + h(y, (7)X)
xX(n) = +fo (7 = 7)* T AR (i — T)h(T, 2(T)F)dT (39)

+fo _T“ "o (n — 1) f()dt
+ZO<17,<17§1(77 771) ( ('71'_))1776]-

Consider the partition { 0, . +1' mil e, ﬁ—ﬂ} for ] = [0, 1]. We consider the following
cases:

(i) A € [0, 5757)- Putal = #yq1 — A (m + 1) (s1 — #m)- The following fractional
neutral differential inclusion is a result of the above discussion:

{CD X 01) =k, 32(n)x)] = Ax() + gu (1, 22(1)x), a.e. 1y € [ar1, ],
x(n) = x(n),y € [-r,a}],

has a unique mild solution x} € ZP " [—r, b] satisfying the next integral equation:

%(17)) (40)
AR (7 — T)h(T, 2(T)x} (17))dT

Ao (n — 1)gn (17, (y)x} )dt, 7 € [ar1,b).

0

Note thatx}(y) = X(1); 5 € [, 1]
(i) A € (527, m+1] Putad =i — (m+1)(A — 5:15) (7m — 7m—1). Again, the follow-
ing fractional neutral differential inclusion:

Dy, [x(n) = h(n, (n)x)] = Ax(n) + gu(n, (n)x), ae. 1y € [a3,0] = {m},

m(( m)) = x(11y) — x(11),
x() = x(n),1 [W%],
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has a unique mild solution x% € Zﬁ” [—r,b] and

x(n), y € [-r,a3],
Ri(n —a3)[x(a3) — h(ayy, >(a3)%(d3)]

2 (1,013 )

xx () = +fa'7%(17 )L AR (7 — T)h(T, 2(T)x3 (1) )dT
+ [ (1 =0 R = T)gu(n, ()33
Y, @2 <y 8101 = 1) (3 (7)), 1 € [a3, D).

We continue up to m + 1—step. Thatis A € (;%4,1] and put attt = — (m+

(A = 357)m- Let x””rl € Zi” [—7,b | be the unique mild solution for the impulsive
fractional neutral dlfferentlal inclusion:

D [x(1) =11, 3600)x)] = Ax () + u (01, ()x), ae.p € a3 6] = {2, o

L(x(n7)) =x(n7) —x(ni"),i=1,2,...,m
x(n) = x(y),n € [-r,ay ™.
Then,

x(n), n € [—r,ay™,

R1(17)[x(a TH) h(ayq, (‘ZTH) (le)]

+h (1, 2<() x5 1)

xTJrl(T?) =94 T faK’“ — T)a—lAﬁz(n — T)h(T, (1) 7\1+1 (n))dt (41)
+ fjxlﬂ(ﬂ —T)* 1R (n — T)gn (17, 3(7)x1 )d

Lt ey Sl =) Li(x (7)), € [ai bl

Note that a:1n+1 =0and x{”“ = . Now, we define Z, at (A, X) as

x}\, if Aelo
23, if A€ (7

7],
i)

T )

Zn(A,X) (42)

TH, if Ae(;29,1].

Therefore, Z,(0,%) = x} = ¥ and Z,(1,%) = XTH Yy
It remains to clarify the continuity of Z,. Let (A, u ), (0,v) € [0,1] X ): [—7,b]. Let

A = 0 = 0. Then, by (42), limy, Z, (A, u) = lim, s, u = v = Z,(0,v). Let A, 0 € (

4 m+l]
So, Zy (A, u) = ﬁ% and Z,(A,v) = 5},, where

Tl = 3 +h(n, ()l (n))
) "1 ARy (y — T (T, ()T (n))d @)

L8 (n — 1)gn(n, 3(n)uy )dt, 1 € [ap1,b),
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and
X(n), 1 € [-r,a], B
Ri(n —ay)[%(a}) — h(ay, »(a,)%(ay,)]
B = { ) . (a4
+ [ (1 =T ARy = T(T, ()T () e

[ 01 =) 1Ry = 7)1, 2 (n)7)dT 1 € [y, B,

al =b—pu(m+1)(b—1y) and a%l =b—p(m+1)(b— 7). Obviously, lim, al = a;ll
and, hence, by (43) and (44), and by arguing as above, we get

lim Z, (A, u) = Z,(p,0),
A=
u—o

which implies the continuity of Z,(.,.), when A € [0, ;:14]. Similarly, we can show the
continuity of Z, and consequently, Zi” [—7, b] is contractible. This completes the proof. [

5. Example

Example 1. Assume that E = L2([0,7],R), ] =[0,1], r=3%, m=1, 5 =0andmp = 3,
2 = 1. Forany x : ] — E = L%([0, 7], R), we denote by x(17,w); 1 € J,w € [0, 7t the value of
x(n) at w. Let A: D(A) C L?[0, 1] — L?[0, 1], Ax(y,w) := —%x(ﬂ,w) and domain A be
defined as

D(A) = {x¢&L*0,7]:x,x" areabsolutely continuous, x" € L*[0,1],

x(n,0) = x(n,m) =0}

Using [37], there is a compact analytic semi-group {Y(77) : # > 0} generated by A and

Ax =) n? < x, X, > x,,x € D(A), (45)

n=1

where x,(y) = V2 sin ny,n = 1,2,... is the orthonormal set of eigenvalues of A. In
addition, for all x € L2[0,1], one gets

o0
Azx—27<x,xn>xn

n=1

1 [ee)
Afx:Zn<x,xn>xn,

n=1

and ||A_Tl || = 1. The domain of A? is defined as
D(A?) = {x € L2([0, 7], R Zn<x xn > xn € L2([0, 7], R)}.
n=1
Leth: ] x ® — E be such that
0

h(pu) == A7 ( / Au(0)do), (46)

—r
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where A > 0. We have

0
1 1
1AbGg, ) = Al < M| [ (0n(6) = ua(@))del]
0
< A 1m(®) ~ us(o)]|do
—-r
< AMlu —uglle,
and
1ATh 11 < A1 [ (u()del] < Mlalle

Then, (10) and (11) are satisfied with d; = dp, =
Let A be a convex compact subset in E, sup{| \z|| :z € Z} = g and k > 0. Define
F:]x© — 207 py
-
e Jul|

F(y,u):= 0

(47)

We have
e | [u| -
[[F(17,u)|[| = sup{]| 0 z:z€A}<eipe].

Moreover, for any bounded subset D C ©®, we have F(7,D) C g%/\, where ¢ =
sup{||u|| : u € D} and, hence, xg(F(y,D)) = 0. Then, F satisfies (HF1), (HF2)*and
(HF3) with &() = e ™,B(n) =0;57 € J.

Next, let

I:E — E, Ii(x) := 0 projax, (48)

where ¢ is a positive number. Obviously, I verifies (HI) with¢g; =0;i=1,2,....
Therefore, by applying Theorems 1 and 4, the set of solutions for the following frac-
tional neutral impulsive semilinear differential inclusions with delay:

“Doyy 1x(17) — (i, 2(17))]
ef%fm )+l (o)), ey € [0,1] = {3,1), )
Lix(n; w) = x(n;,w) = x(n;7, w),i = 1,2,w € [0,7],
() = y(, @), € [0 € 0,1] - {z1},
is a not empty, compact and an Rs-set provided that
le'yr(%)
A1+ Ta+%) ) <1, (50)
and )
A Ci1,I(3 1 P —
§+2/\ r(1+%2) ZF((K)(D(P ) ||‘:||LP R+) +o<1, (51)

where F, i [ are given by (45)-(47). By choosing A and ¢ small enough and « large enough,
we arrive to (50) and (51).

Example 2. Let [, E, A,r,10,11, 12 I\, and o be as in Example (1) and 6 € [—r,0] be a fixed
element.

Leth: ] x ® — E be such that

h((n, 5( - A/ (8 + 1) (w)dy;w € [0, 7] € [0,1], (52)
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where A > 0, U : [0,71] x [0,71] — R is measurable, [, ;" U(w,y)dydw < oo, W is
measurable, U(0,y) = U(7,y) = 0,Vy € [0, 7] and ([, [, (W)zdydw)% < .

Next, let F : ] x @ — 2L*07], F((n,2(n)x)(w) = w& where y > 0, G :
J x R — R is a continuous function. Then, by choosing A and ¢ small enough, one can
show that /1 and F satisfy all assumptions of Theorems 2 (see [15,43]) and, hence, the set of

mild solutions for the partial differential inclusions of impulsive neutral type with delay:

Dy [x(1, ) =[5 Uw, y)x(0 +17)(w)dy, ]
€ —Zrx(y,w) + LXEDDIN ey efo,1] - {11},

Lix(n;,w) =x(y;,w) —x(n},w),i=1,2,w € [0,7],
x(y,w) = (o, @), € [=1,0,1 € [0,1] = {3,1},

(53)

is an Rj-set.

6. Discussion

The neutral differential equations and inclusions appear in many applied mathematical
sciences such as viscoelasticity, and the equations describe the distribution of heat. Since
the set of mild solutions for a differential inclusion having the same initial point may
not be a singleton, many authors are interested to investigate the structure of this set in
a topological point of view. An important aspect of such structure is the Rs- property,
which means that the homology group of the set of mild solutions is the same as a one-
point space. In the literature, there are many results on this subject but no result about
the topological properties of the set of mild solutions for a fractional neutral differential
inclusion generated by a non-compact semigroup in the presence of impulses and delay.
As cited in the introduction, when the problem involves delay and impulses, we cannot
consider the space PC([—r, ], E| as the space of solutions. To overcome these difficulties,
a complete metric space H is introduced as the space of mild solutions. In addition,
the function 7 — »(n)X;X € H is not necessarily measurable, therefore, a norm different
from the uniform convergence norm is introduced on ® (see Equation (2)).

7. Conclusions

During the past two decades, fractional differential equations and fractional differen-
tial inclusions have gained considerable importance due to their applications in various
fields, such as physics, mechanics and engineering. For some of these applications, one can
see [28] and the references therein. In this paper, we have given an affirmative answer for a
basic question, which is whether there exists a solution set carrying an Rs-structure when
there are impulsive effects and delay on the system, the operator families generated by the
linear part lack compactness and the order is fractional. More specifically,

1. By utilizing the properties of both multivalued functions, fraction powers of operators,
measures of non-compactness and analytic semi-groups, we showed that the mild
solutions set for a fractional impulsive neutral semilinear differential inclusions with
delay and generated by a non-compact semi-group is not empty, compact and an
R;-set. This means that, from an algebraic topological perspective, it is equivalent to
a point.

2. Our work generalizes the obtained results in [19], where Problem 1 is investigated
without delay and i = 0.

3. Our work generalizes the obtained results in [15] to the case when there are impulsive
effects on the system.

4. Our technique can be used to prove that the solutions set is an Rs-set for problems
considered in [13-23,30] when it is generated by a non-compact semi-group, the order
is fractional and there are impulsive effects and delay.

5. As a future work, we suggest to extend the work conducted in [24-26] to find the
sufficient conditions that guarantee that the solution set is an R;s-set.
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Abstract:
integro-differential inclusion with almost sectorial operator. By applying the facts related to fractional

This manuscript focuses on the existence of a mild solution Hilfer fractional neutral

calculus, semigroup, and Martelli’s fixed point theorem, we prove the primary results. In addition,
the application is provided to demonstrate how the major results might be applied.
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1. Introduction

In modern mathematics, the fundamentals surrounding fractional computation and
the fractional differential equation have taken center stage. The idea of fractional com-
putation has now been put to the test in a wide variety of social, physical, signal, image
processing, biological, control theory, engineering, etc., challenges. However, it has been
demonstrated that fractional differential equations may be a valuable tool for describing
a variety of situations. For many different types of realistic applications, fractional-order
models are superior to integer-order models. The research articles [1-15] are concerned with
the theory of fractional differential systems, and readers will find a number of fascinating
findings about fractional dynamical systems. Please refer to [16-21] for more information.

Other fractional derivatives introduced by Hilfer [22] include the R-L derivative and
Caputo fractional derivative. Many scholars have recently shown tremendous interest in
this area, e.g., [23-25]; researchers have established their results with the help of Schauder’s
fixed point theorem. In [26-28], the authors worked on the existence and controllability
of differential inclusions via the fixed point theorem approach. In references [29-31], the
authors discussed the existence of a mild solution by using Martelli’s fixed point theorem.
As a result of these findings, we expand on the literature’s earlier findings to a class of Hilfer
fractional differential (HFD) systems in which the closed operator is almost sectorial.

In [32], M. Zhou, C. Li, and Y. Zhou studied the existence of mild solutions to Hilfer
fractional differential equations with the order A € (0,1) and type v € [0, 1] in the abstract
sense, as follows:

HDMvy(t) = Ay(t) + g(t,y(t)), t € (0,T],
1Yy 0) = o,

here, A denotes the almost sectorial operator of the semigroup and the Schauder fixed
point theorem is used.
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In [33], Zhang and Zhou demonstrated the existence of fractional Cauchy problems
using almost sectorial operators of the type,

LDg+x(t) = Ax(t) + f(t,x(t)) t € [0,4],

Iéfq)x(O) = X,

where LD3+ is the R — L derivative of order ¢, 0 < q < 1, Iéi_q) is the R — L integral of
order 1 — g, A is an almost sectorial operator on a complex Banach space. We refer the
reader to [34-37] for information. These discoveries led us to extend past findings in the
literature to Hilfer fractional Volterra-Fredholm integro-differential inclusions.

We will examine the following subject in the article: The almost sectorial operators are
contained in the HF neutral integro-differential inclusion,

Dyily(s) =N (3,5())] € Ay(3) + G(z,y(z),/;6(5,s,y(5))dS>, 3€J =(0,d], (1)

11790950y =y, @

,€

where DS " notates the HFD of order x, 0 < x < 1, typee, 0 < e < 1; and A is an almost
sectorial operator of the analytic semigroup {T(3),3 > 0} on Y. State y(-) takes the value in
a Banach space Y with norm || - ||. Let 7 = [0,d], N : J X Y be the appropriate function,
G:JxYxY — 2"\{®} be a non-empty, bounded, closed convex multi-valued map,
N:TIxY—=Yande: J xJ xY — Y are the appropriate functions.

This article is structured as follows: In Section 2, we present the fundamentals of
fractional differential systems, semigroup, and closed linear operators. In Section 3, we
present the existence of the required solution. In Section 4, we provide an application to
demonstrate our main arguments and some inferences are established in the end.

2. Preliminaries

Here, we introduce some basic definitions, theorems, and lemmas that are applied to
every part of the paper.

Let C be the collection of all continuous functions from 7 to Y, where J = [0,d] and
J' = (0,d] withd > 0. Take X = {y € C: lim;_,0 3! ¢+*¢ *¢y(;) exists and finite }, which
is the Banach space and its norm on | - || v, defined as ||y[|x = sup {3letRex ||y ()|}
Let y(3) = 371 T¢7%+*Cy(3), 3 € (0,d] then,y € X iffy € Cand ||y|x = ||y||. Moreover,
define Bp(J) = {y € C such that ||y| < P}.

Definition 1 ([19]). The left side of the R-L fractional integral of order x with the lower limit d for
function G : [d, 00) — R is presented by

x _ 1 G(w)
I7.G(3) = () /d G —w)l—"dw’ 3>0,xk>0,

provided the right side is pointwise determined on [d, +oc0), I'(-) is the gamma function.

Definition 2 ([19]). The left-sided R-L fractional derivative of order x > 0, m —1 < x < m,
m € N, for a function G : [d, +00) — R is presented by

1 dam  rs
LD5,G(3) = /d(g(”’)dw,pd,

Fn =R do" Ja = w1

where T'(+) is the gamma function.
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Definition 3 ([19]). The left-sided Caputo derivative of the type of order k > 0, m —1 < x <
m, m € N for a function G : [d, +00) — R, is defined as

Cpryx _ 1 3 gm(w) _ ym—xpom
Dd+g(5) - F(Wl _ K) /d (3 o w)K+1—nzdw - Id+ (5)/ 3> d/

where I'(-) is the gamma function.

Definition 4 ([22]). The left-sided HFD of order 0 < x < 1 and type € € [0,1], of function
G :[d, +o0) — R, is defined as

DyGG) = g D06 ).

Remark 1 ([22]). 1. Ife=0,0<x <1,andd = 0, then the HF D corresponds to the classical
R-L fractional derivative:

K d —K K
DG (5) = %13+ G(;) =" DE.G(3).

2. Ife=1,0<x <1 andd = 0, then the HFD corresponds to the classical Caputo
fractional derivative:

d
DG (3) = ISI"%Q(z) =€ D§.G(3)-

Definition 5 ([38]). For0 < <1, 0<w < 7, ©,,° is the family of closed linear operators,
the sector S, = {v € C\{0} with |argv| < w}, and A : D(A) C Y — Y, which satisfy

(i) o(A) CSy,;
(ii)  Forany w < 6 < 3 Ay is a constant, such that,

(oI = )7 < Aglo]
then A € @;g is called an almost sectorial operator on Y.

Lemma 1 ([38]). Let 0 < & < 1and 0 < w < Z, A € O,%(Y). Then

L T(u+32) = T(1) +T(2), forany s1,30 € Sk _;

2. 3 Ag > 0is the constant, such that ||T(3)||p < Ao3® !, forany 3 > 0;

3. Therange R(T(3)) of T(3), 3 € SOE%U is contained in D(A%®). Particularly, R(T(3)) C
2

D(A?) for all & € C with Re(#) > 0,

1
0 0,—3z .
AT(3)y = i ./1“72 e ¥R(z;A)ydz, forally €Y,

and, hence, 3 is a constant A' = N'(B,0) > 0, such that

HAGT(Z,)HB(Y) < ANy PRO1 forall 5 > 0;

4. If0>1-¢ then D(A®) C Zp = {y € Y : lim; 0. T(3)y = y};
5. R(x,A) =[5 e 3T (3)d3, ¥« € C with Re(x') > 0.
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Consider the operator families {Sx(3) }365 o A9xG) }565 s defined as follows:
T-w T-w

Sc(s) = [ W TG )y,
Q«(3) = /o kvWi (v) T (3%v)dv,
where Wic(B) is the Wright-type function:

_pyn—1
We(p) = L, 1"(1—(1(5;(71—1)!' pet. @)

neN

Let —1 <1 < oo, p > 0, the succeeding properties are satisfied.
(@) Wi(0) 20, 3>0;

B [0 Wi (0)d6 = rr((fjg) ;

© 5 ﬁfﬂ@wx(el,{)de =e P,

Theorem 1 ([19]). Si(3) and Q(3) are continuous in the uniform operator topology, for 3 > 0,
for every ¢ > 0, the continuity is uniform on [c, c0).

Definition 6 ([16]). A multi-valued map G is called u.s.c. on Y if for each yoy € Y the set G(yo) is
a non-empty, closed subset of Y, and if for each open set U of Y containing G(yo), there exists an
open neighborhood V of yo, such that G(V) C U.

Definition 7 ([16]). G is said to be completely continuous if G(C) is relatively compact for each
bounded subset C of Y. If a multi-valued map G is completely continuous with non-empty compact
values, then G is upper semi-continuous if and only if G has a closed graph i.e., yu — yo, 3m — 30,
sm € G(ym) imply 50 € G(yo)-

Definition 8 ([16]). A multi-valued mapping G : Y — 2Y is said to be condensing, if for any
bounded subset D C Y with B(D) # 0, we have B(F(D)) < B(D), where B(-) denotes the
Kuratowski measure of non-compactness, defined as follows:

B(D) =inf{d > 0: D covered by a finite number of balls of radius d }.

Lemma 2. System (1)—(2) is equivalent to an integral inclusion given by

yo —N(0,5(0)) ¢
I(e(1—x)+x)
1

+ T /03 (—w)! [Ay(w) +¢ (w,y(W), /Ow e(w, S/Y(S))d5> dW} :

y6) € NG y(6) + g 6= ) AN G ()

Definition 9. By a mild solution of the Cauchy problem (1)~(2), the function y(3) € C(J',Y) satisfies
3
3(5) =55e()[y0 = N (0,7(0)] + N, 7(5)) + [ Kls = w)AN (w,y(w))dw

N /03 Kuls w)g(w,y(w),./(;we(w,s,y(s))ds)dW, 3€J,

where Sy ¢(3) = Ié(l_K)/CK(z), Ki(3) =5 1Qx(3).
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Lemma 3 ([32]). For any fixed v > 0, Qx(v), Kx(v) and S ¢(v) are linear operators, and for
anyy €Y,

QG| < L34, ||K@)yll < L3 " Clyll, [|Ske()y|| < L3~ e ey,

where

/ 1—‘(6) " r((;’)
SR X K Y (R o)

Lemma 4 ([32]). Let {T(3)}5>0 be equicontinuous, then {Q’f(?’)}3>o' {ICK(;,)}PO,and
{Ske (3)}3>0 are strongly continuous, i.e., foranyy € Y and 3p > 31 > 0,

|9k (32)y — Qx(31)y| = 0, || Ki(32)y — K (31)y|| = O
(| Ske(32)y — Ske(31)y]| = 0, as 32 — 31

Proposition 1 ([39]). Let x € (0,1),u € (0,1] and for all y € D(A), there exists a A, > 0,
such that

kAT (2 — )
ST+ x(1—p))

|4 Q(3)y]| < Iyll, 0 <5 < d.

Lemma 5 ([40]). Let J be a compact real interval and Ppg o, . (Y) be the set of all non-empty,
bounded, convex, and closed subsets of Y. Let G be the Ll—Camthéodory multi-valued map, measur-
able to 3 foreachy € Y, u.s.c. toy foreach 3 € C(J,Y), the set

Sgy = {g e LNT,Y):8() € g(a,y(z),/owe(w,SIY(S))d5>, 3 € J}, (4)

is non-empty. Let Ybe the linear continuous function from L'(J,Y) to C, then
YoSg: C— Pbd,cv,cl(c)/ y— (Y o SQ)(Y) = Y(Sg,y)r )
is a closed graph operator in C x C.

Lemma 6 (Martelli’s fixed point theorem [17]). Let Y be a Banach space and F : Y —
P coc(Y) be an upper semi-continuous and condensing map. If the set

M ={y € Y: Ay € F(y) forsome A > 1}
is bounded, then F has a fixed point.

3. Existence
We need the succeeding hypotheses:

(Hp) The almost sectorial operator A produces an analytic semigroup T(3), where 3 > 0 in
Y and ||T(3)|| < M, for some M > 0.
(H») (a) Let G : J XY XY = Ppicoe(Y) be measurable to 3 for each fixed y € Y,
upper semi-continuous to y for each 3 € 7, and each y € C, take

oy = {8 € LT 1) 150 € 6 (550, [ elwsyo)is) s 7},

is non-empty.

(b) For3e€ J,G(,-,) : Y XY = Y,e(3,5s,) : Y — Y are continuous functions
and for each y € C, Q(-,y,fe) :J =+ Tande(-,-,y):ZxJ — Y are strongly
measurable.
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() There exists a function ¢(3) € C(J',R") satisfying

lim 517 g(5) = 0

3—07*

19(6,50,82)] = sup {161:66) € 6 (5,¥(5), [ els,5,9(5))as) |
< @) (llaall + llz211)-

forae. 3 € J and 31,32 € Y, where ® : Rt — (0,00) is a continuous,
additive, and non-decreasing function, satisfying ®(v1(3)(y)) < 11 ()®(y),
where v € C(J',R™).

(d)  Thereexists p € C(J’,R"), such that

3
| [ ety < wiollyl foreachs e 7, y e .

(H3) For any 3 € J, multi-valued map N : J x Y — Y is a continuous function and
there exists u € (0,1), such that N € D(A*) and ally € Y, 3 € J, A*N (3, ) satisfy
the following:

AN (3,5(3)) || < Mg(1+35" 5 |y(3)[|) and ||A"| < Mo, (5,5) € T x Y.

(Hy) N is completely continuous, and for any bounded set D C C, theset {3 — N (3,¥(3)), v €
D} is equicontinuous in Y.

Theorem 2. Assume that (Hy) — (Hy) hold. Then the HF system (1)—(2) has a mild solution on
J, provided

©  du

I/ /02’(21 —w)*o(3) (1 +y(3))dw < " )’

where

My =glmetee {L”d—lﬂ—““@ (yo — MoMyg) + MoMg(1 + P)}

and yo € D(A%) with & > 1 — &
Proof. We define the multi-valued operator ¥ : X — P(X) by
¥(y(3) = {Z € X :z(3) =5 e {Su(z) [yo = N(0,5(0))] + N (5,5(3))
+ [0 = 010l — AN (w0, y(w))duw
3 1
—i—/o G—w) 10— w)g<w,y(w),/0 e(w,s,y(s))dsﬂdw, 3€ (O,d]}.

w

To show that the fixed point of ¥ exists.
Step:1 Convexity of ¥(y) Vy € Bp(J).
Let zy,zo € {Yy(3)} and Iy, hy € Sg g such that 3 € J. We know

2 =gletRe [gm(z) [0 — N(0,3(0))] + N (3, 5())

+ /03(3 — )1 Qu (5 — w)AN (w, y(w) ) dw + /03(3 —w)* 104 (3 — w)hi(w)dw|, i=1,2.
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Let 0 < A < 1; then for each of 3 € J, we have
Azy+ (1= A)zp(3) =3' e (SK,g(a) [yo = N(0,5(0)] +N(5,¥(:))
+ / (5010l - w)A(w,y<w>>dw)

1 e+re— Kf:/ ) 1QK(3 — )[Ahl(w) +(1 _/\)hZ(w)]dw'

We know that \ has a convex value, then Sg , is convex. So, Ahy + (1 — A)hy € Sg 5.
Therefore,

Az1 4+ (1= A)zp € ¥y(3),

hence V¥ is convex.
Step 2: Boundness of ¥ on Bp(J ). Consider, Vy € Bp(J ), we have

2()|| < sups' | Sce(3) [yo — N(0,5(0))] + N (5,¥(3))
+ /3 (3—w) 10— w)AN (w, y(w))dw
+/ 1O (3 — )g(w,y(w),/(;we(w,s,y(s))ds>dw”

< d17£+;<ef1<§ (sup

Scals) o = NO,¥(O)] |+ A5, v(6)
e e e
wsup - w1 ey —w>HHg(w,y<w>, [ et yiw)is ) aw)

< Jletre—«g {L”dpremﬂ{é (YO — MOMg) + ]VIO]\/Ig(1 + P)}

AN (w, y(w ))Hdw

+d1€+’<8"5[(A1ym(Mg(lJrP))) L))+ (5)]

* e(1—x)—xG— d'T (1 +
< Mj +de1x) 51[(A1H}M(Mg(l+m)>

)

K¢
FLGER)L+ 9] S }

KG

From Lemma 2 and hypotheses (H3), we have the boundness of the operators. Hence, it
is bounded.

Step 3: Next, we show that the z(3) bounded maps are set to the equicontinuous set of
Bp(T).

Consider 0 < 31 < 32 <dand 3G € Sgy, we have
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z(52) — z(51)

<

syt [sm(zz) [¥0 — N (0,5(0))] + N (32 y(32))
+ /032 (32 — 0)* 1 Qe (52 — w) AN (w, y(w)) dw
+ [P0 10t = )0 (wyte), [

_glmeret [s (1) [y0 — N(0,3(0)] + N (31, ¥(21))

e(w,s, y(s))ds) dw}

+ /O31 (31 — 0)* 1 Qx(51 — w)AN (w, y(w) ) dw
[ 61— w0 ot - w)g(w,y<w>,‘/0we(w,s,y(ﬂ)ds)dw] H

S ‘

S ie) =it S e)] [~ V0300

1 —efKe— x;‘/ 1QK (2 —w )A/\/’(w,y(w))dw

+ o TN Gy () =51 T N Gy (1)

1—e+xe—K 8 —
+a é/312 (32— )" Qi (32 — w)AN (w, y (w)) dw

o 31
o Ké/g (31— w)" 1 Qx N (w, y(w))dw H
1—e+xe—xl 2 x—1 ¢
+ 3 / (52— )" ' Q32 — )G w,y(W)r/o e(w,s,y(s))ds ) dw
+3; etres Kg‘/ (30 —w)* 1Q (32— g<w y(w w S/Y(S))ds> dw
—et+Ke— K§/ 31 K 1QK 31 g(w y w s,y(s))ds) de

<

S ) — 3 S50 o~ V(O ))]H

sleteent /:2 (32— )" 1 Qx (32 — W)N (w, y(w) ) dw ‘
731

sz TN Gy (32) — a1 T T N Gy ()

+

+

3;*8‘#1{8*’(@ /‘51 (32 — w)K_l QK (32 — TU)AN("U/ Y(w))dw
[ 0 i A (0|

+

31—€+K€—K§ /0 (31 — w)"*l O« (32 — w)AN(er(w))dw

_ ﬁ—sﬂ&xg /031 (31 -~ w)x—l Qx(él _ w)A/\/(w,y(w))dw ‘

3y SHETHG /;2 (32— )" ' Qx(320 — )G (w/}’(w)/ /Ow e(w, s,y(S))dS) de

i 5;—e+xs—,<g /51 G2 — w)K71 Q32— w)g(w,y(w),./ow e(w, s,y(s))ds) dw
= [ 0 Qe = w6 (0 y(w), [ (s, y(6)as
1 etre— Ké/ (1 —w <(Go — )g(w,y(w),/owe(w,s,y(s))dS)dw

-~ 5}—s+xs—x§ /0 (31 —w) 1O (31 — w)g(w,y(w),/owe(w, s,y(s))ds) de

L.

Il
™

Il
—
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Since Se(3)(yo — MoMy) is strong-continuous, we have
I tends to 0 as 30 — 31.
The equicontinuity of A ensures that

I, tends to 0, as 30 — 31.

5; e+ke—Kl 5 (32—w)K1Qx(32_w)AN(w’Y(w))de

ebxe— ra+
<A M4 ) G

Then, I3 tends 0 as 30 — 31.

I _ 1 et+Ke— K@/Zl K 1QK(52_ )AN(w/Y(w))dw

_ 1 etre—K( /31 K 1Q (52, )A_/\/'(w,y(w))dZUH

TA+p)
< KAlfyMg(l + P) yl"(l T K“I/l)

3
/0 1 (5%‘“’“_’@(52 —w) gy T (5 - w)K1> (32— W)”(”l)dWH-
We have, I tends 0 as 30 — 31. Also,

3%—E+K87K§ 051 ((51 —w)" Q50 — w)AN (w,y(w))

X

I =

— (51— )" Q51 — w)AN(w,y(w)))de

31
< MyMy(1 4 P)3y <t~ ’“3/ —w)* [ Qx (32 — w) — Qi (31 — w)] |-

By Theorem 1 and strong continuity of Qx(3), Is tends to 0,as 3p — 31.

e "5/32 )1 Qx50 — )g(w,y(W)//Owe(warY(S))dS)de

e [ g (w)d(y) [1 + tﬁ(z)]dW‘

31
5 .
= L//o 1 Lﬁgm"g(zl R S “’)Kg_l}

X (w)®(y) [1 + 9 (5)] dw

Then I tends to 0 as 30 — 31 by using (Hz) and the Lebesgue-dominated convergent theorem.

Ig =

<L

Iy = ||5 T /31(32 —w)* Q30 — w)G (w,Y(W)//(;w e(w, S/Y(S))ds) dw

e [ 00w >g<w,y<w>, [ el vis))as o

1 etKe— Ké‘(

K— 1—e+xe— Ké( x—1

—w)* =3 —w)

3
< L// 1(232*10) s
0

X p(w)P(y)[1+ p(5)]dw
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and foal 23§1+K€)(1_K) (31 — w) s 1p(w)@(y)[1 + ¥(3)]dw exists (w € (0,3]), then from
Lebesgue’s dominated convergence theorem, we obtain

[ e—wy s
0

1 et+Ke— K§( 1—e+xe—x(

s —w) = (31— w)!

$(w)@(y) [1+ p(3)]dw

—0as 3 — 31,

so we conclude lim;, ;, I = 0.
For any € > 0, we have

-~

/(jl 31_&“_@ [Qx(320 —w) — Q31 —w)] (31 — w)*'G <w,y(w),/Owe(w,s,y(s))ds> de

<5 D [ — w0yl ()(y) [1+ y(6)] do
X sup  [|Qx(s2 —w) — Qx(31 — w)||

we 0,31 —€]

o /:1 R ) w) g (w) D(y) [1+ (5)] dw

1—€

From Theorem (1) and lim;, ;, Is = 0, we have I3 — 0 independently of y € Bp(J) as
32 — 31, € — 0. Hence, ||z(32) —z(31)|| — 0 independently of y € Bp(J) as 30 — 31-
Therefore, {¥y(3) : vy € Bp(J)} is equicontinuous onJ.
Step 4: Show the relative compact of V(3) = {z(3) : z € ¥(Bp(J))} for; € J.

Let0 < & < 3, and thereis a posmve value g, assume an operator z'(3) on Bp(J) by

2 (5) = 3o |:$K,€ (3)[yo = N(0,3(0))] + N (5,¥(3))
o) e e et e
_ jlebrend {SK,E (3)[y0 = N (0,5(0))] + N (5,7(5))
v /O“’*“ /q " ROM(0) (5 — )" 1 T((5 — ) 0)AN (1, y(w) )dw
77 o) =) TG = w0)0 (i), el y(s))as ) do|
_ et |:$K,€ (3) [0 — N(0,5(0))] + N(a,y(z))}
+ rzl et () /OH /qoo OMy(6) (5 — w)* !

x T((3 — w)*6 — a*q) [AN (w,y(w)) + G (w,y(w), /Ow e(w, s,y(s)))dedw.
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From the compactness of T(a*q), we note that V, z(5) = {(z4,4(3))y(3) : v € Bp(J)} is
pre-compactin Y. Vy € Bp(J), we have

£(5) ~ 4 )|

<

xzletrewE '/05 /Oq OM(0)(3 — w)* 'T((3 — w)*6)

W, y(0) + 6 (w00, [ el y(6) s |t

+

w7 [0 [T w0 M@ T - 0)0)
AN (@) + (w3, | we(w,s,y<s>)ds)}dede

< KAy TR < /03 /0’7 OMic(8) (5 — w)* ! (3 — w) ¢ 65!
< [MM(1 4 P) + 9(w)(5) 1 + ()]0
w6 oM~ ) e MM+ )+ pla) @)1 + (3 ]

< KRGy Ké‘( 6= w0 MM (14 P) + 9() () 1+ 9(6))Jdw [ 6 M (6)do

[ 6w MM 1+ P) o)) 1+ y(6) e [ 65 Mc(0)d0 )

Ji—a
gKA0;,1*€+KE*K¢<A)Z(z—w)KC*l[MgMg(HP)+¢(w) ()1 +9G) dw/ 0% M, (0)d0

+ FI'((lle% /;(3 — W) MM, (1+ P) + p(w)®(y)[1 + $(3)]] dw)

— 0 as a tends to 0,4 tends to 0.

So, Vaq(3) = {ZM :3 € Bp(J)} are arbitrary closed to V(3) = {z(3) : 3 € Bp(Z)}.
Therefore, {z(3) : 3 € Bp(J)} is relatively compact by the Arzela—Ascoh theorem. Thus,
the continuity of z(3) and relative compactness of {z(3) : 3 € Bp(J)} imply that z(3) isa
completely continuous operator.
Step 5: Y has a closed graph.

Take y, — yxasn — 00,2,(3) € ¥(y,) and z,, — z, as n — oo, we have to show that
zx € ¥(y«). Since z, € ¥(yu) then 3 a function G, € Sg y,, such that

20(6) =35 | S0u(5) 30~ A0, 3(0))] + A 3, 3(0)

6= 0010 — )N (v o))+ (5= ) Qo — )G o
We need to show that 3 G. € S¢ ;, such that
2,(5) = 5ot [sx,sm [0 = N(0,3(0)] + A (5,3:(5))

+/ K 1QK 3* )AN w Y* dW+/ K 1QK 3* )Q*(w)dw}
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Clearly,

20(0) =54 (S0 + N 0,5(0)] = N 6, 3(0)
— /05 (3—w)3 1Qx(3 - w)AN (w, yn(w))dwﬂ
= |20 =3 (Seel3) [0 ~ A (0Y0))] = N 6,3 (3)
- /05(5 —w)3 Q5 — w)AN(w,y*(w))dw)} H —0asn — co.
Next, we define the operator Y : L'(7,Y) — X,
Y(g)(3) = /03 G—w) 1O —w)G (w,y(w), /Ow e(w, s,y(w))ds) dw.
We have (by (5)) that Y o Sg ; is a closed graph operator. So, by referring to ypsilon, we know
20(9) =5 (S0 30 + N O.30)] =N 6, 4(0)
= [76 -0 Qs - AN () )| € Y(S6,5,),
since G,, — G, we follow from (5) that
[Z* (3) —3' o (Sx,s (3) [yo = N(0,3(0))] = N (3, y+(5))
- [ 0o - N (. ()w )| € V(Sg,.)

Therefore, ¥ is a closed graph.
Step:6 Set A is bounded.

A={y€dBp(J): Ay =Y¥(y) for some A > 1}.

Lety € A. Then Aw € ¥(y) for some A > 1. Thus, there exists G € Sg y in ways that for
each 3 € [0,d] and [|A1~#|| < M}, we have

y(3) = Alylereed [s,(,s@ o — N(0,5(0))] + N (5,5(3))

+/ 5—w) 10 (3 —w) w)AN (w, y(w))dw

+/ w)* 1O (5 — w) ( /Owewsy ds)]d

By assumptions (Hy) — (Hy4), we have
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Iy Gl = Hwa“m"é 56030~ N 0.5(0)] + N (5,5(5)
+ /05 (3 — )" Qx5 — w)AN (w, y(w) ) dw
+ /05(3 —w) 1 Ox(5 —w)G (w,ﬂZU),/OwE(wrS/Y(S))dsﬂde

< d1—£+Ks—K§ l:sup ‘

Ses(9)ro ~ N0.50))] | + [ 660

3
+ sup/0 (53— w)"*l

0uts )| (|an Gyt | + 0 (e, [ e v(s))as)

)
< gl-etre—xg {L/’d—l—ks—xs—i—mj (YO — MOMg) + MoMg (1 + P)]

+dlTeteey /05 (3= @) [MMg (1 + P) + ¢(w0)@(||y () [)) (1 + ¢ (w)) ] dew

< M+ UM + AL [ — T gy @) (1 + (),

where M = d'—+rexE {L”d”g’“*"é (yo — MoMy) + MoMg(1+ P)

MM, (1 + P)
K& ’

Consider the RHS of the above inequality as y(3). Then, we have

and M>2k _ d17£(1+1c§)

7(0) =M, lyG)Il < () 5 €[0,4d],
Y'(3) = d' L (w0 = 5) P ()@ (ly G (1 + 9 ()

By the non-decreasing character of ®, we obtain

7'(5) = d' L (- 5)" T p(5)@(7(5)) (1 + 9(3))-
Then the above inequality implies (for each 3 € J) that

©  du

1) du , (3 v
/Y(O) q)(u> <L /0 (5 - w) ¢ 14)(3) (1 —I—l/)(a))dw < Ju W

This inequality implies that there exists a constant £, such that y(3) < £, 3 € J, and, hence,
y(3) < L. From this we notice that set A is bounded. Therefore, by [17], Martelli’s fixed
point theorem ¥ has a fixed point, which is the mild solution of the system (1)—(2). O

4. Example

As anidea of how our findings may be used, think about the following Hilfer fractional
neutral integro-differential inclusion,

4 . 2 B
D [AG,0) = N(3,8(,0))] € aaZQA(zfv) +G(3,4(3,0), (EA)(3,9))3 € (0,d],0 € [0, 7],

A(3,0) = A(3, ) = 03 € [0, 4], (6)
10209y (1,0 = yo(0),0 € [0, 7],
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4
where Dgf is the HFD of order %, type e, I (1-$)(1-9) js the Riemann-Liouville integral
of order 3(1—¢), G(3,A(3,0), (EA)(3,0)), (EA)(3,0), and N'(3,A(3,0)) are the required
functions.

To write the system (6) in the abstract form of (1)~(2), we chose the space Y = L?[0, rt].
Define an almost sectorial operator A by AA = A;; with the domain

IA A
DA)=JA€Y:—,—5 €Y:A =A =0,.
w={aev: 5 55 ev: a0 =a6m =0}
Then A produces a compact semigroup that is analytic and self-adjoint, T(3)3 > 0. Ad-
ditionally, the discrete spectrum of A contains eigenvalues of k?,k € N and orthogonal

eigenvectors (i (z) = \/g sin(kz), then
Az = Y Kz, 0) Gk
k=0

Moreover, we have eachv € Y, T(3)v = Y 02, ¢ k% (v,k)Ck- Inparticular, T(-) is uniformly
stable semigroup and ||T(3)|| < M, which satisfies (Hy).

y(3)(v) = A(,0),3 € T =1[0,d],v € [0,7]. Takey € Y = L?[0, 7], v € [0, 7], we
consider the multi-valued mapping G : 7 XY xY = Y,

G(5,9(), (Ey)(3)) = G(5,A(,0), (EA)(5,0))
o3

= sin (w(g,v) + /03 cos(gs)A(S,v)ds)

where
3 3
(Ey)(3)(0) = / e(3,5, A(s,0))ds = / cos(35)A(s, 0)ds.
0 0
Since, mapping G is measurable, upper semi-continuous, and strongly measurable,

G(3,8(3,0), (EA)(3,0)) < M.

So G is satisfied (H,). Additionally, N : J x Y — Y must have completely continuous
mapping, which is defined as V' (3, u(3)) = N (3,A(3,v)), satisfying the necessary hypothe-
ses. Therefore, the required mapping satisfied all hypotheses. As a result, the nonlocal
Cauchy problem (1)—(2) may be used to rephrase the fractional system (6). It is clear that
the boundary of G (3, A(3,u), (EA)(3,u)) is uniform. The problem has a mild solution on 7,

according to Theorem 2 .

5. Conclusions

In this study, Martelli’s fixed point theorem was used to examine the possibility of
a mild solution for an abstract Hilfer fractional differential system via almost sectorial
operators. Adequate criteria were applied to the present findings and were satisfied. The
controllability of the Hilfer fractional neutral derivative (via almost sectorial operators) will
be investigated in the future using a fixed point technique.
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Abstract: We first consider the damped wave inequality %ZTZ - % + %> X, t >0,
x € (OL), where L > 0, ¢ € R, and p > 1, under the Dirichlet boundary conditions
(u(t,0),u(t, L))= (f(£),8(t)),

initial conditions, and the boundary conditions, under which the considered problem admits no

t > 0. We establish sufficient conditions depending on ¢, p, the

global solution. Two cases of boundary conditions are investigated: ¢ = 0 and g(t) =7, v > —1.
Next, we extend our study to the time-fractional analogue of the above problem, namely, the time-
fractional damped wave inequality %atﬁ’ ~ Puy Pu x7u|?, t>0,x€(0,L), wherea € (1,2),
B € (0,1), and % is the time-Caputo fractional derivative of order 7, T € {«, f}. Our approach

ax2 P

is based on the test function method. Namely, a judicious choice of test functions is made, taking
in consideration the boundedness of the domain and the boundary conditions. Comparing with
previous existing results in the literature, our results hold without assuming that the initial values

are large with respect to a certain norm.
Keywords: time-fractional damped wave inequalities; bounded domain; singularity; nonexistence

MSC: 35B44; 35B33; 26 A33

1. Introduction

In this paper, we first consider the damped wave inequality

ot2  ox?

(u(£,0),u(t,L)) = (f(#),&(1)),

0
+ & x7|ul?,

5 2 t>0,xe(0,L),

t>0, (1)

(u(O,x),%?(O,x)) = (uo(x),u1(x)), x€(0,L),

where L > 0,0 € R, and p > 1. It is supposed that u, u; € L}([0,L]), f € L} ([0,00)),
and g(t) = Cyt7, where C; > 0 and v > —1, are constants. Namely, we establish sufficient
conditions depending on the initial values, the boundary conditions, p, and ¢, under which
(1) admits no global weak solution, in a sense that will be specified later.

Next, we study the time-fractional analogue of (1), namely the time-fractional damped
wave inequality
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“u  9%u  dPu
— — 4+ —— > x"ul?
5~ aw o 2 Xl t>0xe (0L,

(u(t,0),u(t, L)) = (f(£),8(t), >0, (2)

(u(O,x),?ﬁ(O,x)) = (up(x),u1(x)), x€(0,L),

where a € (1,2), g € (0,1),and &, T € {«, B}, is the time-Caputo fractional derivative of
order T.

The investigation of the question of blow-up of solutions to initial boundary value
problems for semilinear wave equations started in the 1970s. For example, Tsutsumi [1]
considered the nonlinear damped wave equation

o%u ou

— —Au+b

12 ar — P,

under homogeneous Dirichlet boundary conditions, where b > 0 and
s

F(s)s — 2(2x + 1)/ F(t)dt > dols|?*?, seR,
0

for some x > 0 and p > 0. By means of the energy method, the author established
sufficient conditions for the blow-up of solutions. In [2], using a concavity argument,
Levine established sufficient conditions for the blow-up of solutions to an abstract Cauchy
problem in a Hilbert space, of the form

o%u

ou
PW‘FAU‘FQE—F(M),

where P and A are positive symmetric operators and F is a nonlinear operator satisfying
certain conditions. Later, the concavity method was used and developed by many authors
in order to study more general problems. For further blow-up results for nonlinear wave
equations, obtained by means of the energy/concavity method, see e.g., [3-11] and the
references therein.

Fractional operators arise in various applications, such as chemistry, biology, continuum
mechanics, anomalous diffusion, and materials science, see for instance [12-16]. Conse-
quently, many mathematicians dealt with the study of fractional differential equations in both
theoretical and numerical aspects, see e.g., [17-21].

In [22], Kirane and Tatar considered the time-fractional damped wave equation

92u oltay 1
W—Au+wza|u|p u, t>0,xeQ,
u(t,x) =0, t>0,x€0Q, 3)

du

(u(O, x), 5 (0, x)) = (up(x),u1(x)), x€Q,

where p > 1,a € (—1,1), and Q is a bounded domain of RN. Using some arguments based
on Fourier transforms and the Hardy-Littlewood inequality, it was shown that the energy
grows exponentially for sufficiently large initial data.

By combining an argument due to Georgiev and Todorova [23] with the techniques
used in [22], Tatar [24] proved that the solutions to (3) blow up in finite-time for sufficiently
large initial data.

In all the above cited references, the blow-up results were obtained for sufficiently
large initial data. In this paper, we use a different approach than those used in the above
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mentioned references. Namely, our approach is based on the test function method intro-
duced by Mitidieri and Pohozaev [25]. Taking into consideration the boundedness of the
domain as well as the boundary conditions, adequate test functions are used to obtain
sufficient conditions for the nonexistence of global weak solutions to problems (1) and (2).
Notice that our results hold without assuming that the initial values are large with respect
to a certain norm.

Let us mention also that recently, methods for the numerical diagnostics of the solu-
tion’s blow-up have been actively developing (see e.g., [26-28]), which make it possible to
refine the theoretical estimates.

The rest of the paper is organized as follows: In Section 2, we provide some preliminar-
ies on fractional calculus, and some useful lemmas. We state our main results in Section 3.
The proofs are presented in Section 4.

2. Preliminaries on Fractional Calculus

For the reader’s convenience, we recall below some notions from fractional calculus,
see e.g., [17,20].

Let T > 0 be fixed. Given p > 0 and v € L!([0, T]), the left-sided and right-sided
Riemann-Liouville fractional integrals of order p of v, are defined, respectively, by

1 1

t T
(Po)(t) = W/o (t—s)Plo(s)ds and (I%0)(t) = W/t (s — )P Lu(s) ds,

for almost everywhere t € [0, T], where I' denotes the Gamma function. It can be easily
seen that, if v € C([0, T]), then

lim (I§v)(t) = lim (Ifo)(t) = 0.

t—=0+ t—=T-
In this case, we may consider Ig v and I?v as continuous functions in [0, T}, by taking
(I52)(0) = (I0)(T) = 0.

Given a positive integer n, T € (n —1,n), and v € C"([0, T]), the (left-sided) Caputo
fractional derivative of order 7 of v, is defined by

dv, . ([ d" B 1 t ner_1d"v
w(t)—(fo dtn)(t)—r(n_f) [e—sy1 20 ) as

forall t € [0, L].
We have the following integration by parts rule.

Lemma 1 (see the Corollary in [17], p. 67). Let p > 0, q,v > 1, and % + % <1l+4+p(g#1,
r # 1, in the case % +1=1+p).If (v,w) € L1([0,T]) x L"([0,T)), then

T T
/0 (I80) (Hw(t) dt = /0 o(t) (IBw) (¢) dt.
Lemma 2. For sufficiently large A, let

n(t) =T MT—-t)", 0<t<T. (4)
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Let p € (0,1). Then

D0 = o™ T,
(i)' (1) = —?E?ii;TA(T—t)P+A1,
)" () = T T -2
Proof. We have
() (t) = r(lm/tT(s—t)qu(s)ds
_ g@;ﬁ?s_oP%T—@A@
= L [T - - opa

Using the change of variable z = 5=, we obtain

2711 —2)Vdz

e = IO

I'(p) Jo

—A _ A+
A Gt Dl (Tr[’(p)t) "B, A +1),

where B denotes the Beta function. Using the property (see e.g., [20])

I'(a)I(b)

B(a,b)zm, a,b>0,
we obtain
T-MT—t)MPT(p)I(A+1
I'(p) Ip+A+1)
FrA+1) A
= ——— T NT -t
T'(p+A+1) ( )
which proves (5).
Next, calculating the derivative of If77, we obtain
() () = —WT"(T— pypA-
T T(p+A+1) '

On the other hand, by the property (see e.g., [20])
I'(a+1)=al(a), a>0,

we obtain
IFlp+A+1)=(p+MI(p+A).

Hence, we deduce that

() () = — o P A (7 e,
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which proves (6).
Differentiating (If77)’ and using (8), we obtain

A=1T(A+1) _

(1) = (P"’ TMT — p)ptA-2
(0+A—1)T(A+1)

(p+A-=1T(p+A—-1)

TA+D) A per—2

I‘(p+/\71)T (T—1) ’

TﬁA(T _ t)p+/\72

which proves (7). O

The following inequality will be useful later.

Lemma 3 (Young’s Inequality with Epsilon, see [29], p. 36). Let e > 0 and p > 1. Then, for
all a,b > 0, there holds

ab < eaf + Cglpbl’%l,
where Cep = (p — 1)p’1(sp)P;—11.

Remark 1. Fora function u : (0,00) x (0,L) — R, the notation aa%‘ used in (2), where 1 < a < 2,
means the following:

o"u y 02U
w(t,x): <IO lxatz(',x>)(t>, t>0,0<x<L,

ie.,
0*u 1 t 10 0%uU
3 00 = g gy [, 9 G0
Similarly, the notation 3%‘ used in (2), where 0 < B < 1, means the following:

oPu [ 1-pou
W(t,x)— (IO at(,x))(t), t>0,0<x<L,

ie.,
B t
aaTZ(t,x) = ]_—'(]_1—‘8)/” (t —S)fﬁg—?(s,x) ds.

3. Statement of the Main Results
We first consider problem (1). Let

Q =[0,00) x [0, L].
We introduce the test function space

P = {go €C(Q): ¢ >0, 9(-,0) = g¢(-,L) =0, ¢(t,-) = 0 for sufficiently large t}.

Definition 1. Let ug,uy € L'([0,L]) and f,g € L} .([0,00)). We say that u is a global weak
solution to (1), if

() x7ulP € L}, (Q), u € L}, (Q);
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(i) forevery ¢ € @,
/Qx‘f|u\r’godxdt+/0°° (f(t)gf(t,o) —g(t)gi’(t,L)) dt
+ L(u1<x><p<o,x> () 520,3) + o (x)(0,) ) ©

/u (”dxdt+/uldxdt—/g q)dxdt

Remark 2. The weak formulation (9) is obtained by multiplying the differential inequality in (1)
by @, integrating over Q, and using the initial conditions in (1). So, clearly, any global solution to
(1) is a global weak solution to (1) in the sense of Definition 1.

We first consider the case g = 0.

Theorem 1. Let ug,uy € LY([0,L]), f € L} ([0,00)), and g = 0. Suppose that

L
/O (1t0(x) + 11 (x)) (L — x) dx > 0, (10)
If
—(p+1), (11)
then (1) admits no global weak solution.
Remark 3. Comparing with the existing results in the literature, in Theorem 1, it is not required

that the initial data are sufficiently large with respect to a certain norm. The same remark holds for
the next theorems.

Example 1. Consider problem (1) with

1
Vit

Then, all the assumptions of Theorem 1 are satisfied. Consequently, we deduce that (1) admits
no global weak solution.

f()=—,t>0, ¢=0, wup(x)=—-(L—x), w(x)=2(L—x), c=-4 p=2

Next, we consider the case when
g(t) =Cet?, y>-1, t>0, (12)
where Cg > 0 is a constant.

Theorem 2. Let ug,uy € L*([0,L]), f € L}, .([0,00)), and g be the function defined by (12). If
one of the following conditions is satisfied:

() o<—(p+1)
@ o>—-(p+1),7>0,
then (1) admits no global weak solution.

Example 2. Consider problem (1) with

et

Vi

Then, by the statement (ii) of Theorem 2, we deduce that (1) admits no global weak solution.

f(y=—, t>0, ulx)=x w(x)=x> gt)=Vt t>0, o=-2, p=2.
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Consider now problem (2). Forall T > 0, let
Qr =1[0,T] x [0, L].

We introduce the test function space
2 (17 "9)
Pr=<S¢9ecC(Qr): ¢ >0, ¢(-,0)=¢(,L)=0, —ar ——— (T, )=0y.

Definition 2. Let ug,uy € L'([0,L]) and f,g € L} ([0,00)). We say that u is a global weak
solution to (2), if

@ x7[ulP € L}, (Q), u € Lj,.(Q);
(ii) forallT > 0and ¢ € O,

/Q ‘7|u|pq)dxdt+/( a“”(to) g()gi’(t,L))dt

2—u
v [ ( (B ><o,x>—uo<x>W<o,x>+uo<x><1%‘%><o,x>> (1)

S*/ a(gdxdt+/

Remark 4. The weak formulation (13) is obtained by multiplying the differential inequality in (2)
by ¢, integrating over Qr, using the initial conditions in (2), and using the fractional integration
by parts rule provided by Lemma 1. So, clearly, any global solution to (2) is a global weak solution
to (2) in the sense of Definition 2.

2711 B

7@(1 dtf/. ua(T ?) iy dt.
or? Jor ot

As for problem (1), we first consider the case g = 0.

Theorem 3. Let ug,uy € L*([0,L]), f € L} ([0,00)), and g = 0. If

—(p+1),
and one of the following conditions is satisfied:
L
o< B+1, / up(x)(L —x)dx > 0; (14)
0
L
x=p+1 [ (o) ()L —x)dx>0; (15)
L
a>p+1, / up(x)(L —x)dx >0, (16)
0
then (2) admits no global weak solution.
Example 3. Consider problem (2) with
F =, t50, =0, w(x)=2(L—x), a=2, B=S, c——4 p=2
- \/EI ’ 0=Y 1 - ’ - 2/ ﬁ - 4/ - , P =4

Since (14) is satisfied and ¢ < —(p + 1), by Theorem 3, we deduce that (2) admits no global
weak solution.

Next, we consider the inhomogeneous case, where the function g is given by (12).
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Theorem 4. Let ug,uy € L*([0,L]), f € L} ([0,00)), and g be the function defined by (12). If
a > max{l—1,1}, B> max{—7,0}, (17)

and one of the following conditions is satisfied:

i) o<—(p+1)
(i) o>—-(p+1),7v>0,
then (2) admits no global weak solution.

Example 4. Consider problem (2) with

c=-3, p=3.
Then (17) is satisfied, 0 > —(p + 1), and v > 0. Then, by Theorem 4, we deduce that (2)
admits no global weak solution.

4. Proof of the Main Results

Throughout this section, any positive constant independent on T and R, is denoted
by C. Namely, in the proofs, we use several asymptotic estimates as T — oo and R — o;
therefore, the value of any positive constant independent of T and R has no influence in
our analysis.

4.1. Proof of Theorem 1

Proof. Suppose that u is a global weak solution to (1). Then, by (9), for every ¢ € ®,
there holds

/Qx"|u|”(pdxdt + /Ow (f(t)gz(t,o) g(t)gf(t,u) dt
+ OL (ul(x)qo(O,x) — uo(x)aa—q)(o,x) + uo(x)go(O,x)) dx (18)

< [ 1ul
JQ

On the other hand, using Lemma 3 with ¢ = % and adequate choices of 2 and b,
we obtain

¢
ﬁ

dxdt+/ |u|

dxdt+/ |u]

j
o dx dt.

P

2 -1

]

SP)
<

/| | E)xz dxdt < ;/Qx”u7’(pdxdt—5—C/QxF’Ul(p"11 352 dxdt,  (19)
P 17, T il
/| 58| axar < 5/x \u\p(pdxdt+C/ gt | S8 dxar,  (20)
Q Q
2
—1
/u'aq: dxdt < ;/ V\u\pq)dxdt—O—C/ ' 711 ?TG: dxdt. (21)
Q
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Using (18)—(21), we obtain

,/Om (f<f>3§‘j<t,o> - g(t)g—f(t, L)) dt

L 0
+ [ (00000, - u0(1) 5200, + uo(x)g(0,3) ) @)
3
<C)Y Ii(e),
j=1
where
4
—c =1 azqo T
L(p) = /pr—lqu—l Fyes ,
P
—o =1 az(l) p-T
L(p) = /Qx”’lfP’HW ,
r
—c =1 ago p—1
— =T Hp-1|_1
13(4)) ‘/pr 4717 ot .

Consider now two cut-off functions ¢, 4 € C*([0, o)) satisfying the following properties:

1 0<s<! _ 0 if 0<s<}

For sufficiently large ¢ and R, let
p1(t) =& (R7%), ¢a(x) = (L—x)u'(Rx), t>0,x€0,L], (23)
where 6 > 0 is a constant that will be determined later. Consider the function
o(t,x) = p1(Dpa(x), >0, x € [0,L] (4)

By the properties of the cut-off functions ¢ and y, it can be easily seen that the function
¢ defined by (24), belongs to ®. Thus, the estimate (22) holds for this function.
Now, let us estimate the terms Ij(qo), j=1,2,3. For j = 1, by (24), we obtain

=1
1

no) = ([Tonan) ([ 5ol @les ol ax) = 1V (o017 (ga). @5

On the other hand, by the definitions of the function ¢; and the cut-off function ¢,
there holds

Wiy = [T (x)a

_ /ORQ gf(R*Gt) dt

R?. (26)

IN

By the definitions of the function ¢, and the cut-off function y, we obtain

gy(x) = (RPu""*(Rx)x
[(L—x)((¢—1)p"*(Rx) + p(Rx)p" (Rx)) — 2R‘1y(Rx)y'(Rx)]X[%R,llR,l] (x),

which yields
94()] < CR 2(Ra)xy 1 1) (),
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where )([ 1R-1,R-1] is the indicator function of the interval [%R‘l, R‘l} . Then, there holds

2 (R o -1 2
12(py) < CerflRile* (L —x)7 '~ 71 (Rx) dx
2
2 RN o
< CRv¥- xP1dx
e
- 2
< CRFTTRT 27)

Thus, it follows from (25)—(27) that

o+ p+1+0

L(g) < CR . (28)

Forj=2, I]-(go) can be written as

o = ([ ol Ot a) ([ g i) = (o0 g2, @9

By the definitions of the function ¢; and the cut-off function ¢, we obtain

91 () = (R 2(R) [ (£ = DE2(RTH) + 6 RODE(RD)| X[y o o) (D,

which yields
91 ()] < CR_ZGCE_Z(R_QUX[%R",R*?](t)-
Thus, there holds
—29p RY 2
g < crrt [ &Rt
1R
2
2
< cr'(-74) (30)
Moreover, we have
(2) _ [t
L7 (g2) = | X7 ga(x) dx
L —c
- /R X7 (L — x)u' (Rx) d
L =
< C/ xr—Tdx.
1p-1
2
On the other hand, by (11), we have ¢ < p — 1, thus we deduce that
1 (g2) < C. (31)
Combining (29)—(31), there holds
_2p
L(g) < cr®(1-741). (32)

Now, let us estimate I3(¢). This term can be written as

</ oI ()| (1) 7 1dt> (/()pri'l(pz(x) dx> =1V (o)1 (g2).  (33)

232



Fractal Fract. 2021, 5, 258

A similar calculation as above yields
_r
1 (gy) < cRO(71) (34)
Observe that IéZ) (¢2) = 12(2) (¢2). Thus, by (31), (33), and (34), we obtain

lﬂ@SCRO7j) (35)

Next, combining (28), (32), and (35), we obtain

3 +1+0 _pr
Ii(g) < C(R9+pv—1 L R0 ,,1)>‘ (36)
j=1
Let 6 be such that )
o4 Pt +‘7_9(1—p>,
p—1 p—1
that is,
0 (p+1) -0
p

Notice that by (11), we have 6 > 0. Then, (36) reduces to
3
0(1--
Y Lip) < cr*(71), (37)
j=1

Next, let us estimate the terms from the right side of (22). Observe that by the definition
of the function ¢, and the properties of the cut-off function y, we have

d¢ _
5o(£0)=0, >0,

Moreover, since ¢ = 0, there holds
(129 de _
[ (050 -sw3Een ) a o (38)
By the properties of the cut-off function ¢, we have

p(0,5) = p2(x), 20,0 =0, xe(OL).

Thus, we obtain

L(ul ) = 0(x) 50,3) + wo(x)g(0,3) ) o

L

x) 4+ u1(x))@(0,x) dx

P‘

L
) 4 u1(x)) (L — x)p (Rx) dx.

Jy
) (00) + 11 () a()
Jy
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Then, taking into consideration that ug, u; € L'([0, L]), by the dominated convergence
theorem, we obtain

lim OL <u1(x)(p(0,x) — ol )aa‘f(o %) + g (x )(p(O,X)) dx

R—00

L (39)
= /0 (uo(x) 4+ uq(x))(L — x) dx.

Hence, by (10), for sufficiently large R, there holds
Jy (11(x)@(0, ) = () 5.0, %) + uo(x)p(0, %) ) dx > § [ (uo((x) + 1 (x)) (L — x)dx.  (40)
Next, combining (22), (37), (38), and (40), we obtain

%/()L(M()(x)—'-ul(x))(L_x)dxgCR9<1_%)'

Passing to the limit as R — o in the above inequality, we obtain

%/()L(uo(x) +up(x))(L—x)dx <0,

which contradicts (10). Consequently, (1) admits no global weak solution. The proof
is completed. O

4.2. Proof of Theorem 2

Proof. As was performed previously, suppose that u is a global weak solution to (1). From
the proof of Theorem 1, for sufficiently large R, there holds

- [ >§,“’<t Lyt

0
+ [ (00900, - 101 50,0 + uo(x)g(0,3) ) an
< C( ROTEET +R6< ~31) /L X1 dx),
=

where 6 > 0 and ¢ is the function defined by (24). On the other hand, by the definition of
the function ¢, for sufficiently large R, there holds

¢ _
5o (EL) = —gi(t), t>0,

which yields
- [swstena = [Tawena
= C/ t7§f(R’9t)dt

c/ "o ar

CRG "/+1)

v
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Then, by (41), we deduce that

C+ R0 [ (11 (19(0,3) = 1) 52 0.0) + 10(1)9(0,) )

(42)
o L v
< C(R@7+ p;i + R_9<7+%> /1R71 xr1 dx).
2
Let o < —(p +1). In this case, (42) reduces to
—0(y+1) b dg
C+R | (1m)0(0,%) = 10(x) 520, ) + o (x)(0,%) ) dx
(43)
< (R R0,
Taking 6 > 0 so that
p+l+o
oy> P27, (44)

passing to the limit as R — oo in (43), and using (39), we obtain a contradiction with C > 0.
This proves part (i) of Theorem 2.
Letc > —(p+1)and y > 0.
—(p+1) <o < p—1,then (43) holds. Since y > 0, there exists 6 > 0 such that (44)
holds. Thus, passing to the limit as R — oo in (43), we obtain a contradiction.
If o = p — 1, then (42) yields

c R [0 (110090, ~ 10(x) 520, + uo(x)(0,3) ) o

+1+0
<C (Re%pﬂl R0 ) 1 R)

As in the previous case, since y > 0, there exists 8 > 0 such that (44) holds. Thus,
passing to the limit as R — oo in the above inequality, we obtain a contradiction.
If ¢ > p — 1, then (42) yields

L d
C+ R [ (11 (x)9(0,3) — () 50,) + uo(x)(0,1) ) d
0
< C(Rewf’f?’ LRttt 1>'
Taking 6 such that (44) is satisfied, and passing to the limit as R — oo in the above
inequality, a contradiction follows. Thus, part (ii) of Theorem 2 is proved. [
4.3. Proof of Theorem 3

Proof. Suppose that u is a global weak solution to (2). Then, by (13), for every T > 0 and
¢ € P, there holds

/Q ‘7|u|p(pdxdt+/( a“”(to) g()ii(t,L))dt

2—u
+ / ( ) (13« )(o,x)—uo(x)a(lgt"’)(o,x)+u0(x)(1;‘ﬁ<p)(o,x)> dx (45

12 o
7/ lu| dxdt+/ "’>‘

17
Iy Po)

¢
5% ’dxdt.

dx dt—i—/ lu|

ot
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On the other hand, using Lemma 3 with ¢ = % and adequate choices of 2 and b,

we obtain
Ul|=—=|dxdt
a‘f dxd
Qr
<Y [ wupedrdat+c 1’182"’%%#
_ rP—
<3, Flulrpdrarsc [ xTiort SR dxat
82 IZ—zx
u||——=——-—=\dxdt
Qr
p
1 P(F ) |”
< g/Q ‘7|u|”godxdt+C/ X 1(pp T g dxdt,
and g
oI
|u‘(Tat(P> dx dt
JQr
1 Nl
< = Ty |P 1 T )
< 3/er |14 (pdxdt+C/ xP T @b o dxdt

Using (45)—(48), we obtain

[ (03200 -so3tan)
IZ—IX

[ ( )(549)(0,%) ~ 1) L2 (0,2 o)1 )0, >> x

3
SZ];’(QD)
j=1
where
p
e 2 -1
Jilp) = / xﬁ(pﬁ%p dx dt,
Qr
p
" —c =1 82 12706 =
L(e) = / X7 @i 7(51&2 ?) dx dt,
JQr
.
—o =1 8 117'8 Pl
J3(g) = / it gr | 2U9) L D1 gy ar
Qr

For sufficiently large T, A, ¢, and R, let

o(t,x) = n(H)ga(x), £=0,x€[0,L],

(46)

(47)

(48)

(49)

(50)

where 7 is the function defined by (4), and ¢ is the function given by (23). Using Lemma 2
and the properties of the cut-off function y, it can be easily seen that the function ¢ defined

by (50), belongs to ®7. Thus, (49) holds for this function.
Let us estimate the terms ]j(go),j =1,2,3. For j = 1, by (50), we have

o) = ([ nwar) ([ 5750 wleg ol ax).
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An elementary calculation shows that

T p T
| nar= . (52)
Hence, using (27), (51), and (52), we obtain
z7+2p 1
Ji(p) < CTR7-T (53)
For j = 2, we have
L 2—a N\ P L e
ko) = ([ ol @) ([ emar). 69
Moreover, by Lemma 2, we obtain
: p T(A+1) 17T
P VI N N P A Ak
rP OB ) 0 = ||

g ()] (13 )" (1) 7T de = CTF T, (55)

Next, taking into consideration that o < —(p + 1) (so ¢ < p — 1), it follows from (31),

(54), and (55) that
_
Ja(g) < CT' 77T, (56)
Proceeding as above, we obtain
_Pr
J(g) < CT' 71, 7)

Hence, by (53), (56), and (57), we obtain

3 By
2 (TRP - +Tpl). (58)

Consider now the terms from the right side of (49). By (50) and the properties of the
cut-off function y, since g = 0, there holds

o¢ o _
[ (03260 -so3ten ) a—o 9
On the other hand, using (50) and Lemma 2, for all x € [0, L], we obtain
(F9)0x) = moigT el = G p(),
312[" —u —u
Wt 0,x) = — 2T wga(x) = —GT' “ga(x),
(I Pp)(0,%) = T Pea(x) = GT'Pea(x).

237



Fractal Fract. 2021, 5, 258

Consequently, we obtain

2—uw
[ (u1<x><1%“qo><o,x> — o) 20 0,) 4o () (13 ) <o,x>) ix

L
= /0 <C1T2*"‘u1(x) + CoT g (x) + C3T1*/5u0(x)) @2 (x)dx (60)
L
— /0 (€172 % (x) + G g (x) + Co T Pu(x) ) (L — x) e’ (R dx.
Thus, combining (49), (58)-(60), we obtain
L
/O (CaT2 1 (x) + G g (x) + Ca T Paug(x) ) (L — x)u” (Rx) dx
< ot2p g 1_5/">
<c(TRF T 41,

Next, taking T = RY, where 8 > 0is a constant that will be determined later, the above

inequality reduces to
L
/ (ClRG(z_”‘)ul(x) + CRO M)y (x) + c3R9<1-ﬁ>uo(x)) (L — x)u’(Rx) dx
J0
<C <R"*72fl + Re(1fv1)> .

Suppose that (14) holds. In this case, we obtain

(61)

L
lim R0~ /0 (Cle(z_"‘)ul(x) + Ry (x) 4 C3R9(1_/3)u0(x)) (L — x)u’ (Rx) dx

R—o0
L

= C1/ up(x)(L — x)dx
0

> 0.

Hence, for sufficiently large R,
fOL (ClRG(Z"")ul(x) + CoROI=%y4(x) + C3R9(1’ﬂ)u0(x)) (L — x)u’(Rx)dx > CRYZ=%), (62)

Combining (61) with (62), we obtain

o+2p 1

;
C < ROV -1, RB(a*pfﬁl)‘ 63)

Observe that, since & < + 1, we have

wo PP 4o
p—1

Hence, taking into consideration that o < —(p + 1), picking 6 > 0 so that

—(p+1)—0

(p—D@—-1)

and passing to the limit as R — oo in (63), we obtain a contradiction with C > 0.
Suppose that (15) holds. Then,

0 <

(B%9)(0,x) = (It P9)(0,x).
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Thus, (61) reduces to

/OL (C1R9(2*”‘)(u0(x) +up(x)) + CzRe(lf’x)uo(xD (L — x)u’(Rx) dx

. (64)
< C<R9+ﬁ‘1 +R"<1vﬁpl)>.

Moreover, we have

L
lim R~¢(-%) / (ClRG(Z*“)(uO(x) +up(x)) + CzRe(lf"‘)uo(x)) (L — x)u'(Rx) dx
0

R—o0

L
=c1/0 (o (x) + 11 (%)) (L — x) dx
>0,

which yields

L
/ (ClRQ(Z*“)(uO(x) +up(x)) + CzRe(lf”‘)uo(x)) (L — x)u’(Rx) dx > CRO(~%),
0

for sufficiently large R. Hence, using (64), and following the same argument as above, a
contradiction follows.

Finally, suppose that (16) holds. In this case, we obtain

L
lim R~90-F) / <C1R9(2_"‘)u1 (x) + CRIO=% 0 (x) + C3R9(1_ﬁ)u0(x)> (L — x)u"(Rx) dx
0

R—0c0

e /OL uo(x)(L — x) dx

> 0.
Hence, for sufficiently large R,
fOL (C1R9<2*“)u1(x) + R0y (x) + C3R9(1’5)u0(x)> (L — x)u’(Rx) dx > CRY(1=P). (65)

Combining (61) with (65), we obtain

o+2, —0B
C < ROPHFH1 L g, (66)
Taking 6 > 0 such that
—o—(p+1)
0 < ————,
plp—1)

and passing to the limit as R — oo in (66), a contradiction follows. This completes the proof
of Theorem 3. O

4.4. Proof of Theorem 4

Proof. Suppose that u is a global weak solution to (2). From the proof of Theorem 3, for
sufficiently large T and R, there holds

T 0
_ /0 g(t)ﬁ(t,L) dt
+ /;L (T2 %1 (x) + G g (x) + Co T Puug(x) ) (L — ) (Rx)dx (67)

o2 4 1_ Pr L =
<C|TR?P? " 4T H/l lxpfl dx |,
AR~

2
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where ¢ is the function defined by (50). On the other hand, by (50) and the properties of
the cut-off function y, we have

_/()Tg(t)g—f(t,L)dt = /OTg(t)v(f)df

T
= T*A/ (T — )t dt
0

= B(y+1LA4+1)T7!
CT’y+1,

where B denotes the Beta function. Thus, by (67), we obtain

L
C+ / ClTl_"‘_'Vul(x) + CoT " *up(x) + C3T_/3_“’u0(x)) (L — x)u" (Rx) dx
o+2p Bp L —o
< C(T R T 1xl’1dx>.
R~
2

Taking T = RY, where 6 > 0 is a constant that will be determined later, the above
inequality reduces to

L
C+ / C1R9<1_“_7)u1(x) + Ry (x) + C3R‘9<ﬁ+7)u0(x)) (L — x)u"(Rx) dx

. L (68)
< C( —Ort *’+21 + Rig(%ﬂ) / xp-1 dx).
s
Let 0 < —(p +1). In this case, for sufficiently large R, there holds
L =
/ xpP1dx <C.
1p-1
2
Hence, (68) yields
c+/ (CLRY=2 =ty (x) 4+ R g (x) + CsR-F Mg (x) ) (L = x)p’ (Rx) dx
(69)
< C(R*f”*ﬁ (Ll ))
Since by (17), B+ 7 > 0, there holds
pr
p_1+7>0
Thus, taking 6 > 0 so that
ct+p+1
—_— 7
Oy > p—— (70)

using (17), and passing to the limit as R — oo in (69), we obtain a contradiction with C > 0.
This proves part (i) of Theorem 4.
Letc > —(p+1)and y > 0.
—(p+1) <o < p—1,then (69) holds. Since ¢ > 0, there exists 6 > 0 satisfying
(70). Thus, passing to the limit as R — oo in (69), a contradiction follows.
If o = p — 1, then (68) yields

L
C+ / (ClRe(l’“’Wul(x) + CoRO )y (x) + C3R’9(ﬁ+7)u0(x)> (L — x)u"(Rx) dx
0

(71)
-1 ) g, R> .

<c(r
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As in the previous case, since 7y > 0, there exists § > 0 satisfying (70). Thus, passing
to the limit as R — oo in (71), a contradiction follows.
If ¢ > p — 1, then (68) yields

L
C+ / (QRWH*Wul(x) 4 CROOH) 0 (x) 4 C R*f’(ﬂﬂ)uo(x)) (L — x)u"(Rx) dx
0

. , (72)
< c(zz*"”p%zf”l + R*B(%”)ﬂifl).

So, taking 6 > 0 satisfying (70) and

Bp > o
() > T
p— p—1

and passing to the limit as R — oo in (72), a contradiction follows. This proves part (ii) of
Theorem 4. [

5. Conclusions

Using the test function method, sufficient conditions for the nonexistence of global
weak solutions to problems (1) and (2) are obtained. For each problem, an adequate choice
of a test function is made, taking into consideration the boundedness of the domain and the
boundary conditions. Comparing with previous existing results in the literature, our results
hold without assuming that the initial values are large with respect to a certain norm.

In this paper, we treated only the one dimensional case. It will be interesting to study
problems (1) and (2) in a bounded domain QO C RN under different types of boundary
conditions, such as Dirichlet boundary conditions, Neumann boundary conditions, and
Robin boundary conditions.
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Abstract: The authors investigate the existence of solutions to a class of boundary value problems for
fractional g-difference equations in a Banach space that involves a g-derivative of the Caputo type
and nonlinear integral boundary conditions. Their result is based on Monch'’s fixed point theorem
and the technique of measures of noncompactness. This approach has proved to be an interesting
and useful approach to studying such problems. Some basic concepts from the fractional g-calculus
are introduced, including g-derivatives and g-integrals. An example of the main result is included as
well as some suggestions for future research.
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1. Introduction

Fractional differential equations play an essential role when attempting to model phe-
nomena in a number of areas and have recently been studied by researchers in engineering,
physics, chemistry, biology, economics, and control theory. For additional details see, for ex-
ample, the monographs of Hilfer [1], Kilbas et al. [2], Miller and Ross [3], Podlubny [4],
Samko et al. [5], and Tarasov [6] as well as the references they contain. The existence of
solutions to fractional boundary value problems is currently a very active area of research
as can be seen, for example, from the recent papers of Ahmad et al. [7], Agarwal et al. [8],
Benchohra et al. [9], Benhamida et al. [10], Hamini et al. [11], and Zahed et al. [12].

Considerable attention has been given to the problem of existence of solutions to
boundary value problems for fractional differential equations in Banach spaces, and we
refer the reader to the recent contributions in [13-15].

The g-difference calculus, or quantum calculus, was first introduced by Jackson in
1910 [16,17]. The basic definitions and properties of the g-difference calculus can be found
in [18,19]. Later, Al-Salam [20] and Agarwal [21] proposed the study of the fractional
g-difference calculus. Fractional g-difference calculus by itself and nonlinear fractional
g-difference boundary value problems have appeared as the object of study for a number
of researchers. Recent developments on the fractional g-difference calculus and boundary
value problems for such can be found in [7,22-25] and the references therein.

In this paper, we study the existence of solutions to the boundary value problem (BVP
for short) for fractional g-difference equations with nonlinear integral conditions

(CDEy)(t) = f(ty(t)), forae t € J=[0,T], 1<a<2 1)

T
y(0) =y'(0) = [ glsy(s))ds @
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T
y(T)+y/(T) = [ his,y(s)ds, ©

where T > 0,4 € (0,1), CD;‘ is the Caputo fractional g-difference derivative of order
1<a<2and f, g h: ] x E— E are given functions and g and / are continuous.

In our investigation of the existence of solutions to the problem above, we utilize
the method associated with the technique of measures of noncompactness and Monch’s
fixed point theorem. This approach turns out to be very useful in proving the existence
of solutions for several different types of equations. The method of using measures of
noncompactness was mainly initiated in the monograph of Banas and Goebel [26], and sub-
sequently developed and used in many papers; see, for example, Banas et al. [27], Guo
et al. [28], Akhmerov et al. [29], Monch [30], Monch and Von Harten [31], and Szufla [32].

This paper is structured as follows. In Section 2, we introduce some preliminary
concepts including basic definitions and properties from fractional g-calculus and some
properties of the Kuratowski measure of noncompactness. In Section 3, the existence of
solutions to problem (1)—(3) is proved by using Monch’s fixed point theorem. Section 4 con-
tains an example to illustrate our main results. The final section contains some concluding
remarks and suggestions for future research.

2. Materials and Methods

We begin by introducing definitions, notations, and some preliminary facts that are
used in the remainder of this paper.

Let ] =[0,T], T > 0, and consider the Banach space C(], E) of continuous functions
from | into E with the norm

[Yllo = sup{ly(£)] : £ €T}

We let C%(], E) be the space of differentiable functions y : ] — E, whose first and second
derivatives are continuous, and let L (], E) be the Banach space of measurable functions
y : ] — E that are Bochner integrable with the norm

Iyl = /] ly(t)]dt.

Let L*(], E) be the Banach space of bounded measurable functions y : ] — E equipped
with the norm
lyllLe =inf{c >0 : |ly(t)|| <c, aete ]}

We now recall some definitions and properties from the fractional g-calculus [18,19].
Fora € Rand 0 < g < 1, we set

The g-analogue of the power (a — b)(") is given by
n—1
(a—b)0 =1, (a—b)" = [](a— bg"), a,b € R, n € N.
k=0

In general,

= a—1Dg
(a— aaH<a bq}(ﬂ),a,b,aGR.

k=0

Note that if b = 0, then a®) = g%,
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Definition 1 ([19]). The g-gamma function is defined by

_ 4\ (a=1)
Iy(e) = W, aeR—-{0,-1,-2,...}.

We wish to point out that the g-gamma function satisfies the relation T'y(a« + 1) =
[a]qTq(a).

Definition 2 ([19]). The g-derivative of order n € N of a function f : | — R is defined by
(DRAI(E) = f(b),

i) = 00 = LO=LI, 1 20, 0u)10) = tim(Dr) ),

and
(DEf)(t) = (DD F)(1), t€ ], ne{L,2,...}.

Now set J; = {tq" : n € N} U {0}.
Definition 3 ([19]). The g-integral of a function f : J; — R is defined by
t 00
WA = [ f)dgs = L H1- )" (1",
n=0
provided that the series converges.
We note that (Dy1,f)(t) = f(t), while if f is continuous at 0, then

(IgDgf)(t) = f(t) = £(0).

Definition 4 ([21]). The Riemann—Liouville fractional g-integral of order & € R of a function
f ] — Ris defined by (Igf)(t) = f(t), and

_ (a—1)
= [ “rjjfx)f(squ, fel.

Note that for « = 1, we have (Iqlf) (£) = (I;f)(t).
Lemma 1 ([33]). Fora € Ry and B € (—1,+o0), we have

(50t P)(0) = 1D, 0 << <.

In particular,
(I1)(F) = — 1 4la),
1 Tp(a+1)

In what follows, we let [a] denote the integer part of a.

Definition 5 ([34]). The Riemann—Liouville fractional g-derivative of order « € R of a function
f ] = Ris defined by (D) f)(t) = f(t), and

(DEf) () = (DAL F)(1), te .

245



Fractal Fract. 2022, 6, 237

Definition 6 ([34]). The Caputo fractional q-derivative of order x € Ry of a function f : | — R
is defined by (Dgf)(t) = f(t), and

(CD3f)() = (1 D), te ).
Lemma 2 ([34]). Let o, B € Ry and let f be a function defined on |. Then:

W (BIEF)(E) = (1P )();
(2) (Dglgf)(t) = f(b).

Lemma 3 ([34]). Let « € Ry and let f be a function defined on |. Then:

Con [a] -1 £k
(Ig Cqu)(t) =f(t) - k:Z:O W(D’q(f)(o)-

In particular, if « € (0,1), then
(I3 CDS)(t) = f(t) — £(0).

Next, we recall the definition of the Kuratowski measure of noncompactness and
summarize some of the main properties of this measure.

Definition 7 ([26]). Let E be a Banach space and let CQp be the family of bounded subsets of E. The
Kuratowski measure of noncompactness is the map y : Qp — [0, 00) defined by

#(B) =inf{e > 0: B C U"B; and diam(B;) < €}, where B € Q.

Property 1 ([26]). The Kuratowski measure of noncompactness satisfies:
(1)  u(B) = 0ifand only if B is compact (B is relatively compact).

(2)  u(B) = u(B).

(3) A C Bimplies u(A) < u(B).
4 u(A+B) < u(A)+ u(B).
(5) u(cB) = [c|u(B), c € R
(6) p(conB) = u(B).

(7)  u(B+xg) = u(B), forall xg € E.

Here B and conB denote the closure and the convex hull of the bounded set B, respectively.

Definition 8. The map f : | x E — E is Carathéodory if

1.t — f(t,u) is measurable for each u € E, and
2. u— f(tu) is continuous for almost each t € J.

For a given set V of functions v : | — E, let

V() = {ov(t):veV}, te],
V() = {ov(t):veV,te]}

We next recall Monch’s fixed point theorem.

Theorem 1 ([30,35]). Let D be a bounded, closed, and convex subset of a Banach space E such that
0 € D, and let N be a continuous mapping of D into itself. If the implication

V =conN(V) or V.= N(V)U{0} implies u(V) =0,

holds for every subset V of D, then N has a fixed point.
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The next lemma is a useful result.

Lemma 4 ([28]). If V C C(],E) is a bounded and equicontinuous set, then
1. The function t — u(V(t)) is continuous on J.

2, y<{/]y(t)dt Ly v}) < /}y(V(t))dt.

3. Results
We now define what is meant by a solution of the problem (1)—(3).

Definition 9. A function y € C?(], E) is said to be a solution of the problem (1)—(3) if y satisfies
the equation (CDg‘y)(t) = f(t,y(t)) on ], and satisfies the boundary conditions (2) and (3).

In order to prove the existence of solutions to the problem (1)-(3), we need the follow-
ing lemma.

Lemma 5. Let 0, p1, p2 : ] — E be continuous functions. The solution of the boundary value
problem

(CDiy) () =o(t), te]=1[0,T], 1<a<2, (4)
T
¥(0) =y O = [ pr(s)ds, ®
T
y(1)+y' (1) = [ pals)as, ©
is given by
y() = K(t) + O'TH(t,s)a(s)dqs, @)
where
1+T—t) T (1+t) (T
KO =gy ) mods+ iy [ (o), ®
and
(=) (10T g9 (14+)(T — go)*?
L@ e+DhLWw  @+Dhe-1 0 C=TSh
A= (a-1) (4-2) Y
(1+t)(T—gs) @D (1+)(T—gs)*2
TR+, @+TT,a-1) tss<T.

Proof. Applying the Riemann-Liouville fractional g-integral of order « to both sides of
Equation (4), and by using Lemma 3, we have

ot _ (a—1)
y(t) = /0 UI"L;S(t)Jc)U(S)qu +co + crt. (10)

Using the boundary conditions (5) and (6), we obtain

T
cp—0C1 = /0 p1(s)ds, (11)
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and
+(14T) +/T(t”’s>(“1) (s)d
co C1 0 Fq(oc) (s qS
T (t— gs)(@-2) T
—i—/o ma(s)dqs = /0 p2(s)ds. (12)
Equations (11) and (12) give
! T T T (t—gs)leD)
€1 = 2+7) </0 p2(s)ds —/0 p1(s)ds —/0 W‘T(S)dqs
T (t—gs)*?
_ /0 ma(s)dqs , (13)
and
_a+n) 7 L (7 Tt gs) Y
co = a1T) /0 p1(s)ds + (] (/0 p2(s)ds —/0 Wa(s)dqs
T (t—gs)@?
_/0 ma(s)dqs : (14)
From (10), (13), and (14) and using the fact that fOT = fot + ftT , we have
T
y() = K(t) + /O H(t,5)o(s)dgs,
where (1+T—1t) (T (1+¢t) (T
K(t) = W/O p1(s)ds + (2+T)/0 p2(s)ds,
and
(t—gs)@ D (1+H(T—gs)* ) (1+8)(T —gs)*?
T, (@) 2+ ), («) CrDh,w-1) @ 0S5t
H(t,s) =
_(1—|—t)(T—qs)(”"1) B (14 t)(T — gs)(@2) f<s< T

(24 T)Ty(a) Q+TH(a—-1) 7

which is what we wanted to show. [

We now prove an existence result for the problem (1)—(3) by applying Monch’s fixed

point theorem (Theorem 1 above).
Let
H* = sup |H(t,s)|
(ts)e]x]

Theorem 2. Assume that the following conditions hold.

(P1) The functions f, g, h : | x E — E satisfy Carathéodory conditions.
(P2) There exists ps, pg, pp € L*(],Ry.) such that

IfFE < pr)lyll, foraet €Jandally €E,

gt Il < pg(D)llyll, forae t € Jandally € E,
Wh(t, )|l < pr(®)|lyll, forae. t € Jandally € E.
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(P3) Foralmost all t € | and each bounded set B C E, we have

u(f(t,B)) < ps(t)u(B), forae.te],

1(g(t,B)) < pg(t)u(B), forae.tc],
u(h(t,B)) < py(t)u(B), forae. t € ].
Then, the BVP (1)—(3) has at least one solution in C>(], E), provided

T(1+T)

oty pslis + Ipullis) + B Tlpglis <1 15)

Proof. In order to transform problem (1)—(3) into a fixed point type problem, consider the
operator
N : C*(J,E) — C*(J,E)

defined by

N = KO+ [ H9) 656y, 6)
where

W | st y(s)ds + ((21:?) | nts,ytsnas,

and H(t,s) is given by (9). It is easy to see that the fixed points of N are solutions of (1)-(3).
Let R > 0 and consider

K(t) =

Dr ={y € C*(J,E) : |lylls < R}. (17)

Clearly, Dy, is a closed, bounded, and convex subset of CZ( J, E). We show that N satisfies
the hypotheses of Monch’s fixed point theorem. We give the proof in three steps.

Step 1: N is continuous. Let {y, },cn be a sequence with y,, — v in C?(J, E). For each
t € |, we have

o) = O] < SETZD [Migts,a(s) - s w(s)les
D [ i) — s (o)

4 [V n(5) ~ Floy()ldys.

Hence,
NG - NI < 15 gt vnl9) — G566
LS s () = sy

+HT| f(s,yu(s)) = f(s,y(s))-

Let p > 0 be such that
[Yynlleo < 0, llylleo < p.
By (P2), we have
1£(s,yn(s)) = f(s,y(s))Il < 20pf(s) := oy(s),
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18(s,yn(s)) = g(s,y(s))I| < 20pg(s) := cy(s),

125, ya(5)) = h(s,y(5)) | < 20p1(s) = a3 (s),
and 0¢(s), 0g(s), op(s) € L'(J,R4). Since the functions f, g, and h satisfy Carathéodory
conditions, the Lebesgue-dominated convergence theorem implies that

IN(yn) = N(y)||oo — 0 as n — oo.

Consequently, N is continuous on C?(J, E).
Step 2: N maps Dy, into itself. Now, for any y € Dg, (P2) and (15) imply that for each

te],
1+T
( L2 [ hisves) o

||<Ny><t>||sw/ g,y )||ds+

T
+/O [H(t, )| 11 £(s,y(5)) | dgs,

< G20 [ petotalas+ Gk [ puto)llas
+/OT|H(t,s)|Pf(S)HdeqS'

Ta+T) L Ta+T) .
SR<(2 Ty lesllis + gy Il +H Tlpgls ).

<R

Step 3: N(Dg) is bounded and equicontinuous. In view of Step 2, it is clear that N(Dg) is
bounded. To show the equicontinuity of N(Dg), lett, t, € ], t; < tp,and y € Dg. Then,

) 1) - gl = |2 / s+ 2 [ty

+/ (f2,5) <t1f5))f(5,y(s))dqs ,

(t —t)
< (21+T)/ 1g(s,y(s))lds + 2+T / k(s y(s))]|| ds
+/ |H(t2,s) — H(t1,8) |l £(s,y(s)) || dgs.

By (P2), we have

)12~ N ) < 2 eyl + 2 [l as

+/ |H(ta,8) — H(t1,8)|pg(s)llylldgs,

< RTGU R pgin+ RTGC A 1

T
+Rlpyllis [ [H(ta,) = H(t, )| dys

As t; — tp, the right-hand side of the above inequality tends to zero, which shows the
equicontinuity of N(Dg).
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Now, let V. C Dg be such that V. C con(N(V) U {0}). Since V is bounded and
equicontinuous, the function v — v(t) = u(V(t)) is continuous on J. Moreover, (P3),
Lemma 4, and properties of the measure y imply that for each t € |,

o(t) < u(N(V)(t) U{0}),
< u(N(V)(8)),
(1+T—1t) (1+1)

T T
<Sarm [ oo+ G [ monvi)as
+ [ 1) (v (s)dys,

T(1+T *
< ol | TR e + ple) + HoTlpplis

This means that
T(1+4+T) *
o1- - o =[] <o.
lolle (1= | Ty (sl + puls) + B Tlpglis| ) <0

From (15), we see that ||v||cc = 0, so v(t) = 0 for t € ], and hence, V (t) is relatively compact
in E. The Ascoli-Arzela theorem yields that V is relatively compact in Dg. Applying
Theorem 1, we see that N has a fixed point that in turn is a solution of (1)—(3). O

4. Example
Let

E:le{(y1,y2,"'ryn/"') : Zyn <OO},
n=1

be our Banach space with the norm

lylle=Y_ lynl-
n=1

Consider the boundary value problem for fractional }-difference equations given by

1

(“DI)0) = rgun(t), foraete] =1, 1<a<2, (19
y0) 0 = [ 5 yats)as 09)
v +y ) = [T o) )
Here,a =3, q=1, T=1,and
Fults) = gy (69) €T X E,

3

gn(ty) = —5—yu (Ly) € XE,

and s
P +1
ha(t,y) = —g—ym, (by) € ] X E,

where

y= (ylfer--~/ynr~--),
f=Ufo o fu-),
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References

§=1(81,8 -/ 8n, ),

and
h=(hy,hy,... Hy,...).

Clearly, conditions (P1) and (P2) hold with

= e p =5, =5
pf 7€t+5l Pg ~ 9’ Ph T 6
From (9), we have
5 2
H*= sup [|H(ts)|= + .
(ts)e]x] 31}(%) 31"%(%)

To see that condition (15) is satisfied with T = 1, notice that

T(14T)

m(npgnm +lpnllee) + HT||psl o

(1)) (et )
3\o76) " \ar, @) Tar, @) ) 6

~ 0.5564 < 1.

1
4
Then, by Theorem 2, the problem (18)—(20) has a solution on [0, 1].

5. Discussion

In this work, we proved the existence of solutions to a fractional g-difference equa-
tion with nonlinear integral type boundary conditions in Banach spaces using a method
involving the Kuratowski measure of noncompactness and Monch’s fixed point theorem.
An example was presented to illustrate the effectiveness of the results.

An interesting direction for future research of course would be to consider fractional
g-difference equations of order 0 < @ < 1 and orders greater than the 1 < a < 2 considered
here. Another direction would be to consider Riemann-Stieltjes integral-type boundary
conditions. Adding impulsive effects to the problem would expand the ares of possible
applications as well.
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Abstract: Due to the great application potential of fractional g-difference system in physics, mechanics
and aerodynamics, it is very necessary to study fractional g-difference system. The main purpose of
this paper is to investigate the solvability of nonlinear fractional g-integro-difference system with
the nonlocal boundary conditions involving diverse fractional g-derivatives and Riemann-Stieltjes
g-integrals. We acquire the existence results of solutions for the systems by applying Schauder fixed
point theorem, Krasnoselskii’s fixed point theorem, Schaefer’s fixed point theorem and nonlinear
alternative for single-valued maps, and a uniqueness result is obtained through the Banach contraction
mapping principle. Finally, we give some examples to illustrate the main results.

Keywords: g-calculus; fractional g-integro-difference system; solvability; Riemann-Stieltjes g-integrals;
fixed point theorems

1. Introduction

In the early twentieth century, Jackson [1] proposed a new mathematical direction of
g-calculus, and it plays an indispensable role in the fields of nuclear, conformal quantum
mechanics and dynamics. In the 1960s, Agarwal [2] and Al-Salam [3] put forward a
novel concept of fractional g-calculus, its relevant application and development can be
seen in the literature [4-6]. Compared with classical g-calculus, fractional g-calculus can
more accurately describe some phenomena in nature, and many practical problems can
be abstracted into fractional g-difference equations or a system of fractional g-difference
equations by mathematical modeling. In recent years, abundant theoretical achievements
have been made in the research of boundary value problems (BVPs) for fractional g-
difference equations, according to the literature [7-16] and the references therein.

Riemann-Stieltjes integral is a generalization of Riemann integral. As well as we
known, the classical Riemann-Stieltjes integral can be widely applied in several areas of
analysis, such as probability theory, stochastic processes, physics, econometrics, biometrics
and informetrics and so on. BVPs with Riemann-Stieltjes integral boundary condition (BC)
have been considered as both multi-point and integral type BCs are treated in a single
framework. In recent years, some interesting results about the existence of solutions for
nonlinear fractional differential equations with the Riemann-Stieltjes integral BC have been
researched, see [17,18] and the references therein.

Nowadays, the system of nonlinear fractional differential equations has important
applications in engineering, economy and other fields. This is mainly because the effect
of using fractional calculus to solve problems is more practical and efficient than that of
classical calculus. Over the years, the BVPs for a system of fractional differential equations
have developed rapidly, and numerous mature conclusions have been obtained, which can
be referred to the literature [19-25].
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In [24], Tudorache, A. and Luca, R. applied the Guo-Krasnoselskii fixed point theorem
to study the existence of solutions for a system of fractional differential equations with
p-Laplacian operators

{ DiL (9, (D x(£))) + A£ (£, x(1), y (1)) =
D% (9, <Dﬁ2y<t>>>+ug<t,x<t>,y<t>>

4 6 4 7

0
0, te(0,1),

with the nonlocal BCs
x0(0)=0,j=0,. 2 DF x(0) =0,
Dy?x(1) =T s D”' t)dH;t,
y0) =0,j=0,...,m— z D2 y(0) =0,
DO(-)%—y(l) - 2?:1 fo 0+x )dK t.

In [25], Luca, R. considered the existence of solutions of the nonlinear system of
fractional differential equations by using a variety of fixed point theorems

{ cx(8) + O x(E), y(8), I x(E), Ty (t))
0+J/

0, te(01),
0,

(t) +g(tx (f)/y(f)flgiX(f)/ Iy(t) = te(0,1),
with the nonlocal BCs
{ x(0) = x'(0) = - -- = x("2)(0) = 0, D”Ox(l —y" 1f0 D% (£)dH; (1),
y(0) =y (0) =+ =y™2(0) =0, DRy(1) =TI, fy Doix(t)dK;(t).

Despite quite a number of contributions dealing with the solvability for the system
of classical fractional difference equations. However, as the generalization of the above
system, limited work has been done in the nonlinear system of fractional g-difference
equations. In particular, there is little research on the existence and uniqueness of solutions
for the system of fractional g-difference equations with Riemann-Stieltjes integral BC. To fill
this gap, we investigate the system of nonlinear fractional g-difference equations

{ (Dgu)(t) + P(tu(t),o(t), I u(t), I7'o(t)) = 0, "
(Do) (1) + Q(t u(t), v(t), I?u(t), Io(t)) = 0,
with the nonlocal BCs
{ 1(0) = Dgu(0) = -~ = D ~2u(0) = 0, Du(1) = [, Dio(t)dsH(t),
m—2 ¢o 1 ~¢ )
0(0) = Dgo(0) = --- = D" ?0(0) = 0, Dz’v(1) = [y Dsu(t)dgK(t),

wheret € (0,1),0<g<1,a€ n—1,n], B (z—1,z], n,ze N, n>2andz > 2,
w1, Wy, (51, (52 >0,0< § < ‘B—l, 0< C <a-—1, go S [0,0(—1),60 € [O,IB—l),Dfidenotes
the Riemann-Liouville g-derivative of order i (i = «,,0o,{,Go,¢), I“;’ is the Riemann-
Liouville g-integral of order @ (&0 = w1, wy, 41, J7), P and Q are nonlinear functions. The BCs
include Riemann-Stieltjes integrals, where H(t), K(t) are the bounded variation functions.
In the case where H(t) = K(t) = t, the Riemann-Stieltjes integrals in (2) reduce to the
classical g-integral.

The present paper is bulit up as follows. The second part offers the necessary defini-
tions, lemmas and theorems needed in the following. The third part obtains the important
conclusions by applying various fixed point theorems, including nine theorems or corollar-
ies. In the final part, four examples are provided to verify our main results.

2. Preliminaries

In this section, we present some definitions, lemmas and theorems.
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Definition 1 ([11]). Let p > 0 and f be a function defined on [0,1]. The fractional g-integral of
the Riemann-Liouville type is

(1Ff)(s) =

1",11‘3) /OS(S —qt)FVf(t)dgt, B>0,5€[0,1].

Obuiously, (Iff)(s) = (I4f)(s), when p = 1.

Definition 2 ([11]). The fractional g-derivative of the Riemann-Liouville type of order p > 0 is
defined by (DQf)(s) = f(s) and

]—
(D§f)(s) = (Dl PA)(s), p>0, se(o1],
where | is the smallest integer greater than or equal to p.

Lemma 1 ([11]). Let , p > 0and f be a function defined on [0, 1]. Then, the following formulas
hold:

Lo (7N = 05 (),

2. (DI f)(x) = f(x).

Lemma 2 ([11]). Let « > 0 and p be a positive integer. Then, the following equality holds:
p—1 xA—p+k

(DFA)() = (DFENE) = ¥ e p e

)(D'q‘f) (0).

Lemma 3. If x € C[0, 1], then for k > 0, we get

[Igx(B)] <

where || x ||= SUP;eo,1] [x(£)].
Proof. According to Definition 1, this lemma clearly holds. O

Definition 3 ([15]). The function f : I x R* — R is called an S-Carathéodory function if and

only if

(i) foreach (u,v,x,y) € R}, t — f(t,u,v,x,vy) is measurable on I,

(i) forae te€l, (u,0,xy)— f(t,u,0,xy) is continuous on R*;

(iii) for each r > 0, there exists ,(t) € L'(I,R*") with ty,(t) € LY(I,R") on I such that
max{|ul, [v], |x|, |y|} < rimplies |f(t,u,v,x,y)| < ¢,(t), for a.e.l, where L*(I,R") =
{lueX: fol u(t)dyt exists}, and normed || u ||;1= fol u(t)|dgt for allu € L*(I,R™).

Theorem 1 ([26]). (Schauder fixed point theorem) Let D be a bounded closed convex set in E (D
does not necessarily have an interior point), and A : D — D is completely continuous, then A
must have a fixed point in D.

Theorem 2 ([12]). (Krasnoselskii’s fixed point theorem) Let K be a closed convex and nonempty
subset of a Banach space X. Let T, S be the operators such that

(i)  Tu+ Sv € K whenever u,v € K;
(ii) T is compact and continuous;
(iii) S is a contraction mapping.

Then, there exists z € K such that z = Tz + Sz.
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Theorem 3 ([16]). (Schaefer’s fixed point theorem) Let T be a continuous and compact mapping of
a Banach space X into itself, such that the set E = {x|x € X : x = ATx,0 < A < 1} is bounded.
Then T has a fixed point.

Theorem 4 ([15]). (Nonlinear alternative for single-valued maps) Let E be a Banach space, let C
be a closed and convex subset of E, and let U be an open subset of C and 0 € U. Suppose that
F : U — C is a continuous, compact (that is, F(U) is a relatively compact subset of C) map.
Then either

(i) F has a fixed point in U, or
(ii)  thereis a u € oU (the boundary of U in C) and A € (0,1) with u = AFu.

Throughout this paper, we adopt the following assumptions:
(H1) The functions P,Q € C([0,1] x R, R) and for x;,y; € R, there exist
Li(t), I;(t) € C([0,1],]0, +0)), i = 1,2,3,4, such that

4

|P(t,x1,%2,%3,%4) — P(t,y1,¥2,y3,v4)| < Y Li(t)|x; — yil,
i—1

'S

|Q(t, x1,x2,x3,x4) — QL y1, Y2, y3,ya) | < Y Li(t)|xi — yil.
i=1

(H}) The functions P, Q € C([0,1] x R* R) and for x;, y; € R, there exist real constants
L;, l; >0,i=1,2,3,4, such that
4
‘P(t/ X1,X2,X3, x4) - P(t/ y1/ yZ/ y3/y4)‘ S Z Li|xi - yl
i=1

4
|Q(t, x1, x2,x3,x4) — Q(t, y1, y2,y3,ya)| < ) lilxi —
i=1

(H7) The functions P, Q € C([0,1] x R* R) and for x;, y; € R, there exist real functions
pi(t), 0i(t) € C([0,1],R"), i =1,2,3,4, such that

|P(t1 xl/x2/x3/x4) - P(t/y1/y2/y3/y4)| ( )‘xl yi|/

M"“ EM”’“

|Q(t, x1,x2,x3,x4) — Q(t, y1,¥2,¥3,¥4)| < ) 0i(t)|x; —yil-

Il
—

(H2) The functions P,Q € C([0,1] x R% R), and for x; € R, there exist functions
ci(t), d;(t) € C([0,1],R"), and h;, m; € (0,1), i = 1,2,3,4, such that

|P(t/ X1,X2,X3, X4)| < CO(t) + Ci(t)|xi|hif

-

I
—

1

gl

|Q(t/ X1,X2,X3, x4)| S do(t) + di(t)|xi|mi'

1

(H3) The functions P,Q € C([0,1] x R%,R), and for x; € R, i = 1,2, 3,4, there exist
functions oy (t), 0»(t) € C([0,1], R") such that

|P(t, x1,x2, %3, x4)| < 01(t),
|Q(t/ X1,X2,X3, x4)| S Uz(t)

(H4) The functions P, Q : [0,1] x R* 5 Rand forae. t € [0,1], x; € R, there exist
r1(t),r2(t), Li(¢),1;(t) € C([0,1],RT"), i = 1,2,3,4, such that
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'y

|P(t/ x11x21x3/x4)| < Z (t>|xl| +r1(t)/

i

I\
—

M’“

|Q(f,X1,X2,X3,X4)| < (t)‘xil +72(t).

I
—

(H}) The functions P,Q : [0,1] x R* — R and for ae. t € [0,1], x; € R, there exist
non-negative real numbers L;, I; (i = 1,2,3,4), and r1, 1, where at least one of 1 and r; is
positive, such that

4
’P(t/xll x21x3rx4)’ S ZLi|xi| +1’1,
i=1

4
|Q(t, x1, %2, %3, x4)| < ) Lilxi] + 72,
i=1

(Hs5) The functions P,Q : [0,1] x R* — R and for a.e. t € [0,1], x; € R, there exist
functions p;(t), q;(t) € C([0,1], R"), where p;(t), q;(t) have at least one non-zero function,
and there exist nondecreasing functions ¢;, 17, € C([0,00),R"), i =1,2,3,4, such that

’P(t/xlrx2/x3/x4 ’ Zpl Pi |x1| +P0()

’Q(t1x1/x2/x3/x4 ‘ qu 171 |xl‘ +q0()

For convenience, we denote

Ci =1+ rq(lwl), C=1+ Tq(lél)’ C; = max{Cy, G},
Cy —1+rq(1w2), C5—1+rq(152), Ce = max{Cy, Cs},
) * IO o=
+|Q|rq<aiq(‘[;rq 33, ]/ sP=¢=1d,H(s) \/ d,K(s
= T R
’ |0|rq<«x£q(>rq gl LK) | [ e
© = 1A, fqg(o))rq @—¢ ’/ K () 3)
+|Q|rq(0¢—§0 Ty —2) /”
0 =Jar, (5 - L% Tqﬁ Al [ e
T, (B qu(f))rq(ﬁ =7 [} o)
Cyp =Cy — Ftilx), Cip =Cg— rziﬁ)
Ql_rql(’g(ﬁ)g) / P04, H(s), szm(/olsa_g_ldqm)r
o T@LB

Tg(a = Zo)Tq(B — o)
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3. Criterion of Uniqueness and Existence
In this section, we show some existence and uniqueness results for the Systems (1)—(2).

Lemmad. Leth,k € C(0,1)N L' (0,1) and Q % 0, then the system of fractional q-difference equations

{ Dgu(t) + h(t) =

DRo(t) + k(t) = @)

with the coupled BCs (2) has a unique solution (u(t),v(t)), namely

P S L PRy ot P At B 01 Y1 — ps) (B=20-D(s)d. s
()=~ g Jy = 090 s + | s [0 as) 0 Dk,
1 s
_ly(i)l—(j)/o [/o (s—qr)("‘_g_l)h(r)qu}qu(s)
Tq(B)

1~ )@= (s
" Tg(a—Go)Tq(B—Go) /0 (=) h(s)dqs

Iy(p) g N
‘mw—5mw—agé[A<&wﬂ“¢”uw@ﬂ%H@}

p-1
0 ——rjﬁ)/ot(t—qs)w—l)k(s)dqw tQ [rq(fj - /01(1—qs)<“—€o—1>h(s)dqs

- I’,;(?zé) /01 {/Os(s — qr)(ﬁ*&l)k(r)dﬂ} qu(s)

] /01(1 - qs)(ﬁ_go_l)k(s)dqs

v vy /01 {/OS(S - qr)(afgfﬂh(f)dqr} qu(s)], t € [0,1].

Proof. The proof is similar to the Lemma 2.1 in [24]. O
Let U = C[0,1] and V = U x U be the Banach spaces with the norms
| u ||= SUP;c(o,1] lu(t)| and || (w,v) |lyv=|| u || + || v ||, respectively. Nowdays, we

introduce the operator 7 : V. — V, where T (x,y) = (T1(x,y), T2(x,y)) for (x,y) € V,
and 71,7, : V — U are defined by

a—1 1
71(14/ U)(t) = — I—'q%[x) /Ot(t — qs)“xil)Fuv(S)qu + (Hf;(l’égo)‘/o (l — qs)(ﬁfgofl)
Q! Ty s s
- Guo(s)dgs — m/o {/0 (s —qr) "¢ 1)Fuv(7)drﬂ—} dqK(s)
Fq(ﬁ)t“71 1 o (06—@0—1)
T ar, (- o)1y (p -~ &) /o (1=4s) Fuo(s)dgs

B Lp)t !
QT (B — )4 (B —Go

] /(;1 [/Os(s — qT)(’s_g_l)Gm,(T)qu} dyH(s),

and
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1 t B O,th-1 1 a—Co—
ﬁmwur»fﬂaﬁa—ww1mw@%wyfﬁ;fgéu—wﬂ@ Y
p-1 s
- Fyp(s)dgs — 032(;_5) /01 [/O (s — qr)(ﬁCl)Guv(r)qu] dgH(s)
r B—1 1
*nuwjgﬁwa—@>ﬂ(lq”w{r”@“”%s
Ty(a)tPt

1 s
T 0T, (a— O)Ty(a— o) /0 [/O (s — qr)(‘"*g*)Fuv(r)dqr] dgK(s),

fort € [0,1] and (u,v) € V, where
Fuo(s) = P(s,u(s),0(s), I{u(s), I'0(s)), Guo(s) = Q(s, u(s), v(s), I;2u(s), I7v(s)).
According to Lemma 4, it is easy to see that (u(t), v(t)) is a solution of the Systems (1)—(2)
if and only if (u(t),v(t)) is a fixed point of operator 7.

At first, we prove the existence and uniqueness theorem of the Systems (1)—(2) by
Banach contraction mapping principle.

Theorem 5. Suppose that (H1) holds. If Q) # 0, and
A =N C3(C7+ Co) + AaCe(Cs+Cyp) < 1,

where Ay = max;cpo 1] { YE L)), A= maX;e[o1) { ¥t 1:i(t)}. Then the Systems (1)~(2)
has a unique solution.

Proof. Letr > 0 such that

. Co(C7 + C) + Co(Cs + Cip)
1= A1C3(C7 + Cy) — A2Cs(Cg + Cyp)”

where Cy = SUP;¢o,1] |P(,0,0,0,0)|, Co = SUP;co,1] |Q(t,0,0,0,0)|.

We divide two steps to prove the theorem.

(i) Our first task is to show that 7 maps bounded sets into bounded sets in V.

Let B, = {(u,v) € V, || (u,v) ||y < r} be abounded setin V and (u,v) € B,. Then we
show that 7(B,) C B,. By (H1) and Lemma 3, we get

|Fuo(t)| g|P(t,u(t),v(t),Ig’lu(t),l,flv(t)) — P(t,0,0,0,0)| + |P(t,0,0,0,0)|
<[ Lu(®) (D] + La(Olo(D)] + La (D1 u(B)] + La (D] 13 0 ()] + Co

[ ]l
rq(wl)

=AM(C u| +Co ][ v ) +Co
<MGs || (u,0) |lv +Co < A1Csr + Co,

o]l
Fq@l)

< full+llo)+ + 2]+ Go

similarly,
’Guv(tﬂ < ApCer + 60.

According to the expression of operators 77 and 7, we obtain
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1T (1, 0) (1) srqlm [ =45V Fuo(9) s

ry(p)er!
QT4 (B —&o)Te(B—¢C

+ )/(1—q5)ﬁ 0| Guo(s) |dqs

| e, mes Lo(p)!
/ qu”‘*mrq(a— O, (- 0)

1 s
|2 [0 lrtotacfas

ry()tr! Y1 e @D B ()dos
" |QTg(a = Go)Tq(B — So) /o (1=4gs) | Fuo(s) |dy

rq(ﬁ)tﬂil ' ’ s — (B—C-1) s
" QT (B —G0)Tq(B—0) | Jo [/0 (s —q7) ‘Guv(f)|dq7}qu( )

1 Tq(p) Ty(B)

S[rquﬂmrq( T, (B—Co) IO, @ — )T, (B—0)
’/sﬁ“dH H/dK }/\Fuv )|d,s
*[mm(ﬁ co Fqﬁ ) ‘/5”1‘1‘7

oI, - Corqﬁ ¢) /dH }/’GW )|dgs,

thus, we have
1 721, 0) ||< C7(A1Car + Co) + Cro(A2Cer + Co),
in like wise,
| T2(,0) | <Co(A1Car + Co) + Cs(A2Cer + Co).
Using (5) and (6), we obtain that for V(u,v) € B,

1T (o) llv= [l To(w,0) | + || Ta(u,0) ||

S(A1C37’ + Co)(C7 + Cg) + (A2C67’ + 60)(C8 -+ C]o) =r

thatis 7 (B,) C B,.
(ii) The next step is to prove that operator 7 is a contraction.
For (u;,v;) € B,(i=1,2), t € [0,1], we get
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|71 (w1, 01) () — T1(u, v2)()]

1 t
< (Dé 1)
“Ty(a) /0 (t—4gs) ’Fulvl — Fuyoy (s ’dﬂs

T ttX*l
Q|Fq(ﬁq_(‘8é’)0)rq(ﬁ —7) /0 (1- qs)(ﬁfgofl)‘cuw] (5) = Guyoy ( |d s

: ‘ /(;1 s’s_g_lqu(s)‘

+

Ly(p)t! Lrogs (a—¢-1) @)
T =D |y L &~ B (1) = () ()
1 og o T, (B) ! 1 e
. p—C—1 9 _ (a—gp—1)
R I e ey A
I, (B)t !
Fuyo, (5) = Fuyo, (s)|d d
[P oS+ 10T, 6 — 0Ty (=0
1 s
-A{A@—Wwélmhﬂﬂ—Gmxﬂ%ﬂ%mﬂ-
Since
| Fuyoy (8) = Fuyo, (8)] < [Ll(S)Wl(S) — ()| + La(s)|o1(s) — va(s)]
+ La(s)| I w1 (s) — 1§ ua(s)| + La(s) |19 o1 (s) — 13102(5)”
<A(Cr lug —up || +Co [ o1 — 02 [])
<M Gs || (u1,01) — (u2,02) |lv,
and
|Guyo,(5) = Guyo, (5)| < AoCe || (1,01) — (u2,02) || -
By (7), we have
| T (ug, 01) (£) — Ti(uz,02)(t)]
1 T'y(B)
Srq( / |Fu101 — Fuyo, (8 ’qu + O[T, (a — o) T4 (B — Zo) / |Fulv1 — Fuyo, (s |dqs
. p—C—1
ol - ao rq / 'G”“'l Gty | [ a9

s Ih(ﬁ)
’/ s dH(S)‘*|n\rq<;s—¢o>rq<ﬁ—é>

{/ }Gulvl = Guyo, (T |dq(T)] dgH(s)

<AGC || (u1,01) — (u2,02) |lv [Tqitx) QIT, (@ —rzgﬁ)%l)"q(ﬁ &)
Tq(B) 1 o
Ao b | o5 |
+ AoCe || (u1,01) — (uz,02) ||v [mmw Fq{:(f))rq G0 ‘/ sP=¢-1d, H (s)

Iy(p) 1
- |n|rq<ﬁ—co>rq<ﬁ—g>‘/o 4 H (s }
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hence, we deduce
| T1(ur,01) = Ti(uz,v2) | < (A1C3C7 + A2CeCro) || (u1,v1) — (u2,02) [|v - 8)

For the same way, we can obtain
| T2(u1,01) — To(u2,v2) | < (A1C3Co + A2CoCs) || (u1,v1) — (u2,v2) |lv - )
From (8) and (9), we have

| T(u1,01) =T (u2,02) ||v
= || Ti(ur,01) — Ti(uz, 02) || + || Ta(u1,01) — Ta(uz,v2) ||
< [A1C3(C7 + Co) + ApCe(Cs + ClO)} | (u1,01) = (uz,02) ||y

=A || (u1,01) = (u2,02) |lv -

Due to A < 1, it follows that H T(u1,01) — T(Liz,vz) ||V<|| (M1,Ul) — (uz, "02) ||V, SO
operator 7 is a contraction. Hence, we obtain that the Systems (1)—(2) has a unique solution
(u,v) € B, by using Banach contraction mapping principle. The proof is completed. [

Corollary 1. Suppose that (H}) holds. If Q # 0, and
A" = A3C5(Cy + Co) + AsCs(Cs +Cpp) < 1,

where A3 = Z?Zl Li, Ay = Z?Zl I;. Then the Systems (1)—(2) has a unique solution.

Corollary 2. Suppose that (H{') holds. If 0 # 0, and
A = AsC3(C7 + Co) + A6Co(Cs + Crp) < 1,

where As = Supte[o,l]{z?:l pi(t)}, Ae = SUP;eo,1] {Yh 1 0i(t)}. Then the Systems (1)—(2) has
a unique solution.

Next, we apply several kinds of fixed point theorems to achieve the existence results
of solutions for the Systems (1)—(2).

Theorem 6. Suppose that (Hy) and Q) # 0 hold. Then the System (1)—(2) has at least one solution.

Proof. Let Bg = {(u,v) € V, | (u,v) ||[v< R}, and we denote

N >h3

he max{ l o -+l er | V)" e Il )+ ea (s

NZ By my my

el (Fray) |0 |1+ a ™+ ) 4)

) ()"

d d e Cio ¢,

ol (7ag) 14l () |oo
Rzzmax{[n ol + lex I (V)" 41 ca ) A" s I
Ny )h4

el (5

Fl () (r:(%))m]cg}

R = Zmax{Rl,Rz}.

G,

N\
rq (w1) )

Co, | Il do [l + Il du | (M)™ + || dz || (N2)™
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where there exist N7, N> € R such that [u(t)| < N7, |o(t)] < N.
Firstly, we show that 7" maps bounded sets into bounded sets in V. For (u,v) € Bg,
we obtain

N\
| Ta(w,0) 1< [leoll + [Fex [| (N4 [ ea || (N2)2+ || e3 || (1))

rq(wl
Ny ™
+ || C4 || (rq(§1)>

similarly, || 72(u,v) ||< 2Ry, then

Cr+ | ldo I+ [l dr | (N)™+ [l dz || (N2)™

Cio < 2Ry,

17w o) lv=II TL(w,0) | + || T2(u,0) [S R, (#,0) € Bg,

as above, we obtain 7 (Bgr) C Bg.
Secondly, we prove that 7 maps bounded sets into equicontinuous sets of V. Let
N = max{Nj, N}, for simplicity of presentation, we denote that

¥ = s {1203l ] <N <N S e < )
O = sup {10010l 1ol <N, o SN, 11 < ps 1< )
then for (1,v) € Bg and t1,t; € [0,1] with t; < t;, we have
Tilw,0)(82) — T 0) (1)
e e (IR AR ] [+ el AT
| k0| + = =]+ 1) e =g

(/ﬁmﬁ)‘wwﬁamﬁé/% ]

N o o a—1 a—1
_— t —t Y\ Ci11 +ONC t —t .
Fq( 1)( ) ( NE11 N 10)(2 1 )

The same can be proved that

Oy

—1 1
m(tg_tlls)+(TNC9+@Nclz)(tzﬁ _tf ).

| T2(1,0) (k) — Talu,0) (t1)] <

Hence, we conclude
|T1(u,v)(t2) — Ta(u,0)(t1)| = 0, [T2(u,0)(t2) — T2(u,0)(t1)] — 0,

as tp — t1, (u,v) € Bg. Thus, T (Bg) is equicontinuous. According to the Arzela-Ascoli
theorem, it follows that the set 7 (Bg) is relatively compact. Therefore, 7 is compact on
Br. By Theorem 1, we get that the System (1)—(2) has at least one solution. The proof is
completed. O
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Theorem 7. Suppose that (1)) and (H3) hold. If 0 # 0, and

_ 1 1

Then the System (1)—(2) has at least one solution.
Proof. Take rg > 0 such that
102 (Cr+Co) [l on || +(Cs+ Cro) [l o2 | -

Let B,, = {(1,v) € V,|| (1,v) |[v< 1o}, and let the operators be X = (&}, A3) : By, —
Vand Y = (Y1, )) : By, = V, where X, X, )1, )s : By, — U are denoted by

()0 =~ s [t 45 R (51,
W0,0) (1) = e [0 )8 Gun(ols

b s [ - e s

- mq(ﬁri(?;;;; i [ [ [ a0 Gty )
Pl 0)(0) =~ 5 | (£ ) F TV Guuls)dys,

Qyth~1 1
yz(u,v)(t) :mA (1—qs)("‘—€0_1)Fuy(S)dqs

p—1 1 s

B ng(tﬁ_g)/o [/0 (s — qr)(ﬁ“)cw(r)dﬂ] dH(s)
Ty(a)th1 1 e

+ qu(lx—qgo)rq(ﬁ &) /0 (1 qu)(lS g 1)Guv(5)dqs
Tg(a)tP™!

- Oy (a = &)Tg(x — Co) /01 [/os(S B qr)(agl)Fuv(T)qu} dqK(s),

where t € [0,1], (u,v) € Byy. Thus, 1 = X1+ V1, h=X+Yoand T = X + ).
By (H3), we know that V(u1,v1), (u2,v2) € By,
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| X(u1,v1) + V(uz,02) ||v
< || X(up,v1) |lv + || Y(uz,v2) ||v
= || Xi(ug,01) || + || Xo(ur,01) [| + || Vi(ug,02) || + || Ya(uz,v2) ||
I, (8)
o+ 1o | | =], K
e r,(8) nm>
e %H“”+'0W4w@nuﬁ¢>}*“”HDQWAﬁ@nwﬁ@

‘/01 Sﬁ—C—lqu(s)‘ RIWE rl%o TG=0) / dgH( ]+ Il o1 |l

o | +575y

1 1
ST, Tq(B)

. L)
anxaglya ||+ et ke
Ty Ty ()
*”@Mmm<quagujq Mmm—%mwaJ

=(C7+Co) || o1 || +(Cs + C1o) || 02 || < 70
For V(uy,v1), (12,02) € By, and A < 1, we have
| X(uy,01) — X(uz,02) v
= || X1 (uy,01) — Xl(uzfvz) | + || X2 (uy,01) — Xa(u2,v2) ||
1
<(A3C3—— (I u
(@) @)l
=A || (u1,v1) — (u2,2) ||lv
< || (u1,01) — (u2,02) [lv -

+A4C6I’ — Uy || + || U1 — U2 ||)
‘7

Hence, the operator &’ is a contraction.
Owing to the continuity of P and Q, Y is continuous. Next, we need to verify that ) is
a compact operator. Due to V(u,v) € By,

| Y(w,0) lv=I Y1(u,0) || + || Ya(u,0) < (Co+ Cu1) || o1 | +(Cro+ Cr2) [ o2 |,

we have derived that the functions from ) are uniformly bounded.
We can show the equicontinuous of the functions from )(B;,). We denote that

¥, = sup {IP(t,,0,%,)|, [u] < 1o, lo] < ro, |x] <
te[0,1]

Oy = sup {1Q(t1,0,%,y)|, ul < ro, o] <70, |x| <
te[0,1]

rq( 1) vl< r (51)}
Rl M < o) )

for (u,v) € By, and t1,tp € [0,1] with t; < t;. An argument similar to the one used in the
proof of Theorem 6 shows that

IV1(u,0)(t2) = V1 (u,0)(t1)| = 0, [a(u,0)(t2) — Ja(u,v)(t1)| =0,

as ty — t1, (u,v) € By,. Therefore, Y (B;,) is equicontinuous. Then, we can see that Y (By,)
is relatively compact. Hence, ) is compact on B,,. Using Theorem 2, we know that the
System (1)—(2) has at least one solution. The proof is completed. [

Remark 1. Evidently, we prove that the operator X is a contraction, the operator Y is compact

and continuous in Theorem 7. An alternative method of proof is to show that X is compact and
continuous, ) is a contraction, that is Theorem 8.
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Theorem 8. Suppose that (H)) and (H3) hold. If 0 # 0, and
A = A3C3(Co + Ci1) + AgCs(Cs + Cro) < 1
Then the Systems (1)—(2) has at least one solution.

Proof. On the basis of Remark 1, this theorem can be proved by the same method as
employed in Theorem 7. [

Theorem 9. Suppose that P, Q are S-Carathéodory functions and (H4) hold. If QO # 0, and

H o= maX{C13, C14} <1,

where C13 = (j1 + %)(Q +Co) + (k1 + ( oy (Cs + Cio), Cia = (j2+ %)(Q +
Co) + (ko + %)(Cg + Cyo), and there exist Ay, Ay, ji, ki > 0 such that |r(t)| < A,

[ra(t)] < Ap, |Li(t)| < jiand |l;(t)| < k; (i =1,2,3,4). Then, the System (1)—(2) has at least
one solution.

Proof. The main point of Theorem 9 is to prove 7 is completely continuous. Firstly, for the
continuity of functions P and Q, we obtain that the operator 7 is continuous. Secondly, we
show that 7" is compact.
Let the set ® C V be bounded. Then, there exist integrable functions M (t) and
Ma(t) € L'([0,1],RT) such that for Vt € [0,1], (u,v) € ®, we have
|P(tu(t), o(t), I u(t), Io(t) | < Mq(t),

|Q(t u(t), o(t), 2u(t), 1o (1) | < Ma(t).
According to the Theorem 5, we get

|Fuo(8)| =[Pt u(t), 0(t), 15" u (), 130 (6))| <[ M |,
|Guo (8)] =|QUt u(t), 0(t), Iu(t), Io()| <Il Mz |11,

where || u [|;1= fo lu(t)|dgt.
Then

| Ti(w,0) 1< || My s [

1 Tq(B)
rq(“) 1T (& — Co)Tq(B — Co)

Tq(B) !
- |Q|rq(a—q ‘[)%Fq (B—20) ’/ P75 g H( ) ‘/ d‘?K(S)”

(8)
1M oy {lﬂquw rqéoﬁ)rq B-0 ’/ s~ 1dgHs)

F
q(B
n / d.H }
|Q|rq<,5 gO rq ,3 € q
= || My [[p2 C7+ || M2 [[12 Cao,

in a similar manner, we have
| Ta(u,0) |< || My [|px Cot || Mz [[ 11 Cs,
soV(u,v) € @,
17 (w,0) lv=II To(w,0) || + | Ta(u, 0) |<|| My [|p2 (C7 4 Co)+ [| Mz [[11 (Cro + Cs),

therefore, 7 (®) is uniformly bounded.
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Another step is to show that 7 (®) is equicontinuous. Proceeding as in the proof of
Theorem 6, we obtain |77 (1,v)(t2) — T1(u,v)(t1)| = 0and | T5(u,v)(t2) — To(u,v)(t1)| —
0,as ty — t1, (u,v) € ®. Thus, T (P) is equicontinuous. At the same time, we can also
obtain that 7 is completely continuous.

Finally, we illustrate that S = {(u,v) € V, (u,v) = AT (u,v), 0 S
bounded. Let (u,v) € S, then Vt € [0,1], we have u(t) = AT1(u,v)(t), v(t) =
For simplicity, we denote that

ﬁuv(s) =T (S) + Ly (S)|M(S)’ + LQ(S)‘U(S)’ + L3(S)‘I§”1u(s)‘ + L4(S)’I§10(S)
Guo(s) = ra(s) + 11 (s)|u(s)| + La(s) [o(s) | + I3 (s)| 15 u(s) | + l4(s)‘lgzv(s)

so,

Fuo(s) < Ay + ja|u(s)| + falo(s)| + ja| 1 u(s)| + ja| 10 o(s)
Guo(s) < Ay +ki|u(s)| + ka|v(s)| + k3| I 2u(s)| —0—k4|I,‘;zv(s)

then

u(t)] <[T1(u,0)(t)]

Srqi“) /Ot(t — q5) @V E 5 (s)dgs + ar (arq_ “2;;1/% ) /O "1 = gs) @)
oMo+ e | # O] [
-l + [ =) / #apn)| [ [o-amieen
(o |4gK(5)| + IQWéwQEQﬁ S [ [ fe-aneen

. CMU(T)qu} qu(s) ;

hence,
il Ve[ 5 + ot )
| f oo+ e tm—a) (el
'Lmnwréﬁuﬁ gl ) w0
e sl b o]
=1t Il 4 o+ s Tl s oI
ke o]+ T+ s )G
Similarly,
ISt el o s ]+ 11D "
itk e o]+ T+ s oG
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by means of (11) and (12), we have

| (wo)llv=1[lul+1o]
<A1(C7+Co) + Ax(Cg+Cro) +Ciz || u || +Cra || 2 ||
<A1(C7 4 Co) + Ap(Cg + Cro) + E || (u,0) ||v .

Dueto & < 1, we get
I (u,0) lv< [A1(Cr + Co) + Ax(Cs + C10)| (1 —E) 7!, (w,0) €S,

thus, S is bounded.
By Theorem 3, it is time to say that the Systems (1)—(2) has at least one solution. Hence,
the statements in Theorem 9 are proved. [

Corollary 3. Suppose that P, Q are S-Carathéodory functions and (H}) hold. If QO # 0, and

B= max{C15, C16} <1,

I
where Ci5 = L1(C7 + Co) + %(Q + Co) + h(Cs + Cio) + gy (Cs + Cro),
Cis = La(C7 + Co) + %(@ + Co) + 12(Cs + Cro) + %(CS + Cip0). Then the Systems

(1)—(2) has at least one solution.

Theorem 10. Suppose that P, Q are S-Carathéodory functions and (Hs) hold. If Q0 # 0 and there
exists I1 > O such that

[ I o I+ 1 pa | @ (ID+ | p2 [ 2T+ [ p3 | @3(%)
sl 4’4(%)} (©+ G+ | o+ L ()

IT IT
— — IT.
|+ o (s )+ e m(rq(&z))] (Cs + Cro) <
Then the Systems (1)—(2) has at least one solution.

Proof. Let By = {(u,v) € V,|| (u,v) ||y< II}. Firstly, we prove that 7 : By — Biy.
For (u,v) € Bryand t € [0,1], we have

I17i60) 1<Co | o I+ 1 pn | on 0D+ 1 pa | a0 I | (5 )

+ 1l pal 4’4(1}?51))} +C10{ g0 [l + [l g1 [ ne(AD)+ [ g2 || 72(TT)

I 11
+ 1l g3 | Ua(m)+ g | ’74(1“‘7(52))}'
and
11
I T2(u,0) | <Co { po Il + 1o Il er(ID+ 1| p2 (| 92T+ | s | 9”3(%)

w1 palos(gg) |+ 0| a0 1+ Ly I+ 1 g2 2D

1 1 (i )+ s () |
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For (u,v) € By, we have
17 (u,0) llv= 1[I Ti(w,0) [| + || T2(u,0) ||

<(C7+ Co) [ Ipo |l + 1l pa Il @r(TD)+ || p2 || @2(TD+ || ps | 4’3(qu¢(;1))

sl 4)4(%?51))} + (@0t G| 10 -+ 1m0+ 11 g2 | na(1D)

1 1 () o I ()| <

Consequently, 7 (Br;) C Bry. At the same time, it is easy to see that 7 is completely
continuous, which can be derived in the same way as employed in Theorem 6.

Furthermore, assume that there exists (#,v) € 9By such that (1,v) = AT (u,v) for
A € (0,1), itis simple to get || (u,v) |[v<|| T (u,v) |[v< II, this leads to a contradiction
for (u,v) € 0Byy. Therefore, by applying Theorem 4, we deduce that 7 has a fixed point
(u,v) € Bry, which is a solution of the Systems (1)—(2). The proof is completed. [

4. Application Examples

In this section, for the system with the different nonlinearity terms, some examples
are appreciated to illustrate our main results.
We consider the following system of fractional g-difference equations:

3 1 4
(Dgu)(t) +P(t,u(t),o(t), Iju(t), I;o(t)) =0, te(0,1), (12)
S 9 2
(Dgo)(t) + Q(t,u(t),o(t), Iju(t), Ijo(t)) =0, te(0,1),
with the nonlocal BCs
1 5
u(0) =0, Dju(1) = [} Div(t)dy(—t2), 13
7 1
0(0) = Dyu(0) =0, D;Sv(1) = [} Dgu(t)dyt,
wherea =3, =3, wi=1 6 =3 w=956=3%0=%8&=%0=3 (=4

=1 H(t)=—12 K(t) =t

After a simple caculation, we obtain () = 2.58954375 # 0, C; = 1.34100597,
C, = 2.08201688, C3 = (Cp, C4 = 192455621, C5 = 1.79251862, Cq4 = (4,
Cy = 2.29230629, Cg = 1.75022309, Cy = 0.7590784, C19 = 1.42695841, Cy; = 1.20641206,

C1p = 0.91031044.

Example 1. Consider the nonlinear terms of the system

P(t, x1,x2,x3,%4) = e + L cos x| — LS sin xp + 1 arctan x3 — X4
e 36 54 63+t (t+9)%’

Q(f, x1,x2,Xx3,%4) = o isinxl + icosxz — Larctanx3 + M
P merTy V5412 48 64 36+t t2 456’

where t € [0,1], x; € R (i =1,2,3,4). For x;,y; € R (i = 1,2,3,4), we obtain
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}P(t/ X1,X2,X3, X4) - P(t/y1/y2/y3/]/4)|

1 4
<A -
_36|x1 y1|+5 |2 y2|+t+63‘ y3|+(t+9)2|x4 yy| < 1l;|xl Yi
}Q(t/ X1,X2,X3, x4) - Q(t/y1/y2/y3/]/4)‘
t 1 4
L, - - gl <A .
—48|x1 y1|+64|x2 y2|+t+36‘ 3 y3|+56+t2|x4 y4|— 2i=21|xl yl|

It is obvious that Ly (t) = %, Lo(t) = &, L3(t) = ﬁ, Ly(t) = (t+9)2 and 1 (t) = £,
Lty = & L) = ﬁ, I(t) = ﬁ. By a simple computation, we obtain
A1 = 0.07451499, Ay = 0.08209325 and A = 0.97536897 < 1, respectively. By Theorem 5,
the Systems (12)-(13) has a unique solution.

Example 2. Consider the nonlinear terms of the system

t t 1
P(t, x1,%,x3,%4) =(3t +5)> + %|x1|% + 719 arctan |x2|% + T sin |x3|%

1

(4t+9)2|x4‘

QUt,x1, %2, 3,33) = + ||} + |t + L sin|xsF — Btarctan|xyl?,
46(t+1) 37 t+29
where t € [0,1], x; € R (i = 1,2,3,4). It is clear that

t 1 t 1 1 1
P t/ 7 7 7 < 3t 5 2 —_— 3 _ 7 1 g/
| (t,x1, %2, x3 x4)| < (Bt+5)" + 30\Xl| + 2 9|x2\ 8t 5| 3| (4t 9)2|x4|

1 3 t 1
<elgp - 54— 6 -+ ?
|Q(t, x1, x2,x3,x4)| < €' + 46(t+1)|x1| + 37|962| t+29|9€3| + 8t|xy 5.
Therefore, the assumption (H;) is satisfied with co( ) = (Bt+ 5) ,alt) = %,
e2(t) = @5, c3(t) = s, calt) = (4ti9)2' do(t) = ¢, di(t) = (t+1) d(t) = 5,

ds(t) = H%, and d4(t) = 8t. By Theorem 6, the Systems (12)—(13) has at least one solution.

Example 3. Consider the nonlinear terms of the system

t 1 t
P(t,xq,x9,x3,% = ¢l + — arctanx sin x —————sinXx3 — — COS X4,
(t,x1,x2, X3, X4) + 10 e T 2+4(t+9) 37 55 COs X4
5t t t t
Q(t, x1,x2,x3,%4) = cos xq + sinx, — — sin® x3 + — arctan x4,

6+t2 56 t+28 72 18
where t € [0,1], x; € R (i =1,2,3,4). ForVt € [0,1], x;,y; € R (i = 1,2,3,4), We obtain
1 1
|P(t,x1,%2,%3,%4) — P(t,y1,¥2,¥3,ya)| < le il + 3¢l = yal + elx3 — sl
+ 3—2|x4 — Yal,
|Q(t, x1, %2, x3,x4) — Q(t, 1, Y2, Y3, Y4) | <3|x1 —y1|+ l|Xz — |+ l|963 —y3l
7 7 7 7 7 7 7 7 756 28 36
1
+ E|X4 — Yal,

and
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it 1 1 t
P(t <el 4+ — =
| (/x1/x2/x3/x4)|_e +80+(t+6)2+4(t+9)+32’

)‘ <i+£+#+i+ﬁ
~6+t2 56 t+28 72 36’

|Q(t1x1/x2/x31x4
It is obvious that L; = %, L, = ;fé,L3 = 317), Ly = 317, I, = %, I, = 2178’ I3 = %/
ly = {5. By a simple computation, we have Az = 0.11180556, Ay = 0.17261905, and

A = 0.53180725 < 1, respectively. Therefore, the assumptions (7{}), and (#3) are satisfied,
by Theorem 7, the Systems (12)—(13) has at least one solution.

Example 4. Consider the nonlinear terms of the system

t 6t 1

P(t, x1,%x2,%x3,X4) = — + ——sSinx; — ————— sin 2x»,
(t, x1, %2, X3, X4) 201 35 1T 1 ove 2
Q(t, x1,x2,x x)*—+isinx —ésinh

s A1, A2, A3, A4 3 56 1 2(7\/5+t) 27

wheret € [0,1], x; € R (i = 1,2,3,4). It is clear that
1 6 2
|P(t,x1, %2, x3,x4) | < 20 +£\X1| + ﬁb@\/

2 5 3
<42 —_|x].
‘Q(t1x1/x2/x3rx4)} =3 + 56|X1‘ + 7\/§|x2|

Hence, Ly = 35, Lo = g2z, ls=Li =0 =5, h =5, b= ;2 =L =0,
r, = %. By a simple computation, we obtain Ci5 = 0.80677144, C;, = 0.88577528,

and Z = 0.88577528 < 1, respectively. By Corollary 3, the Systems (12)~(13) has at least
one solution.

5. Discussion

The system of fractional g-difference equations plays an extremely crucial role in
many fields, such as quantum mechanics, dynamical systems, black holes, mathematical
physics equations and so on, see [2,3,5,6,27-30] and the references therein. In this article,
we are concerned with the solvability of a system of fractional g-difference equations with
Riemann-Stieltjes integrals conditions based on some classical fixed point theorems. We
obtain the multiple existence and uniqueness conclusions for the Systems (1)-(2). As a
matter of fact, in the limit g — 17, the system studied in this paper reduces to the classical
system of fractional differential equations. It follows that the results we have discussed
are the generalization of the classical analysis, they can extend classical theory in order to
expand the range of the possible applications. In the future, we will devote ourselves to
finding new inspirations and outstanding methods to overcome the more complex practical
problems associated with the system of fractional g-difference equations. Moreover, we
will investigate numerical methods for this kind of system.
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