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1. Overview of the Published Papers

The Special Issue contains eleven accepted and published submissions to a Special
Issue of the MDPI journal Axioms on the subject of “Nonlinear Dynamical Systems with
Applications”. In this volume, the invited authors have submitted their latest results
on nonlinear dynamical systems and related various applications. All papers have been
accepted after a rigorous reviewing process.

In their study [1], Sarem H. Hadi, Maslina Darus and Alina Alb Lupas considered a
class of Janowski-type (p, q)-convex harmonic functions involving a generalized g-Mittag—
Leffler function. This research aims to present a linear operator E,’f,’r Z’V f by utilizing the
g-Mittag-Leffler function and to introduce the subclass of harmonic p, g-convex functions
HT p,q(8, W, V) related to the Janowski function. For the harmonic p-valent functions f
class, they investigated the harmonic geometric properties, such as coefficient estimates,
convex linear combination, extreme points, and Hadamard product. Finally, the closure
property was derived via using the subclass ’HTW (8, W, V), and the theory of fractional
g-calculus operators in geometric function theory was developed.

In another study [2], Bari¢, Josipa provided a research article on the Levinson’s func-
tional in time-scale settings. In their paper, a Levinson functional on time scales was
introduced using the integral inequality of Levinson’s type in the terms of A-integral for
convex (concave) functions on time-scale sets, and the relevant properties of Levinson
functionals were obtained, such as superadditivity and monotonicity. Then, the authors
defined some new types of functionals using weighted generalized and power means on
time scales, and proved their properties. These can be employed in future works to obtain
refinements and converses of known integral inequalities on time scales.

The research of Gunasekaran Nallaselli, Arul Joseph Gnanaprakasam, Gunaseelan
Mani, Ozgur Ege, Dania Santina and Nabil Mlaiki in reference [3] involves a study on
fixed-point techniques under the &-/ -convex contraction with an application. In this paper,
they consider several classes of mappings related to the class of #->-contraction mappings
by introducing a convexity condition and establish some fixed-point theorems for such
mappings in complete metric spaces. The result extends and generalizes the well-known
results on a-admissible and convex contraction mappings, and many others in the existing
literature. An illustrative example is also provided to exhibit the utility of their main results.
Finally, they derive the existence and uniqueness of a solution to an integral equation to
support their main result and provide a numerical example to validate the application of
their obtained results. In this paper, the authors extend and generalize their main theorem
into an a-X-convex contraction of seven possible values (with rational type) in complete
metric spaces inspired and motivated by previous research. Examples and applications to
integral equations are provided to illustrate the usability of their obtained results.

The authors of reference [4], Xiaolan Yuan and Yusheng Zhou, produce a design of
state-dependent switching rules for second-order switched linear systems revisited. For
switched systems, differential equations are used to describe the dynamic behavior of the
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continuous characteristic, which are marked as subsystems. A piecewise constant function
is adopted to describe the discrete characteristic, which is referred to as a switching rule. An
important part of hybrid systems, switched systems have been exhibited in many practical
fields. This paper focuses on the asymptotic stability of second-order switched linear
systems with positive real part conjugate complex roots for each subsystem. Compared
with available studies, a more appropriate state-dependent switching rule is designed to
stabilize a switched system with the phase trajectories of two subsystems rotating outward
in the same direction or the opposite direction. Finally, several numerical examples are
used to illustrate the effectiveness and superiority of the proposed method.

In the research presented in reference [5], Xinyue Zhu, Wei Li and Xueping Luo
considered stability for a class of differential set-valued inverse variational inequalities
in finite dimensional spaces. In this paper, the authors introduce and study a new class
of differential set-valued inverse variational inequalities in finite dimensional spaces. By
applying a result to differential inclusions involving an upper semi-continuous set-valued
mapping with closed convex values, the authors first prove the existence of Carathéodory
weak solutions for differential set-valued inverse variational inequalities. Then, using the
existence result, the authors establish the stability for the differential set-valued inverse
variational inequality problem when the constraint set and the mapping are perturbed by
two different parameters. The closedness and continuity of Carathéodory weak solutions
with respect to the two different parameters are obtained.

Some novel conditions for the stability results for a class of fractional-order quasi-linear
impulsive integro-differential systems with multiple delays are discussed by Mathiyalagan
Kalidass, Shengda Zeng and Mehmet Yavuz [6]. First, the existence and uniqueness of
mild solutions for the considered system are discussed using contraction mapping theorem.
Then, novel conditions for the Mittag-Leffler stability (MLS) of the considered system are
established by using well-known mathematical techniques, and further, the two corollaries
are deduced, which provides some new results. Finally, an example is provided to illustrate
the applications of the results. The Mittag-Leffler stability of a fractional-order system
(FOS) has not been fully investigated, which motivated the authors of the present study.
Thus, in this study, the existence and uniqueness of solutions and MLS analysis of the
impulsive quasi-linear FOS with multiple time delays are established using the well-known
fixed point theorems and Mittag-Leffler approach. Furthermore, the main contribution
of this paper lies in deriving new stability conditions for the fractional-order quasi-linear
system with nonlocal conditions, multiple time delays and impulses. Novel conditions for
the Mittag—Leffler stability of FOSs are established. The existence and uniqueness of mild
solutions for the FOS are discussed with help of the contraction mapping principle. Finally,
an example is provided to show the applicability of the results.

For the study presented in reference [7], Yunru Bai, Leszek Gasinski, and Niko-
laos S. Papageorgiou consider nonlinear eigenvalue problems for the Dirichlet (p,2)-
Laplacian. The authors consider a nonlinear eigenvalue problem driven by the Dirich-
let (p,2)-Laplacian. The parametric reaction is a Carathéodory function, which exhibits
(p — 1)-sublinear growth as x — oo and as x — 0. Using variational tools and truncation
and comparison techniques, the authors prove a bifurcation-type theorem describing the
spectrum as A > 0 varies. The authors also prove the existence of a smallest positive
eigenfunction for every eigenvalue. Finally, the authors indicate how the result can be
extended to (p, q)-equations (g # 2).

Considering the importance of the nutrient-phytoplankton, in reference [8], Ruizhi
Yang, Liye Wang and Dan Jin consider Hopf bifurcation analysis of a diffusive nutrient-
phytoplankton model with time delay. One of the most complex and difficult problems
in water pollution treatment is the prevention and control of algal bloom. Due to the
complexity of the pollution source and the difficulty factor of material removal, a lot of
energy is required, but it is not very effective. Therefore, scientists are searching for better
methods to prevent and cure algal bloom, especially using mathematical models, in order
to find reasonable prevention and cure measures. In this paper, the authors studied a
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nutrient-phytoplankton model with time delay and diffusion term. The authors studied the
Turing instability, local stability, and the existence of Hopf bifurcation. Some formulas are
obtained to determine the direction of the bifurcation and the stability of periodic solutions
by the central manifold theory and normal form method. Finally, the conclusion is verified
through numerical simulation.

New results on the Darboux transformation and N-soliton solutions of Gerdjik ov-
Ivanov equation on a time-space scale equation are presented by Huanhe Dong, Xiaogian
Huang, Yong Zhang, Mingshuo Liu and Yong Fang in [9]. The Gerdjikov-Ivanov (GI)
equation is one type of derivative nonlinear Schrédinger equation that is widely used
in quantum field theory, nonlinear optics, weakly nonlinear dispersion water waves and
other fields. In this paper, the coupled GI equation on a time-space scale is deduced from
Lax pairs and the zero curvature equation on a time—space scale, which can be reduced to
the classical and the semi-discrete GI equation by considering different time—space scales.
Furthermore, the Darboux transformation (DT) of the GI equation on a time-space scale is
constructed via gauge transformation. Finally, N-soliton solutions of the GI equation are
provided through applying its DT, which is expressed by the Cayley exponential function.
One-solition solutions are obtained at three different time—space scales (X = R, X = C,
X=Ky).

The research of Dumitru Motreanu is presented in [10]. The result concerns two
Dirichlet boundary value problems whose differential operators in the principal part
exhibit a lack of ellipticity and contain a convection term (depending on the solution
and its gradient). They are driven by a degenerated (p, q)-Laplacian with weights and
a competing (p, q)-Laplacian with weights, respectively. The notion of competing (p, q)-
Laplacians with weights is considered for the first time. The author presents existence and
approximation results that hold under the same set of hypotheses for the convection term
for both problems. The proofs are based on weighted Sobolev spaces, Nemytskij operators, a
fixed-point argument and finite dimensional approximation. A detailed example illustrates
the effective applicability of the results.

New results are obtained concerning the global directed dynamic behaviors of a Lotka—
Volterra competition-diffusion-advection system by Lili Chen, Shilei Lin and Yanfeng Zhao
in [11]. Motivated by the aforementioned studies, the authors investigate the problem
of the global directed dynamic behaviors of a Lotka—Volterra advection system between
two organisms in heterogeneous environments, where the two organisms are competing
for different fundamental resources, their advection and diffusion strategies follow the
dispersal towards a positive distribution, and the functions of inter-specific competition
ability are variable. This paper investigates the problem of the global directed dynamic
behaviors of a Lotka—Volterra competition-diffusion-advection system between two organ-
isms in heterogeneous environments. The two organisms not only compete for different
basic resources, but also the advection and diffusion strategies follow the dispersal towards
a positive distribution. By virtue of the principal eigenvalue theory, the linear stability of
the co-existing steady state is established. Furthermore, the classification of dynamical
behaviors is shown by utilizing the monotone dynamical system theory. This work can be
seen as a further development of a competition—diffusion system.

2. Conclusions

The eleven papers published in the Special Issue on “Nonlinear Dynamical Systems
with Applications” concern a broad range of subjects regarding Janowski-Type (p,q)-
convex harmonic functions, Levinson’s functional, fixed-point techniques, dynamical
systems, differential set-valued inverse variational inequalities, fractional-order quasi-
linear impulsive integro-differential systems, nonlinear eigenvalue problems, the nutrient-
phytoplankton problem, Gerdjikov-Ivanov equation and dynamic behaviors. Researchers
interested in nonlinear dynamical systems with applications and related topics will find
interesting insights and inspiring results in this volume.
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Then, we introduce the subclass of harmonic (p, g)-convex functions H7 p,4(8, W, V) related to the
Janowski function. For the harmonic p-valent functions f class, we investigate the harmonic geometric
properties, such as coefficient estimates, convex linear combination, extreme points, and Hadamard
product. Finally, the closure property is derived using the subclass H7 4(%, W, V) under the g-
Bernardi integral operator.
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1. Main Concepts of Quantum Calculus

Quantum calculus, often known as g-calculus (or g-analysis), is a method for studying
calculus that is similar to traditional calculus but focused on finding g-analogous conclu-
sions without the need for limits. The g-differential equations are generally defined on the
scale Ty, where T and g are the time and scale index, respectively. Euler and Jacobi devised
the fundamental formulae of g-calculus in the eighteenth century. Jackson ([1,2]) introduced
and developed the concepts of g-derivative and g-integral. Moreover, the geometries of
g-analysis were found in many studies presented on quantum groups. It has also been iden-
tified that there is a relationship between g-integral and g-derivative. With the expansion of
the g-calculus study, many relevant facts have also been explored, including the g-Gamma
and g-Beta functions, the g-Laplace transform, and the g-Mittag—Leffler function. The
theory of g-calculus operators has been recently applied in the areas of ordinary fractional
calculus, optimal control problems, finding solutions to the g-difference and g-integral
equations, and g-transform analysis (see [3,4]). Furthermore, certain classes of functions
that are analytic in U using fractional g-calculus operators were investigated by numerous
research (for example, see [5-12]).

This paper aims to further develop the theory of fractional g-calculus operators in geo-
metric function theory. Initially, this study provides some essential definitions and concepts
of g-calculus and symmetric g-calculus, which have been employed in this research.

This work begins with the basic concepts and, consequently, an in-depth analysis of
our proposed applications of the g-calculus. Throughout this paper, assume that 0 < g < 1.
The following definitions provide an introduction to the g-calculus operators for a complex-
valued function f:
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Let S(p) be the class of analytic and multivalent functions f in the open unit disc
U = {z € C: |z] < 1} with the normalized form:

f(z) =2\ + i ajzj, (p € N). (1)

j=p+l

Definition 1. For 0 < g < 1, the g-number [x|, is expressed by

1-—4g"*
=g (ke C)
[K]q = .
Y g (k =n €N).
x=0

Definition 2 ([1]). The g-derivative operator D is given by

faz) - £2)
0,f(:) = N (2 £ 0)

The g-derivative of the function f in (1) is given by
D4f(z) = [plgz"™ 1y Z zf 1
j=p+1

The q-factorial indicated by [f] ! is defined by

WJZ{[MU_”WEMH?Lézllﬁpw

so that

f(z) := lim CDq{ 1zP 1+ Z gaj2/~ 1}

=1 j=p+1

o
=pzrt+ ) ]'a]-szl.
j=p+1

The g-Gamma function is defined by

k+1

rye) = (-9 ]
k=0

where (g; k), the g-Pochhammer is given as

(0:K)g = (0)g(0+ Dglo+2)g - (g +k—1)y = ggiq;”n (o€ Rk € N).

Obviously,
Iy(o+1) = [e],Tq(0) and Ty(1) = 1.

In the following section, we have introduced some concepts of harmonic p-valent
functions and the Mittag-Leffler function. Then, we have derived a number interesting
results regarding p-valent functions related to the operator Egj Z’V f(z). Furthermore, this

paper demonstrates some of the geometric results of the operator Ef,’/ Z’V f(z).
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2. Harmonic Functions, Definitions and Motivation

In the complex domain D C U, if the values u and v are real harmonic, then the
continuous function f = u + iv is called the harmonic function in D. In any simply
connected domain D, the function f can be stated by

f=F+gG, ()

where both 7 and G are analytic functions in D. The function F is called analytic of f, and
G the conjugate-analytic (or co-analytic) of f. Clunie and Sheil-Small [13] discovered that
|F'(z)] > |G'(z)| is a necessary and sufficient condition for the harmonic functions (2) to
be locally multivalent and sense-preserving in D (also, see [14]).

Let H(p,j) be the family of harmonic multivalent functions f = F + G that are
orientation keeping the open unit disc U = {z : |z| < 1}. The analytic functions F and G
are defined by

F=z/+ Y a7 and G=) d7
j=p+1 i=pr
and . -
f=F+G=2'+ ) ajzj—l—Zﬁ, 3)
j=pt1 j=p
where p > 1and ‘dp < 1.
The family #(1, j) = H(j) of harmonic univalent functions is presented by Jahangiri
et al. [15] (also see [16-21]).

Furthermore, we consider the subclass H(p, j) of the family H(p, j) that consists of
functions f = F + G, where the functions F and G are defined as below:

Fz)=2"— Y |aj|Z and G(z)=-Y_|dj|z/, (ldp| <1). 4)
j=p+1 j=p

Recently, many studies have emphasized the concept of p-valent harmonic functions
and their applications (for example, see [22-26]).

If the analytic functions f,h € H(p,j), then the function f is subordinate to the
function k, denoted by (f < h), if there exists a Schwarz function ® with

®(0) =0, [d(z)| <1, (zel),

such that
f(z) = h(®(2)).
In addition, we get the following equivalence if the function / is univalent in U:

f(z) < h(z) & f(0) = h(0) and f(U) C h(U).

We now mention the well-known Mittag-Leffler function E,(z) provided by Mittag—
Leffler [27], which is defined by

0 Zj
Es(z) = ];) T T 1) (0,z€ C,R(c) >0),

where R, I are the real part and the gamma function, respectively.
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Within chaotic, stochastic, and dynamic systems, partial differential equations, and sta-
tistical distributions, many considerations can be seen in applying this function. Wiman [28]
defined the Mittag—-Leffler function with two parameters

[e0]
EU’,}{ Z

(7]+y G (c,u,z€ C,R(c) >0,R(u) > 0).

Shukla and Prajapati [29] provided the Mittag-Leffler function with three parameters
Eg:’;(z) as follows:

pr S 2
EY ; ;4+(T] ik (o,u,0,2€ C,R(0) >0,R(n) >0,R(p) >0),

where k € (0,1) UNand (p);; = r(lf’ (J; I)Cj ) is the generalized Pochhammer symbol.

The Mittag—Leffler function plays a vital role in solving fractional order differential and
integral equations. It has recently become a subject of rich interest in the field of fractional
calculus and its applications. Numerous research has been conducted on the theory of
the Mittag—Leffler function. For more review, Bansal and Prajapat [30] (also Srivastava
and Bansal [31]) investigated geometric properties of the Mittag-Leffler function E; (z).
In addition, many other researchers studied properties of the Mittag—Leffler function,
including starlikeness, convexity, and differential subordination (see [32-35]). In the fact,
the generalized Mittag-Leffler function E, ;(z) is still vastly used in geometric function
theory and a variety of applications (see [36]).

Hadi et al. [37] defined a generalized g-Mittag—Leffler function with three parameters
as below:

EV (:2) =z + Z ﬁz] (o,u,p € C,R(0) >0,R(1) >0,R(p) >0). (5)
* = Ty(p+oj)

We note that if § — 17, we have the Mittag-Leffler function defined by Shukla and
Prajapati [29].

Motivated by the importance of studying the applications of quantum calculus and the
Mittag-Leffler function in the physical and mathematical sciences, we first present a new
linear operator E’;’, g’” f, which is defined by the g-Mittag—Leffler function with harmonic
p-valent functions. Then, we use this operator to introduce a subclass of Janowski (p, 9)-
convex harmonic functions. For the harmonic p-valent functions f, we investigate some
harmonic geometric properties, including coefficient estimates, convex hulls, convex linear
combination, extreme point, and Hadamard product. Furthermore, we derive the closure
property under the g-Bernardi integral operator.

Now, we introduce the function M5 ,(p, ;z) € S(p) related to the g-Mittag—Leffler
function in (5) as follows:

To(o+w)zP' (L, . o1
o)k (5"*‘”’ ) qu)

_ . = Ta(o+u)(p+jk)
p+1§1%(0]+u)r(p+k)j!

M (pg;z) =
(6)

2, (p>1zel),

where o, u,p € C,R(0) > 0,R(p) > 0,R(p) >0, and (p)i; (p(:])(])
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From the function M% ,(p, q;z), we define a linear operator Ly7" : S(p) — S(p)

as follows: .

Lt flz) = MG (p.g;2) = f(2)
Lolo+wT(p+jk) )
Ty(oj+u)T(p+k)j ™

frg Zp _|_ Z
j=p+1

When g — 17,k =1,0 =0, and p = 1, then L7 f(z) = f(2).

Remark 1. If R(c) > max{0, R(k) — 1} and R(k) > 0, the following operators are obtained

1. Ifq — 17, wefind the operator L f (z) investigated by Xu and Liu [38].
2. Whenq— 1~ and p = 1, we find the operator LY f(z) investigated by Attiya [39].

For f € H(p,]) in the form (3), we define the operator Eg’f;’” f as follows:

Ly fz) = Lyt F(z) + L7 6(2), ®)
where .
£f,’,g’”]-"(z) =zP + Z lpqajzj,
j=p+1
Lha'G(z) = Y pgd?
j=p
Lg(o+m)T(p+jk)
and g = o TR

We define the class HT ,4(8, W, V) using the operator £y/7" f in (8) as follows:

Definition 3. A multivalent functions f = F + G € H(p,j) is said to be in the class HT g
@&W, V) if
<£P”‘f< o < PO

+9, ©)
or equivalently

REDLEIE) [l 10V =)(a =) + V)
9,(L7" () 1+Vz |

Utilizing of the subordination principle, f € HT (8, W, V) if and only if there is a Schwarz
function ¢ such that

Dq(z04L0" f(2)) _ [plg+ {OV = V) ([plg — 8) + VIpla} 9(2)
Dq(Lyg" f(2)) 1+Vo(z)

that is oo
(294 L55"f(2))
W = [plq
21 <1, (10)

Dy(z0,L57"f(2))
2 L) — LV = V)([ply - ) + VIPly)

where 0 < ¢ < [plg, =1 <V <W < 1,and Ly7" f(z) is defined in (8).

v

We also define

HT pq(0,W,V) = HT pq(0, W, V) H(p.])
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Example 1. Ifk = 1,0 =0, and p = 1, the class HT (8, W, V) would reduce to the following
subclass HICp,q(9, W, V)

1(294f(2)) 1+ Wz
“Tﬁjyf<(Wh—ﬂ)1+VZ

+9. (11)

3. A Set of Main Results

To demonstrate the geometric properties for the class H7  4(¢, W, V), the necessary
and sufficient condition must first be proved.

Unless otherwise stated, in this paper, we suppose that 0 < ¢ < [p];, -1 <V < W <1
and 0 < g <1

Theorem 1. Let f = F +G € H(p,j) in the form (3), then f € HT (9, W, V) if the following
inequality holds:

o)

Y A@+W)la(lflq = [plg) = OV =V)([plq = 8)) } g aj]

j=p+1
£ YA+ Vg (lla — ) — OV = V)([ply — )l
=P
< (V= W)([plg — 0)lply

(12)

Cg(o+m)T (p+jk)

where o = T o

Proof. Suppose that the inequality (12) is correct, it follows from (10) that

[D(204L05" f(2)) — [PlgDq L™ f(2)]
— [V (Da L5 £(2)) — W = V) ([ply = 9) + VIplyDa L5 £(2)

— 1Y a(lla — [Plo)aa2 ™+ Y. lla [l — Plo) g |
j=p+1 j=p
— =W =V)([plg — 8)[plgz"""
£ Y Va0l = Plg) + OV = V)([ply — 0)]9gajz
j=p+1
" i[—vwmq ~ [plg) + W = V)((ply — O)pyd7 |
=P
—(V = W)((ply ~ B)lplglzI
+ 3 104V la(la = o) ~ OV = V)(pla — )l 2
j=p+
£ L1+ V) lg (g~ [ele) — OV = V)([ply — )1yl
=P
<=V =W)([ply - O lply
Y AVl — [Plg) — OV = V) ([ply — O)iyla
j=p+1
£ LAVl ~ [Plg) — OV = V)([ply - )]yl
=P

10
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thus, we observe

—(V=W)(lplg — 9)plq

[e9)

Y V) la((ls — I7lg) = OV = V) ([plg — Ol
j=p+1

£ LIVl ([ly — [Plg) — OV = V)([ply — )lgdy <0
=P

Consequently, utilizing the maximum modulus theorem, we obtain

(z@ L)
(ﬁﬂ“l‘f( )) [P]q

040450 F2) _ g ypy _

<1

Therefore, f € HT 4(9, WV, V).

For the following harmonic function, the coefficient bound (12) is sharp
(V=wW)(plq = 8)Irlq
—P
= X VG ) 0= P e,
[

< v = W)y - O)18,
+ L VTl #le) - OV - V) (ly 0T,

(13)

with Z;OZPH |V1,j| + Z]?o:p |V2,j‘ =1 0O

Whenk =1,0 =0, and p = 1, Theorem 1 becomes

Corollary 1. Let f = F +G € H(p,j) in the form (3), then f € HKpq(9, W, V) if the following
inequality holds:

‘il{aw)mq(mq— Plg) — OV — V) ([Pl — )} |ai
j=p+
YA+ V) g(lg — [Plg) — OV = V)([plq — 9)}|di] 14
=P

< (V-=W)(Iplqg — 9)[pls-

Next, we prove that the inquality (12) is necessary and sufficient condition for the
class HT (8, W, V).

Theorem 2. Let f = F+G € H(p,j) in the form (4). Then the harmonic function f €
HT p,q(9, W, V) if and only if the inequality condition (12) holds.

Proof. Since ﬁTW (0, W, V) CHT pq(8,W,V), then the sufficient condition holds by the
previous Theorem 1. Now, we have to prove just the necessity condition.
Let f € HT p4(9, W, V), from (10) yields

D,(20,L5" £(2)) 1yl
D,(C () P
)

—{W=V)(Ipls — 9) + VIpl}

Dy (204L54" f(2)

z
v @q(ﬁp”" (2)

=22 i Ul (Ul = [Pla)gglajlz 1 = 22, [l (g — [Pl gqld; 2~
(V=W)([plg = ) [plgzP~t = T2, 1 AglajlZi =t = 22, Agld;|z7 !

7

11
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where A; = [V[jl4([jlq — [plg) — OV = V)([plq — 9)]¢g-
For z = r < 1, we deduce that

Z] p+1[]]q([l] [Pla)qlajl =t + 22, [ilg (g — [pla) gqld;lr
(p] [ ]q”p ! Z]:P-‘rl -Aq|a |T] 1 Z;-ip.Aﬂdle‘j*l

<1 (15)

When r — 1, if condition (12) is not satisfied, inequality (15) is also not satisfied. In the
range (0,1), we may, thus, identify at least one zy = ry for which the quotient (15) is
greater than 1. This conflicts with the prerequisite for f € ﬁ'Tp,q (8, W, V), hence the proof
is complete. O

In the next result, we establish the extreme points of closed convex hulls of the subclass

HT pqg(0,W,V).

Theorem 3. The function f € HT pq(9,W,V) if and only if

iﬁerNg] (16)

.
=

where Fp = zP,

Fi=zF - Z; (j=p+1p+2...)

and

—~

V= W)(lplg = 8)[plg Si. (:
G =zF — — . (i=p,p+1,...),
= A, ) - V-Vl — oy, U )
with Y32, (9 + X)) = 1,8; > 0,and R; > 0.
Particularly, the extreme points of the subclass HT (8, W, V) are {F;} and {G;}.

Proof. Let f be defined as below

f(z) = i(ﬁ]—'+&g] iﬂ+&
j=p

j=p

S (V= W)l 0

L AV~ ) - 09 (P el (17)
o = W)l = Ol

L V), (Ul = ) — OV = V) [y = 00T,

and

12
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Now
£ 10 ViUl = bl ~ 09 = V)(ly =9y
R V=W~ O, f
<, [(1+ V)[a [, — [Ply) — OV = V() — 01y,
L =W — O, 4]

Thus, Theorem 2 leads to the result f € ﬁTp,q(l?, W, V).
Conversely: Let f € ﬁTp,q(ﬂ, W, V), then

(V= W)([plg — 8)Irly

= I T~ )~ OV V) s~ 2

and
< V= W)(lpl, = 0)lply
DAVl (llg = pla) = OV =V)([plg = Oy’
Letting
_ A+ WV)[la([lg — [Plg) = OV = V)(lplg — O)9pg . _
%= V=Wl Ol il = pdpt 2
and
N — [(1+V)mq([/]q* [p]q)*(W*V)([p]qiﬁ)]wadﬂ; (].:P/P‘Fllu-),

! (VY =W)(lplg — 9)[plq
with Z;o:p(ﬂj + Nj) =1

We get the result f(z) = Z?ip(ﬁj]:j + X;G;), after substituting the values of |a;| and |d}]|
from the above relations in (4). O

Theorem 4. The subclass ﬁTp,q(ﬂ, W, V) is a convex set of the functions f = F +G € H(p, }).

Proof. Let f; € HT pq(8,W,V) given by

fi(z) = 2F — Z |a;j]2/ — Z |dl]|zf (i=1,2). (18)

j=p+1

Then, for0 < J<1
J(z) =3f1,i(z) + (1 = 1) fo,j(z)

ZZ“,Z lar| + (1= D)|az )2 — Y (Aldrj] + (1 —I)|dpj])Z,
j=p

13
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also belongs to the subclass ﬁTp,q(ﬂ, W, V).
By the result of Theorem 2, we get

3[%}H1+VWMWM—U%)—OV—VXWh—ﬂD%Hmﬂ

j=p+1
£ YA+ Vo[l = Plg) = OV = V)([ply — 8y}, |
=P
LT AVl )~ OV = V)(lls — 0|
j=p+
£ YA+ Va0l = Plg) = OV = V)([ply — 8))iy} oy |
=P
<3V - W)l ~ D)lply) + (1 - DV = W)([ply — B)lply)
=V =W)([ply — 9)[ply-

Here the subclass H7 ,q(9, W, V) is convex set, because J € HT ,q(8, W, V). O

Theorem 5. We have

EHT pqOW, V) ={F;:j={pp+1L. . Y NG :j={p+Lp+2..}}
where
Fp =1z,
_ (V=W)([plq - )H :
7= V(s — Pl OV — V)l 9™ 19)

[
V= W)(lpl ~ 2Py .
(Al — Plg) — OV = V) [Pl = Oy

Proof. Suppose that0 < J < 1and
g]' = jfl + (1 — J)fz,

where f1, f € ﬁTp,q(ﬂ, W, V) are defined in (18).
From (12), we obtain

Gi=—

(V =W)(lplg — 9)lplq
(X +WV)[1lq([flg — [Plg) = OV = V)([plg — )]¢q

and as result, a1, = a, = Oforn € {p+1,p+2,...} and dy, = dp, = 0 forn €
{p+Lp+2,.. 3\ {j} N

Thus, it follows that G; = fi = fo, hence G; € HT pq(n, W, V).

Similarly, we can satisfy that the functions F; in (19) are also extreme points of
HT p,q(0,W,V).

Now, let the function f in (18) belongs to the extreme points of the class 7-[Tp,q 3W,V)
and f is not of the form (19).

Then there exists n € {p +1,p +2,...}, such that

dj1| = |dj2| =

. (V=W)(Iplg —9)plq
O <lanl < T D)oy aly = Tolg) — W = V)l — Oy’ 20)
or
YV =W)([pls —9)Iplq
O <l < (DY, (g = Ply) — OV~ V) ([l — 0019y -

14
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If (20) is satisfied, we have

3 L4Vl = 1) = OV = V)(lla = Olwlonl 1
(V =W)(lpls — 9Iprlq ’ 1-1]

f_j]:n)/

weget0<J<1,F, #¢ and f =1F, + (1 —I)¢. Hence f ¢ EHT (0, W, V).
Similarly, if (21) is satisfied, we also have

_ LA+ W) g(lnly = [plg) = W =) (plg = Oglan] 1
= YV =W)([pls — 9lprlq ’ _l—j(f 1Gy),

thus0 <3< 1,G, #v,and f = 3G, + (1 — J)v. Hence f ¢ EHT (8, W, V). O

4. Hadamard Product Property

The Hadamard product and the closed under a convex linear combination of the
subclass HT p,4(8, W, V) are provided in the following results.
The Hadamard product of harmonic functions with negative coefficient is given by

o o

(fxh)(z) =20 — Y |ayjans|d — Y |dijdoj|2, (22)
j=p+1 j=p
where - -
f(Z) =zP — Z |a1,j’zj — Z |d1,j|2f (23)
j=p+1 j=p
and - -
h(z) =z — ) |a2/jfzj - ]dz,j’Zj. (24)
j=p+1 j=p

Theorem 6. If f,h € HT pq(9, W, V), then f xh € HT pq(9, W, V).

Proof. Let f,h € HT q(8, W, V). Since h € HT (8, W, V), we find that laz,p| < 1and
|d2,p| < 1. Then from the Hadamard product f * h, we obtain

2 VIl = ) = 0V =)l = o) Wl
# LAV~ ) = 00 = V)Pl ~ )bl |
< 2 (G Vbl = ) = 0V V)l = o) s
# LAVl = ) = 0V = V)Pl = )l

< (V=W)(lpls — 9)[ply.
Hence f+h € HT (0, W, V). O

Theorem 7. Let fs(z) = z¥ — Y2 |11j,s|zj -2 \dj/s|2j (s =1,2,...) be in the subclass

7-l7'p,q(19, W, V). Then the function

T(2) = imm (s > 0, ilns —1),

15
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also belongs to the subclass HT o(8, W, V). This means HT p,,(8, W, V) is closed under convex
linear combination.

Proof. Since f; € HT (8, W, V), then

T AVl [Pl) = OV = V)l ~ 0) s
j=p+
YA+ V) (lla ~ [ple) — OV = V) ([ply — )1l
=P

< (V-=-W)([plg — 9)Iply-
Now,

T@ =2~ 5 (Y nelage)d — Y3 neldie))7 25)

j=p+1 s=1 j=p s=1
From (25) and (17), we conclude that

i (A +V)[lq(llg = [plg) = OV = V)(lply = 9)

Wi wolase))

R RGBT _W
(0 V)0~ 1) = 0% V)5l = ) 5
v ><[p] N, (2 :lds])
o {1+ Vel — [ple) — OV —V)([ply — )}
A V=W [y~ 0T, (D)

{@+WV)[14([1g = [plg) = W =V)([plg — 9)) } g
V=wW)(lpls — 8)[pl

i
i
<Low-

Hence, J € HT (0, W, V). O

5. Closure Property

Next, we prove the closure property of the subclass ﬁTW(ﬁ, W,V) under the
g-Bernardi integral operator for p-valent functions (see [40]), which is given by

[p+wly
Z(U

Bloqf(z) = /OZ o7 f (gt (w > —p,z € V). (26)

Definition 4. For f € H(p, ), we define the g-Bernardi integral operator for p-valent functions
5 of H(p,j) — H(p,j) as follows:

Thouf(2) :[pjiww]q /: O — 4 il”"jtj - i@]dﬂ
j=r+ j=p
(27)
v [P+w]q B [P+W]q
Then
I8 0f (2) = T o F(2) + I 4G (2). (28)

Theorem 8. If f € HT q(0, W, V), then I, . f € HT pq(8, W, V).

16
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Proof. Since f € ﬁTp,q(ﬂ, W, V), by Theorem 2, we conclude that

e}

. 21{(1 +W)ila([lg = [plg) = OV =V)([plg — 9)) Y]]
j=p+
£ YAy — )~ V=) (ol — byl | P
J=P
< (V=W)(lplg = O)lpls-
We have to prove
B VI~ ) OV =)l - D el
[p+ w] (30)

LA+ V) ol = [Ple) — OV = V) ((ply — )by

j=p
< (V=-W)([plg — 9Iprls

and we observe that the inequality (30) is correct, if

Wt 7a .

[p+ wlg <1
J+wlg

Since p < j, then the inequality (30) is satisfied, and this yields to the result. [

6. Concluding Remarks

Recently, the g-calculus and its applications have received great attention in several
fields of mathematical and physical sciences (especially quantum physics), as well as an
affirmation of the importance of the Mittag—Leffler function in the structure of fractional
calculus. In this paper, we have introduced the subclass of g-convex harmonic p-valent
functions connected with the g-Mittag—Leffler function. For this harmonic subclass, we
have obtained the necessary and sufficient condition, convex hulls, convex linear combi-
nation, extreme point, and Hadamard product. Finally, this research has investigated the
closure property for this class employing the g-Bernardi integral operator for harmonic
p-valent functions.

The outcomes of this study may be beneficial to investigate several different classes
of univalent (or p-valent) functions connected to various fields, notably those that use the
generalized g-Mittag—Leffler function. Therefore, the findings of this paper can facilitate
new research works in Geometric Function Theory and related subjects, such as differ-
ential subordination notions, the upper bounds of Fekete-Szegt inequality, and Hankel
determinant. For more details on the suggested works, see [33,41,42].

It should be noted that the Fox-Wright hypergeometric function 4% is much more
general than many of the expansions of the Mittag—Leffler function. The survey of the more
complicated and general case of the Srivastava—Wright operator (see [43,44]), defined by
the Fox-Wright function ;Y¥5, is a recent interesting subject in Geometric Function Theory.
Many properties of the Srivastava—Wright operator can be found in several recent works
(see [30,39,45,46]).
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type in the terms of A-integral for convex (concave) functions on time scale sets and investigate its
properties such as superadditivity and monotonicity. The obtained properties are used to derive the
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1. Introduction

In [1], authors Baloch, Pecari¢ and Praljak introduced a knew class of functions, X (I)
proving that C{(I) is the largest class of functions for which Levinson’s inequality hold
under Mecer’s assumptions. ]J. Bari¢, J. Pecari¢ and D. Radis$i¢ obtained in [2] Levinson’s
type inequalities in time scale settings by using the class K{ (I) and some known results
regarding integral inequalites for convex (concave) functions on time scale sets. Construct-
ing the Levinson functional on a time scale, as a difference between the right-hand side
and left-hand side of the Levinson inequality on time scale, we get the opportunity to
investigate known time scale integral inequalities in other directions using the properties
and boundaries of new functionals.

The known Levinson’s inequality ([3]) was proved in 1964 in the following theorem.

Theorem 1. Forc € R, ¢ > 0, let f : (0,2c) — Rsatisfy "' > Oandlet p;, x;,y;,i =1,2,...,n,
be such that p; >0,y 1 pi=1,0 <x; < ¢ and

Xty =x2+y2 ==Xty =2c ey
Then,
n n
Yo pif(xi) = f(%) < Y} pif(vi) = f(), @)
i=1 i=1
where X =Y ' | pixjand y = Y | p;y; are the weighted arithmetic means.
In ([4]), Popoviciu generalized Levinson’s inequality proving (2) is true if f is 3-
convex function.

By rescaling axes, P. S. Bullen proved in [5], in 1973, that if f : [a,b] — R is 3-convex
and p;, x;,yi,1=1,2,...,n,aresuch that p; >0, Y1 ;p; =1,a < x;,y; < b, x; +y; = cand

max{xy,..., X, } <min{yy,...,yn}, 3)

then (2) holds.
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In 2010, Mercer ([6]) improved the Levinson inequality proving thatif f : [4,b] — R
satisfies f" > 0and p;, x;,y;,i =1,2,...,n,aresuch that p; >0, Y ;pi=1,a < x;,y; <b
and max{xy,...,x,} < min{y;,...,yx}, inequality (2) holds if (1) is weakened by

Y pilxi =% =Y pilyi —9)* 4)
i=1

i=1

In this paper, we base our main results on Levinson’s type inequality on time scale ([2])
proved for the functions belonging in a new class of functions, {(I), defined as follows.

Definition 1. Let f: [ — Rand ¢ € I°, where I is the interior of the interval I. We say that f €
KE(I), (resp.f € KS(1)), if there exists a constant A such that the function F(x) = f(x) — 4x2
is concave (respectively, convex) on (—oo, c| N I and convex (respectively, concave) on I N [c, c0).

The authors proved that K§(I) is the largest class of functions for which Levinson’s
inequality holds under Mercer’s assumptions. For function f, which belongs to class
K5 (I), we say that it is 3-convex at point c. Therefore, the class { (I) generalizes 3-convex
functions in the following sense: a function is 3-convex on I if and only if it is 3-convex at
every c € I°.

Before citing the main results that are our motivation for the new results, let us briefly
introduce some basic properties of the theory of time scale calculus in the next chapter.

2. Preliminaries

The theory of time scales is attributed to Stefan Hilger and was started in his PhD
thesis [7]. It represents a unification of the theory of difference equations and the theory of
differential equations, unifying integral and differential calculus with the calculus of finite
differences. It has applications in any field that requires simultaneous modelling of discrete
and continuous cases. Many interesting results, properties and applications regarding time
scale calculus can be found in [8-11] and the books [12-14].

Now, we briefly introduce the basics on time scale calculus that we need in the rest of
the article, using the same notations as in [13].

A time scale T is defined as any closed subset of the set of real numbers R. Notice that
the two most representative examples of time scales are R and Z. In order to unify the
approaches and theories for the sets that may or may not be connected, we introduce the
concept of jump operators so, for t € T, we define the forward jump operator o : T — T by

o(t) =inf{s € T:s >t}
and the backward jump operator by
p(t) =sup{s € T:s < t}.

The convention here is inf @ = sup T (i.e., o(t) = t if T has a maximum t) and sup @ =
inf T (i.e., p(t) = tif T has a minimum ¢t). If o(t) > t, then we say that f is right-scattered,
and if p(f) < t, then we say that t is left-scattered. Points that are right-scattered and left-
scattered at the same time are called isolated. Additionally, if o(t) = ¢, then ¢ is said to be
right-dense, and if p(t) = t, then t is said to be left-dense. Points that are simultaneously
right-dense and left-dense are called dense. The mapping y : T — [0, 0) defined by

is called the graininess function. If T has a left-scattered maximum M, then we define
T* = T\ {M}; otherwise T* = T. If f : T — R is a function, then we define the function
f7: T — Rby

fo(t) = f(o(t)) forall teT.
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Definition 2. Let f : T — Rand t € T*. We define the delta derivative of f at t as a number
FA(t) (provided it exists) with the property that given any e > 0, there is a neighborhood U of t
such that

Fo() — £(s) = A0 () —s)| < elo(t) —s| forall sl
f is delta differentiable on T* provided f®(t) exists for all t € T*.

Definition 3. A function f : T — R is called rd-continuous if it is continuous at all right-dense
points in T and its left-sided limits are finite at all left-dense points in T. We denote by C,q the
set of all rd-continuous functions. We say that f is rd-continuously delta differentiable (and write
f e CL)if fA(t) exists for all t € T* and f& € Cyq.

Definition 4. A function F : T — R is called a delta antiderivative of f : T — Rif FA(t) =
f(t) forall t € T*. Then, ifa € T, the delta integral is defined by

[ F6)as=F(5) ~Fla), aterT

Notice that every rd-continuous function has a delta antiderivative.

In what follows, we use the same notations and approaches as in [15] [Chapter 5] and
recall briefly the introduction of Lebesgue A-integrals. For [a,b] C T, we say it is a time
scale interval if

[a,b] ={teT:a<t<b}, abeT, a<b.

Let pip be the Lebesgue A-measure on [a,b] and f : [a,b] — R be a yp-measurable function.
Then, the Lebesgue A-integral of f on [a,b] can be written as [ fdua, [ f(t) dua(t)
[a,b] [a,b]
or [ f(t) . All theorems of the general Lebesgue integration theory, including the
[a,b]
Lebesgue dominated convergence theorem, hold also for Lebesgue A-integrals on time
scale T and the relation between the Lebesgue A-integral and the Riemann A-integral is
given in the following way: if f is Riemann A-integrable from a to b, then f is Lebesgue

A-integrable on [a, b] and
R / F) At =L / £(1)
[a,b]

where R and L denote the Riemann and Lebesgue integrals, respectively, [a, b] is a closed
bounded interval in T and f is a bounded real valued function on [a, b].

In this article, the integrals in our results are related to Lebesgue A-integrals and
Lebesgue A-measure od [a, b], but according to the properties of time scale theory, all results
given here are true and can be rewritten for Cauchy delta integral, Cauchy nabla integral,
a-diamond integral and multiple versions of Riemann and Lebesgue integrals.

Here are some properties of the Lebesgue delta integral.

Theorem 2. Ifa,b,c € T, a eRandf g € Cyq, then

b b
@) [(f(t) +g(t)) dua(t) ff dVA(t)‘l’ﬂfg(t)dﬂA(t);

a

b h
f t) dua(t)
b

b
Gii) [ £(t) dua(t)
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c b
(iv) ff dpa(t) = Zlff(f)ﬂlm(f)JrCff(f)dm(f);

(v) ff dup(t) =0;
(vi) if f(t) > 0 forall t, then fbf(t) dua(t) > 0.

The Jensen inequality on time scales via the A-integral is proved in [8] by Agarwal,
Bohner and Peterson.

Applying weighted Jensen’s inequality on time scales ([16]), the authors in [2] estab-
lished weighted Levinson’s type inequality in the settings of time scale calculus and proved
the following theorem.

Theorem 3. Let a;,b; € T, a; < b;, i = 1,2 and suppose I C R is an interval. Assume
w; € Ciq(la;, bi],R), i = 1,2, are non-negative functions such that f;i w;(t) dua(t) > 0and
[a;,b;], i = 1,2, are time scale intervals. Let f; € Cyq([a;, b;], 1), i = 1,2, and suppose there exists
c € 19 such that

sup fi(x) <c< inf  fo(x). (5)
x€[ay,by) x€[az,by]
I _ _
Doy o) (W1, f1) = Diay 1) (w2, f2) (6)
then the inequality
o [ F w0500 s (1) f w0l dpal)
> wa(t) dpa (1) f”z wa () dpa (1)
o[ w050 dnatt) f OB dral?) o
" wy(t) dua(t) wi (t) dpa(t)
holds for every function ® € K{(I), where the term Dj, ;) (w, f) denotes following expression
b b 2
B Jo®FOP dua) [ fw®f() dua(t)
D a, ( s ) ‘ - .
w0 fj’w( £ dpa() I w(e) dyea (1)

If the function ® is contained in IC5(I), then the sign of inequality (7) is reversed.

This theorem will be our starting point in defining Levinson’s functional.

3. Definition of Levinson’s Functional on Time Scales and Its Properties

Recently, many authors investigated the concept of the Jensen functional as a difference
between the right-hand side and the left-hand side of the Jensen inequality regarding
different kinds of environments (discrete cases, integral cases, linear sets of real-valued
functions, time scale sets, etc.) The benefit of investigating those new functionals lies in
their properties, which yield to new generalizations of known inequalities.
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In [17], authors defined Jensen’s functional on time scales by

b
b b I pfdua
T (P, f, piHa) =/P(<I>°f) dm—/vdmcb | ®)
a a ufpd‘uA

where ® € C(I,R), f : [a,b] — R is A-integrable and p : [a,b] — R is non-negative and
b
A-integrable such that [ p dyup > 0.

a
In this section, we define Levinson’s functional on time scales and prove some of
its properties.

Definition 5. Let a;,b; € T, a; < b;, i = 1,2 and suppose I C R is an interval. Assume
w; € Cyq([a;, b;],R), i = 1,2, are non-negative functions such that f;i w;(t) dua(t) > 0. Let
fi € Cuq([a;, bi], 1), i = 1,2, and suppose there exists ¢ € I° such that (5) is fulfilled. Then, we
define Levinson’s functional on time scales by

L (D, f1, fo, w1, wa; ua) = Jr(P, fo, wo; pia) — I (P, f1, w1 Ha), )

where Jr(®, fi, wi; ua), i = 1,2, denotes Jensen’s functionals on time scales defined by (8) and
continuous function ® € K5 (I) (or ® € K5(1)).

Remark 1. From the main statement of Theorem 3 it is obvious that

‘CT(q)/flleI w1, W3, Z’IA) Z O/ (10)

for every continuous function ® € K{(I). If continuous function ® € K5(I), then the sing in (10)
is reversed.

Remark 2. Since the Levinson functional is related to a class K{(I) or K5(I), we will use
Definition 1 to express it by the terms of convex or concave function as it will be substantial
in proving our new results. In order to obtain that, we start with Jensen’s functional on time scales
Jr(®, fi,wi; ua), i = 1,2. According to Definition 1, for ® € K (I), there exists a constant A
such that F(x) = ®(x) — 4x? is concave on (—oo,c] N I and convex on I N [c, o) so, fori = 1,2,
we can write

b;

A
T (P, fi, wis pa) = /wi (Poﬁ + 2fi2) dpp

aj

b; b;
b Jwifi dua Jwifi dua
a; a;
= [widna |F| |+ 3|
ai fw,» d]/lA fwi d]/lA
aj; aj;
b; 2
A b (f w; - fi dVA>
a;
= Jr(F, fi,wi; ua) + 5 w;ifi* dup — b
i [ wi dua

aj
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For simplicity, let us denote

b;
Jwidpn

aj

b; 2
b; <f wi 'fi d,uA)
_ 2 4i
oi(fi, wi) = /wifi dpp — .
aj

Now, Jensen’s functional on time scales can be rewritten in the following form

A
T (P, fi,wi; upn) = Jr(F, fi, wi; ua) + 5 -0i(fi, wi) (11)

and Levinson’s functional on time scales, defined by (9), can be expressed via convex (concave)
functions as

Lr(®, f1, fo,wi,wo;ua) = Jr(F, fo,wo; pa) — Jr(F, f1,w1; ua)
+% o2 (fo, w2) — 1 (f1,w1)]. (12)

In the following theorem, we derive the superadditivity property of the Levinson
functional on time scales.

Theorem 4. Let a;,b; € T, a; < b;, i = 1,2 and suppose I C R is an interval. Assume w;, ¢; €
Cra([a;, bi],R), i = 1,2, are non-negative functions such that f:f w; dup > 0, fﬂbf' ¢i dup >0,
fubi(wj + ¢;) dup > 0. Let f; € Coq([a;, b],1), i = 1,2, and suppose there exists ¢ € I° such that

i

(5) is fulfilled. If
a1(fr,w1) +o1(f1, ¢1) — o1 (fr, w1 + 1) = 2 (f2, w2) + 02(f2, $2) — 02 (fo, w2 +¢2) (13)

then, for every continuous function ® € K{(I), we have

(D, f, fo, w1 + P1, w2 + Po; ua) > Lo (D, f1, fo, w1, wo; ua) + L1 (D, f1, f2, 1, 25 HA)- (14)

If continuous function ® € K5(I), then the sing in (14) is reversed.
Proof. Suppose ® € K{(I) is continuous. According to Definition 1, there exists a constant

A such that F(x) = ®(x) — 4x? is convex on I N [c, o). Using (11) and superadditivity of
the Jensen functional on time scales, we obtain

Tr(®, f2, w2 + P2; pa) = T (F, fo, w2 + s pa) + %Uz(fzr wa + ¢2)

= Jr(F, f2,w2; pa) + Tr(F, fo, 25 pia) + %Uz(fzf w2 + ¢2) (15)
= Ta(®, fortzitin) — 5022 02) + Ta(®, for i)

—%Uz(fzrﬁbz) + %Uz(fzr w2 + ¢2) (16)

Furthermore, according to Definition 1, for continuous function ® € K{(I) and taken

constant A, F(x) = ®(x) — %x2 is concave on (—oo,¢] N I, therefore, we can write

J1(®, f1, w1 + @1 pa) < TIr(D, f1, w15 pa) + T (D, f1, 15 Ha)

—%01(f1/w1) - %Ul(flrfpl) + %Ul(fl/wl + ¢1)- (17)
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Now, since

L (D, f1, fo, w1 + P1, w2 + Po; up) = T1 (P, fo, wa + Po; pia) — Tr(P, f1, w1 + P1; pin)

the required property (14) of superadditivity of Levinson’s functional on time scales follows
by adding up (15) and (17) and taking into account the assumption (13). If continuous
function ® € K5(I), then the sing in (14) will be reversed since F is convex on (—oo,¢] N I
and concave on I N [c, o) and the inequality signs in (15) and (17) are reversed. [

In the next corollary, we will use the property of superadditivity to prove the mono-
tonicity of Levinson’s functional on time scales.

Corollary 1. Let w;, ¢;, f; satisfy the hypotheses of Theorem 4 for i = 1,2. Suppose there exists
¢ € 19 such that (5) is fulfilled. If

o1(fi, w1 — ¢1) = 02(f2, w2 — ¢2) (18)
o1(fi, ¢1) — o1(fr, w1) = 02(f2, $2) — 02(f2, w2) (19)

then Levinson’s functional on time scale is increasing, that is, w; > ¢; for i = 1,2, implies

L1 (D, f1, fo, w1, w; pin) > LT(DP, f1, f2, P1, 25 1) (20)

for continuous function ® € KC{(I). If continuous function ® € IC5(I), then (20) holds in reverse
order.

Proof. Taking into account condition (19), we can apply superadditivity of the Levinson
functional in the following way.

Lr(D, f1, f2, w1 — P1 + P1, w2 — P2 + P25 a)
> L7(D, f1, fo,w1 — ¢1, w2 — P2 ua) + L1(DP, f1, f2, P1, P25 Ha),

ie.

ET(qDIflle/wl/wz;,uA)
> Lp(D, f1, fo, w1 — g1, w2 — P ua) + L7(P, f1, f2, 01, P25 pin)-

From (18) we have
‘CT((D/flle/wl - 4)1,7,02 - ¢2!VA) 2 0

so inequality (20) is true. If continuous function ® € K5(I), the sign in (20) is reversed
according to Remark 1. O

In the next result, we obtain bounds for the Levinson functional on time scales assum-
ing the positivity of the required functionals.

Theorem 5. Suppose a;,b; € T, a; < b;, i = 1,2, and I C R is an interval. Let w; €

Cya([ai, bi], R), i = 1,2 be non-negative functions such that | abi" w; dup > 0 and suppose w; are

bounded. Let m; = inf w;(x), M; = sup wj(x), i = 1,2. Let f; € Cq([a;, b;],I) and
x€la; by x€&la; bi]

suppose there exists ¢ € 1° such that (5) holds. If

a1(f1,w1) = a2 f2, w2), (21)
o1(fr, w1 —min{my, my}) = 0a2(fo, wp — min{my, my}) (22)

and
Ul(fl,l) = Uz(fz,l), (23)
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then
L1(P, f1, fo, w1, wo; pp) > min{my, my} Lo (P, f1, f2,1,1; up) (24)
holds for continuous function ® € K{(I) and L1(P, f1, f2,1,1; ua) denotes the non-weighted

Levinson’s functional on time scales. If conditions (21), (23) are fulfilled and condition (22) is
replaced by

o1 (f1, max{my, my} — wy) = 02 fp, max{my, my} — wy) (25)

then
L(P, f1, fo, w1, wo; pip) < max{my, my} L7 (P, f1, f2,1,1; ua). (26)

If continuous function ® belongs to K§(I) then (24) and (26) are reversed.
Proof. In order to prove (24), we use the monotonicity property (20), taking ¢;(x) =

min{my, my}, x € [a;,b;], i = 1,2. Since w;(x) > min{mq,my}, i = 1,2, applying (20),
we obtain

L1(®, f1, fo, w1, wo;up) > Lp(P, f1, fo, min{my, my}, min{mq, my}; pa)
= min{my, my} L7(P, f1, f2,1,1; up)

thus, inequality (24) holds. Inequality (26) follows from the same reasoning. [J

Remark 3. Rewritting inequalities (24) and (7) in expanded forms, it can easily be seen that
inequality (24) represents a refinement of the Levinson inequality (7) in Theorem 3 and inequality
(26) yields a converse of (7).

Example 1. Taking in (9) that T = Z, [a1,b1] = {1,2,...,n}, [az, bo] = {1,2,...,m}, n,m €

Nand fi(i) = x;, w1 (i) = vy, f2(j) = yj, wa(j) = woj, i € {1,2,...,n},j€{1,2,...,m}, we
obtain the following discrete form of Levinson’s functional (9)

£(©/ x/y/ w1, wZ) = j(q)/y/wz) - \7(©/ X, wl)

n m
m n Z w1iX; Zl WY
:Zmﬂm—mem+Zm 0 Z% E—
= = = Lw ) A £ oy
=

where I is an interval, ¢ € I°, ® € KS(), x = (x1,...,x0) € IN(=00,¢c],y = (Y1,...,Ym) €
IN[c,+0), wy = (wy1,...,wi,) € R, wy = (wy, ..., wyy) € R Under these notations, if

2
2
n (2 w1 X > <21w2]y]>
IR R S— <Zw% T 7 27)

1 m 7

=1 Z w1 =1 Z waj

Z(wll r)/)xz - :171 < Z wZ] :}11 (28)
=1 Zl(wll ’)/) =1 Zl (w2] 'Y)
i= j=
and
n 2 m 2
n ( E xl> m (;1 ]/])
g xlz . 1:1n < ]; y]Z _ ]’T, (29)
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then
L(D,x,y,wy,w2) > vL(D,x,y,1,1)

where v = min{wy;, wy:1=1,....mj=1,... ,m}. If conditions (27) and (29) are true and
(28) is replaced by

n 2 m 2
n < Zl(r wll) > m jgl (r - ij)yj
Z (I —wi;)x = <) (T —wy)y; — ~—; (30)
i=1 Y (I —wy) =1 L (T — wy)
i=1 j=1
where T = max{wli,wzj :1=1,...,m;j=1,...,m}, then
L(®,x,y, w1, wy) <TL(P,x,y,1,1)
In the case when n = m, wy; = wy;, i = 1,...,n and the condition (1) is fulfilled, i.e., the

distribution of points x;, y; around the c is symmetric, then (27)—(30) hold with equality signs.

Example 2. Suppose T = Rand a;,b; € R, i = 1,2. Then, the Levinson functional (9) becomes

by by fwz ) du(t)
Jwdi@am) du(t) ~ [ws(t) du(t) - | =
a2 a2 wa(t) d
by by fwl ) du(t)
— [w®@AON du(t)+ [wn(t) du(t) - ,
n n fwl (t) d
b;

where w; : [a;, b;] — R are non-negative integrable functions such that f w;i(t) du(t) > 0,
al

fi : la;, b)) — R are integrable and ® € ]Ci([)_

4. Applications to Weighted Generalized Means

Weighted generalized mean is defined in [17] as follows.

Definition 6. Let x € C(I,R) be strictly monotone, I C R is an interval. Assume f : [a,b] — I
b

is A-integrable and w : [a,b] — R is non-negative and A-integrable such that [w dus > 0.
a

Weighted generalized mean on time scales is defined as

b
Jw(xof)dua

My (fw;pa) = x| =

Jwdun

a

provided that all integrals are well defined.

Applying the definition of Levinson’s functional on time scales, in the following
theorem, we establish new Levinson’s type functional in the terms of generalized means

and prove its properties. The obtained properties can be used to improve some known
inequalities on time scales.
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Theorem 6. Assume x,p € C(I,R) are strictly monotone, I C R is an interval. Let w;, ¢;, f;
satisfy the hypotheses of Theorem 4 for i = 1,2 such that the functional

[ w2 dus - XMy (2035 18)) = (M (for w3 10))]

—/wl dup - [X(My(fr, w1 pa)) — X (Myp(fr, wi; pa)) ]

+5 - [a(po fo,wa) —ar(yo fr,w)] (31)

is well defined. Denoting (31) by G(f1, f2, w1, wo; ip), we obtain that if x o =" is convex and
following conditions are fulfilled:

o1 (o f1,w1) = oa(P o fo,wa), (32)

a1(po fi,¢1) — (o fr, w1 +¢1) = 2(Po fo,2) — 2(P o fo, w2 + ¢2), (33)
then (31) is superadditive, i.e.,

G(f1, fo, w1 + P, w2 + Po; pa) > G(f1, fo, w1, wo; pa) + G(f1, fo, P12 a).  (34)

Moreover, if x o ¢ Lis concave, then (31) is subadditive, that is, inequality (34) holds in reverse order.

Proof. We start by replacing, in definition (12) of Levinson’s functional on time scales,
function F by x o ¢~ ! and function f; by ¢ o f;, i = 1,2. It follows that

Lr(D,po f1,o fr,wy,w;pp) = It (X oL, o fo,wo; ,VA)
~Jr (X o,y ofl,wl;m) + % [oa(Y o fo,w2) — a1 (o f1,w1)]

by by fwz (Yo f2) dua
:/wz-[(xolp”).(lpofz)} dyA—/wzdyA'(Xolp”)o i,

" " Jwdia

by by fw1 (o fr)dua
—/w1[(xo¢fl>'(¢of1)} dﬂA—/wl dﬂA'<X°1P71>O 5

i i L;]fwl dii

_|_% . [(72(1/) ofz,wZ) - Ul(lp Oflrwl)]
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(according to Definition 6 and condition (32), we continue as follows)

bz bZ
= /wz~(x0fz) dun —/wz dup - X (My(fa, w2; pia))
a a

by by

- /wl “(xof1)dua + /wl dp 'X(Mtp(flrwl}P‘A))
lllbz a "

= /W2 dup - x(My(f, w25 1a)) —/W2 dpn - X (My(f2, w25 1a))
a; a;

_/wl dﬂA‘X(Mx(flrwl;.”A))"'/wl dpn - x (My(f1, w15 pa))
a1b2 a

= [ w2 dna - [X(My(for 023 1)) = (Mo (f2 035 18))]
by

_/wl dpn - [X(My(fr,wis1a)) = X (My(fr, w15 4a))]

Now, the superadditivity property (34) follows immediately from Theorem 4 and conditions
(32)and (33). O

Corollary 2. Assume x, € C(I,R) are strictly monotone, I C R is an interval. Let w;, ¢, f;
satisfy the hypotheses of Theorem 4 for i = 1,2 such that the functional G(f1, fa, w1, Wo; Ua)
defined by (31) is well defined. If

o1(Po fi,wr — 1) = 02(P o fo,ws — ¢2) (35)
and
o1 (Yo fi,¢1) —or(Po fr,wr) = 0a(P o fo,P2) — 02(P o fo,wo) (36)
then, the Levinson’s type functional (31) is increasing, that is, w; > ¢; fori = 1,2, implies
G(f1, fa, w1, wo; ua) = G(f1, f2, 91,25 Ua)- (37)
Moreover, if x o 1 is concave, then (31) is decreasing, that is, inequality (37) holds in reverse order.

Proof. Monotonicity property (37) follows from the proof of Theorem 6, monotonicity
properties of the Levinson functional on time scales obtained in Corollary 1 and conditions
(35) and (36). O

In the next definition, we introduce weighted generalized power mean ([17]).

Definition 7. Suppose r € R, I C R is an interval. Assume f : [a,b] — I is positive and A-
b

integrable and w : [a,b] — R is non-negative and A-integrable such that [ w dua > 0. Weighted
a

generalized power mean on time scales is defined as
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b
[wf? dpp
2 b 7 p # 0/
Jw dun

MU (f,w;1p) = b
Jwin(f) dpa

b
Jw dpa
provided that all integrals are well defined.

The following theorem establishes another Levinson’s type functional in terms of gen-
eralized power mean and proves its properties using the functional obtained in Theorem 6.

Theorem 7. Let p,q € Rand p # 0. Assume wj, ¢;, f; satisfy the hypotheses of Theorem 4 for
i = 1,2 such that the functional

/wz dpp - { [M[q] (f2, w2; MA)V - {M[p] (lewz;}lA)]q}

- /wl dyp - { [M[q}(flrwl;ﬂA)]q — [M[p](flrwl}ﬂA)}q}

+% o2 (fof ,wa) — o1 (A, w1)] (38)

is well defined. Denoting (38) by P(f1, fa, w1, wo; Up), we obtain that if max{0,p} < q <
min{0, p} and the following conditions are fulfilled:

o1 (fif, w1) = 2(foF, w2), (39)
a1(fif, 1) — o1 (AF, w1+ ¢1) = 2 (fof, §2) — (o, w2 + 2), (40)

then (38) is superadditive, i.e.,
P(f1 fa, w1 + g1, w2 + 25 pa) = Pfa, fa, wi,wa; pa) + P(frs f2, 91, 25 pa)- (41)
If0 < g <porp <gq <0, then (38) is subadditive, that is, inequality (41) holds in reverse order.
Proof. Substituting in (31) that x(x) = x7 and ¢(x) = x¥, x > 0, if p # 0, we obtain

(38). Since now (xoy~1)(x) = x? and (xop )" = %x%_z, we conclude that,

if max{0, p} < g < min{0, p}, then y o ! is convex and if 0 < g < por p < g < 0, then
X o~ ! is concave so property (41) follow from Theorem 6. If p = 0, then taking x(x) = x7
and (x) = In(x), x > 0 in Theorem 6, we obtain (x o 1) (x) = x7* so y o p~! is convex
for g # 0 and results follow from Theorem 6. [

Corollary 3. Assume p,q € Rand p # 0. Let w;, ¢;, f; satisfy the hypotheses of Theorem 4 for
i = 1,2 such that the functional P (f1, f2, w1, wa; pp) defined by (38) is well defined. If

o1(fif, w1 — ¢1) = o2(f2f, w2 — ¢2) (42)

and
a1 (fif,¢1) — o1 (fif, w1) = o2 (fof , o) — 02 (foF, w2) (43)

then the functional (38) is increasing, that is, w; > ¢; for i = 1,2, implies

P(f1, fo, w1, wo; pia) = P(f1, f2, 01, P25 pia)- (44)
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If0 < g <porp<gq <0, then (38) is decreasing, that is, inequality (44) holds in reverse order.

Proof. Monotonicity property (44) follows from the proof of Theorem 7, monotonicity
properties of the Levinson functional on time scales obtained in Corollary 1 and conditions
(42) and (43). O

5. Conclusions

In this paper, we established the Levinson functional on time scales utilizing integral
inequality of Levinson’s type in the terms of A- integral for convex (concave) functions
on time scale sets and proved the properties of superadditivity and monotonicity. Using
obtained properties, we derived the bounds of the Levinson’s functional on time scales.
Applying the same methods in the rest of the article, we constructed new Levinson’s types
of functionals using weighted generalized and power means on time scales and proved
their properties regarding superadditivity and monotonicity. In future investigations, using
the same reasoning as in Theorem 5, the bounds for the functionals in Theorem 6 and
Theorem 7 can be obtained. Furthermore, a new type of functionals can be constructed
using the methods of Theorem 6 and Theorem 7 and some specific forms of functions x
and ¢, and then properties of superadditivity and monotonicity can be easily proved as
well as the bounds of obtained new functionals. Derived properties can then be used to
improve some known inequalities on time scales.
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1. Introduction and Preliminaries

In recent years, a great number of papers have presented generalizations of the well-
known Banach-Picard contraction principle. Ciri¢ [1] investigated the generalized contrac-
tion and extension of Banach’s contraction to combine X, y, Tx, and Ty of all six possible
values for all x,y € X and T a self-mapping on a metric space. In 1982, Istritescu [2] pro-
posed a generalization of seven contraction principle values by introducing a “convexity”
condition for the mapping iterates. He deduced that these conditions might be adapted
for other classes of mappings to obtain some extensions of known fixed-point results. Al-
ghamdi et al. [3] proved a generalization of the Banach contraction principle to the class of
convex contractions in non-normal cone metric spaces. In 2015, Miculescu et al. [4] obtained
a generalization of Istrdtescu’s fixed-point theorem concerning convex contractions. In
2017, Miculescu et al. [5] obtained a generalization of Matkowski’s fixed-point theorem
and Istratescu’s fixed-point theorem of convex contraction of a comparison function ¢ such
that d( "] (x), £1")(y)) < g(maxd(x,y),d(f(x), (1)), .., d(f"1(x), {11 () for all
x,y € X. Latif et al. [6] introduced the new concepts of partial generalized convex contrac-
tions and partial generalized convex contractions of order two. Moreover, they established
some approximate fixed-point results in a metric space endowed with an arbitrary binary
relation and some approximate fixed-point results in a metric space endowed with a graph.
In 2022, Latif et al. [7] established fixed points in the setting of metric spaces for generalized
multivalued contractive mappings with respect to the wy-distance . In 2013, Miandaragh
et al. [8] expanded the concept of convex contractions to generalized convex contractions
and generalized convex contractions of order two. In the same year, they proved some
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approximate fixed-point results in the setting of generalized a-convex contractive mapping
in [9]. Wardowski [10] introduced the F-contraction and proved a new fixed-point theorem
concerning the F-contraction. Samet et al. [11] introduced a new concept of a—¢-contractive-
type mappings and established fixed-point theorems for such mappings in complete metric
spaces. Asem and Singh proved some fixed-point theorems on a Meir-Keeler proximal
contraction for non-self-mappings in [12]. Following that [13,14], Karapinar established
some fixed-point theorems in different metric spaces for the concept of a-admissible map-
ping. Recently, Khan et al. [15] discussed the concepts of (&, p)-convex contraction and
asymptotically T2-regular sequence and demonstrated that an (&, p)-convex contraction
reduced to a two-sided convex contraction. Yildirim [16] introduced a definition of the
F-Hardy—Rogers contraction of Nadler type and also proved some fixed-point theorems for
such mappings using Mann’s iteration process in complete convex b-metric spaces. Singh
et al. [17] discussed an a-f -convex contraction of six possible values (without rational
type) in complete metric spaces. Eke et al. [18] introduced the convexity condition to
some classes of contraction mappings, such as the Chatterjea contractive mapping and
the Hardy and Rogers contractive mapping, and proved the fixed points of these maps in
complete metric spaces. Following that, some works on the generalization of such classes
of mappings in the setting of various spaces [19-34] appeared.

Singh et al. [17] discussed an a-f -convex contraction of six possible values (without
rational type) and proved the fixed points of these maps in complete metric spaces. In this
paper, we extend and generalize their main theorem into an a-/ -convex contraction of
seven possible values (with rational type) in the setting of complete metric spaces inspired
and motivated by Singh et al. [17]. Examples and applications to integral equations are
provided to illustrate the usability of our obtained results.

Throughout this paper, we use the following notations: R represents (—co, +00), R}
is (0, 4+00), and RY represents [0, +co).

Definition 1 ([11]). Let T : A — A be a self-mapping on a nonvoid set A and o« : A x A — [0, 00)
be a mapping. Then, T is said to be a-admissible if for all j,m € A, a(y7,m) > 1 = a(I'y,I'm) > 1.

Example 1. Let A = (—oc0,00) and defineT : A — A by

3, else.

Define o : A x A — [0,00) by

a(y,m) = {3’ .= m

0, else.

Then, T is a-admissible as a(y, m) > 1 = a(T'y,Tm) > 1fory > mand a(y, m) = a(m,7),
forally = m.

Definition 2 ([13]). Let T : A — A be a self-mapping and « : A X A — (—00,+0c0) be a
mapping. Then, we say that I is triangular a-admissible if

(T1) a(y,m) >1= a(l'y,Tm) > 1, forally,m € A;
(T2) a(n,0) > 1and a(o,m) > 1imply a(y,m) > 1, forall y,m,0 € A.
Example 2. Let A = [0, +00),I'y = 7% + e/l and

0, else.

x(,m) = {1, if 7, m € [0,1];

Hence, I is a triangular a-admissible mapping.
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Definition 3 ([14]). Let A # @ and let T be an a-admissible mapping on A. Then, A has the
property (H) if for each , m € Fix(T'), there exists o € A such that a(1,0) > 1 and a(o,m) > 1.

Definition 4 ([17]). An a-admissible mapping T is said to be a*-admissible, if for each 1,
m € Fix(T') # @, we get a(y7, m) > 1. If Fix(T') = @, then T is called vacuously a*-admissible.

Example 3. Let A = [0,00) and T : A — Aby Ty =3 +y, forall y € A. Define a mapping
a: A XA —[0,00)by

e(’]fm)/ 1f;7 >m;

0, else.

a(ip,m) = {

Then, T is a-admissible. Since T has no fixed point, we have Fix(T') = @, and T is vacuously
a*-admissible.

Example 4. Let A = [0,00) and T : A — A by Ty = g,forall n € A Definea: Ax A —
[0, 00) by

x(n,m) = {1, if 7, m € [0,3];

0, else.

Clearly, T is a-admissible and Fix(I') = {0,3}. Then, I is a*-admissible.

Example 5. Let A = [0,00) and defineT : A — A by 'y = @,for all § € A. Define
a: A XA —[0,00)by

1, ify,me]|0,2];
0, else.

a(n,m) = {

Clearly, T is a-admissible and Fix(T') = {0,2,3}. Note that T is not a*-admissible, since
a(n,3) =0forn € {0,2}.

Definition 5 ([10]). For a nonvoid set A, a function Q : A X A — R(}r is said to be metric if it
satisfies the following conditions:

1. Q(y,m) > 0and Q(n,m) = 0ifand only if = m.
2. Q(ny,m) = Q(m,n), forally,m € A.
3. 9(y,m) < Q(y,0)+ Q(o,m), forall y,m,0 € A.

In addition, the pair (A, Q) is called a metric space.

Definition 6 ([10]). Let I €  be the set of all mappings | : Ry — R satisfying the stipulations:

(Fy) F is strictly nondecreasing, i.e., for all 5, € Ry suchthat § < e = F (6) < F (€);
(F2) For each sequence {0p} gen, ;;15“ bp=0% ﬁlgn F(8g) = —oo;

(F3) There exists k € (0,1) such that 5lir51+ sk (8) =o0.
—

Definition 7 ([10]). A mapping T’ : A — A is said to be an [ -contraction on a metric space
(A, Q) if there exists F € S and p > 0 such that for all y,m € A,

Q(Ty,Tm) >0 = u+F(Q(y,Tm)) < F (Q(y,m)). (1)

Example 6 ([10]). The following functions | : Ry — Rare in S:

(i) F(6) =1Ind;
(i) F(8) = Ind+6;
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(iii) F (6) = 75
(iv) F () = In(6%+6).
The following theorem was proved by Wardowski [10].

Theorem 1 ([10]). Let (A, Q) be a complete metric space and T : A — A be an F -contraction.
Then, we get

(i) o € Ais the unique fixed point of T';
(ii) Forally € A, the sequence {TPy} is convergent to o € A.

Definition 8 ([1]). Let I be a self-mapping on a metric space (A, Q). Then, we say that T is
orbitally continuous on A if Elim TPty = o implies that ma TPty = To.
—00 —00

Let T : A — A be a self-mapping on a nonvoid set A. Define Fix(T) = {5 : Ty =
1, forall y € A}.

We establish some fixed-point theorems on an a-f -convex contraction of possible
seven values included rational type with an application to integral equations, inspired by
Singh et al. [17].

2. Main Results

First, we introduce the concept of “a-f -convex contraction” with examples.

Definition 9. A self-mapping I on A is said to be an a-[ -convex contraction, if there exist two
functions o : A x A — [0,00) and F € I such that for all y,m € A,

Q'(I%,T%m) >0 =+ F (a(n,m)Q ([, T%m)) < F (¥ (7, m)), @
where b € [1,00), > 0 and

p’(n,m) = max{Q’(y,m), Q" (1,Ty), Q" (T, T%y), Q" (m,Tm), Q" (T'm, [*m),

Q (5, T'm) + Q(m,Iy) Q' (I'y, Im) + Q' (I'm, I2)
2 ! 2 :

®)

Example 7. Let F (r) = In(z),x > 0. Obviously, F € . Let T be a self-mapping on a metric
space (A, Q). We postulate that the convex contraction of type 2 ([2]) putting a(n, m) = 1, for all
nmeNet=k= Zzzl g <landwe >0forallt=1,2,..,7.

Q(Iy, T*m) < a1 Q(n,m) + 2 Q(y,Tn7) + a3 Q(T'y, T?y)

+ 04 Q(m, Tm) + a5 O(T'm, [2m) +a6<Q(n/Tm) er Q(mffn))
t ( Q(I'y, *m) ; Q(I'm, FZW))/
where j,m € A with y # m. Then, we obtain
a(,m)Q(I%y, T?m) = Q(I'*y, [*m)
< 3 wemax{ Q(1,m), Q01,T), QT ), A, Tm), Q(Tim, )
Q(fyjlrm) + Q(m,Ty) Q(Iy,IM?m)+ Q(Tm,T%y) }
2 / 2 /
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which implies that
(7, m)Q(I%y, T?m) < kp' (g, m) = e *p' (5, m).
Applying the natural logarithm on both sides, we get
it F(a(n,m)Q(I%), T%m)) < F(p' (7, m)).
Therefore,
QI T*m) >0 = p+F (a(y,m)Q(I*y, IPm)) < F (p' (,m)),

forall y,m € A. We conclude that T is an a-f -convex contraction with b = 1.
Example 8. Let A = [0,1] with Q(y,m) = |7 —w|. Define a mapping T : A — A by

2
Iy =5 + &, forally € Awitha(y,m) = 1, for all ,m € A. Then, T is a-admissible. Now, we
get I is nonexpansive, since we obtain

Ty —Tm| = %\qz—mz| <|p—m|, forally,m e A.

Setting I € S such that F (r) = Ing,x > 0. Then, for all 1, m € A with 5 # m, we obtain

a(7,m)|T?y, T?m| = T2y, T?m|

— 4 2 4 2

= =5 (1(647* + 80 — 64m* — 50m?)|)
1 4 4 2 2

< _ _

< o5 (641" — | + 80Jy% — )

1 5
< Z _ Sy —
< 5Ty —Tm[+ o[y —m|
13
< 22 max{|Iy —Tml, [y — ]}
S e*}lpl (ﬂ/m)/
where —p = ln(%). Applying the logarithm on both sides, we have
pe F(a(, m)Q(y, T2m)) < (p' (17, m)).

We conclude that T is an a-| -convex contraction with b = 1.
Example 9. Define I : [0,1] — [0,1] by Ty = #,for all y € [0,1] and a(y, m) = 1, for all
7, m € [0,1], with usual metric Q(y, m) = |y — wm|. Then, I is a-admissible. Setting | € I such
that F (r) = Inx,x > 0. Then, for all y,m € [0, 1] with y # wm, we obtain

1
[T, Tm| = 2 y* = w?] < [y — m|
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and

a(n7,m)|T?y, T?m| = T2y, T?m|

1
= g(l27? =" = 2m® 4+ w))
1

= Sl — |+ [yt — )
1 1,,
< Zly — _

< slp—ml+ 2" —w’]
1 1
—§|17—m|+§|1"17—rm|

< l.max{|y —m|, |I'y —Tm|}
<e Mpl(y,m).

where —y = In(1). Applying the logarithm on both sides, we get
pt F(a(n,m)Q(I%, T2m)) < F(p' (7, m)).
However, by y = —1In(1), there does not exist any p > 0 such that
pt F(a(n,m)Q(I%, T2m)) < F(p! (7, m)).
Therefore, T is not an a-f -convex contraction with b = 1. Now, we see

1
[Ty = Tmf* = 2Jy* = w?? < [y — m]?

and
1
(g, m) (|02, T2mf?) = = [29% =y = 2m? 4 m?}?

< @7 = w2 gt — w2

1
g
1
Ay 292 L4 40
T A iU
1 2 1 2 2|2
< Zly — _ _
< gl ="+ 2l —m

< = max{|y — /2, |0y — TP}
< op(m)
= e Mp?(y,m).
Applying the logarithm on both sides, we get
joA F(a(,m)Q(I%y, T2m)) < F (p?(y,m)),
where —y = In 15—6. Therefore, T is an a-f -convex contraction with b = 2.

Now, first, we prove the Lemma through an «a-f -convex contraction.

Lemma 1. Let (A, Q) be a complete metric space, T : A — A a given map, and let « : A X A —
[0, 00) be a mapping. Suppose that the following affirmations hold:

(i)  Thereexists b € [1,00) and p > 0 such that for all y,m € A,

Q(I%,T?m) >0 = p+F (a(y,m)Q (T, T%m)) < F (¥ (7,m)),
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where

p’(7,m) = max{Q’(y7,m), @ (17,Tn), Q" (Iy7,T2y), Q"(m, 'm), @’ (T'm, [?m),

Q(7,Tm) + Q@ (m,Tyy) Q(I'y,T?m) + Q’(I'm, Fzﬁ)}
2 ’ 2 :

(it) T is a-admissible;
(iii) There exists 5y € A such that a(no,Tny) > 1.

Define a sequence {ng} in A by g1 = I'ng = TPF 1y, for all B > 0, then {Q( Mg Mp+1)}
is a strictly decreasing sequence in A.

Proof. Let o € A be such that a(#o,T10) > 1 and define a sequence {75} by 17541 = ',
forall B € NU {0}. By (ii), we have

a(no,m) = a(no,Tno) > 1= a(n2,13) = a(Tyy, T?0) > 1

Inductively, we obtain a(#4,7p+1) > 1, for all B > 0. Postulating that 17 # 741 for all
B > 0, then Q(175,11p41) >0, forall B > 0. Letv = max{Q’ (10, 71), Q" (411, 72) }. From (3),
taking # = 179 and m = 771, we obtain

P’ (10,111) = max{Q’ (170,1m), (110, T110), Q" (T170, T2110), @’ (111, Ty1), Q" (T, T1p1),
Q (10, Ty1) + Q" (411, Tiio) - Q°(T0, T2171) + Q(Fm,rzno)}
2 ’ 2
= max{ Q" (10,1m), Q" (0, m), (1, 12), @ (1, 112), @ (112, 13),

Q" (110, 12) + @ (11, 111)  Q° (111, 13) + Q(1p2, '72)}
2 ’ 2

b b
= max{Q’ (0,m), @ (m,12), Q" (12, 713), S (172(), ’72)’ < (1721’173)}

= max{ Q" (1j0,11), Q" (11, 72), Q" (112, 113) } )

By (F1) and a(79,71) > 1, by (2) and (4), we obtain

F(Q(12,13) = F (Q(T%0,T%11))

((0,11) Q" (T170,T2171))

(" (10, 71)) — p

(max{Q’ (10, 11), Q" (1, 12), Q" (2, 13) }) — m

< F (max{v, @ (12,173)}) — p. ®)

IN A

F
F
F

If max{v, Q" (172, 113)} = Q’ (12, 113), then (5) gives
F(Q (12,13)) < F(Q(m2,173)) — 1 < F(Q(172,173)).

This is a contradiction. It follows that

F(Q (12,73)) < F (0) = < F (v).

Since p > 0 and by (F;), we have

Q (12, 113) < v = max{Q"(no,11), Q" (11, 12) }-
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Again, by (3) with 7 = 7 and m = 75, we get

P’ (1, 12) = max{ Q" (i11,72), Q" (11, Ty1), Q" (T, T2m1), @ (112, T1p2), @ (T2, T21p2),
Qb(m,l"nz) + Qb(ﬂzl I'n) Qb(rm,rzﬂz) + Q(T1n, rzﬂl)}
2 4 2
= max{ Q" (11,12), Q" (11, 12), @ (12, 113), @ (2, 113), Q" (113,14,

Q(m,m3) + Q (12, 12) (2, 1a) + Qs 773)}
2 ’ 2

b b
= max{Q" (1, 12), Q" (112, 13), Q" (113, 14), = (1721,173)’ . (1722’ 174)}

= maX{Qb(ﬂl, 172)/ Qb(WZI 773)/ Qb(ﬂC}/ 114)} (6)
By (2) and (6), we obtain

F(Q (13,14)) = F(Q (%1, T%1))
(w(1,12) Q" (T2, T?p2))
( b

(

INIA

P (11,12)) —
max{Q’ (1, 12), @ (112,13), Q" (113, 1a) }) — H-

1f max{Q’ (y1,72), Q" (12, 13), Q" (113, 14) } = Q’ (3,114, then we obtain

F
F
F

F(Q (53,m4)) < F(Q(m3,1a)) — 1 < F(Q"(13,14)),
which is a contradiction. We obtain
max{Q’ (11,12), Q" (12, 13)} > Q" (113, 1)-
Therefore,
v > Q(n2,13) > Q (113, 14)-

Inductively, continuing in this way, we prove that the sequence {Qb(iyﬂ, Ng4+1)} is
strictly decreasing in A. [

Theorem 2. Let (A, Q) be a complete metric space, T : A — A a given map, and let a : A x A —
[0, 00) be a mapping. Suppose that the following affirmations hold:

(i)  Thereexists b € [1,00) and y > 0 such that for all y,m € A,
Q(I%,T%m) >0 = p+F (a(y,m)Q (T, T%m)) < F (¥ (7,m)),
where

p’(n,m) = max{Q’(y,m), Q" (17,Ty), Q" (T, T%y), Q" (m,Tm), Q" (T'm, [*m),

Q (5, T'm) + Q(m,Iy) Q' (I'y, Im) + Q' (I'm, I?y)
2 ! 2 :

(it) T is a-admissible;
(iii) There exists g € A such that a(no,Tno) > 1;
(iv) T is continuous or orbitally continuous on A.

Then, I has a fixed point in A. Further, if I is a*-admissible, then I has a unique fixed
point o € A. Moreover, for any 1o € A if g1 = TFTlyg # g, for all B € NU {0}, then
lim TPy = o.

B—ro0
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Proof. Let#o € Abesuch thata(T7g,70) > 1and construct a sequence {13} by 17511 = ',
forall B € NU{0}. If 5, = 1,11, i€, Ty7p, = 115, for some By € NU {0}, then 715, is a

fixed point of I".

Now, we postulate that 775 # 1,1 V B > 0. Then, Q’(ng,711) > 0, for all
B > 0. By (ii), we have a(19,T79) > 1 = a(n1,72) = a(Tyo,T?y9) > 1. Therefore,
inductively, we show that a(17g,17541) = (TP, TP*1yg) > 1, for all p > 0. Letting

v = max{Q’ (1o, 1), " (11, 112)}.
Now, from (3), taking 7 = 175> and m = 1751 with f > 2, we have

P’ (1p—2,1p—1) = max{d’(np_2,11p—1),d" (1p_2, T11p_2), &’ (Typ_2, T215_2),
db(ﬂﬁ—lzrﬂﬁ—l)rdb(rﬁﬁ—lrrzﬂﬁ—l)/
& (-2, Tp-1) + & (1p-1,T1p-2) & (Typ-2,T2yp-1) + & (Typ_1, T2 2) !
2 ! 2
= max{d’ (-2, 11p-1), 4" (1p—2,1g—1), 4" (151, 1p),
d’(1-1,1p), 4" (Mg, Mp+1),
@ (p-2,1p) +a(np-1,1p-1) & (p-1,1p11) + (1, 1p) )
2 ! 2
= max{d’ (-2, 11p-1), 4" (1p_2,1p—1), 4" (1p—_1,1p),

& (1p-2,18) & (1p—1,1p+1)
& (1p-1,1p), 4" (g, 7p41), 52 iz ﬁz Py

= max{d’ (15-2,7p-1), & (1p-1,1p), & (., 1p11) }-
By (F;), condition (ii), and Equation (2), we have

F(Q (1, mp+1)) = F (Q" (12, T251))

(“(77/5—2/ 15-1) Q" (T2, T215-1))
(p

(

IN

IN

*(np—2,1p-1)) — 1t

F
F
F (max{ Q" (1s—2,1p-1), Q" (np—1,1p), @ (g, 1) }) — -

IN

If max{ Qb(ﬂﬁ—zr 1), Qb(fl}gq, 1g), Qb(ﬂﬁ, Ng+1)} = Qb(iyﬁ, 11g+1), then we obtain

F(Q (g, nps1)) < F(Q (g mps1)) — 1 < F (2 (g, 1p41))-

This is a contradiction. Therefore,
F(Q (g, 11p11)) < F (max{Q’(115_2,15-1), Q" (1p_1,1)}) — -
Since {Q’ (116,Mp+1)} is a strictly nonincreasing sequence, we obtain
F(Q (15 1p41)) < F(Q (g5 1)) — 1 < o < F(0) = Tt
whenever f=2Jorf=2]+1for ] > 1.
From (6), we obtain

li ? = —o0.
ﬁg{}o F(Q (g, 1mp+1)) 0

43

@)

®)



Axioms 2023,12,139

Therefore, by (F2) and by Equation (8), we have

lim Q"(1g,7p41) = 0. )

B—ro0

By (F3), there exists 0 < k < 1 such that
ﬁlgfc}o[Qb('?ﬁ, 1g+1)1<F (2 (18, 1p11)) = 0. (10)

Moreover, by Equation (7), we get

1Q° (1, 151)I<[F (Q" (115, 1p41)) — F (0)] < —[Q" (115, 1p41)]* Ju < 0, (11)

where f =2Jor=2]+1for | > 1. Setting f — o in (11) along with (9) and (10),
we have

Jim J1Q" (g, 1gs1)] = 0. (12)

Now, two cases arise.
Case-(i): If B is even and B > 2, then by Equation (12), we have

lim B[Q’ (15, 1p+1)]* = 0. (13)

B—ro0

Case-(ii): If B is odd and > 3, then by Equation (12), we have

Jim (B—=1)[Q" (g p41)] = 0. (14)
Using (9), (14) gives
fim BIQ’ (1, nps1)]* = 0. (15)

We conclude for the above cases that, 3 f; € N such that

BIQ’ (g, 11p:1)]K <1V B > Bu.

Therefore, we obtain

Q (g, 1pi1) < —, VB > P

o>
|

Now, we prove the sequence {74} is a Cauchy sequence. For allb > q > 1, we have

(0]

Q(1,,1q) < Q (15 11-1) + Q1,1 —2) + oo+ Q (g11,79) < Y Q (e, 17641) <
t=q t

e
| =

q
Taking q — oo, we get blim Q(11,,17q) = 0, since Yiig L is convergent. This proves
,q—>00 tk

that the sequence {75} is a Cauchy sequence in A. By the completeness property, there
exists 0 € A such that ﬁlim 1p = o. Now, we show that o is a fixed point of I'. Since I is
—00

continuous,
b 1 b _1: b _
Q’(o0,To) = ,;15‘30 Q (g, Tnig) = ;;15{}0 Q" (g, 1p+1) = 0.

This implies that o is a fixed point of I'.
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Again, we postulate that I' is orbitally continuous on A, then
N1 =Inp = [(TPyy) — Toas p — co.

By completeness, we obtain I'o = o. Therefore, Fix(I') # 0.
Further, postulating that I’ is a*—admissible, ¥ o, 0* € Fix(T'), we have a(o,0*) > 1.
By Equations (2) and (3), we have

F(Q(0,0%) = F(Q(I%0,I%0"))
= I (a(0,0") Q" (I%,T%0%))
<F((0,0%) —
= F(max{Q"(0,0%), Q’(0,T0), Q"(To,T20), Q" (0*,To*), Q" (To*,T%0*),
b

Q’(0,T0*) + Q" (0*,To) Q’(To,T20*) + Q(T'o*,T20)
2 ! 2
= (Q(0,0%) — i

H -

Since # > 0 and using (F; ), we obtain
F(Qb(a,o*)) < F(Qb(o,o*)).
This is a contradiction. Therefore, I has a unique fixed pointin A. [
Example 10. Let A = [0,1] and Q : A x A — R be given by
Q (11, m) = |y —ml,

forall y,m € A. Then, (A, Q) is a complete metric space. Define a mapping T : A — A by

OO\H

1"17—%

forall y € A with a(y,m) = 1, for all y,m € A. Then, T is a-admissible. Let [ € < be
F (xr) =1Ing,x > 0. Since we have

1
[Ty, Tw| = 2 5* = w?| < [y — ],
forally € A, we have

a(p, m) (T2, T2m ) = -5 |(@7% — %) — (22 — m*) 2

256
1 22
< _ _
< ot =t 42 = m?P?)
14 412 2
<
< gl w2+~ w?)
_ i 2 .22 l 42
1 2, 1 2
< Z _ Zly—
< (T~ TmP 4 Ly —mP)
< 2 max{Jyy ~ m[% Ty — T’}
< gpz(nrm)
= e‘”pz(zy,m).
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where —p = ln(%). Applying the logarithm on both sides, we get

po F(a,m)Q (T, T2m)) < (' (3, m)).
This shows that T is an «- -convex contraction mapping. We define a sequence {ng} by

B 1

TR 2

thenqﬁél—%,asﬁ%oo.
Therefore,
1 B L
Np+1 =T = [Z(W_ﬁ) +§] —>1_ﬁ'

as B — oo. Thus, all conditions of Theorem 2 are satisfied and 1 = 1 — \% is the unique fixed point
of 'in A.

Corollary 1. Let (A, Q) be a complete metric space and a : A x A — [0, 00) a mapping. Postu-
lating that T : A — A is a self~-mapping, the following affirmations hold:

(i) VnymeA,

a(n,m)Q’ (T, T?m) < kmax{Q"(y,m), Q" (,Ty), Q" (I, T%y), Q" (m,Tm), @’ (Tm, [*m),

Q (,Tm) + Q' (m,Ty) Q (I, Pm) + Q" (Tm,T 1)y
2 / 2

(16)

wherek € (0,1);
(it) T is a-admissible;
(iii) There exists g € A such that a(no,Tno) > 1;
(iv) T is continuous or orbitally continuous on A.
Then, I has a fixed point in A. Further, if I is an a*-admissible mapping, then T has a unique
fixed point o € A. Moreover, for any 1o € A if g1 = TP 1o # TPy, forall p € NU {0}, then
lim TPy = o.

B—rc0

Proof. Setting / (r) = In(x),r > 0. Obviously, F € 3. Applying the logarithm on both
sides of (16), we get

—Ink +Ina(y,m)Q’ (T2, T?m) < In(max{Q’(y,m), Q"(y,T7),

Q’(I'y, 1"217), Q’ (m,I'm), Q°(Tm, sz),

Q(7,Tm) + Q°(m,Ty) Q(I'y,Tm) + Q°(I'm,T?y) 1
2 ’ 2 ’

which implies that

A+ F(a(y,m)Q (T2, T2m)) < £ (p' (7, m)),

forall #,m € A with 7 # m where y = — Ink. It follows that I' is an a-f -convex contraction
with b = 1. Thus, all the affirmations of Theorem 2 are held and hence, I has a unique fixed
pointin A. [

Corollary 2. Let (A, Q) be a complete metric space and o : A X A — [0, c0) a mapping. Postu-
lating that T : A — A is a self~-mapping, the following affirmations hold:

(i) VnymeA,

46



Axioms 2023,12,139

a(y7,m)Q" (%), T’m) < 01 Q" (1, m) + a2 Q’ (17, Tn7) + a3 Q" (T, 217)
anihw+-QNme>>

+ 240" (m, Tm) + a5 Q" (F'm, T?m) + ag ( 7

b 2 b 2
+“7<Q (Ty,T m)—sz (Tm,T '7)>,

where 0 < wg < 1, =1,2,...,7 such that 2?:1 we < 1;
(it) T is a-admissible;
(iii) There exists g € A such that a(no,Tno) > 1;
(iv) T is continuous or orbitally continuous on A.

Then, I has a fixed point in A. Further, if I is an a*-admissible mapping, then I has a unique
fixed point o € A. Moreover, for any 1o € A if g1 = TPy # TPug, for all p € NU {0}, then
lim TPy = o.

B—o0

Proof. Setting F (r) = In(z),r > 0. Obviously, F € . Forall y,m € A with # m,
we obtain

a(y7,m) Q" (I, T?m) = Q’(I%y, T*m)
<1 Q"(n,m) + a2 Q" (7,Tn) + a3 Q" (T, I2y)
+0Q" (m, Tm) + a5Q° (Tm, T?m),

b b b 2 b 2
+%<QWIM+Q®HW>+M<QGWUM+QGme>

2 2
<kmw{gwmmxmerwxyanr%»memmxgwnmﬂm»

QWﬂM+@WﬂﬂQWWWM+@GWWM}
2 ’ 2 ’

where k = Zzzl «¢ < 1. By Corollary 1, I has a unique fixed pointin A. O

Corollary 3. Consider a continuous self-mapping I on a complete metric space (A, Q). If there
exists k € (0,1) satisfying the following inequality

Q' (I?y,I’m)) < kmaX{ Q(n,m), Q" (1,Tn), @ (T, T%y), Q" (m,Tm), Q" ('m, T?m),

Q' (y,Tm) + Q" (m,Try) Q (I, *m) + Q" (T'm, %) }
2 / 2

forally,m € A, then I has a unique fixed point in A.

3. Application

In this application part, we provide a nonlinear integral equation application of our
main results.

Consider a real-valued continuous function A = {[a, b] defined on [a, b] with metric

d(p,¥) = [¢ — ¢l = maxsejap) [¢(s) —9(s)| ¥ ¢, € {[a,b]. Then, (A, d) is a complete
metric space.
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Consider

1
b—a

b
1(e) =v(e)+ — [ K(s,n(w)d, 17)
a
where s, t € [a,b], b(s) is a given functionin A and K : [a,b] X [a,b] x A = R, v : [a,b] —
R are given continuous functions.

Theorem 3. Let (A, d) be a metric space with metric d(@, §) = |¢ — ¢| = maxge|ap) [@(s) —
Y(s)| Y @, € Aand define a continuous operator T : A — A on A by

1

Ty (s) = v(s) + ——

/bK(s,t,n(t))dt. (18)

Ifthere exists k € (0,1) such thatV ,m € A withy # mand t,s € [a,b] satisfying the following
inequality

[K(s, ¢, Tn(¢)) — K(s, t, Tm(t))] < kmaX{ () = m(¢)], [Ty = Twl, |57 = T, [Ty — T2y,

N 2y (11— Tm|+ |m =Ty
|m —Tm|, |Tm — “m|

2

_ 12 12
<IT77 Tm\;IFm F’7|>}, (19)

then, by (18), the integral operator has a unique solution o € A and for each 119 € A, I'np #
g ¥ B € NU{0}, we have ﬁlim I =o.
—00

Proof. Define a mapping &« : A X A — Ry by a(y,m) = 1V 5,m € A. Therefore, I is
a-admissible. Let f € S such that / (r) = In(r),r > 0. Let 779 € A and a sequence {75} in
A defined by 15,1 = I'njp = TA+1y0 ¥ B > 0. By Equation (18), we have

1 b
g1 =Tnp(s) = v(s) + / K(s, t,7p(t))dt. (20)

b—a a

We prove that I is an a-f -convex contraction on ([a, b]. By Equations (18) and (19),
we obtain
1
“hb-a

< |bia /:]K(s,t,ﬁy(t)) — K(s,t,Tm(t))|dt

IT25(s) — Mm(s)| /: K(s,t,T7(t))dt — K(s, t, Tm(t))dt

k b
< m/a maX{W(t) —m(t)],|Ty —Tm|, |y — Ty, |Ty — T2y,

|m — T'm|, [Tm — [?m| <|’7 —Im|+ |m—F;7|>

2

_ 1 _ 712
(IFW le;rlfm Fn)}dt_

Taking the maximum on both sides, for all s € [a, b], we have
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d(I’217,I’2m) = m[ax] |F217(s) - Fzm(s)|
s€la,b

max | bmax{|n<t> — w(®)],[Ty(t) — Tm()], (%) — Ty(s)],

~ [b—al sefap)

[T (x) = T2 (x)

| Im(t) = Tm(t)], Tm(t) — *m(t)],
<|77( ) —T'm(t)

[+ [m () ()]
: )

7

<|rn(t> m(©)] +Im(t) - FZ'?(t))}dt.

< gy max| max {w(ﬂ) —m(8)], 07 (6) = Tm(@)], [7(#) ~ L1 (0)],

IT3(8) = T (9)], [m(8) — Tm(9)], [Tm(8) — T*m(8)],
<|’7(19) —Tm(9)] + [m(8) — TWW)I)

7

2

2m(9)| ; [Tm(9) —T%(9)] ) H /b dt

T (8)
n,m),d(Tn,Tm),d(y,Ty),d(Ty, iny),d(m, I'm),d(Tm, F2m),
)

(
-
( (

( (
d(,Tm) + d(m, 1"17))’ <d(F;7, I?m) +d(Tm, 1"217)) }
)

2 2

Therefore, d(T%5, T?m) < kp' (17, m). Hence, we have
a(y, m)d(I%y, T2m) < kp' (3, m).
Now, applying the logarithm on both sides, we get
—Ink + In[a(y, m)d(T%y, Tm)] < In pt(y,m).

Therefore, we have

k+ £ (a(7,m)d(T%y,T?m) < F (p' (7, m)),

where —In k = p. It follows that I is an a-f -convex contraction withb =1V y,m € A

with 7 # m. Since T is a-admissible and A = ([a,b] is a complete metric space, the

iteration scheme converges to some point o € A, ie., ﬁlim g — o. From the continuity,
—00

we show that o is a fixed point of I'. It follows that 7o = o. Clearly, Fix(T) # @. Now,
V5, m € Fix(T),a(0,0%) = 1. This shows that I is a*-admissible. Thus, all the affirmations
of Theorem 2 are held and hence, I has a unique fixed point solutiono € A. O

The example below demonstrates the existence of a singular integral operator solution
meeting each of the conditions in Theorem 3.

Example 11. Let A= C[O 1] be a set of all continuous function on [0, 1], v(s) = fzs* and
K(s,t,7(t)) = 1s2(1+ 5)(57(¢) + 1). Then, (18) becomes

1
Ty(s) = %52+/0 120+ D)) + s, 1)

Now,
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1. max|3s2(1+ %) < Lforall (s,t) €[0,1] x [0,1);
2. Forally,m € Awithn # wmand (s,t) € [0,1] x [0,1] and using (18), we obtain

[Ty —Tm| < |7 —m].

By the above inequality, we obtain I is not an F-contraction. Now, we obtain

) —‘/1K(s,t,n(s)—l—/lK(s,t,iy(s))dt)dt—/01K<s,t,n(s)

+/ <stm >dt)dt
[2] (m) =0)
[ 2 (39 -mio))

I%5(s)

dtdt

< max dtdt

sEOl]

<

5=
- e’”pl(mm)

Therefore, ‘1"217(3) - Fzm(s)‘ < e Mpl(y,m), whereIn § = —p. Seta : A x A — [0, 0)
bya(y,m) =1, forally,m € Aand [ € such that | (r) = In(r),x > 0. Therefore, we obtain
a(y,m)[T2 — Tm| < pl (7, m).

Applying the logarithm on both sides, we get
i+ Ina(y,m)d(T%y, Mm) < Inpl(y,m),
that is,
it F(a(y, m)d(I%, T2m)) < F(p' (3, m)).

We conclude that T is an «-f -convex contraction with b = 1V n,m € A. Thus, all the
affirmations of Theorem 2 are held and therefore, Equation (18) has a unique solution. It follows that
11(s) = s? is the exact solution of Equation (18). Using Equations (20) and (21) becomes

1
Bper(s) = Tpls) = 12+ [ 3521+ 2)(p(x) + . @)

Letting 1o(s) = 0 be an initial solution. Letting p = 0,1, 2, ..., respectively, in (22), we get

1 (s) = 0.7791666667s2,  #2(s) = 0.8684461806s2,  13(s) = 0.8786761249s2,
n7a(s) = 0.879848306s2,  #5(s) = 0.8799826184s2,  76(s) = 0.8799980084s2,
117(s) = 0.8799997718s2,  ns(s) = 0.8799999739s2,  #9(s) = 0.8799999959s2,

10(s) = 0.8799999984s2, 111 (s) = 0.8799999998s%,  #15(s) = 0.88s2,
m3(s) = 0.88s>.

Figure 1 discuss about the convergence criterion by using the 11(s) numerical values.
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Therefore, 11(s) = 0.88s? is the unique solution.

4. Conclusions
This study introduced convexity conditions to a-f -contraction mappings with pos-

sible seven values. This research proved that the fixed point for a-f two-sided convex

contraction mappings in a complete metric space was unique. The solution of a nonlinear
integral equation was obtained via a-f -convex contraction mappings. This research work

has many potential applications as the fixed point for these newly introduced convex
contraction mappings can be established in different abstract spaces. Faraji and Radenovic
provided some fixed-point results for convex contraction mappings on F-metric spaces.
This will provide a structural method for finding a value of a fixed point. It is an interest-
ing open problem to study the fixed-point results a-f -convex contraction mappings on

complete F-metric spaces.
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1. Introduction

For switched systems, differential equations are used to describe the dynamic behavior
of the continuous characteristic, which are marked as subsystems. Meanwhile, a piecewise
constant function is adopted to describe the discrete characteristic, which is referred to as
a switching rule. As an important part of hybrid systems, switched systems have been
exhibited in many practical fields, such as engine systems [1], network systems [2], stirred
reactor systems [3], mobile robot systems [4], etc. Moreover, the expected performance
of some complex controlled systems can be efficiently achieved by switching control
strategies [5,6]. Taking the modern variable-speed wind turbine for example, it can switch
back and forth between low and high wind speed modes according to the current wind
speed, thus capturing as much wind energy as possible at rated power [7]. Meanwhile,
considerable attention has been paid to investigations of switched systems over the last
decades. Wu et al. [8] studied the stability of stochastic switched systems via probabilistic
analysis. Tian et al. [9] considered the controllability and observability of multi-agent
switched systems with continuous and discrete subsystems. Liu et al. [10] and Niu
et al. [11,12] designed neural adaptive control strategies for nonlinear switched systems.
However, in a practical controlled system, actuator or sensor failure would inevitably occur,
thus destabilizing the original stable subsystem. Therefore, it would be very meaningful to
conduct studies on switched systems with unstable subsystems, especially for switched
systems with fully unstable subsystems, which in recent years has attracted the attention
of many researchers and led to the development of numerous significant results. For
instance, a fault detection observer was designed to address subsystem instability caused
by unobservable factors [13]. A sufficient asymptotic stability condition was presented by a
time-dependent strategy for a state-constrained switched system with multiple unstable
subsystems [14]. However, to the best of the authors” knowledge, a switched system with
the characteristic roots of each subsystem being positive has been rarely considered so far,
and is thus the research subject of this paper.

The succesful design of a switching rule to render a switched system asymptotically
stable presents an interesting problem that has attracted the attention of many scholars. As
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a robust closed-loop switching mechanism, state-dependent switching is relatively suitable
for solving the above problem. Wu et al. [15] discussed the stability problem of stochastic
switched systems via state-dependent switching rule. Liu and Long [16] designed a state-
dependent switching rule with guaranteed dwell time to stabilize a class of nonlinear
switched systems, with the help of a sum-of-squares constraint approach and an improved
path-tracing method. Guo et al. [17] considered the multi-stability of switched neural
networks with sinusoidal activation functions under state-dependent switching. Yang and
Li [18] achieved the stability of stochastic switched neural networks with time-varying
parameter uncertainty through a state-dependent switching approach. For a switched
system where the characteristic roots of each subsystem are all positive real parts, the
state-dependent switching rule would also be very applicable.

In practical problems, all subsystems may be unstable due to extreme operating
environments, measurement failures, or actuator failures. In general, it could be diffi-
cult to make the switched system with fully unstable subsystems asymptotically stable
via time-dependent switching rules. In particular, when the characteristic roots of each
subsystem are all positive real parts, there are no stable factors in each subsystem. In
this situation, it is impossible to compensate for the divergence of unstable subsystems
through the stability factors of subsystems. That is, the time-dependent switching rule does
not work, and only state-dependent switching rule can be applied to achieve asymptotic
stability of such switched systems. In fact, for switched systems with the characteristic
roots of each subsystem being all positive real parts, there has been little relevant research
work, and no systematic universal method has been formed at present. To the best of
the authors” knowledge, in the existing representative research literature, Pettersson in-
vestigated a special class of linear switched systems, in which the characteristic roots of
each subsystem were all positive real parts [19]. A state-dependent switching rule was
constructed by the largest region function strategy to achieve system asymptotic stability.
However, the obtained results are somewhat conservative for adopting a linear matrix
inequality approach. Furthermore, the calculation process is relatively complex. In order
to fundamentally address the drawback of poor conservativeness, Ref. [20] constructed
an energy function with practical physical meaning for each subsystem by introducing
an invertible transformation. By analyzing the energy ratio functions of two subsystem:s,
two switching lines with maximum and minimum energy loss were obtained to design a
proper state-dependent switching rule. The obtained result is evidently simpler and less
conservative than [19], and also demonstrates faster convergence of system states.

It is worth noting that the switching rule proposed in [20] is only applicable to switched
systems where the phase trajectories of two subsystems rotate counter-clockwise. When
the phase trajectories of both subsystems rotate clockwise, or one rotates counter-clockwise
while the other clockwise, such a switching rule cannot guarantee system stability. Based
on the above-mentioned discussions, two improved state-dependent switching rules are
put forward in this paper. The main innovations are as follows:

(i) A more suitable state-dependent switching rule is designed to stabilize a switched
system with the phase trajectories of both subsystems rotating in the same direction.

(ii) When the phase trajectories of two subsystems rotate outward in opposite direc-
tions, a novel state-dependent switching rule is proposed to guarantee system stability, by
judging whether the system state satisfies a critical switching condition or not.

In addition to the introduction in Section 1, the remainder of the paper is organized
as follows. Section 2 presents the knowledge of the second-order linear switched system.
An improved switching rule is designed in Section 3 for the switched system with phase
trajectories of subsystems rotating in the same direction. Section 4 designs a novel switching
rule for switched systems in which the phase trajectories of subsystems rotate in opposite
directions. Subsequently, two examples are given in Section 5 to illustrate the effectiveness
of the proposed method. Finally, some conclusions of the paper are presented in Section 6.
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2. System Description and Preliminaries

In general, the mathematical model of a linear switched system is described by

{*(f) = Aypx(t),

X(O) XQ- (1)

Here, o(t) : [0,00) — A = {1,2,3...N} is a piecewise function that represents a switching
rule. N is the number of subsystems in the switched system. x(t) € R" denotes the state
vector and x( stands for the given initial value of the system. A; € R"*", i € A is the state
matrix of the ith subsystem. In this paper, a second-order switched system with two linear
subsystems is considered, in which the eigenroots of each subsystem matrix are a pair of
positive real part conjugate complex roots. That is to say, N = 2, x(t) € R? and A; € R?*2,
Furthermore, x(f) and A; are specifically depicted as

x(t):(j;g;), Ai:@ Zz) i=1,2.

To elaborate the subsequent work in more clarity, some definitions, hypothesis and
lemma should be distinctly provided.

Definition 1 ([21]). Under the switching rule o (t), if the solution x(t) of the switched system
(1) is bounded for all t € [0, c0) and tlim x(t) = 0 holds for equilibrium point x, = 0, then the
—00

switched system (1) is said to be asymptotically stable at equilibrium point x, = 0.

Definition 2 ([20]). Consider the following second-order linear system

X1 a b X1
— 2
()= D)) o »
where its characteristic roots are a pair of conjugate complex roots with positive real parts. Then, the
energy function presented by the sum of kinetic and potential energy, is defined as

1

E=Z
2

1
(ad — bc)x? + E(axl + bxp)2. 3)

Here, ad — bc > 0 denotes the equivalent stiffness coefficient and a + d > 0 stands for the equivalent
damping coefficient.

Hypothesis 1. Without loss of generality, ajdy — bicqy > axdy — bycy is assumed. Namely, the
equivalent stiffness coefficient of the first subsystem is greater than that of the second subsystem.

Lemma 1 ([20]). When the phase trajectories of both second-order subsystems given in (1) rotate
counter-clockwise, a state-dependent switching rule of the switched system (1) can be designed as

(4)

Here, k1, ky are two constants with k1 < kp and xy = kyx1, xo = kox1 make the following energy
ratio function
Ey _ 3(mdi—bicr) + 5(a1 + bik)? o X2
Ey  MNapdy —byco) + J(ay +b2k)2" — x1

take the maximum and minimum, respectively.

©)
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Remark 1. According to Lemma 1, by using the switching rule (4), the energy loss of the switched
system (1) is the largest in a switching loop, so that the system state can converge to the equilibrium
point as fast as possible.

For the switched system (1) with characteristic roots of each subsystem being conjugate
complex roots with positive real parts, the switching rule (4) is quite effective. However,
ref. [20] only investigates the stability of a switched system with phase trajectories of
both subsystems rotating counter-clockwise. The cases of two phase trajectories rotating
clockwise or one rotating clockwise while the other rotates counter-clockwise are not
considered. Motivated by the above discussion, the objectives of this paper are two-fold.

(i) One is to propose an improved state-dependent switching rule for stabilizing the
switched system with the phase trajectories of two subsystems rotating outward in the
same direction.

(ii) The other is to design an appropriate state-dependent switching rule to guarantee
the asymptotic stability of the switched system with phase trajectories of two subsystems
rotating in opposite directions.

3. The Case of Two Subsystems with Same Rotation Direction of Phase Trajectories

To address the stability problem of a switched system with phase trajectories of two
subsystems rotating in the same direction, we first need to determine the rotation direction
of phase trajectory for a second-order linear system. Thus, the following lemma is necessary.

Lemma 2. The phase trajectory of system (2) rotates clockwise if and only if b — % > 0. Further-

c
more, the phase trajectory of system (2) rotates counter-clockwise if and only if b — % <0.

Proof of Lemma 2. We first show the sufficient proof. Since the characteristic roots of sys-
tem (2) are positive real conjugate complex roots, the phase trajectory is spirally divergent
and ¢ # 0. Then, set a point on the phase trajectory as (x1, x2)T = (—4,1)T. Substituting it
into system (2) yields
X1 =b-— ﬂ , X =0.
c

When b — % > 0, the tangent vector of phase trajectory is horizontal to the right. This
implies that the phase trajectory rotates clockwise. Similarly, the tangent vector is horizontal
to the left if b — % < 0. Accordingly, the phase trajectory rotates counter-clockwise.
In the next step, we exhibit the necessary proof. Obviously, when the phase trajectory
of system (2) rotates cl(;ckwise, the tangent vector at point (x;,x)T is horizontal to the
a

right. This implies b — %% > 0. Conversely, when the phase trajectory of the system rotates

counter-clockwise, the tangent vector at point (x1, xz)T is horizontal to the left. Accordingly,

it indicates b — % < 0. This completes the proof. [J

c

In fact, in order to stabilize the switched system (1) with same rotation direction of
phase trajectories, we need to switch from the first (second) subsystem to the second (first)
subsystem at the maximum (or minimum) value of energy ratio function % Therefore, the
increased energy from operation unstable subsystems can be compensated by the decreased
energy from system switching. On this basis, an improved state-dependent switching rule
is proposed as follows

©)
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Here, the slope of x; = 0 is assumed to be negative infinity. ¢ is a sign function, described by

1, ki —ky >0 and b; — %% > 0,
1, ki—k» <0 and b; — %4 > 0,
-1, ki—k»>0 and b; — 1i<0’
1, ki —ky <0 and b; — %% < 0.

@)

The switching rule (6) includes rule (4) and is also applicable to the switched system with
the phase trajectories of two subsystems rotating clockwise. That is, when two subsystems
rotate in the same direction, either clockwise or counter-clockwise, the switching rule (6)
can be adopted to guarantee the asymptotic stability of the switched system.

In order to better understand the above switching rule, we further present its geometric
meaning. As shown in Figure 1a,d, when the system state goes from region Q1 to Q»
through the critical line x, = kjx;, and the system switches from the first subsystem to
the second subsystem, then the energy loss would be maximized under Hypothesis 1. On
the contrary, when the system state goes from region Q, to Q; through the critical line
x2 = kpx1, and the system switches from the second subsystem to the first subsystem,
then the increased energy would be minimized. Thus, the first subsystem should be run
in (x; —kyx7) - (x2 — kpx1) > 0 and the second subsystem should be run in (x; — kyx1) -
(x2 — kax1) < 0. Likewise, as reflected in Figure 1b,c, if the second subsystem is activated
at (xp —kyx1) - (x2 — kpx1) > 0 and the first subsystem is activated at (xp — kixy) - (x2 —
kox1) < 0, the total energy loss in the switching loop would be maximized. Based on the
above analysis, the switching rule (6) is suitable for stabilizing the switched system (1) in
which the phase trajectories of two subsystems rotate in the same direction.
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4 2
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| 1

(k;j—ky >0and b; — %% <0 (d) ky —ky <0and b; — %% < 0

Ci i

Figure 1. A diagram of system switching for different cases given in (7).
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4. The Case of Two Subsystems with Opposite Rotation Directions of
Phase Trajectories

In this section, we investigate the stability of switched systems with phase trajectories
of two subsystems rotating outwards in opposite directions.

By means of the switching rule (6), the phase plane is divided into four switching
regions, and only one subsystem can be operated in each switching region. When the phase
trajectories of two subsystems rotate in opposite directions, the system state may switch
back and forth on one of the two critical switching lines if switching rule (6) is adopted. In
order to be more specific, an example is presented as below.

Example 1. Consider a switched system consisting of the following two subsystem state matrices

1 4 -
_ (2

with the initial condition being x(0) = (—1,2)T.

By calculation, the eigenvalues of the first subsystem and the second subsystem
are, respectively, given by 1.50 £ 17.88i and 0.50 & 7.75i. Since the characteristic roots of
both subsystems are positive real parts, the two subsystems are unstable. According to
Lemma 2, the phase trajectory of the first subsystem rotates clockwise, while the second
one rotates counter-clockwise, as depicted in Figure 2. Clearly, the phase trajectories of the
two subsystems rotate in opposite directions.

,
2% 10° 39

261

<0 <
of
_1 .
13}
-2 I I I I I I x 10% -26 I N I
4 3 -2 -1 o0 1 2 3 =30 -15 0 15 30
X, X
(a) The phase trajectory of the first subsystem (b) The phase trajectory of the second subsystem

Figure 2. The phase trajectories of the two subsystems.

In view of Equation (5), the energy ratio function between the first and second subsys-
tems is obtained as
E, 1614 (LHH2 .
E 21 (%*267{)2' )
Taking the derivative of Equation (9) with respect to k yields the following two critical
switching lines
xp = kix1 = 0.11xq, xp = kpxq1 = —55.63x;. (10)

Here, x, = 0.11x7 and xp = —55.63x1 make the energy ratio function (9) take the maximum
and minimum values, respectively. As depicted in Figure 3, the switching rule (6) cannot
stabilize the switched system (8) irrespective of whether ¢ = 1 or ¢ = —1. In particular, the
system state switches back and forth on the critical switching line x, = 0.11x; when ¢ =1,
as shown in Figure 4a. Similarly, in Figure 4b, the system state hovers around the critical
switching line x, = —55.63x; when ¢ = —1.
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Figure 3. The phase diagrams of system (8) under the switching rule (6).
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Figure 4. Phase diagrams and critical switching lines.

We can see from the above simulation that the switched system fails to switch from the
first subsystem to the second subsystem at the maximum value of %, or from the second

subsystem back to the first subsystem at the minimum value of % In this situation, the
energy reduced by system switching cannot offset the energy increased from the unstable
subsystem operation. Naturally, the switching rule (6) cannot stabilize the switched system
with phase trajectories of two subsystems rotating in opposite directions. In order to avoid
the system switching occurring back and forth on one of the two critical switching lines,
the switching rule (6) is improved as follows

1, o(t) =1and (x2(t) —kyxq(¢)) - (xo(t — At) —kyx1(t — At)) >0,
U’(t—i—At) _ 2, U(i’) =1and (xz(t)fklxl(t))~ (x2(tht)fk1x1(tht)) SO, (11)

1, (T(t) =2and (X2(f) — kle(t)) . (.XZ(t — At) — kle(t — At)) <0,

2, o(t) =2and (x2(t) — kax1 (£)) - (x2(t — AF) — ko1 (£ — At)) > 0

Here, At is the step length of time in the numerical calculation, which is defined as 0.001
seconds in this paper.

In what follows, we will present a detailed explanation of the switching rule (11).
For simplicity, we assume that the first subsystem is activated at the initial time, and
the equivalent stiffness coefficients of two subsystems satisty Hypothesis 1. In addition,
kiand k; are assumed to be the maximum and minimum points of %, respectively. To
avoid switching back and forth on one critical switching line only, we need to make a
restriction on the switching rule (6). That is, the system is required to switch from the
first (or second) subsystem to the second (or first) one if and only if the system state
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crosses the switching line xp = kyx1 (or x = kpx1). Moreover, whether the system
state crosses the switching line x; = k;x; can be judged by considering the inequation
(x2(t) —kyx1(t)) - (x2(t — At) —kyx1(t — At)) > 0. In other words, the system state crosses
the switching line x = k1 if and only if (Xz(f) —k1x1 (t)) . (XQ(t — At) —k1x1 (t — At)) <
0 holds. Based on the above restriction, we can obtain the switching rule (11) and the system
switching process is as follows. Starting from the first subsystem, we need to determine
whether the inequation (xp(t) —kyx1(t)) - (x2(t — At) — kyx1(t — At)) > 0 holds from time
to time during its operation. If so, the first subsystem continues to run. Otherwise, the
system state would cross the switching line x, = kjx;, and then the system needs to be
switched from the first subsystem to the second subsystem. Similarly, it is necessary to
judge whether the inequation (x;(t) — kox1(t)) - (x2(t — At) — kox1(t — At)) > 0 holds in
the operation of the second subsystem. Repeating the above switching steps, the energy
loss from system switching in a switching loop could be maximized as much as possible,
thereby rapidly achieving asymptotic stability.

Remark 2. Although the switching mechanism proposed in this manuscript is suitable for a
second-order switched system with three subsystems, the switching sequence of subsystems bears
a significant impact on system stability. As such, constructing an optimal switching sequence
that enables rapid convergence of the system presents a challenging problem under the proposed
state-dependent switching rule.

5. Simulation Results

Example 2. To illustrate the effectiveness of the switching rule (6), we consider a switched system
with the following two state matrices

110 1 -3
Al = 3 An =
! (100 % >' 2 (2 % )’ (12)

where the initial condition is x(0) = (1, —1)T.

By calculation, the eigenvalues of matrix A; are 0.33 &= 31.62i and the eigenvalues of
matrix A are 0.75 £ 2.44i. It implies that both subsystems are unstable. Applying Lemma 2,
phase trajectories of both subsystems rotate counter-clockwise. As can be seen in Figure 5,
the phase trajectories of two subsystems rotate in the same direction, which indicates that
the switching rule (6) is effective.

210 30
140 1 151
70t ] ol
<0 ) %' -15
-70 -30
~140} 1 451
-210 s s . ‘ -60 ‘ : s s : ‘
-5  -50 25 2 2% 5 75 -50 -40 -30 -20 . -0 0 10 20

(a) The phase trajectory of the first subsystem (b) The phase trajectory of the second subsystem

Figure 5. The phase trajectories of the two subsystems.
According to Equation (5), the energy ratio function of two subsystems is calculated as

1-10k)?
E179(1)g1+(3 ] )
E, 13, (1-3k?
2 at T

(13)
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o(t+At) =

A e .
By solving ;}3 = 0, two critical switching lines are obtained as

Xy = k1x1 = 0.36X1, Xy = k2X1 = —30.92x1. (14)

Here, x; = 0.36x1 and xp = —30.92x; make the energy ratio function (13) take the maximum
and minimum values, respectively. For the two subsystems, since the rotation directions of
a;d;

Ci

their phase trajectories are counter-clockwise, b; — < 0. Therefore, the switching rule of

switched system (12) is finally derived as

{1, —(x2(t) — 0.36x1(£)) - (x2(t) 4+ 30.92x1 (£)) > 0,
2, —(x2(t) —0.36x1(t)) - (x2(t) +30.92x1(t)) < 0.

From Figure 6, we can see that the switched system (12) can be quickly stabilized
to the equilibrium point under the switching rule (6). That is, the switching rule (6) can
stabilize the switched system (1) with the phase trajectories of two subsystems rotating in
the same direction.

15 — 15
‘
X
1.0 10
8 o5 05
©
ﬁ {
£ | X
Qo {
&00r Nt 00
l
‘
-05F -05
1
_1_0: 1 1 1 1 -1.0
0 1 2 3 4 5 06 -03 00 03 06 09 12
Time(s) X;

(a) The time history of system states (b) The phase diagram of switched system (12)

Figure 6. The switched system (12) is asymptotically stable under the switching rule (6).

Example 3. The switched system (8) in Example 1 is used to clarify the validity of the switching
rule (11).

Since the phase trajectories of two subsystems rotate in opposite directions, the switch-
ing rule (11) is employed. Substituting Equation (10) into this state-dependent switching
rule, one obtains

1, o(t) =1and (x2(t) — 0.11x1(t)) - (x2(t — At) — 0.11x1(t — AAt)) >0,
2, o(t) =1and (x2(t) — 0.11x1(t)) - (xa(t — At) — 0.11xq (t — At)) <0,
1, o(t) =2and (xp(t) + 55.63x1 (t)) - (x2(t — AAt) 4 55.63x1 (t — At)) <0,
2, o(t) =2and (xp(t) +55.63x1(¢)) - (x2(t — At) +55.63x1(t — At)) > 0.

As can be seen in Figure 7, the switching rule (11) makes the switched system (8)
converge to the equilibrium point quickly. This indicates that the switching rule (11) is very
effective when the phase trajectories of the two subsystems rotate in opposite directions.
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X

System states
N
X

-2 1 1 1 1 -1

(a) The time histories of system states (b) The phase diagram of switched system (8)

Figure 7. The switched system (8) is asymptotically stable under the switching rule (11).

Example 4. Consider a switched system (1) with the following three state matrices

[/ 1 100 (% -10 (11

where the initial condition is x(0) = (2,4)T.

The eigenvalues of matrices A1, Ay, and Aj are calculated as 1 4 100i, 0.42 £ 17.32i,
and 0.25 + 3i, respectively. Clearly, all subsystems are completely unstable. As shown in
Figure 8, the phase trajectories of the first and third subsystems rotate clockwise outside,
while the phase trajectory of the second subsystem rotates counter-clockwise outside.

_— N -
" . . ! . . L Jx0% 16 ) . . x102 100 .

L L L L L
-3 -2 -1 0 1 2 3 -10 -5 0 5 10 -3 -27 -18 -9 0 9 18 27
X X

(a) The phase trajectory of the first  (b) The phase trajectory of the sec- (c¢) The phase trajectory of the third
subsystem ond subsystem subsystem

Figure 8. The phase trajectories of the three subsystems.

For a switched system (15) with three subsystems, there are six different switch-
ing sequences. Without loss of generality, the switching sequence is assumed to be
(i1—ip—i3—iy), where iy = iy and is € {1,2,3}, (s = 1,2,3) indicates that the is;th subsys-
tem is running.

If the phase trajectories of the isth subsystem and the ig 1th subsystem rotate in the
same direction, the switching rule (6) is adopted. Since the i, 1th subsystem does not need
to be switched back to the isth subsystem, the switching rule should be improved by adding
the limited function o(t) = i;. As such, the switching rule is rewritten as

ot 4 Af) = {1 o(t) = isand ¢ - (x2(t) — kyx1(t)) - (x2(t) — kox1 (£)) >0,
ist1, o(t) =isand ¢ (xa(t) —kix1(t)) - (x2(t) — kax1(t)) < O.

. . E; .
Here, x; = kyx1 and xo = kpx; make the energy ratio function - take the maximum

s+1
and minimum values, respectively. If the phase trajectories of the is;th and the i;;qth
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subsystems rotate in opposite directions, the switching rule (11) is used. Similarly, due to
the unidirectional switching, the switching rule is formulated by

O'(t + At) o is, O'(t) = i5 and (JCZ(t) — klxl(t)) . (.XQ(f - At) - k1X1 (t — At)) > 0,
" \isy1, o(t) =isand (xo(t) — kyxq(£)) - (x2(t — At) — kyxq (F— At)) < 0.

. . . . . E
Here, x = k11 is the maximum point of the energy ratio function —=-.

Based on the above analysis, we only use switching sequencessl(1—>3—>2—>1) and
(1+2—3—1) as examples to illustrate the effect of switching sequences on system stability.
As can be seen in Figure 9, the switched system (15) rapidly converges to the equilibrium
point under the switching sequence (1—+3—2—1). However, the switched system (15)
diverges outward under the switching sequence (1—+2—3—1), as depicted in Figure 10.
From Figures 9 and 10, we can conclude that the switching sequence plays a crucial role in
system stability. Moreover, constructing an appropriate switching sequence is both difficult
and important for the switched system (1) with N > 3.

System states
X2

0 2 10 -4 -2 0 2 4
Time(s) X,
(a) The time histories of system states (b) The phase diagram of switched system (15)

Figure 9. The switched system (15) is asymptotically stable under the switching rule (1—+3—2—1).
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System states

-2t

-3 . . -25 x10°
0 2 4 5 10 -5 0 5 10 15
Time(s) X,
(a) The time histories of system states (b) The phase diagram of switched system (15)

Figure 10. The switched system (15) is not stable under the switching rule (1—2—3—1).

6. Conclusions

The asymptotic stability of a class of second-order switched linear systems, where the
characteristic roots of each subsystem are a pair of complex conjugate roots with positive
real parts, is investigated in this paper. For the switched systems with phase trajectories
rotating in the same direction, a more appropriate state-dependent switching rule is for-
mulated to guarantee system stability. In addition, a new switching rule is developed to
stabilize the switched system in which the phase trajectories of two subsystems rotate in
opposite directions.
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Compared with previous findings, the proposed state-dependent switching rule has
the advantages of fast convergence, simple computation and weak conservativeness. How-
ever, the limitation of the present method is that the considered switched system is overly
simplistic. In view of this, we will try to extend the results to the case of higher-order
subsystems in future, for which we need to find a matched mechanical model. Meanwhile,
the proposed switching mechanism is expected in the case of multiple subsystems, in which
the relationship between the switching sequence and subsystem characteristics warrant
clarification. Both represent the focus of our future research work.
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existence of Carathéodory weak solutions for differential set-valued inverse variational inequalities.
Then, by the existence result, we establish the stability for the differential set-valued inverse varia-
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1. Introduction

Let K be a nonempty closed convex set of R” and F : R" — 2R be a set-valued
mapping. A set-valued inverse variational inequality, denoted by SIVI(K, F), is to find
u € R" and u* € F(u) N K such that

(y—u*,u) >0, VyeKk. 1)

The solution to this problem is denoted by SOL(K, F). We write X := % for the time-
derivative of function x(t). In this paper, we study the following initial-value differential
set-valued inverse variational inequality (denoted by DSIVI):

x(t) = f(t,x(t)) + B(t, x(t))u(t)
u(t) € SOL(K, G(t, x(t)) + F(-)) @)
x(0) = xo,

where Q) := [0,T] x R™, (f,B,G) := Q — R"™ x R"™" x R", F := R" — 2R" Time-
dependent functions x(t) and u(t) satisfy (2) in the weak sense of Carathéodory for t € [0, T]
means that x is an absolutely continuous function on [0, T], x(t) satisfies the differential
equation for almost all t € [0, T] and the initial-value condition. Moreover, u is an integrable
function on [0, T] and u(t) € SOL(K, G(t,x(t)) + F) for almost all t € [0, T].

Differential variational inequalities (DVIs) arise in some applied problems such as,
for example, differential Nash games, operations research, physical sciences, and struc-
tural dynamics [1,2]. DVIs were first systematically studied in finite dimensional spaces
by Pang and Stewart [1] in 2008 and gained much more attention to theoretical results,
numerical algorithms, and applications. Stewart [3] investigated the uniqueness for a class
of index-one DVIs in finite dimensional spaces. Li et al. [4,5] researched differential mixed
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variational inequalities and impulsive differential variational inequalities in finite dimen-
sional spaces and obtained some existence results and numerical methods by using some
results on differential inclusions and discrete Euler time-dependent procedures. Li et al. [6]
proved the existence of the Carathéodory weak solutions for differential inverse variational
inequalities in finite dimensional spaces and gave an application on the time-dependent
price equilibrium problem. In [7], Liu et al. first explored partial differential variational in-
equalities in Banach spaces and proved the nonemptiness and compactness of the solution
set. For more related work about DVIs, see [8-12].

The inverse variational inequality, like the variational inequality, has broad applica-
tions in optimization, engineering, economics, mechanics, and transportation [13-20]. Very
recently, Luo [21] studied the stability for the set-valued inverse variational inequality (1)
on Banach spaces. If F is single-valued, the set-valued inverse variational inequality (1)
can be reduced to the singe-valued inverse variational inequality in [13]. Furthermore,
if F is single-valued and inverse, the set-valued inverse variational inequality (1) can be
transformed into the classical variational inequality. However, the above transforms both
failed if F is set-valued.

The stability analysis of a DVI with perturbed data is very helpful in identifying
sensitive parameters, predicting the coming changes of the equilibria as a result of the
changes in the governing system, and providing helpful information for designing different
equilibrium systems. Gwinner [22] researched stability of the solution set for a DVI
and obtained a novel upper set convergence result with respect to perturbations in the
data. When the mapping and the constraint set are perturbed by different parameters,
Wang et al. [23] studied the stability for a class differential mixed variational inequality
in finite dimensional spaces. To the best of our knowledge, there are some results about
the existence of solutions for differential variational and inverse variational inequalities
in finite dimensional spaces. However, there are very few results about the existence of
solutions for differential set-valued inverse variational inequalities and the stability for
differential single-valued or set-valued inverse variational inequalities in finite dimensional
spaces. Motivated by the aforementioned work, in this paper we are devoted to stability
analysis for the DSIVI (2) in finite dimensional spaces.

The goal of this paper is to study the existence of the Carathéodory weak solutions
and the stability for DSIVI (2) in finite dimensional spaces with the constraint set K and the
set-valued mapping F being perturbed by two different parameters. Our results about the
existence of the Carathéodory weak solutions for DSIVI (2) generalize the corresponding
results in [6]. Our stability results about the differential set-valued inverse variational
inequality are very new. We also give an example of a time-dependent price equilib-
rium control problem influenced by the seasons to show that the realistic problem can be
transformed into the stability for the differential inverse variational inequality.

The paper is organized as follows. Section 2 contains some useful definitions and
lemmas. In Section 3, the existence and uniqueness results of Carathéodory solutions for
DSIVI (2) are considered. Furthermore, the closedness and continuity of Carathéodory
solution set with respect to the perturbed data in the constraint set K and the set-valued
mapping F are obtained.

2. Preliminaries

In this section, we will introduce some basic notations and preliminary results.

Definition 1 ([24]). Let X and Y be two metric spaces; Y* is the dual space of Y. We say a

set-valued mapping F : X — 2V is

(i) Upper semicontinuous at x € X if and only if for any neighborhood U of F(x), there exists the
neighborhood B(x, 1) of x with > 0 such that

vx' € B(x,n), F(x')cU;

70



Axioms 2022,11,475

(ii) Lower semicontinuous at x € X if and only if for any y € F(x) and for any sequence of
elements x,, € X converging to x, there exists a sequence of elements y, € F(x,) converging
toy;

(iii) Upper hemicontinuous at x € X if and only if for any v € Y*, the function x — sup (r,vy)

yeE(x)
is upper semicontinuous at x.

Definition 2 ([23,25]). The set-valued mapping F : R" — 2R" is said to be
(i) Strictly monotone on set L C R™ iff forany x,y € L, x # y, x* € F(x), y* € F(y), we have

(X —y*,x—y) >0;

(ii) ~ Strongly monotone with modulus y > 0, if for any x,y € R" and x* € F(x), y* € F(y),
we have

(x* —y*,x—y) > pllx —yl*.

Definition 3. A mapping f : Q — R™ (respectively, B : QO — R™*") is said to be Lips-
chitz continuous if there exists a constant Ly > 0 (respectively, Lg > 0) such that, for any
(t1,x), (t2,y) € Q, we have

1f(t1,x) = f(t2, )|l < Lp(Jta — 2| + [lx — ),
(respectively, || B(t1, x) — B(tz, y)|| < Lp (|t — t2f + [[x = yl]))-

Lemma 1 ([26], Lemma 1). Let X and Y be metric spaces. If a set-valued mapping F : X —
P¢(Y) := {D C Y : D is nonempty, closed} is upper semicontinuous, then F is closed.

Lemma 2 ([27], Theorem 5.1). Let F : Q — 2R" be an upper semicontinuous set-valued mapping
with nonempty closed convex values. Suppose that there exists a scalar o > 0 satisfying

sup{[lyll -y €F(t,x)} <p"(1+ |lx])), V(tx) € ®)
Then for every xo € R™, the DI:
xeF(tx), x(0)=x
has a weak solution in the sense of Carathéodory.

Lemma 3 ([1], Lemma 6.3). Let h: Q) x R" — R™ be a continuous function and U : QO — 2R"
be a closed set-valued map such that for some constant y;; > 0,

sup |ull < 7u(1+[|x]), V(£ x) € Q.
uel(t,x)

Let v : [0, T] — R™ be a measurable function and x : [0, T| — R™ be a continuous function
satisfying v(t) € h(t,x(t), U(t,x(t))) for almost all t € [0, T]. There exists a measurable function
u: [0, T] — R" such that u(t) € U(t, x(t)) and v(t) = h(t, x(t), U(t)) for almost all t € [0, T.

Throughout the rest of this paper, let K C R" be a nonempty, closed, and convex
subset. The symbols “ —" and “ —" are used to denote the weak convergence and strong
convergence. Let the barrier cone of K be denoted by

barr(K) := {y € R" : sup(y, x) < oo}.
xeK
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The recession cone of K, denoted by K, is defined by
Keo:={deR":3t, —»0,3x, € K, tyx, — d}.
The negative polar cone of the nonempty set D C R”, denoted by D, is defined by
D™ :={yeR":(yx) <0,Vx € D}.

Lemma 4 ([21], Theorem 4.2). Let L : Z1 — 2R" be a continuous set-valued mapping; po € Z1,
Ao € Zy are given points; F : R" x Zy — 2R" is a set-valued mapping and lower semicontinuous
on Zy. Suppose that there exists a neighborhood of P x A of (po, Ao), such that L(p) has nonempty,
closed, and convex values for any p € P, and F(x, A) has nonempty closed values for every x € R"
and A € A. Moreover, for each A € A and q € G(Q), the mapping x — q + F(x, A) is upper
hemicontinuous and monotone. If

(L(po))eo N{x € R": g+ F(x,A0) N L(po) # @}~ = {0},

then there exists a neighborhood P’ x A’ of (po, Ag) with P' x A’ C P x A, such that for every
(p,A) € PP x A, the set SOL(L(p),q + F(-,A)) is nonempty and bounded.

In the rest of this paper, we assume (A) and (B) hold.
(A) f,B and G are Lipschitz continuous functions on Q) with Lipschitz constants
Lf >0, Lp > 0and Lg > 0, respectively;
(B) B is bounded on Q) with ffig := sup || B(t,x) ||
(tx)eQ

Remark 1. If f : QO — R™ is a Lipschitz continuous function on (3, we obtain that there exists a
constant pg > 0, for any (t,x) € Q, such that

£(t )l f(t,x) - f(to, 0)

(t,x) = f(to, 0)[| + [ f (to,0) |
Le([t —to| + [|lxI) + Il f(t0,0) ||
(
pr(

| + f(to, 0)

I1f

LT + [x[[) + £ (to, O}
1+ [|x[]),

IN AN IA TN

where tg € [0,T], pf = max{Ls,2L¢T + | f(to,0)||}. Similarly, G : QO — R" is a Lipschitz
continuous function on Q), so there exists a constant pg > 0 such that ||G(t, x)|| < pg(1+ ||x]|)
for any (t,x) € Q.

3. Existence and Uniqueness of Solutions for DSIVI (2)

In this section, we will show the existence and uniqueness of Carathéodory weak
solutions for DSIVI (2) by applying Lemmas 2 and 3. For this purpose, we define a set-
valued mapping F : O — 28" as follows:

F(t,x) :={f(t,x) + B(t,x)u : u € SOL(K,G(t,x) + F(-))}. 4)

The following lemma presents some properties of the set-valued mapping I defined by (4)
under the hypotheses (A) and (B).
In the following, L2(]0, T]; R") is the set of all measurable functions u : [0, T] — R",

that satisfies fo ||lu(t)||?dt < +oco. The norm of ||u| is defined by

Ju o= ([ o) Py

72



Axioms 2022,11,475

Lemma 5. Let (f, G, B) satisfy conditions (A) and (B). Let K C R" be a nonempty, bounded,
closed, and convex set and F : R" — 2R" be an upper semicontinuous set-valued mapping with
nonempty closed convex values. Suppose that there exists a constant p > 0 such that, for all

q€G(Q),
sup{|[u : u € SOL(K,q + F(-))} < p(1+ [Iq])). (5)

Then, there exists a constant o > 0 such that (3) holds for the mapping F. Hence, F is an upper
semicontinuous closed-valued mapping on Q).

Proof. We first prove that there is a constant p > 0 such that (3) holds for the mapping F.
For any y € F(t, x), from the definition of F, we know there exists u € SOL(K, G(t,x) + F(-))
such that y = f(t,x) + B(t, x)u. From conditions (A) and (B), it is easy to see that there
exists positive constants p; and p¢ such that

1t <pr(X+ ], (6)

and
IG(E X)[| < pc (1 +[|x])- )
Applying (5), we obtain
Iyl < 1F(E )|+ 11B(E, )ull < (o +dpp + dpopc) (1 + [|x]))-

If we let o = ¢ + 0P + dpppg, then (3) holds.

Next, we prove that F is upper semicontinuous. We note that under the linear growth
condition (3), the upper semicontinuity of F holds if F is closed. Therefore, we need to prove F
is closed on Q). Let {(t,, xx)} C Q be a sequence converging to some vector (fy, xy) € Q and
{f(tn,xn) + B(tn, xn)un} C F(t,, x,) converging to zg, where u,, € SOL(K, G(tn, x,) + F(+)).
It follows that sequence {1, } is bounded by (5). Therefore, {1, } has a convergent subsequence,
denoted again by {u,, }, with a limit point 1y € R". According to u,, € SOL(K, G(tn, xn) + F(-)),
it is easy to see that there exists 1, € F(u,) and G(t,, x,) + u;; € K such that

(y — G(tn, xn) —uy,uy) >0, VyeK

By the boundedness of K, we get {u};} is bounded and has a convergent subsequence
with a limit uj, as the set-valued mapping F is upper semicontinuous with nonempty
closed convex values. By Lemma 1, we obtain that F is closed, which means Graph(F) :=
{(x,y) € R"" x R" : y € F(x)} is closed. We know (uy, u};) € Graph(F) since u}, € F(uy).
Therefore, uj € F(uy). Since G is Lipschitz continuous, it follows {G(ty, x,)} converges to
G(to, x0). Since K is closed, it follows that G(to, xo) + u € (G(to, x0) + F(up)) N K and
(v — G(to, x0) — up,up) >0, VyeKk.

That means 1y € SOL(K, G(t, x0) + F(+)) and so

St xn) + B(tn, xn)ttn — 20 = f(fo,%0) + B(to, x0)uo € F(to, xo)-
Therefore, IF is closed. This completes the proof. O
Remark 2. We would like to point out that Lemma 5 extends Lemma 2.5 in [6].

Theorem 1. Let (f, G, B) satisfy conditions (A) and (B). Let K C R" be a nonempty, bounded,
closed, and convex set and F : R" — 2R" be an upper semicontinuous set-valued mapping with
nonempty closed convex values. Suppose for any q € G(Q)), there exists a constant p > 0 such
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that (5) holds and the set SOL(K, q + F(+)) is nonempty, closed, and convex. Then, DSIVI (2) has
a Carathéodory weak solution.

Proof. By Lemma 5, we obtain that there exists a constant p > 0 such that (3) holds for
the mapping F defined by (4) and F is an upper semicontinuous closed-valued mapping
on ). Next, for any (t,x) € Q, we prove F(t,x) is convex. Since for any g € G(Q),
SOL(K, g+ F(+)) is nonempty, it is easy to see that F(t, x) is nonempty. However, for any
f(t,x) + B(t,x)uq, f(t,x) + B(t,x)up € F(t,x), where u1,uy € SOL(K, G(t,x) + F(-)), by
the convex of SOL(K, G(t, x) + F(-)), we know that there exists a constant 7 € (0,1) such that

n(f(tx) + B(t, x)ur) + (1 =) (f (£ x) + B(£, x)u)
= f(tx) +B(t,x)(yur + (1 —y)uz) € F(t,x),

where yuj + (1 —n)uy € SOL(K, G(t,x) + F(+)). This means F(t, x) is convex.

Because [ is an upper semicontinuous set-valued mapping with nonempty closed
convex values and there exists a constant p* > 0 such that (3) holds for the mapping F, by
Lemma 2, we obtain that the following differential inclusion % € F(t,x), x(0) = xo has a
Carathéodory weak solution x(f). Thus, we have for any ¢ € [0, T],

/Ox(s)ds - /0[f(s,x(s))—|—B(s,x(s))u(s)]ds,

and

IOl < ol + [ 6@+ x(s) s

Then, by the Gronwall inequality, we obtain

lx()] < (lxoll + " T)er ™. ®)

Therefore, from the above two inequalities we can obtain that x(t) is absolutely continuous
on [0, T]. Let U(t, x) := SOL(K, G(t,x) + F(-)) and h(t,x,u) := f(t,x) + B(t, x)u. We con-
clude by Lemma 3 that there exists a measurable function u(t) such that
u(t) € SOL(K,G(t,x(t)) + F(-)) and x(t) = f(t,x) + B(t,x)u(t) for almost all t. By
Lemma 6, it follows that for almost all t € [0, T], there exists p > 0 such that

el <p(+ Gt x(B)]),

where u(t) € SOL(K, G(t,x(t)) + F(+)). From (6) and (8), it follows from the above inequal-
ity that for almostall t € [0, T},

F
lu(t)ll < p(L+p6 (1 + (Ilxoll +p T T)).
Therefore, u(t) is integrable on [0, T|. This completes the proof. O

Lemma 6. Let (f, G, B) satisfy conditions (A) and (B). Let K C R" be a nonempty, bounded,
closed, and convex set. Suppose the following statements hold:

(i) F:R" — 2R is strictly monotone and upper hemicontinuous on R";

(i) Foranyq e G(Q), KoN{x eR":q+F(x)NK# @}~ ={0};

(iii) The interior of barr(K) is nonempty.

Then, SOL(K, q + F(-)) is a singleton for any q € G(Q)). Moreover, there exists a constant p > 0
such that (5) holds for any g € G(Q).
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Proof. Using conditions (i)-(iii) and according to Theorem 3.2 in [21], we can obtain that
SOL(K,q+F(-)) # @ forany g € G(Q)). Next, we show SOL(K, g+ F(+)) is a singleton for
any g € G(Q)). We assume uq, uy € SOL(K,q+ F(+)) and 11 # up, and we have

qtui € (q+Fu))NK, (y—q—uju) =0, VyeK, ©)
and

qtuy € (q+F(u2))NK, (y—q—u3uz) 20, VyeKk (10)
Letting y = g + u3 in (9), we have

(uy —uj,u1) >0

Letting y = g + uj in (10), we have

(g —uz,uz) > 0
It follows from the above two inequalities that

(uy —uj,ug —up) >0 (11)

Since F is strictly monotone, 1y # up, uj € F(uy), u3 € F(uy), we obtain
(uy —uj,ug —up) >0,

which contradicts (11). That means SOL(K, g + F(-)) is a singleton for any g € G(Q)) and
so there exists a constant p > 0 such that (5) holds for any g € G(Q2). This completes
the proof. O

Theorem 2. Let K C R" be a nonempty, bounded, closed, and convex set. Let (f, G, B) satisfy
conditions (A) and (B). Suppose the following statements hold:

(i) F:R" — 2R is strictly monotone and upper hemicontinuous on R";

(i) F: R" — 2R" is an upper semicontinuous set-valued map with nonempty closed convex
values;

(iti) Foranyq € G(Q), Ko N{x € R": q+F(x)NK# @}~ ={0};

(iv) The interior of barr(K) is nonempty.

Then, DSIVI (2) has a Carathéodory weak solution.

Proof. It follows from conditions (i), (iii), (iv), and Lemma 6 that (5) holds. By condition
(ii) and Lemma 5, we know there exists a constant p > 0 such that (3) holds, where F is
defined by (4). Applying Theorem 1, we get DSIVI (2) has a Carathéodory weak solution.
This completes the proof. O

Remark 3. From the above proof, it is easy to see that u € L2([0, T]; R™).

Theorem 3. Assume conditions (ii)—(iv) in Theorem 2 hold and F : R" — 2R is strongly
monotone and upper hemicontinuous on R™. Then, DSIVI (2) has a unique Carathéodory weak
solution (x,u) € C([0, T]; R™) x L2([0, T]; R™).

Proof. By Theorem 2, we know DSIVI (2) has Carathéodory weak solutions. Now, we
only need to prove the uniqueness of the Carathéodory weak solution for DSIVI (2). For
this purpose, we let (x1,11) and (x2, uy) be the Carathéodory weak solutions for DSIVI (2).
Therefore,
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uq(t) € SOL(K, G(t,x1(t)) + F(+)), foralmostallt € [0, T] (12)

{ x1(t) = xo + fy f(r, x1(7)) + B(t,x1(7))ur (v)dr, foranyt € [0,T)
x1(0) = xo,

and

uy(t) € SOL(K, G(t,x2(t)) + F(:)), foralmostallt € [0,T] (13)

{ x(f) =x0+ fotf(r, x2(7)) + B(T,x2(7))up(7)dt, foranyt € [0,T]
x2(0) = xo.

For almost all + € [0, T], it is easy to see uj(t) € SOL(K,G(t,x1(t)) + F(-)) and up(t) €
SOL(K, G(t,x2(t)) 4+ F(-)). Therefore, there exists a measurable E on [0, T] with mE = 0
(mE denotes the Lebesgue measure of the set E on [0, T]) such that for any t € [0, T] \ E,
there exists u (t) € F(uy(t)) and G(t,x1(t)) + uj (t) € K such that

(y—G(t,x1(t)) —ui(t),ui(t)) >0, VyeK (14)
and there exists u}(t) € F(ux(t)) and G(t, xp(t)) + u;(t) € K such that
{y = G(t,x2(t)) —uz(t),uz(t)) 20, Vy €K (15)
Fort € [0, T] \ E, letting y = G(t,x2(t)) + u3(t) in (14), we get
(Gt x2(8)) + uz(t) — G(£,x1(t)) — uq (t), us (£)) = 0.
Fort € [0, T] \ E, letting y = G(t, x1(t)) 4+ uj (t) in (15), we get
(Gt x1(8)) +ui(t) — G(£, x2(t)) — uz(t), ua(t)) = 0.
Therefore, for t € [0, T] \ E, one has
(G(t,x1(t)) +ui(t) — G(t, xa(t)) — uz(t), ua(t) —ua(t)) 20,
" (Gt x1(8)) = G(t, x2(t)), ua () —ua(t)) = (uq (£) — uy(t), ua () — ua(t)).
Since F is strongly monotone on R”, it yields for almost all t € [0, T],

(ui () — uz (D), ur (t) — uz(t)) > pllur () — w2 ()| (16)

From the Cauchy-Schwarz inequality, we know that

(G(t,x1()) — G(t,x2(t)), uz(t) — ua (£))
< 62 (8)) = Gt x2 (1)) [ [ua (£) — u2(2)][- (17)

Therefore, combining (16) and (17), we get for almost all t € [0, T],

plur(t) —wa (D)l < [[G(E x1(8)) — G(E x2(8)) |

< Lela() - x| (18)
and
s () — ()| < L;|x1<t>—xz<t>|. (19)
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Furthermore, from (12), (13), and (18), we infer that for any t € [0, T],

121 (8) = x2(8)]

= 1A () + B xa () (1) = (5, 32(8) + Bl a0 ()
< [lFn() - fea)lac+ss [ (@ - el

Ly [ Ia(0) = a0l +65-8 [ () = sa()ln

IN

< 0D [ n) -l

Apparently, there exists a constant C = Ly + dp LVG > 0 such that

() —x2(0)] <€ [ n(r) - x(0)dr

According to the Gronwall inequality, we get x1 () = x,(t) forall t € [0, T|, so x; = x2 in
C([0, T], R™). From (18), we have u;(t) = uy(t) in R" for almost all t € [0, T]. This means
u1 = up in L2([0, T], R"). This completes the proof. O

4. Stability for DSIVI (2)

In this section, we aim to study the stability for DSIVI (2) in finite dimensional
spaces when both the mapping and the constraint set are perturbed by two different
parameters. For this purpose, we consider the parametric DSIVI, denoted by DSIVI (L(p),
G(t,x(t)) + F(-,A)), as follows:

t
) +E(A) (20)

where (Z1,d1) and (Z;, d,) are two metric spaces. The nonempty closed convex subset K
of R" in DSIVI (2) is perturbed by a parameter p, which varies over (Z4,dq). Therefore, K is
a perturbed set. That means L : Z; — 2R" is a set-valued mapping with nonempty closed
convex values. The mapping F : R" — 2" is a set-valued mapping that is perturbed by a
parameter A, and A varies over (Z;,d;). Thatis to say, F : R" x Z; — 2R" In what follows,
to simplify notation, we let S(p, A) denote the Carathéodory weak solution for DSIVI (20).
Next, we will establish the closedness and continuity of the mapping (p,A) — S(p, A).

Theorem 4. Let (f, G, B) satisfy conditions (A) and (B), po € Z1, Ay € Z; be two given points.

Assume the following conditions hold.

(i) L:Zy — 2R is a continuous set-valued mapping with nonempty bounded closed convex
valuesand )  L(p) is compact, where U(py) is a neighborhood of py;

p€U(po)

(ii) F:R" x Zy — 2R" is an upper semicontinuous set-valued mapping with nonempty closed
convex values on R" x Z and lower semicontinuous on Zy;

(iii) There exists a neighborhood A of Ay, for each A € A, the mapping x — q+ F(x, A) is upper
hemicontinuous and monotone for any q € G(Q);

(iv) The set SOL(L(po),q + F(-, Ao)) is nonempty and bounded for any q € G(Q));

(v) F:R"x Zy — 2R" is strictly monotone and upper hemicontinuous on R" .

Then, S(p, A) is closed at (pg, Ao) € Z1 X Z.

Proof. From Theorem 3.2 in [21], we know that condition (iv) is equivalent to conditions
(iii) and (iv) in Theorem 2. By conditions (i)—(iv), it follows from Lemma 4 that there exists
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a neighborhood P’ x A’ of (pg, o), P’ x A’ C P x A, such that for each (p,A) € P/ x A/,
the set SOL(L(p),q + F(-,A)) is nonempty and bounded. It follows from Lemma 6 that
there exists a constant p > 0 such that (5) holds for any g € G(Q). It is obvious that DSIVI
(20) has solutions by Theorem 2.

Now, we prove S(p,A) is closed at (po,Ag). Let {(pn,An)} C P x A be a given
sequence with (pu, An) — (po,Ao) and (xy, un) € S(pu, An) with (x4, 1) — (x0, 1) in
C([0, T]; R™) x L2([0, T], R"). Therefore,

(@ Forany0<s<t<T,

xn(t) — x,(8) = /stf(T, X (7)) + B(T, % (7))t (7)dT;

(b) Foralmostallt € [0, T], there exists u},(t) € F(uy(t), An) and G(t, x,(t)) + 1, (t) € L(pn),
for any y, € L(py), such that

{Yn = Gt xu(£)) — 1 (8), un(t)) = 0;

(c) The initial condition
x,(0) = xo.

From the convergence 1, converges to ug in L%([0, T], R"™), we obtain

B 2
Jo, len(®) = o0t < oo

and
. . 1
i s —wollis = Jim ([ (6) — wo(t) )
= 0.

Moreover, applying the Holder inequality, we know

Jo n®) = w0 Ol < (fo bt = oA} [ 22!

and

im [ fun(t) —up(t)|dt < 1im(/['OT] 1t () — wo()|2d8)E = 0.

n—c J[0,T] n—oo,
This means u, converges to ug in L' ([0, T], R"), which is equivalent to ||u, — ugl[;1 — 0. By
Theorem 4.9 in [28], there exists a sequence u,(t) and a function & € L! such that
Uy (t) — ug(t), for almostall t € [0, T| (21)
and
lun(t)|| < h(t), for almostall t € [0, T]. (22)

Combining (21) and (22), by the Lebesgue control convergence theorem, we know

lim [ uy(t)dt = /[O RCIOLE

n—oo [O,T]

However, from (b), it is easy to see that G(t,x,(t)) + u};(t) € L(pn) for almost all ¢t €

[0, T]. By condition (i), there exists a neighborhood U(pg) of po such that |J L(p)
peU(po)
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is compact. Therefore, {u};(t)} has a subsequence, denoted again by {u;; ()}, such that

*

uy(t) — ug(t). Since (uy, An) — (uo,Ag), it follows from Lemma 1 and condition (if)
that uj(t) € F(uo(t), Ag). Moreover, the lower semicontinuity of L implies that, for any
y € L(po), there exists a sequence {y, } with y, € L(p,) such thaty, — y.

Now, by (a), (b), and (c), we have

(@) Forany0<s<t<T,

%o(t) = x0(s) = [ f(30(1)) + Bz, (0ol

(V') Foralmostall t € [0, T}, there exists uj(t) € F(uo(t), Ao) and G(t, xo(t)) + ug(t) € L(po),
forany y € L(po), such that

{y = G(t,xo(t)) — ug(t),uo(t)) = 0;

(") The initial condition
xO(O) = XQ-

Therefore, it deduces that (xg, ug) € S(po, Ag). This completes the proof. O

Theorem 5. Let (f, G, B) satisfy conditions (A) and (B); po € Z1, Ay € Z; are given points.
Assume the following conditions hold.

(i) L:2Zy — 2R is a continuous set-valued mapping with nonempty bounded closed convex

values, and there exists a neighborhood U (po) of po such that |J  L(p) is compact;
peU(po)

(ii) F:R"x Zy — 2R" is a upper semicontinuous set-valued mapping with nonempty closed
convex values on R" x Zp and lower semicontinuous on Zy;

(iii) Foreach A € A and q € G(Q), the mapping x — q + F(x, A) is upper hemicontinuous and
monotone, where A is a neighborhood of Ay;

(iv) There exists a neighborhood U (po, Ao) of (po, Ao) such that

U SOL(L(p),q+ F(-,A))
(p,A)EU(po.Ao)

is bounded for any q € G(Q);
(v) F:R"x Zy — 2R is strongly monotone and upper hemicontinuous on R" .

Then, S(p, A) is continuous at (po, Ao) € Z1 X Zs.

Proof. From Theorem 3.2 in [21], we know that condition (iv) is equivalent to conditions
(iii) and (iv) in Theorem 2. It follows from Theorem 3 that S(p,A) is a singleton by
conditions (i), (ii), (iv), and (v). Let S(pn, An) = (xXn, un) with (pn, An) = (po, Ao). Next,
we need to prove sequence {x,} and {u,} have convergent subsequences, respectively.
Step 1. {x, } is uniformly bounded.
It is known that (x,,, tty,) € S(pn, An). Therefore, for almost all ¢ € [0, T],

n(t) = f(t,x0(t)) + B(t, xu () )un(t), n=1,2,---. (23)
Since F (¢, x,,) defined by (4) satisfies (3), for any t € [0, T|, we have
t
[ ()] < llxol| +/0 " (1+ [|xn(s)]])ds.

Applying the Gronwall inequality, we know

F
(D] < (lxoll +p"T)e? T
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Clearly, {x,} is uniformly bounded with ||x|| = sup |[x(¢)]|.
t€[0,T]

Step 2. {x,} is an equicontinuous family of functions. Since (x,,u,) € S(pn, An),
for almost all t € [0, T|, u,(t) € SOL(L(pn), G(t, x4 (t)) + F(-, An)). By condition (iv), for
almostall t € [0,T] and n = 1,2, - - -, there exists a constant C such that ||u, ()] < C.

In reality, (23) means forall 0 <s <t < T,

X (1) — x4(s) = /stf(r,xn(r)) + B(t, x4 (7))uy(t)dr, n=12,---.

We note that f is a Lipschitz continuous function on (), so for all (¢, x) € (), there exists a
constant pr > 0 such that

17691 < pr(1 + ). @
Since B is bounded on Q and {u, (#)} is bounded for almost all £ € [0, T], by (24), we have
Jea(t) — 005
= 1 [ Fa(©) + B ()]
J s s+ [ 1B () (@) 4t
[ @)+ [ 180 (@) (ol
[ o1+ (@) de+ Sl —

< plt—s|+ps(lxoll + o5 T)e? T|t —s| + 65C|t — |
F
(pf(1+ (x0]l + o T)eP" ™) + 65C) |t — |-

IN

IA

IN

A

IN

Let M = pg(1+ (I|xoll + pFT)ePFT) + 0pC. Therefore, there exists a constant M such that,
foranyn =1,2,---,
122 (£) = xn(s) || < Mt —s].

Then, sequence {x, } is equicontinuous. We can apply the Arzela—Ascoli theorem to deduce
that {x, } has a subsequence, denoted again by {x, }, which converges to xo.

Step 3. S(pn, An) — S(po, Ao) in C([0, T]; R™) x L?(]0, T]; R™). We know that u,(t) €
SOL(L(pn), G(t, x4(t)) + F(-,An)) for almost all t € [0, T|. Then, there exists a measure E
with mE = 0 such that u,,(t) € SOL(L(pn), G(t, xx(t)) + F(-,A,)) forany ¢ € [0, T] \ E. That
is, for any t € [0, T] \ E, there exists u};(t) € F(un(t), An) and G(t, x,,(t)) + u;;(t) € L(pn)
such that

(= Gt %a(6)) — (1), wa(£)) = 0,y € L(p). 25)
Take any small  such that t +h € [0, T] \ E and u,(t + h) € SOL(L(pn), G(t + h, xn(t +
h)) + F(-,Ay)). Then, there exists u;,(t +h) € F(u,(t+h),Ay) and G(t + h, x,(t + h)) +
ui(t+h) € L(pn) such that, forany t + h € [0, T] \ E,
Forany t+h € [0, T] \ E, letting y = G(t + h, x,(t + h)) + u},(t + h) in (25), we have

<G(t + h/x'yz(t + h)) + M;(t + h) — G(t,Xn(t)) — Llj:l(t),un(t» > 0.
Forany t € [0, T] \ E, letting y = G(t, x,(t)) + u;;(t) in (26), we have

(G(t, xn () + () — Gt + I, 2 (£ + 1)) — (£ + R), un (£ + h)) > 0.
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Therefore,

(G(t+h,xn(t+ 1)) — G(t, xu (1)), un(t) — un(t +h)) (27)
> (up(t) —uy(t+h), un(t) — un(t +h)). (28)

By the monotonicity of F,
(105 (£) = 10, (£ + 1), 1t () — s (£ + 1)) > |t () — (£ + )|
Applying the Cauchy-Schwarz inequality, we get

(G(t+h,xy(t+h)) — G(t, xn(t)), un(t) — un(t + h))
< NG+ By xu(t+ 1)) = Gt xu (1) [ 1un(£) — un(t + h)|.

Thus, combining the above two inequalities and applying the Lipschitz continuity of G,
we obtain

plln(t) — wn(t+ R)|| IG(t+ R, xn(t + h)) — G, xa (1)) ]

<
< Le(Jh] + ||lxa(t+ h) — xu(0)]]),

which means
L
[ (t) — un(t+h)|| < 7G<|h|+||xn<t+h>—xn<t>||>
L
< f<|h|+M|h|>

< I;f(M+1)|h|. (29)

Let! = %G (M +1). Since {x,} is equicontinuous, it follows from (29) that for any € > 0,
there exists § = min{T, ﬁ} such that, foralln = 1,2,...and all |k| < 4,

T—h
/ 12h2dt
0

Ph*(T — h)
126%(T +9)
2. (30)

T—h
/O [tn (t+ 1) — un(h)||*dt

VAN VAN VAR VA

It is known that |[uy]|;2 = (f[O,T] Hun(t)szt)% < oo, which means {u,} is bounded in

L2[0, T]. Applying inequality (30) and the boundedness of {u, }, by Corollary 1.34 in [29],
we get that the sequence {u,} is relatively compact in L2[0, T]. We can obtain the closure
of {u,} is compact. Therefore, {u,} exists a convergent subsequence, denoted again
by {u,}, which converges to uy. Up to now, we get subsequence (x,,1t,) = S(pn, An)
with x, — xp and u,, — ug. From Theorem 4, S(p, A) is closed at (po, Ag). This means
(xn,un) — (x0,19) = S(po,Ao) and so S(p, A) is continuous at (pg, Ag). This completes
the proof. O

5. An Example of a Time-Dependent Spatial Price Equilibrium Control Problem

In this section, we will give an example of the differential inverse variational inequal-
ity to the time-dependent spatial price equilibrium control problem. As discussed by
Scrimali [15], assume that a single commodity is produced at m supply market, with typical
supply market denoted by 7, and is consumed at n demand markets, with typical demand
market denoted by j, during the time interval [0, T] with T > 0. Let (i, j) denote the typical
pair of producers and consumers fori =1,2,--- ,mand j =1,2,--- ,n. Let Si(t) be the
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supply of the commodity produced at supply market i at time ¢ € [0, T] and group the
supplies into a column vector

5(t) = (S1(t), -+ Sm(t)) € R™.

Let D;(t) be the demand of the commodity associated with demand market j at time
t € [0, T] and group the demands into a column vector

D(t) = (D1(t), - Du(t)) € R

Let x;;(t) be the commodity shipment from supply market i to demand market j at time
t € [0, T] and group the commodity shipments into a column vector x(t) € R™".

Li et al. [6] studied the time-dependent spatial price equilibrium control problem
by establishing the relation between the problem and a differential inverse variational
inequality. We restate it here with a concise version.

Assume that, for any t € [0, T],

Si(t) = ixij(t), D](t) = f;xi]-(t)
= =

and resource exploitations S(x(t),u(t)) at supply market and consumption D(x(t), u(t))
at demands market can be controlled by adjusting the tax u(t). Let

Wt x(t),u(t)) = (S(x(t),u(t), D(x(t),u(t))), Vvtel0,T],
which can be written as
Wt x(t), u(t)) = G(t x(t)) + F(u(t)),
where G(t, x) is a Carathéodory function with 7(t) € L2[0, T] such that

IG(E )| < v(8) + x]-

and F is a continuous mapping. Let
L= {w e L*([0,T],R™™) : w(t) < w(t) < w(t) for almostall t € [0, T]}

be the set of a feasible state influenced by the adjusted taxes u(t), where w(t) = (S(¢), D(t))
and w(t) = (S(t),D(t)) denote the lower and upper capacity constraints, respectively.
Under some appropriate assumptions, finding the solution of a time-dependent optimal
control equilibrium problem is equivalent to finding the Carathéodory solution (x(t), u(t))
for the following differential inverse variational inequality:

{ X(t) = f(t,x(t)) + B(t, x(t))u(t
u(t) € SOL(—L,—G(t,x(t)) — F())
x(0) = xo,

For more details, we refer the reader to [6].

However, the total amount of supply for a commodity and the relevant tax adjustments
policy on the markets always vary with the sales season and the off-season [21]. In real
life, any minute change in the proportion of each strategy seen will lead to a change
in strategy. Let 0 denote the off-season and 1 denote the sales season. During the off-
season, policy-makers will motivate manufacturers to develop resources by lowering the
taxes they need to bear. During the sales season, policy-makers resist more development
resources by increasing taxes on manufacturers. That means the set L of a feasible state
is influenced by a parameter p, where p € {0,1}. Because the supply and demand of the
commodity are also influenced by the seasons, we assume the mapping F is influenced by a
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parameter A, where A € {0,1}. Now, the time-dependent spatial price equilibrium control
problem can be transformed into the following differential inverse variational inequality
including parameters:

x(t) = f(t,x(t)) + B(t, x(t))u(t)
u((g)) € SOL(—L(p), —G(t,x(t)) — F(-,A))
X = xO/

Therefore, the time-dependent spatial price equilibrium control problem influenced by seasons
will lead to a stability problem for a class of differential inverse variational inequalities.

6. Conclusions

The paper is concerned with the stability analysis of differential set-valued inverse
variational inequalities in finite dimensional spaces. First, we proved an important result
about a set-valued mapping, Lemma 5, which extends Lemma 2.5 in [6] and plays an
important role in proving the existence of Carathéodory weak solutions for DSIVI (2).
Then we obtained the existence of Carathéodory weak solutions for DSIVI (2). Second, we
established closedness and continuity for the differential set-valued inverse variational
inequality problem when the constraint set and the mapping are perturbed by two different
parameters. Finally, we gave an example of a time-dependent spatial price equilibrium
control problem, which can be transformed into a differential inverse variational inequality
in finite dimensional spaces.

For further research, we can note the following directions: First, to adapt the main
methods to study the existence of Carathéodory weak solutions and stability for differential
set-valued inverse mixed variational inequalities in finite dimensional spaces; second, to
use the theory of semigroups, set-valued mappings, and variational inequality to study the
partial differential set-valued inverse variational inequalities in Banach spaces.
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Abstract: In this paper, some novel conditions for the stability results for a class of fractional-order
quasi-linear impulsive integro-differential systems with multiple delays is discussed. First, the
existence and uniqueness of mild solutions for the considered system is discussed using contraction
mapping theorem. Then, novel conditions for Mittag—Leffler stability (MLS) of the considered system
are established by using well known mathematical techniques, and further, the two corollaries are
deduced, which still gives some new results. Finally, an example is given to illustrate the applications
of the results.

Keywords: fractional-order system; quasi-linear system; impulse; integro-differential equation;
stability; multiple delays

1. Introduction

Differential equations involving an arbitrary non-integer order are often used as excel-
lent tools for describing many dynamical processes because they have nonlocal properties
and weakly singular kernels; for more details, see [1-3]. Most the investigations show
that non-integer order calculus is more suitable and has accuracy when describing vari-
ous physical systems in areas such as mechanical systems, electro-chemistry, biological
systems and diffusion processes; see, for instance, [4-8]. Further, as pointed out in [9],
the fractional-order derivative provides fundamental and general computation ability for
efficient information processing and stimulus anticipation for real models. Usually, systems
with nonlocal conditions are generalizations of local nonlinear boundary conditions, which
gives better approximations in some physical problems [10]. Further, the quasi-linear
integro-differential equations have occurred during the study of the nonlinear behavior
of elastic strings and other areas of physics. Many interesting results on various forms of
systems, including fractional-order, quasi-linear, integro-differential and non-local systems,
are found in [11-15] and references therein.

On the other hand, impulses in differential equations reflect the dynamics of real world
problems with unexpected discontinuities and rapid changes at certain instants, such as
blood flows, heart beats and so on [16]. Impulsive behavior often exists in many real world
systems. Fundamentally, the impulses are samples of state variables of a controlled system
at discrete moments. These effects most often occur in pharmacokinetics, the radiation
of electromagnetic waves, nanoelectronics, etc. [17]. There are number of interesting
research papers on impulsive differential equations found in the literature; see [18-20] and
references therein. The piecewise-continuous solutions for the impulsive Cauchy problem
and impulsive boundary-value problem were studied in [21]. The existence and finite-time
stability of an impulsive fractional-order system (FOS) using Gronwall inequality involving
Hadamard-type singular kernel has been investigated in [20]. Wang et al. [19] derived
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the finite-time stability of impulsive fractional-order delayed systems using generalized
Bellman-Gronwall’s inequality.

The sufficient conditions for MLS and uniform asymptotic stability of nonlinear im-
pulsive FOSs were obtained in [22]. The MLS of nonlinear FOSs with impulses has been
analyzed in [23]. The MLS for impulsive FOSs with instantaneous and non-instantaneous
impulses were studied in [24]. The MLS of a nonlinear FOS was studied in [25] by extend-
ing the Lyapunov direct method. The MLS for a coupled system of FOSs with impulses
was investigated in [26]. The MLS for nonlinear fractional neutral singular systems were
obtained in [27]. The finite time stability of delayed FOSs by Mittag-Leffler functions was
analyzed in [28]. An MLS estimator for a nonlinear FOS using a linear quadratic regulator
approach was studied in [29]. Many problems in viscoelasticity, acoustics, populations
dynamics, electromagnetics, hydrology, chemical reactions and other areas can be modeled
by fractional integro-differential equations; see [30-32] and references therein. For example,
take the the nonlinear oscillation of earthquake model, fluid-dynamic traffic model, second-
grade fluid model, circulant Halvorsen system, susceptible-infected-recovered epidemic
model with a fractional derivative and many other recent developments in the description
of anomalous by fractional dynamics; see [33-36].

The stability of dynamical systems is an essential one in the qualitative theory of
dynamical systems, as it addresses the system trajectories under small perturbations of
initial conditions. The stability analysis of FOS is more difficult than the classical ones
because the fractional-order derivative is nonlocal and has infirm singular kernels [37,38].
In the literature, the concepts of the stability analysis of impulsive FOS are studied by
various approaches. Among them, MLS is more useful in FOSs because the Mittag—Leffler
functions are commonly used in fractional calculus, which generally features power-law
convergence. Thus, in this paper we made an attempt to study MLS analysis for quasi-linear
impulsive FOS with multiple time delays. Recently, many authors focused on the various
types of stability analysis for FOS; for example, the g-MLS and direct Lyapunov method
for g-FOS is discussed in [39]. The Mittag-Leffler input stability of FOSs with exogenous
disturbances using the Lyapunov characterization is studied in [40]. Li et al. [41] proposed
the MLS using the fractional Lyapunov direct method.

However, there are few results available for the MLS of FOS with impulse effects
that could not be suitable for FOSs of quasi-linear type with multiple time delays. To the
best of our knowledge, the Mittag-Leffler stability of FOSs has not been fully investigated,
which motivated our present study. Thus, in this study the existence and uniqueness of
solutions and MLS analysis of the impulsive quasi-linear FOS with multiple time delays
are established using the well-known fixed point theorems and Mittag—Leffler approach.
Further, the main contribution of this paper lies in deriving new stability conditions for
the fractional-order quasi-linear system with nonlocal conditions, multiple time delays
and impulses. Novel conditions for the Mittag—Leffler stability of FOSs is established. The
existence and uniqueness of mild solutions for the FOS are discussed with help of the
contraction mapping principle. Finally, an example is provided to show the applicability of
the results.

2. Problem Description

Consider the fractional model given by

DP3(t) + A(t,5(1))3(t) = f(t,5(t),3(T(t))) +/Otg(t,a,z(a)/z(é(w)))da,
3(0) +b(3) = 30, (1)
A3(te) = Ie(3(tr)),

inBanachspace X,0< <1,t€J=1[0,T],30€ X, k=1,2,...,mand 0 < t; < fp < .. <
tm < T. Assume —A(t,3(t)) is a closed linear operator defined on a dense domain D(A) in
X into X such that D(A) is independent of ¢, and it generates an evolution operator in X.
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Let3 € PC(], X) be continuous at t # t; and left continuous at t = t;; in addition, right limit
3(t) exists fork = 1,2,...,m. Clearly PC(J, X) is a Banach space with the norm ||| pc =

supl|3(t)[|. Additionally, 5(7) = (3(71),5(%2),--.,3(%)) and 5(8) = (5(61),5(%2), -, 5(0x))
te]
are multiple time-delays. The functions f, g and h are nonlinear in nature, satisfying:

(H;) function f: | x X’*! — X is continuous, and there exist positive constants fi, 2
such that

r+1

||f(t151132/' . '13r+1) - f(t131/52r' . '/ZTJrl)HX <fi Z ”3}7 _ZP”X'
p=1

3p 3p € Xand f, = r¥1§]x||f(t,0,. 0l

(H,) function g: A x X*t1 — X is continuous, and there exist positive constants g1, g»
such that

t
/O ”g(t1a131/52/'“137€+1) - Q(tr“/??l/er--~/3K+1)||Xd"‘

K—+1
g1 Z ||3q _ZQHX/ 511/5!1 € X,
q=1

IN

t
g = max { /0 la(t,a,0,...,0)[| xda: (ta) € A},
(H3) 17y and 5: ] — | are bijective and absolutely continuous, and there exist constants ¢,
and b, such that T;,(t) > cpand (5;(1‘) > by, respectively, for t € Jand A = {(t,6),0 <
6 <t<T}.
(Hy) Let Q) be asubset of X, and h: PC(], Q) — Y is Lipschitz continuous in X and bounded
in Y;i.e., there exist positive constants b, h, such that

16G) Iy < brand ||5(3) —bG)|y < bzrgléafx 3 —3llpc, 3,5 € PC(J, X).

(Hs) Jx: X — X are continuous and there exist constants [ > 0, such that
13cG) = T3cG)I < Uz —3ll,33€ X, wherek=1,2,3,...,m.

2.1. Preliminaries

Let X and Y be two Banach spaces such that Y is densely and continuously embedded
in X. For Banach space, the norm of X is denoted by ||.||x. The space of all bounded linear
operators from X to Y is denoted by B(X,Y), and B(X, X) is written as B(X).

Now we recall some basic definitions and lemmas which will be useful in the main results.

Definition 1. A two-parameter family of bounded linear operators t(t,®@) and 0 < © <t < T,
on X, is called an evolution system if the following two conditions are satisfied:

(1) Wt t)=LuUtruUr0)=uUt0)fr0<O<r<t<T,

(2)  (t,©) — 8U(t, ©) is strongly continuous for 0 < O < t < T.

Let E be the Banach space formed from domain D(A) with the graph norm. Since
—A(t) is a closed operator, it follows that — A(f) is in the set of bounded operators from E
to X.

Definition 2. A resolvent operator for (1) is a bounded operator-valued function R;(t,®) € B(X),

0 <O <t <T, the space of bounded linear operator on X, having the following properties:

*  Ry(t,0) is strongly continuous in ® and t, R;(©,0) = 1,0 < © < T, |R;(t,0)| <
YeN(t=0) for some constants Y and N.

* R;(t,®)E C E, R4(t,©) is strongly continuous in © and t on E.
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e Forx € X, Ry(t,0®)x is continuously differentiable for ® € [0, T| and %(t, O)x =
Ry (1,0)A(6,3(0))x.
e Forx € Xand © € [0,T], R;(t,0©)x is continuously differentiable for t € [®,T] and

s (1,@)x = ~ At 3() R (1,O)x,

dR dR
with T@;(t’ ©)x and a—té(t, ©)x are strongly continuous on 0 < @ < t < T. Further, R;(t, ®)

can be extracted from the evolution operator of the generator —A(t, 3). The resolvent operator is
similar to the evolution operator for non-autonomous systems in a Banach space.

The Mittag-Leffler function (MLF) in one parameter is defined by E4(z) = ¥ Wnﬂ)
n=0

where B > 0 and MLF in two parameters is Eg, g,(z) = ¥ where B >0, 82 >0
n=0

Zn
T(B1n+p2)
and z € C. Additionally, for B = 1, Eg (z) = Ep,1(z) and Eq1(z) = ¢*. Further, the

. . _ B1-B
Laplace transform of MLF in two parameters is L{tF2~1E B1,B2 (—ytP)} = ﬁ fort >0,

where v, s € R.

Lemma 1 ([21]). Let € (0,1) and f: ] — R be continuous. A function 3(t) € C(J, R) given by

50 =30~ 17 (8= 0 e+ g [ (0= s

is the only solution of the fractional Cauchy problem CDf = f(t) forall t € ], 3(a) = 30, where
a>0.

Lemma 2 ([10]). Let R;(t,®) and Rj3(t, ®) be the resolvent operators for system (1). There exists
a constant ¢ > 0 such that

IR;(t, @)W — R; (£, ©)W|| < c[[W[ly /(;Ila(ﬁ) —3(0)l[|do,

for every 3,5 € PC(], X) and every W € Y.,

Let Sy = {3:3 € PC(],X),5(0) +h(3) = 30, 85(tx) = Tr(3(t)), llall < A}, fort € ],
A>0,3 € Xandk=1,2,3,...,m.

Lemma 3 ([12]). For

00 = g7 ;=00 1 (0),a00) + a3, 5000)l,

there exists a constant 0 such that ||¢(t)||y < 6 holds.

2.2. Existence and Uniqueness

Before presenting the stability results, we discuss the existence and uniqueness of mild
solutions for the FOS (1).

Theorem 1. Let —A(t,3(t)) generate the resolvent operator ||R;(t,®)|| < YeN(t=©) with

Yo = max|[R;(t,®)|y forall 0 < ® < t < T, 3 € O, and the conditions (Hy)-(Hs) hold.
If there exist positive constants A1, Ay, A3 € (0, 4] and py, p2, p3 € [0, 3) such that
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A = Yolluolly + Yoh1, A2 = Yov, Az = YomlIA and

p1 = cTl[o0lly + bicT + Yohy,
TP 1 1 1 1

m

p3 = cTmlA 4 Yoml, where lem[,
k=1

Tk 1 1 1 1
¢ = 7F(1+[3){fl(a+"'+5>+91(E+"'+17K)}’
PR LY FATRS B W L
T oTarpTh r(1+p) 2702

are satisfied, then the system (1) has a unique mild solution

5(6) = Ry(t,00s0 = Ry(1,0)9(5) + g5 [ (¢ = )P Ry (1, @), 5(0),5((0))
+ [ sl n s, s00))dnda+ ¥Ry 0)36(1) @

0<ty<t

on J forall 30 € X.

By contraction mapping theorem, the unique mild solution of the form (2) for system
(1) can be easily derived; for detailed proof, one can refer to [12].

Remark 1. It is noted that in addition to the Assumptions (Hy)—(Hs), if Y is reflexive and the
functions § and g are uniformly Holder continuous, then the system (1) has a unique classical
solution similar to (2) on |.

3. Stability Results

In this section, we prove the Mittag-Leffler stability of the considered system.

Definition 3. The mild solution of system (1) is said to be Mittag—Leffler stable if there exists a
constant B € (0,1) and positive constants a, b, M and y such that the solution 3(t) of system (1)
satisfies

a
sl < Mllsol (Eg(~n(t ~t0)f)) ", t=0.
Theorem 2. Let —A(t,3(t)) generate the bounded resolvent operator | R, (t,®)|| < YeN(=©)

with Yo = max||R;(t,0)]|y forall 0 < ® < t < T, 3 € Q, and the conditions (Hy)—(Hs) hold.
If there exist constants fq, g1, b1, the mild solution of system (1) satisfies

IO < (1/8)Yollsoll +b1)Eg (t?), VEe], )

where 8 = (1 — Yoml) and p = w, so the system (1) is Mittag—Leffler stable.

89



Axioms 2022, 11, 308

Proof. Consider the mild solution of the system (1) of (2). Taking the norm on both sides,
one can have

131 < [IR; (£,0)[[lI30ll + IR (£, 0)[[[[6 ()l

w7 0P IR @), 500,51, 3 0)) [l

i =P o))

([ Nata 300, 56000, 305 00)) ) d
£ Y IR 3G )]

0<tr<t

_l’_

+

Using the conditions (H;), (Hy), (Hys) and (Hs), we get
13 < Yollsoll + Yob + Yomi[|3(£)|

P = 0P 1G]+ )] +
1

Hls(m @) e+ Yo [t =08 @150

381 ()]l + .. + [[3(dc(a)) ) der,
Yol30]l + Yoh1 + Yoml||3(¢)]|

+oD; P (38 + 3 (T ()] + ..+ [13(w (D) D]Yo
+oD; Pl (58] + 131 (D) + .. + 135 (£)) )] Yo

IN

There exists a non-negative function M(t). We have
31 = Yollsoll + Yoks + YomlI|[3() ||
+oD; P (1 (I3 (O]l + I3(ra ()| + -+ 3(w(£) ) Yo

+0D; P(an (IO + 321 ()] + - -+ [3(Ex (D)) Yo = M(H). - (4)
Taking Laplace transformations of both sides of (4), we get

Y Y
s = Yol YO0 gy o))+ Yorus (o)1 + la(r(s))l + .-

+a( ()1 + Yogis P (sl + 13 (51l + -+ 13(5x () ]) — M(s),

B _
O[S 1@ = < [Yolloll + Yob + Yoius™P(ls(m(s) | + .. + [ ()]

+Yogis' P([3(1(s)Il +- - + 135 ()] — SM(S)]

Then,
OIS = gy [+ Yollsll + Yobus® + Yofus(l(rs ()] + -+ Is( (<))
FogsI5(G1($)) 1+ -+ [5(E()]]) — 71 ms)]
= [ Yallsol + 1] — (s
Fafst P(ls(@)] + ..+ ()
Fagis P51+ + [3(EE))] ®)
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Taking Laplace inverse transformations on both sides of (5),

Bs(Bll = Yo(llsoll + b1)Epa (uP) — M(t) = [ Ego(utf)
+Yof [t Epp(ut?)]  [I5(m(E) ] + .. + s (w(1)]
Yo [P Eg g (1)) + [I3(B1 ()] + -+ 3(5c()) ]
< Yo(llsoll +b1)Epa (pt#),

where * denotes the convolution operator; the terms involving with it are non-negative.
Therefore, (3) has been achieved. Hence, from Definition 3, the solution of system (1) is
Mittag-Leffler stable. O

In the case of the nonlocal term §(3) = 0, the initial condition of system (1) is reduced
to 3(0) = 30, Then, the Mittag—Leffler stability results for this case can be achieved through
the following corollary.

Corollary 1. Let —A(t,3(t)) generate the bounded resolvent operator ||R;(t,®)| < YeN(=©)
with Yo = max||R;(t,®)||y forall 0 < © <t < T, 3 € O, and the conditions (Hy)-(Hsz), (Hs)
hold. If there exist constants 1, g1, the mild solution of system (1) satisfies

l3(D)1l < (1/8)Yolls0l|Eg(utf), Vte ],

so the system (1) is Mittag—Leffler stable.

In the case fot g(t,a,3(a),3(6(a)))da = 0 in (1), the system is reduced to an impulsive,
fractional, nonlocal, quasilinear multi-delayed system of the form

DPF3(t) + A(t,5(1))3(t) = (t,3(t),3(T(£))),
3(0) +b() = 30, (6)
Ay(te) = k(3(te)),  k=1,2,...,m,

where t € J. Then, the stability of (6) can be stated as follows:

Corollary 2. Let —A(t,3(t)) generate the bounded resolvent operator ||R;(t,®)|| < YeN(:=©)
with Yo = max||R;(t,0)||y forall0 < © < t < T, 5 € O, and the conditions (Hy), (H3)—(Hs)
hold. If there exist constants 1, b1, the mild solution of system (6) satisfies

Yoh [tﬁ), vie ],

3() 11 < (1/8)Yo([ll30]l +b1)Eﬁ(m

so the system (6) is Mittag—Leffler stable.

4. Application

Consider the fractional-order, nonlocal, impulsive, integro-differential systems with
multiple delays of the form

B 2 t
0 Za(;;/ t) +a(x, t,j(x, t))a ja(xxz, t) = ~xyarctan (pp(x, t/é) +‘/O 67¢Q(X,S,3)dsl (7)
m
3(x,0) + Z ca(xty) = 30(x), x €10,7],
k=1
3(0,t) =3(m,t) = 0,t€],
Aj(te,x) = M x€(0,1),k=1,...,m,

2+3(tk,X),
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where 0 < B < 1,0 < t; < ... < ty < T. Let X = L2[0,n], PC = PC(],S;), S5 =
{y € L2[0, 71]: ||ly|| < &} First, we prove that —A(t,3(t)) generates the bounded resolvent
operator R;(t,®) with the help of the following analysis. Let a(x, t, 3(x, t)) be continuous;
define A(t,.) : X — X by (A(t,.)w)(x) = a(x,t,3(x,t))w" with domain D(A(t,.)) =
{w e X: w,w being absolutely continuous, w’ € X;w(0) = w(7r) = 0} is dense in the X
and independent of ¢. Then,

At 3)w = Z n*(w,wy,),w € D(A), (8)
n=1
where (.,.) is the inner product in L2[0, 7], w, = Z, o j is the orthogonal set of eigenvectors
in A(t,3) and Z,(t,s) = ﬁsinn(t—s)ﬁ, 0<Bp<1,0<s<t<an=12,...

b

Then, the operator [A(t,.) + API] 7! exits in L(X) for any A with ReA < 0 and

C
B-1 &
A )+ M7 < g, e ©

Additionally, there exist constants v € (0, 1] and Cg such that
I[A(t, ) = Alt2, JJAT (5, )| < Cplty — t2f", t1, 12,5 € . (10)

Under the conditions (8)—(10), each operator —A(s,.), s € | generates an evolution
operator exp(—t*A(s,.)) for t > 0, and there exists a constant C, such that

C
|A™ (s, Jexp(—tPA(s, )| < Tf Vn=0,1,t>0,s€].
Therefore, it can be concluded that the evolution operator of the (B, 3) resolvent family
has the form

R (ts)w = Zlexp[—nZ(f — 8)P)(w, wp)wy, w € X.
n=

From (7), the functions §(-), g(-) are given by f(¢,3(B(t))) = xarctan ¢p(x,t,3) and
a(t,s,3(7(t)) = e ?1(¥53) which satisfies the assumptions (H;)—-(Hz) for ¢y(x,8,3) =

(3(x,sint(),5k(;c, (sint)/2),...,3(x, (sint)/n)) and B (t) = v¢(t) = (sint)/T, T =1,...,7,
7 = max(r, k).

Additionally, from the nonlocal (function) initial condition, h(3(.,t)) = E k(- tk)
k=1

m
will satisfy Assumption (Hy) with Y ¢x = by. Further, the at impulse moments J (3(t)) =
k=1

3tX)  satisfies Assumption (Hs) with [ = 1.

2+5(t,x)

Thus, Assumptions (Hp)—(Hs) (all) are satisfied, and it is possible to choose the
constants in Theorem 2, which satisfy the required stability condition (3). Hence, by
Definition 3, the considered system (7) is MLS on J.

5. Conclusions

The Mittag—Leffler stability results for a class of fractional-order, quasilinear, impulsive,
integro-differential systems with multiple delays has been investigated. Based on the
contraction mapping principle, the existence and uniqueness of a solution for the FOS
was achieved. Then, novel conditions for MLS of the considered system were derived by
using well known mathematical techniques, and further, some corollaries were proposed
for the cases of initial conditions without a nonlocal term and an FOS in the absence of
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an integro-differential part. At last, the presented results were verified with an example,
which illustrated the applications.
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Abstract: We consider a nonlinear eigenvalue problem driven by the Dirichlet (p, 2)-Laplacian. The
parametric reaction is a Carathéodory function which exhibits (p — 1)-sublinear growth as x — +o0
and as x — 01. Using variational tools and truncation and comparison techniques, we prove a
bifurcation-type theorem describing the “spectrum” as A > 0 varies. We also prove the existence of
a smallest positive eigenfunction for every eigenvalue. Finally, we indicate how the result can be
extended to (p, q)-equations (g # 2).

Keywords: (p,2) and (p, g)-Laplacians; nonlinear regularity; positive solutions; strong comparison
principle; sublinear reaction; bifurcation-type results

1. Introduction

Let QO C RN be a bounded domain with C2-boundary 9Q). In this paper, we study the
following nonlinear eigenvalue problem for the Dirichlet (p,2)-Laplacian

—Apu(z) — Au(z) = Af(z,u(z)) inQ,
(F2) {u|a£=0,u20,)t>0,2<p.

For every r € (1,00) by A, we denote the r-Laplacian differential operator defined by
Avu = div (|Du "2Du) Vu € W,”(Q)

(Du stands for the gradient of u). When r = 2, we have the usual Laplacian denoted by A.

In the reaction, A > 0 is a parameter and f(z, x) is a Carathéodory function. Such
a function is jointly measurable. We assume that for almost all z € Q, f(z,-) is (p — 1)-
sublinear as x — 4-oc0. We are looking for positive solutions as the parameter A > 0
varies. Our work complements those by Gasiniski and Papageorgiou [1] and Papageorgiou,
Radulescu and Repovs [2] where the reaction is (p — 1)-superlinear in x € R. Moreover, in
the aforementioned works, the equation is driven by the p-Laplacian differential operator
which is homogeneous, a property used by the authors in the proof of their results. In
contrast, here, the (p,2)-Laplace differential operator is not homogeneous.

We mention that equations driven by the sum of two differential operators of different
structures (such as (p, 2)-equations) arise in the mathematical models of many physical
processes. We refer to the survey papers of Marano and Mosconi [3], Rddulescu [4] and the
references therein.

2. Mathematical Background—Hypotheses

The main spaces in the analysis of problem (P, ) are the Sobolev space Wg 7(Q) and
the Banach space o B
Co(Q) = {u e C'(Q) : ulpn =0}
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By || - ||, we denote the norm of the Sobolev space Wé 7(Q). On account of the Poincaré
inequality, we have

1,
lull = [Dull, Vu € Wy?(Q).

The Banach space C}(€) is an ordered Banach space with positive (order) cone
Cr={uecCQ): u(z) >0forallz € O}.

This cone has a nonempty interior given by

intCy = {u € Cy: u(z) >0forallz € Q, %|yn <0},

with 7 being the outward unit normal on 02 and g—z = (Du,n)gn.
/

We know that if ¥ € (1,4o0), then W&’r(Q)* =Wl ¢+4 =1). Let
A Wé'r(Q) — W1 (Q) by the operator defined by

(A (1), h) = /Q |Dul"~2(Du, Dh)gy dz  for all u, i € WY (€0).

The next proposition gathers the main properties of this operator (see Gasiriski and
Papageorgiou [5]).

Proposition 1. The operator A, : W&’r(ﬂ) — WV'(Q) is bounded (that is, maps bounded
sets to bounded sets), continuous, strictly monotone (thus maximal monotone too) and of type (S)+,
that is, A, has the following property:

if uy — u weakly in W&"(Q) and lim sup (A, (i), un — 1) <0, then u, — u in W&'V(Q).
n—o0

If r = 2, then we write A, = A € L(H}(Q), H 1(QQ)).
_ The Dirichlet -Laplace differential operator has a principal eigenvalue denoted by
A1(r). Therefore, if we consider the nonlinear eigenvalue problem
{ —Avu(z) = AMu(2)|"2u(z) inQ,
ulan =0,

then this problem has a smallest eigenvalue A1(r) > 0 which is isolated and simple. It has
the following variational characterization:

N r
M= ot 1Pk
ueWy” (Q),u0 e

. M

For x € R, we define x* = max{=x,0}. Then, for u € Wé’p(Q), weset u™(z) = u(z)*
for all z € Q). We know that

ut € Wé’p(Q), u=u"=u", |ul=ut+u".

AsetS C W&’p (Q) is said to be “downward directed”, if given uq, uy € S, we can find
u € Ssuch that u < uq, u < up.

If u,v: () — R are measurable functions, then we write # < v if and only if for all
compact sets K C (), we have

0<ckx <v(z)—u(z) foraa.zeK.

Evidently if u,v € C(Q) and u(z) < v(z) forallz € (), then u < v.
Now, we introduce the hypotheses on the reaction f(z, x).
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H: f: QxR — R is a Carathéodory function such that for a.a. z € Q, f(z,0) = 0,
f(z,x) > 0forall x > 0and

(i) Forevery ¢ > 0, there exists a, € L*(()) such that
f(z,x) <ag(z) foraa.ze, all0<x<o;
fzx)

(i) limy—teo o =0 uniformly for a.a. z € ();

fzx)

1
(iv) for every ¢ > 0, there exists s¢, > 0 such that for a.a. z € (), the function x ——

(i) lim, .o+ 0 uniformly for a.a. z € ();

f(z,x)+ ng”’l is nondecreasing on [0, ¢].

Remark 1. Since we look for positive solutions and the above hypotheses concern the positive
semiaxis Ry = [0, +o0), without any loss of generality we may assume that

f(z,x) =0 foraa zeQ,allx<O0. )

Hypothesis H(ii) implies that f(z,-) is (p — 1)-sublinear as x — 400 while hypothesis
H(iii) says that f(z,-) is sublinear near 0. Hypothesis H(iv) is essentially a one-sided local
Lipschitz condition.

3. Positive Solutions

We introduce the following two sets:

L = {A>0: problem (P,) admits a positive solution};
Sy = the set of positive solutions for problem (P, ).
We also set
Ay =inf L.

First, we establish the existence of admissible parameters (eigenvalues) and determine
the regularity properties of the corresponding solutions (eigenfunctions).

Proposition 2. If hypotheses H hold, then L # @ and S, C intC, forall A > 0.

Proof. For every A > 0, let ¢, : Wé’p(Q) — R be the C!-functional defined by
_1 p 1 2 [ + Lp
Pa(u) = ;”Dqu +5Dully — | F(zu™)dz Yu € Wo™(Q),

with F(z,x) = [ f(z ) ds. From hypotheses H(i), (ii), we see that given ¢ > 0, we can
find ¢, > 0 such that

0< F(z,x) g%ac”+cg foraa.ze ), allx > 0. (3)
Foru e Wé’p(()), using (3) we have
1 p AT P
oalu) 2 o { 1Dully = Aellullp ) + 3 I Dully = AcelQln,
with | - |y being the Lebesgue measure on RN. Using (1) with r = p, we obtain

1 Ag
pa(0) 2 5 (1= 225 Dl ~ Aoy
p
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>)

Choosing ¢ € (0, 1)(\’7 ) ), we infer that

o) = erf|ul]” = Ace|Qfn,
for some ¢; > 0 and thus ¢, is coercive.

Additionally, using the Sobolev imbedding theorem, we see that ¢, is sequentially
weakly lower semicontinuous. So, by the Weierstrass—Tonelli theorem, we can find 1y €

W&’p (Q) such that

Pa(uo) = min ¢, (u). )
ueW,” (Q)

On account of the strict positivity of f(z,-), if # € intC,, then
/ F(z,u)dz > 0. ®)
Q
Then, we have
@ = Spul}+yIDuB -2 [ Fema:
= - /\/ F(z,u)dz,
(@)

with ¢; = ¢p(#1) > 0. From (5) and by choosing A > 0 big, we have

pa(u) <0,

SO
@a(ug) < 0= 9,)(0)
(see (4)) and thus
Uup 75 0.
From (4), we have

@)\ (1) =0,

SO
(Ay(1g), 1) + (A(ug), h) = A/Qf(z,ug)hdz Vh e WEP(Q). ©)

In (6), we choose h = —u € Wg’p(Q). We obtain
[Dug |[p <0,

thus ug > 0 and ug # 0.
Then, from (6), we have

{ —Apug(z) — Aug(z) = Af(z,up(z)) inQ,

uolan =0,

@)

for A > 0big and so £ # @.

From Theorem 7.1 of Ladyzhenskaya and Ural’tseva [6], we have that uy € L*(Q)).
Then, the nonlinear regularity theory of Lieberman [7] implies that up € C \ {0}. Let
0 = ||up||e and let 5@ > 0 be as postulated by hypothesis H(iv). From (7), we have

—Apug(z) — Aug(z) + Agguo(z)pfl >0 inQ,
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so
Apug(z) + Aug(z) < A&oup ()Pt inQ,

and thus ug € intC. (see Pucci and Serrin [8] (pp. 111, 120)). Therefore, we conclude that
S) CintCy forallA > 0. O

Next, we show that £ is connected (more precisely, an upper half-line).

Proposition 3. If hypotheses H hold, A € L and ¢ > A, then ¢ € L.

Proof. Since A € £, we can find u, € S, € intC, (see Proposition 2). We introduce the
Carathéodory function k(z, x) defined by

{ f(zupr(z)) if x<uy(z)
k(z,x) =

f(z,x) if wuy(z) <

®)
We set ;
K(z, x) :/0 k(z,s)ds

and consider the C!-functional 1y : Wg P(Q) — R defined by
1 p, 1 2 Lp
po(w) = S IDully + 5 |Dul} —/QﬁK(z,u) dz Yue WP (Q).

Note that (8) and hypotheses H(i), (ii) imply that, given ¢ > 0, we can find ¢; > 0
such that c
K(z,x) < Ex’” +¢ foraa.ze ), allx € R. )

Using (9) and choosing € > 0 small, as in the proof of Proposition 2, we show that 1y
is coercive. In addition, it is sequentially weakly lower semicontinuous. Therefore, we can

find uy € W,? (Q) such that

Po(up) = min  Py(u),

uEWé’p(Q)

so Py(up) = 0 and thus
(Ay (1), h) + (A(ug), h) = /Q Ok(z, ug)hdz Wh € WP (Q). (10)

In (10), we choose h = (uy —uy)* € Wg’p(Q). Then, using (8), we have
(Ap(ug), (un —ug)™) +(A(ug), (ur —ug)™)
= /Q Of (z,up)(ur — ug) ™" dz

/Q Af(z,up) (uy —ug)™ dz
= (Ap(up), (ur —ug)™) + (A(up), (up —ug)™)

since f > 0and u) € S,. Thus,

WV

uy < uy (11)

(see Proposition 1).
From (8), (10) and (11), we infer that

{ —Apug(z) — Aug(z) = 0f(z,ug(z)) inQ,

uglan =0,
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souy € Sy CCyrandthusd e L. O

A byproduct of the above proof is the following corollary.

Corollary 1. If hypotheses H hold, A € L and uy € S, C intCy and ¢ > A, then ¢ € L and we
can find uy € Sy C intCy such that uy < uy.

We can improve this corollary using the strong comparison principle of Gasinski and
Papageorgiou [1] (Proposition 3.2).

Proposition 4. If hypotheses H hold, A € L and uy € Sy C intCy and ¢ > A, then ¢ € L and
we can find uy € Sy C intC. such that ug — u, € intC_.

Proof. From Corollary 1, we already know that & € £ and there exists uy € Sy C intC
such that
uy <ug, Uy F Uy (12)

Consider the function a: RN — RN defined by
a(y) =yI" Py +y vy eRY.

Evidently, 2 € C'(RN; RN) (recall that 2 < p) and we have

Va(y) = |yl (id+ (2%t ) Tid Wy £0,

SO

(Vﬂ(y), 6/ g)RN = |€|2 V]/,C c RN.
Then, the tangency principle of Pucci and Serrin [8] (Theorem 2.5.2, p. 35) implies that

uy(z) <ug(z) vzeQ (13)

(see (12)). Let 0 = ||ug||lco and let (fg > 0 be as postulated by hypothesis H(iv). We pick
Eg > EQ and using (12), hypothesis H(iv) and the facts that f > 0 and 1) < uy, we have

—Apty — Aug + ﬂgguf;*l
= O(f(zup) +Equh 1) +8(E — Eub
O(f(z ur) + é\guﬁil) + 19(5@ - 6@)“571
Af(z,uy) + 195@1?71
—Apy — Auy +8Eu" " inQ (14)

VoWV

Note that on account of (13), we have
> = -1 -1
0=<8(Eo—Co)(uly ~ —ul ). (15)

Then, (14), (15) and Proposition 3.2 of Gasiniski and Papageorgiou [1] imply that
Uy —uy €intCy. O

Proposition 5. If hypotheses H hold, then A, > 0.

Proof. We argue by contradiction. Suppose that A, = 0. Let {1, },eny C £ be such that
An — 07 and consider u, = u,, C intC, forall n € N. We have

(Ap (1), B) + (A(1,), h) = /Q)\nf(z, w)hdz Yhe WP(Q), neN.  (16)
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On account of hypotheses H (i), (ii), given € > 0, we can find ¢, > 0 such that
0< flz,un(z)) <eup(z)P L +c foraazeQ, neN. (17)

In (16), first, we choose h = u,, € W&’p (Q)) and then on the right hand side we use (17).
We obtain
1Dunlly < ellunll} + esllunl] ¥ €N,

for some c3 = c3(¢) > 0, so
(1_€>||un|p—1 <C3 VneN
Ai(p)

(see (1) with 7 = p). Choosing ¢ € (0,A1(p)), we see that the sequence {1, }nen C W&’p(Q)
is bounded. We may assume that

up — u,  weakly in W&’p(Q) and wu, — u, inLP(Q). (18)

In (16), we choose h = uy, — uy € Wg’p(Q), pass to the limit as n — +o0 and use (18).
We obtain
lim ((Ap(un), un — 1) + (A(un), up — us)) =0,

n——+00

s0, using the monotonicity of A, we obtain

limsup ((Ap(un), 1n — ) + (A(u), uy —us)) =0,

n—+400
thus
limsup ((Ap(un), ttn — x)) <O
n—+o0o
and hence

(see Proposition 1). Hypotheses H(i), (ii), (iii) imply that given ¢ > 0, we can find ¢4 =
ca(€) > 0 such that

0< f(z,x) <ex+ C4x’7*1 foraa.ze O, x>0, (20)

so
0 < flz,un(z)) < euy(z) +cyun(z)P~! foraa.zeQ, neN,

thus the sequence {f(-,u,(-)) C LV (Q) is bounded (see (19) and recall that p’ < 2 < p).
Therefore, if in (16) we pass to the limit as # — +oo, we obtain

(Ap(u), h) + (A(us),h) =0 Vh e W, (Q).
Choosing h = u, € W&’p (Q)), we obtain
[Du.lp <0,

SO
1, = 0. (21)

From (19) and the nonlinear regularity theory of Lieberman [7], we know that there
exist o € (0,1) and c5 > 0 such that

Uy € Cy*(Q)) and  |uy o S VneN (22)
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Since the embedding C(l)’“ (Q) C C}(Q) is compact, from (19), (21) and (22), we infer that
up — 0 inCH(Q) asn— +oo. (23)

Lety, = r-“4—, for n € N, with || - ||; » denoting the norm of H}(Q2). We have

Tinfiz
ynlliz =0, yn>0 VYneN.
We may assume that
yn — Yy weakly in Hé(Q), yn —y inL2(Q), y=0. (24)

From (16), we have

a2 (Ap ) )+ (A ) = A [ FE bz awe wir(@). 9

On account of (20), we have

0 < Lz()

Tun < eyn(z) + un(2)P2yn(2) < ceyu(z) foraa.z€Q, neN,
n|l1,2

for some cg > 0 and thus

the sequence {f('un()) } C LP(Q)) is bounded (26)
lunll S pew

(recall that, if 2 < p, then p’ < 2). Therefore, if in (25) we pass to the limit as n — +o0 and
use (23), (24) and (26), we obtain

(A(y),h) <O Vi e W (Q),

soy = 0 and hence || Dy, || — 0 and n — +oo (see (25)), a contradiction since ||y,|[12 = 1
for all n € N. Therefore, we conclude that A, > 0. [

Next, we prove a multiplicity result when A > A..

Proposition 6. If hypotheses H hold and A > A, then problem (P)) has at least two positive
solutions
up, i € intCy, uy # .

Proof. Let it € (A4, A). Wehave y, A € L and then, according to Proposition 4, we can find
up € S) CintC4 and uy, € Sy C intC; such that

up — uy € intCy. (27)

We truncate f(z,-) from below at u;(z) and introduce the Carathéodory function
e(z, x) defined by

{f(z,u},(z)) if xguy(z),
e(z,x) = (28)

f(z,x) if u,(z) <

We set

E(z,x) = /Oxe(z,s)ds

102



Axioms 2022,11, 58

and consider the C!-functional @, : Wg’p (Q2) — R defined by
~ 1 p, 1 2 Lp
Prlu) = %HDqu + §|\Du||2 — /Q/\E(z,u) dz Yu e W, (Q).

Let
[u,) ={u e W&’p(Q) uy(z) <u(z)foraa.z € Q.

Then, from (28), we see that

Paliuy) = Pl & (29)

with ¢ € R. From the proof of Proposition 2, we know that ¢, is coercive. Hence ¢, is
coercive. Additionally, ¢, is sequentially weakly lower semicontinuous. Therefore, we can

find 7y € W&’p (Q) such that

Pr(iip) = min g (u), (30)
uew,* (Q)
SO
@) (i) =0,
and hence

(A, (iip), h) + (A(fig), h) = /Q Ae(z,fig)hdz Vh € WY (€). (31)
Choose h € (uy, — ilp) " € Wé’p(()). Using (28), we have
(Ap(ilo), (uy — 1) ™) + (Al(ilo), (uy — o) ™)
/Q Af(z,uy) (uy — ip) " dz

[ wf o) = i)+
(Ap(n), (= 00)*) + (A), (= 0)*)

(since f >0, < Aand uy € Sy), so

WV

~

uyg 0

(see Proposition 1).
Then, from (28) and (31), we infer that iig € S, C intC,.
If iy # uo, then this is the second positive solution of (P, ). Therefore, we assume that

1/70 = Ug.
From (27), (29) and (30), it follows that
ug € intCy is a local C} (Q))-minimizer of ¢,

and so
Uy € intCy is a local Wol’p (Q))-minimizer of ¢, (32)
(see Gasinski and Papageorgiou [9]).
Hypothesis H (iii) implies that given ¢ > 0, we can find 6 = d(e) > 0 such that

F(z,x) < x> foraa.z e, all |x] <6 (33)

N[ ™

(see (2)). Let u € C}(Q) with [ullcy @) < 0. We have

1 1 Ae
pr(u) = ;HDMHz + §||Du||§ - 7||u||§
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1 1 Ag
> SIoulf+ 3 (1- 20 ) Iul
p A1(2)

(see (1) with r = 2). Choosing ¢ € (0, 1)E2) ), we obtain

1 _
pa(u) > ;Ilu\l” vu € Go(Q), llullcam <9
)
u = 01is a local C} (Q3)-minimizer of ¢,

and thus
u = 01is alocal Wol’p (Q))-minimizer of ¢, (34)

(see Gasiniski and Papageorgiou [9]).

We assume that ¢ (0) = 0 < ¢, (1p). The reasoning is similar if the opposite inequality
holds, using (34) instead of (32).

We also assume that

Koy = {1 € W, (Q) : ¢)(u) =0}

(the critical set of ¢, ) is finite. Otherwise, we already have an infinity of distinct positive
solutions of (P) ). On account of (32) and using Theorem 5.7.6 of Papageorgiou, Riddulescu
and Repovs [2] (p. 449), we can find ¢ € (0, 1) small such that

Pr(0) =0< @a(up) < inf  @r(u) =my, 0 < @ < |luo]. (35)

l[u—uoll=c

Recall that ¢, is coercive (see the proof of Proposition 2). Therefore, from Proposi-
tion 5.1.15 of Papageorgiou, Radulescu and Repovs [2] (p. 449), we have that

@, satisfies the PS-condition. (36)
Then, (35) and (36) permit the use of the mountain pass theorem. Therefore, we can
find

e W&’p(Q) such that
¢h (@) =0 and my < @p(id). (37)

From (35) and (37), we conclude that
ite Sy CintCy and i # uy.
O

It remains to be decided what we can say for the critical parameter value A.. We show
that A, > 0is admissible too.

Proposition 7. If hypotheses H hold, then A, € L.

Proof. Let {A,},en C £ be such that A, — Af. We can find u, € S, C intC4 such that
(Ay (), 1) + (A(un), h) = A, /Q fzun)hdz YheW,P(Q), neN.  (38)
In (38), weuse h = u,, € Wé'p(Q). Then,

lua P < M / f(z,up)updz Vn € N. (39)
Ja
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On account of hypotheses H (i), (ii), given € > 0, we can find ¢, > 0 such that
0< f(z,x)x <exP+c¢. foraa.ze ), allx >0. (40)

We use (40) in (39) and have

&
lunllP < Arm=——lun||P + ce|Qn
M(p)

(see (1) with ¥ = p and recall that | - |y is the Lebesgue measure on RN), so

A
(1 S e) lun|? < ce|Qly V¥ eN.
M(p)
We choose € € (0, /\1)\(110 )) and infer that the sequence {uy },cn C Wg’p (Q)) is bounded.
Therefore, we may assume that

Uy — Uy weakly in W&’p(Q) and u, — u, inLP(Q).

Then, reasoning as in the proof of Proposition 5 (see the part of the proof after (18)),
we show that
Uy — Uy In W&’p(Q), u, # 0.

Therefore, if in (38) we pass to the limit as n — +oo, then
(Ap (1), 1) + (A(w), ) = /\*/Qf(f,u*)hdz Yh e WY (Q),

souy €S, CintCyandso A, € L. O

We have proved that
E - [/\*, OO) .

Next, we show that for every A € L, problem (P, ) admits a smallest positive solution
(minimal positive solution).

Proposition 8. If hypotheses H hold and A € L, then problem (P ) admits a smallest solution
uy € Sy CintCy (thatis, uy < uforallu € Sy).

Proof. From Proposition 7 of Papageorgiou, Rddulescu and Repovs [10], we know that S,
is downward directed. Using Lemma 3.10 of Hu and Papageorgiou [11] (p. 178), we can
find a decreasing sequence {uy } ey C Sy such that

inf u, =inf§,.
neN

We have

(Ay (1), B) + (A(1y), ) = /O/\f(z, w)hdz Yhe Wit (Q), neN 41)

and
0<u, <u; VneN. (42)

In (41), we choose h = u, € Wé’p (Q) and then use (42) and hypothesis H(i) to
establish that {uy },en C W&’p (Q)) is bounded. Therefore, we may assume that

u, — u) weakly in W&’p(Q) and u, — uy inLP(Q). (43)
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Then, as before (see the proof of Proposition 5 after (18)), using (43) we obtain
Uy — u) in W&’p(Q) and u) #0. (44)

If in (41) we pass to the limit as n — +o0 and use (44), then
* * * 1,
(Ap (), ) + (A(ul), ) = /Q Af(z,u)hdz Vhe WP (Q),

souy € Sy CintCy,uy =infS,. O

The theorem that follows summarizes our findings concerning the changes in the set
of positive solutions of (Py) as A > 0 moves.

Theorem 1. If hypotheses H hold, then there exists A, > 0 such that

(a) for all A > A, problem (P)) has at least two positive solutions ug, il € intCy., ug # ii;
(b) for A = A, problem (P)) has at least one positive solution u, € intC;

(c) for every A € (0, Ay) problem (Py) has no positive solution;

(d) for every A € L = [y, 00), problem (Py) has a smallest positive solution u € intC,.

Remark 2. From Proposition 4, we know that the minimal solution map k: £ — C}(Q)
defined by k(A) = uj is strictly increasing in the sense that

if Ay <pu <A, thenuy — u; € intCy.

It is worth mentioning that when the reaction f(z, -) is (p — 1)-superlinear, then we
have the “bifurcation” in A > 0, for small values of the parameter (see [1], [2]). Here, f(z,-)
is (p — 1)-sublinear, and the “bifurcation” in A > 0 occurs for large values of the parameter.

4. (p, q)-Equations

In this section, we briefly mention the situation for the more general (p, q)-equations,
g # 2. We now deal with the following nonlinear Dirichlet eigenvalue problem:

(P —Apu(z) — Mgu(z) = Af(z,u(z)) inQ,
A upo=0,u>0,1>01<qg<p.

If we strengthen the conditions on f(z, -), we can have a similar “bifurcation-type”
result for problem (P,)’.

The new conditions on f(z, x) are the following:
H" f: QO xR — Ris a Carathéodory function, f(z,0) = 0 for a.a. z € Q, hypotheses
H'(i), (ii), (iii) are the same as the corresponding hypotheses H (i), (ii), (iii) and (iv) for
a.a. z € ), f(z,-) is strictly increasing on R*.

Remark 3. According to hypothesis H'(iv), we have
0< f(z,x) foraa.ze ), allx >0.

The function f(z,x) = a(z)x™ ! foraa. z € O, all x > 0 with a € L®(Q) and
1 < T < g < p satisfies hypotheses H'.

For the (p, q)-equation (g # 2), we cannot use the tangency principle of Pucci and
Serrin [8] (p. 35) (see the proof of Proposition 4). Instead, on account of the stronger
condition H’(iv), we can use Proposition 3.4 of Gasiniski and Papageorgiou [1] (strong
comparison principle) and have that uy — u, € intC,. Then, all the other results remain
valid and so we can have the following bifurcation-type result for problem (P, )’.
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Theorem 2. If hypotheses H' hold, then there exists A, > 0 such that

(a) for all A > A!,, problem (Py)’ has at least two positive solutions ug, il € intCy, ug # ;
(b) for A = Al,, problem (Py)" has at least one positive solution u, € intC;

(c) for every A € (0, Ay, problem (P,)" has no positive solution;

(d) for every A € L' = [, c0), problem (Py )" has a smallest positive solution u} € intCy.

Remark 4. The function f(z, x) defined by
a(z) ((H) T+ ()Y <1,

a(z) In(x™) if 1< |x|,

flz,x) =
witha € L®(Q)), p < r < 1 satisfies hypotheses H but not hypotheses H'.
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Abstract: In this paper, we studied a nutrient-phytoplankton model with time delay and diffusion
term. We studied the Turing instability, local stability, and the existence of Hopf bifurcation. Some
formulas are obtained to determine the direction of the bifurcation and the stability of periodic
solutions by the central manifold theory and normal form method. Finally, we verify the above
conclusion through numerical simulation.
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1. Introduction

One of the most complex and difficult problems in water pollution treatment is the
prevention and control of algal bloom. Due to the complexity of the pollution source and
the difficulty factor of material removal, it takes a lot of energy, but it is not very effective.
Therefore, scientists search for better methods to prevent and cure algal bloom, especially
using mathematical models, in order to find reasonable prevention and cure measures [1-7].
In addition, many scholars further study the dynamics of the N-P model by considering
factors such as time delay and diffusion [8-12]. M. Rehim et al. studied a nutrient-
plankton—zooplankton system with toxic phytoplankton and three delays, and showed
the phenomenon of stability switches [8]. Y. Wang and W. Jiang considered a differential
algebraic phytoplankton-zooplankton system with delay and harvesting, and indicated
that the toxic liberation delay of phytoplankton may affect the stability of the coexisting
equilibrium [10]. In particular, Huppert et al. [13] considered the following N-P model

{ AN _ ; _ pNP —eN,

dt 1
P — eNP —ap, @

[

t

where N is the nutrient level and P is the density of phytoplankton. a denotes the constant
external nutrient inflow. b represents the maximal nutrient uptake rate. c represents the
maximal conversion rate of nutrients into phytoplankton. d stands for the per capita mortal-
ity rate of phytoplankton. e denotes the per capita loss rate of nutrients. Relevant research
work has analyzed the reasonable, deterministic, and empirical relationship between the
abundance of toxin-producing phytoplankton and the diversity of plankton communities
with large amounts of plankton but no toxins (called nontoxic plankton plants, NTP) [14].
In the case of toxic substances released by toxic phytoplankton (TPP), a simple model of
vegetative phytoplankton was proposed and analyzed to understand the dynamic changes
of the phenomenon of the seasonal mass reproductive cycle. The presence of chemical
and toxic substances helps explain this phenomenon [15-17]. In [18], Chakraborty et al.
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considered the effect of toxins produced by toxic phytoplankton on the death of nontoxic
phytoplankton, and produced the following equation

4N — g — NP —eN, 2
p _ _4p— _6P%
% = cNP —dP 2P
where 0 is the release rate of toxic chemicals by the TPP population, and y denotes the
half-saturation constant.

Since the spatial distribution of nutrients and phytoplankton is inhomogeneous, there
is diffusion. In addition, there is a time delay in the conversion from nutrients to phyto-

plankton. So, we incorporate reaction diffusion and time delay into the model (2), that is

N — 4, AN +a — bNP —¢N,
3 or ®
Sf = A2AP +cPN(t — 1) —dP — P
where d; and d; are diffusion coefficients for N and P, respectively. A is the Laplace
operator. This is based on the assumption that the prey and predator are not stationary
and will spread randomly . T is the time delay that occurs for nutrients to be converted to
phytoplankton. For analysis convenience, we have denoted

L
a c

, S:—’ [X:—, ‘B:

The corresponding problem has the following form

W = d1 AN +a(—hNP — Ns + 1), x € (0,In), t >0,
P = AP+ cP(—a+ N(t—7) = £, x € (0,17), >0,
Nx(0,£) = Py(0,t) = 0, Nx (I, t) = Px(Im,t) =0, >0,

N(x,t) = No(x,t) > 0,P(x,t) = Py(x,t) >0, x €10,1n,t € [-T,0].

(4)

The content of the paper is arranged as follows. In Section 2, we study the stability and
the existence of the Hopf bifurcation. In Section 3, we analyze the property of Hopf bifurca-
tion. In Section 4, we provide a numerical simulation to verify the previous conclusions.
Finally, we conclude this paper.

2. Stability Analysis

In [18], Chakraborty et al. studied the existence of equilibria. We cite the following
result. The equilibrium points satisfy the following equation

—a+N--LL —0 &)
’/‘ 7

1—hNP —sN =0,
2+P2

1

It can be calculated that trivial equilibrium (g, 0) and interior equilibrium (N, P),

where N, = ﬁ, and P is a root of the equation
haP® + (hB + sa — 1)P? + (hocyz + szx)P —u?(1—sa) = 0.
We provide the result from [18] as follows.

Lemma 1. The existence of a positive equilibrium for the model (4) can be divided into the follow-
ing cases.

(1) If1—sa <0, system (2) has no positive equilibrium.

(2) If0 <1 —sa < hp, system (2) has one unique positive equilibrium.

(B) If1—sa > hp, then system (2) has either three or one positive equilibrium.
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In what follows, we always assume that 0 < 1 — sa < 13, and we study the stability
of problem (4) for (N, P.). Denote

Ni(t) = N(,t) Np(t)=P(-t), N=(N;,N2)7,

X = C([0,171],R?), and % := C([-1,0],X).
The linearized system of (4) at (N*, P*) is

N = (DA + L)N, 6)

where

D= ( ‘él ; ) dom(DA) = {(N,P)T : N,P € C2([0,1r], R?), Ny, Py = 0,x = 0,17},
2

and L : ¢ — X is defined by
Lop(-) = Lig(+) + Log(- — T),

for ¢ = (¢1,¢2)" € € with

—aA —aB 0 0
Ll_(o D)’ Lz_(éo)’

" P, P2 42
A=hP.t+s, B=—" G—cp, D:M. @)
PP, +s (12 + P2)
The characteristic equations are
A+ AA 4+ By +Cre™ =0, neNy, 8)
where A, = (d1 + dz)’l%z +aA—-D,B, = dldz';—: + (aAd, — Ddl)’;—zz —aAD, C = aBC.
2.1. Non-Delay Model
When T = 0, the characteristic becomes
M —TA+D, =0, nehN, ©)
where
Ty = —(dq +d2)772 + D —aA,
Dy = didy "5 + (aAdy — Ddy)"5 + a(BC — AD),
and the eigenvalues are given by
Ty £ +/T? —4D
Ay = 2 2" %, neN. (10)
Then, make hypothesis
D ~
a>ag:= T BC — AD > 0. (11)

Theorem 1. Suppose d; = dy = 0, T = 0, and hypothesis (11) hold, then the equilibrium (N, Py)
is locally asymptotically stable.
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Proof. Suppose d; = d, = 0, T = 0, and hypothesis (11) hold, we can obtain Ty < 0,
Dy > 0, so the real part of the roots of the characteristic equation is negative, then the
equilibrium (N, P;) is locally asymptotically stable. [J

It is calculated that the discriminant of D, isI' = aZAZd% + 2adqd» (AD - ZBG) + Dzd%,

and
d1(2BC — AD) 4 dq1/4BC(BC — AD) "
At = A2, (12)
—(aAdy — Ddy) % \/ (aAdy — Ddy)? — 4dydya(BC — AD)

2d1d;

It is easy to verify that a_ < g—;ao < a4 under the hypothesis (11).

Theorem 2. Suppose diy > 0, dy > 0, T = 0, and hypothesis (11) hold. For the system (4), we

have the following conclusion.

1) Ifa> ‘%ao, then the equilibrium (N, Py) is locally asymptotically stable.

@ Ifa_<a< %ao, then the equilibrium (N, P..) is locally asymptotically stable.

() Ifag < a < a_, and there is no k € N such that ]l‘—; € (0-,04), then the equilibrium
(N, Py.) is locally asymptotically stable.

(4) Ifap <a <a_,and thereisak € N such that Il‘—; € (o0—,04), then the equilibrium (N, Py)
is Turing unstable.

Proof. We can obtain T;, < 0 and D,, > 0 fora > %ao. It can be concluded that all the
characteristic roots have a negative real part. Then, the equilibrium (N, P,) is locally
asymptotically stable (so, statement (1) is true). In the same way, statements (1)—(3) are also
correct. Suppose the conditions in statement (4) are true, then at least there is a positive

real part of eigenvalue root. Then, the equilibrium (N, P, ) is Turing unstable. [

2.2. Delay Model

Now, suppose T > 0, one of the conditions (1)-(3) in Theorem 2 and hypothesis (11)
hold. Assume iw(w > 0) is a solution of Equation (8), we can obtain

—w? +iA,w+ By, + Ccoswt — iCsinwt = 0.

Then we have

—w? + B, 4 Ccoswt = 0, (14)
wA, — Csinwt =0,
which leads to
w* + (A2 —2B,)w? + B2 — C* = 0. (15)
Letz = w?, Equation (15) is
2>+ (A2 -2B,)z+ B2 - C*=0. (16)
By direct computation, we have
n2\ 2 n2\ 2
A2 _2B, = <aA +d112> + (D _dzlz> >0,
B,+C=D, >0, (17)

4 2

n n
B, —C= dleZTL + (ElAdz — Dd])f

7 —a(AD + BC).
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Define
M={meNy|B,—C<0withn=m}. (18)

Lemma 2. Suppose one of the conditions (1)—(3) in Theorem 2 and hypothesis (11) hold. If Ml = @,
then Equation (16) has no positive root. If Ml # @, then the equation has positive roots.

Proof. The roots of Equation (16) are

1
75 = 5[ (A2 —2B,) + V(A2 —2B,)2 —4(B2 - C2)] (19)

It is easy to verify that z;; > 0if and only if n € M, and z;, is always negative or a non
real number. [

Suppose one of the conditions (1)—(3) in Theorem 2 and hypothesis (11) hold, from
Equation (14), we can obtain

wAy, w? — B,

sinwTt = >0, coswtT= C

For n € M, then Equation (8) has a pair of purely imaginary roots + iw, at T,i, j € No,

2j 1 2B
j):[, T,? = w—narccos % (20)

Wn = \/Zn, T=TO+
Lemma 3. Suppose one of the conditions (1)—(3) in Theorem 2 and hypothesis (11) hold. Then

dA
i >0 for n e M and j € Ny.

Re[LTT”T:Tn

Proof. From (8), we can obtain

(@A Ank2d T
dt ACe=AT A7

Then

@)_1 _ A2w? 4+ 2w?(w? - By)  \/(AZ —2B,)? —4(BZ —C?)
dt’r=t,  A2wt+ (w3 — Byw)2  w*+ B2+ (A2 —2B,)w?

Re( > 0.

O

Denote D := {7,11 : T-,];Z # T,’j, m#n, mnéeM, jkeNy}, and 7. = min{t € D}.

Theorem 3. For system (4), assume one of the conditions (1)—(3) in Theorem 2 and hypothesis (11)
hold, then we have the following conclusion.

(1) IfM = @, (N, Py) is locally asymptotically stable for T > 0.
(2) IfM # @, (N, P) is locally asymptotically stable for T € [0, T.) and unstable for T > T.
(3) Hopf bifurcation occurs when T = 7} (j € N, n € M).

Proof. If M = @, then B, — C > 0 and B2 — C? > 0, so Equation (16) has no positive root;
then, the roots of Equation (8) all have negative real parts. Therefore, (N, Py) is locally

asymptotically stable. Similarly, statement (2) is also correct. When T = Té (j € Ng, n € M)
implying that T, = 0, then Hopf bifurcation occurs near (N, P). O

113



Axioms 2022, 11, 56

3. Property of Hopf Bifurcation
By the method [19-21], we study the property of Hopf bifurcation. For fixed j € Ny

and n € M, denote ¥ = T}. Let N(x,t) = N(x,7t) — Ny, and P(x,t) = P(x,7t) — P,. The
system (4) (drop the tilde) is

N = 7(dy AN +a(1 — h(N + N,)(P + P,) —s(N + N,)),
{ L = 1(dpAP+c(N(E—1) = N.)(P+P.) —a(P+ P.) — EEELE @
Let
T=%+u, Ni(t)=N(-,t), No(t) = P(-,t) and N = (N;, Np)T.
Then (21) is written as
N — 2DAN(E) + Le(Np) + F(N: ), 22)
where
o= ) )
F(¢,p) = uDAG + Ly (¢) + f(¢, 1), (24)
with

F(@w) = (T+p)(Fi(o, 1), E2(¢ 1),
Fi(¢, ) = a(1 —h($1(0) + N )(¢2(0) + Pi) — s(¢1(0) + Ni) + A¢p1(0) + Bg2(0)),

2
(0,10 = (g (=) + N)(92(0) + P.) = a(9a(0) + ) = LI IO )

Then
% — FDAN(E) + Le(Ny) 25)

has characteristic roots A, := {iw, T, —iw,T}. Its linear functional differential equation is
dz(t) 2

S = —tDLE() + Le(z). (26)

There exists a 2 x 2 matrix function #" (0, ) —1 < ¢ < 0, such that
2 0

~tDLp(0) + Lelg) = [ dn’(0,7)9(0).

-1

Choose
TE c=20 2
’ —aA—d;"  —aB
"ot =4 0 oe(-1,0, E=( "% % ,F:<O 0). 27)
—1F o=-1, 0 D—dyp €0
Define

,0) = 90)0(0) — [ [ plc )@, 260
,P) = - —o)dn" (o, T
~1Je=0 28)

= p(0)9(0) + 7 [ yle+ DFpEE,
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for ¢ € C([-1,0],R?), € C([-1,0],R?). Choose p;(8) = (1,&)Tein™ (¢
pa(0) = p1(0) is a basis of A(T) with A, and g1(r) = (1,7)e” "™ (r € [0, 1}),
q1(r) is a basis of A* with A,, where

Q'_‘
/\

=
N

I

g Cefifw,, B
= 2 po M= 7
iwy + dzl—;l - iwy + D — d2”

Let ® = (&, P;) and ¥* = (¥, ¥5)T with

@y (0) = M, @y (0) = %f’zw), for 6 € [—1,0].

In addition,

¥i(r) = M ¥ (r) = M for 7 € [0,1].

Then we can compute by (28)
Dy := (¥7,®1), D; := (¥7,92), D3 := (¥5,9P1), D := (Y3, D2).

D1 D;

Define (¥*,®) = (‘I’}*,Cbk) = ( D: D;

) and construct a new basis ¥ for P, by

Y= (¥, %) = (¥, ®) 1.

Then (¥, ®) = I,. In addition, define f,, := (8L, %), where
1_ [ costx 5 0
= () 8= (e )

d- fu=diBl +dyp2, for d = (dy,d2)" € 9y,

We also define

and
I I

1 — 1 —
= — Pyd — N, Pod
< N,P > 17 Jo N11x+l71'.0 2 Prdx

for N = (N;,N2), P = (P,P), N,P € X, and < ¢, fo >= (< ¢, f8 >, < ¢,f2 >)T.
Equation (21) can be rewritten as

dAN(t)

— = AN+ R(N;, ), (29)
where
|0 6 c[-1,0),
By the decomposition of 47, the above solution is
Ni= (5 ) St na ), @

with

( 1 ) = (¥, < Ni, fn >),

X2
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and
h(xq,x2, 1) € Ps¢,, h(0,0,0) =0, Dh(0,0,0) =0.

The solution of (22) is

Nt:q>< i;gg )fn+h(X1,X2,0). (32)

Let z = x1 — ixp, and notice that p; = ®; + iP,. Then, we can obtain

2+4Z
(D( z; >fn = (ch,q)Z)( i(%—f) )fn = %(mz—i—ﬁ)fn,

2

and Z i(z—2)
z4+z i1(z—%z
h(xl,xz,O) = ( 5 , 5 ,0).
Hence, (32) is
z + zZ 1(z—2Z
N; = (plz+plz)fn + h( ( ),O)
2 2 (33)
E(Plz +712) fu + W(ZIE)/
where ( )
_ z+2z 1(lz—2z
W(z,z) = h( TR ,0).
From [19], z meets
z =iw,Tz + g(z,2), (34)
among them
2(z,z) = (¥1(0) —i¥2(0)) < F(N;,0), f > . (35)
Let
z2 72
W(Z,f) = Wz(]a + Wi1zz + WOZ? + -, (36)
z2 z?
g(Z,Z) = gzo? +g1le+gozi + - (37)

from Equations (33) and (36), we can obtain

2
E + cee,
72
2

) . _
Ni(0) = 5(z+3) cos( : ) + w§;>(o) -+ W (0)zz + Wi (0)Z

2
P(0) = (§+§z)cos( 2)+WE 0% + W 0z + WG 05+

2

2 =2
Ni(~1) = %(ze*iwﬁﬁeiwﬁ)cos(T) + W (- 1)% + W (—1)zz+ Wé;)(—l)%—f—--- )
and
F1(N;,0) = lFl = a1N¢(0)P1(0) + O(4), (38)
Fa(Ny,0) = 2B = cNi(~1)Py(0) + 1PP(0) + B2PF(0) +O(4), 9)
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with 2p2 4 2 2 2
wy = —ah, py = PGP 4paCP(PE— )
(42 + P2)? (p2 + P2)*
Hence,
— nx.  z? 72 72z nx 7%z
F1(Nt,0) :COSZ(T)( X20 + 2Zx11 + 5 - X20) + 5 Cos6u + > cos® Tglz +-
— nx. ,z? _ 227 22z nx 22z
F>(N,0) =C052(T)(*on +2z011 + ?QZO) + 5 cos et - cos? 2 7922 +-

=%(F1(N.,0) f1 + F2(N, 0) f2)

2 =2 — 2=

z ( X20 >F+zzf( A1 >r+ Z%( A20 )1"4—2%( i )+
2 620 ¢11 2 G20 2 o)

with

< F(Ng,0), fu >

14
%é, Xi1 = 061<Z+ ii), 612 =0,

W2 (0
¢ = a1(EW(0) + WE (0) + 202( )’7 +
_ 1 —iTwy iTwy
020 = 58T (e 4+ prge™ ),

011 = %eiirw" (C (17 + geZim’n) 2,3177CEZTWH>

X20 =

W0,
),

, 1 cnWl
Co1 = W121 (0) (2[%15 + ce‘”“’") + W20 (ﬁm + ce”‘"") + cCWlll(—l) + AL

3
Cn = ;/321752-

I I
Denote
¥1(0) —i¥2(0) := (11 72)
Notice that l
1 v 5 nx _
E/o cos (T)dx =0, neN,

and we have

(¥1(0) —1¥2(0)) < F(N;,0), fr >=
Z

= (7r1x20 + 72620)TT + 2Z(v1x11 + Y2611)TT +Z (71)(20 + 728p0)TT
2z,
2

N
N|
N

2
+ —==T[viKk1 + YoKo] + -+,

(40)

(41)

(42)

(43)

(44)

From (35), (37) and (44), we have g20 = g11 = 02 = 0, for n € N. If n = 0, we obtain

820 = 11 TX20 + 727020,  §11 = 11TX11 + 72T011, o2 = Y1TXo0 + Y2 T0n0-
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Furthermore, for n € Ny, g01 = T(71%1 + 72k2). Now, we compute Wy (0) and W1 (0)

for 6 € [—1,0]. From [19], we obtain

W(z,z) = Waozz + Wi12Z + Wyizz + Wopzz + - - -,
z2 72
AtW(z,2) = AtWy 5 + AsWnzz + AW + -+,
W(z,z) = AtW + H(z,%),
where
z2 72

H(z,z) = Hayo > +W1122+H022+

= X()F(Nt, ) (“II < X()F(Nt, ) fn > fn)
Hence, we have
(2iwnT — Az)Wpo = Hyo, — A:Wi1 = Hy1, (—2iwyT — Az)Woz2 = H,

that s,

Wy = (2iw, T — Af—)_leo, Wi = —A;lHH, Woz = (—2iw,T — Af)_lHoz.

By (44), we have
H(zz) = —®(0)¥(0) < F(N;,0), fu > -fu

_ (Pl( )gpz((?),m(ﬂ)z—ipz(ﬂ))< i;ﬁg; ) < E(NLO), fa > -f
%[m( )(@1(0) — i®2(0)) + p2(0) (P1(0) +iD2(0))] < F(N;,0), fu > -fn
22 72
%[(Pl( )820 + P2(0)802) 5 + (P1(0)g11 + p2(6)811)2Z + (p1(8)g02 + p2(0)50) 5] + -+ - -

Therefore by (45), for 6 € [-1,0),

[0 n €N,
Hao(6) = { —5(p1(0)g20 + p2(0)Zp) - fo n =0,

0 neN
Hq1(8) = B ’
1(6) { ~3(p1(O)g1 + p2(0)311) - fo n =0,
0 neN
Hyp(8) = . ’
02(6) { —5(p1(0)g02 + p2(0)Z50) - fo n=0,
and
H(z,Z)(0) = F(N;,0) — ®(¥, < F(N,0), fu >) - fu,
where
T’( 7@(20 )cos ”T n €N,
Hyo(0) = . Xi?) L —
T( 0% )2 0)820 + p2(0)8pp) - fo, n=0.
T’( A1 )cos ”T n €N,
_ 011
Hu(0) = X11 1 —
f( on )2 0)g11 + p2(0)gy1) - fo, n=0.
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Then, we can obtain

. .. 1 _
Wag = AzWao = 2iw, TWo + §(P1(9)g20 +p2(0)802) - fn, —1<0<0.

That is, . 7
Wao(0) = 57— (82001 (6) + 52 pa(0)) - fu + Ere?™,

where
E - { W2o(0) . . neN,
W20 (0) — 752 (820p1(0) + °Fp2(0)) - fo n=0.

Using the definition of Az and (46), we have that for —1 <6 <0

Zn~ (820p1(0) + %Pz(o)) “ fo)

~ (52071(0) + 52 p2(0)) - fo+ 2icon TEr — e~

— AtEy — Le(5—— (32071 (0) + %Pz(o))  fu + E1e2 ™)

2w, T
_ o X0 ) 1 — .
- T( o0 ) 5 (P1(0)g20 + P2(0)802) - fo-
As
Azp1(0) + Lz(p1 - fo) = iwop1(0) - fo,
and
Azp2(0) + Lz(p2 - fo) = —iwop2(0) - fo,
we have
QiwnEq — AzEq — LE1e2¢n = f( 7;20 ) cosz(g), n € Ny.
20
That is,
Ei = i'E( A20 ) cos?(—)
020 I
where .
£ 2iwy® +di % +aA aB
—Ce 2T D4 2iwgt ot )

Similarly, we have

i

— A — _ . B <
Wi =5 = (P03 + p2(0)8n)  fr, —1<0<0.
That is, .
l —
Wi (6) = Ziwnf(pl(e)gll — p1(0)gn) + Ea.
Then,
Ey = fE*( 11 ) cos2(™h),
o1 l
where 1
2 —
E* — dl% + aA [ZB . .
-C —D+ dz%
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Therefore, we have

. 2
10) = me(ogn —20gul = 545) + hem, o= —TBAL O

Ty = — gz [Im(c1(0)) + paIm(A' (7)), By = 2Re(c1(0)).

By [19], we have the following theorem.

Theorem 4. For any critical value T,];, we have the Hopf bifurcation is forward (ua > 0) or
backward (11 < 0). The bifurcating periodic solutions are orbitally asymptotically stable (B < 0)
or unstable (B > 0). The period increases (Tp > 0) or decreases (T, < 0).

4. Numerical Simulations

In order to verify the previous conclusion, we provide some numerical simulations by
Matlab. In particular, the numerical simulation of the systems with T = 0 is implemented
by the pdepe function in Matlab, and T > 0 is implemented by the finite-difference methods.
Choose the following parameters.

d1=2,h=1667,s=0267, «a =01,a=1, =048, n=018, c=05 [1=4. (51)

By direct computation, we have (N, P;) =~ (1.2130,0.3344) is the unique positive
equilibrium, and A =~ 0.8244, B ~ 2.0220, C ~ 0.1672, D ~ 0.3064, BC — AD ~ 0.0854 > 0,
and gy =~ 0.3717. Hence, hypothesis (11) holds. Now, we give the curves of a_ and %ao
with the predator’s diffusion coefficient d; (Figure 1). We can see that ayp < a < a_ holds
when d, < d}, then the Turing instability of (N, P+ ) may occur. When dy > dj, thena > a_
holds, which implies (N, P;) is locally asymptotically stable. Choose d; = 0.1, we have
a_ = 24603, 0 = 0.1723, 04 = 2.4800, and k € {2,3,4,5,6} such that 71‘72 € (0—,04). Then
(N, P.) is Turing unstable (Figure 2).

a

Figure 1. The curves of a_ and %‘ZO with parameter dj.

We choose d, = 0.4, and change the parameter 8, which represents the release rate
of toxic chemicals by the TPP population. The bifurcation diagram of system (4) with
parameter 3 is given in Figure 3. We can see that the increasing parameter  is not beneficial
to the stability of (N, Py) initially. However, when B crosses some critical value, increasing
parameter B is of benefit to the stability of (N, P ). In particular, when the parameter B is
sufficiently large, (N, Px) will always be stable.
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Figure 2. Numerical simulations for (4) with T = 0 and d, = 0.1.
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Figure 3. Bifurcation diagram of system (4) with parameter beta.

If we choose B = 0.48, we have 7, = 1§ ~ 1.5710 and wy ~ 0.2460. Then (P,, N) is
locally asymptotically stable for T € [0, 7,) (Figure 4), and Hopf bifurcation occurs when
T = T4. We obtain

Hp ~ 0.5391 >0, B~ —0.1217 < 0, and T ~ 12.3699 > 0.

Hence, the stable bifurcating periodic solutions exist for T > 7, (Figure 5). However, if
we choose B = 0.6 and T = 2.3, (P, N,) is locally asymptotically stable (Figure 6).

N(xt)

125
12
123
122
121

12

119l
800 ~

Figure 4. Numerical simulations for (4) with T = 1.2 and B = 0.48.
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Figure 5. Numerical simulations for (4) with T = 1.7 and 8 = 0.48.

Nex.) P(x1)

Figure 6. Numerical simulations for (4) with T = 1.7 and § = 0.6.

5. Conclusions

Diffusion and time delay was incorporated into a nutrient-phytoplankton model.
The instability and Hopf bifurcation induced by the time delay was studied. Through
the central manifold theory and normal form method, some parameters were given to
determine the property of bifurcating periodic solutions. The results indicate diffusion may
induce Turing unstable. The release rate j of toxic chemicals by the TPP population has a
stabilizing and destabilizing effect on the stability of the positive equilibrium. In addition,
the time delay can also affect the stability of the positive equilibrium, and it can induce
periodic oscillation of prey and predator population density.
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Abstract: The Gerdjikov-Ivanov (GI) equation is one type of derivative nonlinear Schrodinger
equation used widely in quantum field theory, nonlinear optics, weakly nonlinear dispersion water
waves and other fields. In this paper, the coupled GI equation on a time—space scale is deduced
from Lax pairs and the zero curvature equation on a time-space scale, which can be reduced to the
classical and the semi-discrete GI equation by considering different time-space scales. Furthermore,
the Darboux transformation (DT) of the GI equation on a time—space scale is constructed via a gauge
transformation. Finally, N-soliton solutions of the GI equation are given through applying its DT,
which are expressed by the Cayley exponential function. At the same time, one-solition solutions are
obtained on three different time—space scales (X =R, X=Cand X =Kp).

Keywords: Gerdjikov-Ivanov equation; time-space scales; Darboux transformation; N-soliton solution

MSC: 35Q51; 35K05; 34N05

1. Introduction

There are some practical problems that cannot be solved accurately by using only
continuous or discrete analysis. In order to unify continuous and discrete analysis, a
time scale was initiated by Stefan Hilger in 1988, which is an arbitrary nonempty closed
subset of the real numbers [1-3]. In recent years, extensive research about time scales has
been conducted, particularly in stability, oscillation and initial-boundary value problems
[4-8]. In addition, time scale dynamic equations have wide application prospects in many
areas, such as population dynamic models [9], epidemic models [10,11] and models of the
financial consumption process [12,13].

Toda’s lattice, Hirota’s network and nonlinear Schrodinger dynamic equations were
derived on a time-space scale by extending an Ablowitz-Ladik hierarchy of integrable
dynamic systems on a time—space scale [14]. This extension facilitates a variety of modeling
applications of Ablowitz-Ladik hierarchies, including optics and chaos in dispersion
numerical schemes [15]. The formulas for solutions of boundary value problem of Burgers
equation and heat equation were derived on a time—space scale by using the Cole-Hopf
transformation. These formulas may be used to study the wave motion on a time-space
scale. Sine-Gordon equation was obtained on a time—space scale and its solution expressed
by the Cayley exponential function was given [16-18]. However, the development of time—
space scales is relatively slow in nonlinear dynamical systems compared to other fields.

There are important applications regarding the derivative nonlinear Schrodinger
(DNLS) equation in many fields [19]. In particular, in situations where higher order
nonlinear effects need to be restored, a family of DNLS equations was investigated [20].
There are three famous DNLS equations, which are the DNLS I equation [21,22], DNLS
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II equation [23,24] and DNLS III equation [25]. The forms of these three equations are as
follows

it + qux + i(qzq*)x =0,
iqr + qxx +1i997qx = 0,
i+ Qe+ 5792 — igg; =0,

where g* represents the complex conjugate of g. They can be transformed into each other by
a gauge transformation [26]. Specifically, the last equation is also known as the Gerdjikov—-
Ivanov (GI) equation, which was discovered by Gerdjikov and Ivanov [27]. In recent years,
several useful methods have been proposed for obtaining solutions of the GI equation, such
as the Darboux transformation (DT) [28,29], algebra-geometric solution [30-33], Wronskian
type solution [29,34] and Hamiltonian structures [35,36].

The advantage of DT is that new solutions can be obtained successively through
iteration. The explicit soliton-like solution of the GI equation was obtained by its DT [26].
The explicit N-fold DT with multiparameters for the GI equation was constructed with
the help of a gauge transformation [28]. The dark soliton, bright soliton, breather solution
and periodic solution are given explicitly from different seed solutions. In this paper, the
coupled GI equation on a time-space scale is deduced by the Lax matrix equation extended
on a time-space scale. This extension will provide a wider range of nonlinear integrable
dynamic models and promote solutions to practical problems.

This paper is organized as follows. In Section 2, the coupled GI equation on a time-
space scale is obtained, which can be reduced to the classical and the semi-discrete GI
equation. In Section 3, N-fold DT and N-soliton solutions of the GI equation on a time-
space scale are constructed with the help of a gauge transformation. In particular, one-
soliton solutions of the GI equation on three different time—space scales are obtained from
seed solution. The last section is our conclusions.

2. GI Equation on a Time-Space Scale

For constructing the GI equation on a time-space scale, jump operators, graininess
functions and the V —derivative are introduced as follows [1-3].

Definition 1. For (t,x) € T x X, backward jump operators are defined as
c:T—T p: X=X,

o(t) =sup{s € T:s < t}, p(x) =sup{y € X:y < x}. 1)

For x € X, the forward jump operator B(x) : X — X is defined as B(x) = p~1(x) =
infly e X:y > x}.

Definition 2. The V —derivative associated with t (time) and x (space) variables is defined as

— lim f(t,X) _fa(t’x)
Vsl = PLV(t) p ' ®
Vif(t,x) = lim M, (3)
q—v(x) q

u(t) =t—o(t), v(x) = x —p(x). 4)

Note that,
fO(tx) == f(o(t),x) = f(t,x) — u(t)Vif(t x), @)
fP(tx) == f(t,p(x)) = f(t,x) —v(x)Vaf(t, x). (6)
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Definition 3. The Cayley exponential function on a time scale is defined by

X
ex(x, x0) 1= exp (/ éﬂ(s)(uc(s))As), ex(x) = ey(x,0),
Lo
where & = w(x) is a given rd-continuous regressive function and

1. 1+1zn
z):= —1lo 2=
gh() 7 glf%zh

h>0, go(Z) = Z.

When X = R and X = hZ, the Cayley exponential function becomes

ex(x) = elo ®()ds gy

1+ Lan i
ea(¥) = (1—%ah> ’
2

respectively.
Lemma 1. Take T x X = R x R. The backward jump operators
o(t) = sup(—oo,t) = t, p(x) = sup(—c0,x) = x, @)
and the graininess functions
W) = t— () = 0, v(x) = x— p(x) = 0, ®)
Lemma 2. Take T x X = R x Z. The backward jump operators
o(t) =sup(—oo,t) =t, p(x) =sup{x—1,x—2,--- } =x—1, )
and the graininess functions
u(t) =t—o()=0,v(x) =x—p(x) =1 (10)
Lemma 3. When X = R, X = iZ and X = K, the V —derivative becomes

Vaf(x) = fx(x),
Vif(x) = wand

fx)—f (Pflx),

VI =

respectively.

In what follows, based on Lax pairs of DNLS equation from the generalized Kaup—
Newell spectrum problem [32], a V-dynamical system is introduced

Vap(t,x) = Ut x)p(t, x), (11)
Viap(t,x) =V (t,x)p(t, x),
where ) 1.
Ar iA% + Jigr)’ (12)

_ (A(t,x) B(tx)
V‘<c<t,x> A<t,x>)'
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with ¢= (il Ei’ i;) , g and r are potential functions, and A is a spectral parameter.
2(¢t
According to the compatibility condition V¢ = Vi and V —derivative product
rules [15], the zero curvature equation on a time—space scale is obtained
Viu-V,Vv+u’v-vPu =0. (13)

Then, substituting Equation (12) into Equation (13), we find
1 1
—i(CHCPIA2 — (A +1AP + Vir)A — 5i(qr)7C = 5igrCf + V,.C =

—i(B+BP)A2 — (g7 A + qAP + th)/\ — 1i(qr)‘TB — 1iqup —VB=0,

—i(A— AP)A? + (g°C — rBP)A — (qr)"A + zqrAp - szt(qr) VA =0, o
—i(A— AP)A2 + A(+"B — qCP) — ii(qr)"A - Ez‘qrAP — %in(qr) + VyA = 0.
Take A, B and C as quaternary polynomials of A,
4 , 4 . 4 .
A=Y aM,B=Y b, C=) M. (15)
=0 j=0 j=0

Then, by substituting Equation (15) into Equation (14), these relations are obtained

614:*21', 611:a3:b0:b2:b4:COIC2:C4:0,
by=—b+2(g" +q), c3=—c+2(r" +r) =0,

1 1
by = — b +igah +ig7a, — Eqrbg — E(qr)"bg +iVybs,

. ) 1 1 ,
g =— c‘l) + zrag +ir%a, — iqrcg — 5(177)%3 —iVycs3, (16)
1 1 1 1
-1
ay =V (Eqacl — Er”bl — Erbf + chp),
a9 :V,?l(—%iqr"ag + %qrr"bg} — %ir"bx - fzq r7ag+ — (qr)"blr
1. 1 1. 1 1.
+ Ezqmg — Zqzrcf + Ezr”quo — Z(qr) geq — Elcle)/
and evolution equations on a time-space scale are obtained
I o L. % 1. o
Viq = qag +47ao + siqrbh + 5i(qr) by + Vaby, (17)
P o 1. P 1. o
Vir = —rag —17ag — Siqre; — Ez(qr) c1+ Vxey. (18)
According to Equations (5) and (6), Equation (16) is reduced to
by = 22— v(x)Vx) " (9 +4°), (19)
c3=212—-v(x)Vy)~ (r +77), (20)
. 1
by =2i(2—v(x )Vx) miap + 2( v(x )Vx) rn4(q+q ) (21)
. 1
1 =2i(2 —v(x)Vy) tmoay + 2( v(x)Vy) tms(r 4 17), (22)
1. 1 1,5 - 1 -
Vaiayg = §1m5a0 + = 5 i(r7mgmy — gmgmy)ay + 3’ my(qg+q7) — gqm4m3(r +77), (23)
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1
Smama(q+4q°),  (24)

1, 1
Vixap = Ez(mlmz —mymy)(2 — v(x)Vy)ay + ~myms(r +17) + 5

2
with

g

4"+ (1 —v(x) V)2 - v(x)Vy) T,
T r(1—v(x)Vo)] (2 - v(x)Va) 7,
(qr)”+(qr)(1—V(x)Vx)+21V}( v(x)Vx) ",
(ar)7 + (gr) (1 = v(x) V) = 2iV,](2 = v(x) V),
—(qr—qr )(1—V(X)Vx)+qr —q7r".

Then, the coupled GI equation on a time—space scale is obtained

r

=
[
[
[

1, 1.
Vg =q(1 —v(x)Vy)ag+q°ao + Ezqr(l —v(x)Vy)by + Ez(qr)"bl + Vb,

(25)
1 1.
Vir=—r(1—v(x)Vy)ag —r7ag — Eiqr(l —v(x)Vy)er — El(qr)acl + Ve,
where ag, by, c1 are defined by Equations (21)—(23), respectively.
In the following, two special kinds of equations are given as follows.
Case I: Taking T x X = R x R, we find p(f) = 0,v(x) = 0.
Equations (21)—(23) are reduced to
bl = iqx,
€1 = —iry,
1 1.
ay = E(rqx —qry) + quzrz.
Then, Equation (25) is reduced to the coupled GI equation
iqi + qex +iqPrye + 2q =0,
(26)
ity — Txx + irqu — Eq P =0.
When r = —q*, the classical GI equation is obtained
. 1 3 %2 c Dk
gt + gxx + STT "~y = 0. (27)
Case IL: Taking T x X = R X Z, we find u(t) =0, v(x) = 1.
£(5,t) = £, 1), o8
[Pl t) = Ef(x,t) = f(x, 1) = (1 = E)f(x, 1),
where E is the shift operator. Then, Equations (19)-(24) are reduced to
by =4(1+E)"'q, (29)
3 =4(1+E)"r, (30)
ap=(1—E)! (qr2 + rm7q), (31)
by = 2i(1+E)~1g(1 — E)! (qr2 + rmyq) +(1+E) myg, (32)
c =2i(1+E)'r(1—E)! (qr2 + rm7q) + (14 E) lmeg, (33)
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1.
ap :El

1 _
+ Z(l —E)! (rm%q — qm7m6r>,

—

1-— E)_l(rm7q —gqmyr)(1— E)_1 (qrz + rm7q)

with
me = qr +2i(1—E)(1+E)71,

my = qr —2i(1—E)(1+E)~..
Therefore, the semi-discrete coupled GI equation is obtained
gt = q(1+ E)ag + %iqr(l +E)by + (1 - E)by,
re = —r(1+ E)ag — %iqr(l 4 E)er + (1-E)er,
where ag, b1, and c; are defined by Equations (32)—(34), respectively.

3. DT of GI Equation on a Time-Space Scale

(34)

(35)

In this section, we construct a DT for GI equation and give its N-soliton solutions on a

time—space scale.

3.1. Construction of DT on a Time—Space Scale

First, it can be shown by long calculations that Equation (12) is transformed to
2 1. 5
U= —ilo3+AQ — §zQ 03,
V = —2ig3A* + B3A3 + ap030% + BiA + agos,

. . . . B 0 g (0 b (0
with o3 is a Pauli matrix where Q = (_q* 0), B = <Cl 0), By = <C3

aj (j=0,2), bj, ¢ (j = 1,3) are defined by Equations (19)—(24), respectively.

Then, the V-dynamical system Equation (11) is transformed into
Viyp[l] = Ult]y[L],
Vip[l] = V[1]y[1],

under a gauge transformation
y[] = T[t]y.
Substituting Equation (38) into Equation (37), we find
UNJT[1] = Vi T[1] + T[1]FU,

VT[] =V, T[] + T[]V,

where 1
{um = —iX%s +AQ[1] - iQ[1es,
V[1] = —2iosA* + B3[1]A% 4 a5[1]03A2 + By [1]A + ag[1]o3,
. _ 0 1] _ 0 b1 _ 0 bs[1]
el = (g ) m0= (o ) w= (o ")

Assume
T[l] =Tp+ ThA

. a b o a blz
where Ty = (c d)’ T, = <021 dzz)'
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Substituting Equation (42) into Equation (39) and comparing the coefficients in the
terms of the same powers A/ (j = 0,- - - ,5) on both sides of equation, we find

€1 =b;p =0,
app =dp =1,

43
q[1] = g+ ib +ib®, *3)
g[1]* = q* +ic+ic".
Setting S = — T = <511 S12>, we obtain
521 522
T[] =AI-S, (44)
q[l] = q —is;p — isfz. (45)
Substituting Equation (44) into Equation (39), we obtain
1 1
V.S = EiSPQZc»j + EiSQZa3 + Q8% — SPQS +i5°S%03 + iS303. (46)
Assume
S=HAH™! (47)
with A = </\ 0*) is an eigenvalue matrix, H = (l’bl %*) is a fundamental solution
0 A P2 Y

matrix and satisfies

1
V. H = —iosHA?> + QHA — ~iQ%03H,
X 3 Q 2 Q 3 (48)
V:H = —21’0’3HA4 + B3A3 + a20’3HA2 + Bi1HA + agos H.
It is easy to obtain
V.S =V, (HAH—l)
(49)

1 1
= EiSPQZUg, + Ez'scfa3 + Q8% — S°QS +iS°S%05 + iS30,

which means that Equation (47) yields Equation (46). From T[1], + T[1]°V = V[1]T[1],
we find

— ViS+ (A=) (-2;’@4 + B3A3 + 030 + ByA + EloU’g)
(50)
- (—21’03/\4 + B3[1)A% + a5[1)o3A% + By [1]A + aomag) (AI=S).

Comparing the coefficients in terms of the same powers AJ(j = 0,-- - ,5) on both sides
of Equation (50), we obtain

A —VS —agS703 = —ag[1]03S,
ALz agos — S7By = —By[1]S + ag[1]os,
A% By — 8703 = By[1] — a3[1]038,
A3 : ayo3 — S7B3 = ap[1]os — B3[1]S,
A% 2 B3 +2iS%03 = Bs[1] + 2i03S,

A —2ioy = —2ios.

(51)
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Then, the gauge transformations Equations (44) and (45) are proven to be DT of the GI
equation on a time-space scale.

3.2. Soliton Solutions of the GI Equation on a Time—Space Scale

Soliton solutions of the GI equation on a time—space scale are constructed by applying
its DT. First, Equation (11) is transformed to

—iA2 4 *
Vo] = Ulolylo] = ( ' ir7\26/[%[]*]q[0] iA? —E?LE([)(]JM[O]*W[O]' 52
—2iA* + ap[0]A% + a9 [0] b3[0]A% + b1 [0]A 2

V“”[O]:V[OWO]:( &5[0]A% + ¢1 0] 2iA4—a2[O]A2—a0[o})"’[o]'

41 [0})
where 1|0]= .
¥1o) (ll’z [0]
Let us set the spectral parameter A = A;. A one-fold DT of the GI equation on a

time—space scale is constructed

w[1] = T[1]yp[0]
= (AL —S[0])y[0]
_ (A—sul0]  —s12[0]
B ( —5211 [10] /\—15222[0]>¢[O]’ (53)

q[1] = (0] — is12[0] — is12[0]"

(A =AY f0lg3[0] (A — ATyl [0]y,” [0]

= q[o] —1 AO —i A‘S s
where
5_1(—M%w%wmww (M—Mymwmz>, -
Bo\ (<A1 = 20)9i(0)palo]  =Afly1 (0] — Aaly2[0]

with Ag = —[1[0]* — |2[0]*.
Under the DT (53), the V-dynamical system (52) is transformed into

—i 1; *
—2iA* 4 ax [1]A% + g [1] b3[1]A% 4+ by [1]A )¢[1]~

Vipll] = Vgt = ( G +ar 2iAf — a[1A2 — ao1]

In what follows, taking the “seed solution” ¢[0] = 0, we obtain eigenvectors ¢[0] of
Equation (52) with A = A4

([0 _[e-irz(x,0)e 53 (£, 0)
IP[O]_CPZ[O})_( eip2(x,0)e504(£,0) ) (56)
(W (L= ReC0e_pa (00 _gs(4,0)
IPP[O]_<¢§[O]>_< [1—I—ii\%v(x)]eii%(x,o)ezli;(t,o) ’ (57)

wheree A2 (x,0)and e, A4 (t,0) are Cayley exponential functions [18]. Then, a one-soliton
solution of the GI equation on a time-space scale is obtained

Ci(A = A7) Es i(A — A7) (1 —iA%v(x))Es

M ="F7F (1+iA2v(x))Ey + (1 — iAu(x)) By’ 9
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where
E1= = igoap) (5 00 ai(ag-ag0) (£0),

B2 = =€i(a3-x2) (% 00ezi(ag-ape) (1.0,
Es =—e_jna) (xro)eqi()\%uﬁ) (£,0).

Similarly, we take the spectral parameter A = A,. A two-fold DT of the GI equation
on a time—space scale is constructed

$[2] = T[2]p[1]
= (AL = S[1])yp[1]
(A =s11[l]  —s12[1]
= (" 2Ty e
= T[2]T[1]y[0],
q12] = q[1] — is1p[1] — is12[1]°

RN B4 2100010 NI e A8 3P 1]

(59)

7

where
q)= L [ SAlnlIP Sl (0 - Ao 1Rl ) (60)
M\ (A=A gat] A5l - Aalyalt )’

with Ay = [y [1]* ~ |y [1] "
When the spectral parameter A = Ay, N-fold DT is constructed as follows

y[N] = T[N]p[N —1]
= (AI = S[N —1))y[N —1]
(A —spu[N—=1] —sp[N-1]
= ( —52511[1N—1] /\—Slszzz[N_u)lp[N_”
= T[N] - T[3]T[2]T[1]y[0],
q[N] = q[N — 1] —is;p[N — 1] —isf, [N — 1]
N (Aj—A;)¢1U—1]lp;[,’—1]+iN (Aj—A;)¢§U—1] Pl —1]

— g[0] +i :
= ]; pli-UP+lwl-17 = ‘tpf[j—l}‘2+‘zp§[j—1]‘2

(61)
An N-soliton solution of the GI equation on a time-space scale is obtained
N (A=A )l =gl =] (A= A7 )9l = 1, - 1]
. ] 2 . ] 1 2
q[N]:zZ< J) i ( ]) (62)

Sl UP+gRli-ur S ‘¢§[j—1]‘2+(1p§[j—1]’2 '

In what follows, N-fold DT and N-soliton solutions of the GI equation on three special
time—space scales are obtained as follows.

133



Axioms 2021, 10, 294

Case I: Taking T x X = R x R, we obtain an N-fold DT of the classical GI equation

#[N] = T[N]y[N — 1]

= (Ml = S[N = 1])$[N —1]

_ (A-sulN=1]  —sp[N-1]

= < ,s;l[lel] )lesiz[N”)tp[N—u

= T[N] - - T[3]T[2] T[1]%[0], (63)
qIN] = g[N — 1] — 2is;p[N — 1]
N (A= A7)l — 1030 1]

=qg|0 21 .
2 L s gl - 17

When N = 1, g[0]=0 and the spectral parameter A; = &1 + i77;, we obtain a one-soliton
solution of Equation (27) ‘
g[1] = —2n1¥"1 sech(2X1), (64)

where

X1 = 4aymix + 16(0(?171 - 0(117%) t,
Y1 =-2 (oc% - ;ﬁ)x - 4(0(% - 60&17%) t.

The profile of the one-soliton in Figure 1.

Figure 1. One-soliton solution (64) with a1 = 0.7, 7; = 0.6.

When N = 2, g[0]=0 and the spectral parameter A, = &y + ifj», we obtain a two-soliton
solution of Equation (27)

My Mye=2Y2 — a1 M sech(2X; )e?X2—2M1
| M [2e2X2 + My |?e=2X2 + My + Ms + M
) i1 M SeCh(2X1)372X2*2iY1 — Ms

| My [?e2%2 + | Mp|*e~2X2 + My + Ms + Mg

q[2] = — 2m16¥M sech(2X;) — 41,

(65)

+ 4y
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where '
M1 = ap — aq tanh(2Xy) + (2 — m)i,

My = ay — a1 + (172 — 11 tanh(2X4) )i,
M3 = iayn; sech?(2X; e 411 +2%2
My = 2i sech(2X1) sinh(2iY1 — 2iY2)(1110€2 + 0(1172),

Ms = 2sech(2X;) cosh(2iY; — 2iY;) (171172 — 17 Faan — uc%),
Mg = sech?(2X;) (77 e 2%z 4 p2e ZXZ)
Xy = 4armpx + 16(04%172 — Dézijg) t,
Y, = —2(0(% - n%)x - 4(04% - 6a%17§) t.
Case II: Taking T x X = R x C, we find

u(t) =0,

1
vx) = {3 ¥ (66)
0, x € C\L,

where C is a Cantor set. L contains left discrete elements of C,

m
aj 1 .
L:{kz"li%k—'—fi’"“ .meN,akG{O,Z},lgkgm}.

Then, an N-fold DT of the GI equation is constructed

$[N] = T[NJg[N —1]
= (M — S[N —1])p[N —1]

A=si[N—1]  —spp[N 1]
:< _5211[1N—1] A—lszz[N_l} >¢[N—1]

= T[NJ--- T38]T[2]T[1]y[0],
0] 41 3 i)l veiln g ()i
g[N] = j=1 l¢li- P +ai-1 =1 |01+ e -]
N (A=A )y [i—1]w [~
q[0] +2i - (%=1 ) wli—tlys -1 xeC\L tR.

j=1 lnli-1] P+ li-1)1° 7
(67)

According to Definition 3, we have

X X
ik 3m+1 m+1
_ 1+ 3lmJl1 " _ 1+ 2><3m+1 ’
eizm‘l*(xf 0) = o ’ eii)\%(x' 0) = o :
1 + 3m+1 1 + 2><3m+1

When N = 1, g[0] = 0 and the spectral parameter Ay = a1 + i1, a one-soliton solution
is obtained

1 (@t ia3)” My — (i} — 2011)° My el tER
gl ={ M (ia? — in?)N, ’ ’ ’ (68)

— 2111€2iY1 sech(2X;), x e C\L, t € R,
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where
Ny = E1|/\1:D¢1+i7l1 + E2|/\1:M+i7]1’

N, = E1|/\1:a1+i171 - E2|/\1:l’<1+i’71’
3m+1x

2 . .
My =2 |1+ W (21171 21'04%)1 p(24indni —dia )t
Case IIL: Taking T x X = R x K, we find
pu(t) =0,
o(x) = (1—-p~ )x x—p Ep, (69)
0, x=0,

where p > 1, p? = {pk ke Z} and K, = pZ J{0}.
Then, an N-fold DT is constructed

$[N] = T[NJ$[N —1]
= (AI = S[N —1])p[N —1]

A—s11|N -1 —s17[IN =1
:< —5211[11[\1—1]] /\—1522[2[1\1_]1] )l/’[N—l]

= T[N]--- T[3]T[2] T[1]y[0],
N (A-w)wlufwzw N (y A*)wlv gifli-1
0 - Z, t R,
N (I Y TR T LD P P LR A
a N (A=) g1l
2 L =0,teR.
10042 & S gy * =0 €
(70)
According to
b
| s ) X xf ),
xX=a
b
[ Fot)x = (p-1) ¥ xf(2),
x=a
we have .
(1-p71) pz +iA2
eim%(x,o) =e x=0 ,

k
p
(p—1) L +iAg
exip2(p(x),0) =e =
When N = 1, 4[0]=0 and the spectral parameter A1 = a1 + i#1, a one-soliton solution
is obtained

(71)

[1] _ 7116(160(11717’—16&%771—4ia‘]1+24iu<%1712)tM8, x e PZ, tER,
q =

— 2 ¥ sech(2Xy), x =0, t € R,

where

7 k
1-p71) ¥ (—2ia2+2ip?)x 14
Ms 26( )XZO( i) sech(l - pfl) Z 4oy x
x=0

o k
(p—1) ¥ (—2ia?+2ip3)x
+e k=0( t+2int) sech(p—1) Y 4oy x.
x=0
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4. Conclusions

In this paper, the coupled GI equation on a time—space scale was obtained by extending
the Lax matrix equation on a time-space scale, which can be reduced to the classical GI
equation. In particular, the semi-discrete GI equation was given by providing parallel
computations for the discrete and continuous case. The standard DT of the GI equation
was extended on a time—space scale. On this basis, its N-soliton solutions on a time-space
scale were obtained, which were expressed using Cayley exponential functions.

The extension provides a wider range of nonlinear integrable dynamic models and
promotes the study of nonlinear dynamic systems. By taking the “seed solution” 4 = 0
and A = a + iB, one-solition solutions of the GI equation were obtained on three different
time-space scales (X =R, X = C and X = Kp ). In one case, the exact solution (64) and its
dynamic figure were obtained when x € R. In the other cases, when x € C\L and x =0,
exact solutions (68) and (71) were obtained and were similar to Equation (64). However,
when x € Land x € pZ, the structures of solutions (68) and (71) were more complicated
and their values were different from those of Equation (64) at those discontinuity points.

Due to the limitations of the computer, it was difficult to obtain their dynamic figures
at this stage. Furthermore, there is another well-known equation, the Eckhaus equation,
which possesses a very similar structure. The Eckhaus equation is also integrable and has
soliton-like solutions expressed in terms of the hyperbolic functions [37,38]. Therefore, we
will find the most effective way to reduce structures of solutions (68) and (71) on C and Kp,
and study the Eckhaus equation on a time-space scale in our future work.
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Abstract: This paper focuses on two Dirichlet boundary value problems whose differential operators
in the principal part exhibit a lack of ellipticity and contain a convection term (depending on the
solution and its gradient). They are driven by a degenerated (p, 7)-Laplacian with weights and a
competing (p, q)-Laplacian with weights, respectively. The notion of competing (p, q)-Laplacians
with weights is considered for the first time. We present existence and approximation results that hold
under the same set of hypotheses on the convection term for both problems. The proofs are based
on weighted Sobolev spaces, Nemytskij operators, a fixed point argument and finite dimensional
approximation. A detailed example illustrates the effective applicability of our results.
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1. Introduction

Consider a bounded domain Q) in RN (N > 1) with a Lipschitz boundary 902, numbers
1 < g < p < o, functions a,b € L'(Q) with a(x),b(x) > 0 for ae. x € Q and a
Carathéodory function f : QO x R x RN — R (i.e,, f(-,t,¢) is measurable on Q for each
(t,&) € R x RN and f(x,-,-) is continuous on R x RN for a.e. x € Q). The aim of this
paper is to investigate the quasilinear Dirichlet problems

—div(a(x)|VulP=2Vu + b(x)|Vu|T2Vu) = f(x,u,Vu) inQ
_ @D
u=20 on 0}
and
—div(a(x)|Vul[P=2Vu — b(x)|Vu|172Vu) = f(x,u,Vu) inQ
_ 2
u=20 on dQ).

Notice that problem (1) is driven by a sum of weighted p-Laplacians, whereas problem
(2) by a difference of weighted p-Laplacians. The weights a € L'(Q) and b € L}(Q) are
strongly related to the ellipticity property, but act in a fundamentally different way in these
problems. The celebrated p-Laplacian and g-Laplacian are used instead of more general
operators in the above formulations just to highlight the main ideas.

The differential operator in the principal part of Equation (1) is the sum

u > div(a(x)|VulP~2Vu) + div(b(x)|Vul[P2Vu)

of the degenerated p-Laplacian with weight a € L!(Q) and the degenerated g-Laplacian
with weight b € L'(Q) that should be consistent. This operator was introduced in [1] where
it was called the degenerated (p, q)-Laplacian with weights a,b € L!(Q). Its construction
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is reviewed in Section 2. The characteristic property of this operator is the degeneracy,
meaning that one cannot guarantee the existence of a constant k > 0 to have

(—div(a(x)|VulP~2 + b(x)|Vu|T2)Vu),u) > k /(.)(|Vu(x)|p + |Vu(x)|T)dx.

Due to this, one cannot apply the classical elliptic theory.
The differential operator in the principal part of Equation (2) is the difference

u — div(a(x)|VulP~2Vu) — div(b(x)|Vul[P~2Vu)

of the degenerated p-Laplacian with weight a € L!(Q) and of the degenerated g-Laplacian
with weight b € L!(Q). Such a nonlinear operator with weights is considered for the
first time. We call it the competing (p, q)-Laplacian with weights a,b € L!(Q). In this
case, we go beyond the degeneracy, actually completely dropping the ellipticity because
the quantity

(—=div(a(x)|Vu|P2Vu — b(x)|Vu|T2Vu),u) = /Q(a(x)|Vu(x)|p —b(x)|Vu(x)|T)dx

can have an arbitrary sign (note that a(x) and b(x) are positive). For problem (2), any
method of monotone type, including the use of pseudomonotone operators, fails to apply.

The right-hand side f(x,u, Vu) of the equations in (1) and (2) is a convection term;
that is, it depends on the solution u and on its gradient Vu. The dependence on the
gradient Vu generally prevents having a variational structure for problems (1) and (2),
so the variational methods are not applicable. In order to find the needed estimates, an
essential part of our development is devoted to the Nemytskij operator associated with
the convection term f(x, u, Vu) under an appropriate growth condition for the function
f(x,t,&) on Q x R x RN. Different results regarding unweighted problems involving
(p,q)-Laplacian and convection terms can be found in [2].

The problems (1) and (2) have only recently been regarded in their generality. To the
best of our knowledge, there is solely the existence theorem for problem (1), obtained in [1]
through the theory of pseudomonotone operators. For the particular case of (1) where the
equation is governed by a degenerated p-Laplacian (i.e., b = 0 in (1)), existence results
based on minimization and degree theoretic methods can be found in [3] and a method
to create a sub-supersolution was developed in [4]. Concerning problem (2) driven by
competing operators, there is no available result except for the most particular situation
where a(x) = b(x) = 1in Q (i.e., the problem without weights), whose study was initiated
in [5] and continued in [6,7].

In the present paper, we overcome the lack of ellipticity, monotonicity and variational
structure in problems (1) and (2) by means of a passing to limit process involving approxi-
mate solutions generated through fixed point arguments on finite dimensional spaces. This
approach was implemented in [6,7] for unweighted problems (i.e., a(x) = b(x) = 1in Q).
Here, the development is substantially modified due to the completely different functional
setting under the weights a € L'(Q) and b € L'(Q).

For problem (1), we are able to establish the existence of a solution in a weak sense,
whereas for problem (2), we prove the existence of a solution in a generalized sense. It is
worth noting that in the case of problem (1) any generalized solution is a weak solution.
Moreover, our results can be viewed as providing approximations in the sense of strong con-
vergence for solutions to problems (1) and (2) by finite dimensional approximate solutions.

Inspired by [3], a major step in our treatment is a reduction within the framework of
classical Sobolev spaces. We impose a suitable growth condition for the convection term
f(x,u, Vu) to match this reduction. The growth condition is expressed using a positive
quantity (ps in the text) described by the weights a € L'(Q) and b € L!(Q), which provide
the best integrability rate.
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We plan to use the present work for studying evolutionary counterparts for problems
(1) and (2).

The rest of the paper is organized as follows. Section 2 presents the degenerated and
competing (p, q)-Laplacians with weights. Section 3 sets forth the associated Nemytskij
operator. Section 4 contains our main result on the solvability and approximation for
problem (1). Section 5 focuses on the solvability of problem (2). Section 6 illustrates by an
example the effective applicability of our theorems.

2. Degenerated and Competing (P, Q)-Laplacians with Weights

Throughout the text, we denote by — the strong convergence and by — the weak
convergence in any normed space X under consideration. The norm on X is denoted by
Il - ||x, while the notation (-, -) x stands for the duality pairing between X and its dual X*.
For the rest of the paper, by a bounded map we understand a map between normed spaces
that maps bounded sets to bounded sets.

We fix the framework for the underlying weighted Sobolev spaces related to problems
(1) and (2). For a systematic study of weighted Sobolev spaces, we refer to [3,8]. The
completeness property for such spaces is discussed in [9]. This functional setting was also
discussed in [1].

Given a real number p € (1, +c0) and a positive function a € L!(Q), the weighted space

WP (a,Q) := {u € LP(Q) : /Qa(x)|W(x)|de < oo},

is endowed with the norm

1
" r
il = (|u||im> + /Qa<x>w<x>|mx) | Vue W(a,0).

We note that C3°(Q)) C WP (a,Q)). The closure of C(Q2) in W' (a, Q) with respect to
the norm || - ||W1,p(u,0) is the space W&’p (a,Q). The dual spaces of W7 (a,)) and W&’p(a, O)

are denoted by W' (a,Q)* and W&’p (a,Q)*, respectively.
A reduction in the setting of classical Sobolev spaces is based on the following condi-
tion from [3] (p. 26):

(H1).a~* € L'(Q) for some s € (max{%, ﬁ}, —i—oo).

Proposition 1. Under condition (H1), there are the continuous embeddings

WP (a,Q) — WP (Q) — LF(Q), (3)
where
_ _ps
Ps = st 1 4)

In addition, the embedding WVPs(Q)) — LF(Q) is compact. Furthermore,

1
4
H“”w&*’(g@) = (/Q a(x)|Vu(x)|”dx> , Yue Wé'p(a,Q),

is an equivalent norm on WS P (a,Q)) for which Wg P (a, Q)) becomes a uniformly convex Banach space.

Proof. The proof is essentially completed in [3]. For the sake of clarity, we highlight aspects
relevant for problems (1) and (2).
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It can be seen from (4) that ps > 1if and only if s > 1/(

p — 1), which by assumption
(H1) is true. In order to prove the first inclusion in (3), let u € WP (a,Q) Using Holder’s
inequality, hypothesis (H1) and (4) (note ps; < p), we infer that

| IVu) P = [ (@) 7 [Tux)P)a() "

Pdx
: (/Q“x)lW(x)de) " ([ ot i)

— 5 1,
< la SH o HuIquQ), Vu € Wy (a,Q)
The continuous inclusion W17 (a,Q))

WLPs(Q) is proven.
The Rellich-Kondrachov embedding theorem ensures the compact embedding Ws
: *
that is, -

() — L"(Q), with 1 < r < p}, where p is the critical exponent corresponding to ps,

Nps

N-p; N> ps(& ps < N(s+1))
ps =

“+o00

if N<ps(&ps>N(s+1))
We have that p;

pif and only if s > N/p. Since the latter holds by assumption (H1),
the compactness of the second inclusion in (3) follows

The desired equivalence of norms is a consequence of (3) and the Poincaré inequality
on W, (Q) because with a positive constant C

1
[ullrio) < Cllullwirpn)y Vi€ Wy (a,Q)
It remains to show that W,

(a,Q) is a uniformly convex Banach space. It suffices
to have a1 € L'(Q) (see [3] Theorem 1.3). From hypothesis (H1), it is known that
—s ¢ L1(Q) withs > 1/(p — 1), which results in
1 1
gy — / “ Ty 4 g
/Qa( ) g u(x)<1}a(x> g {a( )>1}a(x) g
< / a(x)"*dx + meas(Q) < oo
Q

thus completing the proof. [J

The degenerated p-Laplacian with the weight a € L!(Q) is defined as the map A“
Wo (a,Q) — W,” (a,Q)* givenby A% (1)

div(a(x)|Vul[P~2Vu) forallu € W,”(a,Q), ie,
(=A% (u),v) W (0,0) = /Qu(x)|Vu(x)\p*2Vu(x)Vv( Ydx, Vu verp(a Q)

The definition makes sense as can be seen through Holder’s inequality
’ / x)|Vu(x

P2V u(x)Vo(x)dx

< [ @) [Vl a(x) 7| Vo) i

< (/Qa(x)Wu(x)V’dx)p;l(/Qa(x)Wv(x)V’dx); <o, Vu,ve WY (a,0)

The ordinary p-Laplacian is recovered when a(x) = 1in Q
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The degenerated p-Laplacian A} : Wé’p (a,Q) — Wé’p(a,())* is continuous and
bounded. We denote by A; the first eigenvalue of —Aj : Wé’p(a,()) — Wé’p (a,Q)*

1
corresponding to the weight a € L'(Q) with a~ 7= € L(Q). Specifically, A; is the least
A > 0 for which the problem

—div(a(x)|VulP2Vu) = AMu[P~2u  in Q
u=20 on 0}

possesses a nontrivial solution. It can be variationally characterized as

A= inf Jo o) \Zu(x)v”dx.
ueW, (a,)\ {0} 1l ()

©)

More details on the degenerated p-Laplacian with weight can be seen in [3].

For the positive weights a € L!(Q)) and b € L' (Q) entering problems (1) and (2), we
have the degenerated p-Laplacian A : Wé’p (a,Q) — W&’p (a,Q)* with weighta € L1(Q)
and the degenerated g-Laplacian Ag : Wé’z(b,()) — Wg'z(b,Q)* with weight b € L1(Q).
The two operators need to be consistent, which is achieved under the following compatibil-
ity condition for the weights:

(H2). 1< g<p<+ooanda 77b77 € L}(Q).

Proposition 2. Assume that condition (H2) holds. Then, one has the continuous embedding
Wy (a,Q) — W, (b, Q).

Proof. By hypothesis (H2) and Holder’s inequality, we infer that

[ p@IVu i = [ (a(x) 7 b(x))(a(x)? V) )dx

< (/Qa(x)P%b(x)rﬂidx>p(/ﬂa(x)|Vu(x)pdx

_a _p 1
< a7 g Hull

<

==

1,
WP (a,0)’ Vu,v € W, p(a,Q),

which proves the result. [

Under condition (H2), on the basis of Proposition 2, the map A}, + Ag : Wé’p (a,Q) —

Wg’p (a,Q)* called the degenerated (p,q)-Laplacian with weights a,b € L}(Q) is well-
defined. It is given by

<_(Aa + Ab)ul U> 14’([2 Q) (6)
= / )| Vu(x)|P72Vu(x) 4+ b(x) | Vu(x)[1772Vu(x)) Vo(x)dx, Yu,v € Wg’p(a,Q).
The degenerated (p, q)-Laplacian with weights a,b € L!(Q) was introduced in [1].

Again on the basis of Proposition 2, the map A}, — AZ : Wg’p (a,Q) — Wé’p (a,Q)*
given by
a b
<7(A 7A )M/U>W1,P(HQ) (7)

_/ )| Vu(x)|P~2Vu(x) + b(x)|Vu(x) |7 2Vu(x))Vo(x)dx, Yu,v e Wg’p(a,Q),

is well-defined provided condition (H2) is satisfied. We call it the competing (p, 4)-Laplacian
with weights a,b € L'(Q) and is introduced here for the first time.
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Proposition 3. Under assumption (H2), the maps A} + AZ : Wol’p(a, Q) — W&’p (a,Q)* and
A — Ag : W&’p(a, Q) - Wé/p(a,ﬂ)* are continuous and bounded. In addition, under (H1) and
(H2), the (S)+ property holds for the map — (A}, + AZ) : Wé’p(a,Q) — Wé’p(a,())*; that is, any
sequence {u,} C Wé’p(a,Q) satisfying u, — u in Wé’p(a,ﬂ) and

lim sup(— (A} + Ag)un,un —u) 0 8)

<
1, =
n—o0 Wo ’”(g,())

is strongly convergent. Thus, u, — u in Wé’p (a,Q).

Proof. Due to the continuous embedding W'?(a,Q)) — Wi (b, Q) in Proposition 2,
AL + AS and A}, — Ag inherit the continuity and boundedness from A}, and AS.

For the second part of the statement, let a sequence {u,} C Wé’p (a,Q) with the
required properties. By (6), the monotonicity of —AZ and Holder’s inequality, we obtain

(A + AD) (un) + (A + ALY (w0), 1y — )

<7 Wg’p(a,Q)
> (=8 (1) + A () 0y —

u) W (a,00)

> ( )—||u|\’” ) > 0.

_ p-1 -
e L IR {1 N L

It follows from the above estimate, (8) and u,; — u in Wg’p (a,Q) that there holds

. o cps 1p
nng 7™ ||W8,p(a10) = Hu||wé,p(ﬂ10). From Proposition 1, we know that the space W, (a, (2)

is uniformly convex. Therefore, we can conclude that u, — u in Wé Pa,Q). O

3. An Associated Nemytskij Operator

In this section we focus on the right-hand side of the equations in (1) and (2), i.e., the
convection term f(x,u, Vu). Our goal is to identify the growth condition for the function
f(x,t,&) to match the reduction in Proposition 1 to the unweighted Sobolev space Wé’ps (Q).
The appropriate growth for f(x, t,¢) is the one used in [1].

In order to simplify the presentation, for any real number r > 1, we denoter’ :=r/(r — 1)
(the Holder conjugate of r). This convention will be preserved for the rest of the paper.

Lemma 1. Assume (H1) and (H2) and in addition that the Carathéodory function f : (3 X R x
RN — R satisfies the growth condition:

(H3).
1f(x,t, )] < o(x) 4+ c|t]* + ca|E|P foraex € Q, V(t,&) € R xRN, )
with o € LY (Q) fory € (1, p) and constants c; > 0,¢c, > 0,a € [0,p* —1), B € [0, %)
Set
= mind o/, 25 P
0:= mm{’y “a B } (10)

Then, the Nemytskij operator N : LP: (Q) x (LPs(Q))N — LP(Q) associated with the
function f which is given by

Ny(0,2) = f(-,0(),2(), Yo,z € L (Q) x (L ()N (11)

is well-defined, continuous and bounded.
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Proof. The requirements in (H3) postulate ¢/ > 1 (note y > 1),

ﬂ: p: _ *\/ & *\/
2 o1 >l > p) >

(note that p; > p > 1). Then, a consequence of (10) is that § > 1.
We observe that (9) yields

If(x,t,8)| < 7(x) + |t +co|E]? foraex e Q, V(&) € RxRY, (12)

with & € L9(Q). Indeed, (10) gives

Hence (12) is derived from (9) with ¢(x) = o(x) + ¢1 + ¢, for a.e. x € () obtaining
FeL”(Q) cLiQ).

Using Krasnoselskij’s theorem, we infer from (12) that \V, ¢ introduced in (11) has the
required properties, thus proving the result. [

Let Ny : WP (a,Q) — WP (a,Q)* be defined by

(Nf (1), 0)wip(q,0) = /Qf(x,u(x),Vu(x))v(x)dx, Yu,v € W&’p(a,()).

Due to the first inclusion in (3), it holds that (1, Vi) € L (Q0) x (LP+(Q))N whenever
ue Wé’p(a,Q). It turns out

1,
(Nf(u), )i (o) = N5, Vi), 0) o), Yi,0 € Wy P(a, Q). (13)
The assertion below provides a key tool for investigating problems (1) and (2).
Proposition 4. Assume (H1)-(H3). If u, — uin Wg’p(a, Q), it holds that

lim <Nf(un),un =0. (14)

—Uu
=00 >w3"’<a,n)

Proof. Recalling the convention made in the beginning of this section, (10) entails

9 = max{’y, (’f)l, (7;)} (15)

By (H3) we have ¢ < pZ,

Ps

(Ps>': B ps ps  _ (p2)

= < = =
B) BT h B oI ()1

ps.-

Hence, (15) yields 1 < 0’ < p¥ and we can apply the Rellich-Kondrachov compact
embedding theorem to deduce that the embedding W#: (Q)) < L (Q) is compact, which
results in u, — u in LY (Q)).

Since (13) implies that

|(Nf(un), tn — ”>W1,n(a,0)‘ < ||Nf(unlvun)”L9(Q) [Jn — u”[ﬁ’(g)' (16)
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and Lemma 1 ensures that { Ny (1, Vi) } is bounded in L%(Q), from (16) we arrive at (14),
as desired. O

4. Solvability and Approximation for the Degenerate Elliptic Problem (1)

The object of this section is to develop an approach based on finite dimensional
approximations for problem (1).

Since the Banach space Wg & (a,Q)) is separable (see Section 2), there exists a Galerkin
basis for it. This amounts to saying that there is a sequence { X}, } of vector subspaces of
Wé’p (a,Q) such that
(i) dim(Xy,) <oo, Vnu;

ii) X, C Xpy1, n;
i

(
(iif)

U X = Wy (a,Q).

n

We fix such a sequence of subspaces {X,}. Each approximate problem on X, will be
resolved by means of a consequence of Brouwer’s fixed point theorem.

Proposition 5. Assume the conditions (H1)-(H3) and in addition
(H4). there exists p € L (Q) and constants d; > 0 and dy > 0 provided )\fldl +dy <1, where
Ay denotes the first eigenvalue of —Aj on Wé’p(a, Q), such that

flx,t,0)t < p(x) +di[t|P + daa(x)[]P (17)
fora.ex € Qandall (t,¢) € R x RN,
Then for each n there exists u, € X, such that
(—(a,+ As)(””)’ww&'ﬂ(a,ﬂ) = /Qf(x, un(x), Vuy(x))v(x)dx, Yoe X,  (18)

Proof. For each n, consider the continuous map A, : X;; = X;; defined by

(An(u),v)x, = (=(A) + Ag)(u),wwé,p(ﬂ,m - /Of(x,u(x),Vu(x))U(x)dx, Vo € Xy.
The definition of the operator A, (17) and (5) lead to

(An(v),0)x, = /Q(ﬂ(X)WUV” +b(x)[VolT = f(x,0, Vo)o)dx

p

> |v||? - el — leZ]||]LL7P(O) _dZHUHWS’p(ﬂfQ)

1,
W, " (2,0

> (1—diAy! - dZ)HUHs\/l,p(a -~ lelliiq)y, Vo € Xa.
0 7’

Thanks to the assumption 1 — dy A 1 _ 4, > 0in (H4), it follows that

(An(v),v)x, > 0 whenever v € X,, with HUHWS”’(a,Q) =R

provided R = R(n) > 0 is sufficiently large. In view of the fact that X, is a finite dimen-
sional space, by a well-known consequence of Brouwer’s fixed point theorem (see, e.g., [10]
(p. 37)) there exists u, € X, solving the equation A, (u,) = 0. This means exactly that
uy € Xy is a solution for problem (18), which completes the proof. [

We are in a position to state our main result on problem (1).
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Theorem 1. Assume that the conditions (H1)—(H4) are fulfilled. Then, the sequence {uy }, with
uy € Xy constructed in Proposition 5, contains a subsequence which is strongly convergent in

Wé’p (a, Q) to a weak solution of problem (1) meaning that
/ (a(x)|VulP72Vu + b(x)|Vu|T2Vu) Vodx = / f(x,u, Vu)vdx (19)
Q Q
forallv € Wé’p(a,()).

Proof. We claim that the sequence {u, } built in Proposition 5 is bounded in Wg’p (a,Q)).
Acting with v = u,, in (18) gives

P q —
||un||Wé,p(a,Q) + ”unHWS’q(a,Q) = /Qf(x, Up, Vily ) Updx.
Then, through (17) and (5) we obtain

P p P
51 1y < Wl + gyl

< lollp ) + (@diAr ! + dZ)HMHZ\]S,P(u’Q)'

Thanks to A, '4; +d, < 1, as known from hypothesis (H4), the claim is verified.

Recall from Proposition 1 that WS P(a,Q)) is a uniformly convex Banach space, so it is
reflexive. Hence, the bounded sequence {u, } possesses a subsequence denoted again {u, }

such that for some u € Wé’p(a, Q) itholds u, — u in Wg’p(a, O).
Proposition 3 and Lemma 1 ensure that the operators A} + AZ : Wé’p (a,Q) —
Wg’p(a,Q)* and Ny : Wé’p(a,ﬂ) — Wg’p(a,Q)* are bounded. Then, in view of the re-

flexivity of Wg 7(a,Q)) along a relabeled subsequence, one has
— (A% + ALY (1) — N (un) — 17 in Wy (a, Q) (20)

for some 77 € W&’p(a, Q)*.
Let us prove that 7 = 0. For v € |JX, choose m with v € X,;. According to

n
Proposition 5 and property (ii) in the definition of Galerkin basis, we may apply (18) for all
n > m, which reads as

(—(A;—FAZ)(un) — N¢(un),0) =0foralln > m.

1,
W, P (a,0)

Letting n — oo enables us to derive from (20) that

(n, U>W5/P(a10) =0, Yve LnJXn

The property (iii) in the definition of Galerkin basis { X}, } highlights the density of the
set | X, in Wé,p (a,Q). As 5 vanishes on | Xy, it follows that 7 = 0.
n n

Therefore, (20) becomes
— (A% + ALY (1) — Np(un) — 0in Wy (2, Q)" 1)
In particular, we have

Hm (—(AS + AD) (1) — Ny (un), u)ws,p(a’m =0. (22)

n—oo
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Now, we return to (18) and insert v = uy,, obtaining
(—(ap+ A’q’)(un) - Nf(u”)’u”>w§”’(a,0) =0, Vn,
which in conjunction with (22) yields

lim (— (A} + AS)(un) — Ny (un), un —u)

n—oo

W (a,Q) 0.

Taking into account Proposition 4, this amounts to saying that

Hm (—(AG + AD) (), 1y — u) =0.

1,
1—+00 Wy (a,0)

Consequently, the sequence {u,, } satisfies (8). We are thus allowed to apply Proposition 3
which provides the strong convergence u;, — u in Wg P(a,Q).

Using the continuity of the nonlinear operators A}, + AZ : W&’p (a,Q) — Wg’p (a,Q)*
and Ny : W&’p(a, Q) — W&’p (a,Q))* as known by Proposition 2 and Lemma 1, we infer

from the strong convergence u, — u in W&’p (a,Q) that
— (A8 + ALY (1n) — Np(un) — — (8% + Ab) (1) — N¢(u) in Wy (a, Q).
A simple comparison with (21) confirms that
— (A + As)(u) — N¢(u) =0,
which is just (19). The proof is complete. [

5. Resolving the Non-Elliptic Problem (2)
Due to the total lack of ellipticity of the competing (p,q)-Laplacian A} — AZ with

weights 2 € L'(Q) and b € L'(Q) as introduced in (7), i.e., the differential operator
div(a(x)|VulP~2Vu — b(x)|Vu|72Vu), when the weights a(x) and b(x) are positive, we
are not able to prove the existence of a weak solution for problem (2) in the weak sense.
For this reason, we seek a solution in the following generalized sense.

Definition 1. An element u € W&’p (a, Q) is called a generalized solution to problem (2) if there
exists a sequence {u, } C Wé’p(a, Q) such that

(j) un—wuin W&’p(Q);
(jj) foreveryv € Wé’p(a,()), it holds that

lim | ((a(x)| V[P "2V, — b(x)|Vun |7 2Vu,)Vo — f(x, un, Viy)o)dx = 0;

n—o0 O
(i)

lim [ ((a(x)|Vug|P2Vuy — b(x)| Vi |72Vu,)V (uy — u)dx = 0.

n—oo Q

Our result for the non-elliptic problem (2) is as follows.

Theorem 2. Assume for 1 < q < p < oo that the positive weights a € L'(Q) and b € L}(Q)
and the Carathéodory function f : Q x R x RN — R that the conditions (H1)~(H4) hold. Then,

there exists at least a generalized solution u € W(} *(a,Q)) of problem (2) in the sense of Definition 1.
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Proof. The proof is carried over along the pattern of Theorem 1. Fix a Galerkin basis { X }
of W&’p (a,Q), i.e., a sequence of finite dimensional vector subspaces of Wg’p (a,Q) such
that the properties (i)—(iii) in Section 4 hold.

We claim that for each n there exists u,, € X, such that

/Q((a(x)\vunw*zvun — b(x)| V|72V, ) Vo — f(x,un, Viiy)v)dx =0, Yo € X,,. (23)
To this end, define the continuous map B, : X, — X, by

(Bu(u),v)x, = /Q((a(x)|Vu|p*2Vu — b(x)|VulT"2Vu)Vo — f(x,u, Vu)v)dx
for all u, v € X,,. The continuous embedding W' (a, Q) — W4(b, Q) (see Proposition 2),
(17) and (5) imply that

(Ba(0),0)x, = (1 =didy =)ol =Clolly =l Vo€ X
0

(2,0 W,” (2,0

with a constant C > 0. By the assumption 1 — dqA; ! —dy > 0in (H4) and the fact that
p > g, it turns out

(Bu(v),v)x, > 0forall v € X,, with HUHWS,p(ﬂ,Q) =R
if R = R(n) > 0 is sufficiently large. According to condition (i) in the definition of
Galerkin basis, the space X, is finite dimensional. This enables us to apply a well-known
consequence of Brouwer’s fixed point theorem (see, e.g., [10] (p. 37)) obtaining a u, € X
with By, (#,,) = 0. Therefore, we obtain (23), thus proving the claim.

Next, we show that the sequence {u, } is bounded in Wé’p (a,Q). Since u, € X, we
can take v = u,, as a test function in (23), where

P _ q
[l = N St it (24)

The continuous embedding W' (a, Q) — W4(b, Q) in Proposition 2, in conjunction
with (17) and (5), ensures the estimate

P q 14 P
[l ) < Cln ) s il + ol

q -1
< Cllnllsy o+ Iy + (17 +d2)

)
P
Hu||wé,p(a,0)/
with a constant C > 0. On account of p > g and assumption A" Y4, +dy < 1in (H4), we
conclude that the sequence {u,} is bounded in Wg’p(a, Q).
Proposition 1 guarantees the reflexivity of the space W& P(a,Q)). We are thus allowed
to extract a subsequence still denoted as {u,} such that u, — u in W&’p (Q) for some

ue WS P(a,Q)). The requirement (j) in Definition 1 is fulfilled.
Equality (23) expresses that

(=A% (un) + A () — Nf(un),wwg,p(am =0, Vo€ X, (25)
Inserting v = u,, in (25) leads to
(=A% (un) + A () — Nr(ttn), tn) iy =0 ¥ (26)

The sequence {(—Aj + AZ — Ny)(un)} is bounded in Wé’p (a,Q)* because the nonlin-
ear operators A%, AZ, Ny : Wé’p (a,Q) — W(}’p (a,Q)* are bounded. Due to the reflexivity of
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the space W&’p (Q)*, we can pass to a relabeled subsequence such that fora { € Wé’p (Q)*
it holds that

(=A% + AL — Np) (1) — ¢ in Wy (). 27)

Letv € X, for some m. Assertion (ii) in the definition of Galerkin basis renders v € X,
for every n > m. Then, (25) and (27) imply

<€’ v>Wé'p(ﬂ,Q) =0.

By (iii) in the definition of Galerkin basis {X, }, the set | X, is dense in Wg’p (a,Q)).
n
Therefore, { = 0, so that (27) becomes

(=A% + AL — Np) () = 0in Wy? (Q)%,

which establishes property (jj) in Definition 1.
Setting v = u in (jj) provides

Hm (=A% (un) + Ab (1) — Np (), u) =

0
n—so0 Wol'p(ﬂrﬂ) !

which, with (24), produces

Hm (=A% (un) + Ab (1) — N (1), un — u)

n—00 Wé'p(”rQ)

=0. (28)
Proposition 4 and (28) ensure that

Hm (=A% (1) + Al (1), 1 =0

—Uu
A=3e0 >w3'”(a,0)

which shows the validity of part (jjj) in Definition 1. Summarizing, u € Wé’p(a, Q)isa
generalized solution to problem (2) in the sense of Definition 1. O

Remark 1. The notion of a generalized solution can be introduced for problem (2), too. Pre-
cisely, u € W&’p (a,Q) is called a generalized solution to problem (1) if there exists a sequence
{un} C W&’p(a,Q) such that (j) in Definition 1 holds with

(i)' for every v € Wy (a,Q2) one has

lim [ ((a(x)| VP72V, + b(x)|Vun |12V, ) Vo — f(x, un, Viy)o)dx = 0;

n— 00 Q
(jjj)"with u € W, (a, Q) in (j),

lim Q((a(x)|Vun|”*2Vun +b(x) |V |72V un )V (uy — u)dx = 0.

In the case of problem (1), u € Wé’p (a,Q)) is a generalized solution if and only if it is a weak
solution in the sense of (19). Indeed, if u € Wé’p (a,Q) is a weak solution to problem (1), then
the constant sequence {u, = u} C Wé’p(a,Q) verifies (j), (ji)', (jjj)”; thus, u is a generalized
solution. Conversely, let u € Wé’p (a,Q) be a generalized solution for (1) with the sequence
{un} C Wé/p(a,()) satisfying (j), (ji)’, (jjj)”. Condition (jjj)” reads as

lim (— (A} + AZ)(un),un —u)

1, =0.
n—oo WO P (a,Q)
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By (j) and Proposition 3 we deduce that u, — u in W&’p(Q), Then from (jj)" we get (19),
where u is a weak solution of problem (1).

6. An Application

The goal of this section is to illustrate the effective applicability of our results. For
the sake of simplicity, we focus on problems of types (1) and (2) on the unit open ball
B = {x € R®: |x| < 1} in R? and for degenerated and competing (3,2)-Laplacians
with weights.

Consider the Dirichlet problems

—div(|x|"|Vu| Vi + (1= |x[2)'Vu) = g(x,u) + ko 2% | Vu|# — kyu|Vu|' in B

14+u?
(29)
u=20 on dB
and
—div(|x|"|Vu|Vu — (1 — [x[2)"Vu) = g(x,u) + ko 24 |Vul# — kyu|Vul’ in B
(30)

u=~0 on dB

on B, with constants r € (O,%), h>0ky€|0,1),k >0, puc [O,%), v E [O,%), and a
Carathéodory function g : 3 x R — R satisfying

|g(x,1)| < apt? + by foraex € Q, Vt € R,

with constants ag > 0 and by > 0 provided (ag + by)A; L4 ko < 1, where A\q represents
the first eigenvalue of —Afj on W(}’B’(a, B) with a(x) = |x|". Notice that (29) and (30) are
particular cases of problems (1) and (2), respectively, with N =3, p =3, =2,Q = B,
a(x) = |x[", b(x) = (1 - [x[*)" and

x|t

Flt,8) = g(xt) +hog L 21 — kgl

Let us check the conditions (H1)—~(H4). Condition (H1) requires having a—° = |x| ™" €

L'(B) for some s € (max{ %, ﬁ }, +oo) = (1, +00), which amounts to choosing 1 < s < 2.
Taking into account that r € (0, %), condition (H1) is fulfilled for instance with s = 2, a choice
that we keep in the sequel.

Since 2r < 3, we have

q p

a 7Abrd = |27 (1 - [x)% € L'(B),

therefore, assumption (H2) is verified. For s = 2, it holds ps = ps/(s +1) = 2, so we are in
ps
(p2)"

the situation of N = 3 > p; = 2, where p = I\I]\pr;s =6,50 (py) = % and
We note that

[f(x,t,&)| < agt® + bo + ko|x|"|E[F + Ky |t]|E]”
k
< agt? + by + kol&]! + (£ + &%)

2
k k k
< by +ko+ 5 + (a0 + 5)F + (ko + 5)[¢]

fora.e x € Band all (t,&) € R x R3, where

5
=max{u, 2V} < - = .
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Therefore assumption (H3) is satisfied with o (x) = by + ko + %1, 1 =ag+ %1, o = ko + %1,
« = 2and B = 7. We also derive

_ |x|"#
f(x, t,O)t =g(x, t)t+ k01 iy

< ag|t® + bo|t| + kolx|"|&|¥
< by + ko + (a0 + bo)|#]> + ko|x|"|¢|®

1" —kat?[g]

fora.e x € Band all (t,¢) € R x R®. Assumption (H4) is verified with p(x) = by + ko,
dy = ag + by and dy = ko having been supposed that )Ll_l(ﬂ() +bg) +ko < 1.

Since the assumptions (H1)-(H4) are satisfied, Theorems 1 and 2 can be applied to
ensure the existence of a weak solution to problem (29) and of a generalized solution to
problem (30). The weak solution to problem (29) can be approximated as described in
Theorem 1.
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Abstract: This paper investigates the problem of the global directed dynamic behaviors of a Lotka-
Volterra competition-diffusion-advection system between two organisms in heterogeneous environ-
ments. The two organisms not only compete for different basic resources, but also the advection and
diffusion strategies follow the dispersal towards a positive distribution. By virtue of the principal
eigenvalue theory, the linear stability of the co-existing steady state is established. Furthermore, the
classification of dynamical behaviors is shown by utilizing the monotone dynamical system theory.
This work can be seen as a further development of a competition-diffusion system.
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1. Introduction

In the past few decades, the dynamic behaviors of competition-diffusion systems
(see [1]) in homogeneous or heterogeneous environments have been extensively studied.
Until 2017, He and Ni [2,3] studied the dynamics of two organisms by changing their
random diffusion coefficients, resource carrying capacity and competitiveness, and they
also described the global dynamics of two organisms. Their research has made outstanding
contributions to the competition-diffusion systems. For the competition model of two
organisms, either both organisms survive or win with the extinction of the other organ-
isms (see [4-6]). In 2019, Du et al. [7,8] studied a Lotka-Volterra competition system with
periodic habitat advection. From a biological point of view, this pulsating travel front
provided a way for two competing species to interact in heterogeneous habitats. Based on
the assumption that the resource function in spatial variables is decreasing, Lou et al. [9]
described the competition between two aquatic organisms with different diffusion strate-
gies for the same resource in the Lotka-Volterra reaction-diffusion-advection system in
2019. Md. Kamrujjaman [10] studied the impact of diffusion strategies on the outcome
of competition between two populations while the species are distributed according to
their respective carrying capacities in competition-diffusion systems. However, in the
competition-diffusion-advection systems, the study of different species with different dis-
tribution functions will be more complex. Tang and Chen [11] and Xu et al. [12] studied the
population dynamics of competition between two organisms from the perspective of river
ecology in 2020. One interesting feature of their system was that the boundary conditions
at the upstream end and downstream end can represent the net loss of individuals. In some
cases, both organisms leave the site of competition, neither coexisting nor becoming extinct.
Such an environment is important enough to demonstrate how organisms change their
density and survival time in competition (see [13]). In 2021, Ma and Guo [14] described the
feature of the coincidence of bifurcating coexistence steady-state solution branches and the
effect of advection on the stability of the bifurcating solution. However, it is worthwhile
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to point out that all the aforementioned works focus on the global dynamic behaviors of
competition-diffusion systems (see [10,15,16]) or advection systems (see [17,18]), in which
the diffusion rates and spatial carrying capacity are changed, or the periodic habitat of
advection systems is studied, or the upstream and downstream boundary conditions
are changed.

Motivated by the effort of the aforementioned studies, we investigate the problem
of the global directed dynamic behaviors of a Lotka-Volterra advection system between
two organisms in heterogeneous environments, where two organisms are competing
for different fundamental resources, their advection and diffusion strategies follow the
dispersal towards a positive distribution, and the functions of inter-specific competition
ability are variable.

Hence, we discuss the following global dynamics of the advection system:

Ur =V [k1(0) V(i) — 11 (%) gy Vewr ()] + Ul (x) = U = p2(x)V],

inQ xRt
V; =V [Kz(x)V(Q‘(/x)) o (x) <lE3) Vwy(x)] 4+ Vira(x) — p1(x)U— V],

inQ xRT, )
x1(0) 2 (4) — () 4295 = o, on 30 x R,
K20 & ()~ ma(x) 242 —o, an 30 x RY,
U(x,0) = Up(x) >, #0, inQ,
V(x,0) = Vy(x) >,#£0, in Q,

where U(x,t) and V(x,t) are the population densities of biological organisms, location
x in Q) and time ¢ > 0, which are supposed to be nonnegative; 1 (x), x2(x) > 0 correspond
to the dispersal rates of two competing organisms U and V, respectively. V is the gradient
operator. pi(x), u2(x) > 0 correspond to the advection rates of two competing organisms
U and V, and wi(x),ws(x) € C?(Q) are the nonconstant functions and represent the
advective direction. The intrinsic growth rates of the two competing organisms are bounded
functions r1(x) and r(x), respectively, two positive distributions are Q(x). p1(x), p2(x)
> 0 show the inter-specific competition ability. The habitat ) is a bounded smooth domain
in RN, 1 < N € Z; n denotes the outward unit normal vector on the boundary d(). For the
sake of simplicity, we can suppose the initial data Uy and Vj not identically zero. The
system (1) satisfies no-flux boundary conditions.

When 1 (x) = &1, x2(x) = K2, p1(x) = p1, p2(x) = p2, Q(x) = L, p1(x) = p1, p2(x) =
02, w1(x) = wy(x), the system (1) becomes the advection system studied by Zhou and
Xiao [19]:

U = 11AU — i1V - [UVw(x)] + Ufri1(x) = U — poV], in Q x RT,

Vi = oAV — 13V - [VVw(x)] 4+ V[ra(x) —prU = V], inQxRT,

Kl% — ylua‘gﬁj‘) =0, on Q) x RT, )
Ko 9L — yZVa“é,(f) =0, on 0Q) x RT, @)
U(x,0) = Up(x) >,#0, inQ,

V(x,0) = Vy(x) >,#£0, inQ,

... 2,
where x1, %3, 41, 42, p1 and pp are positive constants. A = 21'111 887 is the usual Laplace
i

operator. If p1, 4y > 0, readers can take a look at the relevant literature [20] and for the case
#1 > 0 = pp, please see the references [21-25].
If 41 = pp = 0, the system (2) becomes a diffusion model (see [2,3,5,26]):
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U = AU + Ufr(x) —U - V], inQ x RT,

Vi = kAV + V[r(x) —U-V], in(Q xR,

ou _ 9V (3)
ST=5=0, on Q) x RT,

U(x,0) = Up(x) >,#£0,V(x,0) = Vp(x) >,£0, inQ.

According to the research of the above models, the purpose of our paper is to deal with
a more broader model (1) in a high spatial dimensions. In this system, we consider that
the diffusion and advection strategies follow the dispersal towards a positive distribution,
growth rates and competitiveness of the two organisms are different. Thus, we have the
following basic assumptions in this paper.
(A1) B8 (x) — 2 wa(x) == G1w1 (x) — Lowa(x) > 0, A == mine2w2(0)-Gerl), g,

xeQ
and (» are positive constants;

(A2)  (p1(x),p2(x)) € TTx == {(p1(x), p2(x)) : p1(x), p2(x) > 0, 01(x)p2(x) < A};
(Az)  ri(x) > 0,72(x) > 0in L®(Q);

(Ag) Q(x) > 0is nonconstant, and VQEX% YQET(; are also nonconstant.

Conditions (A3) — (A4) ensure that the distribution of resources is heterogeneous for
two species and the positivity is imposed here to guarantee the existence of two semi-trivial
steady states for later discussion convenience. Under the conditions of (A1) — (A4), we
show a complete classification of the global dynamics of the system (1). The rest of this
paper is arranged as follows. In Section 2, we mainly do some preparatory work. Some
related properties of the system (1) are deduced from the properties of a single organisms
model (4). Besides, some lemmas are proved. In Section 3, we investigate our main results.
By using principal eigenvalue theory, we obtain the linear stability of coexisting steady
states (see Theorem 2). Then, the most important thing is that in virtue of the monotone
dynamical system theory (see [4]), we show the classification of global dynamic behaviors
(see Theorem 3). A discussion on the main results and problems that deserve future
investigation is presented in Section 4.

2. Preliminaries

In order to describe our main results, we show a competition-diffusion-advection
system for a single organisms as follows:

U =V - [k(x)V( Ux —u(x ) e Vw(x)]+Ur(x) — U], inQxRF,
(A - R o, ondOxRT, (&)
u(xlo) = UO(X) Z/ 7_é ’ in Q,

where x(x) > 0,(x) > 0,Q(x) > 0and r(x) > 0, r(x) is bounded. According to the
relevant description in [27] and the case that 7(x) > 0, there is a unique positive steady state
64,0, In the system (4). If we apply this result to the system (1) and the conditions (As3) —
(Ay), there are two semi-trivial steady states (6x,,0,,,,0) and (0, 6y, 0 4, r, ), respectively.

Lemma 1. Assume that x(x) > 0,u(x) > 0,Q(x) > 0and r(x) > 0, r(x) is bounded.
The elliptic boundary value Problem:

V- [k (x)V(Q?x)) —u(x) Qex) Vw(x)] +0[r(x) —6] =0, inQ, )
x(x)

78— g5 =0, on 30,

has a unique positive solution denoted by 6.

155



Axioms 2021, 10, 195

Proof. Itis known in [27] that the problem (5) admits a solution and the solution is positive,
denoted by 6, owning to the positivity of x(x), u(x), Q(x),r(x). Next, assume that 61, 6,
are any two positive solutions of (5) and 0 < 8; < 6. It is not difficult to see that

KV(%) — y%Vw = Ke%“’[V(e*%‘”%)]
Then
R Y b2
/V-{Ke [V(e Q)]}(e Q)dx
[ terg—twfl ~tyb2
= /Ke [V (e Q)] [V (e Q)] dx
/7‘—91 -5 9192(21
/r—92 Jw% ©)
We deduce

_n,, 010
/[91 — 92]6 KW% dx =0.
Therefore, 6 = 6,. O
To give a complete classification of the global dynamic system (1), we define
(k1, %0, 1, f2) €T :=RT x Rt x R x RT.
Based on the approach in [2], we define
Zy = {(x1, %2, p1, #2) € T2 (Ox;,Q,1,1,,0) is linearly stable};

Yy = {(x1, %2, 1, 42) € T2 (0,0x,,Qus,r,) is linearly stable};
Y= {(xy, k2, p1,42) €T 2 (0x,0,1,1,0) and(0,0x,,0,u,,r,) are linearly unstable}.  (7)

We first recall the well-known Krein-Rutman Theorem:

Theorem 1 (Krein-Rutman Theorem [28]). Let X be a Banach space, K C X a total cone and
T : X — X a compact linear operator that is positive (i.e., T(K) C K) with positive spectral
radius r(T). Then r(T) is an eigenvalue with an eigenvector u € K\ 0 : Tu = r(T)u. Moreover,
r(T*) = r(T) is an eigenvalue of T* with an eigenvector u* € K*.

In order to better describe the linear stability of semi-trivial steady states, we give the
definition of elliptic eigenvalue problem:

{v k()Y () - ‘u(ag EVwx) +h(x)p+op=0, inQ,

8
k()5 () —n@ 2 =0, on 90, ®
where x(x) > 0,u(x) > 0,Q(x) > 0and h(x) € L®(Q). Let

Ap = V- [5(x)V(5) = p(x) S V() +h(x)p.

Since A is uniformly strongly elliptic operator, we declare that the operator A satisfies
the conditions in Theorem 1. An eigenvalue oy of the problem (8) is called a principal
eigenvalue if 05 € R and for any eigenvalue o with ¢ # 01, we have Re ¢ > 7. Hence,
the problem (8) has a principal eigenvalue, denoted by o1 (x, Q, u, I), and its corresponding
eigenfuntion ¢(x, Q, u, h) > 0in Q. The principal eigenvalue is expressed as
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wg 2dx—fh-e*%“"ﬁobc
o (x, Q, u,h) = inf1 Qiﬂ 5 £
0#ApeH! (Q) Je d“’% dx

©)

Next, we give a useful lemma related to eigenvalue comparison results, which is used
for Lemma 3 and Theorem 3.

Lemma 2 ([5]). If hi(x) < hy(x) within Q, then oy(x, Q, u, h1) > o1(x, Q, i, hp) and the
equality holds if and only if hi(x) = hy(x) in Q.

According to the description of theory of monotone semi-flow in the literature [6],
let X denote the standard Banach space consisting of all continuous functions from Q) to
R, i.e, X := C(Q), and X be the set of all non-negative continuous functions from Q to
RT UO. Define K := XT x (—X1) as the usual cone for the study of competitive systems
with nonempty interior. Then we define the notion of linear stability of a given steady state
(U, V). Linearizing the steady state problem of (1) at (U, V), we obtain

V- [0 (0)Vighy) — 1 (x) gl Ve (0)] + [n(x) = U = p2(x)V]g

—Ufp +p2(x)p] + Ap =0, inQ,

V- k2 () V() — M2 () gy Ve (0)] + [r2(x) — pr (x)U — V] | 10)
—Vlp1(x)p + 9] +Ap =0, in Q,
K1(x) 2 (&) — m(x) § 29 =, on 30,
K2(x) 2 () — pa(x) G225 = o, on 300,

Similar to the scalar problem (8), we can define the principal eigenvalue for the
system (10), that is, an eigenvalue A; of the problem (10) is called a principal eigenvalue if
A1 € R and for any eigenvalue A with A # Ay, we have Re A > A;. Based on the approach
in [6], by using Theorem 1, the problem (10) has a principal eigenvalue A; € R. In fact,
we can select the corresponding eigenfunction (1, ¢1), which satisfies ¢1 > 0 > ¢y in Q.
Here, for the convenience of readers to better understand the problem (10), we provide a
simple illustration. Let us do this simple transformation

_M _k2
(D:e K%wl(Pand\P’:_e ngzl,b/
then the problem (10) can be changed to

Vi1 () V ()] + i (x) Veon (x) - V2] + [ (x) — 2U — pa(x) V]
+0o (x)Ue(2w2(0)-Gi1 (1)) g 4 A = 0, inQ,

V2 () V ()] + 12 (x) Veon (x) - VI gf5] + p1 (x) Velorer ()= Gea() @ (11)
+[ra(x) — p1(x)U — 2V]‘I’—0—)\‘Y=O, inQ,
2B)=2F) = on a0,

which is a linear cooperative elliptic system. Suppose now L is the elliptic operator, let

Lo =V[i, (x)V(Q((Dx))] 4 (x) Ve (x) - V[Q((Dx>] [ (x) — 2U — oo (x) V] ®,
LY —V[Kz(x)w(;ﬂ)] + (%) Veoa(x) - V[Q‘(Fx)] F [ra(x) — oy (x)U — 2V]¥

According to [28,29], the problem (11) has C*(Q)) coefficients and is strictly uniformly
elliptic in the bounded domain Q) which has C?>#* boundary. Let K be the positive cone
inX := Cé”" (Q) consisting of nonnegative functions. For any @1, ¥; € X, then we can
deduce that T : X — X defined by T(®1,¥1) = (@,Y¥) is a positive compact linear
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(%)—‘ul(x)%T:Q on Q).

operator. By applying Theorem 1 for positive compact linear operators and the Neumann
type boundary condition, the problem (11) admits a principal eigenvalue A1 € R, and the
corresponding eigenfunction (®,¥) can be chosen to satisfy ® > 0 and ¥ > 0 in Q.
Notice that (P, ¥) is the solution of the problem (11). Moreover, since the off-diagonal
elements p; (x)Ue(2«2(¥)=01«1(¥) and p; (x) VelG1«w1(x)=82@2(x)) are strictly positive in €, it
can be further concluded that A; is simple and it is the unique eigenvalue corresponding
to a pair of strictly positive eigenfunctions, i.e., ® > 0 and ¥ > 0in Q. In fact, we have
@ > 0and ¥ > 0in Q due to Hopf boundary lemma, which in turn allows us to choose
@ > 0 > 1 in Q. See [30] using semi-group theory and [31] using maximum principle, [1,6]
for detailed explanation. For the principal eigenvalue theory of general linear cooperative
elliptic systems, we refer the interested readers to [29]. If A # A; is an eigenvalue of (10)
and the boundary condition is Neumann type, then Re A > A; in the coexistence case.
Based on [26], (Corollary 2.10), the following lemma is about the linear stability of

(QKLQIHLH’ 0) and (0' 9K2,QfH2rV2 )

Lemma 3. The linear stability of (0,,0,1i1,r1,0), (0,0xy,0,5,r,) and (0,0) in the system (1) are de-

termined by the sign of min{oy(x1,Q, p1,11),01(k2, Q, p2,72) }, 01 (2, Q, 2, 72 — 0165, Q1. 1)
and oy (Kl, Q, u1, 11— PZGKLQ/FZJ’Z)'

Proof. For the linear stability of (6, 0,4, ,,,0), when (U, V) = (0x,,0,u,,,0) in (10), we have

V- [k (0)V(gly) — 11(x) gl Veor (0)] + [11(x) = 264,040,119
+/\(P = 9K1,Q,;11,r1f72(x)7~/]r in (),
V- [2(0) V(igfig) = #2(3) gl Veor ()] + [ra(x) = p1.(x)8, 0 . 19 )
+Ap =0, in Q,
K1(0) & (5) — (1) G294 = o, on aQ),
Kz(x)%(%) - uz(x)%a“’g,E” =0, on Q).
Let A be an principal eigenvalue of (12) with the eigenfunction (¢, ). We get

A= min{al (Klf Q 1,1 — ZGKlrQ;HLVl )/ 01 (KZ/ Q, pa, 12 — p10K1,Q/V1r7’1 ) } (13)

If ¢ # 0, then A belonging to an eigenvalue of the second equation in (12), is real and
the inequality A > o7 (x2, Q, 2, 72 — p10x,,Q,11,- ) holds. Perhaps, if p = 0, then ¢ # 0 and
A is an eigenvalue of the first equation, we get

(14)
Due to the fact that A is real and satisfies A > 0q(x1, Q, 1,71 — 26K1/QrV1/71)' It follows

A > min{ey (1, Q, p1,71 — 205,001 ) 01 (K2, Q, H2, 72 — 1605y, Q iy 11 ) }-

If now oy (Kl, Q,u1,m — 29K1,Q,H1,7’1) <o (Kz, Q, 2,1 — pleKllQ,m,,l ), letting @ be the
first eigenfunction corresponding to o1 (x1, Q, 1,71 — 204,011, ), then o1(x1, Q, p1, 71 —
ZGKLQ/M/H) is an eigenvalue of (12) with the eigenfunction (¢1,0), which deduces A =
o1(xk1, Q, #1,71 — 20, 0 iy .11 )-

Suppose that oy (K1, Q,u1,1m — 29K1,Q,M1J’1) >0 (KZ, Q, a2, 12 — p1 eKlrQ/}llﬂ’l)' Let ¢ be
the first eigenfunction corresponding to oy (2, Q, 2, 72—010x,,Q,u1,1, ), then 1 (2, Q, p2, 12 —
010,01, ) is an eigenvalue of (12) with the eigenfunction (¢, ) = (¢*,¥), that means
A = 0o1(x2, Q, H2,72 — P10x,,Q,u1,1, )- Here ¢ satisfies
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*

V- [ (%) V (g7) =1 (¥) gy Veor ()] + 11 (%) = 20, 00,1, 19

+0'1(K2/ Q/ Ho, T2 — P19K1,Q,y1,r1)4’* = 9K1,Q,‘u1,71p2(x)lljr in Q/ (15)
k(1) & (%) — pr(x) G 24 =, on 9QY.

The existence of ¢* is inferred from

o1(xk1, Q, #1, 11 — 20,0, ,my + 01(k2, Q, 2,72 — 016x,,Q 1,11 )
=01(x1, Q, #1,71 — 20,0, 1,11 ) — 01 (K2, Q, 2, 72 — P10, Q1,11 ) > 0

So our claim is right. Owing to (6) and (9), it is inferred that oy (xy, Q, 1,71 —
01,01 ) = 0. Hence, according to Lemma 2, we gain

Ul(Klr Q/ ]’lll r— 29K1,Q,‘u1,71) > Ul(Kl/ Q/ ‘141,7’1 - 6K1,Q,]/11,71) - 0/

then A has the same sign as the first eigenvalue o1 (x2, Q, p2, 72 — 010x,,0,,,1,)- Applying
the definition of A and linear stability, we deduce that the linear stability of (6, 0 i, ,r,,0) is
determined by the sign of o7 (x2, Q, p, 12 — 010,01, ).

Through completely similar arguments, we demonstrate that the stability of (0,0) and

(0, 9K2/Q/]42,7‘2 ), is determined by min {Ul (Kll Q/ Hi,7 )/ (%] (KZI Q/ Ha, TZ) }/ (%] (Kl/ Q/ Hi1,71 — P2
ng,Q,yz,rz) respectively. O

Remark 1. From the variational characteristics of the first eigenvalue, we can see that (0,0) is
linearly unstable for any w1 (x), x2(x), p1(x), pa(x), p2(x), p1(x) > 0.

Therefore, we give equivalent descriptions of (7) below:

Yy ={(x1, %2, p1, p2) € T 2 0q(K2, Q, 2,72 — P10k, Q1,r1) > 0

Ty ={ (K1, k2, p1, p2) € T2 01(x1, Q, 1,71 — 020k, Q2,r2) > 0}

Yo ={(x1, %0, 41, 42) €T : 01(x2,Q, pp, 12 — pﬁKl,Q’M,,l) < 0and
01(x1, Q, #1,71 — P20y, Q u,r2) < 0}

The neutrally stable case is defined as follows

ZU,O ::{(KI/KZ/ ]’lll I’lZ) el: (%] (K2/ Q/ VZ/ Yy — Plekl,Q,yl,rl) = O}/
z‘V,O ::{(Kll K2, U1, VZ) el: (%1 (Kll Q/ Wi, — pZQKz,Q,;lz,Vz) = O}/
Yo,0 :={ (K1, %2, i1, p2) €T : 01(x2, Q, p2,72 — P10k, Q1,11 )
= 01(x1, Q, 1,71 — 205,,Q,12,r,) = 0}
By the definition, it is easy to see X9 =270 N Zy 0.

In the following, “g.a.s” is used to mean that the steady state is globally asymptotically
stable among all non-negative and not identically zero initial conditions.

Lemma 4 ([5]). For any 3, %7, u1, u2 > 0, assume that (Aq) — (Aa) hold and every coexistence
steady state of the system (1), if it exists, is asymptotically stable. Then one of the following
alternatives holds:

(i) There exists a unique coexistence steady state of (1) that is g.a.s.
(ii) The system (1) has no coexistence steady state and either one of (6,0 1,11, 0) 07 (0,0x,,0,45,7,) 8
g.a.s, while the other is unstable.
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3. Main Results

In this section, we present the results which are related to the co-existence steady state
and the classification of global dynamic behaviors of the system (1).

Theorem 2. Suppose that (A1) — (Ay) hold. For any (k1, %o, p1, p2) € T\ Xo,, then every
co-existence steady state of the system (1), if exists, is linearly stable, i.e., A; > 0.

Theorem 3. Suppose that (A1) — (As) hold. Then we have the mutually disjoint decomposition
of I':

['=(ZgUZuo\ Zop) U(EvUZyp\ Zoo) UZ- UZop. (16)

Moreover, the following statements hold for the system (1):

(i)  Forall (k1,x2, p1,42) € (EuUZuo\ Z00), (Ox,Qu1,n,0) is g.a.5;

(it)  Forall (k1,x2, p1,42) € (Zv UZy o\ Zoo), (0,0x,,0,,r,) 18 805

(iii)  Forall (i1, %o, 1, pl2) € X, the system (1) has a unique coexistence steady state that is g.a.s;

(iv)  Forall (k1,%2, p1, p2) € Lo, Oxy,0uir = 02(X)0ky,Q 0, I Q and the system (1) has a
compact global attractor consisting of a continuum of steady states

(100, a0 (1= 0(0) 222y (3) € fo,1)

connecting with two semi-trivial steady states.

3.1. Co-Existence Steady State

In order to prove Theorem 2, we assume that (U, V) is the co-existence steady state of
the following system (1):

V[ (%) V() = 11 (x) gy Veor (x)] + Ulra (x) = U = p2(x)V] =0, in ),

V- [KZ(X)V(Q‘(/X)) — yg x) Q‘(/x) Vwy(x)] 4+ Vira(x) —p1(x)U—-V] =0, inQ, a7)
k() & (4) — () 429 =, on 30,
K2(x) 2 (%) — pa(x) 225 = o, on 300,

Similar to the problem (10), then we get the linear eigenvalue model by linearize
system (1) at (U, V),

V- [k (1) V (gh) — 11 (x) gl Veor ()] + [r1 (x) = U = pa(x) V]

—U[p +p2(x)p] + Ap =0, inQ,

V- [k2(0) V(gly) — 12(x) gy Ver ()] + [r2(x) = p1 (1)U — V] as)
—Vio1(x)p + 9] + Ay =0, inQ,
K1(0) 2 (5) — (1) G2 = o, on a0,
k() & () — pa(x) § 220 =, on Q.

According to the problem (8) and using Theorem 1, we can deduce that the problem
(18) has a principal eigenvalue A;. Moreover, we can choose the corresponding eigenfunc-
tion (¢, ¢), it satisfies ¢ > 0 > 1 in (L.

Now, we are ready to discuss Theorem 2.
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Proof of Theorem 2. Obviously, as long as we can obtain Ay > 0 when (1, k2, jt1, f2) €

I'\ Xg,0. Multiplying the first equation in (18) and (17) by % and %, respectively,

X
and subtracting the obtained equations, we obtain

V(a7 (5) - 1V - [V (09 (G) - m § )] §

—Llp+pa(x)y] = —M52. (19)

20\%

In the similar way;, it can be derived from the second equation in (17) and (18) that
[V(2V(E) -~ 10 Van)] b~ [V(aV(5) ~ b Vewn)]
2VAG Hag Va2 2V1G Hag VW2) |5
— o (x)p+p] = —M5L. (20)

_n
Furthermore, multiplying (19) by e R 3—22, then we integrate over () and deduce
(for simplicity, we replace [, with [)

/\1/6"1 %x

ZO

(21)

= [ V() - vene B

V wy
+/[V(K2V(é)—ﬂzévw2ﬂ€ 4 V‘ﬁQ dx (22)
Mo 2
+fen zlp ()¢ + ] dx

1 2
—/ [V ( %) ;42%sz] V(e Gw Y )] dx

VQ
|4 —m g, 3
/[KzV(Q) yzQsz] [V-(e VlPTQH dx
1 2
+ [e e o x)g + ¢ dx
i—h—]z+]3-
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We now simplify the formulas Ij, I, J; and J. Then we find

I ::/[Klv%)—mfw;l][ (e B )] dx

Q uQ
/e Mg ) mngl][Z(pUng—Q(pzvu]dx
];j LQ?Q@ l’i}wl [Klv(%) - ﬂ1%vwﬂ [V dx
-/ UQZe*% V() i G Ve[V dx
~ [0t qug)‘j Ve - Vg
“j’(;‘” V()2 - Ve [Verds
- [ e B0 v - Vel (VO ax
—Ap— Ay — As,

and

"M

" u u — L 3
I ::/ [K1V(§) - y1§Vw1] [V-(e ™ U%Q)] dx

_ B u u 3¢?U%V ¢ — ¢32UuVU
=[e 1 V(=) —-m=Vw
/ (11 (Q) g 1] 00

]dx

3 m u u
Zi U(ng K 1 [K1V(6) - ﬂlévwl] [V dx
_My, u u
U2Qze B 1 K1V(é) —yléVwﬂ[VQ] dx
—,Twl E g_ 7V(P — E
/e 1 qu 1V(Q)u Vw13 9 2 u]d
3 _m u
Zi uq)Qze S [KN(@)% — V] - [Var]dx
3 _m u
Y A el Qf
TToRk 1 [K1V(Q)u pVar][VQ] dx
_A4—A5—A6
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Next, we have

— Ay
LN N0 Ve VU
/e i UQ2 }V(E) S~ mVell=t - ]
My @? u.Q Vo vu
—/e 1 1UQ2[K1V(§)E—y1Vw1][3——2T]dx
B . Q... Vo VU u.Q vu
ke D)=2—-—-—]1-1[V 3 -2 dx
-/ Qz{[ (St -7 - V() L - 227 ])
B Vo VU
+/€ 1 UQ2 (11 Vwy Hf*ﬁ]d
M ¢* VY \ Ve VU, VU UV \Y (23)
= [ i e - TSR - T - 1 - SRt
uQ Q u Q Q ¢
n Ve VU
—2—}dx+/e i uQZ[‘ulv wr][— p T —]dx
Mg, ¢ Ve VU,
= 2K€ 1]uQ2(7—7) dx
m, ¢ Ve VU
+/K16 1 1UQ3[7—7][VQ]dx
My Vq) vu
By the similar method, we deduce that
A [ R @ Ve VU
Ay A5—/e 1 UQe [m1Vwi]] p T ] dx, (24)
and .
_ Lo ¢ Vo VU
ArAé_/Kle ey vl (25)
Thus
L — D =[A1 — Ag] = [A2 — As] — [A3 — Ag]
e b Ve VU (26)
_/ZKE K 1@(7—7)2(136
By a similar method, one obtains
Ly, P2 VY VV,
h—]= /2K€ 2 ZVQz(T_T) dx. (27)

Replace (21) and (22) with (26) and (27), respectively. Multiplying (22) by pz(x)3 and
subtracting it from (21), we can obtain
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. 3
)\1/[6 "%wlq) —e ngpZ( )lp]

uQ vQ
:/éxeiﬁ“JéxVW e e A Gl e
124 3 v VvV .,
2i0e 5 ng/()gzlp ( l;b Vv )
2.2
/e K2wzp2(Q)¢[pl(x)pz(x)(/)+P2(x)lP]dx
" @2 —Fw i
> [ Elp+pale)ylde— [ ZPZ(é £ “
2 1 20.)2
e Rt B

1 1 3.3
2/6’ 5 1(g[(P-i-Pz( )¢]dx—/e f(lwlpz(Q)l,de

L p2(x)* 9%
/e 0 dx

/e_ﬁ "o+ 02(x)9)*[¢ — p2(x)yp] dx > 0,

where we use the facts (A1), (Az) and ¢ > 0 > ¥ in Q. So, A1 > 0.
Next, we will prove that A; = 0 can not happen. According to (28), we infer that
A1 = 0if and only if

1V1w_ﬂz Vo VU Vy VV

x —wp, — = , — = , = — X , 29
pr(x)pa(x) =1, P T A LGk )
which means that
vu_ vy
u v’
ie.,
ViinU] = V[InV]
Then, one obtains
U=dV for some constant d > 0. (30)

In addition, by applying (30) to (17), and the uniqueness of the positive steady state of
the system (4), it can be concluded that

x
(1+ pZ; ))U =0x,0p,n and (p1(x)d+1)V =0

Noting that p1(x)p2(x) = 1, we deduce

®2,Q, U212

6K1!QIH1/71 (1 + @)u u +.02( ) 1
9 - i+ 1V arv - = :
o, Quars (P1(X)d +1) T (Ut p1(x)

31)
Based on (31), one can easily check

01(k2, Q, M2, 12 — P10k, 0,1,1) = 01(k2, Q, 12,72 — Oy, 0 112,7,) = 0,

and
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o1(r1, Q, 1,11 — 9K1,Q,ﬂ1,71) =o1(x1,Q, p1, 11 — pZGKz,Q,]/lz,l’z) =0.

According to the assumption (1,2, 41, H2) ¢ Loo, we get Ay # 0. Therefore,
A1 >0 O

3.2. Classification of the Global Dynamics

In this subsection, we are ready to discuss the complete global dynamic behaviors of
the system (1).

Proof of Theorem 3. According to the proof procedure (see [2,5]), this proof can be divided
into two steps.

Step 1. On the proof of the disjoint decomposition in (16).

Obviously, we can get the decomposition in (16). According to the relevant conclusion
and definitions, we only need to prove

(ZuUZyo \ Zoo) N (Zy UZyp\ Zopg) = @. (32)

By Lemma 3, the linear stability of (6,,0,;,r,,0), (0,0x,,Q,,,,) can be determined by

the sign of o1 (x2, Q, #2, 72 — P10k,,Q,,11 )» 01 (K1, Q, H1, 71 — 020xy,Q 15,7, ) Tespectively. For the
sake of convenience of in writing, let

GK],Q,}l],I’l = 61/ 01(K2/ Q/ ‘112, ry — Png],Q,}l],l’]) = Ul( *)/
*

GKZ,Q,]/Iz,VZ = 92/ 01 (Kll Q/ Hi,7m — p26K2,Q,]/12,r2) =0 (9 )

Nx —

According to the properties of the variational characterization and (6), we obtain

M M
[ et e e R [l - paole G a

o(0;) = inf
2 0£peH(Q) fe Kl 1472 dx
5% _M 62
[ e V(e SR dx — [l - pa(x)6ale 5 dx (33)
- e ”1w1%dx
fe "1 (x)0; — 67] dx
fe 0 191 dx
and
K2 _2 2
o1(67) = inf [ rae [V (e F2E) 2 dx — [[r2 —pr(x)0)e Y da
T oppenio) e mE dx
J ka2 2[V(e szzez)]zdx—f[rz—m( JorJe 2“2 Gdx (34)

e & Z%de
fe G (x)61 — 6] dx

}2
e "2w292 dx

Since 0 < p1(x)p2(x) <1, combining with (33) and (34) together, we have
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? 2
‘71(9;)'/3”:}wlgdx—i-m(ef)./e wzpz(Q) 6 4v

303
</e B 1 )92—91}dx—/ zwzpz(Q)G dx

2 By 2,
o [ e R 2B o (el e e gy

Q
i 3p3
</e " 1 x>92—9ﬂdx—/e ’K]wlpz(Q) % dx (35)

929
+/ (Ulpz 1d

_ /e el 5 [pz(x)Gz — 0,]2[6: + p2(x)62] dx

<0

4

where all the inequalities become equalities if and only if

pr(0pa(x) =1, e = Pan and 6,01, = p2(1)00 00, 17 0.

It follows from (35) that the conclusion (32) holds.

Step 2. On the proof of the statements (i) — (iv).

Firstly, we will prove the statements (i) — (iii) hold. In consideration of (16) in
Theorem 3 and (35) in step 1, we see that for any (k1, ko, 1, H2) € (I'\ Zop), there are five
possibilities as follows:

(b1) (x1,%2, 1, p2) € Ty, ie, (0x,,Qu,,,0) is linearly stable, (0, 0x, 0 u,,r, ) is linearly unstable;

(b2) (x1,%2, 41, 42) € Ty, ie., (Ox,Qu;,,0) is linearly unstable, (0,0, Q) is linearly
stable;

(b3) (x1,%2, 1, 42) € X, ie., both (6, 0u,,,0) and (0, 6y,0 1, ) are linearly unstable;

(bg) (1,72, 11, H2) € Zuo \ Lo, i€, (0,01, 0) is neutrally stable, (0, 6y, 0,4, r,) is lin-
early unstable;

(bs) (x1,%2, 41, H2) € Zvp \ Zoo, i€, (0,0k,0u,r,) is neutrally stable, (6x,,0u,r,0) is
linearly unstable.

By Lemma 4, we immediately deduce the following conclusion:

(6x,,0,1,r1,0) and (0, 6x, 0, r,) are g.a.s based on the assumptions (b1) and (by), re-
spectively, and there is a unique co-existence steady state under the condition (b3).

We now claim that there is no coexistence steady state under the condition (by) or the
condition (bs). Then we can infer that (6,,0,4,,r,,0) and (0, 6y, g, r,) are also g.a.s based
on the assumptions (by) and (bs), respectively, from Lemma 4.

We only need to verify the above statement for the case (bs). Indeed, if the system (1)
has a co-existence steady state (U, V) for some (i1, k2, 1, p2) = (K1, %2, i1, H2) € Zuo \ Zoo
and (U, V) satisfies

V- [ (x) V( @Lég — 701 (x) @Z» Vi ()] + Un(x) = U—pa(x)V] =0,  inQ,
V- [R(0) V(=) — 1z (x) =4 Vwy (x)] + V[ra(x) — p1(x)U — V] = 0, inQ, (36)

[#1(x) 3 (3) = (0 5252 laa= [R2() 5 (5) — 12(0) § 25 lan=o.
We have

01(82, Q, 2,72 = P18 5 ) = Oand 01 (%1, Q, iy, 11 — 26, 5.2 ) < 0. (37)
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Define the operator G : R* x RT x M x M; — M, x M,

KAL) — iV - [BVwi] + wy[r] — wy — 0ow;]
G : 7 7 7 UQ o UQ
(01, 02,101, w2) = ( ©A(G) — 12V - [GVwa] +walr — e1w1 — wo]
with
M, = {p € W2P(Q) : [G2 (L)~ 1(2) %) o= 0, My := LP(Q), p > N
1 - . 181’1 Q Q Q 0 — 7 .

From (36), G(p1(x), p2(x), U, V) = 0 and Theorem 2, it yields that

aG(QlI 02,W1, wZ) TI) :
B, wy)  @eswnen)=(ou(0)ps(0,07) 18 invertible.

Applying implicit function theorem, one gets (01, 02) is closed to (p1(x), p2(x)). We
have a positive solution (U, V) to the equation G(01, 02, w1, wp) = 0. Let us choose (01, 02),
which implies (the solution corresponding to (07, 07) is denoted by (U, V))

01 > p1(x), 0 <@z <p2(x) and 01-02 <A (38)

Let us see the following auxiliary problem

U=V - [&(x)V(§) = i (x) gVwr (x)] + U[r (x) —U - V] =0, inQxRY,
Vi = V- [©(x)V(§) = 2 (x) § Vwa (x)] + Vra(x) =il = V] =0, in Q x R™, (39)
—~ 0
710 35 () = (0§ 257 =0,
. 3
[R2(x) 5 (&) = 120 257 o= 0,
which has the same semi-trivial steady states ((9~ O 0) and (0,6 5 505,12 ). From (37),
(38) and Lemma 2, it then follows that
o1 (13, @, “l//l\i, Ty — aeﬁ’@%’rl) > 0and oy (%71, Q, Ui, — @gleéfﬁﬂ’z) < 0. (40)

According to the case (b1), (0x,,0,;,,,0) is also g.a.s in the system (39) which contra-
dicts with the existence of (U, V). Therefore, there is no coexistence steady state under the
condition (by). Similarly, we can get the conclusion that there is also no coexistence steady
state under the condition (b5). The above descriptions of the cases (b1) — (bs) represent
the expected results described in the statements (i) — (iii).

Secondly, we prove the statement (iv). We will show

ZO,O = Zwiz{ (Kl,Kz, Hi, ]12) el: pl(X)pz(X) =1, 9K1,Q/H1,l’1 = PZ(x)ngrQ,ﬂzrrz in 6} (41)
It makes the same description of ¥ g, which means the expected result in the state-

ment (iv).
Let (Klszz}ll,Hz) € X~, then

p1(x)p2(x) = 1and 0., 0 11, r, = 2(X)05y,Q 1, 111 O

Based on the proof of Theorem 2, we get

% (KZI Q/ H2,72 — P1 9K1,Q,]41,71) =0 (K1/ Q/ Hi,7M1 — pZOKz,Q,}Lg,Yz) = 0/ (42)

which implies ©~ C Xpg. When (42) holds, the last three inequalities in (35) become
equalities, we have
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References

pl (x)pz(x) = 1’ 9K1/Q'#1I71 = pz(x)eKZIQ'yZIrZ in 6’

which shows X9 C X~. Hence, the equality (41) is confirmed.

Let (x1,%2, p1, 12) € Xop and (U, V) be the corresponding coexistence steady state
of (1). We claim that % = constant. Let A be a principal eigenvalue for (U, V). Moreover,
we choose the corresponding eigenfunction (¢, ¢), which satisfies ¢ > 0 > ¢ in Q and
®l3 + [|9]|5 = 1. In order to prove it, it is enough to show that (29) holds. Suppose that
(29) is not true. Then (28) means A1 > 0. Similar to the proof of the case (by), we get (29)
holds, i.e., % = constant. This yields that

GK]r Y111
(U, V) = (7(x)6e,, 01,11, (1 — q(x))%) :1(x) € [0,1].

Therefore, we conclude that for any (x1, k2, i1, H2) € X, the set of equilibria of (1) is

(0.0} U100,y (1 - () 2250) s y(x) € 0,1],

where (0,0) is a repeller by Remark 1. Then each solution of (1) converges to a single

o1 . 9K AT
equilibrium { ((x)8y, 00,1, (1 - 7(x)) B1242)  y(x) € 0,1]}. O

4. Discussion

In this paper, by using principal eigenvalue theory and monotone dynamical system
theory, we mainly analyzed the global directed dynamic behaviors of a Lotka-Volterra
competition-diffusion-advection system between two organisms in heterogeneous environ-
ments. The two organisms compete for different fundamental resources, their advection
and diffusion strategies follow a positive diffusion distribution, the functions of inter-
specific competition ability are variable. Our work can be seen as a further development
of Wang [5] for the competition-diffusion system, where we bring new ingredients in the
arguments to overcome the difficulty caused by the involvement of advection.

In the future, exploring the global directed dynamic behaviors under the condition of cross-
diffusion may be an interesting research point. We leave this challenge to future investigations.
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