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Figure 10 simulations demonstrate the global gain and local gain functions coherences with respect
to Loss and Cost functions. Figure 10a shows that gain function is unstable when eFES randomly
created the feature set. Figure 10b shows that gain functions stabilize when eFES uses weighted
function, as derived in the model.

Figure 10. Gain Function correlation with Loss and Cost Function.

3.3. eFES Framework

Figure 11 illustrates the internal functions of the proposed module on a granular level. eMLEE API
refers to the available functions that eMLEE model provides to each module such as eFES. Each grey
box is a function. The diamond shapes represent a decision-making point in the flow.

Figure 11. Framework to illustrate the internal processes of eFES module.

4. Results and Discussions

This section provides simulated results in 3D and 2D view to provide in-depth analysis of
the outcome of the proposed model for various functions and metrics. Significant samples of the
entire experimental results are provided at the latest state of this eFES model development stage.
These simulations elaborate on processing features to observe the optimum fitness (i.e., z dimension).
3D visuals are selected for better analysis of how the curve moves in space when the learner is
optimized in the dimensions. The equation below drives the experimental run for monitoring the
z-dimension in correspondence to each of x, y, and z. It should be noted that the results shown
are a snapshot of 100+ experimental runs for several data samples of the datasets. The equation
shown for each indicates the sampling construct for the analysis being envisioned. Features were
included in the experiments from the raw datasets. To improve the generalization of the model, various
experiments were performed on standard numbers such as 5, 10, 15, 20 and 40. Clearly, less is more,
as we stated earlier, but we leave it up to the model to finally group (FGF) the features that have the
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highest predictive value for learning and ensuring the maximum fitness and generalization. For each
experiment, a miscellaneous dataset was used to improve the generalization ability of the model and
underlying algorithms.

Figure 12 shows the 3D variance simulations of the functions. Figure 13 shows the comparison
between features that were engineered (Enhanced Feature Engineering (EFE)) and that were not
engineered (in blue). It is observed that EFE outperformed the FE. No FE indicates that the experiment
took features set as per standard pick and ran the process. EFE indicates the enhanced feature
engineering while incorporating mathematical constructs and algorithms, where features were added
and removed based on metrics reading and eventually creating an optimum feature set, as engineered
by eMLEE.

Figure 14a–d shows the tests on 20-experimental run. It should be noted that as the number of
experiments were increased, the classifier learning was improved as per proposed model. The selection
of 20 features were based on optimum number of the grouping function (FGF). Clearly, each dataset
brings in different number of features. Out of these features, some features are irrelevant, redundant,
and outliers. Some features are not known at the beginning of classifier learning. However,
we standardized around number 20 for experimental purposes. However, it is up to the algorithm to
tell the model how many features need to be qualified and then included in the learning process.
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Figure 13. A random experiment on 15 features for FE vs. EFE Correlation study for the observed
Fitness Factor.
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Figure 14. (a) We observe that LG and GG were very random throughout the tests; (b) We observe that
LG showed linear correlation (regression) when x (overfitting) was found to be low, and z was kept
random in 3D space. GG, as observed was random; (c) Observations on low y, where we found GG to
be close to the linear response; (d) Finally, as the model is optimized (high z), we saw expected and
desired linear regression. We observed some unexpected as shown by the peaks, which were suspected
to be riding outliers.

Figure 15a–e shows the test on (5, 10, 15, 20 and 50) features set. It compares the EFE and FE
correlation for Fitness Factor (FF). FF is computed by the eFES algorithms explained earlier.

Figure 15 shows the set of experiments for observation of diverse set of features to study the
model’s fitness factor. As it is observed that EFE keeps the linearity (stability) of the model. (e) was as
special test of various metrics. “Engineered” refers to all the metrics of eFES model incorporated.
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Figure 15. Set of experiments for observation of diverse set of features to study the model’s fitness factor:
(a) With features in higher range of 15, we observe the consistent stability; (b) This considers 10 features
to evaluate the fitness function for both EFE and FE. Clearly, we observe the improvement in Fitness
Function; (c) With features in higher range of 15, we observe the consistent stability; (d) However,
as expected, we noticed that features up to 20, the maximum range of fitness function is around 80%;
(e) This shows the comparison of the various metrics and read the relevant value of the fitness factor
for each study of the metrics as shown by distinct colors.

Figure 16 shows the three sets of 20-grouped feature sets. The goal of these experiments was to
study the model ability to improve the accuracy for the features (Accepted, Rejected and Mixed) from
the given data set.

Figure 17 shows the candlestick (commonly used for stock analysis) analysis for LE and GE
bounds. It is observed that the model learned to stay in the bounds of 20% and 80% for LE and GE.
Negative 50 range is shown to elaborate on potential of error swings (i.e., for invalid values). The green
and purple sticks are for reference only.
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Figure 16. Accuracy Validation for Feature Optimization.
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Figure 17. Observation of the candle-stick analysis for Global (Err) error bounds.

Figures 18 and 19 shows the observation of the bias of the model for 20-experimental analysis.
Correlation Factor (CF) is computed by the eFES algorithms. Figure 18 shows the error and accuracy
increases during higher end of quantification range as shown. Figure 19 on the other hand shows that
the model has achieved the desired correlation of Err and Accuracy function.
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Figure 18. Poor Correlation of Err and Accuracy during high bias.
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Figure 19. Expected and desired correlation of Err and Accuracy function.

Table 4 shows the outcome of our 10-experimental analysis test, where we tuned the model to
discover the maximum possible practical measures as shown. We used 500+ iterations on several
different datasets to validate the model stability with real world data with the functions we built in
our proposed model. Red values are found to be in error. Further work is needed to investigate it.
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Table 4. 10th experimental values for functions shown.

Internal Functions 1 2 3 4 5 6 7 8 9 10

MI 0.009 0.012 0.023 0.034 −0.931 0.563 0.611 0.678 0.712 0.731
Irr.F(x, y, z) 0.119 0.217 0.241 0.298 0.381 0.383 0.512 0.629 0.672 0.681

Red.F 0.191 0.200 −0.001 0.289 0.321 0.341 0.440 0.512 0.525 0.591
err 0.821 0.781 0.732 0.612 0.529 0.489 0.410 0.371 0.330 0.319
Err 0.901 0.900 0.871 0.844 0.731 −0.321 0.620 0.521 0.420 0.381

F.Sco(x, y, z) 0.390 0.421 0.498 0.534 0.634 0.721 0.770 0.812 0.856 0.891
F.Opt(x, y, z) 0.110 0.230 0.398 0.491 0.540 0.559 −0.210 0.639 0.776 0.791

5. Comparative Analysis

This section provides a brief comparison of the latest techniques with the proposed model of eFES.
The data sources are detailed in the Appendix A. Table 5 shows the listing of the dataset used. Table 6 lists
the methods considered for the comparisons. Table 7 lists the table structure of the division for results in
Tables 8–19. The Python and R packages used are detailed in the tools sub-section of the Appendix A.
All the values are normalized to range between 0 and 1 for our functions’ standard outcome measures.
It should be noted that the data shown in Tables 8–19 are a subset of our total experimental analysis. The rest
of the results are left out for our literature review and model comparison paper for future work/writings.

Table 5. Data Sources (DS).

1 Breast Cancer Wisconsin Data Set
2 Car Evaluation
3 Iris species
4 Twitter User Gender Classification
5 College Scoreboard
6 Pima Indians Diabetes Database
7 Student Alcohol Consumption
8 Education Statistics
9 Storm Prediction center
10 Fatal Police Shootings
11 2015 Flight Delays and Cancellations
12 Credit Card Fraud Detection
13 Heart disease data set
14 Japan Census data
15 US Mass Shootings
16 Adult Census income
17 1.88 Million US Wildfires
18 S & P 500 stock Data
19 Zika Virus epidemic
20 Retail Data Analytics

Table 6. Methods.

1 Information Gain IG
2 Chi-squared CS
3 Pearson Correlation PC
4 Analysis of Variance ANOVA
5 Weight of Evidence WOE
6 Recursive Feature Elimination RFE
7 Sequential Feature Selector SFS
8 Univariant Selection US
9 Principal Component Analysis PCA
10 Random Forest RF
11 Least Absolute Shrinkage and Selection Operator LASSO
12 RIDGE Regression RR
13 Elastic Net EN
14 Gradient Boosted Machines GBM
15 Linear discriminant analysis LDA

Multiple Discriminant Analysis MDA
16 Joint Mutual Information JMI
17 Non-negative matrix factorization NNMF
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Table 7. Tables structures for 8 to 19.

Table Number Measure Number of the Datasets Number of the Methods

8 Accuracy 1–10 1–10
9 Accuracy 11–20 11–17

10 Error 1–10 1–10
11 Error 11–20 11–17
12 Precision Score 1–10 1–10
13 Precision Score 11–20 11–17
14 C-Index 1–10 1–10
15 C-Index 11–20 11–17
16 AUC 1–10 1–10
17 AUC 11–20 11–17
18 Cohen’s Kappa 1–10 1–10
19 Cohen’s Kappa 11–20 11–17

Table 8. Performance Evaluation (PE) = Accuracy, ideally higher values are desired.

DS IG CS PC ANOVAWOE RFE SFS US PCA RF eFES Winner

1 0.489 0.581 0.493 0.821 0.432 0.718 0.562 0.321 0.612 0.937 0.827 RF
2 0.391 0.501 0.452 0.732 0.479 0.700 0.590 0.476 0.842 0.842 0.863 eFES
3 0.429 0.543 0.572 0.683 0.481 0.681 0.623 0.419 0.693 0.534 0.633 PCA
4 0.444 0.492 0.365 0.601 0.538 0.710 0.512 0.478 0.793 0.792 0.825 eFES
5 0.492 0.572 0.392 0.621 0.593 0.661 0.652 0.563 0.824 0.312 0.881 eFES
6 0.482 0.563 0.592 0.910 0.582 0.633 0.692 0.673 0.847 0.118 0.792 ANOVA
7 0.523 0.557 0.673 0.666 0.523 0.502 0.619 0.693 0.734 0.492 0.700 PCA
8 0.542 0.599 0.962 0.732 0.710 0.682 0.638 0.478 0.892 0.692 0.983 eFES
9 0.423 0.630 0.921 0.802 0.504 0.623 0.742 0.732 0.872 0.631 0.902 PC

10 0.491 0.612 0.683 0.678 0.864 0.644 0.699 0.535 0.418 0.683 0.789 WOE

Table 9. Performance Evaluation (PE) = Accuracy.

DS LASSO RR EN GBM LDA MDA JMI NNMF eFES Winner

11 0.662 0.572 0.723 0.882 0.704 0.772 0.663 0.823 0.801 GBM
12 0.606 0.623 0.221 0.803 0.772 0.828 0.920 0.613 0.934 eFES
13 0.512 0.691 0.378 0.723 0.834 0.583 0.612 0.593 0.860 eFES
14 0.731 0.612 0.143 0.703 0.234 0.524 0.683 0.444 0.792 eFES
15 0.771 0.745 0.123 0.856 0.803 0.890 0.583 0.798 0.812 MDA
16 0.924 0.703 0.426 0.323 0.866 0.597 0.421 0.231 0.690 LASSO
17 0.832 0.791 0.484 0.428 0.792 0.890 0.792 0.166 0.942 eFES
18 0.883 0.723 0.923 0.573 0.723 0.748 0.842 0.772 0.793 EN
19 0.811 0.596 0.573 0.803 0.436 0.800 0.723 0.724 0.942 eFES
20 0.698 0.582 0.590 0.777 0.494 0.784 0.683 0.682 0.825 eFES

Table 10. Performance Evaluation (PE) = Error, ideally lower values are desired.

DS IG CS PC ANOVAWOE RFE SFS US PCA RF eFES Winner

1 0.254 0.443 0.623 0.234 0.112 0.213 0.487 0.126 0.111 0.173 0.223 PCA
2 0.231 0.193 0.423 0.278 0.321 0.183 0.215 0.193 0.213 0.213 0.201 RFE
3 0.593 0.318 0.283 0.318 0.294 0.143 0.368 0.216 0.172 0.229 0.045 eFES
4 0.443 0.244 0.342 0.087 0.221 0.193 0.125 0.259 0.193 0.281 0.112 ANOVA
5 0.183 0.289 0.124 0.213 0.084 0.426 0.258 0.442 0.145 0.342 0.014 eFES
6 0.392 0.173 0.192 0.282 0.103 0.083 0.159 0.044 0.039 0.293 0.023 eFES
7 0.361 0.111 0.009 0.045 0.115 0.063 0.193 0.310 0.135 0.183 0.216 PC
8 0.183 0.325 0.289 0.183 0.183 0.222 0.329 0.331 0.173 0.312 0.128 eFES
9 0.498 0.310 0.423 0.192 0.435 0.215 0.229 0.283 0.132 0.073 0.024 eFES

10 0.389 0.300 0.528 0.216 0.392 0.376 0.402 0.194 0.081 0.082 0.006 eFES
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Table 11. Performance Evaluation (PE) = Error.

Δ∑∑∑ ΛAΣΣO PP EN ΓBM ΛΔA MΔA ϑMI NNMΦ εΦEΣ Ωιννε�

11 0.092 0.175 0.134 0.097 0.281 0.145 0.113 0.130 0.073 εΦEΣ

12 0.125 0.179 0.111 0.173 0.173 0.100 0.193 0.193 0.034 εΦEΣ

13 0.214 0.231 0.190 0.239 0.151 0.182 0.231 0.210 0.111 εΦEΣ

14 0.163 0.200 0.138 0.166 0.088 0.163 0.009 0.003 0.183 NNMΦ
15 0.193 0.193 0.083 0.129 0.210 0.219 0.122 0.122 0.178 EN
16 0.236 0.437 0.238 0.321 0.134 0.110 0.177 0.191 0.088 εΦEΣ

17 0.173 0.432 0.110 0.146 0.443 0.325 0.212 0.253 0.134 EN
18 0.113 0.267 0.193 0.191 0.392 0.283 0.154 0.099 0.004 εΦEΣ

19 0.172 0.167 0.183 0.219 0.108 0.200 0.121 0.111 0.312 ΛΔA
20 0.283 0.045 0.128 0.183 0.214 0.204 0.231 0.131 0.021 εΦEΣ

Table 12. Performance Evaluation (PE) = Precision Score, ideally higher values are desired.

DS IG CS PC ANOVA WOE RFE SFS US PCA eFES Winner

1 0.677 0.899 0.961 0.520 0.755 0.816 0.820 0.639 0.792 0.723 CS
2 0.936 0.755 0.553 0.600 0.522 0.690 0.776 0.764 0.841 0.802 IG
3 0.861 0.874 0.779 0.834 0.647 0.844 0.677 0.907 0.744 0.689 CS
4 0.545 0.603 0.882 0.850 0.725 0.637 0.887 0.554 0.754 0.956 eFES
5 0.767 0.584 0.894 0.861 0.761 0.915 0.753 0.513 0.909 0.932 eFES
6 0.753 0.557 0.664 0.707 0.706 0.732 0.622 0.714 0.804 0.762 PCA
7 0.814 0.585 0.865 0.667 0.790 0.620 0.781 0.773 0.933 0.903 PCA
8 0.546 0.706 0.852 0.902 0.619 0.710 0.732 0.738 0.638 0.967 eFES
9 0.859 0.760 0.610 0.627 0.617 0.673 0.591 0.803 0.575 0.992 eFES

10 0.698 0.710 0.702 0.674 0.821 0.691 0.503 0.781 0.746 0.710 US

Table 13. Performance Evaluation (PE) = Precision Score.

DS RF LASSO RR EN GBM LDA MDA JMI NNMF eFES Winner

11 0.733 0.763 0.824 0.473 0.610 0.786 0.522 0.731 0.862 0.893 eFES
12 0.838 0.864 0.549 0.772 0.584 0.910 0.760 0.706 0.631 0.845 LDA
13 0.611 0.964 0.928 0.781 0.565 0.703 0.550 0.827 0.908 0.923 LASSO
14 0.905 0.923 0.754 0.807 0.643 0.670 0.605 0.531 0.650 0.982 eFES
15 0.640 0.601 0.820 0.950 0.512 0.948 0.827 0.786 0.662 0.734 EN
16 0.530 0.690 0.621 0.622 0.808 0.934 0.630 0.537 0.931 0.956 eFES
17 0.547 0.825 0.512 0.711 0.740 0.877 0.766 0.697 0.561 0.893 eFES
18 0.632 0.642 0.891 0.670 0.864 0.665 0.774 0.902 0.702 0.962 eFES
19 0.728 0.671 0.720 0.726 0.743 0.582 0.550 0.781 0.631 0.704 JMI
20 0.836 0.746 0.574 0.585 0.979 0.872 0.758 0.941 0.952 0.942 GBM

Table 14. Performance Evaluation (PE) = C-Index, ideally lower values are desired.

DS IG CS PC ANOVA WOE RFE SFS US PCA eFES Winner

1 0.412 0.333 0.236 0.294 0.226 0.062 0.421 0.427 0.215 0.118 eFES
2 0.319 0.256 0.393 0.106 0.433 0.078 0.361 0.128 0.235 0.056 eFES
3 0.207 0.251 0.271 0.118 0.134 0.307 0.222 0.338 0.211 0.312 ANOVA
4 0.523 0.220 0.058 0.052 0.203 0.325 0.061 0.439 0.040 0.189 PCA
5 0.134 0.534 0.476 0.137 0.144 0.387 0.199 0.114 0.105 0.210 PCA
6 0.627 0.425 0.285 0.243 0.448 0.274 0.488 0.186 0.181 0.034 eFES
7 0.113 0.193 0.152 0.498 0.200 0.036 0.025 0.149 0.071 0.092 SFS
8 0.167 0.273 0.410 0.128 0.105 0.435 0.139 0.193 0.148 0.192 WOE
9 0.291 0.221 0.096 0.291 0.326 0.448 0.161 0.235 0.211 0.073 eFES

10 0.093 0.293 0.407 0.488 0.200 0.179 0.341 0.472 0.040 0.002 eFES

Table 15. Performance Evaluation (PE) = C-Index.

DS RF LASSO RR EN GBM LDA MDA JMI NNMF eFES Winner

11 0.054 0.314 0.314 0.036 0.150 0.219 0.201 0.190 0.019 0.112 NNMF
12 0.268 0.217 0.293 0.252 0.552 0.209 0.318 0.394 0.219 0.243 LDA
13 0.542 0.325 0.320 0.327 0.346 0.245 0.249 0.322 0.403 0.296 LDA
14 0.282 0.141 0.251 0.132 0.136 0.360 0.217 0.224 0.232 0.106 eFES
15 0.043 0.060 0.210 0.021 0.093 0.264 0.091 0.247 0.136 0.129 RF
16 0.060 0.053 0.200 0.100 0.055 0.252 0.155 0.056 0.078 0.031 eFES
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Table 15. Cont.

DS RF LASSO RR EN GBM LDA MDA JMI NNMF eFES Winner

17 0.200 0.053 0.331 0.140 0.040 0.107 0.216 0.335 0.247 0.013 eFES
18 0.327 0.233 0.258 0.295 0.290 0.346 0.334 0.378 0.329 0.297 LASSO
19 0.094 0.196 0.312 0.309 0.066 0.216 0.128 0.164 0.258 0.032 eFES
20 0.073 0.263 0.204 0.064 0.053 0.206 0.010 0.239 0.047 0.024 MDA

Table 16. Performance Evaluation (PE) = AUC, ideally higher values are desired.

DS IG CS PC ANOVA WOE RFE SFS US PCA eFES Winner

1 0.569 0.808 0.739 0.633 0.848 0.563 0.518 0.540 0.874 0.810 PCA
2 0.513 0.796 0.800 0.643 0.610 0.659 0.618 0.664 0.589 0.762 CS
3 0.784 0.636 0.781 0.589 0.499 0.585 0.539 0.858 0.717 0.96 eFES
4 0.592 0.834 0.498 0.788 0.789 0.713 0.911 0.830 0.645 0.976 eFES
5 0.655 0.698 0.805 0.504 0.880 0.574 0.638 0.885 0.742 0.699 WOE
6 0.590 0.741 0.791 0.825 0.654 0.826 0.698 0.679 0.962 0.892 PCA
7 0.802 0.626 0.680 0.510 0.896 0.745 0.646 0.735 0.974 0.740 PCA
8 0.805 0.560 0.550 0.826 0.609 0.812 0.659 0.704 0.814 0.894 eFES
9 0.642 0.802 0.769 0.891 0.504 0.482 0.629 0.830 0.734 0.836 ANOVA

10 0.872 0.898 0.858 0.785 0.921 0.573 0.831 0.754 0.868 0.971 eFES

Table 17. Performance Evaluation (PE) = AUC.

DS RF LASSO RR EN GBM LDA MDA JMI NNMF eFES Winner

11 0.725 0.835 0.889 0.751 0.545 0.706 0.676 0.562 0.518 0.774 RR
12 0.889 0.819 0.532 0.555 0.890 0.751 0.946 0.688 0.778 0.903 MDA
13 0.568 0.835 0.520 0.525 0.502 0.764 0.605 0.651 0.487 0.952 eFES
14 0.780 0.728 0.606 0.870 0.792 0.545 0.553 0.855 0.990 0.962 NNMF
15 0.602 0.615 0.833 0.700 0.804 0.493 0.645 0.616 0.899 0.867 NNMF
16 0.736 0.649 0.589 0.665 0.848 0.847 0.905 0.621 0.897 0.952 eFES
17 0.541 0.711 0.777 0.511 0.868 0.884 0.691 0.904 0.665 0.962 eFES
18 0.796 0.525 0.768 0.762 0.755 0.513 0.759 0.910 0.599 0.852 eFES
19 0.873 0.481 0.606 0.639 0.558 0.575 0.783 0.842 0.675 0.820 RF
20 0.860 0.365 0.893 0.603 0.893 0.840 0.829 0.646 0.496 0.824 GBM

Table 18. Performance Evaluation (PE) = Cohen’s Kappa, ideally higher values are desired.

DS IG CS PC ANOVA WOE RFE SFS US PCA eFES Winner

1 0.666 0.816 0.913 0.621 0.206 0.656 0.930 0.978 0.586 0.912 US
2 0.762 0.754 0.502 0.926 0.959 0.774 0.915 0.566 0.875 0.925 WOE
3 0.921 0.207 0.691 0.757 0.920 0.520 0.846 0.932 0.758 0.623 US
4 0.693 0.542 0.673 0.500 0.765 0.924 0.647 0.501 0.824 0.957 eFES
5 0.773 0.533 0.775 0.615 0.814 0.535 0.682 0.536 0.878 0.856 PCA
6 0.685 0.910 0.568 0.606 0.698 0.831 0.646 0.902 0.851 0.945 eFES
7 0.635 0.716 0.676 0.793 0.593 0.802 0.843 0.671 0.930 0.991 eFES
8 0.667 0.877 0.918 0.751 0.854 0.930 0.794 0.527 0.936 0.875 PCA
9 0.897 0.644 0.454 0.517 0.762 0.802 0.685 0.865 0.650 0.834 IG

10 0.599 0.824 0.803 0.802 0.827 0.875 0.933 0.851 0.724 0.925 eFES

Table 19. Performance Evaluation (PE) = Cohen’s Kappa.

DS RF LASSO RR EN GBM LDA MDA JMI NNMF eFES Winner

11 0.892 0.929 0.819 0.874 0.537 0.662 0.833 0.581 0.857 0.983 eFES
12 0.954 0.660 0.944 0.489 0.582 0.869 0.753 0.786 0.771 0.973 eFES
13 0.576 0.952 0.686 0.588 0.744 0.712 0.658 0.927 0.671 0.910 LASSO
14 0.519 0.780 0.505 0.850 0.603 0.731 0.942 0.975 0.958 0.846 JMI
15 0.985 0.846 0.903 0.591 0.584 0.750 0.617 0.945 0.892 0.904 RF
16 0.786 0.804 0.605 0.673 0.814 0.635 0.909 0.573 0.732 0.973 eFES
17 0.827 0.567 0.814 0.772 0.867 0.890 0.670 0.771 0.763 0.734 LDA
18 0.751 0.733 0.820 0.813 0.760 0.637 0.871 0.739 0.867 0.923 eFES
19 0.698 0.645 0.636 0.801 0.727 0.886 0.969 0.954 0.781 0.845 MDA
20 0.583 0.646 0.795 0.930 0.953 0.523 0.681 0.565 0.524 0.578 EN
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6. Final Remarks

6.1. Conclusions

This paper reports the latest progress of the proposed model for enhanced Feature Engineering
and Selection (eFES) including mathematical constructs, framework, and the algorithms. eFES is a
module of enhanced Machine Learning Engine Engineering (eMLEE) parent model. eFES is based on
the following building blocks: (a) a features set is processed through standard methods and records
the measured metrics; (b) features are weighted based on learning process where accepted features
and rejected features are separated using 3D-based training through building Local Gain (LG) and
Global Gain (GG) functions; (c) features are then scored and optimized so the ML process can evolve
into deciding which features need to be accepted or rejected for improved generalization of the model;
(d) finally features are evaluated, tested, and the model is completed with feature grouping function
(FGF). This paper reports observation on several hundreds of experiments and then implements
10 experimental approaches to tune the model. The 10th experimental rule was adopted to narrow
down (i.e., slice) the result extraction from several hundred runs. The LG and GG functions were built
and optimized in 3D space. The included results show promising outcomes of the proposed scheme of
the eFES model. It supports the use of feature sets to further optimize the learning process of ML models
for supervised learning. Using the novel approach of Local Error and Global Error bounds of 20% to
80%, we could tune our model more realistically. If the errors were above 80% or below 20%, we flag it
to be an invalid fit. This unique approach of engineering a model turns out to be very effective in our
experiments and observations, as reported and discussed in this paper. This model though is based on
parallel processing but using high-speed hardware or a Hadoop-based system will help further.

Features (i.e., attributes) in the datasets are often irrelevant and redundant and may have less
predictive value. Therefore, we constructed these two functions. A) Irrelevant Irr.F (Equation (8)) and
B) Red.F (Algorithm 1). The real-world data may have more features and based on this exact fact, we
realized the gap to fill with our work. For ML model classifier learning, features play a crucial role
when it comes to speed, performance, predictive accuracy, and reliability of the model. Too many
features or too few features may overfit or underfit the model. Then the question becomes, what is
the optimum (i.e., the right number) feature set that should be filtered for a ML process, that is where
our work comes in. We wanted to have the model decides for itself as it continues to learn with more
data. Certain features such as” Gender” or ”Sex” may have extreme predictive value (i.e., weight)
for building predictive modeling for an academic data from a part of the world where gender bias
is high. However, the same feature may not play a significant role when it is included in a set from
a domain, where gender bias may not exist. Moreover, we also do not anticipate that based on our
thoughts, but we let our model tell us which feature should be included or removed, thus we have two
functions, Adder (+F(x, y, z)) Equation (1) and Remover (−F(x, y, z)) Equation (2). Number ”20” for
features was selected to optimize around this number. Figure 15a–e shows the tests for 5, 10, 15 and 20
to observe the fitness factor. Tables 7–12 in Section 5 show the promising state of eFES as compared to
the existing techniques. It performed very well, generally. Parallel processing and 3D engineering of
the features functions greatly improved the FO as we intended to investigate and improved with our
work. Future work will further enhance the internals of it.

In some of the experimental tests, we came across some invalid outcomes, where we had to re-tune
our model. Clearly, every model build-up process contains such issues where more work/investigation
is always needed. We have found that such issues are not reflective of any huge inaccuracy in the
results or instability of the model. Specially, in our diverse and stress testing, the errors and unexpected
behavior and readings were very little as compared to stable and expected results. It should be watched
closely with future enhancements and results, so it does not grow and become a real bug. This model
is based on supervised learning algorithms.
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6.2. Future Works

To further improve the current state of the eMLEE and its components (such as reported in this
paper), we will be testing more data specifically from http://www.kaggle.com, www.data.gov, and
www.mypersonality.org. We will be developing/testing more algorithms, especially in the domains of
unsupervised learning for new insights into feature engineering and selection. Also, eFES needs further
extensions towards exploring and engineering unknown features that are normally not encountered by
the learning process but may have great predictive value. We are improving/developing a model known
as the “Predicting Educational Relevance for an Efficient Classification of Talent (PERFECT)” Algorithm
Engine (PAE). PAE is based on eMLEE and incorporates three algorithms known as Noise Removal and
Structured Data Detection (NR-SDD), Good Fit Student (GFS), and Good Fit job Candidate (GFjC). We
have published the preliminary results [33] and are working to apply the eFES (i.e., eMLEE) model in its
latest form to study/explore/validate further enhancements.
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process. F.U. incorporated the changes. F.U. conducted the experiments and simulations. All authors reviewed
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Key Notations

x Point of overfitting (OF)
y Point of underfitting (UF)
z Point of optimum-fitting (OpF)
Fn Complete raw feature set
+F Feature Remover Function
−F Feature Adder Function
LT Logical Table Function
A (i) ith ML algorithm such as SVM
ReFES Ratio of normalized error between local and global errors
Fran (x, y, z) Randomized feature set
fw Weighted feature value
Δ(x, y, z) Regulating Function in LT object to obey the reference of 50% for training
err (e), LE Local error
Err (e), GE Global error
∅ maximum inconsistency
QN nth random generator
fii Position of a feature in 2D space
g (LG) Local gain
G (GG) Global gain
a fi ith accepted feature
r fi ith rejected feature
p fi ith predictive feature
ΔSi ith dataset item
∇ (ϕ, ρ, ω) Acceptable parameter function for x, y, z
ObF Objective function
k ∈ K Predictor ID in the group of K
EC Evaluation Criterion
W(∅) Weighted Function
Nγ, Sγ Border unit normal vectors
Q̂γ (Δ) Probability distribution based on nonparametric density estimation
GainI(w) Information gain
JMIN(Z)d Jacobian minimization
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Appendix A.

Appendix A.1. Dataset Sources

We have utilized the data from the following domains listed below. Some datasets were raw, CSV, and
SQL lite format with parameters and field definitions. We transformed all our input data into the SQL Server
data warehouse. Some of datasets are found to be ideal for doing healthcare preventive medicine, stock market,
epidemic, and crime control prediction.

1. http://www.Kaggle.com—Credit Card Fraud Detection, Iris species, Human Resource Analytics, 2015
Flight Delays and Cancellations, Daily news for Stock Market Prediction, 1.88 Million US Wildfires, SMS
Spam Collection Dataset, Twitter User Gender Classification, Brest Cancer Wisconsin Data Set, Retail Data
Analytics, US Dept. of Education: College Scoreboard, Death in the United States, US Mass Shootings,
Adult Census income, Fatal Police Shootings, Exercise Pattern Prediction, Netflix Prize Data, Pima Indians
Diabetes Database, Job Posts, Student Survey, FiveThirtyEight, S & P 500 stock Data, Zika Virus epidemic,
Student Alcohol Consumption, Education Statistics, Storm Prediction center.

2. http://snap.standford.edu—Facebook, Twitter, Wiki and bitcoin data set, Social networking APIs
3. https://docs.google.com/forms/d/1l57Un32YH6SkltntirUeLVpgfn33BfJuFLcYupg43oE/viewform?edit_

requested=true—online questionnaire from students across 12 campuses in the world
4. http://archive.ics.uci.edu/ml/index.php—Iris, Car Evaluation, Heart disease data set, Bank Marketing

Data set,
5. https://aws.amazon.com/datasets/—Enron Email Data, Japan Census data, 1000 Genomics Project,
6. https://cloud.google.com/bigquery/public-data/—We are experimenting it using BigQuery in our

Sandbox environment and will publish results in future.
7. https://www.reddit.com/r/bigquery/wiki/datasets
8. https://docs.microsoft.com/en-us/azure/sql-database/sql-database-public-data-sets.

Appendix A.2. Tools

Due to the years of background in databases and data architecture, we selected the Microsoft SQL Server [34]
(Business Intelligence, SQL Server Analysis Services, and Data mining) as our data warehouse. Preliminary work
is being conducted in Microsoft Azure machine learning tools. We used Microsoft Excel data mining tools [35,36].
Due to our programing background, we used Microsoft C# (mostly for learning in the beginning) and Python and
R language for main building of this model, and algorithms. There are various popular and useful Python data
analysis and scientific libraries (https://wiki.python.org/moin/NumericAndScientific) such as Pandas, Numpy,
SciPy (https://www.scipy.org/), Matplotlib, scikit-learn, Statsmodels, ScientificPython, Fuel, SKdata, Fuel, MILK,
etc. For R language (https://cran.r-project.org/), there are various libraries such as gbm, KlaR, tree, RWeka,
ipred, CORELearn, MICE Package, rpart, PARTY, CARET, randomForest. We used some of them as they were
relevant to our work and we are in the process of learning, experimenting and using more of them for future work.
We also used GraphPad Prism (https://www.graphpad.com/scientific-software/prism/) to produce simulated
results. Some of the python and R packages used are the following: FSelector-package, sklearn.feature_extraction,
sklearn.decomposition, from sklearn.ensemble, nsprcomp R package, R (RFE), R (varSelRF), R (Boruta package),
calc.relaimpo (Relative important) (r), earth package, Step-wise Regression, Weight of Evidence (WOE).
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Featured Application: The proposed Uncertainty Flow framework may benefit the facial analysis

with its promised elevation in discriminability in multi-label affective classification tasks. Moreover,

this framework also allows the efficient model training and between tasks knowledge transfer.

The applications that rely heavily on continuous prediction on emotional valance, e.g., to monitor

prisoners’ emotional stability in jail, can be directly benefited from our framework.

Abstract: To lower the single-label dependency on affective facial analysis, it urges the fruition of
multi-label affective learning. The impediment to practical implementation of existing multi-label
algorithms pertains to scarcity of scalable multi-label training datasets. To resolve this, an inductive
transfer learning based framework, i.e., Uncertainty Flow, is put forward in this research to allow
knowledge transfer from a single labelled emotion recognition task to a multi-label affective
recognition task. I.e., the model uncertainty—which can be quantified in Uncertainty Flow—is
distilled from a single-label learning task. The distilled model uncertainty ensures the later efficient
zero-shot multi-label affective learning. On the theoretical perspective, within our proposed
Uncertainty Flow framework, the feasibility of applying weakly informative priors, e.g., uniform
and Cauchy prior, is fully explored in this research. More importantly, based on the derived
weight uncertainty, three sets of prediction related uncertainty indexes, i.e., soft-max uncertainty,
pure uncertainty and uncertainty plus are proposed to produce reliable and accurate multi-label
predictions. Validated on our manual annotated evaluation dataset, i.e., the multi-label annotated
FER2013, our proposed Uncertainty Flow in multi-label facial expression analysis exhibited
superiority to conventional multi-label learning algorithms and multi-label compatible neural
networks. The success of our proposed Uncertainty Flow provides a glimpse of future in continuous,
uncertain, and multi-label affective computing.

Keywords: affective computing; Bayesian neural network; Multiple Label Learning; transfer learning

1. Introduction

1.1. Challenges in Affective Facial Analysis

Affective facial analysis, which is assessed as one of most primitive functions in vivo, has yet to
be successfully implemented in machine. Previous attempts in accomplishing this goal focused on
improving the accuracy of emotion classification tasks. Less attention was paid to reveal the uniqueness
of affective classification. The uniqueness is on the intrinsic ambiguity of emotion per se. The same
facial expression may be interpreted differently dependent upon its associated contexts, spatial and
temporal cues [1,2]. Hence, affective classification, in a nutshell, is ambiguous [3]. The past effort
in resolving this ambiguity has been reflected in lowering the single-label dependency in producing
emotion categories [4].
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To further lowering the single-label dependency, one stream of research aims in ’softening’
the label space in production of soft labels, allowing affective prediction along the continuous axis.
I.e., it allows the relaxation of a discrete label into a partial continuous one. Like in Bai et al. [5], the
pseudo soft labels can be crafted by a continuous approximation to the original labels. However, this
relaxation trick merely provides a provisional resolution in tackling the ambiguity (cf. [5]).

Instead of the foregoing proximal solution (hard label relaxation), here, we suggest a distal
approach: extending the single-label discrimination to the multi-label domain. The research on
multi-label affective discrimination is also in line with the finding that the decision boundaries among
classes are less ostentatious in affective analysis compare to other categorisation problems, e.g., object
classification [2,3]. Benefited from previous researches on multi-label classification in general, it appears
straightforward to extend affective computing along this direction. However, there is one difficulty
that hinders the success application of multi-label affective recognition: it is laborious and expensive
to collect the multi-label training data [6].

1.2. Uncertainty Flow in Zero-Shot Multi-Label Learning

In combating with the scarcity of multi-label training data, unlike conventional approaches,
we resort on inductive transfer learning [7] that allows the knowledge to be distilled from a source task,
i.e., a single-label affective learning task, and to be applied on a similar but more complex target task,
i.e., a multi-label affective discrimination task. But instead of transferring the mere knowledge,
i.e., the model parameters between source and target tasks, we propose the Uncertainty Flow

framework to transfer the model uncertainty between tasks. The crux of our proposed Uncertainty

Flow is on the quality of uncertainty quantification. To measure this quantity, instead of non-Bayesian
neural networks, Bayesian neural networks are employed in quantification of model uncertainty.
Bayesian neural network—a recapitulation of a neural network under the direct probabilistic
modelling—replaces the single point estimate of the model parameters with the distribution of
the parameter. It allows the production of real probabilistic outputs, i.e., model uncertainty [8].
Contrast with conventional implementations on Bayesian neural networks, we further provide our
suggestion on the usage of weakly informative priors, e.g., uniform and Cauchy prior, in perfecting
the final production of model uncertainty.

The article is organised as following: we chiefly introduce the proposed Uncertainty Flow

framework in sketch along with the description of four core components, e.g., Bayesian neural networks
(More precisely, two hierarchical Bayesian neural networks); our suggested weakly informative
priors; the quantification of model uncertainty; and three prediction related uncertainty indexes,
e.g., soft-max uncertainty, pure uncertainty and uncertainty plus. To demonstrate the effectiveness of
our proposed Uncertainty Flow framework, we then present the results from a large-scale comparative
experiment. This large-scale experiment contains three levels of comparisons, i.e., the comparison
among models, the comparison among different priors, and the comparison among three uncertainty
indexes. The observed pronounced discriminability, i.e., 20 to 30 percent performance enhancement,
proved the effectiveness of the proposed Uncertainty Flow framework.

This pioneer research should be credited under following contributions: (1) We develop a novel
inductive transfer learning [3] based computational framework that allows multi-label affective
prediction on single evoked source. (2) Unlike conventional inductive transfer learning, the proposed
Uncertainty Flow focuses on model uncertainty rather than the mere model weights in knowledge
distillation. (3) To obtain the model uncertainty, rather than the conventional used informative priors,
the usage on weakly informative priors, e.g., uniform and Cauchy prior has also been proposed.
(4) To further improve the discriminability of the Uncertainty Flow, two advanced prediction related
uncertainty indexes, i.e., pure uncertainty, and uncertainty plus are also suggested in this research.
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2. Related Works

2.1. Previous Works on Affective Learning

Past works on neural network based affective computing have focused on the segmentation of
single facial expression into finer sub-components, which can be achieved via the added principal
component analysis (PCA) [9] or the complex feature pre-processing engineering, e.g., the introduction
of Sobel filters [10]. However, the complex in emotional representation demands affective analysis
to move beyond the single label categorisation. The researches on multi-label learning have been
divided into two streams: problem transformation and algorithm adaptation, respectively [11].
The former approach allows a multi-label learning problem to degrade to a single-label one. Two widely
applied problem transformation algorithms are binary relevance [12] and hierarchical of multi-label
classifier, AKA., ML-ARAM [13]. The latter approach directly tackles the multi-label learning via the
reconstructed loss function. Within this scope, the representative models are ranging from k-nearest
neighbour related ML-KNN [14], to label relevance based multi-label neural networks [15].

Despite of the bulk of researches on multi-label learning in general, their applications on
affective computing are rarely documented. To fulfill this research gap, Mower et al. [16,17] proposed
a feature-agglomerate extraction method to encompass all appeared distinctive emotions in single
prediction. Their approach coincides with the foregoing ML-ARAM model in ensuring the structured
multi-label predictions. However, their claimed confidence rating—the computed Euclidean distance
between input space and feature hyperplane—is mere an metric to index the importance of a feature.
Another study that aimed in applying multi-label learning in affective classification relied on a novel
regularisation to further penalise the max margin loss [18]. In spite of their claimed effectiveness
in extracting multi-label affective features, the success of their proposed Group LASSO regulariser
depended heavily on their manual and recursive feature extraction process.

2.2. Previous Works on Bayesian Neural Networks

Previous efforts in developing Bayesian neural networks need to be mentioned here. Deep
neural networks are suffered from their inability in outputting authentic probabilistic output [19].
In literature, the history of probabilistic neural networks can be dated back to the early proposal
of using the ’soft-max’ function to transform a real-value prediction to a probabilistic one [20,21].
The mathematical role of this added ’soft-max’ function is to normalise all real-valued outputs into
[0, 1] range. However, this added ’soft-max’ function is not sufficient to craft real probabilistic account
for each classification prediction [8,22]. Therefore, the production of real probabilistic outputs demands
the binding of a neural network with a direct probabilistic model. The resultant model is a Bayesian
neural network. However, Bayesian neural networks have long been criticised for their imprecise
prior-to-posterior inferences and unreliable posterior samplings in practice. Credits to the recent
advance in variational inference, i.e., the achievement in deriving rapid and precise variational method
to tackle the issue of intractable posterior inferences, it allows the scalable training of Bayesian neural
networks [23].

Although the exhaustive review of Bayesian neural network is out of our scope, we focus on
the priors in Bayesian neural networks. In general, a prior can be classified as either informative
or non-informative. Despite of fruitful researches on informative priors, e.g., Gaussian and Laplace
priors [24], the work on non-informative or weakly informative priors is still at early stage [25].
Early researches on non-informative priors, e.g., Jeffery prior and reference prior, emphasised
on pursuing the invariance prosperities of non-informative priors (It is resistible to all types of
differentiable transformation of the input variables) [26,27]. However, these non-informative priors
are neither applicable in multiple parameter modelling nor asymptotically inconsistent in deriving the
posterior [28]. To merge the gap between the informative and non-informative priors, a proposal of
using weakly informative priors, i.e., semi-flat priors, has been put up in literature [29]. The practical
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advantages of weakly informative priors over informative ones have been witnessed in other Bayesian
models, e.g., generalised linear model [29].

3. Uncertainty Flow Framework

Sketched in Figure 1, the proposed Uncertainty Flow framework is consisted of four components,
i.e., a dual Bayesian neural networks, the weakly informative priors, the derived model uncertainty,
and prediction related uncertainty indexes. The work pipeline of Uncertainty Flow initiates at standard
supervised training of a source Bayesian neural network(BNN) with a weakly informative prior,
e.g., uniform or Cauchy prior, follows the computation of the weight posterior in preparation of model
uncertainty in the source BNN, then this distilled model uncertainty is transferred to a target BNN,
which is specialised in outputting multi-label predictions. Finally, three distinctive prediction related
uncertainty indexes are introduced in perfecting the final outputs from the target BNN.

Figure 1. Uncertainty Flow Framework. The graphic model explanation of our proposed Uncertainty

Flow framework shows four essential elements. I.e., the dual Bayesian neural networks in I,
e.g., a source and a target BNN(separate by different colours in Figure 1); the weakly informative
prior in II; the quantification of model uncertainty in III; and three proposed uncertainty indexes in
perfecting the final multi-label categorisation in IV.

3.1. I. Bayesian Neural Network

The core part of proposed Uncertainty Flow is the dual BNNs. Under Bayesian learning, a deep
neural network—a stacked multiple non-linearity transformations of affine computations—is perceived
as sequential layer-wise prior-to-posterior inferences. To allow the model to be flexible enough,
we resort on the hierarchical architecture. In a standard classification task set-up, where both input
and output variables are observable, i.e., {X|xnY|yn}, and each input is comprised of D features, i.e.,
xn ∈ �D, the likelihood functions for our dual BNNs are specified in following Equations (1) to (3):

p(yn|θ, xn, σ2) = Categorical(yn|NNtrain;test(xn; θ), σ2) (1)

NN(xn; w)source = so f tmax ◦ (tanh ◦
n

∑
i=1

(x · θ)
)

(2)

NN(xn; w)target = sigmoid ◦ (tanh ◦
n

∑
i=1

(x · θ)
)

(3)
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For simplicity, only tanh non-linearity is considered as the activation function in BNN. Notice
here, we tailer the target BNN in concord with the differentiated task demand. I.e., to allow a Bayesian
neural network to produce multiple outputs, the soft-max function in the source BNN is replaced with
a real-value function, e.g., sigmoid function, in the target BNN.

Armed with foregoing likelihood functions, a full hierarchical Bayesian neural network is derived
from following Equations (4) to (6):

σ ∼ Normal(0, I) (4)

θ ∼ Normal(w|0, σ2) (5)

yn|θ, σ2 ∼ Categorical(yn|NNsource;target(xn; θ), σ2) (6)

Here, we narrow our discussion in the most simplified version of a hierarchical Bayesian neural
network, which contains one hyper-parameter, i.e., σ. This hyper-parameter, e.g., σ directly controls
the variance of a prior in production of weight posterior.

3.2. II. Weakly Informative Priors

The prior, which determines the first and second order statistics of model parameters, is de facto
the driving force in bayesian learning. Hence, the proper specification of a model ties closely with the
choice of an applicable prior for a given task. Unfortunately, the majority works on Bayesian learning
pay overwhelmed attention towards the prior that are informative and conjugate for their analytical
convenience, the family of uninformative and weakly informative priors had been largely ignored.

Argued in [30], differ than conventional implementation on Bayesian neural networks with the
common used informative prior, the usage of weakly informative prior, i.e., a semi-flat prior, yielded
superior predicative performance in single-label discrimination. Therefore, it is rational to extend
this finding in multi-label learning. The formal definitions of informative and weakly informative
priors are rendered below, and their corresponding probabilistic density curves are plotted in Figure 2.
Their differentiated effects on a simple simulation is shown in Figure 3.

• Informative Prior

– Normal Prior

θN ∼ N(μ, σ2) (7)

p(θN) =
1√

2πσ2
exp(− 1

2σ2 (θ − μ)2) (8)

• Weakly Informative Prior

– Uniform Prior

θU ∼ U(α, β) (9)

p(θU) =
1

β − α
(10)

– Cauchy Prior

θC ∼ Cauchy(α, β) (11)

p(θC) =
1

πβ(1 + ( x−α
β )2)

(12)
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Figure 2. The Probabilistic Density Curves of Normal, Uniform, and Cauchy Priors. This graph
demonstrates the probabilistic density curve for each of the prior applied in this research, i.e., Normal,
Uniform and Cauchy priors. Here, the further specification of input-to-hidden, hidden-to-hidden
priors are defined as the hierarchical shrinkage in variance of the corresponding priors.

Figure 3. Effects of Different Priors on Posterior in a Simulated Binary Classification. Note, here, the simulated
posterior inferences were based on a simple three layer Bayesian neural network with five units in the hidden
layer on a binary classification problem. Left panel of Figure 3 reflects how prior, i.e., denoted as red and blue
dotted lines, transformed to the weight posterior, i.e., identified as green and light blue lines. The right panel
of Figure 3 demonstrates the sampling value of yielded weight posterior, based on 500 posterior samples.
Reflected by the separateness of yielded weight posterior, it is clear that Cauchy prior achieved the most
discriminability compare to other two priors, e.g., Normal and Uniform priors.
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3.3. III. Model Uncertainty

In order to craft model uncertainty, we rely on the quantitative analysis of posterior predictive
distribution under Bayesian neural networks. As the production of posterior predicative distribution
entails the computation of the intractable parameter posterior, the common way is to approximate
it via minimising the KL-divergence [23,31] (KL(q||p) = ∑θ q(θ)log q(θ)

p(x|θ) ) between approximated
variational distribution, i.e., q(θ) and true posterior, i.e., p(θ|x), therefore solving for optimal posterior,
i.e., q∗(θ), becomes:

q∗(θ) = argminq(θ)∈QKL
(
q(θ)||p(θ|x)) (13)

As we cannot compute the KL-divergence directly, the common approach is to resort on optimising
an alternative objective, i.e., maximising the ELBO(evidence lower bound), derived as

ELBO(q∗) = E[logp(x|θ)]− KL(q(θ)||p(θ)) (14)

Whereas ELBO can be seen as a sum of the expected log likelihood of the data with the negative
divergence between the variational variance and the model priors. Then it is customary to use the
mean-field variational family to complete the specification of the above-mentioned optimisation.
The mean-field variational family for each latent model parameter, i.e., θ, can be defined:

q(θ) = Πm
j=1qj(θj) (15)

Hence, finding the intractable posterior degrades to a coordinate ascent optimisation in obtaining
the optimal θ∗ in maximising ELBO (cf. Algorithm 1 in [23] for detailed review). The learned optimal
parameter posterior, e.g., (θs|x) serves as a surrogate to be used in the parameter posterior in target
BNN, i.e., (θt|x)(θs|x). The model uncertainty, which is distilled from the source task, is now flowed
to the target task.

3.4. IV. Prediction Related Uncertainty Indexes

With the flowed parameter posterior in the target task, i.e., (θt|x), it is feasible to form the
predictive posterior distribution for each upcoming novel observation, i.e., xnew, where,

p(xnew|x) =
∫

θ∗
p(xnew|θ∗)p(θ|x)dθ (16)

Armed with this predictive posterior distribution, it allows the production of prediction related
uncertainty indexes. As lengthy discussion in previous literature [20,32], one overwhelming claim
insists that the probabilistic outputs can be produced by the soft-max function in (It is often placed
in the final layer of neural networks to allow the real-valued prediction to be ’pushed’ in presenting
the pseudo-probabilisitic output.) permitting the averaging over the repetitive forward propagations
of new observation in either Bayesian neural network or non-Bayesian neural networks. This type
of probabilistic output merely tells the most probable output given the input, not how uncertain is
the prediction. For the comparative purpose, we refer this type of uncertainty index as soft-max

uncertainty. The quantification of this soft-max uncertainty has been previously approximated via
averaged T times of forward model(input) propagation [33], expressed in Equations (17) and (18):

So f t − Max = E(y∗) ≈ 1
T

T

∑
t=1

(ŷ∗(xnew))|p(θ|xnew) (17)

= Class − Type|Non−Bayesian (18)

From Bayesian learning perspective, the above-mentioned softmax uncertainty reflects the
belief of applying predictive mean in indexing the prediction uncertainty. Numerically, this type of
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uncertainty index captures the mere classification type in multiple-object discrimination, is equivalent
with the class type probability in non-Bayesian neural networks. However, as the predictive mean
does not capture the full picture of parameter posterior distribution, we draw our attention towards
the predictive variance instead.

We argue that the yielded predictive variance reflects the degree of uncertainty that is associated
with each prediction. As a result, based on the approximated weight posterior, i.e., p(θ|x), a better
prediction related uncertainty index is expressed below in Equation (19):

Pure = Var[y∗] ≈ Var
[ T

∑
t=1

∫
Θ

p(xnew)p(θ|x)dθ
]

(19)

We denote this measure of prediction uncertainty index as pure uncertainty.
One step further, rather than the dichotomous uncertainty indexes, e.g., pure uncertainty and

soft-max uncertainty, these two indexes can be fused together, which allows the uncertainty index
to reflect both class-type probabilistic prediction and the model uncertainty associated with each
prediction. In consistent with the previous naming tradition, this type of uncertainty index is marked
as uncertainty plus. The production of this uncertainty plus shows that each class type probabilistic
prediction should be proportionately adjusted according to its associated prediction uncertainty,
expressed in Equation (20):

Uncert+ ≈
1
T ∑T

t=1(ŷ∗(xnew))|p(θ|xnew)

Var
[

∑T
t=1

∫
Θ p(xnew)p(θ|x)dθ

] (20)

For illustrative purposes, how each of three above mentioned uncertainty indexes, e.g., soft-max

uncertainty, pure uncertainty, and uncertainty plus, influences on a simple binary classifier,
is demonstrated in Figure 4.

Figure 4. Comparison of Three Prediction Related Uncertainty Indexes on a Binary Classifier. In this
figure, three different means of crafting uncertainty boundary for obtaining classification prediction on
a simple binary classification problem, i.e., two classes are separated by blue and red, is delineated.

4. Experiment

Relying on the transferred model uncertainty, the proposed Uncertainty Flow framework allows
a learner to output multi-label predictions under single-label training curriculum. Empirical validation
of our proposed framework contains two enquiries that need to be addressed. I.e., one is to investigate
that whether or not our proposed Uncertainty Flow is superior to conventional multi-label learning
algorithms in facilitating the zero-shot multi-label learning; whereas the other is to see which
uncertainty index leads to the most significant performance elevation. Also, in order to investigate
the role of suggested weakly informative priors, we additional specify our Uncertainty Flow into
three types of priors. Hence, in total, there are three-level comparisons in our experiment, i.e., model
comparison; prior comparison; and uncertainty comparison. The entire experiment is written in Python,
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using Theano [34], and Pymc3 [35] libraries. The partial code to produce this study is available from:
https://github.com/LeonBai/Uncertainty-Flow.

4.1. Dataset

4.1.1. Training Dataset

We selected the first 1500 images from FER2013 [36] as our training dataset. The reason for
intentional lowered size of training dataset is to enforce the similar model complexity between a source
BNN and a target BNN. (cf. Figure 1). We leave the relaxation of such restriction to future research.
FER2013 is a well researched public dataset, which is comprised of facial expression images for pictorial
sentiment discrimination. Prior to our implementation, all images in this truncated version of FER2013
had gone through the standard preprocessing process, e.g., fixate the faces at centre, standardise the
image size to 48 by 48 pixels in resolution, and all faces are properly registered. We then normalised
the pixel values of input images. The original FER2013 images are labelled as one of seven emotion
categories, e.g., angry, disgust, fear, happy, sad, surprise, and neutral.

4.1.2. Testing Dataset

To allow the evaluation of outputted multi-label predictions, it is imperative to rely on some
existing benchmark annotations. Unfortunately, there is no current reliable multi-label annotations
for FER2013 facial expressions. For this, we conducted a small-scale, i.e., 200 images, experiment on
manual annotating the multi-label version of FER2013. The descriptive statistics of this annotated
multi-label testing dataset is summarised in Appendix A, and the raw data can be found on
https://github.com/LeonBai/Uncertainty-Flow. Preliminary statistic test revealed the high similarity
between the original single-label and yielded multi-label annotations. I.e., treating the original
single-label FER2013 annotations as ground truth, the overlaps between multi-label annotations
and ground truth reached 75%, suggesting high similarity between two annotations. Indicated by
a acceptable Fleiss-Kappa coefficient value [37], i.e., 0.25 (between −1 to 1, higher is more reliable)—the
measurement of inter-rater reliability—the annotated multi-label version of FER2013 can be served as
our testing dataset.

4.2. Models

To conduct an experiment that contains above-mentioned three-level comparisons, i.e., model
comparison, prior comparison, uncertainty comparison, it demands explicit specification of all models in
current experiment. In model comparison, four widely used multi-label learning algorithms, ranging from
adaption algorithms, e.g., Multi-Label K-means Nearest Neighbour (MLkNN), Multi-label Neurofuzzy
Classifier(ML-ARAM), to problem transformation algorithms, e.g., Binary Relevance (BR) and Label
Powerset (LP), are included. In addition, two multi-label compatible neural networks. i.e., a multi-label
feedforward Neural network (ML-FNN) and a multi-label convolutional neural network (ML-CNN),
are also included in model comparison comparison.

In prior comparison and uncertainty comparison, depending on the prior type, i.e., informative or
weakly informative, and different prediction related uncertainty indexes, e.g., soft-max uncertainty,
pure uncertainty, uncertainty plus, the Uncertainty Flow generates 9 variants, denoting as
BNN-normal-soft; BNN-normal-pure; BNN-normal-plus; BNN-uniform-soft; BNN-uniform-pure;
BNN-uniform-plus; BNN-cauchy-soft; BNN-cauchy-pure; BNN-cauchy-plus. To further elevate the
discriminative performance in multi-label prediction, we additional frame a convolutional neural
network under Bayesian learning, producing Bayesian convolutional neural network within the proposed
Uncertainty Flow framework, with its associated 9 variants, i.e., BCNN-normal-soft; BCNN-normal-pure;
BCNN-normal-plus; BCNN-uniform-soft; BCNN-uniform-pure; BCNN-uniform-plus; BCNN-cauchy-soft;
BCNN-cauchy-pure; BCNN-cauchy-plus. The configurations of above-mentioned models are summarised
in Appendix B.

236



Appl. Sci. 2018, 8, 300

4.3. Evaluation Metrics

Different than the uniformed metric that used in single-label classification, i.e., classification
accuracy, diversified evaluation metrics have been proposed. In line with the rouge classification
from [11], we adhere the dichotomy classification of the evaluation metrics as bipartition and ranking
based. For illustrative purposes, assuming a multi-label evaluation dataset is consist of input,
i.e., xi, and the set of true labels, i.e., Yi, where i = 1, ..., m and Yi ⊆ L, L is the set of all correct
labels. Under this notation, the set of predicated labels are denoted as Zi, where i = 1, ..., m, while the
rank predicted by learning method for a label λ is denoted as ri(λ). The most relevant label, receives
the highest rank (1), while the least relevant one, receives the lowest rank (q).

4.3.1. Bipartition Based

Delegated from the single-label metric, bipartition based metrics are proposed to capture the
differences between actual and predicted sets of labels over all evaluation dataset. These differences
can be computed in various means via either averaged over all samples or all label sets.

1. Hamming loss

Hamming − Loss =
1
m

mi

∑
i=1

|Yi�Zi|
M

(21)

Where � represents the symmetric difference of two sets, i.e., predicted and true label sets.
Contrast with other over-strict measures of multi-label classification accuracy, i.e., low tolerance
on partial label misclassification, e.g., 1

m ∑m
i1 I|Yi = Zi|, the hamming loss, which sums up to 1,

offers a mild criteria for wider range of measurement application.

2. Micro-Averaged F-Score & Average Precision

Inherited from classic binary evaluation in information retrieval tasks, F-score and average
precision, which both reflect their corresponded combinations of averaging over precision and
recall, are two readily applicable metrics in multi-label learning. Among various averaging
operations, e.g., macro, weighted, and micro, the preferred operation is micro-average as it offers
each sample-class pair an equal contribution to the overall metric. Consider a binary evaluation
measure tp, tn, fp, fn that is computed via the number of true positives tp, true negatives tn,
false positives fp, false negatives fn,the nth threshold for precision and recall are Pn and Rn,
the interested micro-averaged F-score and average precision score(AP) are derived as following:

Pn =
tp

tp + fp
(22)

Rn =
tp

tp + fn
(23)

MicroAveraged(Fβ) = (1 + β2 Pn × Rn

β2Pn + Rn
) (24)

AveragePreision(AP) = ∑
n
(Rn − Rn−1)Pn (25)

4.3.2. Ranking Based

1. Converge

To measure the needed distance to cover all true label sets, i.e., Yi in the predicted label sets,
we resort on the converge error metric. It can be defined as following:

Coverage − Error =
1
m

m

∑
i=1

maxλ∈Yi ri(λ)− 1 (26)
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2. Ranking Loss

The ranking loss targets at the incorrect ordering of the predicted label sets. Presume Ȳi is
expressed as the complementary set of Yi, its computation can be defined as following:

R − Loss =
1
m

m

∑
i=1

1
|Yi||Ȳi|

{(λa, λb) : ri(λa) > ri(λb), (λa, λb) ∈ Yi × Ȳi} (27)

4.4. Results & Discussion

The overall result of our conducted large-scale comparative experiment is chiefly presented in
Table 1. For illustrative purposes, we grouped the results to highlight the comparison among different
models. As we used various of evaluation metrics to assess the performance of corresponding models,
it is difficulty to obtain a clear judgement that is based on single metric. I.e., when we pitted our
approach, i.e., Uncertainty Flow against the MLkNN approach in conventional multi-label models,
our approach, including all nine variations, is inferior to the MLkNN approach on the metric of
Hamming-Loss. However, when we accessed the model according to its performance on Average
Precision, our approach largely outperformed the MLkNN approach. Moreover, as we incorporated
nine variations in Uncertainty Flow, the in-depth analyses of the prior types and uncertainty indexes
are demanded. We then divided our discussion of the overall result into three parts, e.g., the results on
model comparison, the results on prior comparison, and the results on uncertainty comparison.

Table 1. Model Comparison in Various Multi-label Evaluation Metrics.

Candidate Models Hamming-Loss Converge-Loss Ranking-Loss F-Score Average Precision Source

Conventional Multi-Label Models
MLkNN 0.286 7.000 0.950 0.090 0.346 [14]

ML-ARAM 0.374 6.670 0.801 0.264 0.369 [13]
Binary Relevance 0.275 7.00 1.000 0.263 0.340 [38]
Label Powerset 0.328 6.940 0.837 0.215 0.370 [39]

Multi-Label Compatible Neural Networks
ML-FNN 0.402 6.700 0.761 0.282 0.376 [40]
ML-CNN 0.387 6.600 0.733 0.3108 0.384 [41]

Uncertainty Flow - Bayesian Neural Networks
BNN-normal-soft 0.404 6.500 0.75 0.279 0.360 This research
BNN-normal-pure 0.382 6.500 0.723 0.318 0.389 This research
BNN-normal-plus 0.402 6.673 0.759 0.282 0.525 This research
BNN-uniform-soft 0.414 6.750 0.7816 0.302 0.353 This research
BNN-uniform-pure 0.385 6.450 0.723 0.330 0.389 This research
BNN-uniform-plus 0.404 6.450 0.765 0.310 0.530 This research
BNN-cauchy-soft 0.400 6.7 0.759 0.285 0.378 This research
BNN-cauchy-pure 0.382 6.525 0.727 0.312 0.402 This research
BNN-cauchy-plus 0.401 6.250 0.741 0.290 0.527 This research

Uncertainty Flow - Bayesian Convolutional Neural Networks
BCNN-normal-soft 0.421 6.750 0.791 0.250 0.385 This research
BCNN-normal-pure 0.384 6.700 0.737 0.319 0.449 This research
BCNN-normal-plus 0.400 6.675 0.751 0.288 0.561 This research
BCNN-uniform-soft 0.403 6.675 0.762 0.282 0.421 This research
BCNN-uniform-pure 0.404 6.800 0.769 0.279 0.311 This research
BCNN-uniform-plus 0.387 6.725 0.736 0.310 0.527 This research
BCNN-cauchy-soft 0.401 6.675 0.760 0.285 0.416 This research
BCNN-cauchy-pure 0. 396 6.800 0.753 0.322 0.390 This research
BCNN-cauchy-plus 0.401 6.75 0.758 0.285 0.576 This research

4.4.1. Model Comparison

Ruling out the factors of prior types and prediction related uncertainty indexes, the empirical
comparison between Uncertainty Flow framework and the alternatives demonstrated mixed results,
illustrated in Figure 5.
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Figure 5. Model Wise Comparison on Multi-learning Metrics. Note here, for illustrative purposes,
we used Hamming-ACC, Converge-ACC and Ranking-ACC instead of original loss based metrics.
Rather than the averaging over the models in each category, e.g., Conventional-ML, we picked the
most representative model in each category for different metric.

Previous findings from [11] and [6] stated that it is practical difficult to observe a single model
or algorithm, which is competitive enough to beat others in every multi-label evaluation metric.
Hence, it is imperative to investigate each loss metric independently. Focusing on Hamming-Loss
(Hamming-ACC = 1 − Hamming loss), interestingly, the conventional multi-label learning models are
particular good in minimising this type of loss. However, indicated in Converge-Loss and Ranking-Loss,
both Uncertainty Flow and multi-label compatible neural networks, e.g., ML-FNN and ML-CNN are
superior than the conventional multi-label learning alternatives.

Under two precision related metrics, e.g., F-score and average precision, with the help from
a weakly informative prior, e.g., uniform or Cauchy prior, and an advanced prediction related
uncertainty indexes, e.g., pure uncertainty, or uncertainty plus, both BNN and BCNN, exhibited clear
performance advantage over their alternatives, e.g., ML-FNN, ML-CNN and conventional multi-label
models. Especially on the metric of average Precision, the nontrivial performance enhancement,
i.e., over 20% accuracy increase, demonstrated the superior discriminability that tags to our proposed
Uncertainty Flow. Moreover, comparing the performance between BNN and BCNN, the convolutional
architecture, e.g., BCNN, should be credited for overall performance improvement.

4.4.2. Prior Comparison

To verify the most applicable prior in our proposed Uncertainty Flow, the prior comparison
among three candidate priors is worthy to be fully investigated. Shown in Figure 6b, despite some
similarities in shapes, it is clear that each prior has its unique effect in shaping the corresponded
posterior distribution of the weights. In specific, the effect of uniform prior on posterior weight is seen
as the restriction on the approximated posterior weights, i.e., the posterior weights have to be higher
than a fixed value, e.g., 1 in our implementation. This restriction effect may lower the discriminability
of the uniform prior imposed model, shown in Figure 7. Interestingly, the posterior distribution of
weights from imposed normal and Cauchy priors respectively rendered nearly identical distribution
shape, shown in Figure 6a,c. The minute difference between these two is the enlarged variance for
Cauchy prior induced posterior distribution of weights. Despite seemingly trivial, this difference in
variance lead to the discrepancy in discriminative performance, shown in Figure 7. Overall, based
on final induced discriminability, a Cauchy prior is considered as the most applicable prior in our
proposed Uncertainty Flow.
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Figure 6. Different Priors on Posterior Weights Under Uncertainty Flow. Note here, the notation
winhidden1 means posterior weights in first hidden layer in our implemented BNN or BCNN.

The performance enhancement that can be reflected by above-mentioned ’clustered’ effect in
weight posterior was observed in examination of the discriminability of three implemented prior.
Plotted in Figure 7, focusing on the average precision evaluation metric, regardless of the variations
in Bayesian neural networks, i.e., BNN or BCNN, the employment of Cauchy prior—as one kind of
weakly informative prior–leaded competitive multi-label affective classification. However, as another
implemented weakly informative prior, uniform prior was inferior to the used informative prior,
e.g., normal prior. This observed attenuation in discriminability from uniform prior may due to the
its above-mentioned spike-and-slab effect on weight posterior that requires extra training epochs to
stabilise the pre-to-posterior inference.

Figure 7. Prior Induced Discriminability Differences in Uncertainty Flow. Note here, we rule out the
impacts of uncertainty indexes via averaging the performance of models with same implemented prior.
Average precision is chosen as other metrics failed to render clear discriminability comparison.

4.4.3. Uncertainty Comparison

Undoubtedly, the most pronounced performance improvement is pertaining to the inclusion
of advanced prediction related uncertainty indexes, e.g., pure uncertainty and uncertainty plus.
To recall the foregoing definition of prediction related uncertainty indexes, the soft-max uncertainty

is a mere indication of multi-class prediction type, which is equivalent with the predictions in
non-Bayesian alternatives. The pure uncertainty, i.e., on the contrary—depends heavily on weight
posterior—can be produced exclusively in our proposed Uncertainty Flow framework. Reflected in
Figure 8, when the feedforward architecture was adopted, soft-max uncertainty is inferior to pure
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uncertainty in producing multi-label prediction. Interestingly, when the convolutional architecture
was chosen, it uncovered a different story, i.e., the discriminability from pure uncertainty became
inferior to soft-max uncertainty.

Not surprisingly, the combination of soft-max uncertainty and pure uncertainty, i.e., the craft of
uncertainty plus, allows a set of multi-label predictions to be tuned based on its uncertainty value.
Shown in Figure 8, it is clear that the crafted predictions that are benefited from Uncertainty plus

are superior to other two uncertainty indexes. I.e., its introduced improvement in average precision is
over 20% compare to other two indexes. Combining the most applicable weakly informative prior
and the advanced uncertainty indexe together, the two most efficient variants in feedforward and
convolutional architectures are BNN-cauchy-plus and BCNN-cauchy-plus, respectively. We leave
sensitivity analysis of our proposed advanced uncertainty indexes to future research.

Figure 8. Discriminative Performance Across Different Prediction Related Uncertainty Indexes. Note
here, the effects of priors were marginalised via prior-wise averaging.

5. Conclusions

Over reliance on single-label affective learning hinders the fruition of the automatic affective
analysis. To free from this restriction, we resort on multi-label affective learning. However, current
multi-learning algorithms are not scalable enough due to the scarcity of multi-label training samples.
To tackle this issue, we propose a inductive transfer learning based framework, i.e., Uncertainty

Flow. Under this pioneer framework, we argue that the model uncertainty can be distilled from
a source single-label recognition task. The distilled knowledge is then fed to a to-be-learned multi-label
affective recognition task. For predictions, three types of uncertainty indexes, i.e., soft-max uncertainty,
pure uncertainty, and uncertainty plus, are further proposed. For empirical validation, the authors
conducted a large-scale comparative experiment on the manual annotated multi-label FER2013 dataset
across three levels of comparisons, i.e., model comparison, prior comparison, and uncertainty comparison.
The observed performance superiority in Uncertainty Flow unequivocally renders the feasibility of
applying this framework in zero-shot multi label affective learning.

However, even under the permitted computational resources, to run a full Bayesian posterior
remains as a daunting task. How to speed up the posterior inference is an open research question.
In terms of future researches, there are two streams of researches that are worthy to be further explored.
One focuses on improving the discriminability of our novel proposed Uncertainty Flow framework.
This entails the revision on the mainstream mean field based variational inference [23]. The other
is to extend the current inductive transfer based framework to the transductive transfer domain [7],
where has already been demonstrated in vivo [42].
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Abbreviations

The following abbreviations are used in this manuscript:

BNN Bayesian neural network
BCNN Bayesian convolutional neural network
ML-kNN Multi-Label adapted kNN(k Nearest Neighbour) classifier
ML-ARAM Multi-Label fuzzy Adaptive Resonance Associative Map
ML-FNN Multi-Label Compatible Feedforward Neural Network
ML-CNN Multi-Label Compatible Convolutional Neural Network

Appendix A. Descriptive Statistics on Annotated FER2013 dataset

Table A1. Descriptive Statistics of Single-Label and Multi-Label FER2013 Datasets.

Name # of Instances # of Labels Cardinality [11] Source

Training 1500 7 1.0 [36]
Testing 200 7 1.89 This Research

Appendix B. Model Configurations

1. ML-kNN

The number of k mixture components was set up to 4, and the default smoothing parameter was
tuned at 0.

2. ML-ARAM

The vigilance was set to 0.9 to reflect the high dataset dependence, the threshold was set to 0.02
in line with the original algorithm implementation [13].

3. Binary Relevance

Base classifier: SVC(support vector classifier).

4. Label Powerset

Base classifier: Naive Gaussian classifier.

5. ML-FNN

Layer-wise Architecture:

Dense (128) > Dropout (p = 0.2) > Dense (128) > Dropout (p = 0.2) > Dense (Output) (This notation
indicates the information pathway from a dense connected layer with 128 units, to the final dense
connected layer via intermediate dense connected and dropout layers).

Epoch: 50 (1500 iterations)

6. ML-CNN

Layer-Wise Architecture: Convolution (3 × 3) > Convolution (3 × 3) > Max Pooling (2 × 2) >
Dropout (p = 0.2) > Dense (128) > Dense (Output). Epoch: 50 (1500 iterations)
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7. BNN

Layer-Wise Architecture: Same as ML-FNN Priors: Normal/Uniform/Cauchy Inference Method:
Variational Mean Field Number of Posterior Sampling: 500.

8. BCNN

Layer-Wise Architecture: Same as ML-CNN Priors: Normal/Uniform/Cauchy Inference Method:
Variational Mean Field Number of Posterior Sampling: 500.
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