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Błażejewski, Paweł Zielonka, et al.

Constitutive Law Identification and Fatigue Characterization of Rigid PUR Elastomers 80 ShA
and 90 ShA
Reprinted from: Materials 2022, 15, 6745, doi:10.3390/ma15196745 . . . . . . . . . . . . . . . . . . 49

Antonin Bermond, Claire Roume, Jacques Stolarz, Matthieu Lenci, Jean-François Carton and

Helmut Klocker

Low Cycle Fatigue of G20Mn5 Cast Steel Relation between Microstructure and Fatigue Life
Reprinted from: Materials 2022, 15, 7072, doi:10.3390/ma15207072 . . . . . . . . . . . . . . . . . . 65

Xi-Ming Yao, Yu-Chen Zhang, Qi Pei, Li-Zhu Jin, Tian-Hao Ma, Xiao-Hua He and Chang-Yu

Zhou

Empirical Solution of Stress Intensity Factors for the Inclined Inner Surface Crack of Pipe under
External Pressure and Axial Compression
Reprinted from: Materials 2023, 16, 364, doi:10.3390/ma16010364 . . . . . . . . . . . . . . . . . . . 85
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Analysis of the Vehicle Chassis Axle Fractures
Reprinted from: Materials 2023, 16, 806, doi:10.3390/ma16020806 . . . . . . . . . . . . . . . . . . . 101

Takayuki Shiraiwa, Fabien Briffod and Manabu Enoki

Prediction of Fatigue Crack Initiation of 7075 Aluminum Alloy by Crystal Plasticity Simulation
Reprinted from: Materials 2023, 16, 1595, doi:10.3390/ma16041595 . . . . . . . . . . . . . . . . . . 119
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Preface to “Fracture Mechanics and Fatigue Damage

of Materials and Structures”

One of the most important aspects of the engineering assessment of the technical condition of

structures and materials is the ability to assess the fatigue behavior of materials and structures. In

addition, another important topic is the design of materials or structures that can resist fatigue and

fracture. Modern science provides us with an increasing number of new materials, from superalloys

of metals manufactured conventionally as well as via additive manufacturing to functionally

advanced composites. Against this background, fundamental knowledge of the fatigue behavior and

fracture mechanics of different material groups provides a convenient platform for communication

between different interested groups and fields, from material science, numerical engineering and

mathematical modeling to hybrid methods for fatigue life prediction.

This Special Issue presents the latest research findings on crack growth and fatigue damage

in metallic materials. The latest achievements in experimental research and the modeling of static

and cyclic loads are presented. Fundamental research insights as well as practical predictions

are presented, including the influence of microstructure, defect assessment, damage analysis,

mathematical modelling, numerical simulation and S-N curve parameters. For this Special Issue, 16

submissions were received and 14 papers were published, attracting submissions from 10 countries

around the world.

We would also like to express our most profound appreciation to the MDPI Book staff; the

editorial team of the Materials journal, especially Mr. Felix Guo; the Assistant Editor of this Special

Issue; the talented authors; and the hardworking and professional reviewers.

Grzegorz Lesiuk and Dariusz Rozumek
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1. Introduction and Scope

One of the most important aspects of engineering assessment of the technical condition
of structures and materials is the ability to assess the fatigue behavior of materials and
structures. On the other hand, an important topic is the design of materials or structures to
resist fatigue and fracture. Modern science provides us with an increasing number of new
materials, from superalloys of metals manufactured conventionally and by additive manu-
facturing to functionally advanced composites. Against this background, the fundamental
knowledge of the fatigue behavior and fracture mechanics of different material groups
provides a convenient platform for communication between different interested groups and
fields, from material scientists, numerical engineers and mathematical modeling to hybrid
methods for fatigue life prediction. This Special Issue provides such an exchange of ideas
on recent developments in the field of fatigue and fracture and is especially focused on
fatigue crack growth analysis, the description of fatigue damage in metals and composites,
probabilistic approaches, fracture mechanics analysis, fatigue failure analysis and lifetime
prediction. A summary of the articles is given in this editorial.

This Special Issue contains thirteen original research papers on fatigue and cracking in
materials. The presented articles mainly concern experimental research and numerical cal-
culations.

2. Contributions

In the paper by Volodymyr Hutsaylyuk et al. [1], an analytical–numerical method
for determining the mechanical fields in composite structures with interphase ribbon-like
deformable multilayered inhomogeneities under combined force and dislocation loading
has been proposed. The values of generalized stress intensity factors for the asymptotic
stress–strain fields in the vicinity of the ends of thin inhomogeneities are calculated, from
which the stress concentration and local strength of the structure can be calculated. The
proposed method has shown its effectiveness for solving an entire class of problems of
deformation and fracture of bodies with thin deformable inclusions of finite length and can
be used for mathematical modeling of the mechanical effects of thin FGM heterogeneities
in composites.

Based on the twin bridge shear specimen, Xinna Liu et al. [2] performed cyclic shear
experiments on 1.2 mm thin plates of 316L metastable austenitic stainless steel with different
strain amplitudes from 1 to 5% at ambient temperature. The fatigue behavior of 316L
stainless steel under the cyclic shear path was studied, and the microscopic evolution
of the material was analyzed. The results show that the cyclic stress response of 316L
stainless steel exhibits cyclic hardening, saturation and cyclic softening, and the fatigue life
is negatively correlated with the strain amplitude.

Materials 2023, 16, 4171. https://doi.org/10.3390/ma16114171 https://www.mdpi.com/journal/materials
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The study by Maria Letizia Raffa et al. [3] applies numerical calculations. This paper
proposes a numerical assessment of two model parameters, damage energy threshold
and damage viscosity, of a hard interface model previously formulated by the authors.
The proposed assessment protocol uses macroscopic experimental data, available in the
literature, on structural adhesives under standard characterization tests. The numerical
results obtained give insights into the physical interpretation of these parameters.

Furthermore, Krzysztof Junik et al. [4] present the results of a study of polyurethane
rigid (PUR) elastomers in terms of constitutive law identification and analyze the effect of
polyurethane elastomers’ hardness on fatigue properties. The research objects were PUR
materials based on 4,4′-diphenylmethane diisocyanate (MDI) with hardnesses of 80 ShA
and 90 ShA, typically used in various industrial applications. Based on the experimental
campaign performed under static and cyclic loading, the constitutive model proposed by
Ogden is most appropriate. In addition, a hybrid numerical–experimental analysis (using
FEM-DIC) of diabolo specimens’ behavior is carried out in fatigue tests. Based on the
fatigue test performed, it is worth noting that the energy approach describes the fatigue
process synonymously compared to the displacement or strain approach.

In the article by Antonin Bermond et al. [5], the influence of micro-shrinkage porosity
on a G20Mn5 cast steel was presented. G20Mn5 (normalized) ingots were cast under indus-
trial conditions, ensuring the absence of macroporosities. Solidification leads to two very
different microstructures prior to the normalization treatment: columnar dendrites beneath
the surface (Skin) and equiaxed microstructures close to the center (Core). First, metallo-
graphic observations of the whole ingot revealed the same grain size in both areas. Fatigue
samples were extracted by differentiating two sampling volumes corresponding to colum-
nar (S) and equiaxed solidification (C), respectively. The distribution of microporosities was
determined for all samples by micro-CT scans. Core samples exhibit microporosities with
volumes 1.7 times larger than Skin samples. Low-cycle fatigue tests (three levels of fixed
plastic strain) were run on both sample series (C, S). The results follow the Manson–Coffin
law. Core specimens exhibit a lower fatigue life than Skin specimens. The differences in
fatigue life have been successfully related to the differences in microporosity sizes.

Xi-Ming Yao et al. [6], based on the theory of fracture mechanics, used a finite element
method to determine the stress intensity factors of an inclined crack on the inner surface of a
pipe under axial compression load and external pressure. The effects of different influencing
factors on the stress intensity factor along the crack front were systematically explored
considering crack closure and were different from those under internal pressure. The effects
of a high aspect ratio on KII, the crack inclination asymmetry caused by curvature, and the
effects of the friction coefficient on the stress intensity factors of the pipe with an inclined
inner surface crack under axial compression load and external pressure were explored. To
be suitable for defect assessment, the solutions for stress intensity factors KII and KIII were
derived, and new correction factors, fθ and fμ, were proposed in the empirical solutions to
accommodate the crack inclination asymmetry and the friction coefficient, respectively.

The study by Živilė Decker et al. [7] concerns the durability of suspension components
in relation to the duration of the onset of fatigue. This article presents an analysis of damage
to the rear axle of the semi-trailer using macroscopic observations of the damage site and
dynamic FEA of stress distribution in the axle material. To identify the probable cause of the
damage, eight cases of loading the semi-trailer axle were considered. Analytical solutions
have shown that in various cases, the yield point is exceeded and the strength limit of the
modeled semi-trailer axle is reached. The risk of damage to the vehicle’s suspension system
components increases on poor roads (bumps and winding road sections).

Takayuki Shiraiwar et al. [8] proposed a method for predicting fatigue crack initia-
tion of the 7075 aluminum alloy by crystal plasticity finite element analysis considering
microstructures. In order to accurately predict the total fatigue life, it is necessary to calcu-
late the number of cycles for fatigue crack initiation, small crack growth, and long crack
growth. The long crack growth life can be estimated by the Paris law, whereas fatigue crack
initiation and small crack growth are sensitive to microstructures and difficult to predict.

2
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In this work, the microstructure of 7075 aluminum alloy was reconstructed based on exper-
imental observations in the literature, and crystal plasticity simulations were performed
to calculate the elasto-plastic deformation behavior in the reconstructed polycrystalline
model under cyclic deformation. The calculated local plastic strain was introduced into
the crack initiation criterion (Tanaka and Mura, 1981) to predict fatigue crack initiation life.
The predicted crack initiation life and crack morphology were in good agreement with the
experimental results, indicating that the proposed method is effective in predicting fatigue
crack initiation in aluminum alloys. Based on the obtained results, future issues regarding
the prediction of fatigue crack initiation were discussed.

The research by Michał Böhm et al. [9] presented the commonly used EN 1.2709 tool
steel (printing steel), which has good strength properties and high abrasion resistance
and can be hardened. The research shows, however, that its fatigue strength may differ
depending on the printing method and may be characterized by a wide range of fatigue life.
Selected S–N curves for EN 1.2709 steel are presented after printing with the selective laser
melting method. The characteristics are compared, and conclusions are presented regarding
the resistance of this material to fatigue loading, especially in the tension–compression
state. A combined general mean reference and design fatigue curve is presented, which
incorporates our own experimental results as well as those from the literature for the
tension–compression loading state. The design curve may be implemented using the finite
element method by engineers and scientists to calculate the fatigue life.

Faezeh Hatami and Ahmad Varvani-Farahani [10] evaluated the ratcheting response at
notch roots of 1045 steel specimens experiencing uniaxial asymmetric fatigue cycles. Local
stress and strain components at the notch root were analytically evaluated using Neuber,
Glinka, and Hoffman–Seeger (H-S) rules coupled with the Ahmadzadeh–Varvani (A–V)
kinematic hardening model. Backstress promotion through a coupled kinematic hardening
model with the Hoffman–Seeger, Neuber, and Glinka rules was studied. Relaxation in
local stresses on the notched samples as hysteresis loops moved forward with plastic strain
accumulation during asymmetric loading cycles was observed. Local ratcheting results
were simulated through FE analysis, where the Chaboche model was employed as the
material hardening rule. A consistent response of the ratcheting values was evidenced as
predicted, and simulated results were compared with the measured ratcheting data.

In the paper by Branko Nečemer et al. [11], a comprehensive experimental investiga-
tion of the high-cycle fatigue (HCF) behavior of the ductile aluminium alloy AA 5083-H111
is presented. The analyzed specimens were fabricated in the rolling direction (RD) and the
transverse direction (TD). The HCF tests were performed under load control (load ratio
R = 0.1) at different loading levels under a loading frequency of 66 Hz up to the final failure
of the specimen. The experimental results have shown that the S–N curves of the analyzed
Al alloy consist of two linear curves with different slopes. Furthermore, RD-specimens
demonstrated longer fatigue lives if compared to TD specimens. This difference was about
25% at an amplitude stress of 65 MPa, where the average fatigue life was 276,551 cycles for
RD specimens and 206,727 cycles for TD specimens. Similar behavior was also found for
the lower amplitude stresses and fatigue lives between 106 and 108 cycles. The difference
can be caused by large Al6(Mn,Fe) particles that are elongated in the rolling direction and
cause higher stress concentrations in the case of TD specimens. The micrography of the
fractured surfaces has shown that the fracture characteristics were typical for the ductile
materials and were similar for both specimen orientations.

Similar to [7], Živilė Decker et al. [12] focused on issues related to road transport,
which is important for the national economy. Damage usually excludes the means of
transport from operation, which causes disruption of supply chains. One such damage is
the failure of the suspension system of the vehicle or trailer, which usually occurs when the
vehicle is heavily loaded. Such a defective system has been analyzed in this publication.
Mathematical apparatus and finite element method (FEM) numerical simulations were
used. A dangerous axle cross-section in terms of load was indicated, and the maximum
stresses in this area were calculated for two types of roads. On highways, the stress at

3
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the critical point was 199 MPa, and on uneven roads, it increased to 304 MPa, which is
comparable to the yield point. It was found that the second form of vibration may cause
stress in the damage area, but the excitation frequency would have to be quite high. The
probability of such a load and failure event occurring under operating conditions is low.

Tong Li et al. [13] studied quasicrystals (QCs), which are representatives of a novel
type of material exhibiting many remarkable specific properties. However, QCs are usually
brittle, and crack propagation inevitably occurs in such materials. Therefore, it is of great
significance to study the crack growth behaviors in QCs. In this work, the crack propagation
of two-dimensional (2D) decagonal QCs is investigated by a fracture phase field method.
In this method, a phase field variable is introduced to evaluate the damage of QCs near the
crack. In the numerical examples, the crack propagation paths of 2D QCs are simulated by
the proposed method, and the effects of the phason field on the crack growth behaviors of
QCs are studied in detail.

3. Conclusions

We would like to thank all of the reviewers for their contributions and efforts in
producing this Special Issue, as well as the authors for preparing the papers. We would
also like to thank all the staff at the Materials Editorial Office, especially Felix Guo, Assistant
Editor, who managed and facilitated the publication process.

Conflicts of Interest: The authors declare no conflict of interest.
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Abstract: Within the framework of the concept of deformable solid mechanics, an analytical-
numerical method to the problem of determining the mechanical fields in the composite structures
with interphase ribbon-like deformable multilayered inhomogeneities under combined force and
dislocation loading has been proposed. Based on the general relations of linear elasticity theory, a
mathematical model of thin multilayered inclusion of finite width is constructed. The possibility of
nonperfect contact along a part of the interface between the inclusion and the matrix, and between
the layers of inclusion where surface energy or sliding with dry friction occurs, is envisaged. Based
on the application of the theory of functions of a complex variable and the jump function method,
the stress-strain field in the vicinity of the inclusion during its interaction with the concentrated
forces and screw dislocations was calculated. The values of generalized stress intensity factors for the
asymptotics of stress-strain fields in the vicinity of the ends of thin inhomogeneities are calculated,
using which the stress concentration and local strength of the structure can be calculated. Several
effects have been identified which can be used in designing the structure of layers and operation
modes of such composites. The proposed method has shown its effectiveness for solving a whole class
of problems of deformation and fracture of bodies with thin deformable inclusions of finite length
and can be used for mathematical modeling of the mechanical effects of thin FGM heterogeneities
in composites.

Keywords: functionally gradient material; composite; thin inhomogeneity; fracture mechanics;
nonperfect contact; stress intensity factor

1. Introduction

Microscopic, layered structures in fields such as microelectronics, biotechnology, en-
ergy, weaponry, etc. are gaining special attention in modern engineering and technology.
Among the most important scientific projects, experts identify a significant increase in com-
puter performance, restoration of human organs using reproduced tissues (obtained from
3D printers) and obtaining new structured materials created directly from given molecules
and atoms. Quite often these inclusions are used as elements to reinforce structural parts of
machines and structures or as fillers of composite materials. Thin lamellar inhomogeneities
are also a characteristic phenomenon at the interphase boundaries of crystalline grains
arising during crystallization [1–7]. In this regard, there is a need to provide mathematical
modeling of nanostructure mechanics, which is still a pressing problem of materials science
theory. At this stage of the development of mechanics, it is already possible to concen-
trate on the construction of the complex universal equations suitable for investigations of
multiscale, including layered, structures and the development of methods for their solution.
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In such structures, each layer or their combination has its functional purpose, in
particular, anti-corrosion, anti-abrasion, heat protection, strengthening to inhibit and block
crack growth, reduce porosity, provide a high degree of adhesion of the components [8–14].
Thanks to multilayers, it is also possible to increase the service life of structures, and their
use can significantly reduce material intensity and cost and increase the endurance of
products. At the same time in a structure with thin layers, there is a concentration of
stresses near places of change of physical and mechanical characteristics of materials. And
it is the higher, the greater the difference in their properties.

Inhomogeneous structures with optimally varying physical and mechanical properties
along with the thickness, known as functionally graded materials (FGMs) [15–20], allow
one to reduce such stress concentrations in the vicinity of the contact between the matrix
and the interlayer by avoiding abrupt transitions in the properties of the components. A
detailed review of the manufacturing techniques can be found in [21–26]. FGMs are often
used in the coatings of structural elements to protect them from the harmful effects of
temperature [8–11,27–35], etc. One of the frequently used variants of FGM arrangement is
the combination of ceramics with metal [36,37], but this often leads to the violation of the
contact between them. Due to the brittle nature of ceramics, there is a need for additional
research into the applicability limits of such FGM structures [38–40]. The complexity of
the geometry of structural elements and consideration of imperfections in the contact of
their components stimulate the process of improving mathematical models of FGMs to
ensure their qualitative design both in terms of mechanical strength [12–14,41–54] and in
terms of consideration of thermal, magnetic, piezoelectric loading factors [47,48]. The use
of the FGMs seems to be one of the most effective materials in the realization of sustainable
development in industries.

An important aspect of strength research, including tensile strength, for such structures,
is to improve their strength criteria, to determine such key parameters as stress intensity
factors (SIF) in the points of singularity. Moreover, since we consider thin inhomogeneities
not only in the form of classical cracks but also thin cavities filled with an arbitrary elastic
or nonlinearly elastic material, it makes sense to claim that the theory of thin inclusions is
an essential generalization of the crack theory and the so-called generalized SIFs, which
characterize the distribution of stress and displacement fields, are analogous parameters of
fracture mechanics for the theory of thin inhomogeneities [55–57].

This work aims to develop an analytical and numerical method for studying the
stress-strain state and strength of composites with thin deformable multilayer ribbon-like
elements that are also suitable for mathematical modeling of thin inclusions with an almost
arbitrary continuous thickness variation of mechanical characteristics.

2. Formulation of the Problem

We consider a structure which, following the concept of deformable solid mechan-
ics, we will further consider as a combination of two half-spaces with elastic constants
Ek, νk, Gk (k = 1, 2), at the interface of which (plane xOz) there is a tunnel section
L′ = [−a; a] in the direction of the shear axis Oz (Figure 1), in which a certain object of
general thickness 2h(h � a) is inserted–a package of M different thin plane-parallel layers{

x ∈ L′; y ∈ [yK − hK; yK + hK], K = 1, M
}

of thickness 2hK

(
2h = 2 ∑M

K=1 hK

)
, y1 − h1 = −h,

yM + hM = h with orthotropic mechanical properties GinK
y , GinK

x in the direction of two
axes (Figure 2).
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Figure 1. Geometry and load pattern of the problem.

 

Figure 2. Multilayered inclusion.

The structure is loaded quasi-statically by shear factors (uniform shear at infinity τ, τk,
concentrated forces Qk, and screw dislocations bk at points ςk∗), which cause longitudinal
shear in the body. To ensure the straightness of the material interface at infinity, the stresses

must satisfy the conditions σ∞
xz2G1 = σ∞

xz1G2,
v2σ∞

yy−(1−v2)σ
∞
xx2

G2
=

v1σ∞
yy−(1−v1)σ

∞
xx1

G1
.

Let us restrict ourselves to the problem of longitudinal displacement in the direction of
the z-axis (antiplane deformation). Then, considering that the stress-strain state (SSS) of the
structure in each section perpendicular to the z-axis is identical, we will further consider
only the plane xOy, which consists of two planar sections of half-spaces Sk(k = 1, 2) with a
separation boundary between them in the form of abscissa axes Ox.

3. Materials and Methods

The construction of a mathematical model of such a layered thin inclusion-layer (inter-
nal problem) should eventually reveal the relation between the stress-strain parameters in-
side the inclusion and on its external surface as the influence functions σin

yz(x,±h), win(x,±h),
which will be used in the further solution of the problem [51–53].

Let us introduce into consideration the jumps of the stress tensor components and the
displacement vector for the matrix components and individual layers on L′:[

σyz
]

0,h
∼= σyz1(x,−h)− σyz(x, h) = f3(x),[

∂w
∂x

]
0,h

∼= ∂w
∂x (x,−h)− ∂w

∂x (x, h) =
[ σxz

G
]

0,h = f6(x), x ∈ L′ (1)

[
σinK

yz

]
yK ,hK

∼= σinK
yz (x, yK − hK)− σinK

yz (x, yK + hK) = f3K(x),
(
K = 1, M

)[
∂winK

∂x

]
yK ,hK

∼= ∂winK

∂x (x, yK − hK)− ∂winK

∂x (x, yK + hK) = f6K(x), x ∈ L′;
(2)

f3(x) = f6(x) = 0, f3K(x) = f6K(x) = 0, if x /∈ L′.

7
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Hereinafter marked:

[•]y,h = •(x, y − h)− •(x, y + h),

〈•〉y,h = •(x, y − h) + •(x, y + h).

Let us analyze the methodology for constructing a mathematical model for the case of
a multilayer package of thin inclusion layers. The basic relation for an arbitrary orthotropic
elastic material with shear moduli GinK

x , GinK
y of each of the layers given by the parameters

yK, hK
(
K = 1, M

)
are the equilibrium conditions:

∂σinK
xz

∂x
+

∂σinK
yz

∂y
+ ρKFinK = 0, (3)

where ρK denotes a density of the material, and FinK—distribution of the mass forces, and
constitutive strain-stress dependence (orthotropic linear elasticity):

σinK
xz = GinK

x
∂winK

∂x
, σinK

yz = GinK
y

∂winK

∂y
. (4)

By integrating Equation (3) over the x limits [−a, x] and averaging, respectively, over
the thicknesses of each of the heterogeneity layers y ∈ [yK − hK, yK + hK], we obtain:

1
2hK

∫ yK+hK

yK−hK

σinK
xz (ξ, y)dy 	 1

2

〈
σinK

xz

〉
yK ,hK =

GinK
x
2

〈
∂winK

∂x

〉
yK ,hK

, (5)

and, accordingly, the first group of M equations of mathematical models of layers:

GinK
x
2

〈
∂winK

∂x

〉
yK ,hK

− σinK
xz (−a)− 1

2hK

∫ x
−a

[
σinK

yz

]
yK ,hK

(ξ)dξ+

+FinK
aver(x,−hK, hK) = 0,

(6)

where FinK
aver(x,−hK, hK) =

ρK

2hK

∫ yK+hK
yK−hK

∫ x
−a FinK(ξ, y)dξdy,

(
K = 1, M

)
.

Considering the thin-wall ratio of the inclusion layers:

∂winK

∂y (x, yK + hK) +
∂winK

∂y (x, yK − hK) 	
	 winK(x,yK+hK)−winK(x,yK−hK)

hK
= − [winK]yK ,hK

hK
,

(7)

winK(x, yK ∓ hK) = winK(x, yK ± hK)∓ 2hK
∂winK

∂y
(x, yK ± hK)

(
K = 1, M

)
,

and constitutive relations (4), we obtain the following form of the second group of M
equations of the inclusion model:

−
[
winK]

yK ,hK

hK
=

〈
σinK

yz

〉
yK ,hK

GinK
y

(
K = 1, M

)
, (8)

which together with relations (6) fully describe the thin M -layered inclusion model written
in the values of the stress-strain behavior of the inclusion package materials.

Instead of the displacement jump, in many cases, it is convenient to use the formula
for the jump of the strain components:

[
winK

]
yK ,hK

(x) =
[
winK

]
yK ,hK

(−a) +
∫ x

−a

[
∂winK

∂x

]
yK ,hK

(ξ)dξ.

8



Materials 2022, 15, 1435

At each inclusion layer, the balance conditions must be satisfied:∫ a

−a
f3K(ξ)dξ = −NxzK(−a) + NxzK(a) + 2hFin

averK(a, h), (9)

∫ a

−a
f6K(ξ)dξ =

[
winK

]
yK ,hK

(a)−
[
winK

]
yK ,hK

(−a), (10)

where NxzK(±a) = 2hKσin
xzK(±a).

The partial cases of the model (6), (8) of the form μinK
y = μin

y , μinK
x = μin

x
(
K = 1, M

)
(all layers are the same) or hK → 0 μinK

y = μin
y → 0, μinK

x = μin
x → 0

(
K = 1, M

)
(no inclu-

sion or crack) or μinK
y = μin

y → 0
(

GinK
y = Gin

y → ∞
)

, μinK
x = μin

x → ∞
(
GinK

x = Gin
x → ∞

)
(perfectly rigid homogeneous inclusion) are satisfied and coincide with those known in
the literature.

The solution for the matrix as an isotropic bimaterial (external problem) is obtained by
the method of the problem of conjugation of analytic functions [51–53]:

σsz(x, y) = σ0
sz(x, y) + σ̂sz(x, y), s = {x, y},

w(x, y) = w0(x, y) + ŵ(x, y),
(11)

σyzk(z) + iσxzk(z) = σ0
yzk(z) + iσ0

xzk(z) + ipkg3(z)− Cg6(z)
(z ∈ Sk; r = 3, 6; k = 1, 2),
σ±

yzk(x) = ∓pk f3(x)− Cg6(x) + σ0±
yz (x),

σ±
xzk(x) = ∓C f6(x) + pkg3(x) + σ0±

xz (x),
∂w
∂y

±
(x) = ∓p f3(x)− p3−kg6(x) +

σ0±
yz (x)
Gk

,
∂w
∂x

±
(x) = ∓p3−k f3(x) + pg6(x) + σ0±

xz (x)
Gk

,

(12)

where:

gr(z) ≡ 1
π

∫
L′

fr(x)dx
x − z

, sr(x) ≡
∫ x

−a
fr(x)dx, C = G3−k pk, pk = pGk, p =

1
G1 + G2

.

Here the upper indexes “+” and “−” correspond to the limit values of the functions at
the upper and lower margins of the line L; the values marked with the index “0” on the
top characterize the corresponding values in a solid body without modeled heterogeneities
under the corresponding external load, and the values marked with the symbol “ˆ” on the
top, are the perturbations of the basic stress-strain field by the presence of an inclusion [53].

The following entries [47,49] shall continue to apply:

σ0
yz(z) + iσ0

xz(z) = τ + i{τk + Dk(z)+
(

pk − pj
)

Dk(z) + 2pkDj(z)
}

,
Dk(z) = − Qk+iGkbk

2π(z−ςk∗)
(z ∈ Sk, k = 1, 2; j = 3 − k).

To connect the external and internal problems, one needs to use contact conditions
between the components of the package. There are several variants of contact conditions
between the layers and between the package and the matrix:

(1) Ideal (perfect) contact between all constituents of the package:{
win(K−1)(x, yK−1 + hK−1) = winK(x, yK − hK)

(
K = 2, M

)
,

σ
in(K−1)
yz (x, yK−1 + hK−1) = σinK

yz (x, yK − hK)(x ∈ L′).
(13)

(2) Nonperfect contact with additional tension between layers:

{
win(K−1)(x, yK−1 + hK−1) = winK(x, yK − hK)

(
K = 2, M

)
,

σinK
yz (x, yK − hK) = σ

in(K−1)
yz (x, yK−1 + hK−1)− TK.

(14)

9
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TK are the surface stresses. When TK = 0 we have the same ideal contact (13).

(3) Contact with friction between the (K)-th and (K − 1)-th layers at the boundary
{x, yK ± hK} in some area x ∈ L f ⊂ L′

σ
in(K−1)
yz (x, yK−1 + hK−1) = σinK

yz (x, yK − hK) = −sgn
[
win
]

yK ,hK
τmax

yzK . (15)

τmax
yzK are the limit value of tangential stresses, at which slippage begins. When τmax

yzK
there is a smooth contact between these layers.

(4) Ideal contact between the boundary components of the package and the matrix:

⎧⎪⎪⎨⎪⎪⎩
win1(x, y1 − h1) = w(x, y1 − h1)
σin1

yz (x, y1 − h1) = σyz1(x, y1 − h1),
winM(x, yM + hM) = w(x, yM + hM),
σinK

yz (x, yM + hM) = σyz2(x, yM + hM)(x ∈ L′).

(16)

(5) Nonperfect contact between the edge components of the package and the matrix:

⎧⎪⎪⎨⎪⎪⎩
win1(x, y1 − h1) = w(x, y1 − h1)
σin1

yz (x, y1 − h1) = σyz1(x, y1 − h1)− T1,
winM(x, yM + hM) = w(x, yM + hM),
σinM

yz (x, yM + hM) = σyz2(x, yM + hM) + TM+1(x ∈ L′).

(17)

In the case T1 = TM+1 = 0 we have an ideal contact (16).

(6) Contact with friction between the inclusion and the matrix within {x, y1 − h1},
{x, yM + hM} in some area x ∈ L f ⊂ L′

{
σyz1(x, y1 − h1) = σin1

yz (x, y1 − h1) = −sgn
[
win]

y1,h1
τmax

yz1

σyz2(x, yM + hM) = σinM
yz (x, yM + hM) = −sgn[w]yM ,hM

τmax
yzM

{(
x ∈ L f

) (18)

In the case τmax
yzK there is a smooth contact.

One of the conditions (13)–(15) and one of the conditions (16)–(18) must be fulfilled
simultaneously.

Using (2) and, for example, (14), we can obtain the expressions for the stresses and
strains in the layers through the stress and strain limits for the inclusion package for the
presence of interlayer tension:

σinK
yz (x, yK + hK) = σin1

yz (x,−h)−
K
∑

j=1
f3,j −

K
∑

j=2
Tj = σinM

yz (x, h) +
M
∑

j=K+1
f3,j +

M
∑

j=K+1
Tj,

∂winK

∂x (x, yK + hK) =
∂win1

∂x (x,−h)−
K
∑

j=1
f6,j =

∂winM

∂x (x, h) +
M
∑

j=K+1
f6,j(x ∈ L′).

(19)

Here, the total jumps of the boundary stresses and strains for the inclusion package
have the value:

σin1
yz (x,−h)− σinM

yz (x, h) =
M
∑

j=1
f3,j +

M
∑

j=2
Tj,

∂win1

∂x (x,−h)− ∂winM

∂x (x, h) = ∑M
j=1 f6,j(x ∈ L′).

(20)

The resulting limit stresses and strains for the inclusion package (19), the boundary
values of the stresses and strains of the matrix (12), and the boundary conditions (13)–(18)
form a complete system of singular integral equations (SSIE) for the solution of the problem.
Note that the dissimodularity of the inclusion layers in no way affects the peculiarity of the
solution of the SSIE of the problem, which allows us to obtain a large variety of effects from
manipulating the properties of the layers.

10
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To illustrate the method, let us investigate the longitudinal shear of a structure in the form
of a body with a thin two-layer inclusion with layers of thickness 2hK(K = 1, 2), 2h = 2h1 + 2h2
and orthotropic mechanical properties GinK

y , GinK
x , respectively, under the condition of nonper-

fect mechanical contact with surface tension on the contact surfaces of the structural components
under different kinds of loading (Figure 3) when ςk∗ = xk∗ + iyk∗(k = 1, 2).

Figure 3. Geometry and load pattern of the problem for two-layer different-modularity thin inclusion.

According to (6), (8), the mathematical model for the two-layer inclusion is as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

μin1
x

〈
∂win1

∂x

〉
y1,h1

(x)− ∫ x
−a
[
σin1

xz
]

y1,h1
(ξ)dξ = 2h1

(
σin1

xz (−a)− Fin1
aver(x)

)
,

μin2
x

〈
∂win2

∂x

〉
y2,h2

(x)− ∫ x
−a
[
σin2

xz
]

y2,h2
(ξ)dξ = 2h2

(
σin2

xz (−a)− Fin2
aver(x)

)
,

μin1
y

〈
σin1

yz

〉
y1,h1 +

∫ x
−a

[
∂win1

∂x

]
y1,h1

dξ +
[
win1]

y1,h1
(−a) = 0,

μin2
y

〈
σin2

yz

〉
y2,h2 +

∫ x
−a

[
∂win2

∂x

]
y2,h2

dξ +
[
win2]

y2,h2
(−a) = 0.

(21)

The boundary conditions between the surfaces of the layers and the tunnel section on
L′ = [−a; a] take nonperfect with surface tension (14)–(17):

σin1
yz (x, y1 − h1) = σyz1(x,−h)− T1,

σin2
yz (x, y2 − h2) = σin1

yz1(x, y1 + h1)− T2,
σyz2(x, h) = σin2

yz (x, y2 + h2)− T3,
w(x,−h) = win1(x, y1 − h1),
win2(x, y2 − h2) = win1(x, y1 + h1),
win2(x, y2 + h2) = w(x, h).

(22)

Given the boundary conditions (22), the relations between jumps (1) and (2) take
the form:

f3(x) = f3,1(x) + f3,2(x) + T1 + T2 + T3,
f6(x) = f6,1(x) + f6,2(x).

(23)

11
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In addition, the integral representations of the external problem (11), (12), if the tension
TK is not a function of the Ox coordinate, can be written as:

σyz2(x, h) = −p2 f3,1(x)− p2 f3,2(x)− Cg6,1(x)− Cg6,2(x)−
−p2(T1 + T2 + T3) + σ0+

yz (x),
σyz1(x,−h) = p1 f3,1(x) + p1 f3,2(x)− Cg6,1(x)− Cg6,2(x)+
+p1(T1 + T2 + T3) + σ0−

yz (x),
∂w
∂x (x, h) = −p1 f6,1(x)− p1 f6,2(x) + pg6,1(x) + pg6,2(x)+

+ p
π (T1 + T2 + T3)ln

∣∣∣ 1−x
1+x

∣∣∣+ σ0+
xz (x)
G2

,
∂w
∂x (x,−h) = p2 f6,1(x) + p2 f6,2(x) + pg6,1(x) + pg6,2(x)+

+ p
π (T1 + T2 + T3)ln

∣∣∣ 1−x
1+x

∣∣∣+ σ0−
xz (x)
G1

,

(24)

which agrees well with (23).
Substituting (22)–(24) into (21) considering the expressions:

σin1
yz1(x, y1 − h1) = σyz1(x,−h)− T1,

σin2
yz2(x, y2 + h2) = σyz2(x, h) + T3,

σin1
yz1(x, y1 + h1) = σin2

yz (x, y2 − h2) + T2 =

= σin2
yz2(x, y2 + h2) + f3,2(x) + T2 =

= σyz2(x, h) + f3,2(x) + T2 + T3,
σin2

yz2(x, y2 − h2) = σin1
yz1(x, y1 + h1)− T2 =

= σin1
yz1(x, y1 − h1)− f3,1(x)− T2 =

= σyz1(x,−h)− f3,1(x)− T2 − T1,

(25)

generates the following kind of two-layer multi-module thin inclusion model in terms
of jumps:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(p2 − p1) f6,1(x) + 2p2 f6,1(x) + 2pg3,1(x) + 2pg3,2(x)− 1
μin1

x

∫ x
−a f3,1(ξ)dξ =

= 2h1
μin1

x

(
σin1

xz (−a)− Fin1
aver(x)

)− 〈 ∂w0

∂x

〉
h
(x)− {T1 + T2 + T3} 2p

π ln
∣∣∣ 1−x

1+x

∣∣∣,
−2p1 f6,1(x) + (p2 − p1) f6,2(x) + 2pg3,1(x) + 2pg3,2(x)− 1

μin2
x

∫ x
−a f3,2(ξ)dξ =

= 2h2
μin2

x

(
σin2

xz (−a)− Fin2
aver(x)

)− 〈 ∂w0

∂x

〉
h
(x)− {T1 + T2 + T3} 2p

π ln
∣∣∣ 1−x

1+x

∣∣∣,
−(p2 − p1) f3,1(x) + 2p1 f3,2(x)− 2Cg6,1(x)− 2Cg6,2(x) + 1

μin1
y

∫ x
−a f6,1(ξ)dξ =

= − 1
μin1

y

[
win1]

y1,h1
(−a) + T1 − T2 − T3 −

〈
σ0

yzk

〉
h(x),

−2p2 f3,1(x)− (p2 − p1) f3,2(x)− 2Cg6,1(x)− 2Cg6,2(x) + 1
μin2

y

∫ x
−a f6,2(ξ)dξ =

= − 1
μin2

y

[
win2]

y2,h2
(−a) + T1 + T2 − T3 −

〈
σ0

yzk

〉
h(x).

(26)

The resulting SSIE is supplemented by additional balance conditions:∫ a
−a f3,1(ξ)dξ = Nin1

xz (a)− Nin1
xz (−a) + a(T1 + T2),∫ a

−a f3,2(ξ)dξ = Nin2
xz (a)− Nin2

xz (−a) + a(T2 + T3),
(27)

∫ a
−a f6,1(ξ)dξ =

[
win1]

y1,h1
(a)− [win1]

y1,h1
(−a),∫ a

−a f6,2(ξ)dξ =
[
win2]

y2,h2
(a)− [win2]

y2,h2
(−a),

(28)

where NinK
xz (x) = 2hK

(
σinK

xz (−a)− FinK
aver(x)

)
(K = 1, 2).

or: ∫ a
−a f3(ξ)dξ = Nin

xz(a)− Nin
xz(−a) + a(T1 + T3),∫ a

−a f3,1(ξ)dξ +
∫ a
−a f3,2(ξ)dξ + 2a(T1 + T2 + T3) =

= Nin1
xz (a)− Nin1

xz (−a) + a(T1 + T2) + Nin2
xz (a)− Nin2

xz (−a) + a(T2 + T3),
(29)

12
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∫ a

−a
f3,1(ξ)dξ +

∫ a

−a
f3,2(ξ)dξ = Nin1

xz (a)− Nin1
xz (−a) + Nin2

xz (a)− Nin2
xz (−a)− a(T1 + T3).

To preserve the quasi-static equilibrium of the considered microstructure, one should
also require the fulfillment of the condition of the balance of surface forces T1 + T3 = 2T2.

The resulting system of Equations (26)–(29) is reduced to a system of linear algebraic
equations concerning the unknown coefficients of the decomposition of the desired influ-
ence functions [51–53] into a series by Jacobi-Chebyshev polynomials, described in [55].

4. Numerical Results and Discussion

In fracture mechanics, it is common to use the stress intensity factor (SIF) K3 to describe
the asymptotics of the SSS in the vicinity of the crack tip [8,38]. For the case of a thin elastic
inclusion, this is not sufficient [56]. The introduction of a system of polar coordinates (r, θ)
with the origin near the right or the left tip of the inclusion z1 = ±rexp(iθ)± a (Figure 3),
makes it possible to obtain two-term asymptotic expressions for the distribution of the
stresses and displacements in the vicinity of the tips (|z1| � 2a) [55] using the generalized
stress intensity factors (GSIF) introduced by the expression:

K31 + iK32 = lim
r→∞(θ=0,π)

√
2πr
(
σyz + iσxz

)
.

Consider also the following dimensionless values, marked with a “~” at the top, which
significantly reduce the number of calculations without loss in generality:

x̃ = x
a, h̃K = hK

a, ỹ = y
a , τ̃k =

τk
Ggav

, τ̃ = τ
Ggav

,

G̃inK
x (x̃) = GinK

x (x)
Ggav , G̃inK

y (x̃) =
GinK

y (x)
Ggav

,

G̃k =
Gk

Ggav(k=1,2), p̃k = pk, C̃ = C
Ggav ,

σ̃xz(x̃) = σ̃xz(x)
Ggav , σ̃yz(x̃) = σ̃yz(x)

Ggav
, Ggav =

√
G1G2.

(30)

K̃31 =
K+

31

2C̃Ggav
√

πa
, K̃32 =

K+
32

2p̃2Ggav
√

πa
, (31)

where K+
31, K+

32—GSIF’s near the tip of inclusion x = +a.
The use of dimensionless values will make it possible to interpret the obtained quanti-

tative results and qualitative conclusions on any variant of specific materials of inclusion
layers or matrix by simple recalculation due to the universality of the mathematical model
of a thin deformable inclusion and the method of problem-solving. The investigation of the
influence of the inclusion layers different modularity, external force factors at non-ideal
contact with the surface tension of the structural components on the unmeasured stress-
strain field parameters on the inclusion surfaces, and the dimensionless stress intensity
factor K̃31 are illustrated in Figures 4–16. Figures 4–7 shows the results of a study of the
stress distributions on the contact surfaces and displacement jumps on the inclusion as a
function of the degree of dissimilarity of the inclusion layers under different external loads
(Figures 4 and 5 illustrate the effect of a far-field uniform shear loading, and Figures 6 and 7
illustrate the effect of a concentrated force on similar structures) and in the absence of
surface forces.

When one of the layers is significantly softer than the matrix, the effect of “unloading”
(stress level reduction) of the surfaces is observed irrespective of the stiffness of the second
layer. And this effect is more local than the loading by the concentrated forces located in
the points ςk∗ = xk∗ + iyk∗; xk∗ = 0, y2∗ = −y1∗ = d of order d/a ≈ O(1). Figures 4 and 5
reflect the known fact that the stress variation on most of the inclusion surfaces is small
and changes abruptly as they approach the tips. In contrast, the applied near the inclusion
concentrated force (Figures 6 and 7) essentially perturbs the character of stress distribution
along the inclusion axis, its maximum value for such a loading is reached on the geometric
symmetry axis of the problem. With the removal of the point of force application (increase
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in d) the character of the stresses changes approaches the characteristic of a far-field uniform
shear loading (Figures 4 and 5). Figure 7d illustrates the proportionality of the displacement
jumps of each layer to their stiffness.

 

Figure 4. Stress distribution along with the upper interface (layer 2 of the inclusion—matrix half-
space S2) (a); the boundary between layers (layer 1–layer 2) (b); lower interface (layer 1—matrix
half-space S1 ) (c), and the displacement jump on the inclusion (d) for a layer 1 stiffer than the matrix
as a function of the change in stiffness of layer 2 under the load uniformly distributed at infinity.

 

Figure 5. Stress distribution along with the upper interface (layer 2 of the inclusion—matrix half-
space S2) (a); the boundary between layers (layer 1–layer 2) (b); lower interface (layer 1—matrix
half-space S1 ) (c), and the displacement jump on the inclusion (d) for a layer 1 softer than the matrix
as a function of the change in stiffness of layer 2 under the load uniformly distributed at infinity
(1—result for the case of the same layer materials, verified by comparison with [50,53]).
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Figure 6. Stress distribution along with the upper interface (layer 2 of the inclusion–matrix half-
space S2) (a); the boundary between layers (layer 1–layer 2) (b); lower interface (layer 1—matrix
half-space S1 ) (c), and the displacement jump on the inclusion (d) for a layer 1 stiffer than the matrix
as a function of the change in stiffness of layer 2 under the load by concentrated forces at points
ςk∗ = xk∗ + iyk∗; xk∗ = 0, y2∗ = −y1∗ = d.

 

Figure 7. Stress distribution along with the upper interface (layer 2 of the inclusion–matrix half-
space S2) (a); the boundary between layers (layer 1–layer 2) (b); lower interface (layer 1—matrix
half-space S1 ) (c), and the displacement jump on the inclusion (d) for a layer 1 softer than the matrix
as a function of the change in stiffness of layer 2 under the load by concentrated forces at points
ςk∗ = xk∗ + iyk∗; xk∗ = 0, y2∗ = −y1∗ = d (1—result for the case of the same layer materials, verified
by comparison with [50,53]).

15



Materials 2022, 15, 1435

 
Figure 8. Influence of the level of dissimodularity on the GSIF K̃31 under the load by uniformly
distributed on infinity stress and absence of surface tension.

 
Figure 9. Influence of the level of dissimodularity on the GSIF K̃31 under the load by uniformly
distributed on infinity stress and absence of surface tension.
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Figure 10. The effect of changing the distance d of the point of application of concentrated forces
from the inclusion and the level of dissimodularity to the GSIF K̃31 in the absence of surface tension
and layer 1 softer from the matrix (4—result for the case of the same layer materials, verified by
comparison with [50,53]).

 
Figure 11. The effect of changing the distance d of the point of application of concentrated force from
the inclusion and the level of dissimodularity to the GSIF K̃31 in the absence of surface tension and
equivalent to the matrix material layer 1 (2—result for the case of the same layer materials, verified
by comparison with [50,53]).
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Figure 12. Influence of the level of dissimodularity of the inclusion layer materials on the GSIF
K̃31 in the absence of surface tension (3—result for the case of the same layer materials, verified by
comparison with [50,53]).

 
Figure 13. The effect of changing the level of dissimodularity of the inclusion layer materials on the
GSIF K̃31 in the absence of surface tension under a concentrated force loading.
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Figure 14. Influence of interlayer surface tension on the GSIF K̃31 for the same inclusion layer
materials when loaded by a uniformly distributed stress at infinity (3—result for the case of the same
layer materials, verified by comparison with [50,53]).

 

Figure 15. Influence of the interlayer surface tension for the same materials of the inclusion layers
when loading with a concentrated force at the point ς2∗.

 

Figure 16. The effect of the interlayer surface tension on the GSIF K̃31 when layer 2 is softer than the
matrix, and the layer 1 is of the arbitrary material under the loading by stress uniformly distributed
at infinity; (6—result for the case of the same layer materials verified by comparison with [50,53])).
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Figures 8–13 show the results of the study of the effect of the level of dissimodularity
on the GSIF K̃31 under different external loading and in the absence of surface forces. It is
noteworthy that the increase in the level of dissimodularity of the materials of the inclusion
layers significantly affects the GSIF when the stiffness of one of the layers is greater than
that of the matrix (Figures 8, 9, 12 and 13) regardless of the type of loading.

Figures 10 and 11 confirms the known effect of the GSIF K̃31 maximum under the
loading by a concentrated forces placed at a distance approximately d ≈ a from the
inclusion axis, irrespective of the stiffness of the materials of the layers. However, it is
more pronounced in the stiffness range of the materials of the layers softer than the matrix
material. Moreover, if the material of one of the layers is equivalent to that of the matrix
(Figure 11), we obtain the known results for a homogeneous elastic inclusion at the interface
of the matrix materials [50–53].

Figures 14–16 show the results of the study of the influence of the level of dissimod-
ularity of the inclusion layers and the presence of surface forces under different external
loads on the GSIF K̃31. It was found that the presence of surface forces leads to an increase
in the SIF if they are directed toward the external load, and a decrease if they are directed
in the opposite direction from the external load (Figures 14 and 15). The dissimodularity of
the materials of the layers significantly distorts this effect, which is especially noticeable
when one of the layers is significantly softer than the matrix material. It is revealed that
there are certain combinations of external load parameters, surface forces, and material
properties of the layers, at which there are local SIF extremes. This effect can be useful in
designing the modes of operation of structures with such a structure.

The solution method and results obtained for the two-layer inclusion have been
verified by the coincidence of the numerical results with those known in literature [47,50–53]
for a homogeneous thin elastic inclusion—the curves 1 in Figures 5 and 7; 3 in Figure 8;
4 in Figure 10; 2 in Figure 11; 3 in Figure 12; 3 in Figures 14 and 15; 6 in Figure 16.

5. Conclusions

A mathematical model of a thin multilayer inclusion of finite length with orthotropic
properties of the layers is constructed, taking into account the effect of surface energy on
their interfaces. On its basis, we derive a system of equations for solving the problems
of antiplane deformation of a bimaterial with thin multilayer interfacial linearly elastic
inclusions under arbitrary force and dislocation loading in the case where the inclusion-
matrix contact may be ideal or with surface tension or sliding (smooth or frictional).

It is found that for the corresponding problems with bilayer inclusions:

(1) The growth of the level of dissimodularity of the materials of the inclusion layers
significantly affects the SIF K31 when the stiffness of one of the layers is greater than
the stiffness of the matrix, regardless of the type of loading. The effect of localization
of the maximum SIF K31, when loaded by a concentrated force located at a distance
approximately d ≈ a from the inclusion axis, is confirmed irrespective of the stiffness
of the materials of the layers. However, it is more pronounced in the stiffness range of
the materials of the layers softer than the matrix material. Moreover, if the material
of one of the layers is equivalent to that of the matrix, then the known results for a
homogeneous elastic inclusion (the second layer) at the material interface are obtained.

(2) The presence of surface forces leads to an increasing SIF if they are co-directed with
the external load, and a decrease otherwise. The different modularity of the materials
of the layers qualitatively changes this phenomenon, which is especially noticeable
when one of the layers is significantly softer than the matrix material.

(3) There are certain combinations of external load parameters, surface forces, and mate-
rial properties of the layers at which there are local SIF extremes.

All these conclusions may be useful for the design of a layered inclusion and the
modes of operation of such structures. The proposed method has proved to be effective for
solving a whole class of strain problems for bodies with thin deformed inclusions of finite
length and may be used for the calculation of FGM inclusions. The addition of the proposed
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method by the homogenization method [58] will give an obvious opportunity to solve the
problem of thin deformable heterogeneous inclusions in periodically layered composites.
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Nomenclature

FGM functionally graded material;
SIF stress intensity factor;
SSIE system of singular integral equations;
SSS stress-strain state
x, y, z Cartesian coordinates;
fr jump functions;
Ek, νk, Gk, GinK

x , GinK
y elastic properties of the material;

Sk half-planes (sections of the body);
a, h, hK , yK dimensions of the inclusion layers;
w, σxz, σyz, σxx, σyy displacement, stresses (components of SSS);
L′ = [−a; a] line, modeling the presence of thin inclusion;
Qk, bk magnitudes of concentrated forces and screw dislocations;
σ∞

yz, σ∞
xzk, σ∞

yy,σ∞
xxk uniformly distributed in infinity shear stresses;

Special denotations

[•]y,h = •(x, y − h)− •(x, y + h), 〈•〉y,h = •(x, y − h) + •(x, y + h);

superscripts “+” and “−”
denotes boundary values of functions on the upper and the
lower to width inclusion borders accordingly;

superscript “in” marks the values corresponding to inclusion;

superscript “◦”
marks the values in the corresponding problem
without any inclusion;

superscript “~” marks the terms that become dimensionless;
subscript “k” denotes the terms corresponding to half-plains.
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Abstract: Based on the twin bridge shear specimen, the cyclic shear experiments were performed on
1.2 mm thin plates of 316L metastable austenitic stainless steel with different strain amplitudes from
1 to 5% at ambient temperature. The fatigue behavior of 316L stainless steel under the cyclic shear
path was studied, and the microscopic evolution of the material was analyzed. The results show
that the cyclic stress response of 316L stainless steel exhibited cyclic hardening, saturation and cyclic
softening, and the fatigue life is negatively correlated with the strain amplitude. The microstructure
was analyzed by using electron back-scattered diffraction (EBSD). It was found that grain refinement
and martensitic transformation during the deformation process led to rapid crack expansion and
reduced the fatigue life of 316L.

Keywords: cyclic shear; strain amplitude; cyclic response; martensitic transformation

1. Introduction

With excellent strength, corrosion resistance, heat resistance, ductility and machinabil-
ity, 316L stainless steel has been widely used in industrial applications [1–3]. The steel is
usually made into parts that are subjected to certain cyclic loads at low, ambient or high
temperatures, which will lead to fatigue failure of the parts [4]. Therefore, in order to
improve the service life of materials under cyclic loading conditions, many scholars have
continued to conduct in-depth studies on the microstructure and deformation mechanism
of materials under cyclic loading. Pham et al. [5] conducted axial fatigue loading experi-
ments on AISI 316L at room temperature, and found that the cyclic deformation response
can be divided into three stages: cyclic hardening, followed by cyclic softening, and, finally,
cyclic saturation before failure. In total, 316L stainless steel exhibits a cyclic hardening
softening response in strain-controlled cyclic torsion [6]. The cyclic stress behavior of 316LN
is determined mostly by the internal stress under non-proportional loading, and the initial
cyclic hardening is greatly enhanced by the increase in loading non-proportionality [7].
Facheris et al. [8] carried out a set of uniaxial, torsional and multiaxial low-cycle fatigue
and strain-controlled ratcheting tests. The effect of ratcheting on the mechanical response
was found to be quantitatively stronger, causing a more pronounced drop of fatigue life.
Zhou et al. [9] developed a cyclic constitutive model implemented to describe the cyclic
behaviour of 316L including the hardening/softening and the strain range memory ef-
fect. During the uniaxial ratchetting deformation of 316L stainless steel, the dislocation
density increases progressively, and twinning and strain-induced martensitic phases do
not occur within the specified number of cycles [10]. Observations of the life-terminated
dislocation arrangements by transmission electron microscopy showed that the dislocation
microstructure depends essentially on the plastic strain amplitude, which in turn is strongly
correlated to the stress amplitude and average stress [11]. It is believed that the austenite
phase in some stainless steels is in a metastable state at ambient temperature due to the
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amount of Cr and Ni. In the process of monotonic or cyclic deformation, the deformation
of the metastable austenite leads to the phase transformation from initial fcc austenite (γ)
to final stable martensite(α′) [12–15]. Li et al. [16] performed a series of cyclic tests on
304L stainless steel with different loading paths, which showed that the growth rate of
martensite content became higher and its distribution in the austenitic matrix was more
uniform as the loading path increased non-proportionally. The sensitivity of the martensite
induced by deformation depends on the chemical composition, temperature, degree of
plastic deformation, and strain rate [17,18]. At the same time, strain-induced martensitic
phase transformation can affect the ductility of austenitic stainless steels. It is believed that
austenitic stainless steels exhibit significant work hardening, leading to the transformation
from austenite to martensite [19]. Okayasu et al. [20] conducted an in-depth study of mono-
tonic loading of austenitic steels at room and low temperatures and modeled the formation
of martensite due to deformation. Das et al. [21] studied the effect of strain rate on strain
induced martensite transformation characteristics. Some scholars also predicted the life
of materials under fatigue loading. Branco et al. [22] developed the total strain energy
density method to evaluate the fatigue life of notched specimens subjected to multiaxial
loads, and the fatigue master curve can be efficiently generated from only two uniaxial
strain-controlled tests, and a set of numerical simulations performed via single-element
elastic-plastic models. Pelegatti et al. [23] established a robust procedure for durability
design to estimate the strain–life curve, which was an effective way to deal with durability
problems. Li et al. [24] proposed an energy-based model to predict the creep-fatigue, com-
bined with high-low cyclic loading life. Because the fatigue fracture surface morphology
can provide additional information for the analysis, many people have made a detailed
analysis of the fracture surface. Fatigue fracture morphology is studied at different scales,
and the most common fracture studies are observed using scanning electron microscopy
(SEM) [25,26]. Post-failure applications of fracture surface measurements help to study
the fatigue life and the fatigue damage accumulation in notched specimens subjected to
severe stress gradient effects [27]. Macek et al. [28] studied the effect of asynchronous axial
torsional strain-controlled on the fracture surface behavior of thin-walled tubular austenitic
steel specimens. They also found that features of the post-failure fractures were related to
the loading conditions and the fatigue life and the loading path significantly affects the
surface topography. One of their conclusions is that the total volume fraction of martensite
decreases when the sample temperature and the strain rate are increased. However, to date,
although most researchers have studied the effects of stretching or combined torsion and
tension on the microstructure and fracture behavior of austenitic stainless steel, few studies
have studied the fatigue behavior of austenitic stainless steels under cyclic shear path.

Various forms of shear specimens have been used in the field of materials research,
mainly applied to analyze forming properties and fracture behavior. Although the use of
shear specimen’s own geometry in the universal testing machine can achieve shear loading,
it will produce a reaction torque in the process of loading, making the specimen defor-
mation, resulting in shear path change [29,30]. Yin et al. [31] proposed the specimen for
in-plane torsional experiments, which used the thinning method of machining grooves to
form the experimental area. The shear loading is then completed by the relative rotation of
the inner and outer rings. However, due to the need for mechanical machining of the speci-
men, there must be a hardening layer of interference, and the uniformity of the machined
thickness cannot be guaranteed during the machining of the thin plate. Brosius et al. [32]
proposed a new twin bridge shear specimen which can achieve large shear deformation by
shearing the middle experimental region through the relative rotation of the inner and outer
rings, and the stress-train change is measured by the torque sensor and the rotation angle.
The experimental process does not have the high response movement of the unilateral
shear specimen, no compensation is required, and the two experimental regions of the twin
bridge shear specimen have the same deformation direction, which is suitable for studying
the plate anisotropy.
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Therefore, in this study, the principle of the twin bridge shear experiment is chosen to
optimize the design of a shear fatigue test. Extensive strain-controlled experiments were
conducted on 316L austenitic stainless steel by means of a designed cyclic shear fatigue
testing machine. The main purpose is to investigate how deformation-induced martensite
affects cyclic deformation and fatigue life, and to evaluate the effect of cyclic shear on
the microstructural evolution of 316L austenitic stainless steel by microscopic analysis of
test samples.

2. Experimental Procedure

2.1. Experimental Setup and Specimens

To study the fatigue behavior of materials under the cyclic shear path, a cyclic shear
fatigue testing machine based on the twin bridge shear specimen was designed. The
physical drawing of the machine and the geometry of the test piece is shown in Figure 1.
The reducer in the base provides power to the power shaft so that the power shaft can
rotate. The torque sensor is fixedly connected with the reducer housing, so that the Torque
sensor is relatively static with the base. The outer and inner rings of the specimen are in
contact with the upper surface of the torque sensor and the upper surface of the power
shaft, respectively. The middle pressing structure passes through the circular hole of the
middle clamping plate and the central hole of the test piece in turn, and is connected with
the power shaft through threads. The inner ring of the specimen is firmly fixed to the
power shaft by rotating the bolt on the middle pressing structure. When the power shaft
rotates, the inner ring of the specimen rotates with it. The ring-pressing structure is fixedly
connected with the torque sensor by threads. The outer ring of the specimen is firmly fixed
to the torque sensor by rotating the bolt on the ring-pressing structure. Therefore, when
the reducer rotates, the power shaft and the inner ring of the specimen rotate together,
but the outer ring of the specimen remains relatively stationary with the equipment, thus
making the inner and outer rings of the specimen rotate relatively, and then completing the
shear loading of the specimen. The connecting shaft is fixedly connected with the middle
pressing structure through threads. The power shaft drives the connecting shaft to rotate,
thus ensuring that the connecting shaft will not be deformed by the torsional force during
the loading process. The amplifying disc is fixedly connected with the connecting shaft
and rotates together with it, which can further improve the resolution of angle detection.
One end of the encoder is fixed on the ring-pressing structure by magnetic suction, and the
other end is in contact with the amplifying disc, so that the encoder can be driven to rotate
when the amplifying disc rotates, thus recording the rotation angle. The specimen fixation
method adopted by this device will not cause large deformation of the positioning piece
due to the influence of external force, nor will it cause deformation of the key structure due
to the action of torque, to better ensure the consistency of the experimental results [33]. At
the same time, because one end of the encoder is fixed to the ring-pressing structure, and
the other end is in contact with the amplification disc, this connection method effectively
shields the impact of the transmission gap of the system on the experimental accuracy, so
that the angular resolution can reach 0.002◦.

2.2. Experimental Materials and Methods

The commercial 316L metastable austenitic stainless steel sheet produced by the hot
rolling process in this study has excellent heat resistance, ductility, corrosion resistance,
and mechanical properties. The specimen used for the fatigue test is shown in Figure 1b.
Figure 2 shows the metallographic image of the material with 98% austenite content. The
chemical composition of the specimen measured by using EBSD is shown in Table 1.
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Figure 1. (a) Cyclic shear fatigue testing machine, (b) twin bridge shear specimen.

 

Figure 2. Microstructure of 316L before fatigue experiments.

Table 1. Chemical composition in weight percentage of the AISI 316L hot rolled plate.

C Si Mn P S Cr Ni Mo N

0.02 0.5 1.18 0.03 0.001 16.91 10.26 2.11 0.04

In order to verify the relationship between the rotation angle of the inner and outer
rings and the strain, the monotonic shear loading experiment of 316L was carried out by
using DIC. The angle acquisition of DIC and the encoder of the testing machine adopt the
same time interval and start at the same time. The relationship between strain and angle
is determined by interpolation [34]. The geometry of the 316L tensile specimen is shown
in Figure 3a. The equivalent shear stress–strain and tensile stress–strain curves of 316L is
shown in Figure 3b. It can be seen from the figure that the yield point and strengthening
process of 316L are very similar under the tensile and shear paths, and stretching has better
elongation. At the stage of failure, the curve decreases rapidly under the tensile state and
slowly under the shear state. The von Mises stress and strain studied in this paper were
regarded as equivalent stress and strain, and the von Mises equation was used to calculate
the equivalent stress and strain.
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Figure 3. (a) Specimen geometry in monotonic tensile test, (b) comparison of tensile and shear,
(c) relationship between equivalent strain and rotation angle.

From Figure 3c, a linear relationship between the rotation angle and the equivalent
strain can be observed, which is consistent with the research conclusion of Yin et al. [34].
Therefore, the results of Figure 3c can be used to determine the relationship between the
magnitude of strain amplitude and the loading angle in subsequent studies. At room
temperature, the strain rate (dε/dt) was constant at 2 × 10−2 S−1 and the strain-controlled
symmetric shear loading tests were carried out under different total strain amplitudes
(�ε/2) ranging from 1 to 5%, the strain ratio was −1 (R = εmax/εmin = −1). Three tests
were carried out under each strain condition, and a total of 15 groups of tests were carried
out. After the fatigue test, the test section in the specimen was cut off by wire cutting.
Then specimens were ground and polished with sandpaper of different specifications, and
polished with 0.5 μm diamond polishing fluid and polishing cloth until the surface of
the specimen had no scratches. Finally, these specimens were electropolished at room
temperature. EBSD was used to analyze the original specimens and cracked specimen. The
EBSD data were processed by ATEX software without data cleaning to obtain microstructure
in different states.
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3. Experimental Results and Analysis

Figure 4a,b show the stress response at strain amplitudes of 1% and 5%. The initial
loading direction was defined as the positive direction of stress and strain. It can be
seen from the figure that the distribution of the maximum positive stress and negative
stress is approximately symmetrical under the same strain amplitude. The stress increases
obviously at the initial stage of loading. With the increase in the number of cycles, the
material was continuously hardened, then continuously softened until failure. Figure 4c
shows the variation curves between angle and torque when the strain amplitude was 1%.
The changes in shape are caused by the continuous hardening of the material, followed by
continuous softening until failure. With the increase in the number of cycles, the strength
of the material gradually increases, making the hysteretic curve gradually steeper. When
the material hardens to a certain extent, the strength of the material begins to decrease
gradually, and the hysteretic curve flattens gradually. The relationship between the stress
amplitude and the number of cycles N under five different strain amplitudes is plotted in
Figure 4d. It can be seen from the figure that the material hardens rapidly at the beginning
of loading and the hardening amplitude increases with the increase in the strain amplitude,
that is, the cyclic hardening of 316L is affected by the loading amplitude. With the increase
in the strain amplitude, the stress amplitude increases, and the fatigue life decreases.

 
Figure 4. (a) Stress changes during 1% strain amplitude loading, (b) stress changes during 5% strain
amplitude loading, (c) curves of relative rotation angle of specimen and torque under 1% strain
amplitude, (d) cyclic stress response curves with different strain amplitudes.

The change rate of the cyclic stress response curve was used to analyze the stress
change rate. The fatigue life of the specimen was defined as the number of cycles, and the
first derivative of the stress amplitude in the fatigue life was carried out. The relationship
between the stress change rate and the number of cycles under different strain amplitudes
is shown in Figure 5a. As shown in Figure 5b, the fatigue life is divided into four stages
by using 1% strain amplitude as an example: rapid change period, stabilization period,
transition period, and failure period. Half the number of cycles at this failure point is
defined as the half-life. In the rapid change period, the stress change rate decreases rapidly
and tends to be stable gradually. The stabilization period includes the cyclic hardening
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and softening of the material. The hardening stage is above the zero axis and the softening
stage is below the zero axis as shown in Figure 5b. With the increase in the number of
cycles, the stress change in the hardening stage decreases linearly and the stress change rate
in the softening stage increases linearly. The proportion of the stabilization period in the
whole life cycle decreases with the increase in the strain amplitude. The stabilization period
accounts for 76.5% of the whole life cycle during 1% strain amplitude. In other words,
the length of the stabilization period determines the length of fatigue life. The longer the
proportion of stabilization period, the longer the fatigue life. During the transition period,
the stress change rate increases rapidly. At this time, obvious cracks have appeared in the
specimen and the crack growth rate continues to increase. Finally, the material reaches the
failure point, the specimen enters the failure period, and the stress change rate decreases
rapidly, which indicate the fracture of the specimen.

 

Figure 5. The change rate of the cyclic stress response curve of fatigue life: (a) the change rate of
stress response curve under different strain amplitudes, (b) the change rate of cyclic stress response
curves during 1.0% strain amplitude.

To further study the cyclic hardening and softening behavior of materials under
different strain amplitudes, the cyclic hardening ratio (HR) and cyclic softening ratio (SR)
are used to describe this phenomenon [33,35]. Figure 6 shows the relationship between the
strain amplitude and cyclic hardening and softening. Under different strain amplitudes,
the hardening ratio of the material increases with the increase in the strain amplitude and
the softening ratio of the material almost remains unchanged. It is shown that the softening
ability of 316L has little relation to the strain amplitude, and the strain amplitude affects
the hardening ability of 316L.
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Figure 6. Cyclic hardening and softening ration under different strain amplitudes.

From the previous cyclic fatigue stress change diagram, it can be seen that the dis-
tribution of positive stress and negative stress is approximately symmetrical. In order
to compare the stress change under cyclic fatigue with those under monotonic shear, the
positive stress under cyclic fatigue was selected for analysis. The maximum positive stress
at each strain amplitude was connected, which was defined as the maximum hardening
curve (MH). The positive stress at the failure point at each strain amplitude was connected,
which was defined as the failure strength curve (FS). According to the number of cycles
at the failure point, the number of cycles corresponding to the half-life was calculated.
Connecting the stress corresponding to the half-life of different strain amplitudes defined
as the half-life stress curve (HS), MS, MH, HS, and FS were plotted in Figure 7. It can be
seen from the figure that MH, HS, and FS are all approximately linearly related to the strain
amplitude, and MH, HS, and FS are all higher than MS, which is caused by the hardening
of the material under cyclic shear loading. MH and HS basically coincide at the same strain
amplitude, which indicates that the hardening degree of 316L reaches the maximum at
the half-life. To prove this point, the hysteresis curve at 1% strain amplitude is used as
an example, as shown in Figure 8. It can be seen that the stress–strain curve at half-life is
located at the maximum stress position of the entire hysteresis curve, which is the time of
maximum hardening. In other words, the hardening and softening of 316L account for half
of the fatigue life, respectively. Therefore, the strain amplitude under cyclic shear fatigue
has a very important effect on the hardening and fatigue life of 316L. The fatigue life is
approximately linear with the strain amplitude, and decreases linearly with the increase in
the strain amplitude, as shown in Figure 9.

 
Figure 7. Monotonic shear curve, maximum hardening, half-stress, and failure strength relationship
for 316L under cyclic shear path.
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Figure 8. Hysteresis curve at 1% strain amplitude.

Figure 9. Fatigue life at different strain amplitude.

4. Microstructure Evolution during Cyclic Shear Loading

The EBSD technique was used to analyze the metallographic composition of the test
specimens under cyclic fatigue shear path, and Figure 10 shows that the original material of
316L austenitic stainless steel was mainly austenite. The specimen produced a crack under
the shear path, which was surrounded by martensite and the grain was refined. This means
that the strain-induced austenite transforms into martensite with the crack initiation, and
results in grain refinement around the crack. The tendency to the strain-induced martensite
transformation has been explained in terms of the variation in the chemical free-energy
difference between the austenite and martensite phases, referred to as the chemical driving
force [18]. The hardening of austenitic stainless steels caused during fatigue cycle under
a push-pull path is mainly due to deformation-induced martensite and dynamic strain
aging (DAS). At room temperature, the decrease in fatigue life is due to the rapid crack
growth induced by deformation-induced martensite hardening. The amount of martensite
increases with the increase in strain amplitude, which is responsible for the rapid secondary
hardening. Because no martensite was found at high temperature, the hardening was
caused by dynamic strain aging [36]. Therefore, the hardening of 316L under cyclic shear
path at room temperature is caused by martensite transformation. With the increase in
cycle times, the number of martensite increases, which makes the crack propagate rapidly
and leads to the decrease in fatigue life.
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Figure 10. EBSD phase image of specimen fatigued cycle. (a) Phase image of the original specimen,
(b) phase image of the specimen after experiment.

5. Conclusions

The strain-controlled fatigue properties of 316L austenitic stainless steel was investi-
gated and the cyclic deformation microstructure was analyzed by EBSD in this work. The
conclusions are as follows:

1. Under the cyclic shear path at room temperature, 316L exhibits cyclic hardening,
saturation, and cyclic softening. The hardening rate is positively correlated with the
strain amplitude.

2. The cyclic hardening and cyclic softening of 316L each account for approximately 50% of
the life cycle, and the half-life coincides with the saturation period of cyclic hardening.

3. The deformation-induced martensitic transformation causes cyclic hardening of 316L
austenitic stainless steel, whereas the fatigue life is reduced due to the rapid crack
expansion caused by the deformation-induced martensitic transformation. The fatigue
life is negatively correlated with the strain amplitude.

In conclusion, this study provided an in-depth investigation of the failure mechanism
of 316L under shear cyclic path through experiments and microstructure observation, which
provided a pre-theoretical guidance for the development of a life prediction model under
cyclic shear path. The failure scenarios at different strain ratios and the development of life
prediction models will be carried out in future work.
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Abstract: Adhesive interfaces are suitable modelling tools to describe very thin elastic layers and the
related occurring phenomena (such as damage, viscosity, friction, etc.), without using a volumetric
description, which is often computationally prohibitive in a large-scale numerical simulation. A major
drawback of these kinds of models is the identification of free parameters, because of the smallness
of a direct observation scale. This paper proposes a numerical assessment of two model parameters,
a damage energy threshold and a damage viscosity, of a hard interface model previously formulated
by authors. The proposed assessment protocol uses macroscopic experimental data, available in
the literature, on structural adhesives under standard characterization tests. The numerical results
obtained give insights into the physical interpretation of these parameters.

Keywords: imperfect interface; adhesive; micro-cracking; analytical modelling; identification

1. Introduction

Adhesive interface modelling has been an expanding branch of solid mechanics
research since the early 1940s. Goland and Reissner [1] were pioneers in modelling a thin
adhesive as a weak interface and they were the first to define the spring-type interface, by
assuming that the adherents were bonded by a continuous distribution of springs. They
preconized that the thinness would involve a uniform distribution of the stresses field in
the adhesive, and some years later, Gilibert and Rigolot [2] found a rational justification of
this fact by means of the asymptotic expansion method, assuming that the thickness and
the elastic properties of the adhesive had the same order of smallness ε.

During the eighties and nineties, the relaxation of the perfect interface approximation,
i.e., continuity at the interfaces in displacements and stresses fields, was largely inves-
tigated, aiming to apply these theories to composite materials with coated fibres [3,4]
or particles [5,6], or to the decohesion and nucleation problems in cohesive zones [7–9].
Many efforts were made to model damage [10,11], and other related physics such as fric-
tion [12,13] and viscosity [14], in adhesive interfaces. All these models have the advantage
to allow a macroscopic description of a thin elastic adhesive and the occurring phenomena,
without using a volumetric description, which is often computationally prohibitive in a
large-scale numerical simulation.

A major drawback of these kinds of models is the identification of free parameters.
Often, the identification protocols need direct experimental observations and this is not
a trivial issue in very thin layers because of the small scale of the phenomena to be in-
vestigated. A fallback solution is to build on macroscale experimental tests on adhesive
specimens and adhesive joint specimens and try to correlate microscopic model parameters
to a macroscopic response [15].

The hard imperfect interface model with damage formulated by authors in [16] has
been chosen to apply an estimation procedure of damage parameters. In particular, this
interface model is suitable to describe structural adhesives as stiff as substrates [17]. In
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this case, the mechanical behaviour of the adhesive cannot be accurately described via a
classic spring-like interface model (i.e., continuity in stresses field and discontinuity of
displacements field [1]), but a hard condition considering also a jump in the stresses field is
more indicated, as demonstrated by [17].

The imperfect interface model that is adopted for this numerical study has two free
parameters, which is a great advantage of this kind of phenomenological models. These
parameters represent respectively a damage viscosity (η) and a damage energy threshold
(ω) and they are related to the damage evolution law, as detailed in what follows. Note
that the model sensitivity on these parameters has been already investigated by authors
in [16], thus it is not the subject of this work.

This paper proposes a first attempt at a numerical assessment of the damage parame-
ters η and ω. The proposed estimation procedure is based on experimental data available
in the literature, which concerns macroscopic characterization tests on both bulk and joint
structural adhesives commonly used in industry.

2. Materials and Methods

2.1. Overview of the Hard Imperfect Interface Model for Micro-Cracked Adhesive Joints

In this section, a brief overview of the imperfect interface model is proposed. For an
extensive description of the formulation, one refers to [16]. The model consists of a law of
hard imperfect contact coupled with a damage evolution law. It is able to describe the me-
chanical behaviour of structural adhesives with micro-cracking damage. The transmission
conditions reported below, prescribe jumps in the stresses [[σ e3]] and displacements [[u]]
fields across an interface of outward normal unit vector e3 between two adherents, thus
describing the asymptotic behaviour of a very thin deformable adhesive made of a general
anisotropic linear elastic material:

[[u]] = ε
(
(K33)−1

(
〈〈σ e3〉〉 − Kα3〈〈u,α〉〉

)
− 〈〈u,3〉〉

)
, (1)

[[σ e3]] = ε
((

− Kβα〈〈u,β〉〉 − K3α(K33)−1
(
〈〈σ e3〉〉 − Kβ3〈〈u,β〉〉

))
,α

−〈〈σ,3 e3〉〉
)

, (2)

where ε is the thickness of the adhesive, the symbols [[(·)]] and 〈〈(·)〉〉 are taken to de-
note the jump and the average of the quantity (·) across the interface separating the two
adherents, respectively; Greek indexes (α, β = 1, 2) are related to the in-plane (x1, x2) quan-
tities; commas denote first derivatives and the summation convention is used. Matrices
Kij, i, j = 1, 2, 3 are related to the elasticity coefficients Bijkl of the adhesive layer (from
the constitutive equation in linear elasticity: σij = Bijkl ekl). If the adhesive is modelled as
isotropic, with Young’s modulus Ē and Poisson’s ratio ν̄, the matrices Kij read as:

Kii =
Ē

2(1 + ν̄)

(2(1 − ν̄)

(1 − 2ν̄)
ei ⊗ ei + ej ⊗ ej + ek ⊗ ek

)
, i �= j �= k, (3)

Kij =
Ē

2(1 + ν̄)

(
ei ⊗ ej +

2ν̄

(1 − 2ν̄)
ej ⊗ ei

)
, j �= i. (4)

Engineering moduli Ē and ν̄ represent the effective mechanical properties of an
isotropic microcracked material. Note that the assumption of a random distribution of
microcracks is considered here, thus the resulting material remains isotropic. In the section
below, three different micromechanical homogenization schemes are used to derive the
elastic moduli of the microcracked adhesive material.

2.2. Micromechanical Homogenization Schemes for a Microcracked Adhesive

Drawing on micromechanical homogenization theory [18–23] within the framework
of effective field schemes, the effective elastic moduli of the microcracked adhesive are
derived. Micro-cracking damage is represented here by a microcracks density parameter.
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Particularly, a generalized crack density [24] is adopted, allowing to by-pass the geometrical
definition of the cracks, which is possible only for circular and regular cracks [25], and as a
matter of fact, extending the generality of the interface model to any regular and irregular
cracks shape. It should also be noted that the generalized microcracks density can be
measured postmortem by X-ray micro-tomography [26,27].

2.2.1. Kachanov-Sevostianov Scheme

The Kachanov-Sevostianov (KS) scheme [21,28] is a stress-based homogenization
approach based on the non-interacting microcracks approximation (NIA) [25,29] and on
Eshelby’s theory [18]. In the 2D case, assuming the adhesive is an initial isotropic matrix
embedding a random distribution of microcracks, the elastic potential in stresses (com-
plementary energy density) of the effective medium yields the following structure for the
effective Young’s modulus Ē and Poisson’s ratio ν̄:

Ē = E0 (1 + 2 Cks E0 ρ)−1, (5)

ν̄ = ν0, (6)

where E0 and ν0 are the moduli of the undamaged matrix or the initial moduli of the adhe-
sive before the damage, ρ is the generalized microcracks density (i.e., damage parameter)
and the constant Cks depends on the orientational distribution of defects. For a 2D random
distribution of microcracks, Cks =

π
E0

[21,22]. Note that Equation (6) is an assumption valid
for all considered schemes.

2.2.2. Welemane-Goidescu Scheme

The Welemeane-Goidescu (WG) scheme [30–33] is a strain-based homogenization
approach based on the dilute limit approximation (for further details about dilute limit and
NIA, one refers to [28]). Under the hypothesis of a 2D random distribution of microcracks
embedded in an isotropic matrix, a linearized expression of the effective Young’s modulus
is found:

Ē = E0 (1 − 2 Cwg E0 ρ), (7)

with Cwg = Cks =
π
E0

[31].

2.2.3. Pan-Weng Scheme

Pan-Weng (PW) scheme [23] draws on Mori-Tanaka’s theory [34] and it is a stress-
based homogenization approach. In analogy with the previously cited schemes, the 2D
case of a randomly distributed microcracks family is considered. Accordingly, the effective
Young’s modulus reads as:

Ē = E0 (1 − Cpw ρ)−1, (8)

where Cpw = 16
3 (ν2

0 − 1) [23].
Note that by including Equations (5), (7) or (8) in the expression of the interface

stiffness tensor (Equation (4)), a different dependency of the imperfect interface law on the
crack density ρ, is obtained. Particularly, it has been previously established by authors that
the KS scheme allows us to describe imperfect interfaces with ductile damaging behaviour,
while the WG scheme is suitable to describe interfaces with brittle damaging behavior [16].

2.3. A Description for the Micro-Cracking Damage Evolution

In this section, a possible description of the evolving behaviour of the cracks density ρ
is given by drawing on further works by authors [11,16]. Damage in the adhesive joint is
assumed to be caused by a microcracks accumulation and damage parameter ρ is assumed
to strictly increase in time. The evolution of the cracks density in the bulk adhesive of
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thickness ε (i.e., cohesive damage) can thus be described by the following first-order ODE
proposed in [11]:

ηερ̇ =

{
ωε − 1

2
B

ε
,ρ(ρ)(e(u

ε) : e(uε))

}
+

, (9)

where {·}+ denotes the positive part of the function, Bε
,ρ(ρ) indicates the component-

wise derivative of the effective stiffness tensor Bε(ρ) of the micro-cracked adhesive with
respect to the generalized cracks density ρ, and e(u) is the strain tensor under the small
perturbation hypothesis.

By applying asymptotic expansions theory to Equation (9) under the assumption of
hard interface [17], the expression of the evolution of cracks density in the interface (i.e.,
adhesive damage) is obtained, as in [16]:

ηρ̇ =

⎧⎨⎩ω − 1
2

K,ρ(ρ)

⎛⎝ 〈〈u,1〉〉
〈〈u,2〉〉

[[u]] + ε〈〈u,3〉〉

⎞⎠.

⎛⎝ 〈〈u,1〉〉
〈〈u,2〉〉

[[u]] + ε〈〈u,3〉〉

⎞⎠⎫⎬⎭
+

, (10)

with initial condition ρ(0) = ρ0.
In Equation (10), u is the displacement field, symbols [[(·)]] and 〈〈(·)〉〉 are taken to

denote the jump and the average of the quantity (·) across the interface and K,ρ(ρ) indicates
the component-wise derivative of the stiffness tensor

K(ρ) =

⎛⎝εK11 εK21 K31

εK12 εK22 K32

K13 K23 1
ε K33

⎞⎠ (11)

with respect to the cracks density ρ.

2.4. Numerical Assessment Procedure

The adopted hard imperfect interface model (Equations (1) and (2)) integrating the
damage evolution (Equation (10)) has two model parameters: η and ω (respectively ηε and
ωε in the bulk adhesive). In detail, η (or ηε) is a strictly positive constant parameter and
represents a damage viscosity influencing the velocity of damage evolution; ω (or ωε) is
a strictly negative constant parameter and has the meaning of an energy threshold, after
which damage evolution begins [16]. The goal of this work is to provide a first numerical
assessment of these parameters.

The proposed assessment protocol uses macroscopic experimental data on struc-
tural adhesives under standard characterization tests. To this aim, experimental data
from Murakami and coworkers [35] concerning tensile and torsional tests on the epoxy-
based structural adhesive XA7416 (3M Japan Ltd., Tokyo, Japan) and from Kosmann and
coworkers [36] concerning torsional test on epoxy adhesive Henkel Hysol EA9695 AERO
0.05 NW (Henkel AG and Co., Düsseldorf, Germany), were chosen. Experimental data
were extracted from [35,36] by using the free online software WebPlotDigitizer [37]. Nu-
merical simulations were carried out by numerically solving the differential problem
Equations (1) and (2) with Equations (10) and (11), using the commercial software Mathe-
matica [38]. The estimation procedure is schematized in the flow chart in Figure 1.

First, an estimation process in the bulk configuration is performed. To this aim,
experimental results of a tensile test on a bulk adhesive specimen (Figure 7 in [35]) have
been used to calculate the evolution of the experimental Young’s modulus in time, shown
in Figure 2.

Figure 2 shows that at the beginning of the test the Young’s modulus is equal to its
initially undamaged value E0, then micro-cracking begins, which decreases the modulus.
Three different numerical models of E(ρ̇) have been obtained by integrating Equation (9)
in the three schemes for damaged material: Equation (5) (for KS model), Equation (7) (for
WG model) and Equation (8) (for PW model). Then, the numerical models were fitted
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to the experimental data by the least-square minimization method, to derive the damage
parameters in the bulk adhesive configuration, ηε and ωε in Equation (9).

Figure 1. Flow chart detailing the numerical assessment procedure.
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Figure 2. Evolution of the experimental Young’s modulus of the epoxy-based adhesive XA7416,
calculated from tensile test data by [35].
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Then, the theoretical damage parameters in the joint (interface) configuration η and
ω have been calculated from relationships ηε = η ε−1 and ωε = ω ε−1 and they have been
used to calculate numerical curves and compared to experimental data. Since the theoretical
parameters did not prove reliable for simulating experimental behaviour, a further step
must be taken to identify damage parameters in the joint configuration.

An estimation process in the adhesive joint configuration was performed to identify
damage parameters in the interface (η and ω). To this aim, shear strain-stress data of
pure torsional tests on cylindrical butt-joint specimens were extracted from [35,36]. In
this case, the analytical closed-form solution for the proposed hard interface model with
damage (Equations (1) and (2) with (10)) has been formulated in [39] and represents the
shear strain-stress (γ − τ) response of the adhesive joint:

γ =

{
aτ, 0 ≤ τ ≤ τ0
aτ + bτ(τ − τ0)

2(τ + 2τ0), τ > τ0
(12)

where τ0 is the damage initiation shear stress. Equation (12) was fitted to the experimental
shear strain-stress curves (cf. Figure 10 by [35] and Figure 8 by [36]) to derive model
parameters a, b and τ0, then the damage parameters, η and ω, were estimated by using the
following expressions:

ω = −τ2
0 ε CG

2 G0
, (13)

η =
ε C2

G
6 b τ̇ G2

0
. (14)

where G0 is the initially undamaged shear modulus of the adhesive joint and CG is the
microstructural parameter depending on the adopted damaged material model. It can be
equal to Cks, Cwg or Cpw (see Equations (5), (7) and (8)).

For the numerical simulations of the cylindrical butt-joint specimens under torsion,
the parameters related to the experimental configurations of the two different adhesive
materials were extracted from [35,36] and reported in Table 1.

Table 1. Experimental parameters of the structural adhesives in joint configuration.

Parameter
Epoxy-Based Adhesive

XA7416 [35]
Epoxy-Based Adhesive

Henkel Hysol EA9695 [36]

Adhesive thickness ε [mm] 0.3 0.05
Loading rate τ̇ [MPa/s] 6.67 × 10−2 9.14 × 10−1

Shear modulus G0 [MPa] 671.88 672.91

3. Results

3.1. Numerical Assessment in the Bulk Configuration

The behaviour of the apparent Young’s modulus of the epoxy-based adhesive XA7416
is represented in Figure 2. At the beginning of the tensile test (elastic domain), it is constant
and equal to E0 = 4282 MPa, then it degrades in time as an effect of the micro-cracks
accumulation. This experimental finding was used to assess damage parameters in the
bulk adhesive. Figure 3 shows the three numerical models obtained by implementing the
evolution of the cracks density (Equation (9)) in the three schemes for damaged material,
i.e., Equation (5), (7) and (8), respectively for KS, WG, and PW scheme.

Numerical results obtained with KS and PW model are quite similar and very close
to the experimental behaviour, showing a gradual degradation of the Young’s modulus
from its initial value E0 until reaching 36% of E0 at the end of the simulated tensile test.
On the contrary, the WG model immediately after the onset of damage accumulation,
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corresponding at a strain of 0.4%, goes to zero abruptly. Note that time in this study is only
indicative, so no units are necessary.
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Figure 3. Evolution of the Young’s modulus of the epoxy-based adhesive XA7416: fitting of the
proposed numerical model (with Kachanov-Sevostianov, Welemane-Goidescu and Pan-Weng scheme)
to the experimental data extracted by authors from experiments by [35].

Damage parameters estimated in the bulk adhesive configuration are the same for all
numerical models as reported in Table 2.

3.2. Numerical Assessment in the Joint Configuration

Figure 4 shows the experimental behaviour under pure torsion of two S45C carbon-
steel cylinders joined by an epoxy adhesive XA7416 [35] (see Table 1 for the characteristics
of the experimental configuration). The elastic part of the experimental (γ − τ) curve
has been used to estimate the initially undamaged shear modulus of the adhesive joint,
which results in G0 = 672 MPa. Moreover, in Figure 4 are represented the three best-fitted
numerical curves for KS, WG and PW model, obtained from Equation (12) by using the
same estimates for all three models, namely a = 1.5829 × 10−3, b = 1.0541 × 10−6 and
the damage initiation stress τ0 = 50.25 MPa. Then, the damage parameters ω and η were
calculated from Equations (13) and (14), respectively, by using the proper microstructural
parameter CG, and reported in Table 2.
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Figure 4. Torsional shear strain-stress (γ − τ) response of cylindrical butt-joint specimens of epoxy-
based adhesive XA7416: fitting of the proposed numerical model (with Kachanov-Sevostianov,
Welemane-Goidescu and Pan-Weng scheme) to the experimental data by [35].

Influence of the Adhesive Type

The experimental data by [36] were chosen to investigate the influence of the adhesive
material type on the estimated parameters. Figure 5 shows the experimental behaviour
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under torsion of two steel cylinders joined by an epoxy adhesive Henkel Hysol EA9695
AERO 0.05 NW [36] (see Table 1 for the characteristics of the experimental configuration).
The elastic part of the experimental (γ − τ) curve has been used to estimate the initially
undamaged shear modulus of the adhesive joint, which results in G0 = 673 MPa. Moreover,
in Figure 5 is represented the best-fitted numerical curve for KS scheme, obtained from
Equation (12) by using the following estimates: a = 2.2224 × 10−3, b = 9.9261 × 10−7 and
the damage initiation stress τ0 = 50.77 MPa. Then, the damage parameters ω and η were
calculated from Equations (13) and (14), respectively, by using the proper microstructural
parameter CG for the KS scheme, and the estimated parameters are reported in Table 2.
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Figure 5. Torsional shear strain-stress (γ − τ) response of cylindrical butt-joint specimens of epoxy-
based adhesive Henkel Hysol EA9695: fitting of the proposed numerical model (with Kachanov-
Sevostianov scheme) to the experimental data by [36].

Table 2. Numerically estimated damage parameters.

Configuration/Homog.
Scheme/Adhesive Type

Damage Threshold ω
[MJ/mm2]

Damage Viscosity η
[MJ· s/mm2]

Bulk/KS, WG and
PW/XA7416 −0.3 230

Joint/KS and WG/XA7416 −3.54 62.19
Joint/PW/XA7416 −2.62 33.95
Joint/KS/EA9695 −0.60 0.80

4. Discussion

The present work is a first attempt at coping with the identification of damage param-
eters for interface models with damage. One of the main questions that arises is whether
these parameters represent an intrinsic property of the adhesive material, or they depend
on the model adopted to describe the damage. For this reason, two numerical assessment
procedures in both bulk and joint adhesive configuration are carried out by using three
different homogenization schemes integrated into our hard interface model with damage
evolution. Moreover, two different adhesive materials are studied.

Concerning the numerical assessment in the bulk configuration, the three damaged
material models give the same damage threshold ω and damage viscosity η, as reported
in Table 2. This result suggests that these parameters are related to the adhesive material
nature as intrinsic properties, regardless of the model adopted. Moreover, the KS and
PW model give very similar results, as shown in Figure 3, and are able to reproduce
the asymptotic degradation of the experimental elastic modulus. This is related to the
fact that both KS and PW micromechanical homogenization schemes are drawn on the
approximation of non-interacting cracks. This assumption extends the accuracy of these
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schemes to high values of crack density (for ρ > 60% as established in [28]). On the contrary,
the WG scheme remains accurate to a lower density value than the first two models, and
this is because it is based on the dilute limit assumption. These results are thus consistent
with the theory [28,40].

As well-established in literature, the mechanical behaviour of the bulk adhesive can
be very different from that of the adhesive joint, and this can explain why the damage
parameters assessed in the joint configuration are different from that of the bulk adhesive
configuration. Note that in [16] it is assumed that ηε and ωε are volumetric densities and
thus inversely proportional to the non-dimensional interphase thickness ε: ηε = η ε−1

and ωε = ω ε−1. Actually, the results obtained by numerical estimation disprove this
hypothesis, as shown in Table 2.

As in the bulk configuration, also in the joint case, KS and PW give very similar results,
the two curves are superposed as shown in Figure 4. It is worth highlighting that the
numerical simulations of the pure torsional test on epoxy adhesive XA7416 are carried out in
a force-controlled mode to be consistent with the experimental configuration, by imposing
a shear stress rate τ̇. For this reason, numerical results, regardless of the considered
homogenization scheme, cannot reproduce the experimental softening behaviour occurring
for a shear strain γ > 23%.

Concerning the numerical assessment in the joint configuration, the resulting damage
parameters depend on the considered damage scheme, unlike what is found in the bulk
configuration assessment. Particularly, damage parameters depend on the microstructural
parameter CG (see Equations (13) and (14)). KS and WG schemes have the same microstruc-
tural parameter CG = Cks = Cwg = π

E0
and this explains why the same damage parameters

are found. Damage parameters estimated for the PW scheme are slightly different even if
they have the same order of magnitude (see Table 2). Moreover, all the numerical curves,
regardless of the scheme, are in good agreement with the experimental pattern. This result
is consistent with previous numerical insights found in [39].

Figure 5 shows the comparison between the numerical model and the experimental
data on cylindrical butt-joint with epoxy-based adhesive Henkel Hysol EA9695 by [36]. In
this case, only the KS scheme was used in order to compare the resulting parameters with
them estimated for the other adhesive in a similar joint configuration. It results that the
estimated parameters η and ω are quite smaller than that obtained for the epoxy adhesive
XA7416, as highlighted in Table 2. This fact can be due to the influence of the material’s
elastic properties, although no precise information is available from [36] concerning bulk
properties of adhesive Henkel Hysol EA9695. Another possible explanation is the influence
of the experimental configuration. In fact, although the test configurations of Murakami [35]
and Kosmann [36] are quite similar (steel cylindrical adhesively bonded butt-joint under
torsion), some main differences still remain, such as the adhesive thickness and the loading
rate. In detail, the film thickness in Kosmann’s experiments is thinner and the loading rate
is higher than that in Murakami’s experiments (see Table 1). Additionally, the geometrical
parameters of the joint specimens (not reported here) are also different. However, further
investigations on different adhesive materials are necessary to derive a correlation between
model damage parameters and the above properties. Moreover, it is crucial to have the
same test configuration in order to provide reliable comparisons.

This study has some main limitations. First, the proposed estimation protocol is based
on macroscopic experimental data, such as a tensile test on bulk adhesive specimens and a
torsional test on bonded tubular butt-joints, even if the model parameters to be estimated
are related to the material constitutive behaviour (microscale). However, this is a very usual
choice in experimental mechanics because of the difficulty to carry out direct mensuration
of damage at the interface level. Second, the considered damage evolution law is a unique
function of mechanical loadings (see Equation (10)), nevertheless it is established that
other physics, such as environmental conditions, can contribute to the damage evolution.
However, the interface model formulated by [16] can be readily generalized in order to
account for multi-physics couplings as done for example by [41]. Third, the viscoplasticity
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and viscoelasticity typical of structural adhesives were not considered in the proposed
model. Multi-physics coupling and viscosity aspects could be the object of further works.
Lastly, because of a lack of experimental data available in the literature, this study uses only
two kinds of adhesive materials for the estimation of model parameters. As a perspective,
more adhesives should be compared in order to establish reliable correlations between
adhesive material properties and damage parameters η and ω.

5. Conclusions

This paper proposes a first attempt at a numerical assessment of the damage parameters
of viscosity η and energy threshold ω of the imperfect interface model previously formulated
by authors in [16]. The proposed estimation procedure draws on experimental data available
in the literature, concerning macroscopic characterization tests on a structural adhesive
commonly used in industry, in both bulk (tensile test) and joint (torsional test) configuration.

Several points arise from this preliminary numerical assessment and main are related
to the physical meaning of model parameters η and ω:

• They could represent an intrinsic material property as the performed numerical
estimation on the bulk configuration gives the same values of parameters regardless
of the homogenization scheme used.

• They could depend on the adhesive configuration in agreement with the fact that
the mechanical behaviour of an adhesive in bulk configuration is different from that
of the same adhesive in joint form. In fact, the estimated parameters in the joint
configuration are different from that found in the bulk one.

• In the joint configuration, parameters could depend on the adopted

homogenization scheme.
• They could depend on the adhesive material properties and on the test configura-

tion, however further investigation is needed to elucidate this point.
• The theoretical relationships between parameters in the bulk and in the joint configu-

ration, assumed to be inversely proportional to the adhesive thickness (ηε = η ε−1 and
ωε = ω ε−1) [11,16,17] is not fulfilled.

Moreover, unanswered issues still remain, such as:

• the dependency of the model parameters on the considered microstructure (i.e., the
shape of the porosity), particularly the influence of the microstructural parameter CG
could be investigated;

• the dependency of the model parameters on the type of structural adhesive, to this
aim several adhesive materials could be compared.

• In the above case, the possible dependency on the test configuration must be elimi-
nated by using the same configuration for all different adhesives.

To corroborate these preliminary numerical insights and to answer the above-cited
open questions, it will be crucial to expand this study by setting up a hybrid numeri-
cal/experimental protocol of identification. Within future research, several adhesive mate-
rials should be compared and ad hoc test configurations should be studied to investigate
the correlation between parameters and physical properties.
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Abstract: This paper presents the results of a study of polyurethane rigid (PUR) elastomers in terms
of the constitutive law identification, and analyses the effect of polyurethane elastomers’ hardness
on fatigue properties. The research objects were PUR materials based on 4,4′-diphenylmethane
diisocyanate (MDI) with the hardness of 80 ShA and 90 ShA, typically used in various industrial
applications. Based on the performed experimental campaign under static and cyclic loading,
the constitutive model proposed by Ogden is most appropriate. In addition, a hybrid numerical–
experimental analysis (using FEM-DIC) of diabolo specimens’ behaviour is carried out in fatigue
tests. Based on the performed fatigue test, it is worth noting that the energy approach describes the
fatigue process synonymously compared to the displacement or strain approach. Finally, simple
fatigue characteristics were analyzed and statistically validated for both PUR material configurations.

Keywords: hardness; polyurethane; fatigue; numerical analysis

1. Introduction

A material called “polyurethane” is widely used with various properties and func-
tionalities. The number of varieties of polyurethane allows this material to be adapted to
the needs and desired properties, such as stiffness and flexibility. Among the wide range
of purposes, the following can be distinguished: insulation (e.g., of buildings, pipelines,
household appliances), depreciation (e.g., in the furniture industry), adhesives and coat-
ings, material for mattresses, clothing, shoe soles, rollers, tires, and auto parts. Rubber
and polymeric materials are also commonly used in vehicle suspension systems mainly
due to their hyperelastic characteristics, which include low weight, corrosion resistance,
and a high capacity for vibration damping and energy absorption. By shaping various
mechanical parts and material modifications (composites, layered structures, hybrid joints),
it is possible to achieve the appropriate stiffness characteristics. Structural components
made of elastomers such as polyurethane or rubber (mainly) work excellently in compres-
sion and shear stress states, because they can be easily damaged during tensile stress [1].
One of the excellent examples of structural components used in suspension systems is
metal–elastomer (such as the considered PUR material) bushings, which are indirectly
related to the research topic undertaken in recent papers [2–4]. As already mentioned, they
are used to connect individual elements of the suspension system. Suspension bushings are
one of the smaller components of the chassis, but they cause many problems during vehicle
operation due to fatigue loading [5–10]. The contribution of the material selection for the
chassis system is substantial, and the knowledge about material properties is essential in
fatigue lifetime prediction. It allows for properly designing the control arms and links,
and the seating of all components in the vehicle’s structure. In comparison with rubber,
PUR, with its properties, seems to be ideal for use in suspension systems [2]. It retains its
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elastic properties at temperatures as low as −40 ◦C. The structure of this polymer resembles
a tangled line, which becomes intertwined when stretched, making it very difficult to
break. It should be noted that common polyurethane configurations found in the market-
place come in two grades [2–4,11]: soft rubber replacement (70–80 ShA) and hard rubber
replacement (90–95 ShA).

Therefore, an essential cognitive objective of this paper is the comparative analysis of
the behaviour of this material in different varieties of hardness.

As the fatigue nature of elastomers, rubber-like materials [12], are different from
the microscopic perspective, an excellent review of fatigue and fatigue crack growth rate
analysis was performed in the review papers [8,13]. Based on this, it can be concluded
that there exists in the literature three major competitive approaches in fatigue curves
description, similar to metal’s description of fatigue curves: strain-based models (strain
predictor [5,14]), stress-based models (stress predictor [15,16]), and energy-based models
(energy predictor [17,18]). However, based on the literature review, it can be concluded
that several attempts to describe the fatigue phenomenon under displacement control
mode were performed in the paper [10]. Recently, [19] summarized the experimental
fatigue campaign for rubber elastomers testing strategy. Excluding the ASTM D4482
standard, volumetric geometries of specimens were successfully tested in fatigue testing:
diabolo specimens/hourglass shape/3D dumbbell specimens: [20–28]; dumbbell, dogbone
specimens: [20,21,29–33]; cylindrical: [34–38]; ring: [39]; disc-shaped: [40,41]; and thin-
film: [7,42].

In general, the fatigue lifetime can be expressed as:

Nf = α(D)κ (1)

where:

α and κ are experimentally determined constants;
D—specific damage parameter (predictor).

As reported in various experimental papers, the displacement-controlled experiment
provides reliable fatigue data values [10,43,44]. An analysis of the literature reveals a
significant lack of evaluation of the effect of PUR elastomeric material hardness on fatigue
properties. Therefore, the main objective is to evaluate the fatigue properties of this
material in the range of Shore 80 and 90 hardness. The selection of these levels of hardness
is motivated by practical purposes. The PUR-type materials of 80 ShA hardness are an
interesting alternative to rubber in automotive applications, assuming the conventional
operation of automotive vehicles. On the other hand, materials of 90 ShA hardness are
offered to the automotive market as stiffer and intended for racing applications. From an
application perspective, the issue of the impact of hardness is becoming of interest to the
automotive industry and other industries.

Considering the above, this article fills a gap in the results of fatigue studies of
polyurethanes with two different hardness levels of 80 and 90 ShA.

2. Materials and Methods

The objects of interest were the two groups of polyurethane materials with levels of
hardness of 80 ShA and 90 ShA. Duroplastic polyurethane (based on MDI for methylene
diphenyl 4,4′-diisocyanate) was obtained by casting in an automated molding unit—a
compound with proprieties fulfilling the designer’s requirements is formed from several
mixed compounds. The resulting mixture is then cast into a preheated mold, and left
with the mix in an oven to cure. The curing time depends on the degree of hardness
required. After that, the component is demolded and the product is removed from the
mold, before being returned to the oven for about 12 h for annealing. This stage is followed
by mechanical processing of the over-molded parts, i.e.: turning and grinding until the
final product is obtained. The study identified the target structure of the polyurethane
chain and individual bonds by Raman spectroscopy.
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To reveal the differences in the chemical composition of the two types of polyurethane
samples, the Raman spectroscopy measurements were carried out using a Raman spec-
trometer LabRAM HR800 Horiba Jobin Yvon (Kyoto, Japan). The sample excitation was
provided with a He–Ne laser source working at 632.8 nm. The measurements were per-
formed in a 4000–10 cm−1 region with a spectral resolution of 2.5 cm−1. The received
spectra were processed with the extraction of the background.

2.1. Static Tensile Tests and Numerical Identification of Constitutive Law

Static tensile testing is one of the primary testing methods for determining the basic
mechanical properties of structural materials. During the test, the material’s response, in the
form of elongation, to a given tensile load propagating at a constant rate is recorded. Specimens
used for this type of test, as well as the test process itself for elastomers, are standardized and
described in ASTM D412. The test was prepared following the mentioned standard.

The finite element method is applied to deliver strain–displacement curves and model
parameters. Several material models were assessed, such as reduced polynomial, Arruda–
Boyce, and Ogden.

The Arruda–Boyce model is expressed as:

W = NkBt
√

n
[

βλchain −
√

n ln
(

sinhβ

β

)]
(2)

where:

n is the number of chain segments;
kB—Boltzmann constant;
t—temperature expressed in Kelvins;
N—the number of chains in the network of a cross-linked structure.

The Ogden [45] model is represented as:

W =
N

∑
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2μi

α2
i

(
λ
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)
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where μi and αi material constants.
For compressible materials, Bergstrom [46] added an additional component:
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1
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(
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)2i
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where:

Di denotes volumetric change parameter.

The experimental data from uniaxial and planar tests were uploaded to determine
model parameters. The evaluation shows that Ogden 3 parametric fits the experiment data
accurately. The numerical model shows acceptable conformity with provided experiment
data. A numerical model is represented by a solid geometry of a quarter of the diabolo-
shaped specimen according to Figure 1. Finite element analysis was performed using
Abaqus software in a static term.

This modelling aims to obtain the relationship between strain and displacement for this
specimen geometry. This approach allows the representation of the fatigue data in the ε–N
relationship. Boundary conditions need to be applied to the geometry to provide adequate
loading conditions. To keep the symmetry of the specimen, the boundaries along the x-
and z-axis were provided. Transfer of the load to the sample is pursued by coupling the
reference points to the inner surfaces (Figure 2a). This specific connection results in a design
of the real specimen used for the fatigue test. Two reference points were used to provide
fixed support (U1 = U2 = U3 = 0; translation in all three directions is pinned), and the load is
supplied by a displacement boundary condition applied to the second reference point.
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Figure 1. The geometry of a diabolo-shaped specimen.

 
(a) (b) 

Figure 2. Representation of boundary conditions applied to the specimen, (a) coupling connection,
(b) symmetry boundary conditions.

The presented geometry with the applied loading conditions meshed was into a finite
continuum object. The mesh applied to the object consists of 39,402 quadratic hexahedral
elements of type C3D20RH. The element size set for this model is 2 mm. However, some
regions were enriched with additional nodes. Figure 3 shows the final meshed geometry;
additionally, areas with the most significant number of nodes are noticeable. This enriched
region allowed for obtaining more adequate results.

Figure 3. The meshed object used in FEA.
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This finite element model was applied to investigate two material models, polyurethane
80 and 90 ShA. The simulation was run to reflect the static tensile test of this diabolo-shaped
specimen and provide strain values concerning the displacement.

Additionally, the results from the FEM were assessed by applying the digital image
correlation method. The Dantec Q-400 system with 2 cameras (4.8 megapixels) (Skovlunde,
Denmark) was used to validate the strain pattern and value. The DIC was correlated with
the FEM and the results were obtained from the Istra4D software.

2.2. Fatigue Tests

Fatigue tests were performed using the displacement control mode method for two
displacement ratios Rd = 0. For the experimental campaign, a special type of specimen,
diabolo, was designed, as shown in Figure 4. An essential part of the griping system was to
develop a proper connection between the polyurethane specimens and metal insert.

Figure 4. Designed diabolo specimen with metallic fixture for fatigue machine (in mm).

Specimens designed in this way were manufactured by casting. Numerical analyses
made it possible to determine a wide range of fatigue loads to calculate all fatigue parame-
ters, such as stress, strain, or strain energy density, based on which fatigue diagrams were
constructed afterwards.

All experiments were performed on an MTS858 Bionix (Chesterfield, MI 48051, USA)
testing machine (Figure 5) with constant amplitude loads. The specimens were loaded
cyclically at a frequency of 2–3 Hz. The loading frequency was chosen to avoid temperature
rise during the experiment. The temperature was monitored periodically using a pyrometer.
During the fatigue phase, it did not exceed a difference of 3–4 degrees Celsius. Experiments
were carried out in an air-conditioned laboratory under RT conditions.

The control signal was displacement. Further, fatigue diagrams of d–N, ε–N, and
W–N were constructed based on the computations, enabling a comparison of fatigue life of
PUR materials with a hardness of 80 ShA and 90 ShA. A 50% decrease in specimen stiffness
caused by the development of fatigue damage was used as the failure criterion.
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Figure 5. MTS858 Bionix fatigue test stand used for PUR fatigue testing.

3. Results and Discussion

Figure 6 presents Raman spectra of polyurethane samples. In spectra of both types of
material, bands characteristic of polyurethane structure are observed. Bands characteristic
for aromatic ring vibrations are present at 639 cm−1, 865 cm−1, and 1615 cm−1 [47–49].
Bands confirming amide groups are observed at 1255 cm−1 and 1540 cm−1, characteristic
of C-N and N-H stretching of amide II [48–50]. Bands characteristic for N=C=O stretching
and CH2 bending vibrations are observed at 1438 cm−1 [48,50]. The band observed at
1185 cm−1 confirms C-O-C links [51]. The band at 1700 cm−1 confirms the presence
of hydrogen-bonded carbonyl groups (C=O), and the band at 1735 cm−1, free carbonyl
groups [52]. In the presented spectra, the ratio of hydrogen bonded to free C=O groups
is higher for the 90 ShA material. The strong bands at 2869 cm−1, and 2923 cm−1 are
characteristic of CH2 stretching [49]. Despite the convergent chemical structure of both
types of studied polyurethanes, the Raman spectra reveal chemical differences between
them with bands marked with “*”, “**”, “***”. In the spectrum of the 80 ShA sample,
additional bands characteristic for CH2 rocking at 752 cm−1, for CH3 bending as four bands
in the range of 1364–1416 cm−1, and for CH2 deformation vibrations at 1490 cm−1 are
observed. This is connected with the higher content of politetrahydrofuran, containing
unbranded hydrocarbon chains used for the synthesis of 80 ShA material in comparison
to the 90 ShA material. The higher amount of hydrocarbon chains constituting the soft
segments [53] in the polyurethane structure in the red material, and the higher amount
of hydrogen-bonded carbonyl groups constituting hard segments in the polyurethane
structure in the yellow material affect the mechanical properties of polyurethanes, causing
higher hardness of the yellow material.

3.1. Static Tensile Test Results and Constitutive Law Identification

In total, ten dumbbell specimens (type S1) were cut from molded plates. Before
testing, all specimens were conditioned 24 h/23 ± 2 ◦C, 50 ± 10% RH. A tensile test was
performed under displacement control mode with a rate 500 mm/min. During the test,
force, displacement, and strain were measured using an extensometer for elastomeric
materials. Tensile stress–strain curves are shown in Figures 7 and 8 for 80 ShA and 90 ShA,
respectively.
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Figure 6. Raman spectra of polyurethanes: A—80 ShA sample, B—90 ShA sample.

Figure 7. Stress–strain curves obtained during the tensile test for 80 ShA PUR material (solid lines
represents different specimens, dots–measurement points after break).

As is noticeable, the 80 ShA material exhibits larger elongation at break compared to
the 90 ShA material. Summarized results of the tensile test are included in Table 1.

Abaqus CEA software allows for assessing the hyperelastic models by checking the
stability of the strain in a certain range. For this purpose, two experimental data sets were
provided to choose the best-fitted hyperelastic material model. The uniaxial and planar
test data were counted and evaluated for choosing the more accurate model. Analysis was
performed for models such as reduced polynomial, Ogden, and Arruda–Boyce, and are
presented in Figures 9 and 10.

Based on the performed numerical procedure, the best-fitting test was performed for
the Ogden model. Obtained parameters are listed in Tables 2 and 3.

To compare the results from the FEM, 3 values of strain were chosen and correlated
with DIC images in terms of the reaction force acting on the geometry. The principal strain
1, which shows maximum strain for every data point mapped as a color plot on the image,
was taken for steps 60, 30, and 15, and presented in Figures 11–13. The comparison is based
on the strain values, which is identical for DIC and FEM. Finally, the reaction force is a
value that exhibits discrepancy.
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Figure 8. Stress–strain curves obtained during the tensile test for 90 ShA PUR material (solid lines
represents different specimens, dots–measurement points after break).

Table 1. Tensile test results analysis for 80 ShA and 90 ShA material configuration.

Specimen ID
UTS—Ultimate Tensile

Strength in MPa
A—Elongation at Break In %

PU80_#1 17.9 749.2
PU80_#2 19.4 646.4
PU80_#3 21.6 651.0
PU80_#4 19.0 710.4
PU80_#5 23.7 711.0

PU80 (median ± std.dev) 19.4 ± 2.3 710.4 ± 43.9

PU90_#1 28.0 530.9
PU90_#2 27.9 529.5
PU90_#3 28.1 559.6
PU90_#4 27.5 579.5
PU90_#5 27.9 535.3

PU90 (median ± std.dev) 27.9 ± 0.2 535.3 ± 21.9

 
Figure 9. Stress–strain curves—experimental (red curve—test data) and numerical data fitting
(Ogden, Arruda–Boyce, and reduced polynomial with 1 and 3 model parameters) for 80 ShA.
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Figure 10. Stress–strain curves—experimental (red curve—test data) and numerical data fitting
(Ogden, Arruda–Boyce, and reduced polynomial with 1 and 3 model parameters) for 90 ShA.

Table 2. Ogden model parameters for 80 ShA.

N μi αi

1 4.34400372 −0.380731347
2 0.210081339 3.47276528
3 4.921467147 × 10−3 6.93803394

Table 3. Ogden model parameters for 90 ShA.

N μi αi

1 −707.693690 1.13390568
2 316.165559 1.34789067
3 401.397194 0.904727974
4 8.765965905 × 10−3 −7.00870716

 

Figure 11. Comparison of DIC and FEM in terms of the obtained value of strain for step 60 (force
DIC = 591 N, FEM force = 828 N).
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Figure 12. Comparison of DIC and FEM in terms of the obtained value of strain for step 30 (force
DIC = 465 N, FEM force = 468 N).

 

Figure 13. Comparison of DIC and FEM in terms of the obtained value of strain for step 15 (force
DIC = 280 N, FEM force = 302 N).

According to the validation, after a certain strain level, the values (reaction force)
diverge. In Figure 11, the reaction force for DIC is lower than 200 N. It is caused by incorrect
adhesion along PUR and the provided pattern. Due to the high elongation of the material,
the thin stochastic pattern on the surface is deboned, influencing the results of strain.

3.2. Fatigue Results

Fatigue experimental tests were conducted on a Bionix MTS858 machine by controlling
the displacement signal. The tests were conducted on specially designed volumetric
diabolo-type specimens. All results reported below are related to two hardness states,
80 ShA and 90 ShA, with a displacement ratio R = 0. The tests were conducted until the
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initial stiffness of the specimen drops by 50%. Typical power-law models (for displacement
d, and strain ε fatigue parameters) were used in the description of the fatigue curves for
better comparison with other materials available in the literature:

dmax = α
(

Nf

)n
(5)

εmax = A
(

Nf

)m
(6)

Ws = W0

(
Nf

)γ
(7)

where:

α A, m, n, W0, γ—experimentally determined constants.

Due to the complexity of the diabolo-type specimen shape, and the difficulty of directly
measuring strains with the typical strain gauge, extensometer-type sensors are used. The
relationship between displacement and maximum principal strain in the specimen was
calibrated based on the DIC-FEM analyses performed in the previous chapters. In this way,
it was possible to proceed with the construction of fatigue diagrams. Figure 14 shows the
calibration curve of the strain–displacement relationship that was controlled during the
experiment.

Figure 14. Nominal strain vs. displacement for diabolo specimens used in the experimental campaign.

Similarly, a calibration between the energy parameter U was performed based on
numerical calculations. The calibration results are shown in Figure 15. Fatigue curves for
the 80 ShA and 90 ShA materials for the initial control signal, displacement, are shown in
Figure 16. The 95% confidence intervals are also marked on this diagram. The results show
that the differences in fatigue life levels are statistically significant. A similar phenomenon is
observed when the quantity describing the fatigue process is strain, shown in Figure 17. On
the other hand, the question arises whether, in describing elastomeric materials, assuming
such quantities as strain or stress, by directly reproducing the description of the fatigue
phenomenon observed in metals, is appropriate. In this case, these characteristics are
significantly different in the tensile test. Therefore, a universal quantity such as strain
energy was used—Figure 18. Energy as a criterion quantity dimensionally combines force
and displacement, which, in the engineering sense, allows us to consider both together in
describing the phenomenon.
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Figure 15. Energy vs. displacement for diabolo specimens used in the experimental campaign.

Figure 16. Displacement control mode fatigue data for R = 0 (80 ShA and 90 ShA).

Figure 17. Fatigue data for R = 0 represented by εmax-N approach (80 ShA and 90 ShA).
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Figure 18. Fatigue data for R = 0 represented by Ws–N energy approach (80 ShA and 90 ShA).

Statistical fitting and analyses were performed in Graphpad PRISM environment. All
results are collected in Table 4.

Table 4. Fatigue models data fitting for 80 ShA and 90 ShA.

α (mm) n (−) R2 A (−) M (−) R2 W0 (mJ) γ (−) R2

80 ShA 17.32 −0.1106 0.91 4.627 −0.148 0.87 1870 −0.189 0.91
90 ShA 19.62 −0.1556 0.90 6.592 −0.2201 0.91 5362 −0.283 0.92

The energy description also results in a better fit of the curves, as evidenced by the
greater or equal R2 values obtained for the underlying energy model compared to the
displacement or strain models. Energy as a criterion quantity unambiguously describes the
fatigue process, and further observations in the field of PUR materials modeling should be
performed from the energy perspective.

4. Conclusions

All the research and analysis conducted on PUR materials in the hardness range from
80 ShA and 90 ShA allows us to draw the following conclusions:

• Ogden’s model provides the best description of the behavior of polyurethane material
based on MDI for methylene diphenyl 4,4′-diisocyanate for both hardness types in the
range of 80 ShA and 90 ShA;

• The higher content of politetrahydrofuran containing unbranded hydrocarbon chains
is characteristic for 80 ShA material compared to the 90 ShA material—this allows for
the mechanical properties of both materials to change in the static range in the sense of
stress–strain curves in uniaxial tensile testing. The 90 ShA material is characterized by
higher stiffness and stress levels characteristic of 100%, 200%, and 300% strain levels;

• Regarding strain approach, the fatigue process of PUR elastomers for 80 ShA and
90 ShA hardness show statistically significant differences. Under displacement control
mode, the 80 ShA material exhibits an apparently higher fatigue strength;

• The fatigue process analysis from the strain energy point of view makes it possible to
describe it unambiguously. In the case analyzed, there are no significant differences in
the W–N fatigue curves for the 80 ShA and 90 ShA hardness levels;

• The energy approach is also characterized by a better statistical fitting of the measure-
ment data to the energy model. It enables the accurate prediction of the fatigue life of
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components, regardless of the ranges and types of loads during fatigue tests based on
the force or displacement control mode of fatigue experiments.
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Abstract: Cast steel is commonly used to produce structural and safety parts. Foundry processes
allow producing parts from scrap steel directly to the required dimensions without any forming oper-
ation. Cast components may, however, exhibit macro- and micro-shrinkage porosities. The combined
effect of macro- and micro-shrinkages on the fatigue behavior of cast steel has been characterized
in the literature. Macro-shrinkages may nowadays be eliminated by adequate positioning of risers.
However, micro-shrinkages will always be present in cast steel components. Present work addresses
the influence of micro-shrinkage porosity on a G20Mn5 cast steel. G20Mn5 (normalized) ingots have
been cast under industrial conditions, but ensuring the absence of macro-porosities. Solidification
leads to two very different microstructures prior to the normalization treatment: columnar dendrites
beneath the surface (Skin) and equiaxed microstructures close to the center (Core). First, metallo-
graphic observations of the whole ingot revealed the same grain size in both areas. Fatigue samples
were extracted, by differentiating two sampling volumes corresponding to columnar (S) and equiaxed
solidification (C), respectively. The distribution of micro-porosities was determined on all samples by
Micro-CT-scans. Core samples exhibit micro-porosities with volumes 1.7 larger than Skin samples.
Low cycle fatigue tests (3 levels of fixed plastic strain) were run on both sample series (C, S). Results
follow a Manson–Coffin law. Core specimens exhibit lower fatigue life than Skin specimens. The
differences in fatigue life have been related successfully to the differences in micro-porosities sizes.

Keywords: G20Mn5 cast steel; columnar and equiaxed dendrites; micro-shrinkages; low-cycle fatigue;
CT-scan; damage evolution

1. Introduction

Cast steel is commonly used to produce structural and safety parts for trucks, railways
and construction equipment. Steel foundry processes allow producing parts directly to the
required dimensions without any forming operation. Moreover, it uses only scrap steel, so
it is an ecological process that preserves Earth’s resources. A historical overview of casting
may be found in [1]. The cast components of interest in the present work are submitted to
fatigue loading.

Fatigue is damage resulting from cyclic loading. The fatigue of rolled and forged
metallic components has been studied since the end of the nineteenth century. The main
mechanisms of fatigue failure are described extensively in [2–4]. Plastic strain leads to
clusters with higher dislocation densities than average [4]. Cyclic straining increases this
heterogeneity [5]. After a sufficient number of cycles, cells or planar arrangements of
dislocations are created. The slip is concentrated in thin persistent slip bands forming
extrusions and intrusions on the surface [4]. Multiplication of extrusions and intrusions
initiates a crack, which begins to propagate in shear mode (stage I of fatigue crack initiation).
In stage II of fatigue crack initiation, the crack progressively aligns perpendicular to the
load axis. The fatigue life corresponds to the number of cycles to initiate a dominant crack
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and to propagate the latter until catastrophic failure occurs. Crack initiation can be as high
as some 90% of the total fatigue life [5]. Due to the variability of the initial flaw populations,
fatigue results exhibit considerable scatter in the number of cycles to failure [2–5].

Three main loading domains may be distinguished in fatigue analyses [4]. Under
giga-cycle (more than 106 cycles) and high-cycle fatigue, the material deforms primarily
elastically. The number of cycles to failure under such high-cycle fatigue has traditionally
been characterized in terms of the stress range. The stresses associated with low-cycle
fatigue cause appreciable plastic deformation prior to failure, and the fatigue life is char-
acterized in terms of the strain range. A major application of low-cycle fatigue is the
prediction of fatigue life in regions ahead of a stress concentration. The low-cycle approach
to fatigue has found particularly extensive use in ground-vehicle industries [2].

Under low-cycle (high stress fatigue) the effect of small defects on the fatigue life
is increased. Murakami [6] gives an extensive overview of the effects of small defects,
nonmetallic inclusions, notches and cracks on the fatigue life of forged or rolled steels.
Zerbst and Klinger [7] analyzed fatigue crack initiation by non-metallic inclusions, pores,
micro-shrinkages and un-welded regions.

Compared to rolled or forged work pieces, cast ones may contain shrinkage porosities [1,8–10].
These porosities control to a large extend crack initiation (stages I, II). The formation of
porosities during the solidification of steel is linked to two major phenomena [1,8–10]: the
volume shrinkage of the steel and the release of gaseous elements. The first phenomenon
gives rise to the formation of porosities called micro-shrinkage. A typical example of a micro-
shrinkage porosity observed in G20Mn5 steel is shown in Figure 1. These porosities exhibit
a large number of branches. Shrinkages are internal or external macroscopic defects resulting
from the same phenomenon. Niyama presented one of the first criteria for shrinkage
prediction [11]. Historically, acceptable classes of defects were defined. No distinction
has been made between micro-shrinkages and sink marks [12–15]. Beckermann et al. [16]
analyzed the effect of porosity size distribution on the fatigue behavior of 8630 cast steel.
Serrano-Munoz analyzed the effect of close surface defects on the fatigue life [17]. Carlson
and Beckermann suggested a dimensionless Niyama criterion [18], and Shouzhu et al. [19]
suggested new metal feeding rules to prevent sink mark formation.

Figure 1. Micro-shrinkage porosity.

To the best of our knowledge, no detailed analyses of the influence of micro-shrinkages
without the presence of macro porosities on low cycle fatigue damage of cast steels are
available. Nevertheless, Han [20] highlighted that cracks initiate around those porosities in
G20Mn5QT grade during high cycle fatigue (HCF) tests; as well as Wu in a G20Mn5N grade
during low cycle fatigue (LCF) tests [21]. Moreover, Nagel studied the impact of internal
and surface porosities inside cast specimens in G20Mn5Q grade during HCF tests [22].
Various types of porosities were produced thanks to two geometries of cast specimens,
with or without a thicker central cross-section. It appeared that specimens cast with this
larger shoulder contain a bigger central shrinkage, which reduces fatigue life. However,
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these kinds of porosities are rather macro-shrinkages linked to the hot spot in the middle of
the specimen, which is not fed with liquid steel when it solidifies, than micro-shrinkages,
which are formed according the same phenomenon between dendrites.

The present paper addresses the fatigue life of normalized G20Mn5 cast steel and
the influence of the solidification conditions (columnar or equiaxed dendrites) on its
microstructure, especially the size and the shape of micro-shrinkage porosities; then the
influence of these micro-porosities on fatigue damage. This steel grade is the most produced
by Safe Metal and commonly used for structural parts. Special ingots were produced with
oversized risers and the absence of macro-porosity was controlled. The paper is organized
as follows. The details of materials elaboration and experimental methods are given
in Section 2. Section 3 is dedicated to the microstructural and monotonic mechanical
characterizations. In Section 4, low-cycle fatigue test results are presented and correlated to
the microstructure of the G20Mn5 steel.

2. Materials and Methods

2.1. Ingots Casting

Several ingots of G20Mn5 steel were cast specifically for this work, following the usual
process of Castmetal Feurs foundry. The spray of the casting design (Figure 2) and the
casting parameters were defined in order to avoid macro-shrinkages. Special care was
taken to optimize feeding, ingots geometry and the use of the pencil core. The ingots
composition (Table 1) was determined by spark emission spectrometry (Thermo Fisher
ARL 4462, Walthamm, MA, USA). The analysis was conducted on a sample taken in the
molted bath.

Figure 2. Casting device.

Table 1. G20Mn5 chemical composition (%wt).

C Mn Si S P Ni Cr Mo V Al Fe

0.18 1.12 0.36 0.009 0.011 0.07 0.26 0.05 0.005 0.05 97.8

The ingots were separated from the riser by oxygen cutting. Ultrasonic inspection was
conducted on each ingot. A normalizing heat treatment at 880◦C followed by air cooling
was applied.

2.2. Microstructure

On a first ingot, macroscopic etching was done on a full cross section prior to the
normalization treatment. A 22% HCl solution at 70 ◦C was used during 20 min. As
expected, the delimitation between columnar and equiaxed dendrites areas has been
revealed (Figure 3a). Figure 3b,c show zooms of regions, respectively, in the columnar and
equiaxed zone. On another ingot, after normalization, microstructural characterizations
were conducted at different locations. Samples with a size of 20 × 10 × 10 mm were cut
following the blueprint given in Figure 3d. Each sample was coated using compression
mounting method in a Simplimet 1000 Buehler device. The samples were polished on an
automatic Automet 250 Buehler device (Buehler, Leinfelden-Echterdingen, Germany) with
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SiC disks or diamond past, until mirror finish step. After polishing the samples, they were
rinsed in ethanol, dried with compressed air and stored in a desiccator. The reactant used to
reveal grain boundaries was Nital (5 HNO3/95 ethanol, vol.). Images were acquired with
an optical microscope (Olympus GX 51, Evident Europe GmbH-French Branch, Rungis,
French) at a magnification of ×200, then analyzed with a method defined in Olympus
Stream software (https://www.olympus-ims.com/fr/microscope/stream2/ (accessed on
12 September 2022)).

Figure 3. (a) Ingot cross section prior to normalization treatment. Red: boundary between columnar
and equiaxed the black squares correspond to the zooms presented in figures (b,c). (b) Columnar
zone, (c) equiaxed zone. (d) Sample cutting localization and labels for microstructure analyzes on an
ingot after normalizing heat treatment.

A specific characterization procedure was developed to study porosities size, shape
and localization in fatigue test pieces. X-ray Computed Tomography data were acquired
with a General Electric Nanotom 180 micro-tomograph device (General Electric, Boston,
MA, USA). The analyzed volume was a cylinder of 5 mm in diameter and 10 mm in
length. The size of the voxel is 6.25 μm. The data were processed with Phoenix DatosX
software (https://www.bakerhughes.com/waygate-technologies/ndt-software/phoenix-
datosx-industrial-ct-scanning-software (accessed on 12 September 2022)). Porosity charac-
teristics were then studied with Avizo software (version 2020). Considering the voxel size,
only porosities containing at least 10 voxels, equivalent to a sphere with a diameter higher
than 14 μm, are kept for further analyses.
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2.3. Mechanical Tests
2.3.1. Sample Preparation

Mechanical test specimens were milled from bars cut into two ingots by wire electro
discharge machining. The positions of the bars in the ingots are given in Figure 4a. It is
worth noting that bars are cut either on the border (red) or in the center (blue) of the ingots.
Additionally, some bars have their axis along ingot length and other have their axis along
ingot height. The same specimen geometry (Figure 4b) was used for monotonic tensile and
low cycle fatigue tests.

Figure 4. (a) Type 100 ingot with indication of wire cutting positions (skin in red, core in blue) for
cylindrical bars. (b) Tensile and fatigue sample geometry.

2.3.2. Monotonic Mechanical Tests

Tensile tests and compression tests were conducted on samples taken either close to
the surface (red) or from the center of ingots (blue), in horizontal or in vertical direction
(Figure 4a). The tensile test pieces geometry is given on Figure 4b. The initial gage diameter
and gage length are, respectively, 5 mm and 10 mm. The tests were conducted on a Schenck
RMC100 device controlled with Instron Console and Wavematrix. Compression test pieces
were cylinders with a diameter of 10 mm and a height of 15 mm. The tests were conducted
on a servohydraulic Schenck compression machine. The mechanical tests were strain rate
or velocity controlled. The compression tests were done at a constant strain rate of 0.01 s−1.
The monotonic tensile tests were conducted at constant cross-head velocity of 1 mm/s.
Vickers hardness tests were also carried out on a Wolpert Testwell macrohardness under
a load of 10 kgf and on a Matra MVK-1H microhardness testing machine under loads of
10 gf inside the ferrite and 25 gf inside ferrite and pearlite.

2.3.3. Low Cycle Fatigue Tests

Low-cycle fatigue tests were conducted with an electro-mechanical Schenck RMC100
testing machine (Carl Schenck AG, Darmstadt, Germany). The test conditions are sum-
marized in Table 2. Three levels of plastic strain range were defined in order to cover
a wide range of low cycle fatigue. At each strain level, respectively, ten samples from
the ingot skin and ten samples from the core were tested. In order to avoid damaging
the fracture surface, a shutoff parameter was defined to stop every fatigue test when the
maximal (tensile) stress (σmax) dropped more than 20% compared to a control stress (σcont.).
The values of the control stress were measured during each test. For the lowest loading
(Δεp/2 = 0.02%), this value has been determined at cycle n◦ 500. For the two other loadings
(Δεp/2 = 0.1%, 0.4%), the value of the control stress (σcont.) was determined at cycle n◦ 100.
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Table 2. Low-cycle fatigue test parameters. Three different levels of plastic deformation. The plastic
load ratio (εmin

p /εmax
p ) is equal to −1.

Strain
Level

Δεp

2 (%)
Signal

(Strain)
Censoring

(Cycles)
Shutoff

1 0.02

Tr
ia

ng
ul

ar 106

σmax ≤ 0.8 σcont.2 0.1 105

3 0.4 104

3. Microstructure and Mechanical Characterization

3.1. Microstructure

After the normalizing treatment, a ferritic–pearlitic microstructure was expected.
Optical micrographs were acquired at different locations in the ingot, either in the center
or in the skin part of the cross section. Figure 5 displays two typical examples of the
ferritic–pearlitic microstructure observed, respectively, at the ingot skin an at the ingot
center. The average grain size was measured on six samples taken from the ingot skin and
on six samples taken from the core of the slab. The average equivalent diameter (Table 3)
is almost the same from one sample to another. No significant difference was observed
between samples taken from the core or the skin.

Figure 5. Metallographic observations after Nital etching in: (a) the skin (A4) and (b) core (C4) parts.

Table 3. Mean grain size in the skin and in the core of the ingot. d designates the average equivalent
grain diameter.

Location
¯
d (μm) G Index

Skin 16.4 8.8

Core 16.9 8.9

The populations of inclusions were characterized prior to etching. In accordance with
the chemical composition of the G20Mn5 steel grade, mainly manganese sulfides (MnS)
especially MnS type III (Figure 6) were observed. The composition was checked by EDS
analysis. Based on [23] indexes of inclusion cleanliness were determined (Table 4). For both
fine and thick series (corresponding, respectively, to inclusions with a thickness below or
above 8 μm), indexes are very close between the skin and the core of the ingot.
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Figure 6. MnS type III (a,b), typical EDS observation of one of the particles (c).

Table 4. Indexes of inclusion cleanliness.

Location MnS Type III (Fine) MnS Type III (Thick)

Skin 1.13 0.60

Core 1.08 0.68

Special attention was given to porosities characterization. Three-dimensional X-ray
tomography observations were made on several fatigue samples prior to mechanical testing.
A significant difference between samples taken from the core and those taken from the skin
of the ingot appears. Table 5 summarizes the mean values of the porosity distributions.
The mean void volume fraction is slightly larger in the skin of the ingot than in the core.
However, the main difference concerns the void volume distribution. The number of voids
per unit volume is much smaller in the samples taken from the core of the ingot. The mean
micro-shrinkage volume is much larger in the core than in the skin of the ingot. Figure 7
depicts the probability density as function of the void (micro-shrinkage) volume for the core
and skin of the ingot. The skin of the ingot is characterized by a rather sharp peak, whereas
in the core of the ingot very large voids (0.003 mm3) are observed. The core contains thus a
smaller amount of micro-shrinkages than the skin; but much higher volumes are observed.
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Table 5. Mean values of the porosity distribution in the skin and the core of the ingot. f and N
correspond, respectively, to the mean void volume fraction and number of voids per unit volume. v
and d designate, respectively, the mean void (micro-shrinkage) volume and diameter.

Location
¯
f (%)

¯
N

(mm−3)

¯
v (μm3)

¯
d (μm)

skin 0.0104 403 5.3 104 46.6

core 0.00947 234 8.8 104 55.2

Figure 7. Probability density distribution p in function of the void volume v.

The probability distributions of voids in the core and skin are different. The mechanical
effect of voids depends on the size, but also on the shape and location in the sample. The
shape of voids is often characterized by their sphericity. Figure 8a depicts the sphericity
as a function of the void volume. Obviously, the sphericity decreases strongly when the
void volume is increased. Thus, only small voids exhibit a quasi-spherical shape. For
voids with a volume larger than vc = 0.00025 mm3, the sphericity is smaller than 0.4 (red
dashed lines in Figure 8a). For both locations (ingot skin or ingot core), voids with volumes
larger vc are present. Among all platonic solids, the tetrahedron exhibits the smallest
sphericity (0.671). As, in present work, the voids are associated with micro-shrinkages, the
description depicted in Figure 8b seems more adequate. The total surface of the object (sum
all external surfaces) was determined. Figure 8b shows the total void surface as a function
of the void volume. For both locations (skin or core), a perfectly linear relationship between
the void surface and the void volume is observed. This linear relation implies quasi-two-
dimensional void shapes as represented schematically in Figure 8b. If the “thickness” h is
always small compared to the in plane dimensions (d1,d2) a linear relationship between
the void surface and void volume is satisfied, even if the in-plane shape is much more
complex in reality. The shapes shown in Figure 8b satisfy the condition of a constant ratio
volume/total surface and allow small values of the sphericity parameter. Indeed, as an
example, we assume d1 = d2. Then, a sphericity of 0.4 leads to h/d1 = 0.085.

Figure 8. Micro-shrinkage characterization. (a) Sphericity in function of the volume v, and (b) total
surface in function of the volume v.
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The microstructural observations may be summarized as follows. After the normal-
izing treatment, a ferritic–pearlitic microstructure was observed at the ingot skin and in
the ingot center. The average grain size is almost the same in the skin and the core of
the ingot. The inclusion distribution in the skin and the core of the ingot are very close.
The main difference between the ingot skin and core corresponds to the presence of larger
micro-shrinkages in the core than in the skin of the ingot.

3.2. Monotonic Mechanical Properties

Vickers macro-hardness and micro-hardness tests were conducted at different locations
in the skin and core of the ingot. For macro-hardness, 12 indents were done on each
part. Microhardness indents were located either in ferrite or in pearlite. For each phase,
30 indents and 40 indents were done in the skin parts and core part, respectively. The
results are given in Table 6. The difference in hardness between the ingot skin and core is
contained in the error bars. The hardness of the skin and core are thus considered identical.
The same conclusion holds for the micro-hardnesses in both phases.

Table 6. Monotonic test results. Average values from three tests for tensile tests and tens of tests for
hardness in each batch (core or skin).

Core Skin

UTS (Mpa) 518 528

Rp0.2 (Mpa) 293 309

A% (%) 37% 37%

Ferrite micro-hardness (HV) 113 121

Pearlite micro-hardness (HV) 303 291

Macro-hardness (HV) 140 142

Tensile and compression tests were conducted on samples from the ingot skin and
core. Monotonic test results are presented in Figure 9. Monotonic tensile and compression
behavior for the ingot skin and core are identical. The tensile curves exhibit the Portevin-Le
Chatelier effect and Lüders bands typical of low-carbon steels. Very high strain hardening
at small strains (<5%) is observed. Comparison of tensile and compression curves hints
that significant damage in tenson occurs after 5% (point A). However, macroscopic necking
occurs much later at ~18% (point B). The significant effect of damage at low stress triaxiality
(prior to necking) corresponds to the large initial void volume fractions. However, the large
strain hardening (compression curves) leads to a significant ultimate strength of about
520 MPa and a large ductility of 37%. The monotonic test results are summarized in Table 6.

Figure 9. Tensile and compressive curve for skin and core specimens.

4. Low Cycle Fatigue Tests

Low cycle fatigue tests, with Rp
ε = −1, were conducted for three levels of plastic

strain (ΔεP/2 = 0.02%, 0.1% and 0.4%, respectively) on 10 samples from the ingot core and
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10 samples of the ingot skin. First, a control value of the stress (σcont.) was determined during
the test. The tests were stopped when the tensile stress became smaller than 0.8σcont.. From
now on, the number of cycles achieved precisely at σmax = 0.8σcont.. will be called Nf. The
final rupture was obtained by simple tension. This is the classical way to preserve a fracture
surface with Rp

ε = −1.

4.1. Low Cycle Fatigue S-N-Curves

Figure 10 shows the corresponding results. In each column, the plastic strain increases
from top to bottom. In each row samples from the ingot core and skin are shown. Compar-
ing the results corresponding to different plastic strain levels (column) shows the sharp
decrease in the number of cycles for increasing plastic strain for samples from the ingot
core as well as samples from the skin.

Figure 10. Fatigue test results (stress vs. number of cycles) for different values of plastic strain
ΔεP/2 = 0.1% (a,b); 0.2% (c,d) and 0.4% (e,f). Samples for the ingot core are represented in (a,c,e) and
from the ingot skin in (b,d,f).

A significant dispersion of the stress has to be noted. At the very beginning of the
tests, dispersion may be attributed to differences in the microstructure, but also to small
misorientations of the samples. Hence, vertical dashed lines delimit on each graph a very
small portion of the S-N-curves, which will not be considered in the interpretation. The
following discussion concerns only the parts to the right of the red dashed lines. Even to
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the right of the dashed lines, significant dispersion is observed. This dispersion decreases
if the applied plastic strain and hence the applied stress increase. At the lowest level of
plastic strain (0.02%) during accommodation, a decrease of the stress is observed. At the
intermediate strain increment, no significant softening nor hardening occurs. Finally, at the
highest plastic strain level (0.4%), significant strain hardening occurs. In Section 4.2, the
number of cycles will be analyzed by Manson Coffin’s approach. In Section 4.3, a damage
analysis will allow to distinguish between subcritical and final crack growth.

4.2. Number of Cycles at Failure
4.2.1. Manson–Coffin Parameters

The results presented in Figure 10 allow determining the mean number of cycles
at failure for all the considered samples (Table 7). For all the considered plastic strains,
samples from the ingot skin exhibit an average number of cycles at failure (Nf) larger than
specimens from the core.

Table 7. Number of cycles at failure (Nf) as function of the plastic strain.

ΔεP/2

0.02% 0.1% 0.4%

Core Skin Core Skin Core Skin

92339 108684 13796 17940 835 1697

Under low cycle fatigue conditions, Manson and Coffin [24,25] postulated a simple
power–law relation between the numbers of cycles at failure (Nf) and the plastic strain
level (ΔεP).

ΔεP
2

= ε′f Nc
f (1)

ε′f and c are material parameters. Based on the results of Table 7, the Manson–Coffin
parameters for skin and core samples taken separately and for all samples were deter-
mined (Table 8).

Table 8. Manson–Coffin coefficients.

ε’
f c

Skin 0.2996 0.714

Core 0.8822 0.626

Global 0.5536 0.677

Figure 11 shows a graphical representation of the plastic strain increment as a function
of the number of cycles at failure. This representation leads to a small difference between
the behaviors of samples from the ingot skin and ingot core. The mean behavior (skin+ core
samples) is represented in solid green (MC). The global behavior is very close to the one
determined by Han [20] for G20Mn5QT cast steel at R = −1 (green dashed line). However,
a significant difference with the curve from Wu’s study [21] who characterized the material
at R = 0.1 (dotted green line). This difference hints at a significant influence of the average
stress on the fatigue life. Finally, looking at the total strain by adding Basquin’s law (yellow
curve) allows us to match HFC results obtained in a previous study.
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Figure 11. Manson–Coffin plot based on experimental values obtained in this work and compared to
literature data. The latter are Han et al. work on quenched G20Mn5 and Wu et al. work on normalized
G20Mn5. HCF data (yellow points) were obtained with applied stress tests. Corresponding elastic
strain values are used to plot the results on this strain vs. number of cycles to rupture graph.

4.2.2. Difference between Ingot Core and Skin

The number of cycles at failure based on the combination of skin and core samples
gives only a first indication of the material behavior under cyclic loading and allows to
show good correspondence with Han’s results. A more detailed analysis of the number
of cycles at failure is given in Table 9. The mean values correspond to Table 7. The main
focus is now on the dispersion of the results (standard deviation/mean value). Results
corresponding to the ingot core exhibit always a larger dispersion than samples from the
ingot skin. For both series the dispersion increases with the applied plastic strain. For each
applied plastic strain, the number of cycles at failure (Nf) between samples from the skin
and the core of the ingot differs significantly (15% to 51%). However, the stabilized stress
exhibits almost the same value between both series.

Table 9. Detailed results from low cycle fatigue tests.

ΔεP/2

0.02% 0.1% 0.4%

Core Skin Core Skin Core Skin

N
um

be
r

of
cy

cl
es

at
fa

ilu
re

N
f

mean 92339 108684 13796 17940 835 1 697

stand. dev. 29511 20524 4703 3776 433 704

stand. dev./mean 34% 20% 34% 21% 52% 41%

max. 139875 148455 22677 24428 1741 2617

Min. 48754 83775 8937 13195 473 298

(Nskin
f −Ncore

f )
Nskin

f

15% 30% 51%

σstab. (MPa) 251.5 251.7 292.2 308.6 362.2 369.4

4.3. Remaining Load Carrying Capacity during Cycling

The number of cycles at failure gives a first precious indication of the fatigue life
expectancy for a fixed load level (ΔεP/2). However, for different successive loadings, the
remaining load carrying capacity of the material after a given number of cycles is significant.
Figure 12 depicts the stress as a function of the normalized number of cycles (N/Nf) for all
considered loadings.
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Figure 12. Stress as function of the normalized number of cycles for all considered loadings.

Remarkably, for all considered strain levels and both sample locations, the sharp
stress decrease occurs after about 90% of the fatigue life time (red dashed line AA’). This
corresponds to the transition from subcritical to critical crack growth at a number of
cycles Nc. In the following paragraph, a method to exactly determine Nc is elaborated.
The number of cycles at transition Nc can be determined. The crack length at Nc is not
determined. This method is based on damage analysis. A damage variable D may be
defined based on the stress response [26]. The most simple definition of the damage variable
assuming isotropic material behavior is as follows:

σ̃ = σ(1 − D) (2)

σ̃ and σ designate, respectively, the apparent stress in the damaged material and the
corresponding stress in the sound material. Under monotonic loading, the apparent stress σ̃
varies from σ (sound material) to zero (D = 1) at failure. Under fatigue loading, the cycling
is stopped prior to the final failure and the samples are broken under simple tension.
Nevertheless, the evolution of the damage parameter in the function of the normalized
number of cycles N/Nf gives precious indications on the remaining load carrying capacity.
Lemaitre and Chaboche [26] suggested different damage variables D.

Three different damage variables were determined in present work. The first D(σ)
compares the stress at a given cycle, to the stress after stabilization σstab.

D(σ) = 1 − σ(N)

σstab
(3)

where σ(N) and σstab correspond, respectively, to the reached tensile stress at cycle N and
at the stabilized cycle. The second damage measure is based on the ratio between the
apparent Young’s modulus and the value of Young’s modulus at stabilization:

D (E) = 1 − E(N)

Estab
(4)

where E(N) and Estab correspond, respectively, to the Yound modulus measured at a given
cycle and at the stabilized cycle. The last damage measure considered in present work
is based on the difference between the tensile and the compressive stresses at each cycle
normalized by the stress after stabilization.

D(TC) = 1 −
∣∣∣∣σT(N)− σC(N)

σstab

∣∣∣∣ (5)

where σT(N) and σC(N) correspond, respectively, to the compressive stresses reached at a
given cycle and at the stabilized cycle.

These most common damage variables are depicted on Figure 13 as a function of the
normalized number of cycles N/Nf for the three considered plastic strain levels. Negative
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values correspond to initial softening. The damage varies slowly up to a value N/Nf ~0.9.
Then, a very steep increase follows.

Figure 13. Comparison of three most common damage variables for all considered strain levels
ΔεP/2: 0.01% (a), 0.2% (b), and 0.4%(c).

At a given plastic strain, the three damage variables indicate the same transition
point from slow variation to steep increase. Any of the three common damage variables
may thus be used to determine transition from damage initiation (sub-critical growth) to
macroscopic growth. The combined knowledge of the numbers of cycles at failure (Nf)
and the transition from the initiation stage to accelerated growth gives precious results
for determining the remaining load carrying capacity at a given number of cycles. As the
three common damage variables D(E), D(TC) and D(σ) lead to similar transition points, we
suggest working with D(σ). As the current stress at each cycle is measured for all common
fatigue experiments, D(σ) is known.

To determine the transition from initiation to rapid growth, both regimes have been
represented by straight lines as suggested in [26]. The intercept between both lines deter-
mines the critical number of cycles Nc at the transition. Figure 14 depicts the corresponding
results for all considered plastic strains and both sample locations. For all considered
load levels and locations, the transition between both regimes occurs at Nc/Nf > 92%.
The initiation regime is thus always larger than 90% of the sample lifetime. Remarkably,
transition occurs at the smallest ratio Nc/Nf for the core sample loaded at Δεp/2 = 0.4%.
The combination of large applied remote stress and the of large micro-shrinkages leads to a
reduced lifetime (Nf) and a reduced initiation state (Nc/Nf).
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Figure 14. Damage D(σ) as a function of the normalized number of cycles. Determination of the
critical number of cycles NC corresponding to the transition from sub-critical to critical growth.

4.4. Microscopic Analysis of Damage and Murakami Type Law
4.4.1. Different Damage Parameters

Let us briefly summarize the previous results. The ferritic–pearlitic microstructure
observed after normalizing treatment exhibits the same grain size and same inclusion
distribution in the skin and the core of the ingot. The monotonic material behavior (stress–
strain curve, hardness and micro-hardness in both phases) of samples from the skin and
core of the ingot are very close. The sole significant differences between skin and core
samples are the presence of larger micro-shrinkages in the core than in the skin, and a
reduced number of cycles at failure (Nf) as well as a reduced initiation state (Nc/Nf) for
samples from the core compared to samples from ingot skin. This hints to a close relation
between the initial porosity and the number of cycles at failure (Nf). Moreover, the micro-
shrinkages exhibit a strictly linear relationship between the volume and the surface. Defects
exhibiting a large volume under tomographic observation should thus give rise on the
sample fracture surface to defects with large areas.

The fracture surfaces of all samples were characterized by SEM-observations. These
observations confirmed that initiation occurs always at micro-shrinkage porosities. In
samples from the ingot core, cracking starts in most cases (80%) at a single large micro-
shrinkage porosity. In samples from the ingot skin, initiation at single and at multiple
shrinkage porosities were observed. In the present work, only examples with single crack
initiation are shown. We found that multiple crack initiation was favored if the plastic strain
was increased (ΔεP = 0.4%,). If the plastic strain is increased, the remote stress increases as
well, and thus more initial defects will correspond to a critical size.

Murakami et al. [27] closely analyzed the relationship between fatigue life time and
initial defect area. The relevance of several damage variables based on this concept is
analyzed. Figure 15 depicts a typical fracture surface and explains the measurements made
to determine different damage variables.
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Figure 15. Fracture surface analysis. (a) Typical fracture surface with crack initiation at a single
defect. (b) Different measurements made on each fracture surface to determine the values of the
corresponding damage variables.

The cross-sectional area S0 was determined on each sample. The initial defect has
an area Ad and the crack an area Ac. These areas were measured as the total area of the
corresponding pixels. Equivalent ellipses were defined on the initial defect (minor axis md)
and the fatigue crack (minor axis mc). The most commonly used damage parameters are
defined as follows:

D1 =
Ac − Ad

S0
D2 =

Aeq
c − Aeq

d
S0

D3 =
mc −

√
Ad

ϕ0
D4 =

mc − md
ϕ0

(6)

Aeq
c and Aeq

d designate, respectively the areas of both equivalent ellipses.

Aeq
c =

πMcmc

4
Aeq

d =
πMdmd

4
(7)

D1 compares the areas of the fatigue crack and the initial defect. D2 corresponds to a
similar measure based on the equivalent ellipses. D3 favors the propagation direction of the
crack and considers an isotropic influence of the initial defect. Finally, in measure D4 the
main weight corresponds to the crack’s and initial defect’s dimensions in the propagation
direction.

For all samples exhibiting a crack initiated at a single defect, the values of the four
damage variables have been computed. Table 10 gives the mean values for the three
considered strain levels. All damage parameters lead to higher values in the ingot core
than the ingot skin. For both locations, the values of all damage variables increase with
increasing plastic strain. The two damage parameters based on area measurements (D1
and D2) exhibit exactly the same values. These two damage parameters lead to smaller
values than the two damage parameters (D3 and D4) based on length measurements in the
propagation direction. Note the microscopic measurements of damage lead to larger values
than the shut-off parameter based on the load in tension.
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Table 10. Damage measurements on fatigue specimens fracture surfaces.

Damage
Variable

Δεp/2

0.02% 0.1% 0.4%

Core Skin Core Skin Core Skin

D1 28% 24% 30% 29% 30% 35%

D2 28% 24% 28% 29% 30% 35%

D3 34% 33% 36% 38% 39% 44%

D4 35% 34% 36% 38% 38% 43%

4.4.2. Murakami Type Analysis

Based on the previous results, the correlation between the number of cycles at failure
with a stress intensity factor based on the initial defect has been tested. The number of cycles
Nf may not be related directly to any stress intensity factor. However, the number of cycles
corresponding to the final stage (stage II), i.e., (Nf-Nc)/Nf, may be related to the stress
intensity factor based on

√
Ad and the stabalized stress σstab. Xua et al. [28] successfully

modelled fatigue crack propagation (stage II) in G20Mn5QT cast steel by a two parameter
model based on a Smith–Watson–Topper approach. The authors introduced a material
correction to the classical SWT-parameter. An overview of the different SWT-parameters
used in the literature is given in Łagoda et al. [29]. A similar approach is not immediate
when considering stage I followed by stage II. In the present work, only the initial defect
and the final crack shape could be observed by SEM characterization. Thus, the following
classical expression for stress intensity factor K, based on Murakami’s work, was adopted:

K = σstab.
√

π
√

Ad (8)

Figure 16 depicts the stress intensity factor K as a function of the normalized number
of cycles in stage II. For Figure 16a the classical logarithmic axes were adopted, whereas
Figure 16b shows the same result in cartesian axes. A satisfying linear relationship in the
log–log (Figure 16a) was obtained for core samples for all the considered plastic strain
increments. For the skin samples, no linear relationship is observed. As only samples
with a single initial defect were considered, this might be due to the reduced number
of samples. However, the dispersion increases drastically with the plastic strain Δεp or
the corresponding stabilized stress σstab. Under large plastic strain, the increased number
of “smaller” defects in the skin sample leads to an increased number of defects almost
perpendicular to the remote stress. For (Δεp/2 < 0.4%), these defects are too small to be
activated. In the core samples, this dispersion is not seen, because larger defects (reduced
in number) have been activated.

Figure 16. Correlation between stress intensity factor based on the initial defect area Ad and the
normalized number of cycles in stage II. (a) Classical representation with (b) the same results in
cartesian axes.
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5. Discussion and Conclusions

The low cycle fatigue behavior of G20Mn5 cast steel was analyzed. Particular castings
with large risers were used to eliminate all macro-shrinkages. First, the columnar and
equiaxed zones were determined on an as cast ingot. Then, only normalized samples
were analyzed. Monotonic tensile and compression curves show that microvoids have no
influence on the stress strain curve up to 5%.

The distinction between Core and Skin samples was made based on macrographic
observations of the as-cast microstructure. Then, the normalized steel was characterized
thoroughly. First, the micro-shrinkage-porosity was characterized on all LCF samples by
Micro-CT-scans. Low cycle fatigue tests on normalized G20Mn5 cast steel were conducted
at three levels of plastic strain (0.02%, 0.1% and 0.4%).

The main results may be summarized as follows. The microstructure and monotonic
mechanical behavior of the ingot skin and core may be considered identical. The sole
difference between the core and the skin is controlled by the micro-shrinkage distribution.
The core exhibits a widespread volume distribution and the skin one much narrower.
However, both core and ingot contain essentially flat (quasi two-dimensional) micro-
shrinkages. At this stage, all differences in fatigue life between samples from the ingot skin
or ingot core may be attributed to differences of the micro-shrinkage volume distributions.

For all fixed plastic strain increments and both locations (Skin or Core) similar curves
are obtained. Depending on the plastic strain, strain hardening or softening may be
observed. The stress stabilizes (σstab) at about 102 cycles. A Manson–Coffin description
with parameters from the literature allows prediction of the numbers of cycles at failure Nf.
The number of cycles at failure is always smaller in the core than ingot skin.

Introduction of the simple damage variable (D = σ/σstab), based on values recorded
during cycling, shows that the initiation stage (N < Nc) spans over more than 90% of the
lifetime. The total number of cycles at failure Nf and the number of cycles corresponding
to the initiation stage (Nc) are smaller in the ingot core than in its skin. This naturally led to
a damage characterization based on the observation of the fracture surfaces.

All fracture surfaces were characterized by FEG-SEM observations. All fatigue cracks
have been initiated at porosities corresponding to micro-shrinkages. On samples with a
single micro-shrinkage responsible for crack initiation, several damage parameters were
defined. The most discriminant are based on the characteristic lengths of the initial defect
and fatigue crack in the crack propagation direction. Based on these results, a Murakami
damage type analysis was done. The stress intensity factor calculated with the initial defect
size is related to the number of cycles in the final stage (Nf-Nc)/Nf.
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Abstract: Based on fracture mechanics theory, a finite element method was used to determine the
stress intensity factors of the inclined crack on the inner surface of the pipe under axial compression
load and external pressure. The effects of different influencing factors on the stress intensity factor
along the crack front considering crack closure were systematically explored, which were different to
those under internal pressure. The effects of high aspect ratio on KII, the crack inclination asymmetry
caused by curvature and the effects of the friction coefficient on the stress intensity factors of the
pipe with an inclined inner surface crack under axial compression load and external pressure were
explored in this paper. To be fit for defect assessment, the solutions for stress intensity factors KII and
KIII were derived, and new correction factors fθ and fμ were proposed in the empirical solutions to
accommodate the crack inclination asymmetry and the friction coefficient, respectively.

Keywords: inclined surface crack; stress intensity factor; pipe; crack closure; external and axial
pressure; finite element analysis

1. Introduction

Pipes are widely used in various fields of petroleum, chemical industry, and natural
gas. In engineering practice, there are a large number of shells subjected to external pressure
loads such as submarines, aerospace simulators, deep-sea pipelines, and buried pipelines.
Due to the limitations of the manufacturing process, the structures may have tiny defects
such as cracks. Lin and Smith [1] found that arbitrarily shaped cracks become semi-elliptical
after a certain period of expansion. The stress intensity factor is an important fracture
parameter for judging crack propagation and failure in defect assessment. Therefore, since
the last century, scholars have conducted many studies on this subject.

In the early years, Raju and Newman [2] established a stress intensity factor empirical
solution for mode I internal and external surface cracks of cylindrical vessels through
FEA. The formula gave the influence coefficients based on different shell and crack sizes.
Navid and Fenner [3] calculated the stress intensity factors of a thick-walled cylinder
with internal pressure for different crack sizes based on the boundary integral equation
method. Afterward, various numerical techniques were developed to calculate the stress
intensity factor of pipe surface cracks such as the line spring model [4] and the weight
function method [5–7]. Kamaya [8] combined the finite element alternating method and
the finite element analysis to calculate the stress intensity factors of shell surface cracks.
Wallbrink [9] proposed a semi-analytical method of conformal transformation to predict
the stress intensity factors of circumferential surface cracks. However, most of these studies
were limited to simple loading and the crack direction was axial or circumferential. In fact,
in most cases, the loading conditions of the pipelines are complex and the crack direction
is inclined.
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The research on mixed mode cracks first started from a flat plate. Murakami [10]
analyzed KI, KII, KIII by the body force method, and provided a formula for the maximum
value Kθmax at the crack front according to the projected area of the crack in the direction of
the maximum principal stress. Zeng and Dai [11] proposed a simplified analytical model
of an inclined surface crack under biaxial stress, and proposed a closed solution for KI
and KIII at the deepest point of the crack front. Some scholars have also used FEA [12,13],
the numerical influence function method [14], and the experimental method [15] to study
the mixed mode cracks of flat plates. The study of mixed mode cracks in shell can be
divided into two types. First, the crack direction is determined, usually axial or circum-
ferential, and the mixed mode crack is formed by applying a complex far-field load on
the structure. Shahani and Habibi [16] considered the stress intensity factor of cylinders
with a circumferential crack under the action of axial force, bending moment, and torque.
Predan et al. [17] studied the stress intensity factor for circumferential semi-elliptical surface
cracks in a hollow cylinder subjected to pure torsion. Ramezani et al. [18] demonstrated
the empirical solution of the stress intensity factor of cylinder surface crack under pure
torsion. Second, the mixed mode cracks were formed by changing the inclination angle of
the surface cracks. For example, Li et al. [19,20] studied the stress intensity factor of the
inclined crack in the pipeline under the far field tension and tension-bending, and provided
an empirical formula to calculate the complete value of the stress intensity factor at the
crack front through the influence coefficient under different aspect ratios. Li and Mao [21]
calculated the stress intensity factor of the inclined surface crack of the outer wall of the
heat exchanger by numerical simulation.

In the research on cracks, it is inevitable to encounter the problem of complete or
partial closure of the cracks. For simplicity, more papers have chosen to ignore the surface
contact of the cracks. However, the contact closure of the crack face significantly changes
the stress–strain distribution at the crack front, thereby affecting the fracture behaviors
of the structure. In fact, since the contact area is time-varying, the contact problem is a
typical nonlinear problem with boundary conditions. In static fracture mechanics, the
contact friction of the crack face has an obvious influence on the stress intensity factor.
At present, there have been few studies on mixed mode cracks on the friction surfaces
under compressive loading, which have mainly focused on flat plates [22–24]. Bowie and
Freese [25] proposed a crack closure technique to correct the solution of overlapping crack
surfaces, but their method does not consider the sliding between crack surface, and is only
suitable for the case of a large friction coefficient. Liu and Tan [26] used the boundary
element method to study the effect of the interaction between the friction and crack surface
on the stress intensity factor. Hammouda et al. [27,28] used finite element analysis to study
the effect of crack surface friction and crack inclination on the stress intensity factor of the
central cracked plate under unidirectional compressive load. In addition, Dorogoy and
Banks-Sills [29] investigated the effects of loading angle and friction coefficient on the stress
intensity factor and the crack length of Brazilian disc cracks under concentrated loading
using a finite difference solution.

To the best of the authors’ knowledge, researchers have not focused on the surface
crack stress intensity factor of shell structures subjected to compressive loads, however, in
engineering practice, fracture damage occurs in shell structures subjected to simultaneous
external and axial pressures. In this paper, the stress intensity factors of the shell subjected
to simultaneous external and axial pressures were evaluated by using the three-dimensional
finite element analysis method, and the effects of the relative depth of the surface cracks,
aspect ratio, crack inclination, and friction coefficient on the stress intensity factor of the
crack fronts were investigated, which were different from those under internal pressure.
The empirical solutions of the mode II and mode III stress intensity factors along the crack
front are given using numerical methods, respectively.
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2. Finite Element Model of Pipe Crack

2.1. Meshing of the Pipe with Inclined Crack on the Inner Surface

For the study of mixed mode cracks, the most widely used and accurate method is FEA,
which involves the extended finite element method (XFEM) and contour integral. Based on
the static loading model in this paper, the fluctuation of results caused by inaccurate mesh-
ing can be better avoided by using contour integrals. The commercial code ABAQUS [30]
was used for FEA. The material used in this paper was TA2 with a modulus of elasticity
of 101,901 MPa and a Poisson’s ratio of 0.348. The pipe size was fixed at Ri = 100 mm,
R0 = 110 mm, t = 10 mm. In order to avoid the influence of the boundary effect on the stress
intensity factor, the pipe length should be six times that of Ri and 20 times that of the crack
half-length c, l = 600 mm [31,32]. The crack size is described by dimensionless parameters:
the relative crack depth (a/t) and the ratio of long and minor axes of semi-elliptical cracks
(a/c). The crack inclination angle is θ. The pipe model is shown in Figure 1a. The external
pressure of the pipe P0 = 100 MPa and the axial pressure p = 525 MPa. The boundary
conditions were that one end of the pipe was completely fixed and the other end restricted
its circumferential constraint, as shown in Figure 1b.

Figure 1. (a) Pressure pipe with an inclined crack on the inner surface. (b) Loads and boundary conditions.

The current general semi-elliptical crack meshing method was used by the authors [31,33].
The six-node triangular prism element C3D6 was used to sweep along the path around the
crack tip to simulate the stress–strain singularity at the crack front. C3D6 belongs to a fully
integrated element with linear interpolation in all directions, the number of nodes is 6, and
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the number of integration points is 6. The eight-node hexahedral element C3D8R was used in
the nearby area. C3D8R belongs to a linear reduced integral element with eight nodes and
only one integral point exists in the center of the cell, which is equivalent to a constant stress
cell. The reduced integration element can effectively avoid stress discontinuity problems. The
meshes at the crack were subdivided, the mesh size was controlled within 1 mm, and the
mesh size of the rest zone was controlled within 10 mm to reduce the calculation time. The
mesh division is shown in Figure 2.

 
(a) (b) 

  
(c) (d) 

Figure 2. Meshing of the pipe with the inclined internal surface crack:(a) global view of the cracked
pipe; (b) equal divisions at the crack front; (c) hexahedron elements around the crack front; (d) wedge-
shaped elements at the crack front.

2.2. Penalty Function Method for Contact Problem

Since the pipe is not only subjected to external pressure but also to axial compressive
load, contact should be set between the crack surfaces. Generally speaking, the crack
surfaces in the contact state have three characteristics:

(1) The contact surfaces do not penetrate or overlap each other;
(2) The contact surfaces are able to transmit normal pressure and tangential friction;
(3) The contact surfaces generally do not transmit normal tension and can be sepa-

rated freely.

In ABAQUS, the penalty function method, Lagrange multiplier method, and static
friction–kinetic friction index decay method can be used to solve the contact problem. In
this paper, a penalty function was used to characterize the tangential friction force between
the crack surfaces. The penalty function method requires the normal and tangential friction
coefficients, which is similar to setting a “spring” between the contact surfaces, and the
“spring” works only when the contact surfaces are closed. In this way, the normal contact
pressure can be expressed as:

Pn =

{
0 un > 0
knun un ≤ 0

(1)
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According to Coulomb’s law of friction, the frictional stress at the contact surface can
be written as:

τs = ksus − μPn
τt = ktut − μPn

(2)

where t, n, s represent the tangential, normal and sub-normal directions, respectively, as
shown in Figure 3. The advantage of the penalty function is that it does not increase the
degree of freedom of the problem. The disadvantage is that when the friction coefficient is
too large, the convergence will become more difficult. The values of the friction coefficient
μ in this paper were 0, 0.2, and 0.4, respectively.

Figure 3. Local coordinate system of the quarter-elliptic crack front.

2.3. Mesh Independence Verification

Raju and Newman [2] first proposed a formula to calculate the stress intensity factor
of a mode I crack in a pipe, and Chun-Qing Li [19] extended this formula to calculate the
mixed-mode stress intensity factor of an inclined crack, as follows:

K = σ0

√
π

a
Q

F
(

a
t

,
a
c

,
t

Ri
, ξ, θ

)
(3)

where σ0 = PR/t is the average hoop stress of the pipe; K and F are the stress intensity factor
and influence coefficient function under different cracking modes, respectively; Q is the
shape factor obtained from the second type of elliptic integral; and the empirical formula is
given by Shiratori et al. [34].
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Q = 1 + 1.464
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[
1 + 1.464

( c
a
)1.65

]( a
c
)2 a

c > 1
(6)

In order to unify the evaluation indicators, it is necessary to normalize the stress
intensity factor and the position along the crack front. In this paper, the normalization
factor K0 was defined as [18]:

K0 = σ
√

π · a0 a0= 1 (7)

where σ = PR/2t is the axial compressive stress. The position along the crack front can be
normalized according to the number of equal meshes. The advantage of this normalization
method is that K0 becomes a constant, which can truly reflect the variation trend of K.
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Figure 4 shows the normalized stress intensity factors at the crack front of three kinds
of mesh sizes at different angles. The mesh size is shown in Table 1. It can be seen that
the results of the first two mesh sizes were basically the same. A comparison with the
normalized KII and KIII results with Chun-Qing Li [19] after changing the load using mesh2
is given in Figure 5. The average differences were 8.98% and 2.55%, respectively, which
demonstrates the accuracy of the results.

K
II
/K

0

K
II

I/K
0

Figure 4. Effect of the mesh density on the normalized SIF at different angles, a/t = 0.2, a/c = 0.2.
(a) Normalized KII, (b) normalized KIII.

Table 1. Crack front meshing.

Division Strategy Mesh1 Mesh2 Mesh3

Wedge element size (mm) 0.05 0.05 0.1
Hexahedral element layers 8 6 3

Equal divisions at the crack front 180 90 45

K
II
/K

0

K
II

I/K
0

Figure 5. Comparison of the stress intensity factors with mixed modes, a/t = 0.2, a/c = 0.4, θ = 45◦.
(a) Normalized KII, (b) normalized KIII [19].

2.4. Comparison of SIFs between Crack Opening and Crack Closing

In order to compare the change in the stress intensity factor for crack opening and
crack closing, two sets of cracks with different angles were selected in this paper. The
contact surface friction coefficient μ = 0. The pipe load for crack opening was changed
to the internal pressure and axial tension, and the results of the comparison are shown
in Figure 6. To facilitate comparison of the differences, the normalized stress intensity
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factors under external pressure and axial compression were expressed symmetrically about
the transverse coordinate. It can be seen that the absolute values of the normalized stress
intensity factors at crack closure were obviously higher for both the mode II crack and
mode III crack. For this phenomenon, the authors used the stress field calculation method
for the plastic zone of the crack tip mentioned by Shlyannikov and Tumanov [35] to convert
the three stress states obtained from the finite element calculations to give the sub-normal
stresses and tangential stresses at the crack front in these two cases, corresponding to mode
II and mode III cracks, respectively, as shown in Figure 7a,b, and it can be seen that τs and
τt at the crack front of the pipe under axial compression and external pressure were higher
than those under axial tension and internal pressure, which is the fundamental reason for
the difference in SIFs. This difference also proves that it is necessary to study the stress
intensity factor of cracks under axial compression load and external pressure.

K
II
/K

0

K
II

I/K
0

Figure 6. Comparison of SIFs under tension and compression loads with different angles, μ = 0,
a/t = 0.2, a/c = 0.8. (a) Normalized KII, (b) normalized KIII.

s t

Figure 7. Comparison of shear stress along the crack fronts under tension and compression loads.
(a) Shear stress along the crack front of mode II. (b) Shear stress along the crack front of mode III.

3. Results and Discussion

The stress intensity factor for mode I crack is 0 under the compression load [36,37].
However, due to the crack inclination and external pressure, the KII and KIII generated by
the interaction of tangential and frictional forces at the crack front cannot be neglected.
In this paper, the SIFs of pipe surface crack fronts were obtained by FEA under different
influencing factors, which included the relative depth (a/t), the aspect ratio (a/c), the crack
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inclination angle (θ), and the friction coefficient (μ). The specific calculation scheme is
shown in Table 2. A total of 336 finite element models were calculated in this paper.

Table 2. Finite element calculation scheme.

Influencing Factors

a/t 0.2 0.4 0.6 0.8
a/c 0.2 0.4 0.8 1.6
θ(◦) 0 15 30 45 60 75 90

μ 0 0.2 0.4

3.1. Effects of Crack Geometry and Inclination Angle

Figure 8 shows the variation in the mode II and mode III SIFs with relative depth. The
long axes of the semi-elliptical cracks were fixed as c = 5 mm and c = 10 mm, respectively,
the friction coefficient μ was 0. For the convenience of presentation, only the comparison
results of the maximum value along the crack front are given, and the rules were consistent
for the remaining positions. It can be seen that the absolute value of the mode II and mode
III stress intensity factors increased with the deepening of the crack, and the increase in the
absolute values was more obvious when the crack size was larger. The surface crack was
most dangerous at θ = 45◦ and became safer with the offset of crack inclination to the axial
and circumferential directions.

a/c

a/c

K I
I/K

0

a/t

a/c c

 

c

K I
II
/K

0

a/t

a/c 

a/c 

a/c 

c

K I
I/K

0

a/t

a/c

a/c 

a/c 

c

K I
II
/K

0

a/t

a/c

a/c 
a/c

Figure 8. Effect of the relative depth on the normalized SIFs, μ = 0. (a) Normalized KII (c = 5 mm,
a/c = 0.4, 0.8, 1.6); (b) normalized KIII (c = 5 mm, a/c = 0.4, 0.8, 1.6); (c) normalized KII (c = 10 mm,
a/c = 0.2, 0.4, 0.8); (d) normalized KIII (c = 10 mm, a/c = 0.2, 0.4, 0.8).

92



Materials 2023, 16, 364

The variation in the mode II and mode III SIFs with the aspect ratio is given in Figure 9,
and the minor axis of the semi-elliptical crack was fixed as a = 4 mm and a = 6 mm,
respectively, the friction coefficient μ was 0. For the mode II cracks, when a/c < 1, the
absolute value of the normalized KII increased with the aspect ratio, and when a/c > 1,
the absolute value of the normalized KII decreased with the increase in the aspect ratio.
The KII values of the crack fronts for different aspect ratios at two depths are given in
Figure 9e,f. For semi-elliptical cracks with lower aspect ratios, the maximum value of KII
always appeared at the surface point of the crack front. However, for semi-elliptical cracks
with higher aspect ratios, the maximum value of KII appeared near the surface point, which
led to a smaller value at the surface point. These variations are consistent with the results
of Yang et al. [38] for high aspect ratio cracks. For mode III cracks, the absolute value of
KIII decreased monotonically with the increase in aspect ratio, with the most pronounced
decrease at θ = 45◦.
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Figure 9. Effect of the aspect ratio on the normalized SIFs (μ = 0). (a) Normalized KII (a = 4 mm,
a/t = 0.4); (b) normalized KIII (a = 4 mm, a/t = 0.4); (c) normalized KII (a = 6 mm, a/t = 0.6); (d) nor-
malized KIII (a = 6 mm, a/t = 0.6); (e) normalized KII near the crack surface (a = 4 mm, a/t = 0.4);
(f) normalized KII near the crack surface (a = 6 mm, a/t = 0.6).
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The variation in the mode II and mode III SIFs with the crack inclination angle is
given in Figure 10, the friction coefficient μ was 0. It can be seen that in all cases, the
absolute values of KII and KIII were symmetrical about the deepest point. The maximum
value of the stress intensity factor always appeared at the surface point or the deepest
point at θ = 45◦, and the SIF value was smaller when the crack inclination was closer to
the axial and circumferential directions, which was due to the more obvious closure effect
under compression load, and the tangential component parallel to the crack surface became
smaller. It should be noted that for small-size cracks, KII and KIII were almost identical
when θ was symmetric about 45◦ (θ = 30◦, 60◦ and θ = 15◦, 75◦), and the pipe surface cracks
at this time could be approximated as flat plate cracks, which has been verified in the
study of mixed mode cracks in flat plates and pipes [13,20]. However, for large size pipe
surface cracks, the difference caused by the angle was more obvious. The crack surface had
a different curvature on the inner wall surface of the pipe at different inclination angles,
which made the stress intensity factors no longer consistent for θ = 30◦, 60◦ and θ = 15◦, 75◦.
As shown in Figure 10e,f, this difference due to curvature was more pronounced in spherical
shells [39].
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Figure 10. Effect of the inclination angle on the normalized SIFs, μ = 0. (a) Normalized KII (a/t = 0.2,
a/c = 1.6); (b) normalized KIII (a/t = 0.2, a/c = 1.6); (c) normalized KII (a/t = 0.4, a/c = 0.8); (d) normalized
KIII (a/t = 0.4, a/c = 0.8); (e) normalized KII (a/t = 0.6, a/c = 0.4); (f) normalized KIII (a/t = 0.6, a/c = 0.4).
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3.2. Effect of Friction Coefficient on Contact Surface

The variation in the mode II and mode III SIFs with the friction coefficient is given in
Figure 11. Due to the symmetry of the curves, only the results for the half-length along
the crack front are shown in the figure. The absolute values of KII and KIII decreased
with an increasing friction coefficient for different crack sizes and crack inclination angles.
At θ = 45◦, the friction coefficient had the greatest effect on the SIFs, and this effect also
increased as the crack size increased. For the mode II cracks, the friction coefficient had the
greatest effect on the SIF at the surface point, and this effect decreased as the location of the
crack front moved forward, reaching a minimum at the deepest point. In contrast to mode
II cracks, the friction coefficient significantly changed the SIF at the deepest point of mode
III, but had a dropping effect on the surface point.
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Figure 11. Effect of the coefficient of friction on normalized SIFs. (a) Normalized KII (a/t = 0.2,
a/c = 1.6); (b) normalized KIII (a/t = 0.2, a/c = 1.6); (c) normalized KII (a/t = 0.6, a/c = 0.4); (d) normalized
KIII (a/t = 0.6, a/c = 0.4).

4. Empirical Solution of SIFs for the Pipe with Inclined Inner Surface Cracks under
External Pressure and Axial Compression

Although FEA is one of the most effective methods for calculating SIFs, it is difficult
to apply in engineering practice due to the complexity of modeling and time-consuming
calculations. In this paper, a new form of empirical solution was proposed by least-squares
fitting based on the FEA results to give the influence coefficients at different a/t with the
normalized crack front position ξ as the basis function. A new correction factor for the
inclination angle, fθ , was proposed based on the effect caused by the curvature of the
pipe above-mentioned in the effect of the crack inclination angle. The friction coefficient
influence coefficient, fμ, was proposed because the pipe is subjected to external pressure
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and axial pressure. The influence coefficients are shown in Tables 3 and 4, and the fitted
equations are shown in Equations (8)–(16).

K = σ

√
π

a
Q

F
( a

t
,

a
c

, ξ, fθ , fμ

)
(8)

where σ is the far-field compressive stress, K =

{
KII
KII I

}
,F
( a

t , a
c , ξ, fθ , fμ

)
=

{
FII
FII I

}
.

Table 3. The sub-curve fitting constants in Equation (10) hi.

a/t = 0.2 a/t = 0.4

Constants H1 H2 H3 H4 H1 H2 H3 H4
h1 0.161 −0.323 0.159 −0.117 −0.121 1.404 −3.037 1.865
h2 −2.105 10.376 −18.905 12.616 −0.753 3.320 −7.455 5.953
h3 1.795 −14.836 34.186 −22.826 0.285 −6.828 21.492 −15.793
h4 −0.492 4.623 −11.073 7.399 0.020 1.850 −6.686 5.024

a/t = 0.6 a/t = 0.8

Constants H1 H2 H3 H4 H1 H2 H3 H4
h1 0.338 0.317 −2.580 1.678 0.385 1.134 −5.297 3.484
h2 −2.987 9.044 −10.429 7.042 −3.309 7.181 −2.875 2.012
h3 3.129 −14.121 24.981 −16.777 3.648 −13.768 20.741 −13.951
h4 −0.999 4.641 −8.408 5.654 −1.206 4.955 −8.080 5.433

Table 4. The sub-curve fitting constants in Equation (14) hi.

a/t = 0.2 a/t = 0.4

Constants H1 H2 H3 H1 H2 H3
h1 −0.448 −0.582 0.587 −0.497 −1.179 1.171
h2 0.599 −1.998 2.023 0.727 1.049 −0.907
h3 −0.322 1.544 −1.596 −0.491 −2.190 1.959
h4 0.053 −0.313 0.335 0.116 1.001 −0.910

a/t = 0.6 a/t = 0.8

Constants H1 H2 H3 H1 H2 H3
h1 −0.451 −0.187 0.210 −0.375 −1.135 1.159
h2 0.494 −3.521 3.478 0.154 −0.353 0.306
h3 −0.214 3.819 −3.781 0.200 0.413 −0.373
h4 0.021 −1.192 1.181 −0.126 −0.058 0.045

Influence coefficient functions for KII:

FII= (H1 + H2ξ + H3ξ2 + H4ξ3
)

fθ fμ (9)

Hi(i=1,2,3,4) = h1 + h2(
a
c
) + h3(

a
c
)

2
+ h4(

a
c
)

3
(10)

fθ =
{

1+
ac

600
[sin(θ − 45)]

}
sin 2θ (11)

fμ = (1 + 0.575μ)(ac)−0.505μ (12)

Influence coefficient functions for KIII:

FII I= (H1 + H2ξ + H3ξ2
)

fθ fμ (13)

Hi(i=1,2,3) = h1 + h2(
a
c
) + h3(

a
c
)

2
+ h4(

a
c
)

3
(14)

96



Materials 2023, 16, 364

fθ =
{

1+
ac

1500
[sin(45 − θ)]

}
sin 2θ (15)

fμ = (1 + 0.281μ)(ac)−0.511μ (16)

The fitting results for θ = 45◦ and μ = 0 at the three sizes are given in Figure 12a,b.
The results of the fit at different angles for the same crack size are given in Figure 12c,d,
where μ = 0. The fitting results for the same crack size with different angles and different
friction coefficients are given in Figure 12e,f; due to the symmetry of the curves, only the
results for the half-length of the crack front are shown in the figure. It can be seen that the
fitting results achieved good agreement with the FEA results, which can be applied for the
defect assessment.
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Figure 12. Comparison of SIFs fitting results with (a,b) different crack sizes (a/t = 0.2, 0.4, 0.6, a/c = 1.6,
0.8, 0.4, θ = 45◦, μ = 0); (c,d) different inclination angles (a/t = 0.6, a/c = 0.4, μ = 0); (e,f) different friction
coefficients (a/t = 0.4, a/c = 0.8, μ = 0, 0.2, 0.4).
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5. Conclusions

In this paper, the SIFs of the inclined crack on the inner surface of the pipe under
combined axial pressure load and external pressure were investigated by the finite element
method, and the main conclusions are as follows.

(1) By comparing the SIF values along the crack fronts, it can be found that KII and KIII
for the closed surface cracks under external and axial pressure were higher than KII and
KIII for the open surface cracks under internal pressure and axial tension.

(2) The effects of the relative depth and aspect ratio on the SIFs of the inclined inner
crack were analyzed. The results showed that the larger the a and c, the easier it is for the
crack to expand, and when a/c >1, KIImax does not appear at the surface point of the crack,
but near the surface point.

(3) The effects of the crack inclination angle on the SIFs of the inclined inner crack were
analyzed. The results showed that the SIFs at the crack front were the largest at θ = 45◦,
and their values decreased with an inclination angle toward the axial and circumferential
directions. The larger the crack size, the more obvious the asymmetry of the SIFs about
θ = 45◦.

(4) The effects of the friction coefficient on the SIFs of surface crack were analyzed. The
larger the friction factor, the smaller the SIFs along the crack front. The friction coefficient
had the greatest effect on the surface point of mode II cracks and the deepest point of mode
III cracks, and the greatest effect on cracks with θ = 45◦.

(5) Based on the above results, a new solution for stress intensity factors KII and
KIII were proposed, and the corresponding coefficients for different crack sizes, an angle
correction factor fθ , and a friction correction factor fμ are given.
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Abbreviations

a Depth of a semi-elliptical surface crack
c Half-length of a semi-elliptical surface crack
FI Influence coefficient functions for KI
FII Influence coefficient functions for KII
FIII Influence coefficient functions for KIII
fθ Angle effect correction factor
fμ Frictional influence correction factor
H1, H2, H3, H4 Sub-curve-fitting functions for FI, FII, FIII
h1, h2, h3, h4 Sub-curve fitting constants for H1, H2, H3, H4
KI Stress intensity factors for Modes I crack
KII Stress intensity factors for Modes II crack
KIII Stress intensity factors for Modes III crack
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K0 Normalizing factor for the stress intensity factors
kn Main normal stiffness of crack front
ks Sub-normal stiffness of crack front
kt Tangential stiffness of crack front
l Length of a pipe
P Axial pressure of a pipe
P0 External pressure of a pipe
Pn Main normal pressure of crack front
Q Shape factor for elliptical crack
Ri,R0 Internal and external radius of a pipe
t Wall thickness of a pipe
un Main normal displacement of crack front
us Sub-normal displacement of crack front
ut Tangential displacement of crack front
θ Inclination angle of a surface crack
ξ Normalized position along the crack front
σ Far-field compressive stress
τs Crack front sub-normal shear stress
τt Crack front tangential shear stress
μ Friction coefficient of the cracked surface
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13. Şahin, H.; Ayhan, A.O. Three-Dimensional Mixed Mode Stress Intensity Factors for Inclined Elliptical Surface Cracks in Plates
under Uniform Tensile Load. Procedia Struct. Integr. 2019, 21, 38–45. [CrossRef]

14. Phyo Myat, K.; Osawa, N.; Gadallah, R.; Tanaka, S. Accurate and Efficient Method for Analyzing Mixed-Mode SIFs for Inclined
Surface Cracks in Semi-Infinite Bodies by Using Numerical Influence Function Method. Theor. Appl. Fract. Mech. 2020, 106, 102471.
[CrossRef]

15. Bhat, M.A.; Shaikh, A.A. Effect of Specimen Parameters on Mixed-Mode I/II Stress Intensity Factors for Additive Manufactured
Slant Edge Crack Plate. Mater. Today Proc. 2021, 44, 4305–4308. [CrossRef]

16. Shahani, A.R.; Habibi, S.E. Stress Intensity Factors in a Hollow Cylinder Containing a Circumferential Semi-Elliptical Crack
Subjected to Combined Loading. Int. J. Fatigue 2007, 29, 128–140. [CrossRef]
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University, J. Basanavičiaus g. 28, LT-03224 Vilnius, Lithuania

2 Faculty of Mechanical Engineering, Lublin University of Technology, 20-618 Lublin, Poland
3 Department of Applied Mechanics, Faculty of Civil Engineering, Vilnius Gediminas Technical University,
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Abstract: With the rapid development of the road transport industry, trucks with semi-trailers have
become the main means of transporting goods by road. High quality, durability and reliability of
the construction are the main requirements for the production of trailers. Trailer and semi-trailer
axles are one of the main and most important components of a truck. Due to the fact that semi-trailer
axles are subjected to additional static and dynamic loads during operation, their proper construction
is extremely important, therefore they should be carefully designed and tested. The durability of
the suspension components refers to the duration of the onset of fatigue. This article presents an
analysis of damage to the rear axle of the semi-trailer using macroscopic observations of the damage
site and dynamic FEA of stress distribution in the axle material. In order to identify the probable
cause of the damage, eight cases of loading the semi-trailer axle were considered. Analytical solutions
have shown that in various cases the yield point is exceeded and the strength limit of the modeled
semi-trailer axle is reached. The risk of damage to the vehicle’s suspension system components
increases on poor roads (bumps and winding road sections).

Keywords: failure analysis; FEA; fracture mechanics; macroscopic research; semi-trailers

1. Introduction

With the rapid development of the road transport industry, trucks with semi-trailers
have become the main means of transporting goods by road. The economic goal of all
transport companies is to transport as many goods as possible and with as few journeys
as possible. High quality, durability, and structural reliability are the main requirements
for the production of trailers. The axles of trailers and semi-trailers are one of the main
and most important elements, which must be carefully designed and tested experimentally
under static and dynamic loads, as the axle is subjected to additional loads in the event of
road roughness or off-road [1]. The durability of the suspension parts refers to the duration
of the onset of fatigue, defined as the number of cycles up to a certain component cracking
length under cyclic loads [2,3].

The reliability of individual safety systems of a given means of transport translates
directly into road traffic safety [4–8]. Much attention is also paid to the diagnostics of
individual vehicle systems that affect safety. It is worth mentioning here the research
presented by Savchenko et al. [9] and Gnap et al. [10], who demonstrated the possibility
of using MEMS sensors in vehicles. Hudec et al. [11], Gajek [12] and Tucki et al. [13]
paid attention to the monitoring of the technical condition of vehicles. On the other
hand, research on the impact of heavy goods vehicle load during braking is presented in
detail in [14–17].

Materials 2023, 16, 806. https://doi.org/10.3390/ma16020806 https://www.mdpi.com/journal/materials
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The topic of scientific information is the determination of the causes of vehicle chassis
axle defects and fractures, which can be found in a wide variety of ways. The literature
begins to address this problem along with the first defects in the chassis axles. A review of
recent research shows that researchers are looking to find the most optimal design solutions
based on durability, lightness of construction, strength, and low cost. It also examines
the causes of defects by evaluating the chemical composition of the metal, microstructure,
mechanical properties, acting on loads, the location of the object under investigation in the
whole system, and so on.

One of the most popular test methods used to detect cracks, fractures, and other
defects is fractographic testing. Such investigations determine the complex causes of decay:
the influence of the shape of the part, the load conditions, the interaction of the elements,
the peculiarities of the structure of the material, and other factors are determined from
the fractures.

In addition to traditional qualitative fractography, quantitative fractography aims
to measure the topographic features of the fracture surface, revealing significant fracture
surface characteristics. Modern fracture image analysis systems play an important role
in advancing and successfully achieving these goals, not only to speed up measurement
procedures but also to perform operations that would not be possible in other ways [18].

Fractography is a method in failure analysis for studying the fracture surface of
materials. The nature of decay and fracture is characterized by specific characteristics of the
mechanisms of decomposition (brittleness, plasticity, etc.). Each substance has the property
of decomposing. As the material is exposed to various loads and environmental influences,
the nature of decomposition is usually multifaceted. The nature of fracture of a part and
the loading conditions has an interface that is characterized by: the nature of the fracture,
the mechanism of crack formation, and the relief of the fracture surface [19].

Due to the high load on the rear axle, especially on the tractor, its service life is
shortened. Fractographic studies show that the main cause of axle failure is fatigue. Fatigue
cracks have been observed near welds. The results show that the axles break due to bending
fatigue caused by improper welding [20,21]. Improper welding in the heat-affected zone
(HAZ) reduces the plasticity of the material, resulting in structural stress concentration
points and inclusions that subsequently affect the cracks. Pre-treatment of pre-weld and
post-weld heat treatment of medium carbon steel is necessary to control the hardness level
of HAZ and to reduce residual stress [20].

In the literature, it is often recommended to start the engineering calculations of axes
from an analytical theoretical model, which can be used to estimate displacements, specific
deformations, stresses, and the self-frequency spectrum [1,22]. Theoretical calculations of
axle strength are one of the most important tasks in vehicle design. The axles are exposed
to different external loads with a certain frequency, which depends on the speed, the actual
load, the road conditions, and many other factors. At the same time, resonant phenomena
are possible, which can lead to higher than nominal stresses and many other adverse
phenomena. Variable external loads cause periodic changes in stresses, which contribute to
the growth of fatigue cracks leading to fatigue fractures [1,23].

During the operation of the axle, the load acting on the axle housing in the vertical
direction has a significant effect on the fatigue life of the components [24]. Cracks are
caused by a constant stress concentration in the axle housing, resulting in fatigue at the
concentration point. If the load exceeds a certain threshold, microscopic cracks will begin
to form at the stress concentration point. Later, the cracks grow due to the cyclic load
of fatigue. Eventually, the cracks reach a critical limit and then the structure suddenly
breaks [21,25–28]. Axle housing failures are also affected by factors such as uneven load
effect, housing slope, and eccentricity.

The paper presents an analysis of damage to the rear axle of a truck semi-trailer. For
this purpose, FEA preceded by a theoretical introduction was used. Several load cases were
considered in order to determine the most likely point of damage initiation to the semi-
trailer axle. The structure of the work is as follows: the part covering materials and methods
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is presented in Section 2. Then, in Section 3, the results of analytical calculations and FEM
numerical simulations for axle loads with various excitation (forces or displacement) are
presented. Macroscopic analysis of the damaged element and material properties tests are
also presented in Section 3. As a result of the tests and analyses carried out, conclusions
were developed, which are included in Section 4.

2. Materials and Methods

2.1. Analytical Calculations

The first step in the analysis of the damaged semi-trailer axle was analytical calcu-
lations, which were then used as input data for dynamic stress analysis, which was then
performed using the finite element method. The calculated values of individual param-
eters were obtained using appropriate mathematical relationships, taking into account
the assumptions of engineering knowledge and the experience contained in the available
professional literature was used. The results of the analysis are presented in Section 3.1.

2.2. FEM Simulations

Simulations of the operation of the semi-trailer’s non-driven axle were carried out
using the Abaqus Explicit module. The model (Figure 1), apart from the axle itself, included
two hinges, two bushings, two spring-damping elements and two points reflecting the con-
tact points of the wheels with the road. The distribution of forces adopted for the simulation
assumed an even position of the nominal load over the entire space of the platform.

 
Figure 1. Complete model of the axle for simulations (front in Z direction).

The prepared model contains simplifications compared to the actual structure [29,30],
i.e., the possibility of deformation of the wishbones, which were modeled with Rigid Body
elements, was omitted. All degrees of freedom were fixed but with rotation around the
Y axis. Each of the wishbones is coupled with a bushing that is mounted on the axle. This
coupling also does not take into account the possibility of deformation of these two parts
(rocker arm and bush) relative to each other. The bushings are connected to the side
members by means of integrated spring/dashpot elements, while in reality the shock
absorber works between the swingarm and the front side member, and the air bellows
between the swing arm and the side member behind the axle. The model does not take
into account the stiffness and damping of the road wheels. The contact points of the wheels
with the road have been connected with Coupling elements to the ends of the axles.
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In the presented model, the connection of the bushing with the axle tube was modeled
using welds with a shape and location similar to the real structure. In addition, contact
was modeled between the inner surfaces of the bushing and the outer cylindrical surface
of the axle with a friction coefficient of 1.0. It was assumed that the spring elements of
the suspension have a stiffness of 4.5 kN/mm and the damping coefficient of each shock
absorber is 10 N s/mm. These parameters were selected in such a way that the wheel does
not lose its grip with the ground and that the deflection of the suspension after its load
corresponding to the permissible axle load is in the range of 15–20 mm.

The mesh for the axles and bushing was created using linear elements of the C3D8R
type, which are bricks with an integration point reduced to its center. In the area of contact
between these two parts, the mesh of elements was densified (Figure 2). The bushing has
11,496 elements and 17,943 nodes, while the axle has 10,120 elements and 20,424 nodes.

 
Figure 2. Axle meshed for simulations (front in Z direction).

Simulations were carried out for eight axle load cases. For the load with the force of
the wheels (wheels) in each case, the value of 44.1 kN was used, resulting from the nominal
load capacity of the axle, which increases in 8 ms. A vehicle traveling at a speed of 50 km/h
covers about 110 mm of road in this time.

One of the ways of loading concerned only the left wheel, i.e., as if the right wheel
fell into a hole in the road. In the second case, both wheels were loaded simultaneously.
Four consecutive cases consisted of vertical loading of both wheels, followed by: braking
of the left wheel, braking of both wheels simultaneously, side loading of the left wheel, side
loading of both wheels. The adopted values of forces (44.1 kN for each wheel) reflect the
situation as if the coefficient of friction between the tires and the road surface was 1.0 both
when braking and when cornering. One-wheel braking and lateral force on only one wheel
can occur when the other wheel loses grip with the road surface.

Simulations were also carried out of the case when the left wheel overruns a small
triangular mogul with a height of 30 mm, and then both wheels simultaneously overcome
such an obstacle. Each of these cases was simulated as a kinematic excitation occurring in 8 ms.

The simulation results were analyzed in terms of the distribution of stresses and
deformations of the axle material and compared with analytical calculations. Next, the
results of the simulations (HMH max stress value, point/ node of max stress generation,
number of stress cycles in the simulation time for max stressed nodes) were validated with
the initiation point of the fracture observed on the real object.

2.3. Fracture Analysis and Fractography

The damaged semi-trailer axle was inspected. For the fractographic analysis, a frag-
ment of the material from the damaged place was taken, then this element was cleaned of
dirt and rust using the ultrasonic method. Fractographic analysis of the crack surface was
performed using the MBS-2 stereoscopic microscope. Photographic documentation of the
breakthrough was prepared using the Optikam Microscopy (Ponteranica, Italy) digital USB
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camera. The test sample was cut using a liquid-cooled Optimum (Long Island City, NY,
USA) band saw. The sample was then subjected to further analyses.

2.4. Strength Tests

The obtained material samples from the damaged semi-trailer axle were subjected to a
static tensile test. The tests of the mechanical properties of the steel were carried out in the
Laboratory of Strength Mechanics of the Vilnius University of Technology in accordance
with the procedure contained in the ISO 6892-1 standard. Young modulus was calculated
as a regression coefficient. Tests for obtaining the curve were conducted according to ISO
6892-1:2019 annex G. The Instron 8801 servohydraulic fatigue testing system (with dynamic
extensometer) was used for the mechanical characterization of the sample material.

3. Results and Discussion

3.1. Static Analyses of the Strength of the Axle Material

Bending around the horizontal axis was described in [31] and the results concerning
bending around horizontal axis stresses are used here.

Additional bending due to potholes around the horizontal axis is investigated.
If the truck goes to the left (or to the right), the wheel could be in way of the pothole.

The most dangerous case in Figure 3 was found to be when the trajectory of the truck has
less curvature. Therefore, the speed of the track is minimal. In this case there could be
an additional bending moment acting around the horizontal axis, which could cause the
bending moment to increase or decrease.

Figure 3. The scheme of the trailer turning.

Pull force is the force that a truck or prime mover can exert onto a transporter, or any
type of trailer for that matter.

To go from pull force, many terms and conversion factors are thrown on the table,
including the number of driven axles, gearbox ratio, rear end ratio, tire size, truck weight,
and fifth wheel capacity.

The track pool force according to [32] is 11.5 Mg for truck axles and for truck trailer
axles it is no more than 9.0 Mg.

FR = 9.0 · 1000 · 9.81 · 1.0
2

= 44.1 kN, (1)

The reaction force of the wheel (Figure 3) is derivable from the equation of equilibrium.
The additional bending moment acting around the horizontal axis is shown in (Figure 4).
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Figure 4. Reaction force.

MH = 44.1 · 0.995
2

= 22.0 kNm, (2)

Load bending for one side of the axle:

ML = 9.0 · 1000 · 9.81 · 262.5 = 23.2 kNm, (3)

σL =
ML
W

=
23.2 · 103

125 · 10−6 = 185.0 MPa, (4)

The full stresses due to bending moment acting around the horizontal axis:

σA =
MH + ML

W
=

(22.0 + 23.1) · 103

125 · 10−6 = 360.7 · 106 Pa = 360.7 MPa, (5)

Bending around the vertical axis

The bending moment acting around the vertical axle is the result of the sudden braking
of the truck. The important fact is that the most significant movement occurred just after
the first intensive braking [31].

The inertia force of the truck for longitudinally forward, when braking, according to
standard EN 12195-1 [32], is Fi = m·g·0.8.

For a semi-trailer, it is approximately 55% load [31] and one axle inertia load is equal:

F1side =
m · g

2
=

9000 · 9.81
2

= 44.1 · 103 N = 44.1 kN, (6)

Especially, this internal force is decreasing in dynamic shock–image a wheel in a
pothole during the braking of the truck. The authors accepted the dynamics coefficient
according to [33] as being approximately equal to 1.2.

Bending moment acting around a vertical axis during braking:

MV = 44.1 · 0.515 · 1.2 = 27.3 kNm, (7)

where: 0.515 m from the center of the wheel to the center of the rocker arm, (49.2 kNm
taking into account the braking force).

Stresses due to bending moment around the vertical axis during braking:

σV =
MV
W

=
27.3 · 103

125 · 10−6 = 218.2 · 106 Pa = 218.2 MPa, (8)

This value will be used for the calculation of compound stresses of the axle for finding
the critical region. Torque from load and braking and stress

MLV =
√

M2
L + M2

V =

√
(23.1 · 103)

2 + (27.3 · 103)
2 = 35.8 kNm

σV =
MLV
W

=
35.8 · 103

125 · 10−6 = 286.1 · 106 Pa = 286.1 MPa. (9)

Bending stresses
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The bending moments for tubular section may be summed up superimposed.

σB =

√
MH + MV

W
=

√
(22.0 · 103)

2 + (27.3 · 103)
2

125 · 10−6 = 280.1 · 106 Pa = 280.1 MPa, (10)

The bending stresses are maximal in the front down quarter (Figure 3) of the axle.
Torsion of the axle

In a scenario with potholes, the wheels of the truck are on different levels. According
to [34], air cushion throw is up to 410 mm, while in [35], the nominal ride height is, on
average, 300 mm.

When one wheel is in the background and another is in the pothole, this results in
torsion of the axle (Figure 5). The angle of twist is:

Figure 5. Air cushion throw, (L ≤ 300 mm [35]).

φ =
200

500 + 385
= 0.339 rad, (11)

The angle of twist, internal torque, polar moment, length, and shear modulus are
related by the formula:

Δφ =
T · l

G · Ip
, (12)

where: Ip = 2 · I = 2 · 912 = 1824 cm4.
Shear modulus is obtained from a relationship that exists between G, E and υ

(Poisson’s ratio).

G =
E

2 · (1 + υ)
=

204
2 · (1 + 0.30)

= 78.5 GPa, (13)

where E—modulus of elasticity (E = 204 GPa); υ—Poisson’s ratio (υ = 0.30).
Internal torque:

T = FR · 0.500 = 44.1 · 0.5 = 22.1 · 103Nm. (14)

Shearing stresses in slow motion:

τ =
T

Wp
=

T
Ip

de/2

=
22.1 · 103

250058
= 88.3 · 106 Pa = 88.3MPa. (15)

Shearing stresses in fast motion:

τ = 1.2 · 88.3 = 105.9 MPa, (16)
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Stress in axle when trailer crosses potholes:

σp =
√

σ2
L + 3 · τ2

F =
√

185.02 + 3 · 105.92 = 260.6 MPa, (17)

Compound stresses

The influence of bending and torsion with a truck’s turning in slow motion is of
an equation:

σd =
√

σ2
B + 3 · τ2 =

√
280.12 + 3 · 105.92 = 334.9 MPa, (18)

A compound dynamic stress of 335 MPa is calculated for driving at a speed 90 km/h
on roads with potholes and more turns.

3.2. Effects of Simulations

As a result of the simulation, it was found that most often the area of maximum stress
(HMH) in the axle material occurs in the place of its cooperation with the sleeve, where it is
connected by a weld. This maximum lies closer to the wheel, on the outside of the axle, not
between the wishbones. In addition, it usually occurs in the rear part of the axle, which, as
it is further away from the axis of rotation of the wishbones, is exposed to higher torsional
stresses when the deflection of the axle ends is different.

One of the ways of loading (Figure 6) concerned only the left wheel, i.e., as if the right
wheel fell into a hole in the road. Four subsequent cases concerned the vertical load on
both wheels (Figure 7), followed by braking the left wheel (Figure 8), braking both wheels
(Figure 9), side load on the left wheel (Figure 10), and side load on both wheels (Figure 11).
The adopted values of forces (F1side = 44.1 kN for each wheel) reflect the situation as if the
coefficient of friction between the tires and the road surface was 1.0, both when braking
and when cornering. One-wheel braking and lateral force on only one wheel can occur
when the other wheel loses grip with the road surface.

Figure 6. HMH stress distribution in the axle while only left wheel loaded with F1side force. Trail
front in Z direction.

 
Figure 7. Stress distribution in the axle while both wheels loaded with F1side force.
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Figure 8. Stress distribution in the axle while only left wheel break is active.

 
Figure 9. Stress distribution in the axle while only both wheels break.

 

Figure 10. Stress distribution in the axle and max strengthen node 4384 while side force during
turning acts to the left wheel.

Figure 11. Stress distribution in the axle while side force during turning acts to both wheels.

The analysis of the distribution of stress in Figures 6–11 demonstrates that the max
values in bushing were always near the welding. For the max strengthened node, the
lowest value 136 MPa was observed for the symmetrical loading of two wheels (Figure 7).
A slightly larger value (151 MPa) was found for the load on one (left) axle wheel. After that,
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when side (Figures 8 and 9) or break (Figures 10 and 11) force was added to the simulations,
for the most loaded nodes, HMH stress was found to be at least twice as big (312 MPa).

The last simulations concerned the case where the left wheel overruns a small trough
(Figure 12) of a triangle shape with a height of 30 mm, and then both wheels simultaneously
overcome such an obstacle (Figure 13). Each of these cases was simulated as a kinematic
excitation occurring in 8 ms.

 
Figure 12. Stress distribution in the axle and max strengthened node 1275 while left wheel passes the
triangular road deformation.

 
Figure 13. Stress distribution in the axle and max strengthened node 12,707 while both wheels pass
the triangular road deformation.

When forcing the vertical displacement of the left wheel, the maximum stresses
occur at the point of contact between the sleeve and the axle in the lower part of the axle
(Figure 12). It can be seen from the graph that apart from the average stresses in the range
of 100–200 MPa, there are sudden jumps in their values (peaks) by about 200 units to over
300 MPa and many load cycles.

The value of stresses in the axle (436 MPa in Figure 13) for the case of symmetrical
excitation of both wheels is higher than for the displacement of only one wheel (392 MPa in
Figure 12). However, their course over time is less abrupt for node 12,707 (Figure 13) than
for node 1275 (Figure 12).

For the excitation carried out as displacements of both wheels, the highest stresses of
436 MPa were recorded. They occurred in the central part of the axis, with its deformation
corresponding to the first form of natural vibrations.

For analytical calculations, each case can be considered separately: load, braking, side forces.

3.3. Visual Fractographic Analysis

The test object is a broken axle of a semi-trailer chassis. The axle broke in February
2016. The total mileage of the axle is 326,516 km. The axle breaks near the weld (near the
mounting location). The broken axle is analyzed in the condition in which it was delivered
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for service under warranty. After inspecting the axle, a fracture of the axle is visible near
the coupling joint in which the axle is fastened with the bracket. Non-destructive methods
show only part of the fracture (Figure 14). Fractographic analysis of the fracture surface
was performed using the MBS-2 stereo microscope and an Optikam Microscopy digital
USB camera.

 
Figure 14. Axis fracture location.

For fractographic analysis, a specimen is excised from the fracture site. The ultrasonic
bath removes dirt and rust from the fracture surface before inspecting the specimen. The
specimen was cut using an Optimum liquid-cooled band saw. Liquid cooling during
cutting was used to prevent the structural transformation of the steel.

Mechanical properties of steel tests were performed in the Laboratory of Strength
Mechanics of Vilnius Gediminas Technical University according to standard ISO 6892-1.
For further analysis using FEM (Finite Element Method), a numerical model of the con-
sidered trailer axle was prepared and simulations were carried out using the Abaqus
Explicit module.

Fractures of a complex nature predominate in the fracture as the structural material
is subjected to environmental influences and various deformations (Figure 15). In the
manufacturing process, for example in the welded joints, areas of different mechanical
properties are formed. Where there is a decrease in the plasticity of the material or in the
area of higher stresses, individual voids may appear and a process of long-term plastic
deformation may begin. By inspecting the fracture surface, three areas of fracture can be
distinguished: fatigue before fracture, the onset of fracture, and major fracture.

 
Figure 15. Fracture surface: Areas 1 to 5 are used for fractographic analysis.
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The first is the area of fatigue before fracture or decay; it has a wavy relief
(Figures 16 and 17).

 
Figure 16. Fracture area: the area of the focal point of decay.

 
Figure 17. Fracture area: wider view of the area of the focal point of decay.

In the area of fatigue before the fracture, in the base and at the weld metal, near the
weld where the highest stresses are applied, cracks are observed and a fragile fine-grained
structure is visible. The formation and propagation of a crack depending on the type of
deformation, the structure of the material, the level of the load, the shape of the part, and
many other factors. The fracture is thought to have been initiated by long-term loading, as
cracks and ribbed fracture morphology are characteristic of the effects of long-term loading.

Figures 16–20 show the results of fractographic studies of individual fracture ar-
eas (Figure 15). Fracture surfaces: Figure 16—an area no. 1; Figure 17—an area no. 2;
Figure 18—an area no. 3; Figure 19—an area no. 4; Figure 20—an area no. 5.
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Figure 18. Fracture area: the area of gradual crack growth.

 

Figure 19. Fracture area: The area of the final fracture.

 

Figure 20. Fracture area: area of plastic deformation.

The accumulation of plastic deformation occurs during long-term operation. It is
known that during plastic deformation, the density of dislocations in the metal increases.
New dislocations are due to new internal sources, the best known of which is the Franco-
Reed source. The increase in the density of dislocations affects the constant increase in the
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hardness of the metal. To achieve this, the process of increasing the hardness of the metal is
accompanied by an increase in the brittleness of the metal. As a result, micro-cracks appear
on the surface in the area of maximum hardness. During subsequent operations, these
cracks turn into macro-cracks.

Fatigue fracture occurs when the surface of the fracture is perpendicular to the di-
rection of the maximum stresses and has characteristic areas: the first—the decay foci,
the second—the gradual increase in the crack, the third—the final fracture. In the area of
the decay foci, a fine crystalline relief structure is visible, in the second area, the relief is
crystalline in structure, and the third area is also crystalline in structure but fragile. Cracks
are noticeable on the surface of the part.

The second is the area at the beginning of the fracture. Grooves and fatigue thresholds
are observed, which are characteristic of low-cycle fatigue fractures (Figure 18). Fatigue
thresholds and grooves are among the signs of macroscopic decay. These signs indicate the
direction of crack propagation, which is associated with plastic deformations, a decrease or
increase in the rate of crack propagation, depending on the effects of the environment.

The relief of the main or final fracture area is crystalline in structure, brittle, and the
surface is rough and porous (Figure 19).

If all materials were absolutely plastic or absolutely brittle, plastic, or brittle fracture
would occur during the tensile tests. Since there are no absolutely plastic and absolutely
brittle materials, structural plastic materials are fragile when they decompose.

At the edges of the fracture, the shear characteristic of plastic deformation is seen, as
well as grooves and fatigue thresholds characteristic of fatigue fracture (Figure 20).

Fractographic analysis shows that it is a fatigue fracture characterized by three fracture
areas and the fracture surface oriented perpendicular to the direction of maximum stresses.
It can be assumed that the fracture may have been initiated by a long-term load.

3.4. Strength Properties of the Axle Material

The mechanical properties of the steel of the axle were obtained experimentally accord-
ing to standard ISO 6892-1. The middle part of the axle was used for testing (Figure 21).

 

Figure 21. Tested middle part of axel.

The blanks for specimens were cut from the middle. It was important to know the
numbers of blanks and their position in the axle (Figure 22a,b). The specimen for the
tension test was produced by the milling process (Figure 22c).

 
Figure 22. The blanks for specimens: (a) number of blanks; (b) orientations of blanks (c) specimen.
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To identify the cross sections area of the specimens (Table 1), the cross sections param-
eters such as length a and thickness b were measured. The Young’s modulus E = 204 GPa,
yield stress σy = 581 MPa and ultimate stress σu = 663 MPa (Table 1) were obtained as
average from the experimental curves.

Table 1. Mechanical characteristics of axle.

Specimen E, GPa σy, MPa σu, MPa

C01 196 567 657
C02 203 592 662
C03 208 572 670
C04 207 592 664

Average 204 581 663

The axis in this place puts the difficult working conditions of the surface in contact
with the sleeve. This can cause corrosion of the axle surface (compare Figures 14 and 15)
and fretting. In addition, the end of the axle is located near the wheel, from which sand
and gravel can be thrown onto the surface of the material and damage the paint coating.
Corrosion pits cause additional weakening of the material and surface notches, which
are dangerous, especially when the material is subjected to fatigue, i.e., in the conditions
of axle operation. The safety factor related to the min yield stress value obtained from
strength tests is 567/392 = 1.45. It should be noted that the result of 567 MPa was obtained
for a standardly prepared tensile sample (Figure 22c). On the surface of the axis, near the
fracture (Figure 14), corrosion pits are clearly visible, reducing the strength of the material,
and causing geometrical and structural stress concentrations.

Poisson’s ratio ν = 0.30, which is standard for steel was taken.
After tensions, tests of the specimens were measured and machine diagrams force

F- displacement L were transformed to stress σ–strain ε diagrams. Finally, the behavior
of the steel used for the axle is described by the non-linear stress σ–strain ε diagram
(Figure 23), which is an average of results.

 

Figure 23. Experimental stress–strain diagrams.

In any case, this result has shown that about 60% (335/567) of elastic behavior of steel
is used. Note that the analysis Equation (18) did not evaluate possible stress concentration
factors due to welding impact on an axle and damage to its surface by corrosion (compare
Figure 14).

In addition, the surface of the central part of the pipe is well protected with an anti-
corrosion coating (Figure 21) and there is no danger of its abrasion in contact with the
sleeve (compare Figure 1) or the impact of gravel thrown by a wheel rolling nearby. For
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these reasons, a safety factor of 567/436 = 1.30 (Figure 13) may be sufficient to achieve
permanent fatigue strength.

Table 2 shows that only in the case of the simplest analytical calculations (bending
stress from permissible load for one side of the axle σL) were the calculated stresses greater
than those resulting from the simulation. In all other cases, it was the alternative: the
simulation resulted in stresses higher than those calculated analytically. The reason for this
may be that the simulation takes into account all types of axle loads, while the analytical
calculations (except σp) did not take into account possible torsion (different deflection of
the wishbones).

Table 2. Comparison of maximum stresses calculated analytically (A) and at simulations (S).

Result of
Stress, MPa

σL σA σLV σp

A 185 361 286 261

S* 151 393 314 391

S 136 341 312 436

A-max(S *,S) 34 −32 −28 −173
* load (wheel displacement) of left side only.

Apart from the case of overcoming a hole in the road, the absolute difference between
the stress values calculated and those resulting from the simulation was about 30 MPa, i.e.,
about 5% of the yield stress value.

4. Conclusions

On the basis of the non-destructive tests as well as analyses and simulations, the
following conclusions were made.

1. Fractographic analysis shows that it is a fatigue fracture characterized by three frac-
ture areas and the fracture surface oriented perpendicular to the direction of maxi-
mum stresses.

2. It can be assumed that the fracture may have been initiated by a long-term load,
as cracks and ribbed fracture morphology are characteristic of the effects of long-
term loading.

3. The mechanical characteristics of the steel of the axle are obtained experimentally: the
Young’s modulus E = 204 GPa, lowest yield stress σy = 567 MPa and average ultimate
tensile stress σu = 663 MPa.

4. In the critical region of the axle during slow turning of the track, bending stresses
reach 507 MPa in a dangerous quarter of the cross section. It consists 87% of yielding
of steel. Respectively, in fast drive, it consists of 49%.

5. When driving the truck fatly on roads with potholes, due to the resulting torque, the
compound stresses reach 335 MPa. However, 40% of the reserve is left up to the yield
stress of the steel, but corrosion pits in the contact area of the sleeve and bushing may
decrease the value.

6. Analytical solutions have shown that even when the truck is turning on bumpy roads,
the yield strength is exceeded and the 93% strength limit is reached. This inevitably
raises the fracture in the critical load impact region of the axle.

7. Stress obtained during simulations for the max loaded nodes was usually bigger than
calculated and more realistic. It may be caused by the fact that the analytical calcula-
tions did not take into account possible torsion as an effect of different deflection of
the wishbones while driving.
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Abstract: The 7075 aluminum alloy is a promising material for the aerospace industry due to its
combination of light weight and high strength. This study proposed a method for predicting fatigue
crack initiation of the 7075 aluminum alloy by crystal plasticity finite element analysis considering
microstructures. In order to accurately predict the total fatigue life, it is necessary to calculate the
number of cycles for fatigue crack initiation, small crack growth, and long crack growth. The long
crack growth life can be estimated by the Paris law, but fatigue crack initiation and small crack growth
are sensitive to the microstructures and have been difficult to predict. In this work, the microstructure
of 7075 aluminum alloy was reconstructed based on experimental observations in the literature and
crystal plasticity simulations were performed to calculate the elasto-plastic deformation behavior in
the reconstructed polycrystalline model under cyclic deformation. The calculated local plastic strain
was introduced into the crack initiation criterion (Tanaka and Mura, 1981) to predict fatigue crack
initiation life. The predicted crack initiation life and crack morphology were in good agreement with
the experimental results, indicating that the proposed method is effective in predicting fatigue crack
initiation in aluminum alloys. From the obtained results, future issues regarding the prediction of
fatigue crack initiation were discussed.

Keywords: aluminum alloy; fatigue; crystal plasticity; finite element method; crack initiation

1. Introduction

The 7000 (Al-Zn-Mg) and 2000 (Al-Cu-Mg) series aluminum alloys are widely used
as structural materials in aircraft and space applications. The stable precipitate phases
in Al-Zn-Mg alloys are MgZn2 (η phase) and Mg3Zn3Al2 (T phase) [1]. The metastable
phases (η’, T’ phases) that appear during the transition from the spherical GP zone to
the stable phase are fine and produce substantial lattice strains, resulting in excellent
precipitation strengthening. The 7075 alloy (Al-5.6Zn-2.5Mg-1.6Cu-0.23Cr in wt%) is a
representative 7000 series alloys, further enhanced with the addition of Cu and Cr, and is
commonly utilized in a fully precipitated state by T6 heat treatment. While the 7075 alloys
have the highest tensile strength among aluminum alloys, they are inferior in fatigue
strength and corrosion resistance, making them difficult to use in parts subjected to tensile
fatigue loading. Their application is limited to parts subjected to compressive fatigue
loading, such as the upper wing surface. Since aircraft are subjected to cyclic loading due
to takeoffs, landings, and changes in atmospheric pressure, further improvement in fatigue
performance is required.

The fatigue failure of metallic materials occurs when the material is subjected to
repeated loads, resulting in irreversible cyclic plastic deformation, crack initiation, the
small crack growth, the long crack growth, and final failure. The behavior of long crack
growth can be predicted based on linear fracture mechanics. However, the prediction
of fatigue crack initiation and the microstructurally small fatigue crack growth remains
challenging. Since the work by Forthyth [2], many observations have been made regarding
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fatigue crack initiation in aluminum alloys. Under the positive stress ratio (tensile fatigue
loading), fatigue crack initiations from inclusions [3] and voids [4] have been reported in
7000 series alloys, but the effect of the type and size of the inclusions on crack initiation
is not clear. On the other hand, it has been observed that under conditions of stress
ratios below zero, as used in practical applications, fatigue cracks are generated by the
formation of transgranular facets at the surface of the material [5,6]. In order to predict
such fatigue crack initiation within grains, it is necessary to analyze the cyclic plastic
deformation behavior of polycrystalline materials considering the grain morphologies and
crystallographic orientations.

The crystal plasticity finite element method (CPFEM) is a suitable numerical method
for such purposes and has been used to predict fatigue properties in steels [7], titanium
alloys [8], and aluminum alloys [9–11]. In these analyses, fatigue crack initiation life is often
predicted by quantifying the driving force for fatigue crack initiation as a fatigue indicator
parameter (FIP) [12], which is defined by the Tanaka-Mura model based on dislocation
theory [13] and/or the Fatemi-Socie model based on critical plane theory [14]. However,
methods for quantifying the FIP from the stress-strain field computed by CPFEM are still
not well established. Previous papers on fatigue prediction of aluminum alloys have several
drawbacks, such as the inability to predict crack shape considering the plastic anisotropy
of each grain and the inability to relate the slip band length to grain morphology in the
Tanaka-Mura model. Our research group has proposed a method to solve these problems
by introducing potential crack paths parallel to the slip bands, and applied the method to
pure iron [15], titanium alloys [16], and magnesium alloys [17].

The purpose of this paper is to investigate the applicability of fatigue crack initiation
prediction by the crystal plasticity simulation to aluminum alloys. Among the 7000 series
alloys, the 7075 alloy was selected as the target of this study because of the abundance of
experimental fatigue data. The fatigue prediction results by CPFEM and potential crack
paths are compared with the experimental data in the literature. The physical interpretation
of the fatigue crack initiation criterion will be also discussed.

2. Materials and Methods

2.1. Materials

The material investigated in this study is 7075 aluminum alloy. Numerical models in
this paper were constructed and calibrated with reference to experimental data of the 7075
aluminum alloy from the literature [5,18]. In the literature, a rolled 7075 aluminum alloy
was subjected to T6 heat treatment, i.e., solution heat treatment at 480 ◦C for 1 h followed
by aging at 120 ◦C for 24 h. The grains were elongated in the rolling direction, with average
dimensions of 600 μm in the rolling direction (RD) and 108 μm in the transverse direction
(TD). The tensile strength was 623 MPa, and elongation was 16%. The inverse polar figure
map obtained by electron back-scatter diffraction (EBSD) experiments [18] are shown in
Figure 1a.

Figure 1. (a) Inverse pole figure map of 7075 aluminum alloy in the TD-RD plane (reprinted with per-
mission from Ref. [18]), (b) finite element model of polycrystalline aggregate and boundary conditions.
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2.2. Generation of Synthetic Microstructures

As mentioned in the previous section, the material has an anisotropic grain mor-
phology. To reproduce such grain morphology, a polycrystalline aggregate model was
constructed by anisotropic weighted Voronoi tessellation [15]. In this tessellation method,
ellipses are sampled from assumed statistical distributions of grain shapes and positioned
in model space by a relaxed random sequential addition (RSA) algorithm [19]. Then, an
anisotropic tessellation is performed using the center positions of the ellipses as seeds,
and finally the crystal orientation is assigned. In this study, the statistical distributions of
grain shape parameters were assumed based on the experimental data. The major axis
length was assumed to be normally distributed with a mean of 600 μm and a standard
deviation of 50 μm, the aspect ratio of the major axis to the minor axis was normally
distributed with a mean of 0.2 and a standard deviation of 0.05, and the angle between the
major axis and RD was normally distributed with a mean of 0◦ and a standard deviation
of 5◦. The crystal orientation was assumed uniformly random for simplicity. A synthetic
polycrystalline microstructure generated using these statistical distributions is shown in
Figure 1b. It is noted that the polycrystalline structure is periodic in the x- and y-directions
(RD and TD). Considering the computational cost, the model size and mesh size were
set to 1500 μm × 3000 μm and 5 μm, respectively. The number of elements was 180,000.
Three-dimensional eight-node hexahedral elements (C3D8) were used for meshing.

2.3. Constitutive Law and Parameter Calibration

To analyze the elasto-plastic deformation behavior of the polycrystalline model under
cyclic loading, a constitutive law based on crystal plasticity theory was used in the finite
element analysis. The total deformation gradient F can be decomposed into an elastic part
Fe and a plastic part Fp:

F = FeFp (1)

where Fe represents the elastic deformation and the rigid body rotation, and Fp represents
the plastic deformation of the crystal lattice. The plastic velocity gradient L is defined as:

Lp =
.
FpF−1

p =
N

∑
α=1

.
γ

α
mα ⊗ nα (2)

where
.
γ

α, mα and nα are the plastic shear rate, slip direction vector and normal to the
slip plane of the slip system α, respectively. A total of 12 slip systems of {111}〈110

〉
was considered. The shear rate of each slip system is modeled by a phenomenological
power law:

.
γ

α
s =
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∣∣∣∣τα

τα
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∣∣∣∣nsgn(τα − χα) (3)

where
.
γ0 is the reference shear rate (

.
γ0 = 10−3 s), τα is the resolved shear stress of the slip

system α, τa
c is the critical resolved shear stress (CRSS), and n is the strain rate exponent.

The work hardening behavior due to slip-slip interaction was formulated as follows:
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where τα
0 is the initial CRSS, τα

1 is the saturated CRSS, bα
1 is the initial hardening rate, Γs is

the total shear strain, and hαβ is the interaction coefficient of the slip systems α and β.
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To simulate cyclic deformation behavior, the back stress evolution was defined by the
Armstrong-Frederick model as follows:

.
χ

α
= A

.
γ

α − B
∣∣∣ .
γ

α
∣∣∣χα (7)

where A and B are constants, each associated with a dynamic hardening and a dynamic recovery.
To calibrate the crystal plasticity parameters, strain-controlled low-cycle fatigue sim-

ulations were performed on the polycrystalline model generated in the previous section.
The boundary conditions are depicted together with the model in Figure 1b. Periodic
boundary conditions were applied in the x- and y-directions (RD and TD), respectively.
To provide the periodic boundary conditions, equation constraints in the finite element
code Abaqus were used to constrain the displacement of each node on the left end to match
the displacement of the corresponding node on the right end. The top and bottom ends
were similarly constrained. While maintaining these constraints, the average value of the
x-displacement at the left end was fixed, and displacement (or load) was applied on the
right end to simulate strain-controlled (or stress-controlled) cyclic fatigue tests. In the
strain-controlled tests, the polycrystalline model was subjected to cyclic displacement in
the RD with a maximum strain of 1.5%, a strain ratio of Rε = −1, and the number of cycles
at 10. The stress-strain hysteresis loop was compared with experimental data [18] and the
crystal plasticity parameters were calibrated to minimize the discrepancy. The calibrated
crystal plasticity parameters are shown in Table 1.

Table 1. Elastic constants and crystal plasticity parameters for aluminum alloy 7075.

Property C11 C12 C44
.
γ0 � n τα

0 � τα
1 � � bα

1 A B

Unit GPa GPa GPa s−1 - MPa MPa MPa MPa -
Value 106.75 60.41 28.34 0.001 7.14 150 160 200 8100 80

2.4. High-Cycle Fatigue Simulation and Crack Initiation Prediction

Stress-controlled fatigue simulations were performed to predict crack initiation in
high-cycle fatigue tests. A periodic boundary condition was applied to the polycrystalline
model as in the previous section, and cyclic loading was applied in the RD direction with a
maximum stress of 190 to 340 MPa and a stress ratio of R = −1. The number of cycles was
set to 10.

To assess the crack initiation life, an analysis based on the Tanaka-Mura model [20]
was applied to the results of the crystal plasticity finite element simulations. A schematic of
the crack initiation analysis is shown in Figure 2. The Tanaka-Mura model considers that a
crack occurs on a slip band when the accumulated strain energy on the slip band exceeds a
critical value. To specify the slip bands in the finite element model, the intersecting lines of
the 2D finite element model and the slip plane were drawn at regular intervals for each slip
system of each grain, as shown in Figure 2a. These lines were defined as potential crack
paths. As an example, Figure 2b shows potential crack paths in a certain grain. For each
potential crack path, the fatigue indicator parameter (FIP) was defined as a function of the
plastic shear strain amplitude at the last cycle averaged over the path, Δγα, and the length
of the path, d.

FIP = d
(

Δγα

2

)2
(8)
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Figure 2. (a) Schematic of a potential crack path defined as the intersection of the slip plane and the
2D finite element model. (b) An example of the potential crack paths for a single crystalline grain.
The path with the highest fatigue indicator parameter (FIP) is highlighted with a bold line.

Following the Tanaka-Mura model, the crack initiation life, Ni, is given by:

Ni =
8GWc

π(1 − ν)d(Δτ − 2τc)
2 =

ATM

FIP
(9)

where G is the shear modulus, Wc is the fracture surface energy per unit area, ν is the
Poisson’s ratio. Using the FIP defined above, the crack initiation life can be predicted by
the inverse FIP and a single material constant, ATM. The material constant was determined
by fitting with experimental data on crack initiation life at maximum stress of 270 MPa [5].
For all potential crack paths in the polycrystalline model, Ni was calculated and it was
assumed that the initial crack occurs in the path with the smallest value of Ni.

3. Results and Discussion

3.1. Low-Cycle Fatigue Behavior

Low-cycle fatigue simulations were repeated with varying crystal plasticity parameters
until the difference in the stress-strain hysteresis loop from the experimental data was
sufficiently small. The first ten hysteresis loops obtained from low-cycle fatigue experiments
performed in the rolling direction are shown in Figure 3a. Basically, it is difficult to uniquely
determine the solution for multiple crystal plasticity parameters based only on macroscopic
stress-strain behavior. To avoid this non-uniqueness problem, among the crystal plasticity
parameters, n,

.
γ0, A, and B were fixed using literature values [9], while the other parameters

τ0
α, τ1

α, and b1
α were varied. The stress-strain hysteresis loops calculated with these

crystal plasticity parameters are shown in Figure 3b. The obtained stress-strain behavior
agreed well with the experimental data [18], including the yield stress, the maximum stress,
the loop shape, the slight cyclic hardening at the beginning, and almost saturation by
10 cycles. Other experimental investigations have also reported that the hysteresis loop
reaches a saturated state after about 10 cycles at most strain levels [21–23].
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Figure 3. (a) First ten hysteresis loops obtained from low-cycle fatigue experiments performed in
the rolling direction (reprinted with permission from Ref. [18]), (b) calibrated stress-strain hysteresis
loops in low-cycle fatigue simulations.

3.2. High-Cycle Fatigue Behavior

Stress-controlled fatigue simulations were performed using the crystal plasticity pa-
rameters calibrated in the previous section. Based on the results of the low-cycle fatigue
simulation, the number of cycles was set to 10, and the stress-strain state in the last cycle
was assumed to be the same as the steady state in the high-cycle fatigue test (e.g., half the
number of cycles to failure). As an example, the Mises stress distribution at maximum load
in the last cycle under the conditions of a maximum stress of 340 MPa and a stress ratio of R
= −1 is shown in Figure 4a. When the applied stress was 340 MPa, the local stress exceeded
400 MPa due to the anisotropy of the elasto-plastic behavior of the crystal grains. The
macroscopic stress-strain curve is shown in Figure 4b. The highest strain appeared in the
tensile loading of the first cycle, and the loops after the second cycle overlapped each other.
On the compression side, almost the same loops showed from the first cycle. To examine
the local deformation behavior in more detail, stress-strain curves at higher and lower
stress positions were displayed in Figure 4c. At the higher stress position, the maximum
tensile stress in the loading direction was 421 MPa, and at the lower stress position, the
stress was 269 MPa, indicating that the stress varied about ±20% from the applied stress.
Additionally, the local stress ratio showed slightly different values for each position. For
example, the two elements used in Figure 4c had a stress ratio of −0.95 at the higher stress
position and a stress ratio of −1.07 at the lower stress position.

3.3. Prediction of Fatigue Crack Initiation

The plastic shear strain amplitudes for each slip system were extracted from the
high-cycle fatigue simulations in the previous section to calculate the FIP values for all
potential crack paths. The cumulative plastic shear strain is shown in Figure 5 (the slip
system corresponding to each contour plot is listed in Figure 2b). As can be seen from
the figure, the plastic strain showed a quite heterogeneous distribution due to the plastic
activities on slip systems. The FIP values of all paths were computed and the path with
the highest FIP was assumed to be the crack initiation site. The predicted initial crack is
indicated by an arrow in the figure. It was oriented close to 45◦ to the loading direction
and occurred in a grain with a significant accumulation of plastic strain. This inclination
of the crack to the loading direction is consistent with experimental observations [5].
Fatigue prediction studies using FIP often use volume averaging, but such methods can
eliminate the intragranular heterogeneity of plastic strain. Especially for coarse grains
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with anisotropic geometry, the slip band size is highly dependent on the slip plane and
grain shape. The concept of potential crack paths used in this paper can take into account
the effect of grain shape anisotropy on crack initiation. The same crack initiation analysis
was performed by changing the maximum stress in the range from 190 Mpa to 340 Mpa.
The material constant ATM in the Tanaka-Mura model was determined to be 0.66 mm
by fitting based on the experimental data of the crack initiation life at an intermediate
stress level, the maximum stress of 270 Mpa [5]. This value was used to predict fatigue
crack initiation life at other stress levels. The predicted crack initiation life is shown in
Figure 6 together with the experimental S-N curve. The predicted crack initiation life at
the maximum stress of 340 Mpa was in good agreement with the experimental value of
Ni. Under loading conditions with no experimental crack initiation data, the predicted
results of crack initiations were not contradicted with experimental failure life, Nf (the
predicted crack initiation life was smaller than the Nf). These results suggest that the crystal
plasticity simulation proposed in this study can predict the fatigue crack initiation life in
7075 aluminum alloy. It should be noted that experimental results may be affected not
only by the microstructures, but also by various factors such as specimen geometry, surface
roughness, and alignment of the fatigue testing machine.

Figure 4. (a) Mises stress distribution at maximum stress applied (σmax = 340 MPa, R = −1). (b) Macro-
scopic stress-strain curve. (c) Stress-strain curves at the higher and lower stress locations indicated by
arrows in (a).
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Figure 5. Distribution of cumulative plastic shear strain for 12 slip systems in the last calculation step
(σmax = 340 MPa, R = −1). The predicted crack initiation site is indicated by an arrow and a red solid line.

Figure 6. Predicted fatigue crack initiation life and experimental fatigue crack initiation and failure
life taken from the literature [5].
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The proposed method has the advantage of accurately predicting crack initiation with
only a single fitting parameter (ATM) and is useful for predicting fatigue crack initiation
under various loading conditions. On the other hand, several issues remain to be addressed
in order to apply the proposed method more universally to various situations. The first
issue is the effect of free surfaces. In the experiments, extrusion and intrusion on an
unconstrained surface can lead to fatigue crack initiation [2]. Therefore, it is necessary
to include surface topology in the numerical simulations. A study that applied a crystal
plasticity simulation similar to this paper to a polycrystalline model with a free surface
reported that crack initiation was predicted on the surface [24]. The second issue is the
crystallographic texture. It has been shown experimentally in aluminum alloys that the
crystallographic texture has a significant effect on fatigue propagation and total fatigue
life [25,26]. Virtual experiments based on numerical simulations also showed that the
effect of the texture on fatigue crack initiation is not negligible [27]. The third issue is to
model the various sources of crack initiation. It has been reported that cracks initiate from
non-metallic inclusions under conditions where the stress ratio R = 0 or higher [3,23]. There
are hard inclusions such as Al2Cu and soft inclusions such as Mg2Si, both of which can be
sources of fatigue crack initiation. Another issue is the number of grains included in the
polycrystalline model. Since fatigue crack initiation is a phenomenon involving scattering,
fatigue crack initiation analysis should be performed on models with sufficient volume
and the highest value of the FIP should be adopted. Since computational cost often limits
the model size, applying an extreme value analysis [28] can be helpful. To predict total
fatigue life, it is also necessary to accurately predict microstructural small fatigue crack
propagation [10].

3.4. Physical Meaning of Tanaka-Mura Parameter

Let us consider the physical meaning of the fitted parameter, ATM. This consideration
is important to make the proposed method more generally applicable to various materials.
In the fatigue analysis proposed in this paper, the plastic shear strain induced by external
forces and the microstructure-dependent slip length are quantified in the FIP. Hence, the
ATM is considered to involve the nature of the material. Basically, a higher ATM means
higher resistance to fatigue crack initiation. Pioneering work by Feltner et al. [29] more
than 50 years ago pointed out that the stacking fault energy (SFE) affects dislocation
structure changes and cyclic stress-strain responses, which are precursors to fatigue crack
initiation. Then, many studies have reported that in materials with high SFE, cross slip is
promoted, and subgrain structures of dislocations form under cyclic loading, leading to
fatigue crack initiation along subgrain boundaries [30–33]. In their experiments, it has been
difficult to separate the effect of SFE from the effect of yield stress on fatigue properties,
making quantitative evaluation challenging. In the analysis performed in this paper, the
effects of yield stress are separated to the FIP and the effect of SFE is considered to be
included in the ATM. The ATM values derived for various metallic materials in previous
studies are listed in Table 2 together with the SFE in the literature [34,35]. Overall, the
ATM tended to increase with decreasing the SFE. This trend is roughly consistent with
previous studies, as a lower SFE implies superior fatigue properties. The ATM value
of 7075 aluminum alloy obtained in this study appear to deviate from the trend. One
of the reasons is that the experimental values for crack initiation life were taken from
literature 30 years ago, and the spatial resolution of the observations was lower than
for the other three alloys obtained more recently, resulting in an overestimation of Ni.
Another reason is that the 7075 aluminum alloy is precipitation-hardened, and the finely
dispersed particles on the atomic order promote planar slips, as examined in detail by
Gerold et al. [36]. As Mughrabi points out [37], explaining fatigue behavior with SFE is not
inherently appropriate and should be compared to the ease of cross slip and the nature of
dislocation slip (plane or wavy slip) because short-range order and short-range clustering in
solid solution have a more significant effect on promoting planar slip than SFE. To this end,
it is important to quantitatively evaluate the dislocation behavior of materials subjected
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to cyclic deformation, which should be discussed with numerical simulations based on
discrete dislocation dynamics (DDD) [38]. In DDD, the challenge is how to formulate the
dislocation mobility law, which would require MD calculations [39] and inverse analysis of
dislocation motion by acoustic emission (AE) [40].

Table 2. Tanaka-Mura parameter and stacking fault energy (SFE). The SFE is the literature value of
the base metal of each material.

Material
Tanaka-Mura

Parameter/mm

Stacking Fault
Energy

/mJ/mm2
Crystal Structure

Ti-6Al-4V alloy 0.0014 [15] 310–82 [33] HCP
Fe 0.14 [14] 180 [34] BCC

7075 Al alloy 0.66 166 [34] FCC
Mg-Al-Ca-Mn alloy 0.245 [16] 125 [34] HCP

It should be noted that the ATM also depends on the distance between the slip bands
assumed in the model. Recently, high-resolution digital image correlation (HR-DIC) has
made it possible to observe slip bands [41]. This technique would be useful for introducing
reasonable slip-band spacing into the numerical model. Additionally, it should be kept in
mind that the Tanaka-Mura model (Equation (9)) is derived from strong hypotheses, such
as the irreversibility of dislocation movement, uniform shear stress on the slip band, and
no work hardening. The assumption regarding slip irreversibility is inconsistent with the
recent observations made by atomic force microscopy [42,43]. The observation suggested
that the slip irreversibility depends on the plastic strain amplitude. One possible approach
to incorporate this phenomenon is to define the fraction of the slip irreversibility as a
function of plastic strain amplitude and introduce it into the Tanaka-Mura model, but there
is a lack of sufficient experimental knowledge to formulate such a function. Experimental
methods to measure slip irreversibility more easily are required. The DIC technique and
AE method may be useful for such purposes. Previous studies have suggested that in cyclic
testing of pure aluminum, the generated AE signals were associated with dislocations that
move during stress reversal [44]. Further quantitative discussion of dislocation behavior
during cyclic deformation will be necessary to better understand the physics of the fatigue
crack initiation.

4. Conclusions

This work proposed a method to predict fatigue crack initiation of 7075 aluminum
alloy by calculating the cyclic deformation of a polycrystalline model based on crystal
plasticity simulations and substituting the results into a crack initiation criterion of the
Tanaka-Mura model. The proposed method requires the crystal plasticity parameters of the
material and the critical value of the Tanaka-Mura model. The following conclusions can
be drawn:

1. In both strain-controlled and stress-controlled fatigue simulations, the stress-strain
hysteresis loop was saturated by 10 cycles. In the high-cycle (stress-controlled) fatigue
simulations, local stress amplitudes were heterogeneously distributed in the polycrys-
talline model due to the anisotropic elasto-plastic deformation of crystalline grains.
On the other hand, local stress ratios were almost uniform.

2. To predict crack initiation in high-cycle fatigue experiments, potential crack paths
were assumed parallel to the slip planes, and FIPs were derived on the paths and
substituted into the fatigue crack initiation criterion of the Tanaka-Mura model. The
predicted crack initiation life and initial crack orientation were in good agreement
with the experimental results.

3. The physical meaning of the fitting parameter (ATM) in the Tanaka-Mura model was
discussed, compared with values in other alloys. Although the ATM was weakly
correlated with SFE, it was suggested that SFE is not considered the only dominant
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parameter on fatigue crack initiation. The importance of analyzing the dynamic
dislocation behavior under cyclic loading was pointed out.

Author Contributions: Conceptualization, T.S., F.B. and M.E.; methodology, T.S. and F.B.; software,
T.S. and F.B.; validation, T.S.; formal analysis, T.S. and F.B.; investigation, T.S.; resources, M.E.; data
curation, T.S. and F.B.; writing—original draft preparation, T.S.; writing—review and editing, F.B.
and M.E.; visualization, T.S. and F.B.; supervision, M.E.; project administration, T.S., F.B. and M.E.;
funding acquisition, T.S. and M.E. All authors have read and agreed to the published version of
the manuscript.

Funding: This work was partially supported by grant-in-aid from Japan Aluminium Association
(JAA), Light Metal Educational Foundation of Japan, JSPS KAKENHI for Scientific Research (B)
(Grant Number 21H01648), and JST SICORP (Grant Number JPMJSC21E1).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The raw/processed data are available from the corresponding author
upon reasonable request.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Mondolfo, L.F. 8—Technological Properties. In Aluminum Alloys; Mondolfo, L.F., Ed.; Butterworth-Heinemann: Oxford, UK, 1976;
pp. 173–210.

2. Forsyth, P.J.E. Fatigue damage and crack growth in aluminium alloys. Acta Metall. 1963, 11, 703–715. [CrossRef]
3. Payne, J.; Welsh, G.; Christ, R.J.; Nardiello, J.; Papazian, J.M. Observations of fatigue crack initiation in 7075-T651. Int. J. Fatigue

2010, 32, 247–255. [CrossRef]
4. Przystupa, M.A.; Bucci, R.J.; Magnusen, P.E.; Hinkle, A.J. Microstructure based fatigue life predictions for thick plate 7050-T7451

airframe alloys. Int. J. Fatigue 1997, 19, 285–288. [CrossRef]
5. Tokaji, K.; Ogawa, T.; Kameyama, Y. The Effect of Stress Ratio on Growth Behaviour of Small Fatigue Cracks in an Aluminum

Alloy 7075-T6 with Special Interest in Stage I Crack Growth. J. Soc. Mater. Sci. Jpn. 1989, 38, 1019–1025. [CrossRef]
6. Li, Y.; Retraint, D.; Xue, H.; Gao, T.; Sun, Z. Fatigue properties and cracking mechanisms of a 7075 aluminum alloy under axial

and torsional loadings. Procedia Struct. Integr. 2019, 19, 637–644. [CrossRef]
7. Wang, W.; Wei, P.; Liu, H.; Zhu, C.; Deng, G.; Liu, H. A micromechanics-based machine learning model for evaluating the

microstructure-dependent rolling contact fatigue performance of a martensitic steel. Int. J. Mech. Sci. 2022, 237, 107784. [CrossRef]
8. Stopka, K.S.; Gu, T.; McDowell, D.L. Effects of algorithmic simulation parameters on the prediction of extreme value fatigue

indicator parameters in duplex Ti-6Al-4V. Int. J. Fatigue 2020, 141, 105865. [CrossRef]
9. Li, L.; Shen, L.; Proust, G. Fatigue crack initiation life prediction for aluminium alloy 7075 using crystal plasticity finite element

simulations. Mech. Mater. 2015, 81, 84–93. [CrossRef]
10. Sun, T.; Qin, L.; Xie, Y.; Zheng, Z.; Xie, C.; Huang, Z. An Approach for Predicting the Low-Cycle-Fatigue Crack Initiation Life of

Ultrafine-Grained Aluminum Alloy Considering Inhomogeneous Deformation and Microscale Multiaxial Strain. Materials 2022,
15, 3403. [CrossRef]

11. Gaur, V.; Briffod, F.; Enoki, M. Micro-mechanical investigation of fatigue behavior of Al alloys containing surface/superficial
defects. Mater. Sci. Eng. A 2020, 775, 138958. [CrossRef]

12. McDowell, D.L. Simulation-based strategies for microstructure-sensitive fatigue modeling. Mater. Sci. Eng. A 2007, 468–470, 4–14.
[CrossRef]

13. Tanaka, K.; Mura, T. A Dislocation Model for Fatigue Crack Initiation. J. Appl. Mech. 1981, 48, 97–103. [CrossRef]
14. Fatemi, A.; Socie, D.F. A Critical Plane Approach to Multiaxial Fatigue Damage Including Out-of-Phase Loading. Fatigue Fract.

Eng. Mater. Struct. 1988, 11, 149–165. [CrossRef]
15. Briffod, F.; Shiraiwa, T.; Enoki, M. Microstructure modeling and crystal plasticity simulations for the evaluation of fatigue crack

initiation in α-iron specimen including an elliptic defect. Mater. Sci. Eng. A 2017, 695, 165–177. [CrossRef]
16. Briffod, F.; Shiraiwa, T.; Enoki, M. Nucleation and propagation modeling of short fatigue crack in rolled bi-modal Ti–6Al–4V alloy.

Mater. Sci. Eng. A 2020, 790, 139710. [CrossRef]
17. Briffod, F.; Shiraiwa, T.; Enoki, M. Numerical investigation of the influence of twinning/detwinning on fatigue crack initiation in

AZ31 magnesium alloy. Mater. Sci. Eng. A 2019, 753, 79–90. [CrossRef]
18. Li, L.; Shen, L.; Proust, G. A texture-based representative volume element crystal plasticity model for predicting Bauschinger

effect during cyclic loading. Mater. Sci. Eng. A 2014, 608, 174–183. [CrossRef]
19. Tarjus, G.; Schaaf, P.; Talbot, J. Random sequential addition: A distribution function approach. J. Stat. Phys. 1991, 63, 167–202.

[CrossRef]

129



Materials 2023, 16, 1595

20. Tanaka, K.; Mura, T. A Theory of Fatigue Crack Initiation at Inclusions. Metall. Trans. A. 1982, 13, 117–123. [CrossRef]
21. Liu, Z.; Zhang, H.; Yan, Z.; Liaw, P.K.; Dong, P. Cyclic deformation and fatigue behavior of 7075-T651 Al alloy with a gradient

structure. Mater. Sci. Eng. A 2021, 822, 141669. [CrossRef]
22. Branco, R.; Costa, J.D.; Prates, P.A.; Berto, F.; Pereira, C.; Mateus, A. Load sequence effects and cyclic deformation behaviour of

7075-T651 aluminium alloy. Int. J. Fatigue 2022, 155, 106593. [CrossRef]
23. Ma, J.; Wang, Q.; Yang, Y.; Yang, F.; Dong, B.; Che, X.; Cao, H.; Zhang, T.; Zhang, Z. Anisotropic Low Cycle Behavior of the

Extruded 7075 Al Alloy. Materials 2021, 14, 4506. [CrossRef]
24. Shiraiwa, T.; Briffod, F.; Enoki, M. Development of integrated framework for fatigue life prediction in welded structures. Eng.

Fract. Mech. 2018, 198, 158–170. [CrossRef]
25. Hu, Y.; Liu, Z.; Zhao, Q.; Bai, S.; Liu, F. P-Texture Effect on the Fatigue Crack Propagation Resistance in an Al-Cu-Mg Alloy

Bearing a Small Amount of Silver. Materials 2018, 11, 2481. [CrossRef]
26. Strohmann, T.; Breitbarth, E.; Besel, M.; Zaunschirm, S.; Witulski, T.; Requena, G. Damage Mechanisms and Anisotropy of an

AA7010-T7452 Open-Die Forged Alloy: Fatigue Crack Propagation. Materials 2022, 15, 3771. [CrossRef]
27. Briffod, F.; Shiraiwa, T.; Enoki, M. Numerical investigation of the influence of rolling texture and microstructure on fatigue crack

initiation in BCC polycrystals. Int. J. Fatigue 2018, 107, 72–82. [CrossRef]
28. Przybyla, C.P.; McDowell, D.L. Microstructure-sensitive extreme value probabilities for high cycle fatigue of Ni-base superalloy

IN100. Int. J. Plast. 2010, 26, 372–394. [CrossRef]
29. Feltner, C.E.; Laird, C. Cyclic stress-strain response of F.C.C. metals and alloys—I Phenomenological experiments. Acta Metall.

1967, 15, 1621–1632. [CrossRef]
30. DH, A.; Backofen, W.; Miller, G. Fatigue-crack growth in some copper-base alloys. Trans. Metall. Soc. AIME 1966, 236, 1667–1673.
31. Saxena, A.; Antolovich, S.D. Low cycle fatigue, fatigue crack propagation and substructures in a series of polycrystalline Cu-Al

alloys. Metall. Trans. A 1975, 6, 1809. [CrossRef]
32. Awatani, J.; Katagiri, K.; Koyanagi, K. A study on the effect of stacking fault energy on fatigue crack propagation as deduced

from dislocation patterns. Metall. Trans. A 1979, 10, 503–507. [CrossRef]
33. Lukáš, P.; Klesnil, M. Dislocation structures in fatigued single crystals of Cu-Zn system. Phys. Status Solidi A 1971, 5, 247–258.

[CrossRef]
34. Guo, Z.; Miodownik, A.P.; Saunders, N.; Schillé, J.P. Influence of stacking-fault energy on high temperature creep of alpha

titanium alloys. Scr. Mater. 2006, 54, 2175–2178. [CrossRef]
35. Edalati, K.; Hashiguchi, Y.; Iwaoka, H.; Matsunaga, H.; Valiev, R.Z.; Horita, Z. Long-time stability of metals after severe plastic

deformation: Softening and hardening by self-annealing versus thermal stability. Mater. Sci. Eng. A 2018, 729, 340–348. [CrossRef]
36. Gerold, V.; Karnthaler, H.P. On the origin of planar slip in f.c.c. alloys. Acta Metall. 1989, 37, 2177–2183. [CrossRef]
37. Mughrabi, H. Fatigue, an everlasting materials problem—Still en vogue. Procedia Eng. 2010, 2, 3–26. [CrossRef]
38. Meng, F.; Ferrié, E.; Déprés, C.; Fivel, M. 3D discrete dislocation dynamic investigations of persistent slip band formation in FCC

metals under cyclical deformation. Int. J. Fatigue 2021, 149, 106234. [CrossRef]
39. Groh, S.; Marin, E.B.; Horstemeyer, M.F.; Zbib, H.M. Multiscale modeling of the plasticity in an aluminum single crystal. Int. J.

Plast. 2009, 25, 1456–1473. [CrossRef]
40. Scruby, C.B.; Wadley, H.N.G.; Hill, J.J. Dynamic elastic displacements at the surface of an elastic half-space due to defect sources.

J. Phys. D Appl. Phys. 1983, 16, 1069. [CrossRef]
41. Stinville, J.C.; Callahan, P.G.; Charpagne, M.A.; Echlin, M.P.; Valle, V.; Pollock, T.M. Direct measurements of slip irreversibility in

a nickel-based superalloy using high resolution digital image correlation. Acta Mater. 2020, 186, 172–189. [CrossRef]
42. Risbet, M.; Feaugas, X.; Guillemer-Neel, C.; Clavel, M. Use of atomic force microscopy to quantify slip irreversibility in a

nickel-base superalloy. Scr. Mater. 2003, 49, 533–538. [CrossRef]
43. Mughrabi, H. Cyclic slip irreversibility and fatigue life: A microstructure-based analysis. Acta Mater. 2013, 61, 1197–1203.

[CrossRef]
44. Kishi, T.; Tanaka, H.; Horiuchi, R.; Obata, Y.; Aoki, K. Acoustic emission peak of bauschinger effect. Scr. Metall. 1975, 9, 1023–1026.

[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

130



Citation: Böhm, M.; Niesłony, A.;
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Abstract: At present, due to advanced fatigue calculation models, it is becoming more crucial to find
a reliable source for design S–N curves, especially in the case of new 3D-printed materials. Such
obtained steel components are becoming very popular and are often used for important parts of
dynamically loaded structures. One of the commonly used printing steels is EN 1.2709 tool steel,
which has good strength properties and high abrasion resistance, and can be hardened. The research
shows, however, that its fatigue strength may differ depending on the printing method, and may be
characterized by a wide scatter of the fatigue life. This paper presents selected S–N curves for EN
1.2709 steel after printing with the selective laser melting method. The characteristics are compared,
and conclusions are presented regarding the resistance of this material to fatigue loading, especially
in the tension–compression state. A combined general mean reference and design fatigue curve is
presented, which incorporates our own experimental results as well as those from the literature for
the tension–compression loading state. The design curve may be implemented in the finite element
method by engineers and scientists in order to calculate the fatigue life.

Keywords: fatigue of materials; S–N curves; 1.2709 steel; 3D-printed materials; SLM 3D printing

1. Introduction

The proper use of S–N curve data is one of the most important steps in the process of
fatigue life assessment. The reliability of the results depends on the engineer’s experience,
but mostly on the quality of the S–N data. Therefore, it is important to work on reliable data
sets when implementing S–N curves in the fatigue life estimation process, usually together
with the finite element method (FEM). The process is especially interesting when dealing
with 3D-printed materials. EN 1.2709 tool steel can be found in the literature under different
descriptions and names such as EOS MS1: US classification 18% Ni Maraging 300, European
1.2709 and German X3NiCoMoTi 18-9-5. It is used in the additive manufacturing process of
3D elements. EOS MS1 is delivered only as a powder. The material is praised for its good
strength properties and high abrasion resistance as well as its potential to be hardened. Due
to the fact that the material exists under different names, it is sometimes difficult to find
the required experimental data in order to predict the fatigue life of designed components
printed using it. Due to the 3D printing technology, an increasing number of mechanical
elements are being designed and produced with the selective laser melting method. This
method is regarded as the most promising in terms of additive manufacturing. The analysis
performed within this paper consists of fatigue S–N data that were obtained for specimens
produced with the use of the selective laser melting (SLM) method. The influence of
different parameters was taken into account during the data analysis. Parameters such as
different heat treatments and defect sizes and locations as well as the specimen smoothness
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and stress concentrators in the specimen shape and geometry were also described for the
literature data. All data analyses were performed for the case of cyclic constant amplitude
stress loading conditions. This served in the process of the comparison between the S–N
curves taken from the literature and the obtained experimental curve for the tension–
compression tests.

As we sorted through the literature, we noticed that papers about the fatigue life of
EN 1.2709 tool steel are difficult to find, especially due to the fact that the steel can be found
under different names. After noticing this, we observed that this topic is being pursued
by some researchers, especially for 3D printing with the SLM technology. In this section, a
number of related papers are presented, which take into account different parameters that
influence the obtained experimental fatigue results; some of them also refer to the powder
bed fusion (PBF) process or direct metal laser sintering (DMLS), which are equal to the
SLM technology. Interesting papers that discuss the maraging steel fatigue properties for
casted specimens are also mentioned. The authors mostly focus on papers that published
an S–N curve. We can divide the papers into subcategories that present parameters such as:

• Different heat treatments;
• Defect size and location;
• Powder contamination;
• Specimen shape and build orientation;
• Loading type;
• Non-zero mean stress loading conditions.

As for different heat treatments, we found a large number of papers, such as the
paper by Bouzakis et al. [1], where the authors additionally discussed the corrosion fatigue
problem. Another group of authors led by Kostic et al. [2] analyzed the effect on heat-
treated and untreated specimens under bending loading. Elangeswaran et al. [3] also
focused on the heat treatment effects as well as the surface post-treatment processes that
might increase the fatigue life. It can be concluded that heat treatment increases the fatigue
life of specimens.

As for the defect size and location, we found the paper by Bai et al. [4], where the
authors discussed the influence of hole-type defects inside the printed material. No specific
S–N curve was presented, which could have been widely discussed or used in the analysis.
It may be concluded that laser power has a positive effect on the surface quality, which
serves in prolonging the fatigue life of specimens.

As for powder contamination, we found the paper by Gatto et al. [5], where the authors
analyzed this influence on fatigue life in comparison with forged specimens. They stated
that powder contamination has a great influence on the fatigue life of 3D-printed specimens
in terms of its decrease. The presented experimental results were found for the case of
non-zero mean stress under tension–compression.

As for the specimen shape, we found the papers by Branco et al., where the authors
discussed the effect of notches on the fatigue life [6,7]. This effect of a stress concentrator
in the specimen affects the fatigue life performance of SLM-printed materials. Dörfert
et al. [8] discussed the fatigue of conventionally obtained and 3D-printed materials. The
S–N curves showed that the conventionally obtained material had higher fatigue strength
characteristics than the 3D-printed material. Fitzka et al. [9] analyzed the size effect in
terms of the fatigue life for two different sizes of sheet specimens that were tested under
ultrasonic frequencies obtained from a coil material. Guo et al. [10] presented a review
in which they compared the fatigue results of 3D-printed specimens for notched and un-
notched cases, as well as for cases using PBF printing technology. They presented an S–N
curve for a variety of experimental results under tension–compression taken from the
literature. Meneghetti et al. [11] presented a paper focused mostly on the effects of the build
orientation of specimens and heat treatments, along with the fatigue results for the tension–
compression loading state with the use of DMLS. Solberg et al. [12] discussed the effect
of the directional build orientation under tension–compression for plate specimens. The
comparison was performed for different build angles, and surfaces were as-built during the
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printing process or machined. The machined specimens had superior fatigue properties in
comparison to the as-built ones. Tshabalala et al. [13] also performed a tension–compression
test for cylindrical specimens with different build orientations. They observed that tool
steels develop compressive mean stress during axial tests. It can be concluded that the
shape, dimensions and distortion in terms of stress concentrators in the form of notches
can cause a decrease in the fatigue life.

As for the loading type, we found the paper by Branco et al. [14], where the authors
presented fatigue results under constant and variable amplitude loading. The same authors
discussed the problem of multiaxial loading conditions concerning the studied material [15].
Crocollo et al. [16] presented experimental results for specimens under bending loading
conditions. They focused on the sensitivity of the technology in regard to the build orienta-
tion. The paper by Damon et al. [17] presented tension–compression fatigue results under
different temperatures and discussed the effect of the vertical and horizontal orientation
of the printing procedure. Vilchez et al. [18] presented the fatigue results for maraging
steel 300 in the tension–compression state under ultrasonic frequencies. The material was
not printed but obtained from solid bars, but the obtained results showed the enormous
possibilities in terms of the obtained fatigue life. It can be concluded that variable loads
can cause a decrease in the fatigue life of specimens.

As for non-zero mean stress loading conditions, we found the paper by Chang [19] et al.,
where the authors presented multiple S–N curves for four different cycle asymmetry ratios,
R. Their paper also strongly focused on the description of the defects that may influence the
fatigue life of the components, as well as the temperature effects. Nevertheless, these tests
were performed on a casted material, where the specimens were obtained from casted rods.
Schuller et al. [20] presented fatigue S–N curves for two different R values under ultrasonic
loading tests. It may be concluded that positive mean stresses influence the fatigue life of
printed specimens by decreasing their lifetime.

Summarizing the literature review, it is found that the material has been tested by
various scientists under different conditions. The shortcoming is the fact that it is difficult to
formulate a “safe” design curve on the basis of individual literature results. It is important
to note that the authors analyzed the fatigue results for 3D-printed specimens of this steel
under different loading states inter alia for bending and tension–compression. The study
presents never-before-published experimental fatigue results for 3D-printed specimens of
1.2709 tool steel under tension–compression on a fatigue test stand under the stress ratio
R = −1. The most important part of this paper is the presentation of new experimental
fatigue results as well as the presentation of a mean reference curve for the obtained
experimental data and literature data as well as a reference design curve that was prepared
according to the British Standard: BS 7608:1993 for the same data. There are currently no
reference curves that represent a data set as large as the one presented within this paper.
The design curve may be implemented in FEM by engineers and scientists in order to
calculate the fatigue life in a reliable way, especially for simple objects that have been
printed, e.g., plates with the dimensions reported by Van Vihn et al. [21].

2. Materials and Methods

The material used in the experimental investigation was EN 1.2709 tool steel. The
mechanical properties of this steel are presented in Table 1. The powder of this material
was used in order to print specimens, whose geometry and dimensions are presented in
Figure 1. The specimens were not subject to additional machining, but they were in the
state after solution annealing.
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Table 1. Important mechanical properties of 1.2709 tool steel.

Rm MPa R0.2 MPa E GPa υ

1000–1200 900–1100 160–200 0.3 As-built
1670–2230 1800–2000 160–200 0.3 After age hardening
1000–1200 800–920 160–200 After solution annealing

 

Figure 1. Geometry and dimensions of the specimens used in this experimental research for the
tension–compression tests.

The machine used during the printing process was the EOS M290 with EOSTATE
Exposure OT, MeltPool Monitoring systems and is presented in Figure 2. The default EOS
parameter set was used for the printing of the samples in the Z direction (laser power of
258 W, scanning rate of 960 m/s, hatching of 0.11 mm, layer thickness of 40 micrometers,
protective atmosphere of nitrogen gas). The samples were tested after solution annealing
(temperature of 820 ◦C/1 h, slow cooling in the furnace).

 

Figure 2. Selective laser sintering 3D printing machine EOS M290 used in the process of specimen preparation.

The specimens underwent fatigue tests under tension–compression performed on
the Instron 8852 test stand presented in Figure 3. The tests were performed with a zero
mean stress value. Therefore, no initial compression or tension was added. In Figure 4, a
photograph of the specimens before and after the fatigue tests is shown.
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Figure 3. Fatigue test stand for tension–compression axial loading, Instron 8852, at Opole University
of Technology.

 

Figure 4. Photograph of test specimens before and after axial fatigue testing, OUTech Opole.

The basic formula used for the description of the S–N curve is

N = B(σa)
−m, (1)

where N is the number of cycles until failure, B is the S–N curve constant and m is the slope
of the S–N curve.
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An examination of the microstructure was also performed. The metallographic spec-
imens were ground with abrasive papers or diamond pastes with decreasing gradation.
Then, they were polished using an aqueous suspension of Al2O3 and etched using an
etching reagent (10 mL HF, 30 mL HNO3, 50 mL H2O).

3. Results

In this section, the obtained experimental results and S–N curves are presented, as
well as the S–N curves taken from the literature in order to compare other states of loading
conditions. The results of the experimental fatigue tests are presented in Table 2. The
microstructure of the material is presented in Figure 5. The microstructure resembles a
Widmanstätten austenite structure. The Widmanstätten structure is formed in the weld after
remelting and cooling. This might be the case for this material as the SLM method works
on the basis of this principle. In Figure 6, the fatigue fracture surfaces of three specimens
under different loading amplitude values are presented. It can be noticed that the fractures
obtained using the low-cycle (MS1_AN_PLATF_5_Pr012 and MS1_AN_PLATF_5_Pr015)
and high-cycle regimes (MS1_AN_PLATF_5_Pr004) in the fatigue curve have an expected
fracture area of propagation and initiation on the surface of the specimens, which is the
expected case for the tension–compression loading state. In Figure 7, the authors present the
S–N curves obtained for the tension–compression loading state under R = −1 for smooth
cylindrical specimens.

Table 2. Fatigue test results under tension–compression loading and R = −1.

Specimen σa, MPa Nf, Cycles

MS1_AN_PLATF_5_Pr001 407 93,149
MS1_AN_PLATF_5_Pr002 407 832,264
MS1_AN_PLATF_5_Pr003 433 2,000,000
MS1_AN_PLATF_5_Pr004 459 153,479
MS1_AN_PLATF_5_Pr005 510 111,884
MS1_AN_PLATF_5_Pr006 535 50,761
MS1_AN_PLATF_5_Pr007 535 35,282
MS1_AN_PLATF_5_Pr008 446 192,177
MS1_AN_PLATF_5_Pr009 560 59,186
MS1_AN_PLATF_5_Pr010 700 10,921
MS1_AN_PLATF_5_Pr011 800 2269
MS1_AN_PLATF_5_Pr012 800 1939
MS1_AN_PLATF_5_Pr013 650 19,705
MS1_AN_PLATF_5_Pr014 750 6555
MS1_AN_PLATF_5_Pr015 600 22,496

Beside the experimental results of the fatigue tests, this section also presents an analysis
of different S–N curves obtained for additively manufactured specimens reported by other
authors. A Wöhler diagram is used to describe the fatigue life. The diagram presents the
fatigue life in terms of cycles until failure Nf on the x axis. The constant stress amplitude σa
on the y axis represents the value at which the material is loaded during the constant tests.
The literature sometimes presents the S–N diagrams in relation to the maximum stress
σmax. In Figure 8, the experimental results of the tension–compression tests under R = −1
performed by Branco et al. [14] for specimens created with the use of the SLM technology
are shown.
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Figure 5. Microstructure of the 3D-printed specimens under different magnifications.

  
(a) (b) 

 
(c) 

Figure 6. Fatigue fracture surfaces of three specimens under different loading amplitudes:
(a) MS1_AN_PLATF_5_Pr004; (b) MS1_AN_PLATF_5_Pr012; (c) MS1_AN_PLATF_5_Pr015.

137



Materials 2023, 16, 1823

Figure 7. S–N curve for the experimental tension–compression fatigue test results of 1.2709 steel
obtained by the authors under R = −1.

Figure 8. S–N curve for the experimental tension–compression fatigue test results (R = −1) reported
by Branco et al. [14].

In Figure 9, the experimental results obtained in the work of Croccolo et al. for
specimens created with the direct metal laser sintering method and tested under a rotating
bending load (R = −1) are shown [16]. The authors tested the sensitivity of the material
in terms of the build direction. In Figure 10, the experimental results obtained by Cruces
et al. for the tension–compression (R = −1) of smooth specimens with hollow cylinders
are shown [7]. The authors analyzed smooth specimens with two differently sized circular
stress concentrators. It can be noticed that their results apply to notched specimens with
0.4 and 1 mm notches.
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Figure 9. S–N curve for the experimental rotating bending fatigue test results reported by Croccolo et al. [16].

Figure 10. S–N curve for the experimental tension–compression fatigue test results reported by
Cruces et al. [7].

In Figures 11–14, the results of the bending fatigue tests performed by Kostic et al. are
presented [2]. The figures show the results for four different material conditions. The first
is the condition of no heat treatment and no machining of the surface; the second is the
condition of heat treatment but no machining; the third is the condition of no heat treatment
and machining; and the fourth is the condition of heat treatment and machining. The
experimental tension–compression S–N curves for the tests performed by Damon et al. [17]
under R = −1 with two different temperature conditions, namely, room temperature (25 ◦C)
and 400 ◦C, are shown in Figures 15–18. The specimens were created with the use of the
SLM technology in the horizontal and vertical directions. In Figure 19, the case of an S–N
curve with non-zero mean stress under a stress ratio of R = 0 is presented. In Figure 20, the
case of non-zero mean stress with a value of R = 0.55 is presented. Both these cases apply
to tension–compression loading.
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Figure 11. S–N curve for the experimental bending fatigue test results reported by Kostic et al. [2] for
the case of no heat treatment and no machining.

Figure 12. S–N curve for the experimental bending fatigue test results reported by Kostic et al. [2] for
the case of heat treatment and no machining.
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Figure 13. S–N curve for the experimental bending fatigue test results reported by Kostic et al. [2] for
the case of no heat treatment and machining.

Figure 14. S–N curve for the experimental bending fatigue test results reported by Kostic et al. [2] for
the case of heat treatment and machining.

141



Materials 2023, 16, 1823

Figure 15. S–N curve for the experimental tension–compression (R = −1) fatigue test results reported
by Damon et al. [17] under the conditions of room temperature and a horizontal direction of the
printing orientation.

Figure 16. S–N curve for the experimental tension–compression (R = −1) fatigue test results reported
by Damon et al. [17] under the conditions of room temperature and a vertical direction of the
printing orientation.
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Figure 17. S–N curve for the experimental tension–compression (R = −1) fatigue test results reported
by Damon et al. [17] under the conditions of a high temperature of 400 ◦C and a horizontal direction
of the printing orientation.

Figure 18. S–N curve for the experimental tension–compression (R = −1) fatigue test results reported
by Damon et al. [17] under the conditions of a high temperature of 400 ◦C and a vertical direction of
the printing orientation.
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Figure 19. S–N curve for the experimental tension–compression (R = 0) fatigue test results reported
by Gatto et al. [5] for the case of non-zero mean stress.

Figure 20. S–N curve for the experimental tension–compression (R = 0.55) fatigue test results reported
by Tshabalala et al. [13] for the case of non-zero mean stress.

4. Discussion

In terms of practical use and the determination of parameters that might be used by
engineers and designers, we can notice that there are some specific types of S–N curves
that might be applicable during their praxis. Most of them incorporate simple constant
amplitude tension–compression or bending states. These types of S–N curves should
be divided in terms of heat treatment, loading type, specimen smoothness and stress
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concentrators. From the variety of S–N curves that can be found in the literature, some
specific discussion points may arise. We can notice that simple fatigue tests performed
under rotating bending or pure bending allow the reader to gain more information about
the behavior of printed maraging steel. However, due to the fact that these results are very
rare, it is currently difficult to create a reference fatigue curve for a large amount of data.
On the other hand, it is possible to form such a curve for tension–compression data. On the
basis of this research, including the authors’ own experimental data and the literature data,
we can try to create a reference fatigue curve for the stress asymmetry ratio R = −1 with no
temperature effect. This type of curve can be used in the FEM calculation procedure in order
to simulate simple as well as more sophisticated loading states. Such a reference curve is
presented in Figure 21. The curve was calculated on the basis of the 55 experimental points
taken from our own results and the literature results. For the bending or other specific
loading cases, we can notice that the results may still be insufficient to present a reference
fatigue curve, which would be based on the data from only one or two papers. What can
be noticed while comparing the stress amplitudes in terms of the loading state is that the
bending and other states have lower curves than the tension–compression S–N curves in
terms of the stress amplitude values. Table 3 presents the fatigue curve values obtained in
the experimental and literature results. It also presents the reference tension–compression
fatigue curve data.

Figure 21. A combined reference mean and design fatigue curve on the basis of the tension–
compression experimental and literature results presented in the previous section for the case of
R = −1 with no high temperature effects.

Table 3. Fatigue test results under tension–compression loading and R = −1.

Reference B m

Experimental results 4.0531 × 1025 7.6277
Branco et al. [14] 1.6762 × 1019 5.3522

Crocollo et al. [16] 9.0667 × 1023 6.1542
Cruces et al. [7] 1.8687 × 1015 5.9366

Kostic et al. [2], no heat treatment and no machining 2.7356 × 109 1.7701
Kostic et al. [2], heat treatment and no machining 7.9276 × 1018 5.3371
Kostic et al. [2], no heat treatment and machining 2.0597 × 1051 16.7676

Kostic et al. [2], heat treatment and machining 2.8920 × 1020 5.0046
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Table 3. Cont.

Reference B m

Damon et al. [17], room temperature and horizontal
direction of the printing orientation 1.0819 × 1023 6.6992

Damon et al. [17], room temperature and vertical
direction of the printing orientation 1.3550 × 1034 10.3383

Damon et al. [17], high temperature of 400 ◦C and
horizontal direction of the printing orientation 4.5591 × 1025 7.5174

Damon et al. [17], high temperature of 400 ◦C and
vertical direction of the printing orientation 2.9195 × 1030 8.8621

Gatto et al. [5] 1.6320 × 1010 2.0002
Tshabalala [13] 3.7732 × 1012 3.6185

Reference mean curve for tension–compression 3.2076 × 1020 5.6825
Reference design curve with 97.7% certainty

of survival 1.7861 × 1019 5.6825

As an addition to the mean curve based on the above data, there is a calculated design
S–N curve with a certainty of survival equal to 97.7%. A lognormal distribution and
therefore a relationship between the standard deviation and probability are assumed. The
design fatigue curve is shifted by two standard deviations below the generic mean curve.
This is carried out using a similar method to that of the British Standard [22].

5. Conclusions and Observations

On the basis of the obtained results, we can formulate the following conclusions
and observations:

• The literature review has shown that there is a deficit in terms of design S–N curves
for 1.2709 steel in 3D-printed form for both the tension–compression and bending
loading states.

• On the basis of 55 experimental data points taken from the literature as well as our own
experiments, general mean and design S–N curves for the state of tension–compression
are presented.

• The presented reference mean and reference design fatigue curves, which were cal-
culated according to the BS 7608:1993 standard for the tension–compression loading
state under R = −1, may be used by engineers in their fatigue estimation of 1.2709
steel printed elements.

• The design curve has a certainty of survival equal to 97.7%.
• On the basis of the literature results, it can be noticed that the fatigue curves for

the bending loading conditions are lower in comparison to the tension–compression
loading state in terms of the stress amplitude values, which may be an effect of the
build orientation.

• It can be noticed that the printing orientation together with the surface quality and
heat treatment may influence the fatigue life of maraging steels.

• This paper serves as a reference to analyze the current state of fatigue conditions that
would affect the fatigue life of 1.2709 steel used in the process of 3D printing with the
use of the SLM technology.

• The next stage of this project is to present the experimental results of 3D-printed
specimens with and without special surface layers that influence the durability of the
material, and the authors will focus on the bending loading state in order to extend
the fatigue knowledge of this material.

146



Materials 2023, 16, 1823

Author Contributions: Conceptualization, A.N. and M.B.; methodology, M.B. and A.N.; software,
M.B.; validation, M.B. and M.K.J.; formal analysis, A.N. and M.B.; investigation, S.D.; resources, I.Z.
and M.Z.; data curation, M.B. and M.K.J.; writing—original draft, M.B. and A.N.; writing—review
and editing, M.B., R.O., M.K.J., S.D., I.Z., M.Z. and M.P.; visualization, M.B. and R.O.; supervision,
A.N.; project administration, Š.H.; funding acquisition, Š.H.; microstructure, M.P. All authors have
read and agreed to the published version of the manuscript.

Funding: This research was co-financed by: (1) National Science Centre, Poland, 2020/02/Y/ST8/00093
within the M-ERA NET 2 program, project DePriSS; (2) Technology Agency of the Czech Republic
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Abstract: The present study evaluates the ratcheting response at notch roots of 1045 steel specimens
experiencing uniaxial asymmetric fatigue cycles. Local stress and strain components at the notch
root were analytically evaluated through the use of Neuber, Glinka, and Hoffman-Seeger (H-S) rules
coupled with the Ahmadzadeh-Varvani (A-V) kinematic hardening model. Backstress promotion
through coupled kinematic hardening model with the Hoffman-Seeger, Neuber, and Glinka rules was
studied. Relaxation in local stresses on the notched samples as hysteresis loops moved forward with
plastic strain accumulation during asymmetric loading cycles was observed. Local ratcheting results
were simulated through FE analysis, where the Chaboche model was employed as the materials
hardening rule. A consistent response of the ratcheting values was evidenced as predicted, and
simulated results were compared with the measured ratcheting data.

Keywords: local ratcheting; A-V kinematic hardening model; backstress evolution; neuber; Hoffman-
Seeger; Glinka rule; finite element analysis; Chaboche’s model

1. Introduction

In the presence of stress raisers, load-bearing components are vulnerable to catas-
trophic failure, especially when they are subjected to asymmetric stress cycles in which the
local stress state exceeds the elastic limit resulting in plastic strain accumulation referred
to as local ratcheting. The presence of stress raisers intensifies the ratcheting progress
during loading cycles. Investigations on how the ratcheting progress at the notch root
behaves and how local stresses at the notch root relax out have been the center of attention
for researchers [1–4]. Wang et al. [3] investigated steel specimens subjected to asymmet-
ric loading cycles. They proposed an integral approach to define the plastic shakedown
rate as the loading cycles proceeded. Hu et al. [4] reported that, as the applied strain
increased, the local ratcheting and stress relaxation rate was further promoted at the notch
root. Their measured ratcheting data and stress relaxation at the notch roots were reported
in consistent agreement with those predicted by means of the Chaboche hardening rule.
Rahman et al. [5] performed ratcheting tests on notched 304L steel plates with various
notch geometries/shapes. They employed Chaboche, Ohno-Wang, and AbdelKarim-Ohno
hardening rules to evaluate the ratcheting response of notched specimens. The ratcheting
response and mean stress relaxation of S32750 steel bars were examined in a paper by
Lee et al. [6] under the step-loading spectra. They developed a constitutive model to predict
the mean stress relaxation and ratcheting, whose accuracy was confirmed through uniaxial
loading tests. Strains were measured at the notch root of 1070 steel specimens undergoing
axial-torsional loading cycles by Firat [7]. He employed the Chaboche model and Neuber’s
rule to evaluate progressive plastic strains over cycles. The predicted local ratcheting strain
values at the notch root of 1070 steel specimens were found in close agreement with those
measured values reported in reference [8]. Kolahsangiani and Shekarian [9,10] examined
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local ratcheting at the notch root of 1045 steel plate specimens with various circular notch
sizes. They discussed the influence of the notch size and stress levels on the local ratcheting
magnitude and rate as the stress cycles increased. The coupled A-V hardening model [1]
with the Neuber rule [11] was utilized to study the local ratcheting and stress relaxation
at the notch vicinity of 1045 steel specimens [12]. The coupled framework governed the
progressive plastic strain and stress relaxation at the notch root concurrently. Liu et al. [13]
carried out some experimental tests with a high-stress concentration on Z2CND18.12N
austenitic stainless steel elbow pipes. The measured local strains through strain gauges
mounted on the circumference of pressurized elbow pipes closely agreed with the predicted
ratcheting by means of the Chen-Jiao-Kim (CJK) model [14]. Ratcheting progress over
loading cycles as well as stress relaxation at the notch roots of steel plates at constant strain
ranges, was evaluated by Shekarian et al. [15]. They coupled the kinematic hardening rules
of Chaboche and A-V with the Neuber rule to estimate local ratcheting at the notch roots.
They found a close agreement between the predicted and measured values at various notch
sizes and load levels. In another study, ratcheting at the roots of different elliptical and
circular notches in 316 stainless steel specimens [16] was evaluated by means of the A-V
and Chaboche hardening models in conjunction with the Neuber rule. Local ratcheting
results were discussed on the basis of the choice of hardening models and their related
influential parameters.

The present study evaluated the measured local ratcheting response of 1045 steel
specimens [17–19] at the notch root employing the A-V hardening rule coupled with the
Neuber, Glinka, and H-S models. Local ratcheting strains at the notch roots were calculated
through the hardening framework during asymmetric loading cycles. Backstress evolution
through the A-V model directly affected the local ratcheting rate and magnitude as different
models were employed. The H-S model with equivalent stress terms presented a slightly
sharper drop in stress at the notch root as loading cycles were applied. This model, however,
resulted in lower ratcheting as coupled with the A-V hardening model. The corresponding
backstress terms in this model affected the ratcheting rate and magnitude as the H-S
rule was coupled in the framework. Numerically determined local ratcheting strains at
notch root by means of the FE analysis fell below the experimental and predicted results.
Simulated results were affected by the FE element size and types taken at different distances
at the notch root vicinity and their related convergence. The choice of models in assessing
the local strain components and their terms/constants was found to affect the rate and
magnitude of ratcheting and stress relaxation during stress cycles.

2. Modeling and Formulation

2.1. Elastic and Plastic Strains

The total strain increment tensor was determined through the summation of elastic
and plastic strain increments tensors as:

dε = dεe + dεp (1)

While the elastic strain increment tensor was determined by Hooke’s law as:

dεe =
dσ

2G
− ϑ

E
(
dσ. I

)
I (2)

where E is the modulus of elasticity, G is the shear modulus, ϑ is Poisson’s ratio, and terms
I and σ correspond to unit and stress tensors, respectively.

Based on the associated flow rule, the plastic strain increment tensor can be defined as:

dεp =
1

Hp
(ds. n)n (3)

where Hp is the plastic modulus, ds is the increment of the deviatoric tensor, and n cor-
responds to the normal vector of the yield surface. The yield criterion represents the
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onset of yielding where the yield contour separates the elastic domain from the plastic
region through:

f
(
s, α, σy

)
=

3
2
(s − α)(s − α)− σ2

y (4)

In Equation (4), α corresponds to the backstress tensor, translating the yield surface
within the deviatoric stress space as the loading exceeds an elastic domain.

2.2. The Ahmadzadeh-Varvani (A-V) Kinematic Hardening Rule

During plastic deformation, the movement direction of the yield surface in the stress
space is governed by the kinematic hardening rule. The A-V nonlinear hardening model [1]
was structured to control the evolution of backstress increments over the loading process.
The general form of the A-V rule is given as:

dα = Cdεp − γ1

(
α − δb

)
dp (5a)

db = γ2

(
α − b

)
dp (5b)

The first term of the A-V model corresponds to strain hardening, and the second term
presents the dynamic recovery term to accommodate plastic strain accumulation. The inter-
nal variable, b, with a zero initial value, was introduced to the dynamic recovery term of the
hardening rule to gradually control backstress α over loading cycles. Details of how to deter-
mine variables in Equations (5a) and (5b) were given in Ref. [1]. In Equations (5a) and (5b),
dp is defined through the dot product of plastic strain increment dεp as:

dp =
√

dεp.dεp (6)

Coefficients C and γ1 in Equation (5) are defined from uniaxial stress-strain hysteresis
loops. Constants γ2 and δ are material-dependent coefficients [17]. For uniaxial loading
conditions, δ is defined as (α/k)m expanding Equation (5a) to:

dα = Cdεp − γ1

(
α − (α/k)m b

)
dp (7)

where the coefficient k is defined as k = C/γ1. Exponent m is material dependent and stays
less than the unity 0 < m < 1.0.

2.3. Local Components of Stress and Strain at Notch Root and Local Ratcheting Strains
2.3.1. Neuber’s Rule

Neuber’s rule relates the stress and strain concentration factors, Kσ, and Kε to the
theoretical stress concentration factor, Kt through:

KσKε = K2
t (8)

where:
Kσ =

σ

S
(9)

Kε =
ε

e
(10)

Substituting Equations (9) and (10) into Equation (8) resulted in:

(KtS)
2 = Eσε (11)

For the cyclic stress and strain ranges, Equation (11) is rewritten as:

(KtΔS)2

E
= ΔσΔε (12)
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where S is the nominal stress, e is the nominal strain, E is the modulus of elasticity, σ, and
ε are the local stress and strain at the notch root, respectively. To predict the local stress
and strain at the notch root, Neuber’s rule [11] was developed for plane stress conditions
as [9,10,12,15,16,18]:

(εBL − εAL)(σBL − σAL) = K2
t (SB − SA)(eB − eA) dεp < 0 (13)

(εCL − εBL)(σCL − σBL) = K2
t (SC − SB)(eC − eB) dεp ≥ 0 (14)

where subscripts A, B, C correspond to the loading turning points starting from zero to the
maximum load (point A), minimum load (point B), and maximum load (point C), and Kt
is the stress concentration factor. The uniaxial nominal strain and stress range are related
through the Ramberg-Osgood equation as:

Δe =
ΔS
E

+ 2
(

ΔS
2K′
) 1

n′
(15)

where K′ and n′ correspond to the cyclic hardening coefficient and exponent, respectively.
Substituting Equation (15) into Equations (13) and (14) resulted in Equations (16) and (17)

being related to the local strain and stress components as [9,10,12,15,16,18]:

(εB − εA)(σB − σA) = K2
t (SB − SA)

(
SB − SA

E
+ 2
(

SB − SA
2K′

) 1
n′
)

, dεp < 0 (16)

(εC − εB)(σC − σB) = K2
t (SC − SB)

(
SC − SB

E
+ 2
(

SC − SB
2K′

) 1
n′
)

, dεp ≥ 0 (17)

For components subjected to uniaxial loading, the local backstress component for
loading the half-cycle could be related to local stress at turning points [3]. It can be used for
unloading (A→B) and reloading conditions (B→C) through Equations (18)–(20):

αAL =
2
3
(
σAL − σy

)
(18)

αBL =
2
3
(
σBL + σy

)
(19)

αCL =
2
3
(
σCL − σy

)
(20)

2.3.2. Glinka’s Rule

Molski and Glinka [20] presented an alternative to Neuber’s rule, which was based on
the equivalent strain energy density (ESED). This method took the strain energy density at
the notch root equal to a condition at which the loaded specimen stayed within the elastic
domain. They attributed the stress concentration factor, Kt to the strain energy through:

Kt =
σ

S
=

(
Wσ

WS

)1/2
(21)

where terms WS and Wσ corresponded to the elastic strain energy per unit volume due to
the nominal remote stress S and the strain energy per unit volume due to the local strain
and stress at the notch root, respectively. For the notched specimen, the elastic and total
strain energy per unit volume were determined by:

WS =
1
2

S.e = S2/2E (22)
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and

Wσ =
∫ ε

0
σ(ε)dε =

σ2

2E
+

σ

n′ + 1

( σ

K′
) 1

n′ (23)

where, through Hooke’s law, the elastic strain and stress is related by σ(ε) = Eε. By
replacing terms WS and Wσ from Equations (22) and (23) with Equation (21), the stress
concentration factor Kt could be rewritten as:

Kt =

⎧⎪⎪⎨⎪⎪⎩
(

σ2

2E + σ
n′+1

(
σ
K′
) 1

n′
)

S2

2E

⎫⎪⎪⎬⎪⎪⎭
1/2

(24)

Through the use of Equation (24), the relationship between the applied and local stress
ranges could be determined as:

(KtΔS)2

4E
=

Δσ2

4E
+

Δσ

n′+ 1

(
Δσ

2K′
) 1

n′
(25)

To relate the stress and strain terms, the Ramberg-Osgood equation was adapted along
with Equation (25) as:

Δε(2E(Δσ)) + (n′ − 1)Δσ2 = K2
t (ΔS)2(n′+ 1) (26)

Considering subscripts turning points A, B, C over A→B and B→C loading paths,
Equation (26) was expended as:

(εB − εA)(2E(σB − σA)) + (n′ − 1)(σB − σA)
2 = K2

t (SB − SA)
2(n′+ 1) dεp < 0 (27)

(εC − εB)(2E(σC − σB)) + (n′ − 1)(σC − σB)
2 = K2

t (SC − SB)
2(n′+ 1) εp ≥ 0 (28)

2.3.3. Hoffman and Seeger (H-S) Approach

Hoffman and Seeger (H-S) [21,22] proposed a method to establish a load-equivalent
notch stress and strain relationship. The H-S method consisted of two steps: (i) uniaxial
quantities σ, ε, and Kt were initially replaced by the equivalent quantities (σq, εq, and Ktq)
on the basis of the von-Mises yield criterion; (ii) the equivalent values were related to the
principal stress and strain components at the notch root. Within the elastic limit, the general
form of the H-S model was presented as:

εq =
σq

E
F
(

σe,q

σq

)
(29)

where εq and σq respectively correspond to the equivalent strain and stress components

at notch root. Function F
(

σe,q
σq

)
falls between 1 ≤ σe,q

σq
< Kp. Term Kp corresponds to the

limit load factor, which is the ratio of the ultimate load Lp to the yield initiation load Ly for
elastic-perfectly plastic material.

Kp =
Lp

Ly
(30)

Using the von-Mises yield criterion, the theoretical elastic equivalent stress at notch
root, σeq, can be defined as:

σeq = σe1

√
1
2

[
(1 − ae)

2 + (1 − be)
2 + (ae − be)

2
]

(31)
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Subscripts 1, 2, and 3 denote principal stress directions, and subscripts e represent
stress levels within the elastic domain. Stress ratios within the elastic domain ae and be are
defined as:

ae =
σe2

σe1
(32)

be =
σe3

σe1
(33)

The equivalent stress concentration Ktq is defined as:

Ktq =
σeq

S
(34)

The relationship between Ktq and Kt is given as [21]:

Ktq = Kt

√
1
2

[
(1 − ae)

2 + (1 − be)
2 + (ae − be)

2
]

(35)

The H-S approach [21] was developed based on the equivalent strain at notch root
through:

εq =
K2

tqS2

σq

e∗

S∗ (36)

where σq is the equivalent stress obtained through the von-Mises yield criterion. Terms S∗

and e∗ are respectively defined as S∗ =
(
Ktq/Kp

)
S and e∗ =

(
σy/E

)(
S∗/σy

) 1
n .

The equivalent applied stress and strain terms are then related to the local components
over the unloading (A→B) path and reloading (B→C) path for each stress cycle through
Equations (37) and (38), respectively.

(εqB − εqA)
(
σqB − σqA

)
=

K2
tq(SB − SA)(
S∗

B − S∗
A
) (e∗B − e∗A) dεp < 0 (37)

(εqC − εqB)
(
σqC − σqB

)
=

K2
tq(SC − SB)(
S∗

C − S∗
B
) (e∗C − e∗B) dεp ≥ 0 (38)

2.4. Ratcheting Analysis Algorithm

An algorithm was developed to predict the ratcheting and stress relaxation of notched
1045 steel specimens through the coupled hardening framework. Through the A-V harden-
ing rule, the yield surface evolution was controlled within the plastic domain and backstress
term

(
a − δb

)
and dropped up to a steady-state condition as asymmetric loading cycles

progressed. To evaluate local ratcheting, local cyclic stress and strain components at the
notch root were calculated by coupling Neuber, Glinka, and H-S rules to the hardening
framework. The algorithm program enabled an assessment of local ratcheting at constant
stress cycles, and stress relaxation was monitored over asymmetric loading cycles at a
given constant strain. Backstress α and internal variable b were to control the increments of
plastic strain dεp. The algorithm to run the ratcheting program through the hardening rule
framework was developed through a number of steps:

(i) Applied cyclic stresses to the notched specimens were introduced into the program,
(ii) Through Equations (5a) and (5b), the backstress component α, internal variable b, and

term
(

a − δb
)

were related to plastic strain increments over the loading progress,

(iii) The plastic strain increment, dεp, was computed through (i) Equations (16) and (17) based
on Neuber’s rule, (ii) Equations (27) and (28) based on the Glinka approach, and
(iii) Equations (37) and (38) by means of the H-S model.
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(iv) The accumulation of the progressive local plastic strain at the notch root, dεp was
controlled through the A-V hardening model while Neuber, Glinka, and H-S rules
were coupled to the hardening framework.

(v) Through Equations (18)–(20), the backstress components were defined during unload-
ing (A→B)/reloading (B→C) paths and set as equal to their counterpart increments
in Equations (5a)–(7). This enabled us to set relationships between nominal and local
stress components in the coupled framework.

(vi) The ratcheting strain was calculated from the average of maximum and minimum
local strains over asymmetric loading cycles.

3. Testing Conditions and Ratcheting Data

Ratcheting data sets on notched 1045 steel specimens were taken from an earlier article
conducted by Varvani and coworkers [18]. Local strain data were measured in the vicinity
of the notch roots through the use of strain gauges. Strain gauges were mounted to make
an approximate distance of 0.5 mm from the grid circuit edge of the strain gauge to the
notch root [19]. Asymmetric cyclic tests were conducted on rectangular specimens with
dimensions of 100 × 50 × 3 mm. Specimens with different central notch diameters between
9 mm and 15 mm were cyclically tested with a Zwick/Roell HB 100 servo-hydraulic
machine. Figure 1 illustrates a drawing of the specimen with a notch diameter of 15 mm.
Experiments were conducted under stress-controlled conditions with a stress ratio of R = 0,
an asymmetric loading frequency of 0.5 Hz, and at room temperature. Details of ratcheting
tests, including the notch diameter, D, stress concentration factor, Kt, and nominal stress
level Sm ± Sa applied on notched specimens, are listed in Table 1. Figure 2 presents
the measured ratcheting strains at the notch root of 1045 steel specimens undergoing
asymmetric loading cycles for different notch diameters and various stress levels.

Figure 1. Drawing of the specimen with 15 mm notch diameter (dimensions are in mm).

Table 1. Loading condition for 1045 steel specimens with different notch diameters [18].

Test Specimen Notch Diameter (D) (mm) Kt Sm±Sa(MPa)

S3 9 2.53 105 ± 105
S7 9 2.53 130 ± 130

S11 9 2.53 155 ± 155
S16 9 2.53 203 ± 203
S4 15 2.36 124 ± 124
S8 15 2.36 152 ± 152

S12 15 2.36 181 ± 181
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Figure 2. Ratcheting data collected at notch roots of 1045 steel specimens with different notch
diameters and stress levels [18].

Figure 3 compares the measured stress-strain hysteresis loops and local maximum
strain data at the notch root of a typical 1045 steel specimen with the loops and local
strains generated through analysis. Different coefficients C, γ1, and γ2 in Figure 3a–c
were implemented through several trials to achieve a consistency condition. Figure 3c
presents a set of coefficients C = 50,000 MPa, γ1= 350, and γ2 = 10 representing a close
agreement between the measured and predicted loops, while different values of coefficients
in Figure 3a,b resulted in a noticeable difference within the measured loop. Figure 3d plots
measured and predicted maximum strain values at the notch root versus loading cycles.
The coefficient γ2 = 10 resulted in a great agreement between the measured ratcheting data
and the predicted curve. The predicted curve position below and above the experimental
data for coefficients were γ2 > 10 and γ2 < 10, respectively.

Figure 3. Cont.
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Figure 3. Determination of coefficients C, γ1, and γ2 to achieve consistency condition based on the
A-V model. (a–c) several trials of coefficients C, γ1, and γ2 to achieve a consistency condition, and
(d) measured and predicted maximum strain values at the notch root versus loading cycles.

The measured hysteresis loops in Figure 3d present stress relaxation as the number of
stress cycles progressed. A drop in the width of loops with asymmetric loading cycles in this
figure verifies the cyclic hardening phenomenon at the notch root of 1045 steel specimen.

4. Simulation of Local Ratcheting Strain through Finite Element Analysis

The finite element software ABAQUS version 6.13 [23] was used to simulate the local
ratcheting response of steel specimens. Figure 4 shows the meshed specimen undergoing
an axial load and its constraints surrounding the circular notch with quadratic elements.
Elements were extended in size from the notch root to a distance of 1 mm over the X-
direction with a mesh size increment of 0.15 mm. The smaller elements were taken at the
vicinity of the notch root to achieve a realistic strain/stress comparable with the Neuber,
Glinka, and H-S models. The gradual increase in the element size from the notch root
enabled them to achieve a better assessment of the strain distribution throughout the
modeling process. Translational and rotational axes of the lower end surface of the meshed
specimen were constrained (along the X- and Z-axes) through adapted fixed supports, and
the specimen was allowed to take the load along the Y-axis. The upper-end surface of the
specimen was fixed. The axial load cycles were applied to the lower end of the specimen
under a stress-controlled condition with a testing frequency of 0.5 Hz.

The total number of quadratic elements of type C3D8R for the samples with notch
diameters of 9 mm and 15 mm were taken, respectively, at 24,306 and 23,748. The former
consisted of 29,952 nodes, and the latter possessed 29,670 nodes, respectively. Elements
were featured with twenty-four degrees of freedom and with three degrees of freedom per
node (eight nodes for each quadratic element). The smallest size of 0.15 mm at the notch
root resulted in a consistent convergence as the FE program was run at different applied
stress levels and notch sizes. Convergence was consistently achieved for element sizes
ranging between 0.15 mm and 0.40 mm, as the program was run for samples during the
first hundred loading cycles. For this element, the range size ratcheting at the vicinity of
the notch root stayed nearly constant, as presented in Figure 5. In this figure, as elements
increased in size beyond 0.40 mm, local ratcheting resulted in decay at different stress levels.

157



Materials 2023, 16, 2153

Figure 4. (a) Meshed specimen loaded axially along Y-axis and boundary conditions, (b) Meshing at
the vicinity of notch root through quadratic elements.

Figure 5. Convergence of ratcheting strain at notch root of the 1045 steel specimen (D = 9 mm) versus
the quadratic mesh size at different stress levels for a given hysteresis loop.

The simulation of ratcheting at the notch root was conducted on the basis of the elastic-
plastic materials kinematic hardening model of Chaboche [24]. Based on Chaboche’s non-
linear model, the yield surface was translated in the deviatoric stress space as the materials
were deformed beyond the elastic limit. The yield surface translation was described based
on Chaboche’s postulation as backstress increments were integrated through:

dα =
3

∑
i=1

dαi, dαi =
2
3

Cidεp − γi
′αidp (39)
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Components of backstress αi during the unloading and reloading paths were defined
as [24]:

αi =
2Ci
3γi

′ +
(

αi0 − 2Ci
3γi

′

)
exp
[−γi

′(εp − εp0
)]

dεp ≥ 0 (40a)

αi = − 2Ci
3γi

′ +
(

αi0 +
2Ci
3γi

′

)
exp
[
γi

′(εp − εp0
)]

dεp < 0 (40b)

where εp0 represents the initial plastic strain and αi0 corresponds to the initial backstress.
Coefficients C1, C2, C3 and γ′1, γ′2, γ′3 are Chaboche’s materials constants. These coef-
ficients for the 1045 steel alloy were determined from a stress-strain hysteresis loop that
was generated based on a strain-controlled test of ±0.8%. Chaboche parameters were
obtained by simulating the half, or the lower half of the stabilized hysteresis curve, from
the strain-controlled test [24]. The parameter C1 was obtained from the slope of the initial
part of the stabilized hysteresis curve with a high plastic modulus at the yield point and the
parameter C3 was determined from the linear part of the stabilized hysteresis curve with a
high strain range. The coefficient γ′1 should be large enough to stabilize the first hardening
parameter of Chaboche’s rule. Figure 6 presents an experimentally obtained stress-strain
hysteresis loop for the 1045 steel alloy. This figure presents three sets of coefficients C1−3
and γ′1−3 and their corresponding loops simulated through FE analysis. These coefficients
are chosen to achieve a close agreement between the experimental and simulated hysteresis
loops. Figure 6c shows a close agreement of experimental and simulated loops for the 1045
steel alloy for coefficients C1−3 = 75,000, 40,000, and 2500 MPa and γ′1−3 = 2200, 215, and 1.
Figure 6a,b shows deviations and changes in the simulated loops as different sets of C1−3
and γ′1−3 were taken.

Figure 6. Coefficients C1−3 and γ′1−3 achieved a close agreement between the stress-strain hysteresis
loop obtained from a test conducted under the strain-controlled condition and the one simulated
through FE analysis [25]. (a–c) the strain-based hysteresis loops for different sets of C1−3 and γ′1−3.

5. Results and Discussion

The local ratcheting and stress relaxation at the notch root of steel specimens were
evaluated through the A-V hardening framework. Local stress and strain components were
coupled with the framework through the use of different model choices of Neuber, Glinka,
and H-S. Ratcheting at the notch roots was also simulated by FE analysis where Chaboche’s
hardening rule was employed.

5.1. Local Ratcheting Prediction through the A-V Hardening Rule
5.1.1. Estimation of Local Strain/Stress at Notch Roots through Different Models

To better estimate the local stress and strain terms at the notch root, different choice
models of Neuber, Glinka, and H-S were examined. Steel specimens with notch diameters of
9 and 15 mm were tested under nominal stress levels of 155 ± 155 MPa and 203 ± 203 MPa
loading conditions. These tests enabled us to evaluate the stress and strain components
at the notch root and compare the employed models for their strain energies at applied
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nominal stresses and at different notch diameters. Figure 7 presents the state of nominal
and local stress and strain components for these models at different applied stress levels
and notch sizes. In this figure, the pseudo-elastic lines were obtained by applying the
constraints of each model, and stress–strain curves were developed based on the Ramberg-
Osgood equation. In Figure 7a, the H-S model presented a noticeable increase in the
stress and strain components on a specimen with a notch size of 9 mm as the stress level
changed from 155 ± 155 MPa to 203 ± 203 MPa. At the given nominal stress level of
155 ± 155 MPa in Figure 7b, the H-S model depicted smaller progress in the local stress and
strain components as the notch size of the specimens changed from 9 to 15 mm. A change
in the nominal stress level and notch diameter directly affected the extent of stress–strain
area based on Glinka and Neuber models. In Figure 7c,d, at higher applied stress levels of
203 ± 203 MPa, the Glinka model resulted in a greater area underneath the stress—strain
curve while, for the constant stress level, the specimen with a notch size of 15 mm caused
a smaller increase in the local stress/strain data on the curve. Neuber’s rule, however,
involved a greater amount of energy from the product of stress and strain obtained from
the rectangular area in Figure 7e,f. In the Neuber and Glinka rules, the total strain energy
density at the notch root was taken as equal to the total pseudo strain energy density
assuming that the specimen did not exceed the elastic domain even beyond its yield point.

5.1.2. Backstress Evolution during Loading

Over the loading paths, backstress evolution was controlled through the A-V kinematic
hardening model. Backstress α and the internal variable b controlled the plastic strain
increment dεp and its accumulation during asymmetric loading cycles. The magnitude
of backstress α gradually stabilized over loading cycles in a nonlinear form through the
term (α− δb) in the dynamic recovery of the A-V model. This term in the A-V model was
analogous to the integration of backstress increments dα = ∑3

i=1 dαi, as proposed earlier
by Chaboche [24]. The plastic strain accumulation was attributed to the cross-slip, and as
the stress cycles proceeded, the accumulation of dislocations and their interactions led to a
decrease in the ratcheting strain rate [26]. Figure 8 shows the evolution of the backstress
term (α− δb) over the first thirty loading cycles on a typical 1045 steel specimen through a
choice of different models. The decay in the backstress term during stress cycles was more
pronounced as the Neuber and Glinka rules were coupled with the A-V model compared
to that of the H-S model. This figure shows a sudden drop in term (α− δb) over the first
few cycles. Following the initial loading cycles, a steady state was achieved. The smaller
difference in terms (α− δb) between the Neuber and Glinka rules was associated in relation
to the nominal and local stresses through Equation (13). A larger product of the local stress
and strain components in Figure 7e,f resulted in a larger nominal stress component and a
small drop in term (α− δb) over the loading cycles. The lowest backstress term in Figure 8
was attributed to the equivalent stress components, as defined in the H-S model. In the
presence of the H-S model, the backstress term achieved its stability after the first seven
cycles, while backstress curves that were generated through the use of Neuber and Glinka
models required an even smaller number of cycles to gain a steady condition.

5.2. Predicted and Simulated Local Ratcheting Curves

The coupled kinematic hardening framework was employed to assess the ratcheting
response of notched 1045 steel specimens undergoing asymmetric stress cycles. The pre-
dicted and experimental ratcheting results at various stress levels and notch sizes were
plotted in Figure 9. The predicted ratcheting curves in this figure show a consistent re-
sponse compared with the experimental data. Predicted local ratcheting over the first few
cycles showed an abrupt increase, and shortly after, as the number of cycles increased, the
ratcheting rate dropped, and the slope of the ratcheting progress stayed nearly constant.
Considering Glinka, Neuber, and H-S models, the choice of the H-S model resulted in
lower ratcheting curves, and those curves were predicted on the basis of the hardening
framework coupled with the Glinka model, which possessed the highest ratcheting val-
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ues. The H-S model has, however, shown closer agreements with the experimental data
at different stress levels and notch sizes over the first 20–40 cycles. Ratcheting curves
predicted by the coupled framework of the A-V hardening rule and Neuber model closely
agreed with the measured values of ratcheting strains over the loading cycles. Lower local
stress and strain at the notch root were calculated based on the H-S model and suppressed
the predicted ratcheting curves by the hardening framework. Higher strain energy was
achieved through the Neuber and Glinka models, which increased the predicted local
ratcheting as local stress and strain values at the notch root increased. Figure 9 shows the
simulated ratcheting results through the use of FE analysis for 1045 steel specimens with
different notch sizes undergoing different stress levels, which fell below the experimental
and predicted ratcheting curves. Simulated curves were affected by the FE element size
taken at different distances from the notch root to achieve a consistent convergence. The
simulated curves correspond to lower local ratcheting values with a noticeable difference
between the measured ratcheting data and those of the predicted curves.
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Figure 7. (a,c,e) Cyclic and pseudo–elastic curves for steel specimens with D = 9 mm notch diameter
subjected to different loading values using H-S, Glinka and Neuber models. (b,d,f) cyclic and pseudo–
elastic curves for a steel specimen undergoing 155 ± 155 MPa for notched specimens with D = 9 and
D = 15 mm notch diameters using the H-S, Glinka, and Neuber models.
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Figure 8. Backstress evolution over the first 30 loading cycles based on the Neuber, H-S, and Glinka
rule coupled with the A-V kinematic hardening rule for a steel specimen and an 8 mm diameter
under 155 ± 155 MPa.

The test samples with the same diameter consistently showed that an increase in the
applied stress led to a higher ratcheting strain. At the same applied stress level, an increase
in the diameter of the specimen from D = 9 mm to 15 mm decreased the ratcheting strain
noticeably. While the ratcheting strain was promoted during asymmetric stress cycles in
Figure 9, the cyclic stress levels gradually dropped to lower levels revealing stress relaxation
at the notch root of the steel specimens. Stress relaxation over the stress cycles at the notch
root of specimens was found at slightly different rates as the A-V hardening model was
coupled with different models. Hysteresis loops of a typical 1045 steel specimen with a
notch diameter of D = 9 mm were tested at 203±203MPa and showed that the H-S model
resulted in the widening of loops while the Glinka model lowered the plastic strain range
in the progressing loops. Loops generated by the hardening rule coupled with the Neuber
model possessed an intermediate width. These hysteresis loops are presented in Figure 10.
It is intended to keep the stress and strain axes in this figure within the same scale for a better
comparison of these models and their generated loops. The peaks of progressing loops
were connected as the number of cycles proceeded in Figure 11, resulting in a decreasing
trend with nearly the same pace for all models. The horizontal axis in these figures was
normalized with the strain at the 100th cycle to be able to present stress relaxation when
three different models were compared. The ratcheting progress was controlled through
the hardening framework at constant stress cycles, while stress relaxation at the notch root
was controlled at a constant local strain leading to progressive loops experiencing a drop
in the stress magnitude. Predicted curves in Figure 11 show relatively lower values of
stresses and noticeable rates of relaxation compared with the simulated curve through the
FE analysis. In this figure, the simulated stress relation for cycles beyond the first 20 cycles
is presented for a consistent comparison with the predicted curves.
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Figure 9. Predicted ratcheting curves using three different models coupled with the A-V hardening
rule versus experimental ratcheting data for 1045 steel notched specimens undergoing various stress
levels of (a) 105 ± 105 MPa with D = 9 mm, (b) 130 ± 130 MPa with D = 9 mm, (c) 155 ± 155 MPa with
D = 9 mm, (d) 203 ± 203 MPa with D = 9 mm, (e) 124 ± 124 MPa with D = 15 mm, (f) 152 ± 152 MPa
with D = 15 mm, (g) 181 ± 181 MPa with D = 15 mm.
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Figure 10. (a–c) Predicted stress-strain hysteresis loops based on Neuber’s rule, H-S rule, and Glinka’s
approach coupled with the A-V model, respectively, and (d) simulated stress-strain hysteresis loops
by FE analysis on the basis of Chaboche’s model.

Figure 11. Stress relaxation for a steel specimen with a 9 mm notch diameter subjected to
203 ± 203 MPa, using three different rules coupled with the A-V kinematic hardening rule and
through FE analysis.

5.3. Discussion

Ratcheting strain progress with asymmetric loading cycles took place over the transient
and steady stages. Over stage II, ratcheting was found to be associated with the coefficient
δ in the dynamic recovery of the A-V hardening rule. This coefficient was defined to be
related to the backstress evolution and materials constants, C, γ1, and m through (α/k)m.
The local ratcheting rates (slopes) were predicted based on the coupled framework with
different models and were found to be relatively smaller than that of the experimental data
for stage II.
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Various cyclic tests were conducted to examine the local ratcheting response of
1045 steel specimens at the vicinity of notch roots. While the present authors studied
a number of influential parameters on the local ratcheting in the presence of the notch in
steel plates, including stress levels and notch sizes, the open literature lacks a pertinent
volume of experimental and theoretical research on local ratcheting phenomenon. More
investigation is required to fully address the local ratcheting and stress relaxation at the
notch root. Challenges in research include the complexity of cyclic tests to examine/detect
the notch root plasticity and accurately measure local strains, as well as the lack of hard-
ening frameworks/theories to sufficiently address the plastic flow in the vicinity of notch
roots. The authors believe that more experimental investigation and analysis are required
to fully understand notch root plasticity and its progress during asymmetric loading cycles.
To measure progressive plastic deformation at the notch root and at various distances
from the notch root, the use of strain gauges along longitudinal and lateral directions are
inevitable. The author’s further plan is to control the local ratcheting progress through
technical/mechanical processes, including cold-pressing the notch root and localized heat-
treatment processes. While such processes are expected to improve mechanical properties
at the notch edges, they will also noticeably lessen the ratcheting magnitude and rate. The
coupled hardening model, along with the Neuber and Glinka rules, will be employed
to assess the ratcheting of cold-worked notches. Analytical and numerical approaches
will be used to evaluate the choice of hardening rules and to encounter more variables
such as time dependency, stress rate, testing frequency, and temperature in the ratcheting
assessment program.

6. Conclusions

Local ratcheting was evaluated at the notch root of 1045 steel specimens by means of
the A-V hardening rule coupled with the Neuber, Glinka, and H-S models. The evolution
of backstress was governed by the coupled hardening framework. The local ratcheting rate
and magnitude and stress relaxation at the notch root of steel specimens was assessed at
different stress levels and notch sizes through various coupled models and FE analysis. The
hardening rule algorithm was developed to assess local ratcheting coupled with different
model choices to assess local strain and stress at the notch root. Predicted ratcheting
curves through the coupled hardening framework with the Glinka model shifted above the
measured ratcheting data, and those evaluated by means of H-S fell below experimental
data. The Neuber model, however, closely agreed with the experimental ratcheting data
at different stress levels and specimen notch sizes. Local ratcheting simulated through
FE analysis fell below the experimental data and predicted curves. The choice of Neuber,
Glinka, and H-S models in assessing local strain components and their terms/constants
was found to affect the rate and magnitude of predicted ratcheting and stress relaxation by
means of the coupled hardening framework.

Author Contributions: Conceptualization, A.V.-F.; methodology, A.V.-F.; software, A.V.-F., F.H.;
validation, A.V.-F., F.H.; formal analysis, A.V.-F., F.H.; investigation, A.V.-F., F.H.; resources, A.V.-F.,
F.H.; data curation, A.V.-F., F.H.; writing—original draft preparation, A.V.-F., F.H.; writing—review
and editing, F.H.; visualization, A.V.-F.; supervision, A.V.-F.; project administration, A.V.-F.; funding
acquisition, A.V.-F. All authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the Natural Sciences and Engineering Research Council
(NSERC) of Canada, grant number RGPIN-2021-03047 and the APC was waived by the journal.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Experimental data can be available upon request of researchers through
communication with corresponding author.

Acknowledgments: Special thanks go to K. Kolasangiani (the former graduate student) for conduct-
ing ratcheting tests in notched 1045 steel samples during his PhD program in the group.

165



Materials 2023, 16, 2153

Conflicts of Interest: The authors declare no conflict of interest. The funders had no role in the design
of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript; or
in the decision to publish the results.

Nomenclature

dε Total strain increment tensor
dεe Elastic strain increment tensor
dεp Plastic strain increment tensor
E Modulus of elasticity
Hp Plastic modulus
α Backstress tensor
σ Stress tensor
I Unit tensor
ϑ Poisson’s ratio
G Shear modulus
s Deviatoric stress tensor
σy Yield strength
D Circular notch diameter
γ1, γ2, C, δ Coefficients of the A-V model
C1−3,γ′1−3 Chaboche materials coefficients
Kt Stress concentration factor
b Internal variable of the A-V model tensor
n′, K′ Ramberg-Osgood coefficients
S,e Nominal stress and strain
R Stress ratio
Kσ,Kε Stress and strain concentration factors
σ, ε Uniaxial local stress and strain at the notch root
Wσ Strain energy per unit volume at the notch root
WS, Elastic strain energy per unit volume due to the nominal remote stress S
σeq Theoretical elastic equivalent stress at notch root
εq Equivalent strain at notch root
σq Equivalent stress at notch root
Kp Limit load factor
ae, be Stress ratios within the elastic domain
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Abstract: This study presents a comprehensive experimental investigation of the high-cycle fatigue
(HCF) behaviour of the ductile aluminium alloy AA 5083-H111. The analysed specimens were
fabricated in the rolling direction (RD) and transverse direction (TD). The HCF tests were performed
in a load control (load ratio R = 0.1) at different loading levels under the loading frequency of 66 Hz
up to the final failure of the specimen. The experimental results have shown that the S–N curves of
the analysed Al-alloy consist of two linear curves with different slopes. Furthermore, RD-specimens
demonstrated longer fatigue life if compared to TD-specimens. This difference was about 25% at
the amplitude stress 65 MPa, where the average fatigue lives 276,551 cycles for RD-specimens, and
206,727 cycles for TD-specimens were obtained. Similar behaviour was also found for the lower
amplitude stresses and fatigue lives between 106 and 108 cycles. The difference can be caused
by large Al6(Mn,Fe) particles which are elongated in the rolling direction and cause higher stress
concentrations in the case of TD-specimens. The micrography of the fractured surfaces has shown that
the fracture characteristics were typical for the ductile materials and were similar for both specimen
orientations.

Keywords: aluminium alloys; rolling direction; high-cycle fatigue; fracture analysis

1. Introduction

Aluminium alloy series 5xxx is a group of alloys based on aluminium–magnesium
(Al-Mg) compositions [1]. These alloys are known for their high strength-to-weight ratio,
excellent corrosion resistance, and good formability [2–4]. Based on these characteristics and
their mechanical properties, these alloys are used widely in the automotive and aerospace
industries, transportation, and other applications where lightweight and corrosion-resistant
materials are required [5–9].

In the past, numerous studies have been conducted to understand the fatigue be-
haviour of AA 5xxx alloys [10–14]. Fatigue is an essential factor in determining the be-
haviour of mechanical parts under variable loads and is the primary cause of 80–90% of
engineering failures. In applications that use aluminium alloys frequently, it is necessary
to understand the fatigue performance of the components and the effects of operating
parameters on the fatigue behaviour of the analysed constructional components. A fatigue
assessment can be carried out using the stress–life (S–N) or the strain–life approach, de-
pending on whether stresses in the critical cross-sections of the analysed component are
in the elastic or plastic areas [15,16]. In the case that only elastic stresses occur, the S–N
approach is usually used to obtain the fatigue life up to the final failure of the compo-
nent. Establishing comprehensive databases, including S–N information, is essential for
evaluating the fatigue characteristics of components under different operating conditions
accurately. The fatigue life of Al-alloys is influenced not only by material characteristics
but also by the characteristics of the specimens, such as microcavities formed during pro-
duction, surface defects, hot or cold deformation, and changes in grain structure [17–19].
The tensile strength and fatigue life of Al-alloys are affected slightly by the rolling direction
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at room temperature, but the effects become more significant at higher temperatures due to
the expansion of the grain structure [20,21]. Hockauf et al. [22] investigated the effect of
different precipitate morphologies on low-cycle fatigue (LCF) and fatigue crack growth
in an ultrafine-grained (UFG) age-hardening aluminium alloy. Their experimental results
showed that the newly formed, coherent precipitates in the thermally recovered condition
contribute to more planar slip behaviour, slip localisation and early failure during LCF
loading. In [23], the researchers investigated the high-cycle fatigue behaviour of an Al-
Si-Cu-Mn aluminium alloy at room temperature and 350 ◦C and evaluated the effect of
different second phases on its fatigue behaviour. The alloy demonstrated excellent fatigue
resistance at both temperatures, with a high-cycle fatigue strength of 125.0 MPa at room
temperature and 47.5 MPa at 350 ◦C. The study found that fatigue cracks in the alloy at
room temperature originated from casting defects, while at 350 ◦C, they nucleated from
the primary Al-Mn-Si phase on the specimen’s surface. The study also demonstrated that
the modulus difference between the Al-Mn-Si phase and the alpha aluminium phase was
higher at 350 ◦C than at room temperature, leading to more crack initiation and propa-
gation along the phase interface at 350 ◦C. Khisheh et al. [24] investigated the influences
of surface roughness and heat treatment on the high-cycle bending fatigue properties of
A380 aluminium alloy under stress-controlled cyclic loading. The results showed that the
heat treatment increased the high-cycle bending fatigue lifetime by 26% (for the highest
stress level) and 85% (for the lowest stress level), respectively. The study also found that
samples with low roughness had a longer fatigue life than those with high roughness.
In the research presented by Gao et al. [25], the authors investigated the effect of surface
mechanical attrition treatment (SMAT) on the fatigue performance of a 7075-T6 aluminium
alloy in both high-cycle fatigue (HCF) and very-high-cycle fatigue (VHCF) regimes. The
results showed that SMAT could improve fatigue strength in the HCF regime but decrease
it in the VHCF regime. Meng et al. [26] investigated the vibration fatigue improvement of
2024-T351 aluminium alloy by ultrasonic-assisted laser shock peening (ULP). The results
showed that the ULP increases the dislocation density significantly and refines the grains,
leading to increased compressive residual stress and microhardness and inhibited crack
initiation and propagation, resulting in a significant increase in vibration fatigue life. Xing
et al. [27] studied the transition fatigue failure of weld toe cracking and weld root cracking
in aluminium fillet welds. Their experimental results showed that the weld root cracking
has a lower fatigue life and wider scatter band than the weld toe cracking. The researchers
also proposed the weld sizing criterion for avoiding weld root cracking in fillet-welded
aluminium connections. Sakin et al. [28] investigated the bending fatigue lives of AA
1100 and AA 1050 aluminium sheets experimentally under both high-cycle fatigue (HCF)
and low-cycle fatigue (LCF) conditions. The specimens were tested along four different
directions, including the rolling direction (RD) and transverse direction (TD). The results
showed that the longest fatigue lives in the LCF region were observed in the AA1050 (RD)
specimens, while the AA 1100 (RD) specimens had the longest fatigue lives in the HCF
region. In the research works presented in [29–32], the researchers investigated the fatigue
behaviour of cellular structures made of different aluminium sheets. The specimens were
fabricated in a rolling direction using water jet cutting technology.

Material testing provides valuable information on the material’s mechanical proper-
ties, such as its stress–strain response, deformation, fatigue life, and fracture behaviour.
This information is crucial for optimising the design and manufacture of engineering
structures and components made from this material and assessing their performance
and durability in various applications. The proposed study is the continuation of the
author’s previous work [33], where the LCF behaviour of the aluminium alloy 5083-
H111 was investigated. The obtained experimental results (cyclic S–N curve, LCF-fatigue
parameters) were then used in work [34], where Nečemer et al. analysed the LCF behaviour
of auxetic cellular structures. As presented by Lehmus et al. [35], cellular structures
represent a unique opportunity for adoption in lightweight design due to their favourable
characteristics regarding sound isolation, damping, energy absorption, etc. Using the
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advanced additive manufacturing (AM) technologies, abrasive water jet (AWJ) cutting
technology, etc., different types of cellular structures (see two examples in Figure 1) can
be manufactured for specific mechanical properties and other characteristics useful for
different engineering applications. When analysing the fatigue behaviour of cellular
structures made of aluminium alloy AA 5083-H111, the effect of rolling direction on
the fatigue life may be significant, especially in the high-cycle fatigue (HCF) area. For
that reason, the proposed research considers the influence of the rolling direction on the
fatigue life and fracture behaviour of aluminium alloy AA 5083-H111 in the HCF regime.
Additionally, the obtained results could help engineers make the appropriate decisions
about the use and performance of this alloy in various engineering applications.

  
(a) (b) 

Figure 1. Two examples of cellular structures: (a) chiral structure; (b) re-entrant structure.

2. Materials and Methods

2.1. Material and Specimen Geometry

In the experimental investigation, the specimens were made from the aluminium
alloy AA 5083-H111, which is a commonly used aluminium alloy known for its excellent
corrosion resistance and high strength-to-weight ratio. The chemical composition of this
alloy is presented in Table 1.

Table 1. The chemical composition of AA 5083-H111.

Al
[wt %]

Mg
[wt %]

Mn
[wt %]

Si
[wt %]

Fe
[wt %]

Zn
[wt %]

Cr
[wt %]

Ti
[wt %]

Cu
[wt %]

92.55 4.9 1 0.4 0.4 0.25 0.25 0.15 0.1

The flat tensile specimen shown in Figure 2a, taken from one batch of material, was
used in the uniaxial quasi-static tensile tests and high-cycle fatigue (HCF) tests. All the
specimens were fabricated using the abrasive water jet (AWJ) cutting technology from
a 4 mm thick sheet. The specimens were fabricated in the rolling direction (RD) and
transverse direction (TD); see Figure 2b.
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Figure 2. (a) Specimen’s orientations. (b) Geometry and dimensions of the specimen.

Figure 3 shows the backscattered electron images of the investigated alloy in its as-
received condition for both orientations (in the rolling and transverse directions). The
alloy is composed of an Al-rich solid solution, alpha-Al, dark Mg2Si particles, large bright
iron-rich Al6(Fe, Mn) particles, and smaller plate-like Mn-rich Al6(Fe, Mn) particles. The
particles were identified using EDS. A detailed investigation of particles was carried out
in our previous publication [33], and the results were consistent with the findings of Liu
et al. [13]. The microstructures in both sections are very similar; however, the dimensions
of Fe-rich Al6(Fe, Mn) particles are longer in the direction of rolling.

 

Figure 3. The backscattered electron images of the AA 5083-H111 alloy. (a) In the longitudinal
direction. (b) In the transverse direction: RD-rolling direction, ND-normal direction, TD-transverse
direction.

2.2. Experimental Methods

In the scope of the experimental investigation, the quasi-static tensile tests were
performed, as well as the HCF tests. All the tests were carried out on the electrodynamic
pulsating testing machine Vibrophore 100 ZwickRoell.

The quasi-static tensile tests were performed in a force control at an ambient tem-
perature of 22 ◦C. The force was monitored with a 100 kN tensile–compressive load cell
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mounted on the testing machine, while the strain was controlled on the narrowed part
of the specimen with an axial mechanical extensometer ZwickRoell DigiClip 40. Four
quasi-static tensile tests were performed for each specimen orientation.

The HCF tests were performed in load control at different load levels at the same
ambient temperature of 22 ◦C. The loading frequency was fixed to 66 Hz considering the
sinusoidal wave shape with the constant load ratio R = 0.1. In the experimental testing,
eight different values of maximum force Fmax were selected for each specimen orientation.
The first stress level (maximum force Fmax) was defined at approximately 50% of the yield
stress of the material, and each next stress level was reduced by 3 %. At least two or three
specimens were tested for each stress level, up to the final failure of the specimen. The
run-out condition (without failure) was set to 108 cycles.

The metallographic samples were prepared by grinding with SiC paper and polished
using diamond paste. They were examined using the scanning electron microscope (SEM)
Quanta 3D (FEI, Eindhoven, the Netherlands). The fractography study was carried out
using a light microscope, an Olympus EP 50, and the aforementioned SEM. The micro-
chemical analysis of the particles in a scanning electron microscope Sirion 400 NC (FEI,
Eindhoven, The Netherlands) equipped with an energy-dispersive spectrometer (Oxford
Analytical, Bicester, UK).

3. Results and Discussion

3.1. Quasi-Static Tensile Tests

Figure 4 shows the engineering stress–strain curves for both specimens’ layouts.
The average mechanical properties of the analysed aluminium alloy AA 5083-H111 are
summarised in Table 2. The Young’s modulus for the rolling direction (RD) was evaluated
at around 70.8 GPa, while, for the transverse direction (TD), it was around 71.2 GPa.
Furthermore, the yield stress and ultimate tensile strength were found to be higher for the
RD if compared to the TD. Finally, the strain at fracture was found to be almost the same
for both specimens’ orientations.
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Figure 4. Engineering stress–strain curves of the AA 5083-H111 alloy. (a) Rolling direction (RD).
(b) Transverse direction (TD).

Table 2. Average mechanical properties of AA 5083-H111.

Young’s Modulus
E [GPa]

Yield Stress
σy [MPa]

UTS
σUTS [MPa]

Elongation
A [%]

(RD) (TD) (RD) (TD) (RD) (TD) (RD) (TD)

70.8 71.2 143.2 141.9 293.9 284.2 22.2 21.9

(RD)—rolling direction, (TD)—transverse direction.
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Based on the experimental results presented in Figure 4 and Table 2, it can be concluded
that the mechanical properties (Young’s modulus, yield stress, ultimate tensile strength,
elongation at fracture) were quite similar for both specimens. However, the specimens
manufactured in the longitudinal/rolling direction demonstrated slightly better properties
(except for Young’s modulus, E) if compared to the specimens manufactured perpendicular
to the rolling direction (transverse direction).

Figure 5 shows the fractured surfaces of the tensile specimens for both directions. The
elongation at fracture was about 18 %, while the contraction was very low. The fracture
surface was inclined about 45 ◦ in relation to the loading direction. The fracture shows a
ductile character with many dimples. The diameters of the larger pores were 20 to 30 μm,
and the smaller ones were a few micrometres. Inside the larger voids, coarse intermetallic
particles were present. Inside the smaller pores, some particles were found occasionally.
Thus, the pores started to form at the interfaces between the matrix and intermetallic
particles. In addition, some of the larger particles also fractured during deformation. The
pore sizes were several times larger than the particle sizes.

 

Figure 5. The fractured tensile specimens. (a) The photography of the samples. The secondary
electron micrographs of the fractured surfaces of the tensile specimens: (b) in the RD and (c) in the
TD.

3.2. High-Cycle Fatigue Tests

The high-cycle fatigue (HCF) tests were performed in a force control under pulsating
loading (load ratio R = 0.1) at a constant frequency of 66 Hz. Eight loading levels were
selected, to obtain the S–N curves for both specimens’ layouts. The S–N curves presented
in Figures 6 and 7 were defined by plotting the stress amplitude σa versus the number of
cycles to failure Nf. Some scatter of the experimental results presented in Figures 6 and 7
is evident for both specimens’ layouts. However, the scatter is greater for the transverse
direction. Furthermore, the S–N curves are “bilinear” and consist of two linear curves with
different slopes, which intersect at the knee point Nk [36]. The fatigue behaviour below and
upper the knee point Nk can be expressed as follows:

σa = σa,k·
(

Nk
Nf

) 1
k

below the knee point (1)
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σa = σa,k·
(

Nk
Nf

) 1
k∗

above the knee point (2)

∗

Figure 6. The S–N curve for the rolling direction.

∗

Figure 7. The S–N curve for the transverse direction.

In Equations (1) and (2), the k represents the slope before the knee point, σa,k is the
stress amplitude at the knee point, Nk is the number of cycles at the knee point, k* is the
slope after the knee point, and σa is the amplitude stress. The material parameters related
to the Equations (1) and (2) are summarised in Table 3.

Table 3. Fatigue parameters of AA 5083-H111 related to the bilinear S–N curve.

Number of Cycles at the
Knee Point
Nk [Cycles]

Stress Amplitude at the
Knee Point
σa,k [MPa]

Slope before the Knee Point
k [/]

Slope after the Knee Point
K∗ [/]

(RD) (TD) (RD) (TD) (RD) (TD) (RD) (TD)

596,500 348,500 60.2 59.7 10.02 6.14 389.04 199.5

(RD)—rolling direction; (TD)—transverse direction.

Figure 8 shows the comparison of S–N curves for both specimen layouts. It is clear
that the amplitude stress of the knee point, σa,k, is almost the same for both specimen
layouts. However, the number of cycles of the knee point is higher for the specimens
oriented in the rolling direction, which is then reflected in the slopes k and k*. When
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analysing the fatigue live for both specimen orientations, it is evident from Figures 6–8
that RD-specimens demonstrate longer fatigue live if compared to the TD-specimens. This
difference is about 25 % at the amplitude stress 65 MPa, where fatigue lives 276,551 cycles
for RD-specimens, and 206,727 cycles for TD-specimens were obtained. Similar behaviour
may also be found for the lower amplitude stresses and fatigue lives between 106 and 108

cycles. The difference can be caused by large Al6(Mn,Fe) particles which are elongated in
the rolling direction and cause higher stress concentrations in the case of TD-specimens.

Rolling direction
Transverse direction 

Figure 8. The comparison of S–N curve for both specimen’s directions.

Figure 9 shows the fractured surfaces of the selected fatigue specimens. The cracks are
typically initiated at specimen edges and then propagated in the directions indicated by
the arrows. As can be seen, they propagated in the direction parallel to the original sheet
surface. In our case, the cracks started at a corner at the top and then propagated towards
the bottom.

 

Figure 9. The light micrographs of the fractured surfaces of the selected fatigue samples: (a,c) lon-
gitudinal layout and (b,d) transverse layout (ND—normal direction, RD—rolling direction, TD—
transverse direction).
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The initial parts of the cross-sections were relatively flat and approximately normal
to the loading direction. At some distances, the fracture surface became rougher, and this
coincided with the distortion of the specimen in the bottom part caused by the plastic
deformation. The initially rectangular shape became distorted, and the distortion was
higher at higher stress levels for the samples on the left side of the images.

Figures 10 and 11 show the scanning electron micrographs of the fracture surfaces
of the selected specimens at three different positions. The fracture characteristics were
similar irrespective of the sample orientation (longitudinal or transverse layout) and the
number of cycles to fracture. At the beginning of the cracks, the surface was rough on the
micrometre scale. The crack followed the glide planes in the grains and formed rather flat
facets [37]. Striations were present on the facets. The distances between them were less
than one micrometre, typically between 0.4 and 0.7 μm (see Figure 12a).

 

Figure 10. The secondary electron micrographs of the fractured surfaces of the fatigue samples tested
in the longitudinal layout: (a,c,e) SV 15 (131,581 cycles to failure), (b,d,f) SV 19 (19,392,180 cycles to
failure). The orientation of all images is the same. The RD direction is perpendicular to the images.
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Figure 11. The secondary electron micrographs of the fractured surfaces of the fatigue samples tested
in the transverse layout: (a,c,e) PSV 18 (135,165 cycles to failure), (b,d,f) SV 10 (15,500,000 cycles to
failure). The orientation of all images is the same. The TD direction is perpendicular to the images.

In the last stages of the crack propagation, the surface was rather rough, and it was
not perpendicular to the loading direction. The distances between striations increased
and were typically between 2 and 4 μm. In these regions, not only striations were present,
but also some voids. The voids formed at larger inclusions in the microstructure. They
formed in the regions in front of the fatigue crack as the stresses surpassed the yield stress
of the material, and they grew until the main fatigue crack overtook them. The final forced
residual fracture was almost the same as the tensile fracture (see Figure 3) and consisted of
voids of different sizes.

Figure 12 shows some fractured surfaces at a much higher magnification and resolution.
The distances between the striations—the striation wavelengths—were measured on the
basis of such micrographs. They are presented in Figure 13. The striations were not visible
up to distances below 1 mm from the crack initiation site (Figure 12a), which was typically
at the specimen corner. This is Region A of crack propagation, which is highly sensitive
to microstructure characteristics [38]. Usually, a crack with a length 1–2 mm is considered
a small fatigue crack. One can observe grain boundaries and facets in the crystal grains,
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which typically glide planes. The crack propagation rate is often in the order of nm, and the
specimen survives in this region for most of its lifetime [39]. Striations become visible in
range B of crack propagation [38]. The striations become stable, and in the first part, their
wavelength is in the order of 100 nm; we measured 200 nm at a distance of 1.4 mm from
the crack initiation site (Figure 12b).

 

Figure 12. Secondary electron micrographs of the fractured surfaces of the fatigue sample PSV 14
(765,121 cycles to failure): (a) 0.7 mm from the fatigue crack initiation (Stage Regime A), (b) 1.4 mm
from the fatigue crack initiation (start of Regime B), (c) 3.5 mm from the fatigue crack initiation (near
the end of Regime B).
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Figure 13. Striation wavelength in dependence from the crack start (RD—sample, TD—sample).

With the growing fatigue crack, the stress intensity factor grows, and the striation
wavelength increases in micrometre size. It should be stressed that with the wavelength of
1 μm, the fatigue crack will proceed 1 mm after 1000 cycles and leads to a quick fracture
of the specimen. This wavelength was achieved approximately 3.5 mm from the crack
initiation (Figure 12c). In Regime B, the crack propagation is less sensitive to microstructure.
During the main part of the crack path, the distances between the striations were larger for
the transverse specimen, which can also explain the shorter lifetime for this specimen. The
last two measurements were close to the crack ends, where the surface resembled those
to that shown in Figure 10c,d and Figure 11c,d, where the scatter was rather large. At the
transition from Regime B to Regime C, the crack propagation becomes more microstructure
sensitive. In the case of this alloy, fatigue cracks can form even in the front of the main
cracks around the largest inclusions, as was discussed before.

4. Conclusions

The comprehensive experimental investigation of the high-cycle fatigue (HCF) be-
haviour of the ductile aluminium alloy AA 5083-H111 was presented in this study. Based
on the metallographic investigation of the material, quasi-static tensile tests, high-cycle
fatigue tests, and fractography of the fractured surfaces of the quasi-static and fatigue
specimens, the following conclusions can be made:

• The analysed AA 5083-H111 alloy is composed of an Al-rich solid solution, alpha-Al,
dark Mg2Si particles, large bright iron-rich Al6(Fe, Mn) particles, and smaller, plate-like
Mn-rich Al6(Fe, Mn) particles. The microstructures in both the longitudinal/rolling
(RD) and transversal (TD) directions were found to be very similar. However, the
dimensions of the Fe-rich Al6(Fe, Mn) particles were longer in the longitudinal/rolling
direction.

• The mechanical properties (yield stress, ultimate tensile strength, elongation at frac-
ture) were quite similar for both specimens. However, the specimens manufactured in
the longitudinal/rolling direction demonstrated slightly better properties (except for
Young’s modulus, E) if compared to the specimens manufactured perpendicular to the
rolling direction (transverse direction).

• The experimental results have shown that the S–N curves of the analysed Al-alloy
consist of two linear curves with different slopes, which intersect at the knee point Nk.
The corresponding amplitude stress at the knee point, σa,k, was found to be almost
the same for both specimen layouts, while the number of cycles at the knee point,
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Nk, was found to be higher for the specimens oriented longitudinally to the rolling
direction. The difference can be caused by large, in the rolling direction elongated
Al6(Mn, Fe) particles, which cause higher stress concentrations when tested in the
TD. Furthermore, the main part of the larger particles has a cuboidal shape, with a
larger axis approximately parallel to the rolling direction. Thus, in the RD orientation,
the larger axis of particles lay in the direction of the load and in the TD orientation
perpendicular to the load. It could be expected that at TD orientation, higher stress
concentrations occurred at the particle–matrix interface and that this leads to slightly
worse fatigue resistance in the TD direction.

• The micrography of the fractured surfaces of the fatigue specimens has shown that
the fracture characteristics are similar for both specimen orientations (longitudinal or
transversal). The fracture surface has a typical appearance for the ductile material,
characterised by striations during propagation of the fatigue crack and final ductile
fracture. The distance between striations increased from the crack beginning (less than
0.5 micrometres) to the crack end (more than 3 micrometres).

• In the proposed research work, we analysed only two specimen orientations: (i) in
the rolling direction and (ii) transverse to the rolling direction. The third specimen
orientation (45◦ in regard to the rolling direction) could be investigated in our further
research work. Furthermore, further research work should consider the higher number
of experiments, especially in the long-life fatigue area (more than 107 loading cycles).
In this case, a comprehensive statistical evaluation could be performed to obtain more
qualitative results regarding the fatigue behaviour of the analysed aluminium alloy.
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31. Nečemer, B.; Kramberger, J.; Vuherer, T.; Glodež, S. Fatigue Crack Initiation and Propagation in Re-Entrant Auxetic Cellular
Structures. Int. J. Fatigue 2019, 126, 241–247. [CrossRef]
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Abstract: Road transport plays an important role in the transport of goods and people and is
important for the national economy. Damage usually excludes the means of transport from operation,
which causes disruption of supply chains. One such damage is the failure of the suspension system of
the vehicle or trailer, which usually occurs when the vehicle is heavily loaded. Such a defective system
has been analyzed in this publication. Mathematical apparatus and finite element method (FEM)
numerical simulations were used. A dangerous axle cross-section in terms of load was indicated and
the maximum stresses in this area were calculated for two types of roads. On highways, the stress at
the critical point was 199 MPa, and on uneven roads it increased to 304 MPa, which is comparable to
the yield point. It was found that the second form of vibration may cause stresses in the damage area,
but the excitation frequency would have to be quite high. The probability of such a load and failure
event occurring is low under operating conditions.

Keywords: failure analysis; FEM analysis; fracture mechanics; macroscopic research; semi-trailers

1. Introduction

Trucks with semi-trailers are the main means of transporting goods by road all over
the world. Transport companies have one economic goal—to transport as many goods
as possible with the least number of journeys and at the lowest possible cost. In order to
meet these expectations, these vehicles must be characterized by high quality construction,
durability and reliability. In addition to the construction, suspension, drive and safety
systems play an important role. In turn, the reliable operation of these systems has a direct
impact on road safety [1–10]. On the other hand, the safety issues related to the transport
of chemical products in road transport are presented in [11–13]. The durability of vehicle
suspension components refers to the duration of the onset of fatigue, defined as the number
of cycles to a specific length of component failure under cyclic loads [6,14,15]. Therefore,
the axles of trailers and semi-trailers are one of the main and most important elements
that carry the greatest loads during the transport of goods. The axles of semi-trailers are
a structural element that withstands both the full weight of the semi-trailer and the load,
as well as the reactions of the road surface. Proper construction of the vehicle and its
performance in accordance with the requirements of the vehicle approval are key factors in
ensuring the durability and reliability of the semi-trailer. Even if these requirements are
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met, there are cases where the vehicle is no longer used due to structural damage. Due
to the measurable costs of decommissioning the vehicle and the threat to traffic safety,
each case of damage should be investigated. This is the only way to identify the causes of
damage and reduce transport costs.

Potential damage, whatever its cause, is modeled and estimated in modeling. The
finite element method (FEM), sometimes referred to as finite element analysis (FEA), is
widely used in the literature [16–21] to achieve essentially two purposes. One of the aims
of this study is to analyze the stresses of the current semi-trailer design or to optimize its
design. The other concerns the identification and verification of possible causes of injury.
FEM is a computational technique used to obtain approximate solutions to limit value
problems in engineering. In other words, a boundary value problem is a mathematical
problem where one or more dependent variables must satisfy a differential equation in
a known domain of independent variables and satisfy the specific boundary conditions
of the domain. Simply put, a model of the object under study is created, it is divided
into finite elements, the forces acting on the object are evaluated and the displacements,
stresses, reactions and deformations of the elements are calculated. When performing
FEM strength calculations, the main task is to calculate the load forces and torques and to
model the road conditions so that the numerically modeled conditions reflect the real road
conditions [17,22–25].

During operation, any trailer is subjected to loads that cause stresses, vibrations and
noise in various parts of its structure. In order to withstand these loads, the strength,
stiffness and fatigue properties of the respective components are required. In addition, the
quality of the trailer as a system, which includes energy efficiency, safety and consumer
comfort, is highly desirable [23].

Virtually every trailer and semi-trailer has a built-in data collection “black box”. These
data are very important in the event of a truck accident. A black box is a general term
that can refer to several different elements of computerized systems typically installed
in a commercial motor vehicle. In the specific case under analysis, the semi-trailer has
an operational data logger integrated in the TEBS modulator, called ODR-Tracker. The
ODR-Tracker program records the conditions under which the trailer was operated. These
data are used to analyze the use of the vehicle and to evaluate the towing vehicle. During
the analysis, it is possible to see the total mileage of the semi-trailer, the number of trips, the
working hours of the driver, and so on. Importantly, this program records the average and
maximum or exceeded driving speed of the semi-trailer, the air pressure, the frequency of
the brake pedal, the braking time and force, the number of actuations of the ABS system and
many other parameters [26]. Due to these advantages, the data obtained from this software
are often the basis for assessing the efficiency of vehicle use (usually published) and real
values of units and part load (most often unpublished). The last mentioned parameter is
crucial if it is necessary to recreate the actual operating conditions under which the vehicle
components have been damaged.

Very often the literature sources are limited to the analysis of FEM, but no less impor-
tant is the real analysis of the axis design. When designing and manufacturing semi-trailer
axles and other fasteners, it is very important to choose the right design solution. It is also
important to choose the right materials from which the structure will be made. Properly de-
signed constructions do not require technological adjustments and are durable. However, in
the event of repeated axle fractures of semi-trailers, it is necessary to analyze the structural
components, cross-sections and assess the reliability of the overall system [14,24,27,28].

The subject of the research presented in this paper was a damaged axle of a truck
semi-trailer. The need to conduct the test arose from the fact that the transport company
had several vehicles of the same type, all intensively used, and it was not the first case
of damage of this character. Due to the fact that access to the ODR-Tracker data was
obtained for the tested case of axle damage, it was decided to use them for analytical
calculations and simulations. Thus, not only the geometry of the elements might be
mapped, but also the values of the actual load. At the same time, the need to rely solely on
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nominal data was avoided, which distinguishes the approach presented here from those
previously published.

2. Materials and Methods

The object of the research presented in this paper was the axle of a semi-trailer damaged
during the operation of the vehicle. The damage to its material occurred in an unusual
place. This did not happen near the wheel of the vehicle, where the greatest stresses due to
road input seem to occur, but at the rocker arm, towards the centre of the vehicle. Therefore,
it was decided to look for structural, technological, operational and dynamic factors that
could explain the damage in this particular place.

The analysis of the structure and possible defects in the technology of making the
elements according to the state after the damage was carried out using macroscopic metal-
lography methods. The vehicle load and traction conditions were checked on the basis of
recorded data on the courses of transport. Simulations of the axis dynamics were performed
using FEM and based on analytical calculations. All test results complement each other
and allow us to confirm or exclude possible causes of cracks.

As the damage to the axle assembly occurred in an unusual place, we decided to start
the analysis by checking the frequency and form of natural vibrations. Although the mere
occurrence of vibrations does not have to be the cause of damage in the joint, the fatigue
strength of the materials is lower than the static one and the number of cycles that can be
transferred is always limited.

2.1. Finite Element Method Simulations

Numerical simulations were carried out to check the location of potential stress con-
centration points. The model described in publication [29] was used for the simulation
(Figure 1). The axis model (tube) contains 10,120 elements (20,424 nodes) type C3D4R
with reduced integration. The mesh elements of the tube were intentionally denser in the
area of their interaction with both bushing parts. A similar number of elements (9528)
and nodes (15,052) consist of two bushings. For both parts, the mesh of C3D4R elements
had been refined at the area of contact with the welds. Welds (for tying bushings and
tube) were meshed with C3D4 elements (at least 10,785). The wishbones were modelled
as a rigid body (not shown in Figure 1) between points (LeftHinge and RightHinge) and
appropriate bushing.

Due to the complex system of interactions (tie, coupling, rigid body) between the
geometry elements, the modelled parts were divided into partitions. The largest number
of partitions, 16, were separated in the axis part. The quality of the mesh of all parts was
checked in terms of the occurrence of geometrical errors, the time of a stable time increment
and the consistency of the simulation results with the analytically calculated values.

The stiffness of the linear spring elements installed between axle (RP-3, RP-4) and
left and right longerons was taken equal to 4.5 kN/mm. Shock absorbers with a damping
coefficient of 10 N s/mm each were included between the same nodes like springs. The
model omitted the stiffness and damping of wheels with tires. The wheel weight of 120 kg
was simulated as hooked at the axle ends in points RP-1 and RP-2. Additionally, points RP-5
and RP-6 were assigned a mass of 25 kg each, which resulted from taking into account this
part of the mass of the spring, the shock absorber and the wishbone, which are displaced
together with the solid elements visible in Figure 1. The quality of the mesh of all parts was
verified in terms of the occurrence of geometrical errors, the stable time increment and the
consistency of the simulation results with the analytically calculated values. Simulations
were performed using the Abaqus Explicit software.

The numerical model prepared in the described way was used to analyze the stress
distribution in the axle material. The location of the zone of greatest stresses and their
values were analyzed in terms of the possibility of damage observed on the real object.
Additionally, the model was used to check the mode and frequency of the natural vibrations
of the axis. This analysis was used to verify the values taken for the simulation and to
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check whether the generation of vibrations was related to the load on the axle material in
the area of cooperation with the sleeve, where the origin of fracture usually takes place.

Figure 1. Assembly of the axle with constraint points on longerons and hinges: 1—axis; 2,
3—bushings; 4, 5—angle welds. RightLongeron, LeftLongeron, RightHinge and LeftHinge points
have a rotational degree of freedom round the Y axis only. Between points RightHinge and RP-4, as
well as RP-6, is rigid body type connection to the wishbone and a similar part is in model at the left
side. Vehicle front at right.

2.2. Semi-Trailer ODR-Tracker Data Analysis

Trip data is recorded in the ODR-Tracker in the TEBS modulator of the semi-trailer
and stores the last 200 trip data. Recording starts when the distance traveled is at least 5
km and the vehicle speed is at least 30 km/h.

According to the Register of Legislation, speed limiters for freight transport with a
gross vehicle weight of more than 12 Mg must be set at a maximum speed of 85 km/h.

In Figure 2, we can see that the maximum speed was exceeded during almost every
trip, with a speed of 90–110 km/h. In the load chart, we see journeys when the semi-trailer
was running unloaded or with a small load and journeys when the semi-trailer was fully
loaded. Comparing the speed and semi-trailer load diagrams, we see that the speeds were
exceeded even when the semi-trailer was fully loaded.

Figure 2. Cont.
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Figure 2. Characteristics of transportation parameters: speed (a), load (b), distance and time (c).

In the event of road irregularities or potholes, a fully loaded semi-trailer is more likely
to break under chassis components or components at maximum or close speeds.

We observe that all the numerical values in red are the limits of the set parameters
(Table 1). Data in the table are ordered in max speed. In 35% of all trips, we see speeding
and exceeding the maximum load on the axle. These are factors that can affect the critical
deformations of the axles.

Table 1. Vehicle parameters registered during full-loaded transport.

Distance, km
Driving Time,

h
Max Speed,

km/h

Pressure,
MPa

Break

Max Load, Mg
Actuations, -

Frequency,
1/km

10.9 00:12 78 0.285 2 0.18 24.1
10.9 00:11 85 0.410 2 0.18 24.1
49.7 01:10 85 0.200 44 0.89 24.1
16.5 00:20 88 0.225 12 0.73 24.1

234.2 04:00 89 0.195 117 0.50 24.1
116.3 01:51 90 0.185 52 0.45 24.1
68.7 00:56 92 0.270 20 0.29 25.1
34.1 00:37 92 0.155 37 1.09 24.1

116.0 01:47 93 0.205 43 0.37 24.1
137.9 02:41 93 0.165 83 0.60 24.1
274.3 03:41 94 0.175 76 0.28 24.6
197.0 02:45 95 0.240 59 0.30 25.6
132.9 01:19 97 0.210 14 0.11 24.1
262.3 03:59 97 0.180 180 0.69 24.6
70.5 00:53 98 0.185 22 0.31 24.1
17.9 00:17 99 0.190 12 0.67 24.1

109.7 01:33 101 0.215 45 0.41 24.1
179.0 02:35 101 0.195 85 0.47 24.1
258.1 03:08 101 0.185 94 0.36 24.1

A jump in air pressure gauges has been recorded. Such significant changes in the
parameters of the air system (2 times higher than the permissible ones) are possible only in
the presence of strong, short-term effects of external factors, such as the wheel entering a
sufficiently deep pit or entering an obstacle [21,30]. We can conclude that there were such
externalities [24].
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2.3. Analytical Calculations of an Axle Load

Analytical calculations were carried out for the middle part of the connection of the
axle with the sleeve, in the place where the cross-section is the smallest. The geometric
moments of inertia of the cross-section, axials and polar were determined. The axle load
was assumed on the basis of data published in the literature. The location of the most
loaded cross-section and the values of normal and shear stresses were determined. The
calculations were carried out when driving on a good quality road and on a bumpy road.

3. Results and Discussion

3.1. Effects of Numerical Simulations

Mode 1 and 2 take place in a vertical plane (Figure 3). The first mode of vibration
has the character of uniform deflection of the complete axis. In addition to the mass of the
axle, the frequency of the vibrations is therefore affected by the stiffness of the suspension
spring elements. At an excitation frequency of 24 Hz, with a deflection of less than 2 mm,
the entire axis vibrates in the vertical direction. The figure shows the same deflection of
the suspension springs for mode 1. For this reason, this mode of vibration cannot generate
stresses in the material. The vibration period in this case is about 41 ms. Therefore, if
the vehicle was moving at a speed of 90 km/h (a value close to the maximum speed in
Figure 1), this mode of vibration would occur when the wheel passes over bumps on the
road spaced approximately every 1 m.

Figure 3. Modes of natural vibrations of the axle. Modes 1 and 2—view from the back side, modes 3
and 4—top view. Deformation scale factor 130.

The second mode of vibration also depends on the stiffness of the elastic elements of
the suspension. Unlike the first form, this one involves the generation of stresses in the
material, because the right and left sides of the axis deform in opposite directions—up
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and down. The greatest deflection, about 2 mm, should be expected at the end of the axle,
where the wheels are mounted. This mode of vibration can occur at an excitation frequency
of about 56 Hz, which is more than twice the first one. The greatest stresses should be
generated in the area of the smallest deflection, i.e., about half the length of the axle, as well
as from the outside, where the axle and bushing are connected by a weld cooperate. It may
be concluded that vibrations of this type will not have a significant impact on the fatigue
load of the central part of the axle, where good quality protective coating was observed. A
greater risk may occur in the area of axle and bushing contact. Due to the impact of sand,
stones and water thrown by the wheels, the protective coating is subject to faster wear there
(see Figure 4). In addition, the mutual cooperation of the two parts that make up the axle
may cause abrasion of the paint coating even in places invisible from the outside.

For the second form of vibration to occur, the excitation existing on the road should be
approximately every 443 mm, if the vehicle is moving at a speed of 90 km/h. This distance
is shorter than the dynamic radius of the wheel (about 497 mm), so in addition to the elastic
characteristics of the suspension, the stiffness of the tires would be important here; this was
neglected in the simulation.

The first form of vibration is the most likely, i.e., it can most often occur when the
vehicle is moving at a speed of 90 km/h.

Mode 3 and mode 4 (Figure 3) are only in a horizontal plane. In this case, the maximum
axle deflection of 2.16 mm occurs only on the outside of the wishbones. The excitation
frequency necessary to induce these vibration modes is about 149 Hz, which is almost
3 times higher than for mode 2. The occurrence of such an excitation frequency is unlikely
under operating conditions. The difference in the natural frequency for modes 3 and 4 does
not exceed 0.32 Hz, which is less than 3%.

None of the four modes of vibration described can be caused by forces from rotating
suspension components. In a vehicle traveling at a speed of 90 km/h, a wheel with a
dynamic radius of 497 mm rotates without slipping at a frequency of less than 6 Hz. So, it
is much lower than the frequency 24 Hz calculated for mode 1.

3.2. Axle Construction Analysis

The test object consists of round profile axle, couplings with welded brackets, shock
absorbers, airbags, rubber bushings, wheel hubs with disc brake system and other fasteners.
Mounting points for brackets and axle couplings are shown in Figure 4.

Figure 4. Mounting points for brackets and couplings: 1—axis; 2, 3—bushings; 4, 5—welds; 6—arm.
The fracture origin area is pointed out by yellow arrows.
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The brackets are connected to the shaft with sleeve joints with no thermal effect and are
welded in four places. In the coupling joint, two technological holes of different geometries
are cut from opposite sides. In those places, the couplings are welded to the shaft (Figure 5).
From the results, we can see that the geometry of the shaft and the coupling changes are
due to the welding process (there is a gap between the shaft and the coupling) (Figure 6).

Figure 5. Two sides of the same cross-section at welds of the axis unit: (a)—broken side; (b)—unbr-
oken side. The numerals mean: 1—axis; 2—bushing; 4, 5—angle welds; 6—arm.

Figure 6. Cross-section of angle welds: 1—axis; 2—bushing; 4, 5—angle welds; 6—arm.

Examining the fastening of the brackets and couplings (Figure 4) we see that the total
area of contact of the coupling with the axis is 84,811 mm2. The area of the welds on which
the sleeve joint with the shaft is reinforced is 8628 mm2. During the destructive studies and
the examination of the fracture (Figure 5), we notice that the contact area has changed due
to welding. The coupling is detached from the axis and we can say that the axis is “held”
only by the welds, which make up only 10% of the total contact area in the project [31–33].

We see that there is a gap between the shaft and the coupling connection, in places
up to 1.5 mm (Figure 5a). To make sure that this is not the result of a fracture, but a
construction, we also cut the part of the shaft without the fracture. In Figure 5b), we see that
there is also a gap in the cross-section of the fractured side of the shaft between the shaft
and the coupling joint. This confirms the assumption that the gap is not a consequence of a
fracture [34].
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The measurement of the welded joints shall assess the conformity of the joints, their
arrangement and the amounts of defects observed during the visual inspection: inclusions,
accumulations, cuts, indentations, convexities or depressions in the seam surface, fractures
of the seam surface size and deviations in geometrical parameters.

Seam defects and damage are identified according to [35,36] of the literature.
The integrity of the weld seam was inspected and no cracks were observed. After

the section of the axle at the welded joints (Figure 6), the cross-sections of the welds
were inspected. Defects observed: 402—Non-weld (insufficient weld), 500—Shape de-
fects (irregular geometry of the weld, imperfect shape of the outer surface of the weld,
different geometries of the cross-sectional area, cross-sectional areas of the weld vary
from 6 to 20%), 505—Insufficient weld edges, 509—Depression (formed by gravity; the
amount of the weld metal on the axle metal is higher than on the coupling metal; signifi-
cantly greater thermal impact area), large angular seam asymmetry (excessive structural
unevenness), 513—Uneven width (large seam width tolerances), 514—Uneven surface,
602—Splashes (added metal droplets spattered by welding and adhering to the base and
hardened seam metal).

For welded joints, the area of thermal exposure close to the weld limit is of great
importance. The range of thermal effects of the test seam is very different: from 1 mm to
3.5 mm. The metal heats the seam almost to the melting point. At that point, the metal is
overheated, so this area usually determines the strength of the welded joint.

It can be seen that there is a significant difference in the load on the axle material
depending on whether the considered point is located on the outside of the wishbone
(between the wishbone and the wheel hub journal) or in the place between the wishbones.
During driving and acceleration, if friction in rolling bearings is omitted, no torsional
stresses are generated in this section of the axle which is closer to the wheel. The torsional
load of this part of the axle occurs only during braking. Apart from that, bending stresses
prevail; the source of which is the weight on one side of the axle (normally half of the whole
axle load), and geometric extortions caused by unevenness in the road [37,38]. In the middle
part of the axle, between the wishbones, bending and torsion loads occur simultaneously. In
addition, this load is greater than the difference in the deflection (rotation) of the wishbones
of the same axle.

In the case of analytical calculations, which are shown below, all mentioned load types
are included.

3.3. Analytical Calculations
3.3.1. The Moments of Inertia of the Cross-Section

The geometry of the cross-section is calculated as a complex figure consisting of an
annular tube with two external brackets (Figure 7). Additional areas in the cross-section of
the welds and corbels (Figure 5) are unvalued. The moments of inertia of the cross-section of
the axle are determined as a sum of the central annular tube and the two external brackets.

Figure 7. Axis cross-section geometry for solution of moments of inertia.
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The shaft is deformed by two bending moments and torque and so, two moments of
inertia and a polar moment of inertia are determined.

The polar moment of inertia in general cases [39] is:

Ip =
�

A
ρ2dA =

�
A

ρ2ρ dϕdρ (1)

Due to symmetry, only half of the area is used as a domain of integration (Figure 8) for
a solution of the polar moment of inertia.

Figure 8. Domain of integration.

Using integration Formula (1) for a defined domain (Figure 8) from vertical axis v:

Ip =
∫ ϕ1

0
dϕ
∫ rv

ri

ρ3 dρ +
∫ ϕ2

ϕ1

dϕ
∫ re

ri

ρ3 dρ +
∫ π

ϕ2

dϕ
∫ rv

ri

ρ3 dρ , (2)

In cases when (according to Figure 7) values of particular angles and radiuses are equal:

ϕ1 =
30◦

2
= 15◦ ; ϕ2 = 180◦ − 70◦

2
= 145◦, (3)

ri =
146 mm − 2 ∗ 9 mm

2
= 64 mm ; rv =

146 mm
2

= 73 mm ; rv =
164 mm

2
= 82 mm , (4)

The polar moment of inertia Ip is equal 37.3·106 mm4.
The area of the cross-section and moments of inertia around the x and y axes (Figure 9)

are solved and checked with CAD program.
The geometrical parameters of cross-section: area A = 7030 mm4; moments of inertia:

Ix = 15.6·106 mm4; Iy = 21.7·106 mm4.
The real orientation of the cross-section of the axle is rotated with an angle of 74 degrees

(Figure 10).
The moments of inertia around the horizontal and vertical axis: Ix1 = 21.2·106 mm4;

Iy1 = 16.2·106 mm4. The polar moment of inertia and section modules will be used to
determine maximal stresses in the cross-section and the finding of critical points.

3.3.2. Analytical Normal and Shear Stresses in Dangerous Zone of Cross-Section

Bending and torsion are described in [40,41] and the internal forces of the axle are
taken from [42] and will be used in this chapter. The investigation quarter of the cross-
section is in left and down with both positive stresses due to bending moments (Figure 11).
In this quarter exists welding of internal and external tubes; consequently, welding is a
stress concentrator factor. It follows that critical point A with maximal stresses is in the
dangerous zone of weld or near this zone.
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Figure 9. Area for determine moments of inertia.

Figure 10. Area to determine moments of inertia with rotation.

Figure 11. Sum moments and load line direction.

195



Materials 2023, 16, 3399

Two types of heavy loadings of axle are used to determine the stresses in point
A [21,39–41]:

1. Driving of the truck on highways without appreciable path holes (the maximal depth
is 50 mm);

2. Diving of the truck on highways or roads with path holes with a depth of up to
100 mm.

3.3.3. Driving of the Truck on Highways

Internal forces from [29] are:

• Bending moment Mx = 31.1 kNm;
• Bending moment My = 27.3 kNm;
• Torque T = 9.0 kNm.

Both bending moments can be replaced with resultant vector sum M (Figure 11). This
sum moment is acting on a plane which is termed as a load plane. The intersection of the
load plane with the cross-sectional plane is the load line.

The direction of the load line is described by angle ϕ:

ϕ = atan
(

Mx

My

)
= atan

(
31.1 kNm
27.3 kNm

)
= 0.85 rad = 48.7

◦
(5)

Points A and B are on the plane where sum moment M acting and normal stresses
are extreme. From previous investigations [39], the position of the dangerous quarter has
been found in the cross-section—front and down quarter. As a result, the normal stresses
in point A are determined:

σA =
Mx

Ix1
·yA +

My

Iy1
·xA, (6)

where, yA and xA are coordinates of the point A in Figure 11.
The real values of coordinates are:

xA = re·cosϕ = 82·cos48.7
◦
= 54.1 mm

yA = re·sinϕ = 82·sin48.7
◦
= 61.6 mm

The normal stress in point A due to bending moments acting about the horizontal and
vertical axes is:

σA =
31.1·106 Nmm

21.2·10−6 Nmm
·61.6 mm +

27.3·106 Nmm
16.2·10−6 Nmm

·54.1 mm = 161 MPa (7)

Shearing stresses in point A:

τA =
T
Ip
·ρA =

9.00·106 Nmm
37.3·106 mm4 ·82 mm = 19.8 MPa (8)

Compound influence of bending and torsion is calculated below:

σd,A =
√

σ2
A + 3·τ2

A =
√

1612 MPa + 3·19.82 MPa = 165 MPa (9)

The value of stress when the truck drives on highways proves that the construction is
enough strong. The dominant type of stress here is normal and its value is less than 30 % of
the yield strength (581 MPa) for axis material.

3.3.4. Driving of the Truck on Roads with Roughness

For analyzing the case of driving of the track on pavement roads, values of loading
forces of the axle was taken from publication [29]. They are:
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• Axial force caused, e.g., by truck turning N = 44.1 kN;
• Bending moment which is generated by the force acting between the tire and the road

surface Mx = 53.3 kNm and My = 27.3 kNm;
• The torque of the axle which is a sum of the braking force acting at the dynamic radius

of the tire T = 12.4 kNm.

The load line changed direction due to increasing the bending moment about the x
axis (Figure 12). The angle of the moment vector was calculated according to the equation:

ϕ = atan
(

Mx

My

)
= atan

(
53.3 kNm
27.3 kNm

)
= 1.098 rad = 62.9

◦
(10)

Figure 12. Load line direction and rotation of coordination system.

The normal stresses have additional influence due to the axial force increasing due to
bending moments and expressed as follows:

σC =
N
A

+
Mx

Ix
·yC +

My

Iy
·xC (11)

The real values of coordinates are:

xC = re·cosϕ = 82·cos62.9
◦
= 37.4 mm

yC = re·sinϕ = 82·sin62.9
◦
= 73.0 mm

With values:

σC =
44.1·103 N
7030 mm2 +

53.3·106 Nmm
21.2·106 mm4 ·73 mm +

27.3·106 Nmm
16.2·106 mm4 ·37.4 mm = 253 MPa (12)

Shearing stresses with road roughness influence:

τC =
T
Ip
·re =

12.4·109 Nmm
37.3·106 mm4 ·82 mm = 4.05 MPa (13)

Compound determining stress in weld region:

σd,C =
√

σ2
C + 3·τ2

C =
√

2532 + 3·4.052 = 253 MPa (14)
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Advancing load strength determined by the dynamics coefficient 1.2 [35,42–44].
On highways, the maximal stress in a dangerous zone will increase due to a stress

concentrator: from σd,A = 161·1.2 = 193 MPa, until σd,A = 165·1.2 = 198 MPa.
During driving on low quality roads, the actual stresses in the axle increase to:

σd,C = 253·1.2 = 304 MPa.
Between points A and C, there is a dangerous region of cross-sections with extreme

possible stresses. This region has a stable position in plane due to bending moments. When
the wheel meets roughness in the road, due to the rotating of the cross-section counter
clockwise, the weld between the external and internal tubes with the entire section also
rotates to a dangerous zone (Figure 12).

Another stress concentrator factor is weld in the cross-section. Since the position of
the weld seam is different, such as critical points with extreme stresses in the load line, the
stresses in the weld cross-sectional area will be analyzed in the next paper.

3.3.5. Fatigue of Coupling Node

In order to specify a strength for axle under repetitive loading, it is necessary to
determine fatigue limit σ−1 for steel of axle. It could be performed experimentally and
theoretically. Endurance experiments are expensive and need special laboratory equipment.

In theory [36], fatigue limit σ−1 for the symmetrical cycle described as function
on ultimate tensile stress σu. For tension, this function is σ−1 = 0.28·σu, for bending
σ−1 = 0.40·σu, respectively, for torsion τ−1 = 0.22·σu. Stresses of axle vary according
to non-symmetrical function, depend on road roughness and could be similar due to
distribution in Figure 12.

Is it known that non symmetrical cycle loading has a lesser endurance limit [45]. It
is enough to know that for those analyses, that in bending and torsion fatigue limit is
maximum 50% of ultimate limit. From previous investigations [29,42], it is known that
ultimate tensile stress is 663 MPa, so a theoretical maximal fatigue limit of steel will not
exceed 332 MPa; accordingly, this limit will be decreased in reality. If the value of stresses
generated in the material of the vehicle axle (304 MPa) increased by about 9%, they would
reach the calculated tensile stress limit at fatigue load.

It can be seen that the second term of the sum in Equation (12) has the greatest influence
on the stress value. With unchanged values of other parameters, a 20-degree left rotation of
the system shown in Figure 12 could cause such an increase in stresses that they would
reach the fatigue stress limit. The same effect could be caused by changing the direction of
action of the unchanged value of the total moment M by about 20 degrees to the right. In
this case, the angle would not be 62.8 but 42.8 degrees.

It is worth paying attention to an additional aspect, structural or technological. It was
shown that the elements of the tested axle did not touch each other over the maximum
surface area. This means that the entire cross-section could not be active in the load transfer.
When driving on a poor quality road in this case, damage may occur in the observed
place. In the literature [5], one can find an example of simulating a similar system of
the whole vehicle in which the authors indicate the same area as having a critically low
fatigue strength.

4. Conclusions

1. From analyzing the ODR-Tracker data, it was found that 35% of all trips were speeding
and exceeding the maximum axle load.

2. In destructive studies, it was observed that the contact area between the two elements
changed due to welding. The coupling is in contact with the shaft only at the points
where the welds are located, which is only 10% of the total contact area of the joint.

3. The measurement of welded joints shall assess the conformity of the joints, their
arrangement and the amounts of defects observed during the visual inspection: in-
clusions, accumulations, cuts, indentations, convexities or depressions in the seam
surface, fractures of the seam surface size and deviations in geometrical parameters.
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4. After the section of the axle at the welded joints, the cross-sections of the welds were
inspected. Defects observed: non-weld, shape defects, insufficient weld edges, de-
pression, large angular seam asymmetry, uneven width, uneven surface and splashes.

5. Maximal analytical stresses were calculated in the dangerous region for two types
of driving. On highways stresses in coupling, the node critical point increase until
198 MPa, on roads with roughness—304 MPa. Overload by 9% would cause a fatigue
limit of steel.

6. The extreme stresses occur in the defined dangerous region of the cross-section and
in rotating the cross-section, the weld is closer to this region with increasing value
of stresses.

7. It is shown, that in the dangerous quarter of the cross-section exists weld and the
weld position does not coincide with the load line. Due to welding, additional stress
concentration in the weld region appears and results from this investigation will be
used for weld structure analyses.

8. The first vibration mode takes place at the excitation frequency of 24 Hz and can
most often occur when the vehicle is moving at a speed of 90 km/h. However, the
deformation of the system for this mode is such that it does not generate stresses in
the material. The deformation of the axis in the hazardous area, where the damage
was observed, may occur as a result of natural vibrations of the second mode. The
excitation frequency in this case would have to be 56 Hz, which is less likely under
operating conditions.
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Abstract: Quasicrystals (QCs) are representatives of a novel kind of material exhibiting a large
number of remarkable specific properties. However, QCs are usually brittle, and crack propagation
inevitably occurs in such materials. Therefore, it is of great significance to study the crack growth
behaviors in QCs. In this work, the crack propagation of two-dimensional (2D) decagonal QCs is
investigated by a fracture phase field method. In this method, a phase field variable is introduced
to evaluate the damage of QCs near the crack. Thus, the crack topology is described by the phase
field variable and its gradient. In this manner, it is unnecessary to track the crack tip, and therefore
remeshing is avoided during the crack propagation. In the numerical examples, the crack propagation
paths of 2D QCs are simulated by the proposed method, and the effects of the phason field on the
crack growth behaviors of QCs are studied in detail. Furthermore, the interaction of the double cracks
in QCs is also discussed.

Keywords: phase field model; decagonal quasicrystal; crack propagation; brittle fracture; mixed
mode crack; finite element method

1. Introduction

Quasicrystals (QCs) are a new kind of material with perfect long-range order but no
periodicity. Due to their unique atomic structures, QCs exhibit many excellent physical
properties, such as high hardness, a low friction coefficient, and high resistance. Therefore,
QCs are very promising materials for potential applications in corrosion-resistant coatings,
hydrogen storage, photovoltaic solar cells, etc. [1]. However, QCs are usually brittle, and
consequently, cracks, holes, and other defects will inevitably occur during daily use. If the
crack propagates, the QC will fail, which may lead to a catastrophic accident. Therefore,
the fracture analysis of QCs is of great importance, and it is very necessary to investigate
crack propagation behaviors in cracked QCs.

Plenty of research work has been carried out on the fracture problems of QCs. Li et al. [2]
extended the classical linear elasticity fracture mechanics to investigate a decagonal QC
with a Griffith crack. The results indicated the phonon and phason stresses at the crack
tip exhibit the well-known square root singularity, and the strain energy release rate was
obtained. Zhou and Fan [3] developed the plane elasticity theory of two-dimensional
(2D) octagonal QCs and obtained the exact analytic solution of a Mode I Griffith crack.
Guo and Fan [4] studied the fracture problem of a Mode II Griffith crack in decagonal
quasicrystals and obtained the corresponding stress intensity factors and strain energy
release rate. Shen and Fan [5] calculated the stress intensity factors for an infinitely long
strip of finite height containing two straight, semi-infinite collinear cracks. Li and Fan [6]
obtained exact solutions for two semi-infinite collinear cracks in a strip of 1D hexagonal
QCs. After that, they [7] further obtained an analytic solution for the elliptic notch problem
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of the material in icosahedral QCs by using the complex variable method. The solution
can be reduced to that of a Griffith crack problem. Fan et al. [8] presented linear, nonlinear,
and dynamic fracture problems for different QCs. Li and Liu [9] obtained closed-form
expressions for the elastic displacement and stress fields induced by a dislocation in
icosahedral QCs. Sladek et al. [10] developed a meshless method based on the local Petrov-
Galerkin approach for fracture analysis of decagonal QCs; both static and transient dynamic
boundary value problems were considered. After that, they [11] present path-independent
integrals for accurate evaluation of energy release and stress intensity factors in decagonal
QCs. Wang et al. [12] obtained the phonon-phason coupling field in the half-space, which
can be expressed in terms of elementary functions. These solutions could have applications
in 3D contact and crack problems in QCs. Li et al. [13,14] derived solutions for elliptical
crack and planar crack problems in 2D hexagonal QCs. Li and Shi [15] employed the
method of potential function theory to solve plane defect problems originating from two-
dimensional decagonal QCs. Zhao et al. [16] derived the fundamental solutions for interface
cracks in 1D hexagonal QC coatings under in-plane loads.

For crack propagation in QCs, some investigations have been conducted based on
the atomistic model [17–29]. However, it is inconvenient to apply atomistic simulation
to engineering. Therefore, Wang and Ricoeur [30] adopted the finite element method
(FEM) to simulate the crack growth in 1D QCs and predicted the crack pattern for different
boundary conditions. Fan et al. [31–39] investigated crack propagation based on the
elastodynamic/hydrodynamic model.

From the above literature review, it is found that increasing attention has been paid to
the fracture of QCs. However, most of them were concentrated on the derivation of exact
solutions and determination of fracture parameters of cracked QCs, and the investigations
on crack propagation were mainly based on the atomistic model [17–29]. The work on
crack growth in QCs based on continuum mechanics is still insufficient. Additionally, in
the traditional FEM, the crack topology is modeled by geometry. The remesh process is
necessary when simulating crack propagation, which has a huge computational cost. In
this paper, a phase field method is introduced to predict the crack propagation path in
QCs. Unlike conventional discrete crack models (such as the FEM), the fracture phased
field method employs diffusive cracks to avoid an explicit representation of kinematic
discontinuities, and therefore the propagating cracks are tracked automatically without
additional ad-hoc criteria in the classical Griffith fracture theory [40,41]. In this method, the
fracture energy and degraded strain energy of QCs are formulated using the phase field
variable. Subsequently, the total potential energy of QCs under the phase field framework
is obtained, and the governing equations for the phase field model are derived by means of
the Francfort-Marigo variational principle. The phase field evolution equation for QCs is
constructed. Finally, the FEM is adopted to solve the phase field governing equations. The
phase field variable and phonon/phason displacement of the entire model can be obtained,
as well as the reaction force and the crack pattern.

This paper is organized as follows: The basic equations of 2D decagonal QCs are
presented in Section 2.1. The phase field model for 2D QCs is formulated in Section 2.2. The
finite element implementation for the phase field model is presented in Section 2.3. Several
numerical examples are presented in Section 3. Conclusions are summarized in Section 4.

2. Phase Field Method for 2D Decagonal QCs

2.1. The Basic Equations

According to the elasticity of 2D decagonal QCs, the basic equations for the plane
problem of QCs in the absence of body force and phason self-action are [42]:⎧⎨⎩

∂σx
∂x +

∂τxy
∂y = 0

∂τyx
∂x +

∂σy
∂y = 0

,

⎧⎨⎩
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∂x +

∂Hxy
∂y = 0

∂Hyx
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∂Hy
∂y = 0

(1)
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where ux and uy are the phonon displacements; wx and wy are the phason displacements;
εx, εy, and γxy are the phonon strains; ωx, ωy, ωxy, and ωyx are the phason strains; σx, σy,
and σxy are the phonon stresses; Hx, Hy, Hxy, and Hyx are the phason stresses; C11, C12, C22,
and C66 are the phonon moduli; K1 and K2 are the phason moduli; and R1 and R2 are the
phonon-phason coupling coefficients.

The strain energy of QCs is:

IIs =
∫

Ω
ψ(ε, ω) dV =

∫
Ω

1
2
εTσ+

1
2
ωTH dV (5)

where σ =
{

σx, σy, σxy
}T and H =

{
Hx, Hy, Hxy, Hyx

}T are the stress vectors;

ε =
{

εx, εy, γxy
}T and ε =

{
ωx, ωy, ωxy, ωyx

}T are the strain vectors; and ψ(ε, ω)
is the strain energy density.

2.2. Phase Field Method

Consider a 1D QC strip with a centered crack, as shown in Figure 1. The fracture
energy is:

IIc =
∫

∂Ωc
Gc dS = Gc Ac (6)

where Gc is the critical energy release rate (CERR); ∂Ωc is the crack surface; and Ac is the
cross-sectional area of the strip.

Figure 1. A QC strip with a centered crack.

In a phase field model, the crack is supposed to be surrounded by a diffusive degraded
zone, and a phase field variable d is introduced to describe the damage in the diffusive
degraded zone:

d = e−
|x|
lc (7)

where lc is an internal length scale that controls the width of the diffusive zone. Here,
it is noted that, when x approaches infinity (±∞), d converges to zero, which indicates
that the material is intact; when x is zero, d equals one, which indicates that the material
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is totally broken and the crack surface is produced. Define a crack’s surface density as
functional [43]:

γ
(
d, d′

)
=

1
2lc

(
d2 + l2

c d′2
)

(8)

The crack topology can then be described by the phase field variable.
Substituting Equation (8) into Equation (6) yields the fracture energy in the phase

field model:
IIc =

∫
Ω

Gcγ
(
d, d′

)
dV (9)

where Ω is the domain of the overall model. As observed in Equation (9), the integral over
the crack path is transformed into the integral over the model. The crack topology is im-
plicitly expressed in the framework of the phase field method. Therefore, it is unnecessary
to track the crack’s path while it is propagating.

Similarly, the 2D crack surface density functional can be defined as:

γ(d, ∇d) =
1

2lc

(
d2 + l2

c |∇d|2
)

(10)

Therefore, the fracture energy of QCs in a plane problem is:

IIc =
∫

Ω
Gcγ(d, ∇d) dV (11)

In the phase field model, the material at the crack is assumed to be softened. Therefore,
a degradation function is introduced to evaluate the damage to the material in the diffusive
degraded zone [43]:

ω(d) = (1 − d)2 + k (12)

where k is a small positive number to ensure the non-singularity of the matrix. It can be
observed that ω(d) satisfies ω(0) = 1 and ω(1) = 0.

The strain energy for QCs is modified as follows:

IIs =
∫

Ω
ω(d)ψ(ε, ω) dV (13)

It should be pointed out that the crack will not propagate if the crack face is under
compression. Therefore, the strain energy density ψ should be decomposed into a tensile
part and a compressed part, and the energy degradation only occurs on the tensile part [43]:

IIs =
∫

Ω
ω(d)ψ+ + ψ− dV (14)

where ψ+ = λ〈ε1 + ε2 + ε3〉2
+/2 + μ

[
〈ε1〉2

+ + 〈ε2〉2
+ + 〈ε3〉2

+

]
and ψ− = ψ − ψ+ are the ten-

sile and compressed strain energy densities, respectively; 〈〉+ is defined as 〈x〉+ = (|x|+ x)/2;
and λ and μ are the Lamé constants.

The potential energy of the overall model contains the strain energy, fracture energy,
and potential energy of the external force:

IIp = IIs + IIc − IIe
=
∫

Ω ω(d)ψ+ + ψ− dV +
∫

Ω Gcγ(d, ∇d) dV
−∫∂Ω uTtu dS − ∫∂Ω wTtw dS

(15)

where u =
{

ux, uy
}T; w =

{
wx, wy

}T; and tu and tw are the external forces in the phonon
and phason fields, respectively.
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The Francfort-Marigo variational principle states that the real displacement u and the
phase field variable d will minimize the potential energy.

δIIp =
∫

∂Ωu
ω(d)σ+

ij niδuj + σ−
ij niδuj dS +

∫
∂Ωw

ω(d)H+
ij niδwj + H−

ij niδwj dS

−∫Ω

∂
[
ω(d)σ+

ij

]
∂xi

δuj +
∂σ−

ij
∂xi

δuj dV − ∫Ω

∂
[
ω(d)H+

ij

]
∂xi

δwj +
∂H−

ij
∂xi

δwj dV∫
Ω ω′(d)ψ+δd dV +

∫
Ω

Gc
lc

dδd dV +
∫

∂Ω Gclc ∂d
∂xi

niδd dS − ∫Ω Gclc ∂2d
∂x2

i
δd dV

−∫∂Ω δujtu
j dS − ∫∂Ω δwjtw

j dS
= 0

(16)

where σ+
ij and H+

ij are the stresses induced by stretch, while σ−
ij and H−

ij are induced by
compression. Equation (16) is valid for arbitrary δui, δwi, and δd. Hence, the governing
equations for the phase field model of QCs are:

∇
[
ω(d)σ+

ij + σ−
ij

]
= 0, Ω (17)

∇
[
ω(d)H+

ij + ∂H−
ij

]
= 0, Ω (18)

(2d − 2)ψ+ +
Gc

lc
d − GclcΔd = 0, Ω (19)[

ω(d)σ+
ij + σ−

ij

]
ni = tu

j , ∂Ω (20)[
ω(d)H+

ij + H−
ij

]
ni = tw

j , ∂Ω (21)

d,ini = 0, ∂Ω (22)

It should be mentioned that crack growth is an irreversible process. Therefore,
Equation (19) should be modified by considering the history of the load [44]:

(2d − 2)H +
Gc

lc
d − GclcΔd = 0 (23)

where H = max
[0, t]

{ψ+} is a history variable that is the maximum strain energy during the

crack propagation. This history variable ensures that the crack face does not close under
compression. Equation (23) is the evolution law of the crack phase field for QCs. Cracks
grow only if this equation is valid.

2.3. Finite Element Implementation

Due to the strong nonlinearity of the governing equations in the phase field model, the
FEM is often adopted to solve the problem. In the FEM, the phonon/phason displacements
and the phase field variable are approximated by the shape functions:

{
ux, uy

}T
=

4

∑
i=1

Nu
i ui (24)

{
wx, wy

}T
=

4

∑
i=1

Nw
i wi (25)

d =
4

∑
i=1

Nidi (26)

where Ni is the shape function; Nu
i = Nw

i = diag(Ni, Ni); and ui, wi, and d are the nodal
phonon and phason displacements and phase field variables, respectively.
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Therefore, the phonon and phason strains and the gradient of the phase field variable
are, respectively: {

εx, εy, γxy
}T

=
4

∑
i=1

Bu
i ui (27)

{
ωx, ωy, ωxy, ωyx

}T
=

4

∑
i=1

Bw
i wi (28)

∇d =
4

∑
i=1

Bd
i di (29)

where Bu
i =

[
∂Ni/∂x ∂Ni/∂y

∂Ni/∂y ∂Ni/∂x

]T

, Bw
i =

[
∂Ni/∂x ∂Ni/∂y

∂Ni/∂y ∂Ni/∂x

]T

,

and Bd
i =

[
∂Ni/∂x ∂Ni/∂y

]T. Substituting Equations (24)–(29) into Equation (15) yields
the residuals:

ra =
∫

∂Ω
NTt dS −

∫
Ω
(1 − d)2BTDQCBa dV = 0 (30)

rd = −
∫

Ω
2(d − 1)Hu

(
Nd
)T

dV −
∫

Ω

Gc

c0

[
2d
lc

(
Nd
)T

+ 2lc
(

Bd
)T∇d

]
dV = 0 (31)

where a =
{

ux1, uy1, . . . , ux4, uy4, wx1, wy1, . . . , wx4, wy4
}T; N =

[
N0 02×8

02×8 N0

]
is the

shape function matrix where N0 =

[
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4

]
; B = LN is

the strain matrix where L =

⎡⎢⎢⎢⎢⎣
∂

∂x 0 ∂
∂y 0 0 0 0

0 ∂
∂y

∂
∂x 0 0 0 0

0 0 0 ∂
∂x 0 ∂

∂y 0
0 0 0 0 ∂

∂y 0 ∂
∂x

⎤⎥⎥⎥⎥⎦
T

; and t =
{

tu
x , tu

y , tw
x , tw

y

}T

is the load vector.
Equations (30) and (31) can be solved by this iteration method:{

an+1
dn+1

}
=

{
an
dn

}
+

[
Kaa

n Kad
n

Kda
n Kdd

n

]−1{
ra

n
rd

n

}
(32)

where Kaa =
∫

Ω ω(d)BTDB dV, Kad =
(

Kda
)T

=
∫

Ω 2(d − 1)BTσN dV,

and Kdd =
∫

Ω

(
2H + Gc

l

)
NdTNddV +

∫
Ω lGcBdTBddV.

Due to the high nonlinearity of Equation (32), there is a convergence problem using
the classic Newton iteration. A highly robust staggered algorithm is usually adopted to
solve Equation (32) [41,44]. In this algorithm, one of the two unknowns (displacement and
phase field variable) is assumed to be unchanged while solving the other unknown during
one iteration, which yields:

an+1 = an + (Kaa
n )−1ra

n (33)

dn+1 = dn +
(

Kdd
n

)−1
rd

n (34)

Finally, the nodal phonon/phason displacements and the phase field variables can be
calculated by Equations (33) and (34), respectively.

3. Numerical Results

In this section, a few numerical examples are presented to illustrate the application of
the phase field method to the fracture of 2D decagonal QCs. The material parameters are
tabulated in Table 1 [45–47].
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Table 1. Material properties of 2D decagonal QCs.

C11 C12 C66 K1 K2 R1 R2

Al-Ni-Co (GPa) 234.30 57.34 88.45 122 24 −1.1 0.1

According to Fan’s work [42], the expression of CERR is:

Gc =
λ(K1 + K2) + 2

(
R2

1 + R2
2
)

8(λ + M)c
K2

IC (35)

where M = (C11 − C12)/2 and c = M(K1 + K2) − 2
(

R2
1 + R2

2
)
. The fracture toughness

of Al-Ni-Co QCs is KIC = 1MPa
√

m. Therefore, the CERR in this paper is selected as
Gc = 5.56 × 10−4 N/mm, according to the material constants in Table 1. Although no
experimental method has been reported to apply a constant phason displacement on the
surface of QCs, some investigations [48,49] reveal that some ways can cause the disorder
of the phason field. Therefore, different phason displacement loads are considered in the
following calculation to investigate the effect of the phason field on the fracture behavior
of QCs.

3.1. The Rectangular QCs with Edge Crack

A rectangular QC model is considered, as shown in Figure 2. The geometry of the
model is width W, height L, and crack length a. The upper edge is constrained to have the
same displacement in phonon and phason fields, and the lower edge is only constrained in
the vertical direction. A concentrated phonon force Pσ is applied to the upper edge. The
angle between Pσ and the horizon is ϕ.

Figure 2. A rectangular QC with an edge crack.

At the current stage, the crack growth of 2D QCs has not been reported in the open
literature. To demonstrate the accuracy of the present method, an elastic material is selected
by degenerating all the material constants in phason field, i.e., K1 = K2 = R1 = R2 = 0.
The geometrical parameters are taken as a = 0.5 mm and W = L = 1 mm. The elastic
material constants come from Ref. [44]. The variation of the vertical concentrated force
Pσ (ϕ = π/2) versus the displacement u is plotted in Figure 3. As observed, the present
results are in excellent agreement with the reference data from Ref. [44]. Furthermore, it
is noted that the peak force Pσ shows an increasing trend as the length scale lc decreases,
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which indicates the crack grows slowly as the length scale declines. In the previous study,
to ensure the high resolution of the crack topology, the minimum size of the element was
required to meet the condition of h < lc/2 [43]. Therefore, in the following calculations, the
length scale is selected as lc = 1 mm, and the element size is selected as h < lc/5.

Figure 3. Variation of the force Pσ versus the displacement u [44].

Subsequently, the effect of the phason field on the crack growth is studied in Figure 2
by considering an initial phason displacement w0 on the upper edge of the model. The
parameters are selected as a = 50 mm and W = L = 100 mm. The variation of the applied
force versus the displacement for different w0 values is illustrated in Figure 4. The results
show that the peak force decreases as the initial phason displacement increases, which
indicates that the initial stretch phason load will undermine the strength of the model. In
addition, as the initial phason load gets larger, the crack grows slower. The crack pattern
with w0 = 6 × 10−4 mm is plotted in Figure 5.

Figure 4. Force-displacement relations for different initial phason loads w0.
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Figure 5. The crack pattern with w0 = 6 × 10−4 mm.

Finally, the QC model subjected to a concentrated shear load at its upper edge is
considered. The variation of the shear phonon force Pσ (ϕ = π) versus the horizontal
displacement at the upper edge is illustrated in Figure 6. Two peak forces were observed,
and they decrease as the initial vertical phason displacement w0 increases. The crack
patterns with different initial phason displacements are shown in Figure 7. Clearly, the
increasing initial phason displacement will lead to a significant crack deflection. Therefore,
it is concluded that the phason load is a key influencing factor for the peak force and crack
patterns under the applied shear loads.

Figure 6. The shear force-displacement relations for different initial tensile phason loads.

   
(a) (b) (c) 

Figure 7. The crack pattern with shear load for different initial phason loads (edge crack):
(a) w0 = 0 mm; (b) w0 = 4 × 10−4 mm; and (c) w0 = 8 × 10−4 mm.
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3.2. The Rectangular QCs with an Internal Crack

In this example, a rectangular QC with an internal crack is considered in Figure 8. The
length of the crack is a, and the angle between the crack and the horizon is θ. The middle
of the crack is centered in the model. The boundary conditions of the QC are the same as
those in Section 3.1. The parameters are selected as a = 25 mm and W = L = 100 mm. The
QC model is subjected to a vertical initial phason displacement w0 at the upper edge.

Figure 8. A rectangular QC with an internal crack.

Firstly, the QC model is subjected to a tensile load in the phonon field (ϕ = π/2). The
peaks of the phonon forces for different angles θ are shown in Figure 9. It can be observed
that the peak force monotonously increases with the increase in θ, while it shows an opposite
trend as the initial phason displacement increases. The force-displacement relation for
different angles θ is shown in Figure 10. Clearly, the slope of the force-displacement curve
increases as the angle θ increases. The crack patterns with different angles are plotted in
Figure 11. As observed, the crack grows along a straight line to the edge of the model when
subjected to a tensile load.

Figure 9. The peak phonon forces for different angles θ (edge crack).

212



Materials 2023, 16, 3628

Figure 10. The force-displacement relation for different angles θ.

   
(a) (b) (c) 

Figure 11. The crack patterns with w0 = 6 × 10−4 mm for different angles θ: (a) θ = 0; (b) θ = π/6;
and (c) θ = π/3.

Subsequently, the model is subjected to shear loads in the phonon field at the upper
edge. The peak phonon forces for different angles θ are illustrated in Figure 12. As observed,
the peak force first increases and then decreases as the angle θ increases. The crack patterns
are plotted in Figure 13. Similar to the observation in Figure 7, the increasing initial phason
displacement has a significant influence on the crack propagation path.

Figure 12. The peak forces for different angles θ (internal crack).
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(a) (b) (c) 

Figure 13. The crack pattern with shear load for different initial phason loads (internal crack):
(a) w0 = 8 × 10−4 mm; (b) w0 = 1.2 × 10−3 mm; and (c) w0 = 1.6 × 10−3 mm.

3.3. The Rectangular QCs with Double Cracks

As the last example, the QC model with double cracks is investigated in Figure 14.
The parameters are selected as a1 = a2 = 25 mm and W = L = 100 mm. The left crack
is horizontal. The angle between the right crack and the horizon is θ. The lengths of the
left and right cracks are a1 and a2, respectively. Point B is located at the center of the right
crack. The distance between the right edge of the model and point B is Δ1 = 27.5 mm.
The distance between the left crack and point B is Δ2. The model is subjected to a tensile
phonon/phason displacements. The peak forces for different angles θ with Δ2 = 32.5 mm
are plotted in Figure 15. It can be found that, as θ increases, the peak force monotonously
increases for w0 = 0 mm and w0 = 0.0004 mm, while it increases first and then decreases
for w0 = 0.0008 mm. The crack patterns for different angles θ and distances Δ2 are
illustrated in Figures 16 and 17. As observed, the interaction of two cracks has a big
contribution to their crack propagation path. The two cracks eventually merge together as
the applied load increases.

Figure 14. A rectangular QC with double internal cracks.
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Figure 15. The peak forces for different angles θ (double cracks).

   
(a) (b) (c) 

Figure 16. The crack pattern with Δ2 = 32.5 mm for different angles (double cracks): (a) θ = π/12;
(b) θ = π/4; (c) θ = 5π/12.

   
(a) (b) (c) 

Figure 17. The crack pattern with θ = π/4 for different distances Δ2: (a) Δ2 = 32.5 mm;
(b) Δ2 = 22.5 mm; and (c) Δ2 = 12.5 mm.

4. Conclusions

In this paper, a phase field model is developed to predict crack propagation in 2D
decagonal QCs. The contribution of the phason field to the potential energy is considered,
and the evolution law of the crack phase field for QCs is established. Therefore, the crack
topology in QCs is described by the phase field variable, which can be solved by the FEM. In
this manner, the crack propagation in QCs can be accurately simulated without remeshing,
and the evolution of the crack can be vividly illustrated. Numerical examples illustrate
that the proposed model can predict accurate results for the crack propagation of QCs,
and the phason field has a big contribution to both the force-displacement relation and the
crack pattern.
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