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Preface

Several decades ago, two fundamental discoveries took place in nonlinear science, which
largely determined the development of nonlinear mathematical models to the present day. These
discoveries—the special properties of solitons and the strange Lorentz attractor—determined
numerous works related to the development of methods used for the analytical and numerical study
of many mathematical models described by nonlinear differential potential nonlinear equations.
Unlike the first steps in the study of nonlinear mathematical models, when attention was primarily
paid to the development of methods used to solve interim nonlinear partial differential equations,
in recent years, much more attention has been paid to the development of methods used to study
non-integrable mathematical models with analytical solutions.

This book contains the 19 accepted articles out of the 50 manuscripts submitted to the
Special Issue “Nonlinear Partial Differential Equations: Exact Solutions, Symmetries, Methods and
Applications, 2023, 2020” of the MDPI “Mathematics” journal.

This Special Issue unites 19 papers which considers the development of research methods for
a number of nonlinear mathematical models in physics, epidemiology, mechanical engineering, and
nonlinear optics. A characteristic feature of all the articles in this issue is that the studies presented in
the papers were obtained using computer mathematics, including symbolic mathematics packages,
program codes and machine learning methods.

As the Guest Editor of the Special Issue, I am grateful to the authors of these papers for their
high-quality contributions, to the reviewers for their valuable comments that helped to improve
the submitted works, and to the administrative staff of the MDPI publications for their support in
completing this project. I am very grateful to the Section Editor Claude Zhang for attention and help

to all authors of this issue.

Nikolay A. Kudryashov
Editor
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Abstract: In this paper, we consider the stochastic fractional-space Kuramoto-Sivashinsky equa-
tion forced by multiplicative noise. To obtain the exact solutions of the stochastic fractional-space
Kuramoto-Sivashinsky equation, we apply the G@/—expansion method. Furthermore, we generalize
some previous results that did not use this equation with multiplicative noise and fractional space.
Additionally, we show the influence of the stochastic term on the exact solutions of the stochastic
fractional-space Kuramoto-Sivashinsky equation

Keywords: stochastic Kuramoto-Sivashinsky; fractional Kuramoto—Sivashinsky; exact stochastic-
fractional solutions; (% )-expansion method

1. Introduction

In recent decades, fractional derivatives have received a lot of attention because
they have been effectively used to problems in finance [1-3], biology [4], physics [5-8],
thermodynamic [9,10], hydrology [11,12], biochemistry and chemistry [13]. Since fractional-
order integrals and derivatives allow for the representation of the memory and heredity
properties of various substances, these new fractional-order models are more suited than
the previously used integer-order models [14]. This is the most important benefit of
fractional-order models in comparison with integer-order models, where such impacts
are ignored.

On the other hand, fluctuations or randomness have now been shown to be important
in many phenomena. Therefore, random effects have become significant when modeling
different physical phenomena that take place in oceanography, physics, biology, meteorol-
ogy, environmental sciences, and so on. Equations that consider random fluctuations in
time are referred to as stochastic differential equations.

Recently, some studies on the approximation solutions of fractional differential equa-
tions with stochastic perturbations have been published, such as those of Taheri et al. [15],
Zou [16], Mohammed et al. [17,18], Mohammed [19], Kamrani [20], Li and Yang [21] and
Liu and Yan [22], while the exact solutions of stochastic fractional differential equations
have not been discussed until now.

In this study, we take into account the following stochastic fractional-space Kuramoto—
Sivashinsky (S-FS-KS) equation in one dimension with multiplicative noise in the it6 sense:

At + ruD%u + pD%u + qD¥u = pudip, @

Mathematics 2021, 9, 2712. https:/ /doi.org/10.3390 /math9212712
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where 7, p, and g are nonzero real constants, « is the order of the fractional space derivative,
p is the noise strength, and p(t) is the standard Gaussian process and it depends only on ¢.

The deterministic Kuramoto-Sivashinsky Equation (1) (i.e., p = 0) with & = 1 has been
studied by a number of authors to attain its exact solutions by different methods such as
the modified tanh-coth method [23], the tanh method and the extended tanh method [24],
homotopy analysis method [25], the (%)-expansion method [26], perturbation method [27],
the Weiss—Tabor—Carnevale method [28], Painlevé expansion methods [29], the truncated
expansion method [30], the polynomial expansion method [31-37], among many others;
see also the references therein.

The motivation of this article is to find the exact solutions of the S-FS-KS (1) derived
from multiplicative noise by employing the (% )-expansion method. The results presented
here improve and generalize earlier studies, such as those mentioned in [24]. It is also
discussed how multiplicative noise affects these solutions. To the best of our knowledge,
this is the first paper to establish the exact solution of the S-FS-KS (1).

In the next section, we define the order « of Jumarie’s derivative and we state some
significant properties of the modified Riemann-Liouville derivative. In Section 3, we obtain
the wave equation for the S-FS-KS Equation (1), while in Section 4 we have the exact
stochastic solutions of the S-FS-KS (1) by applying the (%)-expansion method. In Section 5,
we show several graphical representations to demonstrate the effect of stochastic terms on
the obtained solutions of the S-FS-KS. Finally, the conclusions of this paper are presented.

2. Modified Riemann-Liouville Derivative and Properties

The order a of Jumarie’s derivative is defined by [38]:

Dig(x) = { e de Jo (x = 0)7(8(2) —g(0)dg, 0<a<1,

[g(n)(x)]rxfn, n<a<n+1l n>1,

where ¢ :R — R is a continuous function but not necessarily first-order differentiable and
I'(.) is the Gamma function.
Now, let us state some significant properties of modified Riemann-Liouville derivative
as follows: (14 0)
; + ~
DY 6 _~\-T9) L6 D(/5>0/
T T to—a)

Dilag(x)] = aD5g(x),
Dilaf(x) + bg(x)] = aDy f(x) + bD3g(x),

and

d
Dig(u(x)) = o2 Dk,

where oy is called the sigma indexes [39,40].

3. Wave Equation for S-FS-KS Equation
To obtain the wave equation for the SKS Equation (1), we apply the next wave
transformation

() = g(elHI ),y = e et ?

where ¢ is the deterministic function and c is the wave speed. By differentiating Equation (2)
with respect to x and f, we obtain

w = (—cq'+ %p% - %P2¢+P¢ﬁt)e(”5“)’%"2",
Diu = oyqlelPPO=0" D2y — o240 oloB()—0"], ©)
D3 = gleP)-30%) pix _ Uﬁe(pﬁ(f)f%pzt),
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where +10?¢ is the Ito correction term. Now, substituting Equation (3) into Equation (1),
we obtain L
—cg' + T’(p(p,e(pﬁ(r)_fp 4 ﬁ(PH + q(P”” =0, 4)

where we put 7 = 0yr, § = 02p and § = o4q. Taking the expectation on both sides and
considering that ¢ is deterministic function, we have
—cg +7pgle ¥ E(e?PV) + po" + 9" = 0. 5)

Since B(t) is standard Gaussian random variable, then for any real constant p we have
2

E(ePP)) = e'Tt. Now, Equation (5) has the form

~ I ~ I

—c¢' + 799" + po" + 4" = 0. (6)

Integrating Equation (6) once in terms of # yields

- r
+p(p’+§¢27cq)=0, @)

~ I
qe
where we set the constant of integration as equal to zero.

4. The Exact Solutions of the S-FS-KS Equation

Here, we apply the Gﬁ/-expansion method [41] in order to find the solutions of
Equation (7). As a result, we have the exact solutions of the S-FS-KS (1). First, we suppose
the solution of the S-FS-KS equation, Equation (7), has the form

M G/ ‘
9= Y blglh ®)
k=0
where by, b1, ..., by are uncertain constants that must be calculated later, and G solves

G"+AG +puG =0, ©)

where A, p are unknown constants. Let us now calculate the parameter M by balancing ¢?
with ¢ in Equation (7) as follows

2M = M+ 3;

hence
M =3. (10)

From (10), we can rewrite Equation (8) as
G’ G G5
¢ =bo+bi[ =]+ bl =] +b[ =] 11)

Putting Equation (11) into Equation (7) and utilizing Equation (9), we obtain a polyno-
mial with degree 6 of % as follows



Mathematics 2021, 9, 2712

(%fbg — 607b3) {%]6 + (—24Gby + Fhabs — 1444Ab3) [%]5

+(%fb§ — 3pbs — 6Gby + Fbybs — 111GA%b3 — 114Gubs — 54th2)[%]4
+(—cbs + 2by + Fhobs + Fbyby — 3fAbs — 38GA%by — 40Guby — 27A%b3
—12GAby — 168(7/\;4!)3)[%/}3 + (—cby + %?b% — by + Fhoby — 2fAby
—3pubs — 7GA%by — 8quby — 8GA3by — 52GAuby — 604u%b

—57A%ubs) [%]2 + (—cby + Fhoby — pAby — 2ppuby — GA3by

/
—164by — 8Apby — 14GA% b, — 36qy2Ab3)[%}+

1_ ~ ~ _ _ _
(—cbo + Erbé — puby — q/\zybl — 6Gu*Aby — quzbl - 6qy3b3) =0

By equating each coefficient of [%I]l (i=6,54,3,2,1,0) to zero, we have a system of
algebraic equations. By solving this system by using Maple, we obtain two cases:
First case:

i30p —7 _90p

1207

bo 107\ 195 17 105 270 b=
_ .30 =P o _ P P
c = :l:19 1917'A70'V77617'1f17<0' (12)
In this situation, the solution of Equation (7) is
G/ / 3
@() = bo + bl[E} + b3[E] . (13)

By solving Equation (9) with A =0, p = 7217 i E: < 0, we obtain

Gly) = 1 expl | 7ga) + c2exp(—y [, (14

where ¢q and ¢; are constants. Putting Equation (14) into Equation (13), we have

) = 3017\/7~ 90p\/7C1eXP(\/7TT7) ¢ exp(— 7%{;,7)}
U= =9\ 195 T 197 \| 767 Clexp(\/;ﬂ)ﬂzexp_ )
@( —P3 exp( 7%2’7) -0 eXp(—\/%q)

764 c1exp( ;6’;7)+028Xp(—\/%n)

Hence, the exact solution in this case of the S-FS-KS (1), by using (2), has the form

2.

— 0B~ ett) ry SOPT
uq(x, t) e W (2 197
%WWW(Ha )~ Pl )
197 "¢, exp(h(F —ct))+c exp(—h(r(llﬁx)x“ —ct))
120%3 o1 exp(r x —cht) — ¢ exp(—h(r(ll+ ) *—ct)) 5
+— I I’} (15)
T exp(r —cht) + ¢ exp(fh(r(lﬂ)x —ct))
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wherec::t%,/%ﬁ.,h: \/;Zandg <0.
Second case:
30p 270§ 1209
bo 197 19q’ bi=—g =0 b=
307 [11p —11p p
= 4+ = = if = 1
9\ 195 =0T ey 1 (16)
In this situation, the solution of Equation (7) is
GI !/ 3
= by + by[—=] + b3[=]°. 17
@(17) = bo + 1[G}+ 3[G] 17)

Solving Equation (9) with A =0, u = %}7”, if £ > 0, we obtain

11p 11p

Gln) = erexp(y [ 751 +caexp(—y [ 7g2n)- (18)

Substituting Equation (14) into Equation (13), we have

= T
quXp 7651) + c2exp(—1/ 7651)

120q( 11p) [CleXP( Wf%ﬂ)*fzexp(* %’7)3

760" ") exp( %ﬂ)ﬂLCzeXP(* %’7)

Therefore, by using (2), the exact solution in this case of the S-FS-KS (1) has the form
up(x,t) = ePB-2p ){iig;: %g
_o7oph, crexp(blygit )~ el —e)
o7 exp(\/%(ﬁx“ —ct))+ e exp(fﬁ(r(f‘ilw —ct))
120?;13 1 exp(ﬁ(% —ct)) — coexp(—h(Aaay (1?‘) —ct)) ]3}, 19)
oo exp(ﬁ(r jE) ct)) + caexp(—h(FaTay (1+a) —ct))

30p 115 115 P
where ¢ = + ,/19 , ‘/mandﬁ>0.

Special Cases
Case 1: If we choose c; = ¢, = 1, then Equations (15) and (19) become

119

_ eB(H—Lpr 80P =P, 90ph o
t(x,t) ¢ o5 707+ or By — )
120qh 3 x*
h (h(l"(l—i-m) 7Ct))}r (20)
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< 0,and

_ 4. 30p [—p N e
where c = £/ 195 , t = ,/76(7 and

_ (eB(H—-1p2n; S0P [11p  270ph Ext
up(x,t) e 2 [il%’ 195 197 tanh(r(1+a) cht)

ST

120[7~ 3 3 hx® _
+—= h” tanh (71"(1+1x) cht)), (21)
wherec = £ 30“/1; ,/172?, and% > 0.
Case 2: If we choose c1 = land cp = —1, then Equations (15) and (19) become
_ B3 30p |—p  90ph hx*
uq(x,t) e 270+ 197 \/ 19 + o7 coth(ir(1 ) chit)
1204%° hxt
+=1 coth3(11(1A+ra) —cht))}, 22)
30 = /=P p
where ¢ = p l9q’ erlj and % < 0,and
30p,  270ph hx®
—  leB()- Py P _
uy(x,t) {i 19r 197 coth(l_(1 ) cht)
12047 4, hx®
+———coth (1"(1 i cht)}, (23)
where ¢ = 30p \/ 11.; , ;ég and g > 0.

Remark 1. If we put p = 0 (i.e., Equation (1) without noise) and o = 1 in Equations (20)—(23),
then we obtain the same results stated in [24].

5. The Influence of Noise on the S-FS-KS Solutions

Here, we discuss the influence of stochastic term on the exact solutions of the S-FS-KS
Equation (1) and fix the parameters 7 = jj = § = 1. We present a number of simulations for
different values of p (noise intensity). We utilize the MATLAB program to plot the solution
u(t, x) defined in Equation (21) for ¢ € [0,5] and x € [0, 6] as follows:

In Figures 1-3, as seen in the first graph in each figure, the surface becomes less flat
when the noise intensity is equal to zero. However, when noise appears and the strength of
the noise grows (0 = 1, 2,3), we notice that the surface becomes more planar after minor
transit behaviors. This indicates that the solutions are stable due to the multiplicative
noise effects.
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Solution "u"
Solution "u"
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Figure 1. Graph of solution u; in Equation (21) with « = 1.
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Figure 2. Graph of solution u; in Equation (21) with a = 0.5.
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Figure 3. Graph of solution 1 in Equation (21) with « = 0.2.

6. Conclusions

In this paper, we presented different exact solutions of the stochastic fractional-space
Kuramoto-Sivashinsky equation, Equation (1), forced by multiplicative noise. Moreover,
several results were extended and improved such as those described in [24]. These types of
solutions can be utilized to explain a variety of fascinating and complex physical phenom-
ena. Finally, we used the MATLAB program to generate some graphical representations to
show the effect of the stochastic term on the solutions of the S-FS-KS (1). In this paper, we
considered the multiplicative noise and fractional space. In future work, we can consider
the additive noise and fractional time.
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Abstract: The problem of multicriteria optimization of a dynamic model is solved using the methods
of the similarity theory and the criteria importance theory. The authors propose the original model
of a positional system with two hydraulic actuators, synchronously moving a heavy object with a
given accuracy. In order to reduce the number of optimizing parameters, the mathematical model
of the system is presented in a dimensionless form. Three dimensionless optimization criteria that
characterize the accuracy, size, and quality of the dynamic positioning process are considered. It is
shown that the application of the criteria importance method significantly reduces the Pareto set (the
set of the best solutions). This opens up the possibility of reducing many optimal solutions to one
solution, which greatly facilitates the choice of parameters when designing a mechanical object.

Keywords: dynamics; hydraulic drive; similarity; multicriteria optimization

1. Introduction

Artificial intelligence is now widely used in industry, applied to transporting mech-
anisms, such as robots and manipulators, which move and deliver various objects to
specified positions. In simple loading systems, the accuracy of moving and positioning
of goods can be relatively low, which makes it possible to use relatively simple devices in
these cases. However, feeding a tool in processing machines requires a sufficiently high
accuracy. The movement of robots can be carried out by various actuators: pneumatic,
hydraulic, electric, etc.

Positioning control problems in transporting mechanisms (robots) are solved mainly in
two ways: using special type regulators, such as based on fuzzy logic, neural networks, and
so on or the ordinary regulators with feedback control of various type. The mathematical
models of actuators, as a rule, have a rather complex structure, consisting of higher-order
differential and algebraic equations.

Developing new devices requires the solving of a number of technical problems
associated with the choice of their type, structure, and control system, satisfied to many
requirements. In mechanical systems, hydraulic actuators are widely used. Their main
advantage in relation to pneumatic and electric actuators is their high carrying capacity
and low sensitivity to the load variation [1].

Mathematical models of hydraulic actuators and their control systems are well studied
and fully presented in works, such as [2-5]. However, the problem of finding the best
constructive solution in most cases is based of the original models not reduced to a dimen-
sionless form. Due to the abundance of differently sized variables, the general patterns of
the results obtained are often not visible, it is difficult to single out the groups of criteria
to be optimized. Additionally, it is not advisable to optimize un-grouped parameters
(variables) at the same time. This was noted by example in [6].
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In [7], the authors turn to dimensionless models, but do not use them systematically
in the search for the best solution. In this case, the dimensionless model serves only to
partially simplify the general formulation of the problem and to study the properties of the
original model. The transition to dimensionless parameters was used to select a special
object positioning control system, which should provide an approach to a given position
simultaneously with zero speed and zero acceleration in order to avoid damage to the
contact point when stopping.

The principle and process of transition to dimensionless forms have been developed
for a long time. Here we can note the fundamental works in this area [8,9]. The importance
of the theory of similarity and analogy in understanding the essence of things was noted
back in the days of Plato. In a number of philosophical works, attempts have been made
to generalize approaches to equivalence in different fields of knowledge, which gives this
direction additional significance. In [10], a general metric of transition to dimensionless
variables was considered and introduced, but it was noted that there is no uniquely best
measure of dynamic similarity, since the feasibility of any given measure depends on its
intended use.

In [11], it is shown that, due to the complexity of the mathematical description of
technical dynamic systems, when choosing their structure and parameters, they usually
turn to very laborious interactive (dialogue) procedures. A number of tools help to avoid
direct enumeration of options when using such procedures, among which the methods
of dimension and similarity theory take a significant place. These methods are based
on the use of dimensionless complexes of physical parameters of the system (criteria
of similarity and the relationship between them) together with the translation of the
mathematical description of the system into a dimensionless form [12,13]. As a result,
additional opportunities open up for identifying general patterns of dynamic processes,
which greatly facilitates making the final decision.

Experience shows that each specific problem of the dynamics of a mechanical system
requires a special approach to the formation of a dimensionless model and similarity
criteria. The structure and form of the dimensionless model depends on the accepted
units of measurement of the variables included in the equations of the model, and on the
expressions attached to its coefficients. These factors are initially unknown and are usually
formed according to the intuition and experience of the researcher, which introduces
uncertainty in the process of transition to a dimensionless model and does not guarantee
high efficiency of its use. The approach proposed below to the formation of dimensionless
models of a dynamic system of a hydraulic actuator is a development of the procedure
started in [11].

This paper illustrates an example of finding the optimal solution for a positional
system with two hydraulic actuators. This type of actuator was chosen based on the task of
controlled movement of a heavy and bulky object (load). The hydraulic actuator has the
highest power density. However, the presence of two actuators creates special problems in
control, since the drives must operate in coordination in both position and speed. Based on
this, the authors proposed an original control scheme that solves this problem based on the
use of only two valves (Figure 1): one of them regulates the average speed of the moving
object, and the other controls the distribution of fluid flows directed into the cavities of the
hydraulic cylinders [14,15].

The study of the mathematical model is carried out in dimensionless parameters, the
transition to which hydraulic actuator systems are presented in [6]. Parametric synthesis is
carried out according to the principle of multicriteria optimization. During the transition of
the system to a dimensionless form, three optimization criteria are identified with further
application of the criteria importance method. The criteria importance method significantly
reduces the optimal solutions of the system, which facilitates the selection of the best
solution when designing a mechanical object.
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Figure 1. The model of the manipulator with two hydraulic actuators: pj;—actuator supply pressure;
pa—atmospheric pressure; P, P,, P—pressure in the cavities 1, 2, 4, respectively; B, 1, fo—relative
opening areas of the respective channels.

The parametric synthesis of a mechanical system consists in choosing the values of
the parameters that make up the vector X = (x1, x2, ..., x;) that provide the best values
of the characteristics (performance indicators) of the system that make up the vector
K = (ki,k,...,km). Thus, the problem of multicriteria (multi-objective) optimization is
posed, in which X is a vector of variables, and K(X) is a vector of criteria (objective
functions).

To solve this problem, it is necessary to develop an adequate mathematical model of
the system under consideration, using the vector X as input parameters and calculating
the values of the characteristics K(X) at the output. Further, it is necessary to implement
a method for solving the optimization problem. In addition, in the presence of several
characteristics (m > 1), it is required to take into account the dependencies and preferences
between them.

Complex mechanical systems usually contain up to several tens of parameters n and
several characteristics m. At the same time, mathematical models of dynamic systems
contain complex connections and differential equations, and for calculations they require
the use of numerical methods. Therefore, when solving the problem of optimizing such
complex systems, the computational model usually represents a “black box”, which makes
it practically impossible to use local, gradient optimization methods [16,17]. Among the
global optimization methods working with such complex models, genetic algorithms [18],
and other variations of evolutionary algorithms, particle swarm optimization [19], and sim-
ulated annealing methods [20]. In this paper, for the global search for optimal solutions, the
parameter space investigation method [21] is used, based on the construction of sequences
of points uniformly distributed in the feasible area of the parameters X space [22].

In multicriteria optimization problems, as a rule, it is not possible to obtain a feasible
solution that is best at once according to all criteria. Using formal mathematical and
numerical methods, a set of Pareto optimal solutions can be obtained (approximated). To
select the one best solution among them, it is necessary to involve additional information
about the preferences regarding these criteria.

There are a priori and a posteriori methods for solving multicriteria optimization
problems. In a priori methods, the question of preferences is resolved before the search
for solutions is carried out. These methods include the method of identifying the “main”
criterion, as well as various methods of convolution of the criteria into one aggregated
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performance indicator. For example, the weighted sum Fy-(X) = I ; w; k;(X), the product
A(X) =TI/, k(X), or the Germeier convolution Fg(X) = min; ki(X)/w;. Before
convoluting, the criteria k; are normalized in a special way. This approach allows one to
go straight to solving the optimization problem with one objective function. However,
there are a number of disadvantages behind the simplicity of this approach. First of all,
it is difficult for a person, no matter how expert he or she is, to set the exact values of the
weights reflecting the relative importance of the criteria. In addition, there are a number of
theoretical problems associated with the justification of this approach [23].

On the contrary, in a posteriori methods, optimization is performed first taking into
account all the criteria, and then preferences are analyzed. Analysis of the set of obtained
solutions is itself useful in solving such problems. First of all, a person, an expert working
with such data of optimization results, understands the possibilities available to him or
her: evaluates the areas of feasible solutions, the ranges of change in the values of the
criteria. In such an analysis, visualization tools [24], and interactive interaction of an expert
with a computer analytical system [25] play an important role. The more adequately the
expert’s real preferences are revealed, the better the solution obtained on their basis will
be. The preferences are most accurately established in the process of dialogue with the
analytical system, during which a person sees intermediate solutions, obtains a clearer idea
of the real conditions of the problem, resource opportunities, and goals. One of the most
important properties of such systems is the ability to provide explanations (justifications)
of the results and conclusions obtained, interpreting them in terms of the subject area, in a
language understandable for an expert [26].

It is known that the best solution should be chosen among the set of Pareto optimal
ones. However, this set of solutions is usually quite large. To narrow the scope of choice,
additional assumptions should be made about the preferences of experts regarding the
importance and values of the criteria. For formal modeling of these preferences and
obtaining conclusions on the basis of this information, the approach of the mathematical
theory of criteria importance was used in this work [27,28]. This method assumes a
consistent refinement of information about preferences. First, the simplest information
about ordering criteria by importance is found out. Such qualitative information is easier
to obtain than quantitative estimates of importance, and, therefore, more reliably describes
the expert’s real preferences. Next, the formal methods of the theory come into play,
which make it possible to reasonably discard from consideration some of the solutions
from the Pareto set, thereby narrowing the set of choices for the best solution. Then, if
necessary, quantitative estimates of importance are also used, but not accurate, just in the
form of intervals. Additionally, additional information about changing preferences along
the criteria scale can be used.

2. Statement of the Problem and Mathematical Model of the System

The object of research in this work is a rather complex manipulator designed to lift a
heavy, bulky load using two parallel and synchronously operating hydraulic actuators 1
and 2 (Figure 1). Let us describe the mathematical model of the object. The moving object
has a mass m = m + my, where m; ; are the mass loads applied to the actuators. The main
working cavities are the lower cavities of the actuators; however, if necessary, the upper
cavities can also be used (for example, when lowering an object). The law of motion is
mainly determined by the pressures in the lower cavities, which are connected through
the control valve 3, the intermediate cavity 4 (volume V) and the control valve 5 when the
object is lifted to the power source (with pressure py), and when the object is lowered,
to the drain line (with pressure p,4, usually equal to atmospheric). The ratios between
the effective flow area of the valve 5 and the effective flow areas of the valve channels 3
leading to the cavities of the actuators are established depending on the formulation of
the problem.

The equations of movement are:

m,-)'c‘,- = Pi F + m; gk, 5{1' + PLi,i = 1,2; (1)
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where x is the piston displacement; p; are pressures in the lower cavities; F is the effective
piston area; m; g, P;; are weight and force load on the rod, respectively; k; are coefficients
of fluid friction in the actuator.

The changes of the pressure p; in the lower cavities of the actuators and the pressure p
in the intermediate cavity are related by dependencies:

p=W(Bsign(ap) \/[ap| = By ar sign(Apr) y/|Ap1| — B2 wz sign(ap) \/8pal),
pi = Wi(B i sign(dpi) £/ |apil — %),

E 2 E 2 o
where W = (F;Z) %, W; = (Wﬁ%)) %; Ap = pym — p (when lifting) or Ap =
pa — p (when lowering) of the object, Ap; = p — pi; B, B1 and B, are channel opening
degrees f, f1 and f; E is the bulk modulus of the working fluid; x, is the length of the

intermediate cavity; p is working fluid density.

3. Transformation of the Model into a Dimensionless Form

According to the method of the similarity theory [8] Equations (1) and (2) are trans-
formed into a dimensionless form by replacing variables with their dimensionless analogs
A, T, 0, according to the relations x = q1A, t = 42T, p = g30. As a result of this replacement,
as well as m; = ¢; m (wWhere i =1, 2), e = E/g3 and simple transformations, we obtain a
transformed system (3) and a system of Equation (4) of relations between the coefficients
A; of the system (3) and g;.

i Ay A =07 —c; Az — Ay Aj — Ag,

o=As (ﬁ sign(Ac)\/|Ac| — By ay sign(Aoy) \/|Ao1| — B2 az sign(Acz) 4/ |A02\)/ 3)

. € . .
i = m(ﬁi w; sign(Ao;) \/ |Acy| — AZ)\i)r

m qq il mg ki q1 € Pr;
= . ;A = 7;A = ; :7;A = .
ST B E Tt T i F T AT g F

_q§q3F' quzu

Ay 4)
where A, 7, 0 are dimensionless analogs of displacement, time and pressure in cavity 4,
respectively; o, 0, are dimensionless analogs of pressure in cavities 1 and 2.

The system (4) includes six so far unknown coefficients A; and three, also so far
unknown, scale factors q;- This allows us to set three arbitrary values A;, put, for example,
Ay = Ay = 1and A3 = mg/puF. From these conditions it is possible to determine g;, as
well as three unknown coefficients A4, As, Ag:

m U? m U kiu € Ppi
= A = S A= S A — 5
= BT P Pm; Ag " 745 /\V,A(, o E’ ®)
_ 2pMm . . : . .
where U = (f/F),/ s the maximum achievable piston speed in the actuator with

parameters f, F, pp; € = E/py is the dimensionless analogue of the bulk modulus
of liquid.

The final transformed model of the drive system presented below is obtained by
optimizing the conversion factors:

i Aj = 0j+ ¢ XL — Ki Ai + XLis
=Ky (,B sign(Ac)\/ |Ac| — B1 aq sign(Acy) \/|Acy| — Ba ap sign(Acy) +/ |A02\), ©)

. € . .
i = m(ﬁi w; sign(Aoy) \/ |Ac] —)\i)/
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where x; =m g/pm F; x1i = Pri/pm F; Ky = As and Ay; = x¢;/g; are the reduced initial
volumes of working cavities of actuators.

The system (6) includes dimensionless parameters that are convenient to use in the
optimization process by choosing them as parameters:

Ky—intermediate cavity stiffness;

Api—stiffness of the actuators at the initial moment of movement;

xL—manipulator total mass load;

c;j—distributions of the total load between the actuators, additional resistance forces xp;,
which can be present in the system both continuously and acting discretely;

K = ;&L;—liquid friction forces;

«; = f;/ f—the ratios between the dimensions of the flow areas of the channels of valves 3
and 5.

Note that A, = 0.5(1 — cos(wT)) is assumed to be a given basic law of motion of the
manipulator from the initial position Ay = 0 to the final position A, = 1; w = 7/ 75 is the
conditional frequency characterizes the dimensionless time of the process 7g. The opening
of the valve channel 3 is characterized by the expression:

B=81(Ae = M1) + 0 (A — ). 0

When the manipulator is operating at very low speeds, the law (7) can be replaced by
the law of uniform motion, i.e., f = 1 is accepted. We will take into account the effect of the
control system delay by replacing § in expression (7) by <, where 7 is the signal coming
from the control system. The quantity 8 is determined from the first-order equation:

, 1

B=—(—8),

T
where 74 is the control system time constant.

If the flow areas of all channels are equal f; = f, = f, the mean position of the valve
shutter 3 corresponds to the coordinates 81 = B, = 0.5 that can be taken as the initial ones.

As the control law for valve 3, we take the simplest linear law, written, for example,
relative to the first actuator 1 = 0.5 — ¥11 (A1 — A2); then B = 0.5+ B.

We will take into account the effect of the delay of the valve control system (3) by
replacing in the law ; with 7y, where 1 is the signal coming from the control system,
with the definition 8; from the equation 8, where 1 = (1/7t3)(y — ), where T3 is the
time constant of the valve control system (3).

4. The Optimization Problem

As mentioned earlier, after the transition to dimensionless parameters, three indicators
(K1, Ky and K3) were taken as the main criteria for optimality (objective functions) of the
system, which characterize the values, respectively, of the imbalance of mass loads on
actuators, power (size) of actuators and the maximum divergence of displacements of their
rods (deviation from synchronicity) in the process of movement.

Kl = |0.5*Cl‘,
mg

Ky = —% =X,
puE *

K3 = A/\mux/ where AN = |A1 — )\2|

The first criterion shows that the greater its value, the greater the difference in the
loads on the actuators the manipulator allows, the second characterizes the dimensions
of the actuator (the higher the value of Ky, the smaller the dimensions of the actuator), an
important criterion for volumetric and mass indicators. The third criterion is responsible
for the synchronization of the movement of the two actuators, i.e., the smaller it is, the
more uniformly (synchronously) the actuators move.
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These criteria are contradictory, i.e., in the process of searching for feasible solutions in
this problem, it is not possible to obtain one solution, the best one by all three criteria at the
same time, and it is possible to single out a set of Pareto optimal solutions. For calculations
and visualization of many solutions, a unique software MOVI was used, developed with
the participation of the authors of this publication. Table 1 shows the optimized parameters
of the system and the ranges of their values.

Table 1. The optimized parameters of the system and the ranges of their values.

Range of

Parameter Change Comments
1 03+0.7 weight load imbalance
XL —2.0+—-04 relative total operating load on actuators, simultaneously serving
as a measure of their dimensions
Ay 02-+1.0 the measure of the volume of the intermediate chamber
Bo 0307 the share of the opening of the common channel in the line leading
to the actuators that relates to the first actuator
aq 0.25+1.0 the ratio between the flow sections of the common supply channel
and the channel leading to the first actuator
%) 0.25+1.0 the same for the channel leading to the second actuator
K1 0.05 0.1 coefficient of friction of the first actuator
Ko 0.05+0.1 coefficient of friction of the second actuator
h 25+ 50 position feedback ratio
L) 050 speed feedback ratio
9p 2550 position feedback ratio
Oy 0+5 speed feedback ratio
ts 0.02 +-0.04 The time constant of the control system
tp 0.02 +0.04 The time constant of the valve 3 control system
Aot 0.05+1.0 the measure of the initial (harmful) volume of the first actuator
Aoz 0.05+1.0 the measure of the initial (harmful) volume of the second actuator
XL1 001 additional short-term intermittent drag force acting on the first
actuator
X2 001 additional short-term intermittent drag force acting on the second
actuator
TS 10 =50 the mass m movement time

The load parameter c; is special and needs to be explained. The fact is that the
imbalance of the loads ¢ and ¢, = 1 — ¢; characterizes a specific load, and not the design of
the optimized manipulator. When designing a manipulator, we do not know in advance the
load parameters and cannot optimize them. However, the maximum permissible imbalance
of the loads c; and c; can already be considered a characteristic of the manipulator, which
can be optimized.

Let us consider in more detail how the criteria depend on the parameter c;. The
criterion K; depends on c¢; explicitly: the greater the load imbalance, the better. However,
K values greater than 0.2 are not required in practice. Therefore, in this problem, the
values of ¢; vary from 0.3 to 0.7.

The criterion K; does not depend on ¢; at all. A typical example of the dependence of
the criterion K3 on c; is shown in Figure 2.

With an increase in the load imbalance, the synchronization of the actuators monoton-
ically deteriorates, and asymmetrically when c1 deviates from 0.5 to the lower or higher
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side. However, starting from certain values of c;, this dependence is violated, and the
graph begins to behave unpredictably. In Figure 2 these points are circled in red. Solutions
outside these c; values will be considered unacceptable. To detect such cases, for each
checked value of ¢1, we will perform several additional calculations with the load ¢ up
to 0.5.

Additionally, it is necessary to take into account the asymmetry of the dependence of
K3 on c;. For every feasible solution we obtain, the ultimate allowable load will be either
less or greater than 0.5. For a symmetric case of unbalanced loads, the values of the criteria
Kj and K; will be the same, but the value of the criterion K3 may be worse. However, we
can switch this manipulator to a more advantageous (from the point of view of K3) mode
(c1 > cp orc; < ¢p), depending on how the load lies. Therefore, this asymmetry is not
a problem.

0011+~

0.010:-

]
3
3

Criterion 3 Synchronicity -> MIN

030 032 03¢ 03 038 040 042 04 045 048 050 052 054 05 058 060 062 064 086 068 070
Design Variable 18 (c1)

Figure 2. An example of the dependence of the criterion K3 on the load parameter c;. The rest of the

parameters are fixed.

5. Generation of Alternative Solutions and Initial Analysis

In the software MOVI, 4000 alternative solutions were generated, the coordinates
of which are uniformly distributed in the space of variable parameters [20,21]. Of these
solutions, 2198 were found to be feasible in relation to the constraints of the model. Among
the feasible solutions, there were 96 Pareto optimal solutions. Each solution x can be

associated with a three-dimensional vector K(x) = ( Ky(x), Ka(x), K3(x)), the components

of which are estimates by three criteria. If the solutions are depicted as points in the
three-dimensional space of criteria, then they form a cloud in a certain area, and the points
of Pareto optimal solutions will be located on a part of the boundary of this cloud. In
Figure 3 is shown how the projections of the cloud from the points of feasible solutions to
the two-dimensional spaces of criteria are distributed. Blue rhombuses denote admissible
solutions, green circles-Pareto optimal ones.

The depiction of the set of solutions in Figure 3 represent the initial, primary infor-
mation for subsequent analysis and selection of the best solution. At the first stage, such
images make it possible to assess in what ranges of criteria values are feasible solutions.
That is, in fact, the decision maker (expert) receives primary information about the available
opportunities in terms of achieving the best values of the criteria.

The first practical conclusion based on the analysis of Figure 3 is the following: a
lot of feasible solutions are obtained with an acceptable value of the load imbalance Kj.
Therefore, we can safely discard some of the solutions with weakly acceptable values of K;,
imposing an additional constraint on the feasibility of the solution K; > 0.1, and this leaves
quite a lot of feasible solutions—821. Of these, 45 are Pareto optimal solutions. The values
of the criteria for these 45 options are shown below in Table 2. The result of imposing this
restriction in the criteria space is shown in Figure 4.
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Figure 4. The set of solutions in the space of criteria: (a) K; and Kj; (b) K; and K; on a larger scale.
Blue dots denote feasible solutions, crimson dots—infeasible ones due to the constraint K; > 0.1,
green circles—Pareto optimal solutions.

We see that in the projections onto K; and K; (Figure 4a,b), the set of solutions is
expectedly divided into feasible (to the right of the line K; = 0.1) and infeasible (to the left
of the line K; = 0.1). Its analysis helps to verify, to make sure that the imposed constraint
on the criterion Kj led to acceptable impairments in the remaining criteria.
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Further, you can also impose constraints on the remaining criteria, and then grad-
ually increase these constraints, thereby narrowing the set of choices. This is one of
the approaches, it can be classified as intuitive, informal. Its application becomes much
more complicated with a larger number of criteria. To solve the problem of choosing the
best solution in this work, we will apply the formal approach developed in the criteria
importance theory.

6. Solving the Choice Problem by the Method of the Criteria Importance Theory

It is required to choose the best solution among the selected 45 solutions obtained at
the previous stage, taking into account the constraint K; > 0.1.

To apply the methods of the criteria importance theory, the individual criteria Kj,
K3, K3 must be brought to a homogeneous form with a common scale Z, which can be
just ordinal [26]. In this problem, we will use a 10-point scale: the higher the score, the
better, the higher the value (usefulness, preference) for the decision maker of such values
according to the criterion. To bring the criteria to the 10-point scale Z, we use linear
normalization of the criteria values and rounding. As a result, each of the 45 alternative
solutions is associated with its vector score from the set Z> = Z x Z x Z. The values of the
initial criteria and the obtained vector scores y = (y1,y2,y3) for all 45 options are given in
Table 2. It should be noted that the requirements for minimization and maximization for
the initial criteria can be different (K; — max, Ky — max, K3 — min), while the scores on
the scale Z are always the same (y; — max, yo — max, y3 — max).

Table 2. The values of the initial criteria and the obtained vector scores y = (y1,y2,y3) for 45 options.

K3, Ky, K;,

No. o5 Ko ;055 vy v ys No. 5 Ko 0% 1y y Nooo .05 Koo 0% vy 12 43
159 130 152 124 3 10 3 1267 176 132 37 8 8 10 2660 198 115 46 10 6 9
239 1.14 1.58 11.1 2 10 4 1382 1.64 1.46 7.4 7 9 7 2834 151 1.51 5.1 6 9 9
247 198 073 45 10 2 9 1615 169 144 52 7 9 9 2841 176 141 162 8 9 1
257 143 135 30 5 8 10 1691 137 151 49 4 9 9 3005 128 155 77 3 10 7
307 188 138 65 9 8 8 173 190 132 63 9 8 8 309 197 134 75 10 8 7
442 1.71 1.46 6.8 8 9 7 1760  1.46 1.50 5.0 5 9 9 3254 1.99 0.68 4.7 10 2 9
464 1.99 1.10 5.8 10 6 8 1847  1.96 1.40 13.8 10 8 2 3298 198 0.99 44 10 5 9
635 200 08 78 10 3 7 189 179 110 35 8 6 10 3423 120 145 32 2 9 10
652 199 129 64 10 7 8 2010 18 138 100 9 8 5 3442 18 123 35 9 7 10
840 1.89 0.64 3.1 9 1 10 2057 1.10 1.56 8.6 1 10 6 3473 1.99 1.14 8.2 10 6 6
895 107 161 87 1 10 6 2112 175 140 122 8 8 4 3642 200 099 81 10 5 7
911 157 146 45 6 9 9 226 176 127 63 8 7 8 3768 192 116 36 10 6 10
997 185 110 32 9 6 10 2236 199 117 65 10 6 8 382 174 054 27 8 1 10
1080 1.44 1.48 3.5 5 9 10 2276 123 1.56 10.3 3 10 5 3900 1.93 1.37 11.8 10 8 4
1246 107 159 4.0 1 10 10 2478 194 123 37 10 7 10 3952 121 100 30 3 5 10

In fact, due to rounding, each vector score describes a certain small region in the
original 3D space of the criteria. At the same time, some solutions may be in the same
region, and then they will have the same vector score. For example, alternatives 307
and 1734 have the same vector score (9, 8, 8). Further, using the method of the criteria
importance theory, we will solve the problem of choosing the best vector score. Choosing
this vector score, we will obtain a corresponding small region in the original space of
criteria, which includes one or more solutions from the 45 considered.

In the criteria importance theory, the preferences of decision makers are modeled
using binary relations [26]. The non-strict preference relation R of the decision maker is
introduced on the set of vector scores Z3: the notation yRz means that the vector score y is
no less preferable than z. The relation R is reflexive and transitive, it generates the relations
of indifference (equivalence) I and strict preference (dominance) P:

ylz < yRz and zRy,
yPz & yRz, but zRy is not true.
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It is known that if the relation R is complete, then on a finite set of vector scores there
is at least one optimal vector score y, such that yRz holds for all other vector scores z. There
can be several optimal vector scores equivalent by the relation I. In this case, the choice of
the best vector score should be carried out among the optimal vector scores.

If the relation R is incomplete, then the best vector score should be chosen among the
non-dominated vector scores. A vector score y is called non-dominated with respect to P if
there is no other vector score z, such that zPy holds.

Since the decision maker’s preferences increase along the scale of criteria Z, the Pareto
relation is defined on the set of vector scores Z:

yR®z Sy >z,1=123

yP?z & yRzand y # z.
Among the 45 vector scores under consideration, there are 10 non-dominated with
respect to the Pareto relation P?. In fact, 9 vector scores remain, since variants with

numbers 307 and 1734 have the same vector score (9, 8, 8). These vector scores and the
corresponding alternatives are shown in Table 3.

Table 3. 10 vector scores and their the corresponding alternatives.

No. Ky K> K; y1 Y2 Y3
307 0.188 1.38 0.0065 9 8 8
442 0.171 1.46 0.0068 8 9 7
1080 0.144 1.48 0.0035 5 9 10
1246 0.107 1.59 0.0040 1 10 10
1267 0.176 1.32 0.0037 8 8 10
1615 0.169 1.44 0.0052 7 9 9
1734 0.190 1.32 0.0063 9 8 8
2478 0.194 1.23 0.0037 10 7 10
3005 0.128 1.55 0.0077 3 10 7
3093 0.197 1.34 0.0075 10 8 7

At the next step of solving the choice problem by the criteria importance method,
we enter information () about the ordering of criteria by importance into the software
DASS, as shown in Figure 5 [27,29]. The criterion K; is more important than the criterion
K>(1 > 2), and the criterion Kj, in turn, is more important than the criterion K3(2 > 3).

File Help File Help.
Current category: Criteria Current category: Nondominated variants
A [ common information | Importance information | ~
4 4 : 45, number of i 5.
Importance information

Nondominated variants:

Problem Problem
(O Absent. = = =
e ®qualtative @ = o s
O quantative 1267 8 10
Criteria criteria 1734 9 s
Order of criteria according to importance - " bt
Eﬁ Grater Criterion Than following [:g Dominated varints:
i K1 K2 3 o
&=n K1 more important — [
K2 more important 159 3 10 3
e Importance | K3 A58 239 2 10 4
27 10 2 9 .
Veriants Varants = = =
v - [ !
Nondomineted Down Nondominated
i rdomed

Apply. Cancel Apply Cancel

o olels

Figure 5. Non-dominated vector scores based on information about ordering criteria by importance.

As a result, there are only 4 non-dominated vector scores and the corresponding 5
alternative solutions shown in Table 4. For each of the 5 vector scores that turned out to be
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dominated with respect to P, it is possible to formally explain why it should be excluded
from consideration. Namely, what other vector score dominates it and on the basis of what
information about preferences this conclusion is made:

¥(307) = (9,8,8)P172(8,9,8)P“(8,9,7) = y(442),
y(2478) = (10,7,10)P'~%(7,10,10)P?(5,9,10) = y(1080),
y(2478) = (10,7,10)P'"%(7,10,10)P?(1,10,10) = y(1246),

y(2478) = (10,7,10)P*~2(7,10,10)P?(7,9,9) = y(1615),
y(2478) = (10,7,10)P*~%(7,10,10)P?(3,10,7) = y(3005),

For example, the notation (10, 7, 10)P1>2 (7, 10, 10) means that the vector score (10, 7,
10) is preferable to the vector score (7, 10, 10), since the first criterion is more important
than the second. As we can see from the constructed chains of vector scores, in this case,
in order to discard the vector scores dominated by P from the information Q about the
ordering of criteria by importance, it turned out to be enough to use only the fact that the
first criterion is more important than the second.

Table 4. The 4 non-dominated vector scores and the corresponding 5 alternative solutions.

No. Y1 Y2 Y3 Value Function Estimation
307; 1734 9 8 8 0.846

1267 8 8 10 0.802

2478 10 7 10 0.907

3093 10 8 7 0.901

The resulting 4 vector scores remain incomparable with the introduced information
about the DM’s preferences. Next, we will analyze them from different angles. At this
stage, the value functions of these vector scores can be estimated by calculating the centroid
values of the decision maker’s preference parameters [28]. Figure 6 shows how to do this
in the software DASS, Table 4 shows the resulting values of the value functions.

y Dass - table.xml =&
file Help
Current category: Conciliation
= 7 ‘ Dass “
% Method
© Camroi alas of paramelers. The values of the importance coefficients:
Criteria (O Maximum likelihood optimal alternatives K1:0611

K2:0278
r i K3:0111
| ‘The best from the non-dominated zlternatives

scale The value function
2478 0907
i 3093 0901

The values of the scale grades:
1:0000

2:011

3:0222

vitins 307 0846 4:0333
1734 0846 5:0444

= 6:0556
5 1267 0802 IO 66T

8:0778

Nondominated
variants

E ‘
‘Show the parameters values

conclaten |
\

9:0889
10:1.000

Ready

Figure 6. Estimation of value functions based on the centroid values of the decision maker’s prefer-
ence parameters.

Let us continue the formal solution of the choice problem by the criteria importance
method. At the next step, we input in the software DASS (see Figure 7) interval information
about the relative importance of the criteria: the first criterion is at least 2 times more
important than the second, and no more than 4 times; the second criterion is no more than
2 times more important than the third.
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Figure 7. Non-dominated vector scores based on interval information about the importance of
criteria.

With such information about the preferences of the decision maker, the vector score
y(1267) = (8,8,10) turns out to be dominated. Table 5 shows the remaining non-dominated
vector scores. Their value functions have changed slightly, as the set of possible values of
preference parameters has changed (narrowed) and the corresponding centroid values of
these parameters have shifted.

Table 5. The remaining non-dominated vector scores.

No. Y1 Y2 y3 Value Function Estimation
307; 1734 9 8 8 0.978

2478 10 7 10 0.983

3093 10 8 7 0.980

At the next step in solving the choice problem, let us clarify the information on how
the decision maker’s preferences grow along the criterion scale Z (see Figure 8).

File Help File Help
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v Variants = - -
< > I
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Nondominated Nondominated
veriants o variants
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Figure 8. Non-dominated vector scores based on information on the scale of criteria.

As a result, there is only one non-dominated vector score (10, 7, 10), which corresponds
to the solution 2478. Additionally, in favor of this vector score, we can note the fact that the
estimation of its value function was higher than others at each step of solving the problem.

The only solution was selected using imprecise information about the preferences of
experts, given in the form of interval estimates. In the previous steps, the choice set was

23



Mathematics 2021, 9, 2854

significantly narrowed down based only on qualitative assessments of preferences. The
use of partial and imprecise information about the preferences, an iterative procedure for
clarifying this information, as well as the ability to formally substantiate the conclusions
made are significant advantages of the considered method of the criteria importance theory
in comparison with other methods of multicriteria analysis.

7. Additional Visual Analysis of Alternative Solutions

After the formal analysis of the problem by the criteria importance methods, it is useful
to return to the graphical representations of the solutions. Consider 4 non-dominated vector
estimates and the corresponding 5 solutions listed in Table 4. Recall that they are selected
after a simple ordering of the criteria by importance.

Let us see where these solutions are in the space of the initial criteria K;, Ky, K3. To do
this, we introduce additional constraints on the values of criteria in the software MOVI.
Note that the considered vector scores have the minimum values of the components 1, 2,
y3 equal to 8,7, 7, respectively. In order for only solutions with estimates y; > 8,y, > 7,
and y3 > 7 to remain feasible, the following constraints should be imposed on the values
of the criteria: Ky > 0.17, K, > 1.188, and K3 < 0.0081. The result is shown in Figure 9.
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Figure 9. The set of solutions in the space of criteria: K; and Kj. Selected solutions are numbered at
the top.

Figure 9 gives a general idea in which region of the original point cloud of all solutions
the solutions we have selected turned out to be. Now, let us zoom in on the display area.
In addition, we will slightly weaken the constraints on the criteria in order to exclude the
rounding effect in the process of bringing the criteria to the 10-point scale: K; > 0.165,
K; > 1.134 and K3 < 0.0088. This extended sample contains 39 solutions, including 14
Pareto optimal solutions. The result is shown in Figure 10.

In Figure 10, the numbers of other solutions, in addition to the selected 5 solutions
from Table 4, are marked. In these scaled figures, it is possible to compare different solutions
in pairs. In particular, to make sure that the solution 2478, chosen by the formal method, is
preferable. It is also interesting to compare the solutions 307 and 1734, which are located
side by side on all three projections and have the same vector score.
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0186 0168 017 0172 0174 0176

0178 018 0182 0184 0136 0188 013 0132 0194 019 0138 020
Criterion 1 (Disbalance) -> MaX

Figure 10. An extended set of solutions in the scaled space of criteria: K; and Kj.

8. Result and Discussion

After carrying out a numerical experiment, out of the generated 4000 solutions, only
2198 were found to be feasible in relation to the constraints of the model. Among such
an abundance of solutions, it is impossible to choose the best one by examining the three-
dimensional space of optimization criteria. Obtaining the set of Pareto optimal solutions
allowed us to select 96 solutions. Further, the analysis of the criteria space was carried out
in order to reduce the area of suitable solutions, and preferences were introduced regarding
the importance and values of the criteria. Thus, we reduced the number of best solutions to
10 (Table 3), and subsequently chose one best solution. Further, the analysis of the obtained
solutions is advisable to carry out using a visual analysis of solutions as shown in [11].
Here is a description of the selected solutions.

Table 6 shows the values of the optimized parameters for the selected solutions, as
well as in Figures 11 and 12 are a visual representation of the dynamic characteristics. A
more detailed description of the visualization principles is presented in [11].

Table 6. The optimized parameters of the system and the ranges of their values.

Parameter Range 307 1267 1734 2478 3093
c1 0.3+0.7 0.688 0.676 0.690 0.694 0.697
XL —-2.0+-04 —1.378 —1.320 —1.321 —1.230 —1.336
Ay 02-+10 0.839 0.847 0.511 0.567 0.726
Bo 03-+0.7 0.507 0.678 0.433 0.630 0.688
aq 0.25+1.0 0.779 0.964 0.800 0.801 0.676
L%} 0.25+1.0 0.295 0.625 0.598 0.746 0.435
K1 0.05+0.1 0.059 0.057 0.052 0.087 0.052
K2 0.05-+-0.1 0.063 0.095 0.060 0.055 0.074
% 2550 46.729 44.714 37.561 38.153 43.732
%) 0-+50 30.566 17.407 1.831 33.533 13.293
Up 2550 72.314 83.777 87.366 95.880 38.715
Oy 0+5 4.990 0.881 2.986 2.882 3.578
ta 0.02 +0.04 0.034 0.024 0.020 0.027 0.027
tp 0.02 +0.04 0.031 0.023 0.028 0.040 0.035

XL1 001 0.001 0.056 0.005 0.048 0.096
XL2 0+0.1 0.036 0.038 0.078 0.088 0.039
Aot 0.05-+1.0 0.05 0.05 0.05 0.05 0.05
A2 0.05+1.0 0.05 0.05 0.05 0.05 0.05
Ts 10 +50 44.453 28.574 26.738 20.576 30.596

Figure 11 shows the characteristics of the movement of the system of the solution 307
with unequal mass loads on the first and second actuators (c; = 0.688, c; = 0.312):
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(a) indicators of the first actuator: curves of displacement and speed (11, A1); in the upper
part of this column I—pressure in its working cavity (cy);

(b) indicators of the second actuator: curves of displacement and speed (A5, A,); in the
upper part of this column II—pressure in its working cavity (2);

(c) channel opening curves (Bg, B1, B2): changes in the mismatch criterion AA in the
movement of actuators, I[Il—pressure in the intermediate cavity (o).

The designations for these quantities were explained in the previous section. The
curves in Figure 12 are arranged in the same order.

The values of all parameters for each solution can be viewed in Table 6. The scale for
displacement A is doubled relative to the pressure ¢. The scale in speed A is ten times the
pressure. The  scale (flow area value) is increased five times relative to the pressure.

It follows from the graphs that under the conditions of the optimized solution 307
(Figure 11), despite the high load level of the actuators (| x| = 1.378), and the imbalance in
loading the right and left cargo (c; = 0.688, c; = 0.312), the given laws of motion actuators
are implemented with good accuracy, and the pressures in all cavities after a short-term
initial disturbance quickly stabilize and are practically invisible.

% J2 A
} z '
S I S I S IR
T T T
1 I s 2 I s ip 1 s
053] ]
I R 5 3
11 11 ] Bo
11 A Ap 11 A, Ap 1
VEE B S / e
11 VI I A, 1 AX
0l = 0: ........ ol =
a Ts b Ts c Ts

Figure 11. Estimated dynamic characteristics of the solution 307.

A short-term disturbance in the system is modeled by a variable x5, in Table 6
these are the variables x1; and xro. The first actuator is supplied with an additional
load x11 = 0.001, and practically does not affect the positioning process, the second
actuator is supplied with x;, = 0.036, and we see a small jump in pressure 0, which
also insignificantly affects the positioning process. The operation of the system under the
conditions of the solution 307 is distinguished by a very low sensitivity to variations in
position and speed (A1, A) parameters within the entire selected range.

The solution 2478 shows in Figure 12, in which unequal mass loads on the first
and second actuators (c; = 0.694, c; = 0.306), short-term disturbances in the system
(xr1 = 0.048 and x, = 0.088) are set. Despite the more significant short-term disturbances,
we see pressure surges in both actuators (77 and ¢, graph), which practically does not
affect the positioning process. This is primarily due to the correct choice of the remaining
parameters of the optimized system. In [11], variants are presented when, for other
parameters, but weaker perturbations, the system does not behave stably.

From a computational point of view, the process of generating 4000 alternative solu-
tions in the MOVI software took the longest time—about 3 h on a personal computer. Each
of these solutions had to be checked for feasibility, and, for this, the system of Equation (6)
had to be solved by the Runge-Kutta method several times for different values of the
parameter cl. On average, it took 15 such launches and 2.7 s to check one solution. All
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other calculations took almost no time and were invisible for experts working with the
systems. The operation of decision rules in the DASS system in problems with up to
10 criteria takes less than a second [27]. Such problems of designing new mechanisms
are one-off, individual, so it is permissible and even advisable to spend a lot of time on
solutions search and careful analysis.

?_1 ‘0'2 Oa—
13 3 3
I — g é._,_;—'“
0 0 0
T T T
1 I S/11 I S}LB III s
0.5': 1] ]
I i | n
11 R ] Bo
11 A Ap 11 Ay Ap ]
0.13.] \ 1.3 \ /E Fe
11 A1 A
11 11 ] Al
¥l N, ol N
a Ts b Ts c Ts

Figure 12. Estimated dynamic characteristics of the solution 2478.

9. Conclusions

The procedure used in this work is based on two important factors: a rational math-
ematical model and a rational optimizing method. The effectiveness of the proposed
procedure is shown by the example of solving a complex dynamic problem-choosing the
best option for a technical project. The first factor made possible to simplify to the limit a
real computational model by reducing the number of both parameters and criteria, which
are considered as a purely physical value. The second factor allowed us to enter the area of
best solutions with a significant reduction in options variation. In conclusion, we note the
following main stages of work:

- Developing a mathematical model of the investigated physical object;

- Transition to dimensionless parameters;

- On the basis of a dimensionless mathematical model of a physical object, multi-
parameter and multicriteria optimization is carried out with the selection of the
Pareto set;

- Analysis of the criteria space in order to reduce the area of suitable solutions;

—  Preferences are introduced regarding the importance and values of criteria in the form
of qualitative or imprecise quantitative (interval) estimates;

—  Visual analysis of the received solutions.

As an additional stage, the proposed procedure can also include an optimization
stage in the transition from dimensionless to dimensional values. The technical design
of a robotic system with two actuators operating in accordance mode, considered as an
example, shows the effectiveness of the approach proposed.
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2
Abstract: Application of transformations for dependent and independent variables is used for finding
solitary wave solutions of the generalized Schrédinger equations. This new form of equation can be
considered as the model for the description of propagation pulse in a nonlinear optics. The method
for finding solutions of equation is given in the general case. Solitary waves of equation are obtained
as implicit function taking into account the transformation of variables.

Keywords: generalized Schrodinger equation; solitary wave; exact solution; implicit function

1. Introduction

In this paper, we consider the nonlinear partial differential equation
iqi+ qu+ag +Blg" g+ v1aP g +519P" g+ Algl* g =0, 1

where ¢(x, t) is complex function, x is coordinate, f is time, 1 is rational number and «, 8, v,
4, A are parameters of Equation (1). It is easy to see that Equation (1) is the generalization
of the famous nonlinear Schrodinger equation which follows from Equation (1) at  # 0,
n=2ua=7 =06=A=0. Equation (1) has been presented in recent paper [1] as an
equation whose solution can be obtained using the method of transformation for dependent
and independent variables. Equation (1) is the generalization of some equations describing
propagation pulses in the nonlinear optics (see, for example, [2-19]).

The purpose of this paper is to present the method for finding solutions of Equation (1)
and to obtain the implicit solitary wave solutions of Equation (1) using the transformations
of variables.

This article is organized as follows. In Section 2, the method of finding solutions of
Equation (1) is presented taking into account the traveling wave reduction. In this Section
the general approach to finding exact solutions of Equation (1) is described as weel. The
implicit solitary waves of Equation (1) in form of kink are given in Section 3. Implicit
soliton solutions of Equation (1) are presented in Section 4.

2. Method Applied
Let us look for the exact solution of Equation (1) using the the form

4(x, 1) = y(z) ¢! 770, @

where y(z) is a function describing an optical pulse profile, w is a frequency and k is a
wave number and z is a variable of x and t: z = x — Cy t.

Substituting (2) into Equation (1) and equating expressions for real and imaginary
parts yields the overdetermined system of equations for function y(z) in the form

(2k—Co)y=-=0, ©)
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Yoz + (w *kz)]/+“]/+ﬁ]/n+l _ ,yy2n+1 75y3n+1 +Ay4n+l = 0. (4)

Provided that Cy = 2k we see that Equation (3) is satisfied. Multiplying Equation (4)
by y. and integrating over z, we obtain the first integral in the form

2
y§+(w4-2§¢_§<2)2yz+xjﬁzzn+22_n%lyznﬂ_ -
ma Y =G,

where C; is a constant of integration.
Solution of Equation (5) can be written in the form of quadrature

a
| mm= ©

2
Hly) = Ci — (w o —R)y? = 7y 2 gy 22 -
20 . 3n+2 _ _ A 4n+2
2 Y wm Yy
However integral (6) cannot be calculated in the general case.
Let us look for solution of Equation (5) in the form

y(z) =F(@), & =F(@)" ®)

where

Using (8), we have

yz:Fégz = FCF(@". (9)
Substituting (8) and (9) into Equation (5), we obtain the equation

2 2\ 122 2p o Y2
g F'2 4 g F2 =0

Equation (10) has been previously studied in papers [1-3]. It is important to note that
by using the transformation [20-23]

F@) =V(E) T, (11

Equation (10) can be reduced to the equation with solutions in the form of elliptic
function

2n* B V8 n?y V2_

Vg+(w+a—k2)n2V4+

n+2 n+1
(12)
2126 n2 A —0
3n+42 2n+1
Solution of Equation (12) can be searched for in the form [24-26]
(V, = W) E (Vy — V3)
= Az i~ E=177%3
V(g) i+ Y2XE ' (V3 — VZ)/ (13)
where Vi, V3, V3 and Vj are the roots of the following algebraic equation
2B v 26 A
2y 174 3 2
_ _ _ = 14
(w+a k)V+n+2V n—l—lv 3n+2v+2n+1 0 (14)
and Y(¢) is the Jacobi elliptic sine in the form
n
v(Ek) =sn{ 3 /o (Ve — )M - ) (€~ i 5, (15)

where S is determined by the formula
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2 (Vi =Vy (V1 —V3)

= =L, 16
(Va—=12) (V3= V2) (16
Taking into account (11), the solution F(&) can be expressed by the formula
_1
() = |:V1(V3 Va)sn? { a(Vy— Vz)(V1—Vs)(§—§(1);5}+V2(V1—V3) n. 7)

(V:s*Vz)Snz{ 2 VAd(Va=12)(V1—V3) (C*é’o);s}ﬂﬁ -V3

We cannot find the explicit expression for the function ¢(z) using V() in the general
case by means of the formula

[v@de=z-z. (18)

However in the case of solitary wave solutions these solutions of Equation (1) can be
found as the implicit functions. To look for these solutions we use the special methods has
been developing in the last few years [27-36].

3. Implicit Solitary Wave Solutions of the Generalized Nonlinear Schrédinger
Equation in Form Kink

Let us look for the solution of Equation (12) using the logistic function. We assume
that there exist a solution of Equation (12) in the form [37-46]

V(¢) = Ao+ A1 Q(6), 19)
where Q(¢) is the logistic function [37]
1
Q(¢) = Trem i (20)

The function Q(¢) is the solution of the Riccati equation in the form

Qe =m(Q*— Q). (1)

The function Q(¢) satisfies the following second-order differential equation as well

Qe =m*Q(Q-1)(2Q—1). 22)

Substituting (19) into Equation (12) and taking Equations (21) and (22) into account,
yields the equality

<n2A14w — 2 A4 + 2 Ata + APm?) QF + (4n2Ap APa—

2 Ay2m? — 4n Ag AR + 42 Ag A + HSALE 5) Q3+ <A12m2+

2 2

6"&# L 6n2 A2 A 2 + 6n2Ag? A2w — TALE 23
2 2 2

6 A AR ) Q2 4 (Mgl Bas 2l
42 APA K2 + 4 n2A03A1 a+4n2A3A; w) Q — n2A0*K? + n2A0*a+
24 4 2405 n*Ag%g A
n AO w + 1+211 -2 g+30n 1+Un +2 2+U11

We have obtained that a polynomial in solutions Q(z) is equal to zero. Such thing is
possible if and only if all coefficients are equal to zero. Taking into account this property
in (23), we derive the conditions for the parameters of Equation (1). These conditions are

the following
2
m
=k —w-—7, 24
A2 (24)
m2(2 + Tl)(Al +2 Ao)
— , 25
B A (25
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<6A02 1 6AgA; + A12>m2(1 +1n)

_ 26
= 1’le12 ! ( )
(2 +3n)m2A0 <2A02 +3A0A+ A12)
5= _ ) 27)
H2A12
14+ 2n)m2Ag?( Ag®> +2 Ay Ay + A2
A:_(Jr n)m 0(0+ 0A1+ 1). 28)

1’12A12

Using solution (19) and definition (18), we get the implicit function &(z) in the form

Al mé\ _
(AoJrAl)CfZlog(lJre )—zfzo. (29)

On the other hand taking into account (8) and (11), we obtain

_1 (Ag+ A y" -1
¢ = p log {W . (30)
Substituting (30) into (29)yields an implicit expression for y(z) in the form
(AO —|—A]) (A0+A1)yn -1 Aq Alyn -
o log Aoy’ —1 o log Aoy —1) zZ — Z0. (31)

We have obtained implicit expressions for kinks y(&) and y(z), where Ap, A1, m and
n are arbitrary. These values allow us to calculate the parameters «, B, 7y, 6 and A for
Equation (5) using conditions (24)—(28).

Solutions (30) of Equation (10) (on the left) and (31) of (5) (on the right) are demon-
strated in Figure 1 at Ag = 1.0, Ag = 0.5, n = 2, m = 0.02 and zg = 0.0.

400 4004
3004

300
2004

200
1004
¢ 100 N
0 -100
~1004 -200
-200- ~3001
400

0.82 0.84 0.86 0.88 0.90 0.92 0.94 0.96 0.98 1.00 0.82 0.84 0.86 0.88 0.90 0.92 0.94 0.96 0.98 1.00

y v

Figure 1. Solutions (30) of Equation (10) (left) and (31) of (5) (right) at Ag = 1.0, Ag = 0.5,n = 2,
m = 0.02 and zy = 0.0.

4. Implicit Optical Solitons of the Generalized Nonlinear Schrédinger Equation

Let us obtain the exact solutions in the form of solitons. We look for the solution of
Equation (12) in the form [47-51]

V(&) = Ao+ A1 R(E), (32)

where the function R(&) solves the following equations

Ri+aR*+bR?—cR*=0 (33)

and

R§§+2aR3+32—szfcR=O (54)
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Solution of Equation (33) is as follows [47]

4ee Ve
RE) = —— et
dac+b2+2be Ve e28Ve

Substituting expression (32) and taking into account (33) and (34) into Equation (12),
we obtain the following polynomial

(35)

(n2A14 o — ;12A14k2 +n2Atw — Alzu) R*+ (4 n2Ag APa—

2.3
Ar2b — 412 A0 APKE + 4n2 Ay Adw + W) R3 + (A12c+
2 2
S0t B — 612 Ag2 ArPK? + 612 Ag? ArPa + 612 Ag? ArPw—
n2Aq2 2 249 A 2Ag%A 24,6
l+1ng> R=+ (_2 . 13»;1187 +6 . 20+r11ﬁ -2 g+3]n -

A2 A3 ALK + 42 AP Ay a + 42 AP A w> R+ AL~

24412 24 4 244 o Agon® _ Agign Appn® _
n=Ag“ke +n“Ap e +n“Ag w — 2 3475, - t255 =0,

(36)

Equating the coefficients of polynomial (36) to zero, let us find the following conditions

o A%Kn? — A2 ntw +a

’ 37
A2 (37)
(2 +1’l)(4A011 — Ay b)

= - , 38
B 2 A0 (38)
2. a2
7:7<6A0a 3A0 AL b — A c)(1+n) )
A127l2 ’
<4A02a—3A0A1b—2A12c)A0 (2+3n) w)
5= ,
2 A%n?
(Agza —AgAb— A12c> Ag*(1+2n)
A= . (41)
Alel2
Solution V(&) of Equation (12) can be written as the following
4A.ce " Ve
V() =Ap+ . (42)
© O gac b2 2be TV e 20VE
At the same time, we find the function ¢(z) from Equation (18)
2A dac+b?)ef Vet
z=Ap¢+ % arctan {(ac—;\/)%—i— + zp. (43)

Solution V(&) of Equation (12) is demonstrated in Figure 2 on the left hand side at
Ap=50,A1 =—2,0=20,b=3.0and c = 4.0. Dependencies ¢(z) are shown on the right
hand side of Figure 2 at Ag = 5.0, A = =2, =2.0,b =3.0and c = 4.0 (curve 1), Ag = 3.0,
A1 =-2,a=20,b=30and c =4.0 (curve2) and at Ap = 1.0, A; = 2,0 =2.0,b=3.0
and ¢ = 4.0 (curve 3).
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Figure 2. Solution (42) of Equation (12) at Ag = 5.0, A} = —2,2 =2.0,b = 3.0 and ¢ = 4.0 (left) and
(43) of (18) (right) at Ag = 5.0 (curve 1),Ap = 3.0 (curve 2) Ay = 1.0 (curve 3) and at A; = —2.0,
a=20,b=3.0and c = 4.0.

Taking into account Equations (8) and (11), we obtain

4Alce*5‘/z _
dact P 42beivite2eve Y

Solving Equation (44) gives us two expressions for &(y)

Ap + - (44)

1 Alby”JrZAlcy”:FZ\/li’fb
— 1 45
gl,Z(y) \/E og 1*A0]/ ’ ( )
where P is as follows
P = (A%c2+AoAlbcfA5ac>y2"+(2A0ucfbc)y”fac. (46)

The dependence ¢(y) is the two-valued function. Equating ¢; (i) and ¢»(y), we obtain
the following formula for y*

1
2 2 n
o [ZAgaAlem/ALacAl T A bz} | @)

2A0%0 —2AgA1b—2 A%

It can be seen that y* depends on the values of Ay, A1, a, b and c. by substituting y*
into (45) we obtain ¢*. The dependence &(z) can be written in the form

_[aw e>e 48
&) {Cz(y), f (48)

Substituting ¢(y) into expression (43), yields the solitary wave in the form

p2)eS1W) Ve p
Aoé1(y) + % arctan % +2z0, z>7z%,
Z(y) = (4[1C+b2)€§2(y> Veip (9)

Ao Ca(y) + %ﬁ arctan +zo z<z¥

2+/ac
where Z* is found taking into account y*.

Implicit solitary waves solutions &(y) of Equation (10) (on the left) and z(y) of
Equation (5) are illustrated in Figure 3 at zo = 0.0, Ag = 5.0, A; = —2.0,n =1,a = 2.0,
b =3.0,and ¢ = 4.0.
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Figure 3. Implicit solitary waves solutions ¢(y) of Equation (10) (left) and z(y) of Equation (5) (right)
atzg=0.0,A9=50,A1=-20,n=1,a=20,b=3.0and c = 4.0.
5. Conclusions

In this paper, Equation (1) has been studied. Equation (1) is the generalization of the
famous nonlinear Schrodinger equation and can be used for the description of propagation
pulses in optical fiber. Using the transformations for dependent and independent variables
we have presented the algorithm for construction of exact solutions of nonlinear differential
equations. Exact formulas for solitary waves solutions in the form of kinks and optical
solitons are given as the implicit functions. The approach for finding exact solutions can be
used for some other nonlinear differential equations.
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Abstract: The problem with training spiking neural networks (SNNss) is relevant due to the ultra-low
power consumption these networks could exhibit when implemented in neuromorphic hardware.
The ongoing progress in the fabrication of memristors, a prospective basis for analogue synapses,
gives relevance to studying the possibility of SNN learning on the base of synaptic plasticity models,
obtained by fitting the experimental measurements of the memristor conductance change. The
dynamics of memristor conductances is (necessarily) nonlinear, because conductance changes depend
on the spike timings, which neurons emit in an all-or-none fashion. The ability to solve classification
tasks was previously shown for spiking network models based on the bio-inspired local learning
mechanism of spike-timing-dependent plasticity (STDP), as well as with the plasticity that models
the conductance change of nanocomposite (NC) memristors. Input data were presented to the
network encoded into the intensities of Poisson input spike sequences. This work considers another
approach for encoding input data into input spike sequences presented to the network: temporal
encoding, in which an input vector is transformed into relative timing of individual input spikes.
Since temporal encoding uses fewer input spikes, the processing of each input vector by the network
can be faster and more energy-efficient. The aim of the current work is to show the applicability
of temporal encoding to training spiking networks with three synaptic plasticity models: STDP,
NC memristor approximation, and PPX memristor approximation. We assess the accuracy of the
proposed approach on several benchmark classification tasks: Fisher’s Iris, Wisconsin breast cancer,
and the pole balancing task (CartPole). The accuracies achieved by SNN with memristor plasticity
and conventional STDP are comparable and are on par with classic machine learning approaches.

Keywords: spiking neural networks; synaptic plasticity; spike-timing-dependent plasticity; memristor

1. Introduction

A variety of problems surround the phenomena or dynamical processes that cannot be
described by explicit laws expressed in differential equations. Such tasks could be solved
with the help of data-driven modeling, which forms an implicit model of the process of
interest by learning from the observed data. An especially relevant direction in data-driven
modeling involves spiking neural networks (SNNs) [1-3], an inherent characteristic of
which is the nonlinearity in the temporal dynamics of neurons receiving and transmitting
spikes and the dynamics of the synaptic weights during learning. The dynamics of spiking
neurons is described by nonlinear differential equations: the membrane potential of a
neuron receives non-differentiable pulses when input spikes arrive and is instantaneously
reset to its resting value upon emitting an output spike.

The practical relevance of SNNs involves the ultra-low power consumption these
networks could exhibit when implemented in neuromorphic hardware [4,5]. For instance,
the digital neuromorphic chip TrueNorth [6] spends only 26 p]J for transmitting an impulse
(spike) from neuron-to-neuron. Devices in which synapses (and possibly neurons too)
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are implemented in an analogue fashion can be even more efficient [7]. The prospective
element base for the analogue implementation of a synapsis is a memristor [8,9].

This gives relevance toward developing spiking neural network models with learning
based on synaptic plasticity mechanisms that model the conductance change of a mem-
ristor. A number of memristor plasticity models have been obtained so far, backed by
experimental measurements, in which the drift of the conductance of a memristor depends
nonlinearly on its current conductance and on the time difference between presynaptic
and postsynaptic spikes [10-14]. Spiking networks with the plasticity approximating
nanocomposite (NC) memristors (CoFeB),(LiNbO3);_, were shown to classify the MNIST
handwritten digits [15]. Recently, a highly-plastic poly-p-xylylene (PPX) memristor was
created [16], which makes it relevant to study the possibility of learning about SNNs, with
plasticity modeling that type of memristor.

This paper considers three synaptic plasticity models: the model of the PPX memristor
plasticity obtained by approximation of its experimental measurements, the existing NC
memristor plasticity model [15], and the additive spike-timing-dependent plasticity, which
was shown to resemble the plasticity of various types of memristors [17,18].

The aim of this paper is to numerically solve the learning dynamics of the spiking
neural network model with the aforementioned plasticity mechanisms, to obtain weights
established after learning, and to obtain the times of output spikes for given input spikes,
which are then decoded into classes to solve a classification task.

Unlike existing works devoted to SNN learning with memristor plasticity
models [15,17,19-21], which are based on frequency encoding of the input data, we use
temporal encoding, in which the information is contained in the timings of input spike
patterns, as it requires fewer spikes and, thus, less energy.

For the NC and PPX memristor plasticity models (described in Section 2.2), we show in
Section 3.1 that a neuron memorizes repetitive spike patterns. Based on this, an algorithm
for training a spiking neural network with temporal encoding is proposed in Section 2.5. The
performance of the algorithm is tested in Section 3.2 on benchmark classification problems.

2. Materials and Methods
2.1. Neuron Model

Keeping in mind the prospective possibility of hardware implementation, we strive
for a simple neuron model. We thus use the leaky integrate-and-fire model [22] for the
neuron dynamics, in which the neuron has one state variable, the membrane potential V(f),
which obeys the following dynamics as soon as it is below the threshold Vi,:

awv _ V(t) — Vrest I Isyn(t) + Lext(t)

E Tm Crn

M

The neuron is considered to fire an output spike when V (t) exceeds Vy,, after which
V is instantaneously reset to 0, and during the refractory period t,f the neuron is unable to
fire spikes.

Iext(t) is the external stimulation current applied during training, described in
Section 2.5. Isyn(t) is the incoming postsynaptic current, summed over currents Igyp ()
coming from the neuron’s input synapses:

dIsyn,i Isyn,i(t)

q
ISyT\(t) = leyn,i(t)r dt = p + wi(t) TSyr\ Spre,i(t - tdelay)~ 2
i syn syn

Here, Spre,i(t) is equal to 1 when a presynaptic spike arrives at the i-th input synapse
of the neuron, and to 0 otherwise. The arrivals of presynaptic spikes are governed by the
input encoding algorithm described in Section 2.4. tgel,y is the delay for transmitting a
presynaptic spike to the postsynaptic neuron, in our simulations equal to the integration
timestep dt = 0.1 ms. Cn = 1 pE gsyn = 5 fC, Tyyn = 5 ms. The constants Vy,, T,
and t,¢ are adjusted for each particular classification task and presented in Section 3.
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The dimensionless synaptic weight 0 < w;(t) < 1 changes after each presynaptic and
postsynaptic spike in accordance with the plasticity model, as defined in Section 2.2.

2.2. Plasticity Models
2.2.1. Additive Spike-Timing-Dependent Plasticity

For the sake of comparison, in addition to memristive plasticity models, which will be
presented in the next sections, we perform numerical experiments with the conventional
STDP [23] in its additive form, where the synaptic weight change Aw does not depend
on the current weight w, and only depends on the time interval At from the arrival of a
presynaptic spike to emitting the postsynaptic spike:

—A”exp( &) ifAt<0;
Aw = S ©)
A*fxp(—;t if At > 0.
Here, following the existing literature [24], 7% = 20ms, 7~ =20ms, AT = A~ = 0.01.

Solving the synapse dynamics is performed with the help of two more state variables
for each synapse i, its presynaptic and postsynaptic eligibility traces [25] x; and y;:

dx; xi(t)

7; = ’IL'T + Spre,i(t)/

dyi __ vi(t)

E =— T + Spost(t)‘ (4)
dw; _

d—t' =max (A~ -y;(t) - Spre,i(t), 1— w;)+

+min(AT - x; () - Spost(t), w).

2.2.2. Nanocomposite Memristor Plasticity

The plasticity model for nanocomposite memristors (CoFeB),(LiNbO3); _x is borrowed
from the literature [15]:

AT w- |1+ tanh ,N;iﬂ if At > 0;
Aw(At) = A ©)
A” -w- |1+tanh Ty’ﬂ if At <0.
The constants are kept as in the original literature [15]: AT = 0.074, A~ = —0.047,

pt=267ms, u” = —-223ms, 77 =9.3ms, 7~ = 10.8 ms.
The spike timing dependence curves for different conductance values are depicted in
Figure 1A.

2.2.3. Model of Poly-p-Xylylene Memristors

PPX-based memristors, in contrast to NC-based memristors, demonstrate resistive
switching driven by electrochemical metallization mechanism: conductive filaments are
formed in them due to electromigration of metal ions [16]. This leads to a slightly different
shape of the spike timing dependence curves.

We fitted the experimental dependences of the change in synaptic conductance on the
time interval At between presynaptic and postsynaptic splices for PPC memristors using
the following function:

A 4o B (T ) o= () .
Aw(At) = Hlate ,( z,,fwm:m)e 77(;)2 A= 0 6)
@oﬁe_ﬁ (m)f” (%) ifar<o.
Here T = 10 ms, a™ = 0.32, &~ = 0.01, B+ = 2.21, B~ = —5.97, 4+ = 0.03, 4~ = 0.15,

Wmax = 1, Wmin = 0.
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Figure 1. Spike timing dependence curves: the dependence of the change Aw in synaptic conductance on the interval At
between a presynaptic spike and a postsynaptic spike for different current synaptic conductance values w. (A): for the

nanocomposite memristors, redrawn from the original paper [15], (B): for poly-p-xylylene memristors.

The weight-dependent exponents in Equation (6) express the experimentally observed
dependence of the change in synaptic conductance on the initial conductance value. Similar
dependencies have already been applied in some works on memristic conductivity, in
particular in [26]. Parameters at, e, BT, B, 4", v~ were determined from the experimen-
tally obtained dependencies in three stages: at the first stage, experimental dependencies
were approximated by cubic splines. At the second stage, the obtained spline curves were
approximated by the function above (see Equation (6)) for each set of experimental data
by the nonlinear least squares method At the third stage, the best set of parameters was
chosen based on the maximum possible values of R?. The experimental data consisted of
measurements of the dependence of the change in synaptic conductance on Af for four
different initial conductance values, for each of which, measurements were performed
five times, after which the results were averaged. The results of the experiments and
approximations are shown in Figure 1B.

2.3. Network Model Implementation
Overall, the network is defined by the following system of equations:

For each neuron j:

t
t—t
V](t) = /EXP (7 > : (Iext, for neuronj(t,) + Isyn, for neuronj(t/))dtlr
s Tm
b
Spost,j(t) = ®(V](t) - Vth) : ®(t - f] - tref);
For each input component i: 7)

Sprei(t) = 1 8(t = thpue)
t;nput
For each input synapse i of each neuron j:

dw,']'
t

= Plasticity (wij, Spre, is Spost,j) :

Here, the formal solution for a neuron’s potential V](t) is presented [27,28], start-
ing from the moment fj of its most recent spike. The initial conditions are V]-(fj) =0,
w;j(0) = Winit- The times t]?nput of the presynaptic spikes arriving from each input i during
presenting every input vector are defined in Section 2.4. sy, are defined in Equation (2).
Plasticity refers to one of the models (3), (5), or (6). © is the heaviside step function.
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Solving the network dynamics is performed numerically in a piecewise manner: V;(t)
is obtained over an interval during which Spostj(t) and all Spr ;(t) equal 0. When a
postsynaptic spike occurs, wy; is updated in accordance with the plasticity model, and ; is
updated to equal the current value of . When a presynaptic spike arrives, w;; is updated,
and the integration continues.

Simulations are carried out with the help of the NEural Simulation Tool (NEST)
library [29].

2.4. Input Preprocessing and Encoding

Before presenting input data to the SNN, it is normalized by applying L2 norm or
MinMaxScale (https:/ /scikit-learn.org/stable/modules/preprocessing.html, accessed on
13 October 2021) depending on the dataset (see Section 2.6), and then processed by Gaussian
receptive fields [30-32]. The latter converts an input vector X of dimension N, a vector
of dimension N - M, where M is the number of receptive fields. Each component x is

o2

. . . i_ 2
transformed into M components g(x, pig), . . ., §(x', ptm), where g (', i) = exp (M) .

Here, p; = XA (X — X +7/=7 is the center of the j-th receptive field, Xi . and
X! .. are the maximal and minimal values of the i-th component among all vectors of the
training set, which are 1 and 0, respectively, if MinMaxScale normalization is applied. M is
chosen to be 20 in all experiments.

After preprocessing, the vector obtained is encoded into a pattern of spikes to present
to the input synapses of the network. Each component x’ of the preprocessed vector is
represented by one spike arriving at he i-th input synapse at time t{nput = t,(1 —x%), relative
to the beginning of presenting that input vector, where t;, is the duration of presenting one
vector. That way, the particularities of a class of input vectors are characterized by a few
of the earliest input spikes, which, in turn, correspond to the receptive fields typical to

that class.

2.5. Learning Algorithm

To solve multi-class classification tasks, on the base of local plasticity tasks, the learning
algorithm should be designed so that each neuron learns specifically the class it is assigned
to. To achieve that, we use a learning algorithm in which neurons memorize their classes
induced by a reinforcing signal (see Algorithm 1).

The network consists of as many neurons as there are classes in the classification
problem; the neurons are connected with each other by non-plastic inhibitory synapses
with fixed weights w;,, (see Figure 2).

Inhibitory
Connections

Figure 2. The spiking neural network topology.
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At the training stage, the neurons receive spike patterns encoding vectors of classes of
the training sample. The neuron that corresponds to the class of the input sample being
fed at the moment is stimulated by setting a high positive Ioy for a short period, starting
from xf“i“ + tehife, Where x,r-“i“ is the beginning of presenting an input vector. The value
of eyt is chosen such that it causes an immediate output spike. The spike induced by
such a stimulation will lead to amplification, according to the rule of local plasticity, of
those inputs that receive spikes at earlier moments of time. To decrease the probability of
excitation of other neurons and prevent their synaptic weights from growing while giving
examples of classes that are not assigned to them at the learning stage, the threshold is set
so that only the trained neuron spikes in response to reinforcing signal. The class of the
example is determined by the neuron that generated the spike earliest.

Algorithm 1 Learning algorithm

Input: matrix of preprocessed input objects X, vector of object classes Y, neuron parameters,
plasticity parameters, initial distribution of weights
Parameter: N_epochs, t;, h
Output: network weights
1: Initialize neural network: neurons, synapses and initial weights.
2: Define input spike patterns with the duration .
3: for each x; in X do
4:  search for a minimal value of xf‘“n.
5. define the time since the beginning of the reinforcing signal as xl‘.’“in + tshift, Where
tspift 1S @ reinforcing signal temporal shift.
6:  define the termination time of the reinforcing signal as xf“i“ + tnife + 2 * dt, where dt
is the simulation timestep.
7. Set an amplitude for the reinforcing signal.
8: end for
9: for k in N_epochs do
10:  Set input spikes at the generators.
11:  Set teacher current impulse times at the generators.
12:  Simulate a training epoch.
13:  For the next sample, times of input spikes and teacher current impulse times are
shifted on a time period equal to the epoch simulation time.
14: end for
15: return weight distribution, output spike times.

2.6. Datasets

Two benchmark classification problems are considered: Fisher’s Iris and Wisconsin
breast cancer.

The dataset of Fisher’s Iris consists of 150 flowers, described by four traits: the length
and width of the sepal and petals in centimeters. The specimens belong to three different
classes of 50 specimens each, corresponding to three species: Iris setosa, Iris virginica, and
Iris versicolor. The first class is linearly separable from the second and third, while the
second and third are not linearly separable.

The breast cancer dataset collected at the University of Wisconsin consists of 569 sam-
ples, 357 of which are classified as “benign” and 212 as “malignant”. Each sample in
the dataset represents cell characteristics from a digitized image of a fine needle aspira-
tion breast biopsy. The input vector of length 30 is composed of the mean value (among
all cells), the standard deviation, and the extreme values of each of the 10 cell nucleus
characteristics—radius, texture, perimeter, area, smoothness, compactness, concavity, con-
cave points, symmetry, and fractal dimension.

Pole balancing [33] is originally a reinforcement learning task. However, creating a
reinforcement learning algorithm for SNNs with memristive plasticity will be included in
future work. As a preliminary step for that, we here consider it as a classification task.
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In this task, the objective is to hold a massive pole attached to a moving cart by a
hinge for a given number of episodes (at least 195 out of 200) by changing the position of
the carriage. The environment is characterized by four parameters: coordinate and speed
of the carriage, as well as angle of deviation from the vertical and angular velocity of the
pole (x, %, ¢ and ¢). The control action which the network should predict applies a force of
1 N to the carriage in the left or right direction.

To convert this task into a classification problem, we collected a reference set of
environmental states and control actions with the help of an artificial neural network,
with one hidden layer of two neurons to the task. This network was trained using the RL
algorithm Policy Gradient (https://github.com/norse/norse/blob/master/norse/task/
cartpole.py, accessed on 24 October 2021) until the average number of episodes (carriage
movements), during which the pole remained in an acceptable position, was equal to 198
(out of 200 episodes). After the artificial neural network was successfully trained, it was run
in the CartPole environment without training, and the decisions it made at each step and
their corresponding environment states were recorded. A total of 100 runs were performed,
which resulted in the collection of 1949 input-output pairs. The collected set of pairs was
used to train the spiking neural network.

3. Results
3.1. Memorizing Repeating Patterns

The first experiment was aimed at testing the underlying effect necessary for learning
with temporal encoding. This effect was shown previously [34] for STDP: if a neuron gets a
repeating spike pattern among Poisson noise, the neuron will gradually become selectively
sensitive to this pattern. The times of spikes emitted by the neuron in response to the
pattern will gradually become closer to the beginning of its presentation.

We tested this effect by feeding a single neuron with a single vector from the Fisher’s
Iris dataset, interspersed with random Poisson spike sequences. When a repeating spike
pattern is presented to a neuron, the synaptic weights change, so that the neuron generates
spike earlier, related to the start of pattern presentation (Figure 3). The spike time even-
tually established depends on the value of the neuron threshold. At the same time, the
neuron gradually stops spiking during presenting Poisson noise. Plasticity modeling PPX
memristors is less robust to noise due to the high value of its time window constant 7.

Repeating patterns

B Wy ® forSTDP
¥ for NC
v % W for PPX
71 = .
m
61
i v ®
sl vy oy 1y
v ° any
Yyu B 'l.- h'h..-
4_
Y Hm & %900 o0
N v"Wwwvmem
' 10 20 0 P 50

Mumbers of presenting input pattern

Figure 3. Reduction over time of the delay between the start of the repetitive input spike pattern and
the output spike of the neuron.

In the next section, the learning algorithm based on the pattern memorization effect
confirmed here for all three plasticity models is tested on benchmark classification datasets:
Fisher’s Iris, Wisconsin breast cancer, and CartPole.
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3.2. Classification with SNN

For each dataset, the learning algorithm was applied three times: with STDP, with NC
plasticity, and with PPX plasticity. The plasticity model constants were kept unchanged as
originally defined. The neuron model and input encoding constants were adjusted when
necessary. As a result, the neuron membrane time constant 7, was found to be 13 ms.
The neuron refractoriness period is ¢, = 300 ms, so that after emitting a spike, it cannot
spike again up until the end of the inter-pattern interval #;, = 400 ms. The initial weight of
excitatory synapses is winit = 0.5. The inhibitory weight w;,,, = —4.

The parameters adjusted separately for each task are shown in Table 1 along with the
accuracies of solving respective classification tasks. Accuracy is measured by the F1-macro
score, since the classes are almost equal by the numbers of input vectors. Mean, minimum,
and maximum values are presented over the splits of five-fold cross-validation.

Table 1. Spiking network parameters and Fl-score for different classification tasks.

.. F1, %
Task Plasticity Vi, mV s tshift, MS mean min  max
Fisher’s Iris STDP 5 0.005 0 97 93 100
Fisher’s Iris NC 5 0.005 0 97 93 100
Fisher’s Iris PPX 3 0.005 0 97 93 100
Breast cancer STDP 8 0.005 3.2 94 89 97
Breast cancer NC 8 0.005 3.2 93 88 96
Breast cancer PPX 6 0.005 3.2 93 89 96
CartPole STDP 5 0.01 1.2 66 (199/200) 65 68
CartPole NC 6 0.01 1.2 63 (199/200) 62 65
CartPole PPX 5 0.01 1 60 (197/200) 60 68

4. Discussion

The fact that the results were obtained with similar neuron and synapse model parame-
ters indicates a possible applicability of the proposed learning algorithm to other problems,
while the parameters reported here could form the initial working range. Still, selecting the
network and encoding parameters individually can achieve greater accuracy. For example,
for the Wisconsin breast cancer and CartPole tasks, the timing of the reinforcing signal had
to be shifted in the positive direction.

The simplicity of the neuron model considered contributes towards the prospective
possibility of hardware implementation of the proposed learning algorithm. However,
other nonlinear forms of the neuron’s response function could be studied in further work.

5. Conclusions

This paper demonstrates the possibility of solving classification tasks using spiking
neural network models with synaptic plasticity models that approximate the plasticity of
nanocomposite and poly-p-xylylene memristors. The proposed learning algorithm was
tested on several benchmark classification tasks: Fisher’s Iris, Wisconsin breast cancer, and
the pole balancing task. The network hyperparameters were similar for all tasks, which
shows the robustness of the approach.

In the future, we plan to test the proposed algorithm on more benchmarks, and
analyze more variants of memristive plasticity models.
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Abstract: This paper retrieves highly dispersive optical solitons to complex Ginzburg-Landau
equation having six forms of nonlinear refractive index structures for the very first time. The enhanced
version of the Kudryashov approach is the adopted integration tool. Thus, bright and singular soliton
solutions emerge from the scheme that are exhibited with their respective parameter constraints.

Keywords: solitons; refractive index; Kudryashov

1. Introduction

The physics and technology of optical solitons in telecommunications industry has
totally revolutionized the modern world of quantum communications. The dynamics of
soliton propagation through a variety of waveguides [1-3], as well as the modern study of
meta-optics covers it all. Later, the concept of highly dispersive (HD) optical solitons [4-8]
that was conceived during 2019 has theoretically addressed a growing problem in the
modern telecommunications industry. This is the low count of chromatic dispersion
(CD) that is a key element in sustaining the much needed balance between it and the
self-phase modulation (SPM). HD solitons provide additional sources of dispersion to
maintain this key balance between CD and SPM for the smooth propel of solitons through
optical fibers for trans-continential and trans-oceanic distances. These additional sources
of dispersion are from inter-modal dispersion (IMD), third-order dispersion (30D), fourth-
order dispersion (40D), fifth-order dispersion (50D), and sixth-order dispersion (60D).
These lead to the concept of HD solitons although, technically, dispersive effects would
dominate the soliton propagation. Another shortcoming would be the drastic slow-down
of solitons with such a collective dispersive count.

When HD solitons first came into existence, it was on the platform of nonlinear
Schrodinger’s equation (NLSE) [9-12]. After the concept of HD solitons was first reported,
several works from this area have flooded a variety of journals over the last couple of
years [13-17]. This, in fact, includes addressing of solitons with eighth-order dispersion.
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The current paper is addressing, for the first time, HD solitons on a different platform,
namely the complex Ginzburg-Landau equation (CGLE) [18-26]. There are six forms of
nonlinear refractive index structures that are considered. The integration scheme is the
enhanced Kudryashov approach that reveals bright and singular optical solitons for each
of these six nonlinear forms. These are exhibited and their respective parameter constraint
conditions are also displayed. The detailed analysis are pen-pictured after a quick intro to
the model.

Governing Model

The perturbed HD-CGLE that is considered for the very first time in this paper is
indicated below

igt +ia1qx + A2 xx + 183G xxx + A4Gxxxx + 105G xxxxx + A6Gxxxxxx + F(M‘Z)q
- ol e (o)~ )T
. WH[A(MZ%)X+P,(m|2m)xq+vm|2’”qx], W

where g = g(x, t) denotes the wave profile and g* represents the complex conjugate of the
field g = q(x,t), while t and x represents temporal and spatial variables, sequentially. 4;
(j=1,2,---,6) are the coefficients of IMD, CD, 30D, 40D, 50D, and 60D. The first term
is linear temporal evolution and i = v/—1. y gives the detuning effect. A is the coefficient
of self-steepening. y is the coefficient of higher-order dispersion. v is the coefficient of

nonlinear dispersion. § and « are the coefficients of nonlinear term. Lastly, F <|q\2) stands

for nonlinear form.
Equation (1) is a generalized version of the perturbed CGLE [27-31]

iq: + iaqce + F(1g?)q = “%‘2 + ﬁ{zw("”z)m - [(W)Jz}
+ yg+i[oge+A(1a"a) +u(la") q+vlal"x]- @

This paper studies the perturbed HD-CGLE (1) with six nonlinear forms using
the integration methodology. The current paper is structured as: In Section 2, the per-
turbed HD-CGLE (1) is analyzed. In Section 3, the integration methodology is presented.
In Sections 4-9, we arrive soliton solutions with the proposed models. The results of the
paper are discussed in Section 10.

2. Mathematical Preliminaries

We presume the traveling wave transformation
q(x,t) = p(&)elrrurtbo) &= x—ct, ®)

where ¢({) is the amplitude of the traveling wave, « is the frequency, ¢ is the velocity, w is
the wave number and 6 is the phase constant. Substituting (3) into (1) gives the real part

ﬂé(P(P(é) + (5ﬂ5K + a4 — 15a61c2>¢</)(4>
+ (151161(4 — 10a51<3 — 6(141(2 + 3azx +a; — /S) q>4>”
tx(¢7’)2 — ¢? {a6K6 —ask® — agk* 4 azi® + (@ + a2)k? — aye + + w]

_ K(U+/\)¢2m+2 +F<¢2)¢2 —0, @)
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and the imaginary part
[6agKk — a5]<p<5) + (6a6K5 — 4a4k® — Bask* + 2ayk 4 3azk> — aq + C) ¢
29 (2mA 4 2mp + A+ v) + 9" (~2006k° + 10a5K% + dagx —a3) = 0. (5)

Equation (5) yields the velocity

c= 761161(5 + 4a4K3 + 5115K4 — 2apK — 31131(2 +ay, (6)
and the frequency
as
=2 7
= e @)

and the constraint conditions
2mA + 2mp 4+ A+ v =0, —20agx> + 10ask> + dagk — az = 0. (8)

Equation (4) can be written as

" 2
900 + Mpg ™) + 229" + 83 (¢)? + B + As¢ 2+ F(9?) 92 =0, ©)
where
—1 2
A = Dt e =15k Kot A)
a6 a6 a6
A — 15a¢x* — 10a5x3 — 6a,4x% + 3azk + ay — B
2 = 2 ,
3 geg 6 _ ;4 2 _
A4:7a31< ask> + agk® — agk* + (ap + a)x* + 7y a1K+w. (10)
a6
3. Enhanced Kudryashov Method
The integration approach permits the formal solution
N
9(0) = X x[RE)S, o5 #0, an
g=0

where N is the order of the pole, oy (¢ =0,1,2,---,N) are arbitrary constants and R(¢)
satisfies the ordinary differential equation

R?(&) = R(©)[1 - xR¥(§)]In°K, 0 <K #1, (12)
along with the analytical solution

1
4A 7

R(C) = | 1a2 expy(pd) + x expy(—pé)

(13)

Here x, p and A are non-zero real constants and expg (p&) = K¥¢. Plugging (11) along
with (12) into (9) yields the coefficients 0y (¢ = 0,1,2,- -, N). Substituting the coefficients
0y (§=0,1,2,---,N) together with (13) into (11), we arrive the analytical solution of the
model Equation (1).

4. Kerr Law

The Kerr law of nonlinearity is considered as

F(¢?) = e¢?, e 0, (14)
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where e is an arbitrary constant. Therefore, Equation (1) turns into
iCIt + iﬂﬂ]x + axqxx + iﬂBQxxx + a4 xxxx + iﬂSQxxxxx + agGxxxxxx + €‘£]|2q
2
\

— |‘Z;* + 4|quq* {2|q|2 (1a7) - [(W)I}

+ yq+i[A(la™"g) + (™) a+vlgP" s, (15)

while Equation (9) simplifies to
P + 2199 + Mapp” + Mg ()7 + Aag? + Asgp?" 2 + et = 0. (16)
Setting m = 1, Equation (16) collapses to
0+ 2199 + Mg + A3 () + Mg + (85 +e)g* = 0. (17)
Balancing $p(®) and ¢* gives rise to
2N +6p = 4N = N = 3p. (18)
Case 1: With the help of p = 1, Equation (11) turns into
9(2) = 00+ 1R(§) + 2R*(§) + 3R ((), 03 # 0, (19)

where 0y, 01, 07 and 03 are arbitrary constants. Substituting (19) along with (12) into (17)
causes the coefficients to

op =01 =0y = 0, 03 = 248)(1 [ %IHS K, (20)

and the constraint conditions
Ay —7564In* K
—
Ay = (3A2 — 16698 In* K) In2K, x(As+e) >0, e = +1. @1)

A = —83In°K, Az =

Plugging (20) together with (13) and (21) into (19), the straddled soliton is formulated

B 5.\ | 35x 4A 3
q(xt) = 24sx(ln K) As+e [4A% expy(x —ct) + xexpg(—(x —ct))

Xei(ka+wt+90)' (22)

as

By the aid of A5 +¢ > 0and x = 4A2, the bright soliton is indicated below

g(x, t) = 24e (ln3 K) 1/ A53j- esech3[(x — ct) In K]e/(-Fx+wt+00) (23)

By the usage of A5 +¢ < 0 and y = —4A?, the singular soliton is considered as

q(x, t) = 24e (ln3 K) V- A53j- ecsch3 [(x — ct) In K]ef(-rx+wt+6) (24)
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Case 2: With the help of p = 2, Equation (11) transforms to
9(8) = o0+ 1R(E) + 2R3 () + 3R (8) + 4R (Z) + 05R°(8) + 0R°(§), 76 # 0, (25)
where 0; (i =0,1,- - ,6) are arbitrary constants and R({) changes to
R(¢) = RX(¢) [1 - )(R4(c§)] In?K, 0 <K, K #£ 1. (26)

Inserting (25) along with (26) into (17) yields the coefficients

op=01 =0 =03 =04 =05 =0, 05 = —192ex A?)Lj—(e In’K, (27)
\/ 4

and the parameter constraints
4A; —1210241n* K
—s
(12A2 — 1068672 In* K> In2K, x(As+e) >0, e = +1. ©8)

A = —332In’K, A3 =

Ay

Putting (27) together with (13) and (28) into (25), the straddled soliton is structured as

o \ 35x 1A ’
qlx,t) = 192826(1“ K)J; 4A2expy[2(x — ct)] + x expg [2(x — ct)]

w pl(—rxtwi+6y) (29)

By the aid of A5 + ¢ > 0 and y = 4A?, the bright soliton is formulated as

q(x, t) = —192¢ (l]n3 K) A/ %sech3 2(x —ct)In K]ei(”‘erZ“t*gO). (30)

By virtue of As + e < 0 and y = —4A?, the singular soliton is indicated below

g(x,t) = 192¢ (lr\3 K) 7A535 csch®[2(x — ct) In K]el(— ®x+wt+bo) (31)

+e

5. Power Law

The power law of nonlinearity is structured as
F(¢?) = eg™, e #0, (32)
where e is an arbitrary constant. Thus, Equation (1) simplifies to
igt +1a1qx + A2qxx + 103G xxx + A4Gxxxx + 185G xxxxx + A6Gxxxxxx + e|q‘2nq
_ el B 2(| 12 2\ 12

+ va+i[A(laP"q) +n(1aP™) a+vlaP"a), (33)

while Equation (9) collapses to

P9+ 199 + Bagp” + 85 (¢)” + Asg? + A5 ept 2 =0 (3
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Setting n = m, Equation (34) transforms to

99 + 8199 + Aspp” + B3 (¢)” + Asg? + (A5 + e)p?" 2 = 0. (35)

Balancing ¢¢(®) and ¢2"+2 yields N = % Setting

¢ = (U],

Equation (35) turns into

+

—9(m —1)(2m — 3)(4m — 3) (5m — 3)(m — 3)U'®
135m(m — 1)(2m — 3) (4m — 3) (m — 3)UU" U'*
OAym2(m —1)(2m — 3)(m — 32U
18012 (m — 1) (2m — 3)(m — 32U U + Agm®U

405m2 (m — 1)(2m — 3)(m — 3)YLPUU + 188ym> (2m — 3)(m
3P UBU©) + 4503 (2m — 3) (m — 3)WPUDU + 31 [3A3 — (m
124,m* (m — 3)UAU" U+ 180m3 (2m — 3)(m — 3)UPU"U U’
18m* (m — 3)U*UO U + 45m> (2m — 3)(m — 3)uP(U")?

9 m (m — 3)UA U )? — 45m* (m — 3UAUDU + 3P A UPU
mb(As + e)U'2 — 30m* (m — 3)u*(U")? + 3m’ A UP UM = 0.

Balancing USU(®) and U2 leads to

6N +6p=12N = N = p.

Case 1: By virtue of p = 1, Equation (11) collapses to

U(g) = oo +01R(E), o1 # 0,

(36)

"2
—-3)uPu u

2
—3)AJutu

"

(37)
(38)

(39)

where 0y and o7 are arbitrary constants. Plugging (39) along with (12) into (37), we arrive
the coefficients

00:0,0'1—

1

As+e

and the parameter constraints

(20m2 + 36m +27) In> K

__€lnK (9(4m+3)(5m+3)(2m+3)(m+3)(m+1))(3>5 w0)
m ,

7

A =— 3 , X (b5 +e) >0,
64m° + 480m* + 1512m° i K
( +2592m2 + 2187m + 729 ) n (m+3)A;
B3 =~— 3m* - 3
64md + 480m* + 1512m3 I K
A ( 12052m2 + 1215m + 243 > n L3 In2 K
e .

mo m

56
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Inserting (40) together with (13) and (41) into (39), the straddled soliton is modeled as

3
m

4€A<9(4m+3)(2m +3)(5m +3)(m + 1) (m +3)X3>éan
As+e
m[4AZ expy (x — ct) + x expg(—(x —ct))]

q(x, t) =

Xei(fxx+wt+90). (42)
By the usage of A5 +¢ > 0 and y = 4A?, the bright soliton is structured as

3
m

seini [ 9(dm +3)(2m +3)(5m + 3) (m + 1) (m +3)\ ¢
q(x,t) = m ( As+e )
xsech[(x — c¢t) InK]

Xei(—xx+zut+60). (43)

With the help of As + e < 0 and x = —4A?, the singular soliton is indicated below

"

semnk [ 9(4m +3)(2m +3)(5m +3)(m+1)(m+3)\ &
g(xt) = " (‘ Aste )
xcsch[(x — ct) InK]

Xei(fxx+wt+90) ) (44)
Case 2: By virtue of p = 2, Equation (11) becomes

U(g) = 0o + o1R(E) + 2R*(€), 02 # 0, (45)

where 0y, 07 and 0y are arbitrary constants. Putting (45) along with (12) into (37) causes to
the coefficients

_ 2InK (9(4m +3)(2m+3)(5m+3)(m+1)(m+3)x3>%

=0 =0 46
) (%1 , 02 m AS Te ( )
and the constraints
4(20m? + 36m + 27) In” K
py = A2 m2+ MK (a5 +e) >0,
16 64md + 480m* + 1512m3 4
e +2592m2 + 2187m + 729 (m+3)A,
5= 3m4 3 !
5 4 3
192( iélz%g;n?ﬁzg:ffﬂ?s >1“6K 124, I K
n
Ay=— 4= . 47)

mob m

Plugging (46) together with (13) and (47) into (45), the straddled soliton is considered

as
s Ly m
8€A]nK<9(4m—|—3)(2m+3)(§T—&A-3)(m+l)(m+3))( )6
_ 5
qt) = m[4A% expy[2(x — ct)] + x expg[—2(x — ct)]]
« ol (—KxFwi+6o) (48)
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By the usage of A5 +¢ > 0 and y = 4A?, the bright soliton is modeled as

3
2€an(9(4111+3)(5m+3)(2m+3)(m+3)(m+1)>}’ "
q(x,t) = m e+ As
xsech[2In K (x — ct)]

~ ei(—Kx+zut+00) )
With the help of As + e < 0 and x = —4A?2, the singular soliton is formulated as

"

seink [ 9O(dm +3)(5m +3)(2m +3)(m +3)(m+1)\ &
glxt) = m (‘ et A )
xcsch[2In K(x — ct)]

Xei(fxx+wt+90) )

6. Parabolic Law

The parabolic law of nonlinearity is indicated below
F<¢2) = e19” +exp*, e2 #0,
where e1 and e; are arbitrary constants. Consequently, Equation (1) turns into
i‘h + iulﬂx + axqxx + Z"13qxxx + agGxxxx + iaS‘/]xxxxx + a6 xxxxxx
2
2 A |4x] B 2012\ 2\ 12
v (alaf reda) =B L 2P (1R),, - [(1P),]
. 2m 2m 2m
+ g+ [A(\ql q)x +z¢(\q| )xq +ulq] qx],
while Equation (9) decreases to
PO + A1pp®) + Apd” + A3 (¢') + Aad? + A5 4 19t + erg® = 0.
Setting m = 1, Equation (53) becomes
99+ 8199+ 8agp” + 83 (¢/)” + Aag? + (85 + 1)+ exg® = 0.
Balancing ¢¢(®) and ¢° causes to N = 3. Setting
3
¢(Z) = [U(@)]2,

Equation (54) collapses to

! !4 " /4 /3 n /2

315[U'1° +36AUPU —1350UU U 4 720U%U U 4 1620U2U"U
"2 2 2 moo1
— 144MUPU U —360PUM U 4 48[3A3 + AoJUAU + 1924, UL U

288U U U — 1440UPU" U U - 360U3 (U2 + 1440, U (U2

9%6M,UU + 720U UM U + 480Ut (U2 + 968 UPUM) + 96U U(®)
646, U2 + 64(e1 + As)U° + 64A,U° = 0.

+ + o+

Balancing U°U(®) and U'? gives rise to

6N +6p = 12N = N = p.

58

(49)

(50)

(6D

(52)

(53)

(54)

(55)

(56)

(57)
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Case 1: By the usage of p = 1, Equation (56) permits the solution (39). Substituting
(39) along with (12) into (56) gives rise to the coefficients

1
00=0, 00 = (%) ’ InK, (58)
and the parameters
AL = 7]79ln2K, . 37295In* K &,
4 48 3
Ay = _9811:in61< N 3A2;n2K, As= o1, e > 0. 59)

Plugging (58) together with (13) and (59) into (39), we arrive the straddled soliton

1
13513553\ ¢

4A% expy(x —ct) + xexpg(—(x —ct))

3
2

ei(fxx+wt+90) ) (60)

q(x,t) =

Setting e, > 0 and y = 4A?, Equation (60) transforms to the bright soliton

1
6

q(x 1) = {(1nK)<1351§5> sech[(x—ct)an}} iRttty ©1)

64e

Ife; < Oand y = —4A?, Equation (60) yields the singular soliton

3
2

q(x,t) = {(ln K) <— 135135) Ecsch[(x —ct)In K]} el (mrxtwi+o), (62)

6482

Case 2: By the aid of p = 2, Equation (56) holds the solution (45). Substituting (45)
along with (12) into (56) leads to the coefficients

1

3\ 6
0o =0y =0, 09 = (%) InK, (63)

2
and the constraints
4
A= —179In2K, Ay — S72BITK 58
3 3

Ay = (6A2 —98115In* K) In2K, As = —ey, x3es > 0. (64)

Inserting (63) together with (13) and (64) into (45), the straddled soliton is formulated

1

3\ 6

4A<135135;( ) K
e

4A% expy[2(x — ct)] + x expg[—2(x — ct)]

as
3
2

q(x,t) _ ei(—Kx-%—wH—Ho). (65)
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If e; > 0 and y = 4A2, Equation (65) becomes the bright soliton

1
6

2
q(x, t) = {(111 K) (@) sech[2InK(x — ct)]} gl (—ratwt+bo)
2
When e, < 0and y = —4A2, Equation (65) turns into the singular soliton

1 2
5 .
135135) CSCh[Z ]nK(x _ Ct)] } ez(—xx+wt+00).

A1) = {(an) (-
7. Dual Power Law
The dual power law of nonlinearity is considered as
F(¢?) = e1¢™" + e29™, e2 # 0,
where e1 and e; are arbitrary constants. Hence, Equation (1) simplifies to
iQt + iulﬂx + ax2qxx + ia3‘7xxx + a4Gxxxx + iﬂSﬂxxxxx + a6 xxxxxx
2
2n an\ o 1gx B 2012 2\ 1?
+ (alal vedal*)a = o5 bR (1P),, - [(17),]
. 2m 2m 2m
+ o+ [A(Iql q)x + u(\ql )xti +lq] qx],

while Equation (9) collapses to

P9 + M19p® + 2o + D3 (¢) + Aad? + 5P 4 9P 4 et = 0.

Setting n = m, Equation (70) decreases to
P9 + 219p®) + 29" + D3 (¢) + Aag? + (A5 + )P 4 ergp1H2 = 0.

Balancing ¢¢©) and ¢*"+2 gives N = % Setting

() = [U()™,

60

(66)

(67)

(68)

(69)

(70)

1)

(72)
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Equation (71) turns into

—9(2m — 3)(2m — 1) (4m — 3)(10m — 3)[U']°
4 270m(2m — 3)(2m —1)(8m — 3)(4m —3)UU'U"
— 36mP(2m — 3)(4m — 3)(2m — )AUPU
— 720m2(2m —3)(2m — 1) (4m — 32U U
—  1620m2(2m — 1) (2m — 3) (4m — 3)L12L1”2u'Z
4 144A P (2m —3)(dm—3)PU U
4 360m3(2m — 3) (dm — 3WPUDU" — 48m*[(2m — 3), — 30U
144003 (2m — 3) (dm — 3)WPUU U — 1928ym* (2m — 3)UAU"U'
— 288m*(2m — 3)UAUOIU + 360m> (2m — 3) (4m — 3)UP(U")?
1444 (2m — 3)UA(U")? — 720m* (2m — 3)UAUBU
+96mIMUPU — 480m* (2m — 3)UH(U" 2 + 96m A LPUM)
+ 96mPUSU®) + 64mPer U2 + 64m®(e1 + As)U® + 64m°PALU°C = 0. (73)

Balancing U°U(®) and U2 leads to
6N +6p=12N — N = p. (74)

Case 1: By the usage of p = 1, Equation (73) satisfies the solution (39). Putting (39)
along with (12) into (73), we arrive the coefficients

1
3 3
R lr:nK (9)( (8m +3)(4m +3)(16(I;rz +3)(2m +3)(2m+1)> , 75)
2

and the constraints

(80m2 + 72m +27) In® K

A =— o As = —e1, X’er >0,
2048m° + 7680m* + 12096m3 iy
( +10368m2 + 4374m + 729 ) TR 2m+3)a,
Bs = 48m* - 3’
3< 2048m° + ZéSOm4 +12096m> > 16 K
Ay — 4820812 + 2430m + 243 NELCTE 76)

64mb 2m
Inserting (75) together with (13) and (76) into (39), we arrive the straddled soliton

3
2m

A 9x3(8m +3) (4m + 3)(10m + 3) (2m + 3) (2m + 1) %1 K
( 6de, ) n
mAAZ expy (x —ct) + xexpy(—(x —cf))]

q(xt) =

Xei(—xx+wt+90). (77)
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By virtue of e; > 0 and x = 4A?, Equation (77) simplifies to the bright soliton

3
2m

k (9(8m +3) (4m +3) (10m + 3) (2m +3) (2m + 1)\ ¢
q(x,t) = 7( 64e, >

xsech([(x — ct) InK]
><Cz'(— Kx+wt+00). (78)

By the aid of e; < 0 and y = —4A?, Equation (77) collapses to the singular soliton

3
2m

an< 9(8m + 3) (4m + 3) (10m + 3) (2m + 3) (2m + 1)>%
o\ 6482
xesch[(x — ct) InK]

><ei<7 kx+wt+0) . (79)

q(x, t) =

Case 2: With the help of p = 2, Equation (73) presumes the solution (45). Plugging
(45) along with (12) into (73) yields the coefficients

3 s
o= i =0, 0p = lniK<9)( (8m + 3) (4m + 3)(10m + 3) (2m + 3) (2m + 1)) 60)

m ey
and the conditions

~ (80m? +72m +27) In” K

Al = 2 A5 = —eq, XBCQ >0,
2048m° + 7680m* + 1209613 It K
+10368m? + 4374m -+ 729 (2m +3)A,
Az = - ,
3m 3
3< 2048m° 4 7680m* + 12096m> > 16 K

+8208m2 + 2430m + 243 A

Ay = — 5 + % In?K. (81)

Substituting (80) together with (13) and (81) into (45), we attain the straddled soliton

N‘w

m

4A<9X3(4m+3)(8m +3)(2m +3) (10m + 3) (2m + 1)) z "
e
m[4A? expy[2(x — cti + xexpg[—2(x —ct)]

q(x, t) =

x gl (—Kx+wi+bo) (82)

With the help of e; > 0 and y = 4A2, Equation (82) changes to the bright soliton

S

k (9(8m +3) (4m +3) (10m + 3) (2m +3) (2m + 1)\ ¢
q(x,t) = 7( e )
xsech[2In K(x — ct)]

XEi(—Kx#»wH»Gg). (83)
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By the aid of e; < 0 and y = —4A?, Equation (82) collapses to the singular soliton

3
2m

ik ( 9(8m+3)(dm +3)(10m +3)(2m +3) (2m + 1)\ ¢
q(x,t) = 7<7 e )

xcsch[2InK(x — ct)]
Xei(—xx-l—wt-kﬂo). (84)

8. Polynomial Law

The polynomial law of nonlinearity is modeled as
F(¢?) = e1¢” + eap* + e3¢®, e3 # 0, (85)
where ey, e and e3 are arbitrary constants. Therefore, Equation (1) simplifies to
iQt + ialﬂx + a2qxx + iaS‘]xxx + A4Gxxxx + iaS‘]xxxxx + Agqxxxxxx
2
2 4 6 lqx| B 2(1.12 2\ 12
= 2 _
v (alaf+edal* estg®)q =B+ LB {2102 ()~ [(10P),]

+ g +i[A (") +u(laP") a+olaf"as], (86)

while Equation (9) collapses to

900 + 2199 + D29 + 83 (¢')” + Aag?
+ APt o9t + a4 eagt = 0. ®)

Setting m = 1, Equation (87) transforms to
99 + 81901 + 8209" + 83(¢')” + Dag? + (85 +e1)pt +e29® +esg® =0, (88)
Balancing 4)47(6) and ¢® gives

2N+6p =8N = N = p. (89)

Case 1: By virtue of p = 1, Equation (88) holds the solution (39). Putting (39) along
with (12) into (88) causes to the coefficients

1
72 3\ 6
00 =0, 0 = (%) InK, (90)

3

and the constraint conditions

B 1 e 35 2/3 21,2 3
A = 217 | o (720)( e3) +840x" In" K|, x’e3 > 0,
A 1 663x (90x°¢3) 1/3(61 +As) + 10(1112 K) e2(90 )(362)2/3
2 = !
6X2€§ *37(2€§(A3 — 518 ln4 K)
2
p_ 3K 3Ax(90°6) " (e1 + 85) + (In” K) ez (902°63) 1)
2x2e} +1x%e3(As +450In* K)
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Plugging (90) together with (13) and (91) into (39) gives rise to the straddled soliton

1
3\ 6
4A<ﬂ> InK
€3

i(—rx+wt+6p) W
4A% expy(x —ct) + xexpg(—(x —ct)) ¢ ' ©2)

q(x,t) =

When ez > 0 and y = 4A2, Equation (92) becomes the bright soliton
720\
qx,t) = { (7> In Ksech|[(x — ct) InK] }ei(""+Wt+90>. (93)
3

Ifez < Oand y = —4A?, Equation (92) turns into the singular soliton

1
q(x 1) = { (-%) * In Kesch(x — ct) InK] }ei<”+wt+9o>. (94)

Case 2: When p = 2, Equation (88) permits the solution (45). Substituting (45) along
with (12) into (88) yields the coefficients

1
72 3\ 6
0o =0y =0, 02=2<8L37‘> InK, (95)

and the parameter conditions

1 2/3
A = {’Zi (720;&2) +3360x2 2K |, x%es > 0,

247 e

1

663x(90x°e3) " (e1 + s) + 40 (In? K ) e2 (907°¢3)*/?
6x2¢4 ’

—3x%e4(A; — 82881n* K)

_6In°K

A= 2
x%e;

(96)
+1x%¢4(8s +72001n* K)

%e%)( (90)(362)1/3(81 +As) + 4(1r12 K) e (90)(3@%)2/3 ‘| .

Inserting (95) together with (13) and (96) into (45) gives the straddled soliton

1

3\ &

8A<720" > InK
e3

4A% expy[2(x — ct)] + x expg[—2(x — ct)]

ei(fxx+wt+90) ) 97)

q(x,t) =

Setting e; > 0 and y = 4A?, Equation (97) transforms to the bright soliton
1
720\ © H(—xx
q(x,t) = {2 InK <E—O> sech[2InK(x — ct)] }e’(““”HQO), (98)
3
Ife; < 0and y = —4A?, Equation (97) simplifies to the singular soliton

1
q(x,t) = {21nK<7:O> 6csch[Z InK(x —ct)] }ei(Kx#»thr@o). (99)
3
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9. Triple Power Law

The triple power law of nonlinearity is structured as
F(¢?) = e1¢™ + 9™ + e3¢, €3 # 0,
where eq, e and e3 are arbitrary constants. Thus, Equation (1) turns into

iQt + iﬂlﬁx + a2qxx + m?ﬂxxx + A4 xxxx + iﬂSﬂrxxxx + AgGxxxxxx

|qx]

+ (erlgP" + ealg|™ + eslql™ ) = q*z 0 |2 { a*(la?),, - K“”z)x]z}

+
+ v+ i[A(Iq\Z’”q)X + u(lqlz’”>xq +vlql? qx]r

while Equation (9) reduces to

99+ 8199 ")+ Dagg” + A3 (¢f)” + Aag?
+ A5¢2m+2 + el¢2n+2 + 62¢4n+2 + 834)6;1+2 —0.

Setting n = m, Equation (102) changes to

90 + 3199 + 2apg” + As(¢f)” + Dag?
4 (AS 4 el)¢2m+2 + 62¢4m+2 + 63¢6m+2 =0.

Balancing ¢¢(®) and ¢o"+2 yields N = % Setting
1
¢(6) = U@,
Equation (103) becomes

—(@2m —1)(m —1)(4m —1)(3m — 1)(5m — 1)[U']®
+ 15m(2m — 1) (m — 1) (4m — 1)(3m — 1)uu”u’4

— AR2m—1)(m =) Bm — 1P 720m2(2m71)( —1)Em—n2u u”

— 45m2(2m —1)(m —1)(3m — 1)u2u”2u +6A1m3(2m — 1)( - 1)u3u” u”
15m®(2m — 1) (m — 1)U 4>u — (D)2, — AUt
(m—1)

603 (2m — 1) (m — HUBU"U U — 4, (m — Dm*utu" U’

— 6(m—Dmtutu®u +15m( —1)2m—1D)URU")? =30 m*(m — 1UHU")?

— Bmtm = YUAIIU B MUPU — 10m* (m — DU U2 + mo s utu®
+ mPUPU® 4 mbesl' + mOepr I + mO(eq + As)UB + mPALUS = 0.

Balancing UU(®) and U'? gives

6N +6p =12 = N = p.

(100)

(101)

(102)

(103)

(104)

(105)

(106)

Case 1: When p = 1, Equation (105) admits the solution (39). Inserting (39) along with

(12) into (105) leads to the coefficients

Jp = 0, 0 =
€3
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and the parameter constraints
A 1
e m2e3(2m + 1) (m + 1)(3m + 1) x2
2/
X {mzez [)(362(27”1 +1)(m+1)(4m+1)(3m+1)(5m + 1)]

1 3
+ 480edx2(m 4 1) (m + g)(m2 +gm+

3 1.,
o5)(m+ 2) I’ K},

1
f2 = m*(2m +1)(m +1)(3m + 1)X26§{_(

a2 (m? 4 m + %)ez (102 K) [(@m -+ 1) (-4 1) (4 + 1) (3 + 1) (5m + 153

3m + 1) (2m + 1) m* Azedx?

2/3

m* (3m + 1) (2m + 1)edx (e1 + As) {(Zm +1)(m +1)(4m + 1) (3m + 1) (5m + 1);&3]
(3m +1)(2m + 1) (m + 1) (64m™* + 96m> + 72m? + 24m + 3)edx® In* K},

In?K
mé(m +1)(3m + 1) x2e4
x {m2(2m +1)In?Key [;ﬁeg(zm 1) (m+1)(4m +1)(3m + 1) (5m + 1)]

Ay=—
2/3

T mtEm 1) (e + As)3 [0 m 1) (m+ 1) (dm + 1) (B3 + 1) 5m o+ 1)
+ (Bm+1)edx? [A3m5 + (m+1)(4m +1)2(2m +1)%In* K] }, x3es > 0. (108)

Substituting (107) together with (13) and (108) into (39), we arrive the straddled soliton

1
m

4A<(2m+1)(m+1)(4m+1)(3m+1)(5m+1) X3>éan

— €3
alxt) = m[4AZ expy (x — ct) + x expg(—(x —ct))]
« el (—KxFwi+6o) (109)
If e3 > 0 and x = 4A2, Equation (109) reduces to the bright soliton
LN L
mk (((2m+1)(m+1)(4m+1)(Bm +1)(5m +1)\ ¢
gt = { 63
xsech[(x — ct) InK]
Xei(fxx+wt+90). (110)
When ez < 0and y = —4A2, Equation (109) changes to the singular soliton
Ly L
mk [ (2m+1)(m+1)(4m+1)Bm +1)(5m+1)\?
q(x/ t) = m e3
xesch((x — ct) InK]
><€i<7KX+Wt+00>. (111)
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Case 2: If p = 2, Equation (105) presumes the solution (45). Plugging (45) along with
(12) into (105) gives rise to the coefficients

o0 21nI<((2m+1)(m+1)(4m+1)(3m+1)(5m+1)x3>‘1’, 12

m e3
and the parameter conditions

1
m2(m+1)(2m +1)(3m + 1)x2

A =—

4

{mjez [Xseg(Zm +1)(m+1)(4m +1)(3m +1)(5m + 1)}2/3
3

1 3 3 1
2 22 2 12
+ 120y (m+l)(m+3)(m +5m+20)(m+2)ln K},

1
Ay —
2T A @2m + 1) (m+ 1) (3m + 1)x2ed

+ 16m*(m® +m+ %)62 In? K[(2m +1)(m+1)(4m+1)(3m+1)(5m + 1))(362]

{f(Sm +1)(2m + 1)m*Azesx?

2/3

/3
+ mt@m+1)2m +1)e2x(er + As) {(Zm +1)(m+1)(4m +1)(3m + 1) (5m + 1);&2]
+ (2m +1)(3m 4 1)(1024m* 4+ 1536m° + 1152m> + 384m + 48) (m + 1)e3x* In* K},

B 12In2 K
m6(m + 1) (3m + 1) x2e3
4 5 2 3.5 2/3
x {3 (m+1)n Kez[)( e3(2m+1)(m+1)(4m+1)(3m+1)(5m+1)]
]1/3

Ay =

+ %m4(3m +1)(e1 + As)e3x [X3eg(2m +1)(m+1)(4m+1)B3m+1)(5m +1)

3 1 4.2
%{ [Aam® +16(m + 1) (4m + 1)*@2m +12In* K]}, x’es > 0. (113)

Inserting (112) together with (13) and (113) into (45) causes to the straddled soliton

1
m

8A<(2m+1)(m +1)(dm + 1) (3m + 1) (5m + 1);(3)%“
_ e3
alxt) = m{x expyg(—2(x —ct)) +4A2expy (2(x —ct))}

x ¢l (—KxFwi+6o) (114)

Setting e3 > 0 and x = 4A?, Equation (114) simplifies to the bright soliton

stk (((2m+1)(m+1)(dm +1)(3m + 1) (5m + 1)\ &
q(x, t) = n e
xsech[2In K(x — ct)]
ol (—rextwi+bo) (115)
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q(x,t)

When e3 < 0and y = —4A2, Equation (114) transforms to the singular soliton

) M(_(2m+l)(m+1)(4m+1)(3m+ 1)(5m + 1)>é
xcsch[21n Ke(gx —ct)]

><ez‘(— Kx+wt+90). (116)

10. Conclusions

This paper reports HD solitons with the perturbed CGLE having six forms of nonlinear
refractive index structures. The perturbation terms are all of Hamiltonian type and are
with maximum intensity. The integration scheme is the enhanced Kudryashov approach
that is the extended and generalized version of the pre-existing Kudryashov scheme. Thus,
straddled, bright and singular soliton solutions emerge from the scheme for each of these
six nonlinear forms that are exhibited with their respective parameter constraints. Likewise,
one can obtain a large number of HD solitons of the model equations by taking a different
selection to the parameters p and N.

There is an abundance of results that have been retrieved on the perturbed CGLE [16,28,29]
where Hamiltonian type perturbation terms are studied with maximum intensity. A spec-
trum of cubic—quartic optical solitons for the perturbed CGLE having a variety of six
forms of nonlinear refractive index structures are derived by eight powerful and prolific
integration structures [28]. Additionally, conservation laws for pure-cubic optical solitons
with the perturbed CGLE having eleven forms of nonlinear refractive index structures are
derived with the implementation of Lie symmetry analysis [29]. Lastly, pure-cubic optical
solitons with the perturbed CGLE having a dozen nonlinear refractive index structures
are recovered by two integration schemes [16]. However, compared with [16,28,29] that
secure pure-cubic or cubic—quartic optical solitons with the model equation, HD solitons
with the perturbed CGLE are given in the current paper for the very first time. The results
of this work are with unprecendented novelty and thus carry tremendous value in further
future development of the concept of HD solitons with CGLE and/or NLSE. The results
are indeed promising.

Later, conservation laws will be reported. The variational principle would lead to the
evolution of the soliton parameters in presence and /or absence of perturbative effects. Once
these fundamental results are in place, one can move further along with the development
of quasi-particle theory to suppress intra-channel collision of optical solitons. The quasi-
stationarity will also be addressed to recover soliton solutions in presence of perturbation
terms, be it Hamiltonian or non-Hamiltonian. These are just a few droplets of a wide and
deep ocean!!
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Abstract: In this work, we study the generalized 2D equal-width equation which arises in various
fields of science. With the aid of numerous methods which includes Lie symmetry analysis, power
series expansion and Weierstrass method, we produce closed-form solutions of this model. The exact
solutions obtained are the snoidal wave, cnoidal wave, Weierstrass elliptic function, Jacobi elliptic
cosine function, solitary wave and exponential function solutions. Moreover, we give a graphical
representation of the obtained solutions using certain parametric values. Furthermore, the conserved
vectors of the underlying equation are constructed by utilizing two approaches: the multiplier
method and Noether’s theorem. The multiplier method provided us with four local conservation
laws, whereas Noether’s theorem yielded five nonlocal conservation laws. The conservation laws
that are constructed contain the conservation of energy and momentum.

Keywords: generalized 2D equal-width equation; exact solution; Weierstrass elliptic functions;
Kudryashov’s method; conservation laws; Noether’s theorem

1. Introduction

It is well established that numerous physical phenomena of the real world are mod-
eled by the nonlinear partial differential equations (NPDE). Therefore, finding the exact
solutions of the NPDEs plays a vital role in the understanding of these physical phenomena.
NPDEs appear in various fields of sciences, which include the fields of biology, quantum
mechanics, economics, optical fibers, fluid dynamics, chaos theory and plasma physics, just
to mention a few. For instance, the Ginzburg-Landau equation [1] was used to describe
superconductivity and was postulated as a phenomenological model which could describe
type-I superconductors without examining their microscopic properties; the Fokas-Lenells
equation [2] is an important model that is used in solitary wave theory and optical fibers
phenomena; the Black-Scholes equation [3] is mostly used in finance—for example, it
may be used as the governing model for the price evolution of a European call; the non-
linear elastic circular rod equation [4] was used to analyze the solitary strain waves in
the nonlinear elastic rod that produce some results on the effect of the geometrical and
physical parameters of the rod on the waves—just to name a few. Scholars and researchers
have dedicated most of their time to investigating some of these models, and for this
reason, there are a number of solution methods suggested in the literature. These solution
methods include, amongst others, Backlund transformations [5-7], the extended simplest
equation method [8], the extended Jacobi elliptic function technique [9], power series
technique [10], tanh method [11], Lie symmetry technique [12-18], bifurcation method [19]
and (G'/G)—expansion method [20].
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Conservation laws have vast applications in the study of differential equations (DEs)
and are known as the fundamental laws of nature as they play a huge role in physics,
applied mathematics and other fields of science such as chemistry, biology, geology and
engineering. There are techniques brought forward in the literature which aid in deriving
conserved vectors which include the classical Noether’s theorem, the multiplier method, the
Ibragimov’s new theorem and the partial Lagrangian method [21-31]. It should be noted
that Noether’s theorem can only be applied to DEs which have a Lagrangian formulation.
However, many DEs exist that do not have a Lagrangian and as a result Nother’s theorem
cannot be used to derive their conservation laws. In such a situation the general method of
multipliers can be invoked to construct conservation laws. Thus, the general multiplier
method provides us with the conservation laws of a DE irrespective of whether or not the
DE comes from a variational principle.

The nonlinear third-order PDE given by

Up + 20utly + Uy =0 )

is known as the equal-width (EW) equation and was first introduced by Morrison et al. [32]
as the mathematical model that describes nonlinear dispersive waves, for example, the
waves created in shallow water channel. Several works has been conducted on this equation.
For instance, in [33], the authors presented some closed-form solutions and conservation
laws for this equation. The authors of [34] invoked the Petrov—-Galerkin method utilizing
quadratic B-spline spatial finite elements to derive solutions for this equation. In [35], the
extended simple equation method along with the exponential expansion method were
employed to derive its exact solutions.
The modified equal-width (MEW) equation reads

U + 20¢u2ux 4+ Uiy =0 2)

and models the simulation of one-dimensional wave propagation in nonlinear media with
dispersion processes. More work that has been performed on MEW equation can be found
in [35-38] and the references therein.

In [39], the authors studied the general form of the equal width (GEW) equation with
power law nonlinearity that reads

uy + auPuy — pitpy =0 3)

and presented exact solitary wave solutions. In addition, analytical expressions of three
invariants of motion for these solitary wave solutions were derived. Recently, the traveling
wave solution of the GEW Equation (3) was found in [40] by using the Lie symmetry
method along with the sine-cosine method.

The generalized equal width-Burgers equation

uy + auPuy — Sttyy — plpxx =0 4)

describes the propagation of nonlinear and dispersive waves with certain dissipative effects.
The exact solitary wave solutions of (4) were derived in [39].

Recently, Equation (2) was generalized to the two-dimensional modified equal-width
equation, which reads [41]

up + 1Py — p(ttper + Utyy) =0, (5)

where y is a real constant. Firstly, Lie symmetries were computed, and thereafter, one-
dimensional and two-dimensional subalgebras were obtained. These were then utilized to
perform the symmetry reductions of (5) to ordinary differential equations.
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In this work, we further generalize (5) to the two-dimensional equal-width (2D-EW)
equation with power law nonlinearity, viz.,

up 4 1"ty + Ay + Pitpyy =0 (6)

with &, B and n being nonzero constants. In this work, we provide the exact solutions of
the 2D-EW Equation (6). The classical symmetry method was employed to obtain point
symmetries of this model, and thereafter, symmetries were used to reduce (6) to some
nonlinear ordinary differential equations (NODESs). Various solution methods were then
utilized to construct solutions of these NODEs, which consequently provides us with
the exact solutions of the 2D-EW Equation (6). Moreover, the obtained solutions were
described graphically for certain parametric values. Finally, we derive both local and
nonlocal conservation laws for this model by invoking two distinct approaches.

2. Symmetries, Reductions and Solutions

In this section, we firstly compute Lie symmetries of the 2D-EW Equation (6) and
thereafter perform symmetry reductions to obtain various NODEs. By employing different
techniques on these NODE, we then construct closed-form solutions of the Equation (6).

2.1. Lie Symmetries

We consider the one-parameter group of transformations
F—t+at(t,x,yu), T — x+al(t,x,y,u),
g—=y+ap(t,x,y,u), i —utan(t,xyu) (7)
with a small parameter a, for which the corresponding vector field is

J 0 ) )

The vector field Z is a Lie symmetry of Equation (6) whenever
ZI0 (g + 1y + attger + ,Butw)‘(()) = 0. )

Here 20! is the third prolongation of (8); see for example [14]. Expanding Equation (9)
and separating the various derivatives of u lead to the determining equations:

w=017%=01%=0wm=07=005,=07% =0,
¢y=0,¢:=0,¢,=0,¢x =0, ¢y =0, ny +ury = 0. (10)

Solving the above equations, we end up with

0 d o C; 9
Z = (Clt+C2)§+C3£+C4@*7M$, (11)
where Cy, ..., Cy are arbitrary constants. Thus, we see that the Lie symmetries of the 2D-EW
Equation (6) are

d d d d d
Z1==,2 , 23 =5, Z4 =nt—

ot 227 5z P o (12)

Here, the symmetries 24, Z;, Z3 represent the translation symmetries, whereas Z; is
the scaling symmetry.
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2.2. Symmetry Reductions Using 21, 25, Z3

We use the symmetry Z = Z; 4+ a2, + bZ3, (a, b constants) to reduce the 2D-EW
Equation (6) to a NODE. The characteristic equations of symmetry Z give the invariants

f=x—at, g=y—bt, u(t,x,y) =T(f,g),
which reduce (6) to the NPDE
al“f + bl“g — F“Ff + ocal“fff + vcbl"ffg + /Sal“fgg + bﬁl“ggg =0. (13)

Equation (13) has two translation symmetries {1 = 9/9df, {» = 0/0dg. Symmetry
{ = (1 + v{; produces the invariants

z=g—vf, I(f,8) =¥(z)
and these invariants transform the NPDE (13) to the NODE
(av —b)¥'(z) —v¥"¥'(2) + (aav® — abv? + Bva — pb)¥Y" (z) =0, (14)
which we rewrite as
AY'(z) —v¥"(2)¥'(z) + BY"'(z) =0, (15)
where A = av — b, B = aav® — abv? + Bva — Bband z = (av — b)t —vx + .

2.3. Solution of (6) Using Kudryashov’s Method

We engage Kudryashov’s method [42] to construct the closed-form solution for the
2D-EW Equation (6). To do this, we start by removing the power n in the NODE (15) using
the transformation

¥(z) = F/"(z2). (16)

Thus, the NODE (15) becomes
(1 —3n 4 2n%)BF'(2)% +3n(a — n)BF(2)F'(z)F" (z) + n*BF(2)*F" (2)
— n2vF(2)3F'(z) + An*F(2)*F'(z) = 0. 17)
Next, we assume that the NODE (17) has the solution of the form
/
F(z) =} GVi(2), (18)
k=0
where Cy is the unknown constants to be determined and the function V(z) satisfies the
Riccati equation
V'(z) = V2(2) - V(2), (19)

whose solution is

1

By using the balancing procedure [35] on Equation (17), we obtain | = 2. Hence, (18)
becomes

F(z) = Co+ C1V(z) + G V2(2). (21)
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Inserting the value of F(z) from (21) into (17) and using (19), we obtain an equation
which splits into nine algebraic equations:
n2vC3Cy — An?C3Cy — Bn?C3Cy = 0,
4BCy® — n?vCy* + 2Bn2Cy% + 6BnCy° = 0,
21*vCs — 7Tn?vC C3 + 12Bn*C1CE — 6Bn*C3 + 30BnCy C3 — 24BnC3 — 24BC3
+12BCC3 =0,
2020 CICy — n*vC3Cy + 3n2vC3CE + An®C3Cy — 2An2C3Cy — 2An*CyC?
+ 7Bn*Cy>Cy — 8 Bn>Cy>Cy + Bn®CyC? — 3 BnCyC? = 0,
3n?vCyC3 — 2n2vC3Cy — 3n2vC2CE + In?vCEC Cy + 2An*C3C,
+2An2CoC? — 6An*CyCyCy — An?C5 — 12Bn2Cy2Cy + 38Bn*C2C,
+ 2Bn*CyC? + 12BnCyC? — 18BnCyC;C, — BC3 = 0,
7n2vC Cs — 6n*vCoCy® — In2vC3C2 + 2An*C3 + 12BnCyC3
+12Bn*C3C, — 18Bn2CyC3 + 2Bn*C3 + 36BnCoC? + 18BnCiC, (22)
12BnC3 — 66BnCyC3 + 6BC2Cy — 36BC;C3 + 24BC,% =0,
6n?vCyC5 — 15n*vCyC1C3 — 5n*vCiCy + In*vCiC3 + 5An*C1C3 — 2An*C3
4 30Bn2CyCyCo — 12Bn*CyC3 + 2Bn*C3 — 21BnC3C, + 5Bn*C1C3
4 30BnCyC1Cy — 96BnCyC3 + 3BnCs — 39BnC3C, + 42BnCC3 + BC3
4 36BC;C3 — 18BC2C, — 8BC3 =0,
6n*vC3C3 — In*vC3C1Cy — 3n*vCyCS + 12n*vCoCiCa + n*vCY + 6An*CoC1Ca
+ An2C3 — 4An*CoCy? — 4An*C3Cy + 6Bn2C3Cy — 54Bn*C3Cy — 9Bn2CoC2
4 24Bn2CyCCy + 8Bn>CyC3 + Bn*Cj — Bn2C2Cy — 15BnCyC? + 66BnCoC1Co
+3BC3 — 24BnCyC,y2 + 3BnC3 — 3BnCiCy — 6BC3Cy = 0,
15n2vCyC1 C3 — 6n*vC3C3 — 12n°vCyCIC, — n’v Cf 4+ 5n*vC3C,
+ 4An2CyC3 + 4An2C3Cy — 5An>CyC3 + 24Bn*C3Cy + 6Bn>CyC3 — 12BC, C3
+10Bn2C3C, — 54Bn*CyC1Cy — 8Bn?CyC3 — 3BnC3 + Bn*C1C3 + 6BnCyC?
+ 84BnCyC3 — 78BnCyC1C, — 6BnCs + 24BnC3C, — 6BnC;C3 — 3BCS
+18BC2C, = 0.

Using Maple, we attain the solution of the above algebraic equations in the form
2A 2A
Co=0, C; = 7(n2+3n+2), C, = 77(;12 +3n+2), B=—n?A. (23)

Thus, corresponding to the above values, we obtain the solution for the 2D-EW
Equation (6) in the form

5 i
u(t,x,y) = {VA(n2 +3n+2) <{14f)$<;z()z)}2> } , (24)

where z = (av — b)t — vx + y. Figure 1 demonstrates the wave profile of solution (24) for
thevaluesa =2, b=6,v=8,n=1, A=1andt =0.
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-4 -2

Figure 1. The 3D and 2D wave profile of solution (24).
2.4. Solitary Wave Solution of (6)

We now seek the solitary wave solution for 2D-EW Equation (6). To achieve this task,
we focus on the NODE (15). Integrating this NODE twice and taking the constants of
integration to be zero, we obtain

B2 2v g2y Ay2 g (25)

B(n+1)(n+2) B
Using the transformation ¥ (z) = V1/"(z), the NODE (25) becomes

212y n2A
e R ¥ ) N2 _
Bnr)m+2 T80 26)

V(Z) — Wsech2 <\/ —%(Z :tK)),

where K = (y/A(n+1)(n+2) Cy)/2 and C; is an integration constant. Thus, the solution
2D-EW Equation (6) is

1/n
u(t,x,y)—{Wsechz( —Anz(ziK)>} , (27)

whose solution is

4B
where C; is the integration constant and z = (av — b)t — vx 4 y. In Figure 2, we give the

illustration of the solution (27) for the valuesv = 0.9, A =0.18,a =02, b =02, n =1,
K = 0and time t = 0.1.
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3 4 5 6
Figure 2. The 3D and 2D solution profiles of (27).

2.5. Solutions of (6) forn =1
2.5.1. Solution via Direct Integration

We now seek the solution for 2D-EW Equation (6) for n = 1 via the direct integration.
Substituting n = 1 into (15) and integrating the resultant equation twice gives
A 2c 2c
w2 Vgs_ Ly Ly 02 2
3B B B B’ 28)
where ¢y, c; are arbitrary constants. To gain the solution for the NODE (28), we assume
that 1, ko, k3 are the real roots of the cubic polynomial

,%\Iﬂ,(’ﬂ\y,@

v v v

1{;3
with k1 > x2 > x3. Then, Equation (28) can be written as
¥2 = (¥ =) (¥ — r0) (¥ — x3),
3B
whose solution [43,44] is

Y(z) =10+ (11 — KZ)CHZ{ M(Z _ Z()),RZ}, R2 — K1 — K2

12B K1 — K3 !

where z is a constant and (cn) is the Jacobi cosine function. Consequently, the solution for

the 2D-EW Equation (6) is

u(t,x,y) = xy + (€1 — Kz)CnZ{ %(z — zo),Rz}, (29)

where z = (av — b)t — vx 4+ y. Figure 3 depicts the solution (29) graphically for the
parametric valuesxy =1, kp = =54, k3 = =64, B=15,v =12,b =02, v = 0.6,a = —4,
zg=0and t = —15.
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10

-10 -5 5 107
Figure 3. The 3D and 2D solution profiles of (29).

2.5.2. Solution via Weierstrass Elliptic Function Method
We begin by writing Equation (28) in the form

Y72(z) — k193 (2) — ka¥2(z) — ks¥(z) — ks =0, (30)
where the coefficients ky, ky, k3, ks are expressed as k1 = v/(3B), ko = —A/B, k3 =
—2¢1/B, ky = —2cp/B. Now, using the transformation

ko
Y=V- 3, (31)

Equation (30) reduces to

V() =4(@) - g5V(@E) ~ 85 = \/gzr (2)

whose general solution [45] is given by

V() = o(Eghe) - 3"721 ¢= @ 2 (33)

where g is the Weierstrass elliptic function and g3, g2 are the invariants that are given by

2 B 5 4k ks 8K
8% " 8T e e

Thus, going back to our original variables, we obtain the solution of the 2D-EW

equation as
k k
u(t,x,y) = p(\/ ;z;gz;sﬁ) - % (34)

where z = (av — b)t — vx + y. Figure 4 illustrates the solution (34) with the parameters
assigned tobeky =4, ky =0,k3=1,ks =2,a=3,v=0.1,b=9and t = 0.
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1
N
b
N

Figure 4. The 3D and 2D solution profiles of (34).

2.5.3. Solution via the Extended Jacobi Elliptic Function Method

We now construct exact explicit solutions of the 2D-EW Equation (6) in terms of the
Jacobi elliptic functions [9]. We apply this method to NODE (15) for the case when n = 1.
For this case, the NODE (15) becomes

AY'(z) —v¥(2)¥'(z) + BY"'(z) = 0. (35)
The equations that are used are the first-order ODEs
H'(2)2 = (1- HZ)?)(1 - w + wH(z)?) (36)

and
H'(z)* = (1- H(2)*)(1 - wH(2)?) (37)

whose solutions are the Jacobi elliptic cosine and the Jacobi elliptic sine functions, respec-
tively, given by

H(z) = en(z|w) (38)
and
H(z) = sn(z|w), (39)

where 0 < w < 1.
Cnoidal wave solutions
We now consider the solution of the NODE (35) in the form

M
Y(z)= Y AH(z), (40)
j=—M

where A is the undetermined constants and M is the integer greater than zero, obtained by
the balancing procedure. Using the balancing procedure on NODE (35), we obtain M = 2.
Thus, (40) becomes

Y(z) = A H(z) 24+ A_1H(z) ' + Ag + A H(z) + AyH(2)2. (41)

Using the above value of ¥ in (35) and invoking (36), we obtain the following algebraic
equations:
120aPA_y — 12aa1PwA _5 — 12avpwA_y +12avBpA_» + 12abPwA_y — 12012 A_5
+12bBwA 5 —12bBA 5 —vA2, =0,
20avPA_1 — 2eavPwA_q — 2avpwA_1 +2avBA_1 + 202 wA_1 — 20bv* A4
+2bBwA_1 —2bBA_1 —VA_ A1 =0,
160arPwA 5 — 8aav®A_y +16avBwA_5 — 8avBA_5 +2avA_» — 16abv*wA _,
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+ 8abv?A 5 —16bBwA o +8bBA_5 —2bA 5 — VA2 —2A ,Agw =0,
2uavPwA_1 — aavPA_q + 2avBwA_1 —avBA_1 +avA_q — 20bv*wA_1 — A_qb
+ oA _1bv? —2A_1bBw + A_1bp— A _1Agy — A A =0,

aavP Ay — 2eavPwA; — 2avBwA; +avpA; —avA; + 20bPwA; — abv? Ay
+2bBwA; —bBA; +bA] +vA)AL +VA_1A; =0,

8oca1/3A2 — 161xm/3wA2 — 16avpwAz + 8avfAy; — 2avAy + 16abv2wA2 — 81xb1/2A2
+16bpw Ay — 8bBA, +2bAy + vA? +2vAgA; =0,

2aavPwA; + 20vBwAq — 20bvwA, — 2bBwA1 +VvA1Ay =0,

120arPw A, + 12avBwA; — 12abPwA; — 12bpw Ay + vA% =0.

Solving the above system, using Mathematica, we obtain

Ay = w, Ag = 4(av — b) M},

v X 14 (42)
A,1:0,A1:0,A2=W.
Therefore, the solution to the 2D-EW Equation (6) is
12(av—b) (av? _
u(t,x,y) = { L 1)/(0“/ d }{CHIZ(;‘UW) —wen?(z|w)} 3)

4(av — b){ ((Zw—l)(fji/z-%—ﬁ)#—l) 1,

where 0 < w <landz = (av—b)t —vx+y.
Snoidal wave solutions
Substituting (41) into (35) and making use of (37), we obtain an algebraic equation,

which splits and yields the algebraic equations:
12abv?A_y — 120avPA_5 — 12avBA_5 + 12bBA_» + vA2, =0,
VA_pA_y —20avPA_y — 2avBA_q + 20bv?A_y +2bBA_1 =0,
8aav3wA,2 + 804111/3A,2 + 8avBwA_o +8avBA_5 —2avA_5 — 8abv2wA,2
+2vA 2 Ag — 8abv?A 5 — 8bBwA 5 — 8bBA 5 +2bA 5+ VA%, =0,
anPwA_1 +aavPA_q + avpwA_1 +avBA_1 —avA_q — abVPwA_1 — abPA_q
+VvA_1A) —bBwA_1 —bBA_1+bA_1 +VA_A; =0,
Ay — aavPwA; — aavP Ay — avBwA; —avBA; + abv?wA; + abv? Ay + bpwA,
+bBA1 —bA] —VvA)AL —VA_1A; =0,
SabvzwAz — 8aaviPwA, — 81xm/1/2A2 — 8avPwAy; — 8avBAy +2avA; + Sabvaz
+ 8bBw Ay 4+ 8bBAy — 2b Ay —vAT —2AguA; = 0,
ZaavvzwAl +2avBwA; — szbvzwAl —2bBwA; —vA1A; =0,
120avv’wA, + 12avBwA; — 12abv?*wA, — 12bpw Ay — vA% =0.

The solution of the above system, using Mathematica, is

- — +1) (a2
A erof(b—m/) W} s
Aq1=0,A=0 A w'

v
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Therefore, the solution for 2D-EW Equation (6) is

u(t,x,y) = {lz(ﬂy*hl(ww)}{sﬂz< ) Hwsn’(z \w)}
+(b—av){w},

where 0 < w <landz = (av —b)t —vx+y.

(45)

2.6. Solution of (6) for n = 2 Using Z4

We use the symmetry 24 to reduce then 2D-EW Equation (6) for n = 2. This symmetry
has the invariants

1
r=x,s=y, u(t,x,y) = m’P(r,s) (46)
and they reduce Equation (6) to the NLPDE
&Py 4 BPss — 2P*P, + P = 0. 47)

Equation (47) has two translation symmetries

9 ]

Wi=o, Wo= o

Consider the symmetry W = W; + cW,. This gives the invariants
P(r,s) =Q(z), z=s—cr,
which reduces Equation (47) to the NODE
BQ" 4+ ac*Q" +2cQ*Q' + Q = 0. (48)

Power series solution

We find the solution of NODE (48) using the power series expansion method [10]. To
obtain the power series solutions, we use the hypothesis

=Y A7, (49)
=0
where A]-, j=0,1,... are constants to be determined. From (49), we have
Q'(z) = Z (j+1)An7, Q( Z J+1)(j+2) A7, (50)
Substituting the values of Q, Q’, Q" from (49) and (50) into the NODE (48), we obtain

. N 2
(B+ac?) TRo( + V(i +2)Ajsazl +26(TR0 A7) (Soli+ DAT) 5y
+):7°:0 A]'Z] =0

and this simplifies to

(B+ ) 20 (i+ 1) (i +2)Ajs27) +26 20 Ty i g — i + 1) ArAi_gAj_i17)

y 52
+ Z]oio A]‘Z] =0. 2

81



Mathematics 2022, 10, 24

Hence, by inspecting the coefficients for j = 0 and j > 1, we have

1 L
Ajip = (ﬂ Fa)(j+2)(+1) { ; ;0(] — i+ D) AA (Aj i1+ A]}/ (53)

for j > 0 and Ap, A are arbitrary constants. Thus, reverting to the original variables, the
solution of the 2D-EW Equation (6) is

u(t,x,y) = Ao+ A1(y —cx) + Aja(y — cx)j+2, (54)
where the coefficients Ay, Az, Ay, ... are obtained from the recursive formula (53).

3. Conservation Laws

We now derive conservation laws for the 2D-EW Equation (6) by invoking two ap-
proaches. Firstly, we employ the multiplier method, and secondly, we use the Noether’s the-
orem.

3.1. Conservation Laws Using the Multiplier Method

We consider the zeroth-order multipliers for Equation (6), that is the multipliers M
that depend on the variables t, x,y and u only. We obtain the multipliers by using the
determining equation

E, {M (”t +u"uy + aitpy + ,B”tyy)} =0, (55)
where E, is the Euler-Lagrange operator defined by
Ey = 9y — Didy, — Dxdu, — Dydy, — D;D39

~ D,D32d (56)

Uxx Utﬂ/

Here, Dy, Dy, Dy, are the total derivatives and are given by

=0p + updy + Uy Oy, + Uy, + Upydu, + -,
Dy =0y + uy0, + ufxam + ”xxawx + uWa”y +ey
Dy =9y + uy0y + ttydy, + Urydy, + uyya”y +

Expanding (55) and separating on various derivatives of 1, we obtain
BMiyy + My =0, My, =0, Myy =0, My =0, (57)
which, upon solving, yields
M = Ciu+ F(y) + G(t) sin(y//B) + H(t) cos(y//B), (58)

where Cq is a constant and F, G, H are arbitrary functions of their arguments. Now, the
conserved quantities of 2D-EW Equation (6) are derived using the divergence identity

DiC! + DyC* + DyCY = M (g + u" ity + &ty + Bityyy)

with C* representing conserved density and C*, CY being spatial fluxes.
Case 1. The multiplier M; = u gives the conserved vector (C}, Cf, C]), where

1 1 1
: 2 2 2
Cl=5u - A (wux + 5uy> +3 (wtttix + Putityy),
T = . izu”” — 3t + glxuutx, (59)

2 1
Y _ .
Cl = éﬁuu[y — 5[3”[Uy,
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Case 2. For the multiplier M, = F(y), we obtain the conserved vector whose compo-
nents are

1 1 1 1
G5 = ( 3y + e+ F) = PP (4) + 3PuF" (),

X _ E 1 n+1

G = <31xutx + pry T4 )F(y), (60)
, 2 1, .

Cf =2 punF(y) — 3puF ()

Case 3. Using the multiplier M3 = G(t) sin(y/+/B), we attain the conservation law whose
components are

L=~ ;{\/Buy C0s<\;B> (@ttx + Buyy +2u) sm(}) } (1),
C§ _ { (n _1'_ 1 ntl gtxutx> G(t) + ;tquG sm( )

cl = {%ﬁutyG( ) — ﬁuy ‘(¢ )} sm(\;ﬁ> + {g\/ﬁuc’(t) - gﬁutc(t)}cos (%),

Case 4. Finally, the multiplier My = H(t) cos(y//B) gives the conserved vector (C!, C}, C}),
where

Ch= ;{\/.E“y sin<\;ﬁ> + (attxx + Buyy + 2u) cos <\;B> }H(t),
cx — { (n i cu w1 glxun>H(t) — %auxH’(t)} COS(\;B)
CZ :{gﬁutyH(t) — ;ﬁuyH/(t)}cos<\/B> { futH \qu'(t }ﬂn(\/B).

3.2. Conservation Laws Using Noether’s Theorem

The 2D-EW Equation (6) is a third-order NPDE and, as a result, does not have a
Lagrangian. We however overcome this limitation by using the transformation u = V,
and this transforms the 2D-EW Equation (6) to the variational equation

Vix + V¥ Vax + &Vixxx + ,thxyy =0, (61)
which has a second-order Lagrangian £ given by

1

IO g et gV n £ L2 (@)

1
;C = —EVth -

because E, L = 0 on the Equation (61). Here, the Euler operator E, is given by

90 d 9 9 2 O d
Fue=gy ~ Py, ~ Praw, T PPy, T PGy, TP gy
The determining equation for Noether symmetries is
ZPL+ {Dy(1) + Dx(§) + Dy(9) }£ — Di(B') — Do(BY) — DY(BY) =0, (63)
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where Z[2| is the second prolongation of
Z =ty V)2 4+ &by V) 4 ol %y, V) n(tx V)
=T XY, FT! XY, F ot x,y, y niL, Xy, EN

and (B!, B, BY) are gauge functions that depend on (¢, x,y, V). Expanding (63), we obtain
an equation which is then separated by various derivatives of V to give the following PDEs:

=07 =01=08=08=0Cx=08=0¢=0¢ =0 ¢ =0,
Hix =0, 7ix = 0, 17x = 0, B}, = 0, 7y = 0, 75y = 0, 75y = 0, 17xp = 0, 17y = O,
nyy =0, 15y =0, 27y — ¢y, =0, B§+%m:0, ;7V+%¢y=0, Bﬁ,+%;7x:0,
Gy +27y =28 =0, Bl + By + By =0, Tt + &x + nlx — py — (n+2)17 = 0.
Solving the above overdetermined system of equations, we obtain

T=c1, {=cp ¢ =c3, 7 =yg(t) + f(t),

B = Fult,x,y), B = —30Vg'(0) = V(1) + Bs(t ), BY = Fo(t,x,v),

where ¢y, 3, ¢; are constants, whereas f, g, F4, Fs, F are arbitrary functions of their ar-
guments. We take F;, = F5 = F, = 0, since they contribute to the trivial part of the

conservation laws. Thus, the Noether symmetries and their gauge functions are

)
lea,B{:O,Bf:O,B{:O,

)
Zy=5-,B;=0,B;=0 B =0,
23:%,135:0,3;:0,333’:0,

? 1
Zy=f(H) 5y Ba=0, By = =5 Vf'(1), By =0,

0 1
25 = yg(t)55; B5 = 0, B = —5yVg'(1), By = 0.

Corresponding to each of the above Noether symmetries, we obtain the following
nonlocal conserved vectors for the 2D-EW Equation (6) by invoking formulas given in [24]:

Case 1. Z; = d/0ot

1 1 , (1 1 :
Tlf = quxut _ muw + (quﬂ( + Eﬁuw> / udx

1
+ Zﬁut/uwdx,

1 3 1 1 1
Ty = — Eau% + (leutx + mum—l + 5/utdx—f— Zﬁ/utwdx> /utdx

1 1
_ (ﬂ;/uyyder szw) /u”dx,
y _ 1 1 :
Ty =§/3u[y/utdxf Eﬁut/utydx,
Case 2. Z, = d/dx

1 1 1 1 1
TE = Zauittey — wcu)% + Zﬁuuw - Zﬂux / Uyydx + 5112,

2
4 4
1 , 3 1 1 1
TS = mu’“ + szuutx — Zauxut + Z,Bu / Upyydx + Zﬁut / Uyydx,
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1 1
v _ .
T; = Eﬁuuty — Eﬁutuy,
Case 3. Z3 =9/dy
1 1 1 1 1
T3’ = — szuxuy - —,Buy/uyydx + (ﬂcu,{x + —/Suyy + Eu) /uydx,
X 1 n+1 3
T3 = +1 +4o¢utx+ ﬁ/u[yjdx+ /utdx /uydx

_ (iaux + Eﬁ/uwdx> / upydx — %autuy,
1

1 1 "
DTy gt gy [~ gu [ wds

Ty = —
Case 4. Z4 = f(t)9/9V
1
Z,Buw aurx u f(t),

i=(-
< " _1’_ T 3tlutx ,B/utwdx /umlx)f(t) + <10th
+

4,Buyy+ 3 /udx) (1),
=~ By

Case 5. Z5 = yg(t)9/9V

1 1 1
T5t = <_1“yuxx - Zﬁy”yy - E]/”)S(t)r

1 . 3 1, 7 1
T = <7myun+ — MY — 1ﬁy/ Upyydx — Ey/ uﬂx)g(t)

- <1myux - iﬁy/uyyder %y/udx)g'(f)/
TY = < Bur — ﬁyuty>g(t)

We note that due to the presence of arbitrary functions f and g, we obtain infinitely
many conservation laws.

4. Conclusions

In this work, we investigated the 2D-EW Equation (6), which is used to model non-
linear dispersive waves. We computed Lie point symmetries of (6), and as a result, we
obtained four symmetries that include the three translation and one scaling symmetries.
Moreover, we performed symmetry reductions and obtained several NODEs, which were
solved with the aid of various techniques. The methods included the Kudryashov’s method,
power series expansion method, extended Jacobi elliptic method and the Weierstrass el-
liptic function method. The exact solutions obtained are the snoidal wave, cnoidal wave,
Weierstrass elliptic function, Jacobi elliptic cosine function, solitary wave and exponential
function solutions. Furthermore, the graphical representation for certain solutions was
also presented for certain parametric values in 2D and 3D, so as to give the reader a better
understanding of these solutions. Finally, using two techniques, the conservation laws for
the underlying equation were constructed. The techniques utilized were the multiplier
method which gave four local conservation laws and the classical Noether’s theorem,
which gave five nonlocal conservation laws. The conservation laws that were constructed
contained the conservation of energy and momentum.
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Abstract: The current manuscript displays elegant numerical results for cubic-quartic optical solitons
associated with the perturbed Fokas—Lenells equations. To do so, we devise a generalized iterative
method for the model using the improved Adomian decomposition method (ADM) and further
seek validation from certain well-known results in the literature. As proven, the proposed scheme is
efficient and possess a high level of accuracy.
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1. Introduction

Optical solitons, which emerge from nonlinear evolution equations, have been studied
for the past few decades. The self-phase modulation (SPM) that comes from intensity-
dependent refractive index of light coupled with the chromatic dispersion (CD) leads to a
delicate balance, which sustains the solitons that travel down the fiber for intercontinental
distances. Several models that give way to optical solitons are addressed in Mathematics,
Physics and telecommunications engineering. The notion of cubic-quartic (CQ) solitons
surfaced in the realm of nonlinear fiber optics for the first time in 2017, and an avalanche of
results were eventually visible. Prior to this, it is the concept of pure-quartic solitons that
was visible [1]. Such CQ solitons were introduced due to the sheer necessity whenever CD
is low enough to be ignored and thus third-order dispersion (30D) and fourth-order dis-
persion (40D) effects are able to compensate for this depletion. This allows the sustainment
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of the necessary balance between the dispersion effects and SPM to be restored, allowing
stable solitons to be transmitted across intercontinental distances.

Furthermore, optical solitons have painstakingly fashioned pulse transmission tech-
nology for several waveguides [2—4]. This technical feat is described at a spectacular level
by several mathematical models. The Fokas-Lenells equation (FLE), which governs this
dynamic, was originally launched almost a decade ago [5-7]. Since its initial introduction,
this model has garnered widespread recognition in the fiber-optics community. In the past,
several types of soliton solutions for this model were recovered. However, none of these
studies have explored the implications of perturbation terms that emerge as a result of
natural factors in soliton transmission dynamics. The FLE is examined in this study, along
with a few perturbative effects.

As all previous efforts on CQ solitons have been analytical in nature, it is therefore
imperative to consider such solitons from a numerical standpoint. Thus, this article employs
a numerical approach to CQ solitons. However, the methodology used to present the
findings in this manuscript is the enhanced form of the strongly reliant Adomian’s method
called the improved Adomian decomposition method (ADM) [8]. We will, therefore,
suggest an efficient numerical scheme for solving CQ optical solitons associated with the
perturbed FLE. The approach will be based on the improved ADM. Besides, improved
ADM is a fast numerical approach for integral and functional solutions that is based on
Adomian’s method [9]. Validation of the suggested method will be carried out with recent
analytical results in the literature. The integration method reveals promising results without
the need of either linearization or any artificial boundary condition. Lastly, the improved
ADM architecture has its shortcomings. It fails to capture the effect of soliton radiation that
is a major detrimental factor in the soliton propagation.

The manuscript is arranged in the following manner: the perturbed FLE is described
in Section 2; while the governing model is addressed via the improved ADM in Section 3.
The simulated numerical results are retrieved in Section 4, and some concluding comments
are reported in Section 5.

2. Governing Model

The dimensionless form of the CQ solitons with the perturbed FLE is indicated be-
low [10]

i0: + 0 e + b ens + |a*(cq + idgy) = i+ A (1a0)_+n(laf) ], @

where x and t are the independent spatial and temporal variables, sequentially; while
the function g = g(x, t) is the complex wave profile. Additionally, starting with the left-
hand side, the first component indicates the temporal evolution, whereas a and b are the
coefficients of the 30D and 40D, sequentially; while d gives the nonlinear dispersion
term and the coefficient c is the Kerr law nonlinearity. Additionally for Equation (1), A
is the self-steepening term, whereas the coefficients y and « are for the higher-order and
inter-modal dispersions, sequentially.

3. Analysis of the Method

This section introduces the efficient improved ADM to derive a numerical scheme
for the CQ-FLE given in Equation (1). Initially, we offer the fundamental technique for
constructing nonlinear wave solutions of the equation. In our analysis, the complex CQ-
FLE given in Equation (1) will be converted to a real system using

q(x, ) = ug + iup. ()

Plugging Equation (2) into Equation (1), we have
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i(ul +iup )t + ia(ul +iup )xxx + b(ul +iup )xxxx
+|uy + iup \Z(C(ul +iup ) +id(uy +iuy ),) = ifa(ug +iup ), ©)
+/\(|qu1 + i1y |*(u + iun ))Y + y(|u1 +iup \2>x(u1 +iup ).

Thus, from the above equation, the following system is obtained, after splitting the
real and imaginary parts as follows

U1t + AUixxy + Dlyyyy + (u% + u%) (CuZ + duqy )

4
= aulx—&—/\((qzu%ﬁ-u%)uz)x -‘r]l(u%-i-u%)xuzl @
and
—Upp — Algyxy + Dlixpry + (”% + ”%) (cuy —dupy) G)
= —auigy + A((Pud + ud)ur)  + p(u + u3) uy,
where
u1(x,0) = [q(x,0)]g,
and

u2(%,0) = [q(x,0)] -

Now, on using the Adomian’s approach, the solution of the above system transforms
into the following infinite series

up(x,t) = Y urn(xt), (6)

n=0

and .
uy(x, t) = Z oy (x, £). (7)

n=0

Here uyy,, t,, n > 0, will be obtained recurrently. Furthermore, in an operator form,
we re-express Equations (4) and (5) as follows

Lt(ul) + Ay + DUpyyry + (u% + u%) (Cuz + duqy )

= auyy + A((g%3 + u%)uz)x +p(u? + M%)Xuz, ®)
and
Lt(llz) + Aoy — blyyyy — (”% + u%) (Cul — duy, ) 9)
= iy — A(¢%13 + u3)ur)  — p(ud 4+ ud) 1,
where 3
Ly = T

Further, using the inverse operator L; ! on both sides of Equations (8) and (9) yields

uy(x,t) = ug(x,0) — Lflaulxxx - Lflbu2xxxx - Lfl (u% + M%)(Cuz +duy )
+L; g + A (705 + 1) uz) , + Ly (] + 13)

and

up(x,t) = 1p(x,0) — Ly gy + Ly M bttgyny + Ly (02 4+ u3) (cuy — duy )
Ly gy — L' A((qP0f + u3) ) — Ly p(uf + u3)

Next, re-expressing the above system via the Adomian polynomials, we have
Uy (x/ t) =1u (xIO) - Lt_laulxxx + L,f_lbu2xxxx + Lt_laulx + Lt_lAlr (10)

and
up(x,t) = up(x,0) — Lt_lauz,cxx — L;lbulxxxx + Lt_lauz,( + Lt_lAz, (11)
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where the terms A and A; in Equations (10) and (11) are the nonlinear terms represented by

Ay =— (u% + u%) (cup +dugy )+ )\<(q2u% + u%>uz>x +u (u% + u%)xuz, (12)

n Ay = (u% + u%) (cup —dugy ) — A ( (qzu% + u%) ul)x —u (u% + u%)xul, (13)

Of which A} = Y;” A1y, and Ay = Y7 Aoy, where Aqy, ..., Agy, . .. are the Adomian
polynomials, which may be generated from all types of nonlinearity, using Adomian’s
specific algorithms. Plugging the solution forms in Equations (5) and (6), as well as A; and
Aj in Equations (12) and (13), into Equations (10) and (11) yields

ZZO:O ulnl(xr t) =uy (X,O) - L;la 220:10 (uln(xr t))xxx (14)
+Lt_ b ZSZQZO (MZ” (x' t))xxxx + Lt_ ZSZOZO A,
and
00 1 0
Y u2n(x/ t) = uz(x/ O) - Lt ay; (uz,l(x, t))xxx
n=0 o n=0 0o (15)
+L;1b Z (uln(x/ t))xxxx + L;1 Z Az"‘
n=0 n=0
The following recursive relations are introduced as a result of the decomposition analysis
ul,O(xr t) =u (x/ O)/ (16)
up0(x, t) = up(x,0), (17)
U k+1 (X, t) = 7[{1{1 ZZO:O (uln(xli))xxx (18)
+L;1b220:0 (”2n (x/ t))xxxx + L;1 Zn!b An,
and )
”2,l{+1(x/ H=-L ayy, (uziil(x't))xxx (19)
+L; 5220:0 (uln (x' t))xxxx + L; Z(:IOZO Azp.
Thus, we determine 17 and 15, as follows
up =uo+u+up+...,
and

Uy =tpo+up1+uzp+...,
and the entire approximate solution for Equation (1) is derived by plugging the preceding
equations into Equation (2), which is connected to Equations (16)—(19) to yield the following
q(x, t) =uyg+utupt+--+ i(uz/o +upy +upp A+ ) (20)

4. Numerical Results

This section analyzes three distinct scenarios for the CQ-FLE given in Equation (1)
to demonstrate how the improved ADM scheme derived in the previous Section might
be applied. We analyze the CQ bright soliton of the perturbed FLE, which was recently
derived by Elsayed et al. [10] that is formulated as

q(x,t) = Asech[B(x —vt)]e!(-kixtawit+0) (21)
where A and B are the soliton’s amplitude and width, sequentially, that are structured as

Ao | 30
A=+700\ "3 22)

92



Mathematics 2022, 10, 138

and
1A
B= 5 5 (23)
along with
v = —a — 3ak® + 4bk3,
_1 2
Ao = E(Bak— 6bk )
and

Ay = %(c—&-dk—i—)\k).

Moreover, from Equations (22)—(23), the constraint criteria for the possibility of bright
solitons were given by
Ag < 0,A3 <0.

The phase component in Equation (21) represents the soliton’s velocity. 6 is the phase

constant. The soliton’s frequency is
a
k=——,
4b
while the wave number is

o k(36ka® — 119abk* + 119b%k> + 25ba)
T 25b '

Consider the CQ-FLE (1) along with the parameters [10]
«a=01,A=1pu=1d=3A+2pu
In addition, the initial condition at ¢ = 0 from Equation (21) follows as
q(x,0) = A sech[B(x)]e!(-*¥+0) (24)

However, for the sake of numerical simulation, we consider the following three cases
of the model fixed parameters:

Case 1:

a=05b=-1,c=1.
Case 2:

a=1,b=-2,¢c=2.
Case 3:

a=05b=-05 c=1.

In what follows, we report the absolute error differences between the exact solution
and that of the approximate solution using the improved ADM of the three solution cases
in Tables 1-3. Furthermore, we portray the respective solution cases in Figures 1-3 for
various values of f over the interval —50 < x < 50. Without loss of generality, these figures
are self-explanatory, as the proposed numerical method performs excellently. Additionally,
an absolute agreement is noted in these figures in the bulk parts of the bell-shaped solution;
only a small disparity is noted at the peak of the curves. This disparity can equally be
overcome when the model’s parameters are suitably chosen and, also by considering more
iterates/approximants in the series summation.
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Figure 1. Comparison of the exact and improved ADM solutions for case 1 for —50 < x < 50.
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Figure 2. Comparison of the exact and improved ADM solutions for case 2 for —50
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Figure 3. Comparison of the exact and improved ADM solutions for case 3 for —50
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Table 1. Absolute error for Case 1 for x = 20, x = 50.

t

Error When x = 20

Error When x = 50

0.0 0.00304922317 0.0000878266951
0.1 0.00306667344 0.0000883416821
0.2 0.00308409727 0.0000888560318
0.3 0.00310149460 0.0000893697436
0.4 0.00311886552 0.0000898828190
0.5 0.00313621000 0.0000903952578

Table 2. Absolute error for Case 2 for x = 20, x = 50.

t

Error When x = 20

Error When x = 50

0.0 0.00692281558 0.0001996291264
0.1 0.00692913128 0.0001998464016
0.2 0.00693539773 0.0002000633452
0.3 0.00694161507 0.0002002799558
0.4 0.00694778339 0.0002004962310
0.5 0.00695390283 0.0002007121745

Table 3. Absolute error for Case 3 for x = 20, x = 50.

t

Error When x = 20

Error When x = 50

0.0 0.000574951108 4.67316035 x 1077
0.1 0.000570769757 4.63918739 x 107
0.2 0.000566597435 4.60529257 x 10~7
0.3 0.000562434066 4.57147514 x 107
0.4 0.000558279554 45377342 x 1077
0.5 0.000554133811 4.50406915 x 1077

5. Conclusions

In conclusion, CQ optical solitons are a modern topic of great interest in the field of
optical communications. In this paper, the effect of changing the optical parameters of such
CQ solitons with perturbed FLE was studied.

The unperturbed FLE, coupled with the chromatic dispersion and spatiotemporal
dispersion has been studied for the past few decades [5-7]. The initial-boundary value
problems, that are referred to as the linearizable boundary conditions, for the FLE are
analyzed in [5]. A class of exact combined solitary wave solutions of the FLE is constructed
by adopting the complex envelope function ansatz [6]. The influences of spatiotemporal
dispersion on the characteristics of combined solitary waves are also discussed in [6]. A class
of chirped soliton-like solutions including bright, dark and kink solitons is derived in [8].
The associated chirp, including linear and nonlinear contributions, is also determined for
each of optical pulses in [7]. When compared with [5-7], none of these studies have explored
the implications of perturbation terms that emerge as a result of natural factors in soliton
transmission dynamics. Therefore, the FLE is examined in this study along with a few
perturbative effects that are crucial to many applications in photonics, performing essential
functions in lasing, frequency conversion, and entangled-photon generation. Furthermore,
these perturbative effects may be used to generate new frequency components from high
power pulses, resulting in optical pulses with spectral widths much larger than the gain-
bandwidth of optical fiber amplifiers. In other words, these nonlinear effects can be used
to make useful devices capable of processing high-speed optical signals. Additionally,
none of the works in [5-7] have addressed the implications of cubic-quartic solitons. Thus,
the current paper reports cubic-quartic solitons that are the sheer necessity whenever
CD is low enough to be ignored. As a result, CQ solitons compensate for this depletion.
Hence, CQ solitons allow the sustainment of the necessary balance between the dispersion
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effects and self-phase modulation to be restored, allowing stable solitons to be transmitted
across intercontinental distances. The results of the current paper are new and are elegant
numerical results for cubic-quartic optical solitons associated with the perturbed FLE,
where the perturbation terms are all of Hamiltonian type and the chromatic dispersion is
replaced by a combination of third-order dispersion and fourth-order dispersion.

Cubic-quartic solitons with the perturbed FLE (1) have been addressed for the ana-
lytical study and revealed quite a number of interesting solitons in nonlinear optics [10],
where bright and singular solitons have been yielded by a couple of integration approaches.
While all previous efforts on CQ solitons have been analytical in nature [10], it is therefore
imperative to consider such solitons from a numerical standpoint. Thus, the current paper
focuses on the integrability of the perturbed FLE (1) for the numerical investigation using
the improved ADM architecture for the very first time. Analytical solutions are possible
using simplifying assumptions that may not realistically reflect reality. In many applica-
tions, analytical solutions are impossible to achieve. Hence, numerical methods make it
possible to obtain realistic solutions without the need for simplifying assumptions. The
improved ADM adopted in this paper leads to the emergence of bright soliton solutions
and is being reported for the first time in this paper, which makes these results novel. The
bright soliton solutions are very important, and these soliton solutions are used to sustain
pulse transmission through optical fibers in the telecommunications industry.

A promising technique called the improved ADM, which was based on the famous
Adomian’s method, was utilized to derive a recurrent numerical scheme for the governing
model and, furthermore, was successfully applied to the model through bright soliton
solutions. The integration method firstly converts a special case of the complex-valued
system into a real-valued system. Next, the integration scheme decomposes the solutions
into infinite sums of components called infinite series. When compared with the famous
Adomian’s method, the improved ADM reveals promising results without the need of
either linearization or any artificial boundary condition. The scheme is indeed reliable as
it was discovered to display results with higher accuracy. The numerical computations
are simpler and faster than most of the traditional techniques. Finally, the method is
recommended to investigate additional evolution equations.
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Abstract: In this work, we study a time-fractional ion sound and Langmuir waves system (FISLWS)
with Atangana-Baleanu derivative (ABD). We use a fractional ABD operator to transform our system
into an ODE. We investigate multiwaves, periodic cross-kink, rational, and interaction solutions by
the combination of rational, trigonometric, and various bilinear functions. Furthermore, 3D, 2D,
and relevant contour plots are presented for the natural evolution of the gained solutions under the
selection of proper parameters.

Keywords: multiwave; periodic cross-kink solutions; rational and interaction solutions; time-
fractional ion sound and Langmuir waves system

1. Introduction

At the present time, various real phenomena have been formulated by integer-order
nonlinear partial differential equations (NPDEs). These supermodels are studied in dif-
ferent domains of sciences, such as engineering, chemistry, biology, physics, optics, etc.
However, it is not enough to use integer order where the nonlocal property does not
appear in these forms, so different models have been systematized in fractional NPDEs
to determine that kind of similarity [1]. By using numerical and computational schemes,
these models give more familiar properties [2-10]. To use most of these schemes, one needs
fractional operator to transform the fractional forms into nonlinear ODEs with integer
orders such as conformable fractional derivative, Caputo, Caputo-Fabrizio definition,
Riemann-Liouville derivatives, and so on [11-24]. These operators have been applied
to estimate the numeric and exact solutions of fractional order NPDEs through different

integration schemes, such as (¢°)-model expansion [25], (%)-expansion [26], tan(%)-
expansion [27], Kudryashove scheme [28], exp((— ‘% )17)-expansion [29], extended auxiliary

equation technique [30], and so many others.
Here, we consider the FISLWS as follows [17],

1
i4BDfm + 5 Mx = nm = 0, (1)

ABD2y — e —2(Im*)ee =0, £>0, 0<a<l
where me ™! and n illustrate the normalized electric-field of the Langmuir oscillation and
perturbation of density, respectively. Both x and t are normalized variables and 4BD¥ is

the AB fractional operator in ¢ direction.
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ABD operator is well defined as

t* 4
ABD Dt F(f) = adt )Ga< 17:‘) >dx, )

where G, is Mittag-Leffler function, defined as

—a(t —a)* & () (- x0)™
(S15) 5wy ®

n=0

and B(w) is the normalization function that satisfies B(1) = B(0) = 1. Thus,

- ) Z (1_“ ) o) @

for more properties of this operator. This leads towards the following form,

ABDDoc

m(x,t) =u(@)e,  n(xt) =0(g), (5)
_ B(1—a)t™*

) Y o (— 12 ) T(1—as)’

¢="bx+ v o)t

B(&) o (—145) T(1 —as)’

where 8 and 1y are arbitrary constants. This wave alteration converts Equation (1) into the
following ODE.

1 1
Ebzu" +i(y +ab)u’ — E(a2 +2B)u—uv =0, (6)
(72 _ bZ)v// _ 4b2(u/2 4 uu//) —0.
Here, u and v are the functions of ¢. By separating the Img part from the first part of

Equation (6),
y+ab=0= vy = —ab. (7)

and then by integrating the second part of Equation (6) by two times the w.r.t ¢, we obtain

202, 2,
U=7b2+72u =14 8)

Equations (7) and (8) transform Equation (6) into the following form:

I 4 3 a? +2B

gt T e Y ©)
or
u! = 4 3 a2+2ﬁ

“p@-t T

The contents of this paper are arranged as follows: In Section 2, we present M-shaped
rational solitons. In Section 3, we evaluate M-shaped interaction solutions. In Section 4, we
find the multiwaves solution. In Section 5, we study homoclinic breather. In Section 6, we
investigate periodic cross-kink solutions. In Section 7, we present results and discussions
and Section 8 contains concluding remarks.
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2. M-Shaped Rational Solitons
By using the following log transformation,

u =1y +2(In®)e. (10)
Equation (10) transforms Equation (9) into the following bilinear form:

ug(—a* — 4ud 4 a*(1 = 2B) +2B)D° + 4(—8 + (=1 + a®)b*) D> — 6dD’ (8upd + (11)
(=1 +a®)p?@") — 202((a* + 12u3 — 28 + a®(—1 4 28))®' — (—1 4+ a*)P?d") = 0.

We choose M-shaped rational solution in bilinear form for ®, as follows [31]:
@ = (by + b18)* + (bs + b3Z)* + bs, (12)

where b;(1 < i < 5) all are real-valued parameters to be measured. Inserting ® into
Equation (11) and collecting all powers of ¢, we obtain proper results, as follows (See
Figures 1 and 2):

Set I. For b, = 0,

at —a? + 414(2)

aza,bzb,ﬁzfm

, b1 = ib3, b3 = b3, by = by, bs = bs, up = ug. (13)

Using this in Equation (12), and then by using Equations (8) and (10), we obtain

B 2(—2b3E+2b3(by+b38))
ull) = w0t e bty a4
2
_ 2 2(—2b3¢+2b3 (b4 +b38))
@) =7 (”0 * W) -
To obtain final results, we use Equation (5):
. =5 (a*—a? +4u2) (1-a)
o (x, £) = el (“’“ Z(nz—l)B(u)Z:’;O(—%)SF(I—M)) o 2(2b3(by + b3Q2) — 2b§Q)
! bs + (by + b30)2 —b302 )’
2
2 2(2b3(by + b3Q2) — 20302)
t) = 1
n2(x,t) (a2 —1) (uo bs + (by +b302)2 — 1302 | 7 (15
_ o abt ™% (1—a)
where O = (b — g iy )-
Set II. For b5 = 0,
422 442
a=ab=bp= "0 by by = by, by = by by = byug = wp. (16)

2a—1)(a+1)

Using this in Equation (12), and then by using Equations (8) and (10) in Equation (5),
we obtain
. B t’s(n4—a2+4u%)(l—«) . 3
o f) = ¢ (” A2 DB g‘;o(—ﬁ)smws)) (Mo 4 2(2ibs(br + lba%) + 2b3(by + bzzﬂ)) >,
(by 4 ib3Q2)% + (by + b3Q)

2(2ibs(by + ib3Q2) + 2bs (b + b32)) )2, 17)

noy(x,t) = @1 (”0 (by + ib30)2 + (by + b3Q2)2

abt™*(1—a) )
B(w) Lo (— 15 )° T (1—as) )

where () = (bx —
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AV

_F

-5 -3 -2 0 2 4 [

(b) (0)

Figure 1. Plots of my3(x, t) in Equation (17) fora = 2,b = 1.2,uy = —2,bp = 3,b3 = 5,by = -3,
« = 0.9, respectively as three-dimensions in (a); contour in (b) and two-dimensions in (c)

Set III. For upy =0,
a=ab=b,p = @by = ibs,by = by by = by, by = by, bs = bs. (18)

Using this in Equation (12), and then by using Equations (8) and (10), we obtain

_ 2(2iby(by+ib3E) +2b3 (by+b38))
U(8) = T it st T (by 1 B2 (19)
(@) = 8(21bs (by-+ib3&) +2b3 (b +b3¢))*
(—1a?) (b5 + (b ibsE) >+ (ba+058)%)"

To obtain final results, we use Equation (5):

. a2t 5(1-a)
Zel(ux 2B T2 (~ 1o ST -09) ) (2ib3(b2 +ib3Q)) + 2b3(b4 + b30))
bs + (bz + lb30)2 + (b4 + b30)2

mys(x,t) = ,

(20)

e, 8) = 5 2ibs (b + ib3Q0) + 2b3(by + b3Q2) |2
o (a2 = 1) \ bs + (bp + ib302)% + (by + b3Q2)2 )~

bt (1—
where ) = (bx ~ 3@ - (_%;)r(l—as))

s=0

b

b
2 I‘I‘I I
s -4 -2 ) 2 4 6
(b)

)
T

I PR 1 4\/6
i g5

(9

Figure 2. represented three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots
of myps(x,t) in Equation (20) for a = 2,b = 05, = —3,b3 = 1,by = 3,b5 = -1,
« = 0.8, respectively.
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3. M-Shaped Rational Soliton Interactions with

In this part, we evaluate M-shaped rational interactions with periodic and kink waves
by using exponential and cos function in bilinear combinations.

3.1. One-Kink Soliton

For this, the bilinear form for @ is as follows [31]:
D = (by +b18)* + (by + b38)* +c T+ by, 21)

where b;(1 < i < 7), all are real-valued parameters to be measured. Inserting @ into
Equation (11) and collecting all powers of e/5¢+be, p2(0sE+06)  3(bsC+bs) | mebsttbs zp2(bsé+bs),
@2ebsttbs mBpbsitbs x4ebsitbs and &, we obtain proper results, as follows (See Figures 3-6):
SetI. For b, = by =0,
*—a?+4b? .
a=ab=2v2\/515,p= *m,hl =ib3, b3 = b3, by = by, b5 = b5, (22)
b7 = b7, Up = *b5.

Using Equation (22) in Equation (21), and then by using Equations (8) and (10), we obtain
2(b5cebs€ — 2b2F + 2b3(by + bgg))
by + cebst — 5362 + (by + b3¢)?

2 bsé 2
2(bs (8 + by — celst) + 2bby (~2 + bs¢) )
(=14 a2) (b2 + by + celst + 2b3byZ)?

M(é) = _b5 + ’ (23)

(&) =
Using Equation (5) to obtain the required solution for Equation (1),

eh (4ﬁa Sbsbybs(a — 1) + (bs(bg 4 by — ce™) + dbsby(—1 + V2, /az%lb5x))E)
4v/2a ﬁbgb;l(tx —1)+# (bi + by +ceM + 442 ﬁbgb@()E

mg (x,t) = —

’

(24)
2

’

2 4\/211 ﬁb3b4b5(0¢ - 1) + 15 (b5(bi + b7 - CEAl) + 4b3h4(*1 + \/i ﬁl@x))E
7132(3(—', t) = (112

-1 4v/2a ﬁb3b4(a—l)+ts(bi+b7+ceA1—|—4ﬁ ﬁbgb@f)&

(—a*+a*+4b2)t 5 (—1+a) )
4

_ 1
where A = 71(211)6 + (CT7a) 1+ a)B@) 1y (— 15 ) T (1—as)

F(=1+
A =2v2 ﬁ’“(” BT S f!%“,as)),

s=0\" T—a

and B = B(a) Y02 o(— 1% )°T(1 —as).
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(b) ()

Figure 3. showed three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots of mz; (x, t)
in Equation (24) fora = 0.2,b3 = 1,by = 2,b5 = —4,b; = —3,c = 1, & = 0.6, respectively.

10F al
0.5 i
oof i
-0.5 i

/A
-10f fi i i u|

-2 -1 [) 1 2 -1
(b)

Figure 4. illustrated three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots of
nzp(x, t) in Equation (24) fora = 0.2,b3 = 1,by = 5,bs = —4,by; = —3,c = 1,0 = 0.8, respectively.

Set II. For b; = 0,
2b3 1 b3u} — 4b3

a=ab=0p= —%az,bz =by, by =b3,by = ——,bs = Euo,be = b, by = gt =t (25)
0

Using Equation (25) in Equation (21), and then by using Equations (8) and (10), we obtain

2(——ceb6 g + 2by(—35 + bg,C))

u(‘:) =up+ I’ ) (26)
O g e N
0
2b4eu0§u6§4
v(¢) = L R
(—1+a2)( eboul + b3ez (8 — 4u0§+u0(§2)>
Using Equation (5), we obtain the required solution for Equation (1):
. _ 2;"5(1 a) ) 2(_% _ 1. b
1(ax BT (= ST (1 =as] pce uO)
ma3(x,t) =e PO g 4 - 2 u—an? |’ 27)
b3+ cebs 4 3 — 20,
0 0

nzq(x,t) =0, (-b=0).
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Set III. For b, = bg = 0,

61 bs +4u2
2y -0 40— +a* Li(by+b? by+b2
a:u,b: az—1 ‘B:— Uy—a+a b 31< 7+ 4)u01b3:_(7+ 4)140 (28)

bs ’ 2(a2=1) /717 by 3by  ’
by = by, bs = bs, by = b7, up = ug.

Using Equation (28) in Equation (21), and then by using Equations (8) and (10), we obtain

(b7 +b2 )up&
2(B+4b)PuBE 2(bi+b7)ug(b477TiU)

b5¢
2| bsce %2 30

u(g) = up + , (29)

b3-+by)2u3E2 (b7 +b3)uol
by + cebsé — % + (by — Lt 2

2
2<76b5ceb55 + ug(by — 3celst 4 2byugf + bi(l + ZuOC)))
(—1 + a2) (3celst + b2(3 — 2ug¢) + by (3 — 2ug?))”

0(8) =

Now, using Equation (5), we obtain the required solution for Equation (1):

e? (—4ﬁa(bi +b7)udAy (w — 1) + £ (6b§ceA2 — bs(b2 + by — 3ce)ug — 4v/2(b3 + by)u%Alx)E)

mas(x, ) =
—47/20(B2 + by Ay (a — 1)t (3b5(b7 +cebz) — 4y/2bughyx + b2 (3bs — 4f2u0A1x))a
(30)
2
D 2 —4v2a(b? + by)udDq (a — 1) + £ (6b§ceA2 — bs(b2 + by — 3ce®)ug — 4v2(b3 + h7)M%A1x>E
n3e(X, =
(@ =1\ —4v/2a(b? + by)ughy (a — 1)85 (3h5(b7 +cet2) — 4y/ZbyugAyx + b2 (3bs — 4\/§u0A1x))E
1 5 (—a?+at+4u?) (—14«) _ 1o (3bs+2up)
where A = 71(2“x+ T ) B = (= T=as) ) 81 =~ gz
v 7%(a(71+a)+t5xs<a>zg;o(fﬁ)sr(pas))
2 = B(w) Y& (— 155 )T (1—as) 4
and E = B(a) Yo2o(— 125 )°T(1 —as).
0k
| kS 1
m.
Ul
3 = o 1 2 -l -ol.s o.‘s 10
(b) (c)

Figure 5. clarify three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots
of mjzs(x,t) in Equation (30) for « = 05,u9 = 1,by = 2,bs = —4,b; = —-3,c = 1,
« = 0.8, respectively.
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=0 I
J I
-10 o5 %0 25 1‘1; U -8
(b) (9
Figure 6. explain three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots
of nze(x,t) in Equation (30) for « = 03,9 = 08by = 2,bs = -5b; = -3,

¢ = 0.4,a = 0.8, respectively.
3.2. Two-Kink Soliton
For two-kink interaction, the bilinear solution for @ is as follows (See Figures 7-9):
@ = (by+ b18)* + (bs + b3§)* + 0T 4 M HE 4y, (31)

where b;(1 < i < 9) and all are real-valued parameters to be found. Inserting ® into
Equation (11) and collecting all powers of &, and e3(V5¢+ts) | 2(bs8+bs)  p2(bri+bs) | gobsCtbs,
ge2bsTtbe) | gobriths | go2briths) | m2pbsitbs | g3pbsitbs g3ebriths | ghebritbs | @ebsi+hs we ob-

tain proper results, as follows:

Set I. For ug =0,
4 —a?+16b2 . .
a=a,b=2V2\) A3, B = — g rarty b1 = iba by = iba, by = by, by = by, (32)
bs = —by, be = be, by = b7, bg = bg, bg = bs.

Using Equation (32) in Equation (31), and then by using Equations (8) and (10), we obtain

z(—b7ehrb7<f byt 7E 1 2ibs (iby + ibsE) + 2b5 (by + b3g))

= , 33
u(g) by + ebe—b7& 4 ebs+b7¢ 1 (iby + ib3§)2 + (by + 535)2 (33)

2
8 (—byebs—b7¢ + byebsth78 4 2ibs (iby + ib3E) + 2b3(by + b3E) )

v(g) =

—1+42 by + ePs—b78  ebs+b78 1 (iby + ib3&)2 + (by + b3¢)?

Using Equation (5), we obtain the required solution for Equation (1),

li(ZﬂJH— (—u2+a4+16b%)t’5(—l+a)
2be’ TR (LB L o (— 155 )*T(1-a3) (Eh(, _ eb3+20)

maz(x,t) = — o6 1 b5 120 { poeO) ’

2
8p2 ebe — ebg+20
nag(x,t) = ( . ( ,

(34)

a2 — 1) ebe + ebs+2Q) + ngQ

_ 1 at(—1+4a)
where © =2V2, /55t (3 + gyt )
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| Lol
, 7 ” 1’1\ IHI "l
| L) U |

20 -0 03 03 10 15 20
(9
Figure 7. represented three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots of
n3g(x, t) in Equation (34) fora = 0.5,bg = 1,by = —2,bg = 2,bg = —6, & = 0.8, respectively.
Set II.
—a*—8i(—2i+/2)b2 . .
a=ab=4\/202 - " 2(;(271’) 7 by = ibs, by = by, by = b3, by = —iby, (35)
bs = (1+ 1iv/2)by, bg = bg, by = by, bg = bg,bg = 0

Using Equation (35) in Equation (31), and then by using Equations (8) and (10), we obtain

<b7ebs+h7¢ +(1+ i)byeb"’HH V8 L 2iba (b + ibsE) + 203 (—iby + b3g))
u(g) =

eb8+b7§—|—eb6+(l+ )b7¢§

, (36)
+ (by +ib38)2 + (—iby + b3¢)?
2
. g [ et (14 Sy D | ity (by + ibsE) + 203 (—ibs + bs?)
0(¢) = — 5
1+a bty 4 LTI () i) o (Ziby 4 b2
Using Equation (5), we obtain the required solution for Equation (1)
Li(2art (—a®+a* +8(2+iv2)12)t 5 (~1+0) ;
b7€2 (—1+a2)B(@) £ ) (— 1255 )ST(1-as) (zeb3+0 + (2 + iﬁ)eh6+(1+ﬁ)o)
msz9l X, t) = 7 ’ (37)
( obs 0 | ebé+(l+ﬁ)0

(a2 —1) ohs+0 4 eb6+(1+ﬁ)0

i 2
Lo (2ot 4 (24 iy/2)e T
ngo(x, t) = ,

R (14
where Q) = 4 J{QQZW(""' B(oc)):a (( )a)(l “5>)
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Figure 8. showed three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots of mz9(x, t)
in Equation (37) for a = 1.5,bg = 8,b; = —1,bg = 2,0 = 0.6, respectively.

-4 -3 -2 -1 1
(c)
Figure 9. illustrated three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots of
nag(x, ) in Equation (37) for a = 1.3,bg = 7,b; = —4,bg = —5, = 0.6, respectively.
3.3. Periodic Waves

For periodic-wave interaction solutions, the bilinear form for ® is as follows (See
Figures 10 and 11):

@ = (by + b1&)? + (by + b38)? + cos(bg + bs&) + by, (38)

where b;(1 < i < 7) and all are real-valued parameters to be found. Inserting @ into
Equation (11) and collecting all powers of & and cos(bs& -+ bg), & cos(bs¢ + bg ), & cos(bs& + bg),
3 cos(bsG+bs), &sin(bs¢ + be), &2sin(bs¢ + bs), &sin(bsg + b), Gcos(bs¢ + be)
sin(bs& + bg), ¢%cos(bsE + bg) sin(bs& + bg), sin(bs¢ + bg)3, we obtain proper results
as follows:

Set I. For ug =0,
a47u2+4h§

a=a,b=2V2\/ 55, B = — g qyany b1 = ibs, by = by, by = b, by = by, bs = b5,(39)

be = be, by = —b% — b2.
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By using these parameters in Equation (38), and then by using Equations (8) and (10),

we obtain
((:) _ 2(2ib3(h2 + ihg,é‘) + 2b3(b4 + b3§) — by Sin(b6 + h5§)) (40)
7b% - bi + (by + ib3§)2 + (by + b3§)2 cos(bg + bs¢) ’
(@) = 8 2ibs(by + ib3&) + 2b3(by + b3¢) — bs sin(bg + bs¢) ?
C —1+a? \ —b3 — b3 + (by +ibs&)? + (ba + b3&)2 cos(bg + bsE)

Now, using Equation (5), we obtain the required solution for Equation (1):

(—a?+a*+402)t5 (~14a)

il ax— = T
Ze( 2A-+B@) L2 (— 1) TA-w) >( bs sin(bg + bsQ) + 2ib3(by + ib3Q2) +2b3(b4+b30))

1) =
(%) “B2 — b2+ cos(bg + bsQ) + (b + ib3Q0)% + (by + b3Q2)2
(41)
2
nz(x £ = 8 —bs sin(b6 + bsﬂ) + 2ib3(b2 + ib3Q) + 2b3(b4 + b3Q)
! (a2 =1) \ —b2 — b2 + cos(bs + bsQY) + (b + ib3Q)2 + (by + b3Q2)2
2\f2a 2 (—1+a)
where Q = 2+/2,/ 1+u2x = 1—)5F(1 )
Set II. For by = b, =0,
2, /- _
a=ab= “2 - /S——”Z(:2+f;',b3_b3,b4_b4,b5_b5,b6_bé,b7_b7,u0_u0 (42)
By using these parameters in Equation (38), and then by using Equations (8) and (10) in
Equation (5), we obtain
. 75 (a2 +at +4u3) (~14a) .
3 (x,t) = el (HX72(—1+u2)B(a)E:';G(—Oﬁ)sr(l—as)) uy + 2(—bs sin(bg + bsQ2) + 2b3(by + b3QY))
AN O T, cos(be + bsQ) + (by + b3Q0)2 )’
(43)
na(x,t) = 2 2(—bs sin(be + bsQ)) + 2b3(by + 530)) 2
LA 1+ a? 0 b7 =+ COS(bﬁ =+ 550) + (b4 -+ b3Q)2 !

22~ x 220 [ (1)

where () = T BsB@) T (— 12 )T (1—as)

Figure 10. showed three-dimensions in (a); contour in (b) and two-dimensions in (c), Plots
of mz(x,t) in Equation (43) at @ = 2,up = —2,b5 = 005bs = —3,b5 = 2,by = 5,
b7 = 1, = 0.9, respectively.

o

L)
T

o
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b

L)
T

(b) ()

Figure 11. represented three-dimensions in (a); contour in (b) and two-dimensions in (c),
Plots of ny(x,t) in Equation (43) ata = 2,uy = —1,b5 = 01,by = —3,bs = 7,bs = 3,
by =2,a = 0.5, respectively.

|
e
o

4. Multiwave Solutions

For multiwave solutions, ® in bilinear form can be assumed as [32]
P = zgcosh(by + b1¢) + 21 cos(by + bs) + zp cosh(be + bsE), (44)

where z/s and bs all are real-valued parameters to be measured. Inserting @ into Equation (11)
and collecting all coefficients of cosh (b, + b1 &), sinh(by + b1¢), cos(by + b3&) sinh(by + b1E)
sinh(b6 + b5§), COS(h4 + b3(:), COSh(bé + b5€), sin(b4 + b3é), COSh(bz + blé) sinh(b6 + b5§),
cosh(by + b1 ¢) cos(by + bs¢) cosh(bg + bs&), and sinh(by + b1 &) sin(by + b3&) sinh(bg + bs¢),
we obtain proper results, as follows (See Figures 12 and 13):

Case I.

2_,2 4 .
a=ab=2v2 [0, =~ by = V3N by = by, by = Y3, by = by, (45)

bs = @,be = bg, Uy = 1o, z0 = 20,21 = 21,22 = Z2.
By using these values in Equation (44) and then by using Equations (8) and (10), we obtain

i U8y i gl s iugg
u((j) - ﬁug(zl sin(by+ ﬁ) izg sinh(by+ \/E) iz sinh(bg+ Vi ))

z1 cos(b4+%)+zo cosh(by+ %%%22 cosh(bg+ %)

. . 2
V2ug (21 sin(bﬁrm)fizo sinh(b2+M)fizz sinh(hg;#m)
U(g) _ 2 ( 0— ( V2 V2 V2 ) .

— ' .
-1 21 cos(by+ %:H‘ZO cosh(b2+%)+zz cosh(b6+%)

, (46)

Using Equation (5), we obtain the following multiwave solutions for Equation (1):

. 15 (4 —a? ) (<14 . o . o .
gy f) = K (ux+ 2(a271>B(«)OZ§‘;O(715a)SF(lfas)) . V2ug(z1 sin(by + A) — izgsinh(by + iA) — izp sinh(bg + iA))
A 0 21 cos(by + A) + zg cosh(bp + i) + zp cosh(bg +iA) !

(47)

2
2 (u V2ug(z1 sin(by + A) — izgsinh(by +iA) — izp sinh(bg + iA)) )
0~ ,

nap(x,1) = (a2 —1) z1 c08(by + A) + zg cosh(ba + iA) + z; cosh(bg + iA)

o 1 5 (=14
where A =2,/ 5o (x + B(u)Z:'iO(—(ﬁ)?r(l—m)'
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Case II.
2./~ 5w L2t g2 .
a=ab= Y0 p= s b = —bs, by = by, by = ibs, by = by, bs = bs, (48)

be = bs, up = 19,20 = 20,21 = 21,22 = 22
By using these values in Equation (44) and then by using Equations (8) and (10), we obtain

- b5 (—izy sin(by+ibsE) —zg sinh(by—bsE) 2o sinh(bg+bsE))
u(é‘) =up+ Szl cols(b4+?b5§)5-¢—20 cé)sh(bz—zbsg)5+zz C;Sh(b6+6b5§)5 ’ (49)

(&) = —2y (g + 2z Sin(byc+ibsE) —z sinh(by—bsg) 23 sinh(by-+bs2)) 2
12 \ 10 21 c08(by+1bs¢)+zo cosh(by —bs¢ ) +z; cosh(bg+b5¢) .

Using Equation (5), we obtain the following multiwave solutions for Equation (1):

S (412 2t ) (1
mas(,f) = ei(”H2<“2f1)3(<i>°zg°:0+<—%1>:r21’“5)) e 2bs(—izq sin(by 4 iA) — zg sinh(by — A) + z3 sinh(bg + A))
A 0 z1cos(by + i) + zg cosh(by — A) + z cosh(bg + A) !

(50)

2bs(—izy sin(by + iA) — zg sinh(by — A) 4 2 sinh(bg + A)) )2

2
ag () = (a2 —1) <u0 + 71 cos(by + i) + zg cosh(by — A) + z cosh(bg + A)

_ 1 at*(—1+4a)
where A = 2,/ Tl (x + e )

1B

-10, 10

e
T

|
b
T

|
s

(b)
. —10 -5 L] 5 10 - F
) 63
Figure 12. Showed three-dimensions in (a); contour in (b) and two-dimensions in (c),

-10 -5 L] 5 10
=5k
(e
Graphical representation of my3(x,t) in Equation (50), for a = 09,u9 = 01,bp = -5,
by =5,b5 =3,z = —2,z1 = 1,20 = 2,a = 0.9, respectively.
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b

e

s -10 -5 o 5 10
‘ (b)

18516

b

e

“1s T s 0 s To -13 -10 -3 3 0 15
(e) ®
Figure 13. Represented three-dimensions in (a); contour in (b) and two-dimensions in (c),
Graphical representation of ny(x,t) in Equation (50), for uy = 0.1,bp = —5bsy = 5

bs =3,bg =10,z = —2,z1 = 1,20 = 2, = 0.9, respectively.

5. Homoclinic Breather Approach

To obtain breather solutions, ® in bilinear form can be assumed as [32]
® = ¢ P1eHh) o5 oP(038Hh) 4 5) cos(g(bsE + bg)), (51)

where p, g, 21, 2o, and b)s all are real-valued parameters to be found. Inserting ® into
Equation (11) and collecting all coefficients of e?(?s058) sin(q(bg + bs&)), cos(q(bg + bs¢)),
e? 04t sin(q(be + bs¢)), e PO t0) cos(q(bs + bst)), and cos(q(bs + bsC))
sin(q(bg + bs&)), we obtain an algebraic system of equations, then, after solving them,
we obtain proper results, as follows (See Figures 14 and 15):

Casel.

a=ab=2V2\ [t b=~ TS by = 5 by = by, by = M by = by bs = b, (52)

bg = be, u 0—0,p=p,q—q,zl—21, z3 = 2.

By using these parameters in Equation (51) and then by using Equations (8) and (10),

we obtain
@ = 2ibsq(—1+e"2PTPap 25082 4 jeb2p 592, sin(q(be+bs¢)) ) 53
u(& 14-eb2Ptbap+2ib5a8 ) 4 obop+i50C ) cos(q(be+bsE)) ’ (53)
. . 2
(é) 8b2q% [ —14-eb2ptbapt2ibsaly 4 ebaptibsal ) sin(g(b+bsE))
ﬂz 1 14-eP2PTPapF2508 7 4 (b2 PHib54C 2, cos(q(be+b5¢) )

Using Equation (5), we obtain the following breather solutions for Equation (1):
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2ibse™q (71 o+ elaptbap+4iQy 1 jpbap+2i07) gin(g(be + %Q)))

ms1(x,t) = 14 e Fbap 0z 4 hap 2102, cos(q(bs + 202)) ,
(54)
() — 8b2¢ (l + eb2P+h4p+‘%inl + iebzpﬁ-.ZiQh sin(q(bg + %Q)) ) 2,
(=1+4a%) \ 1+ eb2ptbap+4iQz 4 obop+2iQ7, cos(q(bg + %Q))
where & = i(z‘”‘ + TR Zzt‘izgt—l(—;lr)(lf))
0 = V2 o (v + st )

Case II.

4412 g2
a=ab=2V2\/ 5, p= "5ty by = 0, by = by by = — 0, by = by, bs = 0,(55)

be = be, 1g = 1o, p = p,q = 4,21 = 21,22 = Z2.

By using these parameters in Equation (51), and then by using Equations (8) and (10) in
Equation (5), we obtain the following solutions for Equation (1):

li(Zﬂer f75(4u%—a2+114)(a—1) )
o2 T LB (- (25 T(-s) /4 (1 4 ehaptbapy, _ op(Q)5, Cos(b6q))
ms3(x,t) = —
(1) 1+ eb2ptbarzy 4 eP(Q)z; cos(beq) ’
(56)
2
s (1) 2u} 1+ eb2ptlapzy — oP( @z, cos(beg)
54 =
’ (—=1+a2) \ 14 eb2p+bapzy 4 eP(Q)zy cos(beq) |
2v2,/—1 ( SIS i L) M )
where Q = by + V2l B(;) g T )
4
2 1
2
1
1
L]
1
-1
. -1 =5 s 1
i -l

Figure 14. Cont.
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u

b
T

b

e
T

i B 4
-1 -5 5 1
L i
L
7570 -5 o 5 17
(e)

.Y o -4

(f)
Figure 14. Explain three-dimensions in (a); contour in (b) and two-dimensions in (c),
Graphical representation of ms;(x,t) in Equation (54), at b, = —4,by = —7,bs = 10,

be =3,21 = -2,z =2,p = 3,9 = —0.2,a = 0.8, respectively.

-ik n ! = *
—4 -2 0 2 4

u

b
T

=
T

(b) ]
(e) (f)

Figure 15. Clarify three-dimensions in (a); contour in (b) and two-dimensions in (c),
Graphical representation of nss(x,t) in Equation (56), at by = 4,by = -3,bg = 3,
z1=—-15,2p =25p=1,9=—1,up =1,a = 0.6, successively.

6. The Periodic Cross-Kink Wave Solutions

For this, ® in bilinear form can be assumed as [33]
D =¢ (18 +02) 47 MEH D0y ) c05(b3E + by) 4 23 cosh(bsE + bg) + by, (57)

where z/s and b/s all are real-valued parameters to be measured. Inserting ® into Equation (11)
and collecting all coefficients of el16+t2, e=018=ba =~ pb2tbilt2(batbid) | p=(b18+ba)+2(1g+b2)
cos(by + b3f), cos(by + b3f)cosh(bs + bsE), e (+b2)t2(0il+h) cos(by + bé),
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e~ etb) 2(ii+ba)sin (b, 4+ baE),  cos(by + b3&)cosh(by + bsé)sinh(bg + bsé),
e (1ltb2)+2(b18+b2) cos(by + bsf) cosh(bs + bsE), and e (P18+02)+2018+202) i (b + bsf)
sinh(bg + bs¢), after solving them, we attain the following parameters (See Figures 16 and 17):

Case I. For by = 0,

2
a=a,b=8v3\/ 71y, b=~ by = by, by = by, by = b, bs = 0,b5 = by, (58)
b7 = 0,19 = —2by,21 = 21,20 = 0,23 = z3.

By using these values in Equation (57), and then by using Equations (8) and (10), we obtain

2(—bye P2 8 pyet2 i)

(@) = —2b + e 27018 b2 0162, 425 cosh (bg) ” 59)
2
9 2(7ble’b2’b1§+bleb2+blgzl)
v(8) =25 (72!71 * e P2 e P2 718z 425 cosh(bs) )
Now, using Equation (5), we obtain the following solutions for Equation (1):
; (6402 —a%+a*)t 3 (a-1)
5 2ax+ = 5
- 2b1€2< (a2—1)B(a) £ () (— 1255 ST (1-as) ) (2 + 2 Z3 COSh(bé))
mep(x,t) = — ,
61 1+ 2z + Q23 cosh(bg)
(60)
nep(x,1) = 8b1 2 + ez3 cosh(bg) ’
6 T @2 1) \ 1+ €221 + Q25 cosh(bg) )
where Q) = by + 8v2,/ 5—b; (x + ot (1) )
a2—1 B(w) Y2 o(— 155 )T (1~as) )
Case II.
a=ab= 2\ﬁ a2 17 ,B= % by = ib3, by = by, by = b3, bs = —ibs, bg = by, (61)

by = 0,21 = 21,22 = 2,23 = Z3.

Now, by using these values in Equation (57), and then by using Equations (8) and (10) in
Equation (5), we obtain the following solutions for Equation (1):

2ibze” (—2 + 20202407, — pbazy 4 b2+ 07y 1 eb2(—1 4 ¢2)z3 cosh(bg) — e2(1 + eP)z3 sinh(bé))

mez(x, t) = ’
es(x,1) 2+ 2020207 4 ebazy 4 eb2+Qz) 4 eb2(1 + ¢2)z53 cosh(bg) — el2(—1 + €?)z3 sinh(bg)
(62)
2
ea(, 1) = — 8b2 2 2022407y ohagy b2t Oz) oba (1 4 D) z5 cosh(bg) + eb2 (1 + e?)z3 sinh(bg)
GRS T 02 = 1) \ 2+ 2022702 + ehaz, + b2t 0z; + eb2 (1 4 ¢2)z5 cosh(bg) — eP2(—1 + e@)zz sinh(bg) |

(—16b3—a’+a*)t =5 (a—1)
where A = i <Zﬂx+ @—1)B( 3) = (712)51“(17&5))’

- 5 (~1+
and O = 4iva\/ s (v + gt )

117



Mathematics 2022, 10, 200

5 1k
4
2 B
° I I I I
4 ) Y 1 4
-2
-1F
—4
ik
(9
1k
4
2 r
o 1 1 1 1
Y =) 1 4
-2
—4
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Figure 16. Showed three-dimensions in (a); contour in (b) and two-dimensions in (c),
Graphical representation of mg3(x,t) in Equation (62), for b = —5b3 = 1,bg = 5

z1 = 1,20 = 3,23 = —0.5,a& = 0.9, respectively.

(b) ()

Figure 17. Cont.
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- o 2 PRl -1 2 4

e) ()

Figure 17. Represented three-dimensions in (a); contour in (b) and two-dimensions in (c),
Graphical representation of ngs(x,t) in Equation (62), for b = -50b3 = 1,bg = 5
z1 = 1,20 = 3,23 = —0.5,a& = 0.9, respectively.

7. Results and Discussion

The study of new imposed solutions for the ion sound and Langmuir waves (ISLWs)
has huge importance among scientists. Much of the work has been carried out on ISLWs,
for example, Mohammed et al. constructed new traveling wave solutions for ISLWs by
using He’s semi-inverse and extended Jacobian elliptic function method [34]. Shakeel et al.
studied new wave behaviors for ISLWs with the aid of modified exp-function approach [35].
Seadawy et al. used direct algebraic and auxiliary equation mapping to obtain the families
of new exact traveling wave solutions for ISLWs [36]. Tripathy and Sahoo studied a variety
of analytical solutions for ISLWs [37]. Seadawy et al. studied a variety of exact solutions
with modified Kudraysov and hyperbolic-function scheme for ISLWs [38].

Here, we obtained a variety of analytical solutions with rational and trigonometric
forms for ISLWs, in which some of them are represented graphically in 3D, contour, and
2D shapes. In Figures 1 and 2, we present M-shaped solutions for np3 and mps with
contour and 2D plots, respectively. In Figures 3-6, we see the interactional phenomena
with M-shaped and one-kink for m31, n3y, mss, and nsq at different values of the parameters.
In these figures, we see M-shaped waves with multiple bright and dark solutions. In
Figure 4, waves strongly increased their amplitude according to time. In Figures 7-9, we
see the interactional phenomena with M-shaped and two-kink for n3g, msg, and ng. In
Figure 7, multiple bright, dark, and M-size solitons appear. In Figures 8 and 9, large-sized
dark and bright waves appear. Figures 10 and 11 represent the evolution of M-shaped and
periodic waves for m3 and ny. Figures 12 and 13 represent the evolution of multiwaves
solution for my3 and nyy at different values. In Figures 14 and 15, two solutions, m5; and
n54, of homoclinic breather are presented graphically, and we also see the changes in graphs
by varying the value of a. In Figures 16 and 17, we present periodic cross-kink solutions
mez and 144 graphically, and we also see the change in waves into bright and dark solutions
by varying the value of a. As « € (0,1], in all these solutions, we can see that when a = 1,
Yoo o(—12;)° does not converge.

8. Conclusions

In this work, we successfully derived some new analytic solutions for FISLWS with
Atangana—Baleanu derivative. These exact solutions are derived in the form of bilinear,
trigonometric, and exponential functions. As a result, new traveling wave solutions are
gained in the form of rational, periodic, multiwaves, multi-kink, solitary waves, bright
and dark solitons that are shown graphically in 3D, 2D, and contour structures. These
solutions play an important role in different areas of physics, engineering, and other
branches of sciences.
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Abstract: In this paper, we study a generalized scale-invariant analogue of the well-known Korteweg—
de Vries (KdV) equation. This generalized equation can be thought of as a bridge between the
KdV equation and the SIdV equation that was discovered recently, and shares the same one-soliton
solution as the KdV equation. By employing the auxiliary equation method, we are able to obtain a
wide variety of traveling wave solutions, both bounded and singular, which are kink and bell types,
periodic waves, exponential waves, and peaked (peakon) waves. As far as we know, these solutions
are new and their explicit closed-form expressions have not been reported elsewhere in the literature.

Keywords: generalized SIdV equation; auxiliary equation method; exact traveling waves; solitary
waves—kink and bell types; periodic waves; peakon

1. Introduction

Over the years, the Korteweg—de Vries (KdV) equation,
Ut + 6ully + Uxzy =0, (1)

has been well studied analytically and numerically [1,2]. There are a number of physical
problems that can be represented by the KdV equation [3]. In the continuum limit, it
is the governing equation of the string in the Fermi-Pasta—Ulam-Tsingou problem. It
also describes the movement of long waves in shallow water and internal waves in a
density-stratified ocean. Additionally, acoustic waves on a crystal lattice and ion acoustic
waves in a plasma can be described by the KdV equation too [4]. Further, it is known
to be connected to the Huygens’ principle [5]. The earlier studies employed the inverse
scattering transform method to solve the KdV equation [6]. It has been shown that the KdV
equation has solitary wave solutions (single and n-solitary waves, where 7 is an integer)
with remarkable conservation properties. The single solitary wave solution (also, known as
soliton) of the KdV Equation (1) is of the following form:

u(x,t) = € sech? {ﬁ(xfctfxo)}, ()
2 2

where the wave speed ¢ > 0 and x is the spatial location of the soliton at time t = 0.

Recently, while searching (with the use of genetic programming) for other equations that

could have a solution of the sech? form as in (2), some authors (see [7] and references

therein) stumbled upon a scale-invariant analogue of the KdV equation given by

2u
ur + ( Mxx>”x = Uxxx- 3)
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Due to its scale-invariant property, the authors in [7] named it the SIdV equation. It
is easy to check that this equation shares the same sech? solution as the KAV equation.
However, the SIdV equation does not possess an infinite number of conservation properties
like the KdV equation, and thus, as shown numerically in [7], its solutions after collision do
not preserve their shapes or energy. However, one can show that it has one conservation

property, namely,
/ u?dx.

In looking for other analytical solutions other than the sech® form, some authors [8,9]
have studied a variant of the SIdV equation of the form

3u
ur + (%)ux = Uxxx- 4

An analytical solution of kink type was obtained in [8] by solving an associated
Legendre equation. Instead, in [9], by employing the Darboux transformation along
with one, two, and three-soliton solutions of the KdV equation, one, two, and three-kink
solutions were found. It should be noted that Darboux transformation was also used in
finding kink and bell-type solutions [10] of the negative order KdV equation of the form

(%)t + 2uu, = 0.

In the literature, there have been studies of a generalized Korteweg-de Vries equation
of the form

up+ (f(u))x + thxxx = 0.

Such studies have considered various choices for f(u) such as f(u) = % + u (for
some positive integer k), f(u) = ¢", and f(u) = % (p=1,234)[11].

In this paper, we consider the generalized scale-invariant analogue of the Korteweg—de
Vries equation proposed in [7] and given by

up + (3(17(5)u+((5+1)%>ux = Yllyxx- )

Here, v and ¢ are nonzero real constants. Equation (5) can be thought of as a KdV-like
equation with an advecting velocity given by the expression (3(1 — 6)u 4 (6 +1)%x). Note
that when 6 = —1and 7y = —1, (5) reduces to the KdV Equation (1). When = 1and ¢y =1,
it reduces to the SIdV Equation (3). We refer to (5) as the generalized SIdV equation. One
can think of the SIdV equation as a natural extension of the KdV equation. At this juncture it
should be pointed out that a recent work [12] has shown that there are strong links between
the Sylvester equation and integrable systems such as the KdV and SIdV equations. Since
the Sylvester equation is widely used in control theory, image restoration, and signal
processing [13], one should not be surprised to find applications of the SIdV equation in
these areas too. Equation (5) was recently studied in [14] using dynamical system theory,
and it was shown that traveling waves of bell type and valley type exist. A study of the
existence of traveling waves did consider the constant of integration associated with the
general solution of (5). In fact, the bell-type and valley-type solutions were shown to exist
for varying conditions of the constant of integration. However, hitherto, no exact solutions,
in closed forms, have been reported for choices of 6 and v that are other than 41. Our goal
was to look for exact traveling wave solutions of the generalized SIdV equation in closed
forms even when ¢ and <y are not equal to 1.

There are many known powerful methods that can be used to find the exact solutions
of nonlinear partial differential equations, such as Hirota’s bilinear method [2], the inverse
scattering transform method [1], the (%)—expansion method [15,16], the Riccati-Bernoulli
sub-ODE method [17,18], the homogeneous balance method [19], and the generalized
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Riccati equation mapping method [20,21]. Other recent meritorious work on finding
exact solutions include [22-28]. Further, readers interested in the solutions of fractional
differential equations or fractional forms of the KdV equation should consult [29-33].
The authors in [34] suggested a simple and useful method, known as the auxiliary equation
method, to obtain some exact traveling wave solutions of nonlinear partial differential
equations by presenting an auxiliary first-order and fourth-degree nonlinear ordinary
differential equation:

(¢'(8))* = m2¢*(&) + 13 ¢°(5) + pa ¢*(2), 6)

where 15, 43, and py are real numbers, and the prime denotes di' In this method, the travel-
ing wave solutions of the nonlinear partial differential equation depend on the selection of
the solution ¢(&) of the auxiliary ordinary differential equation. We applied the auxiliary
equation method to the generalized SIdV Equation (5) in our quest to find exact traveling
wave solutions in closed forms.

This paper is structured as follows: The auxiliary equation method is briefly described
in Section 2 by showing the main steps and presenting the solutions ¢ (&) of the auxiliary or-
dinary differential Equation (6). In Section 3, the auxiliary equation method is applied to the
generalized SIdV Equation (5) in order to construct exact bounded and singular traveling
wave solutions that are kink and bell types, periodic waves, exponential waves, and peakon
waves. In addition, some of the solutions obtained for the generalized SIdV Equation (5)
are presented graphically in 2D and 3D plots. Section 4 presents the conclusions.

2. Description of the Auxiliary Equation Method
Let us consider a (1 + 1)-dimensional nonlinear partial differential equation with two
variables x and f as
H(u, thy, thy, U, Ut, Ugt, .. .) = 0. (7)
In the following, the main steps are described:

Step 1. To find the exact traveling waves of Equation (7), we introduce the wave variable
u(x,t) =U(E), ¢=x—wt, 8)

where w is a non-zero constant to be sought. By substituting Equation (8) into
Equation (7), we get an ordinary differential equation as

G(U, Ug, Uz, ...) = 0. )

Step 2. We assume that Equation (9) has the finite series form solution

K
uE) =Y ek, (10)
k=0

in which v (k=0,1,2,...,K) are all real numbers with yx # 0, and K is a positive
integer to be determined later.

Step 3. The integer K can be computed by balancing the nonlinear terms and the high-
est order derivatives arising in Equation (9). We denote the degree of U(¢) by
Deg(U(&)) = K which leads to the degrees of other expressions as

Deg<izr§lrl> —K+r, Deg<u”<izr§lf>s> =pKts(K+n. A1

Hence, the value of K can be computed in Equation (10) using Equation (11). More-
over, an analytic solution in a closed form could be obtained because the value of K
is normally a positive integer.
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Step 4. By substituting Equation (6) with Equation (10) into Equation (9), we get an algebraic
equation involving powers of ¢(&). Then, equating the coefficients of each power
of ¢() to zero yields a system of algebraic equations for j, ps, pa, w and i
(k=0,1,2,...,K).

Step 5. After solving the set of over-determined algebraic equations with the aid of Maple,
one ends up with the explicit expressions for j, y3, pa, w and v (k =0,1,2,...,K).

Step 6. Consequently, we may obtain different types of exact traveling wave solutions
for Equation (7), such as solitons; kink and anti-kink, bell and anti-bell, periodic,
and exponential solutions; and other solutions by substituting iz, 3, pa, w and vy
(k=10,1,2,...,K) and the general solutions of Equation (6) into Equation (10).

The function ¢(¢) satisfies Equation (6). It should be pointed out that there is a general
solution to the auxiliary Equation (6), and for the present work, we focus on only the
solutions ¢(¢) of Equation (6) given below. Here, A= p3—4yipp1,, i* = —1, and e and 7 can
be any values of —1 or 1. The solutions below are presented according to the values of y;
and A. Readers interested in other forms of solutions for Equation (6) can refer to [34-36].

i.  Whenpu, >0,

fyzygsechz (@C)

13 y2y4(1 +£tanh(\ﬁ§))2/
y2y3csch2 (Q@’)
13 — 1oiia (1 + SCMh(@@’))Z,

4z exp (e/128) .
(exp(ey/72€) — p3)? — 4papis

P =

0(8) =

P3(5) =

ii. Whenpy; >0and A >0,

u(e) = 2D
eV/A — pzsech (/7€)
iii. Whenpu, >0and A =0,
-k Vi,
w0 = (1 (22) ),
-k L
¢6(8) = 5 (1 + ecoth >>
¢7(8) = f% (1 +£(tanh (\/]T ) + nisech (fé‘)))
iv. Whenp, >0and A <0,
po0) = e hlVIEE)
ev/—A — pzesch (/7€)
v. Whenpu, <0and A >0,
po(e) = L2l rae)

eV/A — pzsec(y/—1i8)
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3. Application of the Auxiliary Equation Method

In this section, we apply the auxiliary equation method to the generalized SIdV
Equation (5) in order to construct exact traveling wave solutions.

We assume that the traveling wave transform of Equation (5) is in the form u(x, t) =
U(¢), where ¢ = x — wt and w is the propagating wave speed, and change Equation (5)
into the ordinary differential equation

—wUUz + 3(1— 5)UZU§ + 1+ 5)U§U§§ — yUUgzz = 0. (12)

By integrating Equation (12) once and setting the constant of integration as g, we
obtain
2(1 = HUP — wl? = 29Ul + (1+ 6+ 7)Uz — 28 = 0. (13)

By considering the homogeneous balance between UlUgz and U® in Equation (13)
(2K +2 = 3K < K = 2), we then assume that the solution of Equation (13) has the form

U(&) = v0 +11¢ + 129°, (14)

where ¢ = ¢(&) satisfies the auxiliary Equation (6), and -y, 1, and 7, are real numbers to
be determined later.

By substituting Equations (6) and (14) into Equation (13) and collecting coefficients
of polynomials of 4)" (k=0,1,...,6), and then setting each coefficient to zero, a system
of algebraic equations is obtained for J,, o, 71, 2, H2, U3, Ha,§, and w. By solving the
resulting system of algebraic equations using Maple, we get a variety of interesting wave
solutions as described below. Every solution is constructed for parameter values, satisfying
a certain condition, making use of a suitable function from the functions that are given in
Section 2 (¢1(&), ¢2(&), ..., po(C)). However, at every instance, more solutions, in addition
to the solutions that we construct, can be found using the functions ¢;(&) (i =1,2,...,9),
which we did not make use of in constructing the solutions. Those details are omitted
for brevity.

3.1. Traveling Wave Solutions for the Case 6 € R
We start by substituting the first type of solutions, namely,

_2mo—dus—2mi—ps - H2(271 0+ 03— 271+ pi3)

=y =g=0,7=
V="2=Hs =8 v 213 213

and noting that A = 3 > 0, with the solutions of Equation (6) into Equation (14), we obtain
the exact traveling wave solutions of (5) as follows:
For yp > 0, we have

u(x,t) = 77;[};2 sechz(% Vi (x — wt)), (15)

which is a bell-shaped solitary wave solution when <7 and 3 are of the opposite signs and
an anti-bell-shaped solitary wave solution when ¢ and p3 are of the same sign:

1
u(x, t) = %cschz(iw/yz (x—a)t)), (16)
3
which is a singular wave solution, and

u(, 1) = 471y2exp(s\/ﬁ(x—wt)) a7

(exp(e /2 (x —wt)) — 143)2,

which is a bell-shaped solitary wave solution when y3 < 0 and 71 > 0, an anti-bell-shaped
solitary wave solution when p3 < 0 and 7 < 0, and a singular wave solution when 3 > 0.
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For iy > 0, we have

21 pasech (/12 (x — wt))

u(x,t) = ,
e4/u3 — pzsech(/iz (x —wt))

(18)

which is a bell-shaped solitary wave solution when 1 > 0,3 < 0 and € = 1 (or when
71 < 0,u3 > 0, and ¢ = —1), an anti-bell-shaped solitary wave solution when y; > 0,
uz > 0and e = —1 (or when 1 < 0,43 < 0, and ¢ = 1), and a singular wave solution when
3 and ¢ are of the same sign.

For pp < 0, we have

u(x ) = 21 ppsec(y/—pz (x —wt)) , (19)
e\/;jé—ygsec(\/—yz(x—wt))

which is a periodic singular wave solution.
By substituting

o _2mpa P (2mo 363 —271 —3u3)
,YZ_‘u‘l_Or'YO— 3]13 8= 27”33 ’

_ 2o =bpms=2m—ps o 270+ =27+ pis)
2p3 ' 23 '
and noting that A = p3 > 0, with the solutions of Equation (6) into Equation (14), we

obtain the exact traveling wave solutions of (5) as follows:
For iy > 0, we have

u(x, t) = —% sech? (% V2 (x — wt)) + 2;%, (20)

which is a bell-shaped solitary wave solution when 7 and 3 are of the opposite signs and
an anti-bell-shaped solitary wave solution when 7 and y3 are of the same sign,

u(x, t) = %csoh2<%\/%(x7wt)> +2;%, @1)

which is a singular wave solution, and

4y1ppexp(e /i (x — wt)) +2’yly2
(exp(e iz (x —w 1)) —pz)* 313
which is a bell-shaped solitary wave solution when p3 < 0 and 7y; > 0, an anti-bell-shaped

solitary wave solution when pi3 < 0 and 71 < 0, and a singular wave solution when 3 > 0.
For pip > 0, we have

u(x,t) = (22)

271 pasech((/fiz (x — wt)) L 291 p2
e1/u3 — pssech(\/iz (x —wt)) Sus

which is a bell-shaped solitary wave solution when 1 > 0,3 < 0 and € = 1 (or when
71 < 0,u3 > 0, and e = —1), an anti-bell-shaped solitary wave solution when y; > 0,
uz > 0and e = —1 (or when 1 < 0,3 < 0, and e = 1), and a singular wave solution when
3 and ¢ are of the same sign.

u(x,t) = (23)
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For yy < 0, we have

271 ppsec(y =2 (x—wh) | 2mpn (04)
e\/id ~ pasecy T (x—wt)) 3K

which is a periodic singular wave solution.

u(x, t) =

By substituting
2
0e! 11%(720 — 664 77276144) Y12 s Y1 Ha
= - /8= 7 - 2 7
1076y, 864 7,* T T,

120-20 =12 =218 M (725+25M4—72+2144)

4y 4722
and noting that A = 0, with the solutions of Equation (6) into Equation (14), we obtain the
exact traveling wave solutions of (5) as follows:

Y=

2
2 2 2 2
71 Y17H4 1 Y17H4 ’h
u(x,t) = —| 1+ ¢ tanh x—wt — — [ 1+4+¢tanh x—wt + —, 25
() 472( < a2 ¢ )>> 272( ( a2 ¢ )>> 67 @

which is a bell-shaped solitary wave solution when 14 > 0 and 7, < 0 and an anti-bell-
shaped solitary wave solution when 4 > 0 and 2 > 0,

2
2 2 2 2
7 Y17H4 7 Y17H4 7
u(x,t) = —|1+¢ coth —(x—wt 1+ € coth ——(x—wt + —, 26
b0 472( <\/ oy )>> 272( < 42 ¢ )>> 672 20)
which is a singular wave solution when 4 > 0, and
2 2
u(x, t) = 71 <1+£ <tanh< n ]244(xwt)> +17isech< n ’;4(xwt)>>>
472 V' n 72
(27)
m [ 1124 , 12Hs m’
1-+¢|( tanh x—wt) | +nisech x—wt + —,
2W2< < ( 722 ( )> 7 ( 72? ( )>>) 672

which is a complex-valued solitary wave solution when 4 > 0.
By substituting

112U 271

=¢=0,u = =
Y0 =8 M2 = PO ] P

—0r-20m-—m-2l) M (Mz+2t5ﬂ4—72+2ﬂ4)
4 47,°

and noting that A = 0, with the solutions of Equation (6) into Equation (14), we obtain the
exact traveling wave solution of (5) as follows:

’y_

2

2 2 2 2
71 Y17 H4 24! Y17H4
u(x,t) = — |1+ ¢ tanh xX—wt — — | 1+e¢tanh xX—wt , 28
1(x,t) 472< an( 4722( w))) 272( a < 4722( ))) (28)

which is a bell-shaped solitary wave solution when 14 > 0 and 9, < 0 and an anti-bell-
shaped solitary wave solution when 4 > 0 and 7y, > 0.
By substituting

300 — 401y — 3y —4 1
=3 =0,y = 210 ’;;2 10 ”2,g=1703(1—5)+702uz(5+1)r
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2 Y2 VZ 3
= Jw=—2u(5+1) + 20(1—9),
M=y 200 +1) +570(1 = 9)
and noting that A = 7%, with the solutions of Equation (6) into Equation (14), we

obtain the exact traveling wave solutions of (5) as follows:
For 92 < 0and pip > 0, we have

u(x, t) :7()(17 %sechz(\/yz(xfwt))) (29)
which is a bell-shaped solitary wave solution when 7y < 0 and an anti-bell-shaped solitary

wave solution when ¢ > 0.
For 992 > 0and y > 0, we have

u(x,t) = o <l+%csch2(\/172(x7wt))>, (30)

which is a singular wave solution.
For 972 < 0and pp < 0, we have

u(x,t) :'y()(lfgsecz(\/fyz(xfwt))) (31)

which is a periodic singular wave solution.
By substituting

(672 =20ps =712 =2pa) - p2(872+20pa — 12 +2)

=y =¢=1u3=0,7v=
=11 =8= M3 v 451, 1

and noting that A = —4 upu4, with the solutions of Equation (6) into Equation (14), we
obtain the exact traveling wave solution of (5) as follows:
For py < 0and pp > 0, we have

u(x,t) = f% sech?(\/1iz(x — wt)), 32)

which is a bell-shaped solitary wave solution when <, > 0 and an anti-bell-shaped solitary
wave solution when vy, < 0.

3.2. Traveling Wave Solutions for the Case 5 € R\ {£1}

By substituting
oy _ _ 21 —mA6-D)
§=07=20+N)w=4p@+1)n=—rF—""= 8§10 1)
P 11t SO il Vi
3(6+1) ' 4815(6 + 1)
C 2
and noting that A = ﬂ;;z((;;& > 0, with the solutions of Equation (6) into Equation (14),

we obtain the exact traveling wave solutions of (5) as follows:

130



Mathematics 2022, 10, 414

For iy > 0, we have

—712(8 — 1)pa sech? (\/fiz(x — wt))

2
2(5-1)2 5—1) sech —wt
2(5+1) (§ B o o) ) -

27112 sech (/72 (x — wt)) _2m(6+1)
e [m2(6-1)% | 11(6-1)sech( /m(x—wt)) -1 7
g 117 + 30+

which is a bell-shaped solitary wave solution when [§| > 1,91 > 0, and ¢ = 1 (or when
|6] > 1,71 <0, and € = —1); an anti-bell-shaped solitary wave solution when 0 < [§| <
1,71 >0ande = —1 (or when 0 < |[§| < 1,71 < 0and ¢ = 1); and a singular wave solution
when |§| > 1 and 7 and ¢ are of the opposite signs, and when 0 < |6| < 1 and 1 and ¢ are
of the same sign.

For pp < 0, we have

u(x, t) =

+

_ —712(8 — 1) pa sec? (/= fa(x — wt))
u(x, t) = .
2(6-1)* | 11(0-1) see(y/—jp(x—wb))
2(6+1) <§ m+ ne Dol prlrw ) "
+ 2y1p2 sec(y/—pa(x — wt)) C2m(+1)

¢ [r2e-1? | me-sely=meewn)  0-1 ]
6 (5+1)* 3(0+1)

which is a periodic wave solution.

By substituting
2 —2u3(6+1) 1z (6 +1)?
=0,7y==(0+1),w=-27(—-1),71 = , Y2 = ,
_ By(6-1) — (6 +1)us®

=00 M T e -1

and noting that A = 0, with the solutions of Equation (6) into Equation (14), we obtain the
exact traveling wave solutions of (5) as follows:

2
u(x,t) =% (l + ¢ tanh (i W(xwt)))

_ 1 [=6mn@-1
yo<1+etanh<4 541 (x—wt) + o0,

which is a bell-shaped solitary wave solution when [6] > 1,7 < 0,and ¢ = 1 or when
0 < 6] < 1,7 > 0,and ¢ = —1 and an anti-bell-shaped solitary wave solution when
[6| > 1,70 <0,and e = —Torwhen0 < |[§| < 1,79 >0,and e =1,

2
u(x, t) :% (1 + ¢ coth (i W(xwt)))

_ 1 /=670-1)
’yg<1+scoth<4 541 (x—wt) + Yo,

(35)

(36)
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which is a singular wave solution when || > 1 and 9 < 0 or when 0 < |[§] < 1and ¢ > 0,
and

2
u(x,t) :’zf(lJre(tanh(; W(xwt))Jrﬂisech(;\/W(xwt))))
(37)
-0 (1+e(tanh<; W(x—wt))—i—?]isech(; W(x—wt))))

+ 70,

which is a complex-valued solitary wave solution when [5| > 1 and 79 < 0 or when
0 <[] <Tandyy > 0.
By substituting

6+1 1 2
Y=72=8=0m= V;((Ji_l))ﬂ =30+ w=3up(+1),

and noting that A= p2—4yop,, with the solutions of Equation (6) into Equation (14), we
obtain the exact traveling wave solutions of (5) as follows:
For A > 0and yp > 0, we have

B 13 (6 + 1) pp sech(y/fi2(x — wt))
u(x,t) = ,
3(6—1) (s VA — pzsech(\/fia(x — cut)))

(38)

which is a bell-shaped (or an anti-bell-shaped) solitary wave solution when 14 < 0 and a
singular wave solution when p4 > 0.
For A = 0and pip > 0, we have

o anh( 1 -
W t) = — (6 +1) (1 + €6t(5 _(lz)\/%(x wt))) , @)

which is a kink-shaped (or an anti-kink-shaped) solitary wave solution,

ma(6+1) (l +e coth(%\/;Tz(x - wt)))

u(x,t) =— 6=1) , (40)
which is a singular wave solution, and
#2(6 4+ 1) (14 ¢ (tanh (/712 (x — wt)) + iny sech (/72 (x — wt))))
u(xr t) = - ’ (41)
6(6—1)
which is a complex-valued solitary wave solution.
For A < 0and pp > 0, we have
o+1 h —wt
(1) = p3 (6 + 1)pp esch (/i (x — wt)) @)

3(6— 1)(8\/17 U3 csch(\/ﬁ(xfwt))y

which is a singular wave solution.
For A > 0 and pip < 0, we have

u(x,t) _ H3 (5+1)]stec(v—]/12(x—wt)) , (43)

3(6— 1)<e\/K— uzsec(/—pz(x — wt)))
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which is a periodic solitary wave solution when 4 < 0 or a periodic singular wave solution
when 4 > 0. On the other hand, we can get a peakon solution for the generalized SIdV
Equation (5) from Equation (39) that is given by

;12(5-1—1)(1 - tanh(%\/pTﬂx —wt\))
6(0—1) !

u(x,t) = — (44)

for when 0 < |5| < 1, where the peak is located at the point —£ 2041 and for when

6(6—1)
’éz((;:rll)), where pp > 0,7 = %(5 +1),

|d] > 1, where the trough is located at the point —

andw = 2 (5 +1).
By substituting

2 4 —2u4(6+1)
=y =0=0,vy==(6+1),w==ur(6+1),7p,=——L=—="_ "7
T=n=8=07=30+1),w=7u(+1)7 30-1)
and noting that A= p2—4pop,, with the solutions of Equation (6) into Equation (14), we
obtain the exact traveling wave solutions of (5) as follows:
For A > 0and yp > 0, we have

—814(0 + 1) pa? sech? (/112 (x — wt))
5
3(6—-1) (s VA — pzsech( /17 (x — wt))>

u(x, t) =

(45)

which is a bell-shaped (or an anti-bell-shaped) solitary wave solution when 4 < 0 and a
singular wave solution when p4 > 0.
For A = 0and yi > 0, we have

—244(6 + 1) pa? (1 +e tanh(%\/;Tz(x — wt)))z

= 4
u(x, t) 361 , (46)
which is a kink-shaped (or an anti-kink-shaped) solitary wave solution.
For A > 0and y; < 0, we have
_ Dur2sec?( /= _
u(n ) = 8y (8 + 1) o sec* (/=2 (x — wt)) )

3(6-1)(e VA - pasec(y/ iz (x — b))

which is a periodic solitary wave solution when y4 < 0 or a periodic singular wave solution
when 14 > 0.

3.3. Traveling Wave Solutions for the Case 6 € R\ {—1}

By substituting
1 3(65y1+0pu3— 671+ —y0 (12871 +6p3 =127 +
7210/7:7(5_’_1)1(?:70( nAdps—6mtp) o —0(1207+0ps —12m + )
3 671 371
1o — 03871 +3pu3 =371+ p3) Jy — —71(6871 —dp3 — 671 — p3)
10 +1) ’ 470(6+1) ’

and noting that
Ao 3T (60%71 + 83 =126 71 + 671 — p3)
(6+1)?
with the solutions of Equation (6) into Equation (14), we obtain the exact traveling wave
solutions of (5) as follows:

7
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For y9y1p3 > 0 and § = 1 (and therefore A = 0), we have

1
u(x, t) = —evyo tanh(i N % (x — wt)), (48)

which is a kink-shaped (or an anti-kink-shaped) solitary wave solution with boundary
values +7 at left and right infinities.

For yoy1p3 > 0and 6 = 2?&12 (and therefore A = 0), we have
_ %0 V2 ops 70
u(x,t) = 5 tanh( 7 o (x—wt) | + X (49)

which is a kink-shaped (or an anti-kink-shaped) solitary wave solution with boundary
values 0 and || at left and right infinities or a kink-shaped (or an anti-kink-shaped)
solitary wave solution with boundary values —|vyo| and 0 at left and right infinities.
203871+ p3—371+43) _ 3n(68m 126 mt6m )
(64D > 0and A = (G417
2708871+ 43 — 391 + pa) sech(/fi (x — wt))

u(x, t) =
(6+1) (s VA — pzsech (/12 (x — cut)))

which is a bell-shaped (or an anti-bell-shaped) solitary wave solution.

For pyp, =

> 0, we

have

+ 70, (50)

3.4. Traveling Wave Solutions for the Case 6 = 1
By substituting

4 8
0=18=07=0m=0pu=07r=zw=zu,

and noting that A = 2 > 0, with the solutions of Equation (6) into Equation (14), we obtain
the exact traveling wave solutions of (5) as follows:
For yp > 0, we have

2
u(x,t) = ’Y;Zzz sech? <% Vi (x — wt)), (51)

which is a bell-shaped solitary wave solution when 7, > 0 and an anti-bell-shaped solitary
wave solution when v, < 0,

2
u(x,t) = 7;1422 csch? (% Vi (x — wt)), (52)
3
which is a singular wave solution, and

w(ap) — 16721 P e I (x —oh) .

(exp(e /72 (x — wi)) — pz)*

which is a bell-shaped solitary wave solution when y3 < 0 and 7, > 0, an anti-bell-shaped
solitary wave solution when pi3 < 0 and 7, < 0, and a singular wave solution when i3 > 0.
By substituting

0=1,8=0,7%=0,7%2=0,u=0,u3 =0,w=pu(2—17),

and noting that A = 0, with the solutions of Equation (6) into Equation (14), we obtain the
following exponential traveling wave solution:
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_ 4712
D= e v = ) o

where pi; > 0. On the other hand, we can get a peakon solution for the generalized SIAV
Equation (5) from Equation (54) that is given by

_ 412
uxt) = exp(\/;Tz\x—th' (55)

for up > 0and w = py (2 — ), where the peak is located at the point 4 y115.
By substituting

0= 1rg = OI'YO = Or"/l = 0!]’[3 = 0/#4 = Olw :4;’{2(277)1

and noting that A = 0, with the solutions of Equation (6) into Equation (14), we obtain the
following exponential traveling wave solution:

16 'yz}l%

exple /Apz (x — )’

where i > 0. On the other hand, we can get a peakon solution for the generalized SIdV
Equation (5) from Equation (56) that is given by

u(x,t) = (56)

16 Y2113
u(x,t) = 2k

n exp (/42 |x —wt|)'

for iy > 0 and w = 4y (2 — 7y), where the peak is located at the point 16 73
By substituting

(67)

2 4
0=1,8=0,7%=0,72=0,u3=09= 3w =3k

and noting that A = —4 o4, with the solutions of Equation (6) into Equation (14), we ob-
tain the exact traveling wave solutions of (5) as follows:
For yy > 0, we have

41z expl(e /12 (x — wt))
u(x,t) = ,
exp(e/4pz (x —wt)) — 4 popa
which is a bell-shaped solitary wave solution when p4 < 0 and yq > 0, an anti-bell-shaped

solitary wave solution when 14 < 0 and 71 < 0, and a singular wave solution when 14 > 0.
For pip > 0and py < 0, we have

(58)

Y1pzsech (/12 (x — wt))
€/ —H2H4 ’

which is a bell-shaped solitary wave solution when 1 ¢ > 0 and an anti-bell-shaped solitary
wave solution when 7 ¢ < 0.

u(x,t) = (59)

3.5. Traveling Wave Solutions for the Case 6 = —1
By substituting

7 7

271 yoi(voMs —mm2) _ 2(370m3 — 1ipa)
n o w—
M3 M3 M3

0==17=0pu=07y=

and noting that A = 3 > 0, with the solutions of Equation (6) into Equation (14), we obtain
the exact traveling wave solution of (5) as follows:
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u(x, t) = e

2
2 2 2 2
Y17 H4 g4 Y1°H4
1+ ¢ tanh — (x— wt — —| 1+e¢tanh x — wt + Y0, 61
4’}’ < < 4’)/22( ))) 2,)/2< ( 4722( ))) Yo ( )

For iy > 0, we have

Y12 sech? % V2 (x — wt)
u(x, t) =0 — ( o >, (60)

which is a bell-shaped solitary wave solution when ;3 < 0 and an anti-bell-shaped
solitary wave solution when 13 > 0. On the other hand, it is important to mention
that the bell-shaped solitary wave Equation (60) when 6 = —1,99 = 0,71 = =1, 2 = ¢,
and y3 = 2 (and therefore w = 67 + ¢) becomes

u(x, t) =y + %sech2 <§(x —(6y0+¢) t)>,

which is a solution of the KdV Equation (1), and if ¢ = 0, then we get the soliton solution
Equation (2) of the KdV Equation (1).

By substituting
b Ay D2y 2 0o 1290 = m?
o2us 7% 7 47 ' 272

and noting that A = 0, with the solutions of Equation (6) into Equation (14), we obtain the
exact traveling wave solution of (5) as follows:
For g > 0, we have

which is a bell-shaped solitary wave solution when 7, < 0 and an anti-bell-shaped solitary
wave solution when vy, > 0.
By substituting

0=-1,711=0u3=0p4 = ;%,g =2770%H2 — 0%, w = —47 2+ 670,

and noting that A = %, with the solutions of Equation (6) into Equation (14), we
obtain the exact traveling wave solution of (5) as follows:

For pp > 0 and 72 < 0, we have

u(x,t) = 79 — 2 pp v sech®(/jiz (x — wt)), (62)

which is a bell-shaped solitary wave solution when 7y < 0 and an anti-bell-shaped solitary
wave solution when y > 0.

In order to get a better visual understanding of the solutions that we obtained, some
of the solutions for the generalized SIdV Equation (5) are presented graphically in 2D and
3D plots in Figures 1-4.

Figure 1 shows a rich array of bounded solutions from a solitary pulse (§ = 2) to a
kink (6 = %) and to a periodic wave (6 = 2) for values of ¢ other than either 1 or negative 1.

In Figure 2, one can see a singular solitary wave and a singular periodic wave for
the é-value of 2. If the singular solitary pulse is compared to the bounded solitary wave
in Figure 1 for § = 2, the only difference is in the choice of y3. The singular pulse is
obtained with a positive y3, whereas the bounded solitary pulse is found with a negative
3. Similarly, if one compares parameter values for the singular solitary pulse with the
bounded solitary wave in Equation (23) when ¢ = 1, it can be observed that the singular
pulse is obtained with a positive ji3, whereas the bounded solitary pulse is found with a
negative p3.
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Figure 1. The exact solutions of the generalized SIdV Equation (5) over the time interval [0, 10].
The left is a bell-shaped solitary wave solution (18) wheny; =1,6 =2, =1, u3 = —l,and e = 1,
the middel is an anti-kink-shaped solitary wave solution (39) when § = %, Up = %, uz =1 =1,
and ¢ = —1, and the right is a periodic solitary wave solution (43) when é§ = 2, u; = _Tl, uz =1,
Hs=—-1l,ande=1.

Figure 2. The exact solutions of the generalized SIdV Equation (5) at t = 0. The left is a singular
wave solution (18) when vy = 1,6 = 2,15 = 1,43 = 1, and ¢ = 1, the middel is a periodic singular
wave solution (19) when § =2, = —1,u3 = 1,91 = 1, and ¢ = 1, and the right is a kink-shaped
solitary wave solution (48) whené =1,u3 =1,79=1,71 =1, ande = —1.

Figure 3 presents other bounded solitary pulse solutions (as opposed to the KdV
soliton of the sech? form) of the forms of sech, sechz, and sech* for & values of either 1 or
negative 1.

Figure 4 shows the peaked solutions (peakons) that we are able to find for two different
¢ values. Note that a peakon has a discontinuous first derivative at its peak.
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Figure 3. The exact solutions of the generalized SIdV Equation (5) at t = 0. The left is a bell-shaped
solitary wave solution (51); namely, u(x,t) = sech4(%x —4)whend=17=%1=1Luw=1
and yi3 = 1, the middle is a bell-shaped solitary wave solution (59); namely, u(x, t) = sech(x — %)
whené = 1,7 = %,71 =1,up = 1,4y = —1, and ¢ = 1, and the right is a bell-shaped solitary
wave solution (60); namely, u(x,t) = § + 1 sechz(%x —2t)whend=-1,y9=Ln=-Lm=1,
and p3 = 2.

Figure 4. The exact peakon wave solutions of the generalized SIdV Equation (5) over the time interval
[0,5]. The left side shows a peakon wave solution (44)—namely, u(x,t) = % [l — tanh(3|x —#|)
when 6 = } and p» = 1; and the right side shows a peakon wave solution (55), namely, u(x, t) =
exp(—|x—t]) whend =1,y = L,up = 1,and 75 = %. The peakon solution is obtained when
kink and anti-kink solutions (or two exponential solutions of the opposite forms) move in the same
direction with the same speed.

4. Conclusions

In this paper, we considered a generalized SIdV equation that is KdV-like, with an
advecting velocity given by (3(1 — 8)u + (6 4 1)), Making use of the auxiliary equation
method, for different values of §, we were able to find closed-form expressions for a variety
of solutions, both bounded and singular. Interestingly, we showed that the SIdV equation
(i.e., when & = 1) has solitary wave solutions of bell type of the forms of sech and sech* in
addition to the sech? solution that it shares with the KdV equation (see Figure 3). Further,
we even obtained peakon solutions for the SIdV equation (§ = 1) and for the generalized
SIdV equation when 4 is any value (see Figure 4 when & = }). The solutions found in this
work are new and have not been reported elsewhere in the literature. Looking ahead, one
could explore to determine whether the generalized SIdV equation possesses multiple kink
or bell-type solutions, as was shown for the negative order KdV equation [10]. In addition,
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one could build on the work in [12] and expand our knowledge to understand how one
may be able to employ the SIdV equation in engineering applications such as control theory
and image restoration. Our work also demonstrated the versatility of the auxiliary equation
in extracting an array of interesting solutions from a KdV-like advection equation.
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Abstract: This work analytically recovers the highly dispersive bright 1-soliton solution using for
the perturbed complex Ginzburg-Landau equation, which is studied with three forms of nonlinear
refractive index structures. They are Kerr law, parabolic law, and polynomial law. The perturbation
terms appear with maximum allowable intensity, also known as full nonlinearity. The semi-inverse
variational principle makes this retrieval possible. The amplitude-width relation is obtained by
solving a cubic polynomial equation using Cardano’s approach. The parameter constraints for the
existence of such solitons are also enumerated.
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1. Introduction

One of the most important necessities with a mathematical model that describes
soliton propagation across inter-continental distances is its integrability to secure an exact
soliton solution. This provides the ease and convenience of conducting further analysis
with such a solution structure at our disposal. Some such conveniences are the study
of quasi-monochromatic solitons, the computing of the collision-induced timing jitter,
the application of the variational principle, the implementation of the moment method
approach, or even the application of collective variables to secure the dynamical system of
soliton parameters [1-30]. Thus, it is necessary to recover the structure of a soliton. There
are diverse approaches that can make this soliton solution retrieval possible. These range
of approaches are visible in various works across the board. However, in specific situations,
securing a soliton solution is rendered to be challenging. In fact, under such situations, the
classic approach of inverse scattering transform is not applicable either, since the model
fails the Painleve test of integrability. In such a situation, a modern approach of integrability
has been successfully applied to recover an analytical bright 1-soliton solution. This is
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the application of the semi-inverse variational principle (SVP) that was proposed by J. H.
He [11,12,17].

SVP was successfully implemented to a variety of problems in a wide range of physical
situations. Apart from photonics, some such fields are fluid dynamics [2,9,10,12,13,23],
relativistic quantum mechanics [21,24], plasma physics [4], mathematical chemistry [11],
and various others [5,13-17,22,26]. In particular, the application of optics problems has been
quite noticeably successful and widely visible, as reported [1-20]. The models that have
been commonly studied in optics, with the implementation of SVP, are the Lakshmanan—
Porsezian-Daniel model [1,7], Schrodinger’s nonlinear model [20], and the Fokas-Lenells
model [8]. In this context, solitons were studied with chromatic dispersion [1] as well
as cubic—quartic dispersive effects [7]. The novelty of the work ushers in with an estab-
lished analytical soliton solution for an arbitrary maximum intensity where all pre-existing
integration approaches fail.

The current paper will address SVP, for the first time, with the complex Ginzburg—
Landau equation (CGLE) [3,19,25]. This will appear with six dispersion sources that con-
stitute highly dispersive (HD) optical solitons [6,15,16,25]. The perturbation terms appear
with maximum allowable intensity, i.e., AKA full nonlinearity [3-8,15,16,22]. Three forms of
nonlinear refractive index structures are addressed: cubic (or Kerr) nonlinearity [1,3,14,25],
parabolic (or cubic—quintic) nonlinearity [14,25], and polynomial nonlinearity [15,16,25].
Bright 1-soliton is finally extracted, for each law, where the soliton amplitude-width rela-
tion is recoverable by solving a cubic polynomial equation using Cardano’s approach [6].
The significance of the work is the retrieval of an analytical bright 1-soliton solution in
spite of the fact that the perturbed CGLE is not rendered integrable by any of the pre-
existing algorithms. The details are exhibited after introducing the model together with its
perturbation terms.

Governing Model
The general form of CGLE without the perturbation terms reads as [25]

i‘% + ial‘?x + axqxx + i”Bﬂxxx + A4Gxxxx + i”SQxxxxx

tastusene + b ol (10%) |~ { (%) } ] + F(F)a=0. O

lafq*

Here, q(x, t) depicts the wave profile that travels down the optical fiber and is a
complex valued function. The first term denotes the linear temporal evolution that has
its coefficient as i = v/—1. The coefficients of aj for 1 < j < 6 represent the six dispersion
terms. Here, a; gives the inter-modal dispersion; a, accounts for the chromatic dispersion;
while a3 till a¢ yield the third-order, fourth-order, fifth-order, and sixth-order dispersion
effects sequentially. Next, « and  come from the nonlinear effects that are considered in
CGLE [25]. The intensity-dependent nonlinear refractive index of the fiber is governed
by the real valued functional F. The current paper will consider three nonlinear forms:
cubic (or Kerr) nonlinearity, parabolic (or cubic-quintic) nonlinearity, and polynomial
nonlinearity.

With perturbation terms turned on, the CGLE extends to

iQt + iaqu + axqxx + ian/]xxx + AgGxxxx + iQSQxxxxx

+astasecc + b ol (1), = B{ (%), Y ] +F(1aP)s @

laP*
= i[A(1a™"q)_+0(lal™") q+olal"a].

The perturbation terms stem from the self-steepening effect, the self-frequency shift,
and nonlinear dispersion, which are represented by the coefficients of A, 6, and ¢, re-
spectively. The parameter m comes from maximum permissible intensity, also known as
full nonlinearity.
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2. Mathematical Start-Up
The starting hypothesis to handle Equation (2) is the substitution

q(x,t) =g(x— 'Ut)ei<7Kx+Wt+90) _ g(s)ei(ka+wt+90). )

Here in (3), the function g(x, t) is the traveling wave hypothesis while from the phase,
w is the wave number, while 6 is the phase constant and x represents the frequency.
Inserting (3) into (2) gives way to the following set of relations. The real part gives:

(—w — agk® + ask® + agx? — azx® — axk? + ayx)g

+ (a2 + 2a + 3azk — 6a4x? — 10a5x> + 15a6x*) " @)
/)2

+(ag + 5ask — 15a5k2) g17®) + a6g (") +2(a — 2[3)(37+F(g2)g =x(A40)g¥m 1.
The imaginary part yields:
{(2m +1)A +2mb + c}g*"g’
+(v — ay + 2a0¢ + 3a3k? — day® — Sask? + 6a6K5)g/ (5)
— (a3 — dagx — 10a5x> + 20aex3) g — (a5 — 6agr)g®) = 0.

In (4) and (5), the notations ¢ =dg/ds, ¢" = d’g/ds?, ¢ = d>¢/ds®, ¢(V) = dq/ds*,
g\ = d%¢/ds® and g(*) = d®¢/dsS are adopted. Next, introducing the parameters

Py = —agr® + u4K4 + a5K5 — H3K3 — a2K2 + a1k — w, (6)
Py = ay + 20 + 3azx — 6a4K2 — 101151(3 + 15a6K4, 7)
P3 = a4 + 5asx — 151161(2, (8)
and setting
a=2p, )
Equation (4) transforms to
Pig+ Pog" + Pag™ + agg™ + F(g2) g = k(A + ) g1, (10)

Thus, with (9), the governing Equation (2) modifies to:

iQt + illl‘]x + axqxx + ia3‘1xxx + a4 xxxx + ia5¢7xxxxx
B 2.2 2\ 2 2
tasqecees + i |20 ()~ {(F) } | +E(lal)g an)

= i[A(1a™"q)_+0(lal™") q+olal"a].

Next, the imaginary part Equation (5) gives the following parameter constraints

(2m +1)A +2mb + o =0, (12)
v =ay — 20K — 3113;(2 + 4114;(3 + 51151{4 — 6116;{5, (13)
a5 — dagx — 10asx2 + 20agk® = 0, (14)
and
as = 6agk. (15)

Equation (13) gives the velocity. The relations (12)-(15) stay the same, irrespective of
the type of nonlinearity considered.
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3. Application of SVP
From Equation (10), multiplying by ¢’ and integrating gives

Pig? + Pz( /)2 — Ps(%’) + 116(8’”)2 (16)
+2 [ F(g?)gg'dg — Kgnii’ g2 = K,

where K is the integration constant. The stationary integral is introduced as below
- Pig? + Pa(g')” — Pa(g" R aelsn) an
= N .
J o +2 f F(gZ)ggl g — m+;7 g2m+2

The bright 1-soliton to (11) is the same as that of the homogeneous counterpart, namely
with A = 0 = ¢ = 0, whose structure is of the form:

g(s) = Af{sechB(x —vt)}, (18)

where the functional form of the bright soliton, given by f, is based on the type of nonlin-
earity in question. The amplitude (A) and inverse width (B) of the soliton will be recovered
by the coupled system of Equations (1)-(18):

9 _

A= 0, (19)
and 3

38~ 0. (20)

This principle will be applied to study HD bright 1-soliton to (11) for three nonlin-
ear forms.

3.1. Kerr Law

The refractive index structure is presented as
F(s) = bys, (21)
where by is a real-valued constant parameter. Thus, Equation (11) reads as

i‘/]t + ial‘/]x + arqxx + m?,q,\‘xx + A4Gxxxx + mSQxxxxx

ooy + { jaP(lal?) = { (1) }2} + bolg[*q 22)
=i[A(laP"q) +e(|q\2m) 7+0la/"ax],

so that (16) comes out as

2k(A + 0o
2Pig +2Pa(8')” — 2P3(g")" +2a5(5")" + bog” - 7,51 = Jgm2 ok @)
The stationary integral, in this case, is introduced as
= | 2ng 4 ap(g)’ - 2Ps(g)?
= / dx. (24)
J oo +2ﬂ6(8’” )2 + b()g 27(’/(”/\:'1‘” g2m+2

The solution of (22), for A = 6 = 0 = 0, is given as [19]

g(x — vt) = Asech®[B(x — ot)]. (25)
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By substituting this 1-soliton solution into (24), one can obtain

16P A2 144 2g _ 592 2 15,024 2
=15t + 55 APB — 52PATB + Rilag APB
1256 256 b0A4 (/\+U) PA2m+2

693 m+1 B/

where
~ 8m(Bm+1)(3m+2) r(:m)r(%)
~ (2m+1)(6m+1)(6m +5) F<3m+%) ’

The coupled pair of Equations (19) and (20), for Kerr law, is given as:

P] 9 2 37 4 939 6 2 K()\+U) 2
P,B? — =2 P;B 06B° + 2 po A2 — KA D paom _
157352 73530 T s 693 0 16
and
P9, 111 ., 4695 ¢ s KAH0) o
P 9 g Mg g 8695 pe 164 42 KAFD prow
153502 35 90 T 115577 593 16(m+1) 0
Adding (28) and (29) leaves us with
18 o 148, 5634 s K(A+0)(m+2) .,
18 pp2 188 p g 56031 g B a2 KATDIMHD) ppon
35 2 35 07 T 115576 * 5930 16(m +1)

Equation (30) can be restructured as a cubic polynomial equation in u:
uu3+bu2+cu+d:0,

with the following notations:

and
K(A+0)(m+2)

16(m+1)
By Cardano’s method, (31) and (32) solves to [6]:

1

Bl{( 27H3+6,;z—2i>—\/(_2323+6bé_§?)2+(32_9b:2)3}3
2 ak 2
+{( 27a3+67_21>+\/< 27a3+67_%) +(32—9b;2)} _314 |

The constraint for this solution to exist is

2 _ 2m
d= 693b A PA“™.

ag # 0,

along with the discriminant
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Boobe d\? /¢ 1r\°
(Tmﬁ@‘z) +(§‘@> >0 (39)

Moreover,

(o) (e ) ()

f (40)
d p R !
+ ( 2ﬂ+6a2_W>+ ( za+6az—w)+(%—97> > 3
Thus, the HD bright 1-soliton to (22) is introduced as (see Figure 1)
q(x,t) = Asech®[B(x — ot)]e/(-Fx+wi+0) (41

199 1q0x, 1)1

Figure 1. Profile of the HD bright 1-soliton (41) setting all arbitrary parameters to unity.

Here, the inverse width (B) is explicitly expressed via (37), provided that the constraint
conditions given by (38)-(40) are maintained.

3.2. Parabolic Law

The refractive index structure is indicated below
F(s) = bys+ bys?, (42)
where by and b, are real-valued constant parameters. Then, Equation (11) evolves as

iﬂi: + ial”]x + axqxx + m?,%cxx + ﬂ45bcxx2x + i”SQxxxxx
Hgrecres + b [ZIqIZ(Iq\Z) —{ (1) } } + (ol +bala)e @3)
=i[A(laP"), +e(|q\2'”) a-+olaPas,

so that (16) comes out as

6Pi1g% + 6P2( ')~ 6Ps(g")* + 6ag(g" )

44
+3byg + 2bygt — SO gam2 _ g (44)
The stationary integral, in this case, is structured as
= | 6P1g? +6P2(g)" — 6P3(g")” +6ag(g")?
J= / 4 _ 6x(A+0) om+2 dx. (45)
+3b1g* + 2bg° T8
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The solution of (43), for A = 8 = 0 = 0, is given as [19]
g(x —ot) = Asec h? [B(x — vt)].
Byubstituting this 1-soliton solution into (45), one can obtain

2
J= nPl% 91 p, A28 — 133 py A2B3 1 24205, A2B5
bl asb A6 Sx(\to)P poms
1 2
+87%- + B [T i

where
~2men) T(EHI()
"~ 3m(3m+2) r(3m)

The coupled pair of Equations (19) and (20), for parabolic law, is:

7TP1+ ”PZBZ 1537113334 21429na B6
b1A2 + 35”b2A4 2x(A + a)PAZm =0,
and
—ntPy + FP,B? - 457 P2 B(i j)%ﬂ6B6
15171"‘2 31597sz A4 Km+1‘7 PA?" = 0.
Adding (49) and (50) yields
9 2 _ 153 4, 64287 6
9 p,B2 — 1337 pypt ¢ Ams”a 6B
b1A2 + 7°”b At K1) pp2m = (.
Equation (51) is reducible to (31) with

_ 64,2877
T 2048 %

and
_ 2mx(A+0)

1922 m+1
Hence, the HD bright 1-soliton to (43) reads as (see Figure 2)

PA?™,

q(x, t) = Asec h? [B(x — vt)]e!(—rx+wt+b)
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0.5
lg(x. t)]

~0.0

Figure 2. Profile of the HD bright 1-soliton (56) setting all arbitrary parameters to unity.
Here, the inverse width (B) is explicitly expressed via (37), providing that the con-
straint conditions given by (38)-(40) are maintained.
3.3. Polynomial Law

The refractive index structure extends to

F(s) = bys+ bys? + b3s®, (57)
where by, by, and are real-valued constant parameters. Hence, Equation (11) comes out as

iQt + iﬂqu + axqxx + iﬂSﬂxxx + a4 xxxx + iﬂS’f]xxxxx + AgGxxxxxx
2 4 6
+(brlgl? + balg|* + bslql® ) g +

i 2P (of),, ~ { (7). }]

(58)
= i[A(\qlz”’q>x +9(Iq\2m)xq+<f|q|2qu]/

so that (16) now is

12P1g? +12Py(g')* — 12P5(g")* + 12a6(g" )
+6b1g* + 4byg® + 3bags — 12KUH) pam2 _ g

(59)
The stationary integral, for polynomial law, reads as
o [ 12Pg2 +12Py(g')* — 12P3(g" ) + 12a4(g" )?
/= / 4 6 § - 12k(A+0) ome2  |X (60)
—o0 +6b1g™ + 4brg® + 3b3g° — T8
The solution of (58), for A = 6 =0 =0, is [19]
g(x —ot) = Asech[B(x — vt)]. (61)
By substituting this 1-soliton solution into (60), one can obtain
J =3P 4" 4 P A%B — 1P A?B3 + Yag A2B5 4 ©)
+&Ai 4 1263 A8 3k(A+0)P A2m+2
5 B 35 B m+1 B’
where

T 2m+1 F<m+%>. ©
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The coupled pair of Equations (19) and (20), for polynomial law, formulates as:

3P + P,B2 — ZP3B* + 2} agBO + 2by A2

4
+32by A* + b3 A — 3k(A 4 o) PAP =0, )
and
—3Py + P,B? — 2 PyB* + 184480 — by A?
8 4 123 a6 _ 3K(A+0) pa2m (65)
— At~ Rpyab - XD ppam — g,
Adding (64) and (65) implies to
2P282 — %P3B4 + ¥ﬂ636 + blAz + %b2A4 (66)
+%b3A6 - 3(m+‘i)jr<§)\+t7) PA2™ — (.
Again, Equation (66) is transformable to the cubic polynomial Equation (31) where
2=, (@)
2
b= 7—8P3, (68)
5
c=2P,, (69)
and 16 36 3(m+2)x(A +0)
+2)k(A 40
d=b1A2 + by At 4 22pa A6 - DTS T D) pyom, 70
AT 5 g5t m+1 (70)

Hence, the HD bright 1-soliton to (58) comes out as (see Figure 3)

q(x,t) = Asech[B(x — ot)]e! (- xwt), (71)

Figure 3. Profile of the HD bright 1-soliton (71) setting all arbitrary parameters to unity.

Here, the inverse width (B) is explicitly expressed via (37), providing that the constraint
conditions given by (38)—(40) are maintained.

4. Conclusions

This work obtains an analytical expression of the HD bright 1-soliton to the perturbed
CGLE by SVP, where the perturbation terms are considered with the maximum allowable
intensity. Three nonlinear forms are addressed. Such an analytical 1-soliton solution, with
arbitrary intensity parameters, in its closed form, and is not recoverable by any of the
pre-existing integration algorithms.

There are some shortcomings to this approach. It is only the bright soliton that is
obtainable using this approach. This scheme fails to retrieve singular or dark solitons since
the stationary integral is rendered to be divergent with singular or dark solitons. The bright
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1-soliton solutions that are recovered for three nonlinear forms are not exact since they are
obtained by the usage of a principle, namely the SVP. Therefore, the results of this work
cannot be compared with any pre-existing results since there are none. The homogenous
model was first proposed during 2021 [25] and the current paper is the very first one to
extend the model with perturbation terms and with full nonlinearity. The simulations,
therefore, provide a visual accuracy to the proposed approach, namely the SVP.

This analytical soliton solution can take us further along with advanced studies. Some
of them include the analysis of quasi-monochromatic solitons, the computing of the soliton
parameter dynamics with the help of the variational principle, the study of the collision-
induced timing jitter and the numerical simulation of the problem with the application of
the Adomian decomposition algorithm, Laplace ADM, and variational iteration approach.
More research results that can be aligned with the current findings [27-30] exist.
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Abstract: This paper is a numerical simulation of highly dispersive optical solitons in birefrin-
gent fibers with polynomial nonlinear form, which is achieved for the first time. The algorithmic
approach is applied with the usage of the Laplace-Adomian decomposition scheme. Dark and
bright soliton simulations are presented. The error measure has a very low count, and thus, the
simulations are almost an exact replica of such solitons that analytically arise from the governing
system. The suggested iterative scheme finds the solution without any discretization, linearization,
or restrictive assumptions.
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1. Introduction

The term highly dispersive (HD) optical soliton was conceived a couple of years
ago. Later, it was studied by several authors including N. Kudryashov [1-5]. The two
essential factors that make the propel of solitons through fibers and other waveguides
possible are the self-phase modulation (SPM) and chromatic dispersion (CD). When CD
runs low during soliton transmission, the balance between nonlinearity and dispersion
is compromised. This would lead to a catastrophic situation. To avoid such a scenario,
CD is compensated with other sources of dispersion, and they are sixth-order dispersion
(60D), fifth-order dispersion (50D), fourth-order dispersion (40D), third-order dispersion
(30D) and inter-modal dispersion (IMD). The inclusion of six dispersive effects secures
HD solitons. This however has other detrimental effects although they are being ignored
in the current paper. They are the presence of soliton radiation and the slowdown of
solitons due to this shedding of energy. Pulse splitting or polarization-mode dispersion
is another feature in the dynamics of optical soliton propagation that cannot be avoided.
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This leads to the effect of differential group delay, which cumulatively would lead to
birefringence. The split-pulse dynamics in birefringent fibers is the focus of attention in
the current paper. The dynamics of such soliton pulses are studied when the nonlinear
form is of the polynomial type. The numerical simulations are recovered by the aid of
the Laplace-Adomian decomposition method (LADM) that is a manifestation of the pre-
existing Adomian decomposition approach. Dark and bright solitons are addressed in this
work. The low error measure leads to an almost exact replica of solitons that have been
analytically recovered in the past. The results are displayed after a recapitulation of the
known analytical results.

Our work is divided in several sections. In the “Governing Equation” section, we pro-
vide a brief introduction to the model given by the highly dispersive nonlinear Schrédinger
equation with cubic—quintic-septic law. We also illustrate the model by taking into account
the birefringence effect. In the “Description and Application of the LADM” section, we
describe the Laplace~Adomian decomposition method to be applied to approximate the
solution of the highly dispersive nonlinear Schrodinger equation with polynomial law. In
the “Graphical Representations” section, the results of the numerical experiment are shown
in tables and graphs. Finally, in the “Conclusions” section, we summarize our findings and
present our final conclusions.

2. Governing Equation

The highly dispersive nonlinear Schrodinger with polynomial nonlinear form is pre-
sented below [6-16]:

iQf + iﬂqu + axqxx + iﬂ3‘7xxx + a4Gxxxx + iﬂsq,\'xxxx

1
+a6qxxxxxx + (bl\"l\2+b2\q|4+b3|ﬂ6)q:0- M

Here, a; (1 < k < 6)and by (1 <1 < 3) are real-valued constants, while g = g(x,t) isa
complex-valued function. a4 gives 60D, a5 is associated with 50D, a4 arises from 40D, a3
stems from 30D, a; is related to CD, and a; emerges from IMD. x is the spatial variable; g
stands for the soliton profile; f is the temporal variable; the first term signifies the temporal
evolution, where i = \/—1; and by, by, and b3 secure the polynomial nonlinear form.
Additionally, the subscript f and x denote distinct order temporal and spatial derivatives.

The main governing system derived from the model (1) is considered as [6]

iy + iﬂ%“x + ﬂ%uxx + iﬂ%“xxx + ﬂ};uxxxx + iﬂé”xxxxx + ﬂéuxxxxxx
+ (b1 | ]2 + bl [o*)u 4 (b3, ]a + b3, |u[*| 0]z + b35 |0]*)u )
4 2
+(b%1|u|6 + bi’2| ul*lo)? + b%\ ul®|o* + bi’4|v|6>u =0,

iVt + 120y + a30xx + 1830xxx + A30xxrx + 1020vxrxr + A2Vxxrxry
+ (8 0l2 + By [u2)o + (83, [of* + Bl ul o2 + b ul* o 3
+ (83, 01° + b, ol + B35 0 |ul* + b, ul® )0 = 0.
Here, b}l, bjzl, bf’l, b}z, bjzz, b]%, bf’z, b]%, b]i (j=1,2),and u{c (1 <k < 6) are real-valued
constants, while v = v(x, t) and u = u(x, t) are complex-valued functions. b}l, bjzl, and b]31
give the self-phase modulation; 1 and v stand for the soliton profiles; b}z, bjzz, b]%, b]3'2, b]33,

and bj34 secure the cross-phase modulation, and the first terms imply linear evolutions. a]6

gives 60D, aé is associated with 50D, a{l arises from 40D, aé stems from 30D, aé is related
to CD, and u]1 emerges from IMD.

It must be noted that in order to derive (2) and (3) from (1), for birefringent fibers, it is
necessary to split q(x,t) = u(x,t) + v(x, t), to substitute it into (1), and then to write the
two components of the equation after neglecting the effects of four wave mixing.
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Bright and Dark Solitons

The dark solitons with the present governing system of (2) and (3) are formulated as
following [6]:
u(x,t) = (Artanh(x — vt))ell-Kxt@it+0])

. 4
v(x,t) = (Aptanh(x — vyt))ell—R2xtwat+b2], @
where the parameters are listed as [6]
( 30xjag — 20x3al + 600xkTa; — 12i3a;
—200kyat + 6x1a} + 2a} + 1232a} — 40a}
A=+ DT T o 47, (5)
byy + by,
vy = Saéx‘f - 6aék§ — 2akK; — 3a§1<% + 411‘}1(? + a%, (6)
( 30x3a2 — 20x3a + 600xkZa2 — 12x3a3
—200x,a3 + 6K2a3 + 2a3 + 1232a% — 4042
My =+ 2 e o2 e 47, 7)
byy + by
v = 511%;(‘21 — 6agxg —2a3K, — 311%1(% + 4uﬁK% + a%, 8)
with the following natural constraint:
1,01 30x3a? — 20x3a% + 600x3a? — 12343
(v +0h) < 200203 + 632 + 23 + 12322 — 4003 ) < ©)

In the above, A and Aj are free parameters of the dark soliton, while the velocities of
the two components of the dark solitons are v; and vy.
The bright solitons with the strategic governing system (2) and (3) are introduced

below [6]:
u(x,t) = (Bysech(x — vyt))ellMxtwit+bi] (10)
o(x,t) = (Basech(x — vyt))ellFextwat+ba],
where the parameters are enumerated as
30xta — 20K3as + 600xiag — 12«7a;
—200k7 4} + 611a} + 243 + 1232a} — 40a}
By ==+ AR , (11)
11+ 01
vy = 5akr} — 611%1(? — 2adky — 3aki? + 411‘111(‘? +al, (12)
30x5a2 — 20302 + 600x3a2 — 12K3a3
—20012a3 + 61203 + 203 + 123242 — 40a?
By =+ L : (13)
by, + by
vy = 5akis — 6a23 — 2a3Ky — 3%k + a3 + a?, (14)
with the following natural constraint:
30x3a5 — 20k3a3 + 600k3a% — 12343
1l 2 245 2% 24
(bﬂ + bﬂ) ( —200xa3 + 6K20a3 + 243 + 123242 — 403 > >0 (15)

In this context, the parameters By and B, are the amplitudes of the two components of
bright solitons that travel with velocities 14 and v;, respectively.
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3. Description and Application of the LADM

The integration scheme is derived from the decomposition algorithm that has been
reported in [17] by the aid of Laplace transform [18]. The solution of a governing model is
structured as the local truncation of a convergent series of functions [19].

To address this scheme, the governing system (2) and (3) is presented below:

Uy = —a%ux + ia%uxx — a%uxxx + ia}lumxx (16)
_ﬂ},uxxxxx + iﬂé”xxxxxx +iNp (”/ v)/
Vf = — 30y + 030y — A30xxy + 103Vxxxx 17)
*aévxxxxx + l'agvxxxxxx +iNy(u,0).
Equations (16) and (17) are also formulated as
3
Diu = iNi (u,0) + Y (iay D3 — ah_, D¥")u, (18)
k=1
3
Diu = iNy(u,0) + Y (ia3D¥ — a_, D¥)o (19)
k=1

by virtue of initial conditions v(x,0) = g(x) and u(x,0) = f(x). Here, N; are differential
operators containing all nonlinear terms, DX stands for a partial derivative of order k in
terms of the independent variable x, and D; stands for first-order derivative in terms of the
independent variable ¢. Thus, the operators N; are presented below:

Na(u,0) = (03| 0]a + b |u* 0|2 + b3 [u[*) 0 + (by [0]2 + by, [uf?)o (20)
+ (834 01° + b, [ o2 + B35 ol [u]* + B, ) o,
Ni(u,0) = (b3 uls + b3, |u*[v]2 + b5 [o|*)u + (b1 | u]2 + bl [o?)u

4 2 (21)
+ (B [ul® + 0, | uf o + b uPlof* + B 0] )u.

Using the Laplace transform in the system with (18) and (19) along with the initial
conditions, one secures

1 3 _ . x
v(x,s) = SL{ Y (mékDik —a}_D¥ l)v + lNz(u,v)} + %, (22)
k=1
1 3 _ ) x
u(x,s) = sﬁ{ Y <1a%kD,2(k —a}_D%* 1)14 + le(u,v)} + % (23)
k=1

By the aid of the conventional inverse Laplace transform £, we arrive at the following:

3
o(x, ) = £ {15{ y <m%kD§k _ ﬂ%qu%k_l)v + iNz(u,v)} +0(x,0), (24)

k=1

1], - ,
u(x, ) = £ {sﬁ{ Y (m%kpgk —al, D% 1)u + 1N1(u,v)} +u(x,0). (25
k=1

Now, the solution functions v and u in the Adomian decomposition algorithm are
extracted as

gk
gk

o(x,t) = Y valx,t), u(x,t) =

0 n

Up(x, t). (26)

n 0
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Additionally, the nonlinear terms in Equations (20) and (21) are decomposed in Ado-
mian polynomials [17-19] as

No(u,0) = b21|v|4+b22|u\ \v|z+b23|u|4)v+ b11|v|2+b12|u|)
(0 [01° + byaof*fufz + b33 o ] + by [u]®)0

(27)
= Z Bn(”Or . r”n}UOr'--rUn)r
o
Ni(u,v) = b%1|u|4+b12|u\ |0|2 + b3y [o]*)u + (b 1] + bi, [0|*)u
(B ul® + 0, | ul o ? + by P[] + B0l ) u 28)

=Y An(ug,..., tn;00,...,0n),
n=0
where A, and B,, are enumerated as follows [20]:
Bo = (b} vo]2 + b, luo )20 + (¥, oo |* + BBy o Plool? + B3 o) oo
+<b31|00\6 + b3l vo* |02 + B35 w0 *uo]* + b3, o )”0' (29)

n—1
By = %IEOUH‘ 1) (”k+1%3n71 +Uk+1aaTan71)/ n=>1,

2
Ag = (bjy] uo|2 +bl, [vof*) o + (’7%1|Mo|4 + b2, | ug|*[vo|* + b%3|vo\4>uo
4 2
( by \uo|6+b§z|”0| 00| + b3 | uo] \Uo\4+b?4\vo|6>uo/ (30)
=1 ; (k+ 1)(”k+1987kAn—1 +Uk+1337k14n71), n>1.

Plugging (26)-(28) into (24) and (25) yields the solution functions:

00 3 o 0
Y oy =L [1£{ Y (z'agkoﬁk - agk_loﬁkfl) Yoouti), Bn} +o(x,0), (1)
n=0 k=1 n=0

n=0

o 1 3 ) 8 0 -
Youp=271 [sc{ Yy <za%kD§k —al,_ DX 1) Y oun+iy An} +u(x,0).  (32)
n=0 k=1

n=0 n=0

Therefore, the v, and u;,, components for the system with (16) and (17) are yielded by
the following algorithm:

3
{ Upsr(x,t) = L71 {%C{k; (m;kD%k - “;k_1D%k71)un + zAnH, n >0, (33)
ug(x,t) = u(x,0) = f(x),

3
— 11 _ 2%k-1 >
{ Vyir(x, 1) =L {sﬁ{kg (lquD a2k7 D¢ )vn + zBV,H, n>0, 34)
vo(x,t) =v(x,0) = g(x).
Finally, adding the components 1, (x, t) and v, (x, t) along with the solution functions
in (26), an approximation for the system with (16) and (17) is obtained.
Convergence of the Proposed Method

The following theorem provides a necessary condition for the convergence of the
proposed technique. The results are standard and can be seen in [21].

Theorem 1. Let N be an operator from a Hilbert Space H into H, and let u be an exact solution
of Equation (1). Y32 u; converges to the exact solution u, if there exists B, 0 < B < 1, such that

1111 Bl ] for every k > 0.
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Proof of Theorem 1. We have

So =0,
51=SO+M1=M1,
So =851+ uy =uy +up,

Sy =S 14+up=u+uy+...+uy,

and we show that {S, } is a Cauchy sequence in a Hilbert Space H. Now, for

1Sns1 = SulI=[ttns11|< Bllunl| < Bllun-l] < .. < B H|uo|,

for every n,m € N, n > m, we have

||Sn - Sm” (Sn - Sn—l) + (Sn—l - 51172) +-- (Sm+1 - Sm)”
- Sn71H+HSn71 - Sn—2H+ T +‘|Sm+1 - 5m||

B ol + " luol [ 4+ + B o]
(B 1+ Bm+2 4 ) ||uol| = B | mol|

=
=

ININIA I

From the previous inequality, we have
[|Sn — Sm|| = 0, as n — oo, m — oo.

Hence, {S,} is the Cauchy sequence in the Hilbert space H; therefore, it has a limit
u € H, which is the exact solution of Equation (1), namely

u = lim§S,.
n—00

Now, we have the following theorem, of which the proof is a direct consequence of
Theorem 1. O

Theorem 2. Assume that u is the exact solution of Equation (1). Let {Sy} be the sequence of the
approximate series solutions defined by Equation (26). Then, it holds for every t > 0.

N ‘Bm+1
o)~ o < Eg ol

From this analysis, it is evident that the Adomian decomposition method combined
with the Laplace transform requires less effort in comparison with the traditional Adomian
decomposition method. This method considerably decreases the number of calculations. In
addition, the Adomian decomposition procedure is easily established without requiring
the problem to be linearized.

4. Graphical Representations

In this section, we solve some numerical examples, and we also present the results
obtained graphically as well as the absolute error committed by the LADM approximation.
Additional references to the recent application of LADM to a similar mathematical model
can be seen in [22-24].

4.1. Dark Soliton Simulation

To display the dark soliton numerical simulation for the governing system (2) and (3),
we consider the following coefficients:
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Case A: Let us consider the following:

a% =134, a%_ =15, aé =-32, “411 =-21, a}, =52, a% =0.21,
bl =62, b3, =33, b?, = 0.11,a2 = 0.67, a3 = 3.1, a3 = —0.3, (35)
a; =11, a3 = —59, a2 =033, b} = 4.6, b3, =22, b}, =3.7.

Together with the initial conditions, we obtain the following:
f(x) _ 3.04tanh(x)ei[*o‘22x+0‘76] ,

g(x) = 2.91tanh(x)e!ll 13234,

The 2D and 3D illustrations for [o|* and |u|? for this case are shown in Figure 1. In
Table 1, we show the absolute error committed in the numerical simulation of the present
case for different values of the (x, t) pair and for N = 15.

Approx |u|3 Exucl|u|3

Approx |u|2

Figure 1. (Above) Three-dimensional illustrations of the numerical simulation and exact solution, and
two-dimensional illustration of the approximation of |u|2; (Below) three-dimensional illustrations of
the numerical simulation and exact solution, and two-dimensional illustration of the approximation
of |v|2 for Case A.

Table 1. Case A: Absolute error for different values of (x,t) considering N = 15 steps.

(%) —2.0 —1.0 0 1.0 2.0

0.1 47 %108 35%x10°8 23x107° 39x10°8 52 x 1078
0.3 5.0x 1077 46 x 1077 3.7 %1078 49 x 1077 6.1x107
0.5 52 %1077 5.6 x 1077 49 %1077 5.8 %1077 7.0 x 107°
0.8 6.1x107° 48x107° 55x 1077 43 x107° 6.9 x107°

Case B: Let us consider the following:
a} =033, a} =089, a} = —14, a} =09, al = 1.1, a} =059,
bl =22, b3 =123, b3, = 05,42 =8.1, a3 =036, a3 = 1.1, (36)
a2 =—027, a2 =322, a2 = 1.06, b = 2.8, b3, = 0.66, b}, = 2.3.

By the aid of the initial conditions, we obtain the following:

g(x) = 4.09tanh(x) ¢i2.09x+095]
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£(x) = 6.11tanh(x)e!B-3¥+123],

The 2D and 3D illustrations for [0|* and |u|? for this case are shown in Figure 2. In
Table 2, we show the absolute error committed in the numerical simulation of the present
case for different values of the (x, t) pair and for N = 15.

Approx juf? Exact ju|*

Approx | u|?

t=0.3
— =5
— t=0.8

Figure 2. (Above) Three-dimensional illustrations of the numerical simulation and exact solution, and
two-dimensional illustration of the approximation of |u|2 ; (Below) three-dimensional illustrations of
the numerical simulation and exact solution, and two-dimensional illustration of the approximation
of |z;|2 for Case B.

Table 2. Case B: Absolute error for different values of (x, t) considering N = 15 steps.

(%) —2.0 —1.0 0 1.0 2.0
0.1 32x10°8 3.0x 1078 2.1 x107° 33x10°8 3.8x 108
0.3 6.1 %1077 51x1077 34x10°8 5.6 x 1077 6.7 x 1077
0.5 6.8 x 1077 6.0x 1077 29 %1077 62 %1077 6.9 x 107°
0.8 72x107° 6.4 x107° 35x 1077 6.6 x 107> 8.0x107°

4.2. Bright Soliton Simulation

To depict the bright soliton numerical simulation for the governing system (2) and (3),
we consider the following coefficients:
Case C: Let us consider the following:

al =0.01, a} =123, a} =053, a} =0.11, a} = 0.97, a} = 16,
bl =3.6, b3, = 111, b3, = 2.6,a7 = 3.01, a3 = 0.12, a3 = 3.6, (37)
at=—47, a2 =201, a2 =02, b} =03, b3, = 6.1, b3, = 2.11.
With the help of the initial conditions, we obtain the following:
g(x) = 2.74sech(x)e/834x—035]

flx) = 2.23sech(x)ei[_3'09"_1'01].

The 2D and 3D illustrations for [0|* and |u|? for this case are shown in Figure 3. In
Table 3, we show the absolute error committed in the numerical simulation of the present
case for different values of the (x,t) pair and for N = 15.
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Approx juf® Exact [uf® Approx |u]?

Ty

Figure 3. (Above) Three-dimensional illustrations of the numerical simulation and exact solution, and
two-dimensional illustration of the approximation of |u|2 ; (Below) three-dimensional illustrations of
the numerical simulation and exact solution, and two-dimensional illustration of the approximation
of |o? for Case C.

Table 3. Case C: Absolute error for different values of (x, t) considering N = 15 steps.

(tx) —2.0 —1.0 0 1.0 2.0

0.1 45x 1078 37x10°8 1.8 x 107 32x10°8 49 x 108
0.3 44 %1077 47 x 1077 23x107° 46x1077 40 %1077
0.5 8.8 x 1077 5.7 x 1077 33x1078 52 %1077 83 x107°
0.8 72x107° 34x107° 75x 1078 29%x107° 7.0x107°

Case D: Let us consider the following:
al =9.0, a} = 4.2, a} = 0.33, a} = 0.31,a} = 0.08,a} = 0.03,
bl =5.08, b}, =4.1, b2, = —9.2,43 = 1.16,a3 = 04,43 = —9.0, (38)
a2 = —2.03,a%2 = 0.1, a2 = 021,b} = 2.1, b3, = 0.7, b3, = 0.33.
By virtue of the initial conditions, we obtain the following:

f(x) = 6.02sech(x)e!l~057x-36.01]

g(x) = 5.74sech(x)e![11:6+3.08]

The 2D and 3D illustrations for |v|2 and \u|2 for this case are shown in Figure 4. In
Table 4, we show the absolute error committed in the numerical simulation of the present
case for different values of the (x, t) pair and for N = 15.

Table 4. Case D: Absolute error for different values of (x,t) considering N = 15 steps.

(£x) —2.0 —1.0 0 1.0 2.0

0.1 72 %1078 44x10°8 52x107° 42 %1078 6.9 x 108
0.3 6.3x 1077 47 x 1077 6.3 %107 46 %1077 53 x 1077
0.5 7.8 x 1077 59 x 1077 7.7 %1078 55x 1077 8.0x10°°
0.8 8.3 x 107> 24x107° 9.0x 1077 3.1x107° 9.1x1075
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Figure 4. (Above) Three-dimensional illustrations of the numerical simulation and exact solution, and
two-dimensional illustration of the approximation of |u|?; (Below) three-dimensional illustrations of
the numerical simulation and exact solution, and two-dimensional illustration of the approximation
of [o]? for Case D.

From the physics perspective, the surface plots of HD bright and dark solitons are
accurate representations of the actual pulses that travel down an optical fiber based on the
studied model. The error measure is impressive and acceptable as computed. These pulses
are computed in such a way that the radiation component is completely avoided so that
the core soliton regime is under focus, both for bright and dark solitons. Another source to
receive a visual effect to the model would be an oscilloscope, which is outside the scope
of the current work since this paper focuses on a specific numerical scheme, namely the
application of LADM to handle HD solitons with polynomial law of nonlinear refractive
index change.

5. Conclusions

This paper is an exhibit of numerical simulations for dark and bright HD solitons
with polynomial nonlinear form. The LADM scheme has made this display possible. Dark
and bright soliton surface plots are included with an error measure that is impressively
small. The results are thus a step towards the final goal that is to address the model in
dispersion-flattened fibers. The immediate next thought, however, is the study of HD
solitons with non-local nonlinearity.

The current results are going to be pretty helpful with its implementation in a photonics
lab when the experimental research is conducted to take a look at the eye diagrams without
the soliton radiation. The results of this paper would therefore provide a forefront view
of the bright and dark HD solitons. Thus, apart from physicists and mathematicians, the
results would reach the desk of electrical engineers, whose successful observations on an
oscilloscope would be closer to reality. These observations would be just before rubber
meets the road.

Other areas of expansion would be to address the model with the inclusion of the
effect of soliton radiation. With HD solitons, soliton radiation is unavoidable and that
would unavoidably be quite pronounced. Therefore, it is imperative to include its effect
and to study the model with its presence. This would require the usage of beyond all-order
asymptotics and/or the theory of unfoldings to quantify the radiation effect followed by its
numerical implementation. Such studies will be taken up with time, and the results will be
disseminated thereafter.
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Abstract: This manuscript consist of diverse forms of lump: lump one stripe, lump two stripe,
generalized breathers, Akhmediev breather, multiwave, M-shaped rational and rogue wave solutions
for the complex cubic quintic Ginzburg Landau (CQGL) equation with intrapulse Raman scattering
(IRS) via appropriate transformations approach. Furthermore, it includes homoclinic, Ma and
Kuznetsov-Ma breather and their relating rogue waves and some interactional solutions, including
an interactional approach with the help of the double exponential function. We have elaborated the
kink cross-rational (KCR) solutions and periodic cross-rational (KCR) solutions with their graphical
slots. We have also constituted some of our solutions in distinct dimensions by means of 3D and
contours profiles to anticipate the wave propagation. Parameter domains are delineated in which
these exact localized soliton solutions exit in the proposed model.

Keywords: NLSE; lump solitons; breathers; multiwave
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1. Introduction

The analysis of the solitary wave solutions (SWs) for various nonlinear partial differ-
ential Equations (NLPDEs) play a significant role in different aspects of mathematical and
physical phenomena [1-5]. Mainly natural phenomena arising in applied science, such as
nuclear physics, chemical reactions, optical fibres [6-10], fluid mechanics, plasma, physics
and ecology, can sometimes be modeled and described by NLPDEs [11-21]. Construct-
ing the SWs of these equations has become a global interest in recent years. Hence, an
enormous number of mathematical experts have attempted to invent various approaches
by which one can obtain the exact solutions of such equations. Nowadays, some new
effective techniques have been residential and well known [22]. To learn the mechanism of
phenomena for the NLPDEs in physics and engineering, their SWs are calculated. There
are many integration architectonics, such as Lie symmetry analysis [23], Backlund trans-
formations [24], conservation laws, symmetry bifurcation [25], extended tanh-function,
spontaneous symmetry [26], Painleve and Lie symmetries [27], CESTAC Method [28],
polynomial law [29], computational architectonic, Semi inverse technique [30], HBM [31],
mapping algorithm [32], (G'/G) expansion algorithm [33], Kudryashove architectonic [34],
auxiliary equation scheme [35] and exp((—¢’/ ¢)n)-expansion scheme [36]. The Riccati-
Bernoulli sub-ODE method, optimal homotopy asymptotic approach, Exp-function al-
gorithm, sine-cosine process, tanh-sech mechanism, extended tanh-scheme, F-expansion
method, homogeneous balance technique, Jacobi elliptic function mechanism and several
others have been developed to obtain SWs. A massive number of NLPDEs can be purely
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PPy + P p + PPV + 2007 + qtvp + 6q + pPeq + Pe+ prug + 2021+ P + dpi + Bare — 42 = 0,
—6p — pPe — qPep — up° — 2up®q* — pgtp + 2 + 1@ +vptq + 2vp® +vg® — Bpu + 3qu + p2 = 0.

solved by the abovementioned methods. However, there is no a specific approach by which
we can deal with all NLPDEs. In addition, some NLPDEs cannot be effortlessly solved by
most traditional methods. The proposed method, which allows us to execute tedious and
sophisticated algebraic calculations, is utilized to establish solitary wave solutions, peaked
wave solutions and exact wave solutions for NLPDEs.

The NLPDEs are mainly valuable zones for nonlinear optics to reveal the proliferation
distinctively short pulse in ultra-fast signal routing and telecommunication and light pulse
propagation in condensed matter [37-41]. There are lots of recognized model, such as the
modified KP-Equation [24], Fokas Equation [23], rth Dym Equation [21], Pochhammer-
Chree model [14], modified Equation [11], fractional NLSE [20], fiber Bragg gratings
model [29], Einstein’s vacuum field Equation [27], double-chain model [13], Wazwaz
Benjamin model [12], modified Veronese Web Equation [42], (KMN)-Equation [30], Sawada
Kotera Equation [31] and Fokas-Lenells model.

Recently, lump and interactional solutions (LISs) have shown significance to depict the
wave features for various NLPDEs. For instance, LISs were studied by Zhou et al. with the
Hirota Satsuma model [43], LIsS were found by Wang et al. with the Burgers model [44],
Wau et al. worked on lump, periodic lump solutions in the KP model [45] and, similarly, Li
et al. studied various lumps for BLMP model [46]. Breather soliton is a nonlinear wave in
which energy is localized in space but oscillates in time, or vice versa, and has been newly
reported in an optical fiber cavity. Cavity solitons (CSs) are localized pulses of light that can
be wound up in nonlinear optical resonators and have sparked imperative study curiosity
in the perspective of micro resonator-based frequency comb generation, and are found
in a range of subfields of natural science, for instance fluid dynamics, solid-state physics,
plasma physics, molecular biology, chemistry and nonlinear optics [47]. Recently, Rizvi
et al. investigated breathers for NLEE [15], Seadawy et al. interpreted breather solutions
for NLEE [42], Ahmed et al. studied breathers for the general (2 + 1)-rth dispersionless
Equation [21], and Ahmed et al. found kinky breathers for the nonlinear model [48], among
many other studies. Multiwave solutions (MS) for nonlinear models have its own worth.
Seadawy et al. worked on MS for the HS-Equation [15], Ahmed et al. studied MS for the
(2 + 1)-rth dispersionless Equation [21], Rizvi et al. reported MS for NLEE [42], Seadawy
et al. worked on MS for the nonlinear model [48], Wazwaz analyzed rogue wave and
breathers [49], etc.

In this template, we begin our analysis by taking the CQGL-equation with IRS term [22];

. 1 . . . .
iD+ S0+ YIAPA = i6A +iBAy + ie| APA — v|A[*A + iu|AJ*A + T,(|A|2>tA, (1)

where z is the normalized propagation distance, ¢ is the retarded time and A is the normal-
ized envelope of the pulse. For a laser system, the interpretation of distinct coefficients is as
follows: B shows spectral filtering or gain dispersion, y expresses higher-order correction to
the nonlinear absorption or amplification, € shows nonlinear gain, v shows a higher-order
correction term to the nonlinear refractive index, T, shows the IRS coefficient, v displays
the positive Kerr effect (or negative Kerr effect if negative) and J is a constant gain (or loss
if negative). The stated equation is a canonical model for weakly nonlinear, dissipative
systems and one of the most studied nonlinear equations in the physics community. It
can be used to describe a vast variety of nonlinear phenomena, such as Bose-Einstein
condensation, superconductivity, strings in field theory, superfluidity, lasers and liquid
crystals.

In order to solve Equation (1), we insert A = p + ig, where |A| = /p? + 42. Thus,
Equation (1) may be converted into real and imaginary parts:

@

166



Mathematics 2022, 10, 1818

A =

_6(_4 + \/ﬁ) Ry + (—4 + Jﬁ)zu% <2a1(t +a9z) + 2(—4 + \/ﬁ) a1R2>

The document for the upcoming sections will be detailed in a sequence: in Section 2,
we will evaluate the lump solutions for the proposed model form with few graphical slots.
In Section 3, there will be a concise discussion of lump one stripe solutions with some
3D and contour graphical slots. In Section 4, we will construct lump two stripe results
with some suitable profiles. Section 5 consist of a Ma-breather (MB) and its relating rogue
wave. Similarly, in Section 6, we will evaluate the Kuznetsov-Ma breather (KMB) with
some suitable 3D and contour shapes. In Section 7, we will find the generalized breathers
(GB) for proposed equation with their relating figures. Section 8 includes Akhmediev
breathers (AB) along with some profiles for the concerned model. Similarly, Section 9 will
detail the procedure to construct standard rogue waves. In Section 10, we will explain
the methodology for finding multiwave solutions. In the same way, we will compute
homoclinic breathers for the proposed equation in Section 11. There will be M-shaped
solitons in Section 12. In Section 13, there will be an interaction approach for the proposed
model. We will find kink cross-rational (KCR) solutions in Section 14. Section 15 includes
periodic cross-rational (PCR) solutions along with some 3D and contour profiles for the
concerned model. Section 16 contains the results and a discussion about our newly achieved
solutions and we will make an suitable comparison with earlier work. Finally, in Section 17,
we will provide some concluding annotations.

2. Lump Solution

For the lump solutions of Equation (2), we apply the subsequent ansatz [43,44]:

6 6
p=,(ng)., =ik, ®)
and get the proceeding form:

27w gz + 207w g + 2p g g + APt P yw gt g + 24 vwg? g
+2wh3g?g, — wgh3gig, + 20083 W2h, + 2p%e0g W2 h, + 2q%e0g> W2 h, + 2p* uog®h?h,  (4)
+4p2 g upg>h, + 2¢* 1pg>h2h, + 4B P hy + ... 4 2Bpg WP hay — 2083 M hy, = 0.

Now, the function g and / in Equation (4) can be considered as [43,44]:
g=8+B+m, h=0G+G+a, 5)
where & = apz +t, {» = a1z + ., while 4;(1 < i < 3) are specific real parameters. Now,
using ¢ and & into Equation (4) and solving the coefficients of the z and t implies:
Set I. When
ag = (74+\/15)a1,a1:ul,aZ:O,pzp,w:w. (6)

These generated parameters make the lump solution:

M, 7)
P <(t +mz)? + (14 (44 VI5) alz>2> o

N oy St a4 B (A B)ea))
where Ry = a3+ (—4+ V/15) @3, 0 = ( Covmra

5 2
ﬂ?7(74+m)a?+(74+\/ﬁ>“?+(t+a1x) +(t+(—44+V15)mz) )w

and Ry = £ + (—4 n \/15) 0z,
3. Lump One Stripe Solution

To get the lump one stripe solution, we apply the transformation shown in
Equation (4) [50]:
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g =B+ 84 ay+bpFHRt =2 4 72 4 a4 pyeFrFR, (8)

where {1 = apz +t, { = a1z + t., while a;(1 < i < 3), kq,kp and by are any specific real
parameters. Now, using g and / in Equation (4) and solving the coefficients of the z and #:
Set I. When a, = 0:

76b0w
bow(vpq® +vgt + yp? +7q?)

ag = —ay, a3 = ,85 =as5,w = w,0 = p,kp =0. (9)

These parameters exhibit the required solution to Equation (2):

6(boeklzk1 —2a1(t — a1z) + 2a1(t + alz)>
Ay = 2 > + . (10)
p(boeklz + (t—a1z)" + (t+mz) >

6i(boeklzk1 —2ay (t—a1z)+2aq (t+alz))

where (), =
(bgeklz+([*a12)2+<[+ﬂ12)2

_ 6 w
p2y+q2y+ptv+2p2q2urgty

4. Lump Two Stripe Solution

To obtain the lump two stripe solution, we assume the subsequent transformation in
Equation (4) [50]:

§ =T+ 8 +ay+bod R p by = & 4 8 4 a3 4 b 1R by, (11)

where ¢ = apz +t, & = aqz+ ., while a;(1 < i < 3), k1, ky, k3, ks, by and by are any specific
real parameters. Now, using g and / in Equation (4) and solving the coefficients of the z
and t:

Setl. Whenay = a, = a3 = 0:

. ) hw (7k32 — 5k35> —4k% + 5k 12)
ayg = ap,as = as,b; = ,B= 0= .
0 T T 2 T Ss 0biks00  F 5ks
These parameters exhibits the required solution to Equation (2):
kyt+ksz 2 kyt+ksz 2
kothnzy, _ O4ks (Ska—4k3) (1 Kotz S8k (5k—4k3)
A 6 (hoe 2tz ok 4 11K + R3 . 61| bpe*2' %k 5k 4112 +R3 3
3= kqt+ksz 2 kyt+ksz 2 4
ot iz, — S ks (ks 4ig) otz _ S4ks (Ska—4i)
p(bge Tk —5k3+11i3 TRy @| boe %k —5ky+11K3 TRy

where Rz = 2ag(t + apz) and Ry = 2 + (t + aoz)z.
5. Ma-Breather (MB) and Its Relating Rogue Wave
We assume g and /1 in Equation (4) as [44]:
g= 14+aq+ ei(Plx) + e_i(ﬁlx)e}\lf‘*"h + lglez(AlH"Yl) , h=1+uay+ ef(PZX) + e—i(sz)eMH"Yz + ﬁ262<}\2t+72), (14)

where a1, &y, p1, p2, A, A2, 71 and 7, are any parameters. Now, using g and & in
Equation (4) and letting the coefficients of exp and cos functions be zero:
SetI. When 1 = B, = 0:

ipy — 26 — 2p%e — 2q%e — 5BA3
2(p? + 2

] =, 00 =, g = ,P1 = P1,84 = 4. (15)

These parameters form the Ma-breather solution to Equation (1):
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_6eM (—ie1Zpy +ielP1Zpy) oy 6ie2 A2 (—je=iP2Zp, + jelP2% py ) oy (16)
4 = (1 +eth (e—iplz + eiplz)al)p (1 + er2ttAz (efipzz + eipzz)az + 62(72+t/\2)/52)w.
6. Kuznetsov-Ma Breather (KMB) and Its Relating Rogue Wave
We assume g and / in Equation (4) as [44]:
g = e M0z ht) o g0 cos(p(byz 4 but)) + ay cos(p(brz — bit)),
h = e P2(bs2=0at) 4 s 00s(p(bsz + byt)) 4 a4 cos(p(bsz — byt)), 17)

where py, p2, b1, by, b3, by, a1, a2, a3 and a4 are any parameters to be found. Now, using ¢
and & in Equation (4) and letting the coefficients of exp and cos functions be zero follows:
Set I. When:

2(~2
P1=P1,V=w,m:alw:%%:aw:@ (18)

These parameters form the proposed solution to Equation (1):

A 6<7b26_p1(_b”+b22);71 +agbyer! 02 py — abypsin(p(bit + bzz))) +0Q;, (19)
> p (e Pr{=bittbaz) 4 goep1(=bitthaz) 4 gy cos(p(byt + byz))) 3 (

6i 7h3e’p2(’b3‘+b4z) 23 +a4b3e’”2(’b3‘+b4z) pa—azbsp sin(p(b4t+b3z)))

w (e’p2(7b3t+b4z) +a4ep2(’h3t+b4z) +as cos(p(b4t+b3z)))

where ()3 =

7. Generalized Breathers (GB)

In order to obtain generalized breathers we use ansatz [51]:

Az, t) = 2bc<g In¥(z, t)> +m, (20)

z

where b, c and m are any particular constants. Inserting Equation (20) into Equation (1), we
have:

miyPy — imoxp° — imPex®y® + mOPvy® + mOvy + 36bem®ytptyp, — 12ibesktpty.
—36ibenextptp, — 60ibem®* iyt + 60bem* vyt + 12bem Tt g3 i, + 12be P2, p? (21)

—24ibeBrtp? PP, — 6berct PP, + 12ibepr* P pup, + . . . + 12ibertpty., — 12ibefrtptp. = 0.
For finding the required solutions, we use the following assumption in Equation (21):

. (1 — 4c) cosh(ct) + v/2c cos(pz) + iasinh(at)ei, )
B V/2c cos(pz) — cosh(ct) ’

where ¢, p and c are constants to be found. The coefficients of cosh, sinh and exp functions
are defined as follows:

1
azu,b:b,m:0,6=§,p:p,0=0. (23)

These values implies the following GB profiles of Equation (1):

P —eltpsin e'tpsin — 10 sinl
6bie~"(cos(pz) — cosh(ct)) (Cosfpf)icffsﬁ)}t) + &£° ((PZ)>((Z(;z((;iz)>zcc)c:;(}1;gg)z+ £ h(m»)

i cos(pz) — cosh(ct) 4 iosinh(ct)

As = (24)
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8. Akhmediev Breathers (AB)

We use the following transformation in Equation (21) [52]:

(1 — 4a) cosh(bz) + ibsinh(bz) + v/2a cos(w g T)
V20 cos(w g T) — cosh(bE)

¥ =V , (25)

where w,,; interprets the perturbation frequency (PF) with pg as the power. The coefficients
a and b depends on w,,,g and are defined by 2a = 1 — (“24) and b = [8a(1 — 24)]? with

2= 4”—“7. Setting the coefficients of trigonometric and hyperbolic functions be zero:

¢ B
4—82
aza,b:b,c:c,wz1/7,():@}70:!}0- (26)

These values imply the AB of Equation (1) to be as follows:

s [_it-sa)
12bc (x/ZTlcos (\/;) - cosh(bz)) Oy

Ny =m+ , 27
7 " ' | i(4—8a) ( )
VPox | V2acos Tﬁ + (1 — 4a) cosh(bz) + ibsinh(bz)
where:
‘ 71(4;841)
b inh(bz) | V24 S P+ (1-4 h(bz)+ibsinh(b
Ou — VPasinh( Z>< ﬂCOS( vz >+( ) cos(bz)+ibsinh( Z)> \/;To(ibzcosh(bz)+(1f4a)bsinh(bz))
4= ;[ =8a) 2 ¢ |_i(4—8a)
(\/ﬂcos (Tp) 7cosh(hz)) V2acos (%) —cosh(bz)

9. Standard Rogue Wave (SRW) Solutions
For evaluating the SRW, we apply the subsequent assumption in Equation (21) [44]:

4(1+2it) \ 4
wi‘(“m)f" @8)

Setting the coefficients of exponential function, z and t be zero will follow:

g 3 _ Qg2 _ ‘ i 2
b:b,ﬁ:—l,m 3ie + 37 + /200u ?s 18iye + 20idv + 9y [P 29)
2 10(ip —v)
These values implies the SRW to Equation (1):
Ae — — 384bc(1 + 2it)z ¢—3ie + 39 + /206 — 9¢2 — 18i~e + 20idv + 992 30)
4(1+2if) 10(iu — v ’
(1+4£2 +422)(—1+W) (in—v)

10. Multiwaves Solutions (MS)

For these type of results, we use the preceding transformation in Equation (2) [48]:
Az, t) = p(E)e®, E=kiz—crt, 0 =koz —cot. (31)

Using the above transformation, we obtain the real and imaginary parts of equal
Equation (2), by considering the real part only:

! ]. 1 " !
71}73 + 1/1[15 + Ty — EC%I/J + Ec%tp +2Bcicyp =0. (32)
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Now, by way of following the assumption in Equation (32):

p=2(Inf)g (33)
we obtain:

/ 2 /3 /3 /3 /5 " ron
~Gff —4pacafof T 202 f +8vf2f —daT P f +32vf +dacpff —34ff f

4 T + 3 =0 (34)
To get the MS of Equation (34), we use anstaz [48]:
f = bgcosh(a1& + ay) + by cos(asé + as) + by cosh(asé + ag), (35)

where a1, a3, a3, a4, a5 and a¢ are any specific constants. Substituting Equation (35) into
Equation (34) with Mathematica and letting the coefficients of hyperbolic and trigonometric
functions to zero:

Set I. When:

a1 = a1,y = (2,03 = —-05,04 = (4,05 = as, by = 0,by = by, c1 = cy. (36)

Using the above values, we have:
2¢i(—atthoz) (%ﬂg,bl cos <a4 — %a5(—clt + klz)) sin<a4 — %a5(—clt + klz)) + Q5>

Ag = ; , (37)
by cos (a4 — 5as(—cit + klz)) + by cosh(ag + as(—cit + k1))

where Q5 = asb, COSh(ﬂe + 115(—C]t + k]Z)) Sinh((lé + ﬂ5(—C1t + klz)).

11. Homoclinic Breather (HB)

In this approach we assume f the form [48]:
f= e Patmd) 4 per(1ata38) 4 cos(py (ag + asf)), (38)

where a}s denotes any particular constants. Inserting Equation (38) into Equation (34) and
collecting coefficients of exponential and trigonometric functions to be zero yields:
Set I. When:

) 2,112
ZEVE g,

T, = by, a5 = as. (39)

1
a = Eﬂs,ﬂz = ap,a3 = a3, C1 =

Via the above values we obtain:

1 Za%pztv _ 1 2/1%;721‘1'
) %lﬂsbl peP <ﬂ4 244 <k12+ T, _ %05}93 pla2—zas5( kiz+—pr— pil—cat+enz)

Ajp = 220 220 (40)
) o e )
12. M-Shaped Rational Solitons
For these solutions, we consider the form [48,53]:
f= (A8 +d2)* + (dsC + da)* + ds, (41)

where d;(1 < i < 5), are any parameters. Put f into Equation (34) and solving coefficients
of ¢ to get subsequent result on parameters:
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Set I. Whenever ds = dy = 0:

C%dg c‘fd% + 24Bcicoy
6ﬁC1C2

d1 = ids,ds = ds,dy = ;€1 =C€1,62 = C2. (42)

Using the above values, we obtain:

. 2 \/427
261(7C2t+k22) (—ng(—clt + klz) + 2d3 <d3(—C1t =+ klz) + w))

6Bc1cr
A = . p— 5 . (43)
—d32(—C1t + klz)z + <d3(—61f + klz) + /e d3+24parcry cld3+24ﬁ01527>

6Bcicr

13. Interactional Solutions with Double Exponential Form

We use the following hypothesis [48]:
f=bye et 4 pyeabtas, (44)

where a3, a5, a3 and a4 are some constants. Inserting Equation (44) into Equation (34) and
solving coefficients of exponential functions, a system of equations is obtained. By solving
it

Set 1.

8a2v (7 - 4/3)

a = (2 — \/§)a3,a2 = a2, = T,

,03 = 03,04 = ay. (45)

Using the above values we have:

8(7-4v3)a3tv 8(7-4v3)a3tv
kz———p"— 2—/3 kz———p"— .
2 a3b2€a4+a3< b Tr ) + (2 — \ﬁ) a3b1€ﬂ2+( \[)%( 1Z T > ei(—cat+krz)

A = (46)
8(7-4v3)a3tv 8(7-4v3)adtv
kz— ——p— 2-4/3 kz—— 23
bzea4+a3< 12 T ) i blea2+( f)ug( 1z v )
14. Kink Cross-Rational (KCR) Solutions
For KCR solutions, we consider f as [54,55]:
f=go+e MR 4 ke g (01E 4 b)” + (bsE + By, (47)
where a; and b; are some constants. Inserting Equation (47) into Equation (34) and solving
coefficients of exponential functions:
Set I.
3./ 522+ 8Bc
-3 2 3211 2
a) = 761,b1 :bl,bzibz,kl :0,612:l/’lz,l/:7}{,T,:V7,b3:b3,b4:b4. (48)
32u 5 4\/§c1
M

Using the above values we have:

. it [—3 2
2¢i(—c2tthoz) <72b1(b2 — bycat) + 2b3(by — bacot) — %\/ *2%626 ey T CZ[)
A1z = —— T : (49)
e 2ty 22 + g0+ (bz — blczf)z + (b4 — bgczf)z

15. Periodic Cross-Rational (PCR) Solutions
We use the following hypothesis [54,55]:

f=g0+ (m&+a)* + (a3& + a5)® + kg cos(b1Z + by) + kp cosh(b3Z + by),  (50)
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2¢/(k22) | 241 (ay 4 a1 (—c1t + klz))2 + 2a3(ag + az(—cqt + klz))2 —

Ay =

where a; and b; are some constants. Inserting Equation (50) into Equation (34) and solving
coefficients of exponential, trigonometric and hyperbolic functions:
Set L.

ay =ay, by = — 0,T, = chlbl =0,by = by. (51)

——,0 =
2[
3k2C1

Using the above values we have:

. 4(=cqttkz)y
4 sinh (b4 735%}(2

2
3t

g0+ (a2 +ay(—cit+ klz))2 + (ag +az(—cyt + klz))2 + ko cosh<b4 — w)

(52)

3c2k;

16. Result and Discussions

A lot of work has been done on the proposed model: Akhmediev et al. found sin-
gularities via a simple approach [56], Soto Crespo et al. studied pulse solutions for the
case of normal group-velocity dispersion [57], Yan et al. found stable transmission of
solitons for the concerned model via the asymmetric method [58], Biswas et al. worked on
Dromion-like structures for the variable-coefficients CQGL-equation by using the asym-
metric method [59], Gurevich et al. investigated soliton explosions for the CQGL-equation
via explosion modes [60], Uzunov et al. studied pulsating solutions for the CQGL-equation
by using the variation method and the method of moments [61], Nikolov et al. interpreted
the influence of the higher-order effects on the solutions for the concerned model [62],
Mihalache et al. analyzed the coaxial vortex solitons forthe CQGL-Equation [63], Fang
et al. worked on soliton dynamics [64], Djoko et al. investigated the effects of the septic
nonlinearity [65], Mou et al. studied discrete localized excitations [66] and Liu et al. ana-
lyzed harmonic and damped motions of dissipative solitons for the proposed model [67].
However, in this work, we have applied the appropriate transformations method to obtain
the stated solutions for the governing model.

This article contains five classes of breather solutions (i.e., MB, KBM, GB, AB and
homoclinic breather solutions), as well as lump, lump one stripe, lump two stripe and rogue
wave solutions. Furthermore, a detailed analysis of SRW solution is made. Multiwave,
M-shaped and interactional solutions are computed for ensuing model. These type of
solutions, utilized in diverse fields of sciences, i.e., optics, engineering, physics and biology
etc. [11-21]. A breather is a nonlinear localized wave and is a periodic solution of discrete
lattice equations. Our newly attained results show a discrepancy of their shapes by appro-
priate choices of parameters. Now, we can definitely understand the geometric structure
from Figure 1, which shows the lump profiles with one bright and dark soliton of the solu-
tion A in Equation (7) via distinct parameters w = 1. The bright and dark soliton behavior
of three-dimensional profiles steadily increases the value of (i) a; = 5, (ii) 27 = 10 and
(iii) a1 = —3. Figure 2 shows the contour shapes for Figure 1 successively. The lump one
stripe profiles of the solution A, in Equation (10) are interpreted via distinct values of
w=5k =2p=4v7=-1,p=2,q=—1,v=1and by = 3. Three-dimensional profiles
are shown in Figure 3 at (i) a; = 5, (ii) a1 = 10 and (iii) a; = —2. Figure 4 shows the contour
shapes for Figure 3 successively. Similarly, Figure 5 shows the lump two stripe graphs of
the solution A3 in Equation (13) for the distinct valuesof w = 5,k; =2,p =4, v = -1,
ky =1,k3 =1, ks = 2 and by = 3, with three-dimensional profiles at (i) ag = 5, (ii) ap = 10
and (iii) ag = —2. Figure 6 builds contour profiles for Figure 5 successively. The MB graphs
of the solution A4 in Equation (16) are interpreted via distinct values of w = 5, p; = 2,
pp=3a1 =10, =25 A =1,A =2,8, =3,p =4and 7, = 1. Three-dimensional
profiles at (i) a9 = 5, (ii) a9 = 10 and (iii) ap = —1 are shown in Figure 7. Figure 8 shows
the contour profiles for Figure 7. In the same way, Figure 9 presents the KMB graphs of
solution As in Equation (19) through valuesof 2y = 2,43 = 1,04 =3, w =5,p1 =2, p2 =3,
by =1,bp =25,b3 =1, by = 2 and p = 4, with three-dimensional profiles at (i) a; = 5,

173



Mathematics 2022, 10, 1818

(ii) @ = 20 and (iii) a = —1. Figure 10 shows the contour profiles for Figure 9. The GB
profiles of the solution Ag in Equation (24) are formed through values of k = 5,b = 1 and
o = 4. Three-dimensional graphs at (i) ¢ = 0.2, (ii) ¢ = 0.8 and (iii) ¢ = —0.1 are shown in
Figure 11. Similarly, Figure 12 shows the contour profiles for Figure 11. The AB profiles of
the solution A7 in Equation (27) are formed through valuesof a =5,b=1,c =3, pg = 4
and m = 5. Three-dimensional graphs at (i) = 5, (ii) p = 10 and (iii) B = —3 are shown in
Figure 13, while Figure 14 shows the contour graphs for Figure 13. The SRW profiles of
the solution Ag in Equation (30) are constructed for valuesof e = 0.5, b =1,c =3,y =0.1,
v =10, p = 2and k = 2. Three-dimensional graphs at (i) 6 = —5, (ii) 6 = 10 and (iii) 6 = 20
are shown in Figure 14. Figure 15 shows the contour graphs for Figure 14. Similarly, MS
graphs of solution Ag in Equation (37) are formed with ag = 0.2,¢; =1,k; =3,a4 = 0.1,
by =10, by =2, ¢ = 2 and k = 3. Three-dimensional graphs at (i) a5 = —5, (ii) a5 = 3 and
(iii) a5 = 7 are shown in Figure 15. Figure 16 shows the contour shapes for Figure 15. The
HB profiles of solution Aq7 in Equation (43) are constructed for values of c; =2, ¢, =1,
ki1 =3,ko = 0.1, v = 1 and B = 5. Three-dimensional graphs at (i) d3 = —5, (ii) d3 = 3
and (iii) d3 = 15 are shown in Figure 17. Figure 18 shows the contour shapes for Figure 17,
while the MS profiles of the solution Aj; in Equation (40) are constructed for values of
by =05p=1,a4=3,a=2,k; =0.1,v=1and T, = 2. Three-dimensional graphs at (i)
as = —5, (ii) a5 = 3 and (iii) a5 = 10 are shown in Figure 19. Figure 20 shows the contour
shapes for Figure 19. When the value of a5 steadily increases, we can see that the waves
come closer to interact with each other. In the same manner, Figure 21 presents the soliton
profiles of the solution Aj, in Equation (46) for valuesof ay = 2,b, = 1,b; =3, = 0.1,
T, =1,cy =5, ky = 2 and v = 3, with three-dimensional graphs at (i) a3 = —5, (ii) a3 = 0.1
and (iii) a5 = 4. When the value of k; steadily increases, we can see from the behavior of the
M-shaped wave that the waves come closer to interact with each other. Similarly, Figure 22
shows the contour shapes for Figure 21 successively. The KCR profiles of the solution
Aq3 in Equation (49) are formed for values of b, = 1,b; = 3,a, = 0.1, u = 2,80 = 3,
b3 =2,by =5,c = 4 and ky = 2. Three-dimensional graphs at (i) ap = —5, (ii) 1, = 1 and
(iii) by = 40 are shown in Figure 23. Figure 24 shows the contour shapes for Figure 23
successively. The PCR graphs of the solution A4 in Equation (52) are formed for particular
valuesof by = 1,44 =2,a0 = -3, 4 =2,80=7,bp =1,¢c1 =3,k; =01,c, =6,y =2and
ky = 1. Three-dimensional graphs at (i) a; = —4, (ii) a1 = 0 and (iii) 2; = 30 are shown in
Figure 25. Finally, Figures 26-28 shows the contour shapes for Figure 25 successively.

Figure 1. The lump profiles of the solution A; in Equation (7) are presented via distinct parameters
w = 1. Three-dimensional profiles at (i) a; = 5, (ii) 2y = 10 and (iii) 4 = —3.
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Figure 3. The lump one stripe profiles of the solution A; in Equation (10) are interpreted via distinct
valuesof w =5,k; =2,0=4,7v=—-1,p=2,q = —1,v =1,by = 3. Three-dimensional profiles are
shown in (i) a1 = 5, (ii) a7 = 10 and (iii) a1 = —2.

20

Figure 4. Contour displays for Figure 3.

175

2l




Mathematics 2022, 10, 1818

f.,

R >
';\’!Q% f;’sl

uy

‘\\‘\\‘E’.%

OOV
AN

Figure 5. The lump two stripe graphs of the solution A3 in Equation (13) are interpreted via distinct
valuesof w =5,k; =2,0=4,7v= —1,kp =1,kz =1, ky = 2, by = 3. Three-dimensional profiles at
(i) ag = 5, (ii) ap = 10 and (iii) ag = —2.
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Figure 6. Contour graphs for Figure 5.
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Figure 7. The MB graphs of the solution A4 in Equation (16) are interpreted via distinct values of
w=5p =2p=3a1=1a, =25 A =1,A0 =2,By =3,p =4, 7, = 1. Three-dimensional
profiles at (i) ag = 5, (ii) ag = 10 and (iii) 29 = —1.
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graphs for Figure 7.
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Figure 8. Conto
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Figure 9. The KMB graphs of the solution As in Equation (19) are interpreted through values of a;

2,pz =3,b1 = 1,b2 =2.5,b3 = 1,b4 =2andp:
20 and (iii) ap

3, w=05,p;

1, ag
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profiles at

-1

5, (ii) az
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Figure 10. Contour graphs for Figure 9.
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Figure 11. The GB profiles of the solution A4 in Equation (24) are made through values of x = 5,
b =1and p = 4. Three-dimensional graphs at (i) ¢ = 0.2, (ii) c = 0.8 and (iii) o = —0.1.

t t t
1.0 1.0 1.0

z
0.10

Figure 13. The AB profiles of the solution A7 in Equation (27) are made through values of 2 = 5,
b=1,c=3,pp=4and m = 5. Three-dimensional graphs at (i) 8 = 5, (ii) = 10 and (iii) = —3.
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Figure 14. Contour slots for Figure 13.

'

0500 g5 4y

H

Figure 15. The SRW profiles of the solution Ag in Equation (30) are made for valuesof e = 0.5,b =1,
c=23,7v=0.1,v=10, p =2 and x = 2. Three-dimensional graphs at (i) 6 = —5, (ii) 6 = 10 and (iii)
4 =20.

Figure 16. Contour slots for Figure 15.
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Figure 17. The MS graphs of the solution Ag in Equation (37) are made for values of ag = 0.2, c; = 1,

k1 =3,a4 =0.1,by =10,bp = 2,cp = 2,k = 3. Three-dimensional graphs at (i) as = —5, (i) a5 = 3
and (iii) a5 = 7.
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Figure 18. Contour slots for Figure 17.
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Figure 19. The HB profiles of the solution Aj; in Equation (43) are constructed for values of c; = 2,

3 =1,ky =3,k =0.1, v = 1 and B = 5. Three-dimensional graphs at (i) d3 = —5, (ii) d3 = 3 and
(iii) d3 = 15.
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<o LET / . “10f” , 10

Figure 21. The MS profiles of the solution Aj; in Equation (40) are constructed for values of b; = 0.5,
p=1,a4,=3,a =2k =0.1,v=1and T, = 2. Three-dimensional graphs at (i) a5 = —5, (i) a5 = 3
and (iii) a5 = 10.
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Figure 22. Contour slots for Figure 21.
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Figure 23. The soliton profiles of the solution Aj; in Equation (46) are made for values of a4 = 2,
by=1,bp =3,ap =0.1,T, =1,cp =5, kp = 2 and v = 3. Three-dimensional graphs at (i) a3 = —5,
(ii) a3 = 0.1 and (iii) a5 = 4.

0

t t

Figure 25. The KCR profiles of the solution A3 in Equation (49) are formed for values of b, = 1,
by =3,ap=01,pu=2,9 =3,b3 =2,by =5,c0 =4and kp = 2. Three-dimensional graphs at
(i) ap = =5, (ii) ap = 1 and (iii) b, = 40.
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-1.0 -1.0 A0

Figure 26. Contour profiles for Figure 25.

Figure 27. The PCR graphs of the solution A14 in Equation (52) are formed for particular values
Osz = 1,a4 = 2,H2 = 73,]4 :Z,go = 7,b2 = l,C1 :3,](1 = 0.1,C2 = 6and'y = 2,k2 =1.
Three-dimensional graphs at (i) a; = —4, (ii) a1 = 0 and (iii) a; = 30.

Figure 28. Shows contour shapes for Figure 27.

17. Concluding Remarks

We have considered the CQGL-equation under the influence of intrapulse Raman
scattering (IRS) and constructed distinct localized wave solutions by employing test func-
tions with the aid of an appropriate transformations method. Five classes of breather
solutions (i.e., Ma, Kuznetsov-Ma, GB, AB, homoclinic breather solutions), as well as lump,
lump one stripe, lump two stripe and rogue wave solutions were successfully evaluated.
Furthermore, a detailed analysis of SRW solution was performed. Multiwave, M-shaped,
interactional solutions, KCR solutions and PCR solutions are computed for the ensuing
model. Interaction behaviors between multiple-lump waves and soliton were also dis-
cussed. Multiple-lump wave evolution with time was also observed. We graphically
presented many valuable results obtained here. The conditions imposed on the parameters
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have been explicitly demonstrated to guarantee that they were well defined and that the
solutions were localized. To our knowledge, the results are new for the governing equation.
These results may be useful for the experimental realization of undistorted transmission
of optical waves in optical fibers and further understanding of their optical transmission
properties. Finally, we hope that the exact nature of these solitary waves interpreted here
may be profitably exploited in designing the optimal Raman fiber laser experiments.
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Abstract: The nonlinear phenomena in numbers are modelled in a wide range of fields such as
chemical physics, ocean physics, optical fibres, plasma physics, fluid dynamics, solid-state physics,
biological physics and marine engineering. This research article systematically investigates a (2+1)-
dimensional generalized Bogoyavlensky—Konopelchenko equation. We achieve a five-dimensional
Lie algebra of the equation through Lie group analysis. This, in turn, affords us the opportunity
to compute an optimal system of fourteen-dimensional Lie subalgebras related to the underlying
equation. As a consequence, the various subalgebras are engaged in performing symmetry reductions
of the equation leading to many solvable nonlinear ordinary differential equations. Thus, we secure
different types of solitary wave solutions including periodic (Weierstrass and elliptic integral),
topological kink and anti-kink, complex, trigonometry and hyperbolic functions. Moreover, we utilize
the bifurcation theory of dynamical systems to obtain diverse nontrivial travelling wave solutions
consisting of both bounded as well as unbounded solution-types to the equation under consideration.
Consequently, we generate solutions that are algebraic, periodic, constant and trigonometric in nature.
The various results gained in the study are further analyzed through numerical simulation. Finally,
we achieve conservation laws of the equation under study by engaging the standard multiplier
method with the inclusion of the homotopy integral formula related to the obtained multipliers. In
addition, more conserved currents of the equation are secured through Noether’s theorem.

Keywords: a (2+1)-dimensional generalized Bogoyavlensky—Konopelchenko equation; Lie point
symmetries; optimal system of Lie subalgebras; bifurcation theory; exact solitary wave solutions;

conservation laws
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1. Introduction

Fluid mechanics is a branch of physics concerning the mechanics of fluids such as
liquids, gases, and plasmas and the forces on them. Applications of fluid mechanics are
found in a wide range of disciplines which include civil, chemical, mechanical as well as
biomedical engineering, geophysics, oceanography, astrophysics, biology and meteorol-
ogy [1-5]. Nonlinear partial differential equations (NLPDE) in the fields of mathematics
and physics play numerous important roles in theoretical sciences. They are the most
fundamental models essential for studying nonlinear phenomena. Such phenomena oc-
cur in oceanography, the aerospace industry, meteorology, nonlinear mechanics, biology,
population ecology, plasma physics and fluid mechanics, to mention a few. In [1] the
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authors studied a generalized advection—diffusion equation which is a nonlinear partial
differential equation in fluid mechanics, characterizing the motion of a buoyancy propelled
plume in a bent-on absorptive medium. Moreover, in [2], a generalized Korteweg-de Vries—
Zakharov-Kuznetsov equation was studied. This equation delineates mixtures of warm
adiabatic fluid, hot isothermal as well as cold immobile background species applicable in
fluid dynamics. Furthermore, the authors of [3] considered an NLPDE where they explored
the important inclined magneto-hydrodynamic flow of an upper-convected Maxwell liquid
through a leaky stretched plate. In addition, the heat transfer phenomenon was studied
with the heat generation and absorption effect. Plasmas considered as ‘the most abundant
form of ordinary matter in the universe’ have been observed to be associated with stars
which extend to the rarefied intracluster medium and possibly the intergalactic regions [4].
For instance, the authors of [4], for various types of the cosmic dusty plasmas, considered
an observationally /experimentally-supported (3+1)-dimensional generalized variable-
coefficient Kadomtsev—Petviashvili (KP)-Burgers-type equation. This equation could de-
pict the dust-magneto-acoustic, dust-acoustic, magneto—-acoustic, positron—acoustic, ion—
acoustic, ion, electron—-acoustic, quantum-dust-ion—acoustic or dust-ion—-acoustic waves
in one of the cosmic/laboratory dusty plasmas. The reader can access more examples
in [5-12].

Observation has shown that nonlinear partial differential equations appear to model
diverse physical systems, such as found in water wave theory, condensed matters, nonlinear
mechanics, the aerospace industry, plasma physics, nonlinear optics lattice dynamics and
so on [13-19]. In order to really understand these physical phenomena, it is of immense im-
portance to secure results for differential equations (DEs) that control these aforementioned
phenomena. Moreover, the research on nonlinear travelling waves (periodic, solitary, kink
together with anti-kink), as well as the integrability of diverse significant nonlinear partial
differential equations in the likes of the KdV equation [20], sine-Gordon equation [21] and
nonlinear Schrodinger equation [22] possess vast practical values. All these involved exact
solutions afford us the opportunity of being given information that aids sound under-
standing of the mechanism involved in the complicated physical phenomena, as well as
dynamical procedures that are modelled via these nonlinear evolution equations [23].

However, no general and systematic theory was available to be applied to NLPDEs
so that their closed-form solutions can be obtained. Nonetheless, in recent times mathe-
maticians and physicists have evolved effective techniques to achieve viable analytical so-
lutions to NLPDEs, such as inverse scattering transform [13], Backlund transformation [24],
F-expansion technique [25], extended simplest equation approach [26], Lie symmetry analy-
sis [27-31], the (%)—expansion technique [32], Darboux transformation [33], sine-Gordon
equation expansion technique [34] as well as the Kudryashov approach [35], modified
extended direct algebraic approach [36,37], the sine-cosine method [11], Hirota’s bilin-
ear technique [38], the exp-function expansion technique [12], and the auxiliary ordinary
differential equation approach [10]; the list continues.

Furthermore, in recent years, the bifurcation technique [39] among other techniques
has been used for obtaining both bounded and unbounded solutions of NLPDE. This
technique allows for the extensive study of the dynamical performance of the analytic
travelling wave solutions as well as their phase portrait analysis via the engagement of
the theory of dynamical systems. In [40] Jiang et al. investigated the dynamical behaviour
of points of equilibrium together with the bifurcations of phase portraits involved in
the travelling wave results for the CH-y equation. In addition, Saha [41] also exhibited
the existence of smooth alongside non-smooth travelling wave solutions of generalized
KP-MEW equations by the exploitation of the bifurcation theory of planar dynamical
system. Das et al. [42,43] equally examined the existence together with stability analysis
of the dispersive solution of the KP-BBM as well as KP equations with the prevalence of
dispersion consequence.
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A two-dimensional generalization of the well-recognized Korteweg-de Vries equation
yields the Bogoyavlensky—Konopelchenko equation [44]:

Pt + apxxx + PPxxy + 6appx +4pppy + 45Px3;177y =0, (€]

with constant coefficients a and , where 97! = [ dx. Inserting 97 'p = u into Equation (1),
one attains the equivalent structure of (1) as [45]:

Uty + bty lixy + 4ﬁuxuxy + 4ﬁuyuxx + Klxxxx + ﬁuxxxy =0. ()

In [45] with u, = vy in (2), the authors integrated the result once to obtain a system
of NLPDE. Further, they utilized the Lie group theoretic approach to obtain solutions
to the system of equations. Added to that is the fact that they engaged the method to
secure conservation laws of the equations. Besides, the authors employed a new concept of
nonlinear self-adjointness of differential equations in conjunction with formal Lagrangian
for constructing nonlocal conservation laws of the system. In [46], Triki et al. investigated
the Bogoyavlensky—Konopelchenko Equation (2) and secured some shock wave solutions
to the equation. In addition, various applications of (2) were highlighted in [45,46]. This
established version describes an interconnection of a long wave propagation directed
towards the x-axis together with a Riemann wave propagation directed towards the y-
axis [47]. Some authors examined (2) with 48 replaced by 3 and secured the solution of
the resultant model. For instance, a Darboux transformation as well as some travelling
wave solutions were given in [48] for Equation (2). We note that the replacement earlier
mentioned presents Equation (2) as a special case of the KdV model in [49]. In addition to
that, a few particular properties of the equation have also been explored.

Chen et al. [50] contemplated the NLPDE called (2+1)-dimensional generalized
Bogoyavlensky—Konopelchenko equation stated as:

Oty + 2(60xVxx + Uxxax) + ;B(vxxxy + 30x0xy + 3vxxvy) + 710xx + Y20xy + Y30y =0, 3

which exists in plasma physics and fluid mechanics with «, B, ¥1, 2, 73, nonzero real
valued constants and v = v(t,x,y). The authors got the Lump-type solutions together
with lump solutions of (3) with the employment of symbolic computation given in Hirota
bilinear form [51] as:

(D¢Dy + aD} + BD3Dy + 0Dy Dy + yDi + vDy)f - f =0,
achieved under the transformations:

u=12ap"(Inf),, v="128"1(Inf),

with nonzero real constants ¢, v and v, where f is an analytic function depending on x, y and
t, Dy, Dy and Dy are regarded as the bilinear derivative operators given by [38,51], which
they used in constructing new closed-form and explicit solutions that include two-wave
alongside polynomial solutions for the equation. In addition, the lump-type solution found
comprises eleven parameters together with six independent parameters (arbitrary), as well
as non-zero conditions. Not only that, lump solutions were achieved by considering a
particular class of parameters, the motion track of which is also theoretically and graphically
delineated. In the same vein, lower-order lump solution of (3) has been presented [52].
The authors of [53] confirmed in their work the existence of diverse wave structures for (3)
delineating nonlinear waves in applied sciences. In this regard, on the basis of Hirota’s
bilinear structure and diverse test schemes, various kinds of exact solutions, comprising
breather-wave, double soliton, rational, cross-kink, mixed-type, as well as interaction
solutions to the equation, were formally extracted.
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Moreover, in [54], the authors considered a version of (3) in the form:

2k1ks

Uy + kithxxex + kotxzay + Tuxuxx + katixtixy + katixxtty + Y1ty + Yolhxy + Y3ty = 0,
with real function u = u(x, y, t) with scaled time variable t as well as scaled space variables
x,y and real constants ky, ky, k3, 71, v2, v3. They went ahead to examine the equation which
applies in fluid mechanics and plasma physics by utilizing the Lie symmetry technique to
obtain symmetries of the equation. Besides, the (%) —expansion technique, polynomial
expansion as well as power series expansion methods were adopted to achieve some
solutions of the equation by the authors.

In this article, we investigate the (2+1)-dimensional generalized Bogoyavlensky—
Konopelchenko equation ((2+1)-D genBKe), a version of (3) structured as:

A =t + w(6Uxllyy + Urxrr) + Bllaxxy + 3(0Uxtlxy + Sthyxity) + Yibxy + Cllyy + Vityy =0, (4)

applicable in plasma physics and fluid mechanics with &, B, o, 7, v, p and  as nonzero real
valued constants. In the study, we carry out explicit solutions of the (2+1)-D genBKe (4) to
achieve its abundant closed-form and travelling wave solutions. Thus, we catalogue the
article in the subsequent format. Section 2, presents the Lie group analysis of Equation (4)
where the obtained generators are adopted in computing its optimal system of Lie subalge-
bras. In addition, each Lie subalgebra is explored to reduce (4) and obtain solutions of the
underlying equation. In Section 3, we adopt the bifurcation theory of the dynamical system
to secure some nontrivial travelling wave solutions of the under-study equation. Numerical
simulations of the secured solutions are conducted for further analysis and discussion in
Section 4. Furthermore, Section 5 furnishes the conservation laws of (2+1)-D genBKe to be
constructed via the standard multiplier technique with the use of the homotopy formula. In
addition, we engage Noether’s theorem to gain more conserved vectors of (4) with p = 24.
Shortly after, we present the concluding remarks.

2. Lie Symmetry Analysis

This section first presents the algorithm for the computation of the Lie point symme-
tries of (2+1)-D genBKe (4) together with its differential generators. Thereafter, we engage
them to calculate the optimal system of Lie subalgebras and utilize them to generate exact
solutions for (4).

2.1. Lie Point Symmetries

Here in this subsection, we contemplate the one-parameter Lie group of infinitesi-
mal transformations

F—s t4+ecl(t,x,y,u) +0(),

T x+el(t,x,y,u) +0(e),

§—y+ed(txy,u) +0(),

i — u+eq(tx,y,u) +O0(e?),
with e standing for the parameter of the group alongside &', &2, &, 7 serving as the infinites-
imals of the transformations depending on t, x, ¥, and u. Thus utilizing ¢ (one-parameter),
Lie group of infinitesimal transformation in compliance with invariant conditions [55,56],

solution space (t, x,y,u) of (2+1)-D genBKe (4) stays invariant and can also transform into
another space (I, %, 7, 11).
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In accordance with the technique for deciding the infinitesimal generators of nonlinear
differential equations (NLDE), we shall secure the infinitesimal generator of (4). Symmetry
group of (2+1)-D genBKe (4) will be found by exploring vector field:

d 0 d d
X = él(t,x,y,u)g +52(t,x,y,u)£ +C3(t,x,y,u)@ +77(t,x,y,u)£, ()

where &, i = 1,2,3 such that s and 7 are functions depending on ¢, x, y alongside 1. We
recall that (5) is a symmetry of (2+1)-D genBKe (4) if invariance condition,

pr XA|a—o =0, ©)
holds. Here pr*) X denotes the fourth prolongation of (X) [29] defined by:

prdX = X + 710y, + {0y, + ¢Y0u, + 0 0uy, + Ty, + Yy, + W00,
+ O O + Y Oy

with the ¢', %, ¢¥, {, 0, ¢, ¢, £ and {**V, given as:

7" = Di(y) — wDy(&") — uxD(&%) — uyDy(&%),

g Dy (1) — utDx (¢ 1) - ”xDX(‘:Z) - l‘ny(‘§3),

{¥ = Dy(nn) —uDy (¢ &) - “ny(‘;z) - “yDy(g )

7" =Dy (") — upDx(&") — upxDx (&%) — upy D (&%),

g = Dx(8") = uxDx(§') — uxxDx(2?) — 1y Dx (),

7Y = Dy(TY) - uy Dy (¢ (¢ ) - “nyx( ) - Mnyx(§3),

{" = Dy(¥) — uyDy(§ ) uxyD (é ) — ”nyy(§3)/

§ = Da(0™) = hxxxt Dx (€1) — thawax Dx(8?) = sty Dx (),

T = Dy(§Y) = ttaxyt Dx(§1) — thxany Dx(8%) — iy Dx(2%), )

and the total derivatives D¢, Dy as well as D, defined as:

Dy = 0¢ + 10y + 0y, + UpxOyy + - -+,
Dy = 0x + Ux0y + UxxOy, + Up Oy, + -+ -,
D, = ay + uyau + uyyauy + ”yfam +
Writing out the expanded form of determining Equation (6) and splitting it over

the various derivatives of u, we get twenty-two overdetermined systems of linear partial
differential equations:

B=0,8=08=0 7u=0§=0 =0, 8=0, nu=0,

Myu = oy = O, yu =383, =0, qu + 83 =0, & — 363 =0,

Mu+ & =0, agy + By — a&y = 0, 2ury — 68, — p& + 248y, =0, §3, =0,
M+ 601 xx + 30Ny + Oyu — & — 083, — Vg, + 40w + 3Brxxyu = 0,
6]y + 381y — & + 1&x — 08 + &) + 6t xxu + 3B7xyu = 0,

285 — &1 + 85 =0, 301xx + 2vn1yu — Ve + Brlxxxu =0,

Nex + Yxx + Ofxy + Vifyy + @i xxxx + Pllxxxy = 0,

301y + 202 — 2v§§ — & 4 3Bxu = 0.
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Solving the system of linear PDEs via symbolic software MathLie, one procures &', ¢2,
& and 7 given as:

1
=c, Z=f), P=c+ct n= @{&ﬂ — 2uesy +38pfa(t) + pyfi (1) }-

If we define arbitrary functions f;(t) and f>(t) as f1(t) = ¢4 and f>(t) = ¢5, where ¢4
and cs are arbitrary constants, thus with the aid of (5), the solution purveys vectors:

a9 d d d ) x 2« \ 0
o=, 3=, X4—£/ XS—t@+<§*%y>£~

ax’ oy ot ®)

X =

Theorem 1. (2+1)-D genBK Equation (4) admits a five dimensional Lie algebra Ls spanned by the
vectors Xy, ..., Xs.

The associated group transformations for A7, ..., X5 are

Gi: (Fx9,1) — (t,x+e,y,u),
Gy (Ex7,0) — (Lx,y+e,u),
Gs: (L% §,4) — (t+es,xy,u),
Gy: (Fxg,4) — (tx,y,u+ey),
' L 2ues :xe%
Gs: (L%7,1) — (t X,y + ¢€st, w2 3P %y 35Pt>

with g1, ..., €5 representing real numbers. We realize that G; portrays the x-translation, G,
the y-translation and Gj the t-translation.

Theorem 2. If u = f(t,x,y) is a solution of the (2+1)-D genBKe (4), then so are the functions
presented as:

Gl(g ) : u(t,x, ) f( x—gl,y),
Go(en) : u(t,x,y) = f(t,x,y — €2),
Gs(es):  u(txy) =f(t—e3,xy),
Gy(eq) : u(t,x,y) = f(t,x,y) + 4,
2
Gs(es):  u(t,x,y) =f(t,xy— sst)——p+23“7ify+%

2.2. Optimal System of One-Dimensional Subalgebras

It is revealed that it is unfeasible to list all possible group-invariant solutions. As a result,
the situation necessitates an effective, systematic and efficient means of classifying these
solutions. The moment this is achieved, the optimal system of group-invariant solutions is
then formed. Ibragimov et al. [57] invoke a robust approach that depends on the commutator
table in achieving the one-dimensional subalgebras optimal system. In consequence, we give
the commutator table (table of Lie brackets) of (4) associated with (8) in Table 1, that is

Table 1. Lie brackets.

[, A5l X ) A3 Xy X5
X 0 0 0 0 5Xy
X 0 0 0 0 —20X,
Xg, 0 0 0 0 35‘0.)(2
EA 0 0 0 0 0
X5 7§X4 20(/Y4 73(5‘02\,}2 0 0
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We state here that apparently {X;, Xp, X3, Xy, X5} is closed under the Lie bracket.
Besides, we express an arbitrary operator X’ € Ls as:

X =1 4+ PX+ BX+ 12X + P Xs. )

In a bid to secure the linear transformations related to vector [ = (I 112,18, 14, 15), we
have the generator defined as:

Ei = Ckl] 9

SV i=123,45 (10)

with ci?j given for the relation [}, Xj] = ci-‘].Xk. On taking cognizance of Equation (10)
alongside Table 1, generators Eq, Ey, E3, E4, Es are presented as:

) ] )
_ 515 _ 5 _ 5 —
E]—(Sl al4, Ez——Zle al4, E3—3(5pl 32 E4—0,
) 9 )
_ 2 _ 571 _ 3
Es = 2«l TS ol e 30pl 52

In association with Ej, Ey, E3, E4 and E5, we give the Lie equations possessing param-
eters a1, ay, a3, a4 and as having the initial criteria l\ﬂizo =1,i=1,...5as

il 72 73 74 i5
ﬂzo,ﬂzo,ﬂzo,ﬂzélﬁ,ﬂzo,
daq daq daqy daq daq

7l 72 73 74 75
ﬂzoriz(),ﬂ:(),i:,zaﬁ,ﬂzol
day day day day day

il 72 73 74 75
ﬂzo,ﬂ=35pi5,ﬂ:,ﬂ=0,ﬂ=0,
d{l3 dﬂg da3 dag da3

7l 72 73 74 75
PPl P
dﬁ4 da4 dﬂ4 dﬂ4 dﬂ4
i Ne L AP ar o 4P
%—O, d—as——3t5pl, d—%fo, %7—(51 + 2al”, d—asfo. (11)

Consequently, we give the transformations involved in the solution of Equations (11) as
=1 P=P P=pP F=F+sml® P=0,
T:I'=1', P=1>, P=P, I'=1"-2aa,l°, P =15,
T3:1'=1', P=1P+36pa3l®, P=1 =1 P=P,
Tu:I=1', P=1%2 BP=53 F=1* P=0,
Ts: ' =1, P=1>— 3(5pa5l3, P=p F=r- 3a(5pa§l3 + 2051 — baslt, P =15
Optimal Classification

We observe the fact that the transformations T;,i = 1,...,5 actually map vector X’ € Ls
presented by (9) to vector X' € L5 expressed via the relation:

X=X +PX+ Pxs + P, + PAs.

The technique involved in the construction of optimal system in this process demands
the simplification of general vector structured as:

1= (Y12,3,14,1%), (12)

by engaging transformations Ty, Ty, T3, T4, Ts. We are captivated to seek for simplest repre-
sentative of each class of alike vectors of (12) by inserting these representatives in (9) and
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so, we gain one-dimensional subalgebras optimal system of (2+1)-D genBKe (4). Thus, we
structured the classifications into two different cases.

Case1.1° #0
1.1. '=0,
We contemplate transformation T3 by taking a3 = 53 é 5, we can then make P=o.
Thus vector (12) reduces to the structure:
1=(0,0,15141). (13)

~ from T! which makes /* = 0, then we further reduce

Moreover, if we take a1 = 55

vector (13) to:
1=(0,0,1,0,1%). (14)

Evidently, since (14) cannot be further reduced, without loss of generality, we assume
that > = 1 and I° = +1. Therefore, we have the optimal representative:

Xy £ Xs. (15)

Next, we contemplate the case of [> # 0 and first consider the resultant subalgebra
when 12 # 0.

1.1.1. B #0,
1.1.1.1. 12 #0,

By taking a, = Ms from transformation Ty, we can make [* = 0. Now, since I' =0
and 12 = I3 = I3 # 0, then vector (12) becomes:

1=(0,12,130,).
If we suppose that 12=1and I®> = I> = +1, then we have the representative
Xy + X3+ Xs. (16)

Remark 1. We notice here that for the case of I> = 0, we achieve an optimal representative carlier
obtained and consequently contribute no additional subalgebra to the optimal system.

1.1.2. B =o.

We take, in this case, a3 = from T3, so that we make 2 = 0. In addition,

3opl5

by considering a5 = 512 in Ts, thereby making I* = 0, we secure vector:

2 12
1=(0,0,0,0,°)
and so we have the optimal representative:

Xs. (17)

1121 I £0.

By taking a5 = from T5, we have the reduced form of vector (12) as

35 I 36013
1=1(0,0,0,141),

which can not be simplified further and so we gain the representative:

Xy + Xs. (18)

Now, we contemplate some subcases when I! # 0 with a view to obtaining all possible
optimal representatives.
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1.2. I*#0,
1.21. 1# =0,
1.21.1. B #0,

By making a3 = % in transformation T3 which occasions the possibility of making
2 = 0, we have the vector:
1= (1',0,13,0,1%),
which we can not further streamline and so we gain the optimal representative:
Xy + X3+ Xs. (19)

1.2.1.2. 1P =0. \ )
By taking in transformation T, a5 = ﬁ and a5 = ﬁ, we have the vector:

1=1(0,0,0,1%,1),
which can not be simplified further and so we gain the representative:
X £ Xs. (20)

Next, we consider the case of [* # 0 and then take into account the resultant subalgebra
when I3 = 0.

1.22. 1*+£0,
1.221. P =0, ,
By taking a3 = ﬁ in transformation T3, we make [2 = 0 and so we have vector:

1= (1',0,0,1415),
which gives rise to the optimal representative:
Xy X+ Xs. (21)

We reveal here that remark (1) absolutely applies to the case of I* = 0 and I3 0.

Case2. 15 =0.
In this second part of the process, we contemplate the structure of vector (12) as:

1= (%12,5,14)0). (22)

Finally, we consider the case of [* # 0 and then take into account the optimal represen-
tatives when I! = 0.

21. I*#0,
211 I'=0. )
By contemplating the parameter a5 = 3(4—)13 in transformation T5, one can definitely

make 2 = 0 and so, we have the reduced form of vector (22) to be given as:
1=(0,0,131%0),
which consequently yields the optimal representative:
Xz + Xy (23)

2.1.2. 1V #£0.
Conversely, if we consider Ik # 0 with B=o, using T3 where a3 = %, occasions

vector (22) giving us:
1= (1%,0,0,1*0)
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and so we gain the subalgebra
X+ Ay (24)

22. *=0.
By taking I # 0 and also considering the converse (1> = 0) with the use of T5 where

as = ﬁ, we gain the respective subalgebras:
X £ X £ A5, X £ A (25)
221. B =0,
If we take the parameter a5 = % in transformation T, that is [? = 0, one gets:
1. (26)

Finally, if we take I' = 0 with I? # 0 and in addition contemplate a case of 1> # 0 with
I' = 0, we get in the respective situations:

X, As. (27)

Conclusively, by gathering the operators secured (that is, (15)-(21), (23)—(25) and (27)),
we arrive at a theorem, which is:

Theorem 3. The subsequent operators provide an optimal system of one-dimensional subalgebras
of the Lie algebra which is spanned by vectors X1, Xo, X3, Xy, X5 of (2+1)-D genBKe (4):

X1, X, X5, X5, X3 &= X5, Xy &= X5, Xy &+ X5, Ay &+ Xy, Xy + X3, X £ Xy, Xp £ A3 £ X5, X1 £ A5+ A,
Xy + Xyt X, Xy + Xy + X,

2.3. Group-Invariants and Some Exact Solutions
This subsection presents group-invariant solutions of (2+1)-D genBKe (4) by exploring
results presented in Theorem 3. Thus, furnishing some exact solutions of (4). Therefore, we
utilize the Lagrangian system given as [27,29]:
dt dx dy du

atxyu)  Etxyu) Bty  pltxyu)

to secure the group-invariant solutions related to the vector fields.

2.3.1. Optimal Subalgebra X

The characteristic equation corresponding to optimal subalgebra X; = d/0x is

dt_dx_dy _du

= 2
0 1 0 0 28)
On solving system (28), one gains invariants alongside their group-invariant as:
T=t Y=y, where u(t,x,y) = G(T,Y). (29)

Therefore, by using the functions and variables from (29) in (4), we obtain:
Gyy =0,
which gives a solution in terms of T and Y but by back-substitution, we have

u(t,x,y) = fi(t)y + fa(t). (30)

Arbitrary functions f; and f, are depending on f in (30), a solution of (4).
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2.3.2. Optimal Subalgebra &>

The group-invariant associated with optimal subalgebra &, = d/0dy is calculated as:
u(t,x,y) = G(T,X), with T=t, X=nx. (31)

On utilizing the obtained group-invariant, (2+1)-D genBKe (4) is transformed to:
Grx +6aGxGxx + aGxxxx +vGxx = 0. (32)

As a consequence, we gain a logarithmic-hyperbolic function solution in this regard
as:

G(T,X) = 2A; tanh(A; T + A2X + Ag) + As ln{ tanh(A, T+ A X+ Ao) —1 }

tanh(A1T + Ay X + Ap) +1
4

400 Ty A /
348X 2 X = X [ A(T)dT

where Ag, A1 as well as Aj are arbitrary constants. Therefore, on retrograding to the basic
variables, one achieves a solution of (2+1)-D genBKe (4) in this case as:

h(Ait+ A Ag) —1
u(t, x,y) :2A2tanh(A1t+A2x+Ao)+A21n{tan (Asf + Apx + Ag) }

tanh(Alt + Apx + AO) +1

4.0 Y Ay
33— ox— et / F(t)dt. (33)

Further investigation of PDE (32) reveals that it has four Lie point symmetries,

d 6 J 8 ) 1 )
a3 1.9 v 1.\ @
Ry TaT—l—gXﬁ—&-(H(T)—%X—gG)E.

We contemplate some special cases of the generators obtained. Letting F; (T) = 1, we
have solution of Ry as G(T, X) = T + ¢(r), r = X, that further reduces (4) to:

19" (r) + 6ag' (r)" (r) + ag™(r) = 0,

whose result furnishes a trigonometric function solution of (2+1)-D genBKe (4) as:

u(t,x,y) =t— \/gtan{\/g(x + \/ECO)} +Cy. (34)

Co and C; are integration constants. Moreover, taking F,(T) = 1, we have G(T,X) =
X+ ¢(r), r = T, which gives a trivial solution. Besides, for F;(T) = F,(T) = 0, we consider
a linear combination Q = ¢gR; + ¢1 Ry whose solution is G(T, X) = ¢(r), r = coX — 1 T.
Utilizing the gained outcome, we reduce Equation (4) to:

yeod” (r) — c1¢" (r) + 6achg’ (r)¢" (r) + acgep” (r) = 0. (35)

On solving nonlinear ordinary differential equation (NODE) (35), we secure:

1 — ¢ 1 1 — ¢
u(t,x,y) =Ci F 1Mz°tanhLCS/z,/ 1 a“(cg/Z\/ECoﬂF(coxclt))}, (36)
0

which is an hyperbolic solution of (4) with Cy and Cj, integration constants. In addition,
taking F3(T) = 0, we have outcome G(T, X) = X?/12aT + ¢(r), r = T, which gives no
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solution of interest. Besides, for F4(T) = 0, we have the result G(T,X) = T~'/3¢(r) —
¥X/6a, r = XT~/3 which eventually transforms (4) to:

18ag’ (r)¢" (r) + 30" (r) — rg"(r) = 2¢/(r) = 0

2.3.3. Optimal Subalgebra X3
Lie optimal subalgebra X3 = 0/0t reduces (2+1)-D genBKe (4) to the PDE

0Gxy +7Gxx + VGyy + 6aGxGxx + 30GxGxy + 3Gy Gxx
+aGxxxx + BGxxxy =0 (37)

through the group-invariant alongside its invariants calculated and presented as
u(t,x,y) = G(X,Y), whereas X=1x, Y =uy.

Consequently, we secure a solution of (37) with respect to X and Y but by back-
substitution, we find a steady-state hyperbolic solution of (4) in this regard as:

u(t,x,y) = {(Qop + Qpé + dav — 60 — po — 4A2B5 — 4A ﬁp) cosh(Q )}
hl LY — 164382 sinh [ 1) _ 142 (]
X {400ALB smh< 2v> 16A7B smh( 21/) 4A7A>B6 cosh %

—4A AﬂSpcosh( ) +8Ajav smh( ) 74A1/3(fsmh<2—1>

O 0 Q
+ 0pAy0 cosh( ) + QpAzp cosh< ) +4Ayav cosh <2—1}>

O M
Aﬂzfcosh(E) Appo cosh<27> }, (38)

where () = \/16A‘1152 — 16avA? + 80BAZ —dyv + 02, O = QAry — 4A3BY + 2A vx —
Aoy +2Agv, where Ag and A; are arbitrary constants of solution. On performing the Lie
symmetry analysis on (37), we obtain translation symmetries

] ) ]

Rl:ﬁ' RZZW/ RBZE-

We contemplate the linear combination of the three generators as Q = c9d/0X +
€19/9Y + ¢29/0G. Therefore, Q furnishes the solution G(X,Y) = c2/coX + ¢(r), where
r =Y —c1/coX. Engaging the function and its variables, we reduce (4) to:

actp® (1) — peleop™® () + 6acteaco” (r) + 7clcig” (1) + cfve” (r) — Bercactog” ()
= c1cge¢” (r) — bacieo’ (r)¢" (r) + 3cicGog! ()" (1) + 3eiciog! (r)¢”(r) =0. (39)

On solving the fourth-order NODE (39), we achieve the trigonometric function:

1
txy)= + 2Apin/ Mt A
u(tx,y) VeoBoct (2acy — o (6 + p)) { ot an { 2A <M1 !

. A c
— Beoc3 Ay Fi(coy — c1x) \/:jﬂ } + éx + Ay, (40)
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where Ay = ocke; — ve3 — 6acicy + coc1(3pc, — yer), Ay = 5 (acq — Beg) with constant
of integrations A; and Ap. We observe that the obtained result presented in (40) is a
steady-state complex trigonometric function solution of (4).

2.3.4. Optimal Subalgebra X5 + aXs, a € {—1,1}
The group-invariant related to subalgebra A3 + a5 is calculated and presented as:

2% 5 @ 2au 1 5
u(t,x,y) = G(X,Y) + %t + ﬁx - pr, where X =x, Y=y— Eat . (41)

Invoking the function given in (41) along with the variables, we transform (4) to:

aGxy + 0Gxy + vGxx +vGyy — atGxy + 3pGchy + 6aGxGxx
+36GyGxx + aGxxxx + BGxxxy = 0. (42)

On applying the Lie theoretic approach on (42), we achieve three generators:

] ) ]

Rlzafxr RZZaTr RSZE-

Now, the similarity solution of Ry = 9/9X purveys G(X,Y) = ¢(r), withr = Y. Thus
using the function reduces (4) to differential equation ¢” () = 0 whose solution is:

4)(7‘) = Aor + Ay,
where Ap and A; are integration constants. On retrograding to the basic variables,

242 1
u(t,x,y) = ;T;t:‘} + 2 ﬂy-i— Ao <y — Eat2> + A (43)

Next, we gain the solution related to generator Ry as G(X,Y) = ¢(r), withr = X.
In consequence, we reduce Equation (4) to a fourth-order NODE expressed as:

79" (r) + 6a¢’ (r)¢" (r) + ag" (r) = 0.

Thus, on solving the NODE and reverting to the fundamental variables, one obtains:

. 2a%a 3, 4 2an ¥ ¥
u(t,x,y) = Wt + %x— %y— Etan{,/g(x:t \/&Al)} + Ay, (44)

with A1 and Aj, integration constants. On contemplating the combination of R; and Rp
as Q = coRq + c1Ry. In consequence, Q furnishes the solution G(X,Y) = ¢(r), where
r =Y — c1/coX. Imploring the function and its variables transforms (4) to:
aci 3" (r) — acrcie” (r) + actp™ (r) — peieop™ () + yeiche” (1) + chvg” (1)
—c1630¢" (r) — 6acicod’ (r)¢" (r) +3cicgod’ (r)¢" (r) + 3cicopg’ ()¢ (r) = 0. (45)

On solving NODE (45), we secure a complex tan-hyperbolic solution of (4) as:

2a%n a 2an 2i0) 0,
u(t,x,y) = —8 + + {ZCS(
1

AP
acy — Beo)

FYo h
9dp 3p 35Py 2(2uc1 — co(6+p)) an
. a c
X |aciAy — Beoci Ay F i/ co(c5 (aer — Bep)) (y - Etz - %x)

} + Az, (46)
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where () = \/C%(acl — Beo) (ve3 + ye? + coer (a(t — 1) — 7)), Aq together with A, constant

of integration and ), = \/ co(ved + yc? + coeq (a(t — 1) — ). Furthermore, we contem-
plate the combinations of all the symmetries as Q = coR; + ¢1Ry + c2R3. Hence, Q pro-
duces the solution G(X,Y) = ¢2/coX + ¢(r), where r =Y — ¢1/coX. On utilizing function
G(X,Y) as well as its variables, we reduce (4) to NODE

acicgtd” (r) — ac1 3¢ (r) + actp™® (r) — BScop™ (1) + 6acicacod” (r) + v3 3" (r)
+cgug” (1) — 3ercacgpg” () — c1cgod” (r) — bacicoq’ (r)¢" (r) + 3cichoq’ (r)¢” (r)
+3cicgpg! (r)¢"(r) = . 47
The solution of (47) gives us complex trigonometric function satisfying (4) as:
(t.x,1) 2a%n Byl 2a0 L2 2051y cf (aey — peo)
u(t,x,y) = —— —X— —y+—x
Y 95p 3p 3(5py co \/fc003c%(2ac1 —colp+9))

X tan 37 "7()3
2¢;(acy — Beo)

_Ap_a
X<y 2! Cox>

where Q3 = vej + coc3(a(t — 1) — o) + 6acicr + cocr (ye1 — 3per) with Ay and Ay repre-
senting the integration constants of the solution.

Beoc A1 — act Ay F 1/ cocd (acy — Beo)

} + Ay, (48)

2.3.5. Optimal Subalgebra X, + aX3 + b5, a,b € {—1,1}
We reduce (4) via X, + aX3 + bX5 to a NLPDE with dependent variables X, Y as:

3aypGxx + 3a00pGxy + 3avpGyy — 30Gxy + 9ap2GxGXy + 18anpGxGxx
+9a6pGyGxx + 3aapGxxxx + 3aBpGxxxy +b =0, (49)

by utilizing the invariants with their group-invariant expressed via the function

X=xY= % (Zay —bt? — 2t>, where we calculated the group-invariant as
20%a ba 5 b 2ba
u(t,x,y) = G(X,Y) + 9(125‘015 + SaZth + (%x - %y> k. (50)

On applying Lie symmetry algorithm to Equation (49), we achieve three generators

) ) )

Rlzﬁf RZZWr R3:£

Similarity solution to Ry = 9/0X yields G(X,Y) = ¢(r), where r = Y. Therefore
using the function reduces (4) to the linear ordinary differential equation (LODE)

3apvd” (r) +b = 0.

The solution to the LODE is ¢(r) = —br?/6avp + Ajr + Ay, where Ay and A, are
integration constants. Hence, solution to (2+1)-D genBKe (4) in this regard is:

207 ba 5 b 2ba b 2 2
ultxy) = 9112(5pt 3a2<5pt <%x B 3a5py> - 24a3vp (Zay —br - Zt)
Aq 2
+52 <2ay —p2 - Zt) 1 A, 1)
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In the same vein, generator R furnishes G(X,Y) = ¢(r), r = X, so (4) becomes:
3anpg”" (r) + 3aypg” (r) + 18anpg’ (r)¢” (r) +b = 0. (52)

No solution of (52) can be secured. However, considering a special case of the equation
with b = 0, one achieves a trigonometric solution of (4) in this regard as

2
2b%w 5 ba t2+<bx 2ba >t

u(txy) = 9a2¢5pt + 3a%5p 3ap" 3a(5py

_\/gtan“/g(x;\ml)) s, (53)

which is actually an algebraic-trigonometric solution of (2+1)-D genBKe (4). Further,
imploring generators R; and Rp, we obtain solution function G(X,Y) = ¢(r), r =Y —
c1/¢oX. On applying the function in Equation (4) changes it to NODE

Saachpp™ (r) — 3aBcleopg® (1) + 3arcickpd(r) + Backupd(r) — 3acrclpo’ (1)
— 18aacleopd! ()4 (r) + 9309 (119" (r) + 9adkR¢! ()" (r) + b
+3cic3pd” (1) = 0. (54)

We let b = 0 to gain an elliptic solution of (54) and give it a simple representation:

aog/" (1) + a1g/ ()¢ () + aap®) (1) = 0 (55)
where np = 3IZ'YC%C%‘O + 3ucgvp — 3aclc8pa +3cq cgp, ] = 718mcoc~;’p + 9uc%c%5p + 9ac%c%p2,

ap = 3aactp — 3afcocip. Integrating (55) twice with ¢/ (r) = ©(r) gives

2 — M g3 R0 g2 240y 241
O = —L o) - Loy - 2oe() - 21, (56)

where Ap and A; are integration constants. We engage the transformation,

12062 %)
=——= - —. 7
0(r) =~ 2p(r) - 7)
Thus, we reckon Equation (56) as NODE with Weierstrass elliptic function [58,59]
(1) —4p(r)’ + g19(r) + 82 =0, (58)

with the involved Weierstrass elliptic invariants g; and g, expressed as:

1
— 2 _ e 3 —
g1 = 120‘% (LKO 20{1A0>, and F'¢] 2161){% {DCO + 301 (DC]A] Dévo)}. (59)

Contemplating (57) alongside (58) and reverting to the basic variables yields:

2
u(txy) = thxta ba 2 (b 2ba ) o

St _ 20 b —
9a26p 3a26p 3apx 3a(5pyt (Zuy bt Zt)

0
2a0q
Socry 1200 ) 1 2 o) Gy L (2
+ X+ §{2a(2ay bt Zt) x; (oco thlAO),

x1¢ aq co 1243
1 3
g+ 3aq (@ A — apA . 60
216&%{ 0 +3a(m A —ao o)}} (60)
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Next, we consider the combination of obtained symmetries as Q = cpd/90X 4 c19/9Y +
c20/9G. Consequently, Q gives the function G(X,Y) = c2/coX + ¢(r), where r = Y —
c1/¢cpX. Invoking the function and its variables, we reduce (4) to:

3uucc‘11p(p(4) (r) — 3aﬁc§’cop<p(4> (r) 4+ 18aac2crcopd” (r) + 3aycicdog” (r) + 3acivog” (r)
—9acycact?P” (r) — 3acic3pad” (r) — 18aacicopd’ (r)¢" (r) + 9aci 3o’ (r)¢” (1)
+9ac3c3o?¢’ (r)¢" (r) + beg + 3ercapg” (r) = 0. (61)

Just as earlier demonstrated, we present simplified structure of (61) with b = 0 as:
a5 (r) + 6uad! (r)¢" (r) — a3 (r) = 0, (62)

where a3 = 9ac1c26%p2 + 3ac1c8p¢7 — 18mxc%c2c0p — 3a’yc%c%p — 3C1C8p — 3ac§vp,

ny = —Baac%COp +3/2ac2c3dp + 3/2ac3c3p?, a5 = 3aactp — Buﬁc%cop. On Integrating (62)

as¢” (1) + Basd’ (r)? — azg’ (r) + Ko = 0, (63)

with integration constant K. On engaging the representations expressed as:

/ &5 a3 Kooy
=30(r), A==, Ky = , 64
P =200, A= 2 K=" (64)
Equation (63) then becomes the second order nonlinear differential equation:
Q" (r) +30(r)> — AO(r) + K; =0 (65)

Equation (65) multiplied by ©'(r) and integrating the outcome furnishes,

@'(r)? = —(20(r)® — AO(r)? + 2K, 0(r) + 2K>),

with integration constant K. Suppose that the algebraic equation @(r)> — JA0(r)2 +

K10(r) 4+ Ky = 0 possesses roots 91, 92, 93 with the property ¢ > 9, > 93, then
@' (r)* = =2(0(r) — 61)(O(r) — 82)(O(r) — 83). (66)

Equation (66) possess a highly famous solution expressed with regards to Jacobi elliptic
function (cn) [58,60] which we present in the structure,

O(r) = % + (91 — 8a) en” | 4/ ur‘A2 , where A? = G=% (67)
2 % — 93

Reckoning (67) as well as (64) and retrograding to the basic variables gives:

2 2 _
wltxy) = Wa 5, b t2+< b 2ba )t ocg,{r(l?2+191(A 1))

9a25p 3a25p %x B 3a(5py ay A?

V2(% — 192)dn<\/ @r A2>E {am(u @r
2
VO = 932 dn<\/'9‘%ﬂ3r A2>

with E representing elliptic integral of the second kind while ‘am” and “dn” are respectively
amplitude and delta elliptic functions. Besides, we notice that in relation (67) and (68)
some limits of Jacobi elliptic functions cn and dn exist which give rise to some other

+

+=x,
co

)] FER

functions such as hyperbolic and trigonometric. For instance, lim,>_,,cn (r‘AZ) = cos(r),
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limyz ,odn <r‘A2) =1,limy_,;cn (r’Az) = sech (r) and lim,>_,; dn (r’Az) = sech (r),
whereas r = 1/2a (Zay —bt? — 2t) —c1/cox.

2.3.6. Optimal Subalgebra X} + a3 + bX5, a,b € {—1,1}

Lie optimal subalgebra & 4 aXx3 4 bA’5 produces similarity transformation variables,

1 1
X = E(ax —1), Y=— <2ay — bt2>, whereas the group-invariant is secured as

2a
20%a 4 b 5 b 2ba
u(t,x,y) =G(X,Y) + 9u2¢5pt - @t + <%x - Wy) t.

Engaging the found similarity variables reduces (2+1)-D genBKe (4) to an NLPDE

3aypGxx + 3acpGxy + 3avpGyy — 30Gxx + 9ap2GXny + 18a0pGxGxx
+9a6pGyGxx + 3anpGxxxx + 3appGxxxy +b =0, (69)

The Lie theoretic approach used in studying Equation (69) yields its symmetries as:

] ) ]

Rlzﬁ, RZZW/ RSZE-

On following the usual process solution to Ry = 9/0X secures G(X,Y) = ¢(r),
with r = Y. Subsequently utilizing the function obtained reduces (4) to the LODE,

3apvd” (r) +b = 0. (70)

On solving the linear ordinary differential Equation (70), we obtain a solution of (4) as:

Ay 2 2% b » b 2ba
u(t,x,y) = 2 <2a]/ bt ) + 9a2(5pt 6a2‘0t * 3apx 3u(5py !

b y N2
~ 2i0p (2ay — b — 2t> + Ay, 71)

with integration constants Ay and A;. In addition R; gives the solution G(X,Y) = ¢(r),
with r = X. On engaging the function secured, we reduce (4) to the LODE,

3anpg™" (r) + 3aypg” (r) + 18awpd’ (r)¢” (r) — 3p¢" (r) +b = 0.
In a bid to secure a solution of (4) in this instance, we let b = 0 and, as a consequence:

2ab%t3  bt? bx  2aby  (ay —1)\/aa(l —ay)

T 9a2p  6aZp ' 3ap  3adp an(1 —ay)
X tanh [; 1-ay <ax —! £ \/ﬁCl)

an a

u(t, )

+ Gy, (72)

which is an algebraic-hyperbolic solution of (2+1)-D genBKe (4) with integration constants
Cq and C;. On following the usual procedure, Ry and R; linearly combined yields the
solution G(X,Y) = ¢(r), r = coY — ¢1X and these transform (4) to:

Baactop™ (r) — 3aBeocipp™ (1) + 3ay 3¢ (r) + 3acivpg” (r) — 3acoerpod” () + b
— 18acpg! (1) (1) + 9acoc35p¢! ()" (r) + 9acocd (19" (r) — 309/ (1) = 0. (73)

203



Mathematics 2022, 10, 2391

Now, having observed that no solution of (73) can be secured in its current state, we
take a special case b = 0 of the equation. We present in an easier way (73) as:

Bap ™) (r) — B1¢ ()¢ (r) — Bog (r) = 0, (74)

where By = 3acicopo + 3cip — 3ayc2p — 3acdup, B1 = 18ancip — Yacocidp — Jacocip?,
B2 = 3aactp — 3aBcocip. Welet ¢'(r) = O(r) in (74) and integrating the equation gives

26,0"(r) — B1O(r)* — 2By0(r) = 2C;, 75)

where Cj is the integration constant. On taking the multiplication of (75) and ©'(r) and
subsequently integrating the resulting NODE, one then achieves:

2C, 2C
@/r2:ﬂ®r3+@@72+70@,, +24, 76
() = 45007 + Qo) + Zre() + - 76)
with integration constant C;. We get a Weierstrass elliptic solution [61] of (4) via:
o) = W(r) — B 7

o

which is the transformation needed in this regard to reduce (76) to elliptic function,

w? = 4W3 — oW — g3, where ¢ = /%r. (78)

That is, a Weierstrass elliptic function with elliptic invariants g1 and g» secured as:

24 1282 883 24 24
glzﬁfﬂ and gz_ﬁi .BoCO Cy

oo B BB b

On reckoning (77), we possess the solution of (76) with regards to ©(r) as:

_ (B, . 24Co 126f 8] 24CoPo  24C1 )\ _fo
®(T)_p< 12ﬁ2(r ro); B1 g g B2 * 51) B

On reverting to the basic variables, one achieves the solution of Equation (4) as:

2ub?t> b? bx  2aby 362 1 /B

== _ — —2./ == Z =

ubxy) = S5y et t <3ap 3a5p>t B 12\ 3
24Cy 1283 8BY  24CoBo

X B—Z(thy—bﬂ)—%(ax—t)}—ro,w—ﬁ—%,ﬁfﬁ— ,B%

L[ ) - Hoxo] -

(79)

which is a Weierstrass elliptic solution of (4) where r( is an arbitrary constant. Next, we
contemplate the combination of the three found symmetries as performed earlier, and
secure G(X,Y) = cp X + cop(r), with r = coY — ¢1 X which transform (4) to:
3aacoctop™ () — 3aBcicipp™ (r) + 18aacocacdpd” (1) + 3aycoctod” (r) + b
— 9aceaci 9" (1) — Backerpag! (1) — 18anciclog! ()¢ () + 9aciciopg ()¢ (r)
+9acicto’¢’ (r)¢" (r) — 3coctpd” (r) + 3acgupg” (r) = 0.
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u(t,x,y) =

In order to gain more general solution of (4) in this regard, we let b = 0 and so:

Bap (r) + 12849/ (r)" (r) — Bs¢” (r) = 0, (81)

where B3 = 3aacocip — 3aBcicip, Bs = 3/4daciciép + 3/4acgc%p2 — 3/2anc3clp,
Bs = 9acéczclp2 — 18apccoc2c%p — 3a'ycoc%p + 3acéc1pt7 + 3coc%p — 3ac01/p On the integration

of Equation (81) and invoking the representation ¢’ (r) = B3/284©(r), we obtain:
®"(r) +30(r)’ = wO(r) + A1 =0, (82)

where w = B5/B3 with A} = 2B4A0/ /32, Ap and A; being integration constants. Next, we
multiply (82) by ®’(r) and integrate the result with regards to r and secure

@' (r)? +20(r)° — wO(r)* +2A,0(r) + 24, = 0. (83)

Thus, (83) occasions a well notable Jacobi elliptic cosine function solution [61] with
cubic polynomial roots 65 < 6 < 6; and besides, parameter 0 < 02 < 1. In consequence,
we recover (%, x, ), the solution of Equation (4) in this instance as:

2ab?3  bx bt 2aby

9225p ' 3ap  6a’p  3adp

e { 91—92)sn<\/mr‘02> cos™ [dn(ﬂr’()z)’()z}}
L Cobs
i m\/l—dn VO ‘02)

where 02 = (6; — 6,)/(61 — 03) and r = c¢/2a(2ay — bt?) — c1/a(ax — t). Moreover,
the Jacobi sine elliptic function sn possesses the property that as % — 0, we have sn(r) —
sin(r) and as Q2 — 1, we also obtain sn(r) — tanh(r).

t+ a( ax —t) + 0

(84)

2.3.7. Optimal Subalgebra X; + aX, + bX3, a,b € {—1,1}
The Lagrangian system related to Xj 4 aX, 4+ b’ solves to give group-invariant

u(t,x,y) = G(X,Y), where X =x—t/b, Y =y —at/b. (85)
On using the function alongside other expressions from (85) in (4), we have:

byGxx + boGxy + bvGyy — aGxy — Gxx + 3bpGxGxy + 6baGxGxx
+3b6GyGxx + baGxxxx + bBGxxxy = 0. (86)

As a consequence, we secure the solution of (86) with respect to X and Y but reverting
to the fundamental variables gives a solution of (2+1)-D genBKe (4) as:
—4i (B + af + b(2av — fo — 4p*A2)) )
t = Aqt
u(t,x,y) Qo0 +p) + O 2b2 &M
+ QoA (at — by) + b*(A1(0 +4BAY)y — v(2A0 +2A1x)) — bA (ay

{ A sech

+ t(a(o + 4/3A%) — 21/)))

}{A2(00(5+p) +a(6+p) +b(4av — b0

— por —4BA2(6 4 p))) + sech Lbz

(azAlt + QoA (at — by)

+ 1? {4A1y< 0+/5A2> —1/(2A1x+17'[+2A0)} —4Aqb Aliay
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ot [a <ﬁA% + }7) - ;VH )] }1, (87)

where QO = \/v(4b — 4b2y — 160b2A2) + (a — bo — 4bpA3), Oy = a(s+p) + b(4av — 60 —
po —4B(5 + p) A?) with constants Ap and A; arbitrary. Function (87) is a complex bright

soliton solution of (4). Furthermore, investigation revealed that Equation (86) possesses
three Lie point symmetries which are given as

e) e) d
ﬁ' RZ

Ry =

v BT ae

Linearly combining the symmetries furnishes the function G(X,Y) = 2 X + co¢(r),
with r = ¢pY — ¢1 X. Thus, on engaging the function, we further reduce (4) to:

bpeocip™® () — acocr” (r) — abeip®) (r) — 6abeaci” (r) — byclg!' (1) — bejug” (1)

+ 3begeacrp@”’ (1) + begerod” (1) + 6abeocid! (1) (r) — 3bckcisd! (1) (r)

—3bejetog/ (r)¢" (r) +clg” (r) = 0. (88)

Therefore, we present Equation (88) in a lesser structure as:

w19 (r) — ¢! (1)@ (r) + azp™ (r) = 0, (89)

wy = —acoc1 + c% - 6abczc% — b'yc% - bc%v + 3bcocacip + begero, ay = Sbcgc%é + 3bc3c%p -
6abegcs, ag = bPeoc; — abet. We set ¢ (r) = ©(r) in (89) and by integrating the resulting
NODE repeatedly two times, we secure a first order NODE presented as:

12— 2 93— Mem?_ X _ 21
o'} = 5200 - Ler? - 2 er -2,

with constants of integration Cy and C;. On contemplating the cubic polynomial 5%3@(1’)3 —

P 2 2Gy 26,
2 O(r)? = T20(r) — 3 = 0, whose real roots are a, < a1 < ap, we have

02 = 22(0@ —a0)(© —m)(© — ),
30(3

with real roots ag, a1 as well as a, satisfying algebraic relations expressed as:

ZCO 2C1 o
apay +apay +a1ap = ———, Apady = ———, Ao+ a1 + a2 = ——
X3 X3 X3

According to [62], we express a primitive solution of (4) via the elliptic function,

2 12a3(a0 —a1)? | . . az(ao — a2)
u(t,x,y) = cox — —t+co ——— 2 ¢ EllipticE [sn| ——~(r —19),
(t,x,y) b { 32(a0 — 1) A8 p ( )

A%),A%}}-ﬁ-

with r = ¢o(y — at/b) — c1(x — t/b), rg and C, arbitrary constants. Besides, parameter A3
and incomplete elliptic integral EllipticE[m; z] are accordingly expressed as:

_ A4
a1—(a0—u1)1Afo}(r—rg)-f—Cz}, (90)
0

1 —Z2w?
1—w?

ap — aq .. m
A2 =""""1 and EllipticE[m;z =/
0 a0 — P [m; 2] 0
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3. Travelling Wave Solutions

We examine the travelling wave solutions of the (2+1)-D genBKe (4). Generally
speaking, travelling wave solutions of a partial differential equation emanates as special
group-invariant solutions wherein the considered group is translational with respect to
space of independent variables.

Here in this study, we engage linear combination of the translation operators &7, X
and A3, namely & = p&) + €A, + u X3 with constant values o and e. Following the usual
Lie symmetry procedure, we utilize X" to reduce (4) to fourth-order NODE,

Ap"(z) = BY' (2)9" (2) + Cp""(z) = 0, 91)

via the travelling wave z = px 4 qy +rt where p = ¢, q = uc —p, r = —ec and so
A=p(r+oq+qp) +ve* B =—6p*(ap+ pg) and C = p*(ap + Bq).
Integrating (91) just once supplies a third-order ODE,

1
Ay — Esz’z +Cyp" +C =0, (92)
where C; is regarded as an integration constant. Multiplying Equation (92) by ¢”, in-

tegrating once as well as simplifying the resulting equation, we have the second-order
nonlinear ODE

1 1 1
SAW)? = cB(Y)* + 5C(H")* + Cry' + G =0, 93)
where C; is an integration constant. Equation (93) can be rewritten as
B A 2C 2C
m2 _ B3 A2 ARy A2
(¥ = 5= (@') — (') - Ty - 22 o8
Suppose ¥ = ¢/, Equation (94) becomes:
B A 2C 2C
Y2 = 2yl g2 Tly 22
3C C C C )

3.1. Bifurcation and Explicit Solutions

Here we use the bifurcation theory method [39,63,64] of dynamical systems to obtain
some nontrivial solutions of (95), which is the reduced form of (91).
Suppose from Equation (95) we say:

YY) = =¥ - v -y - =2 (96)

We can deduce from Equation (94) that:

e By Ay G

@zt Tt e én
Let ¥' = w, then (95) is equivalent to planar dynamical system,
awy dvw B, A (@]
PP T At oh N R o ©8)
which invariably possesses the first integral H('¥, w) calculated as:
wz B 3 A 2 C]

where /1 is the constant of integration and function H(¥, w) is Hamiltonian.
Itis obvious to see that Hamiltonian H(Y,w) = h = — % corresponds to Equation (96).
As a result, we observe that the dynamical system behaviors of ordinary differential
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¥(z) =

o3| =

Equation (95) from the orbits of the above system (98) relates to H(¥,w) = —%. Appar-
ently, phase orbits given via the vector field relative to system (98) decides all the results
that can be gained for (96).

An investigation of bifurcation of the planar dynamical system (98) secures diverse
kinds of solutions of (96) contemplated under various coefficient conditions. Thus, the dy-
namical character and closed-form solutions of ODE (96) are generated.

We first study the equilibrium points of the system (98) to attain the dynamical action
of the system. Evidently, the roots of P4('¥) = 0 are regarded as the abscissas of the points
of equilibrium included in the system (98). Moreover, we suppose that ¥, is one of the
roots of P}(¥) = 0, meaning that, (¥,,0) stands as an equilibrium point of system (98).
By the reason of theory of planar dynamical systems [63,64], the matrix needs to be studied.

Df(¥0,0) = [ pé’(o‘lfe) 3 ]

where

of the linearized system of (98) exists at a point (¥,,0). The point of equilibrium (¥, 0)
is a center which has a punctured neighborhood wherein any solution procured is taken
as a periodic orbit; if det(Df(¥.,0)) = —P{(¥e) > 0. It is said to be a saddle point if
det(Df(¥.,0)) = —P§(¥.) < 0. Nevertheless, we call it a cusp point if det(Df (¥,,0)) =
—PS” (¥e) = 0. It is needed to equally investigate boundary curves related to the centers
as well as the orbits that serve as a connector between the saddle points or cusp points
which the Hamiltonian H (¥, w) = h determines in order to obtain the phase portraits other
than the equilibriums. Evidently, system (98) possesses neither equilibrium point nor a

2
cusp when % < 0, hence system (98) has no trivial nontrivial bounded solutions.

Nonetheless, (98) has two equilibrium points when % > 0. Let

v = %(Ai VAZ +ZBC1)

ﬁ ((A2 +2BCy)[A + /A2 +2BCy] + ABCl),
then (Y., 0) is a saddle point, (¥, ,0) is also a center and h > h_.

When we have h. > h > h_, Hamiltonian H (¥, w) = h defines a family of periodic
orbits present around the center given as (1, ,0) which is confined by the boundary curves
defined by function H (¥, w) = h. Notwithstanding, H(¥, w) = h explains a homoclinic
orbit that passes through the saddle point (¥, 0).

We now consider some cases of (96) and obtain the following solutions.

Case (1.) Equation (96) possesses a bounded solution which approaches ¥, as z goes
to infinity:

{(A + /A2 +2BCy) — 3+/A2 + 2BC; sech? E,“/ (%) (z— Zo)} } (100)

where z is an arbitrary constant. Integrating (100) and returning to the original variables
secures a nontrivial solitary wave solution of (4) in this regard as:

H(YE,0) = hy =

1 641/ A2+ 2BC
u(t,x,y) = B{(VAZJrZBCl +A)zfzo - szl
1

C2

1./A2+2BC
x tanh(Z y le - ,zO) } (101)
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() =

with z = px + qy + rt and z( arbitrary constant. We also have a constant solution

¥(z) = %(A + /A1 2BC))

as well as an unbounded solution:

{(A + /A2 4+2BC;) + 3/ A2 4 2BCy csch? E ¢ (%> (z - zo)} } (102)

CZ

Integrating (102) and retrograding to the original variables, we secure an unbounded
solution of (2+1)-dimensional gBK (4) as:

1 6/ A2 +2BC
u(t,x,y) = B{(\/A2+ZBC1 —|—A)z—zo - Wml
1

C2

14/ A2+ 2BCy
X coth <2 TZ — zo> }, (103)

where z = px + qy + rt and zg is an arbitrary constant.
Case (2.) Since % > 0, then for any arbitrary real constant

( (A-2/AZ42BC;) (A—\/AZ+2BC)) )
B / B

[ORS

’

1 3A 6A _  9A2 24Cy\
‘P(Z) =d — E (361) — ? + \/—3@2 + qu + ? + B)Sl’l (Q+(Z — ZQ),k+), (104)

where

V2 B A B 6A 9A2  24C;
Q=25 -2+ =4 —/-3024+ —p+—— + L
+ 1 C + C + 3C 3P4 4 B + B2 + B and

/ A 6C-
2 3@2 — 763 D — 731
k+ =

30+ 3 +,/-302 + o+ % 1+ U0

The integration of (104) secures a bounded nontrivial solution of (4) as:

u(tx,y) = k= -+ Pod VE(BA—BP) | O+ E[am(R)|R;] [sn*(S]S1) — S2]

dn(Q:|Qa), /1 — 2% (R)

P
By = 1 P =3kt \/ 9A2 + 6BkA 7B iszz +24BC;
3A2+2BkA—B2k2+8BC
B\/3A3Bk+¢33, / Cgizl
. . <_% 3k \/9A2+6BkA—BzBZk2+24BC1>
Q=

123 /k(Bk—Zg&)—ZCl !
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2.4, _3B2)2
3A+B< 9A=+6BkA BSB k=+24BCq *3]()

R = z C 2\/§Q0
2v6 _3A gk /9ATH6BKA_3B2% 1 24BC,
B B2
2 _3RB2)2 1
3A+B< 9A%+6BkA ;ZB k 24BC1 *3]{)
V k(Bk—2A)—2C
z o 2\/§ ( 5 ) 1
S = ’ Rl = 7
2v6 L34 _gp . /9A2+6BKA—3B2+24BC,
B B2

2 —3B2k2
3A+B< 9A%+6BkA :28 k=+24BCq —3k>
/ k(Bk—2A)—2i
S 2\/3 ( 5 ) G z T
1=

_3A _ap 9A2+6BkA—3B2k2+24BC; 26 !
A 3k + =
2 _3B2)2 — —
s _% 3k \/9A +6BkA BZB k2+24BC; o 23 k(Bk 2;) 2C,
) = ’ D = ’
k—24)—2 9A?+6BkA—3B2k2+24BC
2/3/ KBk =24) 226, —%—3k+\/ H6BEA 3B 4 245G,

where E[am (R|R;)] is an elliptic integral of the second kind sn(S|S;), am(R|R;) and
dn(Q1]Q2) denotes accordingly elliptic sine, amplitude as well as delta functions. In addi-
tion to that, variable z = px 4 gy + rt with arbitrary constant z is taken as zero.

Case (3.) Equation (96) possesses no nontrivial bounded solutions. However, at the

instance when _ZCCZ = 2h_, we have an unbounded solution that is expressed as
1 1,/(A*+2B
Y(z) = E{(A — /A2 +2BC;) + 3/ A2 + 2BC; sec? {E ¢ (%) (z— zo)} } (105)

and a constant solution also given in this case as:

¥(z) = %(A _ AT} ZBC1>.

Integrating (105) with regards to variable z — zj, one achieves:

C2

u(t,x,y) = ;{Votan<;(z—zo) N m) +(z—zo)(A— /A2+ZBC1>}, (106)

/A2
where we have V) = Sy AT T2BC,
4/ A242BCy
c2
We note from the dynamical system earlier stated that we can deduce the fact that:

,z = px +qy + rt and zg as an arbitrary constant.

dw

& = BoY?+B¥Y+B 107

v o1+ BT + ba, (107)
where By = %, By = —4 and B, = —%. In clear terms, we can suggest that phase

orbits given by the vector fields of dynamical system (98) determined the collection of
all the solutions of (97). Thus, we state here that bounded solutions of (97) relates to the
bounded phase orbits that system (98) has which will have to be investigated. Along the
orbit connected with H(Y¥, w) = h, we have:

2
(‘%) = %‘I’E’ + B1¥? + 2B, ¥ + 2h. (108)
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As a consequence, the general formula associated with the solutions of (97) can as well
be given viz;

4 a¥ "z
/ — 4 / d. (109)

Jo \/(2Bg¥3/3) + By¥2 + 2B, Y + 21 20
Nonetheless, it may be laborious to know the properties as well as the shapes of (109)
that are actually decided by the parameters By, B, B, and /. Obviously, the abscissas
possessed by equilibrium points of dynamical system (98) are zeros of Bg¥? + B;¥ + B, = 0.
Clearly, the system (98) has no bounded orbits when B% —4ByB, < 0. We suppose that
B2 —4ByB, > 0 in order for us to examine the bounded orbits owned by system (98). We

designate Y4 = (—By & /B2 —4ByB,)/2By, and as such we have E4(Y¥,0) alongside
E_(Y¥_,0) which represent two equilibrium points of system (98). As expounded by
the theory of planar dynamical system, we realize that E_ is a center and also E is a
saddle point. We indicate here that i+ = H(%¥+,0), and, by doing a careful computation,

we achieve:
hy = L{ (B{1 - 43032) {731 +./B2 - 43032} + 2303132}. (110)
1282 !

Evidently, h— < h < hy and we have it that H('Y, w) = 4 correlates to homoclinic
orbits. Moreover, H('¥,w) = h_ relates to the center E_ and then H(Y,w) = h, where
hy < h < h_ is related to a class of closed orbits that surround center E_ which are
encompassed by a homoclinic orbit. Meaning that (109) defines bounded solutions if and
only if the condition given as k. < h < h_ holds. Precisely, (109) explains a family of
periodic solutions whenever b, < h < h_.

When h = h, Equation (109) explains a bounded solution that tends towards ¥ | as z
goes to infinity. In fact,

2%‘1/3 +B1Y? +2B,Y 4 2h = ZTBO(‘P — ¥ )XY —Y¥),

with Yo = —(By + 24/ B% —4ByB;) /2By. In consequence (109) can be reduced to:

/“P d¥ _ \/z(z ),
o (Y — ¥4 )v/Bo(¥ — Yo) 3

from which we can get the exact solution in the structure of a secant hyperbolic

Y=v, (¥, - ‘Fo)sech2< M(z - z0)>, (111)
where z = px + qy + rt and zp is an arbitrary constant. By further simplification,
Equation (111) becomes:

3\/B? —4ByB, 1/4
oy, VTR et [B% - 43082] (z—20)|, 112)
2B, 2

and this is regarded as an exact bounded solution of (97).
Therefore, we consider the lemma stated as follows.

Lemma 1. The general second-order ODE (97) has bounded solutions if and only if B — 4ByB, > 0.
The bounded solutions can be expressed as (109) in an implicit form. In fact, provided h_ < h < h.,
(109) defines a family of bounded periodic solutions and h = h defines a bounded solution
which approaches Y  as z goes to infinity and can be expressed explicitly as (112), where ¥ ;. =

(—By + /B2 — 4ByBy) /2By and hy. is defined by (110).
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u(t,x,y) =Cy + —-

Bounded Travelling Wave Solutions to the Generalized (2+1)-Dimensional
Bogoyavlensky-Konopelchenko Equation

According to analysis and results in the above subsection, it is evident that (97)
possesses only two kinds of bounded solutions, amidst of which one is found out to be
a family of periodic solutions whereas another is discovered to be a family of solutions
which approaches a fixed number as z tends to infinity. It is noteworthy to assert here that
what we are targeting is to study the bounded travelling wave solutions associated with
(2+1)-D genBKe (4) which are determined via ¥ = dy/dz, and ¥ satisfies (97). So we have
to investigate how we can get the bounded solution of (97).

Visibly, ¢(z) = fzzo ¥ (z)dz whereas ¥ (z) can implicitly be expressed as stated in (109).
By virtue of the geometry meaning of the integral as well as the properties of the solutions
of (97), we get the travelling wave solutions to the (2+1)-D genBKe (4). In order to achieve
the bounded solutions needed, we choose the integral constant C; to be zero that implies
By = 0in (112) and as such

)=C — 3@*[%}1{\/'2371'@—20)};

¥(z

which means

P =Cit 1L

2\ | p*(ap+Bg)

(r+oq+p) ‘ 1
LGP tanh | -
p*(ap + Bq)

(1’+0’5]+'}’p)’(220):|’

that is, the family of analytic bounded kink traveling wave solutions to the (2+1)-D gen-
BKe (4), with z = px + qy + rt and z( alongside C; regarded as arbitrary constants.

Nonetheless, we may not be able to achieve bounded solutions from the family of
periodic solutions of (97). We can easily see that if ¥(z) is a periodic solutions of (97), in the
same vein, (z) = fzzo ¥ (z)dz is bounded if and only if fOT Y (z)dz = 0, where T represents
the period of the function ¥ (z). Recall that the period of the function ¥(z) which is given
by (109) with h— < h < h is dependent continuously on the parameters, By, By, By and h.
So fOT ¥ (z)dz continuously depends on the parameters, By, By, B, and h as well. Suppose
we have it that V(By, By, By, h) = fOT Y (z)dz; as a consequence, V(By, By, By, h) is defined
as a continuous function of By, By, By and h. The prove to showcase the existence of the root
of V(By, By, By, h) = 0 to furnish us with the idea of the existence of the bounded periodic
travelling wave solutions to (2+1)-D genBKe (4) is given in [65].

Theorem 4. The generalized (2+1)-dimensional Bogoyavlensky—Konopelchenko equation possesses
two types of bounded travelling wave solutions given as:

(1)  The generalized (2+1)-dimensional Bogoyavlensky—Konopelchenko equation has a family of
analytic bounded kink travelling wave solutions:

16p

3 p*(ap + B9) 2\ | p*(ap+Ba)

where zo and Cq are two arbitrary constants;

(2)  The generalized (2+1)-dimensional Bogoyavlensky—Konopelchenko equation possesses at least
two families of bounded periodic travelling wave solutions which are determined implicitly by
(109) and

W“”H"W)’tanh{l W]—Mp)‘(prrqerrtzo)} (113)

u(z) = /Z: Y (z)dz,

where z = px + qy + rt and zq is an arbitrary constant.
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4. Dynamical Wave Behaviour and Analysis of Solutions

The physical phenomena of those secured closed-form solutions can be captured more
clearly via graphical evaluation. The obtained solutions of the (2+1)-D genBKe equation
comprises kink and anti-kink waves, periodic solitons waves, multi-soliton waves, singular
solitons, as well as mixed dark-bright waves of different dynamical structures. Those
secure solutions contain several sets of arbitrary constants and functions, which conse-
quently exhibit diverse dynamical structures of multiple solitons through their numerical
simulations. We present the structure of the dynamical behaviour of the waves in 3D, 2D
and density plots with the aid of Maple software. The singular periodic wave structure in
Figure 1 depicts the dynamics of solitary wave solution (34) where we utilize the param-
eters values v = 100, « = 1, Cy = 1, C; with variablesy = 0 and —1 < t,x < 1. Figure 2
represents topological kink soliton solution (36) in 3D, 2D and density plots where we
engagevaluesy=1,a04=4,Cyp=1,C; =10,¢0 =1,¢c; = 100 wherey =0, =10 <t <10
and —4 < x < 4. Now, for (30), we contemplate a few different choices of arbitrary
functions f1(t) and f,(t) and for the fact that the solution contains variable y, we consider
another function of y as ¢(y). Therefore, since the solution is a function of t and y, we
first consider f(t) = 3sech® (t), f(t) = (f1(t), f2(t)) and g(y) = cos(y) — sin(y), using
Maple software, we further illustrate the solution in Figure 3 with the range —m <t < 7t
and —27t < y < 37 where we have x = 0. Hence, the numerical simulation reveals a
doubly-periodic interaction between two-solitons with different amplitudes. Further, we
choose f(t) = 3sech® (t) and g(y) = —(2tanh(y) 4 cos(y)) in Figure 4 where we have
variables x = 0 as well as t and y in the range —7r < t < 7w and —27 < y < 3m. This
then exhibits periodic interaction between solitons at varying amplitude and frequency
along yt-axis. Moreover, on selecting f(t) = 3sech (t) and g(y) = — (2 tanh?(y) + sin(y)),
we plot Figure 5 where —m < t < 7, —2m < y < 37 and x = 0. This occasions pe-
riodic interaction between solitons travelling at different amplitude but moving in the
same direction. In Figure 6 we choose f(t) = 3sech (t) — Si(t) and g(y) = — sin(y) along
with =37 <t < 3mand —27 < y < 471. We can see in the figure three soliton inter-
actions. These include a kink with t-axis periodic and y-axis periodic, which is clearly
revealed in the propagation of the amplitude. Meanwhile, selection of f(t) = 3sech (t)
and g(y) = —(2en (t,y) +sin(y)) withx =0, =37 < t < mand —27 < y < 37 furnishes
doubly-periodic and 1-soliton interactions as portrayed in Figure 7. The interaction depicts
an upsurge of wave propagating at varying amplitude, travelling at different velocity and
time intervals. Moreover, we can see in Figure 8 a periodic interaction existing between
two-solitons with opposite amplitude and propagating at a uniform frequency. This is
achieved by allocating f(t) = 3sech (t) and g(y) = —3tcos(y) wherex =0, —r <t <7
and —27 <y < 671. Besides, Figure 9 exhibits wave dynamical behaviour surfacing from a
collision between a kink and a soliton solution purveyed by assigning f (t) = 4 sech (t) and
g(y) = ttanh(y) withx =0, — < t < wand —n < y < 4. Finally on wave interactions,
we assign functions f(t) = 40sech (#) and g(y) = 20t sech? (y) in Figure 10 where x = 0,
—m <t < mand — < y < 4. The resultant effect of the soliton collisions gives a
two-soliton wave propagating with opposite amplitude along yt-axis.
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Trigonometric function of Subalgebra Q1

Tri ic function of a1

Tri ic function of a1

Figure 1. Solitary wave depiction of singular periodic solution (34) at y = 0.

Hyperbolic function of Subalgebra Q1

Hyperbolic function of Subalgebra Q1

Hyperbolic function of Subalgebra Q1

Figure 2. Solitary wave depiction of topological anti-kink soliton (36) at y = 0.

Interaction of solitons at variant amplitudes

Interaction of solitons at variant amplitudes

Interaction of solitons at variant amplitudes
3

Figure 3. Wave depiction of soliton interaction with variant amplitudes at x = 0.
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Interaction of solitons at variant frequency

Interaction of solitons at variant frequency

[—y=5— =5 —r10— 10|

Figure 4. Wave profile depiction of soliton interaction with different amplitudes, frequency and also
propagating along the same direction when variable x = 0.

Interaction of solitons at variant amplitudes but

same direction
Interaction of solitons at variant amplitudes but Interaction of solitons at variant amplitudes but

same direction same direction
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Figure 5. Wave profile depiction of soliton interaction with varying amplitudes but acting and
propagating along the same direction where we have variable x = 0.

Interaction of solitons at variant frequency and
amplitude
Interaction of solitons at variant frequency and Interaction of solitons at variant frequency and
amplitudk amplitude

N

[—y=0—y=5 — =10 — =-30]

Figure 6. Wave profile depiction of soliton interaction with variant amplitudes and frequency with

the wave propagation taking place at different level when x = 0.
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Interaction of solitons at variant amplitudes and
frequency
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Interaction of solitons at variant amplitudes and
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Figure 7. Wave profile depiction of soliton interaction with varying amplitudes, frequency and also

propagating at different time intervals when variable x = 0.
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Figure 8. Wave profile depiction of soliton interaction with variant amplitudes and frequency with

the propagation in the opposite directions when we have variable x = 0.
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frequencies
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Figure 9. Wave depiction of soliton interaction at different amplitude with x = 0.
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Interaction of solitons at different amplitudes and
frequencies

Interaction of solitons at different amplitudes and

frequencies
2

Interaction of solitons at different amplitudes and
frequencies

©|
=

—— =0 — =20 — =30

Figure 10. Wave profile depiction of soliton interaction at varying amplitude and propagating at a
constant velocity and also moving in different directions when x = 0.

Next, the kink solution (72) is depicted with Figure 11 with dissimilar constant values
a=1,0=1C=1C=2a=20=19y=-1,p=1laty=1and —10 < t,x < 10.
The various dynamical behaviour of periodic solution (84) is exhibited in Figures 12-14
using parameter valuesa = —1,b = -1, co=1,c1 =1, 0 = -1l a=1,B3=1,B4 =1,
§=1p=16=96=10=-1,03=009att=2and -2 < x,y <2,a=—1,
b = —1,C0:1,C1 :1,62 = —1,0(:1,53:1,ﬁ4:1,5:1,p:1,91 :9,92:1,
03 = —1,(2% =009att=5and -2 < x,y <2aswellasa=-1,b=—-1,¢co=1,¢c1 =1,
Cy = *1,0{21,/33 = 1,ﬁ4:1,5:1,‘0=1,9] =9,92 :1,93 = 71,0%=0.09att=2
and —2 < x,y < 2 accordingly. Moreover, the motion character of solution are further
depicted in Figures 15 and 16 respectively via valuesa = —1,b = —1,¢9g = 1,1 = 1,
Cy = —1,0(:1“63:1,ﬁ4:1,5:1,p:1,91 :40,92:2,93 = —5,0%:0.26att:2
and -2 < x,y < 2alongsidea = —-1,b = -1, co =1,c1 =1, =-1,a=1,83 =1,
Bs=1,6=1p=1,6,=50,6, =050 = 75,0% =026att =3and -2 < x,y < 2.
The Weierstrass elliptic function solution (60) is represented graphically in Figure 17 with
unalike parametric valuesa = 1, b =1,co =1, c1 =2, a =2, 00 =1, a1 =1, a0 = 2,
6=1,p0=1A0 =1 A1 =2wherey = 1and —10 < x,y < 10. This wave depiction
reveals a multi-soliton wave structure which is a significant wave in nonlinear science
and engineering.

Tan-hyperbolic function solution _ Subalgebra X1
+aX3 +X5

S8

7 ”W. ,Il
il i
i

=

i

Tan-hyperbolic function solution of subalgebra
X1+aX3+bX5

Tan-hyperbolic function solution _ Subalgebra X1
+aX3 + X5

400

300

200

100

- 100

-200

-300

-400

o

-500
x=3,y=40

x=0,y=1 x=6, y=40

Figure 11. Solitary wave depiction of hyperbolic function solution (72) aty = 1.
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Elliptic function solution _ Subalgebra X1 + aX3
+AS

Elliptic function solution _ Subalgebra X1 + aX3 Elliptic function solution _ Subalgebra X1 + aX3
+X5 +X5

-10

_l 2,y=0 —— t=2,y=2

Figure 12. Solitary wave profile depiction of elliptic solution (84) at t = 2.

Elliptic function solution _ Subalgebra X1 + aX3
+X5 Elliptic function solution _ Subalgebra X1 + aX3 Elliptic function solution _ Subalgebra X1 + aX3
+X5 X5

16
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Figure 13. Solitary wave profile depiction of elliptic solution (84) at t = 5.

Elliptic function solution _ Subalgebra X1 + aX3
+X5

Elliptic function solution _ Subalgebra X1 + aX3

Elliptic function solution _ Subalgebra X1 + aX3
+X5
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Figure 14. Solitary wave profile depiction of elliptic solution (84) at t = 2.
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Elliptic function solution _ Subalgebra X1 + aX3
+X5

Elliptic function solution _ Subalgebra X1 + aX3 Elliptic function solution _ Subalgebra X1 + aX3
5 +X5

A

Figure 15. Solitary wave profile depiction of elliptic solution (84) at t = 2.

Elliptic function solution _ Subalgebra X1 + aX3

+X5

Elliptic function solution _ Subalgebra X1 + aX3 Elliptic function solution _ Subalgebra X1 +aX3
+X5 +X5

Figure 16. Solitary wave profile depiction of elliptic solution (84) at t = 3.

Further, we depict the elliptic integral solution (68) in Figures 18-21. This is achieved
by invoking dissimilar constant valuesa = —1,b = —1,co =1, 0 = -1, a =2, 04 = 1,
as =1,6=1,p=1,6% =30 =2,03 = 1, A2 =009att =2and -1 < xy <1,
a=-1,b=-1,c=10=14La=2a=1a5=50=1p=108 =3, =2,
93 =1, A2 = 0.09 whent = 1 and —1 < vwy<la=1b=-1c=10c =1,
a=2a,=1a5=56=1p=10 =30 =2,0,=1A>=009att=1and
—-1<x,y<laswellasa=1,b=1,c=1,00=0a=1Las=1,a5=10=1,p=1,
0 =30 =20=1,A2=008att =0and —1 < x,y < 1 respectively. We notice
that the dynamical wave behaviour of elliptic integral solution (68) reveals a mixed dark
and bright soliton wave profile which is akin to hyperbolic secant and hyperbolic tangent
functions. It is known that the elliptic solution disintegrates to elementary hyperbolic
functions by taking some special limits. These functions comprise secant hyperbolic and
tangent hyperbolic. It will be recalled that these two constitute bell and anti-bell shapes
respectively. As a consequence, this asserted relationship and the interconnections between
elliptic solutions and the involved functions are conspicuously revealed in Figures 18-21.
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Weierstrass elliptic solution of subalgebra X2+
aX3+bX3

Weierstrass elliptic solution of subalgebra X2+ Weierstrass elliptic solution of subalgebra X2+
aX3+bX35 aX3+bX35
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Figure 17. Solitary wave depiction of Weierstrass elliptic solution (60) at y = 1.
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Figure 18. Solitary wave depiction of elliptic integral solution (68) at t = 2.

Elliptic integral solution of subalgebra X2+aX3+
bXs
Elliptic integral solution of subalgebra X2+aX3+ Elliptic integral solution of subalgebra X2+aX3+
bX5 bXs

Figure 19. Solitary wave depiction of elliptic integral solution (68) at t = 1.
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Elliptic integral solution of subalgebra X2+aX3+

bX5

ST

m
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Figure 20. Solitary wave depiction of elliptic integral solution (68) at t = 1.
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Figure 21. Solitary wave depiction of elliptic integral solution (68) at t = 0.

The various nontrivial solitary wave solutions obtained from bifurcation analysis of
(2+1)-D genBKe (4) in this study, to actually view their dynamical character, numerical
simulation of the involved parameters are performed using Mathematica 11.3. Therefore,
we reveal the nontrivial bounded solution (101) via 3D, 2D and density plots in Figure 22
with varying parameter valuesr = 0.2, p = 0.1, =03, A =0.05,B=5,C=1.02,C; =8
with t = 0.4 and —6 < x,y < 6. The solution (103) is portrayed in Figure 23 using unalike
valuesr = 02,p =01,4=03,A=005B=7C=105 C =9witht = 0.7 and
—8 < x,y < 8. Moreover, unbounded solution (106) is represented in Figure 24 through
3D, 2D as well as the density plot with constant valuesr = 0.2, p =0.1,4 = 0.3, A = 0.5,
B=5C=1,C =4witht =02and —10 < x,y < 10. We further exhibit the travelling
wave solution (113) in Figures 25-28 using dissimilar values of parameters respectively
givenas:r=05,p=1,q=1,a =5,=200,0 =90,y =100, C; =4 witht = —2 and
-10<xy<10;r=01,p=1,g9=1a = =50, =200, c =90, vy = 100, C; = 0 with
x=-3and -10 <ty <10;r=01,p=1,9g=1,a = =50, B =200, c = 90, v = 100,
Cp =0withx=3and -10 < t,y <10;r=01,p=1,9g=1,a = —50, =200, ¢ = 90,
v =100, C; = 0withy =5and —10 < t,x < 10.

Significant observations

Figure 17 portrays a localized wave structure of multi-solitons of Equation (4). The dy-
namical structure appears due to the balance between nonlinearity and the dispersion term.
Figures 18-21 depicts the coexistence between bright and dark solitons with various wave
structures. It is eminent that bright soliton profiles are identified with hyperbolic secant
functions. The bright soliton solution usually assumes a bell-shaped figure and also propa-
gates in an undistorted manner without any variation in shape for arbitrarily long distances.
Nevertheless, dark soliton solutions which usually exhibit anti-bell wave structures, config-
ured also as topological optical solitons, are characterized by hyperbolic tangent functions.
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Moreover, important to note is the fact that Equation (56) which can be seen in various cases
of symmetry reductions via optimal subalgebras in this study is reminiscent of the ordinary
differential equation (ODE) achieved in the quintessential work conducted by Korteweg along
with De Vries in [18]. In addition to that, this ODE is interconnected with long waves which
propagate along a rectangular canal. Moreover, ODE (56) delineates stationary waves and
by imposing some certain constraints for example having the fluid undisturbed at infinity,
Korteweg and De Vries secured negative and positive solitary waves alongside cnoidal wave
solutions [18,66].

travelling wave Solution at t=0.4

travelling wave Solution at t=0.4 travelling wave Solution at t=0.4
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Figure 22. Wave profile depiction of nontrivial bounded solution (101) at t = 0.4.

travelling wave Solution at t=0.7 travelling wave Solution at t=0.7 travelling wave Solution at t=0.7
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Figure 23. Wave profile depiction of nontrivial unbounded solution (103) at t = 0.7.
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Figure 24. Wave profile depiction of nontrivial unbounded solution (106) at t = 0.2.
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Figure 25. Tavelling wave profile depiction of nontrivial solution (113) at t = —2.
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Figure 26. Tavelling wave profile depiction of nontrivial solution (113) at x = —3.
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Figure 27. Tavelling wave profile depiction of nontrivial solution (113) at x = 3.
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Figure 28. Tavelling wave profile depiction of nontrivial solution (113) at y = 5.

5. Conservation Laws

This section reveals the constructed conservation laws for (2+1)-D genBKe (4) by the
engagement of the multipier method [67] along with the well-known Noether’s theorem [68].
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5.1. Conserved Vectors via Homotopy Formula

It is germane to state that the multiplier technique is advantageous in the sense that it
works for any PDE either with or without variational principle [6,28,67]. In other words,
the multiplier method does not require the availability of variational principle before the
conserved vectors of a given PDE is obtained. To derive the conserved vectors of (2+1)-D
genBKe (4), we first determine the second-order multipliers via the criteria,

%(AA) =0, (114)

with A = A(t, x,y, 1, ug, iy, Uy, Uyx, uxy) and the Euler operator §/du expressed as:

) ) ) ] ] 9 )
su~ou Do P¥ouy Dyat O G 0Py, xy
) ] a ]

2 2 4 3
+ D5+ i+ Dls 4 DIDy 5

On expanding Equation (114) and using the standard Lie theory algorithm, one achieves:

Ayy = 0/ Ayux = 0/ Auxux = 0/ Ax = Or Au = 0/ Auf = Or
Auy = O/ Auxx = 0/ Auxy = 0/

which can be solved without much tedious process thereby giving the value of A as
A%, Y, 1, Uy, Uy, Uy, U, Uxy) = f1(8)y — 3(0 — 8)uxfi(t) + Crux + fo(t), (115)

with arbitrary functions f1(¢) and f;(t) dependent on t. Meanwhile, the homotopy integral
formula [69] for the multiplier can be expressed as:

1 IAA IAA
- /0 {”(( s ) U=t *D"<autx> ”:”W)}d/\’

1 IAA AAA NIV
X= 0 {”((aux) =) *D"<auxx> u=ugy + Dx (aum>

H:H(A)

D3 JAA 0AA b IAA
- Oty ) 1710 T m u=ugy) — Hy| Px m U=ty
JAA IAA IAA
2
A (B (2
+u OAA -D OAA +u OAA ‘
v aux’(y ) * auxny ) w Otlyyy ) 1" (116)

4y S7AVAN e D S1AVAN
xxx auxxxx U=ty xy X auxxxy U=t y)
FAVA
+Mxxy<<auxxxy> U=ty > }d)\
0AA JAA JAN
Y = 0 {u{ < auy ) U=ty - Dy(m) U= (y) - Dx <ny> U=ty
s 9AA Ly (280 (284
rivxxy U= ruw u=uy) X ruxy U=y

JAA
Flxxx <7> ‘u:uw :| dA.

auxxxy
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As a consequence, the three multipliers Ay = uy, Ay = f{(t)y —3(p — 8)uxf1(t) and
A3 = fp(t) from (115) secures the conservation laws, accordingly as:

1 1
T, = Zu,zf — Zuuxx,
1 1 1 5 1
Xy = gﬁuuxxxy + Z(muxy + EV””W + AUyUyyy + gﬁuxuxxy + Zauxuy

3 1 1 1 1
— gﬁuxxuxy + gﬁuxxxuy + 5u§uy + Epu%uy + E’yui + iutux

1 1
- szufcx + qu 2003 + PUll iy — SUlllxilyy,

1 1 1 1 1
Y] = Ouliytixy — PUUxUxy + Epui + Zaui — gﬁufm - Zauuxx + Evuxuy

1 1 1
+ Zﬁuxumx — gﬁuuxxxx — Evuuxy;
3 3 3, 3, 1,
= ZPWfol(t) - Z(Sfl(t)uuxx + 15uxf1(t) - EP”xfl(t) + EWXfl(t)r
3 3 3
Xy = Jounfi(t) — Jounifi(t) + 3wy fi () + S70uL fi(1) + yyufi(t)
3 1
+ ayefi () + Zﬁy”xxyfll(t) + E‘W”yfl,(t) +6adu fi(t) — 6apus fi(t)
3 3 3 3
+30%ubuy fi(t) — Epzuﬁuyfl(t) + ZwutXfl(t) - ZPu“txfl(t) + E"‘Puazcxfl(t)
3 3 3 3
- 15””1(/[1/(0 - E'Ypuifl(t) - E“duixfl(t) - ZPU”xuyfl (t) - 3P2””xuxyfl ()
3 15 3
- E(Spu,%uyfl(t) — 5 Bofi(Btteny + Jo0uxuy fi(t) - 36%utttixy f1 (t)
3 3 3 3
_ 1pauu,(yfl(t) + Z&auuxyﬁ(t) — gﬂpuumwﬁ (t) + gﬁéuumwﬁ(t)
3 1 1 1
+ EPy”x”yfll(t) + 65P””X”xyf1(t) - Zﬁ”xxjrll(t) - i”yf{/(f) - Eaufl'(t)
1 3
+ Eyutfl'(t) — Evpuuwfl(t) + 3 ytixxy f1(£) — Bapuxiixxx f1(t)
15 3 3 3
+ gﬁéuxuxxyfl(t) + E(Svfl(t)uuyy — E(Syuuxyf{(t) + Zpyuuxyfl'(t)
3 9 9 3
+ EW”X”yfll(t) - gw”xx“xyfl(t) + gﬁP”xx”xyfl(t) + gﬁfsuxxxuyfl(t)
3
- gﬁpuxxx”yfl(t)/
3 3 3 3
Y, = Evpuuxyfl(t) — Eévuuxyﬁ(t) + gﬁpuuxxxxﬁ(t) + Zptmumfl(t)
3 3 3 3
— gﬁéuuxxxxfl(t) — Eéauuxxfl(t) + Eéyuuxxfl’(t) — Epyuuxxfl’(t)
3
+ 3p2uuxuxxf1 (t) — Evpuxuyfl (t) + 3(52uuxuxxf1 (t) — 66puixuiyy fr(t)
3 3 3 3
+ Eﬁéuxuxxxﬁ(t) — Z,Bpuxuxxxfl(t) + E&/quyfl (t) + E(spu?cfl (t)
3 3 3 3 3
+ SO AE) + SO0 (1) — SpnBfie) — SBES() + 2B fi(1)
1 1 3
+ E‘W”Xf{(t) + Eﬁy“xxxjfll(t) + vyuy fi(t) — Epzuifl(t) —vufi(t);
1
T3 = Euxfz(t),

X5 = 5 Bty fat) + 3B Fo(8) + b fa£) + 300 fo(8) + witena fo (1)
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_ géuuxyfz(t) + Zpuuxyfz(t) —+ %(Suxuyfz(t) —+ Zpuxuyfz(t) + %utfz(t)
~ Sufie),
1 1 3 3
Y = E‘WXfZ(t) + Z.BMXXXfZ(t) +vuy fo(t) + Eéuuxfo(t) - ZP””XXfZ(t)
+ 202,

5.2. Conserved Vectors via Noether Theorem

This subsection furnishes the Noether theorem [68,69] to achieve the conserved cur-
rents of the (2+1)-D genBKe (4) with p = 24. Consequently, Equation (4) admits a La-
grangian Lagrangian (£) whose equivalent minimal differential order is given as:

2

1 1 1 1 3
L= Eﬁuxxuxy — —Uplly — ard + ~au —’yui — Eéu?cuy —

2 X P - 2 (117)

1 1,
Eouxuy — EWW

which can easily be ascertained by inspection. Thus we arrive at a Lemma:

Lemma 2. The (2+1)-D genBKe (4) forms the Euler—Lagrange equation with the functional

= / / / L(t,x,y,ut, Uy, Uy, Uy, uxy)dtdxdy,
o Jo Jo
where the conforming function of Lagrange L is as given in (117).

We achieve variational symmetry P by employing symmetry invariance condition
expressed as:

prPPL+ LDy(E") + Dx(&%) + Dy(&%)] = Dy(B') + Dx(B*) + Dy (BY), (118)

with the gauge functions Bf, B* and BY depending on (¢, x,y, u). In addition, the second
prolongation pr®P of P can be recovered by the relation:

3 .9
xy
Otlyy +¢ Oty

prOP =Pl g +§y e

duy

with the variable coefficients as defined in (7) and P = gla/ax + §28/ay - @38/8t +10/du.
Separating the monomials from the expansion of (118) secures the presented system of
linear partial differential equations. They are:

&y =0, B +28, =0, &+ B, =0, & +&) — Bi+27, - 383 =0,

Gi=0,8=01x=0,8=08=0 &, =0, =0, & +B, =0,

Muu _zéiu =0, 21 _éix =0,8,=0, ‘:;1c =0, 53 =0, ég =0, ‘:2 =0,

=0 Bi4+8u=0 =0 03 =0,80,=0,83, =0, &, =0, & =

Max =0, Bj,+28, =0, & =0, &+ B, =0, 4aj, + 565 =0, 2083 +36C; =0,

40y, + By = 0, 2085, + PEL, = 0, 2hxx + Piiy =0, Bly, + 2085, =0,

By + By = 0, 21uu — /Séuy — 4%, =0, 2Brx — Z,BCiy — 283, =0,

6083 + 08, + vy =0, 08y + 208 + 83 = 0, o7y +2vy + 2B} =0,

Bituu — 4083, — By — BSxu = 0, Pijuy — PEry + 40ty — 2085, =

0+ 608y + 0Bl + & =0, n¢ + 21y + oy + 2B} =0,

6agy + 368, + 18 + Bl + & =0, Bf — &) + 2981 + 08y — 274 =0,

&F =98 — 2y + vBt — 297 + €% + 0Ty — 6aipx — 30y =0
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VEr — 2a8] — 208 + 2aB] — 6, + 4ady + 368, = 0,
6a&S — 961y + 362 + & + 02 + 36B! — 36¢ =0,
29E — 601 — 201, + 21/@’; — 0+ 0B+ & =0,
2Bnu — 3BET — 4a&3 + BEF + BEy — BB =0,

mﬁ - 1/(;'§ +vBl — VC} —2uny + 1/53 =0.

We achieve the solution of the system with regards to &', ¢, & and 7 as

4o

Cl cit+cp, 63 fclyf—cltJr

1 2
3c10t+(:3, B! = §c1t+F3(x,y),

1
&= Clx+ C1y+F1() n=-

3 —200cy + 6yc16 — 9§Fl } + Fz

1
7L

B* 75:52 {(676150 — 2cy00% — 960 F|(t) — 95y F]' () — 2752F2’(t))u} +G(hxy),

BY — %ﬂ{u(mcla — 20we; — 95F(1))u} — / G (t, x,y)dy + Ey (£, %).

Functions F (t), F2(t), F5(x,y), Fa(x,t), and G(t, x, y) in the solution are arbitrary so
are constants ¢, ¢; and c3. Thus, we have the five Noether symmetries together with their
respective gauge functions as:

— d t__ X _ v

Pl—g, B'=0, B*=0, BY =0,
pzzi, B! =0, B*=0, BY =0,

%

] 1 200\ 0 2 dav, 1 ] 1 )
P37t§+<§x+—y>$+<fy—9—5t+f >@ 2752(67(5 Ztm)a

2
t_ = x -
B 3t, B 5452 (676 —2a0)u, B 2752 (676 —2a0)u,

= i l / i t_ X _ 97‘7 / i 1"
Pr, = Fl(t)ax+35ypl(t)8u' B"=0, B* = 545F1(t)+545y1-"1 (t) |u,
BY = —%F{(t)u,
0 t x 1 / y
Pr, = Fa(t)5, B' =0, BY =~ Fy(t)u, B! =0.

We invoke the relation [70]:

‘ k n a.c
T = LTk+(§a_le/T])<a¢a IZDXI(al/JI k)> ; xlx/ '1 4

1 xkx’
to secure the conserved vectors for the six Noether symmetries respectively as:

1 1 1 3 1 1
T = ED{M%X — i — E’yu% + E,Buxxuxy — §5u§”y = 5 Tlally = Euuﬁ,

3 1
Ty = 3auu? + Kty — Qe + Yilgily + Eﬁutumy - Z,Buxxuty

1,
22,

1 1
— E/Sutxuxy + 30uruxuy + 5 5

2

1 3
= Eﬁutuxxx - Eﬁuxxutx + E(SMH/& +

Oy +

3
|

1
Eautux + vuguy;

1
th = Euxuy,
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1 5 3 1 5
¥ = Eutuy + 3auyily + Qlyxxlly — Qlyxlyy + Zﬁuyuxw — Eﬁuxy

1 1
— Z,Buxxuyy + yuxiy + 3(5uxu2 + Eauﬁ,

1 1 1
sz = szuix — E“t“x au — —'yu + ﬂunuxy—&— ﬁuxxxuy—i— Zvu

1 1 3 1
Th = —xu? — tau — z’ytux (5tuyu§ + g—yxyui o5 KO Yy

6 2762

1 1 1 2
,tauyux + %y'yux — —vtuy

1 2
+ gyuyux — %avtuyux - 3 3

1 1
+ Eoctufm + 5 Bltaylbr,

v 2
3 zfxvcu +—o¢ yu +

2
3 20( oyu? + acyu/u + (qu/ux

’)/XMJZ( 9%

6
- %azvtuyux + owtuyu)z( + Batusu? 4 %myyux + 25yu Uy

2 4
ayoyuy + 3 Yyt — owvtujux

4
— gzxvtuiux + (5(7tu§ux 75

96

1 2 1 1
+ Syotuyiy — %aayuyux — gﬁuxyux — S QUyxUy — ——=&PlUxxly

3 3 180

1 1 1
+ Z,Bxuxxyux + @D‘,Byuxxyux + gx“”xxx”x ‘x YUxxxUyx

96

2 1 1
+ ytupuy + 30tuyuruy + %“yzyux + grfztuy — gvxuﬁ %

1 2 2 1
+ ﬂfyuz — %avotu ﬁyuiy + %aﬁvtuz — gﬁatuw — XUy

avyu

1 1
— %a YUy — 27(52 wo? yuy + 5'yayuy + 545213(/3(714” [Suyuxx

1 1 2
— —YPuyytixy + —zx,thu Uyy — == PBOttyytixy + —tUF — QY Uyl
6.’/ vy 9% vy 12 vy 34y txy

2

4 1
- Eﬁxuxyuxx + %tvatuxyuxx - gtwtuxyuxx 185“/3]/14”14”

1 1 1
— 1—85,8714” — @aﬁayuxxy + fﬁyuyumy — —zx,l%vtuyuxxy

1 1 2
+ Z,Batuyuxxy + aﬁ'yyuxxy 27(52“ OYUxxy + zxyuyuxxx

4 1 1 1
— %azvtuyuxxx + goartuyuxxx + %a'yyumx 752 aoyuy + 3yuyut

2 3 1
S otuyur + 7ﬁtuxxyut + 0t Upry U + %'yyut — 1ﬁtuxxuty

avtiy iy + 3

9

2u

957" T 7®

1ﬁtu u atilyll
2 xybtx xxUtx 9(5

1
“oxul

2
a’yvtux + 5

4 1
—u vtux - fzwtux %

1 1
Tsy = E(qui — gayui + % 3

1 3
— Zyotu? + Sotuu? —

1
6 x T oM T onss VXUyhx

1
wo? Yilyx + 5'yayux + 3
1
vcvyuyux Zﬁuxxux + Eﬁxuxxxux + = A BY Uyl

95 185

2 ‘ 1 2 1 , 1 Hi2
— gyutux + %061/ Uiy + gatutux — %IXV tuy + fvyu + gva uy

1, 1 2
+ g’xyuxx - *,Bxuxx — ol Vt”xv +

11x¢7tu —apyu’
9 6" 18(5 Yl

2
+%'yvyuy 27(521xwfyuy+ ﬁyuxyum ‘Stx/.%vtuxyuxx
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1
+ ﬁﬂatuwu” - K&BOYUxxy + ﬁyuyux” (saﬁvtuyuxxx

54152
—&-i OtuyUyxy + = Uxyx + ViUyUp + —Btilyxx
12,3 yUxxx 18(5,8')/y xxx yUt 4ﬁ xxxUt

1 2
— Zﬁtuxxutx — 9—5'yvu + avou;

2762

1 1
t 2 !
Tr, = U “h(t) — @leﬁ(f)r
TE = 203 Fy () + autpactt By (1) — 1zxuz Fi(t) —0—1 2F(t)
F xI1 xxxUxI1 5 Mhx 1 Z'Yux 1
3 1 3 1
+ Zﬁuxuxxyl-“l(t) — fﬁuxxuxyl-"l(t) + E(Suiuylﬁ (t) — ayuﬂ:{(t)
1 1 1
- EvuiFl(t) 125,3””1:1( )= S‘W”%Fl/(t) - %“V”xxxl:{(t)
1 1
- Bﬁy”xwlz{(f) - 57]/“-%1:1/(0 - y”xuyF{(t) - ggy”ylrll(t)
1
6(5(7uF1(t) + JJMF "(t),
3 1
T = L BtewetsFi(1) — Py Fa() + SO (1) + 2o (1)
1 1 1
+ vuuy i (t) — @ﬁyu“xﬂ’(t) - @UVUXF{U) - EyuiF{(t)
1 1
- ij”yF{(t) + QV”F{(Q?
¢ 1
TFZ = - EMXFZ(t)/
3
Tffz = — Bauin(t) — Quyyy Fo () — yuxFa(t) — Z‘Buxxsz(t) - 3§uxuyF2(t)
1 1 1
- Eauyl—“z(t) - —uth(t) + Eul—"ﬁ(t),
1 1
ng = - Eﬁuxxsz( ) — 5u “h(t) — (Tllez( ) —vuyF>(t).

6. Particular Notes on the Conservation Laws

In the latter part of our investigation in this study, local conservation laws, which
have an important place in the use of linearization techniques, numerical schemes as well
as stability analysis of solutions were achieved. It is well understood that conservation
laws are the key ingredients in a bid to deduce the physical aspects of the underlying
model. Some well known conserved quantities in physics are the conservation of mass
(or matter), energy (power), momentum (linear or angular) as well as Hamiltonian.
For instance, the conservation of energy is a consequence of the time invariance of
physical systems. In this regard, added to the fact already known that the prevalence
of functions in the conserved quantities reveals that the model under consideration
has a limitless number of conservation laws, T%, X! and Y?! correspond to conservation
of momentum.

7. Conclusions

This paper presents a study carried out on the (2+1)-dimensional generalized
Bogoyavlensky—Konopelchenko Equation (4). Lie group analysis is invoked to obtain
solutions to the equation via the corresponding optimal system of Lie subalgebras in one
dimension where various members of the system are engaged to perform the reductions
of (4). As a result of the action, diverse solitary wave solutions were achieved and these
include elliptic integrals, trigonometric, Weierstrass, complex, topological kink and anti-

229



Mathematics 2022, 10, 2391

References
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1. Introduction

One of the newly developed concepts in nonlinear optics, applicable to a variety of
optoelectronic devices, is highly dispersive (HD) solitons. This emerges out of dire necessity
when chromatic dispersion (CD) runs low. Thus, to replenish this low count, additional
dispersion terms are taken into consideration. These are sixth-order dispersion (60D);
fifth-order dispersion (50D); fourth-order dispersion (4OD); third-order dispersion (30D);
and inter-modal dispersion (IMD). The effect of soliton radiation, with such higher order
dispersion terms to offset the low count of CD, is neglected to keep the model simple. Other
means to compensate for the low count of CD is to introduce Bragg gratings in the fiber
structure so that the dispersive reflectivity that it produces additionally replenishes this
low count [1-32]. The current paper is the first of its kind to include both effects to offset
this low CD. Such a model would also lead to soliton solutions.

The model would, therefore, be handled with the Kerr law of nonlinearity. The
method of integrability would be two-fold and both due to Kudryashov. The first approach
is the generalized Kudryashov’s approach, followed by the lately developed enhanced

Mathematics 2022, 10, 2968. https:/ /doi.org/10.3390/math10162968

https:/ /www.mdpi.com/journal /mathematics
233



Mathematics 2022, 10, 2968

Kudryashov’s scheme [9-16]. These two approaches can collectively yield a full spectrum
of solitons, which are recovered and enumerated in the present paper. The parametric
restrictions, also known as certain conditions, are extracted for the solitons to exist. The
remaining details are presented in the rest of the paper via the unique integration tools that
are discussed.

Governing Model
The perturbed HD nonlinear Schrodinger’s equation is firstly introduced as below:

i(Pt + ialfpx + arPxx + iQS(Pxxx + a4 Qxxxx + i”S(Pxxxxx + a6 Pxxxxxx + b‘(P‘Z(P

=i[A(l¢le), +u(lel) o +0lolp:], ™

such that 0, u, A, b and a;, (I = 1-6) depict real-valued constant parameters, whereas
¢(x, t) purports a complex-valued function. Setting A = u = 6 = 0 extracts the governing
equation [16]. a; comes from the IMD, a, implies to the CD, a3 is related to the 30D, a4
stems from the 40D, a5 purports the 50D and a4 stands for the 60D. The first term arises
from the temporal evolution, where i = V1. u and 0 yield the nonlinear dispersions, b
arises from Kerr law nonlinearity, A comes from the self-steepening (SS) and ¢ = ¢(x,t)
purports the soliton wave.

For the first time in fiber Bragg gratings, the strategic governing model derived from
(1) reads as

iUy 4 iayq Vi + a12Vix + 1013 Vixx + 14 Vixxx + 815 Vieerr + @16 Vixxxxx
+(b11|u|2+b12|V\2)U+ia1ux+/31V+(71LI*V2 (2)
=i[A(JUPU) , +pr (JUP) U + 61 |UPUL],

and
iVi +ian Uy + apUyy + ia23Uxxy + a24Usxxx + 1025 Uxzrxx + a26Urrxxax
+ (b1 [V* + by |U2) V + iag Vi + pol + 0 VFU? €)
=i[A(IVIPV), +u2(IV[?),V + 62| V|*Vy],

such that i, Aj, Wi, &, Bj, 0;, bj1/ bjz and aj, (1 <1<6,j=1,2) depict real-valued constant
parameters, whereas V(x,t) and U(x,t) purport complex-valued functions. a;; and «;
come from the IMD, a;; imply the CD, a3 are related to the 30D, aj4 stem from the 40D,
ajs purport the 50D and ajs stand for the 60D. The first terms arise from the temporal
evolution, where i = /—1. pj and 6; yield the nonlinear dispersions, 0; denote the four-
wave mixing, bj; arise from the self-phase modulation, f; signify the detuning parameters,
bj» denote the cross-phase modulation, A; signify the SS, whilst V(x, t) and U(x, t) purport
the soliton waves.

2. Mathematical Analysis

The governing model admits the analytical solutions

U(x, t) = &1(8) expliQ(x, 1)],

V(x,t) = g2(E) expliQ(x,1)],

4)

such that
Qx, t) = —xkx +wt + 6y, {=x—ot. (5)

Here, g;(¢) and Q(x, t) signify real-valued functions, whereas v, k, w and 6y purport
real-valued constants. For the soliton wave, Q)(x, ) depicts the phase component, ¢ depicts
the wave variable, 6 arises from the phase constant, v stems from the velocity, w denotes
the wave number, g;(¢) come from the amplitude components and x depicts the frequency.

Placing (4) and (5) into (2) and (3) extracts the strategic equations
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6 4
ﬂlégé )+ (a14 — 5aq5x — 15”16K2)g£ )
+ (ﬂlz + 3(1131( — 6(1141(2 — 10&1157(3 + 15(1167(4)8',2/ (6)

+(trk—w)g1 + (B1 — a12K2 +anx + a14K4 — a13K3 — a16K6 + a15K5 F'¢)
8

+[b11 — x(A1 +61)]85 + (b1 +01)818% = 0,
1126g§6) + (1124 — Sapsx — 15(1267(2)8'54)
+ (422 + 3axsK — 6ap4x* — 10a25K> + 15a26x) g %
+(ok — w)go + (a21K + B2 — A3k — Aok + agsk® + apuxt — uzek(’)gl
+[b21 — k(A2 + 62)]g3 + (b + 02)g382 = 0,

(a15 — 6a161<)g§5) + (13 — 4agax — 10a15x% + 20a16x%) g5
7[3)\1 +2uq + 91]8’%3/1 + (0(1 — U)gi ®)
+(ﬂ11 — 211121( — 311131(2 + 4{1141(3 + 5t115K4 — 6&116K5)g/2 = 0,

"

(1125 — 6&26K)g§5) + (a23 — 4ayKx — 10!1251(2 + 20{126K3)g1
—[3A2 + 2712 + 058385 + (a2 — 0)g) ©)
+ (1121 — 2&1221{ — 311231(2 + 4%241(3 + 5ﬂ25K4 — 6&26K5)g£ =0.
Set
2(¢) =TIgi(¢), IT#0, TI#1, (10)

where IT depicts real-valued constant parameters. Hence, Equations (6)-(9) appear as

aléngg()) + (a14 — Saysk — 15a16K2)Hg54)
+ (ﬂlz + 3a13x — 6ﬂ14K2 — 10”15}(3 + 15L116K4)Hg/1/ (11)
+ [(Xlk —w + (/31 — ﬂ]2K2 +anx+ u141<4 — L‘l13K3 — (1161(6 + ﬂ15K5)H] g1
+[b11 — x(Ay +61) + (bio + 01)IT] 83 = 0,

4
u26g§6) + (a24 — bapsx — 15a26K2)g§ )
+ (azz + 3axx — 6a241c2 — 10&257{3 + 15&267(4)8'11/ (12)

+ [(lek — w)H + axk + /52 — El23K3 — (1227(2 + ﬂ25K5 + ﬂ24K4 — ﬂ26K6]g1
+ [bo2 + 02 + b IT? — (Ay + 62)[T2]T1g3 = 0,

((115 — 6(116K)Hg§5) + ((113 —4aq4x — 101115K2 + 20{116K3)Hg/1”

—[BA1 +2p1 +61)g78) (13)
+[w1 — 0+ (a11 — 2a10K — 3a13% + dagax® + Sagsxt — 6a146°) 11 ) = 0,
(a25 — 6a261c)g§5) + (423 — 4ap4x — 10a5x2 + 20a2663) g}’
— [3/\2 + 2o + 92}H3g%g§ (14)

+ [(0{2 — ZJ)H + ar1 — 2axK — 3[1231(2 + 4!1241(3 + 5(1257(4 — 61126K5]gi =0.

Equations (13) and (14) yield the certain restrictions

a
75

=, 15
o 1)
aj3 — 4ajyx — 10aj5x* 4 20a;6k> = 0, (16)
3)\j+2ﬂj+9j =0, 17)

U= -1+ (ﬂ11 — 2a1pK — 3a131c2 + 4&1147(3 + 5ﬂ15K4 — 6ﬂ16K5)H,
(18)

0= —ay + f; (a1 — 202K — 3a3K? + 4axK® + Sazsxt — 6azex®),

while Equation (18) extracts the constraint relation
w1+ (112] — 2axK — 3[1231(2 + 4(1247(3 + 511251(4 — 65[261(5)
— (all — 2(1121{ — 3(1131{2 + 45114K3 + 5a15K4 - 601161(5)1_[2

Ny — . (19)

IT
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Moreover, Equations (11) and (12) admit the strategic constraints

all (a1475a15;c715a161c2)1_[

a2 apg—5arsk—15ar6k2
_ (u12+3u137<76a14k2710a15x3+15aléx4)H
T ayp+3axk—6ayyk2 —10ap563 +15ap6 k% (0)

_ alk—w+(;‘31+a111€7ﬂ121< —u13x3+a14x4+a15K5—u16K6)H

T (agk—w)TT+Bo +a1 K —agk? —as3 k3 +-apyxt+ap5K5 —ags kO
b11 —K(A1+61)+ (bip+07)TT

[ba2+02+b T2~k (A +6,)[T2]TT7

and the certain parametric restrictions

2 3
17x%(aze12 — A6a22) — 111° (a16a23 — az613)
+20a16(Tazk + B2 4 axix) — 20az6(B1 + Kxai1)
20 (216> —a26 ) ’
11620 +3a16a23K— 56010 — 3056813+ 8az6a14 K>
8a14K2
_ 40a615%3+ 1609 +3016093K — 26010 — 326413
40a14K3 .
a6b11 — 26K\ 1 — a0y + (a16KA2 — a16bp1 + a16%02)11
2
+(a26b12 + a2601 — a1602)11
a16H2

720”26"‘1](

a4 =

’

1)

a5

7

by =

Equation (11) is also extracted as

g§6) + Q4g54) + ngll/ + g1 + Q3g‘;’ =0, (22)

where 5
_ ayy—5a15x—15a14K
Q4 = a16 4
O, = a12+3a136—6a14%% —10a15x° +15a16k*
2 = s

(23)

G}
alk—aﬂ»(ﬁl—a12x2+u11;<+;14x4—a13x3—a15K6+u15K5)H
- a1611 ’
On — b1 —K(A1+61)+ (brp+07) T
3= a1 .

0 =

From the standpoint of electromagnetic theory, Equations (1)-(3) are a far cry from the
basic alphabets of electromagnetic theory, namely Maxwell’s equation. It is well known
that Maxwell’s equation led to the derivation of the nonlinear Schrodinger’s equation
(NLSE) with the Kerr law of nonlinear refractive index by the aid of multiple scales. This
is alternatively known as the cubic Schrodinger’s equation. It is interesting to point out
here that NLSE is a special case of the Schrodinger’s equation that appears in Quantum
Mechanics when the potential function is the intensity of light. This so happens since
the refractive index of light is intensity dependent. Thus, there exists a close proximity
between Schrodinger’s equation in Quantum Mechanics and NLSE in Quantum Optics. The
extended or perturbed version of NLSE is also derived from Maxwell’s equation with the
inclusion of higher order perturbation terms. These are typically some of the Hamiltonian
type of perturbation terms that would include self-steepening effect, self-frequency shift,
inter-modal dispersion, detuning effect, and others.

Later, it was realized that the CD alone turns out to be insufficient to maintain the
much-needed delicate balance between CD and self-phase modulation (SPM) because of its
depletion with trans-continental and trans-oceanic distance soliton transmission through
optical fibers. This would lead to a catastrophic pulse collapse. Thus, to circumvent
this situation, the concept of HD solitons was conceived a couple of years ago where the
low count of CD would be supplemented with higher order dispersion terms. Another
engineering marvel that was proposed a couple of decades ago is the introduction of the
gratings structure by Bragg, which would lead to the arrest of the pulse collapse and
introduce dispersive reflectivity which would maintain the necessary balance between CD
and SPM. The current paper is a combination of both, namely introducing HD solitons as
well as Bragg grating’s structure to ensure the uninterrupted long-distance transmission of
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solitons. Thus, Equations (2) and (3) can be derived from (1), just as the coupled equation
for birefringent fibers are derived from the scalar version of the NLSE. Here, in (2) and (3),
the variables U and V represent the forward and backward propagating waves in the cubic
nonlinear core.

In this paper, the higher order dispersion terms as well as the nonlinear dispersion due
to 0; (j =1, 2) are all taken to be strong dispersion. This would only slow down the soliton of
the soliton and would introduce some constraints or connectivity between these dispersions
and other Hamiltonian perturbation parameters. These are reflected in relations (15)—(17)
and the velocity slowdown is reflected in (18) along the two core components. However,
the integrability of model (2) and (3) would not be affected. Evidently, these dispersion
terms would introduce a considerable amount of soliton radiation. This effect is discarded
in the current paper since the study of soliton radiation falls in the continuous regime
and can be handled as a separate project with the usage of the variational principle or the
method of moments, or even by the theory of unfoldings. Finally, if the dispersive effect
was taken to be weak, it would lead to the emergence of quasi-monochromatic solitons
that can be recovered only with the usage of multiple scales [21]. However, again, this is
outside the scope of the current work.

While the governing equation with Hamiltonian perturbation terms is integrable
with the application of the inverse scattering transform which would have additionally
revealed soliton radiation effects analytically, this paper focuses on the retrieval of bound
state solitons only by the aid of the generalized Kudryashov’s approach and the enhanced
Kudryashov’s method. The details of the retrieval of solitons using these two algorithms
are presented in the subsequent sections.

3. Generalized Kudryashov’s Method

The integration technique satisfies the analytical solution

YR AFR(©)

e ,A 0, B 0, 24
81(%) T B, F(C) N #0, By # (24)
such that F(¢) admits the ancillary equation
F(Q) = F@QF(@) —1]nH, 0<H #1, (25)
and the explicit solutions
1
= e, @ 2

1
F(¢) = 1+ ¢f[cosh(¢InH) + sinh(¢In H)]"

@7)

Here, ¢ = +1, expy, (¢) = H, Ay (k =1~ N) and B;, (h = 1 — M) denote constants,
whereas N and M arise from the balance principle.
Setting ¢ = 1, Equation (27) evolves as the dark soliton

F() = %{1—tanh<%§lnH>}, (28)
whilst setting ¢ = —1, Equation (27) yields the singular soliton
F(&) = %{1—coth<%§]nH)}. (29)
Balancing g3 with g£6> extracts the restriction
N-M+6=3(N-M) = N=3+M. (30)

When M = 1, Equation (24) reads as
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AF4(§) + A3F3(Z) + AoF?(8) + A1F(§) + Ao

BLF(Z) + Bo o As#0 B A0

g1(¢) =

Placing (31) with the usage of (25) into (22) leaves us the results

Ay = 24B, fg—zlrﬁ H, A3;=0, A= —54B, 73—531113 H,
Ay = 6B, —g—ilnS H, Ap=9B; —%53119 H, By =B, By=3B,,

Q4= -83In’H, O, =946In*H, O =1260In°H, Q3 <O0.

Inserting (32) together with (27)-(29) into (31) acquires the explicit solutions:

(I)  The combo bright-singular soliton solutions:

1+ esinh[(x — vt) In H|
4_6{ +ef:§)sh[(xxf vz;) In H| }
1+ esinh[(x — vt) In H| ’
{ +ecosh[(x — vt) In H] }
x expli(—xx + wt +6p)],

. {1 + esinh[(x — ot) In H}}
1+

U(x,t) = +9 fgfg(lnm) 1+

_ — 35 (13 +ecosh[(x —vt) In H]
vt = :t9H\/703<1 H> 1+ esinh[(x — vt) In H] ’
{ +ecosh[(x — vt) In H] }

x expli(—xx + wt + 6p)].

(I) The singular soliton solutions:

U(x,t) = +£3 78—53 (ln3 H) {coth2 [%(x —ot)In H] - 3}c0th [%(x —ot)In H]
x expli(—xx + wt + 6y)],

V(x,t) = iSH\/i%iOng H) {coth2 [%(x —ot)In H] — 3}coth [%(x —ot)In H]
x expli(—xx + wt + 6p)].

() The dark soliton solutions:

U(x,t) = +£3 —8—53 (ln3 H) {tanh2 [%(x —ot)In H] — 3}tanh[%(x —ot)In H]
x expli(—kx + wt +6)],

V(x,t) = i3H\/—7(32—53<ln3 H) {tanh2 [%(x —ot)In H] - 3}tanh[%(x —ot)In H]

x expli(—kx + wt + 6p)].

4. Enhanced Kudryashov’s Method

The integration algorithm admits the explicit solution
N .
81(8) =) KZ(¢), Kn#0,
j=0

such that Z(¢) holds the ancillary equation
7%(&) = 72(¢) [1 - nZZS(g)] In?H, 0<H#1,

and the analytical solution
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7() = i (42)

(4n? — m)sinh(s¢ In H) + (45% + ) cosh(s¢ In H)

Here 7, K; (j = 0 — N), s and 7 depict real-valued constant parameters. Balancing g?
(6)

and g, in (22) secures the certain restriction

3N =N+6s = N = 3s. (43)

Case 1: When s = 1, Equation (40) evolves as
81(0) = K:Z2(2) + Ko Z2(8) + K1 Z(Z) + Ko, K3 #0. (44)

Inserting (44) with the help of (41) into (22) leaves us the results:

Result 1:
2
Ks = —2470 357T1n H K=0 K=22 /200 k=0 @)
17\ Qs
1 2 10282
Oy = —58 In’H, Q,= 9269 1 ‘H, O, = 028 51n6H, Q3 >0 (46)

289 289
Plugging (45) with the usage of (42) into (44) formulates the combo solitons

35n 41
Ulx ) = £24 (1n H) (4% — 7t)sinh[(x — vt) In H] o7
+ (4472 + 1) cosh[(x — ot) In H] (47)
12 4 2 .
7T n((4772*7'f)5mh[(9‘*1’1-‘) In H]+(47%+7) cosh[(x—0t) In H]) } x expli(—xx + wt +69)],
V(x,t) = +241T, /37 (1n H) . 4
(47* — mt)sinh[(x — vt) In H] 48)

+ (4472 + 1) cosh|[(x — ot) In H]
2

1z 27 }>< expli(—xx + wt + 6p)].

X917~ n<(4;72—n)sinh[(x—vt) In H|+(47%+7) cosh[(x—0t) In H])

When Q3 > 0 and 71 = 472, the bright solitons evolve as

U(x, t) = i%\/gii(ln3 H) {12 — 17 sech 2[(x — ot) In H]} )
xsech [(x — vt) In H] exp[i(—kx + wt + 6p)],

V(xt) = 311,/ <1n3 H) {12 — 17 sech 2[(x — vt) In H] }

(50)
xsech [(x — vt) In H] exp[i(—kx + wt + 6p)],
where as setting Q3 < 0 and 71 = —45? secures the singular solitons
U(x,t) = £33,/ —(3)—53 (1113 H) {12417 csch 2[(x — vt) In H] } 51)
xesch [(x —vt) In H] exp[i(—xx + wt + 6p)],
V(x,t) = +211,/- & (1n H>{12+ 17 esch 2[(x — ot) In H] } 2)

xcsch [(x — vt) In H] expli(—kx + wt + 6p)].

K3:24n,/3£”1nH Ky=0, K; =0, Ky=0, (53)

Result 2:
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Q4= -83In’H, O, =1891In*H, O; =-11025In°H, mQ3 > 0.

Placing (53) with the help of (42) into (44) formulates the combo solitons
3

. 357 4nlnH
U(x, t) = £247, | 1] (477 — 7)sinh[(x — o) In H]

+ (4172 4 7) cosh[(x — vt) In H]
x expli(—kx + wt+ 6p)],

4nInH
(442 — mt)sinh[(x — vt) In H]
+ (4572 + 1) cosh[(x — vt) In H]
x expli(—kx + wt + 6p)].

V(x,t) = +2411m, | §F

When Q3 > 0 and 71 = 4742, the bright solitons read as

U(x,t) = 24| %53 (ln3 H) sech 3[(x — vt) In H] expli(—kx + wt + 6))],

V(x, t) = £24114 %53 (ln3 H) sech 3[(x — vt) In H] expli(—xx 4 wt + )],

whereas (3 < 0 and 7 = —4#? retrieves the singular solitons

U(x, t) = 24,/ —é—i (ln3 H) csch 3[(x — vt) In H] expl[i(—kx + wt + 6p)],

V(x,t) = £2411, | —3—5 <ln3 H) csch®[(x — vt) In H] expli(—xx + wt + 6p)].
3
Case 2: When s = 2, Equation (40) reads as

81(8) = KeZ8(8) + K5 Z°(8) + Ko ZH (&) + K3 Z3(8)
+K2Z2(8) + K1 Z(§) + Ko, Ko #0.

Plugging (61) with the help of (41) into (22) reveals the results:

Result 1:
Ke=—Y2n %mm, Ks=0, K4=0, K3=0,
Ky =3 /B2’ H, K1 =0, Ky=0,
2324, 1482544 6580800 . 4
=21 H, Q,= In*H, O =- In°H, 7Q; > 0.
Qq = =7~ In"H, 0y = =g + A 289 s >

Inserting (62) with the usage of (42) into (61) extracts the combo solitons

= 357 (13 4
Ulx,t) = £192\/5] (ln H) (44> — m)sinh[2(x — ot) In H]

+ (4% + 7) cosh[2(x — vt) In H]

12

41
x{ﬁfr[

2
( (452 —7t)sinh[2(x—0t) In H|+ (452 +77) cosh[2(x—0t) In H] )

} x expli(—kx + wt +6p)],
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(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)



Mathematics 2022, 10, 2968

_ 351 3 4n
Vixt) = #1921 /5] (ln H) (472 — r)sinh[2(x — vt) In H]

+ (4472 4+ 7) cosh[2(x — vt) In H]
12 45 2
7T n<(4’72*n)5inh[2(vat) In H]+(4n2+7) cosh[2(x—0t) lr\H]>
x expli(—xx + wt + 69)].

When Q3 > 0 and 7t = 442 the bright solitons come out as

U(x,t) =22,/ (3% (ln3 H>sech[2(x —ot) In H]{12 — 17 sech 2[2(x — vt) In H] }
x expli(—kx + wt +6)],

V(x,t) = £1211 (3]—‘2 (lm3 H)sech[z(x —ot) In H|{12 — 17 sech 2[2(x — vt) In H] }
X expli(—xx + wt +6p)],
whilst setting Q3 < 0 and 71 = —45? acquires the singular solitons
U(x,t) = £,/ 7%5; (ln3 H) csch[2(x — ot) In H]{12 + 17 csch 2[2(x — vt) In H] }
x expli(—kx + wt +6p)],

V(1) = +311,/- 2 (1n3 H) csch[2(x — ot) In H] {12 + 17 csch 2[2(x — ot) In H]}
x expli(—kx + wt + 6p)].
Result 2:

K6 =192 S(il 1113 H, K5 = 0, K4 = 0, K3 = 0,K2 = 0, K1 = 0, KO = 0,
V 3

Q4= —332In*H, Q, =30256In*H, O = —705600In°H, Q) > 0.

Putting (70) with the usage of (42) into (61) secures the combo solitons

3
= +192 351 4yIn H
U(x,t) 927, /A, (@77 — 7)sinh[2(x — of) In H]
+ (45?4 1) cosh[2(x — ot) In H]
x expli(—xx + wt + 6p)],
3

4ninH
(47* — m)sinh[2(x — ot) In H]
+ (4% + m) cosh[2(x — vt) In H]
x expli(—xx + wt +6p)].

V(x,t) = 192117, [FE

When Q3 > 0 and 71 = 442, the bright solitons shape up as

U(x,t) = £192 g (ln3 H) sech 3[2(x — vt) In H] expli(—xx 4 wt + 6y)],
\V Qs

V(x,t) = £192I1 3—5 (hn3 H) sech 3[2(x — vt) In H] expl[i(—kx + wt + 6))],
\ Qs

where as setting Q3 < 0 and 71 = —452 formulates the singular solitons
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(65)

(66)

(67)

(68)

(69)

(70)

1)

(72)

(73)

(74)

(75)
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U(x 1) = 4192, |2 (10 H) esch°[2(x — of) In H] expli(—xx + wi + )], (76)
3

V(x, t) = £192I1, 73—5 <1r13 H) csch3[2(x — vt) In H] exp[i(—kx + wt + 6)].  (77)
\ 3

5. Conclusions

The current work is the first of its kind to combine the two compensatory means
to offset the low count of CD that is being implemented in optoelectronics for the first
time. HD solitons were implemented together with a Bragg gratings structure to produce
dispersive reflectivity that would work together to create performance enhancement. The
effect of soliton radiation and slowdown of solitons due to the presence of higher order
dispersions are neglected. The retrieval of solitons for the model has been successfully
achieved by the two Kudryashov approaches. The enhanced Kudryashov’s approach
turned out to be especially useful for bright solitons, while the generalized Kudryashov’s
scheme failed to recover the much-needed bright solitons.

This successful retrieval of solitons paves the way for further developments in this
newly formulated model. An immediate thought would be to obtain the conservation laws
to the governing model that would give a plethora of physical insight into the governing
model, which would follow up with additional features such as the quasi-monochromatic
soliton dynamics and others. Later, this model would also be taken up with additional
forms of self-phase modulation. We are awaiting the results that align with the latest
findings [17-20] and expect to receive them soon.
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Abstract: We consider a problem of hydrodynamic stability of the liquid displacement by gas in
a porous medium in the case when a light gas is located above the liquid. The onset of instability
and the evolution of the small shortwave perturbations are investigated. We show that when using
the Darcy filtration law, the onset of instability may take place at an infinitely large wavenumber
when the normal modes method is inapplicable. The results of numerical simulation of the nonlinear
problem indicate that the anomalous growth of the amplitude of shortwave small perturbations
persists, but the growth rate of amplitude decreases significantly compared to the results of linear
analysis. An analysis of the stability of the gas/liquid interface is also carried out using a network
model of a porous medium. It is shown that the results of surface evolution calculations obtained
using the network model are in qualitative agreement with the results of the continual approach, but
the continual model predicts a higher velocity of the interfacial surfaces in the capillaries. The growth
rate of perturbations in the network model also increases with decreasing perturbation wavelength
at a constant amplitude.

Keywords: porous media; stability; pore-scale network model; drainage

MSC: 35Q35; 35B35

1. Introduction

Stability of filtration flows with liquid/gas interfaces in rocks and soils has been
studied both analytically and numerically in a large number of works. These problems are
of great practical interest. Gas drainage is considered as an effective method to enhance
oil recovery (see [1-4]). The efficiency of oil/water or o0il/gas displacement depends on
the stability of the interface between the oil-saturated region and the region containing
displacement fluid (gas) [5]. An increase in the concentration of impurities and contamina-
tion of groundwater occurs when groundwater evaporates, as well as when the boundary
between fresh water and solutions is unstable [6-9]. Another example where this insta-
bility plays a significant role is geothermic systems. In many cases, their existence can be
explained by convective heat transfer to the surface of the Earth due to the instability of
the interfaces between regions saturated with water, steam, and a steam—water mixture
inside high-temperature rocks [10-15]. The problem of the stability of the water layer in
the soil located above the air-saturated region was studied in [13,16] in relation to artificial
underground structures. The occurrence of instability of the oil-gas interface during oil
extraction from a field with a gas cap was investigated in [17].

These studies were provided by the use of the continual hydrodynamic approach. It
was assumed that the filtration process is described by Darcy’s law, and there is a narrow
region that separates the gas and liquid region determined by some surface equation. It was
shown in the linear approximation within the use of the normal mode method that for a given
amplitude of the interface perturbation there is a certain range of parameters where the
rate of growth of the amplitude increases indefinitely with decreasing wavelength [13-16].
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This fact casts doubt on the applicability of the Darcy equation in the context of
studying the onset of instability, as well as determining geometric characteristics of the
finger-like structures of a liquid or gas. In [18] the stability of oil flow in a collector with
a gas cap was studied under the assumption that oil motion obeys the Brinkman law.
Within the normal mode analysis, it was established that the growth rate of short wave
perturbations tends to zero with increasing wavenumber.

In recent times, pore-network modeling has been used increasingly to study water
imbibition and drainage in porous media. Relative permeability studies conducted using
the pore-scale network models have shown that the obtained results are in qualitative
agreement with the data of laboratory measurements (e.g., see [19-25]. In [26], a network
approach to the modeling of non-Newtonian rheology was used to understand some of
the more detailed features of polymer flow in porous media. This approach provided a
mathematical bridge between the behavior of the non-Newtonian fluid in a single capillary
and the macroscopic behavior as deduced from the pressure drop—flow rate relation across
the whole network model. In [27], the network approach was presented which simulates
2-phase oil/water displacement during water imbibition. In [28], a pore-network model
of the shale matrix was developed and used to simulate CO, migration in organic-rich
shale formations. The pore space is modeled as a set of pore bodies connected by pore
throats. An imbibition efficiency calculation method was proposed in [29]. The acyclic
pore model was improved and was used to study how the pore structure affects imbibition
performance. An analytical analysis of the relationship between the pore-scale forces and
the Darcy-scale pressure drops was presented in [30]. An extensive and detailed discussion
of the application of network models can be found in [31-33].

In this work, we study the evolution of perturbations of the gas/oil contact surface
with a decrease in pressure in an oil-saturated region and compare the results obtained
within continual and network models of a porous media. When a liquid is displaced
by a gas in a porous medium, the gas-liquid interface is linearly unstable within the
continuum model using Darcy’s law (see, for example, [17]). The rate of growth of interface
perturbations increases indefinitely with decreasing wavelength at a constant amplitude of
the perturbation. Below, we show that linear analysis is not applicable in this case, and we
will use the numerical solution. The results of the numerical solution also show that the
perturbation growth rate increases without limit with decreasing wavelength. In this case,
the use of the continuum model is impossible without modification, which requires studies
using direct numerical simulation on the pore scale. Therefore, we use simple network
models to identify the physical mechanisms that can help achieve successful modeling of
the interface motion. This paper is organized as follows: Section 2 contains the formulation
of the problem within the framework of the continual model using Darcy’s law. We show
that the linear approximation is inapplicable for determining the growth rate of short-wave
perturbations. In Section 3, we study the wavelength dependence of the growth rate of
short-wave perturbations using a numerical approach in the framework of the continual
model. In Section 4, a similar problem is studied within the network model of porous
media. Section 5 contains a discussion of the obtained results and conclusion notes.

2. Formulation of the Problem

We consider the problem of oil extraction from the field with a gas cap. Assume that
the gas cap is separated from the oil-saturated reservoir by a horizontal interface. When
producing oil located under the gas zone, the pressure in the oil reservoir decreases, and the
interface moves down. If the motion of the interface is unstable, gas breakdown may occur
in the direction of the production well. In this case, regions saturated with immobile oil are
formed. Thus, the study of the instability of filtration flows with a gas/liquid interface is
an important issue when developing a field with a gas cap.

In recent years, gas gravity drainage technology has been widely used worldwide
(see [1-4]). The flow diagram is shown in Figure 1 and is a simplification of the real-life
example with the horizontal interlayer. Let a horizontal layer of a porous homogeneous
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medium be located over a high-permeability layer with constant pressure Py. This layer
models a horizontal production well or a hydraulic fracture. For the considered problem of
the evolution of interface perturbations, the pressure may be assumed to be constant, since
the permeability of this layer is several orders of magnitude higher than the permeability
at z > 0. The problem is solved in Cartesian coordinates (x,y, z) with the axis z pointing
upwards. In the low permeable layer at 0 < z < s(x,t) () region) there is a liquid, and
the region Q¢ (z > s(x,t) ) is filled with gas with constant pressure Py. Here, t is time and
s(x, t) is the z-coordinate of the interface. The horizontal coordinate x varies in the range
(—00,00).

Z=H(t)

Figure 1. The computational domain used for the Darcy scale numerical simulation. () is the
low-permeability liquid region, Q) the gas region. The highly permeable layer (the interlayer) is
located at z < 0.

At the gas/liquid interface, pressure jumps so that the pressure drop equals to the
capillary pressure

P.(z) = PQf(x,s(x, t)) — P;. 1)

Here, the capillary pressure P is negative if the rock is wettable and positive otherwise.
Similar to [17], we assume that capillary pressure depends on the vertical coordinate z.

In the region ()¢, the continuity equation is valid, and we assume that Darcy’s law
is satisfied

divoy, =0, vy = —

grad (P — pyg z). @

w

Here, vy, is the average pore velocity, m the ratio between the pores’ area and the total
cross-sectional area, k the permeability, 11, the viscosity of the liquid, g the gravity, and p
the density of the liquid. From Equation (2), it follows that the pressure inside the region
Q)f satisies the Laplace equation

AP =0. (3)

We neglect the evaporation of the liquid at the contact surface, so there is no mass
flow through the gas/liquid interface. Therefore, the equation for the normal component
of local velocity of the contact surface takes the form

k
V, = —m—”w[grad (P = pwgz)ln. 4)

Similar equations have been used in [17].

Figure 1 presents the large-scale (Darcy scale) flow through porous media. The real
gas/liquid interface is located in pores. If most of the moving interface are belonged to
some narrow region between gas-dominated and liquid-dominated zones, this region may
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be approximated by the surface [14,15] as shown in Figure 1. This surface has a radius of
curvature, but this radius is not used to calculate surface tension.
We write the problem equations and boundary conditions

(x,z) € Qf: AP =0,
z2=0: P="p,
z=s(x,t): P =Py +Pc(z), (5)

Vo=

[grad (P — pwgz)]n-

m Uy

We introduce variable L with the dimension of length so that L > s(x,0) and define
dimensionless variables

r— tngk, ¢ =211

,x=xL"15=sL71,
YwLm X=x s=s

p(x,2,7) = P(x,2,t)(pwgl) .

We transform the relations (5) to the form

02 Ca
@P(X:QT)‘*‘BTCZP (x.¢t)=0, ©)
p(X/O/T):er (7)
p(xs(xT),7T)=pGE X T))+Pg ®)
— d
Vi=1- &P (X/ T )|§:§(7(,T )7 ©)

5(x,0) = s0(x)-

If the contact surface is flat and perpendicular to the axis g, then problem (6)—(9) has
the solution independent of the coordinate x

puld) = pu o+ PP ZPUE, (10)
dh(t) - pg + pe(h(7)) — pL
G =Ve=-1- gT (11)

where h(7) is the coordinate of the flat gas/liquid interface.

In [16,17], the evolution of the infinitesimal harmonic perturbations of the solution
(10)—(11) was studied by the normal mode method, and expression is obtained for the
growth rate of the amplitude of the perturbation of the interface 7()

dj(t) a K
dt _”(T)tanh(Khd(r))h(T)’

(12)

where K is the wavenumber of perturbation, 7 (7) is its amplitude, and a, is given by

ag = pg + pe(h(T)) — pr — h(T) dpe(8) /AL | —p(x)- (13)

If x; > 0, then the amplitude of perturbations increases. In the case K — 0, we obtain
Xq

o 105 (14)
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In the limit K — co we obtain

di(7) &g
~ Kij(T) 7~ 15
e U (15)
The relationship (15) predicts an arbitrarily large growth rate with increasing K for
any given amplitude. This result contradicts the physical essence of the process under
consideration. This problem has been repeatedly pointed out in [13,17] and others.
The relation (15) is obtained under the assumption that

ds (x,7)
T < 1. (16)
Since ,
§(x,7) = h(t) + ()X
and s ( )
ST ) x4 oiKX
ix iK#(T)e"™X,
the condition (16) leads to
Ki(1) < 1. (17)

From inequality (17) and relation (15), we then obtain that in the limit K — oo

dn(7) g
it < W (18)

From expression (18), it follows that the growth rate of the amplitude is limited when
condition (15) is valid. Inequality (18) is the condition for the applicability of the linear
approximation. Thus, in the range of applicability of linear approximation, Darcy’s law does
not lead to unphysical values of the growth rate of the perturbation and the filtration rate.

Since the linear analysis of stability is inapplicable when the amplitude of the pertur-
bations and wave length are of the same order of magnitude, we will study the evolution
of the perturbation numerically.

3. The Rate of Change of the Amplitude of the Harmonic Disturbance in the
Nonlinear Case

We consider the wavelength dependence of the rate of change of the amplitude of the
harmonic perturbation without using the linear approximation. We will use the system of
Equation (5) assuming that the capillary pressure is constant. In this case, in all relations
used, the value P, enters only in combination Py + P.. Hence, without loss of generality,
we can set P. = 0. In [16], it has been shown that gravity does not affect the evolution of
perturbations, so in what follows we will consider the system of equations

(x,2) € Qp: AP =0,
2=0: P=r,
z=s(x,t): P =P, (19)
Vi = —x|grad PJ,,,

where x = k/(m iy). Consider the evolution of the perturbations of the main flow. The
main flow is described by the equations

P
P(z) =P+ ") (20)
dH(t)  Pe—PL
a . H@ @D

Here, H(t) is the coordinate of the flat gas/liquid interface.
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In [34], a numerical-analytical method was proposed for evaluation of the filtration
flow with gas/liquid interface under the assumption that the contact surface is infinitely
thin, i.e., is a discontinuity. The Laplace Equation (3) for pressure is solved using the
boundary element method. In a numerical calculation, the gas/liquid interface is a broken
line composed of segments. The numerical method is described in detail in [34]. This
method allows accurate and robust computation of the evolution of a multiply connected
boundary of a water-saturated region in a porous media (see, e.g., [16,35-37]).

Wesetx =1, H(t) =1, Pp = 1and P; = 2 and A = 0.1. Then, we set the coordinate
of the perturbed gas/liquid interface according to the expression

s(x,0) =1+ Acos(Kx). (22)

The pressure on the interface is assumed constant, so the liquid velocity is directed
along the normal to this surface and is equal to the normal component of this surface’s
velocity. In the absence of perturbations, the flat interface would remain flat and move
along the axis z with velocity V; = dH(t)/dt. We denote by U(x, ) the normal velocity of
the interface in the reference frame moving along axis z with velocity V;. For the velocity
of the surface at the vertices of perturbations, we introduce notations U, and U, so that

u, = U(O, ) — Vfr U; = —(U(A/2,t) — Vf),

as shown in Figure 1.

Figures 2 and 3 show the normal velocity of various points of the contact surface
U(x,0) for the wave lengths A = 4 and A = 0.04. The results in Figure 2 were obtained
for the amplitude value A/A = 0.025, so that condition (17) is satisfied. In this case, the
dependency of velocity on the coordinate x can be approximately described by the linear
result AKsin(Kx). The growth rates of the amplitudes upwards U, and downwards Uy
differ insignificantly.

Figure 3 corresponds to A/A = 2.5, so condition (17) is violated. In this case, the
dependency of velocity on the coordinate x differ significantly from the dependency shown
in Figure 2. The growth rate of the amplitude upwards U, and downwards Uj differ by
more than seven times, and the velocity of the surface U(x) is close to zero outside the
narrow regions in the vicinity of maximum and minimum points of the perturbation profile.

0.2 1.2
—— interface
—— growth rate
0.1 rl.1
S 3
x 0.0 1.0 X
5 W
-0.1 0.9
-0.2 T 0.8
-2 -1 0 1 2
X

Figure 2. The interface (blue line) and growth rate (orange line) of the perturbations. Perturbation
wave length is A = 4, its amplitude is A = 0.1.

Figures 4 and 5 show the dependencies of the growth rate of perturbations amplitude
U, and Uy, on the ratio A/A. It can be seen from Figure 4 that for A/A < 0.1 the calculated
values of the amplitude growth rate upwards U, and downwards Uj differ insignificantly
and are in good agreement with the results obtained in the linear approximation. If A/A > 1
(see Figure 5), the growth rate U, is close to one. This means that the upper vertex of the
perturbation profile stops, since the velocity of the interface Vy as a whole is equal to
—1. The downwards growth rate Uy (blue line) increases linearly with A/A, although
significantly slower than linear analysis predicts (green line).
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s(x,0)

-6 —— interface 0.87
—— growth rate

-8 0.80

—0.02 -0.01 0.00 0.01 0.02

X

Figure 3. The interface (blue line) and growth rate (orange line) of the perturbations. Perturbation
wave length is A = 0.04, its amplitudeis A = 0.1.

—4— linear approximation
124 —— Uas
—— U,
S
)
)
=)
4
0 . . .
0.0 0.5 1.0 1.5 2.0

AlA

Figure 4. Dependence of U, (orange line) and U, (green line) on the ratio A/A € (0,2). The blue line
shows the linear approximation results.

—4— linear approximation
—o— Uy
— U,

AlA

Figure 5. Dependence of U, (orange line) and U, (green line) on the ratio A/A € (2,10). The blue
line shows the linear approximation results.

From these results, it is clearly seen that the anomalous growth of short-wave pertur-
bations is preserved in the nonlinear case.

If we introduce surface tension at the gas/liquid interface, then in the linear approxi-
mation, perturbations with a wavelength less than a certain threshold value decay, and the
instability is not anomalous. In a porous medium at the pore scale, the gas / liquid interface
cannot be represented as a smooth surface, since the movement occurs within individual
capillaries. In this case, effective surface tension related to the curvature of the interfacial
surface can only be introduced formally. Consider whether there is an unlimited increase
in the growth rate of the perturbation amplitude with reduction of the wavelength, taking
into account the microscopic features of the gas/liquid interface movement. To analyze
the fundamental physical effects arising in this case, we will use the network model of
porous media.
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4. The Network Model of a Porous Medium

We represent a porous medium as a system of intersecting capillaries, as shown in
Figure 6. Such a two-dimensional structure was proposed in [26] and used in [27] to
calculate oil displacement by water. We assume that the gas-liquid interface in a pore
throat is a simply connected surface. There is no the liquid behind the interface in a pore
throat. All capillaries of the structure in each of the direction have the same length Al.
We assign indices (i, j) to each node so that its coordinate can be evaluated from relations
z; = iAl and x; = jAl. Assume that the velocity of the liquid depends on the length of
the capillary, the pressure on its ends and a parameter k. The latter is determined via the
diameter and other properties of the capillary. There is a drop of pressure on the gas-liquid
interface. This pressure drop equals the capillary pressure (see Equation (1)). If capillary
pressure is constant, we may add the capillary pressure to the gas pressure Pa and ignore
for the sake of simplicity.

Figure 6. The network model of a porous medium.

We introduce the variable C; ; that equals one if the node is filled with liquid, and zero
if it is filled with gas. In what follows, we will assume that each node filled with gas is
connected to the gas cap by capillaries (also filled with gas). In this case, the pressure in
each such node is P.

The velocity of the liquid in the vertical capillary connecting nodes (i, j) and (i + 1, )
is given by the relation

Pij—Pit1,
K bl AZX ], C,',]' = 1, Ci+1,j = 1,

P,yj—Pg _ _

vij = Eii 5 Cij=10Cit1; =0, (23)
8§ Vitl,j L= R
Zit1—Zsij Cz,] =0, C1+1,] =1,

where z; is the z-coordinate of the gas/liquid interface inside the capillary connecting
nodes (i,j) and (i + 1,j).

Similarly, we calculate the velocity of the liquid in the horizontal capillary connecting
nodes (7,j) and (i,j + 1) with relations

Pij=Pij1
K#, Cij=1Cjn=1
Lt S g P U
Ujj = l,gsij,ijr Cl,] =1 Cl,]+1 =0, (24)
L N g S =
Xit1—Xsij Cl,] =0, Cl,]+1 =1

Here, xy;; is the x-coordinate of the gas/liquid interface inside the capillary connecting
nodes (i,j) and (i, + 1).
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We assume that the liquid does not accumulate inside the nodes. Hence, we obtain
the conservation relation
Lll"]' — ui,j_l + Ui,/' — ZJ,‘_L]‘ =0. (25)

Substituting the expressions for v and u (23), (24) into Equation (25) with C;; = C;_1; =
Ci+1,j = Ci,jfl = C,'/]qu = 1 we obtain

Pi_1j— 2P+ P n Pij1—2Pj+ P

Al Al =0 26)
The continuous analog of Equation (26) is
9?P 9?P
Alﬁ + Alﬁ =0. (27)

Equation (27) is equivalent to Equation (3), so the latter is approximated by Equation (26).
To determine the velocity of the gas/liquid interface, we need to calculate the liquid
velocities in those capillaries that are not completely filled with liquid, as shown in Figure 7.

i—1j

Figure 7. Diagram of the gas/liquid interface motion in capillaries.

Inside the capillary, connecting nodes (i, j) and (i + 1, j), shown in Figure 7, liquid
between points A and B have the velocity

vp =« (Py — Pij)/da,

where J 45 is the distance between points A and B. Similarly, the gas/liquid interface at the
point C between nodes (i, j) and (i, j + 1) has the velocity

vc =« (Pg — P;j)/dac,

where 6 4¢ is the distance between points A and C.

If the stencil shown in Figure 7 is used to solve the continual model system (19)
numerically, then the last equation of this system implies that the normal velocity of the
interface (B, C) is determined by the expression

vpc =« (Py — P;j)/dap,

where
Sar — S4B 0AC
AD = —F—

\/ g+ 0%c
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The intersection point of the BC segment with the vertical capillary connecting nodes
(i,7) and (i + 1, j) moves with velocity

and the similar point on the horizontal capillary connecting nodes (i, j) and (i, j + 1) moves

with velocity
o Sac
Oc =vc| 1+ - |-
JAB

From these expressions, it follows that
?73 > Up, ﬁc > Uc,

so the network model under consideration predicts a lower interface propagation velocity
than the continual model does.

The exception is when the interface is parallel to the capillaries, as shown in Figure 8.
In this case, both of the models give the same value of the interface velocity

vfl = K(Pg — PL)/H

However, significant differences between the network and continual models remain. Within
the network model, the velocity of the liquid in vertical capillaries is v 10 while in horizontal
capillaries the liquid is at rest. The liquid inside horizontal capillaries is not displaced by
gas when the contact surface moves, as shown in Figure 8. On the other hand, the continual
model assumes complete liquid displacement.

(b)

Figure 8. The network model and gas/liquid interface at t = 0 (a) and t = Al/vy (b).

If the flat contact surface is located relative to the capillaries, as shown in Figure 9,
then the liquid velocity in any capillary is

Py—Pp
V2H

The z-component of this velocity, i.e., normal velocity of the line segment connecting the
interface points, is

V2 = K

Py — Py,
2H
In this case, the liquid is displaced from all capillaries located above this line.

UfzIK
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Figure 9. The network model and gas/liquid interface.

Thus, the considered capillary model exhibits strong anisotropy. The velocity of the
flat contact surface can vary by a factor of two depending on the angle between the direction
of interface propagation and the capillaries. The average mass flux in the direction of the
z-axis is the same in both models. In this sense, the considered network model is isotropic.
In the case shown in Figure 8, the contact surface has twice the velocity as in the case shown
in Figure 9; however, in the first case, only half of the liquid is displaced.

When the shape of the gas/liquid interface is not flat, the problem reduces to the
numerical solution of the system of the linear algebraic Equation (26). The number of
equations in the system is equal to the number of nodes with unknown pressure.

This system has a sparse band matrix with five non-zero elements in each row, three
of which are on and on either side of the main diagonal. We use the library SuperLU to
solve this system of linear algebraic equations (SLAE) numerically.

We consider the case k = 1, i(7) = 1, P.({) = 0, P, = 1 and P; = 2. Within the
linear approximation, the growth rate of the perturbation amplitude can be evaluated by
the formula (14). In Figure 10, we show the results of calculating the amplitude growth
rate depending on the ratio A/A within the models mentioned above, as well as in linear
approximation. The continual model predicts, as discussed above, lower velocity values.

74 —4— linear approximation
—e— continual model
—<— network model
54 network model with
s 45 degrees rotation
=)
34

0.0 03 0.6 0.9 1.2
AlA
Figure 10. Growth rate calculation results: blue line—linear approximation; orange line—continual
model; green line—network model; red line—network model with 45 degrees rotation.

We show that the network model has a discrete analogue of the anomalous shortwave
instability. Consider the simplified network model shown in Figure 11. The network
consists of one row of nodes with vertical coordinate z = H, and each node is connected
with an interlayer by capillaries of length H. The pressure inside the interlayer is P;. Inside
the capillaries connected to nodes from above, the height of the liquid is /1; for the first
node and h, for the others. The pressure at the gas/liquid interface is constant and equal to
Pg. The total number of nodes is N.
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Figure 11. Simplified network model of a porous medium with one horizontal capillar layer. The
parts of the channels filled with liquid are marked with a thick line.

For the first node, we have Equation (26) in the form

P,-Py P—P, P-P
m A tTw T

0. (28)

For the N-th node we have

PN*Pg+PN—PN71+PN_PL _
hg Ax h

0, (29)

and for intermediate nodes with 1 < i < N Equation (26) gives

Pi*Pg_"_Pi—Pifl_’_pi_piJrl+Pi_PL

hy Ax Ax o 0. (30)
In the case of N = 2 from Equations (28) and (29) we obtain
Pp —Po)(2h, + A
Uy = x (PL—Pg)(2h +Ax) 1)
(h+2hg + Ax)hy + h(h, + Ax)
If iy = hy and h,; < h, from (31) we obtain
Py — P
Uy~ -8 32)

h 4
where U is the absolute value of the velocity of the gas/liquid interface inside the upper
capillary of the first node. In the case h; < hg, hy < hand h; = Ax, we have

(33)

From (32) and (33), it follows that the liquid velocity inside the upper capillary of node 1
increases by 1.5 times with decreasing /1 from Ax to 0 if the liquid height in neighboring
nodes is constant and equal Ax. The relative change of the liquid height is small compared
to h.
The shortwave perturbations occurs when Ax < hg, by < hy, and h, < h. In this case,
if N = 2, we obtain
Py — Pg
kb 8

Uy ~ 20— —=, (34)
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and the value U in this limiting case increases indefinetly with an increase in the number
of nodes N according to the expression

PL— P,

U, =~ N
1 K 7

(35)
Thus, the considered simplified network model with one row of nodes predicts an unbound
increase in the growth rate of perturbations with decreasing wavelength.

The sophistication of the model by adding another row of nodes (see Figure 12) does
not lead to a significant results change. For example, for the case shown in Figure 11 we
obtain U; = 2.407, and U; = 2.307 for the case shown in Figure 12. This estimate is made
for N = 3, Ax = 0.001, h, = 0.1, and h; = 0.1h,. In the limiting case, when Ax < hy,
h1 < hy, and h, < h, the result (35) stands.

I

Figure 12. Simplified network model of a porous medium with two horizontal capillary layers. The
parts of the channels filled with liquid are marked with a thick line.

If the perturbation curvature radius near the perturbation vertex is comparable to the
capillary length Al, then the height of the liquid column in neighboring vertical capillaries
may vary significantly, as shown in Figure 13b . The fewer capillaries used in the network
model, the greater this change. The results obtained above predict that the smaller the ratio
of the heights of the liquid column in the right vertical capillary and the neighboring one,
the greater the liquid velocity in the right capillary. In Figure 13a, the height of the liquid
column in the right vertical capillary differs slightly from the height in the neighboring
capillary. In Figure 13b, the height of the liquid column in the right capillary is several
times less than in neighboring capillaries. As shown below, the calculations confirm that
the interface velocities in the right capillary are significantly different for the cases shown
in Figure 13a,b. We note that the positions of the perturbations differ only in the distance
from the vertex to the nearest horizontal capillary filled with liquid.

In Figure 14, we show the dependence of the perturbation vertex growth rate U; on
the number of capillaries per perturbation wavelength. The results are presented for two
positions of the vertex of the perturbation relative to the capillaries shown in Figure 13.
When the number of capillaries exceeds 300, the difference in the velocity values turns out
to be less than 10%, but when the number of capillaries is 40, the velocities differ by almost
a factor of two.

257



Mathematics 2022, 10, 3177
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Figure 13. Two different examples of the location of the gas/liquid interface. The vertex of interface
is located below (a) and above (b) the nearest horizontal capillary.

—e— 0.1A/
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Figure 14. Amplitude growth rate at the lower point of perturbation at x = A/2, depending on the
number of vertical capillaries. The upper and lower lines correspond to the cases when the size of the
part of the capillary occupied by the liquid is 0.1Al (blue line) and 0.9Al (orange line), respectively
(see Figure 13a,b).

5. Discussion of Results and Conclusions

An analysis of the stability of the gas/liquid interface in a porous medium under the
displacement of liquid by gas has been carried out. Within the continual model using the
Darcy law, it has been shown that the linear analysis of stability by the normal modes
method is not applicable in the case when the wave amplitude is small compared to the
characteristic dimensions of the main flow but exceeds the perturbation wavelength. The
onset of the shortwave instability of solutions of the continual model has been studied
within the complete model, i.e., without resorting to linearization. Such a study has been
carried out using the original numerical method developed by the authors. This method
allows accurate and robust computation of the evolution of perturbations of the gas/liquid
interface. It has been found that the rate of amplitude growth increases with decreasing
wavelength. No signs of reaching the asymptotic value have been found up to the ratio of
the amplitude to the wavelength equal to 10.

The network model has also been used to study the shortwave instability as a tool for
improving the understanding of the physics and micromechanics of liquid flow in a porous
medium in that part of the regularities that remain outside the scope of the continual model.
A model with a regular topology and a coordination number of four has been used. It has
been shown that although inside the region occupied by the liquid, the equations of the
network model approximate the equations of the continual model well, the movement of
interfacial surfaces in capillaries is not described by the continual model. The continual
model predicts a higher velocity of the interfacial surface than the network one. In this
case, the network model exhibits a significant anisotropy depending on the orientation
when calculating the velocity of interfacial surfaces in capillaries. In the general case, the
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displacement of the liquid from the capillaries occurs incompletely, and the liquid remains
in a part of the capillaries even under the assumption that the instability does not onset.

The performed calculations have shown that the velocity of the interfacial surfaces in
the channels also increases with a decrease in the perturbation wavelength at a constant
amplitude. Thus, the considered network model, like the continual model, does not
allow predicting the width of the fastest growing finger-like structures observed in the
experiment and should be improved. Such improvement, which primarily takes into
account the processes occurring at the intersections of capillaries and the nonuniform
distribution of the coordination number, is planned to be carried out at the next stage of
the study.
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Abstract: The family of the generalized Schrodinger equations with Kerr nonlinearity of unrestricted
order is considered. The solutions of equations are looked for using traveling wave reductions. The
Painlevé test is applied for finding arbitrary constants in the expansion of the general solution into
the Laurent series. It is shown that the equation does not pass the Painlevé test but has two arbitrary
constants in local expansion. This fact allows us to look for solitary wave solutions for equations of
unrestricted order. The main result of this paper is the theorem of existence of optical solitons for
equations of unrestricted order that is proved by direct calculation. The optical solitons for partial
differential equations of the twelfth order are given in detail.
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1. Introduction

The investigation of the effect of high-order dispersion on the propagation of pulses
in a nonlinear optical medium has been presented in several papers (see, for example,
papers [1-17]). Usually, these studies were aimed at constructing optical solitons for
specific high-order equations. The appearance of terms with a high order of dispersion
in the generalized nonlinear Schrodinger equation is explained by taking into account
the expansion of the mode propagation constant in a Taylor series around the carrier
frequency [18-20]. The influence of terms with high-order derivatives is usually neglected,
since the coefficients of these derivatives have smaller values compared to the coefficients
for low-order derivatives. However, it is known that neglecting the influence of high-
order derivatives in nonlinear mathematical models is often incorrect, since their influence
appears at late times and long distances of wave propagation. In this connection, in the
paper [12], a hypothesis about the form of an optical soliton for the generalized nonlinear
Schrodinger equations with Kerr nonlinearity and an unrestricted order of dispersion was
formulated.

In this paper, we consider the family of the generalized nonlinear Schrodinger equa-
tions in the form

n n
iqr+ Z Q) qajx +1i Z Xj-1q2j-1x =P 91> 4,
j=2

=1 (€]
aﬂl q
neN, qm,x—ax—m, me N,
where i2 = —1, q(x,t) is a complex function, and f and x are independent variables.

Mathematics 2022, 10, 3409. https:/ /doi.org/10.3390/math10183409

https:/ /www.mdpi.com/journal /mathematics
261



Mathematics 2022, 10, 3409

The following equations belong to the equations of family (1). We have the famous
nonlinear Schrodinger equation at n = 1 [19]:

iqt + a2 e = Bl q. @

Substituting n = 2 into (1) yields the partial differential equation of the fourth or-
der [11]:

i%‘+“2¢7xx+i“3‘7xxx+“4‘7xxxx =ﬁ|q|2LI~ 3
The differential equation of the sixth order in the form [12]

i11t + a2 Gxx + ia3 Gxxx + Q4 Gxxxx + ias xxxxx T 06 Jxxxxxx = /g ‘q|2 q “4)

is obtained by substituting n = 3 into (1), and so on.

At first glance, it seems that Equation (1) does not have any physical meaning and
cannot have any physical applications. However, it should be kept in mind that the second
term of the Taylor series expansion of the function q(x, t) is used to take into account the
effect of dispersion in the nonlinear Schrodinger equation [19]. Equation (1) is interesting
in that it takes into account higher orders of dispersion when describing the propagation of
a pulse in an optical medium.

The objective of this paper is to find the optical solitons of Equation (1) at all integer
n € Nin analytical form.

The paper is organized as follows. In Section 2, we use the Painlevé test to investigate
the integrability of Equation (1). Using traveling wave reduction, we obtain two arbitrary
constants in the expansion of the general solution in the Laurent series. In Section 3, we
prove the theorem of existence of optical solutions for the generalized nonlinear Schrodinger
equation with the Kerr nonlinearity and dispersion of unrestricted order. We present the
form of optical soliton for the equation with the unrestricted order of dispersion. In
Section 4, we present the calculations of parameters of the equation and optical soliton of
the generalized nonlinear Schrodinger equation of the twelfth order.

2. Application of the Painlev é Test to Equation (1)
We look for the optical solitons of Equation (1) in the form

q(x, t) _ y(z) ei(kx+wt+90). (5)

Substituting (5) into Equation (1), we obtain the imaginary part of Equation (1) in the
linear form

n
Y Py 1yrj1.=0 (6)
=1

and the real part of the nonlinear equation in the form

n
_Zi Pyivajz — By(z)* =0, @)
=
where P;; and Py; 1 are expressions depending on the coefficients ay;, (j =1,...,1) and
062j+1, (] = 0,...,1’! — 1)

In the next section, we demonstrate that the problem of finding optical solitons of
Equation (1) is reduced to the solution of Equation (7). In this section, we apply the Painlevé
test to understand the integrability of Equation (7).

It is well known that the Painlevé analysis is one of the powerful approaches for
determining the integrability of nonlinear differential equations. It allows us to find the
necessary conditions for the existence of a general solution of a differential equation. The
application of the Painlevé test to the analysis of nonlinear differential equations consists,
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as a rule, of three consecutive steps. In the first step, an equation with leading terms
corresponding to Equation (7) and the number of branches of the expansion in the Laurent
series are found.

Taking into account Equation (7), we obtain the equation with the leading members in
the form

X2n Yon,z — 13]/3 =0. 8

Equation (8) is autonomous, and the first term in the expansion of the general solution
of Equation (7) in the Laurent series is determined by substituting the expression

y(z) =doz¥ 9)

into (8).
We obtain two branches of the expansion of the general solution of Equation (7):

ao, (3n—1)!
B(n—1) "
In the second step, we define the Fuchs indices that can determine the arbitrary

coefficients of the expansion of the general solution into a Laurent series. With this aim, we
substitute the solution in the form

p=-—n, dy =+ (10)

Qg (3 —1)!
B(n—1)!
into Equation (8) and equate the coefficients of d; to zero. As a result, we obtain the algebraic

equation for the index j in the form

y(z) ==* z " +d; 2" (11)

E=n—jin—j+1)(n—j+2)...3n—-2—j)Bn—j—1)—

(12)
3n(n+1)(n+2)... B3n—2)(Bn—1) =0.
From Equation (12), the two following integer Fuchs indices follow in the form
j1 = -1 j2 =4n. (13)

We cannot find the other Fuchs indices in the general case. We performed calculations
forn =2, 3, 4, 5,and n = 6 and found that remaining Fuchs indices are complex numbers.
As a result, we obtain that Equation (7) does not pass the Painlevé test.

We see that there is always one arbitrary constant zy in the expansion of the solution
into the Laurent series because we can shift z — z — zg. However, in the third step, we
have to check the coefficient at j = 4 n in the Laurent series expansion. Unfortunately, for
this step of the Painlevé test, one can only check easily for the first several values of n.

For example, let us consider Equation (7) at n = 3. It takes the form

A6 Yzzzzzz T 04 Yzzzz + 02 Yzz — A0 Y — ﬁy3 =0, (14)

where the coefficients ag, a4, a2, and ay depend on coefficients ag, a4, ap, k, and w by
formulas

ag =g, ay =04+ 15k 0g, a3 = ap + 6k%as + 75k  ag,
(15)
ag = w + K2y + 3k oy + 35k0 g

The equation with leading members corresponding to Equation (14) can be written as
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A6 Yzzzzzz — ,33/3 =0. (16)
Substituting
bo
=2 17
» a7
into Equation (14), we obtain two branches of the expansion of the general solution of
Equation (14):
p=3 by= L4, |20 (18)
p
Substituting the solution y(z) in the form
35a¢ i
y=+24 ﬁﬁz S (19)
again into Equation (16) and equating coefficients of 4; to zero, we find the following Fuchs
indices
. ) . 11 | V—-67+4i+/1151
==l =12 jaase= ok (20)
We obtain that Equation (14) does not pass the Painlevé test and therefore is not
integrable.

However, we need to check the arbitrary coefficient corresponding to the Fuchs index
j» = 12. With this aim we use the Laurent series for the solution of Equation (14) with
undetermined coefficients in the form

_ b b b

y(z) =3+ 5+ = +bs+ byz+bsz? +bez> +byzt +bgz+
ya Z V4

1)

b926+b1027+b1128+b1229+....

Substituting series (21) into Equation (14), we obtain the following values of coeffi-
cients for the expansion of the solution in the Laurent series

1244 /35
bo = 424|220 p g by — 20 VI5P%

- - 22
B 8 pas bz =0, (22)
he— ®2 V/35Bas 1177 a4% \/35 B ag 0 3)
47 T210Bae 1446690 Bag2 = °
) 7_(10\/35,8%_11a2u4\/35ﬁa6+967u43\/35ﬁa6 " (04)
6~ T 72520 B4, 209160 B ag> 120075270 ag® ~ 7

) \/35Bagagay \/35‘Bu6a22+2857\/35‘Ba6u2a42
s = _

418320 Bag2 1058400 agl | 3645658800 Bagd

25
4775989 /35 B ag as* b — 0 )
50229886946400 f 5"’ o

b /35Bagagay 337 \/35 B agagas> N 431 /35 B agaz’ay

107 23284800 g2 13367415600 Bag> | 20292703200 fag’ 26)

1524433 /35 Bag a a4> N 2194769053 /35 B ag as®

, by =0.
139796432344800 Bag* ~ 1926115244846654400 B ae® 1
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We also obtain that by, is an arbitrary constant. As a result, we obtain the expansion
in the Laurent series with two arbitrary constants, taking into account the arbitrariness of
b2 and zg because we can change the variable z — z — zg. Therefore, Equation (7) is not
integrable but this equation can have the special solution with two arbitrary constants. This
fact tells us that the solution of Equation (7) can be found using the method of simplest
equations [21].

3. Theorem of Existence for the Optical Soliton of Equation (1) with
Unrestricted Dispersion

In this section, we prove that Equation (1) at any integer # has the solution in the form
of bright optical soliton. We formulate this fact in the form of the following theorem.

Theorem 1. The function of x and t in the form

221 4, 1 gf (kx+ot—00)

q(x,t) = 27)

where Ay, 1, v, k, xo, and 0y are arbitrary constants and value 2 n gives the order of equation, is a
bright soliton of Equation (1) at any integer n € N and certain constraints on a; (j =1,2,...n),
Co, and w.

Proof. The proof of this theorem is obtained using direct calculations.

For compatibility of the system of Equations (6) and (7) we first find the constraints on
the coefficients a; 1 (j =n,n—1,...,2) and Cp from the linear Equation (6). In this case,
any smooth function y(z) is a solution of Equation (6). Therefore, the problem of finding
the solution of Equation (1) is reduced to the solution of Equation (7).

We look for the solution of Equation (7) as follows [21-25]:

y(z) = AuR(2)", (28)
where R(z) is a solution of Equation [21]:
R2=puR?>—vR% (29)
Differentiating (29) with respect to z, we obtain
Ry = uR—2vR%. (30)

It is easy to see that all solutions of Equation (29) are also solutions of Equation (30).
Taking into account the solution (28) and Equations (29) and (30), we obtain

Yoz = Apn* uR" — Ayvn(n+1) R"2, (31)

Yazzz = A ' R =2 Ay v (ﬂ4+3n2+4n2+2n> R"24

(32)
A t? (n4 T6n®+11n% + 6n) R,
By induction we obtain the equality
3 >y
Yon,z = An Fy Vn R"+ ..+ Ay v" Gu R " Yonz = ﬁ/ (33)
where F, and G, are polynomials in 7.
One can also note that

= AR (34)
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Taking into account (33) and (34), we can find the coefficient from Equation (7) in
the form

42 ,B
= (—1)* 2 35
a2 = (1) Gp vt (35)
Then, using the value a5, we can find the coefficients az; (j=n—1,n-2,...,1)and

The solution of Equation (29) takes the form [21-25]

_ 4p
R(z) =+ Trva VR e (36)

Substituting (36) into (28), we obtain the function (27) that is a solution of Equation (1)
with constraints on the parameters of the equation. Thus, there is always solution (27) of
Equation (1). O

We have to note that solution (27) of Equation (1) in the case of an unrestricted order
is new. However, earlier, in papers [11,12,26], solutions were found at n = 1, n = 2, and
n = 3. These solutions coincide with solutions obtained by formulas (27) atn =1, n =2,
and n = 3. The approach of this section can also be used to study fractional differential
equations considered in papers [27-29].

4. Optical Solitons of the Twelfth-Order Equation (1)

Let us demonstrate the application of the method for construction of solution (27) of
the twelfth-order Equation (1). Assuming n = 6 in Equation (1), we obtain the equation in
the form

iqr+azqox +ia343x + a4 qax +ias5q5y + &6 e + 10775+

&g s x + 1 0o Jo,x + (10 J10,x + 1 011 G11,¢ + 12 G12x = B4]* g

Substituting solution (5) into Equation (37) and equating the imaginary and real parts
to zero, we obtain the system of Equations (6) and (7). The equation for the imaginary part
takes the form

(37)

(1201 k + 11) y112 + (10 ag0k — 220012k — 55471 K2 + IX9> Yo+
(792 w12 K5+ 330 a1y K4 — 120610 K> — 36 09 k2 + 8 ag k + M) Yot
(252 w10 k> — 792 w10 k7 — 462011 k® + 12649 k* — 56 ag, k> — 21 a7 K>+
6agk+as)ys, + (220 a1k + 165 a17 k8 — 120 a0 k7 — 84 g KO+ (38)
56 a5 k° + 3507 k* — 20 g kK — 10a5k2+4a4k+0¢3> Y3t
(100410k9 12052 K — 11wy K0+ 9ag kB — 8agk” — 7ar Ko+
6a6k> +5a5k* —4agk® —3a3k> +2ark — CO) Y, =0

The equation for the real part can be written as
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Y1 + (am — 661y K2 — 11ay k) Y0z + (4950412 K 4+ 16503, KO —
45010 K% — 9ag k + ocg) Ys: + (2100410 K — 92401, kO — 462 a1, KO+
84ao k® — 28ag k> — 7oz k + a6> Yo + (oc4 4 49501, KB + 330 ay1 K —

210010 k® — 12609 k> + 70ag k* + 35 a7 k> — 1506 k> — 5 as k) Y+ )
(45a10 18 — 66m15 K10 — 55011 K + 3600 k7 — 285 kO — 21 y Ko+
1506 k* + 105 k> — 604 k> — 33 k + oc2> Yo+ (0612 K2 g KM —
leoklo — ozgk9 +Dc8k8 +zx7k7 fa6k6 fa5k5 +vc4k4 +v<3k3f
azkz—w> y— By =0.

From Equation (38) we obtain the constraints on the parameters of Equation (1) in the

form
a1 = —12a10k, (40)
ng = —440 a5 k> — 10 1o k, (41)
ny = —12672 a1, k> — 240 w10 k> — 8agk, (42)
a5 = —215424 a1 k7 — 4032 a19k° — 112 ag k> — 6 a6 k (43)
ng = —1745920 10 k7 — 32640 19 k7 — 896 agk® — 40 ag k> — 4oy k (44)

Co = 4245504 ap kM + 79360 aq k% + 2176 ag k7 +

(45)
% agk® +8as k> +2ask.
Equation (38) is satisfied for any smooth function y(z) at conditions (40)—(45).
We look for the solution of Equation (39) in the form
y(z) = AgR(2)®, (46)

where R(z) is the function (36). Substituting (36) into Equation (39) and taking into account
the derivatives of R(z) and conditions (40)-(45), we obtain the polynomial in R(z) which
has to be equal to zero. Equating the coefficients of this polynomial to zero, we find the
additional constraints on the parameters of Equation (1) in the form

_ Ag’p 47)
M2 = 5964061900800 16
33k2 + 398 1) Ag?
g = — PUK + 398 1) As (48)

1482030950400 16

_ AgB (165k* + 11940 k2 + 82256 1i?)

(49)
988020633600 1°

g

7

Ag®B (231K + 41790 k* i + 1727376 k?1u? + 9460432 %)
741015475200 v ’

N = (50)
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oy — A’ B8 199k°u A’ 5141Kk*u2Ag%B
598800384016 ' 352864512016 ' 88216128016
(61)
34781 k23 Ag’ B 2930269 it Ag*B
181621440 16 2894591700 v6 ’
o Ak 199 APBKSu 5141 Ag*Bkou*
27 T 4491002880006 1646701056006 2205403200 16 52)
34781 A2k 3 2930269 Ag”Bk2u* 3131984 15 Ag*B
18162144016 48243195006 8040532516
 Ag’BK2 199 Ag2BK0u 5141 AgB k82
2694601728006 ' 8233505280016 ' 8821612800 16
34781 A6*BKou> 2930269 Ag*Bk*u 3131984 As*BK*p° 53)
544864320 v 964863900 v6 80405325 16
4096 Ag2p ®
7293 v6

The solution of the generalized Schrédinger Equation (37) can be written as follows:

4096 Aq H6 ei(kxtwt+6))
<4 nv ef\/ﬁ(xfc0 t—z9) + e\/ﬁ(XfCO t720)>6 '

q(x,t) = (54)

One can note that Ag, u, v, k, zg, and 6y are arbitrary constants in solution (54).
However, the parameters Cy and w are determined by formulas (45) and (53). The other
parameters of Equation (37) are found taking into account formulas (40)—(44) and (47)-(52).

5. Conclusions

In this paper, we considered the generalized Schrédinger equation with Kerr nonlin-
earity and unrestricted order of dispersion. We applied the Painlevé test and showed that
equations of this family are not integrable in the general case, and the Cauchy problem
cannot be solved by the inverse scattering transform. However, we obtained that there
are two arbitrary constants in the expansion of the general solution into the Laurent series
and we showed there are special solutions of Equation (1). We looked for solutions of this
equation using the traveling wave reduction. We proved the theorem claiming that all
differential equations of this family have optical solitons in analytical form. We presented
the detailed calculations for the nonlinear differential equations of the twelfth order.
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Abstract: 2D numerical modeling algorithms of multi-component, multi-phase filtration processes of
mass transfer in frost-susceptible rocks using nonlinear partial differential equations are a valuable
tool for problems of subsurface hydrodynamics considering the presence of free gas, free water, gas
hydrates, ice formation and phase transitions. In this work, a previously developed one-dimensional
numerical modeling approach is modified and 2D algorithms are formulated through means of
the support-operators method (SOM) and presented for the entire area of the process extension.
The SOM is used to generalize the method of finite difference for spatially irregular grids case.
The approach is useful for objects where a lithological heterogeneity of rocks has a big influence
on formation and accumulation of gas hydrates and therefore it allows to achieve a sufficiently
good spatial approximation for numerical modeling of objects related to gas hydrates dissociation in
porous media. The modeling approach presented here consistently applies the method of physical
process splitting which allows to split the system into dissipative equation and hyperbolic unit.
The governing variables were determined in flow areas of the hydrate equilibrium zone by applying
the Gibbs phase rule. The problem of interaction of a vertical fault and horizontal formation containing
gas hydrates was investigated and test calculations were done for understanding of influence of
thermal effect of the fault on the formation fluid dynamic.

Keywords: nonlinear partial differential equations; differential constraints; gas hydrates; multi-component
fluid dynamic; permafrost formation

MSC: 00A71; 65N06; 76505; 35M1

1. Introduction

Presently natural gas hydrates are studied extensively worldwide for reasons well
beyond energy resources: besides the potential for becoming a novel fuel, methane hydrates
present a potential hazard related [1,2] to methane emission during hydrate dissociation,
particularly due to influence of climate changes. Part of the discovered and hypothetical
occurrences are affiliated with permafrost regions and the Arctic Ocean shelves. In a
large number of studies there are hypothesis formulated and detailly investigated about
relationship between gas hydrates dissociation and multiple natural processes, including
those with possible grave consequences, such as cratering onshore in northern regions and
broad-scale gas fluxes through the ocean floor.

Capabilities of modeling of gas hydrates-related processes are still limited leading to
a scientific debate on the effects of possible wide-spread gas hydrate dissociation. When
applying the modeling to the gas hydrates processes in cryolithic zone of polar regions and
shelves of the Arctic Ocean, it is necessary to consider one additional phase in the general
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scheme for calculations, which is the ice phase. The current study is devoted to mathemati-
cal modelling of gas hydrates dissociation in porous media allowing consideration of the
presence of ice and the associated phase transitions. As the basis for the study the widely
applied model of mass, energy and momentum balance equations is taken into account
under the assumption of the thermodynamic equilibrium process behavior. Based on the
balance equations, a unique method of physical processes splitting, established for 3-phase
system and presented by the authors in their previous paper [3], is improved and applied
for the “gas-water—gas hydrates—ice” 4-phase system. Furthermore, it is the first time when
the characteristic properties for the splitted 4-phase system (i.e., upward/downward flow
direction for saturation unit and ice phase concentration values) are analyzed . This study
is dedicated to the newly-presented model of physical processes splitting for the 4-phase
system and its results.

As the main method of analysis the physical processes splitting is used. This allows
to split the system into dissipative equation and saturation unit, which is responsible for
convection transfer of saturation parameters and primarily typified by hyperbolic features.
The splitting approach allows to use implicit/explicit numerical solution schemes, which
are applicable for phase transition problems, and avoid excessive time step refinement.

A gradual expansion of the method’s capabilities is being conducted in the study by
inclusion in the integrated algorithm increasing number of phases and components, which
naturally appear in an array of scientific, technical and ecological problems.

In Section 2, in addition to the system “gas—water—gas hydrates”, which was consid-
ered in previous works [4], there is a new icy phase included.

In Section 3, the saturation unit equations’ properties are analyzed by method of char-
acteristics.

In Section 4, based on the support-operators method (SOM) there were built difference
schemes on nonregular grids of moderate-dimension, applied to the problems at hand,
allowing to describe models with complex (heterogeneous) lithological structure and
material properties by means of the support operators method [5,6].

In Section 5, the difference schemes, built in Section 4, are used for the models split by
physical processes describing the “gas—water-gas hydrate—ice” system. In Section 6, there
are test calculations are presented exemplified by the problem of interaction of vertical fault
and horizontal seam containing gas hydrates.

Review of the Support-Operators Method (SOM), Mathematical Models and Software for Hydrates
Formation

Calculations of gas hydrates phase transitions using different approaches were de-
scribed in a large number of models considering generation, migration and accumulation
of gas through the hydrate stability zone ([7-9]). Most models are based on regular grids
which require high computational power and time to calculate the results. The support
operators” method makes it possible to numerically simulate a number of problems of
mathematical physics in complex inhomogeneous areas. The method was developed by
Russian scientists and received worldwide recognition. In English literature, the terms
“support operators’ method”, or SOM, and “mimetic finite difference method” are used.
A detailed modern review is given in [5].

The application of this method makes it possible to carry out mathematical modeling
of various problems of fluid filtration in the process of hydrocarbon production with a
detailed account of the features of the geological and lithological structure of the reservoir,
tectonic disturbances, allows to analyze both the dynamics of fluids on the scale of the
entire field (and more broadly, the region), within the framework of one model, and local
processing going on the area that is of most interest to the user.

The support operator method (SOM) is a generalization of the finite difference method
to irregular grids. The great advantage of this method in comparison with others is its
persistence, i.e., automatic fulfillment of the fluid mass conservation law incorporated into
the main formulas of the method. This allows to avoid calculation errors in the form of the
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appearance of fictitious sources and sinks not related to the physics of the process, which
arise on other methods.

The proposed method has been worked out in detail both in theoretical aspects
(analysis of convergence, stability, accuracy estimates) and in practical ones. The developed
software package supports both building of a computational grid—which is close in all
details to the reservoir geometry—with the accuracy required by the user and at the same
time with a relatively small number of nodes and carrying out calculations on it.

Application of the SOM to the problems of dissociation of gas hydrates in a porous
media is described in [4] with references to earlier works. At present, the complex includes
programs for calculating two-dimensional (areal or profile) joint filtration of liquid and gas
on an irregular grid, as well as problems of dissociation of gas hydrates in a porous media.

The software package is open for expansion, i.e., to the inclusion of more complex
models of hydro- and thermodynamics of reservoir fluids, theology of the reservoir matrix,
etc. The proposed set of algorithms and programs can serve as a mathematical basis for
predicting the behavior of reservoir fluids in the process of developing oil and gas fields,
as well as gas hydrate deposits.

Currently, in addition to the support operator method [4], there are a number of
computer systems for calculating fluid dynamics in the reservoir, taking into account
gas hydrates, such as CMG STARS, STOMP-HYDT-KE [10], TOUGH+HYDRATE [11],
developed by Lawrence Berkeley National Laboratory in the USA; MH21-HYDRES [12],
created as part of the national hydration program in Japan with the support of a number of
scientific and commercial organizations, RetrasoCodeBright (RCB) created in Norway [13],
SuGaR-TCHM, developed in Germany [13], etc. They are based on the use of computer
systems for solving ordinary problems of underground fluid dynamics with the inclusion
of blocks corresponding to hydrate thermodynamics. These methods, developed earlier,
continue to be modernized and supplemented with new blocks that allow us to study
more complex problems, include additional phases and other elements of the physics
of reservoir systems in the analysis of the deformation properties of reservoirs. New
methods continue to emerge, for example [14]. The resulting developments are widely
used in mathematical modeling of specific gas hydrate deposits and analysis of the results
of laboratory experiments. Many of these software systems account for salt dissolved
in water.

A review of several methods at the beginning of 2016 was carried out in [15], published
in a special issue of the journal [16] dedicated to gas hydrates. This review reflects the state
of mathematical modeling of hydrate fluid dynamics in the reservoir, as well as methods
for calculating the kinetics of formation and dissociation of gas hydrates at the beginning
of 2016. A modern review of some methods is contained in the work [17] devoted to
international cooperation in the field of testing numerical methods for solving problems
of underground hydrodynamics related to gas hydrates, in which a significant part of the
groups involved in the development of the corresponding software takes part.

2. Physical Processes Splitting in Mathematical Model of the
“Gas—Water—Gas Hydrates—Ice” System

For the hydrate equilibrium zone (HEZ) the initial conservation Equations (fluid mass
balance equations for liquid (or ice) phase and gas in free and bounded state) in porous
media can be expressed in the following divergence form (for water and gas accordingly):

%{m(svswpwi +(1- Sv)Pvﬁw)} + diV[PwVw] +qw =0, 1)
J
57 {m(Su(1 = Sw)pg + (1= Su)pu(1 = Bu)) } + div[ogVe] + g5 = 0. 0)

Energy balance equation is written as following:
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o)
ﬁ{m [Sv(swpwigwi +(1- SW)PgSg) +(1- SV)PVEV} +(1- m)pses}

+div{pwew Vo + pge¢ Vg + P(Vo + V) } +divW + g5 =0, ®)
W = —(m(Sy (SwAwi + (1 = Sw)Ag) + (1 = Sy)Ay) + (1 —m)As) VT,

where indexes g, w, i, v, s are relating to gas, water, ice, hydrate, rock matrix of porous media,
wi is relating to ice-water mixture; P—pressure, T—temperature, t—time, m = m(r, P)—
porosity, r—position vector, S,,—water saturation (water and ice), f,—mass fraction
of water in hydrate, S; = 1 — Sy—gas saturation, v—hydrate saturation, S, = 1 —v—
hydrate thawing, p; = p;(P, T), A; = (P, T), ¢, = €;(P, T)—densities, thermal conduction
coefficients, internal energy of components (I = g, w, v, s, i), Vo and g,—filtration velocity
and sources density of phase « = w, g.
Let us introduce the following notation:

Ci+ Cw =1, C;, Cy—solid ice and liquid water volume fractions;
owi = Cwpw + Cijpi—density of water—ice mixture;
Syi = Sy(1— (1 — Cy)Sw)—porous volume fraction (mdV) without solid inclusions hy-
drates and ice;
S - CZUSZU
o CwSw + (1 - Sw)
Consequently, solid part of porous volume (1m6V) will be given by:

fraction of water in the system “liquid water-gas”.

(1—=5u)=[1=5y)+ (1 = Cu)SwSy]-

Thermodynamic parameters: Ay; = CyAe + (1 — Cy)A;—water—ice mixture ther-
mal conductivity coefficient, e,; = [Cywpwew + (1 — Cw)pi€i]/ pwi—water—ice mixture inter-
nal energy.

Capillary forces are neglected. It is assumed, that filtration velocities of liquid and
gaseous phases in porous media satisfy the Darcy’s Law:

_ ki ) kmi

Ha

Vo = (VP —gpa), a=uw,yg, 4)
where g—gravity acceleration vector, k; = k(r, S,;, P)—recalculation of absolute perme-
ability k(r, Sy, P) considering part of porous media with frozen water, ky,; = kra(Swi)—
recalculation of phase relative permeability kv (Sw), pa = pa(P, T)—viscosity of water
and gas.

The system of Equations (1) and (2) at a fixed value of determinative thermodynamic
variables is named saturation unit , meaning that these equations serve for determination
of water saturation Sy, and hydrate thawing S,.

Dependence of the variables on pressure and temperature in the phase equilibrium
zone comes down to dependence on pressure only on virtue phase equilibrium relationship,
which in its concrete form does not influence the mathematical structure of the system of
equations describing the process. There are a lot of studies devoted to analyzing these
relationships. In the numerical calculations that were conducted for the present study,
we used the model being developed in present paper, and the following relationship was
used [18,19]:

T = Tys(P) = AInP + B, ®)

where A and B—empirical constants.
Hydrate internal energy is being expressed through energies of the gas and water—ice
mixture that the hydrate consists of as follows:

Buwiwi + (1 — ,Bw)ig =iy + hy, (6)

where ;,—internal latent heat of hydrate mass unit’s phase transition.
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Enthalpy:

ij=¢+P/ps, )

where ¢;(P, T)—phase internal energy, index I denotes a phase (= g/w/wi/ v).
For the system of equations for thawed zone, where there are no hydrates, S, = 1.
In this case energy balance conservation Equations (1)—(3) take on the form of:

d )

a(mswpwi) + le[Pwvw] + g = 0, (8)
d .
o7 (m(1 = Sw)pg) +div[pgVe] + 45 =0, ©)

d
g{m(swpwigwi +(1- Sw)PgSg) +(1- m)Pwsw}
+ div{pwew Ve + pgegVg + P(Vi + Vi) } + div W + g = 0,

where W = — (m(SwAwi + (1 — Sw)Ag) + (1 —m)As) VT,

The system of Equations (1)—(5) completely describes filtration processes in porous
media with solid rock matrix saturated with gas hydrates considering both its formation
and dissociation in the hydrate equilibrium zone. Similarly, the system of Equations (8)—(10)
describes filtration processes for the thawed zone with absence of gas hydrates.

The governing piezoconductive dissipative equation of the hydrates theory for deter-
mination of pressure P, similarly to [20], is derived as following:

méE{S,, {sw(pm)t (1 sw)@ +a—s)e (m)f}

(10)

wi 4 Pv m
+%{m{sv [Swai(Ewi)f + (1 - Sw)Pg (eg)t] + (1 - SV)PV(eV)t}} (11)
v
+ ¥ (1~ m)pses], + 6:DIG + ¥ DIG, = 0,
mpy moy
where

1 1 w
DIG = — div(pw V) + — div(pgVe) + (q + q—g) (12)

wi Pg Pwi Pg

DIG, = [diV(PwewVw) — i diV(PwVw)] + [div(pgegVg) — eg div(pg V)|
+div [P(Vw + Vg)] + divW + (qg — &widw — SgQg) = (Sw - Swi) diV(Pwvw) 13)
+00wVaVew + pgVeVeg +div [P(Vy + Vi) | + div W + (g — €ifw — €¢g)-

Here
P (p-1Y> Bu , (1-u)
=(¢-——) >0 g="r2 4P 14
mpy ¢ Pv ? Pwi Pg 1
—specific (per unit) volume kick,
Oe = ,Bwswi + (1 - ,Bw)fg —&, >0 (15)

—specific (per unit) energy kick.
Introducing of hydrate system pressure capacity:
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D, = m(sg{sv {sw (Puidy | 1- sw)(pg)l’} f(1- )(Pv)p N ('”)V}

¥

mpy

+

Pwi Pg Pv m (16)
{m{sv[Suwpuilear), + (1= Swlpgleg) ] + (1= Slpu(en), } +1(1 — mpses], },
will rewrite Equation (11) in compact form:
op Y e
Dy5; +0 mor DIG; = 0. 17)
For the thawed zone without hydrates the dissipative unit:
SIU a IU a
@ﬁ(mpw,) +1 oy ot (mpg) +DIG =0, (18)
where
1 1
DIG = — div(pyVe) + — div(pgVy) + < oy ig) (19)
Prwi Pg Pwi  Pg
and
de de 9
11| Swwi a’;” (1- sw)pga—ﬂ + 5;[(1 = m)pses] + DIGe = 0, (20)
where
DIG; = (g0 — €4;) div(0w V) + pw Vi Vew +pog Vo Veg +div[P (Ve + Vi )] 1)

+divW + (ge — egifw — 5g¢7g)~

Therefore, complete physical processes splitting of problems of hydrate equilibrium
and thawed zones is conducted using the following numerical solution of connected
problems.

The derived system of equations is a generalization of the system obtained in the
paper [4], for the processes related to gas hydrates in conditions allowing for the presence
of ice.

3. Saturation Unit Analysis Using the Method of Characteristics

For simplification in this section g = 0.

3.1. Properties of Saturations Transfer Unit Sy, S, if 0 < Cyp < 1
From the system of Equations (1) and (2) the following system is derived:

1 pw Plx ! 1 P,
Sl = P X (k) (kg ) =< . >, 22
( ) ¥ Pwi M i rwz) P e ( ’81) @2)
Py Yo Py
Sy Pw g kikpwi ) + w kik, =<...>. 23
(Swli = Owi MSyYP Yoy o i) mSyy g el gl) *

Taking only diagonal values of the spatial derivatives matrix for S, and Sy,:

k)
(sv)$+{( l)lf” Lp PZZ’J;JP’( i)'s }(sv) > (Sw)y=<>, (24)
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(sw)/ ( V);
( )S rwi krgi
_|_ o P/ S . I
mSyp {Pw; Hw He ww} x( Vl)Sw 5

ki Pw (krwi),S, (krgi),s , ,
- —_— wi _ wi P S )
mSVl/J |:pwi Hw wg Hg Yo X( ZUI)SW

The notation < ... > denotes an absence of spatial-time derivatives of values S, and
Sy in the matrix;

l/’g _ 1_ﬁw _ 1_Sw
mpy Pg Ov
w ﬁw Sw
Moy pai pv
Clearly that: ¥ = ¢y + g > 0.

if Swi > Symin,

if Swi < Swmax-

CZU

Sy)e =(1—=CiSw) >0, (Sy)s =-CSy <0, (Spi)s =—t—s
( 1/1)5(, ( 1 oU) ( Vl)Sw 1oV ( ZUI)Sw (1*Cisw)2

>0. (26)

Since the analysis of signs of the flow of a system of equations, which is similar to
(1)—(4), but without hydrates (S, = 1), gives for invariant S;, expressions, which are similar
to —Pyipg and —Pyipy, but without ¢ and 1, functions—then the necessary condition
required to cross-link hydrate and non-hydrate flow areas is the following requirements:

P 1-Bu 1-Su

h iti ; i 27
moy R o > 0 under the conditions S;; > Sy min, (27)
l/}w _ ,Bw Sw ..
—~— ="— — — >0 wunder the conditions S;; < Symax - (28)
mpy Pwi Ov

The requirements (27) and (28), from the component-wise kicks of specific (per unit)
volume along with phase transition point of view, can be interpreted as following. Un-
der the condition of complete dissociation of hydrate, unit the volume of released gas must
be greater than (1 — Sy) (where Sy, is the volume fracture in ice of hydrate) and unit of the
volume of released water—ice mixture must be greater than Sy.

Hyperbolical analysis of saturation unit (1) and (2) demonstrates, that under difference
approximation:

1. Influid components of absolute permeability k; = k(S,;) it’s necessary to take hydrate

thawing S, in the downward flow direction, since ﬁ” ]Z:’ + m > 0.
wi

2. Influid components of absolute permeability k; = k(S,;) water saturation Sy, is taken

. . . . s ko kyoi . .
in the upward flow direction, if —gik;;” tpg ﬁtpw > 0, and Sy, is taken in the
wi o

downward flow direction, if —% e + “" © Pw <0

3. Influid components of relative permeablhty kiwi = krw(Swi) and kg = k,g( — Swi)

(k
water saturation Sy, is taken in the upward flow direction consn:lermg p w Uroi)syy P —

(YI)
8 Swzlp >0

Grld approximation (upward/downward flow direction) for Cy, and C; will be clari-
fied further.
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3.2. Properties of Water—Ice Phase Transfer (0 < Cy, < 1, P{ = T] = 0) under Hydrate
Equilibrium Conditions

In spatial areas, where the phase equilibrium of the water—ice mixture is presented
(0 < Cy < 1), phase transition temperature Ty and pressure P are considered constant
and given. With that, piezoconductivity Equation (11) is used for calculation of volume
water—ice phase fracture transferring Cy,. In the areas where there are constant and given
Cw = 1 (e, waterif T > Tp) or Cpp = 0 (ice if T < Tp), the same equation is applied
for calculation of evolution of thermodynamic parameters T and P. Related areas are
changed dynamically in time with optional phase transition surface boundary (Stefan’s
problem [21]), and this phenomenon is supposed to be analyzed with specific numerical
algorithms. In the present section we study hyperbolic properties of water—ice phase
transfer (0 < Cy < 1, P/ = T = 0) considering hydrate equilibrium.

In the case of four phases (hydrate, gas, water—ice mixture) being in thermodynamic
equilibrium the piezoconductivity Equation (11) will take the form of:

mfss{sv {SIULM} } + i{Wl{sv {Szupzui%} }} + 0:DIG + ll] DIG, =0, (29)
v

Pwi Ot mp mpy
where
1 1 .
DIG = — div(pw V) + — div(pgVy) + (q—w + @)/ (30)
Pwi Pg Pwi Pg
DIG; = [div(pwew V) — €0 div(pw V)] + (v — €4i) div(pw V) +
+ [div(pgeg Vi) — eg div(pgVg)] + div [P(Vi + V)| + div W+ (31)
+ (qg — &wifw — €g‘7g)~
Considering that

(pwi)'s = (Pw — p)(C)ts P > pis (32)

(Swi); = [(prwgw + CiPiEi)/(chw + Cipi)]; =

1

= PTwz [Pwi(pwsw - Piei)(cw)zl‘ - pwi‘c-wi(Pw - Pz)(ca))ﬂ = (33)
1

= F[Pw(ﬁw — ewi) + 0i(€wi — €)](Co)t, 0 > i > €
wi

the equation will reach the following form:
mSvSw{JSM + l[pw(sw — ui) + pi(€wi — )] } (Ca)t
Pwi mpy
+ 6¢DIG + ml’b DIG, = 0.

v

(34)

Assuming

Cui = mSl/Sw{‘SsM + i[Pw(ew - ewi) +Pi(€wi - Ei)]} >0, (35)

Pwi mpy

we get a more compact form of the piezoconductivity equation:

Cui(Cw)} + 6.DIG + m"; DIG, = 0. (36)

14

Next we will modify (30) and (31):
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1
DIG — 7{ 0 2 (ki) . L, krgi)' }p;(cw);+ <> (37)
Pwi Hw “ V

DIG, = { {[Pw(ﬁw - gwz) +P]*(k krwz) ot P;l (k k?gi), P, }
(38)
+mSySw(Aw — Ai)T'x }(Cw);+ <>

Here the expressions < ... > do not contain derivatives of C;, with respect to t and x.
It is also clear that for thermal conductivity coefficient of water—ice mixture A,,; = CypAqyp +
(1 — Cuw)A; itis true that (/\w,')’cw = Aw — A;. Thus, the value Cy, in the expression A (Cy)
is being approximated in the upward flow direction (—Ay,;T}), if Ay, > A;. Furthermore,
otherwise—in the downward flow direction if A, < A;.

For absolute permeability in expressions (37) and (38) the following evaluation is true:

ki = k(sv,-), Syi = Sv(l - Cisw)r (Sv[)éjw =SS0 >0, (ki)éjw = (k(svi)).lsvi(svi)éjw > 0.
For relative permeability of water, we have:

CuwSw Sw(l - Sw)

krwi = krw(swi)r Swi = W! (Swi)/cw = m/ (krwi)/cwi = (krw(swi))gwi(swi)/cw > 0.
ivw wow

Therefore we get (kikrwi)lcw > 0, i.e.,in (37) and (38) in expressions (k;k,;) the values
Cy and C; are approximated in the upward filtration flow direction. Similarly, for relative
permeability of gas we have following evaluation:

krgi = krg(l - Swi)r (krgt) Cui (krg(l wz)) ( wz)Cu <0.

Hence:

(kikrgi)c, = (ki)e, krgi + ki(krgi)c,-

In other words, in (37) and (38) in expressions (kik,g;) the values Cy, C;, included in k;,
are approximated in the upward flow direction. Otherwise these values Cy,, C;, included in
relative gas permeability k,¢;, are approximated in the downward flow direction.

3.3. Properties of Saturation Transfer Sy, if 0 < Cy, < 1 in Hydrate-Thawed Zone (S, = 1)

From Equation (12) we get following form of water saturation transfer equation:
mei(Sw) Pwy (k krw1)5u (Sw){\f =<...>.

Here < ... > does not contain any derivative of S;, with respect to t and x, and S, = 1.
For permeabilities it is true that

(kikrwi)lsw = ki(krwi)/sw + (ki)/swkrwi = ki(ki’w)gwi(swi)lsw + (ki)lsw (Svi){a"wkrwf .

Furthermore, the following evaluations are true: (see Section 3.2):

( rw)s >0, (swi)lsw >0, (ki)fSL,i >0, (Svi)lsu, <O0.
Hence in k,; = krw( wi) considering S;; = CwSw/ (1 — C;iSw) Sw is approximated

in the upward flow direction. In k; = k(S,;) if S,; = 1 — C;Sy and S, = 1 take Sy, in the
downward direction.
3.4. Properties of Water—Ice Phase Transfer (0 < Cy, < 1, T/ = 0) in Hydrate-Thawed Zone
(S, =1)
The equations of piezoconductivity (18) and energy (20) are being solved simultane-

ously related to increments 0P and dCy, considering Ty = const in water—ice transfer zone.
Particularly, in approximation divW = 0 from (20) we can derive 0C; through 0P and
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substitute in (18). Analysis of water—ice phase transferring process C; in thawed zone
(Sy = 1) is the analogue of the hydrate equilibrium case (see Section 3.2).

Particularly, Cy, C; are taken in the upward flow direction for k; and k;4,;, and for k;¢;
these values (Cy,, C;) are taken downward.

4. Difference Schemes on Non-Regular Grids

For grids of the support operators method, consisting of cells (Q2), formed by nodes
(w), faces () and edges (A), it is characteristic that there is an isolated conjugate grid
(“shifted”) consisting of domains d(w) around nodes w (see Figure 1).

(2]

Figure 1. A basis building using the SOM algorithms. Solid lines determine cells created in modeling
area and responsible for different sediment matter. Dashed lines serve to create a border at a
homogeneous matter and to calculate the flow over the border.

Faces of the node domain are determined by the metric operator of the grid o(A) =
Y. Vye'p(A) (see also below). Here, the bases ¢(A) are in pairs included in the cells Q(A),
@A)

adjacent to the edge A. The metric calibration of the difference grid involves choosing the
volumes of bases (with natural normalization condition Y. V,, = V). It determines a
¢(Q)

construction of an isolated conjugant mesh for various grids classes, such as triangular-
quadrangular, tetrahedral, parallelepiped, prismatic, etc. 2D grids or 3D grids and their
adaptation for vector analysis of continuous boundary value problems. The example of a
triangular-quadrangular 2D grid illustrates the specific choice of local basis volumes V.

We introduce a family of irregular difference grids in the region O. We consider the
example when the grid consists of triangular and also quadrangular cells (Q2), edges (A),
nodes (w), bases (¢), and related to them the boundaries (o (1)) of the node balance domains
d(w) (see Figure 1).

The system of initial (covariant) unit vectors e(A)created by the edges forms the bases
@. We accept the centers of cells () and edges A like the arithmetic mean of radius vectors
of their nodes w. The curve is a surface that connects two adjacent cells through a cell or
an edge:

c(A) =) vee/y(A).
@A)

It is also oriented like the unit vector e(A). Here ¢/ (A) are the unit vectors of the re-
ciprocal bases with respect to the initial bases. The expression v, = %|e(A1) X e(A2)]
represents the base volume for a triangular cell (), containing as basis ¢ and v, =
1le(A1) X e(A;)] for a quadrangular cell, if A1(@) and A»(g) are the edges forming the
basis ¢. In a last step, ) is summation over all bases ¢, in the configuration of which

#(A)
the edge A had place. The nodal domains d(w) are formed by the surfaces o (A(w)) closed
around the node w.

The internal divergence of a vector field DIN : (¢) — (w) is defined by approximating

of the Gauss'’s theorem on d(w):

DINX = Y s)(w)tx(A), 7x(A) = Y ve(e/y(A), Xy).
Mw) @(A)
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(Z (X, Vu)do)

Here ) isthe summation over all edges A having a common node w.
Maw)
The grid vector field X is given by its representations in the bases X,. We use () to
denote the approximation of the corresponding differential expressions and have:

=—( / udiv Xdo — / u(X,ds)) = = ¥ (1w, DINX) = ¥ 0,(X,, GRAD ).
0 30 “ ¢
Gradient vector field GRAD : (w) — (¢) is given by its representations in bases:

GRADu = Y Mue'y(A), Mu=— Y s)(w)uy = gy — -
Ae) w(A)

We assume a vector field X, = K, GRADu as X, in the bases ¢ and we obtain a
self-adjoint nonnegative operator — DINX: (w) — (w) or — DINKGRAD: (w) — (w).
The flow vector field X here is given by its components in the bases X,,. This flow vector
field is determined by the gradient properties of the scalar grid function u given at the
nodes w and the grid symmetric positive definite tensor field of conductivity K, that is
given by their representations in the bases K. This operator will be strictly positive if the
first boundary value problem is specified at least in one boundary node of a connected
difference grid, i.e., the scalar grid function becomes zero in this boundary node.

Water and ice saturations, its volume fractions and hydrate thawing are taken in
absolute and relative permeabilities in the upward or downward flow direction in according
to analysis in Section 3. Particularly, in the absence of ice volume fracture the absolute
permeability k(S,) in bases ¢ at edges (A(¢)), forming these bases, always is taken in the
downward flow direction (as thawing). Relative permeabilities k) (Sw) and kyg (1 — Su)
are taken in the upward flow direction (as water- and gas saturations), i.e., as in the case of
2 phases thawed zone with the absence of hydrates.

5. Approximation of Divergent-Piezoconductive Difference Schemes in the Thawed
Zone in the Medium with Gas Hydrate Inclusions and Water-Ice Phase

5.1. Hydrate-Equilibrium Zone with Water—Ice Phase

We introduce some notations for the grid functions of the support operator method
(Section 4, see Figure 1) as well. We will refer to its nodes w previously employed in the
continuum model values

W/ Si// Svil Sw: Swir er Ci/ Pv, Pws Pir Pwis Pg/ Ps, PI Tr &y, Ew, Eiy Ewiy Sg, €s, Hw, ]’lg/ krwi/ krgi/ quw, 'Jg/ qe-

We assign the vector functions to the grid bases ¢ in accordance with Section 4

Vu, Vg, Vew, Veg, VP, VT, W.

We assign the grid functions that represent the discontinuous material properties of
substances to cell O
m, k, Ay, Aw, /\g/ As.

The relations are clear

mw = Z V‘Pmﬂ(l[))’ (1 — m)w = Z Vq)(l — mQ((p)) = Vw—ﬁw, Vw = Z V. ,
¢(w) p(w) ¢(w)

ie., T, and (1 — m),, perform the volume of the pore domain d(w) (see Figure 1) and its
frame part, respectively.

Then, we introduce the difference derivatives on time and the space-point (in the grid
nodes w) time interpolations a; = (2 —a) /7, a¥) = 62+ (1 — §)a on the time layers ¢ and
f = t+ 7 (tr > 0is the time step). Here the interpolation weight 6 may depend on the
spatial grid node w. Under the value
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5, = \/(msvf/<\/(msv)‘+ \/(st)), 0<S, <1

we will understand the free-volume time approximation of the grid functions given at the
nodes w. The proportion of the pore volume, intended for free movement of the liquid and
gas will determine the interpolation weight é,. The result of such an approximation allows
us to conduct discrete transformations of equations related to their splitting by physical
processes, which will be similar to continual ones. Other arbitrary interpolations with
respect to time will be denoted [ ]~. They can relate to different elements, such as grid
nodes w, bases ¢ etc.

We express the approximation of Equations (1) and (2) in the following form.

Conservation equations which are representing by themselves balance of water and
gas components

{11[SySwpowi + (1 = Sv)puPul ¢ + DIN(0w V)™ + 45 =0, (39)

{7[Sy(1 = Sw)pg + (1 = Su)ov(1 = Bw)] }, + DIN(pg V)™ + g5 = 0. (40)

By the means of GRAD operator flow of water (0, V)™ and gas (04 V)™ are approx-
imated in the grid bases ¢ considering discretization of Darcy’s law (4) on implicit time
layer by any of the standard methods [6,22]:

kikrwi )N GRAD P~ + (Pg; kikrwi )N gk,
Hw /g Hw /g

- kikrgi \™ 2 Kikrgi \”
(P V)b = —(p 8) GRAD P~ + <p ) gk.
Vel 8 0g " TN

(pZUVZU)l(;N = - (Pw

Under ( );q] are considered approximation of corresponding expressions in the grid
bases ¢ with some time interpolation.

However, in the presence of thermobaric relationship in the form of (5), for conser-
vation of continuum properties of quadratic forms legitimacy of thermodynamic values
gradients in the form of [ ediv(pV)dV (see also (43) below) it’s more appropriate to have
the Darcy’s law energetic form. We will get one from the assumptions below.

Considering pressure—temperature relationships (5) in three phase equilibrium zone
hydrate-water—gas it’s allowed to write

dey = s’wde, deg = s:gde,

where e’wp and ¢/,,—full derivatives from internal energy with respect to pressure.
That way Darcy’s law (4) in the grid bases ¢ (that is formed by nodes, in which is
fulfilled the thermobaric relationship (5)) we present in the energetic form:

- kikrwi | Y kikrwi \”
(PaVa)y = — | pu—t GRADeY) ¢ <p§ﬂ> ¢k,
ngwp Ap Huw Ag

3 kikrei \~ , kikroi \”
(pgVs)5 = (pg’j;,gl> GRAD ™ + (p;%) gk.
3°8P ) ng § 7hg
Thus

(PwVW); = {(PwVW)g’(PwVw)Z; }/ (ngg);) = {(Png)ZN‘(Png)f,f }

Internal energy balance equation that is approximating (3) has the form of:
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{m[sv (Swpwiewi + (1 - Sw)PgSg) + (1 - SV)pU’SV] + (1 - m)PSSS}t

(OARS (60) - (41)
+DIN{(ew )up(p V) }-I—DIN{(sg )up(pgvg) }
+DIN{ [P(Vy + Vg)] } + DINW™ +4; = 0.

Index “up” in the expression for water energy (eij") )up denotes, that corresponding

values are taken in the upward direction of flow (o, V)~ in earlier determined divergence
DIN(p» V)~ The index “up” is understood similarly in the expression for gas energy
(S((g‘sv) )up .

Energy from pressure forces work [P(Vy, 4 V)]~ and full heat flow W~ in the media
are approximated in the grid basis ¢, for example, at the implicit time layer by standard
method [6,22]:

~ P\~ - P -
PVa+Ve)l; = (o) eaVall + (£ ) (0sVe)]
w 8 9 pw p wvYw [ pg 0 8§'8 ]

Next, discrete analogue of piezoconductivity dissipative Equation (11), disintegrated
by physical processes with saturation processes transfer unit, (39) and (40), but differentially
equal to system of the model initial conservation law (39)—(41), has the form of:

500 ] [(m,)5,) 08 L) ((ms )1 s, -0y (0):_ m(1— 5,00 Py g
{[( ) ] pwz.)(ov) [( )( )] (‘Dg)(ov) [ ( )} (pv)(ov) ( )t

4
+ [0/ (mp) ) {18, Supai] =0 (o) + [(71S1) (1 = S g =) (), )
+ (1= $1)p) "0 (&), + [(T=mpses] | +8"DIG™ + [/ (mp,) ]| DIG; =0,
0 = [ﬁwswi + (1 - .Bw)‘c'g} — &y, [IP/(mPv)]N = [ﬁw/(.‘)wi)((su) + (1 - ,Bw)/(Pg)([SV)] n 1/(p”)(‘m 4
- - 1 - 13
DIG™ = ) DIN (00 Va)™ + o DIN (pgVg)™ + o + (Pg;( 5y
DIG; = [DIN{(Egl/))up (Pwvw)~} - (swi)wv) DIN(pszv)N} 43

+ [DIN{(S?‘/>)up(ngg)”} — (eg)®) DIN(ngg)N}

+DIN{ [P(Vy + Vg)] "} + DINW™ + (q; — e ®g — sg(‘sﬁqg).

5.2. Two-Phase Thawed Zone

Similarly to Section 5.1, considering the grid function S, = 1 in nodes w, we get two-
phase series of completely conservative differential schemes in the thawed zone. Instead of
using an interpolation weight §,, we here consequently introduce the weight

s = it (e + )
in the grid nodes w.

Conservation equations, representing by themselves mass balance of water and gas
components in the thawed zone will have the form of:

{MSwpwit; + DIN(pw V)™ + 145 =0, (44)

{7i(1 — Sw)pg }, + DIN(pgVg)™ + 5 = 0. (45)
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In the thawed zone by means of GRAD operator the flows of water (p, V)™ and gas
(pgVg)~ are determined in non-energetic form, i.e., are approximated in the grad bases ¢
by values (pz,,Vw)g~ and (ngg)g~ accordingly (see Section 5.1).

Internal energy balance in the thawed zone approximating (10), has the form of:

{ﬁ(swpwigwi +(1- Sw)Pgsg) +(1- m)Psgs}t + DIN [(Sgl)>up(Pwvw)N}
(46)

+DIN {(8?”)1”) (ngg)N} +DIN{[P(Vy + Vg)] "} + DINW™ +4; =0.

Definition of differential objects (indexes “up”, pressure forces, heat flow) are the same
as in Section 5.1.

Further excluding the S;, function, which is determined in the grid nodes w, from the
differential derivative sign with respect to time, from (44)—(46), we get completely conser-
vative differential equations determining non-isothermal process of piezoconductivity in
thawed zone:

(Sw)(f5l) - (1- Sw)((ﬁ)

» ‘)(51) [mpwils + (pg)(gl) [ﬁpgh +DIG™ =0, (47)

(m)(liél){[Swpwi](§1)(€wi)t + [(1 = Sw)pg] @ (Sg)t} * [(1 - m)Psgs} , T DIG: =0. (48)

The combination of difference mass DIG™and energy DIG; divergences in the grid
nodes w along with operation of active sources 3, g, q; are determined similarly to (43),
but with change of interpolation weight 6, to weight d.

5.3. On the Expediency of Using Numerical Simulation of One-Dimensional Problems of
Dissociation of Gas Hydrates in a Porous Media: A Vertical Fault in a Large Strike Formation

Building non-one-dimensional models requires very large geological and geophysical
information, which, especially in hard-to-reach northern regions or on the seabed, is
difficult, costly, and sometimes impossible to obtain. The results of the calculations are not
always easily visible, behind the details one cannot see the main defining characteristics of
the process. Conducting a large number of calculations to compare the results and obtain
final conclusions can require a significant amount of time. Therefore, the study of one-
dimensional problems that require much less initial information and are much easier and
faster to solve can be useful in many cases. In addition, downsizing of the models is possible
if one of the scales is much larger than the others (for example, the case of a thin layer),
and if the area under consideration is much larger than the size of the inhomogeneities.

One of these problems is to study the dissociation of gas hydrate from a vertical fault
at the boundary of a large strike area along a plane whose vertical dimensions are small
compared to the horizontal ones. Problems of this kind may correspond to the structure of
observed areas of degassing in several seas often associated with fault systems.

To illustrate, consider a typical geological profile (Figure 2) and its discretization in 2D
modeling [4]:
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Figure 2. Geological profile of the Varandey—Adzvinskaya structure zone (above): K1-Q—Lower
Cretaceous—Quaternary, J—Jurassic, T3—Upper Triassic, P2—Upper Permian, PI—Lower Permian,
C1-P1—Lower Carboniferous-Lower Permian, D3—Upper Devonian, D2—Mid Devonian, S1—
Lower Devonian Ordovician, D—Devonian, S—Silurian, T-P—Triassic-Permian; grid approximation
of the upper profile (bottom).

With a good knowledge of the reservoir, knowledge of its properties, water, and hy-
drate saturation in each grid node, two-dimensional numerical modeling can be used.
However, if there is little initial information and it is inaccurate, which is natural in
this kind of problems, the use of high-precision methods is impractical. A model that
matches the accuracy of the available data is more likely to be a one-dimensional vertically
averaged model.

Models of this kind are widely used in problems associated with gas hydrates in a
porous medium.

6. Test Calculation for the Problem of Interaction of Vertical Fault and Horizontal
Seam Containing Gas Hydrates

We consider the problem of interaction of vertical fault and horizontal seam containing
gas hydrate, that in initial approximation can be considered as one-dimensional horizontal
problem in Cartesian coordinates x € [0, L], L is the length of calculation area. Herewith,
gravity, due to the horizontal geometry, does not affect the process. We are interested in the
region near the fault x € [0, L1] (L is about few meters). Note that, due to the parabolic
nature of the pressure problem, the computational domain must greatly exceed the region
of interest, L1 < L, so that the solution in the vicinity of the fault (at a distance of about a
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meter from it) is practically independent of the boundary conditions at the other boundary
of the area. L is taken about 300 m.

It is assumed that the depth of the formation corresponds to the conditions for the
existence of methane hydrates, and initially the pore space of the formation is uniformly
filled with water, gas, and gas hydrate. Thus, for initial time moment we set:

Sw(x,t=0) =S5 =06, S,(x,t=0)=5:=07,
P(x,t = 0) =Py =30 bar, T(X,t = 0) =Ty = Tdis(PO)-

The initial pressure corresponds to a depth of 300 m, at which the existence of thermo-
dynamically equilibrium methane hydrates is possible in the region of the permafrost.

The fault corresponds to the left boundary x = 0. The difference grid is uniform with
astep h = 0.01 m at a distance of up to 1 m from the fault, and then increases exponentially
with g = 1.05. The time steps are constant T = 10 sec. The condition S, = 1 is set on
the fault. For joining two-phase and three-phase regions, the overheated state method is
used [23].

The problem of thermal influence of a fault is considered. On the left boundary,
an increased temperature value is set, compared to the reservoir one:

T(x=0,t) =Ty = To+5 > Ty = Tais(Po)

and non-flow conditions:

Vi P(x=0,t) =0.
On the right (remote) boundary, unperturbed boundary conditions are set—the values
of the variables coincide with their initial values:

Sw(x=Lt) =855, S,(x=Lt)=S", Plx=Lt)=P, T(x=Lt)=T.

Due to the zero flow velocity on the fault wall (due to the no-flow condition), the satu-
ration values at x = 0 do not affect the process.

For the calculation, values of the parameters characteristic of the Messoyakha gas
hydrate field were chosen [4].

Figures 3-6, below show the results of numerical calculations for a number of time
points: pressure, temperature, thawing, water saturation profiles.

. -I 0.8

Values of P — Py [bar] 06

ldI . i
0.1d
0

T T T T 1
0 20 40 60 80 100

Time [days]

Length of calculation area [meters]

Figure 3. Pressure profile of deviation from initial pressure value P — Py, Py = 30 bar (Py—initial
value, P—instantaneous value), for time moments t = 0.1, 1, 10 days. X-axis: calculation length in
horizontal direction of the reservoir is taken long way from the fault (up to 100 m), where 0 X-value
represents the fault.
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Figure 4. (a) Temperature profile T for time moments ¢t = 0.1, 1, 10 days. X-axis: calculation length in
horizontal direction of the reservoir is taken long way from the fault (up to 100 m), where 0 X-value
represents the fault. (b) Temperature profile T in the nearest area around the fault for time moments
t = 0.1, 1, 10, 100 days. X-axis: calculation length in horizontal direction of the reservoir is taken
close to the fault (up to 2 m), where 0 X-value represents the fault. (c) Temperature increasing profile
T — Tyis(P) (Tyis (P) is the temperature of the dissociation that is a function of pressure instantaneous
value) in the area around the fault for time moments = 0.1, 1, 10, 100 days. X-axis: calculation
length in horizontal direction of the reservoir is taken close to the fault (up to 2 m), where 0 X-value
represents the fault.
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Figure 5. Hydrate thawing profile S, in the area of the fault for the time moments t = 0.1, 1, 10, 100
days. X-axis: calculation length in horizontal direction of the reservoir is taken close to the fault (up
to 2 m), where 0 X-value represents the fault.
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Figure 6. Water saturation profile S, in the area of the fault for the time moments t = 0.1, 1, 10, 100 days.
X-axis: calculation length in horizontal direction of the reservoir is taken close to the fault (up to 2 m),
where 0 X-value represents the fault.

7. Conclusions

Two-dimensional modeling algorithms elaborated in the paper are useful for a problem
of filtering multiphase and multicomponent flows for porous media with joint solid-phase
inclusions from hydrates and water-ice mixture. A two-units mathematical model is im-
plemented, which makes it possible to single out hyperbolic and dissipative subsystems
in the corresponding system of equations and allows to build effective numerical algo-
rithms for solving fluid dynamic problems in multi-component and multi-phase system.
The Gibbs phase rule is used for systems with one thermodynamic degree of freedom in
the hydrate-equilibrium zone to determine types of dissociative bonds between thermody-
namic variables. The calculations performed show the interaction dynamic of a three-phase
zone containing hydrate, gas and water, and a two-phase zone containing only gas and
water. The results show the possibility of applying the developed methods to real problems
related to gas hydrates. The approach can be successfully applied for study of natural gas
hydrates in frozen-susceptible rocks.
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Abstract: The problem of constructing and justifying the discrete algorithms of the support operator
method for numerical modeling of differential repeated rotational operations of vector analysis
(curl curl) in application to problems of magnetohydrodynamics is considered. Difference schemes
of the support operator method on the unstructured meshes do not approximate equations in the
local sense. Therefore, it is necessary to prove the convergence of these schemes to the exact solution,
which is possible after analyzing the error structure of their approximation. For this analysis, a
decomposition of the space of mesh vector functions into an orthogonal direct sum of subspaces
of potential and vortex fields is introduced. Generalized centroid-tensor metric representations of
repeated operations of tensor analysis (div, grad, and curl) are constructed. Representations have
flux-circulation properties that are integrally consistent on spatial meshes of irregular structure. On
smooth solutions of the model magnetostatic problem on a tetrahedral mesh with the first order of
accuracy in the rms sense, the convergence of the constructed difference schemes is proved. The
algorithms constructed in this work can be used to solve physical problems with discontinuous
magnetic viscosity, dielectric permittivity, or thermal resistance of the medium.

Keywords: self-gravitation; magnetohydrodynamic forces; support operator method; mathematical
modeling
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1. Introduction

Support operator method (SOM) [1-3] in the construction of the difference schemes
is used for a consistent approximation (in the sense of some integral identities) of the
conjugate operations of vector analysis (div, grad, curl, etc.) and their combinations that
are necessary for the numerical modeling of mathematical physics problems. The SOM
allows for constructing the difference schemes on irregular meshes for many equations of
this class, including nonlinear ones, in particular, with the fulfillment of the principle of
complete conservatism [4]. In particular, to solve the problems of magnetic gas dynamics
and for the development of hydrodynamic instabilities, the computational schemes should
ensure conservation laws with an error that must be time-limited in order to be able to
consider asymptotic solutions for the problems. These requirements together led to the
development of integrally consistent approximations of systems of partial differential
equations that arise in continuum mechanics.

The construction of consistent approximations is subjected to the multiphysical nature
of most practical problems in continuum mechanics and magnetic gas dynamics. This
branch of the theory of mesh methods for solving initial-boundary value problems for
systems of partial differential equations has a long history and has turned out to be very
productive. A classic example is the construction of completely conservative difference
schemes for gas dynamics [4]. Matching the approximations for the momentum balance
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equations, gas internal energy, and magnetic energy makes it possible to obtain their differ-
ence analogs. From these analogs, one can obtain the total energy balance equation which
is free of “nonphysical” terms, i.e., those that do not have a physical nature, but occur
only as a result of the chosen method of approximation. Thus, completely conservative
schemes can be used in two basic equivalent forms, obtained one from another by algebraic
transformations, either one that includes the total energy balance equation, or component-
by-component balances of the kinetic, internal energy of the gas and magnetic energy.
The latter form is important in such applications as, for example, calculations of high-
velocity flows of gas mixtures, in cases where the characteristic energy relaxation time is
longer than the characteristic momentum relaxation time, and the temperatures of individ-
ual components can differ markedly during the motion. Integral-consistent approximations
are important in multiphysics calculations with a complicated description of energy ex-
change: gas dynamics of chemically reacting flows, radiation gas dynamics, magnetic gas
dynamics, hydro-gasdynamic processes with energy flows to condensed matter, etc.

The SOM under consideration is actively studied and applied to practice problems.
Let us take a look at some of them. Ref. [5] presents a comprehensive workflow for
modeling integrally consistent single-phase flow and transport in a fractured porous
medium using a discrete fracture matrix approach. In [6], the relationship between surface
and underground flows was studied on completely unstructured meshes corresponding to
complex soil structures. To accommodate the distorted grids that inevitably result from
the explicit representation of complex soil structures, a mimetic finite-difference scheme
structure (which is analogous to SOM) of spatial sampling is used to connect surface and
underground flows. The Ref. [7] presents a mimetic finite-difference discretization of an
arbitrary order for the diffusion equation with asymmetric positive definite tensor diffusion
coefficient in a mixed formulation on general polygonal meshes. This scheme was tested on
a non-stationary problem of modeling the Hall effect in resistive magnetohydrodynamics
(MHD). In [8], the convergence of a new family of mimetic difference schemes for linear
diffusion problems was studied. In contrast to the traditional approach, the diffusion
coefficient enters both into the primary mimetic operator, i.e., into discrete divergence,
and into the scalar product in the space of gradients. The diffusion coefficient is evaluated
at different locations in the mesh, i.e., inside the mesh cells and on the mesh faces.

In Ref. [9], the explicit and implicit mimetic finite-difference schemes for the Landau—
Lifshitz equation describing the dynamics of magnetization inside ferromagnetic materials
were developed and analyzed. These schemes operate on common polyhedral meshes,
which provide the flexibility to model magnetic devices of various shapes. The Ref. [10]
presents a new family of mimetic difference schemes for solving elliptic partial differential
equations in direct form on unstructured polyhedral meshes. Higher-order schemes are con-
structed using higher-order moments. The developed schemes are verified numerically on
diffusion problems with constant and spatially variable tensor coefficients. In [11], the sta-
bility and convergence properties of the mimetic finite-difference method for diffusion-type
problems on polyhedral meshes were studied. The optimal rates of convergence of scalar
and vector variables in a mixed formulation of the problem are proved.

In Ref. [12], two new numerical methods for spatial discretization are presented, based
on a mimetic finite-difference method for a degenerate partial differential equation in one
dimension known as the Black-Scholes partial differential equation, which governs option
pricing. To deal with partial differential equation degeneracy, a new customized finite-
difference mimetic scheme is proposed along with the standard finite-difference mimetic
method. Temporal discretization is performed according to the standard implicit scheme.
In addition, rigorous proofs of convergence in the corresponding normed spaces are
proposed. In [13], a systematic approach was developed to obtain mimetic finite-difference
discretizations for the divergence and gradient operators, which provides the same order of
accuracy at the boundary and internal mesh nodes. In Ref. [13], a second-order version of
these operators is used to develop a new mimetic finite-difference method for the stationary
diffusion equation. A theoretical and numerical analysis of this new method is presented,

292



Mathematics 2022, 10, 3904

including an original and non-standard proof of the quadratic convergence rate of this
new method.

In Ref. [14], a numerical analysis was performed to study the heat transfer in a three-
dimensional magnetohydrodynamic flow of a magnetic nanofluid (ferrofluid) through a
bidirectional exponentially stretching sheet of a hybrid nanofluid. The research results
showed that, with an increase in the shape factor and generation/absorption parame-
ters, the temperature above the surface increased. The obtained data prove that the skin
friction coefficient corresponds to the magnetic parameters and the suction/injection pa-
rameters. Ref. [15] considers the magneto-hyperbolic-tangent liquid model taking into
account magnetohydrodynamic processes. MHD has several applications in heat exchanger
manufacturing, spacecraft strength, thermal enrichment, polymer technology, power gener-
ators, petroleum industry, and crude oil refining. In [15], hydromagnetic characteristics
were studied under convective and stratified model constraints. Ref. [16] considers the
magnetohydrodynamic flow and heat transfer of a non-Newtonian micropolar dusty liquid,
suspended Cu-Al,O3 hybrid nanoparticles, past a stretching sheet in the presence of non-
linear thermal radiation, variable thermal conductivity, and various shapes of nanoparticles
(bricks, cylinders, platelets, and blades). H,O is used as base fluid. The effect of various
parameters on the velocity and temperature profiles is analyzed for a given heat flux and a
given surface temperature. An increase in the Hartmann number led to a decrease in speed
due to the Lorentz force. The temperature also increased as a result of the increase in the
Hartmann number due to the Joule heating effect.

In Ref. [17], the entropy generation of nanofluids between two stretching rotating disks
under the action of magnetohydrodynamic and thermal radiation is considered. In [17],
ethylene glycol (CH,OH); is used as the base liquid, and carbon nanotubes, which include
both single-walled carbon nanotubes and multi-walled nanotubes, are used as nanopar-
ticles. The effect of the radiation parameter, magnetic field, porosity, suction/injection,
and Brinkmann number on the skin friction coefficient and Nusselt number are studied.
In [18], a magnetohydrodynamic flow is studied in the presence of microorganisms and
nanoparticles on the surface. The desired results are the number of motile microorgan-
isms, the Nusselt number, the coefficient of friction of the skin, and the Sherwood number.
The influence of Brownian motion, thermal radiation, Schmidt number, thermophoresis,
Peclet number, magnetic field, and bioconvection Schmidt number on the desired results
have been studied. In [19], a three-dimensional estimate of the convective heat transfer
properties of a magnetohydrodynamic flow of a nanofluid consisting of mobile oxytactic
microorganisms and nanoparticles passing through a rotating cone was obtained. The in-
fluence of various factors on the distribution of velocity, temperature, and concentration is
studied, taking into account the addition of a magnetic field, thermal radiation, and viscous
dissipation to the calculations. Changing the magnetic parameter from 0 to 1 led to a
decrease in the temperature distribution by approximately 3.11%.

The expansion of the practice of using grids of irregular structure is due to the need
to solve applied problems of mathematical physics in geometrically nontrivial areas. One
such very effective method for constructing consistent approximations is the method of
support or integrally consistent operators. The idea of constructing integrally consistent
approximations of differential operators was realized in [20,21], where approximations
on rectangular grids were obtained. Generalizations of this method to the case of irreg-
ular grids appeared as a result of the analysis of the development of projection-grid and
variational-difference schemes for equations of elliptic type [22], as well as variational-
difference schemes for equations of gas and magnetic gas dynamics [23]. In the works of
this direction, in particular, the possibilities of constructing difference schemes without as-
sumptions about the structure of the difference grid were studied [24-26]. It turned out that
the natural basis for the corresponding difference constructions approximating differential
operators is the integral identities of vector and tensor analysis [27]. Since these identities
connect vector analysis operators in an invariant form, for their use in constructing grid
approximations, the natural form of representation of the original differential equations
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(and the corresponding boundary value problems) is invariantly defined operators. In this
case, it turns out to be possible to construct an approximation of any one of the operators,
for example, the gradient. Some integral identities link operators of different types, i.e., act-
ing on scalar and vector functions, which allows, for example, to obtain an approximation
of the divergence of a vector field as a generated operator [28,29], which, together with
the gradient difference operator, satisfies the difference analogue of the corresponding
integral identity.

The problems of research and justification for these schemes are less developed. In this
work, on the classical solutions of the model magnetostatic problem on tetrahedral irregular
meshes, the convergence of SOM difference schemes for repeated rotational operations
of vector analysis (curl curl) with zero eigenvalues of the spectral problem is proved. All
equations are linear and, moreover, with constant coefficients. This choice is explained by
the desire to highlight the problems associated exclusively with the irregularity of the mesh
and to show the commonality of approaches to their solution. Convergence is proved at the
geometric level, i.e., depending on the degree of coordination of the geometry of the mesh
and its metric properties with template functionals that determine the specific form of the
difference scheme. In this case, the sufficient smoothness of the solution of the original
differential problem is assumed.

The considered difference schemes generally do not approximate the equations in the
local sense; therefore, the proof of convergence is possible after analysis of the structure
of the approximation error. An investigation of this problem leads to a splitting of the
space of vector mesh functions into an orthogonal direct sum of the subspaces of potential
and vortex ones. As applied to the SOM difference scheme for the magnetostatic problem,
the difference rotor of the circulations calculation error is zero. Therefore, this error is the
difference gradient of some mesh function grad¢. The norm of circulation error grad¢ is
determined by the energy of the metric mesh operator G [30]. The action of the metric
operator G on the area of the faces of the cells §, in turn, is consistent with the sizes of the
cells (the location of the centers of gravity of the cells, faces, and edges). We introduce a
decomposition of the space of mesh vector functions into the orthogonal direct sum of the
subspaces of potential and vortex fields, so that the error in computing the circulations is a
potential function.

Thus, in the present work, on sufficiently smooth solutions of the differential problem
on tetrahedral meshes with the first order of accuracy in the mean-square sense, the conver-
gence of SOM difference schemes for repeated rotational operations (curl curl) with zero
eigenvalues of the spectral problem is proved. There are no restrictions on the tetrahedral
mesh, except for its non-degeneracy.

2. Covariant Representation of a Mesh Dot Product on the Mesh (¢)- (¢)

Cells (Q)) are made up of faces (¢) and nodes (w). The bases ¢((2) are formed by the
unit normal &(¢) of the faces ¢ forming the given basis. Its central node w(€}) corresponds
to such a basis ¢(Q)). In the bases ¢(2), their volumes V,, > 0 are selected with the
normalization condition in the cell Y V,, = Vq. Spatial meshes with the above-described

Q
structural elements were introducegir’? [1,30] and are shown in Figure 1a. The strengths of
the magnetic field are componentwise related to the normals €(0) of which the bases ¢(Q))

are composed.
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® s A e:(04)
Figure 1. Mesh and mesh bases: (a) tetrahedron; (b) boundary approximation of the Poynting flux;
(c) magnetic circulation on the boundary contour Cy,Cyy, s¢(A) = —1, s3, = —1. Beyond the face dc,
the cell 0Q) is located.

Using the facet weight volume V;; = Y V,, > 0, we introduce the mesh dot product
@(0)
approximating the integral [ (R, £)dV in the domain O in its covariant representation
(0]

h8)e =3 Ve Y, Gry(o,0)l ()8 (o).

P a(e)o(e)

Here, by the definition,
(hllhz Ufzvvhl hz( )

Thus, the metric operator G, including i = G/, is actually introduced according to
the formula

fi(o) = Z Vp Z Griy( ().
(p(v) ol
We have constructed a positive definite self-adjoint operator G : () — (0), G =
G* > 0 on the mesh. It is given by a family of Gram matrices Gr,(0,7) = (€},(0),€,(5))

in local bases ¢. Here, ¢ ¢(0) are the vectors of the mutual basis ¢ with respect to the
initial one formed by the vectors ¢(¢). This operator G connects the covariant /() and
contravariant fi(c) representations of the magnetic field strength. For triangular 2d cells ()
according to [1], the base volume is defined as V,, = %\e‘i x é|. Here, € and ¢é) are sides of
the triangle forming the basis ¢.

Likewise in a quadrangular cell, it is V,, = }|éj x ¢|. For tetrahedral 3D cells 0, it is
selected as V, = }IVQ, @ Q.

What has been described in this section is generalized to non-unit normals &(¢) to cell
faces o.

Mesh divergence DIV : (¢) — (Q)) is given as:

DIVE= - ¥ s,(Q)g (0)S(0): M
Vo o(Q)

Here, S(0) is the area of the face ¢ divided by the length €(¢) of the ort /(€|
i.e., the specific area. If the normal &(c) to the cell () is external, then s0(Q)) = +1 For the
inner normal, this sign function is equal to minus one.

The cell scalar product is defined as

(FL,B)a =) VaFaba.
a

Using (1) from the difference analogue of the integral identity [3]:
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/‘ gradFRdV + / FdiohdV = / FRdS
Jo Jo Jz
in the area O closed by the surface &, we obtain the mesh operator GRAD : (Q) — ()

(GRADF,1'); + (E,DIVi)q = Y _sa-Faot' (90)S(30r). )
do

On the boundary faces do in this identity, S(d0) is the specific area. s3; = +1 for
the outer surface normal ¢(do) and s;, = —1 if otherwise. In addition, the function Fp,
is defined on the boundary faces do. The quantities i = G’ and F are arbitrary mesh
functions; therefore, on the faces ¢, we obtain

——— AF .,V
GRADF = S/ = 5o

where
AF ==Y s,(Q)F(Q) + speFoar-
()

The last term in the expression for AF on the face c is added at the boundary of the
region (i.e., c = 90).

3. Difference Evolution Model of the Magnetic Energy of the System
3.1. Metric Support-Operator Meshes for MHD Processes

hz(A) > 0 is the length of the oriented edge A divided by the length of the ort
vector \/(ér(A), & (A)). This is the specific length of the edge. The oriented area Sy,
of the boundary face d¢ is divided into the sum of the areas of the surface bases §a¢
inside this face S5, = ¥ §a¢~ The boundary edge 0\ has a superficial near edge area
0¢(d0)
Sax = L Sip and a transverse length hg(9A) = S3,/h:(9A). The mesh (A).(¢) is
9¢(0A)
formed by local bases ¢ of edges A with oriented vectors &;(A). Electric field strengths &
are componentwise related to the edges of a given mesh. To define the metric operator
Gy on (A).(¢), we consider the dot product: (e1,e2)y = Y. Vyeq(A)ea(A) with near-edge
A

volume V) = ¥, V, > 0. The continual scalar product [, (¢, B)dV in the entire region O is
¢(A)
approximated by the representation

(e,b")x :EV,P~ Z Gr/ﬂ,,()\,i)e’(i)b’(/\).
¢ Ae)Ale)

Thus, the metric operator G, including ¢ = G¢/, is actually introduced by the formula

6A) = = YV, Y Grep(A D) (D).
i) i)

In the sense of the scalar product (eq,e2),, we have constructed a positive definite self-
adjoint operator G¢ : (A) — (A), Gr = G > 0. Itis given by a family of Gram matrices
in local mutual basis ¢. Here, & (1) are the vectors of the mutual basis ¢ with respect to
the initial one formed by the vectors €;(A). The index T determines the object relation to
the mesh (A).(¢). This operator G; connects the covariant ¢’(A) and contravariant &(A)
representations of the electric field intensity. Approximating Stokes’ theorem on the cell
face o, we obtain a mesh rotor ROD : (A) — (o) (see Figure 2a) acting on an electric field

(RODE)' = Y sa(0)e (Ahe(A). 3)

1
S(0) i@
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- +
Lo
é, (/\YL s E /
sx(o) = =1 ) VS”(A) = =1

Figure 2. Circular matching of oriented normals to faces o on the left and tangents along mesh edges

A on the right. The sign function s, () = %1 (a) takes values according to whether the orientation
of the edge &;(A) coincides with the direction of rotation about the normal &(¢). The sign function
ss(A) = £1 (b) is defined similarly, but the contour is made up of oriented face normals &(¢), and
the rotation is around the tangent along the edges &;(\).

Here, S(0) is the area of the face ¢ divided by the length of the ort \/(¢é(c),é(c)).
From Figure 2, sign functions s, () = %1, s,(A) = £1 are set (including s, (0) = s¢(A)).
The boundary sign function s, 5, is equal to plus one if in the surface basis d¢(do) the
rotation from the unit vector €z(dA) to the complementary to it in d¢(do) determines the
outward normal to the region. Otherwise, sy, g4) = —1.

On the edges dA of the boundary of the region O, as well as an electric field ¢/(dA),
we consider a magnetic field fir with components i’ (dA) tangential to the surface of the
region. Using (3) from the difference analog of the integral identity [3]:

/ & curl RV — / B curl 6dV = / e x 2)d5 )
O (@] %
in the area O, closed by the surface X, we obtain the mesh operator

(¢/,ROGH), — (f, (RODE)')y = Y ¢'(9A)h (dA) (fidh)x (9N). (5)
oA

The operator ROG acts on magnetic field .

From the approximation in the surface basis d¢ of the mixed product [ﬁT x €]ds in (4),
the magnetic circulation transverse to the edge dA is determined on the surface of the region
(see Figure 1b)

1 SaA(99)Sdg ., =
he(9A) 112 (0A) 53 () 200+ (6)

(hdh)z (M) = —
ap(a)) 4/ det||Groy,||

Gr, is Gram matrix composed of orts &x(dA) and (1) in a surface basis d¢. Its
determinant is:

det]| Greay || = (#(91), 2 (1)) - (¢:(91), 2 (1)) - sin2 (0A)2¢ () lyr gy ot gy @)

—

For the angle ¢ = &;(dA)&:(0A) between the vectors of the surface basis d¢, the
identity is fulfilled

|y (A) x Erp (V]| = sin(mt — ) /{[E(A)| - [ (A)|cos* (/2 — @) } = 1/ det||Gra|.
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Hence, the integral conjugate to the operator ROD, the operator ROG of interest to us,
will be obtained from (5):

ROGH =1/8,[ Y se(A(o)l (o) + (7dh)s (3A)], St = Vi/he. 8)
a(A)

If the magnetic circulation (7dh)x(9;A) is used to close the contour around the surface
edge 91\ in the ROG operator, then the first boundary value problem (Dirichlet) is consid-
ered to be posed on this edge d1A. The edge oA = {91A|dpA}, in other words, we will un-
derstand as 0 (dpA ), and we will put on it the second boundary value problem (Neumann),
if the electric circulation ¢/ (dgA) - h(dpA) along the surface edge dpA is defined. This edge
closes the contours of the faces ¢(dpA) in (3) for the operator ROD. In this case, the operation
ROD ROG : (¢) — (0), including ROD ROG = (ROD ROG)* > 0 turns out to be self-
adjoint and non-negative according to (5) in the sense of the scalar product (-, -),. For the
operation ROG ROD : (A) — (A), we similarly have ROG ROD = (ROG ROD)* > 0,
in the sense of the scalar product (-, -),. Due to the metric properties of the meshes (¢).(¢)
and (A).(¢), as well as mesh-oriented flow-circulation relationships (see Figure 2), the prop-
erties of operations DIV ROD & = 0 in the mesh cells Q) are fulfilled.

3.2. Metric Properties of Rotary Operations on Tetrahedral Meshes

Let us justify the approximation of the operation ROGT (see (5), (8)) and its circula-
tion properties.

On the tetrahedral mesh, we also set the form of a closed conjugate magnetic contour
((A)) with an axis around the edge A. For the surface edges dA, the contribution to the
spatial closure of the contour will be made taking into account the approximation of the
Poynting vector on the faces do.

Consider the contour of magnetic circulation around the edge A, formed by adjacent
tetrahedra (see Figure 1a). We introduce the centroid points of the tetrahedron (for Q, o
and A):

N 1 L 1 Lo 1 o
o=y Y Fu =3 Y Fu, Q=5 Y P
w(Q) w(o) w(d)

Here, 7, are vectors defining the spatial arrangement of nodes forming cells (), faces

o and edges A. Deferring these vectors from the node O (see Figure 1a), we obtain

&Q:i((ﬁ+@+(ﬁ)/ (fcr: %(Cﬁ+@+@)’

0C) = %((ﬂﬂf)), CaCy = Co — Cr.

We transform the expression from (8)

SLROGH — (fdh)s(9A) = Y se(A)i(0) (0) = Y so(A)(GH') (o)l (0) =

a(A) a(A)
1 ~ s se(A) o -
=Y so(A) Y Vy Y Griy(o, o)1 (7) =Y Yo Y Ve, (o) Ry
R R I 5(9) /@ 500 a@ye@ea ¢
11 -
= Z 50()‘) Z Zghﬂia Z é‘;(p((ﬂ . hqt?‘
o(A) Qo) ¢(0)eQy

The vector of the magnetic field intensity in the basis ¢ is ﬁq, = Lilg) h’(&)?’w(ﬁ).
The height in the tetrahedron () drawn to the face ¢ is denoted as ¢y | ;. In addition, on the
¢-basis, & (p(a) is the mutual (contravariant) vector corresponding to the unit normal to the
face 0. The representation takes place (see Figure 1a)
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1 —
fhnlg Z 5’1 (0’) = SO‘(Q)CQCU‘.
12 ¢
@(0)eq)
This identity constructs the circulation of the magnetic field intensity between the
gravity centers of the cell () and one of its faces o as

Co
N\ )
s @) | [fde) = Shaie B &0
o A @(0)eq)

Because of this, (8) can be represented in the form

o(A) Qo)

Co
SLROGH — (Fdh)s.(0A) = ¥ s0(A) ¥ s0(QQ) - Q/ ﬁda’) .
A

0

The Pointing electromagnetic energy flux approximated on the surface of the region &
on the right-hand side of (4) is consistent with the discrete representation of the boundary
magnetic circulation (5), (6) between the gravity centers of the surface faces do and the
midpoints of their edges dA(do) (see Figure 1c). The corresponding contours have a
geometric representation (see (6))

—_— Sor(90) * Saq) . ~

5r(V)530CarCon = ~1/h(@) Y —2C8 20 5 (33)]152g) 2on-
ag(ar)cao y/det||Gro,l|

The intersection point of the medians Cy, in the triangle do is connected to vectors
CyrCyp by the midpoint of one of its edges 0A(do). dg are surface bases in the triangle do.
Their area can be represented as S, = %53@3({, through the area of the triangle Sy,~a,
containing this basis 0¢. sy, = +1 is true for the outer surface normal €(dc’) and s3, = —1,
if otherwise.

By virtue of the above geometric reasoning, we see that the discrete magnetic circula-
tion on Cy,Cy, can be represented as

Caor
- 1 SoA(dg) ° Sazp .
o) =1 g e
) U a0 A hr(02) a(p(a%eaa det||Greag |l v A(0)#0A

Finally,

Cor Cor
SLROGH = Y 5o (A) ¥ 50(Q) / ﬁde) + Y se(A)sar / ﬁdé) )
o) 0@ " : N

A 0A) o
Equality (9) means that the rotor of the magnetic field (see (8)) can be represented

by a spatially closed centroid contour circulation around the axis of the edge A. A spatial
contour connects the gravity centers of cells () and faces ¢ around the edge A. On the
boundary face do, the intersection point of its medians is connected to the middle of the

axial edge 9A(d), on which S.ROGH(A) is defined. From the spatial closeness of the
circulation representation (9) on the mesh, it follows that

ROGH =0 at 7 = const.
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4. Convergence of Difference Schemes of the Support Operator Method for Rotational
Operations of Vector Analysis on Tetrahedral Meshes

4.1. Formulation of the Problem
On sufficiently smooth solutions, the approximation by difference schemes of support
operator method [31]
curl H = f(?), (10)

H=curl E (11)

with solenoidal magnetic field (divH = 0) is considered, for which with necessity [32]
a certain field E exists, incl. (11) holding. It is also assumed that a certain distribution
of current densities f (7), for which (10) holds, and boundary tangential components of
magnetic field Ay |z are explicitly given. Obviously, “electric” field E is determined to be
accurate for a constant and homogeneous spectral problem (with f () = 0and HT|2 =0)
having zero eigenvalue.

For the solenoidality of the function f (i.e., divf = 0), the existence of the function F,
incl. f = curl Fis necessary and sufficient [32]. For Equations (10) and (11), we consider
the boundary-value problem with the tangential components of the magnetic field defined
on the boundary X of the region O

H:|s = Frls. (12)
In addition, obviously, for any closed loop I' bounding the surface Xr the following
will be satisfied: i
Hdli = / 748
Jrdi= [ 7

The difference scheme of the support operator method will have the form

VAROGH = f,, (13)

' = (RODZ)'. (14)

Hereinafter, when investigating the convergence of this difference scheme (13) and (14),
the specific lengths of the edges hi(A) and the areas of faces S(¢) are considered to be unit
(see (3), (1)). We represent the electric flow f, through the area

Sy= U Saen
(QA),r(r))err

penetrated by the vector é;(A) in the form

p=Z T [, o=

A) o()eQ SOM

= L sol) B so(0 [T+ X sosan / " Fde). (15)

(M) A (9N) Cor
Here, S, is the area vector of the triangle connecting the gravity center of cell C,
face C,, edge C, and oriented towards the vector ¢z (A) (see Figure 1a). Equality (15) is

obtained using the Stokes theorem for a joint contour of triangles S, around an edge A.
By reasoning of Section 3.2 (see also (8), (9)), we can assume

fo = VAROGF (16)
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believing
Co _,
Fo) (o) = ¥ so(Q)( /C Edo), 17)
Q(o) -
N Cor
(Fah)z(@A) = Y so(A)sa( / Fde). (18)
0 (aA) Coo

By virtue of condition (12), when studying the convergence of the difference
scheme (13), (14), we will also instead of (6) assume

N Cor
(rdh)s (1) = ) s¢(A)sao( Hde), (19)
30(aA) Cao
Cor _, Cor
Hde = / Fde. 20)
CBU Cav

4.2. Solvability of the Difference Problem

We study the solvability conditions for problems (13), (14), and (20). Introduce internal
rotation RNG : (¢) — (A) as

SIRNGH = Y ss(A)fi(0)l'(¢) = SLROGH — (Rdl)x (9A),
o(A)

SL(A) = Vi /he(A), W (o) = Va/S(0).
Obviously, by virtue of (5),
(¢/, RNGH), = (i, (ROD?)'),.

The homogeneous system of equations corresponding to the problems (13), (14),
and (20) has the form

VARNGH =0, ' = (RODg), (21)

(¢,RNGh), = (k, (ROD?)"), = (G(RODE)', (RODZ)'), > 0.

Hence, we see that the operator of homogeneous system RNGROD : (A) — (A) is
self-adjoint and non-negative. Thus, the solution of a conjugate homogeneous system has
the property (RODE)’ = 0 (for example, & = const). The orthogonality condition on the
right-hand side in (13) according to (8) has the form

Ze — (hdR)5(d1)] =0

or, taking into account (16)—(20), we have
(¢, RNGE), = (F,(RODg)"), = 0.

Thus, since (RODE)’ = 0, for any F in the solenoidal representation f = curl F in
accordance with (17), the condition of orthogonality of the solution of the homogeneous
conjugate system of Equation (21) and the right-hand side (13) under condition (20) is
fulfilled. This is the condition for the solvability of problem (13), (14), (20) by the Fredholm
matrix theorem [33].

4.3. Accuracy of the Difference Scheme

Now, consider the question of accuracy of difference scheme (13), (14), (20).
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Integrating (10) over the area S around the edge A, we find

VAROGH = f,
where
Co
HoW (0) = ¥ so()( [ Hae), 22)
Qo) Ca
Coa
(HdR)£01) = ¥ so(V)sao( [ Ha?) 23)
90 (9A) Caw
and, subtracting (13) from this equation, we obtain
VARGN(H —7) = 0. (24)

Conditions (24) mean that, in the cell (), there is a grid function ¢q such that

Ag
A

H -7 = GRADZ

and constant on the boundary faces 90, i.e., {3, = const. This constant will be considered
equal to zero, const = 0. We obtain the equation that the function ¢ satisfies. We have

G 'GRADZ =H' -1, GH' = H.

Summing up this equality over the cell faces (), taking into account DI Vi =0
(see (14)), we obtain
DIVGRAD¢ = DIVH

by (2); taking into account ¢, = 0, we have
(G(GRADE)', (GRADE)')s = (G(GRADZ), H') > 0.
-
From identity (2) for {3, = 0, for any difference solenoidal function RODE (i.e.,
—
DIVRODE = 0), by virtue of its orthogonality to GRAD(, we have
IGRADE|)Z = (G(GRADS)', H' — (RODE)')s < |GRADE|| - ||H — RODE|,.

Here, as applied (3), which determines (RODE)’, we have
E'(Mhe(A) = /A Ede (25)

and the integrals of the exact solution E (see (11)) are taken along the edges A oriented by
éz(A). The norms of grid vectors on the faces o here are understood || X||, = /(GX’, X'),,
aswell as [| X[« = (X, X)+, (X,Y)s = X, X(0)Y(0).

The boundaries of the spectrum of a self-adjoint, positive definite operator VG :
(0) — (o) consisting of Gram matrices Gr,, (o, &) in mutual bases (see Section 2), provided
that tetrahedral mesh is non-degenerate, can be estimated as

0< %(X,X)* < (VoGX, X), < %(X,X)*.
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The corresponding estimate for the inverse operator has the form
h 1 h
0< — (X, X)« < ((VoG) "X, X)s < — (X, X)..
72 7

Here, 771 and 7, are bounded (O(1)) quantities that do not tend to zero and do not
depend on the grid step 1 > 0.

A mesh is considered non-degenerate if:

1. There is a parameter i1 > 0 characterizing the partition detail of computational
domain O and having the meaning of linear dimensions of grid elements.

2. The unreasonable sizes of grid elements are uniformly evaluated for the entire

grid family:
ath® < Vo < aph®, bih? < S(0) < boli?, c1h < he(A) < eoh.

3. The ratio of nonspecific areas of faces S(c), as well as the lengths of edges h(A)
included in one basis ¢, uniformly across &, does not tend to zero and is bounded above by
the number O(1).

4. Among the dihedral and flat corners of the cells (), there are no very sharp and very
obtuse ones, i.e., they are all uniformly across / enclosed in the range from ® to 7 — ® with
a non-zero angle © = O(1).

Next, we obtain

IGRADE|% < ||H — RODE||; =
= ((H' - (RODE)'), (VoG)(H' - (RODE)")). < %H(VJGMH’ — (RODE)") |12

On the face o according to (22), we have

[(VeG)H')(0) = H(@)W(0) = Y 50(Q)[Hcy - CaCa + O(2)].
Qo)

Here, H, is the magnetic field for solving problems (10), (11), and (20) at the gravity
center C,; of face ¢ (see Figure 1a).
According to (3) and (25), on face o, we estimate

R L
- %/ﬁcurl EdS = —/ﬁHdS = [Heo + O()]E(@).

The last integral is taken over the oriented area of the face S(7)é(&) from the operator
template VG on the face 0. S(7) is a specific area of the face &. Obviously on the face o,

[(V-G)e|(0) = Z Z ZV¢Gr¢UU)e() Z Z Vq,e

(@) () (p) Q(0) p(0)€Q

:ZSD’ ) - CaCo.

(@)

o}

Hence,

[(VoG)(RODE))(e) =} }. Y VoGry(o,0)[Her +
() ()0 5(p)

O(m)e(@) = Hep Y 57(Q)CaCy +O(H).
()
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We see .
[(VoG)(H' — (RODE))](0) = O(?),

ie.,

IH-1)2 < Ly o) = o),
Mz

because in total, the summation Y, contains O(h~3) terms.
Finally, we obtain an estimation

IH = hle = O(h)

which shows the convergence of the considered difference problems (13), (14), and (20)
to the continuum problems (10) and (11) with the boundary condition Hr |y with the first
order of accuracy on smooth solutions.

5. Evolution of Electromagnetic Energy

In the numerical modeling of astrophysical problems with consideration of the mag-
netohydrodynamic phenomena, the processes of matter supercompression may occur (the
density changes by several orders of magnitude). Thus, it is important to take into account
the corresponding energy transformations of magnetohydrodynamic, as well as kinetic,
and internal energy during the evolution of a star at a discrete level. This problem is solved
by constructing a completely conservative difference transformation [4] of the magnetic
energy of the medium, which considers these magnetohydrodynamic processes.

Accounting for magnetohydrodynamic forces in the construction of completely con-
servative difference schemes is associated with significant difficulties [4]. Using the method
of support operators [1], an integrally consistent difference scheme is proposed in this
work, which makes it possible to match the change in the kinetic, internal, and magnetohy-
drodynamic energies [30]. As a basic operator, this method uses the result of varying the
magnetohydrodynamic energy of the system, which is a discrete convolution of two tensors.
The first tensor is the Maxwell tensor in the difference medium under study, which is fully
responsible for all magnetohydrodynamic processes unfolding against the background
of the hydrodynamic motion of matter. The second tensor is the symmetrized strain rate
tensor, which represents kinematic motions in this system. The operator conjugate to
the convolution of these tensors, due to the technology of the support operator method,
automatically gives a magnetic force (the divergence of the Maxwell tensor) acting on the
nodal balance domains of the difference medium.

In conclusion, let us consider the issue of applying the developed tools for discrete
integrally consistent modeling of rotational operations of vector analysis in application to
magnetohydrodynamic problems.

Let O be a flux region with a surface X (d5 is the externally oriented area) and a mass
M concentrated in it. dM is the constant mass of Lagrangian particles of the medium
occupying the volume dV. In the magnetohydrodynamic approximation, the integral
balance of magnetic energy in a medium has the form [31]:

c? /
87 .

v = /hdv+/ / Dwfpmvf/Qﬁ@. (26)
o) t

O(7) Z.('r)

The Maxwell tensor is given by the representation t;, = (c2/47)(fi - i — 0.57°6 ) where
6 is the metric tensor, 7 is the magnetic field strength divided by the speed of light c, and €
is the electric field strength in the coordinate system associated with the moving particle.
D = (c2/4m)écurlhi is the Joule heating per unit volume of the medium. Dy = tr(tyt,)
is the magnetic dissipative function. The kinematic tensor is given by the representation
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ty = 0.5(d7/d7 + gradi), where ¥ is the velocity of the medium particles. § = (c2/477)[¢ x f]
is the Poynting vector, which determines the external flux of electromagnetic energy.

The corresponding Maxwell equations for the electromagnetic field in the circulation
circuits Hy and H limiting the surface X are written as [31]:

d( / ﬁd§> Jdt = ?{ ady, / X eds = f hdh. 27)
x X H

He

Here, d/dt is the substantial derivative. X; is the positive definite tensor of magnetic
viscosity in the medium (X; = c?/(47c)). For the current density in a medium with
conductivity ¢, Ohm'’s law is also valid in the form: j = 0@ = (c2/4r)curlh, € = Xycurlh.
On a closed surface %, the relation f fids = 0 follows from the condition of the absence of

)
magnetic charges.

Passing to discretization, we represent the evolution of the magnetic field on the faces
of the mesh (0).(¢) (the first Maxwell equation from (27)) in the form

d(i'S)/dt = —S(ROD &)'. (28)

From (28), we see that, in the absence of magnetic charges in the mesh cell () at the
initial moment, the condition of their absence is always satisfied in this cell. The normal
components of the magnetic field /' (") are assumed to be continuous on the mesh faces.

Furthermore, on the mesh (1).(¢), analogous with the metric operator G : (A) — (A)
(see Section 3.1), for a self-adjoint, positive-definite magnetic conductivity tensor pry =
(X7 1)@ which approximates the reciprocal magnetic viscosity in the medium in the mesh
bases ¢, we introduce the metric conductivity operator Gor : (A) = (A) and the second
Maxwell equation from (27) for the electric field flux can be represented as

Gpre' = ROGH, Gyee =1/Vy YV, L G (A, M) (A). (29)
?(A)  Ag)
Here, the Gram matrices of the conductivity of the medium are defined as
Gr,,o‘r(p (A, }‘) = (E,l'zp()‘)f pT#’E’Iw(;\))'

Obviously, the operator Gpr = (GPT)* > 0 is also self-adjoint and positive definite
on the mesh (1).(¢). The tangential components ¢’(A) of the electric field are considered
continuous on the mesh (A).(¢).

From (28), taking into account (3) from Section 3.1, it follows

(/47) L Ve(0)[1/5(@))[d(1'(0)S(0)) /] = =( | DaV)y = ( | 7).
Here, the Joule heating of the entire volume of the medium
(/ DAV)y = (2/47) (Goee', €)1 = Y. DyVp > 0
o B 9

is defined as its sum in local bases ¢

Dy = (*/4m) Y. Grypep(A,A)e (M)e' (A) = (2 /470) (8p, prgPp) > 0
Ae)Alp)

305



Mathematics 2022, 10, 3904

with electric field strengths in these bases €, = }_,() €' (1), (A). It is also obvious that, for

the flux of the Poynting vector § = % [€x ﬁ] through the surface X, bounding the required
area O, the representation follows

( / q’dsT) = —(c?/4m) Y ¢'(OA)h(0A) (Tidh)x (IN).
z A oA

Let us now transform the expression for changing the magnetic energy (see (26)) on
the mesh (0).(¢) with the metric operator G

(2/8m)d[(R, 1)o]/dt = (2/47) Y. Vi) [1/S(0))[d(H (0)S(0)) /dt] + Y Dpy Vo,
o ¢

Diy = (/4m) Y, H(O (@)(E)_1/2),)7

o(9),7(¢)
! ! ([~ / ~
(t3<71/2> )1717: , V(p/ _ i hq)(U)h(p(U)Gi’(p(U,U) )
¢ 20, (o) iy (7) dt \Z

(1) = 1/ R () (@)] & (W (0 ()G (0,0)),  Hy(r) = Vo /S(0).

Finally, we have the law of conservation of magnetic energy:
(2/8m)d[(GH, 1), /dt = ZDW% </ DdV) - </ qu?) .
0 A z A

Since Dy = (c2/4m)tr(fi - fi(t, — 0.5t(£,)8)), we conclude that the quantities
(153(71 /2)([))"5 and (t%)”(’ approximate on the mesh (¢).(¢) the magnetically consistent

contravariant tensor (t, — 0.5tr(t,)8)?? and contravariant symmetrized strain velocity
tensor (t,)77, respectively.

6. Conclusions

The work is devoted to the construction and justification of difference schemes of the
support operator method in relation to the modeling of repeated rotational operations of
vector analysis (curl curl) for problems of magnetohydrodynamics. Discrete algorithms of
the method of support operators on spatial grids of irregular structure do not approximate
equations in the local sense. Because of this, it becomes necessary to prove the convergence
of these schemes to the exact solution. The solution to this problem is possible after
analyzing the structure of the approximation error of the schemes under consideration.
In this work, the convergence of difference schemes of the support operator method is
proved for repeated rotational operations of vector analysis based on classical solutions of a
model magnetostatic problem. Convergence is proved in the root-mean-square sense with
the first order of accuracy on irregular tetrahedral meshes. The case of zero eigenvalues
of the spectral problem is considered. The proof is carried out in mesh-dependent norms
related to the energy of the metric operator of the mesh, which is not subject to any
restrictions, except for its non-degeneracy. For the research carried out, generalized centroid-
tensor metric representations of repeated operations of tensor analysis (div, grad, and curl)
have been developed. Metric representations have flux-circulation properties and are
integrally consistent on meshes of irregular structure. The developed mesh centroid-tensor
metric formalism is also used in this work to analyze the time evolution of electromagnetic
energy on a mesh in the magnetohydrodynamic approximation. Generalized centroid-
tensor metric transformations can also be used in other problems in the theory of the
support operator method. In addition, an algorithm for the evolution of electromagnetic
energy, integrally consistent with the kinetic and internal energies of the medium, has been
developed in the work. As a result, a completely conservative difference transformation
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of the magnetic energy of the medium was constructed, which takes into account these
magnetohydrodynamic processes. Accounting for magnetohydrodynamic forces in the
construction of completely conservative difference schemes is associated with significant
difficulties. Integral matching of kinetic and magnetohydrodynamic energies due to the
methodology of support operators automatically gives the magnetic force acting on the
nodal balance domains of the difference medium.
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Abstract: Two modifications with variable coefficients of the well-known SEIR model for epidemic
development in the application to the modeling of the infection curves of COVID-19 are considered.
The data for these models are information on the number of infections each day obtained from the
Johns Hopkins Coronavirus Resource Center database. In our paper, we propose special methods
based on Tikhonov regularization for models” identification on the class of piecewise constant
coefficients. In contrast to the model with constant coefficients, which cannot always accurately
describe some of infection curves, the first model is able to approximate them for different countries
with an accuracy of 2-8%. The second model considered in the article takes into account external
sources of infection in the form of an inhomogeneous term in one of the model equations and is
able to approximate the data with a slightly better accuracy of 2-4%. For the second model, we also
consider the possibility of using other input data, namely the number of infected people per day.
Such data are used to model infection curves for several waves of the COVID-19 epidemic, including
part of the Omicron wave. Numerical experiments carried out for a number of countries show that
the waves of external sources of infection found are ahead of the wave of infection by 10 or more
days. At the same time, other piecewise constant coefficients of the model change relatively slowly.
These models can be applied fairly reliably to approximate many waves of infection curves with high
precision and can be used to identify external and hidden sources of infection. This is the advantage
of our models.

Keywords: COVID-19 pandemic; inverse problems; time-dependent SEIR model

MSC: 34A55

1. Introduction

The mathematical modeling of epidemics has a long history (see, for example, [1]).
However, the spread of COVID-19 has given this area of research a significant expansion
and advancement. Due to the avalanche of publications on this topic, we cannot discuss
all areas in detail here. We only note that along with the classical SIR-type models based
on ordinary differential equations and improved recently (see, for example, [2,3]), models
have appeared that include partial differential equations (see, for example, [4]), models
with stochastic differential equations (e.g., [5]), agent-based models [6], etc. In turn, each
of these areas has received internal development and generalization. For example, in SIR
models, a direction associated with the use of fractional derivatives has emerged (see,
e.g., [7], etc.). In our work, we study some extension of the classical SIR-type model and do
not use other approaches.

SIR models have the form of specific systems of ordinary differential equations and
contain coefficients that have an important epidemiological meaning. However, some of
the coefficients, and sometimes all, are unknown. Therefore, the question of finding them
is very relevant, using, for example, data on the dynamics of the number of infected people

Mathematics 2023, 11, 167. https:/ /doi.org/10.3390/math11010167

https:/ /www.mdpi.com/journal /mathematics
309



Mathematics 2023, 11, 167

and, possibly, other data. Thus, an inverse coefficient problem arises for the corresponding
SIR system. Methods for solving such inverse problems are well developed. An overview
of such methods can be found, for example, in [8]. Specific implementations of the methods,
based mainly on various optimization algorithms, are detailed in numerous works (see, for
example, [9-15] and others). A detailed analysis of these approaches and a block diagram
of their connection are given, for example, in [16].

In the classical formulation of inverse problems for SIR models, the coefficients are
assumed to be constant. However, it turned out that such models are not always adequate
to epidemiological data, and, as a rule, do not explain the emergence of pandemic waves.
In this regard, we note a recent publication [17], which proposes a new multi-wave SIR
model that can explain the generation of pandemic waves. The principal feature of this
model is a new form of differential equations and the use of functions with a retarded
argument, while the coefficients of the model are constant.

In our work, we use two other approaches within the framework of SIR models. Our
goal is rather modest: an adequate description of the data of the inverse problem, namely,
the dynamics of the number of infected for some countries. The first approach uses time-
varying coefficients in our SIR model, and here we develop the results of work [18]. To
adequately reproduce the data, we solve the inverse coefficient problem for the model on
the class of piecewise constant coefficients with some additional restrictions on the latter.
This makes it possible to model inverse problem data with sufficiently high accuracy for a
number of countries, but does not describe the generation of epidemic waves. This feature
can be explained by the fact that standard SIR models, as a rule, are written for closed
systems that do not take into account the external flow of infections. Therefore, to describe
the emergence of epidemic waves, we supplement the modeling with variable coefficients
by assuming that there are unknown external sources of infection that change over time.
These can be in the aggregate latent carriers of the infection, which are activated at different
times of the year due to weather conditions, as well as carriers of the infection arriving
from other countries and other sources. Mathematically, these sources are modeled by
including an additional term, represented by an unknown function of time, in one of the
equations of our SIR-type model. To find this term and the coefficients, the problem of
minimizing the discrepancy between the data and their analogs calculated from the model
is solved under restrictions on piecewise constant coefficients and on the source. Based
on the coefficients and sources found, it is possible to fairly accurately reproduce data on
infections from several waves of the epidemic for a number of countries. We solved this
problem using data from The Johns Hopkins Coronavirus Resource Center (CRC) [19] for
Austria, the Czech Republic, Germany, France, Italy and Russia. The time of the receipt
of data is 10 February 2022. Comparison of COVID-19 cases from different sources has
been studied [20]. Due to the size of the article, we are unable to give all these results
in detail, so we include figures in the article that correspond only to the calculations for
Austria and Russia. For the rest of the countries, we confine ourselves to presenting some
numerical data.

2. Modeling of Individual Waves of Epidemic

The SEIR model is widely used in mathematical epidemiology. In this section, we use
its modification with variable coefficients from [18]. The model has the following form:

S=—B(t)S(I+E)
E=B(HS(I+E)— (v(t)+8(t)E, tg<t<th
I=38(HE—vy(HI

S(to) = , E(to) =0, I(tg) = Ip

@
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It will be used for different countries with different values for number N of people
included in epidemic process. The main variables of the model are defined as follows: S(f)
is the proportion of people who can be infected at time ¢; E(t) is proportion of infected
people in whom illness is not identified yet at time ¢, but they are able to infect surrounding
people; and I(f) is the proportion of ill people with confirmed diagnoses at time t. One can
calculate the number of people from the entered relative values by multiplying by N. The
choice of total number N of people for considered countries is discussed [9]. Moreover, the
proportion R(f) of recovered people at time t can be determined from system (1) by using
the equation: R = wE +vI, R(tg) = Ryo. However, we do not use this equation, because
our goal is an adequate modeling of the quantity I(t). So, we consider in this section the SEI
model (1).

Note that we assume that coefficients of Equation (1) can be variable unlike the
standard SEIR model. The time t was measured in days. The coefficients of system (1) have
the following meaning: () is proportional to probability of infection and is measured in
1/days; y(t) is the reciprocal of the mean time to diagnosis of infection, 1/days; 5(t) is the
inverse value of the average time to cure the patient from the moment of diagnosis, 1/days.

The coefficients can vary due to health measures in specific country. For example, a
decrease in (3(t) can consider the response to introduced restricted measures. A weakening
of these measures can result in an increase in 3(f). An Increase in y(f) can be interpreted
as a decrease in the average time of the determination of illness, while an increase in 5(t)
reflects a decrease in the average time of recovering.

Previously, in [18], the inverse problem of finding o, § = p(t), vy = v(t), 5 = 5(¢)
from the data Ia(t), Ip was posed. Similar to [19], the input data for the inverse problem
were taken from the statistics of C = confirmed, R = recovered, D = died given in the
database of The Johns Hopkins CRC [19] and were computed as I4q(t) = C — R — D for
some countries. To model piecewise constant coefficients, we divide the time axis into
segments of the form [, t,.1] with constant length At = 7. Then, we solve the inverse
problem with constant values o, {3, v, b separately at each segment. The corresponding
solution is found out by the minimization of the following discrepancy functional at
tE [ty bysa):

11(t; «, B,v,0) — Idut(t)HLz[t,,,t,,H]
[ Laat ()Nl Lyt 1]

under a priori constraints of the form K = {0 < o < &9, 0 < B < B, 0 <y <v(,0 < 8 < 8}
with estimates xo, g, Yo, 8o known from the literature. Here, I(£; &, 3,7, §) is the solution of
(1) for given o, 3, v, 6. Collecting the results of such minimization for all segments, we ob-
tain a solution in the form of piecewise constant functions p = p*(¢), vy = v*(¢), 6 = 5*(¢t)
and of a set {«, }. However, such a problem can be ill-posed for each segment, and this is
expressed in an ambiguous solution to the discrepancy minimization problem. To isolate a
single solution, we used a special variant of Tikhonov regularization [21]. We present it in
the form of computation method 1.

Method 1.

Step 1. Set the values of the regularization parameter A, = Ag10™" (m =0,1,...).

D(x, B,v,0) =

Step 2. For each parameter Ay, and for each segment [t, t,+1], 1 = 0,1,..., nmax, we
minimize on the set K the Tikhonov functional of the form

MM (o, B,y,8) = AuO (e, B, Y, 8) + P (o, B,7,8)
where the functional

(o= 0)” + (B = B) + (v = va)® + (5= 8)°

O((X, BrY/é) = (an + an +‘Yn2 + 5712

@

determines the relative deviation of the parameters from their values «;,, 3,,, v;, 5, obtained
at the previous minimization on the segment [t,,_1, f,]. For n = 0, these quantities are equal to
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zero. So, at step 2 we obtain the coefficients o1 (Am), By (Am), Y1 (Am), Spp1(Am), and
solving problem (1) for these coefficients, we then find the functions

Nn+1(7\m) = q)(fxnﬂ()\m)/ Bn+l(>\m)r Vn+1(>\rn)r Snt1(Mm))
Qn+1 (7\m) = Q(o‘n+1 (}‘m)r Bn+l (7‘711)/ Yn+1 (7\m), 5n+1 (7\,71)).

Step 3. Choice of the regularization parameter A = A*. To calculate it, we first find the

averages N(Ay) = Nuy(Aw), QM) = Qu(An) across all segments for each A;,. Next, we
build a Pareto curve, N(A;;) vs. Q(A;), which in the theory of regularization is called an
L-curve, and next find on it the point closest to the origin. The value of the parameter A,
corresponding to this point is taken as the optimal value of the regularization parameter A*.

Step 4. We repeat step 2 for A = A* and for each segment |[t,,t,.1] and find out the
optimal coefficients o 1, B};11, Vi1, 84 1- Combining these coefficients for all intervals,
we obtain the regularized piecewise coefficients

B = B*(t)/ Y = Y*(t), o= 6*(t) : B*(t) = BZ+1/ }/*(t) = VZ+1/ 5*(t) = 5;+1/ te [tnrtn+l]/ n= O/ 1/~ «« s Nmax-

Step 5. At the end, we solve system (1) for each interval [t,, t,.1] with the found coefficients
o 1, Byt Yig1r Opi1,and so we find the function I.q1c(t), which is an approximation for
Liat (£). At the same time, we find the functions S.;;¢(#), Ecge ().

The procedure described in Method 1 has the following meaning. We try to simultane-
ously minimize two functionals for each time interval, namely the discrepancy ®(«, 3,7, d)
and Q(e, B,,8). This means the best approximation of the problem data using the model
while ensuring the smallest change in the model parameters when moving from the pre-
vious time interval to the next. To do this, we use a combination of ®(«, 3,v,8) and
Q(«, B,7v,8) in the form of the Tikhonov functional. The weight parameter A, shows what
is more important for us, to accurately approximate the data or to provide small changes
in the model parameters. At step 3, the weight selection procedure gives a compromise
value A = A* for all time intervals at once. So, we provide the smallest deviation of the
calculated value I (t) from the data I, (t) for all points in time with the smallest change
in the model parameters.

A result of such a procedure for solving the inverse problem is shown in Figure 1 for
Russia. All calculations were carried outin MATLAB. The top subplot shows the initial data
I1q¢(t) and calculated approximation I, (t). The values are converted to the number of
people. These curves almost do not differ graphically. The middle subplot shows calculated
piecewise coefficients p = p*(t), v = y*(t), & = 5*(t). The bottom subplot shows the
residual values (discrepancy), ®@min (&, 3,7, 8), when minimizing at each time interval. An
important characteristic of Method 1 is the average value for Pin(a, B,7v,8) over all time
intervals, ®;,, which characterizes the quality of the approximation of data I, (t) by
the found approximate function I, (t). For Russia, we obtain ®;, = 0.02. For other
countries, these values are presented in Table 1.

Table 1. Accuracy of the approximation of data for Method 1.

Country Austria Czech Rep. Germany France Italy

Dpin 0.040 0.071 0.050 0.081 0.077

Thus, the presented procedure for solving the inverse problem makes it possible to
approximate the data for model (1) with good accuracy (2-8%). It is interesting to note that
the coefficients B = p*(¢), vy = v*(t), d = 6*(t) calculated in solving the inverse problem
generally change slowly, and this is what we wanted by applying Method 1.

Unfortunately, model (1) does not describe well all waves of the COVID-19 epidemic.
Such sharply growing waves as for the Omicron strain are approximated by this model
with a significant error. For such waves, the model needs to be corrected by including a
mechanism for generating successive waves.
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Figure 1. The input and calculated data, the coefficients of the model and discrepancy for epidemic

in Russia.

3. A mechanism of Successive Waves Simulation in SEI Model

Some models are known from the literature that describe the mechanism of the gener-
ation of epidemic waves (see, e.g., [17]). In this article, we consider one of the possibilities
for changing the SEI model (1) so that such generation occurs in it as well. Formally, we
ensure this by including an additional term f(t) in the third equation of system (1). After
multiplying by N, the function f(t) represents the additional number of infected people per
day. Therefore, the new modification of the SEI model has the form

S=—B(H)S(I+E)
E=B()S(I+E)— (y(t) +5(t)E, to<t<t 3)
I=58(HE—vy(t)+f(t)

with the same initial conditions S(ty) = «, E(tg) = 0, I(tp) = Ip. This additional term
can, for example, be considered as a source of infections associated with hidden carriers
that are seasonally activated due to weather changes. Moreover, this term may include
the transition of infection into the country in question from abroad. For model (3), we
first set the inverse problem of finding the values &, B = B(t), v = v(t), § = 8(¢) and the
function f(#) using the same data Ij,;(f) = C — R — D as in Section 2. We again assume
piecewise constancy of the quantities B(t), y(t), 5(¢), f(t) on time intervals [t,, t,.1] and
try to minimize a new discrepancy of the form

”I(t; o By, 6rf) - Idut(t)HLz[tn,th]
Lt ()1 Lyt 6, 1]

¢1(“/ BI'Y/ 5,f) =

for such interval under restrictions («, 3,7v,0) € Kand f > 0. Here, I(£; , B,7, 5, f) is the
solution to system (3) for given quantities «, 3,7, 5, f.

Again, taking into account the ambiguity of the solution of such an inverse problem,
we apply for its solution Method 2, a modification of Method 1. It is based on introduction
of the external source of infection f(f). In this modification, we replace the quantities

313



Mathematics 2023, 11, 167

o, B(t), y(t), 5(t) with their analogs «, B(t), v(t), 6(t), f(t) and use the discrepancy of
the form ®; instead of ®. Moreover, the functional (2) is replaced by the following:

(= 0) >+ (B B>+ (v =)+ (6= 82)"+ (f — fu)®
(an + ﬁnz +Vn2 + an +fn2 '

Q](‘X/ BIV/ 6/f) -

As a result of applying Method 2, we obtain another approximate counterpart I (f)
of the data I, (t) and corresponding piecewise constant optimal coefficients of model (3),
B (8), y* (8), 8°(8), f(1).

Now we present the results of numerical experiments on modeling epidemic waves
using model (3) and Method 2 for some countries. Figure 2 refers to Russia. The top subplot
represents the curves I, (f) and I, (f). One can see their practical coincidence. This
subplot also shows a curve representing the dynamics of the changes in external sources of
infection, f*(t). Since curves I.;.(t) and f*(t) are very different in scale, graph 10f*(t) is
given instead of f*(t). All values are converted to the number of people.

6 %10° I(t), Russia
2
4 L -
1
2r 3 Average discrepancy = 0.0115 q
O Il Il L L 1 L L
0 50 100 150 200 250 300 350 400
t, days
Coefficients
0.04 T \ \ T
7
0.03 | 4 b
--------- ¢
0.02 - P e
F e I
= 5% phode
0.01 P St = o
1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400
t, days

Figure 2. Results of modeling of epidemic for Russia: 1—1I,4(t), 2—Iop;c(t), 3—101*(¢).

The lower subplot demonstrates the found dynamics of the coefficients. Next, Figure 3
refers to Austria. Again, we present in the upper subplot the quantity 5f*() instead of
f*(t) along with L, (t) and L.y (t).

Similar calculations for other countries show that data approximations, that is the
average discrepancies @1 yin, for model (3) are generally better than those for model (2),
and this is due to using the source f(t). This is presented in the Table 2.

Table 2. Accuracy of the approximation of data for Method 2.

Country Czech Rep. Germany France Italy
D1 min 0.0438 0.0327 0.0248 0.0155
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Figure 3. Results of modeling of epidemic for Austria: 1—1I(t), 2—I 5 (£), 3—5f*(t).

At the same time, the coefficients y(t), §(¢) vary insignificantly, while the coefficient
B(t) changes more markedly. In all numerical experiments, it turned out that the found
waves of external sources of infection, f(t), were ahead of the wave of infection I(#) by 10
or more days.

4. Applying Other Data

Unfortunately, data provided by Hopkins Coronavirus Resource Center database do
not contain information about recovered persons R = R(t) for several recent waves of the
epidemic. Therefore, we cannot use, for example, input values I, (t) = C — R — D dated
10 February 2022 in our models. In this situation, we use the number of infected people per
day, that is the quantity I(t), as a new type of data for the inverse problem. Accordingly,
the inverse problem here is related to the minimization of the residual of the form

Hj(t; o By, 6rf) - Idﬂf(t)||L2[tn,tn+l]

([ 1gat () [T

@2(0(, BIY/ 5/f) =

Here, 1dut(t) is the data presented in [19] and the value of I(t; o, B,v,8, f) can be
found from the equation I = 8(t)E — y(t)I + f(t) after solving problem (3) with given
coefficients o, = B(t), v =v(t), d = 8(t), f = f(t). In this case, we use a modification
of Method 2 with @ replaced by @, to approximate data I, (t) by I(£; &, B,v,d, f).

The results of such numerical experiments are shown in Figures 4 and 5 again for
Russia and Austria. In these calculations, the initial conditions are taken at points tg
other than 0, due to the small value of data dat (1) for t < tg, where values are compared
with background.

We have to note that the accuracy of the approximation of data I dat (1) is 5-10 times
worse here than for data I4,:(t) = C — R — D in Section 3. The Table 3 confirms this.

Table 3. Accuracy of approximation for other data.

Country Czech Rep. Germany USA Italy
D2 min 0.294 0.268 0.183 0.245
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Figure 4. Results of modeling with new data for Russia: 1—1I 4 (£), 2—I ¢ (£), 3—8f*(t).
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Figure 5. Results of modeling with new data for Austria: 1—1I; (t), 2—I g1 (), 3—f*(t).

Thus, the use of I, () = C — R — D seems to be preferable if such data are available.
Nonetheless, we can observe for data I, (f) the same effect that the peak of source f ()

precedes the peak of infection I(f).

5. Discussion and Conclusions

Numerical experiments with the identification of model (1), which includes piecewise
constant coefficients, show that for a number of countries the data to the inverse problem,
i.e., infection curves, can be approximated with a high accuracy of 2-8%. This is true for
modeling both an isolated wave of an epidemic and a sequence of waves that do not rise

316



Mathematics 2023, 11, 167

sharply. In this case, the found piecewise constant coefficients generally change slightly. For
example, the coefficient y(t) (see Figure 1) approximately changes by 3%. Identification is
carried out here using the proposed Method 1 based on Tikhonov regularization. However,
for infection waves with a sharp increase, the approximation errors grow tenfold.

To overcome this trouble, we introduce an additional term f(t) into model (1). The
term takes into account external and latent sources of infection. For model (3), an identifica-
tion process similar to Method 1 can be proposed. Then, for the data at our disposal, the
model makes it possible to approximate all successive infection peaks, up to the Omicron
peak, with an accuracy of about 2-4% for different countries. This is somewhat better than
for model (1). This is significantly better (by a factor of 2 to 5) than the results that can
be obtained using the algorithm from [18] when trying to approximate several epidemic
waves without the term f(#) using spline variable coefficients.

When modeling the Omicron peak, we encountered the lack of a series of data in
the Hopkins Coronavirus Resource Center database. Therefore, we had to use other data
that can be extracted from this database, namely the number of infected people per day.
Applying another modification of our Method 1 for the identification of model (3) with
such input data for some countries, we approximated the infection curves for all waves,
including the Omicron wave, with an accuracy of about 10-30%.

The three parts of our work noted here also show the degree of applicability of the
SEI models used to describe the COVID epidemic. These models can be applied fairly
reliably to approximate many waves of infection curves with high precision and can
be used with a certain degree of confidence to identify external and hidden sources of
infection. It distinguishes our models from other models with variable coefficients known
in the literature.
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