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Figure 8. Rough neutrosophic digraph G1 = (G1, G1).

Figure 9. Rough neutrosophic digraph G2 = (G2, G2).

Figure 10. Neutrosophic digraph G1 ◦ G2 = (RV1 ◦ RV2, SE1 ◦ SE2).
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Figure 11. Neutrosophic digraph G1 ◦ G2 = (RV1 ◦ RV2, SE1 ◦ SE2).

Theorem 3. The Composition of two rough neutrosophic digraphs is a rough neutrosophic digraph.

Proof. Let G1 = (G1, G1) and G2 = (G2, G2) be two rough neutrosophic digraphs. Let G = G1 ◦ G2 =

(G1 ◦ G2, G1 ◦ G2) be the Composition of G1 and G2, where G1 ◦ G2 = (RV1 ◦ RV2, SE1 ◦ SE2) and
G1 ◦ G2 = (RV1 ◦ RV2, SE1 ◦ SE2). To prove that G = G1 ◦ G2 is a rough neutrosophic digraph, it is
enough to show that SE1 ◦ SE2 and SE1 ◦ SE2 are neutrosophic relations on RV1 ◦ RV2 and RV1 ◦ RV2,
respectively. First, we show that SE1 ◦ SE2 is a neutrosophic relation on RV1 ◦ RV2.

If x ∈ RV1, x2y2 ∈ SE2, then

μSE1◦SE2(x, x2)(x, y2) = μRV1(x) ∧ μSE2(x2, y2)

≤ μRV1(x) ∧ (μRV2(x2) ∧ μRV2(y2))

= (μRV1(x) ∧ μRV2(x2)) ∧ (μRV1(x) ∧ μRV2(y2))

= μRV1◦RV2(x, x2) ∧ μRV1◦RV2(x, y2)

μSE1◦SE2(x, x2)(x, y2) ≤ min{μRV1◦RV2(x, x2), μRV1◦RV2(x, y2)},

σSE1◦SE2(x, x2)(x, y2) = σRV1(x) ∧ σSE2(x2, y2)

≤ σRV1(x) ∧ (σRV2(x2) ∧ σRV2(y2))

= (σRV1(x) ∧ σRV2(x2)) ∧ (σRV1(x) ∧ σRV2(y2)

= σRV1◦RV2(x, x2) ∧ σRV1◦RV2(x, y2)

σSE1◦SE2(x, x2)(x, y2) ≤ min{σRV1◦RV2(x, x2), σRV1◦RV2(x, y2)},

λSE1◦SE2(x, x2)(x, y2) = λRV1(x) ∨ λSE2(x2, y2)

≤ λRV1(x) ∨ (λRV2(x2) ∨ λRV2(y2))

= (λRV1(x) ∨ λRV2(x2)) ∨ (λRV1(x) ∨ λRV2(y2))

= λRV1◦RV2(x, x2) ∨ λRV1◦RV2(x, y2)

λSE1◦SE2(x, x2, x, y2) ≤ max{λRV1◦RV2(x, x2), λRV1◦RV2(x, y2)}.

If x1y1 ∈ SE1, z ∈ RV2, then

μSE1◦SE2(x1, z)(y1, z) = μSE1(x1, y1) ∧ μRV2(z)

≤ (μRV1(x1) ∧ μRV1(y1)) ∧ μRV2(z)

= (μRV1(x1) ∧ μRV2(z)) ∧ (μRV1(y1) ∧ μRV2(z))

= μRV1◦RV2(x1, z) ∧ μRV1◦RV2(y1, z)

μSE1◦SE2(x1, z)(y1, z) ≤ min{μRV1◦RV2(x1, z), μRV1◦RV2(y1, z)},
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σSE1◦SE2(x1, z)(y1, z) = σSE1(x1, y1) ∧ σRV2(z)

≤ (σRV1(x1) ∧ σRV1(y1)) ∧ σRV2(z)

= (σRV1(x1) ∧ σRV2(z)) ∧ (σRV1(y1) ∧ σRV2(z))

= σRV1◦RV2(x1, z) ∧ σRV1◦RV2(y1, z)

σSE1◦SE2(x1, z)(y1, z) ≤ min{σRV1◦RV2(x1, z), σRV1◦RV2(y1, z)},

λSE1◦SE2(x1, z)(y1, z) = λSE1(x1, y1) ∨ λRV2(z)

≤ (λRV1(x1) ∨ λRV1(y1)) ∨ λRV2(z)

= (λRV1(x1) ∨ λRV2(z)) ∨ (λRV1(y1) ∨ λRV2(z))

= λRV1◦RV2(x1, z) ∨ λRV1◦RV2(y1, z)

λSE1◦SE2(x1, z)(y1, z) ≤ max{λRV1◦RV2(x1, z), λRV1◦RV2(y1, z)}.

If x1y1 ∈ SE1, x2, y2 ∈ RV2 such that x2 �= y2,

μSE1◦SE2(x1, x2)(y1, y2) = μSE1(x1y1) ∧ μRV2(x2) ∧ μRV2(y2)

≤ (μRV1(x1) ∧ μRV1(y1)) ∧ μRV2(x2) ∧ μRV2(y2)

= (μRV1(x1) ∧ μRV2(x2)) ∧ (μRV1(y1)) ∧ μRV2(y2))

= μRV1◦RV2(x1, x2) ∧ μRV1◦RV2(y1, y2)

μSE1◦SE2(x1, x2)(y1, y2) ≤ min{μRV1◦RV2(x1, x2), μRV1◦RV2(y1, y2)}
σSE1◦SE2(x1, x2)(y1, y2) = σSE1(x1y1) ∧ σRV2(x2) ∧ σRV2(y2)

≤ (σRV1(x1) ∧ σRV1(y1)) ∧ σRV2(x2) ∧ σRV2(y2)

= (σRV1(x1) ∧ σRV2(x2)) ∧ (σRV1(y1)) ∧ σRV2(y2))

= σRV1◦RV2(x1, x2) ∧ σRV1◦RV2(y1, y2)

σSE1◦SE2(x1, x2)(y1, y2) ≤ min{σRV1◦RV2(x1, x2), σRV1◦RV2(y1, y2)}
λSE1◦SE2(x1, x2)(y1, y2) = λSE1(x1y1) ∨ λRV2(x2) ∨ λRV2(y2)

≤ (λRV1(x1) ∨ λRV1(y1)) ∨ λRV2(x2) ∨ λRV2(y2)

= (λRV1(x1) ∨ λRV2(x2)) ∨ (λRV1(y1)) ∨ λRV2(y2))

= λRV1◦RV2(x1, x2) ∨ λRV1◦RV2(y1, y2)

λSE1◦SE2(x1, x2)(y1, y2) ≤ max{λRV1◦RV2(x1, x2), λRV1◦RV2(y1, y2)}.

Thus, from above, it is clear that SE1 ◦ SE2 is a neutrosophic relation on RV1 ◦ RV2.
Similarly, we can show that SE1 ◦ SE2 is a neutrosophic relation on RV1 ◦ RV2. Hence,

G = (G1 ◦ G2, G1 ◦ G2) is a rough neutrosophic digraph.

Definition 9. Let G = (G, G) be a RND. The complement of G, denoted by G′ = (G′, G′
) is a rough

neutrosophic digraph, where G′ = ((RV)′, (SE)′) and G′
= ((RV)′, (SE)′) are neutrosophic digraph such that

(1) μ(RV)′(x) = μRV(x),

σ(RV)′(x) = σRV(x),

λ(RV)′(x) = λRV(x) ∀ x ∈ V∗

μ(SE)′(x, y) = min{μRV(x), μRV(y)} − μSE(xy)

σ(SE)′(x, y) = min{σRV(x), σRV(y)} − σSE(xy)

λ(SE)′(x, y) = max{λRV(x), λRV(y)} − λSE(xy) ∀ x, y ∈ V∗.
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(2) μRV′(x) = μRV(x),

σRV′(x) = σRV(x),

λRV′(x) = λRV(x), ∀ x ∈ V∗

μ(SE)′(x, y) = min{μRV(x), μRV(y)} − μSE(xy)

σ(SE)′(x, y) = min{σRV(x), σRV(y)} − σSE(xy)

λ(SE)′(x, y) = max{λRV(x), λRV(y)} − λSE(xy) ∀ x, y ∈ V∗.

Example 5. Consider a rough neutrosophic digraph as shown in Figure 4. The lower and upper approximations
of graph G are G = (RV, SE) and G = (RV, SE), respectively, where

RV = {(a, 0.2, 0.4, 0.6), (b, 0.2, 0.4, 0.6), (c, 0.2, 0.5, 0.9), (d, 0.2, 0.5, 0.9)},
RV = {(a, 0.3, 0.8, 0.3).(b, 0.3, 0.8, 0.3), (c, 0.5, 0.6, 0.8), (d, 0.5, 0.6, 0.8)},

SE = {(aa, 0.2, 0.3, 0.3), (ab, 0.2, 0.3, 0.3), (ad, 0.1, 0.3, 0.8), (bc, 0.1, 0.3, 0.8),
(bd, 0.1, 0.3, 0.8), (dc, 0.2, 0.4, 0.7), (dd, 0.2, 0.4, 0.7)},

SE = {(aa, 0.2, 0.4, 0.3), (ab, 0.2, 0.4, 0.3), (ad, 0.2, 0.4, 0.7), (bc, 0.2, 0.4, 0.7),
(bd, 0.2, 0.4, 0.7), (dc, 0.2, 0.4, 0.7), (dd, 0.2, 0.4, 0.7)}.

The complement of G is G′ = (G′, G′
). By calculations, we have

(RV)′ = {(a, 0.2, 0.4, 0.6), (b, 0.2, 0.4, 0.6), (c, 0.2, 0.5, 0.9), (d, 0.2, 0.5, 0.9)},
(RV)′ = {(a, 0.3, 0.8, 0.3).(b, 0.3, 0.8, 0.3), (c, 0.5, 0.6, 0.8), (d, 0.5, 0.6, 0.8)},

(SE)′ = {(aa, 0, 0.1, 0.3), (ab, 0, 0.1, 0.3), (ac, 0.2, 0.4, 0.9), (ad, 0.1, 0.1, 0.1), (ba, 0.2, 0.4, 0.6), (bb, 0.2, 0.4, 0.6),

(bc, 0.1, 0.1, 0.1), (bd, 0.1, 0.1, 0.1), (ca, 0.2, 0.4, 0.9), (cb, 0.2, 0.4, 0.9), (cc, 0.2, 0.5, 0.9), (cd, 0.2, 0.5, 0.9),

(da, 0.2, 0.4, 0.9), (db, 0.2, 0.4, 0.9), (dc, 0, 0.1, 0.2), (dd, 0, 0.1, 0.2)},

(SE)′ = {(aa, 0.1, 0.4, 0), (ab, 0.1, 0.4, 0), (ac, 0.3, 0.6, 0.8), (ad, 0.1, 0.2, 0.1), (ba, 0.3, 0.8, 0.3), (bb, 0.3, 0.8, 0.3),

(bc, 0.1, 0.2, 0.1), (bd, 0.1, 0.2, 0.1), (ca, 0.3, 0.6, 0.8), (cb, 0.3, 0.6, 0.8), (cc, 0.5, 0.6, 0.8), (cd, 0.5, 0.6, 0.8),

(da, 0.3, 0.6, 0.8), (db, 0.3, 0.6, 0.8), (dc, 0.3, 0.2, 0.1), (dd, 0.3, 0.2, 0.1)}.

Thus, G′ = ((RV)′, (SE)′) and G′
= ((RV)′, (SE)′) are neutrosophic digraph, as shown in Figure 12.

Figure 12. Rough neutrosophic digraph G′ = (G′, G′
).

Definition 10. A rough neutrosophic digraph G = (G, G) is self complementary if G and G′ are isomorphic,
that is, G ∼= G′ and G ∼= G′.
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Example 6. Let V∗ = {a, b, c} be a set and R an equivalence relation on V∗ defined as:

R =

⎡⎢⎣ 1 0 1
0 1 0
1 0 1

⎤⎥⎦ .

Let V = {(a, 0.2, 0.4, 0.8), (b, 0.2, 0.4, 0.8), (c, 0.4, 0.6, 0.4)} be a neutrosophic set on V∗. The lower and
upper approximations of V are given as,
RV = {(a, 0.2, 0.4, 0.8), (b, 0.2, 0.4, 0.8), (c, 0.2, 0.4, 0.8)},
RV = {(a, 0.4, 0.6, 0.4), (b, 0.2, 0.4, 0.8), (c, 0.4, 0.6, 0.4)}.

Let E∗ = {aa, ab, ac, ba} ⊆ V∗ × V∗ and S an equivalence relation on E∗ defined as

S =

⎡⎢⎢⎢⎣
1 0 1 0
0 1 0 0
1 0 1 0
0 0 0 1

⎤⎥⎥⎥⎦ .

Let E = {(aa, 0.1, 0.3, 0.2), (ab, 0.1, 0.2, 0.4), (ac, 0.2, 0.2, 0.4), (ba, 0.1, 0.2, 0.4)} be a neutrosophic set
on E∗ and SE = (SE, SE) a RNR where SE and SE are given as
SE = {(aa, 0.1, 0.2, 0.4), (ab, 0.1, 0.2, 0.4), (ac, 0.1, 0.2, 0.4), (ba, 0.1, 0.2, 0.4)},
SE = {(aa, 0.2, 0.3, 0.2), (ab, 0.1, 0.2, 0.4), (ac, 0.2, 0.3, 0.2), (ba, 0.1, 0.2, 0.4)}.

Thus, G = (RV, SE) and G = (RV, SE) are neutrosophic digraphs, as shown in Figure 13.
The complement of G is G′ = (G′, G′

), where G′ = G and G′
= G are neutrosophic digraphs, as shown

in Figure 13, and it can be easily shown that G and G′ are isomorphic. Hence, G = (G, G) is a self
complementary RND.

Figure 13. Self complementary RND G = (G, G).

Theorem 4. Let G = (G, G) be a self complementary rough neutrosophic digraph. Then,

∑
w,z∈V∗

μSE(wz) =
1
2 ∑

w,z∈V∗
(μRV(w) ∧ μRV(z))

∑
w,z∈V∗

σSE(wz) =
1
2 ∑

w,z∈V∗
(σRV(w) ∧ σRV(z))

∑
w,z∈V∗

λSE(wz) =
1
2 ∑

w,z∈V∗
(λRV(w) ∨ λRV(z))

∑
w,z∈V∗

μSE(wz) =
1
2 ∑

w,z∈V∗
(μRV(w) ∧ μRV(z))

∑
w,z∈V∗

σSE(wz) =
1
2 ∑

w,z∈V∗
(σRV(w) ∧ σRV(z))

∑
w,z∈V∗

λSE(wz) =
1
2 ∑

w,z∈V∗
(λRV(w) ∨ λRV(z)).
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Proof. Let G = (G, G) be a self complementary rough neutrosophic digraph. Then, there exist two
isomorphisms g : V∗ −→ V∗ and g : V∗ −→ V∗, respectively, such that

μ(RV)′(g(w)) = μRV(w),

σ(RV)′(g(w)) = σRV(w),

λ(RV)′(g(w)) = λRV(w), ∀ w ∈ V∗

μ(SE)′(g(w)g(z)) = μ(SE)(wz),

σ(SE)′(g(w)g(z)) = σ(SE)(wz),

λ(SE)′(g(w)g(z)) = λ(SE)(wz) ∀ w, z ∈ V∗.

and

μ(RV)′(g(w)) = μRV(w),

σ(RV)′(g(w)) = σRV(w),

λ(RV)′(g(w)) = λRV(w), ∀ w ∈ V∗

μ(SE)′(g(w)g(z)) = μ(SE)(wz),

σ(SE)′(g(w)g(z)) = σ(SE)(wz),

λ(SE)′(g(w)g(z)) = λ(SE)(wz) ∀ w, z ∈ V∗.

By Definition 7, we have

μ(SE)′(g(w)g(z)) = (μRV(w) ∧ μRV(z))− μ(SE)(wz)

μ(SE)(wz) = (μRV(w) ∧ μRV(z))− μ(SE)(wz)

∑
w,z∈V∗

μ(SE)(wz) = ∑
w,z∈V∗

(μRV(w) ∧ μRV(z))− ∑
w,z∈V∗

μ(SE)(wz)

2 ∑
w,z∈V∗

μ(SE)(wz) = ∑
w,z∈V∗

(μRV(w) ∧ μRV(z))

∑
w,z∈V∗

μ(SE)(wz) =
1
2 ∑

w,z∈V∗
(μRV(w) ∧ μRV(z))

σ(SE)′(g(w)g(z)) = (σRV(w) ∧ σRV(z))− σ(SE)(wz)

σ(SE)(wz) = (σRV(w) ∧ σRV(z))− σ(SE)(wz)

∑
w,z∈V∗

σ(SE)(wz) = ∑
w,z∈V∗

(σRV(w) ∧ σRV(z))− ∑
w,z∈V∗

σ(SE)(wz)

2 ∑
w,z∈V∗

σ(SE)(wz) = ∑
w,z∈V∗

(σRV(w) ∧ σRV(z))

∑
w,z∈V∗

σ(SE)(wz) =
1
2 ∑

w,z∈V∗
(σRV(w) ∧ σRV(z))

λ(SE)′(g(w)g(z)) = (λRV(w) ∨ λRV(z))− λ(SE)(wz)

λ(SE)(wz) = (λRV(w) ∨ λRV(z))− λ(SE)(wz)

∑
w,z∈V∗

λ(SE)(wz) = ∑
w,z∈V∗

(λRV(w) ∨ λRV(z))− ∑
w,z∈V∗

λ(SE)(wz)

2 ∑
w,z∈V∗

λ(SE)(wz) = ∑
w,z∈V∗

(λRV(w) ∨ λRV(z))

∑
w,z∈V∗

λ(SE)(wz) =
1
2 ∑

w,z∈V∗
(λRV(w) ∨ λRV(z))
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Similarly, it can be shown that

∑
w,z∈V∗

μSE(wz) =
1
2 ∑

w,z∈V∗
(μRV(w) ∧ μRV(z))

∑
w,z∈V∗

σSE(wz) =
1
2 ∑

w,z∈V∗
(σRV(w) ∧ σRV(z))

∑
w,z∈V∗

λSE(wz) =
1
2 ∑

w,z∈V∗
(λRV(w) ∨ λRV(z)).

This completes the proof.

3. Application

Investment is a very good way of getting profit and wisely invested money surely gives certain
profit. The most important factors that influence individual investment decision are: company’s
reputation, corporate earnings and price per share. In this application, we combine these factors into
one factor, i.e. company’s status in industry, to describe overall performance of the company. Let us
consider an individual Mr. Shahid who wants to invest his money. For this purpose, he considers some
private companies, which are Telecommunication company (TC), Carpenter company (CC), Real Estate
business (RE), Vehicle Leasing company (VL), Advertising company (AD), and Textile Testing company
(TT). Let V∗={TC, CC, RE, VL, AD, TT } be a set. Let T be an equivalence relation defined on V∗

as follows:

T =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 1 0 1 0
0 1 0 0 0 0
1 0 1 0 1 0
0 0 0 1 0 1
1 0 1 0 1 0
0 0 0 1 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Let V = {(TC, 0.3, 0.4, 0.1), (CC, 0.8, 0.1, 0.5), (RE, 0.1, 0.2, 0.6), (VL, 0.9, 0.6, 0.1), (AD, 0.2, 0.5,
0.2), (TT, 0.8, 0.6, 0.5)} be a neutrosophic set on V∗ with three components corresponding to each
company, which represents its status in the industry and TV = (TV, TV) a rough neutrosophic set,
where TV and TV are lower and upper approximations of V, respectively, as follows:

TV = {(TC, 0.1, 0.2, 0.6), (CC, 0.8, 0.1, 0.5), (RE, 0.1, 0.2, 0.6), (VL, 0.8, 0.6, 0.5), (AD,

0.1, 0.2, 0.6), (TT, 0.8, 0.6, 0.5)},

TV = {(TC, 0.3, 0.5, 0.1), (CC, 0.8, 0.1, 0.5), (RE, 0.3, 0.5, 0.1), (VL, 0.9, 0.6, 0.1), (AD,

0.3, 0.5, 0.1), (TT, 0.9, 0.6, 0.1)}.

Let E∗ = {(TC, CC), (TC, AD), (TC, RE), (CC, VL), (CC, TT), (AD, RE), (TT, VL)},

be the set of edges and S an equivalence relation on E∗ defined as follows:

S =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0
0 1 1 0 0 1 0
0 1 1 0 0 1 0
0 0 0 1 1 0 0
0 1 0 1 1 0 0
0 0 1 0 0 1 0
0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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Let E = {((TC, CC), 0.1, 0.1, 01
)
,
(
(TC, AD), 0.1, 0.2, 0.1

)
,
(
(TC, RE), 0.1, 0.2, 0.1

)
,(

(CC, VL), 0.8, 0.1, 0.5
)
,
(
(CC, TT), 0.8, 0.1, 0.5

)
,
(
(AD, RE), 0.1, 0.2, 0.1

)
,(

(TT, VL), 0.8, 0.6, 0.1
)}

be a neutrosophic set on E∗ which represents relationship between companies and SE = (SE, SE)
a rough neutrosophic relation, where SE and SE are lower and upper upper approximations of E,
respectively, as follows:

SE = {((TC, CC), 0.1, 0.1, 0.1
)
,
(
(TC, AD), 0.1, 0.2, 0.1

)
,
(
(TC, RE), 0.1, 0.2, 0.1

)
,(

(CC, VL), 0.8, 0.1, 0.5
)
,
(
(CC, TT), 0.8, 0.1, 0.5

)
,
(
(AD, RE), 0.1, 0.2, 0.1

)
,(

(TT, VL), 0.8, 0.6, 0.1
)},

SE = {((TC, CC), 0.1, 0.1, 0.1
)
,
(
(TC, AD), 0.1, 0.2, 0.1

)
,
(
(TC, RE), 0.1, 0.2, 0.1

)
,(

(CC, VL), 0.8, 0.1, 0.5
)
,
(
(CC, TT), 0.8, 0.1, 0.5

)
,
(
(AD, RE)0.1, 0.2, 0.1

)
,(

(TT, VL), 0.8, 0.6, 0.1
)}.

Thus, G = (TV, SE) and G = (TV, SE) is a rough neutrosophic digraph as shown in Figure 14.

.

Figure 14. Rough neutrosophic digraph G = (G, G).

To find out the most suitable investment company, we define the score values

S(vi) = ∑
vivj∈E∗

T(vj) + I(vj)− F(vj)

3 − (T(vivj) + I(vivj)− F(vivj))
,

where

T(vj) =
T(vj)+T(vj)

2 ,

I(vj) =
I(vj)+I(vj)

2 ,

F(vj) =
F(vj)+F(vj)

2 ,

and
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T(vivj) =
T(vivj)+T(vivj)

2 ,

I(vivj) =
I(vivj)+I(vivj)

2 ,

F(vivj) =
F(vivj)+F(vivj)

2 .

of each selected company and industry decision is vk if vk = max
i

S(vi). By calculation, we have

S(TC) = 0.4926, S(CC) = 1.4038, S(RE) = 0.0667, S(VL) = 0.3833, S(AD) = 0.1429 and S(TT) = 1.3529.
Clearly, CC is the optimal decision. Therefore, the carpenter company is selected to get maximum
possible profit. We present our proposed method as an algorithm. This Algorithm 1 returns the optimal
solution for the investment problem.

Algorithm 1 Calculation of Optimal decision

1: Input the vertex set V∗.
2: Construct an equivalence relation T on the set V∗.
3: Calculate the approximation sets TV and TV.
4: Input the edge set E∗ ⊆ V∗ × V∗.
5: Construct an equivalence relation S on E∗.
6: Calculate the approximation sets SE and SE.
7: Calculate the score value, by using formula

S(vi) = ∑
vivj∈E∗

T(vj) + I(vj)− F(vj)

3 − (T(vivj) + I(vivj)− F(vivj))
.

8: The decision is S(vk) = max
vi∈V∗ S(vi).

9: If vk has more than one value, then any one of S(vk) may be chosen.

4. Conclusions and Future Directions

Neutrosophic sets and rough sets are very important models to handle uncertainty from two
different perspectives. A rough neutrosophic model is a hybrid model which is made by combining
two mathematical models, namely, rough sets and neutrosophic sets. This hybrid model deals with soft
computing and vagueness by using the lower and upper approximation spaces. A rough neutrosophic
set model gives more precise results for decision-making problems as compared to neutrosophic set
model. In this paper, we have introduced the notion of rough neutrosophic digraphs. This research
work can be extended to: (1) rough bipolar neutrosophic soft graphs; (2) bipolar neutrosophic soft
rough graphs; (3) interval-valued bipolar neutrosophic rough graphs; and (4) neutrosophic soft
rough graphs.

Acknowledgments: The authors are very thankful to the Editor and referees for their valuable comments and
suggestions for improving the paper.

Author Contributions: Sidra Sayed and Nabeela Ishfaq conceived and designed the experiments; Muhammad
Akram performed the experiments; Florentin Smarandache contributed reagents/materials/analysis tools.

Conflicts of Interest: The authors declare that they have no conflict of interest regarding the publication of the
research article.

References

1. Smarandache, F. A Unifying Field in Logics. Neutrosophy: Neutrosophic Probability, Set and Logic;
American Research Press: Rehoboth, NM, USA, 1999.

2. Zadeh, L.A. Fuzzy sets. Inf. Control 1965, 8, 338–353.
3. Smarandache, F. Neutrosophy Neutrosophic Probability, Set, and Logic; American Research Press:

Rehoboth, NM, USA, 1998.

166



Axioms 2018, 7, 5

4. Wang, H.; Smarandache, F.; Zhang, Y.; Sunderraman, R. Single-valued neutrosophic sets. Multispace Multistructure
2010, 4, 410–413.

5. Ye, J. Multicriteria decision-making method using the correlation coefficient under single-valued
neutrosophic environment. Int. J. Gen. Syst. 2013, 42, 386–394.

6. Ye, J. Improved correlation coefficients of single valued neutrosophic sets and interval neutrosophic sets for
multiple attribute decision making. J. Intell. Fuzzy Syst. 2014, 27, 2453–2462.

7. Pawlak, Z. Rough sets. Int. J. Comput. Inf. Sci. 1982, 11, 341–356.
8. Dubois, D.; Prade, H. Rough fuzzy sets and fuzzy rough sets. Int. J. Gen. Syst. 1990, 17, 191–209.
9. Liu, P.; Chen, S.M. Group decision making based on Heronian aggregation operators of intuitionistic fuzzy

numbers. IEEE Trans. Cybern. 2017, 47, 2514–2530.
10. Broumi, S.; Smarandache, F.; Dhar, M. Rough neutrosophic sets. Neutrosophic Sets Syst. 2014, 3, 62–67.
11. Yang, H.L.; Zhang, C.L.; Guo, Z.L.; Liu, Y.L.; Liao, X. A hybrid model of single valued neutrosophic

sets and rough sets: Single valued neutrosophic rough set model. Soft Comput. 2016, 21, 6253–6267,
doi:10.1007/s00500-016-2356-y.

12. Mordeson, J.N.; Peng, C.S. Operations on fuzzy graphs. Inf. Sci. 1994, 79, 159–170.
13. Akram, M.; Shahzadi, S. Neutrosophic soft graphs with applicatin. J. Intell. Fuzzy Syst. 2017, 32, 841–858.
14. Akram, M.; Sarwar, M. Novel multiple criteria decision making methods based on bipolar neutrosophic sets

and bipolar neutrosophic graphs. Ital. J. Pure Appl. Math. 2017, 38, 368–389.
15. Akram, M.; Siddique, S. Neutrosophic competition graphs with applications. J. Intell. Fuzzy Syst. 2017,

33, 921–935.
16. Akram, M.; Sitara, M. Interval-valued neutrosophic graph structures. Punjab Univ. J. Math. 2018, 50, 113–137.
17. Zafer, F.; Akram, M. A novel decision-making method based on rough fuzzy information. Int. J. Fuzzy Syst.

2017, doi:10.1007/s40815-017-0368-0.
18. Banerjee, M.; Pal, S.K. Roughness of a fuzzy set. Inf. Sci. 1996, 93, 235–246.
19. Liu, P.; Chen, S.M.; Junlin, L. Some intuitionistic fuzzy interaction partitioned Bonferroni mean operators

and their application to multi-attribute group decision making. Inf. Sci. 2017, 411, 98–121.
20. Liu, P. Multiple attribute group decision making method based on interval-valued intuitionistic fuzzy power

Heronian aggregation operators. Comput. Ind. Eng. 2017, 108, 199–212.
21. Zhang, X.; Dai, J.; Yu, Y. On the union and intersection operations of rough sets based on various

approximation spaces. Inf. Sci. 2015, 292, 214–229.
22. Bao, Y.L.; Yang, H.L. On single valued neutrosophic refined rough set model and its application.

J. Intell. Fuzzy Syst. 2017, 33, 1235–1248.

c© 2018 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

167



axioms

Article

Neutrosophic Positive Implicative N -Ideals
in BCK-Algebras

Young Bae Jun 1, Florentin Smarandache 2, Seok-Zun Song 3,∗ and Madad Khan 4

1 Department of Mathematics Education, Gyeongsang National University, Jinju 52828, Korea;
skywine@gmail.com

2 Mathematics & Science Department, University of New Mexico, 705 Gurley Ave., Gallup, NM 87301, USA;
fsmarandache@gmail.com

3 Department of Mathematics, Jeju National University, Jeju 63243, Korea
4 Department of Mathematics, COMSATS Institute of Information Technology, Abbottabad 45550, Pakistan;

madadmath@yahoo.com
* Correspondence: szsong@jejunu.ac.kr

Received: 30 October 2017; Accepted: 13 January 2018; Published: 15 January 2018

Abstract: The notion of a neutrosophic positive implicative N -ideal in BCK-algebras is introduced,
and several properties are investigated. Relations between a neutrosophic N -ideal and a neutrosophic
positive implicative N -ideal are discussed. Characterizations of a neutrosophic positive implicative
N -ideal are considered. Conditions for a neutrosophic N -ideal to be a neutrosophic positive
implicative N -ideal are provided. An extension property of a neutrosophic positive implicative
N -ideal based on the negative indeterminacy membership function is discussed.

Keywords: neutrosophic N -structure; neutrosophic N -ideal; neutrosophic positive implicative N -ideal

MSC: 06F35; 03G25; 03B52

1. Introduction

There are many real-life problems which are beyond a single expert. It is because of the need to
involve a wide domain of knowledge. As a generalization of the intuitionistic fuzzy set, paraconsistent
set and intuitionistic set, the neutrosophic logic and set is introduced by F. Smarandache [1] and it is
a useful tool to deal with uncertainty in several social and natural aspects. Neutrosophy provides a
foundation for a whole family of new mathematical theories with the generalization of both classical
and fuzzy counterparts. In a neutrosophic set, an element has three associated defining functions
such as truth membership function (T), indeterminate membership function (I) and false membership
function (F) defined on a universe of discourse X. These three functions are independent completely.
The neutrosophic set has vast applications in various fields (see [2–6]).

In order to provide mathematical tool for dealing with negative information, Y. B. Jun, K. J. Lee
and S. Z. Song [7] introduced the notion of negative-valued function, and constructed N -structures.
M. Khan, S. Anis, F. Smarandache and Y. B. Jun [8] introduced the notion of neutrosophic N -structures,
and it is applied to semigroups (see [8]) and BCK/BCI-algebras (see [9]). S. Z. Song, F. Smarandache
and Y. B. Jun [10] studied a neutrosophic commutative N -ideal in BCK-algebras. As well-known,
BCK-algebras originated from two different ways: one of them is based on set theory, and another
is from classical and non-classical propositional calculi (see [11]). The bounded commutative
BCK-algebras are precisely MV-algebras. For MV-algebras, see [12]. The background of this study is
displayed in the second section. In the third section, we introduce the notion of a neutrosophic positive
implicative N -ideal in BCK-algebras, and investigate several properties. We discuss relations between
a neutrosophic N -ideal and a neutrosophic positive implicative N -ideal, and provide conditions for a
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neutrosophic N -ideal to be a neutrosophic positive implicative N -ideal. We consider characterizations
of a neutrosophic positive implicative N -ideal. We establish an extension property of a neutrosophic
positive implicative N -ideal based on the negative indeterminacy membership function. Conclusions
are provided in the final section.

2. Preliminaries

By a BCI-algebra we mean a set X with a binary operation “∗” and a special element “0” in which
the following conditions are satisfied:

(I) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0,
(II) (x ∗ (x ∗ y)) ∗ y = 0,
(III) x ∗ x = 0,
(IV) x ∗ y = y ∗ x = 0 ⇒ x = y

for all x, y, z ∈ X. By a BCK-algebra, we mean a BCI-algebra X satisfying the condition

(∀x ∈ X)(0 ∗ x = 0).

A partial ordering ! on X is defined by

(∀x, y ∈ X) (x ! y ⇒ x ∗ y = 0).

Every BCK/BCI-algebra X verifies the following properties.

(∀x ∈ X) (x ∗ 0 = x), (1)

(∀x, y, z ∈ X) ((x ∗ y) ∗ z = (x ∗ z) ∗ y). (2)

Let I be a subset of a BCK/BCI-algebra. Then I is called an ideal of X if it satisfies the
following conditions.

0 ∈ I, (3)

(∀x, y ∈ X) (x ∗ y ∈ I, y ∈ I ⇒ x ∈ I) . (4)

Let I be a subset of a BCK-algebra. Then I is called a positive implicative ideal of X if the Condition (3)
holds and the following assertion is valid.

(∀x, y, z ∈ X) ((x ∗ y) ∗ z ∈ I, y ∗ z ∈ I ⇒ x ∗ z ∈ I) . (5)

Any positive implicative ideal is an ideal, but the converse is not true (see [13]).

Lemma 1 ([13]). A subset I of a BCK-algebra X is a positive implicative ideal of X if and only if I is an ideal of
X which satisfies the following condition.

(∀x, y ∈ X) ((x ∗ y) ∗ y ∈ I ⇒ x ∗ y ∈ I) . (6)

We refer the reader to the books [13,14] for further information regarding BCK/BCI-algebras.
For any family {ai | i ∈ Λ} of real numbers, we define∨{ai | i ∈ Λ} := sup{ai | i ∈ Λ}

and ∧{ai | i ∈ Λ} := inf{ai | i ∈ Λ}.
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We denote the collection of functions from a set X to [−1, 0] by F (X, [−1, 0]). An element of
F (X, [−1, 0]) is called a negative-valued function from X to [−1, 0] (briefly, N -function on X). An ordered
pair (X, f ) of X and an N -function f on X is called an N -structure (see [7]).

A neutrosophic N -structure over a nonempty universe of discourse X (see [8]) is defined to be
the structure

XN :=
{

x
(TN(x),IN(x),FN(x)) | x ∈ X

}
(7)

where TN , IN and FN are N -functions on X which are called the negative truth membership function,
the negative indeterminacy membership function and the negative falsity membership function, respectively,
on X.

For the sake of simplicity, we will use the notation XN or XN := X
(TN ,IN ,FN)

instead of the
neutrosophic N -structure in (7).

Recall that every neutrosophic N -structure XN over X satisfies the following condition:

(∀x ∈ X) (−3 ≤ TN(x) + IN(x) + FN(x) ≤ 0) .

3. Neutrosophic Positive Implicative N -ideals

In what follows, let X denote a BCK-algebra unless otherwise specified.

Definition 1 ([9]). Let XN be a neutrosophic N -structure over X. Then XN is called a neutrosophic N -ideal
of X if the following condition holds.

(∀x, y ∈ X)

⎛⎜⎝ TN(0) ≤ TN(x) ≤ ∨{TN(x ∗ y), TN(y)}
IN(0) ≥ IN(x) ≥ ∧{IN(x ∗ y), IN(y)}
FN(0) ≤ FN(x) ≤ ∨{FN(x ∗ y), FN(y)}

⎞⎟⎠ . (8)

Definition 2. A neutrosophic N -structure XN over X is called a neutrosophic positive implicative N -ideal of
X if the following assertions are valid.

(∀x ∈ X) (TN(0) ≤ TN(x), IN(0) ≥ IN(x), FN(0) ≤ FN(x)) , (9)

(∀x, y, z ∈ X)

⎛⎜⎝ TN(x ∗ z) ≤ ∨{TN((x ∗ y) ∗ z), TN(y ∗ z)}
IN(x ∗ z) ≥ ∧{IN((x ∗ y) ∗ z), IN(y ∗ z)}
FN(x ∗ z) ≤ ∨{FN((x ∗ y) ∗ z), FN(y ∗ z)}

⎞⎟⎠ . (10)

Example 1. Let X = {0, 1, 2, 3, 4} be a BCK-algebra with the Cayley table in Table 1.

Table 1. Cayley table for the binary operation “∗”.

* 0 1 2 3 4

0 0 0 0 0 0
1 1 0 0 1 0
2 2 2 0 2 0
3 3 3 3 0 3
4 4 4 4 4 0

Let

XN =
{

0
(−0.9,−0.2,−0.7) , 1

(−0.7,−0.6,−0.7) , 2
(−0.5,−0.7,−0.6) , 3

(−0.1,−0.4,−0.4) , 4
(−0.3,−0.8,−0.2)

}
be a neutrosophic N -structure over X. Then XN is a neutrosophic positive implicative N -ideal of X.
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If we take z = 0 in (10) and use (1), then we have the following theorem.

Theorem 1. Every neutrosophic positive implicative N -ideal is a neutrosophic N -ideal.

The following example shows that the converse of Theorem 1 does not holds.

Example 2. Let X = {0, a, b, c} be a BCK-algebra with the Cayley table in Table 2.

Table 2. Cayley table for the binary operation “∗”.

* 0 a b c
0 0 0 0 0
a a 0 0 a
b b a 0 b
c c c c 0

Let

XN =
{

0
(t0, i2, f0)

, a
(t1, i1, f2)

, b
(t1, i1, f2)

, c
(t2, i0, f1)

}
be a a neutrosophic N -structure over X where t0 < t1 < t2, i0 < i1 < i2 and f0 < f1 < f2 in [−1, 0]. Then
XN is a neutrosophic N -ideal of X. But it is not a neutrosophic positive implicative N -ideal of X since

TN(b ∗ a) = TN(a) = t1 � t0 =
∨{TN((b ∗ a) ∗ a), TN(a ∗ a)},

IN(b ∗ a) = IN(a) = i1 � i2 =
∧{IN((b ∗ a) ∗ a), IN(a ∗ a)},

or

FN(b ∗ a) = FN(a) = f2 � f0 =
∨{FN((b ∗ a) ∗ a), FN(a ∗ a)}.

Given a neutrosophic N -structure XN over X and α, β, γ ∈ [−1, 0] with −3 ≤ α + β + γ ≤ 0,
we define the following sets.

Tα
N := {x ∈ X | TN(x) ≤ α},

Iβ
N := {x ∈ X | IN(x) ≥ β},

Fγ
N := {x ∈ X | FN(x) ≤ γ}.

Then we say that the set

XN(α, β, γ) := {x ∈ X | TN(x) ≤ α, IN(x) ≥ β, FN(x) ≤ γ}

is the (α, β, γ)-level set of XN (see [9]). Obviously, we have

XN(α, β, γ) = Tα
N ∩ Iβ

N ∩ Fγ
N .

Theorem 2. If XN is a neutrosophic positive implicative N -ideal of X, then Tα
N, Iβ

N and Fγ
N are positive

implicative ideals of X for all α, β, γ ∈ [−1, 0] with −3 ≤ α + β + γ ≤ 0 whenever they are nonempty.

Proof. Assume that Tα
N , Iβ

N and Fγ
N are nonempty for all α, β, γ ∈ [−1, 0] with −3 ≤ α + β + γ ≤ 0.

Then x ∈ Tα
N , y ∈ Iβ

N and z ∈ Fγ
N for some x, y, z ∈ X. Thus TN(0) ≤ TN(x) ≤ α, IN(0) ≥
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IN(y) ≥ β, and FN(0) ≤ FN(z) ≤ γ, that is, 0 ∈ Tα
N ∩ Iβ

N ∩ Fγ
N . Let (x ∗ y) ∗ z ∈ Tα

N and y ∗ z ∈ Tα
N .

Then TN((x ∗ y) ∗ z) ≤ α and TN(y ∗ z) ≤ α, which imply that

TN(x ∗ z) ≤ ∨{TN((x ∗ y) ∗ z), TN(y ∗ z)} ≤ α,

that is, x ∗ z ∈ Tα
N . If (a ∗ b) ∗ c ∈ Iβ

N and b ∗ c ∈ Iβ
N , then IN((a ∗ b) ∗ c) ≥ β and IN(b ∗ c) ≥ β. Thus

IN(a ∗ c) ≥ ∧{IN((a ∗ b) ∗ c), IN(b ∗ c)} ≥ β,

and so a ∗ c ∈ Iβ
N . Finally, suppose that (u ∗ v) ∗ w ∈ Fγ

N and v ∗ w ∈ Fγ
N . Then FN((u ∗ v) ∗ w) ≤ γ and

FN(v ∗ w) ≤ γ. Thus

FN(u ∗ w) ≤ ∨{FN((u ∗ v) ∗ w), FN(v ∗ w)} ≤ γ,

that is, u ∗ w ∈ Fγ
N . Therefore Tα

N , Iβ
N and Fγ

N are positive implicative ideals of X.

Corollary 1. Let XN be a neutrosophic N -structure over X and let α, β, γ ∈ [−1, 0] be such that −3 ≤
α + β + γ ≤ 0. If XN is a neutrosophic positive implicative N -ideal of X, then the nonempty (α, β, γ)-level set
of XN is a positive implicative ideal of X.

Proof. Straightforward.

The following example illustrates Theorem 2.

Example 3. Let X = {0, 1, 2, 3, 4} be a BCK-algebra with the Cayley table in Table 3.

Table 3. Cayley table for the binary operation “∗”.

* 0 1 2 3 4

0 0 0 0 0 0
1 1 0 1 1 0
2 2 2 0 2 0
3 3 3 3 0 0
4 4 4 4 4 0

Let

XN =
{

0
(−0.8,−0.3,−0.7) , 1

(−0.7,−0.6,−0.4) , 2
(−0.4,−0.4,−0.5) , 3

(−0.3,−0.5,−0.6) , 4
(−0.2,−0.9,−0.1)

}
be a neutrosophic N -structure over X. Routine calculations show that XN is a neutrosophic positive implicative
N -ideal of X. Then

Tα
N =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∅ if α ∈ [−1,−0.8),
{0} if α ∈ [−0.8,−0.7),
{0, 1} if α ∈ [−0.7,−0.4),
{0, 1, 2} if α ∈ [−0.4,−0.3),
{0, 1, 2, 3} if α ∈ [−0.3,−0.2),
X if α ∈ [−0.2, 0],
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Iβ
N =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∅ if β ∈ (−0.3, 0],
{0} if β ∈ (−0.4,−0.3],
{0, 2} if β ∈ (−0.5,−0.4],
{0, 2, 3} if β ∈ (−0.6,−0.5],
{0, 1, 2, 3} if β ∈ (−0.9,−0.6],
X if β ∈ [−1,−0.9],

and

Fγ
N =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∅ if γ ∈ [−1,−0.7),
{0} if γ ∈ [−0.7,−0.6),
{0, 3} if γ ∈ [−0.6,−0.5),
{0, 2, 3} if γ ∈ [−0.5,−0.4),
{0, 1, 2, 3} if γ ∈ [−0.4,−0.1),
X if γ ∈ [−0.1, 0],

which are positive implicative ideals of X.

Lemma 2 ([9]). Every neutrosophic N -ideal XN of X satisfies the following assertions:

(x, y ∈ X) (x ! y ⇒ TN(x) ≤ TN(y), IN(x) ≥ IN(y), FN(x) ≤ FN(y)) . (11)

We discuss conditions for a neutrosophic N -ideal to be a neutrosophic positive implicative
N -ideal.

Theorem 3. Let XN be a neutrosophic N -ideal of X. Then XN is a neutrosophic positive implicative N -ideal
of X if and only if the following assertion is valid.

(∀x, y ∈ X)

⎛⎜⎝ TN(x ∗ y) ≤ TN((x ∗ y) ∗ y),

IN(x ∗ y) ≥ IN((x ∗ y) ∗ y),

FN(x ∗ y) ≤ FN((x ∗ y) ∗ y)

⎞⎟⎠ . (12)

Proof. Assume that XN is a neutrosophic positive implicative N -ideal of X. If z is replaced by y
in (10), then

TN(x ∗ y) ≤ ∨{TN((x ∗ y) ∗ y), TN(y ∗ y)}
=

∨{TN((x ∗ y) ∗ y), TN(0)} = TN((x ∗ y) ∗ y),

IN(x ∗ y) ≥ ∧{IN((x ∗ y) ∗ y), IN(y ∗ y)}
=

∧{IN((x ∗ y) ∗ y), IN(0)} = IN((x ∗ y) ∗ y),

and

FN(x ∗ y) ≤ ∨{FN((x ∗ y) ∗ y), FN(y ∗ y)}
=

∨{FN((x ∗ y) ∗ y), FN(0)} = FN((x ∗ y) ∗ y)

by (III) and (9).
Conversely, let XN be a neutrosophic N -ideal of X satisfying (12). Since

((x ∗ z) ∗ z) ∗ (y ∗ z) ! (x ∗ z) ∗ y = (x ∗ y) ∗ z
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for all x, y, z ∈ X, we have

(∀x, y, z ∈ X)

⎛⎜⎝ TN(((x ∗ z) ∗ z) ∗ (y ∗ z)) ≤ TN((x ∗ y) ∗ z),

IN(((x ∗ z) ∗ z) ∗ (y ∗ z)) ≥ IN((x ∗ y) ∗ z),

FN(((x ∗ z) ∗ z) ∗ (y ∗ z)) ≤ FN((x ∗ y) ∗ z)

⎞⎟⎠ .

by Lemma 2. It follows from (8) and (12) that

TN(x ∗ z) ≤ TN((x ∗ z) ∗ z)

≤ ∨{TN(((x ∗ z) ∗ z) ∗ (y ∗ z)), TN(y ∗ z)}
≤ ∨{TN((x ∗ y) ∗ z), TN(y ∗ z)},

IN(x ∗ z) ≥ IN((x ∗ z) ∗ z)

≥ ∧{IN(((x ∗ z) ∗ z) ∗ (y ∗ z)), IN(y ∗ z)}
≥ ∧{IN((x ∗ y) ∗ z), IN(y ∗ z)},

and

FN(x ∗ z) ≤ FN((x ∗ z) ∗ z)

≤ ∨{FN(((x ∗ z) ∗ z) ∗ (y ∗ z)), FN(y ∗ z)}
≤ ∨{FN((x ∗ y) ∗ z), FN(y ∗ z)}.

Therefore XN is a neutrosophic positive implicative N -ideal of X.

Lemma 3 ([9]). For any neutrosophic N -ideal XN of X, we have

(∀x, y, z ∈ X)

⎛⎜⎝ x ∗ y ! z ⇒

⎧⎪⎨⎪⎩
TN(x) ≤ ∨{TN(y), TN(z)}
IN(x) ≥ ∧{IN(y), IN(z)}
FN(x) ≤ ∨{FN(y), FN(z)}

⎞⎟⎠ . (13)

Lemma 4. If a neutrosophic N -structure XN over X satisfies the condition (13), then XN is a neutrosophic
N -ideal of X.

Proof. Since 0 ∗ x ! x for all x ∈ X, we have TN(0) ≤ TN(x), IN(0) ≥ IN(x) and FN(0) ≤ FN(x)
for all x ∈ X by (13). Note that x ∗ (x ∗ y) ! y for all x, y ∈ X. It follows from (13) that
TN(x) ≤ ∨ {TN(x ∗ y), TN(y)}, IN(x) ≥ ∧{IN(x ∗ y), IN(y)}, and FN(x) ≤ ∨{FN(x ∗ y), FN(y)}
for all x, y ∈ X. Therefore XN is a neutrosophic N -ideal of X.

Theorem 4. For any neutrosophic N -structure XN over X, the following assertions are equivalent.

(1) XN is a neutrosophic positive implicative N -ideal of X.
(2) XN satisfies the following condition.

((x ∗ y) ∗ y) ∗ a ! b ⇒

⎧⎪⎨⎪⎩
TN(x ∗ y) ≤ ∨{TN(a), TN(b)},

IN(x ∗ y) ≥ ∧{IN(a), IN(b)},

FN(x ∗ y) ≤ ∨{FN(a), FN(b)},

(14)

for all x, y, a, b ∈ X.
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Proof. Suppose that XN is a neutrosophic positive implicative N -ideal of X. Then XN is a neutrosophic
N -ideal of X by Theorem 1. Let x, y, a, b ∈ X be such that ((x ∗ y) ∗ y) ∗ a ! b. Then

TN(x ∗ y) ≤ TN(((x ∗ y) ∗ y)) ≤ ∨{TN(a), TN(b)},

IN(x ∗ y) ≥ IN(((x ∗ y) ∗ y)) ≥ ∧{IN(a), IN(b)},

FN(x ∗ y) ≤ FN(((x ∗ y) ∗ y)) ≤ ∨{FN(a), FN(b)}

by Theorem 3 and Lemma 3.
Conversely, let XN be a neutrosophic N -structure over X that satisfies (14). Let x, a, b ∈ X be such

that x ∗ a ! b. Then ((x ∗ 0) ∗ 0) ∗ a ! b, and so

TN(x) = TN(x ∗ 0) ≤ ∨{TN(a), TN(b)},

IN(x) = IN(x ∗ 0) ≥ ∧{IN(a), IN(b)},

FN(x) = FN(x ∗ y) ≤ ∨{FN(a), FN(b)}.

Hence XN is a neutrosophic N -ideal of X by Lemma 4. Since ((x ∗ y) ∗ y) ∗ ((x ∗ y) ∗ y) ! 0, it
follows from (14) and (9) that

TN(x ∗ y) ≤ ∨{TN((x ∗ y) ∗ y), TN(0)} = TN((x ∗ y) ∗ y),

IN(x ∗ y) ≥ ∧{IN((x ∗ y) ∗ y), IN(0)} = IN((x ∗ y) ∗ y),

FN(x ∗ y) ≤ ∨{FN((x ∗ y) ∗ y), FN(0)} = FN((x ∗ y) ∗ y),

for all x, y ∈ X. Therefore XN is a neutrosophic positive implicative N -ideal of X by Theorem 3.

Lemma 5 ([9]). Let XN be a neutrosophic N -structure over X and assume that Tα
N, Iβ

N and Fγ
N are ideals of X

for all α, β, γ ∈ [−1, 0] with −3 ≤ α + β + γ ≤ 0. Then XN is a neutrosophic N -ideal of X.

Theorem 5. Let XN be a neutrosophic N -structure over X and assume that Tα
N, Iβ

N and Fγ
N are positive

implicative ideals of X for all α, β, γ ∈ [−1, 0] with −3 ≤ α + β + γ ≤ 0. Then XN is a neutrosophic positive
implicative N -ideal of X.

Proof. If Tα
N , Iβ

N and Fγ
N are positive implicative ideals of X, then Tα

N , Iβ
N and Fγ

N are ideals of X.
Thus XN is a neutrosophic N -ideal of X by Lemma 5. Let x, y ∈ X and α, β, γ ∈ [−1, 0] with
−3 ≤ α + β + γ ≤ 0 such that TN((x ∗ y) ∗ y) = α, IN((x ∗ y) ∗ y) = β and FN((x ∗ y) ∗ y) = γ. Then
(x ∗ y) ∗ y ∈ Tα

N ∩ Iβ
N ∩ Fγ

N . Since Tα
N ∩ Iβ

N ∩ Fγ
N is a positive implicative ideal of X, it follows from

Lemma 1 that x ∗ y ∈ Tα
N ∩ Iβ

N ∩ Fγ
N . Hence

TN(x ∗ y) ≤ α = TN((x ∗ y) ∗ y),

IN(x ∗ y) ≥ β = IN((x ∗ y) ∗ y),

FN(x ∗ y) ≤ γ = FN((x ∗ y) ∗ y).

Therefore XN is a neutrosophic positive implicative N -ideal of X by Theorem 3.
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Lemma 6 ([9]). Let XN be a neutrosophic N -ideal of X. Then XN satisfies the condition (12) if and only if it
satisfies the following condition.

(∀x, y, z ∈ X)

⎛⎜⎝ TN((x ∗ z) ∗ (y ∗ z)) ≤ TN((x ∗ y) ∗ z),

IN((x ∗ z) ∗ (y ∗ z)) ≥ IN((x ∗ y) ∗ z),

FN((x ∗ z) ∗ (y ∗ z)) ≤ FN((x ∗ y) ∗ z)

⎞⎟⎠ . (15)

Corollary 2. Let XN be a neutrosophic N -ideal of X. Then XN is a neutrosophic positive implicative N -ideal
of X if and only if XN satisfies (15).

Proof. It follows from Theorem 3 and Lemma 6.

Theorem 6. For any neutrosophic N -structure XN over X, the following assertions are equivalent.

(1) XN is a neutrosophic positive implicative N -ideal of X.
(2) XN satisfies the following condition.

((x ∗ y) ∗ z) ∗ a ! b ⇒

⎧⎪⎨⎪⎩
TN((x ∗ z) ∗ (y ∗ z)) ≤ ∨{TN(a), TN(b)},

IN((x ∗ z) ∗ (y ∗ z)) ≥ ∧{IN(a), IN(b)},

FN((x ∗ z) ∗ (y ∗ z)) ≤ ∨{FN(a), FN(b)},

(16)

for all x, y, z, a, b ∈ X.

Proof. Suppose that XN is a neutrosophic positive implicative N -ideal of X. Then XN is a neutrosophic
N -ideal of X by Theorem 1. Let x, y, z, a, b ∈ X be such that ((x ∗ y) ∗ z) ∗ a ! b. Using Corollary 2 and
Lemma 3, we have

TN((x ∗ z) ∗ (y ∗ z)) ≤ TN(((x ∗ y) ∗ z)) ≤ ∨{TN(a), TN(b)},

IN((x ∗ z) ∗ (y ∗ z)) ≥ IN(((x ∗ y) ∗ z)) ≥ ∧{IN(a), IN(b)},

FN((x ∗ z) ∗ (y ∗ z)) ≤ FN(((x ∗ y) ∗ z)) ≤ ∨{FN(a), FN(b)}

for all x, y, z, a, b ∈ X.
Conversely, let XN be a neutrosophic N -structure over X that satisfies (16). Let x, y, a, b ∈ X be

such that ((x ∗ y) ∗ y) ∗ a ! b. Then

TN(x ∗ y) = TN((x ∗ y) ∗ (y ∗ y)) ≤ ∨{TN(a), TN(b)},

IN(x ∗ y) = IN((x ∗ y) ∗ (y ∗ y)) ≥ ∧{IN(a), IN(b)},

FN(x ∗ y) = FN((x ∗ y) ∗ (y ∗ y)) ≤ ∨{FN(a), FN(b)}

by (III), (1) and (16). It follows from Theorem 4 that XN is a neutrosophic positive implicative N -ideal
of X.

Theorem 7. Let XN be a neutrosophic N -structure over X. Then XN is a neutrosophic positive implicative
N -ideal of X if and only if XN satisfies (9) and

(∀x, y, z ∈ X)

⎛⎜⎝ TN(x ∗ y) ≤ ∨{TN(((x ∗ y) ∗ y) ∗ z), TN(z)},

IN(x ∗ y) ≥ ∧{IN(((x ∗ y) ∗ y) ∗ z), IN(z)},

FN(x ∗ y) ≤ ∨{FN(((x ∗ y) ∗ y) ∗ z), FN(z)}

⎞⎟⎠ . (17)
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Proof. Assume that XN is a neutrosophic positive implicative N -ideal of X. Then XN is a neutrosophic
N -ideal of X by Theorem 1, and so the condition (9) is valid. Using (8), (III), (1), (2) and (15), we have

TN(x ∗ y) ≤ ∨{TN((x ∗ y) ∗ z), TN(z)}
=

∨{TN(((x ∗ z) ∗ y) ∗ (y ∗ y)), TN(z)}
≤ ∨{TN(((x ∗ z) ∗ y) ∗ y), TN(z)}
=

∨{TN(((x ∗ y) ∗ y) ∗ z), TN(z)},

IN(x ∗ y) ≥ ∧{IN((x ∗ y) ∗ z), IN(z)}
=

∧{IN(((x ∗ z) ∗ y) ∗ (y ∗ y)), IN(z)}
≥ ∧{IN(((x ∗ z) ∗ y) ∗ y), IN(z)}
=

∧{IN(((x ∗ y) ∗ y) ∗ z), IN(z)},

and

FN(x ∗ y) ≤ ∨{FN((x ∗ y) ∗ z), FN(z)}
=

∨{FN(((x ∗ z) ∗ y) ∗ (y ∗ y)), FN(z)}
≤ ∨{FN(((x ∗ z) ∗ y) ∗ y), FN(z)}
=

∨{FN(((x ∗ y) ∗ y) ∗ z), FN(z)}

for all x, y, z ∈ X. Therefore (17) is valid.
Conversely, if XN is a neutrosophic N -structure over X satisfying two Conditions (9) and (17), then

TN(x) = TN(x ∗ 0) ≤ ∨{TN(((x ∗ 0) ∗ 0) ∗ z), TN(z)} =
∨{TN(x ∗ z), TN(z)},

IN(x) = IN(x ∗ 0) ≥ ∧{IN(((x ∗ 0) ∗ 0) ∗ z), IN(z)} =
∧{IN(x ∗ z), IN(z)},

FN(x) = FN(x ∗ 0) ≤ ∨{FN(((x ∗ 0) ∗ 0) ∗ z), FN(z)} =
∨{FN(x ∗ z), FN(z)}

for all x, z ∈ X. Hence XN is a neutrosophic N -ideal of X. Now, if we take z = 0 in (17) and use (1), then

TN(x ∗ y) ≤ ∨{TN(((x ∗ y) ∗ y) ∗ 0), TN(0)}
=

∨{TN((x ∗ y) ∗ y), TN(0)} = TN((x ∗ y) ∗ y),

IN(x ∗ y) ≥ ∧{IN(((x ∗ y) ∗ y) ∗ 0), IN(0)}
=

∧{IN((x ∗ y) ∗ y), IN(0)} = IN((x ∗ y) ∗ y),

and

FN(x ∗ y) ≤ ∨{FN(((x ∗ y) ∗ y) ∗ 0), FN(0)}
=

∨{FN((x ∗ y) ∗ y), FN(0)} = FN((x ∗ y) ∗ y)

for all x, y ∈ X. It follows from Theorem 3 that XN is a neutrosophic positive implicative N -ideal
of X.

Summarizing the above results, we have a characterization of a neutrosophic positive
implicative N -ideal.
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Theorem 8. For a neutrosophic N -structure XN over X, the following assertions are equivalent.

(1) XN is a neutrosophic positive implicative N -ideal of X.
(2) XN is a neutrosophic N -ideal of X satisfying the condition (12).
(3) XN is a neutrosophic N -ideal of X satisfying the condition (15).
(4) XN satisfies two conditions (9) and (17).
(5) XN satisfies the condition (14).
(6) XN satisfies the condition (3).

For any fixed numbers ξT , ξF ∈ [−1, 0), ξ I ∈ (−1, 0] and a nonempty subset G of X, a neutrosophic
N -structure XG

N over X is defined to be the structure

XG
N := X

(TG
N , IG

N , FG
N)

=

{
x

(TG
N (x), IG

N(x), FG
N (x))

| x ∈ X
}

(18)

where TG
N , IG

N and FG
N are N -functions on X which are given as follows:

TG
N : X → [−1, 0], x �→

{
ξT if x ∈ G,
0 otherwise,

IG
N : X → [−1, 0], x �→

{
ξ I if x ∈ G,
−1 otherwise,

and

FG
N : X → [−1, 0], x �→

{
ξF if x ∈ G,
0 otherwise.

Theorem 9. Given a nonempty subset G of X, a neutrosophic N -structure XG
N over X is a neutrosophic positive

implicative N -ideal of X if and only if G is a positive implicative ideal of X.

Proof. Assume that G is a positive implicative ideal of X. Since 0 ∈ G, it follows that TG
N(0) = ξT ≤ TG

N(x),
IG
N(0) = ξI ≥ IG

N(x), and FG
N (0) = ξF ≤ FG

N (x) for all x ∈ X. For any x, y, z ∈ X, we consider four cases:

Case 1. (x ∗ y) ∗ z ∈ G and y ∗ z ∈ G,
Case 2. (x ∗ y) ∗ z ∈ G and y ∗ z /∈ G,
Case 3. (x ∗ y) ∗ z /∈ G and y ∗ z ∈ G,
Case 4. (x ∗ y) ∗ z /∈ G and y ∗ z /∈ G.

Case 1 implies that x ∗ z ∈ G, and thus

TG
N(x ∗ z) = TG

N((x ∗ y) ∗ z) = TG
N(y ∗ z) = ξT ,

IG
N(x ∗ z) = IG

N((x ∗ y) ∗ z) = IG
N(y ∗ z) = ξ I ,

FG
N (x ∗ z) = FG

N ((x ∗ y) ∗ z) = FG
N (y ∗ z) = ξF.

Hence

TG
N(x ∗ z) ≤ ∨{TG

N((x ∗ y) ∗ z), TG
N(y ∗ z)},

IG
N(x ∗ z) ≥ ∧{IG

N((x ∗ y) ∗ z), IG
N(y ∗ z)},

FG
N (x ∗ z) ≤ ∨{FG

N ((x ∗ y) ∗ z), FG
N (y ∗ z)}.
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If Case 2 is valid, then TG
N(y ∗ z) = 0, IG

N(y ∗ z) = −1 and FG
N (y ∗ z) = 0. Thus

TG
N(x ∗ z) ≤ 0 =

∨{TG
N((x ∗ y) ∗ z), TG

N(y ∗ z)},

IG
N(x ∗ z) ≥ −1 =

∧{IG
N((x ∗ y) ∗ z), IG

N(y ∗ z)},

FG
N (x ∗ z) ≤ 0 =

∨{FG
N ((x ∗ y) ∗ z), FG

N (y ∗ z)}.

For the Case 3, it is similar to the Case 2.
For the Case 4, it is clear that

TG
N(x ∗ z) ≤ ∨{TG

N((x ∗ y) ∗ z), TG
N(y ∗ z)},

IG
N(x ∗ z) ≥ ∧{IG

N((x ∗ y) ∗ z), IG
N(y ∗ z)},

FG
N (x ∗ z) ≤ ∨{FG

N ((x ∗ y) ∗ z), FG
N (y ∗ z)}.

Therefore XG
N is a neutrosophic positive implicative N -ideal of X.

Conversely, suppose that XG
N is a neutrosophic positive implicative N -ideal of X. Then

(
TG

N
) ξT

2 = G,(
IG
N
) ξ I

2 = G and
(

FG
N
) ξF

2 = G are positive implicative ideals of X by Theorem 2.

We consider an extension property of a neutrosophic positive implicative N -ideal based on the
negative indeterminacy membership function.

Lemma 7 ([13]). Let A and B be ideals of X such that A ⊆ B. If A is a positive implicative ideal of X, then so is B.

Theorem 10. Let
XN := X

(TN , IN , FN)
=

{
x

(TN(x), IN(x), FN(x)) | x ∈ X
}

and
XM := X

(TM , IM , FM)
=

{
x

(TM(x), IM(x), FM(x)) | x ∈ X
}

be neutrosophic N -ideals of X such that XN(=,≤,=)XM, that is, TN(x) = TM(x), IN(x) ≤ IM(x) and
FN(x) = FM(x) for all x ∈ X. If XN is a neutrosophic positive implicative N -ideal of X, then so is XM.

Proof. Assume that XN is a neutrosophic positive implicative N -ideal of X. Then Tα
N , Iβ

N and Fγ
N are

positive implicative ideals of X for all α, β, γ ∈ [−1, 0] by Theorem 2. The condition XN(=,≤,=)XM

implies that TξT
N = TξT

M , Iξ I
N ⊆ Iξ I

M and FξF
N = FξF

M . It follows from Lemma 7 that Tα
M, Iβ

M and Fγ
M

are positive implicative ideals of X for all α, β, γ ∈ [−1, 0]. Therefore XM is a neutrosophic positive
implicative N -ideal of X by Theorem 5.

4. Conclusions

The aim of this paper is to study neutrosophic N -structure of positive implicative ideal in
BCK-algebras, and to provide a mathematical tool for dealing with several informations containing
uncertainty, for example, decision making problem, medical diagnosis, graph theory, pattern
recognition, etc. As a more general platform which extends the concepts of the classic set and fuzzy
set, intuitionistic fuzzy set and interval valued intuitionistic fuzzy set, F. Smarandache have developed
neutrosophic set (NS) in [1,15]. In this manuscript, we have discussed the notion of a neutrosophic
positive implicative N -ideal in BCK-algebras, and investigated several properties. We have considered
relations between a neutrosophic N -ideal and a neutrosophic positive implicative N -ideal. We have
provided conditions for a neutrosophic N -ideal to be a neutrosophic positive implicative N -ideal, and
considered characterizations of a neutrosophic positive implicative N -ideal. We have established an
extension property of a neutrosophic positive implicative N -ideal based on the negative indeterminacy
membership function.
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Various sources of uncertainty can be a challenge to make a reliable decision. Based on the results
in this paper, our future research will be focused to solve real-life problems under the opinions of
experts in a neutrosophic set environment, for example, decision making problem, medical diagnosis
etc. The future works also may use the study neutrosophic set theory on several related algebraic
structures, BL-algebras, MTL-algebras, R0-algebras, MV-algebras, EQ-algebras and lattice implication
algebras etc.
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Abstract: Hough transform (HT) is a useful tool for both pattern recognition and image processing
communities. In the view of pattern recognition, it can extract unique features for description of
various shapes, such as lines, circles, ellipses, and etc. In the view of image processing, a dozen of
applications can be handled with HT, such as lane detection for autonomous cars, blood cell detection
in microscope images, and so on. As HT is a straight forward shape detector in a given image,
its shape detection ability is low in noisy images. To alleviate its weakness on noisy images and
improve its shape detection performance, in this paper, we proposed neutrosophic Hough transform
(NHT). As it was proved earlier, neutrosophy theory based image processing applications were
successful in noisy environments. To this end, the Hough space is initially transferred into the
NS domain by calculating the NS membership triples (T, I, and F). An indeterminacy filtering is
constructed where the neighborhood information is used in order to remove the indeterminacy in
the spatial neighborhood of neutrosophic Hough space. The potential peaks are detected based on
thresholding on the neutrosophic Hough space, and these peak locations are then used to detect the
lines in the image domain. Extensive experiments on noisy and noise-free images are performed in
order to show the efficiency of the proposed NHT algorithm. We also compared our proposed NHT
with traditional HT and fuzzy HT methods on variety of images. The obtained results showed the
efficiency of the proposed NHT on noisy images.

Keywords: Hough transform; fuzzy Hough transform; neutrosophy theory; line detection

1. Introduction

The Hough transform (HT), which is known as a popular pattern descriptor, was proposed
in sixties by Paul Hough [1]. This popular and efficient shape based pattern descriptor was then
introduced to the image processing and computer vision community in seventies by Duda and Hart [2].
The HT converts image domain features (e.g., edges) into another parameter space, namely Hough
space. In Hough space, every points (xi, yi) on a straight line in the image domain, corresponds a
point (ρi, θi).

In the literature, there have been so many variations of Hough’s proposal [3–14]. In [3],
Chung et al. proposed a new HT based on affine transformation. Memory-usage efficiency was
provided by proposed affine transformation, which was in the center of Chung’s method. Authors
targeted to detect the lines by using slope intercept parameters in the Hough space. In [4], Guo et al.
proposed a methodology for an efficient HT by utilizing surround-suppression. Authors introduced a
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measure of isotropic surround-suppression, which suppresses the false peaks caused by the texture
regions in Hough space. In traditional HT, image features are voted in the parameter space in order
to construct the Hough space. Thus, if an image has more features (e.g., texture), construction of the
Hough space becomes computationally expensive. In [5], Walsh et al. proposed the probabilistic HT.
Probabilistic HT was proposed in order to reduce the computation-cost of the traditional HT by using
a selection step. The selection step in probabilistic HT approach just considered the image features that
contributed the Hough space. In [6], Xu et al. proposed another probabilistic HT algorithm, called
randomized HT. Authors used a random selection mechanism to select a number of image domain
features in order to construct the Hough space parameters. In other words, only the hypothesized
parameter set was used to increment the accumulator. In [7], Han et al. used the fuzzy concept in HT
(FHT) for detecting the shapes in noisy images. FHT enables detecting shapes in noisy environment
by approximately fitting the image features avoiding the spurious detected using the traditional HT.
The FTH can be obtained by one-dimensional (1-D) convolution of the rows of the Hough space. In [8],
Montseny et al. proposed a new FHT method where edge orientations were considered. Gradient
vectors were considered to enable edge orientations in FHT. Based on the stability properties of
the gradient vectors, some relevant orientations were taken into consideration, which reduced the
computation burden, dramatically. In [9], Mathavan et al. proposed an algorithm to detect cracks in
pavement images based on FHT. Authors indicated that due to the intensity variations and texture
content of the pavement images, FHT was quite convenient to detect the short lines (cracks). In [10],
Chatzis et al. proposed a variation of HT. In the proposed method, authors first split the Hough space
into fuzzy cells, which were defined as fuzzy numbers. Then, a fuzzy voting procedure was adopted
to construct the Hough domain parameters. In [11], Suetake et al. proposed a generalized FHT (GFHT)
for arbitrary shape detection in contour images. The GFHT was derived by fuzzifying the vote process
in the HT. In [12], Chung et al. proposed another orientation based HT for real world applications.
In the proposed method, authors filtered out those inappropriate edge pixels before performing their
HT based methodology. In [13], Cheng et al. proposed an eliminating- particle-swarm-optimization
(EPSO) algorithm to reduce the computation cost of HT. In [14], Zhu et al. proposed a new HT for
reducing the computation complexity of the traditional HT. The authors called their new method as
Probabilistic Convergent Hough Transform (PCHT). To enable the HT to detect an arbitrary object,
the Generalized Hough Transform (GHT) is the modification of the HT using the idea of template
matching [15]. The problem of finding the object is solved by finding the model’s position, and the
transformation’s parameter in GHT.

The theory of neutrosophy (NS) was introduced by Smarandache as a new branch of
philosophy [16,17]. Different from fuzzy logic, in NS, every event has not only a certain degree of truth,
but also a falsity degree and an indeterminacy degree that have to be considered independently from
each other [18]. Thus, an event or entity {A} is considered with its opposite {Anti-A} and the neutrality
{Neut-A}. In this paper, we proposed a novel HT algorithm, namely NHT, to improve the line detection
ability of the HT in noisy environments. Specifically, the neutrosophic theory was adopted to improve
the noise consistency of the HT. To this end, the Hough space is initially transferred into the NS
domain by calculating the NS memberships. A filtering mechanism is adopted that is based on the
indeterminacy membership of the NS domain. This filter considers the neighborhood information
in order to remove the indeterminacy in the spatial neighborhood of Hough space. A peak search
algorithm on the Hough space is then employed to detect the potential lines in the image domain.
Extensive experiments on noisy and noise-free images are performed in order to show the efficiency of
the proposed NHT algorithm. We further compare our proposed NHT with traditional HT and FHT
methods on a variety of images. The obtained results show the efficiency of the proposed NHT on
both noisy and noise-free images.

The rest of the paper is structured as follows: Section 2 briefly reviews the Hough transform and
fuzzy Hough transform. Section 3 describes the proposed method based on neutrosophic domain
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images and indeterminacy filtering. Section 4 describes the extensive experimental works and results,
and conclusions are drawn in Section 5.

2. Previous Works

In the following sub-sections, we briefly re-visit the theories of HT and FHT. The interested
readers may refer to the related references for more details about the methodologies.

2.1. Hough Transform

As it was mentioned in the introduction section, HT is a popular feature extractor for image based
pattern recognition applications. In other definitions, HT constructs a specific parameter space, called
Hough space, and then uses it to detect the arbitrary shapes in a given image. The construction of the
Hough space is handled by a voting procedure. Let us consider a line given in an image domain as;

y = kx + b (1)

where k is the slope and b is the intercept. Figure 1 depicts such a straight line with ρ and θ in image
domain. In Equation (1), if we replace (k, b) with (ρ, θ), then we then obtain the following equation;

y =

(
− cosθ

sinθ

)
x +

ρ

sinθ
(2)

x

y

θ 

ρ 

0

Figure 1. A straight line in an image domain.

If we re-write the Equation (2), as shown in Equation (3), the image domain data can be represented
in the Hough space parameters.

ρ = xcosθ + ysinθ (3)

Thus, a point in the Hough space can specify a straight line in the image domain. After Hough
transform, an image I in the image domain is transferred into Hough space, which is denoted as IHT.

2.2. Fuzzy Hough Transform

Introducing fuzzy concept into HT is arisen due to the lines that are not straight in the image
domain [19]. In other words, traditional HT only considers the pixels that align on a straight line and
non-straight lines detection with HT becomes challenging. Non-straight lines generally occur due to the
noise or discrepancies in pre-processing operations, such as thresholding or edge detection. FHT aims
to alleviate this problem by applying a strategy. In this strategy, closer the pixel to any line contributes
more to the corresponding accumulator array bin. As it was mentioned in [7], the application of the
FHT can be achieved by two successive steps. In the first step, the traditional HT is applied to obtain
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the Hough parameter space. In the second step, a 1-D Gaussian function is used to convolve the rows
of the obtained Hough parameter space. The 1-D Gaussian function is given as following;

f (t) =

⎧⎨⎩e−
t2

σ2 ,i f t < R

0,otherwise
(4)

where R = σ defining the width of the 1-D Gaussian function.

3. Proposed Method

3.1. Neutrosophic Hough Space Image

An element in NS is defined as: let A = {A1, A2, . . . ., Am} as a set of alternatives in neutrosophic
set. The alternative Ai is {T(Ai), I(Ai), F(Ai)}/Ai, where T(Ai), I(Ai), and F(Ai) are the membership
values to the true, indeterminate, and false set.

A Hough space image IHT is mapped into neutrosophic set domain, denoted as INHT,
which is interpreted using THT, IHT, and FHT. Given a pixel P(ρ, θ) in IHT, it is interpreted
as PNHT(ρ, θ) = {THT(ρ, θ), IHT(ρ, θ), FHT(ρ, θ) }. THT(ρ, θ), IHT(ρ, θ), and FHT(ρ, θ) represent the
memberships belonging to foreground, indeterminate set, and background, respectively [20–27].

Based on the Hough transformed value and local neighborhood information, the true membership
and indeterminacy membership are used to describe the indeterminacy among local neighborhood as:

THT(ρ, θ) =
g(ρ, θ)− gmin

gmax − gmin
(5)

IHT(ρ, θ) =
Gd(ρ, θ)− Gdmin

Gdmax − Gdmin
(6)

FHT(ρ, θ) = 1 − THT(ρ, θ) (7)

where g(ρ, θ) and Gd(ρ, θ) are the HT values and its gradient magnitude at the pixel of PNHT(ρ, θ) on
the image INHT.

3.2. Indeterminacy Filtering

A filter is defined based on the indeterminacy and is used to remove the effect of indeterminacy
information for further segmentation, whose the kernel function is defined as follows:

GI(ρ, θ) =
1

2πσ2
I

exp

(
−ρ2 + θ2

2σ2
I

)
(8)

where σI is the standard deviation value where is defined as a function f (·) that is associated to the
indeterminacy degree. When the indeterminacy level is high, σI is large and the filtering can make the
current local neighborhood more smooth. When the indeterminacy level is low, σI is small and the
filtering takes a less smooth operation on the local neighborhood.

An indeterminate filtering is taken on THT(ρ, θ) to make it more homogeneous.

T′
HT(ρ, θ) = THT(ρ, θ)⊕ GI(u, v) =

θ+m/2

∑
v=θ−m/2

ρ+m/2

∑
u=ρ−m/2

THT(ρ − u, θ − v)GI(u, v) (9)

GI(u, v) =
1

2πσ2
I

exp

(
−u2 + v2

2σ2
I

)
(10)

σI(ρ, θ) = f (IHT(ρ, θ)) = aIHT(ρ, θ) + b (11)
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where T′
HT is the indeterminate filtering result, a and b are the parameters in the linear function to

transform the indeterminacy level to standard deviation value.

3.3. Thresholding Based on Histogram in Neutrosophic Hough Image

After indeterminacy filtering, the new true membership set T′
HT in Hough space image become

homogenous, and the clusters with high HT values become compact, which is suitable to be identified.
A thresholding method is used on T′

HT to pick up the clustering with high HT values, which respond to
the lines in original image domain. The thresholding value is automatic determined by the maximum
peak on this histogram of the new Hough space image.

TBW(ρ, θ) =

{
1 THT(ρ, θ) > ThHT

0 otherwise
(12)

where ThHT is the threshold value that is obtained from the histogram of T′
HT.

In the binary image after thresholding, the object regions are detected and the coordinators of
their center are identified as the parameters (ρ, θ) of the detected lines. Finally, the detected lines are
found and recovered in the original images using the values of ρ and θ.

4. Experimental Results

In order to specify the efficiency of our proposed NHT, we conducted various experiments on a
variety of noisy and noise-free images. Before illustration of the obtained results, we opted to show the
effect of our proposed NHT on a synthetic image. All of the necessary parameters for NHT were fixed
in the experiments where the sigma parameter and the window size of the indeterminacy filter were
chosen as 0.5 and 7, respectively. The value of a and b in Equation (11) are set as 0.5 by the trial and
error method.

In Figure 2, a synthetic image, its NS Hough space, detected peaks on NS Hough space and the
detected lines illustration are illustrated below.

As seen in Figure 2a, we constructed a synthetic image, where four dotted lines were crossed in
the center of image. The lines are designed not to be perfectly straight in order to test the proposed
NHT. Figure 2b shows the NS Hough space of the input image. As seen in Figure 2b, each image point
in the image domain corresponds to a sinus curve in NS Hough space, and the intersections of these
sinus curves indicate the straight lines in the image domain. The intersected curves regions, as shown
in Figure 2b, were detected based on the histogram thresholding method and the exact location of the
peaks was determined by finding the center of the region. The obtained peaks locations are shown
in Figure 2c. The obtained peak locations were then converted to lines and the detected lines were
superimposed in the image domain, as shown in Figure 2d.

We performed the above experiment one more time when the input synthetic image was corrupted
with noise. With this experiment, we can investigate the behavior of our proposed NHT on noisy
images. To this end, the input synthetic image was degraded with a 10% salt & pepper noise.
The degraded input image can be seen in Figure 3a. The corresponding NS Hough space is depicted
in Figure 3b. As seen in Figure 3b, the NS Hough space becomes denser when compared with the
Figure 2b, because the all of the noise points contributed the NS Hough space. The thresholded
the NS Hough space is illustrated in Figure 3c, where four peaks are still visible. Finally, as seen
in Figure 3d, the proposed method can detect the four lines correctly in a noisy image. We further
experimented on some noisy and noise-free images, and the obtained results were shown in Figure 4.
While the images in the Figure 4a column show the input noisy and noise-free images, in Figure 4b
column, we give the obtained results. As seen in the results, the proposed NHT is quite effective for
both noisy and noise-free images. All of the lines were detected successfully. In addition, as shown in
the first row of Figure 4, the proposed NHT could detect the lines that were not straight perfectly.
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(a) (b) 

 
(c) (d) 

Figure 2. Application of the neutrosophic Hough transform (NHT) on a synthetic image, (a) input
synthetic image; (b) neutrosophy (NS) Hough space; (c) Detected peaks in NS Hough space; and, (d)
Detected lines.

(a) (b) 

(c) (d) 

Figure 3. Application of the NHT on a noisy synthetic image, (a) input noisy synthetic image; (b) NS
Hough space; (c) Detected peaks in NS Hough space; and, (d) Detected lines.
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(a) (b) 

Figure 4. Application of the NHT on a noisy synthetic image, (a) input noisy and noise-free synthetic
image; (b) Detected lines with proposed NHT.

As the proposed NHT was quite good in detection of the lines in both noise and noise-free
synthetic images, we performed some experiments on gray scale real-world images. The obtained
results were indicated in Figure 5. Six images were used and obtained lines were superimposed on the
input images. As seen from the results, the proposed NHT yielded successful results. For example,
for the images of Figure 5a,c–f, the NHT performed reasonable lines. For the chessboard image
(Figure 5b), only few lines were missed.
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We further compared the proposed NHT with FHT and the traditional HT on a variety of noisy
images and obtained results were given in Figure 6. The first column of Figure 6 shows the HT
performance, the second column shows the FHT achievements, and final column shows the obtained
results with proposed NHT.

 
(a) (b) (c) 

 
(d) (e) (f) 

Figure 5. Various experimental results for gray scale real-world images (a–f).

With visual inspection, the proposed method obtained better results than HT and FHT. Generally,
HT missed one or two lines in the noisy environment. Especially for the noisy images that were given
in the third row of Figure 6, HT just detected one line. FHT generally produced better results than
HT. FHT rarely missed lines but frequently detected the lines in the noisy images due to its fuzzy
nature. In addition, the detected lines with FHT were not on the ground-truth lines, as seen in first and
second rows of Figure 6. NHT detected all of the lines in all noisy images that were given Figure 6.
The detected lines with NHT were almost superimposed on the ground-truth lines as we inspected it
visually. In order to evaluate the comparison results quantitatively, we computed the F-measure values
for each method, which is defined as:

F-measure =
2 × (precision × recall)

precision + recall
(13)

where precision is the number of correct results divided by the number of all returned results. The recall
is the number of correct results divided by the number of results that should have been returned.

To this end, the detected lines and the ground-truth lines were considered. A good line detector
produces an F-measure percentage, which is close to 100%, while a poor one produces an F-measure
value that is closer to 0%. As Figure 6 shows the comparison results, the corresponding F-measure
values were tabulated in Table 1. As seen in Table 1, the highest average F-measure value was obtained
by the proposed NHT method. The second highest average F-measure value was obtained by FHT.
The worst F-measure values were produced by HT method.
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Table 1. F-measure percentages for compared methods.

Input Image HT FHT NHT

First row (Figure 6) 81.09 85.96 89.50
Second row (Figure 6) 71.87 86.75 98.28
Third row (Figure 6) 32.85 42.58 59.96

Average 61.94 71.76 82.58

 

 

 
(a) (b) (c) 

Figure 6. Comparison of NHT with Hough transform (HT) and FHT on noisy images (a) HT results;
(b) FHT results and (c) NHT results.

We also experimented on various noisy real-world images and compared the obtained results with
HT and FHT achievements. The real-world images were degraded with a 10% salt & pepper noise.
The obtained results were given in Figure 7. The first, second, and third columns of Figure 7 show the HT,
FHT, and NHT achievement, respectively. In addition, in the last column of Figure 7, the running
times of each method for each image were given for comparison purposes.

As can be seen in Figure 7, the proposed NHT method is quite robust against noise and can able to
find the most of the true lines in the given images. In addition, with a visual inspection, the proposed
NHT achieved better results than the compared HT and FHT. For example, for the image, which is
depicted in the first row of Figure 7, the NHT detected all of the lines. FHT almost detected the lines
with error. However, HT only detected just one line and missed the other lines. Similar results were
also obtained for the other images that were depicted in the second and third rows of the Figure 7.
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In addition, for a comparison of the running times, it is seen that there is no significant differences
between the compared methods running times.

Some noisy real-world images Running Times 

   

HT: 0.265 secs. 
FHT: 0.320 secs. 
NHT: 0.329 secs. 

   

HT: 0.815 secs. 
FHT: 0.944 secs. 
NHT: 1.510 secs. 

   

HT: 1.080 secs. 
FHT: 1.177 secs. 
NHT: 0.214 secs. 

(a) (b) (c)  

Figure 7. Comparison of NHT with HT and FHT on noisy images (a) HT results; (b) FHT results; and,
(c) NHT results.

5. Conclusions

In this paper, a novel Hough transform, namely NHT, was proposed, which uses the NS theory
in voting procedure of the HT algorithm. The proposed NHT is quite efficient in the detection of the
lines in both noisy and noise-free images. We compared the performance achievement of proposed
NHT with traditional HT and FHT methods on noisy images. NHT outperformed in line detection
on noisy images. In future works, we are planning to extend the NHT on more complex images,
such natural images, where there are so many textured regions. In addition, Neutrosophic circular HT
will be investigated in our future works.
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