z mathematics

Special Issue Reprint

Applications of Partial
Differential Equations

Edited by
Patricia J. Y. Wong

mdpi.com/journal/mathematics



Applications of Partial Differential
Equations






Applications of Partial Differential
Equations

Editor
Patricia J. Y. Wong

/
rM\D\Py Basel o Beijing « Wuhan e Barcelona e Belgrade e Novi Sad e Cluj ¢ Manchester
G



Editor

Patricia J. Y. Wong
School of Electrical and
Electronic Engineering
Nanyang Technological
University

Singapore, Singapore

Editorial Office

MDPI

St. Alban-Anlage 66
4052 Basel, Switzerland

This is a reprint of articles from the Special Issue published online in the open access journal
Mathematics (ISSN 2227-7390) (available at: https://www.mdpi.com/si/mathematics/applications_

partial_differential_equations).

For citation purposes, cite each article independently as indicated on the article page online and as

indicated below:

Lastname, A.A.; Lastname, B.B. Article Title. Journal Name Year, Volume Number, Page Range.

ISBN 978-3-0365-9564-1 (Hbk)
ISBN 978-3-0365-9565-8 (PDF)
doi.org/10.3390/books978-3-0365-9565-8

© 2023 by the authors. Articles in this book are Open Access and distributed under the Creative
Commons Attribution (CC BY) license. The book as a whole is distributed by MDPI under the terms
and conditions of the Creative Commons Attribution-NonCommercial-NoDerivs (CC BY-NC-ND)

license.



Contents

Aboutthe Editor . . . . . . . . . ..

Edgardo Alvarez, Hernan Cabrales and Tovias Castro

Optimal Control Theory for a System of Partial Differential Equations Associated with Stratified
Fluids

Reprinted from: Mathematics 2021, 9, 2672, doi:10.3390/math9212672 . . . . .. ... ... .. ..

José L. Diaz, Saeed Ur Rahman, Juan Carlos Sdnchez Rodriguez, Maria Antonia Simén
Rodriguez, Guillermo Filippone Capllonch and Antonio Herrero Herndndez

Analysis of Solutions, Asymptotic and Exact Profiles to an Eyring-Powell Fluid Modell
Reprinted from: Mathematics 2022, 10, 660, doi:10.3390/math10040660 . . . . . . ... ... .. ..

Bienvenido Barraza Martinez, Jonathan Gonzailez Ospino, Rogelio Grau Acuifia and Jairo
Herndndez Monzé6n

Parameter—Elliptic Fourier Multipliers Systems and Generation of Analytic and C'*° Semigroups
Reprinted from: Mathematics 2022, 10, 751, doi:10.3390/math10050751 . . . . . . ... ... .. ..

Farah M. Al-Askar, Wael W. Mohammed, Mohammad Alshammari and Mahmoud
El-Morshedy

Effects of the Wiener Process on the Solutions of the StochasticFractional Zakharov System
Reprinted from: Mathematics 2022, 10, 1194, d0i:10.3390/math10071194 . . . . . ... ... .. ..

Xuhao Li and Patricia J. Y. Wong
gL1 Scheme for Solving a Class of Generalized Time-Fractional DiffusionEquations
Reprinted from: Mathematics 2022, 10,1219, d0i:10.3390/math10081219 . . . . . .. ... ... ..

Chein-Shan Liu, Chih-Wen Chang, Yung-Wei Chen and Jian-Hung Shen

To Solve Forward and Backward Nonlocal Wave Problems with Pascal Bases Automatically
Satisfying the Specified Conditions

Reprinted from: Mathematics 2022, 10, 3112, d0i:10.3390/math10173112 . . . . . ... ... .. ..

V. Subburayan and S. Natesan

Parameter Uniform Numerical Method for Singularly Perturbed 2D Parabolic PDE with Shift
in Space

Reprinted from: Mathematics 2022, 10, 3310, d0i:10.3390/math10183310 . . . . . ... ... .. ..

Ben Mansour Dia, Mouhamadou Samsidy Goudiaby and Oliver Dorn

Boundary Feedback Stabilization of Two-Dimensional Shallow Water Equations with Viscosity
Term

Reprinted from: Mathematics 2022, 10, 4036, d0i:10.3390/math10214036 . . . . . ... ... .. ..

Ali Algarni, Afnan D. Al Agha, Aisha Fayomi and Hakim Al Garalleh
Kinetics of a Reaction-Diffusion Mtb/SARS-CoV-2 Coinfection Model with Immunity
Reprinted from: Mathematics 2023, 11,1715, d0i:10.3390/math11071715 . . . . . ... ... .. ..

R. Soundararajan, V. Subburayan and Patricia J. Y. Wong

Streamline Diffusion Finite Element Method for Singularly Perturbed 1D-Parabolic Convection
Diffusion Differential Equations with Line Discontinuous Source

Reprinted from: Mathematics 2023, 11, 2034, d0i:10.3390/math11092034 . . . . . ... ... .. ..

Alejandro Le6n-Ramirez, Oswaldo Gonzilez-Gaxiola and Guillermo Chacén-Acosta
Analytical Solutions to the Chavy-Waddy-Kolokolnikov Model of Bacterial Aggregates in
Phototaxis by Three Integration Schemes

Reprinted from: Mathematics 2023, 11, 2352, d0i:10.3390/math11102352 . . . . . ... ... .. ..



Jinyang Liu, Boping Tian, Deqi Wang, Jiaxing Tang and Yujin Wu
Global Boundedness in a Logarithmic Keller-Segel System
Reprinted from: Mathematics 2023, 11, 2743, d0i:10.3390/math11122743 . . . . . ... ... .. .. 213

Aly R. Seadawy, Syed T. R. Rizvi and Hanadi Zahed

Lump-Type Solutions, Lump Solutions, and Mixed Rogue Waves for Coupled Nonlinear
Generalized Zakharov Equations

Reprinted from: Mathematics 2023, 11, 2856, d0i:10.3390/math11132856 . . . . . . ... ... ... 225

Mi Jin Lee and Jum-Ran Kang

General Stability for the Viscoelastic Wave Equation with Nonlinear Time-Varying Delay,
Nonlinear Damping and Acoustic Boundary Conditions

Reprinted from: Mathematics 2023, 11, 4593, d0i:10.3390/math11224593 . . . . . ... ... .. .. 243

vi



About the Editor

Patricia J. Y. Wong

Dr. Patricia J. Y. Wong joined the School of Electrical and Electronic Engineering in 2000. She
received all her degrees, BSc (first class honours), MSc, MSc (Financial Engineering) and PhD, from
the National University of Singapore. Her research interests include differential equations, difference
equations, integral equations, and numerical mathematics. She has conducted significant research
and published 4 monographs and more than 200 research papers in international refereed journals.
Presently, Dr Wong serves on the editorial boards of Mathematics (Switzerland), Axioms (Switzerland),
Abstract and Applied Analysis (USA), Advances in Dynamical Systems and Applications (USA), and the
International Journal of Differential Equations (USA).

vii






. mathematics

Article

Optimal Control Theory for a System of Partial Differential
Equations Associated with Stratified Fluids

Edgardo Alvarez "*, Hernan Cabrales >t and Tovias Castro >*

Citation: Alvarez, E.; Cabrales, H.;
Castro, T. Optimal Control Theory for
a System of Partial Differential
Equations Associated with Stratified
Fluids. Mathematics 2021, 9, 2672.
https:/ /doi.org/10.3390/math9212672

Academic Editor: Patricia J. Y. Wong

Received: 10 September 2021
Accepted: 11 October 2021
Published: 21 October 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /

4.0/).

Departamento de Mateméticas y Estadistica, Universidad del Norte, Barranquilla 081007, Colombia
Departamento de Ciencias Naturales y Exactas, Universidad de la Costa, Barranquila 081007, Colombia;
hcabrale@cuc.edu.co

Departamento de Mateméticas, Universidad del Atlantico, Barranquila 081007, Colombia;
toviascastro@mail.uniatlantico.edu.co

*  Correspondence: ealvareze@uninorte.edu.co

1t  These authors contributed equally to this work.

Abstract: In this paper, we investigate the existence of an optimal solution of a functional restricted
to non-linear partial differential equations, which ruled the dynamics of viscous and incompressible
stratified fluids in R3. Additionally, we use the first derivative of the considered functional to
establish the necessary condition of the optimality for the optimal solution.

Keywords: non-linear optimal control; stratified fluids; energy functional; optimal condition;
state variable

1. Introduction

Following the results of the modern calculus of variations, in this article, we study
the optimal solution of an energy functional constraint to a partial differential equations
system, which models the dynamic of an exponential stratified fluid in a three-dimensional
space. To do this, we investigate the existence of solutions of a non-homogenous and
non-linear partial differential system, extending the result obtained in [1], where only a
potential external force was considered. Being more specific, for a (O C RS, non-empty,
open, connected, and bounded set, with boundary £ = 9Q) x (0, T) that is smooth enough
(at least Lipschitz continuous) and letting v be the normal vector outside the boundary, we
define Q := Q) x (0, T) as the domain of our model where the motion of the fluid takes
place. Here, T > 0, (0, T) is the time interval and ¢ € (0; T) is the temporal variable.

We are interested in establishing the existence of the solution for the following non-
linear problem in a weaker sense:

9y o _
S " HAL Y Vyl*ﬁ =1y,
da ap _
F pBy2 +y-Vys + e uz,
Y3 dp _
5 " HAystgpty-Vys+ Pl 1)
do N?
£ - ?y = Uy,
M 92 s _
dx;  Odxp 0x3 !

where x = (x1, X, x3) denotes the spatial variable, y = y(x,t) = (y1(x, t),y2(x, 1), y3(x,t))
denotes the velocity field of the fluid and u(x, t) = (u3, up, 13, 114) corresponds to a known
function from L?(Q). We also have the parameter j > 0 as the kinematic viscosity, and N
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and g are positive constants. The last equation for the non-linear system is because our
fluid is incompressible, p denotes the scalar field of the dynamic pressure and p represents
the dynamic density. For an ideal case, the Equation (1) can be founded in [2,3]. For a
viscous compressible fluid, the system (1) is deduced, for example, in [4].

When we study optimal control problems, we start from a dynamical system that
evolves temporarily in a period time [ty, t;], described by a state equation of a specific
variable y(t), called a state variable with an initial condition y. This evolution of the system
depends on a particular function u(t), called a control variable, and what is sought with it
is to influence the evolution of y(t) such that we can optimize (maximize or minimize) a
given functional, which depends on both the state and control variables, called the energy
functional. To be more related to these terms of the theory of optimal control, we can
see [5,6].

The primary motivation of this paper is to minimize an energy functional of the
form J(y, u), which depends on a control variable u and the velocity field y subject to a
state equation that corresponds in our case, to a non-linear system of partial differential
equations given in (1).

The functional that we are going to minimize is defined by

1 /T T 5 AT 2
JZE/O Iv.0)" = vall72(q) d““E/o I = walliz oy A

where y; € L?(Q)* is the desired state, u; € L?(Q)* is the desired control (or also called
control change) and A > 0 is a constant. From a mathematical perspective, most of the
control systems involve a set of ordinary differential equations or linear partial differential
equations in their restrictions, see for example [7].

In this case, we consider a non-linear model, which makes this proposal novel and
attractive. On the other hand, there is some progress associated with the Navier-Stokes
systems [5,8]. However, not much seems to be known about works that deal with non-linear
exponential stratified fluids, making our results an open door to consider new parameters
such as salinity, rotation, and temperature in future works.

This paper is distributed in five sections. In Section 1, we introduce and describe the
problem; later, in Section 2, we show the essential background information to understand
the problem. In Section 3, we introduce the weak formulation of the problem. In Section 4,
we study the existence of solutions for the optimal problem, and finally, in Section 5, we
establish the optimal condition.

2. Previous Definitions and Notations

Before starting the study and analysis of our optimal control problem, we introduce
some previous elements and necessary notation to understand the non-linear motion in
the dynamics of viscous and incompressible stratified fluids in R? that will be considered
this paper.

Let O be a domain of the space R3, and let p in R, such that 1 < p < co. A function
y: Q — R (or C), is said to belong to LP(Q), if y is measurable and the norm

1/p
</Q ly(x)|? dx) if1 <oo
HyHU(Q) =
esssup |y(x)| if p=oo,
xeQ

is finite. The spaces L¥((2) are Banach spaces (see [9]). Furthermore, in the spaces LV (Q2)
the Holder Inequality is fulfilled, which ensures that, for y € L7 (Q)) and v € L1(Q)) with

%Jr% —1forl< p,q < oo, itholds:
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/Qly(x)v(x)ldx <My ler) - 0()lLa)-

In particular, when we have that p = 2, then L?(Q) is a Hilbert space with the scalar product
1,02 = [ y(x)-o(x) dx.

It is known that L?(Q) is one of the essential Hilbert spaces in the mathematical
analysis since they appear very frequently in the study of partial differential equations,
and it is the space where the kinetic energy is automatically well defined. As the variational
form of a mathematical physics problem appears, we cross the Sobolev’s spaces denoted by
WEP(Q), and defined as the set of all functions y(x) € L?(Q) that have all the generalized
derivatives up to the order p, which also belongs to L (Q)). The associated norm defined
in this space is given by

|a]<k

1/p
”wak,P(Q) = ( Z Da]/ip(g)) ’

where D"y is the weak derivate of order «. We also find other types of Sobolev spaces such
as Wg’p (Q).

Note that when p = 2, we can simply write H*(Q) and HJ(Q) instead of W*2(Q)
and Wg’z (Q), respectively (see for example [10]). Furthermore remember that when k = 1
and p = 2, we have that the space W2(Q) is better known as H'(Q), since it is a Hilbert
space, endowed with the scalar product:

Y0y = /Qy(x) ~o(x) dx + /Q Vy(x) - Vo(x) dx forall y,v € H(Q),

where
_(%y 9y 9y
Vyi <8x1’8x2'8x3 !
and
dv dv Jv
Vo = <a—xl, E/ E)

The norm induced by the previous scalar product is given by:

) 1/2
LZ(O)) '

On the other hand, let us denote by D(Q) the space of functions ¢ : Q — R?
of class C*(Q) with compact support and by D’(Q)) the space of distributions on Q.
Throughout this paper, we will use the standard notations for the Lebesgue and Sobolev
spaces, in particular the norm in L2(Q) and the scalar product in L?(Q) will be represented
by || - || and (-, -) respectively.

Let us define

3

9
||yHHl(Q) = <||y||%2(0) + Z L

ax,'

i=k

3
(u,0) := /Q Y uj-vjdx, u=(uy,uzu3), v=(v1,02,03) € L*(Q),
j=1

3
((M,U)) = /QE Vuf ) ij dx, u= (ulrMZrMB)r U= (01,02,03) € H(l)(Q)3’
Jo=
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and the associated norms are given to from | u |?:= (u,u) and |u||? := ((u,u)).
Consider the following notation for the solenoidal Banach spaces H and V, which
intrinsically satisfy the condition V - y = 0, and which we can represent as:

H:{y€L2(0)3:V~y=O in O v,y =0 on 00},
and
V={ycH}(Q)?: V-y=0in Q}. )

Here, V -y denotes the divergence of y and -, denotes the normal component of the trace
operator, where v, : y — n-y| =0, here n denotes the external normal to the boundary.

0
These spaces are used very frequently in equations of the dynamics of the stratified fluids

and are defined as the closure of ® in L2(Q2)® and of © in H}(Q2)?, respectively, where
O={yeD(Q)?>:V-y=0in Q}.

It is well-known that H and V are Hilbert spaces with the scalar product (-, -) and || - ||
respectively. Furthermore,

VCcCH=H cV/,

where injections are dense and continuous.
On the other hand, if V is a Banach space with dual space V’, then the duality between
the spaces V and V' is denoted by (-, )y y and its associated norm in V' is denoted by

-1y
We introduce the following space of functions y whose derivative y; exists as an

abstract function:

WE([0, T); X) := {y € L2([0, T]; X) sy € L*([0, T]; X')}, 1<a<2,

W(0,T) := W2([0, T]; X).
The spaces defined above are endowed with the following norms:
1/2
— 2 2
Iyllweor = (191B2gomyx + 1t 2e 0.m1x)
[Yllw = [l w2,
are Banach spaces. When X is a Hilbert space, we have that W* ([0, T|; X) is a Hilbert space.

In particular, the space W*([0, T]; X) is endowed with the following scalar product:

T T
WO om = [, WO, o0) dt+ [ w0, 0(0) dr.
In this way, we have the following results for 1 < a < 2 (see [10-12]):
W*([0, T]; X) < C([0, T]; X) is continuous,
W ([0, T]; H(Q)®) — L2(Q)® is compact,
WE([0, T); H(Q2)%) — C([0, T]; L>(Q)%) is compact.
Now, we defined our set of admissible controls, which denoted by U,;, and its elements

are called admissible controls, which satisfy the inequality constraints of our non-linear
system given from:
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Uy = {u € L*(Q1)° : ug;(x,t) < ui(x,t) < uy,(x,t) with a.e. on Qr for i =1,2,3,4}. (3)
where the control constraints u,, u; € L2(Qr) with
Uai (X, £) < upi(x, t).

Remark 1. Note that our set of admissible controls defined in (3) is a non-empty, convex, and closed
subset in L*(Qr)™*.

Now, let us recall the following classic result that we will need later to show the
existence of optimal controls.

Definition 1 ([6]). Let X be a Banach space and let | : X — R be a functional. We say that | is
weakly lower semicontinuous, if for any sequence (x,)yen C X such that x, — x when n —» oo
we have that:

J(x) < liminf ] (x,).

Formulation of the Optimal Control Problem Associated with the Non-Linear Model

In this part, we will formulate our optimal control problem associated with the partial
differential equation described by (1). In order to show the existence of solutions of
the non-linear system (1), we represent our model system in a simpler way using the
following notation:

v 2 vV [N
_ || _ y’). ol _ 9% . Y V| . _ | noy2
) = = ;= =22 (Y- Vy= ; uAy = ,
yeet) = |, (p T S A A R2R -l B Al FS
P P 0 0
and
dp
0 9x1
0 o "
My=| go | Vp=|ox|; u=]">
N? 9p 1
——Y3 E Uy
g 0

Then, we can rewrite (1) in more compact form as,

d
a—z+(y’~V)y—yAy+My+Vp:u, yE€QXR,
div(y)=0,x€Q and t >0, @)

y(t,-) = 0 on the boundary of ¥~ =09Q x (0,T),
y(0,-) =yo in QL

In this way, we can introduce our energy functional that we want to minimize, which
depends on the state and the control (y, 1) and that we define by:

1 T 2 A T 2
J(y,u) = 5/0 Iy = vallF2(c df+§/0 e = uallia(o 4t
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where y; € L?(Q)* is the desired state, 1y € L?(Q)* is the desired control (or also called
control change) and A > 0 is a constant.
Now, we can introduce the functional space given by:

V = {p(x) = (¢1, 92,93, 94) : ¢ € Hj(Q)*: Vo' =0}, ®)

where V - ¢’ = 0 denotes the divergence of ¢’ = (91, 92, ¢3). The space V endowed with
the inner product and the usual norm of space H} (Q2)*, the space of all functions y € H'((2)
with null trace:

(y/v)Ha(Q) = Z (Dyy, Dyv)2

la|=1

and

ly ”H[l)(n): /(y’y)Hé(Q) for allu,v € V.

The space given by (5) will be of great importance to us, since through it we can find the
functions y : [0, T] — V, which are weak solutions of our non-linear problem given by (4).
On the other hand, our space V is clearly a Banach space with the norm || - || Hi(Q)- In

this way, it is a Hilbert space. It is also reflexive since V C H}(Q) is separable.
In summary, we can establish our optimal control problem:

L 1 /T AT
{Mmlmlze J(y,u) = E/o ||y—de%2<Q) dt+ 5/0 [|ue _u”lH%Z(Q) dt, (6)

subject to the state equations that establish the dependency between the state variable y
and the control variable u:

J

a—z+(y/-V)y7;4Ay+My+Vp =uin Qr,

div (') =0, in Q,

y(t,-) = 0 on the boundary of ¥ =09Q x (0,T), 7
y(0,-) =yo inQ,

u € Uy.

Here, u € LZ(QT) is the control, it is an external force that affects the fluid, (for example
gravity); yo € V is a divergence-free vector field in R?, the kinematic viscosity y > 0 and
U, represents our set of constraints defined as in (3).

The aim of our control problem is to find a solution # € L?(Qr), where ¥ is the solution
of (7) associated with # such that it minimizes our energy functional given by (6).

In this paper, we will show the existence of solutions and establish the use of the first
derivative of the energy functional to derive the conditions that the optimal solutions have
to satisfy Equations (6) and (7).

3. Weak Formulation for the Non-Linear Problem

In this section, whenever we refer to space V, we will work with the functional space
defined by (5), we will also identify V* as its dual space and (-, -) and || - || will denote the
scalar product and the usual norm in Lz(Q), respectively.

We are interested in establishing theorems of existence and uniqueness of the solution
for our non-linear problem given by (4), for which we first study the existence of a solution
in a weaker sense.

First of all, suppose there are functions y € C>!(Q x (0, T)) and Vp € C(Qr) classical
solutions for our non-linear system of partial differential equations given by (4). Let us
show the weak formulation for our non-linear problem:
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Suppose that y is a solution of (4). Then, multiplying the first equation of (4) by v € V,
we obtain the following:

1) - v+ - V)y-o— (udy) -+ (My) - v+ (Vp)-v=u-o.

Then, integrating over (), we have

/Q(yt)'de+/0(y'~V)y-vdx7/Q(yAy)~vdx+

Q /! ) /52 !
therefore

/Q(yt)-vdx—&—/n(y/.V)y-vdx—y/Q(Ay)-vdx+
®)

/Q(M]/)‘UdXJr/Q(VP)'vdx=/0u~vdx,

then, applying Green’s Theorem in the third term of the previous equation, we obtain

() - ' V)yody— Y do . }
/Q(yt) de+/0(]/ V)y-vdx y{/ananvdf) /QVy Vodx| +

+/Q(My) ~odx+ /Q(Vp) codx = '/;)u-vdx,

thus, we have

/Q(yt)~vdx+/0(y’~V)y~vdx—y/ang—ry]vde—i-y/QVy‘Vvdx-&-

+ [ (My)-vdx [ (Vp)vdx= [ u-ods,

= 0 and div (y') = 0, we obtain the
a0

Keeping in mind the boundary condition y

following;:

dy
-od +/ " V)y-vdx — / —Zov do+
/Q(yt) vt Q(y Jy-vdx—p 20 aiyv

Yy Vodst [ (My)-vdr= [ uods,
+]/I/Q y-Vo x+.0( y)-vdx Ju-vdx
then
/Q(yt)~vdx+/0(y/-V)y~vdx+y/QVy~Vvdx+/Q(My)~vdx:/Qu~vdx. ©)
Now, (9) can be rewritten as
(Y 0)2+ (v V)Y, 0)2 + p((Vy, Vo) )2 + (My, 0)2 = (1, 0)a. (10)

Next, we introduce the following bilinear and trilinear form for our weak formulation of the
(10), where a(-,-) : H{(Q)® x H}(Q)®> — Rand b(+,+,-) : Vx V x V — R are defined:
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d
{dt(y,v)z +ua((y,v))2+b(y,y,v) + (My,v), = (u,0) forall veV ae. t€(0,T)

a((w,0) = [ Vy-Vo an
and
3 90
b(y,0,0) = (- Vo,w) = ) /(]y;%zuj dx forall y,0,w € V. (12)
Q=1 i

Then, replacing identities (11) and (12) in (10), we obtain the following;:

e, )2+ (Y - V)Y, 0)2 + 1((Vy, Vo)) + (My,v)z = (1,0)2

(yt,0)2 + by, y,0) + pa((y,0)) + (My,v)2 = (1,0)a.

In summary, we have

(yt,0)2 + by, y,0) + pa((y,0)) + (My,v)2 = (1,0)a. (13)

Equation (13) suggests the following weak formulation for our non-linear system given in
(4), and which we express thus:

For every u € L?([0, T]; V') and yo € V, we can find a solution y € L2([0, T], V) with
yt € L2([0, T]; V') such that:

(14)
y(0) = vo,
where the term
b(y,v,w) = (y - Vo,w),
= ' Vo-wd
[0 V)0 wdx
3 /avf
-y '/Qyizwj dx forall y,0,w € V. (15)

ij=1

corresponds to the non-linear term of our system (4).

We call the expression (14) the variational formulation (or weak) for our non-linear
system given in (4).

On the other hand, let us see some properties with respect to the non-linear operator
defined in (15), which can be found in [8]: For every (y,v,w) € V, we have that:

1. b(y,v,w)=—-b(y,w,v)ify-n=0o0nT.
2. b(y,v,v)=0ify-n=00nTl forall u,veV.

As a consequence, we have the following lemma.
Lemma 1 ([8,13]). Ifn = 3, then

Cly M Iyl Noll- [ w V% -flw]**
| b(y,v,w) |< (16)
Clly[l - l[oll - l[w]| for all y,0,w €V,

and in particular,

b(y,0,w) < Cly "2 |lyl*2 - |0l forall y,ve V.



Mathematics 2021, 9, 2672

In this way, we can introduce our definition of a weak solution given from (14) as we
will see below.

Existence and Uniqueness of Weak Solutions

Let us introduce the definition of a weak solution.

Definition 2. Given u € L2([0, T]; V') and yo € V, say that y is a weak solution to the problem
(4) on the interval (0, T) if:

ye C([O,T};V),% e L*([0,T],V),

(We(8),0)2 + pa((y(t),0))2 + (My(t),0)2 + b(y(t), y(t),0) = (u(t),0)2  (17)
forall veV ae t€(0,T),

y(0) = yo.
For our purposes, we want to give an equivalent formulation as an equation in

functional spaces. For this, we can introduce a linear and continuous operator A :
L%([0, T]; V) — L2([0, T]; V') such that for all y,v € L?([0, T]; V) we have the following:

T
(AY,0) 12([0,11:v7),12(0,T):V) :/0 (Ay(t),v(t))yy dt
T
= [ o) ar
:/OTVy(t)~Vv(t) at, @18)

and we define a non-linear operator B : W*([0, T]; V) — L?([0, T}; V') such that for all
y € W([0, T]; V), w € L2([0, T]; V) we have

(B(Y), ) 120,19 12((o,1)v)) = /OT<B(J/) (1), w(t))yy dt
- (/()Tb(y(f),y(t),w(t)) dt. (19)

The operator B is a bounded mapping from W#([0, T]; V) to L2([0, T]; V'), that is, it holds
1B 20,19 < C||y||§va([0lﬂ;v) for every y € W*([0, T]; V).

Now, with the above notations, we can establish an equivalent formulation for our
definition (17) in terms of the following functional differential equation.

Definition 3. Let u € L2([0, T); V') and yo € V be given. A functiony € W*([0, T); V) is called
a weak solution to the problem (4) on the interval (0, T) if it fulfills:

yi + Ay + B(y) + M(y) = u € L*([0, T|; V'),

y(0) =y eV.
Denote by A the stokes operator, with domain D(A) = (H?(D))? NV, defined by
Av = —P(Av), for allv € D(A), where P is the orthogonal projection that from L2(D)? to
H and the set

a(y,v) = /QVy~Vv dx forall y,v eV,
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or equivalently
(Ay,v) = a(y,v) forall y,v e V.

The Stokes operator A is self-attached on H, with A € L(V,V’), where V' is the dual of V
with the norm denoted by || - ||y and

(Ay,y) = ||y||2 forall y € V.

Now, we can also equivalently formulate our control problem given in (6) and (7) using
the operators defined in (18) and (19):

. 1T AT
{Mmlmlze](y,u) :E/o Hy—deiz(Q)dt—&—E/O lu—uglZaoy dt, 20)

subject to the state equations

ye+ pAy + B(y) + M(y) = u € L*([0, T; V'),
(21)
y(0)=yo €V.
and the control of restrictions
ue U, (22)

In this part, we will see how we can reduce our given energy functional (6). Sometimes
it is convenient to work with the reduced functional since it allows us to better establish
the study on the existence of the optimal values for our optimal control problem given
in (6) and (7).

We can rewrite our optimal control problem as an optimization problem only in terms
of u, as we will see below: we define the control to state mapping denoted by Y, which
associates an element u € U,y C L?([0, T]; L?(Q)*) with an element y € W*([0, T]; V) and
which is the solution of (4).

The control to state mapping for the optimal control problem (6) and (7) is given
as follows:

Y : L2([0, T]; L2(Q)*) — W*([0,T]; V)
u— Y(u) :=yy, (23)

where y, is the unique solution of (17).

Remark 2.

1. Note that if we replace y = Y (u) in our energy functional given in (6), then our functional |
would be expressed in terms of the control variable u, which we will denote by ¥:

() = J(Y (), ) = ¥ (u), @)
where we have that
1T AT
¥ =5 [ 1Y) = valBaqy dt+ 5 [ = wallB .

and furthermore, ¥ is minimized on the set

Upg = {u € L2(Q7) 1 ugi(x, 1) < ui(x,t) < uy(x,t) ae on Qr for i =1,2,3,4}, (25)

where the term ¥ (1) will be called the reduced energy functional. In our context, Y is the
non-linear solution mapping associated with (21).

10
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2. The minimization of | subject to the state Equation (21) is equivalent to minimizing ¥ over
all admissible controls.

In order to understand the proof of the following theorem, which is one of the main
results of this work, we give the proof in several stages. The main idea of the proof is the
following. First, we use the Faedo—-Galerkin method to find out approximate solutions of (4).
Then, using some auxiliary estimations, we show the convergence of these approximations
to the solution of the model (4).

Theorem 1. Foranyyg € V, T > 0and u € L?([0, T|; V') given, the problem (4) has a unique
weak solution y on the interval (0, T).

Proof. Stage 1: Existence of the approximate solution.

Note that V defined by (5) is a reflexive and separable Hilbert space. Then, by a
classical result of functional analysis, there is an orthonormal and dense subset (z;);cy
of V.

Let us considerer the finite dimensional subspace

Zy =span{z1,22,23,...,zuy CV, VYm e N.

Restricting to the space Z,,, we solve the system of equations given from (17):
m
Let us find yu(x,t) = E i (1)zi(x) such that
i=1

(W (1)) + 1 ((Ym(£),2))) + b(ym (), ym(t), z) + (Mym(t), 2j) = (u(t),z;),  (26)
te[0,T];j=1,23,...,m,

Ym(0) = Yom-

Here, yo,, is the orthogonal projection of the initial data y9 € V on the subspace
Vi = span{z1,22,23,...,2Zm}.

We can observe that (26) is in fact a Cauchy initial value problem for a non-linear
system of ordinary differential equations. Indeed, in the unknowns a;,,(¢), the system can
be written as

m m
(20, 2)) 0 + 1 Y (20, 2) )i + Y D(2i, 2 2) Qi Qs +
i =1 iz

(Mzj, zj)oim = (u(t), zj)-

m m

1

—_

Now, due to the smoothness of the coefficients, we can use a classical result from the theory
of ordinary differential equations, and ensure that there exists a unique classical solution
Ym defined on a maximal interval [0, t,,] with 0 < t,, < T. For the convergence, we need
to show that t,, = T for all m. In that way, the interval of existence of solutions will not
change when m goes to infinity. If t,, < T, then

Jim sup || () [|= +co. @)

In the following stage, we prove that (i (t)) ey is bounded on [0, T] by a constant
independent of t and m. Then, the solution is defined in [0, T] for all m.

Stage 2: Estimates for the approximate solution.

Next, we show that (1) ,cn is uniformly bounded in L?([0, T]; V). Indeed, multiply-
ing equation (26) by &, (t) and summing from j = 1 to m, we obtain

(y;,,(t),]/m(t)) + 1Y (1), ym () + by (1), ym (8), ym () + (Mym (1), ym (£)) = (u(t), ym(t)).

Using the Cauchy—-Schwarz inequality and keeping in mind that b(y(t), y(¢),y(t)) = 0 for
almost all t € [0, T], we obtain

11
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2 () 0 (1) 2 = ((8), (1)) — (Mg (1), 3 (1)
<1 u(t), v (6)) — (Mym(8) ym (1) |
<1 u(t), g (6) |+ | Mym(6), 3 (1) |
< I wlt) oy I 9 () 1+ | My (6) 1 ym(0) |
<1 8) Nizoryon |y (8) 1+ 1M Ly (8 1 (1)1

Therefore, we obtain

d 2 m 2
& ) Ryt 1< O OBy a2 )

The last inequality implies that
d 2 2 2
gt [ ym(®) P<lu() " +eo [ ym(t) |5 co = max{L, | M}

Integrating on both sides of the previous expression and using the Gronwall’s inequality,
we deduce that

L ym () [* = [ ym(0) > <[ u [ t+co /Ot | ym(t) > dt
[ yn6) <1 yn(0) P+ [ o [ ym(0) 2t
[ ym () |2 < (| Yo \2 +lu |2 t)ef(fco dt
lym(®) < (1yo P+ [P e)e

It follows that

up | yn) < (lyo 2+ L [2 ) e, @9
tel0, ty

This tell us, that t,, = T for all m. Moreover, (V) men is uniformly bounded in L* ([0, T]; H).
On other hand, integrating from 0 to T on both sides of Equation (28) and using (29),

we obtain
T
() 123 [ () 1P e < (1o P+ T P T+ collyo+ [ 2 T)eT),
therefore,
T 2 2 2 2 2 T
iy 12 dt < (1yo P+ | P T+collvol+ | [ T)eaT).

Consequently, (1 )men is uniformly bounded in L?([0, T]; V).

Stage 3: Estimates for the derivative of approximate solution.

Now, we prove that the derivative i/, (t) is uniformly bounded in L?([0, T]; V). Indeed,
multiplying (26) by zx;m (t) and summing from j = 1 to m, we obtain

| Yo (8) 2 A1 (8), 9 (8))) + B (D), Y (), v (8)) + (Mym (£), Y (£)) = ((1), 3 (D))

After integrate the last equation, we obtain

12
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L 190 Pt [ (0,90 [ (M0, y2a(6) t +
[ B0,y (0,0 dtt = [ty

Therefore

L@ P e [ (G0, v (0) At [ (Myn(0) (1)) e

= [0, 00— [ (0, ), 200 .

Taking into account the Cauchy’s and Ladyzhenskaya’s inequalities, we have that

[ v 7 dtﬂ/t ((ym (1) ,y;,a)))dt+/0t<<Mym<t>,y;1<t>>>dt -

ot
_ / )dt — / D(Ym (1), Yy (), ym (1)) dit
S” u()HLZ [OTV/ ”ym()HLZ(OT +/ Iym(t) ‘L-’k OT ‘vym()| dt
< — || Ll(t) ||L2 ([0,T);v") + || ym(t) ||L2 ([0,T};V)
+C/ Ly (8) 12 V(1) |3/2 V() | d
- 1 u(t ¢ t Vyu(t) || V. (t) | dt
_ﬁ” ()”Lz [OT]V/)_'_ ”ym()”LZ [OT C/O | ym()H ym()‘
1
=z

< 5 1) 207 + || Y (®) 220, my9)

( Va0 ar) (/ | D) P dt)m

” u(t) ”LZ [0,T];V7) + ” ym(t) ”LZ [0,T];V
+c |l ym(t) ”%2([0,T];V) +Z [ y;n(t) H%Z([O,T];V) .

In summary, we have the following:

2 [ vult) P dw/f(@m DY)t [ (Mym(0), (1))
” (t) ”LZ ([0,T];V") +C||ym()HL2(0T] fOI'aHtG[O T]

In this way, due to the fact that v, (f) is uniformly bounded in L*([0, T]; V), it follows that
i, (t) is uniformly bounded in L2([0, T]; V).

Stage 4: Extraction of subsequence and convergence to the solution.

We can extract a subsequence of (I )en that converges (in an appropriate sense) to
a function y and then go to the limit in the approximate problem given by (26) as follows:

Since (Y )men is uniformly bounded in L2([0, T]; V) N L*([0, T]; H), then there is a
subsequence (which we will denote in the same way) (Y )men such that

ym — yweak in L2([0, T]; V)
Ym — y weak-*in L*([0, T|; H)

Wm _, 9 2
S5 weakly in L*([0, T]; V).

(30)

13
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Now, note that V < H with dense and continuous injections.

Stage 5: Existence of solutions.

Let us take a function 7 € D(0, T). In Equation (26), we multiply by 7, and integrate
over the interval (0, T). Then we obtain,

T , T T
— [ ' ) dt 4 [0 (0z) + [ 00,y (0), 27 (1))
+ [ (g0, z00) = [ (), zr(0) .
Consequently, we have that,
T T T
- [ wOa Oz dttn [ (00 + [ owe,pw,n0z) d
T T
+ [ wo,0z) = [ wonez)
or equivalently
[ @Oz e [ O+ [ b0,u0,00)
+ [y, 12 = /0 (u(t),n(0)z) at.
This equality is true by linearity and by density for all v € V. Thus, we have that y verifies
the equation given by (17).

Now, let us show that y(0) = yo. Since y is a weak solution of (4), taking 7 € C*([0, T])
with #(T) = 0, for all v € V we have that:

T T T
[ WO 0oyt [ (@@ n0) + [ b, y,m(00) d
T T
+ [ (y(0),1(00)) = (w0, 7(0)0) + [ () (t)0) ot
On the other hand,

Ll 10) = wen@) + .1 (0),

we can integrate from 0 a T and we obtain the following:
w(8),1(t)(2)) = (y(0),7(0)) = _/OTKyt,ﬂ(v)) + (v, mi(0))] dt

T T
= [ @) de+ [ me)) at

Therefore,

T T
|| wme)) at = o)) = 40,10 ~ [ i) de

Thus, if 17 is such that #(T) = 0, it follows:

T T
| @) dt = =(w(0),7(0)0) ~ [ (o)) a

Thus, we obtain that
17(0)(yo —y(0),v) =0 forally € C*([0,T]), v € V.

14
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d
dt

Taking #7(0) = 1, obtain that y(0) = yy € V.

Stage 6: Continuity and uniqueness of the weak solution.

Let us show that y : [0,T] — V is continuous. Indeed, note that the non-linear
operator B(y) is defined by (19), now since y; = u — uAy — B(y), in this way, by the
Lemma (1) it follows that B(y) € L?([0, T]; V') and also u, Ay, My € L*([0, T]; V'), there-
fore, y; € L*([0, T]; V), thus y € C([0, T]; V).

Now, suppose that there exist two weak solutions y (t), y2(t) for the equations in the
dynamics of the stratified fluids given by (4), with the initials values yo,, yo, € V. Let us
denote by y(t) = y1(t) — ya(t), then y(t) satisfies y(t) € L*([0, T]; V'), and for every test
function 6, we have the following:

(y1,6) + u(Vy, Vo) + (My,8) + b(y1,1,0) = b(y2,y2,6) = 0.
In this way, taking J = y, it follows that:

2dt Y
Now, adding and subtracting b(yi(t),y2(t),y(f)) and having in mind that
b(y1(t),y(t),y(t)) = 0, we obtain the following:

B [+ [ Vy () P+ | My (1) P +0(y1 (D), y1(8),y(£) = bly2(t), y2(t), y (1)) = 0.

= Ly(®) P+ My(t) | +2u | Vy(t) > =2(=b(y1(t), y1(£), y(£) + b(y2(t), y2(t), ¥ (1))

= —2b(y(t), y2(1),y(t))

3 ‘af .
Y2
=-2 E 1 22y]
i,jzl/()y ati ¥ d

3 ) 1/4 . 1/2 ) 1/4
<2y (f v a) ([1vhEa) ([ v )

ij=1
<2 Vya(t) Il y(t) I3
< 2c| V() | y(b) V2] Oy (b) P2
<cly(t) [V2] Vy(t) P2
< c(u) (| y(®) V2 +2u(| Vy(b) P22
Scly) [P +2u | Vy() 2.

In summary, we have that
d
30 YO P+ My() 2 42p | Vy(8) P< el y() [P +2p [ Vy(b) -
This implies that
d 2 2 2
I v 7+ [ My() P< e ly(h) |7

Now, since y»(t) € L?([0,T]; V), we can apply Gronwall’s Lemma. Using the fact that
y(0) =0, it follows

| y(t) P< 0forallt € [0,T],
thus, y; = v, as we wanted to prove. [

4. Study of the Existence of Solutions for Our Optimal Control Problem
In this section, we will show the existence of optimal controls for our non-linear
system given by (7).

15
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Let us show that our optimal control problem formulated in (6) and (7) has a solution in
U,,. To prove this fact, we need the following result associated with the non-linear operator.

Lemma 2 ([14]). Assume that y, converges to y in W*([0, T]; V) weakly for 1 < o < 2. Then,
forany v € L2([0,T]; V),

<B(yﬂ)Iv)LZ([O,T];V’),LZ([O,T];V) — (B(y)rU)LZ([O,T];V'),LZ([O,T];V) as n —> oo.

Now, with the following result, we want to show that our optimal control problem
formulated by (6) and (7) has a solution in U,;.

Theorem 2. The optimal control problem given by (6) and (7) admits an optimal solution u € Uy,
with associated state 7 € W*([0, T]; V) for 1 < a < 2.

Proof. Note that the set of admissible controls defined by (3) is non-empty, convex,
and closed in L?(Q)*. Then, for every control u € L*(Q)*, applying Theorem 1, there
is a unique weak solution of the state Equations (20) and (21). Therefore, we have that
J(y,u) > 0 for every admissible pair (y, u).

Hence, there exists the infimum of | over all admissible controls and states that such:

Fmun) = [y = vall> dt+2 [ oy — g t,
Q Q
then,

lanll? = 1| (e — 114) + g >
< (lun = ugll + uall)?
= llun — ugll* + 2llutg | - lJun — uall + [|ual|?
< Mot = weal® + luall? + [l = wgl* + [|eall?
= 2|ty — ugl|* +2/ual ?,

now it follows that

T T
Il <20 = [ (o)1 A <2 [ = gl e+ 20 g T

< ](unr ”71) + 2||udH2T
< 0.
In summary, we have that:
0<J= inf B
<J (y,u) admisible](y )
< 00,

On the other hand, there is a sequence (Yn, Un)nen of admissible pairs such that J (v, un) —
Jasn — +o0.

First, we will show that (i) ey and (y,),en are bounded sequences in L?(Q)* and
W([0, T]; V), respectively.

From the convergence, we see that the set (J(yx, Un))nen is bounded, this implies that
the set (1, ) e is bounded in L2(Q)%.

Now, we need to show that (y,),en and () e are bounded in L?([0, T]; V). Indeed,

Yt () + pAYn (F) + My (t) + B(yu(t)) = un(t) in L*([0, T]; V') 31)
yu(0) =yo in V.

16
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Since y (t) € L*([0, T); V), we multiply (31) by x(o, 1)y (t), where x (o, ) is the characteristic
function on the interval (0, ) and applying the identity b(y,(t), y.(t), yn(t)) = 0, we get

t t t t
[ 6,00 dt e @1 de [ (M0, 90(6) dt = [ na(0),9a0) o, (32
The right-hand side can be estimated by
ot ot
@) @ < [ | 1) | @

t
<C [l [un(t) | <t ()

t
< [P e S [
where C only depends on Q.

Then, applying the integration in parts to (32) and (33) implies that:
[onle) P [ T I a5 (000 0,360 et <1 0) P+ [ ) P et
<lwo +%2””71”L2(Q)4
Since (1, ) yen is bounded in L2(Q)* and (v, ) ey is bounded in L ([0, T]; H) and L* ([0, T]; V),

it follows that (y,),cn is bounded in L?([0, T]; V).
Now, multiplying (31) by yur € L2([0, T]; V), we obtain the following:

9 s+ ¢ (om0 (1)) @0+ [ My 1) (1))t +

4 [ b0,y 1) (1))t = /O< Oyt G

Thus

Il + 1 [ (om0 e [ (000, (0
_ /0 (1 (1), Y (1)) dt — /OT by (£), ¥ (), yor (£)) dit

On the side right, we have the following estimate:

[ ot et < (L0 e ) e

1
= ZH”n||%2(Q)4 + ||ynt||%2(g)4

Note that

7 (e 3 ®)) dt = 2 (Jyu(DI = [30]P)-

Then, since (¥, ),en is bounded in L*([0, T|; H) and L*([0, T]; V), it follows that

0005000 ) < € [ 1) 172l (00172 1))

<c /0 e (8] .

17
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Therefore, from Equation (34), we have

B a1 + [ (MO0, y(6) e +C [ lyan(0) < B ol + Jlnl 0

Since (uy),en is bounded in L2(Q)*, we can ensure that (¢ ),cn is bounded in L2([0, T]; V).
Thus, it follows that (i, ),y is bounded in W* ([0, T]; V).

Then, we can extract a subsequence (y},, u},),en converging weakly in the space
We([0, T]; V) x L2(Q)* to some limit (7, 7).

Now, let us show that (7, %) is an admissible pair, that is, it satisfies the state equations
given by (21). Indeed, note that the set of admissible controls U,; is non-empty, convex,
and closed in L2(Q)3, so it is weakly closed. Therefore, 7 is admissible, that is, # € U,g,
and 7 is the state associated with 7.

Then, let us show that the pair (7, ) satisfies the state equations given by (21), that is,
for every v € L2([0, T]; V), we have the following convergences:

<J/n’t/U>L2([0,T)];V’),L2([0,T] — (U >L2 ([0,1)];V7),L2([0,T]; V)~
(A, 0) 20,19, L2([0,11v) — (AV 0D 12(j0,1)]v7), L2(j0,T):v) -
<Ayn’t/U>L2([o TV, L2([0,T);V) — (AY s >L2 ([0,1)];V7),L2([0,T];V)~
<un’/U>L2([0 T)];V"),L2([0,T];V — (1, >L2 ([0,T)];V"),L2([0,T]; V)~

asn’ — oo,
Then, according to Lemma 2, we obtain the convergence of the non-linear term from:

(Byw), )20,y 12(0,11v) — (B 0)) 120,11, 12((0,1)v) as 1’ — +oo.

Consequently, all the terms in the weak formulation of the state equation converge, and
W + pAY + B(Y) + M(Y) — 1, 0) 1250, 7w, 12(j0,1);v) = O

is fulfilled for all v € L2([0, T]; V).

Moreover, since the imbedding W* ([0, T]; V) — C([0, T]; V) is continuous, then the
mapping w — w(0) is linear and continuous from W* ([0, T]; V) to V, hence, we have that
¥ (0) converges weakly to 7(0).

By the construction of the proof, we have that yy = y, (0) for all n, hence, it holds
y(0) = vo- -

Finally, it remains to show | = J(¥, %) = J(v). Remember that our energy functional
is given by (20), therefore we have that | = J(v) is a convex functional. Moreover, J(v) is
continuous on W¥([0, T]; V) x L2(Q)*, thus by Definition 1 we have that ] = J(v) is weakly
lower semicontinuous, that is,

J(y, @) < liminf](y,, u,) = J.

Now, since (y, ) is an admissible pair, and ] is the infimum over all admissible pairs, then
it follows that | = J(y, ).
Thus, we have that (7, 7) is a pair of optimal controls. [

5. Optimality Condition

In this section, we will show that the optimal solution must satisfy the first-order
necessary optimality condition associated with our optimal control problem given in (6).

We will study the case in which the Gateaux derivative of the energy functional
vanishes. We obtain a possible candidate solution for our optimal control, that is, if the
Gateaux derivative of our functional exists, then the optimal solution must satisfy the
first-order necessary condition.

18
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The first-order necessary condition allows conclusions to be drawn that have to do
with the form and characterization of control problems.

In this part, we will establish the first-order necessary optimization condition asso-
ciated with our optimal control problem given in (6). This condition will be necessary
for local optimization since it is of vital importance in many aspects, that is, from the
first-order necessary conditions, we can establish the candidates to be optimal controls by
numerical approximations in such a way that the approximate solutions allow us to solve
the first-order optimization system at a discrete level and this would be additional work
that could be studied later as future research work.

Now, we can show that the optimal solution must satisfy the first-order necessary
condition associated with our problem given in (20). This is performed directly using the
Gateaux derivative of our functional ¥ (u). In fact, for every h € L2([0, T]; L>(Q)*) and for
every « € R, we have that

Y (7 +ah) > ¥ (),

due to the very definition of u. In particular, we have that

Y
Va>0,

(T -+ah) —¥(T)
— 20,

and

Y (i + ah) — ¥ (u)

Va< 0, S O/
which implies that the derivative at the point &« € R of the function & — ¥ (i + ah), is
precisely the Gateaux derivative of ¥ in the direction of / at the point i vanishes for every
h e L2([0, T); L2(Q)%).

Before stating our main result, let us recall the following result:

Theorem 3 ([8]). Let yo be in V; the mapping u — vy, from L2([0, T]; L2(Q)*) to W*([0, T]; V),
is Gateaux differentiable ((Y'(u)) - hy) in every direction hy in L?([0, T]; L2(Q)*). Furthermore,
(Y'(u)) - hy = o(hy) is the solution of the problem given by

dj
dt
cevV,

c(0)=0in O

+ uAoc+ B/(yu) o+ Mo =hy in Qr,
(35)

we also have that o € L™(0, T; V)) N L2(0, T; (H2(Q))*) and || B’ W)l 2,y < cllvalllel.
Let us introduce the definition of locally optimal control.

Definition 4 (locally optimal control). A control i € U, is said to be locally optimal in L2(Q2)3
if there is a constant B > 0 such that

J(,1) < J(y,u),

holds for all u € U, with ||u — uHLz(Q>4 < B. Here y and y denote the state of the system
associated with 7 and u, respectively, that is, j = Y (@) and y = Y (u).

The first-order necessary optimization conditions are in many references, but for the
related optimization conditions for optimal control problems with elliptic and parabolic
partial differential equations (see [6,7,9]), they were the main references that helped us a lot,
studying optimal control problems, as well as the study of stratified fluids (see [15-17]).
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Now, let us show our main result of this section and show the first-order necessary
optimization condition for our control problem given in (6).

Theorem 4. Let U be a real Banach space, and let U,; C LZ(Q)4 be a non-empty, convex,
and closed set in L*>(Q)* and the functional ¥ : U — R be Gateaux differentiable on Uyq. Let
U € U,y be a solution of the problem

urgg; Y (u). (36)
Then the following optimality condition
Y (@) (u—1) >0 (37)

holds for all u € Uyy. If, additionally, u € U,y solves the variational inequality above and ¥ is
convex, then U is the unique solution of (36).

Proof. Letu € U,, arbitrary. Consider a convex linear combination given by:
u(t) =u+t(u—1u) (38)
forany t € [0,1].

Now since Uy, is non-empty, convex, and closed in L?(Q)3, then we have that u(t) =
U+ t(u—1) € Uy forall t € [0,1]. Then, from the optimality of 7, we have that

Y(u) <¥(u(t)) Vt e [0,1]. (39)
Then, inserting (38) into (39) we obtain:

Y(u) <Y(u+t(u—1u))
0<Y(@+tu—1u))—¥®@),

We can rewrite the last inequality by:
Y(@+t(u—u))—¥(@) >0 Vvte0,1],
thus, it follows that

lim Y(u+t(u—1u)) —¥(u)

t—0+ t

> 0.

Now, using the fact that ¥ is Gateaux differentiable on U,;, and taking the limit as t — 0,
we obtain
’

¥ () (u — 1) > 0.

On the other hand, let u € U,; be arbitrary and let # € U,,; be a solution of Equation (37).
Since ¥ is convex, then we have that:

Y(u)—¥(@) > ¥ (@) (u—1) Yu € Uy. (40)
In fact, for all € [0, 1], it follows
Y(u+tu—u) < (1-)¥@) +t¥(u),

hence,
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Y(u) =¥ (@) = (1= ¥ (@) +thF(u) —¥(u)
> ¥+t —tﬁ)) — ¥ (1)
> ¥ (@) (u—7) (t—s0").

Then, from Equations (37) and (40), we obtain that

Y(u) — (@) > ¥ (1) (u—1u)
>0 VYue Uy

Therefore, we have that 7 is an optimal solution. [

In order to characterize optimal solutions, we introduce the adjoint problem to the
equations, which describes the non-linear motion in the dynamics of viscous and incom-
pressible stratified fluids in R3.

Theorem 5 (Necessary Condition). Let i be a locally optimal control for (20) with associated
state § = Y(u). Then there exists a unique solution 7 € V, which is the weak solution of the
adjoint equation

7, + AT+ B’ (Y) T+ M = (J — yq) with x€Q, t>0,
V.-71=0, with xeQ, t>0,
7(x,t) =0, with x €9Q), t >0,
7(T) =0 with x € Q.

(41)

Moreover, the following inequality

./OT ./(ﬁ+/\(ﬁf ug)) - (u—1) dxdt >0, forall u € Uy C L2(Qr)3, )
is satisfied.

Proof. First of all, let us work with our reduced energy functional ¥ given in (24), which is
given by:

J(u) o= J(Y (u),u) =¥ (u),
where we have that
AT 2
2/ )~ vl dt+§/0 i~ 4] 22 )t 43)
By Banach space optimization principles, we know that the variational inequality
Y (u)(u—u) >0, forallu € Uy
is a necessary condition for local optimality of 7. It remains to compute ¥’ and to derive

the adjoint system. Let us write ¥ in the form given by (43).
The first derivative ¥’ at 7 is characterized by

Y (u)(u —u) //y Ya) )(ufu)dxdt+// (u—ug) - (u—1u)dxdt

*/ Y—Y4,9) 120 dXdH-/ A(u—ug), (u—1)) 21y dx dt forall u € Uy,
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where y = Y(u) and ¢ = Y' (%) (u — %) denote the weak solution of the equation given
by (35). Let 77 be a test function. Now, multiplying by 7 in the weak formulation of (35) and
integrating over (), we obtain

(01,77) + uA(0,7) + b(,7,7) + b(T, 0,77) + (Mo, 77) = (u = %,7), (44)

Now, in the same way we can introduce ¢ in the weak formulation of the equation given
by (41) and integrate over () and we obtain the following

(16,0) + wA(y, @) +b(n,7,0) + b(1,1,0) + (Mn,0) = (§ = ya,0)- (45)
From Equations (44) and (45), it follows that
(=7, 200) = T = Ya: )2y = 7 = ya, Y (u) (0 = 7)) 2y
= (Y ()" (¥ —ya), (u—1))20y)
= (Y(u)"(Y(u) = ya), (u = 10)) 2(qp)-
Thus, we have that
7= @) 7 -ya) =@ (Y() - ya)).

Therefore, it follows that

T
/0 /(ﬁ+)\(ﬂ7ud)) ~(u—1)dxdt
T
- /0 (7 + AT — ug),u —) dx dt > 0, forall u € Uy,
where 77 is the solution for the system (41). O
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Abstract:
dimensional Eyring-Powell flow. First of all, the regularity, existence, and uniqueness of the solutions

The aim of this article was to provide analytical and numerical approaches to a one-

were explored making use of a variational weak formulation. Then, the Eyring-Powell equation was
transformed into the travelling wave domain, where analytical solutions were obtained supported by
the geometric perturbation theory. Such analytical solutions were validated with a numerical exercise.
The main finding reported is the existence of a particular travelling wave speed a = 1.212 for which
the analytical solution is close to the actual numerical solution with an accumulative error of <1073.

Keywords: travelling waves; Eyring-Powell; geometric perturbation; nonlinear reaction-diffusion;
unsteady flow

MSC: 35Q35; 35B65; 76D05

1. Introduction

The Eyring—Powell flow is a type of non-Newtonian fluid of paramount relevance
in industrial areas, manufacturing, and biological technology. Some trivial examples of
non-Newtonian fluids are given by bubbles, boiling, plastic foam processing, columns,
toothpaste, mud, honey, and custard. Non-Newtonian fluids are further classified into
different classes by virtue of their rheological characteristic conditions. The Eyring—Powell
fluid is one such subclass of non-Newtonian fluids with particular features linked with
the kinetic theory of liquids. In their seminal paper, Metzner and Otto [1] considered a
non-Newtonian fluid focused on the relationship between the speed of flow and shear
rate. In 1982, Rajagopal [2] considered the incompressible, unidirectional, and unsteady
conditions of a second-grade fluid to obtain solutions for a flow between two rigid plates in
which one suddenly starts moving. Later on, with the help of Gupta [3], they established
the exact solution for the same kind of fluid between porous plates. These cited seminal
works have attracted the attention of the scientific community, leading to further research
paths with the same topical background in non-Newtonian fluids. Eldabe et al. [4] obtained
results applicable in the field of medicine and the study of blood flow, analysing the effect
of coupling forces on an unstable non-Newtonian flow of MHD between two parallel
fixed porous plates under a uniform external magnetic field. Another study, carried out
by Shao and Lo [5], modelled the hydrodynamics of incompressible particles (SPHs) to
simulate Newtonian and non-Newtonian flows with free surfaces. The authors were able to
verify the proper functioning of the model in problems such as dam breaks in 2D. Another
example of outstanding interest in this regard was the study carried out by Fetecau [6].
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Here, solutions were established for unidirectional transient flows of non-Newtonian fluids
in pipe-like domains.

Under particular rheological properties describing a non-Newtonian fluid, further
applications have been accounted for by the theory of magnetohydrodynamics (MHD).
Akbar [7] established the solution for a flow of a two-dimensional fluid under the effect
of a magnetic field over stretching surfaces. Hina [8] analysed the heat transfer for the
magnetohydrodynamic flow of the Eyring—Powell fluid. Later, Bhatti et al. [9] considered
the same MHD fluid over permeable stretching surfaces. In this direction, other relevant
studies can be considered (refer to [10-15]).

Further relevant topics in applied sciences involving Eyring—Powell fluids can be
mentioned. In [16], the authors analysed the characteristics of the flow of Eyring-Powell
nanofluids through a rotating disk subject to various physical phenomena such as a sliding
flow and a magnetic field together with homogeneous and heterogeneous reactions. To
this end, the proposed equations were solved by a numerical method based on the Runge-
Kutta—Fehlberg method of 4th-5th order. Furthermore, in [17], the authors developed
a computational technique for a three-dimensional Eyring-Powell fluid with activation
energy on a stretched sheet with sliding effects. The resulting nonlinear system of PDEs
was transformed into a nonlinear system of ODEs, and a shooting method was explored
accordingly. The analysis in [18] discussed the flow and heat transfer of the Eyring—Powell
MHD fluid in an infinite circular pipe. The explored solutions of different viscous terms
were calculated numerically with the help of an iterative technique.

Note that in all the previously cited references, attention was mainly set on the numer-
ical schemes in search of particular solutions. Analytical conceptions remain within the
scope of dimensional analysis.

Further analytical approaches can be found in [19], where a homotopy approach
was employed to construct solutions for a boundary layer with natural convection on a
permeable vertical plate with thermal radiation. Afterwards, the differential quadrature
method (DQM) was used to validate solutions for different parametrical cases involving
the local Nusselt number and the local Sherwood number. In [20], the authors used the
ADM-Padé approach to study analytical solutions for the deflection and pull-in instability
of nanocantilever electromechanical switches, showing the remarkable accuracy compared
with the numerical results. The authors claimed the possibility of extending their results
to solve a wide range of instability problems. Furthermore, in [21], the authors studied
a viscoelastic nanofluid with optimisation techniques subject to the proposal of a certain
solution that was progressively optimised. To account for further analytical approaches,
in [22], perturbation solutions were obtained for low-Reynolds-Eyring—-Powell flow to
obtain velocity, temperature, concentration, and stream functions.

After having cited some paramount studies involving analytical conceptions, it shall
be noted that in the present study, the intention was to go deeper into the advances of
the theory of PDEs to construct profiles of solutions. Unlike the previously cited studies,
solutions were explored within the theory of travelling waves. Such a theory was firstly
introduced by Kolmogorov, Petrovskii, and Piskunov [23], in combustion theory, and by
Fisher [24], to predict the interaction of genes. The main question, introduced by the
mentioned authors, was related to the search for an appropriate travelling wave speed
for which the analytical travelling wave profile converges to the actual profile (solution of
the actual problem, not converted into the travelling domain). Both the travelling profile
and the actual one were shown to have the same exponential behaviour. This spirit was
kept in our present analysis: indeed, one question to answer is related to the search for an
appropriate travelling wave speed for which the analytically obtained solution converges
to the actual one (obtained by numerical means) with a certain error tolerance. This was
the main target of our analysis, but previously, the regularity, existence, and uniqueness
of the solutions were shown. Later, the geometric perturbation theory was employed to
support the construction of the analytical profiles of the solutions. These obtained profiles
were validated afterwards via a numerical exercise.
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2. Mathematical Model

We consider an incompressible, unsteady, and one-dimensional electrically conducting
Eyring—Powell fluid. Under these assumptions, the velocity field is given by V = (u1(y), 0,0),
where 11 (y) refers to the first velocity component. Note that the proposed problem refers to
an open geometry not shaped by dedicated containers or stretched by boundary conditions.
The continuity and constitutive equations for an Eyring—Powell fluid are generally given
by (refer to [25,26] for an additional discussion on the Eyring-Powell governing equations):

divV =0, (€]

and: v
pfﬁ = divA+] x B, )

where p refers to the density, ] is the current density, B is the magnetic field, which can
be split into B = By + b where By and b are the imposed and induced magnetic fields,
respectively, and A is given by:

A= *PI+T1']', (3)
divB =0, curlB=pyj, curlE= —aa—]f 4)
J=0(E+V xB), ®)

where p is the pressure field, I is the identity tensor, y; is the magnetic permeability,
E is the electric field, o is the electric conductivity, and T;j is the shear stress tensor of an
Eyring-Powell fluid [11,13] given by:

ou; 1 . 41y
i = jl— + — sinh —
Tl] ”lax] ’B sin <d1 axl ’ (6)

where i is the dynamic viscosity and B and d; are characteristic constants of the Powell-
3
. . - ;)\ ~ 19 du; ou;
Eyring model. Consider that sinh™* (le a%;) = d%a%} — %(% a—‘;]') , d%a%} < 1. The gov-

erning equation, in the absence of an induced magnetic field, can be written as:

8u1 - 1dpP ( 1 ) 82u1 1 <8u1 )282u1 _ tTBéul

@)

+ — —_
Bdipg ) oy*  2Bdipr\ 9y ) oy*  py

where v = % is the kinematic viscosity. After differentiation in (7) with x:
2
L S VS
p dx p dx
Using the value o —%% in (7), we obtain:
] 1)@ 1 [9up)?@? B3
UL RS w1 (ﬂ)iu;_aoull @®
ot Bdipf ) dy 2Bdipf \ 9y ay of

with the following initial condition:
ul(yfo) = MO(]/) € Llloc(R) ﬂLoo(R)' (9)

3. Preliminaries

The proposed Eyring-Powell model in (8) is expressed making use of a weak formula-
tion to support the analysis of the regularity, existence, and uniqueness of the solutions.
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Definition 1. Consider a test function ¢ € C®(R) defined in (0, T), such that for0 < v <t < T,
the following weak formulation of (8) holds:

/ul(t)(pz(t) /u1 Y T)dy—l—//ul 2 dyds

6ﬁd1pf / / (au1> B(PZ dyds — Uplj(z)/iéultpzdyds.

In addition, the following definition holds:

Definition 2. Given a finite spatial location ro, admit a ball B, centred in ro and with radiusr >> r.
In the proximity of the borders 0B, and for 0 < s < T < t < T, the following equation is defined:

) 1 02 1 ) B}
i ¢2+A1¢2+<v+>ulay¢22+ (ay> %2 7%, uigy =0, (10

95 Bd1p 6Bd3pf W py
in B, x (0, T), with the following boundary and initial conditions:
0< 472 =P K 1,
%y
and:

u1(y,0) = uo(y) € Lj,o(R) NL®(R).

4. Existence and Uniqueness Analysis

The following theorem aims to show the existence and bounds of the solutions:

Theorem 1. Given ug(y) € L} (R) N L®(R), then the solution is bounded for all (y,t) €
x [, T) withr > 1.

Proof. Consider a certain value 7 € R™ such that the following cut-off function is defined

(see [27,28]):
¥y € G5 (v, 1), 0<yy <1,
¢y =1inB,—y, $, =0inR—B,_,,
so that:
‘aﬂ _B
/N

where B, is a suitable constant. Multiplying (10) by Py and integrating in B, x [t,T), we

obtain:
/t/ul%tpqdyds + A1]/¢24:,7dyds + (v + [5dp> // 182)4;2 Py dyds

T By T By

t
au1 B(PZ _ LB% B
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Now, admit an arbitrary m > 1 and some large ro > 1 [27,28]:

t t

/ulds < /u?’ds < Dl(T)r%.

T T

Considering the spatial variable y close to dB;, it can be assumed that iy ~ r. Then, for
m = 2, it holds that:

t

t 3
/ulds < Di(7)r, /(%) ds < 64 D3 (7)1,
T T

The integral for the diffusion term reads:
1 y ¢
v+ //u L2, dyds
( ﬁdlﬂf> BT iy
1 %
< |v+ /D =2, d
< :Bdlpf>3 HOr Gy iy
1 9¢» ) 992 9y
=|v+ Di(1)r .
( ﬁdlpf> (o (( i ) 9y “
As r > 1 and taking ¢, sufficiently small such that aa%% < 1 over 9B, the following
holds:
1\ 7 o
v+ // 2, dyds
( ‘Bdh"f):r S APy ay? Pndy
]. 84)2 1,17;7
=—|v+ 5— /D )2 2=
( ﬁdlpf> J 0y oy Y
1 a(PZ B,
< | v+ ———|Di(7) [P =224

_ o 9¢»
— <v + ,Bdlpf> BaDl(T)B/y ——=dy,

and:

8u1 alpz 32 9a¢2
6ﬁd1pf/ / (5 > P S Sei, / DAy

Now:

A

8ul> 8q>2 32 3 9 al/JV
——=pydyds < — /D (D) pp—=—dy
6ﬁd1pf./ / ( ! 3pdipr ) ! dy

32 / 3 9, Ba
Dy(t)r'¢a—-dy
3pdios) 1

32D3(1) [ 4
= Bpody. (12)
3,3!1?‘0)( B/y (PZ ]/

IN
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Using the expressions (12) and (12) in (11), the following holds:

//u1 % ll’vydyds +A1]/¢21/);7dyds < <v+ Bdipf)gaDl(T)Zy 4;2dy

T B,

| 2B.DI(D) oBR
T / i+ / Z oty dyds. 13)

Next, consider a test function ¢, of the form:

Pa(r,s) = e ks (1 + rz) 7a. (14)

We can choose a in such a way that (13) is convergent; therefore:

1 (Pz
<v * Bare: lef) BBy (1) B/ %P2 gy

32B,D r)/ P gody +U’BOBl / P2y

3Bd3ps
(15)
1
<2a|v+—— | BB / —hsp=2a gy
( :Bdlpf> Bz )B
4 325”11 3(T) /r8—2a¢2dr + UB(%Bl (T) /E—ker—Zadr‘
pdios | Pro 4,
Fora > 4 and r — oo, the following holds:
2 .
v+ b BaBl(T)/ a(pz dy + M/rz(pzlp”dy <0. (16)
Putting (16) into (13):
t t
P
1y xlpndyds + A1 [ [ gaypydyds < 0. 17)

T B, T B,

As both integrals are finite in T < s < t < T, it is possible to conclude the theorem
principles related to the bound of the solutions in R x (0, T). O

The next intention is to show the boundness of aa—”yl.

Theorem 2. Given uy(y) as the solution of (8), then aa% is bounded for(y,t) € R x (0, T).

Proof. Multiplying the equation (8) by u; and using integration by parts:

APy = - ! du\*
dté‘uﬂ dy = Aléuldy (erﬁdlpf)l(ay)d

1 oup \ U’Bg o
+ /<*> dy*f/lul\dyf
6dios ) \ 9y PF
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which implies that:

. au1>2 1 <Bu1> 1 d 2
— —|v+——=—1| |4 :—/u d
.é(@y 6ﬁd1pf Bdips Y dtR‘ 1%y
2
—A1/u1dy - U—Bo/hq\zdy.
Pf

R R

After integration on both sides:

u )
Y (k5o oo

t B2 t
— /|u0(y)\2dy— Al//uldyds - —O//|u1\2dyds. (18)
R 0R Pf 0R

From Theorem (1), the right-hand side of (18) is bounded; therefore, we can choose A,

such that:
Bul 1 au1 2 1
[[Ga) <6ﬁd1pf<ay) (v ) Joe <

which permits concluding that aul is bounded in R X (0, t) where we can admitt =T. O

The next intention is to show the uniqueness of the solution.
Theorem 3. Let us admit uq > 0 as a minimal solution and 1y as a maximal solution for (8) in
R x (0, T), then uy coincides with the maximal solution 114, i.e., the solution is unique.
Proof. Consider i1; to be the maximal solution of (8) in R x (0, T) given by:
m(y,0) = uo(y) +e (20)
with € > 0 arbitrarily small. In addition, let us define the minimal solution:

u1(y,0) = uo(y)-

The maximal and minimal solutions satisfy the following equations:

ofy 1\ %y 1 <au1> 2920, oB3iy

= A+ |o+ —— — , (21)
ot ! ( .Bdlpf> W2 2pdipr\ 3y ) 2 py
ouy 1 %uy 1 <E)u1> uy 0By
=L = A+ = - . (22)
ot ! < ﬁdlpf> A 2pdlpr\ dy ) 9y oy

For every test function ¢, € C®(R) and upon subtraction, the following expres-
sions hold:
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[
+< ,Bdlpf>// ity —uq) dyds
oy our\”\ %2 7(77355 .
" opd; Pf//(< ) <8y> > a2 T, ././(”l ) pdyds
d
S//(ﬁl_ul)%dyds-‘r <U+/3dp>// 1/[1—1/[1 dde
%7% diy 2 oy dug (aul) L)
6ﬁd1pf//< )((8]/) rn ay oy * ay ay = -dyds
2
L // ity — uq)pdyds

Based on Theorem 2’s results, we can choose Az such that Az = sup{ %, %l—; }, so that

(23)

the following holds:

{(H]*Ml)(}bz Zl i — 7dyds+<v+/3dp )Z{ dyds
6/3d1pf/ 4 <ay - ) %2 4 / / i — w1 )gayds

t t
_ 992
- {Z i u]) dyds+ < ﬂdlpf 6,Bd3pf> {é(w djds (24)

L / / ity — iy gelyds. 25)

Now, consider the test function given by:

—b
#a(lyl,s) = M (1) (26)
where A4 and b are constants. Making the differentiation of ¢, with regards to s and y, the
following holds:
Ao 0P
—==-A —= <A ,8),
2 = Ayl s), G < As)ga(lyl )
then:
R P 1 As ¢, 0B}
(7 —uq) P <v Fdvo; 6‘Bcllpf>(u] uy) a2 o7 (1 — up)
R 1 Az . 0B}
< _ e _ _ 0 _
< A4¢72(M1 ul) + ('U + ﬁdl‘ﬂf ()ﬁd?pf>A5(b)¢2(u1 ul) pf (u1 Lll)(Pz
1 As oB2\
= —Ag+ v+ - As(b) — — | (1 —u . 27
( : ( v 6,;d;pf> s(b) = 0 ) =) @7)
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Using (27) in (24), we obtain:

/(ﬁl —u)pa(t)dy < <—A4 + <U+ ! A3> As(b) — UB%)

R Bdios  6Bdipy of
7 1 Az oB?
X /(u1 —uy)podyds < |—As + <v+ _ )A _ 0by
R Bdips  6pdSpof I

X (1 — uq)podyds.

O — ~ O~~~

=

Making the differentiation with regard to :

yjrae - 1A L
Eé(“l up)o(t)dy < |—As+ (v-i- Bavg; 6ﬁd§pf>A5(b) Py
< [ =) a(t)dy.

R

Now, let us define:

() = [ (= ) ga(t)dy.

R
Putting (30) into (29), the following holds:
dh 1 As oB3
— < |—Az+ v+ — As(b) — —=|h(t),

with:
h(0) =€ — 0.

(28)

(29)

(30)

(31

After solving (31) by standard means, we obtain h(t) = 0, i.e., #1; = uy, which shows

the uniqueness of the solutions, as was intended to be proven. [

5. Travelling Waves’ Existence and Regularity

The travelling wave profiles are described as u;(y, t) = k({), where{ =y —at € R, a

refers to the travelling wave speed and k : R — (0, c0) belongs to L®(R).

The equation (8) is transformed into the travelling wave domain as follows:

2
_ By

- 2305

—ak'(7) = Ay + <v+ Bip;

)k”(a) L @)@ kO,

(32)

with k'({) < 0in the hypothesis of a purely decreasing travelling wave (this assumption is

further discussed later). Now, let us consider the following new variables:
X=k(), Y=K(),
such that the following system holds:
X =Y,

yo - her ([, L oBy
20Bd3ps + 242 — Y2 Y )

33

(33)
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To analyse the suggested system in the proximity of the critical point, admit X’ = 0
and Y’ = 0, yielding:

Aq
X =20f
oB;
Avpy
0B}’
Our intention in the coming sections was to make use of the geometric perturbation
theory to characterise the existing critical point and to explore solution orbits close to such
a critical point.

Therefore, ( O) represents the system critical point.

5.1. Geometric Perturbation Theory

In this section, we use the singular geometric perturbation theory to show the asymp-
totic behaviour of an appropriately defined manifold close to the critical point. Afterwards,
the obtained results are used to derive a dedicated travelling wave profile.

For this purpose, admit the following manifold as:

2pd3 B?
No={XY/X =Y, Y = 35—1”22 —ay — A+ Z0x ) 3
20Bdips +2d7 — Y pr

with critical point <1213p2f , 0> . The perturbed manifold Ne close to Ny in the critical point
0
(Alpzf, 0> is defined as:
By
A
Nez{X,Y/X'zeY; Y’:Fe(X ”’{)}, (36)
oBj
where € denotes a perturbation parameter close to equilibrium (Xj,0) and F is a suitable
constant, which is found after root factorisation. Firstly, admit X3 = X — /ZprZf . Our
0

intention was to apply the Fenichel invariant manifold theorem [29] as formulated in [30].
For this purpose, we have to show that Nj is a normally hyperbolic manifold, i.e., the
eigenvalues of Ny in the linearised frame close to the critical point, and transversal to the
tangent space, have non-zero real part. This is shown based on the following equivalent

flow associated with N :
X5\ [0 €e)\(Xs
Y ) \ Fe 0 Y )

The associated eigenvalues are both real (j: \/fe) , which shows that Nj is a hyperbolic
manifold. Now, we want to show that the manifold N is locally invariant under the
flow (34), so that the manifold Ny can be shown as an asymptotic approach to Ne and vice
versa. On this basis, we consider the functions:

Y1 = €Y,
P = FeXjz,
. : . . .. .. . Arpf .
which are C'(R x [0,6)),i > 0, in the proximity of the critical point oB O) . In this case,

¢ is determined based on the following flows that are considered to be measurable a.e. in R:

< Fe|| X3 < de.

o —oi*
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Since the solutions are bounded, we conclude that § = F||X3|| is finite; therefore, the
distance between the manifolds holds the normal hyperbolic condition for § € (0,00) and e

A
sufficiently small close to the critical point < 17, ) .
oBj

5.2. Travelling Waves” Profiles

Based on the normal hyperbolic condition shown for the manifold Ny under the
flow (34), asymptotic TW profiles can be obtained. For this purpose, let us consider
firstly (34) such that the following family of trajectories in the phase plane (X, Y) holds:

2843 6
ay Pdipf (aYA1+UPBOX> =H(X,Y). (37)
f

X (20pdips +243 = Y2)Y

As H(X,Y) is continuous and is changing the sign character if we take X sufficiently
large and sufficiently small, it is possible to conclude the existence of a critical trajectory of
the form:

BZ
—ax'— A+ Dx =,
of

which implies that:
B2 A
x' =22 (x 2100 (38)
apyg 0By
Solving (38), we obtain:
A 5
X = 1p2f +e"”fg.
oBj

After using the value of X, we obtain:

2

Apy  Sig
k(Q) = 5L ot
© U'B% ¢

which implies that:

2

Ayp 70 (yat)

ul(y't) = O.BZf te °f :
0

This last expression shows the existence of an exponential profile along the travelling
wave frame. This is not a trivial result for the nonlinear reaction under the Eyring—Powell
fluid.

Note that the solution holds by the symmetry ({ — —{) of travelling wave profiles. It
suffices to admit { = y + at, so that:

2 2
Ajpy _", Aqps ~ 0 (yrar)
k() = wp e ) = Wy . 39
(é) ITB(% +e ”1(y ) U’B(z) +e ( )

Now, it is the aim to show that the defined supporting manifold N preserves the
exponential behaviour close to the critical points. For this purpose, the expression (36) is
re-written as:

dY F Arpf
dX_Y<X (TB(Z) . (40)
After solving (40):
A
YF(X— 1p2f). 1)
oBj
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From the expression (36), the equation (41) becomes:

A
X' = Fe (X — 1P2f). (42)
0By
After solving (42), we have:
Alpf F
X =L 4 efel, 43
o8 +e (43)

From (33), the expression (43) becomes:

Avpy Avpy

k _ 7 eFeé/ u )= 1 eFe(y—at).

(C) ITB(% + 1 (y ) o B(z) +

This last expression permits showing the conservation of the exponential profile close

to the critical points defined by the asymptotic manifolds N,.

6. Numerical Validation Assessments

The aim in this section is to develop a numerical simulation to determine an appropri-
ate travelling wave velocity (a) for which the approximated analytical solution (39) and
the exact one, obtained numerically, in (34) behave similarly. This exercise can be seen as
a validation process of the obtained analytical paths presented in the previous sections.
This validation was explored for certain combinations of the fluid properties. Note that
other combinations do not have an impact on the analytical ending in the exponential kind
of solutions.

The numerical exploration was performed as per the following principles:

e The solver bvp4c in MATLAB was employed. This solver is based on a Runge-Kutta
implicit approach with interpolant extensions [31]. The bvp4c collocation method
requires specifying pseudo-boundary conditions. In this case, the left boundary is
considered positive, k({ — —c0) = 1, and the right boundary is given by the null
critical state, k({ — o0) = 0. As the intention was to determine the exact coincidence
along the profiles for which the exponential tail is given, the solutions were translated
into the zero state by the standard vertical translation;

e The integration domain was assumed as (—200, 200), sufficiently large so as to hinder
any potential effect of the pseudo-boundary conditions imposed by the collocation
method involved in the bvp4c solver;

e The domain was split into 100,000 nodes with an absolute error of 107> during the
computation;

* An absolute error criterion was considered to stop the exploration criteria. The
travelling wave speed for which both solutions, the numerically exact one and the
analytical approach, were sufficiently close with an absolute error of <1072, named as
the critical a*. For this particular speed, The analytical solution in (39) can be regarded
as a valid solution to the problem (34);

e The associated fluid constants in (34) were as one. The travelling wave speed a was
the parameter used in the search for an analytical profile matching the error tolerance.
In addition and with no loss of generality, A; = 0. Note that this particular selection
of constant values did not impact the ending conclusions, i.e., on the existence of an
analytical exponential profile matching the exact solution for a certain value in the
travelling wave speed.

The results are compiled in Figures 1-3. The existence of a critical travelling wave
speed a* = 1.212 for which the analytical solution in (39) is close to the numerically exact
one of (34) with an accumulative error of <103 was concluded. This numerical exploration
permits accounting for the validation of the analytical exponential profile obtained.

36



Mathematics 2022, 10, 660
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Figure 1. a = 0.1 (left), 2 = 1 (right). The blue line is the exact numerical profile of the set of
Equations (34). The red line is the analytical solution obtained in (39) up to { = 5 (beyond such
values, it is required to change the scale). Solutions on the left are provided for 2 = 1 and solutions
on the right for a = 1.5. For increasing values of the travelling speed, the solutions behave similarly
in their exponential tail.

Numerical solution, a=1.212

Numerical solution, a= 1.5
Aproximated solution, a= 1.5

09 Aproximated solution, a = 1.212

Figure 2. a = 1.212 (left), a = 1.5 (right). The blue line is the exact numerical profile of the set of
Equations (34). The red line is the analytical solution obtained in (39). The approximated solution
and the exact profile closely match an accumulative error (as the integration of the difference of both
solutions) of < 1073 for a = 1.212. Solutions on the right are given for a = 1.5. The approximated
solution is above the numerical one.

Numerical solution, a =2
Aproximated solution, a = 2

Numerical solution, a=3
Aproximated solution, a =3

Figure 3. a = 2 (left), 2 = 3 (right). The blue line is the exact numerical profile of the set of
Equations (34). The red line is the analytical solution obtained in (39). Solutions on the left are
provided for a = 2 and solutions on the right for 2 = 3. Note that for increasing values of the
travelling wave speed, both profiles diverge.
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7. Conclusions

The presented analysis in this article permitted accounting for the regularity, existence,
and uniqueness of solutions to an Eyring-Powell fluid flow. Solutions were explored in
the travelling wave domain, and asymptotic approaches were provided making use of
the singular geometric perturbation theory. Afterwards, the obtained analytical solution
was validated for a certain combination of fluid constants and making use of a numerical
exercise. The existence of a travelling wave speed of 2 = 1.212 for which the analytical
solution is close to the actual numerical solution with an accumulative error of <1073 was
concluded. The existence of an exponential travelling wave tail together with a certain
minimizing error critical speed constituted the main novelty reported by the present study.
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Abstract: We consider Fourier multiplier systems on R"” with components belonging to the standard
Hoérmander class S’y (R"), but with limited regularity. Using a notion of parameter-ellipticity with
respect to a subsector A C C (introduced by Denk, Saal, and Seiler) we show the generation of both
C® semigroups and analytic semigroups (in a particular case) on the Sobolev spaces WI},f(R”,(Cq)
with k € Ny, 1 < p < co and g € N. For the proofs, we modify and improve a crucial estimate from
Denk, Saal and Seiler, on the inverse matrix of the symbol (see Lemma 2). As examples, we apply the
theory to solve the heat equation, a linear thermoelastic plate equation, a structurally damped plate
equation, and a generalized plate equation, all in the whole space, in the frame of Sobolev spaces.

Keywords: C*-semigroups; analytic semigroups; Fourier multipliers; A-ellipticity

MSC: 35]48; 35505; 35530; 47D03; 47D06

1. Introduction

Elliptic systems of partial differential equations were introduced in 1955 by A. Douglis
and L. Nirenberg in [1]. Then, in 1973, R. Kramer formulated and solved in [2] several
Cauchy problems for systems of partial differential equations which are elliptic in the sense
given by Douglis and Nirenberg in [1]. In the same year, A. KoZevnikov, in his study in [3]
about spectral asymptotics for elliptic pseudodifferential systems with the structure of
Douglis—Nirenberg, introduced an algebraic condition on the symbol (called the parameter—
ellipticity condition) which permitted him to prove the similarity of the system satisfying
this condition to an almost diagonal system up to a symbol of order —oo, but he did not
consider questions of equation solvability for those operators. In 2009, R. Denk, J. Saal
and J. Seiler considered in [4] pseudodifferential Douglis—Nirenberg systems on R" with
components belonging to the standard Hérmander class Si‘, 5(R” x R™),0 <6 < 1. They
introduced the formulation of parameter—ellipticity with respect to a subsector A C C,
which is motivated by a notion of parameter—ellipticity introduced by Denk, Menniken,
and Volevich in [5] and connected with the so-called Newton polygon associated with the
system. They showed that their formulation of ellipticity is equivalent to the given by
Kozevnikov in [3] and that this condition implies the existence of a bounded Heo-calculus
for their pseudodifferential systems in suitable scales of Sobolev spaces with 1 < p < o,
hence of Ly-maximal regularity. Furthermore, it is known that the maximal regularity
implies the generation of an analytic semigroup, however the reverse implication is false.

In this paper, we will consider certain Fourier multiplier systems on R”, similar but
not necessarily with the exact structure of a Douglis-Nirenberg system, with components
belonging to the standard Hormander class ST} (R"), but with limited regularity (see
Definition 2), and using the notion of parameter—ellipticity with respect to a subsector
A C Cgivenin [4], we will establish (in Theorem 1) the generation of C* semigroups and
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analytic semigroups (in a particular case) on the Sobolev spaces W’; (R",C7) with k € Ny and
1 < p < o0 giving a direct proof. For this direct proof of our main result we use the approach
based on oscillatory integrals and kernel estimates for them (as in [6]), taking advantage
of the fact that the associated symbols to the pseudodifferential operators are matrices
valued and the entries of these matrices are symbols of order greater than 1/2 and are
independent of the spatial variable. An application to non-autonomous pseudodifferential
Cauchy problems gives the existence and uniqueness of a classical solution (see Theorem 2).
As examples, we apply the theory to solve the heat equation, a linear thermoelastic plate
equation, a structurally damped plate equation, and a generalized plate equation, all in the
whole space, in suitable Sobolev spaces (see Section 5). Other applications of the theory of
semigroups and its generalizations address the control and stablility theory for mechanical
systems or the controllability of fractional evolution equations or inclusions (see [7-14] and
the conclusions in Section 6).

The paper is organized as follows: In Section 2 we present the definition of our system
of Fourier multipliers, which are defined in terms of suitable oscillatory integrals. Follow-
ing [4], we give in Section 3 the notion of A ellipticity for this system of Fourier multipliers,
with respect to a sector A of the complex plane. In order to allow that the correspondent
estimate in the definition of A ellipticity for the characteristic polynomial of the matrix
symbol of our system of Fourier multipliers hold for all values of the symbol variable ¢
in R", we consider a perturbation of the system by a constant, following again the ideas
given in [4] (see Remark 2). Section 4 is the core of the paper. There we obtain the main
result of the paper about generation, under suitable hypothesis, of C** semigroups and
analytic semigroups for a Sobolev space realization of the perturbed operator associated to
a A-elliptic system (Theorem 1). We also present in that section, existence and uniqueness
results for non-autonomous Cauchy problems based on the obtained results about genera-
tion of semigroups (Theorem 2 and corollary 2). In Section 5, as examples and as already
mentioned above, the heat equation, a linear thermoelastic plate equation, a structurally
damped plate equation, and a generalized plate equation are considered. Finally, in the
conclusions in Section 6, we summarize the results obtained in the paper and point out
some possible future scope of this work.

2. Fourier Multiplier Systems

In the following, for n € N, p, denotes the smallest even integer greater than n,
E represents an arbitary Banach space, £(E) the space of linear and continuous maps of
Einto E, S(R", E) the Schwartz space of rapidly decreasing functions and C;°(R", E) the
space of all functions u : R” — E such that 0*u is bounded and continuous on R" for all
a € Nj. W’g(R”, E),fork € Nypand 1 < p < oo, are the usual Sobolev spaces equipped with
their standard norm and it is well konwn that S(R", E) C C°(R", E) N W;f (R",E) and that
S(R",E) is dense in W’,j (R"E)if 1 < p < oo. Also we will use the following notations
throughout the paper: D¢, := —idg;, (¢) := (1+ [E2)/2, (&, 1) := (1+ |E]> + |¢*)1/2 and
& t] = (€ + [t))V/?, for ¢ € R" and t € R.

For the following definition, see Equation (1) in [6].

Definition 1. Let m € R and p € Ny.

(a) The symbol class S™°(R", L(E)) := Slnf(’f(R”, L(E)) consists of all functions a : R" —
L(E) of class CP with the property that for each « € Nj with |«| < p, there exists a positive
constant Cy such that

o <C m—|a| 1l R"
20(@) ) < Col©" M orang e R,

(b) In S"™*(R", L(E)) we define the norm

la| gnp := max sup ()"
< n

s .
la <p zer ga(é)HaE)
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(c) Fora € S"™F(R", L(E)) with p > py, the Fourier multiplier operator a(D) is defined by

(D)) 1= O | ¥ a(@yut ) (ol o)

forall x € R" and u € C;°(R", E), where the symbol Os— / / stands for oscillatory integrals.

In the case that E = C9, g € N, we identify £(C7) with C779, C1*1 with C and we
write $"™°(R") instead of " (R",C).

Remark 1. (a) The definition and some properties of the oscillatory integrals can be found in [15]
for the scalar case and in [16] (Appendix A) for the vector valued case.

(b) For p > py, Lemma A.4 and Remark A.5 in [16] imply that the oscillatory integral in (1)
exists. Moreover, due to Lemma A.6 in [16] we have that a(D) € L(C?(R",E)).

(c) Fourier multipliers with limited regularity symbols were also studied in [17,18].

Definition 2 (Compare with [4] (Definition 2.3)). The Fourier multipliers system we will
consider in this paper is a q x g-matrix of Fourier multipliers

A(D) = (”ij(D))lgz‘,qu

such that
aij S Srif’p(Rn),
where rij € R, ri:=r; >0, foralli,j=1,..,q and p € Nissuch that p > p;.

3. A-Elliptic Fourier Multipliers Systems

From now on we fix 6, with 0 < 0 < 7, and let A(6) denote the closed subsector of
the complex plane C, given by

A:=A(0) := {reiV:rzo,G §7§2n79}.
For the following definition we refer to [4] (Definition 3.1).
Definition 3. Let A(D) be a Fourier multipliers system (as in Definition 2). We say that A(D)

is A-elliptic (or A(0)-elliptic to highlight the angle) , if there exist constants C > 0 and R > 0
such that

PG = C(E)" +IAD) -+ ((€)" +[A])
forall (&,A) € R" x Awith || > R, where p(¢; A) := det(A() — A).

Remark 2. Let A(D) be a A-elliptic Fourier multipliers system. Due to Lemma 3.4 in [4], there
exists a constant ag > 0 such that

|det(Ag (§) =M = CU(E™T + AN -~ (O +|A]) VE e R"and A € A,
where Ay, (€) := A(E) + ao, i.e., Aay(D) is A-elliptic with R = 0.
Lemma 1 ([4], Lemma 3.5). Let A(D) be A-elliptic and

(gif(é;)\))lgi,qu = (Agg (&) — /\)71~

43



Mathematics 2022, 10, 751

Then,
(@] < Gul@ + 1) (@7 + ) @, )
[98i(@1)] < Cult@) + 1) ey
forall x € N, being the estimates uniform in ({,A) € R" x A.

Following the ideas of the proof of this lemma in [4], we note that the condition
r1 > -+ > 1y > 0 given there, is not necessary for the estimates above. However, we get
another crucial estimate under the following additional assumption about the orders of the
symbols in the system:

.Z Tijre(i Z i 2)

for all subsets of indices {iy,...,i} C {1,...,q} and all bijections 7 : {i1,..., i} —

{ilr s rik}'
The crucial estimate we mentioned above is given in the following lemma.

Lemma 2. Let A(D) be A-elliptic,
(gij(éi)‘))lg,qu = (Ay (8) — /\)71/

and suppose that the assumption (2) holds. Then, foralli =1,...,q, « € Nj with 0 < |a| < p,
and (&, A) € R" x A, we have

q

[08gi(E:1)] < (@ 1A (@) + 1A Ty )

for some constant Cy.

Proof. Leti € {1,...,q} be fixed. It should first be noted that

Gi(GA) = Cof(j1) (Age () = A),

1
det(Ag () — A)
where Cof; ;) (Agy (&) — A) is the cofactor (i,1) of Any() — A, that is, the determinant of
the matrix obtained by removing the i-th row and i-th column of this matrix. With the

m
convention [] (- -); := 1if k > m, which we will use from now on in this proof, we have
I=k

that Cof(; ;) (Ax, (§) — A) is a linear combination of terms

k

q—1
(H(ﬂim +ag — /\)) [T iy

I=1 I=k+1

where {il,...,iq,l} ={1,....g}~{i},0<k<g—1landm: {ilr~-~/iq—1} — {il,...,iq,l}
is a bijection which have {iy, ..., i} as its set of fixed points. Therefore {i.1,..., i1
{m(ixs1), .-, n(iq,l)} and, in virtue of assumption (2), it holds

+o At riq—ln(iq—l) = rik+] toot riq—l' (4)

Tig 1 (i)
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If o € Nj with 0 < [a| < p, the Leibniz’ formula implies that d¢g;; is a linear combina-
tion of terms

aﬁ(po) <1—[8 ﬂzzll +ap — A)) IE_ oM a’l”(ll) (5)

=:H

where B, 71,...,75-1 € Ny with B+91 4+ +79,.1 = a, k € {0,1,...,q}, and py =
po(&,A) := det(Aqy (&) — A). Note that the term a;; + ag — A is not in H (see (5)), and also
we can estimate |01 (a;;, + a9 — A) | from above by ()" + |A| if 7, = 0 and by (é)r"fhl‘
ify, #0.

If B = 0, then vj # 0 for some j = 1,...,9 — 1. Therefore, the term related to
a;;. which appears in H is equal to 97 aj;i;, and then, due to the A-ellipticity condition
(together with Remark 2) and (4), the expression (5) can be estimated from above by

; -1 T -1 i —|a
(@ +1A) (@ 1A @

In order to consider the case B # 0, we will prove first that for each w € Njj, 0 < [a| < p,
there exists C > 0 such that

9

(TTC@" +IAb) )@ ©)
7

M-m

9 po(z, )] < €]

j=1
forall¢ € R"and A € A. Let Z := {1,...,q}. Note that py is a linear combination of terms
of the form

k 9
(H(ailil + g — )L)) H A (i) (k =0,.. .,q),
1=1 I=k+1

where 77 : Z — Z is a bijection with fixed points iy, ..., i, and therefore {ix 1,...,i;} =
{m(ixs1),...,m(iz)} which, again due to the assumption (2), yields

Tigam(igs)

o i) =Tkt g @

Indeed, if Py, k = 0,1,...,q, denotes the set of all bijections 77 : Z — Z with exactly k
fixed points, then py can be written as

9-1 k q
=3 X (H @iyiy + 0 — )> IT Biyre(iy)s
k=0  mePg =1 I=k+1
iy < <iy
i <<ig
where in each summand, iy, . . ., i are the fixed points of 7.
If o € Njj, 0 < |a] < p, then
q—1 k
114 _ 14
Pm=% L L o (I10 +a0-0) TT 0%ays.
k=0 7€PE  aq,..,0qENG =1 I=k+1
‘!1<---<1kv D"l+"'“l]:"‘
k1< <lq =:Qk

Now,
@ +IAlL, wm=0,

9" (aj;, — M <C
! (a;,i, + oo )l {(@ in (&) |a1\/ a; #0,

and

0%y | < €LY ()
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Since & # 0, a; # 0 for some j and, therefore, taking (7) in account, it holds

which shows (6). Thus, we can estimate 8 (1/pp) for B # 0. Indeed, if f # 0 it holds that
(see [19], Lemma 10.4, p. 74)

8l Bip) ... (2B
1 (9P1po) -~ (9Pxpo)
o <%> = Y Chp—am
k=1 By,...BreNI~{0} Po

Bi-+-+Pr=p

Due to (6) and the A-ellipticity condition we obtain

’ (& (=) er) @
1 =i
‘8/3(%>) - Cﬁk; ﬁl,m,ﬂk%\]g\{o} ] Ipol ¥
Prt+Pr=p
. ( é (11 (@7 + D) @) @

Z i#j

O>

(@) + A

="

Cp

(@ +[A)

=

(&M (z) 1Pl
(@7 + 1D

Il
-

Il
:Q
-

i=1

L S o B (. b A1
(@ + ) k:u—; <<€>’f + IA|> BEESEY

S . )i ~ 18]
o G

e

Il
-

IN

o

Il
-

Now, since

=

= (TT(@" + ) )@,
=1
I#i
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if 0 < |B| < p, we can estimate (5) from above by

CE ! ‘r/ L r .3
Y = [T (@ +1A1)) @)
}i« >n+)\|)<— +|/\|><Il# )
i ()"

O AN (&) + AL

With the estimates from above for (5), in both cases p = 0 and f # 0, we obtain the
estimate (3) for 0 < |a| < pand ({,A) e R" x A. O

Under the assumption (2) on the order of the symbols in the system, Lemma 1, esti-
mate (3), and the equivalence

@+~ (&MY o),
lead to the following assertion.
Corollary 1. Let A(D) be A-elliptic,
bA(+) = (Aag () = A) 7" = (835 A)) 1o sy
and suppose that the assumption (2) holds. Then for eachi,j =1,...,q, we have
(bA())ij = gij(sA) € STTHP(R™, L(CT)), VAeA

with

—r;

8@ M) < (& A1) (i=1,..,q)

\aggii<m>\<cazl<c A ) @, () € 2)
£

og(@ )| < cla ) " (& ) ey, () € 22)

forall (¢,A) € R" x A, where C is a positive constant independent on w, & and A, Z; =
{(a):1<i<q 0<|a| <p}and Zp:={(i,j,a):1<i,j<q,i#]j |a| <p}

4. Generation of Analytic and C*-Semigroups

In this section, under the assumption (2) on the order of the symbols, we will prove
the main result of this paper (Theorem 1). For that we will need to estimate the norm
”b/\(D)”Hw/’;(Rn,cq)'

Let A(D) be A-elliptic with r;; > 0, 0 > py, and suppose that the assumption (2)

holds. Then, note that r;; +r; = r; +r; fori,j = 1,...,q. Moreover, let r* := max{r;},
A Py 1<i<qg '

r_:= min {r;},w >1and
1<1]<q{ 1]}

Awi=A0)o={AeA=A®): [\ >w)

Note that for by, as in corollary 1, u € C;°(R",C9) N W’;(]R", C7) and B € Njj, we have
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8 (br (D)) (x) = Os— [ €71, (8) (9) (x — ) 222

n)"
= lim R/ Ke(7, 1) (@10) (x — )y ®)
with p
Ke(n, ) = [ @m0 (@) Gy ©)
]Rn
and

Xe(&miA) = xe(E A ) e(n)
for ,n € R", 0 < &€ < 1, where ¢ is a function in S(R") with (0) = 1, (1) := ¢(en),
Xe(&GA) = e (187 + |M2/r+)1/2) with @¢(x) := @(ex) for x € Rand ¢ € S(R) satisfies
¢(0) =1.
It was proven in [20] (p. 845) that for « € N{j, there exists a constant C, > 0 such that
forall¢ € R"and A € A,

gxs(C;A)\ <G(lEP+ AP 0<e<).

Now, due to

@1 e 21t (2 2y 2/ 2/rt
W(ICI AT = Y (@ + W AT AT
> e+ AP+,
we have ]
_ o\ —e
D& )] < Ca(8 YT (0<e<1). (10)
We will obtain some estimate for K. with help of (10) and the following lemma
and remark.

Lemma 3 ([15], Lemma 6.3). Let x € S(R") with x(0) = 1. Then:
(a) x(ex) E) 1 uniformly on all compact subset of R".
€

(b) 9% x(ex) G; 0 uniformly on R", if & # 0.
€

(c) For all € N, there exists some Cy > 0, independent on 0 < & < 1, such that
19%x (ex)| < Co ()™= forall x € R" and 0 < o < |a|.
L1 1 .
Remark 3. Note that, Zfi < r_, then for all 5 < 6 < r_, we obtain

1< (5+1’1'j < 7’]‘1' =+ 1’,‘]' =1 +1’j (fO?‘ all i,j),

and

Vias 1/r;,\ i 1
ATE AT < »
< > (|/\‘2/r+‘€|2+|/\‘2/7,')7'1/2
1
= /\2/#r 2 /\Z/rJr ri/2
(A2 + [A)

= A7) (11)
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orall & € R" and A € A,. Moreover, ¢ = = c (1/2rt, 1) and u = |A 1/'+, with
r #
A € Ay, satisfies

! < 1 foralli,j.

.
. AT A

Now, we will establish a key lemma for the generation of analytic semigroup. In the
lemma, ¢ and y are as in Remark 3.

Lemma4. Let 3 <6 < min{1,7_} and K, as in (9). Then:
(a) There exists a constant C > 0 such that for all e € (0,1), 7 € R" and A € A, it holds

C o
(X [ ) [ 1Ke (7, Ml £ oy < Wﬂ“lwﬂ"- (12)

(b) There exists a strongly measurable function K : R" x A, — L(C7) with K¢(7,A) —
K(n,7) (e N\ 0) pointwise, and the estimate (12) holds with K being replaced by K. In consequence
there exists a constant M > 0, independent on A, such that

M
IKC Mzt (cayy < A VA € Aw. (13)

Proof. (a) First, note that with the change ¢ — u¢ we obtain

g
(2m)"

Kol 2) = " [ M0 (u, 1 )b (12)
Rll

Note also that, for « € Nj with 0 < |a| < p, it holds

/ Dg(XE(ygl U’A)h?\(ﬂé))(szg)n -0
Rn

With this, |e/#¢1 — 1] < 2\y§|5|17|§ forall ¢,y € R" and ¢ € (0,1), partial integration,
Leibniz rule, (10), corollary 1, Lemma 3, and Remark 3, we obtain for all « € Njj with

ol =n+1,1=0,1, and% <6 < min{l,r_}, that
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([ G)* Ke (g, M| o)

= | [ erenDs et i
Rn

<p /WCI 171’ [ (en) Z Cou| D7 (ke (12 )10 (b (1) || £ 0y 4E
Rn

< 24" [’ /I@I ZCwu"’“Ca e ) @0 (1) | (e S
R r<wa

dg
(2m)"

' /(ei”g"7 = Dypen) Dg (xe(n&; A)ba(p8))
R"

£(CT)

27'[)” £(C9)

< 2u"|unf’ /Iél Y N CoapllCog () 71 (07,3585 1)) (12) |dE

R’I 1 ] ,Y<a
‘1

< CV”\W7|5/\§| Y Coutt™ (u, 1)~ (g, |A /1)
i=1

R"

1 ~ —r; ri\—1
+ 33 Coptl (g, i) ) I g | AT T g, AT

=12,

Y G (i, oy M1 (i (g, |V T |Al1/rj>,,/_] "
2z

=

(11
< 'l / 1 [ Coun e

+EZC e qug) i Mr Ey TiT(E)

=12

+ 1 Coapd® )™M e() (@) ] i

2

+ Z / n+l—ri— rjl‘:‘ <]4§>r” n+l)<§>—ri—rjd§]

ij= Ign

II]I

Let )y :={C € R": |¢| <1}, Oy :=R"\() and

z]z : /ﬂnﬂ ri— r]|§| (&)~ (n+1) (&g

fork =1,2. Since [;j; = Il(ﬂ> —+ I(l>, we will estimate I( ). We consider two cases: Case 1. If

ij<n+ [ for some i, j, it holds
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Ii(jp < /yn+lfr,-f‘rj‘(:‘5yr,-/7(n+l)|§‘r,‘f—(n+l)d§

M
= [lel e ag < <
~ Al
93}
. 1
since 5 < d < rjj (thus 6 +r;; > 1). Furthermore,
1§ < [ e g g g
@]
d—rji—n— Id
[l E< e
(@]
duetod < rii + [ for | = 0,1. Therefore,
C
Ly < o (1=0,1). (14)

Case 2. Suppose r;; > n + [ for some i, j. Since p > 1, then we get

rii—(n+l)

_ s
1< [l (1 gliel) T de
9%}
< / W g g
Y —n—1
=2 s *’J'/ o4E <
e < i
Moreover,
iff(nﬂ)
_ pl — iy
15 = [wsmne (1 i) T (e
(@]
yl-/-—(nH)
P L 2 .
< /‘un+l i J|§|5|f;|r’l (n+1)<1+142> ‘C' T r]d
9)3
< / #"“f’i*’f|§|‘”ff*<"+l>2"rzﬂu’ff*"*ldé
o
=2 [l < o

0}

Thus, (14) holds too. In consequence

C
|| () Ke(n7, 1) ”L(U) < W?"n““ﬂ&
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forally € R", A € Ay, & € Nj with |a| =n+1,1=0,1,¢ € (0,1) and% <5 <min{l,r_}.
Therefore, we have

ntl C
" Ke(n, Ml geoy <n° 7 X 1o K, )| gy < M|<TV”|V’7|§~
la|=n+I

Adding these inequalities for | = 0 and I = 1, we obtain the assertion (a).
(b) Lete, ¢’ € (0,1), 7 € R" and A € A. From the proof of (a) we see that

(u11)" (Ke(n, A) — Ker (17, )

=u" / (e —1)DE [(xe (4G, 1; A) = Xer (G, 11 M)A (4E) ] 527 (15)

dg
(@m)"
From Lemma 3 we know that Dg()(g(y@, 1 A) — xe (M€, ;1)) — 0 (e,€ N\, 0) for all

v € Nj and all &, 7. Therefore the integrand in (15) converges pointwise to zero for ¢, &’ \, 0.
Furthermore, in the same way of the proof of part (a) we have that

[ = 1)1 (15 2) = e (s ANBA GO,

< Clunl’ [ L@~

] MQ

| \
Py u"“—“-’f|¢\‘5<u§>“f*<”*’><€>*”"’f] e ' (rp).

ij—1

Hence, by dominated convergence we get for fixed (7,A) € (R" \ {0}) x A, that
[IKe(17,A) — Ker (17, M) || cen —0 (e,¢ \, 0). Therefore there exists a strongly measurable
function K : R" x A, — L(C7) with K¢(17,A) — K(17,A) (¢ \( 0) pointwise a.e. Then,
inequality (12) holds for K(77, A) instead of K¢(#, A) and in consequence (13) is true due to

wpyo"

dn < oo.
T+ gl

O

Proposition 1. Let A(D) be A-elliptic with p > py, < r— and let by(+) 1= (Ag(-) —A)~ !
forall A € Ay. Ifk € Ngand 1 < p < oo, then by (D) € L(W’;(R”,(C‘U) with

M
”b)\(D)HE(Wﬁ(]R”,(Cﬂ)) < W VA € Aw,
where the constant M > 0 is independent on A and o.
Proof. Let f € Nj with |f| <k, A € Aw, u € CP(R",CT)N W;;(R",(C") and x € R". Then
(see (8))

2 (0x(D)u)(x) = lim R/ Ko7, A) (960) (x = )y (16)

with K as in (9). From (16), Lemma 4 and dominated convergence, we get

O (on(D))(x) = [ K, 1) (@) (x = )y = (K (-, 1) » (@) (x),
R?
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where x stands for the standard convolution. Since d5u € L? (R",C17), we have K(-,A)
(u) € LY(R",C7) and

3 (br(D)u) K (s Al g, ooy 198 o o

<|
LP(Rn,C1) —
M
< 7|Ma||”||w§(w,@)

due to Lemma 4 (b). This implies that

M
HbA(D)”||w;g(Rn,cq) < W||“||w5(ngr1,cq) (17)

for all u € C°(R",C7) N W’;(R”,(Cq) and A € A,. Because of 1 < p < oo, S(R",CY) is
densein W,],f (R",C7) which gives by (D) € L <er§ (R",C1 )) and the estimate on its norm. [

Fork € Ngand 1 < p < co, we define the WI’;(]R", C1)-realization A,y of the system
Ay (D) as the unbounded operator given by

D(Agg) = {u € WE(R",C7) : Agy(D)u € W,’,f(R”,(Cq)},
Aot := Ayy(D)u for u € D(Ag k)

Now we are able to show the main result of this paper. We recall that p > oy, % <r_

ando = = € (5, 1].

Theorem 1. Let A(D) be A(0)-elliptic with 0 < 6 < m/2and 9 := m—0. Let k € Ny,
1< p < coand Ay be the WII,f(R",C‘?)—reulization of Axy(D). Then, for the resolvent set
0(—Agg k) Of — Ay e we have p(—Agg k) D T := {A € C:|A| > wand |arg A| < 8} and

_ M
1A+ Aag) Nl mhcrn,on) <pp (A eZow) (18)

for some constant M > 0. Therefore, — Ay x : Wg(R”,Cq) D D(Agyk) — W,’,f(]R”,(CW) generates
an infinitely differentiable semigroup on WI};(R”, C1), which is analytic and strongly continuous if
c=1(@G.e,rn="-- =rq=r_).

Remark 4. The semigroup is given by (e~ " %0%) 5o with e *“s0% := [ and
—TAgp . L —TA -1
e Tk = 27 /Fe A=Ay k) dA (T>0),
where T : A = w 4 iy, —co < y < co stands for a lying in p(— Ay, ) path, and [t — e Mwok] €
C*®((0,00); E(W;f(R”, C1))). See [21, Theorem 3.4, Ch. 1] for a reference. Further results about

differential and analytical properties of semigroups of operators can be found also in [22] and in the
references therein.

Proof of Theorem 1. Because of the density of S(R", C7) in W,’,f (R",C7) and
(Aocg,k — X)b;\(D)u = bx(D) (Azxo,k — 7\)u =Uu

for all u € S(R",C%) and A € A(6)y, it follows from (17) that A(8), C 0(Ag k) and
b;(D) = (Agpje — 1) in WE(R", C7). Now, if A € L., then A := —A € A(6),,. Therefore
we have

(/\ + Aao,k)b—)\(D)” = b_/\(D) (/\ + Aﬂ(o,k)u =u
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for all u € S(R",C9) and A € Ty, It follows that g, C p(—Ay k) and b_, (D) =
(A+ Ano,k) or A e Yg,- Then (18) follows from Proposition 1. [

The above result on the generation of semigroup in W’g(R”,(Cq) allow us to solve
non-autonomous Cauchy problems, based on an abstract result in [23], Chapter IV. For this,
let T > 0 and assume A = {A(t,D) : t € [0, T]} to be a uniformly bounded family of A-
elliptic systems. For k € Npand 1 < p < oo, we denote by A (t) the W’;(R”, C17)-realization
of A(t, D). Then, we study the Cauchy problem

{ )+ ) = 7. 0.1 19)

A function u € C! ((0, T], W’lj(IR”,(C‘f)) n C([O, T], W;j(R",(C")) is called a classical
solution of (19), if u(t) € D(Ai(t)) for all t € (0,T], osu(t) + Ax(t)u(t) = f(¢) for all
t € (0,T] and u(0) = up.

Using Theorem 1 and the abstract result on Cauchy problems given in Theorem 2.5.1
of Chapter IV in [23], we obtain, in the same way to the proof of Theorem 4.3 in [6], the
following result.

Theorem 2. Let A = {A(t,D) :t € [0, T|} be a uniformly bounded family of A(0)-elliptic
systems, 0 < 6 < 71/2, with symbols (aj(t, §))1<il].<qfor all t € [0, T, such that [t — a;i(t,-)] €
cx([o, T), S"i*(R™)) foralli,j =1,...,q and some & € (0,1), withry = --- =rg =7r_ > 1/2.
Furthermore, suppose that there exists «g € R such that Ay (t,D) := A(t,D) + ag is A(6)-
elliptic, 0 < 6 < 7t/2, with the same constant C and R = 0, for all t € [0, T] (see Definition 3 and
Remark 2). Moreover, let k € Ny, 1 < p < oo and € € (0,1). Then, for every uy W”,f(R”,(Cq)

and f € C* ([0, T, WI’;(R", (C‘?)), the Cauchy problem

0r0(t) 4 Agy ke (H)o(t) = e~ ™' f(t), te (0,T],
[ 300 + Ausaltlt) =ef (), 1€ OT 20

has a unique classical solution, where Ay (t) is the W]’;(R", C1)-realization of An,(t, D).

Corollary 2. Suppose that the same hypothesis from Theorem 2 hold. Then, there exists a unique
classical solution of problem (19).

Proof. First note that A, (f) = Ag(t) +ao. Now, let v(t), t € [0,T], be the classical
solution of problem (20) and set u(t) := e*'v(t) for t € [0, T]. Then u is the unique classical
solution of problem (19). [

Remark 5. If —A, x(t), t € [0, T], generates only an infinitely differentible semigroup on
W’rj (R",C9) and, Ayyx(-) "1 is strongly continuously differentiable on [0, T] and satisfies some
additional conditions, Theorems 4.3, 4.4, and Remark 4.5 in [24] imply the existence and uniqueness
of a strict solution of (20), and therefore of (19), for each ug € W,’,f(]R”, C1). Such strict solution is
taken in sense of Definition 1.1 in [24].

Remark 6. (i) With the method used in this paper some better assertions could be obtained, for
instance maximal LP-regularity or the existence of a Heo-calculus as in [4].
q
(ii) Using some ideas from [4], one could change the basic space WI’;(R", CT by T1 W’,ﬁfl" (R™)
i=1

for some suitable integers l;, i = 1,...,q. Thus one could obtain similar result as in Theorem 1, but
under weaker assumption on the structure of the system. This remark will be useful for the analysis,
in a forthcoming paper, of the generalized thermoelastic plate equations with fractional damping.
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5. Examples

In this section, we will consider some examples where we could apply our results. Ini-
tially, as a naive example, we consider the Cauchy problem associated to the n-dimensional
linear heat equation in the whole space. That is

{u;(x,t) —alu(x,t) =0 (x e R",t>0), 1)

u(x,0) = up(x) (x e R"),

where a > 0 is related to the thermal diffusivity and u(x, t) represents the temperature in
point x at time f. The differential equation in (21) can be written in the form

uy— A(D)u =0,

where
A@Q) = —algf, ceRr

Note that in this case 1 = 2 > 1/2 and therefore the condition (2) holds trivially.
Let define
A(@) == —A).

Now, forall A € A(f) with0 < 8 < 7/2,and all || > %, it can be shown that
[det(A = A-())] = |A = wle ] = M((@)* + A]).
Then A(D) is A(0)-elliptic and we can apply corollary 2 to solve problem (21).

Consider now the thermoelastic plate equations on R" given by

(22)

vy + A20+ A =0,
Gt—AQ—Avt:O

together with the initial conditions

0(0,-) = vg, v¢(0,-) = vy, 6(0,-) = 6.

The equations in (22) were derived in [25], where v denotes a mechanical variable
representing the vertical displacement of the plate, while 6 denotes a thermal variable
describing the temperature relative to a constant reference temperature .

Using the substitution u = (6, vy, fAv)T, the system (22) can be written as

uy—A(D)u =0, (23)
where
—[g* —~[gF o
A= & o —[gP | 24
0 ¢? 0

Note that in this case, rij=2>1 /2foralli,j=1,2,3, and assumption (2) holds. Now,
we define

A-(8) :==—A() (25)
and consider the determinant of A — A_({), which is given by:

det(A — A_(2)) = A° — [Z2A% + 202 [*A — [2]°.
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It is easy to see that

det(A — A_(§)) = m%(ﬁ), 26)
where
p(t) =15 — 2 42t — 1.

Since p(0) <0, p(1) > 0and p'(t) > O forall t € R, there exists a unique real number
a € (0,1) such that p(«) = 0. Now, since p is a polynomial with real coefficients, there exist
positive constants § and v, such that

p(t) = (t = A1) (t = A2)(t — A3) (27)
with Ay = a, Ay = B+ 7yiand A3 = A;. In particular, we get A + Ay + A3 = 1, and therefore
B= 1%"‘ 0. Hence, according to (26) and (27), it follows that

det(A — A-(2)) = (A~ [gM) (A = [22A2) (A = gPAs). (28)
By inequality (2.7) in [26], there exists 5 < ¥ < 7 such that
(M]fl + |g|2‘ >C(A+E?) (j=1,23) VA€ —A(®)andFeR",  (29)
where —A (%) := {—A: A € A(d)}. Hence, forall A € A(%) and || > %, we have
A= 1225 = I4l| (=27 + leP?

> (1A + [212)
> C(Al+ () (30)

for j =1,2,3. Note that 2'|Z|" > (&)" if [¢| > % and r > 0.

Proposition 2. Let A_(&) be defined as in (25). Then A_(D) is A(9)-elliptic with0 < ¢ < 71/2.
Proof. This follows from (28)—(30). [

Theorem 3. Let T > 0, ¢ € (0,1), k € Ny, 1 < p < oo, A(D) be defined by (23) and
(24) and let Ay be the W5 (IR",C)-realization of A(D). Then, for each ug € W’g (R",C3) and
f € CE([0, T], Wy (R", C3)) the Cauchy problem

{ dru(t) + Agu(t) = f(t), te€(0,T],
1(0) = up.

has a unique classical solution.

Proof. It follows from Proposition 2 and corollary 2. [

Now, as a third example, we consider the lineal structurally damped plate equation
on R"
vy + A%0 — pAv; = f, (31)

together with initial conditions

v(0,-) = vg, v:(0,+) = 1.
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Here, p > 0is a fixed parameter. A description of this equation can be found in [27]
and the references therein.
Using the substitution u = (01, —Av) " and F = (f,0)7, the Equation (31) can be
written as
uy— o/ (D)u =F,

s (T 8.

Note again that 7;; = 2 > 1/2 for all i, € {1,2}, and assumption (2) holds. Now, we
define &7 (§) := —</(&) and consider the determinant of A — &/_ (&), which is given by

where

det(A — o (8)) = A% — plePA + [¢ %

2
¢ #0,thenAy >0forp >2and A+ € C(withRezy > 0andz_ =zy)for0 < p < 2.
Therefore, det(A — &/ (€)) = (A — |€[%24) (A — |¢%2—) and in consequence

2 _
Note that det(A+ — ./ (¢)) = 0 if only if A+ = 52<gi”°4> = |Eze. If

[det(A — o/ (£))] = CE + AN+ A]) VA € A(m/2) and [¢] > 1/V53.

In consequence, <7 (D) is A(6)-elliptic with 0 < 6 < 71/2. Using the same arguments
as in the previous example, we have that the Cauchy problem associated with (31) has a
unique classical solution.

As a last example we consider a generalized plate equation in R” with intermediated
damping. Leta, p > 0, 8 € [0,1] and L := (—A)". Then the associated symbol of L is
p(&) = |&|*, & € R". The generalized plate equation in R” with intermediated damping is
given by

s + Lu+ pLPuy = 0 (32)

together with the initial conditions
u(0,+) = ug, ut(0,-) = uy. (33)

The generalized thermoelastic plate equation has been introduced in [28], a plate equa-
tion with intermediate damping was studied in [29] and a plate equation with intermediate
rotational force and damping in [30]. For the particular case « = 2, (32) models the equation
of a plate with: (i) frictional damping if B = 0, (ii) structural damping if § = 1/2 and
(iii) Kelvin-Voigt damping if g = 1.

IfU:= (ut, LY 2u> , the equation (32) can equivalently be written as

_ - 2B w
U+ ADU=0, A@):= { Plﬁ'gla g }
Now, let x(&) be an arbitrary O-excision function and A(&) := x(&)A(Z). In the
following we will omit without loss of generality the factor x(&) in the definition of A(&)
and we will assume that p = 1.

Using the ideas of the proof of Lemma 6.1 in [4] we obtain the following lemma.

Lemma 5. Assume that the parameters o > 0 and B € (0, 1) satisfy the conditions

1 1 1
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Then, for the the following choice of orders:
r1=2aB,1rp =20(1—B)and rp =11 = &,
A(D) is A(8)-elliptic for any 0 < 8 < 7.

Under the hypotheses of the previous lemma we have that

1 1
20(1—B), 0<,B<§, 2up, O<[3<§,
1 1
r+=1< a, B=-, r— =< a, B=-=, and
2 2
1 1
2up. §</3<1, 2a(1—p), §</3<1,
B 1
) 17‘5, 0</i<2,
a:r;: 1, 'B:i’
' ﬂ 1<‘B<1
p o2 '

Consequently, we can apply corollary 2 and Remark 5 to solve problem (32) and (33).

6. Conclusions

In this article, we have proved that the additive inverse of a suitable Sobolev space
realization of a A-elliptic Fourier multipliers system (in the sense of the Definition 3)
generates an infinitely differentiable semigroup on such Sobolev space, and that under
certain additional conditions, it generates an analytic semigroup on the same Sobolev space
(see Theorem 1). We emphasize again in these conclusions that the proof of the generation
of semigroups was done directly using an approach based on oscillatory integrals and
non trivial kernel estimates for them. With the results about generation of semigroups
we addressed the analysis of some application problems in Section 5 using well-known
statements for the existence and uniqueness of solutions for abstract evolution equations.
Now, regarding the possible future scope of this work, we recall Remark 6: using techniques
similar to those in this paper, questions about maximal LP-regularity, the existence of a
Heo-calculus, the improvement of the basic spaces, and the weakening of the assumptions
for the structure of the system of Fourier multipliers, would be addressed in a forthcoming
paper. In the other direction, it is interesting to study assumptions, under which A-elliptic
Fourier multipliers systems generate Cosine families of operators in some appropriate
functional or distributional spaces, to consider control problems for fractional evolution
inclusions or equations following ideas from, for example [9,11-14].
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Abstract: We consider in this article the stochastic fractional Zakharov system derived by the mul-
tiplicative Wiener process in the Stratonovich sense. We utilize two distinct methods, the Riccati-
Bernoulli sub-ODE method and Jacobi elliptic function method, to obtain new rational, trigonometric,
hyperbolic, and elliptic stochastic solutions. The acquired solutions are helpful in explaining certain
fascinating physical phenomena due to the importance of the Zakharov system in the theory of
turbulence for plasma waves. In order to show the influence of the multiplicative Wiener process
on the exact solutions of the Zakharov system, we employ the MATLAB tools to plot our figures
to introduce a number of 2D and 3D graphs. We establish that the multiplicative Wiener process
stabilizes the solutions of the Zakharov system around zero.
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1. Introduction

In 1972, Zakharov [1] developed the Zakharov system. It is a group of coupled nonlin-
ear wave equations that explains the interaction of high-frequency Langmuir (dispersive)
and low-frequency ion-acoustic (roughly nondispersive) waves. In one dimension, the
Zakharov system can be authored as

Ut — Uxx + (‘u|2)xx 0, (1)
iUt + Uyy +2uv = 0,

where v : QO x R™ — R denotes the plasma density as determined by its equilibrium value,
and u : 3 x RT — C denotes the high-frequency electric field’s envelope. The Zakharov
system is similar to nonlinear Schrodinger equations and significant in plasma turbulence
theory. As a result, the Zakharov system has piqued the interest of many physicists and
mathematicians, and has been extensively studied both theoretically and numerically [2-6].
To solve system problems (1), researchers have used a variety of methods. For example,
Song et al. [7] introduced unbounded wave solutions, kink wave solutions, and periodic
wave solutions by utilizing bifurcation theory method. Wang and Li [8] used the extended F-
expansion method to obtain periodic wave solutions. Javidi et al. [9] applied the variational
iteration technique to obtain solitary wave solutions. Taghizadeh et al. [10] obtained some
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exact solutions using infinite series method. Hong et al. [11] obtained a few new doubly
periodic solutions utilizing the Jacobian elliptic function expansion method.

In recent years, the fractional derivatives are utilized to describe numerous physical
phenomena in engineering applications, signal processing, electromagnetic theory, finance,
physics, mathematical biology, and various scientific studies, see for instance [12-17]. For
instance, the fractional derivative is utilized in control theory, controller tuning, optics,
seismic wave analysis, dynamical system, signal processing, and viscoelasticity.

On the other hand, the benefits of taking random effects into consideration in pre-
dicting, simulating, analyzing and modeling complex phenomena has been extensively
distinguished in biology, engineering, physics, geophysical, chemistry, climate dynamics,
and other fields [18-21]. Stochastic partial differential equations (SPDEs) are suitable mathe-
matical equations for complicated systems subject to noise or random influences. Normally,
random influences can be thought of as a simple estimate of turbulence in fluids. Therefore,
we have to generalize the Zakharov system by taking into account more elements due to
some important effects such as ion nonlinearities and transit-time damping.

To achieve a higher level of qualitative agreement, we consider here the follow-
ing stochastic fractional-space Zakharov system (SFSZS) with multiplicative noise in the
Stratonovich sense:

iy 4+ Theu 4+ 2uv +icuo Wy = 0, )
Ot — szv + sz(|u|2) = 0 3)

where T* is the conformable fractional derivative (CFD) [22], W(t) is standard Wiener
process (SWP).

In [23,24], the stochastic dissipative Zakharov system are obtained by utilizing the
global-random attractors provided with normal topology, while in [25], the uniqueness
and existence of solutions of the Zakharov system with stochastic term are obtained by
applying the method of Galerkin approximation.

The novelty of this paper is to construct the exact fractional stochastic solutions of the
SFSZS (2)—(3). This study is the first one to obtain the exact solutions of the SFSZS (2)-(3).
We use two distinct methods including the Jacobi elliptic function and the Riccati-Bernoulli
sub-ODE to achieve a wide range of solutions, including hyperbolic, trigonometric, rational,
and elliptic functions. Besides that, we employ Matlab tools to plot 3D and 2D graphs for
some of the analytical solutions developed in this study to check the effect of the Wiener
process on the solutions of SFSZS (2)-(3).

The following is how the paper is arranged. In Section 2, we define the CFD and
Wiener process and we state some features about them. To obtain the wave equation of
SFSZS (2)—(3), we use a suitable wave transformation in Section 3. In Section 4, we apply two
different methods to construct the exact solutions of SFSZS (2)—-(3). In Section 5, we study
the effect of the SWP on the obtained solutions. Finally, we present the paper’s conclusion.

2. Preliminaries

In this section, we introduce some definitions and features for CFD, which are reported
in [22] and SWP.

Definition 1. Assume f : (0,00) — R; hence, the CFD of f of order  is defined as

o S — f ()

h—0 h

Tef (%)
Theorem 1. Let f, g : (0,00) — R be differentiable, and also « differentiable functions; then, the
next rule holds:

T5(fo8)(x) = x'7%¢"(x) f'(8(x))-

Let us state some properties of the CFD:
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Ti[af (x) +bg(x)] = aTif(x) + bT3g(x), a,b R,
T%[C] =0, C is a constant,

T¢[x"] = hx"~%, h € R,

Tig(x) = ¥4,

In the next definition, we define standard Wiener process W(t):

L

Definition 2. stochastic process {W(t) }+>0 is called a Wiener process if it satisfies
1. W(0) =0,

2. WI(t), t > 0is continuous function of t,

3. Forty < ty, W(t1) — W(tp) is independent,

4. W(ta) — W(ty) has a Gaussian distribution with mean 0 and variance tp — 1.

We know the stochastic integral fot ®d)YWmay be interpreted in a variety of ways [26].
The Stratonovich and Itd interpretations of a stochastic integral are widely used. The
stochastic integral is Itd (denoted by fot ®dW) when it is evaluated at the left-end, while
a Stratonovich stochastic integral (denoted by fot ©® o dWV) is one that is calculated at the
midpoint. The next is the relationship between the Stratonovich and It6 integral:

00(1,Z7)

/Ot(a(r,ZT)dW(T):/Ot®(T,ZT)odW(T)—% OtG(T,ZT) o

dt, (4

where O is supposed to be sufficiently regular and {Z;, t > 0} is a stochastic process.

3. Wave Equation for SFSZS

To acquire the wave equation for the SFSZS (2)—(3), the next wave transformation is
applied:

u(x, t) = @(u)ell@=—WO=) ) — k(%x“ —At)and 6 = %x"‘ + pt, (5)

where ¢ is a deterministic function and k, A, p are nonzero constants. Plugging Equation (5)
into Equation (2) and using

% = (_/\k(P/ + iP(P _ V(PWt _ %Uz(p)e(ie—OW(t)—azt),
= (kg +ipg — g o Wy)elt WO, (6)
T8 = (R +itky — J2g)el- WO,

where we used (4). We obtain, for the real part,

1
kzq)’/f(ZAZer)(erngv:O. )

Now, we suppose
o(x ) = (n),

where 1 is real deterministic function, to obtain
o = —Aky, vy = APy, TS0 = Ky 8)
Substituting Equation (8) into Equation (3), we attain

(Az _ 1)1#// + (4)2)//6(—201/\/([)72020 —0. ©)
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Taking expectation E(-) on both sides, we have
()\2 _ 1)le + ((pz)//e—sztE(e—ZVW(t)) -0 (10)

] 2
Since W(t) is standard Gaussian process; hence, E(e/V(!)) = et for any real constant /.
Now, Equation (10) has the form

(A =1)y" + (¢1)" =0, 11)

Integrating Equation (11) twice and putting the constants of integration equal zero yields

(A2 =1)p+¢* =0. (12)
Hence, Equation (12) becomes
2
—¢
= . 1
Y=o (13)
Putting Equation (13) into Equation (7), we obtain the next wave equation
9" —ne’ — 129 =0, (14)
where
=2 and = (A2 4 4p) (15)
,Ylsz(/\z_l) ’72*4k2 0)-

4. The Analytical Solutions of the SFSZS

To find the solutions of Equation (14), we utilize two different methods: Riccati—
Bernoulli sub-ODE [27] and the Jacobi elliptic function method [28]. Therefore, we acquire
the analytical solutions of the SFSZS (2)—(3).

4.1. Riccati—Bernoulli Sub-ODE Method

Assume the following Riccati-Bernoulli equation:
@' = h¢* + hog + ha, (16)

where 11, hip, hi3 are undefined constants and ¢ = ¢ ().
Differentiating Equation (16) with respect to i, we obtain

¢" =2l + g,
and using Equation (16) yields
¢" = 213¢° + 3hihag? + (2Fn T + h3) @ + Tplis. (17)
Substituting (17) into (14), we have
(213 — 71)@° + 3 Tng* + (2hnliz + 13 — 12) @ + hahs = 0.
Equating each coefficient of (pi (i =0,1,2,3) to zero, we achieve the next algebraic equations
hphs =0,

(2fnhs + 13 —92) =0,
3fiyhp =0,
213 — 4, = 0.

When the above equations are solved, the result is
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1 2 2
= +4/= = 24 1

fiy \ 31 he =0, s = 7 NeaTh (18)

There are numerous solutions to the Riccati-Bernoulli Equation (16) depending on 7
and hg3.
First case: 1f % = 0, then Riccati-Bernoulli Equation (16) has the solution
-1
o) = poe

Hence, the SFSZS (2)-(3) has the analytical solutions

) 1 ) 5
b)) = (i0—oW(t)—0t) _ (i0—ocW(t)—0c=t) , 19
u(x,t) = g(pe F(Ext A 3 C° (19)
2
—¢ -1
o(x,t) = = = 5
W= e g (ﬁl(gx« — KAL) + c)

(20)

Second case: If h3 > 0, then the Riccati-Bernoulli equation (16) has the solution

or

Therefore, SFSZSs (2)—(3) have the following solutions:

u(x, t) = e@—oW(H = )\/gta (\f(ﬁl( x fk/\t)+C)) @1)
T

_ —Ihs 2 ( |3 k o
v(x, t) = mtam (1 | = iy (h ( x® — kAt) +C)) (22)
or
_ _lio—ow(n-o2) T3 [he o Koo
u(x,t) e iy cot ( iy (ﬁl(ax kAt) + C)), (23)
___ s 2( |la -
o0t = gy ot ( h (hl( * kAt)+C)) (24)
respectively.
Third case: If 2—? < 0 and |¢| < 4/—72, then Riccati-Bernoulli Equation (16) has

the solution

e(p) = — %tanh (M%(ﬁly—%c)).

Thus, the SFSZS (2)—(3) have the following analytical solutions:

u(x, f) = —eli-oW(H—c )\/?i?tanh<\/7(ﬁ1( x® —kAt)+C)) (25)

o(x,t) = ﬁtanhz (,/ (hl( — kAt) + C)). (26)
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Fourth case: If 2—3 < 0and ¢? > ;—h3, then Riccati-Bernoulli Equation (16) has
1 gl

the solution
o(p) =— 7}13 coth < —hg’ (hap + C))

Consequently, the analytical solutions of the SFSZS (2)-(3) are

__(i-ow(p-c2) | =3 [hs o K o
u(x,t) e i coth( ﬁl(ﬁl(zxx k)xt)+C)), (27)

o(x, t) = ﬁ coth? <\/§?(h1(§x“ — kAt) + C)), (28)

where /1 and h; are defined in Equation (18).

4.2. The Jacobi Elliptic Function Method

Assuming that the solutions to Equation (14) are of the form

@(p) = a+bsn(op), (29)

where sn(dp) = sn(du, m), for 0 < m < 1, is the Jacobi elliptic sine function and 4, b, J are
unknown constants. Differentiate Equation (29) two times and we have

¢" (1) = —(m? +1)b82sn(6p) + 2m>b6%sn> (). (30)
Substituting Equations (29) and (30) into Equation (14), we attain
(2m208% — 41b%)sn®(0p) — 3y1ab?sn? (o)
—[(m® +1)b6* 4 371870 + 72b]sn(Sp) — (11a° +a7yz) = 0.
Setting each coefficient of [sn(dy)]" (n = 0,1,2,3) equal to zero, we attain
ma’ +ay =0,
(12 +1)b6% + 391a%b + 120 = 0,
3mab’sn® =0,

and
2m2b8? — 1% = 0.

Solving the above equations, we have

—2m%y, 5 —72
=0,b=1=+ 52 = )
! Vo2 Dm & T 241

Hence, the solution of Equation (14), by using (29), has the form

727112')/2 ( —2

)yt

p(p) =

Therefore, the analytical solutions of the SFSZS (2)—(3) are

—om? _ .
u(x,t) = :I:\/( 2m=y sn(\/( 72 (kx"‘kat)>e(’€7”W(t)7‘72t), (31)

m?+1)y m2+1) a

66



Mathematics 2022, 10, 1194

o(x,t) = (k ;”J; n( (mffl)(kx — k), (32)

for y» < 0and 1 > 0. When m — 1, the solutions (31)—(32) transfer into

u(x, t) = =4,/ ;—Zz tanh ( %Yz(gx“ — k/\t))e(m*”W(t)*”Zt) , (33)
By of [—12 k4
o(xt) = ——t h( 2 (ox fk/\t)>. (34)

Analogously, we can replace sn in (29) by cn and dn in order to obtain the solutions of
Equation (14), respectively, as follows:

—2m%y; ( -T2

70 =\ e =1y, " -1
and
_ 2m27y; -T2
Consequently, the solutions of the SFSZS (2)—(3) have the following forms:
u(x t) -4 —2m2’72 Vl( -2 (kx - k)\t)>e(i9717w<t>7‘72t) (35)
' (2m* —1)7 (2m* —1) a '
_ BmPy o 12 k.
o(x,t) = o= 1" ( (2m2—1)(¢xx kAt)), (36)
for (2mZ 7 < 0,7 >0,and
u(x,t) ==+ —2my dn( 1 (kx —k/\t)) (i0—oW(t)—ct) (37)
' @2 — 17 "\ e =) '
K2m?y; 12 k.
o(x,t) = = )d ( @) (,xx kAt)), (38)

for v < 0,1 > 0, respectively. When m — 1, the solutions (35)~(36) and (37)—(38) transfer into

u(x,t) =+ %sech(\/ 72 (kx fk)\t)> (i0—oW()—0?) (39)
V' m

v(x,t) = kzmz'yzsech2<\/ 72 (kx — k/\t)) (40)
for v, < 0,91 > 0.

5. The Influence of Noise on SFSZS Solutions

The influence of the noise on the analytical solution of the SFSZS (2)—(3) is addressed
here. Fix the parameters k = 1,p = 1, m = 0.5, and A = 3. We introduce a number of
simulations for various values of ¢ (noise intensity) and « (fractional derivative order). We
employ the MATLAB tools to plot our figures. In Figures 1 and 2, if ¢ = 0, we see that the
surface fluctuates for different values of a:
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Solution
Solution

Space "x" (U] Time "t" Space "x" (U] Time "t"

c=0,a=1 c=0,a=05

Figure 1. 3D graphs of the solution (31).

Solution

Space "x" o o Time "t"

Space "x" 0 o Time "t
c=0,a=1 c=0,a=05
Figure 2. 3D graphs of the solution (32).

In the following Figures 3-5, we can see that after minor transit patterns, the surface
becomes considerably flattered when noise is included and its strength is increased o = 1, 2.

Solution

-10

Solution

-20

6
4\ //,(/\4
//< 3
2 2
1
Space "X" 0 o Time "t" Space X" 0 o Time "t"
c=1a=1 c=2,a=1

Figure 3. 3D graphs of the solution (31) with & = 1.
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Solution
Solution

Space "x" (U] Time "t Space "x" () Time "t"
c=1,a=05 c=2,a=05

Figure 4. 3D graphs of the equation (31) with « = 0.5.

Spoce” &

c=1,a=05

Figure 5. 3D graphs of the equation (21) with « = 1.

In Figure 6, we introduce 2D plots of the u in (31) with o = 0,0.5,1,2 and « = 1, which
emphasize the results above.

0 T T T —— —
-0.05 q

011

fmwt\‘,,ﬂ/'\’vf Yy /M. |
ol N v e MMW

>
c
S -0.25 | —
=
% | —%—o0=0
0 03 —0=05
o=1
-0.35 0=2
0.4
-0.45 i
-05 . I L .
0 02 04 06 08 1

Time "t"
Figure 6. 2D graphs of the 1 in (31).

From Figures 1-6, we deduce the following;:

1.  The surface expands as the fractional order « increases;
2. Multiplicative Wiener process stabilizes the solutions of SFSBE around zero.
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6. Conclusions

In this article, we provided a wide range of exact solutions of the stochastic fractional
Zakharov system (2)-(3). We applied two different methods such as the Riccati-Bernoulli
sub-ODE method and Jacobi elliptic function method to attain rational, trigonometric,
hyperbolic, and elliptic stochastic fractional solutions. Such solutions are critical for com-
prehending certain essential, fundamental, complex phenomena. The solutions obtained
will be extremely useful for further studies such as fiber applications, spatial plasma,
quasi particle theory, coastal water motion, and industrial research. Finally, the effect of
multiplicative Wiener process on the exact solution of Zakharov system (2)—(3) is demon-
strated. In future research, we can address the fractional-time Zakharov system (2)-(3) with
multidimensional multiplicative noise.
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Abstract: In this paper, a numerical scheme based on a general temporal mesh is constructed for a
generalized time-fractional diffusion problem of order . The main idea involves the generalized
linear interpolation and so we term the numerical scheme the gL1 scheme. The stability and conver-
gence of the numerical scheme are analyzed using the energy method. It is proven that the temporal
convergence order is (2 — «) for a general temporal mesh. Simulation is carried out to verify the
efficiency of the proposed numerical scheme.
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1. Introduction

The fractional model has been shown to be a powerful tool in modeling various
memory process in applications [1,2], such as diffusion process in a porous media. The
essence of this tool lies in fractional derivative (or integral) which is an extension of
integer derivative (or integral). Many well known mathematicians such as Euler, Lagrange,
Liouville, Riemann, Griiwald, Letnikov and Caputo have devoted their efforts to fractional
calculus and have made great contributions to this topic. The extension from integer
derivative (or integral) to fractional derivative (or integral) may not be unique due to the
different techniques applied. To unify the different approaches, Agrawal [3] has proposed
some generalized fractional operators which may unify some well known fractional operators
such as Caputo, Riemann-Louville and Hadamard. The generalized fractional operators
incorporate a scale function z(t) and a weight function w(t). With these two functions,
many equations can be written in a general form and thus can be solved in an elegant way
as shown in [3]. Moreover, by choosing different z(t) and w(t), one can readily obtain the
well known fractional operators.

The generalized fractional operators naturally lead to generalized fractional problems.
As in the fractional situation, the analytical solutions may not be easily derived and hence
the corresponding numerical solutions are both necessary and useful in applications. In
fact, some pioneer works have been done on the numerical treatment of certain generalized
fractional problems [4-10]. In the earlier papers [8-10], the convergence of the numerical
scheme is established using the Lax—Richtmyer theorem but the order of convergence is not
explicitly given. Inspired by [11,12], some generalized weighted shifted Griinwald-Letnikov
(gWSGL) type approximations [4-6] and generalized Alikhanov’s approximation [7] were
recently proposed, which improve the accuracy of previous work. In fact, the convergence
order of these methods are shown to be O(t?) (or higher) based on a particular choice of
the temporal mesh that closely depends on the scale function z(t). It is noteworthy that

Mathematics 2022, 10, 1219. https:/ /doi.org/10.3390/math10081219

https:/ /www.mdpi.com/journal /mathematics
73



Mathematics 2022, 10, 1219

the higher convergence order comes at the expense of more computations and restrictions
in reality.

In this paper, we shall consider a generalized time-fractional diffusion problem that is
more general than that in [9]. As one of the pioneer numerical treatments for generalized
time-fractional diffusion problems, the authors in [9] first present analytical solution of a
generalized time-fractional problem involving second order spatial derivative. Then, based
on a uniform temporal mesh, they construct a numerical scheme by finite difference method.
The stability of the numerical scheme is investigated via an estimate of the inverse of the
coefficient matrix, and the convergence then follows from the Lax-Richtmyer theorem
without giving explicit convergence order. Different from the work of [9], we aim to
derive a numerical scheme based on a more general temporal mesh than [9] and give the
convergence order of the proposed scheme explicitly using energy method. Our major
contributions in this paper are as follows:

e We consider a problem involving an operator £ and propose a numerical scheme
based on a general temporal mesh using generalized linear interpolation.

e We establish the stability and convergence of the proposed scheme, which is based on
a general temporal mesh, via energy method. The analysis in the context of general
temporal mesh is not trivial.

We consider the following generalized time-fractional diffusion equation with weight
function w(t) =1

OCD;";[Z(t),l]u(x,t) = Lu(x, t) + f(x,1), (x,t) € (0,1) x (0,1)
u(x,0) = 9(x), x €1[0,1] @
u(0,8) = ¢1(t),  u(lt) =¢a(t), e (0,1]
where £ is a linear operator defined by
Lu(x,t) = (p(x, Hux(x,£))x — q(x, Hu(x, t),

with p(x,t) > po > 0and g(x,t) > 0, ng‘[Z(t) 1]u(x,t‘)(O < w < 1) is the generalized
Caputo fractional derivative given by

Cryn _ 1 t 1 ou(x,s)
ODt;[z(:),l]“(xrt) - ra 70‘)/0 ZE) —z()F 95 ds, ()

and ¢1 (), ¢2(t), P(x), f(x,t) are given functions that are sufficiently smooth. We remark
that (i) a generalized fractional problem of type (1) with any weight function w(t) (not
necessarily 1) can be converted to (1) by a simple formula u(x, t) = w(t)v(x, t) (see [4-7]);
and (ii) the generalized fractional equation considered in [9] is a special case of (1) when
p(x,t) =1and g(x,t) = 0.

The plan of the paper is as follows. In Section 2, we shall develop a numerical scheme
for the problem (1) based on a more general temporal mesh than [9]. Then, the stability as
well as the convergence of the proposed numerical scheme will be established rigorously
using energy method in Section 3. In Section 4, we carry out experiments to verify as well as
to demonstrate the efficiency of the proposed numerical scheme. Finally, a brief conclusion
is given in Section 5.

2. Numerical Scheme

In this section, we shall derive a numerical scheme for the problem (1) using the key
idea of generalized linear interpolation. To begin, let

A:0=t0<t1<-~-<tN,1<tN=1andA/:O=x0<x1<~~-<xM,1<xM=l
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be any mesh in the temporal dimension and a uniform mesh in the spatial dimension with
step size h = %, respectively. Throughout, assume that the scale function z(t) is a strictly
increasing function. Let Z : t — z(t) be a map from [0, 1] to [z(0), z(1)]. Denote z(t,) = zy.
Moreover, denote by U]" the exact solution of (1) at (xj, t.), and by u7 an approximation
of U'.
]

z(H) —zk1 g, 2(H) — 2% S
L; = .
(el = L Et e 2Oy ®
Note that Ljx_1(z(t)) is a generalized linear polynomial of z(t) and it will be used to
approximate u(xj,t) over the interval [t_1,#] in (2). Indeed, we derive the following
approximation scheme at (x;, t,)

1 1k 1 du(x,s)
Cru X _
0 Dt?[z(t)fl]u(x]’ tn) F(2 — 06) k=1 \/fk—l [Z(tn) - Z(S)}’X s s

1 Lk 1 ’
“T2—a) k;/tH 2(ty) —2(5)]° {Lj,k_](z(s))] ds
k_ k=1 (4)

nooty 1 uk —
= d.
Z/t 2'(s)ds

k:1 k-1 Z(tﬂ 72(5)] Zk = Zk-1

n—1

—u [wou” -y (w;z k=1 _ w;’*k)uj( 74«1;‘*111?} = gL1[u(xj, ta)],
k=1

where y = (2 D and the coefficients

cu;’_k_l _ (zn —zp) ™% — (zn — Zk+1)17a, 0<k<n-—1. (5)
Zk4+1 — Zk

We shall call (4) the gL1 approximation of the generalized Caputo fractional derivative.

Remark 1.

(a)  Note that (4) is derived for any temporal mesh A and this is an extension of [9] which considers
uniform temporal mesh. Moreover, the technique used to obtain (4) involves generalized linear
interpolation whereas in [9] finite difference is used to approximate the derivatives in the
integrand of the fractional derivative.

(b)  The Formula (4) is also different from the nonuniform L1 formula in [13] since a scale function
z(t) such that z; # z;,i # j is considered.

To proceed further, we shall investigate the accuracy of the gL1 approximation (4) and
the properties of the coefficients w¥ which are both vital in subsequent analysis. For the
former one, we introduce the following definition.

Definition 1 ([14]). Giventhemesh A:0 =ty <t < --- < ty_1 < ty = 1,denote z(t) = z.
The mesh
Az :z(0) =z <z1 <---<zny_1 <zy=2(1)

is said to be quasi uniform if
Tz,max <

=M

Tz,min
where Ty max = Maxj<k<N |2k — Zk—1|, Teymin = Miny << |2k — zk—1| and p > 0 is a constant.
Theorem 1 (gL1 approximation). Assume that for any fixed x = x;j, u(x;, Z~ 1(z2)) =g(z) €
C?[z(0),z(1)]. Suppose that the mesh A, : z(0) =29 < z1 < -+ < zy_1 < zy = z(1) is quasi
uniform. Then, we have for any fixed « € (0,1),

6 Diipo(o),1)1(xj, 1) = QL[ (x, 1)) + O(T i) (6)
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Proof. From (4) we see that the error term R}’ satisfies

gD‘t";[Z(t)rl]u(xj, tn) = gL1[u(xj, tn)] + R]r",

and

R! = ﬁ Z /tk 2(t) —z(s)r“{@ - [Lj,k—l(z(s))}/}ds'

k=1"tk-1

Noting that L 1(z(t)) = u;.‘ = u(xj, t;) and the relation Z~!(z) = ¢, after applying
integration by parts, we get

R = fﬁ kz [ 2y [l 271 @) - Liga (2)] = @)
1 V4

k-1

Since u(x;, Z7(z)) = g(z) € C?[z(0),z(1)], it is well known that

W5 Z7@) ~ Ly (2) = -z -2 B, o chcn @

Denote My = max; (g)<z<z(1) |822(2)|. Upon substituting (8) into (7), we find

R < grc 2/ 0 =2) Nz = 2 (2 — 2)dz
M
/ (Zn _Z - 1(Z_Zk l)(zk_z)dz+/ i}xd‘z
k=1"%k-1 zy—1 (Zn
n 1 2 2—a
Zk—Zk 1) / a1 (zn — zu-1)
721_ sy {; Zkil(z}1 z) dz + - .

This further gives

n Mg Tzz,max "Zn1 a—1 22 max
IR} < (zy —z) 4 1dz 4 2O
Z

Saw2-a)| 4y T-a
M _TZ 2-u
o g Z,max _ -« _ —a Z,max
=) | da (T Ee) @z ) T a}
M —TZ TZ—zx
g Z,max - — Z,max
SO —a)| s Fr ) +1—o¢]

< —° .
T2l(2—w) |40 1—af P
Hence, for any fixed & € (0,1), we get

IR}| = O(Tmin)-

Z max

This completes the proof. [

Remark 2. There is some relation between the commonly used uniform mesh of t and the quasi

uniform mesh of z(t).

(a)  For finite intervals of t, say t € [0,1], in practice the partition of [0, 1] always results in finite
number of subintervals, so we are able to find a constant p such that % < p. Hence, it is
clear that any general mesh of t yields a quasi uniform mesh of z(t). In particular, we can say

that for finite intervals, the commonly used uniform mesh of t is a special case of the quasi
uniform mesh of z(t).
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(b)  For infinite intervals of t, in general the uniform mesh of t may not yield the quasi uniform
mesh of z(t). However, if 0 < ¢ < |2/(t)| < C for all t in the infinite interval, then the
uniform mesh of t will give the quasi uniform mesh of z(t), and so we can conclude here that
the uniform mesh of t is a special case of the quasi uniform mesh of z(t).

Our next result gives the properties of the coefficients w¥ in (5) that is vital in subse-
quent analysis.

Lemma 1. For fixed n, we have

W (1) -2) >0, 0<k<n—1 ®
WL > ok, 0<k<n-1 (10)

Proof. Let F(z) = (z, — z)'~%. Applying mean value theorem and noting the Definition
(5), we get
_ F(z —F(z ke
@) =-(-a) -0t =TEV ) o cocq,
Zk+1 ~ Zk
ie.,
W =10z -0 H <<z (1)

Since (z, — -) " is an increasing function, (11) immediately leads to (9) and (10). O

We are now ready to construct a numerical scheme for the generalized time-fractional
diffusion Equation (1). Discretizing (1) at (x;, ;) and using the approximation (4) together
with finite difference method in the spatial dimension yields

n—1

0 k-1 —k\, k -1,0
y{wzu;-“kzi(wf -l )u]-fw;' uj

wW=y(x), 1<j<M-1

u6’ :(Pl(tn)/ MX/I:(P](tn), 0<n<N

=Auj + f, 1<j<M-1

(12)

where y = ﬁ and A is an operator given by

Aujf = ox(pdxu)i — qjuj,

with
n

1
Selpta)] = g (P gy = b oen )

Py = Py ) 0} = 9l t) and S, = (uyﬂ - u}’) /h. We shall call (12) the gL1
scheme of the generalized time-fractional diffusion Equation (1).

Remark 3. It is easy to verify that the coefficient matrix of the system (12) is strictly diagonally
dominated. Therefore, it is uniquely solvable.

3. Theoretical Results

In this section, we shall analyze the stability as well as the convergence of the numerical
scheme (12). To begin, let U}, = {u = (ug, u1,- -+, up)|uo = up = 0} and for any u,v € Uy,
define

Oyl

1 1 )
]+% Zﬁ(u]qr]*uj), §Xu]'=ﬁ(uj+%*uj7%), 5xu]-: (5xu].+%75xujf%)

= =
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and
M-1 — 2
(u,v)=h ]; ujvj, luly = | h ];:) (§xuj+%) , lullo = lé?%%—l Juj]. (13)
Obviously, || - || = v/ (-, -) is a norm defined over the space Uj,.

Next, we shall present three lemmas that will be used later to establish the stability
and convergence results. The first one gives a relation between |u|; and ||u|co-

Lemma 2 ([15]). For any u € Uy, we have the inequality ||ule < 3 |ul1.
The next lemma is from [16] which reveals a relation between |u|; and ||u]|.

Lemma 3 (Discrete Poincare inequality [16]). Suppose that u € Uy, then
Fsin( 5 )l < . (14)

Remark 4. If h < 1 which is the case in our method, from the fact sin($h) > h, the inequality
(14) yields |u|y > 2||u|| that will be used in subsequent analysis.

The last lemma gives an explicit expression of —(Au, u).

Lemma 4. Forany u € Uy, we have

M-1 2 Ml
—(Au,u) =h Z(:) Pis1 <5xuj+%) +h Z; g1
j= =

Proof. Using the definition in (13), it is found that

M—1 M—1 M—1 ,
—(Au,u) = —h Y [6x(pbeu); — qjujluj = —h Y [6x(poyu)iu;j+h Y q;(u;)
= j=1 j=1
M—1 M-1
- ]; <p1+1‘5"”]+1 - p]-%éxuf—%)”f th /; qi(w))
M-1 M-1 M-1
=-Y Piytibstt 1 + ) pioyuibxit; 1 +h qj(uj)?
j=1 oA : j=1
M-1 M-1 R
=L Pigy (Ujpr — )0 1 +h 21 q;(u;),
j= j=

where we have used ug = up; = 0 in the last equality. The result is immediate from the
above equation. [

Remark 5. Since p(x,t) > pp > 0and q(x,t) > 0, it is clear from Lemma 4 that —(Au, u) >
polul? for any u € Uj,.

Now, let us present the stability and convergence of the numerical scheme (12). To this
aim, we shall first consider (12) with zero boundary conditions.
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Theorem 2. Let {u;’, 1<j<M-1,1<n < N} be the solution of the system (12) with zero
boundary conditions. Then, we have

I+ R < 1<ns<N (15)
zZ

where y = ﬁ,wg = (zn — zy_1) "% po > O and

I'(1—a)(z(1) —z(0))*
E= HuOH2+ ( )(4( ) ( )) max an”Z
Po 1<n<N

Proof. Multiplying both sides of the first equation of (12) by —u and summing j from 1 to
(M —1) gives

n—1
—u {wg 7 — Y (wg’k’l — w;f*k)u;‘ — wglu?} = —(Au",u") — (f",u"),
which is rearranged to
n—1
ped (", u) — (Au",u")y = Y (w;”k’1 - w;"k) (W, u™) 4 po 1@, uy + (F1, 0. (16)
k=1

Since we consider zero boundary conditions here, it is obvious that u" € Uj,. Therefore,
using Remark 5, we get a lower bound for the left side of (16) below

peog (u", u") — (Au", u") > peol |2 + polu”[3.

Noting (10) in Lemma 1 and using xy < %(x2 + y?), an upper bound for the first two
terms on the right side of (16) is found as follows

n—1
i Y (@l = ) () et 0, )
k=1
n—1
< Z{ (wg_k_l—w;‘_k)(uk,uk)+wf‘1(u0,u0) -l—%wg(u”,u")
k=1
ks k-1 AV 1,002 L H 0 2
= LY (@t — o k2 4 wr T )2 |+ Bl
k=1

For the third term on the right side of (16), the Young's inequality gives the following
upper bound

n o n <||fn||2 n2 7 0
(f,u)774€ +el|u"||%, e > 0.

Upon substituting the above upper and lower bounds into (16), we immediately get

1
" 2 2 2 1N k-1 K\ k2 - 2 1 2
EWSHHHH + polu" [T — ellu”]] 35{2(‘02 -y )H” |12+ w2 +E\|f"||‘ (17)
k=1

Next, using Lemma 3 and noting Remark 4, we have |u"|; > 2|[u"||. Then, with
€ = 2py, the left side of (17) gives the following lower bound

€
Ll + polu [} —ellu| > Eellul + (po— 3 ) 1" = Sl 2+ Eoju 3
2 2 4 2 2
Substituting the above into (17) leads to

—1
2, POy 2 s k-1 K\ k2 1 2 1
a2+ E2ut < 1 (T -t ) ot (nuOn +
k=1

4p0‘uw£”1

Hf"\|2>~ (18)
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Further, from (9) we see that w1 > (1 — a)(z, — z0) ~* > 0 and hence

1 < (Zn *ZO)N < (Z(l) 72(0))0(.
Wt T 1l—a T 1—a

Using the above inequality and y = ( m (18), we find

n—1
@I+ S ) < I (w2 - o) P,
z

k=1

where E is defined in the theorem. Noting (10), the above inequality readily leads to

n—1 3
2, PO | up k-1 e\ [y k2 o Po(ZK = Zk-1) | ko -1
(I + T ) < (w24 = b [l + R
wzp k=1 I3
or equivalently

0(zn — 2p—1)"
w2[||u"||2+”(“+\u“\%}

(ST WY ||k 2 po(zk — zk-1)" | k2 n-1 )
< L(e e T R
Now, we shall show by mathematical induction that
o «
||u”||2+w\u”|%§& 1<n<N. (20)

In fact, let n = 1in (19) and we get
0(z1 —20)"
f |t + PPELZE ) < o,

which implies that (20) holds for n = 1. Suppose that (20) is true up to (1 — 1). Then, from
(19), we have

Zn — Zp—1)%
WE{HM"HZWLMW%}

<

F’J

_ a
( k-1 _ n k) |:HukH2+ pO(Zk yzk—l) ‘uk‘% +w§*1E

)\N
U

n—1
< Z( r k’lfw;”k>E+aJ;’*1E_sz

which immediately gives (20), or equivalently (15). This completes the proof. [

Remark 6 (Stability). Using a similar argument as in [4-7], it can readily be deduced from
Theorem 2 that the numerical scheme (12) is robust (or stable) with respect to the initial data 1 (x)
and the non-homogeneous data f(x,t).

We are now ready to establish the convergence of the proposed scheme (12).

Theorem 3 (Convergence). Assume that u(x,Z~1(z)) = i(x,z) € C*2([0,1] x [z(0),z(1)]).
Suppose that the mesh A; : z(0) = zp < z1 < -+ < zy—1 < zn = z(1) is quasi uniform. Let
{LI]’-1 = u(xj, ty)} be the exact solution of the problem (1), {uj"} be the numerical solution obtained
from the scheme (12) and e;-l = U]’? — u]’f be the error at (xj, ty). Then, we have
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2
eI+ cle2) e} < [O(Zis+ 1], 1<n<N @1

where c(a,z) = prUﬂ.

Proof. Since {U]”} is the exact solution of (1), it is clear that

n—1
077n n—k—1 n—k\ sk n—1770
u wzllj 72((412 —wy )Uifwz u:

k=1 /
U =y(x), 1<j<M-1

Ug = ¢1(te), Uy =¢1(tn), 0<n<N

n n n : _
=AU} + fi' + T}, 1<j<M-1
(22)

where T is the local truncation error of the j-th equation.
Noting (6) in Theorem 1, and using Taylor expansion at x = x; in (22), we find that

T =O(2yt + 1), 1<j<M-1,1<n<N. (23)

j Z,max

Next, from (12) and (22) it is obvious that {e]”} is the solution of the system

n—1
”[“’96“— » ws“—wf’?ef—wzle?] = AT, 1<jSM-

(24)

Hence, ¢ € U},. Finally, applying Theorem 2 to (24) and noting e? = 0, we obtain for
1<n<N,

I(1—a)(z(1) —z(0)*
4po

2
n2 n|2 < n2 _ 2—a 2
1P+ c(a, 2le" f < max [ T2 = 028 +13)] @5)

which completes the proof. [
Remark 7. From Theorem 3, it is easily seen that
"]l = O(Zmax +11%).

Hence, the temporal convergence order in the norm || - || is (2 — w), which is optimal. On the
other hand, the convergence order in || - ||« is not optimal. In fact, from Lemma 2, (21) and the
properties of quasi uniform mesh, we get

(zn —2zp—1)7"

< 2—n 2
=\ apr2—a) O(t +h)

Z,max

1
lle"llee < 5le"

Tk ’ 2_3
<\ o Ot + 1) = Okt +12)

Remark 8. Theorem 3 is an extension of the work [9] in the sense that

e the problem (1) involves an operator L and is more general than the problem considered in [9];

e we consider a general temporal mesh which is quasi uniform in terms of the scale function z(t),
in view of Remark 2 this is more general than the uniform temporal mesh considered in [9];

e (21) and Remark 7 give the explicit convergence order of the proposed scheme (12), while
convergence is proven without giving the explicit convergence order in [9].
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4. Numerical Simulation

In this section, we shall use two examples to demonstrate the efficacy of the proposed
numerical scheme (12) and to verify the theoretical result in Remark 7. To be specific,
we shall

e compute errors at t = 1 using
e(N,h) = [[eN] (or[|eN|oo)
as well as the corresponding temporal and spatial convergence orders by

B e(N,h) B e(N,h)
TCO = log, 2N, and SCO = log, N2
respectively;
e demonstrate that the proposed numerical scheme (12) works well for three types of
temporal meshes, namely

- Uniform: uniform mesh with respect to f;
- Graded: graded mesh [17,18] with ; = 7z((2(1) ~2(0)) (%) +2(0)),
0 <j < N (letr = 222 in the experiment to get optimal accuracy, refer to [17,18]

for details);
- Uniform,: uniform mesh with respect to z(t).
In view of Remark 2, we note that all the above types of temporal meshes are particular
cases of quasi uniform mesh of z(t).

Clearly, the exact solution is required to compute ¢(N, k). When the exact solution is
not available (which is commonly encountered in applications), we shall use ‘approximate’
exact solution, which is obtained by the numerical scheme (12) with sufficiently small mesh
sizes (e.g.,, M = N = 2000 in our experiments), as ‘exact’ solution to compute errors. This
is reasonable as the numerical scheme (12) is convergent.

Example 1 ([6,7,9]). Consider the generalized time-fractional diffusion equation

SDz[z(t),l]”(xrt) = uxx(x,t) + f(x,1), (x,t) € (0,1) x (0,1)
u(x,0) = sin(nx), x €10,1] (26)
u(0,t) =0, u(l,t) =0, te(0,1]

where 0 < & < 1, z(t) is a strictly increasing scale function and

flx,t) = ﬁ(x2 — )15 4 2 sin () — 242,

Note that when z(t) = t and o = 0.85, the exact solution of Equation (26) is
u(x,t) = sin(mx) 4+ x(x — 1)£2.

In this example, p(x,t) = 1 and g(x,t) = 0. Let us start with « = 0.85 and
z(t) = t,t°5,#2. Applying the numerical scheme (12) with fixed h = i and varied
N, we compute the errors and temporal convergence orders for three types of temporal
meshes—Uniform, Graded, Uniform,. The results are displayed in Table 1. From the table,
it is easily seen that the experimental temporal convergence orders (~1.15) are consistent
with the theoretical ones (=2 — «) for various scale functions z(t) and different types of
temporal meshes. It is a pleasant surprise that the numerical performance in terms of
maximum norm is better than the theoretical result in Remark 7.
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Next, we investigate the performance of the proposed numerical scheme for different
values of & and scale functions z(t). Here, we use the uniform mesh of ¢ (Uniform) and

compute ||e

M-

e InTable2, we fixh = ﬁ and let N vary. It is observed that the temporal convergence
order is (2 — a) which is consistent with the theoretical one.
e In Table 3, we fix N = 2000 and let 1 vary to investigate the spatial convergence.
Obviously, the scheme (12) achieves second order spatial convergence order which is
the same as that stated in Remark 7.

Table 1. (Example 1) Temporal convergence order when & = 0.85,h = 5%2.

" N Uniform Mesh Graded Mesh Uniform, Mesh
z(t
lleNleo [leN]] lleNloo lleN || lleN |0 fleM ]
t 16 855x107% - 607x107* - 115x107% - 817x107* - - - - -
32 384x107* 115 273 x107* 115 522x10~* 1.14 371 x10~* 1.14 - - - -
64 171x107% 116 122x107% 116 234x10°% 116 1.66x10"* 1.16 - - - -
128 755 x107° 1.18 536 x10~> 1.18 1.03 x10~* 1.18 733 x10~° 1.18 - - - -
05 16 1.86x107° - 1.32x1073 - 487 x1073 - 346x107° - 361x107% - 256x107% -
32 838x107* 1.15 595x107* 1.15 227 x1073 1.10 1.61 x10~3 1.10 1.66 x 1073 1.12 1.18 x1073 1.12
64 374x107* 1.6 266 x107* 116 1.03x1073 1.13 7.35x107* 1.13 751 x107* 1.14 534 x10~* 1.14
128 1.65 x107* 1.18 1.17 x10~* 1.18 4.60 x10~* 1.17 327 x10~* 1.17 333 x107* 117 237 x10~* 1.17
2 16 266x107° - 188x10° - 150x10° - 1.06x107° - 568x107® - 402x107¢ -
32 1.22x107° 1.2 866 x107° 112 686 x107° 1.12 486 x107° 1.12 249 x107° 119 1.76 x10~® 1.19
64 552x107° 1.15 390 x107° 115 3.08x107° 1.15 218 x10~° 1.15 1.07 x10~® 123 755x10~7 123
128 244x107° 118 1.73x10°°% 1.18 136 x10°¢ 1.18 9.63 x10°7 1.18 450 x1077 124 319 x1077 124
Table 2. (Example 1) Temporal convergence order for various « when 1 = 5%
z(t) N a=0.2 a=0.5 «=0.8
105 8 12119 x107* - 64821 x107* - 23862 x 1073 -
16 3.6868 x107° 1.72 23301 x107* 148 1.0446 x 1073 1.19
32 1.1124 x107° 1.73 8.3262 x 107> 1.48 45475 x 107 1.20
64 3.3301 x107° 1.74 29572 x 107°  1.49 1.9656 x 1074 1.21
£ 8 3.6792x107¢ - 7.9954 x107¢ - 27299 x107% -
16 1.1025 x107°¢ 1.74 2.8681 x107° 1.48 1.2814 x 107> 1.09
32 32908 x10~7 1.74 1.0251 x 107° 1.48 57126 x 107 1.17
64 9.7656 x 108 1.75 3.6452 x 1077 1.49 24954 x 107° 1.19
Table 3. (Example 1) Spatial convergence order for various « when N = 2000.
z(t) h a =02 « =05 « =038
{05 & 53034 x1073 - 55169 x 1073 - 57900 x 1073 -
s 13214 %1073 200 13746 x107° 200  1.4425x107% 201
& 32999 x107* 200 34325 x107* 200  3.6020 x 107 2.00
3 82382x1075 200 85692 x10™° 200 89924 x 107> 2.00
£ 15 52701 x107% - 54177 x107% - 56052 x107% -
sy 13131x107% 200  1.3497 1073 201  1.3961 x 1073 2,01
& 32791 x107% 200 33704 x10~* 200 34862 x107* 2.00
o 8.1862x1075 200 84140 x10~° 200  8.7030 x 107> 2.00
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Our next example is modified from an example in [19] and it involves a general
operator L.

Example 2 ([19]). Consider the generalized time-fractional diffusion equation
ng‘;[z(t)ll]u(x, t) = Lu+f(x,t),  (x1t)€(0,1)x(0,1)
u(x,0) = sin(mx), x €1[0,1] (27)
u(0,t) =0, u(l,t) =0, te (0,1]
where Lu = dx(p(x,t)0xu) — q(x,t)u,
p(x,t) =2 —cos(xt), g(x,t) =1 —sin(xt)
and

Flat) = {r(‘i; Y r(327 3 P (P 2 41) (22 () + g (x, t))} sin(7x)

—n(t“"‘ +85 4+ t) sin(xt) cos(7rx).
When z(t) = t, the exact solution of (27) is
u(x,t) = sin(mx) (B + 2 +1).

First, consider (27) when a = 0.5. With fixed h = 201%, we shall apply the numerical
scheme (12) and compute the errors [N ||, [V || and temporal convergence orders. The
results are presented in Table 4, and it is clear that the numerical scheme (12) works
well for different types of temporal meshes as well as for a wide range of problems (i.e.,
different z(t)). The experimental temporal convergence orders in || - || (~1.5) agree with
the theoretical ones (=2 — «), while once again it is a pleasant surprise that the numerical
performance in terms of maximum norm is better than the theoretical result in Remark 7.

Next, we investigate the temporal convergence and spatial convergence of the nu-
merical scheme (12) for different values of a and scale functions z(t). Here, we use the
uniform mesh of t and compute ||eN||. The results are presented in Tables 5 and 6. We
observe that the experimental temporal/spatial convergence orders are consistent with the
theoretical result.

Table 4. (Example 2) Temporal convergence order when o = 0.5,/ = ﬁ.

) N Uniform Mesh Graded Mesh Uniform, Mesh
z(t
[leNfoo lleN]] lleNle lleN]| lleN oo fleN]]
t 40 7.02x107* . 493 x107* - 3.13 x 1073 . 220 x 1073 - - - . -
80 253 x107%* 147 178 x107* 147 118 x10% 141 826x10°* 141 - - - -
160 894 x1075 150 628x107° 150 427 x107* 146 3.00x10°* 146 - - - -
320 3.06x107° 155 215x107° 155 149x107*% 152 1.04x107% 152 - - - -
95 40  1.15x1073 - 8.05 x 1074 - 1.25 x 1072 - 8.80 x 1073 - 292 x 1073 - 2.05 x 1073 -
80 412x107* 148 289 x107* 148 491 x10° 135 345x10° 135 1.07 x107% 144 755x107% 144
160 146 x107* 150 1.02x107* 150 1.83x107% 142 129x103 142 386x10~* 148 271x10~* 148
320 497 x107° 155 349 x107° 155 647 x107% 150 455x107% 150 1.33x107* 153 936x107° 153
2 40 256 x107* - 1.80 x 107* - 448 x107* - 315x10°* - 1.03 x 104 - 7.22 x 1075 -
80 926x107° 147 650x107° 147 1.64x107* 145 115x107* 145 364x1075 150 255x107° 1.50
160 328 x107° 150 231x107° 150 586x107° 148 412x10° 148 127 x107° 151 894x10°° 151
320 1.12x107° 155 790x107° 155 202x107° 154 142x107° 154 432x10°° 156 3.04x10° 156
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Table 5. (Example 2) Temporal convergence order for various « when 1 = ﬁ.

z(t) N « =02 x =05 « =028

105 10 87309 x10~* - 59471 x 1073 - 2539 x 1072 -
20 27332 x107* 1.68 2.2093 x 1073 143 1.1397 x 1072 1.16
40 8.3985 x 1075 1.70 8.0538 x 107* 1.46 5.0256 x 1073 1.18
80 2.5426 x107° 1.72 2.8938 x 107% 1.48 21831 x 1073 1.20

2 10 2.0452 x10~% - 1.3063 x 1073 - 5.1492 x 1073 -
20 65603 x107° 1.64 49048 x 107 141 2.3170 x 1073 1.15
40 2.0515 x 1075 1.68 1.8006 x 10~* 1.45 1.0227 x 1073 1.18
80 6.2940 x107® 1.70 65018 x 107> 1.47  4.4443 x107* 1.20

Table 6. (Example 2) Spatial convergence order for various « when N = 2000.

z(t) h a =02 a=0.5 «=08
{05 & 13899 x 1072 - 1.3094 x 1072 - 1.1890 x 1072 -
A 34684 x 1073 200 32680 x1073 2.00 29682 x 107> 2.00
4 8.6645x107% 200 81642 x107% 200  7.4155x107* 2.00
5 21633 x107% 200 20384 x107* 200  1.8515x107% 2.00
t2 & 14330 x1072 - 14555 x 1072 - 14952 1072 -
a5 35756 x1073 200 36316 x1073 200 37304 x 1073 2.00
& 89322x107% 200  9.0719 x107* 200 93187 x107* 2.00
& 22301 x107% 200 22650 x10* 2.00  2.3266 x 107* 2.00

5. Conclusions

In this paper, we derive a numerical scheme based on a general temporal mesh for
the generalized time-fractional diffusion problem. The main idea involves the generalized
linear interpolation. The stability and convergence of the proposed numerical scheme is
established rigorously using energy method. More importantly, it is shown that the global
convergence order is O(TZZ,;;X + h?) that extends the previous work [9]. For future work,
we plan to investigate (i) the validity of the proposed scheme for nonsmooth data; (ii) high
order methods based on general temporal mesh and spatial mesh for generalized fractional
problems with smooth as well as nonsmooth data. We believe this will make the numerical
scheme more applicable in reality.
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Abstract: In this paper, the numerical solutions of the backward and forward non-homogeneous
wave problems are derived to address the nonlocal boundary conditions. When boundary conditions
are not set on the boundaries, numerical instability occurs, and the solution may have a significant
boundary error. For this reason, it is challenging to solve such nonlinear problems by conventional
numerical methods. First, we derive a nonlocal boundary shape function (NLBSF) from incorporating
the Pascal triangle as free functions; hence, the new, two-parameter Pascal bases are created to
automatically satisfy the specified conditions for the solution. To satisfy the wave equation in
the domain by the collocation method, the solution of the forward nonlocal wave problem can be
quickly obtained with high precision. For the backward nonlocal wave problem, we construct the
corresponding NLBSF and Pascal bases, which exactly implement two final time conditions, a left-
boundary condition and a nonlocal boundary condition; in addition, the numerical method for the
backward nonlocal wave problem under two-side, nonlocal boundary conditions is also developed.
Nine numerical examples, including forward and backward problems, are tested, demonstrating that
this scheme is more effective and stable. Even for boundary conditions with a large noise at final time,
the solution recovered in the entire domain for the backward nonlocal wave problem is accurate and
stable. The accuracy and efficiency of the method are validated by comparing the estimation results
with the existing literature.

Keywords: backward nonlocal wave equation; Pascal bases automatically satisfying specified
conditions; integral boundary condition; nonlocal boundary shape function

MSC: 35L70

1. Introduction

Integral-type, nonlocal boundary conditions (BCs) are an interesting area of a fast-
developing differential equations theory. These problems arise in various fields of physics,
mechanics, biology, biotechnology, etc. Nonlocal BCs may come up when the value of the
solution on the boundary is connected with the values inside the domain. Theoretical and
numerical investigation of this kind of problem is actually valuable, and much attention
is given to it in the scientific literature [1-6]. Different, nonlocal BCs are also discussed in
partial differential equations (PDEs), for example, Dehghan [7] proposed the numerical
solution of several finite difference methods for the one-dimensional, non-classic boundary
value problem. Saadatmandi and Dehghan [8] developed a numerical technique based
on the shifted Legendre tau technique to demonstrate its validity and applicability for
the hyperbolic partial differential equation with an integral condition. Dehghan and
Saadatmandi [9] used the variational iteration method for solving the one-dimensional
wave equation with classical and integral boundary conditions; this method changed the
wave equation with nonlocal BCs into a direct problem. For forward problems, some

Mathematics 2022, 10, 3112. https:/ /doi.org/10.3390/math10173112
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solutions using theory and numerical methods for the nonlocal problems of the 1D wave
equation were studied in [10-12].

As pointed out by Ames and Straughan [13], the backward wave problem has pivotal
applications in optimal control theory and geophysics. The backward wave problem is an
ill-posed problem, which has been studied in [14-20]. Especially when we consider the
backward wave problem under nonlocal boundary conditions, the resulting problem is
highly ill-posed, and the numerical method must be designed specifically to overcome
the ill-posed property of the backward problem. The idea of a nonlocal boundary shape
function (NLBSF) was first developed in [21] to solve the nonlocal, parabolic-type PDE, but
has not yet been applied to hyperbolic-type PDE in the literature. We employ the NLBSF to
resolve the nonlocal wave problem.

In this paper, we subject the wave equation to an unconventional right-boundary
condition which includes an integral term over the spatial domain. In this situation, we
encounter a nonlocal wave problem, the solution to which might suffer a large boundary
error, since the BC is not given on a boundary. For this reason, it is hard to use the
conventional numerical method to tackle this sort of problem. It is important in the field of
numerical simulations of nonlocal wave problems to reduce the boundary error so that the
error in the entire domain can be reduced. To guarantee the fulfilment of the nonlocal BC,
a novel method with the Pascal bases automatically satisfying the specified conditions is
pursued in the paper.

Sequentially, the forward wave problem of a one-dimensional wave equation under a
nonlocal BC on the right-end is described in Section 2, wherein we construct the so-called
NLBSF with the help of the nonlocal shape functions derived. The NLBSF satisfies all the
conditions specified for the forward nonlocal wave problem with a free function involved.
In Section 3, we develop a numerical method with two-parameter Pascal bases to solve the
forward nonlocal wave problem. The bases satisfying all conditions are obtained by taking
the Pascal polynomials for the free function. Four testing examples of the forward nonlocal
wave problem are presented in Section 4, the high accuracy of which can be appreciated. In
Section 5, we develop a numerical method with two-parameter Pascal bases relying on the
Pascal polynomials to solve the backward nonlocal wave problem. The bases satisfying
all the conditions are specified for the backward nonlocal wave problem. Three testing
examples with a large noise being imposed on the final time data of the backward nonlocal
wave problem are exhibited in Section 6, the robustness and high accuracy of which can be
observed. In Section 7, the method of NLBSF is extended to solve the backward nonlocal
wave problem under two-side nonlocal BCs. The conclusions are drawn in Section 8.

2. A Nonlocal Wave Problem

The one-dimensional wave equation is equipped with a nonlocal condition:
(3, 1) — (3, 8) = F(x, 1), (x,1) € Q = {(x,t)‘o <x<l0<t<t } 1)
u(x,0) = f(x), ur(x,0) = g(x), 2

1
u(©.0) =p(t), [ ulxdx=q(), ©

where f(x) and g(x) are initial conditions, F(x, t) is the given function, ¢(t) and p(t) are
boundary conditions and the last condition is different from the conventional boundary
condition on the right end. The data f(x), g(x), 4(t) and p(t) must satisfy

1 1 .
|| £x =q00), [ s(x)ax = 400), @

£(0) = p(0), g(0) = p(0), ®)

which are compatibility conditions derived from Equation (3) with t = 0 and Equation (2).
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We first derive two main results to satisfy the specified conditions (2) and (3) and then
use them to solve Equation (1) to Equation (3).

Theorem 1. The function
E%(x,t) = w(x, t) — s1(x)[w(0, ) — p(t)] — s2(x) [/OZ w(x, H)dx —q(t)|, (6)

Y w(x, t) € CH(Q) satisfies the conditions in Equation (3), where the nonlocal shape functions

2 2
a0 =1-T, & =1-F )
are derived from
1 1
51(0) =1, /0 s1(x)dx =0, s,(0) =0, /0 sp(x)dx = 1. 8)

Proof. Inserting x = 0 into Equation (6) and taking Equation (8) into account generates

EO0,1) = w(0,t) — 51(0)[w(0, ) — p(t)] — (0 [fo w(x, t)dx — q(t )] ©)
=w(0,t) — [w(0,t) — p(t)] = P(t)-

Then, we prove

/Ol E%(x, f)dx = g(t), (10)

by inserting Equation (6) for E%(x, t),

[01 EO(x, t)dx = fol w(x, t)dx — fol s1(x)dx[w(0, ) — p(#)]

1)
- fo s2(x)dx [fo Bydx —q(t )]
which, taking Equation (8) into account, yields
1 ! 1
/0 E%(x, t)dx = (/0 w(x, t)dx — {/0 w(x, t)dx — q(t)} =q(t). (12)

Hence, this theorem is proved. [

Notice that the nonlocal shape functions s1(x) and s;(x) were used by Dehghan
and Saadatmandi [9] to transform Equation (1) to Equation (3) into a problem with a
homogeneous boundary condition and a nonlocal condition for a new variable. Here, we

give a different approach.
For E%(x,t), we have the following compatibility conditions:

I 8] 'l 1
/0 E%(x,0)dx = ./0 f(x)dx, ./0 EY(x,0)dx = ‘/0 g(x)dx. (13)

It follows from Equation (12) that
/ E%(x,0)dx = 4(0), / E9(x,0)dx = 4(0). (14)

Upon comparing them with Equations (4) and (13), they are verified. It follows from
Equations (9) and (5) that

E?(0,0) = p(0) = £(0), E{(0,0) = p(0) = g(0). (15)
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Now, we prove that there exists a function E(x, t) which satisfies the specified condi-
tions (2) and (3).

Theorem 2. The function
E(xt) = E(x,t) = (1= ) [E(x,0) - f(x)] = t[E}(x,0) — g(x)] (16)
satisfies the conditions (2) and (3).

Proof. We first prove
E(x,0) = f(x), Ex(x,0) = g(x). 17)
Inserting t = 0 into Equation (16), we have
E(x,0) = E%(x,0) — [Eo(x,()) —f(x)] = f(x). (18)

Differentiating Equation (16) to t and inserting ¢ = 0, one has

Ei(x,0) = {EP(x, ) +2t[E%(x,0) — f(x)] — [ED(x,0) — g(x)] }|, g

— E9(x,0) — [E)(x,0) — g(x)] = g(x). a

Then, we prove
1
E(0,1) = p(t), /0 E(x, t)dx = q(¢). 0)

Inserting x = 0 into Equation (16) and using Equation (9) and the compatibility
conditions E°(0,0) = £(0) and E?(0,0) = ¢(0) in Equation (15) yields

E(0,t) = E°(0,1) — (1 - t2) [EO(O,O) ff(o)] ft{E?(0,0) fg(O)] = E%0,1) = p(t). 1)
It follows from Equation (16) that

JUE(x, t)dx = [3 E%(x, t)dx — (1 — £2) [1[E9(x,0) — f(x)]dx

D @2)
—t fo [ED(x,0) — g(x)]dx,
which, with the aid of Equations (12) and (13), becomes
1 1
/ E(x, )dx =/ E%(x, t)dx = q(b). 23)
0 0
Consequently, this theorem is proved. [J
3. Numerical Method for Forward Nonlocal Wave Problem
Let o
wii(x, t) =x"T, i=1,.., j=1,..,i, (24)

be the Pascal triangle in terms of x and # [22]. We can reconstruct wjj(x, t) to be the Pascal
bases for u(x, t) in Equation (1) to Equation (3) based on Theorem 2.
Theorem 3. For the Pascal polynomial w;j(x, t) and

Ji—j+1

j=1 _
e L (O] RCS)

E?j(x,t) = wjj(x, t) — s1(x) [w;;(0, ) — p(t)] — s2(x)
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the two-parameter functions
Ej(x, 1) = Ef(x,t) — (1= ) [E}(x,0) = f(0)] —t[E}, (x,0) —g(x)]  0)

are Pascal bases to match Equations (2) and (3).

Proof. In Theorem 2, E(x, t) replaced by E;;(x,t) and E%(x, t) by E%(x, t), inserting wjj(x, t)

for w(x, t) into Equation (6) and integrating fol x'=1~1dx out, this theorem is proved. [

The two-parameter functions E;;(x,t) in Equation (26) are called the Pascal bases,
which are used to solve the forward nonlocal wave Equation (1) to Equation (3) by

moj
Z Z a]ks]kE]k X, )/ (27)

j=

-

>
Il
—_

where aj; are subjected to
moj
Z Yoap=1, (28)

such that u(x, t) fulfills Equations (2) and (3).
Inserting Equation (27) into Equation (1) and including Equation (28), we determine

aj by

-

M=

AjkSik [Ejk,tt(xi/yj) - Ejk,xx(xiryj)] = F(x;,tj), (29)
Th=1

]

where 17 and n; are the grid numbers in the spatial and time direction x; = i(l/n; + 1),

ti=j (t 7/ nz) and N = n; x np. Consequently, the N + 1 linear Equations (28) and (29) are
written as a matrix-vector form:

Aa =D, (30)

where A is the coefficient matrix, b is given source term and a is the vector form of aj. Let
sk be the kth component of the vectorization of sj; which has multiple scales given in [23] by

Ry

) 31
Tac G

Sk =

where a; denotes the kth column of A, and R is a characteristic length which can increase
numerical stability and accuracy. Solving the linear system (30), we can obtain aj; and then
u(x,y) is calculated from Equation (27).

4. Examples for Forward Nonlocal Wave Problem
Example 1. Consider the exact solution as follows:
u(x, t) = 2% + 2t — 3x%t — x* 4 sin(2rt). 32)

The data F(x,t), f(x), g(x), q(t) and p(t) can be obtained

F(x,t) = up(x, t) — uxx(x,t) = 12x2 — 2 4 6t — 47? sin(27t), (33)
flx) =22 —x, g(x) =2+2m—3x?, 34)
p(t) = 2t +sin(27t), q(t) =5 — £ + (21 — B)t + Isin(27t).
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We takel =1, tr = 1,m =5,Ryp =0.1and N = 5 x 5. Figure 1 shows an absolute
maximum error (ME) of u(x, t) with respect to t. When the convergence criteria e = 10717,
the total iteration number of the conjugate gradient method (CGM) is 10. Figure 2 displays
ME(u) with respect to x at ty = 1. We can observe that the solution is very accurate with
ME = 1.45 x 10~ !3. In paper [24], by using the boundary consistent method for the usual
wave equation with the Dirichlet boundary conditions, ME = 2.01 x 10~® and is much
larger than 1.45 x 1013, The current solution is much more accurate than that in [24].

102

101

of u(x,f)
3
.

Maximum errors

|

0.6 0.8 1

°
e
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Figure 1. For Example 1: ME(u) versus f.
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Figure 2. For Example 1: ME(u) versus x at ¢ = 1.

Example 2. Inn order to further display the accuracy of the presented method we consider the exact
solution as follows:
u(x, t) = exp(x +sint). (35)

Then, F(x,t), f(x), g(x), q(t) and p(t) can be expressed as follows:
F(x, t) = up(x, t) — uxx(x, 1) = (cos2 t—sint — 1) exp(x + sint). (36)

flx) =g(x) =¢, @)

p(t) = exp(sint), q(t) = (el — l) exp(sint).
We take ] =1, ty = 1, m =14, Ry = 0.1 and N = 12 x 12. When the convergence
criteria ¢ = 1077, the total iteration number of the CGM is 7200, and ME = 2.93 x 10~8.

Further, when the iteration number is stopped at the 2000 step, the MEs of u(x,t) are
plotted versus t in Figure 3. The ME(u) with respect to x at t; = 1 is shown in Figure 4.

Obviously, the solution is quite accurate with ME = 4.54 x 10~8. When considering the
same setting as above and / = 8, in Figure 5, the solid line displays ME(u) with respect to x,
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where ME = 4.56 x 10!, and max u(x, t) is 5689.34. Therefore, the solution of this method

is acceptable.

Maximum errors

of u(x,t)

107 —

Figure 3. For Example 2: ME(u) versus f in the time interval.

Maximum errors

of ux,1)

107

a
E]

a
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e
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x

0.6 0.8 1

Figure 4. For Example 2 with I = 1: ME(u) versus xat fy = 1.

Maximum errors

of u(x,1)

100

f/,w/

|

E

Figure 5. For Example 2 with 1 = 8: ME(u) versus xat fy = 1.

Example 3 . This example is for the linear Klein-Gordon equation:

(X, 1) — uyy(x, ) + 3u(x,t) =0,

We set the exact solution as follows:

Then, f(x), g(x), q(t) and p(t) can be expressed as follows:

93

u(x, t) = sin(x — 2f).

(38)
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f(x) =sinx, g(x) = —2cosx, (40)
p(t) = —sin2t, q(t) = cos2t — cos(l — 2t).

We take | =1, ty= 1,m =11, Rg = 0.1 and N = 20 x 20. When convergence criteria
e = 10710, the total iteration number (TIN) of the CGM is 1221, and ME = 7.27 x 108,
Further, when the iteration number is at the 1000 step, the MEs of u(x, t) are plotted
versus t and x, as shown in Figures 6 and 7. Obviously, the solution is quite accurate with
ME = 5.06 x 10~8. For the different convergence criteria, the convergence results are shown
in Table 1. Hence, this method can quickly obtain solutions without using higher-order
polynomials or strict convergence conditions.

107

Maximum errors
of u(x,f)
&

Figure 6. For Example 3: ME(u) versus f in the time interval.

4x10

3x10%

Maximum errors
of u(x,1)

2x10°|

1x10°_|

Figure 7. For Example 3: ME(u) versus x at =1

Table 1. The iteration number and ME under the different convergence criteria.

€ TIN ME
10-8 328 1.28 x 107
10~10 1221 7.27 x 1078
1012 9959 733 x 1078

Example 4. This example is given in [8];
u(x,t) = cos(mx) sin(7ct) (41)

is the exact solution.
f(x) =0, g(x)=mcos(mx),

p(t) = sin(7tt), q(t) = 0. (42)
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Instead of the Pascal polynomials, for this example, we take

We take | = 1, tr

wjj(x,t) = cos(imx) sin(jmt), 1 <i,j<m.

=05 m=5,Ry =1and N = 5 x 5. In this case, we use the

Gaussian elimination to solve the linear system. Figure 8 displays the MEs of u(x, t) versus
t, which are highly accurate with ME = 7.77 x 1071 and are much more accurate than [8].
Figure 9 displays ME(u) with respect to x at ty = 0.5.

10

of u(x,f)

Maximum errors

Figure 8. For Example 4: ME(u) versus t in the time interval.
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of u(x, 0.5)
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Figure 9. For Example 4: ME(u) versus x at t; = 0.5.

5. Numerical Method for Backward Nonlocal Wave Problem

We consider the backward nonlocal wave problem and replace Equation (2) by the
final time conditions:

u(x, tf) = h(x), u (x, tf> =r(x). (43)
The data h(x), r(x), g(t) and p(t) satisfy
1 1
./0 h(x)dx = q(tf>, /0 r(x)dx = q(tf>, (44)
ho) = p(ts), 7(0) = p(ts), (45)
which are available from Equation (3) with ¢ = ¢; and using Equation (43).
For the backward nonlocal wave problem, Theorem 2 is modified as follows.
Theorem 4. The following NLBSF:
2
E(x,t) = E%(x,t) — [1 + (t - tf) } [EU (x, tf) - h(x)} - (t - tf) [59 (x, tf) - r(x)] (46)

satisfies the conditions (43) and (3), where E°(x, t) is still given by Equation (6).
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Proof. Inserting t = ¢ into Equation (46), we have

E(x, tf> =E° (x, tf) - [EO (x, tf> - h(x)} = h(x). (47)
Differentiating Equation (46) to t and inserting ¢ = ¢, one has
E(xty) = {ENe ) —2(t— 1) [E (xty) —(0)] — [E9 (x. 1) — ()] Ht::f )
=F) (x, tf) - [E? (x, tf> — r(x)] = r(x).

Next, we prove the compatibility conditions for Eo(x, £):

/0] EO (x, tf>dx = /Ol h(x)dx, /0] EY (x, tf) dx = /Ol r(x)dx, (49)

It follows from Equation (12) that

[e(ot)ac=a(y), [ E0(ut)ax=a(t). (50)

Upon comparing them to Equation (44), we can derive Equation (49). Similarly, it
follows from Equations (9) and (45) that

E(0,t7) = p(ty) =h(0), EP(0,tf) = p(tr) = r(0). (51)
Finally, we prove that E(x, f) satisfies
1
E(0,1) = p(t), /O E(x, t)dx = 4(t). (2)

Inserting x = 0 into Equation (46) and using Equation (9) and the compatibility
conditions E° (O, tf) =1(0) and EY (0, tf> = r(0) in Equation (51), one has

E0.0 =00 = [1+(t=17)°| [P (0.7) 0] = (1=17)[E(01) =r0)] (g5,
=E%0,t) = p(t).

From Equation (46) it follows that

fol E(x,t)dx = fO] E9(x, t)dx — |1+ (t - tf>2} fol [EO (x, tf> - h(x)} dx

. (54)
- (t - tf> Jo|E? (x, tf) - r(x)]dx,
which, with the aid of Equations (12) and (49), becomes
1 1
/O E(x, )dx =/0 E%(x, t)dx = q(b). (55)

The proof is ended. [

Replacing E(x,t) and E(x,t) in Theorem 4 by E;;(x,t) and E%(x,t), respectively,
Theorem 3 is still applicable for the backward nonlocal wave problem but with

96



Mathematics 2022, 10, 3112

Byt 1) = B0 = [1+ (1= )| [E5 (nt7) =] = (1= 17) [E} (1) 0], 56

which automatically satisfies the conditions (43) and (3),
To solve the backward nonlocal wave problem in Equations (1), (43) and (3), we take

mo
u(x,t) = Z Y ciksikEx(xt), (57)

where
moJ
Z Yocr=1 (58)
Other procedures are similar to that in Section 3.

6. Numerical Examples for Backward Nonlocal Wave Problem
To test the backward nonlocal wave problem, we add a noise s on

h(x) = h(x) +sR, ?(x) =r(x)+5sR, (59)
where R is a random number. We fix s = 0.1 for all testing examples given below.
Example 5. For Example 1, we consider the final time conditions:

h(x) = 2%+ (2 — 3x2) tr— x* sin(Zntf), r(x) =2 —3x% + 27 cos <27th>. (60)

If no noise is added, i.e, s = Ounder/ =1, tf =1, m = 5, Ry = 0.1, TIN = 500 and
N =10 x 10, u(x, t) is very accurate with ME = 9.14 x 10713, which is slightly worse than
1.45 x 10~13 for the forward wave problem, as presented in Example 1.

Under! =1, tr = 1, m =5, Ry = 0.1, TIN = 500 and N = 5 x 5, the solution is
obtained very quickly. In Figure 10, the dashed line shows the ME of u(x, t) with respect
to x, of which ME = 3.04 x 10~3, where max u(x, t) is 1.9988. Then, we take tr= 10 and
N = 20 x 20, and other parameters remain the same. In Figure 10, the solid line displays
ME(u) with respect to x, where ME = 4.81 x 1073, and max u(x, t) is 19.98. Hence, the
method can obtain a stable and accurate solution with O (10_3 ) even for the final time with
noise disturbance.

102

102

Maximum errors
of u(xf)
L1l H‘

104

1o " T " T " 1 ' T T 1

Figure 10. For Example 5 of the backward nonlocal wave problem: ME(u) versus x with different
final times.
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Example 6. Then, we consider
h(x) = exp(x +sints), r(x) = costsexp(x +sinty). (61)

Other data are given in Example 2.

We take | = 2, tp=3m=12, Ro = 0.1, TIN = 2000 and N = 15 x 15. In Figure 11, the
MEs of u(x, t) are plotted versus x. Although under a large noise with s = 0.1, the solution
is with ME = 3.29 x 1072, where max u(x, t) is 19.13.

107

=3

Maximum errors

100 . T : T : I . : . |
o 0.4 0.8 1.2 1.6 2
X

Figure 11. For Example 6 of the backward nonlocal wave problem: ME(u) versus x in the spatial interval.

Example 7. According to Example 3, we consider the backward nonlocal wave problem for the
linear Klein—Gordon equation with the final time data:

h(x) = sin(x — 2tf), r(x) = —2cos (x — 2tf>. (62)

Under! =1, tr= 2,m =15, Ry = 0.1, TIN = 2000 and N = 15 x 15, in Figure 12, the
solid line displays the ME of u(x, t) with respect to x, of which ME = 4.03 x 103, and max
u(x,t) is 1. Then, we take t r= 4 and N = 25 x 25, and other parameters remain the same.
In Figure 12, the dashed line shows ME(u) with respect to x, where ME = 2.73 x 1073,

10

Maximum errors

101 T T T T T T T T T ]

Figure 12. For Example 7 of the backward nonlocal wave problem of the Klein-Gordon equation:
ME(u) versus x with different final times.

When we extend the domainto! = 3and t = 4, ME increases to 8.52 x 10~ 2. However,
we can take Ry = 0.001 and N = 30 x 30 and reduce ME to 6.16 x 10~2. Therefore, it can
be seen that increasing the grid number N and decreasing the characteristic length R( can
increase the numerical accuracy.
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7. Complex Two-Side Nonlocal BCs

The method presented in Section 5 is easily tailored to account for the backward
nonlocal wave problem under complex two-side, nonlocal BCs:

up(x,t) — uxx(x,£) = F(x,t), (x,) € Q, (63)
u(x, tf) = h(x), ut<x, tf) = r(x), (64)
a11(0, £) + aitx (0, £) + /0 ' as (), Hdx = plt), (65)
bru(l, £) + bouz (L, ) + /0 b (), By — q(b). (66)

The key function E°(x, ) in Theorem 1 is modified to

EO(x, t) = w(x, t) — 51(x) [mw(O, F) + 2wy (0, £) + [y as(x)w(x, )dx — p(t)]

, ©7)
—5,(x) [blw(l, £) + by (1, £) + [ bs(x)w(x, )dx — q(t)],
where the nonlocal shape functions are derived from
a151(0) + a5 (0) + fol az(x)s1(x)dx =1, ©8)
bys1(1) + basi (1) + fol b3(x)s1(x)dx =0,
a152(0) + az55(0) + fol a3(x)sa(x)dx =0, ©9)

bysy (1) + bash(1) + fol by(x)sa(x)dx =1

Inserting Equation (67) and w(x, t) = x' /=1 into Equation (46), we can generate the
Pascal bases

Eij(x,t) = E%(x,t) — [1 + (t - tf)Z] [50 (x, tf> - h(x)] - (t - tf) [E? (x, tf> - r(x)}, (70)

E%(x,t) = x' I — 51 () [a1xi’ftf*1 }x:o + ap(i —j)xi*/’ltf’1|x:0}
—s1(%) [fol a(x)x"JH " dx — P(t)] (71)
—sp(x) [blxi*ftf*1|x:, + by(i — )XW+ fol by (x)x I~ 1dx — q(t)].

Example 8. As an extension of Example 7, we consider the backward nonlocal wave problem for the
linear Klein—-Gordon equation with the final time data and two-side nonlocal BCs:

h(x) = sin(x - 2tf), #(x) = —2cos (x - 2tf), 72)

! 1
u(0,t) 4+ 1y (0, 1) +/O u(x, t)dx = p(t), u(l,t) —1—/0 xu(x, t)dx = q(t), (73)

where
p(t) = (2 —cosl)cos(2t) — (1 +sinl) sin(2t), (74)

q(t) = sin(l — 2t) + (sinl — I cos!) cos(2t) + (1 — cos! — I'sin!) sin(2t). (75)

For this problem, we can derive

121 +41% — (12 +612)x
44413 +121 - 12

52(x) = 12(14+1)x — 12 + 612
PR T TR B T 12

s1(x) = (76)
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Under | = 4,tf =1, m = 20,Ryp = 1, TIN = 2000 andN = 30 x 30, in Figure 13, the
solid line displays ME(u) with respect to x, of which ME = 2.36 x 1073, If ty = 2, we obtain
ME = 7.02 x 1073, the results of which are shown in Figure 13 by a dashed line. As the figure
shows, this method still yields a stable solution even if the computation time increases.

Maximum errors

Figure 13. For Example 8 of the backward nonlocal wave problem of the Klein-Gordon equation
under two-side nonlocal BCs: ME(u) versus x with different final times.

Example 9 . Let
up (%, 1) — e (x, 1) = Bu(x,t) =0, (x,t) €Q, (77)

h(x) = exp (x - 2tf>, r(x) = —2exp (x - th>, (78)

u(0,t) — ux(0,1) + /(;l xu(x, t)dx = p(t), ux(l,t)+ /(;l u(x, t)dx = q(t), (79)

where
p(t) = e (lel —d+ 1), gty =e 2 (Zel — 1), (80)

and u(x, t) = exp(x — 2t) is the exact solution.
For this problem, we can derive

12 + 617 — 121x 12—412+ (12 +6])x

9= mrer_m 20T i wmrer @1

Under | = 3, m =10, Rg = 1, TIN = 2000 and N = 20 x 20, in Figure 14, the solid line
displays ME(u) with respect to x for ty = 0.5, of which ME = 3.92 x 1073, and the dashed line
displays ME(u) with respect to x for ty =1, of which ME = 4.94 x 102. Notice max(u) = 17.76.
When considering m = 20,1 = 5 and tr = 1, ME(u) with respect to x is shown in Figure 15, where
ME = 3.292 x 10!, and max u(x, t) is 124.97. The result shows that the solution of this method
is acceptable. Hence, we successfully apply the NLBSF to resolve the wave problem with two-side
nonlocal BCs, especially for the backward problem in time.

Ll

|
|
|
|
|

3
il

Maximum errors
of ux,t)
Ll

10 T T T I T 1

Figure 14. For Example 9 of the backward nonlocal wave problem under two-side nonlocal BCs:
ME(u) versus x with different final times.
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Figure 15. For Example 9 of the backward nonlocal wave problem under two-side nonlocal BCs:
ME(u) versus x in the spatial interval.

8. Conclusions

In this paper, the numerical solutions of the backward and forward non-homogeneous
wave problems with nonlocal boundary conditions were developed. When boundary
conditions are not set on the boundaries, the solution may have a large boundary error.
For this reason, it is difficult to solve such nonlinear problems by conventional numerical
methods, especially when addressing the backward nonlocal wave problem. To reduce
the boundary error and increase numerical accuracy by the NLBSF method, we let the
free function be the Pascal triangle and then the solution was a weighted superposition
of the complete Pascal bases. These basis functions automatically satisfy a left-boundary
condition, a nonlocal right-boundary condition and two initial conditions for the forward
nonlocal wave problem or two final time conditions for the backward nonlocal wave
problem. We gave four examples for the forward nonlocal wave problem to support that the
nonlocal wave equation can be solved quickly and accurately. For the backward nonlocal
wave problem with one-side or two-side nonlocal boundary conditions, we recovered
accurate solutions in the entire domain; even a large time span and large noise were taken
into account. From the nine examples, the results demonstrate that the presented method is
more effective and stable than conventional numerical schemes. Hence, it can be concluded
that the proposed method for the forward or backward problems in time is accurate, stable,
effective and robust for addressing boundary conditions with noise level effects.
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1. Introduction

Differential equations with small or large parameters can be used to describe a variety
of applied practical problems, including the theory of boundary layers. For example,
the shock waves occurring in gas motions, edge effects when elastic plates deform, etc.
These mathematical problems are very difficult (or even impossible) to solve exactly, so
approximate solutions are necessary. It is possible to obtain an approximation of the
solution through perturbation methods. Basically, these methods aim to solve a simpler
problem (as a first approximation) and systematically improve the approximate solution.

When using finite difference or finite element methods on equally spaced grids and
allowing the perturbation parameter tend to zero, boundary layers produce inaccurate
numerical solutions. The most popular method for overcoming this difficulty is to construct
uniformly valid numerical methods on layers adapted to the mesh. There are several
uniformly valid methods available in the literature, for instance, to cite a few (see Refs. [1,2]
and the references therein). As pointed out in Ref. [3], the direct discretization of the
singularly perturbed 2D parabolic differential equations leads to a pentadiagonal linear
system of equations. This problem is exceedingly complex to solve computationally. We
use the fractional step method in order to reduce the computation cost. At each time level,
the fractional step method leads to the tridiagonal system of algebraic equations. Several
types of research have been conducted recently on the fractional step method, such as
Refs. [4-6] and the references therein.

Singularly perturbed delay differential equations (SPDDEs) are a class of perturbation
problems with at least one delay or deviating argument. This type of problem occurs
frequently in the modelling of various types of physical and biological problems. For
example, the neuronal variability and its theoretical analysis have been modelled as delay
parabolic equations [7,8]. Asymptotic analyses for 1D stationery SPDDEs have been well
studied by Lange and Miura [9]. Several numerical methods for SPDDEs of 1D stationery
problems have been reported in the literature, such as Refs. [10-13] and the reference
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therein. The numerical method for 1D parabolic equations was initiated by Ref. [14] and
it gained the interest of many researchers. Das and Natesan [15] presented computing
techniques for solving 2D time SPDDEs. Ref. [16] presented some applications and
existence results for partial delay differential equations. The modelling of option pricing,
to generalize the celebrated Black-Scholes equation with suitable weight, led to the 2D
parabolic differential equations with space shift [17]. We consider discontinuous convection
and source terms in 2D parabolic SPDDE:s in this article, as mentioned in the abstract. This
problem exhibits interior layers at x = d, and y = d,, and, due to the presents of the shift
in space, the boundary layers occurs at x = 1 and y = 1. The existence results pertaining
to the parabolic equation with discontinuous coefficients are addressed in Ref. [18]. The
method presented in this article is a combination of the layers adopted technique and linear
interpolations. The interpolation term takes care of the delay arguments. The proposed
method is validated theoretically and numerically to be uniformly convergent in both space
and time by considering some numerical examples.

The constant C is generic positive, that is, it is independent of the perturbation pa-
rameter as well as the discretization parameters N and M throughout the paper. For
convenience, it is assumed that the number of mesh points in the spatial domains (), and
Qy are same, that is, N and the index set Zy, = {1,2,3,--+, Ny} for any positive integer
Np. It is conventional to assume for the convection coefficient problem that e < CN~! for
practical purposes. Further, to measure the error bounds and derivative bounds, we use
the following norm ||¢||p = sup,p, [[P(X) |, x = (x, ).

The article is organized as follows: the problem is considered in Section 2. The
fractional implicit Euler method for time derivative and locally 1D problems are presented
in Section 3. In the same section, the stability results and derivative estimates of the locally
one-dimensional problems are presented. Section 4 presents the numerical method for the
considered problem. The discretizations incurred by the errors are estimated in Section 5.
Numerical validations through some test example problems are done in Section 6. Finally,
in Section 7, some concluding remarks are made.

2. Statement of Continuous Problem

Motivated by the works of Refs. [7,17], we consider the following two-dimensional
singularly perturbed parabolic differential equations: We find u such that

Lu=u; —eAu+ Vu-p(x) +q(x)u(x—d, t) = g(x,t), (x,t) € D* x (0, T], 1)
u(x,0) = up(x), x €D, 3]
u(x,t) =0, ond® x [0,T], 3)
u(x,t) =0, on [—dy,0] x [—=dy,1] x [0, T| U [=dy, 1] x [=dy,0] x [0,T], (4
where x = (x,y), d = (dv,dy), Q% = (0,1) = Q,, D = O xQ,, D" = O x Q;,
Qi =Q,uQf, Q; =(0,dy), Qf = (dy,1),v = x,y, the functions u,  are sufficiently
differentiable and bonded on ®, py, p2, g1, 2 are sufficiently differentiable and bounded
on their respective domains ©*,©* x [0, T]. In addition, we assume that,
u(dy, y,t) = ux(dy, y ), uy(x,dy , t) = uy(x,dy 1),
px) = (pr(x), p2())", Vu = (ux,uy),
pi > pi(x) > pp >0, x€ Qp xQp, pi > —pi1(x) > p; >0, x€ Qf x Oy,
p3 2 p2(x) > py >0, x€ Oy xQy, py > —pa(x) > p; >0, x€ QO xQy,
Ip1(ds,y) — pi(dy, )| < oo, |p2(x,dy) — pa(x,dy )| < oo,
q(x) = q1(x) +q2(x), 0> q1,92 > B, g(x,t) = g1(x, 1) + g2 (x, 1).
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Let £y := —s% + p1(x)% +q1(x)Ig and &, := —s% + pz(x)% + g2(x)Iq be two
differential operators, Iqu(x, t) = u(x — d, t), then the differential operator £ defined in (1)
can be written as £ := % + & + £y

3. Time Domain Discretization and Stability Analysis
3.1. Discretization of Time Domain
The time domain [0, T|] is discretized uniformly with step length h; = T/M, where

M is a positive integer. Then we have the uniform mesh in the temporal direction ﬁﬁw =
{tk =k x ht}kM:O'

3.2. An Alternating Direction Implicit Method

Let us assume that #1°(x) = uy(x), x € D. Now, we discretize the IBVP (1)~(3) using
the fractional implicit Euler method and obtain the following semidiscrete scheme on the
time levelsn =0,1,--- ,M —1:

lety € O, then

D07 = 0" 4 gy (x Yo tei1), x € QO
(1Y), ®)

let x € Q)y, then

D0t = ants + g2 (Y, tut1), ¥ € QY
2" (x,0) =0 = 2" (x, 1), (6)
ayt(x,dy ) = ayt (x, dyf),

where 1" (x,y) is the exact solution of u at the time level t = t,, ©, := [ + £, and
Dy =1+ Ly

If the exact solution of the problem (1) is known at t = t,, then we have the following
semi-discrete scheme: let y € (), then

@xﬁ"*% =u(x,y, tn) + eg1(x,y, thi1), x € QF,
TEE0,y) =T (Ly) =0, 7)
W () = W ),

let x € Qy, then

Dy = T 4 luga (%, tug), Y € O,
@t (x,0) = 7" (x,1) =0, ®)
ﬁ;-#l (x/ d;) n+1( d+)

Solving the problem (1)—(4) is more computationally expensive than solving lower-
dimensional problems. As a result, we used the ADI scheme to divide the two-dimensional
problem into two sets of one-dimensional problems in order to decrease the computing
cost and to have an efficient numerical solution.

3.3. Stability Results and Derivative Estimates

This section presents the maximum principles for the above-mentioned locally one
dimensional problems. Further, with regard to the applications of the maximum principle,
we estimate the solution derivative bounds and local and global truncation errors in the
temporal direction.
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The test functions

x+1, x € [x,dy], y+1, y € [0,dy],
— _ d _ d, —
V=V B gt e MW TN BT ey e )
1-d, 1-4d,

are used in the following lemmas and sections.

Lemma 1. Let ¢ € CO(Q) N C%(QL%) be a function satisfying Y(x) > 0, x = 0,1, Dyyp(x) >
0, x € Qfand ¢’ (dx—) — ¢/ (dx+) > 0, then P(x) > 0, x € Q.

Proof. The proof is by construction and similar to Refs. [12,13]. It is shown that Dys(x) >
0, x # dyand §'(d; ) — §'(df) > 0. By using the argument given by Ref. [12], Theorem 3.1,
one can prove this lemma. [J

Similar to the above lemma and using the test function s(y), we can prove the
following lemma.

Lemma 2. Let p € C°(Qy) N C3(QYy) be a function satisfies Y(y) > 0, y = 0,1, Dyp(y) >
0, y € Oy and ¢/ (dy—) — ¢/ (dy+) > 0, then p(y) > 0, x € Qy.

One can prove that the solutions of (5) and (6) are stable and unique if they exist.
Further, they are bounded from Lemmas 1 and 2.

ou . _
35 < C,0<i<3.Then| ey ||< Ch? where u(ty) = u"(x,y) +en,
u(tn) = u(x,y, tu). In addition, sup, .1, |Enl|cc < C hy, where the global error Ey = u(t,) —

un

Lemma 3. Assume that

Proof. The proof is similar to that of Refs. [4,6]. For that, one can express
u(ty—1) = Dx[Dyut(tn) — hega(x,y, tn)] = hig1 (x,y, tu) + O(h})
u(tn-1) = Dx[Dyti(tn) — g2 (x,y,tn)] — heg1(x,y, tu),
DDy, = O(IF).

First by the application of Lemma 1 then by Lemma 2, we have len| < Ch%. To prove
the second part, consider
E,=e,+u" —1",
@y(ﬁn _ ﬁ”) _ ﬂ(nfl)wt% _ ﬁ(nfl)wt%, @X(ﬁ(nfl)Jﬁ% _ ﬁ(”*l)Jf%) =L, 1,
' — " =D, "D E, 4,

making use of the arguments given in Ref. [4], we have |E,| < Ch;, which concludes
the proof. [

From the above lemma, we can conclude that the semidiscretization process is uni-
formly convergent of order O(/;). In the rest of the sections it is assumed that, d, = 0.5 = dy.

Let the solution #"+Z be decomposed as amth = o3 4t for obtaining the
sharp bounds on the derivatives. Further, let the decomposition of the regular component
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1
be "1 = Y2 o ska+2, leading the desired bounds on the derivatives. The functions

1
UZ+7, k=0,1,2, w”"'% satisfy the following problems:

nts 3 ntp n *
[ +]’lt pl( )deO + 171( )IdUO =7 +h[g1(tn+1), X € Qx, (9)
1
0p 2 (x) = 472 (x), x € [—dy, 0], v0+2(l) = a"+3(1),
n+% h d n+% I n+% — ot h dz 11+ QF
o 24 I pr(x) oy 2 4 q(x)Igvg =] + 72\ % , x € Qf, 0)
1
o2 (x) = 0, x € [~dy, 0], o T2 (1) = 0,
2 (il
@,Cvg+2 :Uz+htd 2( g >, x e Qf,
1
0 (x) =0, x € [~dy, 0,0 2(1) =0, 11

+1 +1
Foy ) = oy ),
and the functions v"+2 and w"+2 satisfy the following boundary-value problems (BVPs):

vanJr% =" +htg1(tn+1), X € Q;,

0" (x) = 072 (x), x € [—dy, 0], 0"FE(1) = 2"t (1), (12)

1

ot )] = Eholol Al [ )] = Bt |k )]
and
D, = w", x € QF,
"H3(x) =0, x € [—dy, 0], w3 (1) =0, (13)
[ @) = = [+ 3 ()], [ i) = = [#£or ),

where the square bracket operation denotes the jump discontinuity [« ()] = a (1) —a({ 7).
It is assumed that v° = 7%, w® = 0.

Theorem 1. Let 4"+ 2 be the solution of the problem (5) and let k be a nonnegative integer, then
the regular and singular components satisfy the following bounds on the derivatives

dker—%

—x || < Cle ™2 41),0<k<3,

O*

T(x—d
exp(pl(xex))xe();, 0<k<3,

exp<p1(dz_x)>+sexp< L 1)> x e Qf.

Proof. We show that by integrating the differential Equations (9)—(11), and using the

A w3 (x)

Ik < Ce K
X

argument presented in Refs. [13,19], and Lemma 1, we have ||v"+% || < C. Successive
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differentiation of Equations (9)—(11), we have || %v”‘*% || < C(e2%41). From the Lemma 1,

1 1 1 1
we see that 1”12 and v 2 are bounded, hence w""2. Let us assume that [w" "z (dy)| < 7.
Now define the barrier functions

1 (x—d
(pi(x) = Cyexp <pl(x€x)> iw'1+%, xeQ;.

It is easy to show that ¢=(0) > 0, ¢T(dy) > 0 and DT (x) > 0 on Qy. From
[(x—d
the results of Ref. [19], we have \w"‘*'% (x)] < Cexp <pl(xgx)> , x € QF. Using the

following barrier functions

p* = Cy(e+exp (W) —Sexp(pl(xl)> )W, x e Qf

1 (dy — T(x—1
we prove that [wt2(x)] < C exp(pl(:x) +eexp lﬁ(i)))/ x € Qf. Fur-

ther the successive differentiation’s leads the desired results. [

In a similar manner, one can decompose #" ! as v"*1 + w1 = #"+1 and o1, "+
satisfy the following BVPs:
@yU”H = ots +higo(tys1), y € QOF,
vt y) = 2" (y), y € [=dy, 0], 0" (1) = amth(1), (14)
[U”H(dy)] = Z/1<:o 5k[ P (dy)} { "H(dy)] Zk 0¢ [ 4 Hl(dy)]
@ywnﬂ _ wn+%/ y c Q*,
W' (y) =0, y € [~dy, 0], w*1(1) =0, (15)

[w"J’l(dy)} — [ n+1(d )} [ n+1(dy)] _ [dd/ n+1(dy)]
and we have the following result.

Theorem 2. Let "+ be the solution to the problem (6), then its reqular and singular components
satisfy the following bounds on the derivatives

k,n+1
T <cavet, k=01,23,
dy
O*
S (y—d
s_kexp w ,yeQ,, k=0,1,2,3,
dkw;1+1(x) <c €
dyk - ~(d, —
Y e Fexp (Pz ( Z y)> +eFlexp <P2 (ys )>, ye Q;r

4. Discrete Problem
4.1. Spatial Domain Discretization
From Theorems 1 and 2, we observe that the IBVP (1)-(3) exhibits twin interior layers

along the lines (dy,y), y € Qy and (x,dy), x € Q, and weak boundary layers along
x =1and y = 1. Let N be the number of mesh points in both spatial x and y directions.
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As the mesh defined in Ref. [13], we define the mesh points in both x and y directions,
which is given in the following: let 77 , = min{&, p%sln N}, 1oy = min{%, 2¢InN},
1 1

1- . s
Ty = mm{ 5 p—e InN} and 1y = min{— Ty ot In N'}. Using the transition parameters

Ty, | = 1,2, v = x,y, we partitioned the domains 0O, and ﬁy as follows:

ﬁx = Uls:lgi,xr Ql,x = [0/ dx - Tl,x]/ Qz,x = [dx — T,xs dx]/ QB,x = [dXI dx + TZ,x]/
Oy = de + 01 —Tx), Q5 = [1 -0, 1],
Qy = Uiy, Oy = [0,dy =71yl Qo = [dy = Ty, dy), Oay = [dydy + 2y,
04,y = [dy + Tz,y,l — Tzry}, Q5ly = [1 — Ty 1]‘

4(dy— Tlx) 4T1x 8T2x 4(1 27y, —dy) 8Ty
points with mesh sizes =~

SN N N N In the same manner the
mesh points in 3, i = 1,2,3,4,5 are defmed Now let us denote the mesh sizes to be
hy(i) = xj — xj_1, i € Iy and hy (i) = y; — yi—1, i € Iy and define the meshQ = {x;}i= = 0 ,

o N o
X0 =0,% = xj—1 + (i), i € Iy and Q, = {yi =N, yo =

0,yi =yi1+h(i), i€ Iy
The mesh distribution is depicted in the Figure 1.

| Mesh Diagram

«—tn,
09

Y2y

y-axis

Figure 1. Mesh points distribution.
4.2. The Finite Difference Schemes

On the meshes 6)1:] and 5;\,, we define the following finite difference schemes.
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fixy =y;,
ntl 2 n+l _on+l N n+i
UZ.,]- 24 (—s&xui,j 2 4 Pl,.,/Dx Ul-,j 24 qli/de Ui,]. )y = U{fj
+heg1(xi, Yj tugr), i € Iy 4,
N IH»l . _ n+l n+l .
D ui,j i Dy uN/ZZ,j =Dy uN/Zz,j’ b= %, (16)

n+3 n+l ntl ntl
u *+ (—e&iui,j P, DiU qli,jlé"ui,j D = U,

+higi (xi,Yj tnsa),i € Ina \ Iy,

+3 _ antl +3 asl
Ug,j 2 _ un+2(0,y]'); U;],],Z = un+2(1,y]'),
fix x = x;,
1 1 - 1 n+}
Uyt + (—edgUi ™ + pa, Dy U + o UL = U,
Fhiga(xi Yj tnia), J € Ly 4
- 1 1 S _ N
DY UL == § Dy U, = Dy U, ] =12 (17)
1 1 1 1 n+y
u;f]% + (75(5511;:;“ + pzil/,D;u;’]f +0,; Iyu;jj+ e = U}
+higa(xi,Yjotnia), j € In-a\ Ty,
Ug ! = " (x;, 0); Uiyt = 0" (x,1),
where (5%, Dg and Dgr, { = x,y are the standard finite difference operators,
0, 1€ I%—l’
n+1 n+i
- u;],g Py (xi = di)ley (y; — dy) + u7+12,¢ln+1,x(xi —dx)lgy (y; — dy)
I U;
/] +l
Uy 22y (3 — d)lg 1,y (v — dy)
1 .
+u;j:12/g+1111+1,x(x1‘ - dx)lcf,Jrl,y (]/j - dy)r i€Ina \Z¥
0, ] S I%fl’
Ny UZEllq,x(xz' - dx)lé,y(yj - dy) + U;ill,;lnﬂ,x(xi - dx)lé,y(yj - dy)
T Lt (x — da)l i—d
U, e (X = d)lgr1,y (y; —dy)
+u,;li%,g+1l;7+1,x(xi - dx)lC+1,y(]/j - dy)r ] €IN-1 \I%/
o _x77+1_(xi_dx) o _(xi—dy) —xy
ln,x(xz dx) = hx (717 T 1) , l,7+1,x(x1 d\,) = 7]1)((’7 T 1) ,
Yerr — (yj — dy) (yj —dy) — ¢
Iy —dy) = E I - dy) = Y e,
ey (vj y) Iy (@ +1) a1y (Y y) hy(@ +1) Xy, Xy+1,Ye Yer1 are

the nodal points such that x; —dy € [xy,x;11] and y; —dy € [yz, Yz11]- The above two
difference operators ®Y and @5’ satisfy the following discrete maximum principles.
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Dy, i<, Dy, j<%,
Note: Let us denote the difference operators Dy = { * 2’ and Dy = { R

D}, i> 5, Dy, j> 4.
In the following we use the above difference operators.  Further, the test functions
xi+1, i<N/2, yi+1, J<N/2,
o) = a b1 >N/, and s(y7) = dyiy__dyf +dy+1,j>N/2,
are also used. !

4.3. Discrete Stability Results

Lemma 4. Let the mesh function be ¥
DX_FYN/Z,]' <0, then \Pi/]' > OfOT’ all i.

i,js satisfies Yo >0, ¥n; > 0, DY¥;; > Oand [Df —

Proof. Making use of the test mesh function s(x;) and the arguments given in Ref. [13],
Lemma 6.1, the lemma can be proved. [

Lemma 5. Let the mesh function be Y, ;, satisfies ¥;9 > 0, ¥;n > 0, @N‘I’ > 0and [D [
D, 1¥ins2 <0, then ¥;; > 0 forall j.

Using the above two Lemmas 4 and 5, we can have the following discrete stability
results.

Lemma 6. Let UZ ]f% be a numerical solution defined by (16), then

\u”+2| < Cmax{u”+2| |u 5, sup oNu ”+2|} forall i.
Lemma 7. Let Ui'fj“ be a numerical solution defined by (17), then

|U"+1| < Cmax{u"+1| \U”+1| sup |Z)NU”Jr1 }, forall j.

Remark 1. From Lemmas 6 and 7, we can see that, the numerical solutions defined in (16) and (17)
are stable. Further, by the results of Ref. [20], the matrices associated with the difference schemes
(16) and (17) are M-matrices.

5. Error Computation

Analogous to the continuous solution, the numerical solution is decomposed into
smooth and singular components. The solution Utz is decomposed as unti = ynts 4
Wnta satisfy the following difference equations:

41 .
DNV ? = Vi + huga(xi,yj tug), £ € In \ (N, 5,0},

(18)
n+1 n+t 1/ n+1 n+
DIVid ~ Dy Vand; = [ @], vort =0, v =,
Dywi’f].* =Wy, i€ Iy \ {N, 5,0},
(19)

nt-1 n+ +1 n+ n+i
DiWy3. — Dy WN/ZZJ—f[ ()], Wy =0, Wy =0
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Similarly, the solution U" ! is decomposed as U1 = V1 + W1l and they satisfy
the following difference equations:

+3 .
vai’jj“ = V,n] 2+ ga(xi,yj tat1), j € In\ {N, 5,0},

(20)
1 1 _ 1 1 _ 1 _
Dy ViRl — Dy Vil = [0 ()], Vi =0, Vgt =0,
+
Dyw;j]ﬂ = wn 2, jeIn\{N, %0}, o
1 1 _ 1 +1 1_
Dy Wiih, = Dy Wity = = [om+7 ()|, Wit = 0, Wit =o.

Note: The error estimate in each time level is proved in the following way:

Step 1:First we estimate the absolute difference of U and V;

Step 2:We estimate the error bound of the regular component, that is |v — V|;

Step 3:To estimate the error bound of the singular component |w — W/| in the entire domain,
first we estimate in the outer region and then using the estimate of |U — V|, we estimate
|w — W] in the inner layer region;

Step 4 :Using the triangle inequality, we estimate the error bound of the numerical solution
in each time level.

1 1
Lemma 8. Let U].Zj and Vlzj be numerical solutions of (16) and (18), respectively, when n = 0, then
Nﬁl, i€ Iﬁ,
4

1 1
2 2 -1
LIZ.,]. V1J|SC C+N ,IEI%\I%,

Nil, i€ ZNfl \Im,
8
( is constant.

Proof. Fix j. Let us consider the mesh function

1

¥ (x;) = CIN~s(xi) + 9 (x)] £ (U ] vi,

1 1
I _y2
where { = MAXN i SN |U I-,j\, and

<xi*(dx*"f1,x)>€’ ieTn \IN

T,x
P(x;) = dx — xi ;
1+ Tox ¢, 161%71\I¥

0, otherwise.
It is easy to show that ‘I’i(x,-) >0, i =0, N, and by the arguments of [13], we have

DY () = DN (CNs(xy) + (x) £ DN (U~ V) 2 0, i #
(D ~ Dy )¥*(xy) <0, i= 3.

By the Lemma 4, we have ¥=(x;) > 0. Hence the proof of the lemma. [J
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1
Lemma 9. Let 0% and V% be two solutions of (12) and (18), respectively, the o2 (xi,y) = Vi3l <
CN1, vi.

Proof. Now, we see that

1 1 1 1 1 1
o7 (v2 (xi,y) = V2) = DY02 (x;,y) = DYV = D302 (x;,y) — Dxv2 (x;,)
2 dz * d N 1
=hi|—e| 6 — a2 + P1;,; Dy - ax + ql,‘,/[ld — Ial|v2(xi,y),

1
from the results given in Refs. [2,21,22], we have |®£\’(v% (xi,y) — szy)l < CyN~1. Using
the following barrier function

P (x;) = CNls(x;) + (v%(xi,y) _ Vj/%y),

we can see that *(x;) > 0, i = 0, N, DN ¢*(x;) > 0and (Df — Dy )™ (xx) < 0. From
2
the Lemma 4, we have the desired result. [

Lemma 10. Let w2 and W2 be the solutions of (13) and (19), respectively, then |w? (xi,y) —
1
W2 | < CN"'InN, Vi.

Proof. By the triangle inequality, Theorem 1, Lemmas 8 and 9, we have

NI—

L1 1 1 1 1 L1 1
103 (xi,y) — U2, | < U2, = V2| + [03 (xiy) = V| + (02 (xi,y) — 03 (xi, )|

iyl = 1"y
“(x—d
exp pl(xlex)>’ iGI%,
<CN7'4cC
= C(xi—1 " (dy — X
mp(pl(xz >>+exp<mx "')>,fezN-zN,
€ & 2
N1 iGI%,

+C{7+N1ie Ty 4 \I¥,
N7l ieZy\TZsn_

g —1
N1 i€ln,
I+ N14exp M . i€Iy\Iy,
<C
N i€y \1%71'

1 1 1 1 .
where { = MaXN i SNy \Uf]- - Vf]\ Hence |12 (x;,y) — Uify| <CNYi=0,1,--- ,%,

1
3N, ..., N. Therefore |w%(xi,y) — Wi2y| <CN4i=0,1,---, 4,3 ... N.Toprove the
result inside the inner region, we consider the following mesh function

Y (x;) = CN“1gp(x;) £ (w? — W2), x; € (dy — Ty x,dx) U (dy, dy + Tox) N OO,
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. —N
(1 + xi) + -S%(xi - (dx - Tl,x))/ X; € [dx - Tl,xrdx) N Qx ’

where ¢(x;) =

’

dx—xi
(1+dx+dxl_dx

Te = min{7y x, T+ }. Then we have, y*(x;) > 0, i = &, 3. Further \QXN(W% - W%)\ <
Cihe >N~V i=%+1,... F—1541,... 3N Now,

—=N
) + B (dx + T2 — Xi), X € [dr,dx + 2] N QY

_ 1 1 —N
DNY* (1) = CNT1DNp(x;) £ DN (w2 — W2), x; € (dy — Typ, dy) U (dy, dy + To0) N QO
_ _ —N
1+ htpl + %htpl , Xi € (dx - Tl,x/dx) N Qx
>CN! N
1+ hi(py 12 4 B1) + Fhe(py +B1), xi € (duyd +120) N O

F ClhtsizNil > 0

for a suitable choice of C > 0. At the point x,», we have (Df — Dy )*(x/2) < 0. From
the Lemma 4, we have |w% - W%| < CN'InN,i= %,- -, %. Therefore \w%(xi,y) -

1
W2 <CN“UInN, ¥i. O

Lemma 11. Let 212 and U? be the solution of (5) and (16), respectively, then ||ﬁ% —uk | <
CN'InN.

Proof. The proof follows from the above two lemmas. [

Lemma 12. Let 0!, w!, 41, V1, W1, and U? be the solutions of (14), (15), (6), (20), (21), and (17),
respectively, then

o' = VY| < CN7Y, ||w' = W!| < CN"'InN,
|2t —Uu'| < CN~'InN.

Proof. We see that, #'(x,0) = U} ; and ' (x, 1) = Uj .
Similar to the proof of Lemma 8, we can prove the following,

N1, ije I%
[u'—vl<c{g+N1,ije Iy \Iy, (= g P ui; = vl
N7 ij € Inoa\ Tay T
Let 91 and V! be the solutions of (14) and (20), then similar to Lemma 9, we have
D) (0" (%) — Vi) = D)0 (x,y7) = D) Vi = D)0 (x,y) — Dyo' (x,y5)

g

2 . d
= {—s(&ﬁ - W) +p2, (Dy - @) + a1 — Id]} ol (x,y;),

114



Mathematics 2022, 10, 3310

and |CD§\’ (0! (x,yj) — V;},j” < ChyN~!. Then by a suitable barrier function one can prove
that |[o! — V|| < CN~L. Similar to the Lemma 11, we estimate ||w! — W1||,

' (x,yj) = Uy ;| < Uy = Vil + |01 (x, ) = Vil + [0t (x, ) — o(x,;)]
N1 ij € Iy,

~(yi—d
C+N"T texp 7’72(%8 v)  ij€Ty\ Ty,

<C

a1 P2 (dy —yj)
C+N~" +exp .

;L] S I% \I%,
Nﬁl, l,] (S IN\I%

Hence |121(x,yj) - U}(/\ <CN7Lj=0,1,--- ,%,%,-~ ,N and \wl(x,yj) — W;lj| <
N
-

CN*l,j:O,l,m 5N

, %+, N. Using the barrier function

_ —N
1pi(y]-) =CN 1¢(y]-) + (w1 — Wl), yj € (dy — 11y, dy) U (dy, dy +124) N Qy ,

=N
(1 +yj) + g(yj - (dy - Tl,y))r yj € [dy - Tl,y/dy) N Qy ’
where 4)(yj) = d — v ,
y—Y =N
<1 +dy +dy7— dy’) + 3 (dy + Ty — ), yj € ldy,dy + T2y N QY
7y, = min{1,,, T, } we prove that [|w! = W!|| < CN"'InN,j=§ +1,---,3¥ — 1. Hence

the proof. [

1
Theorem 3. Let 0"+3, 47+1) Uinfz and ll,”j+1 be the solutions of (5), (6), (16), and (17), respec-
tively, then

a" 2 — U™ 2| < CN“'InN, and |[a"t'— U < CN'InN.

Proof. We prove the theorem on each time level t = t,,. We know that s (0,y) = U,

1
0, 4" 2(1,y) — Uy, =0, 2"+ (x,0) — U§ = 0and @71 (x,1) - U] = 0.

Qi\f(unJr% _ Vn+%) — Qi\lurw% _ Q)Ic\lvrﬂ»% =u"—v,
N1, ije I%,
PN (U3 — v a)| < CQE+NTY ij € Ty \ Ty,
N-LijeIng \I%,
D;\I(unﬂ _ Vn+1) _ Qyun+l _ D;\IVM+1 — it — Vn+%,
N1, ije I%
| <C{C+NTL, i,j € Iy \ I,
Nﬁl, l,] S IN*] \I%,

H@Q’(U"“ o Vn+l)

{ = max max \ui; — Viil,
o Hicij<alor ’
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with the successive applications of Lemmas 6 and 7 and the iteration in 7, we prove that

N7, ij €Iy,
. 1
|lur —vH| < C{Z+N7, i,j €Iy \ Ty, p=ntl&p=nts.

N7, ijeIna \I%,

Using the following barrier functions

1
Wi (x1) = CN~Ts(x) & [0 3 (xy,97) — V52, ¥,
¥y (y;) = CN"Ts(yp) £ [0 (xi, ) — Vi),

and from Lemmas 6 and 7, we can prove that

||vn+% _ Vn+%H < CN—l/ ||Un+1 _ Vn+1H < CN—l‘

=z

~

It is observed that \w”(xi,yj) — ij| <CNLu=n+ %, n+1,i,j=0,1,---

8N ..., N. Using the following barrier functions

8
=N

@5 (x;) = CN Ty (x;) £ (™2 — W'F2), x; € [, UQ3,] N O,

_ —N

@5 (y;) = CN 1o (y;) £ (" = W), y; € [, U3, N Q,,
—N

(IT+x) + 3 (xi — (dx — T,0), X € My NQYy,

where ¢ (x;) =

dy — x; =
<1+dx+dxlx d’)-i—%(dx—i—’rz,x—xi), xi€Q3,xﬂQ,IvV,
- Ux

1 71\]
(1+y) + %(%‘ = (dy —1y)), yi € oy 0Oy,

$2(y;) =

dy — vy, =N
Y
(1+dy+dy1_dy]> +.€i2/(dy+’r2,y_yj)/ ]//EQS,yﬂer

T, = min{t,, T}, # = X,y we prove that [w" (x;, ;) — Wl”]| <CN L, u=n+
Ln+landij=5+1,-, % — 1. By the triangle inequality, we have the desired
results. [

Theorem 4. Let u(xi,y]-, ty) and Ul?jj be the solutions of (1) and (17), then
u—U| <C(ht +N"1InN).

Proof. The error can be obtained from the following

u(xi, yj, tn) — Ufy = 0" (x3,y5) — Up; + i, yj, te) — 0" (xi, ) + 0" (xi,y5) — 0% (3, 7)

l[u(tn) = U™ < [l —a"| + [[a" = U"|| + [Ju(ts) —u"|.
From Lemma 3, Theorem 3 and Ref. [6], Theorem 1, we have

eCtn) = U] < fu(t) = 7"|| + |[@" — a"|| + || — U"[| < Che + CN~'InN,

which completes the proof. [
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6. Numerical Validation

Two examples are presented in this section to validate the theoretical results presented
in this article. The exact analytical solutions to the test problems are unknown, there-
fore we use the double mesh principle to calculate the maximum point-wise error and
computational order of convergence. For fixed M, we define

h
EN—max|LI (hx,hl,ht)fuf\]((fhx,fy,@) [0<ij<N
i 227272

DY,

N N .

Dx’y = msax E;, p = log, <D2N>

where UZI\]’ (hx, hy, hy) and UN (I %, 7/ %) are the numerical solutions at the node (x;,yj, t)
with mesh sizes (f1y, hy, ht) and (5, o, %‘), respectively, D,Ic\{y is maximum over ¢ for fixed N.

Example 1. Consider the 2D parabolic PDE (1) with discontinuous source and convection coeffi-
cients with the following data:

g—l: —eAu+p(x)-Vu+qg(x)u(x—d, t) = g(x,t), (x,t) € D* x (0, T]
1+x(1—x), x € (0,dyx), Yy, 1+y(1-y), ye(0,dy), Vx
pl(x) = PZ(X) = ’
—(1+x(1=x)), x € (dy, 1), —(1+x(1=x)), y € (dy, 1),

q1(x) = =05 —-x(1—x), 2(x) = =05 -y(1—y), dy =05 =d,,

2001 RV 2_ XY !

Xyl -x)(1-y) eXp<f 1+x2+y2>’ x € (0,dy),

si(xt) = , , 2
xy(1—x)2(1 - y)exp (f - m) X € (dx, 1),
43,2

oo YY) wy = A=D(—y)

, T

(1—=x)P°T—y, ye (1), Tty

Table 1 presents the maximum pointwise error and the order of convergence cor-
responding to Example 1. Figures 2 and 3 depict the numerical solution and pointwise
maximum error of the problem studied in Example 1, respectively.

Table 1. Maximum error and order of convergence for the Example 1 with M = 27.

N Number of Mesh Points in Space Directions

el 16 32 64 128 256

10! 55196 x 1073 3.0933 x 1073 1.6543 x 1073 85850 x 10*  4.3790 x 10~*
0.83544 0.90292 0.94632 0.97123 -

1073 21762 x 1072 1.5092 x 102 1.0563 x 1072 7.6976 x 1073 5.4021 x 1073
0.52801 0.51484 0.45650 0.51089 -

10-° 22373 x 1072 1.5657 x 1072 1.0944 x 1072 8.0343 x 1073 5.6554 x 1073
0.51496 0.51669 0.44586 0.50655 -

1077 22379 x 1072 1.5663 x 102 1.0948x 102 8.0378 x 1073 5.6580 x 1073
0.51482 0.51668 0.44577 0.50650 -

107° 2.2379 x 1072 1.5663 x 1072 1.0948 x 1072 8.0378 x 1073 5.6580 x 1073
0.51482 0.51668 0.44577 0.50650 -

DYy 22379 X 1072 1.5663 X 1072 1.0948 X 1072  8.0378 X 10>  5.6580 X 103

oN 0.51482 0.51668 0.44577 0.50650 -
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=25, Ne2'; =10

Numerical Solution

Figure 2. Numerical solution of Example 1 for fixed M = 25, N =27,¢ = 107°.

Max. Error
2

5.

10?

Figure 3. Maximum error of Example 1.
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Example 2. Consider the 2D parabolic PDE (1) with discontinuous source and convection coeffi-
cients with the following data:

p1(x) =

T+ x(1—x)+y? x € (0,dy), Yy,
dy = 05,d, = 025

—(1+x(1—x)+exp(—y)), x € (dy, 1),
" {1 +y(1—y) + VX, y € (0,dy), Vx,
pa(x) =
—(1+y(—y)+2%), y € (dy,1),
c1(x) = =05 —x(1—x), ca(x) = —05-y*(1 —y),
dtxyexp(x2 +y2), x € (0,dy), dxyexp(x? +v?%), y € (0,dy),
gi1(xt) = 82(xt) =
4t(1—x)(1—y), x € (dy, 1), 4(1-x)1—y), y € (dy1),

e = WA= —y)
0 T+x2+y2

The maximum pointwise error and the order of convergence corresponding to Example 2
are given in Table 2. Figures 4 and 5 display the numerical solution and pointwise maximum
error of Example 2, respectively.

=25, Ne2'; =108
d =052
x ¥

Numerical Solution

Figure 4. Numerical solution of Example 2 for fixed M = 25, N=27,¢=10"5.
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Max. Error
3

Figure 5. Maximum error of Example 2.

Table 2. Maximum error and order of convergence for the Example 2 with M = 27.

N Number of Mesh Points in Space Directions

el 16 32 64 128 256

107! 46432 x 1072 2.4055 x 1072 1.2254 x 1072 6.1910 x 1073 31182 x 1073
0.94879 0.97310 0.98498 0.98946 -

103 43139 x 1072 29874 x 1072 2.3658 x 1072 1.8574 x 1072 15132 x 1072
0.53011 0.33654 0.34909 0.29568 -

10-° 44807 x 1072 31372 x 1072 2.3990 x 102 1.8528 x 102 1.5113 x 102
0.51422 0.38706 0.37270 0.29390 -

1077 44821 x 1072 3.1389 x 1072 2.3995 x 1072 1.8528 x 1072 1.5113 x 1072
0.51390 0.38755 0.37302 0.29389 -

107 4.4821 x 1072 3.1389 x 1072 2.3995 x 1072 1.8528 x 1072 1.5113 x 102
0.51390 0.38756 0.37302 0.29389 -

DY, 4.6432 X 1072 31389 x 1072 23995 x 1072  1.8574 X 1072 15132 X 1072

oN 0.56483 0.38756 0.36945 0.29568 -

7. Concluding Remarks

This article discusses singularly perturbed 2D parabolic delay differential equations
with discontinuous convection coefficients and source terms. As pointed out in Ref. [3],
the fractional step method results in low-cost computation for 2D problems. Therefore, we
first apply the fractional implicit Euler method for the time derivative. Then the higher
dimensional problem is reduced to lower dimensional problems. In fact, we get 2N system
of uncoupled equations. Each equation is a singularly perturbed differential equation with
a discontinuous convection coefficient and source term. As discussed in Ref. [13], we
discretized the spatial domains ), y = x,y in the same manner, such as 6;:], u=xy.0n
each mesh we apply the difference scheme CDQ’ lll-,j, u = x,y. Itis proved that the present
method is of almost first-order convergence in space and time. Figures 2 and 4 represent
the test problems solutions stated in Examples 1 and 2, respectively, we see that, the layers
occurs at the points dy and dy,. Tables 1 and 2 present the maximum pointwise errors of
the test example problems. It is also worth noting that when the parameter ¢ drops, the
maximum pointwise error grows and stabilizes. It is assumed that the number of mesh
points in the time direction is M = 128. From Figures 3 and 5 we see that the maximum
pointwise error decreases as N increases. The present method works for the problems
with any delay arguments of size 0 << dy <1, p = x,y. In Example 1 we assumed that
dy = 0.5 = d,,, whereas in Example 2 we assumed that d; = 0.5, d, = 0.25.
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Abstract: This paper treats a water flow regularization problem by means of local boundary condi-
tions for the two-dimensional viscous shallow water equations. Using an a-priori energy estimate of
the perturbation state and the Faedo—Galerkin method, we build a stabilizing boundary feedback
control law for the volumetric flow in a finite time that is prescribed by the solvability of the associated
Cauchy problem. We iterate the same approach to build by cascade a stabilizing feedback control law
for infinite time. Thanks to a positive arbitrary time-dependent stabilization function, the control law
provides an exponential decay of the energy.

Keywords: shallow water flow; Faedo-Galerkin method; feedback control; PDE’s stabilization

MSC: 76D55; 93D15; 656M60; 93B18

1. Introduction

Regularization of free-surface fluid flows is a problem of practical interest for envi-
ronmental and budgetary purposes in the current situation of climate change that rarefies
fresh water sources worldwide. Depending on the specific application, the regularization
of fluid flows is performed through control methodologies of the Navier-Stokes equations
or a system of partial differential equations derived from them, which describe a particular
setting and/or physical properties. Several mechanisms of controlling fluid flows have
been designed in the recent past, see [1-5].

Control and stabilization of fluid flows governed by the Navier-Stokes equations
have been extensively studied in the literature using various approaches. In the three-
dimensional setting, a local stabilization around an unstable stationary state is performed
in [6] by means of a feedback control law. In [7], the existence of time-points values of
boundary feedback laws is achieved by an optimal control problem to alleviate the high
regularity required for the velocity components. One of the widely adopted approaches
formulates the associate optimal control problem in infinite dimensional spaces, which
gives rise to a Riccati equation [8]. Stabilization of the Navier-Stokes equations from the
boundary or from a portion of the boundary is mainly investigated by means of feedback
control laws. In addition to the series of papers [9-13], the inclusive examination in [14]
lists a number of approaches for control by means of feedback laws. It also discusses the
associated challenges, such as start-control, impulse-control and distributed-control laws,
which have been studied for the Oseen and Navier-Stokes equations. Recently, global
solution as well as an optimality system and a second-order sufficient optimality condition
were obtained for the stationary two-dimensional Stokes equations [15,16], while an optimal
controllability of a stationary two-dimensional non-Newtonian fluid in a pipeline network
is studied in [17].
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When the horizontal length scale of the physical domain is much greater than the
vertical one, the flow movement can be captured by the water height and the horizon-
tal velocity field. In that particular setting of shallow water flows, great advances have
been made in the mechanism of controlling free-surface flow parameters by local bound-
ary conditions, despite the challenges associated with the nonlinearity of the governing
equations, see [18,19] for detailed and comprehensive reviews. Global stability of the
two-dimensional water flow has been achieved in L?-norm [20] using the symmetrization
of the flux matrices, in H2-norm [21], by acting on the tangential velocity. The approach
of tracking the flow energy through the Riemann invariant variables is adopted in [22,23]
in the one-dimensional setting and is explored in [24] for the two-dimensional channel
flow. Besides the provided flexibility in practical experiments, the adding of the viscosity
influence provides regularizing effects in estimating the flow energy, see [25].

In this paper, we address the stabilization of two-dimensional viscous shallow water
around a steady-state, that is, the problem of driving the flow-state variables of viscous
incompressible fluid inside a bounded container to a desired steady state. The control law
acts on the volumetric flow vector along a portion of the boundary. Due to the challenges
inherent in dealing with the nonlinear advection, we alleviate the nonlinearity issues by
processing to the linearization around the steady state for small perturbations of the flow
state. The resulting system of linear partial differential equations is referred to as the
linearized shallow-water model, for which the existence and the uniqueness of solution
is addressed by combining some notions of compactness and an a-priori energy estimate
using the Faedo-Galerkin method. Subsequently, the stabilization of the nonlinear model
around the steady state is rearranged as the stabilization of the linearized model around
zero. In a short time, prescribed by the existence of a solution to the Cauchy problem
associated with the weak formulation in an Hilbertian basis, the control building process
explores only the estimation of the non-viscous energy of the linearized model and relies
on a continuous time-dependent stabilization rate. The global-time stabilization result is
established by cascading over a sequence of intervals.

The content of this paper is organized as follows: Section 2 introduces the equations
governing the flow of a viscous shallow water in a three-dimensional domain with a given
bathymetry. In Section 3, we detail the problem setting: we present the steady-state model,
discuss the linearization, set the notations and the assumptions of the function spaces, and
state the stabilization problem. Section 4 is devoted to the design of the small-time feedback
control law. The main result of the stabilization of the linearized shallow-water model
through the exponential decay of the energy is presented in Section 5. We conclude by
giving some perspective directions of improvement of the presented method in Section 6.

2. 2-D Viscous Shallow-Water Equations

Consider a three-dimensional domain with a non-flat bottom in which a viscous
water flows with a free-surface denoted by Q, a bounded subset of R?, with boundary
0Q) = I'y uT,. The SWE (shallow-water equations) are a set of partial differential equations
derived by depth integrating the Navier-Stokes equations, see [26-29], with the assumption
that the horizontal length scale of the domain is much greater than the vertical one. In
the absence of Coriolis, frictional, and wind effects, the 2D viscous SWE with a viscosity
coefficient u in [m?-s~1] are given by
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OH + 0x(HV,) + 6y(HV,) = 0 in Q,
o (HV,) + ox (HV2) + gHox(H + 1) + 0,(HV,V,) = uA(HV;) in Q,
H(HV,) + ox(HV, V) + 0, (ij) +gHay(H+7) = pA(HY,) in Q, 1)

(H,V,, v,)(0,) = (HO, V0, V) () in Q,

ASTAL) 177

boundary conditions to be specified,

where Q = (0,T) x Q, T > 0 denotes the duration of the study, H the height of the water
column, (V;, V,) the velocity vector with reference to (Ox, Oy), 77 the bathymetry describing
the bottom elevation, and g is the constant of the acceleration due to the gravity force.
The symbol ¢; designates the time derivative while dy and J; are the space derivatives
in the x-direction and y-direction, respectively. The differential operator A represents the
diffusion field A = 0Oxx + 0yy. The triplet (H, Vi, Vz) varies with (t,x,y) and forms the
solution of (1) while the bathymetry #(x,y) is independent of the time variable because
there is no sediment transport. For the unidirectional propagation, an alternative approach
to describing the waves at the free surface of shallow water under the influence of gravity is
to consider the Korteweg-de Vries equation, see [30], where notions in differential geometry
help to establish the existence of global solutions, see [31].

The diffusion effects have been modeled in several ways in the literature. It is shown
in [32] that the formulation pHAYV, on the right hand side of (1) is not consistent with
the primitive form of the equations for the energy norm and an energetically consistent
formulation is given therein. This is deeply analyzed through the existence of weak
solutions to the SWE in [33], where, by looking for (V,,V,) bounded in L2(0, T, H'(Q))),
He L®(0,T,L'(Q)) and Hlog H € L*(0, T, L(Q)) to induce the dissipation, the term HV,
stands as an obstacle for the existence of solutions. That is why there is a constraint of small
data to guarantee the existence of time-local weak solutions.

For the diffusion formulation uA(HYV,), as used here on the right hand side of (1), the
existence of weak solutions and its stability are described in [26]. In that case, the diffusion
provides regularizing effects due to an entropic inequality on the height variable H. It is
important to notice that the stability result is restricted to the models where capillarity and
friction are taken into account. For the 1-D model, a clearer result for the existence of weak
global solutions can be elaborated with much less restrictive data [33].

Using the volumetric flow variable vector Q = (Q,, Q,) = (HV,, HV,), the system (1)
is rewritten for further analysis in the following conservative form:

&H + leQ = 0, in Qr (2)
3Q + divF(H,Q) + gHV(H + 1) — uAQ = 0, in O,

where Q = (Q,, QZ)T (the superscript T is the transpose operator), the matrix F(H, Q) =
Q- Q' /H, the differential operator V is the gradient field, and div(-) stands for the di-
vergence operator, div(f) = V - f for a sufficiently regular vector function. Although the
non-conservative formulation, see [20], is known to provide a better mass conservation
of the volumetric quantity of water, it does not hold across a shock or a hydraulic jump
since velocities do not generate fundamental conservation equations. On the other hand,
the conservative formulation (2) supports front discontinuities such as shock waves at a
fluid’s interface and irregular source terms, and appeals to Riemann solver for numerical
resolution, see [22,23,34,35]. Therefore, the conservative form (2) is well-suited for our
stabilization problem, which we state in the next section.

3. Statement of the Problem

In this section, we lay out the stabilization problem from the linearization around the
steady state to the setting of finding the boundary feedback control law.
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3.1. Steady-State, Linearization

The objective of the stabilization is to bring the variables of the flow to a given steady
state that is the reference state. In practice, this consists of finding a controller (inflows,
outflows) allowing to adjust the flow parameters to keep the flow state variables near this
reference state. We denote the steady state by U = (i, 4,,4,) | and it is stationary and
given by:

divg =0, in Q), 3)
ghV (h+1y) — 1 F(h,q)-Vh+ 1(V§)-§—pAg =0 inQ.

The hydrodynamical variable vector (H, Q,, Q,) is formed by the equilibrium state
(R, 4,,4,) and a perturbation state denoted by (,4,,q,). Hence, the linearization consists
of using

H(t,x,y) = h(x,y) + h(t,x,y),
Ql(tlxry) :‘71(x,y)+‘71(trxry)r (4)
Qz(t/xry) = qz(x/y) + qz(tl X/y)-

We proceed to the linearization of the system (2) by replacing the state variables H, Q, and
Q, by their above expressions. In addition, we consider the following assumption || « h,
|7.] « |4,] and |g,| « |q,] to justify keeping only the first-order terms in the perturbation
state because we neglect higher order terms. We denote by

~ 1 1 1 1 1

Y & By &
0= ;= , A= , and B = ,

0, “ﬁ 135 73 ’xf 0‘3

where the coefficients are given by:

a) = goxh + goxn, o2 = gogh + gy,
1 _ _ 1 _
B =1 (2042, — 20,05k + 0y, — 9,04), B2 = - (0x, — 0,04,
_ 1 _ -

1 ~ I 2 N o= ~ A = =
Y, = 7 (‘Wl — vloyh), v, = 7 (2 v, — szoy]’l +0xq, — 0, 6xh>,

1 2 2 1 .
W =c -7, a, = —0,7,,
o2 = —0,0,, o = -

The constant ¢ = /gl is the wave speed at the equilibrium. The linearization gives rise to
the model governing the evolution of the residual state. This is the following linearized 2D
shallow-water system

Oth+divg = 0in Q,
orq + (divq)o+Vgq-9—uAq+B-Vh+A-q+hay = 0in Q,
q(t=0) = 4" in O, (5)

Bt=0) = K in Q.

With given initial state (h°, 4°), the control problem consists of providing suitable boundary
conditions V = (V;, V) on a portion of the boundary, T'j, so that the state (%, q) converges
in time towards (0,0, 0) with the assumption that the physical domain is uniformly convex
with a Lipschitz boundary. Note that the advection, in the linearized system (5), runs
with constant flux matrices depending only on the steady state 0, (UI) and d,.F (U). The
controlled boundary portion I'; is defined in the next section.
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3.2. Notations and Function Spaces

Physically, the domain () is a regular (it provides the required smoothness for a
Lipschitz boundary) open-bounded subset of R? with boundary éQ). We remind the reader
that there is no sediment movement; the bathymetry is, therefore, a time-invariant function,
see Figure 1.

P
T~ freewurfack

4
Figure 1. Domain representation.

For the sake of clarity, we specify the following two statements:

(S1) The boundary portion, where the control action is applied, is given by
I, ={(xy)€0Q: 20,nx +9,n, <0 and 7,1, + 20,1, < 0}.

The boundary portion I'; exists (is nonempty) and is included in the boundary portion
given by (3,,3,)T -1i <0, where the vector fi = (1, ny)T is the external normal unit
vector at the boundary. The uncontrolled boundary portion I', = 0O\T';.

(S2) The flux variation is bounded at the boundary 0Q). This follows naturally because of
the sub-critical flow regime considered here, and is stated for the sake of clarity. It
means that the limit when (x, y) tends to the boundary 0Q of the term |Vq] ;2 () is
bounded, that is,

max lim HVq(x,y)HLZm) for (xp,yp) € 0Q) ; is finite.
(xy) = (xp.yp)

The regularity of the steady-state (71, 7,,7,) depends on the nature of the bathymetry 7; for
instance, /1, 3, and @, are constant if the bathymetry is constant (flat bottom tomography).
We, therefore, consider a sufficiently regular bathymetry #, such that h, 0, and 0, are
differentiable in Q: h € H{(Q)), 9, € H(Q) and 7, € H'(Q)).

For Q = (0,T) x Q), we consider the space 12 (O, T; H? (Q)) In the same setting, we
introduce also the space 12 (O, T; H%l (Q)) , where the Hilbert space H%l (Q) is given by

H%l(Q) = {u e L2(Q)): Vue L*(Q) and = 0}.

The space H'(Q) and its subspace Hll-1 (Q0) are equipped with the norm | - | ;1 () defined
2 2
u ”Hl <Q) LZ(Q)

W the space given by W = L2(0, T; H(Q))) x L2 (0, T; H%l(())) x L2 (o, T; H], (Q)).

for a function u by || = |u| + HVMH%2<0)~ In the rest of this paper, we denote by
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3.3. The Stabilization Problem

With the conditions (4), the task of stabilizing the nonlinear state (H, Q;, Q,) around
the steady state (,7,,7,) is reformulated as a stabilization problem of the perturbation
state (h, q) around (0,0,0). The objective is to find suitable local boundary conditions on g
that take the flow-state variables as quickly as possible to the steady-state equilibrium. We
formulate this goal as a stabilization problem in the following way

oth+divg = 0in Q,

Orq + (divg)s +Vq -9 —uAq+B-Vh+A-q+ha, 0 in Q,
q(t=0) = 4" in O, ©6)
h(t=0) = K in O,
qg = Von (0,0)xT,
qg = 0Oon (0,0)xT,.

Concretely, we look for V such that (k, g) from (6) converges to (0,0,0). In that sequel,
we state the weak formulation associated with (6) that consists in writing (6) as a system
of ordinary differential equations depending only on the variable t by using the Green’s
formula of integration by parts: for all (¢, ¢, ) € W, find (I, q,,4,) in W satisfying

JQ @Othd() — fn qVedQ) = 7L ¢q -ndo, 7)
1

+ f (divqa, )p dQ 7J q,div(¢5)dQ + p J Vg, VedQ — f hdiv(¢B, ) dQ)
O Q O (@]
1 1 1

L Blg,pdQ + L Yg,¢dQ+ fﬂ hal ¢ dQ)

- J (ql(,b)ﬁ-ndtr—&-yj (Vql'n)(pda—j h¢(B, -n)do, (8)
r r, T,

1

+

+ J (divgd,)pdQ — J q,div(ya) dQ + ]JJ Vq,VipdQ — f hdiv(yB, ) dQ)
Q Q Q Q
2 2 2

L B, 0 + fﬂ V2, dO + L 7oy dO)

J (qztp)ﬁnda—&-yj (qu.n)tpdcr—f hy(B,, -n)do. 9)
r r, r,

1

+

From now, the weak formulation of the stabilization problem (6) refers to (7)—(9),
which are obtained by integration by parts of (6) multiplied with the test function (¢, ¢, ).

4. Preliminary Result: Small-Time Control Design

The stabilization problem (6) is constrained by the existence of a solution. In this
section, we examine the existence of a solution to the dynamical system resulting from the
representation of the weak formulation in an Hilbertian basis and we address the short-time
stabilization problem.

Lemma 1 (Existence of small-time weak solutions). There exists a time Ty such that the
ordinary differential Equations (7)—(9) with the Cauchy condition admit a solution on the time
interval [0, Tq].

The above lemma addresses the existence of local weak solutions. The proof is elabo-

rated in two steps: the first one consists of writing the weak form as a system of differential
equations using a Hilbertian basis of finite dimensions of W. The second step deals with

128



Mathematics 2022, 10, 4036

the existence of a solution of the resulting system of differential equations thanks to the
Cauchy-Peano theorem, see [36,37].

Proof. The existence of a local weak solution is elaborated using the Cauchy-Peano the-
orem. Let {a;},-, (respectively, by {e;},~) denote an Hilbertian basis of the space HY(Q)
(respectively, H}l (€©))). We consider a positive integer 1 such that the finite dimensional
space span{a; : 1 <i < n} contains the term h9 of a sequence of functions (h9),~; that
converges toward the initial condition WO (respectively, span{e; : 1 < i < n}) containing the
terms q?” and qZOH sequences of functions (q?ﬂ) n>1and (qgn )n>1 converging, respectively, to
q? and qg). For a sufficiently large 7, the projection of 1, g, and g, allows us to write

B~ Y (a,(x,y), Zﬁ xy), and g, ~ Y, (be(x
[ i=1

where («,(f))1<i<n, (B;(t))1<i<n and (y,())1<i<n are, respectively, the unknown coordi-
nates of /, q, and g, at time ¢. Replacing test functions (¢, ¢, ) by the (a, ¢, ¢;) for the jth
dimension, the weak formulation becomes:

n n n
Z 6tzxi(t)f a,e,dQ) — Z ,Bi(t)f a,0xe;dQ) — Z ’y,.(t)f 8a,0ye,dQ) = fJ e,V -ndo,
i=1 Q i-1 Q e} Q

i;&tﬁi(t) L e,e,d0)

n
>, an,.(t)J ee,d0)
i=1 0

T

n
t) JQ 7,¢,0x6,dQ) + Z 7,(t) JQ 0, ¢,0y€,d)

i=1

+
Ip=
=

- Zﬁ fedlve"od()-i-Zﬁ yf Ve, Ve,d0

i=1 i=1

n
- thl J a,div(e B, ) dQ+Zﬁ J A, e,e,dQ)
n
+ Z J ApeedQ) + Z J « uie}.dQ
i=1 i=1

= f (Vy,)7 - ndo + Z J Vel~n)eidU—J he,(B,. -n)do,
i=1 Iy r

+
<M:

Il
-

n
B, (1) L 0,e,0:e,d0+ Y (1) JQ 0,e,0y¢,d0)

i=1

|
Iag

Il
—

71()J e,div(e;7) dQ+Z'y yj Ve, Ve,dQ)
Q i=1

a,.(t)j adivie B, )d0) + 3] ;a,.(t)J Ayeied0
Q i=1 0

+ |
1= 11

Il
—

v, (t )J Aye,e,dQ) + itxl(t)J aou e,dQ)

*J Ve, )v ndo + Z 7:( J (Ve, - n)e,do — L he;(B,. -n)do.

1 i=1 1

Let us introduce the matrices My for k = 1,---,11 as well as the vectors m; for
[=1,---,3as follows
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Ml,-,- = f aiede, Mzﬁ :J ui(?xejd(), M3]I :J aiayejdﬂ
Q Q Q
My, = f ee,dQ, Ms, :J z?lejﬁxeidﬂ—f eidiv(ejz?)d0+yf VelVe].dQ—&—J A, ee,dQ),
Q Q Q Q Q
Me, = _L) ,e,0y€,dQ) + JQ AeedQ, My, = — JQ e div(e,B, )dQ) + fo tx;eiefdﬂ,
Mgﬁ = J ﬁzejﬁxeidﬂqtf Aﬂeiejd(),
Q o)
My, = f 0,¢,0ye,dQ) — J e,div(e,0)dQ + ]/tf Ve, Ve,dQ) + J A,e,e,dQ)
Q Q Q o)
My, = 7J e,div(e B, )dQ) +J aéeie.dQ, My, = yf (Ve, -n)e.do,
j o j o j j r, i
and
my, = —j enydo, my = —J enydo, m3 = —J e.7-ndo,
j e j Ty j r
my = —L he.(B,. -n)do ms, = —L he,(B,. -n)do.
1 1

We now count the n components; this yields the following system of matrix equations
Miéra(t) — Mab(t) — Msc(t) = Vymy + Vymy,
My0:b(t) + Msb(t) + Mec(t) + Mya(t) = V,m3 + My1b(t) + my,
Mydic(t) + Mgb(t) + Moc(t) + Mypa(t) = V,m3z + Myc(t) + ms,

where the vectors a, b and ¢ are given by the coordinates of the state variables &, g, and
q,, respectively,ie., a = (a,--- ,&,), b= (B,,---,B,),and c = (7,,---,7,). To introduce
the matrices:

My 0 0 0 M, M, 0 0 0
P1 = 0 M4 0 ’ P2 = M7 M5 M6 ’ and P3 = 0 MH 0 ’
0 0 M,y My Mg My 0 0 My

and the vectors

a my my 0
y=|b |, pr=| ms || po=| 0 Jand ps=| my |
c 0 ms ms

we write the weak form of Equations (7)—(9) together as an ordinary differential equation,
with the initial condition y associated with (h%, %), in the form

vt = f(t,y),
{ y(t=0) = yo, (10)

where

f(ty(t) = =P Poy(t) + P ' Pay(t) + V, (0P py + Vy (P ' pa + P ' pa(t).
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It remains now to prove the continuity of the functional f. For that, we consider the matrix
norm |||, given by:

Mz, P
IM], = sup L1212, where [g], =, | DIz
£ el -

Il = [P Pay(t) + P Pay(t) + V(0P 1+ V(0P pa + PN ps ()

V(0P pa| + P

We have

N

H_Pflpzy(t)Hz * HPflPSy(t)Hz * ‘

V(0P 1 +|

Yet, we know that

e, = |-l
SR R
< [P 'Pa|, Iy~ ol + I90la)-

V,(OP; | and |V, (0P 'pa |
contain the control actions (V,, V,); their majoration follows from the statement (S2). As
the perturbation state for the height is supposed to be small compared to  and given

Similarly, we bound the quantity H -P 1P3yH2. The terms ‘

the definition of the space W, the term HP{ 1p3(t)H2 is bounded. Therefore, there exists a
constant K, such that

Ifl, <K,. (11)

It is clear that [y — yo[, < E(0) because the control law acts to decrease the initial total
energy E(0). Denoting T, = E(0)/K, it yields that f is bounded according to (11). Moreover,
f is continuous because it is a composition of a linear function followed by a translation.
Therefore, the Cauchy—Peano theorem ensures the existence of solutions to (10) in the time
interval [0, T,]. O

The proof below is enough for the infinite dimensional setting in Lemma 1 because
for the drift function f satisfying the Lipschitz condition in the variable y, the Cauchy-
Picard theorem, see [38], transmits the result from the finite dimensional case to an infinite
dimensional case. Yet, the drift f fulfills the Lipschitz condition because of (11) and its
affine structure.

4.1. Energy Estimate
Here, we define and estimate the energy of the perturbation state at a time ¢ € [0, T1].

Definition 1 (Energy). For t € [0, T,], we consider the energy defined as :

Et) = H ghh

2 t
2 2 2
d 12
R 2 RN [ a2
t
= W [ Va0l

where E(t) is the non-viscous energy and T, is the time bound given in Lemma 1.
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To establish an estimate on the energy, we replace the test functions (¢, ¢, ) by (ghh, q)
in the variational form (7)—(9), to obtain

1J gﬁﬁthzdﬂ—f gq~V(fzh)dQ:—J ghhq -ndo,
2 Ja o) r,

1
> JQ O (qTZ + qg) aQ

+

MJ HVqI@def (divq)ﬁﬂdﬂff q,div(q,9)dQ)
(9] O (9]

J qzdiv(qzﬁ)dﬂff hdiv(B-q)dQJrJ (A-q)-quJrJ ha, - qdQ
Q Q Q Q

*L (q%wf)a-ndawfr (mﬁqzwz)-ndaffr n(B-q)-ndo.
1 1

1

Adding the two equalities yields

1 _
Z&tEl(t)+yJ HVqH%dQ = Il+12+13+14—J ghhq-nda—f (qf—&-qz)ﬂnd(f
Q r, r

1
0| @99 +0,90) nde— | n(B-g)-nde,
1 1
where the quantities I, are given by
I = J gq -V (hh)dQ +J hdiv(B-q)dQ), I, = ff divgd - gdQ,
Q Q Q
I = J q,div(q,7) dQ) +f q,div(q,9)dQ), I, = ff (A-q)-qdQ fJ‘ he, - qdQ).
Q Q Q Q
We now investigate how to isolate the nonlinear terms in each I, with the purpose
of having no derivative terms on the boundary. For that, we apply the Green formula
in an adaptive manner. Afterward, we take the maximum bound over the steady-state

variables, which allows us to obtain a bound estimate for each quantity. For the quantity I,,
it comes that

2
I, < mx gHVhH J\/>th\|d0+max Ul J\[\h(/qu|d0

+max ( f \/7|hq1 |40+ max 2_ f \/ﬁ|h6yq2|d0
+ max (" f \f\hqz|do+max | “ 2‘ f Vh|héyg,|d0
|(‘>x Y 2 7 ‘ Yy 2| 11,2
+max ( T JQ \/E|hq2 |dQ) + mgx v JQ Vh hoyq,|d0)
y(0,3,)] = -
+ max (T) fﬂ Vg, |40 + LQ ¢hhq -ndo. (13)
Similarly, we bound the quantities I,, I,, and I, as follows
1 ,o 1
L < max (|ox3,]) f g;dQ + 5 max (|eya,) J A0 + max (|2,]) I |7, 44,1402
+max (19,]) Jn‘qzﬁqu [dQ— LQ Elqlnxda - LQ ?ZqznydU, (14)
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L <

1 ~ _ _
3 max((2:0,]) [ 20+ max(2,0.)) | [a,guld02+ max(o.)) | [g,0ua,la0

A = — A 1 =
+max((0,)) [ g2+ max(o,]) [ [s000,1d0 -+ 3 max((ay0,)) [ a0

9 5
- J&Q éqlnxdg a

and

0, 2
J{m ?Zqznyda,

(15)

I, < max ‘/3‘ J q2d0+max "yo+ﬁ‘ j|q1q2|d0+max ‘70 J 72dQ

+max< 0 )f \th1|d0+max< )J Vi, |40

(16)

We now apply the Young inequality to separate the nonlinear terms (in the perturbation
state) for the upper bound of each of the inequalities (13)-(16). That implies the existence

ofg;for(i=1,---

1
SE @ | Vg0 <
Q

,18), such that

T,a(t) +C, f hh*dQ + Cy, L P?dQ +Cy, L 72dQ
)+ enmax(oa) [ (2,)'0
0,70,

20%)) 4 e1smax(fo, ) | @aan

21) ¢ enmax((a)) | (0’0

Vi
7
+ (&4 max (7%)+810max 2, )J (0yq,)7dQ,
where
_ 1 8lVh[y 1 AR |07 2.
c, = améax( A )—&-gmax(—ﬁ)—&-gmax(\/ﬁ +S4m£x(ﬁ),
+lmax (|6y17§\> + lmax (|ﬁ152‘> + — max (|E?X(z71172)|) + lmax(}ﬁlzm)
&5 Q \ i g Q \ Wi g7 0 VI 8 0 \ Vi
1 [0,(8,3,)\ 1 %l 1 jog)|
+;mgx< \/Z ) amgx 7]71 +am(filx \/ﬁ ,
0. T2 0. (7. D
qu = € mgx(gH ”>+€3m(zzix((\x/%‘ +€9max(|0y(\z;1;2)|)+max<‘t?vv1|>
1

133



Mathematics 2022, 10, 4036

Cp = emax <g“\/ﬁ H) + €5 max < f +e7max (7@((\?};2”) +max (|(?y172}>
1 1
+amgx (12,]) + &1 max(|8x L) +e 14 Max }Cy ‘) + am{z}lx(‘ﬁlb +m8x<"y§’>
]
+€16 m(z)ax(‘ + B; D +e18 max )
and
Tbnrd(t) = 7J;" (515]?”:( + 52q2ny> do — J; (E]f + E]f)’ﬁ ‘ndo

1 1

+ufr (9, Vyg, +qzqu)-ndvffr h(B-q) -ndo.
1

1

Note that C,, C;, and C, are constant while T, , is time variable. Let us denote

bord

Cp = max (%, Cq, qu)

0,3,]\ 1
Vi) e (D

£6 Max (M) + e13max (|7, ), £4 max (—% A ) + 10 max (2,]))-
o Vi 0 o Wi

+ €11 max(|7,|), €g max
11 max([a, ), es max

Since the ¢; can be chosen arbitrarily, we then take €3, €4, €6, €3, €19, €11, €13 and €15 such
that % > C,. Therefore, it comes that

a0+ 5 | IValBin < L0+ CuE'()
L N
a0+ 5 | IVadin <m0+ CuEl 0+ Gl | | Ivgidaot
0JOQ

Finally, with (12), the energy E of the stabilization problem (6) satisfies
OtE(t) — CuE(t) < T, ,(t). 17)

4.2. Short-Time Control Building Process

In this section, we address the existence and the design of the boundary feedback
control law in the time interval [0, T; |, which stabilizes the perturbation state in the sense
that the energy decreases.

Lemma 2. Let r be a continuous time function for which the integral diverges when t tends to +oo;

there exists a nonlinear control law V1 = (uy,,u1,) to set as the boundary condition on T', such
that, for all t € [0, Ty], the energy E satisfies the following estimate:

t t
+ f V41725 < E'(0) exp ( f fr(s)ds) vt e [0, Ty]. (18)
0 0

This lemma is an intermediate result that proves the existence of a boundary control
law in the time interval [0, Ty ].
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Proof. We have shown the existence of a solution in the time interval [0, T;| in Lemma 1.
Let us now consider the energy estimate (17) with T, (t) expressed in terms of the control
commands

Tbmd (t) = alu%l (t) + bl (h)uh (t) + ’121”%1 (t) + bZ(h)uzl (t)/

where

a, = —J (20,1 + 0,ny)do, a, = —L (8,12 + 28,y )do,

l-‘1 1

b(h) = - Jrl

b,(h) = —f ((cz—ﬁf)ny—ﬁlﬁznx)hda—o—yf Vg, -ndo.
rl 1—‘1

((C2 — %)y — ﬁlz?zny>h do + ]JL Vg, -ndo,
1

The energy estimate can then be written in terms of the control command as follows
1
EatE(t) — CuE(t) < ayuf () + by ()uy, () + agu3, (£) + ba(h)uz, (1).

Now we introduce the positive and continuous function r which stands for the stabilization
rate. We also denote by F; the positive function given by

t
F,(t) = E(0) exp (—f r(s)ds)
0
such that
2 2 1 0F,
ulull (i’) + bl (h)ull (t) + ﬂzuzl (t) -+ bz(l’l)uzl (t) < E o — CmFo‘ (19)

Furthermore, we denote by G, = %& F, — C,,F,, and we set the following two inequalities

1 1
@y, (£) + by ()uy, (1) = 5Go <0 and  agu3, (1) + ba(h)uz, (1) — 5Go <O,

so that the inequality (19) holds. The solutions of the associated second-order polynomials

are, respectively,
—b, —/b? +2a,G, : —b, + /0% +2a,G,
- v - = —

o = 2a, ! 2a, !

g —bz—q/b%-l-ZﬂzGo g —bz+4/b%+2ﬂ2G0

2 2= T AL s
2ay 2ap

because a, and 4, are negative by construction (see statement (S1)). The coefficients b, and
b, depend on the perturbation height & and on the limit, towards the boundary, of the 12
norm of the gradient of the perturbation flow; therefore, to guarantee the boundedness of
the control command, we define u;, (for i=1;2) using the following combination

uj, = max(—sign(b,),0)&;, +max(sign(b,),0)&,. (20)
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The function sign(x) returns the sign of the real x. The control laws defined at (20) guarantee
that the boundary condition V1 = (u,,us,) is bounded and decreases the energy of the
perturbation system thanks to

t t
EL() + JO 19412 cyyds < E'(0) exp (JO ~r(s)ds) vEe[0,T;]

O

It is important to note that the control V1 does not act on the system after the energy
reaches E(T)).

5. Stabilization Result

In this section, we establish the existence and uniqueness of the weak solution of the
linearized system (6) equipped with the feedback control law, which is devised by cascade
and achieves an exponential convergence of the state variables (1, q) towards (0,0,0). We
start by the existence of a sequence of intervals by replicating Lemma 1. For that, we adapt
the energy definition for all time t > 0.

Definition 2 (Energy). We consider the following definition of the energy:

o

t
ENO 1 | 19qlf0de,
k

E(t)

2 t
2 2 2

+ + + % do 21

2@ la, ”LZ(Q) quHLZ(Q) B Lk I qHLZ(Q) 1)

where EX(t) is the non-viscous energy and T, is the lower bound of the time interval [T,, T, al
which is defined in the next lemma.

Lemma 3. There exists a sequence of intervals ([T, T, such that

k7 Tkt ] ) k=0
1. Ineach interval [T,, T, .|, there exists a stabilizing boundary control command V,

2. Forallte [T, T,, | the energy satisfies

E(t) < EY(0)exp (— JTHI r(s)ds). (22)
0

Proof. for the sake of clarity, we proceed by induction to prove Lemma 3.

e Verification for k = 0:

Let T, = 0; thanks to Lemma 1, it exists T, such that the differential Equation (10)
admits solutions in the time interval [TO, Tl]. Lemma 2 gives us the existence of a
control command V), satisfying (22). The Lemma 3 is then true for k = 0.

e Suppose that the statement is true till rank k, and let us show it is true at rank k + 1:
The induction hypothesis gives the existence of T,. We now consider the control
problem (6) with initial data (h(T,),q(T,)). Similarly to the analysis performed in
Section 4, it yields the following differential equation

y/ t) = k(tfy)
{ y(t=T) -y, @
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Applying Lemma 1, it comes that | f, |, < K, and T, = E(T,)/K, + T, such that (23)

has a solution in [T}, T, , |. Thanks to Lemma 2, it exists a stabilizing control command

k7 T k+1
A% and forall t € [T T ], we have

k+17 k7 T k+1

E(t) < El(Tk)exp<ff r(s)ds)

- ctos(- [ ow)

Since T, € [T,_,, T,], we have

Tk
E(T,) < ENT,_,)exp (J r(s)ds),

Tk—l

which implies that

E(t) < ENTi_q)exp ( JTTk_ r(s)ds) exp (7 JTt r(s)ds)

< Pmyer(- [
< k—1) EXp r(s)ds
Ti—1

< ;51(0) exp (7 Lt r(s)ds) .

The statement is then true at rank k + 1, and that proves the Lemma 3.
O

We have shown the existence of the sequence of interval ([Tk, T, “ ])k ) and the exis-
>

tence of a boundary control command V), in each interval [T,, T, ,, ]. We can now design
the feedback control law for all ¢ > 0.

Definition 3 (Control law). The boundary control law 'V for the stabilization problem (6) is
given by

V() =), Vi, 1, 1(8), (24)
k=0

where the local control command Vi = (uy,, uy,) is defined in [T, T, || by

uj, = max(—sign(bi),O)d‘1 —&-max(sz’gn(b,-),O)Cf-‘2 for i=1;2.

The quantities 55-‘1 and Cf-‘z are solutions of second-order polynomials and are written as

o —b, — /b +2a,G, - —b, + 4/b% +2a,G,
S S L= T 5

2a, ’ 2a, !
" —b, — /b2 +2a,G, " —b, + /b2 +2a,G,
AT 2, 27,

2 2
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where the coefficients a, and b, are given in Section 4.2 where the function G, is defined in the time
interval [T_, T, ] as follows:

k7 Tk+1

t

G,(t) = %é’tl-"k(t) —C,E,(t), with F(t) = E(T,)exp (7J r(s)ds). (25)

T

The time function r represents the stabilization rate, and C,, is a constant depending on the
steady state.

We can now state our main result.

Theorem 1 (main result). Let r be a continuous time function for which the integral over the
interval [0, t] diverges when t tends to +o0. Then, there exists a sequence of intervals ([T,, T,

k” k+1])k20
such that
+00

U]Tk,TM] =10, +oo|,
k=0

and the stabilization problem (6) with the boundary conditions (24) admits a unique solution (h, q)
for which the energy E decreases according to the following estimate:

t

E(t) < E(0) exp (JO —r(s)ds). (26)

The continuity of the functions x ~ 1/x and x > x? and of the hydrodynamic water
level 1 imply that the control law V built by concatenating the stabilizing control commands
V. is continuous. It is also worth noticing that the control vanishes when the energy reaches
zero, and that the sequence of the time intervals is well-defined, i.e.,

+a0

U]Tk’ Tk+1] =10, +oo[.
k=0

Proof. The proof is performed using the Faedo—-Galerkin method. As outlined at the begin-
ning of the proof of Lemma 1, we consider again {a;}, ;< (respectively, by {e;},<;<,) by a fi-
nite Hilbertian basis of the space H'(Q)) (respectively H%l (Q)). Let Wy, = Vect{a,,--- ,a,} x

Vect{e,, -+ ,e,} x Vect{e,,--- ,e,} be the vector space of finite dimension generated by
{a,} x {ei} x {e,}. Let (19, 49) be a sequence in W, (Q) converging to (h°,4°) in L2(Q).
The weak form associated with the problem (6) in W;,(Q) is given by:

jo @0Oth,dQ) — JQ q,VedQ) = fjr ¢q, -ndo, (27)
1
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J org, Ay + J (divqnﬁl)tpdﬂ—f q, div(¢d) dQ+yJ Vq, V¢dQ

Q n Q Q n Q n

J hndiv(¢B1_)dQ+J Baa, 4>dQ+J 70, 4>dﬂ+f h, o) dO)
Q Q " Q " Q

=~ | @ pondosn| (Vo wgdo— | hos, o, 9
rl l-‘l I11

o]
D
>
<
U
2
+

J (divg,d,)pdQ — f q, div(ypa)dQ + yf Vg, VipdQ

Q 0 n 0 n

- | nivigB ) | gg, pi0s | o2, paas | nedpan
Q ) " 9] " Q

- | @wondoiu| o, mpdo— | nyps, wa @)
rl I*l rl

Referring to the energy estimate, it comes that

EX(t) < E,(t) < E}(0) ex (ff
L) <E,(t) <E, P r(s)ds) vte[0,T], (30)
0

with

£ - g,

For T > 0 to be sufficiently large, and a steady state U sufficiently regular, the integration
over the time interval [0, T] of (30) gives us the existence of a positive constant C > 0,
such that

2
2 2
12(0) + ”qlnHLZ(Q) + 192, ”L2<Q),

2 2
thHLZ((),T/Q) + g, HLZ(O,T,Q) <C.

This latter inequality implies that (1,, q,) is bounded in L2(0, T, L?(€2)3), which is a Hilbert
space. Therefore, we can extract a sub-sequence, denoted also by (h,, g, ), converging
weakly to the limit (, q) in L?>(0, T, L*(Q))%). Let us now introduce the following spaces
HL, S4(T) and S)(T)

H} = {ge HY(0,T), such that g(T) = 0},
1o
S(T) = {(p: o(t,x,y) = gl(t)Za,ve,v(x,y), such that ¢; € H+ and a; GR},
i=1

s(T) = {f e H: x HY(Q), such that f(T,x,y) = 0},

For the mass equation: the integration over the time interval [0, T] of (27) results in,

T
—fo(hn,é’sv)odt + (1,00,%,y),90,x,y)q — (h,(T,x,y), 9(T, x,y)q
T T
- J(qnfvw)odt:—f J ¢q, -ndodt, (31)
0 0 JoQ
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where ¢ € H!(Q). Taking ¢ € S(T) x H(Q), thatis ¢ = g1(t) 212, aie;(x,y) = are1(x,y),
the equality (31) becomes

T T
- fo (hyen)adgi(Bdt —  (1,(0,%,1),¢1(0,%,1))g1(0) - fo (41, Ver) g ()t

- JOT <g1 (H)or(t) L Elnde> dr — LT (g1 (B)oa(t) Ll elnydg> dt,

T T
= J elndeJ gl(t)vl(t)dtfj elnydaf g1(t)va(t)dt.
I 0 Ty 0

Since S;(T) is dense in S;(T), taking the limit when 7 tends to +c0, we obtain by compactness:

! T
,J; (fl,el)oﬁtgl(t)dt — (E(O,x,y),el(o,x,y))ﬂgl(o) ,JO (@ Ver)agi (t)dt
T T
= - frl elnxdajo gl(t)vl(t)dtfjrl elnydafo g1(Boa(H)dt,

where e is taken in H'(Q) and g in H}, respectively.

Since D(0,T) x D(Q) < H'(0,T) x H(Q) and L?(Q) < D’(Q), we consider from
now on the test function ¢ € D(Q) x D(Q)). That allows us to drop the second member
in the equation above because if a function belongs to D(Q), it vanishes at the boundary.
Subsequently, we can write

=(1.2e9) (p(0,7)x D (V)Y (D(0,1) x D)) — (@ V) (10,1 %D (Y)Y, (D(0,7)x D(2)) = O-
Finally, we conclude that , in the distributions sense,
Oth + divg = 0.

For the first equation of the momentum, we have

T
— (01, 0)q —  (91,00,,), 90, x,y)) + (91,(T, x,y),llf(T,x,y))QJrf0 (adivgy, ))qdt

T T
[ o) g+ i [ (o, Vgt [ G, diviom, g
b [ (b gt [ () [ (obi) e

JOTjﬂ 019)0 - ndadt+yj j (Vi - )wdrrdtfj J h (B, -n)dodt.
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Taking ¢ € S¢(T), 1 = §2(t) Y12, blei(x,y) = g2(t)ea(x,y), the relation (32) becomes

T
—(q1,9)q — (01,00,%,1),e2(0,%, 1)) ,82(0) + J; (0,divgy, e2)) (&2 (t)dt

T
— J (g1, div(eyD) ng( dt+yJ Vqlk,Vez)ng( )dt

0
- OT h,,div(e;B,)) 482 (t )dt+J (ﬁoqlk,€2> S2(t)dt
n L T(’yoqzk,ez ()dt+JT(tx(1Jhk,ez) S (t)dt

T
= L v1(H)ga(t dtjr ey - nd0+;4f ot J (Vqy, -n)ey dodt
1

— ng Jhez n) dodt.

Since the test function is in the space S;(T) that is dense in S;(T), by taking the limit, it
follows that

T
—(@4, %) — (9.(0,x,y),e2(0,%,)) ,£2(0) +J0 (0,divg, e2)) 482 (t)dt

T
— L (q,,div(e,) ng( dt—&-;tj Vql,Vez)ng( )dt

T

- [ ndiviess )0 )dt+j (Bba, e2), ga(t)c

LT (’y})qz, ez) ng(t)dt + L <a})h, ez) ng(t)dt

T T
= j vl(t)gz(t)dtf e, ondo + yf o(t) J (Vg,n)e; dodt
0 I 0 I

+

T
— f gz(t)f hey(B, n) dodt,
0 I

with e; € HY(Q) and g» € Hi.
As previously for the mass conservation equation, we obtain in the distributions
sense that

0rq, +0,divg+Vq, -9 —uAq+ B, Vh + ﬁéql + ’yéqz + aéh =0.

Following the same process, we establish the existence result for the second equation of the
momentum conservation. Since E(t) < liminfy_,, E,(t), (26) follows from (30). [

6. Conclusions

We presented a methodology for building a local boundary control law for the ex-
ponential stabilization of two-dimensional shallow viscous water flow. The control law
acts only on the volumetric flow parameter in a portion of the boundary and is built by
cascade over a sequence of intervals that are given by the existence of weak solutions of
the perturbation state. The latter state is obtained by neglecting higher orders terms in the
linearization. Nevertheless, it is desirable to address the construction of the control law us-
ing the nonlinear model directly. A prospective direction toward improving the presented
approach, to address in future, is to consider higher order terms in the approximation in
the reformulation of the governing equations of around the equilibrium.

141



Mathematics 2022, 10, 4036

Author Contributions: Conceptualization, B.M.D. and O.D.; Formal analysis, B.M.D. and M.S.G;
Funding acquisition, B.M.D.; Methodology, M.S.G. and O.D.; Supervision, O.D.; Writing—original
draft, BM.D.; Writing—review & editing, M.S.G. and O.D. All authors have read and agreed to the
published version of the manuscript.

Funding: This research was funded by the CIPR (Center for Integrative Petroleum Research), College
of Petroleum Engineering and Geosciences at King Fahd University of Petroleum and Minerals,
Startup funds.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Aamo, O.M,; Krstic, M. Flow Control by Feedback: Stabilization and Mixing, 1st ed.; Springer: London, UK, 2003.

2. Coron, ].-M. Control and Nonlinearity; Volume 136 of Mathematical Surveys and Monographs; American Mathematical Society:
Providence, RI, USA, 2007.

3. Ito, K;; Ravindran, S.S. Optimal control of thermally convected fluid flows. SIAM J. Sci. Comput. 1998, 19, 1847-1869. [CrossRef]

4. Koumoutsakos, P.; Mezic, I. Control of Fluid Flow; Springer-Verlag: Berlin/Heidelberg, Germany, 2006.

5. Sritharan, S. Optimal Control of Viscous Flow; Society for Industrial and Applied Mathematics: Philadelphia, PA, USA, 1998.

6.  Raymond J.P. Feedback boundary stabilization of the three-dimensional incompressible Navier-Stokes equations. J. Math. Pures
Appl. 2007, 87, 627-669. [CrossRef]

7. Barbu, V.; Lasiecka, I.; Triggiani, R. Tangential boundary stabilization of Navier-Stokes equations. In Memoirs of the American
Mathematical Society; No. 852; American Mathematical Society: Providence, RI, USA, 2006.

8. Badra, M. Feedback stabilization of the 2-D and 3-D Navier-Stokes equations based on an extended system. ESAIM Control Optim.
Calc. Var. 2009, 15, 934-968. [CrossRef]

9.  Badra, M. Lyapunov function and local feedback boundary stabilization of the Navier-Stokes equations. SIAM ]. Control Optim.
2009, 48, 1797-1830. [CrossRef]

10.  Fursikov, A.V. Exact Controllability and Feedback Stabilization from a Boundary for the Navier-Stokes Equations. In Control of
Fluid Flow; Lecture Notes in Control and Information Sciences; Springer: Berlin/Heidelberg, Germany, 2006; pp. 173-188.

11.  Fursikov, A.V. Stabilizability of Two-Dimensional Navier—Stokes Equations with Help of a Boundary Feedback Control. J. Math.
Fluid Mech. 2001, 3, 259-301. [CrossRef]

12. Ngom E.M.D.; Sene A.; Le Roux, D.Y. Boundary stabilization of the Navier-Stokes equations with feedback controller via a
Galerkin method. Evol. Equ. Control Theory 2014, 3, 147-166. [CrossRef]

13.  Ravindran, S. Stabilization of Navier-Stokes equations by boundary feedback. Int. . Numer. Anal. Model. 2007, 4, 608-624.

14.  Fursikov, A.V.,; Gorshkov, A.V. Certain questions of feedback stabilization for Navier-Stokes equations. Evol. Equ. Control Theory
2012, 1, 109-140. [CrossRef]

15.  Baranovskii, E.S.; Artemov, M.A. Optimal Control for a Nonlocal Model of Non-Newtonian Fluid Flows. Mathematics 2021, 9, 275.
[CrossRef]

16. Baranovskii, E.S.; Lenes, E.; Mallea-Zepeda, E.; Rodriguez, J.; Vaasquez, L. Control Problem Related to 2D Stokes Equations with
Variable Density and Viscosity. Symmetry 2021, 13, 2050. [CrossRef]

17.  Baranovskii, E.S. Feedback optimal control problem for a network model of viscous fluid flows. Math. Notes 2022, 112, 26-39.
[CrossRef]

18. Barbu, V. Stabilization of a plane channel flow by wall normal controllers. Nonlinear Anal.-Theory Methods Appl. 2007, 67, 2573-2588.
[CrossRef]

19. Bastin, G.; Coron, ].-M.; Hayat, A. Feedforward boundary control of 2 x 2 non-linear hyperbolic systems with application to
Saint-Venant equations. Eur. ]. Control 2021, 57, 41-53. [CrossRef]

20. Dia, B.; Oppelstrup, J. Boundary feedback control of 2d shallow water equations. Int. |. Dyn. Control 2013, 1, 41-53. [CrossRef]

21. Balogh, A.; Liu, W.; Krsti¢, M. Stability enhancement by boundary control in 2-d channel flow. IEEE Trans. Autom. Control 2001,
46,1696-1711. [CrossRef]

22.  Goudiaby, M.; Diagne, M.; Dia, B. Solutions to a Riemann problem at a junction. In Proceedings of the CARI (2014), Saint-Louis,
Sénégal, 16-23 October 2014; pp. 5-62.

23.  Goudiaby, M.S.; Kreiss, G. A Riemann problem at a junction of open canals. ]. Hyperbolic Differ. Equ. 2013, 10, 431-460. [CrossRef]

24. Dia, B.; Oppelstrup, J. Stabilizing local boundary conditions for two-dimensional shallow water equations. Adv. Mech. Eng. 2018,
10, 1-11. [CrossRef]

25.  Fattorini, H.; Sritharan, S. Existence of optimal controls for viscous flow problems. Proc. R. Soc. A Math. Phys. Eng. Sci. 1992, 439,
81-102.

26. Bresch, D.; Desjardins, B. Existence of global weak solutions for a 2d viscous shallow water equations and convergence to the

quasi-geostrophic model. Commun. Math. Phys. 2003, 238, 211-223. [CrossRef]

142



Mathematics 2022, 10, 4036

27.

28.

29.

30.

31.

32.
33.

34.

35.

36.

37.
38.

Bresch, D.; Desjardins, B.; Métivier, G. Recent mathematical results and open problems about shallow water equations. In Analysis
and Simulation of Fluid Dynamics Series in Advances in Mathematical Fluid Mechanics; Birkhauser: Basel, Switzerland, 2006; pp. 15-31.
Gerbeau, ].; Perthame, B. Derivation of viscous Saint-Venant system for laminar shallow water: Numerical validation. Discrete
Contin. Dyn. Syst. Ser. B 2001, 1, 89-102. [CrossRef]

Marche, F. Derivation of a new two-dimensional viscous shallow water model with varying topography, bottom friction and
capillary effects. Eur. |. Mech. B Fluids 2007, 26, 49-63. [CrossRef]

Constantin, A.; Escher, J. Global existence and blow-up for a shallow water equation. Ann. Sc. Norm. Super. Pisa—Cl. Sci. Ser.
1998, 4, 303-328.

Constantin, A. Existence of permanent and breaking waves for a shallow water equation: A geometric approach. Ann. L'Institut
Fourier 2000, 50, 321-362. [CrossRef]

Gent, P. The energetically consistent shallow water equations. J. Atmos. Sci. 1993, 50, 1323-1325. [CrossRef]

Orenga, P. Un théoréme d’existence de solutions d’un probleme de shallow water. Arch. Rat. Mech. Anal. 1995, 130, 183-204.
[CrossRef]

Goudiaby, M.S.; Kreiss, G. Existence result for the coupling of shallow water and Borda-Carnot equations with Riemann data. J.
Hyperbolic Differ. Equ. 2020, 17, 185-212. [CrossRef]

Audusse, E. Modelisation Hyperbolique et Analyse Numérique pour les éCoulements en Eaux peu Profondes. Ph.D. Thesis,
Université Paris 13 Nord, Villetaneuse, France, 2004.

Ruohonen, K. An effective Cauchy-Peano existence theorem for unique solutions. Int. . Found. Comput. Sci. 1996, 7, 151-160.
[CrossRef]

Hajek, P; Johanis, M. On Peano’s theorem in Banach spaces. J. Differ. Equ. 2009, 249, 3342-3351. [CrossRef]

Feng, Z.; Li, F; Lv, Y.; Zhang, S. A note on Cauchy-Lipschitz-Picard theorem. J. Inequalities Appl. 2016, 2016, 271. [CrossRef]

143






. mathematics

Article

Kinetics of a Reaction-Diffusion Mtb/SARS-CoV-2 Coinfection
Model with Immunity

Ali Algarni *, Afnan D. Al Agha 2, Aisha Fayomi ! and Hakim Al Garalleh 2

Citation: Algarni, A.; Al Agha, AD,;
Fayomi, A.; Al Garalleh, H. Kinetics
of a Reaction-Diffusion Mtb/SARS-
CoV-2 Coinfection Model with
Immunity. Mathematics 2023, 11, 1715.
https:/ /doi.org/10.3390/
math11071715

Academic Editor: Patricia J. Y. Wong

Received: 9 March 2023
Revised: 26 March 2023
Accepted: 31 March 2023
Published: 3 April 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
1.0/).

Department of Statistics, Faculty of Science, King Abdulaziz University, P.O. Box 80203,

Jeddah 21589, Saudi Arabia; afayomi@kau.edu.sa

Department of Mathematical Science, College of Engineering, University of Business and Technology,

P.O. Box 110200, Jeddah 21361, Saudi Arabia; a.alagha@ubt.edu.sa (A.D.A.A.); h.algaralleh@ubt.edu.sa (H.A.G.)
Correspondence: ahalgarni@kau.edu.sa

Abstract: The severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) and Mycobacterium tu-
berculosis (Mtb) coinfection has been observed in a number of nations and it is connected with severe
illness and death. The paper studies a reaction-diffusion within-host Mtb/SARS-CoV-2 coinfection
model with immunity. This model explores the connections between uninfected epithelial cells,
latently Mtb-infected epithelial cells, productively Mtb-infected epithelial cells, SARS-CoV-2-infected
epithelial cells, free Mtb particles, free SARS-CoV-2 virions, and CTLs. The basic properties of the
model’s solutions are verified. All equilibrium points with the essential conditions for their existence
are calculated. The global stability of these equilibria is established by adopting compatible Lyapunov
functionals. The theoretical outcomes are enhanced by implementing numerical simulations. It is
found that the equilibrium points mirror the single infection and coinfection states of SARS-CoV-2
with Mtb. The threshold conditions that determine the movement from the monoinfection to the
coinfection state need to be tested when developing new treatments for coinfected patients. The
impact of the diffusion coefficients should be monitored at the beginning of coinfection as it affects
the initial distribution of particles in space.

Keywords: tuberculosis; COVID-19; diffusion; coinfection; stability

MSC: 35B35; 37N25; 92B05

1. Introduction

Coronavirus disease 2019 (COVID-19) is a viral disease induced by severe acute
respiratory syndrome coronavirus 2 (SARS-CoV-2) and emerged in 2019. Although the
number of new cases decreased in the last few months, COVID-19 is continuing its spread
around the globe [1]. Following the World Health Organization (WHO) report issued
on 1 March 2023, above 758,000,000 affirmed cases and over 6,800,000 deaths have been
accounted globally [1]. COVID-19 coinfections with other viral or bacterial diseases are
common, which complicates the treatment of COVID-19 [2]. Tuberculosis (TB) is a bacterial
infection attributable to Mycobacterium tuberculosis (Mtb). Currently, COVID-19 co-
occurring with TB has been declared in a number of nations [3]. As COVID-19 and TB are
greatly infectious diseases, understanding Mtb/SARS-CoV-2 coinfection is very crucial for
protection and treatment of coinfection.

SARS-CoV-2 is an enveloped RNA virus which is linked with the Betacoronavirus
genus [4]. It breaks into the host cell using the angiotensin-converting enzyme 2 (ACE2)
receptor [5]. It primarily infects the alveolar epithelial type-II cells of the lungs [6]. Similar
to SARS-CoV-2, Mtb infects alveolar epithelial type-II cells through pattern recognition
receptors such as toll-like receptors, complement receptors, and CD14 receptors [7]. Thus,
the lung is the major infection site for these pathogens. Nevertheless, they can invade cells
within different organs [6]. Since SARS-CoV-2 and Mtb infect the same target, this could
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increase the seriousness of disease in coinfected people [4]. Both pathogens are dissemi-
nated through respiratory droplets [2]. The most dominant features of Mtb/SARS-CoV-2
co-occurring are fever, cough, and dyspenea [2]. Risk factors in coinfection include age
and comorbidities such as diabetes, HIV, and hypertension [2,3]. The immune response
in coinfection includes T cells [8]. Specifically, cytotoxic T lymphocytes (CTLs) work on
eliminating infected cells from the body. In the mild cases, the immune response can clear
both infections. It has been proposed that Mtb/SARS-CoV-2 patients are at higher risk of
death and developing severe disease than SARS-CoV-2 patients without Mtb [2,3,8]. More-
over, some studies reported that SARS-CoV-2 infection may cause latent Mtb to become
active in coinfected people [3,4]. Other studies also observed that coinfected patients have
low lymphocyte counts [2,8]. Thus, understanding the mechanism of coinfection is very
important to evolve treatments for coinfected patients.

Mathematical models have been utilized to assist experimental and medical studies
of different infections. These models are partitioned into epidemiological and within-host
models. Epidemiological systems consider the interactions between individuals at the
population level, while within-host systems explore the interplay between pathogens and
cells within the host’s body. A variety of COVID-19 epidemiological models (see for exam-
ple, [9-15]) and within-host models (see for example, [16-18]) have been introduced and
investigated. Similarly, TB models have been widely studied as epidemiological models
(see for example, [19-22]) and within-host models (see for example, [23-27]). Some coinfec-
tion models of COVID-19 with other diseases have been developed. For instance, Pinky and
Dobrovolny [28] analyzed a model that tests the impact of SARS-CoV-2 coinfection with
the influenza virus. Al Agha and Elaiw [29] established a within-host SARS-CoV-2/malaria
model with immune response. Elaiw et al. [30] developed a SARS-CoV-2/HIV coinfection
model that takes the latent stage of infected epithelial cells (EPCs) into consideration. Elaiw
and Al Agha [31] studied a SARS-CoV-2/cancer system with two immune responses.

Many epidemiological models of TB/COVID-19 coinfection have been proposed (see
for example, [32-34]). On the other hand, within-host models are not widely considered.
In [35], a within-host coinfection model has been formalized using ordinary differential
Equations (ODEs). This work develops a reaction—diffusion within-host Mtb /SARS-CoV-2
coinfection model. It depicts the interplay between uninfected EPCs, latently Mtb-infected
EPCs, productively Mtb-infected EPCs, SARS-CoV-2-infected EPCs, Mtb particles, SARS-
CoV-2 particles, and CTLs. Additionally, this model is formalized using partial differential
Equations (PDEs) which count the nonuniform distribution of cells and pathogens with
their ability to move. Thus, PDEs are more realistic than ODEs which assume the spatial
distribution homogeneity of cells and particles. Using the developed model, we (i) establish
the boundedness and nonnegativity of the solutions, (ii) determine all equilibrium points
and find the thresholds, (iii) confirm the global stability of each point, and (iv) use numerical
simulations to validate the theoretical observations.

The remaining sections are divided as follows. Section 2 represents the model.
Section 3 proves the boundedness and nonnegativity of the solutions. Moreover, it re-
counts all equilibrium points. Section 4 employs Lyapunov functionals to show the global
stability of each point. Section 5 implements numerical simulations. The last section
provides the conclusion with upcoming works.

2. A Reaction-Diffusion Mtb/SARS-CoV-2 Coinfection Model

This part describes the model under consideration. In this model, we assume that
Mtb and SARS-CoV-2 have the same target, and CTLs kill infected cells at the same rate.
The model consists of seven PDEs as follows:
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% = DyAU + A —;UB — UV —erU,

% =D AL+mUB —aL,

% =DpAIP +al — 187 — e,1P,

% = DAY + UV —41"Z — &1, @
aB(a’;'t) = DpAB + piex1% — 4B,

ant‘ft) = DyAV + pl¥ —esV,

azga:,t) =DzAZ+wIPZ+wlVZ - &2,

where the time f > 0 and the position x € ¥. The domain ¥ is bounded and connected
with a smooth boundary 0¥. The compartments U, L, I B IV B, V,and Z designate the
concentrations of uninfected EPCs, latently Mtb-infected EPCs, productively Mtb-infected
EPCs, SARS-CoV-2-infected EPCs, Mtb particles, SARS-CoV-2 particles, and CTLs at (x, t),
respectively. Uninfected EPCs are generated at rate A. Mtb converts healthy EPCs into
latently infected cells at rate 171 UB, while SARS-CoV-2 infects the same type of cells at rate
UV, Latently Mtb-infected cells become an active producer at rate aL. Mtb particles
are created at a total production rate y;€218. SARS-CoV-2 virions are ejected from SARS-
CoV-2-infected cells at rate ji1V. CTLs remove Mtb and SARS-CoV-2 infected cells at rates
yIBZ and 41V Z, respectively. The corresponding stimulation rates are wI?Z and wIVZ,
respectively. The compartments U, [ B IV B, V,and Z die at rates e1U, €318, e31", €4B,
€5V, and €4Z, respectively. We assume that each compartment K diffuses with a diffusion

coefficient Dg. The operator A = % is the Laplacian operator. We presume that all

parameters of model (1) are positive. The initial conditions (ICs) of system (1) are

U(x,0) =11(x), L(x,0) =w(x), IP(x,0) =wvs(x), I"(x0)=rwy(x),
B(x,0) =vs5(x), V(x,0)=ve(x), Z(x,0)=v7(x), x€Y, )

where v;(x) > 0,i =1,2,...,7, are continuous functions in ¥. The boundary conditions
(BCs) of (1) are

ou oL oIB 91V 9B oV 9z
A A A i ®)

where % is the outward normal derivative on 0¥. These Neumann BCs suggest that the
boundary is isolated.

In the upcoming parts of the paper and for simplicity, we consider the contraction
K(x,t) = K for each compartment K in model (1).

3. Basic Properties

This section certifies that the solutions of system (1)—(3) are unique, nonnegative,
and bounded. Additionally, it computes all equilibrium points of model (1).

Let S = BUC(¥,R7) be the set of functions that are bounded and continuous from
¥ to R”. The positive cone S, = BUC(¥,R7.) C S forms a partial order on S. Define

Iflls = sup |f(x)|. Consequently, (S, || - ||s) is a Banach lattice [36,37].
xe¥

Theorem 1. Suppose that Dy = Dy = D3 = Dyv = Dz = Dy. Then, model (1) with any ICs
(2) has a unique, nonnegative, and bounded solution on Y x [0, +00).
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Proof. Forany v = (vq,va,v3, V4, vs,ve,v7)T € S,, wedefine P = (Py, Py, P3, Py, Ps, Ps, Py)7

Sy — Sby
Py(v)(x) = A = mu1(x)vs(x) — 121 (x)ve(x) — €qv1(x),
Py (v)(x) = mur(x)vs(x) — ava(x),
P3(v)(x) = ava(x) — yva(x)vr(x) — e2v3(x),
Py(v)(x) = nva (x)ve(x) — yva(x)v7(x) — €sva(x),
Ps(v)(x) = preavz(x) — eqvs(x),
Pe(v)(x) = pova(x) — esve(x),
P;(v)(x) = wvs(x)vz(x) + wvg(x)vy(x) — egvz(x).

We observe that P is Lipschitz on S.. Therefore, it is possible to rewrite system (1)—(3)
as the abstract DE:

dj _
S =DI+P(), >0,
Jo=veESy,

where | = (U,L,I%,1Y,B,V,Z)T and D] = (DyAU,D;AL,D;sAIB,D;vAIV, DEAB,
DyAV,DzAZ)T. We can show that

o1
hlgg+ 7 dist(v +hP(v),S+) =0, v € S4.

Hence, for any v € S, model (1)-(3) has a unique nonnegative mild solution for the
time interval [0, T¢).
To verify the boundedness, we consider the function

Yi(x,t) =U+L+1".
As Dy = Dy = Dyv = Dy, then by utilizing model (1) we obtain

% —D1AY; =A — U —aL —41VZ — e51"
<A—eU—alL - e3IV
S)\—Ul{uﬁ‘L‘f‘IV]

=\ —01Yy,

where 07 = min{a, €1, €3}. Thus, Y; satisfies the system

% —D1AY; <A —01Yy,
Y

7

Y] (x, 0) 2 0.

Assume that Y (f) satisfies the system

Y, (t)
dt
Y, (0) = max Yq1(x,0),
xe¥

=A—aY(t),

which implies that Y1 (t) < max{ UA, max Yq(x,0) } In accord with the comparison princi-
1 xe¥

ple (CP) [38], we obtain Y;(x,t) < Y (t). As a result, we have
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Yi(x,t) < max{i,mag( Yl(x,O)} = Q1.

01 xe¥

This ensures that U, L, and I" are bounded. From the third equation of (1), we have

or® B B B
ET DipAI” =al — yI°Z — e51
guL—eZIB
<aQq — 1B,

We can conclude from the CP [38] that

B < max{@,qu IB(x,O)} = Q.
€ xec¥

Thus, I8 is bounded. From the fifth equation of (1), we have

JdB

g - DBAB Z}llé‘le - €4B
<p162Q2 — €4B.

Based on the CP [38], we obtain

B < max{LZQz,ma_x B(x,O)}.
€4 xe¥

Hence, B is bounded. From the sixth equation of model (1), we obtain

W DyAV =pp1V —esV

ot
<p2Q1 —es5V.

The CP [38] implies that

V< max{ VZQl,ma_x V(x,O)} = Qs.

€5  xe¥
Thus, V is bounded. Finally, we introduce the function

Yo(x,t) =18 +1" + %Z.

Then, we obtain

M2 b AY, —al + 1UV — eI —es1V — %Z

ot
<aQq1 +12Q1Q3 — 02Y>,
where 0o = min{e», €3, €4 }. By the CP, [38], we obtain

Yo(x,t) < max{w,m@( Y2 (x,0) }
%) xe¥

This implies that Z is bounded. The above results show that all solutions are bounded
on ¥ x [0, T,), and so solutions are bounded on ¥ X [0, +c0). This conclusion is derived
from the standard theory for semi-linear parabolic Equations [39]. [

Proposition 1. The conditions Rop, Rov, Rip, Riv, and ¢ exist such that system (1) has six
equilibrium points:
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(i)
(ii)
(iii)
(iv)
(v)

(vi)

The uninfected equilibrium Eq always exists;

The Mtb immune-free equilibrium E is defined when Rop > 1;

The COVID-19 immune-free equilibrium E, is defined if Roy > 1;

The Mtb equilibrium with immunity E3 exists if Rip > 1;

The COVID-19 equilibrium with immunity E4 exists if Riy > 1;

The Mtb/SARS-CoV-2 coinfection equilibrium Es exists if WAI2}2€4
€x€5[wer€y + 1711116266

Rov

Ros

+1>

WA €265
" e3€4]wer€s + Mapa€e)

2+R13 +1>%+Rlv, >1,e >e3,ando > 1.

Proof. The equilibrium points of Equation (1) can be drawn by solving the system:

(i)

(iif)

(iv)

0=A—-mUB—-nUV —-el,
0=mUB—alL,

0=al —yIBZ —IB,
0=mUV —q1"Z -1,
0= ylele — €4B,

0=pl" —esV,
0=wlPZ+wlVZ —esZ.

Then, we obtain the following:

The uninfected equilibrium Ey = (U),0,0,0,0,0,0), where Uy = g > 0. Thus, Ey
1

always exists.
The Mtb immune-free equilibrium E; = (Ul, L, IlB ,0,B4,0, O). The components are
given as follows:

€4 €1€4 B €1€4 €1
=—, L1 = Rop—1), I = Rop—1), Bi=—(Rog—1),
U B g (Rop =) = e (Ros = 1), Bu= 5 (Ros —1)
A
where Rop = % We note that U is positive, whilst L, IlB , and By are positive
1€4

when Rop > 1. Hence, E; exists if Rop > 1. The parameter Ryp appoints the onset of
Mtb infection with inactive CTLs.

The COVID-19 immune-free equilibrium E, = (U, 0,0,1Y,0, V5,0). Its coordinates
are written as follows:

€3€5 v _ €165 €1
U=—>=, I =—(Royv—1), Vo=—(Rov—1),
2 Talia 2 ;72”2( oV ) 2 ’72( oV )

A
where Roy = % Thus, U, > 0, whilst I¥ > 0and V, > 0 when Ryy > 1.

1€3€5
Accordingly, E; is defined when Roy > 1. The threshold Rgy locates the start of
COVID-19 infection, where the CTL immunity is inactive.
The Mtb equilibrium with immunity E3 = (Us, Ls, IZ,0, B3, 0, Z3), where

- wAey Ly— A1pi€2€6 B €6
wel€y + N p1€2€66 alwereq + n1p1€266)

By = 112% 7, — 2(7313 -1),
wey ¥

1B=5
3 w

WA
WEE4 + 1116266
while Z3 > 0if R1p > 1. This implies that E3 exists if R1p > 1. The threshold R1p
sets the activation of CTLs versus Mtb-infected EPCs.

where Rqip = . We note that Us, L3, ISB and B3 are always positive,
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(v) The COVID-19 equilibrium with immunity E4 = (U4, 0,0,1 X ,0,Vy, Z4). The compo-
nents are given as

wAe € € €
= ——o =5 v, = 1256 Z4=*3(731v—1),
WEE5 + aU2€6 w wes 0%
WA 2

where Ry = ————=———_ We see that Uy, IX, Vy > 0, while Zy > 0 if
e3[weies + 12 pi2es]

Riv > 1. Hence, E4 is defined when Rqy > 1. Here, the threshold Ry defines the
stimulation status of CTL immunity versus SARS-CoV-2-infected EPCs.

(vi) The Mtb/SARS-CoV-2 coinfection equilibrium Es = (Us, Ls, I, IV, Bs, V5, Z5). The
components are defined as

Us = (2—€s)es
mp2(c—1)
Le — 771}1162636465(606165 + 172}!266) w)\ﬂl}l1€2€5 €
5 = 2 +1——=— RlV ,
aw (11 €265 — 12 }2€4) €3€4(weres + 17241266 €3
g €3(weies + iapiaes) w1 €2€s5 €
5= +1-=—-Rv|,
w(ez —€3)ip2(0 — 1) | ezeg(weres + napines) €3
v — 6265(606164 + 771#1626?6) [ WA J2€E, 1 €3 R }
5 = - — — TRl
w(ey — e3)mappes (0 — 1) | €x€5(wereq + 171 11€2€6) €
- V1€2€3(W€1€5 + 172112€¢) WA J1€2€65 €2
= 1-—=-Riwv|,
w(ey — €3)mapaes(0 — 1) | e3e4(weres + napzee) €3
_ e(wer€eq + m1p1€266) WAai2€g €3
Vs = 1———-TRp|,
w(ey — €3)mes(0 — 1) | e2e5(wer€s + 11111€2€6) &
7, — Mi1&2¢ses(Rov/Rop — 1)
Yiapzes(c —1) ’
where 0 = w. We see that Ls, Ig, and Bs are positive if wAnp€ses

M212€4 e3€4(weres + 12H2€q)

€ R e WA o€y €
1> —= +Rqy, while I and V5 are positive if 1> —=4+7Rs,
€3 v » > saep €2€5(wer€q + 111 111€2€6) € 18
and Zs > 0if ROV > 1. In addition, we need the two conditions €, > €3 and ¢ > 1.
0B

Hence, E5 exists when the above conditions are met.
O

4. Global Properties
This part is aimed to prove the global stability of all equilibria by adopting correct
Lyapunov functionals. The construction of these Lyapunov functionals follows the methods
presented in [40-42].
We consider a function E;(U, L, [ B 1V BV, Z) and suppose that X; is the largest in-
az;
variant subset of x; = {(U, L,IB,1Y,B,V,2Z) ditl = 0}, i=0,1,...,5.

Theorem 2. The equilibrium E is globally asymptotically stable (GS) if Rop < 1 and Roy < 1.

Proof. We opt a Lyapunov functional (LF)
Bo(t) = / io(x,t) dx, where
Jy

1
0=u0<£—1—1n£>+L+IB+IV+—B+§V+ZZ.
UQ U() 151 H2 w

[
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By taking the partial derivative, we obtain
auo U() B
=r =177 ) (PubU +A —pUB — UV — eyl ) + DLAL + i UB —aL + Dys Al
1
+al — 4187 — ;I8 4+ Dy ATV + UV — 41V Z — 31V + " <DBAB + pieaI® — e4B>
1
+ ;—3 <DVAV +plV — e5v> + % <DZAZ +wIBZ+wlVZ - e6z>
(1= a ey + (o — <) B+ (ot — S5 v - 7662+ 199 piau
u M1 U2 u
1
+ DAL+ DysAIP + DALY + DB+ %DVAV T %DZAZ.
1 2

The derivative —— 4Zo 0 is given by

at
4 _ _ 1/ deri“(norn/ de+€3—€5(7zovf1)/ def%é/de
dt u 21
+DUA< li?)Audx+DL/Ade+D,B/AI dx+D1v/AI dx 4)

1
+—DB/ AB dx+—DV/ Ade+sz/ AZ dx.
M1 ¥ H2 Y w ¥
Based on the Divergence theorem and Neumann BCs, we obtain

0:/ V<I>~?dx:/ div(Vd>)dx:/A<I>dx,
hd Y v

AD [V ®)

[ Lloo.rde= [ div(t _ [ ]A® B v
of/wq)vb rdxffifdlv(qJVd)) dfo/{(D - ]dx, ford € {U,L,1°,1V,B,V, Z)}.

As a result, the derivative in (4) is altered to

dﬂ:—e/ud +y (Ros — 1) /Bd +€3€5(R0V—1 / de—”eé/de

dt
2
b, [ 174

dE dE
We see that dto < 0if Rogg < 1 and Ryy < 1. Furthermore, d—to
/ oB
and B = V = Z = 0. The solutions approach x, that has B = V = 0. Thus, — 5 = = 0and
aa—‘t/ = 0. According to the fifth and sixth equations of system (1), we acquire I B—1V=o.
oIP ,

Therefore, e 0 and the third equation of (1) gives L = 0. Consequently, x, = {Eo} and
in compliance with LaSalle’s invariance principle (LIP) [43], the point Ey is GSif Rop < 1
and ROV < 1. O

=0ifU = Uy

Theorem 3. Let Rop > 1. Then, the equilibrium Eq is GS zf V. < 1with Rip < 1.

Proof. We adopt an LF
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By calculating the partial derivative, we obtain

= :<1 - %) <DUAU+/\7 mUB — 772UV761U> 4 (1 - %) (DLAL+771UB wL)

IB
+ (1 - Ig) <D,BAIB +al — 187 — 6213> + DAY + UV —41VZ — €31V

(6)

+ L <1 - ﬂ) (DBAB + merlB — 54B> +8 (DVAV +plV — 55V>
a1 B Ho

+ % <DZAZ +wBZ+wl’7Z - e6Z>.
By employing the equilibrium conditions at E;, we obtain

A =1ty By + e Uy,
mUiBy = aly,
ﬂLl = 62[{3,

621{3 = EBl.
H1

Hence, the derivative in (6) can be simplified to

95, u u, UuLB LI} BB €365
=(1-=2 - B(fa- 2L - —~_~—1 __ A —-55 )y
5 < i )(elul €1u) +1’]1U1 1( U U,LB; LllB IlBB + ?]zul 42

B €6 Uy Ly I B
+ (711 - 7)Z+ (1 - U)DUAU+ <1 - f) DyAL + (1 — 35 | DisbI

1

By €3 Y
DAY + —(1— 22 \DgAB+ =DyAV + LD,AZ.
+ Dyv +V1< B) B B+V2 v V+w 7

By using (5), % is given by

dE] (Uf U])z Ll1 ULlB LI-F IBBl €3€5 ROV
—_ = —d B 4— — —— — —— ———|d — | = -1 vd
a /\y g drtmth 1Af U ULk Lif 158 ) T T \Ros AJ *
Y(wereq + N1p1€2€6) / |vu|? / VL[
Rig—1 Z dx — DU dx—D;L d
Wi e (R1p ) 'y X ut v U2 X L1 v L2 X

|vIB|? DBy [ ||VB|?
oy [ LTI g DBy I
AN 1 Jy
= R d=
In this situation, d—tl < 0if v < 1and Rq1p < 1. In addition, d—tl = 0 when

0B
U=U, L=Ly,®=1IF B=B;, whileV=_Z = 0. The solutions tend to )(11 withV =0

and therefore aa—‘t/ = 0. The sixth equation of (1) yields IV = 0. Hence, )(’1 ={E;} and E; is

GSwhen Rpp > 1, % < 1land Rip < 1according to LIP [43]. O
0B

Theorem 4. Let Roy > 1. The equilibrium Ej is GS zf% <land Riy <1.

(%

Proof. We pick an LF

By(t) = / Eyp(x,t) dx, where
Jw
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= u u v v 1 € v 1% ¥
B=h——-1-In— | +L+F+0[ 5 -1-In— +—B+—V<——1—ln—)+—z.
? 2<U2 Uz) 2\ ) m i\ ) w

0=
Then, a—tz is computed as

aa“tz (1 - %) (DUAU +A—qUB— UV — eﬂl) + DyAL + iUB — aL + DysAI® 4 aL

y 1
—IBZ — e, 1B + (1 - 1) <D,VA1 + iUV —yI1VZ — €3IV> + p (DBAB + prenIB — e4B> @)

18 (1 Vz) (DVAV +plV — e5V> + X <DZAZ +wlfZ+wlVz - e6Z>.
H2 Vv w
By considering the equilibrium conditions at E
A =mVa + el
Vs = ey,

€3€5

63[2‘/ ==V,
2

the derivative in (7) becomes

95, U, u unv 1"v, €4
1— == — = _ 2 ___ "< _ =
o < u > (@1l = erll) + 7ol Vs <3 U~ v, wv) T\t )P

Y€6

U, Y
+ (71{ - )Z + (1 - H>DUAU+ DAL+ DsAIB + <1 - ﬁ/) Dy ATV

1 Va v
DgAB+ —(1— —= |DyA —DyAZ.
+ﬂ B +V< V) v V+w 7

By using (5), the derivative of Ej(t) is expressed as

g, (U — Uy)? / u uyv 1w Ros /
2 = elﬁy g debmtVs [ (3= - gy - dx+ R 1) [, Bdx

2
J Ywers + 12pa€s) 1)/ Zdx—D uz/ IvUl” 4
Wiz 2
vIv|? Dy Vae3 ||VVH2
_D IV/ I dx —
v [ V2 X 1" v V2
A&, .. Ros

5,
We note that b <0if — < 1,and Ry < 1. Moreover, e =0when U = Uy,

oV
IV = IX ,V =V,and B = Z = 0. The solutions approach )(2, which has an element with

B = 0 and hence a—B = 0. From the fifth equation of (1), we have I B —o. Consequently,

ot
I8 '
ST 0 and thus L = 0 according to the third equation of (1). Thereupon, x, = {E,} and
E; is GS when Rgy > 1, % <1and Ryy <1 as attributed to LIP [43]. [
ov

)\(4]7]2}126‘4

Theorem 5. Assume that Rip > 1. Then, the equilibrium Es is GS if
€x€5]werey + 171 1i1€2€6)

1< 8 4+ Ry
€2

154



Mathematics 2023, 11, 1715

Proof. We pick an LF
B3(t) = / Ea(x,t) dx, where
Y

~ u L B I
By=Uz( ——1-In— |+ L3 ——1—In— ) +1 1—In— | +1V
et (g 1) sty g ) ¢ 8 (g 1)

+<i+7—z3>3 (E—l—m£>+< +723)V+7Z3<5—1—1n5)
1 M1€2 Bs B3 Mo o M2 Z3 Z3

0Bs . .
Then, = is written as

"ot
Us Ls
(] 7?) (DuAU+)\ mUB — 772UV*€1U> <1* f) <DLAL+771UB*L1L>
( ) DIBAIB-HzL fyIBZ—eZIB> + DAl + UV — 41V Z — 31"
1 Z B Z ®
(7 D) <1 3> (DBAB + peal® — e4B> + ( + D) (DVAV+ pal” — €5V>
p }4162 B pa M2
%( )(DZAZ+wIBZ+wIVZ—e6Z>

By utilizing the equilibrium requirements at E3 to add the terms of Equation (8)

A =11U3Bs + €1Us,
mUzBs = als,
alsy = yI2Z;3 + &1,

B_ €4
6213 = 733,

yIBZs = 7 623,

we obtain

aug Us Us ULsB LIZ  [BBs
1-= Us —e U UsBs(4——=2— -2 - 28— 2
< u>(€1 3 —el) + 13 3< U~ UslB; Lyff  IPB

1B
(’7 Us — €365 765Z3>V+ (1 - %)D AU + <1 - %)DLAL+ <1 - 133> DsAIB

H2 H2
+ DALY + ( LI LZ3> (1 B3>DBAB+ ( + LZ3>DVA %
B ph€2 B W2 M2
+X (1 - é) DyAZ.
w Z

By using (5), the derivative of E3(t) is presented as

dZ; (U —Us)? U; ULsB LIJ BB,
- o) g By [ [4—=2— R B}
dt “ /y u *+nlsBs / U W;LB; L3I IPB

2
+7€2€5< Awippizés +1———R13>/de DyUs / ||vu|| dx
Ha \ €265[wer€q + 11 111€26€6) €
~|IVL|? / HWBH2 (1 723> HVBII2
— D, L dx — Dy B dx — DgBs + — dx
L= e 12 ’s 1 pie2) Jy B2

DyZ Z|?
723/”dex
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We see that 123 < 0 if Awiapiz€s
dt s €2€5|werey + 11116266
possible to show that £ — 0when (u,L,I%,1v,B,v,Z) = (Us, Ls, 131,3, 0, B3,0,Z3). Then,

dt
, . . Awipp o€y
= {E3} and in reference to LIP [43], E5 is GS when R1p > 1 and
X3 { 3} [ ] 3 1B 6265[w€154+17]]/11€256]

€ . ..
<5 + Rqp. In addition, it is
€2

1<@ 1Ry O
€2

Awnp€2€5

Theorem 6. Let R1y > 1. Thereupon, the equilibrium E4 is GS if
e3eaweres + apir€e)

€2

=+ Ry

e + Riv

Proof. We nominate an LF

By(t) :/ Ey(x,t) dx, where
¥

u u v v 1 9Z
=Uy(——-1-In— | +L+1P+1)[~—-1-In— +<—+—>B
4 <U4 n u ) 4 (IX n IV) M i€

)y da(z )
(e V(L 1 m )+ Yz (L c1-m 2
<142 w )\ Vy Nz 74

By computing the partial derivative, we obtain

[

0%y _ u,
u

= =1 7> (DuAu+A —mUB— UZUV—elll) + DyAL +UB — aL + Dy AIP 4 aL

IV
— 7 — 1P+ (1 - 1) (DIvAI + UV —y1VZ — 531")

C)]
+ <i + LZ“) <D3AB +nenl® — e4B> + <;4 + LZ‘*) <1 - %) (DVAV +lV - e5V>
2

H1 Hi€2 H2
Y Zy B v
+ (1= 2 (D282 + wIPZ+ wIVZ ~ &)

By considering the equilibrium conditions at E4

A =mUsVy+ ey,
mUsVy = vIf Zy + e31f,

el = 2%y,
H2
Y€6
V7= "7,
Yy L4 w 4

the derivative in (9) is transformed to

8_44 U U4 ULYV IVV4 €4 ’)’€4Z4
1— 22 ) (U — U Wv(s3—=2-—4_ - "4 u, — =+ - =224
ot < u ) (e1lly —enl) +1m2lsVa (3 u U,Ivv, IXV tnt 1251 Hi€2

(1 DyAU + Dy AL+ D AIB + 171 DAY 4 (L4 74 DA B
u I v I W M€

€3 ’YZ4>< V4> ’Y( Z4>
+ | =+ — 1-— Dy AV + 1— — |DyAZ.
(M H2 v z)*

By using (5), the derivative of E4(f) has the form
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= 2 14 \4

= — urv

L R A CRL I Ly P8
JY P

dt u U4IVV4 Vv
2
N e3e4< Awn €265 777721‘/)‘/ Bdx—D Ll4/ HVUH
i€ \ €3€4[weres + 772#256]
v Iv? Z V|2 D77 Z||?
ot L (24 1Y [ WOV gy 9De [ 1T,
Yy IV 1253

It follows that dﬂ < 0if Awinpéses < & + Rqy. In addition, dﬂ =0
dt €3€4[wer€s + MapaEs] €3 dt

when (U, L,I8,1V,B,V,Z) = (U;;,0,0,IX,O, Vi, Z4). Hence, x; = {E4} and E4 is GS if

Awny €265 €
Riy > 1and +1< = +Rqybased on LIP [43]. O
v €3€4|weres + 1a12€] €3 B 1431

Awn €265
€3€4[wer€s + Mapaes)

Awnppo€y
€2€5(wer€y + 11 11€2€¢)

Theorem 7. Suppose that > 2—3 + Rip,
2

1> E—z + Ry, R—OV > 1, e > €3,and o > 1. Then, the equilibrium Es is GS.
3 0B

Proof. We start with an LF
B5(t) = A’ §5(x, t) dx, where

u L B 8 v(1V v
U5<U5 171n—>+L5<L—7171n >+15<IB ln1—3>+15 Isvflflng
1 "/Z5> (B B) <€3 ’yZ5> (V V>
+ + Bs| o-—1-In— )+ —~+— V5~ —1—In—
( m o mer) "\ Bs Bs w ' m ) O\ s Vs

Z VA
(2nd)

By computing the partial derivative, we obtain

[
al
[

+
g1=
N
o

<1 %) (DuAU-‘y—/\ mUB — 172UV—€1U) + (1— %) <DLAL+17]UB—HL>

B v
i
1— %) DIHAIB +al —yI8Z — 6218) + (1 - TV> (DIVAIV + iUV —y1VZ — e31V>

+ LZ"’) <1 BS) (DBAB + e I? — e4B>
1€2 B

1
m
;—3 + LZS) ( V5> (DVAV+;421V . E5V>

g
(
(030

+ (1 - %) (DZAZ twBzZ w7z - eéz>.
w

+

+

At equilibrium, the following conditions are satisfied:
A =m1UsBs + 12Us V5 + €1 Us,
mUsBs = aLs,
als = yI8Z5 4+ e 18,
mUsVs = yI¥ Zs + 313,

B_ €4
els = —Bs,

> M1

Vv _ €365
6315 = 7V5,

Y€6
YIBZs 4y 1Y 75 = %
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dt

—va<
H2

= . IRTAY
B _ g, [ WU

By using the above conditions with (5), the time derivative of E5(t) is written as

Us ULsB LI [PBs
d UB/ - Sl
g Gt ntsbs < U~ UsLBs L5i®  IBB

Us  Urv  1'vs IIVUII2 VL]
uv/3———7— d—DU/ DL/ d
+ipUsVs W( U W v 5 LLs 2 dx
vIB|2 [vIV|* 1 9Zs IIVBH2
D IB/de—D Iv/idx—DB L /
1855 2 s 2 B% nW mer) Jy B2
’YZ5>/ ||VVH2 ’YDZZS/ ||VZH2
Th LES<o d—dE5*Oh Uu,L,1%,1V,B,V,Z) = (Us, Ls, 18,1V, Bs, Vs, Z
us, T an T w en( , L, 17,17 ,b,V, )7( 5,L5,15,15 , D5, V5, 5)~

This implies that )(/5 = {Es} and Es is GS when it exists in regard to LIP [43]. O

5. Numerical Simulations

In this part, we implement numerical simulations using MATLB PDE solver (pdepe)
to validate the theoretical observations attained in the previous parts. This solver solves
initial boundary value problems for systems of PDEs in one spatial variable x and time ¢.
The domain of x is provided as ¥ = [0, 2] with step sizes Ax = 0.02 and At = 0.1. The ICs
of system (1) are determined as the following;:

U(x,0) = 10°(1 +0.2cos?(7rx)), L(x,0) = 10*(1 +0.2cos?(mx)), I1B(x,0) = 10%(1 4 0.2 cos?(7x)),
1V (x,0) = 10%(1 + 0.2 cos?(mx)), B(x,0) = 500(1 + 0.2cos?(x)), V(x,0) = 500(1 + 0.2 cos?(7rx)),
Z(x,0) = 0.1(1 + 0.2 cos?(7rx)).

To present the global stability of the equilibria of system (1), the results are divided
into six cases. In each case, we change the values of 71, 172, and w while keeping all other
values as shown in Table 1. These cases are stated as follows:

(i) We choose1j; =25x107%, 7, =1 x 1071, and w = 8 x 1073, This gives Rop =

0.1923 < 1 and Ry = 0.4667 < 1. This indicates that Ey = (4 x 10°,0,0,0,0,0,0) is

GS (Figure 1), which comes to an agreement with Theorem 2. This case simulates the

condition of an individual with no Mtb and SARS-CoV-2 infections.

(ii) We select 77 = 2.5 x 1077, = 1x 10711, and w = 8 x 1077 to obtain Rop =

19.2308 > 1, % = 0.0243 < 1,and R1p = 0.0638 < 1. The result agrees with The-

orem 3 that theogquilibrium E; = (20,800, 9480,7584,0,729,231,0,0) is GS (Figure 2).
In this situation, the patient has Mtb monoinfection and the CTL immunity is inefficient.
(iii) We take 171 = 25x107%, 70 = 1 x107%, and w = 1 x 1078, We obtain Roy =
46.6667 > 1, % =0.0041 < 1, and R1y = 0.04 < 1. These conditions implicate the
oV
global stability of E; = (8571.43, 0,0,391,429,0,4.56667 x 108, O), which harmonizes
with Theorem 4 (Figure 3). In this case, the patient has SARS-CoV-2 monoinfection in
the absence of CTLs.
(iv) We choose 17 = 2.5 x 1077, 175 = 1 x 1071, and w = 1 x 10 4. This gives Rip =
56497 > 1 and Awipzpz€s £1=1.0027 < 56697 = & 4 Ryp. This
€r€5]wer€s + 11116266 €
implies that the equilibrium E3 = (117,514, 7062.15,1000, 0, 96,153.8, 0,4.64972) is GS
(Figure 4), which comes to an agreement with Theorem 5. Here, the CTL immunity
is turned on to exterminate the Mtb infection. Consequently, the densities of Mtb-
infected cells and Mtb particles decrease, whilst the density of healthy cells increases.
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(v) We consider 171 = 25x107%, 17, = 1 x 107, and w = 1 x 107°. Thus, we obtain
Ryy = 3.6842 > 1and — ACNIEEs 4 47501 C 536842 = 2 4 Ry
e3eaweres + apioes) €
In favor of Theorem 6, E; = (31,578.9,0,0,1 x 105,0,1.16667 x 108,0.05368) is GS
(Figure 5). This case mimics the condition of a COVID-19 patient with active CTLs
which work on removing SARS-CoV-2-infected cells.
(vi) We choose 771 = 2x 1077, 1 = 1 x 1077, and w = 2 x 107°. These values give

A A
Wip212€4 £1=1.009 > 01784 = & 1 Ryp, Winp€acs
€2€s5[werey + 11 11€2€6] € €3€4[weres + 121266

1 = 113.5704 > 56.8293 = 2—2 + Riv, % =3.0333 > 1, and ¢ = 164835 > 1.
3 0B

This implicates the global stability of E5 = (27,125.6,5712.6,4380.44, 45,619.6, 421,196,
5.322 x 107, 0.043), which is compatible with Theorem 7 (Figure 6). In this situation,
the person has SARS-CoV-2/Mtb coinfection with robust CTL immunity.

5.1. The Movement from the Monoinfection to the Coinfection State

From the results above, we see that increasing the infection rate of EPCs by SARS-
CoV-2, 115, forces the system to move from Mtb monoinfection state to SARS-CoV-2/Mtb
coinfection state. In other words, Ej3 loses its stability and Es becomes GS. Similarly,
increasing the infection rate by Mtb, 11, pushes the system from SARS-CoV-2 monoinfection
state to the coinfection state. In this case, E4 loses its stability and Es becomes GS. Therefore,
the values of these parameters need to be controlled as they have a powerful effect in
converting the system from the monoinfection zone to the coinfection zone.

5.2. The Impact of the Diffusion Coefficients On Coinfection

To test the impact of the diffusion coefficients in model (1) on the behavior of the solu-
tions, we change the values of the coefficients considered in case (vi) to Dy = D, = D5 =
Dy =Dp=Dy =Dz =1x 10~5. We observe from Figure 7 that the effect of this change
appears at the initial times, while the final solutions are not affected. Thus, the diffusion
coefficients do not affect the robustness of the global stability of the solutions. Therefore,
the impact of these coefficients should be monitored at the beginning of coinfection as it
affects the distribution of particles in space.

Table 1. Parameters’ values of system (1).

Parameter Value Source

A 4x10° [44]

A Varied -

12 Varied -

a 0.4 [24]

0% 0.5 [23]

22 100 [25]

2 700 [44]

w Varied -

€] 0.01 [44]

€ 0.5 [25]

€3 0.01 [44]

€4 0.52 [27]

€5 0.6 [16]

€6 0.1 [44]

Dy 0.1 Assumed
Dy 0.1 Assumed
Dps 0.1 Assumed
D 0.1 Assumed
Dg 0.2 Assumed
Dy 0.2 Assumed
Dy 0.1 Assumed
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Figure 1. The numerical results of system (1) for 17; = 2.5 x 1077, m=1x 1071, and w = 8 x 1073,
The uninfected equilibrium Ey = (4 x 105,0,0,0,0, 0,0) is GS.
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Figure 2. The numerical results of system (1) for 7; = 2.5 x 1077,y =1x10"", and w = 8 x 1077.
The equilibrium E; = (20,800,9480,7584,0,729,231,0,0) is GS.
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Figure 3. The numerical results of system (1) for 177 = 2.5 x 1072, 17, = 1 x 107, and w = 1 x 1078.
The equilibrium E; = (8571.43,0,0,391,429,0,4.56667 x 108,0) is GS.
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Figure 4. The numerical results of system (1) for 71 =2.5x 1077, 7 =1 x 107", and w = 1 x 1074,
The equilibrium E3 = (117,514, 7062.15,1000, 0, 96,153.8,0,4.64972) is GS.
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Figure 6. The numerical results of system (1) for 7 =2 x 1077, 17, = 1 x 1072, and w = 2 x 107°.
The equilibrium E5 = (27,125.6,5712.6, 4380.44, 45,619.6,421,196, 5.322 x 107,0.043) is GS.
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6. Conclusions and Future Works

There is an emerging evidence that the COVID-19 patients who have Mtb are more
likely to develop acute disease and die [2,3,8]. Therefore, understanding Mtb/SARS-CoV-2
coinfection is critical to treat this group of patients. Here, we introduced a reaction—diffusion
within-host Mtb/SARS-CoV-2 model. It counts the connections between uninfected EPCs, la-
tently Mtb-infected EPCs, productively Mtb-infected EPCs, SARS-CoV-2-infected EPCs, Mtb
particles, SARS-CoV-2 virions, and CTLs. It owns six equilibrium points as the following;:

(i) The uninfected equilibrium Ej constantly exists. It is GS if Rop < 1 and Rgy < 1.
This equilibrium imitates the status of a healthy individual with negative SARS-CoV-2
and Mtb tests. R

(i) The Mtb immune-free equilibrium E; is marked if Rop > 1, while it is GS if R—OV <1

0B
and Rip < 1. The patient here suffers from Mtb monoinfection, where the CTL

immunity has not yet been activated.

(ili) The COVID-19 immune-free equilibrium E; occurs when Ry > 1. Itis GSif % <1

and Rqy < 1. Here, the patient has SARS-CoV-2 monoinfection with inefficiengVCTLs.

(iv) The Mtb equilibrium with immunity E; exists if Ryp > 1, while it is GS if

Awnapo€y

e2€s[werey + 11116266
stimulated to eliminate Mtb infection.

(v) The COVID-19 equilibrium with immunity E4 exists if Rqy > 1, and it is GS if

Awnp€2€5

e3eg[weres + napin€)
COVID-19 infection and active CTL immunity.

(vi) The Mtb/SARS-CoV-2 coinfection equilibrium Es5 exists and it is GS if

+1< ? + Rip. In this condition, the CTL immunity is
2

€
1< 6—2 + R1v. This simulates the case of an individual with

wA € € wA €€ €
12124 1 > = + Rig, 1K1€2€5 1 > 2 + Riv,
€2€5[wer€y + 171 H1€2€¢] € e3€4{wer€s + Mapiaeg) €3
R—OV > 1, e > e3,and ¢ > 1. Here, the patient with a single infection becomes
0B

infected with both SARS-CoV-2 and Mtb.

We found that the numerical computations are quite congruous with the theoretical
contributions. The equilibrium points reflect three states: the healthy state, the monoin-
fection state, and the coinfection state. The threshold parameters defined in Proposition 1
determine the locomotion between these states. Thus, the values of parameters in model (1)
should be selected with caution. In addition, the global stability of the solutions of model (1)
is robust against the values of the diffusion coefficients. However, the initial distributions
of particles are affected by the selection of these values. Thus, it should be monitored as it
may affect the initial status of the coinfected patients. In fact, Mtb/SARS-CoV-2 coinfection
is a disease that needs to be further investigated and requires more awareness in high-TB
burden regions such as India, Indonesia, and China [2]. Understanding the dynamics
of coinfection will help develop new treatments, find better ways to treat coinfected pa-
tients, or recommend preventive measures for coinfected patients. The main limitation
of this work is that we did not acquire real data to estimate the values of parameters
in system (1). We gathered the values from SARS-CoV-2 monoinfection models or Mtb
monoinfection models. Furthermore, we proved the boundedness only for the case when
Dy = Dy = D = Dyv = Dyz. In addition, we assumed that CTLs kill infected cells at the
same rate constant. Therefore, this work could be polished by (i) utilizing real data to obtain
an estimation of the values of parameters in system (1) when the data on coinfection become
available, (ii) proving the boundedness for different diffusion coefficients, (iii) analyzing
the model with different killing rates of CTLs, (iv) counting the time delays inherent in the
latent stage or other responses, (v) adding the role of antibodies in eliminating SARS-CoV-2
or Mtb particles, (vi) using fractional derivatives to study model (1) [45,46], (vii) performing
a sensitivity analysis for the threshold parameters to identify the most sensitive parameters
in the model [47], (viii) considering mutations that can generate more aggressive variants of
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SARS-CoV-2 and their effect on coinfection dynamics [48], and (ix) developing a multiscale
model to connect within-host dynamics with between-hosts dynamics and gain a better
comprehension of the coinfection mechanism.
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Abstract: This article presents a study on singularly perturbed 1D parabolic Dirichlet’s type differen-
tial equations with discontinuous source terms on an interior line. The time derivative is discretized
using the Euler backward method, followed by the application of the streamline-diffusion finite
element method (SDFEM) to solve locally one-dimensional stationary problems on a Shishkin mesh.
Our proposed method is shown to achieve first-order convergence in time and second-order conver-
gence in space. Our proposed method offers several advantages over existing techniques, including
more accurate approximations of the solution on the boundary layer region, better efficiency, and
robustness in dealing with discontinuous line source terms. The numerical examples presented in this
paper demonstrate the effectiveness and efficiency of our method, which has practical applications
in various fields, such as engineering and applied mathematics. Overall, our proposed method
provides an effective and efficient solution to the challenging problem of solving singularly perturbed
parabolic differential equations with discontinuous line source terms, making it a valuable tool for
researchers and practitioners in various domains.

Keywords: singularly perturbed problem; parabolic differential equation; convection-diffusion
problem; line discontinuous source term; streamline—diffusion finite element method; Shishkin mesh;
uniformly convergent

MSC: 34K26; 35B25; 656M22; 65M50; 65N22

1. Introduction

In the literature, there are several articles available that deal with the numerical
solution of singularly perturbed 1D parabolic differential equations with sufficiently smooth
data functions, see [1-5]. Such problems, but with non-smooth data functions, can be seen
in [6-8]. In [9], Clavero considered a numerical scheme with two small parameters in both
the convection and diffusion terms. In [10], Gracia and O’Riordan considered a singularly
perturbed reaction—diffusion parabolic problem with an initial condition that was not
smooth. In [11], Clavero and Jorge considered 1D singularly perturbed parabolic convection
diffusion systems and used a splitting uniformly convergent method. In [12], Yao Cheng,
Yanjie Mei and H G Roos considered the local discontinuous Glerkin method for time
dependent singularly perturbed convection diffusion problems on layer adapted meshes.

While there have been several studies on solving parabolic differential equations with
various boundary conditions, such as Dirichlet and Neumann conditions, the problem
of nonlinear parabolic stochastic differential equations with nonlinear Robin conditions
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remains an active area of research. For instance, the recent article, [13], discusses Well-
Posedness for Nonlinear Parabolic Stochastic Differential Equations with Nonlinear Robin
Conditions which provides a rigorous analysis of the mathematical properties of this
problem. In this study, we focus on the related, but distinct, problem of numerically solving
1D singularly perturbed parabolic differential equations with discontinuous source terms
on an interior line.

This type of problem has a regular boundary layer at x = 1 (boundary point) as
the parameter ¢ tends to zero [14]. As a layer near the boundary exists, conventional
discretization techniques, such as Finite Difference Methods (FDMs) or Finite Element
Methods (FEMs), cannot yield an accurate solution, unless the mesh is highly refined [14].
Therefore, it is essential that any method proposed must employ a layer-adapted mesh
to achieve uniform accuracy. Mukherjee and Natesan [15] developed a hybrid finite
difference approach that converges uniformly for singularly perturbed 1D parabolic initial-
boundary value problems (IBVPs) on the piecewise uniform Shishkin mesh. Similarly,
Das et al. [16] proposed a numerical technique on the Bakhvalov-Shishkin mesh to solve
2D delay parabolic IBVPs. Hughes and Brooks [17] introduced the Streamline—diffusion
finite element method (SDFEM), which is widely recognized as an effective technique for
obtaining the numerical solutions of convection-dominated flow problems. Later, Roos and
Zarin [18] applied SDFEM on the Shishkin mesh to solve a singularly perturbed two-point
boundary value problem with a non-smooth source function.

The main focus of this paper was to investigate the numerical treatment of 1D singu-
larly perturbed parabolic Dirichlet’s differential equations with discontinuous source terms
on an interior line. This problem contains an interior layer at x = z due to the presence
of line discontinuities. The authors propose a method that first uses the backward Euler
method to discretize the time derivative, followed by applying SDFEM on the Shishkin
mesh to solve the locally one-dimensional stationary problem. In [19], Ghiocel Groza and
Nicolae Pop considered a numerical scheme for the locally one-dimensional stationary
boundary value problem. Various numerical examples were used to validate the suggested
method, both theoretically and numerically, and it demonstrated uniform convergence in
both space and time.

The paper is organized as follows: Section 2 presents the statement of the problem,
the temporal discretization, derivative estimates and stability findings of locally 1D prob-
lems. In Sections 3 and 4, the weak formulation and the numerical scheme for solving our
problem are described. In Section 5, the error estimate for the SDFEM method is provided,
while Section 6 offers numerical validation through various test examples. Finally, Section 7
provides some concluding remarks.

2. Continuous Problem and Stability Analysis
2.1. Statement of Continuous Problem

Inspired by the work of [20], the following singularly perturbed 1D parabolic differen-
tial equation is investigated in this paper.

Find a function u such that

Mu i =up — elyy + a(X)uy + b(x)u = 8(x —2)g(t) + f(x,1), (x,t) € Q* x (0,T], (1)

u(x,0) = ug(x), x € Q, )
u(0,t) =0=u(1,t), t € [0,T], (3)
where 0 < ¢ < 1 is a very small positive parameter, O* = Q_UQ4, Q_ = (0,2),

Q4 = (z,1),Q = [0,1], the functions a(x) > a >0, b(x) > B >0, g(t), f(x,t) and ug(x)
are sufficiently differentiable and bounded in their respective domains, é(x — z) is the delta
function, and T is some fixed positive time.

In [18], Roos and Zarin used the SDFEM method to solve a two-point boundary value
problem with a point source function, which exhibits singular perturbation and requires
a layer adaptive mesh like Shishkin mesh. In their model, there was only one interior
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layer at a single point. However, in our problem, which involves time evolution, we have
an interior layer along a line source. Thus, we need to accurately capture the numerical
solution along this line source.

In the paper, the positive constant C is used to denote a generic constant that is
not dependent on the perturbation parameter ¢, or the discretization parameters, such
as N or M. For practical purposes, the accepted convention is to assume ¢ < CN~! for
the convection coefficient problem. Additionally, the authors use the supremum norm
|¢|p = sup,cp |(x)| to measure the error and derivative bounds.

2.2. Time Domain Discretization and Locally 1D Problems

We introduce equidistant meshes in the time domain [0, T| with time step At, such
that OM = {t; = iAt}f‘i o At = %, where M represents the number of mesh elements in
the time direction. Now, discretizing the time derivative by means of the Euler fractional
method on uniform mesh, we obtain the following ordinary differential equation for every
time step t, in the set QM, where n ranges from 1 to M:

(I+AtL)a" ="+ At[f(x, t,) +(x — 2)g(tn)], x € QF ()
i"(0) =0=a"(1), 5)
where the differential operator L = — S% +a(x) % +b(x) and ii" is the solution of (4) and (5).
Note that #°(x) = 0 = ug(x), x € Q.
To achieve the stability of the scheme given by (4) and (5), one can easily prove that
the operator Q = (I + AtL) satisfies the maximum principle:

1
197 < T gmp ©
We can rewrite the semi-discretized problem (4) and (5) as:
d?a"(x) dn" (x)
M i — oh *
L*i" .= —¢ 2 +a(x) T +o(x)a(x) = g"(x), x € QF, @

7"(0) = 0 = i"(1)

where c(x) = b(x) + 4 and ¢"(x) = 4" ' + {f(x,ty) + 6(x — z)g(ts)}. The above
scheme (7) is an ordinary differential equation in space variable x for each time step .

2.3. Maximum Principle and Derivative Estimates

Lemma 1 (Maximum Principle). Suppose that there exists a function &, belonging to the set
C(Q) N C*(Q*), that satisfies the following conditions: &(x) > 0 for x = 0,1, L*¢(x) > 0 for
all x € O and &' (z7) — &'(z ") > 0 Then, it can be concluded that &(x) > 0 for all x € Q.

Proof. The method of proof for the lemma is comparable to the one used in (Lemma 2
in[21]). O

Lemma 2. Suppose i" is the solution of problem (7) and is decomposed as 7" = r +s. Then,
the derivatives of the regular components satisfy

d'r(x)
dx!

<C(1+e'2),1=0,1,23, (8)
Q*

and, the derivatives of the singular components satisfy
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exp(“F =) vea,1-01,23

—1 €
<ce w(r1) ©
expl— ). % c Q.

d's(x)
dx!

Proof. A similar strategy to the one used in (Theorem 9.1 in [22]) is employed for the proof. [

2.4. Truncation Error

Lemma 3. Assume that, |%| <C,i=0,1,2,3, then ||ey||cc < CAt? and ||Ey||co < CAL, where
en = u(x,ty) — " and E, = 27:1 ej.

Proof. As ii" is the solution of (4) and (5), we have
(I+ AtL)" — A{f(x,tn) + 0(x — 2)g(tn)} = u" L. (10)
By means of Taylor expansion, we have

u

5 (0 t) + O(A#?). (11)

u(x, ty_1) = u(x, ty) — At

From Equation (1) and if the solution of (1) is smooth enough, we have

—(x,tn) = {f(x, ty) +6(x —2)g(tn)} — Lu". (12)
From (10)—(12), we have
(I+ AtL)e, = O(AP), e,4(0) =e,(1) = 0.

From this, we have ||e, || < C(At)? by using the stability result in (6).
The stability result and consistency property of (4) and (5) together implies
|E|] < CAt. O

3. Weak Formulation

The standard weak formulation of problem (7) for a fixed 7 is given as follows. Find
" € V = H}(Q)), such that

B(ii",v) = ¢"(v), Yo e V,
where
B(y,v) = e(y',v') + (ay' + cy, )
§"(v) = (g" ).
Here, (., .) represents the inner product in L, (Q*).

. . =N . e .
Consider the mesh in space as O, = {x¢, x1,..., ¥y}, where N is some positive integer.
We define a mesh that includes the point z as one of its nodes. Let ¢; be the basis for the
finite-dimensional subspace Vj, of piece-wise linear polynomials. The basis is given by

X—X;_q
o i1 <x <,
— ) Xip1—X
$i(x) = {5 i <x<xi,
0 otherwise,

where h; = x; —x;_1 and i € {1,2,..., N}. We use this basis to ensure that z is one of the
mesh points.

The standard Galerkin method is given as follows: find @il € Vj, C V = H}(Q)
such that
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By, (i, o) = &y (vn), Yo € V.

4. Streamline Diffusion Finite Element Formulation

The streamline diffusion weak formulation for the problem (7) is to find i)} € V}, C
V = H}(Q), such that

By, (i1, vp) = gj, (o), Yo €V, (13)

where

By(y,w) = e(y,w') + (ay’ + cy,w) + Z/ —ey” + ay’ + cy)aw'dx,

gh(w) gw+2A g (x)a(x)u'd.
i—1

The parameter, known as the Streamline-diffusion (SD) parameter, denoted as ¢;, is
decided later.
The SDFEM'’s relevant difference scheme is presented below.

LY, == —e[DTu; — D™ uj] + a;D " u; + BiD i + viui = gu(i), (14)

where the symbols D" and D~ are given by the following;:
Dtu; = M, D u; =
hia

and
S [%i 5
IXZ—/ x)pidx — h/ X)pi_1¢pidx + —+ / a(x)” dx
Xi-1
*5/ (Pz 1dx/

Xit1
Bi = /
JX

i

—@H/xawmmwﬂm,

Xi

g [ s+ [ aetots = L [ atoexas

hi+1 J X

Xjq1 ;i X1
u@m+mﬂ/ L) giagix - L [ a(x)? dx
i+i Jx

A

The standard Galerkin method is effective for step lengths that are sufficiently small. If this
condition is not met, the method can be stabilized by utilizing the characteristics of an M-
matrix. To satisfy this condition, the streamline—-diffusion parameter ¢; can be determined
such that the matrix resulting from the associated difference scheme (14) transforms into
an M-matrix, as outlined below:
[~ails—0 <&

This can be written as C;l1; < A; +¢, where A; = f;]‘q a(x)¢;dx and C; = fé‘q o(x)pi_1¢pidx.
If this condition is not met, «; is set to zero fori € {1,2,..., N} to achieve an M-matrix,
which results in the following;:

5= L= Ay
A2, — ;AC;

where, A2 = fxxil( a(x))?dx and AC; = f " a(x)c(x)p;_1dx. If we summarize the above
conditions, then we obtain
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5 0,7 B if Cih <A;j+e 15
! M, otherwise. (15)
A%, AC;

As a result, it is evident that 6; = O(k;). By choosing vj, as ¢; as well as 7, = (i} (x1),
i (x2), ..., (xn)) € RN, we obtain the linear system of algebraic equations associated
with the SDFEM scheme

Kﬁh = g Ty
where K represents a tridiagonal matrix K = (k;;) and g, = g} (¢;). Upon computing the
coefficients,

X
kijq=—eh ' —h! x)¢idx + / X) i 1idx — Sk / a(x)® dx
JXi1 Xi-1
4ok / X)i1dx,
Xit
ki; =eh; +shH_11 +h; / x)¢pidx — 1+1/ 4>,dx+/ x)¢p? dx
iy
+/ c(x)prdx + oih; / a(x)? dx
J X
X "Xit1
+(5,+1h1+1/ a(x)zdx+§ih;1 /x a(x)c(x)pidx — 1+1hz+1/ a(x)e(x)¢; dx
vAi-1
1 1 "Xit1 Xit1
kij1=—¢hi g +hi / a(x)idx + L c(x)¢is1¢i dx

Xi

Xit+

i+1 1
— G / a(x)2dx — 617 / a(x)c(x) i1 dx.

Remark 1. We defined the SD parameter using the procedure given in [23]. Realistically, the con-
ventional Galerkin method satisfies the criterion that defines an M-matrix for almost all 1D problems.
In such a situation, the Galerkin method and the SDFEM both yield almost identical outcomes.

Remark 2. Generally, the conventional Galerkin method is analogous to the central finite difference
approach. However, in regions where convection is dominant, applying a central finite difference
approximation to the convective term may lead to oscillations [14]. In such instances, the SDFEM
is a superior alternative.

4.1. Discrete Green’s Function and Stability

To establish the (leo, W_1 ) stability of the SDFEM, we introduce the discrete Green's
function. The i-th discrete Green’s function, denoted as A’ € V},, is determined by solving
the following problem:

Bu(¢j, ') = 8,
{Ai(o) = Ai(1) =0, (16)

where J;; denotes the Kronecker delta. Additional details on these and related concepts can
be found in references such as [24-26].

Lemma 4 ([25]). If A= Z]-I\Ll /\;'.cp]',, then the discrete Green’s function exhibits the follow-
ing conditions:
(1) A;’.zo, ije{1,2,...,N},

(2) 0<A <. <Al

i
i+1° <> /\N'

Lemma 5. If we denote ¢ = mini{c;},i = 1,2,...,N where ¢; = kij1; — kijj11 and
= Zjlil /\;»(p]», then A} < cal
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Proof. From (16), for any v, € V};, we have
By (vp, ') = vy (xy).
Considering vy, = Zj’:l ¢j, one can derive

Y kighi =1.
k=1

N
j=1

Expanding, we obtain
(kl,l +k1,2))tll + Z;(kj,ffl -+ k]'/]' + k]‘,j+1))\}+

j
ki1,i(Ayq = AD) 4+ Ak, — ki) = 1.

Kis an M-matrix implying (k;;—1 + ki; + ki ;1) > 0,fori € {2,...,N —1}. Now, by means
of Lemma 4 and kq; > kq, (property), we have

Ab(kigr — k1) < 1.

This implies that
A

IN
I
\

So, we conclude that A;: <cy 10

Lemma 6 ([25]). The SDFEM, equipped with the streamline—diffusion parameter specified in
Equation (15), is uniformly stable in the (leo, W_1 c) norm, as demonstrated by the following result:

N

Y (Kop)x

2
o]l < — max
h o
0 7 Jig

, Yo, €V, j=1,...,N.

4.2. Shishkin Type Mesh

We used a general type mesh introduced in [27] with adapted layers at the points
x =zand x = 1. Let N be a positive even integer greater than 4 and o1 = min{3, 2eIn N},
0 = min{lz;z, DelnN}, 9 > 2. Here, we considered o7 = 0, = 2elnN. Let
Qs =(0,z—01)U(z,1—0n) and Oy = (z — 0,z) U (1 — 03,1). On Q5 and O, the mesh is

equidistant and graded respectively. The transition points are chosen to be

XN =z—01, X

=z
Nz

=z, xan =1—0y.
4

We chose two mesh generating functions ¢; and ¢, for the particular layers:
1 1
fPl(Z) =InN, fPl(E) =0,

3
(PZ(Z) :lnN, (Pz(l) =0.

The nodes of the Shishkin mesh (S-mesh) are as follows:

Y(z—ay) i=0,...5%,
z— Deg(t;) i=8+1,...,%,
i = d-z-m)i-5) . _ N 3N a7
2+ —y— i=5+1..., 7,
—Dego(t)+1  i=3R+1,...,N,
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where t; = &, ¢; = —Iny; fori = 1,2, ¢;(t) = exp(—(2—4t)InN) and y,(t) =
exp (—(4 — 4t) In N) on Shishkin mesh (S-mesh).

max; |zpl’ |, i=1, 2 plays a part in error analysis as we see in the upcoming section. we
have max |¢/| < CInN in the S-mesh. Assuming that the mesh generating function ¢;,
for i = 1,2, obeys the following;:

max{|@j|} < NCo, for i=1,2. (18)
We observe that on the coarse part (), the following holds for the S-mesh:
hiN < C. (19)

On the layer part it is true that on the S-mesh,

InN
h; < Ce—— 2
< Cemg (20)
and, by the assumption (18), we obtain
% < CN!'max|¢'| < C. (21)

5. Error Estimations

The error at each time level t,, where 1 < n < M — 1, can be expressed as the
difference between 7" (x;) and i}, (x;) for all x; € O*. Another way to represent this error is
by utilizing the linear interpolant i} of ii" as follows:

The errors of interpolation and discretization are denoted by el and eP, respectively. In this
section, we begin by deriving an estimate for the upper bound of the discretization error,
based on the error caused by interpolation. Following that, we estimate the upper bound
of the interpolation error.

The discretization error is given by

e = (af —ay)(x) = }_ e (22)
By means of the orthogonality property, we have
Bh(ﬁ" - ﬁﬂ,vh) =0, Yo, € V).
Using the above property, we obtain

By (e, ¢i) = By (i} — it} ;)
— By(a — " q;), i€ {1,2,... N1}

Therefore, the equation for error is

{ By (eP, ;) = By(a — ", ¢;), i€ {1,2,...,N—1}, 2

D _ D _
eg =0, ey =0.

The following lemma gives the explicit expression for B, (i} — ii", ¢;).

178



Mathematics 2023, 11, 2034

Lemma 7. The error Equation (23) involves the bilinear form Bh(fz’l1 — 0", ¢;), which can be
explicitly expressed as follows:

By (] — ", ¢;) = O; + (Pi + Pis1) + (Qi — Qix1) + (R = Riy1) + (Si — Sij1),

where
Yl n__ an
0= [ d () - )i, (24)
Xi-1
pi= " el — ) 5)
Xi-1
6 (i ~n ~n 2 (=0 A/
Qi=: / (a(x)e(x) (@) — ") +a(x)2(@} — a")')dx, (26)
1 J X
R; = —edih;! :i a(x) (@ —a")"dx, 27)
v X
azmljammpwﬂm 28)
JAi-1

Proof. One can prove the required results by a simple calculation. [

Lemma 8. Assume that a(x) € W21, then the following estimates are true:

N N
(i) Y101 < crlla” — iflleo,  (id) Y|P < ol — i |,
i=1 i=1

(iii) [Qilleo < csll@” — o, (i0) [[Rillo < cafl@” — @} oo,
(©) [ISilleo < esla™ — i} |oo-

Proof. We prove this Lemma sequentially:
(i). From (24), we know that

"Xit1

q:/ o () (@) — @) pydlx.

JXi-1

Now, taking all the intervals and summing up, we have

N o =m N pria /
Y10 < =" Y- [ ()
i=1 i=1"%i-1

< iy — " {leofa(x) 1,1

= al[a] =" e

(ii). From Equation (25), we have

P= [ e — ).

i—1

If we conduct a summation over all intervals, and derive

N
Y Pl <} — @"[leo|a(20)[leo Bi
i=1

= caflaf — "]
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(iii). From Equation (26), we have

Q= [ (ale() (3§ - ) + a5 — ) )

JAi-1
If the inequality C;; < A; + ¢ holds, then &; = 0 and, as a result, 7; = 0. On the other

hand, if the condition is not satisfied, then we have J; # 0. In this scenario, it can be
observed that §; = O(h;), we obtain

10 < Clla() ol = " o lle(0) looh; — 2la(x) 1.1)
= &5} — 1" |-

(iv). From Equation (27), we have

R; = h a(x)(ﬁ? —a")dx,
and, here also we have r; = 0 when C;h; < A; + ¢, and if it is not true, we have
IRi| < Cla(x) o[} — "[|eo
= calli} — "o
(v). Now, finally from Equation (28), we have

/ a(x) (i — ") dx.

JAi-1

Simplifying this, we obtain

1941 < fla() ool 75 — %o
= 5|7} — 7" |-
O

Lemma 9. Consider the problem (7) and let ii" be the exact solution to this problem. Furthermore,

let 1} denote the interpolant of ii" on a given grid and let il}] represent the approximate solution at
the time level t,,. Then, It follows that

17" — @l < Cll7} — 7|

Proof. Using Lemmas 6 and 8, we have

[l — i || < C max

N
Z —113));

N
=C _ i

Sy [ B = 01

N
SC(ZOf+2,.ZPi+fe%%?§N}<QfQNHHT??N}(RI‘RM)

C Si—$
O max }( N)

i=1 i=1
< Clla} — " eo.

N
< C(Z |04 +2Z 1Pif +2([|Qilleo + [ Rilloo + I ||oo)>
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This implies that the discretization error eP given in (22) is bounded in terms of
the interpolation error e!. By applying the triangle inequality, we establish the follow-
ing inequality:

2" — g0 < Claf —"|[oo.

Therefore, we have successfully demonstrated the validity of this inequality. [

We now proceed to estimate the upper bound of the interpolation error for the S-mesh.

Theorem 1. Let ii" be the classical solution of the problem (7), il be its interpolant on a Shishkin
mesh with the grid points x; as in (17) and ¢ < % Then, the following holds:

C(N-1InN)2, 0o,
T S
CN_Z, x € Q.

Proof. We perform a separate analysis of the error due to interpolation on the domain ()
aswellas Q.
First, consider x in the domain ). Let @} (x) be the solution to the problem:

L*aj(x) =g"(x), xe€eQ_=(0,2),
i°(0) =0, ii(z) = d.

For now, assume that d is a constant. Then, the solution 7} (x) exists and we can decompose
it as a sum of two functions 71 and s1, where r1 and s; satisfy bounds (8) and (9). Then, we
can write
iy (x) — 1} [ (x) = r1(x) = r,1(x) +51(x) = 51,1 ().
By means of classical theory, and from (19) and (8), we have the following estimate for
the interpolation error rq(x) — r1,;(x) on the regular part:

[r1(x) —r11(x)] < CH? max |r}| <Ch* < CN72

X <x<x;

For the interpolation error rq(x) — rq ;(x) in the layer part, one can derive:

[r1(x) —ryp(x)] < Ce2(N'InN)? exp(%(xi,l —z))

< C(NlInN)2.

The above expression is obtained by utilizing the inequality (20), selecting the transition
point o7, and assuming the condition ¢ < % holds. Now, for the interpolation error
s1(x) —s1,7(x) on the regular part, we have

[s1(x) =s11(x)] < 2fs1(x)] <C_max_exp(—=(z—))

Xj1 Sx<x;
o
< _ =
< Cexp( 801)
=CN™ D,

Regarding the interpolation error for the layer component, i.e., s1(x) — s1,7(x), we apply
the classical theory to obtain the following:

s1(x) —s1,;(x)] < Ch? max |s}|
i1 <x<x;

<C(N'InN)?2  max exp(%’x(z— x))

X <x<x;

< C(N"'InN)2
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Here, we used the inequality (20), the first inequality of (9) and (21). Similarly, we can
prove thecasex € OO,. O

Theorem 2. Suppose that u(x, t) represents the classical solution of problem (1)=(3), iij} (x) rep-
resents the numerical solution of the SDFEM scheme (fully discrete) (13) at the n™ time step t,.
Under the conditions of Lemma 3 and Theorem 1, we have the error estimate as follows:

7 C((N"'InN)2+At), x €Oy,
() — (e ta) oo < 4 S
C(NT2+At), x e
Proof. We can prove this error estimate by combining the results from Lemma 3 and
Theorem 1. [

6. Numerical Validation

In order to demonstrate the accuracy of the theoretical findings, we provide two
illustrative examples in this section. We employed the double mesh principle to estimate
the errors and their convergence rates for the test problems, as the exact solutions are
unknown. The principle involves obtaining the numerical solution Y2N*/2(x!", t;) on a grid
Q2N x M, where the spatial direction is divided into 2N intervals, while the temporal
direction is divided into 2M intervals. The mesh (2N x (M is obtained by dividing each
segment of the previous mesh QY x OM, where the spatial direction is divided into N
intervals, while the temporal direction is divided into M intervals, in two equal parts.
Subsequently, we estimate the maximum point-wise error and convergence rate for each e.

ENK

= max|YNK(xl, 1) — YENA/2(x 1)

in

’

Nk Nk Nk Dy

G — G G — X

D" = max E;*, r* =logy DaNET2 |-
X

Example 1. We examined the one-dimensional parabolic partial differential equation with a line
source, described by Equations (1)—(3). The given data for this problem were as follows:

u(x,0)=0,xcQ=(01),

u(0,t) =0, u(1,t) =0, t € [0,1],

a(x) =x+5b(x)=1 f(x,t) =x+t glt) =1z = %

In Table 1, we list the order of convergence and the maximum point-wise error cor-

responding to Example 1. When M=50, the CPU run time for the error given in the table
was 7.6844 x 10% s. Additionally, Figure 1 shows the spatial profile of the solution of the
problem described in Example 1 at different times t, for a fixed value of € and is a visual
representation of the solution with a strong boundary layer at x = 1, where the solution
changed rapidly over a very small distance. This boundary layer arose due to the strong
boundary condition 1[2 (1,t) = 0, which forced the solution to approach the value zero very
quickly. The figure also shows the location of a strong interior layer at x = 1, which caused
a localized increase in the solution, which arose due to the line source term at the line x = %
Figure 2 shows the corresponding point-wise maximum error, that is, the maximum error
decreased as N increased, irrespective of e.
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Table 1. Maximum error and order of convergence for Example 1 with the number M = 50,100.

& M N (Number of Grid Points)
i« J/ 26 27 28 29 210 211 212
276 50 1.0843 x 1071 31740 x 1072 12410 x 1072 4.0043 x 1073 1.2979 x 1073 3.6024 x 10°*  1.0865 x 10~*
100 1.0286 x 10~1  2.6681 x 1072 1.0315 x 1072 3.7978 x 107> 1.5062 x 10~3  6.2557 x 10~*  2.6478 x 10~*
277 50 1.1120 x 1071 2.8842 x 1072 1.1237 x 1072 35721 x 1073 1.1214 x 1073 3.9296 x 10*  1.6141 x 10~*
100 1.0748 x 1071 2.8066 x 1072 1.1374 x 1072 4.6676 x 1073  1.8575 x 1073 8.9909 x 10  4.2970 x 10~*
2-8 50 11289 x 1071 27113 x 1072 1.0495 x 1072 3.2872 x 1073 1.2105 x 1073 45429 x 10*  1.9634 x 10~
100 1.1002 x 1071 29689 x 1072 12033 x 1072 5.0398 x 1073 24171 x 1073 11748 x 103 58837 x 10~*
279 50 11361 x 1071 2.6175 x 1072 1.0085 x 1072 3.2652 x 1073 1.2404 x 1073 5.0069 x 10~*  2.1944 x 10~*
100 1.1175 x 1071 3.0602 x 1072 12410 x 1072 5.3361 x 1073 2.5656 x 1073 1.3340 x 1073  6.5985 x 10~*
2-10 50 1.1395 x 10~1  2.5686 x 1072 9.8700 x 1073 3.3070 x 1073 1.2620 x 1073 5.1495 x 10~*  2.3576 x 10~*
100 11263 x 1071 3.1082 x 1072 1.2609 x 1072 55213 x 1073 2.6932 x 1073 1.3756 x 107> 7.0938 x 10~*
2-1 50 1.1411 x 1071 2.5438 x 1072 9.7602 x 1073 3.3285 x 107> 1.2731 x 107> 5.2436 x 10~*  2.4101 x 10~*
100 11307 x 1071 3.1827 x 1072 1.2711 x 1072 5.6167 x 1073 2.7588 x 1073 1.4141 x 1073 7.2555 x 10~*
2-12 50 11418 x 1071 25312 x 1072 9.7046 x 103 3.3393 x 1073  1.2787 x 1073 52911 x 10°*  2.4429 x 10*
100 11329 x 10~1  3.1451 x 1072 1.2763 x 1072 5.6650 x 107> 2.7921 x 107> 1.4321 x 1073 7.3508 x 10~*
2-13 50 1.1422 x 1071 25249 x 1072 9.6767 x 1073 3.3448 x 1073  1.2815 x 1073 53150 x 10°*  2.4594 x 10~*
100 1.1340 x 1071 3.1514 x 1072 12789 x 1072 5.6894 x 1073  2.8088 x 1073  1.4416 x 1073 7.3966 x 10~*
214 50 1.1424 x 1071 25217 x 1072 9.6627 x 1073 3.3475 x 1073 1.2829 x 10~>  5.3270 x 10~*  2.4679 x 10~*
100 1.1345 x 1071 3.1545 x 1072 12803 x 1072 57016 x 1073  2.8172 x 1073 1.4469 x 103  7.4190 x 10~*
2-15 50 1.1425 x 1071 2.5201 x 1072 9.6557 x 10~°  3.3489 x 107>  1.2836 x 10~>  5.3330 x 10~*  2.4725 x 10~*
100 1.1348 x 10~!  3.1561 x 1072 1.2809 x 10~2 57077 x 1073 2.8214 x 1073 1.4496 x 107>  7.4301 x 10~*
DNk 50 1.1425 x 1071 31740 x 1072 1.2410 x 1072 4.0043 x 1073 12979 x 10~  5.3330 x 10~*  2.4725 x 10~*
100 1.1348 x 1071 3.1561 x 1072 12809 x 1072 57077 x 1073  2.8214 x 1073 1.4496 x 10~  7.4301 x 10~*
Nk 50 1.8478 x 10°  1.3548 x 10°  1.6319 x 10°  1.6253 x 10°  1.2832 x 10°  1.1089 x 10° -
100 1.8462 x 10°  1.3010 x 10°  1.1662 x 10°  1.0165 x 10°  9.6076 x 10~1  9.6419 x 10! -

NUMERICAL SOLUTION

u-Numerical solution

Figure 1. Numerical solution of Example 1.

Example 2. We examined another one-dimensional parabolic partial differential equation with a
line source, described by Equations (1)—(3). The given data for this problem were as follows:

u(x,0) =0, xe Q= (0,1),
u(0,t) =0, u(1,t) =0, t € [0,1],

5+x 1/ 1 1
a(x):m—k—e Vo p(x) =1; f(x,t) =e x +VE g(t):l;z:i.
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Max-Error

12 6 log,(1/e)

Figure 2. Maximum error of Example 1, when M = 50.

Table 2 presents the maximum point-wise error and the associated convergence rate
for Example 2, when M = 50. The CPU run time for the error given in the table was
7.8426 x 102 s. Additionally, as illustrated in Example 1, the graphs of numerical solu-
tion and point-wise maximum error of the problem are illustrated in Figures 3 and 4,
respectively.

Table 2. Maximum error and order of convergence for Example 2 with the number M = 50,100.

e M N (Number of Grid Points)
\L ’L 26 27 28 29 210 211 212
276 50 21266 x 1071 1.3349 x 107! 7.0424 x 1072 33712 x 1072 15223 x 1072 7.1724 x 1073 3.4900 x 103
100 2.8109 x 1071 22380 x 10°1  1.3696 x 101 7.0987 x 1072 33312 x 1072 15960 x 1072  7.8452 x 1073
277 50 35020 x 1071 2.2511 x 1071 1.2890 x 10~!  6.7146 x 1072 3.3507 x 1072  1.6344 x 10~2  7.8856 x 1073
100 45196 x 1071 3.8586 x 1071 2.6099 x 10~1  1.4770 x 10~"  7.6575 x 1072 3.8040 x 1072  1.8516 x 102
2-8 50 44469 x 1071 3.0061 x 1071 1.7211 x 10~1  9.0480 x 10~2  4.6009 x 10~2  2.3068 x 10~2  1.1432 x 102
100 5.8200 x 1071 52658 x 10~1  3.6716 x 10°" 21077 x 1071 1.1126 x 10~1  5.6420 x 10~2  2.8120 x 1072
29 50 5.0400 x 1071 34278 x 101 1.9902 x 10! 1.0568 x 10! 53720 x 1072 27130 x 1072 1.3529 x 1072
100 6.6504 x 1071 6.0947 x 1071 4.3599 x 10~1 25668 x 10°1  1.3564 x 10~1  6.9369 x 1072 3.4832 x 1072
2-10 50 53763 x 1071 3.6934 x 10°1 21445 x 10°! 11366 x 10! 58382 x 1072 29379 x 1072  1.4749 x 1072
100 71658 x 1071 65915 x 1071 47996 x 10~ 2.8410 x 10~! 15157 x 10~} 7.7503 x 1072 3.8981 x 1072
2-1 50 55558 x 1071 3.8344 x 107! 22246 x 107" 1.1819 x 101 6.0637 x 1072  3.0661 x 10~2 15383 x 102
100 7.4477 x 1071 6.8558 x 10! 5.0407 x 101 3.0050 x 107!  1.6044 x 10”1 82210 x 1072  4.1429 x 1072
2-12 50 5.6486 x 1071 3.9071 x 1071 22677 x 10~ 12054 x 10°'  6.1870 x 1072  3.1290 x 10~2 15730 x 1072
100 76104 x 1071 69976 x 1071 51666 x 1071 3.0910 x 10°1  1.6535 x 10~  8.4716 x 1072 42767 x 1072
2-13 50 5.6958 x 1071 3.9441 x 107! 22904 x 107! 12175 x 107! 6.2500 x 1072 3.1619 x 1072 15897 x 1072
100 7.6927 x 1071 7.0691 x 1071 52310 x 10°"  3.1350 x 101 1.6788 x 10~  8.6049 x 1072  4.3442 x 1072
214 50 57196 x 1071 39627 x 101 23017 x 10~} 12236 x 107! 62816 x 1072 3.1785 x 1072 15984 x 1072
100 7.7341 x 1071 71050 x 1071 5.2636 x 10~'  3.1573 x 1071 1.6915 x 10~1  8.6729 x 10~2  4.3793 x 102
2-15 50 57315 x 1071 39720 x 10~1 23074 x 10~} 12267 x 10! 62975 x 1072  3.1868 x 1072  1.6027 x 1072
100 7.7548 x 101 71230 x 107! 52803 x 107! 3.1685 x 107! 1.6980 x 107!  8.7074 x 1072 43971 x 1072
DNk 50 57315 x 1071 39720 x 1071 23074 x 1071 12267 x 1071 62975 x 1072 3.1868 x 1072  1.6027 x 102
100 7.7548 x 1071 71230 x 107! 52803 x 107! 3.1685 x 107! 1.6980 x 107! 87074 x 1072 43971 x 1072
Nk 50 52904 x 101 7.8358 x 1071 9.1156 x 107! 9.6189 x 10~!  9.8265 x 10!  9.9160 x 10! -
100 1.2260 x 1071 43187 x 1071 7.3683 x 1071 8.9999 x 10~  9.6349 x 10~'  9.8568 x 10! -

From the above two Examples, 1 and 2, we see that the solutions of the problems
exhibited an interior layer at x = } and a boundary layer at x = 1.

Note: For the numerical computation, a system with the following configuration i7
processor, 8.00 GB RAM was used.
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U-Numerical Solution
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Figure 3. Numerical solution of Example 2.

Max-Error

Iogz(1le)

Figure 4. Maximum error of Example 2, when M = 50.

7. Conclusions

In this study, we analyzed 1D parabolic equations that were singularly perturbed and
contained a discontinuous source term on an interior line. Our objective was to discretize
the time derivative using the Euler backward method and apply SDFEM to the locally one-
dimensional stationary problems on Shishkin mesh. We aimed to determine the accuracy
order of the spatial arrangement and evaluate test problems in terms of their maximum
pointwise errors.

Our results showed that the accuracy order of the spatial arrangement was of second-
order nature, but, due to the presence of the first-order term At in the error bound, the over-
all accuracy order was limited to first-order accuracy. These findings are presented as
Theorems 1 and 2. Examples 1 and 2 represent the test problems, and Figures 1 and 3
depict their solutions. The layer occurred at the interior line x = z and boundary line
x = 1, which is evident from these figures. Figures 2 and 4 represent the convergence of
the numerical solutions, that is, they illustrate that a higher value of N corresponded to a
lower maximum pointwise error.

We evaluated the test problems in terms of their maximum pointwise errors, presented
in Tables 1 and 2. From the tables we see that the computational order of convergence
was almost one, but Theorem 2 showed second-order convergence in space and first-order
convergence in time. This was due to the first-order term in the final result. Our results
demonstrated that the maximum pointwise error stabilized as parameter € decreased and
decreased as parameter N increased.

It is worth noting that the results for SDFEM for ordinary differential equations,
together with discontinuous source terms, are already available in the literature, as in,
for example, [18], and, for the parabolic PDE without source line, in [3]. However, our
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results in this paper extend SDFEM to a parabolic PDE with a line source term, which is
a significant contribution to the field. The error estimates are presented using the above-
defined norm.

In summary, our study successfully achieved the objective of extending SDFEM to a
parabolic PDE with a line source term. We determined the accuracy order of the spatial
arrangement, evaluated the test problems in terms of their maximum pointwise errors,
and demonstrated the stability of the maximum pointwise error as the parameter € decreases.
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Abstract: In this work, we find analytical solutions to the Chavy-Waddy-Kolokolnikov equation, a
continuum approximation for modeling aggregate formation in bacteria moving toward the light, also
known as phototaxis. We used three methods to obtain the solutions, the generalized Kudryashov
method, the e~ R(€)-expansion, and exponential function methods, all of them being very efficient for
finding traveling wave-like solutions. Findings can be classified into the case where the nonlinear
term can be considered a small perturbation of the linear case and the regime of instability and pattern
formation. Standing waves and traveling fronts were also found among the physically interesting
cases, in addition to recovering stationary spike-like solutions.
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1. Introduction

Bacteria have evolved various mechanisms to adapt and survive in their environments,
such as migrating towards regions with higher nutrient concentrations or better living
conditions. Chemotaxis is a common adaptation where bacteria sense and respond to
chemical gradients, moving towards a region with a higher concentration of a particular
substance. Another adaptation is phototaxis, which involves the movement of photosyn-
thetic, motile organisms towards light. Both chemotaxis and phototaxis play important
roles in evolutionary and ecological processes. Chemotaxis has been extensively studied in
biology and mathematics, with the Keller-Segel equation being one of the earliest and most
well-known models [1]. This equation consists of a reaction—diffusion-advection-like equa-
tion for bacterial density containing a function for chemotactic sensitivity, another function
for the production and death of individuals, and a cross-diffusion term that couples with
the concentration of the chemical signal that has its kinetics [2]. On the other hand, from a
biological perspective, it has been verified that for the successful realization of phototaxia,
the presence of both photoreceptors and pili is crucial, as they play a key role in facilitating
its progression [3], which proved to be fundamental in agent model simulations [4]. From
mathematical modeling, there is a series of papers, where D. Levy et al. [5-10] proposed
some models to describe how phototaxis bacteria behave based on some basic features
extracted from observations and experiments. The tools range from stochastic equations,
particle models, kinetic models, to master equations in terms of probabilities and partial
differential equations (PDEs). Group dynamics is a crucial feature in this system and was
encoded through an internal degree of freedom called excitation [6,9]. Some models show
additional internal variables involved with excitation, such as rotation; it was found that the
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sensitivity to perform phototaxis decreases if there is no rotation of the colony [11]. Among
Levy’s papers, there are two relevant PDE models, the first being a reaction—diffusion
equation system for bacterial concentration, excitation, and substrate memory derived
as a continuous limit of a stochastic model [5,6]. This resembles the chemotactic model,
which has also been adapted to analyze phototaxis [12,13]. The second model involves
local interactions by means of a proposed system of master equations for the probability
of finding bacteria in a particular state. Such a system includes reaction—diffusion, persis-
tence, and sticking terms [9,10]. From the latter, Chavy-Waddy and Kolokolnikov (CWK)
proposed a simplified system of equations for the probability that the bacteria move and
obtained a fourth-order nonlinear partial differential equation, only depending on one
parameter that combines the probabilities of moving to either side, staying, or changing
direction according to the sensing distance [14]. The resulting model is of swarming type
for bacterial aggregation, like the Cahn-Hillard equation [15]. The stationary solution
coincides with a state of particle aggregation, for which Taranets and Chugunova [16]
studied the rate of convergence and the existence of non-negative solutions. Recently, the
physical characteristics of the bacteria, such as their shape and the way the flaps work, are
also being explored for increasingly accurate models of phototaxis [17]. The CWK equation
includes a reverse diffusion term, a fourth-order term related to a long-range effect term,
and a nonlinear term with a unique parameter that considers the aggregate extent and
whose value determines the instability region for structure formation.

In this paper, we solve the CWK equation for propagating non-deformable pulses,
employing three generalizations of Kudryashov’s method. The Kudryashov method is
highly efficient for finding exact solutions to nonlinear differential equations. It has a wide
range of applications, from physics, engineering, mathematics, and biology. Particularly
in biology, it was used to delve into nonlinear phenomena, such as the study of HIV-1
infection [18], population dynamics [19], etc. These methods are suitable for describing
soliton-like traveling wave solutions that have a clear biophysical interpretation in the
present model.

The article’s structure is the following. We present the CWK phototaxis model that will
be solved in Section 2. Section 3 provides an overview of the methods employed, including
the solutions found in each case and some graphical representations of important cases.
In Section 4, we highlight the importance of our solutions and discuss the overall results.
We also present five appendices with the largest expressions and additional results. Our
findings provide a collection of exact solutions for studying phototaxis from the reduced
CWK one-dimensional model.

2. Mathematical 1D Model of Aggregation in Bacterial Colonies

As mentioned previously, Chavy-Waddy and Kolokolnikov proposed in [14] a non-
linear parabolic fourth-order partial differential equation for modeling the movement of
phototaxic bacterial aggregates using the random models proposed by Levy et al. The
CWK formula is as follows:

UxUxx
Up = —Uyx — Uxxxx + “(71/[ . (€8]
x

The first two right-hand terms are similar to reverse diffusion and a long-range
term. Reverse diffusion occurs when transport is towards zones where the concentration
gradient is high, opposite to what happens in diffusion. This is the case, for instance, in
the Cahn-Hilliard equation for the phase separation process [15,20]. The fourth-order term
is sometimes associated with long-range terms where the influence of distant neighbors
on the concentration at a given point is considered [21,22]. Both terms balance each other;
while the inverse diffusion destabilizes the system, the fourth-order term stabilizes the
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higher Fourier modes. The third term is the one containing the nonlinearity and the only
parameter of the model, a, which controls the size of the aggregate and is given by

. c(2d+1)(d+1)?
 (c[1+d(d2+2d+3)] —2a)’

@

where the constants are given in terms of the simplified Levy’s master equation [9]. a is the
jump rate at which the bacterium moves, preserving its orientation, c is the rate at which it
moves after switching to a new orientation, and d is the bacterium’s sensing radius. The
model given by Equation (1) is similar to the swarming models of biological aggregation
based on attraction-repulsion forces [23,24]. However, it is a way simpler since it only
involves a single equation with stationary finger-like solutions, as found in the experiments.
The stationary finger-like solution found in [14] is as follows:

Va—1 \1er
2 1x>] '

u(x,t) =A [sech( 3)
where A is a real normalization constant, and only depends on the value of . We note that
« = 11is a particular value; indeed, in [14], it is shown that @ > 1 is necessary to obtain
the steady state since it is obtained in the unstable regime when ¢ > 2a/d, where patterns
can occur; see Appendix A. Some extreme cases satisfy this condition when the motion
rate after changing orientation becomes very large c — co. If the bacterium stops without
changing orientation a = 0, one obtains a > [(1+ d)?(1+2d)]/[1 + d(3 + 2d + d?)]. From
this, three cases follow depending on the value of the sensitivity distance. If d = 1, then
a > 12/7;if d — oo, thena > 2;if d = 0, then « > 1. In all these cases, the unstable
threshold is fulfilled in general when a > 1.

The simplest case is when & = 0, where Equation (1) reduces to 1y = —tlxy — Uxxxx,
which only has a contribution to the flux due to inverse diffusion and long-range terms.
It is a linear equation that conventional methods can solve; nonetheless, the methods
used in this paper also give additional solutions, so we will present them for the sake
of completeness. Appendix B presents the solutions of the case « = 0 by the method of
separation of variables and comparison with some of the solutions obtained here. The
nonlinear equation is not straightforward to solve by the usual methods, so for non-zero
« cases, solutions are obtained by the methods explored herein and include two regimes,
0 <a < 1landa > 1, being the most relevant cases.

Finding the stationary solution of Equation (1) is accomplished in [14] by reducing
the order of the equation and then studying the orbits of the system, which involves the
following transformation u(x, t) = ¢*(%!), and Equation (1) becomes

v = —vi — Uxx — Uxxax + (40 — 6)v§vxx + (0 — 4)vxVxxx + (& — 3)0%,( + (0 — 1)0‘; 4)

In this equation, there seem to be four particular values of «. However, when changing
to z = vy, the corresponding equation has only two characteristic values for « = 1,3.
Indeed, for « = 3, the equation for z can be easily integrated, as found in [16], where
they also analyze the stability of some stationary state families of the CWK equation.
Moreover, time-dependent solutions were presented, giving their convergence rate to the
stationary case.

In the next section, we will present some stationary and time-dependent solution
families, each obtained with the so-called Kudryashov method. Since Equation (1) is of the
parabolic type, and it is well known that parabolic equations admit traveling wave-like
solutions as in [25,26], we expect that the CWK equation also admits soliton-like solutions
suitable to be found with the Kudryashov method. To do so, we use Equation (4) and make
the following variable change ¢ = x — wt, under the assumption of traveling-wave-like
solutions, resulting in the following:

wog — U% — Ugz — Vgeee + (406 — 6)U%Ug§ + (DL — 4)U§U,§§g + (lX — 3)"()%5 + (DL — 1)7]2:1 =0, (5)
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where w is the constant wave velocity. Lastly, we substitute ¢(¢) = v¢ to obtain a simplified
version of Equation (5):

w — ¢* — Pz — peze + (4a — 6)¢7pe + (& — 4)Ppoez + (2 — 3)(¢e)> + (w — 1)¢p* = 0. (6)

We will present in the next section the methods used to solve Equation (6), and hence
Equation (1), and the collection of families that each technique will produce.

3. Methods and Solutions

In this section, we will describe briefly each of the proposed methods, their application,
and the families of solutions obtained by means of them.

3.1. Brief Description of the Generalized Kudryashov Method

The purpose of this section is to present the algorithm of the generalized Kudryashov
method for finding exact solutions of nonlinear evolution equations, such as Equation (6),
consisting of the following steps:

Step 1: We assume the exact solutions to Equation (6) can be formulated as follows:

_ LaQ'(©)

20 = T gy

@)

where a; and b; are arbitrary constants with ay # 0, by # 0, and the function
Q(Q) satisfies the next differential equation [27]:

U=0"-Q ®)

The relation between integers N and M can be established by considering the
homogeneous balance between the higher-order derivatives and the nonlinear
factors in Equation (6). In our case, N = 2and M = 1.

Step 2: Next we substitute both ¢, given in Equation (7), and its derivatives ¢z, ¢, - - -, in
Equation (6) to obtain the polynomial equation:

P(Q(¢)) = 0. ©)

Step 3: We select all the terms having the same algebraic power in Q from the polynomial
Equation (9), setting them equal to zero, and obtain a system of algebraic equations
with the following set of unknowns, {ag, a1, a2, by, b1, w} depending on the value
of a. We use algebraic manipulation software such as Mathematica to solve
the system with the model constraints, considering that a, # 0 and b; # 0 are
also required.

Step 4: Using the previous results and considering Equation (7) together with Equation (8),

we obtain the possible exact solutions of Equation (6) and consequently those of
Equation (1).
Due to the fact that the generalized Kudryashov method is defined by the rational
form of finite series given by Equation (7), it provides a greater number of exact
and more general solutions in an identical manner as the classical Kudryashov
method, which is a significant advantage [28].

Solutions Obtained by the Generalized Kudryashov Technique

The system of nonlinear algebraic equations resulting from this method is shown in
Appendix C in Equation (A27). Next, we present the solutions obtained for different values
of the parameters. The first set of solutions is for « = 0.
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Solution 1. If o = 0, we have ay = ap, a1 = —az — by, ax = ax, by = ag, by = —ap, and w =2,
from which we obtain the solution

uq(x,t) = cosh(2t — x) — sinh(2t — x) + 1. (10)

Solution 2. If &« = 0, we have ay = 0, a1 = —by, ay = ap, bg = by, by = —ay, and w = -2,
from which we obtain the solution

up(x, t) = —sinh(2f + x) 4 cosh (2t + x) + 1. (11)

Solution 3. If & = 0, we have ag = 0, a; = 0, ap = 2by, by = by, by = —ap, and w = —10,
from which we obtain the solution

uz(x,t) = —sinh (20t + 2x) 4 cosh (20t + 2x) — 1. (12)

Solution 4. If & = 0, we have ag = 2by, a1 = —4by, ay = 2by, by = by, by = —ap, and w = 10,
from which we obtain the solution

ug(x,t) = sinh(20t — 2x) — cosh(20t — 2x) + 1. (13)

In all cases, non-stationary waves propagating in different directions were obtained.
To illustrate, let us consider Solution 4. In Figure 1, we show the plot of traveling wave
solution uy/(x, t).

X

Figure 1. Solution 4 for & = 1. Although no aggregate is produced, the wavefront propagates to the
right with velocity w = 10.

Next we present the solutions for & # 0.

bo(a1by—azbo)

Solution 5. If &« = 1, we have ay = , a1 = ay, ap = a», by = by, by = by, and

bZ
w = 0, from which we obtain the solution '
1 1 4 —4b1(2
us(x) =cosh<1x(ﬁ+x)> fsinh<1x(ﬁ+x)>, B= 120 1212( a2+a1)' (14)
1
Solution 6. If & > 1, we have ag = %(72111 —ay), a1 = a1, ap = ap, by = —a; — %uz,
by = —ay, and w = 0, from which we obtain the solutions
1
ug(x) = Ccosh(yx), C#0 and v=+—r. 15
o) (), CHOand =+ (15)
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Solution 7. If & > 1, we have ag = %az, a = —ap, ay = ap, by = —a; — %az, by = —ay, and
w = 0, from which we obtain the solutions

uy(x) = Csinh(yx), C#0 and y==% (16)

1
Va—1
Solution 8. If & > 1, we have ag = L(—2a; — ap), a1 = a1, ap = ap, by = (a — 1)(2a1 +a2),
by = %(zx —1)ay, and w = 0, from which we obtain the solutions

i

and v =

ug(x) = Csech™(yx), C#0, m= ai (17)

1 2

Here only stationary solutions with w = 0 were obtained, recovering especially the
finger-like distribution from [14] in Solution 8. Figure 2 shows that the bell-shaped curve’s
distribution becomes progressively wider as the value of alpha increases. This suggests
that the bacteria exhibit a preference for being farther away. In other words, as alpha
increases, the bacteria tend to distribute themselves over a larger area, indicating a lower
degree of clustering.

1.0

0.8

0.6

ug(x)

04

0.2

0.0

Figure 2. Solution 8 reproduces the stationary finger-like distribution obtained in [14]. Values of
« = 1.1,3.1,6.1 are presented. As a grows, the distribution becomes increasingly wider.

Earlier, we mentioned that when « = 3, Equation (4) for v, can be directly integrated.
For this special case, the following solutions were found.

Solution 9. If & = 3, we have ag = ﬁ@, a = f%(\/ngB)az, ay = ap, bp = —ay — %uz,
by = —ay, and w = Slﬁ,fmm which we obtain the solution
SR _t_
evs ? <e3\5 + ex>
ug(x,t) = — (18)

(2\@ - 3)e3tﬁ + (2\/§+ 3)ex

P

6(v/3+2)"
bh=—-mpeRh=xl,amdw = —ejlﬁ,ﬁom which we obtain the solution

Solution 10. If & = 3, we have ag = a = %(\/g, 3)ap, ay = ap, by = —a; — %az,
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Ui (x/ t)

=B {sinh(% + hx) + cosh<% 1+ ha:) + 1] [ﬁsinh(% + hx>
+\f3cosh<$ + hx) +7V3+ 12] wee {(2\/3 + 3) (sinh(:%\% + hx) (19)

1
11
+cosh<% +hx>) +26\/§+45} e {cosh(é + %) — sinh(é + %)}

Solution 11. If « = 3, we have ay = i%(\/§12)a2, a = :F%(\/gj:3)u2, a, = ap,
by = %(tx —1)(2a1 +ay), by = %(a —1)ap, and w = Iﬁ,ﬂom which we obtain the solution

(%, 1) = q:(3tanh<% (\/§ti9x)> +2\/§) TV (20)

The above solutions exhibit similar behaviors at different scales. Although they have
exponential growth, near zero, there is a small propagating pulse. To illustrate this, we
consider the solution 117 _(x, t). In Figure 3, we present the graph of the traveling pulse of
Solution 11; notice how it moves to the right.

X

; ; ; ; ; _ 1
Figure 3. Solution 11 where a small pulse propagates to the right with velocity w = eV

Since the method allows specific solutions for particular values of the parameters, here
we present the stationary solution for « = 5, being a particular case for a > 1.

Solution 12. If &« = 5, we have ay = %az, ay = —ap, ap = ap, by = %(a —1)(2a1 + a2),
b = %(tx —1)ay, and w = 0, from which we obtain the solution

sinh(%) + cosh(%) .
\/—2 sinh?(x) — 2sinh(x) cosh(x)

up(x) = (21)

3.2. Brief Description of the e~ R(&)-Expansion Method

Among the methods for finding analytical solutions to nonlinear equations is the
so-called e~ R(©)-expansion, which has been used to find solitary wave-like solutions in
some fluid problems [29,30].
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Step 1:

Step 2:

Step 3:

Step 4:

The ¢~ R(©) -expansion method assumes that the solution of Equation (6) is ex-
pressed as

N _
() = Y ai(e Oy (22)

where 4; is an arbitrary constant with ay # 0, and the function R satisfies the
following differential equation [31]:

Reg=A+ yeR@ +e RO, (23)

Consequently, the function R can be given by

A2 _4ytanh( 1 A/ A2—4
(VP (22;& )m),z% A2 —d4u >0, u#0
24 h(l A)\/A2—4
(e (zzf+ ) ﬂ)_z% IA2 — 43> 0, 1 #0
oy L(e+A)\/au—A2
" \/Ttan(22(5+ )\/T)_ZAH> ifAZ—4p <0, u#0
R() = . -
4y —\2 > A 4p—1?
" \/Tcot(Zz(f"F )Wa—) 2Az»> fA7 —4p <0, #0
_ln<m> 0 =0
2 (E+A)+2) i ? -
ln(—W> et
In(Z + A) A

As previously said, to compute the positive integer N, consider the homoge-
neous balance between the higher-order derivatives and the nonlinear parts in
Equation (6). In this case, N = 1.

In this method we consider ¢ given in Equation (22) and the necessary derivatives
$e, dee, - - -, then we substitute them into Equation (6) to obtain the following
polynomial equation:

P(e’R@) —0. 5)

We select from the polynomial Equation (25) all terms having the same algebraic
power of e*R(g), set them equal to zero, and obtain a system of algebraic equa-
tions with the set of unknowns {a¢, a1, w} depending on «. In the same way as
the previous method, we use Mathematica to solve the system with its natural
constraints, assuming a; # 0.

With the results obtained in the previous step and taking Equation (22) along with
Equation (23), we obtain the possible exact solutions of Equation (6), and hence
those of Equation (1).

Solutions Found by the e*R@)-Expansion Method

The resulting nonlinear algebraic system of equations resulting from this method is
presented in Equation (A28) of Appendix D; here we present the solutions obtained by this
method. First for the case & = 0:

Solution 13. If & = 0, we have ag = 0,1 =1, A >0, p = 0, and w = A3 — A, from which
we obtain the solution

uyz(x,t) = e M(PHM)tx) _ o2 4 e R, (26)
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Solution 14. Ifa = 0, we have ag > 0, a7 = 1, A = ag, 4 = ap(A — ag), and w = 6ag\* —
1211%}\ + 8118 +2a9— A3 — A, from which we obtain the solution

ug(x, t) = — sinh(ao(x + A) — a3t(a3 + 1)) — cosh(ao(x + A) — a3t (a3 + 1)) +1, A€eR (27)

The first two solutions are similar to u4(x, t), with wavefronts propagating to one side.
Figure 4 shows, with fixed values of the parameters, a constant unit density over time.

u14(x, t)

X 40

Figure 4. Solution 14 for A = 1 and ap = 1. Propagating wave front behavior is observed.

Solution 15. Ifa = 0, we have ag = ag, a1 =2, A = ap, y = %(a% + 1), and w = 0, from which
we obtain the solution

2
us(x) = (sin(x;A> fagcos<#>) , AcR (28)

The solution u15(x) is an oscillatory function; evidently, the constants A and 4 are
the phase and amplitude of a standing wave. Notably, this solution arises only from the
reverse diffusion and the fourth-order term. Thus, although each maximum represents the
bacterial concentration, this distribution is preserved from the beginning of the process.

This method made it possible to find two stationary solutions for « < 1. While this
clearly does not correspond to the region of instability, and therefore we cannot expect the
formation of aggregates, we can think of « as a perturbation parameter in an intermediate
region between reverse diffusion alone and pattern formation.

. _1_2 o _ 2a9 o 2a%+a1 o
Solution 16. Ifax =1 o we have ay = ap, a1 > 0, A = o h= 2 and w = 0, from

which we obtain the solution

uig(x) = (ﬁsin(%) —2a0\/Zcos<J:/¥>> , AcR (29)

Particularly, it makes sense for ay > 2, which implies & < 1.
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Solution 17. Ifx = §, we have ag = ag, a1 = 3, A = 29, y = (243 +3), and w = 0, from
which we obtain the solution

w7 (x) = (Jém(%) —2a0cos<%>)3, AcR. (30)

Interestingly, the solutions in this regime are also oscillatory, with Solution 16 having
the same structure as 117 for even values of a;. However, for odd a1, negative values occur,
and the parity of a; must be considered to interpret 14 as a distribution.

Figure 5 illustrates the solution with different values of a1, which represents stationary
distributions of bacteria aggregates. As the value of 4; increases, the number of bacterial
aggregates decreases while the amplitude of each curve increases. This leads to a higher
density of bacteria within each curve.

100 }i 24 s

u16(X)

Figure 5. Solution 16 for fixed A = 0, a9 = 2, and a1 = 2,4, 6, where increasing the value of a;
increases the amplitude of each curve.

Finally, in the region of structure formation, when « > 1, we obtain five stationary
solutions, which also depend on method parameters.
2ag 2u%+a1

Solution 18. If « > 1, we have ay = ag, a1 = f%,)\ =L ="
1

,and w = 0, from

which we obtain the solution

2
Va1 a1 & T
s (x) = %—&-aoe’%v“’l("‘”) (1+eV“<A+x>>] , AcR. (31)

Solution 19. Ifa > 1, we have ay = ag, a1 = 1, A = 2ag, pp = a% — ﬁ, and w = 0, from which
we obtain the solution

1 x+ A x4+ A
Uu19(x) = —=sinh | —— agp cosh , A€eR. 32
Solution 20. If v = 1+% > 1, wehaveayg > 0,a; =1, A =2ap, y = a%— ﬁ,undw =0,
from which we obtain the solution
120 (%) = e_““x(l - 62“°(A+X)>, A€R. 33)
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. _ 2 _ 2 _2a _ 2a2+a1
Solution 21. Ifa =1 — iy we have ag < 0, a; = —2aj, A = u—lo, U= 2011%

,and w = 0, from
which we obtain the solution

x+A

u21(x) — 0¥ (1 —e )Zaol

A€ER. (34)

Note that given the restriction for ay, & =1+ % > 1.

. _ 2 _ _ 24 _ 2a2+a1 _
Solution 22. Ifa =1 — o we have ay = apg, a1 < 0, A = Tlo/ n= ;‘a% ,and w = 0, from

which we obtain the solution

ay
i (x) = <’/_(121“1 cosh(\j%) +2aosinh<\’;%>> , AcR.  (35)

Note that « > 1, given that a; < 0.

Some of the solutions are exponential, but there are also spike solutions, as in Solution 18.

Figure 6 illustrates, for & = 5, that the distribution of the bacterial population takes a
bell-shaped curve in the steady state. In this scenario, the bacteria form an aggregate, and
the density of the aggregate is determined by the value of ap. When this value increases,
the distance required for the bacteria to join and form an aggregate also increases. As a
result, the bacteria are farther apart from each other, leading to a lower overall density
of aggregates.

4

u_6(x)

Figure 6. Solution 18 for fixed A = 0 and @ = 5. We show tree cases for ayp = 1.85,2.3,4, as ag
increases the amplitude of the spike decreases.

3.3. Brief Description of the Modified Exponential Function Method

The Exp-method was introduced to find solitary, compact, and periodic solutions of
nonlinear wave-like equations [32]. It has been applied, for instance, to obtain soliton-type
solutions for the Allen—-Cahn equation, a reaction—diffusion equation describing phase
separation in multi-alloy systems, and plasma dynamics [33]. The algorithm of the method
is given below.

Step 1: We assume the exact solutions to Equation (6) can also be formulated as follows:

g ai(e Q)

@) = £ bi(e=Q@)i"

(36)
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where the a; and b; are arbitrary constants with ay # 0, by # 0, and the function Q
satisfies the differential equation [32,33]:

Qe=A+ 1eR&) 4 =), (37)

Consequently, the function Q satisfies the same differential equation given in Equation (24).
The integers N and M that appear in this method can be determined in the same way as
before by considering the homogeneous balance between the higher-order derivatives and
the nonlinear factors in Equation (6). In this case, N =2 and M = 1.

The second, third, and fourth steps of the current procedure are identical to those outlined
in Section 3.2.

Solutions Found by the Modified Exponential Function Method

The nonlinear algebraic system of equations necessary to obtain solutions according
to the exponential function method can be seen in Equation (A29) of Appendix E. Next we
show the solutions we obtain by this method. For « = 0, we find three stationary and three
traveling solutions below.

2 2
Solution 23. Ifa = 0,a9 = 0, a1 = ay, ap = 2by, bp = 0,b; #0, A = %, u= “14:;1 and
w = 0, from which we obtain the solution
A A2
up3(x) = (alcos<xJr > fblsin<x; )) , AeR (38)

Solution 24. Ifa = 0,a9 #0,a1 =0, a5 = —‘;70, by =0,b = —%‘),/\ =F /-1, u#0
and w = 0, from which we obtain the solution

124(x) = %(\/4;4 “Tcos(x+ A) £sin(x+ A) + /A — 1), AER (39)

Solution 25. Ifa = 0,a9 # 0,41 =0,y = 7”70, by=0,b = 7"70,/\ =/4u—1,pu #0and
w = 0, from which we obtain the solution

ups(x) = %(«/4]/1 —1cos(x+ A) —sin(x + A) + /4y — 1), AeR. (40)

Solution 26. If« = 0, a9 = 0,41 = a3, ap = by, by = a3, by # 0, A # 0, y = 0 and
w=-\— A, from which we obtain the solution

126(x, ) = sinh(AA) + cosh(AA) + sinh <)\4t + A%+ Ax) - cosh(/\4t + A%+ /\x>, A€R. (1)

Solution 27. If &« = 0,49 = 0, a1 = 0, ap = by, by = blT)‘, by #0, A #0, u 0 and

w = —2(4A3 + A), from which we obtain the solution

127(x, 1) = sinh(2AA) + cosh(2AA) + sinh(16/\4t +aA% ZAx) — cosh (16A4t FAA%+ 2/\x), AER. (42

Solution 28. If &« = 0,40 = 0, a1 # 0,ap = by, bp =0, by # 0, A = %,y = 0 and
_ m(a+b})

= P from which we obtain the solution
1

s (3, 1) = sinh(fAA FA2(A2 1)t — Ax) - cosh(fAA FA2(A2 4 1)t — Ax) +1, A€eR (43)

In this case, we have three standing wave-like solutions and three traveling wavefront-like solutions,
close to those obtained with previous methods. Additionally, these solutions also depend on the
parameters of the method.
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Seven stationary solutions were found for the pre-pattern formation region, « < 1, all
oscillatory functions, which are presented next.

Solution 29. Ifx < 1,49 = ,%1,“1 =0,a=0b,bp=0,b1 #0,A =0,y = %andw =0,
from which we obtain the solution

x+B
V11—«

up9(x) = Csin( >, C#0, BeR (44)

2a; aa%—a%—bz

Solution 30. Ifﬂé<1,ﬂ0:0,(11:al,ﬂzibl,boio,b]#O,A:W,]A:

w = 0, from which we obtain the solution

u30(x)a1cos( 1lzx(X+A)>_”11ab15m<”11a(x+A))’ AcR. (45

Solution 31. If a0 < 1, a0 = 0, a9 = a1, ap = —%, bp = 0, by # 0,
_ —1) (—aa+ad+b2 , . .
A= g = _ (o) (cua a4y ZZ%HlJrhl) and w = 0, from which we obtain the solution

1

3 (x) = (-(1 . COSGM(A + x)) + blmsin@\/H(A +x)>>%, AcR. (46)

Solution 32. Iftx<1,a07é0,a1=O,a2=f%’,bo=0,b1=*%,A=0/ﬂ=*m“”d
w = 0, from which we obtain the solution
u (x)*1 in (x+A) AecR (47)
2 =58 T—a ' '
Solution 33. Ifa = 1,40 = 0,4y = ay, a0 = 3by, by = 0, b £0,A=20 —2a%+3b%and
. = 3,40 = YU, 1 = g, 42 =901, Up =Y, U1 4 —31,7]/]4— 18h%
w = 0, from which we obtain the solution
i) (7))
uszz(x) = ( 2a; cos —V6bysin| 22 , AeR. 48
33(%) ( 1 (ﬁ 1 7 (48)

Solution 34. Ifa = %,ao #0,a1=0,ay = f%, by =0,b; = f“}—?,)\ =0,pu= %andw =0,
from which we obtain the solution

uz4(x) = sin® <%> cos(xszf), AeR. (49)

Solution 35. Ifa = %,ao #0,a1=0,a0 = —;—;,bo =0,b = —3“—;,)\ =0,u= %andw =0,
from which we obtain the solution

s (x) = %(sin(\@(A +x)) +2sin<x:g1>>, A€ER. (50)

Three of the five solutions in the instability region are time-independent, and two are
time-dependent. With these solutions, one of the difficulties is that they involve increas-
ingly more parameters external to the model.
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Solution 36. Ifa > 1,090 =0,a; = —\/%,az = —%,bo =00 #0,A=+va—-1,u=0
and w = 0, from which we obtain the solution

X L
136(x) = eVa 1 (1 - eV“-“A“)) T AeR 1)

2 2
Solution 37. Ifa = ul;b1,a0:0,u1 #0,ay =b1,bp=0,b; #0, A = Zbill,y =0and w =0,
1

from which we obtain the solution

uz(x) = e % (1 - eA(”A)), AcR. (52)
2 2
Solution 38. Ifl)( = ”12;171/ ap=0,m 7£ 0,a, = %, b() =0, bl 75 0,A= Ll;]‘ml,
1
— — a2 2 2
p= —Ww and w = 0, from which we obtain the solution
1
ILIX
el
ugg(x) = ————~, AER (53)

(1 B e%(erA)) 7

Solution 39. If x = 3, we have ag = %1, a = :F%, ay =b;,bp=0,b1 #0, A = F %,

U= %, and w = :I:% 2Tbl,from which we obtain the solution
A by x
3" 6T (3vBA T 2t 4 3V/6x 7 18)
uzg(x,t) = , AeR. (54)

9A F V6t + 9x
Solution 40. If & # 1,40 = ag, a1 # 0,bp = 0, b1 = 0,ap = by, A = g, p = @””d
w = a3(a — 1) + ag, from which we obtain the solution

ugo(x, 1) = Aelwx+at@@-1-D) = 4 c g (55)

These solutions are combinations of exponentials; however, for several parameter
values, no spike or wavelet patterns occur, and as a result, these combinations cannot be
considered as a distribution.

4. Summary and Conclusions

In this work, we find several families of analytical solutions to the CWK equation for
different values of the parameters, not only in the instability region. For this purpose, we
use the generalized Kudryashov method, the e~ R(¢)-expansion, and exponential function
methods, which allows us to find exact solutions of nonlinear differential equations, includ-
ing those with variable coefficients, non-integer powers, singular perturbation problems,
and non-polynomial nonlinearities. These methods allow us to find analytical solutions
to the CWK equation that have not been previously reported in the literature. Specifically,
when « # 0, the nonlinearity in the CWK equation cannot be analyzed with conventional
methods. Our solutions are important because they provide insights into the behavior of
the system and can be used in numerical simulations or experiments. Moreover, they can
be used to develop new mathematical tools and techniques for analyzing and solving other
nonlinear differential equations in fluid mechanics and related fields.

We found twenty-seven analytical solutions in the case & # 0 by using the three
methods. In the # < 1 case, the nonlinear term can be considered a perturbation of the linear
behavior where inverse diffusion and fourth-order terms drive the dynamics. Although
structure formation is not expected here, we find several wave-like stationary solutions.
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Thus, this region can be considered a pre-pattern formation region, and the solutions are
budding patterns. The instability region & > 1 is where this model’s aggregate formation
is expected. We first recover the stationary solution found in [14] and a pulse propagating
without deformation by the generalized Kudryashov method. Some similar spike-like
solutions were found by the e~R-expansion method. The exponential function method did
not yield any new physical solutions beyond those obtained by previous methods. This is
not surprising, given that N.A. Kudryashov observed this in [27].

It is worth emphasizing that these methods allow us to obtain a wide range of be-
haviors, some previously obtained and that qualitatively resemble what was seen in the
experiments. Furthermore, reverse diffusion and fourth-order terms still need to be ex-
plored since the traveling solutions were mainly found in this regime. The pattern formation
and pulse motion mechanism could be better understood by studying each case in depth.
On the other hand, the shortcoming of these methods is the large number of free parameters
that appear in the solutions. One only way to fix them is to consider initial and boundary
value problems, making the solutions more realistic and closer to the experimental pho-
totaxis conditions, even in simple models like the one-dimensional CWK equation. We
strongly believe the collection of physically meaningful solutions can guide the study of
bacterial aggregate formation in phototaxis.
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Appendix A. Stability Analysis

In [14], the authors derive Equation (1) from the continuum limit of the system of
differential equations over a lattice formed by n bins, which is given by

dR;
d—t] =aRj_1 —(a+c)R;+ cu]-,l;y].tl
L (A1)
Tth =aLjiq — (a+c)Lj+ cUja7;,4;
where J
Yi—1 Ujrk
+ 1~ _
] and U; =L;+R;. (A2)

i (Uj + Ujy)

Here, R;(t) and L;(t) represent the density of right- and left-moving bacteria in the bin
j =1,..,n at time t; a represents the rate at which the bacterium moves one bin according
to its orientation; and ¢ represents the rate at which the bacterium moves after transitioning
to a new orientation. The parameter d is the sensing radius of the bacterium.

Considering that U; = L; + R; and adding the two equalities of the system (A1),
we obtain

du;

—p = "Rj1+Lj) = (a+c)Uj + c(Ujamy + Upanj)- (A3)

A closed system can be constructed by defining

Vi =Rjj1+ L (A%)
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Observe that immediately from system (A1) and (A2) we have

dRjiq
d]t+ =aRj— (a+c)Rjr1 + cujq].*'
dL; (A5)
d]t =aLj—(a+c)Lj_1+ el
Now, adding the two equations in (A5), we obtain
av;
] _
T (a+o)(U; — V). (A6)
Now, rewriting
Ria+Lip=U1+Un -V, (A7)
we conclude that the system (A1) is equivalent to
dau; " .
= Ui+ U = Vi) = (a+QUj+ c(Ujmany + Ujajy) A8

av;
j
T (a+o)(U; — V).

Model (A1) clearly allows for a homogeneous equilibrium L; = R; = C for any constant
C. Now, we will analyze the stability of this equilibrium. It is easier and more practical to
conduct the analysis for the system (A8) whose steady state is given by U; = V; = V.
Consider the following perturbations:

Uj=V+§]-(t); V/‘ZV-I-‘D]‘(t), j=1,2,..4,1’l (A9)

where |¢;|, [pj| < 1. We now obtain the linearized system from the system (A8):

Bk _ (a+¢/2)(Gk-1+Gj1) —apj — (a+ )¢

dt
+ %(2@ +&j1+8j1—Cra—Cia—Gjrar1 —Gja-1) (A10)

do:
B =@+ 0@ - (A11)

This (2n) x (2n) linear problem can be divided down into # subproblems of 2 x 2. Make
an ansatz

2mtmji

gj=geMen

2mmji

; pj:peAte no, m:O,l,...,n—l (Alz)

to obtain

AZ = (2a+c)Ccos(0) —ap— (a+c)¢
+ é;‘(l + cos(0) — cos(df) — cos((d +1)0)) (A13)

Ao =(a+c)(E—p) (A14)
Here, 6 = 2™ withm =0,1,...,n — 1.
There are two eigenvalues for each possible value of m, for a total of 2n eigenvalues.
The quadratic equation

A2 — (g(0) —c)A—(a+c)g() =0 (A15)
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gives the solution to the 2 x 2 eigenvalue Problems (A13) and (A14), where function g is
defined as

g(0) = (2a+¢)(cos(0) —1) + % (1 + cos(8) — cos(d6) — cos((d +1)6)). (A16)

Note that g(0) — ¢ < 0 for all 8 so that a sufficient and necessary condition for stability is
that ¢(0) < 0 for all 6.

Computations reveal that the instability occurs for the first time at § = 0. Because
g(0) = g'(0) = 0, the value of the threshold can be determined by setting
¢"(0) = dc —2a = 0. Consequently, we conclude that the critical value of the thresh-
oldiscy = %”. The homogeneous steady state is therefore stable when ¢ < ¢y and unstable
when ¢ > ¢, i.e, it is unstable if ¢ > %”, The conclusion is obtained by spectral equivalence.

Appendix B. Separation of Variables Method for the Linear Case « = 0

Here, we discuss the case « = 0 occurring when, after changing orientation, the
bacterium stops ¢ = 0, or when the rate of motion without changing orientation is very
large a — oo, both for all finite d. In this case, Equation (1) reduces to the linear differ-
ential equation u; = —iyy — Uyyyy, i.€., only the reverse diffusion and long-range terms.
The aggregate size is controlled by a, so we cannot refer here to finger-like solutions.
This equation can be solved by the well-known method of separation of variables where
u(x,t) = f(x)g(t) leads to the following:

/ II "
g U _p (A17)
8 f
where the solutions can be directly obtained by considering the three possible cases for the
separation parameter ’yz:

Case Al. 2 =0
¢ =0 and f"+f"=0. (A18)
solving two linear differential equations gives
gty =c1 and f(x) = ks +kox + k3 cos(x) + kg sin(x) (A19)
from which we obtain the family of solutions
up(x,t) = Cp+ Cox + Czcos(x) 4+ Cysin(x), C1,Cp,C3,Cq € R. (A20)
Case A2. 42 >0
§—7¢=0 and f"+f"++*f=0. (A21)

solving two linear differential equations gives

—14p -1

g(t):clewzt and  f(x )*kle( " ) +kze( R ) +k3xe(#)x+k4xe(%ﬁ)x (A22)

from which, considering B = \/1 — 42, we obtain the family of solutions

-1-p -1+ —1-p EETAW
uB(x,t):ﬂzt(Cle( )« +c2e( 2h)x +C3xe( z )X+C4xe( 2 )*>, C1,Cy,C3,Cs €R. (A23)
Case A3. 72 <0
g’+72g:0 and fm/"!‘f//_'Yzf:O (A24)
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solving two linear differential equations gives

g(t) =cre™” and f(x) = ke 4 ke (777 ke ()7 4 ke (F2)Y (A25)
from which, considering 6 = \/1 + 42, we obtain the family of solutions

“1-6

uc(x, ) = eﬂz’(cle(T)x 1 Ce(FE)* 4 Caxe(FE)x c4xe(;1%")"), C1,Cs,C3,Cy € R. (A26)

All five constants in each case can be fixed through the corresponding initial and
boundary conditions. We generally observe that, according to the sign of 7%, we can have
oscillatory solutions or increasing and decreasing exponential solutions. Consider also that
the principle of superposition of solutions is valid for the present linear case. We have
one family of standing wave-like solutions and two families of traveling wavefront-like
solutions, similar to those obtained with the previous methods. Moreover, these solutions
coincide with those obtained with the proposed methods. We show some examples of
this below.

Example A1. If we consider the family of solutions u:

up(x, ) = cosh(2t — x) — sinh(2 — x) = e~ %) 41,

this is derived from the present method using uc and considering C; =0, C; =1,0 -1 =2,
’}'2:4,C3:C4:0.

Example A2. If we consider the family of solutions us:

uz(x,t) = cosh(20t 4 2x) — sinh(20¢ + 2x) = ¢~ (2¥+200) _ 1,

this is derived from the present method using uc and considering C; =0,C, =1,6 —1 = —4,
Y2 =20,C3=C4 =0.

Example A3. If we consider the family of solutions uy3:

M3 +1)t+x) 24

uz(x) = e e

this is derived from the present method using uc and considering C1 =1, Co = 0,0 +1 = 24,
'yz = At 472 C3 = C4 = 0; moreover, eM is a constant.

Example A4. If we consider the family of solutions uyg:

uzg(x,t) = sinh (— AA + A2(A2 + 1)t — Ax) —cosh ( — AA +A%(A% + 1)t — Ax) +1,

this is derived from the present method using uc and considering C; = 0, Cy = —eM, 5 —1 =24,
P2 =A2(A2+1),C3=Cy = 0.

The other families for « = 0 are obtained similarly and consider the superposition
principle. In the present case of x = 0, aggregate formation is not expected when the
nonlinear term does not appear in the CWK equation. However, among the solutions found
are time-propagating wavefront solutions and some standing wave solutions that could
be interpreted as finger-shaped distributions. Such solutions are interesting but cannot be
considered a final steady state; they must start with that form.

Unfortunately, for &« # 0, Equation (1) is nonlinear. Note that when the derivative is
expanded, the nonlinearity becomes more involved:

Ully Uy + UUS, — u%uxx}

Ut = —Uyx — Uyxxx + & 5
u
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Q!

Q>

This equation cannot always be solved by the method of separation of variables, nor can all
the families of solutions found in this work be obtained.
Appendix C. Algebraic System for Kudryashov Method

The Kudryashov method algorithm requires solving the following system of equations
for the unknowns {ag, a1, a2, by, by, w}.

QY wad +apbdw —adbE —al =0,

4au1a8 + 4rxu8b1 — 4aa1a%b0 — Déﬂ%bobl + vmlaobg + 3a0b%b1w + albgw — 6a8b1
+ 611111%170 + Zﬂ%bobl — 6111(101)(% — Zﬂobébl + 2(115(3) — 4111!18 =0,

daarad + 6aatal — dnadby + 20a3b? + daayadby — Swayadby + 8wajaiby + 3waibob,
— 3aa1a0b(2) + 4aa2a0b(2) — Saa%aobg — dnaqagboby + thu%bg + SaObOb%w

+ agb3w + 3a1b3byw + 6a3by — 8a3b3 — 6a1a3by + 12a2a3by — 12a1a3b
—12a3boby + 12a1a9b3 — 18aza0b3 + 2agbyb? + 12a%agby + 8agb3by (A27)
+10aya9boby — 8a1b3 + 10ab3 — 8a3b3 — 2a1b3by — 4azal — 6a3a3 = 0,

4zxugu? + 120651(2)112511 - 41xu%b0 - 5065!%17(2) + Saaou%bo + 406%0(1%!)1 — au%bobl

+ 2wagay b(z) + 9uaraq b[z) + aapgaq b% — 24wagaraiby — Saa%ulbl + 8wagaiboby

— 1Otxa0a2bé — 30&!1%5% + Szxa%azbo + 4aaﬁu2b1 - Zozu%bgbl — 2aagarboby

+ 3u1b0b%w + aob%a) + 3a2b3b1w + 6a?b0 + 18(1%17(2) - 12a0a%b0 — 6a0a%b1

+ Za%bobl + lZale — 8a0a1b3 — 34a2a1b% — 641011117% + 2a1b0b% + 36agaaiby

+ 12a3a1by + 8a1b3by — 28apayboby — 40a,b3 — 2agb; + 40agazb? + 10a3b? — 8agbyb?

— lZa%azbo — 12a0b%b1 + 10a2b5b1 - 6a5a2b1 + 8a5b0b1 — 4a0a‘;’ - 12a(2)a2a1 =0,

waf + 12aaga2as + 6aada3 + daadby + 3xalb — 16aaratby — 4aagasb;

—+ pca%bobl — 21aa2a1b3 — Déﬂoa]b% + 24wnagara by — 4aagaiboby — 18axa1boby

- 4a%b0b1 + 4aarabgby + 8txa%b3 + 6aa0a2b(2) + ou,z%b% - 16zxuoa%b0 — 4o¢a%u2b1

+ 2aagapboby + ulb%w + 3a2bob%w - 6u?b0 - 11a%b% — a%b% + 24u2a%b0 + 6a0u%b1
— 6a1b8 + 76a2111b% + 4a0u1b% — 2a1b0b% — 36agaraiby — 6a1b5b1 + 14agaboby

+ 54ayb3 + 2a0b3 — 294363 — 24apazb3 — 3a3b? — dagayb? + 6agbob? + 8aybyb?

+ 24a0a%b0 + 6a0b3b1 — 46a2b%b1 + 6a%a2b1 — a‘% — 12a0u2a% — 6a%a% =0,

4tmza% + 121xa0a%a1 + 161xa2a%b0 — 4aa2u%b1 + 12m12a1b3 + omzmb%

+ 44a,a1byby — ZOom%albo — 120aza1boby — 189451%17% + 161xao/1%b0 — 4aa0a%b1
+ 7:xu%b0b1 + uzb%w - 24u2a%b0 + 6a2u%b1 — 44azaq b(z) — 6ayaq b% + 3011%»11 bo
— 240,53 + 2a,b3 + 64a30% + 4agasb? — 32a:bob? — 24agadby 4 6aga3b,

+ 72u2béb1 - 26a§h0b1 — dagarbopby — 411211% — 1211011%111 =0,
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Q% dangd + 6aata3 — Sna3by + 10aa3b? + 2aa3b? + 20aaya3by + 12a3bo

+ 4aaoa2b1 — 80¢a1a%b1 — 17aa§b0b1 — 3o¢a1a2b2 + 4o¢a%a2b1 + 8aaiaboby
— 36a§b2 8a2b2 30a1u2b0 — 6u0a2b1 + 12a1a%b1 + 60a%b0b1 8a2b? — ZaOazb%
+ 12a1a,b% 4 48azbob? — 6a2asby — 36a,b3b

— 30a1abpb1 — 4a0a% - 6a%a§ =0,
Q7 : 4ixa1a§ + Saagbo — 4oca§b1 5oca2b + 81m1a2b1 + 101xu§h0b1 + 2au1a2b2 — 12a2b0
+ 6a3by + 18a3b% — 12aya3by — 36a3boby + 12023 — 8ayayb? — 24aybob? — 4aja3 = 0,
Q% aaj +4daadb; + 3aadb? — 6a3b; — 114363 — 6ayb3 — a3 = 0.
Appendix D. Algebraic System for the e~ R(?)-Expansion Method

In the algorithm of the e =R

(¢)_expansion method, the algorithm needs to solve the

following system of equations for the ag, 21, and w; here we present the system for each
power of e R() from 0 to 4.

e al;t((tx —3)mu+ A2+ 2u + 1) +ao((a —4)a A+ w)
+a3((6 —4a)ayp —1) + (« —1)ag = 0,

e R@ . zxugul/\z + 304111)\]4 404110111)\ 804110111;1 —+ 2aapag p

+ 4o¢a0a1 + al/\3 — 4a0u1}\2 — 1011%)\;4 + 8mAp + 6a0a1/\

+ A+ 12110:1%;1 — 8apapt + a1w — 4:18111 —2apa1 =0,

e 2RE) - 20a2)% — Buaga3A + 3uagay A — daay + daadp
+ 6aata? — daaday — 7a2A% + 7a1A% + 12a9a2 A — 12apas A (A28)
+6a3u — 14a?y + 8ayu — 6a3a? — a3 + 6a%a; +a; =0

— 4o¢a1A + Szxal)\ + 404110111 Saagal + 2wagay

+6a3A — 1843\ + 12a1A — 4agas + 12a9a? — 8aga, = 0
e #RG) . wad — 4aad + 30a} — a} + 645 — 1143 + 6a; = 0.
Appendix E. System of Equations for Exponential Function Method

To obtain solution through the exponential function method, the following nonlinear
algebraic system needs to be solved

ap (—4u2b1 + a2 + 3b%> ((a =1)ap +2b1) =0

Q@ . 4aa1a2 4rxuzb1/\ + Saazbz)\ eragbo — Saalazbl + 1Oaa§b0b1 + eralazb + 6a301 A
— 18a2b? A + 12a,b3A + 12a3bg + 12a,a3b; — 36a3bob,

— 8a1a2b1 + 24a2b0b1 — 4(1111% =0,
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2 daagas + 6aata3 + 2aa3b? A% — SaazboA — SaayadbyA + 17aadbobi A + 3aajarbA
— daadbip + 4aadb?p + 10aazb3 — 20aajadby — 4aagasb — 4aadarby + 8xararboby
— 7a303A2 + 7apb3 A + 12a3bo A + 12a1a3b1 A — 60a3boby A — 12a1a2b63 7 + 48a3bob? A
+ 6a3byp — 14a3b% 4 8anb y — 364303 — a3b? + 30aya3by + 6agadby + arb; — 2a9ayb?
+ 6a§a2b1 + 36ﬂ2b(2)b1 - 30u1a2b0b1 - 4{105!% — 611%1,2% =0,

Q) . 4o¢a2a? + 12au0a§u1 + aayaq b%)\z + 71xa§b0b1 A2+ 3au§b%/\y — 4&(1211%171)\
— ZOtxaﬁal boA + 12aaa1bobi A + 18aa§b%)\ - 40¢a0a%b1/\ + Zaazalb%y
— 80411%111 by — Saagboy + l4zw%bob1y — 1606{1211%b0 + thxazalb% — 16tmoa%b0
+ 420323 — dapa B3N 4 28aybgb3 A2 — 24a3bby A% + 8axbi Ay — 10a3b3 A
+ 6a2u%b1)\ + 30a§a1 boA — 44aya1bob A + azbi’)\ - 64a§b%)\ — 4a0a2b%)\ + 6aoa%b1)\
+ 72a,b3b1 A — 8agay b3y + 12a3a1by p + 32a2bob? i -+ 12a3bop — 48a3boby
+ ayb3w + 24aya3by — 44aya b3 — 2aya,b? + 24ayby + 4arbob?
+ 24a0a%b0 - Za%bobl — 4agaboby — 4a2u? — 1211011%5:1 =0,
Q) waf — a} — daba’ + 6boas 4 3abiat — 11b3a3 — b2a3 4 12aapaza? — 12agaza3
— 16o¢/\a2hoa% + 24Aa2b0a% + 4zxagh1a% — 6a0b1a% — 4zxyazh1a% + 6;4a2b1a%
— tX)Lboblﬂ% + 4Ab0b1a% + 6b8a1 + a)b{’al + 2106)\(1253{1] — 76)\a2b3a1
+ a)\aob%al — 4Aa0b%a1 + a)\yazb%al - 4A;4u2b%a1 + Azbob%al + Zybgb%al
+ bob%al — ZOvéya%boal + 3Oya%boa1 — 24wagazboay + 36apazboa; — 6/\b3b1a1
— 4nagbbray + 14aghobyaq + 4aA?abobyay — 14A%axbgbra; + 8aparbobyag
— 28uaybobiay — daxbobyay + 54Aayby — A2agby — 2paghi — agh3 4 2u%asb3
+ A pagh? + payb3 + 6na3a3 — 6a3a3 + 8aA>a3bl — 28A%a3b% + 16apa3b?
— 56pa3b} — a3b% + 6aagazbl — 24agarb} + aajb? — 3a36% + ap’adb?
— 3y2a%b% — ZAzaoazb% - 4W0a2b% - Zaoazb% + 6Au0b0b% + 4/\351217017%
+ 4Aaybob? + 32A paybyb? + 3wazbob? — 16adagadby + 24Aaga3by
— 4aptu0a%b1 + 6;4a0u%b1 — 6u0b%b1 + 41A2a2b3b1 + 46;4a2b%b1 + 5a2b%b1
+ 4au%a2b1 - 6a5u2b1 + lla/\pta%bobl — 36/\ya%b0b1 — 2aAagarboby =0,
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Q) .

£5Q() .

— aob%)\‘o’ + albob%/\s + SaZbébl AS 4+ 38a2b8/\2 + 90(4111121%/\2 - 32a1a2b%)\2

+ txaoalb%)\z — 4a0a1b%)\2 + 10a0b0b%)\2 + 4ya2b0b%)\2 — 10a1b%b1/\2

— wa2bgbi A + 4a3boby A — 2aagarbobi A2 + 4agarbobi A2 + 12a1 b3\

— 8uaghiA — aghA 4 5aa3b3A — 184263\ + 1dapalbiA — 48pasb3A

+ 10aagazbjA — 40agarb3A + 3aagb?A — 10a3b3A — dpagab? A + SparbobiA

+ albob%/\ — 4oca‘;’b0)\ + 6u:1*b0)x — 24aagayaboA + 36apaazbpA + 4zxaoa%b1)\

— 6apa3bi A — 12agb3b1 A + 40pasb3bi A + 5asb3by A + dxadasby A — 6a3azby A

— 8aapaibobi A 4 28apa1boby A + dapaarbobi A — 12uajarbobi A + 40{%00?

— 4u0u% + 4Oyu2b8 + Zazbg + wuobf + Zocaomb% — 8a0a1b% + 18:xya1112b%

— 64;411111217% — 2(1111217% + Zayaoalb% — Syaoalb% — 2(1011117% + 8;4a0b0b% — ZaObOb%
+ 3wa1b0b% + 8y2a2bob% + 4ya2b0b% + 120¢a%a1a2 - lZa%alaz — Saaoa%bo

+ lZaOa%bg — 16o¢ya0a%bo + 24ya0a%b0 — Szxa%azho + 12a%a2b0 — 16o<ya%a2b0

+ 24;/141%112110 — 8ya1b%b1 + 2a1b5b1 + 3wa2bgb1 + Szxa%albl — 12a3a1b1

— Zaa%bobl + Sa%bobl — Za;m%bobl + Sya%bgbl — Za%bobl + 4ay2a%b0b1

— lZyza%bobl — 4apagarboby + 8pagarboby — 4apazbob; = 0, (A29)

8abg A% + 4agbob? A® — 4a1b3bi A3 + 7a1bgA% — Tuagh3A? + 20a3b3A? — 7a3b3A?

+ 4nagasb3A? — 16agasb3A2 4 2aa3b3A? — 7a3bI A% + 7uay bybiA? — 7agbibi A2

— pagb3b A% — daagarboby A2 + 14agar boby A? 4 52pasb3A + 2a;b3A + 3aga B3A
— 12a0a1b5)\ + 150<ya1a2b5)\ — 52;4111112?%/\ + Bucyaoalb%)\ — 12;411011117%)\

+ ZOWObob%A — Zuobob%)\ — Saaoa%ho)\ + 1211011%!70)\ — Saa%azbo/\ + 12a%a2b0)\

— 20pa1b3by A 4 201031 A + 8aadar by A — 12a3a1 b1 A — 3wadbobi A + 12a3boby A

- 30&;411%110111/\ + 12;4a%b0b1/\ — 6apagasbobi A + 16pagarbobi A + 8ya1b8 + albg

+ wagbl — 8utagh? — pagh? + 6raiat — 6a3a3 + dapalbl — 14palbl — aib3

+ 6ap?a3bt — 20p%a303 + Sapagarbl — 32pagarbt — 2aparbl + dapalbt — 14puadb?
— a%b% - 2y2u0a2b% + 3wu0bob% + Syzalbob% + yalbob% + 40ca8a2 — 4a8a2 — 4v¢ya§’b0
+ 6]/m%b0 — 40451%111110 + 611(2)111170 — 24apagayazby + 36papaiarby + 4aa8b1 — 61181)1
+ 4pcyu0a%b1 — 6ya0u%b1 — 8yu0b(2)b1 — aob%bl + 3wa1b(2)b1 + 4y2a2b%b1

+ Syuzb%bl + 404;451%512171 - 6yu3a2b1 — 8apapaiboby

+ 28napayboby — 4apaboby + Zyzalazbobl =0,
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7R albg/\3 — agb3b A3 + 14ya2b8A2 + aagabEA? — 4aga b3A? 4 10pagbob? A2
— 10uayb3b1 A2 — wadbobi A% + 4a3bobi A + 8paiBIA + a1bA — 12p2agbiA
+ BapatbiA — 10pa3b3A + 6apagar b3\ — 24uaparb3A + SapaibiA
— 18uagb?A + 12p%a;bob3 A — daadarboA + 6a3a;boA + daadb A — 6a3bi A
— 8ya0b%b1/\ — aobébl/\ — 12y2a2b(2)b1)\ — 8apagarboby A + 28uaga bobi A
+ a)albg + 16;42512178 + 2ya2bg + Zawoalb% — SWOalb% — Zaoalbé + 6ocpt2a1a2b(2)
— 2Oy2a1a2b(2) + 2ocyza0u1b% — 8y2u0a1b% + 8y2a0b0b% — Zyaobob% + 4m8a1
— 4a8u1 - 8ﬂﬂﬂ0ﬂ%b0 + 12;1(1001%170 - 8:xp¢a%azb0 + 12ya%u2b0 + 3wﬂ0b%b1
— Syzulbébl + Zyulb%bl + Socya%ulbl — 12W%a1b1 — Zmya%bobl + 8;4a%b0b1
— Za%bobl — Zayzu%bobl + S}IZH%bobl — 4a;42u0a2b0b1 + 12y2a0a2b0b1 =0,

80 wad — wadbobi Ay + aayagbiAu + 3aadbiu® + 2aazagbip® — 4nayagbob i
+ aa3b3p? + daadbyp — daaradbop — agb3bi A%y + a1 b3A2 1 + 6agbobI Ap?
+ 6u2b8)\y2 — 6a1b(2)b1)\y2 + 4a%b0b1/\y — 4a1a0b(2)/\y — 6a0bfy3 + 6a1b0b%y3
— 6u2b(2)b1y3 — 11a%b%y2 — 8u2a0b(2)]42 — 2a0b%b1y2 + 14a1a0b0b1y2 + 2a1b8y2

— 3a3b3p? — 6adbyp + 6ayadbop — agbibyp + ay b3y + agbdw — a3t — ad = 0.
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Abstract: In this paper, we propose a user-friendly integral inequality to study the coupled parabolic

chemotaxis system with singular sensitivity under the Neumann boundary condition. Under a low

diffusion rate, the classical solution of this system is uniformly bounded. Our proof replies on
4

the construction of the energy functional containing |, % with v > 0. It is noteworthy that the

inequality used in the paper may be applied to study other chemotaxis systems.

Keywords: chemotaxis model; energy functional; integral inequality; global uniform boundedness

MSC: 35A01; 35A02

1. Introduction

Our work considers the coupled parabolic chemotaxis system with singular sensitivity

uy =V - (Vu—x4ivo), xeO,t>0,

v =kAv—v+u, xeO,t>0, )
dyu = d,v =0, x €00),t>0,

u(x,0) =uy, v(x,0)=1vy, x€Q,

for parameters x,k > 0 with the Neumann boundary condition, where Q C R? is a
bounded domain with a smooth boundary. u and v are the cell density and concentration of
chemical stimulus with respect to time t and x, respectively. k represents the diffusion rate
of the chemical signal. The initial functions #y € C%(Q)) and vg € W'*(Q) satisfy ug > 0
and vg > 0.

In 1970, Keller and Segel [1] originally introduced the system

xeO,t>0,

up =V - (Vu—uy(v)Vo), @
xeO,t>0,

T = kAv — av + Bu,

to describe chemotaxis, the oriented movement of cells in response to the concentration of
chemical signal produced by themselves and self-diffusion, where 7, k, &, > 0 are parame-
ters. The chemical signal experiences random diffusion and decay. Particular cases and
derivatives of chemotaixs models have been developed extensively, such as the parabolic—
elliptic case [2-5], the fully parabolic case [6-10] and other extensive versions [11-13]. Some
studies have focused on the problem of whether the solution to the respective model under-
goes a chemotactic collapse in the sense that the cell density becomes unbounded in finite
or infinite time [3,6,7,12]. Given the initial conditions uy > 0,7y > 0 and the Neumann
boundary conditions, others have concentrated on the aggregation effect of the chemotactic
sensitivity x(v).
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If x(v) = x with T = k = « = B = 1, Osaki and Yagi [14] showed the global
boundedness of solutions to (2) for n = 1 and Nagai et al. [15] proved the results if
Jquo < 4mforn = 2. Forn > 3, if Hu0||L%(Q) is small enough, there exist global weak

solutions [16]. Another form of sensitivity function is

_ X0
x(v) = m

forc, xo > 0,k > 1and & > 0, which is non-singular. In this case, the global existence is
established for k = 2,c = 1 by [17] and for k = 1,& = 1 by [12]. Furthermore, if x(v) = %
for k > 1, xo > 0, there exist global classical solutions to (2) [18].

The logarithmic sensitivity function x(v) = £ with y > 0 is commonly considered
because it is in compliance with the Weber-Fechner law [19]. Taking this form with
T =k = a = B = 1, the chemotaxis model becomes the classical version:

uf:V~(Vu—)(u%), xeO,t>0,
v =ANv—0v+u, xeO,t>0, 3)
dyu = d,v =0, x €00t >0,

u(x,0) =uy, v(x,0)=1v9, x€Q.

Global bounded solutions to (3) are provided by Osaki and Yagi [14] in a one-dimensional
case. As for n = 2, Lankeit [7] introduced an energy functional and proved that the
solutions are uniform bounded in a convex domain with the range of x extending to
slightly more than one. Moreover, Winkler [20] proved that there exist global classical

solutions if 0 < x < %, and Fujie [6] showed the solutions are uniformly time bounded.

In [21], global bounded solutions are constructed under the the condition of x < % with
Q C R" being the convex domain. Furthermore, (3) employs global weak solutions when

X < /25 [20]. In the radially symmetric setting, weak solutions are constructed by [22]

under the condition y < ,/;%5. These results imply that there is a balance between x
and dimension # for the establishment of global solutions to classic models (3). The work
to extend both x and # is laborious without giving any condition of (3). Lankeit and
Winkler [23] extended the range of x to

IS ifn=2
xX<<{V8 ifn=3,
s ifn>4
under the definition of the generalized solution, which is constructed on the basis of the
global weak solution.

There are also other results established on the changing of parameters, referring to [9,24].
Indeed, the parameters in (2) have an impact on the aggregation of cell density. Xiang-
dong [25] constructed global solutions to (1) with n < 8 under some conditions, where the
relationship between k and y is established. However, if n = 2, the diffusion rate of the
concentration of chemicals k does not work, since y is still less than one, as in [25].

In [26], the estimates containing [, |Vo|? are established to study the system where
the chemotactic sensitivity is a constant and the source of the signal is modeled by v.
In the work of Winkler [27], the only evident global quasi-dissipative structure involving

Ja 'VUZ‘Z, (v > 0) is established to address the difficulty brought about by the nonlinear
source of signal. However, the system with logarithmic sensitivity presents more challenges,
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and the structure of [, f(v)|Vv|" (nis even) is essential to the estimates. Hence, motivated
by Lankeit [7] and Nagai [15], we establish an energy-type functional containing

Ji [Vol*
o v’

The fractional term of v in the energy-type functional may alleviate the difficulty of
preventing the aggregation caused by nonlinear kinetics in some derivate systems such
as [27,28], where the source of the signal is modeled by uv.

In this paper, the global existence and uniform boundedness of the classical solutions
of (1) are established as follows:

Theorem 1. Let Q) be a bounded domain with a smooth boundary 0Q) on R2, initial data vy > 0
and ug >, # 0 in Qwith ug € CO(QY) and vy € WV (Q). For all x > 0, there exists a constant
Cy that depends on ug, vy, Q) and x, such that whenever

k> G,

then (1) admits a unique classical solution (u,v) € CO(Q x [0,00)) N C*1(Q2 x (0, 00)). Moreover,
there exist constants 6,C > 0 such that 6 < v < Cand 0 < u < C forall t € (0, c0).

Intuitively, this shows that the large diffusion rate of chemical signals can prevent the
aggregation of cell density resulting from a large x.

In the paper, we first demonstrate the local existence of and recall some inequalities
in the preliminaries. Then, we prove our key integral inequality in the Section 3 and give
some useful a priori estimates in the Section 4. Finally, we prove the uniform boundedness
of the solutions.

2. Preliminaries
2.1. Local Existence

The local existence of classical solutions to chemotaxis systems has been well-established
using the methods of standard parabolic regularity theory and an appropriate fixed-point

framework, which is shown in the following. Details of proof can be seen in Theorem 2.1
of [7] or [20].

Proposition 1. Let Q C R" be a bounded domain with a smooth boundary, and uy € C°(Q)) and
v € WH(Q),q > n > 1 are non-negative; then, for any k, x > 0, there exists Tmax € (0, 00] and
a pair of unique non-negative solutions satisfying

{ u € COQ % [0, Tmax)) N C>H(Q x (0, Tmax)),
v € CUQ % [0, Tmax)) N C*H(Q X (0, Tmax)) N LE([0, Tmax); WH(Q))),

loc
such that (u,v) solves (1) classically in Q) x [0, Tmax) and, moreover, if Tmax < oo, then

Jim (Bl + 100D lwnagey =

2.2. The Positive Lower Boundedness of v

In order to prove the lower boundedness of v in (1), we first prove the boundedness of
||| ;1 and [|v||}1. Integrating the first and the second PDE in (1), we have the mass identities

/u:/uozzm,t>0

Q Q

/v:/uo+(/ vo—/u0)~e*t,t>0.
Q Q Q Q

and
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Based on these facts, one can deduce the non-negative lower boundedness of v from the
abstract representation formula of the v equation. Copying Lemma 2.2 of [7], we write it
as follows:

Lemma 1. Let (u,v) satisfy Proposition 1; then, there exists Tmax > 0 and a positive constant &
depending on v such that

v(x,t) >8>0, V(x,t) € Q% [0, Tmax)- 4)
Proof. Firstly, by the comparison principle and the fact of vy > 0 on Q), we have for a small ¢

o(x,t) > minvg-e ! > 0.
xeQ)

Let us fix T = 7(ug, vp). Then, it follows that

v(x,t) > minvg-e” " =01 >0, Vt € [0,7).
xeQ)

Now, from the well-known Neumann heat semigroup estimate for ¢/ (see Lemma 1.3 in [29]
and Lemma 2.2 in [20]), we denote by d the diameter of the Q and have for Q C R? that

1
(e®w) > yrni ¢ / w >0, weCO).
0

Then, the abstract representation formula of v shows

o(- 1) ==V 4 / e<tfs><Af1>u(.,t>ds

/471th o “)ﬂ (/ u(,t))ds ®)
/4m 0 dr = 5, > 0, Vit € [1, 00),

where r := t — 5. Choosing § = min{dy,,}, we deduce (4). O

2.3. Recall of Useful Theorems
The well-known general Young's inequality [30] is recalled.

Lemma 2. Let f,g > 0 be the continuous function with p,q > 0 satisfying % + % =1, then

fg<eff+ q(ep) %gq (6)

holds for all € > 0. Moreover, for continuous h > 0 and any €1,€; > 0, taking p = 2,4 =3,r =6
such that % + % + % =1, we have

i 1o
36e1v/es

Proof. In (7) is given the result of the straightforward calculation of the well-known
inequality (6). O

€
feh<ef + 287+ @)
€1
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Lemma 3. Let Q C R", n > 1 be a smooth bounded domain. Any function f € C?(Q) satisfies

i. V|Vf|? =2Vf- D%, ®)
ii. (Af)* < n|D*fP?, ©)
iii. Vf- VAf = %A|Vf|2 — |D?f|2. (10)

All the identities and inequalities in the above lemma can be obtained from straightfor-
ward calculation. One can see [7,31] and Lemma 3.1 in [8] for their application. We could
not find a precise reference in the literature that covers all that is necessary for our purpose;
therefore, we conclude with a short lemma here.

3. A User-Friendly Integral Inequality

The proof of Theorem 1 is based on the extension and application of an integral
inequality, which is generated within one dimension by Q. Wang [28]. The following
theorem has a multidimensional form. It is worth noting that the integral inequality
connects the fraction of the gradient and the second derivative. A similar inequality can be
found in [7]. Furthermore, the explicit coefficient in the integral inequality is easy to use
for readers.

Theorem 2. Let QO C R" be a smooth bounded domain with w > 0 satisfying w € C*>(Q) and
%%’ = 0 on dQ). Then,

2p+2 2 2p—2
|[Vw . n+ 4pe / |D?w|?|Vw| a1
o wit 29+1-¢£ wi
forallp >1,q > f%ande> 211% > 0.
Proof. Let ] := [|Alog w\z W 2 > 0 for p > 1. Directly calculating |Alog w|? leads to
Jo
—_——
|Aw\2|Vw\2F”2 | V| Aw |Vaw|?P+2 (12)
w1 O witl Ja  wit?z -
Smce = 0 on dQ), integration by parts gives
V|Vw|* - Vw |Vw|2P+2
2/ T -2(g+1) o i
— / |Vw|?P2V|Vw|? - Vw C2(g+1) |Vw|?P+2
P Ja wit1 1 0 wit?
By (8) of Lemma 3 and (6), we have for e > 0 that
V=4 ‘Vw|2p D2w 1 |Vw‘2p+2
2 / e (13)
- e/ Ww‘zp 2‘D2w‘2 B (2 / |vw‘2p+2
= p Q wq f]+2 :
By (9), substituting (13) into (12) gives
‘Vw|2p—2|D2w|2 ‘Vw‘Z;H»Z
]g(n+4pe)/0T ((29+1) / e

Duetoq > —3,€ > 2q+1 > 0; thus, (29 +1) — £ > 0, and we conclude with (11). O
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i 2 i R 2 ntdpe 248
Remark 1. Letting O C R* and taking q = p = 2,€ > 5, then 2910 = 5—: Note

that 2+82€ achieves its global minimum over (5, )ate = 4+\ﬁ(NO 9099) with the value

T 4\F(~3 3117). Therefore,

6 212 2
/Q |[Vw| / |D w\ |Vw| . (13)

w 21 — 4\/
4. Some Useful A Priori Estimates

Let us first give an inequality to estimate the boundary integration.

Lemma 4. Let Q C R? be a bounded smooth domain. If v € C?(Q)) satisfies g{ = 0, the for any
é > 0, there exists C(&) depending on Q) such that

2 2 2 2,12
[ ITORATE) [ VORIDE )
el Q v

o 0?2 ov

forall t € (0, Tynax) and n > 1.

Proof. Firstly, we show that

\VvFaHVv| aquﬁ\)
L —16 [ |vvaptt (16)

2
From the Neumann boundary condition, we calculate the right-hand side, obtaining
. 2 . 29 |Vo|?
16/ ‘V\/ala(‘v\/gl ) — / |VU‘ v
JoQ)

Joo v av
B\Vz;|

Vol
a0 0

—%\Vv|2:/ [Vol?9(|Vo]?)
02 20 V2 ov

forall t € (0, Tmax)-
Now, according to (3.17) in [11], we have for any € > 0 and constant C; > 0 depending
on () that

(| V2|2 2
/ao\vﬁﬁ(‘ai‘f') < S/Q’VW\/W‘ +C forallt € (0, Tamm).  (17)
By straightforward calculation, we have

G DIRIA

1 |V|Vol2[ V\Vv|2-Vv|Vv\2 V|6
:E/) -2 *

|w| Vool
’02

/\wvvwl

2 P o

1 \V|Vv\ 1 |Vol®
< LR Bt B
16/()((2s1+1 2 +(2£1+1) "

for 1 > 0. Then, we have from (14) that

2

/‘V\fol ‘ < 16(281+1+ )/ }V|Vv\ | (18)
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forall t € (0, Tmax), Wwhere & =
we can obtain that

2
/ Vol a(|w|) <2€ +1+8 )/ LW‘ " sec.

T \F for simplicity. Combining (18) and (17) with (16),

o 2
Denoting é = ¢(2¢1 + 1+ é + £) and C(é) = 16C,, we prove (15) forany ¢ > 0. O

In preparation for the construction and estimation of energy-type functionals, some
important a priori estimates are provided and collected into two lemmas in the following.

Lemma 5. Let k > 0and (u,v) be the solutions of (1) satisfying Proposition 1. Then, we have for
any é > 0 that

d |Vol* [Vol 4k . |Vo|?|D?v|? / |Voltu
4 < (Z ok -2
dat /Q 2zt /Q v ( 3 2 /Q v? a o

, (19)
|Vo|*Vv - Vu N
+4/ YOV VB L (o).
Q v
Proof. Through straightforward calculation, we can show
d [ |Vvo* 4 |Vo|?Vo - Vo, 5 |Vol*o,
dt Jo v " Ja v2 a 0°
I
29, . 4 2
=4k/ |Vo|*Vo - VA 72/ |V +4{/ |Vo|*VoVu (20)
Q 02 a ©v? Q v2
b
—_——f
4 4
ka/ |Vol*Av DY |Vol u
0 3 o
In light of (10), we have from (15) that
I —Zk/ |VU\ZA\VU|2 / \Vv|2|Dzv|2
2 21192, 12
b 02 Q v
:Zk/ \Vv|28(\Vv| k/ V\VU\ )
a0 02 ov
B @1)
2%, . 2 2112, (2
+4k/ |Vo|*Vv - V|V —4k/ |Vo|?| D0
Q s Q v?

I3

2119212 2. 2
—(12k—2ké)/QWU|U|ZD i +4k/QW‘W|U3V|W‘ +C().

Similarly, we calculate that

Zk/ |Vv\4 :4k/ |Vo2Vo-V|Vo? / |Vol®
0 3 0 '

v ot
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Given by the sum of I, and I3 and taking € = %, (6) implies that

29, . 2 6
Ll :Sk/o |Vo|*Vov - V|Vo| s Vol

03 o o
. 22 . 6
§8k€/ M + (zik — 6k) / ‘VT (22)
Jo % € Ja v

% [ IVoFIDp

Substituting (22) and (21) into (20), we finish the proof by taking the first identity of Lemma 3. [

Lemma 6. Supposing that (u,v) solves (1) and all conditions of Proposition 1 hold, then there
exist small €1,€, > 0and 6 > 0 such that

14d 2 . 2 X€2/ 3, / \VU|6
et < _(1— AFZ .
27 /Qu < —(1—xe16 )/Q|Vu\ + 10, Jo 3661\/7 (23)

Proof. Inlight of the u equation of (1) and integration by parts, we can show that

1d g
24t Jo

u —/ uv - (Vuf)(v—u / \Vu|2+/ Xu Vi Vo (24)

The employment of (7) implies

. . 2 . . 6
/ LA L, \VLZII @/ S XV6 |Vl
v 36e1/€2 Jao vt

v3 461 JQ
for small €1, €, > 0. Note that v has the lower bound for any ¢t > 0. Let §* := 573 be the
upper bound of v~ 3 and substitute (25) into (24) to obtain (23). O

(25

5. Uniform Boundedness

In this section, we shall finish the proof of Theorem 1. Firstly, we construct the energy
functional and prove that each item of the functional is uniform bounded.

Theorem 3. For a > 0, let F,(u,v) take the following form:

.F(uv)fzx/u +/Q|VU|4.

Then, for Q C R? and any x > 0, there exists a constant Cy(ug,vo,Q, x) > 0 such that if
k > Cy(up,v0,Q, x), then for some C > 0

%]‘—a(u,v) + Fu(u,0) < Cforall t € (0, Tmax)- (26)
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Proof. Combining (19) and (23), we achieve

d 2 WU|4 2 WU|4
E([x./@u +./Q v? )+(a./ou +./o v? )

L h

—_—
——— 6
—(2a—2a}(€1(5*)/ \Vu|2+“2)(62/ u3+1gxi |VZ|
O €1 JO 61\/5 Q U 27)

I3

——
4, . 2 D2 2 4 . 2 .
7(—k72ké)/ |Vo|?|D?v] 72/ |V u+4/ [Vo|*Vv - Vu
3 Ja v? o ©0° Q v?

+a /Q u? +C(é).

The Gagliardo-Nirenberg inequality and the boundedness of |[u||;1(q) imply that there
exists C > 0 depending on |[ug|| 1 (qy), €2 such that

/. uzgr]/ [Vul?+C
Ja Ja

for some small 7 > 0 and

axer axer
1= e Nl ) < 5= (Cull VUl + € (28)

where Cy, C; > 0, depending on [[uo]| 1)) and Q. For I3, we employ Lemma 2 to obtain

IVU\

I<—
€3 /0

+ e / |Vl (29)

for any €3 > 0. Combining the first item of (29) with I, and employing (14), we have

axvVe + 1 / [Vol® < (Ve ’XX\[ / \VU|2\DZU|2 (30)
18¢1\/62 €3 1851\/>

where we denote € = CTE \F for simplicity. Thus, substituting (28)—(30) into (27) gives

(uc/ \Vv| )+(a/ i +/ \Vv|4

K1

(

* X€2 ' 2
~ 2a(1— xer6* —X2¢, ) —4 /
(2a(1 — xer 1e, O 1) —4es) N [Vul (31)
K2
21192, 2
S e Ve, 5/M+C
3 lSelf
Let €1, €, and €3 be small, such that x; = 0. Then, taking a small € such that % > €,
we denote N
) ax - 3 -
Claeres) = g /e d—68)° T e@—6d

and let C; depending on g, vo, (), x be the lower bound of C(,, , ;) provided x; = 0.
Therefore, for any k > Cj, > 0, we have x, > 0 and can then deduce (26). [
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Theorem 4. Let (u,v) be the solutions of (1) satisfying all conditions in Proposition 1. Then,
/ W2(,1) < C and / Vo(, )2 < C, 32)
Q Q
with t € (0, Tmax)-
Proof. According to (26), there is C > 0 such that

[Vol*
02

'/éuz(yt) <C and /Q (1) <C,

for all t € (0, Tmax). From Young’s inequality and the Gagliardo-Nirenberg inequality,
there exist €4, egny > 0 and C > 0 such that

. 4
Livetor <ce [ V00 va [ 200

<c., [ 1V, Vol )] +C
A ) (1) +esegn Q| o(-, )7 +

(33)

1
2eGN

forall t € (0, Tmax). Taking €4 < , then we have e4egn < % and prove (32). O

Proof of Theorem 1. Using the well-known Moser’s technique [32], the L* boundedness
of u follows from Theorem 4. Indeed, one can follow the estimates of Nagai [15] or directly
employ Lemma 2.3 in [7] to prove the theorem. [

6. Conclusions

Our paper proves the uniform boundedness of solutions of the chemotaxis system
with singular sensitivity under a small diffusion rate of the chemical signal. We prove a
user-friendly inequality that has certain parameters, and construct a new energy functional
that is applicable to the double Keller-Segel model with nonlinear sources.
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bilinear equation, the lump one-soliton solutions are derived. Furthermore, by choosing the double
exponential ansatz in the bilinear equation, the lump two-soliton solutions are found. Interaction
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contour). Furthermore, we compute rogue-wave solutions and lump periodic solutions by employing
proper hyperbolic and trigonometric functions.
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1. Introduction

The study of partial differential equations (PDEs) occurs in various fields such as
theoretical physics, applied mathematics, biological sciences, and engineering sciences.
These PDEs play a crucial role in explaining key scientific phenomena. For instance, the
Korteweg-de Vries equation governs shallow water wave dynamics near ocean shores and
beaches, and the nonlinear Schrodinger’s equation governs the propagation of solitons
through optical fibers. Some examples of PDEs and their applications can be found in [1-8].

Although the above-mentioned PDEs are scalar, a large number of PDEs are coupled.
Some of them are two-coupled PDEs such as the Gear-Grimshaw equation, whereas others
are three-coupled PDEs. An example of a three-coupled PDE is the Wu—-Zhang equation.
These coupled PDEs are also calculated in distinct areas of theoretical physics. In this paper,
we will study CNL-GZE used in plasmas.

Lump waves (LWs), as superior nonlinear wave phenomena, have been visualized
in various fields. LWs are theoretically viewed as a limited type of soliton and move
with higher propagating energy compared to general solitons. Consequently, LWs can be
destructive and even catastrophic in certain systems, such as in the ocean and finance. It is
important to be able to find and anticipate LWs in practical applications. In recent years,
studies on lump solutions have increased, leading to more specialized investigations. There-
fore, theoretical investigations of LWs are instrumental in enhancing our understanding
and predicting possible extremes in nonlinear systems [9-13].

Finding the lump solutions of PDEs has become a primary focus in recent years. As a
result, several mathematical experts have developed important schemes in order to solve
PDEs [14-16].
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In this article, we consider the CNL-GZE for the complex envelope u(x,t) of the
high-frequency wave and the real low-frequency field v(x, t), as follows [17]:
i + Prx — 22| + 299 = 0, 1)
Prt — Pxx — (‘4"2)“ =0.

where /1 and hy are real constants. The cubic term in Equation (1) represents the nonlinear
self-interaction in the high-frequency subsystem, which corresponds to a self-focusing
effect in plasma physics.

Several researchers have worked on the stated model. For instance, Wang et al. eval-
uated periodic wave solutions for GZEs using the extended F-expansion method [17].
Zheng et al. performed a numerical simulation of a GZ system [18]. Bao et al. developed
numerical schemes for a GZ system [19]. Bhrawy et al. constructed an efficient Jacobi
pseudospectral approximation for a nonlinear complex GZ system [20]. Zhang et al. stud-
ied solitary wave solutions through a variational approach [21]. Similarly, Yildirim et al.
studied some newly discovered soliton solutions of GZEs by applying He’s variational
approach [22]. Li et al. computed additional exact solutions of GZEs through the Exp-
function method [23]. Buhe et al. studied symmetry reductions, conservation laws, and
exact solutions for GZEs [24]. Lin et al. constructed some additional exact solutions for
GZEs through the Exp-function method [23]. Wu et al. studied exact solutions for GZEs
using a variational approach [25]. However, in this paper, we will explore lump, lump-type,
lump one-strip, and lump two-strip solutions for CNL-GZEs through appropriate transfor-
mation methods and bilinear equations. We compute the lump solutions by choosing the
appropriate polynomial function. In addition, we compute lump-periodic and rogue-wave
solutions by using logarithmic transformation.

This article is organized as follows. In Section 2, we form bilinear equations and evalu-
ate lump solutions for the coupled nonlinear generalized Zakharov equations in plasma
physics through appropriate transformation approaches. The solutions are presented along
with with their corresponding graphs. The mixed solutions of soliton and lump waves
are provided in Section 3. We evaluate the lump one-strip and lump two-strip solutions
using suitable profiles in Section 3. By employing a trigonometric ansatz in the bilinear
equation, we compute lump periodic solutions in Section 4. By utilizing a hyperbolic
ansatz in the bilinear equation, we explore rogue-wave solutions in Section 5. Section 6
discusses the results of the obtained solutions, and finally, in Section 7, we present some
concluding remarks.

2. Lump Solution
For the lump solutions of Equation (1), we apply the following ansatz: [26-30],

_ h3el p(x, t)
q(x,1)

then, we obtain the bilinear equations,

¥(x, 1) » (1) =2[Ing(x, 1)), —c, 2

2h2h§p3 + 26h3pqt2 + chlhgpqz - ihlhng + pi + ih1h3pgqr — 4hspqqy

+2h3qpqx — 2h3pqs — M3 pax + h3pqqax = 0, 3)
and
1347 P37 9% — 0 4ueqx — 4H3papads + 3h3p70% — 2403 — 2474 qxt + 4 Gt
I3 paPpx — W3p*q0xx + 307 0xxx — 1Gxxx = 0, 4)
respectively.
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Now, to obtain the LP solution, the functions p and g in Equations (3) and (4) are
assumed to be [27,28],

p=8+8G+am, q=0+5+as ®)

where {1 = agx +1t,{» = ajx + .

In addition, a;(1 < i < 3) are specific constants. Now, by substituting Equation (5)
into Equations (3) and (4) and solving the equations obtained from the coefficients of x and
t, we obtain:

Set I. The values of unknowns for Equations (3) and (4), respectively, are as follows:

. 2
g = 714;\/5, hy = 72(’72’23“)
and (6)

-
a0="1 a1 =, h3 =0, ay = 1, a3 = a5.

, A2 = 4az, az = az, ag = 4o-

Then, the values in Equation (6) generate the required solutions for Equations (3) and (4),

which are, respectively,
Zeif‘(c+h2h§) <a2+ <t+ 7(71?\/5) x) 2+(t+n1x)2>
P11 =— - ,
c<a3+<t+(7H21\5)X)2+(t+a1x)2>
and )
2(~1+iv/3) ((H%x) +2a1(t+a1x))
P11 = , —c.
u3+(t+%)z+(t+ﬂ1x)2
and
e (a (4 (1)) (14 (1) %))
2 =—, s+ (- (500 )P+ (e (D))

and 8)
o= 2((171‘)(t+((] ")x)+ (i) (t+(141)x)) .

ast (1 (1)) + (1 (5)x)’

Set II. The values of the parameters in Equations (3) and (4) are, respectively,

—343i 3+43i
ag = =24y =y = =2,y = 0,03 = as.

and )
ag =1,a1 =1,h3 = h3,ar = az,a3 = as.

Then, the values in Equation (9) generate the required solutions for Equations (3) and (4),
which are, respectively,

_ (- )

B E R

and (10)
SE(C YEC SBHC TG 38)

P21 (7 ey

—C.

(3

i
s
—
=
~—|
+
o
/\
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and
_ e’“hl(a2+2(t+x)2)
Yoo = ot
and (11)
_ 8(t+x)
P2p=—c+ a3+2(t+x)* "

3. Mixed Solutions of Soliton and Lump Waves

In this section, we study the interaction of a lump soliton with a single kink wave and
the interaction of a lump soliton with double kink waves.

3.1. Lump One-Strip Soliton Interaction Solution

To obtain the lump one-strip solution, we use the transformations given in Equa-
tions (3) and (4) [22,27-30]:

p=3+G+ar+boe Rl g =4+ &+ az+ bper TR, (12)

where ¢ = apx +t,{» = ayx +t,and a;(1 < i < 3), k1, ky, and by are any constants. Now,
from Equations (12) and (4), we obtain the coefficients of x and t and solve the equations
as follows:

Set I. The values of the parameters in Equations (3) and (4) are, respectively,

—18hyh3+8+4+/—9ihiky—72hyh2+4 24/ —9ih1ky—72hyh2 44 .
= = 9111+181 2 23 ’ kl = #, ap = 1aq, h3 = h3, ap = ap,

and (13)
1-2i/5 142i/5 21 1 1
a = 3’\[,611: +31le — 69300 . _ 62100 k1:—9—gh§,k2:—%h§.

1ord 73 = T rond

Then, the values in Equation (13) generate the required results for Equations (3) and (4),

which are, respectively,
_ <—18h2h§+8+4\/w>f <2+\/W>"
1
. 9 +18 | aptbpe 2t T3 (g x) 2 (t+agx)?
P31 = : 5 ’
<z+ \/W)x
aytb?tt T3 +(t+iax)? 4+ (tayx)?

and

(14)
244/ =iy ky—72Ip g +4 | x

2 %hg@kzt+ 3 Hl
—18hyh3+8+4+/—9ihiky —72hyh3+4
S CRIL S
P31 91 +18 (z+1 /—91h1k2—72h2h§+4) x !
az+boet2! ™ 3 +(tiagx)*+(t+ap x)*
I, = (2 n \/—9ih1k2 — 72hy2 + 4) + 2iay (t + iarx) + 2a1 (F + ayx).
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and
1913t 19h3x . 2 . 2
efcthy bgeﬁ%’@%f%‘g}’+(t+ (1*2’3\/5)-*) +(,§+ (”2’3‘/5)") )
3
Pa1 = 2 2 ’
/ 19120 1912x 2 2
3T 730 69300 1-2iV/5)x 142iV/5)x
boe 9090 —@+ 4 3 1L I 3 )
and
1903 193x (15)
L5t 19h3 . _
2(*%%5 90 90 h§+w(t+%)+nz)
Pa1 = — o 2 PR
o~ o _ 62100 (1-2iv5)x (1+2iv5)x
boe 90 90 S 4+ o
2(1+2i/5) (1-2iV5)x
H2 = 3 t+ 3 .
Set II. The values of the parameters in Equations (3) and (4) are, respectively,
. 6hyh3+3chy+6¢
ap = iay, ky = ——=2———, a3 = a3, h3 = h3, ax = as.
and (16)
_ —1-2iV/5 _ —1+2iV/5 _ __ 69300 _ _ 62100 _ 1942 _ 1942
ap = 3,01 = 3 12 = 1914 7 3= 1914 k= %h ko = %h3~

Then, the values in Equation (16) generate the required results for Equations (3) and (4),
which are, respectively,

(6h2h% +3chy +65) x
)

ety <”2+b08k2t+ +(t+ia1x)2+(t+a1x)2>

P51 = (6lphg+3chy +6c)x /
az+boe2!* K +(t+iayx)+ (t+agx)?

and 17)

2 -
ot (6}12h3+3ch1 “+6c)x
2| Lbe® T

P51 = (6ph3-+3ch +6c)x
a3boe 2T T (i x) o (g x)?

+ (6h2h§+35h1 +6c) +2iay (t+iay x)2+2a1 (t+aq x)2>

—C.

and

1913t 19h3x . 2 2
. 3' 3 —1-2iv/5)a —1+2iV/5
ety [ bpe o0~ w0 600 ¢ (. (1IN, () (S12V5)e
19h3

P52 = 1920 1992+ ’

2 2
- —1-2iV/5)3 —142iV5)3
boe 90 T——ﬁl‘g%%r(w( - )*) +(r+( = )“>

and
(18)

19h2t  19h2x
37 3 2(-1-2iV/5 —1-2iV/5)x
2| —Bbge 0 TR K+ ( 3 )(H»( - ) )+1‘[3)

P52 = 5 e 2 2
hoemlf—g()LiélzgiTjL e (—1—§m/§)x +<[+(—1+§nﬁ)x>

s = 2(—1+32iﬁ) <t+ Eléiﬁ)x)

—c,

3.2. Lump Double-Strip Soliton Interaction Solution
To obtain the lump two-strip solution, we assume the following transformation [22,27-30]:

2 2 2 2
p= /\+/\+a3+mlek1x+k2t+k3+mzek4x+k5t+k6 . q= /\+/\+a4+mlek1x+kzt+k3 + mgeksrthstike 19)
1 2 1 2
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where Ay = a1x + axt, Ny = apx +axt, and a;(1 < i < 4), k(1 < i < 6), my, and my
are specific real parameters. Now, from Equation (19) and Equation (4), we obtain the
coefficients of x, t, and exp and solve these equations as follows:

Set I. When ks = k4 = a1 = 0 for Equation (3) and k3 = k¢ = a1 = 0 for Equation (4),
the values of the parameters are, respectively,

p :_i(9ih2h§kf73u2u3l12}1§+i11%a3) o — 2ky (3ihyh3—2a;) m :_a2m2(3ihzh§mz+2az)

4 (3ilyI3 +a3)a; s R2 B e —m3ig

and (20)
e _ Vok3—3V6kE+3kyks

ko = \/3VBkaks — 8K — 1R, a5 = 0.

a3 = —g5-, K1 =
0 5\/3Vokiks— -1

Then, the values in Equation (20) generate the required results for Equations (3) and (4),
which are, respectively,

ict oy et 022! (3ighBy+2a) 2k (i3 20y )1 2
e'hy | ag+kg+e™2tmy— —a2+3ih£hz +( ks+ 31’121:12 +hyx
3 3
51 = ~
P 26112}_i(91h2h§k%—3a2a3hz}%ﬂngna) e[k +M+k ) ,
e P G — @)
2%k; (3ihghd—2ay )t
4k, <k3+% +k1x>
3
$51 = ) 22 > — 5 —C.
et ;(9Lh2h3kl‘—3u§a3h2h3 +mzu3) +k%+ kot 2kq (31h2h32—2u2).‘+k1x
(3ingliZ+az)ay 3y
and
2
i VK]~ VBKE +3kyks ) ¢
ey | A+ ZJ@@@J%%%M
6,1 — 2
i 7;3\} 2 2 o 12, (VOG-3VEKE+3kks)x 2
2010V6 - (kst-+kyx)*+ | |/ § Vokaks— 8k —Ak3t— A 20 0
13t i3 )
Ay = a3+ e10Vomy + e10vormy + (kst + kax)”.
and
(VBK3 -3 VoK2+3kyks ) 2 (22)
2_2 2 6,2 1 4~ 5 VOk5+3kyks ) x
2| Ay— 5 5% 5%
2 /B VRis 592
Po1 = it (Ve3-2 Va2 ) P
V6K — % V6k2+3kgks ) x
2 3 4ks
2e10v6 + (kst-+kyx) +< %«/6@@%1@%1@#%)
Ay = 2ky(kst + kax).

Set II. When ks = ky = a; = 0 for Equation (3) and k3 = k¢ = a; = 0 for Equation (4),
the values of the parameters are, respectively,

i — 4ihzhgc(u37a4) By = — 71Ou3hzh§+1004h2h§+2n3672n4c+9k%
2= —10a3hyh3+10ashyh%+2a3c—204c+9Kk3 " 1= c(az—ay) ’
ky — — %ifkl(ﬂgfﬁu) = —ny — 4
2 —10a371,/3+ 1004013+ 2a30—2azc+9K37 1 27 = (23)
and
= _533n1274a4n1278a3+6ﬂ4,k1 _ ik4,k2 _ ik5, a =0.

5a3—4ay

Then, the values in Equation (23) generate the required results for Equations (3) and (4), which
are, respectively,
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4ih2h§u(n3—a4)t 4i11211§r(a3—n4)f

—10n3hzh§+1On4hzh§+2u3c—2a4c+9k% +m28—1Ou3h2h§+1Ou4h2h§+2a3c—204£+9k% D,

— | €Dy | a3 +kZ+(—my—4)e

Y71 =

digh3c(az—ag)t

_ _ 2
(ﬂ3fﬂ4>c ll4+k§+2€ 10n3lx2lx3+10n4lx21x3+2u3c 2a4c+9k1 D,

Dy = —10a3hyh3 + 10aghyh3 + 2a3c — 2a5c + 9k3,

2
Dy = [ka— 4ikyc(ag—ay)t +kx (24)
2 3 7 3(—10a3ho 13+ 10aghy I3 2050 —2a4c+9K3) | 1T ) 7
and
4ik c(a —a, )t
4k [ k3— 179374 k
1( 3 3( 100313 +1004 13 + 203 2a4c49k§)+ =
4)7’1 =-c+ 4i11271§c(a3—a4)1
ll4+k%+2€ —10{13]12]1%+1[)n4lx21x§+2a3c—2a4r+9k% DZ
and
i 5 —4q —8ag+6: . .
b = eicthy (ag-my — 37243 SO 4 (ikst-piky )+ (kst+hy)?)
81 2+ g+ (ikst+ikax) 2+ (kstkax)2 ’
and (25)
o 2(2iky (ikst+ikyx)+2ky (kst-+ksx)?) .
3,1 = -

2+ay+ (ikst+ikyx) >+ (kst+kyx)?

4. Lump Periodic Soliton Solution

To compute the LPS solution, we use the following supposition in Equations (3)
and (4) [22,27-30]:

2 2 2 2
p= /\+/\+a2+a3cos(n1x+t), q= /\+/\+a4+a5cos(n1x+t) (26)
1 2 1 2

where A; = Box +t, A, = Byx +t. Inaddition, 4;(1 < i < 5) and 1 are various parameters
to be determined. Now, by substituting Equation (26) into Equations (3) and (4) and then
examining the coefficients of x, cos function, and ¢, we obtain the following:

Set I. The values of the parameters for Equations (3) and (4) are, respectively,

 dily(ay—as)

m= "7 %=1, C=C a4=d4.

and 27)
4(a%+u%

n = ———7m5 4535+, 00 =g, C =C, Ag = a4, A3z = a3.

(aq +ag)(3a%+3u% 72)

Then, the values in Equation (27) generate the required results for Equations (3) and (4), which

are, respectively,
ety ((ay-+ (tHagx) >+ (Harx)2+ <t77i(ﬂ47“5)"1x))
Yor = e 1(u2 (t+agx)“+(t+ayx)"+ay cos Hagtas)
’ i —, ’
(n3+(t+aox)2+(t+u1x)2+a5 cos <t— 7«:@4‘;53:)1" ) )
and
oy — 28
i(ay—a5)hyagsin <t—%) ( )
2| 2ag(t 2aq (t A
ag (t+agx)+2ay (t+a1x)+ opres)
Po1 = —c+ (o
(n3+(t+aox)2+(t+u1x)2+a5cos<t7%>)
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and

i 4 az+a2);\‘

fctp tagx)?+(t+a1x) LG AL L
ety <ﬂ2+( “+agx) 4 (t+ayx) +ay cos| t+ (a1+ao)(3a%+3a%—2)

2 2 4(”5*”%)" ’
+(t +(tarx) 2+ 0
(/13 (t+agx)“+(t+a1x)"+as cos< + (n1+a0)(3u%+3n%—2)

P01 =

and 29)
i 4(n[2)+u%)x 29
4(u%+a%)a5sm (HrW

2| 2a(t+agx)+2ay (tHa;x)— (“1+ﬂ0>(3a%+3a%72)

$101 = —¢c+

2002\
2 2 4(ag et )x
a t+agx t+ayx ascos| t
( 3+( +ao ) +( m ) +as (+(u1+a0)(3a%+30%—2)

5. Rogue-Wave Solutions

To compute the LPS solution, we use the following supposition in Equations (3)
and (4) [22,27-30]:

p= N+ /\+ax+azcosh(mx+t), g=/\+ \+as+ ascosh(nyx+t) (30)

>—n>r\>
o>
._.>N
N>

where A1 = apx +t, \o = a1x + t. In addition, a;(1 < i < 5) and 1 are various parameters
to be determined. Now, by substituting Equation (26) into Equations (3) and (4) and then
examining the coefficients of x, cos function, and ¢, we obtain the following:
Set I. The values of the parameters for Equations (3) and (4), are, respectively,
ag = 7%, apg = —4ay, A = dp, A4 = A4, A3 = 4s.
and (31)

ay :iﬂo, as :0, ny :1, az = az, ds = as.

Then, the values in Equation (31) generate the solutions for Equations (3) and (4), which
are, respectively,

ety aﬁ(t,alx)u(tﬂlx)uw>

(4ing—hy)

lpll’l - (u3+(t—a1x)2+(t+a1x)2+u5 cosh(H—nzx)) ’
(32)

and
4)111 _ 2(—2ay (t—ayx)+2ay (t+ayx)+asngsinh(t+npx))

¢ (a3+(t—a1x)>+(t+a1x)*+as cosh(t-+mpx) )

and
- eicthy (a2+(t+iagx)2+(f+a1 x)z)

4712/1 B (a3+(t+ia0x)2+(t+a1x)2+a5 cosh(t+n2x))’

and (33)

_ 2(2iag (t+iagx)+2ag (t+agx)+asny sinh(t4nyx))
$121 = —c+ 3 7
(a3+ (t-+iagx)*+(t+ayx)*+as cosh(t+npx) )

6. Results and Discussion

We observed that the solution ¢ 1 (x, t) in Equation (7) with ay = 10,h, = —2,h3 = 2,
a3z = 2, and c = 3 formed two lump waves (LWs) known as upper-bright and lower-dark
LWs, and that the bright and dark LWs were symmetrical about the coordinate plane. As
a, varied from a minimum to a maximum number, the two LWs rotated counterclockwise.
When a; = 0, the LW disappeared, but at 2, = 5, the LW gradually reappeared (see
Figure 1). The contour lump-wave profiles for ¢ 1 (x, t) are plotted for a; = 10,h, = -2,
h3 = 2,a3 = 2, and ¢ = 3 in Figure 2. The mixed solutions of soliton and lump waves
were successfully obtained. Notice that our solution ¢31(x,t) in Equation (14) with
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hy =10,bp = 10, and ¢ = 5 formed lump one-strip waves (LSWs) known as upper-bright
LSWs. The lump one-strip wave profiles for ¢ 1(x, t) are depicted for h; = 10,by = 10,
and ¢ = 5 in Figures 3 and 4. The lump double-strip wave profiles for ¢51(x, t) are
plotted for k3 = 4,hy = 2,y = 4,h3 = 3,ap = 20,a3 = 5,kg = 2,my = 2,andc =5
in Figures 3, 5 and 6. By utilizing the assumption of the cosine function in bilinear
equations in Equations (3) and (4), we have obtained the lump periodic solutions. We
have successfully obtained the lump periodic graphs for ¢q 1 (x, t), which are plotted for
ag =10,a1 =5,ap = 4,a3 = 2,a4 = 3,a5 = 5, and h; = 20 in Figure 7. The lump periodic
contour graphs for ¢q 1 (x, t) are plotted for a9 = 10,41 = 5,a, = 4,43 = 2,a4 = 3,a5 =5,
and h; = 20 in Figure 8. By utilizing the assumption of cosine hyperbolic functions in
bilinear equations in Equations (3) and (4), we have obtained the lump periodic solutions.
As ay varied from —10 to 10, the rogue wave rotated, and its behavior can be seen for
Y111 (x,t) forhy =4,ap =3,a3 =1.5,a5 = 5,11 =3,np =4,and c = 5in Figure 9.

3

s s
1005 00 g5 g 100500 05 1.0 10 -05 000510

10
A0

oy, Ouung

0

(fa, =8

Figure 1. Lump-wave profiles for ¢; 1(x, t) are plotted for a; = 10, = —2,h3 =2,a3 =2,c = 3.

233



Mathematics 2023, 11, 2856

Figure 2. Contour lump-wave profiles for ¢y 1(x,t) are plotted for a; = 10,h, = —2,h3 = 2,
a3 =2,c=3.

@) hz = —10 (b)hy = -8 () hy = —5

Figure 3. Cont.
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(8) 13 =10

Figure 3. Lump one-strip wave profiles for ¢3 1 (x, t) are plotted for iy = 10,by = 10,¢ = 5.

2|

Figure 4. Cont.
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(g) hs =10

Figure 4. Contour lump one-strip wave profiles for ¢3 1 (x, t) are plotted for h; = 10, by = 10,¢ = 5.

(g) k1 =10

Figure 5. Lump double-strip wave profiles for ¢51(x,t) are plotted for k3 = 4,hy, = 2,y = 4,
h3 = 3,112 = 20,u3 = 5,k6 = Z,le = 2,C =5.
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(8 k1 =10

Figure 6. Contour profiles for Figure 5.
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o -z
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Figure 7. Cont.
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(g)c=10

Figure 7. Lump periodic graphs for ¢g1(x,t) are plotted for ag = 10,a1 = 5,ap = 4,a3 = 2,
ag = 3,115 = 5,]’[1 = 20.

Figure 8. Cont.
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(8)c=10

Figure 8. Lump periodic contour graphs for ¢g(x,t) are plotted for ap = 10,47 = 5,ap = 4,
a3 =2,a4 = 3,a5 =5,y = 20.

Figure 9. Rogue-wave profiles for ¢111(x, t) are plotted for iy = 4,ay = 3,a3 = 1.5,a5 = 5,n; =
3,nmp =4,c=5.

7. Concluding Remarks

In this paper, we have studied multiple forms of lump solutions for CNL-GZEs in
plasma physics using appropriate transformation approaches, bilinear equations, and
symbolic computations. By utilizing the positive quadratic assumption in the bilinear
equation, we have derived the lump-type solutions. We have evaluated the lump one-
soliton solutions through a single exponential function transformation in the bilinear
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equation. Similarly, we have computed the lump two-soliton solutions using a double
exponential function transformation in the bilinear equation. Mixed solutions of lump
waves and solitons have been successfully evaluated. Furthermore, we have computed
rogue-wave solutions and lump periodic solutions by utilizing appropriate hyperbolic
and trigonometric functions. We have identified certain constraint values throughout the
derivation of the solutions that must hold for the soliton solution to exist. The presented
solutions have valuable uses in plasma physics.
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Abstract: This paper is focused on energy decay rates for the viscoelastic wave equation that in-
cludes nonlinear time-varying delay, nonlinear damping at the boundary, and acoustic boundary
conditions. We derive general decay rate results without requiring the condition a, > 0 and without
imposing any restrictive growth assumption on the damping term f;, using the multiplier method
and some properties of the convex functions. Here we investigate the relaxation function ¢, namely
Y'(t) <

positive nonincreasing function. Moreover, the energy decay rates depend on the functions y and G,

—u(t)G(y(t)), where G is a convex and increasing function near the origin, and y is a
as well as the function F defined by fj, which characterizes the growth behavior of f; at the origin.

Keywords: optimal decay; viscoelastic wave equation; nonlinear time-varying delay; nonlinear
damping; acoustic boundary conditions

MSC: 35B40; 35L05; 37L45; 74D99

1. Introduction

In this paper, we study the energy decay rates for the viscoelastic wave equation
with nonlinear time-varying delay, nonlinear damping at the boundary, and acoustic
boundary conditions

up(x, t) — Au(x, ) + /0[ P(t —s)Au(x,s)ds =0, in Q x (0,0), 1)

u(x,t) =0, onT( x (0,00), 2

ou t ou

a(x,t) - /0 Pt — s)g(x,s)ds +ayfr(u(x,t)) +anfo(ue(x, t —o(t)))
=wi(x,t), onTq x (0,00), (3)

ue(x, t) + h(x)we(x, t) + m(x)w(x,t) =0, onTq x (0,00), 4)

u(x,0) = up(x), u(x,0) =uq(x), inQ, (5)
ut(x,t) = jo(x,t), inTy x (—=¢(0),0), (6)

where Q) is a bounded domain in R*(n > 1) with smooth boundary T of class C?;
I' = Iy Uy, where I'g and I'y are closed and disjoint; w(x, £) is the normal displacement into
the domain of a point x € T’y at time ¢; and &, m : 1 — R are essential bounded functions
that represent resistivity and spring constant per unit area, respectively. fi, f» : R — R
are given functions, and f; represents the nonlinear frictional damping. a;,4a, are real
numbers with a; > 0,4, # 0. The integral term is the memory responsible for the viscoelas-
tic damping. The functions ¢ and o(t) represent the kernel of the memory term and the
time-varying delay, respectively. v is the outward unit normal vector to I'. The initial data
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(uo, u1, jo) belong to a suitable space. Boundary conditions (3) and (4) are called acoustic
boundary conditions.

In the past decades, the non-delayed wave equation with a viscoelastic term has
garnered significant attention in the field of partial differential equations. Research on
the energy decay rate of the solution to the viscoelastic wave equation is vital in various
fields, contributing to technological advancements, safety assurance, environmental pro-
tection, energy efficiency, and academic exploration. The stability of solutions for such
equations has recently been studied by many authors (see [1-3] and references therein).
When a1 = a; = 0, models (1)-(5) are pertinent to noise control and suppression in
practical applications. The noise propagates through some acoustic medium, like air, in
a room that is defined by a bounded domain Q2 and whose floor, walls, and ceiling are
determined by the boundary conditions [4,5]. Under the conditions that fow P(s)ds < % and
Y'(t) < —u(t)y(t), for t > 0, Park and Park [6] considered the general decay for
problems (1)—(5). Liu [7] improved the research of [6] by achieving arbitrary rates of
decay, which may not necessarily be an exponential or a polynomial one. Recently, Yoon
et al. [8] generalized the work of [6,7] without the assumption condition fooo P(s)ds < %
The assumption on relaxation function ¢ has been weakened compared to the conditions
assumed in previous literature [6,7].

Numerous phenomena are influenced by both the current state and the previous
occurrences of the system. There has been a notable increase in the research on the equation
with delay effects, which frequently arise in various physical, biological, chemical, medical,
and economic problems [9-11]. However, the delay effects can generally be considered a
cause of instability. In order to stabilize a system containing delay terms, additional control
terms will be necessary. Kirane and Said-Houari [12] showed the global existence and
asymptotic stability for the following wave equation with memory and constant delay,

t
up(x,t) — Au(x,t) + /0 P(t —s)Au(x,s)ds + ague(x, t) + ague(x, t — 0) =0,

where a1, a,, and ¢ are positive constants. They used the damping term a;1;(x, t) to control
the delay term in obtaining the decay estimate of the energy. They proved that its energy
was exponentially decaying when a; < a;. Dai and Yang [13] investigated the exponential
decay of an unsolved problem proposed by Kirane and Said-Houari [12], namely, the
problem with a; = 0. In the case of constant weight and constant delay, the delay term
typically considers the past history of strain, only up to some finite time ¢(¢) = o. Nicaise
and Pignotti [14] investigated the following wave equation with internal time-varying
delay instead of constant delay,

up(x, 1) — Au(x, t) + aque(x, t) + apue(x,t — o(t)) =0,

where ¢(t) > 0, a1, and a; are real numbers with a; > 0. They proved the exponential
stability result for the wave equation under the condition |a| < /1 — {p a1, where the
constant j satisfies ¢/(f) < {p < 1,Vt > 0. Liu [15] studied the following wave equation
involving memory and time-varying delay:

up(x, ) — Au(x, t) + a(t) /Ot P(t —s)Au(x,s)ds + agus(x, t) + agu(x, £ — o(t)) = 0.

Systems with time-varying delays have been extensively considered by many authors
(see [16-22] and references therein). Recently, Zennir [23] considered the stability for
solutions of plate equations with a time-varying delay and weak viscoelasticity in R".
Moreover, Benaissa et al. [24] proved the global existence and stability for solutions of the
following wave equation with a time-varying delay in the weakly nonlinear feedback,

use (x,8) = Bu(x, ) + a0 () fr(ur(x,£)) + a20(8) f2(ur (x,t = 0(8))) = 0,
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where ¢(t) > 0, a1, and a; are positive real numbers, and fj, f, satisfy some conditions.
This result extended the previous work [10,14]. Park [25] investigated the decay result of
the energy for a von Karman equation with time-varying delay by dropping the restriction
ap > 0 under the same conditions as ¢, f1, and f; in [24]. For the viscoelastic problem
with time-varying delay in the nonlinear internal or boundary feedback, we also refer
to [26,27]. As far as we know, there are few results for the viscoelastic wave equation with a
nonlinear time-varying delay. Recently, Djeradi et al. [28] and Mukiawa et al. [29] showed
the stability of the thermoelastic laminated beam and thermoelastic Timoshenko beam with
nonlinear time-varying delay, respectively. The papers introduced so far have studied the
energy decay rate of the solution for the equation with nonlinear time-varying delay in the
Dirichlet boundary condition.

Motivated by these results, we study the general decay rates of the solution for
problems (1)—(6) with a nonlinear time-varying delay term, nonlinear damping at the
boundary, and acoustic boundary conditions. Research on the energy decay rate of solutions
for the viscoelastic wave equation with nonlinear time-delay terms plays a critical role in
various application areas, including stability assessment, understanding complex behaviors,
advancing neuroscience, disaster preparedness, and improving energy efficiency. We
consider the general assumption on the relaxation function ¢,

Yt < —p(G(y(1), )

where y : RT — R™ is a positive nonincreasing function, and G is linear or is a strictly
increasing and strictly convex function. We derive the general decay rate results without
requiring the condition a; > 0 and without imposing any restrictive growth assumption
on the damping term f;. The energy decay rates depend on the functions y and G, as well
as the function F defined by f, which represents the growth f; at the origin. Our result
improves upon previous work [6-8].

This paper is composed of the following. In Section 2, we prepare some notations and
materials needed for our work. In Section 3, we introduce some technical lemmas to prove
our stability result. In Section 4, we state and prove the general energy decay.

2. Preliminaries
In this section, we present some materials required for our results. Throughout this
paper, we use the notation

V={ucHY(Q):u=0 onTp}.

For simplicity, we denote || - [|;2() and || - |2,y by || - [ and || - ||, , respectively.
The Poincaré inequality holds in V; that is, there exist the positive constants Ag and Aq
such that
[ul> < Aol|Vul* and ||ul|F, < A1||Vu|® forallu € V. ®)

Asin [1,3,8,26,30], we consider the following assumptions for , f1, f2, 0, h, and m.
(H1) 9 : [0,00) — R™ is a differentiable function satisfying

1—/()oozp(s)ds:l>0, )

and there exists a C! function G : Rt — R™ that is linear or is a strictly convex and strictly
increasing C? function on (0, 7], 7o < 1(0) such that

¥ () < —p(B)G(y(t), VE=0, (10)

where G(0) = G'(0) = 0, and y is a positive nonincreasing differentiable function. The
function G was first introduced in [31]. These are weaker conditions on G than those
introduced in [31].
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(H2) f1 : R — R is a nondecreasing C° function such that there exists a strictly increasing
function fo € C1(R*), with fo(0) = 0, and positive constants co, c1, and ¢ such that

folls) < [f(s)| < fo ' (Is]) forall [s| <e, (11)
cols| < fi(s)| < eqls| forall |s| > e. (12)

Moreover, we assume that the function F, defined by F(s) = /sfo(1/s), is a strictly
convex C? function on (0, 71], for some 1 > 0, when fj is nonlinear.
(H3) f : R — Ris an odd nondecreasing C! function such that there exist positive constants
2, c3, and ¢4 that satisfy

[£3(s)| < ca, c35fa(s) < Fa(s) < cysfi(s), for s €R, (13)

where F,(s) = [ f2(t)dt.
(H4) ¢ € W2([0, T]) is a function such that

0<o0;<o(t)<orand o (t) <03 <1 forallt >0, (14)

where T, 01, and ¢, are positive constants. Moreover, the weight of dissipation and the
delay satisfy
c3(1—03)
0 < |ap| < ———ay. 15
o2 cs(1—c303) ! a9

(H5) We assume that i, m € C(I'y), h(x) > 0, and m(x) > 0 for all x € I'y. Then, there exist
positive constants h; and m;(i = 1,2) such that

hy < h(x) < hy, my <m(x) <my forall x € Tq. (16)

Remark 1. 1. The assumption (H2) implies that sfy(s) > 0, for all s # 0.

2. The assumption (11) of function fi has been weakened compared to the condition assumed
in [24,25].

3. Since f, is an odd nondecreasing function, F is an even and convex function. Furthermore, it is
satisfied that F5(s) = fos fo(t)dt < sfy(s). From (13), we find that c3 < 1.

Remark 2 ([3]). 1. By (H1), we obtain tlir+n Y(t) = 0. Then, there exists ty > 0 large enough that
—+0o0

¥(to) =ro = (t) <ro, Vt = to. 17)

Given 1 and p are positive nonincreasing continuous functions, G is a positive continuous
function, and for (10), we have, for some positive constant cs,

Y(t) < —p()G(p(t) < —csy(t), Vt € [0,to]. (18)
2. If G is a strictly convex and strictly increasing C> function on (0, ro], with G(0) = G'(0) =0,

then it has an extension G, which is a strictly convex and strictly increasing C2 function on (0, 00).
The same remark can be established for T.

We recall the well-known Jensen inequality, which plays a pivotal role in proving our
main result. If ¢ is a convex function on [a,b], p : Q — [a,b] and k represents integrable
functions on Q) such that k(x) > 0 and [, k(x)dx = ko > 0, then Jensen’s inequality holds:

¢{%/()P(x)k(x)dx} < %_/Qﬂp(x)]k(x)dx, 19)
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Let H* be the conjugate of the convex function H defined by H*(s) = sup(sr — H(r)),
r>0
then
sr < H*(s)+ H(r), Vs,r>0. (20)
Moreover, due to the argument provided in [32], it holds that
H*(s) =s(H')"!(s) — H((H')"!(s)), Vs >0. (21)
As in [10,14], we introduce the following new function:

v(x,x,t) = u(x, t —xo(t)), for (x,«,t) € T1 x(0,1) x (0,00).

Then, problems (1)—(6) can be expressed as follows:

up(x, t) — Au(x, t) + /(: P(t —s)Au(x,s)ds =0, in Q x (0, 00), (22)
o(B)vr(x, %, 1) + (1 —x0'(+))ve(x,%,¢) =0, in Ty x (0,1) x (0,00), (23)
u(x,t) =0, in Ty x (0,0), (24)
ou ¢ ou

g(x,t) - (/0 P(t — s)a (x,s)ds + a1 f1(ue(x, 1)) + azfr(v(x,1,t)) = we(x, t), onTq x (0, 00), (25)
ue(x, t) + h(x)we(x, £) + m(x)w(x,t) =0, on T x (0, 00), (26)
u(x,0) = ug(x), ur(x,0) =uy(x), inQ, (27)
v(x,%,0) = jo(x, —x0(0)), in T x (0,1). (28)

We state the global existence result that can be established by the arguments of [24,33].
Theorem 1. Let initial data (1o, u1) € (VN H?*(Q)) x Vand jo € L>(T; x (0,1)). Suppose
that (H1)-(H5) hold. Then, for any T > 0, there exists a unique pair of functions (i, w, v)
that are the solution to problems (22)-(28) in the class

u e L®0,T;VNH?(Q)), u € L®(0,T; V), uy € L*(0,T; L2(Q)),
v € L®(0,T; L*(T1 x (0,1))), w,w; € L*(0,00; L3(T1)).

As in [6,25], we introduce the energy for problems (22)—(28),

B0 = 3l + 5 (1= [ p(s)ds ) ITu(IP + 3 (po Tu)(0)

2/ (x)w?(£)dl 4+ 22 @Q(t / / v(x, %, t))dxdl, (29)
where
(o va)(t) = [ 9t =9I Tut) - Vuls)|ds
and
2|ﬂ2‘(1 — 63) 2(&11 — ‘ﬂ2|C4)
31— 03) << o . (30)

Thanks to (15), this makes sense.
To show the main results of this paper, we need the following lemma.

247



Mathematics 2023, 11, 4593

Lemma 1. Assume that (H3)-(H5) hold. Then, there exist positive constants vyo and 7yq satisfying

E(1) < 39/ o Vu)(t) — 2 (0 [Vu(t) P — I lwr(1)

—70 /rl A () ()T — 71 /r1 F(o(x,1,1))o(x,1, t)dT. 31)

N —

Proof. Multiplying by u¢(t) in (22), using Green’s formula, (25), and (26), we have

35 |:Hut(t)||2 + (1 — /OtllJ(S)dS> IVu(t) | + (v o Vu)(t) +/ Yw?(t) dr}

= 30 e Vu)() = 79IV~ [ h(x)ui(nar

—al/r fl(ut(t))ut(t)dl"—az/r F(0(x, 1, £))ug(£)dT, 32)
where we used the relation

/ Vuy(t / (t—s)Vu(s)dsdx

= 3w T© -3 [ wesIuR| - 30 o Vi) + w0l Tul
From (29) and (32), we have

! 1 / 1 2 2

E() = 5 0 Vi) = 390 |Vut)|P - [ n(xjwb(tar

—a /r Fi(ue(£) e ()dT — a3 /F Fo(0(x, 1, £))ug(£)dT

+w /r1 /01 F(v(x,x,t))dkdl + ngﬂ /F1 /01 fa(v(x,x, t))vs(x, %, t)drdl, (33)

where F(t) = fot f2(s)ds. In (23), we multiply by f(v(x, «, t)) and integrate over I'; x (0,1)
to obtain

gQT(t)/rl /01 fa(v(x, %, t))or(x, &, t)dxdl
- —% . {(1—(’ () B (v(x,1,)) — By (0(x,0,1) )+/ Oy (o(s, 5, £))de| d

Applying this to (33) and noting that v(x, 0, f) = u(x, t), it follows that

E(0) = 300 Va)(t) = 30O Vu(t)|* = [ nowddr—ay [ fi(un(e))un()ar
—a [ o)t dr——/ [1—g () E(o(x,1, t))—Fz(ut(x,t))}dI‘. (34)

From (13) and (14), we obtain

= [(1 () Ea(o(x,1,1)) - Pz(ut(x,t»]dr

Iy

g,ﬁl,%/h (x,1,1)0 x,1tdr+—/f1ut Jur(£)dI.  (35)
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Substituting (35) into (34), we obtain

PU)S%OVOVuﬂﬂ—lwamVuUNZ—A¥MxMﬁUMF

- gc‘* / Fuue(8))ug ()T — 53 1—93)/ Fo(v(x,1,1))0(x, 1, £)dT
—a ./r] fo(v(x,1,t))u(t)dr. (36)

Now, we estimate the last term in the right-hand side of (36). The definition of F, and
(21) give

F;(s) =sfy '(s) — B2(fy (s)), fors > 0. 37)

When f>(v(x,1,t)) < 0and u(t) > 0, using (20) and (37) with s = —fo(v(x,1,t)) and
r = u;(t), we obtain (see details in [25])

@/«ﬁmemmmw
< \u2|/ o(x,1,0)(~0(x,1,1)) ~ Fa(~0(x,1,)) + Ea((1)) )dT
= |ap| /r fo(o(x,1,8)v(x,1,t) — B (v(x,1,t)) + Fz(ut(t))>dl“, (38)

where we used the fact that f, is odd and F, is even. When f>(v(x,1,£)) > 0and u:(t) <0,
with s = f(v(x,1,t)) and ¥ = —u;(t), we obtain

a [ folo(x1,0)(~u(e))ar
< |az|/r (£(0(x,1,0)(0(x,1,1) = Ba(0(x,1,1)) + Fa(—uy(1)) )T
_ |u2|/r (fz(v(x, 1,1)o(x,1,t) — B(v(x,1,1)) +F2(ut(t)))d1“. (39)

From (38) and (39), for the case fo(v(x,1,t))us(t) < 0, we have

—a ./ﬂ F(0(x,1,8))us ()T < |a] A (fz(v(x, 1,0)0(x,1,) — B(o(x,1,1)) + Fz(ut(t)))dr. (40)

Similarly, (40) holds when fo(v(x,1,t))us(t) > 0. Hence, using (13) and (40), we
see that

—a /r F(0(x,1,8))u()dT
<lml((1=c) [ f(o(x 1,006 10 +e [ film(®)um(Bdr). @1

By using (16), (36), and (41), and by selecting ( satisfying (30), we obtain the desired

inequality (31) where yg = a3 — €—4 —|az|cy > 0and y1 = %(1 —03)—|ap|(1—¢3) > 0. O

3. Technical Lemmas

In this section, we prove the following lemmas to obtain the general decay rates of the
solution to problems (22)-(28).

Lemma 2. Under the assumption (H1), the functional ®1 defined by

d>1(t):./(.)u(t)ut(t)dx+./; u(t)w(t)dmé/r' h(x)w? (t)dT
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satisfies

8A1

@) < (O ~ S1vu) 2 + 2 0 way ) + D oy,

”1“3/ P ur(t)) dr+|”2‘”3/ R(o(x,1,))dTl — /m(x)wz(t)dr, 42)

I

forany 0 < ¢ < 1, where

i(t) = Ep(t) — /' (t) and C(C / ‘pz 3)

Proof. Using Equations (22) and (24)—(26), and utilizing (9) and Young’s inequality,
we obtain

t t
@3@):””,@)”2_(1_ | 9 ©s) a2+ [ p(t = )(Tu(s) = Vu(e), Tu(t))ds
fal/ S (e () u( dl"faz/ folo(x,1,8))u dF+2/ f/ m(x)w?(t)dl
2
<l - I+ 2 [ ([ w(tfs)\w<s>fw<t)|ds) i
—aq /r f1(ue(t)) dF—uz/ fo(o(x,1,8))u dr+2/ - / m(x)w?(t)dr.
Using the Cauchy-Schwarz inequality and (43), we have (see [3,34])
2 t
/Q </(:¢(t—s)|Vu(s) —Vu(t)\ds) dx < (/0 %S))ds) (io Vi) (t) < C(&)(i o Vi) (b). (44)

Applying Young's inequality and (8), we obtain, for 7 > 0,
’fal/ f1(ue (¢ dl") < gayA || Vu(t)|? + / FR(up(t (45)

’*ﬂz /. fz<v(x,1,t>)u<t>dr\ < glaz A V(]2 + % /r £ (0(x,1,6))dT, (36)

and a1
2 [ u(tyun(ar < g Vu(t) P+ 57 (01, @)

Combining estimates (44)—(47), we see that
31 2C . 8A
@4 < [ur(®)12 — (&~ pasrs — plaal ) 1) |2+ 25 (10 v 6y + 0 on(o) 1,
a 2 laz| / 2 _ / 2
5 / Rl + G2 [ B, 0)ar - [ mw(odr.
Setting a3 = (a7 + |a2|)A1 and choosing 17 = 41 leads to (42). O

Lemma 3. Under the assumption (H1), the functional ®, defined by

Dy (t) = f/ e (t / Pt —s)( —u(s))dsdx

satisfies
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@4(1) < ~( [ ptpds o) () + 8 vu(n? + LEEELE o vy

+oM i (D)2, +5a1A1/1_ flz(ut(t))dl"+(5|a2\)\1/r A (v(x,1,1))dT,
1 1
forany 0 < < 1.

Proof. Using Equations (22), (24), and (25), we obtain

(1) = (1—/tlp(s)ds> /Q Vu~/0t1p(t—s)(Vu(t)—Vu(s))dsdx
2 . .
+/ (/ (t—s)( ()fVu(s))ds> dxf/rl wi(t) /Otlp(tfs)(u(t)fu(s))dsdr
t
Yo /Fl fl(ut(t))/o 1p(t—s)(u(t)—u(s))dsdr—&—az/rl fz(v(x,l,t))/o w(t — ) (u(t) — u(s))dsdT
= [ o) [ 9= ) s ysax — ([ (o)) o) P
=h+h+--+0— (/(;tlp(s)ds> lloae (8|
By Young’s inequality, (8), and (44), we obtain, for § > 0,

0 < oI vu)? + S (o vy (o),
02 < CEO) (o Vu)1),

03] < M fn(®) 7, + ij) (o Vu)(1)

|94] <5a1/\1/ F2(up(£))dT + “1C(§)( o Vu)(t),
05| < 6]az| Ay '/rl F2(v(x,1,1))dT + |“2|4C5( )(ioVu)(t).

Using Young’s inequality, (8), (9), (43), and (44), we see that
9 = /Q () /Oti(t — ) (u(t) — u(s))dsdx — g/ wi(t /tl/J(t — ) (u(t) — u(s))dsdx

<ol + o [ ([it = s)u(s) —uiolas)ax+ 5 [ (/wt—s\uofu()\ds)z

< a1 2+ 22O L8 5 7y ) 1 2ECE 1 g ),

(48)

Combining all above estimates and taking C; = max{ AO(IP(ZOHE) , 0+ ”Q‘ng +4 Z‘uz‘ 1,

the desired inequality (48) is established. [

Lemma 4. Under the assumptions (H3) and (H4), the functional ®3 defined by

/r / v(x, %, t))dxdl

satisfies
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1

@) < —e_gzg(t)/r /0 Fz(v(x,x,t))dde—C3(1—Q3)e_92/r F(o(x,1,1))o(x, 1, £)dT

tes [ film(®)u(O)r. (49)

Proof. Using Equation (23), integration by parts, (13), and (14), we obtain (see [26])

@4(1) = o'(1) /F /0 Lo ROy (o(x, &, £))dxdT — o(t) /F /0 L (e e By (o(x, , £))dedT

[T e (1 — gl (1)L E £))dxdl

e R (1) et ) ds
= —d>3(t)—e_9(t>/r (1—Q’(t))Fz(v(x,l,t))dl"-l—/r Fy(us(x, £))dl
1

< —e (1) /rl/o B2 (0(x, &, £))dxdT — c3(1 — 03)e~® /F1 F(o(x,1,8)0(x, 1, £)dT

+uAﬁmmmmw
O

Lemma 5 ([3]). Under the assumption (H1), the functional ®4 defined by

Dy(t) = /Q ./; Go(t — )| Vu(s)|dsdx
satisfies
@} (t) <3(1=1)|[Vu(t)|? ~ %(w o Vu)(t), (50)
where Gy(t) = [ 9(s)ds.
Next, let us define the perturbed modified energy by
L(t) = NE(t) + N1 @1 (t) + NoDo(t) + D3(t) + b1 E(t), (51)
where N, Nj, Np, and by are some positive constants.

As in [6,26], for a large enough N > 0, there exist positive constants $; and B, such
that

BIE(H) < L(t) < 2E(1).

Lemma 6. Assume that (H1) and (H3)-(H5) hold. Then, there exist positive constants B3, B4, and
Bs such that

t
V(1) < ~BE() + s [ 905) [ 1V(t) = Vult —s)Pdds + s [ flu(0)dr, ¥ > b, (52)
where ty was introduced in (17).

Proof. Let ¢ = foto P(s)ds. Using the fact that i(t) = &y (t) — ¢/(t) and combining (31),
(42), (48), (49), and (51), we obtain, for all £ > ¢y,
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L) <¢ov 0(8) — (5= N2 ) [Vu®)| — (poNa — oNa — N ) (1)

<

(g N1 Cl(”?( 6))Nz 2) (10 Vu) (1) - /1m(x)w2(t)dl"+b1E’(t)
<mN 6MNQHwUMﬁAwf@qﬂ/ﬁﬁFﬂdLmQMMF 3)
— (70N — ¢4) / f1(ue(t))ue(t)dT — (’)/1N+C3(17Q3 e 92 / fo(v(x,1,8))ov(x,1,t)dT

N;
+<“13 DB 4 sy ) /fl(ut ))dr+(“’2‘“%+(s|azulwz /rfz(v(x,l,t))df
1

SMM

From (13), we find that
[ A 1,n)dr <c / Fo0(x,1,5)0(x,1, 1)dT, (54)
JTy JI
Applying (54) to (53) and taking § = ;5-, we obtain, for all t > t,
L) < & ovun) - (T - D) Ivuo) - (lPoNz —N = D) )]

c() [ZNl 4C11N2}> (io Vu)(t) — Ny /Fl m(x)w? (£)dT

(hlwfg“Nl B 1R, — e 2e(o) | [ Rt )dar
(0N —ai) [ filu(s ut(t)dm(”l“;Nu“l“l) J. F®)r+bE )

(’)/1N+C3 (1—03)e % — |a2lascoNy |a2|22m1 / fo(v(x,1,8))v(x,1,t)dr.
I

N 4QN
2

l
We choose Nj large enough so that

IN, I
A T
; g0

then N, large enough so that
I
l/J()Nz—Nl—E > 1.

Using the fact that (;17(;(25(;) < ¢(s) and the Lebesgue dominated convergence theorem,
we deduce that

/ gz(s ds — 0as¢ — 0.

Hence, there is 0 < ¢y < 1 such thatif ¢ < &, then

Zc@)| ] <

1
g

Finally, selecting ¢ = 5% and choosing N large enough so that

16C1N22 1 8)\1N1 l)\] Cyq 1 ‘(12‘%3C2N1 |112‘Czl)\] -0
N>max{ o h—l( i T)' T %< ] R —c3(1—g3)e >}/

we obtain
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1
V(1) < ~lu(®]2 = 40 = DIV + 1(po V) () = Ny [ m(xyw(e)ar
1
1
—eg(f) /r /0 E(o(x, &, £))dxdT + Bs /r F2(ur()dT + byE'(1), V> to, 55)
1 1
where 5 = M + ”1{%. Using (18) and (31), we find that, for any ¢ > fy,

/Otoglz(s)/o\Vu(t)—Vu(t—s)\zdxds < —%/Ot“ ¥(s) [ 1Vu(t) = Vu(t - ) Pdxds < —C%E’(t). (56)

Combining (29), (55), and (56) and making a suitable choice for b;, we obtain the
estimate (52). [

To evaluate the two terms on the right side of (52), we establish the following lemmas.

Lemma 7 ([1]). Assume that (H2) holds and max{r1, fo(r1)} < €, where € was introduced in
(11). Then, there exist positive constants Cy, C3, and Cy such that

/r fi(ui(£))dT < Cy /r Fr(ue(#))ur(£)dT, if fo is linear, (57)
/r F2(ur()dT < CE Y (x(£)) — CE'(+), if fo is nonlinear, (58)
where 1 i
x(t) == [ filu(t))u(t)dl < —C4E'(t), (59)
‘r11| JIn

Iy ={xely:|u(t)] <er}and0 < e =min{ry, fo(r1)}

Lemma 8. Assume that (H1) and (H3)—(H5) hold and that f is linear. Then, the energy func-
tional satisfies

/0 E(s)ds < . (60)
Proof. We introduce the functional
L(t) = L(t) + P4(t),

which is nonnegative. From (50) and (55), we see that, for all t > £,
1
£'(t) < —u(®)[* = 1= DIVu)[* = 5 (g o Vu)(t) - Nl/r m(x)w?(+)dT
1

1
—eg(p) /r /0 B (o(x, &, £))dxdT + 55/r F2(ug(£))dT + byE' (1)
Applying (29), (31), and (57), we have

_ BsC

L'(t) < —diE(t) + (b -

JE'(t),
where d; is some positive constant. Selecting a suitable choice for b, we obtain

L'(t) < —d1E(t).
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This implies that

a4 /t E(s)ds < L(to) — L(t) < L(to) < oo

to
O
Next, we define Y(t) by

Y(t) = — /t: ¥(s) /Q IVu(t) — Vu(t —s)[dxds < —2E'(1). ©1)

Lemma9. Assume that (H1) and (H2) hold and that G is nonlinear. Then, the solution to (22)—(28)
satisfies the estimates

0
/ (s / IVu(t) — Vu(t —s) Pdxds < éc <Y((tt))> Yt > to, if fo is linear, ©2)
. 2 — 1) =-1 QY(t) . . ,
[ 9te) [ 1Vut) = Ve —9)Pasds < 50 G ((t_to)y(t)),vmo, i fo is nontlinear, (©3)

where 0 € (0,1), and G is an extension of G such that G is a strictly convex and strictly increasing
C? function on (0, ).

Proof. First, we prove the estimate (62) when fj is linear. For 0 < 6 < 1, we define I(t) by
I(1) *9/ / |Vu(t) — Vu(t — s)|?dxds.
By (60), 6 is taken so small that, for all ¢ > £,
I(t) < 1. (64)
Since G is strictly convex on (0, o], then

G(q0) < qG(Q), (65)

where 0 < g < Tand ¢ € (0, r]. Using the fact that y is a positive nonincreasing function
and applying (10), (64), (65), and Jensen’s inequality (19), we find that (see details in [1,3])

Y(t) > %/tl(t)G(l/J(s)) /QG\Vu(t) — Vu(t —s)|*dxds
t

01(t) Jt,
> % /t:G(I(t)z/J(s» /QHIVu(t) — Vu(t — s)|Pdxds (66)
> @ é(g/[: ¥(s) /0 [Vu(t) — Vu(t fs)|2dxds>4

Since G is strictly increasing, we obtain

/ / |Vu(t) — Vu(t — s)[2dxds < GG (%&?)

Now, we show the estimate (63) when fj is nonlinear. Since we cannot guarantee (60),
we define the following function:

//|Vu — Vu(t — s)|?dxds, ¥Vt > to.
t—to t
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Using the fact that E'(t) < 0 and (29), we have

20

80E(0)
t—ty ’

LTuol P + 19 - 5)|2yas < 2

I(t) <
Choose 0 small enough so that, for all t > £,
L(t) < 1. (67)

Similar to (67), using (10), (65), (67), and Jensen’s inequality (19), we obtain

Y(0) = gt [:Ilax—w’(s)) S 90 = V(e — ) Paxds
> %(%‘W/to )/ ti‘ ~ Vu(t — s)|2dxds
> (f—tg)ﬂ(t) C(t—to /t s)/ [Vu(t) — Vu( t—s)\zdxds)
This implies that
—t) =—1 0Y(t)
[ -t 5 (2,

O

4. General Decay of the Energy

In this section, we state and prove the main result of our work.

Theorem 2. Assume that (H1)-(H5) hold and that fy is linear. Then, there exist positive constants
ki, ko, k3, and ky such that the energy functional satisfies, for all t > t,

ot
E(t) < ke 11 Jig #)s if G is linear, (68)
t
E(t) < ksG;! <k3/ y(s)ds), if G is nonlinear, (69)
to

where Gy (t) = [[° SG,( >ds is strictly decreasing and convex on (0, o).
Proof. Now, we consider the following two cases.

Case 1: G(t) is linear. Multiplying (52) by the positive nonincreasing function y(t) and
using (10), (31), and (57), we obtain

HOL'(E) < —Ban(HE(H) + ba /tu(sm(s) / Vu(t) = Vit —)Peeds + Baget) . f((1))dr

IN

~Ban(DE() ~Ba [ 4/(5) [ 1Vu) = Vst =9)Pdsds + BsCanl0) || Am(t))ar
< —Bau(t)E(t) — CsE'(t),

where Cs5 = 24 + BsConl0) 5C2" O jsa positive constant. Since y(t) is nonincreasing, we have

(WL + GSE)' (1) < —Ban(DE(), V¢ > .

Since j(t)L(t) + C5E(t) ~ E(t), for some positive constants k1 and k», we obtain

E(t) < kzefkl jtto ;t(s)ds.
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Case 2: G(t) is nonlinear. This case is obtained through the ideas presented in [3] as follows.
Using (31), (52), (57), and (62), we obtain

L'(t) < —B3E(t) + ’346 @YT(:))) ﬁifz E'(t), Vt>t. (70)

Let Li(t) = L(¢) + %E(t) ~ E(t), and then (70) becomes

Li(t) < —BsE(t) + %C’l (%&?) Vit >t 71)

For 0 < gg < rp, using (71) and the fact that E' <0, G > 0and el > 0, we find that
the functional L, defined by

Lo(t) =G (%%) Li(t) ~ E(t),

satisfies

Lh(t) < fﬁsE(t)C( E((O))> + /3946’ (e E((O))> C’%%&S)), VE>ty.  (72)

Withs = G (80%) andr=G ' (SFY(—?))), using (20), (21), and (72), we obtain
/ / E(t) 8054 ( ) E(t) BaY(t)
150 < -0 (o) + 55 (o5m)) + Fy

where we have used that gy E(( )) <rpand G = G’ on (0, 7o]. Multiplying this by y(t) and
using (61), we obtain

HOL5(0) <~ (par(0) — W) FBED G (co o) ) 26480

By defining L (t) = p(t)La(t) + 2B4E(t), we see that, for some positive constants 7y,
and 3,
72L3(t) < E(t) < y3Ls(t). (73)

With a suitable choice of ¢, we obtain, for some positive constant d»,

Ly(t) < —dop(t )E((O)) Gl( %) = —dop(t)Ga <%> Vt > to, (74)

where G, (t) = tG/(eot). Applying the strict convexity of G on (0,7p] and G (t) = G’ (eot) +
eotG” (eot), we see that G, (t), G5(t) > 0 on (0, 1]. Finally, defining

_ mLs(t)
and using (73), we have
Q) < % <1 and () ~ E(b). (75)

From (74), (75), and the fact that G5(t) > 0 on (0, 1], we arrive at

Q'(t) < —ksp(t)G2(Q(1)), ¥t > to,
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where k3 = % is a positive constant. Integrating this over (fo,t) and using variable

transformation, we find that (see details in [3])

£0Q(to)

rto e0Q'(s) /‘t
————r— —ds >k s)ds =
/t £0Q( =" to #) JegQ(t)

$)G'(€0Q(s))

Since g9 < 79 and Q(t) < 1, forall t > t;, we have

1 t
- > .
sG’(s)dS = ks /to p(s)ds

o t t
Gl = [ s = ks [ res = Q) < 56 (ks [ u(o)is), 76)

where G (t) = f:o SG,( )ds Here, we have used the fact that G is a strictly decreasing
function on (0, 7g]. Therefore, using (75) and (76), the estimate (69) is established. [

Theorem 3. Assume that (H1)-(H5) hold and that fj is nonlinear. Then, there exist positive
constants wy, ay, 3, and a4 such that the energy functional satisfies

ot
E(t) < vczFl’l (vq / y(s)ds), Vt > to, if G is linear, (77)
Jto
where Fy(t) = [/ SF,( srieyds and

E(t) < ay(t— to)Kf1 <+), Vt > t;, if G is nonlinear, (78)
t—t
t

where Ky (t) = tK'(eat), 0 < &5 < 1, = min{rg, 71 } and K = (371 +f_1)71.

Proof. Case 1: G(t) is linear. Multiplying (52) by the positive nonincreasing function ()
and using (10), (31), and (58), we obtain

L' (1) < —Bap(E(E) + BsCop()F ' (x (1)) — CE' (1), (79)
where Cg = 2B4 + B5C3p(0) is a positive constant. Since y(#) is nonincreasing, (79) becomes

Fi(t) < —Bau(t)E(t) + BsCau(t)E 1 (x(t), Yt = to, (80)

where F3(t) = pu(t)L(t) + C¢E(t) ~ E(t). For 0 < &1 < ry, using (80) and the fact that
E'<0,F > 0and F” > 0on (0,r], the functional Fy, defined by

Ey(t) = F <81%>F3(t) ~ E(b),

satisfies
F(0) < ~panEOF (er g ) +BsCn)F (er gy ) F ().
Given (20) and (21) with s = F/(¢; ((0))) and r = F~1(x(t)), using (59), we obtain that
Fy(t) < —ﬁaﬂ(f)E(t)F'< E(&?)) +e1BsCs 1 Ht )(5)0)1: <€1 E(( ))> + BsCan(0)x(t)
w

—(ﬁgE(O) — 81/55C3) E)(g)(t) F' <81%> — ﬁ5C3C4}l(0)EI(t), YVt > t.
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Let F5(t) = Fy(t) + B5C3Cyau(0)E(t); then it satisfies, for positive constants y4 and s,
vaFs(t) < E(t) < ysF5(t). (81)

Consequently, with a suitable choice of £1, we have, for some positive constant d3,

R < g F (e fo) ) = ~dOR (50 ) ez, @)
where Fy(t) = tF'(e1t). From the strict convexity of F on (0, 1], we obtain Fy(t), Fj(t) > 0
on (0,1]. Let
_ vabs(t)
and from (81) and (82), we obtain
J) < E((g)) <1 and J'() < —au(DR((1), V> t,

where a7 = % is a positive constant. Then, similar to (76), the integration over (o, t) and
variable transformation yield

10 < 55 (o [ pe)as), )

where Fy () = [[! ﬁds, which is a strictly decreasing function on (0, r1]. Combining (81)
and (83), the estimate (77) is proved.
Case 2: G(t) is nonlinear. This case is obtained by the arguments presented in [1] as follows.
Using (52), (58), and (63), we obtain

t—ty)=— oY (t

Ll(t) < 7/33E(t) + '34( O)G 1( ( ) > + ‘B5C3F71()((f)) — [35C3El(t), YVt > tp.

0 (t—to)u(t)
(84)

Since lim = 0, there exists t; > tg such that
t—oo t — tg
1

— <1, Vt> 1. (85)

t—to

Using the strictly convex and strictly increasing function of F and (65) with g = ﬁ
we see that

’

Flx(t) < (t—to)F (%) V> . (86)

Combining (84) and (86), we arrive at

Ri(0) < —psE(r) + P t")?l((tffo()t;(t)> + BsCslt - to)F‘l( ) ) Vi, ®7)

where Ry (t) = L(t) + B5C3E(t) ~ E(t). Let

oY (t t 1 -
o = min{rg, 71}, @(t) = max {UT()()])J(Q, tx—( f)o} and K = (G 'V F 1) ove> t. (88)
Therefore, (87) reduces to

Ri(t) < —BsE(t) + Cr(t — to)K (1)), V> 1, (89)
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Ry = ( -

where Cy = max{ &, B5C3}. The strictly increasing and strictly convex properties of G and
F imply that

=/ — =/ —I\ ==l
F F)? 2F
K=-SF S gana k= CESFET (90)
G +F (G +F)?
on (0,7,].
Now, for 0 < &, < 13, using (85), we see that ; 52 E(( ; < 7. Defining

Rz(t):K’(tizt E((é))>R1(t) VE>

and using (89) and (90), we find that

£ E(t) e E'(t)\_ [ €& E() € E@{)\ .,
e o))< ()R K (2 ey ) RO

< ~paEOK (2 )+ Grte - ok (2 E K0, ez o)

Using (20) and (21) with s = K’(rf—zto%) and r = K~1(¢(t)) and applying (91), we
obtain

Ry(t) < 53E(f)K/< — E((é))>+ 2C7E((O)) '<ti2to%>+&(t7to)¢(f)~ (92)
From (59), (61), and (88), we obtain
(t—to)u(t)gp(t) < —CsE'(t), (93)

where Cg = min{260, C4¢(0)}. Multiplying (92) by the positive nonincreasing function ()
and using (93), we have

Ry(1) < —(B5E(0) — eaC7) ”(Q(ﬁ)(”K’< t izto%) VE> b

where R3(t) = pu(f)Ra(t) + CyCgE(t) ~ E(t). For a suitable choice of €5, we find that

R(t) < —d4”(£)(§)(t)1</(t fzto%) Yt > h, (94)

where dy is a positive constant. An integration of (94) yields

% t: E(s)K’(s iZtg%)”(s)ds < /ttl Rj(s)ds < Rs(h).

Using (90) and the non-increasing property of E, we see that the map t — E(#)K’' (2 it))
is non-increasing and, consequently, we obtain

E(t) o _£2 E®)N [
tgoK (72 5o ) L wods < R, Ve, .

Multiplying (95) by ﬁ, we obtain

1 EMBN ! R3(t1)
d41<1<—t_t0—E(0)>/t1 plo)ds < L v
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where Kj (s) = sK'(ezs), which is strictly increasing. Therefore, we deduce that

stMu—mmf( ),wz@

a3

t
(t—to) [}, p(s)ds
where a3 and a4 are positive constants. This completes the proof. [

Examples. We provide examples to explain the decay of energy (see [1]).
1. Case: fp and G are linear.

Let ¢(t) = ae P+, 1u(t) = b, and G(t) = t, where b > 0, and a > 0 is small enough.
Assume that fo(t) = ct and F(t) = V/tfo(\/t) = ct. Then, we can obtain

E(t) < kpe 8!, forall t > t.

2. Case: f is linear and G is nonlinear.
Let g(t) = ae~", p(t) = 1, and G(t) = —L—
(In($))?
enough. Assume that fo(t) = ct and F(t) = v/tfo(v/t) = ct. Then, G satisfies the condition
(H1) on (0, 7] for any 0 < rp < a.

,where 0 < p < 1,and a > 0 is small

==

1
no1 70 []ng} In § uv a1l
= _— = —_— = e < —) 7.
Gi(t) /t sG’(s)ds /t s[l—p—l—plng]ds /ln% 1—p+pudu* (lnt)

Then, we can have
E(t) < kge™®", forall t > tg.

3. Case: fj is nonlinear and G is linear.
Let (t) = ae 0+, (t) = b, and G(t) = t, where b > 0, and a > 0 is small enough.
Assume that fo(t) = ct?, where p > 1and F(t) = Vtfo(V/t) = ot Then,

Mmool Mmoo 2 b
Fl(t) —‘/t mds—\/t C(pTl)S 2 ds = DC[)(Tl [ )

and ,
FU ) =(ry = +—t) 77,

4

RESICEE Therefore, we find that

where ag =

2

E(t) < (art +ap) #1, forallt > t.

4. Case: fj is nonlinear and G is nonlinear.

Let y(t) = ﬁ,y(t) =b,and G(t) = t3, where b > 0, and a > 0 is taken so that (9)
remains valid. Assume that fy(t) = > and F(t) = £>. Then,
I 3
K(s) = (614 P 1(s) = (R

Therefore, we see that

o
73], forallt > tq,

E(t) <
0= 2y

where t; > fg.
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5. Conclusions

Numerous phenomena are influenced by both the current state and the previous
occurrences of the system. There has been a notable increase in the research on the equa-
tion with delay effects, which frequently arise in various physical, biological, chemical,
medical, and economic problems. In this paper, we study the energy decay rates for the
viscoelastic wave equation with nonlinear time-varying delay, nonlinear damping at the
boundary, and acoustic boundary conditions. We consider the relaxation function i, namely
P'(t) < —u(t)G(¢(t)), where G is an increasing and convex function near the origin, and
y is a positive nonincreasing function. We establish general decay rate results without
the need for the condition a, > 0 and without imposing any limiting growth assumption
on the damping term f;, using the multiplier method and some properties of the convex
functions. Moreover, the energy decay rates depend on the functions y and G, as well as
the function F defined by fj, which characterizes the growth behavior of f; at the origin.
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