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Preface

It is our pleasure to present you this collection of papers.

Acousto-optic technologies have increasingly attracted the attention of scientists and engineers.

Acousto-optic interactions have become the flexible basis of compact and robust devices for the

analysis of the intensity, spectrum, polarization, and other properties of light. In this book, modern

trends of acousto-optical spectral technologies, including the fundamentals and optimization of

existing techniques, are highlighted and discussed. This reprint provides a forum for reports on

technical developments that allow the spectral analysis of various objects to take place. The goal of

this reprint is to provide readers with an overview of the hot topics and the state of the art regarding

the applications of acousto-optic techniques, including new materials and structures, theoretical and

experimental studies of light diffraction by ultrasonic waves, spectroscopy, and spectral imaging.

Alexander S. Machikhin and Vitold Pozhar

Editors
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Abstract: Spectrometers based on acousto-optic tunable filters (AOTFs) have several advantages,
such as stable temperature adaptability, no moving parts, and wavelength selection through electrical
modulation, compared with the traditional grating and Fourier transform spectrometers. Therefore,
AOTF spectrometers can realize stable in situ measurement on the lunar surface under wide temper-
ature ranges and low light environments. AOTF imaging spectrometers were first employed for in
situ measurement of the lunar surface in the Chinese Chang’e project. The visible and near-infrared
imaging spectrometer and the lunar mineralogical spectrometer have been successfully deployed
on board the Chang’e-3/4 and Chang’e-5 missions. In this review, we investigate the performance
indicators, structural design, selected AOTF performance parameters, data acquisition of the three
lunar in situ spectral instruments used in the Chang’e missions. In addition, we also show the
scientific achievement of lunar technology based on in situ spectral data.

Keywords: AOTF spectrometer; in situ measurement; lunar surface

1. Introduction

Compared to remote sensing spectral measurement and post-sampling laboratory
spectral measurement, in situ spectral measurement allows one to investigate targets at
close range with millimeter resolution, without destroying the original state of the target.
This leads to intriguing possibilities for studying surface topography and material com-
position [1]. However, in situ measurement is challenging for spectroscopic instruments.
Especially, deep space exploration requires instruments to obtain high-quality and reliable
spectral data under extremely complex environmental conditions [2].

The acousto-optic tunable filter (AOTF) is an electronically tunable dispersive optical
device without any moving parts. It can change the wavelength of the output diffracted
light by controlling the input radio frequency (RF) [3]. Harris and Wallace first proposed
a collinear AOTF in 1969 [4]. In 1974, Chang et al. used TeO2 to construct a noncollinear
AOTF [5], which overcame the drawbacks of the collinear AOTF in terms of limited crystal
availability and complicated design. In 1987, an AOTF spectrometer was used for ocean
observations in the Soviet satellite “Ocean-O1-N2” [6]. In 2003, the SPICAM instrument
onboard the European Space Agency’s Mars Express mission realized the first deep space
application of AOTF for Martian atmospheric analysis [7]. Since then, several AOTF
instruments have been used in deep-space missions [8–12].

1
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Spectrometers and imaging spectrometers using acousto-optic tunable filters have
many advantages, such as small size, light weight, absence of moving parts, optional wave-
length, high environmental adaptability and high spectral and spatial resolution. [13–15]
Therefore, it is suitable for the in situ spectral and imaging measurement of extraterrestrial
bodies. The Chinese Chang’e Project has implemented three AOTF spectrometers for in
situ spectral measurement of the lunar surface: the visible and near-infrared imaging spec-
trometers (VNIS) onboard Chang’e-3 (2013) [16] and Chang’e-4 (2018) [17] unmanned lunar
rovers and the lunar mineralogical spectrometer (LMS) onboard Chang’E-5 (2020) [18].
VNIS onboard Chang’e-3 was the first instrument to realize in situ imaging spectral mea-
surement of the lunar surface. The MicrOmega onboard the Japanese Hayabusa-2 (2014)
mission realized the in situ spectral measurement of asteroids [19,20]. The SuperCam
mounted onboard NASA’s MARS 2020 Perseverance rover is also equipped with an in-
frared in situ spectra submodule to realize in situ spectra of the Martian surface [21–23]. In
addition, the ExoMars scheduled for launch in 2022 will also be equipped with an in situ
spectral instrument, ISEM [24,25], to perform in situ spectral surveys of the Martian surface.

In this review, we report the design, performance specifications, and performance test
results of the three AOTF spectrometers used for lunar in situ measurement in the Chang’e
mission. We also report the material, tuning relationship and resolution of AOTFs used on
these three AOTF in situ spectrometers. In addition, the effectiveness and results of the
AOTF spectrometers are briefly described.

2. Lunar In Situ Spectrometers

The Yutu lunar rover in the Chang’e-3 mission carried the VNIS, which was the first
AOTF hyperspectral imager to realize in situ measurement in deep space [16,26–29]. The
main objectives of the mission are to perform visible and near-infrared spectral imaging
(400–900 nm) and short-wave infrared spectral measurements (900–2400 nm) of the lunar
surface targets. The VNIS can obtain spectral and geometric imaging data of objects on the
lunar surface. The mission also focused on accomplishing in situ analyses of the mineral
composition, content (abundance), and chemical composition of probe sites in the patrol
area [30]. In 2018, Chang’e-4 achieved the first soft landing and roving survey on the
far side of the Moon [31], and the Yutu-2 unmanned lunar rover also carried the VNIS
instrument. Compared to the VNIS of the Chang’e 3 mission, the VNIS of the Chang’e 4
mission has optimized software and data acquisition logic with the addition of options
for background light acquisition and subtraction [32]. The spectral resolution and the
signal-to-noise ratio (SNR) were also improved. A specific performance comparison of the
instruments is listed in Table 1.

Table 1. Main performance parameters of VNIS and LMS.

Parameters
VNIS/Chang’e-3 VNIS/Chang’e-4 LMS/Chang’e-5

VIS-NIR SWIR VIS-NIR SWIR VIS-NIR IR

Spectral
coverage/nm 449–950 900–2400 450–950 900–2400 480–1450 1400–3200

Spectral
resolution/nm 2–7 3–12 2.4–6.5 3.6–9.5 2.4–9.4 7.6–24.9

FOV/deg 8.5 × 8.5 ø3.6 8.5 × 8.5 ø3.6 4.17 × 4.17 4.17 × 4.17
Effective pixels 256 × 256 1 256 × 256 1 256 × 256 1

Quantization/bits 10 16 10 16 10 16

SNR/dB
≥31@

albedo is 9% and
solar incident
angle is 45◦

≥32@
albedo is 9% and

solar incident
angle is 75◦

≥33@
albedo is 9% and

solar incident
angle is 45◦

≥31@
albedo is 9% and

solar incident
angle is 75◦

≥34@
albedo is 9% and

solar incident
angle is 45◦

≥39@
albedo is 9% and

solar incident
angle is 45◦

Sampling
interval/nm 5 5 5

Power/w 19.8 16.95 15.17

Weight/kg 4.675/probe
~0.7/electronics

4.675/probe
~0.7/electronics ≤5.57

Operating
temperture −20 ◦C~+55 ◦C −20 ◦C~+55 ◦C −25 ◦C~+65 ◦C

2
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In 2020, Chang’e-5 (China Lunar Exploration Program Phase III) realized China’s
first lunar sampling return mission [18]. LMS was one of the key scientific payloads for
Chang’e-5. LMS is inherited from the previous generation of VNIS [27]. Compared with
VNIS, the spectral range of LMS was extended to 3200 nm and the SNR was also improved,
as shown in Table 1. Benefitting from the improvement of spectral range and SNR, LMS
can not only analyze the mineral composition, but also explore OH/H2O of lunar regolith.

2.1. VNIS on Board Chang’e-3 and Chang’e-4

VNIS is comprised of a measurement head and an electric cabinet, as shown in
Figure 1, where the probe is installed outside the patrol cabin and the electric cabinet is
installed inside the patrol cabin. The probe consists of a calibration diffuse reflector plate,
an optical unit, and a probe electronics unit. The probe electronics unit includes the radio
frequency (RF) driver unit, signal acquisition unit, and the main control circuit, comprised
of several parts, such as the RF power amplifier, spectral measurement control, secondary
power supply, and the load electric cabinet common unit.

Figure 1. The probe composition of VNIS (a) and its electric cabinet (b); installation location of VNIS
on the rover for the Chang’e-3 (c) and Chang’e-4 (d) missions.

VNIS contains two measurement channels, the visible and near-infrared (VIS-NIR
480–950 nm) and the shortwave infrared (SWIR 900–2400 nm). VIS-NIR is the imaging
channel, and SWIR is the spectral acquisition channel. The VNIS on board Chang’e-3 has
a spectral resolution of 2–7 nm in the VIS-NIR band and 3–12 nm in the SWIR band [29].
The VNIS on board Chang’e-4 has an improved spectral resolution of 2.4–6.5 nm in the
VIS-NIR band and 3.6–9.5 nm in the SWIR band. The two channels have a field of view
(FOV) of 8.5 × 8.5◦ and ø3.6, the measurement distance is 0.7 to 1.3 m, and the instrument
can observe targets within 0.2 m2.

2.2. LMS on Board Chang’e-5

LMS is comprised of a mounting base, optical unit, electronics unit, 2D pointing mech-
anism, and the dust-proofing and calibration units fitted inside the Chang’e-5 lander’s −Y
+ Z inclined side plate. The inclined side plate is perforated with a dust-proof device and a
2D pointing mechanism protruding from the perforations. The AOTF is encapsulated in an
optical unit, which is isolated from the electronics unit for thermal control. The principle
of operation is similar to that of VNIS, with the addition of a 2D pointing mechanism for
selective measurement of the sampling area. The calibration plate was embedded in a
dust-proof unit to realize in-flight calibration. An image and the installation location of
LMS are shown in Figure 2.

3
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Figure 2. The composition of LMS.

LMS contains four measurement channels: the visible (VIS 480–950 nm), the near-
infrared (NIR 900–1450 nm), the short-wave infrared (SWIR 1400–2300 nm), and the
medium-wave infrared (MWIR 2200–3200 nm) [18]. Except for the VIS channel, which is
imaged by complementary metal oxide semiconductor (CMOS), the other three channels
(collectively referred to as IR) are the spectral acquisition channels. The infrared unit
detectors were developed by the Shanghai Institute of Technical Physics, including InGaAs
detectors for the NIR and SWIR channels, and the HgCdTe detectors for the MWIR channels.
Both channels have a FOV of 4.17 × 4.17◦, and can observe over a distance of 1.65 m. The
VIS channel has a spectral resolution of 2.4–9.4 nm with an SNR of >34 dB, and the IR
channel has a spectral resolution of 7.6–24.9 nm with an SNR of >39 dB. The pointing
resolution of the 2D pointing mechanism is greater than 0.2◦.

3. Main Characteristics of the AOTFs in VNIS and LMS

The performance of the AOTF significantly affects the quality of the spectrometer’s
spectral characteristics. Therefore, testing the performance indicators of AOTF and investi-
gating its ability to adapt to complex conditions on the lunar surface is the key to ensure
that spectrometers obtain high-quality data. Based on the spectroscopic principle of the
AOTF device, the testing scheme shown in Figure 3 was designed to test the performance
indicators of six AOTFs corresponding to the VNIS on Chang’e-3 and Chang’e-4 and the
LMS on Chang’e-5.

Figure 3. The AOTF testing system.
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The monochromator produces narrow line-width light, which passes through a chop-
per to form an optical flux of variable intensity. The chopper also provides a reference
signal to the lock-in amplifier circuit. A polarizing film is used in the optical path as a
polarizing device to set the linear polarization direction of the light source incident on the
crystal surface. By adjusting the size of the diaphragm aperture, collimated monochromatic
light fills the effective aperture of the AOTF crystal to be measured. The crystal was placed
on a rotating platform, and the RF drive signal was provided by a computer-controlled
AOTF drive source. After the optical signal passes through the driven AOTF crystal, it
is separated into the undiffracted 0-order light in the alternating state and the diffracted
1-order light in the corresponding polarization state. Both 0-order light and 1-order light
can be used for measurement. This is because of the 0-order light measurement is easy
to achieve optical alignment and improve measurement efficiency. The system measures
the 0-order light. After passing through a condenser lens, the undiffracted 0-order light
can be focused on the focal plane, and a photodetector is used to receive the undiffracted
0-order light. The detector converts the transformed variable-intensity optical flux into
an alternating current (AC), which is amplified by the preamplifier, and then input to the
lock-in amplifier. The amplified electrical signal is displayed on a computer. The main
indicators include the tuning relationship between the diffraction wavelength and drive
frequency, the relationship between the diffraction wavelength and diffraction efficiency,
and the relationship between the diffraction wavelength and spectral resolution, as shown
in Table 2.

Table 2. Main performance parameters of VNIS and LMS.

Parameters
VNIS/Chang’e-3 VNIS/Chang’e-4 LMS/Chang’e-5

VIS-NIR SWIR VIS-NIR SWIR VIS-NIR IR

Material TeO2 TeO2 TeO2 TeO2 TeO2 TeO2
Spectral coverage/nm 449–950 899–2402 450–950 900–2400 480–1450 1400–3200

FWHM/nm
2.3–6.3

@ < 630 nm
2.4–6.8

@ > 630 nm

3.1–8.9
@ < 1380 nm

4.4–11.6
@ > 1380 nm

2.0–5.8
@ < 630 nm

2.8–6.4
@ > 630 nm

3.75–8.4
@ < 1380 nm

4.2–9.6
@ > 1380 nm

2.6–9.4
@ < 780 nm

2.4–9.0
@ > 780 nm

7.6–20.8
@ 1400–2300 nm

11.6–24.9
@ 2200–3200 nm

RF/MHz 70.7–178.6 41.9–118.9 71.2–178.7 42.0–118.8 45.2–163.6 27.7–66.2
Angular aperture/◦ >7 >8 >7 >8 >7 >3
Diffraction angle/◦ >5.6 >7.5 >5.6 >7.5 >5.6 >7

Power/W ~2 ~2 ~2

3.1. AOTFs on Chang’e-3/4 and Their Indicators

VNIS spectrometers onboard Chang’e-3 and Chang’e-4 have two spectral measure-
ment channels: VIS-NIR and SWIR. Each channel uses one AOTF crystal, and the two
instruments use a total of four AOTF crystals. Four AOTFs were made of TeO2 material,
and the performance indicators of four AOTFs were shown in Table 2, which were tested
using the above testing system. Figure 4 shows AOTFs tuning relationship between the
wavelength and the driving frequency and the relationship with the spectral resolution
which used in VNIS spectrometers of Chang’e-3 and Chang’e-4.

AOTFs indicators used by the Chang’e-3 VNIS and the Chang’e-4 VNIS are similar,
so here, we mainly discuss the AOTF used by the Chang’e-3 VNIS. The AOTF used
for the VIS-NIR channel can achieve monochromatic light output from 449 to 950 nm
with RF driving frequency varies from 70.7 to 178.6 MHz. The spectral resolution of the
output monochromatic light varies with wavelength, and there is a boundary at 630 nm.
Before 630 nm, the spectrometer resolution increased from 2.3 to 6.3 nm, and after 630 nm,
the spectral resolution increased from 2.4 to 6.8 nm. The reason that the resolution is
demarcated at 630 nm is due to the limited bandwidth of a single piezoelectric transducer.
In order to improve the working bandwidth of AOTF, two different transducers of high
frequency and low frequency are made to the switching of the two piezoelectric transducers,
as shown in Figure 5. Due to the switching of the two piezoelectric transducers, the spectral
resolution has a boundary at 630 nm.

5
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Figure 4. Driving frequency tuning curves of the acousto-optic tunable filters of the visible and near
infrared imaging spectrometers onboard the Chang’e-3 (a) and Chang’e-4 (c); spectral resolution
of the acousto-optic tunable filters vs wavelength for the Chang’e-3 (b) and Chang’e-4 (d) VNIS
spectrometers.

Figure 5. AOTF used on VNIS. (a) Main structure of the AOTF; (b) The physical object of AOTF.

For the AOTF used in the SWIR channel, the RF driving frequency changes from 41.9
to 118.9 MHz, and the spectral range varies from 899 to 2402 nm. The spectral resolution
has a boundary at 1380 nm. When the spectral range is less than 1380 nm, the spectral
resolution will vary from 3.1 to 8.9 nm. When the spectral range is greater than 1380 nm,
the spectral resolution will vary from 4.4 to 11.6 nm.

3.2. AOTFs on Chang’e-5 and Their Indicators

Compared to the VNIS spectrometer, the LMS onboard Chang’e-5 has an extended
measurement band of 3200 nm, with two channels in the VIS-NIR and SWIR-MWIR, and

6
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each channel uses one AOTF crystal. The wavelength-frequency tuning curves and spectral
resolution distributions of the two AOTFs are shown in Figure 6. The AOTF used in the
VIS-NIR channel can be driven by a RF of 45.2 to 163.6 MHz to obtain monochromatic
light from 480 to 1450 nm. The spectral resolution is at 780 nm as the boundary, which
ranges from 2.6 to 9.4 nm before 780 nm and from 2.4 to 9.0 nm after 780 nm. The RF of the
SWIR-MWIR channel is 27.7 to 66.2 MHz, and the spectral range is from 1400 to 3200 nm.
The spectral resolution ranges from 7.6 to 20.8 nm before 1400 nm and from 11.6 to 24.9 nm
after 1400 nm.

Figure 6. (a) The wavelength-frequency tuning curve of the AOTFs in the Chang’e-5 LMS; (b) Spectral
resolution of the acousto-optic tunable filters vs. wavelength for the Chang’e-5 LMS.

4. Application Results of Lunar In situ Spectrometers

The VNIS onboard Chang’e-3 and 4 and the LMS onboard Chang’e-5 have success-
fully implemented in situ measurement applications on the lunar surface, and obtained in
situ imaging and spectral data with millimeter-level resolution. The scientific data obtained
present a unique perspective for research on the mineral composition of the lunar surface,
weathering in space, and the origin and evolution of the moon. In this section, we focus
on the data obtained by the three in situ spectrometers and the corresponding scientific
research reports.

4.1. Application Results of VNIS on Board Chang’e-3

Chang’e-3 successfully landed on the northeastern Mare Imbrium on 14 December
2013. The VNIS was booted up for the first time on 23 December 2013, and images and
spectral data of the lunar soil in different regions were collected [16]. The images and
spectral data acquired by the VNIS on Chang’e-3 can be used to investigate the mineral
composition and chemical content of the lunar surface. Various scientific results have been
published by analyzing and processing these data [33–40]. These results not only confirm
the results of previous remote sensing studies, but also conclusively establish that the
mineral composition of olivine tends towards iron-rich mineral end members.

Lin et al. used the modified Gaussian model (MGM) method to extract the mineralog-
ical modal composition of lunar soil from VNIS spectral data [34]. Investigations on the
mineral and chemical composition have revealed that the lunar soil was flooded with lava
from volcanic eruptions approximately 2.5 billion years ago.

4.2. Application Results of VNIS on Board Chang’e-4

Chang’e-4 landed in the Von Kármán crater on the far side of the Moon on 3 January
2019, and commenced its scientific patrol and exploration mission. On the next day, the
VNIS onboard Chang’e-4 booted up and obtained high-quality spectral data successfully
from multiple test points in the landing area. The Chang’e-4 and Yutu-2 lunar rovers ended

7



Materials 2021, 14, 3454

the lunar night hibernation at 21:43 and 3:54 on 6 April 2021, and entered the 29th lunar
day. Until 6 April, the Yutu-2 lunar rover traveled a cumulative distance of approximately
682.8 m.

Based on the unique in situ spectral data obtained by VNIS, we have gained more
information about the origin and evolution of the moon and space weathering [1,31,41–53].
Li et al. further analyzed the REFF spectra collected by VNIS on the first lunar day.
They demonstrated that a deep medium dominated by olivine and low-calcite pyroxene
exists in the south pole-Aitken basin on the far side of the moon by analyzing the VNIS
spectra [41]. This discovery provides direct evidence for explaining the composition of
the lunar mantle, which has been unclear until now. These results will also improve the
models on the formation and evolution of the moon. Lin et al. reported that the spectra
of the observed area showed maximum absorption at 1 µm and 2 µm, which can more
reliably determine the mineral composition. The analysis shows that the rock in the region
is olivine–norite [42].

4.3. Application Effects of LMS on Board Chang’e-5

The main scientific mission of the Chang’e-5 mission is to perform lunar sampling
return. Therefore, there is no rover similar to the Chang’e-3 and Chang’e-4 missions. The
LMS is installed on the Chang’e-5 lander to detect the spectra of the sampling area. The
detected spectral data can contribute to the survey of the lunar surface material composition
and resources in the sampling area, and to provide scientific data for comparative research
on sample laboratory measurements.

The LMS conducted lunar observations from 21:08 1 December 2020 (UTC) until 17:04
2 December 2020 (UTC), after the Chang’e-5 lander-ascender combination successful soft
landing. First, a multi-spectral full-view mode observation was conducted to obtain a wide
view of the lunar sampling area, and a six-band panoramic spectral image was acquired in
the VIS channel and 14-band spectra in the IR channels (i.e., NIR, SWIR, and MWIR). The
REFF image of the sampling area is shown in Figure 7. The spatial resolution of the image
was 0.4–1 mm.

Figure 7. REFF image from the LMS at 900 nm using the full-view mode.

During the intervals of sampling transfer by the robotic arm, the LMS conducted
full-band observations of the significant targets, sampling targets, and candidate points,
and performed in-flight calibration.

5. Conclusions

In situ spectral analysis can investigate the surface material composition and weather-
ing conditions of extraterrestrial objects without destroying the original environment. It
also provides a unique perspective of data for the study of extraterrestrial objects. Payloads
in the form of AOTF spectrometers have the advantages of small volume, low mass, and
high spatial adaptability, which are very suitable for in situ spectral detection at close range
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on the lunar surface. Three AOTF spectrometers have been successfully applied to lunar in
situ spectral measurement, including the VNIS on board the Chinese Chang’e-3/4 missions
and the LMS on board the Chang’e-5 mission. These instruments have overcome harsh
and low light environment and wide temperature variations on the lunar surface, and have
successfully achieved spectral acquisition and in situ calibration of lunar objects. These re-
sults provide a unique perspective on scientific data for analyzing the mineral composition
and evolutionary history of the Moon. This paper discusses three in situ spectrometers
successfully applied to the lunar surface and their functionalities, performance parameters
of the installed AOTF crystals, data acquisition, and scientific applications of the data. The
results can provide reference for the design and application of in situ AOTF spectroscopic
instruments applied to extraterrestrial bodies in the future.
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Abstract: Accurate color reproduction is highly important in multiple industrial, biomedical and
scientific applications. Versatile and tunable light sources with high color-rendering quality are
very much in demand. In this study, we demonstrate the feasibility of multi-wavelength Bragg
diffraction of light for this task. Tuning the frequencies and amplitudes of bulk acoustic waves in the
birefringent crystal demonstrates high precision in setting the number, wavelengths and intensities
of the monochromatic components necessary to reproduce a specific color assigned according to its
coordinates in the CIE XYZ 1931 space. We assembled a setup based on multi-bandpass acousto-optic
(AO) filtration of white light and verified the reproduced color balance in multiple experiments. The
proposed approach delivers almost full coverage of the CIE XYZ 1931 space and facilitates building
compact color reproduction systems (CRSs) for various purposes.

Keywords: color reproduction; spectral power distribution; acousto-optic interaction; Bragg diffraction;
multi-wavelength light filtration; image processing

1. Introduction

Light sources with the ability to accurately display colors play an important role in
solving various tasks including physiological studies of visual perception [1], colorime-
try [2] and multi-spectral imaging [3]. These devices are a viable alternative to printed
color charts and checkers that degrade and change their properties over time. Such tunable
illuminants combine light beams from a few sources with different emission spectra, e.g.,
lasers [4,5] or LEDs [6–12]. By optical coupling and adjusting the relative intensities of
these beams, one can reproduce a specific color with additive color mixing. Because of
metamerism, the color may appear the same even when the spectral power distributions
(SPDs) of the illuminants differ.

To measure color appearance (from a human observer point of view), the Commission
international de l’eclairage (CIE) introduced a special standard CIE XYZ in 1931 [13].
Obviously, it is possible to introduce such a standard because the majority of people with
normal color vision have almost the same color perception mechanism. The CIE XYZ
1931 standard introduced the shape of human eye spectral sensitivity functions calculated
from the results of color-matching experiments [14] on 17 middle-aged British people
with normal color vision. Later similar experiments have been conducted many times
to verify the obtained results and investigate the influence of different factors, such as
increased field of view for color stimuli [15]. Nowadays, this standard is one of the most
important foundations in color reproduction science, because it facilitates the assignment
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of a numerical color value to the observed spectrum. CIE XYZ 1931 paves the way to
separate the brightness (Y) of a color (determined by the total energy of radiation) and
the chromaticity by introducing x, y coordinates. In this paper, we use the CIE XYZ 1931
standard to demonstrate CIE x, y coverage using different CRSs and estimate the color
reproduction quality.

Figure 1 illustrates the areas in this space occupied by typical CRSs based on four
lasers [4] and three [11] and four [8] LEDs (Figure 1). We may see that a significant number
of colors is not available for reproduction using such devices. To expand their scope, more
light sources with different SPDs are necessary, which means a complication of the CRS’s
optical design, adjustment and management.
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delivers such a collection of features. 

AO interaction, i.e., diffraction of light by ultrasonic waves, is a unique technique that 
allows tunable multi-bandpass filtration. It became a flexible and repeatable method for 
selecting the required spectrum of light [16]. That is why we believe that AO interaction 
may become an effective tool for selecting a specific color from wide-band light and pro-
pose applying it for color reproduction tasks. This feasibility study aims to experimentally 
validate this idea and comprehensively evaluate its advantages and limitations. 

AO spectral filtration of light as well as other AO effects are based on photoelasticity, 
i.e., the change in the refractive index of a medium due to the presence of sound waves 
that create a volume diffraction grating. By changing the parameters of ultrasound, one 
may vary the structure of this grating and the diffraction pattern. In Bragg mode, when 
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Figure 1. Typical SPDs (upper row) of CRSs based on four lasers (a), three (b) and four LEDs (c) and
color areas that they cover in CIE XYZ 1931 chromaticity space (lower row).

An alternative approach to full-color reproduction might be related to tunable multi-
bandpass spectral filtration of white light. Simultaneous selection and mixing of a few
monochromatic or narrow-band components of the required wavelengths and intensities
could potentially reproduce any color. To implement this approach, one needs a spectral
component that is able to transmit light in a few selectable wavelength bands simultane-
ously with a tunable transmission for each of them. None of the conventional spectral
elements (prisms, diffraction gratings, liquid crystal or Fabry–Perot tunable filters, etc.)
delivers such a collection of features.

AO interaction, i.e., diffraction of light by ultrasonic waves, is a unique technique that
allows tunable multi-bandpass filtration. It became a flexible and repeatable method for
selecting the required spectrum of light [16]. That is why we believe that AO interaction may
become an effective tool for selecting a specific color from wide-band light and propose
applying it for color reproduction tasks. This feasibility study aims to experimentally
validate this idea and comprehensively evaluate its advantages and limitations.

AO spectral filtration of light as well as other AO effects are based on photoelasticity,
i.e., the change in the refractive index of a medium due to the presence of sound waves that
create a volume diffraction grating. By changing the parameters of ultrasound, one may
vary the structure of this grating and the diffraction pattern. In Bragg mode, when 2πλL
>> Λ2 (λ and Λ are wavelengths of light and sound waves, respectively, and L is a length
of AO interaction), the diffraction pattern consists of two maxima (the zeroth and the first
orders). The first diffraction order summarizes selective reflections of light from the wave
fronts of ultrasonic waves and thus is informative for the analysis of the light spectrum.
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Being compact, solid-state and PC-controlled, AO tunable filters (AOTFs) are a robust
and versatile tool to manage the spectrum of transmitted light [17,18]. Arbitrary spectral
access, multi-wavelength selection and transmission function apodization are key features
of AO interaction that deliver a good compromise in terms of spectral bandwidth, tuning
range, aperture and switching time.

Thus, Bragg diffraction of white light using multiple ultrasound waves seems an
attractive basis for building reliable and flexible CRSs. In this study, we experimentally
demonstrate the feasibility of this technique for accurate color reproduction.

2. Proposed Approach

The concept of the proposed AOTF-based CRS is shown in Figure 2. It includes an AO
crystal and a piezoelectric transducer bonded to it. When electrical signals are applied to
the transducer, it generates ultrasonic waves propagating through the crystal. These waves
modulate the refractive index and thereby form a three-dimensional diffraction grating.
The simplest grating is achieved when applying a single acoustic frequency f 0. In this
mode with the Bragg phase-matching conditions fulfilled, there is only the first diffraction
order, and the AOTF transmission function is described with a squared sinc function:
T(λ) ~ sinc2((λ − λ0)/δλ), where λ0 ~ 1/f 0 and δλ ~ λ0

2 [16]. Diffraction light intensity
is proportional to the acoustic power P radiated from the transducer. If N frequencies
fj (j = 1, 2 . . . N) are launched simultaneously, then T(λ) is the sum of transmission functions
T(λ − λj) defined by each of them. By varying the values of N, fj and Pj, one can select the
required number N of the spectral bands as well as precisely tune their positions λj and
intensities Ij.
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achieves segments with different colors. The proper power ratio P1/P2, i.e., intensities I1/I2, 
enables accurate selection of a particular color within the segment. If the AOTF selects 3, 
4 or more spectral bands simultaneously, then the available gamut is described using a 
triangle (Figure 3b), quadrangle (Figure 3c) or polygon with more vertices defined by the 
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intensities Ij of the light beams in this case have to be assigned in accordance with the center 
of gravity law [19] and, therefore, the acoustic power Pj has to be adjusted accordingly. 

Figure 2. Proposed CRS concept.

The number of selected bands N determines the palette of available colors. If the
AOTF operates in dual-frequency mode, then reproducible colors lay on the line segment
between the points defined by λ1 and λ2 (Figure 3a). Changing the frequencies f 1 and f 2
varies the inclination angle of this line on the CIE XYZ 1931 chromaticity plane and thus
achieves segments with different colors. The proper power ratio P1/P2, i.e., intensities I1/I2,
enables accurate selection of a particular color within the segment. If the AOTF selects 3,
4 or more spectral bands simultaneously, then the available gamut is described using a
triangle (Figure 3b), quadrangle (Figure 3c) or polygon with more vertices defined by the
selected wavelengths λj, i.e., the acoustic frequencies fj launched in the crystal. The relative
intensities Ij of the light beams in this case have to be assigned in accordance with the center
of gravity law [19] and, therefore, the acoustic power Pj has to be adjusted accordingly.
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acoustic bond consisting of chromium, gold and indium was evaporated. After welding, 
electrical matching networks were installed to match the transducer and the electrical im-
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plied to the piezoelectric transducer, it vibrated and generated bulk shear ultrasonic 
waves that propagated in the TeO2 crystal and were absorbed by the acoustic absorber 
placed at its opposite facet. 
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Thus, to reproduce the color x, y with an AOTF-based CRS, it is enough in principle
to choose the number N and positions λj of the basic wavelengths, calculate the relative
intensities Ij of the diffracted beams and properly adjust the values of acoustic power Pj.

3. Experimental Setup

Birefringent crystals are the most efficient AO medium in terms of diffraction efficiency,
availability and ease of handling. They enable anisotropic AO interaction, which changes
the polarization (e→o or o→e) of the incident optical beam and enables easy separation
of the first diffraction order from the zeroth one using a linear polarizer [16]. Tellurium
dioxide (TeO2) is one of the best AO crystals that is widely used because of its high figure of
merit M2 = no

3 ne
3p2/ρV3 (no and ne are refractive indices for ordinary and extraordinary

polarized light, p is effective photoelastic constant, ρ is density and V is ultrasound wave
velocity), which is 1200 × 10−15 s3kg−1 at the wavelength λ = 632.8 nm. A high value of
M2 ensures the low driving power P = (λ2h)/(2M2l) (h and l are the height and length of
the acoustic beam, respectively) that is required for the high efficiency of Bragg diffraction
and eases the fabrication of AO devices.

For our experiments, we produced a typical TeO2 AOTF with a cut angle of 7◦

and a wide-aperture geometry of AO interaction. The AOTF had an optical aperture of
10 × 10 mm and angular aperture of 4◦ × 4◦. The front facet of the crystal was perpen-
dicular to the incident light beam. For easier mixing of the diffracted light beams, the
back facet angle of the crystal corresponds to their minimal chromatic shift in the range of
430–780 nm [20]. Because of the poor transparency of tellurium dioxide below 430 nm, the
violet part 380–430 nm of the visible spectrum is unavailable. With some other AO crystals,
e.g., quartz (SiO2), it is possible to cover the entire visible range of 380–780 nm.

To generate bulk ultrasonic waves in the TeO2 crystal, we bonded a thin-plate piezo-
electric transducer to it via cold indium welding. The transducer had 2 3.5 × 8 mm
sections with a 0.5 mm gap between them. The sections were electrically connected in
series to reduce the effective capacitance. The thickness of the transducer corresponds to
the acoustic frequency 85 MHz which is the central frequency of the operating range. The
transducer was made of X-cut lithium niobate (LiNbO3) because of its large piezoelectric
and electromechanical coupling coefficients, stable functioning at high frequencies and
well-established manufacturing process. To place ground and drive electrodes, thin films
of chromium and gold were evaporated and deposited on the transducer. To ensure a good
acoustic impedance matching of the piezoelectric transducer and AO crystal, a specific
acoustic bond consisting of chromium, gold and indium was evaporated. After welding,
electrical matching networks were installed to match the transducer and the electrical
impedance of the driving radio frequency generator. When a radio frequency signal was
applied to the piezoelectric transducer, it vibrated and generated bulk shear ultrasonic
waves that propagated in the TeO2 crystal and were absorbed by the acoustic absorber
placed at its opposite facet.
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By varying the acoustic frequency f from 56 to 137 MHz, the wavelength λ of filtered
light may be precisely tuned in the range 430–850 nm according to the tuning curve λ(f )
obtained after AOTF calibration using a certified monochromator. The total driving acoustic
power P = ΣPj is variable from 0 to 2.5 W and defaults to 1 W at all wavelengths. To enable
multi-frequency mode, we used a four-channel driver based on a direct digital synthesizer
(Analog Devices AD9959) and two homemade two-channel amplifiers, which enabled
precise assignment of the position and intensity of each selected spectral band.

Figure 4 illustrates the experimental setup. To ensure anisotropic o→e diffraction
and cut off non-diffracted light, we placed the AO cell between crossed polarizers P1
and P2. Lens L1 with a focal distance of 35 mm collimated wide-band light from a fiber-
coupled 150 W halogen lamp LS and sent it to the AOTF. After AO diffraction, lens L2
with a focal distance of 50 mm focused the filtered light onto the sensor of color camera
CAM (TheImagingSource DFM 42BUC03). CAM acquired images of the diffracted beams
and thus facilitated the comparison of the reproduced colors with the reference ones. Its
quantum efficiency is spectrally dependent and must be taken into account during color
rendering experiments. That is why, between L2 and CAM, there was a 50/50 beam splitter
BS that directed the reflected light to spectrometer SP (Ocean Insight Flame-T-UV-VIS).
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Figure 4. Scheme (a) and appearance (b) of the experimental setup for color reproduction. LS—light
source, L1 and L2—lenses, P1 and P2—polarizers, AOTF—acousto-optical tunable filter, BS—beam
splitter, CAM—color camera, SP—spectrometer.
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SP is necessary for the interactive measurement and correction of the light intensities Ij
in the selected bands and managing the acoustic power Pj in AOTF channels with respect to
the quantum efficiency of the CAM sensor in order to ensure that the ratio of the intensities
corresponds to the assigned color.

All the experiments presented below were carried out in typical laboratory conditions
(temperature 23 ◦C and relative humidity 50%). In fact, all optical (lenses, polarizers, AOTF,
etc.) and electronic (LS, AOTF driver, CAM) components of the setup can operate at a
wider range of ambient temperatures (10–40 ◦C) and humidity (30–70%). To validate the
repeatability of the proposed CRS in various tolerable combinations of temperature and
humidity, further study is necessary.

4. Experimental Results

We demonstrated the proposed system’s capabilities by conducting multiple color
reproduction experiments. Figure 5 shows images of the reference and reproduced colors
obtained with an AOTF operating in single- (points A, E and I), dual- (points B, D and G)
and three-frequency (points C, F and H) modes. Here, the amount and positions of the
colors for color rendering as well as the spectral bands for their reproduction were selected
just to illustrate the flexibility of the AOTF-based CRS. Depending on the application, these
parameters may be optimized for the stable and repeatable reproduction of colors located in
a certain area of the CIE XYZ 1931 chromaticity plane without spectral tuning. The images
formed by diffracted light beams are presented after correction, i.e., averaging over the
cross-section of the diffracted beams’ profiles. Otherwise, they look non-uniform because of
vignetting, diffraction-caused distortions and optical aberrations (see below in Figure 6d).
The exposure time was equal to 20 ms in all experiments, as shown in Figure 6. The relative
intensities presented in Figure 6 were calculated from the measured values with respect to
the quantum efficiency of the camera sensor.
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Figure 6. Color checker (a), its selected colors presented as reference images (b) and plotted in CIE
XYZ 1931 space (c) and acquired raw (d) and averaged (e) images.

Figure 5 demonstrates the high visual similarity of the assigned colors and the colors
in the acquired images. To obtain a more objective merit of color rendition, we took a
certified color checker (Edmund Optics Rez Checker) widely used for testing true color
balance and comparing with reference patterns. Figure 6a shows the color checker’s image
acquired with the same lens L2 and the same color camera CAM operating in the same
mode as in the color reproduction experiments [18] (Figure 6b). We chose the wavelengths
λ1 = 460 nm, λ2 = 520 nm and λ3 = 650 nm as the basic ones to form a wide enough
triangle in CIE XYZ 1931 and cover all 19 selected colors (Figure 6c). In this experiment,
we again calculated the necessary ratio of the intensities Ij and applied the acoustic power
Pj accordingly. The total acoustic power ΣPj applied to the AOTF was adjusted in order
to achieve the same intensity of the maximal component in all acquired images as in the
reference ones shown in Figure 6b. Figure 6d,e illustrates the raw and corrected (averaged)
color images formed by the diffracted light. Visually, the reproduced colors (Figure 6e) seem
almost indistinguishable from the ones in the color checker (Figure 6a). Correspondingly,
the average and median reproduction quality according to ∆E2000 are about 1.25 and 1.12,
respectively, which is close to the just noticeable difference (∆E2000 = 1) threshold, while
those for the angular errors between the reference and generated tristimulus are about 0.68
and 0.61, respectively.

Figure 7 illustrates the spectra I(λ) selected using AOTF and measured with spectrom-
eter SP for all 19 colors in the color checker. Coordinates x, y of each color as well as the
calculated relative intensities I1:I2:I3 of the respective monochromatic components 460 nm,
520 nm and 650 nm necessary for its reproduction are shown inside the circles.
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5. Discussion

Though the CRS implementation demonstrated in this study has multiple advantages
including almost full CIE XYZ space coverage, high speed and repeatability, it still has the
potential for higher efficacy.

First, accurate spatio-temporal and radiometric calibration of the setup will allow
obtaining the dependence of image intensity I on acoustic power P in each image pixel
with respect to the transmittance of optical components and the quantum efficiency of the
sensor and thus will simplify the system by excluding the spectrometer. Regular calibration
and refinement of correction factors will compensate for long-term temporal variations in
CRS performance.

Second, accurate optical CRS design will lead to uniform and non-distorted light
beams acceptable for human visual color perception study in the entire color triangle. To
achieve this, the simulation and optical design of the setup must take into account multiple
effects related to light transmittance through fiber-optic cable and AOTFs: material and
waveguide dispersion, scattering and absorption losses, wave-front distortions caused by
AO diffraction, etc.

Third, the adjustable width δλ and shape T(λ) of the transmission function, which
is an important advantage of AO diffraction, was not used in this feasibility study but
is quite helpful in many rendering tasks and may widen the variety of AOTF-based
CRS applications. A common approach to interactive management of the transmission
function is dispersive synthesis, i.e., varying the ultrasonic signal with a complex-valued
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spectrum [17]. With this feature, the proposed CRS may become even more flexible and
versatile and may deliver multiple scenarios of color reproduction. Interactive and broad-
range change in the number N, shapes Tj(λ) and intensities Ij(λ) of the selected spectral
channels is an ultimate solution for multiple color rendering tasks but requires advanced
hardware for programmable radio frequency waveform synthesis.

Fourth, one of the main AOTF drawbacks critical for some color reproduction applica-
tions is its low optical throughput due to its small angular aperture, narrow spectral band,
linear polarization selection under anisotropic diffraction and other factors. Depending
on the application, this problem may be solved in a few ways: using a light source with
higher power, optimizing the optical coupling between the AOTF and other components,
frequency modulation of ultrasonic waves [21], complicating the optical scheme to ensure
simultaneous effective AO diffraction of both polarization components of a randomly
polarized light, etc.

Fifth, the metrological characteristics of the proposed AOTF-based illuminants must
be further investigated. Evaluation of their accuracy and repeatability is a challenging
task and requires detailed theoretical and experimental analysis of the contribution of
multiple systematic and random factors to the color reproduction error. Spatial, temporal,
spectral and intensity variations are inevitable in systems of this type and must be calibrated
over the entire range of multiple physical parameters with respect to the operating mode
and conditions.

With these issues taken into account, the proposed AOTF-based approach to color
rendering may have multiple potential applications in biomedicine, industry and metrol-
ogy. One of them deserves more thorough consideration. Now, there are still no color-
appearance models that ensure high-quality color representation and prediction within
the entire color triangle of a standard observer. One of the main reasons for this is the
lack of tools and techniques for studying the color perception of an arbitrary reference
color located close to the border of the color triangle. The most popular methods are
based on wide-coverage displays and do not allow such a capability. Colorimetric setups
require installation and changing multiple certified color filters, which makes large-scale
measurements almost impossible. The new AOTF-based technique proposed in this study
may help overcome these limitations and bring new opportunities to vision science. It
demonstrates an efficient method of building laboratory setups for human vision system
research including presenting stimuli, measuring thresholds and quantitative character-
istics and analyzing the color perception properties. Such systems will be a pioneer in
understanding human visual perception over the entire area of the color triangle of the
standard CIE XYZ 1931 observer.

6. Conclusions

AO interaction is a flexible tool for the spectral filtration of light by varying the param-
eters of the acoustic waves. AO interaction enables the stable selection of monochromatic
components with the required wavelengths and amplitudes. Launching a few ultrasound
frequencies with tunable power in AO crystal and mixing the diffracted light beams can
enable the creation of an almost infinite number of colors. Together with comprehensive
radiometric calibration of the optical setup and digital image processing, this technique
delivers unique color reproduction capabilities with just one white light source. This type
of tunable illuminant provides nearly full coverage of the CIE XYZ 1931 chromaticity space
and demonstrates high color-rendering quality, high luminous efficiency, fast tuning and
easy adjustment. We believe that an AOTF-based CRS may have multiple applications
in industry and biomedicine and can be helpful for developing new up-to-date color
reproduction standards in colorimetry that are extremely important for the worldwide
scientific community.
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7. Patents
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Abstract: Spectral image filtration by means of acousto-optical tunable filters (AOTFs) has multiple
applications. For its implementation, a few different optical schemes are in use. They differ in
image quality, number of coupling components, dimensions and alignment complexity. To choose
the optical system of AOTF-based spectral imager properly, many factors have to be considered.
Though various schemes of acousto-optic (AO) filtration have been tested and discussed, their
comparative analysis has not been reported up to now. In this study, we assembled the four most
popular schemes (confocal, collimating, tandem and double-path) using the same AO cells and
experimentally compared their main features. Depending on the application, each scheme may be
the basis of compact cost-effective spectral imaging devices.

Keywords: spectral imaging; acousto-optic interaction; image quality; confocal scheme; collimating
scheme

1. Introduction

AOTFs have become a popular tool for various hyperspectral imaging applications in
biomedicine [1,2], agriculture [3,4], aerospace [5,6] and other fields. Based on anisotropic
Bragg diffraction of wide-band light by ultrasound in crystalline media, these spectral
elements provide a good combination of optical (high spectral and spatial resolution, wide
tuning range, etc.) and technical (compactness, absence of moving parts, etc.) features [7].

The imaging capabilities of AOTF-based systems are defined by multiple factors.
Most of them, e.g., geometry of AO interaction, shape of AO cell (AOC) and structure of
ultrasound beam [8–10], have been examined and discussed in detail. Besides these AOTF
characteristics, the optical scheme of AO spectral filtration has a strong influence on the
features of AOTF-based images [11]. In practice, a few different schemes are used.

A typical AOTF configuration includes a single AOC located between two polarizers
crossed with respect to each other [12]. More effective in terms of spectral resolution and
residual image distortion are double AOTFs that may consist of tandem AOCs [13] or
utilize a double light pass through a single AOC by means of optical feedback [14] and
back reflection [15].

Moreover, there are three image formation methods common for all AOTFs: collimat-
ing, confocal and convergent [10]. Collimating (telescopic) scheme is the most common and
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the simplest one and provides high image quality and spectral resolution. However, the
non-uniformity of the central wavelength of filtered light across the field of view results in a
specific image spatio-spectral distortion [16]. Confocal telecentric scheme, which forms the
image inside AOC, is free from this drawback but leads to visualization of the inhomoge-
neous ultrasound structure in the filtered image and to spectral resolution degradation [17].
Specific AO aberrations (distortion and chromatic image drift) are present in both schemes.
Converging scheme is used quite rarely [18].

Tandem AOTF consisting of two identical AOCs provides higher spatial and spectral
resolution, but at the same time, lower light transmission and larger dimensions. Normally,
tandem AOTF utilizes a collimating scheme to avoid additional couplers necessary for
the confocal one. To reduce the dimensions and price of a tandem AOTF, a single AOC
operating in double-pass collimating scheme can be used [19].

All these optical schemes differ in image quality, number of coupling components,
dimensions, alignment complexity and other features. For each specific task and for each
AOC, it is necessary to optimize the optical system for AO image filtration. Though the
schemes mentioned above have been already tested and discussed, their comparative
analyses have not been reported up to now. We need to extract the characteristic features
of each scheme by separating them from intrinsic features of AOC itself.

In this study, we assemble, test and analyze four various schemes (Figure 1). Two of
them are commonly used schemes: collimating (coll) and confocal (conf) ones. Two others
imply two-stage light diffraction: by two AOC in series (tandem configuration) and by
the same AOC (double-pass configuration). All of them are described in Section 2. The
comparison procedure and results are presented in Section 3, while the general conclusions
are presented in the last section.
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single-pass (tandem) collimating scheme (T-coll); (c) single-crystal single-pass confocal scheme (S-conf); (d) single-crystal
double-pass collimating scheme (D-coll).

2. Materials and Methods

In the experiments, we used a typical AOC made from paratellurite (α-TeO2), which
is the most widely used AO uniaxial crystal. The geometry of this AOC is optimized for
minimization of the chromatic image drift in the confocal optical scheme. It provides good
spectral and spatial resolution and may be used in a wide spectral range [20]. Residual
angular dispersion is 0.4◦. The AOC has a cut angle γ = 7◦ (Figure 2). The wide-aperture
diffraction geometry of e-polarized light [8,12] is realized for incident angle θ = 73.85◦. Basic
parameters: the piezotransducer length L = 12 mm, clear input aperture is 10 × 12 mm2, the
angular aperture is 4◦ × 4◦. An incident light beam must be directed normally to the front
facet. The back-facet inclination angle is with respect to incident facet β = 2.3◦. By varying
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the acoustic frequency within intervals of 60–110 MHz, one can tune the wavelength of
filtered light in the range 450–850 nm. Driving acoustic power interval is 2.3–2.5 W. It is
adjusted to equalize the AOTF’s light transmission in this range. In tandem AOTF two
identical AOCs of this type was used.
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Figure 2. AO cell configuration. Group velocity v deviates from the ultrasound wave vector q due to
walk-off effect; deflection of diffracted light wave vector kd from incident ki depends on θ and γ,
while direction of output light beam is governed by back-facet inclination angle β. All the variants of
experimental schemes have the same structure: object→ input optics→ AO spectral unit→ output
optics→ photodetector.

In all the experiments presented below (Figures 3–6), we used both standard and
custom optical components. For image acquisition, the camera TheImagingSource DMK
37BUX178 with 1/1.8′ ′ 6.3 MP CMOS sensor was installed. Depending on the inspected
object, two different lenses L0 were utilized: an infinity-corrected microscope objective
Carl Zeiss Planachromat 10/0.25 and photography lens Minolta MAXXUM 135/2.8. Afocal
system L1, L2 consists of two identical standard lenses: 25 mm board lenses TheImag-
ingSource TBL 25 or Thorlabs AC127-025-AB achromatic doublets. Focusing lens L3 is
75 mm Kowa LM75HC lens or Thorlabs AC127-075-AB achromatic doublet. Focusing lens
in confocal scheme is 35 mm board lens TheImagingSource TBL 35. Coupling lenses L4
and L5 are 36 mm doublets specially designed and manufactured to compensate for the
chromatic focal shift introduced by the AO cell in the confocal scheme. Lens L7 in the last
setup is a 50 mm achromatic doublet.
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A single-crystal single-pass collimating scheme (S-coll) is comprised of the following
input optical part elements: input lens L0, field stop A1 inside the afocal system L1–
L2, which define the collimated beam divergence preventing sensor irradiation by non-
diffracted (unfiltered) light (Figure 3). An output lens L3 forms the spectral image on the
sensor S.

Single-crystal single-pass confocal scheme (S-conf) comprises two similar optical
systems in the input and output: a pair of lenses with intermediate diaphragm (Figure 4).
The input system forms an intermediate image inside the AOC, while the output projects
its filtered component onto the sensor S. The aperture stop A2 defines the convergence
angle and output stop A3 blocks the non-diffracted (unfiltered) beam. Coupling lenses L4
and L5 are 36 mm custom-designed to compensate for the chromatic focal shift introduced
by the AO cell. Other components are standard machine vision lenses.
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Figure 4. S-conf scheme. Breadboard model and optical beam-pass diagram.

Double-crystal single-pass (tandem) collimating scheme (T-coll) needs an afocal sys-
tem L2–L3 in the input and output focusing lens L3 to transfer the object image into the
sensor S (Figure 5). Tandem AOTF consists of two identical AO cells and three crossed
Glan–Taylor calcite polarizers P1, P2, and P3. The second AO cell is rotated by 180◦ with
respect to the first one. The polarizers are necessary to block the non-diffracted light beam
leaving the filter at the same direction as the twice-diffracted one, whereas the lateral
separation is insufficient due to the rather small deflecting angle. As the extinction ra-
tio of polarizers is not always enough to eliminate non-diffracted light completely, we
additionally utilized a field stop A1.

Since AO cells are identical and opposite turned, the same wide-aperture diffraction
mode is realized in both AO cells, and, thus, image aberrations of distortion and chromatic
drift are compensated. The drawback of the scheme is significantly increased energy losses.
The advantages are higher spectral and spatial resolution.
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Figure 5. T-coll scheme. Breadboard model and optical beam-pass diagram.

Double-pass single-crystal collimating scheme (D-coll) contains beamsplitter BS, which
divides it into three parts (Figure 6). The input optical system consists of a lens L0 and the
afocal system L1-L2 with the field stop A1 inside. The spectral unit additionally comprises
an AO cell, a retroreflector (lens L6 with the mirror M), which directs back the diffracted
light emerging from AO cell, while the rest of the light does not return. The reflected
spectrally selected light diffracts in the AO cell and is filtered one more time. In terms of
ray tracing and spectral selection, the double-pass scheme is very similar to the tandem
one with two identical AO cells.
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In this scheme, we used a Thorlabs BSF10-A beamsplitter. A plate beamsplitter is
preferable, as reflections from the edges of that usually degrade the image contrast. In
general, the normal incidence on any flat surface located after BS should be avoided
to protect the sensor from stray light that would reduce the image contrast. Even AR
coating does not fully solve this problem, since the filtered light has a narrow spectrum
and therefore its intensity is much less than the intensity of unfiltered light. To minimize
stray light, the AOC is slightly tilted in the sagittal plane and its faces are coated with
the antireflection coating. These measures, however, do not ensure solving the problem,
because usually the tilt angle is small (otherwise it will cause optical aberrations, in
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particular astigmatism) and so reflections emerging in a wide spectral range make the
selection of narrowband filtered light difficult. For this reason, polarizers are not suitable
in this scheme. To solve the problem, we placed a field stop A1, like in the S-coll scheme
(Figure 3), and thus have managed to adjust the scheme.

Generally, in this scheme, the transmission is significantly reduced by the beamsplitter,
but there is an additional optical channel which can be used for white-light imaging
or auxiliary purposes. Therefore, the double-pass scheme is promising for multimodal
operation. One can also use an optional beamsplitter and other considered schemes to
provide a similar multimodal operation. However, this will lead to additional losses in all
other schemes.

3. Experimental Results

Imaging capabilities of the described schemes were estimated with use of the test
targets (Figure 7a) and specific color print (Figure 7b), for characterization of the spatial
resolution, image distortion and spectral imaging contrast features.
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For adequate comparison, one needs to equalize the image settings. To make the fields
of view of all four systems roughly equal, we chose appropriate parameters of optical
components L0–L6. The image longitudinal chromatic aberrations in the confocal scheme
caused by the dispersion of the α-TeO2 crystal were compensated for by custom designed
lenses L4 and L5. In collimating schemes, defocusing is negligible, and other optical
elements were standard achromatic lenses.

To equalize the image brightness, we optimized the intensity of the halogen light
source as well as the exposure time and gain of the camera. For example, images at
wavelength 600 nm (Figure 8) were recorded with the same lighting conditions, but different
exposure times: 0.01 s (S-call and S-conf), 0.25 s (T-coll) and 0.5 s (D-coll).

The spectral resolution was measured in the central part of the field of view by the
diffraction grating spectrometer Ocean Insight FLAME.

As can be seen from Figures 8 and 9, classical single-crystal single-pass schemes (S-coll
and S-conf) demonstrate rather similar features. The main differences are higher spatial
resolution in the confocal scheme, with lower spectral resolution [17,18]. Double-stage
schemes (T-coll and D-coll) exhibit significantly higher spectral and spatial resolution,
in exchange for higher light losses [19]. The double-pass scheme (D-coll) combines the
advantages of single-crystal and tandem AOTFs (high resolution at lower cost), but requires
laborious adjustment. Generally, all the schemes demonstrate their usability so a given AO
cell can be used in different schemes.
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4. Discussion and Conclusions

In this experimental study, we assembled four popular optical schemes for AOTF-
based spectral imaging (Figures 3–6). The same typical AOCs operating in a conventional
wide-aperture mode were exploited. In this way, we eliminated the influence of the AOC’s
features and highlighted the differences caused by the optical scheme. Though all schemes
are capable of providing acceptable image quality, there are considerable differences in
spectral and spatial resolution and other imaging characteristics and, therefore, adequate
choice of the optical scheme permits optimization of particular features important for
solving the problem.

A detailed analysis of the obtained images (Figures 8 and 9) is presented in Table 1.
These results should be interpreted primarily as a comparative assessment of the studied
schemes and not as a merit of the best performance achievable in each scheme.

Table 1. Experimental results.

Scheme Spectral Resolution
(at 600 nm), nm

Contrast at
15 mm−1

Chromatic (450–850 nm)
Drift, %

Exposure Time
(at 600 nm), s

Rel.
Cost

S-coll 4.8 0.50 5% 0.01 1

S-conf 5.5 0.60 0.5% 0.01 1.1

T-coll 3 0.65 1% 0.25 2.5

D-coll 3.8 0.20 0.5% 0.5 1.5

The spectral resolution, as expected, is higher in schemes with double AO filtering
(D-coll and T-coll). The best image contrast at the selected spatial frequency (~15 mm−1) is
achieved in a scheme with two AOCs (T-coll) and in a confocal scheme. The worst contrast
is demonstrated by the double-pass scheme (D-coll), in our opinion, for two reasons. First
is stray light. Second, light energy losses make it necessary to work with long exposure
times, and therefore, along with the signal, the background light is also exposed for longer.

In the experiments, we used AOCs with the geometry optimized for the confocal
scheme. In particular, it compensates for the chromatic drift by the optimal output facet
angle. Therefore, the chromatic drift is almost absent in S-conf, but it is noticeable in S-coll.
In double-pass schemes, chromatic drift is compensated. Its residual non-zero values can be
explained by inaccurate alignment. Exposure time in double-pass schemes is significantly
higher due to double absorption in the AOC, a narrower spectral bandwidth, and the
presence of a beamsplitter (in the D-coll scheme). In all schemes, the AOCs are the most
expensive components, followed by polarizers. Thus, T-coll scheme seems to be the most
cost ineffective.

This study paves the way to understanding the main issues related to the optical de-
sign of AOTF-based spectral imagers. A good result is always a compromise between the
AOTF configuration and the complexity of the optical coupling and adjustment. Depending
on the application, each scheme may be effective. The study results are helpful for the
development of new AOTF-based imagers. Each scheme is worth detailed studying and
discussing in a separate article.
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Abstract: Spectral imaging detection using acousto-optical tunable filters (AOTFs) faces a significant
challenge of low throughput due to the traditional design that only receives a single polarization light.
To overcome this issue, we propose a novel polarization multiplexing design and eliminate the need
for crossed polarizers in the system. Our design allows for simultaneous collection of ±1 order light
from the AOTF device, resulting in a more than two-fold increase in system throughput. Our analysis
and experimental results validate the effectiveness of our design in improving system throughput
and enhancing the imaging signal-to-noise ratio (SNR) by approximately 8 dB. In addition, AOTF
devices used in polarization multiplexing applications require optimized crystal geometry parameter
design that does not follow the parallel tangent principle. This paper proposes an optimization
strategy for arbitrary AOTF devices which can achieve similar spectral effects. The implications of
this work are significant for target detection applications.

Keywords: AOTF; spectral imaging system; polarization multiplexed; high throughput

1. Introduction

The acousto-optic tunable filter (AOTF) is a narrow-band spectral filter that can be
electrically tuned. It operates based on the principle of acousto-optic interaction, where
the refractive index of the acousto-optic medium undergoes periodic changes in response
to an input acoustic wave [1]. This phenomenon resembles the behavior of a diffraction
grating [2]. Figure 1 illustrates the AOTF devices, featuring an acoustic wave generated by
the transducer and absorbed by an absorber. By switching the radio frequency (RF) signals
applied to the transducer, the AOTF device can scan the spectral regions of interest [3].
The AOTF device offers fast response time, high spectral resolution, and wavelength
configurability, making it an ideal choice for various applications, including remote sensing
and medical imaging [4–8]. However, the low throughput limits the performance of the
AOTF spectral imaging system [9,10]. This limitation stems from the optical aperture
constraints of the AOTF devices and the extinction design of the system. The typical
optical aperture limitations for the visible AOTF devices with TeO2 crystal are a through-
aperture of up to 25 × 25 mm2 [11] and a real aperture angle of 9◦ [12]. These constraints
are primarily influenced by the properties of the crystal material, and ongoing research
explores alternative materials [13,14]. Meanwhile, the extinction design of the system is
mainly attributed to the traditional optical design, which only receives a single polarization
of light using crossed polarizers. This design choice leads to a significant throughput loss
of over 50% [15].
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To address the low-throughput issue of AOTF devices, two solutions are commonly
employed: non-polarization design and ultrasonic frequency modulation [16,17]. Non-
polarization design aims to enhance throughput by eliminating the polarizer from the
system. This approach offers distinct advantages over the ultrasonic frequency modulation
method, including the avoidance of multi-frequency crosstalk and limitations on acoustic
power, as well as the elimination of specific polarization requirements for incident light. In
1999, Voloshinov introduced a design in which the incident light with different polarization
states enters the AOTF device at specific angles to ensure that the ±1 order light is imaged
at the same position on the detector. This design utilized a monochromatic laser with
beam expansion and the incident light passed through a polarization beam splitter (PBS),
separating the ordinary (o) light from the extraordinary (e) light. The o light was reflected
into the AOTF device at a predetermined angle [18]. However, this design exhibited optical
inconsistency and was only suitable for near-axis fields of view. Subsequently, Fang et al.
proposed a dual-arm design, with simultaneous collection of ±1 order light using two
mirrors behind the AOTF device [19]. For two-dimensional (2D) imaging of the sample,
the design was combined with a motorized scanning stage [20]. Nonetheless, this design
resulted in low-resolution images or was limited to single-point detection applications.
Subsequently, they developed a design that can be used for spectral imaging applications,
involving the modulation of the polarization state of both beams entering the AOTF device
through the use of a half-wave plate [21]. However, this design significantly compresses
the real aperture angle of the AOTF device, which relies on the principle of separating
diffracted (±1 order) and transmitted (0 order) light [2]. The suppression of panchromatic
transmitted light in spectral imaging systems is crucial, as its intensity is generally much
higher than the effective spectral intensity. Additionally, stray light resulting from the
phase-delay variation across the application spectrum range of the half-wave plate also
affects image quality. Moreover, the front design of the system is based on collimation optics,
which does not facilitate the simultaneous detection of ±1 order light (see Section 2.3 for a
detailed analysis). Furthermore, Beliaeva et al. analyzed the feasibility of highly efficient
tunable light source using a similar principle [22]. In conclusion, the previous AOTF
system designs exhibit limitations in spectral imaging applications, including inconsistent
spectral response, compressed real aperture angle, transmission stray light interference,
and complex structure.

In this paper, we present a high-throughput AOTF system with a polarization multi-
plexing design for spectral imaging applications. The front telecentric confocal optics with
the optimized AOTF device in the system demonstrates its unique suitability for polar-
ization multiplexing applications. To achieve stray light suppression in spectral imaging
systems, the rear blocking optics effectively suppress transmitted light while allowing
diffracted light to pass unaffected. Compared to the traditional single polarization detec-
tion systems, our proposed design enables simultaneous collection of the ±1 order light
of the AOTF device and eliminates the need for crossed polarizers, resulting in an over
two-fold throughput improvement. Furthermore, the AOTF devices used in polarization
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multiplexing applications need optimization of crystal geometry parameters, which does
not follow the parallel tangent principle. To address this issue, we propose an optimization
strategy for arbitrary AOTF devices that can achieve similar goals, avoiding the cost and
long manufacturing periods associated with traditional methods. The proposed design and
optimization strategy are introduced and discussed in detail in Section 2, with experimental
results from desktop systems provided in Section 3 to verify their effectiveness in achieving
high throughput.

2. Methods and Analysis
2.1. Basic Principles of the Noncollinear AOTF Device

There are two fundamental configurations of AOTFs: collinear and noncollinear. In
the collinear configuration, the interacting optical and acoustic waves propagate in the
same direction, whereas in the noncollinear configuration, the directions of the optical
and acoustic waves are different [23]. As shown in Figure 2, a typical noncollinear AOTF
device, which usually has three crystal geometry parameters, including the front facet
angle (θ∗i ), the acoustic cut-angle (θα), and the back facet angle (θβ), which greatly affect
its performance. In particular, most noncollinear AOTF devices are designed based on
the parallel tangent principle to achieve high diffraction efficiency within the angular
aperture [24]. For arbitrarily polarized incidence, the o and e light must be analyzed
separately due to their distinct refractive indices. In addition, this paper establishes two
coordinate systems for analysis: the optical axis coordinate system (X0OY0) and the crystal
axis coordinate system (X1OY1).
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the collinear configuration, the interacting optical and acoustic waves propagate in the 
same direction, whereas in the noncollinear configuration, the directions of the optical and 
acoustic waves are different [23]. As shown in Figure 2, a typical noncollinear AOTF de-
vice, which usually has three crystal geometry parameters, including the front facet angle 
( *

iθ ), the acoustic cut-angle ( αθ ), and the back facet angle ( βθ ), which greatly affect its 
performance. In particular, most noncollinear AOTF devices are designed based on the 
parallel tangent principle to achieve high diffraction efficiency within the angular aperture 
[24]. For arbitrarily polarized incidence, the o and e light must be analyzed separately due 
to their distinct refractive indices. In addition, this paper establishes two coordinate sys-
tems for analysis: the optical axis coordinate system ( 0 0X OY ) and the crystal axis coordi-
nate system ( 1 1X OY ). 
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2.2. Structure of the AOTF Spectral Imaging System

The proposed system consists mainly of the front optics, an AOTF device, the blocking
optics, and an imager as shown in Figure 3. The AOTF device, which is the central
component of the system, has certain constraints on the system design such as the working
spectral range, the through aperture (DAOTF), and the real aperture angle (θAOTF), as shown
in Figure 4a. These constraints affect the design of the front optics. Typically, the front
optics have two structures: collimation and confocal [25]. However, in our proposed design,
we use telecentric confocal optics, where Linput is equivalent to the focal length ( f1) of the
front lens1 [26,27]. For a 2ω0 field-of-view application, the front optics must meet certain
requirements as below:
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Figure 4. Diagram of AOTF devices. (a) AOTF device without a wedge angle for monochromatic
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In spectral imaging systems, the 0 order light represents the panchromatic spectrum
and typically exhibits significantly higher intensity than the effective spectral intensity.
Therefore, it is crucial to employ blocking optics to suppress the 0 order light. In this study,
the blocking optics are composed of a lens set and a light barrier located at the exit pupil.
The width of the light barrier is meticulously designed to fulfill specific criteria:

2 f2 tan

(
θmax

t

/
2

)
≥ Dblock ≥ 2 f2 tan

(
θt

/
2

)
(2)

where θt is the cone angle of the 0 order (panchromatic transmitted) light and f2 is the focal
length of lens2. Additionally, θmax

t represents the maximum cone angle of 0 order light,
corresponding to the angle between the ±1 order light. This design effectively blocks the
0 order light, while allowing the ±1 order light to pass unaffected. The real aperture angle
can be estimated by the separation angle of the normal incident light. It is worth noting that
some AOTF devices have a wedge compensation that extends the 0 order light, as depicted
in Figure 4b, which should be considered when calculating the real aperture angle.

The imager is used to capture spectral images and consists of an objective lens and a
focal plane array detector. To ensure efficient light collection, the objective lens requires a
large entrance pupil diameter, represented as:

Dimager ≥ 2 f2 tan

(
θall

/
2

)
(3)

where θall is the cone angle of all emitted light as Figure 3. Our proposed system satisfies
the “4 f ” design criteria, where Linput = f1, L2 = f1 + f2, and Lblock = f2. During operation,
the incident light forms the first image point inside the AOTF device, and all rear optics
perform secondary imaging on this point. We find that the relative position parameter (L1

2)
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of the AOTF device is a key parameter, and optimizing this parameter ensures a better
image quality of the ±1 order light with polarization multiplexing design. As shown in
Figure 5a, the image quality is described by the half-size of the dispersed spot (δoe) in the
diffraction direction of the AOTF device in this paper. The position of the first image point
of the o and e light is obtained by ray-tracing the main light and the edge light based on
geometric optics theory as Figure 5a, and the ray tracing process inside an AOTF device
can be found in Ref. [28]. Then, the traversing method is used to find the optimized L1

2 so
that the lateral difference (∆yoe) between the two image points is 0 as Figure 5b,c. Finally,
the optimal first image point is searched in the interval of o and e light image points to
minimize the comprehensive δoe of the two beams.
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and e light within the real aperture angle is shown in Figure 6d. The difference between 
the optimization strategy and the optimized crystal geometric parameters is negligible, 
with differences of less than 0.01 nm. Moreover, AOTF devices are sensitive to the polari-
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Figure 5. The parameter L1
2 will affect the relative position of the first image points of the o and e

light. (a) Schematic diagram of light path. Additionally, the relative position difference distribution
is shown with the crystal geometry parameters of (b,d) θ∗i = 14.14◦, θα = 6.50◦, and θβ = 0◦,
(c,e) θ∗i = 15.07◦, θα = 6.49◦, and θβ = −4.64◦. The red solid lines are the results of the 2nd AOTF
device by the optimization strategy. xoe in (d,e) is the relative distance to the incident point O.

In this paper, two AOTF devices are presented for comparison. The first device (the
1st AOTF) has optimized crystal geometry parameters of θ∗i = 14.14◦, θα = 6.50◦, and
θβ = 0 (the 1st AOTF) for non-polarization applications [29,30]. The second device (the
2nd AOTF) is used in the experiments and closes to the parallel tangent principle for
e-light input application, with crystal geometry parameters of θ∗i = 15.07◦, θα = 6.49◦, and
θβ = −4.64◦ [31]. As shown in Figure 5b,d, the optimized L1

2 of the 1st AOTF device is
66.81 mm, and the minimum δoe is less than 1.0 µm. From Figure 5c,e, we can find that
the optimized L1

2 of the 2nd AOTF device is 67.36 mm, and the minimum δoe is 28.4 µm.
As the optimization strategy is applied to the 2nd AOTF device, resulting in improved
aberration values of L1

2 = 67.06 mm and δoe = 16.7 µm. Additionally, the optimization
strategy is described in detail in Section 2.3. It is observed that using AOTF devices with
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unoptimized crystal geometry parameters results in large aberrations, which is not desirable
for polarization multiplexing design. Additionally, the aberration will be improved with
applying the optimization strategy. However, it is pointed out that the optimized AOTF
device is a better choice and we are working on this for the future.

2.3. Optimization Strategy for Polarization Multiplexing Applications

Traditional AOTF devices, which follow the parallel tangent principle, are typically
designed for a single polarization state (o or e light). However, when the 2nd AOTF
device is directly used for polarization multiplexing applications, there can be a substantial
spectral difference in the ±1 order light, as depicted in Figure 6(a,c4). This issue can be
mitigated by optimizing the crystal geometric parameters of the AOTF devices [29,30]. By
optimizing these parameters, the normal incident o and e light of the same wavelength
can satisfy the momentum matching principle at the same tuning frequency, resulting in a
significant improvement in the matched wavelength distribution of o and e light within
the real aperture angle, as demonstrated in Figure 6b,e. However, developing such a new
AOTF device can be costly and time-consuming. Alternatively, we propose an optimization
strategy to rotate the traditional AOTF device at an off-axis angle (θ∗0 ) in the polar plane
to achieve the same goal, as illustrated in Figure 2. This also enables the o and e light
of the same wavelength to satisfy the momentum matching principle at the same tuning
frequency, as depicted in Figure 6f. In this case, the matched wavelength distribution of o
and e light within the real aperture angle is shown in Figure 6d. The difference between the
optimization strategy and the optimized crystal geometric parameters is negligible, with
differences of less than 0.01 nm. Moreover, AOTF devices are sensitive to the polarization
state and incident angle of the light. It can be observed from Figure 6b,d that the optimized
AOTF device can only ensure consistent matched wavelengths of o and e light at the given
incident angle. As shown in Figure 6(c1), the optimized AOTF device has the same matched
wavelengths of o and e light under normal incidence. Although the matched wavelengths
at the edge have been improved, the difference is still about 9.7 nm, as shown in Figure 6(c2).
Previous studies have reported the beneficial effects of the telecentric confocal design in
suppressing optical sidelobe effects [27]. However, we have found that this design also
has a great adaptability for polarization multiplexing applications. It enables the AOTF
device to filter the arbitrary views equally, and the spectral response function is equal to
the integral within the cone angle of the light entering the AOTF device as [32]:

Response ∝
∫ ∫ θin

2

− θin
2

To
0 (θ, ϕ, λ)I(ηo, Lo, ∆ko)dθdϕ +

∫ ∫ θin
2

− θin
2

Te
0(θ, ϕ, λ)I(ηe, Le, ∆ke)dθdϕ (4)

where θ is polar angle of the incident light and ϕ is the azimuth angle as shown in Figure 2.
To

0 (θ, ϕ, λ) and Te
0(θ, ϕ, λ) are the intensities of o and e light entering the AOTF device,

respectively. Additionally, I(η, L, ∆k) is the diffraction efficiency equation, given as:

I = η
sin2

[
η + (∆kL/2)2

]1/2

η + (∆kL/2)2 (5)

where L is the acousto-optic interaction length that is affected by the length of the transducer.
Additionally, the actual transducer length of the 2nd AOTF device used in the experiments
is about 10 mm. The parameter ∆k describes the momentum mismatch and η represents
the peak diffraction efficiency [33]. By employing telecentric confocal optics, the spectral
response curves of o and e light are closer to each other as Figure 6(c3). In contrast,
adopting the collimation design would cause the occurrence of “double peaks” in the
spectral response curves at some image points as shown in Figure 6(c2), which is not
conducive to spectral detection.
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Figure 6. Matched wavelength distributions within the real aperture angle at 632.8 nm of (a) the 2nd
AOTF device, (b) the 1st AOTF device, and (d) the 2nd AOTF device by the optimization strategy.
(c) Spectral curves with the collimation design in which (c1) describes the normal incidence of the
1st AOTF device, and (c2) corresponds to the edge field. Spectral curves with telecentric confocal
design that (c3) describes the integral response of the 1st AOTF device, and (c4) corresponds to the
2nd AOTF device. (e) The wave vector diagram of the 1st AOTF device, and (f) corresponds to the
2nd AOTF device by the optimization strategy.
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The torsional strategy is introduced in detail below. The light with an off-axis angle θ0
obeys the Snell’s law as:

n0 sin θ0 = n1 sin θ1 (6)

where θ1 is the refraction angle in the crystal, and n0 and n1 are the refractive indices in the
air and crystal, respectively. The n0 is generally 1.0 in the air, and n1 of the o and e light can
be solved by [34]: {

no
1 = no

ne
1 = none√

no2 sin2 θe
2+ne2 cos2 θe

2

(7)

with markers o and e to distinguish o and e light. no and ne are the principal refractive
indices, respectively. In the crystal coordinate system, the refraction angle θ2 is:

θ2 = θ1 − θ∗i (8)

Using Equations (6)–(8), we can easily obtain θo
2 by:

θo
2 = arcsin(

sin θ0

no
)− θ∗i (9)

while θe
2 can be obtained by solving a quadratic equation:

(
cos2 θ∗i −

sin2 θ0

ne2

)
tan2 θe

2 + 2 sin θ∗i cos θ∗i tan θe
2 +

(
sin2 θ∗i −

sin2 θ0

no2

)
= 0 (10)

Now we can obtain θo
2 and θe

2 in the wave vector diagram (Figure 6f) at the incident
angle of θ0, and no

1 and ne
1 can also be obtained from Equation (7). The incident optical

wave vectors can be solved by: 



∣∣∣∣
→
ko

i

∣∣∣∣ =
2πno

1
λ∣∣∣∣

→
ke

i

∣∣∣∣ =
2πne

1
λ

(11)

and the coordinates of the intersection A are:
{

Ao =
2πno

1
λ (cos θo

2, sin θo
2)

Ae =
2πne

1
λ (cos θe

2, sin θe
2)

(12)

The linear equations of AoBe and AeBo are similar:

y− yA =
1

tan θα
(x− xA) (13)

The wave vector elliptic equations of o and e light are:




x2

no2 +
y2

no2 =
( 2π

λ

)2

x2

no2 +
y2

ne2 =
( 2π

λ

)2 (14)

Then, using Equations (12)–(14), the coordinate of the point Be(xe
B, ye

B) can be obtained
by solving a quadratic equation:
(

tan2 θα
no2 + 1

ne2

)
ye

B
2 + 4π tan θα

λno
(cos θo

2 − sin θo
2 tan θα)ye

B

+ 4π2

λ2

(
cos2 θo

2 + sin2 θo
2 tan2 θα − 2 sin θo

2 cos θo
2 tan θα − 1

)
= 0

(15)

and
xe

B = tan θα(ye
B − yo

A) + xo
A (16)
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Similarly, we can obtain the coordinates of point Bo(xo
B, yo

B) by:

(
tan2 θα + 1

)
yo

B
2 +

4πne
1 tan θα

λ (cos θe
2 − sin θe

2 tan θα)yo
B

+ 4π2

λ2

[(
ne

1
)2 cos2 θe

2 +
(
ne

1
)2 sin2 θe

2 tan2 θα − 2
(
ne

1
)2 sin θe

2 cos θe
2 tan θα − no

2
]
= 0

(17)

and
xo

B = tan θα(yo
B − ye

A) + xe
A (18)

Finally, the fitting torsion angle θ∗0 can be obtained by traversing method with∣∣∣∣
→

AoBe

∣∣∣∣ =
∣∣∣∣
→

AeBo

∣∣∣∣. When using a normal AOTF device with e light input design, θ∗0 is

greater than 0. While for an AOTF device with o light input design, θ∗0 is less than 0. In
this study, the 2nd AOTF device used had a fitting θ∗0 of 2.19◦. The optimization strategy
employed also allows for the same AOTF device to be used in o light input mode, which can
be achieved through the calculation of the Bragg angle of the o light input application under
the parallel tangent principle. Specifically, the Bragg angle of the o light input application
should be 13.18◦ at θα = 6.49◦, and the torsion angle required is 4.29◦, switching to the o
light input mode. We can now set the example system parameters as shown in Table 1.

Table 1. Example system parameters of the proposed design.

Parameters The 1st AOTF The 2nd AOTF
(Optimization Strategy)

2ω0 (◦) ±7.5 ±7.5

Dinput (mm) 5.2 5.2

f1 (mm) 75 75

L1
2 (mm) 66.8 67.1

DAOTF (mm) 20 20

θAOTF (◦) 4.0 4.0

f2 (mm) 75 75

Dblock (mm) 5.2 5.3

Dimager (mm) 15.9 16.1

We have further calculated the theoretical throughputs of the two AOTF devices using
Equation (4) with the parameters listed in Table 1. The results of these calculations are
presented in Figure 7 and Table 2. In our calculations, we accounted for both polarization
states and utilized an angular sampling step of 0.1◦. As a result, we obtained an input
intensity of 3362 (41 × 41 × 2) at each wavelength within the real aperture angle of 4.0◦.
Compared to the traditional single polarization detection, the polarization multiplexing
design proposed in this paper can improve the throughput by about two-fold. Additionally,
we observed a slight increase of 0.7% in the peak diffraction efficiency.

Table 2. Theoretical throughput data and comparison results.

AOTF Device The 1st AOTF The 2nd AOTF

Detection Mode Polarization
Multiplexing

Single
e Light

Single
o Light

Polarization
Multiplexing

Single
e Light

Single
o Light

Theoretical throughput
within 620–650 nm 78,090 38,458 39,119 77,680 37,979 38,402

Maximum diffraction
efficiency 33.3% 32.4% 32.6% 33.1% 31.8% 32.4%

Ratio of throughput
improvement 2.03 2.00 2.05 2.02
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Figure 7. Spectral response curves. (a) The 1st AOTF device with optimization of crystal geometric 
parameters. * 14.97iθ = °  and * 13.20iθ = ° satisfy the parallel tangent principle of e and o light, re-
spectively. (b) The 2nd AOTF device with the optimization strategy. 

  

Figure 7. Spectral response curves. (a) The 1st AOTF device with optimization of crystal geometric
parameters. θ∗i = 14.97◦ and θ∗i = 13.20◦ satisfy the parallel tangent principle of e and o light,
respectively. (b) The 2nd AOTF device with the optimization strategy.

3. Results and Discussion
3.1. Test and Analysis of Optimization Strategy

A spectral test optics setup, as shown in Figure 8, was constructed. The light source
was a wide-spectrum light source composed of an integrating sphere (Halogen lamp) and
a collimator. The input aperture used is a circular aperture of 5.2 mm diameter. The AOTF
device selected for the experiment was the SGL100-400/850-20LG-K, which was sourced
from China. The commercial spectrometer used is the Ocean Optics USB2000+. Spectral
sampling of o and e light was performed behind the light barrier (exit pupil). The results
of spectral tests are shown in Figure 9. Additionally, the results show good agreement
with the theoretical calculations. This demonstrates that spectral modulation of the AOTF
device can be realized using the optimization strategy, making it suitable for polarization
multiplexing applications. In addition, our previous work has revealed the consistent
response of the incident light at a torsion angle of 2.19◦ [31].
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Figure 9. The tested and theoretical spectral response curves at (a) θ∗0 = 0, (b) θ∗0 = 2.19◦, and
(c) θ∗0 = 4.29◦.

3.2. Test and Analysis of Throughput

Then, the actual throughput of the proposed polarization multiplexing design and
the traditional single polarization light design are compared in this paper. The evaluation
factor used is the average Digital Number (DN) index of the detector within the effective
area (green box area of the images), while the image signal-to-noise ratio (SNR) is evaluated
using the same size of the red box area of the image. In the tests, len1 and lens2 temporarily
use a single lens here, which can be optically optimized in the future. Additionally, further
details of the system parameters can be found in Table 1. In the traditional design, cross
polarizers are used before and after the AOTF device as shown in Figure 10, and the baffle
used is wider to eliminate interference from the other polarization light. The polarizer used
in the system has a transmittance of approximately 86% (GCL-050003). The imager uses a
camera (Basler acA640-120gm) with 50 mm focal length lens (PENTAX B5014A). The light
source is also the wide-spectrum light source composed of an integrating sphere and a
collimator. The target is a hollow square target. Throughout the experiment, the camera
maintained a consistent exposure time of 20 ms (milliseconds) and a fixed gain of 300.
The captured images are listed in Figure 11, which show that the proposed polarization
multiplexing design can effectively improve the system throughput by over 2.6-fold, as
indicated in Table 3. By eliminating the losses incurred by the cross polarizers, the resulting
increase in throughput is nearly twice as much as predicted by the theoretical calculations in
Section 2.3. Simultaneously, the efficiency of conventional designs in separately collecting
o light and e light is comparable.
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Figure 10. Structure diagram of the AOTF spectral imaging systems for testing the throughput.
(a) Polarization multiplexing design. (b) Single polarization detection design.
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Figure 11. The captured images of the square target at 632.8 nm.

Table 3. The response DN values of the captured images.

Parameter Test 1 Test 2 Test 3 Average

Signal of polarization multiplexing
(

DNpm
s ) 109.7 109.5 109.5 109.5

Signal of sin gle e− polarized light (DNe
s ) 38.1 38.6 38.3 38.3

Signal of sin gle o− polarized light (DNo
s ) 41.5 42.0 41.9 41.8

DNpm
s /DNe

s 2.88 2.84 2.86 2.85
(Eliminating loss of polarizers) (2.13) (2.10) (2.11) (2.11)

DNpm
s /DNo

s 2.64 2.61 2.61 2.62
(Eliminating loss of polarizers) (1.96) (1.93) (1.93) (1.94)

Noise of polarization multiplexing
(

DNpm
n ) 4.9 4.7 4.7 4.8

Noise of sin gle e− polarized light (DNe
n ) 4.2 4.6 4.4 4.4

Noise of sin gle o− polarized light (DNo
n ) 4.4 4.9 4.8 4.7

Rpm/dB 27.0 27.4 27.3 27.2

Re/dB 19.1 18.5 18.8 18.8

Ro/dB 19.5 18.7 18.8 19.0

This paper also includes a comparison of the SNR of images captured by various
systems. The SNR can be computed using the following formula:

R = 20lg

(
DNs

/
DNn

)
(19)

where DNs and DNn are the DN values of the signal and noise, respectively. The variable
R represents the magnitude of the image SNR. The results demonstrate that the proposed
polarization multiplexing design improves the image SNR by approximately 8 dB, as
illustrated in Table 3.

3.3. Test and Analysis of Spatial Resolution

In addition, spatial resolution represents a crucial characteristic of the imaging system.
To assess the image quality in the polarization multiplexing system, we conducted a
comprehensive evaluation employing the USAF-1951 resolution target as the reference.
Figure 12a displayed the captured image, revealing a notable improvement in quality
compared to previously published works [18,35]. For quantitative assessment, we utilized
the contrast transfer function (CTF) defined as follows:

F =
DNmax − DNmin

DNmax + DNmin
(20)
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where DNmax and DNmin are the maximum and minimum DN values along the orthogonal
line direction as shown in Figure 12a, respectively. The variable F denotes the CTF value.
Furthermore, we obtained the CTF analysis results in both horizontal and vertical directions,
displayed in Figure 12b. The horizontal direction corresponds to the AOTF diffraction
direction. The spatial resolution of the USAF-1951 target can be determined as follows:

Resolution = 2Group+ (Element−1)
6 (21)

where Group is the group number and Element is the element number as Figure 12a. In
the red dot wireframe (Group = 0, Element = 1), the corresponding single linewidth
is 0.5 mm, indicating a resolution of 1 Lp/mm. The CTF analysis results show that the
horizontal resolution is slightly higher than the vertical resolution as shown in Figure 12b.
This discrepancy is primarily influenced by polarization multiplexing, resulting from the
distinction between o and e light [36,37]. In future research, we aim to enhance this aspect
by optimizing the geometric parameters of the AOTF device (as detailed in Section 2.2) and
optimizing the lens group of the overall optical system.
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Figure 12. Resolution test and analysis results. (a) Captured image of USAF-1951 resolution target
with polarization multiplexing application. (b) CTF analysis results.

4. Conclusions

In summary, we propose a novel design to address the low throughput of traditional
AOTF spectral imaging systems. Our design utilizes polarization multiplexing to simul-
taneously capture ±1 order light of the AOTF device, resulting in a more than two-fold
increase in system throughput. The experimental results validate the effectiveness of our
design in improving system throughput and enhancing imaging SNR by approximately
8 dB. Moreover, our proposed design offers simplicity in structure compared to previously
published works. Additionally, it is optimized for concerns such as inconsistent spectral
response, real aperture angle compression, and transmission stray light interference. This
research offers a valuable contribution to the field of AOTF spectral imaging systems in
target detection applications. However, it should be noted that the polarization multiplex-
ing design may lead to a reduction in spatial resolution, especially in the AOTF diffraction
direction, which necessitates further efforts to overcome in future studies.

In addition, AOTF devices used in polarization multiplexing applications require a
special design that does not follow the parallel tangent principle. This paper introduces an
optimization strategy for arbitrary AOTF devices, which can achieve similar spectral effects
without incurring high costs or long manufacturing periods. The test results demonstrate
that the optimization strategy effectively corrects the spectral inconsistency of ±1 order
light from the AOTF device at the same tuning frequency. This work is not only applicable
to the proposed polarization multiplexing system, but also beneficial to AOTF polarization
spectroscopy detection systems [38] and other AOTF detection systems that collect ±1
order light simultaneously.
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Abstract: Near-infrared spectroscopy has been widely applied in various fields such as food analysis
and agricultural testing. However, the conventional method of scanning the full spectrum of the sam-
ple and then invoking the model to analyze and predict results has a large amount of collected data,
redundant information, slow acquisition speed, and high model complexity. This paper proposes a
feature wavelength selection approach based on acousto-optical tunable filter (AOTF) spectroscopy
and automatic machine learning (AutoML). Based on the programmable selection of sub nm center
wavelengths achieved by the AOTF, it is capable of rapid acquisition of combinations of feature
wavelengths of samples selected using AutoML algorithms, enabling the rapid output of target sub-
stance detection results in the field. The experimental setup was designed and application validation
experiments were carried out to verify that the method could significantly reduce the number of NIR
sampling points, increase the sampling speed, and improve the accuracy and predictability of NIR
data models while simplifying the modelling process and broadening the application scenarios.

Keywords: AOTF; AutoML; feature wavelength selection; near infrared detection system

1. Introduction

NIR spectroscopy has many advantages, such as being nondestructive and accurate,
and has been widely applied in areas such as food safety [1,2], drug analysis [3], agricultural
testing [4], and basic chemistry [5]. The current common approach to NIR spectroscopy is
to obtain the full continuous spectral data of the sample in the spectral range and to use the
corresponding algorithms to model the correlation between the sample and the spectral
data. However, the NIR spectral data of a sample has a relatively high dimensionality and
also suffers from inter-spectral overlap, covariance, and noise, which negatively affects
the performance of the NIR spectral model [6]. The selection of the effective feature
wavelengths of the sample is extremely important at this point. Feature wave-length
selection extracts spectrally valid variables and removes useless or interfering wavelength
data, improving the accuracy and predictiveness of the data model. Only spectral data
from a specific band or specific wavelength points are required to build a well-performing
detection model, requiring significantly fewer wavelength sampling points.

Numerous algorithms exist to select the characteristic wavelengths of the collected
NIR spectra of the samples to build reliable models [7], such as the adaptive reweighted
sampling (CARS) [8], the random frog hopping algorithm (RF) [9], the PLS–genetic algo-
rithm (PLS-GA) [10], etc. These algorithms have different performance for different data
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and problems, and in practice modelling usually involves human experience in selecting
the most suitable model, which increases the complexity of the modelling process. In
contrast, the recently proposed automatic machine learning (AutoML) [11] allows for auto-
mated model selection without human intervention. The model automatically generates
the network structure that is most efficient for the task at hand, and the model automatically
searches for the best sequence of combinations of operations under the different structures
produced by itself. This approach can effectively reduce the complexity of modelling and
also ensures the robustness of the model.

After modelling the characteristic wavelengths of the sample, the current instruments
still need to collect the full spectrum first and then select the characteristic spectra to input
into the model to obtain the final results [12,13]. However, this full-spectrum acquisition
method results in slow data acquisition and processing. Although common grating-based
spectroscopy instruments can acquire data quickly, the cost is significantly higher due to
the use of array detectors, and problems such as non-uniformity between detectors can also
affect the signal-to-noise ratio of the acquisition. In some applications where fast real-time
processing is required, such as industrial on-line analysis, faster spectral acquisition and
higher data quality are often required. Therefore, an NIR spectrometer that can be coupled
with a feature wavelength filtering algorithm to achieve variable wavelength acquisition is
a solution that can guarantee both speed and data quality and model robustness. An AOTF
spectrometer can change the diffraction wavelength by changing the frequency of the RF
power signal added to it, which can achieve sub-nm-level central wavelength picking in
the full spectrum and use a unit detector to obtain data, which can effectively improve the
signal-to-noise ratio and is an ideal device that can be used with the feature wavelength
selection algorithm.

AOTF-based NIR spectroscopy has been extensively studied in food inspection and
agricultural applications. Several studies have been conducted to implement commercial
AOTF-NIR spectrometers for nondestructive detection of dried apple and olive fruit [14–17].
Diffuse reflectance spectra were acquired in the wavelength range 1100–2300 nm at 2 nm
intervals using the Luminar 5030 AOTF-NIR Miniature ‘Hand-held’ Analyzer (Brimrose
Corporation, Baltimore, MD, USA). The feasibility of using AOTF-NIR spectroscopy in an
intelligent drying system for nondestructive detection and monitoring of physicochemical
changes in organic apple wedges during the drying process was investigated. Partial least
squares (PLS) regression models were developed to monitor changes in water activity, mois-
ture content, soluble solids content, and chroma during drying. The classification models
were computed using K-means and Partial Least Squares Discriminant Analysis (PLS-DA)
algorithms in sequence [14]. AOTF-NIR was also satisfactorily applied to predict phenolic
compounds [15] and monitor the ripening of olives [16]. Water content, fat content, and free
acidity in olive fruit were predicted by online NIR spectroscopy combined with chemomet-
rics techniques [17]. In addition to the PLS regression algorithm, a sensor software based on
an artificial neural network (SS-ANN) was designed by Allouche et al. [18] for monitoring
olive malaxation. In hyperspectral imaging, a prototype on-line AOTF-based hyperspectral
image acquisition system (450–900 nm) has also been developed for tenderness assessment
of beef carcasses [19]. However, in these previous studies, it is usually necessary to collect
all spectral data before making predictions, and for AOTF spectroscopy more research is
needed to optimize the sampling strategy according to specific applications.

Therefore, this paper utilizes the features of AOTF programming to acquire specific
wavelengths and combines an AOTF-based spectrometer with an automatic machine
learning–based feature wavelength selection algorithm to achieve rapid output of target
substance detection results in the field. This form of application will effectively improve
the efficiency of online NIR spectroscopy systems and bring broader prospects for industry
applications, as it can significantly reduce the amount of data to be collected and reduce
the time required for the cyclic data collection process during online inspection.
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2. AutoML-Based Feature Wavelength Selection

The efficiency of current machine learning algorithms often relies on human guidance,
such as data preprocessing, feature selection, algorithmic models, and the determination
of hyperparameters. With the complexity of machine learning algorithms, the number of
available algorithms and processes is increasing. AutoML is a spatial search optimization
method that can find the optimal solution in a finite spatial range in the shortest possible
time, reducing time and labor costs while improving operational accuracy [11]. AutoML
generally consists of two main components: an evaluator and a tuner. The evaluator is
responsible for measuring the performance of the learning tool under the adoption number
conditions provided by the tuner and for feeding the results to the tuner, while the tuner
is responsible for making the feedback information for the learning tool to update the
configuration information. In addition to algorithm selection, hyperparameter optimiza-
tion [20], and neural network architecture searches, AutoML can also cover automatic data
preparation, automatic feature selection, automatic flowline construction, automatic model
selection, and integrated learning [21]. One of the solutions for AutoML is AutoGluon–
Tabular architecture [22], which is very suitable for structured data regression problem
solving with more accurate model robustness. The analytical modeling of NIR spectral
data is a typical structured data regression problem, and the screening of feature wave-
lengths is also a variable selection problem in machine learning, so it is very suitable for
AutoGluon–Tabular architecture, which is used in this paper for the analytical modeling
and model-based feature wavelength screening of NIR spectral data. This architecture
differs from the common hyperparameter search-based technique architecture in that it
relies on fusing multiple models that do not require a hyperparameter search, thus avoiding
hyperparameter search and increasing the number of trained models in a prescribed time.
The operational steps and the flow chart for data feature wavelength selection of NIR
spectral data using AutoGluon–Tabular architecture are as shown in Figure 1.
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(1) Data pre-processing

Firstly, the acquired transmission/reflection spectral data are converted into ab-
sorbance data, and the data are loaded into AutoGluon–Tabular. AutoGluon–Tabular
will automatically check the label columns, determine the type of problem, and distin-
guish whether it is a classification problem or a regression problem; then the data are
pre-processed, the feature data are classified, and the useless feature data are discarded.

(2) Model training
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After the data pre-processing, the data will be trained by a series of machine learning
models, using integration and stacking techniques to combine multiple models. AutoGluon–
Tabular will select models for training in a unique order, firstly selecting the models with
reliable performance and then gradually selecting the more computationally intensive but
less reliable models. The current AutoGluon–Tabular architecture supports algorithms
such as Random Forest [23], Super Random Tree, k Nearest Neighbor, LightGBM boosted
tree, CatBoost boosted tree, AutoGluon–Tabular deep neural network, etc. In this paper,
we will train all of the above algorithms. AutoGluon–Tabular ensembles multiple models
and stacks them in multiple layers, which offers better use of allocated training time than
seeking out the best. We set ‘root_mean_squared_error’ as “eval_metric”. AutoGluon–
Tabular tunes factors such as hyperparameters, early-stopping, ensemble-weights, etc. in
order to improve this metric on validation data.

(3) Wavelength importance ranking

We calculated the permutation importance which measures the importance of a fea-
ture and ranked the wavelength variables according to this. The higher the permutation
importance, the higher the contribution of the wavelength to the model and the more
representative the wavelength is of the characteristics of the detection target.

(4) Feature wavelength combination screening

After ranking the importance of wavelengths, we are not sure which wavelength
combinations can achieve the best performance of the model. In order to filter the best
combination of feature wavelengths, we select the wavelengths with the top X permutation
importance to retrain the model, record the evaluation index of the model performance
trained by X wavelengths, reduce the number of X by 1, and repeat the retraining process
until X equals 0, then stop the training. Based on the number of different X’s and the
evaluation metrics of the model performance, we introduce the precision criterion to
determine the optimal number of wavelength variables. If a precision value is entered,
the model suggested according to the precision criterion is the model with the lowest
number of variables among all models, whose evaluation metric differs from the minimum
evaluation metric by no more than the precision.

Finally, we determined the optimal wavelength combination to achieve the minimum
number of measurements for a more effective model.

3. Instrument Design and Working Principle

After filtering the feature wavelengths of spectral data by AutoML, the construction
of the excellent performance model and the accurate prediction results can be achieved
via the collection of spectral data at specific wavelengths; however, the extraction of the
feature wavelengths of the current conventional spectrometer spectral data requires us
to obtain the full-band spectrum by scanning in advance, which results in sampling time
waste and resource consumption. Thus, the above problems can be effectively solved
if the wavelength filtering results can be targeted and finely sampled, while the AOTF
near-infrared spectrometer has the characteristic of freely adjustable wavelength, which
allows it to conduct discrete sampling and perform targeted and finely spectral sampling
for specific filtering results.

AOTF is an electrically tunable filter based on the acousto-optic effect, which is mainly
composed of a birefringent acousto-optic crystal (the most widely used material TeO2), a
piezoelectric transducer, and an acoustic wave absorber, as shown in Figure 2a. In practical
applications, the RF drive signal is converted to ultrasonic waves inside the crystal by a
piezoelectric transducer fixed on the crystal surface, and the diffraction wavelengths are
selected by changing the frequency of the RF signal, with a wide tuning range and fast
scanning speed. Spectrometers based on AOTF spectroscopy have the advantages of small
size, light weight, all-solid state, and strong environmental adaptability and have been
widely used in many fields such as food inspection [24], environmental monitoring [25,26],
and deep space exploration [27,28]. According to the condition of momentum matching, the
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tuning relationship between the driving frequency f (λ) of AOTF and the output diffraction
wavelengths is shown as Equation (1) [29,30]:

fa(λ) = Va[n2
i + n2

d − 2nind cos(θi − θd)]
1/2/λ, (1)

where λ is the incident light wavelength, Va is the ultrasonic propagation velocity in the
crystal, fa(λ) is the corresponding ultrasonic frequency, θi is the incident angle for a device,
θd is the output beam angle, ni is the refractive index for the incident light, and nd is the
refractive index for the diffracted light. The relationship curve between the diffraction
wavelength of the crystal and the driving frequency is shown in Figure 2b. The curve
data were obtained by measurement. A HORIBA iHR 320 spectrometer was used to
generate monochromatic light. The wavelength of the monochromatic light was first set,
and then the scanning was performed by changing the driving frequency in fine steps. The
frequency at which the most intense diffracted light was measured is the driving frequency
corresponding to that wavelength. This procedure was repeated for the entire operating
spectral range to obtain all data. It is possible to realize both sequences in the time-fine
scanning of wide spectrum bands by wavelength point by point and the high-precision
diffraction center wavelength picking of specific wavelength bands by coding control of RF
driving frequency when using a good correspondence between RF driving frequency and
diffraction wavelength, with simple wavelength picking and good repeatability.
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of AOTF driving frequency with diffraction wavelength.

According to the characteristics of the AOTF spectrometer, the optical path structure of
this system is shown in Figure 3a by combining an AutoML autonomous feature wavelength
filtering algorithm and AOTF spectrometer-specific band sampling. The use of a dual
optical path and a dual detector design, the use of an adjustable beam splitter to introduce
the reference optical path, comprehensive data processing, and compensation of light
intensity fluctuations caused by the instability of the light source and errors caused by
environmental interference (in order to improve the accuracy of the instrument) allowed
us to achieve a wide spectral scan range of 900–2400 nm. The actual spectra are sampled
by a short-wave infrared AOTF, using both high-frequency and low-frequency drivers
to achieve a wide spectral sampling range of 900–2400 nm, with a spectral resolution of
3.75–9.6 nm. The main performance parameters of the AOTF are shown in Table 1.
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Table 1. The main performance parameters of the AOTF.

Parameters

Material TeO2
Spectral coverage/nm 900–2400

FWHM/nm
3.75–8.4 @ < 1380 nm
4.2–9.6 @ > 1380 nm

RF/MHz 45.25–128.55
Angular aperture/◦ >8
Diffraction angle/◦ >7.5

Power/W ~2

The flow chart of the system is shown in Figure 3b. Firstly, the full spectrum data of the
substance is obtained through the AOTF spectrometer, and the filter modeling of the feature
wavelength of the target is completed using the AutoML algorithm to extract the feature
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wavelength of the sample. After that, the RF drive function of the feature wavelengths is
generated using the selected feature wavelength combinations combined with the drive
frequency function of AOTF, and the drive function is stored in the RF controller. When the
target is measured again, the system can take advantage of the flexible adjustment of the
AOTF central wavelength at the subnanometer level to accurately locate the desired band
and achieve the adjustable, high-precision, and fast acquisition of the feature spectrum.
By transferring the obtained data to the model established by the combination of feature
wavelengths, the detection and analysis of the characteristic components or contents of the
sample can be realized.

4. Application Results

To verify the effectiveness of the system, two different types of liquid samples (milk
and baijiu) were selected, and validation experiments were performed according to the
detection system and testing process shown in Figure 3. The experimental results of the
two measurement methods for fat content (%) in milk samples and alcohol by volume
(ABV, %) in baijiu samples are shown.

4.1. Sample Preparation

For the milk samples, we chose nine different brands of liquid pure milk, and five
samples of each milk brand were prepared for a total of 45 samples. The nine milk samples
had different fat contents, as shown in Table 2, to establish the relationship between spectral
data and fat content in the milk model using the nominal value of fat content.

Table 2. The fat contents of the milk samples.

Brand Number of Samples Fat (%)

Item1 5 1.6
Item2 5 0
Item3 5 3.5
Item4 5 3.9
Item5 5 3.5
Item6 5 3.0
Item7 5 3.1
Item8 5 3.0
Item9 5 3.1

all 45 –

For the liquor samples, we selected two brands and five types of liquor divided into
209 samples marked and sealed for storage. The determination of alcoholic content was
entrusted to the Shenzhen Institute of Measurement and Quality Inspection using the
national standard (GB 5009.225-2016) alcoholometer method, and the measurement result
was the volume fraction of alcohol, i.e., alcoholic content (%vol). The range of alcoholic
content of the samples was 42.0–56.2, with an accuracy error of 0.1, as shown in Table 3.

Table 3. ABV of baijiu samples.

Brand ABV 1 Number of Samples ABV Measured

Item1

42 14 42.0
50 49 50.2
53 77 53.1
56 47 56.2

Item2 56 22 55.8

all – 209 –
1 ABV = alcohol by volume.
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The NIR transmittance spectra of all samples were collected using this system with
a spectral sampling range of 900–2400 nm and a sampling interval of 5 nm, and the NIR
spectral data for each sample was 301 wavelength points. For the milk samples, a 0.5 mm
optical path length quartz cuvette was used to hold the samples, and the transmittance
spectra of 45 samples were obtained. For the baijiu samples, the transmittance spectra of
209 samples were obtained using a quartz cuvette with a 2 mm optical path length.

The absorbance spectra of all samples were obtained by taking log(1/T) of the trans-
mittance spectra of all samples. Savitzky-Golay (SG) [31,32] smoothing was used to reduce
the random noise. The absorbance spectra were processed using Multiplicative Scatter
Correction (MSC) [33] to remove the influence of non-concentration factors such as base-
line shift and granularity on the spectra. The spectral data with low signal-to-noise ratio
at the head and tail were removed, and the final data were in the wavelength range of
1250–2300 nm and 5 nm sampling interval, with a total of 211 data points. The absorbance
spectral data obtained by processing are shown in Figure 4.
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test data; 70% (146 samples) of baijiu was used as training data and the remaining 30%
(63 samples) was used as test data, as shown in Tables 4 and 5. Only the training data was
provided to AutoML framework at training time, while the test data was only provided at
prediction time.

Table 4. Statistics on fat of milk samples.

Data Sets Number of Samples Min Max Mean STD

Total samples 45 0 3.9 2.99 1.12
Calibration set 31 0 3.9 2.96 1.15
Prediction set 14 0 3.9 2.76 1.32

Figure 4. Absorbance spectra of different samples. (a) milk samples; (b) alcohol samples.

4.2. Modeling and Feature Wavelength Selection

The spectra of milk and alcohol samples obtained by AOTF spectrometer were con-
verted into spectral absorbance values as input features, and fat content and alcohol
content were used as model target values. The data sets were randomly divided, with 70%
(31 samples) of milk used as training data and the remaining 30% (14 samples) used as
test data; 70% (146 samples) of baijiu was used as training data and the remaining 30%
(63 samples) was used as test data, as shown in Tables 4 and 5. Only the training data was
provided to AutoML framework at training time, while the test data was only provided at
prediction time.

Table 4. Statistics on fat of milk samples.

Data Sets Number of Samples Min Max Mean STD

Total samples 45 0 3.9 2.99 1.12
Calibration set 31 0 3.9 2.96 1.15
Prediction set 14 0 3.9 2.76 1.32
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Table 5. Statistics on ABV of baijiu samples.

Data Sets Number of Samples Min Max Mean STD

Total samples 209 42 56.2 52.66 3.60
Calibration set 146 42 56.2 52.49 3.80
Prediction set 63 42 56.2 53.05 3.07

The fit application programming interface (API) of AutoGluon–Tabular was used to
train these models. Within the call to fit, AutoGluon automatically preprocesses the raw
data, identifies what type of prediction problem this is (binary, multi-class classification,
or regression), partitions the data into various folds for model-training vs. validation,
individually fits various models, and finally creates an optimized model ensemble that
outperforms any of the individual trained models.

The performance of these models was adjudged based on root mean square errors
(RMSE) of validation (RMSEV) and prediction (RMSEP). RMSEV is obtained from Auto-
Gluon which is named as “score val,” and RMSEP is calculated based on the prediction
results of the test set. This is as shown in Figure 5a,c.
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(a) “score val” (RMSEV) of milk samples. We also calculated RMSEP as “score test”. (b) degrees of
permutation importance of the milk samples; (c) “score val” (RMSEV) of alcohol samples. We also
calculated RMSEP as “score test”. (d) permutation importance of alcohol samples.

The importance the ranking [34] of data variables was performed based on permuta-
tion importance for milk and baijiu samples, as shown in Figure 5b,d. Higher importance
indicates that the feature variables have more influence on the model performance.

Based on the accuracy criteria, we calculated the difference between the RMSEV and
the minimum RMSEV for all models, where the model with a difference not higher than
20% and with the least number of variables was selected. According to our precision
criterion, eight characteristic wavelengths were selected for milk, and eight characteristic
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wavelengths were selected for baijiu. The actual results of the selected wavelengths are
shown in Table 6.

Table 6. Results of feature wavelength selection.

Samples Selected Wavelengths (nm)

Milk 1280, 1265, 2170, 1290, 1305, 1260, 1310, 2040
Baijiu 1250, 1665, 1710, 1405, 1430, 1425, 1485, 1415

4.3. Experimental Results of the System

The AOTF-NIR spectroscopy system combining the model and the corresponding
sampling strategy was deployed to a real application scenario to perform experiments on
the measurement of samples with unknown target value content. Using this instrumenta-
tion system with models, we were able to perform 211-point and 8-point measurements on
the samples, respectively. The data obtained from the measurements could then be used to
invoke the corresponding model for component content prediction. The analytical perfor-
mance of the system was evaluated when the full-spectrum model and the characteristic
wavelength model were applied separately. The performance of the prediction could be
evaluated by calculating new RMSEPs.

The RMSEV shown in Table 7 is the “score val” obtained during the training phase.
We also performed 211-point and 8-point spectral acquisitions for the above test set of
samples, respectively. After data acquisition, the average spectrum calculated in the model
building phase is used as the true spectrum for MSC processing. No smoothing operation
is performed at this stage. The data are then input to the model to derive predicted values,
which are displayed on the software interface. The RMSEP metric is obtained by calculating
the error between the predicted and true values obtained from the inference of the input
model after the spectral measurement; the inference time is automatically recorded by
the program in the host computer; the sampling time is the estimated time taken by the
instrument to acquire data at the desired wavelength point.

Table 7. The performance of the system for two datasets.

Data Sets Number of Variables RMSEV RMSEP Sampling Duration

milk
211 0.161 0.190 13.3 s

8 0.143 0.180 0.6 s

baijiu 211 0.529 0.614 13.3 s
8 0.403 0.507 0.6 s

As shown in Table 7 above, the use of the characteristic wavelength model and the
corresponding sampling strategy achieves a slight improvement in prediction performance,
while the sampling time consumption is ~22-fold smaller. The prediction performance
improvement indicates that there are many irrelevant wavelengths throughout the spectrum
that do not contribute to effective prediction of the target values and negatively affect the
performance of the prediction model.

Combined with the above experimental results, the automatic machine learning frame-
work can accurately and robustly filter the wavelength combinations with the best pre-
diction performance for the target values; combined with the eight-wavelength models
and the corresponding new sampling mechanism that only collects data at the eight wave-
length points, higher prediction performance and considerable improvement in detection
efficiency can be obtained compared with the full-spectrum model and the full-spectrum
sampling mechanism. This advantage is particularly critical for the application of AOTF-
NIR analysis systems for online inspection. The combination of AOTF’s flexibility and
automatic machine learning provides a good reference case for the application of intelligent
optical inspection in automated production by applying an automatic machine learning
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framework to easily build a well-performing model for different application objectives and
adaptively change the sampling strategy.

5. Conclusions

In this study, an NIR detection system based on AOTF with AutoML feature wave-
length screening was proposed and validated. Combining various chemometric algorithms,
spectral detection based on the characteristic wavelengths instead of the full spectrum
achieves the improvement of detection efficiency. Meanwhile, the model is simplified,
interpretability is improved, and storage and computational resource usage are reduced.
Taking milk and alcohol as examples, the validation experiments achieve a reduction in
the number of sampling wavelengths while achieving accurate and nondestructive rapid
determination of fat and alcohol content.
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Abstract: Acousto-optical tunable filter (AOTF) does not conform to the pinhole model due to the
acousto-optic interaction. A calculation method of AOTF aberrations under the condition of incident
light with a large arbitrary angle is proposed to solve the problem of coordinate mapping between
object space and image space of the AOTF system without refractive index approximation. This
approach can provide accurate pointing information of the interested targets for the tracking and
searching system based on AOTF. In addition, the effect of cut angle values of the paratellurite
crystal on aberrations was analyzed to optimize the design of AOTF cutting according to different
application requirements. Finally, distribution characteristics and quantitative calculation results of
AOTF aberrations were verified by experiments with different targets, respectively. The experimental
results are in good agreement with the simulations.

Keywords: AOTF spectrometer; aberrations; coordinate mapping

1. Introduction

Photoelectric tracking and searching system is the most important way of passive
detection at present. With the development of infrared technology, all-day and all-weather
detection can be realized. At the same time, more advanced jamming technologies have
emerged accordingly. These jamming techniques can make the target and the decoy
highly similar in geometry, kinematics, and radiance within a wide spectral range. The
consequence is the failure of traditional detection and identification methods. Therefore, it
is necessary to introduce the characteristics of the spectral dimension. For example, the
apparent temperature, the gradient of temperature, or the emissivity of the target can be
obtained by multispectral detection [1–3]. The features of these kinds are very stable and
different from the bait, so they can be used to distinguish the target from the bait. Thus,
spectral detection plays an important role in anti-jamming imaging systems now and in
the future.

Spectral imaging detection includes optical system design, mechanical design, pho-
toelectric conversion technology, target detection, recognition algorithm, and many other
fields. However, to adapt to the rapid changes in the scene, there is an urgent need for an
imaging method with a flexible spectrum. The acousto-optic tunable filter (AOTF) is a kind
of narrowband filter based on birefringent crystal material. The wavelength, direction, and
intensity of diffracted light can be modified by modulating the sound field with a high-
frequency sinusoidal signal. Moreover, it has many advantages, such as being electronically
controlled with high speed, wide spectral range, and all-solid-state. As a result, AOTF
staring imaging spectrometer is commonly used in spectral analysis [4], laser shaping [5,6],
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spectral microscopic [7,8], and many other fields [9–13]. Similarly, the advantages of AOTF
make it very suitable for tracking and searching system.

As we know, AOTF is mostly applied to the spectral imaging detection of static targets
due to the different application requirements before. In addition, the field angle of view of
the AOTF system is generally designed to be small (approximately equal to ±2◦) because
of the constraint of the separation angle. Additionally, it is considered that the imaging
aberration caused by AOTF is very small and can be ignored. Therefore, within a small
angle range, many scholars only considered the impact of incident light angle on device
performance. Zhang Zhonghua analyzed the influence of the incident light angle on the
spectral bandwidth, diffraction efficiency, and the separation angle inside and outside the
crystal; however, their analysis is limited to the interaction plane of AOTF [14–17]. Yushkov
gave the analytical expressions of the central wavelength and the tuning frequency under
oblique incidence [18], but for some special applications, the precise geometric information
of the target is required. At this time, the aberration caused by AOTF can not be ignored
even under the condition of a small field angle of view. Pozhar and Machikhin focused
on the quantitative description of AOTF spatial aberrations. In their previous works, an
approximation of small birefringence was made, and they only analyzed the aberrations in
the direction of the optical axis and the direction perpendicular to the optical axis. Then
they extended the analysis of AOTF spatial aberrations from two-dimensional space to
three-dimensional space [19–23] and proposed a method of correcting spectral and spatial
aberrations by AOTF pre-calibration for applications in which geometric characteristics
shall be attained at the same time, such as microimaging [24]. Later, they used the developed
DLL to combine the ray-tracing model with ZEMAX and applied it to the optical design
of the stereoscopic spectral imaging system [25–27]. In addition, they used a single AOTF
to obtain the three-dimensional information while obtaining the spectral information of
the target [28]. Nonetheless, no quantitative experimental results of AOTF aberrations
were given. In a word, the influence of incident light angle on AOTF can be summarized
into several stages. From the analysis within the two-dimensional plane (acousto-optic
interaction plane) to three-dimensional space, from the approximate analytical solution
neglecting the change in refractive index to the accurate iterative solution. Until now,
the acousto-optic interaction model based on momentum matching conditions has been
relatively perfect.

However, if AOTF is used for tracking and searching systems, different issues need to
be considered. The number of pixels occupied by the detected target on the image plane is
relatively few, and the angle of light entering AOTF may no longer be constrained by the
separation angle because there is no overlap between the zero-order light imaging and the
diffracted light imaging. In other words, the zero-order light and the first-order diffracted
light are allowed to be imaged at the same time under the condition that the imaging
is not saturated. Moreover, zero-order light imaging can be eliminated through image
processing because it always exists stably, and the intensity of diffracted light fluctuates
with the change in driving frequency. Therefore, for AOTF used for tracking and searching
system, there are two main problems to be solved: (1) How can the problem of central
wavelength drift, that is, to ensure the accuracy of the spectral data of the target, be solved?
(2) How can the accurate pointing information (azimuth and pitch angle) of the target be
obtained? As photoelectric detection equipment, it is one of the most basic functions to give
the target pointing information accurately. Otherwise, additional optoelectronic equipment
is required for assistance.

As the field of view increases, the drift of the central wavelength of AOTF becomes
more serious. Some scholars corrected the drift through the computational technique to
achieve the purpose of expanding the field of view [29,30]. It means that problem (1)
mentioned above can be solved for the AOTF system with a large field of view. On the
other hand, the expansion of the field of view also means that the aberration of AOTF is
more severe. The AOTF cannot use the pinhole model in ray tracing. We first conducted an
in-depth study of AOTF aberration to solve the problem (2). If the calculation and analysis
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of aberration of AOTF can ensure sufficient accuracy, AOTF can be extended to the tracking
and searching system of moving targets. Therefore, it is necessary to analyze the influence
of different incident angles on imaging aberrations in a large range of angles. As far as we
know, the study of this kind is not complete enough and lacks experimental verification.
In this article, we analyzed the influence of the angle of incident light on AOTF spatial
aberrations in three-dimensional space by the ray-tracing method and show quantitative
results of the experiments. Moreover, the influence of cut angle values of the paratellurite
crystal on aberrations was simulated.

The main contribution of this paper was to deeply analyze the aberration of AOTF
with a large field of view so that it can give the target pointing information accurately
when AOTF is used for the detection of moving targets and put forward a new application
direction of AOTF. For the AOTF imaging spectrometer with a small field of view, the
aberration is very small. AOTF can be considered to conform to the pinhole model, and the
method in this paper is not required for ray tracing. In addition, the algorithm needs to be
optimized in the real-time system due to the use of the iterative algorithm.

2. Method

At present, the AOTF imaging spectrometer can be classified into two types of struc-
tures according to the light entering the AOTF. One is with parallel entering light, and the
other is with the convergent entering light. Both have their advantages; in theory, the lateral
chromatic aberration of the confocal structure is less, while the axial chromatic aberration
of the collimated optical path is less. Considering that lateral chromatic aberration can be
corrected by the wedge angle of the AOTF rear surface (the rear wedge angle of AOTF
we used is 4.83◦), so the collimated light structure is used for the simulations and the
experimental design.

The analysis of aberration is essential to analyze the relationship between the incident
light angle of AOTF and the exit direction of diffracted light. As a spectrometer, the ray-
tracing method can no longer be limited to the crystal but needs to be converted to the
world coordinate system for analysis. The advantage of this method is that it has better
adaptability. It can still analyze and guide the design of the optical system when changing
the cut angle values of AOTF or the angle of Bragg’s diffraction.

2.1. Ray Tracing of Arbitrary Light in Three-Dimensional Space

In the design and performance analysis of AOTF devices, monochromatic light is
usually employed as the light source. It should be pointed out that in many analyses of
AOTF device modeling, the incident light is usually vertical, and a certain diffracted light
is selected by changing the driving frequency that matches the wavelength of the incident
light. Momentum mismatch occurs when the incident light is not perpendicular to the
AOTF front surface, or the wavelength of the incident light does not match the driving
frequency. However, in actual applications of spectral imaging detection, the incident light
is mostly polychromatic, and the diffracted light also essentially satisfies the momentum
matching condition in another wave vector diagram in which the wavelength of incident
light drifts.

Take e-polarized incident light and o-polarized diffracted light as an example. When
the incident light is white, the driving frequency is fixed, and the angle of the incident light
is changed, then the original incident wavelength (λ1) no longer satisfies the momentum
matching condition, as the blue triangle shown in Figure 1a. Additionally, there is another
wavelength (λ2) of incident light and the sound vector to meet the new momentum
matching condition, such as the red triangle shown in Figure 1b, the wavelength and
direction of the diffracted light can be calculated accordingly. In Figure 1a,b, the length
and direction of LAB and LDE do not change, which means the sound vector remains
unchanged. In other words, when the incident light is polychromatic, the diffracted light
of a certain wavelength can always be found to meet the momentum matching condition.
The momentum mismatch is only an artificially defined quantity to calculate the diffraction
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efficiency or spectral bandwidth. If the intensity of the sound field is constant, the amount
of momentum mismatch is only related to the direction and wavelength of the diffracted
light. Momentum mismatch is not considered in the analysis of AOTF imaging aberrations.
Therefore we need to find the wavelength and exit direction of diffracted light that meet
the conditions.

Figure 1. Wave diagram of anisotropic AO diffraction. Momentum mismatching (a) and momentum
matching (b) under oblique incidence.

In the world coordinate system, assuming the direction cosine of the incident light is
(L0, M0, N0), in the crystal coordinate system, the direction cosine of the incident light is
converted to (L1, M1 cos θ∗i − N1 sin θ∗i , M1 sin θ∗i + N1 cos θ∗i ) and θ∗i represents the angle
between the front surface of AOTF and the 110 axes. The first surface [31] adopts the
refraction theorem and the equation for calculating the refractive index of extraordinary
light, as shown in Equation (1).





nair sin θin = ne(θ) sin(θ − θi
∗),

n2
e (θ) =

n2
o n2

e
n2

o sin2 θ+n2
e cos2 θ

,
(1)

where nair is the refractive index of the air medium, θin is the incident angle in the air
medium, ne(θ) is the refractive index of e light corresponding to the refracted light in
the crystal, θ and θi

∗ is defined as shown in the partially enlarged view of Figure 2, θ
is the angle between the refracted light in the crystal and the crystal axis in the polar
coordinate system, θ − θi

∗ is the angle between the refracted light in the crystal and the
normal of the interface, and no and ne represent the refractive index of o light and e light,
respectively. Then, the phase velocity direction of the incident light in the crystal can be
obtained. Point A (xa, ya, za) is the intersection point of the incident light, and the ellipsoid
of the light wave vector shown in Figure 1. |Ka| can be obtained with driving frequency
corresponding to the wavelength of the incident light and the direction of the sound vector
Ka under the condition of momentum matching when the incident light is perpendicular
to the front surface of AOTF. Since the driving frequency has not been tuned and Ka
remains the same, even if the incident light angle has been changed, the coordinates of
point B (xa − kax, ya − kay, za − kaz) can be calculated from the coordinates of point A. The
coordinate of point C (xc, yc, zc) is the intersection of the extension line of OB and o-wave
vector sphere, and the length of the BC line, LBC, can be obtained.
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Figure 2. Ray tracing of AOTF in three-dimensional space.

It can be found that the value of LBC is related to the incident wavelength. It can
be considered that the incident light vector, diffracted light vector, and sound vector
satisfy the momentum matching condition when LBC is close to 0 with the change in
incident light wavelength. Therefore, the corresponding central wavelength at an arbitrary
incident angle is expressed by Equation (2). The “argmin” in Equation (2) means that the
center wavelength corresponds to the smallest LBC when the wavelength changes within a
certain range.

λcenter = argmin (LBC(λ))
λmin≤λ≤λmax

. (2)

The intersection point of the incident light and the E-light ellipsoid can be calculated,
i.e., D (xd, yd, zd), after we obtain λcenter. It can be understood that in the process of
wavelength change under the condition of a certain angle of the incident light, point A
moves to point D. Thus far, the intersection point E (xe, ye, ze) of the diffracted light and
the o-light sphere, and the exit direction of diffracted light in the crystal coordinate system
can be obtained simultaneously. After the diffracted light passes through the AOTF exit
surface and then changes from the crystal coordinate system to the world coordinate

system, the directional cosine of the diffracted light(
−→
GH in Figure 2) can be obtained. The

iterative method must be used to obtain more accurate ray tracing because the refractive
index of tellurium dioxide changes with the wavelength, and the analytical solution is no
longer applicable.

Through this method, the exit direction of diffracted light corresponding to incident
polychromatic light at any angle can be calculated, and further its imaging position, then
the corresponding relationship between AOTF spatial aberrations and the angle of incident
light can be calculated. This method is also applicable to the cases where the incident light
is o-polarized, the diffracted light is e-polarized, and cases about the different cut angle
values of the paratellurite crystal.

2.2. Aberration Simulation of AOTF at Different Incident Angles

Through the method above, it can be known that another wavelength of the inci-
dent satisfies the momentum matching condition with the original sound vector when
the white light is incident obliquely. Select the incident light wavelength λ = 632 nm,
driving frequency f = 73.25 MHz, and calculate the matching center wavelength under the
condition of oblique incidence within the range of ±4.0◦ polar angle and azimuth angle.
The ultrasonic cut angle of AOTF is 6.5◦. The rear wedge angle is 4.83◦. These parameter
settings are consistent with the actual design parameters of the AOTF cutting.

As shown in Figure 3, the central wavelength drifts with the increase in the incident
light angle. In the azimuth plane, the drift of the central wavelength is symmetrically
distributed. In the polar angle plane, the drift of the central wavelength is asymmetric, and
the drift of the central wavelength near the AOTF crystal axis is greater than that away
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from the crystal axis when the incident light is inclined by the same angle from the vertical
incidence to both sides.

Figure 3. Central wavelength shift at ±4◦ angle of incident light.

The direction of diffracted light can be further calculated and compared with the
image plane position of diffracted light under the condition of pinhole imaging after the
central wavelength is obtained, and the aberrations of AOTF can be obtained accordingly.
The focal length of the rear objective lens is 50 mm, and the pixel size is 4.5 µm.

The L(AC) in Figure 4c corresponds to the ordinate in Figure 4b, and the L(BC) in
Figure 4c corresponds to the ordinate in Figure 4a. AOTF aberrations are different in polar
direction and azimuth direction significantly. In the azimuth direction, the aberration is
180◦ rotational symmetry, and the aberration is less than two pixels within a ±4◦ incidence
angle. In the polar direction, the aberration follows the symmetrical distribution of the
azimuth plane, and the aberration caused by oblique incidence is considerable. The larger
the tilt angle is, the greater the aberration is, up to 30 pixels within ±4◦ incidence angle. It
can be discovered from the comparison between Figures 3 and 4 that the greater the center
wavelength drifts, the more serious the AOTF aberration is.

Figure 4. The difference between the imaging position of diffracted light at different incident angles
of AOTF and pinhole imaging: (a) the difference in azimuth direction and (b) in polar direction, and
(c) the image plane.

The accuracy of the simulation mainly considers the difference between the design
value and the theoretical value of the ultrasonic cut angle.

As shown in Figure 5, the error of edge field aberration does not exceed two pixels
when the error of ultrasonic cut angle is ±0.2◦. The aberration error in the acousto-optic
action plane is mainly considered here because the error in the azimuth plane affected by
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the ultrasonic cut angle is very small, so it is not shown. In the simulation, the principle of
parallel tangent is no longer satisfied due to the error of the ultrasonic cut angle.

Figure 5. The accuracy of the simulation (a) α = 6.3◦ (b) α = 6.7◦.

In addition, cut angle values of the paratellurite crystal, i.e., α, affect the aberrations
of AOTF. The aberrations in the polar direction of AOTF with different α are simulated,
as shown in Figure 6. The results show that the aberrations of AOTF decrease with the
increase in α within the range of (0◦, 18.9◦).

Figure 6. Aberrations of different ultrasonic cut angles of AOTF.

3. Results
3.1. Experiment of the Aberration Distribution Characteristics with Integrating Sphere
as the Target

We chose a small area target, the integrating sphere, as the light source to analyze the
distribution characteristics of AOTF distortion more intuitively. The integrating sphere
had a diameter of 12 inches. Such target selection can make the diffracted light imaging
not overlap with the zero-order light imaging so that the influence of incident angle on
aberrations of AOTF can be analyzed in a wider range.

The experimental imaging setup of different incident angles of the integrating sphere
is shown in Figure 7. ϕ means the half-angle aperture in the azimuth direction (plane
perpendicular to the acousto-optic interaction plane). The distance between the integrating
sphere and AOTF was 2.8 m, the outlet diameter of the integrating sphere was 4 inches, the
aperture of AOTF was 20 mm, the ultrasonic cut angle was 6.5◦, the rear wedge angle was
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4.83◦, the spectral range was 400–1000 nm, the change in polarization was e→ o , the focal
length of the rear objective lens was 50 mm, and the pixel size was 4.5 µm. AOTF was fixed
on the precision turntable, the driving frequency of the AOTF was adjusted by the PC, and
the camera could obtain images of diffracted light with different wavelengths. Images of
diffracted light at different incident angles can be obtained through the precision turntable.

Figure 7. Integrating experimental sphere setup of AOTF based on different incident light an-
gles: 1—integrating sphere; 2—polar plane; 3—azimuth plane; 4—AOTF; 5—rotatable stage;
6 and 7—polarizers; 8—imaging lens; 9—camera.

The distance between the target and AOTF is far in the experimental setting so that the
pre-collimating mirror group can be omitted. It is only necessary to measure the aberration
of the imaging mirror group and add the aberration parameters to the simulation model.

In Figure 8, the diameter of the large dots is 15 mm, the smaller is 8 mm, and the
distance between the calibration points is 40 mm. The coordinates of the calibration
point were obtained by the method of geometric center extraction, and the unsatisfactory
calibration points were eliminated. Finally, the radial distortion coefficient of the imaging
lens group could be obtained by Zhang Zhengyou’s calibration method, and the result is
shown below as Equation (3).




k1
k2
k3


 =




0.37667
−3.40922
−0.00195


. (3)

Figure 8. Distortion test of imaging lens group.

As shown in Figure 9, the angle of incident light from left to right gradually approaches
the AOTF crystal axis, and the image of diffracted light of the integrating sphere has
changed. In general, the aberrations present an asymmetric distribution in the polar
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direction. By taking the image of polar angle = 0◦ (vertical incidence) as the benchmark,
the imaging changes are small when the incident polar angle gradually increases in the
direction away from the crystal axis; thus, the spatial aberrations of the AOTF in this
direction are small. The imaging of the integrating sphere changed significantly when the
incident polar angle increased in the direction close to the crystal axis; thus, the spatial
aberrations of the AOTF in this direction are tremendous.

Figure 9. Simulated (upper row) and experimental (lower row) images with the AOTF tuned to
λ = 632.8 nm ( f = 72.84 MHz) for different angles of incident light in the polar plane.

The influence of incident azimuth angles on the aberrations of AOTF can be obtained
with the same experimental method by rotating the AOTF by 90◦ around the optical axis.
From Figure 10, the aberrations caused by the change in the azimuth incidence angle still
exist mainly in the polar direction and are distributed symmetrically up and down based
on the image of azimuth angle = 0◦.

Figure 10. Simulated (upper row) and experimental (lower row) images with the AOTF tuned to
λ = 632.8 nm ( f = 72.84 MHz) for different angles of incident light in the azimuth plane. The solid
red line in the upper row indicates the ideal positions of the integrating sphere with the assumption
of pinhole imaging.

Therefore, we can conclude that the aberrations of AOTF mainly exist in the polar
direction, the amount of aberrations in the azimuth direction is small, the aberrations are
affected by the incident angle in the polar direction greatly, and the closer the incident
angle to the AOTF crystal axis is, the greater the aberrations are.

3.2. Quantitative Experiment with the Square Grid as the Target

We chose to quantitatively analyze the influence of incident angle on AOTF aberrations
in the polar direction. The experimental target is vertically placed at a distance of 5 m
from AOTF, and other experimental conditions are consistent with those in Section 3.1. The
imaging of the target center point, (x55, y55) in Figure 11a, is located at the center of the
image plane. The size of the target is 350 mm × 350 mm, the length of the small square
grid is 9 mm, and the distance between adjacent squares is 40 mm.
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Figure 11. The experiment of the square target: (a) actual image of diffracted light at a polar angle of
−5.3◦; (b) the partially enlarged view of the square target.

In Figure 11b, the blue star points represent the ideal points of pinhole imaging, the
solid green dots represent the simulated imaging points, and the red boxes indicate the
actual imaging areas of the square grid. The coordinate of the actual image point is obtained
by extracting the geometric center of the sampling points. We found that the simulated
imaging points were located near the actual imaging areas. The reason for the errors may
include the surface of the target is not strictly perpendicular to AOTF, there exists an error
in distance measurement and target center extraction, and the sound field of AOTF is not
ideal. The errorRMS can be calculated by Equation (4).

errorRMS =

√√√√ 1
81

9

∑
i=1

9

∑
j=1

[(xactual,ij − xmodel,ij)
2 + (yactual,ij − ymodel,ij)

2]. (4)

where xactual,ij is the row coordinate of the diffracted light imaging position. xmodel,ij is the
row coordinate of the calculated imaging position. y is the column coordinate. The errorRMS
between the actual imaging points and the ideal imaging points is 39.70 ≈ 40 pixels, and
the deviation mainly exists in the polar direction. The errorRMS between the actual imaging
points and the modeled imaging points is 2.14 ≈ 2 pixels, in which the coefficient of fixing
errors is fitted by the least square method. The pixel difference of each point is shown in
Figure 12. The sequence of the labels of the sampling points is to take the upper left point
as the first sampling point. The sampling is in the row direction.

Figure 12. The pixel difference of each point: (a) pixel difference between the actual target position
and simulated target position; (b) pixel difference between the ideal target position and actual
target position.

As can be seen from Figure 12a, the pixel difference of all 81 sampling points between
the actual target position and the simulated target position is less than 3.5 pixels. In
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Figure 12b, the closer the sampling point is to the right of the image, the smaller the
aberration is, which is consistent with the previous analysis.

We made the polar angle closer to the AOTF crystal axis, and the result is shown
in Figure 13.

Figure 13. The experiment of the square target: (a) actual image of diffracted light at a polar angle of
−7◦; (b) the partially enlarged view of the square target.

By comparing Figures 11b and 13b, it was found that the aberrations of AOTF became
more severe with the increase in polar angle, and the black squares on the left were
deformed, which is consistent with the results of the previous analysis and simulations.

4. Conclusions and Future Directions

The angle of incident light influences the spatial aberrations of AOTF imaging, and
the aberrations mainly exist in the direction of the polar angle. In addition, the influence
of cut angle values of the paratellurite crystal on aberrations was analyzed. In the range
(0◦, 18.9◦), the larger the ultrasonic cut angle is, the smaller the spatial aberrations of AOTF
imaging are.

In this article, we verified the simulation results through quantitative experiments.
The results show that the errorRMS between the simulation results and the experimental
results is about two pixels when the incident angle in the polar direction is −5.3◦ under
the experimental parameter settings above. Moreover, it provides some guidance for the
design of the AOTF system with a large field of view. The computational accuracy of AOTF
aberration guarantees that AOTF has the potential to be used in tracking and searching
system, which is still blank in the previous research.

Compared with other spectroscopic methods, the biggest advantage of AOTF lies
in the staring spectral imaging. Therefore, AOTF can be used not only for the spectral
detection of static targets but also for the detection of moving targets, which can expand
the application range of AOTF in the future.
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Abstract: Acousto-optic interaction geometry determines the spectral and spatial response of an
acousto-optic tunable filter (AOTF). The precise calibration of the acousto-optic interaction geometry
of the device is a necessary process before designing and optimizing optical systems. In this paper,
we develop a novel calibration method based on the polar angular performance of an AOTF. A
commercial AOTF device with unknown geometry parameters was experimentally calibrated. The
experimental results show high precision, in some cases falling within 0.01◦. In addition, we analyzed
the parameter sensitivity and Monte Carlo tolerance of the calibration method. The results of the
parameter sensitivity analysis show that the principal refractive index has a large influence on the
calibration results, while other factors have little influence. The results of the Monte Carlo tolerance
analysis show that the probability of the results falling 0.1◦ using this method is greater than 99.7%.
This work provides an accurate and easy-to-perform method for AOTF crystal calibration and can
contribute to the characteristic analysis of AOTFs and the optical design of spectral imaging systems.

Keywords: AOTF; acousto-optic interaction geometry; polar angular analysis; tolerance analysis

1. Introduction

An AOTF device is a spectral-splitting device based on the acousto-optic effect [1].
When compared with traditional optical splitters, such as prism, grating and interferometer,
it has advantages in terms of a large-angle aperture, high spectral resolution, arbitrary
wavelength configuration, fast tuning speed and it does not require moving elements [2,3].
Therefore, it is widely used in many applications, such as spectral imaging [4,5], polar-
ization analysis [6,7], stereoscopic imaging [8] and notch filtering [9], etc. In addition, in
the case of monochromatic input light, AOTFs also have the abilities of spatial filtering
and edge enhancement [10,11]. There are two basic configurations, collinear and non-
collinear, for AOTFs. Furthermore, in the collinear configuration, the interacting optical
and acoustic waves propagate in identical directions, while the directions of the optical
and acoustic waves are different in the noncollinear configuration. The first AOTF with
a collinear design was reported by Harris and Wallace in 1969 [12]. Subsequently, Chang
described noncollinear AOTFs in 1974 [13], which are commonly used today. Noncollinear
AOTFs have some advantages, as a larger angular aperture and more materials with a large
acousto-optic figure of merit can be chosen. Among them, TeO2 crystals are very suitable
for noncollinear AOTFs that cover the spectral range of 350–4500 nm [14,15].

Acousto-optic interaction geometry is a key inherent property of an AOTF device,
which greatly affects the spectral and spatial response of the device. Previously, Voloshinov
analyzed the acousto-optic effect under three kinds of acoustic cut angles, and the results
showed that acousto-optic interaction geometry affects the angular apertures and spectral
resolution of an AOTF device [16]. In addition, acousto-optic interaction geometry will also
affect the tuning relationship, sound field distribution, aberration and chromatic aberration
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characteristics of the device, thus greatly affecting all aspects of the AOTFs in characteristic
analysis and optical system design [4,17]. Therefore, AOTFs must be designed in detail to
meet the special output requirements. Chang first proposed the parallel tangent condition
for the design of noncollinear AOTFs with large angular apertures in the 1970s [13]. Yano
discussed some properties of AOTFs using the simplified treatment [18]. Moreover, Gass
corrected the birefringence approximation for the accurate design of the acousto-optic
interaction geometry in the analysis [19]. These theories are all typically under the parallel
tangent condition. For the non-parallel tangent condition, Yushkov expressed an exact
phase-matching calculation equation at an arbitrary incident angle and recently proposed
an alternative method for analyzing the Bragg angle curve in wide-angle AOTFs [10,20].
Zhang discussed the function of the phase mismatching condition and proposed a new
tuning method with a non-radio-frequency signal [21]. After the processes of analysis and
design, an AOTF will be manufactured using a series of fabrication technologies. Many
steps are involved in the fabrication of AOTFs, including X-ray orientation, cutting, polish-
ing, transducer orientation and fabrication, mounting and grinding [22]. The fabrication
technologies of an AOTF are so complex that they easily lead to machining tolerances
between the designed and actual device. If the designed values were used for device char-
acteristic analysis and optical system design, it would lead to inaccurate results. Therefore,
it is vital to calibrate the acousto-optic interaction geometry of an actual AOTF before
use. In the past, our team proposed an acousto-optic interaction geometry calibration
method by the tested tuning frequency curve under the parallel tangent condition [23].
However, this multi-wavelength method is not conducive to calibration accuracy as it relies
on more constant parameters. In addition, to find the parallel tangent condition, as shown
in Figure 1a, the incident angles must be adjusted accurately, which requires high precision
in the experiment.

Figure 1. Comparison of operating principles. (a) Calibration method by the tested tuning curves
under the parallel tangent condition. (b) Calibration method using polar angular analysis, which has
no specific requirement of incident angles.

To overcome these shortcomings, here we develop a calibration method based on the
polar angular performance of an AOTF. Firstly, we establish an AOTF angular frequency
relationship model that can be solved analytically. Moreover, based on this model, a novel
method is developed to calibrate the acousto-optic interaction geometry of an actual AOTF
device. It does not introduce principal refractive index errors between multiple wavelengths
and works with a single monochromatic light source. Furthermore, this method does not
depend on determining characteristic incident angles, as shown in Figure 1b. Finally,
using the principle of the minimum root mean square error (RMSE) between the measured
and theoretical data, the acousto-optic interaction geometry of the actual AOTF device
can be calculated through the use of the parameter traversal method. This method is an
improvement of the calibration process in terms of simplicity and robustness and has
been tested with high precision in experiments. Simultaneously, the method analyzes
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the influence of crystal constants on calibration results in the visible range. This work is
significant and provides a database for a range of research related to AOTF devices.

2. Methods

The acousto-optic interaction geometry of an AOTF refers to the front facet angle (θ∗i ),
the acoustic cut angle (θα) and the back facet angle (θβ), respectively. As shown in Figure 2,
this is the top view of the AOTF device and corresponds to the polar plane. In the AOTF, an
acoustic wave is generated by a transducer and absorbed by an absorber. By switching the
radio frequency signals applied to the transducer, the AOTF can scan the spectral regions of
interest [24]. Given that the polarization state of the incident light (L0) is inconsistent with one
of the eigenwave modes in TeO2, four types of emitted light are produced, namely diffraction
ordinary polarized light (Lo

d), transmission extraordinary polarized light (Le
t), transmission

ordinary polarized light (Lo
t ) and diffraction extraordinary polarized light (Le

d).

Figure 2. Acousto-optic interaction geometry of an AOTF. The θ∗i is the front facet angle between the
front facet and the crystal axis [110]. The θα is the acoustic cut angle between the transducer surface
and the crystal axis [001]. The θβ is the back facet angle between the back and front facets.

Two coordinate systems have been established for analysis in this paper: the optical
axes coordinate system (x0oy0) and the crystal axes coordinate system (xoy), as shown in
Figure 2. The optical axes coordinate system is a rectangular coordinate system, where
the y0 axis is the intersection line of the incident surface and polar plane, while the x0
axis is perpendicular to the incident surface. The crystal axes coordinate system is also a
rectangular coordinate system, wherein the y axis is the crystal axis [110], while the x axis
is the crystal axis [001].

The model between acousto-optic interaction geometry and polar angular performance
for AOTFs involves two processes: (a) the calculation of the refraction at the plane of
incidence, shown in Section 2.1, and (b) wave vector analysis of acousto-optic interaction,
shown in Section 2.2. In addition, the relationship between the incident polar angles and
matching frequencies is independent of the back facet, which will be analyzed in Section 2.1.
Therefore, we need two measurements to obtain complete calibration results by swapping
the front and back facets, as shown in Figure 3. For the exchange of the input and output
facets, the AOTF device needs to be rotated about 180◦ around the axis perpendicular to
the xoy plane.

Figure 3. Two modes for analysis. (a) Positive mode, lights enter AOTF from the front facet.
(b) Reverse mode, lights enter AOTF from the back facet.
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2.1. Refraction at the Plane of Incidence

Firstly, the refraction of light in the plane of incidence obeys Snell’s law as follows:

n0 sin θ0 = n1 sin θ1 (1)

where θ0 is the incident polar angle between the incident light and the normal of the
incident plane. θ1 is the refraction angle in the crystal between the refracted light and the
normal to the plane of incidence. n0 and n1 are the refractive indices in the air and crystal,
respectively. Moreover, it is known that n0 is equal to 1 in the air. TeO2 crystal has the
anisotropy and n1 can be solved by:





no
1 = no

ne
1 = none√

(ne)2 cos2 θe
2+(no)2 sin2 θe

2

(2)

with superscripts (o and e) used to distinguish ordinary (o-polarized) from extraordinary (e-
polarized) light. no and ne, related to the wavelength λ, are the principal refractive indices of
TeO2. θo

2 and θe
2 are the angles between refracted light and the crystal axis [001] for o-polarized

and e-polarized lights, respectively. The difference between θ1 and θ2 is as follows:

θ2 = θ1 − θc
i (3)

where θc
i is the angle between the incident plane and the crystal axis [110], for which c = 1

corresponds to the positive mode, as shown in Figure 3a, while c = 2 corresponds to
the reverse mode, as shown in Figure 3b. When switching from the positive mode to the
reverse mode, the AOTF device must be rotated for swapping the input and output facets.
Furthermore, the relationships between θc

i and the acousto-optic interaction geometry
(θ∗i , θα and θβ) of an AOTF are as follows:

{
θ1

i = θ∗i
θ2

i = θ∗i − θβ
(4)

which means that both the positive and reverse modes are necessary to obtain the complete
acousto-optic interaction geometry of an AOTF device. From Equations (1)–(3), we can obtain:

{
Fe(x) =

(
a1a3 − a2a3a2

5
)
x2 − 2a2a3a4a5x + a1a2 − a2a3a2

4 = 0
Fo(x) =

(
a1 − a3a2

5
)

x2 − 2a3a4a5x + a1 − a3a2
4 = 0

(5)

where Fe and Fo correspond to the conditions under which the incident lights are the
e-polarized and o-polarized, respectively. Furthermore, a1 = sin2 θ0, a2 = (ne)2, a3 = (no)2,
a4 = sin θc

i , a5 = cos θc
i and x = tan θ2. Equation (5) contains both the quadratic equations

and can easily be solved. Then, using Equations (1)–(5), the relationship between θ0 and θ2
can be expressed as follows:

θ2 = F1
(
θ0, λ, θ∗i , θβ

)
(6)

where F1 is an implicit function.

2.2. Wave Vector Analysis of Acousto-Optic Interaction

Acousto-optic interaction in the AOTF is usually analyzed through a wave vector
diagram [25]. When the momentum-matching condition is satisfied, the incident wave
vector ki, the acoustic wave vector kα and the diffraction wave vector kd constitute a
closed triangle (Figure 4), shown as ki ± kα = kd. Some are dependent on the incident
wavelength and refraction indices, as follows:

{
|ki| = 2πni

λ

|kd| = 2πnd
λ

(7)
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where ni and nd are the refractive indices of the incident and diffracted light in TeO2.
They satisfy: 




x2

(no)2 +
y2

(no)2 =
( 2π

λ

)2

x2

(no)2 +
y2

(ne)2 =
( 2π

λ

)2 (8)

Figure 4. Wave vector diagrams of the noncollinear AOTF. (a) Positive mode. (b) Reserve mode.

In addition, acoustic wave vector kα satisfies:

|ka| =
∣∣∣∣
→

AB
∣∣∣∣ =

2π fα

Vα
(9)

where fα is the acoustic frequency and Vα is the acoustic wave velocity. In the crystal, Vα is
given by [26]:

V2
α = V2

110 cos2 θα + V2
001 sin2 θα (10)

where V001 and V110 are the acoustic wave velocities along the respective crystal axes.
According to Equation (9), in order to solve acoustic frequency fα, we need to calculate the∣∣∣∣
→

AB
∣∣∣∣. As shown in Figure 4, point A (xA, yA)satisfies tan θ2 = yA

xA
and Equation (8), which

can be solved by following:




Ao = (1, tan θo
2)

2πno

λ·
√

1+tan2 θo
2

Ae = (1, tan θe
2)

2πnone

λ·
√
(ne)2+(no)2 tan2 θe

2

(11)

Point B (xB, yB) satisfies the linear equation of
→

AB and Equation (8). For both positive

and reverse modes, the linear equations of
→

AB are the same one as:

xB − xA

yB − yA
= tan θα (12)

Therefore, point B can be solved by following:




Fo→e(yB) =

(
tan2 θα

(no)2 + 1
(ne)2

)
yB

2 + 2
(no)2

(
xA tan θα − yA tan2 θα

)
yB

+

(
xA

2+yA
2 tan2 θα−2xAyA tan θα

(no)2 − 2π
λ

)
= 0

Fe→o(yB) =

(
tan2 θα

(no)2 + 1
(no)2

)
yB

2 + 2
(no)2

(
xA tan θα − yA tan2 θα

)
yB

+

(
xA

2+yA
2 tan2 θα−2xAyA tan θα

(no)2 − 2π
λ

)
= 0

(13)
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which are all quadratic equations and easy to be solved exactly. Fo→e corresponds to the
condition wherein the incident light is o-polarized and the diffraction light is e-polarized,
while Fe→o corresponds to the condition wherein the incident light is e-polarized and the
diffraction light is o-polarized. From Equations (9)–(13), the relationship between fα and θ2
can be expressed as follows:

fα = F2(θ2, λ, θα) (14)

where F2 is an implicit function.
In summary, with Equations (6) and (14), the model between the acousto-optic interaction

geometry and the incident polar angular frequencies of AOTFs can be established as follows:

fα = F
(
θ0, λ, θ∗i , θα, θβ

)
(15)

where F is an implicit function. This means that, for an actual AOTF device with inherent
acousto-optic interaction geometry (θ∗i , θα and θβ), acoustic frequencies and incident polar
angles are correlated when the wavelength (λ) of the incident lights is fixed. Therefore, the
acousto-optic interaction geometry of the AOTF device can be calibrated by analyzing the
incident polar angles and corresponding acoustic frequencies.

The numerical values of the constants used in the calculations in this paper are
provided in Table 1 [27].

Table 1. The numerical value of the constants used in the calculations.

Parameters Values

λ 632.8 nm
no 2.2597 at 632.8 nm
ne 2.4119 at 632.8 nm

V001 616 m/s
V110 2104 m/s

3. Experiments and Discussions
3.1. Experimental Setup

The schematic diagram of our experimental setup is shown in Figure 5. The monochro-
matic source we used was a 632.8 nm He-Ne laser (DH-HN250), from which the linearly
polarized light was generated. A group of frosted glasses was used to reduce light intensity,
and the effect of the frosted glasses can be replaced by multiple polarizers. The commercial
AOTF used in the experiment was manufactured by China Electronics Technology Group
Corporation (CETC) and is referred to as SGL100-400/850-20LG-K. The polarizer, located
ahead of the AOTF, was used to adjust the polarization state of incident lights so that
o-polarized and e-polarized components were close and convenient for measurements.
The turntable (GCM-1107M) was used to accurately control the incident polar angles of
the incident light into the AOTF, and here the accuracy of the rotation angle was 2′. A
Basler acA640-120gm camera with an 8 mm focal length lens was used as the detector in
the experiments. Compared with the optical power meter, a camera can simultaneously
detect the intensities of transmitted and diffracted lights (Figure 6) to effectively avoid the
measurement error caused by the instability of the power intensity and the polarization
state of the laser.

Figure 5. Experimental setup for the polar angular frequency tests.
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Figure 6. A montage of 11 images taken at different frequencies in sequence. The incident polar angle
is 2.19◦ in the positive mode.

3.2. Results and Discussions

For incident polar angle analysis, we needed to measure the matching frequency at
each incident polar angle, which corresponds to the peak diffraction intensity. In practice,
the potential range of the matching frequency can be estimated from Equation (15) using the
design geometry parameters from the AOTF manufacturer or through the direct observation
of the maximum diffraction intensity. It should be noted that in some special applications,
the changing ultrasonic signal and the angle of the incident light will greatly change the
shape of the AOTF transfer function, which needs further discussion [28,29]. The processes
of the tests are organized as follows:

• Step 1: Adjust the polar angle of the AOTF by using the turntable and make sure that
the incident plane of the AOTF is perpendicular to the incident light. This step can be
judged by whether the reflected laser point coincides with the exit point. We recorded
the scale of the turntable at this point as the “0” scale, and the other incident polar
angles were able to be adjusted with this scale.

• Step 2: After adjusting the AOTF incident polar angle, the laser, AOTF and detector
must be switched on. Then a montage of images, including transmitted and diffracted
light, can be taken by scanning the acoustic frequencies, as shown in Figure 6. For each
image, both transmitted and diffracted light can be captured, or only o-polarized and
e-polarized light can be measured separately by adjusting the polarizer. Given that, in
some cases, the AOTFs do not have the wedge angle compensation, the directions of
transmitted o-polarized and e-polarized light are coincident. In these experiments, the
frequency step was 0.05 MHz.

• Step 3: To find the matching frequency corresponding to the peak diffraction intensity,
use the relative diffraction efficiency to evaluate as:

η = Id
Id + It

/ηmax (16)

where It and Id are the light intensity values for the transmitted and diffracted light
from the same incident light. The intensity values are quantified by the digital number
(DN) values with 8-bit digitization. For each order of emitted light, we used the
sum of DN values in the effective area, where nine adjacent pixels were selected for
calculation, as shown in Figure 7a.
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• Step 4: The matching frequencies were able to be solved by quartic polynomial fitting,
as shown in Figure 7b, and at least five frequency points are required for each incident
polar angle.

• Step 5: In order to ensure that the temperature of each measurement is close to the
room temperature, the AOTF needs to be switched off for a few minutes because
the temperature of the AOTF rises during operation, which would affect its polar
angular performance.

• Step 6: Adjust another incident polar angle of the AOTF, switch on the AOTF and
repeat Steps 2–6 again.

Figure 7. Experimental data for incident polar angular frequency analysis. (a) The effective DN value
is the sum of the DN values within 9 adjacent pixels, and the 9 adjacent pixels are here surrounded
by red dotted lines here; (b) The data fitting result by quartic polynomial fitting, and the measured
data can be found in Figure 6.

The coefficients of determination (R2) of all the results were better than 0.98, and the
fitting residuals were less than 0.003. Some other data fitting results at different incident
polar angles are shown in Figure 8. From these results, we found that the matching
frequencies of o-polarized and e-polarized lights are generally not consistent under the
same incident polar angles. In other words, at the same acoustic frequency, the diffracted
wavelengths of the o-polarized and e-polarized lights are not consistent. However, under
a specific incident polar angle, we obtained the same diffracted wavelengths of the o-
polarized and e-polarized lights at the same acoustic frequency. In some research, they
named this condition the equivalent point, wherein the matching frequencies are the same
for o-polarized and e-polarized light at the same incident polar angle [30,31]. Here, we
obtained this condition by adjusting the incident polar angle. Moreover, it would be exactly
calculated with an exact acousto-optic interaction geometry of the AOTF. Therefore, we
will discuss it after the acousto-optic interaction geometry calibration.

In this paper, a total of 21 incident polar angles were sampled in the positive mode,
while 17 incident polar angles were sampled in the reverse mode. In the experiments, the
minimum angle sampling step was 0.5◦. All of the matching frequencies in positive and
reserve modes can be found in Figure 9c,d. After sampling all of the measured data, we
used the parameter traversal method to calculate the acousto-optic interaction geometry of
the AOTF with the principle of minimum RMSE. For each input of the geometry parameters,
the RMSE between the theoretical data and measured data is as follows:

RMSE =

√√√√ 1
N

N

∑
i=1

∣∣F
(
θ0(i), λ0, θ∗i , θα, θβ

)
− Fm(θ0(i))

∣∣
2

(17)

where N is the number of sampling points for each mode, and there are two types of
sampling points for both o-polarized and e-polarized lights at some incident polar angles.
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N was 31 for the positive mode in this paper, and 26 for the reserve mode. The θ0(i) is the
incident polar angle, and the incident wavelength (λ0) was 632.8 nm. Fm is the measured
data of the matching frequency at each incident polar angle. As shown in Figure 9, we
obtained the RMSE distributions in both positive and reserve modes. Then, the acousto-
optic interaction geometry of the AOTF device, corresponding to the minimum RMSE, was
able to be obtained. As shown in Figure 9a, we obtained θ1

i = 15.074◦ and θ1
α = 6.484◦ in

the positive mode with the minimum RMSE (0.032 MHz). Meanwhile, we also obtained
θ2

i = 10.435◦ and θ2
α = 6.486◦ in the reserve mode with the minimum RMSE (0.042 MHz) in

Figure 9b. The difference of θα between the two measurements was 0.002◦, which means
this calibration method has a high precision and can be better than 0.01◦. We took the
average of two results as the calibration value that θα = 6.485◦. As shown in Figure 9c,d,
the measured data were very close to the theoretical data. In summary, we obtained
the calibration results of θ∗i = 15.074◦, θα = 6.485◦ and θβ = 4.639◦ with Equation (4).
In addition, according to the reference [19], we calculated the acousto-optic interaction
geometry, meeting the parallel tangent condition, whereby θ∗i = 15.074◦ and θα = 6.548◦

under normal incidence of e-polarized light at 632.8 nm. Therefore, we found that the
calibration result of the actual AOTF device was close but did not meet the parallel tangent
condition at 632.8 nm.

Figure 8. Some other data fitting results. (a) Positive mode, normalized diffraction efficiencies by
frequency scanning at some incident polar angles (−1◦, 1◦, 3◦, 5◦); (b) reverse mode, normalized
diffraction efficiencies by frequency scanning at some incident polar angles (−5◦, −7◦, −9◦, −12◦).
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Figure 9. Calibration results of the actual AOTF device. (a) RMSE distribution in the positive mode;
(b) RMSE distribution in the reserve mode; (c) measured data and theoretical simulation curves
in the positive mode. The solid line marked “Theoretical-1e” is the theoretical simulation curve
under which θ1

i = 15.074◦ and θ1
α = 6.484◦, while the dashed line marked “Theoretical-2e” is the

theoretical simulation curve under which θ1
i = 15.074◦ and θ1

α = 6.485◦; (d) measured data and
theoretical simulation curves in the reserve mode. The solid line marked “Theoretical-1e” is the
theoretical simulation curve under which θ2

i = 10.435◦ and θ2
α = 6.486◦, while the dashed line marked

“Theoretical-2e” is the theoretical simulation curve under which θ2
i = 10.435◦ and θ2

α = 6.485◦.

From Figure 9a,b, we found that the acoustic cut angle of the AOTF was more sensitive
than the front facet angle. Therefore, we further analyzed the angular frequency relationship
under the different acoustic cut angles and front facet angles, and the results are shown in
Figure 10. The deviation caused by the change of acoustic cut angles (±0.01◦) was higher
than that caused by the change of front facet angles (±0.1◦). These results confirm that
changing the acoustic cut angle has a greater influence. Moreover, changing the acoustic
cut angle makes the angular frequency curves shift up and down, and the larger acoustic
cut angle corresponds to the state of shifting up. In comparison, changing the front facet
angle makes the angular frequency curves shift left and right, and the larger front facet
angle corresponds to the state of shifting right.

In order to further verify the accuracy of the calibration result, the equivalent points
in two modes are calculated and tested here. According to the calibration results and
Equation (15), the equivalent points can be solved as the incident polar angle is 2.19◦ in
the positive mode and −8.34◦ in the reserve mode. The measured results are shown in
Figure 11a,b, respectively. The results show that the matching frequencies are approximately
the same at the same incident polar angle when ignoring the bandwidth for o-polarized
and e-polarized lights. Furthermore, the differences in the peak diffraction efficiency are
both less than 0.01 MHz. This work is significant for non-polarization AOTF applications.
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Figure 10. Polar angular frequency analysis under the different acoustic cut angles and front facet
angles. (a,b) are both in the positive mode, while (c,d) are both in the reserve mode. The solid lines
in (a,c) are the theoretical simulation curves under the calibration result whereby θ1

i = 15.074◦ and
θ1

α = 6.485◦; while the solid lines in (b,d) are the theoretical simulation curves under the calibration
result whereby θ2

i = 10.435◦ and θ2
α = 6.485◦. The dashed lines in (a,c) marked “[θα − 0.01◦]” are

the theoretical simulation curves under which θα = 6.475◦, while the dotted lines in (a,c) marked
“[θα + 0.01◦]” are the theoretical simulation curves under which θα = 6.495◦. The dashed lines in
(b) and (d) marked “[θi − 0.1◦]” are the theoretical simulation curves under which θ1

i = 14.974◦ and
θ2

i = 10.335◦, respectively, while the dotted lines in (b,d) marked “[θi + 0.1◦]” are the theoretical
simulation curves under which θ1

i = 15.174◦ and θ2
i = 10.535◦, respectively.

Figure 11. Measurement results at the equivalent points. (a) Incident polar angle at 2.19◦ in the
positive mode. (b) Incident polar angle at −8.34◦ in the reserve mode.
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3.3. Tolerance Analysis

The constant parameters and measurement parameters involved in the calibration
method may have some tolerances, which have not been taken into account above. The
constant parameters mainly include the principal refractive index tolerance and the acoustic
wave velocity tolerance. The principal refractive index tolerance was taken from refer-
ence [27], and the acoustic wave velocity tolerance was set to ±0.5 m/s here. The measure-
ment parameters mainly include the rotational accuracy of the precision turntable (2′) and
the sampling step of the tuning frequency (0.05 MHz). The specific range of the tolerance
setting can be found in Table 2, and the tolerance distribution of all parameters assumes
the uniform distribution probability.

Table 2. Tolerance setting and standard deviation of calibration results by the variable-controlled method.

Parameters Tolerances
Standard Deviation of Calibration Results

θ∗i θα θβ

Principle
refractive index

no ±0.0006
0.066◦ 0.032◦ 0.001◦ne ±0.0007

Acoustic
wave velocity

V001 ±0.5 m/s 0.002◦ 0.001◦ 0.001◦V110

Incident polar angle ±1′ 0.003◦ <0.001◦ 0.006◦

Matching frequency ±0.025
MHz 0.004◦ <0.001◦ 0.005◦

We performed a tolerance analysis on the calibration method. The tolerance analysis
includes two aspects: parameter sensitivity analysis and Monte Carlo analysis [32]. The
variable-controlled method was used to analyze the parameter sensitivity, wherein only
one of the parameters varied for 100 times at a time. The standard deviations of the
calibration results were used as the parameter sensitivity analysis index. The results show
that the principal refractive index tolerance had the greatest influence on the calibration
results, especially for the front facet angle and the acoustic cut angle. In comparison,
other parameter tolerances had very little effect. Monte Carlo analysis was then used to
analyze the statistical tolerance of the entire calibration process. In this paper, a total of
1000 simulated calibrations were performed as the statistical sample in Figure 12. The
statistical results of the error distribution of the calibration results are shown in Table 3, and
the cumulative probability of a result within than 0.1◦ was greater than 99.7%. Moreover,
the cumulative probability of the front facet angle falling within 0.01◦ was greater than
18.4%. The cumulative probability of an acoustic cut angle falling within 0.01◦ was greater
than 35.3%. The cumulative probability of a back facet angle falling within 0.01◦ was greater
than 83.0%. Furthermore, the cumulative probability of maximum a cut-angle deviation
falling within 0.01◦ was greater than 15.0%.
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Figure 12. Monte Carlo simulation results. (a) Statistical distribution of the front facet angle deviations.
(b) Statistical distribution of the acoustic cut angle deviations; (c) Statistical distribution of the back
facet angle deviations. (d) Statistical distribution of the maximum cut angle deviations.

Table 3. Cumulative probability of the Monte Carlo analysis result.

Parameters ≤0.01◦ ≤0.1◦

θ∗i 18.4% 99.7%
θα 35.3% 100%
θβ 83.0% 100%

Maximum 15.0% 99.7%

4. Conclusions

In summary, we proposed a method for calibrating the acousto-optic interaction
geometry of AOTFs based on polar angular analysis. Moreover, based on this method,
we obtained the complete acousto-optic interaction geometry of an actual AOTF device,
including the front facet angle (θ∗i ), the acoustic cut angle (θα) and the back facet angle (θβ).
Specifically, we carried out the following research:

(a) We established a model of the AOTF angular frequency relationship that can be
solved analytically.

(b) We proposed a novel and easy-to-perform method for calibrating the acousto-optic
interaction geometry of an actual AOTF device. Furthermore, the experimental results
showed a high precision with the acoustic cut angle, within results falling within 0.01◦.

(c) We analyzed the polar angular performance with the acousto-optic interaction geom-
etry of the AOTF and the results showed that the acoustic cut angle of the AOTF is
more sensitive than the front facet angle. Specifically speaking, changing the acoustic
cut angle makes the angular frequency curves shift up and down, and the larger
acoustic cut angle corresponds to the state of shifting up. In comparison, changing
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the front facet angle makes the angular frequency curves shift left and right, and the
larger front facet angle corresponds to the state of shifting right.

(d) We calculated and tested the equivalent points for the o-polarized and e-polarized
lights in both positive and reserve modes, which is vital to the non-polarization
applications of AOTFs.

(e) We analyzed the parameter sensitivity and Monte Carlo tolerance of the calibration
method. The results of the parameter sensitivity analysis showed that the principal
refractive index of the crystal has a large influence on the calibration results, while
other factors have little influence. The results of the Monte Carlo tolerance analysis
showed that the cumulative probability of the results falling within 0.1◦ with this
method is greater than 99.7%. Moreover, the probability of falling within 0.01◦, for
the front facet angle is greater than 18.4%. In comparison, the acoustic cut angle and
the back facet angle are greater than 35.3% and 83.0%, respectively.

These works are of great significance for the studies of AOTFs, such as ray tracing,
characteristic analysis and optical system design.
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Abstract: AOTF calibration is a complex topic that has various aspects. As far as geometric calibration
is concerned, it includes not only processing errors and fixing errors in the optical system, but also
the error of geometric parameters of crystal (GPC). GPC is the preset input in the optical design and
optimization of Zemax, which determines the key parameters, including the spatial resolution, the
field of view, and aberration. In particular, the compensation of aberration during the optical design
requires accurate values of GPC. However, it is currently considered ideal. Therefore, two calibration
methods based on the principle of parallel tangent are proposed: (1) the minimum-central wavelength
method; (2) the minimum-frequency method. The deviation of the parallel tangent incident angle
calibrated by the two methods is 0.03◦. As a result, the tuning curve calculated in theory with the
calibrated geometric parameters of AOTF is consistent with the tuning curve measured in practice.

Keywords: AOTF spectral imager; geometric calibration of AO crystal; spectral response; imaging
aberrations; tuning curve

1. Introduction

The acousto-optic tunable filter (AOTF) has been widely applied in spectral imaging
systems for remote sensing [1,2], spectral microscopy [3,4], three-dimensional detection [5],
notch filtering [6,7], and edge enhancement [8] due to its advantages of a narrow bandpass,
electric tunability, all-solid-state, fast response, large angular aperture, and wide spectral
range. In particular, the flexible electric tunability makes AOTF spectral imagers the most
promising candidates for identifying and tracking targets. The central wavelength can be
arbitrarily changed by modulating the frequency of the acousto-optic grating generated in
a birefringent crystal material with an ultrasonic transducer. Until now, novel structures
of AOTF imaging spectrometers have been developed for the purpose of performance
enhancement—for instance, to improve the resolution of the spectrum or of space [9,10].
Moreover, some new crystalline materials [11] have emerged in the field of AOTF devices
to improve the spectral range and efficiency. The low price and high spectral resolution of
AOTF indicate its potential application in the field of plasmonic sensing [12].

The calibration of AOTF is inseparable from the study of device characteristics and
system design. In the area of modeling for AOTF devices, Zhang was the first to propose a
noncollinear AOTF operating mode [13] and a design scheme according to the principle
of parallel tangent [14]. This principle is the criterion for the design of a wide-aperture
AOTF, which needs to be considered before designing. Yushkov [15,16] put forward the
analytical expressions of the central wavelength and tuning frequency at oblique incidence.
The spectral response of AOTF depends not only on the GPC but also on the direction
of incident light. Before the AOTF spectrometer is processed, the imaging characteristics
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need to be simulated by modeling. In traditional methods of the optical system design of
an AOTF spectrometer, the AOTF device is considered as a transparent slab, which is far
from sufficient in terms of aberration evaluation and optical design optimization. Batshev
and Machikhin [17] summarized and tested four typical optical schemes in common use:
confocal, collimating, tandem, and double-path. As a special component in an optical
system, AOTF cannot be represented by the existing surface of Zemax. The method of
using the user-defined surface (UDS) function in Zemax and computer dynamic link library
(DLL) technique to design an optical system was introduced [18]. The GPC is the input of
UDS. Subsequently, Machikhin solved the limitation of the field of view of AOTF with a
computational technique [19]. It can be found the device characteristics of AOTF are crucial
for system optimization, and GPC directly affects the device characteristics. However, little
attention was paid to the accuracy of GPC.

AOTF needs to be calibrated in practical applications. Calibrations mainly include
spectral, geometric, radiometric, thermal, etc. For spectral calibration, it is necessary
to establish the mapping relationship between spectrum and frequency [20], which is
usually characterized by the tuning curve [21,22]. For geometric calibration, scholars are
mostly committed to the research of system-level calibration methods. For instance, Pozhar,
Machikhin [23–25], and Liu Hong [26] focused on the quantitative description of the AOTF
spatial aberrations. As mentioned earlier, the aberrations of the system are caused by the
coupling of many factors. The influence of GPC is not considered separately. Shi [27]
proposed a multiplane camera calibration model (MPM). Together with the fringe-phase
marking method and the neural network algorithm, MPM established the mapping between
the image points and the corresponding space lines. Katrašnik [28,29] proposed some fully
automatic geometrical calibration methods for the hyper-spectral imaging systems based
on AOTF. However, they could only aim at imaging samples on a 2D plane due to the
defocusing of 3D objects within a broad spectral range. For radiometric calibration, the
accuracy of the radiometric response of AOTF hyperspectral imaging systems is crucial
for obtaining reliable measurements. Katrašnik analyzed the influence of the noise of the
detector on the radiometric calibration accuracy [30]. The charge-coupled device (CCD)
imaging sensor was thoroughly analyzed in [31], while the complementary metal–oxide–
semiconductor (CMOS) imaging sensor was analyzed in [32]. The difference in spectral
value caused by the inhomogeneity of temperature in the crystal, such as anomalous
sidelobes [33], and the drift of the central wavelength, was often considered in the thermal
calibration [34]. As a part of AOTF calibration, the geometric calibration of the system
is deservedly important, but it cannot guide the optimization of an optical system. The
geometric aberrations are the result of the joint influence of the mirror group and AOTF in
the optical system. The vertical incidence angle (θi) and ultrasonic cut angle (α) determine
the GPC, which ultimately affects the performance of the system. The influence of the
wedge angle of the AOTF rear surface in the mid-infrared band is very small and generally
not considered. Normally, most devices follow the design rules proposed by Zhang, where
θi and α are constrained under the principle of parallel tangent [13]. In this case, θi can be
calculated once α is fixed. However, for devices not designed under this principle, there
is no effective method to obtain α and θi accurately. In addition, since the GPC may shift
from the designed values due to the sophistication during the fabrication process of AOTF
devices, a feasible and accurate calibration of GPC is necessary.

Table 1 summarizes the works related to AOTF in recent years. The table includes
calibration, optical design and optimization, operating modes, and ray tracing.

The different GPC directly affect the distribution of relative diffraction efficiency,
spectral response, and frequency response of the device. On the contrary, we can use the
characteristics of the test results to obtain the desired GPC. Therefore, we propose two meth-
ods: (1) the minimum-central wavelength method; (2) the minimum-frequency method.
The calibration of GPC should be completed before the design and optimization of the opti-
cal system based on AOTF. Ultimately, the accuracy of the simulation of spectral resolution,
imaging distortion, spectral bandwidth, and other performance indexes can be guaranteed.

88



Materials 2023, 16, 2341

The proposed methods can also be used in a polarizer-free AOTF-based spectral imaging
system [35], as well as the installation and adjustment of AOTF imaging systems.

Table 1. The works related to AOTF in recent years.

AOTF-Related Work Recent Research

Calibration
Bürmen, Li, Vila-Francés, spectral calibration [21,22]; Pozhar, Machikhin [23–25] and Liu [26], geometric
calibration; Katrašnik, Healey, Tian, radiometric calibration [30–32]; Trutna, Yano, thermal calibration

[33,34]; Shi [27], 3D calibration; Katrašnik [28,29], automatic geometrical calibration methods.
Optical design and

optimization Batshev and Machikhin [17], typical optical schemes; Batshev and Gorevoy [18], Zemax integration.

Operating mode Zhang [13], noncollinear AOTF operating mode, the principle of parallel tangent, tuning curve.
Ray tracing Yushkov [15], tuning frequency at oblique incidence; Pozhar and Machikhin [23], 2D to 3D ray tracing.

2. Background

At present, TeO2 is widely used as an acousto-optic material in the spectral span from
visible light to mid-infrared. For non-collinear anisotropic acousto-optic interaction in TeO2,
there are two working modes. The arbitrarily polarized incident beam is split into two
orthogonally polarized propagation modes: the extraordinary “e” mode and the ordinary
“o” mode. We can limit the polarization direction of incident light by adding a polarizer
in front of the AOTF. For instance, when the incident light is extraordinary, diffracted
light will be shifted to normal light. This working mode can be recorded as e→o mode.
Correspondingly, the other working mode is o→e mode.

The main equations describing AO interaction may be derived from the laws of the
conservation of energy and momentum for photons and a phonon [36]:

{
ωd = ωi ± f

Kd = Ki ±Ka
, (1)

where ( f , Ka),(ωi, Ki), and (ωd, Kd) are the frequencies and wavevectors of sound, incident
light, and diffracted light. The sign “+” corresponds to the absorption of the phonon, and
the sign “−” corresponds to its stimulated birth. |Ki| = 2πni(λ)/λ, |Kd| = 2πnd(λ)/λ,
|Ka| = 2π fa/Va, ni(λ), and nd(λ) represent the refractive index of incident and diffracted
light, respectively; fa and Va represent the ultrasonic frequency and acoustic phase velocity,
respectively. The actual device will adjust the power of the ultrasonic transducer at different
incident wavelengths to achieve high diffraction efficiency in each wave band.

Spectral imaging applications require that the Bragg phase matching condition
Kd = Ki + Ka for the wave vectors of ultrasound Ka, incident Ki, and diffracted Kd light
must be approximately satisfied in a wide range of incident light angles. This wide-aperture
configuration of acousto-optic (AO) interaction [13] is achievable when the tangents to the
wave surfaces for incident and diffracted light are parallel (Figure 1).

In Figure 1, λ is the wavelength of incident light. no(λ) and ne(λ) represent the main
refractive index of ordinary light and extraordinary light in the crystal. θi is the vertical
incidence angle; α is the ultrasonic cut angle. The length of vectors Kei and Kod depends
on the refractive indices no(λ) and ne(λ); the wavenumber k0 corresponds to the light
wavelength in a vacuum: k0 = 2π/λ. AB is parallel to CD under the constraint of the
principle of parallel tangent. In this case, the incident light angle is the parallel tangent
incident angle (θi(α)). δθ is the offset between θi and θi(α). According to the equations
for calculating the refractive index of ordinary light and extraordinary light in anisotropic
crystal, the refractive index of the refracted light in the crystal can be obtained once the
wavelength of the incident light is determined, as shown in Equation (2) [9]. In addition,
the geometric relationship can be deduced—that is, Equation (3) needs to be satisfied at
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the same time. In the mid-infrared band, Berny and Georgiev proposed the following
dispersion equations and coefficients [37,38].

{
ni =

(
cos2 θi(α)/n2

o(λ) + sin2 θi(α)/n2
e (λ)

)−1/2

nd = no(λ)
, (2)

{
tan θd = (no(λ)/ne(λ))

2 tan θi(α)
tan(α) = (nd cos θd − ni cos θi(α))/(ni sin θi(α)− nd sin θd)

, (3)Materials 2023, 16, x FOR PEER REVIEW  4  of  15 
 

 

 

Figure 1. Wave vector layout under the parallel tangent principle (e→o mode).  eiK , incident light 

is extraordinary;  odK , diffracted light is ordinary;  aK , acoustic vector; oy, the direction of acousto‐

optic diffraction. 

In Figure 1,     is the wavelength of incident light.  ( )on    and  ( )en    represent the 

main refractive  index of ordinary  light and extraordinary  light  in the crystal.  i   is  the 
vertical  incidence angle;     is  the ultrasonic cut angle. The  length of vectors  Kei   and 

Kod   depends  on  the  refractive  indices  ( )on    and  ( )en  ;  the wavenumber  0k   corre‐
sponds to the light wavelength in a vacuum:  0 2 /k   . AB is parallel to CD under the 

constraint of the principle of parallel tangent. In this case, the incident light angle is the 

parallel tangent incident angle ( ( )i  ).   is the offset between  i   and  ( )i  . Accord‐

ing to the equations for calculating the refractive index of ordinary light and extraordinary 

light in anisotropic crystal, the refractive index of the refracted light in the crystal can be 

obtained once the wavelength of the incident light is determined, as shown in Equation 

(2) [9]. In addition, the geometric relationship can be deduced—that is, Equation (3) needs 

to be satisfied at the same time. In the mid‐infrared band, Berny and Georgiev proposed 

the following dispersion equations and coefficients [37,38]. 

  1/2
2 2 2 2( ) ( ) ( ) (cos / sin /

,
)

( )

o

o

i

d

ii e
n n n

n n

     



  


  

(2)

 
     

2

,
tan / tan

tan cos cos / sin sin

( ) ( ) ( )

( ) ( )

d o e

d d

i

i i di i d

n n

n n n n

    
    








  

(3)

Once  the wavelength of  incident  light  is determined,     and  ( )i   will present a 

one‐to‐one correspondence. At the same time, the value of the ultrasonic cut angle     is 
also  limited.  ( )i    is 55.53° when     is equal  to 18.9°.  If     continues  to  increase,  the 
incident  light angle  that meets  the constraint of  the principle will not be  found  in  the 
acousto‐optic plane, losing practical significance. Therefore, the value range of     should 
be considered in the cutting design of AOTF.   

In  the past,  for AOTF with wide‐aperture geometry,  the  tuning curve was mostly 

used to correct the GPC. When the wavelength of incident light is determined, the length 

of the acoustic vector is only related to the GPC, and the matching frequency  af   of the 

driver can be obtained eventually, which can be expressed as follows [21]: 

( , , ),
2

a a

a i
f   


 
K V

F
 

(4)

Figure 1. Wave vector layout under the parallel tangent principle (e→o mode). Kei, incident light
is extraordinary; Kod, diffracted light is ordinary; Ka, acoustic vector; oy, the direction of acousto-
optic diffraction.

Once the wavelength of incident light is determined, α and θi(α) will present a one-
to-one correspondence. At the same time, the value of the ultrasonic cut angle α is also
limited. θi(α) is 55.53◦ when α is equal to 18.9◦. If α continues to increase, the incident light
angle that meets the constraint of the principle will not be found in the acousto-optic plane,
losing practical significance. Therefore, the value range of α should be considered in the
cutting design of AOTF.

In the past, for AOTF with wide-aperture geometry, the tuning curve was mostly used
to correct the GPC. When the wavelength of incident light is determined, the length of the
acoustic vector is only related to the GPC, and the matching frequency fa of the driver can
be obtained eventually, which can be expressed as follows [21]:

fa =
|Ka|Va

2π
= F(λ, α, θi), (4)

where Va is the acoustic phase velocity, and fa is the acoustic frequency. However, Equation
(4) is workable only if the default condition (θi = θi(α)) is met. Then, the modified
ultrasonic cut angle can be obtained by using Equation (5) [21].

αm = argmin
α

M

∑
i=1
| fai − fmi|2, (5)

where fai is the matching frequency calculated theoretically. fmi is the measured matching
frequency. αm is the modified ultrasonic cut angle. Generally, a small correction to α can
make the theoretically calculated tuning curve very close to the measured tuning curve. If
the difference between the corrected value of α and the nominal value of α given by the
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manufacturer is greater than 0.1◦, the device does not strictly meet the parallel tangent
principle, and the GPC needs to be calibrated separately. Of course, we can continue
optimizing the value of α to match the tuning curve, but the optimization results at this
time are not the real geometric parameters. The large deviation of α will directly affect the
simulation of the spectral resolution, spatial resolution, aberrations, and other indicators,
also bringing large errors to the optical simulation and design.

3. Simulation and Method

The mid-infrared AOTF is used as the simulation object, and the ray tracing method is
a three-surface model that we proposed in our previous work [39]. This model can calculate
the spectral response and frequency response at different incident light angles by numerical
solution. The simulated optical scheme of the system is shown in Figure 2.
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and the column direction.

A parallel light structure is applied to the AOTF imaging spectrometer, the incident
light is polychromatic, the driving frequency of AOTF is set to be 13.27 MHz, and the
corresponding central wavelength of diffracted light is 4000 nm, calculated via the tuning
curve. The column direction of the image plane corresponds to the direction of acousto-
optic diffraction (within the color plane in Figure 3a). The central wavelength drift of
the image plane can be obtained through simulation; the result is shown in Figure 3a.
Specifically, when the frequency of the driver is fixed, the wavelength of diffracted light
will shift with the change in the angle of incident light. Similarly, if the wavelength of
incident light is fixed at 4000 nm, the central frequency drift of the image plane can be
obtained, as shown in Figure 3b.
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Here, we take the central wavelength shift as an example. Different positions of the
image plane correspond to different incident light angles. From Figure 3a, it can be seen
that the central wavelength drift on the image plane is symmetrically distributed in the
row direction. In the column direction, the drift on one side is more serious than that on
the other side. The wavelength of diffracted light reaches the lowest point ideally when the
angle of incident light is perpendicular to the front surface of the crystal, which means that
the central wavelength of the momentum matching point reaches a minimum when the
angle of incidence satisfies the principle of parallel tangent (θi = θi(α)). If the GPC does not
meet this principle, the spectral response will change. Assuming that the vertical incidence
angle (θi) deviates from the parallel tangent incidence angle (θi(α)) by ±1◦, the simulation
results are as shown in Figure 4.
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Figure 4. Influence of the GPC on spectral response.

In Figure 4, the polar angle of incident light (θp) within the crystal represents the angle
between the incident light within the crystal and the optical axis. θi(α) corresponding to the
three GPCs remains unchanged and can be calculated from α directly. Therefore, in turn, an
accurate GPC can be obtained through the angle difference (δθ1 or δθ2) between θi(α) and
θi. For the AOTF device with undefined design parameters, accurate parameters can be
obtained by seeking the lowest point of matching central wavelength or central frequency.
The differences between the calibration optical scheme of the device and the optical scheme
of the system lie in the following aspects: (1) because of the asymmetry of spectral response
in the direction of acousto-optic diffraction, it is necessary to accurately change the angle
of incident light in this direction; (2) the radiance of the infrared laser is too strong, so
an optical power meter should be used to measure the diffraction light intensity instead
of a detector; (3) during the calibration process, the position of the diffracted light will
follow the change in the incidence angle and the wavelength (or the driving frequency),
which cannot be obtained accurately. Moreover, the receiving aperture of an optical power
meter is limited, so the method of measuring the radiance of the non-diffracting light is
used to obtain the intensity of the diffracted light indirectly. It is noteworthy that the angle
processing accuracy of AOTF is ±1◦; therefore, an order of magnitude higher is needed for
the accuracy of our angle control so as to meet the calibration requirements. The angle of
the incident light is not easy to control accurately, so a precise turntable is used to change
the angle of the AOTF device instead. The schematic diagram of the AOTF geometric
parameter calibration is shown in Figure 5.
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The AOTF is placed on a precision turntable, and the accuracy of the angle adjustment
of the turntable is 0.01◦. The light produced by the laser is elliptically polarized. A polarizer
needs to be added before AOTF to ensure that the incident light is extraordinary. The power
of zero-order light in the on and off states of the AOTF is obtained from the optical power
meter, and the difference between the two is the power of the diffracted light. The deflection
angle of the AOTF is positive when the AOTF rotates clockwise. At the same time, it is
equal to the absolute value of the polar angle of the incident light, the sign opposite (the
deflection direction is opposite). Here, the incident polar angle refers to the angle between
the incident light outside the crystal and the optical axis.

The procedure of calibration of GPC is as follows:

• Ensure that the incident laser is perpendicular to the front surface of the AOTF;
• Adjust the rotation angle of the AOTF using the precision turntable;
• The spectral response at different angles can be obtained by adjusting the output

wavelength of the laser (the minimum-central wavelength method);
• The frequency response at different angles can be obtained by adjusting the frequency

of the transducer (the minimum-frequency method).

To improve the fitting accuracy of the final data, the angle step value is set as 1◦ for
the large deflection angle of the AOTF, while the angle step value is selected as 0.1◦ when it
is close to the parallel tangent incidence angle. Because the temperature of the AOTF has a
certain influence on the spectral response, to shorten the acquisition time and to recover the
spectra as completely as possible, the wavelength scan interval is set to be 10 nm when the
diffraction efficiency is lower than 20%, 5 nm when the diffraction efficiency is 20~50%, and
1 nm when the diffraction efficiency is higher than 50%. During the test, the temperature
change range of the crystal is controlled within ±0.1◦ by temperature control equipment.

4. Experiment and Results
4.1. The Minimum-Central Wavelength Method

According to the experimental setup in Figure 5, the frequency of the AOTF remains
fixed at 14.0 MHz, and the wavelength of the laser needs to be tuned. The wavelength
tuning range of the laser is 3674.0~4566.7 nm.

The test data of each spectral response are fitted with the least squares method to find
the central wavelength corresponding to the point with the highest diffraction efficiency, as
shown in Equation (6).





DEci = x(1)× sin c(x(2)× (λmi − x(3)))2 + x(4)

L(DEmi, DEci) =
m
∑

i=1
(DEmi − DEci)

2 , (6)
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where x is a matrix of 1 × 4, which represents the initial value of the least squares method.
λmi represents the tested wavelength. DEci represents the calculated diffraction efficiency
and DEmi represents the tested diffraction efficiency. We minimize L(DEmi, DEci) by
iteration, and x is the fitting coefficient.

Spectral responses at some incidence angles are shown in Figure 6. Figure 6a,b
represent spectral responses at different incident polar angles. Different incident polar
angles indicate that the angle of incident light changes in the acousto-optic interaction
plane. The angle of incident light can be accurately obtained from the precision turntable.
The central wavelength of the matched curve is the extreme value of the fitted curve, in
order to reduce the error caused by random sampling.
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Figure 7 shows the results of the minimum-central wavelength method. Figure 7a
is a three-dimensional plot of the spectral responses at different angles. Figure 7b is the
fitting curve of the central wavelengths; θp corresponding to the lowest point of the central
wavelengths is 0.49◦, and the corresponding central wavelength is 3960.6 nm. At this time,
the angle of incident light is not perpendicular to the front surface of the AOTF. Thus, it
can be seen that the principle of parallel tangent is not satisfied for this mid-infrared AOTF
device, even presenting a large deviation.

Here, θp corresponding to the minimum central wavelength is marked as θ′. The
offset between θi and θi(α), i.e., δθ, can be obtained by the refraction law, as shown in
Equation (7).

sin(θ′) = ne(λs) sin(δθ), (7)

where λs is the wavelength of the laser. In this experiment, the incident polar angle is
0.49◦, δθ = 0.22◦ accordingly. According to the actual position of the transducer and the
geometric relationship in the coordinate system, θi satisfies Equation (8).

θi = θi(α)+δθ, (8)
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Figure 7. Measurement and fitting results of the minimum-central wavelength method. (a) Three-
dimensional diagram of spectral responses at different angles; (b) fitted curve of central wavelengths.

4.2. The Minimum-Frequency Method

The difference between the two methods is that the fixed parameter in the minimum-
frequency method is the output wavelength of the laser, while, in the minimum-central
wavelength method, the frequency of the RF is relatively fixed. As shown in Figure 8a, f1, f2,
and f3 indicate the selection of three ultrasound frequencies. There will be two intersections
with the spectral drift curve when the frequency is selected as f1. The two points meet the
momentum-matching condition and the diffraction efficiency is high. However, because
the spectral drift in acousto-optic planes has no symmetry characteristic, the incident
angle cannot be calculated through the deflection angle of AOTF corresponding to the two
intersections. When the frequency is selected as f2, the tuning curve cannot be accurately
obtained due to the error in the actual design parameters, and the approximate value will
also produce an error. When the frequency is selected as f3, the extreme point of the curve
corresponds to the highest diffraction efficiency under the premise of momentum mismatch,
requiring no accurate tuning curve relationship. In practice, the actual frequency is 0.5 MHz
lower than the frequency calculated by the ideal tuning curve. Finally, the incident polar
angle corresponding to the highest diffraction efficiency point is the desired one. The
experimental setup is the same as the method above. Figure 8b shows the measured data
and the fitting results.
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Third-order polynomial fitting is performed based on the measured data. The diffrac-
tion efficiency corresponding to the extreme point of the fitting curve is 59.91%, and the
incident polar angle corresponding to the extreme point is 0.52◦. Compared with the
minimum-central wavelength test result, there is an error of 0.03◦. The results obtained
by the two test methods are very close, indicating the feasibility and accuracy of the two.
Finally, the AOTF design parameters obtained from the test are taken into the model to
calculate the tuning curve. Before correction, α = 8.9◦, θi = 20.48◦. After correction,
α = 8.9◦, θi = 20.70◦. The geometric layout in Figure 1 has changed, so the tuning curve
(model calculation) has changed accordingly. The measured results of the tuning curve
and the results of model calculation before and after parameter correction are shown in
Figure 9a. The results show that the theoretical tuning curve can be more consistent with
the measured data only after GPC is corrected. The relative difference in central frequency
can be expressed by Equation (9). The results are shown in Figure 9b.

relative error =
| fc − ft|

ft
× 100%, (9)

where fc is the theoretical value of the central frequency. ft is the measured value of the
central frequency. Within the test band, the frequency error can be controlled within 1%
after the geometric parameter correction of the AOTF crystal.
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Then, we performed five complete measurements with the two different methods. The
uncertainty was calculated by Equation (10).





UA ≈ δx =

√
n
∑

i=1
(xi − x)2/(n− 1)

UB ≈ ∆ins
U =

√
UA

2 + UB2

(10)

where UA is the measurement uncertainty; δx is the standard deviation of the measurement
result of the vertical incidence angle (θi); ∆ins is the uncertainty of the measuring instru-
ments. It is assumed that ∆ins = 0.01◦ to maintain the consistency of the two methods; U
is the combined uncertainty. The calculation results are shown in Table 2. The advantages
and disadvantages of the two methods are also given.

Table 2. The advantages and disadvantages of the two calibration methods.

Method Calibration Time/Min Calibration Results/◦ Frequency Error

A: The minimum-central wavelength method ~270 α = 8.9, θi = 20.70± 0.04 ≤1%
B: The minimum-frequency method ~30 α = 8.9, θi = 20.72± 0.10 ≤1.05%

From Table 2, the time required for method A is much longer than for method B. In our
case, method A is more precise because the transducer will produce a power fluctuation
during frequency adjustment. Method B is greatly affected by the experimental conditions.
Besides the above, the measured values of error in the tuning curves of both methods fall
within the confidence intervals.

Finally, we carried out the mid-infrared spectral imaging experiment, and the experi-
mental schematic diagram is shown in Figure 10.
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As seen in Figure 10, the distance between the target and AOTF spectrometer was
far in the experimental setting, so the pre-collimating mirror group (telescope) could be
omitted. It was only necessary to measure the aberration of the imaging mirror group and
add the aberration parameters to the simulation model. The temperature of the heating
plate could reach 100 ◦C. The diameter of the dots was 6 mm, and the distance between the
calibration points was 20 mm. The coordinates of the calibration points were obtained by
the method of geometric center extraction, and the unsatisfactory calibration points were
eliminated. The size of the detector’s target plane was 256 × 320 and the pixel size was
30 µm. The focal length of the imaging mirror group was 50 mm. The ultrasonic cut angle
provided by the manufacturer was 8.9◦. The luminous aperture of AOTF was 20 × 20 mm.
The length of the piezotransducer was 21 mm. Different GPCs were brought into the model
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to calculate the theoretical imaging points, and the results are shown in Figure 11 without
considering the alignment errors.
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Figure 11. Spectral imaging experiment based on mid-infrared AOTF. (a) Actual image of diffracted
light; (b) the partially enlarged view of the target.

In Figure 11, the circles represent the simulated imaging points, and the red asterisks
represent the actual imaging points. If we remove the two calibration points within the red
dotted box, we can find that the simulated imaging points are all located near the actual
imaging areas. After the geometric calibration of the AOTF crystal, the ideal imaging points
are closer to the actual imaging points, but the effect is not obvious. The main reasons lie in
the following aspects: (1) the aberration of mid-infrared AOTF is much smaller than that of
the visible band; (2) the geometric calibration result of AOTF crystal has little difference
from the reference value; (3) limited by the angular aperture, the field of view of the system
is ±3◦. In this angle range, the aberration is small. The errorRMS can be calculated by
Equation (11).

errorRMS =

√√√√ 1
N

N

∑
j=1

[(xactual,j − xmodel,j)
2 + (yactual,j − ymodel,j)

2]. (11)

where xactual,j is the row coordinate of the diffracted light imaging position. xmodel,j is the
row coordinate of the calculated imaging position. y is the column coordinate. N is the
total number of sampling points. Before the correction, errorRMS = 2.01. After correction,
errorRMS = 1.07. The pixel difference for each point is shown in Figure 12. The fitting curve
adopts cubic polynomial fitting. The pixel difference is controlled at approximately one
pixel after correction.
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5. Conclusions and Future Directions

Before designing and manufacturing a spectrometer based on AOTF, it is necessary
to theoretically analyze the key parameters, such as the spectral bandwidth, imaging
distortion, and so on. If the GPC cannot be obtained accurately, it will be impossible to
conduct simulation analysis on the premise of accuracy, making the results meaningless.
For the AOTF devices not strictly conforming to the principle of parallel tangent, two test
methods to determine the design parameters are proposed, and the final test results of
the two are highly consistent, with an error of 0.03◦. Finally, the accuracy of the obtained
design parameters is verified by the tuning curve and geometric calibration experiment.
Results reveal that the accuracy of GPC is the premise on which the AOTF model can be
used for ray tracing or analyzing the response of the device or the system. It is also the
original intention of this work.

As for the advantages and disadvantages of the two methods, we believe that the data
measured by the minimum-central wavelength method will have better stability. Because
of the heating due to the operation of AOTF, the fluctuation in diffraction efficiency is
influenced more seriously than the shift in the central wavelength.

The design of all AOTFs is based on the optical anisotropy of crystals; until now,
however, only uniaxial crystals have been used. The method in this paper is also only
applicable to the calibration of the geometric parameters of uniaxial crystals. The spectral
response of AOTF based on biaxial crystal is more complex, and the calibration method
remains to be determined.
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Abstract: The paper presents the application of the acousto-optic tunable filter (AOTF) in surface
plasmon resonance (SPR) spectroscopy to measure the optical thickness of thin dielectric coatings.
The technique presented uses combined angular and spectral interrogation modes to obtain the
reflection coefficient under the condition of SPR. Surface electromagnetic waves were excited in the
Kretschmann geometry, with the AOTF serving as a monochromator and polarizer of light from a
white broadband radiation source. The experiments highlighted the high sensitivity of the method
and the lower amount of noise in the resonance curves compared with the laser light source. This
optical technique can be implemented for nondestructive testing in the production of thin films in
not only the visible, but also the infrared and terahertz ranges.

Keywords: acousto-optic; tunable filter; surface plasmon resonance; surface electromagnetic wave
spectroscopy; thin film thickness; wavelength and angular interrogation; refractive index sensing

1. Introduction

Recent advances in nanofabrication techniques have facilitated the development
of new materials such as metasurfaces [1], gradient-index films [2], and so on. Such
nanomaterials have sparked renewed interest in plasmonics [3], a field of research that aims
to control light–matter interactions at the nanoscale at metal–dielectric interfaces. For the
same reason, the methods for controlling the deposition and characterization of thin films
for accurate measurement of their plasmonic performance have been receiving increased
interest [4].

Surface plasmon resonance (SPR) is one of the most sensitive techniques for the optical
characterization of thin layers whose thickness is much less than the wavelength of the
probing light [5,6]. SPR is a well-established biosensing technique for environmental
and medical applications for the detection and characterization of various analytes [7–10].
Like other reflectometry techniques, the SPR method consists of the measurement of
the reflection coefficient R [6]. R depends on the wavelength, angle of incidence θ, film
thickness, and optical constants of the multilayer structure under study. SPR was observed
not only in the visible, but also in the infrared [11,12] and terahertz ranges [13,14]. Usually,
the wavelength interrogation mode, i.e., SPR spectroscopy, is used in combination with
optical fibers [15], thus the angular interrogation mode cannot be applied. Application of
the acousto-optic tunable filter (AOTF) allows combining angular and spectral modes.

Since its development in 1969 [16], the AOTF has found applications in many op-
tical research methods, such as spectroscopy [17], profilometry [18], microscopy [19],
endoscopy [20], stereoscopy [21], colorimetry [22], holography [23,24], and so on, thanks
to its high tuning speed, narrow spectral width, low distortion of the passing collimated
beam [25], compactness, absence of moving mechanical parts, and electronic control. The
AOTF is suitable for any research that requires spectral image processing [26]. The AOTF
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enables a dynamic increase in the imaging contrast of objects under study [27], attenuation
of the laser radiation [28], and so on. The AOTF relies on the interaction of light with
sound [29]; a piezoelectric transducer—when radiofrequency is applied—generates an
acoustic wave, which creates in the birefringent medium periodic regions of compression
and decompression with different refractive indices. The traveling light wave diffracts
on these areas like on a diffraction grating, the period of which can be adjusted through
the sound frequency for dynamic spectral selection. The diffraction efficiency of the AO
interaction in new AO devices has improved significantly [30–32], and the number of
applicable materials with optical anisotropy has increased [33,34]. Owing to the choice of
new AO media (including liquid ones [35]), the spectral range has been extended from the
ultraviolet and visible [36] to the infrared [37,38] and terahertz [39,40] ranges.

The narrow spectral width (which can theoretically be as low as 2.5 Å for λ = 630 nm [41])
from the emitted spectrum of the radiation source and the high degree of polarization is
an ideal combination for surface plasmon resonance (SPR) spectroscopy, as this effect is
observed in a monochromatic p-polarized radiation [42]. In this case, using a radiation
with a short coherence length, as in the case of an AOTF-filtered white light source, may
be preferable to the use of coherent laser radiation. Although the SPR phenomenon has a
quantum nature as it occurs when light tunnels through a thin metal film, we can accurately
calculate the reflection coefficient R within the transfer matrix formalism, similarly to its use
in classical optics, to describe interference in thin films. However, it is essential to note that
the thickness of the metallic film supporting SPR should not exceed half the wavelength
and is usually much smaller than it. So, the coherence length of light does not affect the
calculation of R because it does not exceed the thickness of the film. Therefore, SPR can be
similarly observed with the coherent laser light or incoherent quasimonochromatic light.
The latter is more favorable owing to the suppression of parasitic interference in lenses, as
well as of spurious diffraction such as speckles from scattering on surface roughness, dust
particles, and other minor inhomogeneities of the films. Therefore, the use of the white
light filtered by the AOTF for the creation of monochromatic incoherent radiation makes it
possible to obtain resonance curves containing less noise compared with the laser radiation.

The AOTF was first applied to SPR measurements in [43,44] in the fixed-angle wave-
length interrogation mode. It has been shown that, in the Kretschmann configuration, it is
possible to increase the sensitivity of the sensor by combining angular and spectral modu-
lation via selection of the optimal wavelength and angle [45]. Recently, we have developed
an algorithm [46] that allows using the full range of scanning angles and wavelengths to
increase the accuracy of SPR measurements. Our goal is to show the effectiveness and
prospects of our approach to popularize the application of the AOTF in SPR spectroscopy.

2. Materials and Methods

To experimentally demonstrate the AOTF operation in SPR spectroscopy in the com-
bined spectral and angular interrogation mode, we use an AO cell made of paratellurite at
the STC UI RAS. The main parameters of the AO cell are described in [36] (TeO2 material,
γ = 7◦, diffraction mode e→ o, crystal length of 25 mm, 10 mm × 8 mm light aperture,
and spectral range of 450–900 and 900–1700 nm). The chromatic shift of the AO cell is
compensated for with a heavy flint (TF-1) wedge and is equal to approximately 5’.

2.1. Optical Setup

The optical scheme of the experimental setup is shown in Figure 1.
To create a uniform collimated light without chromatism, we use a parabolic off-axis

mirror with the fiber optic output of the white light source in the focus. The AO cell control
driver enables wavelength selection. A collimated p-polarized radiation beam deflected by
the AO cell is directed to the object under study; that is, a prism with a thin film coating
on its base. The right-angle prism was made of LC-7 glass at the optical division of the
STC UI RAS. LC-7 is a Russian National State Standard (GOST) light crown glass with a
refractive index n of about 1.48 and dispersion coefficient νe = 66.17. With the help of a
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beam-splitting cube, part of this radiation is deflected for analysis to the spectrometer. This
enables determination of the wavelength without cell pre-calibration, as well as control of
possible temperature deviations during the measurements [47]. We found that the AOTF
characteristics remained stable during the experiment. The measurements are performed at
a fixed angle of the rotating miniplatform, which is preselected such that the resonance dip
is present in all images (as the resonance dip shifts monotonically towards lower angles
with increasing wavelength). The angular interrogation is provided by the concentration
of the beam by a focusing lens. The focal spot is at the base of the prism, i.e., on the thin
film. The accuracy of the lens focusing is controlled by means of the camera via choice
of the lens position corresponding to the minimum light spot visible from the back side
of the prism. The focus spot does not exceed 0.5 mm. The cleanliness and homogeneity
of the measured region of the thin film are also controlled by means of the HeNe laser,
as a coherent radiation is more sensitive to roughness, defects, and contamination of the
thin film surface. We are able to select a region of the thin film using micromechanical
horizontal and vertical translators.
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Figure 1. The optical scheme of the AOTF-based spectroscopy. The light source is the ISTEQ XWS-65
laser-pumped plasma broad white light radiation source collimated with the OPM (off-axis parabolic
mirror) Thorlabs MPD399-M03 with a diameter of Ø3” and reflected focal length = 9”; HeNe laser
is a helium-neon laser LGN-301 with an emission wavelength of 632.8 nm; Beamsplitter is a non-
polarizing 50/50 cube with a 25 mm facet; Diaphragm is an 8 mm aperture for beam collimation;
Lens is a Thorlabs achromatic lens Ø1” with a spectral range of 400–700 nm and focal distance of
50 mm; Polarizer is a visible range polarizer; Spectrometer is a tunable grating spectrometer Avesta
ASP-150 with Hamamatsu S8378-1024Q CCD array and a spectral resolution of 0.06 nm; Prism is a
right-angle prism (produced at STC UI RAS) with base dimensions of 22 mm and height of 11 mm,
made of LC-7 glass with a metal (silver, Ag) film and dielectric (silicon dioxide, SO2) coating and
placed on a rotating miniplatform Standa 7R7 mounted on a translation stage Standa 7T173 and
vertical translation stage Standa 7VT188-20; CCD is a GigE monochrome industrial camera Imaging
Source DMK 23G445 with no IR filter, with a resolution of 1280 × 960 pixels and sensitivity of down
to 0.015 lx; PC is a personal computer with the control software written in Python 3 and AutoIt 3.

2.2. Preparation of Samples

The object of the study was a thin film of silver (Ag) with a thickness of 55 nm. The
coating was performed with a vacuum unit for ion-beam sputtering of optical coatings (the
Aspira sputtering unit, OOO “FLAVT”, Serpukhov, Russia).

At first, a set of silver-coated prisms was made, and then each prism was separately
coated with a thin layer of silicon dioxide of 13 nm, 17 nm, and 30 nm thick. Initially,
thicknesses of 10 nm, 20 nm, and 30 nm were planned, but this result could be achieved
only after additional calibration of the deposition rate in the vacuum unit. The thickness
of the deposited coating was under broadband optical control with time correction (at a
known rate of substance deposition) (see also Appendix A).
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2.3. Experiment

Using the PC, we sequentially tune the AOTF, starting with a wavelength of approxi-
mately 480 nm and ending at approximately 780 nm. As we approach the extremes of the
wavelength range, the light intensity decreases. If necessary, the measuring range can be
extended from 450 nm–900 nm to 900–1700 nm via proper cell driver tuning. The camera
shoots at four exposures (0.1 ms, 0.5 ms, 2 ms, and 5 ms) to ensure a high dynamic range.
A similar uncoated LC-7 glass prism is used as a reference of the incident radiation for
calculation of the reflection coefficient R. As the observation takes place at angles exceeding
the angle of total internal reflection, the reflection coefficient for the reference prism is
close to 1. The reference prism allows us to take into account the deviations caused by
the aberrations in the lenses, the insufficient uniformity of illumination, and the Fresnel
reflections. To determine the angular scales in the images, we utilize a green laser to
measure the angular position of the central laser spot from the reflection from the base.
Then, using the rotating platform, we mark the positions of the light spot with increments
of 30 angular minutes. We note that the resulting angular scale remains linear across all
measurements, which indicates negligible aberrations in the lens and sufficient collimation
of the beam. The measured angular scale refers to the angle of incidence of light onto the
face of the prism. We recalculate it into angles of incidence onto the base of the prism,
taking into account Snell’s law and the known dispersion in the glass.

3. Results

The obtained experimental data in the form of a set of images from the camera and
their corresponding spectra were processed with a program written in Python. The source
code and images are available on Github. As the AO cell control driver was not pre-
calibrated, the measurements were taken with a constant radiofrequency step of 1 MHz,
starting at 62 MHz and up to 110 MHz (48 wavelength measurements). The measurement
data were then recalculated and linearly interpolated to a uniform grid with wavelengths
of 515 to 750 nm, as shown in Figure 2.

In Figure 2, we observe a spectrum in terms of the wavelength λ and angle θ of the
resonance curves. This spectrum clearly repeats in shape the known dispersion curvesω
(k), as the wavelength is inversely proportional to the frequencyω and the wave vector k,
and k of the surface plasmons is proportional to the angle of incidence θ. Figure 2 is inspired
by Figure 2 in [48], where SP dispersion curves for the flat and textured metal surfaces are
shown, obtained by the modified prism coupling method using a photographic film.
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Figure 2. Experimental spectral images of the resonance curves (dependence of the reflection coef-
ficient R on the angle of incidence θ) for the LC-7 glass prism with the thin 55 nm silver film and
various thicknesses of the dielectric coating (silicon dioxide). The color corresponds to the real color
visible to the human eye. The thickness of the dielectric coating measured by the spectrophotometer
is (a) 0 nm, Sample 1; (b) 13 nm, Sample 2; (c) 17 nm, Sample 3; and (d) 30 nm, Sample 4.

Having the known optical constants for silver (e.g., from refractiveindex.info [49]), we
found that the experimental curves for the resonance angles in Figure 3a (value of the angle
θ at the minimum of the reflection coefficient R) agree well with the theoretical values. We
calculated the reflection coefficient R for the multilayer structure by the transfer matrix
method [50,51]. However, the values of the reflection coefficient R in Figure 3b differ. The
larger values for the reflection minimum can be explained by the fact that the calculation
was performed for a monochromatic light, but the light after the acousto-optic cell has a
wider spectral width, which leads to a decrease in the contrast of the resonance curve.
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Figure 3. Experimental (solid) and simulated (dashed) resonance curves for different samples:
1—without a dielectric coating; 2, 3, and 4—with sequentially increasing coating thickness (see
Table 1). The wide semi-transparent line shows the confidence interval: (a) dependence of the
resonance angle on the wavelength; (b) dependence of the minimum of the reflection coefficient on
the wavelength.
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Table 1. Measured thickness values in nm for the dielectric coating.

Method Sample 1 Sample 2 Sample 3 Sample 4

Spectrophotometry 0 13.0 ± 3.0 17.1 ± 4.2 30.0 ± 5.2
SPR spectroscopy 0 8.7 ± 1.5 12.0 ± 1.4 25.9 ± 1.4

From Table 1, we see a difference in the dielectric coating thickness measurements.
However, the measured values fall within the confidence intervals. We should note that the
accuracy of the spectrophotometric control applied in the thin film production is not the
best in its class and is given only for reference purposes. In our case, the SPR spectroscopy
is a more precise and convenient technique because, at a well-defined resonance dip, a
shift in the position of the resonance angles at multiple wavelengths is easier to interpret
than a shift in the spectral maxima and minima of the gradual spectral curve obtained by
spectrophotometry (compare Figures 3a and A1c). Besides that, SPR spectroscopy allows
measuring the dielectric thickness directly on the sample itself, whereas spectrophotom-
etry measurements are performed indirectly on a specially prepared control sample (see
Appendix A).

4. Discussion

In the presented experimental setup, we used the AOTF produced by the Scientific
and Technological Centre of Unique Instrumentation of the Russian Academy of Sciences.
The AOTF combines the functions of a monochromator and a light polarizer; the AO crystal
used is transparent in the visible and infrared ranges, and its optical design is suitable for
imaging purposes, allowing parallel angular and spectral SPR measurements. This makes
the AOTF an ideal tool for miniaturizing an SPR spectroscopy setup and allows using it for
the development of an AOTF-based SPR videospectrometer.

The determination of angular coordinates in this experiment has a high error of
10’. However, the precision can be improved up to 1’, which is the limiting precision of
the nonius in the rotating platform. This improvement would lead to a more accurate
determination of the thickness of the thin film, up to 1 Å. To achieve this, it is necessary to
reduce the influence of the error sources and increase the sensitivity of measurements.

Several sources of errors can be listed:

− chromatism in optical elements, that is, in the AOTF and lenses;
−misalignments in the setup;
− inaccuracy in the initial assumptions of the optical model.

Chromatism. The angular error introduced by the chromatic dispersion of light in
the AOTF was compensated for to some extent by the use of the glass wedge. We can
further improve the accuracy by calibrating the angular scale of the camera at different
wavelengths instead of just one. Additionally, we can use additional calibration lasers
of different wavelengths (e.g., the green KTP laser (λ = 532 nm) and red-diode-pumped
semiconductor laser (λ = 671 nm)) to ensure coincidence of the resonant angle positions in
both coherent and noncoherent light. The chromatism caused by the collecting lens in front
of the prism can also be eliminated via application of a second off-axis parabolic mirror.

Misalignments. Another source of error in this experiment is the placement of the
prism on the 3D-printed holder. This allows accurate positioning of the prism relative to
the rotating platform. However, owing to the imperfection of the 3D printing (accuracy
of about 0.4 mm), the holder plane is slightly inclined relative to the optical table, which
results in a slightly inclined SPR line, with the bottom of the line deviating from the top by
about 2’. This error can be eliminated via the introduction of a tilt platform.

Inaccurate optical model. Another factor not taken into account in these measurements
is the roughness of the metal and dielectric films. The optical model used assumes the
existence of sharp boundaries between the metal, dielectric, and air layers. However, if
the surface is rough, then, instead of a sharp boundary between the layers, there will be
a boundary with a gradient change in the refractive index. The roughness of the silver
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film can be estimated at 2–3 nm [52]. We can take this into account by adding gradient-
index transition layers at the metal–dielectric and dielectric–air interfaces. The optical
properties of these layers can be described with an effective medium approximation, e.g.,
the Maxwell–Garnett model [53].

To increase the sensitivity of measurements, it is better to recalibrate the AOTF for a
shorter wavelength range, down to 400 nm, because, at shorter wavelengths, the resonance
angle deviates by larger values. Additionally, to improve the determination of the reflection
coefficient R, one could increase the light output via compact assembling of the optical
setup. Currently, the light from the AOTF travels a distance of about 1 m to the prism,
which results in a relatively low intensity compared with the brightness of the light exiting
the AOTF.

Despite the experimental errors listed above, it is known that SPR spectroscopy is more
sensitive than spectroreflectometry [54]. Besides, the use of the AOTF allows obtaining
less noisy images, because there is no parasitic interference, which can be seen from the
comparison of coherent and incoherent monochromatic light sources in Figure 4.
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Figure 4. Comparison of images of the SPR curve with a monochrome camera: (a) for an AO filter
with the central wavelength λ ≈ 633 nm; (b) for a helium-neon laser, λ = 632.8 nm. The images are
the angular distribution of the reflected radiation from the base of the prism; (c) SPR observation
design (top view); the dashed line is the image plane.

However, the AOTF has the disadvantage of its light spectrum being broader than that
of the laser. This leads to a slight decrease in the contrast of the overall picture. In addition,
the focusing spot of the AO light on the surface of a thin film is an order of magnitude
larger than the laser spot. Thus, the laser source has a higher lateral resolution in the case
of surface microscopy [55]. However, for non-destructive testing, a wide spot can be an
advantage, as it excludes the accidental influence of microscopic defects, such as pinholes,
known as “starry sky”, or settled dust particles.

Furthermore, noise can be seen on the resonance minimum plot Rmin in Figure 3b.
However, the data from Figure 3b were not used in the determination of the film thickness.
Meanwhile, an analysis of Figure 3b shows that the SPR efficiency varies with different
dielectric coating thicknesses, which contradicts our expectations. According to the calcula-
tions, the depth of the resonance curve (i.e., the value of Rmin) shall not change, as seen for
the dashed lines in Figure 3b. The depth of the SPR curve depends on the thickness of the
metal film. If diffusion of the dielectric into the metal during the sputtering is assumed,
we can see that the metal film gradually decreases in thickness, which leads to conditions
closer to optimal SPR at the 9 nm coating (line 2 in Figure 3b). It is also noticeable that the
corresponding resonance curve (the thick black line in Figure 2) has the most pronounced
profile. However, as almost all experimental lines lie in the error interval, we cannot insist
on the correctness of our hypothesis. Meanwhile, the results of the measurements of thicker
coatings are not presented in this article; the downward trend in the SPR efficiency persists.
Further investigation into the issue of metal diffusion into the dielectric is needed, but our
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approach to SPR spectroscopy can offer a promising way to examine the transient diffusion
layers, which are important in understanding of the corrosion processes of thin metal films.

The high accuracy of the SPR technique in combination with spectroscopy will make
it possible to study ultrathin films and, in particular, gradient-index films. The physical
reason for the ability of each wavelength of light to provide information about the inho-
mogeneities of the film thickness, in addition to the dispersion of its optical constants, is
the nonlinear interaction of surface electromagnetic waves with the substance of the film.
The energy of the field is distributed exponentially with respect to the normal surface,
allowing for subwavelength characterization of the film structure. This is important, for
example, because graded-index thin films enable the achievement of high laser stability
of mirrors [56], change in the mechanical properties of films, increase in the efficiency of
scintillation detector BGO crystals [57], and so on. However, their manufacture requires
precise non-destructive testing. The common X-ray diffraction analysis is difficult to use
continuously in production and requires an ultra-smooth surface, and traditional spec-
trophotometry does not provide the necessary accuracy, as the strength of the interaction of
light with ultrathin layers is too small [58]. SPR spectroscopy using compact AOTFs makes
it possible to bring real-time optical control into existing thin film deposition facilities.

5. Conclusions

We obtained combined spectral and angular surface plasmon resonance curves and
observed the expected difference in the SPR spectra for slightly different coating thicknesses.
The image of the SPR curve obtained with the AOTF-filtered noncoherent light source is less
noisy compared with the laser image. This promising result shows the potential of using
the AOTF for SPR spectroscopy in the angular interrogation mode and for hyperspectral
SPR imaging for sensorics and non-destructive testing applications, in not only the visible,
but also the IR and THz ranges.
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Appendix A. Method of Determination of the Thickness of the Deposited Layer Using
a Spectrophotometer

For measurements of the thin layer thickness, we used a control sample of high-purity
fused silica glass KU-1 (nD = 1.4584, ne = 1.4601) with a diameter of 22 mm and thickness
of 6 mm, with a pre-sprayed multi-layer dielectric coating (two layers: Ta2O5 with a
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thickness of 185 nm and SiO2 with a thickness of 264 nm). This coating was applied in two
steps: tantalum oxide deposition (working pressure of 2.8 × 10−2 Pa) and silicon dioxide
deposition (working pressure of 1.75× 10−2 Pa). The sputtering of coatings was carried out
by ion-beam at an initial pressure in the chamber not worse than 8 × 10−4 Pa. After each
step, the transmittance of the sample was measured with the Cary5000 spectrophotometer
in the wavelength range of 400–1100 nm. Pre-calibration (normalization) of the signal to
zero and 100% transmittance was performed. Only one control sample was used in all
spectrophotometry measurements, so the dielectric coatings were sprayed sequentially one
on another (see Figure A1b), which led to an increase in the measurement error of each
successive layer (Table 1). From the data obtained, the thicknesses of the layers of tantalum
oxide and silicon dioxide were determined with the help of a program written in Python.
During the sputtering process, the desired thickness is obtained by fitting theoretical to
experimental spectra. The estimated error of the thickness measurements was found via
Monte Carlo simulation on synthetic data sets (M = 100) from the spectral transmittance
points (N = 700) [59].
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(4) fixed on the rotating carousel. The sputtering thickness is monitored with a spectrometer (5). (b) 
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Figure A1. (a) The schematic of the thin-film sputtering chamber and optical control unit: ion
gun (1) irradiates target (2); the dispersed substance is deposited on control sample (3) and SPR prism
(4) fixed on the rotating carousel. The sputtering thickness is monitored with a spectrometer (5).
(b) The final layout of the sprayed layers on the control sample: 1—KU-1 glass; 2—pre-sprayed
Ta2O5 layer; 3—pre-sprayed SiO2 layer; 4, 5, and 6—SiO2 coatings. (c) An example of the measured
transmission spectrum of the control sample for coating thickness (red solid line) and a model
approximation for 13 nm coating thickness (dashed line), and model approximations within a
confidence interval of 10–16 nm (dot-dashed lines).

The measurement error with Cary5000 was minor, about 0.1% for a sample after four
measurements with a shift to take into account the uneven coating thickness. The sputtering
error due to variations in the position of the parts on different tooling was 1%. This error
was calculated from measurements taken on different holders for the same process. The
error in measuring the transmittance spectrum during the sputtering process and in the
control sample was influenced by the stability of the optical signal, which was disrupted
by the vibration from the rotation of the carousel. The control sample and prism were
located in different positions in the chamber (see Figure A1a), which could result in a slight
difference in their coating thicknesses.

For calculation of the thickness of the sputtered layer, OptiLayer 7.68 software was
used for the determination of the refractive index through the transmission of a thick (over
200 nm) layer of silica sputtered on a quartz substrate over a known layer of tantalum oxide.
The refractive index dispersion for each dielectric used in the sputtering process must be
measured beforehand. These values may vary slightly from one process to another, which
complicates the film fabrication process. The main source of error in the determination
of the silicon oxide thickness was the measurement of the refractive index used in the
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model for a sputtering process with a higher oxygen concentration. In our case, during the
sputtering onto the SPR prism no supplemental oxygen flux was used in order to prevent
oxidation of the metal film on the prism. This led to a change in the oxygen concentration.
As a result, the model and measured spectra do not fit well (see Figure A1c).
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Abstract: It is known that one of the ways to increase the energy efficiency of acousto–optic devices
is to use ultrasound beams with a higher power density. It has been established experimentally that
the use of a partially electroded ultrasonic transducer significantlyincreases the energy efficiency of
the acousto–optic modulator of terahertz radiation. In addition, the operation of an acousto–optic
deflector of terahertz radiation with the use of a sectioned ultrasound transducer was theoretically
investigated. It showed that a deflector of this kind enables one to achieve higher angular resolution.

Keywords: acousto–optic interaction; terahertz radiation; diffraction; liquefied inert gas

1. Introduction

The amount of transmitted information increases exponentially every year. The solu-
tion to this problem is the use of data compression algorithms as well as the use of signals
with higher frequencies. Therefore, the communication development in the terahertz (THz)
range is now relevant [1]. There are a number of sources and detectors of THz radiation [2],
and a digital signal processing for high-speed THz communications has also made signifi-
cant progress [3]. The main problem is the lack of devices for effective real-time control of
THz radiation. Due to the specificity of this range, it was possible to create fairly simple
metamaterials with a negative refractive index [4] as well as the adaptive metasurfaces
for deflecting and modulating THz radiation [5,6]. Their optical properties are highly
correlated with conductivity changes which can be caused by impact of the laser radiation
or electrical signals. The best results have been achieved by graphene-based devices: the
modulation depth is close to 100% and the operation speed is approximately kHz.

Another method for radiation control is based on a well-known acousto–optic (AO)
interaction. AO devices are widely used for real-time optical processing of information [7].
This is achieved via control of the parameters of the ultrasound wave, which forms a phase
diffraction grating in the medium, resulting in high operation speed of the commercial AO
devices in the order of MHz. An important feature is that the intensity of the diffracted
radiation resonantly depends on the wavelength of the radiation. Therefore, AO devices
can be used for spectrometric measurements. For example, in 2020, an AO spectrometer
was developed for the ExoMars space mission, which makes it possible to estimate H2O
content [8]. AO devices can also be used as a phase modulator in frequency-modulation
heterodyne spectroscopy, which allows the analysis of both absorption and dispersion
properties of optical resonances [9]. Finally, significant progress has been made in AO-
modulated diffuse correlation spectroscopy to monitor blood flow in tissues [10].

To work with visible radiation, ultrasound frequencies of about 100 MHz are used [11].
As the ultrasound transducer is an open resonator, its thickness h is inversely proportional
to the resonance frequency Fres [12]:

Fres =
VPZT

2h
, (1)
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where VPZT is the sound velocity in the transducer material. At VPZT ≈ 5 km/s and
Fres = 100 MHz, the thickness h of the transducer is only 50 µm. Therefore, a transducer
with a width d of a few millimeters can be considered as thin. As it is known, thin
transducers have oscillations of piston type and generate a homogeneous acoustic field.

Meanwhile, when working with THz radiation, it is necessary to take into account the
strong divergence, which is inversely proportional to the wavelength λ. Therefore, wide
radiation beams with a diameter of about D = 1 cm are used [13]. Obviously, with an
ultrasound transducer with a width d = 1÷ 2 mm, most of the radiation will not interact
with the ultrasonic beam. On the other hand, it is not reasonable to use an ultrasound
transducer with a width much greater than D, as it leads to a significant decrease in
the acoustic power density. Therefore, the optimal width of the transducer should be
comparable the diameter of the radiation beam D.

The energy efficiency ξnorm = ξ/Pa of the AO modulator is determined as diffraction
efficiency ξ per 1 W of acoustic power Pa [14]:

ξ1D =
I1

I0
≈ π2

2λ2
M2Pa

d
L exp(−αsl), (2)

where index 1D means that it corresponds to a simple 1D model; I1 is intensity of the
diffracted radiation, whereas I0 corresponds to the transmitted radiation; M2 is the coeffi-
cient of the AO figure of merit of the interaction medium; αs is the sound power attenuation
coefficient; l is the distance from the sound transducer to the THz beam; and L is the length
of the ultrasound transducer.

There are several works related to AO in the THz range [15–17]. In these works, AO
interaction was investigated in the following media: single crystals of germanium (Ge) and
gallium arsenide (GaAs), TPX-plastics, and non-polar liquids (saturated hydrocarbons and
their derivatives, in which one or more hydrogen atoms are replaced by other chemical
elements). However, the AO diffraction efficiency in these media was only a few hundredth
of a percent per 1 W of driving electrical power. It has been found in [18] that the best
medium for AO diffraction of THz radiation is liquefied sulfur hexafluoride SF6. It is
characterized by an AO figure of merit M2 two orders of magnitude greater than the
abovementioned media. However, this medium is characterized by significant attenuation
of ultrasound (αs ≈ 1.6 dB/cm at F = 300 kHz and temperature t = 21◦ C), which is
proportional to the square of the ultrasound frequency F. Therefore, the frequency has
to be about 300 kHz, which corresponds to a transducer thickness of 6 mm. The width
(≈10 mm) of such a transducer is comparable with its thickness (≈6 mm), and it can no
longer be considered “thin” plate.

Previously, we have performed a series of experiments on the AO diffraction of THz
radiation in the liquefied SF6 using ultrasound transducers of various widths d (from 6 to
14 mm) operating at a frequency of about F ≈ 300 kHz [14]. As a result, the dependence of
the energy efficiency ξnorm on the width d of the transducer was determined. According
to the formula (2), with reducing the width d of the transducer, the diffraction efficiency
ξ should increase by the law ξ ∝ 1/d. It was experimentally established that this law is
implemented only for relatively wide ultrasound transducers with a width d greater than
12 mm. However, for narrower transducers, an unexpected result was obtained: the energy
efficiency sharply decreased with a reduction in the width of the transducer at d ≤ 10 mm
(see Table 1).

Table 1. Characteristics of the AO modulator of the THz radiation with fully electroded ultrasound
transducer obtained in [14].

d (mm) 14 12 10 8 6

model ξnorm (%/W) 0.35 0.40 0.48 0.48 0.48
fitting ξnorm (%/W) 0.25 0.28 0.35 0.35 0.35
experiment ξnorm (%/W) 0.23 0.31 0.0076 0.11 0.003
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For wide transducers (which can be approximately considered “thin”), the experimen-
tal data are consistent with the model, while for narrow transducers (which are “thick”)
the data differ from the model. A literature review showed that complex mechanical de-
formations occur in “thick” transducers, resulting in a complex structure of the ultrasonic
field [19,20]. Therefore, we associate the unusual dependence of ξnorm(d) in [14] with
the inhomogeneity of the acoustic field caused by complex oscillations of the ultrasound
transducer.

In [21], it is shown that in order to achieve greater uniformity of the transducer
vibrations, only part of its radiating surfaces should be covered with electrodes. Thus, it is
expected that this will lead to a significant improvement in performance of the THz AO
modulator. Previously, we used ultrasound transducers that were completely covered with
electrodes [14]. Now, we have applied the method of increasing the homogeneity of the
acoustic field, proposed in [21]. In this paper, we present a more general model of the AO
modulation as well as the results of experiments with transducers whose radiating surfaces
were partially covered by electrodes.

In addition to improving the efficiency of AO modulation of THz radiation, another
problem is the implementation of THz AO deflector. For effective AO deflection of THz
radiation, the Bragg matching condition (η = 0) must be satisfied in a wide range of
ultrasound frequency F (see Figure 1) [22]:

k1 = k0 + K + η, (3)

where η is the mismatch vector, K is the wave vector of the ultrasound, and k0 and k1 are
the wave vectors of the incident and diffracted radiation, respectively.

Figure 1. Wave vector diagram of AO diffraction on ultrasound with frequency F (black) and F+∆F (green).

The mismatch vector η is perpendicular to the boundary of the sound column from
the end of vector K to the radiation wave surface [23]. Therefore, as shown in Figure 1, the
sound wave vector K must rotate with the frequency F so that its end touches the radiation
wave surface. In [23,24], it was shown that a sectioned ultrasonic transducer can be used to
solve this problem in the visible range. Earlier in [14], an ultrasound transducer completely
covered with electrodes was used, which was only suitable for effective modulation, but
not for broadband deflection of THz radiation. In this work, we theoretically investigate
the operation of the THz AO deflector with a sectioned ultrasonic transducer with the aim
of increasing the number of resolvable spots.
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2. Theoretical Background
2.1. THz Acousto–Optic Modulator

The AO diffraction efficiency depends on the ratio between the width of the sound
column and the diameter of the incident radiation beam (see Figure 2a). Let the width of
the sound beam be equal to the width d of the region of the sound transducer covered by
the electrode and the diameter D of the radiation beam be limited by the diaphragm (see
Figure 2b).

(a) (b)

Figure 2. Schematic of AO interaction: (a) 1—ultrasound transducer, 2—transmitted radiation beam,
3—diffracted radiation beam; (b) 1—radiation source, 2—diaphragm, 3—region of AO interaction.

The intensity distribution over the cross section of the radiation beam for most sources
has the form of the Gaussian function:

ITHz(y, z) = Is
1

πW2 exp
(
−y2 + z2

W2

)
. (4)

The integral intensity I0 of the transmitted beam can be calculated by the following relation:

I0 = exp(−αL)
∫ +∞

−∞
dy
∫ D/2

−D/2
ITHz(y, z)dz = Iserf

(
D

2W

)
exp(−αL). (5)

The integral intensity I1 of the diffracted beam is limited by the smallest quantity zmax
among d and D:

zmax =

{
d for d ≤ D;
D for d > D.

(6)

To calculate the intensity of diffracted radiation, we divided the path of the radiation
beam into small intervals dx. The radiation on each is diffracted in accordance with
Formula (2), with dx substituted for L. The oblique propagation of the radiation leads to a
slight change in the length l in (2): l − tan θBx. Finally, the radiation beam is not infinitely
narrow, which must also be taken into account: l(x) = l − tan θBx− y.

Thus, the integral intensity of the radiation diffracted on the ultrasonic field with plane
wavefront can be calculated as follows:

I1 =
π2

2λ2
M2Pa

d

∫ zmax/2

−zmax/2
dz
∫ +∞

−∞
dy
∫ L

0
ITHz(y, z) exp[−αs(l − tan θBx− y)]dx. (7)

The following expression for I1 was obtained:

I1 = Is
π2

2λ2
M2Pa

d
erf(zmax/2W) exp(−αsl + α2

s W2/4)[exp(αsL tan θB)− 1]
αs tan θB

. (8)
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Let us estimate the Bragg angle for AO diffraction of THz radiation in liquefied SF6.
Assume that the frequency of ultrasound is 300 kHz, the speed of sound—V = 300 m/s, and
the radiation wavelength—λ = 130 µm. Under these conditions, the Bragg angle is only a
few degrees, which corresponds to a quasi-orthogonal geometry of the AO interaction [25]:

θB ≈
λF
2V
≈ 4◦. (9)

Since the Bragg angle θB is much less than unity, Relation (8) can be expanded into the
Taylor series:

I1 = Is
π2

2λ2
M2Pa

d
L
(

1 +
αsLθB

2

)
erf
( zmax

2W

)
exp

(
−αsl +

α2
s W2

4

)
. (10)

The diffraction efficiency can now be calculated as the ratio of the integral intensity of
the diffracted beam to the integral intensity of the transmitted beam:

ξ =
I1

I0
=





ξ1D

(
1 +

αsLθB

2

)
exp

(
α2

s W2

4

)
erf
(

d
2W

)
/ erf

(
D

2W

)
for d ≤ D;

ξ1D

(
1 +

αsLθB

2

)
exp

(
α2

s W2

4

)
for d > D.

(11)

It follows from (11) that when the electrode width d is greater than the diameter D
of the radiation beam incident on the AO cell, the integral efficiency ξ of AO diffraction
decreases in inverse proportion to d. This can be explained by the decrease in the acoustic
power density, which is inversely proportional to the area of the radiating surface of the
ultrasound transducer. At the same time, it should be emphasized that when d < D, the
AO diffraction efficiency does not depend on the sound beam width d. Note that according
to the simple relation (2), the AO diffraction efficiency should be propotional to the acoustic
power density. However, as can be seen from (11), this is not the case. This can be explained
by the fact that the efficiency of AO diffraction increases, but locally, only in the region of
AO interaction, and part of the radiation beam does not interact with the ultrasound. Let
us consider an illustrative example. Suppose the initial transducer width d is equal to the
diameter of the incident radiation beam. If we decrease d by a factor of two, the diffraction
efficiency in the AO interaction region will increase by the same factor, but only half of
the light beam will interact with the sound. Obviously, the influence of these factors is
equal but opposite. Together, they balance each other, and the integral efficiency of AO
diffraction will not change.

2.2. THz Acousto–Optic Deflector

The theory of AO beam steering using a sectioned ultrasonic transducer was developed
in [26]. A general expression for the diffraction efficiency ξ was obtained for an even number
m of the transducer sections. The simplest way to realize AO beam steering is to apply
electrical signal to each section with a phase shift π. The operating point θi (see Figure 1)
of the AO deflector in terms of the angle of incidence was chosen in [26] with the aim of
maximizing the number of resolved light spots N. However, in that case there was a dip
(of 50% of the maximum value) in the center of the frequency response ξ(F). Our task
is to choose the operating point θi for the diffraction efficiency to be independent on the
deflection angle (when the dip in ξ(F) can be neglected).

We started with calculating the frequency response for various angles of incidence θi
in order to reveal the dynamics of the changes in ξ(F). The following values were used:
λ = 130 µm, V = 300 m/s, n = 1.2, Pa = 1 W, M2 = 15, 000× 10−15 s3/kg, L = 8 cm,
d = 1 cm, m = 8. The results are shown in Figure 3.
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Figure 3. Frequency response of THz AO deflector having an ultrasound transducer with 8 sections
for different operating points.

At an arbitrary angle of incidence, the AO diffraction occurs in a narrow frequency
bandwidth ∆F (green curve in Figure 3), which limits the number of resolvable spots N.
However, with a correct choice of operating point θi, a wide resonance occurs in a low
frequency range, which is accompanied by the narrow peak shift to higher frequencies (red
curve in Figure 3). A further increase in the angle of incidence leads to a slight shift in the
central frequency Fd and to the dip presence on Fd (blue curve in Figure 3). Finally, the
resonance curve splits into two substantially narrower ones (purple curve in Figure 3).

The analysis showed that the AO deflector mode is realized under the following conditions:

θi ≈
√

m
λ

nL
; θd = 0; Fd ≈ V

√
m

n
λL

, (12)

whereas the number of resolved spots N depends on the quick action τ = V/D [27] and
can be estimated as follows:

N = ∆F
D
V

= 1.9
√

n
λL

D. (13)

When using an ultrasonic transducer completely covered with an electrode, the num-
ber of resolved spots N1 = 1.8nVD/λFL is inversely proportional to the AO interaction
length L [28]. At the same time, according to (13), with a sectioned ultrasonic transducer,
N ∝ 1/

√
L. Therefore, an AO deflector based on the optically isotropic medium should

be equipped with a sectioned ultrasonic transducer. According to our estimates for the
parameters given above, for a THz radiation beam with a diameter of 1 cm, the number of
resolved spots can be increased up to 3 times: from N1 = 2 to N ≈ 6.5.

3. Experimental Results and Discussion

For the experimental investigation of the AO modulation of the THz radiation in
liquefied SF6, a specialized cuvette was used. A set of ultrasound transducers was made
of CTS-19 piezoceramics in the form of rectangular parallelepipeds with dimensions of
6 mm × 14 mm × 80 mm (6 mm being the thickness of the transducer, corresponding to a
resonant frequency of about 300 kHz). The electrodes were placed on both 14 × 80 mm
surfaces of the transducer. The length of the electrodes was L = 80 mm, while the width d
was 6, 8, 10, and 12 mm (see Figure 4).
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(a) (b)

Figure 4. Schematic of THz AO modulator: (a) AO cell; (b) ultrasound transducer.

The Novosibirsk free-electron laser (FEL) 1 was used as a source of monochromatic
THz radiation with the wavelength λ = 130 µm (see Figure 5). The THz beam was limited
by iris diaphragm 2 with the hole diameter D = 7 mm. The radiation deflected by AO cell
3 was focused by lens 4 onto the radiation detector 5 (Golay cell) that has been oriented to
achieve the maximum signal. The amplitude of electrical signal with frequency of about
F = 300 kHz from RF generator 6 was modulated with a frequency 10 Hz. Therefore,
the diffracted radiation had the same amplitude modulation increasing the signal-noise
ratio, as the Golay cell has the maximum sensitivity at 10–15 Hz. The diffracted radiation
intensity I1 was proportional to the signal from lock-in detector 7. Since the diffraction
efficiency was about ξ ≈ 0.1%, the mechanical obturator and calibrated optical attenuator
(not shown in Figure 5) at the input of the AO cell were employed for determination of the
transmitted radiation intensity I0. The experimental results are shown in Figure 6.

Figure 5. Schematic of experimental setup: 1—radiation source; 2—diaphragm; 3—AO deflector;
4—lens; 5—radiation detector; 6—RF generator; 7—lock-in detector.

For each ultrasound transducer, the optimal frequency Fres corresponding to the
maximum value ξnorm = ξ/Pa of diffraction efficiency per 1 W of the driving electric power
was determined. The data for the angular ∆θ and frequency ∆F bandwidth, as well as Fres
and ξnorm, are summarized in Table 2. The experimental error in diffraction efficiency ξnorm
was mainly related to the FEL intensity instability and was determined from a 1-minute
data sample.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6. Experimental results: (a,c,e,g) AO diffraction efficiency ξ/ max(ξ) vs. difference between
angle θ of incidence of THz radiation on AO cell and Bragg angle θB; (b,d,f,h) frequency dependence
of AO diffraction efficiency per 1 W of applied electric power.

Table 2. Characteristics of AO modulator of THz radiation revealed experimentally.

d (mm) t (◦C) p (bar) ξnorm (%/W) ∆θ (deg) ∆F (kHz) Fres (kHz)

12 +22.5 25 0.08± 0.01 0.64± 0.03 35± 4 313.6± 1.4
10 +22.5 26 0.11± 0.01 0.68± 0.04 42± 5 326.3± 2.1
8 +22.0 26 0.21± 0.02 0.80± 0.02 33± 3 322.2± 1.3
6 +21.0 24 0.18± 0.02 0.82± 0.03 35± 2 334.4± 0.8

According to (1), the resonance frequency Fres of the sound transducer depends only
on its thickness h. However, all the transducers had the same thickness h = 6 mm and
different resonance frequencies Fres. This is related to the fact that the transducer width
(14 mm) and the electrode width (from 6 to 12 mm) were of the same order as the transducer
thickness (6 mm), which resulted in complex deformations. Therefore, a simple model
(1) of a piston-type transducer allows only an estimation of the value of the resonance
frequency Fres. A similar dependence Fres(d) was revealed in [14] for fully electroded
transducers with different widths d. The energy efficiency ξnorm of the AO modulator is
proportional to the AO figure of merit M2 of liquefied SF6, which depends on its pressure
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p and temperature t. It should be noted that the experimental conditions were slightly
different for each ultrasound transducer. Modelling was performed not for constant p
and t, but for the experimental conditions. Therefore, the calculated dependence ξnorm(d)
differs from ξ ∝ 1/d (11). The experimental data were fitted by the theoretical dependence
reduced by a constant factor (see Figure 7).

Figure 7. Dependence of energy efficiency of AO modulator on electrode width d of ultrasound transducer.

The experimentally determined diffraction efficiencies for all the ultrasound transduc-
ers were approximately three times lower than that predicted by the theory. So, one can
admit the presence of a negative factor (for example, heat losses) in the set of transducers
partially covered by electrodes. The physical mechanism can be revealed by modelling com-
plex deformations of the ultrasound transducer. This problem can be solved, for example,
in COMSOL multiphysics.

The fitted curve intersects only one of four error bar regions of the experimental
data (see Figure 7). Nevertheless, there is a qualitative agreement of the model with all
experimental data. At the same time, in [14] the model was valid only for d = 14 mm and
d = 12 mm, whereas for d = 10 mm and d = 8 mm the difference between the model
and experiment was several times, and for d = 6 mm this difference was of two orders of
magnitude (see Table 1). Therefore, the results of [14] are in fact the first attempt at the
experiment, while the current results are in good agreement with the more general theory.

In [14], the diffraction efficiency decreased with a diminishing of the transducer width
d for d < 12 mm. In the current work, we experimentally found that the diffraction
efficiency increased with a decrease in the electrode width d. For example, for d = 8 mm,
the diffraction efficiency became two times higher relative to [14], and for d = 6 mm, this
difference rose to 60 times. The main reason for this difference is the complex structure of
the ultrasonic field, as the theory is only valid for an ultrasonic field with plane wavefront.
Therefore, we can conclude that ultrasound transducers partially covered by electrodes
generate a more homogeneous ultrasonic field and have a great potential in the THz
acousto–optics. We also plan to equip the AO cell with the sectioned ultrasound transducer
and to experimentally investigate the wide-angle AO deflection. For this purpose, the same
electrical signal will be applied to neighboring sections with a phase shift π. This is the
simplest design, and according to our estimations, it will enable one to increase the number
of resolved spots of the AO deflector by several times.

4. Conclusions

The characteristics of the THz AO deflector with sectioned transducer have been
estimated for the first time. It was shown that the use of a sectioned ultrasound transducer
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will increase the number of resolvable spots of the acousto–optic deflector by 3–4 times.
It has been demonstrated that the ultrasound transducers partially covered by the elec-
trodes can generate a more homogeneous acoustic field at 300 kHz compared with fully
electroded transducers. The AO diffraction in liquefied SF6 was investigated employing
ultrasound transducers of this type. The diffraction efficiency for an electrode width of
6 mm was 0.18 (%/W), which was two times higher than that for a 12 mm electrode width.
Moreover, with an electrode width of 6 mm and transducer width of 14 mm, the diffracted
radiation intensity was increased by more than an order of magnitude, compared with
fully electroded transducers with the width of 6 mm. This fact enables one to increase the
acoustic power density and thus to achieve higher energy efficiency of the THz AO devices.
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Abstract: The acousto-optic (AO) diffraction of terahertz (THz) radiation in liquefied sulfur hexafluo-
ride (SF6) was investigated in various temperature regimes. It was found that with the increase in the
temperature from +10 to +23 ◦C, the efficiency of the AO diffraction became one order higher at the
same amplitude of the driving electrical signal. At the same time, the efficiency of the AO diffraction
per 1 W of the sound power as well as the angular bandwidth of the efficient AO interaction were
temperature independent within the measurement error. Increase of the resonant sound frequency
with decreasing temperature and strong narrowing of the sound frequency bandwidth of the efficient
AO interaction were detected.

Keywords: acousto-optic interaction; terahertz radiation; diffraction; liquefied inert gas

1. Introduction

Acousto-optical (AO) devices have found wide application in optical information
processing in real time and are actively used in fiber-optics, tomography, microscopy, and
astronomy [1–4]. They have proven to be effective in the ultraviolet, visible, and infrared
spectral ranges. The AO interaction is based on the photo-elastic effect, due to which the
sound wave forms a phase diffraction grating in the medium. Birefringent single crystals
usually serve as the interaction medium in the above mentioned ranges [5]. Most of the
modern AO devices operate under normal conditions and provide efficiency close to 100%.
The development of efficient AO filters and deflectors requires the use of birefringent
crystals. This makes it possible to improve the characteristics of these devices by several
orders of magnitude in comparison with analogs based on optically isotropic media [6,7].
Unfortunately, in the terahertz (THz) range, birefringent crystals are practically opaque,
while optically isotropic crystals (for example, germanium) feature a lower value of the
AO figure of merit [8]. Therefore, studies of the AO effect in the THz range have not been
carried out for many years and were considered unpromising. However, the growing
interest in THz radiation necessitated search for a suitable medium for AO interaction. It
was found that inert gases (for example, Xe or Kr) can be such a medium since they are
transparent to THz radiation and have good AO properties [9]. Unfortunately, ultrasonic
attenuation is large in the gases even under high pressure. In the work [9] it was shown
that the ultrasound attenuation in the liquid phase of CF6 is less than in the gaseous one.
For this reason, experiments were carried out in work [9] with various inert gases in the
liquid phase and the AO diffraction efficiency of about 80% was obtained. It was found
that the best suitable medium was liquefied sulfur hexafluoride (SF6), the density of which
is about 1.5 times that of water, whereas its sound velocity is only about 300 m/s. Due
to this rare combination of properties, liquefied SF6 features an AO figure of merit one
order higher than that of the best birefringent crystal (paratellurite, TeO2) used in the
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visible range [10]. Liquefied SF6 is an optically isotropic medium making it possible to
manufacture only commercial AO modulators of powerful THz radiation. The prime cost
of such modulators is low and is determined mainly by the manufacturing cost of a cuvette
for liquefied gas. The advantages of AO modulators of THz radiation are: (1) low power
consumption (several tens of watts); (2) high operating speed (about 10 µs); (3) spatial
separation of the diffracted radiation beam from the transmitted one.

Research in work [9] was carried out at the temperature of +13 ◦C and +14 ◦C. It was
found that the temperature increase of only 1 degree leads to the diffraction efficiency falling
about three times at the same amplitude of the electrical signal. The author cannot provide
an explanation of the effect discovered. The experiment we performed at a temperature
of +24 ◦C gave only a qualitative confirmation of the model, which takes into account
the effect of temperature on the physical properties of SF6 [11]. We are confident that this
discrepancy is due to the fact that the model does not take into account the structure of the
sound field. If we assume that the ultrasound transducer acts like a piston, modeling of the
structure of the sound beam can be performed even on low-power computers, using the
expansion of the solution into Gaussian functions with known weight factors [12].

Note that because of the ultrasound attenuation in SF6, it is necessary to use low
frequencies of ultrasound. In works [9,11] it was about 300 kHz. The choice of the
frequency of 300 kHz is due to the need to deflect the diffracted beam at an angle much
larger than the divergence angle of this beam, which is about 1 degree for a beam diameter
of 10 mm and a wavelength of 130 µm. At the ultrasound frequency of 300 kHz, the
deflection angle is about 8 degrees, which is sufficient for its spatial separation from the
transmitted radiation beam. The use of higher frequencies is not advisable because of
the high attenuation of ultrasound, which is proportional to the square of the frequency.
The resonant frequency F0 is determined by the thickness h of the sound transducer and
sound velocity V: F0 = 2h/V. Accordingly, the thickness of the transducer (h = 6 mm at
F0 = 300 kHz) was comparable to its width, which was chosen close to the diameter of
the radiation beam and was about 10 mm. For this reason, complex types of oscillations
arise in the ultrasound transducer, and the distribution of the ultrasound amplitude on
the surface of the transducer cannot be considered uniform. Modeling the oscillations of a
rectangular transducer with its thickness close to its width is a difficult task, and due to the
difference in the technology of manufacturing the transducers, the result of such modeling
may differ significantly from the real state of affairs. We assume that the difference in the
results of works [9,11] is associated with the use of different transducers. The motivation
of the work is to obtain correct results. We are confident that it is necessary to carry out a
series of experiments at different temperatures, but using the same ultrasound transducer.
Therefore, in this work, we focused our efforts on the experimental study of temperature
effects in AO modulators of THz radiation.

2. Materials and Methods

We used radiation of the Novosibirsk free electron laser 1 (FEL) with the wavelength
λ = 130 µm, the polarization of which was controlled by wire polarizer 2, and the intensity
was set by calibrated attenuators (see Figure 1). The radiation beam was incident on the
center of the input optical window of the AO cell at the distance l = 5 cm from the sound
transducer. For observation of the diffracted radiation, the AO cell 4 was tilted at the Bragg
angle, and the signal (modulated at a frequency of 10 Hz) from generator of electrical
signals 5 was applied to the ultrasound transducer via amplifier 6. At a distance of about
30 cm after the AO cell, lens 7 was located, focusing the radiation into the receiver, Golay
cell 8. The signal from the receiver was isolated from the background noise using lock-in
amplifier 9.
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Figure 1. Schematic diagram of experimental setup: 1—FEL; 2—wire-grid polarizer; 3—set of
calibrated radiation attenuators; 4—AO cell; 5—signal generator; 6—electrical amplifier; 7—lens;
8—Golay cell; 9—lock-in amplifier.

At the temperature of about +20 ◦C, SF6 gas liquefies at a pressure of about 20 bar.
Therefore, the AO cell body was built from high strength steel in the form of a cylinder
(see Figure 2). A detailed description of the AO cell can be found in work [11]. We present
only some of the modernizations of the AO cell during the preparation for this work. To
generate a more uniform sound beam, we used a sound transducer (d = 14 mm wide
and L = 80 mm long) made of piezoceramics PZT-19. To prevent the diffraction of THz
radiation on the reflected sound wave, we disposed a duralumin plate (at a distance of
about 10 cm) at an appropriate angle opposite the transducer. A closed loop water cooling
system was used. Water came from a tank with a mixture of water with ice, then it passed
between the double concentric walls of the AO cell, and returned back to the tank. Dry
nitrogen blowing prevented water condensation on the outside of the optical windows.

1

2

3

4

5

6

7

8

Figure 2. Inside view of AO cell: 1—external wall; 2—internal wall; 3—optical window; 4—sound
transducer holder; 5—sound transducer; 6—sound reflector; 7—SF6 gas inlet/outlet; 8—cooling
water inlet/outlet.

The optimal turn angle of the AO cell and the optimal frequency of ultrasound were
determined as a result of sequential adjustment of the ultrasound frequency and the angle
of incidence of THz radiation on the AO cell to achieve the maximum intensity I1 of the
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diffracted radiation. In this mode, the dependence of the intensity I1 on the square of
the amplitude U of the driving electrical signal was investigated. The operating point
was chosen on the linear section of the obtained dependence. The transducer resonant
frequency varies with temperature. Therefore, at a given temperature, we determined the
optimal frequency at which the AO diffraction efficiency reached its maximum value. Then
the dependence of the intensity I1 on the angle θ of the AO cell turn was measured. Further,
the dependence of the intensity I1 on the frequency F of the electrical signal was recorded.
The described cycle of experiments was carried out for different temperature regimes.

To interpret and compare the results, as a measure of the efficiency of the AO diffrac-
tion, we used the ratio of the intensity I1 of the diffracted radiation to the intensity I0 of
the radiation transmitted through the AO cell. As a result, the diffraction efficiency ξ and
diffraction efficiency ξnorm per 1 W of the electric power Pel were determined [13]:

ξ =
I1

I0
, ξnorm =

ξ

Pel
, (1)

Pel =
U2

2|Z| cos φ =
U2

2|Z|
Re(Z)
|Z| =

1
2

U2 Re(Z)
|Z|2 , (2)

where cos φ is the so-called power factor, equal to the ratio of the instantaneous real power
used by an electrical load to the apparent power running through the circuit; |Z| and Re(Z)
are the absolute value and real part, respectively, of the frequency dependent impedance
measured with a vector network analyzer.

Since the electrical impedance Z of the ultrasound transducer depends on the fre-
quency F, the amplitude U of the electrical signal changed together with the frequency.
This can lead to asymmetry in the frequency dependence of the diffraction efficiency ξ(F),
while the dependence ξnorm(F) remains symmetric. Moreover, it is inappropriately to
compare the diffraction efficiency ξ at different temperatures t and the same amplitude
U of the electrical signal, because the impedance Z is a temperature dependent physical
quantity [14]. Instead, it is necessary to use the diffraction efficiency per 1 W of electric
power, i.e., ξnorm(F).

The experimental value of the diffraction efficiency ξ was compared with the one
predicted by our model [11]:

ξ =
π2

2λ2
M2Pa

d
L exp(−αsl), (3)

where M2 is the AO figure of merit; Pa is the acoustic power, which is usually considered
equal to the input electric power Pel; d and L are the width and length of the sound
transducer; αs is the sound power attenuation coefficient; l is the distance from the sound
transducer at which the THz beam traveled.

All values of the parameters of the experimental setup required for calculations are
given in Table 1.

Table 1. Parameters of experimental setup.

λ (µm) L (mm) d (mm) l (cm)

130 80 14 5

As one can see from Equations (2) and (3), the diffraction efficiency ξ is proportional
to the input electric power Pel and the square of the voltage amplitude U:

ξ = kPPel = kUU2, (4)

where the factors kP and kU can be determined using the least square method (LSM).

128



Materials 2021, 14, 5519

The AO figure of merit M2 and the refractive index n of the liquefied gas were
calculated using the Lorentz–Lorenz equation [9,15]:

M2 =

[
(n2 − 1)(n2 + 2)

6n

]2 4
ρV3 , n =

√
1 +

2Aρ

1− 2Aρ/3
, (5)

where ρ is the density; A = 1.64 · 10−4 m3/kg is a factor proportional to the mean polariz-
ability of the gas molecules [11].

The density ρ of the liquefied gas was represented by a rational function [16]:

ρ =
a1 + a2t + a3t2 + a4t3

1 + a5t
, (6)

where the coefficients an depend on the pressure p; t is in (◦C) and ρ is in (kg/m3). Nu-
merical values of an can be found in [16] for the temperature range from 0 to +50 ◦C and
pressures from 12 to 200 bar. The values of an used in our work can be found in Table 2.

Table 2. Numerical values of coefficients an in dependence of density ρ on pressure p and temperature t.

p (bar) a1 a2 a3 a4 · 103 a5 · 103

20 1570.47 −25.6846 0 0 −11.8502
25 1577.29 33.0886 −0.210490 −4.73339 25.3988

The sound power attenuation coefficient αs was calculated using the relation obtained
in work [11] by the LSM for the temperature range from +9 to +30 ◦C:

αs =

(
F
F0

)2
· [2466 + 4.81t1.875] · 10−4, (7)

where αs is in (cm−1), t is in (◦C), and F0 = 300 kHz.
Data on the sound velocity V in liquefied SF6 gas for a wide range of temperatures

(from −40 to +60 ◦C) and pressures (from 20 to 600 bar) are given in work [17] and are
approximated by the LSM. We found a misprint in the values of the coefficients: the
calculated data differed from the measured ones by more than 10%, while according to
the authors, the difference should be less than 1%. We used the following approximating
function for the sound velocity V:

V2 =
∑3

j=0 ∑2
k=0 ajk(p− p0)

j(t− t0)
k

∑3
l=0 ∑2

m=0 blm(p− p0)l(t− t0)m
, (8)

where p0 = 10 MPa and t0 = 250 K; the experimental data V(p, t) were taken from
work [17]: p is in (MPa), t is in (K) and V is in (m/s).

The initial coefficient values for the LSM were taken from work [17]. The adjusted
values of the coefficients ajk and blm are followed:

ajk =




258 · 103 40.6 · 103 1.83 · 103 20.9
−4.29 · 103 −382 8.58 0.549

20.1 0.715 −0.104 1.53 · 10−3


, (9)

bjk =




1 0.130 3.73 · 10−3 −0.513 · 10−6

−2.07 · 10−3 401 · 10−6 73.5 · 10−6 0.476 · 10−6

−14.2 · 10−6 1.17 · 10−6 0.415 · 10−6 44.0 · 10−12


. (10)

The Table 3 summarizes the physical properties of liquefied SF6 under the conditions
that can be realized in experiment.
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Table 3. Properties of liquefied SF6 gas.

t (◦C) p (bar) ρ (kg/m3) n V (m/s) αs (cm−1) M2 (10−15 s3/kg)

+23 25 1369.4 1.2362 227 0.40 15,720
+10 20 1490.2 1.2585 283 0.30 9130

The AO interaction is resonant in nature and, at a given ultrasound frequency F, the
AO diffraction is observed only when the radiation is incident on the AO cell at angles
θ close to the Bragg angle θB = λF/V. Similarly, when the radiation is incident on the
AO cell at the Bragg angle, the diffracted beam is observed only for a narrow ultrasound
frequency band. The resonant frequency Fres is determined by the thickness d of the sound
transducer: Fres = VPZT/2d [18]. Here VPZT is the sound velocity in the material of the
sound transducer. The dependence of the AO diffraction efficiency ξ on θ and F has the
form of the squared sinc-function [19], and the two-sided interaction bandwidths (−3 dB
criterion for the diffraction efficiency) can be calculated using the relations [20]:

∆θ =
0.9nV
FLeff

, ∆F =
1.8nV2

λFLeff
, (11)

where Leff is the effective length of the AO interaction region, which is usually equal to or
slightly shorter than the length of the sound transducer L.

3. Results and Discussion

It was found that at the room temperature of +23 ◦C, the diffraction efficiency ξ
was proportional to the input electric power Pel, while the angular dependence of ξ was
well fitted by the squared sinc-function, as was predicted by the theory (see Figure 3a,b).
However, the frequency dependence of ξ turned out to be asymmetric. We suppose that
this fact was related to the changes in the voltage amplitude U with the frequency due
to the resonance character of the sound transducer electric properties (Figure 3c). After
normalization of the diffraction efficiency to 1 W of the input electric power, the dependence
ξnorm(F) became symmetric and well-fitted by the squared sinc-function (Figure 3d). The
same dependencies measured at the lower temperature t = 10 ◦C are shown in Figure 4.
The experimental results for both temperature regimes are summarized in Table 4.

Table 4. Properties of AO modulator of THz radiation revealed in the experiment.

t (◦C) p (bar) kU (1/kV2) ξnorm (%/W) ∆θ (deg) ∆F (kHz) Fres (kHz)

+23 25 9.6± 0.3 0.23± 0.02 0.77± 0.03 37± 3 294± 1
+10 20 1.3± 0.1 0.24± 0.02 0.80± 0.02 12± 3 311± 1

We also calculated properties of the AO modulator using relations given in the previ-
ous section (see Table 5).

Table 5. Properties of AO modulator of THz radiation predicted by the theory.

t (◦C) p (bar) kU (1/kV2) ξnorm (%/W) ∆θ (deg) ∆F (kHz)

+23 25 14.6 0.35 0.62 38
+10 20 1.8 0.33 0.74 56

The angular bandwidth ∆θ of the AO modulator is 0.1◦ greater than that predicted
by the theory. We attribute this to the divergence of radiation and ultrasound, which
is not taken into account in the model. At the same time, the frequency bandwidth ∆F
coincided with theoretical predictions at +23 ◦C within the error. At the temperature
of +10 ◦C, the frequency resonance narrowed significantly and side lobes appeared. In
our assessment, this fact may be associated with the complex acoustical modes of the
transducer at this temperature.
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(a) (b)

(c)
(d)

Figure 3. Experimental results obtained at +23 ◦C: (a) AO diffraction efficiency ξ vs. input electric power Pel; (b) AO
diffraction efficiency ξ/ max(ξ) vs. difference between angle θ of incidence of THz radiation on AO cell and Bragg angle θB;
(c) frequency dependences of real and imaginary parts of complex impedance Z of sound transducer and amplitude U of
electrical signal; (d) frequency dependence of AO diffraction efficiency per 1 W of input electric power.
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(a) (b)

(c)
(d)

Figure 4. Experimental results obtained at +10 ◦C: (a) AO diffraction efficiency ξ vs. input electric power Pel; (b) AO
diffraction efficiency ξ/ max(ξ) vs. difference between angle θ of incidence of THz radiation on AO cell and Bragg angle θB;
(c) frequency dependences of real and imaginary parts of complex impedance Z of sound transducer and amplitude U of
electrical signal; (d) frequency dependence of AO diffraction efficiency per 1 W of input electric power.

We found that the resonant frequency Fres decreased with increase in the temperature
t (see Figures 3d and 4d). This trend is confirmed by the results of numerical simulations
in work [14]. There are several reasons for this: (1) thermal expansion of the piezoelectric
material; (2) decrease in the sound velocity with increase in the temperature; (3) temperature
dependence of the sound transducer impedance Z. The first and the second reasons directly
affected the resonant frequency: Fres = VPZT/2d. The last reason was indirect because
the shift of the resonant frequency was affected by change in the electric power Pel (see
Equation (2) and Figures 3c and 4c).

The diffraction efficiencies ξ at the same voltage amplitude U at +23 ◦C and +10 ◦C
differed by one order. However, only this could not mean that at a temperature of +23 ◦C,
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the AO modulator performed an order of magnitude better than at +10 ◦C. As can be seen
from Figures 3c and 4c, the electrical impedance Z of the sound transducer resonantly
depended on the frequency F and varies with the temperature t. Therefore, it was necessary
to compare the diffraction efficiency not at the same voltage amplitude U, but at the same
electric power Pel. Unfortunately, we could not make a comparison with data of other
researchers since in their works only the dependencies ξ(U) of the diffraction efficiency on
the voltage amplitude are given and there are no data on the frequency dependence of the
electrical impedance Z(F) of the ultrasound transducer.

The experimental value ξnorm ≈ 0.23 (%/W) of the normalized diffraction efficiency
was the same for +23 ◦C and +10 ◦C within the error, as predicted by the theory. How-
ever, the value of the AO diffraction efficiency achieved in the experiment was less than
the value ξnorm ≈ 0.35 (%/W), predicted by the theory. Therefore, we introduced a
correction coefficient κ ≈ 0.7 that was an attempt to fit the theory to the experimental
results. This coefficient was not a universal constant and depended on the material of
the ultrasound transducer and its dimensions, as well as on temperature, pressure and
ultrasound frequency. There were also a number of factors that determined the value of
this correction factor:

1. Relation (3) assumed that the radiation beam had a plane wavefront, although in
fact there was diffraction divergence. However, as the THz radiation beam used
in the experiments was about 10 mm wide [21], the divergence could be neglected
(λ/d = 130 µm/10 mm ≈ 1◦).

2. The same applied to the sound beam. However, due to the low sound velocity
(V ≈ 300 m/s), the diffraction divergence of the sound beam was significant (λ/d =
V/Fd ≈ 4◦) at the frequency F = 300 kHz. Because of strong attenuation (αs ∝ F2),
it is not advisable to use ultrasound with a higher frequency for reducing the diver-
gence [9].

3. Only part of the electric power was converted into the acoustic power, because of
losses [22] and significant difference in the acoustic impedances of the ultrasound
transducer material and the liquefied gas [23].

4. Since the width of the ultrasound transducer was only two times greater than its
thickness, a number of acoustic modes with complex structures appeared [24], which
was not taken into account in Equation (3). As a result, the radiation effectively
interacted with only a part of the sound beam. Influence of the phase structure of the
ultrasonic beam was also possible. Calculation of the structure of the sound field is
very complicated and is beyond the scope of this work.

A few words should be said about the stability of measurements. The temperature
was controlled by a thermocouple and the accuracy was 0.5 ◦C. When ultrasound with
the power of 1 W was turned on for more than 30 s, the diffraction efficiency fell by
about a factor of two and stabilized at this lower level. The thermocouple readings
remained the same, since it was located at a distance of 5 cm from the ultrasound transducer.
Nevertheless, we assumed that the decrease in the diffraction efficiency was associated with
an increase in the ultrasound attenuation due to the heating of the SF6 near the ultrasound
transducer. At a power of about 0.1 W, no such effect was observed, which made it possible
to measure the dependences of the diffraction efficiency on the ultrasound frequency and
the angle of incidence of radiation. When we measured the dependence of the diffraction
efficiency on the ultrasound power, it was necessary to turn on the ultrasound transducer
only for a short time, in order to then correctly carry out averaging. The measurement error
was about 10% due to the instability of the laser source.

4. Conclusions

In this study, we investigated the operation of an AO modulator based on liquefied SF6
gas in two temperature regimes and took into account the effect of electrical impedance on
its characteristics. The dependences of the diffraction efficiency on the voltage amplitude
of the electrical signal, on the angle of incidence of THz radiation, and on the sound
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frequency were measured and analyzed in detail. The developed analytical model of
the AO diffraction of THz radiation in liquefied SF6 gas showed good agreement with
the experimental results. The temperature was found to affect not only the optical and
acoustic properties of the medium of AO interaction, but also the electrical impedance
of the sound transducer. For the first time, the influence of the electrical properties of
the sound transducer on the characteristics of AO THz radiation modulator based on
liquefied SF6 gas was taken into account. This made it possible to estimate the following
characteristics of the monochromatic THz radiation AO modulator more correctly: its
angular and frequency bandwidths and the diffraction efficiency per 1 W of the input
electric power. Moreover, it enabled us to make a correct comparison of the operation of the
AO modulator in different temperature regimes. The ultrasound attenuation of liquefied
SF6 gas enables the use of low-frequency ultrasound to observe the AO diffraction. As
a result, the thickness of the piezoelectric plate must be comparable to its width, which
leads to complex types of vibrations of the sound transducer. Therefore, in future work,
we plan to investigate the effect of the ratio between the width and thickness of the sound
transducer on the characteristics of the AO modulator based on liquefied SF6 gas. We will
also continue the search for optimal operating conditions for the AO modulator of THz
radiation. Although, according to the theory, high temperatures are more preferable, they
lead to decrease in the cavitation threshold and transparency of liquefied SF6. Therefore, we
are confident that the AO modulator will have the best performance at lower temperatures.
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Abstract: Acousto-optic (AO) interaction in the terahertz range was investigated with the use of
monolithic ultrasound transducers of various widths. Sulfur hexafluoride (SF6) liquefied at a temper-
ature of about 23 ◦C and a pressure of 25 bar was used as a medium for AO interaction. The angular
and frequency bandwidths of effective AO interaction, as well as the diffraction efficiency per 1 W
of the driving electric power, were determined. For the first time, a correct comparison of the AO
diffraction efficiency in SF6 with the use of ultrasound transducers with different widths was carried
out. In the experiments performed, the highest energy efficiency of the AO modulator was achieved
with a transducer with a width of 12 mm.

Keywords: acousto-optic interaction; terahertz radiation; diffraction; liquefied inert gas

1. Introduction

Acousto-optic (AO) interaction is an effective tool for modulation of laser beam
intensity with a time response of about 1 µs [1,2]. The main concept is to use an acoustic
wave to form a phase diffraction grating in a medium. Due to the photo-elastic effect, the
refractive index variation is proportional to the amplitude of the acoustic wave. Therefore,
by coding the electrical signal applied to the ultrasound transducer, one can modulate the
intensity of the diffracted radiation. The best medium for AO interaction in the terahertz
(THz) range is liquefied sulfur hexafluoride (SF6) [3,4]. In AO modulators, the Bragg
regime was used and there were only two diffraction orders with wave vectors~k0 and~k1

(see Figure 1). The direction of~k1 is determined by the relation~k1 =~k0 + ~K, where ~K is the
wave vector of the sound wave.

The deflection angle between the transmitted and diffracted radiation beams equals the
doubled Bragg angle θB, which depends on the sound frequency F, radiation wavelength
λ, and sound velocity V [5]:

sin θB =
K
2k

=
λF
2V

. (1)

The diffracted radiation beam has to be deflected with an angle much larger than the
divergence angle of this beam, which is about 1 degree for a beam diameter of 10 mm
and a wavelength of 130 µm. The sound velocity in liquefied SF6 is about V ≈ 300 m/s.
Therefore, at the sound frequency F = 300 kHz, the deflection angle is about 8 degrees,
which is sufficient for its spatial separation from the transmitted radiation beam. The use
of higher frequencies is not advisable because of the high attenuation of ultrasound, which
is proportional to the square of the frequency. The resonant frequency Fres = VPZT/2h
of sound transducers is proportional to the sound velocity VPZT in piezoceramics and is
inversely proportional to its thickness h. The typical sound transducer thickness is about
h ≈ 6 mm for F0 = 300 kHz [3,4]. The sound transducer width d should not be much greater
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than the diameter of the radiation beam, which is about 1 cm for the Novosibirsk free-
electron laser (FEL) [6]. Hence, the sound transducer width d is close to its thickness h. As
known, with d/h ≈ 1, complex types of mechanical vibrations arise in the transducer [7,8].
As a result, the wavefront of the generated sound wave can no longer be considered as flat,
which negatively affects the efficiency of the AO interaction. In addition, with a transducer
the width of which exceeds the diameter of the radiation beam, part of the sound beam does
not interact with the radiation beam, and the efficiency of the AO diffraction becomes lower.
Therefore, there is an optimal width of the transducer at which the diffraction efficiency
reaches its maximum.

(a) (b)

Figure 1. (a) Schematic of AO Bragg diffraction: 1—sound transducer; 2—transmitted radiation;
3—diffracted radiation; (b) wave vector diagram of AO interaction.

According to the simplest model, the real sound beam is replaced by a homogeneous
sound column with a plane wave front [9]. In this case, due to a decrease in the acoustic
power density, the AO diffraction efficiency is inversely proportional to the width of the
ultrasound transducer. Despite the fact that this model seems to be crude, it describes well
the results of most known works on acousto-optics [10–12]. This is because of the common
use of high frequency ultrasound of about 100 MHz and above. As a result, the thickness
of the ultrasound transducer is very small and is about h = VPZT/2F ≈ 100 µm, which is
2 orders of magnitude less than its width (about several millimeters) and length (about
1 cm). Therefore, such transducers behave like a piston. Since up to now there was no need
to use thick ultrasound transducers, the simplest model was used and it was not necessary
to take into account the influence of the transducer thickness on the characteristics of
AO devices.

As mentioned above, for the effective AO modulation of THz radiation, it is necessary
to use liquefied SF6 as the medium for the AO interaction. As a result, the thickness of
the transducer is comparable to its width. As far as we know, there are only a few works
in which the AO diffraction of THz radiation in liquefied SF6 [3,4,13] was investigated.
The results obtained in these works cannot be compared correctly because of the lack of
data about the active electrical power consumed by the sound transducer. The purpose of
this work is to find the optimal width of the ultrasound transducer to increase the energy
efficiency of the AO modulator of THz radiation based on liquefied SF6.

2. Materials and Methods
2.1. Theoretical Background

In the Bragg regime of AO diffraction, only two diffraction maxima are observed: Zero
and the first, with the intensities I0 and I1, respectively. As a measure of the efficiency of
AO diffraction, the ratio I1/I0 is usually used. The power consumption required to achieve
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a given level of modulation depth is also important. Therefore, the diffraction efficiency ξ
is normalized to the active electrical power Pel [14,15]:

ξ =
I1

I0
, ξnorm =

ξ

Pel
, Pel =

1
2

U2 Re(Z)
|Z|2 , (2)

where ξnorm is the diffraction efficiency per 1 W of the electrical power; U is the voltage
amplitude on the sound transducer; Re(Z) and |Z| are the real part and absolute value,
respectively, of the frequency dependent impedance of the sound transducer.

To estimate the efficiency of AO diffraction, one can use the relation obtained within
the simplest model of AO interaction [14] (which assumes the diffraction of a plane electro-
magnetic wave by an infinite sound column), introducing in it the additional exponential
term considering the ultrasonic attenuation:

ξ1D =
π2

2λ2
M2Pa

d
L exp(−αsl), (3)

where M2 is the AO figure of merit; Pa is the acoustic power, which is usually considered as
equal to the RF driving power Pel; d and L are the width and length of the sound transducer;
αs is the sound power attenuation coefficient; l is the distance from the sound transducer
at which the THz beam travels (in our experiment l = 5 cm). The dependence of physical
properties of liquefied SF6 on the temperature and pressure are summarized in work [4].

As one can see from Equations (2) and (3), the diffraction efficiency ξ is proportional
to the RF driving power Pel, whereas the normalized diffraction efficiency ξnorm does not
depend on Pel:

ξ = kPPel, (4)

where the factor kP can be determined from experimental data by the least square method (LSM).
The diffraction efficiency ξ in a resonant manner depends on the angle of incidence θ

of radiation on the AO cell, as well as on the ultrasound frequency F. For the interaction be-
tween plane electromagnetic and acoustic waves, this dependence has the form of sinc2(x),
whose argument is proportional to the deviation of θ or F from Bragg condition (1) [16]. The
two-sided interaction bandwidths (−3 dB criterion for the normalized diffraction efficiency
ξnorm) can be calculated with the use of the known relations [17]:

∆θ =
0.9nV
FLeff

, ∆F =
1.8nV2

λFLeff
, (5)

where Leff is the effective length of the AO interaction region, which is usually equal to
or slightly shorter than the length of the sound transducer L. The relation for the angular
bandwidth differs from the original one in [17] by the value n, since in [17] the angle
is calculated for the interaction medium in the AO cell, while in this work the angle is
calculated outside the cell.

Equation (3) was derived for the diffraction of plane electromagnetic wave. However,
it is necessary to take into account the size d of the AO interaction region in z-direction and
the size D of the optical window of the AO cell in z-direction (see Figure 2). If the optical
window can be considered as infinitely wide in the direction of the y axis, the mathematical
solution does not depend on y and we can use a one-dimensional distribution of the
radiation beam intensity instead of a two-dimensional one.
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Figure 2. Schematic of acousto-optic Bragg diffraction: 1—THz laser; 2—optical window of AO cell;
3—region of AO interaction.

The intensity distribution of the THz beam is well fitted by the Gaussian function with
amplitude A and width ωz [6]. In the one-dimensional case, it can be written as follows:

ITHz(z) = A exp
(
− z2

ω2
z

)
. (6)

It can be shown that the integral intensities of the transmitted and diffracted beams
can be calculated by the following relations:

I0 = exp(−αL)
∫ D/2

−D/2
ITHz(z)dz; (7)

I1 =





ξ1D exp(−αL)
∫ d/2

−d/2
ITHz(z)dz for d ≤ D;

ξ1D exp(−αL)
∫ D/2

−D/2
ITHz(z)dz for d > D.

(8)

The derivation of relations (7) and (8) requires some explanation. The integral intensity
I0 of the transmitted radiation is limited only by the optical window size D. Therefore, the
integration limits are−D/2 and D/2. The exponential term before the integral corresponds
to the light absorption in the medium. The integral intensity I1 of the diffracted radiation is
proportional to the integral intensity of the THz beam in the region of the AO interaction.
So, the limits in the integral are determined by the smallest of the optical window size D
and the sound transducer width d.

Let us give an example of calculations for an experiment that uses a THz laser with
a wide beam of radiation, such as the Novosibirsk free electron laser (ωz = 1.44 cm for
λ = 130 µm and 8–11 stations) [6]. The minimum size of the optical window is limited by
the enhancement of the effect of radiation diffraction at the edges of the optical window.
Therefore, we assume D = 1 cm, as in the experiment in work [4]. As the variation of
ITHz(z) for |z| < 0.5 cm is less than 10%, this function can be treated as constant. As a result,
the integrals in (7) and (8) are proportional to the integration interval width. The diffraction
efficiency can now be determined with the use of relation (2) in the following way:

ξ =





ξ1D
d
D

for d ≤ D;

ξ1D for d > D.
(9)

The dependence ξ(d) is a piecewise function, which is shown in Figure 3.
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Figure 3. Theoretical dependence of diffraction efficiency on width of sound transducer.

It can be seen from (9) that when the radiation beams wider than the sound transducer
are used, the diffraction efficiency decreases by a factor of d/D. It is related to the fact that
part of the radiation passes away from the sound beam and does not interact with it. This
factor is limiting and inhibits infinite increase in the efficiency of AO diffraction due to
decrease in the width d of the sound transducer, as follows from (3).

2.2. Experimental Technique

Monochromatic coherent THz radiation of the Novosibirsk free electron laser 1 (FEL)
with the wavelength λ = 130 µm (see Figure 4) was used in our experiments. Since an AO
modulator based on a liquid medium is insensitive to radiation polarization, the intensity
of the THz beam was set by wire polarizer 2. The radiation beam was incident on the center
of the input optical window of AO cell 3 (D = 10 mm) at the distance l = 5 cm from the
sound transducer. A detailed description of the AO cell is given in [13]. For observation
of the diffracted radiation, the AO cell was turned through the Bragg angle, and a signal
(modulated at a frequency of 10 Hz) from generator of electrical signals 4 was applied to
the ultrasound transducer via amplifier 5. At a distance of about 30 cm after the AO cell,
lens 6 was located, focusing the radiation into the receiver, Golay cell 7. The signal from
the receiver was isolated from the background noise by means of lock-in amplifier 8.

The cycle of experiments can be broken into the following stages:

1. At the first stage, the setup was adjusted via change in the sound frequency F and
the angle of incidence of THz radiation on the AO cell. The aim was to achieve the
maximum intensity of the diffracted radiation.

2. Next, the dependence I1(U) of the intensity of the diffracted radiation on the ampli-
tude of the electric signal was measured. In theory, this dependence is quadratic.

3. Further measurements were carried out at the maximum level of the voltage amplitude
U, at which the I1(U) dependence is still quadratic.

4. The dependence I1(θ) of the intensity of the diffracted radiation on the angle of
incidence of the radiation was measured. The angle of incidence was changed via
rotation of the AO cell.

5. Finally, the dependence I1(F) of the diffracted radiation intensity on the ultrasound
frequency was measured at variation of the frequency of the electrical signal applied
to the sound transducer.
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6. Since the electrical impedance Z of the ultrasound transducer depends on the fre-
quency, the amplitude U of the electrical signal was changed together with the fre-
quency. Therefore, the dependencies Z(F) and U(F) were measured too.

7. The diffraction efficiency was normalized to 1 W of the electrical power for determi-
nation of the energy efficiency of the AO modulator.

The measurement error for the diffraction efficiency ξ was mainly caused by the
FEL radiation intensity instability of about 10%. The sound frequency F was set with an
accuracy of 0.001 kHz, while the angle θ with an accuracy of 0.5’. The temperature t and
pressure p were measured with an accuracy of 0.5 ◦C and 0.5 bar, respectively. To avoid
cavitation near the surface of the ultrasound transducer, we worked in a mode where the
electrical power consumption was low (about 1 W) and the efficiency of AO diffraction was
proportional to the square of the voltage on the transducer.

12

7

8

5

3

6

4

Figure 4. Schematic diagram of experimental setup: 1—FEL; 2—wire-grid polarizer; 3—AO cell;
4—signal generator; 5—electrical amplifier; 6—lens; 7—Golay cell; 8—lock-in amplifier.

3. Results and Discussion

The measured dependencies were approximated by the least squares method in
accordance with the theoretical model and are shown in Figure 5. The error bars correspond
to the experimental errors. As expected, they are of resonant nature, which made it possible
to determine the working bandwidth of the angles of incidence of radiation and the working
bandwidth of the ultrasound frequency. Table 1 shows the values of the parameters of the
AO modulator based on liquefied SF6 gas, obtained with various ultrasound transducers
with a width d of 6 to 14 mm. The results for d = 14 mm was taken from our previous
work [13]. For clarity, the results are presented in the form of graphs in Figure 6.

Table 1. Properties of AO modulator of THz radiation revealed in the experiment.

d (mm) ξnorm (%/W) ∆θ (deg) ∆F (kHz) Fres (kHz)

14 0.23± 0.02 0.77± 0.03 37.0± 2.6 293.8± 1.1
12 0.31± 0.03 0.71± 0.02 6.0± 0.4 322.5± 0.5
10 0.076± 0.007 0.60± 0.08 27.5± 5.8 289.0± 2.2
8 0.11± 0.01 0.75± 0.02 9.2± 1.3 319.9± 0.5
6 (3.3± 0.3)× 10−3 1.53± 0.19 8.9± 2.1 369.6± 0.9

The measured dependencies (see Figure 5a,c,e,g,i) of the diffraction efficiency ξnorm on
the angle θ of incidence of radiation on the AO cell are fairly well described by a theoretical
dependence of the form sinc2(x). At the same time, some of them have pronounced side
lobes, while others are of asymmetrical shape. This can be explained by the fact that the
sound beam features a directional diagram, in which there are components propagating
at an angle to the normal of the ultrasound transducer. In addition, the asymmetry of the
frequency dependencies (see Figure 5b,d,f,h,j) of the AO diffraction efficiency indicates a
complex structure of the acoustic modes of the transducer due to the fact that the width
d of the ultrasound transducer is comparable to its thickness (6 mm). This is confirmed,
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among other things, by the dependence of the resonant frequency Fres of the ultrasound
transducer on its width d (see Figure 6d).

(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

Figure 5. Experimental results: (a,c,e,g,i) AO diffraction efficiency ξ/ max(ξ) vs. difference between
angle θ of incidence of THz radiation on AO cell and Bragg angle θB; (b,d,f,h,j) frequency dependence
of AO diffraction efficiency per 1 W of input electric power.
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(a) (b)

(c) (d)

Figure 6. Dependence of parameters of AO modulator on width d of ultrasound transducer:
(a) AO diffraction efficiency per 1 W of input electric power; (b) angular bandwidth; (c) frequency
bandwidth; (d) operating frequency.

The angular ∆θ and frequency ∆F interaction bandwidths were expected to not depend
on the width of the ultrasound transducer and be determined only by the effective length
of AO interaction Leff (see Equation (5)). However, as can be seen from Figure 6b,c, this
is not the case: With a decrease in the width d of the ultrasound transducer, the working
bandwidth ∆θ of the incidence angles of THz radiation increases, while the working
frequency bandwidth ∆F of ultrasound, in contrast, decreases. These facts once again
confirm that an ultrasound transducer with a width almost equal to its thickness behaves
in a complex manner, and its behavior can no longer be described by the approximation of
a piston-type transducer [18].

In accordance with Figure 3, the highest efficiency of AO diffraction would be achieved
at d < D, i.e., at d < 10 mm, and at d > D; the AO diffraction efficiency would decrease
according to the law ξ ∝ 1/d. As can be seen from Figure 6a, with the ultrasound transducer
width d = 12 mm and 14 mm, the model agrees well with the experimental results.
However, for d = 10 mm and less, the experimental data differ significantly from the
theoretical model. This can be explained by the influence of two factors. Firstly, the model
assumes that the radiation is diffracted by a sound beam with a plane wavefront. However,
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at the frequency F = 300 kHz, the wavelength of sound in liquefied SF6 is about 1 mm due
to the low speed of sound of about 300 m/s. Therefore, at d = 6 mm, only 6 wavelengths fit
on the ultrasound transducer, which leads to a strong diffraction divergence of the sound
beam. Secondly, at d = 6 mm, the ultrasound transducer has a square cross-section, which
leads to complex deformations when an alternating voltage is applied to the electrodes.
As a result, the wavefront is also strongly distorted, which leads to a decrease in the AO
diffraction efficiency.

4. Conclusions

Many parameters of AO devices designed for radiation in the ultraviolet, visible, and
infrared spectral ranges, such as the angular ∆θ and frequency ∆F bandwidths of effective
interaction, as well as the operating frequency Fres, do not depend on the width d of the
ultrasound transducer. However, our study has shown that this is not the case for AO
modulators of THz radiation based on liquefied SF6. It has been found found that with
a decrease in the width d of the ultrasound transducer from 14 to 6 mm, the frequency
bandwidth ∆F decreases. The angular bandwidth ∆θ is approximately constant in the
interval of d from 8 to 14 mm and increases by 2 times at d = 6 mm. At the same time, as the
transducer width d decreases from 14 mm to 6 mm, the AO diffraction efficiency decreases
by about two orders of magnitude. Such unusual characteristics, in our opinion, can be
explained by the fact that the ultrasound transducer applied was “thick”. This led to the
complex deformations of the transducer and, as a consequence, to phase inhomogeneities
of the ultrasonic field. Therefore, when fabricating THz radiation modulators based on
liquefied SF6 gas with an operating frequency of about 300 kHz, it is advisable to use an
ultrasound transducer with a width d of about 12 mm. In this case, its characteristics are
more predictable, and the diffraction efficiency ξnorm reaches its maximum value.
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Abstract: This paper presents the results of theoretical and experimental studies of anisotropic
acousto-optic interaction in a spatially periodical acoustic field created by a phased-array transducer
with antiphase excitation of adjacent sections. In this case, contrary to the nonsectioned transducer,
light diffraction is absent when the optical beam falls on the phased-array cell at the Bragg angle.
However, the diffraction takes place at some other angles (called “optimal” here), which are situated
on the opposite sides to the Bragg angle. Our calculations show that the diffraction efficiency can
reach 100% at these optimal angles in spite of a noticeable acousto-optic phase mismatch. This kind
of acousto-optic interaction possesses a number of interesting regularities which can be useful for
designing acousto-optic devices of a new type. Our experiments were performed with a paratellurite
(TeO2) cell in which a shear acoustic mode was excited at a 9◦ angle to the crystal plane (001).
The piezoelectric transducer had to nine antiphase sections. The efficiency of electric to acoustic
power conversion was 99% at the maximum frequency response, and the ultrasound excitation
band extended from 70 to 160 MHz. The experiments have confirmed basic results of the theoretical
analysis.

Keywords: acousto-optics; phased-array piezoelectric transducers; acousto-optic materials; anisotropic
Bragg diffraction; acousto-optic devices

1. Introduction

The basis of modern acousto-optic (AO) devices, applied in systems of optical in-
formation processing, is an AO cell that is usually made of a crystal with a certain cut.
Ultrasonic waves are excited by piezoelectric plates attached to one of the cell faces. In these
instruments, a type of light diffraction by ultrasound close to the Bragg regime is usually
used [1–3]. This regime is realized at sufficiently high acoustic frequencies (usually over
100 MHz) and allows us to create devices with good performance and low light loss. How-
ever, as a disadvantage, this type of interaction has high selectivity, which means the AO
effect magnitude has a strong dependence on the frequency of ultrasound f, the angle of
light incidence θ0 and the wavelength of optical radiation λ. An important characteristic
of the effect is the Bragg angle θB. When the light beam falls at a Bragg angle (the phase-
matching condition), the most effective light scattering into the diffraction order occurs,
and a decrease in the diffraction efficiency by 3 dB determines the boundary of the AO
interaction region.

In principle, the interaction region can be extended by reducing the length of AO
interaction L (the width of the acoustic beam in the direction of light propagation), but this
will result in a reduction of the diffraction efficiency and/or an increase in the acoustic
power required for obtaining a necessary diffraction efficiency. Taking into consideration
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this negative situation, A. Korpel et al. [4] proposed the use of a step-sectional piezoelectric
transducer for the excitation of an acoustic beam with a rotating radiation pattern. In their
AO cell, the acoustic wavefront rotated with ultrasound frequency, adjusting to the optimal
angle of light incidence.

However, such a cell was very difficult to manufacture, so planar structures were
then proposed [5–9]. A planar structure is shown in Figure 1; in the first variant (Figure
1a), one piezoelectric plate (shown in green) is used, and separate sections are formed by
partitioning the internal and external electrodes. In another case (Figure 1b), the internal
electrode is first made solid, and then grooves are sawn at the final stage. The pictures
show the AO cells with transducers containing four sections that are connected electrically
in series, but in such a way that the direction of the electric field (shown by the arrows) in
the adjacent sections is opposite. Due to this, acoustic beams from each section are excited
with a phase shift of π, and a system of equivalent wavefronts (shown by two dashed lines)
is formed, turned by an angle Ψ relative to the transducer plane. This angle is determined
by the expression:

Ψ = ± Λ
2d

= ± V
2 f d

(1)

where Λ = V/ f is the acoustic wavelength, V is its velocity and d is the period of the
transducer array.

Figure 1. Two variants of flat phased-array transducers with antiphase excitation of adjacent sec-
tions: (a) Sectioning by partitioning the internal and external electrodes; (b) Sectioning by means of
transducer cuts.

In comparison with a homogeneous (nonsectioned) transducer, here, the transfer
function of the AO cell contains two main maxima, which are located symmetrically
with respect to the Bragg angle θB, as shown in Figure 2 with the red curve. It follows
from the figure that AO diffraction is absent when the light beam falls at the Bragg angle
(θ0 = θB). This is due to the fact that partial diffracted waves generated in neighboring
acoustic beams are phase-shifted by π and therefore dampen each other during interference.
However, there are other maxima situated equidistantly with the period Λ/d, which
are inscribed into the dashed green curve showing the radiation pattern of a separate
section of the transducer. The width of the maxima is equal to Λ/md, where m is the
number of periods of the transducer array. Thus, we can conclude that in the case of the
phased-array transducer, the concept of the Bragg angle as the angle of light incidence, at
which the phase-matching condition is fulfilled and the maximum diffraction efficiency
is observed, is incorrect. Here, we can talk about the optimal angles of light incidence
θopt = θB ± Λ/2d = θB ± V/2 f d, which correspond to the maximal scattering of
light, although the phase-matching condition is violated. It can be noticed that these
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optimal angles conform to the conventional Bragg angles when light falls on the equivalent
wavefronts. Consequently, such a structure of the acoustic field can be considered as a
superposition of two fields excited by two solid piezoelectric transducers rotated relative to
each other by the angle Λ/d. Our calculations show that the diffraction efficiency here can
reach 100%, despite a noticeable phase mismatch. However, this requires slightly higher
acoustic power [10,11].

Figure 2. Radiation patterns of four-sectioned (red line) and one-sectioned (green line) transducers.

As follows from Equation (1), when the ultrasound frequency decreases, the main
lobes of the transducer radiation pattern diverge. Therefore, if one chooses the true angle of
light incidence, the equivalent wavefront will rotate, adjusting to the changing Bragg angle.
This adjustment will not be complete since the Bragg angle depends on the frequency
linearly, but the angle of rotation Ψ is in accordance with the hyperbolic law. The best
correction of the Bragg angle is obtained when dθopt/d f = 0. This condition is satisfied
at the frequency:

f ∗ = V
√

n
λd

(2)

where n is the refractive index of the AO medium and λ is the optical wavelength in
vacuum. Thus, by selecting an appropriate period d of the phased-array transducer, we
can set the operating point f ∗ in any desired frequency range.

The interest in phased-array transducers weakened noticeably after anisotropic AO
diffraction entered the practice of acousto-optics [12]. The main advantage of anisotropic
diffraction is that it consists of a significantly more complicated frequency dependence
on the Bragg angles in comparison with the AO interaction in an isotropic medium [1–3].
This feature makes it possible to choose optimal interaction geometry for each separate
AO device. For example, for AO deflectors, the optimal area is that where dθB/d f → 0 ,
whereas for AO video-filters, it is the area where dθB/d f → ∞ .

The use of the phased-array transducers in combination with anisotropic diffraction
gives more complicated types of Bragg curves, which open up new opportunities for
improvement of AO device characteristics [13,14]. Therefore, the aim of this work is to
study the peculiarities of anisotropic AO interactions in an acoustic field created by the
phased-array transducers with antiphase excitation of adjacent sections.

2. Acousto-Optic Effect in the Field of Phased-Array Transducer

Figure 3 illustrates the problem in the most general case of an anisotropic medium in
which acoustic beams propagate with a walk-off angle α. We assume that the inclined phase
grating created by the acoustic wave occupies the area of space between the infinite planes
x = 0 and x = L. The wave vector of ultrasound is inclined at an angle α. The width
of each acoustic column is l. Therefore, the second column occupies the space between
the planes x = l + a and x = 2l + a, where a is the gap between the acoustic beams, etc.
Thus, the period of the transducer structure is d = l + a = l(1 + ξ). The initial acoustic
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phase in the first column is equal to Φ = 0, and in the following column, is Φ = π; at that
time the phase shift between the adjacent beams is equal to ∆Φ = π. The total number of
beams is m.

Figure 3. Statement of the problem of acousto-optic (AO) interaction in the field of the phased-array
transducer.

The regime of anisotropic diffraction with Bragg scattering of light into two diffraction
orders, zero and +1st or zero and –1st, is considered here for this structure. In this case,
the calculation has to take into account two optical plane waves. The first wave is falling;
it is characterized by the wave vector k0 and the incidence angle θ0. The second one is a
diffracted wave with the wave vector k±1 and the diffraction angle θ±1. The interaction of
these waves is described by the following system of equations [15]:

{
dC0
dX = ± Γ

2 C±1 exp[±j(R±X−Φ)]
dC±1
dX = ∓ Γ

2 C0 exp[∓j(R±X−Φ)]
(3)

where, for the convenience of numerical calculations, dimensionless values are introduced:
the normalized amplitudes of the incident C0 and diffracted C±1 waves, the coordinate
X = x/l, the Raman–Nath parameter

Γ =
2πl∆n
λ cos θ0

(4)

and dimensionless phase mismatch

R± =
2π

λ
l


n0 cos θ0 ∓

λ f
V

sin α−
√

n2
±1 −

(
n0 sin θ0 ±

λ f
V

cos α

)2

 (5)

In these formulas, n0 and n±1 are the refractive indices for incident and diffracted
light, and ∆n is the amplitude of the refractive index change under the action of the acoustic
wave. A wave vector diagram of the AO interaction is shown in Figure 3 on the right; it
corresponds to the vector relationship [1]:

k0 + K +
R±

l
= k±1 (6)

Here, we have taken into consideration that the phase mismatch vector R± is perpen-
dicular to the boundaries of the acoustic beams.

When the light waves propagate in the periodic acoustic field, the optical energy is
redistributed between them. Our task is to find the amplitudes of the waves at the output
of the structure: C0(L) and C±1(L). This can be fulfilled by recording a recurrence relation
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connecting the input and output fields for the i-th acoustic beam. The boundary conditions
at the input have the following form:

{
E0(x) = EiC

(i)
0 exp[j(ωot− k0 cos θ0x− k0 sin θ0z)]

E±1(x) = EiC
(i)
±1 exp[j(ω±1t− k±1 cos θ±1x− k±1 sin θ±1z)]

(7)

where Ei is the amplitude of the incident optical wave, ω0 and ω±1 are the frequencies of
incident and diffracted light, ω±1 = ω0 ±Ω, and Ω = 2π f is the cyclic frequency of the
ultrasound. Solving Equation (3) with the boundary conditions of Equation (7), we obtain
the expressions for the amplitudes at the input of the (i + 1)-st acoustic column:

C(i+1)
0 =

[
C(i)

0

(
A∓ j

R±
2

B
)
± C(i)

±1
Γ
2

B exp(∓jΦ)

]
exp

(
±j

R±
2

)
(8)

C(i+1)
±1 = exp

(
∓j

R±
2

)[
C(i)
±1

(
A± j

R±
2

B
)
∓ C(i)

0
Γ
2

B exp(±jΦ)

]
exp[±jR±(1 + ξ)] (9)

The phase shift, introduced by the area of empty space between the acoustic columns,
is then taken into account [16]:

A ≡ cos

√
Γ2 + R2

±
2

, B ≡ sin c

√
Γ2 + R2

±
2π

(10)

However, the equal phase shift exp[−jk0l cos θ0(1 + ξ)] is omitted. In Equations (3)–
(10), the upper sign corresponds to light scattering into the +1st order, while the lower sign
corresponds to the −1st order.

In acousto-optics, the angles of incidence and diffraction are usually calculated from
the front of the acoustic wave. In accordance with this, we introduce angles φ0 = θ0 − α
and φ±1 = θ±1 − α. The condition of phase matching R± = 0 determines the Bragg
angle φB:

C0(l + a) = C0(l), C±1(l + a) = C±1(l) exp[±jR±(1 + ξ)] (11)

Equation (11) indicates that the acoustic walk-off does not affect the AO phase match-
ing. However, the parameters Γ and R± depend on the walk-off angle α, as well as the
optimal angles θopt. This results in a change in the AO interaction range and, consequently,
in the diffraction characteristics [17].

3. Computation Results

This section presents the results of our calculations for an acoustic field created by a
phased-array transducer in a paratellurite (TeO2) crystal. We used the original computer
program developed on the MATLAB platform. This program takes into account the optical
activity of the material as, for the considered diffraction variants, the optical beams propa-
gate close to the optical axis of the crystal, and the optical activity can have a noticeable
effect on diffraction characteristics. The calculations are performed for the crystallographic
plane

(
110
)

when a shear acoustic wave propagates at an angle of χ = 4◦ to the plane
(001). For this acoustic mode, the velocity is V = 0.632× 105 cm/s, and the walk-off angle
is α = 35◦.

Figure 4a demonstrates the frequency dependences of the Bragg angles for optical
wavelength λ = 0.633 µm. The four curves correspond to different polarizations of
incident light (ordinary “o” or extraordinary “e”) and to the scattering of light into the +1st
or −1st orders of diffraction. For example, branch +1e characterizes the diffraction of the
e-wave into the +1st order. Points D and T indicate areas optimal for AO deflectors and
video-filters, respectively [1–3].
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Figure 4. AO interaction in a paratellurite crystal: (a) Frequency dependencies of the Bragg angles in the case of light
scattering in the +1st and –1st diffraction orders at different polarizations of incident optical radiation; (b) The area of AO
interaction when the optical beam with extraordinary polarization diffracts into +1st order.

Figure 4b displays the AO interaction area separately for branch +1e in coordinates
φ0 − f . The calculations are carried out for the case of a homogeneous (nonsectioned)
transducer with a width of l = 1 mm. The diffraction efficiency ς = |C+1|2 is illustrated by
the color scheme from zero (dark blue) to one (dark red). The values ζ = 1 correspond
to the Bragg angles. The fine structure in the picture is caused by the lateral maxima of
the function sin c(•) in Equation (9). The horizontal sections of the pattern determine
frequency characteristics of the AO interaction ς( f ) for specified incidence angles of light,
and the vertical sections determine angular characteristics ς(φ0). The shape of the area
reproduced curve +1e is shown in Figure 4a, and its width is defined primarily by the size
of the transducer l.

In the case of a phased-array transducer with antiphase excitation of adjacent sections,
the situation changes cardinally. Figure 5 shows this change when the period of structure d
decreases. In these calculations, the number of sections is chosen equal to m = 4, and the
normalized gap between sections is ξ = 1.

We can see from Figure 5 that, for large periods of the transducer structure, a common
area of AO interaction splits into two symmetrical domains (Figure 5a). Then, an additional
domain appears from the side of low ultrasound frequencies (Figure 5b). Thereafter, the left
domains merge and form a common area with a very complex shape (Figure 5c). Finally,
this area splits, and three nonoverlapping domains form (Figure 5d). It should be noted
that such unusual dynamics of AO interaction areas differ significantly from the variant
of a homogeneous (nonsectioned) acoustic field. This can be considered as an advantage
of the phased-array transducers because the optimal geometry of interaction in the most
convenient frequency range can be obtained when designing AO devices.

Of particular interest is the case of Figure 5c, which shows a completely unique AO
interaction structure characterized by low angular and frequency selectivity. To evaluate
this result, one has to take into account that the high selectivity of the Bragg diffraction
in many AO devices is an interfering factor that leads to a decrease in the frequency and
angular ranges of AO interaction, and, consequently, to a deterioration of characteristics of
AO devices in resolution and operation speed. Figure 5c proves that by using the same AO
cell, both collimated light beams and image-carrying beams can be processed in a wide
frequency range.
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Figure 5. AO interaction areas for branch +1e in the case of m = 4 and different width of individual sections: (a) l = 0.4 mm;
(b) l = 0.15 mm; (c) l = 0.11 mm; (d) l = 0.07 mm.

Two special points on the Bragg curves, D and T, are pointed out in Figure 4a. They
determine the optimal AO interaction geometry for deflectors and video-filters [1–3]. In the
case of anisotropic diffraction in uniaxial crystals, these points never coincide. This means
that different AO interaction geometries must be applied when creating deflectors and
filters. Our research has shown that this problem can be solved by using phased-array
transducers, as Figure 5c demonstrates.

Figure 6 displays the characteristics of this unusual AO geometry. In Figure 6a, the op-
erating frequency f0, which corresponds to the coinciding points D and T, is presented
in the dependence of the crystal cut angle χ and the period of the transducer structure d.
The divergence angle between the incident and diffracted beams δφ (important charac-
teristic for video-filters) increases with the acoustic frequency according to the formula
δφ ≈ λ f0/nV. Unfortunately, this positive dependence is accompanied by a decreasing
AO figure of merit M (green curve in Figure 6a), which falls from a maximum value
M = 1200× 10−18 s3/g at χ = 0◦ to M = 42× 10−18 s3/g at χ = 10◦ [1].

Figure 6b shows detailed characteristics related to the case f0 = 21 MHz. The fre-
quency dependences are constructed for different angles of light incidence: φ0 = −0.5◦

(blue line), φ0 = −1◦ (red line), and φ0 = −1.4◦ (green line). It is seen that the fre-
quency range ∆ f1 = 65 MHz is confirmed to the angular range ∆φ0 = 0.4◦ (between
green and red curves), while the range ∆ f2 = 42 MHz can be realized in the angular
range ∆φ0 = 0.9◦ (between the green and blue curves). At the same time, the frequency
f0 = 21 MHz corresponds to the angular range of the AO interaction ∆φ0 = 4.2◦, which
is 3.1 times greater than in the case of the unsectioned transducer.
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Figure 6. Characteristics of low-selective area shown in Figure 5c: (a) Operating frequency f0, period of transducer structure
d and figure of merit M as functions of crystal cut angle χ; (b) Frequency characteristics of AO interaction at the operating
frequency f0 = 21 MHz (χ = 4◦).

The calculation of AO interaction areas for the variant of ordinary polarization of
incident light (branch +1o in Figure 4a) gives a significantly different result. The phased-
array transducer also leads to a splitting of the interaction area into two domains. However,
the change of these domains when varying the period d of the transducer structure is
greatly different in comparison with the variant discussed above: the region with extremely
low angular and frequency selectivity does not appear at all, as seen in Figure 7.

Figure 7. AO interaction areas for branch +1o in the case of m = 4 and different width of individual sections: (a) l = 0.15 mm;
(b) l = 0.07 mm.

The comparison of the AO interaction areas for the branches +1e and +1o allows
us to note another interesting and practically important feature, which is fundamentally
impossible in the case of AO diffraction in the homogeneous acoustic field. Figure 8
demonstrates the frequency dependences of the optimal angles of light incidence φopt,
combined for branches +1e and +1o. The graphs show that the curves, belonging to different
diffraction orders +1e and +1o, intersect at the point M at the frequency f = 67 MHz (Figure
8a) or f = 134 MHz (Figure 8b). This means that, at these frequencies, the optical waves
with ordinary and extraordinary polarizations have to diffract into the same diffraction
maximum of the +1st order. Such AO interaction geometry makes it possible to modulate
the intensity of unpolarized light beams without optical losses.
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Figure 8. Frequency dependences of optimal angles for branches +1е and +1о: calculation for (a) d = 0.22 mm, and (b)
d = 0.2 mm.

In this regard, it should be noted that the problem of AO modulation of unpolarized
light has existed since the early 1960s and has not yet received an effective solution.
The easiest solution is to search for cuts of crystals with close values of AO figure of merit M
for both optical eigenmodes. A suitable material is lead molybdate (PbMoO4) [1]. However,
this crystal is characterized by a relatively small AO figure of merit value M = 36× 10−18

s3/g and, most importantly, has bad thermophysical properties. Modulators based on the
paratellurite crystal with a longitudinal acoustic wave along the Z-axis are commercially
available, but this cut of the crystal is characterized by a noticeable difference in the
figure of merit for the ordinary and extraordinary waves: Mo = 30× 10−18 s3/g and
Me = 22 × 10−18 s3/g. Besides, we may also mention an exotic scheme of an AO
modulator with two multidirectional acoustic beams having different frequencies, which
was studied in [18].

Contrary to that, we propose a significantly simpler variant of the modulator based
on a paratellurite crystal with a phased-array transducer. In this device, the figure of
merit coefficients for both optical eigenmodes are the same (due to the anisotropic type
of diffraction) and equal to M = 800× 10−18 s3/g (for χ = 4◦). The position of the
operating point M in Figure 8 is determined by the period of the transducer structure d.
Choosing the period of the phased array transducer, one can change the operating point in
a wide frequency range. Similar variants of the modulator are possible for other cuts of the
paratellurite crystal.

A similar idea can be implemented for creating AO deflectors intended for the scan-
ning of unpolarized optical beams. Figure 9a illustrates this situation for the variant
λ = 1.5 µm, χ = 2◦, and m = 8 and d = 0.24 mm. Here, the dashed curves demon-
strate frequency dependences of the Bragg angles for a nonsectioned transducer, whereas
the AO interaction domains for the phased-array transducer are shown by red and blue
colors. The yellow color represents the overlap area. Letter D shows the position of the
deflector operating point at f = 49 MHz and φ0 = 3◦.

Frequency characteristics of this deflector for the incidence angle φ0 = 3◦ are pre-
sented in Figure 9b. The two curves relate to different polarizations of the incident light.
It can be seen that the common frequency band is ∆ f = 35 MHz. This means that such a de-
flector can provide optical beam scanning in an angular range of ∆φ = (λ/nV)∆ f = 2.1◦

with spatial resolution N = (w/V)∆ f = 570 resolvable points when the optical aperture
of the AO cell is w = 1 cm.
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Figure 9. AO deflector of nonpolarized light: (a) Combined areas of AO interaction for +1e (red color) and +1o (blue color)
diffraction branches, the overlap area is shown by yellow color; (b) Frequency characteristics of the AO deflector in the case
of unpolarized light.

4. Experimental Results

Experimental studies were carried out with an AO cell made of a paratellurite crystal
in the variant of Figure 1b. An acoustic wave in the form of a slow shear mode was excited
in the crystallographic plane

(
110
)

at an angle χ = 9◦ to the direction [110]. For this crystal
cut, the sound velocity was equal to V = 0.69× 105 cm/s, and the walk-off angle was
α = 52.5◦. A phased-array transducer was made of an X-cut lithium niobate crystal with
an electromechanical coupling coefficient k = 68%. The transducer had m = 9 sections with
a width of l = 2 mm each and a relative gap between the sections of ξ = 0.2 (Figure 10a).
Thus, the total length of the transducer in the direction of light propagation was L = 2.12
cm. To effectively excite ultrasound, an RF generator was matched with the transducer
with the help of reactive elements—an inductance coil and a capacitor. The efficiency of
electric to acoustic power conversion in the maximum of the frequency characteristic was
99%, and the ultrasound excitation band extended from 70 to 160 MHz.

Figure 10. Experimental results: (a) AO cell with a nine-section transducer; (b) Angular characteristics of the AO diffraction
for different number of connected sections: m = 9 (red), 5 (blue) and 2 (green).

Figure 10 shows the angular characteristics of AO interaction (normalized diffraction
efficiency ζ/ζmax as a function of the incidence angle φ0) obtained at the acoustic frequency
f = 105 MHz. The measurements were fulfilled at the scattering of the ordinary polarized
optical radiation with a wavelength of λ = 0.53 µm into the +1st diffraction order.
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The red curve relates to the case where all nine sections are connected in series. In good
agreement with calculations, the angular characteristic consists of two main maxima located
symmetrically on different sides of the Bragg angle. Decreasing the number of sections
results in a broadening of the maxima and a reduction in their intensity. In our experiment,
for the convenience of comparing the results, the ultrasound power was adjusted inversely
proportional to the number of sections.

5. Conclusions

In this paper, we present the results of a study of anisotropic Bragg diffraction of light
in a spatially periodical acoustic field created by a sectioned piezoelectric transducer with
antiphase excitation of adjacent sections. The problem of AO interaction in this periodical
acoustic field is solved, taking into account the strong optical and acoustic anisotropy of
the interaction medium that is typical for many crystals used in modern acousto-optics.
Numerical calculations are performed for an AO cell made of paratellurite crystal with
the shear acoustic mode propagating at an angle χ = 4◦ to the plane (001) of the crystal.
It is shown that the AO interaction in such a structure is absent when the optical beam
falls at the Bragg angle. However, angles of incidence exist, called “optimal”, at which the
diffraction efficiency can reach 100%, despite the violation of the phase-matching condition.
The areas of interaction for different periods of the transducer structure are then calculated.
A number of unusual regularities of AO scattering of light are established, which can be
useful in the development of a new type of AO devices, such as modulators, deflectors
and filters [1–3], as well as dual-channel monochromators for stereoscopic research [19,20].
In particular, the possibility of implementing AO modulators and deflectors for controlling
nonpolarized light is shown, which could provide significantly better characteristics than
the currently known devices. Preliminary experimental studies are performed with a
paratellurite cell, with section numbers varying from nine to two. Results of the experiment
are in a good agreement with the theoretical analysis.
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Abstract: Monoclinic potassium rare-earth crystals are known as efficient materials for solid-state
lasers and acousto-optic modulators. A number of specific configurations for acousto-optic devices
based on those crystals have recently been proposed, but the acousto-optic effect of those crystals
has only been analyzed fragmentarily for some interaction directions. In this work, we numeri-
cally searched for the global maxima of an acousto-optic figure of merit for isotropic diffraction in
KGd(WO4)2 and KY(WO4)2 crystals. It was demonstrated that the global maxima of the acousto-optic
figure of merit in those crystals occur in the slow optical mode propagating along the crystal’s twofold
symmetry axis and in the acoustic wave propagating orthogonally, both for quasi-longitudinal and
quasi-shear acoustic modes. The proposed calculation method can be readily used for the optimiza-
tion of the acousto-optic interaction geometry in crystals with arbitrary symmetry.

Keywords: acousto-optics; diffraction; figure of merit; monoclinic crystal; potassium rare-earth
tungstate

1. Introduction

In the recent decade, there has been a growth of interest in the acousto-optic (AO)
properties of biaxial crystals [1–24]. The main factors motivating the research in this
area are (1) the good optical and acousto-optic properties of some biaxial crystals used
in nonlinear optics and laser physics, and (2) a larger number of material constants in
biaxial crystals as compared to uniaxial ones, which provides more useful configurations
of AO interactions. Moreover, biaxial crystals are of special interest in AO research
since they can provide unique configurations of the Bragg diffraction for laser beam
deflection and spatial filtering [11,19,24].

In particular, potassium rare-earth tungstate crystals, also known as the KREW family,
have recently been recognized as efficient crystal materials for applications in acousto-
optics [2–4]. Those crystals belong to the monoclinic crystal system, which ensures a
large number of independent elastic and photoelastic constants. Potassium gadolinium
tungstate (KGW), KGd(WO4)2, and potassium yttrium tungstate (KYW), KY(WO4)2, are
the most prominent crystals of the KREW family. Previous studies included measurements
and computations of the AO figure of merit M2 only for certain geometries of an AO
interaction, with light propagating near the twofold symmetry axis of the crystal and
ultrasound propagating on the symmetry plane [3,4,7,14,22]. A fair AO figure of merit in
KREW crystals has been combined with a high laser-induced damage threshold [23,25].
This allowed for the design and fabrication of several experimental configurations of AO
modulators (AOMs) and Q-switches for infrared (IR)-pulsed lasers [14,15,17,23]. Specific
combinations of the acoustic and photoelastic properties of those crystals has prompted the
creation of novel designs for AO devices, including spatial light modulators [18] as well as
two-coordinate monolithic deflectors and polarization switches [22].

In this work, we explore the spatial distributions of an AO figure of merit M2 in
monoclinic KREW crystals with an arbitrary orientation of light and ultrasound under the
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assumption of a small-angle orthogonal diffraction. A procedure that can be used to search
for the global maxima of the M2 for isotropic AO diffraction in crystals with arbitrary
symmetry is proposed and validated. Numerical results for KGW and KYW crystals are
obtained and analyzed.

2. Materials and Methods
2.1. KREW Crystals’ Physical Properties

KYW and KGW are monoclinic crystals of the 2/m point group. The orientation
of the dielectric axes relative to the crystal’s unit cell is shown in Figure 1. We use
the axes setting for monoclinic crystals, with the Z axis being parallel to the twofold
symmetry axis of the crystal (b crystallographic axis and Np dielectric axis); X and Y
are the dielectric axes Nm and Ng, respectively.

Figure 1. Dielectric properties of the KYW and KGW monoclinic crystals: (a) crystal’s unit cell;
(b) refractive index surface cut-out. Z is the twofold symmetry axis; XY is the symmetry plane; optic
axis (dashed line) is on the ZY plane.

The acoustic and photoelastic constants of KREW crystals have been measured by
Mazur et al. [2,6]. The stiffness and photoelastic tensors, cijkl and pijkl , are written in
Voight’s notation. In monoclinic crystals, there are 13 independent stiffness coefficients cqr:

cqr =




c11 c12 c13 0 0 c16
c12 c22 c23 0 0 c26
c13 c23 c33 0 0 c36
0 0 0 c44 c45 0
0 0 0 c45 c55 0

c16 c26 c36 0 0 c66




(1)

and 20 independent photoelastic coefficients pqr:

pqr =




p11 p12 p13 0 0 p16
p21 p22 p23 0 0 p26
p31 p31 p33 0 0 p36
0 0 0 p44 p45 0
0 0 0 p54 p55 0

p61 p62 p63 0 0 p66




. (2)

The values of the stiffness, photoelastic, and dielectric constants for the KGW crystal
are listed in Appendix A.1, and those for the KYW crystal are in Appendix A.2.
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2.2. Acousto-Optic Figure of Merit

The efficiency of the AO interaction in crystals depends on both acoustic and optical
wave propagation directions with respect to the crystal axes. Any direction of the acoustic
wave vector s is associated with three bulk acoustic wave (BAW) eigenmodes having
orthogonal polarization vectors u and different phase velocities v. The exceptions are
the acoustic axes, i.e., the directions corresponding to the degeneracy of two acoustic
modes [21]. Any propagation direction of light m in a birefringent crystal is associated
with two orthogonal eigenmodes that have polarization vectors d and refractive indices
n. There are two types of AO diffraction: isotropic diffraction, which corresponds to the
same polarization of incident and diffracted beams, and anisotropic diffraction, which
corresponds to the orthogonal polarization of the beams.

Furthermore, we assume the isotropic diffraction type and remain within a small-angle
approximation, i.e., that the optical wave normal vector m and the polarization vector d
are the same for incident and diffracted waves. This approximation is valid for most of
the configurations of isotropic diffraction, except for those where light propagates near the
optic axis of a biaxial crystal. In the neighborhood of conical optic axes, the polarizations of
eigenwaves d rapidly change with the wave normal direction m, and isotropic diffraction
may be mixed with the anisotropic one [24]. In the other cases, i.e., those far from singular
points of the refractive index surface and those in the typical range of ultrasound frequencies
of the Bragg diffraction—from a few tens to a few hundred MHz—the double Bragg angle
is on the order of 1◦, and the difference between polarization vectors d in the directions of
incident and diffracted light is small. Thus, the small-angle approximation allows one to
eliminate the ultrasound frequency from the problem parameters. In addition, the error of
the experimental measurement of the photoelastic constants is more than 10% [6], therefore
the error of M2 ∝ p2

eff can be estimated to be at 20 %.
Figure 2 illustrates the orientation of the acoustic and optical wave vectors and po-

larizations. Standard procedures for calculating the optical and acoustic eigenmodes in
crystals are described elsewhere [26,27]. Hereinafter, we sort the acoustic and optical
modes of crystals from the fastest to the slowest, i.e., v(1) > v(2) > v(3) and n(1) 6 n(2). The
fastest acoustic mode u(1) is a quasi-longitudinal (QL) wave, and the other modes, u(2) and
u(3), are quasi-shear (QS) waves. The polarization angle of acoustic waves is defined as
γ = ∠(s, u(1)).

Figure 2. Spatial diagrams for M2 calculations: a selection of acoustic and optical wave propagation
directions and polarizations of optical and acoustic waves. Dashed plane is orthogonal to the acoustic
direction unit vector s. The locus of optical wave normal vectors m for the given acoustic wave vector
direction s is shown with hatching.
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The direction of the acoustic wave vector is a function of two Euler angles, ϕ ∈ [0, 360◦]
and θ ∈ [0, 90◦], and is relative to the axes Z and X:

s(ϕ, θ) = {sin θ cos ϕ, sin θ sin ϕ, cos θ}. (3)

Small-angle approximation is equivalent to orthogonal diffraction geometry, (ms) = 0,
so one can use the parametrization of m as follows:

m(s, χ) = m0 cos χ + [m0s] sin χ, (4)

where the initial direction m0 is orthogonal to the line of nodes:

m0(ϕ, θ) = {− cos θ cos ϕ,− cos θ sin ϕ, sin θ}. (5)

For a certain interaction geometry, the effective photoelastic constant is expressed as
follows [28]:

p(α,β)
eff (s, m) = d(β)

i d(β)
j pijklsku(α)

l (6)

where α = 1, 2, 3 is the acoustic mode number, β = 1, 2 is the optical mode number,
and summation over repeated lower indices is assumed. In Equation (7), di and dj are
the components of the optical polarization eigenvector d(β)(m) corresponding to the β-
th optical mode, and u(s) is the acoustic displacement vector corresponding to the α-th
acoustic mode.

M(α,β)
2 (s, m) =

n(β)6
p(α,β)

eff

2

ρv(α)3 (7)

Numerical maximum search was used to find the optimal propagation of the optical
beam that maximizes M2 for a given BAW propagation direction. The result of this search
is the optical direction, expressed through angle χ:

χ
(α,β)
max (s) = arg max

χ∈[0,360◦ ]
M(α,β)

2 (s, m(s, χ)) (8)

The final result is the maximum figure of merit for a chosen acoustic direction s and
combination of modes (α, β).

M(α,β)
2 max(ϕ, θ) = M(α,β)

2 (s, m(s, χ
(α,β)
max )) (9)

In total, there are 6 combinations of optical and acoustic modes. Each combination
was processed independently.

2.3. Software

The original software for computing M2 max was developed in the Fortran program-
ming language. The initial data are the set of material constants (dielectric permittivity
tensor εii, stiffness cpq and photoelastic pqr matrices) defined in the crystals’ dielectric
axes. The software is based on numerical techniques of linear algebra instead of analytical
solutions. Therefore, it is universal and can be applied to crystals of any symmetry.

Standard methods for calculating the optical and acoustic eigenmodes in crystals were
used for every acoustic wave normal vector s and optical wave normal vector m [26,27].
Then, Equations (6)–(9) were used for each possible pair of mode indices α and β. In the
computations, the grid steps were 2◦ for ϕ and 1◦ for θ and χ.

3. Results

The results of the numerical simulations for KGW and KYW are M(α,β)
2 max and χ

(α,β)
max , as

functions of the Euler angles ϕ and θ for three BAW modes (α = 1, 2, 3) and two optical
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modes (β = 1, 2) of the crystals. Full numerical data on χmax and M2 max can be found in
the related dataset in [29]. All diagrams are plotted in stereographic projection showing the
upper hemisphere, θ ∈ [0, 90◦].

The data for the KGW crystal are plotted in Figures 3 and 4, including the acoustic
properties of the crystal: BAW velocities v(α) and normalized Gaussian curvatures K(α) of
the slowness surfaces. The Gaussian curvature is the product of two dimensionless BAW
diffraction coefficients, which characterize the anisotropy of acoustic beam diffraction in
crystals [30]. This coefficient tends to infinity in the neighborhood of conical acoustic axes.
Similar results for the KYW crystal are plotted in Figures 5 and 6.

Table 1 summarizes diffraction geometry parameters that maximize the AO figure of
merit M2 in KGW and KYW crystals. The table includes the direction angles ϕ and θ of the
BAW, the optical rotation angle χ that defines the diffraction plane, and polarizations of
the interacting beams. The data for the QS modes include the global maxima over both QS
modes.

Table 1. Maxima of the AO figure of merit in KGW and KYW crystals.

Parameter KGW Crystal KYW Crystal

BAW mode, α 1 3 1 3
Polarization type and angle, γ QL (0.7◦) QS (6.5◦) QL (1.0◦) QS (4.7◦)
Velocity, v (103 m/s) 4.33 2.22 4.73 2.38
Azimuthal angle, ϕ −62◦ −16◦ −58◦ −12◦

Polar angle, θ 90◦ 90◦ 90◦ 90◦

Optical mode, β 2 2 2 2
Rotation angle, χ 0 0 0 0
Figure of merit, M2 (10−15 s3/g) 15.8 27.8 13.8 24.5

Figure 3. KGW crystal, acoustic properties: (a) QL BAW mode velocity; (b) fast QS BAW mode
velocity; (c) slow QS BAW mode velocity; (d) QL BAW diffraction coefficient; (e) fast QS BAW
diffraction coefficient; (f) slow QS BAW diffraction coefficient. Conical acoustic axes of the crystal are
marked with squares.
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Figure 4. KGW crystal, maximum AO figure of merit, M(α,β)
2 max vs. BAW direction (ϕ, θ): (a) QL

BAW mode (α = 1), fast optical mode (β = 1); (b) fast QS BAW mode (α = 2), fast optical mode
(β = 1); (c) slow QS BAW mode (α = 3), fast optical mode (β = 1); (d) QL BAW mode (α = 1),
slow optical mode (β = 2); (e) fast QS BAW mode (α = 2), slow optical mode (β = 2); (f) slow QS
BAW mode (α = 3), slow optical mode (β = 2). Conical acoustic axes of the crystal are marked with
squares; optic axes are marked with red circles; directions orthogonal to optic axes are shown with
dash-dotted lines.

General features of M2 data presented in Figures 4 and 6 are the following: Firstly,
the maxima of the figure of merit are associated with the minima of BAW velocity since
M2 ∝ v−3. Secondly, rapid changes in M2 for the QS BAW modes took place near the
acoustic axes of the crystal and the directions of high acoustic anisotropy between them.
The reason for this is the fast rotation of BAW polarization vectors u(2) and u(3) near the
directions of high anisotropy [30]. Rapid changes in M2 max were also observed for some
BAW directions orthogonal to the optic axes of the crystal since the optical wave normal
vector m in this case crossed the optic axis associated with polarization singularity.
However, we note that the small-angle approximation has a limited validity when light
propagates near an optic axis because of the high optical anisotropy and singularity of
the polarization field affecting the AO phase matching [24]. For this reason, the AO
diffraction of light propagating near the optic axis of a biaxial crystal cannot be used for
the design of AO modulators. On the other hand, it enables the design of unique types
of AO devices for the deflection of light and processing vector beams [1,5,11,19]. In this
case, the AO figure of merit should be calculated with respect to the actual frequency of
ultrasound and the polarizations of optical eigenmodes.
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Figure 5. KYW crystal, acoustic properties: (a) QL BAW mode velocity; (b) fast QS BAW mode
velocity; (c) slow QS BAW mode velocity; (d) QL BAW diffraction coefficient; (e) fast QS BAW
diffraction coefficient; (f) slow QS BAW diffraction coefficient. Conical acoustic axes of the crystal are
marked with squares.

Figure 6. KYW crystal, maximum AO figure of merit: (a) QL BAW mode, fast optical mode; (b) fast
QS BAW mode, fast optical mode; (c) slow QS BAW mode, fast optical mode; (d) QL BAW mode,
slow optical mode; (e) fast QS BAW mode, slow optical mode; (f) slow QS BAW mode, slow optical
mode. Conical acoustic axes of the crystal are marked with squares; optic axes are marked with red
circles; directions orthogonal to optic axes are shown with dash-dotted lines.

4. Discussion

According to the plots in Figures 4 and 6, the global maxima of the figure of merit M2
occurred for the QS BAW mode propagating on the XY plane and which has a displacement
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orthogonal to the Z axis. The peaks of M2 were higher for the slow optical mode (β = 2).
The global maxima were achieved at χ = 0, which corresponds to the optical wave normal
vector m parallel to the Z axis. To prove this, we selected the BAW propagation in the
XY plane, i.e., θ = 90◦, and ϕ is a variable; we then calculated the figure of merit M2(χ)
analytically.

Analytical expressions for peff can be readily derived for the case of χ = 0, i.e., an
optical wave propagating along the Z axis [22]:

p(i)ql = pi1 cos ϕ cos(ϕ + γ) + pi2 sin ϕ sin(ϕ + γ) + pi6 sin(2ϕ + γ); (10)

p(i)qs = −pi1 cos ϕ sin(ϕ + γ) + pi2 sin ϕ cos(ϕ + γ) + pi6 cos(2ϕ + γ), (11)

where i = 1 for the fast optical mode with the polarization vector d(1) = {1, 0, 0}, and
i = 2 for the slow optical mode with d(2) = {0, 1, 0}. Equations (10) and (11) describe the
interaction geometry with the optical beam propagating along the Z axis, i.e., at χ = 0.
These equations are also valid at i = 3 for the fast optical mode propagating orthogonally to
s on the XY plane, i.e., at χ = ±90◦. This mode has a polarization vector of d(1) = {0, 0, 1}.
The slow optical mode for this direction has a polarization of d(2) = {cos ϕ, sin ϕ, 0} and
the following effective photoelastic constants:

pql

∣∣∣
χ=90◦

= p(1)ql cos2 ϕ + p(2)ql sin2 ϕ + p(6)ql sin 2ϕ; (12)

pqs
∣∣
χ=90◦ = p(1)qs cos2 ϕ + p(2)qs sin2 ϕ + p(6)qs sin 2ϕ. (13)

To the best of our knowledge, the p61, p62, p63, and p66 constants have not yet been
measured [6], and in all simulations, they were used with zero values.

The maximum values M2 max are compared with the calculated data in Figures 7 and
8. In panels (a) and (b), the maximum figure of merit was found for the QL BAW mode
and compared to the calculations in Equations (10) and (12). In panels (c) and (g), the
maximum figure of merit was found for both QS BAW modes, the fast and the slow, and
then compared to the calculations from Equations (11) and (13).

Figure 7. KGW crystal, AO figure of merit for acoustic propagation on the XY plane (θ = 90◦): (a) QL
BAW mode, fast optical mode; (b) QL BAW mode, slow optical mode; (c) QS BAW mode, fast optical
mode; (d) QS BAW mode, slow optical mode. Solid lines—data from Figure 4; dashed and dotted
lines—calculation according to Equations (10)–(13).
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Figure 8. KYW crystal, AO figure of merit for acoustic propagation on the XY plane (θ = 90◦): (a) QL
BAW mode, fast optical mode; (b) QL BAW mode, slow optical mode; (c) QS BAW mode, fast optical
mode; (d) QS BAW mode, slow optical mode. Solid lines—data from Figure 6; dashed and dotted
lines—calculation according to Equations (10)–(13).

5. Conclusions

We have reported a procedure that can be used to search for the global maxima
of the AO figure of merit in crystals of lower symmetry classes. The procedure was
able to find the optimal propagation direction of light and the corresponding figure of
merit as the functions of the BAW propagation direction in crystals. We demonstrated
this procedure with the use of two monoclinic crystals, KGW and KYW, which have
previously shown high AO efficiency in certain configurations of AO interaction in the
near-IR spectral region.

Our numerical simulations demonstrated that the global maxima of the figure of
merit M2 for isotropic diffraction in KGW and KYW crystals can be obtained for the
BAW propagation on the XY plane and the optical propagation along the Z crystal axis.
This conclusion is valid both for QL and QS BAW modes, and the highest M2 values
are produced for the slow optical mode polarized along the Y (i.e., Ng) dielectric axis.
Nevertheless, we note that numerical data on M2 in KREW crystals should be refined in the
future since 8 out of the 20 photoelastic constants of these crystals have not been measured
to date.
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Abbreviations
The following abbreviations are used in this manuscript:

AO Acousto-optic
BAW Bulk acoustic wave
IR Infrared
KGW KGd(WO4)2, potassium gadolinium tungstate
KREW Potassium rare-earth tungstate
KYW KY(WO4)2, potassium yttrium tungstate
QL Quasi-longitudinal
QS Quasi-shear

Appendix A

Appendix A.1

Material constants of the KGW crystal relevant to this research are the following:
The crystal density is ρ = 7.270 g/cm3. The elastic constants of the KYW crystal are as
follows [2]:

cqr =




197.8 51.1 92.5 0 0 −3.7
140.0 61.3 0 0 −0.9

171.7 0 0 −3.0
64.0 −12.1 0

45.2 0
31.4



·GPa (A1)

The lower sub-diagonal part of the matrix is not shown because of its symmetry. The
photoelastic tensor of the KGW crystal is the following [6]:

pqr =




0.11 0.23 0.14 0 0 −0.053
0.13 0.28 0.09 0 0 −0.13
0.13 0.23 0.04 0 0 −0.025

0 0 0 p44 p45 0
0 0 0 p54 p55 0

p61 p62 p63 0 0 p66




(A2)

Eight coefficients in the lower half of the matrix are not known. The optical properties
of KGW are described with single-term, IR-corrected Sellmeier’s equations [31]:

ε11 = n2
m =0.8753 + 3.0976λ2/(λ2 − 0.15542)− 0.00042λ2;

ε22 = n2
g =1.5157 + 2.6141λ2/(λ2 − 0.17332) + 0.00183λ2;

ε33 = n2
p =0.9927 + 2.8661λ2/(λ2 − 0.15232)− 0.00139λ2,

(A3)

which correspond to the following refractive indices at λ = 1.06 µm: np =
√

ε33 = 1.979,
nm =

√
ε11 = 2.010, and ng =

√
ε22 = 2.050. The angle between the dielectric axis Y

and the crystallographic axis c is δ = 21.5◦. This angle was not explicitly used in the
calculations, but it is necessary for recalculating the stiffness and photoelastic constants in
different frames of reference.
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Appendix A.2

Material constants of the KYW crystal relevant to this research are the following:
The crystal density is ρ = 6.565 g/cm3. The elastic constants of the KYW crystal are the
following [2]:

cqr =




202.2 51.0 90.9 0 0 −3.3
150.6 60.9 0 0 −2.7

176.8 0 0 −6.2
61.9 −15.4 0

41.8 0
33.5



·GPa (A4)

The photoelastic tensor of the KYW crystal is as follows [6]:

pqr =




0.12 0.33 0.17 0 0 −0.04
0.14 0.27 0.10 0 0 −0.14
0.15 0.35 0.05 0 0 −0.02

0 0 0 p44 p45 0
0 0 0 p54 p55 0

p61 p62 p63 0 0 p66




(A5)

Eight coefficients in the lower half of the matrix are not known, similar to thet KGW
crystal. The optical properties of KYW are described with single-term, IR-corrected Sell-
meier’s equations [31]:

ε11 = n2
m =2.5253 + 1.4638λ2/(λ2 − 0.20832)− 0.00237λ2;

ε22 = n2
g =2.3951 + 1.7564λ2/(λ2 − 0.20252)− 0.00226λ2;

ε33 = n2
p =2.6986 + 1.1578λ2/(λ2 − 0.21272)− 0.00215λ2,

(A6)

which correspond to the following refractive indices at λ = 1.06 µm: np =
√

ε33 = 1.975,
nm =

√
ε11 = 2.011, and ng =

√
ε22 = 2.053. The angle between the dielectric axis Y and

the crystallographic axis c is δ = 17.5◦.
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Abstract: The study was devoted to the creation of transparent electrodes based on highly conductive
mesh structures. The analysis and reasonable choice of technological approaches to the production
of such materials with a high Q factor (the ratio of transparency and electrical conductivity) were
carried out. The developed manufacturing technology consists of the formation of grooves in a
transparent substrate by photolithography methods, followed by reactive ion plasma etching and
their metallization by chemical deposition using the silver mirror reaction. Experimental samples of
a transparent electrode fabricated using this technology have a sheet resistance of about 0.1 Ω/sq
with a light transmittance in the visible wavelength range of more than 60%.

Keywords: transparent electrode; mesh structure; sheet resistance; transparency; groove; lithography;
chemical deposition; shielding efficiency

1. Introduction

Electrode element is an indispensable component of modern acousto-optical devices.
It defines the shape of the acoustic field induced in the crystalline media [1,2]. Accurate
apodization of the electrodes provides diffraction efficiency increase, higher apertures and
better acoustic field homogeneity [3].

Transparent electrodes are necessary for acousto-optic devices, where the direction
of light propagation coincides with sound wave (Figure 1). Such collinear geometry of
acousto-optic interaction is widely used, for example, in acousto-optical tunable filters
with high spectral resolution [4], which are necessary for Raman spectroscopy [5] and
spectral-domain optical coherence tomography [6]. Propagation of light along ultrasound
may be also potentially effective for multi-beam diffraction configurations [7] and other
applications. Applying optically transparent electrodes in these devices may simplify its
design and reduce its dimensions.

In conventional schemes of such electrodes, an ultrasonic wave may be formed by a
transparent piezoelectric transducer based on ceramic materials with a perovskite structure
(titanate-zirconate of a divalent metal (for example, lead), etc.) or polymer films (for
example, polyvinylidene fluoride and its copolymers) with a thickness up to several tens
of micrometers [8–14].

In addition, transparent electrodes are widely used in solar panels, touch screens,
organic and inorganic diodes, etc. [15]. Among the approaches to the creation of such
electrodes are the usage of transparent conductive oxides [15], metal nanowires [16,17],
carbon nanomaterials [18], and metal micro- and nano-grids [19]. Today, thin films based
on tin indium oxide (ITO) are the most widely used [20]. Still, their usage is limited by
the low ratio of transparency and electrical characteristics for many current tasks; the best
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samples of ITO coatings have a surface resistance of about 20 Ω/sq with transparency
in the visible range of about 90% [21]. In addition, this material is expensive due to the
depletion of global indium reserves [22], and requires high-temperature annealing to obtain
a high Q factors φs (φs = T550

10/$s [23]), which complicate the production of high-quality
transparent electrodes on flexible polymer substrates. The latter is relevant due to the
recent intensive development of flexible LCD touch screen technology [24,25].

A decrease in the electrode resistance leads to an increasing the transparent piezoelec-
tric transducer efficiency. Additionally, electrodes with high electrical conductivity and
transparency are necessary to increase the efficiency of solar cells or to increase electromag-
netic protection and compatibility of electronic devices and equipment.

Among the approaches to creating high-electrical-conductivity and transparent struc-
tures, ordered metal mesh structures formed on the surface or inside a transparent substrate
have considerable potential. The geometry of such systems can be calculated in advance
and specified during manufacture. Electrodes based on these structures have the best
characteristics at the moment [21] in terms of the ratio of sheet resistance and transparency
(3–5 Ω/sq with transparency of more than 85% [19]).
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Figure 1. Design of a transparent acousto-optic modulator.

Currently, several approaches are being developed to produce such microgrids [21,26].
One of the general approaches consists of forming microgrooves with a high aspect ratio in
an optically transparent material, such as quartz, into which metal, for example, silver or
copper, is subsequently deposited [22]. The grooves can be filled with metal by magnetron
or electron beam deposition, or chemical deposition from the gas phase. However, due
to the high aspect ratio and the small width of the groove, their use is problematic [22].
A rapid blockage of the inlet and the cessation of mental growth inside the grooves may
occur during the deposition process. Similar problems are also typical for galvanic metal
deposition into structures with a similar aspect ratio [27].

In this paper, the manufacturing technologies for transparent mesh structures are
analyzed. A proposed method for filling the grooves produced by lithography methods
with silver using the silver mirror reaction is also described. In addition, the article
describes the results of studies of the deposited metal morphology and the measurements of
transparency, sheet resistance, and the S parameters in the radio and microwave wavelength
ranges in the open coaxial waveguide of the obtained structures.

2. The Analysis of the Production Technologies of Transparent Mesh Structures

There are three groups among technological approaches used to obtain ordered mesh
structures:
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• Approaches based on the formation of grooves of a specified geometry in a substrate
or photoresist and their subsequent filling with metal. The grooves are formed using
photolithography methods in combination with liquid or ion plasma etching or laser
ablation;

• Approaches based on the removal of the preliminarily deposited metal layer using the
same etching methods;

• Approaches based on additive processes (electrohydrodynamic printing).

Based on the literature data [27–77], Figure 2 plots of the technological limitations
of various approaches to forming grooves in transparent materials or directly forming
conductors on the substrate surface. The markers show the values of the width and depth
of the groove’s or line’s height, obtained from the literature sources, and the lines show the
technological limitations of the approaches.
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Figure 2. Technological limitations of various approaches to the formation of ordered mesh structures.

Two studies [78,79] provide a description of the calculated model and the results of the
conductive mesh structures’ calculation, obtaining a screening coefficient SE of more than
50 dB with transparency of more than 90% in the visible range. These calculated values
were obtained for a width and height of the mesh conductors of 1.5 and 14 µm, respectively.
Per Figure 2, structures with such parameters can be produced by the following methods:
forming grooves in a transparent substrate by photolithography followed by reactive ion
plasma etching (RIE), nanoimprinting (hot embossing), or multilayer electrohydrodynamic
(EHD) printing.

At this stage, the first method was chosen for the practical implementation of the
calculated structures due to the wide availability of the necessary technological equipment
and verified technological regimes. Notably, the methods of nanoimprinting and EHD
printing, with their further development, have considerable potential for creating serial
technology for producing large-area, micro-mesh, transparent electrodes.

3. Materials and Methods

Experimental samples were pure quartz wafers with a thickness of 0.5 mm. A system
of grooves was formed in the first step of preparation as a network. In the second step, the
grooves were filled with silver metal. The topological network was an artificial, disordered
mesh with a Voronoi diagram randomly distributed inside a cell of equal probability
density (Figure 3).

172



Materials 2021, 14, 7178

Materials 2021, 14, x FOR PEER REVIEW 4 of 12 
 

 

3. Materials and Methods 
Experimental samples were pure quartz wafers with a thickness of 0.5 mm. A system 

of grooves was formed in the first step of preparation as a network. In the second step, the 
grooves were filled with silver metal. The topological network was an artificial, disor-
dered mesh with a Voronoi diagram randomly distributed inside a cell of equal probabil-
ity density (Figure 3). 

 
Figure 3. The topological figure of a conductive mesh. 

The technological process of groove formation included these steps: the cleaning of a 
wafer, the coating of an α–Si:H masking layer with plasmochemical deposition using 
SPTS APM equipment (SPTS Technologies Ltd., Newport, UK); positive photoresist 
SPR700-1.0 coating by centrifuge, drying, and exposure with a ASML PAS 5500 stepper 
(ASML, Veldhoven, the Netherlands); followed by the development and plasmochemical 
etching of the α–Si:H masking layer with the Bosh process; and plasmochemical etching 
of grooves on the quartz wafer through the windows (holes) at the masking layer with the 
help of C4F8. (Figure 4). 

 
Figure 4. Technological process of micro-mesh formation. 

A silver mirror reaction (a process of silver salt reduction, for example, silver nitrate) 
was used for filling the experimental samples with metal. The formation of a silver layer 
with few defects is possible only with a low rate of chemical reaction [80]. Glucose was 
used as a weak reducing agent, which increases silver adhesion to a surface [81]. The syn-
thesis was carried out at 25 °C for the same reason. 

Two solutions were used. The first solution was prepared by dissolution of 1.25 g of 
silver nitrate (AgNO3) in 30 mL of deionized water, the addition of 4 mL of 25% water 
ammonia (NH4OH), and the addition of 30 mL of an alkali solution (1.1 g of NaOH was 
dissolved in water and diluted until 30 mL of solution was formed). The initial rate of the 
silver mirror reaction decreased with increasing ammonia concentration; the silver nitrate 
solution stability and the thickness of the silver layer increased simultaneously [81]. The 

Figure 3. The topological figure of a conductive mesh.

The technological process of groove formation included these steps: the cleaning of a
wafer, the coating of an α–Si:H masking layer with plasmochemical deposition using SPTS
APM equipment (SPTS Technologies Ltd., Newport, UK); positive photoresist SPR700-
1.0 coating by centrifuge, drying, and exposure with a ASML PAS 5500 stepper (ASML,
Veldhoven, The Netherlands); followed by the development and plasmochemical etching
of the α–Si:H masking layer with the Bosh process; and plasmochemical etching of grooves
on the quartz wafer through the windows (holes) at the masking layer with the help of
C4F8. (Figure 4).
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Figure 4. Technological process of micro-mesh formation.

A silver mirror reaction (a process of silver salt reduction, for example, silver nitrate)
was used for filling the experimental samples with metal. The formation of a silver layer
with few defects is possible only with a low rate of chemical reaction [80]. Glucose was
used as a weak reducing agent, which increases silver adhesion to a surface [81]. The
synthesis was carried out at 25 ◦C for the same reason.

Two solutions were used. The first solution was prepared by dissolution of 1.25 g of
silver nitrate (AgNO3) in 30 mL of deionized water, the addition of 4 mL of 25% water
ammonia (NH4OH), and the addition of 30 mL of an alkali solution (1.1 g of NaOH was
dissolved in water and diluted until 30 mL of solution was formed). The initial rate of the
silver mirror reaction decreased with increasing ammonia concentration; the silver nitrate
solution stability and the thickness of the silver layer increased simultaneously [81]. The
silver alkali ammonia solution was diluted to 100 mL, and the first solution was prepared.
The second solution was prepared by dissolution of 1.1 g of glucose in water and dilution
to 100 mL. A higher glucose concentration (higher than 1.3 g/L) decreases the maximal
thickness of the silver layer [81] and facilitates silver particle agglomeration [24]. The shelf
life of the solutions was less than 10 h. The samples for the metallization were placed
into a beaker. The first solution was poured, and then the second solution was added in a
volume ratio of 1:1. The reaction time was less than 10 min (usually 3–5 min). The long
duration of the silver mirror reaction leads to the morphology of silver particles differing
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from a sphere [82], which can inhibit groove filling. The silver mirror reaction was repeated
several times. The excess metal from the surface was removed after each iteration of silver
deposition.

The geometric dimensions and surface morphology of the manufactured grooves and
the surface morphology and structure of the deposited silver were studied by scanning
electron microscopy (SEM, TESCAN ORSAY HOLDING, Brno, Czech Republic) using a
VEGA 3. Imaging was performed at an accelerating voltage of 10 kV and a beam current of
10 A in secondary electron detection mode to obtain images with the highest resolution,
and in back-reflected electron mode to obtain a compositional contrast.

Sheet resistance was determined by the four-probe method using a Keithley 2000
multimeter (Tektronix, Inc, Beaverton, OR, USA) and a Mill-Max 854-22-004-10-001101
four-probe head (Mill-Max Mfg. Corp., Oyster Bay, NY, USA).

The transmission coefficient in the visible wavelength range of 380 to 780 nm was de-
termined on a Shimadzu UV-3600i Plus spectrophotometer (SHIMADZU CORPORATION,
Kyoto, Japan) with a resolution of 1 nm at normal incidence of light on the sample.

Since the materials under development had considerable potential for application in
radio engineering, the shielding efficiency (SE) was measured to evaluate the obtained
materials’ radio engineering properties. The measurements were obtained in the frequency
range from 10 MHz to 7 GHz on a specialized measuring stand based on a FieldFox N9916A
vector circuit analyzer (Keysight Technologies, Santa Rosa, CA, USA) in a coaxial path
(type II). The SE value was determined from the S21 transmission coefficient of the path
with the sample in relation to the transmission coefficient S21 of the path without the
sample. Electro-sealing gaskets composed of dense metalized fabric were used for better
electrical contact between the sample and the walls of the coaxial tract. The SE dynamic
measurement range of the stand is 80 dB and the measurement error is ±2 dB.

4. Results

A photo of an obtained sample is shown in Figure 5. The geometrical dimensions
of the sample were an outer diameter of 16 mm and an inner diameter of 6.95 mm. The
sample was fabricated in this shape due to the requirements for SE measurements in the
coaxial path.
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Figure 5. Photo of the manufactured sample.

The grooves in the quartz substrate obtained by lithography and plasma chemical
etching were examined by scanning electron microscopy (Figure 6). The groove walls
obtained in quartz glass showed vertical deviations up to 10◦, which led to distortion of
the specified topology (Figure 3). The groove cross-section was trapezoidal with a depth of
16.24 µm and a width of 1.15 (in-depth) to 4.47 µm (at the surface). The deviation from the
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verticality of the groove walls was caused by lateral subtraction during plasma chemical
etching.
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Figure 6. SEM images of the sample after the lithography and plasma chemical etching processes: (a)
2500×magnification; (b) 8000×magnification.

The degree of groove filling with silver was evaluated after the metallization process
(Figure 7). We found that the silver filled all the grooves throughout the sample, but the
silver structure was porous.
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Figure 7. SEM images of the sample after metallization: (a) 1000×, (b) 4500×, (c) 7000×, and (d)
7000×magnification.
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The sheet resistance of the manufactured sample was (0.084 ± 0.016) Ω/sq. Measure-
ments were taken at 22 different points on the sample surface (Figure 8a).

The frequency dependence of the SE is shown in Figure 8b. The average SE value
in the frequency range of 10 MHz to 7 GHz is 54.6 dB. The horizontal behavior of the SE
spectrum indicates the absence of significant metallization defects.
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The transmission spectrum measurements were taken at eight different points on the
sample surface using a specially designed fixture (Figure 9a). The average, maximum and
minimum transmission spectrums of the test sample in the visible wavelength range are
shown in Figure 9b. The light transmittance coefficient calculated for the wavelength range
from 380 to 780 nm following GOST R 54164-2010 is 64.1%.
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5. Discussion

The deviation from the groove walls’ geometry due to the technological peculiarities
of quartz etching led to a width increase from 1.5 to 4 µm at the groove entrance. This
increased the surface area of the conductive grid paths and decreased the light transmission
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coefficient from 90% (according to the simulation results) to 64%. In order to increase this
parameter, further development of the plasma chemical etching process of a transparent
substrate is required. Notably, no such problems are encountered, for example, when
forming grooves on Si substrates: it is possible to produce grooves with a high aspect
ratio without distorting the geometry using the Bosh process, but such samples are only
transparent in the IR range (Figure 10).

Transparency can also be increased by applying antireflective coatings based on metal
oxides to the sample surface. These coatings will protect the metal mesh structure from
oxidation in addition to improving optical properties.
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Figure 10. SEM images of the Si sample with grooves formed in its surface using the Bosch process
with a high aspect ratio.

The values of SE and sheet resistance obtained on the experimental sample were
close to the calculated values. The silver synthesized in the grooves using the silver
mirror reaction had a porous structure, and its electrical conductivity differed significantly
from that of a monolithic material. The low value of the sheet resistance of the resulting
microgrid (0.084 ± 0.016 Ω/sq) and, consequently, the high SE coefficient were caused by
an increase in the cross-section of the conductors when the geometry of the conducting
lines was distorted. Adjustment of the technology used for filling the grooves accompanied
by an increase in the density of the formed channel can significantly increase the values of
these parameters.

6. Conclusions

We developed a technology for producing transparent conductive electrodes. The
technology consists of forming grooves in a transparent wafer by photolithography meth-
ods, followed by reactive ion plasma etching and its metallization by chemical deposition
with a silver mirror reaction (Tollen′s reagent). This technology was chosen due to the high
availability of necessary technological equipment and the verified technological regimes.
Notably, methods of nanoimprint lithography and multilayer electrohydrodynamic (EHD)
printing have considerable potential with the development of the methods for the creation
of serial technology micro-mesh transparent electrodes with a large surface area.

The experimental sample was prepared according to developed technology with a
sheet resistance of 0.09 Ω/sq and a visible light transmittance of more than 60%. The
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development of technology will allow for upgrading the functional characteristics of the
prepared samples. In particular, the verticality of the groove wall needs to be improved for
transparency improvement. The grade of the metal filling and the density of the metal need
to be increased for enhancing the SE and decreasing sheet resistance. The first problem can
be solved by reworking the reactive ion plasma etching of transparent wafers. The second
task may be achieved using a sintering process for the prepared samples.

The proposed approach to the design of optically transparent electrodes may be
effective for multiple scientific and industrial applications including acousto-optics, pho-
toacoustics, lithography, radio shielding applications, etc.
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Abstract: The two-dimensional square-lattice phononic crystal is one of the recently proposed acoustic
metamaterials. Strong anisotropic propagation of elastic waves makes the material promising for
various potential applications in acoustics and acousto-optics. This paper presents a study of the
propagation of elastic waves in two-dimensional phononic crystals based on fused silica. The band
structures of a phononic crystal are obtained by solving the wave equation in its variational form by
the finite element method. The main phononic crystal acoustic characteristics that are of practical
interest in acousto-optics are calculated based on the analysis of the dispersion relations. It is shown
that the choice of the phononic crystal geometry makes it possible to control the distributions of both
the inverse phase velocities and the energy walk-off angles of acoustic modes. The calculations of the
acoustic modes’ polarization are in a particular focus. It is demonstrated that under certain conditions,
there are exactly three acoustic modes propagating in a phononic crystal, the averaged polarization
vectors of which are mutually orthogonal for any directions of the acoustic wave’s propagation. It is
argued that the acoustic properties of phononic crystals meet the requirements of acousto-optics.

Keywords: two-dimensional phononic crystals; fused silica; finite element method; polarization of
acoustic waves

1. Introduction

Acousto-optic devices are well known for their broad application in research and
technology. To date, more than a dozen acousto-optic devices using different principles
and serving various objectives have been introduced and explored [1].

In designing new acousto-optic devices, particular emphasis is put on the choice
of a material in which optical radiation interacts with an acoustic wave. The choice of
material depends on the acoustic, optic, and acousto-optic properties of the medium [2].
Most commonly, priority is given to the acoustic properties of the material because they
play a vital role in defining the diffraction efficiency. It is known that the acousto-optic
figure of merit of the material is inversely proportional to the cube of the acoustic wave
phase velocity [3]. In the acousto-optic field, it is therefore essential to find and analyze the
materials characterized by the low phase velocity of propagating acoustic waves.

A crucial factor in choosing the material is the anisotropy of its acoustic properties.
Strong acoustic anisotropy makes it possible to create and implement new configurations
of acousto-optic interaction. In particular, a high degree of anisotropy of the acoustic wave
phase velocity leads to significantly larger values of the acoustic energy walk-off angle.
These high values of the angle between the phase and group velocities allow, for example,
efficient implementation of the collinear diffraction mode [4,5].

It is known that due to the photoelastic effect, the acoustic perturbation in the medium
leads to the induced phase grating in the material. In this case, the polarization vector
of the acoustic wave determines the effective photoelastic constant, a value that directly
affects the diffraction efficiency [6]. Information about the polarization composition of the
acoustic wave is therefore important for practical applications. It is interesting to consider
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the conditions under which the acoustic wave becomes purely longitudinal or purely
transverse, as well as the conditions under which the wave changes the polarization type.

Monocrystalline materials take a special place in the field of acousto-optics. Among
the most common and frequently used media are crystals of tellurium (Te), lithium niobate
(LiNbO3), and TAS (Tl3AsSe3), as well as various mercury compounds [7–10]. Nowadays
though, a paratellurite (TeO2) crystal is used as a working material in acousto-optic devices
most of the time.

A paratellurite crystal is known for its unusual acoustic properties, which distinguish it
from other monocrystalline media. As an example, Figure 1 shows the spatial distributions
of the inverse phase velocities of acoustic waves and their acoustic energy walk-off angles.
It is evident that paratellurite has extremely low values of the phase velocity of acoustic
waves propagating along specific directions. Thus, the minimum phase velocity of a slow
shear acoustic mode propagating along one direction is 616 m/s [11]. To note is the strong
acoustic anisotropy of the medium, which leads to record-high angles of acoustic energy
walk-off. The maximum value of the acoustic walk-off angle in the paratellurite crystal
reaches 74◦ [12].
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A paratellurite crystal is the standard of modern acousto-optics, and it can be used
in creating a wide range of acousto-optic devices. However, with a transparency range of
0.35–6.5 µm [13], paratellurite cannot be used in creating acousto-optic devices operating
in the ultraviolet and far-infrared regions of the electromagnetic spectrum. Moreover,
the physical properties of paratellurite are determined and they cannot be changed, so
the value of the acousto-optic effect in the medium is fixed. Thus, an imperative task of
acousto-optics today is not merely the search for acousto-optically effective materials but
also the development of innovative artificial media, whose properties could be controlled,
depending on the unique challenges in creating devices. In this study, we turn to acoustic
metamaterials, namely phononic crystals [14–16].

A phononic crystal is a periodic structure comprising materials with various acoustic
properties [17]. The propagation of acoustic waves in such a crystal is described by the
dispersion relation, also known as the band structure. An important feature of the band
structure is the presence of band gaps, which are frequency ranges in which the propagation
of acoustic waves is forbidden [18]. In addition, under certain conditions, the dispersion
curves have a negative slope, which results in negative refraction [19,20]. Moreover, the two-
dimensional structures may be applied for tunable broadband polarization converters [21],
cloaking sensors [22], and plasmonic photodetectors [23]. The characteristics of phononic
crystals are key in studying these materials. However, the periodic nature of phononic
crystals predetermines a number of other features, such as strong acoustic anisotropy of
the material, low phase velocities of acoustic waves, and large angles of acoustic walk-
off [24–26]. At the same time, the presence of periodicity and the variation in phononic
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crystal parameters make it possible to artificially impose various acoustic properties even
on isotropic materials.

This paper represents a theoretical study of two-dimensional phononic crystals made
of fused silica. The distributions of all the main acoustic characteristics of practical im-
portance in the creation of acousto-optic devices are obtained. The distributions of the
inverse phase velocities of acoustic modes of a phononic crystal, the directions of their
polarizations, and the acoustic energy walk-off angles are presented. Calculations of the
acoustic characteristics are carried out by analyzing the phononic crystal band structure.
The dispersion dependences of acoustic waves propagating in a phononic crystal are ob-
tained by solving the elastic wave equation in its variational form, as described in [17]. The
work presents the results of studies conducted to assess the possibility of using the acoustic
properties of phononic crystals in creating acousto-optic devices.

2. Theoretical Model and Formulations

This paper analyzes a two-dimensional square-lattice phononic crystal based on fused
silica. The model of the phononic crystal considered in the work is shown in Figure 2.
The phononic crystal represents a sample of fused silica with periodically located cylin-
drical through holes filled with air (Figure 2a). It is considered an infinite, perfectly
periodic medium.
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The spatial periodicity of a phononic crystal is characterized by its unit cell, as shown
in Figure 2b. The most important geometric parameters of the unit cell are the diameter of
its cylindrical holes, d, and the lattice constant, a, which defines the length of the unit cell;
the region Ω denotes the part of the unit cell taken up by fused silica.

Fused silica is chosen as a matrix material forming the phononic crystal, due to its
wide availability and ease in manufacturing. In addition, fused silica is known for its low
attenuation of acoustic waves [27]. Thus, when considering the problem of propagation
of elastic waves in a phononic crystal, fused silica is considered an ideal medium and
losses due to the propagation of acoustic waves are not considered. A possible approach to
accounting for the viscoelastic properties of a phononic crystal, leading to the attenuation
of acoustic waves, is presented in [28]. In our work, we also assume that the propagation
of acoustic waves in a phononic crystal occurs only in the material of fused silica. The
excitation and propagation of acoustic waves in cylindrical holes can be neglected due to
the relatively low acoustic impedance of the air.

The theoretical model is based on the elastic wave equation of the form:

∂Tij

∂xj
+ fi = ρ

∂2ui
∂t2 , (1)

where ui is an elastic wave displacement vector, Tij is a Cauchy stress tensor characterizing
the reaction of the medium to the applied mechanical stress, fi is the bulk density of external
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forces, and ρ is the bulk density of the medium in which the elastic wave propagates. The
indices take values of i,j = 1,2,3 and obey the Einstein convention.

The degree of deformation of the medium under the impact of an elastic wave propa-
gating in it is characterized by the strain tensor Skl, which is defined as:

Skl =
1
2

(
∂uk
∂xl

+
∂ul
∂xk

)
. (2)

In the limit of the small strains, the stress tensor Tij is proportional to the strain tensor
Skl of the medium:

Tij = cijklSkl , (3)

where cijkl is an elastic constants tensor of the medium. The latest equation represents
Hooke’s law in the case of an anisotropic medium, in which stresses and strains are
related linearly.

Given that the cijkl tensor is symmetric with respect to the second pair of indices, in
the absence of external forces to the bulk material, the wave equation (Equation (1)) can be
written as follows:

∂

∂xj

(
cijkl

∂uk(r, t)
∂xl

)
= ρ

∂2uk(r, t)
∂t2 . (4)

In the case of a phononic crystal, the elastic moduli cijkl(r) and the bulk density ρ(r)
are step functions of coordinates. Since the propagation of elastic waves occurs only in the
material of fused silica, these functions take on the values of the corresponding constants
of fused silica in the Ω region, and they are equal to zero in the region of cylindrical holes.

The spatial periodicity of a phononic crystal may be accounted for using Bloch’s
theorem. In this case, the general solution of Equation (4) has the form of Bloch waves:

ui(r, t) = ũi(r)exp[i(ωt− k · r)], (5)

where the amplitude ũi(r) is a periodic function of coordinates, defined in the Ω region of
the phononic crystal unit cell, and equal to zero in the region of cylindrical holes; ω = 2πf is
the angular frequency of the elastic wave; and k is the wave vector of the elastic wave.

The vector ũ(r) sets the amplitude of the elastic wave and defines the direction of its
polarization. The absolute value of the wave vector |k| = ω/V sets the phase velocity of
acoustic waves propagating in a phononic crystal. Based on the axial symmetry of the unit
cell, we limit the analysis to the wave vector in the form k = (kx, ky, 0).

The strain tensor of a periodic medium also, according to its definition (Equation (2)),
takes the form of a Bloch wave:

Sij = S̃ij(ũ)exp[i(ωt− k · r)], (6)

where the amplitudes S̃ij equals:

S̃ij(ũ) =
1
2

[(
∂ũi
∂xj

+
∂ũj

∂xi

)
− i
(
kiũj + k jũi

)
]

. (7)

The explicit form of solution (Equation (5)) allows obtaining the variational formu-
lation of the wave equation (Equation (4)) for infinite periodic media. The resulting
variational problem can be solved by the finite element method (FEM), which makes it
possible to find the dispersion dependences of acoustic waves. The core idea of the method
is to approximate a solution belonging to some infinite-dimensional function space (e.g.,
Sobolev space) by a linear combination of the fixed-basis vectors of a subspace of the space.
The FEM approximation depends on the choice of a subspace and the associated basis.
Usually, a space of piecewise polynomial functions is chosen as such a subspace. In our
research, we used the Lagrange P2-elements as a basis. After choosing the basis functions,
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the FEM comes down to the optimization problem of minimizing the approximation error
of some functional (given by a weak formulation of the original differential equation) on
the FEM mesh. An example of the FEM mesh used in our calculcations for a phononic
crystal with d/a = 0.6 is shown in Figure 3. According to [17], the described variational
problem takes the following form:

∫

Ω
S̃∗I (v)cI J S̃J(ũ)dΩ = ω2

∫

Ω
ρ(v∗, ũ)dΩ. (8)
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Here, v(r) is an arbitrary test function that belongs to the same functional space of
finite elements as the solution ũ(r). Introduction of this function is necessary for solving
the problem using the finite element method. In this case, the Voigt notation is used for
tensor quantities, so the indices I ↔ (ij) and J ↔ (kl) take values from 1 to 6 according
to the rule 1 ↔ (11), 2 ↔ (22), 3 ↔ (33), 4 ↔ (23), 5 ↔ (13), 6 ↔ (12). Considering the
thermodynamic relations, the components of the six-dimensional deformation amplitudes
vector are defined as S̃I = (2 − δij) • S̃ij, where δij is the Kronecker symbol.

The integral equation (Equation (8)) is a generalized eigenfunction and eigenvalue
problem. The eigenvalue in this case is λ =ω2. The set of eigenvectors ũλ determines the am-
plitudes and polarization directions of acoustic waves of frequencyω, which can propagate
in a phononic crystal. According to Equation (7), the amplitude of the deformation vector
is directly affected by the components of the wave vector. Thus, by changing the value of
the wave vector within the first zone and solving the integral equation (Equation (8)) for
each individual value of the wave vector k, one can obtain the dispersion relationω(k).

To identify the main features of the solution to the integral equation (Equation (8)),
it has to be brought to its dimensionless form. The following dimensionless quantities
are introduced:

χi =
xi
a

, ξi =
ũi
a

, ηi =
vi
a

, κi = ki · a, ρ = ρ′ · ρ0, cI J = c′I J · c0, (9)

where ρ′ and c′IJ are dimensionless bulk density and elastic constants, respectively, carrying
the numerical values of the corresponding physical constants of fused silica, and ρ0 and c0
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are quantities that characterize the dimensions of those physical constants. In dimensionless
quantities, the integral equation (Equation (8)) takes the form:

∫

ς
S∗I (η)c

′
I JSJ(ξ)dς =

ρ0ω2a2

c0

∫

ς
ρ′(η∗, ξ)dς, (10)

where the integration is carried out over the region ζ of the unit cell, which is made dimen-
sionless, as shown in Figure 2c. The explicit form of the integral equation (Equation (10))
allows making several important observations.

First, the eigenvalues of this equation, and therefore also the eigenvalues of Equation (8),
are not as dependent on the specific values of a and d as on their ratio d/a. Theoretically,
the normalized hole diameter can be infinitely close to unity. However, the maximum d/a
ratio considered in this work is 0.8. This choice pertains to the technological difficulties
in creating phononic crystals, where the normalized hole diameter exceeds this value.
It should be noted that increasing the diameter of the holes reduces the space taken up
by the matrix material. This, in turn, leads to a decrease in the acousto-optic interaction
region, which results in a lower diffraction efficiency. In addition, for a given geometry of
a phononic crystal, that is, for a fixed region of integration ζ, the product ofω•a = const.
Thus, a change in the unit cell constant a of a phononic crystal leads to the corresponding
scaling of the dispersion dependences. Further in this work, for the sake of presentation
clarity, we consider the solution of the integral equation (Equation (8)) in dimensional
quantities. The unit cell constant a is considered equal to 10 µm.

3. The Method for Calculations of the Phononic Crystal Acoustic Characteristics

A consistent solution of the generalized eigenfunction and eigenvalue problem (Equation (8))
for different values of the wave vector k makes it possible to obtain the dispersion depen-
denceω(k) of acoustic waves propagating in a phononic crystal. Figure 4 shows the band
structure of a phononic crystal with a normalized hole diameter d/a = 0.8. Figure 4a shows
the dispersion dependences calculated by the finite element method. Only the first three
dispersion surfaces are displayed. They correspond to three different acoustic modes with
a frequency of up to 200 MHz. Higher-order surfaces are above the indicated frequency.
There are no absolute band gaps in the frequency range of up to 200 MHz and this crystal
geometry, as evident from Figure 4a.
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Figure 4. Band structure of a two-dimensional phononic crystal with a normalized hole diameter
d/a = 0.8: (a) the first three dispersion surfaces corresponding to the three lowest acoustic modes in
a phononic crystal and (b) projection of the dispersion surface contour lines onto the first Brillouin
zone at an isofrequency f 0 = 50 MHz.

The dispersion surfaces of the first three acoustic modes of the phononic crystal
originate from the center of the first Brillouin zone. In the lower frequency range, up
to 50 MHz, these surfaces are mutually exclusive and monotonic and do not intersect.
With higher frequencies exceeding 50 MHz, the surfaces are no longer monotonic. The
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emerging frequency regions with a negative slope may lead to a negative refraction effect.
At frequencies above 100 MHz, the second and third surfaces begin to intersect. Such
a complex structure is explained by the relatively high d/a ratio. It is also evident from
Figure 4a that the dispersion surfaces are symmetric with respect to the first irreducible
Brillouin zone Γ-X-M-Γ, which is explained by the symmetry of the unit cell.

The dispersion relation ω(k) connects the frequencies and wave vectors of acoustic
waves that can propagate in a medium. By fixing the frequency atω0 = 2πf0, it is possible to
obtain sets of wavenumbers kx(f0) and ky(f0) of all acoustic waves of frequency f0 that can
propagate in a phononic crystal. At a given ultrasound frequency f 0, the wavenumbers kx
and ky are proportional to the components of the inverse phase velocity of acoustic waves,
since kx = 2πf 0/Vx and ky = 2πf 0/Vy. Thus, the line of the frequency contour f 0 of the
dispersion dependence defines the cross sections of the acoustic slowness surface S(ϕ) in
the XY plane of the phononic crystal, where ϕ is the polar angle. In an acousto-optic device,
the isofrequency f 0 is the frequency of ultrasound excited by the piezoelectric transducer.

Figure 4a shows the contour lines of the isofrequency f0 = 50 MHz, while the projection
of those contour lines to the first Brillouin zone can be seen in Figure 4b. Similar to the
dispersion surfaces, the isofrequency contour lines are symmetric with respect to the first
irreducible Brillouin zone Γ-X-M-Γ. For isofrequencies f0 < 50 MHz, the contour line of
each individual acoustic mode is a closed curve. For isofrequencies f0 > 50 MHz, where the
dispersion surfaces become nonmonotonic, the contour lines become piecewise interval
lines. The calculation of acoustic characteristics at these higher isofrequencies requires a
separate analysis. This work presents the case in which the isofrequency is chosen to be
f0 = 50 MHz.

The spatial periodicity of a phononic crystal leads to anisotropy of the physical charac-
teristics of acoustic waves propagating in a phononic crystal. In particular, the vectors of
the phase and group velocities of acoustic waves become non-codirectional. The explicit
form of the acoustic slowness curves S(ϕ) allows finding the angle ψ of the acoustic energy
walk-off. The acoustic energy walk-off angle between the Pointing vector and the acoustic
wave phase velocity, according to [6], can be found as:

ψ = tan−1
(

1
S

dS
dϕ

)
. (11)

In acousto-optics, one of the most important characteristics of an acoustic wave is the
direction of its polarization. The eigenvectors ũλ(r) of the integral problem (Equation (8))
define the amplitudes and polarization directions ofω frequency acoustic waves, which
can propagate in a phononic crystal. Since eigenvectors ũλ(r) are periodic functions of
coordinates, the polarization direction of each acoustic mode varies within the unit cell.
Therefore, from a practical point of view, it seems necessary to carry out the calculation
of the polarization vector ũ0 averaged over the unit cell region. The components of the
averaged polarization vector can be obtained as:

ũ0
p = ±

(∫
Ω

∣∣ũλ,p
∣∣2dΩ

∫
Ω|ũλ|2dΩ

)1/2

, (12)

where the index p = x,y,z.
According to Equation (12), the squared values of the integral equation (Equation (8))

solution components are averaged over the unit cell region of the phononic crystal and
then normalized. However, only the squared values of the averaged polarization vector
components can be obtained this way. The actual components ũ0

p of the averaged polariza-
tion vector ũ0 are defined to within an overall sign, as described in Equation (12). It is clear
that in the limit d/a→ 0, the averaged solution of Equation (8) should converge to that of
solid isotropic fused silica. The requirement of the physical behavior in the mentioned limit
makes it possible to choose the sign in Equation (12). We also assume that with a small
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change in the phononic crystal geometry, that is, with a small change in d/a, the change
in the polarization vector direction is continuous. With this assumption, the signs of the
components of the averaged polarization vector in Equation (12) can be determined for any
values of the ratio d/a.

4. Results and Discussion

This section presents the results of calculating the main acoustic characteristics of a
phononic crystal. The calculations are carried out according to the method described in the
previous section. The values of the material constants of fused silica are chosen according to [6].
The elastic constants and density of fused silica are considered as c11 ≡ c1 = 7.85·1010 N/m2,
c12 ≡ c6 = 1.61·1010 N/m2, and ρ = 2203 kg/m3.

4.1. Inverse Phase Velocity Distributions

Before moving on to the various geometries of a phononic crystal, we present the
slowness curves of solid isotropic fused silica that can be taken as a reference material.
It is well known that in the isotropic case, there are two transverse and one longitudinal
acoustic mode propagating in the medium. The polarizations of these modes are mutually
orthogonal. One of the ways to obtain the phase velocities of these modes is by solving the
Christoffel equation (Equation (6)). The phase velocities of the transverse and longitudinal
acoustic modes are:

V⊥ =

(
c11 − c12

2ρ

)1/2
= 3763 m/s, V‖ =

(
c11

ρ

)1/2
= 5969 m/s. (13)

In the case of solid isotropic fused silica, the cross sections of the acoustic slowness
surfaces are a pair of circles, as shown in Figure 5a. The two transverse shear acoustic
modes are shown in blue; the longitudinal acoustic mode is shown in orange.
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Figure 5. (a) Inverse phase velocity curves in the XY plane in an isotropic material of fused silica.
Shown in (b–e) are inverse phase velocity curves of a phononic crystal with the normalized hole
diameter: (b) d/a = 0.2; (c) d/a = 0.4; (d) d/a = 0.6; and (e) d/a = 0.8.

Figure 5b shows the cross sections of the slowness surface of a phononic crystal with
the normalized hole diameter d/a = 0.2. Clearly, the introduction of a spatially periodic
inhomogeneity into the material of solid isotropic fused silica leads to the gradual elimi-
nation of the degeneracy of transverse acoustic modes, while increasing the normalized
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hole diameter to d/a = 0.4, as shown in Figure 5c, results in the complete removal of the
degeneracy. Thus, transverse modes of different polarization directions propagate at dif-
ferent speeds in a phononic crystal. In Figure 5b,c, this is reflected by the appearance of a
red curve.

A further increase in the normalized hole diameter leads to notable anisotropy of
the phase velocity. One can see that in the case of Figure 5d with the normalized hole
diameter d/a = 0.6, the longitudinal mode becomes anisotropic, just as well as the slow shear
mode. However, the fast shear mode of the phononic crystal shown in red in Figure 5d
remains isotropic.

The degree of anisotropy of the acoustic mode phase velocity is characterized by the
anisotropy coefficient, which is defined as:

χ =

(
Vmax

Vmin

2
)

, (14)

where Vmax and Vmin are the maximum and minimum values of the phase velocity of an
individual acoustic mode, respectively. The anisotropy coefficients of the phononic crystal
acoustic modes, as well as their minimum and maximum phase velocities, are presented in
Table 1.

Table 1. Phase velocities of acoustic modes and their anisotropy coefficients for phononic crystals
with various normalized hole diameters.

d/a
Slow Shear Wave Isotropic Wave Longitudinal Wave

Vmin, m/s Vmax, m/s Viso, m/s Vmin, m/s Vmax, m/s

0.2
3707 3708

3709
5808 5816

χ ≈ 1 χ ≈ 1

0.4
3191 3392

3542
5315 5438

χ = 1.13 χ = 1.05

0.6
2481 3174

3310
4590 5007

χ = 1.64 χ = 1.19

0.8
1594 2976

3004
3759 4536

χ = 3.49 χ = 1.46

The phononic crystal acoustic slowness curves with the normalized hole diameter
d/a = 0.8 are of greatest interest (Figure 5e). It is clear that the slow shear acoustic mode has
an extremely strong anisotropy of phase velocity. The anisotropy coefficient of that mode is
χ = 3.49. The longitudinal acoustic mode is also anisotropic, with an anisotropy coefficient
χ = 1.46. However, the fast shear mode shown in red in Figure 5e remains isotropic even at
such a large value of the d/a ratio. Further analysis shows that this is due to the fact that the
shear mode of interest is polarized along the cylindrical holes (Z axis).

The results presented in Figure 5 make it possible to observe the dynamics of changes
in the distributions of the inverse phase velocities of acoustic modes, depending on the
normalized hole diameter d/a. Clearly, an increase in the normalized diameter leads to
an increase in the anisotropy of the phase velocities. At the same time, as evident from
Table 1, an increase in the normalized hole diameter leads to a decrease in the phase
velocities of acoustic modes. The latter is also true for the fast shear mode of a phononic
crystal, which is isotropic. Thus, by changing the normalized diameter of the cylindrical
holes, it seems possible to impose the necessary distributions and numerical values of the
phase velocities of the acoustic modes on the phononic crystal. The obtained results are
in qualitative agreement with the slowness curves for the two-dimensional metamaterial
based on rutile [29].
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4.2. The Distributions of Walk-Off Angles

The explicit form of the acoustic slowness curves makes it possible to calculate the
walk-off angle according to Equation (11). For a fixed direction of acoustic wave propaga-
tion, the walk-off angle defines the angle between the normal to the slowness curve and
the direction of wave propagation. Since in the case of isotropic fused silica, the slowness
curves of acoustic modes are a pair of circles (Figure 5a), the walk-off angles of these modes
are exactly zero for all directions of their propagation. In the case of small values of the
normalized hole diameter, the inverse phase velocity curves are of nearly round shape and
the acoustic walk-off angle is close to zero. Thus, in a phononic crystal with the normalized
hole diameter d/a= 0.2, the walk-off angles of acoustic modes do not exceed several degrees.

Figure 6 shows the distributions of the walk-off angles ψ (ϕ) of acoustic modes,
depending on the direction of their propagation in phononic crystals of various d/a ratios.
The presented walk-off angle distributions of the slow shear and longitudinal acoustic
modes correspond to the slowness curves shown in Figure 5c,d. For the fast shear mode,
the walk-off angle ψ (ϕ) distributions are not shown, because the mode is isotropic and its
energy walk-off angle equals zero for all propagation directions.
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With a relatively small normalized hole diameter of d/a = 0.4, the maximum walk-off
angle of a phononic crystal acoustic mode does not exceed 7◦, as is evident from Figure 6a.
According to Figure 6b, a further increase in the normalized hole diameter to d/a = 0.6 leads
to a sharp increase in the acoustic walk-off angle. In particular, the maximum value of the
walk-off angle of the slow shear mode exceeds 25◦. The maximum values of the energy
walk-off angles, ψ max, of acoustic modes in phononic crystals with different normalized
hole diameters are presented in Table 2, as well as the propagation directions of the modes,
ϕ *, leading to the maximum walk-off angle.

Table 2. Maximum values of the energy walk-off angles of acoustic modes in phononic crystals with
various normalized hole diameters.

d/a
Slow Shear Mode Longitudinal Mode

ψ max, ◦ ϕ *, ◦ χmax, ◦ ψ *, ◦

0.4 6.9 23.3 2.62 22.7
0.6 25.8 24.6 9.6 22.2
0.8 51.8 27.4 19.7 21.5

The walk-off angle distributions of acoustic modes shown in Figure 6c are of practical
interest. The results suggest that the maximum walk-off angle of the slow shear acoustic
mode exceeds 50◦. It should be noted that this value is unusually high, and there are only
a few monocrystalline structures currently known that exhibit such a large walk-off of
acoustic energy. Thus, changing the geometry of a phononic crystal makes it possible to
control the energy walk-off angles over a wide range of values.
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4.3. The Polarizations of Acoustic Modes

One way of finding the polarization directions of the acoustic modes in isotropic solid
fused silica is by solving the Christoffel equation. It has been established that due to the
symmetry of the Christoffel tensor, the polarizations of acoustic modes in solid fused silica
are mutually orthogonal for any direction of acoustic mode propagation [6]. Calculations
indicate that one of the purely shear acoustic modes shown in Figure 5a is polarized in the
XY plane of the figure. The other purely shear acoustic mode is polarized along the Z axis.
The polarization of the purely longitudinal acoustic mode lies in the XY plane, and it is
orthogonal to the polarization directions of the shear acoustic modes.

Figure 7 presents the distributions of the direction of the averaged polarization vector
ũ0(ϕ) of acoustic modes, depending on their propagation direction, featuring two different
geometries of a phononic crystal. The averaged polarization vector is calculated using the
method described in the previous section. The results show that the fast shear mode is
polarized along the Z axis of the cylindrical holes of the phononic crystal. The slow shear
acoustic mode appears purely transverse for propagation directions ϕ = πn/4, n ∈ N in the
XY plane. The longitudinal acoustic mode of a phononic crystal is purely longitudinal when
propagating along the indicated directions. This property of the averaged polarization
vector is associated with the symmetry of the phononic crystal unit cell.
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The degree of polarization of the acoustic mode can be characterized by the angle
γ0(ϕ) between the averaged polarization vector ũ0(ϕ) and the direction of the mode ϕ
propagation. Same as the averaged polarization vector, this angle is a function of the
acoustic wave propagation direction. By definition of the corresponding terms, for quasi-
shear waves, the value of this angle lies in the region 45◦ ≤ γ0 < 90◦; for quasi-longitudinal
waves, it lies in the region 0◦ < γ0 ≤ 45◦. The polarization angle γ0 of the fast shear isotropic
mode of a phononic crystal is 90◦ for all directions of wave propagation. This mode is
purely shear, and it is polarized along the Z axis of the cylindrical holes for all phononic
crystal geometries.

In accordance with Figure 7a, for the phononic crystal geometry with a normalized
hole diameter d/a = 0.6, the polarization angle of the slow shear mode of a phononic crystal
belongs to the 69.9◦ ≤ γ0 ≤ 90◦ range. The polarization angle of the longitudinal mode
takes the values 0◦ ≤ γ0 ≤ 20.1◦. For the phononic crystal geometry in which d/a = 0.8, the
polarization angle of the slow shear mode lies in the range of 61.6◦ ≤ γ0 ≤ 90◦, as seen in
Figure 7b. For the longitudinal mode of a phononic crystal, the range is 0◦ ≤ γ0 ≤ 28.4◦.
Thus, the anisotropic acoustic modes of a phononic crystal are quasi-transverse and quasi-
longitudinal. The transformation of the acoustic mode from quasi-transverse to quasi-
longitudinal and vice versa is impossible in a phononic crystal. The limitation is associated
with the symmetry of the phononic crystal unit cell, as well as with the assumption that the
averaged polarization vector ũ0(ϕ) is continuous.
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The calculations of averaged polarization vectors help to trace an unusual characteristic
of their behavior. It is evident from the results presented in Figure 7 that the averaged
polarization vectors of the phononic crystal acoustic modes are mutually orthogonal for
any directions of wave propagation at any values of the normalized hole diameter d/a. This
property is typical for continuous homogeneous media; however, it is not universal for
periodic structures in general.

In the case of homogeneous media, the mutual orthogonality of acoustic modes
arises from the symmetry of the Christoffel tensor. The kernel of the integral equation
(Equation (8)), which makes it possible to identify the acoustic modes of a phononic crystal,
is also symmetric with respect to the solution ũλ. However, this symmetry is not the
reason for the orthogonality of the polarization vectors of the phononic crystal acoustic
modes, since for any given propagation direction ϕ, the solution ũλ is sought at various
wavenumbers kx and ky. The eigenvalue of the integral equation (Equation (8)) for different
acoustic modes matches because these modes are obtained by isocontouring the dispersion
surfaces of a fixed isofrequency f0. However, when searching for the averaged polarization
vectors of acoustic modes, different integral equations with different kernels are solved.
Thus, in the low-frequency region of excited acoustic modes, up to 50 MHz, a phononic
crystal effectively behaves as a homogeneous anisotropic medium in the sense that there are
exactly three acoustic modes in it, and their mean polarizations are mutually orthogonal.

5. Conclusions

This work considers the acoustic properties of two-dimensional square-lattice phononic
crystals based on fused silica. Distributions of the main characteristics of the phononic
crystal acoustic modes are calculated, such as inverse phase velocities, directions of their
polarizations, and acoustic energy walk-off angles. It is established that the introduction
of spatial periodicity into an initially isotropic material of fused silica leads to strong
anisotropy of the acoustic properties. Thus, the energy walk-off angle of the slow shear
acoustic mode reaches ψ = 51.8◦ when the mode propagates along certain directions. It is
shown that a change in the phononic crystal geometry makes it possible to control both the
spatial distributions and the numerical values of its acoustic characteristics. In particular,
the geometry of a phononic crystal is presented, for which the minimum value of the slow
shear acoustic mode phase velocity is V = 1594 m/s. This is several times smaller than the
phase velocity value V⊥ = 3763 m/s of the shear acoustic mode of solid isotropic fused silica.
It is demonstrated that under certain conditions, exactly three acoustic modes propagate in
a phononic crystal. In this case, the averaged polarization vectors of acoustic modes are mu-
tually orthogonal for any directions of wave propagation. Thus, under certain conditions, a
phononic crystal effectively behaves as a homogeneous bulk anisotropic medium.

From the point of view of acoustic properties, phononic crystals satisfy all the necessary
requirements for materials in the design of acousto-optic devices. Therefore, the main
conclusion of the work is that phononic crystals can be recommended for use in acousto-
optic devices, namely filters, deflectors, and modulators, where sound velocity control is
required. More practical applications include the use in acoustic filters and delay lines.
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Abstract: The structure of the acoustic field defines the key parameters of acousto-optical (AO)
devices. To confirm their compliance with the expected values in the presence of multiple real factors,
AO crystalline cells require accurate experimental investigation of the acoustic field after being totally
assembled. For this purpose, we propose to detect and quantify all the acoustic waves propagating
in AO cells using an impulse acoustic microscopy technique. To validate this approach, we have
analyzed both theoretically and experimentally the modes, amplitudes, propagation trajectories,
and other features of the ultrasonic waves generated inside an AO modulator made of fused quartz.
Good correspondence between theoretical and experimental data confirms the effectiveness of the
proposed technique.

Keywords: acousto-optic crystals; propagation of acoustic waves; non-destructive testing; impulse
acoustic microscopy

1. Introduction

Acousto-optic (AO) interaction is a physical effect, which is used for modulation,
deflection, and spectral and spatial filtration of electromagnetic radiation [1,2]. As they
are compact, monolithic and free of moving components, AO devices are now widespread
in industrial, biomedical and scientific applications [3–5]. The physical principle of most
AO instruments consists of Bragg diffraction of light by ultrasound in crystalline media.
The tuning of ultrasound power and frequency enables smooth and accurate control of
amplitude, propagation direction, polarization and other parameters of light waves.

The structure of induced acoustic fields defines the performance of AO devices to
a large extent. Attenuation, divergence, walk-off and other features of ultrasonic waves
inevitably influence the key characteristics of AO diffraction: efficiency, signal-to-noise
ratio, light beam distortions, etc. Precise theoretical consideration and modeling give a
chance to predict and protect the characteristic degradation at the design stage, but the
real structure of an acoustic field may only be revealed experimentally. It is barely possible
to reveal and quantify crystal inhomogeneity and inner defects, heat generation by the
piezoelectric transducer, multiple reflections of ultrasound from AO cell facets, and many
other factors without experiments [6–8]. Therefore, it is essential to carefully examine each
assembled AO cell and certify it in terms of the real acoustic field structure.

The Schlieren method has been adopted as a standard optical technique for imaging
acoustic fields in homogeneous transparent media including AO crystals [1,9,10] since it
provides a two-dimensional projection image formed due to the diffraction of light on an
acoustic beam.

In the interferometric [11,12] and holographic [13] techniques, the spatio-temporal
distribution of the probing wide laser beam is recorded by a digital camera. Since the output
signal changes at the frequency of the sonic radiator, these techniques are not applicable to
high-frequency AO devices. Laser beam scanning also enables visualization of acoustic
fields [14–17]. In [14–16], the laser beam diameter is smaller than the sound wavelength;
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therefore, this scheme is applicable only to low-frequency fields. In [17], the shape of the
diffracted laser beam allows evaluation of high frequency ultrasonic wave in solid media.

In all these methods [9–17], the measurement results are in fact averaged over the
entire optical path through the sound field. Therefore, in practice, they are effective for
the analysisof simple sound fields that have plane or symmetrical wave fronts. In real
AO devices, many waves of various types with different directions and amplitudes can
propagate. To obtain three-dimensional distributions of ultrasonic fields, tomographic
methods based on the interferometric [18–20] or advanced Schlieren schemes [21–23] are
applicable. In this case, data acquisition from different angles is necessary, which is hardly
possible for AO devices due to their design features.

The acoustic field structure in crystal influences the wave displacement distribution
on the facet of an AO cell located opposite or next to the transducer. Such measurement is
available for the laser ultrasonic technique [24] but needs a highly reflective facet, which is
normally absent. The gold standard for measuring the acoustic field is the use of needle
hydrophones [25,26]. However, they cannot be placed directly on the AO cell facet and
have low sensitivity due to their small dimensions. In this paper, we propose to use a
focused immersion ultrasonic transducer with the focus placed on the cell surface. This
scheme is typical for the receiver of a pulse acoustic scanning microscope [27], which has a
high signal-to-noise ratio and spatio-temporal resolution.

In this study, we intend to validate this approach by studying an AO modulator made
of fused quartz in order to determine both theoretically and experimentally the modes,
amplitudes, propagation trajectories and other features of the ultrasonic waves inside.
Below, we describe the experimental setup, the theoretical model of acoustic field structure
and the experimental data, then discuss the results and demonstrate good correspondence
between theoretical prediction and acoustic microscopy data that confirm the effectiveness
of the proposed technique.

2. Experimental Setup and Technique

To confirm the feasibility of this approach, we applied it to testing an AO cell 1 made
of optical fused quartz (Figure 1). It has the shape of a straight prism with a thickness of
12 mm. To generate the longitudinal acoustic waves in the cell, a lithium niobate ultrasonic
transducer 2 is attached to the bottom plane. To avoid the formation of standing acoustic
waves, the upper plane of the cell is inclined at the angle α = 6.5◦. The transducer consists
of two 17.5 × 3.5 mm2 sections separated by a 4 mm gap. The central frequency is 50 MHz
while the frequency range is 30 MHz.

The upper part of the cell is inserted into a cuvette 3 filled with an immersion liquid
(water). The ultrasonic waves generated by the piezoelectrical transducer 2 propagate
inside the AO cell 1 and partially penetrate into the immersion liquid. These waves are
detected by a focused piezotransducer 4 with a central frequency of 50 MHz and an angular
aperture of 15◦. The focus of the transducer 4 located at the quartz–water interface is
mechanically translated along this plane to record the spatial distribution of the waves.

The ultrasonic data acquisition system of the experimental setup consists of the blocks
typical for a scanning acoustic microscope [27,28]. To separate responses of different
waves, the pulsed mode is used. The pulser–receiver 5 (5073PR, Panametrics–NDT Inc.,
Waltham, MA , USA) generates short electrical pulses to feed the AO piezotransducer 2 and
amplifies the weak output signals of the transducer 4. The signals are then processed by
the analog-to-digital converter 6 (FM412x500M, Insys Inc., Moscow, Russia) at a sampling
rate of 500 MHz and a resolution of 12 bits. The mechanical movement of the focused
transducer is implemented by the motorized translation stage 7 (8MT167-100, Standa Ltd.,
Vilnius, Lithuania). At each position of the transducer, the acquired signal is averaged over
16 series in order to increase the signal-to-noise ratio and then is recorded as a function of
the wave propagation time t within temporal widows of 4 µs. We acquired the signals at
different positions separated by a spatial period of 0.1 mm. The travel distance is set to
44 mm to cover the entire top facet of the AO cell. Recording time of one scan is about 4 s.
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To obtain the delayed multiple reflection responses, the scan is repeated several times with
different time window settings and signal gain.
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Figure 1. Scheme (a) and appearance (b) of the experimental setup: 1—AO cell; 2—emitting piezo-
transducer; 3—cuvette with immersion liquid; 4—receiving piezotransducer; 5—pulser-receiver;
6—analog-to-digital converter; 7—motorized translator. Green and red arrows show longitudinal
(L) and transverse (T) waves propagating in AO cell, blue arrows correspond to longitudinal waves
in liquid.

There is a variety of ultrasonic waves propagating inside the AO cell (Figure 1), both
longitudinal and transverse, while in the immersion liquid there are only longitudinal ones.
Normally, the transducer generates a plane longitudinal wave L, but a weak transverse wave
T may also appear. Both waves undergo reflection and mode conversion at the upper solid–
liquid interface and partially penetrate the water. Wave L produces a longitudinal wave
LL and a transverse wave LT, which transform at the bottom plane into two longitudinal
waves, LLL and LTL, and two transverse waves, LLT and LTT.

The applied technique presumes detection of the water-penetrating waves by a scan-
ning transducer focused on the upper face of the AO cell. These signals, together with
information about the acoustic properties of the cell and immersion liquid are necessary to
calculate the amplitudes of upward and downward waves in the AO cell. Then, we may
evaluate the amplitudes of the waves inside the AO device using the characteristics of the
acoustic absorber. To verify the theoretical data, we detect the waves on the clear part of
the upper face partly covered with the absorber.

3. Theoretical Model

In the theoretical analysis described below, we have made the following assumptions.
Since the dimensions of the transmitting transducer are much larger than the ultrasound
wavelength, the divergence is rather small, the wave fronts in quartz and water are approxi-
mately plane and the ray approximation is applicable. As the acoustic attenuation in quartz
is small, the amplitudes in the bottom face and near the quartz-water interface are equal.
Therefore, the well-known formulas for the reflection, transmission and mode conversion
coefficients for plane waves at the solid–liquid and solid–solid interfaces are valid [29]. All
the coefficients are real because the angles of incidence do not exceed the critical values.
The angles between the wave vectors in water and the axis of the receiving transducer are
significantly less than its angular aperture. The distance between the transducer and the
interface is constant and, therefore, the sensitivity of the receiver does not depend on the
wave propagation direction.
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In theoretical analysis, we use the symbols η, µ, ξ, κ = L, and T to denote waves. Let
pη be the amplitudes of the waves L and T radiated by the transducer (Figure 1). The four
waves reflected back at the upper interface have amplitudes pηµ. In the next step, eight
waves with the amplitudes pηµξ propagate in the upward direction.

The incidence angles of the primary waves pη on the upper surface are equal to the
inclination angle α (Figure 2). Incidence angles γηµ and θηµξ of reflected waves are:

γηµ = βηµ + α·θηµξ = δηµξ + α. (1)
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The angles of reflection satisfy Snell’s law:

sin
(
βηµ

)
=

Cµ

Cη
sin(α), sin(δηµξ) =

Cξ

Cµ
sin
(
γηµ

)
, (2)

where CL = 5960 m/s and CT = 3760 m/s are velocities of the longitudinal and transverse
waves in fused quartz, respectively [27]. Refracted waves in water propagate at angles ϕη

and ϕηµξ:

sin(ϕη) =
CW
Cη

sin(α), sin(ϕηµξ) =
CW
Cξ

sin(θηµξ), (3)

where CW = 1485 m/s is sound velocity in water.
The spatio-temporal signals received by the focused transducer may be described as

Sη(x, t) = aηw(t − tη(x)), Sηµξ(x, t) = aηµξw(t − tηµξ(x)), (4)

where x and t are the scanning coordinate and time, w(t) is the impulse response of the
experimental setup, aη and aηµξ are the amplitudes of the compression waves in water
generated by corresponding modes pη and pηµξ, and tη and tηµξ are their delays. The
amplitudes aη and aηµξ are proportional to the amplitudes of the waves penetrated into
the immersion liquid:

aη = pηTη(α)h, (5)

where Tη(α) are the transmission coefficients at the solid–liquid interface and h is the
detector sensitivity coefficient. For pL = 1, this coefficient is equal to

h =
aL

TL(α)
. (6)
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Then, the relative amplitude of the transverse wave T can be found using measured
values of aL and aT as

pT =
aTTL(α)

aLTT(α)
. (7)

The amplitudes of the reflected waves may be found as follows:

pηµ = pηRηµ(α), (8)

where the reflection coefficient Rηµ(α) is determined by the acoustic properties of fused
quartz and water. Substitution of (5) and (6) in Equation (7) gives

pηµ =
aηRηµ(α)

hTη(α)
=

aηRηµ(α)TL(α)

aLTη(α)
. (9)

Since
aηµξ = pηµξTξ(θηµξ)h, (10)

the amplitudes pηµξ can be estimated in a similar way using the measured values aηµξ:

pηµξ =
aηµξ

Tξ(θηµξ)h
=

aηµξTL(α)

aLTξ(θηµξ)
. (11)

After the absorber is attached, the direct measurement of the wave amplitudes is
not feasible. Nevertheless, the amplitudes of the primary waves pη remain the same,
whereas the amplitudes of the reflected waves in the cell covered by absorber p*

ηµ, p*
ηµξ

decrease in proportion to the reflection or mode conversion coefficient at the quartz–
absorber interface R*

ηµ(α):

p∗ηµ = pηµ
R∗
ηµ(α)

Rηµ(α)
, (12)

p∗ηµξ = pηµξ

R∗
ηµ(α)

Rηµ(α)
. (13)

The delays tη and tηµξ of the signals (4) may be calculated as well as the propagation
distances of the corresponding waves inside the AO cell (Figure 2). The distance d between
the transducer and the receiving focus point F depends linearly

d = L − x tanα, (14)

where x is the focus position and L is the length of the left facet. The delays of L and T
waves are proportional to the distance x:

tη = t0η − εηx, (15)

where
t0η =

L
Cη

, εη =
tanα

Cη
. (16)

The delays tηµξ depend on the travel distances d1, d2 and d3 (Figure 2) in the following
way:

tηµξ =
d1

Cξ
+

d2

Cµ
+

d3

Cη
. (17)

Since
d1 =

d
cos δηµξ

, d3 = d2 cosγηµ, and d2 = d1
cos θηµξ

cosβηµ
, (18)

tηµξ = t0ηµξ − εηµξx, (19)
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where
t0ηµξ = KL, εηµξ = K · tanα, (20)

we derive

K =
1

cos δηµξ

(
1

Cξ
+

cos θηµξ

Cµ cosβηµ
+

cos θηµξ

Cη cosβηµ
cosγηµ

)
. (21)

Thus, the values of delay tη and tηµξ are expressed as a linear dependence on the
scanning length x with parameters presented in Table 1.

Table 1. Calculated and experimental values of angular, temporal and slowness parameters of
wave propagation.

Wave Calculation Experiment

ϕη, ϕηµξ,
◦

γηµ,
◦

δηµξ,
◦

θηµξ,
◦ t0η, t0ηµξ, µs εη, εηµξ, ns/mm t0η, t0ηµξ, µs εη, εηµξ, ns/mm

η = L 1.62 - - - 4.755 19.1 4.75 19.3

η = T 2.56 - - - 7.54 30 7.9 30.8

ηµξ = LLL 4.77 13 13 19.5 14.02 56.4 13.95 57.5

ηµξ = LLT 5.74 13 8.16 14.66 16.61 66.8 16.5 67.0

ηµξ = LTL 5.70 10.6 16.9 23.5 17.2 69.2 16.8 69.1

ηµξ = LTT 6.67 10.6 10.6 17.1 19.57 78.7 19.6 80.5

4. Experiments

In this section, we present the experimental results of acoustic pulse detection in two
different conditions: (1) an AO cell with absorber fully removed and (2) a similar AO cell
partly covered with absorber. We analyze the wave patterns and determine their amplitude
and delays in order to estimate AO cell characteristics.

The measured ultrasonic signals are shown in Figures 3 and 4 as grayscale images. In
these images, the signal value is encoded by the gray levels and is presented as a function
of the retarded time τ:

τ = t0 − εx (22)

The value of slowness ε is matched to compensate for the spatial dependence on τ.
The t0 values were then measured using the positions of the maxima of the ultrasonic pulse
envelopes. As the variable part of the propagation time is compensated, the responses S(x,τ)
look like horizontally oriented patterns. The measured values t0 and ε are also presented
in Table 1. There is a good agreement between the experimental and calculated values that
confirms the correctness of the theoretical model.

The response SL(x,τ) (Figure 3a) is generated by the main longitudinal wave L. There
are two horizontal components, P1 and P2, and a set of wavelets E adjacent to P. The size
and position of the components P1 and P2 correspond to the size and position of the sections
of the transmitting transducer indicated by Tr1 and Tr2. The wavelets E are radiated by the
transducer’s edges. This wave pattern is typical for a flat piston transducer [30].

The values of arrival time t0T and coefficient εT of the transverse wave T are greater
than those for the longitudinal wave L (t0L and εL), since CT < CL. The response ST(x,τ) from
wave T also contains two components, P1 and P2, the sizes and positions of which coincide
with the transmitting transducer aperture (Figure 3b). Wave T is much weaker than wave L
and, therefore, random noise and artifacts (marked by A in Figure 3b) generated by some
unwanted echoes inside the measurement setup are present in the image.
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Figure 4. Measured spatio-temporal signals SLLL(x,τ) (a) and SLTT(x,τ) (b).

The LLL wave formed by triple passes of the longitudinal wave is shown in Figure 4a.
There is a lateral displacement ∆x of the response due to the slope of the upper facet. The
value of ∆x may be estimated from the ray model (Figure 2):

∆x ≈ L
(
tan δηµξ + tanγηµ

)
(23)

The experimentally evaluated displacement is consistent with the theoretical estimate
∆x ≈ 12 mm. The component P1 is short because the left part of the ultrasonic beam
from the section Tr1 is bounded by the left facet of the AO cell. In the wavelet P2, there is
irregularity G formed by the reflection of the wave LL from the gap between two sections
of the transducer on the bottom face instead of the reflection from the transducer’s surface.

The measured spatio-temporal signal SLTT(x,τ) is produced by the mode conversion of
the longitudinal wave L at the upper interface (Figure 4b). The structure of this response is
similar to SLLL(x,τ), but the displacement ∆x ≈ 9.5 mm is less due to the fact that the angles
δLTT and γLTT are less than δLLL and γLLL, respectively (Table 1).

To determine the amplitudes of the recorded signals, we estimated the maximal values
of the envelopes of the ultrasonic pulses. Due to the irregularity of the transducer radiation
efficiency, diffraction effects and artifacts, some spatial variations are present in the received
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responses. To reduce the measurement uncertainty, we calculated the mean and standard
deviation of the envelope maximal values within a certain spatial window. The window
is set in the range of 30 < x < 40 mm for L and T waves (Figure 3). For the rest of the
waves (Figure 4), a window of 18 < x < 28 mm was used to compensate for the spatial
displacement ∆x. The average amplitudes aη and aηµξ are normalized by the amplitude
aL. Their relative standard deviations ση and σηµξ are presented in Table 2. To assess the
measurement error of the experimental setup, the random noise level is estimated as the
root mean square of the recorded signal in the areas without wave responses and artifacts.
This noise value is 0.3%, which is much less than the standard deviations of the amplitudes.

Table 2. Experimental data for absorber-free AO cell and AO cell covered with ultrasound absorber:
refracted angles (φ), normalized amplitudes (a, p), transmission (T) and reflection (R) coefficients for
various modes and given inclination angle (α = 6.5◦).

Wave
Mode

Quartz-Water Interface
(Absorber-Free AO Cell)

Quartz-Epoxy Interface
(Absorber-Covered Cell)

Measured
ϕη,

ϕηµξ,◦
Tη (α)

Tξ(θηµξ) Rηµ (α)
pη, pηµ,

pηµξ
R*

ηµ (α)
p*η, p*ηµ,

p*ηµξaη, aηµξ
ση,

σηµξ,%

η = L 1 8.2 1.62 0.444 - 1 - 1

η = T 0.018 13.5 2.56 0.101 - 0.078 - 0.078

ηµ = LL - - - - 0.773 0.77 0.605 0.605

ηµ = LT - - - - 0.161 0.16 0.11 0.11

ηµ = TL - - - - 0.401 0.031 0.27 0.021

ηµ = TT - - - - 0.94 0.073 0.69 0.054

ηµξ = LLL 0.39 12.5 4.77 0.413 - 0.42 - 0.33

ηµξ = LLT 0.051 25 5.74 0.222 - 0.10 - 0.068

ηµξ = LTL 0.074 22 5.70 0.398 - 0.083 - 0.056

ηµξ = LTT 0.075 22.6 6.67 0.257 - 0.13 - 0.095

To evaluate the influence of the absorber, we used another AO cell of the same design.
The cell has the absorber installed on the upper facet. The absorber is made from epoxy
resin and covers a part of the facet as shown in Figure 5. The left edge of the absorber is
located at x0 ≈ 30 mm. Therefore, the signal SLLL(x,τ) is damped at the interval [x1, x2]
≈ [18, 28] mm due to the decrease of the reflection coefficient RL in the presence of the
absorber. The ratio of amplitudes measured for the quartz–absorber and quartz–water
configurations is 0.75.
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5. Discussion

The wave amplitudes in quartz pT, pηµ and pLµξ are determined from the ones
measured in water aη and aηµξ (Table 2) using Equations (7), (9) and (11). Well-known
formulas [29] allows calculation of the transmission coefficients Tη(α) and Tξ(θηµξ), reflec-
tion and mode conversion coefficients Rηµ(α) for the fused quartz–water interface. These
coefficients are shown in Figure 6 as functions of the refraction angle ϕ in water. Their
values at the angles ϕη, ϕηµξ are presented in Table 2 as well as the obtained relative
amplitudes pη, pηµ and pηµξ.
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We have discovered that the calculated relative amplitude of the direct transverse
wave pT = 0.078 is significant. Thus, the ultrasonic transducer generates a non-negligible
transverse wave along with the regular longitudinal wave. This unwanted wave propagates
in the same direction and cannot be attenuated by the absorber.

Among the reflected waves, the LL wave with an amplitude of pLL = 0.77 is the largest.
The waves TL and TT, generated at the upper interface by the mode conversion of the wave
L and reflection of the transverse wave T, are much weaker. Therefore, only the propagation
of LL and LT waves is considered below.

We should note that the amplitudes pηµξ may be calculated using the determined
values pηµ and the reflection coefficients at the bottom interface. However, the design of
the transmitting transducer is rather complicated and it is difficult to find the reflection
coefficients from its surface. In addition, the reflectivity depends on the electrical load of
the transducer. Thus, this approach is not reliable and barely practically realizable.

In the presence of the absorber, the amplitudes p*η of the direct waves do not change,
while the amplitudes p*ηµ and p*ηµξ become smaller. These amplitudes are estimated
from the amplitudes pηµ and pηµξ via Equations (12) and (13) (Table 2). We calculated the
required reflection and mode conversion coefficients R*

ηµ(α) under the assumption that the
absorber is a solid medium with a density of 1150 kg/m3 and velocities of longitudinal and
transvers waves of 2650 m/s and 1100 m/s, respectively, values which are typical for epoxy
resin [31]. The coefficients R*

ηµ presented in Figure 6 and Table 2 are obtained based on
well-established technique [29]. In the experimental data, the ratio p*LLL/pLLL is 0.75, which
is quite close to the value 0.79 calculated from Table 2. We tested the proposed method
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on a model absorber and confirmed its applicability. Though the estimated amplitudes
p*ηµ and p*ηµξ are small, they are not negligible and their effect may be significant for the
detailed analysis of the AO device characteristics.

6. Conclusions

We have shown that impulse acoustic microscopy is quite informative tool for quan-
titative characterization of the acoustic field in AO cells. It allows to define the modes,
amplitudes, propagation trajectories and other features of the ultrasonic waves propagat-
ing in the crystal even after multiple reflections. This information is highly important in
practice as it enables the evaluation of the correctness of AO cell design including the cut
and facet angles, efficiency of the ultrasound piezotransducer and absorber functioning, etc.
Being non-destructive and highly sensitive, impulse acoustic microscopy might be effective
for quite fast experimental validation of theoretical estimations and numerical modeling
results as well as for accurate certification of AO devices.
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