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Preface

Many real-world problems in science and engineering, including physical, biological, social
phenomena, etc., can be mathematically formulated and rigorously solved by modeling them in linear
and nonlinear differential and partial differential equations. This Special Issue titled “Differential
Equations and Asymptotic Analysis: Recent Advances and Applications” consists of a collection of
papers written by eminent mathematicians and experts in their fields, covering many different areas
of nonlinear analysis, both theoretical and applied, related to differential equations, including fixed
point theory, monotone operator theory, equilibrium problems and optimization, asymptotic analysis,
mathematical biology, and numerical computations. We hope that this Special Issue will be of interest
to many researchers, as well as graduate students working in these fields. Finally, I would like to
dedicate this Special Issue to my late parents, my wife, Roshanak, and my two sons, Salar and Sina,

without whose patience this Special Issue would not have come to light.

Behzad Djafari-Rouhani
Editor






@ axioms

Article

Fixed Point Theorems for Set-Valued Contractions in

Metric Spaces

Seong-Hoon Cho

Citation: Cho, S.-H. Fixed Point
Theorems for Set-Valued Contractions
in Metric Spaces. Axioms 2024, 13, 86.
https://doi.org/10.3390/
axioms13020086

Academic Editor: Behzad Djafari-

Rouhani

Received: 27 December 2023
Revised: 21 January 2024
Accepted: 22 January 2024
Published: 27 January 2024

Copyright: © 2024 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Hanseo University, Seosan 356-706, Chungnam, Republic of Korea;
shcho@hanseo.ac.kr; Tel.: +82-41-660-1316

Abstract: In this paper, the concepts of Wardowski-type set-valued contractions and Isik-type set-
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positive answer to the open Question is given. Examples to support main theorems and an application

to integral inclusion are given.
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1. Introduction and Preliminaries

Wardowski [1] introduced the notion of F-contraction mappings and the generalized
Banach contraction principle by proving that every F-contractions on complete metric
spaces have only one fixed point, where F: (0,00) — (—o0,00) is a function such that
(F1) F is strictly increasing;

(F2) for all sequence {s,} C (0,00),

lim s, =0 <= lim F(s,) = —oo;
n—o00 n—oo
(F3) there exists a point g € (0,1) : lim,_,o+ t7F(t) = 0.

Among several results ([2-18]) generalizing Wardowski's result, Piri and Kumam [19]
introduced the concept of Suzuki-type F-contractions and obtained related fixed point
results in complete metric spaces, where F : (0,00) — (—00,00) is a strictly increasing
function such that
(F4) inf F = —oo;

(F5) F is continuous on (0, ).

Nazam [20] generalized Wardowski's result to four maps defined on b-metric spaces

and proved the existence of a common fixed point by using conditions (F2), (F3) and

(F6) T+ F(rsy) < F(sy) => T+ F(r"sy) < F(r""1s,_1) for eachr > 0,n € N, where
T>0.

Younis et al. [18] generalized Nazam’s result in b-metric spaces using only condition
(F1). That is, they only used the strictly growth of F : (0,00) — (—o0, c0) and distinguished
two cases: s = 1 and s > 1, where s is the coefficient of b-metric spaces. Younis et al. [21]
introduced the notion of Suzuki—Geraghty-type generalized (F, i)-contractions and gen-
eralized the result of [14] in partial b-metric spaces along with Geraghty-type contraction
with conditions (F1), (F4) and (F5), and they gave applications to graph the theory and
solution of some integral equations. Younis and Singh [22] extended Wardowski's result to
b-metric-like spaces and obtained the sufficient conditions for the existence of solutions of
some class of Hammerstein integral equations and fractional differential equations.
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On the other hand, Abbas et al. [23] and Abbas et al. [24] extended and general-
ized Wadorski’s result to two self mappings on partially ordered metric space and fuzzy
mappings on metric spaces, respectively, and proved the existence of a fixed point using
conditions (F1), (F2) and (F3).

Note that for a function F : (0,00) — (—00,00), the following are equivalent:

(1) (F2)is satisfied;
(2) (F4) is satisfied;
(3) lim; o+ F(t) = —o0.

Hence, we have that

lim s, = 0= lim F(sy) = —c0
n—oo n—oo

whenever (F4) holds.

Very recently, Fabiano et al. [25] gave a generalization of Wardowski’s result [1] by
reducing the condition on function F : (0,00) — (—o0,00) and by using the right limit of
function F : (0,00) — (—00,0). They proved the following Theorem 1.

Theorem 1 ([25]). Let (E, p) be a complete metric space. Suppose that T : E — E is a map such
that for all x,y € E with p(Tx, Ty) > 0,

T+ F(p(Tx, Ty)) < F(p(x,y))

where T > 0and F : (0,00) — (—o00,00) is a function. If (F1) is satisfied, then T possesses only
one fixed point.

In [25], Fabiano et al. asked the following question:

Question ([25]). Can conditions for the function F be reduced to (F1) and (F2), and can the
proof be made simpler in some results for multivalued mappings in the same way as it was
presented in [25] for single-valued mappings?

In this paper, we give a positive answer to the above question by extending the
above theorem to set-valued maps and obtain a fixed point result for Isik-type set-valued
contractions. We give examples to interpret main results and an application to integral
inclusion.

Let (E, p) be a metric space. We denote by CL(E) the family of all nonempty closed
subsets of E, and by CB(E) the set of all nonempty closed and bounded subsets of E.

Let H(, -) be the generalized Pompeiu-Hausdorff distance [26] on CL(E), i.e., for all
A,B € CL(E),

max{sup,. 4 o(a,B),sup,.po(b, A)}, if the maximum exists,

H(A,B) = {

00, otherwise,

where p(a, B) = inf{p(a,b) : b € B} is the distance from the point a to the subset B.
Let 6(A,B) = sup{p(a,b) : a € A,b € B}. When A = {x}, we denote (A, B)
by é(x, B).

For A,B € CL(E), let D(A, B) = sup, ., d(x, B) = sup, , infycpd(x,y).
Then, we have that for all A, B € CL(E)

D(A,B) < H(A,B) < 6(A,B).
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Note that the following Lemma 1 can be obtained by applying the assumptions of
Lemma 1 to Theorem 4.29 of [27]. In fact, let F : (0,00) — (—o00,00) be monotonically
increasing (x < y implies F(x) < F(y)) and {p,} be a given sequence of (0, o) such that

lim p, =1, wherel > 0.
n—,oo

Then, it follows from Theorem 4.28 of [27] that we obtain the conclusion of Lemma 1.
Here, we give another proof of Lemma 1.

Lemma 1. Let | > 0, and let {t,}, {sn} C (I, 00) be non-increasing sequences such that

ty < 8$y,Yn=1,2,3,--- and lim t, = lim s, = L.
n—oo n—oo

IfF: (0,00) — (—o00,00) is strictly increasing, then we have

lim F(t,) = lim F(s;) = F(I") > F(I).

n—o0

where F(I) denotes lim;_,;+ F(t).

Proof. As F is strictly increasing, the function F. : (0,00) — F((0,00)) defined by
F.(t) = F(t) Vt € (0,00), is bijective and continuous on (0, c0). We infer that
lim F.(t) > F.(1), nlgrolo Fi(ty) = tlgﬂ F.(t) and nlgrolo Fi(sp) = lim F.(t).

t—I+ t—I1+

Since {t,} and {s,} are non-increasing, it follows from the strict increasingness of
F that

Fu(tps1) < Fe(tn) < Fu(sn) < Fa(50-1)-

Hence, we obtain that

tlir}}*' F*(t) = JEIJOF*(thrl) < nh_rgoF*(tn) < r}g%op*(sn) < J%F*(Snfl) < tlirlr‘l" F*(t)/
which implies
lim F,(t,) = nlgrgol:*(sn) =FE(IM).

n—o0

Since F,(t) = F(t) Vt € (0,00), we have the desired result. []

Lemma 2 ([28]). Let (E, p) be a metric space. If {xy } is not a Cauchy sequence, then there exists
€ > 0 for which we can find subsequences {x,,x) } and {x,)} of {xn} such that m(k) is the
smallest index for which

m(k) > n(k) >k, p(Xp k), Xn(ky) = € and p(Xp ()1, Xn(r)) < €. (1)

Further, if

Jim (s, 511) =0,

then we have that

| B (), Xy ) = Z}Lrgop(xn(k)-&-lfxm(k)) o
= lim p(xu(k), Xy 1) = WM p(Xn (k) 41, Xim(y 41) = €.

Lemma 3. Let (E, p) be a metric space, and let A,B € CL(E). Ifa € A and p(a, B) < c, then
there exists b € B such that p(a,b) < c.

Proof. Lete = ¢ — p(a, B). It follows from the definition of infimum that there exists b € B
such that p(a,b) < p(a, B) + €. Hence, p(a,b) < c. O
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Lemma 4. Let (E,p) be a metric space, and let A,B € CL(E) and ¢ : [0,00) — [0,00) be a
strictly increasing function. Ifa € A and p(a, B) + ¢(p(a, B)) < c, then there exists b € B such
that p(a,b) + ¢(p(a, b)) < c.

Proof. Since ¢ is strictly increasing,

p(a,B) < ¢~'(c —p(a, B)).

By Lemma 3, there exists b’ € B such that

p(abt') <¢~'(c—p(a,B))
which yields
p(a,B) <c—¢(p(ab')).
Again, by applying Lemma 3, there exists b”" € B such that
p(a,b") <c—¢(p(ab)).

Let min{p(a,b’),p(a,b")} = p(a,b). Then, we have that

p(ab) +¢(o(ab)) <c.
O

Lemma 5. If (E, p) is a metric space, then K(E) C CL(E), where K(E) is the family of nonempty
compact subsets of E.

2. Fixed Point Results

Let (E,p) be a metric space, and let F : (0,00) — (—o00,00) be a strictly increasing
function. A set-valued map T : E — CL(E) is called a Wardowski-type contraction if the
following condition holds:

There exists a constant T > 0 such that for all x,y € E with H(Tx, Ty) > 0,

T+ F(H(Tx, Ty)) < F(m(x,y)), 3)

where m(x,y) = max{p(x,y),p(x, Tx), p(y, Ty), 3 [0(x, Ty) + p(y, Tx)]}.

We now prove our main result.

Theorem 2. Let (E,p) be a complete metric space. If T : E — CL(E) is a Wardowski-type
set-valued contraction, then T possesses a fixed point.

Proof. Let xg € E be a point, and let x; € Txp.

If x; € Txq, then the proof is completed.

Assume that x; ¢ Tx;. Then, p(x1,Tx;) > 0, because Tx; € CL(X). Hence,
H(Txp, Tx1) > d(x1, Txq) > 0. From (3) we have that

T+ F(H(TXO/ TX1)) S F(m(x()/xl))‘ (4)
We infer that
1
m(xo, x1) = max{p(xo, x1), 0(x0, Txo), 0(x1, Tx1), E[p(xo, Tx1) + p(x1, Txo)]}
=max{p(xo, x1),p(x1, Tx1)}, because that p(xg, Txg) < p(x0,x1) and

l[p(xo, Tx1) + p(x1, Txg)] <

2 [o(xo0, x1) + p(x1, Tx1)].

1
2
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If m(xg, x1) = p(x1, Tx1), then from (4) we obtain that
F(p(x1,Tx1)) < T+ F(H(Tx0, Tx1)) < F(p(x1,Tx1)),
which is a contradiction. Thus, m(xo, x1) = p(xo, x1). It follows from (4) that
1
5T+ F(p(x1,Tx1)) < T+ F(H(Txo, Tx1)) < F(p(x0,x1)).
Since (F1) is satisfied, we obtain that
1
p(x1, Txp) < Fﬁl(ET + F(H(Txp,Tx1))).
Applying Lemma 3, there exists x; € Tx; such that
1
o(x1,x2) < Fﬁl(ET + F(H(Txo, Tx1))),
which implies
1 1
F(p(x1,x2)) < ET—i—F(H(TxO, Tx1)) < F(p(x0,x1)) — 5T

Again from (3) we have that

%T + Fp(x2, Tx2)) < T+ F(H(Tx1, Tx2)) < F(p(x1,%2))

which implies
1
o(x2, Txp) < Fﬁl(ET + F(H(Txq,Txp))).

By Lemma 3, there exists x3 € Tx such that

p(x2,x3) < F_l(%T+ F(H(Tx1,Tx2))).

Hence, we obtain that

F(p(x2,x3)) < %T+F(H(Tx1,Tx2)) < F(p(x1,72)) — %T,

Inductively, we have that for all n € N,
Xy € Txyq

and

Flp(on, %)) < 57+ F(H(Tx1,30)) < Flp(xus,x)) — 5.

Because F is a strictly increasing function,
p(xXn, Xp41) < p(xXp—1,%4), Vn € N.
Hence, there exists r > 0 such that
T p(xs, 011) = 7.

Assume that r > 0. By Lemma 1, we have that

lim F(o(xn,x,11)) = lim F(p(x,_1,%4)) = lim F(t) = F(r*) > F(r).

n—o0 n—o0 t—pt

(10)
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Taking limit n — oo in (9) and using (10), we obtain that

which is a contradiction, because T > 0. Thus, we obtain that

linolop(xn/ Xp41) = 0. (11)

n—

Now, we show that {x,} is a Cauchy sequence. Assume that {x,} is not a Cauchy
sequence. Then, there exists € > 0 for which we can find subsequences {x,,t) } and {x,,() }
of {x,} such that m(k) is the smallest index for which (1) holds. That is, the following
are satisfied:

m(k) > n(k) >k, p(Xp(k), Xnxy) = € and p(Xp (k) -1, Xp(k)) < €
It follows from (3) that

F(o(x(y+1, Tmp)) < T+ F(p(m)+1, Tn(k))

12
< T+ F(H(Txp0), Tpn(r)) < F(m(xp ), Xn(r))- 12
We infer that
€ < P(Xu(e) Xm(r)) < M (Xn(i)s Xm(r))
=max{0(X,(x), X)) P Xn(iy TXn(i))r P(Xm(iyr TXm(r) )
1
510Gty Txme)) + (X Txn(i) )1} (13)
< max{ (X, (k) X(k) ) 0 (Xnk)r Xn(i)+1) 7 0 (X (k) Xk 1)
1
510G Xk 41) +0 Xk, Xy +1)]3
Taking limit as k — oo on both sides of (13) and using (2), we obtain that
klglc}om(x (k) Xm(k)) = € (14)
Since F is strictly increasing, from (12) we have that
0o+ Txm()) < FH(T + (o (X011 TXm(r)))-
By applying Lemma 3, there exists y,,x) € Tx,, () such that
0 (X410 Ym()) < F~H(T + Flo(gey 11, Txme)))-
Hence,
Flo(Xn(t) 41 Ymx))) < T+ Fo(Xug) 11, Txm(r))-
Thus, it follows from (12) that
F(o(Xn (k)41 Ym(x)))
<T+ F(p(X ()41 Ym(i))) < T+ F(O(Xnm)+1, TXm(k)) 15)
ST + P(H(Txn(k), Txm(k>)
<F(m (X, (k) Xm(k)))
which leads to
P(X k) +1- Ym(k)) < M( Xy, X)), Ve =1,2,3,---. (16)
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By taking lim sup as k — oo in (16) and using (14), we have that

: < e.
lim sup o( (k) 1, Yo < €

Since
PXnm)+1 TXm(ky) < Py 11 Ym(k))
O(Xn(k) 11 Xm(k))
<p(*nk)+1 TXm(iy) + 0(TX k), X))
<P(Xnk)+1 Ymk)) T 0Xmk)+17 Xm(k))-
Taking liminf as k — oo in (18) and using (2), we obtain that
e < lim inf (k) 41, Ym(k) )

It follows from (17) and (19) that

I}Ln;op(xn(k)+1rym(k)) =e.

By applying Lemma 1 to (15) with (14), (16) and (20), we obtain that

F(e") <t+F(e") < F(e™)

(17)

(18)

(19)

(20)

which leads to a contradiction. Hence, {x, } is a Cauchy sequence. From the completeness

of E, there exists
Xy = lim x, € E.
n—oo

It follows from (3) that

F(o(xn41, Txs)) < T+ F(p(xn41, Txs))
<7+ F(H(Txy, Txs)) < F(m(xy,x5)),

(21)

where m(xy, x.) = max{p(x, x«), 0(xn, Xp1+1), 0 (x5, Txx), %[p(x*, Xpi1) + o (xn, Txy)] }-

Since F is strictly increasing, from (21) we have that

p(Xnt1, Tx) < m(xp, x4),
and thus

Jim o(x41, Tos) = lim m(xn, x:) = p(x, Tx).

Assume that p(x,, Tx,) > 0. By Lemma 1, we have that

Jim F(o(xp41, Tox)) = lim F(m(xn, x4))

= lim  F(t) = F(p(xs, Txx) ™).

t—p(xy, Txe)+
Applying (24) to (21), we obtain that
F(p(x«, Txx) ") < T+ F(p(xe, Txx) ") < Fp(x+, Txx) ™)
which leads to a contradiction. Hence, p(x4, Tx,) =0, and x, € Tx,. O

The following example interprets Theorem 2.

(22)

(23)

(24)
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Example 1. Let E = [0,1] and p(x,y) = |x —y|, Vx,y € E. Then (E, p) is a complete metric
space. Define a set-valued map T : E — CL(E) by

_— {{1}, (x=0)

2,1}, (0<x<).

Let T = In%! and F(t) = Int, Vt > 0. We show that T is a Wardowski-type set-valued
contraction. We now consider the following two cases.

First,let x =0and 0 <y < 1.

Then, H(Tx.Ty) = % We obtain that

T+ F(H(Tx, Ty)) — F(p(x, Tx))
:T+F(§> —F(1)

2.1 3
_IHT —l—lng—lnl

=In63—-1In10~ —0.46 < 0.

Thus,
T+ F(H(Tx, Ty)) < F(p(x, Tx)),
which implies
T+ F(H(Tx, Ty)) < F(m(x,y)).

Second, let 0 < x < landy = 1.
Then H(Tx, Ty) = 2. We infer that

T+ F(H(Tx, Ty)) — F(p(y, Ty))
=T+ F(;) —F(1)

2.1 4
—ln7 —|—lng—ln1

=In84—-1In10 ~ —-0.17 < 0.

Thus,
T+ F(H(Tx, Ty)) < F(p(y, Ty))

which leads to
T+ F(H(Tx, Ty)) < F(m(x,y)).

Hence, T is a Wardowski-type set-valued contraction. The assumptions of Theorem 2 are
satisfied. By Theorem 2, T possesses two fixed points, % and %

Remark 1. Theorem 2 is a positive answer to Question 4.3 of [25].

Remark 2. Theorem 2 is an extention of Theorem 2.2 [13] to set-valued maps without conditions
(F2) and (F3).

By Theorem 2, we have the following results.

Corollary 1. Let (E, p) be a complete metric space. Suppose that T : E — CL(E) is a set-valued
map such that for all x,y € E with H(Tx, Ty) > 0,

T+ F(H(Tx, Ty)) < F(I(x,y)) (25)
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where T > 0and F : (0,00) — (—o00,00) is a function, and

lo(x, Ty) + p(y, Tx)]}.

N =

1
H(x,y) =max{p(x,y), 51p(x, Tx) + p(y, Ty)],
If (F1) is satisfied, then T possesses a fixed point.

Proof. Since I(x,y) < m(x,y), F(I(x,y)) < F(m(x,y)). Thus, (25) implies (2). By Theorem 2,
T possesses a fixed point. [

Corollary 2. Let (E, p) be a complete metric space. Suppose that T : E — CL(E) is a set-valued
map such that for all x,y € E with H(Tx, Ty) > 0,

T+ F(H(Tx, Ty)) < F(p(x,y)) 6)

where T > 0 and F : (0,00) — (—o00,00) is a function. If (F1) is satisfied, then T possesses a
fixed point.

Proof. Since p(x,y) < m(x,y) and (F1) holds, (26) implies (2). By Theorem 2, T possesses a
fixed point. [

Corollary 3. Let (E, p) be a complete metric space. Suppose that T : E — CL(E) is a set-valued
map such that for all x,y € E with H(Tx, Ty) > 0,

T+ F(H(Tx, Ty))

<F(ap(x,y) +bp(x, Tx) + cp(y, Ty) + elo(x, Ty) + p(y, Tx))) &7

where T > 0and F : (0,00) — (—o00,00) is a function, and a,b,c,e > 0and a+ b+ c + 2e = 1.
If (F1) is satisfied, then T possesses a fixed point.

Proof. It follows from (27) that
T+ F(H(Tx, Ty))
<F(ap(x,y) + bp(x, Tx) + cp(y, Ty) + e[o(x, Ty) + p(y, Tx)])
=F(ap(x,y) +bp(x, Tx) + cp(y, Ty)] + 2@% lo(x, Ty) + p(y, Tx)])
<F((a+b+c+2e)max{p(x,y), p(x, Tx), 0y, Ty), %[p(x, Ty) +p(y, Tx)1})
=F(m(x,y)).

By Theorem 2, T possesses a fixed point. [

Corollary 4. Let (E, p) be a complete metric space. Suppose that T : E — CL(E) is a set-valued
map such that for all x,y € E with H(Tx, Ty) > 0,

T+ F(H(Tx, Ty))
<F(ap(x,y) + blp(x, Tx) + p(y, Ty)] + clo(x, Ty) + p(y, Tx)])

where T > 0 and F : (0,00) — (—o0,00) is a function, and a,b,c > 0 and a +2b +2c = 1. If
(F1) is satisfied, then T possesses a fixed point.

(28)
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Proof. It follows from (28) that

T+ F(H(Tx, Ty))
<F(ap(x,y) + blo(x, Tx) + p(y, Ty)] + clo(x, Ty) + p(y, Tx)])

=F(ap(x,) + 23 [p(x, Tx) + ply, Ty)] + 263 [p(x, Ty) + ply, Tx))
<F((a-+2b+2¢) max{p(x,y), 5 [p(x, %) + p(y, Ty)], 3 lo(x, Ty) + p(y, Tx)]})
—F(i(x,y)).

By Corollary 1, T possesses a fixed point. [

Corollary 5. Let (E, p) be a complete metric space. Suppose that T : E — CL(E) is a set-valued
map such that for all x,y € E with H(Tx, Ty) > 0,

T F(H(Tx, Ty)) < F(3lo(x, T2) +p(3,Ty))) 9)

where T > 0 and F : (0,00) — (—o00,00) is a function. If (F1) is satisfied, then T possesses a
fixed point.

Proof. Since }[o(x, Tx) + p(y, Ty)] < I(x,y) and (F1) holds, (29) implies (25). By Corollary 1,
T possesses a fixed point. [

Corollary 6. Let (E, p) be a complete metric space. Suppose that T : E — CL(E) is a set-valued
map such that for all x,y € E with H(Tx, Ty) > 0,

T+ F(H(Tx, Ty)) < F(3o(x,Ty) +p(y, T2))) (30)

where T > 0 and F : (0,00) — (—o00,00) is a function. If (F1) is satisfied, then T possesses a
fixed point.

Proof. Since 3[o(x, Ty) + p(y, Tx)] < I(x,y) and (F1) holds, implies (25). By Corollary 1, T
possesses a fixed point. [

Remark 3. Corollary 4 is a generalization of the main theorem of [29]. Indeed, if F(t) = Int,Vt > 0
and we take T to be the self-mapping of E, then Corollary 4 becomes the main theorem of [29].

Nadler [30] extended Banach’s fixed point theorem to set-valued maps. We are call-
ing it Nadler’s fixed point theorem. We now prove the following theorem, which is a
generalization of Nadler’s fixed point theorem.

Theorem 3. Let (E, p) be a complete metric space. Suppose that T : E — CL(E) is an Isik-type
set-valued contraction, i.e., for each x,y € E and each u € Tx, there exists v € Ty such that

p(u,0) < ¢(o(x,y)) = @lo(u,0)) (31)
where ¢ : [0,00) — [0,00) is a function such that
tl_i)I(I]}r ¢(t) = 0. (32)

Then, T possesses a fixed point.
Proof. Let xg € E, and let x; € Tx(. Then there exits x; € Txq such that

p(x1,x2) < @(p(x0,x1)) — p(p(x1,x2))-

10
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Again, there exists x3 € Tx, such that

p(x2,x3) < p(p(x1,x2)) — P(p(x2,x3)).

Inductively, we have a sequence {x,} C E such thatforalln =1,2,3,---,

X € Txy1 and p(n, Xs1) < @0 (X1, ¥0)) — G0 (X, ¥ai1)). (33)

It follows from (33) that {¢(p(x,—1, x»))} is a non-increasing sequence and bounded
below by 0. Hence, there exists > 0 such that

lim ¢(p(xy—1,%xn)) = 1.

n—o00

We show that {x, } is a Cauchy sequence.
Let m, n be any positive integers such that m > n. Then we have that

o (Xn, Xm)
Sp(xnrxn+l) + p(xn—i-l/ xn+2) +e P(xm—lf x111)
<¢(p(xn-1,%n)) — P(P(Xp-1,%m))
<¢(p(xn-1,%n)) — 1

Letting m,n — oo in (34), we obtain that

(34)

Jm Pl en) =0

Thus, {x,} is a Cauchy sequence. It follows from the completeness of E that
X, = lim x, exists. (35)
n—o0

Now, we show that x. is a fixed point for T.
It follows from (31) that for x;,, € Tx,,_1, there exists v € Tx, such that

p(xn,0) < ¢(p(xn-1,%:)) — ¢(p(xn,0)) < P(p(xn-1,%4)). (36)
Taking limit # — oo in Equation (36) and using (32), we infer that

Ji (e ) =0

which implies
Xy =0 € Txy.

O

Example 2. Let E = {x, : x, = Y} _y,n € N}and p(x,y) = |x —y|,Vx,y € E. Then (E,p) is
a complete metric space.
Defineamap T : E — CL(E) by

Ty — {{xl}r (x = x1)
{x1,%0,x3,- - xy_1}, (x=2xp).

Let ¢(t) = %t,Vt > 0.

We show that condition (31) is satisfied.
Consider the following two cases.

First, let x = xyandy = x,,mn =2,3,4,- - -.

11



Axioms 2024, 13, 86

Then, for u = x1 € Tx, there exists v = x1 € Ty such that

1
p(u,0) =0 < Sp(xr,xn) = Plp(x1, ) = Plp(x1,20)) — Plp(u, 0)).
Second, let x = xpand y = xp;,m >n,n =2,3,4,---.
Foru=x; € Tx (k=1,2,3,--- ,n—1), there exists v = x; € Ty such that
1
p(u,0) =0< EP(xner) = ¢(p(xn, xm)) = P (xn, xm)) — p(p(u,0)).

This show that T satisfies condition (31). Thus, all conditions of Theorem 3 hold. From
Theorem 3, T possesses a fixed point, x,, = x1.

Corollary 7. Let (E, p) be a complete metric space. Suppose that T : E — CL(E) is a set-valued
map such that for each x,y € E,

H(Tx,Ty) < ¢(p(x,y)) — ¢(H(Tx, Ty)),

where ¢ : [0,00) — [0,00) is a strictly increasing function such that

lim ¢(t) = 0.

t—0t

Then, T possesses a fixed point.

Proof. Let x,y € E and let u € Tx. As ¢ is strictly increasing,

o, Ty) + ¢(p(u, Ty)) < ¢(p(x,))-

Applying Lemma 4, there exists v € Ty such that

p(u,0) +¢lp(u,0)) < P(p(x,y))-
By Theorem 3, T possesses a fixed point. [

From Theorem 3 we have the following result.

Corollary 8 ([31]). Let (E, p) be a complete metric space. Suppose that f : E — E is a map such
that for each x,y € E,

p(fx, fy) < ¢o(x,y)) — plo(fx, fy))

where ¢ : [0,00) — [0, 00) is a function such that

lim ¢(t) = 0.

t—=0t
Then, f possesses a fixed point.

3. Application

In this section, we give an application of our result to integral inclusion. Let [a,b] C
(—00,00) be a closed interval, and let C([a, b], (—c0, 00)) be the family of continuous mapping
from [a,b] into (—oo, 00). Let E = C([a, b], (—c0,0)) and p(x,y) = sup;c|, ;) [x(t) — y(t)| for
all x,y € E. Then, (E, p) is a complete metric space.

Consider the Fredholm type integral inclusion:

x(t) € /bK(t,s,x(s))ds + (1)t € [a,b] (37)

12
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where f € E, K : [a,b] X [a,b] X (—o0,00) — CB((—o0,00)), and x € E is the un-
known function.
Suppose that the following conditions are satisfied:

(1st) Foreachx € E,K(-,-,x(s)) = K(-,-) is continuous;
(2nd) There exists a continuous function Z : [a,b] x [a,b] — [0,00) such that for all
t,s € [a,b] and all u,v € E,

[ku(t,s) —ko(t,s)| < Z(t s)o(u(s), v(s))

where ky(t,s) € Ky(t,5),ky(t,s) € Ko(t,5);
(3rd) There exists @ > 1 such that

b
sup Z(t,s)ds < .
tefap) /e 2+a

We apply the following theorem, known as Michael’s selection theorem, to the proof
of Theorem 5.

Theorem 4 ([32]). Let X be a paracompact space, and let B be a Banach space. Suppose that
F : X — B is a lower semicontinuous set-valued map such that for all x € X, F(x) is a nonempty
closed and convex subset of B. Then F : X — B admits a continuous single valued selection.

Note that (—oo, 00) with absolute value norm is a Banach space and closed intervals
and singleton of real numbers are a convex subset of (—o0, ).

Theorem 5. Let (E, p) be a complete metric space. If conditions (1st), (2nd) and (3rd) are satisfied,
then the integral inclusion (37) has a solution.

Proof. Define a set-valued map T : E — CB(E) by

Tx={yecE:y(t) /hK(t, s, x(s))ds + f(t),t € [a,b]}.

Let x € E be given. For the set-valued map K(t,s) : [a,b] x [a,b] — CB((—00,0)),
by applying Michael’s selection theorem, there exists a continuous map ky(t,s) : [a,b] x
[a,b] — (—o00,0) such that
kx(t,s) € Ki(t,s),Vt,s € [a,b].

Thus,
b
/ ke(t,s)ds + f(t) € Tx,
a

and so Tx # Q.
Since f and k, are continuous, Tx € CB(E) for each x € E.
Lety; € Txq. Then,

b
yi(t) € / K(t,s,x1(s))ds + f(£), t € [a, b].

Hence, there exists ky, (t,5) € Ky, (t,5),Vt,s € [a,b] such that

b
i (b) :/ﬂ ke, (1,5)ds + (), V1,5 € [a,b].

13
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It follows from (2nd) that there exists z(t,s) € Ky, (,s) such that
kx, (t,5) — z(t,5)| < Z(t,5)p(x1(s), x2(s)), Vt, s € [a, b].
Let U : [a,b] x [a,b] — CB((—00,0)) be defined by
U(t,s) = Ky (£,5) N {u € (=00, 00) = p(ky, (£5), 1) < p(x1(s), x2(s))}-

From (1st) U is continuous. Hence, it follows that there exists a continuous map
ky, : [a,b] x [a,b] — (—o0,00) such that

ky,(t,s) € U(t,s),Vt,s € [a,b].
Let
b
ya(t) = / kuy (1,5)ds + (), V1,5 € [a,b].

Then,

b b
Y2 (t) e/ﬂ K,Q(t,s)ds+f(t):/a K(t,s,x2(s))ds + f(£),Vt,s € [a,b],

and so yp € Txp.
Thus, we obtain that

b
P(yl/yZ) = ‘/{1 kX1(t/S) —kxz(t,S)dS

b
< sup [ |ky (t,5) —kx,(t,s)|ds
telab) 7
b
< sup [ Z(ts)dsp(x1(s),x2(s))
telab) 74
1

<
2+

p(x1(s),x2(s)).
Thus, we have that
1 1
(1+ Eoc)é(Txl, Txy) < Ep(xl,xz)
which implies
1 1
(1+ Evc)H(Txl,sz) < Ep(xl,xz).
Hence, we obtain that

H(Tx1, Txz)) < ¢(p(x1, %2)) — ¢(aH(Tx1, Txz))

<¢(o(x1,%2)) — p(H(Tx1, Txz)) where ¢(t) — %t, VE > 0.

By Corollary 7, T possesses a fixed point, and hence the integral inclusion (37) has
a solution. [

4. Conclusions

Our results are generalizations and extensions of F-contractions and Isik contractions
to set-valued maps on metric spaces. We give a positive answer to Question 4.3 of [25] and
an application to integral inclusion.
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Abstract: The monotonic properties of positive solutions to functional differential equations of the
third order are examined in this paper. It is generally known that by optimizing the relationships
between a solution and its corresponding function, as well as its derivatives, one can improve the
oscillation criterion for neutral differential equations. Based on this, we obtain new relationships
and inequalities and test their effect on the oscillation parameters of the studied equation. To
obtain the oscillation parameters, we used Riccati techniques and comparison with lower-order
equations. Finally, the progress achieved in oscillation theory for third-order equations was measured
by comparing our results with previous relevant results.

Keywords: functional differential equations; third-order; monotonic properties of the positive
solutions; canonical case
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1. Introduction

Third-order differential equations are used in many models, such as the model for
studying blood entry flows into a “stenosed artery”, an artery partially or totally occluded
due to the thickening of the arterial wall [1]. In addition, in nuclear reactor kinetics [2], by
constructing phase space solutions to third-order systems of equations and considering the
solutions to the equations as explicit functions of the independent variable, which enables
computer-aided phase space analysis, to perform a comprehensive and expeditious study
of the system behavior for any combination of parameter values of interest. Although third-
order differential equations have appeared in many models of life, they have received less
attention from researchers of first- and second-order differential equations. This lethargy
is due to the fact that this type of equation has a greater number of positive solution
classifications than equations of the first and second order, which further complicates its
study. In addition, its characteristic equation must contain a solution or solutions belonging
to the set of real numbers [3].

On the other hand, functional differential equations (FDEs) are one of the classes of
differential equations in which oscillatory behavior is common. The study of FDEs has
attracted the attention of many researchers recently, in terms of the qualitative behavior
of the solutions as well as the numerical solutions of these equations, see [4-8]. This type
of equation deals with the after-effects of life phenomena, which means the presence of
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deviating arguments that express the previous and current times of a phenomenon, and it is
known that these arguments increase the possibility of the existence of oscillatory solutions.
The retarded functional differential equation, or the delay differential equation (DDE) is
one of the basic subclasses of functional differential equations. This type is based on past
and current values of the time derivatives, which leads to more accurate and effective
future predictions. The deviating arguments, in this case, are called delays or time lags,
see [9,10]. When the highest order derivative appears with and without delay, it creates
another subclass of functional differential equations known as neutral delay differential
equations (NDDEs). This subclass has a wide scope for modeling, as we find many models
of chemistry, electricity, mechanics, and economics represented by NDDEs; see [11-13],
where the study of the asymptotic and monotonic properties, together with the oscillatory
behavior, of solutions to the third-order neutral delay differential equations was used to
model many life phenomena.

The study of the oscillatory behavior of differential equations has received great and
continuous attention from researchers. Philos [14] and Santra et al. [15,16] were interested
in first-order differential equations. While, the works in [17-22] were concerned with
even- and odd-order differential equations, with their various classifications. By reviewing
the previous literature, we can note that it included three basic steps in the conclusion of
oscillation criteria, regardless of the quality. These essential points can be summed up by
first classifying all positive solutions to the studied equation and then developing a new
or updated method to obtain improved relations and inequalities linking the solution, its
derivatives, and its corresponding function; lastly, excluding the positive solutions using
these improved relations and the chosen technique.

Therefore, this paper aimed to study and improve the monotonic properties of positive
solutions and then use them to develop new oscillation criteria for the half-linear third-order
neutral delay differential equation

/
(r6)(2"(5)") +a(s)x*(e(s)) =0, M
for all s > s, where z(s) stands for the corresponding function

2(s) = x(s) + p(s)x(z(s))- 2)
We assume the following assumptions hold:

(A1) a is a quotient of two odd positive integers;
(As) r(s) € CY([s, ), (0,00)) and satisfies

b1
R(ﬂ, b) = /u de,

with R(sg, 00) = oo;

(A3z) q(s) € C([so, o0), RT) and does not eventually vanish;

(Ayg) p(s) € C([sp, o), R") and there exists a constant pg such that pg > p;

(As) 1(s),0(s) € Cl([so,),R) symbolize the delayed functions, where 7(s) < s,
o(s) <s,and lims_e0o T(s) = lims 00 (5) = 0.

Definition 1. A solution to (1) is defined as a function x € C([so, o), R), which has the properties
z € C?([s0,),R) and r(z")" € C'([sg, o), R) and satisfies (1) on [sg, ).

Our interest is directed to the solutions of (1) that satisfy the condition
sup{|x(s)| :s > s} >0,

for all s, > sp.
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Definition 2. A nontrivial solution to (1) is said to be oscillatory if it has arbitrarily large zeros,
and otherwise it is called non-oscillatory.

Definition 3. Equation (1) is said to be oscillatory if all its solutions are oscillatory. Otherwise, it
is called non-oscillatory.

Remark 1. The term half-linear equation refers to the fact that the solution space of (1) has just one
half of the properties that characterize linearity, namely homogeneity (but not additivity).

Finding solutions to differential equations is a rich research topic that has attracted
great interest from researchers in the past decades, and this remains so to this day. This is
because it was and still is one of the most significant tools used to describe and deduce the
ways in which quantities change in systems, as well as to shed light on how and why these
changes occur. However, the problem occurs when nonlinear differential equations are
used to describe systems, because most of these equations are difficult to solve in a closed
form. Therefore, researchers resort to using the qualitative theory of differential equations,
where a topological description of the local and global properties of the solutions to these
equations is developed, regardless of finding their exact form. Oscillation theory is one of
these subfields of qualitative theory and is concerned with analyzing the oscillatory and
non-oscillatory behavior of solutions to differential equations. For more information about
oscillation theory, please see the monographs in [23,24] and the papers in [25,26].

However, the stage of classifying differential equation solutions is the first and most
important step, which precedes the study of the asymptotic and monotonic properties
of positive solutions, which in turn paves the way for determining the behavior of the
oscillatory equation. The positive solutions to Equation (1) can be classified into four
possible classes. However, under the condition (A;), these classifications are reduced to
two, since the probabilities that the z”(s) derivative of solutions are negative are rejected.
In light of this, we can conclude that the positive solutions to Equation (1) follow one of the
following classes:

Ci: z>0, 22>0, z27>0, and 2" < 0;
Cr: z>0, 22<0, z27>0, and Z" < 0.

Studying the properties of solutions to third-order differential equations has many
different applications. In addition to scientific applications, this study often contains many
open and complex analytical problems and issues. Due to these relative difficulties, the
previous works related to Equation (1) are few and appeared over long periods of time. The
first study of the oscillation of third-order differential equations was in 1961 by Hanah [27].
She considered the linear case of (1) with r(s) =1, p(s) =0, and « = 1, and established
the following very famous sufficient criterion of oscillation:

.3 2
lim infs q(s) > 35
Following that, authors were interested in studying the oscillatory behavior and the
properties of solutions to (1), but in the case of p(s) = 0; that is, in the case that the highest
derivative appears with only a delay argument. For more details, one can see the works of
Grace et al. [28] and Candan and Dahiya [29]. Li et al. [30] and Dzurina et al. [31], studied
the half-linear type for a states for a quotient of two odd positive integers. Meanwhile,
Qaraad et al. [32] considered the mixed type, in which the equation contains both delayed
and advanced functions. On the other hand, Bohner et al. [33] obtained oscillation results
for damped third-order differential equations. Chatzarakis et al. were interested in the
Emden-Flower and quasi-linear type in [34] and [35], respectively, while Grace et al. [36]
investigated oscillation criteria for the superlinear type.
In 2010, Li et al. [37] extended the results given in [27] by considering the neutral delay
type, where p(s) € C([so, ), R"), and relied on comparison theorem to confirm that the
following differential equation

)
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is oscillatory or tends to zero if

"S

San;o. (Uz(v)q(v) — 3\%v)dv = 0.

50

In the same year, Baculikova and Dzurina [38], used another methodology based on the
Riccati technique, where for ¢ € (0,1) and s, that are large enough, then every solution of
the half-linear NDDE (1) oscillates or tends to zero if

lminfS /S°° (1= p(v))q () (a(v))ﬂé ((T(V)z_ W>adv § (zx’" “

s—oo 7(s) v tx—i—l)‘”ll

under the assumption that #/(s) > 0 and

/:o /Voo L(l,,,) /MOOQ(H)dMT/“dudv = oo

holds. Furthermore, they presented a simplified condition for (4), see Corollary 1 in [38],
as follows: ) .
o [ee] o 2
lim inf— / q(v)a iv) dv > (f;) . (5)
R b e Ay

In 2011, Li and Thandapani [39], used the same technique, but by obtaining improved
properties of the solutions, they were able to set the condition

ool w1+ (5'(v),)"" _
lim sup [(5(1/) <((5(v)R + (1/))“ dv =00, sp>s, (6)

soeos sy | 20— 1 (g 1)t (e (v),s1)c’

where x > 1, ¢/(s) > 0, ¢(s) < 7(s), 5(s) € C!([so,0), (0,00)), and

!/ /
6'(s), = max{0,8(s)}.
This criterion is considered simpler and more effective and does not assume the previous
conditions, to ensure that every solution of (1) is either oscillatory or converges to zero
(Cq1 = ). Later, Grace et al. [40], extended the previous condition under the same assump-

tions and &« > 2 to

s 20

Tﬁl (v «
lim sup [5(1/)61(1/)(;)*(0(1/)))“(((()))) —(s;(v)@) ]dv—oo, @)

S—r00 £ v

where

(o1 mE(6)
p«(s) = p(t-1(s)) <1 p(t=1(t=1(s))) m(T71(s)) )
3

and m(s) = 2, m(s) = s3, m(s) = e°, or m(s) = s%e.
On the other hand, Dzurina et al. [41] proved that case C; does not happen if

s W) o)
lim inf g (v) (/p /p 1d‘udu) dv > 0F o,
s=e0 Jr1(a(s)) ov) Ju  r(p) Toe

where g*(s) = min{gq(s),q(7(s))} and @ € ([sp, ), R) is a positive function that satisfies
T(s) > @(s) > o(s). Moaaz et al. [42,43] presented several interesting results on the
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oscillation of solutions to odd-order delay differential equations. Very recently, Moaaz
et al. [44] developed new criteria for the nonexistence of class C; of (1), under the condition

N - ™ +Po
hgg}f Til(w(s))q )Yy (@ (v),o(v))dv > Se

7

where @(s) < 7(@(s)) and

korko1 019 k
14 * o
Yo (k) = /h /u ) expL0 o L*l(y) g (V)¥5(@(v),o(v))dv|du du.

In this paper, we will derive some new monotonic properties and use them as in
application for

1.  Improving the relationships between the solution and its derivatives;

2. Improving the relationships between the solution and its corresponding function;

3. Obtaining improved criteria that ensure that there are no positive solutions;

4. Obtaining oscillation criteria that improve on the criteria mentioned in the previous
literature.

Comparing these criteria mentioned in earlier works with our results revealed that
our results improved them and provided a broader and greater scope of applicability.The
following is a focused summary of what makes the results of this paper distinctive:

1. The criteria require fewer assumptions about the coefficients and the auxiliary func-
tions than their predecessors, which reduces the complexities when applying them;

2. The half-linear property (exponent « of the first and second derivatives) allows for
a larger area when determining where the same results can be applied to the linear
(¢« = 1) and ordinary (7(s) = o(s) = 1) type;

3. Our results consider two cases of the constant py; i.e., for pg > 1and pg < 1.

The paper structure is divided into five basic sections. The first section is divided into
two introductory parts. In the first part, we give introductions to the important points of
the study, define the equation under our interest, and establish the major assumptions that
have been applied to all of our results. It also contains a summary chronology of the most
important previous works related to the studied equation, which we will use to compare
our results later. In Sections 2 and 3, we study the monotonicity properties of the positive
solutions to (1) and improve these properties, in addition to giving criteria to ensure that
there are no positive solutions for both class C; and C,. Section 4 relies on the previous
criteria to derive theorems that ensure the oscillation of all solutions of (1). In the last
section, a summary of the paper’s content is given, in terms of the basic theorems and
results, as well as an explanation of the most important points that distinguish our results.

Remark 2. All functional inequalities are assumed to hold for all sufficiently large s in following
sections.

2. Improved Monotonic Properties

In this section, we study and improve the monotonic properties of positive solutions
to (1), which we will rely on later to obtain our basic results. First, let us introduce some
auxiliary lemmas to facilitate the study of the properties of later solutions.

Lemma 1 ([45]). Assume that x is a positive real variable, and
F(x) =bix — bzx%,
where b; are constants, i = 1,2, by > 0, and « defined as in (Ay1). Then the following properties
hold:
bux

o
(Py) F has a maximum value at x* = (W) ;
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* * 17—a.
(P2) F(x") = max(F) = fwrby "0y "

atl ® +17,—
(P3) blx_bzx < ((X-‘:;W lié bza.

The following lemma considers an improvement of the known relationship between
variables x and z

x(s) = (1= p(s))z(s), ®)

introduced by Moaaz et al. [46]. Based on this lemma, we can obtain results that are superior
to those obtained by employing (8).

Lemma 2. Assume that x is a positive solution of (1). Then

k [ 2 . z(r[%](s))
o (fpeo) [y e

eventually holds for any nonnegative integer k.

2.1. Properties for Solutions to Class Cq

This subsection concerns studying the monotonic properties of the positive solutions
of (1) that belong to Class C;. To simplify the basic lemmas and main results, let us define
the following notations for sufficiently large s, and j stands for any nonnegative integer,
then 7l0(s) := s,

ll(s) = T(TU-” (s)), (10)
and ' '
sy = 1 (THH] (s)) (11)
Moreover, .
n(s) = /S R(so,v)dv, (12)
and
1 for py = 0;

2L m n(7?1(s)) :
By (s) = /N (m]_[op(ﬂ Ms))) L(T[}é](s)) - 1] ) for po < 1; (13)

20-1 »y
k 1 1 1(7*(s)) 1(s)
2£—1< Hl p(T[”’](s))) |:1 - p(_r[—ﬂ](s)) U(T[%H](S)):l for Po > m/

m=

for any nonnegative integers ¢, m, and k. Additionally, let’s also define some notations that
we will use for the improved lemmas in this section. So, let

An(s) := R(so,s) + /S:R(so,v)pn(v)n(a(v))dv (14)
where ,
pn(s) = &77“71(0(5))5)?,,1(0(5))ﬁl(s)/ (15)

and @y ,(s) is an improved coefficient, to be specified later. In addition, let

Jn(s) = [ Au(w)dv, (16)
- & d
W =] [ el v
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and .
Ton(s) = [ Ru(v)av 18)

for any nonnegative integer n.

Lemma 3. Assume that x € Cy, then the following properties hold, for sufficiently large s,
(Ps) (2'(s)/R(s0,5)) < 0;
(Ps) (2(s)/7(s))" < 0.

Proof. Assume that x € Cy,, then from the nature of r(s)(z”(s))", which is an eventually
positive non-increasing function, we obtain

Z'(s) > /S Mdv > rl/%(5)2" (s) /S 1 4= r/%(s)2" (s)R(sg,s).  (19)

N (D) Jso 117%(v)
But
Z(s) \'  R(s0,5)2"(s) — 2 (s)r/%(s)
R(so,s) RZ(s, 5)
ril/a(s) o " ,
= R%(s0,9) [174(5)2" ()R (s0,8) = 2 (5)| < 0.

So, (Py4)-part holds.

Similarly, we prove (Ps)-part but through the increasing monotonicity of z’(s), where

z(s) > /Sj RZ(,S(Ol’/zl)R(So,U)dU > R?ls(os,)s) /5: R(sg,v)dv = R?;ii)s)ﬂ(s),

which shows that

Ga) - SR -]
< 0.

and this completes the proof. [

Lemma 4. Assume that x € Cq. Then, for sufficiently large s,
(Pg) x(s) > CDk(s)zgs);
(P7) (r(s)(2"())")" + q(s)(Pr(o(s))z(e(5)))" < 0.

Proof. Assume that x € C;. We can see from the definition of ®; in (13) that its value
depends on the value of py, where pg has three possible cases.

In the first case, where pg = 0, the proof is obvious, so we omit it.

Case two: for pg < 1, it is obvious from (10) and (As) that

s > T2l (5) > 720+ ).
Since z(s) is a positive increasing function, then
z (TW] (s)) >z (T[%“] (s)),
but from (Ps)-part of Lemma 3 we have that

Z(T[%} (S)> > M

O
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for £ any nonnegative integer. Substituting (9) into Lemma 2, yields

k(2
x(s) > %(HP(TW](S)DL(T[;M_1]Z(T[M](S))

m=0
k 20 " 1 ;7(7[25](5)>
g g(ﬂop(r[ ](S))HP(TW](S)) 1] TSR

which in turn with (1), verifies (P7).
Now, for pg > 1 case. It is obvious from the definition of the corresponding function
in (2) that

z(T‘l(s)) = x(T‘l(s))+p<T_l(s))x(s)

p(t72(s))
2 z(H*z] (s)) 3 {Z(T[ 3l (s)) —x(r[*’ﬂ (s))} -
= WLy 1L p(tl="(s)) +p(r76)e

Substituting (9) into Lemma 2, we obtain
k [20-1 1 Y 1 >y
<> & (T [ C70) - e ) o

Now, again from (11) and (As), we have

T[72f] (S) > T[f2f+l](s) >,

using the above inequality in the (P5)-part of Lemma 3 and the monotonicity of z(s) yields

120 (5

and
Z(T[_M-H] (s)) > z(s).
As a result, inequality (20) turns into

k /201 1
x(s) > z(s) Z (H )

=\ s p(tml(s))

()

1- p(T[QZ] (S)) ,7(1—[72%1] (S)) ’

which, when combined with (1), yields (P7). And this completes the proof. [

Remark 3. By choosing k = 0, then (Pg) reduces to obtain the well known classical relation (8) for
po < 1.

Lemma 5. Assume that x € Cyand o > 1. Then,

(M2 (5)2"(s)) +p(s)2(0(5)) <0, 1)

where
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holds eventually.

Proof. Assume that x € C;. Since

! anN /!

(r6E'E)) = ((MeE"E))) 22)
= a(rl/“(s)z”(s))ail(r”"‘(s)z”(s))l.

From the (P4) and (Ps)parts of Lemma 3, we have

2(s) _ 2(s)

R(SO/S) m

/% ()2 (s)

IN

and so

IN
N
—
Q
—
V2]
~—
~—

¥ (e(s)2" ((s))

The monotonicity of 71/%(s)z" (s) implies
r/%(s)2" (s) < v/ (0(s))2" (0 (5)),

then

IN
N
—
Q
—
15}
N
=

rt/%(s)2"(s) < 1'% (e(s))2" (e (s))

By taking power a — 1 for both sided, we obtain

(@) = () et

Substituting from the last inequality into (22)

/

(&) ()") = w(n((f(s)))“1z“1<a<s>>(r““<s><z”<s>>) :
and once again substituting from the last inequality into (1), we obtain
~4s) o) = (M) E")")
> w(om )“_1z“—1<a<s>> (M) ("))

But from (A4) and (Pg), we obtain
—x*(a(s)) < =Pg(a(s))z" (v (s)),

and the monotonicity of z(s) implies that

—®p(a(s))q(s)z"(e(s)) = —q(s)x*(e(s))

> o <al<s>>>“17‘“1("“))(71/“(5)(2”(5)))-

(M) (")) + @ (0())a(s) (o))" 2(o(s)) < 0.

which gives (21). And this completes the proof. O

Remark 4. The functions p(s), po(s) defined in Lemma 5 and (15) are equivalent, i.e.,
p(s) = po(s)-
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In the following lemma, we use the definition of functional sequences given in (14),
(17) and (18) to obtain improved monotonic properties of class C; solutions.

Lemma 6. Assume that x € Cy and o > 1. Then, the following improved properties hold for a
sufficiently large s and n any positive integer:

(Ps) (2/(s)/Ry-1(s))" <0;
(Pg) (2(5)/7in(s)) < 0;
(P10) (r(s)(z"(s))")" + q(5)(Piu(o(s))2(e(s)))" <0,
where
1 for po =0;

(A - i (1?(s)) .
By (s) = Zf—()( QOP(T[ }(5))) l:p(r[zll](s)) - 1] ﬁn(s) forpo <1 g
(-1 (2 “
Zi 1 (mnl p(r[lm](s))) |:1 - p(_r[éf](s)) n( [—20+1] S)):l fOT’ pPo > %

and Py o(s) = Py(s).

Proof. Assume that x € C;. Define the function G(s), where
G(s) = —2/(s) + R(sq, s)r'/*(s)z" (s).

Then, it is obvious that

2/(5) + R(s0,5)7/*(5)2"(5) + R(s0,5) (7/%(5) ) 2" (5) 7 /4(5)r/()2" ()
R(s0,5)71/%(5)2"(5) + R(50,5) (1/(s) ) 2"(5)
R(sq,s) (rl/“(s)z"(s)) "

From (21), we obtain
!

(F(9)2"()) < ~p(s)2(0(5)),
and so
G'() < ~R(s0,5)p(5)z(0(s)):

Integrating the last inequality from s to s, then
S
Z'(s) > R(so,s)r'/%(s)z" (s) —l—/ R(so,v)p(v)z(o(v))dv. (24)
S0
Again, by integrating (19) from sy to s and using (12), we obtain
2(s) 2 / P8 (0)2" ()R (50, v)dlv
> /e / R(so, v
= 1/"‘( 5)2"(s)n(s)-
But the non-increasing monotonicity of r1/#(s)z" (s) implies
2(0(s)) 2 r'/%(s)2" () (o (s)). (25)

Substituting from (25) into (24), we obtain
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2(s) 2 Riso ) *©)2'(5) + [ Reso,vp)r ) (0n(ev)dv e

R(s0,5)r"/%(s)2" (s) + r'/%(s)2" (s) /S R(so,v)p(v)n(c(v))dv

50

Y]

= a(s)2"(s) {R(so,s) T / ] R(So,V)p(V)n(U(W)dV}
= Ao(s)r'/*(5)2"(s).

Now, by multiplying the last inequality by Ry 1(s), then

Ry'(s) 51/ 0
Wz (s) > Ry (s)z" (s). (27)
From (17), it is clear that
75/ RO(S)
o) = 2@

So,

Ao(s) 7+ (5)Rofs)
which, in view of (27), implies (Pg); i.e.,
!/
z (s) is decreasing.
Ro(s)
The monotonicity of z/(s) gives
s Z/(v) 4 Z'(v)
> [ 2L Ro(v)dv > iq(s) =—2,
292 [ FRodv 2 ()
therefore,
z(s)

is also decreasing.

1 (s)

Now, the (P1g) part is clearly proven using the last monotonicity and (23) into (9), which
becomes

x(s) > Py (0(s))z(s),

and as a result (1) implies (Pyg) forn =1, i.e.,
(F) ' (9)") +a(5) (@1 (0(5)2(0(5)" < 0.

For n = 2, we obtain (Py) by replacing (Py) with the last inequality and concluding the
proof using the same technique as before. For n = 3,4, ..., we can similarly follow the
same technique and complete the proof. [

2.2. Properties for Solutions of Class Cy

This subsection concerns the study of the monotonic properties of the positive solu-
tions to (1) that belong to Class C,. First, let us define auxiliary notations such as

k
(b, k) == /h R(v, k)dv,

and

q"(s) = min{q(s), (7 (s))}-
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Additionally, this section’s proofs need to add another assumption to the basic ones (A1)-(As)
in the introduction section, in which

(Ag) T(0(s)) = o(t(s)) and T/(s) > 19 > 0.

Lemma 7. Assume that x € Cy and there exists @ a positive function @ € ([sg, 00), R) such that
T(s) > @(s) > o(s).
Then, for T1(h) <k,

z(h) > i1u (b, k)Y (k)2 (k), n=0,1,..., (28)
where
k
itk o= [ [ sept [SP [ o), ew)a]a. @)

Proof. Assume that x € C,. From the non-increasing monotonicity of r1/%(s)z"(s), then

—Z/(h) > /hk 7’1/“(1/)2//(1/) dv > rl/“(k)z“(k) /k 1

ARQ) y
r'/%(k)2" (k)R (h, k),

where I < k. Integrating the last inequality again from # to k, we obtain

2h) > AR (K) /hkR(v,k)dv
= MR (ko (h k),

also for all 1 < k. Next, we employ the mathematical induction to prove the rest of the
proof by assuming for every n € Ny and sufficiently large s that

z(h) > i (R, K)r'/ (k)2" (k). (30)
In the following, we prove that (28) is valid for n + 1. From (1) it is clear that

d(e(s)oels))) = - TN G

but (Ag) implies that
poqg(t(s))x*((a(s))) = poq(t(s))x*(e((s)))

IN
|
=
o
/N O
~
~~
=
~~
1)
N~—
S~—
—~
N
~
I
—~
<
—~
195}
S~—
S~—
SN—
2
—

By adding the above inequality to (1), we obtain
g (s)z%(e(s)) < q(s)x*(e(s)) + poq(z(s))x*(z(e(s))) (31)
" o ! P " « !
< ~(OE6)") - B e 6)")

~(roE )+ Breo) @ (w(e))

Putting h(s) = o(s) and k(s) = @(s) in (30), yields
2(0(s)) > (0 (s), @(s))r(@(s)) (2" (@(s)))".

Substituting into (31), then
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9" (s)i1 (0 (s), @(s))r(@(s)) (" (@(s)))" < — (T(S)(Z”(S))“ + mr(T(S))(Z”(T(S)))“) : (32)

0

Now, let us define the auxiliary function

M(s) = r(s)(2"(5))" + Por(t(s)) (2" (x(s)))".

T

Using C; or C; and (As), we obtain
(PER )0 ) < M6 < (D)) () e

L) L)

and so

T + pPo
Substituting into (32), we arrive at
M'(s) < =" ()i (c(s), @(s))r(@(s)) (2" (@(s)))" (34)

< - OB eEM (T @)

which indicates that M’(s) < 0. So, we conclude that M(s) is a non-increasing function. As
a result, (34) becomes

M(s) < == () (5), @(5) M(s),

Integrating the last inequality again from # to k, we obtain

(30 ) 2 i3, J, 0@

To + Po
or ‘
M) = M8 exp| - [ ) o), @) .
Using (33), we obtain
M -1 T + Po " o 0 k * oK
(1) = (222t 0) e | - [ g O o), 0w)a]
20> a0 W ep | [ g W), @),

Integrating the last inequality from h to k, we have

/ o 1 'k 1 1 'k * &0
—Z/(h) > %K)z (k)/h Wexp " [TO:‘OPO /rl(y) q (v)nn(a(v),w(v))dv} dpu,

once more, from h to k

@) [ s ery [t [ 0 e, @) du

1(p)
= % (k)2" (k)ifur1 (1 k),

N
—~~

=
=

\Y

forevery n + 1, n € Ny. And this completes the proof. O
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3. Nonexistence of Positive Solution Theorems

In this section, we will use the comparison method, the Riccati technique, and the
improved monotonic properties that we obtained in the previous section as an application
to exclude the existence of any positive solutions to (1).

3.1. Nonexistence of Solutions in Class Cq

Theorem 1. Assume that there exists a differentiable function 6(s) € C!([sg, o), (0, 00)) satisfies
that

. s o)) \"

lim sup [&(u) a0 apee) (TTR) - s

5—00 S0 77(1/)

Then, the class Cy is empty.

(o' ()
L (6(v)R(so,v))"

dv = oo. (35)

Proof. Contrarily, assume that x € C;. Let us define the positive function

_s. @
Differentiating the last equation implies
o = () 244 (r(z”)'x)/ z % —ad-r(2) 2 (36)
= %/w +7- (r(z”)“)l z % —wd- %z’.
Substituting from (P7) into (36), we obtain
o < %’w R [@,;ia)z(a)]“ Y ri,z:)l"‘z,l
and from (19)
o s S SOy ()

zZ

+1
o N z(o)\"* pllagm\
= (560—5"7"1%(‘7)'(2 ) —ad-R- .

/

o

By using the monotonicity of z(s) /% (s) given in (Ps)-part of Lemma 3, we have
/ o
w' < %w —0-q-Di(0) - (17(;70)> —as Ve R. (w)”l/“. (37)
Now, for %/w — a1/ R. (w)lH/“, by using (P3) in Lemma 1 with by = %,, by = a6~ V/% R,
and x = w, then

/ v « 7\ a1 _
%w_“'(s_l/a'R‘“’%l < (lxl)a-}-l<i> (vc-é‘l/"‘-R) '
o+

(5/)tx+1
<

(a4 1)* . (5R)*

Substituting into (37), we have

e s ooy, (1@ (&)
<=0 9ko) ( ] ) +(w+1)“+1-(5R)“'

Integrating the last inequality from sg into s, yields
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lim sup
§—00

S

50

’ wiolny. (MEWNN" (@) )
’ >/ ) ®k(e() < n(v) ) (e +1)* . (5(v)R (so,u))“d'

A contradicts (35). And this completes the proof. [J
Example 1. Consider the following half-linear NDDE:
((z”(s))'x), + S;j{%y“(ys) =0, s>0, (38)
where the corresponding function z(s) is defined as
z(s) = y(s) + aoy (7s)-
Moreover, we assume that « is a quotient of two odd positive integers, ay € [0, 00), by € (0,00), and

7,1 € (0,1). Since T(s) = s, o(s) = us, and R(0,s) = s, then assumptions (A1)—(As) are
easily satisfied. With some calculations, we obtain from (10)—(13) that

il (s) :== ')/is, e (s) := 'y*is, 7(s) := 5

and
1 foray =0;
Dy (s) == (1 —ap) Zl 0@y forag < 1;
Yk jag® lag—v2] forag > %
By taking 5(s) = s=%, it follows from Theorem 1 that (38) does not possess a increasing positive

solution (C1 = @) zf

2w a+1 1
bo > (a—i—l) RS 39
for Ry = Py (s).

Theorem 2. Assume that « > 1and there exists a differentiable function 5(s) € C!([so, %), (0,0))
satisfies that

~ ® /1/ a+1
[5(v)~q(v)-®,"<‘,n(a(v))- (’7{(‘7((")))) ey ('(v)) ]dv:oo, (40)

fn (v 1 (6(v)R(s0,v))"

for any nonnegative integer n, k. Then, the class Cy is empty.

Proof. Contrarily, assume that x € C;. By using (23) and replacing (P4) and (Ps5) with
(Pg) and (Py), the proof of this theorem becomes similar to the proof of Theorem 1, so we
omitit. [J

Remark 5. Criterion (40) given in the previous theorem is considered an improvement on Criterion
(35) in Theorem 1; i.e., it gives better results when applied.

Example 2. As in the last example, consider the half-linear NDDE (38), where « > 1. To apply
Theorem 2 in (38), we need to first calculate the iterative functions given in (14)—(18); so, let us
define the following auxiliary sequences {R;} and {T;} fori =0,1,... and Ty = 1, as

1 forag =0;
Ri:={ (1—ag) Xk gad T+ foray < 1; (41)
(ag — p1- T)):Z 1a02 foru0>?
and .
Ti+1 = W. (42)
2%
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Using the previous notations and mathematical induction yields

R; = @p(s).
Hence,
o p2@=1) RY-by 1
pi(s) = Tl
2 i3
U - R% - b(] S
A- e 1 ! —
Z(S) ( + 0‘.2& )S T1+1/
/20 Ry
_ 1/<1+’ N °>
Ri(s) =s ? = slin,
and
) gTit1
171'(5) - Ti + 1
Now, Theorem 2 implies that (38) does not possess any increasing positive solutions (C; = @), if
+1
et (T 20 \*
by - R? (y ) ><“+1> : (43)
Theorem 3. Assume that « > 1 and
o ° < 5 1
llsn_1>1o£1f - q(v)CD,"(‘,n(a(v)))\ﬁ(a(v))dv > o (44)

for any nonnegative integer n, k and A, (s) are defined as in (16). Then, the class Cy is empty.

Proof. Contrarily, assume that x € Cy. As in (26), we obtain
2'(s) > Au(s)rt/%(s)z" (s).

Integrating the above inequality from s to s, then

S

z(s) > rl/”‘(s)z”(s)/ An(v)dv (45)

50

= ) (5)An(6)
Combining (45) and the (Pyg) part of lemma 6, we arrive at
(M) ")) < ~q(5)r(0(5)) (Bg((5)2" (7(5) R (s))) " (46)
Now, let us define the positive function
U(s) = r(s)((5))"

Therefore, (46) becomes
U'(s) +q(s)Df , (e(s)) A3 (o(s)) U (e (s)) <0. (47)

But Theorem 2.1.1 in [47] indicates that under (44) every solution of (47) oscillates. A
contradiction, and this completes the proof. [

Example 3. Recall the NDDE (38) for & > 1. Exactly as in Example 2, where we used auxiliary

sequences (41), (42), and mathematical induction to obtain that R; := ®y;(s) fori = 0,1,....

Consequently,

- 52

Ai(s) == .
1 (S> ZTH—]
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Substituting this into (44) in Theorem 3 ensures that (38) does not possess any increasing positive
solution (C; = @) if
bo-RE-p? 1 1

nts i 48
zleiafH B g € ( )
Theorem 4. Assume that « > 1 and
o 00 20 20 )%
liminf>— [ q(v)7 RV ) — (49)
R T a6

for any nonnegative integer n, k. Then, the class Cq is empty.

Proof. Contrarily, assume that x € C;. From Corollary 1 in [38] and using (Pj) instead of
the inequality

(M) E"6)") < =a(s) (1 = ple(s))* 2 (0 (s).

The proof becomes similar to the proof of Theorem 1 in [38], so we can omitit. []

Example 4. Again, consider the half-linear NDDE (38) where &« > 1. As in the previous examples,
Theorem 4 implies that (38) does not possess any increasing positive solutions (Cq = @) if
o a1
bo > e (50)
(14 )" p2*R¢

Remark 6. Applying criteria (5)—(7) given in the works of Baculikova and Dzurina [38], Li and
Thandapani [39], and Grace et al. [40] to (38), we obtain the following criteria:

a a+1 ) o
> (51)  (amae) - oy
2w a1 1_|_’Lg
b0>(2w—1)~<“+1) - yzﬂj, (52)
and _ 5
- 230 ag- v\
W s () ®

respectively. In the following table, we compare the effectiveness and novelty of our results for
Theorems 3 and 4 with the criteria (51)—(53) in the previous works. In Table 1, we determined the
lower bounds of the coefficient by for different values of ag, a, 7y, and p, as follows:

Table 1. Comparison of oscillation criteria using the lower bounds of the value of the coefficient by.

v p  a (48 (50) (51) (52) (53)
(a) 1 0.1 0.5 0.4 5.1143 3.3332 3.3333 20 Fail
(b) 3 0.1 0.5 0.4 766.3601 749.9242 750.0043 2656.8000 Fail
(c) 1 0.6 0.3 5 52.6300 53.5450 Fail 103.7037 720
(d) 1 0.9 0.7 25 10.3430 4.1661 Fail 7.7097 130.6322

We can notice from the previous table that

1. Criterion (50) produced by applying Theorem 3 provides the best results for Cases a, b, and d;

Criterion (48) produced by applying Theorem 4 provides the best results for Case c;

3. Our results improved on the previous results in the literature, which demonstrates the im-
portance of improving the relationships between a solution and its corresponding function
and derivatives.

N

Figqure 1 illustrates this comparison on a larger scale.
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Special case (c)
a=17=06andas=5

200 250
1 1

150
1

50

T T T T
0.2 0.4 06 0.8

Il Criterion 48 [  Criterion 50 @ Criterion 52 [l Criterion 53

Figure 1. The lower bounds of the gg-values for the Criteria (48), (50), (52), and (53).

3.2. Nonexistance of Solutions in Class C,

Theorem 5. Assume that there exists a positive function @ € ([sp, o), R), such that
T(s) > @(s) > o(s),

and @(s) > v (o (s)). If

liminf g (v (54)

s Jr-1(@(s)) et

Then, the class Cy is empty.

Proof. Assume that x € C,. From (32) in the proof of Lemma 7, we can define the positive
auxiliary function

F(s) = r(s) (2" (s)" + 22r(x(s)) (" (x(s))) "

0
But from C;q or C, and (32), we have
F'(s) < —q"(s)i(o(s),@(s))r(@(s)) (2" (@(s)))"
<

R @), @0)F (@),

then
/ T K\ it -
F(s) + oot () (), @(@)F (T @(6)) ) <0 (55)

This means that F is a positive solution to (55). Now, using (54) and Theorem 2.1.1 in [47],
we arrive at a contradiction with (55). And this completes the proof. [J

Example 5. Again, recall the half-linear NDDE (38). For 0 < p < % and @(s) = ¢s = Wzﬂs,
then it becomes clear that assumptions (Ag) and

TH

vs > >

s> s

are easily satisfied. In order to apply this example to Theorem 5, we first need to calculate the
iterative function (29), which in turn requires defining some auxiliary sequences, just as we did

previously in Example 2. So, let us define the sequence {ﬁl} and {Ti}for i=0,1,...,as:
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T, T _ 2-T, .
~ Yot oqof o p Ti—1 5
R; = = P — i,
i+1 T.—1 me T.—2 Ti—ZQ
Ti = 7’)/170 N;'X,
Y +ap
and )
Ro := ifo(n, @) = e p)r —zy) :

Then, by using mathematical induction, we obtain

TinTi _ ~ ~ ~ -

(k) == — k v KT, - 2)hk1*Ti + KT (Ti — 1),(24,-]
(T:—1) (T -2)

Substituting into (29) in Theorem 5 implies that (38) does not possess any decreasing positive

solutions (Cy = @), if

Y tao 1

by > = .
"7 er Rl

(56)

4. Oscillation Theorems

This section concerns giving oscillation theorems for (1) by combining criteria that
ensure that the class C; and C, are both empty.

Theorem 6. Assume that there exists a function 6(s) € C([sp, %), (0,00)) and @ € ([sp, ), R)
such that T(s) > @(s) > o(s), @(s) > T (0 (s)). If (35) and (54) hold, then every solution to
(1) is oscillatory.

Theorem 7. Assume that for « > 1 there exists a function 6(s) € C!([sp, o), (0,00)), and
@ € ([s0,00),R) such that ©(s) > @(s) > o(s), @(s) > T Y(o(s)). If (40) and (54) hold, for
any nonnegative integer n, k, then every solution to (1) is oscillatory.

Theorem 8. Assume that for « > 1 there exists a function 6(s) € C!([sp, ), (0,00)), and

@ € ([s0,00),R) such that T(s) > @(s) > o(s), @(s) > v~ Y(o(s)). If (44) and (54) hold, for
any nonnegative integer n, k, then every solution to (1) is oscillatory.

Theorem 9. Assume that for « > 1 there exists a function 6(s) € C!([sp, ), (0,00)), and

@ € ([s0,00),R) such that T(s) > @(s) > o(s), @(s) > T (c(s)) If (49) and (54) hold, for any
nonnegative integer n, k, then every solution to (1) is oscillatory.

Example 6. Recall the half-linear NDDE (38). Exactly as we applied in Examples 1 and 5, we can
obtain that (35) in Theorem 1 reduces to (39) to ensure that there are no positive solutions in Class
Cy, and (54) in Theorem 5 reduces to (56) to ensure that there are no positive solutions in Class Cj.
By combining these two criteria (39) and (56), we determine that all solutions of (1) are oscillatory if

b mand (2 L oy 1
0 a1 R§-p% ey Rl

5. Conclusions

In this paper, we deduced and improved some monotonic properties of positive
solutions to (1) and their corresponding functions for classes C; and C,. After that, these
relationships were used to set simple criteria with only one condition, to ensure that there
are no positive solutions for either class, and then used them to ensure that all solutions to
(1) oscillate. The results and criteria obtained in the previous sections were distinguished
by several important points that confirm their originality and novelty. Our results were
applied in Examples 1-6 and compared with previous works in Remarks 5 and 6. Through
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these comparisons, we noted that our results were an improvement on the oscillation
criteria in many previous works. This requires fewer restrictions on coefficients and covers
a larger area when applied. There were nine fundamental theorems provided, and their
applicability and effectiveness were verified by testing the conditions they contained using
more than one example.
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Abstract: The paper introduces a new two-level time-mesh difference scheme for solving the sym-
metric regularized long wave equation. The scheme consists of three steps. A coarse time-mesh and a
fine time-mesh are defined, and the equation is solved using an existing nonlinear scheme on the
coarse time-mesh. Lagrange’s linear interpolation formula is employed to obtain all preliminary
solutions on the fine time-mesh. Based on the preliminary solutions, Taylor’s formula is utilized to
construct a linear system for the equation on the fine time-mesh. The convergence and stability of the
scheme is analyzed, providing the convergence rates of O(1# + 7& + h*) in the discrete Loo-norm for
u(x,t) and in the discrete Ly-norm for p(x, ). Numerical simulation results show that the proposed
scheme achieves equivalent error levels and convergence rates to the nonlinear scheme, while also
reducing CPU time by over half, which indicates that the new method is more efficient. Furthermore,
compared to the earlier time two-mesh method developed by the authors, the proposed scheme
significantly reduces the error between the numerical and exact solutions, which means that the
proposed scheme is more accurate. Additionally, the effectiveness of the new scheme is discussed in
terms of the corresponding conservation laws and long-time simulations.

Keywords: SRLW equation; finite difference; second-order; two-level time-mesh; convergence analysis
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1. Introduction

In this paper, the following initial boundary value problem of the symmetric regular-
ized long wave (SRLW) Equation [1] is considered:

Ut + px +utly —uyyt =0, xp <x<xg, 0<t<T,
prtuy =0 xp <x<uxg 0<t<T,

u(xp, t) =u(xg,t) =0, p(xg,t)=p(xg,t) =0,
u(x,0) =up(x), p(x,0)=po(x), xp<x<xg,

1
0<t<T, M

where u(x, t) and p(x, t) are the fluid velocity and the density, respectively.

The SRLW equation is a partial differential equation that takes into account the effects of
dispersion and nonlinearity utilized to depict a range of physical phenomena such as nonlinear
optics, fluid dynamics, and quantum mechanics. In nonlinear optics, it is employed to study
the propagation of optical pulses in materials with nonlinear properties. In fluid dynamics,
it is used to model the behavior of shallow water waves and to study wave interactions in
coastal regions. In quantum mechanics, it is applied to describe the dynamics of Bose-Einstein
condensates and other quantum systems. Currently, many researchers have employed various
methods to obtain exact traveling and solitary wave solutions for the SRLW equation, such
as the exp-function method [2], (G'/G)-expansion method [3], Lie symmetry approach [4],
analytical method [5], sine-cosine method [6], etc.
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Significant achievements have also been made in the research of numerical solutions
for the SRLW equation. Guo [7] conducted a study on the existence, uniqueness, and
regularity of numerical solutions for the periodic initial value problem of the generalized
SRLW equation using the spectral method. Zheng et al. [8] proposed a Fourier pseu-
dospectral method with a restraint operator for the SRLW equation that demonstrated
stability and optimal error estimates. Shang et al. [9] analyzed a Chebyshev pseudospectral
scheme for multi-dimensional generalized SRLW equations. Fang et al. [10] studied the
presence of global attractors of the SRLW equation. Wang et al. [11] investigated a coupled
two-level and nonlinear-implicit finite difference method for solving the SRLW equation,
achieving second-order accuracy in both space and time. Bai et al. [12] studied a finite
difference scheme with two layers for the SRLW equation, which is a conservative scheme
and converges with an order of O(t + h?) in the L* norm for u and in the L, norm for p.
Xu et al. [13] solved a dissipative SRLW equation containing a damping term using a mixed
finite element method. Yimnet et al. [14] introduced a novel finite difference method in
which a new average difference technique with four levels is employed to solve the u inde-
pendently from the p of the SRLW equation. In order to achieve better solving results, many
researchers have constructed difference schemes with higher convergence orders. Nie [15]
constructed a decoupled finite difference scheme with fourth-order accuracy for solving
the SRLW equation. Hu et al. [16] introduced a novel conservative Crank—Nicolson finite
difference scheme for the SRLW equation. This scheme achieves an accuracy of O(7? + h?)
without refined mesh. Kerdboon et al. [17] proposed a three-point compact difference
scheme for the SRLW equation. He et al. [18] presented a compact difference scheme with
four time-levels for the SRLW equation. The scheme is constructed for the SRLW equation
with a sole nonlinear velocity term and exhibits a high accuracy of O(7? + h*). However,
most of the high convergence accuracy scheme deal with the points near the boundary
via the use of ghost points or fictitious points. Li et al. [19] proposed a compact scheme
for the SRLW equation that avoids the use of ghost points by utilizing inverse compact
operators. He et al. [20] also proposed a novel conservative three-point linearized compact
difference scheme to handle the challenges posed by discrete boundaries and nonlinear
terms in solving SRLW equations.

The combination of the time two-mesh (TT-M) technique [21-27] with other numerical
methods also can improve the efficiency of solving nonlinear partial differential equations.
Liu et al. [21] investigated a finite element method with the TT-M technique, which was
successfully applied to solve the fractional water wave model and other fractional models.
Afterward, other authors [22-26] used the TT-M method to study the numerical solutions
for the partial differential equations such as the Allen-Cahn model, Sobolev model and the
nonlinear Schrodinger equation. Gao et al. [27] introduced a TT-M finite difference scheme
for the SRLW equation, achieving first-order accuracy in time and second-order accuracy in
space. However, the error in the numerical solutions of the scheme increases rapidly over a
long time period, making it hard to simulate the long-time behavior of Equation (1).

To improve the efficiency and accuracy of numerical schemes for the SRLW equation, in
this paper, we construct a second-order two-level time-mesh finite difference scheme based
on the nonlinear scheme in [16]. As a result, the proposed scheme achieves a convergence
rate of O(7% + 1 + h*) in the discrete Loo-norm for u(x, t) and in the discrete Lo-norm for
p(x,t). The proposed scheme has several advantages: (i) Combined with the two level
time-mesh technique, the scheme utilizes the nonlinear scheme on a coarse time-mesh
and then constructs a linear difference system on a fine time-mesh, which more efficiently
solves the SRLW equation than the nonlinear scheme in [16]; (ii) The new scheme obtains
a high accuracy in solving the SRLW equation. The proposed scheme has a second-order
convergence rate in time and a fourth-order convergence rate in space, which is higher
than that of the scheme in [27]; (iii) The convergence and stability of the scheme have
been verified through detailed proofs. Theoretical analysis of the scheme is more intricate
compared to existing TT-M methods since a function with three variables is used in the
process of the linear system construction.
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The rest of this article is structured as follows: Section 2 introduces the notations and
lemmas. Following that, Section 3 outlines the construction of the two-level time-mesh finite
difference numerical scheme. In Section 4, we delve into the convergence and stability of the
scheme. Next, Section 5 offers numerical results to test the theoretical findings, computational
efficiency, and accuracy of the scheme. Finally, in Section 6, we conclude the paper.

2. Some Notations and Lemmas

For time and space intervals (0, T| and [xr, xr], lett, = nt,(n =1,2,...,[T/t] = N)
be the time-level and x; = x; + jh, (j = 0,1,2,..., *37L = ]) be the space mesh point,
where T and h represent time and space step sizes.

Letzg ={u" = (u]") | u" = uy = u}’ = u}’ﬂ =0,j=-1,0,1,...,],] + 1} be the
space of mesh functions, where j = —1 and ] + 1 are ghost points. The following notations
will be used in this paper:

n

L Ry -
() _ Y () _ T () B 20 ey
1) x h ! 1) % h ! 1)z 2h !

. utt _yn uttyn
(u’?) S e R (u’?) _ Y s N A
VR 4h ! t (Y 2 ’

M is used to denote a general positive constant, which may have different values in
different locations.

We define the discrete inner product and norms with respect to any pair of mesh
functions u”, w" € Zg as follows:

J—-1
) =BT ] =, = e

Lemma 1 (See [16]). For a mesh function u™ € Z)), by Cauchy—Schwarz inequality, we have

2 2 2
[ ]” < g™ < [l

X
Lemma 2 (See [18]). If u",w" € Z{) are two mesh functions, we have

(up,w") = (", we) = —(u",wy),  (uye,w") = —(uy, wy), (uz,w") = —(u",wk).

Furthermore,
(g, u™) = —[[uf]?, [l < [luf]] = |uf]l.

Lemma 3 (See [26]). Assume that a sequence of non-negative real numbers {a; }j:O satisfying
n
ap1 <a+BY aT, n>0,
j=0
has the inequality a, 1 < (« + TBag)eP" VT, where a > 0, B and T are positive constants.
Lemma 4 (See [28]). For a mesh function u™ € Z7, there exists constants Cy and C,, such that
[ oo < Callu™[| + Caljurk |-

3. Construction of Two-Level Time-Mesh Difference Scheme

This article is inspired by the approach presented in [16], which involves a nonlinear
implementation and requires a significant amount of CPU time. To address the problem,
this study constructed a numerical difference scheme by incorporating the two-level time-
mesh technique for the SRLW equation.
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Prior to introducing the proposed scheme, we define the coarse time-mesh and the
fine time-mesh. First, the time interval (0, T| is equally divided into P small time intervals.
This divided time-mesh is called a coarse time-mesh. Secondly, each small time interval is
further partitioned into s(2 < s € Z ") intervals. The mesh after this second segmentation is
called a fine time-mesh. The coarse time-mesh has the time levels f;; = ktc(k =0,1,...,P)
and 0 = t) < tg < tps < ... < tps = T, and the fine time-mesh has the time levels
ty =nte(n =0,1,2,...,Ps=N)and 0 =ty < t; < tp < ... < ty = T, where 1¢c = st
and 7r are the coarse and fine time step size, respectively. The combination of above two
different time-meshes is referred to as a two-level time-mesh.

The two- level time-mesh difference scheme for the SRLW equation is presented as
follows. Let uc = = u(x ],tks),plg j = p(xj, tks) be the numerical solutions on the coarse

time-mesh, then we calculate the uf jand pks *; by the following nonlinear scheme in [16],

4 1 4 kstl 1 ksal
(Mlgjsj)t B(Mcj)xxt + B(Mcj)xxt + 3(pCS] 2))2 _ g(pCs] 2)55 o
k ks+1 k k k k
(TR + () — Gl e+ [ )06} =0,
4 k+ 1 ks+l
(Pc])t+3( g z)f—g(ucs,jz)x:(), 3

uC,j = uo(xL +]'h)/ pe;=polxr+jh), 1<j<]-1,

. ks+2 . (k+1)s
where uC] =5 3

+u C]) pC] pC] _|_p}é5,])
Then, using the solutlons u * and p ® obtained at time levels t;; from the initial step,

we employ Lagrange’s linear mterpolatlon formula to calculate uks L plg I'at time levels

ts1(l=s—1,5—2,...,2,1andk=1,2,...,P) and have

fee g —t _ Frs—1 — E(x— I (k- i

ks—I _ tks—1 —tks  (k—1)s (k=1)s ks b (k=1)s ks

u = u ——Uur = -u +(1—-)ug, 4)
¢ F—1)s = ths © ts —tr—1)s 5 C ( ) ¢

Pks 1_ tes—1 — tks p(kfl)s n frs—1 — t(k—l)s Pks _ Ep(kfl)s + (1 - E)pks )
¢ Fk—1)s — tks' C fs — fe-n)s -~ 8 C s/C

By following the previous two steps, we obtain all the numerical solutions u¢, ; and p:
(n=1,2,...,Ps=N,j=1,2,...,] — 1) on the fine time-mesh. It is important to note that
the numerical solutions u¢ j and p¢ are only preliminary solutions and not the ultimate
numerical solutions we aim to achieve for the SRLW equation.

Remark 1. The solutions p{- are not essential for the subsequent step but are used for convergence
and stability analysis of the proposed scheme.

Next, we design a linear system on the fine time-mesh to obtain the final numerical
solutions for the SRLW equation. Let up; = u(x;j, tn),p?]- = p(xj,tn) be the numerical
solutions on the fine time-mesh, then similar to Equations (2) and (3), we obtain

4 1 4 pil 1, ppd
wz»—;ﬁﬂm+3wﬁnm+<ﬁﬁw (0%

*3
1 1 n 1 (6)
+ - { ”+2( ;‘;‘Z)X_F[(u;‘?) ]x} { n+2( n+2)5€+[(”p:}—2)2]5€}:0,
n 1, n+l
(ke + 3y e = 501 e =0, @
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However, as we know, Equation (6) is still a nonlinear scheme. In order to construct
the linear system, we use Taylor’s formula to linearize the nonlinear terms of Equation (6)
as follows. Using the notations in Section 2, we have

4 nt+}, n+l n+3 1, n+l, nt+} n+
§{up,j ’ (”p,]' et [(”P,]‘ )]s} — 5{14” 2(“}:,]' e+ [(MF,]‘ 2)?]¢}
2 nt+i o, on+id n+1 n+i o nt+3 \2
=g\t (g iy —up%y) + (g i) — (g %))
1 nt+d, nt+} n+3 n+i 12 n+i 2
~ 36 up (gl —up; )+ (up; )™ — (ug %)%}

2 n+i n+i  ntl 1 n+i n—',—l n+i
. 2 2 2 2 2 2
—97lf(”F,j—1f”F,j 'uF,j-i-l) - 36hf(”F,j—2'“F,j 'uF,j+2)

where f(x,y,z) = (z — x)y + z* — x%. Then, the Taylor’s formula expansion is used to
1 1 1
linearize the first part of Equation (8) at point (urét T ugz , u?ﬁl) and the second part of

1 1 1
Equation (8) at point (ugt Y u}g]r 2, uzt jZ), respectively, to obtain

n+i n+l  nt+l
flup; 2y g * ug i f)

n+i n+d  on+i n+3 n+d on+l n+3 n+3
~ fluc; 2y ue? g ity) + fulug 2y, uc;® e i) (up 2y —uc ;%) ©)
n+% n+% n+% n+% n+% n+% n+% n+% n+% n+%
+fy(“c,j_1r”c,j r”c,j+1)(“p,j —Uc, )+f2(”c,j—1'”c,j f”C,j+1)(”P,j+1_”C,j+1)
and
n+% n—l—% n+%
flug 2y g% g 5y)

n+% n+% n+% n+% n+ n+% n+% n+%

1
~ flucZyue;® e ity) + fultc 2y e ? e o) (Up %) — e ;%)) (10)

n+3  nt+d on+d o ontl o n+d n+3  nty  nti o\, nt+i n+3
+ fy(ucrjfz, MC’], 2’ uC,j-‘tz-Z) (MF,], 2 _ ”C]' 2) + fz(ucljizl Mclj 2, ”C,j-iZ-Z)(uF,j-iz — uC,j-"z-z)

n+3 n+l  on+i
el et e i),
n+l  n+i n+} n+l  on+d onti n+i  n+i n+i
fx,j = fx(ucljillucl]‘ZluC,jil)/fy,j = fy(”crjilz ”C,jzfuc,j}rl)/fzrj = fz(ucljil/ucljzluc,jil)/
N adl el ol T T atl el opal
fi = flucZyuc;?ucits) frj = faluc 2y uc ;i i), fyj = fylue2atic;® e its)s

1 1 1
7o n+s n+s Nty . . .
foj= fZ(”C,j—Z' Ue,i“rte 7,), we construct a novel linear difference scheme that achieves

Substituting Equations (8)~(10) into Equation (6) and denoting f; = f (

a second-order convergence rate in time and a fourth-order convergence rate in space on
the fine time-mesh as follows:

4 1 4 7’l+l 1 n+l
(”?,]‘)t - g(”?,j)xft + g(“?,j)aeft + g(Pp )z — g(Pp,j ?)s

2 n+1 ntl n+l ntl

+ 971{](] + fxj (”F,j—21 - ”C,jil) + fyj- (”p,]' ‘- ”C,]'z) a1
nty n+3 1 2,7 n+i n+}

tfaj (uFrfJil n uC,jil)} - ﬁ{fj + fxj (uF,jEZ - “c,jfz)

7 n+i n+i z n+i nti
tj (uFJ - ”C,jz) + e (”F,jfz - uC,jiZ)} =0,

4 n+3 1, n+l
(or e+ 5 (g ")e = 3 (up ;%) =0, (12)

upg=up; =0, pro=pr;=0, 1<n<N,
up;=uo(xr+jh), pp;=polxr+jh), 1<j<J-1,

43



Axioms 2023, 12, 1057

where
fe(x,y,2) = —y—2x, fy(x,y,2) =z —x, f2(x,y,2) =y + 2z

are the three partial derivatives of f(x,y, z) with respect to x, y, z. The benefit of our method
is that we avoid having to solve nonlinear equations at many time levels, and that instead,
solve a much less expensive linear system.

Remark 2. From Equation (11), one knows that the values u}, ug, ué‘” are utilized to obtain the

u}f“. However, similar to the Gauss—Seidel method applied to linear systems, our scheme has been
modified by using uf obtained from the previous time level instead of ul in the calculation process
to enhance the accuracy of the numerical solutions ul’_ﬁl.

Remark 3. The nonlinear system (2)—~(3) is solved by Newton's method and when |uP nlk+1) _

u;(]k | <10~ 10 jteration stops, where k is the number of iterations. The linear system (11)—(12) is

computed by a direct solver.

4. The Convergence and Stability Analysis of the Scheme

In this section, we focus on conducting a convergence and stability analysis of
scheme (2)—(5) on the coarse time-mesh and scheme (11)-(12) on the fine time-mesh. Let
v? = u(x]-, tn), q)? = p(xj, t,) be the exact solutions of problem (1), then the truncation
errors of the difference scheme (2)—(3) are obtained as follows:

Erg; = (o) — g(vfs)xft + g(vfs)m + (07 e — 29 s

37 347 (13)
4 ks+i, ks+i k k k k
S GRS PR (CARE B B G AR PR (CAR 9
4 & 1, «
Este) = (¢)i+ 508 e = 507 s, (14)
v’és:v]—Ogoozfp]— 1<k<P,

o) = vo(xp +jh), ) = go(xL +jh), 1<j<]—-1

By Taylor series expansion, we conclude
Er’és] (s + px + Utk = Uxxt) (x; ) + O(t¢ + 1),
Es’g’j = (pt + uX)(xj/tks) + O(Té + h4).

Theorem 1. Suppose that ud € H[xy, xg], p% € Lo[x1, xg], then the solutions of difference
scheme (2)~(5) converge to the solutions of problem (1) with an order of (1% + h*) by the Lo, norm
for uf- and by the Ly norm for pit.

Proof of Theorem 1. Denote e’(‘:s,]. = v}‘s — u’gj, 17’(‘:5:]. = goj?s — p’(‘:s,].,l <j<J]-1,1<k<P
Subtracting Equation (2) from Equation (13), we obtain

4 1 4, ks+1 1, ks+l
k k k
E”CS] (ECS])t - g(ecsj)xxt + 3(ec,])923? t+ g(ﬂc]' e — 5(77 Cj ? )z

R GG P (A G B (T s P (T o S

— SR 4 () + G W e (),
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Subtracting Equation (3) from Equation (14), we obtain

4 ks+% ks+%)

1
Es¢j = (& + 5 (ec; D)s — 3lec; (16)

0 0
ec; =0, nc,; =0,
uls = u’]‘S =0, pk= plfs =0.

The following validation of the theorem consists of two situations: (i) We first prove
the situation of n = ks(k = 1,2,..., P); please refer to the references [16,27] for the proof of
this part. In the end, we obtain

¢l <O(2+hY), et I <O(@+h), gl <O(wE+h). (17)

From Lemma 4, we have
el < O(TE +H); (18)
(ii) Next, we prove the situation of n = ks —I(l = s—1,5s—2,...,2,1 and

k=1,2,...,P). We use Lagrange’s interpolation formula and obtain

ksl — tks—1 — tks olk=1)s 4 brs—1 — Er—1)s ks

Fk—1)s = tks tes — tk—1)s (19)
I l 0" (0
= Lot = Dok s PO - ), 81 € (et
ks—1 _ _tks—1 —tks (k—1)s 4 Pes—t — Hk—1)s s
Ee—1)s — tis tks — tk—1)s 20)

e I e (0
= gfp(k Dsyp- ;)fl’k +%2)(t_t(k—l)s)(t_tks)/ 02 € (F(k—1)ss ths)-

Subtracting Equation (4) from Equation (19), we obtain

ofs—1 ul(cjsfl :é(v(kfl)s _ ug{—l)s) + (1 . é)(vks _ u]és)

v// (91 )

o (= Eeo1)s) (= fs)-

Subtracting Equation (5) from Equation (20), we obtain

_ g 1 _ k— 1
gt — et = (s — plTI) (1 2 (g — o)

S S
/!
0
PO (4 byt~ ).

From the triangle inequality and the results (17) and (18), we conclude

le "Il < O(2 +1%), e, < O(Z +hY), |

X

el <o +nt), @)

and
el < O(2 + H). (22)

We derive the result of Theorem 1 by combining the two above-mentioned cases. [

Theorem 2. Suppose that u} € H}[xy, xg],p% € Ly[x1,xg], then the solutions of difference
scheme (2)—(5) are stable by the Lo norm for ul and by the Lo norm for pit.

Proof of Theorem 2. The theorem can be proved in the same way as that used to prove
Theorem 1. [
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= (U?)t* 3( )xxt+3( )xxt+3((/7

Next, we analyze the convergence and stability of linear system (11) and (12) on
the fine time-mesh. For simplification, we further denote fy.; = fxx(Gj-1,€j,9j11), fyy,j =
fyy(‘:] 1/€]/5]+1) fZZ,] fZZ(é] 118]/§]+1) fxx] = fxx((:] 2,8],5]+2),
Fwi = fw@i28012), foj = fz(G28d2), fuy = fry(Gj1,€j,0j11),
fxz,] = fxz(‘:] 1, €js ]+1) fyz,] fyz((:] 1,€js ]+1) fxy] = fxy(gj—2/§j/5j+2),
fxz; = fxz((:] 2/€]r5]+2) fy2] = fyz((:] 2/€]r5]+2) where fxx(x Y,z ) =-2, fyy(X,]/rZ) =0,
fz(x,y,2) = 2, fay(x,y,2) = =1, frz(x,y,2) = 0, fyz(x,y,2z) = 1 are the second-order
partial derivatives of f(x,y,z), éj_1~€ (Vi ugiq).g € (0f,ug;), b1 € (0] 4,48 j14),
cf,] ) € ( 2y ”C] )& € (U?,uéj),(s]qrz € (v}’+2, ug,ﬁz), then the truncation errors of the
scheme (11) (12) are obtained as follows:

4 1 1
1) - 3<¢7*2>x

2 ntl VH— n+1 nt3 nt3 n+s
+9fh{fj+ij (] 12 ”C] 1)+fy] (Uj ? uC]2)+ij (]+12_qu-i2-1)

n+2 n+2

n+d on+l nty onty o2
+§fxx,j (]1 — Uit 1) + fyy] (U' f-u 2) + fZZ] (]+12 ”C,]—H)

+ fayj- (© 7+12 ”?]21)( 7+2 Mc] )+fxz,] ( ]n+12 —ugfl)(vﬁf ”Eﬁl)
B N [N Tt ) *)
- @{fj T o (0 — Zﬁ D Fu O w4 oy ()
+%fxx,j (]n+22 ”ngrzz) + fyy] (U'Jr% ”ZJJFZ) +1JFZZJ' (7++22 ”2:j2)2
+fxy,j'(0?j—22 (n;J]rzz)(U]nJr2 ”gz) +fxz,j ( ]n+22 “Ezz)( ]n:zz giz)
+ fyaj (z;’?+z ugz)(vﬁf _ ug@)},
Esp; = ((p;?)t+§(vj*%)f— %(v;”%)f, (24)

v =0v=0, ¢5=¢;]=0, 1<n<N,
o) = vo(xp+jh), @) =go(xL+jh), 1<j<]-1

Theorem 3. Suppose that ul € H{[xp,xg],p} € Lo[x1, xg], then the solutions of difference
scheme (11)—(12) converge to the solutions of problem (1) with an order of (t? + t& + h*) by the
Loo norm for ut and by the Ly norm for pi.

Proof of Theorem 3. Denote egj = v}“ —uﬁj,iylﬁfj = go? —pﬁj,l <j<J-1,1<n<N,
Subtracting Equation (11) from Equation (23), we obtain

4 1 4 'VH»l 1 n+l
Erp] (ep]) 3((3?,]‘))0?1‘ + g(‘#,j)a?ﬁt + 5(7713,/‘ 2)9? - g(”pj 2)

7

n+x ntl n+3
+ %{fx,j : ep,]‘,zl +fy,j ’ ep,]‘ : +fz,j : ep,]uil + 0O} (25)
n+% n+%

1 ~ ~ n+i ~
- @{fx,j vepiytfyjep;t + o ep il + Q2

where . . )
n+s n+sy n+1 n+1 n+i., nt+l
Q1 = — (e, P+ (e 21)2 = (e 2 ) (el ) + (el ) (el ),

n+ n+ n+ n—l— n+ n+
QZ = (EC]22)2+ (eC]J,z-Z)Z (eC]ZZ)( C]z) + (eC]z)(eC]J,Z-Z)
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Subtracting Equation (12) from Equation (24), we have

4 +1 1 +1
ESF] (7713])15 + 3(6;] 2)3? - 5(61’1’] Z)x. (26)

1
Taking the inner product (-, -) on both sides of Equation (25) with 26?+ 2, we have

n+} ntiy, 4 ntiy 1 n+ly 8 n+l ont}
(Ert, 20" 8) = (ef 26] 2>—§<esf~,m,zeF 2>+3<e2ﬁ 2 ) 4 St et
2, ntl ontl n+3
=30 er )+ g 2 frj eF] 1+ny eF] +fz; eFJ+1+Q1)eF12 (27)
1 n+ty 7 n+2
782 Frjeris +fy,]"ezr +fZJ 6F1+2+Q2) :
Notice that
n+l
(ef s 2ep 2) = TF(\I6F+1||2 leF %), (28)
n+1
(€F xzts2ep 2) = — o Hep 2= et %), (29)
+
(e e 26572) = == e = et P, @0)
n+3 n+i ntld n+l
(ﬂpxzfep ?) = —(; Zrep,g?z)/ (31)
n+i  n+l n+i nt+l
(qsz,eF ?) = —(p zfeF,jeZ)/ (32)
(Er?:/2€§+7) < |EPEIZ + e 12 + llef 1. (33)

Furthermore, from Lemmas 1 and 2, Lemma 4.2 in [16], and the Cauchy-Schwarz
inequality, we have

J—-1

n+} ntl n+l | ntd
Z;(fx,j ' ep,jfl + fyj rj tfap eF,j+21) Ej :
]:
_ hjil n+sy 3 n+} n+s n+sy
- ]; [_fx,]' (eF] ) + ﬁfy,] : eP,]' + fZ,j (eF] ) ]eF’] (34)

n+3 n+ nts nti n+i  n+l
—(fx- esz, r 7))+ (fy er Ze er )+ (fe-e sz'ep ?)

+
< M(|ef, 2P+ 2R,

n+y n+2 2 n+2 n+2 ot +1 n+%
ZQle —ZhZ ij +2hz eC] seci ep

1 35
2((62—"_2)?—(, ;"'2)_'_2( 1’l+2 Z+2,€?+2) ( )

n+3 + +3 + n+3
< Ml 2 | el 22 + el 2 2, lec.. 2H2+||ep 2|2+ (e 2R,
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F nti 7 nti 7 n+1 n+3
(fx] Cpity tfyj eyt faj e iia)er

T

=
- 7 n+3 n+3
Z —fej- eF] 1) +foj (epifh)xler;
]:

_l 1 1
7 n+s 4 n+s n+1 n+i
Z(ij ep iyt fyjer;” + oyl iier)’

_ 2]+1 7 ”*2 ”*2 +3y ot 2 ”+2 n+ty
=h gfx,j P] }?f hfo] eF] )XP +h ZfZ] eF] )xxeF]

— z n+3} n+3 ;  onti o on+d ;  n+i o on+) ;  n+3 n+j
+hZfZJ (g )xep;® = (fx-eps®rep )+ (fy ep oep 2+ (ferep tiep ?)

= h(fe- ) S h(fe e e )~ 2 e e )

Fl
3 n+1 n+ n+i  ntl
E(fy ep oep 2)+2(fe Cry iCp 7)

n+ n+3
< M(lefiH P + e ),

— n+ o n-+ n+ nt+d ont
Z;QZEF]z—‘LhZ 2§F12+4hZ€C12xC12F12
n+ n+tl n+ n+i n+l
4((ec 2)%/ er 2)“’4( 2 €c Zrep ?)
== n+ nt3 +1
< M(Jlec 2 (1% llec 2||2+||€ 2% |\ECx2|\2+||€p ||2+||€p 21P).

Substituting Equations (28)—(37) into Equation (27), then

81'1: n+ n1 2Tp n+l n+l
e 1% + || el fH ol 5 1 e’ )+ (g Prepy”)
2 2
< llegll +f||6?x|| (IIE§“H2+||6FIIZ+IIE? 2+ et 1)
n+3 n+ n+t3
+Mrr(llec (1% llec 2||2+Hec 2% e c,f\l ?) + | [ErE%.

(36)

(37)

(38)

1
Taking the inner product (-, -) on both sides of Equation (26) with 217;+2 , we obtain

n+i 8 nt3 n+iy 2, n+}  nt}
) -2 )

n+3
(Esg,jfzﬂp ) = (nfp2nF +§(ep,x M ey M

We also have

Vl+2)

(p,2np 2) = (||17 2 =P,

n+3
(Est; 2 7) < NESEI® + gt 1% + gl

Substituting Equations (40) and (41) into Equation (39), then

8Tk, nt+} n+l 2Tr , n+ +1
||77F+1||2 — (e px2/’7p 7) = (e pxzrﬂz ?)
3 3

< 12 + Me (g2 + g l1?) + el EsE1>
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Adding Equations (38) and (42), we have

e 1% + fH P = f||€”+1||2+\|17”“\|2

< IIe?H2+

(43)

+ MTF(He + IIeer2 +llep I + ”eFtz + R+ )

n+ + +
M (el 2 el 2+ el 2, le¢, 2|2) + | EEI2 + v | s

1||enA

3 %112, then

Let B = [|e}[|* + 3¢} [

Byt — B < Mrp(BE* + BF) + Mre (el [ el 12 + e I e )
+7E || Erf|? 4 T || Es}|%
By using the result of the Theorem 1, we obtain
(1— Mte)(BE — BY) < 2M7eBE + Mte(tf + 12 + hP).
Choosing tr to be sufficiently small such that (1 — Mt) > A > 0, then
Bt — BE < Mrp(tf + 12 + h®) + MreBY. (44)
Summing the inequalities in Equation (44) from 0 to N — 1, we obtain
N-1
BY < B} + M(tf + ¢ + h®) + Mt Y B
n=0
From Lemma 3, we have
BN < [BY + M(tf 4 1€ + h8)]eMNTE, (45)
Using the initial and boundary conditions, we get following results from Equation (45)
lek || < O(xf +7¢ + k%), llef |l < O(xF + ¢+ %), [Ing ]| < O(xf +7¢ + h*).
Using Lemma 4, this leads to
leflleo < O(tf +7¢ + 1*).
This completes the proof of the Theorem. [

Theorem 4. Suppose that ul € H{[xp,xg],p} € Lo[x1, xg], then the solutions of difference
scheme (11)—~(12) are stable by the Lo norm for u't and by the Ly norm for pi.

Proof of Theorem 4. The way used to prove Theorem 3 can also be applied to demonstrate
the validity of this theorem. O

5. Numerical Simulation Results

In this section, we conducted several numerical simulations of the proposed scheme
for solving the SRLW equation. On the one hand, we present the computational efficiency
and numerical accuracy of the proposed scheme and compare the obtained results with
the nonlinear scheme in [16] and the TT-M difference scheme in [27], respectively. On the
other hand, we focus on the conservation laws and the long-time behavior simulation of the
proposed scheme. All simulations are implemented on a personal computer running Windows
10 with an Intel(R) i7-10710U 1.61 GHz CPU and 16 GB of memory using Matlab R2019b.
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For all experiments, we selected the following domains and parameters: —50 < x < 50,
0 <t <10, and s = 4m = 15 The SRLW equation possesses the following
solitary wave solution

3(m? —1) 9 -1
u(x,t) = p» sech”( 12 (x —mt)),
3(m* —1) 5, [m2—1
p(x, t) = o sech”( i (x —mt)),
and Y /5
_ e Y2 — O sech2 V2
up(x) = 2sech e po(x) = 3sech g x

The error and convergence rate of the numerical solutions with respect to the exact
velocity v and density ¢ are defined as follows:

e(h, ) = [[v" —u"leo, 7(h,T) = [l9" = "],
B e(2h,47) B 17(2h,47)
uRate, = log, (e(h,’r))' pRate, = log2< n ) )’
B e(2h,27) B 17(2h,27)
uRate; = log, (e(h,’r))' pRate; = log2< iy(h, ) .

First, we verify that the proposed scheme can achieve second-order convergence in
time and fourth-order convergence in space. To do so, we obtain the errors between the
numerical and exact solution at t = 10 with various time and space steps. The convergence
rates and CPU times determined by both the nonlinear scheme in [16] and the proposed
scheme are summarized in Tables 1 and 2. From the results presented the tables, we can
see that: (i) the errors provided by the proposed scheme are nearly identical to those
obtained from the nonlinear scheme; (ii) Both schemes exhibit approximately second-order
convergence in time when i = 1 and fourth-order convergence in space when 1 = h?.
These results verify the analysis results stated in Theorem 3; however, (iii) The proposed
scheme is significantly more cost-effective than the nonlinear scheme. In other words,
the CPU time required by the proposed scheme is approximately half that needed by the
nonlinear scheme. The results in Tables 1 and 2 clearly demonstrate that a significant
improvement has been achieved by proposed scheme compared to the nonlinear scheme
in [16].

Table 1. The errors and convergence rates with 7p = h2.

Nonlinear Scheme [16]

(h, Tr) e(h,tF) uRatey 7(h, TF) pRatey CPU(s)
3, %) 6.0793 x 1072 — 8.4371 x 1072 — 1.83
L 3.9382 x 1073 3.9482 5.4315 x 1073 3.9573 17.30
3 6143 2.4688 x 10~* 3.9956 3.4032 x 1074 3.9963 283.50
= 21%) 1.5452 x 1075 3.9979 2.1277 x 1075 3.9995 5664.93

Proposed Scheme

(h, Tr) e(h,tr) uRatey n(h, Tr) pRatey CPU(s)
L1 757 x10? — 1.0501 x 10~ — 1.00
Ik 3.9370 x 1073 4.2545 5.5879 x 1073 4.2320 9.57
5 6143 2.4687 x 10~ 3.9952 3.4096 x 10~ 4.0346 142.86
= zlﬁ) 1.5452 % 107° 3.9978 2.1279 x 1075 4.0021 2956.44
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Table 2. The errors and convergence rates with & = 1.

Nonlinear Scheme [16]

(h, TF) e(h, ) uRate; n(h, ) pRate; CPU(s)
s 5.5120 x 102 — 7.6668 x 1072 — 6.47
3 ;; 1.3991 x 1072 1.9780 1.9390 x 1072 1.9833 62.37
E ) 35125x1073 1.9939 4.8616 x 1073 1.9958 459.76
> 3}2; 8.7882 x 1074 1.9988 12162 x 1073 1.9990 5357.84

Proposed Scheme

(h,Tr) e(h, tr) uRate; n(h, ) pRate; CPU(s)
1 7.2702 x 1072 — 9.8577 x 1072 — 3.06
3 ég 1.4349 x 102 2.3410 2.1666 x 102 2.1858 23.59
& 1) 35100 x 1073 2.0314 5.0243 x 1073 2.1084 206.61
> 312§ 8.7874 x 10~* 1.9979 1.2267 x 1073 2.0341 2472.98

The three-dimensional plots of the numerical solutions of u(x,t) and p(x, t) for prob-
lem (1) using the proposed scheme by taking i = 1/8 and 7 = 1/64 are presented in
Figure 1. These visualizations provide insights into the evolution of wave propagation
over the time interval [0,10]. Additionally, Figure 2 shows the exact and numerical so-
lutions of u(x,t) and p(x,t) with h = 1/8 and 17 = 1/64 at t = 10 obtained from the
proposed scheme. A comparison clearly illustrates a remarkable agreement between our
numerical solutions and the exact solution. Moreover, Figure 3 displays the computational
times (CPU times) required by the nonlinear scheme in [16] and the proposed scheme for
different choices of 7r = h? and h = . Notably, our proposed scheme demonstrates a
large reduction in computation time. In conclusion, in contrast to the nonlinear method
presented in [16], the proposed scheme not only preserves nearly the same accuracy and
convergence rate as the nonlinear scheme but also substantially decreases the CPU time
needed to obtain numerical solutions.

25
3 16
14
2 4 ’
12
1 15 !
. 08
10 1
06
04
5 05
02
t g 0 2 0 0
-50 T

z

u(z,t)
p(a,t)

-50

(a) (b)
Figure 1. Three—dimensional plots of u(x,t) (a) and p(x,t) (b) with h =1/8,7p = 1/64.
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Figure 2. Exact and numerical solution of u(x, t) (a) and p(x,t) (b) at t = 10 with h = 1/8, 7 = 1/64.
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\
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®
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) (h,7)

(a) (b)

Figure 3. Comparison of CPU times with 7 = h2 (a) and h = 1 (b).

Next, we compare the accuracy of two schemes for the SRLW equation: the previous
TT-M scheme in [27] and the proposed scheme. The former scheme exhibits first-order
convergence in time and second-order convergence in space. Under the same temporal
and spatial domain conditions as in this article, we use the previous TT-M scheme to
calculate the errors of u(x, t) and p(x, t) as well as the CPU time for different time and space
steps. The resulting data are presented in Table 3. By comparing the errors and CPU times
presented in Tables 1-3, it is evident that the proposed scheme exhibits significantly lower
CPU time requirements compared to that of the previous TT-M scheme under similar error
value. This indicates that the computational efficiency of the proposed scheme is higher
than that of the previous TT-M scheme. Figures 4 and 5 illustrate the error comparison
between the two methods with h = 1/8,7r = 1/64 and h = 1/16, t7r = 1/16, respectively.
The results show that the errors in numerical solutions of u(x, t) and p(x, t) obtained from
the proposed scheme are considerably smaller than the errors provided by the previous
TT-M scheme, which implies that our proposed method has superior accuracy than the
previous TT-M scheme for solving the SRLW equation.

Furthermore, based on Tables 1-3, we present the errors of u(x, t) and p(x,t) versus
the CPU time using the three numerical schemes (i.e., nonlinear scheme, previous TT-M
scheme and proposed scheme) in Figure 6. Figure 6 plots the errors versus the CPU time
under 17 = h* and h = Tf, respectively. From the figure, one can see that the cost of
the previous TT-M scheme is the most expensive; the cost of the proposed scheme is the
cheapest; and the cost of the nonlinear scheme is more expensive than that provided by the
proposed scheme.
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Table 3. The errors and CPU times of the previous TT-M scheme with various time and space steps.

Previous TT-M Scheme [27]

(h, TF) e(h, TF) n(h, te) CPU(s)
L %) 7.7523 x 10~ 7.6225 x 10! 0.18
. 1.7627 x 10~ 1.7062 x 10~ 1.90
b& 4.2888 x 102 4.1560 x 102 26.32
1 1 -2 -2
167 ﬁ) 1.0658 x 10 1.0324 x 10 366.92
11 8.9609 x 10! 8.2590 x 107! 1.01
L1 41952 x 1071 3.9001 x 107! 5.40
L 2.0123 x 10! 1.8915 x 10! 31.49
1 1 -2 2
TR 9.8428 x 10 9.3111 x 10 240.06
10° 107
Previous TT-M scheme Previous TT-M scheme
[|_— — Present scheme | — — Present scheme
10° 10°
10° 102
2 10* B E 10" B
T P = -~
10° 10°
10° 10°
0 ; :1 tls zla 10 0 ; :1 el; ;; 10
t t
(a) (b)
Figure 4. Comparison of e(h, ¢) (a) and 1 (h, 7¢) (b) with h = 1/8, tr = 1/64.
10° 10°
Previous TT-M scheme Previous TT-M scheme
"= — Present scheme || = — Present scheme
10° 10°
0% 07 [/
g i ke i} ,i 104 o " .
10° 10° i
10° 10°
0 ; :1 é ;3 10 0 ; zlz els zla 10
t t
(a) (b)

Figure 5. Comparison of e(h, t¢) (a) and #(h, t¢) (b) with h = 1/16, 7 = 1/16.
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10°

Errors

—&— ¢(h,7) of nonlinear scheme
—&— (/1,7 of previous TT-M scheme
10* b —A—e(h,?) of present scheme
—v— (h,7) of nonlinear scheme
—&— ;(h,7) of previous TT-M scheme
—<— 71(,7) of present scheme

1 1

Errors

—&— (/) of nonlinear scheme
10 | —®—e(h,?) of previous TT-M scheme
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—w— 7(h,7) of nonlinear scheme
—&— 1(h,7) of previous TT-M scheme
—— 7(h,7) of present scheme

1 1

10' 10
CPU time

(a)

10' 10
CPU time

(b)

10

Figure 6. The numerical error versus the CPU time using the three different numerical schemes with
T = h? (a) and I = 7 (b).

Next, we consider the three conservation laws of the SRLW Equation (1), namely:
Qi(t) = [ ulxtdx, Qo) = [ plo iz, E() = ull + fusl 2+ o]

Subsequently, by utilizing discretized formulations, we are able to evaluate three
approximate conservative quantities as follows:

J-1 J-1 o , e
Q=h) ul, Qu=h) p!, E=h) (u) +E2(u}1ﬂ—u7) +h) (0])?
j=1 j=1 j=1 j=1 j=1

wheren =0,1,2,...,N.

The values of these three quantities under different time and spatial steps are recorded
in Tables 4-6. Tables 4 and 5 demonstrate that the discrete masses Q; and Q, remain
well-preserved at various times, regardless of the time and space steps. From the results
presented in Table 6, for the case where the grid spacing is 1 = 1/2 and the time step is
Tr = 1/4, it can be observed that the discrete energy E undergoes a slight change over time.
However, as the spatial and temporal step sizes become smaller, the tables show that our
proposed scheme preserves the two discrete masses well and almost maintains discrete
energy when the time and space steps are made smaller.

Table 4. Discrete mass Q under different mesh steps /1 and 1 at various times.

Present Scheme

11 11 11 11
271 416 8/ 64 167 256

t=0 13.4164078649 13.4164078649 13.4164078649 13.4164078649
t=2 13.4164078649 13.4164078649 13.4164078649 13.4164078649
t=4 13.4164078649 13.4164078649 13.4164078649 13.4164078649
t=6 13.4164078649 13.4164078649 13.4164078649 13.4164078649
t=28 13.4164078649 13.4164078649 13.4164078649 13.4164078649
t=10 13.4164078648 13.4164078648 13.4164078648 13.4164078648
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Table 5. Discrete mass Q, under different mesh steps h and tr at various times.

Present Scheme

(+4)

11
416

11
8/ 64

11
16 256

0 8.9442719099 8.9442719099 8.9442719099 8.9442719099

= 8.9442719099 8.9442719099 8.9442719099 8.9442719099
=4 8.9442719099 8.9442719099 8.9442719099 8.9442719099
= 8.9442719099 8.9442719099 8.9442719099 8.9442719099
= 8.9442719099 8.9442719099 8.9442719099 8.9442719099
t=10 8.9442719099 8.9442719099 8.9442719099 8.9442719099

Table 6. Discrete energy E under different mesh steps i and tr at various times.

Present Scheme

(&)

11
416

11
8/ 64

11
16 256

=0 34.7628720201 34.7781529556 34.7819964190 34.7829587447
t=2 34.7647712611 34.7781634038 34.7819965109 34.7829587460
t=4 34.7537001446 34.7780876049 34.7819962655 34.7829587461
t=6 34.7185711285 34.7778355542 34.7819952701 34.7829587428
t=38 34.6591320134 34.7773916731 34.7819934746 34.7829587360
t=10 34.5775373861 34.7767645581 34.7819909256 34.7829587262

Finally, we present the long-time behavior of the u(x,t) and p(x, t) using the proposed
scheme with the parameter x; = —40,xg = 160,T = 80,h = 1/8,7r = 1/64. The
waveforms of u(x,t) and p(x,t) at t = 0,40, and 80 obtained from the present scheme are
illustrated in Figure 7. From the figure, it is evident that the waveforms at three different
time instances are nearly identical. This observation strongly indicates the high accuracy
of our proposed scheme. The long-time errors in u(x,t) and p(x, t) over the time interval
[0,80] are presented in Figure 8. Although the errors of the proposed scheme increase over
time, the rate of growth is relatively slow, which also indicates the high effectiveness of the
proposed scheme.

3.0 20
—— =05
—-—1=40s
25 L= = t=80s

——t=0s
—-=1=40s
- = t=80s

201 I N i I

|
1
I
05 - : !
[ |
05| |
I
|

L 0.0 - <

0.0 L . — , \ ) )
80 100 120 140 160 -60 -40 -20 0 20 40 60 80 100 120 140 160

-60 40 -20 0 20 40 60

(a) (b)
Figure 7. Long—time behavior of u(x, t) (a) and p(x,t) (b) under mesh steps with h = 1/8, 7 = 1/64.
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Figure 8. Errors in long-time behavior of u(x,t) and p(x,t) withh =1/8, 1 = 1/64.

6. Conclusions

In this paper, based on a two-level time-mesh technique, a novel finite difference
scheme with a second-order convergence rate in time and a fourth-order convergence
rate in space is developed for effectively solving the SRLW Equation (Equation (1)). The
proposed scheme is nonlinear on the coarse time-mesh and linear on the fine time-mesh to
make it easier to implement. The proposed scheme offers several advantages over existing
methods, including improved efficiency and accuracy. We performed a convergence and
stability analysis of the proposed scheme; compared to the nonlinear scheme in [16], the
proposed scheme not only maintains the same errors and convergence rates as the nonlinear
scheme but can also save in computational time, which makes the proposed scheme a
valuable tool for practical applications. Moreover, a comparison of the errors obtained
using the previous TT-M difference scheme in [27] and the proposed scheme is presented.
The results indicate that our proposed scheme exhibits significantly smaller errors than
the previous TT-M scheme. The higher accuracy of our scheme ensures stable and reliable
solutions throughout the simulation. We also plotted the errors against the CPU time for
three methods and found that our proposed scheme is the cheapest of the three schemes
in the comparison in terms of CPU time. Finally, the discrete conservation laws were
investigated and the long-time simulations that demonstrate the waveform’s preservation
were conducted to illustrate the effectiveness of the proposed scheme. Overall, the proposed
numerical scheme for the SRLW equation is more accurate and efficient than other earlier
schemes in the literature. The new difference scheme presents an important advancement
in numerical methods for solving the SRLW equation. However, as shown in Figure 8,
one of the shortcomings of our scheme is that the error will become large over a very
long simulation time. This will be addressed and enhanced through the use of alternative
methods in our future work.
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1. Introduction

In this study, we consider the functional differential equation with p-Laplacian-like
operators

Llaotrp(E5x®)] + s Sx)) +mocisen =0, @
T RAGATE 1\ g 2(0)p(x(g(0)) =0,
where t € I := [ty,0), ¢p(u) = |u|" u, and the following assumptions are satisfied:

(Al) p > 1is a constant;

(A2) ag € CY(I,R*), a; € C(I, [0,00)) fori = 1,2, af(t) > 0,and ax(t) > 0;
(A3) g € C(LR), g(t) <t ¢'(t) >0, and lim;_c0 g(t) = o0;

(A4) lim;_se Ag(t) = o0, where

1

wot= [ (i)

a(t) :==exp [— /tlt Z;E;g dg].

Functional differential equations (FDEs) are used in the natural sciences, engineering
technology, and automatic control, as stated by Hale [1-5]. According to [6], the p-Laplace
FDE has a wide variety of applications in continuum mechanics.

The great development witnessed by various sciences has been accompanied by many
nonlinear mathematical models. However, it is difficult to find solutions to these models
using traditional methods. Therefore, researchers resort to obtaining approximate solutions
through numerical methods, or studying the properties of the solutions of these equations.

=

and
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Many biological, chemical, and physical phenomena have mathematical models that
use differential equations of the fourth-order delay. Examples of these applications include
soil settlement and elastic issues. The oscillatory traction of a muscle, which takes place
when the muscle is subjected to an inertial force, is one model that can be modeled using a
fourth-order oscillatory equation with delay.

The qualitative study of differential equations contributes significantly to understand-
ing and analyzing phenomena and problems without obtaining solutions. Qualitative
studies have been developed in many theoretical and numerical ways. The qualitative stud-
ies include the study of stability, control, oscillation, bifurcation, periodicity, boundedness,
and others.

One type of differential equation in which oscillatory behavior is frequent is the class
of FDEs. It is known that deviating arguments that express the phenomenon’s prior and
present times are present in equations of this type when they deal with the aftereffects of
life phenomena, which increase the likelihood that oscillatory solutions will exist (see [7]).
One of the fundamental subclasses of FDEs is the delayed functional differential equation,
also known as the delay differential equation. This type is based on the past and present
values of the temporal derivatives, which results in forecasts for the future that are more
precise and successful.

Oscillation theory, as one of the branches of qualitative theory, is interested in in-
vestigating the asymptotic and oscillatory properties of the solutions of FDEs. Studies
in oscillation theory began by relating the oscillatory behavior of the linear differential
equation to complex solutions of the characteristic equation, see [8,9]. Then, many methods
and techniques have been developed that investigate the oscillatory behavior of different
FDEs, which include delay, advanced, neutral, and mixed, as well as in canonical and
noncanonical cases, see [10,11].

Here, we mention the basic definitions and some elementary previous results that we
use to prove our results.

Definition 1. A function x € C"~V([t,, ), R), t. € 1, is said to be a solution of (1) if
ap - cp(x(”’l)) € Cl([ty, ), R), x satisfies (1), and sup{|x(t)| : t > t1} > 0 for t; > t,.

Definition 2. Such a solution x is called nonoscillatory if x is positive or negative, eventually;
otherwise, x is called oscillatory.

Definition 3. FDE (1) is called oscillatory if every solution to it is oscillatory.

Next, we review some of the previous results that contributed to the development of
the oscillation theory for equations of the middle term and for equations of the fourth order.
In 1979, Onose [12] studied the oscillation of the FDEs

2 2
< [ao(t)cizx(t)} +w(t, x(g(£)) = 0

and

d2 d?

S 106 G| + e, 2(500)) = 0,
under the condition

/ a5 1(5)d; = oo.
to

In [13], Grace et al. presented some oscillation conditions for the FDE

3
% {ao(t)ix(t)} +a(Hw(x(g(t))) = 0.
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Wu [14] and Kamo and Usami [15] addressed the oscillatory properties of the equation

a—1 dz

d2
@x(t)

dz B—1
" [aoa)\dtzx(t) +ax(0)|x(1) P () = 0,

where o, p € RT.
For even-order equations, Zhang et al. [16,17] and Baculikova et al. [18] studied

the FDE
d dr-1 &
a [ﬂo(t) (dt”—lx(t))

where o > 0 is a quotient of odd integers. In [16,17], under the condition

+q()f(x(g())) =0, 2)

/oo agl/“(g)d;) < 0o, (©)

fo

Zhang et al. used the Riccati approach, and provided some oscillation criteria for
Equation (2) when f(x) = xP, B < &, whereas Baculikova et al. [18] used the comparison
technique to test the oscillation of FDE (1), and considered the two cases (3) and

/ ag % (3)d5 = co.
to

For equations with a middle term, Grace [19] inspected the oscillatory behavior of

the FDE 4 4
" [aomdtx(t)} +ay (Hx(h(1)) + an(t)w(x(g (1)) = 0. @

In [20], Saker et al. obtained Kamenev-type criteria for FDE (4), and improved results
in [19]. Tunc and Kaymaz [21] studied the neutral FDE

d? d
g2t +au(t) gz(t) + ax()x(g(£)) = 0,

00 t
/ exp(—/ a (5)d5) dt = oo,
to to

where z(t) = x(t) +a3(t)x(h(t)), and h(t) < t. Graef et al. [22] studied the oscillation of
the mixed neutral FDE

under the condition

S |00 50] + a0 G20 + ax(0x(s) =0 6)
under the condition . 5 a1(s)
_ ai(s -
/to aol(é)exp(_ /to ao(t)ds)dg = 09, (6)

where
z(t) = x(t) + co(t)x(ho(t)) + c1(t)x(h1(t)), ho(t) < t, and hy(t) > t.

Jadlovskd and Dzurina [23] derived Kneser-type criteria to test the oscillation of

the FDE
G [m0e(5x0)] +tieeeon o %

Theorem 1 ([23], Theorem 2). Assume that p > 2 and

a = limin 7(t)
ERENTE0)
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FDE (7) is oscillatory if

timinf [y~ (57 (g(1)n(Daa(8)] >,

t—co
where

1
5= (P—l)max{% NAS (O,l)}

and

Using the comparison method with second-order equations, Elabbasy et al. [24]
studied the oscillation of FDE (1) when ¢(u) = u.

Theorem 2 ([24], Theorem 2). If the differential equations

G (00 500) + Jaa0g () =0

and

d2 0 o 2(u
@w(t)—i-w(t)/t Llol(s)/s az(u)gu#du ds=0

are oscillatory, where x € (0,1), then FDE (1) is oscillatory.

2. Main Results

Assume first that x is an eventually positive solution of FDE (1), i.e., x(t) > 0 for
t > t; € . According to Lemma 4 in [25], we have, eventually,

x'(t) >0, x"(t) > 0, and x*)(t) <0,

under the condition (A4). Therefore, we can classify the solutions of FDE (1) into the
following two cases:

[C1] xD(t) > 0fori=0,1,2,3,and x* <0;
[C2] x(t) > 0fori=0,1,3,x"(t) < 0,and x*) < 0.

For convenience, we define
t
Ai(t) == / A; 1(3)d;, fori=1,2.
f

2.1. Monotonic Properties of Solutions in [C1]

In the following, we deduce some monotonic properties of the solutions in [C1] and
their derivative.

Lemma 1. Assume that x satisfies [C1], eventually. Then,

d | xO(p)
[Azi(f)] =0 ®

dt
fori=0,1,2.

Proof. Assume that x satisfies [C1] for t > t; € I. From FDE (1), we have
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Thus,
1" t ﬁ(j) ﬁ aO(ﬁ) " ﬁ
v 2 [ (o) e o] e
ao(t) ]
> {;(t)rp(x <t>)} Ao(t)
IO
= (2) e
This leads to

dfa'()] _ 1 ORI
Ga6) = =6 [’40“)" O~ (as) "(”]

< 0

which in turn gives

Similarly, we obtain

The proof is complete. [
Lemma 2. Assume that x satisfies [C1], eventually. Then,
Ao(H)x(t) > Ax(t)x" (t)

and

x(t) > AZ(t)( ﬁ(t)

Proof. Assume that x satisfies [C1] for t > #; € I. From Lemma 1, we have that (8) holds.
Thus,

2 oo Hi4
M),
= 2 W
AZ(t) aO(t) p%] "
z Ao<t><ﬁ<t> Aol£)x7(1)
(H)\ 7

The proof is complete. [

2.2. Comparison Theorem

The comparison technique is usually used to benefit from the development of oscilla-
tion criteria for solutions to first- and second-order equations. This is acheived by linking
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the oscillation of higher-order equations to one or more equations of the first or second
order. This technique relies primarily on the relationships between the solution and the
derivatives of the second and third orders, so improving these relationships is reflected
in turn in improving the results derived from the use of the comparison technique. In the
following theorem, we use a comparison approach to relate the oscillation of FDE (1) with
a pair of equations of the second order.

Theorem 3. Assume that p > 2. FDE (1) is oscillatory if the second-order FDEs

1 -1
d [(O(t)) w/(ol bl e B ) =0 ©)

dr |\ a(h) —1a(t) Aolg(h)
and 1
v+ x(5(0) [ 20 [7 20| ae —o (10

are oscillatory.
Proof. Based on the converse hypothesis, we assume that FDE (1) has a nonoscillatory
solution, which in turn inevitably leads to the existence of an eventually positive solution

to this equation. Therefore, there is a t; € I such that x satisfies [C1] or [C2] for t > ;.
Suppose first that x satisfies [C1]. Then, we have

()"

- 2l

1 2—p
_ 1 aO(t) pjx/// ﬂz(t) X
- (( ) (t)) 2 pix(5(0). an

From Lemma 2, we have

x(t) = As(t) (aom> ), (12)
Since x/.Aj; is nonincreasing, we have that

x(g() _ x(0)
A(3(0) = Aat)’

which, with (12), gives
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Thus, (11) becomes

d a (t) =L 1 x(g(t
dt[(%t)) : “)1 < - a

= A ) B (s ), 13)
From Lemma 2, we obtain
Aa(8(1))
x(g(0) = 22y @) (14)

Combining (13) and (14), we arrive at

df(a®\T ] 1wt A6,
dt[(ﬁ(t)) () T30 jo(g(t)) x"(g(t)) <0.

Now, if we set w := x”/ > 0, then w is a positive solution of the inequality

1

L T -1
d[<ao(f)>’”w/(t) L L a®AEO) <

dt |\ a(h) p—1la(t) Algt))

Using Corollary 1 in [26], the corresponding FDE (9) also has a positive solution; this is
a contradiction.
Next, suppose first that x satisfies [C2]. Multiplying FDE (1) by 1/a(t), we find

|2 o) | + 2 gtx(se) =o. a2

Integrating (15) from ¢ to co, we obtain

ao(t) m *a
S e 0) = [T R e(s))ds

Vv
=
—

=
—
oq
—~
-
N—
=
\
3
SN
55
\_/\-/

and then

202 (g0 | s [~ 20|

By integrating from t to co, we obtain
* a(x) /°° a3(3) } P
x(g(c —=d de
/t (5() [ﬂo(t) ¢ a3) !

a0 [ | [ ] e

(£) + x(g(1)) /t w{i({t)) / ” ‘gé‘"’)) d;,} T e <0.

Then, x is a positive solution of this inequality. Using Corollary 1 in [26], the corresponding
FDE (10) also has a positive solution; this is a contradiction.
The proof is complete. [J

_x//(t)

Y

Y

or
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Corollary 1. Suppose that p > 2,

wp := liminf Ao(t)

Be Ao(g(t) ~ ™

and ;
Ny = ligcigfm < o0
FDE (1) is oscillatory if
tim in | 22(8) (200 ﬁ,4 HOA (g | > (p—1)5 (16)
e | a(r) \ a(t) R P

and )

e 0 ﬁ(t) o az(j) =1

htrgglf [tg(t)/t [ao(t) /t 20G) dg} dt} > 01, (17)
where

Dél-'

d; :max{g(lzg) e (0,1)}, fori =0,1.

Proof. Based on the converse hypothesis, we assume that FDE (1) has a nonoscillatory
solution, which in turn inevitably leads to the existence of an eventually positive solution
to this equation. Therefore, there is a t; € I such that x satisfies [C1] or [C2] for t > ;.
As in the proof of Theorem 3, the second-order FDEs (9) and (10) have positive solutions.
However, according to Theorem 1, conditions (16) and (17) confirm the oscillation of
FDEs (9) and (10), respectively, which is a contradiction.

The proof is complete. [

The following corollary is obtained directly by setting p = 2 and ag(t) = 1. This
corollary studies the oscillation of the linear state of FDE (1).

Corollary 2. Suppose that

N = liminfL < o0
= lmint oy <
The FDE
d* d3
@x(t) + ﬂ1(t)@x(t) +ax(t)x(g(t)) =0

is oscillatory if

. Jaa(t)
htrgglf{ﬁz(t)Ao(t)Az(g(t))} >0
and )
. ® ® a2(3
htrgg}f{tg(t)/t a(t)/t 70 dgdt} >0,
where 211
6= max{(a;) e (0,1)}.
Example 1. Consider the FDE
df1d’ 14 co
S5 Sex] + & sx(0+ Bxan = (18)
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where t > 0,co > 0and A € (0,1). We note that p = 2, ¢(t) = u, ag(t) = 1/t, a1(t) = 1/,
ay(t) = co/t>, and g(t) = At. Thus, we have

~ 1 1
a(t) =, Aot) =t, A(t) = Etz’
and 1
AZ(t) = 6t3

Moreover, from the definition of a and ay, we find that a1 = ay = 1/A.
Now, conditions (16) and (17) reduce to

/\3
?CO > d
and c
A2 > 6,
6~
where

5 = max{€(1 — DAL e (0,1)}, fori=0,1.
Thus, using Corollary 1, FDE (18) is oscillatory if
A3cy > 60p. (19)

Remark 1. Using Theorem 2, FDE (18) is oscillatory if the second-order FDEs

d/1d kcoA? 1 _
a (tdtw(t)) — t—3w(t) =0 (20)
and ) 5
d Co/\ 1 o

are oscillatory.
Now, From Theorem 1, FDEs (20) and (21) are oscillatory if

1
g)\4C0 > 6y
and ,
respectively, where
5 = max{é(l — 0Nl e (O,l)}.

Therefore, FDE (18) is oscillatory if

(22)

co > max{ 89, 8 }

AETA3

To compare the two criteria (19) and (22), we consider different values of parameter A and determine
the most efficient criterion through the following table.

We notice from Tnble 1 that Criterion (19) provides wider intervals for the parameter cq, and
this means that it is more efficient in testing the oscillation.
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Table 1. The lower bounds of the parameter ¢y at which conditions (19) and (22) are satisfied.

A 0.1 0.5 0.7 0.9
Criterion (19) 635.114 8.74015 3.68796 1.95338
Criterion (22) 5159.99 17.9293 6.01641 2.75110

3. Conclusions

Based on the comparison principle with equations of the second order, we established
a new criterion of the Kneser type that confirms the oscillation of all solutions of fourth-
order half-linear differential equations. After classifying the positive solutions according to
their derivatives, we excluded the existence of positive solutions in each case separately.
Then, we obtained a criterion that ensures the oscillation of the solutions to DE (1). By
applying the new results to some examples and special cases, we clarified the importance
of the new results. Extending our results to the neutral case is a suggested research
point. Also, improving the monotonic properties of the studied equation can improve the
oscillation criteria.
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1. Introduction

In 1926, the Schrodinger equation was proposed by Schrodinger, who is a physicist
from Austria [1], which combines the concept of matter wave with the wave equation to es-
tablish a second-order partial differential equation that describes the motion of microscopic
particles, and its general form is as follows:

2
ihaa—? = —zh—mAu + Vu.

where u is the wave function, 71 is Planck constant, V' is the potential function, m denotes
the mass of the particle, and A represents the Laplace operator. In recent years, there
have been many studies on the Schrodinger equation [2-10]. Researchers have found that
fractional differential operators are non-local compared to integer differential operators
and are very suitable for describing real-world processes of change with memory as well as
hereditary properties. It has become one of the most important tools for describing all kinds
of complex mechanical and physical behaviors. In 2004, Naber substituted the time term of
the classical Schrodinger equation with the Caputo time-fractional derivative to propose
the time-fractional Schrodinger equation (TFSE) [11], which describes the dependence of
particle motion.

The TFSE is an integral-differential equation, and since it’s very difficult to find the
analytical solution, it has been a widely discussed hot topic to get a numerical solution
of the TFSE with a smaller error and higher order. For example, Wei et al. proposed an
LDG finite element method to solve the TFSE, which is implicit and fully discrete [12].
Garrappa R. et al. solved the TFSE based on the Krylov projection methods [13]. Liu et al.
obtained the approximation solution of the TFSE based on the reproducing kernel theory
and collocation method [14]. Zheng et al. presented a spectral collocation method for
solving the TFSE [15].

Some L-type formulas have been exploited to replace the Caputo time-fractional term
for discretizing the time derivative term and to reap the approximation solution of the
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TFSE. For example, Eskar, R. et al. used the L1 and L1-2 formulas to discretize the Caputo
derivatives, and the compact difference scheme is exploited for the spatial terms to obtain
the finite difference scheme [16]. Fei et al. constructed an implicit scheme by adopting
the L2-1, formula to approximate the Caputo term; the weighted and shifted Griinwald
formula is used for the spatial term [17]. Cen et al. also adopted the L2-1, formula on
graded meshes for solving the TFKBE with an initial singularity [18]. Ding et al. solved a
nonlinear TFSE by using the quintic non-polynomial spline in the spatial term and the L1
formula in the time term [19]. Mokhtari, R. et al. constructed three finite difference schemes
by adopting different L-type formulas to approximate the Caputo derivatives in the time
direction and the central difference format in the space direction, respectively. The accuracy
of the three schemes are O(t2~* + h?), O(t3~* + h?), and O(73 + h?) [20], where 0 < a < 1,
and 7 (h) is time (spatial) step size. Hadhoud et al. received the approximation solution of
the TFSE by using the L1 formula and proved the conditional stability of the technique [21].

In this paper, we use the L1-2-3 formula to approximate the Caputo derivative, and the
fourth-order compact difference scheme is exploited to discretize the spatial derivative term
for establishing a high-accuracy difference scheme, where the order in the time direction is
3 and the spatial direction is 4. Furthermore, we will prove the scheme is unconditionally
stable and convergent in the maximum norm. At the end of the paper, a numerical test is
given to prove the theoretical result.

2. Preliminaries
The following TFSE is considered:

“u(x,t)  *u(x,t)

s = aa T ), xeQ=(0L), te(0,T] (1)
u(x,0) = ¢(x), xeQ=][0L], ()
u(0,t) =u(L,t) = ¢(t), t € [0,T]. 3)

where i = /-1, a € (0,1), T and L are positive real numbers, uy(x) and f(x,t) are

given functions, aﬁggf 4 is the Caputo derivative of order « € (0,1), which is defined as

follows [20]:

o"u(-,t) 1 /t us(+,s) s,
0

ot T(1—a)Jo (t—s)"

In order to discretize the continuous problem, we first give a dissected grid of the
solution region. Let h = L/M and T = T/N be the step sizes in the time and space
directions, where M and N are two integers. Then x; = jh(j=0,1,2,--- M), t" =nt(n =
0,1,2,---,N). Furthermore, we define a mesh that cover the domain [0,L] x [0, T]. Let
U= u" jisa grid function on the mesh. For any u,v € U, we introduce the following
notations:

IO L bk W SR ks = G W B oV Sk iV
j+1/2 h ’ x¥i-1/2 h ’ x Mg n ’

— 7 2 _ — )
(o) = T wgy |l =), |l = max o,

M
Z 5x”]+1/2 5x”;+1/2) H“||%=(”f“)1r

where the 7; and ;1> denote the complex-conjugate of v; and v}, 1 5.
From the Taylor expansion, we have:
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1

5;%”? = h—z(u]{l - Zu;«’ + u;’H)

2 hzu”(xj, tn) h4u(4)(x]-, tn) 4

T2 TR ) Hou)
hz 2N, /! 4
=(1+ ﬁéx)u (xj,tn) +O(K*),
then, we get:
52
u'(xj,tn) = ——7——uf + O(h%),

2
(1+$63)

and we define the compact fourth-order difference formula as follow:

2
f 5§)u;’.

n _ -
Huj —(1—0—12

Definition 1 ([22]). (The L1-2-3 formula). Assuming that « € (0,1) and u(x,t) € C®°
(Q2 x [0, T]). We have

1 n—1
(():D;fxu('/ t”) :m [doun - ;(dn—l—l - dn—l)ul - dn—luo ’ (4)

where u™ and u® are approximations of u(-,t") and u(-,t°). And forn =1,

dg =1,
forn =2,
b | =
dl: ay + vy, 0
al_bl—lf Z:1
forn =3,
al—l—bl—f—gl, =0
d=qa+b—b_1-28, =1
ap—b1+g 2, I =
and forn > 4,
u;—l—bl—l—gl, | =
ap+by—bi_1+8 —28-1, =1
dj=qa+b—b1+8-291+g 2 2<I<n-3
ap+b—b1—2g 1+812, I=n-2
ap—bi1+8-2 I=n-1

with
g =(+1)" =1,
(l + 1)2—1x o lZ—oc (l + 1)1—0( o ll—zx

by = - ,
! 2_a 2

U e S (o ) S - S
ST 2B —a) 6 2—a
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Lemma 1 ([20]). If n > 4, then we have:
do > |di],
dy>dy>d3>--->d,_1>0.
Lemma 2 ([20]). For dj(j =0,1,2), we have:
dy > 1,

3do 4+ 2d1 — 2dy > 2,
do+di—dr >1/3.

Theorem 1 ([22]). Let

o*u(-, t"
es(u(, ) = G —mpuc )
ifu(x,t) € C¥5(Q x [0, T)), then
les(u( )] < smrm vy
’ 2 (3 — a) ’
les(u(-, )] < : T L M
IS 3 C )2 —ar@—a)\2 " 3—a )"
& 2 dy-a—1 3
+ 12r(1 — CK) (t t ) MttT ,
12 o
L n < n_ 4Iy—a—1 3 n_ 42\—a—1 4
les(u(-, )| < 7“1_“)0 t) Myt + ST —w) (" —t7) Mt
bt 1 127—10a+ a2 e
|5t |Muum %, n>=3
F(l —IX) (2 12 Hle(a _1) )

where

my = max up(-,t), My = max |uy(-,t)|, M = max |uw(-,t)], M = max |upp(-,t)].
o<t o<t o<t<t? o<t

Lemma 3 ([23]). Forany u,v € U, we have (62u,v) = —(u,v);.
Lemma 4 ([23]). For any u € U, we have ||u||co < h™1/?||u]|.
Lemma 5 ([24]). For any u € U, we have ||u||? < ];iz||u||2.
Lemma 6. Forany u € U, we have §||u||?> < (Hu, u)..

Proof. Using Lemma 3 and Lemma 5,we have:

h? h?
(Hu,u) = ((I+ ﬁ&%)u,u) = (u,u)+ (Eéﬁu,u)
h? h?
_ 2 _ 2 2
- ||M|| 12(u’u)l ||1/l|| 12Hu||l

1 2
> [Julf? = 3 1lul? = 3] ul
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Lemma 7 ([25]). Let {u"} and {v"} be nonnegative sequences, and c is a nonnegative constant,
foralln > 1, if

n—1
u" <c+ Z uld!,
1=0

then,

[uny

n— n—1
u'<c| [(1+0") écexp(Zvl).
I=0 1=0

Lemma 8 ([26]). Forany u € U, we have ||u|| < \%Hqu.

Lemma 9 ([27]). Forany u € U, we have (Hu,v) = (u, Ho).

Lemma 10. For any u € U, we have ||Hu|| < §||u]|.

Proof. Applying the inverse estimate ||62u|| < }% [|u||, we have:

h o, /I 1 4
|1 Hul] = [|u + 35 0ull < [lull + 5 16xull < [lufl + Fllull = F l|ul]-
O

3. Analysis of the Method
3.1. Construction of the Difference Scheme

To solve Equation (1), we discretize the time term by using the L1-2-3 formula, and
the compact difference scheme is exploited for the spatial term, then we obtain the finite
difference scheme as follows:

iSDfu = H 'l + ff, 1<j<M—1, 1<n<N 5)
u = g, 0<j<M ©)
ug = uy = ¢", 0<n<N )

where u is an approximation to u(xj,t"), and @; = @(x;j), " = $(t"), fi= f(x;j,t"). Since
f]” has no effect on the discussion of the study that follows, for convenience, we assume

jr=o

3.2. Analysis of Stability

In this section, we will analyze the unconditional stability of the scheme (5) that was
established in the previous subsection.

Theorem 2. Difference scheme (5) is unconditionally stable.
Proof. For n = 1, the inner product of Equation (5) and Hu' gives:
(iSDfut, Hu') = (H 162!, Hu') = (62ul, ul).
From the Lemma 3, we have:
ido(Hu', u') — ido(Hu',u®) = —p(u®, u)y = —p||ut|3,

where y = T*T'(2 — «).
According to the Lemma 6 and Cauchy-Schwarz inequality, we can obtain:

2 1
11t 2 < 1 Het 2 [
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From Lemma 10, here is:
2 1
St < St [+ 0]

Eventually, we can get ||u!|| < v/3|[u].
, For n = 2, we can obtain the following equation by inner product of Equation (5) and
e (iSDfu?, Hu?) = (H16%u?, Hu?) = (62u?, u?).
From Lemma 3, we have:
ido(Hu?,u?) —i(dg — dp) (Hu?,u') — idy (Hu?,u®) = —pul|u?||3.
Further, we have:

do(Huz, uz) < (do — dl)(Huz, Ml) + dl(Huz, MO).

Using the Lemma 6 and Cauchy-Schwarz inequality, we can obtain:
2 2112 < 1 2(12 1))2 1 2(12 02
390l [u[17 < (do — du) (G [[Hu ||+ [ [ [7) + du (5 [ | Hu ||+ [|7][7).

From Lemma 10, we can eventually obtain:

2 Ao u)y ey 3o
0

I -

Then, for # > 0, we now have:
: !
1?1 < |1+ Y o'f[u']],
=0

in which 00 = 3% and ¢! = 341
d() dU

According to Lemma 1, o' > 0, then using Lemma 7 ,we can obtain:
2112 ! 02 02
]| <77€xPZ Nu®[|= = nexp(3)[[u[|%,

choosing 17 < 3/exp(3) gives ||u?|| < /3][u].
For n > 3, we can obtain the following equation by inner product of Equation (5)
and Hu':
(iSDfu", Hu") = (H '62u", Hu") = (82u", u™).

From Lemma 3, we get:
ido(Hu",u") — i Z i1 — dy_ ) (Hu, ul) —id,_ (Hu", u®) = —pu||u"| 3.

Furthermore, we can obtain:
n—1
do(Hu",u") < Y (dy_j—1 — dy_y) (Hu",u') + dyy_q (Hu", u°).
1=1

Since only dy — dj is unknown positive or negativeind, ; | —d, ; forl =1,2,---,
n — 1, so we discuss it in two cases.
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Casel. If d; < dy, from Lemma 6 and Cauchy-Schwarz inequality:

%d ”2<n71d —d 1H"2 1112 d 1[—[”2 0112

ol 1 < ) (dura = dun) (G IHE" [P+ [[07]1%) + dna (G [[HW* + [[u2]]%).
=1

From Lemma 10, we can obtain:

3y dy11 —duy)

u'rl 2<
| < -

3d,_
[ [[2 + ==L 2.
do
Then, for # > 0, we now have:

n—1
[P <l P+ ) ol |2,
1=0

3dn—1
do
ol > 0, then using Lemma 7:

3(dn—l—l _dnfl)
do

in which v0 = ,and o' = for/ =1,2,--- ,n—1. According to Lemma 1,

n—1
" |* < pexp(Y, oY) |u°]]> = nexp(3)[|u°],
1=0
choosing 17 < 3/exp(3) gives |[u"|| < V/3||u°]|.
Eventually, for n > 1, using Lemma 4, we have:

1" [|eo < V|| < V30| |-

Case2. If d» > dq, then we have:
2 ny|2 = n 1 n ,,n—2 n 0
sl P < Y (dnra = duy) (HU" u) + (d — dy) (Hu", u"™%) + dy oy (Hu', ).
1=1,l#n-2

From Lemma 6 and Cauchy-Schwarz inequality we can obtain:

2 n-l 1 1 _
§d0||u”||2< ) (dn—l—l_dn—l)(gHH”nHz+2||”l||2)+(d2_d1)(§||H”n||2+2||”n 212
1=1,I#n—2

1
iy (] | 2+ 21 ).

Furthermore, using Lemma 10 and Lemma 2, we have:

12 n—1
Vl2<—x d. 1 —d. 1112 dr—d n—212 d. 012
1971 < =y, * (L (1 = o DI+ o= 1)
n—1
<6 Y (duoir —dyy) || [|* 4 6(dy — d)[[u" 2|2 + 6d,y 1 || 2.
I=1,l#n-2

Then, for > 0, we now have:

n—1
I1,,]
|2 <[] + ) o],
1=0

in which v° = 6d,_;, v" 2 = 6(dy — d;), and o' = 6(d,_;_1 —d,_;) forl = 1,2,---,
n—3n—1.
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According to Lemma 1, vl >0, then using Lemma 7, we can obtain:

||| < exp Z N[Ol = nexp(C)[[u°]2,

where C = 6(dy — 2dy + 2d,), based on Lemma 1, C > 0. Choosing # < 3/exp(C) gives
[lu"]] < V3I[u].

Eventually, for n > 1, using Lemma 4, we have:

1" oo < VA" || < V3h|[u]].
In conclusion, scheme (5) is unconditionally stable. [

3.3. Analysis of Convergence

In the following, we consider the convergence of the difference scheme (5). The error
equation holds:

e}-‘ = u(x]-, ) — u;’, (8)

where u(x;j, ") denotes the exact solution of Equation (1), while u]’-‘ denotes the numeri-
cal solution.

Theorem 3. Finite difference scheme (5) is always consistent with 3 order accuracy for n > 2,
where u € Co°(Q x [0, T)).

Proof. The local truncation error of the scheme (5) is
T(xj,t") = igD?‘u(x]«, ") — H—15§u(le ) — f(x;,t"), 9)
using Taylor expansion and Theorem 1, we have:

8“ (x;,t")  Qu(x;,t")
T(xj,t") = at‘i - ax]2 —ie3(u(xj, t")) + O(h4>

= —iez(u(xj, t")) + O(h4).

Let Tyy = max(ypeqxg |T(x,1)|, then:

Mier2=x L O(h#), te o],
T < Mig2-a g Mugd-a 4 O(nt), € (t,#],

7M“ 45 M“ T Mingde L O(nt), te (2,17

Obviously, forn > 2,T,, = O(T3 + h4). Eventually, we have the following result:
IT || < Ci(2 + 1Y),
where C; is a positive integer. [
Theorem 4. Finite difference scheme (5) is convergent if u € C**(Q x I).
Proof. Subtracting Equation (5) from Equation (9) leads to :
T!' = i SD# " —15,%e7. (10)

Multiplying H on both sides of Equation (10), we have:
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n _ :Cru n 2 n
HT}" = iy Df He — d%e;'.

Taking the inner product with respect to e]’-l and fetching the real part, then the follow-
ing equation holds:

—(82¢", ") = Re(HT", e").
By Lemma 3 and Lemma 8, we get :
6lle" > < L?[|e" | = L*Re(HT",¢") < L*[(HT",")].

Using Lemma 9, Cauchy-Schwarz inequality and Lemma 10, we can obtain:
3 L2 L*
6n2§L27Tn2 7Hn2<7Tn2 n2'
") < L2 5 TP + - e 2 < 1T+ ]
Further, we can get :

L2

L?
N < —=||T"|| <
[l ﬁl5” | e

where Theorem 3 used. Eventually, we have :

Ci (T2 + 1),

le"ll < ¢ +1t),

where C is a positive integer. Therefore, for n > 1, finite difference scheme (5) is convergent
when u € Co®(Q x [0,T]). O

4. Numerical Experiment

Furthermore, two numerical examples are given to demonstrate the theoretical analy-
ses of the scheme (5). The following notations will be used when presenting the result,

L*® —error = max le?].
0<j<M,0<n<N '/

B L™ — error(2h,T)
Order = log, I —error(h, 7)

Example 1. The one-dimensional TESE is considered as follows:

O%u(x,t)  *u(x,t)

T = (')xZ +f(x, t), xeQ= (0/2)/ te (0/ 1]/
u(x,0) =0, x €1[0,2],
u(0,t) =u(2,t) =0, te[0,1]

where f(x,t) = 1_2(32:;) (i — V)sinrrx + (1 + i)t e®sin7x, and the exact solution is given by
u(x,t) = (1+i)sinmx.

Tables 1 and 2 indicate the maximum norm errors and the convergence orders in
spatial direction. When taking different values of «(0.1,0.5,0.9) for N = 2000; we can know
that the order of convergence in spatial direction is 4.

In Figure 1, we show the errors in the maximum norm for time direction attaining the
third order of accuracy for M = 2000 for « = 0.1 and &« = 0.5.
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Table 1. Numerical error and convergence order in spatial direction for Example 1.

o h L*®°-Error Order
1/2 0.0395 -
1/4 22777 x 1073 41107
0.1 1/8 1.4014 x 10~* 4.0268
1/16 8.7188 x 10~° 4.0066
1/32 5.4430 x 10~7 4.0017
1/2 0.0393 -
1/4 22777 x 1073 4.1104
0.5 1/8 1.3974 x 104 4.0258
1/16 8.6938 x 10~° 4.0066
1/32 5.4273 x 10~7 4.0017
1/2 0.0396 -
1/4 2.2935 x 1073 4.1108
0.9 1/8 1.4073 x 10~4 4.0265
1/16 8.7792 x 10~ 4.0027
1/32 5.7222 x 10~7 3.9395

Table 2. Numerical error and convergence order in spatial direction for Example 2.

o h L*°-Error Order
/2 0.0240 -
/4 1.4026 x 103 4.0953
0.1 /8 8.6104 x 10~° 4.0260
/16 5.3570 x 10~ 4.0066
/32 3.3509 x 10~ 7 3.9990
/2 0.0181 -
/4 1.0620 x 10~3 4.0891
0.5 /8 6.6241 x 10~° 4.0028
/16 4.1390 x 10~° 4.0004
/32 25174 x 10~7 4.0393
/2 0.0117 -
/4 6.9124 x 10~4 4.0856
0.9 /8 44740 x 10~° 3.9500
/16 2.7902 x 10~ 4.0031
/32 1.7359 x 10~7 4.0066
10 ‘u=0.5‘ i i
0 v=0.1 . . . * . Lx
-1 Line of slope 3 | 1

-38 36 34  -32 -3 —28 26 24 22

log(7)

log(Error)

-4 -38 -36 -34 32 -3 -28 -26 -24

log(7)

Figure 1. Convergence rates of numerical solutions at M = 2000 with different « for Example 1.

Figure 2 (Figure 3) represents the real (imaginary) part of the numerical solution and
the exact solution for « = 0.7, h = 1/100 and T = 1/200; it can be seen that our resulting
numerical solution is very close to the exact solution.
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Figure 4 gives the absolute modulus error between the numerical and exact solution
when M = 20 and N = 400 for different #(0.2,0.8), and we can observe that the error is

very small.

e
B
=
o

real part of numerical solution
=]
o o

real part of exact solution
o

'
et

Figure 2. Real part of numerical solution and exact solution of Example 1.

iamg part of exact solution

imag part of numerical solution

%10 %10

w

IS

absolute modulus error
N

absolute modulus error
- n

-

=o

Figure 4. Absolute modulus error of Examplel for different «.
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Example 2. The one-dimensional TFSE is considered as follows:

.a“u(x/t> _ azu(x’ t) _|_f(x, t), xe= (0/27T>/ te (0’1]’

ote  9x2
u(x,0) =0, x € [0,27],
u(0,t) = u(2,t) = t%, t€[0,1]
where f(x,t) = —% sinx + #% cos x + z(% cos x + t? sin x), and the exact solution is

given by
u(x,t) = t*(cos x + isinx).

In Figure 5, we show the errors in the maximum norm for time direction attaining the
third order of accuracy for M = 2000 for « = 0.1 and & = 0.5.

In Figure 6 (Figure 7), we plot the real (imaginary) part of the numerical solution and
the exact solution for « = 0.3, h = 7/100 and T = 1/200, it can be seen that our resulting
numerical solution gives a great approximation of the exact solution.

Figure 8 gives the absolute modulus error between the numerical and exact solution
when M = 20 and N = 400 for different «(0.2,0.8), and we can observe that the error is
very small.

0 : : : o0l : . . 3 o085 .

T T T T —
*e L e L
Line of slope 3 Line of slope 3

1

real part of numerical solution
real part of exact solution

1

08 /‘\ T
5 6
0.6 / s
0.4 / 4
3
02 2
1
t X

0o

Figure 6. Real part of numerical solution and exact solution of Example 2.
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imag part of numerical solution
imag part of exact solution

Figure 7. Imaginary part of numerical solution and exact solution of Example 2.

a=0.8

a=0.2

absolute modulus error
5 ~ & R &

= &

Figure 8. Absolute modulus error of Example 2 for different .

Ref. [16] has used two L-type formulas to approximate the time fractional derivatives
to establish two finite difference schemes, and the convergence orders are fourth order
accuracy in the spatial direction and 2 — & and 3 — & in the temporal direction, respectively.
The convergence order in the time direction for two schemes is shown in the Table 3:

Table 3. The convergence order in time direction [16].

Example 1 Example 2
[ T
Order(L1) Order(L1-2) Order(L1) Order(L1-2)
1/10 - - - -
01 1/20 1.768 3.042 1.764 3.010
’ 1/40 1.787 3.021 1.784 2.981
1/80 1.802 3.010 1.800 2.965
1/10 ; ; ; -
05 1/20 1.472 2.872 1.448 2.553
’ 1/40 1.480 2.699 1.468 2.524
1/80 1.486 2.547 1.478 2.511
1/10 - - - -
0.9 1/20 1.089 1.397 1.051 2.086
’ 1/40 1.136 1.995 1.074 2.124
1/80 1.157 2.162 1.087 2.100
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By following Figures 1 and 5, we can know that with our method, we can achieve
third order accuracy in the time direction, which is higher than [16].

5. Conclusions

In this paper, we first proposed a time-fractional Schrodinger equation with the Caputo
time-fractional derivative of order & € (0, 1) for constructing the finite difference scheme to
obtain the approximation solution of the equation; we approximated the Caputo derivative
using the L1-2-3 formula to discretize the time term, and the spatial term is discretized by
the fourth-order compact difference scheme; we then analyzed the unconditional stability
of the scheme and also proved that the scheme is convergent in the maximum norm with
an accuracy of O(7® + h*). At the end of this article, we give a numerical example to verify
the theoretical result.
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1. Introduction

Since Minty [1], and the many others to follow, such as [2—4], introduced the theory
of the monotone operator, a large number of theoretical and practical developments have
been presented. Pascali and Sburian [5] pointed out that the class of monotone operators
is important, and due to the simple structure of the monotonicity condition, it can be
handled easily. The monotone inclusion problem is one of the highlights due to its important
significance in convex analysis and convex optimization problems, which includes convex
minimization, monotone variational inequality, convex and concave minimax problems,
linear programming problems and many others. For further information and applications,
see, e.g., Bot and Csetnek [6], Korpelevich [7], Khanc et al. [8], Sicre et al. [9], Xu [10],
Yin et al. [11] and the many references therein [12-15].

Let H be a real Hilbert space and A : H — H be a given operator with domain
Dom(A) = {x € H : Ax # @}. The monotone inclusion problem is formulated as finding a
point x* such that

0 € Ax*. (1)

The monotonicity term of (1) refers to the monotonicity of A which means that for all
X,y € H,
(u—v,x—y)>0,u€cAx,v e Ay.

We denote the solution set of (1) by O = A~1(0).

One of the simplest classical algorithms for solving the monotone inclusion problem (1)
is the proximal point method of Martinet [16]. Given a maximal monotone mapping A : H —
H and its associated resolvent J# = (I +rA)~!, the proximal point algorithm generates a
sequence according to the update rule:

X+l = ]rAxn- 2)

Axioms 2023, 12, 557. https:/ /doi.org/10.3390/axioms12060557
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The proximal point algorithm, also known as the regularization algorithm, is a first-
order optimization method that requires the function and gradient (subgradient) evalua-
tions, and thus attracts much interest. For more relevant improvements and achievements
on the regularization methods in Hilbert spaces, one can refer to [17-23].

One important application of monotone inclusions is the convex minimization problem.
Given C C R" is a nonempty, closed and convex set and a continuously differentiable
function f, the constrained minimization aims to find a point x* € C such that

*) = mi . 3
f(x*) = min f(x) 3)
Using some operator theory properties, it is known that x* solves (3) if and only if
x* = Pc(I — AV f)x* for some A > 0. This relationship translates to the projected gradient
method:
Xp+1 = Pe(xn — AV f(xy)),

where P is the metric projection onto C and V f is the gradient of f.

The projected gradient method calls for the evaluation of the projection onto the
feasible set C as well as the gradient evaluation of f. This guarantees a reduction in the
objective function while keeping the iterates feasible. With the set C as above and an
operator A : H — H, an important problem worth mentioning is the monotonic variational
inequality problem, consisting of finding a point x* € C such that

(Ax*,x —x*) >0 forall x € C. 4)

Using the relationship between the projection P¢, the resolvent and the normal cone
Nc of the set C, that is,

y=)°(x) & xe€y+ANc(y) & x—y € ANc(y)
& (x—yd—-y)<0&y="Pcx, VdeC,

we obtain the iterative step rule for solving (4)
Xpi1 = Po(xy — AAxy). ()

Indeed, the mentioned optimization methods above now “dominate” in modern
optimization algorithms based on first-order information (such as function values and
radial /subgradient), and it can be predicted that they will become increasingly important
as the scale of practical application problems increases. For excellent works, one can
refer to Teboulle [24], Drusvyatskiy and Lewis [25], etc. However, it is undeniable that
they are highly dependent on the structure of the given problem, and computationally,
these methods rely on the ability to compute resolvents/projections per iteration; taking
algorithm (5), for instance, the complexity of each step depends on the computation of the
projection to the convex set C.

Hence, in this work, we wish to combine the popular inertial technology (see, e.g.,
Nesterov [26], Alvarez [27] and Alvarez—Attouch [28]) and establish a strong convergence
iterative method that does not use resolvents or projections, and has good convergence
properties due to the inertial technique.

The outline of this paper is as follows. In Section 2, we collect the definitions and
results needed for our analysis. In Section 3, the resolvent/projection-free algorithm and
its convergence analysis are presented. Later, in Section 4, we present two applications of
the monotone inclusion problem, saddle points of the minimax problem and the critical
points problem. Finally, in Section 5, numerical experiments illustrate the performances of
our scheme in finite- and infinite-dimensional spaces.
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2. Preliminaries

Let C be a nonempty, closed and convex subset of a real Hilbert space H equipped
with the inner product (-, -). Denote the strong convergence to x of {x,} by x, — x, the
w-weak limit set of {x,, } by

we(xn) = {x € H: xu; — x for some subsequence {xp, } of {x,}}.

We recall two useful properties of the norm:

x4+ yl* < llx|* +2(y, x + y); (6)
lax + By + vz||* = a|x||> + BllylI* + 7[|zl1* — aBllx — y|*
—Brlly —z||* — ay|x — 2%, (7)

forallx,y,z€ Hand a, 5,7 € Rsuchthata +p+ v =1.

Definition 1. Let H be a real Hilbert space. An operator A : H — H is called y—inverse strongly
monotone (yu-ism) (or y-cocoercive) if there exists a number yu > 0 such that

(x —y, Ax — Ay) > p||Ax — Ay|*.

Definition 2. Let C be a nonempty, closed convex subset of H. The operator Pc is called the metric
projection of H onto C: for every element x € H, there is a unique nearest point Pcx in C, such that

lx = Pex|| = min{|[x —y|| : y € C}.
The characterization of the metric projection is
(x — Pcx,y — Pcx) <0,¥x € H,Vy € C. 8)

Lemma 1 (Xu [29], Mainggé [30]). Assume that {a,} and {c,} are nonnegative real sequences
such that

Ay < (1 —yp)ay + by + ¢, Yn >0,

where {7y, } is a sequence in (0,1) and {b, } is a real sequence. Provided that
(@) limy o0 vy =0, X570 =00, L5 10pn < 09;
(b) limsup,,_, % <0.
Then, the limit of the sequence {a, } exists and lim,_, a, = 0.

Lemma 2 (see, e.g., Opial [31]). Let H be a real Hilbert space and {x,}3_, C H such that there
exists a nonempty, closed and convex set S C H satisfying the following:

(1) For every z € S, limy 00 || x5 — z|| exists;

(2) Any weak cluster point of {x,}5°_, belongs to S.

Then, there exists X € S such that {x, };;_, converges weakly to %.

Lemma 3 (see, e.g., Maingé [30]). Let {T',} be a sequence of real numbers that does not decrease
at infinity, in the sense that there exists a subsequence {T'; } of {T'n} such that T'y; < Ty 11 for all
j > 0. Also consider the sequence of integers {o (1) },>n, defined by

o(n) =max{k <n: T <Tri1}

Then, {o(n)}n>n, is a nondecreasing sequence verifying lim, . o(n) = oo and, for all
nz no,

max{ra(n)frﬂ} < Iﬂ¢7(n)+1'
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3. Main Result

We are concerned with the following monotone inclusion problem: finding x* € H
such that

0 e Ax*, 9)
where A is a monotone-type operator on H.

Remark 1. Clearly, if y, = z, = x,, for some n > 1, then x,, is a solution of (9) and the iteration
process is terminated in finite iterations. In general, the algorithm does not stop in finite iterations,
and thus we assume that the algorithm generates an infinite sequence.

Convergence Analysis

For the convergence analysis of our algorithm, we assume the following assumptions:

(A1) Aisa continuous maximal monotone operator with cocoercive coefficient y from
H to H;

(A2) The solution set () of (9) is nonempty.

Theorem 1. Suppose that the assumptions (A1)—(A2) hold. If the sequences {ay}, {yn} are in
(0,1) and satisfy the following conditions:

(B1) limy oo Y = 0, iminf(1 — &y — yu)an > 0and L vy = 00;

(B2) €, = o(yn).

Then, the recursion {x, } generated by Algorithm 1 converges strongly to an element p which
is closest to 0 in Q), that is, p = P (0).

Algorithm 1 Convergence Analysis

Initialization: Choose A, € (0,2p), 0 € (0,1) and €, € (0,00) such that )’ ; €, < oo,
select arbitrary starting points xp, x; € C, and set n = 1.

Iterative Step: Given the iterates x,, and x,,_1 for each n > 1, choose 8, such that 0 < 6,, <
6, compute

Yn = Xp + Gn(xn - xn—l)r
Zpn = Yn — )\nAyn/ (10)
Xn+1 = (1 — &y — 'Yn)yn + anzy,

where

9_{WM&%®MNMMAVW%%AM”LM#%A;
=

0. else

Stopping Criterion: If iy, = z;, then stop. Otherwise, set nn := 1 4 1 and return to Iterative
Step.

Proof. First, we prove that {x,} is bounded. Without the loss of the generality, let p be
the closest element to 0 in () because () # @. It follows from the cocoercivity of A with
coefficient y that

(Axp, xn — p) = (Axpn — Ap,xn — p) 2 P‘”Aanz-
Taking into account the definition of y, in the recursion (10), we have

lyn —pll = X0+ 0n(xn — x0-1)pz||
lxn — pll + Onllxn — x4,

A

and
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llzn — P”z = |lyn — MAyn — P”2
= Nyn —plP + A3l Ayall> — 220 (Ayn, yn — p)
< lyn =PI + ALl Ay > = 2020l Ayal? (11)
< lyn = pIP + (A = 20) Al Ay,

which implies that ||z, — p|| < |lyx — p||- Furthermore, we have

lxpp1 =Pl = (1 —an —Yn)yn + &nza — p||
< (=an—v)llyn — Pl + A2lza — Pl + 1l
< (1*')’H)Hyn*i’”+'}’n”p”
< (=) [llxn = pll + Onllxn — xu—1ll] + vallpll
0
< (1- w)llxn—PII+%[|\P|I+7';||xn—xn71||]-

In view of the assumption on 6,,, we obtain 0, ||x, — x,,_1|| < €, = 0("yx), which entails
that there exists some positive constant ¢ such that o = sup % |xn — x,—1]|; therefore,

w1 =Pl < (T=vn)llxn = pll + 1allpll +0)
< max{[jxo —pl, [Ipl + o},

namely, the sequence {x, } is bounded, and so are {y, } and {z,}.
It follows from (10) and (11) that

Ixne1 = pIP = (1= an = 7a)yn + anza — p|?
= A —an—7n)(Yn—p) +an(za —p) — ')’nP”z
< (U —an—v)llyn — pI? + anllzn = plI* + 7l
—(1—an — yn)anllyn — Zn”z
(1=t —va)lyn — PI? + aulllyn — pI? + (An = 20)An | Aya %]
+'YnHP||2 — (T —an —yn)an|yn — Zn||2
= (L= 7)llyn = pIPP + an(An — 2)An]| Ayal?
+'Yn“77||2 — (= an—yn)anlyn — Zn||2- (12)

IN

By using again the formation of v, we obtain

lyn —pI* = lxu+6n(xn — x—1) — pl?

= (1 +6:)(xn — p) = u(xu1 — p)II?
(1+6) X0 = plI* = Onllxu—1 — plI* + 02 (1 +6n)[|xn — x4 1| (13)
(1460)1x0 = pII* = Ballxn—1 = PIP + 20| xn — x|

INIA

Substituting (13) into (12), we have

a1 = pI? < (=) [(1+60) (120 — pI* = Ol %1 — plI* +20ul|xn — x5-11%]

Fan (An = 200) Anl| Ayl * + vl Pl = (1 = & — V) |lyn — za?

= (1 =ya)[llxn = plI* +0u(llxn =PI = lxu-1—P)II)
20|30 — xp-1[1%] + a0 (An — 200) An[| Ay |> + v P2
—(1—an—yn)anllyn — Zn”z

= Joew = pI? + v (Ipl? = llxn = plI*) +2(1 = )60 [l 20 — 2011
+(1 = vn)0n ([0 — PHZ —llxu-1— )H )+ an(An — 2V)An||Ayn||2
—(T—an — yn)an|yn — Zn”Zf
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and transposing, we have

(1= an = vo)aullyn — 2ul|* + an(2p = Aw) An || Ayl
< (b = pl2 = lonsr = plIP) + (1 = y)ln(lln = plI? = llxaa = p)I?)  (14)
(Pl = lln = pI?) + 21 = )8l 20 — 2117,
Here, two cases should be considered.
Case I. Assume that the sequence ||x, — p|| is decreasing, namely, there exists Ny > 0

such that ||x,, 11 — p|| < ||x» — p|| for each n > Nj, and then there is the limit of ||x,, — p||
and limy, o (|| 41 — pl| — ||x2 — p||) = 0. It turns out from (14) and the condition (B1) that

(1 —an — vu)anllyn — Zn”z =0, an(2pu - )‘n))‘nHAl/nHZ —0,

which implies that ||y, — z,||> — 0 and || Ay, ||> — 0.

Furthermore, by the setting of u,, we have |[u, — yu|| = anl|zn —yu|| — 0 and
|xn41 — unll = vnllynll — O, which together with ||x, — yu|| = Oullxn — x4-1]] — O
yields that

2041 — Xnll < |lxp1 — wnll + ltn — Y|l + |y — x| — 0.

Because {x,} is bounded, it follows from Eberlein-Shmulyan’s theorem, for arbitrary
point g € we (xy), that there exits a subsequence {x,,} of {x,} such that x,, converges
I

weakly to g. By || x4 — yn|| = 0, || Ayx||* — 0 and A is continuous, we have

0= Jim, || Ayn]l = lim || Ayn, || = Aq,

which entails that g € A~!(0). In view of the fact that the choice of g in w,(x,) was
arbitrary, we conclude that w,,(x,) C ), which makes Lemma 2 workable, that is, {x, };’Z":O
converges weakly to some point in Q).

Now, we claim that x,, — p, where p = Pn(0).

For this purpose, let u, = (1 — ay)yn + &nzy, and then we have

Xnr1 = (1 — 0y = %)yn + anzp = (1 - ’Yn)un + ’)’n(un - yn)
= (T = yn)un + vntn(zu — yn),
which yields that
||xn+1_p||2 = H(l_'yn)un‘i")/n“n(zn_yn)_PHZ

11 = 92) (s = P) + Yattn (20 — yn) — 1|

< (1- 'Yn)2||“n - P”z = 2(np — Ynon(zn — Yn), Xn41 — 2)

= (1- ’Yn)2||“n - P”2 =290 (Yn — Zn, Xn41 — P) (15)
+29n (=P, X1 — p)-

In addition, by using again the formation of {y, }, we obtain
lyn = plI* = llxn + 0u(xn — 2u1) — pI?
11+ 0u) (tn = p) = O (xu—1 — p)|I?

(1+00)[|xn — plI* = Onllxn—1 — pII* + 00 (14 0n)[|xn — 2512
(14 6)|lxn — plI> = Onllxu—1 — pII* + 20| xn — x4—1]1%,

IN A
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and substituting the above inequality in (15), we have

lxnir = plI* < (0= 70)?llyn = PI* — 270 (Y0 — 20, Xng1 — ) + 290 (—P, Xu11 — P)

< (U= 1) [(1+60) %0 = pII* = Onllxn1 = Pl + 26 x5 — x5 |I]
=2Yntn(Yn = Zn, Xn41 — P) + 27n{—P, Xn41 — P)

< (U =y lllxn = pIP + 0ullxn = pII* = %01 = pI?) +26n %0 — %0 1]°]
=29nn(Yn — Zn, Xni1 = P) + 270 (=P Xns1 — P)

< (=) llxn =PI+ Oullxn — xu—all - (1xn = pll + [l 201 — pII)
+26, ||y — xnfluz] = 2900 (Yn = Zn, X1 — P) + 29 (=P, Xus1 — P)

< (U =)l = plP + 6a(1 = 7i) Ml — x4

F29u (=P, Xni1 — P) — 29n@n(Yn — Zn, Xni1 — P), (16)

where M = sup(|a — pll + 01 — pll + 20 s — %, 1]}
Owing to p = Pn(0), we can infer that (0 — P (0),y — Pn(0)) < 0 for each y € Q, so
we have
limsup(—p, xy11 —p) = max (—p,q—p) <0.
L]wa(Xn)
In addition, from the assumption on {6, }, we have

On (1 — ) M||xn — x,1]| < 00,

n=1

and from y, — z, — 0, we have
Jim sup{—2un (Y = Zn, X1 = P) + 270 (=P, Xns1 = P)} /10 <0,

and therefore (16) enables Lemma 1 to be applicable to, namely, ||x, — p|| — 0.

Case II. If the sequence ||x,, — p|| is not decreasing at infinity, in the sense that there
exists a subsequence {||xn; — p||} of {|[xn — p|[} such that [x,; — p|| < [|xs,, — p||. Owing
to Lemma 3, we can induce that [[Xy() — Pl < [s(u)1 — pll and [0 — pll < [xg0u)41 — Pl
where o(n) is an indicator defined by o(n) = max{k < n : ||xx — p|| < ||xxr1 — pl/} and
o(n) — coasn — co.

Taking into account the fact that the formula (14) still holds for each o (1), that is,

(1 — &) — r)’a(n))‘xa(n) H}/a(”) ~ Zo(n) ||2 + o (n) (Z‘M - )‘a(n)))\a(n) ||Ay(7(n) ”2

< (%ot = PI? = o)1 = PIP) + Yo (IPI? = lxe(n) = pI?)
+(1 = Vo) (m) (1Xo(my = PIZ = 1Xo(-1 = P)IP)
+2(1 = Yo()Oor(m) | Xo(n) — Xomy-11I>
< Yoty UIPIP = %oy — PI) + (1= Vo)) 8oy 1%y — PI* = Xo()—1 — P)II%)

+2(1 = Yo () O (m) | X () — Xo(my—11I-
In addition, from the theorem’s assumptions (Bj) and (B;) that
Vo) = Zem > = 0 (A 1> = 0, (17)
Similarly to the proofs of (16) in Case I, we have w,, (x,) C Q) and
limsup(—p, ;)41 = p) <0, (18)

and
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Hxa(n)-H - p”Z < (1 - 70(n))||xa(n) - sz + Ga(n)(l - 'Yo(n))MHxU(n) - xa(n)—l”

_270(;1)“(7(11) <y(7(n) ~ Zo(n)r Xo(n)+1 — P> (19)
+2'7c7(n) <7P' Xo(n)+1 — P>

Transposing again, we have
Yo(n) Hxa(n) - p”Z < (”x(r(n) - p”Z - thr(n)-H - sz) + 6(7(71)(1 - 'YU(n))M

X Hxa(n) — Xo(n)-1 H + 2')'(7(11) <_p/ Xo(n)+1 — P>
—2%4(n) % (n) Yo(n) — Zo(n)r Xo(n)+1 — P)

< Ga(n)(l - ,YO'(H))M”'XU'(H) — Xg(n)-1 ” + 2’)’0(11) <_P/ Xo(n)+1 — p>
_ZIYU'(H)IXU'(YI) <]/(T(n) = Zo(n)r Xo(n)+1 — P>/
which amounts to
0
Hxa(n) - PHZ < ,)/U((n))(l - r)/a(n))MHxU(n) - xa(n)—l” + 2<_P/ Xo(n)+1 — P> (20)
o(n

_2“0(n) <.1/(7(n) ~ Zg(n)r Xo(n)+1 — P>~
9(7 n
70((11)) (1 - ’)/U(H))MHXU(H) — Xo(n)-1 || — 0.
Putting (18) and (17) into (20), it yields that ||x,(,) — p| — 0.
It follows from (19) that

Noting the grant of €,(,,) = 0(7Yy(y)), we have

B {1541 = pll = lim [lxy ) = pl> =0,
which makes Lemma 3 practicable, and hence

0 < fxn = pll < maxt{lxn = pll, 1xo(n) =PI} < lXe(m)41 =PIl = 0.

Consequently, the sequence {x, } converges strongly to p, which is the closest point to
0in Q). This completes the proof. [

Remark 2. If the operator A is accretive with y— cocoercivity or maximal monotone, then all the
above results hold.

4. Applications
4.1. Minimax Problem

Suppose Hj and H, are two real Hilbert spaces, the general convex—concave minimax
problem in a Hilbert space setting is illustrated as follows:

i L(x,A), 21
g e .

where Q and S are nonempty, closed and convex subsets of Hilbert spaces H; and H,
respectively, and L(x, A) is convex in x (for each fixed A € S) and concave in A (for each
fixed x € Q).

A solution (x*,A*) € Q x S of the minimax problem (21) is interpreted as a saddle
point, satisfying the following inequality

L(x*,A) < L(x*,A*) < L(x,A"),x € Q,A €S,

which amounts to the fact that x* € Q is a minimizer in Q of the function L(-,A*), and
A* € Sis a maximizer in S of the function L(x*,-).
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Minimax problems are an important modeling tool due to their ability to handle
many important applications in machine learning, in particular, in generative adversarial
nets (GANS), statistical learning, certification of robustness in deep learning and dis-
tributed computing. Some recent works can be seen in, e.g., Atas [32], Ji-Zhao [33] and
Hassanpour et al. [34].

For example, if we consider the standard convex programming problem,

min f(x),
st hi(x) <0,i=1,2,...,1, (22)

where f and h;, (i = 1,2,...,1) are convex functions. Using the Lagrange function L, the
problem (22) can be reformulated as the following minimax problem (see, e.g., Qi and
Sun [35]):

L(x,A) = f(x) + ) Aihi(x). (23)

It can be seen that L(x, A) in (23) is a convex—concave function on Q x S, where
Q={x:hi(x)<0,i=12,...,1}, S={A:1;>0,i=12,...,1},

and the Kuhn-Tucker vector (x*,A*) of (22) is exactly the saddle point of Lagrangian
function L(x, A) in (23).
Another nice example is the Tchebychev approximating problem that consists of
finding (x, A) such that
. Y 2/
Iggrggg(g(x) (x))
that is, for given ¢ : S C R" — R, finding A(x) € Q approaching g(x), where A : R* — R
and Q is the space composed of the functions A.
It is known that L has a saddle point if and only if

minmax L(x,A) = maxminL(x, ).
xeQ AeS AES xeQ

If L is convex—concave and differentiable, let VL(x,A) and —V, L(x, A) present the
derivatives of L on x and A, respectively, and then we have dL(z) = [V L(x,A), =V, L(x,A)]T,
where z = (x, 7).

Note that dL is maximal monotone for the unconstrained case (i.e., Q = Hq,S = Hj),
and finding a saddle point z* = (x*,A*) € Q x S of L equals to solving the equation
dL(z*) = 0. For more details on the minimax problem and its solutions, one can refer to the
von Neumann works from the 1920s and 1930s [36,37] and Ky Fan’s minimax theorem [38].

Now, we consider minimax problems (21) under the unconstrained case, and let the
solution set () of the minimax problem be nonempty. So, by taking A = dL, we can obtain
the saddle point of the minimax problem in Hy x Hj from the following results.

Theorem 2. Let Hy and Hy be two real Hilbert spaces. Suppose that the function L is convex—
concave and differentiable such that Q) # @. Under the setting of the parameters in Algorithm 1, if
the sequences {ay}, {vn}, {€n} arein (0,1) and satisfying the conditions as in Theorem 1, then
the sequence {z, } generated by the following scheme

Yn = Zn + Gn(zn - Zn—l)/
Zn = Yn — /\naL(yn)/ (24)
Zp+1 = (1 — Uy — 'Yn)yn + anZy,

converges strongly to the least norm element z* € ), where zg € Hy x Hp and zy € Hy x Hp are
two arbitrary initial points.
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Proof. Noting that dL is maximal monotone, so letting A be dL in Algorithm 1, and
following Theorem 1, we have the result. [

Indeed, if we denote z,, = (x,, Ay) € Hy x Hp, then the recursions (24) specifically can
be rewritten as follows for arbitrary initial points xg, x1, Ag, A1,

Xy = X+ 0n (X0 — X4-1),
A=Ay 400 (Ay — A1),

%y = x}, — Vi L(x}, A),

Aw = Ay + VL(x, Ay),

Xpp1 = (T —an — yn) X}, + ann,
A1 = (1= an — Yn) Ay + anln,

(25)

and the sequence pair (x,, A,) converges strongly to an element (x*,A*) € Q) which is
closest to (0,0).

4.2. Critical Points Problem

In this part, we focus on finding the critical points of the functional F : H — RU {+o0}
defined by
F:=Y+9, (26)

where H is a real Hilbert space, the function ¥ : H — R U {+o0} is a proper, convex and
lower semi-continuous function and ® : H — R is a convex locally Lipschitz mapping.
A point x* is said to be a critical point of F = ¥ + ® if x* € dom(¥) and if it satisfies

Y(x*) —¥(v) < P°(x*,v—x"),

where ®° is the generalized directional derivative of ® at x* € C in the direction v € H
which is defined by
P(w + tv) — O(w)

®°(x*,v) = lim sup ;

HO g+

Critical point theory is a powerful theoretical tool, which has been greatly developed
in recent years and has been widely used in many fields, such as differential equations,
operations research optimization and so on. For some recent works on the applications of
critical point theory, we can refer to Trushnikov et al. [39], Turgut et al. [40] and therein.

A typical instance is finding the solution of the impulsive differential equation model
existing in the fields of medicine, biology, rocket and aerospace motion and optimization
theory which can be transformed into finding the critical point of some functional.

Specifically, we consider the following impulsive differential equation:

{q() Aq(£) + f(t,q(1)),t <sk,1,sk>,
Nd(se) = gilg(sy) k=1,2

where k € Z,A > 0,4(t) € R", Ad(sy) = 4(s7) —d(s), q(si0) = limy_ e 4(t), f(t,q) =
gradyI(t,q), I(t,q) € CY(R x R",R),gx(q) = grad,Gy(q), Gy € C'(R",R). In addition,
there exist m € Nand T € R" such that0 = sy < s < 89 < ..o < Sy = T, Sy =
sk +T,9k+m = g holds for all k € Z.

Let H= {q € R — R"|q be absolute continuous,q € L*((0, T) m),q(t) = (
T),t € R} and the norm || - || is induced by the inner product (q,p) = [, 4 Tahp(t)

q(t)p(t)dt,Vp,q € H.
Denote K = {1,2,--- ,m}, and the functional on H is defined as

(27)

Fa)= [ 3 3 = A (6t + T Gela(sn),
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and then the periodic solution of the system (27) corresponds to the critical point of the
functional F one to one.

If the functional F in (26) satisfies the Palais—-Smale compact conditions and F is
bounded from below, then there exists a critical point x* such that F(x*) = inf,cy F(u)
(see, e.g., Motreanu and Panagiotopoulos [41]). From Fermat’s theorem, one can refer that
the critical point x* is a solution of the inclusion (see, e.g., Moameni [42]),

0€d¥(x*)+0.D(x"),
where d.®(-) is the generalized derivative of ® defined as
oc®(u) ={u* € H; ®°(u,v) > (u*,v),Yv € H}.

From Clarke [43], 0.® carries bounded sets of H into bounded sets of H* and is
hemicontinuous. Moreover, we can infer that d.® is a monotone mapping because P is
convex, which makes Browder ([17], Theorem 2) applicable, namely, 9¥ + 0.® is a maximal
monotone mapping. Denoted by () is the critical points set of the problem (26). By taking
A = ¥ + 9.P, we have the following result.

Theorem 3. Let H be a real Hilbert space. Suppose that F : H — (—oo,00| is of the form
(26), bounded from below and satisfying the Palais—Smale compact conditions such that Q # Q.
Under the setting of the parameters in Algorithm 1, if {an}, {yn}, {€n} are the sequences in
(0,1) satisfying the conditions as in Theorem 1, then the sequence {z, } generated by the following
schemes

Yn =2Zn+ en(zn - anl)/
Zn = Yn — /\n(a‘P + acq)) (yn)/ (28)
Zp4+1 = (1 — 0y — ')/n)]/n + 0nZy,

converges strongly to an element X € () which is closest to 0.

5. Numerical Examples

In this section, we present numerical examples in finite- and infinite-dimensional
spaces to illustrate the applicability, efficiency and stability of Algorithm 1. All the
codes for the results are written in Matlab R2016b and are performed on an LG dual-
core personal computer.

Example 1. Here, we test the effectiveness of our algorithm in finite-dimensional space which does

not need super high dimensions. For the purpose, let H = R®, and define the monotone operators A
as follows:

(29)

S o oo
S O O O NOo
SO O W o o
S O W o oo
O b O O OO
— O O O O O

0

it is easy to verify that the cocoercivity coefficient y = %, so we set Ay = % — ﬁ.
Next, let us compare our Algorithm 1 with the regularization method. Specifically, the
reqularization algorithm (RM) is considered as

Yn = Xn + Gn(xn - xn—l)r
Zp = ];Ayn/
X1 = (1 —an — vu)Yn + anzn.
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As for the components, both our Algorithm 1 and the reqularization method (RM), initial
points xo, x1 are generated randomly by Matlab , inertial coefficient 6, is chosen to satisfy that
if 0 > ey x (max(|[xy—1 — xull, [|xu-1 = xa[1%)), then 0, = 1/((n +2)* x (max(||x,—1 —
Xull, | Xn-1 — xu|?))); otherwise, 6, = §, where 8 = 0.6, €, = 1/(n+1)%, v, = 1/(10n).
The experimental results are listed in Figure 1. Moreover, the iterations and convergence rate of
Algorithm 1 for different values of {w, } are presented in Table 1.

0.64 0.6%
—+—Algo.3.1 —+—Algo.3.1
05+ —+—Regularization Method 0.5 —+—Regularization Method
= 0. — 04
c c
X X
<0 0.3
e fey
x x
- 0. — 0.2
0.1 0.1
0
0 20 40 60 80 0 50 100 150

Figure 1. Algorithm 1 and the Regularization Method.

Table 1. Example 1 Numerical Results for Algorithm 1 and Regularization Method.

Algorithm 1 Regularization Method
{an} CPU Time Iter. a4z =2l r CPU Time Iter. a1 =21
[|%n+1—2ol ll%n-41—xoll
1-— @ 0.0201 42 6.1691 x 1004 0.1 0.0324 63 5.3741 x 10~
3- Togi 0.0594 88 9.159 x 10~ % 0.05 0.0530 115 0.0013
R 0.0422 276 0.0039 0.01 0.2205 367 0.0078
Example 2. Now, we measure our Algorithm 1 in H = L[0,1] with || - || = ( 01 xz(t)dt)%.

Define the mappings A by A(x)(t) := 2x(t)/3 for all x(t) € L0, 1], and then it can be shown
that A is %—cocoercive monotone mapping. All the parameters 6, 0, Ay, €, and 7y, are chosen as in
Example 1. The stop criterion is || x, 1 — Xu|| < 107°. We test Algorithm 1 for the following three
different initial points:

Case I: xo = 2t3¢>, x1 = sin(3t)e' /100;

Case II: xg = sin(—3t) + cos(—5t)/2, x1 = 2tsin(3t)e~>"/200;

Case III: xo = 2tsin(3t)e=> /200, x; = et —e 2.

In addition, we also test the reqularization method as illustrated in Example 1, and the tendency
of the sequence is proposed in Figures 2 and 3 and Table 2.

0.01 0.04

0.008 1

Xl

0.006

n+1
n+1<an

> 0.004 < X£05

0.002

0 2 4 6 8 0 2 4 6 8 0 5 10 15
Algo.3.1 for Case | Algo.3.1 for Case Il Algo.3.1 for Case Il

Figure 2. Algorithm 1 for Case I, Case II, Case III in Example 2.
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0.01 0.08 0.5
0.008 0.06 0.4
£ 0.006 = 03
3 3004 3
= 0.004 = <702
0.002 0.02 0.1
0 0 0
0 5 10 15 20 0 5 10 15 20 25 0 10 20 30
Regularization method for Case | Regularization method for Case Il Regularization method for Case Ill

Figure 3. Regularization Method for Case I, Case II, Case III in Example 2.

Table 2. Example 2 Numerical Results for Algorithm 1 and Regularization Method.

Case I Case II Case III
Algorithm 1 RM Algorithm 1 RM Algorithm 1 RM
CPU time 2.64 5.28 4.29 8.6 3.62 7.59
Iteration
Number 9 17 9 23 13 27
6. Conclusions

The proximal point method (regularization method) and projection-based method
are two classical and significant methods for solving monotone inclusions, variational
inequalities and related problems.

However, the evaluations of resolvents/projections in these methods heavily rely
on the structure of the given problem, and in the general case, this might seriously af-
fect the computational effort of the given method. Thus, motivated by the ideas of
Chidume et al. [44], Alvarez [28], Alvarez—Attouch [27] and Zegeye [45], we present a
simple strong convergence method that avoids the need to compute resolvents/projections.

We present several theoretical applications such as minimax problems and critical
point problems, as well as some numerical experiments illustrating the performances of
our scheme.
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1. Introduction

Let H be a real Hilbert space, with an inner product (-, -), induced norm || - ||, and iden-
tity operator I. The study of the existence and approximation of solutions to nonlinear
equations is an important topic and an active field of research in nonlinear analysis. How-
ever, nonlinear equations, even with strong restrictive conditions imposed, may not have a
solution. An important case is the question raised by L. Nirenberg.

Let D C H. A self-mapping T : D — D is said to be expansive (expanding) if

[ =yl < [|Tx=Tyll, Vx,yeD.

Nirenberg’s question states: “Is any continuous expansive mapping T : H — H such
that T(H) has nonempty interior, surjective?” [1]. This question can be formulated as
whether for every continuous expansive mapping T and every u € H, does the equation
T(x) = u have a solution? In spite of the strong conditions in Nirenberg’s question, one
may think that the answer is positive; however, recently, Ives and Preiss [2] answered
this question negatively. Indeed, they provided a counterexample in L?(0, +-00), which
gives a negative answer to Nirenberg’s problem even in general separable Hilbert spaces.
This question had been already asked for more general spaces, such as Banach spaces,
where Morel and Steinlein [3] constructed a counterexample in [!. In any case, before this
negative answer, many attempts to solve this question ended up giving affirmative answers
to Nirenberg’s question under additional conditions. Among them, we point out [4], where
the interior of the range of the expansive mapping is assumed to be unbounded. For more
results, see [5-8].

From a variational point of view, one can find a correspondence between expansive
mappings and nonexpansive operators. We will get back to this correspondence, but before
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going further. Let us review briefly some classical results on nonexpansive mappings and
their variational analysis. A mapping T : D C H — H is nonexpansive if

ITx~ Tyl < | —y|l ¥xyeD,

where D is a nonempty subset of H. Nonexpansive mappings are generalizations of
contractions (with a Lipschitz constant k < 1); however, their behaviors can be extremely
different. One of the basic problems for nonlinear mappings concerns the following:

find x € D such that T(x) = x.

Every solution to the above problem is called a fixed point of T, and the set of all
fixed points of T is denoted by Fix (T). If T is nonexpansive, then Fix (T) is closed and
convex. The most important properties of contractions are described by the celebrated
Banach contraction principle:

Theorem 1 ([9]). Let D C H, and let T : D — D be a contraction. Then, (i) T has a unique fixed
point, say p, and (ii) for each x € D, lim, s T"(x) = p.

This theorem does not hold for nonexpansive mappings without any additional
conditions. The following theorem, which extends the first part of Banach’s contraction
principle, was independently proved in 1965 by Browder [10], Kirk [11] and Gohde [12].
We state the theorem here in Hilbert space to stay in the framework of our paper; however,
the theorem is proved in more general Banach spaces.

Theorem 2. Suppose that T : D — D is a nonexpansive mapping, where D is a nonempty, closed
and convex subset of H. Then, T has a fixed point, and the set of all fixed points of T, which may
not be a singleton, is closed and convex.

The second part of Banach’s contraction principle does not hold for nonexpansive
mappings either. Indeed, according to Banach'’s contraction principle, all orbits of a con-
traction T converge to the unique fixed point of T, while orbits of a nonexpansive mapping
may not converge at all. Baillon, in 1975, proved that the Cesaro means of the Picard iterates
of any nonexpansive mapping T always converge weakly to a fixed point of T, provided
that Fix (T) # @.

Theorem 3. Let D be a nonempty, closed, and convex subset of H, and T be a nonexpansive
mapping from D into itself. If the set Fix (T) is nonempty, then for each x € D, the Cesaro means

11’171 k
Sn(x) = - ) T'x,
k=1

converge weakly to some y € Fix(T).

For more details, we refer the reader to [13] and the beautiful books by Goebel and
Kirk [14], and by Goebel and Reich [15].

If D is not convex, then Fix(T) may be empty, and then Baillon’s proof is not applicable
anymore. To avoid the convexity assumption on D, Djafari Rouhani [16,17] introduced the
notions of nonexpansive and almost-nonexpansive sequences and curves.

In this survey, after reviewing some backgrounds on nonexpnasive curves and related
notions, we take an expansive-type variational approach to problems of the form

find x € D such that 0 € A(x),

where A : D C H = H is a (possibly multivalued) nonlinear operator.
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Section 3, briefly, provides some intuition and backgrounds on the celebrated steepest-
descent method and its monotone generalizations. In Section 4, we review some definitions
and results on expansive curves. Applying the results in Section 4, Section 5 describes the
asymptotic behavior of an expansive-type quasi-autonomous system. In Section 6, we recall
discrete versions of the definitions and propositions in Section 4 and apply them to study
the asymptotic behavior of an almost-nonexpansive sequence. Section 7 studies the periodic
behavior of the expansive sequence described in Section 6. Section 8 is devoted to the study
of continuous- and discrete-time non-monotone expansive-type dynamics. As will be seen
later, the system considered in Section 5 is “strongly ill-posed”. In Section 9, we introduce
new well-posed expansive-type systems, which yield weak and strong convergence to
zeros of any maximal monotone operator.

Notation 1. Let u be a curve in H, and C C H.

(i)  Convergence in weak and strong topologies are, respectively, denoted by — and —.
(ii) conv(C) denotes the closed convex hull of C.

(iii) - wy (1) denotes the set of all sequential weak limit points of u.

(iv) L(u) ={q € H:lim; o ||u(t) — ql| exists}.

(v) The weighted average of u is o := + fOT u(t)dt.

2. Nonexpansive and Almost-Nonexpansive Curves

We recall the following definition from [17]:

Definition 1. (i) The curve u(t) in H is nonexpansive if for all r,s,h > 0, we have ||u(r +h) —
u(s +h)|| < l[u(r) —u(s)].

(ii) u(t) is an almost-nonexpansive curve if for all r,s,h > 0, we have ||u(r +h) — u(s +
|12 < |lu(r) — u(s)||? +e(r,s), where limy s, o €(r,s) = 0.

The following concept introduced in [18] will play an important role:

Definition 2. Given a bounded curve u(t) in H, the asymptotic center c of u(t) is defined as
follows: for every q € H, let ¢(q) = limsup,_, . lu(t) —q||>. Then, ¢ is a continuous and
strictly convex function on H, satisfying ¢(q) — +o0 as ||q|| — +oo. Therefore, ¢ achieves its
minimum on H at a unique point c called the asymptotic center of the curve u(t).

To the best of our knowledge, Edelstein [18] was the first one who applied the tech-
nique of an asymptotic center to fixed-point theory. Combining the notion of nonexpansive
curves and the concept of an asymptotic center, Djafari Rouhani proved theorems regard-
ing the asymptotic behavior of nonexpansive and almost-nonexpansive curves without
assuming the existence of a fixed point.

Theorem 4 ([17]). Let u(t) be an almost-nonexpansive curve in H. Then, the following are equivalent:

(i)  L(u) # Q.
(i) liminfr o |or]] < +00.
(iii) o converges weakly to p € H.

Moreover, under these conditions, we have:

e conv(wy(u))NL(u) ={p}.
e pis the asymptotic center of the curve u(t).

Browder and Petryshyn [19] introduced the notion of asymptotically regular mappings.
A mapping T : D — D is (weakly) asymptotically regular on D if

(T"x — T"x = 0) T""'x—T'x -0, VxeD.
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They also showed that if T : D — D is nonexpansive, then for every 0 < A < 1,
T) = Al + (1 — A)T is asymptotically regular, and Fix (T,) = Fix(T). Djafari Rouhani
extended the notion of asymptotically regular mappings to curves in H:

Definition 3. (i) The curve u(t) in H is asymptotically reqular if for all h > 0, u(t +h) — u(t) — 0
ast — +oo.
(ii) u(t) is a weakly asymptotically regular curve in H if u(t +h) — u(t) — 0as t — +oo.

The following theorem provides sufficient conditions for the weak convergence of
asymptotically regular almost-nonexpansive curves:

Theorem 5 ([17]). Let u(t) be a weakly asymptotically reqular almost-nonexpansive curve in H.
Then, the following are equivalent:

(i) L(u(t)) # Q.

(i)  liminf; oo ||u(t)|| < +oo.

(iii) u(t) converges weakly to p € H.

3. A Steepest-Descent-like Method

For a smooth function ¢ : H — R, the gradient operator V¢ shows the direction of
steepest ascent of a particle traveling along the graph of ¢, hence —V¢ shows the direction
of steepest descent. If we consider the curve u(t) as the position of a particle in time ¢, then
the above discussion shows that if the velocity vector #(t) equals the value of —V¢ at u(t),
then u(f) travels along the steepest-descent direction on the graph of ¢. In this case, if ¢
has a minimum point, then it may happen that u(t) goes to a minimum point of ¢. This
leads to one of the most celebrated methods in optimization:

Let ¢ be convex with a nonempty set of minimizers. Then, every solution trajectory to
the following system

i(t) = =Ve(u(t)), ©)

converges weakly to a minimizer of ¢. This method is called the steepest-descent method.
A counterexample due to Baillon [20,21] shows that, in general, solutions to the above
system may not be strongly convergent in H; see also [22] (Proposition 3.3). Generalizations
of this method to nonsmooth and monotone cases were studied by several authors in the
1970s. If A=1(0) is nonempty, Baillon and Brézis [23,24] proved the weak convergence of
the mean of solutions to the following system:

—u(t) € Au(t), )
where A is a maximal monotone operator in H and u(0) = uy € D(A) is arbitrary.
Bruck [25] established the weak convergence of solutions to (2) with an additional condition
on A, which is called demipositivity. Motivated by the approach of nonexpansive curves,
Djafari Rouhani studied the convergence analysis of a quasi-autonomous version of (2)
without assuming A~1(0) to be nonempty.

Theorem 6 ([17]). If u is a weak solution (for the notion of weak and strong solutions, see [26]) of
the system

=5 )

{—uu) € Au(t) + f(t),
M(O) = Up € (A),

on every interval [0, T|, and satisfies sup,. [|u(t)|| < +oo, and if f — foo € L1((0,+00); H)
for some foo € H, then o = (1/T) fOT u(t)dt converges weakly to the asymptotic center of the
curve u(t).

The following theorems, respectively, study the weak and strong convergence of
trajectories of (3).
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Theorem 7 ([17]). If u is a weak solution of the system (3) on every interval [0, T, and satisfies
sup,;.q |[u(t)|| < 4ooand forall h > 0, u(t+h) —u(t) — 0ast — oo, and if f — foo €
LY((0, +0); H) for some foo € H, then u(t) converges weakly as t — oo to the asymptotic
center of the curve u(t).

Theorem 8 ([17]). If u is a weak solution of the system (3) on every interval [0, T|, and satis-
fies limy— oo (u(t), u(t + h)) = a(h) exists uniformly in h > 0, then or = (1/T) fOTu(t)dt
converges strongly as T — oo to the asymptotic center of the curve u(t).

4. Expansive Curves and Autonomous Systems

Now, we are in a position to go back to expansive mappings. In general, contrary to
nonexpansive mappings, an expansive mapping may not be continuous. As we have seen,
the set of fixed points of a nonexpansive mapping may be empty, but it always remains
closed and convex. Djafari Rouhani [27] provided examples to show that there are expan-
sive self-mappings of the closed unit ball of H, namely empty, nonconvex, or nonclosed
sets of fixed points. The first mean ergodic theorem for expansive mappings was proved by
Djafari Rouhani [27]. A continuous time approach to the orbits of an expansive mapping
was considered by Djafari Rouhani, and introduced as the notion of expansive curves.

Definition 4. An expansive curve u in H is a curve satisfying ||u(t +h) —u(s+h)|| > ||u(t) —
u(s)|| foralls, t,h > 0.

Expansive curves inherit many properties of orbits of expansive mappings, includ-
ing the lack of convexity and lack of closedness of the set of their fixed points. In any
case, the following two sets, which can be defined for any curve, are closed and convex
(or empty) sets.

Fi(u) = {q € H: |Ju(t) — q|| is nonincreasing; }
Ei(u) = {q € H: ||u(t) —q|| is nondecreasing. }

The following theorem describes the ergodic, weak, and strong convergence of expan-
sive curves in H:

Theorem 9 ([27]). Let u be an expansive curve in H and or = % fOT u(t)dt for T > 0.

(i) Ifliminfr_, o ||o7|| < +oo and ||u(t)| = o(\/t), then the weak limit q of any weakly
convergent subsequence of ot belongs to E.

(ii) If in addition to (i), iminf;_, o ||u(t)|| < 400, then u is a bounded curve and or converges
weakly to the asymptotic center p of u(t). Moreover we have p = lim;_, 4o Pg, u(t).

(iii) If in addition to (ii), u is weakly asymptotically reqular, then u(t) converges weakly to p as
t — H-o0.

(iv) Iflimy— o0 |[u(t)|| exists, then o converges strongly to the asymptotic center p of u(t), and
moreover in addition to p = limy_, oo P, u(t), we have p = Px0, where K; = conv{u(s);s > t}
and K = mtEOKﬁ

Now, let A be a monotone operator in H. If u is weak solution of

{u(t) € Au(t), @
u(0) = up,
on [0, T] for every T > 0, then u is an expansive curve in H [27] (Lemma 5.3); hence,
Theorem 9 describes the asymptotic behavior of any weak solution to (4). Unfortunately,
the system (4) is “strongly ill-posed”. For example, consider the simple linear case of
A = —A with Dirishlet boundary conditions, which yields the heat equation with final
Cauchy data and is not solvable in general. In Section 9, we try to fix this problem.
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5. Almost-Expansive Curves and Quasi-Autonomous Evolution Systems

By introducing an expansive counterpart to the notion of almost-nonexpansive curves,
we will be able to study the asymptotic behavior of solutions to (4) for the quasi-autonomous
case. Before going further, let us first recall the definition of an almost-expansive curve and
a description of its asymptotic behavior from [28].

Definition 5. The curve u in H is called almost expansive if

timsup [ sup(|[u(s) — u(t)|* — [[u(s +h) - u(t + 0)[?)] <0,
st—+o0 - h>0

where for every € > 0, there exists ty > 0, such that for all s,t > to, and for all h > 0, we have
llu(s) —u(t)||* < [lu(s +h) — u(t+h)||* +e.
We note that if u is bounded, then this definition is equivalent to

timsup sup(|u(s) — u(t)|| — Ju(s + ) — u(t +h)]) < 0.
s,t——+0c0 h>0
The following theorem describes the ergodic, weak, and strong convergence of almost-
expansive curves in H.

Theorem 10 ([27]). Let u be an almost expansive curve in H.

(i) Ifliminfr_, o ||or| < +ooand |[u(t)|| = o(\/t), then either the weak limit q of any weakly
convergent subsequence o, of ot belongs to L(u) or ||u(t)|| — +ooast — +oo.

(i) If in addition to (i), liminf;_, o ||u(t)|| < oo, then u is bounded and or converges weakly
as T — 4-oo to the asymptotic center p of u.

(iii) Assuming the conditions in (ii), u(t) converges weakly as t — oo to the asymptotic center p
of u if, and only if, u is weakly asymptotically reqular.

(iv) If0 € L(u), then o converges strongly as T — oo to the asymptotic center p of u. Moreover,
we have p = Px0, where Ky = conv{u(s);s > t} and K = Ny>oKs.

(v)  If u is asymptotically regqular, then lim; o u(t) = p = Px0, where p is the asymptotic
center of u and Ky = conv{u(s);s > t} and K = N>oK;.

The following proposition relates the asymptotic behavior of expansive-type evolution
equations to that of almost-expansive curves.

Proposition 1 ([28]). If u is a weak solution of

() + £(1) € Au(t),
{u<o> o, ©

on [0, T] for every T > 0, and if sup,~ [|[u(t)|| < +oo0and

im [ f0+(r—s) — f(6)]|de =0,

S,r—+00 Jg

then the curve u is almost expansive in H.

Therefore, similar to the expansive case, one can apply the results on the asymptotic
behavior of almost-expansive curves to describe the asymptotic behavior of solutions to (5).

Theorem 11 ([28]). Assume u is a weak solution of (5) on every interval [0, T] and sup~ [[u(t)|
< +oo. Assume f — foo € L1((0,+00); H) for some foo € H. Then, the following hold:
(i) o7 — pas T — o0, where p is the asymptotic center of u.
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(ii) u(t) — past — oo, if and only if u is weakly asymptotically regular.
(iii) Iflimy s oo ||u(t)|| exists, then limy_, o 07 = p = Px0, where K is as defined above.
(iv) limy—s oo u(t) = p = Px0 if and only if u is asymptotically regular.

6. Expansive-Type Difference Equations

As we have already explained, the dissipative systems of the form (3) have a unique
weak solution, whereas for solutions to (4), neither existence nor uniqueness is guaranteed.
A similar situation occurs for the backward discretization of (4):

Upp1 — Un € ApAllyyq.
Hence, we consider the following forward discretization:
Uyl — Un € AyAuy, (6)

which is always well defined.

Similar to the continuous case, by introducing the notion of almost-expansive se-
quences and studying their asymptotic behavior under some suitable conditions, we de-
scribe the asymptotic behavior of the solution to (6).

Definition 6. A sequence u, in H is said to be almost-expansive if for all i, j, k > 0, we have

lim sup [Sup(H”i — ujl|* = [|uipg — ”j+k||2)} <0.
ijeo L k>0

i.e., Ve > 0, ANy such that Vi,j > Ny, Vk >0, ||u; — u]-||2 < ujpx — quHz +e

We note that if u,, is bounded, then this definition is equivalent to

timsup | sup(u; — ] ~ i ~ i) < 0.
ij—eo  t k>0

The sequence of averages of u, is denoted by s, and defined by s, = %EZ;S U
The following theorem provides a discrete version of Theorem 10.

Theorem 12 ([27]). Let u, be an almost expansive sequence in H.

(i) Ifliminf, e ||sn|| < +ooand |luy|| = o(\/t), then either the weak limit q of any weakly
convergent subsequence sy, of s, belongs to L(uy) or ||uy| — +ocoasn — 4-co.

(it)  If in addition to (i), iminf,_ e ||ttn || < 400, then uy is bounded and s, converges weakly
as n — o0, to the asymptotic center p of u.

(iii) Assuming the conditions in (ii), u, converges weakly as n — +oo to the asymptotic center p
of uy, if and only if u,, is weakly asymptotically reqular.

(iv) If0 € L(uy), then s, converges strongly as n — oo to the asymptotic center p of uy.
Moreover, we have p = Px0, where K,, = conv{uy; k > n} and K = N,>0Kj.

(v)  If uy is asymptotically regqular, then limy, o uy, = p = Px0, where p is the asymptotic
center of uy, and K is defined above.

We still need an additional condition for the sequence u, governed by (6) to be
almost expansive.

Proposition 2 ([29]). Let A, be a nondecreasing sequence of positive numbers, such that

+oo A .
limsup } (% - 1) —0. )
iz =

i,j = +oo
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If uy, is a bounded solution to (6), then uy, is almost expansive.

Note that the condition (7) in the above proposition is in particular satisfied if

sup,~; Ayn < A for some A > 0, and aﬂ% < A, for some a, € I'. For example, the
_ 2 . - - .
sequence A, = 117 satisfies the conditions of the above proposition. Now, we are in a

position to apply our results on almost-expansive sequences to describe the asymptotic
behavior of the sequence u;,, governed by (6).

Theorem 13 ([29]). Assume that A, is a nondecreasing sequence satisfying the condition (7),
and uy, is a bounded solution to (6). Then, the following hold:

(i) sy — p,asn — 4o, where p is the asymptotic center of uy,.

(ii)  uy — p,as n — +oo if and only if u is weakly asymptotically regqular.

(ii)) Iflimy_syoo ||Un]| exists, then limy—, 100 Sy = p = PO, where K is as defined above.
(iv) limy oo tty = p = Px0 if and only if u,, is asymptotically regular.

In the following theorem, by assuming the zero set of A to be nonempty, we can obtain
stronger results:

Theorem 14 ([29]). Let uy be the sequence generated by (6), where A=1(0) # @ and
liminf, s400 Ay > A for some A > 0. If uy, is bounded, then there exists some p € A’l(O),
such that u, — p as n — +oo. Otherwise, ||uy|| — 400 asn — +oo.

Note that if the step size A, goes to infinity as # — 400, then the existence of a
bounded solution to (6) implies that A~1(0) # @. In fact, let u, be a bounded solution
to (6) and b, = W Clearly, b, € Auy and b, — 0. Since u,, is bounded, there exist
some g € H and a subsequence uy,, such that u,,, — g as k — +oc0. Now, the maximality of
A implies that g € A~1(0).

7. Periodic Solutions in Discrete Time

In this section, we will need the following extended version of expansive mappings
Definition 7. The mapping T : D(T) C H — H is said to be a-expansive if
allx—yll < | Tx— Tyl Vx,ye D(T).
If o =1, we say that T is expansive.

Clearly, letting @« = 1, the above definition coincides with the definition of an ex-
pansive mapping, and if T : H — H is a-expansive, then T~! exists and it is 1-Lipschitz
continuous. The following theorem provides sufficient conditions for the system (6) to have
a periodic solution.

Theorem 15 ([29]). Suppose that A is a single-valued and maximal strongly monotone operator in
H. If Ay, is a periodic sequence with period N, then there exists an N-periodic solution to (6).

The above theorem does not hold for a general maximal monotone operator A;
not even for subdifferentials of proper, convex and lower semicontinuous functions, nor for
inverse strongly monotone operators. To see this, let A : R — R be the constant function
A =1,and A; = 1. Then, (6) reduces to 1,11 = u, + 1, which shows that the sequence u,
tends to 400, as n — 4o, for all 1y € R. Therefore, it does not have a periodic solution.
However, assuming (6) has a periodic solution, is it possible that (6) has another solution
(by starting from a different initial point) that behaves differently? The following theorem
answers this question.
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Theorem 16 ([29]). Assume that A is a single-valued and maximal monotone operator in H,
and the sequence A is periodic with period N. If (6) has an N-periodic solution w, then every
bounded solution to (6) is also periodic with period N and differs from w,, by an additive constant.

In general, the existence of periodic solutions does not imply the boundedness of all
solutions to (6). For this, let D = [0,1], A = (I — Pp), and A, = 1. Then, (6) reduces to
Upy1 = 2uy — Ppuy. If we choose ug = 0, then u,, = 0, which is a periodic solution with
period N for all N € N. However, if we choose 1y = 2, then u,, 1 = 2u;,, — 1, which clearly
goes to +o0, as n — +o0.

8. A Gradient System of Expansive Type

In this section, we consider a particular case of non-monotone operators. This case is
motivated by the prominent example of a maximal monotone operator that is the subdiffer-
ential of a proper, convex, and lower semicontinuous function. A quasiconvex function is
an extension of a convex function, which has found many applications in economics [30].
Unlike the convex case, quasiconvex functions do not have a convex epigraph, but have
convex sublevel sets. This is stated formally in the following definition:

Definition 8. (i) A function ¢ : H — (—oc0, 40| is quasiconvex if
Pp(Ax+ (1 —A)y) <max{¢(x),¢(y)}, Vx,y € Hand VA € [0,1].

(ii) A function ¢ : H — (—oo, 40| is strongly quasiconvex if there is & > 0 such that

Pp(Ax + (1= A)y) < max{p(x),¢(y)} —ar(1—A)||x —y||®>, Vx,y € Hand VA € [0,1].

The notion of a subdifferential has been generalized for nonconvex functions by many
authors. Nevertheless, in any circumstance, the subdifferential operator of a quasiconvex
function is not monotone. However, in the case where the quasiconvex function ¢ : H = R
is Gateaux differentiable, then the following characterization holds:

¢ is quasiconvex on H & (Vx,y € H, ¢(y) < ¢(x) = (Vp(x),x —y) > 0).

This characterization will be useful in the rest of this section to make up for the lack
of monotonicity.

We consider the expansive system governed by the non-monotone operator V¢, where
¢ : H — Ris a differentiable quasiconvex function. Indeed, as in [31], we consider the
following differential equation

u(t) = Vo(u(t)) + f(t), tel0,+o0), ®)

where ¢ : H — R is a differentiable quasiconvex function, such that V¢ is Lipschitz
continuous and f € WY1((0,+o0); H). The Cauchy-Lipschitz theorem implies the existence
of a unique solution of the system (8) with an initial condition, where V¢ is Lipschitz
continuous. In order to study the asymptotic behavior of solutions to systems of the
form (8), the authors in [31] introduced the following set for a function ¢ along a curve u:

Ly(u) ={y € H: 3T > 0s.t. ¢(y) < p(u(t)) Vt>T}.

Denoting the set of all global minimizers of ¢ by Argmin ¢, then Argmin ¢ C Lg(u).
The following proposition shows that if u is a solution to (8), then Ly (1) C L(u).
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Proposition 3 ([31]). Let u(t) be a solution to (8). For an arbitrary interval [a, b], whereb > a > 0,
and each 'y € Ly (u), we have

b
[u(a) =yl < [[u(b) -yl +/a £ () llat,

and therefore lim;_, o |1 (t) — y|| exists (it may be infinite).

Proposition 4 ([31]). Let u(t) be a solution to (8). If iminf;, {o ||t(t)| < o0, then

(i) limss 40 V(u(t)) = 0.

(ii)  limy—s oo P(u(t)) exists and is finite.
(it)) Ly (1) # .

(iv) u is bounded.

The following theorem describes the asymptotic behavior of solutions to (8).

Theorem 17 ([31]). Let u(t) be a solution to (8). If iminf_, oo ||u(t)|| < oo, then there exists
some p € (V¢)~1(0), such that u(t) — past — +oo, and if p ¢ Argmin ¢, the convergence is
strong. If u(t) is unbounded, then ||u(t)|| — +ooast — +oo.

Note that the above theorem shows that if (V¢)~1(0) = @, then for any solution to (8),
we have lim;_, o ||u(t)]| = +oo0.

The following two theorems provide sufficient conditions for the strong convergence
of solutions to (8).

Theorem 18 ([31]). With either one of the following assumptions, bounded solutions to (8) converge
strongly to some point in (V) ~1(0):

(i) Sublevel sets of ¢ are compact.

(i) int Ly(u) # @.

Theorem 19 ([31]). Assume that ¢ : H — R is a strongly quasiconvex function and u(t) is a
bounded solution to (8). Then, Argmin ¢ is a singleton and u(t) converges strongly to the unique
minimizer of ¢.

For a differentiable quasiconvex function ¢ : H — R whose gradient V¢ is Lipschitz
continuous with Lipschitz constant K, as in Section 6, we consider the forward finite-
difference discrete version of (8), which yields a well-defined sequence:

Uyl — Un = /\nv‘P(un) +fn/ (9)

where the sequence f, belongs to I' and A, > ¢ for some ¢ > 0.
In order to study the asymptotic behavior of u,, we define the following discrete
version of L (u):

Ly(un) ={y € H: 3N > 0s.t. ¢(y) < ¢p(uy) Vn > N}.
The following proposition is a discrete version of Proposition 3.

Proposition 5 ([31]). Let u, be the sequence generated by (9). For each y € Ly(uy,), and k < m,
we have

m—1
g =yl < llm =yl + Y N1 full, (10)
n=k

and consequently limy, s o ||u, — y|| exists (it may be infinite).
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Proposition 6 ([31]). Let u, be a solution to (9), such that iminf,_, {« ||un| < +oo. Then,
Ly (un) is nonempty if and only if limy, 1 o (1) exists, and in this case uy is bounded.

If ¢ is convex, we can omit the Lipschtz continuity condition on V¢ in Proposition 6.

Proposition 7 ([31]). Assume that u, is a solution to (9), such that iminfy,_ e ||ttn|| < 4o00. If
either one of the following conditions is satisfied, then Ly (u,) is nonempty.

(i) ¢ is convex and the sequence of step sizes A, is bounded above.
(i) limsup, .,  An < %

In the continuous case, we showed that if liminf; , o [|1(t)]| < 400, then Ly(u) # @.
However, in the discrete case, it remains an open problem whether without any additional
assumption that lim inf;, , o ||1 || < 4-c0 implies that Ly (1) is nonempty.

The following theorems describe the weak and strong convergence of solutions to (9).

Theorem 20 ([31]). Assume that u, is the sequence given by (9), and Ly(u,) # @. If
liminf, oo ||n|| < 400, then there is some p € (V¢)~1(0), such that u, — p asn — +oo,
and if p ¢ Argmin ¢, the convergence is strong. If u, is not bounded, then ||u,| — oo, as
n — +oo.

Theorem 21 ([31]). Let u, be a bounded sequence, which satisfies (9), and let L(u,) # Q. If either
one of the following assumptions holds, then u, converges strongly to some point in (V¢)~1(0):

(i) Sublevel sets of ¢ are compact.
(i) int Ly(un) # @.

Example 1. Assume that ¢ : R — R is defined by ¢(x) = arctan(x>) and consider (9) with
Ap = %n and f, = 0. Then, it is easy to see that all the assumptions of Theorem 21 are satisfied.
In Table 1, we compare 1000 iterations u, generated by (9) starting from two different initial
points, namely uy = —0.5 and ug = 1. The numerical results show that for ug = —0.5,
up — 0 € (V) ~1(0), and for ug = 1, uy slowly goes to infinity.

Table 1. Comparing 1000 iterations u, with different initial points.

n Uy Uy
0 —05 1
1 —0.00769231 2
10 —0.00404869 3.63765
20 —0.00171074 4.68854
30 —0.0008858 5.46951
40 —0.000533135 6.11128
50 —0.000354164 6.66517
60 —0.000251763 7.15741
70 —0.000187942 7.60348
80 —0.000145564 8.01339
90 —0.000116023 8.39404
100 —0.0000946225 8.7504
1000 —9.94968 x10~7 21.8786

9. Some New Results

As we have seen in Section 4, given a maximal monotone operator, expansive systems
of the form (4) may be “strongly ill-posed” in general. In this section, we consider a special
class of maximal monotone operators that induces well-posed expansive evolution systems.
Motivated by this, we propose an expansive-type approach for the approximation of zeros
of any maximal monotone operator.
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9.1. Weak Convergence
We start with the following definition:

Definition 9. Let A > 0. The operator A : H — H is said to be A-inverse strongly monotone if
MlA) = AW)I? < (A(x) — A(y), x —y), Yxy€H.

Clearly, a A-inverse strongly monotone operator is %—Lipschitz.
Let A : H — H be a A-inverse strongly monotone operator, such that A~1(0) # @.
Consider the following differential equation:

{u(t) = Au(t), an
u(0) =x € H.

Since A is Lipschitz, then the Cauchy-Lipschitz theorem guarantees that there exists a
unique solution to (11). The following Lemma is due to Z. Opial [32], and is an effective
tool in the convergence analysis of curves in the weak topology.

Lemma 1. Let u : [0, +00) — H, and let S C H be nonempty. Assume that

(i)  Foreveryy € S, limy 1 ||u(t) — y|| exists;
(ii)  Every sequential weak limit point of u belongs to S.

Then, there exists p € S, such that u(t) — p as t — +oo.

Theorem 22. Assume that u is a strong solution to (11). If u is unbounded, then |[u(t)| — oo,
as t — oo, If u is bounded, then there exists some p € A~1(0), such that u(t) — past — +oo.

Proof. Lety € A~1(0) and h,(t) = 3||u(t) — y||*. By the monotonicity of A we have:

hy(t) = (i), u(t) —y) = (Au(t),u(t) —y) > 0.

Hence, () is nondecreasing. If u(t) is unbounded then h, () — +ooisast — +oo,
which implies that ||u(t)|| — +ocoisast — +oco. If u(t) is bounded, then lim; ., o 1y (t)
exists. Multiplying both sides of (11) by u(t) — y and then using the fact that A is A-inverse
strongly monotone, we obtain:

hy () = (a(t), u(t) —y) = (Au(t), u(t) —y) > Al Au(b)||*. (12)

Replacing Au(t) with #(f) in (12) and then integrating both sides of (12) on [0, ],
we obtain:

A [ ()P <y () - 1y 0),

Since lim;_, 10 h1y () exists, the above inequality implies that i1 € L?([0, +00), H). On
the other hand, since u is bounded and A is Lipschitz, (11) yields # and is bounded,
and hence u is Lipschitz. Now, since 1 is the composition of two Lipschitz mappings,
u is Lipschitz too. This implies that # is uniformly continuous. This together with u &
L%([0, +-00), H) yields lim;_, 4« 11(t) = 0 and hence by (11), lim;_, 1 Au(t) = 0. Now, let g
be a weak cluster point of u(t). There exists a sequence t, C [0, +o0), such that t, — +oo
asn — +oo, and u(t,) — gasn — +oo. From the maximality of A, we have g € A~1(0).
Now an easy application of Opial’s Lemma concludes the proof. [

Let A be an arbitrary maximal monotone operator, and A > 0. The resolvent of
A of index A is the single-valued operator J{ = (I + AA)~!, which is nonexpansive

and everywhere defined. The Yosida approximation of A of index A is Ay = %(I — .
A straightforward calculation shows that the Yosida approximation of index A is A-inverse
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and strongly monotone, and A; ! (0) = A~!(0). Therefore, the Cauchy-Lipschitz theorem
implies that the differential equation

i(t) = Ax(u(t)), (13)

with an initial condition #(0) = 1y € H is well defined. Therefore, by Theorem 22, if 1, (t)
is a solution to (13) that remains bounded, then u,(t) converges weakly to a zero of A,
otherwise u, (t) goes to infinity in the norm as t — +oo.

9.2. Strong Convergence via Tikhonov Regularization

In this subsection, we propose well-posed dynamics that approximate zeros of an
arbitrary maximal monotone operator A in strong topology. For this purpose, let us assume
that a : [0, +00) — (0, +00) is absolutely continuous on every finite interval, and define
Ar = A+ «(t)I. Hence, A; is onto, and due to the strong monotonicity of Ay, the zero set
of Ay is a singleton. Let ¢(t) denote the unique zero of A;. We call (t) the central path of
A corresponding to a(t).

Lemma 2 ([33]). Let A be a maximal monotone operator, let a(t) be a positive function, and let & (t)
be the central path corresponding to A and a(t). If A=1(0) # @, then &(t) is bounded. Moreover,
iflim;_, oo a(t) = 0, then &(t) converges strongly to the least norm element in A=1(0).

Since &(t) = J4 (0), by the resolvent identity, we have

1, (055 )e0) -1y < | (o=

1
a()

If A=1(0) # @, then Lemma 2 implies that &(t) is bounded. The boundedness of
¢(t) and the absolute continuity of a(t) on every finite interval together with the above
inequality implies that () is absolutely continuous on every finite interval, since «(t) does
not take the value zero, therefore it is bounded away from zero. Hence, {(t) is almost
everywhere differentiable. Dividing both sides of the above inequality by 6 and then letting
0 — 0, we obtain

16(t+0) = &)l =

'igg' IEO], ae.t>0. 14)

Theorem 23. Let w : [0,+00) — (0,+00) be absolutely continuous on every finite interval,
such that

(i) limyiea(t) =0;

(ii) Timyssoo 05 = O;

(iii) [ a(t)dt = +oo,

Let A : H = H be maximal monotone with a nonempty zero set. Then, every bounded (possible)
solution to the following differential equation

u(t) = A(u(t)) + a(t)u(t),
u(0) =uy € H,

I8l <

(15)

converges strongly to the zero of A with minimal norm.

Proof. Let h(t) = %|lu(t) — &(t)||%. We have
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h(t) + (& (1), u(t) = (1)) = (A(u(t)) — AG(1)),u(t) = (1) + a(t)||u(t) = S(H)]7,
By applying the Cauchy-Schuartz inequality and the monotonicity of A, we obtain
2a(t)h(t) < h(t) + MIIS(1)]], (16)

where M = sup, [|[u(t) — &(t)||. Multiplying both sides of (16) by e E(®), where
E(t) = fot a(T)dt, we get:

Then,

MU () < e

Integrating the above inequality on [s, t], we get
m(s) (e_E(t) - e_E(S)) < e EOp(t) — e EG)n(s),

where m(s) = Minf;>g % Letting t — oo in the above inequality, since h(f) is

bounded and lim;_, + E(t) = 400, we obtain

E_E(s)h(s) < e—E(s)m(S) < e—E(s)M”ig;”

Multiplying the above inequality by e£(*), and applying (14), we obtain

n(s) < MBS ey

a(s)?
Now, letting s — +00, we conclude the result by applying (ii) and Lemma 2. O

Remark 1. By applying a nonautonomous version of the Cauchy—Lipschitz theorem, the following
Tikhonov reqularization system has a unique solution.

{u = Ap(u(t)) +a(t)u(t), (17)

u(0) = up € H.

Therefore, by Theorem 23, the system (17) provides a continuous time-expansive method to approxi-
mate the zero with the least norm of any maximal monotone operator A.
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Abstract: We establish a compartmental model for Zika virus disease transmission, with particular
attention paid to microcephaly, the main threat of the disease. To this end, we consider separate
microcephaly-related compartments for affected infants, as well as the role of asymptomatic carriers,
the influence of seasonality and transmission through sexual contact. We determine the basic
reproduction number of the corresponding time-dependent model and time-constant model and
study the dependence of this value on the mosquito-related parameters. In addition, we demonstrate
the global stability of the disease-free periodic solution if Ry < 1, whereas the disease persists when
Ro > 1. We fit our model to data from Colombia between 2015 and 2017 as a case study. The fitting
is used to figure out how sexual transmission affects the number of cases among women as well as
the number of microcephaly cases. Our sensitivity analyses conclude that the most effective ways
to prevent Zika-related microcephaly cases are preventing mosquito bites and controlling mosquito
populations, as well as providing protection during sexual contact.

Keywords: non-autonomous epidemic model; Zika fever; microcephaly; basic reproduction number
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1. Introduction

Zika fever or Zika virus disease (ZIKV) is an arthropod-borne disease caused by a
Flavivirus, mainly spread by infected female mosquito bites. The species responsible for
transmission are primarily Aedes aegypti and Aedes albopictus [1]. Unlike other arboviruses,
Zika can also be transmitted via sexual contact, primarily from males to females [2]. Ev-
idence shows that ZIKV remains in semen up to six months, which is longer than it can
remain in other bodily fluids. This means that the disease can still be transmitted several
months after recovery [3]. The most common way for Zika to be transmitted is from a
pregnant woman to her child. This has been shown to cause microcephaly and other
serious fetal brain deficiencies although, historically, Zika fever was thought to have mild
symptoms in humans, such as moderate fever, conjunctivitis, rash and joint discomfort.
The Zika virus was first isolated in 1947 in a rhesus monkey in the Zika forest (Uganda).
It was shown that the virus is transmitted between primates and mosquitoes, especially
the mosquito species Aedes africanus [4]. At the end of 2015, the European Centre for
Disease Prevention and Control published a study on the possible connection between Zika
fever, congenital microcephaly and Guillain-Barré syndrome [5,6]. For example, in Brazil,
2782 microcephaly cases were reported in the year following the emergence of Zika fever,
while there were only 147 and 167 cases in the two preceding years [7]. ZIKV was found to
have been transmitted intrauterine for the first time in Brazil, in the uteri of two pregnant
women whose fetuses were born with microcephaly. In Colombia, a total of 19,993 female
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pregnant women with presumed Zika virus disease were recorded from the start of the
epidemic up to week 33 of 2017, of whom 6365 were laboratory-confirmed with Zika virus
infection [8,9]. In total, 1415 occurrences of microcephaly and other congenital disorders of
the central nervous system were recorded in Colombia between the first week of 2016 and
week 33 of 2017. Among these, 196 were laboratory-confirmed as being associated with
Zika virus infection. The number of cases having microcephaly reveals an increasing trend
in 2016, reaching its high in week 28. Whereas the number of cases has been decreasing
since, in comparison to the same period 2014 and 2015, the trend has nevertheless shown
a greater number of cases. In [10], the authors confirmed the link between microcephaly
and congenital Zika infection based on a case—control investigation in 2016. The study [11],
using data from national reporting databases in Brazil, also confirmed that congenital Zika
infection, in particular in the first six months of pregnancy, can be linked with microcephaly
and with other birth defects. Ref. [12] found that the number of Guillain—Barré syndrome
patients increased parallelly with the number of Zika cases, while microcephaly cases ap-
peared five months after the beginning of the outbreak, showing a functional relationship
between the transmission of Zika fever and the increase of microcephaly and Guillain—Barré
syndrome cases. Microcephaly was linked to other problems, such as miscarriage, stillbirth
and other birth defects [13].

Several researchers have studied the dynamics of the Zika virus spread using mathe-
matical models. Ref. [14] established a compartmental model that includes mosquito-borne
spread and sexual transmission as well. In this paper, males and females were not differen-
tiated. Ref. [15] formulated and analysed five compartmental models of Zika transmission,
modelling heterogeneity in sexual transmission in several different ways. Saad-Roy, Ma
and van den Driessche [16] introduced a model differentiating humans w.r.t. their sex and
sexual activity. Some studies also consider the changes in the weather and climate in the
models, see, e.g., [17-21]. A model for the transmission of the ZIKV presented in [22] also
includes the effect of the periodicity of weather. This model included time-dependent
mosquito parameters. The global dynamics are determined by the basic reproduction num-
ber Ry: the disease-free equilibrium is shown to be globally asymptotically stable if Ry < 1,
whereas when Ry > 1 the disease persists in the population. The model studied in [23]
incorporated vertical transmission of the Zika virus among humans, the birth of newborns
having microcephaly and asymptomatic carriers of the virus. In [24], a non-autonomous
model was developed that took into account the majority of the important aspects of
Zika spread: vector-borne and sexual transmission, the prolonged time of infectiousness
following recovery, the role of asymptomatically infected persons, and the significance of
weather seasonality. As the main concern regarding Zika infections is the possibility of
malformations in newborns, a particular emphasis was put on the assessment of the effect
of the epidemic on women.

In the current study, we extend the compartmental model described in [24] by taking
into account the vertical transmission of Zika to the fetus in the early stages of pregnancy
in order to better estimate the risk of microcephaly due to Zika. We determine the basic
reproduction number of the corresponding time-dependent model using different methods.
In addition, we demonstrate the global stability of the disease-free periodic solution in
the case Ry < 1, whereas the disease persists when Ry > 1. To support the theoretical
conclusions, numerical simulations are provided. In addition, we fit our model to data
from Colombia between 2015 and 2017 as a case study.

2. Methods
2.1. Seasonal Compartmental Model

To account for sexual, vector-borne and vertical transmission, we divided the whole
human population N, into three categories: adult females, denoted by N,, adult males, de-
noted by N, and children, denoted by N, and consisting of newly born babies and children
under puberty. In order to simplify our model, we do not introduce separate compartments
for pregnant women, but we assume that a constant percentage of women (in any of the
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adult female compartments) is pregnant at any time f. Susceptible humans (S, 5, and 5)
are those who can be infected by the Zika virus. Once having contracted the disease, indi-
viduals progress to the exposed compartment (E;, E, and E), and these persons do not have
any symptoms yet. If a person has been exposed to the Zika virus but has not yet developed
symptoms or been confirmed as infected, they can still potentially spread the virus to others.
This is because the virus can be present in the blood (viraemia) and semen (virusemenia)
of an infected person for a period of time before symptoms appear [14,25]. Following the
incubation time, exposed humans transfer to one of the symptomatically infected classes
(Ifs ,I°, I) and the asymptomatically infected compartments (If”, I7,17), based on whether
that person shows symptoms or not. Both asymptomatically and symptomatically infected
adult males progress to the convalescent class (I") which includes individuals who have
recovered from the disease but are still able to spread it through sexual contact. For adult
females, we introduce the compartment If’ . A percentage of those in If’ are those recovered
mothers who had Zika during their pregnancy. Children of women who were previously
infected by Zika might develop microcephaly and be born into the M, class, or they might
be born healthy and thus arrive at the recovered compartment R.. To incorporate the time
from infection of the mother to birth, we introduce a time delay (7), which in our model is
given as a constant delay based on the average time between infection and delivery of moth-
ers who have given birth to babies with microcephaly. Adults enter the recovered classes
(R, R,) after the convalescent phase. Infected mothers’ children who are born healthy will
move to the recovered compartment R , while those who develop microcephaly will move
to compartment M,. The Zika virus only causes microcephaly during pregnancy and not
after birth in non-infected children. It only affects the developing fetal brain leading to
abnormal brain development and microcephaly in some newborns. Children who were
not infected during pregnancy are not at risk of developing microcephaly [26]. Once the
infected children have recovered, they will be transferred to the recovered compartment.
We point out that the infectious classes (E, I°, I, I") also differ in terms of recovery and
transmission rates. We introduce three mosquito compartments: susceptible (S,), exposed
(E,) and infected (I). Figure 1 depicts the model’s transmission diagram.
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Adult Males Adult Females Children

Mosquitoes

Figure 1. The dynamics of the spread of the Zika virus, taking into account three human groups,
and sexual, vertical and vectorial transmission. Adult males, adult females, children and mosquitoes
are denoted by the lower indices m, f, c and v, respectively. Yellow nodes denote non-infectious
and red nodes denote infectious compartments. The disease progression is depicted by black, solid
arrows. The direction of sexual transmission from adult males to adult females is shown by blue
dashed arrows, while blue dash—dotted arrows illustrate the direction of vertical infection from adult
females to their children. Green dashed arrows show the direction of the maturation from child to
adult. Red dashed lines show the direction of mosquito-to-human transmission.

The total human population is N, (t) = N, (t) + N, (f) + N.(t) and the total population
for each group is given as:

N (t) = S,(£) + E(t) + I7(£) + I(£) + I'(£) + Ry (8),
N, (8) = 5,(8) + B, () + LI(#) + L(£) + /(1) + R, (1),
N.() = S.(6) + E(£) + [7(t) + I (£) + M.(£) + R.(1),

while the total mosquito population is given by N, () = S, (¢) + E, (t) + L (¢).
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In accordance with the transmission diagram in Figure 1 and the parameter description
given in Table 1, the mathematical model takes the form

/() = $8.(6) ~ xS, (1)~ &, (D E5S, ()~ ds, (1)
2| B0 = BRSO+ (ORGS0 — (4 + DE )
SL1(0) = 0, (1) — vl (1) — aL' (),
E| (1) = =0y E (1) — wl() —dE (@),
1) = vl (6) + s () = I (1) = dI (1),
R/(t) = §R.(5) + 1L/ (1) R (1),
5,(8) = §5.(0) —&,() & S, (1) =5, (1),
B|EL() =& (055 () — (y +DE, (1),
EL1() = 0y E, () — vl (1) — 12 (1),
E| /() = (1= E, (1) — %l () — I3,
L) = wald () + 0L (1) = m I () — I (), "
R (1) = $R (1) + 1L (1) — R, (1),
() = B 1 T ot () b (1) s (1) — 25.0),
f
_|EO =&03 550 - yE® - ¢k >
Bl 1) = ey E(5) — vl (t) - E1°(1),
) 170 = (1= Oy E() — 9 (1) — C1 (1),
M) = (1= p)B e et g )
RI() = p L et () (1) — R (1) R ()
g(sm=Bm-aOFHSO-ps0)
=) B0 =& (05 {5 (0 — (4 + pE ()
®]
= \L(t) = E(t) —uL(b),

where

T, () = ke, () + o (8) + () + 7 (1),
T(6) = e (E, (1) + E, (1) + E(0) +7a (I(8) + I°(6) + (1)) + T (8) + I5(0) + I°(0),

and all other parameter descriptions are summarized in Table 1. In particular, B, and ¢
are children’s birth and death rates, d is the adult death rate and f is the rate at which
symptomatic males spread the disease to susceptible females; f multiplied by «,, x, and «;
yields the rates at which exposed, asymptotically infected and convalescent men spread
the disease to women, respectively. The fraction of asymptomatically infected individuals
is represented by 6.
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Table 1. Description of the model (1) parameters.

Parameter Description

. Natural birth rate of children
¢ Natural death rate of children
! Maturation rate
d Natural death rate of adults
B Transmission rate from human to human
o, Baseline value of mosquito-to-human transfer rate
« Baseline value of humans-to-mosquito transfer rate
0 Ratio of asymptomatic infections
Ke,Ka,kr  Relative transmissibility of exposed humans to infectious humans

Ne, Na Relative transmissibility of infectious human to mosquitoes
Ya Progression rate from I[? to I
Vs Progression rate from I° to I"
Yr Recovery rate of convalescent humans
v, Human incubation rate
v, Incubation rate in mosquitoes
B, Baseline value of mosquito birth rate
U Mosquito death rate
p Fraction of children who have recovered
1-p Fraction of children who have microcephaly
a,b Seasonality parameters
T Constant delay

Humans have a latent period of 1/v length and the infection periods are as follows:
1/74,1/7s and 1/s. The period 1/, represents the length of time that recovered men
are still infectious through sexual contact and recovered women are still infectious during
pregnancy. The functions &, (¢), & (t) and B, (t) represent, respectively, the transmission
rate from an infected mosquito to a susceptible person, the transmission rate from an
infected human to a susceptible mosquito and the birth rate of mosquitoes. These functions
are considered to be time-periodic, with one year serving as the period and following
for instance [22,24,27] they are expected to be of the form a, - (sin (%”t +b) +a),a -
(sin (2Ft+b) +a) and B, - (sin (2%t +b) +a) where P represents the length of the period,
a and b are free adjustment parameters, and «,, «,, B, denote the (constant) baseline values
of the time-dependent parameters, respectively. Just like in the case of human-to-human
transmission, we also introduce the modification parameters #,, 17, for the infectiousness of
exposed and asymptomatically infected people, respectively. We have 1/v, for the length of
the latent period for mosquitoes, while the average life span of mosquitoes is given by 1/ .

2.2. Zika Fever and Microcephaly Cases Data

The public and freely available weekly ZIKV confirmed cases were collected from the
National Health Institute of Colombia [28-30] and Pan American Health Organization [31,32].
We focus our analysis on 2015-2017 confirmed ZIKV cases since the start of the epidemic on
week 33 of 2015 up to week 33 of 2017, while for microcephaly we use the data starting from
week 33 of 2015 up to week 3 of 2017. There was a delay between the mother’s infection
and the delivery which caused the lag time between the peaks observed in the number
of symptomatically infected cases and microcephaly cases. Figure 2a shows the weekly
confirmed cases of the 2015-2017 ZIKV outbreak in Colombia. Figure 2b shows the weekly
confirmed microcephaly cases of 2015-2017 in Colombia.
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Figure 2. Colombia, weekly distribution of ZIKV and microcephaly cases, 2015-2017. (a) Weekly Zika
cases. (b) Weekly microcephaly cases.

2.3. Parameter Estimation, Sensitivity and Reproduction Numbers

To calculate the parameters of model (1) providing the most satisfactory fit to data, we
use Latin hypercube sampling. This sampling method is used to simultaneously measure
the variance in various parameter values (see, e.g., [33] for details). The main idea of the
method is to generate a representative sample set from the ranges for all fitted parameters.
To obtain a representative sample set of size m, the parameter ranges are divided into m
equal subintervals and one point is selected from each subinterval. After obtaining the
m lists of samples, they are combined randomly into m-tuples. For each element of this
sample set, the solutions of the model (1) are numerically calculated. Finally, we apply
the least squares method to find the parameters providing the best fit. In order to classify
the parameters w.r.t. their influence on the number of microcephaly cases, we employ
partial rank correlation coefficients estimation (PRCC, see, e.g., [34]), to perform sensitivity
analysis. When we change the parameters within the predetermined ranges, the PRCC-
based sensitivity analysis assesses the impact of the parameters on the response function
(in our case, the number of microcephaly cases). Higher positive (or negative) PRCC values
indicate that a parameter has a positive (or negative) correlation with the outcome function.

The basic reproduction number (Rg) of a periodic mathematical model can be de-
termined as the spectral radius of a linear integral operator on a set of time-dependent
functions (see [35], for details). Although the value of R cannot be computed analytically,
there are methods to do it numerically (see, e.g., [36] for details). There are also interesting
results from calculating the basic reproduction number as a time average for the corre-
sponding periodic model. Setting the time-dependent parameters (mosquito birth rate and
bite rates) to constant yields the formula for the time-average basic reproduction number,
which can be found in (12). In addition to the basic reproduction number (Ry), the instan-
taneous reproduction rate, R;,s;, which measures the average number of secondary cases
per infectious case in a population, can be computed by multiplying R by the size of the
susceptible percentage of the host population.

3. Results
3.1. Threshold Dynamics

We present some notations for studying the existence of solutions to the system (1)
as well as the uniqueness of those solutions. For a certain continuous w-periodic function
h(t), we introduce h = SUP;e[0,0) h(t).

Let

C:= C([—T,O],R6) x R,
C™:=C([-7,0],R%) x R,
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Thus (C,C™) defines an ordered Banach space together with the maximum norm.
Ifx = (xq,x0,...,X0) : [-T,0] = Ril is continuous function with ¢ > 0, then, for any
€ [0,0), we define x; € C tobe x¢(0) = (x1(t+6),x2(t +0), x3(t +6), x4(t + 0), x5(¢ +

0),x6(t+0),x7(t), x5(t),..., x21(t)), V0 € [-7,0].
Define
=l¢c ct - ¢i(0) = ,O, i={1,2,...,6}, V6 €[-1,0], .
$;=>0,j=178,...,21}.

Lemma 1. Equation (1) has a unique non-negative bounded solution u(t, ¢) on [0, c0) with ug = ¢,
forany ¢ € Q, such that uy(¢p) € Q forall t > 0.

Proof. We introduce the following matrix function f(t,¢), for any ¢ =
), as follows:

(P1,¢2,...,¢21) €

5¢13(0)

NP

1(0) =

$1(0) —

d¢1(0)

T (0
%4’1( )+ﬂ(h

(t )¢21( )

&, (£)¢21(0)
N

¢1(0) —

6y, }14)2( )

'YuGDS(O)

(1-

0)v,¢$2(0) —

Ya$3(0) + vspa(0) —

'Ys¢4(0) -

Yrs(0) —

d¢4(0)
dgs(0)

5¢18(0) + 7r¢5(0) —

5¢13(0) — (

0y, ¢5(0)

5%, (092 (0)
N,

¢7(0
SO0 02 0) — (3, + )95 0)
— a9 (0)

dge(0)
) — d¢7(0)

— d¢o(0)

(1-

0)v,¢s(0) —

')’54)10(0) -

flt o) =

Ya¢9(0) + vsp10(0) —

Yrd11 (0) -

d¢10(0)
d¢11(0)

2¢18(0) + 7r¢11(0) —

d¢12(0)

gt _ %

(47210

BC%JW@* ([)3( )—“¢13<0)_

& (E)oy (0
%]m()‘/’ls(o)—%%d )

—¢¢14(0)

91/; $14(0)

— Ya15(0) —

$¢15(0)

(1—0)y,¢414(0) —

YsP16(0)

—G¢16(0)

(y, +d)¢2(0)
— d¢3(0)

Cp13(0)

(1
— + —
pB. $2(-7) ‘Ps;\] T

~p)B 4’2(*T)+¢3§\];T)+474(*T) o8t _ E17(0)

)+a(=7) ,—¢r + Ya$15(0) + ¥s¢16(0) — agr5(0) — E¢15(0)

f

1,(0)
T,(0)

'U

B (1)

v

& (t)

—&,(t)

v,¢20(0)

where

Kes (0 ) + K29 (0) + P10(0) + K111 (0),
e (¢2(

52 19(0) — (

— p21(0)

%0)4719(0) — He19(0)
v, + 1) $20(0)

)+ ¢8(0) + ¢14(0)) + 1 (¢3(0) 4 P9 (0) + ¢15(0)) + ¢4(0) + $10(0) + ¢16(0).

Notice that f(t,¢) is continuous in (t,¢) € Ry x Q and f(t,¢) is Lipschitz in ¢ on
each compact subset of (). Therefore, by [37] (Theorems 2.2.1 and 2.2.3) (1) has a unique

solution u(t, ¢) on its maximal interval [0, o) of existence with ug = ¢.
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~ Let (P = ((Pl,(l)z,...,(Pz]) § Q. If 4713 = 0, then fm(t,(])) > 0. If (Pl7 = 0, then
fi7(t, ) = 0. If 15 = 0, then f1g(t,¢p) > 0. If ¢; = 0 for some i = {1,2,...,21}, then
fi(t,¢) = 0. Obviously, the total number of humans, represented by Nj,(t), abides by:

N/() = Be 8% — EN.(£) — AN, (£) — dN, (£) > Be & — (£ + 2d)N, ().

It is important to Igote that the linear equationg"% = Be ST — (¢ +2d)y(t) hasa globally
stable equilibrium Bé_iﬁ and forany 0 < 6 < B(;Eiﬁ, %|y:5 =Be ¢ — (¢+2d)6 > 0. Asa
result, if y(0) > ¢, then y(t) > ¢ holds true for all t > 0. Based on the comparison principle,
if Nj,(0) = Y18, ¢:(0) > 6, then Nj,(t) > &. Then by [38] (Theorem 5.2.1 and Remark 5.2.1),

the unique solution u(t, ¢) of (1) with ug = ¢ satisfies u;(¢) € Q forall t € [0, 04).
From (1), we obtain

N/(t) = Be " —EN/(t) — dN,(t) —dN, (t) < Be *" — ENy(t), 2)

where ¢ < d. Clearly, N, (t) satisfies

[

N/(t) = B,(t) — uN,(t) < B, — uN, (1), ¥ t € [0,0).

v

Hence, N, (t) and N, (t) are ultimately bounded on [0, 0y). By [37] (Theorem 2.3.1),

-t R -t B
it follows that gy = co. When Nj,(t) > max{ Béim , %} and N, (t) > max{ Bffizéd , %}, we

have

dNj,(t) dN,(t)
This implies that all solutions are uniformly bounded. [

Next, we investigate the existence and uniqueness of the disease-free periodic solution
of system (1). Define

(0),17(0), 17(0), I7(0), R:(0), 5,,(0), E, (0), 1/(0), I3(0), 1;(0), R, (0), 5.(0), E.(0),
“(0),1

17(0), I(0), M.(0), R (0), 5,(0), E, (0), 1, (0)) € R3..

When there is no disease present, with a positive initial condition € R?!, we have
the following system

/ o
S/(t) =55.(t) —ds, (¢),
S,(1) =55.(t) = ds, (1), ©)

S/(t) =Be ¢T —g5.(t)

from the last equation of system (3) we can derive

S.(t) = S.(0)e % + Bce(;r(l —e %), (4)

c c

with an arbitrary initial value S, (0). Equation (4) has a unique equilibrium S* = Be £
R . Consequently, |S.(t) —S*| — 0ast — coand S* is globally attractive on R, . Therefore,
aB,e T aB,e T Be T
ST s )
To get the disease-free periodic equilibrium of (1), consider the following equation:

system (3) has a unique equilibrium (S;‘, S8 = (

B0 5 (1) s, 0. 6
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It is clear that (5) admits a single positive w-periodic solution S*(t) given by

t By (r)etd
SH(t) = [/0 By (r) e”’dr+f0:t_elr e M,

that is globally attractive in R and, hence, (1) has a single disease-free periodic solution
= (Sf*, 0,0,0,0,0,5*0,0,0,0,0,5*,0,0,0,0,0,5"(t),0,0). (6)

3.1.1. Basic Reproduction Numbers

By linearizing system (1) at the disease-free periodic solution Ej, we get the periodic
linear system for the infective variables as follows:

E() = BT,(0) + 220 — (4 + d)E, (1),

17(t) = 0y E (1) — %If“() dIe(t),
/() = (1= 0)y,E,(t) — 75 (1) —dI (1),
F’(t) = Yalf(t >+vSIS( ) - w@( ) —dI (1),
EL() = 35Sy — (y + d)E, (1),
7 (t) = Oy,E,, (t) — val®(t) — dI°(t),
I/(t) = (1= 0)y,E, (1) — ysI3(t) — dI3 (),
I'(8) = val®(£) + ys L5 (t) — 9, 17 (1) — AL (1), )

E’(t) _ &h(t)h , (1) Sc* ( ) (:fE( )

(1) = Oy E.(1) - %m ) — EI°(t),
"(t) = (1 - 0)yE (1) — s I5(t) — EI°(t),
, f(t T)+I“(t T)+Is(f T)
M/(t) = (1-p)B ' —IM(b),
E/(t) = & () RS, (1) — (v, + WE, (1),
I'(t) = v E (t) — ul, (1),

Let C := C([—7,0], R*) x R1. Assume that v = (v, 05,...,014) : [-T,0] = R*isa
continuous function with o > 0, we define v; € C by

vr(0) = (v1(t+0),02(t+6),v3(t +0),04(t +6),05(t),v6(t),...,v14(t)), VO € [—7,0],

for any t € [0,0). Define amap F : R — £(C,R') and a matrix function V(t) as follows:

ﬁ(Ked?s(0)+Ka¢9(0)+¢10(0)+'<r¢11( ))+0¢h( )4’14< s+

NF c

xF

1e($2(0)+¢g(0)+914(0)) +17a (¢3(0)+¢9 (0) +¢15(0)) +¢4(0)+910(0) +¢16(0) 0
N* v

& ()

0
0
0
¢
h
0

123



Axioms 2023, 12, 263

oy, +d 0 o 0 0 0 0 0 0 0 0 0 0 07
—0y,  vatd o 0 0 0 0 0 0 0 00 0 0
—1-0)y, -y  vtd 0 0 0 0 0 0 0 00 0 0
0 s -y w0 0 0 0 0 0 00 0 0
0 0 0 0 wy+d 0 0 0 0 0 00 0 0
0 0 0 0 —fy Y+d 0 0 0 0 00 0 0
0 0 0 0 —(1-6)y —7 7+d 0 0 0 00 0 0
V(t) = 0 0 0 0 0 Y2 —Ys 0 0 0 0 0 0].
0 0 o 0 0 0 0 0 y+& 0 0 0 0 0
0 0 o 0 0 0 0 0 =By %+E 0 0 0 0
0 0 o 0 0 0 0 0-(1-8)y —7 7%+E0 0 0
Jl;V;)Bf 7(1&?35 Jl;\,j’;)Bc 0 0 0 0 0 0 0 0 ¢ 0 0
0 0 o 0 0 0 0 0 0 0 0 0y+po0
| o0 0 o 0 0 0 0 0 0 0 0 0 -y uj
System (7) can be written as:
do(t
d(t ) = F(t)v; — V(t)v(t), ¥V = 0. 8)

Assume Z(t,s),t > s to be the evolution operator of the linear w-periodic system

dz
T —V(t)z. )

That is, for each s € R, the 14 x 14 matrix Z(f, s) satisfies

%Z(t,s) = -V(t)Z(t,s), Vt>s, Z(s,s) =1,
where [ is the 14 x 14 identity matrix.

Following Zhao [39] (Section 2), we suppose that the initial distribution of infectious
individuals is v(t), w-periodic in s. F(t — s)v;—s is the distribution of newly infected
individuals at time ¢ — s, which is formed by the infectious individuals who were presented
throughout the time period [t —s — 7,t — 5] for any s > 0. Then Z(t,t —s)F(t — s)v;—s
provides the distribution of those infected individuals who were newly infected at time
t — s and remain infected at time ¢. It concludes that

[e9)

'/OmZ(t,t—s)F(t—s)vt,sds:/0 Z(t t— $)F(t— s)o(t — s+ .)ds,

represents the distribution of accumulative new infections at time t caused by all those
infected people raised at a time previous to .

Let C,, stands for the ordered Banach space of all w-periodic functions from R to R,
that has the maximum norm ||.||« and the positive cone

ClL:={veCy,:v(t) =0, Vvt € R}

Then, a linear operator £ : C, = C,, can be defined as

o)

[Lo](t) = /0 Z(t,t —)F(t —s)o(t —s+.)ds, Vt € R, v € Co. (10)

As stated in [39], the basic reproduction number is defined as R := p(L). Let P(t)
be the solution map of (7) for any > 0 and, hence, P(t)¢ = u;(¢), where u(t, ¢) is the
unique solution of (7) with uy = ¢ € C. Thus, P := P(w) is the Poincaré map associated
with (7). Assume p(P) is the spectral radius of P. By [39] (Theorem 2.1), we have the
following lemma.

Lemma 2. Ry — 1 has the same sign as p(P) — 1.
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These results suggest that R is a critical value for the disease local spread, as well as
that the stability of the zero solution of system (7) depends on the sign of R — 1.

3.1.2. Derivation of the Time-Average Reproduction Number

In model (1) the delay T was introduced to take account of the delay between the
infection of the mother and the delivery which caused the lag time between the peaks
observed on symptomatically infected cases and microcephaly cases. By setting T = 0, we
can use the general approach established in [40] to calculate a formula for the time-average
reproduction number [Rg] of (1).

We calculate a formula for the basic reproduction number Rg‘ of the autonomous
model obtained from (1) by setting the time-dependent parameters (mosquito birth B, (t) =
B,) and biting rates (%, (t) = &, and &,(f) = a,) to constant. Given the infectious states E., If‘l,
Ifs, Ifr, E,I?, I°, 1", E, I, I°, E, and [, in (1) and substituting the values in

m’

Eo = (87,0,0,0,0,0, s;;,o,o,o,o,o, 57,0,0,0,0,0,57,0,0)

B,
0,0,0,0,0 OOOOO,H“,OOOOO,H,O,O),

- (2d<f;+zx) '2d<f;+zx)

we compute the matrices F and V for the new infection terms and the remaining transfer
terms. These two matrices are, respectively, given by

a S* ]
0 0 0 0 Bro. Pra P P O 0 0 00 },’V
h
0 0 0 0 0 0 0 0 0 0 0 00 O
0 0 00 0 0 0 0 0 0 0 00 0
0 0 00 0 0 0 0 0 0 0 00 O
% S
0 0 00 0 0 0 0 0 0 0 00 4
h
0 0 00 0 0 0 0 0 0 0 00 0
F = 0 0 0 0 0 0 0 0 0 0 0 00 O
0 0 0 0 O 0 0 0 0 0 0 00 O*
0 0 00 0 0 0 0 0 0 0 00 “"N;S,f
1
0 0 00 0 0 0 0 0 0 0 00 0
0 0 00 0 0 0 0 0 0 0 00 0
0 0 0 0 0 0 0 0 0 0 0 00 O
WSy Sy %Sy ) %lleSy %Ay %Sy o %leSy %S %S g0 g
N* N¥* N* N* N* N¥* N* N* N¥*
h h h h h h h h h
L 0 0 00 0 0 0 0 0 0 0 00 0 J
and
[ dty, 0 0 0 0 0 0 0 0 0 0 0 0 07
—0y, Yatd 0 0 0 0 0 0 0 0 0 0 0 0
—(1-0)y, 0 Ys+d 0 0 0 0 0 0 0 0 0 0 0
0 —Ya —Ys  1r+d 0 0 0 0 0 0 0 0 0 0
0 0 0 0 d+v, 0 0 0 0 0 0 0 0 0
0 0 0 0 —6y, Yatd O 0 0 0 0 0 0 0
0 0 0 0 —(1-8)y, 0 t+d 0 0 0 00 00
V= 0 0 0 0 0 —Ya —Ys Yrtd 0 0 00 0 0],
0 0 0 0 0 0 0 &y, 0 0 0 0 0
0 0 0 0 0 0 0 0 0y, y+E 0 0 0 0
0 0 0 0 0 0 0 0 —(1-8y 0 +Z0 0 0
~1)B ~1)B. (p—1)B
(pN;)c (pr*)c (PN;)L 0 0 o o 0 0 0 0 & 0 0
0 0 0 0 0 0 0 0 0 0 0 O0wuty 0
L 0 0 0 0 0 0 0 0 0 0 0 0 -y u/

hence the next generation matrix FV ! has the following characteristic polynomial:

Al ()\3 - (RvaUf + RomRimo + RocRep) A — RmfRvaUm) =0

125



Axioms 2023, 12, 263

where

_ Pre Opray, (1-6)Bv, Bt (Yavs+0vad-+(1-0)ysd)

Rof = a0, + @@ T @rm@ig) T @ @ @@y
— — %S, 02,10y, Sy (1-6)a,y, S

Rfv = Rpw = (d+1/h)]\]h* + (d+’7a)(d+1/h)]\]h* + (d‘f"Ya)(d""Vh)Z\lh*/
&Sy 0,170y, S (1-0)a,y, S

Rev = @y T @@ N T @@y, N

e ahvac
2d p(G+a) (utv, )N

va = Rom = Z%va =
The characteristic polynomial, therefore, takes the form
24\ — 2Ryc(dR ey + aRpp)A — &Ry iR fyRoe = 0.

Following [40], R is the spectral radius of FV 1. Accordingly, R4 corresponds to the
dominant eigenvalue given by the root of the cubic equation

A ZRyg(dRcv"rﬂlRfv)
0 — 173
3Y6 (\/ (942aR £, Ry Rev) 48R3 (dRco+aR 7y )3 ~92aR 1, R, wa)

(11)

1/3
. (\/ (9d2aRﬂ,Rmme)2—48R%C(dRm—&-thfv)3—9d2ervamwa)
3v/36d ¢

where Ry, is the basic reproduction number corresponding to sexual transmission and
Rfy, Rev, Roc are the reproductive numbers relevant to vector-borne transmission.

We derive the formula for [Ro] (the time-average reproduction number) of the corre-
sponding non-autonomous model (1) by using the following remark presented in [36].

Remark 1. Given a continuous w-periodic function q(t), its average is defined as

[a] = é/owq(f) dt.

Then, [Ry] is given by

[Ro] = 2[Roc] (d[Reo]+a[Rpy])
3V6(\/ (O0PalR o] Ry [Reo] )2 ~48[Rec? (d[Ree] +[R o] )3~ 92 R Ry [Rec]

I

(12)
1
N (y/(9d2a[R po] Ry [Reo] )2 —48[Ruc]? (d[Reo)+[R o] )3 —92[R o Ry [Rec] )
33/36d ’
where
_ ne[,)[B,] 0112y, [8%] (B, ] (1-0)y, (% ](B,]
Rol = @y iy + w@ v @y N T w@n) @y, )N
_ nela,)(B,] 012y, (%] B, ] (1-0)y, [3,]B,]
[Reo] = #(CHy, NS * y(éﬂf)(é:wh)N; + ;4(§+“ra)h(§+vh)l\f,j’

Byl
[Roe] = seraiGerg v

3.1.3. Global Dynamics

In terms of Ry, we investigate the global dynamics of (1). We employ the theory of
monotone semiflows developed in [41] (Section 2.3). Then, we continue with a new phase
space on which (7) eventually forms a strongly monotone periodic semiflow. We prove
that, if Ry < 1, then the unique disease-free equilibrium is globally asymptotically stable

and the disease dies out, while, if Ry > 1, the infection persists and there exists at least an
w-periodic solution of (1).
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Define
Y :=C([-7,0,R*) x R and Y, := C([-7,0], RY) x RY.
The following lemma can be obtained by using the method of steps.

Lemma 3. Forany ¢ € Y and for all t > 0, system (7) has a unique non-negative solution v(t, )
with vy = ¢.

Assume that P(t) is the solution map of system (1) on Y for any given t > 0. Therefore,
P := P(w) is the Poincaré map corresponding to the linear Equation (7) and p(P) = p(P)
by using Lou and Zhao [42] (Lemma 3.8).

Define

X :=C([-7,0],R%) x RI,
Xo :={¢ = (¢p1,¢2,-..,¢n) € X : ;(0) >0, i = 2,3,4,5,8,9,10,11,14,15,16,20,21},
0Xo =X\ Xo={¢ € X:¢:(0) =0, i =2,3,4,5,8,9,10,11,14,15,16,20,21}.

Theorem 1. The subsequent statements are valid:

(i) Ifp(P) < 1, the disease-free periodic solution E defined by (6) is globally attractive for system
1) in X.

(ii)  If p(P) > 1, then system (1) admits a positive w-periodic solution and there exists a positive
constant k¥ > 0 such that any solution u(t,¢) of system (1) for all initial values ¢ € X,
satisfies

lim inf (Ef(t,¢>), If”(t, }), Ifs(t,cp), If’(t,¢>),Em (t, ), I°(t, ), I (t, ), I'(t, ), E.(t, ¢),

t—ro0

I(t, ), I°(t, §), Ev(t,qb),l;(t,fp)) ! > (K, K,K,K,K,€,€,K K, K, K, K,K)T.

Proof. If p(P) < 1,let v(t,¢) and w(t, ) be the unique solutions of (7) with vy = ¢ and
wy = Y, respectively, for any ¢ and ¢ in Y. with ¢ > ¢. Smith [38] (Theorem 5.1.1)
implies that v(t,¢) > v(t,¢) for all t > 0 and. hence, P : Y, — Y, is monotone for all
t > 0. Consider ¢, € Y satisfy ¢ > ¢ and represent v(t,¢) = (%1(t), ¥2(t), ..., %14(t))
and w(t, ) = (x1(t),x2(t),...,x14(t)). By applying a simple comparison argument on
each interval [nt, (n + 1)7],n € N, it is possible to demonstrate that x;(t) > x;(t) for all
t > tg,i ={1,2,3,4}. The next step is to demonstrate that P(t) becomes eventually strongly
monotone. We assume, without losing generality, that ¢14 > 14.

Claim 1. There exists tg € [0, 7] s.t. ¥1(f) > x1(t), V't > to.
First, for some ty € [0, 7], we show that ¥;(f9) > x1(to). If not, then for each ty € [0, 7],

%1(t) = x1(t) and, consequently, dfét(t) = dxdlit(t) forall ty € (0, 7). Then, we get

S*
&, (1) 37 (Tra(t) = 214(1)) = (4, +d) (31 (8) = 21(£)) = 0.

It is observed that ¥; (t) = xl(t) and f14<t) = X14(i’) for all ty € [O, T], then (P14(9) = lP14(6)
for all ty € [0, ], which contradicts the hypothesis that ¢14 > P14.
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Let g1(t, x) := &h(t)7x14(t) — (y, +d)x(t). Then, we have
_ S*
B _ 3 () () — (4, + ) ()

2 5‘71(t)ﬁx14(t) — (y, +d)x1(t)

h

= g1(t, %1(t)),

we obtain Y _ o1 (1,7 (£)) > 0 = U _ o (1, x,(£)) V¢ > to. Since % (t) > x1(fo),

the comparison theorem [43] (Theorem 4) indicates that %1 (t) > x1 (), V t > to.
Claim 2. fz(t) > XZ(t), Vt>ty+T.
Let go(t,x) := 6y, x1(t) — (72 +d)x(t). Then we have

dxy(t)
dt

= 0y, 31 (t) = (va +d)Xa(t)

> 0ux1(8) — (7 + d)%a(8)

= 2(t, %2(t)),

and, hence, dxjt(t) —o(t, () 20 = d%” — 9o(t, x2(t)) Vt > to. It follows from [43]
(Theorem 4) that X, (t) > x(t) forall t > ty + 7.

Claim 3. %3(t) > x3(t) forall t > ¢.
Let g3(t,x) := (1 —0)y,x1(t) — (s + d)x(t), Then we have

% = (1= 0)y %1(t) — (75 +d)%a(t)
> (1=0)yxi(t) — (7s +4d)x3(t)
= g3(t/ XB(t))f

dzs (1) dxs(t)

and hence, =§;= — g3(t,%3(t)) = 0 = =3~ — g3(t, x3(t)) Vt > to. It follows from [43]
(Theorem 4) that ¥3(f) > x3(¢) for all £ > f.

Claim 4. %4(t) > x4(t) forall t > fo.
Let g4(t,x) := yax2(t) + ysx3(t) — (7r + d)x(t). Then we have
dx
d7t4 = Ya¥o(t) + vsX3(t) — (7r +d)a(t)
> Yaxo(t) + vsx3(t) — (9, +d)Xa(t)

= ga(t, 4(t)),
and therefore, dxgt(t) —g3(t,%3(t)) =2 0= d’%” — g3(t, x3(t)) Vt > to. It follows from [43]
(Theorem 4) that X3(t) > x3(t) for all t > t.

Claimi (i =5,6,...,14). %;(t) > x;(t),i =5,6,..., 14 forall t > t,.
In a similar way to the previous four claims, we can show that %;(t) > x;(t),i =5,6,...,14
for all t > t.

Given two positive real numbers a and b, we write a >> b if and only if 4 is much
greater than b. If we take into consideration the claims made above, we arrive at

(%1(£), T2 (1), ..., X1a(t)) > (x1(t), x2(t), ..., x14(t)), Vt>to+T.
Because ty € [0, 7], it can be shown that

(flt/ X2t -, JZ141‘) > (xlt/ X2ty evny x14t)r vVt > 2T,
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that is v¢(¢p) > wy () for all t > 27. Hence, it follows that P(t) is strongly monotone for
any t > 27.

According to [37] (Theorem 3.6.1), the linear operator P(t) is compact on Y4 for any
t > 21. Hence, P(t) is compact and strongly monotone on Y for > 27. Select a positive
integer nyp > 0 such that npw > 27. Given that P = P(nyw), it follows from [44]
(Lemma 3.1) that p(P) is a simple eigenvalue of P with a strongly positive eigenvector
and the modulus of any additional eigenvalue is smaller than p(P). By [45] (Lemma 1),

there is a positive w-periodic function 6(t) = (71 (t), 02(t),...,014(t))T s.t. v*(t) = eMo(t)
is a positive solution of (7) where A = %

Assume the linear periodic system with parameter e:

S*
E(t) = BT,() + & (DL () g —g — (4 + DE(),
Ifa/(t) = 61/;,%(” - 'Yalfa(t) - dlfa( ),

I (1) = 7al(8) + L () = 1 I (1) — dI (1),

EL(0) = § (L) o2 — (4, + )E, (1),

(1) = 0y E, (1) — 7al} (1) — dI}(1),

B/(6) = (1— 0y E, (1) — 3L (1) —dE (1), 13
I (1) = 7all(0) + s I3 (8) — eI (1) — L (1),

E(1) = 8, (0L () g — 4 E() — ZE (1),

I7(t) = Oy E(t) — val" (1) — EI°(1),
() = (1- Oy E() — 1 I5() — £,
E (t—T)—kIf“(t—T)—Fij(t—r)

M/(t) = (1-p)B~ N e T IM(1),
f

B0 =070 4 wE e,

h

I'(t) = v,E,(t) — uL(t).

Assume that Pc(t) is the solution map of system (13) on Y, and P := Pe(w). Since
lime_,0p(Pe) = p(P) < 1, we can choose a small enough € > 0s.t. p(Pe) < 1. It is straight-
forward to demonstrate that P.(t) is also compact and eventually strongly monotone on

Y. Then, there exists a positive w-periodic function v (t) = (ve, (), Ve, (f), ..., Ve, (t)) such

Inp(Pe) . . .
that uc(t) =e o fve(t) is a positive solution of (13). As a result,

lim u¢(t) = 0.

t—o0

Clearly, S, (t) satisfies S'(t) = B,(t) — uS,(t); it has a globally attractive w-periodic
solution §*(t). Then there is a large enough integer T; > 0s.t. Tiw > Tand S*(t) —€ <
S,(t) < S*(t) +eforall t > Tyw. Then we have

/ - Sf*
E(t) < BT, (1) +%(t)lu(t)Nh* — — (y, FA)E (1),

I (t) < Oy E (1) — 7al' () — dI(t),

f
(1) < (1 -0y E (1) — 3l (5) — I (1),
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I (1) < Yal(8) + L (1) — 1 I (1) — dI (1),

S
e — (D)

Sl
-
SN~—
IN
=
—~
[
S~—
&~
~—~
S~—

% () < Oy,E, () — val(t) — dI°(t),
I'(t) < (1= 0)yE, (1) — s[5 (8) — dI(1),
I"(t) < yal®(£) + 15 (1) — 1 I (1) — dI' (1),
E'(t) <&, (H)L(t )7 —y,E(t) = GE(t),
I(t) < Oy, E.(t) — wl“(t) —¢I°(t),
(1) < (1= 0)yE(t) — s I°(t) — EI°(t),
M <1-p BCEf(t_T)HfN(f:?Hf(t_T)efT—@M(t»
f
, _ S¥(t) +
E(t) <& (t)T, (¢ )71\,* (v, + WE (1),

I/(t) < yE () — ul (1),

forall t > Thw. Choose a sufficiently large number K > 0 such that

(E(t,0), (8, ), I (£, 9), I (£, ), E, (£, ¢), L (£, 0), I} (£, ), 17 (£, 9), E. (£, ¢), I (£, ¢), I* (£, 9),
E (t¢), L(t¢)) < Kue(t),
forallt € [Thw, Tiw + T]. By using [38] (Theorem 5.1.1), V t > Tyw + T, we obtain

lim (E,(t, @), 17 (£, ¢), I (£, @), [/ (£, ), E, (£, ¢), L (£, ), I (£, 0), I (£, ), E.(t, 9), I'(t, ),
I(t,¢),E(t ), L(t$))" = (0,0,0,0,0,0,0,0,0,0,0,0,0,0)".

Furthermore, it follows from the chain transitive sets arguments (see, [46] (Theorem 3.6)
and [47] (Theorem 2.5)) that lim;e0 (S, () — S*) = 0, lim;e0 R, (t) = 0, lims—e0(S, () —
SF) =0,lim; o R, (t) = 0, limy 00 (S, (t) ) =0, lim; 00 R (¢ ) = 0 and limy_(S, (t) —
S*(t)) = 0. This completes the proof of the first statement.

For the sake of simplicity, we only show the main steps of the proof of the second state-
ment when p(P) > 1. In this case, we employ the persistence theory for periodic semiflows.

Let Q(t): X — X be the solution maps of (1) on X, thatis, Q(t)p = us(¢p), t > 0,
where u(t, ¢) is the unique solution of (1) satisfying uy = ¢ € X. Therefore, Q := Q(w) is
the Poincaré map associated with (1). From (1), it follows that Q(#) Xy C X, for all t > 0.
It is important to note that a map Q is point dissipative if there exists a bounded set B
such that, for each x € R”, there is an integer ny = no(x) such that Q"x € B for n > ny.
Therefore, the discrete-time system {Q": X — X},>¢ is point dissipative by Lemma 1 and
from [37] (Theorem 3.6.1), Q(t) is compact for each t > 7, and, then, Q" is compact for
enough large n. According to [39] (Theorem 1.1.3), Q has a global attractor.

Next, we demonstrate that Q is uniformly persistent w.r.t. (Xp,0Xp). Let M =
(Sf*,O, 0,0,0,0,5%,0,0,0,0,0,5*,0,0,0,0,0,5*,0,0), where $* = S*(¢) for all ¢ € [—7,0].
Define

Ma = {¢) S aXO : Qn((P) c aXO, Vn > 0}
= {4) € 09Xy : ¢i(0) =0,i=2,3,4,5,8,9,10,11,14,15,16,20,21}.

For any given ¢ € M,, we see that Q"(¢) — M as n — oo by using the theory of

internally chain transitive sets (see [39] (Theorems 1.2.1 and 1.2.2) and [42]). From the above
discussion, it is clear that M is an isolated invariant set for Q in X, and W?(M) N Xy = @
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where W? (M) is the stable set of M for Q. By the acyclicity theory on uniform persistence
for maps (see [39] (Theorem 1.3.1 and Remark 1.3.1)), it follows that Q : X — X is uniformly
persistent w.r.t. (Xp, 0Xo) where there exists kg > 0 s.t.

lim infd(Q"(¢),9Xo) = xo, V¢ € Xo.
As aresult, Q : Xg — Xp has a compact global attractor Ay by [39] (Theorem 4.5). For any
¢ € Ag, we have ¢;(0) > 0 for alli = {2,3,4,5,8,9,10,11,14,15,16,20,21}. Let By :=
Ure(o.w] Q(t)Ag. Then ¢;(0) > 0,i = {2,3,4,5,8,9,10,11,14,15,16,20,21}, for all ¢ € By.
Furthermore, By C Xy and lim;—,0 d(Q(#)¢, By) = 0 for all ¢ € X;. The attractiveness of
By completes the proof. [J

Following the statements in [48] (Lemma 3.8), we get p(P) = p(P). Using Lemma 2
and Theorem 1, we have the subsequent result.

Theorem 2. The following statements are valid:

1. If Ro < 1, then the disease-free periodic solution Eg defined by (6) is globally attractive for
system (1) in X.

2. IfRo > 1, then system (1) admits a positive w-periodic solution and there exists a positive
constant k > 0 such that any solution u(t, ) of system (1) for all initial values ¢ € Xo
satisfies

timinf (,(t,9), 1°(t,0), (9), 7(1,9), B, (19), (6, 9), E(1,0), 1 (t,9), E-(1,9),
I(t,¢), I’(t,¢), E,(t, ¢), L(t,¢))T > (K, K,K,K,K,K,K,K K, K, K, K,K)T.

3.2. Numerical Results

Figure 3a is in accordance with the analytical results noting that the disease-free
equilibrium Ej is globally asymptotically stable if Ry < 1. According to Theorem 1,
Equation (1) is persistent w.r.t. the infective compartments if Ry > 1. Figure 3b indicates
the disease persistence if Ry > 1.

3.2.1. Parameter Estimation for Colombia

By employing the method explained in Section 2.3, we fitted our system to symptomat-
ically infected and microcephaly data in Colombia, 2015-17. Figure 2 shows the weekly
confirmed ZIKV cases of the 2015-2017 outbreak and the weekly microcephaly cases of
2015-2017 from Colombia with parameter values are given in Table 2. Figure 4a depicts
model (1) fitted to symptomatically infected data and Figure 4b illustrates model (1) fitted
to microcephaly data from Colombia, showing a reasonably good fit.

«10° «10°
2 0.05f] 2 5
s S
B 3
2 0.04} 24
5 z
2 0.03f 23
k] k)
2 o0.02f 22
[ €
=} >
c [
> 0.01} > 1r
~ X
3 8
= 0.00} 1 =op . . : . . . .
0 200 400 600 800 1000 0 500 1000 1500 2000 2500 3000 3500
Time(in days) Time(in days)
(@) Ro=0585< 1 (b)Rp=12>1

Figure 3. Weekly number of Zika new infections in (a) when Ry = 0.585 < 1, aj, = 0.112, a, = 1.2
and B, = 41,400, and in (b) when Ry = 1.2 > 1, aj, = 0.185, a;, = 0.139 and B, = 95,000. The rest of
the parameter values are given in Table 2.
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Table 2. Parameters, ranges and fitted values of model (1) in the case of Colombia.

Value Value
Parameter Range Sym%:;)enclta:écally Microcephaly Source
B - 1826.81 1826.81 [49]
4 TS IR 6985365 568365 23]
d - 0.0000368 0.0000368 [49]
o 85365~ 153365 6575365 7565365 (23]
B 0.01-0.1 0.029 0.029 [14,24]
«, 0.03-0.75 0.382 0.283 [50,51]
«, 0.09-0.75 0.227 0.227 [50,51]
0 0.75-0.9 0.822 0.853 [14,24,52]
Ke 0.2-0.9 0.654 0.845 [14,24]
Ka 0.2-0.8 0.505 0.509 [14,24]
Ky 0.2-0.8 0.493 0.309 [14,24]
e 0.2-0.7 0.653 0.518 [14,24]
Na 0.2-0.7 0.471 0.672 [14,24]
Ya 0.05-0.4 0.2907 0.2907 [14,24]
Vs 0.2-0.5 0.421 0.2268 [53]
Yr 0.03-0.09 0.0652 0.0719 [54,55]
v, 0.1-0.5 0.35 0.209 [53]
v, 0.08-0.125 0.0911 0.115 [51,56]
B 500-100, 000 18,000 51,047 Fitted
1/u 7-35 10.169 10.169 [51]
p 0.9-1 0.95 0.95 Fitted
a 1-10 1.8674 4.0325 Fitted
b 1-365 269.4 348.3 Fitted
T 1-270 160 200 [31,32]
x10°  July 2016 April 2017 ” February 2016  July 2016  January 2017
é 6 _I :I . Welekly Zika Cases ] % 40 o Weekly Microceph;ly Cases . ik
E — Model Fitting Results % — Model Fitting Results
£ 5¢ 1 s
2 3
24
S €
3y 5
5 2} )
= :
g 2
S ot NS - 3, _
0 100 200 300 400 500 600 700 0 100 200 300 400 500
Time(in days) Time(in days)
(a) (b)

Figure 4. The model (1) fits Colombian data between 2015 and 2017, with parameter values shown in
Table 2. (a) Number of symptomatically infected. (b) Number of microcephaly cases.

3.2.2. The Impact of Sexual Transmission

Our model (1) allows us to estimate the effect of sexual transmission on infectious
cases. Figure 5 depicts the number of symptomatically infected individuals in Colombia
and the number of symptomatically infected estimated by our model ignoring sexual trans-
mission. The results suggest that sexual transmission, a phenomenon previously unknown
in mosquito-borne diseases, increased the total number of cases by several hundred.

Utilizing our model (1), we compare the symptomatic cases in adult females and
the microcephaly cases with the corresponding numbers without sexual transmission
(see Figure 6). Moreover, we observe a noticeable increase in the number of symptomatic
cases in adult females and microcephaly cases with sexual transmission compared to those
without it. This indicates that sexual transmission is playing a crucial role in spreading the
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disease to this specific group of individuals. The results of our simulations suggest that
sexual transmission is a significant contributor to the spread of the disease, and it should be
taken into account in the development of effective control and prevention strategies. Using
our model, we estimate that 9-18% of the total number of microcephaly cases in Colombia
could be linked to Zika infection caused by sexual transmission.

x10° February 2016 January 2017

—— with sexual transmission

----- without sexual transmission

N W A 1O

=N

Weekly number of new infections

0 100 200 300 400 500 600 700
Time(in days)
Figure 5. Number of the symptomatically infected and estimated number of symptomatically infected

humans in the absence of sexual transmission.

x10° February 2016 January 2017 February 2016 January 2017
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> X
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& 0.0} - ] 2 o
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Time(in days) Time(in days)
(a) Adult females (b) Microcephaly cases

Figure 6. Number of symptomatically infected adult females and estimated number of symptomati-
cally infected adult females without sexual transmission in (a), and in (b) the number of microcephaly
cases and estimated number of microcephaly cases without sexual transmission.

3.2.3. Sensitivity Analysis and Reproduction Numbers

To evaluate the dependency of the microcephaly number of cases on the controllable
parameters of the model, we perform sensitivity analysis utilizing PRCC analysis. In
Figure 7, we demonstrate the comparison of the PRCC values obtained for the parameters
«,,«,, B, B, and p. The result of the sensitivity analysis suggests that the most crucial factors
in the transmission of the disease, and consequently in the elevation of the number of
microcephaly cases, are birth and death rates of mosquitoes. In comparison with these,
the transmission rates, including sexual transmission, seem to have a somewhat smaller
effect; however, they are still important factors in the transmission of Zika fever, as can also
be seen from the simulations of the previous subsection. Based on the sensitivity analysis,
we can assess that the most efficient ways to prevent Zika-related microcephaly cases are
mosquito control and defence against mosquito bites.
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Figure 7. Partial rank correlation coefficients of the five parameters which can be subject to control
measures. Parameters with positive (or negative) PRCC are positively (or negatively) correlated with
the total number of cases.

Using the method established in [36], we obtained numerically Ry ~ 0.974 in the case
of Colombia, as per the fact that the disease disappeared. We deduce a Formula (12) for
the basic reproduction number, which provides the time-average reproduction number of
the associated time-varying model (1) in any time point by substituting the values of the
parameters into it, where the value of the time-dependent parameters is always taken at that
given time point t. Moreover, Formula (11) provides us with the basic reproduction number
of the associated time-constant model. To evaluate the dependence of the time-average
basic reproduction number on the three controllable model parameters ([B)], [#,], [&]),
the contour plots of the time-average reproduction number, [Rg], in terms of mosquito
birth rate and mosquito-to-human transmission rate (left panel) and human-to-mosquito
transmission rate (right panel), are shown in Figure 8, respectively. Similarly, the contour
plots of the basic reproduction number, Rg‘, of the autonomous model are given in Figure 9.
The rest of the parameters are set as obtained in the fitting of symptomatically infected
cases in Table 2. Figures 8 and 9 illustrate that the most significant measures to control the
transmission of Zika involve decreasing mosquito birth rate, decreasing mosquito bites,
personal bite surveillance and sexual contact protection.

Figure 10 shows the instantaneous reproduction number along with the number of
symptomatically infected in Colombia, 2015-2017, showing that the number of infected
individuals begins to decline when the instantaneous reproduction number goes below
1. The highest value of the instantaneous reproduction number is calculated to be about
Rinst =~ 1.25; this value can be contrasted with previous estimates. The authors in [16]
estimated R;,s; =~ 1.4 for Brazil. Furthermore, the authors in [24] estimated R;,s; ~ 1.47 in
Costa Rica, while in Suriname R;,5; =~ 1.45. These values are close to our results.
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Figure 8. The contour plot of [Ry] as a function of [B,] and one of the three controllable parameters:
mosquito-to-human transmission rate ([&,]) and human-to-mosquito transmission rate ([ ]).
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Figure 9. The contour plot of R§' as a function of B, and one of the three controllable parameters:
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Figure 10. The instantaneous reproduction number and the number of symptomatically infected in
Colombia, 2015-2017.

4. Discussion

We have developed a mathematical model for Zika virus disease transmission, with the
particular aim of providing a better understanding of the effect on the most important
health risk created by this disease, i.e., microcephaly. In our model, we tried to include most
of the relevant characteristics of the Zika virus disease, namely, by improving our model
given in [24], we consider both transmission ways (vectorial and sexual transmission),
the role of asymptomatic carriers and time-dependent mosquito-related parameters due to
the seasonality of weather. Our model also has its limitations: we have assumed an equal
percentage of pregnant women in all female compartments, which might be different from
reality. Furthermore, we have made the technical simplification of taking the time delay, 7,
as a constant. Although periodic functions are a rather efficient tool to model the roughly
periodic change of weather, they are, of course, unable to exactly describe the variance of
weather. It is essential to acknowledge that the existence of a large number of parameters
and broad intervals for their possible values makes it unlikely to identify a single set of
parameters that precisely fits the data of the epidemic. The objective instead is to provide
a credible estimate of the actual scenario and establish ranges for each parameter such
that the true values have a high probability of falling within these intervals. This way,
we can have a better understanding of the dynamics of the epidemic and make informed
decisions accordingly.

We have established that the global dynamics of the system are described by the
reproduction number: if Ry < 1, namely, we have shown global asymptotic stability of the
disease-free periodic solution Ey, in this case, the disease goes extinct. If Ry > 1, the disease
becomes endemic in the population. We also provided numerical simulations in accordance
with these theoretical results (see Figure 3).
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As an example of the application of the model, we fitted it to the number of Zika cases
and the number of microcephaly cases in Colombia. Using the results of the fitting and
partial rank correlation coefficients analysis, we tried to assess which phenomena are the
main drivers of the increase in microcephaly cases. We have estimated the contribution of
sexual transmission to the increase in the number of cases to find that about 9-18% of the
microcephaly cases might be attributed to this sexual transmission, a novel phenomenon
for mosquito-borne diseases. Our results indicate that the sexual transmission rate increases
the number of infected adult females and consequently increases the risk of microcephaly
due to vertical transmission.

The basic reproduction number of the time-periodic model, the instantaneous repro-
duction number and the time-dependent reproduction number were calculated. The results
are consistent with the extinction of the ZIKV epidemic in Colombia. By calculating both
the time-average reproduction number for the time-period model and the reproduction
number of the time-constant model, we determine the dependency of the basic reproduc-
tion number on the model’s controllable parameters. We obtain that mosquito birth and
biting rates are the most significant factors in the transmission of Zika and the increase
of microcephaly cases after the end of the outbreak in Colombia; however, the sexual
transmission rate also has an important impact on the spread of the disease.

Based on our results, we may conclude that mosquito control, protection against
mosquito bites and sexual contact protection during the pregnancy period are the most
successful ways to prevent Zika-related microcephaly cases.
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1. Introduction

The minimax inequality introduced in 1972 by Ky Fan [1], later renamed as Equilibrium
Problem (EP), plays a major role in many fields and provides a unified framework for
the study of variational inequalities, game theory, mathematical economics, fixed point
theory and optimization theory. The use of the term equilibrium problem is credited to the
1994 paper by Blum and Oetlli [2], which followed an earlier article by Muu and Oetlli [3].
In the latter paper, three standard examples of the EP were given, viz: fixed point, convex
minimization and variational inequality problems. The EP also includes as examples,
convex differentiable optimization, complementarity, saddle point and Nash equilibrium
problem [2,3]. Let g : K x K — R be a bifunction such that g(x, x) = 0 for all x € K, where
K is a nonempty subset of a topological space X. Then, the EP calls for finding a point
x € K such that

glx,y) >0 YyeKk.

The study of variational inequality, equilibrium and other related optimization prob-
lems has recently received considerable attention from researchers in the framework of
Riemannian manifolds. Thus, methods and ideas have been extended from linear set-
tings to this more general setting. These generalizations become necessary because of the
advantages they bring forth. For example, nonconvex optimization problems can easily
be transformed into problems of convex type by choosing a suitable Riemannian met-
ric [4-6]. Another advantage of this extension is that constrained optimization problems
can be viewed as unconstrained ones [4,6-8]. As a result, classical methods for solving
optimization problems have been extended from linear frameworks to Riemannian mani-
folds. In 2012, Colao et al. [9] studied equilibrium problems on Hadamard manifolds in
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the following setting: Let K be a nonempty, closed and convex subset of an Hadamard
manifold M and let ¢ : K x K — R be a bifunction satisfying ¢(x,x) = 0 forall x € M. An
equilibrium problem (EP, for short) on a manifold consists of finding

x € K such that g(x,y) >0 VyeK (1)

We denote by Sol(g,K) the solution set of the EP (1). By developing and proving
Fan’s KKM Lemma, Colao et al. [9] studied the existence of solutions to the EP in the
framework of Hadamard spaces. For many other studies and results in this direction, see,
for example, [10-12].

The development of an effective iterative algorithm for approximating solutions to
optimization problems is another interesting area of research in nonlinear analysis and opti-
mization theory. Iterative approximation of solutions to equilibrium problems in any setting,
whether linear or nonlinear, includes, for example, the use of the Extragradient Method
(EGM) proposed by Korpelevich [13]. The EGM was initially used for solving saddle point
problems. It was later adapted for solving variational inequality and then equilibrium prob-
lems. Inspired by the EGM and the perceived drawbacks of the method, Censor et al. [14]
introduced the Subgradient Extragradient Method (SEGM), which has since been used
for solving both variational and equilibrium problems. For solving EPs, Tran et al. [15]
introduced an extragradient-like method for approximating solutions to pseudomonotone
equilibrium problems. Using an alternative approach, Nguyen et al. [16] introduced a
method for finding common solutions to fixed point and equilibrium problems, which is
based on the extragradient method proposed in [15]. More recently, Rehman et al. [17] in-
troduced an inertial subgradient extragradient algorithm for solving equilibrium problems.
Using a viscosity approach, they proved a strong convergence theorem for an algorithm
approximating solutions to EPs with pseudomonotone bifunctions. For more contributions
regarding methods for solving EPs in linear settings, see, for example, [12,18-21].

We note that several of the methods discussed above have been extended to EPs
on Hadamard manifolds. The first work of Colao et al. [9] was followed by those of
Salahuddin [10] and Li et al. [21]. Neto et al. [22] extended the result of Nguyen et al. [16]
to this setting by considering the following algorithm: Given A, > 0, compute

Yn = arggreli]\r/}{g(xn,z) + ﬁdZ(xn,z),

_ : 1 42
Xn1 = argMin{g(yn, z) + 7y d°(xn, 2),

where 0 < A, < u < min{%, %}, and ¢; > 0 and ¢ > 0 are the Lipschitz constants of
the bifunction g. Fan et al. [23] proposed an explicit extragradient method for solving
pseudomonotone equilibrium problems on Hadamard manifolds. Their method uses a
variable step size which is monotonically decreasing. These authors proved a convergence
theorem for their method and also established an R-linear convergence result for the pro-
posed method. Very recently, Ali-Akbari [24] has introduced a subgradient extragradient
algorithm for approximating solutions to EPs on Hadamard manifolds and has proved a
convergence theorem for approximating solutions to pseudomonotone equilibrium prob-
lems. This theorem depends on the Lipschitz constants of the corresponding bifunctions.
The inertial technique finds crucial application in the construction of effective and
accelerated algorithms in fixed point and optimization theory (see, for instance, [25,26]).
In this method, the next iterate is determined by two preceding iterates (x,,_1 and x;)
and an inertial parameter 6, which controls the momentum x, — x,,_1. For more recent
developments regarding inertial algorithms, we refer the readers to [25,27,28] and to
references therein. At this point, we recall that the viscosity method due to Moudafi [29] for
a nonexpansive mapping S and a given strict contraction f over K is given by xy € K and
Xpt+1 = PBuf (xn) 4+ (1 — Bn)Sxn, n > 0, where the sequence {B,} C (0,1) converges to zero.
The viscosity method has also been adapted to the framework of Hadamard manifolds
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(see [30,31]). In this setting, the sequence {x,} starting with an arbitrary point xy € K is
given by
Xpp1 = epr(x”)(l — Bn) expjj(lxn) Sx, Vn>0.

Motivated by the subgradient method of [14], the viscosity approach [30-32], and by
Rehman et al. [17,27] and Ali-Akbari [24], we introduce an inertial subgradient extra-
gradient algorithm for approximating solutions to equilibrium problems on Hadamard
manifolds. Employing the viscosity technique, we propose an algorithm for approximating
solutions to pseudomonotone equilibrium problems and establish a convergence theorem
for it. The proposed algorithm uses a self-adaptive step length which is allowed to increase
during the execution of the method. In this way, dependence of the method on the Lipschitz
constants is dispensed with. In order to be more precise, we now highlight the following
advantages of our result over previous results announced in this direction in the literature:

(i) The method in the present paper uses an adaptive step size which is allowed to
increase from iteration to iteration unlike the method in [23,33], where the step sizes
decrease monotonically, and the method of [17,24,27], which relies on the Lipschitz
condition imposed on the bifunction. Since the relevant Lipschitz constants can be
difficult to estimate, this affects the efficiency of the method;

(ii) We note that the sequence of control parameters of the viscosity step of our method is
only required to be non-summable. This differs from [30,32], where an extra condition
(that the difference between successive parameters be summable) is imposed;

(iii) The use of the inertial technique makes the convergence of our algorithm faster than
that of the method used in [23,24];

(iv) Our result is obtained in the framework of an Hadamard manifold unlike the results
of [15-17], which were obtained in real Hilbert spaces.

The rest of our paper is organized as follows: First, we recall some useful definitions
and preliminary results in Section 2. In Section 3, we introduce our proposed method, state
our main result and present its convergence analysis. Two applications are presented in
Section 4. In Section 5, we present the results of a numerical experiment which shows the
efficiency of our method. We provide some concluding remarks in Section 6.

2. Preliminaries

Let M be an m-dimensional manifold, let x € M and let Ty M be the tangent space
of M at x € M. We denote by TM = (J,cp TxM the tangent bundle of M. An inner
product R(:,-) is called a Riemannian metric on M if (-,-)y : M x TyM — R is an
inner product for all x € M. The corresponding norm induced by the inner product
Ry(-,-) on TyM is denoted by || - ||x. We will drop the subscript x and adopt || - || for the
corresponding norm induced by the inner product. A differentiable manifold M endowed
with a Riemannian metric R (-, -) is called a Riemannian manifold. In what follows, we
denote the Riemannian metric R (-, -) by (-,-) when no confusion arises. Given a piecewise
smooth curve 7y : [a1,a42] — M joining x to y (that is, y(a1) = x and y(a2) = y), we
define the length I(7y) of ¢ by I(y) := f;’lz |7’ (t)||dt. The Riemannian distance d(x, y) is the
minimal length over the set of all such curves joining x to y. The metric topology induced
by d coincides with the original topology on M. We denote by V the Levi—Civita connection
associated with the Riemannian metric [34].

Let v be a smooth curve in M. A vector field X along 7 is said to be parallel if
V., X = 0, where 0 is the zero tangent vector. If 9 itself is parallel along 7, then we say
that 7 is a geodesic and [|/|| is a constant. If ||9/|| = 1, then the geodesic 7 is said to be
normalized. A geodesic joining x to y in M is called a minimizing geodesic if its length
equals d(x,y). A Riemannian manifold M equipped with a Riemannian distance d is a
metric space (M, d). A Riemannian manifold M is said to be complete if for all x € M,
all geodesics emanating from x are defined for all ¢+ € R. The Hopf-Rinow theorem [34]
posits that if M is complete, then any pair of points in M can be joined by a minimizing
geodesic. Moreover, if (M, d) is a complete metric space, then every bounded and closed
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subset of M is compact. If M is a complete Riemannian manifold, then the exponential map
exp, : IxM — M at x € M is defined by

exp, v :=7p(1l,x) VoveTiM,

where v, (-, x) is the geodesic starting from x with velocity v (that is, 7,(0,x) = x and
7,(0,x) = v). Then, for any ¢, we have exp, tv = 7,(t, x) and exp, 0 = 7,(0, x) = x. Note
that the mapping exp,, is differentiable on TxM for every x € M. The exponential map
exp, has an inverse exp, ! : M — T M. For any x,y € M, we have d(x,y) = || expy’1 x| =
| exp;ly|l (see [34] for more details). The parallel transport Py e y(ar) * TyayM —
T (a,)M on the tangent bundle TM along 1 : [a1,a5] — R with respect to V is defined by

P’Y,’Y(ﬂz),’Y(ﬂl)v = F(’Y(az)), Vay,ap € R andov € T’y(al)M/
where F is the unique vector field such that V,,;yF = 0 forall t € [a1,az] and F(y(a1)) = v.
If v is a minimizing geodesic joining x to y, then we write P, x instead of P, , ». Note that

for every aj,ay,7,s € R, we have

o —1
Py()1(r) © Pyr) v(an) = Pris)v(an) @0 Py ooy = Prtan)v(an)-

Additionally, P, 4,) ,(a,) is an isometry from T, )M to T, (,,) M, that is, the parallel
transport preserves the inner product

(Py(az)v(ar) ()s Po(ay) y(ar) (©)) o (a) = (4 0)(ay)s ¥V 14,0 € Ty ) M. )

We now give some examples of Hadamard manifolds.
Space1l: LetR,; ={x € R:x >0}and M = (R4, (-, -)) be the Riemannian manifold
equipped with the inner product (x,y) = xy V x,y € R. Since the sectional curvature of M
is zero [35], M is an Hadamard manifold. Let x,y € M and v € TyM with ||v|| = 1. Then,
d(x,y) = |Inx —Iny|,exp tv = xe't , t € (0,40),and exp, 'y = xIny — xInx.

Space 2: Let R, be the product space R, := {(x1,x2,- -, xm) : x; € Ry, i =

1,2,---,m}. Let M = ((R)++,(-,-)) be the m-dimensional Hadamard manifold with
m

the Riemannian metric (p,q) = p’q and the distance d(x,y) = |In yl=In ¥ ;%|, where
i=17"

x,y € Mwithx = {x;}/" ;and y = {y;}1" ;.

Space 3: See [36]. Let M = H" be the n dimensional hyperbolic space of constant sectional
curvature k = —1. The metric of H” is induced from the Lorentz metric {-, -} and will be
denoted by the same symbol. Consider the following model for H" :

H = {¢=¢L,e2,... e e R @+l 5 0 and {&,¢) = —1).

Letx,y € H" and v € TyH". Then, a normalized geodesic y starting from ,(0) = x
is defined by
Yx(t) = (cosht)x + (sinht)ov.

We have {u,x} =0 for all u € T,H". Also,

y+{xyjx

exp;l y= COShil({x'y}) \/W

A subset K C M is said to be convex if for any two points x,y € K, the geodesic y
joining x to y is contained in K. That is, if 7y : [a1, a3] — M is a geodesic such that x = 7(a7)
and y = y(ap), then y((1 — t)a; + tay) € Kforall t € [0,1]. A complete simply connected
Riemannian manifold of non-positive sectional curvature is called an Hadamard manifold.
We denote by M a finite dimensional Hadamard manifold. Henceforth, unless otherwise
stated, we represent by K a nonempty, closed and convex subset of M.
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We now collect some results and definitions which we shall use in the next section.

Proposition 1 ([34]). Let x € M. The exponential mapping exp, : TxM — M is a diffeomor-
phism. For any two points x,y € M, there exists a unique normalized geodesic joining x to y, which
is given by

v(t) =exp, texp;ly Vte[0,1].

A geodesic triangle A(p, g,r) of a Riemannian manifold M is a set containing three
points p, g, r and three minimizing geodesics joining these points.

Proposition 2 ([34]). Let A(p, q,r) be a geodesic triangle in M. Then,

@ (p,q) +d(q,r) —2(exp, " p,exp, ') < d*(r,q) (3)

and

@ (p,q) < {exp, ' r,exp, ' q) + (exp, ' r,exp, ' p). @)

Moreover, if 0 is the angle at p, then we have

(exp;1 q, exp;1 r)y =d(q,p)d(p,r)cosb.

Also,
lexp, gl = (exp, " 4,exp, ' q) = d*(p, q).

Forany x € M and K C M, there exists a unique pointy € K such thatd(x,y) < d(x,z)
for all z € K. This unique point y is called the nearest point projection of x onto the closed
and convex set K and is denoted Pk (x).

Lemma 1 ([37]). For any x € M, there exists a unique nearest point projection y = Px(x).
Furthermore, the following inequality holds:

<exp;1 x,expyfl z) <0 VzeKk
We call a mapping f : M — M a {p-contraction if

d(f(x), f(y)) < ¢(d(x,y)) YxyeM,

where 1 : [0, +00) — [0, +00) is a function satisfying the following two conditions:

(i) y(s) <sforalls>0;
(if) 1 is continuous.

Remark 1. (a) ¢(s) = ;37 forall s > 0 satisfies conditions (i) and (ii) above.

(b) Ify(s) =ksforalls > 0and k € (0,1), then f is a -contraction mapping with a Lipschitz
constant k.

(c)  Any p-contraction mapping is nonexpansive.

Any tp-contraction belongs to the class of mappings introduced by Boyd and Wong [38]
who established the existence and uniqueness of a fixed point for mappings in this class in
the framework of complete metric spaces.

The next lemma presents the relationship between triangles in R? and geodesic trian-
gles in Riemannian manifolds (see [39]).

Lemma 2 ([39]). Let A(uy,up, u3) be a geodesic triangle in M. Then, there exists a triangle

A(ily, 1y, il3) corresponding to A(uy, up, uz), such that d(u;, u; 1) = ||i; — ;1 || with the indices
taking modulo 3. This triangle is unique up to isometries of R2.
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The triangle A(i1y, i1, f13) in Lemma 2 is called the comparison triangle for A(uq, up, u3)
C M. The points 14, #i; and 73 are called comparison points to the points u, 1y and u3
in M.

A function h : M — R is said to be geodesic if for any geodesic v € M, the composition
howy:[u,v] — Ris convex, that is,

hoy(Au+ (1—A)v) < Ahoy(u)+ (1 —A)hoy(v), u,v eR, A €[0,1].
The subdifferential of a function # : M — R at a point x € M is given by
Oh(x) :={z € TeM: h(y) > h(x) + (z,exp; 'y) Vy € M}.

The convex function h is called subdifferentiable at a point x € M if the set oh(x) is
nonempty. The elements of oh(x) are called the subgradients of 1 at x. The set dh(x) is
closed and convex, and it is known to be nonempty if / is convex on M. We denote by
dyh the partial derivative of & at the second argument, that is, d,/(x, -) for all x € M. The
normal cone, denoted Nk, is defined at a point x € M by

Nk(x) :={z € TxM: (z,exp,'y) <0 Yy € K}.

Lemma 3 ([20]). Let xo € M and {x,} C M be such that x, — xq. Then, for any y € M, we
have exp;nl y— exp;o1 yand exp,’ Ly — exp, 1 x;

The following definitions can be found in [40]. Let K be a nonempty, closed and convex
subset of M. A bifunction g : M x M — R is said to be

(i) Monotone on K if
g y)+g(yx) <0 Vxyek
(i) Pseudomontone on K if

g(x,y) >0=g(y,x) <0 VxyeKk;

(iii) Lipschitz-type continuous if there exist constants c; > 0 and c; > 0, such that

g y) +8(y,z) > g(x,2) —a1d’(x,y) — c2d?(y,2) Vx,y,z € K.

For solving EP (1), we make the following assumptions concerning g on K :

(A1) g is pseudomonotone on K and g(x,x) = 0 forall x € M;
(A2) g(+,y) is upper semicontinuous for all y € M;

(A3) g(x, ) is convex and subdifferentiable for all fixed x € M;
(A4) g satisfies a Lipschitz-type condition on M.

The following propositions (see [41]) are very useful in our convergence analysis:

Proposition 3. Let M be an Hadamard manifold and d : M x M :— R be the distance function.
Then, the function d is convex with respect to the product Riemannian metric. In other words, given
any pair of geodesics 7y : [0,1] — M and 7y, : [0,1] — M, then for all t € [0, 1], we have

d(v1(t), 72(t)) < (1= 1)d(71(0),72(0)) + td(v1(1), 72(1)).

In particular, for each y € M, the function d(-,y) : M — R is a convex function.

Proposition 4. Let M be an Hadamard manifold and x € M. Let px(y) = 3d*(x,y). Then, p«(y)
is strictly convex and its gradient at y is given by

dpox(y) = —exp, ' x
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Proposition 5. Let K be a nonempty convex subset of an Hadamard manifold M and let h : K — R
be a proper, convex and lower semicontinuous function on K. Then, a point x solves the convex
minimization problem

inh
miph(x)

if and only if 0 € oh(x) + Nk(x).

Lemma 4 ([42]). Let u,v € R" and A € [0, 1]. Then, the following relations hold:
@) fAu+ (1= A)o|? = Aljull> + (1= A)[|o]]> = A1 = A)|Ju — o)

(i) u+ol? = [Jull> £2(u,0) + [|o||%

(iii) ||u +o||> < ||u]|?> +2(v,u +v).

Lemma 5 ([43]). Let {u,} be a sequence of non-negative real numbers, {a, } be a sequence of real

[ee]
numbers in (0,1) such that Y a, = oo and {v, } be a sequence of real numbers. Assume that
n=1

Upp1 < (1 —ap)uy +aqvy Y >1

Iflimsup vy, < 0 for every subsequence {uy, } of {u,} satisfying the condition

k—roc0

lim inf(u —u, ) >0,
o ( ng+1 l’lk) =
then lim u, = 0.

n—oo

3. Main Result

In this section, we first propose a convergent algorithm for approximating a solution
to the EP (1) and then present its convergence analysis. Let f : M — M be a i-contraction
where ¢ : [0, +00) — [0, +00) is a continuous and increasing function satisfying ¥(0) = 0
and ¢(s) < s forall s > 0. The solution set Sol(g, K) is closed and convex [9,10]. We assume
that Sol (g, K) is nonempty.

Assume {¢,} is a positive sequence such that €, = o(f,), thatis, lim -

= 0, where
n—,oo ‘Bn

By is a sequence in (0,1) satisfying

(C1) nlglgo By =0and Zl Bu = oo.

n=

Remark 2. We observe that Algorithm 1 provides us with a self-adaptive method where the step
length can increase from iteration to iteration unlike the monotone decreasing sequence of step
lengths in [17]. By this construction, the dependence of the bifunction g on the Lipschitz constants
is dispensed with.
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Algorithm 1: Inertial subgradient extragradient method for solving EP (ISEMEP)

Initialization: Choose xg, x1 € K, A; > 0, 4 € (0,1), a non-negative sequence of real numbers {4, } such that

Y 0y < +ooand 6 > 0.
n=1

Step 1: Given x;, x,,_1 and A, choose 0, such that 0, € [O, én], where

él’l = {mln{G’ d(x;f;,/,_l) }’ lf Xn 7£ x}’l*l/

0, otherwise.

Compute

{wn = exp, (On exp;n1 Xp-1),

Yn = arg ;rgﬁ{g(wmy) + ok (wn,y) }, ©
If y, = wy, then stop. Otherwise, go to the next step.
Step 2: Define the half-space T, by
Tw:={yeM: <eXP;,,1 Wy — /\nvn,expy:,1 y) <0}
with v, € 9,¢(wy, y») and compute
. 1 5
Zn = arg;reuTr;{g(yn,y) o (wn,y)}- ©6)
Step 3: Compute
Xpg1 = (1= Pu) V120, )

where 7, : [0,1] — M is the geodesic joining f(x,) to z,, thatis, 7,(0) = f(x,) and 7v,(1) = z, for alln > 0.

®)

. [dz( nrs »1)+d2(7~n/ n)]
Any1 = mm{/\” o, 2[g(zptl)n,znz—g(wmyn)—gy(ymzwl }’ 8(@n zn) = 8(wn,yn) =8y zn) > 0,
An 4 6, otherwise.

Set n := n 41 and return to Step 1.

Lemma 6. Let {A,} be the sequence given by (8). Then, lim A, = A with
n—00

. H
_— <A<
mm{Zmax{cl,cz}'/\l} <A< AL+,

where § = Y, 4.
n=0

Proof. Assume (A4) holds, then there exist ¢ and ¢, such that

§(wn,21) — (W, Yn) — (Y, 2n) < C1d2 (Y, Wn) + c2d? (20, Yn)
< maX{C1,C2}(d2(]/n/ wy) + d (zn,Yn))-

Thus,

p(d* (yn, wn) + d* (20, yn)) > H ‘
2(g(wn,zn) — &(Wn,yn) — §(Yn,zn)) — 2max{cy, c2}
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Using induction, we obtain

min{Zmam{ycl,cz}'/\l} <A <A +6.
It is not difficult to show that nll_I)Iolo Ay = A. Therefore, the convergence of {1, } implies
that
min{zmax{yq,cz},/\l} <A< A 4O
O

Lemma 7. The sequence {x, } defined recursively by Algorithm 1 satisfies the inequality

A
&(z20, p) < d(wn, p) - (1 - £ )[cﬂ(wn,yn) + & (20
n+1

Proof. Let p € Sol(g,K). Using the definition of z,, and Proposition 5, we find that

0 € { 8un, ) + w00, 3) () + N )
There exist a,, € 92¢(yn,zn) and b, € N, (z,) such that
Anty — expz_n1 wy, + b, = 0.
Hence, for all y € T,;, we obtain
/\n<an,exp;11 y) = (exp;n1 wn,exp;n1 y) — <bn,exp;n1 y).
Since b, € Nt,(z,), we have <bn,expz’n1 y) < 0forall y € T,. Therefore,
<exp;n1 wn,exp;nl y) < An(an,exp;nl y) Yy € Ty 9)

From the definition of the subdifferential and the fact that a, € 9,¢(yn, zn), it fol-
lows that

(an,expy y) < (Y y) = §Wn,2n) Yy € M. (10)

We obtain from (9) and (10) that
(expz,! wn, exp2 ! y) < Au(g(yu,y) = 8(ynzn)) Yy € Ty (11)
Lety = pin (11). We have

(exp_ twy, exp. ' p) < Au(g(Yn, p) — §(Yn,Zn))-

Since p € Sol(g, K), we have g(p,y») > 0.If follows from the pseudomonotonicity of
¢ that g(yx, p) < 0. Thus, we obtain

(exp o, exp_ ! p) < —Ang (Y zn)- (12)
It is easy to from (8), that

H o 2
—d
2/\n+l

(Vs ) + =82 (Y, 20) — §(Wn z0) + (W, Y ),

— <
g(ynfzn) — 2/\;1«1,»]
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which implies, since A, > 0, that

And? (Y, And? (Y,
—Ang(Yn,zn) < E Y, ) + B (Y, 2n) — Mlg(wn, zn) — g(wWn, yn)]. (13)
2A 11 2A 041

It follows from z,, € T, that <exp;1 Lw, — Aoy, exp, 12,) <0, which implies that

(expyj} Wy, exp;nl zn) < Ap(vp, exp%1 Zp). (14)
Since vy, € 02¢(wn, Yn), it follows from the definition of the subdifferential that
(on,expy! y) < g(wn,y) — §(Wn, Yn)-
Setting vy = z, in the above inequality, we have
<vn,exp;} zn) < §(Wn, Zn) — &(Wn, Yn)-
Thus, it follows from above inequality and (14) that
<eXPy711 wn,expyf Zn) < An[8(Wn, 2n) — §(Wn, yn)]- (15)
Combining (12), (13) and (15), we obtain

_ _ And?(yn, w And? (2, _ B
<exp2nl Wn, expynl p> S ‘u nzAr;lV:l n) + V nz/\ifl yn) - <expyn1 Wy, expyhl Zi’l>- (16)

Using Equation (3) and Proposition 2, we obtain
d*(wn, zn) + d*(zn, p) — d* (wy, p) < 2(exp; | wu,exp_ ! p)

and
—2(expy*nl wn,exp%1 zy) < dz(wn,zn) — dz(wn,yn) — dz(zn,yn).

Using this in (16), we obtain

< P‘/\ndz(wmyn) + V)\ndz(zn/yn)

& (wn, 2n) + d* (2, p) — d*(wn, p) < An+1 Anta
n n

+ dz(wn/ Zn) - d2(wn/ ]/n) - dz(zn/yn)~

Therefore, we have

e, p) < (o p) = (1= 22 ) )+ e ) 17
n+

O

Lemma 8. Let f : K — K be a y-contraction and assume that

0<kx:= SUP{W

Then, the sequence {x, } generated by Algorithm 1 is bounded.

Xy #q,n>0, g€ So0l(g,K)} <1.

Proof. Fix n > 1 and p € Sol(g,K), and consider the geodesic triangles A(wy, Xy, p)
and A(xy, x,_1, p) with the comparison triangles A(wy, x7, p') and A(x}, x),_;,p’). Then,

by Lemma 2, we have d(w,, p) = ||w), — pll, d(xn, p) = ||x, — P’ and d(xy, x,-1) =
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l|x;, — x7,_1]|- Recall from Algorithm 1 that w, = exp, Ox exp;nl Xy—1. The comparison
point of wy, is w), = x}, + 0, (x],_; — x},). Thus, we obtain

d(wn, p) = |lw, — p'l
= [lx} + 0 (x5 1 — x3) = Pl
< |lx *P|\+9nllx — x4l

= ||x *PHJrﬁn"B s = x5 - (18)

Since g—’;Hx,’1 —x, 4l = /57 d(xy, x,_1) — 0asn — oo, there exists a constant M; > 0

such that %d(xn,xn,l) = ﬁn |x;, —x),_4|| < M; Vn > 1. Hence, we obtain

d(wn/ P) < d(xn, P) + ,BnML (19)
It is not difficult to see that
d*(wy, p) < d*(xu, p) + 20ud (xn, p)d(xn, X5—1) + 034> (xn, Xp_1). (20)

Next, using the definition of x,,, 1, the convexity of the Riemannian distance and (17),
we see that

d(xns1,p) = d(yn(1 = Bn), p)
< Bnd(711(0), p) + (1 = Bn)d(7n(1), p)
= Bud(f(xn), p) + (1 = Pu)d(zn, p)
< Bu(d(f(xn), f(p) +d(f(p), p)) + (1 = Bu)d(wn, p)
< Bup(d(xn, p)) + Bud(f(p), p) + (1 — Bu)d(wn, p).

S1nce0<x—sup{%: xn #4q, n>0,q¢€ Sol(g,K)} <1, we find that

d(xpy1,p) < Bukd(xn, p) + (1= Bu)d(wn, p) + Bnd(f(p), p) (21)
< Bukd(xn, p) + (1 = Bn)[d(xn, p) + BuM1] + Bud(f(p), p)
= (1= Bu(1 —x))d(xn, p) + Bn(1 = Bu) M1 + Bud(f(p), p)

M, +d(f(P),P)}

< max{d(xn,p), T

< max{d(xofi’)/]vw_f(—f;?jm}' -

Hence, the sequence {x,} is bounded. Consequently, the sequences {wy }, {y, } and
{zy} are bounded too. O

Theorem 1. Let f K — K be a y-contraction and assume conditions (A1)—(A4) hold. If

0<x= sup{w xanq))) S xy £q, n>0,q € Sol(g,K)} < 1, then the sequence {x}

generated by Algorithm 1 converges to a point p € Sol(g,K), where p = Psy o x)f(p) and
Ps,1(4,k) is the nearest point projection of K onto Sol(g, K).

Proof. Let p € Sol(g, K) satisfy p = Ps,j(, k) f(p)- Note that this fixed point equation has a
unique solution by the Boyd-Wong fixed point theorem [38]. Fix n > 1 and let w = f(x,),
z = zyand y = f(p). Consider the following geodesic triangles with their respective
comparison triangles in R?: A(w, z, p) and A(w', 2, '), Ay, z,w) and A(y/, 2, w'), Ay, z, p)
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and A(y', 2/, p’). By Lemma 2, we have d(w,z) = ||w' — 2'||, d(w,y) = ||[w' — /||, d(w, p) =
lw' —p'|,d(z,y) = |2/ —y||and d(y, p) = ||y — p'||. From the definition of x,,;1, we have

Xn41 = eXPw(l - :B”) expz;l z.

The comparison point of x,, 1 in R?is x/, . ; = B,w’ + (1 — B,)z’. Let a« and o’ denote
the angles at p and p’ in the triangles A(y, x,41, p) and A(y/, x], ;, p"), respectively. Then,
we have a < &’ and cosa’ < cosa. Using Lemma 4 and the property of f, we obtain

A (xng1,p) < lxpq — P12
= [|Ba(@' = p") + (1= Ba) (v — P)II?
< |IBa(@' —y') + (1= Ba) (2 — P+ 2Bulx s — Py — 1)
< (A=Ba)llZ = p'II* + Bullw = 1> +2Bullxss — Pl Iy — p'l| cosa’
< (1= Bn)d*(z, p) + Bud®(w,y) + 2Bnd(xy 41, P)d(y, p) cosa

= (1= Bu)d*(zu, p) + Bud”(f (xu), £ (p)) + 2Bud (xns1, p)A(f (p), p) cos .
Since d(x,11,p)d(f(p), p) cosa = (exp;lf(p),exprjl Xpi1)and 0 < x = sup{% :
Xy #¢q,n>0,q9 € Sol(g,K)} <1, using (20), we obtain

P(x0s1,p) < (1= Bu)d (2 p) + Butp (@ (X, ) + 2Bulexp, F(p),exp,  xs1)

< (1= ) aon,p) = (1= o) (1= 22 ) (2 00) + (e )]+ B )

+2Bn(exp, f(p),exp, " xui1)

= (1= B 1= K p) (1= 0 = (1= ) (1= 22 ) Ry ) + ],

where

1 ~ ~ 26 02
b, = T (2<expp1f(p),expp V) + ﬁ—:d(xn,p)d(xn,xn_l) + ,B’r’ldz(xn,xn_l))

It follows from (23) that

(1 ) (1 B )[aﬂ(yn,wn) P (2 y)] < (5, p) — P (ens1, p) + fn(1 — )M, 24)
An+l

where M’ = sup b,. We claim that d(x,, p) — 0 as n — oo. To prove this, set a, = d(x,, p)
neN
and d, = B, (1 — x). Itis easy to see from (23) that the sequence {a, } satisfies

pi1 < (1= dy)an + duby. (25)

Next, we claim that lim sup b,, < 0 whenever there exists a subsequence {a,, } of {a,}
k—o0
satisfying
liminf(a,, 41 — an,) > 0.
—00

To prove this, assume the existence of such a subsequence {a,, }. Then, by using (24),
we have

. A : .
limsup(1 — By,) (1 - M) [ (Y, W, ) + d*(zn,, Y, )] < limsup(ay, — A1) + (1 —x)M' khj?o By

k—o00 Ai’lkJrl k—00
= —liminf(a —da
k ( Vlk+1 Hk)

<0.
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Note that A, — A as n — oo and that u € (0,1). Hence, there exists N > 0 such that for
alln > N,0 < {*= <1.Thatis, lim (1—422) =1-pu>0.
n+1 n—o00

n+1

This, in its turn, implies that

1}5{}0 Ad(Yny, wn,) =0 = kh_r}r; Az, Yy )- (26)
By replacing p with x;,, in (18), it is not difficult to see that

O
Tim d(wy,,3,) < Jim B, fkknx;k ~ %l

= 111’1’1 ank nk d(x”k, xnk_l)
P
—0. 27)

Using the triangle inequality, we obtain

(y”k’ wnk) + d(w}’lk/ xnk)/
(an, ynk) + d(ynkr xnk)-

d(]/ﬂk' x”k)

<d
d(znk; xnk) S d

Using (26) and (27), we obtain
A(Yny, xn), A(zn, Xn,) — 0 as k — co. (28)

By employing the convexity of the Riemannian distance, we have

d(xpi1,20) = d(yn(1 = Bn), zn)
< Bud(1n(0),z0) + (1 = Bn)d(vn(1),zn)
< Bud(f(xn),zn) + (1 — Bn)d(zn, zn)
< Bud(f(xn),zn)- (29)
Thus, it follows from (C1) that

klgrolo d(xnk—i-l/ an) =0.

When combined with (28), we obtain

Bim d(x 1, 3,) = 0. (30)

Now, we claim that lim sup b,, < 0. To see this, we only need to show that
k—o0

lim sup(exp;1 f(p),exp;1 Xpet1) < 0.
k—o0

Since {x;, } is bounded, there exists a subsequence {xnk]_} of {xy, } which converges to
g € M such that

lim (exp,,” f(p), exp;, " xu, ) = limsup(exp, " f(p),exp, " xu)

jooo k—o00
~ (exp; " £(p), expy ). a1

Since xp,, — g, it follows from (28) that y,,, ,zs, — g. Using (11), we see that
] 7

kj

AngWn Y) — Ang(WYn, zn) > <expz_nl wn/eXPz_,,l y) VyeT,

which implies, in view of (13), that
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Ag(Yn Y) = Ang (Y, zn) + (expy, ! wn, exp, 1 y)
A _ _
> S (0 s 00) + 8 (2, ) )+ A (a0, 20) — 80, )+ (exps,) o, exp ).
2An+1 " "
Using (15), we obtain

UA _ _ _ _
A8 (Ymery) = =3 An:jil (2 )+ Az yy) ) + (X i expZ L y) + (expy ! wn expyl zn). (32)

Passing to the limit in (32) with n; replaced by Mk and using A, — A > 0, condition
(A2), Lemma 3 and y,,, — ¢, we find that
]

g(q,y) = limsupg(yn, ,y) 20 Vy €T

]—00

Since K C Ty, we see that g(q,y) > 0 Vy € K, which implies that q € Sol(g, K).
Finally, from p = Psy(o k) f(p), (30), (31) and Lemma 1, it follows that

lim {exp,, f(p)rexp, txn 1) = lim sup(exp, ' f(p),exp, " Xy 11)
—00
= (exp," f(p),exp, " q)
<o.

Hence, we conclude by applying Lemma 5 to (25) that the sequence {x, } converges to
p € Sol(g,K), as asserted. [J

4. Applications
In this section, we apply our main result to some theoretical optimization problems.

4.1. An Application to Solving Variational Inequality Problems

Suppose
(Gx,exp;ly), ifx,y €K,
400, otherwise,

g(xy) = {

where G : K — M is a mapping. Then, the equilibrium problem (1) concurs with the
following variational inequality (VIP) (see [44]):

Find x € K such that (Gx,exp,'y) >0 VyeK. (33)

We denote the set of solutions of VIP (33) as VIP(G, K). The mapping G : K — M is
said to be pseudomonotone if

(Gx,exp,'y) > 0= (Gy,exp,'y) >0, x,y € K.

Assume that the function G satisfies the following conditions:
(V1) The function G is pseudomonotone on K with VIP(G, K) # @;
(V2) G is L-Lipschitz continous, that is,

[PyxGx = Gy < [lx—yl, xy €K

where P \ is a parallel transport (see [7,45]);
(V3) limsup(Gx,, expy y) < (Gp, exprjl y) for every y € K and {x,} C K such that

n—00
x;/l_>P.
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By replacing the proximal term arg nu}\r/}{ g(x,y) + 5d?(x, y)} with P (exp, (=A,G(x))),
ye "

where Pk is the metric projection of M onto K in Algorithm 1, we have the following
method for approximating a point in VIP(G,K) :

In this setting, we have the following convergence theorem for approximating a
solution to the VIP (33).

Theorem 2. Let f : K — K be a y-contraction and G K — M be a pseudomonotone operator

satisfying conditions V1-V3. If0 < x = sup{l/’ x"% txp #q,1>0,q€ VIP(G,K)} <1,

then the sequence {x, } generated by Algorithm 2 converges to an element p € VIP(G, K) which
satisfies p = Py1p(c ) f(P)-

Algorithm 2: Inertial subgradient extragradient method for solving VIP(ISEMVIP)

Initialization: Choose x¢, x1 € K, Ay > 0, u € (0,1), a non-negative sequence of real numbers {6, } such that

Y 0y < +ooand 6 > 0.

n=0

Step 1: Given x,,, x,_1 and Ay, choose 0y, such that 6, € [0,0,], where

Compute

Step 3: Compute

6, = {min{g’dmm} if X 7 Xn,

0, otherwise.
{wn = exp,, (0n expx Xp-1), (34)
Yn = Pr(expy, (=AnG(wn))).
If vy = wy, then stop. Otherwise, go to the next step.
Step 2: Compute v, = Gw, and define the half-space T,, by
Tw:={yeM: <expy*n1 Wy — /\nvn,expyfn1 y) <0}
with vy, € 928(Wy, Yn) and compute
zn = Pr, (exp,, (=AnG(wn))). (35)
Xp+1 = (1 —PBn) ¥Yn>0, (36)
where 7y, : [0,1] — M is the geodesic joining f(xy) to zy, that is, v, (0) = f(xn) and v, (1) = zy, forall n > 0.
: w]d? (Y, wn) +d (20, yn)] _ _
A1 = {mln{)\" + O, 2[(Pyyon G (wn) =G (yn) 2n—yn)] }’ P, G(@n) = Glyn). 2 = yu) > 0, (37)

An + O, otherwise.

Set n := n+ 1 and return to Step 1.

Remark 3. Note that Algorithm 2 is a direct application of Algorithm 1 to a variational inequality
problem and that the projection onto the half-space T, in Algorithm 2 can be calculated in closed
form without the need to use a minimization algorithm for computing z,, in Algorithm 1 for solving
equilibrium problems. For a closed-form formula for computing the metric projection onto T, (see
for example, [46]).
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4.2. An Application to Solving Convex Optimization Problems
Consider the convex optimization problem (COP)

{minh(x), (38)
where h is a proper lower semicontinuous convex function of M into (—oo, +00| such that
K is contained in the effective domain of 1, that is, K C domh := {x € M : h(x) < +oo}.
The set of solutions to COP (38) is denoted by COP(h, K). Let the bifunction ¢ : K x K — R
be defined by g(x,y) := h(y) — h(x). Then, g(x,y) satisfies conditions (A1)-(A4) and
COP(h,K) = Sol(g,K). Let Prox,, be the proximal operator of the function / of parameter
A > 0let Vh denote the gradient of /. Using the term Prox,;(exp,(—AVh(x))) in place

of arg mlAr/}{ g(x,y) + s-d*(x,y) } in Algorithm 1, we obtain a method for minimizing the
ye "

function h.

5. Numerical Example

In this section, we present some numerical illustrations of our main result. All codes
were written in Matlab 2017b computed on a Personal Computer (PC) Core i5 at 2.0 GHz
and 8.00 GB RAM.

Example 1. We consider an extension of the Nash equilibrium model introduced in [7,47]. In this
problem, the bifunction g : K x K — R is given by

8(x,y) = (Px+Qy+py—x).
Let M be Space 2 above and let K C M be given by
K={x=(xq,x0,-+,xm):1<x<100, i=1,2,---,m}.

Let x,y € K, and let p = (p1,p2, -+, pm)T € R™ be chosen randomly with elements in
(1, m]. The matrices P and Q are two square matrices of order m such that Q is symmetric positive
semidefinite and Q — P is negative semidefinite. It is known (see [7]) that g is pseudomonotone and
satisfies (A2) with Lipschitz constants ¢; = cp = %H Q — P|| (see [15], Lemma 6.2). Assumptions
(A3) and (A4) are also satisfied (see [48]). Thus, our main theorem is fully compatible with this
example. Setting 6, = ﬁ, Bn = %ﬂ, €, = n%, u=05and Ay = 1073, we compare our
method with (Algorithm 1) of Fan et al. [23]. The comparisons are made for some values of m
using ||x, 11 — xn||*> = 10~% as the stopping criterion. The results for this example are presented in
Table 1 and Figure 1.

Table 1. Computation results for Example 1.

Algorithm 1 Fan et al. Alg.

m =20 No of Iter. 23 39

CPU time (s) 0.0013 2.9229
m =30 No of Iter. 23 43

CPU time (s) 0.0130 3.6771
m = 50 No of Iter. 41 53

CPU time (s) 0.0050 5.8712
m = 60 No of Iter. 35 40

CPU time (s) 0.0050 5.8712
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Figure 1. Example 1, Top left: m = 20; Top right: m = 30; Bottom left: m = 50; Bottom right:
m = 60.

Example 2. Let M be Space 2 above. We consider an example of a variational inequality and
present a numerical comparison of Algorithm 1 through its adaptation to VI with (Algorithm 1) of
Fan et al. [23]. The following example has been considered by authors in many recent articles (see,
for example, [49]). Let the mapping F : E — M be defined by

~ (0.5x1xp — 2x7 — 107
Fx) = (4x1 +0.1x2 — 107

where x = (x1,x2) and K := {x € R? : (x; —2)? + (xp —2)% < 1}. It is known that the
mapping F is pseudomonotone on K and L-Lipschitz continuous with L = 5. For this example, we
let By = n%rl, On = ﬁ, 0, = %, € = ﬁ and Ay = 1078, Using ||xp11 — xn||2 =10"*as
the stopping criterion, we compare Algorithm 1 and Fan et al. alg. for different initial values of x
and x1. The results for this example are presented in Figure 2 and Table 2.

(Case1) xo =1[0.5,1] and x; = [1,2]’;

(Case2) xg = [2,—1]and x, = [1,-2]';

(Case3) xo = [1.2,1.5] and x; = [0,0.5]’;

(Case4) xo = [0.3,0.5] and x; = [—0.9, —0.7]’.
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Table 2. Computation result for Example 2.

Algorithm 1 Fan et al. Alg.

Case 1 No of Iter. 15 29

CPU time (s) 0.0013 2.9229
Case 2 No of Iter. 17 29

CPU time (s) 0.0130 3.6771
Case 3 No of Iter. 15 22

CPU time (s) 0.0050 5.8712
Case 4 No of Iter. 15 17

CPU time (s) 0.0050 5.8712
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Figure 2. Example 2, Top left: Case 1; Top right: Case 2; Bottom left: Case 3; Bottom right: Case 4.

6. Conclusions

In this paper, we introduced an inertial subgradient extragradient method for approxi-
mating solutions to equilibrium problems in the framework of Hadamard manifolds. Since
we use self-adaptive step sizes which are allowed to increase from iteration to iteration,
our method does not require knowledge of the Lipschitz constant of the cost operator.
A convergence result was proved by using a viscosity technique with mild conditions on
the control parameters involved for generating the sequence of the approximants. We also
provided two theoretical applications of our result. Furthermore, we presented some nu-
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merical experiments which illustrate the performance of the method we proposed. By way
of comparison to another method presented for the same subject in Fan et al. [23], we
displayed the competitiveness of our Algorithm. The authors intend to consider more
examples in Hadamard manifolds in future works.
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Abstract: Honeybee losses are an extensive global problem. In this study, a new compartment
model of honeybee population that mainly concerns honey production is developed. The model
describes the interaction of the food stock with the brood (immature bees), adult bees and produced
honey. In the present paper, the issue of an adequate model recovery is addressed and the parameter
identification inverse problem is solved. An adjoint equation procedure to obtain the unknown
parameter values by minimizing the functional error during a period of time is proposed. Numerical
simulations with realistic data are discussed.

Keywords: honeybee population dynamics; existence of non-negative solutions; parameter identification
analysis
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1. Introduction

Honeybee colonies are important for agriculture and the environment. They help plant
reproduction by pollination, while beekeeping redounds to the development of rural areas.
Unfortunately, in recent decades, a ubiquitous decline in both managed and unmanaged
colonies has been observed. This is a global problem, since the bees contribute to the
ecological equilibrium. If the bee population shrinks or disappears, plants would not get
pollinated and would die off. Then, herbivorous animals would not have food and would
go extinct, and they would be followed by carnivorous animals, including humans. Thus,
preventing bee colonies from losses is of a paramount importance for preserving live on
Earth in general.

Of the many species of bees, only a small number of them are eusocial; Apis mellifera
is an example of eusocial behavior [1]. This species form colonies thus the survival,
reproduction and honey production are directly dependent on the size and the structure of
the colonies [2].

Honey, produced by honeybees, is a sweet natural substance, derived greatly from

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.

the nectar of flowers and transformed by a group of enzymes, which are present in the
saliva of the worker bees. The honey is also airy and evaporates by its filtering, and is
eventually stored inside the hives. Honey from Apis mellifera is one of the most essential
zoo-agricultural goods for commercial trade in the world [3]. Regarding the honey trade,
the USA is the global leader in imports. Concerning production, China is the global leader,
following by Turkey, Iran, Ukraine and the Russian Federation. Finally, with respect to
quality, Bulgarian honey is the most pure and sweet [4].

This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses/by/
4.0/).
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Beekeepers produce a variety of agriculture products, in addition to honey, including
royal jelly, propolis and beeswax. This paper aims to develop mathematical modeling of
the honeybee population dynamics and, therefore, honey production.

The most fundamental honeybee population model is suggested by [5], where only
two compartments are explored—the young hive bees and the matured forager bees. This
model is extended in [6,7], where the brood, the age of the foragers and the food are also
included in the studies, accounting for the delay of maturing. Such investigation is done
in [8], where a different form of the recruitment rate is used. In the study [9], exogenous
stress is assumed to impact the recruitment process, social inhibition and the queen laying
rate, causing a potential colony decline.

There are models developed as an effort to understand the decrease in colony numbers
in recent decades. A survey in the USA suggests that treating against disease and mite
infestation in the right way lowers the chance of colony loss [10]. Extensive study of the
transition from hive to forager bees is performed in [11]. A comparison between the losses
in different parts of the world is performed in [12].

The mysterious disease, whose causal factors are not entirely agreed on, is called
Colony Collapse Disorder (CCD). It is characterized by rapid loss of forager bees but
absence of dead bodies near the hive, lack of pest and mite invasion of the hive, and bees’
reluctance to consume food provided by the beekeeper. The first recorded massive colony
loss is described as the ‘Isle of Wight Disease” [13]. The effect of protein sources has been
proposed as a potential cause for collapse [14]. A special CCD model is designed in [15],
where the contagious adult bees are isolated from the others. A review of the suspected
causal factors for the colony declines is summarized in [16].

Other models focus on particular parts of the surrounding environment such as food
availability [17], age structure [18], seasonal effects [19], Varroa mites [20] and others [21,22],
including the model memory property [23].

In [24], populations of adult and immature (brood) honeybees as well as their honeybee
production are examined via mathematical and statistical modeling approaches. It is shown
that, if a bee population is exposed to a stress factor (i.e., habitat destruction, Varroamites,
climate variability, heavy metals, etc.), the number of individuals declines over time as well
as the produced honey. The complex issue of the sustainability of honeybee colonies is
important not only for the survival of the species but also for food security and the overall
health of the environment. To ensure the sustainability of honeybee colonies, it is important
to take measures such as providing adequate habitats, reducing pesticide exposure and
promoting disease management practices. Aiming at the latter, the sophisticated processes
of population dynamics have to be investigated via mathematical modeling.

In the present work we study the relationship between the population size of honey-
bees (Apis mellifera) and honey production if the bee colony is exposed to a number of stress
factors that exogenously cause the death of individuals and therefore a possible reduction
in honey production. Here lies the main originality of the study—suggesting a novel model
for encountering the interaction between the bee castes and the amount of honey, stored in
the hive.

Furthermore, in the investigation the inverse problem of identifying the food and
honey consumption rates by the immature and adult bees is solved as well as the brood
maturation rate. These quantities are of extreme importance for understanding the complex
dynamics of the hive. It is done via the adjoint equations optimization approach. Such
a study is performed in [25], where the contaminated bees are modeled as a separate
compartment. Similar investigation is done in [26] but, for the coefficient identification, a
trust-region reflexive algorithm is used.

This paper is organized as follows. In the next section, we extend the mathematical
model, studied in [24], taking into account the food stock. What is more, we study the
existence and non-negativity of the solutions. Section 3 is devoted to the parameter
estimation analysis of the model. Section 4 is dedicated to numerical experiments regarding
the direct and inverse problems. The paper is concluded in Section 5.
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2. Mathematical Model

In this section, we introduce a mathematical model that explains the interaction
between the food stock and the brood (immature bees), adult bees and the amount of
produced honey.

Following the results in [24,27] we establish a mathematical model that presents
the interactions among brood B(t) at time ¢, adult bees A(t) and the amount of honey
production M(t), taking into account the weight of food stock F(t) .

We assume that the brood grows at a rate 5, proportionally to the number of adult bees.
This is given by term A/ (A + v), where v is the mean saturation rate (number of adult bees
required for immature bees to achieve half of their maximal number). The number of bees
surviving to the adult stage influences the number of immature bees.

The latter is modeled by the term wB, where w denotes the maturation rate to adult
stage, and 1/w indicates the time spent before achieving the adult stage. The number of
immature bees is decreased by natural death and it is modeled by the term g B, where yp
denotes the natural mortality rate of the immature stage. Following this discussion and
those in [24,27] we consider the following system of ODEs:

dF

E:CA_’)/B/ (1)
dB A
ar ~Pay B b @
i—?:wB—yAA—UA. 3)
dM A
— = — — 0AM. 4
i Patu aM = oAM @)

The model (1)—(4) is illustrated in the diagram of Figure 1.

It is assumed in the derivation of Equation (3) that the number of adult bees diminish
naturally and it is demonstrated by the term 4 A, where 14 is the natural mortality rate of
the adult stage. However, the bees can also die because of a stress factor. This is represented
by the term oA, where ¢ is the death rate due to a stressor (climate change, loss of habitat,
heavy metals or pesticides, poor beekeeper’s management, etc.) acting on bees at the
adult stage.

Equation (4) shows that the production of honey in hives increase at a rate p, which is
influenced by the number of adult bees, given by the term A/ (A + u), where u is the mean
saturation rate.

One important cause for decreasing of the honey is the feeding of immature bees,
which is demonstrated by the term aM, where « is the honey loss rate.

The term 6 AM represents the loss of honey production because of the consumption of
adult bees, where ¢ is the adult bees” honey consumption rate.

For more details on the specifications of the parameters in the model we refer to Table 2
in [24].

We solve the system of ordinary differential Equations (1)—(4) with initial conditions

F(0) =Fy >0, B(0)=By>0, A(0)=Ay>0, M(0)= M, > 0. ()

Using Theorem 7.1 in [28] one could easily prove that the subsystem (2)—(4) is positive
(short for “non-negativity preserving”) in the sense that, if

B(0) >0, A(0)>0, M(0)>0,

then
B(t) >0, A(t)>0, M(t)>0, Vt>0.

This property is biologically relevant to the model.
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Figure 1. Schematic representation of model (1)—(4).

3. Parameter Identification

In this section, the parameter inverse problem is defined. Such problems appear very
often in practice. The problem (1)—-(5), where the values of the parameters are known, is
well-posed and it is called a direct problem. However, in the real world, the values of some
of the coefficients are not directly measurable but they are very important for professional
honeybee management. Their reconstruction, provided that additional information is given,
is referred to an inverse problem. Inverse problems are ill-posed and harder to solve. We
employ the adjoint equation optimization approach [29,30].

The parameters to be reconstructed are p = (pl, pz, p3, p4, p5), p1 =, p2 =7, p3 =9,
p* =0, p° = w,and

pESadm:{PG]RSZ0<Pi<Pi,i:1,...,5}. (6)

The admissible set $,4p, is defined by the biology of the honeybee [31]. To find the
parameters p, though, some new information must be brought. In many cases it is possible
to measure the model functions at some discrete times. In reality, counting the brood B is a
difficult task, so we adopt measurements of the functions

FObS(tk> = X,
A () =Yy, )
MOPS(ty) = Z

fork =1,...,K. We assume all functions are measured at some predefined time instances.
The observation times for every function may be different.

163



Axioms 2023,12,214

In practice, the observations are obtained from electronic devices equipping the hive.
In a quasi-real setting, first the direct problem is solved and then the observations are
extracted from the solution to the direct problem.

To solve the inverse problem, the least-square function

D(p) =P(a,7,6,0,w) = Pp(a,7,6,0,w) + Pala,y,6,0,w) + Puy(a,v,6,0,w) =
K K K
Y (F(tip) — X)* + Y (A(tsp) = Yi)* + Y (M(ti;p) — Zp)* (8)
k=1 k=1 k=1

is minimized, e.g., by a gradient method [32], where ¥(t;p), ¥ € {F, A, M} are the
theoretical quantities from the model and Z;, & € {X,Y,Z} are the observed values
in practice.

Now we state an expression for the gradient of the function ®, := ®(p).

Theorem 1. The gradient @), = (&}, P!, O}, P, D, ) is given by

T

o= [ pmnM(t)dL, ©)
T

q>/7:/0 gr(t)B(t)dt, (10)

T

o= [ ouhABM(DL, (1)
T

o = [ gahA(naL, 12)
T

e R GLIGED (13)

where the triple { @, Qr, ¢4} is the unique solution of the adjoint system

%zzf@—x)é(t—t) (14)
dt = ke
98 _ gt (a+ o) gat (6-M—p—t Yo +2 f(A—Y)(S(t—t ), (15)
dt A A (A+u)? M = kJs
doum K
g = @8- Agu+2) (M—Z)s(t—ty), (16)
k=1
@r(T) = @a(T) = pm(T) = 0. (17)
Proof. We denote dp = (d«,d7,86,60,0w) and da = ¢hy, 0y = ¢€hy, 66 = ¢ehs, 50 = €hy,
ow = 8]’15.

If 6F(t;p) = F(t;p+6p) — F(t;p), 0A(t;p) = A(t;p+6p) — A(t;p) and SM(t;p) =
M(t; p+dp) — M(t; p), write the ODE system for F(t;p+dp), A(t; p+ p) and M(t; p + op)
as (1), (8) and (4) with initial conditions Fy, Ag and My (5).

Then, calculate the differences of the corresponding equations to obtain an ODE system
for 6F,0 A and 6 M with zero initial conditions.

d
$0F = cdA —51B, (18)

%5A = —(pa+0)0A —60A+ SwB, (19)
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3(5 udA
dt +u)?

We find the increment of the functional ®(p) :

K
(p +0p) — @(p) = ZkZ SF(ti; p) (F(tsp) — Xi)
=1
K K

+2) A(t;p) (At p) — Vi) +2 ) SM(ti;p) (Mt p) — Zt)
k=1 k=1

=23 [ 5F(1op) (F(top) — Xe)a(t — )

k=1

K /T
+2) [ oA (Altip) — Yi)o(t — t)dt
k=1

M:p(Ai—(5~M(5A—(zx+(5-A)(5M—(5¢xM—(5(5AM.

(20)

K T
+22/0 SM(ti;p) (M(ti; p) — Zi) (¢ — ty)dt.
k=1"

Let us multiply Equations (18)—(20) by smooth functions ¢r(t), () and @a(f) s.t.
¢r(T) = ¢a(T) = ¢m(T) = 0 and integrate both sides of the results from 0 to T:

T/ od d d
/0<(ppdt5p+§0A 5A+<pMdt5M)dt

T
c/o (pFJAdt—é'y/O (,)FBdt—(yAJra)/o 96 Adt

6A

T T T
. / Adt + 6 / Bdt + / ECELSY
0 PA w 0 @A pu 0 ¢M(A+u)2

T T
—5/ (pMM(SAdt—(oc+5-A)/ PmoMd
0 0

T T
on / omMdt — 65 / PmAMAL.
0 0

On the other hand, integrating by parts and using the facts that ¢r(T) =

eMm(T) =0and 6F(0) = 6A(0) = 6M(0) = 0, we obtain

Tordsrar s [N onSsadit [ o Loma
/ (detdF t+/ (pAdtdA t+/ (PMdth t=
/ SF g”th—/ SA q’Adt / SM q’Mdt

Let us place the expressions for %, ddif‘ and d%w from (14)—(16) in (22):

T/ g d d
/0 (¢FO“5F+¢ACU5A+¢M0U5M)dt_
T T T
c/ ¢F5Adt—(yA+a)/ ¢A5Adt—5/ oMMSAd:
0 0 0

T 1 T

T K T K
—2/0 (Sszzl(F—X)(S(t—tk)dt—Z/o (SAkzzl(A—Y)(S(t—tk)dt

(21)

pa(T) =

(22)

T K
—2/ SMY (M= Z)5(t— t)dt. (23)
0 k=1
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Equating (21) and (23) yields
T K T K
2/ SF Y (F — X)8(t — t)dt + 2/ SAY(A—Y)o(t— t)dt
0 k=1 0 k=1
T K T
n 2/ SM Y (M — Z)5(t — t)dt = 5a/ onMdt
o = 0

T T
+57/ (pdet+c5c5/ oMAMdt
0 0

T T
+(5(7/ quAdt—(Sw/ o aBd.
0 0

Rewriting the last expression give

D(a+ehy, v+ ehy, §+¢ehg, 0+ ¢ehy, w+ ehs) — P(a,v,5,0,w) =

T T T T T
(h1 / epmMdt + hy / @rBdt + hs / PMAMdAL + hy / @A Adt — hs / q)ABdt> €.
0 0 0 0 0

Now, taking hy = h3 = hy = hs = 0, dividing both sides by eh; and taking the limit
¢ — 0 we find the formula for @/ in the theorem.
Analogously, we obtain the formulae for @/, @, &, and @, (10)(13). O

T
Employing the fundamental property of the Dirac-delta function / f(£)o(t — t)dt = §(ty),
0

tr € (0,T), where f(t) is a continuous function, (14)—(17) could be rewritten in its equiva-
lent form:

dq)p_ N

dd—t_o, t£t, k=1,...,K

dr C(PF+(VA+U)(PA+<5M p(A+u)2>(PM’ t#t, k=1,...,K
d(PM

(oc—f—é A)(PM, t#l’k,kzl,...,K,
[@F];— t =2(F(typ) — Xx), k=1,...,K
[@aliey, =2(Altip) = Yi), k=1,....K
[(PM]t tk - ( (tk,P) Zk)' kZl/'--rK/
¢r(T) = ¢a(T) = em(T) = 0.

Having obtained the gradient, we employ an iterative procedure as follows, where the
new approximation p; 1 is defined by

Psi1=ps —r®(ps), (24)

where r € RZ are gradient multipliers. The iterations start at chosen py and end if
|Aps|| == ||ps+1 — Ps|| < ep, where g is a tolerance quantity, else increase s := s+ 1
and start a new iteration. The final approximation is denoted with p and it is called a
nonlinear estimator.

4. Numerical Experiments

This section is devoted to presenting numerical tests which demonstrate the algorithm
application. Firstly, the numerical algorithm is summarized. Then, the direct problem is
solved and its solution is used to obtain measurements for the inverse problem.

4.1. Numerical Procedure

All the programming code is implemented in the MATLAB® environment. For solving
the ODE systems (1)-(5) and (14)—(17), a Runge-Kutta-type method is used. The algorithm
for solving the inverse problem could be described as follows:
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1. Choose initial approximation py.
Sets := 0.
3. Until [[Aps|| < epdo

N

3.1.  Solve system (1)-(5) with ps to obtain F, B, A and M.
3.2.  Solve system (14)—(17) to obtain ¢r, 4 and ¢.
3.3.  Compute the gradient @, (9)~(13).

3.4. Calculate psyq by (24) and set s := s+ 1.

4. The estimator is set to p := ps.

4.2. Direct Problem

Let us first solve the direct problem (1)—(5) with realistic data given in [24,27]. The
adult food collection rate is assumed to be ¢ = 0.04 g/bee/day. The larval consumption
rate is v = 0.12 g/bee/day. The brood reproduction rate is § = 0.92 bee/day. The adult
maturation rate is w = 0.95 day~!. The brood natural mortality rate is g = 0.11 day~!.
The adult bee natural mortality rate is 4 = 0.29 day!. The adult bee stressor mortality
rate is ¢ = 0.1 day~!. The honey production rate is p = 0.23 bees/day. The rate of natural
honey loss is « = 0.018 g/day. The honey consumption rate is 6 = 0.571 g/bee/day. The
half saturation rates are v = u = 1 thousand bees.

We simulate the hive development for a typical foraging season, lasting T = 100 days.
At the beginning of the season, there are Fy = 10 kilograms of food stores, By = 2000 larvae,
Ap = 10,000 adult bees and My = 1 kilogram honey. The outcome is plotted in Figure 2.

i Hive development

S 8¢t

o

© Food F
= 6l Brood B
é\ ............. Adults A
§ = = = +Honey M
o 47

Figure 2. Solution to the direct problem (1)—(5).

It could be observed that the hive approaches its equilibrium state relatively fast. It is
characterized by a small amount of honey as well as a small number of larvae and adult
bees. This is approved by the phase space diagram for a fixed Fy (Figure 3), which shows
no dependence on the initial conditions. Only in case of By = Ag = 0, then the extinction
equilibrium is approached.
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Phase Space

Figure 3. Phase space diagram: non-trivial equilibrium.

Of course, it is not always true. If there is a hazard present in the environment, i.e.,
the stress death rate is as high as ¢ = 0.5, then the extinction equilibrium is the only
attractor, see Figure 4. This unarguably means that the hive would eventually collapse
unless something is drastically changed.

Phase Space

Figure 4. Phase space diagram: extinction equilibrium.

4.3. Inverse Problem

Let us solve the inverse problem of identifying the parameters (6) p = («,7,9,0,w) =
(0.018,0.12,0.571,0.1,0.95). The values of the other parameters and initial conditions
remain the same as in the direct problem setting.
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We define K = 19 equidistantly distributed observations of type (7), i.e., one obser-
vation in every 5 days. The admissible set is set to S,qm = (0, 1)°. The values r are tuned
empirically and they are given in Table 1.

Table 1. Simulation with ep =8 x 104

Parameter p ph P lp' — p'| v’ - 7'l vt
pl
o 0.018 0.02 0.0274 0.0094 0.5234 4x107%
v 0.12 0.10 0.0991 0.0209 0.1746 7x10°°
5 0.571 0.50 0.3633 0.2077 0.3638 5x10™2
o 0.1 0.20 0.1886 0.0886 0.8862 1x 10725
w 0.95 1.00 0.8992 0.0508 0.0535 1x 1023

The respective values (8) are ®r(p) = 0.1815, P 4(p) = 3.7902 and Py (p) = 0.3807.
The parameters are recovered with moderate precision, but the honeybee dynamics are
reconstructed in an accurate manner. The root mean squared errors are small as RMSEf =
0.0977, RMSE 4 = 0.4466 and RMSE); = 0.1416.

Finally, we perform a test with perturbed measurements to explore the impact of
the observation error on the parameter identification. Every electronic device has its
instrumental error, so testing with noisy observation is meaningful. We add Gaussian noise
to the observations (7), in particular the error in a single observation is not greater than 1%
with 95% confidence. The results, following the same steps, are given in Table 2.

Table 2. Simulation with perturbed observations and ¢, = 8 x 1074,

Parameter p ph P lp' — P v’ - 7'l r
pl
o 0.018 0.02 0.0269 0.0089 0.4942 4x10°2
0% 0.12 0.10 0.0989 0.0211 0.1758 7% 107°
5 0.571 0.50 0.3731 0.1979 0.3465 5x 10723
o 0.1 0.20 0.1869 0.0869 0.8689 1x10=2
w 0.95 1.00 0.8927 0.0573 0.0603 1x10~2

The outcomes are similar as the functional values are ¢ (p) = 0.2005, @4 (p) = 3.6929
and @y (p) = 0.3403. The root mean squared errors are again small as RMSEp = 0.1027,
RMSE 4 = 0.4409 and RMSE); = 0.1338. All these demonstrate the robustness and the
applicability of the suggested approach with realistic data.

5. Conclusions

Honeybees are one of the most important species on Earth. Their steady colony
number decline is a major global problem. To fight this issue, professional honeybee
management must take well-designed precautionary measures. The obtained results in
this study help beekeepers to foresee the forward colony dynamics. It is crucial to have
the ability to simulate the future development and it is here where mathematical modeling
comes to the rescue. Then, adequate measures could be undertaken in order to prevent or
to revert a colony collapse.

The novelty of the paper is twofold. To begin with, we proposed a new mathematical
approach for modeling of honeybee colonies. We analyzed populations of immature
and adult bees as well as their honey production. In the context of honeybee colony
dynamics, we model the interaction between the different compartments, focusing on
parameter recovery. Secondly, the defined ill-posed problem is solved by means of the
adjoint equation optimization method. The reconstructed parameters are unobservable in
reality but vital for the colony population dynamics. The computational examples with
realistic data demonstrate how to apply the approach in practice.
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There are many ways to further develop this research. The considered model could be
extended to account for mites, viruses and other hazards. Temperature and seasonal effects
also worth considering. What is more, activating the hereditary property via fractional-
order derivatives almost always results in a better fit. A broader qualitative analysis to
better understand the complex phenomena, processing in the hive, is on the agenda as well.
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1. Introduction

The fixed-point theory of non-linear operators has been a rapidly growing area of
research [1-19]. The starting point of this theory is Banach’s classical result [20] on the
existence of a unique fixed point for a strict contraction. Since that seminal paper, many
developments have taken place in this field [18,19,21-30].

In our joint paper with D. Butnariu and S. Reich [3], it was established that if every
sequence of iterates of a non-expansive operator converges, then this convergence property
also takes place for every sequence of inexact iterates under the presence of summable
errors. In our subsequent joint paper with D. Butnariu and S. Reich [31], this result was
extended for inexact infinite products of non-expansive self-mappings of a complete metric
space. Here, we analyze the convergence of inexact infinite products of non-expansive
operators which take a non-empty, closed subset K of a complete metric space into the
space, taking into account summable computational errors and obtaining a generalization
of the result of [31] mentioned above. Namely, we show that for each pair of sequence of
points {x;}%° and {y;}?°, generated by our inexact infinite products which belong to the
subset K, the distance between x; and y; tends to zero as i — .

2. Preliminaries

Suppose that (X, p) is a complete metric space equipped with a metric p. For an
arbitrary element 77 € X and an arbitrary set C C X, put

p(n,C) =inf{p(n,¢): & €C}.

Forany 7 € X and any -y € (0, ) put

Copyright: © 2023 by the author.
Licensee MDPI, Basel, Switzerland. B(U")/) = {g €X: 9(77/ 6) S ’Y}
For any operator S : X — X, let S% = y for every pointy € X.
In our joint paper with D. Butnariu and S. Reich [3], we investigated the influence of
computational errors on the asymptotic behavior of iterates of non-expansive operators
in complete metric spaces and established the following theorem (see also Theorem 2.72

of [16]).

This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).
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Theorem 1. Assume that A : X — X satisfies

p(AE, An) < p(&, 1) every pair of points &, n € X,

F(A) is the collection of all fixed points of the operator A and for every point & € X, the
sequence of iterates { A"C}>° ; converges (X, p).
Assume that {ry,};>_, C (0, c0) satisfies

oo
Y ru < oo
n=0
and that a sequence of inexact iterates {x,, }5°_, C X for every non-negative integer n satisfies
P(xn+1/ Axn) < 1.
Then, the sequence {x, }9>_, converges to a point of F(A).

Theorem 1 has important applications and is an essential ingredient in the supe-
riorization and perturbation resilience of algorithms [21-23,25,26]. The superiorization
methodology works by analyzing the perturbation resilience of an iterative algorithm, and
then applying proactively such perturbations in order to make the perturbed algorithm
perform something useful in an addition to its original task. This methodology is illustrated
by the next discussion.

Assume that (X, || - ||) is a Banach space equipped with the norm || - ||, o(&, 1) = || — 7|
forall ¢,n € X, an operator A : X — X satisfies

1AQ) =AM < [IE—nll, &meX

and that for any point # € X, the sequence {A"}7 ; converges in the norm topology,
Go € X, {ar}52, C (0, 00) satisfies

[e9)
Z oy < 09,
t=0

{u}2 5 C X satisfies
sup{||uel| : £=0,1,...} <oo

and that for every non-negative integer t > 0,

Crr1 = A(Gt + aruy).

Theorem 1 implies that {j };> , converges and its limit ¢ satisfies A({) = ¢. In this
case, the mapping A is called bounded perturbations resilient [22].

Now, assume that ¢ € X and the summable sequence of positive numbers {a;}{°,
are given. We construct a sequence of iterates {;}{°,; determined by the equation above.
Under an appropriate choice of {u;}°, the sequence of inexact iterates {{;}; ; has some
useful properties. Namely, the sequence { f(G;)}5> ; can be decreasing, where f is a given
objective function.

In our joint paper with D. Butnariu and S. Reich [31], we extended Theorem 1 for
inexact infinite products of non-expansive self-mappings of a complete metric space. In the
present paper, we investigate the convergence of inexact infinite products of non-expansive
mappings which take a non-empty, closed subset K of a complete metric space into the
space and obtain a generalization of the result of the work [31]. Namely, we show that
for each pair of sequence of points {x;}°, and {y;}{*, generated by our inexact infinite
products which belong to the subset K, the distance between x; and y; tends to zero as
i — oo,

The most important and well-known application of the results obtained in [3,31] and
here is the convex feasibility problem: to find a common point of a family of convex,
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closed subsets C;, i = 1, ...,m of a Hilbert space. The convex feasibility problems arises
in radiation planning and computer tomography. In order to solve this problem, one
usually uses infinite products of projections on the sets C;, i = 1,...,m or more advanced
dynamic string-averaging projection methods [18,19,25]. Our results, as well as the results
of [3,31], explain stability effects arising in numerical experiments under the presence of
small computational errors [21].

3. A Convergence Result in a Metric Space

Assume that K is a non-empty, closed set in a complete metric space (X, p) equipped
with the metric p. Denote by A the collection of all operators S : K — X for which

p(S(1),8(%)) <p(n,8), n,& €K (1)

Assume that R is a collection of maps T : {1,2,...,} — A which have the following
two properties:

(a) For every map T € R and every natural number s the map T(t) = T(t +s),
t€{1,2,...} belongs to R;

(b) For any map T € R and every pair {&;}5>, {1t }i>, C K for which

Crr1=TE+1)(Gt), mr1=TE+) (), t=0,1,...

the equation
lim o(, i) =0

is true.
We will prove the following result.

Theorem 2. Assume that T € R, A >0, {A;}?2, C (0, 00) satisfies

&%)
E A; < (2)
i=1

and that {x:}32, {yt}i2y C K satisfy for every non-negative integer t,

(1, T(E+1)(x) < Argr, p(Yeer, T(E+1)(ye)) < Drga, (3)

and
B(xt,A), B(yi, A) C K. (4)

Then,
lim p(xt, yt) = 0.

4. Proof of Theorem 2

We may assume without loss of generality that
A<l

Let
e e (0,A). (5)

In view of Equation (2), there is an integer 19 > 1 for which

Z A]‘ < e€/9. (6)
j=ng
Set
fno - .Xn[] (7)
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and
fagr1 = Tlrto +1)(%ny). (8)
By (3), (7) and (8),

O(Zng+1, Xng+1) = P(Xng+1, T(no 4+ 1) (xng)) < Aygp1- 9)
Equations (4), (6) and (9) imply that
fﬂo-ﬂ-l € K.

Therefore, we can define

Xpyr2 = T(ng + 2><fn0+l)-

By induction, we define iterates X; for all natural numbers j > ng. If j > ngp is an
integer and X € K was defined, then we set

%1 = T(+1)(%) (10)

Assume that m > ng is an integer and that ¥; € K, i = ny, ..., m are defined and that
foreachi e {ng+1,...,m},

i

p(%i, x;) < A;. (11)
o+1

J=n

(Clearly, by Equation (9), our assumption is true for m = ny + 1.) Equations (5), (6)
and (11) imply that

p(xm, %) < Y, Aj<e/8<A/4 (12)
j=np+1

By Equations (4) and (12), we have
Im €K
and then
Tpa1 = T(m+1)%y,
is defined.

Equations (1), (3) and (11) imply that

P(Zms1, Xmr1) < p(T(m+ 1) (%), T(m + 1) (xm)) + p(T(m + 1) (xXm), Xm1)
<p JZm,xm) + A (13)
< Z}fn:no-l—l A] + Am-i—l = E;n:t:ﬁ_l A]

In view of (13), Equation (11) is true for i = m + 1. By (4)—(6) and (13),
O(Zmi1, Xmi1) < €/8 < A/8.

and
Xu1 € K

Thus, the assumption which was made for m is true for m + 1 as well. By induction,
we showed that &; € K is defined for all integers i > ny and (11) is true for all integers
i>mng+ 1. Set

Yng = Yng

and if an integer i > ny and f; € K is defined, then set

Giv1 = T(i+1)(7i)
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Arguing as before, we can show that for any natural number i > ng, §; € K is defined
and that

i
p@iy) < ). ;. (14)
j=no+1
Properties (a) and (b) imply that

lim p(%;, 7;) = 0 (15)

i—0c0

By Equation (15), there is a natural number 77 > 19 such that for any natural number
i > n1, we have

p(%i, i) < €/4. (16)
Equations (8), (11), (14) and (16) imply that for any natural number i > ny,

p(xi,yi) < p(xi, %) + p(%, 5;) + p(Fi,yi)

i
<2 ) Aj+e/4<e/8+¢/8+¢/4
j=no+1

Theorem 2 is proved.

5. A Weak Convergence Result

Assume that K is a non-empty, closed set in a Banach space (E, || - ||) equipped with the
norm || - || with a dual space (E*, || - ||«). Foreach §,n7 € E, putp(&,1) = || — 1||. Denote
by A the collection of all maps S : K — E, for which

15(n) =A@ < lln =<l n.¢ €K (17)

Assume that R is a collection of maps T : {1,2,...,00} — A which have the following
two properties:

(a) For every map T € R and every natural number s, the map T(t) = T(t +s),
te€{1,2,...} belongs to R;

(b) For any map T € R and each {x;}{2,, {vy:};>, C K which satisfies

X1 = T(E+1) (%), yrr = T(E+1) (1), £ =0,1,..,

the sequence {x; — y:}{°, converges weakly in X to the zero.
We will prove the following result.

Theorem 3. Assume that T € R, A >0, {A]-}]?"’:1 C (0, c0) satisfies
Y Aj <o (18)
j=1

and that {x;:}3>, {yi}i>, C K satisfy for every non-negative integer t,
1 = T(E+D) ()| < Arga, [lyesn = TEFD @) < Aepa, (19)

and
B(xt,A), B(yi, A) C K. (20)

Then the sequence {x; — y; }>, converges weakly in X to the zero.
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6. Proof of Theorem 3

We may assume without loss of generality that
A<l

Let f € E* satisfy
£l <1, e € (0,A). (21)

In order to prove the theorem, it is sufficient to show that

lim f(y; — x;) = 0.

i—0c0

By (18), thereis ng € {1,2,... }, for which

Y A <e/s. (22)
i:no
Set
jTl() = x?’lg (23)
and
Xng+1 = T(ng +1)(%n,)- (24)
1 Zno+1 — Xngr1ll < Bugs1, Tngr1 € K. (25)

By induction, we define %; € K for every natural number t > ng. If i > ng is an integer
and &; € K was defined, then we set

T =T +1)(%). (26)

Assume that m > ng is an integer and that ¥; € K; i = ng, ..., m are defined using (26)
and foreachi € {ny+1,...,m},

i
j=no+1

(It should be mentioned that by (25) our assumption is valid for m = ny + 1.) By (27),
we have

m
-l < 3o (28)
j=no+1

Set
Equations (17), (19), (28) and (29) imply that
11— X | < I TCm + 1) (B) = T + 1) (xa) | + 1T+ 1) () = X |

< |[%m — xml| + D1 (29)
< Z]m:noﬂ Aj+ By = Z?Q%H A;.

In view of (29), Equation (27) is true for i = m + 1. By (20)—(22) and (29),
||fm+1 - xm+l” <e/8<A/8.

and
Xm+1 € K.
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Thus, the assumption which was made for m is true for m + 1 as well. By induction,
we showed that ¥; € K is defined for all integers i > 1y by (26) and (27) holds for all
integers i > ng + 1. Set

Yng = Yng (30)
and if an integer i > ng and §j; € K is defined, then set
Jivr = T(i+1) (7). (31)

Arguing as before, we can show that for every integer i > ng + 1, j; € K is defined
and that

i
17 —will < ) A (32)
j:n0+1
Properties (a) and (b) and Equations (23), (26), (30) and (31) imply that

% — i — O weakly in E as i — o0. (33)
In order to complete the proof of our result, it is sufficient to show that the inequality

If(xi—yi)l <e

is true for all sufficiently large natural numbers i > 0. By (33),

lim f(7; — %;) = 0.

i—yc0
Thus, there is a natural number 17 > 1y such that for every natural number i > ny,
[f(%i —7i)| < e/8. (34)
Following Equations (22), (27), (32) and (34), for every natural number i > nq,
[f i =y < 1f G = %) + 1 f (& — 7i) | + | £ (7 — i)
< Afllellxi = %ill +€/8 4 [ fll+llyi — 7ill

<2 ) Ajte/8<e
j=np+1

Theorem 3 is proved.

7. Conclusions

We analyze the asymptotic behavior of infinite products of non-linear operators which
take a non-empty, closed subset K of a complete metric space into the space, taking into
account summable computational errors and obtaining a generalization of the result of [31].
More precisely, we show that for each pair of sequence of points {x;}{°, and {y;}?°,
generated by our inexact infinite products which belong to the subset K, the distance
between x; and y; tends to zero as i — co. The most important and well-known application
of the results obtained in [3,31] and here is the convex feasibility problem: to find a common
point of a family of convex, closed subsets C;, i = 1, ..., m of a Hilbert space. The convex
feasibility problems arises in radiation planning and computer tomography. In order
to solve this problem, one usually uses infinite products of projections on the sets C;,
i =1,...,mor more advanced dynamic string-averaging projection methods [18,19,25].
Our results as well as the results of [3,31] explain stability effects arising in numerical
experiments under the presence of small computational errors [21].
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1. Introduction

In 2009, Suzuki [1] generalized the Banach contraction principle to compact metric
space by introducing the notion of a contractive map T : U — U, where (U, 0) is compact
metric space, such that

Vu,v € U(u # v), %Q(u, Tu) < o(u,v) implies o(Tu, Tv) < o(u,v).

Berinde [2] introduced the notion of almost contractions:
Amap T : U — U, where (U, 0) is a metric space, is called almost contraction provided
that it satisfies
0(Tu, Tv) < qo(u,v) + Ko(v, Tu),

whereg € (0,1) and K > 0.

Berinde [2] generalized the Banach contraction principle by proving the existence of
fixed points for almost contractions defined on complete metric spaces.

On the other hand, Branciari [3] gave a generalization of the notion of metric spaces,
which is called Branciari distance spaces, by replacing triangle inequality with trapezoidal
inequality, and he gave an extension of Banach contraction principle to Branciari distance
spaces. He used the following to obtain the main results:

(1) each open ball is open set;
(2) each Branciari distance is continuous in each the coordinates;
(3) each topology induced by Branciari distance spaces is a Hausdorff topological space.

Sarma et al. showed that (1), (2), and (3) are false (see example 1.1 in [4]), and
they extended the Banach contraction principle to a Branciari distance space under the
assumption of Hausdorffness of the space (more specifically, the uniqueness of the limits
of the converging sequences). Since then, some authors (for example, [5-7]) obtained
fixed-point results in Branciari distance spaces under the assumption that the spaces are
Hausdorff and/or the Branciari distances are continuous.

In particular, Kadelburg and Radenivi¢ [8] investigated the existence of fixed points in
Branciari distance spaces without the two conditions:

- Hausdorffness of Branciari distance spaces;

- Continuity of the Branciari distances.

After that, many authors ([4-6,9-26] and references therein) extended fixed-point
results from metric spaces to Branciari distance spaces.

Axioms 2022, 11, 479. https:/ /doi.org/10.3390/axioms11090479 https://www.mdpi.com/journal /axioms
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Given function ¢ from (0,00) into (1, o), we consider the following conditions:

(01) ¢ is non-decreasing;
(92) for any sequence {s,} C (0,0),

lim 9(sy,) =1« lim s, =0;
n—oo n—oo

(83) there are g € (0,1) and k € (0, ), such that

lim LS) -1 =

s—01 s

k

(94) 9 is continuous on (0, ).

Jleli and Samet [22] obtained a generalization of the Banach contraction principle in
Branciari distance spaces by introducing the concept of ¢ contractions, where ¢ : (0, 00) —
(1, 0) satisfies conditions (81), (92) and (93). Ahmad et al. [27] generalized the result of
Jleli and Samet [22] to metric spaces by applying conditions (¢1), (92), and (94), and they
introduced the notion of Suzuki-Berinde-type & contractions and investigated the existence
of fixed points for such contractions.

Very recently, Cho [24] introduced the concept of £ contractions, which is a more
generalized concept than some existing notions of contractions. He proved that every £
contraction mapping defined on complete Branciari distance spaces possesses only one
fixed point.

Afterward, the authors [23,28-33] gave generalizations of the result of [24].

In the paper, we introduce the new two concepts of Suzuki-type £, contractions
and Suzuki-Berinde-type £, contractions, which are a generalization of the concept of £
contractions, and we establish two new fixed point theorems for these two contractions in
the setting of Branciari distance spaces. We give examples to support main theorem.

Let ¢ :[1,00) x [1,00) — (—00,00) be a function.
Consider the following conditions:

¢y ¢(1,1) =1
(§2) &(t,s) < § Vs, t>1;

(€3) ¢(t,s) < % Vs, t > 1, where 1 is a non-decreasing self-mapping on [1, c0), satisfying

{1 =1

(¢4) for any sequence {ty}, {sm} C (1,00) with t,; <sp,,m=1,2,3,---,

lim t, = lim s, > 1= lim sup {(ty,sm) < 1.
m—o0 m—r00 m—00

A function ¢ : [1,00) x [1,00) — (—o00,00) is said to be L-simulation [24] whenever the
conditions (1), (2), and (¢4) are satisfied.

Note that §(t,t) <1Vt > 1.
We say that ¢ : [1,00) X [1,00) — (—00,00) is an L, -simulation provided that the
condition (¢1), (¢3) and (¢4) hold.

Remark 1. If y(t) =t Vt > 1, then L.-simulation is L-simulation.

7

) = (—00,00),and

Denote L by the class of all £-simulation functions ¢ : [1,00) x [1, 00
) x [1,09) = (—c9,00).

1
L., by the collection of all £,-simulation functions § : [1,00) x [1,0)

Example 1. Let &, &, &c @ [1,00) X [1,00) — (—00,00) be functions defined as follows, respectively:
(i) &p(t,s) = %forall t,s > 1, wherer € (0,1);
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(i) Ew(t,s) = % Vt,s > 1, where ¢ is a non-decreasing and lower semi-continuous

self-mapping on [1,0), satisfying o~ ({1}) = 1;
1 if (s,t) = (1,1),
(i) E(ts) =40k ifs<t,

% otherwise,

Vs, t > 1, where A € (0,1).

Then, Cp, Cw,Ge € L.
Note that if y(t) = t Vt > 1, then &y, &w, &c € L(see [24]).

Example 2. Let &1,85,83: [1,00) X [1,00) — (—00,00) be functions defined as follows:

(i) ¢i(ts) = VEIPE ;; Vt,s > 1, where  and ¢ are continuous self-mappings on [1,00),
satisfying Y(t) = @(t) =1 <t =1, 9(t) < t < ¢(t), YVt > 1and ¢ is an increasing
mapping;

(i) Ca(t,s) = ( ((t))), Vs, t > 1, where 11 is a upper semi-continuous self-mapping on [1, o),
satisfying n(t) <t Vi>landy(t) =1et=1

‘
i) E(t,8) =~
fo s)ds exists and fo s)ds > t, and fo s)ds = 1.

Then él/ 62/ 63 e E’)‘
Note that if y(t) = t VYt > 1, then {1, o, &3 € L (see [30]).

, Vs, t > 1, where ¢ is a self-mapping on [0,00), satisfying ¥Vt > 1,

The following definitions are in [3].

Amapo:Ux U — [0,00), where U is a non-empty set, is said to be Branciari distance
on U if the following conditions are satisfied:

forallu,v € Uand forz,w € U — {u,v}

(01) o(u,v) =0 u=vy;
(02) o(u,v) = o(v,u);
(03) o(u,v) < o(u,z)+ o(z,w) + o(w, v) (trapezoidal inequality).

The pairs (U, o) is said to be a Branciari distance space.

Note that Branciari distance space (U, ¢) can not reduce the standard metric space and
it does not have a topology which is compatible with ¢ (e.g., [34] and Remark 4 (3)). For
such reasons, we call (U, ¢) a Branciari distance space, not a rectangular metric space or a
generalized metric space.

Remark 2. If the triangle inequality is satisfied, the trapezoidal inequality is satisfied. However,
the converse is not true. Thus, the class of Branciari distance spaces includes metric spaces.

The notion of convergence in Branciari distance spaces is similar to that of metric

spaces (e.g., [3]).

Let (U, 0) be a Branciari distance space and {u, } C U be a sequence and u € U. Then,
we say that

()  {un} converges to u, whenever limy, o 0(tty, u) = 0;
() {un} is a Cauchy sequence, when limy, ;00 0(ttn, Um) = 0;
() (U, o) is complete if every Cauchy sequence in U converges to some point in U.
Let (U, ¢) be a Branciari distance space, and let 7, be the topology on U, such that
U—-Cet <= Y{u,} C C',}E{}OQ(”"'“) = 0 implies u € C. (1)

The topology 7, induced by (1) is called a sequential topology.
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Amap T : U — U is said to be continuous at u € U if, and only if, YV € 7, contains
Tu, and there exists W € 7, containing u, such that TW C V (see [24]).

We say that T is continuous, whenever it is continuous at each point u € U.

Remark 3. Amap T : U — U, where (U, 0) is a Branciari distance space, is continuous if, and
only if, the following condition holds:

lgll 0(Tuy, Tu) = 0, whenever lgll 0(un,u) = 0 for any sequence {u,} C U.
n—oo n—,oo

Let us recall the following example in [4] where we can understand the characteristics
of the branchiari distance spaces.

Example 3. Let U = {0,2} U{} : n € N}, and defineamap o : U x U — [0, 0) by

0,(u=0),

1, (u,v € {0,2}),
L(wve{l:neN}),

L (we{02}andve {i:neN}).

o(u,v) =

Then, (U, 0) is a Branciari distance space.

We have the following.
(i)  Limit is not unique.
We infer that
. 1 1 . 1 .1
A,y 00 = Jimy = 0and Jim o(p02) = i,y =0 )

Hence, the sequence {%} is convergent to 0 and 2, and the limit is not unique.
(ii)  The convergent sequence {%} is not a Cauchy sequence.

lim Q(%,%) # 0, because o(=, —) = 1.

n,m—o00

S|
SR

Hence, {1} is not a Cauchy sequence.
(iii) limy e 0(%, 1) # 0(0,3).
(iv) The open ball with center § and radius 5 is the set B(%,%) = {3,0,2}. Thereisnor > 0,

such that 1
B(0 B(=,>).
0,7) € B(3.3) (3)

Remark 4. (i) It folows from (2) that the sequential topology on U is not a Hausdorff space.
(ii)  The Branciari distance ¢ is not continuous with respect to the sequential topology on U. In
fact, let y € U be a fixed point, such that y # 0 and y # 2.
We show that
lim Q(%,Z) =0.

n—o0

However,

lim o(--,y) # o(2.y).

n—o0

Hence, o(-,y) is not continuous with respect to the sequential topology on U.

(iii) From (3) the family {B(u,r) : u,r > 0}, where B(u,r) = {v : o(u,v) < r}, is not a basis
for any topology on (U, 0), and so there is no topology which is compatible with the Branciari
distance .

(iv) It is known that the sequential topology is not compatible with the Branciari distance .

(v)  There is no Cauchy sequence, so it is a complete Branciari distance space.
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Note that Example 3 shows that the Branciari distance space is much weaker in
mathematical structure than the metric space. As we have seen in the example above and
Remark 4, there are some mathematical drawbacks to the Branciari distance. Nevertheless,
it is attractive for researchers to study the existence of fixed points in this space without
additional conditions such as the uniqueness of the limit of the converging sequence in
Branciari distance spaces or/and continuity of a Branciari distance with respect to the
sequential topology on a Branciari distance space.

Lemma 1 ([35]). Let (U, o) be a Branciari distance space, {u, } C U be a Cauchy sequence and
u,v € U. If there is a positive integer ny, such that

(1) uy # uy Vn,m > ny;

(i)  uy #uvn > ng;

(iii) uy # vV¥n > ny;

(iv)  limy_se0 0(Up, u) = limy_ye0 0(tty, 0),

then, u = v.

From now on, let ¢ be a function from [0, c0) x [0, 00) into (—o0, o), such that
1
@(s,t) < 75~ t, Vs, t € [0,00).

Note that if %s <t Vs, t € [0,00), then the following conditions are satisfied.

M) (s t) <O;
(i) ¢(min{s,u},t) <O0.

2. Fixed-Point Results
2.1. Fixed Points for Suzuki-Type L., Contractions

Let (U, 0) be a Branciari distance space.

A map T from U into itself is Suzuk-type L., contraction with respect to & € L., provided
that it satisfies the condition:

Vu,v € U with o(Tu, Tv) > 0

@(min{o(u, Tu), 0(v, Tu)}, 0(u,v)) <0
= ¢(0((Tu, Tv)), 8(0(u,v))) > 1 (4)

where ¢ : (0,00) — (1, 00) is a function.

Lemma 2. Let | > 0, and let {t,} C (I,00) be a sequence, such that

ty <t, 1Yn=1,23,---,and lim t, =I.
n—o00

If 9 : (0,00) — (1, 00) is non-decreasing, then we show that

lim 8(t,) = lim 8(t, 1) = lim 8(t) > 1.

n—r00 P
Proof. Since @ is non-decreasing and {f, } is non-increasing,

lim &(t) = lim 9(t,) < nli_r)r;oﬂ(tn,l) < lim 9(t).

t—I1+ n—o0 t—It

Thus, we established that limy,_,c 9(t,) = limy 00 O(t,_1) = lim;_;+ 8(t) > (1) >
1. O

We now establish main theorem.
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Theorem 1. Let (U, 0) be a complete Branciari distance space. Suppose that mapping T from U
into itself is a Suzuki-type L, contraction with respect to § € L.. If ¥ is non-decreasing, then T
possesses only one fixed point, and for every initial point ug € U, the Picard sequence {T"ug} is
convergent to the fixed point.

Proof. Firstly, when a fixed point exists, let us show that it is unique.
Assume that w = Tw and u = Tu, such that u # w.
Then, o(w, u) > 0 and ¢(min{o(w, Tw), o(u, Tw)}, o(w, u))

— g(min{0, o(1, )}, o1, )) < 4 min{0, 0(u,w)} — 0w, 1) < 0.
From (4), we have

1 <¢(8(e(Tw, Tu)), 9(o(w, u)))
=¢(0(e(w,u)), 9(o(w,u))) <1

which is a contradiction.
Hence, w = u, and the fixed point of T is unique.
Secondly, let us show the existence of fixed points.
Let uy € U, and let {u, } C U be a sequence defined by u,, = Tu,, 1 = T"ug, Vn € N.
If g = ttyy41 for some ng € N, then u,,; = Tuy,, and the proof is completed.
Assume that
Up_1 7# Uy Vn € N. (5)

We infer that
p(min{o(tty 1, Ty 1), (ttn, Tity 1)}, 0(tty 1,100))
:(P(min{g(unflf ”n)/ Q(un/ ”71) }r Q(”nflz un))
:% min{o(uy_1,un), 0} — 0(uy—1,u,) <O0. (6)
It follows from (4), (5), and (6) that for all n € N
1 <¢(0(o(Tuy—1, Tun)), 9(0(up—1,un)))
=¢(0(0(un, unt1)), 0(0(un—1,un)))

1 (8(e (-1, 10)))
7(0(e(tn 1))’

Consequently, we show that

v(B(e(un tni1))) < v(8(e(Un-1,un))) ¥n € N
which yields
O(o(un, upt1)) < O(0(tty—1,un)) Vn € N.
Thus,
0(un, upyt1) < 0(uy—1,uy) Vn € N. (8)

So, the sequence {o(u;,_1,u,)} is decreasing, and hence there is an | > 0, such that

Jim @ (w1, un) = 1.

We prove that ] = 0.

Assume that ! > 0.

Lett, 1 = 0(o(uy_1,uy)) and t, = 0(0(ttn, uy41)) Vn € N.
Then, t, < t,_q1 Vn € N.
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By applying Lemma 2,

lim t, 1 = lim f, = lim 0(¢) > 1.

n—o0 n—00 t— ]+
By applying (¢3), we have
1< nlgrgo sup &(tn, ty—1) < 1.

This is a contradiction.
Thus,

lim o(uy—1,1n) = 0.

Now, we show that {u,} is a Cauchy sequence.
On the contrary, assume that {u, } is not a Cauchy sequence.

©)

Then, there is an € > 0 for which we can find subsequences {u,,(;)} and {u,;} of

{un}, such that m(j) is the smallest index for which

m(j) > n(j) > j, @), n(jy) = € and @(uy(jy—1, tn(j)) < €.

From (10), we infer that

€

<@ (j), tn(j))

<0t (j), thm(j)—2) + Q(thm(j)—2, tm(j)-1) + €(thn(j) -1 Um(j))
<€+ 0(Um(j)—2/ Um(j)—1) T (Up(j)—1, Xm(j))-

By letting j — oo in (11), we have

lim Q( m(j ),un(]')) = €.

n—o0

On the other hand, we obtain

0(u(j)r tn(j)) < @(n(jy tn()s1) T 0(Un(j)1s m(j)+1) + ()1, 1
and
0(Un(j) 1 Um(j)+1) < Q(Un(j) 1, Un(j)) F 0(tn(jy tm(j)) + (),
Thus,
im (it (j) 11, U (jy 1) = €

]—)OO

It follows from (9) that there exists N7 € N, such that
Q(tn (), tn(j)1) <€ Vj> Ni.
Hence, we infer that Vk > N;
1 .
5 min{(uy(j), Tity(j) ), 0 (it (j), Titn(j)) ¥

1 .
:Emm{g( n()r Un(j)+1)7 € (U (j)s Un(j)+1)

m(j))

m(]')-‘rl)'

<e
<d (i) tm(j))
which implies
@(min{o (1, (j), Teun(j))r @(im(jys Thn(jy1) b (), (i) < 0, Vi > Ny
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It follows from (4) that Vj > N;

which implies
YO0 unj) 41, tm(j)+1))) < ¥(B(Q(tn(j), tm(j))))
and so
B0(tn ()1, tm(jy+1)) < B(0(tn(j), tm(j))) Vi > Ni.
Put
tj = 0(0(Un(j)+1, Um(j)+1)) and tj_1 = 0(0(uy(j), tm(j)))
Then, we have
ti<ti1Vi>N
and
jlgf}o Q(ty(j) 11, Um(j)+1) = jlgg 0ty (), Um(j)) = €
By Lemma 2,

hm i']' = hm tj—l = 111’1'5r 19(1') > 1.
J—o0 j—o0 t—e

From (¢3), we have
1< limsup{(t;tj1) <1
]—0

which leads to a contradiction.
Thus, {u,} is a Cauchy sequence.
It follows from completeness of U that there is u € U, such that

nh_r)rolo o(up,u) =0. (12)
We may assume that there is my € N, such that
o(tyq1,u) < oun,u),¥n > my.

We infer that Vn > my

@(min{o(un, Tun), (1, Tun)}, 0(un, u))

Applying (4), we establish that

v (0 (0(un, u)))
1 < &(0(o(Tun, Tu)), 0 o(un,u))) < 2 (8(0(Tttn, Tu)))’ Vn > my.

which implies
Y(0(0(Tun, Tu))) < v(0((un,u))), Vn > mp.
Hence,
0(Tuy, Tu) < o(un,u), Yn > my
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and hence,
nh_r}r(}o o(uy41, Tu) = 0. (13)

Applying Lemma 1 with (12) and (13), we have u = Tu. [

The following example interprets Theorem 1.

Example 4. Let U = {1,2,3,4}, and let us define o : U x U — [0, c0) as follows:

0(1,2) = 0(2,1) =3,

0(2,3) =0(3,2) = 0(1,3) = 0(3,1) =1,

0(1,4) = 0(4,1) = 0(2,4) = 0(4,2) = 0(3,4) = 0(4,3) =4,
(

Then, (U, 0) is a complete Branciari distance space, but not a metric space (see [6]).
Defineamap T : U — U by

(u=1,2),

Tu =

7

(u=4).

W k=N

Let ©: (0,00) — (1, 00) be a function defined by

8(t) = eVt (0<t<1),
13 (t>1).

Then, ¢ is non-decreasing.

We prove that T is a L. contraction with respect to §p, where Co(t,s) =
n(s)=3s—1vs>1,9(t)=Jt+vt>1

We have

(2,2

(2,4

_Je23

o(Tu, Tv) = (2.4
(2,3

(3,4

SO

o(Tu,To) >0 (u=1v=3),(u=1L0v=4),(u=2,0v=3),(u=2,v=4),(u=3,0=4).

We establish that
1 (u=1v9=3),
4 (u=1ov=4),
o(u,v) =<1 (u=2,0=3),
4 (u=2,v=4),
4 (u=3v=4)
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and
1 (u=19=3),
3 (u=10=4),
m(u,v) =40 (u=20=3),
0 (u=2v=4),
1 (u=3,v=4)
We infer that for all u,v € U with o(Tu, Tv) > 0,
1
¢(m(u,0),0(u,0)) < Sm(u,v) — o(u,v) <0
Thus, we have
¢2(8(d(Tu, Tv)), 8(e(u,v))
_ r(n(9(e(u,0)))
7(8(0(Tu, Tv)))
U (w=1,0=9)
Y w=1v=4)
=S w=20=3)
4
Y (i=20=4)
4
Lk w-s0-
which yields
¢2(8(e(Tu, Tv)), (e(u,v))
_r(n(8(1)))
— (9(4))
103, 1y, 1
_2(e-a)*s 3,01 5 8,7
= 51 >1, becauseze 7 3—2(6 3)>0.

Hence, T is a L., contraction with respect to Go. Thus, all hypotheses of Theorem 1 are satisfied, and
T possesses a unique fixed point u = 2.

Note that T is not L contraction [24] with respect to &> (t,s) = @ In fact, foru = 3,v =4,
we establish that

&2(8(e(Tu, To)), 8(0(u,0)) = ’7(&"(&4))) = gg; -

Note that Banach condition principle is not satisfied. In fact, if u = 3,v = 1, then
0(T3,T2) <ko(3,2),k € (0,1)

which implies
k> 4.

Furthermore, the O contraction condition [22] is not satisfied.
Note that O satisfies conditions (1), (92) and (93).
Ifforu=30v=2

9(0(T3,T2)) < [8(0(3,2))]" k € (0,1)

then
8(4) < [B(1)]F < 8(1)
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which is a contradiction.
Hence, T is not a ® contraction.

The following example shows that in Theorem 1, the condition that the function ¢ is

non-decreasing cannot be dropped.

Example 5. Let U = {0,2} U{L :n =3,45---}, andlet o : Ux U — [0,00) be a map

defined by
0(u=n0o),
0 (u,v e {0,2}),
o(u,v) =40 (u,ve {% :n=23,4,5,-1}),
1

Lwe{o2tandve {l:n=345 1}
1 1.,
+(uwef{s:n=34,5--}andv € {0,2}).

Then, (U, o) is a complete Branciari distance space.
Define a mapping T : U — U by

1
o (

Let 9 : (0,00) — (1, 00) be a function defined by

1
and let 3 1
= —§ — — > = — - >
7(s) 55 ZVS 1,9(t) 2t+2Vt_1
We infer that
0 (u=0,v=2),
i Lo =00=1n=34,5- ),
p(min{o(u, Tu),0(v, Tu)}, 0(u,0)) = { 1" 1§ 1
%%ﬂ_% (u=20=1n=345...),
0 (u:%,v:%,m>n,n:3,4,5,
and we show that . .
1 = S
o(Ti, To) = { 7 (u=0,v ,11,11 3,4,5,---),
n 2, —ﬁ,n:3,4,5, )
Thus, the following is satisfied:
1 1
0(Tu, Tv) > 0 and ¢(min{o(u, Tu), 0(v, Tu)}, 0(u,v)) <0< (u=0,v= ﬁ) and (u =2,v = ﬁ)

wheren = 3,4,5,- - .
Thus, we obtain that for (u = 0,0 = %), (u=20= %)
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Thus, T is a L., contraction with respect to Go. However, T has no fixed point. Note that

8(t) = 1 +1, Vt > 0is not a non-decreasing function.

The following Corollary 1 is obtained from Theorem 1.

Corollary 1. Let (U, o) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is ¢ € L., such that for all u,v € U with o(Tu, Tv) > 0

¢(8(e(Tu, To)), 8(e(n,v))) = 1.

If ¢ is non-decreasing, then T possesses only one fixed point.

Corollary 2. Let (U, o) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is & € L, such that for all u,v € U with o(Tu, Tv) > 0

¢(e(u, Tu),0(v, Tu)) <0 = {(d(e(Tu, To)),8(0(u,v))) > 1.

If ¢ is non-decreasing, then T possesses only one fixed point.

Corollary 3. Let (U, o) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is & € L, such that for all u,v € U with o(Tu, Tv) > 0

¢(8(e(Tu, To)), 8(e(n,v))) = 1.

If ¢ is non-decreasing, then T possesses only one fixed point.

Remark 5. (1) It does not take continuity of ¢ to obtain Corollary 3, and continuity of ¢ is not
required to prove Theorem 2.1 of [24].
(2) Corollary 2 is a generalization of Theorem 2.1 of [24].

2.2. Fixed Points for Suzuki-Berinde-Type L., Contractions

Let (U, 0) be a Branciari distance space.

Amap T : U — U is a Suzuk-Berinde-type L, contraction with respect to { € L.,
provided that the condition is satisfied:

Vu,v € U with o(Tu, Tv) > 0

¢(m(u,v),0(u,v)) <0
= ¢(8(e(Tu, Tv)), 8(e(u, v) + Km(u,0))) > 1 (14)
where 6 : (0,00) — (1,00),K € (0,00), and m(u,v) = min{o(u, Tu), 0(v, Tu)}.
Theorem 2. Let (U, 0) be a complete Branciari distance space and T : U — U be a Suzuki—
Berinde-type L., contraction with respect to ¢ € L. If ¢ is non-decreasing and continuous, then T

possesses only one fixed point, and for every initial point ug € U, the Picard sequence {T"ug} is
convergent to the fixed point.

Proof. Let up € U and let {u, = T"up} C U be a sequence, such that

Uy F Uy, Vn=1,2,3---. (15)
We infer that
m(uy—1,un) = min{e(uy—1,un), Q(tn,un)} =0 (16)
and
@(m(un—1,un), 0(thy—1,un)) < —0(Un-1,un) <0. (17)
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It follows from (14), (15), (16) and (17) that Vn € N

1 Sg(ﬂ(Q(Tunfll Tuﬂ))/ 19(@(“7171/ ul’l) + Km(u'rlfl/ un)))
=C(0(0(un, tn11)),9(0(un-1,1n)))
_(@lelty, 1))
v(B(e(un, ni1)))
which shows that {o(u,_1,u,)} is decreasing, because ¢ and <y are non-decreasing.
Hence,
r}l_{lgo o(up—1,un) =1
where [ > 0.

We prove that | = 0.
Assume that [ > 0.
Then, since ¢ is continuous, we have
Tim (o1, ua)) = 8(1) > 1.
Lett,_1 = 9(0(uy_1,un)) and t, = 0(0(un, tty11)) Vn € N.
Then,
ty <ty 1V¥ne€Nand lim t, 1 = lim t, =6(]) > 1.
n—o0 n—o0

By applying (¢3), we show that
1< nlgl(}o sup &(tn, th-1) <1,

which leads to a contradiction.
Thus,

Jim @ (up—1,un) = 0.

We shall show that {u, } is Cauchy.
On the contrary, assume that {u, } is not a Cauchy sequence.

Then, there is an € > 0 for which we can find subsequences {u,,(j} and {u,

{uy,}, such that m(j) is the smallest index for which

m(j) > n(j) > j, @), n(jy) = € and @(uy(jy—1, tn(j)) < €.

As demonstrated in the proof of Theorem 1, we show that

]13{}0 Q(ty(j), Up(j)) = € and ]13{}0 Q(tn(j) 11, U (j)+1) = €-

From (19), there is an N € N, such that
Q(tn(j), Un(j)1) <€ Vj>N.
Thus, we infer that Vj > N
0(ttn(j), Titn(j)) = @(ttn(j), thnjy 1) < € < Qb hmj))

and
MUy (), Up(j)) = TIN{Q (1), Uy 1)7 @ (i) Un(j)+1) }-
From (22) and (23), we obtain that

—_

P(m (it (), () ) (tn(j) thm(y)) < 511ty Uinj)) = Q(tnj), hm(y) < 0.

193

(18)

(19)

(22)

(23)



Axioms 2022, 11,479

By applying (14), we have

1 <E(8(a(Tup (), Tpj))), 8(0(thn(j), thm(jy) + Km (i), thn(i)))
=¢(0(0(un(j)+1, Um(j)+1)), B(
180, th)) + Kty g ))
Y@t (j) 1, Um(j)+1)))

which implies

YO0 (U ()1, tm(j)+1))) < YO0 sy () + Kty gy, (i)

and so
O0(tn ()1, tm(jy+1)) < B(0(tn(jy, m(j)) + Km (i), thy)))-
Let
ti = 0(0(Un(j) 1, Um(j)+1)) and s; = B(0(uy(jy, () + Km (i j), (i)
Then,

t]‘ <s;j V] € N.
Applying (21) and (22), we obtain that

]g?o 0(Un ()41, Um(j)+1) = €

and
i [0y, thjy) + Kimt (it ), )] = €

j—oo
By continuity of ¢, we have

lim t; = lim s; = ¢(e) > 1.
]—0 ]—0
From (¢3), we have
1< klim sup &(ty, sp) <1
— 00

which leads to a contradiction.
Thus, {u,} is a Cauchy sequence.
It follows from the completeness of U that

nlgrolo o(up,u) =0 for some u € U. (24)
We may assume that
o(tpq1,u) < oy, u) Vn € N. (25)
We infer that
m(up, ) = min{o(un, uy41),0(u, uy1)} Vo € N. (26)

From (25) and (26), we show that Vn € N

m(up, u) — o(un,u) <O0.

NI —

@(m(un, 1), 0(1tn, u)) <
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It follows from (14) that Vn € N,

V(O ((un, u) + Km(un,u)))

1< E(8(@(Tun, Tu)), 8(0(uen, u) + Km(un, u))) < == 75r o e o5

which implies
Y(0(o(Tun, Tu))) < y(8(0(un,u) + Km(uy,u))), Vn € N.

Hence,
0(Tuy, Tu))) < o(un,u) + Km(u,, u) Vn € N,

and hence
nlgn o(up41, Tu) = 0. (27)

By applying Lemma 1 with (24) and (27), we have z = Tz.
Now, we prove the uniqueness of the fixed points.
Let u and v be fixed points of T, such that

u # 0.
Then, o(u,v) > 0 and m(w,u) = 0. Hence, we have
p(m(u,v),0(u,v)) < —d(u,v) <O0.

Thus, from (14), we infer that

=¢(9(e(u,0)), 8(e(u,0))) < 1.
This is a contradiction. Thus, T possesses only one fixed point. [

The following example illustrates Theorem 2.

Example 6. Let U = {0,2} U{l : n € N} and let o : U x U — [0,00) be a map defined
as follows:

(u=v0),

(w,0€ {0,2}) or (u,v € {1 :neN}),

(ue{0,2}andv € {1 :neN}),

(we{l:n=123 .-}andv € {0,2}).

o(u,v) =

=T < R O

Then, (U, 0) is a complete Branciari distance space (see [4]).
Let T : U — U be a map defined by

0 =0or2),
Tu:{ 1 (u lor)
m (u E,HEN)

Let 8(t) = e Vt € (0,00) and K = 3.
We show that (14) is satisfied with the L., simulation },, where {,(t,s) = bl Vi, s €

7(t)
(1,00), k = S and y(t) = 1+1Int, Vt € (1,00).
We infer that

1
u= #m).

S|

o(Tu, Tv) >0 & (u = %,v =0),(u= %,v =2),0r(u=

We consider the following two cases.
Case1:Letu = Landv=0(oru=1andv=2)
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Then, we show that

m(u,v) and d(u,v) = =,
and ,
p((,0),0(1,0)) = p(——, ) <0

It follows from (14) that

¢(8(e(Tu, To)), 8(e(u,v) + Km(u,v)))

because that

2
1 2n+1
1) =T s
) <+1+n> (1+n)2>

Case 2: Let u = = n;ém

Then, we infer that
m(u,v) = land o(u,v) =1,
and so
¢(m(u,v),0(u,0)) <0.
Thus, we have

&(9(0(Tu, Tv)), 8(o(u,v) + Lm(u,v)))
_ [v(8(e(w,0) + Km(u,0)))]2

®(o(Tu, Tv))
_[1+In 64]%
~ 1+Ine
V5
=—>1
5 >
Hence, all assumptions of Theorem 2 hold, and T possesses only one fixed point u = 0.
Notice that the almost contraction condition is not satisfied. In fact, let u = %, v= %H
Then,
1 1 1 1 1 1
- < - — T— >
Q(Tn'Tn—f— 1) < kQ(n, n—i—l) +Kg(n+1'Tn)'k €(0,1),L>0
. 1 1 1 1 1 1
= Y <ko(=
Q(n+1’n+2) - Q<n’n+1)+ Q(n—i-l n—l—l)
which yields
k>1.

Furthermore, note that the Suzuki-Berinde-type ¢ contraction condition [27] is not satisfied.
Let 0(t) satisfy conditions (91),(92), and (94).
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Foru=1 1

50 = s, we infer that
1 1 _.1 1 1 1
206G T =3 <2 y)
and 1 1 1 1 1 1 1
”(;r . +1) = mm{Q(;/T*)rQ(;/ m)rQ(m/ ;)} =0
If
1.1 11 1
< — — >
ﬁ(q(Tn,Tn+1)) < [19(@(”, n—f—l))] —i—Kn(n, ), wherek € (0,1),K >0
then

8(1) < [8(1)] < 8(1)

which leads to a contradiction. Hence, T is not a Suzuki—Berinde-type ¢ contraction map.
The following Corollary 4 is obtained from the Theorem 2.

Corollary 4. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there are ¢ € L and K > 0, such that for all u,v € U with o(Tu, Tv) > 0

¢(9(o(Tu, Tv)), 8(e(u, v) + Km(u,v))) > 1
If ¢ is non-decreasing and continuous, then T possesses only one fixed point.

By taking y(t) = t,Vt > 1 in Theorem 2 (resp. Corollary 4), we have the following
Corollary 5 (resp. Corollary 6).

Corollary 5. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there are & € L and K > 0, such that for all u,v € U with o(Tu, Tv) > 0

¢(m(u,0),0(u,v)) < 0= &(8(e(Tu, Tv)),¥(o(u,v) + Km(u,v))) > 1
If ¢ is non-decreasing and continuous, then T possesses only one fixed point.

Corollary 6. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there are ¢ € L and K > 0, such that for all u,v € U with o(Tu, Tv) > 0

¢(8(e(Tu, Tv)), 8(e(u,v) + Km(u,0))) > 1
If ¢ is non-decreasing and continuous, then T possesses only one fixed point.

3. Consequence

By pplying simulation functions given in Examples 1 and 2, we have some fixed
point results.
The following Corollary 7 is obtained by letting ¢ = ¢;, in Theorem 1.

Corollary 7. Let (U, o) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is k € (0,1), such that for all u,v € U with o(Tu, Tv) > 0

¢(m(u,0), 0(u,0)) < 0= v(8(0(Tu, Tv)) < [7(8(e(u,)))]"

If ¢ is non-decreasing and continuous, then T possesses only one fixed point.
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Corollary 8. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is k € (0,1), such that for all u,v € U with o(Tu, Tv) > 0

1(9(0(Tu, T)) < [7(8(a(n,v)))I".
If O is non-decreasing and continuous, then T possesses only one fixed point.

The following Corollary 9 is obtained by taking ¢ = ¢; in Theorem 2.

Corollary 9. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there are k € (0,1) and K > 0, such that for all u,v € U with o(Tu, Tv) > 0

¢(m(u,v),0(u,0)) <0 = 7(8(e(Tu, Tv)) < [v(8(0(u,0) + Km(u,)))]".

If ¢ is non-decreasing and continuous, then T possesses only one fixed point.

Corollary 10. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there are k € (0,1) and K > 0, such that for all u,v € U with o(Tu, Tv) > 0

1(8(e(Tu, Tv))) < [1(8(e(u,0) + Km(u,0)))]".

If ¢ is non-decreasing and continuous, then T possesses only one fixed point.

Remark 6. (1) Corollary 8 is a generalization of Theorem 2.1 of [22] and Theorem 2.1 of [27],
respectively. By taking y(t) = t,Yt > 1in Corollary 8, Corollary 8 reduces Theorem 2.1 of [22]
without condition (02) and (63) and reduces Theorem 2.1 of [27] without condition (62) and (04),
respectively.

(2) Corollary 9 is a generalization of Theorem 3.2 of [27] to Branciari distance space without
condition (62).

By taking ¢ = &y in Theorem 1, the following result is obtained.

Corollary 11. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that for all u,v € U with o(Tu, Tv) > 0

¢(m(u,0),0(u,v)) < 0= 7(8(e(Tu, Tv))) < p

where ¢ is a non-decreasing and lower semi-continuous self-mapping on [1,00), satisfying ¢~ ({1}) =
1. If © is non-decreasing, then T possesses only one fixed point.

Corollary 12. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that for all u,v € U with o(Tu, Tv) > 0

7(8(e(Tu, To))) < p

where ¢ is a non-decreasing and lower semi-continuous self-mapping on [1,00), satisfying ¢~ ({1}) =
1. If © is non-decreasing, then T possesses only one fixed point.

By taking § = & in Theorem 2, the following Corollary 13 is obtained.

Corollary 13. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is K > 0, such that for all u,v € U with o(Tu, Tv) > 0

v(B(e((#,v) + Lm(u,0)))

p(m(1,0),o(u,0)) < 0 = 7(0(0(Tu, To))) < T ELTHT SR BERSS
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where ¢ is a non-decreasing and lower semi-continuous self-mapping on [1,00), satisfying ¢~ ({1}) =
1. If ¢ is non-decreasing and continuous, then T possesses only one fixed point.

Corollary 14. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that there is K > 0, such that for all u,v € U with o(Tu, Tv) > 0

7(8(a((#,v) + Lm(u,v)))
P(v(0(e((u,v) + Km(u,v))))

where ¢ is a non-decreasing and lower semi-continuous self-mapping on [1,00), satisfying 1 ({1}) =
1. If ¢ is non-decreasing and continuous, then T possesses only one fixed point.

7(8(e(Tu, To))) <

Remark 7. Corollary 12 is a generalization of Corollary 8 of [24]. In fact, if v(t) = t, Vi > 1
Corollary 12 reduces Corollary 8 of [24].

Taking y(t) = ¢Vt > 1and 6(t) = 2 — 2 arctan(4) Vt > 0 in Corollary 14, the
following result is obtained.

Corollary 15. Let (U, 0) be a complete Branciari distance space and T : U — U be a map. Suppose
that the condition holds:
forall u,v € U with o(Tu, Tv) > 0

¢(m(u,v),0(u,0)) <0

2 1
2 2 — 7 arctan( 57 )
=2— = arct = /
aretan( e o) < s 7 arctan(gr 55 )

where r € (0,1) and ¢ denote a non-decreasing and lower semi-continuous self-mapping on [1,00),

satisfying 1 ({1}) = 1.

Then, T possesses only one fixed point.

4. Conclusions

One can use £, simulation functions to consolidate and merge some existing fixed-
point results in Branciari distance spaces. By applying £, simulation functions to the main
theorem, one can obtain some fixed-point results. Moreover, fixed-point theorems in the
paper can be derived in the setting metric spaces, and by using £, simulation functions,
the existing fixed-point theorem in the setting metric spaces can be interpreted.
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Abstract: In this paper, a deterministic prey—predator model is proposed and analyzed. The inter-
action between three predators and a single prey was investigated. The impact of harvesting on
the three predators was studied, and we concluded that the dynamics of the population can be
controlled by harvesting. Some sufficient conditions were obtained to ensure the local and global
stability of equilibrium points. The transcritical bifurcation was investigated using Sotomayor’s
theorem. We performed a stochastic extension of the deterministic model to study the fluctuation
environmental factors. The existence of a unique global positive solution for the stochastic model was
investigated. The exponential-mean-squared stability of the resulting stochastic differential equation
model was examined, and it was found to be dependent on the harvesting effort. Theoretical results
are illustrated using numerical simulations.

Keywords: three predators; bifurcation; stochastic; stability; numerical simulations; Sotomayor’s theorem
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1. Introduction

Lotka and Volterra independently created two types of prey—predatory models known
as the “Lotka—Volterra model” [1,2]. Since then, many scientists have modified and devel-
oped the Lotka—Volterra model to accurately describe the ecosystem. Numerous studies
have examined the case of the presence of more than one predator [2-11]. Mukhopadhyay
and Bhattacharyya [12] formulated a mathematical model of two predators living on a
single biotic prey. They assumed that the predation function for the first predator follows
the mass action kinetics, while the functional response for the second predator obeys the
Holling type-II functional response. They also assumed that one of the predators is eco-
nomically viable and undergoes harvesting at a rate proportional to its density. According
to [13], in the northern Alaskan forest community, moose are the only large herbivores,
constituting the primary prey for each of the three predators: black bears, gray wolves, and
brown bears. Black bears have been known to attack and consume wolves if the opportu-
nity presents itself. The main feature of this paper was to modify the interference of the
predators in the system investigated in [12] by adding an extra predator y(t) where the first
predator (black bear) preys on the second predator (gray wolves) in addition to the prey.
The focus was on the harvesting rates and carrying capacity parameters of the model. The
paper is organized as follows: The mathematical model is given in Section 2. The existence,
uniqueness, non—negativity, and boundedness of the system are all verified in Section 3.
Section 4 investigates the local and global stability of the system’s equilibrium points. The
stochastic extension of the deterministic model is conducted in Section 5. The numerical
simulations presented in Section 6 are used to verify the theoretical results. Finally, in
Section 7, the conclusions are presented.

Axioms 2022, 11, 156. https:/ /doi.org/10.3390/axioms11040156
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2. Mathematical Model

In this paper, we considered a four—species prey—predator model with one prey and
three predators as follows:

dx Baxw

oy =l *) Brxy — Poxz — atx

d

d—]: = myxy +0yz — py — q1Ey,

Iz )
—— = Mpxz — 0yz — Mz — Qo Ez,

dt

dw  mzxw

d T agx 0T BEY

where x(t) is the population size of the single prey species. We assumed that x(t) grows
logistically in the absence of predators with intrinsic growth rate r and carrying capacity k.
The first predator y(t) has the ability to consume both the prey and second predator
z(t) with the Holling type I (linear) functional response. Let the interaction between the
third predator w(t) and prey follow the Holling type II functional response. Assume
Bi (i =1,2,3) denote the predation rates of the first, second, and third predators on the
prey, respectively, and a is the half-saturation constant. Furthermore, let m; (i = 1,2,3)
denote the efficiency of the first, second, and third predators in the presence of the prey.
Moreover, § represents the predation rate of the first predator on the second predator.
We assumed that the ecological efficiency of the second predator’s biomass z in the first
predator’s biomass y is unity. We also assumed that the predators economically undergo
harvesting at a rate proportional to their density. The constants g; (i = 1,2, 3) denote the
catchability constants, while E represents the harvesting effort. The density of the first,
second, and third predator populations decreases due to natural death at constant rates /1,
Uz, and u3, respectively.

3. Some Preliminary Results
3.1. Existence and Uniqueness

In this section, we investigate the existence and uniqueness of the solutions of the
prey—predator system (1) in the region ®; x (0, T| where:

01 = {(x,y,z,w) € RY : max(|al, lyl, 2], [w]) < o},
for sufficiently large ¢.

Theorem 1. For each Xy = (x0, Yo,20, wo) € ©O1, there exists a unique solution X(t) € @1 of the
prey—predator system (1), which is defined for all t > 0.

Proof. Define a mapping F(X) = (F(X), F(X), F3(X), F1(X)), in which:

F(X) =rx(1- *) Prxy — poxz — /33+Z;’

E(X) = myxy +0yz — (11 + q1E)y, )
F3(X) = myxz — dyz — (up + q2E)z,

E(X) = 222 _ (13 + g3E)w

a+x
For any X, X € @, it follows from (1) that:

IF(X) = F(X)|| =[R(X) = B (X)| + [FR(X) = B(X)[ + [F3(X) = F3(X)| + [F4(X) — F4(X)|

e = ) = Brxy — Boxz— P s Psx®
=|rx(1 k) B1xy — Baxz P rx(1— i

)+ B1x7 + Boxz +

k‘\ =i
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Hy = max{r +

+ [mixy + 6yz — (1 + @ E)y — mxy — 09z + (1 + 1 E)7|
+ |maxz — 8yz — (2 + q2E)z — mpxz + 6§z + (2 + q2E)Z|
M3 XwW
a-+x

+

m3Xw _
—(Hs +g3E)w — ) + (p3 + ng)w‘

r 2 _
<(r+ 242 prg)x =51+ (G + BN + 1)+ (b1 +20)g)ly 5

+ (m2g + P2 + 209 + o + 2E) |z — 2| + (2;P+2$2+ﬂs+qu)lw—zD|
<Ho[ X - X],
where:
2r  2¢

20 2¢?
— T oo 20+ (1 + @E), p3¢ + (2 +42E), 7(1) +a% + (VB‘HIBE)}/

where 01 = (‘31 + B2 +my + 1112), 02 = (ml +qE+B1+ 25), and 03 = (1112 + B2 + 2(5).
Hence, F(X) satisfies the Lipschitz condition with respect to X. According to [14], as F(X)
is locally Lipschitz, then there exists a unique local solution to the three—predator—one—prey
system (1). O

3.2. Non-Negativity and Boundedness

Considering the biological significance of the problem, we were only interested in non—
negative and bounded solutions. The prey—predator system (1) can be written as follows:

Fp(X(s)
x(t) = x(0)el Vs > ¢,
t B (X(s))
y(t) = y(0)eh “T " >0, .
B ®
z(t) = z(0)elo ° >0,
w(t) = w(0)els *% 74 > 0,

with initial values x(0) = xp > 0, y(0) = yo > 0, z(0) = zp > 0, w(0) = wy > 0.
Thus, the solution of the model (1), with non-negative initial conditions remains non—
negative. Furthermore, the solution satisfies the Lipschitz condition, as stated in Theorem 1.
By Theorems 5 and 6 in [14], the solution of the prey—predator model (1) satisfies the
non-negativity. The boundedness of the solutions of model (1) is given in the following
theorem.

Theorem 2. The solutions of the prey—predator model (1) starting in R% are uniformly bounded.

Proof. Let (x(t),y(t),z(t)
X

w(t)) be any solution of the system (1) with non-negative initial
conditions. Let Hy (t) = x(t) +

)
y(8) +2(t) + w(t), then:
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r(1-

As a result, all the solutions of the prey—predator model (1) that start in R* are
uniformly bounded in the region:

2
0, = {(x,y,z,w) € R‘i s Hi(t) < W +¢, forany ¢ > 0}.
O

In the following, three critical parameters R, Ry, and Rj3, can be used to classify
the dynamics of the prey—predator model (1). The threshold parameter R; is defined by

Ry = GatqiE)’ while the threshold parameter R; is defined by R, = AR The threshold
parameter R3 is defined by R3 = W Using the next-generation method, one can

obtain the basic reproduction number:

{ mlk mzk M3k }
Ry = max

(41 +q1E)" (2 + q2E)” (3 + q3E) (a + k)

One can note that the threshold parameter Ry appears as a result of additional predator
y(t) in the system considered in [12].

4. Equilibria and Stability

The prey—predator model (1) has the following seven equilibrium points:

The trivial equilibrium point Ey = (0,0, 0,0), which always exists;
The predator free equilibrium point E; = (k,0,0,0), which always exists;
The equilibrium point E, = ((Vﬁ'qlE) r(”1+‘71E)(kR1_1) 0,0); E; exists if Ry > 1;

m1 By

The equilibrium point E3 = ((” 2+q2E) ,0, 1 2+Z122?2(1<R2 U, 0); E; exists if Ry > 1;

(143+q3E) 0,0, arms(p3+q3E) (a+k) (R3—1)
m3—(pu3+4q3E)” kB3 (mz—(pu3+q3E))?

SRS

The equilibrium point E; = (
R3 > 1,
6.  The equilibrium point Es = (x5, ys, z5,0), where:

); Ey exists if

X5 =

%) -

Py —

myy

moz

amzw
(a+x)?

(P 7 (5 7 5 5 7

k(or + B1(p2 + 42E) — Bo(p1 + 1 E)) ys = 12X = (h2 +g2E) (1 +qiE) —mixs

where ¢ =or+ ‘Blmzk — ‘Bzmlk. Es exists if % < x5 < (H%?IE);
7. The coexistence equilibrium point E¢ = (¢, Y6, 26, We ), where:

_ lmtasE) o m¥e— (pat@E) o (u+@E) - mie
mg—(y3+q3E)' 1) ! 1) !
a—+x
We — ( X 6) [T’(k — x(,) — k,Bly6 — kﬁ226].
B3

Eg exists if ms > us + q3E, rxs + kB1ye + kP2ze < rk and % <xg < %.

One can note that the additional predator y(f) causes two new equilibrium points
E; and Es to be obtained, which were not present in [12]. Now, the local stability of the
system (1) is investigated. The Jacobian matrix is given as follows:

Baz — (Hx —prx —pox — B
mix + 90z — (p1 + 1E) oy 0
—0z myx — 0y — (up + q2E) 0
0 0 i — (u3 +q3E)
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av;

The eigenvalues of | around the trivial point Eg are r, —(y1 + q1E), — (2 + q2E) and
—(u3 + q3E); therefore, for all parameters, Ey is a saddle with three-dimensional stable
manifolds and a one-dimensional unstable manifold. The stability of the free predators’
equilibrium point E; = (k,0,0,0) is studied as follows:

Theorem 3. If Ry < 1, then Eq is locally asymptotically stable.

Proof. The Jacobian matrix of the model (1) around E;(J(E;)) is as follows:

—r *‘Blk *‘sz *%
_ 0  mik— (p1 +qE) 0 0
J(Er) = 0 0 maok — (p2 + q2E) 0 @)
0 0 0 "% — (3 + 43E)

The eigenvalues of J(E;) are —r, m1k — (u1 + q1E), mok — (up + g2E) and % —(us +
q3E). Thus, E; is locally asymptotically stable if Ry < 1. O

Bok

Bk
Theorem 4. Ifi( <1, TGatnb)

m3k
Hi1+q E) <1,and (

Gatab) il < 1, then Eq is globally stable.

Proof. One can consider the positive—definite Lyapunov function as follows.

v, = (x—k—kln%) ty+ztw

By calculating the time derivative of Vi, one obtains:

a—+x

<(x— k) (r(l )Py paz - B ) t myxy +3yz — (g + G1E)y

+mpxz — 8yz — (py + E)z +

S_

1~

(x — k)2 + (B1k — (u1 + @ E))y + (Bok — (42 + 02E))z + (

m3xw
— E

e (et @B
mak

Tk (43 +4q3E))w.

In accordance with Lyapunov-Sasalle’s invariance principle, E; is globally stable when

Bik Bok mzk
GataB) <V Garen <Land gomheg <1 O

One can note that the global stability of E; depends on the parameters 81, y1 and g;
of additional predator y(), which were not present in [12]. The local bifurcation near the
equilibrium point E; of the system (1) is now investigated using Sotomayor’s theorem [15].

Theorem 5. The prey—predator model (1) goes through a transcritical bifurcation regarding the
bifurcation parameter qq around E; = (k,0,0,0) if Ry = 1.

Proof. The Jacobian matrix of the prey—predator model (1) at E; with q; = q] = W{T_Pl has
a zero eigenvalue. The eigenvector corresponding to J(E1)Q1 = 0is Q1 = (11, — %, 0,0)T,
where v is any non-zero real number. Similarly, the eigenvector corresponding to J(E; ) TQ, =0
is givenby Q, = (0, 1,0, O)T, where 1, is any non-zero number. Thus:

1. QY Fy (Ey,mi) =0;

2. QIDFy,(E;,m})Qi = =542 #0;

3. QID?F(E1,mi)(Q1,Q1) = 2(myv1 + 6v3)1ovp # 0.

In accordance with Sotomayor’s theorem, the prey—predator model (1) has a transcriti-
cal bifurcation at g7, which is equivalent to Ry = 1. Therefore, the proof is complete. [

The stability around E; = (xp,12,0,0) is studied as follows:
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m3Xp UES) /
Theorem 6. If GaTast) ) < 1 and Gt aE oy < 1, then Ej is locally stable.

Proof. The eigenvalues of J(E;) are:

msXxo
A= —=— E
L, (13 +q3E),

Ay = maxy — (‘1/12 + qu) - 5]/2/
—rXxy — \/rzx% — 4kmqB1x2y>

As = 2k ’
—rxy + \/rzx% — 4kmy B1x2y2
Ay = 7 .

The eigenvalues A3 and A4 have negative real parts. Thus, if % < land

myx) . U3 +g3E) (a+xz
Gatnb) oy, < 1, then Ej is locally stable.
O

m3xp maXxo /
Theorem 7. If TirrasE) < 1 and GaT Bl o < 1, then E; is globally stable.

Proof. One can consider the positive—definite Lyapunov function as follows:
X\, B2 B, Bs
W= [x—x—xh— In —w.
’ ( 2 x2> (y o ]/2) " ms

By taking the time derivative of V,, one obtains,

gii‘?ﬁ(xﬂ)(( ) Bry — Pz — f+x> /52(y y2)(mix + 6z — (1 + @ E))

Thus, E; is globally stable if % < land m <1l O

The stability of the equilibrium point E3 = (x3,0, z3,0) is investigated as follows:

Theorem 8. If % < land '&1?7:53 < 1, then Ej is locally stable.

Proof. The eigenvalues of J(E3) are:

msXxs
= — — +g3E
M P (M3 +q3E),

Ay = myx3 — (;111 + lhE) + dz3,

—rx3 — \/r2x§ — 4km3Bax3z3

Az = ,
’ 2k
—rx3 + \/rzxé — 4kmsBrx3z3
Ay = .
! 2k
The eigenvalues A3 and A4 have negative real parts. Thus, if % < 1land

Mmyx3+0z3
(m+mE)

< 1, then the equilibrium point Ej is locally stable. [

m3X3 m1x3+1523 .
Theorem 9. Ifiy D) < 1 and GoamE) < 1, then Ej is globally stable.
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Proof. One can consider the positive-definite Lyapunov function as follows:

V3:<x—x3—x3ln ) ’81 'Bl (2—23—231n >+’B3w
X3 Z3

ml msg

By taking the time derivative of V3, one obtains,

<) (=) - by oz = ) By -z~ - )
+5111 (z = 23) (max — 0y — (42 + 42E)) + énf}(amf; —(n3 +qu)>
§—£(x—x3) +'B(m1x3+523—(ﬂl+41E))y+/53( —|-3x (VB—;jsE))w

Thus, E is globally stable if ;"% < 1and ’g}"gégg <1 O

The stability of the equilibrium point E5 = (x4,0,0,wy) is studied as follows:

Theorem 10. If myxy < pq +q1E, moxg < pp+qpEand1 < Ry <1+ %, then Ey4
is locally stable.
Proof. The eigenvalues of J(E,) are:
A =mixg — (1 + qE),
Ay = moxg — (2 + q2E),
The other eigenvalues are determined by:
r Bawy anzP3xawy
Wi Jax -
Nk (a+x)2 (a+x4)3
One can note that ¢ — (iizz*)z > 0 is equivalent to R3 < 1+ M% Thus, if
myxg < 1+ q1E, mopxg < pp+qoE,and1 < Rz <1+ W, then E, is locally stable.

O

The stability around Es = (x5, 5, z5,0) is studied as follows:

m3Xs i
Theorem 11. If GoTast) (i) < 1, then Es is locally stable.

Proof. J(Es)is

- —Pixs —Paxs —ﬁ%‘z
o m1y5 0 5y5 0
E:) —
]( 5) moZs *(525 0 0
0 0 0 75— (#a+4sE)
The first eigenvalue of J(Es) is Ay = Z?_’;g — (43 + q3E). The other roots are deter-

mined by
M4+ +oA+c=0,
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where:
_ x5
Cl - k 7
2 = myB1xsys + maPaxszs + 62yszs,
_ 0XsysZ5¢
k 7

when ré > ¢, then cico; > c3. Hence, due to the Routh-Hurwitz criterion, all the eigen-
values of the Jacobian matrix J(Es) around Es have a negative real part. Thus, the proof
is complete. [

The stability of the equilibrium point E¢ = (x4, Y6, 26, We) is studied as follows:

Theorem 12. If B 3w6 7 < % and Bamy < Bymo, then Eg is locally stable.

Proof. The Jacobian matrix of the model (1) at Eg is:

Txa Bsxews _ _ Bsxe
+ (a+x6)? P1xe Paxe a+xe

E _ m1y6 0 (Syé 0

]( 6) MmMopZg —526 0 0
amsx

wEE 0 0

The characteristic equation of the Jacobian matrix around Eg is as follows:

A 4+ By A3+ ByA? + BsA + B, =0, (5)

_ (1 _Psws
b _x6<k (a+x6)2)’

By = x4 (aﬁg,mM + ,Bzm226) + Y6 <51m1x6 + 5226),

where:

(a+x6)3
B3 = 0yez6(B16 + x6(B1ma — Pomy)),
By — aﬁ352m3w6x6y626
L=
(a+x6)3

The eigenvalues of the Jacobian matrix J(Es) have a negative real part if all coefficients
of (5) are positive and B1B; B3 > B% + B%B4. O

Theorem 13. If ﬁ;f; < pand Bymy = Bamy, then Eg is globally stable.

Proof. One can consider the positive-definite Lyapunov function as follows.

% —
V6:/ xxsd +ﬁ1/ v— yedy [‘52/ Zed2+ﬁ3(a+x6)/ www6dw.
X6 Yo We

my ams

By taking the time derivative of Vg, one obtains,

T <l —x0) (1= ) = By = poz = ) o By =y -+ 02— + 1)
B2 (o max oy~ o+ 028 + W(w ~o00) (225 — (ot aE)
Bswe r
<(sriag ~5)
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In accordance with Lyapunov-Sasalle’s invariance principle, Eg is globally stable if

a(ljff;fé) < pand Bymy = Bymy. O

In this section, we show that at the positive equilibrium point Es, a Hopf bifurcation
arises, by taking the catchability constant g3, as a bifurcation parameter. The following
lemma is presented first.

Lemma 1. The characteristic Equation (5) has a pair of purely imaginary roots, and the remaining

roots have negative real parts if and only if a(lzﬁfé) < }and B1B,Bs = B3 + B3By.

Suppose (5) has two eigenvalues, which have negative real parts, and two complex
conjugates eigenvalues (call them A = m(q3) i n(g3) such that m(q3) =0, n(q3) >0,

dm

lg3=q; # 0. Substituting A = m(q3) =i n(q3) into (5) and separating the real and

dqs
imaginary parts, one obtains:
m* + Bym® + Bym® 4 Bam + By — (6m? + 3Bym + Bo)n® 4 n* =0, (6)
4m® + 3Bym* + 2Bym + By — (4m + By)n® = 0. @)

Following [16,17], substituting (6) into (7), differentiating with respect to g3, and
utilizing m(gq3) = 0 and n(g3) # 0, one obtains:

dd;(q3)
dm g 20
dqs 2B1®,(g3) ’

93=13

where ®1(q3) = Bi(q3)B2(43)B3(93) — B3(93) — Bf(3)Ba(q3) and ®2(q3) = 4Ba(q3) —
B1(q3)B3(93) — Ba(q3)*.

Theorem 14. The system around the coexistence Eg enters into Hopf bifurcation when q3 passes
q3 if the coefficients Bj(qs)(j = 1,2,3,4) at q3 = q; satisfy the following conditions:

1. @(q3)=0;
2. Dy(q3) #£0;

d®;(qs)
3. Yy £ 0,

According to Theorem 14, there exists a Hopf bifurcation in the model (1), where the
Hopf bifurcation is controlled by gs.

5. Stochastic Models

In this section, we perform a stochastic extension of the deterministic model (1) in two
ways. Firstly, a randomly fluctuating driving force can be directly added to the deterministic
model. Secondly, the catchability constants are replace by random parameters.

5.1. Stochastic Perturbations

Considering the effect of environmental noise, one can introduce a stochastic pertur-
bation into the system (1); the stochastic prey—predator model takes the form:

ﬁwa +ox dWl,
+x

x
dx =rx(1— %) — B1xy — Baxz — P

dy = myxy +0yz — my — q1Ey + ooy dWy,

8
dz = myxz — 6yz — poz — qpEz + 03 zdW;,
MmzxXw
dw = ai—x — 3w — q3Ew + oy wdWy,

209



Axioms 2022, 11, 156

where W;(i = 1,2, 3,4) are independent standard Brownian motions with W;(0) = 0 and
o; > 0 denote the intensities of the white noise. In many applications, the solution of the
Itd stochastic differential equation must preserve the positivity of the solutions [18-20].
According to Theorem 2.2 and Corollary 1 in [18], the solutions of (8) emanating from
non-negative initial data (almost surely) remain non—negative if they exist. In the next
theorem, another approach according to [17] to prove the existence and uniqueness of a
positive global solution of model (8) is given.

Theorem 15. For any given initial value x,yo,zo, wo € R%, there exists a unique solution
x(t),y(t),z(t),w(t) of the system (8) on t > 0, and the global positive solution will remain in RE
with probability one.

Proof. In accordance with Theorem 1, the coefficients of the system (8) satisfy the local
Lipschitz conditions, then for (xo, yo,zo, W) € ]Ri, there exists a unique local solution
(x(t),y(t),z(t),w(t)) on [0,7.), where 7, is the explosion time [21]. To ensure that this
solution is global, one needs to prove that 7, = o0 a.s. Let sp > 0 be sufficiently large for
every coordinate x, Yo, zo, wp in the interval [%, so]. For each integer s > sy, we define the
stopping time:

= inf{t €10, ) : min{x(t),y(t),z(t), w(t)} & (%,s) or max{x(t),y(t),z(t),w(t)} & (1,5)} )

From (9), one can note that 7; is increasing as s — c0. Assume Too = lim;_e0 Ts, then
Too < Te almost surely. Next, one needs to verify that 7., = co. If this is not true, then there
exists a constant T > 0 and € € (0,1) such that P(7w < T) > €. As a result, there exists an
integer s; > s such that P(7; < T) > €, s > sp. Define the following C? positive—definite
function V;(x,y,z, w) as:

Vo(x,y,z,w) = (x+1—Inx) + (y+1—Iny) + (z+1—1Inz) + (w + 1 — Inw).

Using Itd’s formula, one obtains:

dv7=[<x—1>(< 5~ By — oz — 2 >+(y—1>(mx+5z—(u1+4115>>

+(z = 1) (max — 8y — (42 + 2E)) + (w — 1) (-

4
3 1v 2
x (y3+q3E))+2§ O'Z]dt

i=1

+0 (.’X’ — 1)dW1 + 0’2(]/ — 1)dW2 + (73(2 - 1)dW3 + (74(w - 1)dW4

<

S

W1+ po + H3 + = Za+

k+1) ﬁg

x+ (B1+6)y+ Baz+ —w dt

+op(x —1)dWp + (Tz(y —1)dW, + 03(z — 1)dW3 + oy (w — 1)dW,

(0 + 1= Inx) + 2(B1 +0)(y + 1~ Iny) +265(z + 1 ~ Inz)

w+1—Inw)|dt+oy(x —1)dWy + 02 (y — 1)dW, + 03(z — 1)dW3 + oy (w — 1)dWy.

Using the following inequality Q) < 2(Q) 4+ 1 — InQ)), where Q) > 0, one obtains:

dV; <D1 +Dy[(x+1—1Inx) + (y +1—Iny) + (z+1—1nz) + (w+ 1 — Inw)] + o1 (x — 1)dW;
+op(x —1)dWy + 0'2(y —1)dW, + 03(z — 1)dW;3 + o4 (w — 1)d Wy
§D3(1 + V7)dt + 0’1(9( — 1)dW1 + Uz(y — 1)dW2 + 0'3(2 — 1)dW3 + 04(w — 1)dW4,
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where D1 = iy + s + pi3 + %221:1 (71,2, D, = max{wlz(ﬁ-l-é),.?ﬁz,%}, and

D3 = max{D1, D,}. Following [21-25], integrating from 0 to 7; A T and taking the ex-
pectation by applying Gronwall’s inequality, one obtains,

AT
EVy(x(tsAT),y(ts AT),z(ts AT),w(ts A T)) =V (x0.Yo,20, wo) + E/o D3(1+ V7)ds

T\

T
<V (%040, 20, Wo) + DsT + D3/0 EVyds

<{Vz(x0.y0, 20, wo) + D3T}eP3T
=Dy,

Therefore, one obtains V7 (x(%s AT), y(ts A T),z(ts AT),w(ts AT)) > (x+1—1Inx)
Following [21-25], one can complete the remainder of the proof. [

Here, we allowed stochastic perturbations of x, y, z, w around the free predators’” equi-
librium point E;. The linearized stochastic system can be written as:

du(t) = f(U(t)dt 4+ g(U(t))dW(t), (10)
where:
—ruy — Brkuy — Bokuz — ﬁ;ﬁ? o, 0 0 0
=l i Jso=| 0 T o |
(ZEIIE) — Uz — q3E) Uy 0 0 0  oyuy

U(t) = (ug(t), uz(t), us(t), ug(t))’. One can note that the free predators’ equilibrium E; of
the system (1) corresponds to the trivial solution of the system (10).

Following [17,20], let B be the set defined as B = [(t > ty) x R",tp € R*"] and
V € CY(B) be a twice-differential function with respect to U and a continuous function
with respect to t. Now, we require the following theorem to prove the asymptotically
mean-squared stability of the trivial solution of (10).

Theorem 16. Suppose that V € CJ(B) satisfies the following:

Kijuf|” < v(t, u) < Kyfjuf|” (11)

Lv(t, U) < =Ks|[u|)”, (12)
where p > 0 and K;(i = 1,2,3) are positive constants. Then, the trivial solution of (10) is
exponentially p-stable for t > 0.

Following [21,26,27], the Lyapunov operator LV (t, U) associated with (12) is defined as:

LV (t,U) = % +fT(U)% + %Tr g’ (1 U)

2V (t,U)

auz g(t/ u)

Theorem 17. The trivial solution of (10) is asymptotically mean—squared stable if:
0% < 2r, 05 <2u1(1—Ry), 0% < 2ux(1—Ry), 07 < 2u3(1 — R3).

Proof. Consider the following Lyapunov function:

1
V7 (t,U) = 2 (u% +uj +uj+ uﬁ). (13)
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The first condition of Theorem 16 holds for the Lyapunov function defined in (13) with
p = 2. Now, Lyapunov operator LV;(t, U) becomes:

1 1 1
LV (6, U) = = (r = 507 = (1 + quE — mk — 5030 — (ji2 + 4o — mok — 203)i

mzk 1 k
— (s +33E — - j P E‘TZ)“ﬁ — Bikuquz — Pokuquz — aﬁi ity
1 +qE + 32E
<~ (r— yodyd - L DE (1 - Ry) — 3yid — 2T (21— Ry) - 0B)i3
_ Mt a3k

7 (2(1 - R3) — 03)uj,

and this leads to LV (t, U) < —K3||U/||?, where:

+qE +2E +asE
%(2(1 —Ry) —0?), %(2(1 —Ry) —02), %(2(1 —Rs) - Uf)}
O

One can note that the conditions of Theorem 17 indicate that the exponential-mean-
squared stability of the system (10) depends on the harvesting effort.

5.2. Random Harvesting

Here, we studied the effect of random harvesting on the three predators. The stochastic
extension of (1) is as follows:

dx x Baxw
Fri rx(1— E) — B1xy — Baxz — PR
dy

o = mxy oyz — my — (1 + C1)Ey,
(14)

dz

i myxz — 6yz — ppz — (g2 + {2)Ez
d7w _ m3Xw
dt  a+x

— 3w — (93 + {3)Ew

The catchability parameters g1, g2, and g3 were perturbed by independent Gaussian
white noise terms {1, {», and {3 in the system (14) because, usually in the prey—predator
system, harvesting is performed randomly, where (;,i = 1,2, 3 are independent Gaussian
white noises satisfying:

(Ci(t)) =0, and (Z;(t1)Ti(t2)) = 8;j0(ty — ta).

d(t; — tp) is the Dirac delta function; d;; is the Kronecker delta, (.) is the expectation.
Following [28], substituting x(t) = e“1(),y(t) = e%2), z(t) = %1, w(t) = %),
into (14), one obtains:

AZy _ e gzl _ gz _ Bae?
o AT ) TR et
% = mye?1®) 4 6670 — g — (g1 + {1)E,

t 15)
iz, (
I mzezl(t) — se%2 () — 12— (q2+ 02)E,
dZy mzeZ1(t)

g aqenm® M7 (g3 + C3)E.
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Using Z1 = x¢+ 1, Zo = Yo+ G2, Z3 = 26 + G324 = we + 4, One obtains the
following linearized system:

g

dTl B xé(l: - (aﬁ-itZV)Cl ~ Pryeta = Pozels - ff;ff*
d

% = m1xe6C1 + 62683 — 1 — (71 + C1)E,

16)
dgs (
—r = MyXg — 5y6€2 - (qZ + gZ)E’
¢y amsxe
@ ot TR

where ¢ = (81,82, C3,Ca) are the stochastic perturbations around (x¢, Y6, 26, Ws). The lin-
earized system (16) can be written as:

dE(t) = ME(t)dt + G(E(t), HdW(t), a7)
where:
xé(—% + éfig%) —B1ve —Paze —fﬁfi 00 0 0
0 —-E O 0
M = miXe 0 0z¢ 0 ;G =
mpXe —5]/6 0 0 0 0 —E 0
anmsXx, —
(’1+§’C632 0 0 0 0 0 0 E
The solution of (17) can be written in the form:
S R t
E(t) = MU Ey(1) + / MEIG(5)AW(s), (18)
0

Following [12,29,30], one can assume that there exists a pair of positive constants 6;
and 7; such that | eMH2 < @1e~ "' Furthermore, one can find another pair of positive
constants 6, and -y, such that |G|? < e~ 72!, Thus:

- . t
E(IE()]?) < 2eMEof? +2/ [eMEIG(s) ()
0
< 2016”11 E |2 4 20,650 i1}
and as a result, the prey—predator system (14) will be exponentially mean—squared stable.

6. Numerical Simulations

In this part, the numerical simulations are compared with the previous theoreti-
cal analysis. The numerical simulation was conducted using the following parameters
r=2k=01 1 =01, =058 = 01,m = 01,m = 02,m3 = 0.1, = 0.08,
= 0.04, 15 = 02,43 = 02,a = 06,41 = 0.1,4o = 0.1,43 = 0.1, E = 0.1.

The effect of catchability constants can be shown by drawing the bifurcation diagram
regarding q; as a bifurcation parameter. The transcritical bifurcation value is centered at

g7 = 0.2 as indicated in Figure 1. Note that the bifurcations that are presented in Theorem 5
mlk o
ptaE L

are illustrated because g7 = 0.2 is equivalent to Ry =
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Figure 1. Bifurcation diagram of the model (1) with respect to g;.

One can draw the bifurcation diagram regarding g3 to indicate the effect of the harvesting.
The supercritical Hopf bifurcation value is centered at g5 = 0.254669 as indicated in Figure 2.
It can also be noted that for g3 > 0.254669, the prey—predator model (1) is locally stable as
indicated in Figure 3, while for g3 < 0.254669, the system goes through the limit cycle behavior.
One can find that all the conditions of Theorem 14 hold as ®1(0.254669) = 0, ®,(0.254669) # 0

and dq;l;?) |q3:0.254669 # 0. This confirms the existence of a Hopf bifurcation at g5 = 0.254669.
As a result, the harvesting parameter g3 can break the oscillating behavior of the deterministic
system (1) and drive it to the required state. In the same way, the bifurcation of the system can

be studied using the parameter g, as shown in Figure 4.

0.55 -
\
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0.45r
0.4

e
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x 03r 'g!
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0.15 ;\j
/

0.05 - /
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Figure 2. Bifurcation diagram of the model (1) with respect to g3.
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Figure 3. Time series of the model (1) with g3 = 0.1 and g3 = 0.4.
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Figure 4. Bifurcation diagram of the model (1) with respect to 5.
To better understand the effect of the caring capacity k, one can draw the bifurcation
diagram with respect to k. It can be seen that the supercritical Hopf bifurcation value

is localized at k = 0.45 as shown in Figure 5. The supercritical Hopf bifurcation value
is centered at k = 0.45, as indicated in Figure 5. When k > 0.45, the prey—predator
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model (1) goes through limit cycle oscillation, as indicated in Figures 5 and 6. For k < 0.45,
E, = (0.075,0,0,0.15 — 0.01125/k) is locally stable, as indicated in Figure 6. It can also
be noted that the conditions of local stability that were established in Theorem 10 were

verified because when k = 0.4, one has R3 = 2.8571 < 1 + % = 3.1429.

0.8

0.7 [

0.2

0.1

Figure 5. Bifurcation diagram of the model (1) with respect to k.
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Figure 6. Time series of the model (1) with k = 0.05, k = 0.3, and k = 0.7.
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To give some numerical findings for the prey predator system (8), one can use the Mil-
stein method mentioned in [31,32]. The prey—predator system (8) reduces to the following
discrete system.

_ Xj pawj o7 T
Xjiy1 = Xj + hx] <1’(1 - ?) — ,31]/] — ﬁsz - m + lej\/ﬁelj + ?X] {elj — 1} h,
—yith 5 E Viiey + 2yl —1]n
Yi+1 = Yj + yj(mlx]' + Zi— M1 — 1 ) + oYV hey; + 7]/]‘ [ezj — } ,
2
(o
Zjt1 = Zj + I’lZ]' (mzx]' — 5y]' — Uy — Q2E) + 0'3Z]'\/E€3]‘ + iZj [62- — 1} h,

(19)

2 %l

2
msXx; (%
]‘ — 3 — q3E> —+ 0'4'(/01'\/%64]‘ + ?47/0] |:€i] -1 h,

Wit = wj + hw; (a T
where & is a positive time increment and €ij, (i=1,2,3,4) are independent random Gaus-
sian variables N (0, 1). Figure 7 represents the dynamical behavior of the model (8) when
the noise strength is the law (¢; = 0.05). One can note that for the given parameters,
the strength of environmental noise is very close to zero, and the system behaves as a
deterministic model. Following [33], one can note that in the deterministic case, if Ry < 1,
then the prey—predator system (1) has a predators’ free equilibrium point E; = (k,0,0,0).
In the stochastic model (14), if one gradually increases the intensities of fluctuation and
keeps the remaining parameters unchanged, the fluctuations around E; become larger,
as seen for the values of 0; = 0.2 and 0.9 shown in Figure 7. The black line in Figure 7
represents the prey when (0; = 0). From Figure 8§, it is seen that increasing the catchability
constants has a stabilizing effect on the stochastic model (14).
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Figure 7. Fluctuation in the prey population with ¢; = 0.05, 0; = 0.2, and ¢; = 0.9. The black line
represents the prey when (¢; = 0).
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Figure 8. Numerical simulation of the system (14) with (g1 = g2 = g3 = 0.1) and (71 = g2 = g3 = 0.5).

7. Conclusions

In this paper, a mathematical prey—predator model was proposed and analyzed. The
interference of the predators in the system investigated in [12] was modified by adding an
extra predator y(t) where the first predator preys on the second predator in addition to
the prey. The interaction between the three predators and single prey was studied. The
impact of harvesting on the first and the second predator was investigated. Sufficient
conditions were obtained to ensure local stability. It was concluded that the dynamics of
the population can be controlled by harvesting. The harvesting rates of the three predator
species played an important role in controlling the local and global dynamics of the prey—
predator system. They can break the oscillating behavior of the deterministic system and
drive it to the required state. To investigate the effect of environmental noise, we performed
a stochastic extension of the deterministic model to study the fluctuation of the ecological
factors. The existence of a unique global positive solution for the stochastic model was
investigated. We used stochastic perturbation around the free predators’ equilibrium
point. Constructing an appropriate Lyapunov function and applying Itd’s formula, we
note that the deterministic model was robust with respect to stochastic perturbation. The
criterion of stochastic stability depends on the intensities of noise 0;,i = 1,2,3,4. The
exponential-mean-squared stability of the resulting stochastic differential equation model
was examined, and it was found to be dependent on the harvesting effort.
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